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Preface

The theories described in the first part of this book summarize the research
work that in past 30-40 years, from different roots and with different aims,
has tried to overcome the boundaries of the classical theory of probability,
both in its objectivist interpretation (relative frequencies of expected
events) and in its subjective, Bayesian or behavioral view. Many compel-
ling and competitive mathematical objects have been proposed in different
areas (robust statistical methods, mathematical logic, artificial intelligence,
generalized information theory). For example, fuzzy sets, bodies of evi-
dence, Choquet capacities, imprecise previsions, possibility distributions,
and sets of desirable gambles.

Many of these new ideas have been tentatively applied in different dis-
ciplines to model the inherent uncertainty in predicting a system’s behavior
or in back analyzing or identifying a system’s behavior in order to obtain
parameters of interest (econometric measures, medical diagnosis, ...). In
the early to mid-1990s, the authors turned to random sets as a way to for-
malize uncertainty in civil engineering.

It is far from the intended mission of this book to be an all comprehen-
sive presentation of the subject. For an updated and clear synthesis, the in-
terested reader could for example refer to (Klir 2005). The particular point
of view of the authors is centered on the applications to civil engineering
problems and essentially on the mathematical theories that can be referred
to the general idea of a convex set of probability distributions describing
the input data and/or the final response of systems. In this respect, the the-
ory of random sets has been adopted as the most appropriate and relatively
simple model in many typical problems. However, the authors have tried
to elucidate its connections to the more general theory of imprecise prob-
abilities. If choosing the theory of random sets may lead to some loss of
generality, it will, on the other hand, allow for a self-contained selection of
the arguments and a more unified presentation of the theoretical contents
and algorithms.
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VI Preface

Finally, it will be shown that in some (or all) cases the final engineering
decisions should be guided by some subjective judgment in order to obtain
a reasonable compromise between different contrasting objectives (for ex-
ample safety and economy) or to take into account qualitative factors.
Therefore, some formal rules of approximate reasoning or multi-valued
logic will be described and implemented in the applications. These rules
cannot be confined within the boundaries of a probabilistic theory, albeit
extended as indicated above.

Subjects Covered: Within the context of civil engineering, the first chap-
ter provides motivation for the introduction of more general theories of un-
certainty than the classical theory of probability, whose basic definitions
and concepts (a la Kolmogorov) are recalled in the second chapter that also
establishes the nomenclature and notation for the remainder of the book.
Chapter 3 is the main point of departure for this book, and presents the
theory of random sets for one uncertain variable together with its links to
the theory of fuzzy sets, evidence theory, theory of capacities, and impre-
cise probabilities. Chapter 4 expands the treatment to two or more vari-
ables (random relations), whereas the inclusion between random sets (or
relations) is covered in Chapter 5 together with mappings of random sets
and monotonicity of operations on random sets. The book concludes with
Chapter 6, which deals with approximate reasoning techniques. Chapters 3
through 5 should be read sequentially. Chapter 6 may be read after reading
Chapter 3.

Level and Background: The book is written at the beginning graduate
level with the engineering student and practitioner in mind. As a conse-
quence, each definition, concept or algorithm is followed by examples
solved in detail, and cross-references have been introduced to link different
sections of the book. Mathematicians will find excellent presentations in
the books by Molchanov (2005), and Nguyen (2006) where links to the ini-
tial stochastic geometry pathway of Matheron (1975) is recalled and ran-
dom sets are studied as stochastic models.
The authors have equally contributed to the book.
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Chapter 1
Motivation

Before embarking on studying the following chapters, motivations are pro-
vided as to why random sets are useful to formalize uncertainty in civil en-
gineering. Pros and cons in using the theory of random sets are contrasted to
more familiar theories such as, for example, the theory of random variables.

1.1 Why Use Random Sets?

1.1.1 Histograms

Consider the case where statistical information on a quantity of interest is pre-
sented in histogram form. For example, Figure 1.1 shows the annual rainfall
intensity at a certain location. It tells us that the frequency that an annual rain-
fall intensity be in the range between 38 and 42 inches is about 10%. One can
also calculate the frequency that an annual rainfall intensity be in the range be-
tween 38 and 46 inches: this is done by summing up the frequencies relevant
to the [38, 42] in. (m;) and [42, 46] in. (m,) intervals, i.e. m; + my = 10 + 24 =
34%. But, what if one wants to know the frequency in the 40 to 48 in. range?

A histogram gives the frequency that an event be anywhere in a chosen
bin, even if one does not know exactly where in that bin. Call m; the fre-
quency in [46, 50] in.. Given the available information, one may just con-
sider two extreme cases. In the first extreme case, one might think that
events were actually recorded only in the [38, 40] in. range for the first bin,
and in the [48, 50] in. range for the third bin. As for the second bin, one
does not care where the events were recorded because the [42, 46] in.
range falls entirely within the [40, 48] range. In this case, the frequency in
the [40, 48] in. range is equal to m;, i.e. 24%.

In the second extreme case, one might think that events were actually
recorded only in the [40, 42] in. range for the first bin, and in [46, 48] in.
for the third bin. The frequency in the [40, 48] in. range is thus equal to m
+my+m; =10+ 24 + 18 = 52 %. As a result, one can only say that the
frequency of the [40, 48] in. range is between 24% and 52%.
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2 1 Motivation

The reader has just encountered the first example of a random set, i.e. a
collection of intervals (histogram bins) with weights (frequencies) attached
to them. The reader has also performed the first example of calculation of
upper and lower bounds on the frequency of an event of interest.

Fig. 1.1 Histogram of rainfall L
intensity (Esopus Creek Water- a0l
shed, NY, 1918-1946), (modi-
fied after Ang and Tang (1975), g
with permission) S 20k
-
5
© of-
&
Y38 a2 46 50 54 58 62 66 70

Annual Rainfall Intensity, in.
1.1.2 Empirical Limitations in Data Gathering

1.1.2.1 Measurements

Limitations in time and funds available for data gathering may lead to im-
precise or incomplete measurements. Consider, for example, the measure-
ment of the uniaxial compressive strength (UCS) of an intact rock speci-
men using the Schmidt hammer. The two quantities are correlated by the
chart in Figure 1.2 presented in the Suggested Methods of the International
Society of Rock Mechanics (ISRM 1978) and by Harrison and Hudson
(1997). Since a single hammer reading yields an interval of UCS values, a
set of readings yields a set of intervals, each with its own frequency. This
set of intervals, each with its own frequency, is a random set.

With a large enough budget and timeframe, laboratory tests may be car-
ried out that do not exhibit this imprecision. However, the low cost and
short duration of Schmidt hammer measurements allow one to take many
more readings than lab tests and thus obtain a more representative sample.

Additionally, in the presence of inhomogeneous intact rock, repeated
Schmidt hammer readings are invaluable to determine the extents of a
homogeneous zone. Finally, regardless of the available budget and time-
frame, the Schmidt hammer is the only piece of equipment that allows
one to measure the joint compression strength (JCS) in discontinuities,
especially if weathered. The JCS is then used to evaluate the shear
strength of rock discontinuities (Barton 1976).
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1.1 Why Use Random Sets? 3

Examples of correlations are replete in geotechnical engineering practice,
especially when using the results of in situ tests. Figure 1.3 and Figure 1.4
show two examples: one for deformation parameters to be used in consoli-
dation settlement calculations, and one for friction angle to be used in sta-
bility calculations, respectively. Even in this case, laboratory tests may
yield more precise results, but one needs to account for disturbance of lab
specimens. Additionally, as occurred in rock, the number of lab tests is al-
ways small when compared to the large number of data points obtainable
using correlations.

400 50 2100 £150 £200 Qe
Il /17 e
350 & 2
300 y /@ =
250 Ly |
N
200 T 3
P g
150 o
193
~ a S
g —r‘/-———-—-———-i-<)—-————d— // N o
g 7, '
100
5 gp /)
.: 80 /74
g % AN
£ o W/ 1N
2
i
o
> 50 i
2 i
2
8 7/ l
a 40 1
£
t
=3
[33 ]
= 30K j t =
% / 4 £
£ ' E
=] !
20 ; §
! 5
l
15 1 £
{ I E
<
[ o
I
10 !
S 10 15 20 25 30 35 40 45 50 55 60 v
L 1 i 1 It —
1o 20 30 40 I 50 60 }Q
10 20 30 40 750 60
L I i I ) /g\
20 30 40 50 60
L
20 30 40 50 0 4

Schmidt hammer (type L) rebound number

Fig. 1.2. Correlation between Schmidt hammer rebound number (r) and uniaxial
compressive strength for different rock densities, (after Hudson and Harrison (1997),
with permission)

www.EngineeringBooksPDF.com



1

Motivation

Compression index, C,

Comments

Source/Reference

C. = 0.009(w, — 10) (*=30% error)
C, = 0.37(e, + 0.003w, + 0.0004wy — 0.34)

24
C. = 01416:(““)
Ydry
C —
C. = ~0.0997 + 0.009w, + 0.00141, +
0.0036wy + 0.1165¢, + 0.0025C»
C. = 0.329[wxG;, — 0.027wp +
0.013315(1.192 + Cp/l5)
. = 0.046 + 0.0104/,
"+ = 0.00234w,G,

o
:
Z

an

1.15(e, — 0.35)
= 0.009wy + 0.005w,
—0.156 + 0.411e, + 0.00058w,

S¥o¥
It

-

Clays of moderate S,
678 data points

All clays
109 data points

109 data points

All inorganic clays
Best for Ip < 50%
All inorganic clays

All clays
All clays
72 data points

Terzaghi and Peck (1967)

Azzouz et al. (1976)

Rendon-Herrero (1983)

Koppula (1981)
Koppula (1981)

Carrier (1985)
Nakase et al. (1988)

Nagaraj and Srinivasa Murthy

(1985, 1986)
Nishida (1956)
Koppula (1986)

Al-Khafaji and Andersland

(1992)

Recompression index, C,

C, = 0.000463w, G,

C, = 0.00194(, — 4.6)
= 0.05100.1C,

Best for Ip < 50%
In desperation

Nagaraj and Srinivasa Murthy

(1985)
Nakase et al. (1988)

Secondary compression index, C,

C, = 0.00168 + 0.000331,
= 0.0001wy

C, = 0.032C.
= 0.06 10 0.07C,
= 0.015 t0 0.03C,

0.025 < C, < 0.1
Peats and organic soil
Sandy clays

Nakase et al. (1988)

NAFAC DM7.1 p. 7.1-237
Mesri and Godlewski (1977)

Mesri (1986)
Mesti et al. (1990)

Notes: 1. Use wy, wp, wy, Ip as percent, not decimal.

2. One may compute the in situ void ratio as e, = wxG; if § — 100 percent.

3. C, = percent clay (usually material finer than 0.002 mm).
4. Equations that use e,, wy, and wy, are for both normally and overconsolidated soils.

Fig. 1.3 Correlation equations for the compression and recompression index of
soils, (after Bowles (1996), with permission)
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1.1 Why Use Random Sets? 5

" I T T
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Fig. 1.4 Correlations between cone penetrometer data and friction angle of soils.
V’y = q’/p’o, Where q’. = (cone resistance — pore water pressure); p’o = initial
vertical effective stress, (after Bowles (1996), with permission)

1.1.2.2 Experts

Another empirical limitation occurs when eliciting information from ex-
perts. In typical risk assessment procedures (e.g., those adopted by the US
Bureau of Reclamation and by the International Tunneling Association),
experts convey their information on an event of interest (e.g., failure of a
dam component) through linguistic terms, which are then converted into
numerical probability intervals as per Figure 1.5. Notice, however, the very
large discrepancy between the values in the two tables in Figure 1.5; this
discrepancy may be explained by considering that the values in Figure 5a
refer to the construction period, whereas the values in Figure 5b are not
referred to a time interval. By polling a group of experts, a set of probabil-
ity intervals will be collected. This information can be converted into a
random set.
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6 1 Motivation
Expression Single-number probability Specified range, %
equivalent, % {median upper and lower
(median of responses) bounds)
Almost impossible 2 O0to5
Very improbable 5 1to 15
Very unlikely 10 2t0 15
Very low chance 10 5t015
Improbable 15 5t020
Unlikely 15 100 25
Low chance 20 10 to 20
Possible 40 40 to 70
Medium chance 50 40 to 60
Even chance 50 45t0 55
Probable 70 60 to 75
Likely 70 65 to 85
Very possible 80 70 to 87.5
Very probable 80 75t0 92
High chance 80 801092
Very likely 85 75090
Very high chance 90 8510 99
Almost certain 90 90 to 99.5
. a)

Frequency Interval Central Descriptive

class value frequency class

5 >0.3 1 Very likely

4 0.03 t0 0.3 0.1 Likely

3 0.003 to 0.03 0.01 Occasional

2 0.0003 to 0.003 0.001 Unlikely

1 <0.0003 0.0001 Very unlikely

The central value represents the logarithmic mean value of the
given interval.
b)
Fig. 1.5 a) Numerical responses and ranges for 18 probability expressions (after
Vick (1999), and Reagan et al. (1989)); b) frequency of occurrence during a
tunnel’s construction period, (after Eskesen et al. (2004), with permission)

1.1.3 Modeling

1.1.3.1 Different Competing Models

In order to gain confidence in their predictive ability, engineers instinctively
use two or more models of the same engineering system. In the simplest
case, these models may simply be two different analytical formulations, but
in the more complex cases they can be completely independent studies.

As a first example, consider the calculation of the bearing capacity for a
footing. Several bearing capacity models have been proposed in the litera-
ture, and Figure 1—6 shows the comparison between the set of values cal-
culated using a set of five different models and relevant test results. When
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1.1 Why Use Random Sets? 7

a set of models are used, a set of results (bearing capacity values) is ob-
tained for any vector of input values (e.g., qu: € {9.4,8.2,7.2,8.1,14.0}

kg/cm® for Test 1 in Figure 1.6). If the vector of input values, v*, is not de-
terministic, but has a probability of occurrence equal to, say, 30%, then the
set of bearing capacity values obtained using v* has probability equal to
30%. Proceeding in this fashion for all possible input vectors, one obtains
sets of bearing capacity values with a probability mass attached to each set
of bearing capacity values, i.e., a random set.

Test

Bearing-capacity
method 1 2 3 4 5 6 7 8

D=00m 05 0.5 0.5 0.4 05 0.0 03

B=05m 05 0.5 1.0 0.71 071 0.71 0.71

L=20m 2.0 2.0 1.0 0.71 071 071 0.71

y = 15.69 kN/m® 16.38 17.06 17.06 17.65 17.65 17.06 17.06

¢ = 37°(38.5%) 35.5(36.25) 38.5(40.75) 385 22 25 20 20

¢ = 6.37kPa 3.92 78 7.8 12.75 14.7 9.8 9.8
Milovié (tests) gun, kgfem? = 4.1 55 2.2 2.6
Muhs (tests) qui = 10.8 kg/om? 122 242 33.0
Terzaghi g = 9.4* 9.2 229 19.7 4.3* 6.5* 2.5 2.9*
Meyerhof 8.2* 10.3 264 28.4 4.8 76 23 30
Hansen 72 9.8 23.7* 234 50 8.0 2.2* 3.1
Vesié 8.1 10.4* 25.1 24.7 5.1 82 2.3 32
Balla 14.0 15.3 35.8 33.0* 6.0 92 26 38

*After Milovic (1965) but all methods recomputed by author and Vesi¢ added.

Notes:

1. ¢ = triaxial value () = value adjusted as ¢p; = 1.5¢y — 17 (Eq. 2-57).
Values to nearest 0.1.

All values computed using computer program B-31 with subroutines for each method. Values all use ¢y for L/B > 1.

2.

3. v, c converted from given units to above values.

4.

5. * = best — Terzaghi = 4; Hansen = 2; Vesi¢ and Balla = 1 each.

Fig. 1.6 Comparison of bearing capacities computed using different methods with
experimental values, (after Bowles (1996), with permission)

1.1.3.2 Upper and Lower Bounds in Plastic Limit Analysis

For elasto-perfectly plastic solids with no dilatancy, limit analysis yields
static (lower) and kinematic (upper) load multipliers. Greenberg-Prager
theorem then assures us that the load multiplier that causes failure is the
largest static multiplier and the smallest kinematic multiplier. Oftentimes, it
is not possible to calculate the largest static multiplier and the smallest ki-
nematic multiplier, and thus the engineer is left with upper and lower bounds
on the load multiplier. Consider, for example, the pressure ¢ that must be
exerted on a tunnel’s face to ensure its stability. In an elasto-perfectly plastic
ground with Mohr-Coulomb failure criterion (cohesion = ¢, and friction
angle = ¢), one has:

q=Q7,-}/-a+QS-qs+(QS—l)-c-ctg(¢) (1.1)
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Fig. 1.7 Coefficients Q, obtained using ~ * — , . T
limit analysis, (after Ribacchi (1993), 7 MUHLHAUS ° z’?i:g&
with permission) 1.4 L .
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where: Q, = coefficient from limit analysis, y= unit weight of the ground,
a = tunnel radius, Q; = (a/H)N_l ,N= (l+sing)/(1-sing), H = tunnel
cover, ¢, = pressure on ground surface.

