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Preface

This book treats problems of optimal operation in electric power sys-
tems. One of our purposes is to introduce and review a wide range of
problems and algorithms in this area. The second is to underline the im-
portance of certain developments in mathematical optimization and com-
putational techniques and their influence on the field of power systems
engineering. Recently developed optimal strategies for a wide class of
problems are stressed. These rely on the minimum norm approach within
the framework of functional analytic optimization methods.

Our audience consists mainly of graduate engineers and applied scien-
tists concerned with the applications of mathematical techniques to large
scale systems. The book will be of particular interest to utility engineers
involved in planning the operation of electric power systems. Parts of the
book may be adopted for a senior or graduate course in electric power
systems engineering or optimal control applications.

Chapter 1 reviews briefly the historical developments in the field. The
influence of powerful mathematical optimization and computational tools
on the advances made in the subject is emphasized. Modeling of various
parts of the electric power system for optimal operation studies is pre-
sented in Chapter 2. Here we first discuss energy source models. The
representation of the performance and operating constraints of thermal
and hydro plants is outlined. This is followed by a review of models of
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the electric network components. Emphasis is given to models adequate
for the complexity of the problem. Various approaches to electric and
hydro network overall modeling are then presented. Optimality criteria
are introduced and their ramifications discussed.

Chapter 3 addresses certain mathematical optimization and computa-
tional techniques and concepts that are the basis of many successful re-
sults in optimal operation of power systems. We review briefly some but
not all of the techniques. Results from variational calculus, dynamic pro-
gramming, and the maximum principle are offered. Recent results obtained
by the authors are based on the powerful minimum norm approach, which
is also reviewed in this chapter.

A basic problem in optimal operation of power systems involves an all-
thermal system. This is the subject of Chapter 4. Classical results pertain-
ing to a system whose electric network is modeled by the active power
balance equation are given. This leads to the recently developed optimal
load flow problem whereby the exact electric network model is consid-
ered in the formulation.

The inclusion of hydro plants of a system in the formulation is consid-
ered next. We treat the case of systems with hydraulically uncoupled
plants in Chapter 5. A problem involving fixed-head hydro plants is dealt
with first. Three approaches are discussed: the classical approach involv-
ing variational calculus principles, the dynamic programming approach,
and a minimum norm approach. A similar treatment of the case of
variable-head hydro plants is given.

In Chapter 6 formulations involving coupled hydro plants in the system
are considered. An approach based on the maximum principle is illus-
trated, followed by minimum norm approach solutions to two system
problems involving coupled plants, that is, systems with plants on the
same stream and systems with multiple chains of hydro plants. A compu-
tational example of an actual solution leading to an optimal operational
strategy implementation is given.

Chapter 7 is devoted to the optimal hydro—thermal load flow problem.
Here we discuss the cases of fixed-head hydro plants, multichains of
hydro plants when the electric network is represented by the load flow
equations, and the more realistic models of trapezoidal reservoirs and vari-
able efficiency. The final chapter is a concluding one in which we sum-
marize the results obtained and offer suggestions for future work in the
field.

Each chapter in this book is concluded by a Comments and References
section, where the reader’s attention is directed to further readings and
the merits of the various approaches are discussed. Each of Chapters 4-7
has been designed such that it can be studied independently of the others
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once the prerequisite relevant material from Chapters 2 and 3 has been
covered.

The work reported in this book is an outgrowth of several years of re-
search and teaching in this area. Some of the work has been class tested
on many occasions in senior-undergraduate, graduate, and continuing
education courses taught both in Canada and Brazil.
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CHAPTER

1

Introduction

1.1 THE OPTIMAL OPERATION PROBLEM
IN ELECTRIC POWER SYSTEMS

The electric power systems engineer is faced with the challenging task of
planning and operating successfully one of the most complex systems of
today’s civilization. This demands a knowledge, first of all, of the priorities
and objectives involved. The basic requirement is to meet the demand for
electric energy by the area served by the system. A prime objective here is to
perform the service at the lowest possible cost. Of equal importance is the
objective of minimizing the environmental impact of the operation. Con-
tinuity of service and reliability are major considerations. Safety for both
personnel and equipment is a factor that may override some of the other
objectives.

It may be tempting to order the above objectives on a priority list. How-
ever, these objectives interact, which makes it difficult for one to come up
with a general clear-cut ordering. Not only does this vary with the system,
but also with the times and socioeconomic factors.

Economic dispatch ranks high among the major economy-security func-
tions in power systems operation. This is a procedure for the distribution
of total thermal generation requirements among alternative sources for
optimal system economy with due consideration of generating costs, trans-
mission losses, and several recognized constraints imposed by the require-
ments of reliable service and equipment limitations. Conventional economic
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dispatch is a static optimization procedure to dispatch preselected generating
units. When excess generation is available in a system such that an economic
choice of units can be made, the set of units to be dispatched is normally
determined by a unit commitment program.

The objective in minimal emission dispatch is to minimize certain con-
taminants for the system as a whole or for a certain geographical location
while satisfying the system’s energy demands. Minimal emission dispatch is
closely linked to economic dispatch. As a result a dispatch procedure with
multiple generator representations may be used to perform both functions
with little changes.

The hydrothermal scheduling problem is different from the all-thermal
one. The former involves the planning of the usage of a limited resource over
a period of time. The resource is the water available for hydro generation.
The short-term optimal economic scheduling problem in a hydro—thermal
system consists in allocating the available hydraulic and thermal resources
to the various time intervals (hour by hour) of the period under considera-
tion (defined to be one day to one week). The allocation is performed so that
the total system production cost is minimized within the limits permitted by
the constraints representing reliability, environmental, and other require-
ments. The location and special operating characteristics of hydro plants
are important considerations in hydro—thermal scheduling. The problem is
quite different if the hydro stations are located on the same stream or on
different ones. In the former case, the water transport delay may be of great
importance. An upstream station will highly influence the operation of the
next downstream station. The latter will also influence the upstream plant
as well. Close hydraulic coupling of stations adds an interesting dimension
to the problem.

One of the important functions in power system operation is predispatch,
which is one of the many terms used to define the before-the-fact economic
hourly scheduling of all available system resources. The results of a pre-
dispatch (or preschedule) run provide necessary input to real-time economic
dispatch and/or hydro—thermal procedures. Predispatch may also be used
as an aid in system planning where evaluation of alternatives for system
expansion is performed on the basis of the respective optimal operational
modes. ’

1.2 A BRIEF HISTORICAL SURVEY

In a bibliography published in 1963, Noakes and Arismunandar list 436
papers, books, and other material in the field of optimal operation of power
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systems and related areas published in North America. This effort includes
material published from 1919, when, presumably, power system engineers
began to take active interest in the economic allocation of generation among
available units. One of the earliest methods to be adopted is the “base load
procedure,” whereby the most efficient unit is loaded to its maximum
capability and then the second most efficient unit is loaded. Another popular
method is “best point loading,” whereby units are successively loaded to
their lowest heat rate point beginning with the most efficient unit.

The incremental method was first formally derived by Steinberg and
Smith in 1934, even though it was recognized as early as 1930. The idea is
that the next increment in the load should be picked up by the unit with
lowest incremental cost. The understanding and appreciation of the method
was enhanced further by the publication of Steinberg and Smith’s classic
book, “Economy Loading of Power Plants and Electric Systems,” in 1943.

Loss inclusion in the formulation and solution received a boost in 1943
by the publication of George’s derivation of a loss formula. Kron’s work
represents a concise derivation of the network and loss models. The classic
coordination equations were discovered by Kirchmayer and Stagg in 1951.
These results form the backbone of our present-day economic operation
methodology. Kirchmayer’s classic book, entitled “Economic Operation of
Power Systems” and published in 1958, gives comprehensive treatments of
the loss formula derivations and the conventional economic dispatch
problem.

The importance of the hydro—thermal scheduling problem was recognized
for a number of years before the advent of Ricard’s equations in 1940. This
work was adopted and continued by Chandler et al. in their pioneering 1953
paper. Their development of the first coordination-type equations was
associated with studies for the system of the then Hydro-Electric Power
Commission of Ontario. The formulation recognizes losses but assumes
constant head. The solution of the variable head case in 1958 is due to
Glimn and Kirchmayer. The foregoing results are contained in the very
comprehensive treatise by Kirchmayer entitled “Economic Control of Inter-
Connected Systems,” published in 1959.

Attempts to improve upon the loss formula models date back to the late
1950s. This coincided with the appearance of the first load flow solution
algorithms. As a result a start toward the optimal load flow was made in
terms of the pioneering work of Squires in 1961 and Carpentier in 1962.
Detailed reference to the literature will be made in the text.

The developments cited so far find their mathematical background in the
classical optimization results employing classical theory of maxima and
minima in the static case and variational calculus in the dynamic case. The
solution of further problems has been enhanced by the development of
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powerful optimization and computational techniques. We will briefly discuss
this next.

1.3 THE ROLE OF OPTIMIZATION AND
COMPUTATIONAL MATHEMATICS

The general field of power systems engineering and the particular area of
optimal economic operation are continually dependent in their development
on a balanced blend of engineering operating experience and the skilled
adoption of mathematical advances and discoveries. In this regard they are
no different from other disciplines of engineering and applied science. The
strong influence of newly developed optimization and computational tgch-
niques in the area can be partly judged by inspection of titles of published
work over the past few decades.

The advent of Bellman’s principle of optimality and dynamic program-
ming in the 1950s and the publication of his two early classical books gave
quite an impetus to problems involving discrete and discontinuous variables.
Examples of this include valve-point loading, which is treated using dynamic
programming in Ringlee and Williams’ 1962 work. Important hydro—
thermal scheduling and unit commitment procedures are also based on this
powerful technique. Among the early results we have those of Bernholtz
and Graham (1960).

The introduction of the Kuhn-Tucker theorem in 1951 to the optimiza-
tion literature contributed to the advances in formulating problems including
inequality constraints. Indeed, the varied powerful nonlinear programming
procedures continue to influence developments in the area of optimal
operation of power systems.

The awareness of the Pontryagin’s maximum principle in the late 1950s
and early 1960s prompted many landmark solutions to important hydro-
thermal scheduling problems. Notable among these is Dahlin and Shen’s
1966 work. As is the case with dynamic, linear, and nonlinear programming,
the maximum principle continues to be one of the essential tools of opti-
mization used in our type of problem.

The developments in adapting functional analysis concepts to optimiza-
tion, leading to the emergence of the abstract minimum norm problems,
can be traced back to the late 1950s. Application of these powerful tech-
niques to many optimal operation problems dates to the early part of this
decade.

The strong influence of advances in computational mathematics on the
development and utility acceptance of optimal operational strategies is
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clearly evident. The need continues to exist for reliable, fast, and efficient
numerical algorithms for digital implementations. Indeed, the improved con-
vergence characteristics of the Newton—Raphson method over the Gauss—
Seidel method prompted the adoption of many load flow algorithms.
Advances in sparsity oriented procedures continue to improve both speed
and cost of implementation. Many investigations into the relative merits of
newly reported numerical algorithms continue to be reported in the literature.

1.4 OUTLINE OF THE BOOK

The book can be divided into two parts: background preparation and
problem presentation and discussion. The first part represents the back-
ground preparation phase and includes Chapters 2 and 3. It presents us,
with the tools necessary to clearly define optimal operation problems in
terms of modeling and mathematical prerequisites. Part II comprises four
chapters and provides us with statements, formulations, solutions, and im-
plementation procedures for specific problems in optimal operation of power
systems. The format of the chapters in this part is essentially the same. What
we shall do now is to review the six following chapters.

Chapter 2 provides a general setting for the problems dealt with in this
book. Here we discuss modeling of power systems, devices, and associated
phenomena from an optimal operation point of view. The organization of
the chapter follows closely the pattern of the recognized subsystems involved.

We first present the energy source models for both thermal and hydro
plant performance. Emphasis here is on the diversity of models in common
use for our type of problem. The next section deals with electric network
components modeling. We outline the basis of generator, transmission line,
and transformer models. Our presentation is very brief since detailed analy-
ses can be found in many of the available power systems textbooks. This
section concludes with a treatment of the important subject of load mod-
eling. Activities in this area can be divided into two categories: short-term
load forecasting and modeling of load response. We give a concise summary
of advances made in the sister area of transient stability. Load modeling has
been gaining more attention recently in the optimal operation area for the
potential savings associated with resulting accurate models.

The next section discusses electric network models. We begin with the
active power balance models including the active loss formula. We give a
simple derivation which serves to motivate the following discussion of the
active—reactive power balance. The more rigorous model given by the exact
load flow equations (also called power flow) and some approximations are
treated at the end of this section.
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Following the discussion of electric network models a section is devoted
to hydro network modeling. This may in certain systems be of equal im-
portance. We deal with river flow modeling and in this case present a state
space approach due to Dahlin and then outline the transport delay approach.
This section concludes with a discussion of aspects of reservoir inflow fore-
casting. The material in this section finds application in Chapter 6.

The last topic discussed in Chapter 2 concerns objective functionals for
optimal operation. Qur format includes a concluding section wherein com-
ments and reference to the literature are made.

Chapter 3 considers the mathematical basis for studies and results to
follow. The first important topic reviewed is certain linear algebraic con-
cepts. Here concepts of vectors, matrices, partitioning, and quadratic forms
are briefly reviewed. Our purpose is simply to provide essential tools used
in the development. Consequently, nothing is proved in the entire chapter.

The second major topic is that of static optimization results. Pertinent
conclusions for optimizing unconstrained, equality constrained, and in-
equality constrained problems are treated.

The next section describes the dynamic programming approach and the
principle of optimality. The following two sections deal with the calculus of
variations and the Pontryagin’s maximum principle. As is the case through-
out the chapter we only cite results which provide a background for material
in the work of the second part.

We devote the following section to the functional analytic optimization
technique. Here we begin by reviewing the rudiments of functional analysis
and follow that with a statement of a minimum norm problem and its
solution. This is important because this result is used in Chapters 5, 6, and 7
to specify optimality conditions for a number of optimal operation problems.

With the above coverage of results from optimization theory, we turn our
attention to the numerical implementation aspects. We begin with certain
important results from linear dynamic system theory and deal with the con-
cept of a state transition matrix. This sets the stage for citing an important
result pertaining to nonlinear two-point value problem representation. Such
a problem arises naturally in problems of interest in our work. The chapter
concludes with a section on iterative solution methods for nonlinear systems.
Included in the presentation are powerful techniques such as the modified
contraction mapping, Newton’s procedure, and composite and continuation
procedures. We refrain from presenting convergence results and restrict our
treatment to outlining the salient features of each method discussed.

Chapter 4 presents problems of all-thermal scheduling. We begin with
dispatch using power balance models. In this section problems are ordered
so that the complexity increases as we progress through the development.
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We include active power balance dispatch neglecting losses and present
some interesting results pertaining to equivalent machine representations
and loss of economy due to inaccuracies in cost models. This is followed by
the case including losses where penalty factors are introduced. The funda-
mental problem of active-reactive dispatch is treated next. This section
concludes with a discussion of dynamic programming procedure for dealing
with valve points based on the cost characteristics. The chapter concludes
with an outline of some optimal load flow representative formulations. We
include the classic Carpentier—Siroux treatment and the Dommel-Tinney
approach. Due to space limitations we do not attempt to give coverage to
many excellent contributions to this important problem. Instead, adequate
reference to the literature is made in the final section of the chapter.

In Chapter 5 we treat two major problems of hydro—thermal scheduling
in which hydro plants are hydraulically isolated. We begin with the case of
fixed-head hydro plants. Here the classical dispatch solution is first developed
employing variational calculus principles. This is followed by a dynamic
programming approach. We then give a functional analytic solution to a
problem with predefined models and cite some computational results. The
second major problem in this chapter concerns systems with variable-head
plants. As in the earlier case we offer three alternative methods, beginning
with the variational approach and followed this time by a maximum princi-
ple approach. Finally a minimum norm solution is offered.

In Chapter 6 our interest is focused on hydro-thermal scheduling of
systems with hydraulic coupling. We begin with a system with one set of
hydro plants on the same stream. With the detailed river flow model estab-
lished in Chapter 2, we give a maximum principle approach to this funda-
mental problem. We then use a transport delay approximation and deal
with a minimum norm procedure for optimizing the system. The following
section generalizes the treatment to systems with multichains of hydro
plants. Implementation aspects are discussed and numerical results highlight
the performance of some proposed iterative algorithms.

In Chapter 7 we treat two problems in optimal load flow in hydro—thermal
systems. The first problem addresses the case of systems with hydraulically
isolated plants. The second includes more of the complicating effects of
multichain hydro subsystems with a detailed hydro model recognizing effi-
ciency and the more realistic trapezoidal form for the reservoir representa-
tion. The problems in this chapter are solved using the minimum norm
formulation.

Continuing changes in power system operating conditions require re-
evaluation of the methods used. Opportunities for improvements continue
to exist for efforts to assure security and provide adequate control in the
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system. Chapter 8 is devoted to a summary and a brief outline of certain
directions for future research needs to develop advanced methods for re-
ducing the cost of power system operation while retaining acceptable
security and control.

1.5 COMMENTS AND REFERENCES

In this introductory chapter our reference list is very short and includes
mainly sources referred to in the previous sections. Further and detailed
reference lists will be given at the end of each chapter.
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CHAPTER

2
Modeling for Optimal Operation

2.1 INTRODUCTION

This chapter is intended to cover the fundamental aspects of modeling
the various parts of the electric power system and phenomena that bear on
optimal economic operation of the system. The system may be viewed as
made of subsystems each of which involves a number of components. The
degree of detail in component and subsystem models varies with the desired
accuracy and relevance to the problem considered. The electric power
system also responds to and is affected by phenomena which can best be
described as time series. Such a phenomena include power demand varia-
tions and water resource availability.

Our starting point in this chapter is the subject of modeling the energy
source. In our case we deal with thermal plant as well as hydro plant models.
This is followed by a treatment of the electric network components and load
models. The modeling of the overall network subsystem is discussed next.
This is followed by a treatment of hydro network modeling including river
flow dynamics and reservoir inflow forecast methodology. The chapter
concludes with a summary of the objectives of optimal economic operation
studies.

2.2 THE ENERGY SOURCE

Prime energy sources in use for electric power generation can be broadly
classified as renewable and nonrenewable resource based. Hydrocarbon

10
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fossil fuels such as oil, natural gas, coal, and nuclear fuel are nonrenewable
resources which are used for electric power generation in thermal plants.
The most widely used renewable resource for electric power generation is
hydro power. The future promises exciting developments with other renew-
able sources such as wind power, solar energy, tidal power, etc.

The purpose of this section is to briefly outline models for thermal and
hydroelectric generation in general use for economic operational purposes.
We start with a discussion of modeling the fuel cost variations with the
active power generation for thermal generating plants. This is followed by
a treatment of hydro plant performance modeling.

2.2.1 Thermal Plant Cost Modeling

In a thermal plant electric power is generated as a result of mechanical
rotational energy produced by either steam turbines or combustion turbines.
The medium of heat energy transfer to the turbines is steam produced in the
boiler or nuclear reactor. Combustion turbines burn liquid or gaseous fuels,
mostly light distillate oil or natural gas. No intermediate steps are needed.

In hydrocarbon fossil fuel steam units, fuel is burnt and energy is released
in the form of heat in the boiler. Steam at high temperature and pressure is
produced as a result. The steam is led via the drum to the turbines, where
part of the thermal energy is transformed into mechanical form. The steam
turbine drives the electric generator (alternator). The exhaust of the turbine
is cooled in the condenser and the resulting water is pumped back to the
boiler. A detailed study of the plant dynamic modeling is beyond the scope
of our treatment. From an economic operational point of view, our interest
is in an input-output model. The input in this case is the fuel cost and the
output is the active power generation of the unit. This is essentially an
efficiency-type model and we discuss first various factors affecting our
modeling efforts.

Boiler efficiency depends on losses that may be classified as

(1) stack heat losses, including those in the flue gas, moisture in the gas,
and incomplete combustion of CO;

(2) heat loss in the ash (unburnt carbon);

(3) heat in steam for sootblowing;

(4) heat in mill rejects (for coal fired boilers); and

(5) auxiliary power for mill groups, fans, and ash disposal.

These losses are determined by variables related to the fuel, air, and feed
water inputs to the boiler. Certain variables are uncontrollable such as air
and water temperature, moisture in the air and fuel (for coal-fired) as well
as chemical analysis and calorific value of fuel. Controllable variables
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affecting the losses include combustion air quantity, pressure, and distribu-
tion in addition to fuel preparation. The condition of the boiler is an impor-
tant factor which depends on the maintenance procedures.

Thermal power plant performance and generating costs are also affected
by turbo-alternator efficiency, which is not subject to such random changes
as boiler efficiency. This depends on thermal variables related to the Rankine
cycle efficiency including temperature and pressure of steam at the turbine
stop valve, high pressure, low pressure, cylinder exhaust, condenser, and low
pressure and high pressure heaters. The internal condition of the turbine is
a major factor for consideration. Prime causes for reduction in turbine
internal efficiency include among other things deposition of solids onto
blades and blade erosion. It is thus evident that periodic updating of the
model is necessary.

The input to the thermal plant is generally measured in MJ/hr in S.I. pnits
(traditionally MBtu/hr or kcal/hr), while the output is measured in mega-
watts (MW). Although initially prepared on the basis of input versus main
unit output, the input—output relationship must be converted to input
versus net plant sendout. Auxiliary power requirements that depend on unit
loading must be accounted for. The total cost of operation includes the fuel
cost, cost of labor, supplies, and maintenance. However, no methods are
presently available for expressing the latter as a function of the output.
Arbitrary methods for determining these costs are used. The most common
one is to assume the cost of labor, supplies, and maintenance to be a fixed
percentage of the incoming fuel costs.

Let us introduce some terms used in connection with input—output models
for thermal plants. For this purpose we refer to Fig. 2.1, which shows a
typical thermal input—output curve (F-P). The average heat rate character-
istic is obtained by dividing the input by the corresponding output. This is
shown in Fig. 2.2 ([F/P]-P). The incremental heat rate characteristic is
simply a plot of 0F/6P versus P and a typical curve is shown in Fig. 2.3.
Heat rate units are MJ/KW hr.

The discontinuities in the cost curves eminently shown in the incremental
heat rate curve of Fig. 2.3 are due to sharp increases in throttle losses due
to wire drawing effects occurring at valve points. These are loading (output)
levels at which a new steam admission valve is being opened. As the valve
is gradually lifted, the losses decrease until the valve is completely open.
The shape of the input—output curve in the neighborhood of the valve points
is difficult to determine by actual testing. Most utility systems find it satis-
factory to represent the input—output characteristic by a smooth curve
which can be defined by a polynomial.

Heat rate tests carried out in accordance with the American Society of
Mechanical Engineers’ standards provide accurate means of measuring tur-
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bine heat rate but they are costly in time and manpower. The cost increases
with the unit size. Such tests may be carried out on an annual basis for each
unit and pre- and postmajor overhaul tests on selected units. Heat rate

evaluation on the basis of operating records does

not involve unit outages

and is therefore preferable from an economic point of view. A third means

is the manufacturer guaranteed performance data

adjusted to actual oper-

ating conditions. Updating performance characteristics through the per-
formance correction factors is done at regular intervals. This is effected by
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computing the fuel required based on the established input-output curve
and comparing the computed value after adjustments with the actual fuel
consumption. It is important to note here that ASME’s standard testing
procedures call for boiler—turbine—generator to be in steady state operation
for a number of hours before recording measurements for heat rate evalua-
tion. Under day-to-day operating conditions this is never the case and thus
operational heat rates deviate somewhat from the measured ones. It is
therefore deemed necessary to perform the regular update mentioned earlier.

TABLE 2.1

Typical Fossil Generation Unit Net Heat Rates”

Output (MJ/KW hr)

Fossil Unit
fuel rating 1007, 80% 60%, 40%, 25%,
Coal 50 11.59 11.69 12.05 12.82 14.13
Oil 50 12.12 12.22 12.59 13.41 14.78
Gas 50 12.33 12.43 12.81 13.64 15.03
Coal 200 10.01 10.09 10.41 11.07 12.21
0il 200 10.43 10.52 10.84 11.54 12.72
Gas 200 10.59 10.68 11.01 11.72 12.91
Coal 400 9.49 9.53 9.75 10.31 11.25
Oil 400 991 9.96 10.18 10.77 11.75
Gas 400 10.01 10.06 10.29 10.88 11.88
Coal 600 9.38 9.47 9.77 10.37 11.40
Oil 600 9.80 9.90 10.20 10.84 1191
Gas 600 991 10.01 10.31 10.96 12.04
Coal  800/1200 9.22 9.28 9.54 10.14
Qil 800/1200 9.59 9.65 992 10.55
Gas 800/1200 9.70 9.75 10.03 10.67

“ For conversion: 1 Btu = 1054 J.

Typical heat rate data for sample unit sizes for steam units using coal, oil,
and gas as primary sources of energy are given in Table 2.1. We remark here
that comparison of heat rates for units of the same size shows that coal-fired
is the least expensive (heatwise). This is followed by oil-fired. Gas-fired
plants are the most expensive. Moreover, the cost decreases as unit size
increases.

For economy operation problems treated in this book the fuel cost curve
is modeled as a quadratic in the active power generation. This we express as

F(P) = a + BP, + yP* GlJ/hr 2.2.1)
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TABLE 2.2

Typical Cost Coefficients

Unit Coal Qil Gas
size
(MW) a B ¥ a B ¥ « B ¥
50 4992 10.06 0.0103 52.87 1047 0.0116 5362 1066 0.0117

200 173.61 8.67 0.0023 180.68  9.039 0.00238 18262  9.19 0.00235
400 300.84 814 00015 312.35 852 000150 31645 861 0.00150
600 46228 828 0.00053 48344 865 000056 490.02 873 0.00059
800 751.39 748 0.00099 79322 774 0.00107 8244 773 0.00117
1200 11308 747 0.00067 1194.6 772 0.00072 124032 772 0.00078

Typical values of the coefficients «, 8, and y obtained by simple least square
estimation for the typical heat rates of Table 2.1 are given in Table 2.2.

2.2.2 Hydro Plant Performance Modeling

In a hydro plant, turbines convert the water potential energy into kinetic
energy, which in turn is converted into electric form through the generators.
Hydroelectric installations are classified into two types—conventional and
pumped storage. The conventional type is further classified into two classes,
storage and run-of-river.

A. PUMPED-STORAGE PLANTS

A pumped-storage hydro plant consists of an upper and a lower reservoir.
During light load periods, water is pumped from the lower to the upper
reservoirs using the most economic energy available as surplus from other
sources in the system. During peak load periods, water stored in the upper
reservoir is released to generate power, displacing high cost fossil generation.
Economic dispatch of systems with pumped-storage hydroelectric power
presents a very challenging problem.

B. RUN-OF-RIVER PLANTS

These plants have little storage capacity and use water as it becomes
available. Water not utilized is spilled over. The power station can be
located in the stream or alongside. The latter is commonly referred to as a
canal-type power station. It is clear that in view of the unregulated flow,
the generated electric power of a run-of-river plant is not a controllable
variable. In economy dispatch studies for systems with run-of-river plants,
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the output of such a plant is considered as a negative load in arriving at the
system load demand.

C. STORAGE PLANTS

Plants with reservoirs of significant storage capacity are termed storage
plants. In periods with low power requirements water can be stored and
utilized when the demand is high. Economy dispatch of systems with storage-

type hydro plants is the subject of further discussion in later chapters of
this book.

D. PLANT LAYOUT

The main elements of a typical hydroelectric plant include an upper level
reservoir, usually formed by building a diversion dam across a river.
Figure 2.4 shows a typical hydroelectric plant layout. The intake catries
the water directly to low-head turbines or to the pressure conduit in the
case of medium- and high-head turbines. The intake is a canal or a concrete
passageway. The pressure conduit carries the water under pressure to the
turbines. A closed pressure conduit is termed a penstock. To provide for
pressure regulation a surge tank is installed along the penstock. This will
prevent excessive pressure rises and drops during sudden load changes.
Trash racks are provided at the inlet to the intake or pressure conduit to
protect the turbine against floating and other foreign objects. Water flowing
through the hydroturbine runners is taken through draft tubes to the tailrace
and tailrace reservoir. The tailrace is used to conduct the water from the
draft tube to the tailwater reservoir, which is usually part of the original
river at an elevation lower than the upper reservoir.

SPILLWAY

’ FOREBAY
PENSTOCKS l

I fi—

POWER HOUSE \

8

Fig. 2.4 A typical medium-head hydro power development.
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E. HyYDRO TURBINE MODELING

There are two general types of hydro turbines, reaction-type and impulse-
type. In the reaction-type, water under pressure is only partly converted
into velocity before it enters the turbine runner. The Francis wheel, the
Kaplan wheel, and the propeller wheel are the most commonly used turbines
of the reaction-type. In the impulse-type turbine, water under pressure is
entirely converted into velocity before entering the turbine. The Kaplan
turbine is characterized by adjustable rotor and stator blades whereas the
Francis turbine has adjustable stator blades.

The output power of hydro-turbo generation is a function of both the
net hydraulic head and the rate of water discharge. The output power (in
MW) is given by

Py, = (qh/102mn ¢ (2.2.2)

where g is the rate of water discharge (m?/sec), h is the effective water head (m),
1, is the turbine efficiency, and #5 is the generator efficiency. An alternative
form of writing Eq. (2.2.2) can be obtained if we define an efficiency variable
G, given by

G = (n1/102)"" (2.2.3)

The result is
P.G = gh (2.2.4)

The efficiency depends on both discharge and effective head. Typical
performance curves are shown in Fig. 2.5. The Kaplan turbine shows a
superior performance characteristic as compared to the Francis-type. In
the former there is a fairly flat efficiency curve over a range of discharge
values above and below the discharge for maximum efficiency. In the Francis
turbine efficiency falls off rather sharply both above and below the point
of maximum efficiency.

FRANCIS KAPLAN PROPELLER

WHEEL WHEEL
{I-OO {I 00
HEAD {095 HEAD {095
0.90 090

QUTPUT, P (MW)

DISCHARGE INPUT, q (m3/sec)
Fig. 2.5 Performance characteristics of hydro turbines. Head values are per unit.
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The efficiency variation with active power generation can be effectively
modeled using the following quadratic expression:

2,G? + B,G + yPi + 6,P, + 0, =0 (2.2.5)

This provides a satisfactory approximation.

In addition to the model given by Eq. (2.2.4) and Eq. (2.2.5), many other
models for hydro plant performance exist. These are based in one way or
the other on Eq. (2.2.2). The reason for the numerous models is simply the
diversity of installation characteristics. Probably the most used model is
Glimn—Kirchmayer’s, giving the variation of rate of discharge as a bi-
quadratic function of effective head and active power generation:

g = Ky(h)p(Py) (2.2.6)
W(h) = ag + a,h + a,h? (2:2.7)
&(P,) = by + b, P, + b,P? (2.2.8)

In Eq. (2.2.6) K is a constant of proportionality. A more generalized form
of a model is Hildebrand’s, which takes the form

k 1

g= ) ) C,PW (2.2.9)

i=0 j=0

More recently a model has been proposed which we refer to as the
Hamilton—Lamont model. This takes the form

q = (ao + alP + a3P3)(b0 + blh + bzhz)/h (2.2.10)

It is noted here that the models of Eq. (2.2.6), Eq. (2.2.9), and Eq. (2.2.10)
describe the rate of water discharge ¢ as a function of two variables, namely,
effective head and power generation. All of these various models can be
interpreted as a consequence of Taylor expansion for a function of several
variables.

An exponential variation of head with reservoir storage leads to the
Arvanitidis—Rosing model given by

P, = gh(B — ) 2.2.11)

It is noted here that the model will be completed once the storage—effective
head relationship is established. This we discuss in the following:

F. EFFeCTIVE HEAD MODELS

The effective head is established by first obtaining the gross head h, which
is defined as difference of forebay elevation y and tailrace elevation yy

h,=y — yr (2.2.12)
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Fig. 2.6 Typical tailrace elevation versus discharge characteristic.

The tailrace elevation is a function of the discharge as well as spillage.
This is shown in Fig. 2.6. We can express the tailrace elevation by the
following relationship:

yr =Y, + (g + o) (2.2.13)

This assumes a linear relationship between the two variables of interest.
The forebay elevation is a function of the reservoir geometry, natural water
inflow, spillage, and water discharge. It is thus necessary to consider reservoir
modeling in the case of variable head hydro plants.

Once the gross head is obtained, the head losses in the penstock are
subtracted from the gross head to obtain the effective head

h=h,—h, (2.2.14)

A typical head loss characteristic variation with the discharge is shown
in Fig. 2.7. Again linear variation may be assumed:

hy = hyy + o4 (2.2.15)
[ d
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Fig. 2.7 Typical penstock head loss variation with discharge.
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The resulting expression for effective head is thus

h(t) = y(t) — [yr, + 20(t) + aq(t)] (2.2.16)
where

V1o = Yio T+ Ppo and or = o + &

G. RESERVOIR MODELS

A reservoir model of interest in an economy operation study is a realistic
one that relates the plant’s forebay elevation y to the discharge q. These
determine the active power generation available from the hydro plants. The
reservoir dynamics may be adequately described by the continuity-type
equation

ds(t)/dt = i(t) — q(t) — o(t) (2.2.17)

where s(t) is the reservoir storage, i(t) the rate of natural inflow adjusted
for evaporation and seepage losses, g(t) the rate of water release through
the hydro plant, and «(t) the rate of water spillage.

It should be noted that the evaporation and seepage losses are normally
estimated by multiplying the storage by the appropriate coefficient. For
simplicity these are assumed to be independent of the storage. Moreover,
o(t), the rate of water spillage, should be assumed zero unless certain
overriding constraints are violated.

The variation of storage (or capacity) of a reservoir of regular shape
with the elevation can be computed with the formulas for the volumes of
solids. This for reservoirs on natural sites is determined from the elevation—
storage curve. An area—elevation curve is constructed using the planimeter
to find the area enclosed within each contour within the reservoir site. The
integral of the area—elevation curve is the elevation—storage curve. A typical
elevation—storage curve is shown in Fig. 2.8. It is important to note that
natural factors will change the reservoir configuration over time. An example
is sediment accumulation. It is thus important to update the reservoir model
periodically.

A mathematical model may be obtained by using Taylor’s expansion.
If we choose the first two terms, this will result in a linear relationship
which corresponds to the mathematical artifice of a vertical-sided reservoir
model. A trapezoidal reservoir model results if we include the second-order
term in the expansion. For a partially filled hemisphere model a third-order
equation results. Accordingly the general reservoir model is given by

N

s= . o) (2.2.18)

i=0

where N is the highest order of the approximation.
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H. OPERATIONAL CONSTRAINTS

Many dams and associated reservoirs are multipurpose developments.
Of interest in our discussion are the requirements of each component as
it affects the operation of the hydroelectric plant. Irrigation, flood control,
water supply, stream flow augmentation, navigation, and recreation usages
are among the possible purposes of a water resource development. For
these purposes the reservoir is regulated so that full requirements for each
element are available under the design drought conditions.

The operational reservoir constraints are

Smin < S(t) < Smax

Gmin < ‘I(t) < Irax
Qo) < 4(1) + 0(t) < g, (1)

The first set of inequality constraints simply states that the reservoir storage
(or elevation) may not exceed a maximum level, nor be lower than a minimum
level. For the former this is determined by the elevation of the spillway
crest or the top of the spillway gates. The minimum level may be fixed
by the elevation of the lowest outlet in the dam or by conditions of operating
efficiency for the turbines. The second set is solely determined by the discharge
capacity of the power plant as well as its efficiency. The last inequality
constraint would be imposed by irrigational, navigational, recreational, and
flood prevention considerations.

1. A SmMpLE OVERALL MODEL

In Chapters 5 and 6 we will find it necessary to adopt a simple overall
model for the plant and reservoir dynamics. This is obtained by assuming
constant efficiency, no spillage, invariant tailrace elevation, negligible pen-
stock losses, and a vertical-sided reservoir. Equations (2.2.4) and (2.2.16)-
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(2.2.18) may thus be combined to give
Py(t) + A(t)g(t) + Bg(t)Q(r) =0 (2.2.19)

where
— A(t) = [h(0)/G] + B f; i(s)ds, B=B,G

with B, being inverse surface area of the reservoir. In Eq. (2.2.19), the new
variable Q(t) is the volume of water discharged up to time .

2.3 ELECTRIC NETWORK COMPONENTS

The basic components of an ac electric power network include the syn-
chronous generator, the power transformer, and the transmission line. It is
the objective of the present section to outline the fundamental models of the
three basic components as well as the load to which the system must respond.
The treatment here is for the case of balanced three-phase ac steady state
operation, which is the mode of interest in optimal operation studies con-
sidered in this work.

2.3.1 The Generator Model

The first basic component of the electric power system network is the
synchronous generator. The degree of detail of a synchronous machine
model depends on the area of application in which one is interested. Greater
detail is necessary for dynamic power systems studies involving transient
analysis such as stability evaluation. It is universal practice in synchronous
machine modeling to apply the Park transformation to the three-phase
armature coils. The result is a set of algebraic and differential equations
relating to two equivalent orthogonal armature coils whose location is
determined by the rotor position. The range of forms based on Park’s trans-
formation models is tremendous. The primary source of these models has
been power system transient stability analysis.

The updating time interval involved in economic operation algorithms
and controllers is longer than that for stability studies. Furthermore, the
system is assumed to be in a sinusoidal steady state for modeling purposes.
The control action in this case is to move the system from a certain steady
state level to the next in an optimal way. Less detailed models are thus
considered sufficient for economic operation purposes. It should be empha-
sized here that for shorter updating time intervals (less than five minutes) it
may become necessary for us to include the machine, exciter, and governor
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dynamics in some detail. The order of magnitude of the problem becomes
obvious if we note that the dynamical model of a synchronous machine with
amortisseur windings, exciter, and turbine governor can involve fourteen
differential equations. Other controls such as the stabilizer and boiler offer
added complexity.

The synchronous machine model commonly used in optimal economy
operation studies is that of the classical voltage source behind the equivalent
characteristic reactance (synchronous and armature reaction reactance).
This model is a consequence of the equations based on the detailed Park’s
transformation. The basic assumptions involved are those of balanced
loading and sinusoidal steady state operation. We can thus avail ourselves
of the conveniences offered by phasor diagram techniques.

Fig. 2.9 Equivalent circuit and phasor diagram of a synchronous machine.

The simplest equivalent circuit and the associated phasor diagram for a
synchronous machine are shown in Fig. 2.9. The armature resistance is
neglected in this presentation since our object is to demonstrate the basis
for limitations accounted for in our type of study. The machine terminal
voltage V is taken as reference with the armature current I, lagging by an
angle ¢. A fictitious voltage source E represents the voltage required to be
generated by the field current I;. The angle 6 is the torque angle. Here ;
denotes /—1 as usual.

From the basic definition of active and reactive power, we have for one
phase:

Ps;=VI,cos¢ (2.3.1)
Qg = Vi, sin¢
From the geometry of the phasor diagram
Esind = I,X cos¢ (2.3.3)

Using Eq. (2.3.3) in (2.3.1) we arrive at
P; =(EV/X,)siné (2.3.4)
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Moreover, we have

Ecosd =V + I, X, sin¢ (2.3.5)
Using Eq. (2.3.5) in Eq. (2.3.2), we obtain
Qs =(V/X)(Ecosd — V) (2.3.6)

In the above X, denotes the machine’s synchronous reactance.

Equations (2.3.4) and (2.3.6) have some important consequences. The first
tells us that the generated power is limited to a certain maximum. This
maximum is given by

Pmax = EV/XS

In practice the allowable maximum is about half the above value due to
system stability considerations. The active generated power is controlled
mainly through the torque input from the turbine, which is regulated by the
governor system. The reactive power generated as given by Eq. (2.3.6)
depends on the difference

d=Ecosé —V
Normal excitation is defined for d = 0, or
V =Ecosd

overexcitation is the situation in which the generator is supplying lagging
reactive power. In this case d > 0, or

Ecoso >V
For underexcitation d < 0, or
Ecosdo <V

This implies that the generator is supplying leading reactive power. The
value of the internal voltage E is directly proportional to the field excitation
current I; for operation in the unsaturated region

E=KI,

The allocation of reactive power generations among the system’s sources is
thus controllable through control of the field excitation.

Loading of the generator is normally carried out according to its capabil-
ity curve. The curve is frequently called the reactive capability curve since
it shows the active power loading versus the reactive power loading and the
limits of output for the rating and at various hydrogen gas pressures. Constant
power factor lines are also indicated on this curve. A typical capability curve
is shown in Fig. 2.10. Limits on the capability curve may be divided into
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Fig. 2.10 Reactive capability curve.

three regions. In region I, field heating dictates the limits and hence the
curve in this region is a constant field current locus. Armature heating is the
limiting factor in region II; the curve in this region is a constant apparent
power (MVA) locus. Region III of the curve is limited by end heating and
stability.

2.3.2 The Transmission Line Model

An electric transmission line has four parameters which affect its per-
formance characteristics. These parameters are the series resistance and
inductance, shunt capacitance, and shunt conductance. The line resistance
and inductive reactance are of importance in almost all problems. For some
studies it is possible to omit the shunt capacitance and conductance and
thus simplify the equivalent circuit considerably. The determination of the
parameters on the basis of line length, conductors used, and conductor
spacing as they are mounted on the supporting structure has been the subject
of extensive studies. For our purpose it is assumed that the parameters are
available. It is further assumed that the system is operating in the sinusoidal
steady state.

The so-called exact transmission line model can be derived by direct
application of Kirchhoff’s voltage and current laws to an incremental length
of the line. The result is two second-order differential equations relating the
voltage and current variations along the line. Application of boundary
conditions leads to the fundamental two-port network model,

- (e 2l 252
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This is the 4, B, C, and D parameter form. The subscripts s and r stand for
sending and receiving end variables, respectively. Here the parameters are
given by

A = cosh 8, B = Z(sinh 6)/0
C = Y(sinh 6)/0, D=4
0=JZY
The total line series impedance is denoted by Z while the shunt admittance
is Y.
An equivalent circuit favored by power system engineers is the # circuit.

It is on the basis of Eq. (2.3.7) that we obtain the equivalent = circuit shown
in Fig. 2.11.

Fig. 2.11 Equivalent = circuit for a transmission line.

Consider the series expansion of the hyperbolic functions defining the
A, B, C, and D parameters given by

A_1+ZY+ZZY2+Z3Y3+
N 2 24 720

B=Z7 1+ZY+ZZY2+23Y3+"'

B 6 120 5040
ZY+ZZY2+Z3Y3+_”

6 120 5040
The number of terms taken into consideration when applying the above
expressions will depend on the required accuracy. Usually no more than

three terms are required. For overhead lines less than 500 km in length, the
following approximate expressions are satisfactory:

A=D=1+2Y2  B=2Z1+2ZY6), C=7Y({1+ZY/6)

C=Y<1+
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Fig. 2.13 Short line equivalent circuit.

If the first term of the expansion is used only then we obtain
B=2, (A—1)/B=1Y/2

In this case the equivalent 7 circuit reduces to the nominal = model which
is used generally for lines classified as medium lines (up to 250 km). Figure
2.12 shows the nominal 7 model of a medium transmission line. The result,
obtained rigorously, can be obtained by the intuitive assumption that the
lines series impedance is lumped and the shunt admittance Y is divided
equally with each half placed at an end of the line.

A final model is the short line (up to 80 km) model and in this case the
shunt admittance is neglected altogether. The line is thus represented only
by its series impedance, as shown in Fig. 2.13.

2.3.3 The Transformer Model

The power transformer is an important component of the electric power
network. The need for high power transmission capacity and reduced trans-
mission losses requires high transmission voltages. This is made possible by
the use of power transformers. As is the case with the synchronous machine
and transmission line, the modeling of the power transformer has been the
focus of attention of many investigators.

For our purposes the most basic form of a transformer model is the
equivalent T circuit shown in Fig. 2.14. The left and right series impedances
are essentially those of the primary and secondary winding. The shunt
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admittance relates to the magnetic circuit path (exciting current). If one is
interested in obtaining a m representation, then the use of the Y-A trans-
formation will facilitate that. However, this is not normally done since for
most transformers operated at power frequencies (50 or 60 Hz), the exciting
current will be small. This is of the order of 2 to 4% of the current delivered
by the transformer to its secondary. Consequently the shunt branch can be
moved to either end of the circuit, and the L circuit shown in Fig. 2.15 is
obtained. In the figures, subscript 1 denotes primary while 2 denotes sec-
ondary quantities. The prime refers to a quantity viewed or referred to
another side. Thus V) is the secondary voltage referred to primary. The
resistance is denoted by R, and reactance is X. Conductance is symbolized
by g. while susceptance is symbolized by b,,.

For most applications, the shunt branch may be removed altogether. This

gives us only one series impedance representing the transformer with which
to contend. This is shown in Fig. 2.16.

2.3.4 Load Models

An operating electric utility responds to its existing and prospective loads.
The load at various points in the system is determined by the large number
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of devices connected by the customers to the system as well as distribution
and transmission system components. The number and type of devices
connected to the power system at any time depend on factors such as the
time of day, the weather, the pollution level, special events, customer use
patterns, to mention a few. The resulting load exhibits complex behavior
which has proven to be a challenging modeling endeavor.

In trying to characterize the nature and behavior of loads, two distinct
classes of load models emerge. Models belonging to the first class are referred
to as load demand models. With this class one attempts to define the power
demand at a given point in the system at some time. The second class is
referred to as load response models. With this type of model one attempts to
characterize the change in active and reactive power injected at a point in
the system if the voltage and frequency at that point are varied. Both classes
of models influence the effectiveness of economic operational strategies of
interest. For on the one hand, the pattern function of load demand forecast
is a basic driving input to which the optimizing algorithm responds. On the
other hand, a realistic load response model is a basic requirement for an
effective network model for use in developing the optimizing algorithms.

The class of load demand models can be partitioned into two subclasses.
Over the short range, changes in load result from user decisions as to use of
equipment. Over the longer range, beyond some time threshold, the situation
is different. In this case the major changes are due to load growth which
results from user decisions as to purchase and use of new equipment, e.g.,
air conditioners, electric automobiles, or whatever. The impact of both of
these decision processes on the electric energy system constitutes a stochastic
process. The underlying decision processes, and therefore the statistical
characteristics of the respective processes, are very different. The focus of
our attention is on the former class: near-term load demand models. These
form the basis for short-term load forecasting.

A. SHORT-TERM LoAD FORECASTING

The consumption pattern in a power system is influenced by a number of
factors which are essential in the development of load models for forecasting
purposes. Briefly, these are classified as time and weather factors. Time
factors include the effect of weak periodicity, seasonal variations, holidays,
year-by-year growth or decline. This last factor is becoming more and more
difficult to forecast. Weather factors include temperature, humidity, visibil-
ity, and wind speed. In addition to these, random effects are reported to
present variation in the load. These include a reflection of the inherent
statistical nature of the load, special events and unannounced switchings of
bulk power equipment.
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The most apparent difference in the available techniques for short-term
load forecasting is in the effects which are considered by the hypothesized
model. These effects lead to the following classifications:

I. Type I Models. Weather sensitive models which do not rely on the
latest load behavior for the forecast. These are usually of the form

Py(t) = Py(t) + FLW(1)]

The base load Pg(t) is sometimes assumed to be a weather insensitive func-
tion to which a weather dependent function F(W) is added to define the
load. In our notation subscript D refers to demand quantities.

II. Type 2 Models. Models including the time of day and latest load
behavior as well as weather effects. The load is the so-called time series-type
model and is assumed to be represented by

m

Ppft) = Z a; fi(t) + Zo(t)

i=1

In this formulation Z(t) represents the long-term trends of load behavior.
The functions f; are explicit functions of time. They can be a priori fixed by
exploiting the semiperiodic weekly load behavior, in which case they are
normally defined as sine curves with a basic period. Other a priori chosen
time functions such as polynomials in ¢ are also possible. A more mathe-
matically sophisticated approach uses the autocorrelation function of
Py(t) — Zy(t) (experimentally determined) to obtain a Karhunen-Lo¢ve
expansion of this process.

The basic idea behind time series models is that the load curve has a
relatively recognizable shape and an attempt is made to fit a time function
to it. In this form a time series model has no way of “remembering” and
exploiting the immediate load’s past. This important feature can, however, be
incorporated by assuming the coefficients g; to be random variables and by
continuously reestimating their values according to the latest load data.
This can be done by a simple estimating procedure also referred to as
exponential smoothing.

Another type of model is referred to as the dynamic-type. An expression
for the time variation of load is assumed to be

m

Po(t) =3 a;fi(t) + Zo(1) + y(t)

i=1
The parameters g; are considered constant or slowly varying. The term

y(t) describes the correlated load nature; that is to say, random load changes
have a rather limited spectrum and take place slowly. Models for y(¢), which
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define the present trend of the load, take various forms, the simplest of
which is the autoregressive moving average model:

n m
y(t) = Zl doy(t — k) + Zl eu(t — j) + w(r)
K= i=
In the above, d,, e; are assumed constant. The variable u(t) is assumed to be
a function of the weather variables at ¢. The function w(t) is a white mean
process whose variance is assumed to have the constant value Q. Dynamic
load models have the property that they explicitly remember the past load
behavior. The expected accuracy decreases as the prediction lead time
decreases.

B. LoaDp RESPONSE MODELS

The typical system load bus will supply active and reactive power to a
variety of load components, each with different characteristics. Variations
in voltage and frequency at a load bus will in general affect the active and
reactive power requirements of the components connected to that bus. Many
optimal economic operation problems include no voltage and frequency
control in the formulation. In this case no accounting for the functional
dependence of the load on the voltage and frequency is needed. On the other
hand, when the load bus voltage is a control function accounting for the
load dependence on this control action is necessary.

The primary source of load response models has been power system
transient stability analysis. The first load voltage response model to be
used was the constant impedance model. This results in the real and reactive
load power being proportional to the square of the voltage. This was adopted
initially because of its ease of implementation. Other basic models include
constant current models, in which real and reactive power are proportional
to voltage, and constant power models, which are independent of voltage.
Loads have been modeled as linear combinations of these models, resulting
in real and reactive power being polynominal functions of voltage. Other
models have been proposed which express real and reactive load power as
a fractional power of voltage and frequency. A general expression for the
dependence of active power Py, and reactive power Qp, at bus i may thus
be written as

NP Nq
Pp, = Z ijVthj’ O, = Z quVquj
ji=1 ji=1
In the above, C,, Cy,» Ky and K, are constants determined by either
physically based modeling procedures and/or verified by field data.
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2.4 ELECTRIC NETWORK MODELS

The previous section dealt with models of the individual components
of the electric power system network. It is the purpose of this section to
study models of the overall network, which is made of an interconnection
of the various components. As is the case with all modeling efforts, various
representations are possible and these vary in sophistication depending on
the requirements imposed by the scope of the study. Our approach is to
present models that increase in detail and sophistication. We thus start
with models that account for active power balance only. From there we
proceed to introduce the idea of reactive power balance inclusion. The
culmination of the section is the study of the exact load flow equations
approach and the various approximations based on this precise model.

2.4.1 Active Power Balance Equations

The basic idea behind active (real) power balance equation models is the
principle of continuity of power flow. The electric network is thus viewed
as a medium of active power transfer from the generating nodes (buses)
to the load nodes. In this approach only one equation is needed to model
the electric network. The most attractive feature of this type of model is the
ease of implementation. There are two basic models that account for active
power losses in the electric network.

Let the active power generation at a generator bus be denoted by Pg,,
and the active power demand at a load bus by Pp . Generator buses are
members of the set R; while load (demand) buses belong to the set Rp.
We define a system demand Pp as

Py= Y Py, (2.4.1)
ieRp

The first active power balance equation model neglects transmission losses
and hence we can write

Pp= ) Pg, (2.4.2)
ieRg
This model is useful in the treatment of parallel generating units at the same

plant since in this case the assumption of negligible transmission losses
is valid.

Including active power transmission losses in the model of Eq. (2.4.2)
leads to requiring

Po= Y Pg — PPg) (2.4.3)

ieRG
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In this model the loss Py is considered a function of the active power
generations vector Pg and is conventionally known as the loss formula.
This we treat next.

A. THE TRANSMISSION Loss FORMULA

Fundamental to the economic dispatch of real power is the ability to
include active power transmission losses. When it is necessary to transmit
electric energy over large distances, or in the case of a relative low load
density vast area, the transmission losses are a major factor to be considered.
The active power transmission losses may amount to 20 to 30%; of the total
load demand.