Figure 1.7 shows coefficients Q, obtained using kinematic analysis
(Q,), and coefficients Q, obtained using static analysis (Q,) versus the
friction angle. The different solutions for Q, originate from different as-
sumptions on the equilibrated stress distribution at failure.

If the friction angle is not known deterministically, but one knows that
the probability of ¢* is, say, 60%, then one can calculate upper and lower
bounds (i.e., an interval) on the face pressure g*. This pressure will have
probability equal to 60%. By calculating the face pressure intervals for all
possible values of the friction angle, one obtains a collection of intervals,
each one with its own probability, i.e. a random set.

1.1.3.3 Discretization Errors

One of the first uses of digital computers was to approximately simulate
physical systems by numerically solving differential equations. This ap-
proach leads to numerical computation that is at least three levels removed
from the physical world represented by those differential equations:
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1.1 Why Use Random Sets? 9

1) One models a physical phenomenon using a differential equation (or a
system of differential equations) or a variational principle.

2) Then, one obtains the algebraic forms of the differential equation(s) or
variational principle by forcing them into the mold of discrete time and
space; and

3) Finally, in order to commit those algebraic forms to algorithms, one
projects real-valued variables onto finite computer words, thus intro-
ducing round-off during computation and truncation.

Errors included in Steps 1 through 3 are to be addressed during verification
and validation of numerical models (Oberkampf et al., 2003). A large body
of literature has been devoted to estimating the discretization errors intro-
duced in Step 2. For example, Dow (1998), Babuska and Strouboulis
(2001), Oden et al. (2005), and an issue of the journal Computer Methods
in Applied Mechanics and Engineering (2006) give an overview of results
in the finite element discretization method. Peraire and coworkers have
developed algorithms for calculating guaranteed bounds on these errors
(Sauer-Budge et al., 2004; Xuan et al., 2006); however, their calculations
are performed in floating-point arithmetic. Figure 1.8 illustrates the discre-
tization error bounds for the Laplace equation in an L-shaped domain: the
finite element solution is comprised in the error interval, whose width de-
creases quadratically with the mesh size.

Figure 1.9 shows bounds on displacements and tractions for a notched
specimen: although convergence is not quadratic, it is still superlinear.

Consider the displacement in Figure 1.9c and fix the mesh size, A: if the
vector of input values, v*, is not deterministic, but has a probability of oc-
currence equal to, say, 70%, then the interval of displacement values ob-
tained using v* has probability equal to 70%. Proceeding in this fashion
for all possible input vectors, one obtains a collection of displacement in-
tervals with a probability mass attached to each displacement interval, i.e.,
a random set.

Errors involved in Step 3 have been vigorously attacked by the “reliable
computing” community using interval analysis started by Warmus (1956)
and Moore (1966); the reader is referred to the journal Reliable Computing
(formerly Interval Computations) and to the web site (www.cs.utep.edu/
interval-comp/main.html) for up-to-date information. One can repeat the
same reasoning above to obtain a random set for any quantity of interest.
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Fig. 1.8 Error bounds on the discretized solution of the Laplace equation, (after
Sauer-Budge et al. (2004)). Copyright ©2004 Society for Industrial and Applied
Mathematics. Reprinted with permission. All rights reserved
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Fig. 1.9 a) Model problem and initial mesh; b) average normal displacement over
the boundary T'y; c) integrated normal component of the traction in I'y, (after Pares
et al. (2006), with permission). Copyright ©2004 Society for Industrial and Ap-
plied Mathematics. Reprinted with permission. All rights reserved
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1.2 Imprecise Information Cannot Give Precise Conclusions

The most attractive advantage in using the theories described in this book is
the possibility of taking into account the available information about the en-
gineering systems to be evaluated, without any other unjustified hypothesis.

For example, if some data obtained through imprecise instruments are
given (and in fact really every measurement has a bounded precision), it is
not reasonable to force the interval of confidence to a single central value;
or in the case of a sample of measurements, it is not reasonable to force the
statistics of intervals to a conventional histogram or finally to a precise
probability distribution.

In other cases, the available information could consist of a very poor es-
timation of some parameters of the unknown probabilistic distribution: for
example the mean value or an interval containing the mean value. Some-
times this information derives from subjective judgment or from opinions
of experts, and is therefore characterized by the unavoidable uncertainty
inherent in every human assessment.

Forcing these opinions to a particular probabilistic distribution (for ex-
ample, a lognormal distribution) with precise parameters seems to be un-
justified; but, on the contrary, it is unreasonable to disregard all sources of
information that cannot be forced to a precise probabilistic distribution in
the analysis or in decision-making.

Even if one assumes that precise distributions can be attached to each
random variable in the probabilistic approach to engineering problems,
frequently very little evidence is available about the correlation between
these random variables. Without any well-grounded motivation, inde-
pendence is oftentimes assumed in order to calculate the joint distribu-
tion. But in many cases this hypothesis seems to be unrealistic, or at
least not justified. This assumption, however, in many cases strongly in-
fluences the final conclusions of the analysis, and sometimes it is not on
the safe side. For example, consider the load, L, on a ground-floor col-
umn of a multistory building (Ang and Tang 1975, page 195). The load
contribution from each floor to L is an increasing function of the corre-
lation among floor loads; therefore, the assumption of statistical inde-
pendence would yield results on the unsafe side with respect to any
other hypothesis of positive correlation.

The unrealistic character of many assumptions supporting most applica-
tions of the classical probabilistic methods to civil engineering systems is
particularly evident when one then considers the computational effort re-
quired to evaluate the performance or the safety of these systems in com-
plex real-world applications. Closed-form solutions for propagating the
probabilistic information from the input random variables to the system re-
sponse are rarely available. Only numerical solutions (e.g., Monte Carlo
simulations of large-scale finite element models) can then be used: the
computational time and effort necessary to obtain such an approximation
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could be dramatically large, but at the end the conclusion may be of ques-
tionable validity because of the initial (unwittinly added) assumptions on
the probabilistic information.

A further limitation of the probabilistic approach sometimes appears
when model uncertainties are combined with a precise joint distribution
for the random variables of the considered engineering system. Recall, for
example, the bounding intervals in the evaluation of collapse loading of
elastic-perfectly plastic structures using limit analysis (Figure 1.7), or the
unavoidable errors when a continuous model is forced to a discrete one in
finite element procedures (Figure 1.8).

These problems appear when the deterministic modeling of a system’s
behavior yields a multi-valued mapping from the space of the input vari-
ables to the space of the response output variables. Validation of the ob-
tained results and calibration of a reasonable compromise between com-
petitive models of different complexity cannot be performed without
taking into account all the available information and the actual evidence
required to support design choices or decision-making in the management
of civil infrastructures.
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1.3 Describing Void Information

The power of the approach considered in this book is also apparent when
considering cases of total lack of information. In this context, the probabil-
istic approach seems to require or suggest the selection of a particular pre-
cise probabilistic distribution, for example based on the so called “Princi-
ple of Indifference” or “Maximum Entropy”.

The literature on the paradoxical conclusions that can derive from this
choice is very rich. Here, we discuss a simple way to gain money using the
“Principle of Indifference” (Ben Haim 2004).

Two envelopes containing a positive amount of money are offered for
your choice and you know only that one envelope contains twice as much
money as the other envelope. You choose one envelope and find $ 100 in-
side. Now, you are given the option to exchange the envelope for the other,
which could contain either $ 50 or $ 200. On the basis of the “Principle of
Indifference”, you could assign equal probabilities (1/2) to both possible
results and try to make the best decision by evaluating the expected reward:

E(Reward)z50-%+200~%=125$ (1.2)

The expected percentage increase of the reward (25%) does not depend on
the value ($ 100) that you have found in the first envelope: therefore, with-
out opening the first envelope, you could decide to exchange it for the sec-
ond, and so augment on average the reward by 25%. You can also try to
gain more money exchanging the envelopes again, again and again...

Considering the same story within the optics of random sets, you can
only admit that, on the basis of the available information, the overall prob-
ability of the two alternative rewards ($ 200 or $ 50) is exactly equal to 1.
Therefore, you have a histogram with one bin covering the two rewards,
and the probability of each reward is between O and 1. The lower and
upper bounds of the expected reward are:

E(Reward) =50-1+200-0=50$ (1.3)

E(Reward) =50-0+200-1= 2003 (1.4)

The bounds contain the previous result, but now the situation is clear: the
choice is in your hands!
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1.4 Bounding Uncertainty

Recalling Hamlet’s words, a wise engineer, and perhaps any reasonable
person, should be suspicious of a perfectly precise proposition about future
events:

“There are more things in heaven and hearth, Horatio, than are dreamt
of in your philosophy”

The authors do not think that random sets or imprecise probabilities could
help in solving this dramatic philosophical question. However, they sug-
gest that the frue solution does not exist, or, if it does, it can only be
bounded by incomplete or imprecise information through uncertain ma-
thematical and physical models.

Additionally, by knowing these bounds, the engineer may ascertain if
what he/she knows about the expected behavior of the system is enough to
make final decisions about the design, safety assessment or management of
the system. When the reply is affirmative, any further investigation is not
justified, or is only motivated by personal curiosity or higher engineering
fees!

On the contrary, when the reply is negative, new or more precise infor-
mation is necessary, or more sophisticated models should be employed to
narrow the bounds of the final evaluations.
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Chapter 2
Review of Theory of Probability and Notation

The basic definitions of a probability space are briefly reviewed, thus in-
troducing the notation useful for the theoretical developments presented in
the book. Particular attention is given to continuous and discrete random
variables and to the concept of expectation of a random variable, defined
through both Lebesque and Stieltjes integrals. The theory is extended to
joint probability spaces and random vectors.

2.1 Probability Measures

The following is mainly taken from (Burrill 1972, Cariolaro and Pierobon
1992, Fetz and Oberguggenberger 2004, Papoulis and Pilai 2002); for ad-
ditional details, the reader is referred to (Halmos 1950, Kolmogorov 1956,
Logve 1977 and 1994,). Let S be any set, and let A indicate the comple-
ment of set A. A c-algebra S on S is a nonempty collection of subsets of X
such that the following conditions hold:

1. Se s
2. Ae $= A€ .
3. If {A'} is a sequence of elements of S, then Ul_Ai € S

If Cis any collection of subsets of S, then one can always find a ¢-algebra
containing C, namely the power set (set of all subsets) of S. By taking the
intersection of all c-algebras containing C, we obtain the smallest such o-
algebra. We call the smallest 6-algebra containing C the o-algebra gener-
ated by C. On the set of real numbers, R, the ¢-algebra generated by C =
{(- oo, a]: a € R } is called the Borel c-algebra, B, and contains all inter-
vals of R. If S is finite and IS is the cardinality, the G-algebra generated
by S is the power set of S, with cardinality 2.

A measurable space is a pair (S, S). Given a measurable space (S, S), a
probability measure, P, on §is a mapping S — [0, 1] such that:
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P(2)=0, P(s)=1, P(Ui A") =3, p(A) @2.1)

whenever subsets A’ € § are disjoint.

A probability space is a triple (S, S, P). If S = {sl,. .., 8"} is finite, or more
generally {s',..., 5"} is a finite partition of S through the “singletons” or
“elementary events” s' (s M s’ =@ and U; s' = S), P on the c-algebra gener-
ated by C= {s',..., 5"} can be assigned by using the probability of elemen-
tary events, {s'}, P(s"):=P({s'}), which has to satisfy the two conditions:

P(5)>0, Z;P(si ) =1 2.2)

Since elementary events are disjoint, the probability of 7' < S is calculated
using Eq. (2.1):

P(T) - P(UsfeT{si}) - ZSiETP({Si}) - ZsieTP(Si) (2.3)

A Borel measure is a probability measure on R such that its G-algebra con-
tains the Borel G-algebra, B. A point mass or Dirac measure at s° € S is the
measure, &, concentrated at s°, i.e. such that §(A) = 1 if s € A and &(A) =
0ifs"¢ A, Ae &.

Let T* € S, and P(T *)>0. The conditional probability of T 'e§ condi-
tioned on 7? is defined as

P(T'\ T? := P(T' N THIP(T? (2.4)

Let P(T*>0 and P(T")>0. From Eq. 2.4): P(T' n T? = P(T'IT*) P(T*) =
P(TAT" P(T).
Thus (Bayes’ Theorem):

P(T''T?» =P(TAT" P(T" P(T? (2.5)

If the occurrence of 7' does not affect the probability of occurrence of 72,
the two sets (events) are said statistically independent.

Therefore: P(T 'N”T?% = P(T'") and P(T AT ") = P(T %); moreover from
eq. (2.4):

P(T' nT?=P(T" P(T? (2.6)

Note that alternatively Eq. (2.6) could be assumed as defining statistical in-
dependence, from which identities of conditional to unconconditional prob-
abilities follow.
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If subsets {Ti} are a partition of S, then for any subset 7, T=U;TN T,
and Eqgs. (2.1) and (2.4) give (Total Probability Theorem):

P(D) =%, P(TN T =, P(T| T P(T") (2.7)

Egs. (2.5) and (2.7) define the Bayes’ rule for updating a probability space
(for example the probability of any singleton {s'}) observing the occurrence
of an event B, when the conditional probability P(BI{s'}) are known

)
> P(B1s7}) Porion (57) (2.8)

More generally the posterior updated probabilities can be calculated when
a likelihood function L(s") proportional to P(BI{s'}) is known for the ob-
served event B or also for the observation x on a sampling space X where
likelihood values proportional to conditional probabilities P(xls’) are
known:

Prosrerior (si)= P({si}IB) =

L(Si)PPRIOR(Si)

L") Pomon(+)

Prosterior (Si) = P({Si} | L)Z (2.9)
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2.2 Random Variable

Given two measurable spaces (S}, $;) and (S, S-), a function g : S; =5, is
measurable if, for every T € §,, A = g‘l(T) € 8. The particular case (S5, $>),
= (R, B) is of great relevance. Let (S, S, P) be a probability space; a real
function x : § — R, defined on S is a random variable on (S, S, P) if x(s)
is Borel-measurable, i.e. if, for every ae R, {s: x(s) < a}e S.

The (cumulative) distribution (CDF) of a random variable on (S, S, P) is the
function F,: R = [0, 1], at—> P({s:x(s) < a}) ; the CDF allows one to cal-

culate the dependent probability P, that x be in any Borel set. A random vari-
able, x, is continuous if F, is continuous; its probability density (pdf) of x is

— de
" da
Otherwise, let B be the set of discontinuity points of x (they are either finite
or infinitely numerable) and let p.(a) := P({s: x(s) = a}) = F(a) - F\(a) >0
be the discontinuity jump at a€ B; if

2 pela)=1 @.11)

acB

Jx (2.10)

then x is a discrete random variable and p, is called the mass distribution;
P 1s not a probability measure, in fact it is not even defined on a G-algebra.
x is finite if B is finite: in this case, p, allows one to calculate the probabil-
ity of any subset of B using Eq. (2.1) in a way similar to the probability of
elementary events (Eq. (2.2)).

In many numerical engineering applications the space S could be a subset
or a partition of the real numbers R, and the probability P is defined through
the probability of elementary events (or singletons, P(s'):=P({s'}); hence, for
the discrete random variable defined by the identity x(s) = s, the mass distri-
bution equals the probabilities of the ordered elementary events. In many ex-
amples presented in the book this hypothesis is implicitly assumed.

In order to understand the concept of expectation E[x] of a random vari-
able x, one needs to introduce some more notions. For a continuous ran-
dom variable the expectation is defined by means a (Riemann) integral,
supposed absolutely convergent, of x multiplied by the density function f;:

+o0
Elx]=|"af,(a)da (2.12)
This definition can be extended to discrete random variable by summation,

supposed absolutely convergent if |Bl = o, of x multiplied the mass
distribution p,:
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E[x]= Zapx (a) (2.13)
acB
In more general terms, the definition of expectation should be given
through the Lebesque integral on the original probability space (S, S, P) or,
alternatively, by the Stieltjes integral on the dependent probability space
(R,B, P,).

Let A € S. The characteristic function (or “indicator” 1) of the set A,
Ja(s): S — {0, 1} is defined as ya(s) = 1 if s € A, yu(s) =0if s ¢ A. Observe
that y, is a discrete random variable with B = {0, 1} and Eq. (2.13) demon-
strates that E[ y4] = P(A).

Let c={A',..., A"} be a finite partition of S: a simple function is a finite
linear combination of characteristic functions of the form x(s) =
zia ji X, Where a'eR, A'e S. A simple function is a discrete random

variable with finite set B = {a',..., a"}; the expectation is given by:
Elx)=Y" d P(Af) (2.14)

Given a probability space (S, S, P), a function £ § — R is said to be
P-measurable (or $-measurable) if f is pointwise the limit of a monotonic
not decreasing sequence of simple functions x;. It is possible to demon-
strate that any non negative measurable function x is pointwise the limit
of a monotonic not decreasing sequence of simple functions x;, i.e. it is
P-measurable (e.g., (Hunter and Bruno 2001), page 343, Theorem 12.26).
Hence E[x;] is a monotonic not decreasing sequence of real numbers
converging to the Lebesque integral of x with respect to P defined as

J.x(s)dP(s):=51;p{ziajiP(Ai)} (2.15)

S

For a general x, the positive and negative parts are considered separately: the
Lebesque integral equals the difference between the two Lebesque integrals
of the positive and negative parts, supposing that they are not both converg-
ing to +oo (otherwise the function does not admit Lebesque integral).

On the other hand, in the dependent probability space (R ,B, F,), it is
possible to demonstrate that the expectation can be evaluated through the
the Stieltjes integral of x with weight function F, on the interval [ao, a,]:

Ay . n-1 i+ i
LO a de(a):lli%Zﬁoa (Fx(a 1)_Fx(a )) (2.16)
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where a’< a'<...< a'<...< d" defines a partition of [ag, a,], a'€( d’, a™']
and £ is the maximum amplitude of the partition. The integral can be ex-
tended to the entire R by considering the limits @y —-c°, a, —>+co. When
F, is continuous and hence the probability density function is defined by
Eq. (2.10), the Stiltjes integral is equivalent to the Rieman integral.

The result can be extended to a function g of the random variable x. Let
x a random variable on (S, S, P) and g: R — R a real measurable function
(generally a Borel measurable function). Then y = g(x(s)) is a random vari-
able and its CDF F), can be alternatively calculated by using:

- The original space : F,(b) = P(x"' (g (y<b)))
- The dependent space (R ,B, P,): F\(b) = Px(g'l(ySb)).

Additionally, if x is a continuous random variable:
Fb)=[ ., f@ da (2.17)
The expectation of y can for example be evaluated by the Stieltjes integral:
oo
Ely=g(0l=|_ g(a) dF (a) (2.18)

When the probability density of x exists, the expectation can be more di-
rectly given, according to the Fundamental Theorem of the expectation, by
the absolutely convergent Rieman Integral:

Ely=gl=[" g(a) f (@)da (2.19)

Assuming g = x*, Eq. (2.19) gives the Moments of order k of the random
variable x. The Moment of order 1 equals the expectation: it measures a
weighted average or the mean value |, of x; the Moments of higher order
describe the dispersion of x around the mean value: therefore central Mo-
ments of order k>1 are better defined relative to the mean value. Particu-
larly important is the Variance of x, 6°:

o) =Ely=(-p)*1=[ (a-p,)* f.(a)da=
= E[x"]-u,’

(2.20)

The square root of the variance is the standard deviation .
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2.3 Joint Probability Spaces

Given two probability spaces, (S, S, P:), i = 1, 2, the product (or joint)
probability space, (S, S, P), is such that:

() §:={S1 xS} (2.21)
(i) S is the o-algebra generated by C :={A; X Ay: A€ S}; (2.22)
(i) P(A1 X 82) = P1(A1) 5 P(51XA2) = Py(Ay) (2.23)

Condition (2.23) is called marginal (or addition) rule, and does not uniquely
determine P. Spaces (S;, S;, P;) are called marginal probability spaces.

Let P; be a probability of elementary events on S; = { sj :j=1,...,m}, and

let p; be a n—column vector whose j-th entry is P; (s/ ). Let P be a known
probability of joint elementary events on S;x S, = S, and let P be a n,xn, ma-
trix with (j, k)-th entry P(sl , 85 ) Eqg. (2.23) entails (marginal rule)

. . i ko
P](S]-]): Z P(S]J,SZ) 5 PZ(SZI)_ z P(S] ,s2]) (2.24)

s’z‘eS2 s{‘eS]
Thus, Pl(slj) is given by the sum of j-th row of P (p, =P- 1 ) and
P, (s{) is given by the sum of j-th column of P (p, = =pT 1 ) where a

superscript “T” denotes transposition, and 1 is a vector of unit components
of proper length.

Provided B (slk ) >0, the probability of s/ in S; conditioned on elements
slk in §; can be easily calculated using Eq. (2.4):
Puz(sljIsg)zP(slj,slzc)/P2 (slzc) (2.25)
For a given element s§ , B, is thus obtained by dividing the k-th column
of P by P, (s'z‘ ) Likewise, for a given element slk , Py is obtained by di-
viding the k-row of P by B (slk ) . Eq. (2.24) yields
7y

Zﬂu (Slj | 512<) ZP(SI 252 ) (2.26)

J= by (Sz ) J=
and thus B, is a probability distribution of elementary events on S;. Like-

wise for Py, . Let Py, be the nyxn, matrix with (j, k)-th entry B, (slj Iséc ) s

and let Py, be the n,xn, matrix with (j, k)-th entry Py, (séc | slj ) .
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Given the joint probability distribution P, one can calculate: two
marginal probabilities, p; , by using Eq. (2.24); and then two conditional
probabilities, Py, and Py, by using Eq. (2.25).

On the other hand, given one marginal probability, say p,, and the con-
ditional probabilities, Py, then one can determine P by using the definition
of conditional probability (2.5):

P =P, Diag(p>) (2.27)

where Diag(.) is a diagonal matrix whose i-th diagonal element is the
i-th element of the argument vector. The marginal probabilities p; can be
either calculated using Eq. (2.24) or directly using the theorem of Total
Probability (2.7):

pi=Ppp: (2.23)
Likewise, given p;, and the conditional probabilities, Py:
P = Diag(p:) P (2.29)
and:
P2 =pi Py (2.30)

The marginal probability spaces (S;, S;, P;) are called independent if the
joint P is the product measure of P; and P, i.e. it satisfies
P=PR®P,:C={U,xU,:U;e s} —[0,1] with:

B®P, (U xU,) =P (U,) P (U,) (2.31)

and Carathéodory Extension Theorem then allows one to extend P to any
subset in the G-algebra § generated by C.

This definition is coherent with Eq. (2.6) because, if we let T} = U;xS,
and T, = S xU,, then T)NT,= U;xU, and:

P(T\) = P®Py(UXS:) = P(U)PoSy) = P(U)-1 = Py(Uy) 232
P(Ty) = P®PASxUs) = Pi(S )-Py(Uy) = 1. Py(Uy = Py(Uy) >3
(2.34)

P(T\NT>) = Pi®Py(UxU,) = P(Uy)-P»(Us)

Eq. (2.6) follows by putting Egs. (2.32) and (2.33) into (2.34).
For the probability distribution of the joint elementary events the hy-
pothesis of independence gives:

P(si,5) = B(s))- B(s3); P=pips’ (2.35)
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2.4 Random Vectors

In the two-dimensional space, the set of pairs a of real numbers, R? , the
c-algebra generated by C={(- o, a]: a € R*} is again called the Borel o-
algebra, B, and contains all two-dimensional intervals of R>.

Let (S, S, P) be a probability space and x a Borel-measurable real func-
tion x : § — R?, defined on S: x(s) is a random vector on (S, S, P). It

means that, for every ae R2, {s: x(s) < a}e S, where inequalities are
meant to hold component-wise.

In the dependent two-dimensional probability space (R?, B, , Py) again
P(T)= P(x-1(T)) is given by the CDF of the random vector x: Fy(a) =
Py({x: x<a})=P({s: x(s) < a}).

When Fy(a) is absolutely continuous, it can be expressed as integral of
the joint probability density fy(a) of the random vector x:

0°F,(a)
da,da,

x@=(aq,ay)) = (2.36)

Otherwise, let B R? the subset (finite or infinitely numerable) of discon-
tinuity points of x and let py the discontinuity jump at a€ B. If:

2. Px(a)=1 (2.37)

acB

then X is a discrete random vector and py, is the joint mass distribution.

If B is finite, p; allows one to calculate the probability of any subset of
B in a way similar to the probability of elementary events.

The notions of marginal and conditional mass distributions are related to the
joint mass distributions by means of matrix operations equivalent to the opera-
tions defined for the joint elementary events of product spaces in Section 2.3.

For an absolutely continuous random vector x = (x;, x,) analogous defi-
nitions and relations could be given in terms of probability density (pdfs).
For example the conditional pdf of x| given x; is:

fx(xpxz)
Seix ) = 2.38
e )= ) 0
from which we also have:
f(0:2%) = fore, (152) £, (x2) (2.39)
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Moreover the marginal pdfs can be derived by an integral extension of the
Theorem of total probability:

j fo(,x, ) dxy = j Fa, (31:33) £, (%)l (2.40)

When the probability density of x exists, the expectation can be given by
the extension of the Fundamental Theorem of the expectation, through the
absolutely convergent Riemann Integral:

Ely=g)]=|" g(@) f,(@)da (241)

while for a discrete random vector:

Ely=gx)]=) g(@)p,(a) (2.42)
acB

Assuming g = X x, eq. (2.41) or (2.42) give the Moments of type (k, j)
and order k+j of the random vector x. The Moments of order 1 (type (1,0)
and (0,1)) equal the mean values (L, , \L,») of the single random variables
in the vector, the central Moments of order 2 define the matrix of Covari-
ance of X Oy the diagonal of the matrix ( types (2,0): 6%, and (0,2): 6%)
contain the Variance of the single random variables, while the other coeffi-
cients of the symmetrical squared matrix gives the Covariance of the cou-
ple of random variables (Type (1,1): G,1.00):

El(q = £,)°1 ElOq = f1,)(6 = 44,
o (X, %)) = R (2.43)
Sym E[(xz - ﬂxz ) ]

Since the determinant of the matrix cannot be negative, the coefficient of
correlation Py o = Oy1,x/(Cy ) must be in the interval [-1, 1]. This coef-
ficient synthetically measures the sign and the weight of a linear correla-
tion between the two random variables. When Ip,; .| = 1 the variables are
totally (positively or negatively) correlated; when p,;,, = O the variables
are uncorrelated.

Uncorrelation does not mean statistical independence of the single random
variables of a random vector. The latter refers to the relations between joint,
conditional and marginal pdfs or mass distributions, as specified in § 2.3.
Considering for example absolutely continuous random vectors the joint pdf
in (2.39) is directly determined by the product of the marginals.

Statistical independence implies uncorrelation, but uncorrelation does
not imply independence, because a non linear statistical (or also determi-
nistic) dependence between the two random variables could be present.
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Chapter 3
Random Sets and Imprecise Probabilities

The idea of random sets is introduced by showing that three different ex-
tensions to the classical probabilistic information lead to an equivalent
mathematical structure. A formal definition is then given, followed by dif-
ferent ways to describe the same information.

A random set gives upper and lower bounds on the probability of subsets
in a space of events. These non-additive and monotone (with respect to in-
clusion) set functions can be described within a more general framework by
resorting to the theory of imprecise probabilities, Choquet capacities, and
convex sets of probability distributions. The chapter highlights specific
properties, advantages and limitations of random sets with special emphasis
on evaluating function expectation bounds and on updating the available
information when new information is acquired. To avoid mathematical
complications, sets and spaces of finite cardinality are generally considered.

3.1 Extension of Probabilistic Information

3.1.1 Multi-valued Mapping from a Probability Space

This extension was proposed in (Dempster 1967) and is summarized in
Figure 3.1. Let (X , X, P,) be a probability space (for example a random vari-
able with cumulative distribution function F\(x)) and let G: X — S be a multi-
valued mapping to a measurable space (S, 5) (for example G(x) is the interval
in the grey area in Figure 3.1). For aset T € S, let

T" ={xe X1G(x)NT #D); T.={xe X 1G(x)cT) 3.1)

S* = S. is the domain of G, here assumed to be equal to X; hence PX(S*) =
P(S:)=1.

G is a strongly measurable function if for any set Te S, T € X (and
consequently 7= € X (Miranda 2003)). The exact value of the probability
of T (in the probability space (S, S, P)) cannot be computed, but it can be
bounded by the probabilities of 7. and of the inclusive set T :

P(L) _ . :PX(T*)

P(T.) < P(T) < P.(T")

3.2
P.(S.) P.(S") G2
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26 3 Random Sets and Imprecise Probabilities

Fig. 3.1 Probability § A
bounds from a
multi-valued mapping

B T & T

Example 3.1. The characteristic compressive strength of a masonry wall (f;) can
be derived through a function of the unit (f,) and mortar (f,,) strengths. According
to (CEN 2005) for plain solid (one head) masonry made with clay, group 1 units
and general purpose mortar f; = 0.55 £," £, = g (f, , f,»). Assume that only an in-
terval of possible values is known for the mortar strength, while a precise prob-
ability distribution has been derived for the units by testing. The upper and lower
bounds of probability for each interval T of values of masonry strength can then be
computed as follows.

Assuming: f,,= [20, 30] MPa and the Normal cumulative distribution function
N(40 MPa, 8 MPa) for the random variable x = f;,, G(x) = [g (x, 20), g (x, 30)], the
probability of T = [25, o) (i.e. the probability that the masonry strength could be
above 25 MPa) is bounded by:

P(T: = {x>g"(25,20)}) = 1- F,(g"(25, 20)) = 0.0010
P(T " ={x>g"(25,30)}) = 1- F, (g7 (25, 30)) = 0.0368.

3.1.2 Theory of Evidence

In the finite space S (a “body of evidence” (Shafer 1976)), a “probabilistic
assignment” m is given on the power set of S (P (S): the set of all subsets of
S; if ISl is the cardinality of S, then 1?7 (S)I = 28! including & and S). The
probabilistic assignment is given according to the axioms of probability
theory, and therefore m(J) =0, X m= 1.

Example 3.2. An expert is asked to define the cause of a structural deficiency in a
building by choosing among a given list of options c listed in Table 3.1 (S = {c', ¢,
¢, ¢'}). Based on his past experience and current observations, the expert could
measure the different causes ¢ (first column), and attach subjective probabilities m

www.EngineeringBooksPDF.com



3.1 Extension of Probabilistic Information 27

(second column) not only to single causes, but to sets of causes. In his opinion, some
observed symptoms point to single causes, but other symptoms are compatible with
more causes, or with all listed causes.

The probability of the single causes or of a set of causes can easily be calcu-
lated: for example, the probability of ¢ is at least m* (10%), but could increase to
m*+m>+m® (30%); the probability of (c' or ¢* ¢' U ¢?) is at least m'+m* (70%) but
could be higher, and up to m'+m’*+ m*+m® (90%).

Table 3.1 Expert’s subjective probabilities in a structural diagnosis

¢' - Failure of soil m' =m(c") = 60%

¢” - Overloading m* =m(c’) = 10%

¢’ - Temperature variations m =m(c’)= 5%

¢*- Other m' =m(c)= 5%
m’ = m(cz, c3, c4) =10%
m® = m(cl, c2, c3, c4) =10%
Total : = 100%

The original information is described by a family ¥ of pairs of n nonempty
subsets A’ (“focal elements”) and attached m' = m(A") >0, ie I={1,2, ...n},
with the condition that the sum of ' is equal to 1. The (total) probability of
any subset 7" of S can therefore be bounded by means of the additivity rule.
Shafer suggested the words Belief (Bel) and Plausibility (Pla) for the lower
and upper bound, respectively. Formally:

F=F{ (A,m"),ie 11> m' =1}
iel
Pla(T)=> m' | A"nT =@, VT cS;
i (3.3)
Bel(T) = Zmi lA" T, VT cS;

Bel(T) < P(T) < Pla(T)

3.1.3 Inner/Outer Extension of a Probability Space

It is well known that a probability measure can be given only for a measur-
able space: i.e. the probability can be attached only to particular families of
subsets on a space S (an algebra on finite spaces; a G-algebra on infinite
spaces). The key property is the closure of the family with respect to
complementation and (numerable) union (and therefore the (numerable) in-
tersection). For example, the G-algebra could be generated by a finite parti-
tion of S. But given a precise probability measure, it is legitimate to ask
about bounds of the probability of any other subset 7 of S (Halpern and
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Fagin 1992). The reply can be obtained searching for the best members
of the c-algebra that give an inner approximation (7;, < T), and an outer
approximation (7' c T,,,) to T.

Fig. 3.2 Partition of the Cartesian y 0 Jek w R,
product space S = R. X R
0.05x0.05 0.95x0.05
Jik
0.05x0.95 0.95x0.95
o0
R.\'

Example 3.3. Let us suppose the characteristic (reliable at 95%) value of the
strength of concrete (R, = f; = 30 MPa) and steel (R, = f;; = 400 MPa) is known in
a reinforced concrete (r. c.) frame structure. A partition of 4 elementary events is
therefore defined on the Cartesian product space S = R, X R, = R X IR ; moreover,
supposing stochastic independence between R. and R;, the probability of the ele-
mentary events and 16 members of the algebra generated by the partition (the un-
ion of any subsets of elementary events plus the empty set) can easily be derived
(Figure 3.2). We now wish to bound the probability of the event T = {( R, R, )| R,
<40 MPa; R < fi;}, clearly not included in the algebra.