Ideally, the exact power flow equations should be used to obtain the
active power transmission losses in the power system. However, the electric
power system engineer may opt for expressing the losses in terms of active
power generations only. This expression is commonly referred to as the
loss formula, or B-coefficient method. The simplest form of the equation
is George’s formula, given by

P.= )Y Y PB;P; (2.4.4)
ieRg jeRg
The parameters B;; are commonly referred to as the loss coefficients.
Attempts to obtain a more accurate expression for power system losses
have been made. These result in adding a linear term and a constant to the
original quadratic expression. The resulting expression, frequently called
Kron’s loss formula, is
P =Ko+ ) BioPit+ ) Y PiB,P; (2.4.5)
ieRg ieRg jeRg
The set of generating plants is denoted by Rg.
We give a simple derivation based on the power flow equations which
will shed some light on the simplifying assumptions involved.

B. DERIVATION OF THE Loss FORMULA

We consider a system with buses in the set Rg. The system losses can
be obtained by adding all powers into the buses. Thus with S denoting
apparent power we have

Se= Y S (2.4.6)

ieRp

In terms of bus voltages and currents we can write for the apparent power
(MVA) losses

S, = VIl 24.7)
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The asterisk * denotes, in our case, the conjugates of the vector components.
We use the bus impedance equality relating voltages and currents given by

Vg =Zgly (2.4.8)
Let the bus impedance matrix Zg be expressed as the sum
Zz; =R +jX (2.4.9)

Further, we express I; in rectangular form
Ig=1,+ /1, (2.4.10)
The active and reactive power losses P, and Q| are then obtained as the real
and imaginary components of S, given by Eq. (2.4.7) with substitutions
from Eqgs. (2.4.8)—(2.4.10). The result is
P =ILRI, + LRI, 2.4.11)
0. =IIXI, + IIXI, (24.12)

It is desirable at this stage to eliminate the current variables. Here we use
the expression for net apparent power,

P; + jQi = ViI :k
We also express the bus voltages and currents as
Vi =|V|(cos &, + jsin ) (2.4.13)
Li=1,+jl, (24.14)
The resulting expressions for the current components obtained are
1,, = (1/|ViP[Pi(cos ;) + Qi(sindy)] (2.4.15)
1, = (1/|Vi)[Pi(sind;) — Q;(cos ;)] (24.16)
This in vector form is
I,=CP +DQ (2.4.17)
I,=DP - CQ (2.4.18)
where
C = diag(cos 3;/|V})) (2.4.19)
D = diag(sin;/|V}]) (2.4.20)

The active power loss is obtained as a result of eliminating the current
vectors.

P.=[PT Q7] [g" _i"} [PQ] (2.4.21)
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Elements of the newly defined matrices A, and B, are given by
a;;, = [r;;cos(d; — /vl vl (2.4.22)
b, = [r;;sin(d; — 5,')]/“’” |V,| (24.23)
In our development P and Q are vectors of net active and reactive powers

into the system. We now partition these vectors in terms of net generation
and net demand values at each bus as

P = [P}|-P]] (2.4.24)
Q =[Q4|-Qp] (24.25)

The active power loss expression is thus obtained in terms of the generated
active and reactive powers as

Ao —B,_ 1[Ps | P, -
Pty o e [ | e el b+,

PGG
(2.4.26)
In the above expression the loss formula parameters are
~ A, =B, |IPo
Ko, =[Pp Qp] [B:.m AZDD] [ QD] (2.4.27)
Epp = 2(By,Qp — A, Pp) (2.4.28)
E,, = 2B, Pp — A}, Qp) (24.29)
Note that A, is symmetric:
A,=A;
Also
B,= —B]

The dimension of each of these two matrices is equal to the number of buses
in the system. In the above expressions partitioning of the following matrices
as shown below is implied:

A
A, = [A"GG PGD] (2.4.30)
B
B, — [BPGG PGD] (2431)
BPDG BPDD

The active power loss equation derived so far is exact and has time varying
coeflicients. The general loss formula is obtained by making the following
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assumptions:
(1) Assume a linear generator reactive characteristic such that

Qc, = Qq,, + fiPa,

(2) Assume constant generator angular positions ;.
(3) Assume constant generator--bus voltage magnitudes.
(4) Assume a fixed demand pattern.

In terms of the physical variables of the system the loss formula coefficients
are defined by

B, =A,..+FA,,F+2FB, (24.32)
B, =E;, + 2Q&o(A,..F + B,..,) + ELF (2.4.33)
K= KLOp + QGoApsQco + E;l;qQGO (%-4-34)
Here
Qgo = COI(QG‘-O)
F = diag(f)

The resulting expression is the celebrated general loss formula:

PL = PEBLPG + BEOPG + KLO (2435)

Here B is an Ng x N square symmetric matrix of the loss coefficients B;;.
B, isa 1 x N row vector of linear loss coefficients B;o; Ky is a constant.
An alternative way of writing the loss formula is

PL=Y Y PgB,P;+ Y BiPg + K, (2.4.36).

i
ieRg jeRg ieRg

Amazingly enough, this loss formula can be obtained by simply using the
first three terms of the Taylor expansion of a function of several variables,
assuming, of course, that the losses are dependent on the active power
generations only. This we discuss next.

C. TAYLOR EXPANSION INTERPRETATION

In the case of a multivariable function, the truncated Taylor expansion
takes the form

f(X + A) = f(x) + ATVf], + JATH,A (2.4.37)

Here x is a nominal vector and A is the increment vector. The gradient of
fis

Vf = col(f/0x,,8f)0x,,. . . , Of/ox,) (2.4.38)
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The Hessian matrix H is
[ 0% oY oy |
ox?  Ox,0x, dx, 0x,
o%f o*f
H= — 2.4.39
0x,0x,  0x3 ( )
¥ o
| 0x,0x, 0x,0x, oxy |

We offer now an interpretation of the generalized active transmission loss
formula as a consequence of Taylor expansion.

The transmission losses P;(P) for an operating vector P sufficiently near
to a nominal P, (base case) is

P (P)= P (Py + A) (2.4.40)
Using the truncated Taylor expansion, we find that
P, (P)= K, + B{P + PTB,P (2.4.41)
Here we have
B.=H (2.4.42)
B! = VP] — 2P!BT (2.4.43)
Ko = P(Py) — PEVP_ + P{B. P, (2.4.44)

The gradient and Hessian are both evaluated at the base case power vector
P,.

The ease of computation possible with the use of the loss formula is highly
advantageous, especially if the complexity of calculating these coefficients
can be reduced without loss of accuracy. It should be emphasized that there
are a number of approximations involved in the loss formula and that it is
valid only for a certain range of loadings. It is surprising that in practice
this produces such close answers, with errors up to a few percent. Very
sophisticated methods of calculating the B constants exist and are being used
by utilities in connection with the economy dispatch problem.

2.4.2 Active—Reactive Power Balance Equations (ARPBE)

We have seen by means of the development of the transmission loss formula
using the bus impedance formulation that the active power loss P; given by
Eq. (2.4.26) depends on the reactive power generation vector Q. We note
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also that the reactive power loss expression @, given by Eq. (2.4.12) is
similar to the active loss expression of Eq. (2.4.11). We can reason then that
less approximation will be involved if we opt for the following model of the
transmission network:

Py = 2 PGi — P(Pg,Qq) (2.4.45)
ieRg
Qo= ZR Qc, — OuPs,Qq) (2.4.46)

The above relations are called the active-reactive power balance equations
(ARPBE).

In the ARPBE approach we take into account the active and reactive
power balance of the system. Following the development of transmission
loss formula we can write

A,.. —B P P
QL = [Pg -g;] |:BqGG AqGG] [Qc;] + [EZP qu [Qc;] + KL()Q
1GG 1GG
(2.4.47)

In the above, we have defined the matrices A, and B,. Elements of these are
related to elements of A, and B, by

a;;, = (x;;/rijay, (2.4.48)
bij, = (xi/ribyy, (2.4.49)

where x;; are the reactive components of the bus impedance matrix. More-
over, we have

EqP = = Z(AQGDPD - BQGDQD) (2450)
qu = Z(BqTDGPD - A}DGQD) (2.4.51)
A -B P
K — [PT T] |: 40D qDD:| |: D:l (2.4.52)
Hoe ° ° BIIDD AqDD Qo

The interpretation of the ARPBE as a consequence of Taylor’s expansion
follows immediately if we note that our new assumptions simply require
dependence on reactive power generations. The attractive feature of the
ARPBE model is that it allows inclusion of the reactive power considerations
using a simple model.

2.4.3 Exact Load Flow Models

Load flow models are the direct result of applying the basic Kirchhoff’s
circuit laws in conjunction with passive component terminal characteristics
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in the sinusoidal steady state (complex Ohm’s law). Network models may be
classified into three distinct classes: nodal models, loop models, and branch
models. In nodal models (or bus frame of reference) the voltage and current
variables are nodal quantities. In loop models (or loop frame of reference)
loop variables are used. In branch models, branch currents and voltages are
the set of variables. This last class is not in common use. Each of the three
classes can further be classified into impedance and admittance subclasses.
The independent variables in the former subclass are currents and in the
latter are voltages.

The nodal admittance model is almost universally preferred in power
system applications. This is described by the system of equations in vector
form

I=Y-V (2.4.53)

where Y is the nodal admittance matrix. Y is square, sparce, and symmetrical.
The symmetry is not preserved if the network includes phase shifters, or
mutual couplings. The vectors I and V are nodal current and voltage in-
jection vectors, respectively.
For an n-node system, we can write
I=3 Y.V, i=1,...,n (2.4.54)
kea;

«; is the set of nodes connected to the ith node. Specification of current in

load flow type studies is seldom used. Instead, power specifications are used.
We can thus write (2.4.54) in the alternative form

Pi—jQi=VE Y YW, i=1...n (2.4.55)

kea;

Use has been made of
I, =S¥V

The system equations (2.4.55) can further be written as

Pi=Re<V;" Y Y,-ka>, i=1,...,n (2.4.56)
kea;

0, = —Im<V;" Y Yika>, i=1,...,n (2.4.57)
kea;

In the above, the asterisk denotes complex conjugation, Re denotes taking
the real part, and Im denotes taking the imaginary part, of the complex
arguments. Note that corresponding to each node there are four variables
and two equations. The four variables are active power P;, reactive power
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Q;, voltage magnitude, and phase angle. It is thus necessary to specify two
variables per node to completely solve for the network state.

The load flow (power flow) problem is concerned with the solution of
Egs. (2.4.56) and (2.4.57) for the static operating conditions of the electric
power system. Load flow calculations are routinely performed for power
system planning, operational planning, and operation control purposes. The
static operating state of the system is defined by the constraints on pewer
and/or voltage at the network buses. In conventional load flows, buses are
categorized according to the two variables specified.

(1) A load bus (P—Q bus) is one at which S; = P; + jQ, is specified.

(2) A generator bus (P-V bus) is a bus with specified injected active
power and a fixed voltage magnitude.

(3) A system slack (swing) bus at which both the magnitude and phase
angle of the voltage are specified. This is a fictitious concept which drises
because the system active power loss is not known precisely in advance. It
is customary to choose one of the available P-V buses as slack and to regard
its active power as the unknown.

As we have seen before, each bus is modeled by two equations. In all we
have 2n equations in 2rn unknowns. These are |V'| and § at the load buses,
Q and ¢ at generator buses, and P and Q at the slack bus. It is because of
this that the problem is nonlinear. Hence iterative methods are used to
obtain the solution.

The fundamental nodal admittance matrix load flow model is given by
Eqgs. (2.4.56) and (2.4.57). The right-hand side of both equations involves a
complex expression in the phasor voltages and admittances. Expressing these
quantities in polar form is called the polar formulation. In this case the
following notation is introduced:

Vi = |Vi| exp(jd)) (2.4.58)
Y = | Yi| exp(—j6) (2.4.59)
The result is
P =W Y [Yal|Wilcos(d; — & + 04) (2.4.60)
kea;
0:= \Vll Z lYukl le\ sin($; — 0y + Oy) (24.61)
kea;

In the rectangular form, the following notation is introduced:

V= e + jf, (24.62)
}’i = Gik _jBik (2463)
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The rectangular form of the load flow equations thus obtained is

a=§{dmh+ﬂmwmmarwmm (2.4.64)
0= Y [filesGu+ fiBu) = e iGu — exBu)] (2.4.65)

A third form, frequently called the hybrid form, results if we express the
voltage in polar form and admittance in rectangular form. Thus we use
(2.4.58) and (2.4.63) in (2.4.56) and (2.4.57). The result is

P, = |Vz| Z ‘V;cl[Gik cos(dy) — B Sin(éik)] (2.4.66)
kea;
Q= |Vl| Z lV;zl[Gik sin(;) + Bj cos(dy)] (2.4.67)
kea; .
where
S = 0; — &, ' (2.4.68)

In optimal load flow studies the specified variables will be less than those
specified in a conventional load flow study. The control variables may
include active power generation at generator buses, reactive power genera-
tion, voltage magnitudes, transformer taps, and phase shift of the phase
shifting transformer. In such applications the rectangular form, (2.4.64) and
(2.4.65), and the hybrid form, (2.4.66) and (2.4.67), are preferred.

2.44 Approximate Load Flow Models

These models are derived from the fundamental load flow equations with
the help of certain simplifying assumptions. Primarily derived for steady
state security monitoring by fast approximate load flow solutions, the models
nevertheless hold out promise of replacing the active power balance equation
in optimal operation studies.

A basic variety of approximate models is a consequence of the Taylor
expansion and advances in the application of the Newton—Raphson method
for load flow solutions. Assume that the system state for a base load flow
is known. Thus P{9, 0@ vV §O are available. The performance of the
system in the neighbourhood of the base case can be described approximately,
using the hybrid form (2.4.66) and (2.4.67), by

P pP©® H N Ao
[ Q] = [ Q<°’J + [ J L ] (ﬂ) (2.4.69)
\Y
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The Jacobian matrix of the right-hand side of the above equations has
element submatrices defined by

Hy = |Vz| lI/;c‘(GikSin Ou + By cOSdy), H;=-Q;+ Bii|Vi 2
Ny = |Vz| lel(GikCOS O — Busindy), N;=P, + GiilVilza
Lik = Hilu Lii = Qi + Bi|Vi|27
Jiue=—Nu, Jii=Pi_Gii|Vi|2-

The right-hand sides of the above are evaluated at the base case. The same
approach can be utilized in the rectangular form, (2.4.64) and (2.4.65).

Carpentier’s decoupled load flow recognizes the strong coupling between
the active power and phase angles, and between reactive power and voltage
magnitudes. In this case the submatrices N and J in (2.4.69) are neglected.
The resulting decoupled linear load flow model is thus given by 1

P=P® { HAS (2.4.70)
\%
Q=QY+L <—AV> (2.471)

These decoupled load flow equations are the bases for many fast and efficient
algorithms for steady state security monitoring.

2.5 HYDRO NETWORK MODELS

Performance modeling for hydro plants including turbine and reservoir
characteristics and the attendant operational constraints have been con-
sidered in Section 2.2. Two aspects related to the hydro subsystem are further
dealt with in the present section.

The first arises as a result of the location of more than one plant on the
same stream. This may necessitate the inclusion of the river flow dynamics
in the modeling effort. Here we discuss two approaches for modeling pur-
poses. The first is the elaborate Dahlin’s state space model and is followed by
the less sophisticated transport delay approach.

The availability of accurate reservoir inflow forecasts is of fundamental
importance in economy operation studies. We discuss briefly the basis of
such forecasts to conclude this section.

2.5.1 River Flow Modeling

The hydraulic coupling effects between hydro plants on the same stream
may prove in certain cases to be an important factor in economy dispatch
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problems. The forebay elevation at a downstream plant influences the head
and thereby the active generation of this plant. This also affects the upstream
plant’s tailrace elevation. On the other hand, the water discharge at the
upstream plant affects the forebay at the downstream plant. The propagation
characteristics of the river sections between plants (transport delay) are thus
of importance in some optimal dispatch problems. We outline aspects of
river flow dynamics modeling which pertain to our type of study.

A. A STATE SPACE MODEL

Consider two hydro plants on the same stream as shown in Fig. 2.17.
Plant 1 is upstream to plant 2. The river is divided into I elements, each one
with a width equal to the average for the corresponding river section. Each
element is considered friction-free, and all friction appears as a head loss
between the elements. The water surface in the model is therefore dis-
continuous at the junction of the elements. Any number of elements can be
chosen to represent a certain segment of a river, depending upon the accuracy
needed. It is convenient to select the lengths of the elements so that the wave
propagation time across the element is equal for all. Since the wave velocity
is a function of average depth, such a model will in general not have elements
of equal length.
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Fig. 2.17 River flow elements.

Let x, be the upstream plant’s forebay elevation; x; is the elevation of the
ith element. The head loss between two consecutive elements is expressed as

x(t) = xp41(0) = (KJ/ED)GE (),  i=2,....1 (2.5.1)

The average cross-sectional area of the river element is E;, and K; is
a constant friction coefficient for each element. The continuity of flow
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equations is given by

%1(t) = B,,[i1(t) — ¢,(1)] (25.2)
xi(t) = Byi[qi—l(t) - qi(t)]’ i=23,...,1 (253)
Xp41(8) = By, . [12() + q1(0) ~ qr44(8)] (254)

The inverse of element water surface area is denoted f,, and the natural
reservoir inflows for the upstream and downstream plants are i,(t) and i,(t),
respectively. Boundary conditions are

x;(0) = x;0 (2.5.5)

x,(T¢) = b, (2.5.6)

Iil x(Ty) = b, (2.5.7)
i=2 1

X0, by, and b, are specified constants.

It is sometimes more convenient to eliminate the intermediate discharges
from the continuity equations. This can be done using Eq. (2.5.1). The
resulting expressions are nonlinear due to the presence of square root terms
of the elevation differences. It is practical to linearize these equations around
reference values x;, corresponding to steady state flow in the river section
considered. The linearized equations are given by

y1(&) = B,,[i(e) — g, (8)] (2.5.8)
y2(t) = B,,[4:(t) — way, — y3) — 03] (2.5.9)
yit) = Byl-[wi—l(yi—l = ¥) = wi(¥i = Vir )]s i=3,...,I (2510)
Yre1(®) = By, [Wilyr = Yre1) — @410 + 04] (2.5.11)

The new variables y; are incremental changes from the reference values x;,:

Vi= X — X0 (2.5.12)

The new parameters w; and ¢ are defined by
w; = (E;/2)[Ki(x;0 ~ Xi+ 1,0)]1/2 (2.5.13)
0; = E (xi0 — ;4 1,0)/Ki]1/2 (2.5.14)

Note that for steady state flow all flow variables are equal and thus
ql(t)=q(t)’ l=2’31
(E}/K)(xi0 — Xiv1,0) = q(0), i=2,...,1

This accounts for the absence of the ¢ terms in Eq. (2.5.10). The utilization
of this river flow model will be shown in Chapter 6.
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Approximations. The rate of change of outflow from the ith element can
be expressed as

dq;/dt = (dq;/ds;)(ds;/dt) (2.5.15)
with s; being the storage volume. In the terminology of Eq. (2.5.3) we have
ds;/dt = (1/B,)%; (2.5.16)

The continuity equations become
4i-1(t) — q;(t) = ds;/dt (2.5.17)

A common hydrological assumption relating the outflow ¢; and storage is
given by

ji=

q; = oSt — H(d’s;/dt?) (2.5.18)
=1
with a;, #;, and r; being constants. It is customary to discard all terms except
for the first two to give
q; = o;s]* — rilds;/dr) (25.19)

Solving the above for (ds;/dt) and substituting in the continuity equation
(2.5.17) results in

s; = (1/a) " [rig; - 1 (1) + qi(e)(1 — r) ] (2.5.20)
In the hydrologist’s standard notation we let
ki = (1/o)t/m

The exponent 7, is normally taken to be unity. Thus

si(t) = ki{rigi—1(t) + q:(0(1 — r)] (2.5.21a)

This result is commonly known as the Muskingum’s storage equation.
A special case of the Muskingum’s equation results from setting r; = 0.
In this case we have Zoch’s linear reservoir:

si(t) = kiqi(t) (2.5.21b)
The coeflicient k; is dimensionally equal to time and we set
T, =k; (2.5.22)
where T, is called time of storage in the element. As a result we have
ds;/dt = T, (dg;/dt) (2.5.23)

Thus we can rewrite an approximation to Eq. (2.5.17) as

4i-1(t) — qi(t) = T (dg;/dr) (2.5.24)
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In terms of the Laplace transform we can now write

G- + T,,4:(0)
qi(S) - (1 + STSi) s

Equation (2.5.25) enables us now to write an input—output relationship for
the river flow without appealing to the intermediate variables associated
with the chosen elements. The resulting expression with the further assump-
tion of equal element storage times is

i=23,...,1 (2.5.25)

1

_ q4(s) Tq;(0)
au(s) = (1 +sT) 1 i; (1 + sT )1

This model is sometimes referred to as Nash’s model for routing. Defining
the time domain expression for the upstream discharge g;(t) enables an
evaluation of the resulting inflow to the downstream reservoir g,(t) through
an inverse Laplace transformation.

(2.5.26)

B. TRrRANSPORT DELAY APPROACH

The state space model of river flow dynamics outlined above looks
attractive from a theoretical point of view. The major drawback of this
method is that it offers a problem of high dimension, which becomes more
prominent when, in particular, a large number of coupled hydro plants is
present in the system. The difficulties may be alleviated if we appeal to the
approximate expression (2.5.26).

An alternative is the transport-delay approach. The basis here is that
as the discharge wave moves downstream, its shape is changed by the addition
of flow from tributaries and also because velocities at various points along
the wave are not the same. Without additional inflow the modification
consists of an attenuation or lengthening of the time base of the wave and
a lowering of the peak flow. With additional flow the attenuation effect is
still present but the increase in total volume makes it less obvious. On this
basis we assume that the travel time to reach the downstream plant is 7.
With this reasoning the dynamics of a downstream reservoir turn out to
be described by

$2(8) = ix(t) + e *12g,(t — 1,5) — qo(1) — a5(1) (2.5.27)
A coarser approximation would employ the Taylor expansion. In this case
we have

2 a2
712" 0°q,

. 2 o

_ dq,
qi(t — t12) = q,() — 14, ot

+- (2.5.28)

t
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If the attenuation factor o is negligible, then Eq. (2.5.27) reduces to

$2() = ip(t) + q1(t — 715) — q2t) — 05(2) (2.5.29)

We will use the approximation of Eq. (2.5.29) in Chapter 6. The modification
of the procedure to account for the attenuation is straightforward.

2.5.2 Reservoir Inflow Forecasting

A prediction of the future rate of natural water inflow to reservoirs and
river sections between cascading plants is a basic required input for economy
operation purposes. This is in the domain of hydrology. This discipline
deals with the waters of the earth and associated phenomena. In the
hydrologic cycle, stream flows are the result of precipitation. Precipitation
occurs in the liquid form or the frozen form. Rainfall and snow-melt runoff
result in direct stream flow and surface runoff. Other parts are also diverted
into paths such as interception, evaporation, depression storage, and infil-
tration which results in ground water flows. Stream flows are the result
of contributions from surface runoff, rainfall, and groundwater infiltration.
Surface runoff produces the largest contribution. Rainfall produces flow
almost instantly. Groundwater infiltration is a slower process. Precipitation
and associated losses vary with many environmental conditions. These
include geologic, topographic, vegetative, and man-made features. Temporal,
seasonal, and hence varying climatic factors such as temperature, wind speed,
and vapor pressure influence precipitation and associated losses.

Many complex factors are involved in the process with input as precipi-
tation and output as runoff. Many empirical and approximate models have
been developed as well as ones based on fundamental physical concepts
and relations. A common approach follows the linear relationship

Q= (1/s)(P, — P,) (2.5.30)

Where Q. is the runoff discharge and P, is the precipitation rate. The
constants s, and P, are obtained by least square fitting. Improvements
in the correlation are reported with the inclusion of other parameters such
as antecedent precipitation, soil moisture, and season as well. Antecedent
precipitation indexes (API) have received widest use. The Kohler—Linsley
form expressing the API, denoted by P,, in terms of past precipitation is

P(I) = i KiP(I — i) (2.5.31)

i=0

The constant K is commonly known as the recession constant.
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The time distribution of the runoff is called a hydrograph and is essentially
a graph of the time variation of discharge passing a particular point. The
measured hydrograph is frequently obtained as stage (depth of flow) versus
time. A runoff hydrograph is obtained by subtracting the baseflow (ground-
water contribution) from the measured hydrograph. The baseflow curve is
frequently assumed to be modeled by

Ou(r + Aty = Q(NKY K, <1 (2.5.32)

Efforts to develop a storm runoff hydrograph equation have resulted in
many models. A representative is given by

Q1) = Brre ™", 0<t<t,

Q.() =qge T >ty (2.5.33)
The recession time t,, the corresponding discharge ¢,, and the constant’ d
are obtained from a semilogarithmic plot of the runoff hydrograpll. The

peak time t,, corresponding discharge g,, and recession volume Q,. are
obtained from the hydrograph. The exponent & can be shown to be given by

o« = In(Q,./dq,)/(K + InK)

with
K = to/tp
Thus the parameter §§ is obtained from
B =,
Finally the constant B is given by
. a
B = q,e*/ty
50 [~
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Fig. 2.18 Measured and unit hydrographs.
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The concept of a unit hydrograph is of considerable utility in many areas
of hydrologic design. A unit hydrograph is defined as the hydrograph that
would result from 1 in. of excess rainfall occurring during a storm of
particular duration. The unit hydrograph can be obtained from a runoff
hydrograph by simply dividing the runoff coordinates by the average depth
of rainfall excess. The latter is obtained as a result of dividing the volume
of surface runoff through the watershed area. It is common practice to obtain
an average unit hydrograph for the area under consideration. With a unit
hydrograph available construction of hydrographs for storms of other
durations and with other depth of rainfall excess is possible. Figure 2.18
shows a typical measured hydrograph and the associated unit hydrograph.

Synthetic unit hydrographs are based on empirical relationships. Typical
of these is Snyder’s unit hydrograph and the triangular hydrograph. The
relationships for these are given for the time in hours to hydrographic peak,
peak rate of discharge, and base time.

Storm runoff hydrographs can be used to provide a complete forecast
of water inflows to reservoirs and river sections. Given a forecast of a
sequence of events in the time interval considered, a corresponding number of
hydrographs may be superimposed to provide the required forecast.

Many digital simulation packages based on a comprehensive structure
of the hydrologic cycle have been developed. The packages can provide
information on stream flows, provided that meteorological, geographical,
and other input functions are given.

2.6 OBJECTIVE FUNCTIONALS FOR
OPTIMAL OPERATION

The traditional objective in the economic operation of a power system
is to minimize the cost of meeting the energy requirements of the system
over some appropriate period of time and in a manner consistent with
reliable service. Obviously, the aim in the utilization of limited energy
resources is to realize the greatest possible value during the operation in
terms of fuel replacement at those plants where the available fuel supply
is not a limiting factor.

The objective in the operation of thermal or combined thermal-hydro
systems would obviously be the minimization of fuel costs. These are obtained
for each thermal plant on the basis of the unit input—output curve. According
to the previous discussion of thermal cost models, the basic objective
functional for minimization is

Io= 3 o+ BiPg + v:Ps (2.6.1)

ieRg
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for the commonly accepted fuel cost representation. The set of thermal
plants is denoted by R,. If the optimization study is carried over an interval
of time [0, T¢], we write the objective functional as

Jo = J’O“[ Yoo+ BiP(t) + yiP;(t)] dt (2.62)
ieRs

Apart from the fuel cost objective, other objectives may be used. Among
the possible objectives we have:

(1) Minimum loss dispatch. Here the electric power system’s engineer
is enquiring about the levels of generation that will minimize the loss
expression or the losses expressed directly from the power flow equations.
In the former case the objective functional for minimization using our
previously defined terminology is

Ju= [ [PHOBL Po() + BEPG(r) + Kyo] de 2.6.3)

(2) Best efficiency dispatch. The purpose here would be to operate the
hydro turbines at a discharge rate at or near the point of maximum efficiency.
Thus the object would be to minimize

L= [ % [Pl — PETdr (2.6.4)

0 ie Rn

Here P} denotes the best efficiency generation.

(3) Replacement cost dispatch. 1n the case of hydro generation we ex-
press the basic performance curves in terms of water input (in m?®) versus
power output (in MW). The appropriate price per unit has to be pre-
determined to convert the performance curves to a cost basis.

Dispatch objectives other than economy ones are worth mentioning here
as well. In a later chapter we will use an objective functional which attempts
to achieve a minimally proportioned reactive power generation allocation.
The purpose of such an objective is to ensure that reactive power loadings
on the generating equipment remain within tolerable limits as set by the
capability curve discussed earlier in this chapter. The objective takes on
the form

Jo= J’OTr [Qa(t) — Q)] K[Qq(t) — Qu(1)] dt (2.6.5)

In the above, Q(?) is a desired reactive generation profile vector. The matrix
K is a weighting matrix.

Recent concerns about the environmental impact of emissions from fossil
fuel-fired thermal plants provided the impetus for the minimal emission
dispatch problem. The objective in NOX dispatch is to minimize the total
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emissions of nitrous oxides from the system’s thermal generating sources.
An objective functional Yyox, may be formed using expressions for NOX
emitted per hour. A model describing this is given by

Yyox, = an, + by, P, + oy expldy Py) (2.6.6)

In which ay,, by,, cy,, and dy, are constants and P, is the active power
output of the ith thermal plant. The above model can be modified to fit
into the quadratic category. In this case we write

Ynox, = on, + BnPs, + vn P2 (2.6.7)
The overall emission dispatch objective would be
Te
Tvox= [ T YoxPu0]dt (2.6.8)
ieRg

It should be noted that the above procedure can be extended to include’
sulfur dioxide emission models as well.

2.7 COMMENTS AND REFERENCES

SECTION 2.2

Detailed analysis of thermal plant performance can be found in the
comprehensive Central Electricity Generating Board (CEGB) volume on
operation and efficiency (1971). The Institute of Electrical and Electronic
Engineers (IEEE) Committee report (1971) discusses many aspects pertinent
to input—output modeling of thermal and hydro plants. A very readable
treatment of the subject is given in the classic by Kirchmayer (1958). The
data contained in this section for thermal unit costs are based on material
published in the report (1977) sponsored by the Electric Power Research
Institute (EPRI). For a discussion of input—output modeling see Happ
(1975) and accompanying discussions.

The material on hydro plant types, layout, turbine types, and charac-
teristics is standard in many water resources references. An excellent source
is the text by Linsley and Franzini (1972). Among handbooks treating this
subject we mention Brown (1958), Creager and Justin (1950), and Davis
and Sorenson (1969). Fink and Carroll (1968) is also recommended for a
general treatment of thermal as well as hydro power plants.

The efficiency model Eq. (2.2.5) is due to Christensen and El-Hawary
(1973). The Glimn—Kirchmayer model is introduced in the classic paper
by Glimn and Kirchmayer (1958). Hildebrand’s work (1960) introduces in
addition to the model Eq. (2.2.9) a reservoir routing model based on the
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concept of cascades of linear reservoirs. In discussing realistic modeling
effects, Hamilton and Lamont (1977) derive the model Eq. (2.2.10). For a
practical discussion of the preparation of performance curves the recent
work by Alley (1977) is recommended.

SECTION 2.3

Most of this section is standard electric power systems and machines
textbook material. A partial listing in the area of power includes Elgerd
(1971, 1977), Neuenswander (1971), Stevenson (1975), and Weedy (1972).
Discussions of the origin and interpretations of generator reactive capability
curves are given in Carter and Gorman (1956) and Jackson (1971).

The treatment of the subject of load models has been gaining attention
recently. For a comprehensive survey of the load forecasting aspects see
Galiana (1975). The earliest attempt to correlate weather and load trends
is due to Dryar (1944). Davies (1958), Heineman et al. (1966), Matthewman
and Nicholson (1968), Stanton and Gupta (1970) are specifically directed
toward peak load forecasting with nonlinear weather dependent models.
The development of time series model is the subject treated by Farmer and
Patton (1966, 1968), Lijsen and Rosing (1971), Christiannse (1971), Gupta
and Yamada (1972), and Sachdev and Ibrahim (1972). Works employing
identification techniques include Galiana and Schweppe (1972), Galiana et
al. (1974), in the last of which the maximum likelihood method is successfully
applied. Techniques requiring the application of less demanding computa-
tions are reported in Vemuri et al. (1973), Sharma and Mahalanabis (1974),
and Srinivasan and Pronovost (1975). Toyada et al. (1970) report on appli-
cation of state estimation to short-term forecast. Reports on implementation
experience are also included in Corpening et al. (1973) and Thompson (1976).
A good review source is Ferrandiz et al. (1975), and for a bibliography we
have Sachdev et al. (1977).

The modeling of induction motor loads for stability studies was considered
as early as 1955 by Shankle et al. Brereton et al. (1957) use an equivalent
induction motor approach to represent inductive loads. Two IEEE Com-
mittee reports (1966, 1973) deal with total load response modeling at a
given bus. Basic load response models are discussed in Undrill (1975). The
use of linear combinations is the innovation of Kent et al. (1969), who also
proposed fractional powers of voltage and frequency in the model. Berg
and Kar (1971) developed a linear small signal model. In Quan and
Tarnawecky (1975) an alternative method for evaluating the parameters
in the Berg—Kar model is proposed. Mauricio and Semlyen (1972) have
suggested a three-component load model consisting of synchronous ma-
chines, nonsynchronous load, and a linear passive network. In Concordia
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(1975) and deMello (1975) it is pointed out that practical testing for load
characteristics has been limited to +10%, with the only exception being
the work of Iliceto et al. (1972).

SECTION 2.4

The first presentation of the transmission loss formula is given by George
(1943). The main reference on the subject is Kirchmayer (1958), where the
historical developments in this direction are charted and a very compre-
hensive derivation and computational experience are given. It is probably
of historical interest to mention that according to Happ (1974) the discovery
of the diakoptics principle by Gabriel Kron was triggered by efforts to de-
velop the overall transmission loss formula for a system given the formula for
each of the subsystems. The loss formula derivation given here is based on
the development given by Dopazo et al. (1967). This can also be found in
Elgerd (1971). Other derivations, varying in detail, can be found in the texts
by Neuenswander (1971) and Stevenson (1975).

Innovative methods for obtaining the loss formula coefficients are con-
tinually being developed. We will not repeat methods and contributions
cited in Kirchmayer (1958). Instead, we will mention subsequent develop-
ments. Among these are Watson and Stadlin (1959), Kirchmayer et al. (1960)
and the sequel paper by Happ et al. (1964), Tudor and Lewis (1963), Hill and
Stevenson (1967, 1968), Meyer and Albertson (1969, 1971), Chenoweth (1971),
Meyer (1973), Podmore (1973), Nanda et al. (1974), Nanda and Bijwe (1977).

The active and reactive power model is a fairly recent model even though
Kirchmayer (1958) gives an expression for the reactive losses in terms of
active power generations. The derivation given here is based on an extension
of the formulation of Dopazo et al. (1967) and is reported by El-Hawary
and Christensen (1976, 1977). Edelmann and Theilsiefje (1974) derived a
simplified model containing only quadratic terms and no P—Q coupling.

The material on exact load flow models is standard in all textbooks on
power systems analysis. A comprehensive treatment of fundamental load
flow formulations and solution methods is given in Stagg and El-Abiad
(1968). A review of the various methods and contributions is given in Stott
(1974). Approximate load flow versions are treated as well in Brown (1975).

SECTION 2.5

The state space model is given by Dahlin (1964). The approximations
given here are based on standard hydrologic assumptions. For more com-
prehensive treatments we refer to Chow (1964). Material on inflow forecasting
can be found in Fleming (1975), Kazmann (1972), Viessman et al. (1972),
and Hjelmfelt and Cassidy et al. (1975). Exact formulations are given in
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Eagleson (1970). The hydrograph equation cited is due to Gupta and Moin
(1974).

SECTION 2.6

The economy objectives have been used virtually in all major references
on optimal operation of power systems. The environmental objectives were
introduced in Gent and Lamont (1971). Further work can be found in
Sullivan (1972), Lamont and Gent (1973), Friedmann (1973), Delson (1974),
Finnigan and Fouad (1974), Lamont et al. (1975), and Schweppe et al. (1975).

REFERENCES

Alley, W. T. (1977). Hydroelectric plant capability curve, IEEE Trans. Power Appar. Syst.
PAS-96, 999-1003.

Arvanitidis, N. V., and Rosing, J. (1970). Composite representation of a multi-reservoir hydro-
electric power system, JEEE Trans. Power. Appar. Syst. PAS-89, 319-325.

Berg, G. R., and Kar, A. K. (1971). Model representation of power system loads, PICA Conf.
Proc. pp. 153-162.

Brereton, D. S., Lewis, D. C., and Young, C. C. (1957). Representation of induction-motor
loads during power system stability studies, A7JEE Trans. PAS-76, 451-461.

Brown, J. G. (ed.) (1958). “‘Hydro-electric Engineering Practice,” Vols. 1, 11, and III. Blackie,
Glasgow.

Brown, H. E. (1975). “Solution of Large Networks by Matrix Methods.” Wiley (Interscience),
New York.

Carter, J. H.,, and Gorman, R. E. (1956). Operation of large steam turbine generators, 4/EE
Trans. 75, Part 111, 217-226.

Central Electricity Generating Board (CEGB) (1971). “Modern Power Station Practice,”
Vol. 7, Operation and Efficiency, 2nd ed. Pergamon, Oxford.

Chenoweth, R. D. (1971). A study of B. coefficients for loss prediction and economic dispatch,
IEEE Winter Power Meeting Paper 71CP.

Chow, V. T. (1964). “Handbook of Applied Hydrology.” McGraw-Hill, New York.

Christiaanse, W. R. (1971). Short-term load forecasting using general exponential smoothing,
IEEE Trans. Power Appar. Syst. PAS-90, 900-910.

Christensen, G. S., and El-Hawary, M. E. (1973). Functional optimization of hydro-thermal
systems with trapezoidal reservoirs and variable efficiency, JEEE Summer Power Meeting,
Vancouver, B. C., Canada Paper C-73-450-4.

Concordia, C., (1975). Simulation of system components: Representation of loads, Symp. Ade-
quacy Philos. Modeling: Dynamic Syst. Performance IEEE pamphlet 75 CH 0970-4-PWR,
pp. 41-45.

Corpening, S. L., Reppen, N. D., and Ringlee, R. J. (1973). Experience with weather sensitive
load models for short and long-term forecasting, TEEE Trans. Power Appar. Syst. PAS-92,
1966-1972.

Creager, W. P, and Justin, J. D. (1950). “Hydroelectric Handbook,” 2nd ed. Wiley, New York.

Davies, N. (1958). The relationship between weather and electricity demand, Proc. IEE 106C.



REFERENCES 55

Davis, C. V., and Sorenson, K. E. (1969). “Handbook of Applied Hydraulics,” 3rd ed. McGraw-
Hill, New York.

Delson, J. K. (1974). Controlled emission dispatch, IEEE Trans. Power Appar. Syst. PAS-93,
1359-1366.

deMello, F. P., (1975). Power system dynamics-overview, Symp. Adequacy Philos. Modeling:
Dynamic Syst. Performance IEEE pamphlet 75 CH0970-4-PWR, pp. 5-15.

Dopazo, J. F., Klitin, O. A, Stagg, G. W., and Watson, M. (1967). An optimization technique
for real and reactive power allocation, Proc. IEEE 55, 1877-1885.

Dryar, H. A. (1944). The effect of weather on the system load, AIEE Trans. 63, 1006—1013.

Eagleson, P. S. (1970). “Dynamic Hydrology.” McGraw-Hill, New York.

Edelmann, H., and Theilsiefje, K. (1974). “‘Optimaler Verbundbetrieb in der Elektrischen Ener-
gieversorgnng.” Springer-Verlag, Berlin and New York.

Elgerd, O. 1. (1971). “Electric Energy Systems Theory: An Introduction.” McGraw-Hill,
New York.

Elgerd, O. 1. (1971). “Basic Electric Power Engineering.”” Addison-Wesley, Reading, Mass.

El-Hawary, M. E., and Christensen, G. S. (1976). Optimum operation of a large-scale power
system, Optimization Days, Montreal.

El-Hawary, M. E., and Christensen, G. S. (1977). Optimal active-reactive dispatch in power
systems; Realistic hydro-model, Proc. IFAC Multi-Variable Technolog. Systems Symp.
4th, Fredericton, N.B., Canada.

Farmer, E. D., and Patton, M. J. (1966). The predictions of load on a power system, Proc.
IFAC Congress, 3rd, London pp. 21F.1-7.

Farmer, E. D., and Patton, M. J. (1968). Development of on-line load-prediction techniques
with results from trials in the South-West region of the CEGB, Proc. IEE 115, No. 10,
1549-1558.

Ferrandiz, A., Penel, M., and Pioger, Y. (1975). Short, medium and long-term load forecasting
models, IEEE Conf. Paper A75 430-9, IEEE PES Summer Meeting, July 20-25.

Fink, D. G., and Carroll, J. M. (1968). “Standard Handbook for Electrical Engineers,” 10th ed.
McGraw-Hill, New York.

Finnigan, O. E., and Fouad, A. A. (1974). Economic dispatch with pollution constraints, JEEE
Winter Power Meeting Paper C74-155-8.

Fleming, G. (1975). “Computer Simulation Techniques in Hydrology.” American Elsevier,
New York.

Friedmann, P. G. (1973). Power dispatch strategies for emission and environmental control,
Proc. Instrum. Soc. Amer. 16.

Galiana, F. C. (1975). Short term load forecasting, ERDA 76-66, Conf. 750867, Systems En-
gineering for power: Status and Prospects, pp. 105-115.

Galiana, F. D., and Schweppe, F. C. (1972). A weather dependent probabilistic model for short
term load forecasting, Paper C72 171-2 presented at the I[EEE PES Winter Power Meeting,
New York, January 30-February 4.

Galiana, D., Handschin, E., and Fiechter, A. (1974). Identification of stochastic electric load
models from physical data, JEEE Trans. Automatic Control AC-19, 887—-893.

Gent, M. R., and Lamont, J. W. (1971). Minimum emission dispatch, /[EEE Trans. Power
Appar. Syst. PAS-90, No. 6, 2650-2660.

George, E. E. (1943). Intrasystem transmission losses, AIEE Trans. 62, 153-158.

Glimn, A. F., and Kirchmayer, L. K. (1958). Economic operation of variable-head hydro-
electric plants, AIEE Trans. 77, 1070-1079.

Gupta, V. L., and Moin, S. A. (1974). Surface run-off hydrograph equation, ASCE J. Hydraul.
Div. 100 (HY10), 1353-1368.

Gupta, P., and Yamada, K. (1972). Adaptive short-term forecasting of hourly loads using
weather information, JEEE Trans. Power Appar. Syst. PAS-91, 2085-2094.



56 2 MODELING FOR OPTIMAL OPERATION

Hamilton, E. P. 111, and Lamont, J. W. (1977). An improved short term hydro-thermal coor-
dination model, /[EEE Summer Power Meeting, Mexico City Paper A77, pp. 518-524.
Happ, H. H. (1974). Diakoptics—The solution of system problems by tearing. Proc. [EEE 62,

930-940.

Happ, H. H., Hohenstein, J. F., Kirchmayer, L. K., and Stagg, G. W. (1964). Direct calculation
of transmission loss formula-1l, [EEE Trans. PAS-83, 702-707.

Happ, H. H. (1975). Optimal power dispatch, in systems engineering for power: Status and
prospects, Proc. Henniker Conf., ERDA pp. 36-51.

Heineman, G. T., Norman, D. A., and Plant, E. C. (1966). The relationship between summer
weather and summer loads—A regression analysis, JEEE Trans. Power Appar. Syst.
PAS-85, 1144-1154.

Hildebrand, C. E. (1960). The analysis of hydroelectric power peaking and poundage by
computer, A/IEE Trans. 79, Part 111, 1023-1029.

Hill, E. F., and Stevenson, W. D. (1967). An improved method of determining incremental
loss factors from power system admittances and voltages, Proc. Power Ind. Comput. Appl.
Conf. pp. 155-165.

Hill, E. F., and Stevenson, W. D. Jr. (1968). A new method of determining loss coefficients,
IEEE Trans. Power Appar. Syst. PAS-87, 1548—1553.

Hjelmfelt, A. T. Jr., and Cassidy, J. J. (1975). “Hydrology for Engineers and Planners.” lowa
State Univ. Press, Ames, [owa.

IEEE Committee Report (1973). System load dynamics—Simulation effects and determination
of load characteristics, IEEE Trans. Power Appar. Syst. PAS-92, 600-609.

IEEE Report 31 CP 66-64 (1966). The effect of frequency and voltage on power system load.

IEEE Working Group Report (1971). Present practices in the economic operation of power
systems, IEEE Trans. Power Appar. Syst. PAS-90, 1768-1775.

Iliceto, F., Ceyhan, A., and Ruchstahl, G. (1972). Behavior of loads during voltage dips en-
countered in stability studies. Field laboratory test, JEEE Trans. Power Appar. Syst.
pp. 154-163.

Jackson, J. Y. (1971). Interpretation and use of generator reactive capability diagrams, JEEE
Trans. Ind. Gen. Appl. 1GA-7, 729-732.

Kazmann, R. G. (1972). “Modern Hydrology.” Harper, New York.

Kent, H., Schmus, W. R., McCrackin, F. A., and Wheeler, L. M. (1969). Dynamic modeling of
loads in stability studies, JEEE Trans. Power Appar. Syst. PAS-88, 138-146.

Kirchmayer, L. K. (1958). ““Economic Operation of Power Systems.” Wiley, New York.

Kirchmayer, L. K., Happ, H. H., Stagg, G. W., and Hohenstein, J. F. (1960). Direct calculation
of transmission loss formula-1, AIEE Trans. PAS-79, 962-969.

Lamont, J. W., and Gent, M. R. (1973). Environmentally oriented dispatching techniques,
PICA Conf. Record, Minneapolis, Minnesota pp. 421-4217.

Lamont, J. W., Sim, K., and Hamilton, E. P. (1975). A multi-area environmental dispatching
algorithm, PICA Conf. Records, New Orleans, Louisana.

Lijsen, D. P., and Rosing, J. (1971). Adaptive forecasting of hourly loads based on load mea-
surements and weather information, /EEE Trans. Power Appar. Syst. PAS-90, 1757-1767.

Linsley, R. K., and Franzini, J. B. (1972). “Water Resources Engineering,” 2nd ed. McGraw-
Hill, New York.

Meyer, W. S. (1973). Efficient computer solution for kron and kron Early loss formulas, Proc.
Power Ind. Comput. Appl. Conf.

Meyer, W. S., and Albertson, V. D. (1969). Loss formula computation by optimal ordering
techniques which exploit the sparsity of the network admittance matrix. Parts I and II,
Midwest Power Symp.

Meyer, W. S., and Albertson, V. D. (1971). Improved loss formula computation by optimally
ordered elimination techniques, JEEE Trans. Power Appar. Syst. PAS-90, 62—-69.



REFERENCES 57

Matthewman, P. D., and Nicholson, H. (1968). Techniques for load prediction in the electricity-
supply industry, Proc. IEE 115, No. 10, 1451-1457.

Mauricio, W., and Semiyen, A. (1972). Effect of load characteristics on the dynamic stability
of power systems, IEEE Trans. PAS-91, 2295-2304.

Nanda, J., and Bijwe, P. R. (1977). A novel approach for generation of transmission loss
formula coefficients, /EEE Summer Power Meeting Paper A77-599-4.

Nanda, J., Arora, D. B., Wadhwa, C. L., and Narayanan, R. C. (1974). Improved loss formula
coefficients for economic load dispatch, I[EEE Summer Power Meeting Paper C-74 p. 326-5.

Neuenswander, J. R. (1971). “Modern Power Systems.” International Text, Scranton, Penn-
sylvania.

Podmore, R. (1973). A simplified and improved method for calculating transmission loss
formulas, Proc. Power Indusiry Comput. Appl. Conf.

Power Technologies Inc. (1977). Synthetic Electric Utility Systems for Evaluating Advanced
Technologies, Final Report to Electric Power Research Institute, EPRI, EM-285, February.

Quan, R., and Tarnawecky, M. Z. (1975). Load representation for transient stability studies-
digital modeling, Paper presented at /[EEE PAS Summer Meeting.

Ragan, R. M., Root, M. J., and Miller, J. F. (1975). Dimensionless inlet hydrograph model,
ASCE J. Hydraul. Div. 101 (HY9), 1185-1195.

Sachdev, M. S., and Ibrahim, S. A. (1972). Short-term on-line load forecasting, /[EEE Conf.
Paper C72-454-7, IEEE Summer Meeting July 9-14.

Sachdev, M. S., Billinton, R., and Peterson, C. A. (1977). Representative bibliography on
load forecasting, IEEE Trans. Power Appar. Syst. PAS-96, No. 2, 697-700.

Schweppe, F., Ruane, M., and Gruhl, J. (1975). Economic-environmental operation of electric
power systems, In Systems Eng. for Power: Status and Prospects, Proc. Eng. Foundation
Conf., Henniker, New Hampshire Conf. 750867.

Shankle, D. F., Murphy, C. M., Long, R. W., and Harder, E. L.. (1955). Transient stability
studies—Synchronous and induction machines, A/EE Trans. 1563-1580.

Sharma, K. L.S., and Mahalanabis, A. K. (1974). Recursive short-term load forecasting
algorithm, Proc. I[EEE 121, No. 1, 59-126.

Srinivasan, K., and Pronovost, R. (1975). Short term load forecasting using multiple correlation
models, IEEE Trans. Power Appar. Syst. PAS-94, 1854—1858.

Stagg, G. W, and El-Abiad, A. H. (1968). “Computer Methods in Power System Analysis.”
McGraw-Hill, New York.

Stanton, K. N., and Gupta, P. C.(1970). Forecasting annual or seasonal peak demand in electric
utility systems, IEEE Trans. Power Appar. Syst. PAS-89, No. 516, 951-959.

Stevenson, W. D. Jr. (1975). “Elements of Power System Analysis,” 3rd ed. McGraw-Hill,
New York.

Stott, B. (1974). Review of load-flow calculation methods, Proc. IEEE 62, 916-929.

Sullivan, R. L. (1972). Minimum pollution dispatching, /EEE Summer Power Meeting Paper
C-72-468.

Thompson, R. P. (1976). Weather sensitive electric demand and energy analysis on a large
geographically diverse power system—Application to short-term hourly electric demand
forecasting, [EEE Trans. Power Appar. Syst. PAS-95, 385-393.

Toyada, J., Chen, M., and Inou, Y. (1970). An application of state estimation to short-term
load forecasting, Part I: Forecasting, Part 11: Implementation, /EEE Trans. Power Appar.
Syst. PAS-89, 1678—1688.

Tudor, J. R, and Lewis, W. A. (1963). Transmission losses and economy loading by use of
admittance constants, /[EEE Trans. Power Appar. Syst. PAS-82, 676-683.

Undrill, J. M. (1975). Equipment and load modeling in power system dynamic simulation,
Eng. Foundation Conf. CONF. 750867, Systems Engineering for Power: Status and
Prospects, pp. 394—-400.



58 2 MODELING FOR OPTIMAL OPERATION

Vemuri, 8., Hill, E. F.,, and Balasubramanian, R. (1973). Load forecasting using stochastic
models, Proc. PICA Conf. pp. 31-37.

Viessman, W. Jr., Harbaugh, T. E.. and Knapp, J. W. (1972). “Introduction to Hydrology.”
Intext Educational Publishers, New York.

Watson, R. E., and Stadlin, W. O. (1959). The calculation of incremental transmission losses
and the general transmission loss equation, A/EE Trans. PAS-78, 1218,

Weedy, B. M. (1972). “Electric Power Systems,” 2nd ed. Wiley, New York.



CHAPTER

3

Mathematical Optimization Techniques

3.1 INTRODUCTION

The aim of this chapter is to present briefly some optimization techniques
and related topics. Emphasis is on material providing useful tools for the
optimal operation problems treated in this book. We start by reviewing
fundamental concepts from matrix analysis in Section 3.2. Following this,
we consider a number of useful results in the optimization of static systems.
Here important ideas in the treatment of constrained problems are outlined.
Dynamic programming and the principle of optimality are illustrated using
some simple problems in Section 3.4. The fundamental conditions of the
variational calculus for dynamic system optimization are indicated in Sec-
tion 3.5. Here we also include two basic constrained problems of importance
to our development, namely, the isoperimetric and Lagrange problems. A
brief summary of Pontryagin’s maximum principle is given in Section 3.6.

The functional analytic technique of formulating optimization problems
in the minimum norm form is dealt with in Section 3.7. A brief treatment of
some basic concepts from functional analysis is given prior to stating one
powerful version of minimum norm problems. Following this we summarize
pertinent results from linear dynamic system theory that are essential for
portions of our work. An overview of some important methods of solving
nonlinear systems of equations iteratively is given in Section 3.9. The final
section is devoted to comments and references to the literature. Throughout,

59



60 3 MATHEMATICAL OPTIMIZATION TECHNIQUES

we attempt to relate the results to power system problems and for added
emphasis we employ the power system notation whenever possible. Due to
limited space for development of the various topics, few proofs are given.
Details are left to the excellent reference works cited at the end of the chapter.

3.2 A REVIEW OF VECTORS AND MATRICES

Basic to the treatment of large scale systems are the concepts of vectors
and matrices. The convenience inherent in the resulting expressions makes
the notation an indispensable tool for this enables us to pursue the analytic
approach with a minimum of calculation independent of dimension. Our
objective is to briefly review some concepts useful in our work.

3.2.1 Vectors

Let P,,P,, ..., P, be real (or complex) numbers and let P be an ordered
set of these numbers written in the form

P=| . or P = col[{P,,P,,...,P,]

Then P is called an n-column vector (or simply a column vector). The ith
component or element of P is given by P;. In our work we utilize the concept
of vector functions. This is an extension that assumes that the elements are
functions of one or more variables (time is an example). Here with P,(t),
P,(1), ..., P,(t) being functions of time in an appropriately chosen space we
have the nth dimension vector

P(t) = col[Py(t), Py(t), . . ., Pu(1)]

A. VECTOR ADDITION
Let two vectors P and Q be given as

P =col[P,P,,...,P,]

Q = COI[QIaQZ? < 7Qn]

The two vectors are said to be equal if their components are equal, P; =
Q;,,fori=12...,n
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The sum of the two vectors is written P + Q and defined to be the vector
P+Q=COI[P1 +Q13P2+Q2""apn+Qn]
In general, given the vectors P, Q, and S, the following laws apply:

(1) P+Q=Q+P (commutative law)
2 P+Q)+S=P+(Q+Y9) (associative law)

B. ScALAR MULTIPLICATION

Multiplication of a vector P by a scalar « is defined by means of the
relation

aP = Pa = col[aPy,aP,,...,aP,]

C. EucLIDEAN INNER PrODUCT

This is a scalar function of two vectors P and Q and will be written (P, Q>
and defined by the relationship

P.Q> =3 PO,

i=1

This is only one way of multiplying two vectors. We will pursue some
generalization of this concept in the sequel.

3.2.2 Matrices

A matrix is a rectangular array of elements. The element a;; is the (i, j)th
element of the matrix A and is located in the ith row and jth column of the
array. The order (size) of a matrix is m x n if the matrix includes m rows
and n columns. For example, the following matrix A is 3 x 2:

This we can also express using the shorthand notation
A= (g j)

As in the vector case the matrix elements may be time varying functions. It
is evident that a row vector is a matrix with one row and n columns, and
that a column vector is a matrix with m rows and one column. A square
matrix is a matrix in which m = n, in which case we say that n is the matrix
dimension.
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We now specify some special matrix types of interest in our analysis. An
n x n matrix A is diagonal matrix if all g;; equal zero when i # j. For nota-
tional simplicity we write

A = diag(a;)

The matrix A" is called the transpose of A if the element g;; in A is equal to
element a;; in AT for all i and j. In general AT is obtained by interchanging
the rows and the columns of A. Consequently, if A is of the order m x n,
AT is of the order n x m. An n x nmatrix A is said to be symmetricif A = A™.
An n x nmatrix U is said to be skew symmetric if A = —A”. A matrix B=0
is called a zero matrix if every element of B is equal to zero.

A. MATRIX ADDITION

The simplest relation between matrices is that of equality; two matrices
are equal if and only if their elements are equal. The sum of two matrices
A and B is written A + B and is defined by

A + B = (a; + b))
As a result of the above definition we can state the following:

Two matrices A = (a;;) and B = (b;;) are said to be equal matrices if, and
only if, they have the same order and if each element g;; is equal to the
corresponding b;; for all i and j.

Assuming that the matrices A, B, and C have the same order, then

A+B=B+A (commutative law)
A+(B+C)=(A+B)+C (associative law)

B. SCALAR MULTIPLICATION
Multiplication of a matrix A by a scalar C, is defined by
CIA = ACI = (Clau)

C. MATRIX MULTIPLICATION

We begin with a linear transformation of the form

n

yi:Zaijxj’ i=1,...,n

j=1
It is evident that the above defines a relation between the vectors y and x.
This can be written more compactly as

y = Ax
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This relation defines the multiplication of a vector x by a matrix A.
We now consider a second linear transformation

Z =By
To express Z in terms of x componentwise we write
n n n n n
Z;,= Z buyi = Z bik( Z aijj> = Z <Z bikakj> Xj
k=1 k=1 ji=1 i=1 \k=1

If we now introduce the new matrix C = (C,;) defined by

n
Cij: Z b,-kakj, i,j=1,...,n
k=1

We may write

Observe that
Z =By = B(Ax) = (BA)x
Therefore
C=BA

A more general result can be stated as follows. Two matrices A = (a;;)
and B = (b;;) can be muitiplied in the order BA if, and only if, the number of
columns of B is equal to the number of rows of A. That is, if B is of the order
(m x r), then A is of the order r x n, where m and n are arbitrary sizes. Let
D = BA; then D is of the order (m x n) and its elements d;; are given by

dj= Y bya,; forall iandj
k=1

Notice that, in general, AB # BA even if BA is defined. If AB = BA then
we say that A and B commute.

An identity matrix I is a square matrix in which all the diagonal elements
are “one” and all the off-diagonal elements are “zero,” that is,

For any m x n matrix A,
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Matrix multiplication follows the following general properties.
I,LA=AIL =A
({AB)C = A(BC)
C(A+B)=CA +CB
(A + B)C = AC + BC
2(AB) = (xA)B = A(zB)
(ABC)' = C'TBTAT

D. MATRIX INVERSION

One of the most important operations in matrix theory is inverting a
matrix. Let us consider the linear transformation

y = Ax
If it is possible to express x in terms of y as
x = By
then
y = A(By)
and as a result
AB=1

If A and B are two n-square matrices such that BA = AB =1, then B is
called the inverse of A and A the inverse of B. The common notation for the
inverse is to write A”! and B™!. A matrix is said to be of a rank r if the
largest square array in the matrix whose determinant does not vanish is of
order r. A square matrix whose determinant does not vanish is called a
full-rank or a nonsingular matrix. We have the following. If AB =1 and
A is nonsingular, then B = A~!, which means that the inverse is unique.
Two important results can be proved for nonsingular matrices.

(i) If A and B are nonsingular n-square matrices then(AB) ! = B"'A™L,
(i) If A is nonsingular, then AB = AC implies that B = C.

3.2.3 Partitioned Matrices

This is a very useful concept in our analysis. A partitioned matrix is one
in which one or more of the entries is itself a matrix. The matrix entries of
such a partitioned matrix are called submatrices. The main matrix is some-
times referred to as a supermatrix. A special case of partitioned matrices is
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the generalized or block diagonal matrix, for which we have the following
definition: An n x n matrix A is a generalized or block diagonal matrix if
its major diagonal entries are also major diagonal entries of partitioned
square submatrices and if all entries not included in the square diagonal
submatrices are zero. Such a matrix is denoted by

A = diag(Al,Az, - ’Ak)

where the submatrices A;,A,, ..., A, are square matrices, not necessarily
of equal dimension, which appear on the major diagonal. The inverse A~}
of A = diag(A,,A,,...,A)is A"t = diag(A; LA L ... ALY

A. MULTIPLICATION OF PARTITIONED MATRICES

Multiplication of partitioned matrices follows the same rules as for general
matrices. Here we think of the submatrices as elements and carry out the
multiplication. Consider partitioned matrices of the form

Ay A o Alp
A=|
_Aql Ap 0 Ay
and
_B11 B, - By
B :
_Bpl B,, - B,

where A and B are partitioned to produce compatible submatrices. This
means that the submatrices A;; and B;; are such that products A;Bj, are
well defined for all i, j, and k. The product of AB is

Ch G - Gy,
C=AB=| :
qu qu . qu
where Cij = AilBlj + AiZBZj + A Bpj, or Cij = ZAikBkj'

ip

B. PARTITIONED MATRIX INVERSION

The usefulness of partitioned matrices is evident when considering the
inversion of matrices. We have the following:

Frobenius’s Relation. Consider the partitioned matrix

A B
P= nXxn n X m
[Can Dme:|
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where A and D are assumed to be nonsingular. The inverse P~! of P can
be expressed as

p-t :[ A"+ AT'BET!CA™! -A“BE_1:|
' —E7'CA™! E™!
in which
E=D-CA'B
Alternatively we have
P‘1=[ F~! ~F 'BD! ]
—-D7!ICF' (D '+D !CF !'BDY)
where
F=A-BD'C

As a result we obtain some important matrix inversion lemmas. To start,
we have that the submatrices in the upper left-hand corner of each inverse
expression should be equal. Thus we have

(A-—BD !C)"'=A"1'4+ A 'B(D— CA™'B)"!CA!

This provides the basic lemma for Kron’s method of tearing. To obtain this
result, we set

G=-D"!, A=A+BGC
As a consequence we have
A"'=[1-A'BG(I+ CA™'BG)"'C]A™!

If A~ ! is available, then A ™! can be computed with a sequence that requires
the inverse of a matrix of less dimension than A. Let us set

A=B=G=1
As a result we have the important lemma

I+C)t=1—-1+CH!

3.2.4 Quadratic Forms

Given a vector X and a square symmetric matrix A the scalar function
Q(X) defined below is called a quadratic form:

0(X) = XTAX = Z": Z": a;X;X;

i=1j=1
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The matrix A can always be assumed symmetric since each element of every
pair of coefficients a;; and aj; (i # j) can be replaced by 3(a;; + a;;) without
changing the value of Q(X). The assumption has several advantages and
hence is taken as a restriction.

A quadratic form is said to be

(1) positive definite if Q(X) > 0 for every X # 0;
(i1) positive semidefinite if Q(X) > 0 for every X and there exist X # 0
such that @(X) = 0;
(ili) negative definite if —Q(X) is positive definite;
(iv) negative semidefinite if —Q(X) is positive semidefinite;
(v) indefinite if Q(X) satisfies none of the above conditions.

Asserting definiteness of a quadratic form is of considerable importance
in our work. Certain tests are available and we give some without proof.
A. Testl

Let A be an n x n matrix of real numbers. Let A|,A,. .., A, be the princi-
pal submatrices of A ; that is,

ay; 4pz ay;
ayy dzy as;j
A_} = . 4
41 ;2 Tt 4y

We have that det(A4,) = a,,,det(4,),...,det(4,) are all positive quantities
if and only if A is positive definite.

It is correct to deduce that implementing this test is not a trivial com-
putation; calculating the determinants of fairly large arrays can be most
time-consuming,

B. TEst 2

A second test involves the characteristic polynomial of the square matrix
A. Letting ¢ be a variable, consider the expression det(A — cI) where 1
is the n x n identity matrix. This gives

(@, — o a, i
p(c) = det(A — cI) = det a?l (a22‘— ¢ - a'2n
(2%} anz [P (a"" _ C)

The polynomial p(c) is called the characteristic polynomial of A, and the
roots of p(c) =0 are called the characteristic values or eigenvalues of A.
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Conclusions as to the definiteness of Q(x) can be made as follows:

(a) A is positive (negative) definite if the eigenvalues of A are all positive
(negative).

(b) A is positive (negative) semidefinite if the eigenvalues of A are all
>0(<0) and at least one is zero.

(c) A is indefinite if A has both positive and negative eigenvalues.

Some comments are appropriate. First, in general, an nth-degree poly-
nomial may have complex roots, in which case our conclusions would be
meaningless. But for symmetric A, the eigenvalues are always real, so there
is no such difficulty. Second, the computational difficulties of Test 2 are not
significantly less than those of Test 1; finding the roots of an nth-degree
polynomial is not frequently a simple problem. But, of course, we are not
interested in the values of the eigenvalues, only their signs; and there arg
some classical results that give information about the signs of the roots of an
nth-degree polynomial.

Two such results, both of which the reader has probably seen previously,
are

(1) Descartes’ rule of sign. The nth-degree polynomial
gree p
px)=ax"+a, x"" '+ -+ ax+ag

has a number of positive roots less than or equal to the number of variations
in sign in the terms of p(x). The number of negative roots of p(x) is less than
or equal to the number of variations of sign in the terms of p(— x).

(2) Descartes’ extended rule of sign. p(x) has a number of positive roots
equal to the number of sign variations in the terms of p(x) or equal to minus
an even integer. Similarly, the number of negative roots is either the number
of sign variations in the terms of p(— x) or minus an even integer.

These results are useful in giving information about the roots of charac-
teristic polynomials since they will have no complex roots. Furthermore the
presence and the number of zero roots is available upon inspection.

3.3 SOME RESULTS FROM STATIC OPTIMIZATION

Optimization may be defined as a mathematical tool that provides the
analyst with means for finding the best (optimal) strategy to do a certain task
among several alternatives. Whenever we use “best” or “optimal” to describe
a strategy, a system, or a decision, the immediate question that arises is,
“Best with respect to what criteria and subject to what limitations?” The
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process of optimization can mean either minimization or maximization of a
certain objective functional. Perhaps it is in order here to mention that the
terms performance measure (or index), cost functional, and goal equation
are all equivalent descriptions of the criteria that one may come across in the
literature. In practice, the process of minimizing (maximizing) the criterion
will be such that the description of the interaction between the system
variables in addition to physical limitations (constraints) are satisfied. Con-
straints may be broadly divided into equality and inequality constraints. They
may also be classified as either linear, quadratic, or nonlinear constraints.

The purpose of this section is to review certain concepts and fundamental
results from the theory of optimization for static systems. The results ob-
tained here find immediate application in Chapter 4 where we are interested
in all-thermal optimal operation problems. Moreover, extensions of these -
results are of considerable utility in dealing with many dynamic system
optimization problems. Our approach here is to illustrate the results for
simple problems that increase in their order of complexity. We therefore
begin with an unconstrained problem which is then extended to include
equality constraints and then, finally, to account for inequality constraints
as well.

3.3.1 Unconstrained Optimization

Finding the minimum or maximum of a multivariable function is of
considerable interest in this treatment. We will use a simple power system
problem to introduce various approaches. We consider the operation of m
thermal generators on the same bus. Assume that the variation of the fuel
cost of each generator F; with the active power output P; is given by a
quadratic polynomial. The total fuel cost of the plant is then

F =

i

s

a; + bP; + ¢;P} (3.3.1)

1]

1

If one is interested in obtaining the power outputs so that F is a minimum,
we have two classes of methods of approach to obtain the desired optimal
values. The first is the class of direct methods, by which a set of equations
defining the conditions of optimality is obtained. Solving the set of equations
constitutes the desired answer. In the class of iterative methods a sequence of
approximations to the solution is established using an appropriate algorithm.
The algorithm is designed so that the sequence finally converges to the
desired answer.

We will discuss here two methods in the class of direct methods. The first
is the variational method which can be stated in terms of the differentiable
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function F. The second is the algebraic method which relies on the poly-
nomial nature of F.

A. VARIATIONAL SOLUTION

A fundamental result from ordinary calculus is the basis of the method.
This states that at an extremum (minimum, maximum, or saddle point), the
first partial derivatives of F with respect to P; are zero:

0F/0P; =0, i=1,...,m (3.3.2)
For the expression adopted for F in (3.3.1), we obtain
Py, = —b;/2¢; (3.3.3)

This expression for the optimal active power is guaranteed to minimize F
if the second partial derivative is positive. This condition for our case implies

>0

We denote an optimal value of P; by P,, in this treatment.

B. ALGEBRAIC SOLUTION

This method, although of some elegance, depends on the fact that we have
a polynomial expression for the cost. The method as presented is applicable
to quadratic functions. Extensions to higher order polynomials are possible.
The objective functional can be written after some manipulations as

F=Fc+ Y [P+ (bi/2¢)] (33.4)
i=1
where we have defined

Fe= 3 [a— (bi/4c)]
i=1
Note that F, does not depend on the decision variables P;. It is obvious
that when

F will be either a maximum or a minumum. F will have a minimum value F,
when the ¢;’s are positive. The optimum solution is thus given by

Py = —b;/2c (3.3.6)

and ¢; > 0 for a minimum. The idea of completing squares is obviously
helpful in this case.
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C. VECTOR FORMULATION

In order to gain more insight we give a vector formulation for the problem
and obtain the optimal solution using the above two methods. This will be
helpful in treating later methods and understanding many formulation
procedures given in this book.

The cost function F may be written concisely in vector notation as

F=F-— ( y a,.> =b"P + P'CP (3.3.7)
i=1

We next introduce the auxiliary vector of known coefficients of linear terms
in P;:

bT:(bla ‘. ',bm)

Moreover, the coefficients of quadratic terms in P; will define the diagonal’
matrix

C = diag(cy, - ..,Cm)
Our control variables form the vector P given by
P'=(P,...,P,)
Thus the problem is simply to minimize
F=b"P + P'CP (3.3.8)

With this formulation at hand we can thus present the two methods given
above as:

D. METHOD 1: VARIATIONAL SOLUTION

Our objective is to minimize Eq. (3.3.8) with respect to P. For the extremum
the gradient of F should be zero. This is written as

VE =b+2CP =0 (3.3.9)

The minimum is achieved as the solution of the above vector equation if the
Hessian matrix is positive definite. This matrix is the result of taking the
second partial derivatives. As a result we have

H=2C
The condition for a minimum is then
H>0

The optimal is thus given by:
P.=—-3C'b (3.3.10)
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This particular form is attractive from a bookkeeping point of view.

E. METHOD 2: ALGEBRAIC SOLUTION
The procedure becomes simply a matter of rewriting our objective as
F =[V'CP + P'CP] (3.3.11)
The above expression may be written as
F={[P+(V/)]'C[P + (V/2)]} — (V'CV/4)
with
V=C1b
Here we have completed a quadratic form which is equivalent to the method
of completing the squares, used earlier. The minimum is achieved for
P.=-V)2 (3.3.12)
provided that C is positive definite. We can thus assert that
P.=—-1C"'b (3.3.13)
It is noted that the above result holds true for any symmetric positive definite

C. Note that it is not necessary to have the diagonal form for C to get this
result.

3.3.2 Equality Constrained Optimization

Optimization problems in practice are seldom unconstrained. The usual
situation is one in which the cost is to be minimized subject to satisfying
certain equations. These equations are normally based on models describing
the interaction between the control and other physical variables. We will
use the same example of m thermal generators used earlier to illustrate
the approach.

As before, we assume the fuel cost to vary with the active power generated:

F=Y a+bP, + c;P} (3.3.14)

i=1

Our concern now is to determine P, so that F is a minimum while satisfying
the active power balance equation

P,=Y P, (3.3.15)
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with P, being a given active power demand. Note that the results of the
unconstrained minimization cited earlier lead to

s

P, = —% i (b;/c) (3.3.16)
i=1

i=1

The above sum is not equal to the power demand Pj as a general case.
We conclude that an alternative way for minimizing F subject to satisfying
Py, is required.

We explore methods of solution to the constrained optimization problem
and in particular emphasize the idea of transforming the problem into an
unconstrained one. With this transformation earlier results can be applied
immediately. The first method is the elimination of one variable, which
requires that at least one variable can be expressed in terms of the remaining
variables using the given constraints. The second method discussed is the
Lagrange multiplier approach and the third is the penalty function approach.

A. ELIMINATION OF VARIABLES

The constraint equation (3.3.15) may be written to express one variable as
P,=P,— ) P (3.3.17)

Substituting for P,, in Eq. (3.3.14) yields

m—1 m—1 m—1 5
F:<Zai+bipi+cipi2>+bm<PD“ZPi>+Cm<PD—ZPi>+am
i=1 i=1

i=1
(3.3.18)

Note that F now is a function in (m — 1) variables P; i=1,...,m — 1).
Any method for unconstrained minimization can now be applied to this
unconstrained problem.

B. THE LAGRANGE MULTIPLIER

Although the method of variable elimination is satisfactory in the present
example, we will find that certain difficulties may arise when the constraints
are nonlinear. An alternate method which is popular is the Lagrange
multiplier technique. This we apply to our problem by noting that the
constraint equation (3.3.15) may be written as

Y P,—Pp=0 (3.3.19)

i=1
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The technique is based on including Eq. (3.3.19) in the original cost function
by use of a Lagrange multiplier, say A:

i=1

F=1Y a+bP +cP?+ ,1< P, — PD> (3.3.20)
i=1

Note that 4 is to be obtained so that Eq. (3.3.19) is satisfied. The idea
here is to penalize any violation of the constraint by adding the resulting
error term. The Lagrange multiplier is in effect a conversion factor that
accounts for the dimensional incompatibilities of the cost function and
constraints. Here again the resulting problem is an unconstrained one and
we have increased the number of unknowns by one.

The optimality conditions obtained are

OF 0P, = b, + 2¢,P; + /. = 0 (3.3.21)

0F/oA =) P,— Py (3.3.22)
i=1

Observe that we obtain the constraint as a result of applying the optimality

conditions. In this example problem it is straightforward to eliminate A

and obtain an expression for the optimal power generations. This will be

done in Chapter 4.

C. THE PENALTY FUNCTION APPROACH

Essentially a constrained minimization problem is transformed into an
unconstrained problem or a sequence of unconstrained problems in the
penalty function approach. The basic idea is to form a new function by
adding a penalty term to force the solution to satisfy the constraints. Several
varieties of penalty function methods have been proposed. We outline the
procedure for a basic method for the example system considered.

Let us introduce a positive parameter K and form the augmented
function F:

m 2
F=F+ K< P, — PD> (3.3.23)
=1

13

where F is our fuel cost as before. What we have done is in effect introduce
a penalty term for any constraint violation. Clearly the minimization process
will force the penalty term to a minimum. This minimum is hopefully zero
and at this value the constraint is satisfied.

We assume that a variational solution is used. The resulting optimality
conditions are

5F/6Pi=(@F/aPi)+2K<Z P, — PD>, i=1,...,m (3324)
j=1

j=
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With the quadratic cost assumed we thus have

[(b:/2) — KPpl +(c;+ K)P,+ K Y P;=0, i=1,...,m (3.3.25)
j=1
J¥i

Any choice of K will provide a solution that will not in general satisfy the
constraint exactly. However, as K is increased, the solution approaches
one that approximates the constraint. For K — oo the constraint will be
precisely satisfied. We will have occasion to observe this in the following,

Assuming that we are dealing with a system with two plants we can write
the optimal power generations which are functions of K as

Py = {c,Pp + [(by — by)/2] — (c2b,/2K)}/A
Py = {c,Pp + [(by — b2)/2] — (c1b2/2K)}/A
with
A™1 = (e + ¢p) + (¢1¢2/K)
Let us define
Pg=P + P,

This sum is K-dependent and can be expressed as

b,c, + b,c
PE:|:(CI +CZ)PD—<_—1 22K—2 1>:|/A

This last expression is not precisely equal to Pp unless K is infinite. We
can easily verify that

limPE=PD

K-

3.3.3 Inequality Constrained Optimization

In the general case, which is the realistic situation, physical limitations
on our decision variables exist and should be accounted for. These limitations
impose the following inequality constraint set of equations:

g(P)<o0

Examples of such constraints are upper and lower bounds on active power
generations in our system:

P;nin < Pi < Pli'nax
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It is important to note that a common approach is to ignore the inequality
constraints to start with and then examine the resulting optimal solution
for inequality constraint violations. If no violations result then no further
action is necessary. If, on the other hand, a violation of one or more of the
inequalities occurs then a modification to the algorithm is necessary.

Many methods have been proposed to handle the inequality constrained
minimization problem. The majority may be identified as penalty function
approaches. One method that leads to the celebrated Kuhn-Tucker condi-
tions is described here.

KUHN-TUCKER CONDITIONS

Consider the problem of minimizing the cost function

F(P) (3.3.26)
subject to satisfying the set of equality constraints
hP) =0 (3.3.27)
and the inequality constraints
gP)<0 (3.3.28)

We have seen that equality constraints can be handled easily using the
Lagrange multipliers. We can transform inequality constraints into equality
type by introducing slack variables v;. This results in the equivalent relations

g:(P) + vl =0 (3.3.29)
The above guarantees that the inequality constraints are satisfied.
With this transformation our augmented cost function is
J(P) = F(P) + ATh(P) + p"[g(P) + V*]
or, in an expanded form,

J(P) = F(P) + Y b + Y wlg: + v?) (3.3.30)

The necessary conditions for optimality are obtained as a result of applying
the variational technique. We thus have

0J/oP, =0 (3.3.31a)
0J /04 =0 (3.3.31b)
0J /6w =0 (3.3.31¢)
6J/ov; =0 (33.31d)
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The first three conditions are familiar. The last condition results in
0Jjov; = 2uv; =0
Substituting for v; from Eq. (3.3.29), we can obtain
wg; =0 (3.3.32)

The above expressions are called the Kuhn-Tucker exclusion equations.
Simply stated, either the multiplier y; or g; shall be zero. The case of no
violation corresponds to g; = 0. When violations occur g; is set to its limit
g:=0.

The requirement (3.3.31a) combined with (3.3.30) can be written as

(OF/OP) + Y A,(0h,/0P) + Y 1,(2g,;/0P) = O

For simplicity let us consider a problem in two dimensions with two in-
equality constraints and no equality constraints. This is shown in Fig. 3.1a
where it is assumed that the minimum occurs at a point P‘©’ in the interior
of the region. In this case dF/dP; = 0. If the minimum occurs on the bound-
ary g,(P) =0, the gradient VF must be orthogonal to the boundary and
point inside as shown in Fig. 3.1b. Therefore in this case

VF +u, Vg, =0

9,(P) v9,

P(u)
* %(P) 9,(P)

(a)

(b)

9,(P)
V9
VF
9,(P)

P(o)
Vg9,

(c)
Fig 3.1 lllustrating Kuhn-Tucker conditions.
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In Fig. 3.1c we have the minimum occurring at the boundary of both con-
straints; we must have

VF + p; Vg, + u Vg, =0

Observe that this requirement states that the gradient of F should lie in the
cone generated by Vg, and Vg,.

Example. Let us consider the example of two thermal plants feeding a
given power demand. The fuel cost of each is related to the output power as
follows:

F,=4P, + 0.01P}
F, =2P, + 0.03P3

The objective is to minimize the total cost of operation while satisfying the
equality constraint

Pi+P,=Pp

We form a modified cost by augmenting the original cost with the con-
straint using the Lagrange multiplier .. We thus have

F =4P, + 2P, + 0.01P? + 0.03P% + A(P, — P, — P))
The necessary conditions for minimization obtained are
4+ 0.02P, —1=0
24+006P,—A=0
Py +P,=Pp

For this simple system we are able to eliminate A and P, to obtain a single
equation in P, given by

0.08P, + (2 — 0.06Pp) =0

With a specified power demand Py, the above equation is solved for Py,
hence P, and A are obtained. A sample of the result is
Py = 50, P, =125, P, =375, A=425
Py =100, P, =50, P, = 50, A=S5
Py = 200, P, =125, P, =15, A=65
P, = 250, P, =1625, P, =875, A=1725

We note here that P, and P, are positive. However, the schedule may
violate lower and upper limit constraints on generation. Let us assume that
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in addition to the specified equality constraints, we have limits on the first
plant’s generation:

50 < P, < 150

Here we impose realistic minimum and maximum generation levels for the
less expensive plant. In fact we have two inequality constraints:

50— P, <0, P, —150<0
According to Kuhn-Tucker theory, our augmented cost function becomes
F(P) = F(P) + p1,(50 — Py) + py(P, — 150)

The necessary conditions turn out to be

4+002P, — A —py + ptpy =0 (3.3.33a)
2+ 006P, —A=0 (3.3.33b)
P,+P,—Pp=0 (3.333¢)

1 (50 — P)=0 (3.3.33d)

pa(Py — 150) =0 (3.3.33¢)

We now have five equations instead of three. Obviously Pp, will affect our
procedure. Ignoring inequality constraints leads to the solution outlined
before.

Consider the case with P, = 50; clearly the lower bound is violated and
the optimal solution is obtained by setting P, to the violated limit. The
optimality conditions are therefore given by Eq. (3.3.33) with the requirements

P, =50, =0

The value of u, is set to zero since the upper limit is not violated. The
resulting solution is

P, =0, A=2, Uy =3
The solution for the case with Py = 250 violates the upper limit. The
reader is invited to check that the optimal result is
P, =150, P, =100
p =0, By =1
A=38
It is evident that, for the power demands of 100 and 200, no inequality

constraints are violated; therefore u; = u, = 0 in these cases and ignoring
inequality constraints is justified.
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3.4 DYNAMIC PROGRAMMING AND
THE PRINCIPLE OF OPTIMALITY

One of the more powerful techniques used in this book to generate
optimal strategies is dynamic programming, developed by Bellman. The
foundation of this technique is the principle of optimality, which may be
stated in the following form:

An optimal strategy has the property that whatever the initial state and
the initial decisions are, the remaining decisions must constitute an
optimal strategy with regard to the state resulting from the first decision.

Let us illustrate the application of the principle for an important problem
in economy operation of power systems. We treat the problem of minimizing
the function

F(P,P,,...,P,)= i Fi(P) (3.4.1)

while satisfying
Y Pi=Pp (3.4.2)

Our purpose is to find the optimal generations P; that satisfy the power
demand Pp while minimizing the fuel cost. This is an optimal allocation
process, which is eminently suited for the dynamic programming approach.
Here the problem is imbedded within a family of allocation processes in
which P, may assume any positive value and m may assume any integer
value. We thus have a dynamic allocation process.

Our first step is based on the observation that the minimum of F depends
only on Py and m. As a result we introduce the optimal return sequence

fu(Pp) = min F(P,,P,,...,P,) (3.4.3)
Py
It is clear that
Jl0) =0, m=12... (3.4.4)
fi(Pp) = F(Pp) for Pp,>0 (3.4.5)

There is no loss in generality in assuming

F{0)=0
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Our objective now is to obtain a recurrence relation between f,(Pp) and
fin-1(Pp) for arbitrary Pp. We therefore let (P,,, 0 < P,, < Pp) be the gen-
eration of the mth unit. Now regardless of the precise value of P,,, the deficit
P — P,, will be used to achieve minimum cost for the operation of (m — 1)
units. This minimum cost is f,_,(Pp — P,,). Thus total minimum cost with
initial loading P,, results in total cost

Fm(Pm)+fm*1(PD_Pm)

from operating m units. An optimal choice of P, is obviously one which
minimizes this function. We thus obtain the basic functional equation

fm(PD)zmin[Fm(Pm)+fm—1(PD_Pm)]a OSPmSPD’ m:2,3""
(3.4.6)

Observe that Eq. (3.4.5) is used for m = 1. The computation of the sequence
f.(Pp) can proceed in many sophisticated ways. For clarity we will outline
a simple scheme for doing this in Chapter 4.

The dynamic programming approach can be effectively utilized to solve
optimal control problems. Many power system economy operation problems
fall within this category. Again we will take a simple problem to illustrate the
approach. Extension to the multidimensional case becomes obvious.

Consider the problem of finding u(r) that minimizes

J= fOTfF[X(z), u(t)] dt (3.4.7)
The system dynamics are described by
dX/dt = f(X,u) (3.4.8)
and the initial conditions are
X0 =cC (3.4.9)

We define the optimal return function g(C, T;) as the minimum value of J
where the starting state is C and the total duration is T:

9(C, Ty = min [ F[X(0).u(t)] dr (3.4.10)
u[0, T¢]
If we divide the integration interval into [0,A] and [A, T;] we obtain

g(C,Ty) = min min < fOAFdz n fATdez>

u[0. A] ulA, Tr]

. A . Te
= m1n< " Fdt + min fA th> (3.4.11)

ul0, A) ulA, T¢]
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Clearly, the second term in parenthesis is for a process with starting time A.
Consequently the starting state is C:

C=cC+ [ ra (34.12)
The duration of this process is T where we have
‘ Te=T,—A (3.4.13)
Using the definition given by Eq. (3.4.10), we thus have

9(C, Ty) _rmnf Fdt (3.4.14)
ulA, Tr]
As a result, using Eq. (3.4.14) in (3.4.11), we have
MQTQ=mm[fﬁwr+ﬂCT{] (3.4.15)
0,41 ¥©

We now make use of
JrFm=FuummA (3.4.16)
as well as the truncated Taylor expansion
g(C, Tp) = g(C, Ty) + AC[dg(C, T)/0C] — A[dg(C, T)/0T;] (3.4.17)
The resulting relation is
9(C, Ty) = r[rélill {FLC,u(0)]A + g(C, T) + f[C,u(0)]A[29(C, T()/0C]
— A[og(C, Ty)/0T¢]} (3.4.18)

Observing that g(C, T) is independent of the choice of u we take it outside
the minimum operation sign. Thus,

0 = min {F[C,u(0)]A + f[C,u(0)]A[8g(C, T()/0C] — A[2g(C, T;)/0T]}
u[0, A]

In the limit, as A — 0, we attain the functional equation

d9(C, T()/0T; = min {F(C, y) + f(C, y)[09(C, T)/oC] ~ (34.19)

in which y = u(0). The initial condition is
9(C,0) =0

Observe that the minimum of (3.4.19) not only can be obtained using calculus,
but also by search techniques which may avoid difficulties in handling
inequality constraints and in asserting that a global optimum is reached.
Moreover, unusual functions can be treated. The shortcoming of the method
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is the large memory requirements in case of large scale systems, which has
been termed the “curse of dimensionality” by Bellman. There are many ways
to reduce this memory problem. Some of these are the use of Lagrange
multipliers, polynominal approximations, spline approximations, and
quasi-linearization.

3.5 CALCULUS OF VARIATIONS

Many important pioneering results in optimal economy operation of
power systems are based on variational calculus principles. It is our intention
here to briefly outline some results from this forerunner of modern optimal
control approaches.

Let us consider the problem of finding a function P(t) which minimizes
the functional

J= fOT‘ F[t, P(t), P(t)] dt (35.1)

We assume that P(f) is an optimal function and construct a family of
functions P(t) that includes P(t):

P(t) = P(t) + en(t) (3.5.2)

The parameter ¢ is a small number and n(t) is a time-dependent variation in
P(t). The first derivative with respect to time is

P(t) = P(t) + en(t) (3.5.3)

With the above, the functional of Eq. (3.5.1) is written as
J(P) = fon F[t, (o) + en(t), P(t) + en()] dt (3.5.4)
The function F can be expanded in a Taylor series about P(t), ﬁ(t) as follows:

F[t, B(t) + en(p), é(t) + en(d)]
= F[t, P(t), P(t)] + en(1)(OF /OP) + en(t)(0F/0P) + O(e*) (3.5.5)

We therefore rewrite Eq. (3.5.4) on the basis of Eq. (3.5.5) as
J(P)=J(P) + ¢ fOT‘ [n(t)(OF/OP) + a(t)(OF/0P)] dt + O(e?)  (3.5.6)

The construction of P is such that P is an optimum and for this to hold
true we must have

J(P) = J(P) (3.5.7)
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This in conjunction with Eqgs. (3.5.7) and (3.5.6) will result in the requirement
that

p[ [, [ntearFsopy + r'z(t)(r?F/@P)]:|dt 4 0@ 20

For this inequality to hold for both positive and negative values of ¢, we
require that

fO“ [n(t)(3F/6P) + #(t\OF/0P)]dt = 0 (3.5.8)
Integrating the second term in the integrand by parts we obtain
fO“n(t)[(aF/aP) — (d/dt)@F/oP)] dt + [n(1)(OF/0P)]5r =0  (3.59)

Clearly Eq. (3.5.9) is satisfied if

(0F/6P) — (d/dt)(@F/oP) = 0 (3.5.10)
[n(t)(0F/0P)] =0  for t=0,T; (3.5.11)

The fundamental lemma of the calculus of variations asserts that at an
extremum we have

Fp— (d/dt)Fp =0 (3.5.12)

This is called the Euler equation of the variational problems and is a necessary
condition for an extremum. This is the first necessary condition.

As in the ordinary calculus case, rules for distinguishing between the
various types of extrema exist. Three important additional conditions for a
minimum are

Legendre condition. This is the second necessary condition and adds the
requirement that the second derivative of the integrand of (3.5.1) with respect
to P must be nonnegative along the extremum

Fpp >0 (3.5.13)

This becomes a sufficiency condition for a minimum if strict inequality is
required:

Fpp>0 (3.5.14)
Jacobi’s condition. This yields the third necessary condition for a mini-

mum. The condition is that the time interval [¢,, T;] contain no points
conjugate to t,. Here the point 7,, which is different from 1, is said to be
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conjugate to t, if the accessory (Jacobi) equation
Hx — (d/dt)(Rx) =0 (3.5.15)

has a solution which vanishes for t = ¢, and t = 7, but is not identically zero.
The functions H and R are given by

H = [Fpp — (d/dt)Fpp] (3.5.16)
= (Fpp) (3.5.17)

The Weierstrass condition. With Z(¢) being a function distinct from the
extremal P(t), and Z(t) being its derivative, let us define the Weierstrass
E-function:

E(t, P,P,Z)= F(t,P,Z) — F(t, P,P) — (Z — P)Fs(t, P,P) (3.5.18)
The Weirestrass condition for a minimum is
E(t,P,P,Z)>0 (3.5.19)

In variational calculus this is called the fourth necessary condition for a
minimum. It is important to note that the preceding three necessary condi-
tions yield sufficient conditions with equality signs removed.

A. THE ISOPERIMETRIC PROBLEM

An interesting problem frequently encountered is that of minimizing or
maximizing the functional J of Eq. (3.5.1) subject to an integral constraint
of the form

f G[t, P(t), P(t)] dt = (3.5.20)

This usually signifies the finiteness of some resource.
Under various conditions it can be shown that we can employ a constant
Lagrange multiplier v and treat the new unconstrained problem

J = [, Fle P, Pe)] ar (3.521)
with
F(-) = F(-) + vG(") (3.5.22)
As a result we obtain the modified Euler equation
(F + vG)p — (d/dt)(Fp + vGp) = 0 (3.5.23)

The constant v must be determined by use of Eq. (3.5.20).
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B. THE LAGRANGE PROBLEM

The Lagrange problem consists of finding extrema for the functional

J= forf F[t, P@), P(t)] dt (3.5.24)
with side conditions
®[t, P(t), P(t)] =0 (3.5.25)

and such that certain boundary conditions are satisfied. Again use is made
of a Lagrange multiplier function A(z). Here we seek to extremize the new
unconstrained problem

j= for‘ﬁ[t, P@), P(t)] dt (3.5.26)
The augmented function F is given by
F()=F(C) + A0®(") (3.5.27)

It is clearly evident now that a modified Euler equation can be obtained.

To conclude this section we point out that the use of Lagrangian multi-
pliers can lead to many interesting results, such as deriving the Euler equa-
tion for minimizing J given by Eq. (3.5.1). For this purpose we introduce the
new variable

R(t) = P(t) (3.5.28)

As a result, we are required to minimize
J= fo“ F[t, P(t), R(t)] dt (3.5.29)
subject to satisfying Eq. (3.5.28). To solve this constrained minimization

problem we employ a Lagrangian multiplier A(z). The augmented cost
functional is therefore

J=J+ fOT‘A(t)[R(t) — P(]dt (3.5.30)

We now perform an integration by parts on the second term in the integrand
of Eq. (3.5.30) to obtain

j= fOT‘Ldt+ [APO]E" (3.5.31)

where L is given by

L = F + MR(t) + A(t)P(1) (3.5.32)
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We will require the first derivative of L with respect to our decision variables
Pand R

OL/dP = (OF/OP) + A (3.5.33)
OL/OR = (0F/OR) + 4 (3.5.34)

For optimality the above should be zero. The multiplier A(t) can be eliminated
to yield

(OFJ0P) — (d/dt)(0F/0P) = 0 (3.5.35)
which is precisely Eq. (3.5.12).

3.6 PONTRYAGIN’S MAXIMUM PRINCIPLE

An alternative procedure for obtaining optimal strategies for systems of
the type considered in this book is the maximum principle. Classical varia-
tional theory could not readily handle some constraints involved in a realistic
optimal control problem. This difficulty led Pontryagin and his associates
to first conjecture and then provide a proof of the celebrated maximum
principle. In general the procedure yields necessary but not sufficient condi-
tions for optimality. Thus the principle provides a vehicle for testing whether
any control is a candidate for optimality. It should be emphasized that in
certain cases the maximum principle is equivalent to the Lagrange multiplier
rule and the Weierstrass condition of variational calculus. In this section we
outline the maximum principle conditions for a continuous optimal control
problem with fixed starting and end times.

Assume that we desire to determine the control u(t) so as to minimize the
objective functional

J= fo“ FIX(), u(z), ] dt (3.6.1)
The system dynamics are described by
X =f(X,u,1) (3.6.2)

where X() is the state vector determined by the control vector u(t). Specified
initial states satisfy

X(0) =X, (3.6.3)
where X, is a given vector. The terminal states satisfy
X(T;) = X; (3.6.4)

where X; is a given vector.
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We use the method of Lagrange multipliers discussed earlier to adjoin the
system equations to the objective functional, which yields

J= [ FXu 0 + ATOX 0, 0) — X} dr (3.6.5)

Elements of the Lagrange multiplier vector A(t) are often referred to in the
literature as the costates or adjoint variables. We define a scalar function,
the Hamiltonian, as

H[X(),u(t),A(r), (] = F[X(1), u(t), (] + AT()(X, u, ) (3.6.6)
As a result we can write (3.6.5) as

J= fO” [HX,u, 4, 1) — AT(0)X(5)] de (3.6.7)

If we integrate the last term in the integrand of (3.6.7) by parts, we obtain
J = [AT0)X(0) — ANT)X(T,)] + fOT“ [H(X,u,4,1) + AT(0OX(0)] dr (3.6.8)
The following two necessary conditions for a minimum now become obvious:
X =f(X,u,t) = ¢H/0A (3.6.9)
A= —0JH/oX (3.6.10)

Equations (3.6.9) and (3.6.10) are often referred to as the canonical system.
Boundary conditions are

X(0) =Xo,  X(Tp =X,

If the admissible control vector u(f) is unrestricted, we are free to add the
necessary condition

0H/ou =0 (3.6.11)

In many problems, inequality constraints on the admissible control and
states are present and we must therefore take this into account. As a result
(3.6.11) is no longer applicable. The basic contribution of the maximum
principle addresses this difficulty. In place of (3.6.11) the necessary condition
is that the Hamiltonian function H(X, 4,u, t) have an absolute minimum as
a function of u over the admissible region €, for all ¢ in the interval (0, Ty).
In other words, the optimal u, satisfies

H(X, A,u.,1) < H(X, 4,u,1), uef (3.6.12)

Let us emphasize here that (3.6.12) is a generalization of (3.6.11).
It is interesting to note that using (3.6.6) and (3.6.10) we may write the
total derivative of H with respect to time as

dH/dt = (OF/0t) + AT(0f/0t) + 0" (OH/du)
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If F and f are not explicit functions of time this reduces to
dH/dt = w'(0H /0u)

It is clear that the Hamiltonian is constant along an optimal trajectory
where 6H/du = 0. This is possible for controls within the admissible bound-
ary. When the optimal controls are on the boundary but the constraints are
constant, i = 0. It is generally true that H is constant along an optimal
trajectory.

We comment here that the original derivation due to Pontryagin is slightly
different in form than the results outlined here. As a result his Hamiltonian
must be maximized, thus accounting for the name maximum principle
rather than minimum principle.

3.7 THE FUNCTIONAL ANALYTIC OPTIMIZATION
TECHNIQUE: THE MINIMUM NORM APPROACH

Parallel to the development of dynamic programming and the maximum
principle, attempts have been made to introduce methods of functional
analysis into the study of optimal control problems. At first it seemed that
the methods of functional analysis applied only to a very restricted class of
problems. But in spite of this, the number of studies using the ideas of
functional analysis has increased. One of the important developments is the
minimum norm approach.

A typical feature of the approach is that it yields necessary and sufficient
conditions for the existence of solutions. This fact makes it possible to study
the qualitative aspects of optimal processes. Moreover, this approach is free
of the concrete nature of the system. Thus many formulations hold for sys-
tems that are distributive, digital, composite, nonlinear, or biological. Of
course, results obtained on the basis of an abstract formulation must then
be given concrete identification.,

Our object in this section is to state one important minimum norm result
which plays a central role in the solution of many problems treated in this
work. Before we do this, a brief discussion of relevant concepts from func-
tional analysis is given.

3.7.1 Some Functional Analysis Concepts

The discussion here is aimed at displaying some of the concepts and
symbols which are utilized in this book. The basic functional analysis
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concepts presented are tied to certain ingredients in the power systems we
are considering.

To begin, a set is a collection of elements or members, for example, the
nodes of a network form a set which we denote by Ry. A node, say the ith
node, is a member of this set and we use the short hand i € Ry to indicate this.

A linear or vector space X is a nonempty collection of vectors (elements),
including the zero vector. Associated with the space are rules for multiplica-
tion with scalars and addition of vectors in the space. The rule must satisfy:

(1) Associated with every pair of vectors x and y in X, there is a unique
vector z in X which is the sum of x and y:

=x+Yy  XxpzeX.

(2) Associated with every scalar 4 and every vector x in X, there is a
unique vector in X which is the scalar multiple (Ax) of x:

ixe X, xeX

The Euclidean space E", that is, the vector space of n-tuples x =
(x4,%5,...,x,) of real numbers, is a linear space. The rules assigned are
those for vectors given in Section 3.2. These clearly satisfy the definition.
The class of all continuous functions with continuous derivatives up to
order <n defined on (0, T'), denoted by C*(0, T'), is a linear space if addition
of two functions and scalar multiplication is defined in the usual way.

A. Norwms

A norm (commonly denoted by ||-||) is a real-valued, positive definite
(||x|| > 0 for x # 0), absolutely homogeneous (||Ax|| = |4]-[|x|), and subaddi-
tive (||x + y|| < ||x|| + ||¥||) functional.

A normed linear (vector) space X is a linear space in which every vector
x has a norm (length). The norm functional is used to define a distance and
a convergence measure:

d(x, y) = ||x — ||
x—xinX if d(x,x)=|x— x| -0
As an example the linear space E" becomes a normed linear space if it is
equipped with any of the following norms:
[Pells = 1€a] + &2 + - + &l
Iella = &s]* + Eal* + - - - + &)
Hx”w = max(|él s 62 30 sty |€n|)
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For a second example let [0, T'] be a closed bounded interval. The space
of continuous functions x(t) on [0, T'] can have one of the following norms:

Il = [ e e

1/2
(7 o a

max |x(1)|
0<t<T

I[l2

Ix{l

An important class of spaces is the L, space. This is obtained if we let p
be a real number 1 < p < co. The space L,(0, T) is the space of real-valued
functions x(t) defined on (0, T') which are Lebesgue integrable. The norm is

defined as
T 1/p
el = ([ ol ae)

|I1X[|0 = ©58¢ 0, 7y SUP|X(?)|

Thus the space L,(0, T;) consists of all real functions which are defined
and square integrable on the interval (0, T}); that is, functions f for which

fOT‘ A0)dt <

For this definition the Lebesgue integral is assumed. For all practical
purposes, Lebesgue integration can be considered the same as the usual
Riemann integration. Whenever the Rieman integral exists, it yields the
same result as the Lebesgue integral. One may read Riemann integration
wherever Lebesgue integration appears if one is not familiar with the latter.

A sequence (x,) in a normed space is said to be a Cauchy sequence if
||Xs — X,|| = O as n,m — co. Every convergent sequence in a normed space
is a Cauchy sequence. In general, a Cauchy sequence may not converge in
a normed space. A normed linear space is said to be complete if every Cauchy
sequence in the space converges to a limit which belongs to the space. As a
result we say that a complete normed linear space is a Banach space.

B. INNER PrRODUCTS

A very important concept in Euclidean geometry is the concept of orthog-
onality of two vectors. Two vectors are orthogonal if their inner product is
zero. Extension of this concept to more generalized spaces leads to powerful
results. The concept of orthogonality is not present in all normed spaces and
leads to the definition of an inner product space. This is a linear vector space
X together with an inner product defined on X x X, denoted by {.>. The
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inner product satisfies

(1) <x30 =<nxo,

@) {ax + By 2> = 24,2 + B2,
(3) (x,x>20,{x,x>=0+x=0,
@) <(x,x>=|x|*

A complete inner product space is called a Hilbert space. A Hilbert space is
a Banach space equipped with an inner product that induces the norm. The
space E" is a Hilbert space with inner product as defined in Section 3.2 by

x,y> =xTy
or

n

X,y) = Z Xi Vi (3.7.1)

=1

The space L,(0, T') is a Hilbert space with inner product
T
x v =[xyt (372)

An extremely useful Hilbert space is used in this book. The elements of the
space are vectors whose components are functions of time such as active
power generation by the system units over the interval (0, T;). Given a
positive definite matrix B(r) whose elements are functions of time as well,
we can define the Hilbert space L%g(0, T;). The inner product in this case is
given by

V@, US> = fOTf VT(1)B()U(r) dt (3.7.3)

for every V(t) and U(z) in the space.

C. TRANSFORMATIONS

A transformation is a mapping from one vector space to another. If T
maps the space X into Y, we write T: X — Y. If T maps the vector x e X
into the vector y € Y, we write y = T(x) and y is referred to as the image of
x under T. Alternatively, a transformation is referred to as an operator.
Among familiar transformations we have:

(1) Multiplication of an n-dimensional vector with a scalar o where we
have T;: E" — E". The operator T, in this case maps the Euclidean space E"
into itself, with the rule

T,(x) = ax



3.7 THE FUNCTIONAL ANALYTIC OPTIMIZATION TECHNIQUE 93

(2) Multiplication by a matrix. Let X be an m x n matrix and define
T,:E"—> E™ by
T,(x) = Ax (3.79)

Observe that T, is not A, but rather multiplication by A;
(3) The operation T5: E" — E! defined by

Ts(x) = x"x

This associates with every x in the space X = E" an element y in Y = E';
(4) Suppose two power plants supply a power demand Pp(t) such that
the power balance equation is satisfied:

Pp(t) = Py(t) + Py(1)

This defines a transformation T,:L3(0,1)— L,(0,1) sending functions
[P,(1), P,(t)] into their image Pp(t). Observe that if time is not included as a
parameter we would have a transformation sending E? into E', which is
clearly a special case of T, above.

The transformation T: X — Y is said to be linear if for every x;, x, € X
and all scalars o; and o, one has T(a;x; + a,x5) = a; T(x;) + a,T(x,). The
operators T, and T, defined above are linear.

The linear operator T from a normed space X to a normed space Y is
said to be bounded if there is a constant M such that ||Tx|| < M||x|| for all
x € X. The normed space of all bounded linear operators from the normed
space X into the normed space Y is denoted by B(X, Y). Examples of bounded

linear operators include one transformation useful for our purposes. This is
T: L5 5(0, T} — R™ defined by b = T[U(¢)],

b= fO“ MTU(7) dt (3.7.5)

where b is, for our purposes, an m-dimensional vector of the allowable
volumes of discharge from m hydro units, U(¢) includes all our decision
variables, and M is a compatible vector.

Let us consider a specific example to show how the norm of a bounded
linear operator is obtained. Define T: X — Y by

T(x) = fol K(s, t)x(t) dt

with K(s, t) being continuous in 0 <s<1,0<¢ < 1. T is linear. X is the
space of continuous functions defined on (0, 1), denoted by C(0, 1), whose
norm is defined as

|Ix|| = max |x()]
O<t<1
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We have

fol K(s, t)x(r)dt

|IT(x)|| = max
0<s<1

< max (fl |K(s, t)|dt> max |x()]
0<s<1\Y0 0<t<1

1
= Orilsasx1 <f0 IK(S, t)| dt) ||x||

so that

1
T < max ( [ 160 dt)

and in fact ||T]| is

Imi= s ([ s ”"“)

A functional is a transformation from a linear space into the space of real
(or complex) scalars. A typical functional is the objective functional of
optimal economy operation given by

I®) = [J° 3 Lo+ BP0 + 1PEO)d

Here the space L%(0, T;) of thermal power generation vector functions is
mapped into the real scalars space. A functional f on a linear space X is
linear if for any two vectors x, y € X, and any two scalars o and f there
holds f(xx + By) = af(x) + Bf(»). A linear functional f on a normed space
is bounded if there is a constant M such that | f(x)| < M||x|| for every x € X.
The smallest such constant M, is called the norm of f. The norm of the
functional f can be expressed as

171l = supl fC/[Ixll,  x#0

Given a normed linear space X, one can define bounded linear functionals
on X. The space of these linear functionals is a normed linear space X*.
The space X * is the normed dual of X (alternatively, X * is called the conjugate
space of X), and is a Banach space. If X is a Hilbert space, then X = X*.
Thus Hilbert spaces are self~dual. The normed linear space X is said to be
reflexive if X = X**. Any Hilbert space is reflexive.