The inner approximation is 7;, = {( R., Ry )| R. < f.;, = 30 MPa; R; < f;;}, with
P(T;,)= 0.05x0.05 = 0.0025, while the outer approximation also includes the ele-
mentary event {( R., R, )l R. > f.x = 30 MPa; R, < f,;}. Therefore P(T,,,) = 0.0025
+ 0.95x0.05 = 0.0500. If additional information is received that R. is a Gaussian
random variable with mean equal to 45 MPa, the exact value of P(7T) can be calcu-
lated because the standard deviation of R, is equal to:

(45-30)/ N'(0, 1,0.95) = 15/1.644 = 9.12 MPa,
and hence P(T)=0.05 x N(45, 9.12, 40) = 0.05 x 0.2917 = 0.01459.
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3.2 Random Sets
3.2.1 Formal Definition of Random Sets

The strong formal and substantial analogy between the three formulations
given above is self-evident.

In this book priority is given to a direct reference to the second formula-
tion, originally proposed by Shafer within the so-called Evidence Theory,
and therefore particularly connected to a subjective view of the probability
concept. However, we prefer the term “Random Sets”, following an idea
originally developed within stochastic geometry (Robbins 1944; Robbins
1945; Matheron 1975), to underline that the formulation is compatible with
both objective and subjective uncertainty.

Formally, a random set on the space S is a family ¥ of n focal elements
A" ¢ S and attached weights of the basic probabilistic assignment m(A")
that satisfies the conditions: m(@) = 0; Z;m(A") = 1. See Eq. (3.3).

The weight m(A’) expresses the extent to which all available and relevant
evidence supports the claim that a particular element of S belongs to the set
A’ alone (i.e. exactly to set A') and does not imply any additional claims re-
garding subsets of A’; if there is any additional evidence supporting the claim
that the element belongs to a subset B of A’, it must be explicitly expressed
by another value m(B). The main difference between a probability distribu-
tion function and a basic assignment is that the former is defined on S,
whereas the latter is defined on the power set of S, 2(S).

As a consequence, the following properties hold:

1) itis not required that m(S) = 1;

2) itis not required that m(A) < m(B) when A C B;

3) no relationship between m(A) and m(A°) is required (A€ is the com-
plementary set of A).

Each focal element A must be treated as an object “per se”’; m(A) < m(B)
means that object A is less probable than object B. It should be noted that:

a) If m(S) = 1, there is a unique focal element and this is S itself
(maximum ignorance).

b) Conversely, if there is a unique focal element A — S, then m(A) = 1 and
m(S) = 0. If moreover lAl = 1 all uncertainty disappears.

c) If there are two or more focal elements, then m(S) < 1.

It should be stressed that the definition of random set refers to distinct non-
empty subsets of S. If these distinct non-empty subsets are singletons (single
elements, thus non-overlapping, of §) and each one has a probability as-
signment, then we have a probability distribution on S. Note that when proc-
essing real world information, the non-empty subsets may be overlapping
(see Chapter 1).
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Example 3.4 (Reservoirs-bathtub analogy). As depicted in Figure 3.3, consider a
set of reservoirs (focal sets) A, whose outward flow rate (basic probability as-
signment) is m(A’). This outward flow can only be vertical down (positive); as for
the i-th reservoir, any number of vertical pipes can be located anywhere and ar-
ranged in any fashion on the footprint of the reservoir, but their total flow rate is
always equal to m(A"). Pipes are not allowed to discharge into other reservoirs, and
the total flow rate from all reservoirs is normalized to 1. No water may come from
a source different than a reservoir (m(&2)=0).

One can calculate the maximum possible flow rate enjoyed by a bather in a bathtub
T (call it Pla(T)) by arranging single pipes so that all reservoirs whose vertical projec-
tion hits the bathtub actually discharge into it. In Figure 3.3a, the maximum flow rate
is 0.8. The minimum flow rate (call it Bel(T)) is obtained by placing single pipes out-
side of the bathtub projection unless a reservoir projects completely into the bathtub, in
which case there is no choice but to discharge into 7. In Figure 3.3b, the minimum
flow rate is 0.3. Notice that there may be more than one pipe arrangement that yields
the maximum or minimum flow rate into the bathtub. Any other arrangement of the
pipes will yield a flow rate into T (Probability of 7) that will be comprised between
these Bel(T) and Pla(T) (Eq. (3.3d)). In precise probability theory, reservoirs are re-
stricted to a single point in space, and thus only one pipe carrying the entire flow m(A’)
can be attached to the i-th reservoir, and only one pipe arrangement is possible.

As a consequence, each possible single pipe arrangement that fits in the reser-
voirs of a random set corresponds to a probability distribution (called Selector, see
Section 3.2.3.2 on page 35).

On the other hand, several pipes may be attached to the i-th reservoir. Without
loss of generality, the pipes attached to the i-th reservoir may have a unit total flow
rate and may be fitted with flow rate reducers; a flow rate reducer will reduce the
flow rate in each single pipe by a factor equal to m(A"). Each set of pipes of unit flow
rate attached to the i-th reservoir may be interpreted as a probability distribution on
A'. These pipe arrangements over the entire set of reservoirs make up the probability
distributions compatible with the random set (Section 3.2.3 on page 34).

A A
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(a) (b)

Fig. 3.3 Reservoir-bathtub analogy: (a) plausible flow rate gives an optimistic out-
look; (b) believed flow rate gives a pessimistic outlook
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3.2.2 Equivalent Representations of Random Sets

When a random set is given on the space S, Eq. (3.3) shows how upper/lower

probability bounds can be attached to each subset 7 C S. In this book, the
words Belief and Plausibility suggested by Shafer will be used for upper/lower
probability bounds, but without any particular reference to the meaning of
these words in normal language.

For the entire space S, Bel(S) = P(S) = Pla(S) = 1. However, when two
complementary sets 7 and T are considered, the sums of their Beliefs or
Plausibilities are not required to be equal to 1, but they are related by the
following weaker conditions:

Bel(T)+Bel(TS)=>"m' |A'cT+> m'|A' cT®

<Y m A c(TUT®) = Bel(T UT =5)=1

' o o (3.4)
Pla(T)+ Pla(T®) =Y m' |A'nT#D+> m' |A' T @

23 m A NTUT)#@D = Pla(T T  =5)=1

1

It is easy to check the first formula: consider that some focal elements may
not be included in either T or TC. In the second formula, some focal elements
may intersect both 7 and T , and are therefore counted twice: once in
Pla(T), and once in Pla(T°).

More generally, given two sets 7' and 7> and considering that:

— Some focal elements included in 7'U T* may not be included in 7", T°
and T'N T2

— Some focal elements may not intersect 7'~ T2 but may intersect both
T', T? (and therefore T'U T%),

one obtains:

Bel(T' UT?) > Bel(T') + Bel(T?) — Bel(T' N T?)

1 2 1 2\ 1 2 3.5)
Pla(T' N T?) < Pla(T") + Pla(T?) - Pla(T" UT?)
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Even more generally, given k sets T", T°... T*:

Bel(T'uT?..uTH> 3 (—1)"<‘+13e1(mT"):

BcKc{12.k}) iek
> Bel(T') =Y Bel(T' N\T7)+...+ (=)' Bel(T' " T?...nT")
i i#j | (3,6)
Pla(T' nT?..nTH< Y (—1)‘K‘+‘Pla( uT ) -
BeK]1.2.k) iek
> Pla(T') = Pla(T' OT')+...+ ()" Pla(T" UT?...0T")

i#j

Bel and Pla satisty Eq. (3.6) for any k > 2. Formulas (3.4), (3.5) and (3.6)
generalize stronger relations of equality that must be satisfied by a prob-
ability set function P, as a consequence of the additivity axiom for the
probability of the union of disjoint sets (Eq. (2.1)).

It is easy to demonstrate that a duality relation intimately connects the
set functions Bel(T) and Pla(T): indeed, the condition (A’ < T) implies the
negation of condition (A'N T &), and therefore:

Bel(T) + Pla(T¢) =

Y(m 1A CT)+Y (M 1A @ T)=Y m =1 G.7)

1 1

When the set function Bel (or Pla): P (S) — [0, 1] has been evaluated for

every T c S, Eq. (3.7) gives Pla (or Bel, respectively). Additionally, the
original set function m(A) can be reconstructed through the Mobius trans-
form of the set function Bel(T):

Bl ay=Y (=1)* 7 Bet(r) 1T A 38)

The Mobius transform of a set function 4 is a one-to-one invertible set
function “m: P (S) — R, which is defined by replacing u for Bel in Eq.
(3.8). Its inverse is:

"u(T)=Y m(A)IA cT, VTcS (3.9)
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When Eq. (3.8) is applied to a Belief function, m(A) € [0,1] and X m(A) =
1, i.e. m(A) is a probabilistic assignment. Conversely, when m(A) is a
probabilistic assignment, Eq. (3.9) gives the corresponding Belief function
(in fact "¢ in (3.9) is equal to Bel in (3.3)).

Therefore, the information given by a random set on the space S is com-
pletely described by a Belief set function; but not every set function " is
equivalent to a random set. The following Section 3.3.3 on page 69 gives the
conditions for the set function " to be a Belief function, and therefore to be
equivalent to a random set.

Fig. 3.4 Graphical representation of the ¥ '
random set in Example 3.5

0‘@'} I { """"" m'=0.1
A % m =04
0.5—--- ' -
A —— m'=0.5
U \I ,\‘: S: )ﬁ‘b

Example 3.5. Let S={s", s°, s’}, and let F={({s", 5°}, 0.5), ({s', 5%, 5°}, 0.4), ({s*},
0.1)} be a random set on S. A graphical representation of the random set is dis-
played in Figure 3.4 as a pile of boxes. The width of each box covers a focal ele-
ment, and the box height is equal to the relevant probabilistic assignment. The
power set 2 (S) contains the 2°= 8 subsets A’ listed in Table 3.2 and identified by
the indicator function /i = {x(sl), X(sz), x(s3)}. The set functions m(A’), Bel(A"),
Pla(A"), Pla(A™©) are displayed in the same table; it is therefore possible to check
that formulas (3.5) are always satisfied. The reader can also check that formulas
(3.4) are satisfied as well. Finally, Eq. (3.8) was used to calculate Belyy through Bel,

and #'m is found to be identical to m. For example:

Belm(A3) — (_1)|A3—A3|Bel(A3) _ (_1)00.] — 01

Belm(A5) - (_1)|A5—A3|Bel(A3)+(_1)|A5—A5|Bel(A5) _ (—1)' O.1+(—1)00.6 ~05
Belm(A7) — (_1)IA7—A3|Bel(A3)+(_1)IA7—A7|Bel(A7) (1) 0.1+(1)°0.1 = 0
Belm(AS) — (_1)|A*—A3|Bel(A3)+(_1)|A8—A7|Bel(A7)+(_1)|A*—A8|Bel(A8)
= (D’0.1+(¢-D'0.6+(-D'0.1+(-1)’1.0=0.1-0.6-0.1 + 1.0=0.4
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Table 3.2 Set functions in Example 3.5

i (s xH xsH m@A) Bel(A) Pla(A’) Pla(A*®) Bel(A)y+ m(A))

Pla(A™ )
1 0 O 0 0 0 0 1.0 1 0
2 1 0 0 0 0 0.9 1.0 1 0
30 1 0 0.1 0.1 1.0 0.9 1 0.1
4 0 0 1 0 0 0.4 1.0 1 0
5 1 1 0 0.5 0.6 1.0 0.4 1 0.5
6 1 0 1 0 0 0.9 1.0 1 0
7 0 1 1 0 0.1 1.0 0.9 1 0
8 1 1 1 04 1.0 1.0 0 1 0.4

3.2.3 Probability Distributions Compatible with a Random Set

Consider the measurable space (S, S ). It is possible to consider a random set
as a class ¥ of probability measures P(7) for the sets T € . For S finite,
with cardinality ISl, S could be the maximum algebra on S, i.e. the power set
of S: the class of the 2* subsets of S (containing S and the empty set &). In a
more general way, let § be the algebra generated by a finite partition of S
that contains only elementary events, in the following named “singletons”, s
/. Forall Te S, P(T) =X (P(s"y= P({s’ })| s’ €T), and P(s’) is the probability
distribution attached to the singletons s.
Class ¥ can be defined in two different ways:

1. Class P* of probability distributions P such that for all T € § P(T) is
bounded by Bel(T) and Pla(T) (see for example (Dempster 1967)):

wE :{P IVTeS:Bel(T)SP(T)SPla(T)} (3.10)

2. Recall that the probability assignment m' of any focal element A’ is at-
tached to A’ without any other specification about its distribution on
the singletons s’ contained in A’. Then, one may consider the class ¥
of the probability distributions P(s’) that correspond to the infinite
ways whereby m' may be selected to be distributed on A’ (Fetz and
Oberguggenberger 2004). Formally, indicating with I* the set of the
indexes of the singletons in A" and with W' the set of all probability
distributions on the sub-space A'= {s/1j e I'}:

WhS :{i(mi .P"’j)IP"’j =P"(sf')e Vi el ;P =0,je 1’} (3.11)

i=1
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In the case of finite spaces, the equivalence of the two definitions (i.e. ¥ =
WE = W) has been demonstrated in (Dempster 1967). In the following, we
focus on the second definition, which suggests constructive procedures to
evaluate class . Each member P of ¥ takes on values as follows:

Vs/ e S:P(sf):Zn:(m" ~Pi’j(sj)), (3.12)
i=1

and depends on k = I I' | values P"’, subject to the conditions:

Vi: Z P =1 (3.13)

jel

Sets ' are convex because the convex combination of any pair of prob-
ability distributions in P is a probability distribution on A’, and hence it is
in W'. Convexity of the sets ¥’ and Eq. (3.12) imply that the set ¥ is con-
vex. Let us now underline the special meaning of some members of \V'.

3.2.3.1 White Distribution

If the Principle of Indifference is applied to each focal element, a uniform
distribution is obtained along each focal element:

vjeli:Pi,j(sj)z_ ; i=1ton

1
‘1" (3.14)

In the following, this particular distribution will be termed “white” (Bernar-
dini 1995) to underline some analogy with the concept of spectral uniformity
(“white noise”, “white light”). The same notion was previously suggested by
Dubois and Prade (Dubois and Prade 1982; Dubois and Prade 1990).

3.2.3.2 Selectors

In the following, we assume that S is a finite set of real numbers, so that
the mass distribution of the simple real function y = %; s7 x(s’) coincides
with the probability distribution of the singletons P(s’) (see Chapter 2.2).
According to (Yager 1991; Miranda, Couso et al. 2002) a random set is
a strongly measurable multi-valued function (see §3.1.1), and it can be
considered as generated by a random variable on (X , X, P,) whose point-
wise realizations on S cannot be precisely observed, so we can only say
that each realization is a particular but unknown singleton of the focal ele-
ment. The mass distributions corresponding to the different point-valued
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mapping, compatible with the multi-valued mapping that generate focal
elements, are called “selectors” of the random set: when focal element A’
is observed, the realization is an unknown but specific singleton {sk’} of

the focal element (see Figure 3.5). Therefore:

Uit j=kel
P = , (3.15)
0 if j#k'
‘F("') ‘Z m
s A s A g A 5 e — e _I __________________
PG - '
P ; > 4 m'
P(x' ,i ‘i A' > m'
0 : L 0 T =
X X X x s
Ary)
P P e e
m’
Y s e
m ».=Zs" (s
e o
§ s §

Fig. 3.5 Selector from a random set

The set of selectors SCT is a subset of ¥ because, with reference to Eq.
(3.11), SCT is generated by considering all Dirac delta probability distribu-
tions (measures) in ¥’ (Section 2.1 on page 15), i.e. probability distribu-
tions concentrated at one point in A . The number of selectors, ISCT], is
thus at most equal to the product of the cardinalities /'l (some selectors
could coincide). If X and S are finite, the number of focal elements and
cardinalities |I'l are finite: therefore SCT is a finite (and hence non-convex)
set strongly included in the convex set ¥.N*!
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3.2.3.3 Upper and Lower Distributions

Recall that I' is the set of indices of the singletons in A". Let us order each
set I' according to the increasing real values of the singletons. Two particu-
lar selectors can be generated by taking k' equal to the upper bound of I’ (k'
= max(/ ")), and equal to the lower bound of / " (k" = min(I%)). The corre-
sponding (discrete) cumulative distribution functions (CDF) of s, or,
equivalently, of the simple function y, = %; s/ x(s’) are, respectively:

Fupp (y,)= Z m(A") =Pla({sj|stys})

Smin(]‘ )Sys

Frow (y,)= Z m(A") =Bel({sj|stys})

Smax(l‘ )Sys

(3.16)

They bound the CDF F(y,) given by any other probability distribution in
V. Figure 3.6 shows the upper and lower distributions of the random set
considered in Example 3.5 and displayed in Figure 3.4.

Fig. 3.6 Upper and lower distri- F(s) 4
butions of the random set in

Example 3.5 [ SR —
09—l |

T o B

LOW

More generally, if f is a point-valued monotonically increasing or de-
creasing mapping on S to Y = R, the same upper and lower distribution
functions extended to Y can be used to bound the CDF F(y) (Figure 3.7)
and the expectation E[y].

www.EngineeringBooksPDF.com



38 3 Random Sets and Imprecise Probabilities

Ay=/(s)

F(y)

G e e e o P

~ T |
'F(l".\') F['J'P(.v-\')

Fig. 3.7 Extension of upper and lower distributions by a monotonic point-valued
function

Hence:
Fup(y)= 3, m(A) :Pla({sf|sf5f‘1(y)})
smin(l’)sf—l(y)

Fiow(0)= Y m(A) =gelds’1s' <™ ()

Smax(li)sf—](y)

(3.17)

3.2.3.4 Extreme Distributions

Section 3.2.3.3 identified the two selectors that generate upper and lower
CDFs for s, the simple function y, = %; s’ x(s 7), or monotonic functions of
s. These two selectors can also be interpreted as the selectors that, for a
given s*, give upper and lower probabilities of the event (set) {s : s < s*}.
Given any set 7 C S, one may wonder if ¥ contains a distribution P" that
maximizes (or minimizes) the probability of 7, i.e. such that P (T) =
max{P(T) | P € ¥} (or P(T) = min{P(T) | P € W}), and, if it exists, how
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one can determine it. Such a distribution is called extreme distribution.
One may then ask the same question for all sets T < S, i.e. determine all
the distributions in ¥ that minimize or maximize the probability of some
event T S. This is the set of the extreme distributions, EXT.

Likewise, for a general function y = f{s), one may wonder if there is a
distribution in ¥ that gives the upper (or lower) CDF of y, and, if so, how
to determine it. One may then ask the same question for all possible func-
tions, and one may want to determine all of the distributions that give up-
per (or lower) CDFs of y for some function y = f{(s). Are these distributions
the same as in EXT? Let us start from examining the exteme distributions.

Ay=/()

s s i

—————————————————————

FF.UH_:'.

Fig. 3.8 Extreme distributions and extension by a non monotonic point-valued
function

Taking into account Eq. (3.12) subjected to the conditions in Eq. (3.13),
more general extreme distributions can be constructed by considering per-
mutations 7i(j), j = 1 to ISI of the indexes j, and progressively assigning the
quantities P*™ in such a way as to obtain an extreme (maximum or mini-
mum) of each P = X, m' P™. Selecting for example the minimum, the
criterion corresponds to selecting systematically P> = 0 until, to satisfy
conditions Eq. (3.13), P"™ = 1 must be assumed. By applying the maximum
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condition to the same permutation or, in an equivalent way, the minimum
condition to the reversed permutation (i.e. the permutation 7z(j) = IS + 1-
1i(j) ), a dual extreme distribution is obtained.

Formally, dual extreme cumulative distributions can be associated to
any permutation 7(j), j = 1 to IS| of the indexes j, by extending Eq. (3.16)
through the following formulas (I';= {n(j)l je I'}):

Fupp (¥5)= Z m(A") = Pla({s”(j) |7 < ys})
smi"(l”[) <y,

Frow x (vy)= z m(A") :Bel({s”(j) |s7) < ys})

max(/ i)
s ISy,

(3.18)

Each extreme distribution Pgxr (sj) can finally be derived from each cumu-
lative F;; (upper and lower respectively):

Fp(y, =s""™) | Z(j)=1
Fﬂ(ys = s”(j)zk)—F”(ys = s”(j)zk_l) l7zZ(j)>1 (3.19)

PEXT(sj)ZPﬂ(Sﬂilﬂ(j))

T

P (sn<j):k):<

This constructive definition shows that:

extreme distributions are selectors: EXT < SCT;

— upper and lower distributions are particular extreme dual distribu-
tions corresponding to the pair of reversed permutations 1(j) = j
and n(j) = ISI+1-j;

— the number |[EXT] of extreme distributions is at most equal to the
number of permutations, i.e. ISI!; however the number can be low-
er because some permutations could give the same extreme;

—  if the cardinalities II'l reduce to 1 (the focal elements reduce to sin-
gletons), then |[EXT1 = ['YI=1, corresponding to a precise probability
distribution;

— lety; =f(s’) be a point-valued mapping on S to ¥ and T,ou(j), Ttupp(j)

a pair of reversed permutations so that f(snww(])) and f(anP ’ (])) are
an ordered list of monotonically increasing and decreasing values,
respectively (Figure 3.8): the corresponding extension to Y of the
dual extreme distributions, obtained by formulae (3.19), can be used
to bound the CDF F(y) and the expectation E[y];
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given that the probability of any event A is equal to the expecta-
tions of its indicator function I, Bel(A) and Pla(A) are lower and
upper bounds of E[y = I,] calculated with the corresponding dual
extreme distributions; the same dual extreme distributions give
bounds of E[y = I,c] for the complementary event A€, respectively
upper Pla(A) and lower Bel(A°);

We already noticed that Eqs. (3.11) and (3.12) imply that ¥ is a
convex set. Since probabilities and expectations are linear functions
of probabilities in W, probabilities and expectations attain their
maximum and minimum values at the vertices of Y. Therefore,
EXT is the set of vertices of 'V

Y is equal to the convex hull of EXT, WEXT j e. the set of all con-
vex combinations of extreme distributions (all extreme distribu-
tions are selectors of the random set and hence belong to V).

Example 3.6. Let S={s', s, s°}, and F={({ s, 5’}, 0.5), ({ s*}, 0.3), ({5}, 0.2)}.
Therefore: ISI=3, n=3,1"= {12}, 1*={2}, I’ = {3}, [I'"M [P P1=211=2.
The set SCT contains two selectors:

k'=1 gives: P'(s")=0.5, P'(s") =0.3, P'(s’) = 0.2;
k'=2 gives: P’(s")=0, PX(s") =0.3+0.5=0.8, P’(s’) =0.2.

The set ¥ is the one-dimensional interval between the selectors. Of course they are
also extreme points, corresponding to the upper and lower distributions (to the
identity permutation and its reversal) respectively. The centre of the interval gives
the white distributions:

Puwure(sH= (0 + 0.5) /12 = 0.25, Pyure(sH)= (0.3 + 0.8) /2 = 0.55, Pypms(s’)= 0.2 0.

Example 3.7. Let S={ s', s>, s’}, and F={({ s', s’}, 0.5), ({s', 5%, 5°}, 0.4), ({s*},
0.1)} the random set considered in Example 3.5. Therefore: IS| = 3, n = 3, I'=
12y, 1P ={1,23}, P = {24, 1= 1" 1 IP1=2-3-1=6.

The white distribution can be calculated as follows:

Pyrre(s’) = 0.5 /2 +0.4/3 =0.3833
PWHITE(SZ) =0.5/2+0.4/3 +0.1/1 = 0.4833
PWHITE(SS) = 04 /3 = 01333
The six selectors are listed in Table 3.3. For example, considering r = 6, k= 2, K
=3,k=2:
Py(s")=0, PysH=m'+m’=0.6, Py(s) =m*=04
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Table 3.3 Selectors in Example 2.5

3 Random Sets and Imprecise Probabilities

rok' K K P(s" P  P(s’) Total

11 1 2 09 0.1 0 1

2 1 2 2 05 05 0 1

31 3 2 05 0.1 0.4 1

4 2 1 2 04 06 0 1

5 2 2 2 0 1 0 1

6 2 3 2 0 0.6 0.4 1
Table 3.4 Extreme distributions in Example 3.7

j 1 2 3 j 1 3

() 1 2 3 m' () 3 1 m
i=1 0 0 0.5 i=1 0 D 1 0.5
i=2 o o 1] 04 i=2 0 0 1 0.4
i=3 0 0 01 |i=3 0 0 0.1
P'™) 0 0.6 0.4 P(s™) 0 0.1 0.
Ploxr(sh 0 0.6 0.4 Pexr (s 0.9 0.1 0

j 1 2 3 j 1 3

() 2 1 3 m () 3 1 2 m'
i=1 0 1] 0 0.5 i=1 0o P 1 0.5
i=2 0 0 1] 04 i=2 b 0 1 0.4
i=3 o 0 01 |i=3 0 0 o1
P™) 0.1 0.5 0.4 PYs™) 0 0 1

Poxr (s) 0.5 0.1 0.4 Poxr (s) 0 1 0

j 1 2 3 j 1 2 3

() 2 3 1 m' () 1 3 2 m'
i=1 o o 05 |i=l of o 0.5
i=2 0 0 1] 04 i= b 0 1] 04
i=3 0 0 01 |i=3 0 0 1 01
P 01 0 0.9 Ps™) 0 0

Poryr (s)09 0.1 0 Pryr(s)) 0 1 0
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In Table 3.4, rows 3 through 5 and columns 2 through 4 give values P"™ used
to construct extreme distributions; each row corresponds to a focal element.
Framed cells identify focal elements where P"™ can be selected between 0 and 1
when i = 1 or 2; in all cases, P32 = 1, because | 1 3 = 1, and outside the framed
cells P"™ = (. In each row, the assignment of P"™ yalues starts from the first
column and continues on the second and third columns by inserting O in the
framed cells until the last framed column is encountered, and 1 is assigned to this
column.

The six sub-tables given in Table 3.4 show how at the most 3! = 6 extreme dis-
tributions P'gyr are calculated by starting from the 3 possible pairs of reversed
permutations. Four extreme points are identified, which correspond to selectors
P!, P*, P°, and P° in Table 3.3. P'= P'EXT and P° = PZEXT are the upper and lower
distributions.

The set ¥ is the ISI-1 = 2-dimensional shaded polyhedron shown in Figure 3.9a)
in the ISI = 3 dimensional space of the probabilities P(s’), j =1 to IS| = 3. Figure
3.9b) depicts the projection of ¥ in the ISI-1 = 2 dimensional space of the probabili-
ties P(s’), j=1toISl-1 =2 (at every point, P =1- % P(s)). ¥ is a quadrangle
whose vertexes are the four extreme distributions. Since the selectors P> and P* are
not extreme distributions, they lie on the boundary of ¥, and more precisely on the
edge that connects extreme distributions P' and P°. Therefore, selectors P? and P*

may be obtained as convex combinations of the two extreme distributions P' and
ps N32

P(s?)
1 * P.‘
04 e
. r
01 pt 0.6 M) I{\_,-’
\ 2N P
OU<'4" /_{ﬁ 0.483--03-J=—mmmmme T Pwiirre

0.6

[ I

€88 0-p T E;_—_.-_—__-:_-:_-_-_
¢ ool

(@)

~
o
~

Fig. 3.9 Set of probability distributions, selectors, extreme and white distributions in
Example 3.7: in the 3-dimensional space (a) and its projection in the 2-dimensional
sub-space (b)
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The reader is encouraged to check that the white distribution is equal to the mean
value of all selectors (extreme distributions) in SCT (EXT) weighted by the multiplic-
ities of the coincident selectors (extreme distributions).

Let us now consider the following function that maps S to Y: (y,; = fis") = 80; v,
= f(sz) =160; y;= f(s3) = 140). Bounds on E[y] can easily be evaluated through the
permutation: w(j=1) =1, n(j=2) =3, ©(j=3) =2, and the reversed one, which lead to
monotonically increasing and decreasing functions, respectively. Therefore, the
expectation bounds are the expectations obtained through the probability distribu-
tions PGEXT =P’ and PSEXT =p"

Erowly] =09x80+0.1x160+0x 140= 88
Eupply] =0 x80+1 x160+0x 140=160

By considering the indicator function of any subset 7' S as a particular mapping,
one can check that Bel and Pla are probability bounds. For example, let T={s", s},
TC:{s3} and therefore I7: (y,= x(s') =1;»= x(sz) =1;y;= x(s3) =0), I1c: (v, =
x(s') =0; y= x(sz) =0; y3= x(s3) =1). Observe that:

Erowly=I7] = Ep-plexr [y=I4] =0x 1+0.6 x 1+ 0.4 x 0

0.6 = Bel(T)
Eypp [y=I7] = Ep pizxr [y=I,] =0.9 x 140.1 x 1+ 0x 0 = 1.0 = Pla(T)
Erowly=Irc]= Ep-prext[y=Ixc] = 0.9 x 0+40.1 x 0+ 0 x 1 = 0 = Bel(T°)
Eypr [y=Irc]= Ep- proxr [y=Iac] = 0 x 0+0.6 x 0+ 0.4 x 1 = 0.4 = Pla(T°)

3.2.3.5 Algorithm to Calculate Extreme Distributions

Let: s = ISI; n = |F|; By, matrix with entries: B;; = 1 if s/ e A’ 0 otherwise:
m,,; = column vector with i-th component equal to m(A"); p, = r-th prob-
ability distribution column vector; Py; = row permutation matrix (identity
matrix with rows rearranged according to permutation 7t(j)). Since permu-
tation matrices are orthogonal, PPy "= I, and the reverse permutation is
effected by Py;,". Example 3.7 leads us to the following algorithm:

Algorithm 1

DO r=1tos!
C = Pﬂ;(j) B
C «Set columns of C equal to zero, except for their last non-zero
component
Pr= Pn(j)T Cm
END DO
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The extreme distributions are the vertices of the convex hull (Conv(p))
in the space of all possible probability distribution vectors p, so calcu-
lated. Computational Geometry (O'Rourke 1998; de Berg, van Kreveld
et al. 2000; Sack and Urrutia 2000; Goodman and O'Rourke 2004) has de-
vised very efficient algorithms for calculating convex hulls (e.g., Qhull
(The Geometry Center 2007), and libraries LEDA (Algorithmic Solutions
2007) and CGAL (Pion 2007)).

Before adopting any of these algorithms, the following must be borne in
mind: if a focal element contains only one element, say s, which is not in
any other focal element, then the probability of s* is precise and equal to

m({sk}) . As a consequence, along the precise direction on the space of

probability distributions P(s"), Conv(p) degenerates onto a single point of

coordinate m({ sk}) and there is no need to include s* in the permutations

of Algorithm 1.

Let us re-order the numbering of elements in S so that the first s;,,, ele-
ments generate imprecise probability directions, and let us restrict our-
selves to the reduced space of probability distributions S, = {s7, j=1,..,
Simp} © 5. Let mi,=Y" m( A") be the total probability weight in S;,,.

s
> imp

Since all points of coordinates p, lie on plane zj_l ) P( gl ): Mimp,
Theeimp

Conv(p) is a subset of this plane, and is thus degenerate in the s;,,-
dimensional space. For example, Figure 3.9a depicts Conv(p) as the poly-
gon P'P’P°P? in the three-dimensional space (P(sY), P(s®), P(sY)).

Under these circumstances, convex hull algorithms may fail. It is thus nec-
essary to:

e  Work in the reduced possibility space S,
e Project points p, orthogonal to any direction (e.g., p, = (Pr.1»---»

Pro )= (Drtseees pr,sl-m,,—l)‘ Since the plane Z/':l ) P(Sj)z

Simp seesSimp
m;,,, makes the same angle with all directions, there is no preferred
projection direction. The remaining coordinates project ¥ in a
space that will be termed the projected imprecise space of prob-
ability distributions as exemplified by (P(s"), P(s%) in Figure
3.9b.

e (Calculate Conv(p) in the projected imprecise space of probability
distributions.
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The general algorithm is as follows:

DOi=1tos
IF row i of B contains only one 1 at location j, AND column j
contains only one 1, THEN
Drop row i and column j of B
Store i and j array “index”
Drop i-th element from m
n<n-1
s¢—s-1
IF i==s, EXIT
END DO
DO r=1tos!
C= Pn(]')B
C «Set columns of C equal to zero, except for their last non-zero
component
Pr= Pn(j)Tcm
Drop last component from p,
END DO
Calculate Conv(p)
Reconstruct vertices of Conv(p) in the initial space using array “index”

An alternative algorithm to calculate the set of the extereme distributions
will be presented in the next Chapter 4.2 (page 114).