D. ADIOINTS

Let X and Y be normed spaces and let T € B(X, Y). Here B(X, Y) denotes
the set of all linear transformations mapping X into Y, which is, in this case,
a normed linear space itself. The adjoint (conjugate) operator T*: Y* —» X*
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is defined by
Ty = (Tx, y*)

An important special case is that of a linear operator T: H— G where H
and G are Hilbert spaces. If G and H are real then they are their own duals
and the operator T* can be regarded as mapping G into H. In this case the
adjoint relation becomes

Tx,y) = x,T*y) (3.7.6)

Observe that the left-hand side inner product is taken in G while the right-
hand side inner product is taken in H.

To find the operator T* associated with T defined in Eq. (3.7.4) we observe
that the left-hand side inner product in Eq. (3.7.6) is

(Tx,y) = (Ax)"y

or
(Tx,y)> =x"ATy 3.7.7)
If we assume that T*y = z then the right-hand side inner product is
(X, T*y) = x"z (3.7.8)
For the two inner products to be equal we have
z=A"y
Therefore
T*(y) = ATy (3.7.9)

Thus the adjoint operator of multiplication by a matrix is multiplication by
its transpose. ,

In the above we assumed that x and y are elements of Euclidean spaces
endowed with inner product definitions of the form given by Eq. (3.7.1). We
will now assume that x is in E}, where in this space the inner product is
defined by

(%, %) = x"Bg, x,X € E} (3.7.10)
Moreover, y is in EZ, which in turn has the inner product
.95 =y'Cy, y.§¥eE? (3.7.11)

The n x n matrix B and the m x m matrix C are symmetric and positive
definite and therefore the assumed inner products are valid. In E? the left-
hand side inner product of Eq. (3.7.6) becomes

(Tx,y> = (Ax)"Cy (3.7.12)



96 3 MATHEMATICAL OPTIMIZATION TECHNIQUES

With z = T*y as before, the right-hand side inner product of Eq. (3.7.6) in
Ef becomes

(x, T*y> = x"Bz (3.7.13)
Accordingly we must have
(Ax)TCy= x"Bz (3.7.19)
Therefore z and hence T*y are given by
T*y) = B"'ATCy (3.7.15)

Naturally with B = I, C = I, we obtain Eq. (3.7.9).

We now apply the definition of Eq. (3.7.6) to a transformation which plays
an important role in developments to follow. Here we wish to determine the
adjoint T* of the transformation T defined by Eq. (3.7.5). Let us consider an
element y in R™ and U(r) in L} g0, T). The image of U(r) in R™ is given,
according to Eq. (3.7.5), by

T[U®] = | MU dt (3.7.16)

In R™ we have the inner product given by

Ts T
(TU,y) = (fo MTU(t)dt> y (3.7.17)

Here superscript T denotes transposition. Equation (3.7.17) can be further
written as

(TU,y> = fo“ UT(t)My dt (3.7.18)

The image of y under the adjoint operation T*is in L} (0, T) and is denoted
by Z(t); thus

Z(t) = TX(y) (3.7.19)

The inner product required by Eq. (3.7.5)in L} (0, T¢) according to Eq. (3.7.3)
is given by

U, Zy = fOTf UT(0)B()Z(t) dt (3.7.20)
We now equate Egs. (3.7.18) and (3.7.20);
fO“ UT()Myd: = fOTrUT(t)B(t)Z(t) dt (3.7.21)
For this to hold for arbitrary U(t), we must then have
Z(t) = B"(1)My (3.7.22)
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According to Egs. (3.7.19) and (3.7.22) we can thus assert that the adjoint T*
defining relation is

T*[y] = B™'()My (3.7.23)

Composite transformations can be formed in a very simple way. Suppose
T and G are transformations T: X — Y and G: Y — Z. We define the trans-
formation GT: X — Z by

(GT)(x) = G(T(x))

We then say that GT is a composite of G and T, respectively. An important
composite operation is obtained from an operator T and its adjoint T* in
Hilbert spaces. Let us define the operator K: Y — Y by the composite rule

K(y) = T(T*(y)) (3.7.24)

We will illustrate the application of Eq. (3.7.24) using the example operators
previously treated.

In the first instance, we have for the operator of Eq. (3.7.4) the adjoint
given by Eq. (3.7.9), which is repeated here as

T*y) = Ay
Now according to the definition of T, we have
K(y) = AATy (3.7.25)

In the case of nonconventional inner products, we have the adjoint given by
Eq. (3.7.15), for which case our K operator becomes

K(y) = AB"'ATCy (3.7.26)

The second example involves the operator of Eq. (3.7.5) with adjoint defined
by Eq. (3.7.23). Here we obtain

K(y) = [ M™B~ (0 Mydt
Observe that y is time independent (y € R™) and therefore we have
K(y) = (ﬂ,"rMTB‘ YoM dr) y (3.7.27)

In some instances we allow that a transformation may be defined on a
subset D < X called the domain of T, although in most cases D = X. The
collection of all vectors y € Y for which there is an x € D with y = T(x) is
called the range of T, denoted by R(T). The null space of T, N(T), is the set of
all vectors x such that Tx = 0, with 0 being the zero vector in R(T).
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The transformation T: X — Y is one-to-one if
x; # x, > Tx; # Tx,

for all x; and x, in X, that is, if T does not assign more than one x in X to
a single y in Y. The transformation T is said to be onto if the range of T is
the space Y itself. That is, T is onto if every vector y in Y is associated with
at least one vector x in X.

E. LINEAR OPERATOR EQUATIONS

Corresponding to a linear operator T, the equation T(x) =y for a given
y € Y may

(1) have a unique solution x € X ;
(2) have no solution;
(3) have more than one solution.

Condition (1) arises if T is one-to-one and onto, in which case we say that
T is invertible and define the inverse of T to be the transformation T™!: ¥ —» X

which associates with y in Y a unique vector x in X. The identity operator I
is defined by

Ix) =x
In terms of composite operations we have the characterization
T 1(T(x)) = T(T™'(x)) = x (3.7.28)

We illustrate the inverse operation by appeal to the operators K defined by
Egs. (3.7.26) and (3.7.27). In the first instance we have

K !(y) = (AB'ATC)" 'y (3.7.29)

while for the second case we have
-1
K™y =< OT‘ M™B™ ()M dt> y (3.7.30)

We observe that for T to be invertible, both the one-to-one and onto
conditions should hold. Case (2) above arises when T is one-to-one but not
onto and the equation y = Tx has no solution, in which case we search for
an approximate solution such that ||y — Tx|| is minimized. Case (3) corre-
sponds to the situation when T is onto but not one-to-one, in which case
more than one solution to y = Tx exists and we enquire into the possibility
of finding an element of minimum norm.
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X2

I 2 7x|
2x,+x,22

Fig. 3.2 Case of unique solution to y = Tx.

To illustrate the above concepts we appeal to some simple examples.
Taking the domain of T in each of the following cases to be the two-
dimensional Euclidean space E? we have for Case (1), the example,

-

It is clear that a unique solution exists and is shown as the intersection of the
two lines in Fig. 3.2. For Case (2), the following equation is applicable where
the image space Y is E3:

2 1 2
1 2PJ=2
X
4 1|7 2
There is no solution and the situation is shown in Fig. 3.3. For our example
on Case (3), we have the equation

[2 qﬁjzz



100 3 MATHEMATICAL OPTIMIZATION TECHNIQUES

X2

X

2x + X2 2

4x+ x2=2

Fig. 3.3 Case of no solution toy = Tx.

The locus in E? of all (x;, x,) satisfying the relation is shown in Fig. 3.4.
Clearly T defined above is not one-to-one since the all points on the line
map into one element in Y = E, the one-dimensional Euclidean space.

A nontrivial case results when T is neither one-to-one nor onto. In this
case there is more than one approximating vector (i.e., minimizing ||y — Tx||)
and we are led to look for the one with minimum norm. This latter vector is
referred to as the smallest least-error solution to y = Tx. Let us note here
that this present case is the most general one and we are led in a very natural
way to the more complete and more general approach that defines the
generalized or pseudoinverse operation as follows.

Let G and H be Hilbert spaces and T € B(G, H) with the range of T being
closed. Define the set M as M = {x, € G: ||[Tx, — y|| =min,|[Tx — y||}. Let
Xo € M be the unique vector of minimum norm. Then the pseudoinverse
operator Tt of T is the operator mapping y into its corresponding X, as y
varies over H.
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4 X2

Fig. 3.4 Case of more than one solution toy = Tx.

3.7.2 A Minimum Norm Theorem

With the preliminary definitions and concepts outlined above, we are now
in a position to introduce one powerful result in optimization theory. The
theorem described here is only one of a wealth of results that utilize functional
analytic concepts to effectively solve optimization problems. Our result is a
generalization of the idea that the shortest distance from a point to a line
is given by the orthogonal to the line from the point.

Theorem. Let B and D be Banach spaces. Let T be a bounded linear
transformation defined on B with values in D. Let @i be a given vector in

B. For each ¢ in the range of T, there exists a unique element u; € B that
satisfies

¢ =Tu
while minimizing the objective functional

Jw = Ju ]
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The unique optimal u, € B is given by
u =THE-Ta] +

where the pseudoinverse operator T in the case of Hilbert spaces is given by
T'E = TH[TT*] " 1¢

provided that the inverse of TT* exists.

The theorem as stated is an extension of the fundamental minimum norm
problem where the objective functional is

J () = ul
The optimal solution for this case is

with T' being the pseudoinverse associated with T. Clearly a change of
variables in the result of the fundamental problem yields our stated theorem.
We will outline with the help of a simple geometric example the ingredients
involved in the construction of the optimal solution.

Our first observation is that if @ is a solution of the equation & = T,
then the general solution can be written as u = @ + v where v e N(T). The
general solution defines a subspace M. For example, the equation

[2 1] ["‘ =2
u2_
defines a straight line in E* as shown in Fig. 3.5. A solution is

a=|!]
=lo.

Here the null space N(T) is the line 2u; + u, = 0. It is clear that all vectors
in M can be written as the sum @ + v. For example, take

uh — 1.5
| —1]
Then
v 0.5
u__l_
and as a result
u=T+v

is evidently satisfied.
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Yz

Y

N(T)
2u,+u,=0

2u +u,=2

Fig. 3.5 Illustrating minimum norm development in two dimensions.

As a consequence of the classical projection theorem we can assert the
existence of u, of minimum norm satisfying £ = Tu, and that this vector is
orthogonal to N(T). Therefore u, is in the orthogonal complement of N(T)
and we write

u e [N(T)]*

In our example u, is shown.

Our final step depends on the fact that the orthogonal complement of
N(T) is identical to the range of T*, denoted by R(T*), provided that N(T)
is closed. Therefore

u; € R(T*)
As a result

uc - T*Z
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for some Z € D, and since & = Tu, we conclude that
TT*Z = ¢&
If the operator TT* is invertible the optimal solution is
u. = T*[TT*] "¢

In our example T* is the operation of premultiplication by [?]; therefore

o[
[2 1][3]1 =2

where Z is determined from

or
Z =04
Consequently the minimum norm solution is
[0.8 ]
% =04
This is shown in Fig. 3.5. In this example the pseudoinverse of T is
0.4 ]
TiE =
¢ 10.2 | ¢

We can obtain the above result by using a Lagrange multiplier argument.
Here we consider an augmented objective

T = |ul* + <4, (& — Tw))

where 4 is a multiplier (in fact 4 € D) to be determined so that the constraint
& = Tu is satisfied. By utilizing properties of the inner products we can
write

T =l = <T*4,u) + (4,
which can further be written as
T =l = T*42)|]? = [T*3/2)|? + (4. &

Only the first norm depends explicitly on the choice of u. To minimize J we
therefore require that

u; = T*(4/2)
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The vector (4/2) is obtained using the constraint as the solution to
& = T[T*(4/2)]
It is therefore clear that with an invertible TT* we write
u. = T*[TT*] "¢

which is the required result.

In applying this result to our physical problem we need to recall two
important concepts from ordinary constrained optimization. These are the
Lagrange multiplier rule and the Kuhn—Tucker multipliers. Clearly this is
necessitated by the presence of nonlinear equality constraints and inequality
constraints in the power system situation. Our approach is therefore to
single out a set of linear constraints on the control vector. This set, under
appropriate conditions, will define the bounded linear transformation T.
An augmented objective functional is formed by adding to the original func-
tional terms corresponding to the remaining constraints using the necessary
multipliers. It is important to realize that certain transformations on the
constraints may become necessary. The object in these cases is to ensure
that the augmented functional can indeed be cast as a norm in the chosen
space. Application to specific problems is detailed beginning in Chapter 5.

3.8 SOME DYNAMIC SYSTEMS RESULTS

Quite often an optimal control problem solution depends on successfully
solving the nonlinear two-point boundary value problem

X = Fy(X, A, 1) (3.8.1)

A =F,(X,A0) (3.8.2)
X©0)=hb (3.8.3)
X(Ty)=C (3.8.4)

Here X is an n x 1 state vector with known boundary conditions at t = 0
and t = T; given by vectors b and C. The vector A is an n x 1 component
costate or adjoint variables vector. The vector functions Fy and F, are
assumed continuous. It is the purpose of this section to introduce some
results pertaining to an alternative representation of this problem. This
equivalent representation will facilitate the computational aspects of prob-
lems treated in the latter parts of this book. We begin by reviewing the
concept of state transition from the theory of state space analysis.
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3.8.1 The State Transition Matrix

Consider the dynamic system equations given by the first-order homo-
geneous state space vector form

X(t) = A(O)X(?) (3.8.5)

If A is a square matrix of dimension n whose elements are continuous func-
tions of time defined on the interval t, < t < ¢, and X, is an initial condition
vector at time t,, then there exists at most one solution X(t). This solution
can be written as

X(1) = ®(t, 19)X, (3.8.6)

The square matrix ®(t,t,) is frequently called the fundamental or state
transition matrix. It is clear that

d% ®(1,1,) = AP, 1) (3.8.7)
D(1g,10) =1 (3.8.8)

A basic expression for @(z, ;) in terms of the system matrix A is given by
the Peano-Baker series

(D(t,to)=l+J:; Alo,)do, +f A(GI)J:; A(6,)do,do, + - (3.89)

This series can be summed if A is a real constant matrix, and in this case we
have

D, t0) =1+ A(t — to) + AX(t — 1g)>2 4 -+ (3.8.10)

In view of the similarity between this series and the scalar series for e®, it
is logical to define the matrix exponential by

eA=T+A+(A?2)+--- (3.8.11)
This definition is useful since it permits us to express the solution as
X(1) = ert 719X, (3.8.12)

One of the useful properties of matrix exponentials is that if A is a diagonal
matrix, then its exponential is also diagonal. We have

e* = diag(e™!, e, .. .) : (3.8.13)
for

A = diag(a,,,dzs, - . .) (3.8.14)
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Other properties include

FIAP _ plAp (3.8.15)
If AB = BA, then (3.8.16)
ereB = oATE (3.8.17)

The main importance of this is based on the extension to stipulate that if A
and its integral commute, i.e.,

A(t) ﬁ' A(o)do = < ﬁ ' A(o) da> A(D) (3.8.18)
then
1
O,1,) = exp( ﬁ A(o) da> (3.8.19)
Two important computational properties of the transition matrix are
D1, 1,)D(1t2,15) = D1y, 15) (3.8.20)
D(t;, ;)" = Dy, 1) (3.8.21)

The transition matrix concept is useful in the case of the inhomogeneous
linear dynamic system described by

X(1) = AOX(0) + (1) (3.8.22)
The solution is given by
X(t) = ®(1, 10X + ﬁ '®(t,0)f(0) do (3.8.23)
In the case of a constant matrix A, the above reduces to
X(t) = eA 00X 4+ f(: A (q) do (3.8.23)

Taking stock of the above we now proceed with the treatment of the funda-
mental problem given in Eqs. (3.8.1)—(3.8.4).

3.8.2 Nonlinear Two-Point Boundary Value Problem Representation

Assume that we have an ordinary nonlinear vector differential equation
of the form

y(t) = F[y(1), t] (3.8.24a)
This system is subject to the general boundary conditions

g[y(0)] + h[y(Ty)] = C (3.8.24b)
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Here F, g, and h are suitable vector-valued functions and C is a constant
vector. Let y be an n x 1 vector. Observe here that (3.8.24) represents a more
general setting for our fundamental problem.

We give a method for representing (3.8.24) in an operator form. This
follows by defining

f(t) = F(y,t) — V(1)y (3.8.25a)
d=C - {g[y(0)] + h{y(T)]} + My(0) + Ny(T;)  (3.8.25b)

Here V(t), M, and N are n x n matrices, and g, h, d, and C are n x 1 vectors.
Using (3.8.25) we obtain the equivalent formulation for (3.8.24):

y=V@y + 1) (3.8.26a)
subject to the boundary conditions
My(0) + Ny(T;) = d (3.8.26b)

We remark here that so far, V(¢), M, and N are arbitrary. However, since
(3.8.26a) is explicitly linear in y, there will be restrictions on V(#), M, and
N such that a solutton to (3.8.26a) can be obtained.

Let V(t) and f(r) be defined on (0, T;) and assume that there is a Lebesgue
integrable function m(t) on (0, T;) such that

VOl < m@),  |f(0)] < m()
Under these conditions we can write the unique solution for (3.8.26a) given
initial value y(0) as
y(t) = ®¥(¢,0)y(0) + ®"(1,0) f; DY (0, 5)f(s) ds (3.8.27)

Here ®"(1, s) denotes the state transition (fundamental) matrix of the force-
free system

y(1) = V(ny()

This is a straightforward application of (3.8.23).
The value of y(t) at t = T is obtained using (3.8.27):

Y(Tp) = ®"(T;, 0)y(0) + ®Y(T,0) fo“ @Y (0,5f(s)ds  (3.8.28)

Substituting (3.8.28) in the boundary conditions (3.8.26b) and simplifying,
we obtain

y(0) = D¢ (3.8.29a)
D! =M + N®Y(T;,0) (3.8.29b)

E=d-N fOT‘ ®Y(T,, s) f(s)ds (3.8.29¢)
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This means that the initial value of y is obtained uniquely provided that D"
indicated in Eq. (3.8.29b) exists.
We can now write an equivalent representation of the system (3.8.26) as

y(t) = HY¥(1)d + fO"GVW(r, s)f(s) ds (3.8.30)

The following function definitions are involved in (3.8.30):
HY»~(t) = ®¥(1,0)D (3.8.31a)

GV(t,s5) = HY*¥(M®"(0,5), 0<s<t
= —H"*~()N®"(Ty, ), 1<s< T, (3.8.31b)

The proof of (3.8.30) is straightforward and is therefore omitted.

Our nonlinear two-point boundary value system (3.8.24) is written using
(3.8.30) and (3.8.25) as

y(1) = H"»¥(6){ C — g[y(0)] — h[ y(T;)] + My(0) + Ny(T)}
+ fO"GVMN(z, S){F[y(s), 5] — V(S)y(s)} ds (3.8.32)

It is worth remarking here that the representation of (3.8.32) is not unique.
The choice of M, N, and ¥(1) will change the form of (3.8.32) for any given
system. The conditions limiting our choice are the boundary compatibility
conditions:

V|| < m(t) (3.8.33a)
and
det[M + N@¥(T,0)] # 0 (3.8.33b)

3.8.3 A Specialization
The results obtained above are specialized to the problem given in (3.8.1)~

(3.8.4). Here we have that the boundary conditions (3.8.3)-(3.8.4) can be
expressed as

My(0) + Ny(T() =d (3.8.34)

wefo s}~
[} o[

Observe that (3.8.34) is of the same form as (3.8.26b).

where we have
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We choose as the 2n x 2n matrix V(t)

[t

This has the property of zero higher order powers. The state transition matrix
is then simply obtained from consideration of Eq. (3.8.10):

DV(t,s) = ¥t
=1+ (— sV +3(t—s)*VZ+---

N
(D(t’s)_l:(t—s)l I]

We claim that M, N, and V are boundary compatible. The matrix D!

obtained is
0 I
_1 _
D _[T,I 1}

A simple inversion process yields

The result is

-1 1
EAR o
_ f f
D= | 0

t t
-1 =1
(-7 7

For GY**(t, s) we have by using (3.8.31b) the following result:

1 sI . |
Vamn(; —— 0<s<t
G s) Tf[s(t—Tf)I (Tf—t)l:l’ =5=

Yt — L [(s— 1) —1], t

— <s<T
T, | t(s — TOL —11 $=

The function f(¢) is given by
f(t) = F(y, 1) — V(2)y
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In subvector form this turns out to be
f,=F,, fy=Fy—-A

The equivalent representation can now be written as

TA®) = [X(T) = XO)] + [ {sFu9) = [Fx(s) — A(s)]} s

+ [T 45 =~ TOFA®) — [Fx(s)— A9)]} ds (3.8.352)
TX(t) = [(T; — HX(0) + tX(T)]
+ {1 {5t — TYFAs) + (T; = O[Fxls) — A®]) ds

+ [T {ts = TOFA®) — ([Fx(s) — A®)}ds  (3.8.35b)

3.9 ITERATIVE SOLUTION OF NONLINEAR SYSTEMS

Systems of nonlinear equations invariably arise as optimality conditions
in many economic operation problems discussed in this work. The ability to
solve these equations is a prerequisite for the successful implementation of
optimal strategies. In contrast to the case of linear systems, direct methods
for the solution of nonlinear equations are usually feasible only for small
systems of a very special form. As a result, we resort to iterative methods
designed to generate an improved sequence of approximations to the solution
based on an initial guess approximation.

Successful implementation of optimal strategies depends to a large extent
on the performance of the iterative method adopted. A method that performs
well for a certain system may fail for another. Consequently the need exists
for the study of a variety of methods. Satisfactory performance calls for
reliable, fast, and efficient methods. The merits of each algorithm for a certain
application can be judged according to criteria related to speed of conver-
gence, sensitivity to roundoff and truncation errors, as well as computational
complexity. Our purpose in this section is to describe some iterative methods
that are useful in our treatment.

3.9.1 Some Preliminaries

A given system of simultaneous nonlinear equations can be expressed in
many different ways. Two of the common ones are the T-form and the F-
form. In the T-form, each component of the unknown vector is expressed
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as a function (or mapping) of all the vector components. We thus have the
system

x; = Tix1,X%5,...,Xn), i=1,...,N

In compact vector form we write
x = T(x) (39.1)

where T is an appropriately defined mapping or operator. Alternatively we
can absorb the vector x into T and consider the compact F-form

F(x)=0 (39.2)
Clearly this implies the splitting
(I — T)(x) = F(x) (39.3)

where 1 is the identity operation.
Let us take for an example the problem of finding the square root of 2,
which can be formulated as solving

x?=2 (A)

Equation (A) can be reformulated in infinitely many different ways. Among
these we have the equivalent T-forms

x=2/x (B)
x =02+ x)/(1 + x) €
x=(4+ 3x)/(3 + 2x) (D)

On the other hand, an expression in the F-form would be
F(x)=x*-2=0 (E)
A natural way of generating a sequence of approximations {x*'} is defined
by the successive approximation algorithm based on the T-form given by

x*+ D — T(x®), k=0,1,... (3.9.4)

One starts with an initial guess x'”, and then constructs the sequence
x W x@x3 . as follows:

xH = T(x(o)), x? = T(x(”)
Let us emphasize here the fact that the sequence may or may not converge

depending, among other things, on the form T. This we illustrate for our
scalar example by observing that, based on the form of Eq. (B) starting at
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Fig. 3.6 Oscillatory iterations.

x!9 = 1, the sequence proceeds as
=2 XD

We see that the iterates just oscillate around the solution point. The situation
in this case is illustrated in Fig. 3.6. This sequence’s performance is contrasted
with that based on Eq. (E). In this case the iterates proceed as

=15 xP =14 x3=1416667

This clearly is converging to ﬁ This situation is illustrated in Fig. 3.7.
The sequence based on Eq. (D) proceeds as

xM =14, x? = 1.4138, x? = 14142

The sequence generated by Eq. (3.9.4) is called a contraction mapping or
a Picard’s sequence. Strictly speaking, a mapping T is called a contraction
if there is an a such that

ITo0 — Ty <ol —yl| (39.5)

for 0 < a < 1. Here the norms are taken in the appropriate space under
consideration. The mappings in Egs. (C) and (D) are contractions. We show
this for the former by writing

2+x 24y

1
Tx) = Ty)= 1771 +y_[(1 + x)(1 +y)][y—ﬂ
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Fig. 3.7 A convergent sequence of iterates.

For x, y > 0, we see that the first bracket above is less than 1. For instance
put x,y > 0; then o =%, which is clearly within the permissible range
0 < o < 1. In the case of the second mapping we have

C443x 443y 1

T =T =3 57373, " Grmary )

For the same range as before we find « = 0.06. We note how the change in
the T-form affects convergence (as per inspection of sequence of iterates as
well as a).

3.9.2 The Modified Contraction Mapping

Let us consider the compact T-form expression of Eq. (3.9.1). It is clear
that an equivalent formulation results if we introduce a new mapping S(x)
to modify the system according to

x — S(x} = T(x) — S(x)
Now, provided that the mapping (I — S) is invertible, we can write

x = ([ —S)"[T(x) — S(x)] (3.9.6)
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This defines the modified form
x = G(x) (3.9.7)
where
G(x) =1 - S)"[T(x) — S(x)] (3.9.8)

If we now use the idea of successive approximations of (3.9.4) we obtain the
modified contraction mapping (MCM) sequence

x4+ D = (1 - 87 [T(x*) — Sx*)] (3:99)

Our motivation in developing the MCM is the observation that the direct
application of (3.9.4) often does not lead to a convergent sequence of approxi-
mations. On the other hand, the modified form (3.9.9) may lead to a con-
vergent sequence. We remark here that different choices of the mapping S
lead to different methods. We show here some of the common forms.

Given an operator A which is invertible, the choice

S=1—-A (3.9.10)
leads to the T-form sequence
XD = AT T®) — (- Ax¥] (39.11)
Simplifying, we have
x®*HD = x® _ A~ — T)x®) (39.12)
We can write the above in the F-form as
x®+D = x _ A~ 1F(x®) (3.9.13)

This we recognize as the n-dimensional paraliel chord method. In the single
variable case the method consists in replacing F at the approximation x*
of x* by a linear function

I(x) = a(x — x¥) + F(x®)
with a suitable o, and then taking the root x***1) of | as a new approximation
to x*.

The proper choice of A is an important question which leads to many
variants of the method. One simple possibility is A = ol with some scalar
o # 0. The simplified (or modified) Newton method is a special case where
A = F'(x'9)). We thus have

x*+D = x® _ [F(xO] ' F(x®) (39.14)

where F' is the Jacobian evaluated at the initial guess x'.
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3.9.3 Newton’s Method

It is noted that different mappings S, could be chosen at each step in the
iteration. We can thus rewrite a dynamic form for (3.9.9) as
x* D = (I — S~ [T(x®) — S, (x™] (3.9.15)

The particular choice

Si(x¥) = T'(x®) (3.9.16)
leads to Newton’s method. In the T-form, we have
XD T (xkx* D = T(x*) — T'(x®)x® (3.9.17)
Recalling Eq. (3.9.3), we have
Fx)=1-T (3.9.18)

Application of (3.9.18) to (3.9.17) results in the more familiar F-form for the
method given by

X6+ D = x® _ [F/(x®)] " F(x®) (39.19)

The operator F’ is often called the Jacobian and it is noted that the cal-
culation and inversion of this operator of first derivatives is quite involved
for certain problems of interest. The most direct way to avoid computation
of F'(x) is to use difference quotients to approximate the partial derivatives.
Typically we would employ either

" fifox; = h;;' [f,- <x + i h,-ke"> — f,-<x + jg h,-ke">j| (3.9.20)
k=1 k=1

or

&fi/ox; = hi; '[ filx + he’) — fi(x)] (3.9.21)

where h;; are given discretization parameters and e’ is the jth coordinate
vector. The generalization of this approach is the discretized Newton
iteration given by

xED = xb _ j(x®) g0y~ F(x®) (3.9.22)
Here the difference matrix J is given by
J(x, h) = [Ai(x,h)] (3.9.23)

where A;; denotes any difference approximation of df;/0x;. The choice of the
parameters h'* is crucial to the convergence of the algorithm. For the simple
choice ' = h the rapid convergence typical of Newton’s method is no



3.9 ITERATIVE SOLUTION OF NONLINEAR SYSTEMS 117

longer preserved. This can be somewhat restored with the choice
% = v,k (3.9.24)
where the sequence {v,} has the property

lim v, =0

k—

There are other modifications of Newton’s method. Two such modifica-
tions are given by

xEF1 = 5 _ y Fr(x®) = TR (x®) (3.9.25)
and
xkrD = x® _ [F(x®) + 2,1] 7' F(x®) (3.9.26)

In both cases w, and A, are chosen to ensure that the method is norm reducing,
in the sense that the following holds:

PO} < [P

This will provide a satisfactory convergence behaviour.
3.9.4 Composite Methods

To carry out Newton’s method a linear system of equations must be solved.
Assume that x* has been determined. Then the next iterate would be the
solution of (3.9.19) written in the form

F'(x®)x = F/(xW)x® — F(x*) (3.9.27)

Instead of solving directly for x, we may wish to use an iterative method to
solve the linear equation (3.9.27).
Let us consider the solution of the linear system of equations

Ax=Db (3.9.28)

One of the basic tools in the generation and analysis of iterative methods
for this system is that of splitting. This simply means that the matrix A is
decomposed, or split, into

A=B-C (3.9.29)

In the splitting process, B is chosen to be nonsingular and the linear system
BX =d is easy to solve. As a result, an iterative method can be defined
according to

xm+ 1 — Hx™ 4+ B~ 1}h {3.9.30)
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with
H=B!C (3.9.31)
Or alternatively,
xmtD = xm _ B~ 1(Ax"™ — b) (3.9.32)
If we recursively apply Eq. (3.9.32), we obtain the useful result
X" =x —(I+H+ -+ H")B (Ax'? — b) (3.9.33)

We observe here that the successive overrelaxation method (SOR) is a
special case of Eq. (3.9.30) with the splitting

B=w!(D— wL) (3.9.34)
C=w'[(1 —wD + wU] (3.9.35)

where, A =D — L — U is the decomposition of A into diagonal, strictly
lower triangular, and strictly upper triangular parts.
Consider the general nonlinear iterative method

XK1 = x® _ A - TF(x®) (3.9.36)

which extends (3.9.13) and includes Newton’s method as a special case. We
can subject the matrix A, to the splitting

A, =B, - C, (3.9.37)

where B, is nonsingular. The iterate x** " is the result of solving the linear
system

AXETD = A x® — F(x¥) (3.9.38)

As a result of applying a secondary iteration as in Eq. (3.9.33), we obtain the
composite method

x*+1 — x® ([ 4. HPHB; 'F(x®) (3.9.39)
with
H, = B, 'C, (3.9.40)

In essence, we take m, steps of the secondary linear iteration to approximate
x%*1_ As a special case of the method we have the Newton-SOR method,
in which

A, = F(x®) (3.9.41)
and

Bk = W’: 1(Dk - kak) (3.9.42)
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Here Newton’s method is the primary iteration and SOR is the secondary
iteration.

There are many other possibilities depending on the linear secondary
iteration. As other examples we mention the m-step Newton-—-Jacobi iteration:

XD =x® (1 4 --- + HP " HD, 'F(x®) (3.9.43)

where we decompose the Jacobian into diagonal and nondiagonal parts
F(x%) =D, - C, (3.9.44)
H, = D, !C, (3.9.45)

The one-step Newton—Peaceman—Rachford method proceeds according to
XD = x® _20(V, + al) " {(H, + of) " 'F(x) (3.9.46),
Here « is a parameter and the splitting of the Jacobian is according to
F(x®) = H, + V, (3.9.47)
It is assumed that easy solutions are available for
H+a)x=d and V+al)x=d

For example, if H and V are tridiagonal, we have easy systems of linear
equations

3.9.5 A Continuation or Imbedding Method

The problem of solving the nonlinear system

F(x)=0
can be imbedded in the more general one of solving
H(x,t) =0, te[0,1] (3.9.48)

In the general system given above, t is a parameter. We can assume that H
satisfies

H(x, 1) = F(x) (3.9.49)
H(x,0) = Fo(x) (3.9.50)
with a given system F, for which a solution x° of
Fo(x)=0

is known. Observe that even if F does not depend naturally on a suitable
parameter ¢, we can always define the family H satisfying (3.9.49) and (3.9.50)
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in many ways, such as

H(x,t) = tF(x) + (1 — )Fy(x) (3.9.51)
Now if we make use of the substitution
Fo(x) = F(x) — F(x?) (3.9.52)
we obtain the alternative form
H(x,?) = F(x) + (t — 1)F(x°) (3.9.53)

Let us assume that there is a continuous vector function x(¢) such that over
the interval (0, 1)

H(x(1),t)=0
An approach to obtaining x = x(1) is to discretize the interval (0, 1) by
O=ty<t; < "<ty=1
and consider solving the problems
H(x,t) =0, i=1,...,N (3.9.54)

We can now use an iterative method which employs the solution x“~ of
the (i — 1)th problem as an initial guess to solve the ith problem. The guess
x~V will be a good guess to xV if t; — t;_ is sufficiently small.

3.10 COMMENTS AND REFERENCES

The broad spectrum of topics outlined in this chapter and the wealth of
existing literature on each make it difficult to adequately cover and to even
attempt a partial listing of reference work. Instead, our listing is confined to
works that influenced the authors in preparing this chapter. In many of the
references given here, the reader will find comprehensive coverage of the
literature.

SECTION 3.2

The material in this section is standard in textbooks on linear algebra,
control and system theory, and allied fields of application. Among references
that are easy to follow are Bellman’s classic (1970), Gantmacher (1959), and
Pease (1965). One aspect not touched in this brief review is sparse matrix
manipulations. Readers interested in this important aspect may consult
Tewarson (1973), Brameller et al. (1976), and Jennings (1977).
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SECTION 3.3

The fundamental ideas outlined here are classical and are found in many
sources. The algebraic approach of completing squares is used in Bellman’s
treatise on matrices (1970). Among the many excellent references we cite
Himmelblau (1972), Luenberger (1969, 1973), and Mangasarian (1969).

SECTION 3.4

The dynamic programming methodology is standard in all books dealing
with optimal control and operations research. For lucid treatments we refer
to the two books by Bellman (1957, 1961), and Bellman and Dreyfus (1962).
Larson’s book (1968) offers a very readable review and introduces the com-
putationally advantageous approach of state incremental dynamic pro-
gramming,

SEcCTION 3.5

For rigorous treatment of variational calculus principles the interested
reader may consult many excellent books. Among these we mention Akhiezer
(1963), Bliss (1963), Elsgoc (1961), Gelfand and Fomin (1963), and Hestenes
(1966).

SECTION 3.6

The original work by Pontryagin and his associates is recorded in their
book (1962). For a comprehensive treatment of the maximum principle we
have Athans and Falb’s monumental work (1966). Feldbaum’s contribution
(1965) treats dynamic programming and the maximum principle. Many
excellent textbooks exist dealing with optimal control wherein may be
found adequate coverage of variational calculus, dynamic programming,
and the maximum principle. Among these are Bryson and Ho (1969),
Lapidus and Luus (1967), and Sage (1968).

SECTION 3.7

The basic concepts of functional analysis are treated in many books. Our
list includes Dunford and Schwartz (1958), Kolmogorov and Fomin (1957),
Simmons (1963), Taylor (1958), and Vulikh (1963). Engineering oriented
treatments of functional analysis fundamentals and applications in optimiza-
tion are given in Dorny (1975), Luenberger (1969), and Porter (1966).

SECTION 3.8

The fundamentals of state space representations of systems and the concept
and results pertaining to the state transition matrix are treated in many
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excellent books. Readers interested in further details may consult any of the
works by Brockett (1970), DeRusso et al. (1965), and Ogata (1967). The
two-point boundary value problem representation given here is based on
results presented in Falb and DeJong (1969).

SECTION 3.9

For comprehensive and rigorous treatments of the material discussed in
this section we have Collatz (1966), Ortega and Rheinboldt (1970), Ostrowski
(1960), Rall (1969), Traub (1964), and Varga (1962).
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CHAPTER

4
All-Thermal Power Systems

4.1 INTRODUCTION

The intent of this chapter is to treat problems of optimal economic
operation for systems with predominantly thermal generation. Chapter 2
provides the basis of our present discussion. Thermal plant input—output
modeling as well as electric network models are the essential ingredients
for this chapter.

Two distinct classes of problems arise according to the choice of the
electric network model. The first employs power balance equations which
include the active power balance with or without transmission losses
accounted for. Within the same class, we also consider the case including
the active—reactive power balance equations in the optimization. These are
treated in the following section, which concludes with a discussion of a
more detailed model for the plant input—output model. The second class
of problems is offered by what is commonly referred to as the optimal load
flow. As the name implies, the electric network model used in this case is
the most detailed one, namely, the load flow equations. This is dealt with
in Section 4.3.

It is important to note that the results of an all-thermal dispatch solution
can be applied directly to a hydro—thermal system. In this case an equivalent
thermal characteristic can be used to replace the hydro plant’s characteristics.
This approach will be treated in the next chapter.

124
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4.2 DISPATCH USING POWER BALANCE MODELS

We have seen in Chapter 2 that the performance of the electric network
can be modeled using power balance models. The problems treated in this
section employ such models. We begin with the simple active power balance
model, which leads to the classical equal incremental cost loading principle.
This we follow by the formulation using the transmission loss formula.
As a result the concept of penalty factors emerges. The extension of the
results to include more detail by utilizing the active—reactive power balance
equations is done next. To conclude this present section we briefly consider
the problem of including valve throttling losses into the formulation. For
the sake of brevity we only consider the simple active power balance model
in this last part of the section.

4.2.1 Transmission Losses Neglected

Consider the operation of m thermal units denoted by the set R, to satisfy
a given active power demand Pp,. The total fuel cost of generation is

Fr= Y F(P,) (4.2.1)

ieRg

The active power balance equation neglecting losses is

P,= Y P, 4.2.2)

ieRg

The problem of interest is to find the optimal active power generations
minimizing the cost (4.2.1) while satisfying (4.2.2).

This constrained minimization problem may be solved using variational
principles. An augmented cost function is formed. This is given by

F=F + A[PD -y PS,] (4.2.3)
ieRg

The new variable A is a Lagrange-type multiplier. The conditions for an
extremum are

oF/oP, =0, ieR, (4.2.4)
Performing the partial differentiations indicated in Eq. (4.2.4) we obtain
(0F;/0P,) — A =0, ieR, 4.2.5)

Note that each unit’s cost is independent of the generations of other units.
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The expression obtained in Eq. (4.2.5) leads to the conclusion that
A = 0F /0P, = 0F,/0P,, =" (4.2.6)

The implication here is that for optimality, individual units should share
the load such that their incremental costs are equal. We can see that the A
is simply the optimal value of incremental costs at the operating point.

Implementing the optimal solution is straightforward and we show here
the treatment for the quadratic costs case. Here we have

Fi(Psl-) = + BiPs,- + yiPszp ie Rs (427)
Our optimality conditions are
Bi + 2yiPs,- - /1 = 09 ie Rs (428)

The value of 1 is determined so that Eq. (4.2.2) is satisfied. This turns
out to be

A= |:2PD + Z (ﬂi/?i):l/(zyi_ Y (4.2.9)

ieRg

Finally, optimal generations using Eq. (4.2.8) are
Ps.«); =(A— B2y (4.2.10)

The solution to this simplified problem can be used as an initial estimate
for solutions of more complex problems requiring iterative solutions. It
can also be used on its own in cases where the assumption of negligible
loss is valid. One such case is when the thermal units are on the same bus
at the thermal power plant. Our developed theory can be used to obtain
a single equivalent representation for the plant based on economic con-
siderations. This we outline in the following.

SINGLE EQUIVALENT MACHINE REPRESENTATION

Assume that m thermal units are operating in parallel to supply a power
demand P,. We are interested in obtaining the cost parameters og, P,
and yg of the single equivalent unit with cost

Fy(Pp) = g + BePp + 7eP3 (4.2.11)

The solution to this problem is easily obtained by noting that the individual
units will share the load optimally. This means that F; in Eq. (4.2.11) is
the optimal cost for the system. The conditions for optimal operation as
obtained before are given by Egs. (4.2.8) and (4.2.9). The optimal cost can
then be obtained using Egs. (4.2.1) and (4.2.7). Rearranging and equating
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the resulting expression to (4.2.11), the equivalent parameters obtained are

vEL= ) %t (4.2.12)
ieRg

(Be/ve) = .% (Bi/v:) (4.2.13)

A = _% [“i - (.812/4“/1)] + (.8125/4?E) 4.2.14)

A special case is one in which the m units are identical. Qur equivalent
parameters for this case reduce to

YE = v/m (4.2.15)
Be=8 (4.2.16)
op = am 4.2.17)

The above result can be verified directly by noting that identical parallel
units will share the load equally.

It is quite important to obtain an estimate for the loss of economy in
assuming that units of slightly different fuel characteristics are identical.

Let us assume that the individual units have parameters
o = X, Bi = x:p, Vi =Xy

If we assume for an approximation that the factors x; are unity we are led
to the conclusion that the load should be shared equally between the plants.
The total cost, denoted by Fy,,,, is then given by

F(im = [a + (BPp/m) + (yPE/m*)] ¥ x;
i=1
On the other hand, our optimal allocation involves a cost F,,. This is

obtained from the optimal equivalent fuel cost expression simply with the
equivalent parameters given by

Ve = v(_i xi‘1>_
o = <a i xi) + (B*/47) |:<m2/

The loss in economy is the difference

M=
__X
A
Na——
[
[Nk
__X
| I

I
—_

E=F(1/m)_Fopt
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This turns out to be a separable function in the power demand and factors
x; given by

E = fi(x;) f(Pp)

fie) = [(Z xi/mz) (& >]

fo(Pp) = [(ﬂ2m2/4)’) + BPpm + )’PIZ)]

It is worth noting that f; is a positive quantity. This is to be expected from
the basic nature of optimality.

with

Example. To illustrate the significance of the loss in economy due to
the inaccurate assumption that parallel units are identical, we consider the
case of two units. Assume that

x; =1, X, =X
We then have
fi(x;) = 0.25(1 — x)2/(1 + x)
Let the cost model for unit 1 be given by
F, =185+ 16.08P, + 1.0322 x 1072P? $/hr

Assuming that the two units are identical, the equivalent cost model
obtained is

F(y2y =370 + 16.08Py, + 5.1661 x 107 3P}
The loss of economy function f, is thus calculated to be
Sfo(Pp) = 25041 + 32.155P, + 1.0322 x 107 2P}

The variation of f; with x as well as E for some possible plant sendouts
are given in the accompanying tabulation. To emphasize the loss of economy

E (8/hr)

x N 150 MW 200 MW 300 MW
1.01 1.244 x 1073 0.3743 0.3976 0.4429
1.02 4950 x 1073 1.4899 1.5785 1.7631
1.03 1.108 x 107# 3.3359 3.5341 3.9476
1.04 1.961 x 107# 59013 6.2519 6.9836

1.05 3.049 x 1074 9.1758 9.7210 10.8586




4.2 DISPATCH USING POWER BALANCE MODELS 129

significance we note that using the above table we arrive at an annual loss
of economy of little over $80,000 for constant plant sendout of 150 MW.
This increases for the 300-MW level to over $95,000 for one year.

4.2.2 Transmission Losses Included

We include transmission losses in our active power balance equation and
inquire into the modifications to the optimal solution obtained above. We
are thus interested in minimizing the total cost given by Eq. (4.2.1) while
satisfying the active power balance equation

Pp= ) P, ,— P (4.2.18)
ieRg
Here Py is the active power loss, which is considered a function of the active
power generation alone.

Following our treatment for the previous problem, we have now the
augmented cost function

F=F;+ i(PD +P - ) PS‘_> (4.2.19)
ieRg
The optimality conditions turn out to be
(OF;/0P,) + A[(0P_/0P,) — 1] =0, ieR, (4.2.20)

Note that with negligible transmission losses Eq. (4.2.20) reduces to Eq. (4.2.5).
It is convenient to transform Eq. (4.2.20) into an equivalent form. This
can be done by defining the following factors L;:

L,=[1—(3P./oP,)]"", ieR, (4.2.21)
We can thus write Eq. (4.2.20) as
L,(0F,;/0P,) = 4, ieR, (4.2.22)

This is of the form of (4.2.5) except for the new factors L, which account
for the modifications necessitated by including the transmission loss. These
are called the penalty factors to indicate that plant costs are penalized by
the corresponding transmission losses. The implication of Eq. (4.2.22) is
that the optimal generations are obtained when each plant is operated in such
a way that the penalized incremental cost are equal. It is worth remarking
here that the terms (6P /0P,;) in Eq. (4.2.21) are called incremental losses.
The optimal solution is completely specified by Egs. (4.2.18) and (4.2.20).
Let us consider the problem of implementing the optimal solution. We
assume that our fuel costs are quadratic expressions as given in Eq. (4.2.7).
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Moreover, the transmission losses are expressed as

Po=Ki, + Y BioP,+ Yy P.B,P, (4.2.23)

ieRg i,jeRs

In this case our incremental loss expressions turn out to be

0P /0P, =By +2 Y ByP,. i€R, (4.2.24)

jeRg

We can conclude then that Eq. (4.2.20) requires

fi=Bi+29,P,, + A<B,~0 —1+42 5 BUPSJ> 0, ieR, (4225
JeRs
The multiplier A obtained is such that the active power balance equation
is satisfied. In our present case this is given by
g=Ppo+ Ko+ Y (Bo—DP,+ > P.B;P =0 (4226)
ieRg i,jeRs

Equations (4.2.25) and (4.2.26) completely specify our desired optimal solu-
tion. We remark here that nonlinearities due to loss inclusion are present in

our case. Iterative solutions need to be obtained.
We suggest that the Newton—Raphson method will be successful in solving

the set of algebraic equations. Let us evaluate the derivatives of our equations
with respect to the unknowns.

6f/6P = 2 ’)), + /lBii), ie Rs (4227)

of,/0P, = 2By,  i,jeR, (4.2.28)

of,/04 = <Bi0 ~1+42 Y B jPSJ,), ieR, (4.2.29)
jeRs

8g/oP, = <Bi0 —1+42 Y B,JPSJ> ieR, (4.2.30)
jeRg

8g/0i =0 (4.2.31)

The above derivatives are needed for forming the Jacobian matrix necessary
for Newton—Raphson iterations. The vector structure we adopt is

[f] - _[pr Iy ‘] [AP] (4.2.32)
g Jop Jg | AL

Here J,p is a square symmetric matrix of partial derivatives of f; with
respect to P;. Elements of Jp are given by Eqgs. (4.2.27) and (4.2.28). Now

J; is a column vector of f; derivatives with respect to 4 which are given
by Eq. (4.2.29). J,, is a row vector of derivatives of g with respect to P,
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which are given by Eq. (4.2.30). Note that
Jqp = JT'{.
Finally, J,; is a single element given by Eq. (4.2.31) as zero.

With the above result we state that successive corrections vector (AP)
and (AZ) are obtained from

M BT e
AA Jra O g

These turn out to be

Ad=[g— 37 I ]/T (4.2.34)
AP =J M I 4 — 1] (4.2.35)

with
r=J5d:,J5 (4.2.36)

Thus starting with estimates P® and A” for our unknowns, new improved
estimates are obtained according to

A=k — AL (4.2.37)
P! =Pk - AP (4.2.38)

As the iterations progress the solution to the problem is obtained to the
desired degree of accuracy. It should be noted that the initial estimates
for the solution are best obtained by assuming negligible losses. This is the
case discussed in Section 4.2.1, where a set of linear equations defines the
optimal solution.

UNREGULATED SOURCE CASE

A case of interest arises if the generation of some of the system sources
is already predetermined. These sources will be referred to as unregulated.
Let the set of such sources be denoted by Ry, and let Ry denote the dis-
patchable sources. If the transmission losses are neglected then our problem
is simply resolved by writing the power balance equation with a new power
demand obtained by subtracting the unregulated generations from the
original power demand.

Further modifications are needed for the case including transmission
losses. Here we write the transmission loss expression as

P =K, + Y BoPi+ Y)Y PB;P;

ie Rsr i, je Rer
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where the new constant term is defined by

Ki, =Ky, + Y BoPi+ XY PB;P;
ieRyu i, je Reu
The loss contributions of the unregulated sources will thus modify the
original K, . The new linear coefficients are similarly defined by
Bio=Bip+2 Y. ByP;

jeRsu

Finally, the power balance equation is written as

Ppo= ) P—P.  with Po=pPp— > P

ie Rgr ie Rgu

4.2.3 Active—Reactive Balance Included

In Chapter 2 it is pointed out that a description of the electric network
performance which is more detailed than the active power balance model
is possible. The resulting model is given by the active—reactive power balance
equations (2.4.45) and (2.4.46). Here the active power loss is given by Eq.
(2.4.26) and the reactive power loss is given by (2.4.47). Clearly the inclusion
of reactive power in the optimization process is of interest. This we treat
presently.

We consider an all-thermal system for which an optimal schedule is
sought. The schedule should minimize the combined objective functional

F=Fy+F, (4.2.39)

The functional F; is the usual one based on the fuel cost model given in
Eq. (4.2.1) as

Fr= )Y Fi(Py) (4.2.40)

ie Ry
The second term F, is based on the reactive capability functional (2.6.5).
This is given by
Fo=Fgo+A"Q,+ QJKQ; (4.2.41)
The constant F,,, the vector A, and the matrix K are assumed to be known

a priori. The schedules are designed to meet specified active and reactive
power demands. The network performance is given by

Po+P ~ Y P, =0 (4.2.42)
ieRg
Op+0.— Y Q,=0 (4.2.43)

ieRg
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Optimality conditions can be obtained in a way similar to the preceding
discussion. This time, since we have two equality constraints, we will need
two Lagrange-type multipliers, which we denote by 4, and 4,. As a result
the augmented objective functional is written as

Fy=F+3, (PD +P - Y Psl,> + 4, <QD +0.- Y Q> (4.2.44)
icRg ieRg
The decision variables are the active power generations P, and the reactive
power generations Q.. We thus have the following necessary conditions:

0F,JoP, =0, iR, (4.2.45)
OF,J0Q, =0, ieR, (4.2.46)

Performing the indicated partial differentiations the following is obtained:

(OF./0P,) + A,[(3P /0P,) — 1] + 2,(0Q./0P,) =0,  ieR, (4.2.47)
(OFg/0Q,) + A8PL/0Q,) + A,[(001/0Q,) — 1]=0,  icR, (4249)

The optimality conditions are thus given by the equality constraints (4.2.42)
and (4.2.43) together with (4.2.47) and (4.2.48). In all we have double the
number of equations required for the active power balance approach.

The above optimality conditions yield as a special case the conditions
for dispatching active power balance only. In this case the terms in reactive
power disappear. The implementation of the conditions is very similar to
the case discussed in the preceding section.

4.2.4 Valve-Point Considerations

In defining thermal cost models in common use, the assumption of
monotonically increasing cost curves is employed. This leads to polynomial
cost models which are the basis of most dispatch algorithms treated in
this work.

This assumption is not everywhere valid because of the throttling losses
near valve points, as discussed in Chapter 2. These losses introduce negative
slopes into the incremental cost curves. Our object here is to discuss the
possibilities of accounting for valve characteristics and outline a dynamic
programming approach for valve-point dispatch.

Various mathematical models exist that attempt to approximate the unit
performance characteristics while accounting for valve characteristics. The
models are basically polynomial approximations that change with the valve
zone. Two such models are described here. The first, which is referred to
as the valve step model, assumes constant incremental fuel cost in each
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valve zone. This is expressed for the ith valve region as
F=ua,+ P, Pminj < P < PmaX|

The second assumes a linear variation of the incremental fuel cost in each
valve zone and is called the modified valve step model:

F=o,+BP + P> P <P<P™

In both models, «;, 8;, and y; are evaluated from experimental testing, when
applicable for each zone.

A turbine loaded at a valve point just before the next valve opens is
working at maximum efficiency at that loading. Operation off that valve
point is less efficient due to the throttling losses. Therefore if all parallel
turbines are loaded on selected valve points maximum efficiency can result.
The concept of valve-point loading, useful as it appears, is inherently unsuited
for matching generation to a continuously varying load. Therefore a certain
amount of capacity must be withheld from valve-point operation in order
to be operated in a continuous manner so as to supply the continuously
varying load portion not met by the valve-point sources. It is clear that a
powerful and a flexible optimization technique is needed to handle this
complex problem. Dynamic programming meets this requirement and we
describe here the basic idea of such a dispatch algorithm.