Example 3.8. Let S={s', s>, s°, s*}, and F= {({s", 5°}, 0.25), ({5°, 5*}, 0.30), ({s*},
0.10), ({s", s°, 5*1, 0.15), ({s*}, 0.20)}. The original matrix B is as follows:

1 0010

00100
B=

1 1010

01011

Row 2 contains only one 1 at location 3, and column 3 contains only one 1; row 2
and column 3 are dropped. No other row contains only one 1 and the search is
over (column 5 contains only one 1 at location 4, but row 4 contains 3 1s). Permu-
tations in the projected imprecise space are given in Table 3.5. Vertices of
Conv(p) are permutations 1 through 4 and 6, and are given in Table 3.6.
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Table 3.5 Example 3.8: Distributions in the projected imprecise space of probability
distributions

No. Permutation Distribution
n(1) m(2) n(3)
1 1 2 3 {0.,0.25, 0.65}
2 1 3 2 {0.,0.7,0.2}
3 2 1 3 {0.25, 0., 0.65}
4 2 3 1 {0.4,0.,0.5}
5 3 1 2 {0.,0.7,0.2}
6 3 2 3 {0.4,0.3,0.2}

Table 3.6 Example 3.8: Extreme distributions in the original space of probability
distributions

No. Permutation Distribution
1 1 {0.00, 0.10, 0.25, 0.65}
2 2 {0.00, 0.10, 0.70, 0.20}
3 3 {0.25, 0.10, 0.00, 0.65}
4 4 {0.40, 0.10, 0.00, 0.50}
5 6 {0.40, 0.10, 0.30, 0.20}

3.2.4 Consonant Random Sets

Let us consider the particular case of a random set whose n focal elements
are nested, i.e. can be ordered in such a way that:

AlcA’c..cA” (3.20)

A random set satisfying (3.20) is called consonant, according to a definition
introduced by Shafer (Shafer 1976). This definition highlights that the given
information is clearly centered around A', at least with probability Bel(A") =
m(A") and possibly with probability Pla(A") = 1, and surely contained in A"
(Bel(A") = Pla(A") = 1). Every focal element A" does not conflict (i.e. in-
cludes and therefore strengthens) with the information given by A, A% A"
'. Of course every random set with only one focal element (n=1) is conso-
nant, and describes a fully non-probabilistic set uncertainty about a variable
in the space S.

Given a set T C § it is possible to find k such that: fori = 1 to k: TN A’ =
B, AT fori=k+1 ton: TN A'# B, A'gTC (Figure 3.10). Therefore:
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Pla(T)=1—Bel(Tc)= z m(A")
i=k+1
k 3.21
Bel(Tc):l—Pla(T):Zm(Af) (3:21)
i=1

Fig. 3.10 Pla and Bel of aset Tbya 2 m' A

consonant random set ik
____________ |m'
____________ \m
|: A m

| A - m"

gl 4 [ m"

T ‘S‘

It follows that, given two sets, T' and T, both c S, consonant random sets
satisfy the fundamental properties (Figure 3.11):

Pla(T1 UTZ) = Z m(A") =max(Pla(T1,Pla(T2))
i=(k=min(k,,k,))+1 (322)

k=min(k; ,k, )
Bel(T]’CmTz'C>:Bel((TluTz)C): > m(A‘):min(Bel(Tl'C),Bel(Tz'C))

i=1

zm
A
T Tl e

o -

O 1 |m'!

A [ lms
| T | -:"| m!

Fig. 3.11 Pla and Bel of the union ) | A L
or intersection of two sets 7' and T T — s

: by a consonant random set T
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Of course the second equation in (3.22) implies that, for any pair of sets 7"
and T2, both C S:

Bel(T" AT*)=min(Bel(T"), Bel(T*)); (3.23)

The first equation in (3.22) demonstrates that Plausibility measures of con-
sonant random sets satisfy, as well as classical Probability measures, the
“decomposability property”: the measure of uncertainty of the union of any
pair of disjointed sets is dependent solely on the measures of uncertainty of
the individual sets. Therefore, in the case of a consonant random set, the
point-valued contour function (Shafer 1976) u: S — [0, 1]:

u(s?y= Pla({sf}) (3.24)

completely defines the information on the measures of any subset 7' c S,
exactly how the probability distribution P(s’) = P({s’}) defines, although
through a different rule (the additivity rule), the probability of every subset
T in the algebra generated by the singletons. In fact:

Pla(T)=max,u(sj); Bel (T)=1- max ,u(sj) (3.25)
s’eT s’eT”
Moreover the Mobius inversion (3.8) of the set function Bel allows the
(nested) family of focal elements to be recognised through the m set function.
More directly, let us assume:

o' =maxys(s/)) =1

o' = max l(/t(sj))

s’ e~ (3.26)
o=, () =minu(s))
an+1 =0

The family of the focal elements and related probabilistic assignments
(summing up to 1) are given by:

A Z{Sje S,ﬂ(sj)zﬂ(sk)zaf >y(sk+l)=ai+1 } : 4o
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The number of focal elements, n, related to the n a-levels of, is therefore
equal to the cardinality of the image of S through p; of course < ISI, con-
sidering that some singletons could map to the same value of plausibility.
Hence the set M of the o-levels is given by:

M=1d'=1, .., a= Y m(A)>a™", . o =m" (3.28)
jiAT DA
Example 3.9. Let S = {s', 5>, 5°}, and F= {({s', 5}, 0.5), ({s', 5, 5}, 0.4), ({5},

0.1)} the random set considered in Example 3.5 and Example 3.7. The focal ele-
ments can be reordered as follows:

A=Y cA’={s", "L c A’ = {5, 5%, 57}
demonstrating that the random set is consonant, with contour function:
u(s®) = mAHY+mA)+m(A%) = 1 > u(s') = mA*)+m(A’) = 0.9 > u(s’) = m(A*) = 0.4

Starting from the contour function the random sets can be reconstructed assuming:
ol= 1; o*=0.9 s o’ = 0.4; therefore, according to Eq. (3.27):

Al={suisy > o't = {57, mA"Y) =a'-o’=1-09 =0.1
AP={slus?) = o = {5, 57}, mAH=o’-0’=09-04=05
A= {sluisy 2o’ ={s', 5%, 5°Y, m@A)=0’=04

For example, compare with values in Table 3.2 that:
Pla({s', s’} = max (u(s"), u(s*)) = 0.9
Bel({s', s’} =1 -max (u(s)) =1-1=0

There is a narrow correspondence between consonant random sets and other
decomposable measures of uncertainty: fuzzy sets and theory of possibility.
In a context totally separate from the research of Dempster and Shafer,
the idea of fuzzy set was developed by L. Zadeh in the 1960s (Zadeh 1965)
as an extension of classical set theory. He suggested that the membership
to a subset A of a universal set S (finite or infinite, for example the real
numbers R ) could not always be a crisp property, absolutely verified or
non-verified, but also, in some cases, partially verified. So the boundaries
between A and AS should be considered as separated by a fuzzy zone,
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where the Law of excluded middle is no more valid and the singleton {s}
partly belongs both to A and A€.

Formally the extension was obtained through the generalization of the
indicator function of a classical crisp subset A C S, x: S — {0, 1}, to the
membership function: n: S — [0, 1].

We are thus facing a logic (fuzzy logic) in which propositions exist with
a degree of truth that goes from O (false) to 1 (true), every gradation being
permitted in between. This logic seems to closely match human thinking
when a true-false judgment has to be given about complex propositions
relative to the real world, as will be seen in the following Chapter 6.

The height of a fuzzy subset A is the largest membership grade obtained
by any singleton: h(A) = max U(s) | s€ S. A fuzzy set is called normal
when its height is equal to 1, or else subnormal.

But here, on the contrary, interest is focused on the connection between
concept of fuzzy set and concept of random set, as uncertain measures of a
family of subsets.

This connection can be clearly envisaged using the dual representation
of a fuzzy set through their o-cuts “A. They are classical subsets of S
defined, for any selected value o of membership, by the formula:

“A={seSlu(s)za}; (3.29)

When a fuzzy set is implicitly given through the (finite or infinite) nested
sequence of its a-cuts “A for some o-levels o, its membership function can
be reconstructed through the following equation (decomposition theorem):

lu(sj)zmorjlx min(a, Xe, (sf)) (3.30)

where 7., (s)is the indicator function of the classical subset *A.

Example 3.10. Let S = {1, 2, 3, 4, 5} and A be a fuzzy subset of S defined by the
membership grades: pa (1) =pa (5)=0; pa (2)=pqa(4)=0.5; 4 3)= 1.

Then: "A=S=1{1,2,3,4,5); "A=1{2,3,4}; 'A= {3}

From (3.30) we obtain, for example:

U7 (1) = max ( min (0, 1), min (0.5, 0), min (1,0) )=0
U7 (2) = max ( min (0, 1), min (0.5, 1), min (1, 0) ) =0.5
U7 (3) = max ( min (0, 1), min (0.5, 1), min (1, 1) ) =1

So it is clear that the o-cuts ®A give the non-specificity of uncertainty, as do
the focal elements of a random set, while the associated values of o are re-
lated to the strife between the different o-cuts. Moreover, comparing formula
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(3.29) with (3.27), it is clear that the o-cuts “A of any given normal fuzzy set
are a nested sequence of subsets of set S, and therefore the family of focal
elements of an associated consonant random set: the membership function of
normal fuzzy sets gives the contour function of the corresponding random
sets, and the basic probabilistic assignment (for a finite sequence of o-cuts) is

given bym(Ai = “iA) =o' -a.

Considering Eq. (3.25) from this point of view, the membership func-
tion of a fuzzy subset A allows measures of Plausibility and Belief to be at-
tached to every classical subset T  S; this very different interpretation of
fuzzy sets was recognized by Zadeh himself in 1978 (Zadeh 1978), as the
basis of a theory of Possibilities, defined by a possibility distribution

T(s) = Ha(S) (3.31)

later extensively developed by other authors, in particular Dubois and
Prade (Dubois and Prade 1988). In a comparison between Evidence The-
ory and Possibility Theory, Necessity (Nec(T)) and Possibility (Pos(T))
measures of any classical subset 7 < § coincide respectively with Belief
(Bel(T)) and Plausibility (Pla(T)) deriving from the associated consonant
random set through Eq. (3.25).

This comparison suggests a probabilistic (objective or subjective) con-
tent of information summarized by a fuzzy set, as we will see in section
6.4. Of course white distribution, selectors, upper and lower distributions,
and extreme distributions can also be evaluated for any consonant random
set or the corresponding fuzzy set.

Example 3.11. Let S={s', s*, s°}, and F ={( A'={s"}, 0.8), (A’={s", 5*}, 0.1),
(A’={s", 5%, s’}, 0.1)}. Table 3.7 lists 5 selectors (one with double multiplicity).
Original matrixes B and m defined in §3.2.3.5 are as follows:

0 1 1 0.8
B=/1 1 1|; m=|0.1
0 01 0.1

They cannot be reduced; the procedure allows the four extreme distributions listed
in Table 3.8 to be derived (two with double multiplicity). The selector P, is not
extreme: in fact it is the mean between P; and Ps. The mean value of the columns
in Table 3.7 and Table 3.8 are coincident and equal to the white distribution, con-
firming the property given in §3.2.3.4, Example 3.7.
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Table 3.7 Selectors in Example 3.11

r k' K K P(s") P(s5 P
1 2 1 1 0.2 0.8 0

2 2 1 2 0.1 0.9 0

3 2 1 3 0.1 0.8 0.1

4 2 2 1 0.1 0.9 0

5 2 2 2 0 1 0

6 2 2 3 0 0.9 0.1
Mean 0.0833 0.8833 0.0333

Table 3.8 Extreme distributions in Example 3.11

No. n(1) m2) () Pexi(s) Pexr(s) Pruls)

1 1 2 3 0.2 0.8 0

2 1 3 2 0.2 0.8 0

3 2 1 3 0 1 0

4 2 3 1 0 1 0

5 3 1 2 0.1 0.8 0.1

6 3 2 1 0 0.9 0.1
Mean 0.0833  0.8833 0.0333

3.2.5 Conditioning

According to Bayes’ Theorem, when an event B with a priori positive
probability P(B) is observed, the posterior probability changes to:

_P(AmB)_ P(ANB)
P(A/B)= PB) " P(AnB)+P(ATE] (3.32)

It is quite natural for a random set to assume:

Bel(A/B)=inf P(A/B); Pla(A/B):supP(A/B) (3.33)
Pe¥Y PeV¥Y ’

For a random set in a finite space and therefore with a finite number of ex-
treme distributions EXT:

Bel(A/B) :ng)r(ITP(A/B); Pla(A/B):PISI?;((TP(A/B) (3.34)
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An explicit solution can easily be derived observing that the same extreme
distribution gives the lower bound of P(An B) and the upper bound of
P(A°N B) in the numerators and denominators appearing in Eq. (3.32);
moreover the dual extreme distribution gives the corresponding upper
bound of P(AN B) and lower bound of P(A°N B). Therefore:

Bel(A/lB)= Bel(AmB)C
Bel(An B)+ Pla(A° A B)
Pla(A/B)= Pla(AnB) (3.35)

Pla(A N B)+ Bel(A€ N B)

Fig. 3.12 Conditioning a &P
probability distribution
P/B={s', s}

Projection

Normalization

n P/{s' s’} \I

P(s") P(s?

Conditioning can also be defined by a rule to derive the posterior set W/B
from the set ¥ of the probability distributions compatible with the a priori
random set. For the probabilities of the singleton, Bayes’ Theorem gives
directly, for any Pe ¥ (Figure 3.12):

P11 5) = 0 if s’¢ B (projection)
({s} )_ P(sj)/P(B) (normalization) (3.36)

Example 3.12. Let S={s', s>, s°}, and 7 ={({s', s}, 0.5), ({s", 5°, 5°}, 0.4), ({s’},
0.1)} the random set considered in Example 3.5 and Example 3.7. Suppose that
the event B = {s', s°} has been observed (event {s°} must be excluded). We are in-
terested in evaluating bounds of the posterior probability of the event T'= {s'}:
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TnB={s'tn{s", st ={s}; TNB={ssIn{s', s’} ={s’:

Bel(TNB) =Bel({s'))=0 ; Pla(Tn B) = Pla({s'}) =0.9

Bel(T°N B) = Bel({s*}) = 0.1;  Pla(T°N B) = Pla({s*}) = 1.0
Therefore:

Bel({s'}/{s', s*}) = 0/(0+1) =0; Pla({s'}/{s", s*}) =0.9/(0.9+0.1) = 0.9

The same results can be obtained applying Bayes’ Theorem respectively to the ex-
treme distributions P6EXT and P’ oyr:

Ppxr ({s'}/B) = Poryr ({s' 3N B) Poryy (B)=0/1 =0

P’oxr ({s'YB) = PPpyr({s" YN B) PPrxr(B)=0.9/1=0.9
In a similar way:

Bel({s*}/{s', s*}) = 0.1/(0.140.9) = 0.1; Pla({s*}/{s", s*}) = 1/(1+0) = 1
and of course:

Bel (T={s", s}/B = {s,, 5,}) = Pla(T={s", s"}/B={s', s"}) =1

Fig. 3.13 Conditioning  P(s?) * )
| \P=P/B=PYB

random set in Example

3.7 and Example 3.12 A
with respect to
B={s', s}
0.6
0.1

Conditional Bel and Pla define a random set on the space B={s', s*}, whose prob-
abilistic assignment can evaluated through the Mobius inversion (Eq. (3.8)). In the
considered example:

m({s*}/B) = 0.1 = m({s*}); m({s", s*¥/B) = 0.9 = m({s", s*}) + m({s", 5*, s°}).
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Figure 3.13 shows how the conditional set /B can be derived by simple geomet-
ric rules normalizing the extremes of W projected on the sub-space (P(s"), P(s%)):
the posterior bounds to P(s") and P(s%) can therefore be easily checked.

In the simple case given in Example 3.12 the probabilistic assignment of
each focal element A of the a priori random set is transferred to the focal
element AN B of the posterior random set conditional to B. But a general
closed rule giving the posterior probabilistic assignment corresponding di-
rectly to Eq. (3.35) cannot be given. For example: An B could be an empty
set J, and an empty set cannot be a focal element for the posterior random
set. This question will be considered later in the book, and an approximate
rule to solve the problem will be given (Section 6.3.1).

Moreover the coincidence between the set /B obtained by the Bayes’
Rule (or procedure (3.36) ) and the set of the probability distributions
\pBelB compatible with the random set defined by the belief function (3.35)
is not in any case guaranteed. The set W/B could be not coinciding but in-
cluded by W**2. The reasons will be justified by the discussion about the
more general theory of imprecise probabilities in the next Section 3.5 and
later in the Section 6.2 (see Example 6.6).
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3.3 Imprecise Probabilities and Monotone Non-additive
Measures

3.3.1 Introduction

In the previous sections we have seen that a random set F= (Ai cS, m(Ai)),
i = 1 to n, determines in a unique way the set functions Bel(T) and Pla(T)
bounding P(T) for any Tc S and the set ¥ of the compatible probability
distributions. Following the ideas and terms given in (Walley 1991) the
bounds Bel(T) and Pla(T) and set ¥ are the natural extension of the infor-
mation supplied by the random set.

To better appreciate the simplicity and related computational advantages
of random sets it is important to observe that when the available informa-
tion is directly given through upper (Lypp) and lower (U ow) bounds of the
probability of an algebra of events on the space S, it cannot in any case be
described by an equivalent random set. For example a probabilistic as-
signment cannot be reconstructed by the lower bounds through the Mobius
transform Eq. (3.8), and hence ;0w is not a Belief set function, as shown
in the following Example 3.14 and Example 3.15.

Example 3.13 (Dempster 1967). Let S={s', 5>, s’}; wow({s'}) = wow({s’}) =
tow({ s°D) = 0; prow{s', s°3) = wow{ 5% 5°1) = wow({s', 51 = 0.5.

Observe that Eq. (3.6) is not satisfied for k =3 : T = {sl, sz}, T’ = {sz, s3}, T =
{s', s’}. In fact:

Wow(T ' UT?UT?) = pow(S) = 1 not >

o T )+ Lol T )+ Weowd T ) = o T 'AT? = {5°}) — o T °NT > = {5°}) -
Wow(T AT = {s'}) + Uon(T 'NT*NT* =) =

= 054+405+05-0-0-0+0=15

Every bound is respected in a half space of the 3-dimensional space (P(s"), P(sD),
P(s%)) defined by the plane where it is respected as equality. The intersection of
this plane with the equilateral triangle (P(s") + P(s*) + P(s’) = 1) determines a line
giving a bound for the set ¥ of compatible probability distributions on the trian-
gle.

In this example the set ¥ is the equilateral triangle displayed in Figure 3.14,
with three extreme points P' gy = (0.5, 0, 0.5), P*zxr = (0, 0.5, 0.5), Ppyr = (0.5,
0.5, 0).
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Fig. 3.14 Set ¥ in
Example 3.13

I - a—

P(s") P(s?
Mobius transform (3.8) of the set function W ow (T) gives:
m({s'}) =m({s’}) =m({s’}) = 0: m({s", ’D) = m({s*, s’} =m({s", s’} = 0.5
m(S={s',s*, s’} =0+0+0-05-05-05+1=-0.5<0.

The sum of the weights is 1 but one of the weights is negative: so the probabilistic
model cannot be a random set.

In some other applications the available information could explicitly sug-
gest a set W of probability distributions for a variable, or implicitly define
aset ¥ through a finite set of extreme distributions (see Example 3.15), or
some more general restrictions to the values of the probabilities P(s’) of
the singletons s’, not corresponding to bounds of events on the space S, as
displayed in the following Example 3.15).

This set W univocally determines upper and lower bounds of the
probability of any event (subset) 7 on S:

Hiow (T)=rPnEi$S%P(sj)

Hypp (T):flzlea\i’f Z P(Sj)

s'eT

(3.37)

But the set function ;0w is not necessarily a Belief function.
Moreover it is possible to show that the set ¥ of probability distribu-
tions compatible with (the natural extension of) the bounds:

wE ={P1ﬂL0W (T)< P(T)< ttypp (T) VT S} (3.38)
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does not necessarily coincide with the set W (which the bounds pypr and
Uzow have been determined from), as displayed in Example 3.14).

Example 3.14 (modified from (Walley 2000)). The simply-supported beam shown
in Figure 3.15 is loaded by a concentrated force in the middle of the span. The in-
tensity of the force can assume the values {sl, sz, s3}, depending on the combina-
tion of the permanent load W and two non-compatible accidental loads L, and L;:

s'= W= 100 kN; s =W+L,=500kN;  s*=W+ L, .=200kN.

The probability of observing these values is not exactly known, but described, ac-
cording to expert opinions, by the following judgments:

P(s")<0.5, P(s%) < P(s"); P(s3) < P(s%).

Taking into account that the sum of probabilities is equal to 1, the third judgement
implies:
2 P(s*) 2 1- P(s")

The projection of set ¥ on plane (P(s"), P(s%)) in Figure 3.15 shows a triangle with
three extreme distributions P'pyr = (172, 1/2, 0), Prpxr = (1/3, 1/3, 1/3), Ppxr =
(0.5, Y, 4); Table 3.9 summarizes the lower/upper probabilities of the subsets and
in the last column the Mobius transform of the lower bound. The negative values
for the set S = {s', 5>, s’} demonstrates that the given information is not modelled
by a random set.

Observe that Eq. (3.6) is again not satisfied for k =3 : T' = {s', s’}, T* = {s%,
s°Y, T° ={s', ’}. In fact:

Won(T' U T?UT?) = tow(S) = 1 not >

o TH+ o T+ o T) = o T' N T? = {5™3) = Wo(T° N T = {s°}) -
o TN T ={s'H) + wonT' N T’NT* =) =

=2/3+05+05-13-1/4-0+0=1.

The set V¥ of probability distributions compatible with the lower/upper probabili-
ties is displayed in Figure 3.16, and clearly does not coincide with ‘¥'; there are
five extreme distributions: the 3 extremes of the set ¥ and two new extremes.
Hence ¥ < W*. The set P is defined by the probability bounds on each singleton
in Table 3.9, rows i = 2, 3, 4 (or by the bounds of the complementary sets, rows i
=5, 6, 7). On the projected plane, these bounds generate pairs of parallel lines
with normal vectors (1,0), (0,1) and (1,1).
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P(s? p=
)4 o .i s

1 |
L ! N
PExr;2
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0.5 \.7 ¥—— ~Fpxr
173 -3 PEXT3
1/4 |-emeeefe \ 71

<

’ >
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Fig. 3.15 Set W,and extreme joint probability distributions in Example 3.14

Table 3.9 Set functions in Example 3.14

ioxGh x() x6) prowA)  pyee(A)  m(AY)
1 0 0 0 0 0 0

2 1 0 0 1/3 1/2 1/3
3 0 1 0 1/4 12 1/4
4 0 0 1 0 1/3 0

5 1 1 0 1-1/3=2/3 1-0=1 1/12
6 1 0 1 1-1/2=1/2 1-1/4=3/4 2/12
7 0 1 1 1-1/2=1/2 1-1/3=2/3 3/12
8 1 1 1 1.0 1.0 -1/12
Fig. 3.16 Set ¥¥ in P(s?) A

Example 3.14 1

>

2/3
1
172 A Pexr
.
& P
1/4 y"\" =
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Example 3.15 (modified from (Walley 2000)). The simply-supported beam shown
in Figure 3.17 is loaded by two concentrated accidental forces F and F,, both of
precisely-known intensity F. It is also known that loading and unloading are
equally likely ( P(F; = F) = P(F; = 0) = 0.5) for each of the loads (i =1 and 2), but
we have no information about their dependence or independence. Let

S={s'=(Fi=F)n(F,=F), s=(F =F) n(F,=0),
§$'=(F=0)n(F,=F), s'=(F=0)n(F,=0)}

be the space of the possible joint outcomes. Of course, for example, P(F,=F)=0.5 is
the marginal value equal to P({s'})+ P({s*}). The available information is given by
precise marginal distributions, but set ¥ of the compatible joint distributions P(s’) is
not precisely determined. If independence is assumed, we obtain P(s”)=0.25, but
cannot exclude two opposite extreme distributions P! exr=(1,0,0, 1) and PZEXTz O,
1, 1, 0). In the first case some hidden mechanism constrains the loads to the same
value, in the second the loading of one force implies unloading of the other. The two
extreme joint distributions and projection of set ¥ (a one-dimensional interval) on
the sub-space (P(s"), P(s%), P(s%)) are shown in Figure 3.17.

F»=100 | F,=0| Tot

0 0.5 |0.5
0.5 0 0.5
0.5 05 |1

0.5,

P(s") :
P, exr | Fo=100| F2=0 | Tot F A
F,=100]0.5 0 0.5 4ii &.,‘{ >
Fi= 0 0.5 (0.5
Tot |05 0.5 |1 A
< ! &

Fig. 3.17 Set 'V, and extreme joint probability distributions in Example 3.15

The lower/upper bounds of every subset or prevision can be evaluated by Eq.
(3.37), simply considering minimum and maximum on the two extremes.
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Observe that Eq. (3.6) is not satisfied for k=2 : T'={s", s}, T*={s', 5’}. In fact:

Wow(T' U T?) = pow({s', s°, 5°}) = 0.5 not >
Heow(T)+ Urow(T?) — o T'N T? ={s’}) = 0.5+ 05- 0 =1.

Mobius transform (3.8) of the set function W, ou(7) gives negative values for all
subsets with cardinality equal to 3. For example:

m({s', %, 5°F = Wow({s', 57, 8°D) — Wow({s', $°D — Wow{s', $°1) -
HLOW({SZ7 53}) + HLOW({SI}) + HLOW({SZ}) + HLOW({S3}) =

=05-05-05-0+0+0+0=-0.5
Summation of all m(T) again gives 1.

These examples show that random sets are particular cases of a more general
theoretical model of imprecise probabilities, covering a more extensive list
of modes to describe the uncertainty of variables or parameters in engineer-
ing problems. Although this conclusion apparently reduces the attraction of
random sets in applications, it does highlight the profit when the problem of
interest can be modeled, at least with some approximation, by random sets,
as will be seen in the next chapters.

Some aspects of this extended theory will be briefly summarized in the
following sections.

3.3.2 Coherent Upper and Lower Previsions

The foundation of a theory of imprecise probabilities is mainly due to the
pioneering work of P. Walley in the 1980s/90s on a new theory of prob-
abilistic reasoning, statistical inference and decision, in conditions of un-
certainty, partial information or ignorance. In recent years growing interest
in the subject has been demonstrated by applications in many scientific
fields, the foundation of an international “Society for Imprecise Probabil-
ity: Theories and Applications” (SIPTA) and the related biannual ISIPTA
Conferences.

In Walley’s theory (Walley 1991), and for a concise introduction
(Walley 2000), the idea of upper/lower probabilities L ow(T), Wypp(T)) for
a family § of events T' on the space S is enlarged to the more general con-
cept of upper/lower previsions for a family X of bounded and point-valued
functions f: S—Y=R. For a specific precise probability distribution P(s”)
the prevision is equivalent to the linear expectation:

E[£]= f(s7)P(s’) (3.39)

s'eS
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Taking into account that the probability of an event 7° < S is equal to the
expectation of its indicator function /7

P(T’):Sg;iP(sj)z ESIT, -P(s7) (3.40)
upper/lower previsions generalize and hold as particular case upper/lower
probabilities.

Assigning an upper bound to the prevision of a function f; is equivalent to
assigning the opposite value as lower bound of the function —f;: this property
extends the duality relation for the upper/lower probabilities of the comple-
mentary events 7° and 7" to the previsions. In fact: —I7i = Iyic— 1.

Example 3.16. Let us again consider the simply-supported beam loaded by one
concentrated live load of uncertain intensity F discussed in Example 3.14. Taking
into account that the probability of events coincides with the expectation of the in-
dicator function, the original information about intensity F' can be equivalently
given as follows:

Eypplf1=1;1,-0.5=(1,0,00-0.5=(0.5,-0.5,-0.5)] =0 or:

Erowl-f1=(-0.5,0.5,0.5]=0

Erowlf2=1Ioy - Iy =(1,-1,0)] =0

Eowlfs=1I -1, =(0,1,-1)] =0
Considering that E[f] = f{s") P(s") + fis>) P(s*) + f(s’) P(s"), clearly the 3 equations
for the lower previsions are exactly equivalent to the constraints generating the set
¥ displayed in Figure 3.15. The corresponding lower probabilities however gener-
ate the set YX> W in Figure 3.16. It is easy to check that the new extreme distribu-
tions appearing in wE satisfy the lower bounds of the probabilities, but not all
given lower previsions.

For example in P = (P(s') = 1/3, P(s*) = 1/2, P(s’) = 1 = 1/3 — 1/2 =1/6):
Eb]1=1x1/3-1x12+0x1/6=-1/6<0.

Let us now focus on the information about the space of events on S given
by upper and/or lower previsions, Eiowlfil, Eupplfi], of a family X of
bounded and point-valued functions f;.  This is accomplished by the set,
WE, of compatible probability distributions P(s%):

W5 ={PIVfie K:E oy [[]SE,[f]SEow[£]) (3.41)
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We are interested in checking two basic conditions of the suggested
bounds.

A preliminary strong condition (§ 3.3.2.1) requires that set ¥ should be
non-empty. If set W* is empty, it means there is something basically irra-
tional in the suggested bounds.

A weaker but reasonable condition (§ 3.3.2.2) requires that the given
bounds should be coherent with the bounds that can be derived from P*. If
the given bounds are not envelopes of the set of values derived by means
of each probability distribution in ¥*, it means they can be restricted with-
out changing the probabilistic content (set ¥*) of the original information.

3.3.2.1 Non-empty ¥*

Let us consider first that only lower bounds E;oylf:], i = 1 to n are given.
Set \P* is non-empty if and only if the following formulae for the un-
known compatible distributions P(s;) admit some solutions:

S £ (s )P(s7)2 o [ £]. =122 o @

J

> P(s7)=1 (b)

J

(3.42)

Multiply the right sides of constraints (3.42)a by the left side of (3.42)b
(identically equal to 1) and add the n relations, each considered k; times:

Yk fi(s") = Erow L IP(s7)20 (3.43)

Taking into account that every P(s’) cannot be negative, set ¥ is non-
empty only if (and only if) at least one (of course the maximum, or the su-
premum if f; takes infinitely many values) of the coefficients multiplying
P(s) is not negative, whenever n >1 and k; are positive integers™ >

sup Yk, (f;(s7) = Eyo [ /)20 (3.44)

J =1

In the same way we can consider that only upper bounds pyp(T"), or more
generally Eypp[f;], i = 1 to n could be given, obtaining:

sup 3 k(= f; (7 )+ Eyp [ £ 20 (3.45)

J =l
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Assigning an upper bound to the prevision of a function f; is equivalent to

assigning the opposite value as lower bound of the function —f; : therefore

upper and lower bounds can be considered together through Eq. (3.44).
Many interesting consequences can be derived for particular cases.

— Eq. (3.44) and (3.45) give, forn = 1:

ELOW[f]SSQPf(Sj); EUPP[f]Zir}ff(sj) (3.46)

J

For the probabilities of a set 7 Eq. (3.46) simply requires that the lower
bound is < 1 and the upper = 0.

— When lower and upper bounds are given for the prevision of the same
function f (or for the probability of a set T), Eq. (3.44) and (3.45) imply
that:

f(sj)_ELOW [f]_f(sj)+EUPP[f]EEUPP[f]_ELOW [f]=z0 (3.47)

i.e. the upper bound must be greater than the lower bound.

— When lower (upper) bounds are given for a family of disjoint sets 7" of a
partition of space S (7' U T?...u T" =S), in every point s’ the sum of
the indicator functions I (respectively — (- I7)) is equal to 1 (each point
belongs to only one set of the family of disjoint sets); hence Eq. (3.44)
and (3.45) imply that:

1—Z:ﬂLOW [TIJ 20 = ZﬂLOW [Ti] <1

A A 3.48
—1+ZyU,,P[T’]zo :Zyypp[r]zl (3.48)

Formulas (3.4) are a particular case of (3.48), when considering Bel and
Pla set functions of complementary (of course disjoint) sets 7, 7.

— When lower (upper) bounds are given for all subsets of space S ( VT’ e
2 (S) ), in each point s/ the sum of the indicator functions I7i (respec-
tively — (— I7i)) is identically equal to 2°"' (each point can belong to
every subset on the sub-space given by the complementary sets, with
cardinality IS| — 1); therefore:

oIS _Zﬂww |:Ti] >0 — Z/‘Low |:Ti] < IS

—25 4 ZﬂUPP [Ti] 20 = ZIUUPP [Ti:| >0!S1 (3.49)
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Example 3.17. Let us again consider the simply-supported beam loaded by one
concentrated live load of uncertain intensity F discussed in Example 3.14 and Ex-
ample 3.16, but the statistical information about loads is now described, according
to expert opinions, by the following judgments:

P(s")<0.5, P(s%) < P(s")/10; P(s3) < P(sY).
or equivalently:

Elfi1=(1,0,001>-05; E[f,=(0.1,-1,0)] > 0; E[f3= (0, 1,-1)]> O
Assuming for example: k; = 1, k, = 3, k3 = 1 Eq. (3.44) gives:

max ( 1x(-1 +0.5) + 3x0.1 + 0, 1x(0.5) + 3x(-1)+1x1, 1x0.5 + 0 + 1x(-1))
=max (-0.2, -1.5, -0.5) = -0.2 < 0.

Clearly the constraints imply that P(s") +P(s*) + P(s3) < 0.5 + 0.05 + 0.05 = 0.6:
hence the set W* is empty. See also Figure 3.15, reducing from 1 to 1/10 the incli-
nation of the second constraint (the line through the origin of the Cartesian axes).