A DyNAMIC PROGRAMMING APPROACH

The system considered contains m thermal units. The fuel cost models
are assumed given in a general tabular form for each thermal unit. Losses
are neglected and only active power balance is considered here. This allows
for accounting for valve points.

The method proceeds by assuming that enough capacity can be provided
by units 1 and 2 to satisfy the demand Pp. The cost of meeting the demand
can thus be expressed as a function of the output of unit 2. Let us define an
optimum output P%¥ and the associated function

SoAPp) = n;in [FI(PD - Py) + Fz(Pz)] (4.2.49)

Here F, and F, are the costs of units 1 and 2, respectively. We next assume
that units 1, 2, and 3 are to satisfy the demand. The cost in this case can be
expressed in terms of output of units 2 and 3 and thus we define the function

fras .
f3(Pp) = min [F(Pp — P, — P3) + Fy(P)) + F3(P3)]  (4.2.50)

P2, P3
Expanding, we have
f3(Pp) = min {min [F(Pp — P, — P3) + F5(P,)] + Fy(Py)} (4.2.51)

Py P,
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Comparing Eq. (4.2.50) and Eq. (4.2.51), we conclude that
f3(Pp) = Ir;in [F3(P3) + fo(Pp — P3)] (4.2.52)

Let us denote the optimal value for the output of unit 3 by P¥.
We can now state the following recursive relationship:

f(Pp) = min [FAP)+ f—i(Po—P)], Jj=2,...,m (42.53)

In particular, for the case when all machines are supplying the load

fm(PD) = Igln [Fm(Pm) + fm—l(PD - Pm)] (4254)

and the associated optimal mth unit generation is Pj}.
Ringlee—Williams procedure requires the generation of the functions f;
for the range of power demands

Pp .. <Pp<Pp

max

Starting from Eq. (4.2.54) for a given power demand, the optimal P} is
obtained. Obtain the modified power demand given by

P,  =P,— P} (4.2.55)
For this demand we obtain the optimum P _, from

fm—l(PD,,,‘l) = min [Fm—l(Pm—l) + fm—Z(PDm_1 - Pm—l)] (4.2.56)

Pm-1

We can now define
Py, ,=Pp, ,—Pr_y (4.2.57)

With this we repeat the above procedure. The optimal schedule for the m
generators is thus generated for the desired power demand.

4.3 OPTIMAL LOAD FLOW

The most rigorous steady state electric power system network model is
provided by the load flow equations discussed in Chapter 2. An optimal
load flow problem is one that incorporates this exact model in the formula-
tion. The dispatch methods treated so far in this chapter used models of far
less dimension and sophistication. Some relevant variables such as generator
voltage magnitudes are not included in the optimization procedure of these
methods. As a result, constraints imposed by considerations of system
security are not easily handled by procedures using the power balance or
traditional models. The advantage of optimal load flow lies not so much in
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higher accuracy. More important is its ability to include security constraints
in the formulation.

4.3.1 The Carpentier—Siroux Approach

It is required to minimize the cost I given by
I=F(Pg)

where P is the active power generation vector, subject to the equality and
inequality constraints:

(1) The net active and reactive powers into the system (injected power)
are functions of the voltage magnitudes V; and the corresponding phase
angles J;. This is expressed by Eqgs. (2.4.60) and (2.4.61), which are repeated
here as

P(8,V)= Y VVY;cos(5; — 3; + 0, ie Ry 4.3.1)
jew
= Y WV;Y;sin(; — &; + 0,), ie Ry 4.3.2)
jea;

In the above the set «; includes all buses connected to the ith bus, and Y,
and 0;; are the magnitude and phase angle, respectively, of the (i, j)th element
of the nodal admittance matrix. The net active power P; and the net reactive
power Q; are related to the active and reactive power generations P, and
Qc, and specific demands Py, and Qp, by

¢p = Pi6,V) — Ps + Py, =0,  ieRy (4.3.3)
#g, =0Qi(6,V) — Qg, +Qp, =0, ieRy (4.34)

The above equations are called the injection relations.
(2) Equipment rating limitations impose the following inequality type
constraints:

0, =P% + Q3% —(SM)? <0 (4.3.5a)
fl,=P8 — P;, <0 (4.3.5b)
¥, =Qs — Q¥ <0 (4.3.5¢)
P, =08 —Q05,<0 (4.3.5d)
E=V,—VM<0 (4.3.5¢)
E=VP -V, <0 (4.3.5f)

1y =08,—08,—T;<0 (4.3.5¢)
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S} is the maximum apparent power of the ith generating node, P& is the
minimum active power generation. The maximum and minimum reactive
power generation at the ith node are Q¥ and QF, respectively. We thus
have four inequality constraints for every generating node. The maximum
and minimum allowable voltage levels at all system nodes with the exception
of the reference (slack) bus are V™ and V'™, respectively. The last inequality
is imposed by the maximum power transfer capability of lines and trans-
formers and is an approximation for the real power flow between nodes
given by

P = (VzV,/XU) sin(d; — 5j)
According to the Kuhn-Tucker theorem discussed in Chapter 3, we can

write the augmented cost function (Lagrangian) for the problem stated
above as

T=F+ Y (Upbp+ dtg) + ¥ (Il + mJ1, + e, + 20

ie RN ieRg
+ Y &+TEH+ Y LT (4.3.6)
ie RN i,je Rn

The necessary conditions for optimality are obtained by setting the de-
rivatives of the Lagrangian to zero. We thus have the following set of
conditions:

(1) The differential with respect to active power generations is

oI/oPg, = 0
This results in
(OF/OPg) — A,, + 2m;Pg, — ;=0 4.3.7)
(2) With the reactive power generations we have
aTjoQg, = 0
with the result
—Ag+2mQg, +e,—8=0 (4.3.8)
(3) With the voltage phase angles we have
01/06; = 0
Thus
Y, [4,,(0P;/80)) + 4,(0Q;/80) + (t;; — t;)] = 0 4.3.9)

Jjea;
(4) Finally, with voltage magnitudes
oIV, =0
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The result is
Z [ipj(éPj/OV,-) + 2,,(0Q;/0V)) + |, — I1=0 (4.3.10)

Jea;

In addition, the equality constraints as well as the exclusion equations are
to be satisfied. These are

P{8,V) — PG, + Pp, =0 (4.3.11)
Qi(6,V) — Qg, + Qp, =0 (4.3.12)
m[Pg, + Q% — (S¥)?]=0, m>=0 (4.3.13a)
m(Pg, — Pg)=0, m>0 (4.3.13b)

e(Q, — 08)=0, =0 (4.3.13¢)

e(Q3, — 0c) =0, g >0 (4.3.13d)

(V.- v =0, I;>0 (4.3.13¢)
Lve—w=0  1>0 (4.3.13f)

L6, — 6, — Tiy) =0, ;20 (4.3.13g)

PE + Q% —(S¥) <0 (4.3.14a)
PG, — Pg, <0 (4.3.14b)

Qc, — Q5,<0 (4.3.14c)

06, — 96, <0 (4.3.14d)
V,—v¥<0 (4.3.14¢)
VE-V.<0 (4.3.14f)

8 —6;—Ty;<0 (4.3.14g)

We now offer some interpretation of the significance of the multipliers
(dual variables) involved in the generalized coordination equations. The
variables 4, are the active power incremental costs associated with each
bus. This can be shown by perturbing the active power demand at the ith
bus at the optimal point by an amount APy, . According to Eq. (4.3.11) we
have

AP; — APg, + APy, =0 (4.3.15)
The variation in the augmented cost is
AF + A, A(P; — P5)=0 (4.3.16)
Combining, we obtain
AF — A, AP, =0

As a result,
Ay, = AF/APy, 4.3.17)
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Considering /,,, using the same line of reasoning we can state
Aq, = AF/AQp, (4.3.18)

The solution of the optimal load flow problem can thus provide a rational
way of tariffiing or billing for active and reactive powers at demand nodes.
The reactive power incremental cost 4,, as a result of Eq. (4.3.8) is

l‘h‘ = 2m,~QGi ‘+‘ e,- - Ei (4.3.19)

It is thus evident that a null value for this multiplier is a normal situation
and occurs when all inequality constraints on the reactive power are satisfied.
A positive value for 4, indicates a shortage of reactive power and negative
value corresponds to an excess.

4.3.2 The Dommel-Tinney Approach

The key to this approach are the advances made toward the solution
of the load flow equations. These are repeated here in the hybrid form
given by Egs. (2.4.66) and (2.4.67) as

P(8,V)=V; Y V[G,cos(; — 5, — Bysin(; — 5)]  (4.3.20)

jea;

Q:6,V) =V, Y. V{Gysin(s; — 8;) + Bj;cos(s; — 3;)] (4.3.21)

jea;
The net active and reactive power balance equations are thus
Pi(d,V) — Py, =0 4.3.22)
Qi(d,V) — QOn, =0 (4.3.23)

where Py, is the node injection power and Qy, is the node injection reactive
power.

It has been pointed out in Chapter 2 that in the load flow problem three
types of nodes are identified. Consequently the vector of unknown variables
X can be written in the partitioned form

xT = [x§,x5] (4.3.24)

The components of the vector xg are the unknown phase angles at the
generator buses:

Xg = [6;:i € RG] (4.3.25)

The unknown voltages and phase angles at the load or demand buses make
the vector xp, obey

xp = [V, 0;:i € Rp] (4.3.26)
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The vector y of specified or known variables is partitioned as

y' = [y:>¥6, ¥o] (4.3.27)
The slack bus vector is
vy =[V1,6.] (4.3.28)
The generators vector is
Yo = [Pn,» Vitie Rg] (4.3.29)
Finally, the known demand vector is
¥p = [Px,,On,:i € Rp] (4.3.30)

It is thus evident that the load flow problem can be formulated to be
the solution of

g (x,y)=0 (4.3.31)

The components of the vector function g, are the active and reactive power
equations for each of the load buses and only the active power equation
for each of the generator buses. The Newton—Raphson iterative scheme
is simply

x*tD = x% 4 Ax 4.3.32)
where the increments Ax are obtained from

[J.x®,y)]Ax = —g,(x¥,y) (4.3.33)

The Newton—Raphson method has been developed into a very fast algorithm
by exploiting the sparsity of the Jacobian matrix J through optimally ordered
elimination and compressed storage schemes.

In optimal power flow some of the independent variables in y can be
varied and are thus control variables. We can thus have the alternative
partition for y into a vector u of control parameters and a vector p of fixed
parameters,

y' = [u’,p"] (4.3.34)

Control parameters include y as well as transformer tap ratios. The objective
is to minimize

I = f(x,u) (4.3.35)

where f is the fuel cost written in terms of x and u. The equality constraints
for this problem are the reduced load flow equations

g.(x,u,p)=0 (4.3.36)
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Using the Lagrange multiplier approach we have the augmented cost

T=f(x,u)+ AT - g,(x,u,p) (4.3.37)
The set of necessary conditions follows:

I/ox = Vf +JT4, =0 (4.3.38a)

oljou=Vf, +JT2,=0 (4.3.38b)

81/0A = g(x,u,p) =0 (4.3.38¢)

We note here that Eq. (4.3.382a) contains the transpose of the Jacobian matrix
of the power flow solution by Newton method. For any feasible solution of
the load flow equations, Eq. (4.3.36) is satisfied and A can be obtained from
Eq. (4.3.38a). The gradient 3I/0u will not be equal to zero at this solution
unless the optimum is reached.

The Dommel-Tinney solution algorithm proceeds on the basis of the
above discussion as follows:

(1) Assuming an initial guess of the control vector u'® is available, a
load flow solution is obtained using the Newton—Raphson algorithm. This
also yields the inverse of the Jacobian matrix for the solution point.

(2) Solve Eq. (4.3.38a) for 4,:

A= —[II VS, (4.3.39)

(3) Insert 4, just computed into Eq. (4.3.38b) and compute the reduced
gradient d1/du. If this is sufficiently small an optimum is indicated.
(4) Otherwise, a new, hopefully improved, control vector is calculated

"t = 4+ Au (4.3.40a)
with
Au = —C(31/ou) (4.3.40Db)

The crucial part of the algorithm is the choice of C. Note that theoretically
speaking C can be a diagonal matrix of a dimension compatible with u.
The choice of C according to Dommel and Tinney is

C = 2AI, /(3]/0u)"(81 /o) (4.3.41)
where AT, is chosen as
AT, = 0.04(P.,..) + (penalty terms)

This is for the first iteration. On subsequent iterations C is chosen to get
to approximately the lowest value of I along the steepest descent direction
defined by 61/0u. An alternative is to use the second-order correction formula

Au = —(0*T/0u,0u,) (31 /6u) (4.3.42)
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This algorithm has been confirmed as the simplest and most efficient for
optimal load flow. Variations of these methods have appeared in the literature
and are reported in Section 4.4 (Comments and References).

44 COMMENTS AND REFERENCES

SECTION 4.2

The equal incremental cost loading principle dates back to as early as
1930. A formal proof of the principle for the two-unit case is due to Steinberg
and Smith (1934), who coauthored the first book (1943) on the subject of
economy dispatch. The advent of George’s loss formula led to the penalty
factor concept. Pioneering work in this area is due to George et al. (1949)
and Ward et al. (1950; Ward, 1953). The classical coordination equations
were derived by Kirchmayer and Stagg (1952). Brownlee (1954) offers an
alternative to the loss formula that depends on the voltages and phase
angles. The rapid development of hardware to execute the coordination
equations is evident from the work of Imburgia et al. (1954), Glimn et al.
(1954), Early et al. (1955), and Morrill et al. (1955). Kirchmayer’s two classic
books contributed immensely to the understanding of the theory and its
application (1958, 1959). The active—reactive power dispatch described in
this section can also be found in the text by Edelmann and Theilsiefie (1974).

The basic desirability and justification of valve-point loading has been
discussed for many years. Perhaps the earliest discussion is in the work
of Decker and Brooks (1958). Hayward (1961) describes the method and
discusses various methods of determining the basic incremental heat rates.
Also in Hayward’s work a comparison of methods is given. The work by
Happ et al. (1963) describes a direct method of computing the exact heat
rate characteristics. Ringlee and Williams (1963) introduce the dynamic
programming algorithm for dealing with valve throttling losses. They give
computational experience with a system including 11 units and propose
the linearized version of the loss formula to account for transmission losses.
A highly refined technique is described by Fink et al. (1969). The technique
described in this work is a must reading for its practical value.

SECTION 4.3

Optimal load flow dates back to the early 1960s. The pioneering efforts
of Squires (1961), Carpentier (1962), and Carpentier and Siroux (1963) form
the basis for much of the work in this area. The contributions of Peschon
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et al. (1968) and Dommel and Tinney (1968) provided solid solution tech-
niques for the optimal load flow problem.

There is a wealth of literature on the application of linear and nonlinear
programming algorithms to the optimal load flow problem. Notable among
these are Sasson’s (1969), El-Abiad and Jaimes (1969), Shen and Laughton
(1970), and Ramamoorty and Rao (1970). Sasson and his group (1971)
provide an excellent review and comparison of methods. Further refinements
are found in Billinton and Sachdeva (1972, 1973), Reid and Hasdorff (1973),
Sasson et al. (1973), Dayal and Hasdorff (1974), and Rashed and Kelly (1974).

Additional security constraints were added over the years. These include
line flow inequality constraints and complex power and voltage under
contingency and normal conditions and regulating margin constraints.
Notable in this category is the work of Cory and Henser (1972), Stadlin
(1971), Peschon et al. (1971) Podmore (1974), and Alsac and Stott (1974). The
latter establish the superiority of the Dommel-Tinney solution algorithm.
The recent work of Barcelo et al. (1977) is an impressive contribution that
is suitable for large scale applications.

Recommended review reading on the subject are papers by Happ (1975,
1976) and Sasson and Merrill (1974).
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CHAPTER

5

Power Systems with Hydro Plants Not
on the Same Stream

5.1 INTRODUCTION

The optimal economic operation of electric power systems with all-thermal
generation was studied in Chapter 4. There, two approaches were considered.
The first employs the active power balance equation with transmission losses
accounted for by use of the transmission loss formula. The second approach
involves the exact network model, namely the load flow equations. The
size of the problem is increased considerably in the latter approach.

In the present chapter we treat the problem for electric power systems
which include both thermal and hydro generation. The hydro plants con-
sidered are hydraulically isolated and hence there is no coupling between
hydro plants except through the electric transmission network. Two cases
are considered in the following two sections. The first case is one with
fixed-head hydro plants and is simpler than the second case involving
variable-head hydro plants. Our approach is to use the active power balance
equation to model the electric network in both cases. In the following two
sections we discuss three different approaches for each case.

5.2 FIXED-HEAD HYDRO PLANTS

This section is devoted to a treatment of the optimal economic operation
problem in the case of hydro—thermal systems. The hydro plants are assumed

146
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to have reservoirs large enough to warrant the assumption of fixed head.
We outline the classical approach which is based on the variational calculus
principles and obtain the well-known coordination equations. The treatment
here is for a system with a general number of plants. The coordination
equations method is followed by a dynamic programming approach. Here
we choose to outline the method by use of a system including only one
thermal source and one hydro generation source. The extension to the
general case is obvious and therefore not treated. The third and last approach
illustrated in this section involves the use of functional analytic optimization
techniques and in this case the minimum norm approach is adopted.

5.2.1 The Classical Approach

Consider a system with hydro plants operating at essentially constant
head during the optimization interval. Assume that the fuel cost of the
thermal generation is given by

Fr= ) Fi(P) (5.2.1)
ie Ry

where R, is the set of thermal plants in the system. It is desired to minimize
the total fuel cost

J= fon Fp dt (5.2.2)
The minimization is carried out such that:

(1) The total system generation matches the power demand Pp(t) and
the transmission losses P (t). The set of all hydro plants in the system is
denoted by R;:

Y. P+ Y Pu(t)=Pplt) + Pi() (5.2.3)

ieRg ieRp

(2) The volume of water available for generation at each hydro plant
is a prespecified amount b;:

fTr g(t)ydt =b;, i€R, (5.2.4)

0

A. THE VARIATIONAL SOLUTION

The problem stated lends itself to a variational solution, which leads to
the celebrated coordination equations. The volume of water constraints
are included in the cost functional by using the constant multipliers v;; thus

Iy = fOT"<FT+ y vjqj>dt (5.2.5)

JjeRn
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is to be minimized subject to satisfying Eq. (5.2.3). The latter is included in
J; via the use of the multiplier function A(t). Thus the problem is transformed
into an unconstrained problem of minimizing

J= [ FO+T 0,0 + HOLPo0) + PLO) =T P[0 — TP 0]} di (52.6)

je Ry ieRy ie Ry
The optimality conditions are obtained using variational methods as
(dF;/dP,) + A[(0PL/0P,) — 1]=0, ieR, (5.2.7)
vi(dq;/dP, ) + l[((')PL/aPhJ_) —1] =0, jeR, (5.2.8)

It is obvious that these equations are obtained by setting to zero the
derivatives of the integrand of the cost functional with respect to the decision
variables P, and Py . The last two expressions reduce to the coordination
equations

J = (dF;/dP,) + M0P,/P,) = v{dq;/dPy ) + M@PL/0P,)  (5.2.9)

The coordination equations together with the active power balance
equation (5.2.3) and the volume of water constraints constitute the desired
optimality equations.

The coordination equations have some important consequences. When
the effect of head variations may be neglected, the incremental water rate
dgq/dP, may be multiplied by a water conversion coefficient v which is a
constant over the time period considered. Thus an incremental cost curve
is obtained. This allows the hydro plant to be scheduled in a manner similar
to the thermal plants in the system. The magnitude of v determines the
volume of water withdrawn.

The water conversion coefficient v can be obtained from the coordination
equations as follows: Define the penalty factors L; by

L, =[1-(@P/P)]"", (5.2.10)
L, =[1—(6P/P,)]™" (5.2.11)
Hence, the coordination equations become
A= L,(dF/dP) (5.2.12)
and
A= Ly vi(dq;/dPy) (5.2.13)
Thus
_ L(dF/dP) ) 5214

* Ly(dg/dPy) ~ Ly(dq/dPy)

The coordination equations for a hydro—thermal system are similar in
form to the ones for an all-thermal system. This leads one to reason that it
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might be advantageous to consider replacing the hydro plants by their
thermal equivalent. The thermal equivalent will have an incremental cost
given by

dF;/dP; = v,(0q;/0P}) (5.2.15)

Once the equivalent thermal cost is determined, the problem may be solved
as an all-thermal one.

B. IMPLEMENTING THE COORDINATION EQUATIONS

The coordination equations, obtained in the classical approach, are written
in terms of functions of the control variables. For practical application,
however, these functions have to be specified. The commonly accepted
function definition for the fuel costs is given by the quadratic form discussed
earlier:

Fi(Ps,-) = ai + ﬁiPs; + '))iPsz,w ie Rs (5216)
This leads to the incremental cost given by
dF;/dP,, = B; + 2y,P,,, ieR, (5.2.17)

The functional dependence of active power generated on the rate of water
discharge is given by the expression for incremental water rate as follows:

dq;/dPy,, = B;+ 2y;Py,, JERy (5.2.18)
The transmission losses are expressed using the loss formula, which leads
to the incremental transmission losses given by

0P /0P;=Bjo +2 ). ByP; (5:2.19)

jeRac

Here R denotes the set of all generating plants.
With the above definitions, the coordination equations turn out to be

Bi + 2y:P, (1) + A1) [Ci +2 Y B--P-(t)] =0, ieR, (5220)

gyt J
JeRaG
ke Rg

The constants C; are given by
C;=B,—1 (5.2.22)

The coordination equations are solved simultaneously for active powers,
the incremental cost of received power A(t), and the water conversion factors
v;. The solution is completely specified by taking the following constraints
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into account:

T

[0 T2 + BiPuft) + 7iPE0]dt = b, ieR, (5223)
Kio+Py)+ Y CP()+ Y P{)B,;P1)=0 (5.2.24)

ieRg i,jeRg

In the classical approach the solution of the resulting set of equations
proceeds with the choice of conversion coefficients v;. This choice produces
a converted incremental plant-cost characteristic. Solution of Egs. (5.2.20),
(5.2.21), and (5.2.24) in the remaining unknowns is affected. This solution
determines the amount of water used b; by direct substitution in Eq. (5.2.23).
If the calculated values of b; do not agree with the schedules values, a new
set of conversion coefficients are tried and the process repeated.

5.2.2 A Dynamic Programming Approach

A. PROBLEM STATEMENT

We consider a hydro—thermal system with one thermal plant and one
hydro plant. Hydro generation P, depends on the discharge, and this
dependence will be expressed by writing

Py = Py(q) (5.2.25)

In this expression, P, is the maximum hydro output obtainable from the
discharge ¢q. Line losses P, are given by

P, = B,P? + B,,P} + 2B, P, (5.2.26)

The thermal cost F(P,) is assumed to be an increasing, strictly convex

differentiable function of P, so that [dF(P,)/dP,], the incremental cost of
thermal generation, must also be a strictly increasing function of P. Let

C(P,) = [dF(P,)/dP,] (5.2.27)

The problem of determining optimal system operation is: Find [P(1),
P(2),...,P24)] and [¢(1),4(2), . . ., g(24)] such that

Y. F(P(i)) (5.2.28)

iel

is a minimum. The set I denotes the discretized optimization interval chosen
to be one day discretized on an hourly basis. The active power balance
equation requires that

Pi) + Py(i) = Pyli) + Po(i), i€l (5.2.29)
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Moreover,
Y=V (5.2.30)

With V being the allotted volume of water for the hydro plant. Additional
constraints of the inequality-type include

0 < ¢(i) < Gmax- iel (5.2.31)
and
O0<P, <P<P,. A icl (5.2.32)
B. OPTIMIZATION PROCEDURE
Let

q'°i) = initial average discharge at instant i
P1)i) = corresponding average thermal generation
C(PV(7)) = corresponding plant incremental cost of thermal generation

The values of 4'°)(i) constitute a trial schedule satisfying the volume of water
constraint. Substituting

Pi) = Py(q'¥(i))
in Eq. (5.2.29) and solving, the resulting quadratic equation
B [P(i)]* + [2B4Pi) — 11P((i) + Pp(i) — PR() + Buo[PR(D]* =0

(5.2.33)
in Pi). From this the costs F(P{)(i}) and C(P!!(i)) are obtained.
From Eq. (5.2.20) it follows that
dP, + dP, = (0P./0P)dP, + (0P, /0P;) dP,
or
ip, = L= OPPY (5.2.34)

* 1-(0P/P)
Let (i) be any proposed alternative to ¢‘°'(i) where the change Py (i) — P{(i)

is small. From Eq. (5.2.34) we can write
_[1 = (P /0P)]¥
1 —(@P/oP)]@
where AP{!)(i) is the corresponding change in thermal output.

In practice, the factor multiplying [ Py(i) — P{>(i)] in Eq. (5.2.35) is always
negative so that an increase in hydro generation during the ith hour will

—AP)

[Pu(i) — PYYi)] (5.2.35)
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result in a decrease of thermal generation and the converse is true. The
change in hydro generation is worth approximately

[C(PO)I[APIG)] = — G(PENi), PO [Py(i) — PY)]  (5:2.36)
Here, the function G is given by

[1 —(OPL/OPy)]pors, poriy)

G(P(i), PV(i)) = + C(PV()) (5.237)
HORTD) [1 = @PL/3P s rvr
The alternative hydro schedule should be chosen to minimize

Jo =Y, C(PV(i))APM(i) (5.2.38)

iel
or, equivalently, to maximize
Ji =Y G(PYi), P{VG))[Py(i) — PR()]

iel .

= Y G(P(i), PL(i))Py(i) — G(PYG), POOG))PYE)  (5.2.39)
iel
Here the various constraints, Eqgs. (5.2.29)—(5.2.32), must be satisfied and
only values of g(i) in the neighborhood of ¢! are permitted. The second
term in Eq. (5.2.39) is independent of g(i); the problem of finding g}, the
best neighboring alternative to g, is thus equivalent to finding (g(1), . . .)
which maximize

J = Y.G(P0), PUi))Py(i) (5.2.40)

This expression will be called the weighted output of the hydroelectric
power system where the weights are G(i).

The first part of iteration 1 consists of calculating the g''X(i) which
maximizes Eq. (5.2.40) subject to the required constraints. Next the cor-
responding thermal outputs P{*(i) are calculated and, finally, the values
of G(P{(i), P'?(i)) are computed. This ends iteration 1.

In iteration (k — 1), let

g%~ 1(i) = average discharge during hour (i)
P¥(i) = corresponding thermal generation (5.241)
C(P®(i)) = corresponding thermal incremental cost -
PE=13) = Py(g* 1))
The corresponding weights G(P{¥~ (i), PX(i)), which are positive numbers,
are given by

iy . AP [OPy) — 1]ipge- vy, prisy)
G(PE~ (0, P(9) = (P S (5.242)
h [(5PL/5PS) - 1](PL"“’(i).P!é(i))
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In iteration k, the values g*(i) of the best neighboring alternative to
q®*~ (i) are calculated. This is done by finding values (g(1), . . . , g(24)) which
maximize

Y., G(PE™ 1), PP(i))[Py(i) — PR~ (0] (5.2.43)
iel
or, equivalently, which maximize the weighted output
Y, G(PY¥=1G), PY(i))Pyli) (5.2.44)
iel
We calculate P** (i) by substituting P¥(i) = P¥(¢(i)) in Eq. (5.2.29) and
solving for P(i). The costs F(P**1(i)) and C(P**%(i}) are then obtained
by substitution.

The basic property of this method is that the total cost corresponding
to ¢™(i) must be equal to or less than the total cost of the schedule corre-.
sponding to g%~ (i). This follows from Eq. (5.2.43) since the possible value
of Eq. (5.2.43) is zero when ¢(i) = g%~ 1(i).

If Eq. (5.2.42) is written as

G _ dF(P)/dP,
[1 — (8P /oPy)] [1 — (6PL/OP)]

where the derivatives are evaluated for P, = P~ 1)i) and P, = P¥(i), then,
by analogy, G(P¥ (i), P“(i)) can be interpreted as the incremental worth of
hydro generation at the hydro bus bar during hour i of iteration k.

If the volume of water available at the beginning of the ith hour is V(i),
then we say that the hydro plant is in state V/(i). The state of the hydro plant
is known at the beginning of the first hour since

V()= V.

Fori=1,2,...,24, the states V{i) depend on the scheduled g(i). Upper and
lower limits on V(i) can be obtained. These correspond to two extremes of
operation:

(5.2.45)

(1y The plant is left inoperative as long as possible and put into operation
only when there is just enough time left to use up the allotted water.

(2) The plant is operated at maximum discharge until the allotted water
is used up, after which the plant is shut down for the remainder of the day.

These two extremes are shown in Fig. 5.1 with the vertical line segments
showing range of possible values of V(i) at the beginning of each hour. For
digital computer implementation discrete values of V(i) are needed as
indicated by the equally spaced dots in Fig. 5.1. The distance v is dictated
by the optimal schedule’s desired accuracy. Changes of state are thus limited
to multiples of v,
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Lvin v*@

VOLUME OF WATER

VERTICAL LINE INDICATES
RANGE OF VALUES OF V(i)

| 2 i+l 23 24

HOUR
Fig. 5.1 Possible states of the hydro plant.

Suppose a schedule g*(1), . . ., g*(24) is followed; then the corresponding
values of V(i), denoted by V*(i), are given by the recursion

Vi + 1) = V*@) — ¢*(@), i=1,2,...,23 (5.2.46)
Here we have
V(1) =V,
V*(24) = V*(23) — g*(23) = q*(24)
Note that it is assumed that appropriate units of the variables are used, e.g.,

volume in m3/sechr and discharge in m?/sec. It is obvious that knowledge
of V*(i) will yield g*(i) since

*i) = V*i)— V*i + 1), i=1,2,...,23
) = VO - VHi+ D, 5247
q*(24) = V*(24)
Let v be some increment of volume and consider the states
V*iy —v, V*i), V*i)+v for i=1,2...,24

at the beginning of interval i. For i = 1, only the state V*(i) = V is permissi-
ble. For i =2,3,...,24, only two of the states listed need be permissible,
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e.g, if V*(i) — v is below the lower line shown in Fig. 5.1 then only V*(i)
and V*(i) + v will be permissible states. It is possible to go to the permissible
states V*(i+ 1) — o, V*i+ 1), V¥i+ 1) + v from the permissible states
V*(@i) — v, V*(i), V*(i) + v in at most nine ways or passages, namely:

from V*i)—v to V¥ i+1)—v

to V*i+1
to V¥i+1)+v
from V*(i) to V*i+1)—v

)
)
)
to V¥i+1)
to V¥i+1+v
from V*@)+v to V¥i+1)—v
to V¥i+1)
to V¥i+1)+v

This results in at most five discharges:
q*(i) — 2v
g*@i) —v
q*(i)
q*(@) +v
g*(@) + 2v

The permissible discharges are those satisfying

0 < (i) < Goma (5.2.48)
Pyu(q(i)) — Pu(Ps,, ., Pu(i)) = Ppli) — P, (5.2.49)
Py(q())) — Pu(P,,.., Pu(i)) < Pp(i) — P (5.2.50)

Smin

We refer to such a g(i) as one restricted to some neighborhood of g*(i).

The problem of determining optimal system operation is equivalent to
solving a sequence of problems each of the following form: Determine the
discharges g(1),g(2), . . . that maximize

24

24
Y. G(i)Py(q(i)), where ) q(i)=V
i=1

i=1

and inequality constraint equations (5.2.48)—(5.2.50) are satisfied. Moreover,
q(i) is restricted to some neighborhood of a fixed value g*(i). Constraint
equations (5.2.49)—(5.2.50) will be termed induced end-point constraints.
These are merely a restatement of the conditions given by Eqgs. (5.2.29) and
(5.2.32). In effect, constraint equation (5.2.49) excludes discharges which
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would lead to thermal outputs exceeding P, ___ while constraint equation
(5.2.50) excludes discharges which lead to thermal outputs less than P,__ .

This problem requires the maximization of a function of 24 variables.
Using incremental dynamic programming, this can be reduced to a sequence
of maximization problems each in one variable. In each iteration, the search
for an improved hydro schedule is limited to a neighborhood of the optimal
hydro schedule determined in the preceding iteration. It is necessary to limit
the search in this way because the values of G(i) are incremental worths and
are only applicable to incremental changes in output.

The procedure is as follows:

(1) For each permissible state at the beginning of hour 24, determine the
optimal mode of operation during hour 24. This is simple. For the state
V*(24) — v, the optimal and only discharge during hour 24 is ¢*(24) — v.
Similarly for V*(24) and V*(24) + v, the optimal discharges are g*(24) and
q*(24) + v, respectively.

The maximum weighted outputs for these modes of operation will be
denoted by R, (V*(24) — v), R,,(V*(24)), and R,,(V*(24) + v), respectively,
where

R2a(V*(24) — v) = G4 P(q*(24) — v)
R24(V*(24)) = G,4P,(q*(24))
Ry4(V*(24) + v) = G,4Py(q*(24) — v)
(2) Use results of step 1 to calculate the optimal mode of operation
during the last 2 hours for any permissible state at the beginning of hour 23.
Corresponding to the state V*(23) — v at the beginning of that hour, at

most three discharges are possible, namely, ¢*(23), ¢*(23) — v, and ¢*(23) —
2v. The resulting weighted outputs over the last two hours are

G23Py(g*(23)) + Ry (V*(24) — v)

G23Pu(g*(23) — v) + Ry4(V*(24))

G23Pu(g*(23) — 20) + Ryo(V*(24) + v)
respectively. The optimal discharge is the one yielding the maximum weighted
output, here denoted by R,5(V*(23) — v). Similarly for the state V*(23), there
are at most three discharges possible during hour 23, namely, ¢*(23) + v,
g*(23), and g*(23) — v, for which the weighted outputs over the last 2 hours
are

G23Pn(g*(23) + v) + Rpu(V*(24) — v)

G,3Pu(g*(23)) + Ryu(V*(24))

G23Py(*(23) — v) + Ry (V*(24) + v)
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respectively. Again the optimal discharge is the one yielding the maximum
weighted output, denoted by R,;(V*(23)). A similar calculation yields
R,3(V*(23) + v).

(3) Based on these results calculate the optimal mode of operation during
the last 3 hours for any permissible state at the beginning of hour 22. The
method of calculating R,,(V*(22) — v), R,,(V*(22)), and R,,(V*(22) + v)
should now be apparent. For example,

R,5(V*(22)) = max[G,,Py(g*(22) + v) + Rp3(V*(23) — v),
G2, Ph(a*(22)) + R,3(V*(23)),
G2 Pa(g*(22) — v) + Ry3(V*(23) + v)]
(4) Working back, the optimal mode of operation is determined succes-

sively for the last 4 hours, the last 5 hours, and so on until the optimal mode
of operation for the entire day is obtained. ‘

5.2.3 A Minimum Norm Approach

We now offer a formulation of the problem of fixed-head hydro plants on
separate streams, which is based on the minimum norm approach. The
operating costs at the ith thermal plant are approximated by

Fi(Py(1)) = & + BiP(8) + 7:PL(D) (5.2.51)
The generation schedule sought must satisfy the active power balance
equation (APBE):

Pt)= Y P,()+ Y P, (t)— Put) (5.2.52)

ieRg i€ Ry

The transmission loss is a quadratic function of the active power generated
by the system plants and is given by

Pi(ty= Y35 P(OB;P)+ Y BioPit)+ Ky, (5.2.53)
i,jeRg icRa
with the B;;, B;,, and K|, being the loss formula coefficients, which are
assumed to be known, and having the property
Bij= B, i,j€ Rg

Furthermore, the water discharge at each hydro plant must satisfy the
following constraint on the volume of water used during the optimization
interval:

fonqi(t) dt =b;, ieRy (5.2.54)
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Assuming constant head and efficiency at each hydro plant, this is equivalent
to the following energy constraint:

foTr P (ydt=K;,  i€R, (5.2.55)

The object of the optimizing computation is

min [ Y F(P(1))dt (5.2.56)
P (1) ieRs
ie Rg

A. FORMULATION

The active power balance constraint is added to the integrand of the cost
functional using the unknown function A(t), so that a modified cost functional
is obtained:

J1(Po (1), Py () = ff[z (B; + At)(Bio — DP, (0 + Y. A(t)Bio — DPu(0)

ie Ry ie Ry

+ > wP: ) Yy Pyt Uj:|dt

ieRg l_]ERG

(5.2.57)

Here terms explicitly independent of the power generations are dropped.
Define the n x 1 column vectors

u(t) = col[ P, (1), Py(1), .. ., Py, (D), . Py (0] (5.2.58)
L(1) = col[(f, + C{A(t) ), ey Co A, .., CAA)] (5.2.59)
where

C,=B,,—1, ieRg (5.2.60)

and the symmetric n X # matrix

B() = (b;(1)) (5.2.61)
with
b;j(t) = B;;A(1), LjeRg (i#])
b;(t) = 7; + B;A(1), i€eR,
b(t) = By(HA(1), ieRy

Then the modified cost functional becomes

J1() = [ [LT (@) + @B (] de (5.2.62)
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If we let
V()= B L(1) (5.2.63)

then the cost functional can be written as
Ju) = [ [ue) + IVOIBOW + VOld (5264

The problem is now transformed to that of finding a control vector u(t)
that minimizes the cost functional given by Eq. (5.2.64) while satisfying the
energy constraint given by Eq. (5.2.55). Note that A(t) will be determined so
that the optimal control vector satisfies the active power balance Eq. (5.2.52).

The control vector u(t) is considered to be an element of the Hilbert space
L§%[0, T¢] of the n vector-valued square integrable functions defined on
[0, T¢] whose inner product is given by

V@), u(t)> = fo “VI(0)B(t)u(t) dt (5.2.65)
for every V(t) and u(t) in LY%[0, T, ], provided that B(t) is positive definite.
This means that uy(r) € LYs[0, T;] which minimizes

J(u()) = ||u(t) + V(@) (5.2.66)

and satisfies Eq. (5.2.55) is sought.
Define the (n — m) x 1 column vector

¢=col[K,.i,.-..,K,] (5.2.67)
and the n x (n — m) matrix
M = colf0,I] (5.2.68)

with 0 being the m x (n — m) matrix whose elements are all zeros, and I is

the (n — m) x (n — m) identity matrix, so that the constraints of Eq. (5.2.55)
can be expressed as

&= [ MTu()dr (5.2.69)
This last expression defines a bounded linear transformation
T:L%[0, T] - R~
The real vector space R”~™ is endowed with the Euclidean inner product
XY= XY

for every X and Y in R ™™,
Equation (5.2.69) is now written as

¢ = Tu(n)]
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with T[u(¢)] given by
T[u()] = fO“ MTu(z) dt (5.2.70)

The problem under consideration has been reduced to finding the optimal
generation vector u(t) which minimizes the cost functional given by
Eq. (5.2.66) such that Eq. (5.2.69) is satisfied for the given vector &.

B. THE OPTIMAL SOLUTION

In view of the results cited in Chapter 3, there is exactly one optimal
solution to the problem formulated here, namely the optimal vector

ug(r) = T'[ + TGV()] — 7V(©) (52.71)

where T' is obtained as follows: T*, the adjoint of T, is obtained by using
the identity

<& Tu(®ge-m = <T*EUO 310,70 (5272)
where in R”~™ we have
(& Tu(®)y = ETu(1) (5.2.73)
This turns out to be
T*E = B~ {()ME (5.2.74)

Next we find the transformation J given by
J& = T[T*¢]
using Egs. (5.2.70) and (5.2.74),
Je = [ OT" M™B~ ()M dt]é
which yields

~_ T¢ _ -1
J [g]:[fo M'B l(t)Mdt:| £ (5.2.75)

Finally, using the definition of the pseudoinverse transformation T', one
obtains

-1
T'é = B~'M [ fOT‘ M'B~ ()M dt] ¢ (5.2.76)
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The optimal generation vector u,(t) is thus given by

w()= B- 1(t)M[ JTMTB” ()M dt:'_l [é iy fOT“ MV(1) dt] —1v(p)
(5.2.77)

C. [IMPLEMENTING THE OPTIMAL SOLUTION

To illustrate the procedure for implementing the optimal solution let us
consider a power system with diagonal loss formula coefficient matrix. In
this case the optimal power generations obtained are

_ B+ Ca]
Psl'g(t) = m, € Rs (5278)
-1
P, (1) = [z(z) fOT“z-l(z) dt:| (K,. + gBT‘> - 2%"‘_, ieR, (5279)

The last expressions contain the unknown function A(t) which will be
determined so that the power balance Eq. (5.2.52) is satisfied. We observe
here that the problem can be viewed as that of solving n + 1 equations in
the optimal generations and the unknown function A(t). The problem,
however, can be reduced to just solving one equation in one unknown.
For convenience, we will make the following change of variables:

x(1) = 27 4() (5.2.80)

Substituting in the power balance equation for the optimal power generations
we obtain the following equation in x(¢):

x*()D A1) + Ayx() + Ao
W + i;:zs 492[B,; + x(1]? = y(1) (5.2.81)
0

where the various coefficients are given by

D=Y BJK;+ (CiT;/2B,)]?

ie Ry
A, = Bi(BB: — 2Cyy)
Ay, = _zciz?’i
Agi = — CizBii

and the forcing function y(z) is

) = |: Z (Ci2/4Bii)] — [Pp(t) + K]

i€ Rn
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It is evident that the optimality equation (5.2.81) is nonlinear. The solution
for x(t) at any instant depends on the whole record of x(z) as indicated by the
presence of the definite integral of x(t) in the optimality equation. We thus
have to search for a function x(t) which is a solution and simultaneously
yields a positive definite matrix B(z) (which makes the definition of the space
LY%[0, T] valid). Furthermore, the optimal generations must be physically
realizable in the sense that no negative or complex active power generations
are permissible.

The procedure followed in solving Eq. (5.2.81) is one of discretization
which will result in a system of N simultaneous algebraic equations in N
unknowns (x,,...,xy) which can be solved by any classical iteration tech-
nique.

A study was made of a sample system with the following particulars:

Number of thermal plants m=1

Number of hydro plants n—m=2

Loss formula coefficients

B, = 1.6000 x 1074, B,, = 22000 x 10™4, B;; = 1.6000 x 104

B, = 0.00, B, = 0.00, B3, =0.00
Thermal plant’s cost equation
F(P(t)) = a + 4.0P(t) + 1.20 x 10" 2P2(z), $/hr
Energy constraints on the hydro plants

K, = 3600.00 MW hr
K, = 240000 MWhr

Example 1. Let
Pp(t) = 400.00 MW, 0<t< Ty, T,=24 hr

Then Eq. (5.2.81) reduces to a second-order algebraic equation in x(¢), which
yields a feasible x(t) given by

x()=021629, 0<:t<T,

so that we get the following generation allocation by using Eqgs. (5.2.78) and
(5.2.79):

Optimal thermal power generation
P(t) = 160.68 MW, 0<t<T;
Optimal hydro power generation
P, (1) = 15000 MW, 0<t<T,
Py (1) = 100.00 MW, 0<t<T;
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The result of this example agrees with the intuitive solution requiring
constant hydro generations at the average values satisfying the energy
constraints and the value of thermal power generation that satisfies the power
balance equation.

Example 2. Let

Pogt) = 40000 MW, 0<t<T,/2
P 160000 MW,  T,2<t<T;

Te= 24 hr

Then Eq. (5.2.81) reduces to two simultaneous algebraic eugations in two
unknowns x; and x, where

([) xl, OS[STf/z
X =
X5, T2<t< Ty

The values of x, and x, satisfying these two equations and which simul-
taneously yield a feasible optimal power generation are found to be

x,= 0.20008, x, = 0.19349
with the corresponding optimal power generations given by

P()=24953 MW, P, ()=11442 MW, P, ()=4940 MW,
0<t< T2

P(t)=128821 MW, P, ()=18558 MW, P, ()=15070 MW,
T2<t<T,

5.3 VARIABLE-HEAD HYDRO PLANTS

In this section we relax the assumption of fixed head operation for the
hydro plants. We illustrate the classical approach based on variational
calculus for treating the effect of head variations upon the hydro plant
characteristics in determining the optimal mode of operation. The approach
is outlined for a simple system involving one thermal and one hydro plant
as generation sources. The classical approach leads to Ricard—Kron co-
ordination equations. The application of the maximum principle to a system
with an arbitrary number of plants is discussed next. The results of the
treatment are shown to be a natural extension of the classical approach.

We conclude our discussion of this class of problems by a treatment that
employs the minimum norm approach. Here, in formulating the problem,
various plant characteristics are given concrete representations suited for this
approach. We also discuss the practical implementation phase by giving a
computational algorithm for solving the resulting optimality conditions.
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5.3.1 The Classical Approach

In the case of variable head hydro plants, the hydro active power genera-
tion is a function of the rate of discharge ¢ as well as the volume of water
discharged Q:

0 = [ awt (5.3.1)
Thus we write
Py, = P(q,0) (5.32)

We will consider the case of a system of one thermal and one hydro plant
for simplicity. It is desired to minimize the fuel cost of the system over the
optimization interval,

Jo = fOTdez (5.3.3)

while satisfying the active power balance equation
P,+P,— P =Py, (5.3.4)
Moreover, the volume of water available at the hydro plant is constrained by
fo“q(t) dt = b (5.3.5)

A. THE VARIATIONAL SOLUTION

As before, the augmented cost functional becomes
J= f; [F + 4(Pp + P, — P, — Py)]dt (5.3.6)
or
J = fOTH dr (5.3.7)

The decision variables are P, and Q in this case.
The Euler equation is given by
(0H/dx;) — (d/dt)(0H/0x;) = 0 (5.3.8)
Now for x; = P, the Euler equation reduces to
(OF/3P) + A[(0P, /0P — 1] =0 (5.39)
which yields
A= L(0F/0P)) (5.3.10)
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where L, is the penalty factor defined by Eq. (5.2.10). This is the same thermal
scheduling equation given by (5.2.12). For x; = Q, the Euler equation is

A[(0P/0Q) — (0Py/0Q)] — (d/dt){A[(0P/dq) — (0Pn/09)]} =0 (5.3.11)
We next use
OP/0Q = (0P /OPy)(0Py/0Q),  0Py/0q = (0P, /0Py)(0Py/0q)
to obtain Eq. (5.3.11) in the alternative form
A(OP,/0Q)[1 — (0P, /0Py)] — (d/dt){A(OPy/0q)[ 1 — (0P /0Py)]} =0  (5.3.12)
Recall that the penalty factor for the hydro plant according to Eq. (5.2.11) is
Ly =[1~(@P./oP)]™!
Thus we have
(/SLy)(@P, /0h) + (d/d)[A/Ly)@Py/0g)] = O (53.13)
where use was made of
O0P,/0Q = —(1/S)(OPy/0h)

with S being the surface area of the assumed vertical-sided reservoir. Equa-
tion (5.3.13) is frequently referred to as Kron’s equation.
The water conversion coefficient v is defined as

v = A/[Ly(0g/0Py)] (5.3.14)
Substituting this in Kron’s equation yields
—(v/S)(0q/0h) + (d/dt)v =0 (5.3.15)
so that
v(t) = voexp {f; [(1/S)(0q/0h)] dt} (5.3.16)

which shows that the water conversion coefficient v is no longer a constant
in the case of variable-head hydro plants.

It thus turns out that the coordination equations for the variable-head
hydro plant system are

(dF/dP) + AP /0P) = 1  (5.3.17)

v exp{ fo [(1/S)(@q/0h)] dt}(aq/aPh) + A0P,JoP,) =1  (5.3.18)

The last equation is referred to as Ricard’s equation.
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Let us examine the form
v exp{ [ [ysyeasany dt}

which takes over the function of v previously obtained for the case of fixed
head. The quantity dg/dh is a negative number since the required flow of
water for a fixed power output decreases as the head increases. Thus

f; [(1/8)(oq/0m)] dt

is negative and becomes increasingly negative with time. Consequently, the
quantity

vo exp{ JoLa/s)@asony) dt}

decreases with time. This leads to the scheduling of less power early in the
time period under consideration and more power later in the period. Thus the
effect of v is to maintain the reservoir elevation high early in the time period
so as to utilize the inflow at the highest head possible consistent with the
balancing economic factors of incremental water rate and of incremental
thermal production cost.

B. IMPLEMENTING KRON’S COORDINATION EQUATIONS

The only difference between the coordination equations derived for the
fixed-head hydro plants system of Section 5.2.1 and the present variable-head
case is that the water conversion coefficients are no longer constants. The
expression for v(¢) as given by Eq. (5.3.16) may be rewritten as

¥(t) = v exp|: f; M) dt] (5.3.19)
where
M(t) = (1/S)(3q/h) (5.3.20)

An approximation to the exponential expression is obviously desirable.
Treating M(t) as a constant yields

v(t) = vo{exp[Mt]} (5.3.21)
which in a Taylor expansion form may be expressed as

v(t) = vo[l + Mt + (M?)2) 4 - -] (5.3.22)
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A further approximation is
v(t) = vo[ 1 + Mt] (5.3.23)

This last expression is applicable to many practical systems.
The hydro plant performance curves are classically assumed to be of the
form

q = Ky(h)p(Py) (5.3.24)
where
w(h) = ap + ah + a,h* (5.3.25)
and
H(Py) = ay + BuPy + 7P (5.3.26)

The actual function coefficients are obtained by least-square fitting to the
plant data. The reservoir of the hydro plant is assumed to be vertical-sided
and tailwater elevation is assumed to be independent of the flow, so that the
net head is given by

h(t) = ho + f;(l/S)[i(z) — q(0)]dt (5.3.27)

with i(t) being the inflow to the reservoir.
The foregoing assumptions in addition to those given earlier in Sec-
tion 5.2.1, namely Egs. (5.2.16), (5.2.19), (5.2.22), and (5.2.24), will result in

{voexp[M1]}{2 — [(2x + By Py)/d(Pn)]}

+ A0{Cy + 2[BuP(t) + BunPy(1)]} = 0 (5.3.29)

foTer(h)¢(Ph) dt = b (5.3.30)

Kyo + Pp(t) + CP(t) + CoPy(t) + BLPX(t) + 2B P(1)Py(t) + By Pi(t) = 0
(5.3.31)

The solution of the above set of equations completely specifies the optimal
strategy.
5.3.2 A Maximum Principle Approach

The objective is to minimize

J= foT" Y F(P,)dt (5.3.32)

ieRg
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subject to satisfying the active power balance equation

Y. P+ Y Pu(0)=Pp(0) + Pu(t) (5.3.33)

ieRy ieRp

The hydro plant generation is a function of the forebay elevation and the
rate of water discharge. This is expressed as

Py (1) = Py (xi(t),4i(1)) (5.3.34)

The reservoir dynamics are given by
dx;/dt = S7'[i(t) — q:(0)], ie R, (5.3.35)
The volume of water discharge over the optimization interval is prespecified:

[ atwde=b, ieR, (5.336)

For simplicity, the surface area of the forebay S; is treated as independent
of forebay ¢levation x;. Evaporation, leakage, and spillage are ignored.

The active power generations at the thermal plants are assumed bounded
by a maximum and minimum value. This is defined by specifying

P()eM

Here M is a closed set on the N -dimensional vector space R"*. The maximum
and minimum discharge values for each hydro plant with continuous
operating characteristics define the closed set U, that is,

g()eU

The set U may be a function of x.

Since i(t), the rate of water inflow to the ith reservoir, is an independent
function of time, we may replace the volume of water discharge constraint
by specification of the terminal values of x; for i € R;,. We use a new speci-
fication,

x{(Ty) = d;
or, in vector form,
x(Ty) =d (5.3.37)
Let us treat g as the control variable together with P, defined by
Bl =(P,.P,,....P,) (5.3.38)

The active power generation of the first thermal plant is considered known,
for the algebraic constraint given by the active power balance equation is
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used to eliminate P, as an independent variable. Therefore
P,(1) = P, (Pp(0), Py(1), P(1))
Define
dxy, i, /dt =1
with
Xng+10) =0, Xy, 4 1(Te) =T

that is, xy, () = ¢.

A. THE OPTIMAL SOLUTION

The Hamiltonian of this system is

H=p, Y F(P)+ Y pd0S: [i(t) = qi()] + Pyp+s

ieRg ieRn

The costates satisfy
p()= —J6H/0X
This in component form is
pit) = —0H/ox;, i€Ry.
Using Eq. (5.3.41) we obtain
Pilt) = — po(0F/0x;)

or
pi(t) = —po(OF /0P, )(0P,,/0x;) i€ Ry,
and
Py +1(t) = —0H/0xy, 14
or

169

(5.3.39)

{5.3.40)

(5341)

(5.3.42)

(5.3.43)

Py +1(l) = _[po(aFl/apsl)(aPsl/axNh+1) + Z pi(t)Si—l(aii/axNthl)]

ie Rn

For optimal operation the following should hold true:

(1) po =tonstant < 0;

(5.3.44)

(2) H is maximized with respect to the control f’seM and q € U at

each instant of time;
(3) H,_, =0att= T;and for any ¢ if U is constant.
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For the maximization of H we need
0H/OP,, = 0, 0H/dq; =0

This leads to the requirements

(OF /0P [OP,) + (OF;/0P;) =0 (5.3.45)
PolOF 1/OP, )(OP,,/0q) —~ p(t)S; ' =0 (5.3.46)
or, equivalently,
(OF JOP)(OP,, /OP,,) + (OF;/0P,) =0 (5.3.47)
Po(OF /8P, (0P, /0q;) — pt)Si ' =0 (5.3.48)

Consider the variations of the generation levels according to the power
balance equation (5.3.33):

ZdPs,- + ZdPhi — Z(aPL/aPsi)dPsi — Z(ﬁPL/aPhi)dPhi =0 (5.3.49)
It then follows that

oP, 1 — (0P, /oP.)

' = — u 5.3.50
(3P5i 1 — (GPL/aPSl) ( )
0P, 1 — (0P./OPy) OP,,

2= : ! 5.3.51
o4 = 1= (GP.joP,) 04, (.351)

Recall the penalty factors definitions of (5.2.10) and (5.2.11). Equations
(5.3.50) and (5.3.51) may thus be rewritten as

0P, joP, = — L /L, (5.3.52)
0P,/0q; = —(Ly,/Ly (0P, /0g;) (5.3.53)

Applying (5.3.52) in (5.3.47) the following necessary conditions are ob-
tained:

L, (0F /0P ) = L (0F;/0P,) (5.3.54)

This result means that the equal incremental cost loading formula (5.2.12)
also applies in the variable-head hydro—thermal system for the thermal units
operating inside the boundary of U.

Applying (5.3.53) in (5.3.48) we obtain

L, ,(0F/0P,)) = _(piS;l/pO)Lhi(a(Ii/aPhi) (5.3.55)

From this p, # 0. We remark here that the definition of the water conversion
function v,(t) as given by generalizing (5.2.14) in (5.3.14) requires

vi(t) = — [0S /po] (5.3.56)
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This shows the correspondence between the costates p;(f) in the maximum
principle approach and the v;(t) of the classical approach.

The costate equation (5.3.43) can be written in a more convenient form by
eliminating the derivatives dp, /0x;. These functions are formed by differ-
entiation of the power balance equation. In doing this, all P, are constant for

i=2,...,N,, qis a constant vector, and all x; for i = 1,..., N, are constant
except for the variable contained in the derivative. We then obtain
0P, J0x; = — (0P, [0x;)(L,,/Ly;) (5.3.57)
The result of substituting (5.3.57) in (5.3.43) is
Pi(0) = po(OF /0P, )(Ly,/Ly )Py /0x) (53.58)

This concludes the derivation of the optimality conditions using the maxi-
mum principle.

B. IMPLEMENTING THE OPTIMAL SOLUTION

Let us choose the constant costate p, to be

po=—1 (5.3.59)
Moreover, we define the time function A(z) by
A() = L,,(0F/OPy)) (5.3.60)

Finally, recall the definition of the water conversion functions v,(t) given by
Eq. (5.3.56). This can now be written as

vi(t) = pi(1)/S; (5.3.61)
The maximization of the Hamiltonian resulted in Egs. (5.3.54) and (5.3.55).
Using the above definitions, we may thus write
L (0F;/0P,) = A1), ieR, (5.3.62)
vi(t) Ly, (0q;/0Py,) = A1), ieR, (5.3.63)
The costate equations given by Eq. (5.3.58) reduce to
vi(t) — [S7 1(0q:/0x)Jvi(t) = O, ie Ry (5.3.64)

Comparing the last three expressions with (5.3.10), (5.3.14), and (5.3.15),
we clearly see that our current results are but a generalization of the results
of Section 5.3.1. We refer to Eq. (5.3.64) as the generalized Kron’s equation.

The above relations together with the constraining equations (5.3.33),
(5.3.34), (5.3.35), and (5.3.37) completely specify the optimal strategy sought.
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The digital implementation of these equations for plant characterization is as
given in Section 5.3.1.

5.3.3 A Minimum Norm Approach

In considering the problem at hand, we will assume a vertical-sided
reservoir. We will also assume that the tailrace elevation at any of the hydro
plants does not change with the water discharge. Under these assumptions
the active power generated at the ith hydro plant as obtained in Chapter 2
is given by

Pu(t) + Ad0)qi(t) + Big()Qi() =0,  ieR, (5.3.65)

Here it is convenient to introduce the volume of water discharges variable
Q:(t) by the following definition:

0i(t) = fo‘ q(0)do,  ieR, (5.3.66)
thus
4:() = Qr),  ieRy (5.3.67)
The object of the optimizing computation is
E}(ﬂ fo“ ZR F,[P. ()] de (5.3.68)

The generation schedule sought must satisfy the active power balance
equation (APBE)

Po)= ¥ P+ 3 Puft)— PL(d) (5.3.69)

ie Ry ieRn

The transmission power loss is given by

P()= Y P()B;Pi(t)+ Y BipPi(t)+ Ko (5.3.70)

i,je Rg ieRg

Furthermore, the water discharge at each hydro plant is to satisfy the
following constraint on the volume of water used over the optimization
interval:

fon q(t)ydt =b;,  i€Ry (5.3.71)
or, using Eq. (5.3.66),
Q(Ty)=b;, ieRy (5.3.72)
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A. FORMULATION

We now proceed with the formulation by forming the augmented cost
functional:

Jo( P (1), Py (1), Qi(1))

=J‘0Tr Y, Fi[P(0] +/1(t)|:PD(t)+ Sy P{t)By;P,(t)
ieRs

i, jeRg

+ Z BioPi(t) + Kpo — Z Py (1) — Z Phi(t):l

ieRg ieRgy ieRp

- ZR n(O[A:0)Q:(0) + BQ(1)O:(1) + Py (1)] dt (5.3.73)
Here the unknown function A(t) is associated with the APBE (5.3.69)
consistent with the procedure of Section 5.2.3 leading to Eq. (5.2.57). The
new functions n;(t) are associated with the active hydro power generation
Eq. (5.3.65).
We will need the following identities:

fo “m(0Q 00D dr = %[nim)b? — | "o dr] (5:374)

fo M40 dr = ndTYALTb; — [ r(0Qudr  (5375)

with
ri(t) = A () A1) + n(0)A; () (5.3.76)
We can write the cost functional (5.3.73) as
Jo[ Ps (1), Py (1), Qi(1)]
= {(ZR ai> + AOPo(r) + AMDK Lo
- .; (n(Tp)A(Ty)b; + %ni(Tf)biZ:l + .2}1 Bi—(1 - Bio)/l(t)]Psi(t)
+ _2}; — @+ Q1 - Bio)A(®) P, (1) + .; ri(00:(1) + '2111 ViPszi(t)
+ XY P(OA0BPi) + Y (Bi/2)r'1i(t)Q,-2(t)} dt (5.3.77)
i,jeRg i€ Rn

Here the quadratic cost expressions (5.2.51) are used to replace F;(P;)
in (5.3.73).

Dropping terms in (5.3.77) that are explicitly independent of the control
functions P,(z), Py (t), and Q;(t) over the interval [0, T¢], it is only necessary
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to consider minimizing

Jl[Ps,-(t)a Ph;(t)’ Ql(t)]

- [ { %, [hi— (1= Bi@IP 0+ 5
— [ni(t) + (1 — Bio)A(D)] P (1) + Z {0)Q:(1) + Z %PZ
ieRnp
+ Y3 Pt )JA(t)B;;P(t) + Y (B,—/Z)ﬁi(t)Q,-z(t)} dt (5.3.78)
i,jeRg icRn
Define the (2n — m) x 1 column vectors
u(t) = col[Py(), Pu(t), Q(t)] (5.3.79)
L(t) = col[Ly(t), Ly(1), Ly(1)] (5.3.80)
where
P(t) = col[ P, (1), . .., P, (1] (5.3.81)
(t) =col[Py, . (1)...., Py (] (5.3.82)

=col{f; — (1 — BIO) @), Bn— (1 = Buo)d(t)]  (5.3.83)
Ly(t) = COI{ - [”m+1 (1) + (1 — B+ 1)0)/1(':)]» ceey T [nn(t) +(01 - BnO)A’(t)]}
(5.3.84)
Ly(t) = col[rpi1(1), . . ., 1y(2)] (5.3.85)
Note that we assume that m is the number of thermal plants and »n is the
total number of generating plants. We also define the (2n — m) x (2n — m)
matrix B(t):
B(r) By 0
B(7) = | Bi(t) By(®) 0 (5.3.86)
0 0 Bo(t)
where
By(1) = (bi; (1)) (5.3.87)
is the m x m matrix whose elements are
by (t) =y + A(H)By;, ieR;
bijs(t) = A(I)Bij’ i 7é.]’ l’.] € Rs

Moreover, the matrix

(5.3.88)

Bou(t) = (bij,.(1) (5.3.89)
is the m x (n — m) matrix whose elements are

bijlt) = M0)By,  i€R,, jeR, (5.3.90)



5.3 VARIABLE-HEAD HYDRO PLANTS

and
Byy(t) = (b, (1))
is the (n — m) x m matrix whose elements are
b, (t) = A(t)B;;, ieR,, jeR,
Finally, By(t) is the (n — m) x (n — m) diagonal matrix
By(t) = diag[ B, 4 11,4 1()/2, . . ., By, (1)/2]
Using these definitions, (5.3.78) becomes
)= [, L () + uT (OB u()] de

We express the inverse of B(t) as
Cs([) Csh 0
) =|Cul) Cu) 0
0 0 Colt)

where

Cs(t) = [Bs(t - sh(t)Bh 1 t)Bhs t]
t) - [Bh Bhs( )Bs 1 t)Bsh t ]

Ca(t) = [— B {OBL(DC(1)]
Chq t) - [ Bh t)th(t)Ce t)]
Colt) =Bg (1)
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(5.3.91)

(5.3.92)

(5.3.93)

(5.3.94)

(5.395)

provided that each inverse in the last equalities exists. Thus, letting

Vi(e) = LY (0B~ (1)
will result in
Vi(0) = L(OC,(1) + Li()Cy(0)
Vil(t) = LIOC (1) + Ly()Cul(2)
Vo(t) = L()Cylt)
where

Vi) = [ViOVROVHD]

Now (5.3.94) can be written as

J1w®) = [ {[u + VOI8O + $V©)] - BVTOB®}

(5.3.101)

(5.3.102)
(5.3.103)
(5.3.104)

(5.3.105)

V(0)]} dt
(5.3.106)
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The last term in the integrand of (5.3.106) does not depend explicitly on
u(?), so that one needs to consider only minimizing

Jo(u(t)) = fOT‘ [u() + SVOTBO[u() + iV()]d:  (5.3.107)
subject to the constraints
Q(T)=b;, ieR, (5.3.108)
Define the (n — m) x 1 column vector
b=col[b,s,...,b,] (5.3.109)
and the 2n — m) x (n — m) matrix M by
M" = [0]1(d/dr)] (5.3.110)

0 being the (n — m) x n matrix whose elements are all zero, and 1 being
the (n — m) x (n — m) unity matrix. The constraints of Eq. (5.3.108) therefore
reduce to

b= fOT‘ M"u(r) dt (5.3.111)

The control vector u(t) is considered an element of the Hilbert space
LZ% ™[0, T¢] of the 2n — m vector-valued square integrable functions defined
on [0, T;] whose inner product is given by

V(D) u(0)) = fo“ V() B(t)u(t) dt (5.3.112)

for every V(¢) and u(t) in L¥§~ ™[0, T(], provided that B(r) is positive definite.
The given vector b is considered an element of the real space R"~™
with the Euclidean inner product definition

(X, Y> =X"Y (5.3.113)

for every X and Y in R" ™™,

Equation (5.3.111) then defines a bounded linear transformation
T: LY~ ™[0, T] = R"~™. This can be written as

b = T[u(n] (5.3.114)
and the cost functional given in (5.3.107) reduces to
Jou(t) = [ju@) + $¥(0)|]? (5.3.115)

Finally, it is only necessary to minimize

J(n) = ||u(r) + V()| (5.3.116)
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subject to
b = T[u(?)] (5.3.117)

for a given b in R"~™,

B. THE OpTIMAL SOLUTION

The optimal solution to the problem formulated using the results of
Chapter 3 is given by

uft) = T'[b + T(V/2)] — (V/)2) (5.3.118)

where T is obtained as follows:
T*, the adjoint of T, is obtained using the identity

& Tudgen-m = <T*§>“>Lgf;“'"’[o.'rf] (5.3.119) ]
Let

E=col[épmiry---sEn] (5.3.120)
T*¢ = col[T,, Ty, Ty] (5.3.121)

with
T, =col[ty, ..., tm] (5.3.122)
T, =col[tys1s-- s ty] (5.3.123)
Ty =col{wp+1, .. »©,] (5.3.129)

Then in R”~™ the inner product of the left-hand side of (5.3.119) is
CETu) = &7 fO“ MTu(t) dt (5.3.125)

where Q;(0) = 0 according to (5.3.66). And in L$§™ ™[0, T¢], the inner product
of the right-hand side of (5.3.119) is

(T*Eu) = fOT‘ (T*E)TB()u(z) dt (5.3.126)
Using (5.3.121), (5.3.86), and (5.3.79), this reduces to
(T*&,uy = [ [(TIB, + TIB, P, + (T{B,, + TIB,)P, + T§B,Q] dt
(5.3.127)
Thus the identity of (5.3.119), using (5.3.125) and (5.3.127), reduces to

§TQUTY) = [, [(TIB, + TEBLIP,(1) + (TIB,, + TEB,P, (1) + T5B,Q()] de
(5.3.128)
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Equation (5.3.128) is satisfied for the choice

T, (t) =0, te[0,T(] (5.3.129)
T,(t) =0, tel0,T¢] (5.3.130)
Ty(t) = 0, te[0, T
TH(Ty) = EB(TY) (5.3.131)
Thus T*& is given by
T*[¢] = |:;4(t } (5.3.132)

where 0 is the n x (n — m) matrix whose elements are all zeros, and pu(z) is
the (n — m) x (n — m) diagonal matrix given by

p(t) = diag[0,,+1(1), . . ., 0,(1)] (5.3.133)
0, te [Oa Tf)

0(t) = 2 (5.3.134)
g t=T;
Biny(Ty)

The operator J is next evaluated as
= T[T*¢]
Using (5.3.110), (5.3.111), and (5.3.132), this reduces to

0
3& = [ [oj/an] [(t)]fdt

or
J&) = f (d/de) ()& dt (5.3.135)
so that J(&) = [u(T}) — p(0)]¢. But by (5.3.133) u(0) = 0; then
J@) = p(Toé (5.3.136)
This yields
&) = p (T (5.3.137)

Finally, the pseudoinverse operator T' is obtained from the definition
T'E] = T*[J ¢
using (5.3.132) and (5.3.137). This yields

Tt 0j|—1
T = [() (To&
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or
TS = [9]6 (5.3.138)
p(Op™ (T
From (5.3.110) and (5.3.105) one obtains
TGV() = 2[Vo(Te) — V(0] (5.3.139)

The optimal solution is now found by substituting (5.3.138), (5.3.139), and
(5.3.105) in (5.3.118), the result being

P ()= A (5.3.140)
Py () = —iv,. (0 (5.3.141)
Q:(1) = p(t)™ (T (b + $[Vo(T) — Vo(0)]} — 2Volt)  (53.142)
which can be reduced by using (5.3.134) to
Q:() = —3Vo(t), e[0Ty
QTy)=b
since
Q:(0) = —3Vo(0) =0
Thus, according to (5.3.102), (5.3.103), and (5.3.104), the optimal solution is

P.(1)= [CT {0 + CL(OLL(0)] (5.3.143)
P, (0) = —F[CLOL(D) + CROLL(1)] (5.3.144)
Q:()= —3 [CT olt)]

Q(Ty) = (5.3.145)

It is noted that the optimal solution involves the unknown functions A(t)
and n;(t), which are to be determined so that the constraints (5.3.65) and
(5.3.69) are satisfied.

C. [IMPLEMENTING THE OPTIMAL SOLUTION

The optimal solution obtained so far contains the unknown functions
n,(t) and A(t). These can be determined by substituting the optimal solution
in the corresponding constraint equations. The resulting equations in n(t)
and A(¢) are generally nonlinear. In order to get deeper insight into how the
actual solution is obtained, the following simplifying assumptions are made:

(1) The system is characterized by a loss formula where
(@) B;=0, i#j, i=1,...,n
(b) B, =0, i=1,...,n
() Kpo=0
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(2) The rate of natural water inflow to the reservoirs is constant. These
assumptions will represent no loss of generality.
Thus the optimal solution componentwise is given by

A - B .

Psig(t) = m, ie R (5.3.146)
() + A@) .

Phig(t) = W, ieR, (5.3.147)

00 = - |:A(t)+A() 8] iR, (5.3.148)

Qi (Ty) = b;

I. A Set of Nonlinear Differential Equations. The constraint equation
(5.3.69) for the optimal solution becomes

Pylt) = TP, (0) + LPo, (1) — YBuP2 (1) — YBuPE, (1)
Substituting (5.3.146) and (5.3.147), this reduces to

Pp(t) = B = Y C{1/[7: + BasA()]*} — X.D:[m(0)/A()])*  (5.3.149)

where
B= Z(i/4Bii)s C;=(8:B; + Vi)2/4Bii, D;=1/4B;

We have thus obtained one equation in »,(¢) and A(t) given by Eq. (5.3.149).
The hydro power constraints given by (5.3.65) are

Ph.-g(t) + Qi;(t)[Ai(t) + BiQi;(t)] =0 (5.3.150)

Let us derive a set of equations in n,(t) and A(¢). This can be done based on
(5.3.150) as follows. Let us introduce the variable x;(t) given by

x(t) = ni(t)/A,(t) (5.3.151)
or
ny(t) = n, O)CXp{ f [x(6]" ldt} (5.3.152)
Then (5.3.148) becomes
0,0 = (- 1/B)[A4;(t) + Ai(t)xi(t)] (5.3.153)

Differentiating both sides of (5.3.153) yields
Q,g(t) = (= 1/B)[Ai(t) + A(6)x;(t) + Ai(t)x,(8)], ie Ry, (5.3.154)
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so that the constraints (5.3.150) reduce to
Py (0) + (A(x:(0)/B)[Ai() + A()xi(1) + A()%()] =0,  ieR,

(5.3.155)
Using (5.3.147) in (5.3.155) one obtains
1 . n,(0) exp{f; [x(0]7! dt} . Ad0)
2B, nmu &
x [Ai(t) + A(t)x(0) + A()%(0)] = ieR, (53.156)
We recall the definition of 4,(t) given in Chapter 2 by
— A1) = (h(0)/G;) + B, fot i{o) do, ieR, (5.3.157)
Differentiating, one obtains
Aft)= —B,i(t), ieR, (5.3.158)
A,(t) = — B;ii(1), i€ R, (5.3.159)

Thus (5.3.156) reduces to

n,(0) exp{fol [x:(n]7! dt}
A1)
x [i,(0(1 + %)) + x:(0i()] =0, ieR,  (5.3.160)

This is the desired set of equations relating n,(f) and A(z). Note that the
number of equations given by (5.3.149) and (5.3.160) is the same as the
number of the functions n,(t) and A(z). A further refinement of Eq. (5.3.160)
results if we let

1+

+ 2B;;Bi(t)x(t)

a,(t) = 2B;B;i*(t) (5.3.161)
Thus (5.3.160) reduces to

1 + [nl(O //l(t)] exp{f . l(t) dt} l(t)
a;(t)x;(t) + ii(0) x(0)+ 1| (53.162)

Under the assumption of constant water inflow i(z) = 0; thus (5.3.162)
reduces to

X,(t) = —{l:l + {ni(O)epr:fol x; (1) dtJ/i(t)}:'/ai(t)xi(t)} -1, ieR,

(5.3.163)

Xi(t) = —
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H. Boundary Conditions. The optimal Q,(t) given by (5.3.153) reduces to
Q1) = (1/Bi){[h,.(0)/G,-] + B; J:; i;(0)do + Bii,-(t)x,-(t)} (5.3.164)

This relation enables us to deduce boundary conditions on the variable
x;(t) as dictated by those imposed on Q;,(1). Att = 0 Eq. (5.3.164) reduces to

BiQ;,(0) = [h(0)/G] + B;i;(0)x;(0) (5.3.165)
But at t = 0, by definition of Q,() as given in (5.3.66),
Ql.);(()) =0
Thus initial conditions on x;(0) are given by
x;(0) = —8;#;(0)/i(0) (5.3.166)

Note that B; = (S;G;) ! has been invoked. At t = T, Eq. (5.3.164) is
B,Q,(Ty) = [h(0)/G;] + Bid(Ty) + B Te)x{(Ty) (5.3.167)
But at t = T, by virtue of the volume of water constraints,

Qi{( Te)=b;

Thus we conclude that the terminal conditions on x;(t) are

x{(Ty) = [bi/ii(T[)] + xi(O)[ii(O)/ii(Tf)] - [Ii(Tf)/ii(Tf)] (5.3.168)

where use is made of

1(t) = fg i\(0) do (5.3.169)

In the case when i;(t) = i, = constant, (5.3.166) and (5.3.168) reduce to
x;(0) = — S;h,(0)/i; (5.3.170)
xi(Tr) = x;(0) + [(bi/i) — T¢] (5.3.171)

Thus solving (5.3.149) and (5.3.163) subject to the boundary conditions
(5.3.170) and (5.3.171) completely defines the optimal schedule. It is noted
that (5.3.149) is an algebraicequation in A(t) and the n — m unknown functions
n,(¢). On the other hand, (5.3.163) is a set of n — m nonlinear differential
equations in x;(r) where x;(t) and n,(1) are related by (5.3.151).

I11. Restricted Search Region. In the computerized search for the above-
mentioned unknown functions, it is highly desirable to characterize the
region of search. This is done by utilizing the physical significance of each
variable involved. In addition to this, restrictions on the variables can be
obtained so that the functional analytic formulation adopted is a valid one.
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Consider the optimal thermal power generation expression of (5.3.146).
If the thermal power generated is to satisfy the following practical limitation,

Poin, < Psié(t) < Prax,s ieR, (5.3.172)
then using (5.3.146) one obtains
ﬁi + 2'))i})m' i ﬁ + 2yiPmax- .
L b mi o <L T TR R 5.3.173
1 - 2BiiPmin‘- B i(t) a 1 - 2BiiPmaxi’ He s ( )
Let us denote the maximum of the lower limits on A(z) by
ﬁi + 2’Yii)min»
i = - L TP M 5.3.174
Fmin = _MAxX <1 Z2B,Poin ( )
Also, the minimum of the upper limits on A(f) is denoted by
o = min (Pt 2P (5.3.175)
i=1,.., m 1 - 2Biipmax,~
Then using (5.3.174) and (5.3.175) in (5.3.173) results in
Ain < A(t) < Amax (5.3.176)

We now offer a physical interpretation of the variable x;(t) introduced
earlier. This interpretation is useful in deriving bounds on x;(t). We have by
Eq. (5.3.153) that

xi(t) = [—1/A(0][A:(0) + BiQy ()]
Now using Eq. (5.3.157) and (5.3.158), we conclude that
xi(t) = — Vi(0)/ii(t) (5.3.177)

Here V(¢) is the volume of water stored in the reservoir.

The significance of this result is that x,(t) is the negative of the time ratio
of the volume of water in the reservoir to the natural inflow. In the case
when this volume is restricted between upper and lower bounds given by

Vanin, < Vi) < Vs, (5.3.178)
this yields
— Vi /1(8) < x;(6) < — Wi, /12) (5.3.179)
It is evident that
x()<0  for i)>0 (5.3.180)

Furthermore, if the hydro power is restricted so that

Py < Pr () < Py (5.3.181)

max;
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then, utilizing (5.3.147), the following inequality must be satisfied:
AO2B;Py,,.,. — 1) < ni() < A2B,;Py,,, — 1) (5.3.182)

If
2BP, . <1 (5.3.183)

max;

then

n(t) <0 (5.3.184)
This combined with (5.3.180) yields

(1) >0 (5.3.185)

n(t)

Slope =
x(Tg)

T

ARCH
REA

),

P»m

Slope =
x {0)

1
-n(t) -\-B
Fig. 5.2 The search area in the n—# plane.

The restricted search area in the (n-11) phase plane is shown in Fig. 5.2.
1t is noted here that (5.3.176) and (5.3.185) guarantee that the matrix B(z) in
the inner product definition is positive definite.

It is worth mentioning here that it is assumed in the problem formulation
that the inequality constraints are not violated. Thus these constraints are
not included in the cost functional to obtain the optimal solution. The
optimal solution is then implemented in a way that confines the search area
to the regions of the space of the unknown functions where the inequality
constraints are not violated. This agrees in principle with the nonlinear
programming approach to this type of problem. In the Kuhn-Tucker
method, unknown multipliers (the Kuhn-Tucker multipliers) are associated
with the inequality constraints for inclusion in the cost functional. These
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multipliers are set to zero as long as the inequality constraints are not
violated. Thus an optimal solution is obtained by scanning the whole space
of the unknown functions. If the solution obtained violates any inequality
constraint, the corresponding variable is set to the nearest value that does
not violate the constraint. The main difference between that method and the
method adopted here is that the search region in the latter is smaller than
that of the former. This reduces the computing time considerably and leads
to good estimated values for the unknown functions.

IV. A Convergence Condition. Consider Eq. (5.3.163), which can be re-
written as

= fi[x(0, A0, n0)],  ieR, (5.3.186)
where
Silxi(0), 4(1), n(0)]
{[1+{ O)exp[f _l(t)dt]/l(t)}]/ai(t)xi(t)}—1, ieR,
(5.3.187)

Let us consider the difference Af; given by
= filxPs), A(s), m(0)] — £i[xEPAs), Als), m0)]  (5.3.188)

We make the substitution
= [10)/A(5)] exp|: [ox dt] (5.3.189)

in (5.3.187). We can thus express (5.3.188) as
A = L)X~ [6(5) — xs)

+ xi(s)yPAs) — xPAs)yH(s)] (5.3.190)

Let us define
Z12(s) = [a,(s)x{()x{P(s)] (5.3.191)
Ax¥(s )= xV(s) — x{*s) (5.3.192)

Then (5.3.190) turns out to be
Af(s) = ZIH)[AXA(s) + y2A8) () — xPE[WISPS] (5.3.193)
From (5.3.189) and (5.3.180) we deduce that
[y2(s)| < [n(0)/A(s)| (5.3.194)
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We may thus write the following inequality on the basis of (5.3.193) and
(5.3.194):

|Afi(s)| < |ZF2(s)|[|AX 2(9)] + |n0)/A(s)| [AX"2(s) + gi(s)|] (5.3.195)

Here
gi(s) = xP(s)[1 — (¥M(s)/312(s))] (5.3.196)
Recalling (5.3.189), we may write (5.3.196) as
gi(s) = xPAS)[1 — exp(r(s))] (53.197)
with
s) = fo [x) " (0) — x(2 " (0)] do (5.3.198)

We can conclude that
lgi(s)| < |xPs)| ns)] (5.3.199)

Here we utilize the following well-known result from complex variable
theory:

|1 — ¢ < |of for Re(x) <0

We obtain from (5.3.199) the following inequality:

lg:(9)] < [| T4 [x)]/X ()] max [xi(s) — xD(s)]| (5.3.200)

where
X;(s)= min x{I(s)x{2)(s) (5.3.201)

Thus (5.3.195) reduces to
|Afi(s)] < M max |xP(s) — x{"X(s)] (5.3.202)
[0.T¢]
where
1

- min[ a;(s)x{M(s)x{?(s) ]
X [1 +

Furthermore, (5.3.202) provides exactly a Lipschitz condition given by
max |f[x‘”(s = AP, - -]l < M max [x(P(s) — x{Ps)|  (5.3.204)
[0, 0. T¢]

n;(0)

min A(s

+|TH| max |x{2(s)| /X i( s)l] (5.3.203)
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This means that Picard’s iteration process, given by
xi'O)(t) = xi(o)’
" D(0) = x,(0) + [ (), A(s),m(0)) ds

is guaranteed to converge to a solution of (5.3.186) for given n,(0) and A(s),
provided that M < 1.

(5.3.205)

V. Practical Application. A computer program was written to solve
(5.3.163) and (5.3.149) for x(t) i=m+1,...,n) and A(t) to obtain the
optimal generation schedule. Figure 5.3 shows the flow chart for this program.
An initial estimate of the function A(¢) is needed. This was taken as

)‘(0)(0 = }'mina e [Os Tf]

nitial guess
X0y

T
+

linitial guess
ni(O)

o

!

Solve {(5-3:163) for xi(')
Modity using Picard's algarithm
ni(O) l

Obtain n; (1) using X s )fl)(')
(5-3-152)

T xj(Te) -
<€

Solve (5-3-149) tor
)

Fig. 5.3 Computer program flow chart.
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where A, is given by (5.3.174). For each hydro plant, the initial value of
n,(t) was estimated as

n{%0) = Amin[2B;;Py

A solution to (5.3.163) was then obtained for each hydro plant. This was
done by utilizing Picard’s algorithm, given by (5.3.205). The value of x,(T;)
obtained here was compared with the boundary condition given in (5.3.171).
If the error in this step is large, the estimated value #{®(0) was modified in
the direction that minimizes the error. When all the x,(t) were obtained the
corresponding n;(t) were evaluated using (5.3.152).

Thus Eq. (5.3.149) becomes a (2m + 2)-order algebraic equation in A(t)
for every t. This is solved for A(z) in the region given by (5.3.173). The i(z)
obtained was then taken as the initial estimate instead of 4,;, and the process
repeated. If the difference between two successive evaluations of A(t) was
less than a prespecified amount the iteration process was stopped. The fast
step is to evaluate the optimal generation schedules as given by (5.3.146),
(5.3.147), and (5.3.148).

This program was applied to a hydrothermal system with four thermal
and three hydro plants whose particulars are summarized in Tables 5.1 and
5.2. The optimal generation schedules and the assumed power demand
curves are shown in Figs. 5.4-5.6.

— 1], i=m+1,...,n

imin

TABLE 5.1

Thermal Plants’ Particulars

Plant number: 1 2 3 4
B 44 4.3 4.2 4.25
y x 103 1.2 1.56 1.67 1.32
B;; x 10* 1.6 1.5 1.8 1.4
TABLE 5.2

Hydro Plants’ Particulars

Plant number: 5 6 7
Constant i;(t) x 107¢ 0.1 1.0 0.15
S; x 10710 ft? 7.2 0.72 1.44
h,(0) ft 100 200 150
b; x 10710 ft3 0.05 0.35 0.78

B, x 10* 2.2 23 24
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180-0
157-5
1350

112-5

90-0

POWER (MW x 10}

67-5r

TIME {hr)

Fig. 5.4 The system’s power demand and optimal generations. Legend: (1), system’s power
demand; (2), hydro plant no. 3; (3), hydro plant no. 2; (4), thermal plant no. 4; (5), thermal
plant no. 1; (6), hydro plant no. 1; (7), thermal plant no. 3; (8), thermal plant no. 2; (9), trans-
mission losses.
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260
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TIME (hr)
Fig. 5.5 Optimal hydro power output.
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Fig. 5.6 Optimal thermal output and transmission losses.

D. CompARISON WITH KRON’S COORDINATION EQUATIONS

We have developed Kron’s coordination equation in Section 5.3.1 for a
system having one thermal and one hydro plant. It is our intention here to
prove the equivalence of the results of the minimum norm approach and
Kron’s equation derived earlier.

Consider an electric power system with one thermal and one hydro plant.
The optimal solution for this system is given by (5.3.143), (5.3.144), and
(5.3.145) where all vector quantities reduce to one-element vectors since
m=1and n — m = 1 in this case.

Here we have, using (5.3.83), (5.3.84), and (5.3.89),

L{t) = By — A(t)(1 — Byo) (5.3.206)
Ly(t) = —[ny(t) + At)(1 — Byo)] (5.3.207)
Ly(t) = ry(t) (5.3.208)
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Using (5.3.96)—(5.3.100) also, we obtain

Cy(t) = Byy/A, Canlt) = —[B124(8)/(7; + A()B;)]Cy(1)

Colt) = {Byy + [71/A0]}/A,  Cus(t) = —(B21/B12)C (1)

Colt) = 2/[Bn,(1)]
where

A= [y, + A()B;]Bs; — A(t)By,By,
Thus the optimal solution obtained is
P, (1) = (= B22/28){[ 1 — Mt)(1 — Byo)] + (B21/B22)[na(t) + A(t)(1 — Byo) ]}
(5.3.209)
Py (6) = {[B11 + (71/4(1))]/2A}

y { B A1)

s P = 400 = Bio)] + [ma(0) + 20(1 — BZO)]}

(5.3.210)

Q:(t) = (= 1/B3){A5(t) + Ax()[nx(t)/Ax(1)]} (5.3.211)
Kron’s first scheduling equation (5.3.9) is

(OF/0P) + A(t)(OPL/OP,) — A(t) =0 (5.3.212)

In the particular power system under consideration one obtains
OF /0P, = B, + 2y, P(1) (5.3.213)
0Py /0P, = 2B, P(t) + 2B, P,(t) + By, (5.3.214)

Thus (5.3.212), the first of Kron’s scheduling equations, requires that
2P()[ys + A(MB11] + [By — A1 — Bio)] + 2B, A(0)P(1) = 0 (5.3.215)

That the optimal solution given by (5.3.209) and (5.3.210) satisfies Kron’s
first scheduling equation (5.3.215) is evident by direct substitution.
Kron’s second scheduling equation (5.3.13) is

(A(t)/SLy)(@Py/0h) + (d/d)[(A(1)/Ly)(@P,/0Q)] = 0 (5.3216)
In our system the hydro-model is given by Eq. (5.3.65). From this we obtain
0P, /30 = — A,(t) — B,0,(t) (5.3.217)

Moreover, the variation of active power generated with head provides

oP,/oh = Q,/G, (5.3.218)
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Thus Kron’s second scheduling equation (5.3.216) can be written as
[Ly 'A(0)B,Q,(0)] = (d/dt){Ly *AO[A,() + B,Qx(0)]}  (5.3.219)
In Egs. (5.3.216) and (5.3.219), L,, denotes the penalty factor, given by
L' =1—(6P./0Py) (5.3.220)

We will need two steps to prove that the optimal solution of this section
does indeed satisfy Kron’s second equation. The first step leads us to an
interesting result. This pertains to the relation between our current function
n(t), the function A(t), and the penalty factors. We write (5.3.209) and (5.3.210)
in the alternative forms

2AP(t) = — By, { By — A1)l — Byo) — Byy[n(t) + A(D(1 — Byo)l}
(5.3.221)
2AP, () = B,[ B — AMt)(1 = Byo)]
+ {71 + AOB1 1 1/M0)}[not) + A1 — Byo)] (5.3.222)

Multiplying both sides of (5.3.221) by B, ,, (5.3.222) by B,,, and adding, the
following is obtained:

2[B13P, (1) + By, Py (0] = [ny() + A1 — Byo)1/A(1)

Rearranging, we have
ny(t) = A28, Py,(t) + 2By, P (1) — (1 — Byo)] (5.3.223)

Now the inverse of the hydro penalty factor is given by (5.3.220), which
yields for our system

Lyt =1—(0/0Py)[B,oP, + ByoPy + BuP; + 2B,,P,P, + B,,P{]
(5.3.224)

It is clear that application of (5.3.224) in (5.3.223) results in the defining
relation anticipated. This is given by

ny(t) = Ly YA(t) (5.3.225)
Our second step is to write the optimality condition (5.3.211) as

(d/dt)[ny()A5(1)] + B2ry(1)Q,() = 0
This is equivalent to

(d/dt){ny()[ A1) + B,Q2(1)]} = B2na()Q:(1)
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The last result and that of (5.3.225) lead us to conclude that
(d/dt){Ly, 'At)[A,(t) + B,Q,(1)]} = Ly 'A(1)B,0,(0)

which is precisely Kron’s second scheduling equation (5.3.219). This con-
cludes the equivalence proof.

E. THE DrY SEASON CASE

The situation when the reservoir’s natural water inflow function i(t) is
zero over the optimization interval is referred to as the dry season case.
The solution to the optimal operational problem for variable-head hydro
plants simplifies considerably in this case. Since with i(t) = 0 we have by
Eq. (5.3.157) that

Ai(r) = —h(0)/G;
this obviously implies that
Aft) = i) =0
Combining Eq. (5.3.151) and (5.3.177) we see that
A = = [@ViO]/n0)
Now, since V(t) # 0, we conclude that in the dry season case
() =0
This indicates that
n;(t) = const (5.3.226)

Substitution of the above in the optimal expression for the volume of
water discharged given by Eq. (5.3.148) does not provide us with any new
information other than confirming that the basic model equation is satisfied:

Q)= —[4; + B,Vi(1)]/B;

On the other hand, the optimal expression for the active hydro power genera-
tion given by Eq. (5.3.147) requires

Py () = [1 + (n/A(t) )]12B;; (5.3.227)

Here, n, is constant as obtained in Eq. (5.3.226) and should be determined
so that the active power generation constraint given by Eq. (5.3.65) is satisfied.
Thus we write

[{1 + [n/A(t)]}/2B;;] + Aiqi(t) + Big:()Qi(t) =0 (5.3.228)
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Integrating Eq. (5.3.228) over the optimization interval yields

n/2B; = [K,, — (Tf/ZBii)]/[foTr 274 dt:l (5.3.229)

where

K, = —b[A; + (Bby/2)] (5.3.230)

We thus conclude that the optimal active hydro power generation of
Eq.(5.3.227) is
Py (1) = (2B) ™" + [K; — (T2B))[AW) [ A7 (0] ™t (5.3.231)

We remark here that the optimal solution is completely specified by
Eqgs. (5.3.231), (5.3.146), and (5.3.69).

The optimal active hydro power generation expression (5.3.231) is precisely
that of (5.2.79) with C; = — 1. Now the last expression was derived for the
case of fixed-head hydro plants. We can conclude then that the formulation
of the fixed-head case developed in Section 5.2 is perfectly capable of handling
the dry season case. To confirm this let us consider the active hydro power
generation model (5.3.65) in the case A4;(t) = A;:

Py (0) + Aiqi(t) + Bigi()Qi(t) =0

Integrating over the optimization interval we conclude that
fO“ P, (t)dt = —b,[A4; + (Bb;/2)] (5.3.232)
Now, with the substitution of (5.3.230) we have
fo P (dt =K, (5.3.233)

Thus the problem is indeed reduced to the one with fixed-head plants. Note
that head variations are accounted for by the expression for K; . This is
compared to K; of Section 5.2, defined by

Ki = _biAi
Note that K; < K.

54 SUMMARY
Economic dispatch for hydro-thermal electric power systems is a dynamic

optimization problem. The cases of systems with hydro plants on separate
streams, with and without head variations considered, lend themselves to
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solution by many optimization techniques. Among these we outlined in this
chapter the variational calculus method, Bellman’s dynamic programming,
Pontryagins’ maximum principle, and the functional analytic optimization
technique of the minimum norm formulation.

The resulting optimal strategy is defined by a set of dynamic nonlinear
algebraic differential equations. The complexity of the set depends on the
particular hydro model chosen and the operation conditions. We can con-
clude that simpler implementations result in the case of fixed-head operation
as compared to the variable-head one. The case of a dry season when the
natural reservoir inflows are nil with head variations included reduces to a
problem solvable using the results for the fixed-head problem. Naturally the
resulting hydro energy constraints recognize the head variation’s aspects.

The practical problem of actually implementing the optimal strategy can
be handled using the contraction mapping formulation leading to Picard’s
iteration algorithm. We would like to point out that the fixed-head case can
be utilized in generating initial guess functions that may be useful in handling
the variable-head problem, which is computationally more involved. The
prospects for employing fast and more efficient computational algorithms
are very interesting. For example, application of the Newton—Raphson
method and extensions of the contraction mapping algorithms, termed the
modified mappings (MCM), should prove beneficial. We will have occasion
to examine these aspects further in the next chapter.

5.5 COMMENTS AND REFERENCES

SECTION 5.2

The classical approach to the hydro—thermal dispatch problem for fixed-
head hydro plants employing variational calculus is given by Chandler et al.
(1953). The application of the resulting coordination equations to part of
Ontario Hydro’s system is reported in the above-mentioned work. Further
details on this approach are discussed by Kirchmayer (1959). Carey (1954)
discusses the application to a three-plant system employing digital and
analog computational techniques. A description of the computational ex-
perience and potential economics achieved for a utility system using the
coordination equations is given by Dandeno (1961). Drake et al. (1962) use
variational principles to obtain coordination equations for a system with
multiple chains of plants neglecting head variations at the reservoir.

The dynamic programming approach described in Section 5.2.2 follows
closely the treatment of Bernholtz and Graham (1960). Extension of the
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basic method to include more than one hydro plant is reported in a sequel
paper (1962a). Further computational improvements may be found in
companion papers (1962b,c, 1963). Parallel to this, a similar development
of the dynamic programming approach is reported by Fukao et al. (1959).

The formulation of the dispatch problem in Section 5.2.3 is due to El-
Hawary and Christensen (1972a). The sensitivity analysis problem has been
considered by some authors. Ringlee (1965) employs a gradient method for
determining the optimal schedules and uses sensitivity methods to develop
an economical dispatch controller to follow small deviations from forecasted
conditions. Examples of simulated on-line control are also presented. More
recently, Vemuri and Hill (1976) present a sensitivity analysis algorithm
based on the successive sweep method. The feasibility of using the algorithm
is demonstrated for a system with two thermal and two hydro plants.

SECTION 5.3

The development of coordination equations for systems with negligible
transmission losses but taking head variations into account is due to Ricard
(1940). In his work reported in 1954, Cypser obtains equations based on
variational calculus neglecting losses in a system with one thermal and two
hydro plants. The inclusion of transmission losses into the coordination
equations is reported in Glimn and Kirchmayer’s work of 1958. Variational
calculus, employed in the derivation of the equivalence of Ricard’s, Kron’s,
and Cypser’s equations, is also shown. Arismunander (1960) employs all
necessary and sufficient conditions for optimality in variational calculus to
arrive at the scheduling equations. This is reported as well in Arismunander
and Noakes (1962), who also contributed an exhaustive bibliography on the
subject (1963).

The maximum principle approach is reported by Dahlin (1964), Dahlin
and Shen (1964, 1965, 1966) and Hano et al. (1966). For the dynamic pro-
gramming approach to the variable-head hydro plants case we have Dahlin’s
work (1964) and Anderson et al. (1971). The minimum norm formulation
reported here is given by El-Hawary and Christensen (1971, 1972b).
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CHAPTER

6

Power Systems with
Coupled Hydro Plants

6.1 INTRODUCTION

The hydro—thermal electric power systems treated in Chapter 5 include
hydro plants on separate streams and thus the hydraulic coupling between
plants is absent. We have outlined the application of variational calculus
(referred to as the classical approach), dynamic programming, the maximum
principle, and the minimum norm formulation to two classes of problems.
The first involves fixed-head hydro plants and in the second head variations
are taken into account. The dimensionality of the problem in the latter case
is increased as compared to the former, which again is of higher dimen-
sionality than the all-thermal case of Chapter 4.

Our object in this chapter is to introduce hydraulic coupling between
plants into the picture. Here we start with a relatively simplified case where
the hydro plants are on one stream. We assume that the river transport
delays of discharge between cascading plants are negligible. The optimal
operational strategy is obtained using the maximum principle approach.
Including the river transport delays into the statement of the probiem is
treated next. We offer here a minimum norm approach to the solution. The
general case of a hydro—thermal electric power system characterized by the
presence of several chains of hydro plants as well as hydraulically isolated
plants is our third problem. Here the state of certain hydro plants will be

199
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influenced by the control action at other upstream plants. We formulate and
solve this general problem employing the minimum norm approach. The
chapter concludes with a discussion of the computational aspects of the cases
considered. We offer computational experience related to two example
systems.

As in Chapter 5, we choose to represent the electric network by the active
power balance model. We do, however, realize that the extension of the
present treatment to include more sophisticated electric network models is
to our advantage. We will have an opportunity to discuss these and other
aspects in Chapter 7.

6.2 A MAXIMUM PRINCIPLE APPROACH

In this section we consider a problem that serves as an illustration of the
application of the maximum principle in the case of electric power systems
with coupled hydro plants. It is assumed in this problem that all hydro plants
are located on one stream. The delay of water transport in the river is
ignored.

The forebay elevation at one plant is assumed to be equal to the tailwater
elevation of the next upstream plant. In other words, the plants are strongly
coupled hydraulically. The plant furthest downstream is assumed to dis-
charge into a large body of water with constant elevation. The river inflow
into the forebay of the upstream plant is a known time function. There are
m thermal plants in the system.

The object of the optimizing procedure is to minimize

m

J= fOT‘ ; F(P,(0))dt (6.2.1)

subject to satisfying the following constraints:

(1) The active power balance equation:

Y P+ Y Py(t)= Ppt) + Pt) (6.2.2)
i=1 i=m+1
Here the transmission losses are expressed via the use of the usual quadratic
transmission loss formula given by (5.3.70).
(2) Continuity of each river section requires satisfaction of the following
relations:

%(t) = B, Li(t) — qi(t) + ;-1 (D)), i=m+2,...,n (623)



6.2 A MAXIMUM PRINCIPLE APPROACH 201

xm+1(t) = :Bym+1[im+1(t) - qm+1(t)] (624)

x;(0) = x4, i=m+1,...,n (6.2.5)

Here x,(t) denotes the ith reservoir forebay elevation, iy(t) is the natural

inflow to the ith reservoir, ¢;(¢) is the rate of water discharge, and the param-

eters §, = S; ! are inverse surface areas of the reservoirs. The initial reservoir
forebay elevations are assumed known X;q.

(3) The volume of water discharge over the optimization interval at each

hydro plant is a prespecified constant

f“qi(t) =b, i=m+l....n (6.2.6)

]

Since the i,(t) are known time functions, we can replace the above require-
ment of integrated discharge by specification of the terminal values of x;.
The new specification which will be used, then, is: x(T¢) =d where d is a
constant vector with n — m elements (terminal forebay elevation).

We proceed along lines that are similar to the treatment of Section 5.3.2.
Thus let us define the auxiliary state variabie x,, ; by

Xpe1(t) =1
with
Xps1(0) =0,  x,14(Te) =
Thus
Xps (D) =t

We will use the active power balance equation (6.2.2) to eliminate the active

power generation of the thermal plant P,,. We thus have the vector
=[P P, ] (6.2.7)

[T I

treated as part of the control vector. As outlined previously, the g variables
will complete the specification of the control vector.

6.2.1 The Optimal Solution

The Hamiltonian of the system is

H=po Y FiAP.) + Prss®Byn. Lims 18 = dmer(0)]

i=1

+ Z pi()B, Lidt) — qit) + g 1(t)] + pas1() (6.2.8)

i=m+2
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The costates satisfy

p(t) = —0H/0X (6.2.9)
In component form this turns out to be
pi(t) = — po(0F /0P, )(OP,,/0x,), i=m+1,...,n (6.2.10)

Pas1(t) = —[po(aFl/aPs,)(aPsl/axH D+ Y pl0)B,(0i/0x, 1)] (6.2.11)
i=m+1
For optimal operation the following should hold true:

(1) po = constant < 0.

(2) H is maximized with respect to the control P, € M, and g € U at each
instant of time.

(3) H,..=0att= T;and for any ¢ if U is constant.

The maximization result with respect to P, is similar to the development
in Section 5.3.2. This is given by

L, (0F /oP,) = L.(0F,/0P,), i=2,...,m (6.2.12)

This is precisely (5.3.54).
The maximum condition inside U yields

0H/0q; = pO(aFl/aPsl)(aPsl/aqi) - Piﬁy.» + pi+l)By.-+1

=0, i=m+1,...,n—1 (6.2.13)
Recall from Section 5.3.2 that Eq. (5.3.53) requires
0P, /0g; = —(Lg,/Ly )(0Py,/0q)) (6.2.14)

This last relationship combined with Eq. (6.2.13) yields

Ly (OF \/0P,) = = L (04,/0Py) [——” LB 5] i=m+l, -1

Do

(6.2.15)

If 0F /0P, > 0 and 0q;/0P,, > O then

piﬂyi_pi+lﬂyi+1>0’ i=m+1""’n_l
For the nth plant, the maximum condition yields

0H/0q, = po(OF /0P, )(OP;,/04,) — PuB,, =0 (6.2.16)

Thus, using (6.2.14), we conclude that
L, (0F 1/0P,)) = — Ly, (2,/0P, )(paf,/Po) (6:2.17)

If OF /6P, > 0 and 0q,/cP, > 0, then p, > 0.
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The costate equations (6.2.10) and (6.2.11) contain the derivatives (0P, /0x;).
These can be expressed as follows:

(1) For the upstream plant we have that
0P, /0%y 41 = — 0Py, [0Xp+1)(Ls /Ly, ) (6.2.18)
(2) For intermediate plants
0P 0%y i = —(0Py,, ., /0Xps M Ls, /L, )
- (aPhnu-i—|/axm+i)(le/Lhm+,@1)’ l = 2a B (m + 1)
(6.2.19)

(3) For the downstream plant
0P /0x, = —(0Py,/0x,)(Ls,/Ly,) — (@Py,, ,/0x,)(Ls,/Ly, ) (6.2.20)

Substitution of Eqs. (6.2.18)-(6.2.20) in Eqgs. (6.2.10)—(6.2.11) results in a
more convenient form of the costate dynamic equations:

Pm+1(8) = po(Lg, /Ly, , JOF /0P, )(OPy . /0Xy+ 1) (6.2.21)
Pm+it) = poLy,(OF /0P, )[ Ly} (0P, . JOXm+d) + Li ) (OPy . /0]
(6.2.22)

D) = poLy,(0F /0P, )[ Ly, (OPy, /0x,) + Ly, (OPy, _,/0x,)] (6.2.23)

Comparison of Egs. (6.2.21)-(6.2.23) with Eq. (5.3.58) derived for the case
of isolated plants reveals that the upstream plant costate equation is identical
with that for an isolated one. On the other hand, the second term within
square brackets (6.2.22) and (6.2.23) is a new term which accounts for the
hydraulic coupling between the (m + i)th and the (m + i — 1)th plant. The
optimal strategy is completely specified once a solution to the optimality
conditions is obtained. These are given by Egs. (6.2.12), (6.2.15), (6.2.17),
(6.2.21),(6.2.22), and (6.2.23) together with the active power balance equation
{(6.2.2) and the dynamic equations (6.2.3) and (6.2.4). In addition, the bound-
ary conditions on x;(t) are given by (6.2.5) as well as

x(Ty) = d.

6.2.2 Implementing the Optimal Solution

The noted similarities between the results obtained so far for our present
problem with those of Section 5.3.2 for the case of isolated plants, prompt
us to proceed along the same lines. We thus make the choice

po=—1 (6.2.24)
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and define A(t) by
AMe) = Ly (OF,/0Py)) (6.2.25)
Moreover, we define the water conversion functions v;(¢) by
vi(t) = B,,pilt) (6.2.26)

These are precisely the same definitions as in (5.3.59)—(5.3.61).
Our optimality conditions are thus given by three sets of equations. The
first set is that of (6.2.12) and (6.2.25):

L (0F,;/0P,) = A(t), ieR, (6.2.27)

This set is precisely (5.3.62), which leads us to conclude that the thermal
subsystem optimization is not changed. The second set is
At) = Lh,,.+.»[vm+i(t) ~ Vm+i+ l(t)](aqm+i/aphm+i)a
i=1,...,n—m—1 (6.2.28)
At) = Ly, v (t)(0q,/0Py,) (6.2.29)
The above equations are simply a rewrite of (6.2.15) and (6.2.17) using
(6.2.24)—(6.2.26) inclusive.

To obtain the third set, we combine Egs. (6.2.21), (6.2.22), and (6.2.23)
with (6.2.24), (6.2.25), and (6.2.26) with the result

b r®) = =By MOLEL, (0P, 0%,,.) (6.2:30)
Vmsi) = — By, MO[Ly L, (OPy,, /0Xm+ i) + Ly, 0Py, ., /0Xpmsd)],
i=2...,n—m (6.2.31)

We use (6.2.28) and (6.2.29) in (6.2.30) and (6.2.31) to obtain the desired
set of equations given by
{)m+ l(t) - [ﬂym + l(aqm + l/axm + 1)] [vm+ l(t) — Vm+ Z(t)] =0 (62'32)
Vm+i(t) = (By,., H[(OGm+i/0%m+ ) + (OGm+i-1/0Xm+i- )]Vm+i(t)

= (Om+i-1/0%mri— )Vmti=1(6) = (OGm+i/ 0%+ Pm+i+1()} = O,

i=2,...,n—m—1 (62.33)
‘.)n(t) - ﬂy”{[(aqn/axn) + (aqn— l/axn— 1)]vn(t) - (aqn— l/axn— l)vn— 1(t)} = 0

(6.2.34)

In the above equations the following dependence is assumed:

(0P;/0x;)(0q;/0P;) = — 0q;/0x; (6.2.35)
(OP;—1/0x)(0q; - 1/OP;_1) = 0q;_1/0%;—, (6.2.36)
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Note that the active power generation of a hydro plant is a function of
discharge and forebay elevation difference:

Ph.- = Phi(qia (x; — Xi+1)) (6.2.37)

Application of (6.2.37) results in (6.2.36).

The third set, given by (6.2.32), (6.2.33), and (6.2.34), is useful in visualizing
the interdependence of the water conversion functions v(t) for this system.
For computer solution, we find it advantageous to introduce a new set of
variables Z,(1). These are defined recursively by

Zyiri(t) = Vi it) = Vi i1(0)s i=1...,n-1 (6.2.38)
Z.{t) = v, (1) (6.2.39)
Obviously, this new function is the difference in water conversion functions

between an upstream plant and the one immediately downstream. Combining
(6.2.38) for i = 1, 2 and (6.2.32), (6.2.33) for i = 2 we obtain

Zm+ l(t) = (Bym+ 1 + Bym+2)(aqm+ l/axm+ I)Zm+ l(t)
- ﬁym+z(aqm+Z/axm+2)Zm+2(t) (6240)

The application of (6.2.33) twice together with (6.2.38) results in

Zpoit) = By 0mt i~ 1/0X s i~ 1)+ 1(2)
+ Bysi t Bys i )0t i/ 0%+ )Ly 1 (1)
= Bos e i Omtis 1/ 0% 414 1), i=2,...,n—m—1 (6241)
Finally, Eq. (6.2.39) combined with (6.2.34) yields
Z,(t) = By, [(080/ 0% Z,(t) — (0dn-1/0%n-1)Zy-1(1)] (6.2.42)
The dynamic equations of (6.2.40)—(6.2.42) can be written in vector form as
Z(t) = ALZ(1) (6.2.43)

The matrix A, in this system is tridiagonal. Elements of this matrix are
easily identifiable by inspecting the original equations. The solution vector
Z(t) is given by

Z(t) = ¢(t,0)Z(0) (6.2.44)

Here ¢(1,0) is the state transition matrix associated with the matrix A;.
Note that in this treatment the elements of A are assumed to be constants.

We now outline the logic of a computer program for actually solving
for the optimal strategy as outlined above. The flowchart of this program
is shown in Fig. 6.1. We start by assuming initial guess values for the initial
conditions Z;(0) or, alternatively, on v,(0). These values are best obtained
from another program that assumes that both head variations and hydraulic
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Initial quess
Z (0)
I
I
K=1
]
|
Compute Z (KA) using Modif
(6:2-44) for (K-DA<t<KA ;(c'))’

Initial guess A(t) for

(K- A<t<KA

I

' |

Compute Pg (1), Py (1)
i i -
using (6-2:27), Modify
Al
K=K+1 (6-2:28) 8(6:2-29)

I1s (6-2-2)
satisfied
°
Yes

Compute g;(t) & X;(1)
using plant characteristics
and (6-2-3),(6-2-4)

No

No

Solution
attained

Fig. 6.1 Computer flowchart for obtaining optimal strategy.

coupling are not present. In case this is not available a realistic estimate
may be used. With this guess at hand, the computation proceeds for the
first time instant (K = 1) by evaluating Z(A). This is simply obtained by
using (6.2.44). We now need an estimate for A(t) in the discrete interval
considered. Again the estimate of A(t) is handled in the same way as Z(0).
Obviously, bounds on the choices of these estimates can be obtained and the
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treatment of Section 5.3.3 will be helpful in this regard. With the incremental
expressions (0F;/0P,) and (d¢,;/0P,) available, the values of P (t) and P, (t)
are obtained using (6.2.27), (6.2.28), and (6.2.29). This last task proves to be
simply that of solving a set of linear equations. It is necessary for the obtained
active generations to meet the power demand as required by the active
power balance equation (APBE) (6.2.2). If the APBE is violated, we modify
the estimate of A(t) and recompute the active power generations for the
new choice. With the APBE satisfied we now evaluate the individual hydro
plant discharges from the plant characteristics. The resulting ¢,(¢) are then
used to evaluate x;(¢) using (6.2.3) and (6.2.4).

The above process is repeated for all discrete time instants up to T;.
At this point a check on the satisfaction of the terminal conditions on x(t),
namely,x (T;) = d, is made. If this is violated a modification of Z(0) is made
and the major iteration loop is reentered.

6.3 HYDRO PLANTS ON THE SAME STREAM:
A MINIMUM NORM APPROACH

We consider a power system with combined thermal and hydro genera-
tions. The system is characterized by an exclusively common-flow hydro
network in which all plants are on the same stream. The assumptions on
the thermal subsystem and the electric network model are the same as the
problems of minimum norm approach of Chapter 5. The hydro network
configuration is shown in Fig. 6.2. As before, the volume of water discharge
for each hydro plant is a prespecified constant amount over the optimization
interval. We introduce the river transport delay to the problem.

The detailed model of the hydro subsystem is as follows:

(1) The effective hydraulic head at the ith hydro plant is equal to the
difference between the forebay elevation y,{(¢) and the tailrace elevation
yr{t); thus

h(0) = yi(t) = y1.0) (6.3.1)
(2) The forebay elevation y;(r) is related to the storage s;(t) according to
Vi) = yio + Bysi(t) (6.3.2)

This relation is true for vertical-sided reservoirs. y;, and f,, are constants
corresponding to the forebay geometry.

(3) The tailwater elevation varies with the rate of water discharge
according to the relation

yT;(I) = mi + BTiqi(t)v l =m+ la BN (633)

yr,, and fr, are known constants corresponding to the tail-race geometry.
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i)

Gmei ime2lt)

A7)

m+2 ima3(!) Fig. 6.2 Hydro plants on the same stream.
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(4) The reservoir’s dynamics are described by
St i8) = b+ i) + Gvi— 1 (t = Tim 1) — G+ A1), i=2...,n—m (634)
Sm+1(8) = Iyt 1 () = G +1(1) (6.3.5)

Here, the time delay of water discharge between two consecutive hydro
plants is assumed to be a constant .
(5) The ith hydro plant’s active power generation P, (t) is given by

Po() = g(Oh(t)/G,,  i=m+1,....n (6.3.6)

where the G;’s are the efficiency constants of the hydro plants.

6.3.1 Formulation

The above expression can be written as

th+i(t) = (qM+i(t)/Gm+i)[ay,‘ + By,,.+.-sm+i(t) - BTm+iqm+i(t)],
i=1,...,n—m (63.7)
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where

%y, = Yio — V1o (6.3.8)

Equation (6.3.7) is obtained using (6.3.1), (6.3.2), and (6.3.3).
For convenience of formulation we introduce certain auxiliary variables.
These are

Dpi(t) = 51 i0) + [ im0 do (6.39)
Yot t) = J: qm+i0 — 1) do (6.3.10)
Qi) = [oamed0)do (63.11)

The first of these is the storage value at the reservoir if both its own plant
and the upstream plant are deactivated (no discharge). The second is the
volume of the delayed water discharge by an upstream plant, while the last
is simply the volume of water discharge at the plant up to and including the
time instant t. A flow diagram showing these variables is given in Fig. 6.3.
We remark here that the variable D(t) is an uncontrolled variable whereas
Q(t) and Y(t,7) are control variables. This suggests that a pseudocontrol
variable x(t) as indicated be introduced:

Xm+i(8) = Yoy i 16,72 1) = Qs (D), i=2...,n—m (6312

We are now in a position to write the active hydro power generation
expressions given by Eq. (6.3.7) in the form

th+1(t) + Ay 100G+ 1(8) + Bt 1Gmr 1(6)Qm - 1(8) + Cm+1q12n+ () =0,
(6.3.13)
th+,—(t) + Am+i(t)qm+i(t) - Bm+iqm+i(t)xm+i(t) + Cm+iqr%1+i(t) = 0’
1=2,...,n—m (63.14)

Fig. 6.3 Relations between variables introduced.
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The coeflicients A(t), B, and C are given by

Am+i(t) = _(I/Gm+i)[am+i + ﬁy,,,+,~Dm+i(t)] (6315)
B,ii=8,, .. Cnsi (6.3.16)
C +i= ﬂTm+,~/Gm+i (6.3.17)

It should be noted here that with these transformations the active hydro
power constraints offer quadratic expressions in the variables ¢, O, and x.

We decide to take the three variables ¢, Q, and x as pseudocontrols in
the optimization process. This of course would necessitate the inclusion of
the defining relationships as side constraints. A slight modification in each
of the relationships renders some neat quadratic forms. Thus instead of
taking (6.3.11) these are replaced by the equivalent forms

G+ 1(8) = Qs 1(0) (6.3.18)
G+ i) +i(t) = Qs (DD, 1 :(0), i=2....,n—m (63.19)
Moreover, the constraints (6.3.12) are replaced by
m+;( ) + Qm+1( 1) + 2Xp 1 i()Q (1) — Yr%ﬁ-i(t’ 7,1) =0,
i=2...,n—m (6.3.20)

These further reduce to

m+l( ) + Qm+z( ) + 2xm+i(t)Qm+i(t) - lpr%l+i—1(t7 ri‘l) = 0’ 0 <t< Ti—1
(6.3.21a)
m+1( ) + Qm+l(t) + 2xm+l(t)Qm+l - [¢i+i—1(fi~1ﬂi—1)
+ Wi 1 (T 1 Tim )Q@mri— 1t — Tim ) + Qi — 72 )] =0,
T <t<Te, i=2,...,n—m (63.21b)

Note here thaty,, ., (¢, 7;_ ;) is aknown initial condition function defined by

Vil Ti) = [ i (0)do (6.3.22)

—ti-

Here we have used the identity

Yori i) =it 1i-1) O<t<rty)
=W ori-1(Tim 15 Tim 1) + Qsim ot — T2 y)
(t <t<T, i=2,....,n—m) (6323)
which is a consequence of (6.3.10) and (6.3.22).

We now turn our attention to the control functions. The active power
generation functions in the system offer one control subvector P(t) with

P(t) = col[ P, (1), ..., P, (1), Py, . (0), ..., Py (1)] (6.3.24)
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Each of the hydro plants offers a subvector W,(t); these are defined by
W 1(8) = col[ g v 1(1), Qs 1 ()], (6.3.25)
W, i) = col[ g+ (1), Q4 1(1), X+ ()], i=2,...,n—m (6.3.26)
We remark here that the components of W, (1) are related as outlined
before. In fact, Q and x are pseudocontrols which are introduced for con-

venience of the formulation. The overall system control vector u(z) is now
given by

u(t) = Col[P(t), Wy 1 (1), Wiz 5(0), - . ., W,(1)] (6.3.27)

With the above preliminary remarks, the problem is readily formulated
as a minimum norm problem. The augmented cost functional is written as

6
@) =" % L) (6.3.28)
i=0

where [, is the integrand of the cost function equation (5.3.68). The remaining
cost functions are obtained by pairing each constraint equation with an
unknown multiplier function. The pairing becomes obvious from an in-
spection of

Il[um]:w)[i ¥ POBPA) + ¥ (Bro— P z)]

i=1j=1
Iz[u(t)] = nm+l(t)[th+,(t) + Aps 1(0Gm+1(2)

+ By 1Gm+ 1()Qm+1() + Cm+1q72n+l(t)]
13[““)] = [mm+1(t )pm+ 1 (1) — mm+1(t)Qm+ 1(”]

[u(t] - Z nm+1(t [th+, + Am+1( )qm+i(t)
— Bt iXm 4 it (1) + Crs iz 4i(1)]

LLU0] = %, Ut 0 (00 ) = P00 (00 0]

6[“ t)] = Z rm+1 [xm+l(t + Qm+l(t)

+ 2x,,,+,( )Qm+1(t) m+1 l(t Ti- 1)]

We note here that our extra unknown functions are A(t), n;(t), m;(z), and r,(t).
Terms explicitly independent of the control vector are dropped in the above
expressions.

The existence of control vector function derivatives is eliminated by
performing certain integrations by parts. Moreover, the delays in the argu-
ment of Q(t), involved in Y{(t, 7) above, are removed by changes of variables
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which are straightforward. This last operation necessitates the introduction
of two functions:

Pt ilt + Tio ), te [0, Ty — 7]
(t.T: 1) = 6.3.29
Pm+ilt; Timy) {0, te [Ty — iy, T1] ( )
b+ it Tim 1) = Wotio1(Tie 15 T )it + Tim 1), tef0, Ty — 7iy]
Pm+i i—-1) — 0, te[Tf_T;—b Tf]
(6.3.30)

The resulting cost functional is now written as the sum of two parts:

JMu(®)] = J [u(®)] + Jo[u(@®)]

Here J, is made of terms linear in the control vector functions,

nfue) = 74 & 18, 300 - B0

+ Z [n:(8) — A()(1 — Bio)]Pa (1)

+ [ s 1 (A1 () + My 1()]Gm+1(2)
+ [ 1(2) — P+ 2(5T1) O+ 1(t)

n—-m—1

+ Z [P+ ilt) A1 i() + P i+ 1(8 T)Gom+4(2)

i=2

+ nn(t)A,,(t)qn(t)} dt (6.3.31)

and J, is made of terms quadratic in the control vector functions,

Jolu@] = [ {Z A URS Zl Z A(DP{(DB,;P (1)

n—m

+ Z Cos s i34 1) = [Pt 2(6,T1) + 3B 1 i 1 (0] Q2 4 1 (1)

(" i 2t (1) + Py (D) — ¢m+i+1(tﬂi)]Q:2n+i(t)>

+ [0 + ri]Q30) + 2: [ OB 10 + 21 00 €0)

+ mm+i(t)qm+i(t)Qm+i(t) - Bm+inm+i(t)qm+i(t)xm+i(t)]}dt

(6.3.32)
This is obviously the desired linear quadratic form for an objective functional.
We will introduce the vector L(t) by

L(t) = COl[L(t), Lyns () L1 2(0); - . ., Lo(0)] (6.3.33)
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where each subvector in (6.3.33) is defined by
L,(t) = col[lpsl(t), R lpsm(t), lphm,(t)’ cee lph"(t)],
L.+ 1(8) = cOl[ L+ 1)g(t), lim+ 1)0(2)],
L, i(t) = cOl[lim+ ipg(1), Lom + iy0()s Lim+ ()]s i=2,...,n—m

We have introduced the functions defined by

L (1) = Bi — A(t)(1 — Byo) i=1,...,m
L, (D) = Ry i) — AO[1 = Bgm+io]
lim+ 13g(8) = A4 1D 1 1(8) + My 1 4(2)
Lm+ 1)g(8) = My () = Prms2(8,T41)

i+ 3g(8) = Ay i(OM () + Prnsi v 1(2, T, i=2,...,n—m-1
l(m+l)Q(t) 0, i=2,.‘.,n_m
l(m+i)x(t):0’ i=2,...,n—m
L) = A (t)n,(2)
Each of the above functions is a coefficient of terms linear in the control
components.
We further introduce the square symmetric matrix B() by
B(¢) = diag[B,(2), B, 4 1(t), By 1 2(2), - - ., By(t)] (6.3.34)

The submatrices indicated in (6.3.34) are given by

[ 71 + B11A(t) B1,4(1) “ BpA()]
B (t) — Bl Zi(t) 72 + BZZA(t) e BZnA(t)
B+ 1ym + 1A

L o By

B, 1(2) = diag{Cp s 11+ 1 (1), — [P+ 2(t: T1) + 3Bt 11hms 1 ()]}
m+l(t) (b(m+t)(t))9 i=2,...,n—m
1+l(t) m+1 m+z(t)a l=2, .., n—m
2+l(t) 2mm+l(t) l=2, Lo —m
:?H(t): ZBm+1 Py +i(2), i=2...,n—m

mai(t)_fmm+i(t)+rm+i _¢m+i+1(tari)7 l=2, o, h—m— 1

br%lai(t):rm+i(t)9 l=2, o h—m
br::ls-f'l(t)z m+i(t)5 l=2, oo h—mMm

ba™(t) = my(t)/2 + r,(0).
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This reduces J[u(z)] in (6.3.28) to
(] = [ L0 + o™ @B(@u()] dr
Let
V(1) = LT (0B~ (1) (6.3.35)
Then our objective functional is rewritten as
JTu()] = [ {[u(o + VO] B0 + V(0] — 1V OBOIV0) dr

The last term in the integrand of the above expression does not depend
explicitly on the control u(f). Thus one needs only to consider minimizing

Jluw] = [ a0 + Vo] BOlu) + V)] de
subject to satisfying the volume of water constraints
fOTrqu(a)da:bmH, i=1,...,n—m
Define the (n — m) x 1 column vector
b=col[b,is--.5b,]
This leads to a definition of a bounded linear transformation given by
b= OTF K"u(s)ds

Here K is a matrix of zero—one elements of the appropriate size.

6.3.2 The Optimal Solution

As has now become obvious, the problem is finally in the minimum norm
form. Under the conditions outlined earlier we can write the problem as
that of minimizing

Jlu()] = |ju(t) + V)|

subject to b = T[u(r)] for a given b in R" ™™,

The optimal solution is of the standard form and is obtained in a similar
fashion to that outlined previously. To be specific, the optimizing equations
are given by

P.r)= —3V (1) (6.3.36)
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Tr
b1 + fo %V(nw 1)1([)‘1[
Tr
s 10) [ [/ ()] i
Qs () = = 3Vms 1),(0) (6.3.38)

[ Mt i@1 10, (8

Tr s
_fo 11, (D)

[ Am+i912,,.,,0) ]
_foTr @11no(t)dl
[ A+ G134, (0) ]
_fon 11, o0) 1 |

We note here that the vector V(i) defined in (6.3.35) is expressed in the
partitioned form

Qe () = —3Vim+ 1), () + (6.3.37)

q§m+1(t) = _%Vimﬁ-i)l(t) + i= 2, e, h—m (6339)

Q§m+i(t) = —%Vlm+i)2(t) +

, i=2,...,n—m (6.3.40)

X o () = = 5Vm+1,(8) + (6.3.41)

VIe) = [VH0, Vs (1), ..., Va(0)]
Vi) = [Vs,(t)’ I N (7 Vph"(t)]
Vi 1(0) = [V 1),(0), Vim+ 13,(8)]
Voeil) = [Vim+,(8)s Vim+ 15> Vim+ 12 J» i=2...,n—m

The scalars 5; are given by

Te¢
Mm+i = bpsi + fo Vom+i, (D) dt
Finally, the elements of the inverse of B, . ; are denoted by a;;:

B,,:}.i(t)=[aijm+i(t)], i:2,...,n—m

Although the optimizing equations (6.3.37)-(6.3.41) are elegant in form,
it is advantageous to obtain modified forms for the hydro subsystem. These
modified forms will resuit in eliminating the pseudocontrol variables by
invoking the corresponding constraints. Moreover, the interactions between
discharges of hydro plants and costates will be revealed. The procedure is
quite lengthy and will not be detailed here. The modified optimizing equa-
tions obtained are

(d/dt)[zcr;l+inm+i([)Q.§m+i(t) + At il + ()] + By it +(1)Qs,. . (1)
+gm+,-(t,‘ci,‘ti_1)=0, l= 1,...,n—m (6342)
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with the boundary conditions
Q.0 =0, i=1,....,n—m (6.3.43)
Q:, ATy =bpsi, i=1,....,n—m (6.3.44)

where

B oot + T1)ge, , (t + T4), te[0, Ty — 1,]

6.3.45
0, telT; —1,, Tf] ( )

Gm+1(t,71) :{
Im+illsTisTim1) = Bt i thma it + T4, ., (t + T)
— (@/d)[ Bt it W si 18, Ti1) ] (te[0,7:-1))
=Biit1Mmeis1(t + Ti)Q:mHH([ + 1)
~ (d/dO)[ B+ it + ) Wmv i 1(Ti 1,7 1)
+ Qv (t — T2 9)}] (telti-1. Ty — 1)
= —(d/d)[ Byt ity () (Wi - (T 15 Ti 1)
4 Quai-1(t — 71— 1)}]
(te[Ti—1,T;], i=2,....,n—m—1) (63.46)

gn(ta Tn—m—l) = _(d/d[)[Bnnn([)wn—l([s Tn—m—l)] ([ € [01 Tn*m*l])
_(d/d[)[Bnnn([){wn— 1(Tn—m- 15Th—m— 1)
+ Qé,._l(t - Tn—m—l)}] (t € [Tn—m—la Tf]) (6347)

Equations (6.3.42) are dynamic relations in the optimal volume of water
discharged Q. (t) at a hydro plant, the associated costate n;(t), and a forcing
function g;(t). These forcing functions are identified in (6.3.45), (6.3.46), and
(6.3.47). Examining these expressions reveals that g;(t) depends on the
corresponding hydro plants’ location on the stream. For the upstream plant
m + 1, the function g,,, ,(¢) is the contribution of the (m + 2)th plant which
is immediately downstream from the (m + 1)th. For all intermediate plants
(i=2,...,n—m— 1), the g,(t) functions contain contributions from other
plants immediately up- and downstream from the one under consideration.
In the case of the downstream plant (n), the contribution is due to the
(n — 1)th, which is immediately upstream. We will examine the problem of
actually implementing the optimal solution for this system in Section 6.5.

6.4 MULTICHAINS OF HYDRO PLANTS:
A MINIMUM NORM APPROACH

We now turn our attention to a system with a general hydro network
configuration. We retain the thermal and electric network models adopted



6.4 MULTICHAINS OF HYDRO PLANTS: MINIMUM NORM 217

so far. Thus the problem of minimizing the total fuel cost of the thermal
subsystem while matching the active power demand and losses is considered.
The active power balance equation is used and the fuel costs are approxi-
mated by the quadratic form discussed earlier.

i\()

Fig. 6.4 Example layout of a hydro plant multichain.

The hydro network is assumed to have several chains of hydro plants on
different streams, as well as hydraulically isolated plants. Let us denote the
set of all hydro plants in the system by R,. A typical layout of a hydro plant
chain is shown in Fig. 6.4. We categorize the plants according to their place
in the network as:

(i) Upstream plants: with only natural reservoir inflow, the discharge
of an upstream plant will affect a reservoir further downstream. The set of
all upstream plants in the system is denoted Ryy,. Thus in the example
network of Fig. 6.4, the plants 1, 2, 3, and 5 are upstream plants. The up-
stream plants’ active power generations satisfy

Py () + Ai(q:(t) + Big,()Q:(t) + Cat(t) =0, [ € Ryy (6.4.1)

Note that A,(¢), B;, and C, are the same as defined in Section 6.3. In fact this
expression is identical to Eq. (6.3.13).
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(ii) Intermediate plants: with reservoir receiving both natural inflow
and a controlled inflow emanating from either an upstream plant and/or
another intermediate plant. The controlled discharge of this type of plant
feeds into either another intermediate plant’s reservoir or a downstream
reservoir. We denote by R, the set of all intermediate plants. In our example,
plants 4 and 6 are in this category.

ijhmqi(f_Ti)

l — i

c‘i+l(1)

Fig. 6.5 An intermediate reservoir.

For the intermediate plants the situation is illustrated in Fig. 6.5. Let Ry,
denote plants upstream from the ith. The flow from each plant has a transport
delay of 7; (j € R,) to the ith plant. Then the ith reservoir’s dynamics are
expressed by

$;(6) = (1) + Z q;(t — ;) — qi(1)

Jje€Rn,;
Integrating, one obtains
s{(t) = Di(t) + Z Yit,t;) — Q1) (6.4.2)
je Rhi

where we introduce the following variables identical to the ones introduced
in Section 6.3:

D,(t) = 5,(0) + fo i(0)do (6.4.3)
0(0) = [ aio)do (6.44)

Y(,0) = [[ajo —)do, jeR, (6.4.5)
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Let us again introduce

vitt) = [ Vai9ds  t<v (64.6).
which is a known function of time from the previous history of the system.
Then Eq. (6.4.5) reduces to

i1y, <1
i) = {wj(rj,rj) +Qt—1), t>1;, jER, (64.7)

The hydro power generated at the ith plant is given by

Pp(0) = [4:(0)/G [0 + By,5:(t) — Prai(D]

Substituting for s,(t) we obtain

Py (1) + A()qi(t) — Big;(t) Z Yi(t, 1))

J € Rn;

+ Cigi(t) + Big(0Q;(t) = 0, ieR, (64.3)

We note here the similarity of the above relation to that derived in Sec-
tion 6.3, namely, Eq. (6.3.14). The difference is that the third term includes
the effects of all upstream plants from the ith plant. We will retain the
variables Y(t,7) in our formulation, although one may introduce variables
x; in a fashion similar to the approach of Section 6.3.

(i) Downstream plants: these feature a reservoir that has both natural
and controlled inflow from an upstream or an intermediate plant. The
controlled discharge of a downstream plant does not affect any other plant’s
reservoir. The set R, contains all downstream plants. In the example
network plant 7 is the only downstream plant. The reservoir dynamics are
described by the same relations derived for the intermediate plants.

(iv) Isolated plants: the reservoirs of plants in this category receive only
natural inflow. The controlled discharge of this plant does not affect any
other hydro plant. This set is denoted by Ry,s. Plant 8 in our example system
falls in this category. The reservoir dynamics for this type are described by
the same relation given for the upstream plants.

The hydro plants treated here are those which have large storage reservoirs.
Other plants that have modest storage facilities termed as “run-of-the river”
may be present in a hydrosystem. The operation of this type of plant is
almost completely fixed by that of the plants with storage facilities. It is
therefore sufficient to treat only large storage reservoir cases as they offer
independent decision variables.
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6.4.1 Formulation

The formulation of the problem proceeds with the objective functional
augmented by including the nonlinear constraints via the use of the costate-
like functions as outlined previously. This can be written as

Jw) = [, 1) dt (6:49)
Here we have
1u(0) = Ire@(®) + Iy(a(0)) (64.10)

The first part of the integrand includes thermal-electric related terms, the
second the hydro-related terms. The expression for I1g(u(t)) is given by

Igu(®)) = Y BP0+ Y 7Pt +it>[ 2. Pi()B;Pt

ieRs ie Rg i,je Rg
- Z (1— Bio)P,-(t):| + Z ni(t)Phi(t):' (6.4.11)
ieRG ieRn

The notation and costate pairing are the same as the treatment in Section 6.3.
The set of all thermal plants is denoted R,, and Ry denotes all available
generation in the system.

The second part of the integrand, namely, I,(u(t)), includes the hydro-
active power generation constraints [excluding the terms in Py (t)] and the
following two relationships:

g:(t) = 0:(0) (6.4.12)

4t, 1)) t <1
Y, t) = {‘p’( e = (6413
e ‘p,g(‘fj,‘fj) + 2y (t;, T)Q it — ) + Q,z(t -1, =71, ( )
We find it more convenient to use the integral of I,(u(t)) for reason of the
discontinuity in the above expression. Thus we have

In(u®) = [ {2 [%()(A0q,(0) + Cig ()

ieRn

+ B.Q:()0:(8)) + my(H)q,(t) + i (1)Q:(1)]
- Z [Bini(t)qi(t) Z Y, Tj):l

i€ Rnip J€Rp;

+ XX roYi ‘Ej)} dt

i€ Rnip j€Rnp;
-2 X f,T,rr,-(t)[Q}(t~r,-)+2!/,j( 1)0,(t — t)]dt
i€Rnp jeRn, v’

(6.4.14)
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Here terms explicitly independent of the decision variables g;(t), Q;(t), and
Y(t,7) were neglected. The set Ry;p is the union of the intermediate and
downstream plants.

The delays in the arguments of the decision variables Q;(f) can be elimi-
nated by a simple change of variables. Moreover, a further simplification in
the form of the previous expression can be effected by using the substitutions

, 20 (T, Tt + 1), 0<t<T;—1
(t. 1)) = 6.4.15
pi(t,7) {0, i (At
ri(t + 1)), 0<t<Tr— 1
(6,7 {O, T (6.4.16)

With these preliminaries at hand, we conclude that the problem is ready fOI"
casting as a minimum norm problem.
Let us define the control vector function u(¢) by

u(t) = col[P(t), W(1)] (6.4.17)

The subvector P(r) includes as before all the active power generations in the
system. The subvector W(t) includes further subvectors W;(t); thus

W(t) = col[W(t):i € R,] (6.4.18)

Each of the hydro subvectors has a dimension and a definition that depends
on the category of the plant. For the upstream and isolated plants only the
variables ¢;(t) and Q,(¢) are involved; thus we have

Wi(1) = col[Q;(1), a:(1)], i€ Rpy U Rys (6.4.19)
On the other hand, the subvector W,(1) for each intermediate and down-
stream plant must include the corresponding decision variables Yj(t,t;) in
addition to g;(t) and Q,(t). We thus have
Wi(1) = col[ (1), gi(1), Yiu(1)] (6.4.20)
with
Y (f) = col[Yj(t, 7)) :j € Ry, ], i€ Ryp (6.4.21)

The auxiliary vector L(z) follows in a compatible way; thus

L(t) = col[L(t), L.(1)] (6.422)
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Here again L,(t) includes the coefficients of terms linear in the components
of P(1), that is,

Ly(6) = col[Lpy(0), Lyy(t)] (6.4.23)
LoJ(t) = col[l, (1):i € R,] (6.4.24)
o () = B; — A(O(1 ~ Bio) (6.4.25)
L, (1) = co 1[1ph sieR,] (6.4.26)
o (1) = ni(0) — A(D)(1 — Byo) (6.4.27)

The vector L,(t) in turn is expressed as

L(2) = col[ L, (t):i € R, ] (6.4.28)
with

L,.:(t) = col[m,(¢), L,:(1)] (6.4.29)
Again the subvectors 1,,,(¢) are category dependent and turn out to be:

(i) For upstream plants there is only one component, given by
Li(t) = [my(t) + n(t)4;(t) + pi(t, T))], i€ Ry (6.4.30)
(1) For isolated plants there is again only one component; however, the
last term in the above expression is not included. That is,
1,:(t) = [mi(t) + n() A1) ], i€ Rys (6.4.31)
(i) For downstream plants there are more than one component de-

pending on the corresponding number of feed-in, intermediate, or upstream
plants. The extra components turn out to be zeros in value:

L.:(t) = col[m;(t) + n{t)Ai(r), 0;], ieRyp (6.4.32)

(iv) For intermediate plants, a vector similar to the above is obtained;
however the p;(t, t;) term appears. Thus
L,:(t) = col[my(t) + ni(t)A4;(t) + pi(t, 7)), 0.], i€ Ry (6.4.33)
The square symmetric matrix B(¢) is obtained in the partitioned form
B(t) = diag[B,(¢), B,(1)] (6.4.34)
We remark here that the P and W terms are decoupled, a fact which will be

useful in the implementation stages, as well as for extending the methodology
in the following chapter.
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The matrix B(¢) is of appropriate dimension and is given by

_ Bss(t) Bsh(r)
B*’(”‘[Bshm thaJ (6433

The elements of B, and B, are given by
bij(t) = B,A(1) (6.4.36)
For the thermal submatrix B.(t), we have
b(t) = v; + B;A1), b;;(t) = BA(1)
The matrix B,(f) is again block diagonal in submatrices B,,(¢), each of

which is category dependent as follows:

(i) For an upstream plant, the matrix B, (f) is a 2-dimensional diagonal
matrix given by

B,.(1) = diag[ — {BA,(t) + 0,(t, 7)), Cmi(1)],  i€Ry  (6437)

(i) For anisolated plant, a matrix similar to that of the upstream matrix
is obtained. The term 0,(¢, t;) does not exist for this type of plant.

B, (1) = diag[ — 1By (1), C:ni(1)] (6.4.38)

(i) For a downstream plant, the matrix B, (f) has a dimension related
to the number of feed-in plants.

B, (1) = diag[ — 4B (1), B, (1] (6.4.39)
Cnyt) | B
Bwfi(t)z[B'n'g; l Bw"f((tt))] (6.4.40)

The submatrix B, D) is diagonal of dimension equal to the number of
feed-in plants:

B,, (1) = diag[r;(t):j € Ry (6.4.41)

The vector B,, (1) is of compatible dimension and has components equal in
value:

B,, (1) = coll =4Bmt),...],  i€Ryp (6.4.42)

(ivy For an intermediate plant, a similar matrix is obtained. This is
given by

B, (1) = diag[ —3[Bin(t) + 0,(1, 7)), ng.(t)]’ i€ Ry, (6443)
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We remark here that the term 6,(z, 7;) appears in this case as opposed to the
downstream case. The structure of matrix B, (¢) is identical to the one
described above.

The augmented cost functional thus reduces to

J(u) = f [LTu(t) + u™(6)B(e)u(t)] de (6.4.44)
Let
VT(t) = LB~ () (6.4.45)
Then J reduces to
J(u) = fO“{[u( + AVEOTB@[u() + V()] — AVIOBOAV()) dt  (6.4.46)

The last term in the integrand does not depend explicitly on u(t), so that
it is only necessary to consider minimizing

J(u) = f {[u(t)+ VO ]™B() [u(e) + LV(©)]} dt (6.4.47)
subject to satisfying the linear volume of water constraints of the form
b= ["KTu(s)ds (6.4.48)

The control vector u(f) is considered an element of the Hilbert space
LPL[0, T¢] of the D vector-valued square integrable functions defined on
[0 Tf] endowed with the inner product definition

V() u(t)) = fOTf VI(O)B(H)u(t) dt (6.4.49)

for every V(t) and u(r) in L$4[0, T¢], provided that B(t) is positive definite.
The given vector b is considered an element of the real space R¥ with
the Euclidean inner product definition

XYy =X"Y (6.4.50)

for every X and Y in R.
Equation (6.4.48) defines a bounded linear transformation T : L4[0, T;] —
RHY_ This can be expressed as

b =T[u(r)] (6.4.51)

and the cost functional given by (6.4.47) reduces to

Ju()] = |ju@) + VO
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Finally, it is necessary only to minimize
JLu()] = |jul) + V)| (6.4.52)

subject to b = T[u(t)] for a given b in RY.
The dimension D of the Hilbert space is related to the number of plants
in the system as follows:

D=3H+85+d+1

where H, S, d, and I are the number of hydro, thermal, downstream, and
intermediate plants, respectively.

6.4.2 The Optimal Solution

The optimal solution to the problem formulated above using the results
of Chapter 3 is

ult) = T'[b + TEV()] — V() (6.4.53)

where T' is obtained as before. Concerning the optimal active power gen-
eration vector, this turns out to be

P.(t) = —[B, '()3L,(1)] (6.4.54)

The optimal volume of water discharge at either an upstream or an
intermediate plant obtained is

Q. (t) = my(t)/[ Bia(t) + 20,(t, 7)), i€ Ry UR, (6.4.55)
For downstream and isolated plants this turns out to be
Q. () = my(t)/[ Bind1)], i€ Rp U Ry (6.4.56)

The optimal rate of water discharge at any hydro plant is given by

9 (1) = {[b + | @ dt} / di(t)} 0 (64.57)

Here the §;(¢) for each plant category are

)
G40 = [mit) + n(OA) + P, 1))/ [2Cn0], i€ Rpy (6458)
3i(t) = [3b4.P(O][mi (1) + ny()A() + pi(t,T)], ieRy, (64.59)
gi(r) = [3b4s (1) ][m + n;(1)A;(1)], i€ Ryp (6.4.60)
.0 = [mi(t) + 0 A0]/[2Cm(0), ieRys (6461)
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Here each b} '(t) is the first row and first column element of the inverse
of the matrix B, (t):

b (1) = {C n(t) — [2Bn,(1)])* Y, [ri0]” 1}_1, ie Ry u Ry, (64.62)

J € Rn;

The functions d,(t) are

di(t) = ny(t) fO“ [m(®)] 'dt, i€ Ry U Ry (6.4.63)

dy(r) = [BLD(0)] [ f b‘“)(t)dt:| ieRy U Ry (64.64)

The optimal Yj(t, 7;) are given by
Y. (t,7) = Bini(t)q. (t)/[2r;(1)], J€Ry, (6.4.65)

The optimal equations obtained thus far together with the constraint
equations completely specify the optimal operational strategy for the system
under consideration. We remark here that the dimension of the problem
has been increased by the introduction of the pseudocontrols g(t) and Y(t, 1)
and the associated costate-like functions m;(t) and r,(t) for the hydro network.
This of course is necessary for a valid minimum norm formulation. We offer
here an alternative form for the optimal equations for the hydro network.
This form is obtained directly via elimination of the pseudocontrols by
invoking the corresponding constraints defined by Egs. (6.4.12) and (6.4.13).
The result is the general equation

(d/dD)[2C (0. (1) + A;(Dn(1)] + Bi(DQ: () + gi(t) = 0 (6.4.66)

subject to the boundary conditions

0:(0)=0, QT =b; (6.4.67)
The functions g,(t) are given by
g:(t) =0, i€ Rys (6.4.68)
Bknk(t + T)Qé(t + Ti), 0 S t S Tf - T, . .
(1) = ! ie Ry, i€ Ry,
gi(t) {0, T, ~t,<t<T, hU h
(6.4.69)
gi(t) = By (t + Ti)ng(t +13)
— (d/dt) [Bini(t) PR £(2 rj)}, i€eRy,i€eR,, (6.4.70)
Jje Rn;

gi(t) = —(d/dD)[ B0 Y{t,7))], i€ Ryp (6.4.71)
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The optimality condition given by Eq. (6.4.66) is the same as that of
Eq. (6.3.42). The forcing functions g;(t) are category-dependent as in Section
6.3. For isolated plants the forcing functions are null, while for the upstream
plants the contribution of the plant downstream is obvious by inspecting
Eq. (6.4.69). For the intermediate plants, Eq. (6.4.70) reveals the effects of
plants hydraulically coupled to plants in the set R,;. The downstream plant
optimality equation is influenced by the plants immediately upstream as
indicated by (6.4.71). In the following section we focus our attention on the
treatment of the practical implementation aspects of the problem.

6.5 COMPUTATIONAL ASPECTS

The variety and scope of common-flow and multichain hydro systems
offer quite an interesting challenge. The characteristics of the particular
system considered influence the success of a computational scheme for
actually implementing an optimal strategy. We have outlined the features
of the modified contraction mapping algorithms in Chapter 3. In this section
we apply this technique to example systems. The first is a comparatively
low-dimensional system that is fashioned according to the formulation of
Section 6.3. The second example system follows the general form of
Section 6.4.

In order for us to be able to formulate a contraction mapping, it is necessary
to rearrange the nonlinear equations presented to us by the hydro network
optimal equations. We offer here alternative forms for these that readily
lend themselves to a contraction mapping formulation.

Consider the optimal hydro equation (6.4.66) rewritten as

+ {g(t Ty Ti 1) + A [n t)]}/ZCi =0, ieR, (65.1)

where §i(t,1;,7,_ 1) = gi(t, i, T; _ 1)/m:(t). Let us introduce the variables
p:(t) = #y(8)/mi(1), ieR, (6.5.2)
and the parameters ¢, given by
= B;/(2C)), i€ R, (6.5.3)
Moreover, we define

Gi(tv’ri”ri—la (t)n [) [g(t Tl7tl—l)+A([)+A(t ]/(ZC) (654)
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Substitution of (6.5.2)—(6.5.4) into (6.5.1) yields
Oc(t) + pi(00:(D) + e (DQe(0 + G =0,  ieRy (655
Furthermore, let
Z.(t) = col[ ZM(t), ZP(1)] (6.5.6)
where
ZO@) = Q) and  ZP(1) = Qg (1) (6.5.7)
Then Eq. (6.5.5) reduces to

Z.(t) = R,(t)Zi(t) + F,(2), ieR, (6.5.8)
with
0 1 )
R;(t) = [_ eplt) — pi(t):|’ ieR, (6.5.9)
Fy(t) = col[0, ~ G;], ieR, (6.5.10)

Here the boundary conditions Q,(0) = 0 and Q. (T¢) = b, can be written as

MZ0) + NZ(T) =G, ieR, (6.5.11)
with
1 0 0 0 '
M= [0 0]’ N= [1 0]’ Ci=col[0,b], ieR, (65.12)

Equation (6.5.8) with the boundary condition (6.5.11) is next transformed
into an integral form given by

Z0() = l;t + f(: s[Tf ]f( J‘tn t[Tf ]f()
‘ (6.5.13)
T TfT_ Y f(s)ds, ieR,

7 = f = fs)ds + |,

Here

55) = ep9ZH) + pu9ZP(s) + Gils)h i€Ry  (6514)

Note that in (6.5.13) satisfaction of the boundary conditions is guaranteed
during the search for the required solution. We can thus claim that the
optimizing hydro equations are in a form suitable for contraction mapping
application.

We now look at the following two example systems:



In this example we consider a hydro—thermal electric power system with

6.5 COMPUTATIONAL ASPECTS

6.5.1 Example System 1

one thermal plant whose fuel cost function is given by

F(P,)) = a + 4P, + 0.0012P

The hydro network contains two hydro plants on the same stream with

river transport delay of one hour:
=1 hr

We follow the notation of Section 6.3; thus plants 2 and 3 are hydraulic

with the following particulars.

1, = 0.708, 13 = 0.708
5,(0) = 0.72 x 10'3, 55(0) = 0.144 x 10'3
o, = 0.0, oy = 0.0,

Pr, = 0.54 x 107°,
B,, = 0.1389 x 107 1©,
i,(t) = 0.1 x 106,

24 hr are

POWER (MW)

i5(t) = 0.1 x 107

b, =05x 10° by =035 x 101° ft?

600~

500+

Pp
400}

ft3,

Br,=02047 x 10°° ft~2/hr,
B, = 01389 x 10° ft~2
ft3/hr.

The allowable volumes of water discharge over the optimization interval of

Ph3
3001
200}
iool-
Ps|
P
o 1 1 1 1 1 _Ah
) 4 8 12 16 20 24

TIME (hr)
Fig. 6.6 Optimal schedules for the sample system.
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The quadratic loss formula is assumed to have coefficients given by
B,; =0.16 x 1073, B,, =022 x 1073, B;; =016 x107* MWwW™!

The power demand curve is shown in Fig. 6.6.
The resulting optimality conditions define the operator equation:
Z()=F[Z(1)]

We use a modified form,

Z(t) = G[Z(1)]

0.I4+

ol2
o.l0
ERROR IN Qp
008

0.06

RELATIVE ERROR

004 ERROR IN Q3

002

000

| 17 33 49
NUMBER OF ITERATIONS
Fig. 6.7 Variation of relative error with number of iterations.
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Fig. 6.8 Optimal head variations and rate of water discharge for the downstream plant.
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with
G=(-V)'[FZ)-VZ)]

As outlined before, V is such that (1 — V) is invertible. For this system we
choose V to be simply

V=1l

The choice v = —095 gives good convergence results for our example
system. The modified contraction mapping algorithm (MCM) takes on the
form

ZETD G[z(k)]

It is important to note that the initial guess functions which play a promi-
nent role in the success of the algorithm for this system are taken as

Q(zo)(t) = bzt/Tra ng)(t) = bst/Tr
Q(zo)(f) = by/Ts, Q";”(t) = b3/T;
i

3

This is in addition to
;L(O)(t) =f+e¢, B =4, 01 <e<05

With only these functions assumed we initialize the iterations. The variations
of the maximum relative error with iterations in the variables Q,(t) and Q1)
are shown in Fig. 6.7. Convergence may be declared after 18 iterations to a
power system accuracy. The optimal schedules are shown in Figs. 6.7-69.

92.40 251
90.80 q23%
E
z T
2 89.20 2
T E
T
O
[ %]
87.60 qio ©

86.00 71

0

TIME (hr}
Fig. 6.9 Optimal head variations and rate of water discharge for the upstream plant.
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6.5.2 Example System 2

A more general system including three thermal plants and nine hydro
plants in multichain configuration is analyzed next. The hydro network is
shown in Fig. 6.10. The thermal plant’s characteristics are as follows:

F(P,) = o, + 4P, + 0.0012P,
F(P,) = a, + 45P, + 0.0012P}
F(P,,) = a3 + 4.25P,, + 0.0012P,
The loss formula coefficients are given in Table 6.1. The hydro plants’
particulars are listed in Tables 6.2—6.4. The river transport delays are
145 = 4.8 hr, Tsg =74 hr
Teg — 38 hr, T712 = 57 hr
Tg10 = 8.2 hr, Ti011 =96 hr
Tg1, = 8.5 hr

The hourly active power demand of the system is tabulated in Table 6.5.

i) ig(1) igtt) iz(1)

Pp (1 Png
qQ (1) agh)

iglt)
— 1 9,1 T,g) q5('l-1'58)
[ ~ 1

Py (1 (g

a1

i) LAIES A

4, (t-1p)

| ]
P"lom
4 g0t

L 9olt~ Ty [
v

P"llm

qn“)

Fig. 6.10 Layout of hydro plants for example system 2.
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TABLE 6.1

Loss Formula Coefficients (1073 MW/MW?)

i 1 2 3 4 5 6

B; 0.16 0.1 0.2 0.22 0.22 0.22

i 7 8 9 10 11 12

B;; 0.22 0.16 0.22 0.16 0.18 0.18

TABLE 6.2

Hydro Plants’ Particulars

Plant o,  B,(107'% B (107%  s(O)(10*f>)  b(10°f3 i (10° ft>/sec)

4 0 0.139 0.54 0.72 0.5 0.1

5 0 0.139 0.54 0.72 0.5 0.1

6 0 0.139 0.54 0.72 0.5 0.1

7 0 0.139 0.54 0.72 0.5 0.1

8 0 1.39 0.2 0.144 4 0.1 x 107*
9 70 0.139 0.54 0.72 0.5 0.1

10 0 1.39 0.2 0.144 4 0.1 x 107*
11 0 1.39 0.13 0.18 2 0

12 0 1.39 0.13 0.18 2 0

TABLE 6.3

Hydro Plants’ Active Power Data

Plant Py(0) (MW) Prin (MW) Prax (MW)

4 30.8 5 100
5 30.8 5 100
6 30.8 5 100
7 30.8 5 100
8 460.8 5 600
9 55.1 5 100
10 460.8 5 600
11 3319 5 400
12 3319 5 400




TABLE 6.4

Hydro Plants’ Head Particulars

Plant  K(O)(f)  y{O)(f)  y(O)(f)  h,, (i) Ppnay (f1)

4 100 11.25 88.75 50 100

5 100 11.25 88.75 50 100

6 100 11.25 88.75 50 100

7 100 11.25 88.75 50 100

8 200 34.1 165.9 100 180

9 100 113 158.7 50 200

10 200 34.1 165.9 100 180

11 250 11.0 239.0 200 250

12 250 11.0 239.0 200 250
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TABLE 6.5

Power Demand (MW)
Hour Py Hour Py Hour Py
1 1860 9 2051 17 2250
2 1870 10 2108 18 2290
3 1890 11 2011 19 2300
4 1900 12 2112 20 2330
5 1892 13 2090 21 2280
6 1932 14 2031 22 2250
7 1966 15 2067 23 2120
8 1995 16 2150 24 1950
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Fig. 6.12 Error variation for v = —0.2, 0, and — 0.1 in iteration range 30 to 60.
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Fig. 6.13 Error variation for v = 0.3, 0.2, and 0.1 in iteration range 1 to 30.

A computer program was written to solve the system of optimal equations.
The program utilized the MCM algorithm outlined before. Here we chose
to change the scalar v in the algorithms in steps of 0.1. Computational ex-
periments show that for values of v larger than 0.4 the sequence of iterates
diverges. This was verified for v valued at 0.6 and 0.5. For v = 0.4, the first
few iterations show an improvement (decrease) in the error; then divergence
occurs.

Although the algorithm with v = 0.3 converges, it is shown to be far
inferior to all other converging algorithms. All choices of v from 0.3 to —1.4
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gave converging sequences of iterates. The number of iterations for this
experiment was limited to 60 iterations. Inspection of the sequence of itera-
tion errors for all the algorithms confirmed the conclusion that » = 0.2 is
superior to all other converging algorithms over the first 20 iterations. On
the other hand, after 20 iterations the choice of v = 0 provided faster con-

vergence. The error between iterations for various choices of v are shown
in Figs. 6.11-6.16.
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Fig. 6.15 Error variation for v = —0.4 and —0.3 between 1 and 30 iterations.

The question that naturally arises is when to stop iterating and declare
successful convergence. For our problem, fortunately, we can measure
improvement by the total cost of operation for a given approximation. The
variations in fuel cost with iterations is shown in Fig. 6.17. It appears that
10 iterations will give sufficient accuracy for our system.
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Fig. 6.16 Error variation for v = —0.4 and —0.3 between 30 and 60 iterations.

The computed optimal active power generations for the sample system
are shown in Table 6.6. A tabulation of the computed multiplier function
A(t) is given. The values of A(r) follow a pattern of change that is similar to
the system’s power demand. The four upstream hydro-plants of the system
generate the same active power at all times. This is expected, since their
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characteristics are the same. The most expensive thermal plant, labeled 2,
generates less power consistently in comparison with plants 7 and 3. Toward
the end of the optimization interval the reduction is evident. The variation
of the hydro rate of water usage and reservoir effective head are shown in
Tables 6.7 and 6.8. For this optimal strategy the total daily operating costs
are computed to be $44,805.
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Optimal Active Power Generation MW)

TABLE 6.6

Hour P, P, P, Py, Py, Py, Py, Py, Py, Py Py, Py, A
1 1349 57 63.9 31.16 31.16 31.16 31.6 464.65 5575 464.65 335.28 335.28 452
2 140.47 12.47 69.0 31.22 31.22 31.22 31.22 465.42 55.88 465.42 336. 336. 4.54
3 144.44 17.3 72.77 31.18 31.18 31.18 31.18 464.79 55.8 464.79 355.5 335.5 4.56
4 142.75 15.24 71.2 31.13 31.13 31.13 31.13 464.0 55.7 464.0 334.85 334.85 4.55
5 157.65 334 85.0 31.00 31.00 31.00 31.00 462.4 55.9 462.4 3335 3335 4.61
6 168.1 46.16 94.74 31.00 31.00 31.00 31.00 462.97 55.6 462.95 334.0 334.0 4.65
7 178.83 593 104.7 31.00 31.00 31.00 31.00 461.94 554 46191 333.16 333.16 4.70
8 195.72 80.02 120.34 31.10 311 311 311 463.19 55.65 463.16 334.29 334.29 4.77
9 213.63 102.07 136.9 31.16 31.16 31.16 31.16 463.95 55.77 463.96 33497 33498 4.844
10 190.83 74.0 115.82 30.55 30.55 30.55 30.55 456.33 54.62 456.4 328.39 328.39 475
11 218.32 107.85 141.24 3095 3095 30.95 30.95 461.14 55.36 461.24 332.62 332.62 4.864
12 217.29 106.6 140.3 30.5 30.5 30.5 30.5 456.0 54.52 456.0 328.25 328.2 436
13 193.0 76.71 117.85 30.85 30.85 30.85 38.85 459.8 55.17 460.0 331.58 3315 4.76
14 207.33 94.3 131.00 30.63 30.63 30.63 30.63 45795 54.77 458.2 329.98 329.88 4.82
15 234.17 127.44 155.87 30.75 30.75 30.75 30.75 458.4 54.98 458.7 330.46 330.34 493
16 266.1 167.0 185.27 30.77 30.77 30.77 30.77 459.78 55.05 460.14 331.7 331.55 5.07
17 278.78 182.88 196.92 30.89 30.89 30.89 30.89 460.27 55.26 460.66 332.21 3320 5.126
18 283.54 188.81 201.28 30.73 30.73 30.73 30.73 459.28 5497 459.73 331.37 331.17 5.148
19 289.64 196.44 206.89 31.07 31.07 31.07 31.07 462.32 55.58 462.8 334.12 333.89 5.175
20 276.32 179.8 194.56 30.73 30.73 30.73 30.73 459.64 54.98 460.17 331.77 331.53 5.115
21 259.1 158.36 178.83 31.3 31.3 31.3 313 465.06 56.03 465.65 336.64 335.37 5.04
22 219.79 109.67 142.59 309 309 309 309 461.95 55.29 462.6 33392 333.62 487
23 164.57 41.86 91.48 310 31.0 31.0 31.0 460.86 55.46 461.54 3330 332.77 4.64
24 138.48 10.05 67.23 30.63 30.63 30.63 30.63 458.42 54.8 459.15 330.95 330.6 4.53




TABLE 6.7

Optimal Hydro Discharge (108 ft*/hr)

Hour qa ds de q7 qs 99 d10 qdi1 q12
1 0.21 0.21 0.21 0.21 1.68 0.21 1.68 0.84 0.84
2 0.211 0.211 0.211 0.211 1.69 0.211 1.69 0.84 0.84
3 0.211 0.211 0.211 0.211 1.68 0.211 1.68 0.84 0.84
4 0.21 0.21 0.21 0.21 1.68 0.21 1.68 0.84 0.84
5 0.20 0.20 0.20 0.20 1.67 0.20 1.67 0.83 0.83
6 0.21 0.21 021 0.21 1.68 0.21 1.68 0.84 0.84
7 0.20 0.20 0.20 0.20 1.67 0.20 1.67 0.83 0.83
8 0.21 0.21 0.21 0.21 1.68 0.21 1.68 0.84 0.84
9 0.21 0.21 0.21 0.21 1.68 0.21 1.68 0.84 0.84

10 0.20 0.20 0.20 0.20 1.65 0.20 1.65 0.82 0.82
11 0.20 0.20 0.20 0.20 1.67 0.20 1.67 0.83 0.83
12 0.20 0.20 0.20 0.20 1.65 0.20 1.65 0.82 0.82
13 0.20 0.20 0.20 0.20 1.66 0.20 1.66 0.83 0.83
14 0.20 0.20 0.20 0.20 1.65 0.20 1.65 0.82 0.82
15 0.20 0.20 0.20 0.20 1.66 0.20 1.66 0.83 0.83
16 0.20 0.20 0.20 0.20 1.65 0.20 1.66 0.83 0.83
17 0.20 0.20 0.20 0.20 1.66 0.20 1.67 0.83 0.83
18 0.20 0.20 0.20 0.20 1.66 0.20 1.66 0.83 0.83
19 0.21 0.21 0.21 0.21 1.68 0.21 1.68 0.84 0.84
20 0.20 0.20 0.20 0.20 1.66 0.20 1.66 0.83 0.83
21 0.21 0.21 0.21 0.21 1.69 0.21 1.69 0.84 0.84
22 0.20 0.20 0.20 0.20 1.67 0.20 1.67 0.84 0.84
23 0.21 0.21 0.21 0.21 1.67 0.21 1.67 0.83 0.83
24 0.20 0.20 0.20 0.20 1.66 0.20 1.66 0.83 0.83
TABLE 6.8
Optimal Effective Head (ft)

Hour YVa Vs Ve b Vs Yo Y10 Y11 Y12
1 88.61 88.61 88.61 88.61 165.5 158.6 165.5 238.8 238.8
2 88.58 88.58 88.58 88.58 165.4 158.6 165.4 238.8 238.8
3 88.60 88.60 88.60 88.60 165.44 158.6 165.4 238.8 238.8
4 88.62 88.62 88.62 88.62 165.48 158.63 165.48 238.8 238.8
5 88.67 88.67 88.67 88.67 165.61 158.67 165.61 238.85 238.85
6 88.65 88.65 88.65 88.65 165.53 158.65 165.53 238.82 238.83
7 88.67 88.67 88.67 88.67 165.60 158.68 165.59  238.84  238.85
8 88.63 88.63 88.63 88.63 165.46 158.64 165.45 238.79 238.80
9 88.60 88.60 88.60 88.60 165.37 158.61 165.37 238.75 238.77

10 88.86 88.86 88.86 88.86 166.06 158.86 166.08 239.00 23899
11 88.69 88.69 88.69 88.69 165.60 158.70 165.63 238.86 23884
12 88.88 88.88 88.88 88.88 166.04 158.88 166.10  239.03 238.99
13 88.73 88.73 88.73 88.73 165.67 158.74 165.74 23892 238.87
14 88.83 88.83 88.83 88.83 165.82 158.83 16591 238.99 23892
15 88.78 88.78 88.78 88.78 165.76 158.78 16587  238.99 238.90
16 88.76 88.76 88.76 88.76 165.61 158.77 165.73 238.95 238.85
17 88.71 88.71 88.71 88.71 165.54 158.72 165.68 238.95 238.82
18 88.78 88.78 88.78 88.78 165.61 158.78 165.77  238.99 238.85
19 88.64 88.64 88.64 88.64 165.30 158.65 16542 23891 238.75
20 88.78 88.78 88.78 88.78 165.53 158.78 165.73 23899 23882
21 88.54 88.54 88.54 88.54 165.00 158.55 165.21 238.84  238.65
22 88.71 88.71 88.71 88.71 165.27 158.72 165.51 23895 238.74
23 88.66 88.66 88.66 88.66 165.35 158.68 165.60 23899  239.76
24 88.82 88.82 88.82 88.82 165.56 158.82 16582  239.08  238.83

242
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6.6 SUMMARY

In this chapter the effects of hydraulic coupling and the hydraulic network
configurations on economy dispatch strategies have been considered. We
outlined a maximum principle approach to the problem of a hydro thermal
system with hydro plants on one stream. River transport delay effects are
neglected in this problem. The optimality conditions for the thermal and
electric variables and associated multipliers are similar to those obtained in
the previous chapter. The hydraulic subsystem obviously differs and we
have seen that the costates or, alternatively, water conversion functions
satisfy a new set of nonlinear dynamic equations. In this latter set the effects
of hydraulic coupling are accounted for.

We introduced river transport delays in the formulation of a problem
where all hydro plants are on the same stream. Use of the minimum norm
approach in formulating the problem again offers certain advantages. The
requirement of positive definiteness of the matrices involved in defining
the inner products is certainly one of them. Elimination of the multipliers
associated with constraints linear in the control functions is another. It is
important to note that these multipliers are what we referred to as the water
conversion functions. In the formulation we found it convenient to adopt
certain pseudocontrols which were eliminated upon completion of the
derivation of the optimality conditions. The optimality conditions for the
thermal and electric subsystems are the same as before. On the other hand,
our hydraulic optimality conditions were obtained in a form that shows
the effects of neighboring coupled plants. The above was extended to
encompass an essentially general hydro-network configuration.

Practical computational experience has been reported to conclude the
present chapter. Here we use to full advantage the modified contraction
mapping algorithm (MCM) for actual implementation. Two example systems
have been used. It is worth mentioning that the predictive nature of the
hydro optimality conditions necessitates an off-line implementation. For
on-line implementation, approximating expressions have to be employed.
For example, a Taylor based expansion may be useful in this case.

6.7 COMMENTS AND REFERENCES

The earliest contribution to the common-flow hydro dispatch field is
Burr’s work (1941). He developed loading schedules for a two-plant common-
fiow hydro system but the assumptions made were too simplifying. Johnson
(1956) proposed a numerical computational scheme to find schedules that
will result in minimum constant deficit.
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The importance of including the time delay of flow between coupled
plants in the optimization scheme was pointed out by C. W. Watchorn
and R. A. Arismunander in separate discussions of the work reported by
Drake et al. (1962). This effort was directed at the economic scheduling of a
system with multichains of reservoirs. Head variations as well as river
transport delays were held insignificant when included in the analysis. In
1962, P. R. Menon used the Euler equations for constructing sets of mini-
mizing sequences for a three-plant hydro—thermal system. Although Menon’s
is a common-flow system, the river transport delays were not considered.
This treatment was also reported by Johnson and Menon (1963).

Sokkappa’s approach (1963a) is to employ the steepest descent method
in solving for the optimal schedules for a discrete time model. The system
considered involves three plants on the same river. Time delays were not
included in the long-range scheduling problem considered. In a subsequent
paper (1963b), the same author introduces the concept of a pseudothermal
(or slack) source. The object here is to find an initial feasible schedule. The
approach is also useful for problems with the criterion of maximum hydro
energy generation,

The maximum principle approach discussed in Section 6.2 is based on
Dabhlin’s work (1964a). The problems considered by Dahlin included a wide
spectrum of hydro network models. When considering transport delay, the
river flow models adopted involve a large number of differential equations
and boundary conditions. This was a definite contribution to the theory
of economy scheduling. Unfortunately, these models made the problem more
difficult to analyze numerically. Dahlin’s contributions are summarized in
the three papers coauthored with D. W. C. Shen (1964b, 1965, 1966). The
application of the maximum principle to an all-hydro system with cascaded
hydro plants including river transport delay is given by Bubenko and
Waern (1972). Maximizing the hydro energy return is the objective in
this case.

Bainbridge et al. (1966) present a method for optimizing the weekly or
daily dispatch of a power system consisting of sixteen hydro plants, four
thermal plants, and a pumped-storage plant. The method uses a gradient
procedure on the hydro subsystem and dynamic programming combined
with the use of coordination equations, is applied to the thermal subsystem.
A composite one-dam representation exhibiting the main characteristics
of the multireservoir hydroelectric system was proposed by Arvantidis and
Rosing. The composite model may thus be used for obtaining optimal
operational strategies. This approach is reported in two papers (1970a,b).

A related work is that by Miller and Thompson (1972). Their work is
concerned with the Pacific Gas and Electric Company’s hydro—thermal
system. A linear programming approach is used for solving the long-range
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scheduling problem. A set of inequality constraints on the reservoir’s storage
and head variations is imposed. However, the time delays of flows were
not taken into consideration.

For elegant, dynamic programming solutions to problems of common-flow
hydro systems, we have the work of Keckler and Larson (1968), Larson
and Korsak (1970), Rees and Larson (1971), and Engles et al. (1976).

The treatment of Section 6.3 is due to El-Hawary and Christensen (1972,
1973). The formulation of Section 6.4 is reported by the same authors (1977).
The computational experience reported in Section 6.5 is based on theorems
presented by Falb and de Jong (1969). Titli and Godard (1976) present a
very interesting approach to solving the problem posed and solved in
Section 6.3. Their approach is based on the use of multilevel optimization
theory together with the generalized reduced gradient method.
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CHAPTER

7

Optimal Hydro—Thermal Load Flow
and Realistic Models

7.1 INTRODUCTION

It is the purpose of this chapter to give more advanced formulations for
hydro—thermal optimum economic operation problems than those treated
in the previous two chapters. In particular we are interested in including the
load flow model in our formulations. This is contrasted with the active power
balance model adopted earlier.

It is evident that the dimensionality of the problem will be increased
considerably. We therefore choose to begin with a treatment of the problem
of optimal hydro-thermal load flow for a system with hydro plants on
separate streams. This is given in the following section.

We have outlined in Chapter 2 various models available for the descrip-
tion of hydro-plants performance. The formulations offered so far and the
corresponding solutions assume vertical-sided reservoirs and invariant effi-
ciency for the hydro plant. In Section 7.3 we indicate the modifications
necessary to account for a trapezoidal reservoir model as well as variable
efficiency considerations in an optimal hydro—thermal load flow. In this
case we choose to treat a system with multichains of hydro plants and
account for the hydraulic coupling.

We remark here that an important class of problems exists. This is the
class of optimal active-reactive hydro—thermal operation where the electric

247
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network is modeled using the ARPBE described in Section 2.4.2. We have
included in Section 4.2.3 the case of an all-thermal active—reactive dispatch.
A similar procedure can be followed here and the interested reader can
arrive at the solution aided by the material presented in this chapter. Further
reference will be made to this aspect in the concluding Comments and
References section of the present chapter.

7.2 OPTIMAL LOAD FLOW WITH HYDRO PLANTS
ON SEPARATE STREAMS

In this section we consider the problem of optimal load flow for a hydro—
thermal system with hydro plants on separate streams. The system is assumed
to have N, generating plants (generator buses) which belong to the set Rg.
There are Ny, hydro plants and (N, — N,) thermal plants. The sets R, and
R, include the thermal and hydro plants, respectively.

Our objective is to minimize the combined cost functional

J = [TIFAP) + Fol(Qa )] dr (7.2.1)

The integrand in this cost functional is similar to the objective chosen for
the discussion in Section 4.2.3. Here F is given by the same expression as
Eq. (4.2.40) and F, is simplified by dropping the constant and linear terms
in the reactive powers. We thus have

J = J‘OT({ Z [Bips,-(t) + "/iPszi([)] + ZZ Qi(t)Kiij(t)} dt  (7.22)

ieRg i.jeRg

The electric network performance is modeled using the rectangular form
of the load flow equations. This has been discussed in Chapter 2. We thus
rewrite Egs. (2.4.64) and (2.4.65) as the network equality constraints

bp = —Pi+ ) [eileGyy + fiBy) + flfiGyy — ¢;By)]
Jea;
=0, ie Ry (7.2.3)
Gy =0Qi— Z [fi(ejGij + fiBiy) — el fiGij — ejBij)]
jea;

—0, ieRy (7.2.4)

Here Ry is the set of all network nodes and «; is the set of nodes connected
to the ith node.



7.2 HYDRO PLANTS ON SEPARATE STREAMS 249

There are several inequality constraints that must be satisfied at the
optimum for a valid solution. The most comprehensive set of such con-
straints is discussed in Chapter 4 for the all thermal case. For our purposes
it suffices to include

PA1) + Q1) < ST (7.2.5)
r<o=<o (7.2.6)
PP < P(1)< PY (7.2.7)

This will result in no loss of generality. A further set of equality constraints
should be included since normally the voltage magnitude at a generator bus
is prespecified. We thus have

el +f}=E} ieRg (7.2.8)

R is the set of all generator buses except for the slack bus, where both e;
and f; are given.

The hydro plant’s active power generation is assumed to vary with the
rate of water discharge:

Py (1) + A(1)qi(t) + Bwgi()Qw (1) + Cigi(t) = O, ieR, (729)
with
(1) = Qw/(1),  i€R, (7.2.10)

Moreover, the volume of water discharge at any hydro plant is a prespecified
constant for each plant in the set R, :

fo qi(t)ydt =b;,  ieR, (7.2.11)

0

Our chosen hydro model is similar to the one in Chapter 6 where tailrace
level variations with the discharge are accounted for in a variable-head
hydro plant.

7.2.1 Formulation

We follow the same procedure adopted for minimum norm formulations
as in the preceding chapters. By augmenting the original cost functional J
of Eq. (7.2.2) we obtain

Tolt) = fon It dt (7.2.12)



250 7 OPTIMAL HYDRO-THERMAL LOAD FLOW AND REALISTIC MODELS

where
n= Z Ioi(1) (7.2.13)
i=1

We now define each term. The first relates to the active power injection
relation (7.2.3)

i)=Y (0,0 (7.2.14)

ie RN
The reactive injection relation (7.2.4) leads to

Ioa) = ¥ Ayl (7.2.15)

ie RN

The voltage magnitude constraints (7.2.8) result in

Iost)= ¥ Ao [eXt — EX(1)] (7.2.16)

ieRg/

As for the hydro constraints, Egs. (7.2.9) and (7.2.10), we have
Ioa() = % {n(O[Pu(0) + A0)g:1) + Bw gi()Qw (1) + Cig(1)]

i€ Ry

m(0)q(t) + m(OQw, (1)}, i€ Ry (7.2.17)

We also have the original cost functional rewritten as

Los() = Y, [B:P () + vwPLO]+ XY Q0K Q)  (7.218)

ie Ry i,jeRg

Finally, the inequality constraints (7.2.5}-(7.2.7) provide us with

Too() ZR M ([ P3(t) + Q2(t) — S2™] (7.2.19)
Ios(-) = ZR: LO[P™ = Pi0)] (7.2.20)
Los(*) = ieZRG LO[P(1) — PM] (7.2.21)
Too() = ieZRG r([QF — Qu(1)] (7.2.22)
I, ()= iEZRG rin[Qi0) — QY] (7.2.23)

Here we are using the Kuhn-Tucker theorem so that the following exclusion
equations must be satisfied at the optimum for i € R, t € [0, T¢]:

(O[PAt) + QXt) — SF'] =0 (7.2.24)
PP — P(] =0 (7.2.25)
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LO[P() — PY]=0 (7.2.26)
r([QF — 0] =0 (7.2.27)
ri(0[Qi(n — QF] =0 (7.2.28)

Moreover, 4,(t), 4,(t), A.(t), ni(t), and m;(t) are to be determined so that the
corresponding equality constraints are satisfied.

The decision variables in our present case can be grouped into four dis-
tinct classes. These are active power generations, reactive power generations,
bus voltage components, and hydro rate of discharge and volume dis-

charged. As a consequence, a vector of active power generations P can be
defined as

P(t) = col[Py(2), Py(1)] (7.2.29)

Here the partitioning pertains to hydro and thermal generations as follows:
P.(¢) = col[ Pi(t):i € Ry ] (7.2.30)

P.(t) = col[ Pi(t):i e R,] (7.2.31)

Next the vector of reactive generations can be defined as
Q(1) = col[Q,(1):i € Rg] (7.2.32)

The class of voltage variables includes the real parts e; and the imaginary
parts f;. We can thus define the direct and quadrature voltage vectors by:

Eq(t) = col[e;(t):i € Rg'] (7.2.33)
E,(t) = col[ fi(t):i e Rg] (7.2.34)

As a result we attain a voltage variables vector E(t):
E(1) = col[E4(t), E,(1)] (7.2.35)
Now for each hydro plant we have two variables which will define
W,;(1) = col[ ¢:(1), Qw (D], ie R, (7.2.36)
This in turn will provide us with the hydro variables vector W(t):
W(t) = col[W(1):i € Ry ] (7.2.37)
With the above definitions we can now define the control vector as
u(t) = col[P(z), Q(2), E(), W(r)] (7.2.38)

It is our intention now to arrange the coefficients of the linear terms in
the augmented cost functional. Following the same classification as we have
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done with the control vector, we start by defining
o0 =[m(0) + 1i(e) — L(t) — 2,(0], ieRy (7.2.39)

This is simply obtained by inspecting (7.2.17), (7.2.20), (7.2.21), (7.2.14), and
(7.2.3). Similarly, for the thermal active power generations we have

L,()=[Bi + Li()— Li(t) — 4,,(0)], i€ R, (7.2.40)
For the overall generating side we can then define
L,(t) = col[L,,(:),L, ()] (7.2.41)
where
Lp, (t) = col[L,(t):i € R,] (7.2.42)
Lp (t) = col[L,(t):i € R,] (7.2.43)
Turning our attention to the reactive generations, we obtain
= [ri(r) ) + A, (0], ieRg (7.2.44)
which leads to
Lo(t) = col[Ly(1):i € Rg] (7.2.45)

As for the linear terms in the voltage variables, inspection of (7.2.3), (7.2.4),
(7.2.15), and (7.2.16) reveals that these are dependent on the specified voltage
components at the slack bus. Thus before we treat this, it is advantageous
to introduce some auxiliary variables a;;(t) and b;;(r). These we define by

a;;(t) = A,(0G;; — A, (t)B;, LjeRy, i#j forieRgs (7.2.46)
a;(t) = A,(t)Gy; — (t)Bi,- + A (1), ieRg (7.2.47)
bi(t)y=— [,l (0By; + 4, (0G;], LjeRy, i#j (7.2.48)
b{t) = ie RN (7.2.49)

The above are obtained as the coefficients of second-order terms in e; and
Jf; in the augmented cost functional. We should point out that the g;; are
coeflicients of e;e; and f; f; terms. The coeflicients b;; correspond to fie; and
the negative of these for e; f;. As aresult, the terms ¢; f add zero contrlbutlon
we utilize this in the definition of b;;. On this basis we have the linear terms
coeflicients given by

o) = [ag(t) + ai(t)]ey(t) (7.2.50)
L, (1) = —[bg(t) + bys(t)]es(t) ieRy, i#s (7.2.51)
where s is the slack bus. Note that for the slack bus we have

Ji(0) =0.



7.2 HYDRO PLANTS ON SEPARATE STREAMS 253

Obviously we can now write the compact forms

Lg(t) = col[ L (1), Lg (1)] (7.2.52)

with
Lg,(t)=col[L,(t):i€ Ry, i # s] (7.2.53)
Lg () = col[L,(t):i€ Ry, i # 5] (7.2.54)

The task for the hydro variables linear terms is straightforward. Here we
find that our coefficients are

Ly (1) = col[(n;(£) A1) + my(2)), mt)], ieR, (7.2.55)
Thus we have the compact form for the hydro variables
Ly(1) = col[Ly (t):i € Ry ] (7.2.56)
With these preliminary definitions we can write an overall vector given by
L(1) = col[L(t), Ly(t), Lg(t), Lw(t)] (7.2.57)
We now treat the second order terms in turn. To start we define
B, (1) = M(t) + y;, ieR, (7.2.58)

The above are the coefficients of quadratics in the active generation for the
thermal plants. For the hydro plants the term v; does not appear. A block
diagonal matrix can be defined as

B,(1) = diag[B,, (1) B,,(1)] (7.2.59)
with
B, (1) = diag[ M,(t)] (7.2.60)
B, (1) = diag[B,(1)] (7.2.61)
In a similar fashion we treat the terms in the reactive power. Here we have
Boy(t) = (Ki;(t)) (7.2.62)
Kij =K, LjeRg, i#] (7.2.63)
Kii(t) = M;(t) + K;;, ieRg (7.2.64)

We note that B,(¢) and B(t) are symmetric.

We have treated the second-order coefficients in the voltage variables
earlier. On the basis of Eqs. (7.2.46)—(7.2.49) we can write a matrix of
coefficients as

_ Ae(t) _Be(t)
Be,(t) = [Bem Ae(r)]
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where the submatrices A(7) and B(t) are given by

ap(t) ags(t) an(t)
AL) = az}(t) az?(t) azztl(t)
i) ayat) - ayylt)
0 biy(t)  bys(t)
B =" 0 bl
() byal®) byal)

Note that By is nonsymmetric. However, one can replace B (t) by the

symmetric matrix Bg(t) such that

ET(6)Bg,()E(1) = ETBL()E(1)

This can easily be done. Here we have

Bz(1) = [Byg,(1) + BE,(1)]/2

As a result we have By in the following partitioned form:

B, (1) = [AE(t)

Ag(t) = (a;(1)),
a;;, (1) = %[aij(t) + a;(1)]

Cijet) = [ = bij(1) + by(1)]

CE(I):I
Ci(t) Ag(t)
Ce(t) = (Cy;,(0)

(7.2.65)

(7.2.66)

(7.2.67)

(7.2.68)
(7.2.69)

Note that Ag(r) is symmetric but Cg(t) is not. Moreover, Cg(t) = — CE(1).
In terms of our original variables, using (7.2.46)—(7.2.49), we have

aijE(t) = [(j'p,- + A‘pj)Gij - (iq,. + 'lqj)Bij]/Z,

;i (1) = a; (1),
Cijg(t) = [(j'p.' - ';'p_,-)Bij + ()“lh' - 'lqj)Gij]/27
Ci(t) = 0,

For the hydro variables it can be immediately seen that we have

By(t) = diag[By,(t)]

,je Ry, i#]

forie Rg.
ie Ry
LjeRN, 1#]
ie Ry

By, (1) = diag[ Ciny(t), —3Bisi;(1)]
The overall square symmetric matrix B(t) is thus written as

B(1) = diag[B,(1), Bo(t), B£(1), Bu(1)]

(7.2.70)
(7.2.71)
(7.2.72)
(7.2.73)

(7.2.74)
(7.2.75)

(7.2.76)
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Using the above definitions, the augmented cost functional J(-) of (7.2.12)
reduces to

J.() f TLT(0)u() + uT(O)B(u(r)] dt (7.277)

Note that the terms explicitly independent of the control u(t) are dropped
in the above.
Letting

VTie) = LT(OB (1) (7.2.78)

the cost functional becomes

)= f; [u() + 2V@OI"BO)[u(0) + V()] dr (7.2.79)

Here [ —32VT(1)B(1)V(t)] was dropped since it is explicitly independent of u(t).
Thus the problem is now reduced to that of minimizing J, subject to
satisfying (7.2.11), which is written as

Te .
b= alds, ieR, (7.2.80)
Define the column vector

b = col[b;:i€ R,] (7.2.81)
Then we can write Eq. (7.2.80) as

b= foﬂ Ku(s) ds (7.2.82)

The matrix K in the above expression is compatible with u and contains
zeros and ones as appropriate.

The control vector u(t) is considered an element of the Hilbert space
LI§ M N[0, T(] of the 2(N + Ny + N,) vector-valued square integrable
functions defined on [0, T,] endowed with the inner product definition

VO,uy = [ VOB de

for every V() and u(¢) in LIg§»*Ne*M[0, T;], provided that B(¢) is positive
definite. Note here that N is the number of elements in Ry (nodes) and
Ny, is the number of hydro plants conforming with Ry ; similarly, N, cor-
responds to elements of R;.

The given vector b is considered an element of the real space R with the
Euclidean inner product definition

(X,Y> =XTY

for every X and Y in RV,
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Equation (7.2.82) defines a bounded linear transformation
T: LE»*Ne* N[0, T ] - R™.
This can be expressed as
b = T[u()] (7.2.83)
and the cost functional J,(-) reduces to
Jy[u(®)] = [u() + 2V
Finally, it is necessary only to minimize
J[u()] = [Ju@) + 3V

subject to satisfying (7.2.83) for a given b in R, This completes the
formulation as a minimum norm problem.

7.2.2 The Optimal Solution
The optimal solution to the problem formulated above is found in a way

similar to our earlier discussions of Chapters 5 and 6 for minimum norm
problems. We thus have the optimal active power generation vector as

P.(t) = —3V,(1) (7.2.84)
The optimal reactive power generation vector is
' Q:(t) = —3V,(1) (7.2.85)
The optimal voltage variable vector is
E.(f) = —3V() (7.2.86)
For the hydro variables we have
W, (1) = T'(b + T3V()))w — 3Vwl(?) (7.2.87)

Here the evaluation of the optimal solution depends on the partitioned V(z)
in the form

V(1) = col[V,,(1), Vlt), Vi(t), Va(t)] (7.2.88)

As a result of the structure of the matrix B and vector L indicated in
Egs. (7.2.76), (7.2.57) and the definition of V given in Eq. (7.2.78) we can
write

V1(5) = LY(9)B; (1) (7.2.89)
Vi(t) = LB, 10 (7.2.90)
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VI(t) = LY©B; 1(t) (7.291)
Vilt) = Li()By (1) (7.2.92)

The subvector V ,(¢) is further partitioned into thermal generation V,_and
hydro generation V,_subvectors. We can write

vV, () =L} ()B, (1) (7.293)
Vi) =L} (0B,.\(¢) (7.2.94)
From (7.2.39) and (7.2.60) we obtain
V,.(0) = col[ny(t) + 1i(t) — L(t) — A,()]/M(¢v), ieR, (7.295)
and from (7.2.40), (7.2.61), and (7.2.58) we get
V,.(8) = col[ B; + 1i(t) — Ii(r) — A, (0]/[M (1) + v.], ie R, (7.296)

The subvector V,, requires the evaluation of the inverse of the matrix BQ.A
Let us assume that

Dy(t) = B, (t) (7.297)
D(t) = (dg, (1)) (7.2.98)

As a result, the components of V,, can be obtained using Egs. (7.2.90) and
(7.2.44). We thus have

Vo)=Y [F(e) — rj(e) + A, (0]dg, (8) (7.2.99)

jieRg
The inverse matrix Bz !(¢) is denoted by
D(t) = Bz '(t) (7.2.100)
Then using (7.2.67) and the property Cz(t) = — CE(1), one obtains for D(t)

| Zg(t) Hg()
Dg(t) = [_HE(t) ZE(t)] (7.2.101)

where simple algebraic manipulations verify that
Zx(t) = [Ag(t) + Ce()AE '(9Ce(0)] ™" (7.2.102)
Hi (1) = — Az "())C()Zg(t) (7.2.103)

Thus (7.2.91) can be written in the partitioned form

Vi (0) = Lg,(0Z(0) ~ L (OHg() (7.2.104)
Vi () = Lg (OHE(8) + Lg (Zg(2) (7.2.105)

Componentwise expressions can then be obtained using (7.2.50) and (7.2.51)
in Eq. (7.2.104) for V,, and Eq. (7.2.105) for V.
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Finally, the vector Vy(t) can be obtained using Eqgs. (7.2.56) and (7.2.74)
in (7.2.92). Componentwise we thus get

V() = L% (OBy'(1), ieR, (7.2.106)
with
V(1) = col[ Wy, t) Vwe ()]
Then (7.2.55) and (7.2.75) yield
Voo (0 = [mi0) + n(0A0)/[Cn0)), iRy (72.107)
Vin(t) = —2my(t)/[ Bhi(8)], ieR, (7.2.108)

The pseudoinverse operator for our system is obtained as outlined in the
previous chapters. The result in component form is

T, = 0 (7.2.109)
T'E)p =0 (7.2.110)
T'Efg = 0 (7.2.111)

e 1
Tfélw,:col[é.-/[n.-(t)fo ni(l)dz],o] (7.2.112)

The conditions (7.2.109)—(7.2.111) have already been used in writing (7.2.84)—
(7.2.86).

We can now state the optimal solution of Egs. (7.2.84)—(7.2.87) in com-
ponent form. The optimal active thermal generation is

P, ()= LB 10 — L t)] iR, (7.2.113)
K 2[M(e) + vl]
For the active hydro generations we have
2M{(OPy, (1) = —[m() + i) = L) = 4,(0]),  ieR, (72.114)

For the reactive power generations we have

Q.= —%[ Y et — e + ,lqj(z)]dQu(z):|. (7.2.115)

JjeRg

We can also find that the optimal voltage variables are given by

e (t)= — [es(t)/z]{ Z Lag;(t) + a;(6)]m;;(t)

JjeRn
j#*s

JjeRn
j#*s

+ Y [by(0) + b0k } i€ Ry (7.2.116)



7.3  MULTICHAINS OF HYDRO PLANTS 259

Jje RN
j#*s

Jilt) = —[es(t)/2]{ > [ag(0) + a(0]hi()

-2 [bsj(t)+b,~s(t)]m,~(r)}, ie Ry (7.2.117)
jeRn
Jj#s

Finally, the optimal hydro variables obtained are

geft) = —[my(t) + ny()A;(1)]/[2Cw (1))

T my(t) + n;(£)A;(2) Y|
+ [b,- + fo 3 dt:|/|:n,~(t) fo 0 dt:|,

ieR, (72.118)

Ow, (1) = my(6)/[ Bw (1)),
ieR, (7.2.119)

Equations (7.2.113)—(7.2.119) together with the equality constraints given by
(7.2.3),(7.2.4),(7.2.8),(7.2.9), and (7.2.10) and the exclusion equations (7.2.24)-
(7.2.28), completely specify the optimal solution.

7.3 OPTIMAL LOAD FLOW WITH MULTICHAINS
OF HYDRO PLANTS: REALISTIC MODELS

In formulating problems of optimal economic operation in Chapters 5
and 6 and the previous section, it was assumed that the efficiency of each
hydro plant remains constant over the operating range of interest. Another
assumption made there was that of vertical-sided reservoirs at the hydro
plants. In this section these two assumptions are relaxed and the modifica-
tions to both formulation and optimal solution are shown for the case of
optimal hydro—thermal load flow. Moreover, we treat a general multichain
configuration of hydro plants, as was the case in Section 6.4.

Our objective in this problem is to minimize the combined cost functional

given by (7.2.1) subject to satisfying two sets of constraints. The first is given
by:

(1) Electric network equality constraints given by the load flow equa-
tions (7.2.3), (7.2.4), and (7.2.8).

(2) Inequality type constraints on the electric variables as given by
Eqgs. (7.2.5)-(7.2.7).

(3) Volume of water discharge constraints (7.2.10) and (7.2.11).
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The second set of constraints pertains to the hydro model. This differs from
the previous section’s model given by Eq. (7.2.9). We detail the hydro model
in the following.

The ith hydro plant’s active power generation is given by

P, (0Gi(1) = hi(1)q:(t) (7.3.1)

The function G;(t) is the inverse of the efficiency of the plant. The effective
hydraulic head at the ith hydro plant is the difference between the forebay
elevation y,(t) and the tail-race level yy (t):

hi(2) = o) — yr,(0) (7.3.2)

The tail-water elevation varies with the rate of water discharge ¢;(t) according
to the relation

Yrdt) = Y1, + Brai),  i€R, (7.3.3)
yt,, and B, are known constants corresponding to the tail-race geometry.
Equation (7.3.1) is a restatement of Eq. (2.2.4); Eq. (7.3.2) corresponds to
Eq. (2.2.12) and (7.3.3) to (2.2.13). Combining (7.3.1), (7.3.2), and (7.3.3), we
obtain

Py (0G(1) + yr,qi(t) + Brgi(t) — a(yit) =0,  ieR, (734)

For all practical purposes the variation of the inverse efficiency G,(t) with
the active power generation can be represented as indicated in Chapter 2 by

oy, GHt) + Pg,Gilt) + 9 PE() + 6 Pr(t) + 6, =0 (7.3.5)

This is the equation of an ellipse and is assumed to hold true over the
operating range (P < Py (1) < PY) of the hydro plant. This is shown in
Fig. 7.1. We assume a trapezoidal reservoir representation. The forebay
elevation is related to the forebay volume of water stored s;(t) by the relation

si(t) = o, (1) + B, yil0) (7.3.6)
where «, and f8, are constants for the trapezoidal reservoir given by
ayi = li tan ¢i, .Byi = libO,-

G=11.879"

Fig. 7.1 Efficiency versus power output.

P(KW)
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This is a truncated expression obtainable from Eq. (2.2.18). The geometry
of a trapezoidal reservoir is shown in Fig. 7.2.

The reservoir dynamics are described by storage—discharge relations that
depend on the relative location of the plant in the hydro network. An exam-
ple network is shown in Fig. 7.3. For an upstream or isolated hydro plant

Fig. 7.2 Trapezoidal reservoir configuration. /

| \{/
$j :
|
L—boi—-—l
i) iz(1)
P, (1) O,
g (M a0
iglh)
. | Q,{1-T4g) .
{
Phg (1)
qg{t)
iilt) qglt- T )0}
9, it-1,,)
|
P"lom l
! 9,01
] 9oft=T01)
L T

P"um

q”(f)

Fig. 7.3 General layout of hydro plants.
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we have
(1) = iy(1) — g1), 1€ Ryy U Rypg (7.3.7)

This is a restatement of Eq. (2.2.17). R, denotes the set of upstream plants
and R, the isolated plants. This notation follows that detailed in Section

6.4. For intermediate and downstream plants the reservoir dynamics are
described by

$;(1) = i() + Z q;t — ;) — gi(t), i€ Ryp U Ry (7.3.3)
J € Ru;
Here R, denotes plants upstream from the ith. The flow from each plant
has a transport delay of 7, (j € R, to the plant. Integrating Eq. (7.3.8) one
obtains

5;(t) = D,(t) + ' ZR Yi(t, ) — 0,0 (7.39)
JE Rn;
Equation (7.3.9) is the same as (6.4.2). The definitions of the various variables
in the above are given in Egs. (6.4.3)—(6.4.7).

It is clear that Eq. (7.3.9) is a general expression which is applicable for all
types of plants. Indeed the set R, is null for upstream and isolated plants.
The expressions given above enable the elimination of the storage variable
5;(¢) using (7.3.6). As a result we attain

o, V() + By i) = D) — Qy(t) (7.3.10)
Qi) =Q,(1), ieRy U Ry (7.3.11)
0.(1) = 0.0 — 3 Yty i€ Ryp U Ry (7.3.12)

JjeRn,;

7.3.1 Formulation

The problem posed in this section can be formulated as a minimum norm
problem. We observe here that presently we replace (7.2.9) by (7.3.4), (7.3.5)
and (7.3.10) by attendant definitions (7.3.11) and (7.3.12). Our hydro vari-
ables presently include G,(¢), the inverse efficiency functions, y;(¢), the forebay
elevation functions, and Y(t, 1), the delayed volumes, in addition to ¢(t),
the rate of discharge functions, and Q, (t), the volume of water discharge.
It is our intention to show the modifications this necessitates.

It is evident that the modified cost functional (7.2.13) will be altered.
Here we write

11
Io(ty =3 Io(t) (7.3.13)
i=1
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The expressions for I,; for i =1,...,10 will remain the same as given in
Eqgs. (7.2.14)—(7.2.23) with the exception of Iy, given by Eq. (7.2.17). This
we replace by

Tout) = { Y m(O[Ph(0Gi(1) + yr(Da:(t) + Brat(t) — q:(0)yi(1)]

ie Ry
+ mi(t)[agiGiZ(t) + ﬁg;Gi(t) + '))ngl%i(t) + 5giPhi(t) + Ogi]
+ [mi(0)g:0)Qu (1) + 3103, ()]

+ ?l(t)|:ay,y12(t) + ﬂy;yi(t) - Di(t) + Qw.-(t) - Z Y}(I’ Tj)—J}

J€ Rn;

(7.3.14)

The first term in brackets corresponds to constraints (7.3.4) with assomated

multipliers #;(t), the second to constraints (7.3.5) with associated multlpllers

(1), the third to constraints (7.2.10) with multipliers m;(z), and the last

corresponds to constraints (7.3.10) utilizing (7.3.11) and (7.3.12) with asso-

ciated multiplier set 7(z). We note here that we still have to account for the

relationship between the new variable set Y; and Q,,,. This is similar to the

situation in Section 6.4.1 and will give rise to the term I,,, required in
(7.3.13). This we treat in the following.

The required relation is

_ Wy, t<1, .

or) = {wj(r,., D+ Quft—t)  t>1, F Ra

This will be replaced as was done in Chapter 6 by an equivalent expression

80 as to avoid arriving at a singular matrix in the augmented cost expression.
Here we use

Yit,1) = Vit 7)) O<t<t;
P W) + e )0 — 1)+ Q2 — 1), T<t<T,
(7.3.15)

Now associating the multiplier set r,(t) with the above constraints we can
write the integral of I, (¢), namely, J,, , as

J011 = fOT( Z Z rj(t) ng(t’ Tj) dt

i€ Rnip jeRn;

= T % [HOnek - 1)+ 20,0 - 7)) d

i€ Rnip Je Ry,

(7.3.16)
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Note that the y; are known functions of time and hence are not required in
the analysis. We will make the following further substitutions:

, 2y (s, )it + ), 0<t1<Ty—1
(t.1.) = 7.3.17
pilt, 1)) {0, T, — 1, <t<T, ( )
rt + 1) O0<t<T;—1
. ) — 31
.2~ {3 IElE oaw

As a result we obtain

Jo,, = foTr 2 2 [ri0 Yj?(t’ 7;) — 04, Tj)Q‘Zvj([) - pj(t, Tj)QWj(I)] dt

i€ Ruip jeRp;

(7.3.19)

Performing integration by parts on the last term in the integrand of {7.3.19),
we can therefore write I, as
Io,, = Z Z [rj(t)Yf(t, 7;) — 04(t, Tj)szvj(I) + pi(t, Tj)qj([)] (7.3.20)
i€ Rnip jeRp;
We are now ready to introduce our control vector. Firstly the active power
generation vector P(z) in (7.2.29) will have the same structure; however, its

dimension will be increased to accommodate the G;. This is done by re-
defining P, as

P,(t) = col[ P(1),Gi(t):i € Ry] (7.3.21)

The vector P, () will remain as given in Eq. (7.2.31).

The hydraulic variables of the hydro plants will define the vector W(1)
as expressed in Eq. (7.2.37). The composition of the individual W(t) will
change from that indicated in (7.2.36) to accommodate the extra variables
required for the present formulation. These are y;(t) and Y(z, ;). Each of the
hydro subvectors has a dimension and a definition that depends on the
category of the plant. For the upstream and isolated plants only the variables
y:(1), ¢;(t), and Q,(t) are involved; thus we have

W,(2) = col[y,(2), Qi(1), gi(1)], i€ Ry U Ry (7.3.22)

On the other hand, the subvector W (z) for either an intermediate or a down-
stream plant must include the corresponding decision variables Yi(t,7;) in
addition to y,(t), g;(t), and Q,(r). We thus have

W, (1) = col[ yi(2), Qu(t), 4i(2), Yiul2)] (7.3.23)
with
Y, (t) = col[Yj(t,7)):j € Ry,], i€ Ryp (7.3.24)
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We will now consider the auxiliary vector L(t), which will retain its
structure given in Eq. (7.2.57). Two changes will have to be made. The first
is in L, , which will now be given as

L, (t) = col[L,, (t):i€ Ry] (7.3.25)
with individual two-dimensional subvectors
Lphi(t) = col[;(t)d, (1) + Li(t) — L) — A,(0), mi(t)B,,], ieR, (7.3.26)
The vector L,(¢) in turn is expressed as
L,(t) = col[L, (t):i € Ry] (7.3.27)
with
L, (0) = col[ B, Fi(t), F(1). L, (1)] (7.3.28)

Here again the subvectors |, (¢) are category-dependent and turn out to be
of different dimension for each category. To simplify the presentation let us
define a new function to indicate the category dependence. Thus we introduce
for the upstream and intermediate plants

mi(t) = n;(hyr,, + pilt, T3), ie Ry Ry (7.3.29)
For the isolated and downstream we have
Aty = i)y, i€ Rys Y Rp (7.3.30)
On this basis we have for the upstream and isolated plants
L, (1) = A,(1), i€ Ryy U Ry, (7.3.31)
For the downstream and intermediate plants we have
L, () = col[7i;(1),1,(1)], i€ Rpp v Ryp (7.3.32)

The dimension of the vector 1,(t) peculiar to this category depends on the
number of plants feeding into the ith plant. Thus we have

L, = col[ — 7, —F, .. ] (1.3.33)

where 1, has a dimension equal to the number of hydro plants feeding into
the ith reservoir, i.e., the size of the set Ry,.

The matrix B(t) will encounter changes in a fashion similar to that for the
vector L(z). The first change is in the submatrix B, which will now take on
the form

B, (1) = diag[B,, (0],  icR, (7.3.34)
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Individual submatrices are given by
[M(0) + mdt)yg, ] 3nult) .
B, (1) = PR , R 7.3.35
et [ sni(o) i(0)a, fefn 0339

The matrix B,(t) is again a block diagonal in submatrices B, (f), each of
which is category dependent.
Let us define basic matrices B, 5 (f) by the following:

o, (1) 0 — (1)
B,s(1) = 0 () — 0,(2) m() |, ieR, (7.3.36)
—3ni(1) my(1) Brnit)

Here 0,(r) depends on the plant category. The composition of the submatrices
B, (t) is given as follows:

(1) For an upstream plant we have

B.. (1) =B,z(1), i€ Ry (7.3.37)
with
01) = 041, %) (7.3.38)
(2) For an isolated plant we have
B, (t) = By (1), i€ Rygs (7.3.39)
0(t)=0 (7.3.40)
(3) For a downstream plant we have
B, (1) = diag[ B, (1), B, (1)] (7.341)
where
B,,(t) = diag{r;(r):j € Ry }, ieRyp (7.3.42)
0(0=0 (7.3.43)
(4) For intermediate plants we have
B, (1) = diag[ B, (1), B,,, ()] (7.3.44)
where
B, (1) = diag{r;(t):j € Ry} (7.3.45)
0.(t) = 0t,7;), ie€Ry (7.3.46)

Note that 0,(t) is different from zero in the cases of plants whose discharge
flows downstream to another plant. In this case we assume that this flow
occurs at one plant only.
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With the modifications outlined above we can then proceed to formulate
the problem as a minimum norm one. This is similar to the procedure
outlined, for example, in the previous section starting with Eq. (7.2.77). We
note here that the dimensions of the two problems are different.

7.3.2 The Optimal Solution

The optimal solution to the problem follows the general format:

=T'b + TG V()] — $V() (7.3.47)
In subvector form we have
P ()= -3V, () (7.3.48)
Q:(t) = —3Vy(t) (7.3.49)
E(t) = —3V&(0) (7.3.50)
P, ()= -3V, () (7.3.51)
W, (1) = Tb + TGV(0)]|y — V(0 (7.3.52)

The first three expressions are identical to those obtained in Section 7.2.2.
We thus use Egs. (7.2.96), (7.2.99), (7.2.104), and (7.2.105) and the accom-
panying definitions to evaluate the optimal thermal active power generation,
reactive power generation, in-phase and quadrature voltage variables, re-
spectively. The optimal hydro power generation vector is evaluated using
our present modifications. This is obtained using Eqgs. (7.3.26) and (7.3.35)
in the definition (7.2.93). The result is

Vo ( = col[ V1), V()i € Ry ] (7.3.53)
= {[mi0) 6 L) — 0) — A )]0
— (1) ni(t Be. /D5, (1) (7.3.54)
= {IMi(0) + M0, (D) Bg, — 3n4(0)

x [0, + 1i(t) — Li(2) — 4, (0]}/A, (1) (7.3.55)
In the above A, is the determinant given by
A, (1) = Ao, [M(t) + 7,M(0)] — [ni(0)/4] (7.3.56)

The constitution of the vector V() will follow the structure adopted in
this section. For upstream and isolated plants we have

V.. (t) = Vg (1) (7.3.57)
where

V.5(t) = Bog (0L, (1), i€ Ryy U Rys (7.3.58)



268 7 OPTIMAL HYDRO—THERMAL LOAD FLOW AND REALISTIC MODELS

and where B, (1) is as defined in Eq. (7.3.36) and L, (t) is as defined in
Eq. (7.3.28). Note that for upstream plants Eqgs. (7.3.38) and (7.3.29) apply,
while for isolated plants Eqgs. (7.3.40) and (7.3.30) apply. In the case of down-
stream and intermediate plants the dimension of V,, is increased. This
increase is due to the inclusion of terms corresponding to feed-in plants.
Due to the block-diagonal nature of B, as defined in Egs. (7.3.41) and
(7.3.44) we then have

V(1) = col[ Vg (8), V, (D], i€ Ryp Y Ryp (7.3.59)
Here use is to be made of (7.3.42), (7.3.45), (7.3.32), and (7.3.33) to evaluate

the vectors involved.

The matrix B,z (t) as given by Eq. (7.3.36) has an inverse which we define
as D, ; thus

B, 5(t) = D,,(t) (7.3.60)

On the basis of (7.3.60) and (7.3.28) we thus arrive at the components of
Vs, ():

Vp (1) = FOL Byue, (0 + oy, (0] + A0, (0 (1.361)
Voo () = PO Bys, () + oy (0] + 30y (0 (1.3.62)
Voo 0) = FAOL By, (O + duy, (0] + A0y, () (1.363)

This applies for all hydro plants, provided that elements in the relations are
evaluated on the basis of the plant category as outlined before. The vector
V.., (¢) is needed for the downstream and intermediate plants. Elements of
this vector are given by

V., () = —F(1) col[1/ri(t):j € Ry,] (7.3.64)

This completes the definitions of the vector V(¢).

The optimality expression of Eq. (7.3.52) will then be obtained on the basis
of results of Chapter 3 and the above defining relationships. Here we have
the optimal forebay elevations given by

Ve(t) = nidy,, (0 — 4V, (0, i€R, (7.3.65)
The optimal volume of water discharge is
Q:(t) = nid,,,, (8) — %qui(t), ie R, (7.3.66)

The optimal rate of discharge is
4z () = Nidw,, (8) — Gi(1), i€R, (7.3.67)
The optimal delayed volume for feed-in plants is

Y (8) = F()/2r(1), je Ry, i€RypuU Ry (7.3.68)
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where for notational simplicity we introduce
gt = %qui(t), ie R, (7.3.69)

and

-1
N = |: ()Tf dWssi(t) dt:l I:bl + f()Tr qi(t) dt}’ ie Rh (7370)

The optimality conditions for our problem are completed by writing
Py ()= =3V, (1) (7.3.71)

and
G (1) = —3Vs (1) (1.3.72)

In the right-hand side of the above use should be made of Eqgs. (7.3.54) and
(7.3.55).

7.4 COMMENTS AND REFERENCES

Probably one of the earliest works on optimal load flow that incorporates
a hydro subsystem is that of Ramamoorty and Rao (1970). The inclusion of
an energy constraint on the hydro schedule is the main feature of the work.
Dillon and Morsztyn (1971) obtained scheduling equations for the hydro-
thermal optimal load flow problem using the generalized maximum principle.
Hydro efficiency and time delays between cascading plants are neglected in
their formulation. In a subsequent paper (1972) the same team describes
computational implementation for a three-bus system. The idea of an
equivalent thermal characteristic replacing hydro performance is employed
in Billinton and Sachdeva (1972).

Bonaert et al. (1972a) treat the problem of optimal hydro-thermal load
flow using a natural decomposition of the integrated system. The hydro
model employed incorporates discrete time delays and assumes that an
overall hydro plant performance characteristic is given. The use of perturba-
tions with successive solutions of optimal load flows and of the hydro sub-
system is shown to provide satisfactory results for the system considered. In
subsequent work (1972b) specific computational procedures to compute the
optimal schedule for the hydro subsystem are discussed. The work employs
successive approximations of dynamic programming. Further improvements
in computational efficiency are effected by Bonaert and Koivo (1973a) using
heuristic arguments. A comparison of the performance of two algorithms is
given by the same authors (1973b). The four papers described above are
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recommended reading for varied computational approaches to the present
problem.

The minimum norm formulation of an optimal load flow for hydro-—
thermal systems with isolated hydro plants is given in El-Hawary and
Christensen (1973). Extensions to plants on the same stream, multichains of
hydro plants, are given by the same authors (1975, 1976a). The formulation
including realistic hydro models is given in (1977a). The material in Sec-
tions 7.2 and 7.3 are generalizations of these works.

Optimal active-reactive dispatch problems in hydro—thermal systems
were not included in this present chapter. The interested reader may consult
the four papers by El-Hawary and Christensen (1976b,c, 1977b,c). In these
treatments problems of varying degrees of detail are given.
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CHAPTER

8

Conclusions

8.1 SUMMARY

A selection of problems in optimal economic operation of electric power
systems has been treated in the previous chapters. The choice of problems
emphasizes the diversity and variety of formulations possible. This variety
arises primarily as a result of the differences among utility systems. Such
differences include the mix of generation source types, geographic layout,
and effects of plant locations relative to major load centers. The varying
degrees of required model sophistication due to the nature of the study lead
to further diversity.

Our approach consisted mainly in dealing with problems that increase in
the order of complexity as we progress. As such we started, following the
introductory background chapters, with all-thermal systems scheduling
problems. Here a treatment of active dispatch and optimal load flow formu-
lations was given. Let us observe here that the problem of active-reactive
dispatch was not given a detailed treatment in this work. It is our contention
that this problem can be handled in a way similar to the two major problems
treated here. In treating hydro—thermal scheduling we have chosen to stress
the differences between various formulations and use more than one opti-
mization technique to tackle the resulting problems. This should serve as a
basis for comparing the efficiency of various methods. Computational aspects
have been discussed with many numerical examples employed to illustrate

272
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the results. The two major problems considered pertain to active power
scheduling for hydro-thermal systems with isolated hydro plants which is
the subject of Chapter 5, while Chapter 6 covered the important extension
cases of hydraulically coupled plants.

It is needless to point out that seemingly new and different problems based
on subsystem models utilized in this text can be formulated and solved by
simply combining the available relevant elements given in the preceding
chapters. Chapter 7 presents such an approach. In this case the major concern
is formulating some of the challenging problems of optimal hydro-thermal
power flow. Included in the discussion are considerations of more sophisti-
cated hydro system models. It is hoped that with this background at hand,
the power systems engineer will be able to apply the theory to the practical
situation and, if necessary, tailor a method for the particular system involved.
In the following, we outline some possible directions for future research in
this important area of power systems planning and operation functions.

8.2 FUTURE WORK

In looking forward toward future research needs in optimal operation of
electric power systems, two directions emerge as most eminent. The first is
toward effecting further computational and algorithmic efficiencies. The
second is toward the development and formulation of a rigorous body of
theory for solving problems of increased complexity.

_Fundamental to effecting computational efficiencies is the prerequisite
development of realistic test (synthetic) systems for basic hydro—thermal
scheduling problems. The systems should depict typical characteristics of
existing utility systems. This should provide a yardstick for evaluation of the
performance of various proposed algorithms. Studies utilizing efficient algo-
rithms such as the modified contraction mapping and other powerful com-
putational techniques should be conducted.

Parallel to the above, criteria for evaluating model sophistication versus
worth should be investigated. The inclusion of river transport delays in the
dispatch function, for example, is a complicating factor that affects both the
speed and storage requirements of a given algorithm.

The hydro—thermal dispatch (and as a special case the all-thermal) is
treated as a straight thermal cost minimization problem. Objectives other
than achieving maximum economy do exist and should be included. The goal
here is to attain a most desirable operational strategy for the system under
consideration. This leads to the vector-objective functional optimization
problem. Recent developments in mathematical programming and control
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theory related to the basic problem should provide the basis for an investiga-
tion of the power system problem.

Further work is needed that recognizes the stochastic nature of many of
the problem variables. Such an area should provide an interesting research
challenge.
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