3.3.2.2 Coherence

When Eq. (3.44) is satisfied, the natural extension of the bounds is a non-
empty set ¥*; from it upper and lower bounds of the probability of any set
T or more generally of the prevision of any function fcan be evaluated:

Eiow [f]= g\iynE Ep[f]

(3.50)
Eypp . [f] = gelfgg Ep [f]

It is easy to check that, when Eq. (3.50) is applied to evaluate again the
original bounds of the sets or the previsions E;owlf:], Eupplfi] of functions
used to derive P, the resulting effective bounds E;ow [fil, Evrp.lf:] could be
generally different: of course the updated bounds do not contradict the origi-
nal ones, but could be more restrictive. In fact, taking into account that, ac-
cording to Eq. (3.50), the bounds are lower or upper envelopes of probability
measures, they must satisfy further conditions of coherence (Walley 1991)
that can be derived from the properties of probability measures™ .

Example 3.18. Let S={s', s°, s°}, Wypp(T"' ={s'}) = 0.7, wypp(T* = {s", s’}) = 0.3.
The projection of set ¥ in the plane (P(s"), P(s%)) is shown in Figure 3.18a).

The effective bound uu,ap(T1 ={s'}) = 0.3, implied by uupp({sl, ) =03 is
lower than the assigned value of 0.7. In fact the assigned value is not coherent be-
cause monotonicity was not respected with respect to the inclusion (7" < T?).
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P(s?) A P(s?%) A

0.7
0.6 7

0.3
<
¥

(a) (b)

Fig. 3.18 Set W* as a natural extension of incoherent bounds given in Example 3.18
(a) and Example 3.19 (b). The arrows display the direction of given constraints

'
1 P(s!
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9'0
Lo
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Example 3.19. Let S={ s', s>, s}, Wow(T' = { 5", s"}) = 0.6, wypp(T? = {s°}) = 0.3
The projection of set ¥ in the plane (P(s"), P(s%)) is shown in Figure 3.18b.
The effective bounds uLOW(Tl ={s', s’} =0.7 are higher than the assigned
value of 0.6. In fact the assigned value is not coherent because duality of comple-
mentary sets (T'= T* ) is not respected (see formulae (3.7) for random sets).

Coherent upper/lower bounds of probabilities must satisfy the following
(non-exhaustive™ **) list of necessary conditions:

= 0= pow(T) < Hypp(T) < 1

— Monotonicity with respect to inclusion: T'cT? =
Heow(Th) < Lrow(T?)

—  Super-additivity N36 of Uzow for disjoint sets (T'mT2 =) :
Weon(T" U T?) 2 Wow(T") + Wow(T?)

— Sub-additivity N3 of Wypp for any pair of sets T', T?
Hopp(T'O T?) < Wypp(T") + Wupp(T?)

—  Duality of W ow, Wype, for complementary sets (7 7€ = S):
eow(T) + ypp(TC) = 1

Information given by a random set (through the probabilistic assighment
m(A;) or one of the dual, monotonic with respect to inclusion, set functions
Bel or Pla) is coherent (because WX = W, as shown in § 3.2.3).

However coherent, upper/lower set functions cannot necessarily be as-
sumed as Bel/Pla set functions of an associated random set. In fact formu-
las (3.5) and (3.6) imply super-additivity of Bel and sub-additivity of Pla,
but are stronger relations not required by coherence.
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The crucial point is the observation that, when upper/lower probabilities
Weow(T), Wypp(T)) for a family of events T'in space S are widened to the
more general concept of upper/lower previsions for a family of bounded
and point-valued functions f;: S—Y, there is a one-to-one correspondence
between coherent lower (or upper) previsions and set ¥ = ¥ (or the ex-
treme distributions EXTy = EXTN'Y of set W) of compatible probability
distributions.

A simple geometrical interpretation of this property can be obtained by
observing that a lower bound, Y ow(7), for the probability of an event T de-
fines a half space of compatible probability distributions (points P of the ISI-
dimensional space (P(s"), P(sD), ... P(s*)), bounded by the hyper-plane:

alP(sl)+....ajP(sj)+....a|S|P(s'S')—,uLOW (T)=0

lifs’eT (3.51)
T loifs'eT
The normal vector to this hyper-plane is a' = (ay,..., a|5|)T and its 0-1 com-

ponents are the values of the characteristic function for 7. As a conse-
quence, this set of hyper-planes (with normal components either O or the
same value) is not rich enough to describe the boundary of a general poly-
hedron, i.e. the convex hull of a general set of extreme points. For instance,
set ¥ in Figure 3.15 is not bounded by lines whose normals are (l,O)T,
(0,1)", and (1,1)". Hence many (infinite) polyhedrons, with different faces
and extreme points, could be compatible with probability bounds assigned
on a family of events and the correspondence between probability bounds
and polyhedrons is not one-to-one. The natural extension of the bounds,
V¥, (Eq. (3.41)) is uniquely determined because it is defined as the largest
of this set of polyhedrons. Set W* in Figure 3.16 is indeed bounded by
lines whose normals are (1,0)", (0,1)", and (1,1)", and is the largest set that
yields the probability bounds listed in Table 3.9. The extreme distributions
for ¥* will be derived in Example 3.21.

When S| = 3, a probability bound on an event T, P(T) > U, ., (T) , 18

always equivalent to a probability bound on a singleton. If 7" is composed
of a singleton, there is nothing to show. If I71 = 2, then |7 =1 and P(T%) >

I- 4, o (T) As a consequence, when IS| = 3, one can assume that all

bounding planes have normals (1,0,0), (0,1,0) or (0,0,1), i.e. they are paral-
lel to coordinate planes. This property also holds for IS| = 2, but it is not
true for any other dimension because in general IT°] #1.
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Now, suppose that the normal components a; in Eq. (3.51a) are not just
0-1, but may be selected from the set of the real numbers, R, and that
each non-zero component may be different from one another. In this case,
the family of indicator functions must be enlarged to all bounded real func-
tions f, probability of events become expectations (Eq. (3.39)), probability

bounds become expectation bounds, E;,y, [ £], and Eq. (3.51a) becomes:

1S1
E[f]-E =0 Ne(s/)-E =0
[f]-ELow[f] :>jZ:;f(S ) (5 ) Low [ f] (3.52)
For any given polyhedron face F, one can always find at least one function
£ such that plane (3.52) contains F, i.e. such that the j-th normal component

is f(s’) and such that its known term is E, [ f] . On the other hand, given

a plane (3.52), there is a polyhedron whose face is contained in plane
(3.52). Therefore, there is a one-to-one correspondence between coherent
expectation bounds of generic functions (upper/lower previsions) and
polyhedrons. A rigorous proof is contained in Walley (1991, Theorem
3.6.1, page 145).

3.3.3 Choquet and Alternating Choquet Capacities of Order k

An important criterion for classifying monotonic (with respect to inclusion)
measures was introduced in the 1950s, by Choquet in his theory of capacities
(Choquet 1954).

Given a finite space S, a Capacity of order k, integer > 1, is a set function
C[k] . fP(S) —> [0, 1]

that satisfies requirements: Cj(J) = 0, C(S)= 1, and moreover formulas
similar to the first of Eq. (3.6) (first of Eq. (3.5) when k = 2), when Cy is
substituted for Bel. Capacity of order k satisfies formulas similar to Eq.
(3.6)a for any other k’ < k, but not generally for any other k’ > k. Hence a
capacity of order 2 is the most general.

Bel set function of a random set and P (probability measure on the alge-
bra of the power set of space S) are Choquet capacities for all k¥ = 2, and
are therefore termed Choquet capacities of infinite order (although k can-
not surpass 2°). Probability measures P satisfy Egs. (3.6)a and b as equali-
ties, due to additive axiom, while generally a weaker property of super-
additivity is implied for all other Choquet capacities. For every k, Choquet
capacities are monotone with respect to inclusion:
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T'CcT = Cy(TH < Cy( T?)

Monotone set functions not satisfying Eq. (3.5)a are termed Choquet
capacities of order 1.

The duality property for complementary sets allows to define, for any
Choquet capacity of order k, a dual, monotone and sub-additive set func-
tion Ay, termed Alternating Choquet capacity of order k satisfying relation
(3.6)b ((3.5)b when k = 2), when Ay is substituted for Pla.

Pla set function of a random set and P are Alternating Choquet capaci-
ties of infinite order (for P the dual functions coincide).

Choquet and dual Alternating Choquet capacities of order k > 1 are co-
herent lower and upper probabilities respectively (Walley, 1991). However
coherent super-additive lower probabilities are not necessarily Choquet ca-
pacities of order k > 1, as will be shown in Example 3.20.

There is a strong relation between the order k and the properties of the
set function m that can be obtained from Cy, or Ay, through the Mobius
transform (3.8). See for example (Chateauneuf and Jaffray 1989; Klir
2005). The more interesting properties are the following:

1. aset function U is monotone (k > 1) if and only if:

m@@)=0; Y “mT)=1;
Te?(S)

VTeP(S): Y “m(A)=0

AcCT

(3.53)

and, therefore, V j: "m({s;}) > 0.

2. W) = Cy(T) and IN < k then *'m(T) 2 0

3. WT) = C(D if and only if: V T € P(S) : *m(T) > 0 and therefore it
is the Bel set function of a random set

Properties 1 and 2 confirm the results reported in Example 3.13, Example
3.14 (in both cases W ow is a Choquet capacity of the order k = 2; "m(T) <
0 for IT1 = 3; "*m(T) > 0 for ITI =1 or 2) and Example 3.15 (in this case
Uzow is simple monotone (k = 1): again "m(T) < 0 for all subsets with I71
=3). Summation of all m(T) gives 1 in all cases.

The procedure described in § 3.2.3.4 for random sets can be extended to
evaluate the set of extreme distributions £X7, when a monotone measure
(a Choquet capacity of the order k > 1) is assumed as lower bound of im-
precise probabilities: having assigned or calculated W ow (or Uypp) of any
Te P (S), and chosen one of the IS|! permutations 1t(j) of the indexes, the
corresponding extreme distribution is given by:
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P;X(;):l, =Hiow ({ s })

4 4 ‘ (3.54)
P;X(;):Dl =Hiow ({S”G)zl""sr}) ~Hiow ({S”UH,...SH})

Recall that, for Bel set functions of a random set, the convex hull of EXT
(P coincides with set W of the probability distributions compatible
with the probabilistic assignment (Eq. (3.11)), and also with the set P* of
probability distributions “dominating” Bel(T) for every T < S, (Eq. (3.10)).
However, when [, owis used, WEXT is the convex hull of EXT generated by
Eq. (3.54) and W* is given by Eq. (3.38), the three sets could be more gen-
erally different. Precisely:

— for coherent measures with k = 1 the procedure (3.54) could gener-
ate probability distributions in EXT not satisfying the assigned U, ow
or lypp bounds; PEXT g larger than the set of probability distribu-
tions satisfying the bounds and hence P* could be strongly included
in P**" (see Example 3.20 );

— for Choquet capacities (k > 1) all probability distributions in EXT
(and in 7 satisfy the assigned bounds (and thus WEXT — by, EXT
coincides with the set of the extreme points (or the profile) of the
closed convex set ¥* (Klir, 2005, pp. 118-9); but Y could be larger
than the original set ¥ describing the information used to evaluate
the bounds (see Example 3.21).

In in the next Chapter 4.2 ( page 114 ) an alternative procedure will be
given to evaluate in any case (hence for k = 1 also) the set of the extreme
distributions.

Example 3.20. Let us consider set ¥ in Example 3.15 from which lower prob-
abilities [ oy were calculated. These lower probabilities are coherent lower prob-
abilities because calculated using Eq. (3.50). However Eq. (3.5) (or Eq. (3.6) for k
= 2) is not respected and thus they are simple monotone measures (k = 1).

The (at most 4!=24) members of EXT can be found through Eq. (3.54). For ex-

ample the identity nt(j) = j gives:
Heow({s'D) = 05 tuow{s', s°1) = 0.5; eow({s', 5% 1) = 0.5; Wow(S) = 1

Uopp({s' ) = 0.5; Wupp({s', 571 = 0.5; upp ({s', 5% 8°1) = 1 Lypp(S) = 1

and therefore the extremes Py = (0, 0.5, 0, 0.5) and Plryr = (0.5, 0, 0.5, 0) are
identified.
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Fig. 3.19 Set ¥ in Example
3.15 and extremes from the
lower probabilities identified
in Example 3.20

8 P(sY

P(s") ’ P(s)

In the same way, the following 6 extreme distributions (each one with multiplicity
equal to 2) displayed in Figure 3.19 can be calculated:

Plexr=(0.5,0,0,0.5) ; Pexr= (0, 0.5,0.5,0) ; P’ryr= (0, 0.5, 0, 0.5)
Pexr=(0.5,0,0.5,0) ; PPrxr= (0.5, 0.5, 0, 0) ; Porxr= (0, 0, 0.5, 0.5)

Clearly the four new points that do not coincide with extremes of W (Pgxr; and
Pexro ) satisfy the bounds of the singletons {s’} but not the marginals of the joint
distributions, which are equal to the precise value 0.5. The precise marginals de-
rive from the hypothesis in Example 3.15 that loading and unloading are equally
likely (P(F; = F)=P(F; =0) =0.5) for i =1 and 2). Hence: ¥**" O ¥* = ¥,

Example 3.21. Let us again consider the problem in Example 3.14. Table 3.10
demonstrates that the procedure (3.54) through the 3!=6 permutations of the in-
dexes identifies that P' exr has multiplicity 2 and, above all, that two new extreme
distributions Pgyr4=(1/3, 1/2, 1/6), Pexrs=(5/12, 1/4, 1/3) are compatible with the
bounds L ow and Uypp , as previously discussed in Example 3.14 and displayed in
Figure 3.16: the natural extension of the bounds is a set \P* larger than V. In fact
every set ¥’ included by W* and including ¥ is compatible with the bounds.

Table 3.10 Extreme distributions from pfLOW (Ai) in Example 3.14

n(l) 2 n3) P P(s") P(s”) P exr

1 2 3 1/3 2/3-1/3=1/3 1-2/3=1/3 P’

3 2 1 1-1/2=1/2 1/2-0=1/2 0 P!

1 3 2 1/3 1-1/2=1/2 1/2-13=1/6 P* (new)
2 3 1 1-1/2=1/2 1/4 1/2-1/4=1/4 P°

2 1 3 2/3-1/4=5/12 1/4 1-2/3=1/3 P (new)
3 1 2 1/2-0=1/2 1-1/2=1/2 0 P!
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Fig. 3.20 Set W™= ¥*  P(s?) o
and extreme joint prob- |
ability distributions in
Example 3.14. Set ¥ is

the triangle with extremes 4
Ploxr, Poxr, Plexr Pff)"?'\

,
s N_ 1P
SESEN) PEXT

3.3.4 Expectation Bounds and Choquet Integral for Real Valued
Functions

Imprecise probabilities imply that the expectation of a function f: S—Y of
a discrete or continuous variable is imprecise: each member of set W*
gives a specific value, so obtaining a convex interval bounded by the lower
and upper prevision, according to Walley’s theory. A search for mini-
mum/maximum values must be solved to evaluate the bounds.

Choquet Integral is a mathematical procedure that in some cases al-
lows the bounds to be directly and exactly evaluated through integration
(summation for discrete variables) of the function multiplied by
lower/upper probabilities of subsets of the measurable space (S, S). In
other cases the Choquet Integral does not give exact values, however it
identifies bounds of a wider interval including the effective lower/upper
previsions.
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F(y)' iF@) 0
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P(“T)

Wois)
Fig. 3.21 a-cuts °T of point-valued function f

Let us first observe that the expectation of a point-valued function f: S—
Y=[y., yrl € R can be calculated, indicating with F(y) the CDF of the de-
pendant variable y, through the Stieltjes Integral (Eq. (2.18)) and equivalent
expressions:

Integrate

YR YR by parts v YR
E[y:f]:jde :J.yF'(y)dy yp: [yF])I:—J.de:
o YL v
YR YR YR
=yo— [ Fdy=y,+ [(1=F)dy=y, + [ P(f >a)da=  355)

YR
=y, + I P(°T={se S| f(s)>a})da
YL
The second equality can be found for example in (Kolmogorov and Fomin,
1975; example 2, p. 364)). The geometrical meaning of set “T is shown in
Figure 3.21.
Choquet Integral is the direct extension of the last functional expression
to a monotonic measure |L given on an appropriate family C of subsets of S:

C(f, ) =0 f-dp=y, + | u(“T)dex (3.56)

YL
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When S is a finite space {s’, j = 1 to ISI} and the single function f obtains
values: o' =yg >a’>....>d" = y., Eq. (3.56) becomes:

n—1

Clf )=y, + 2 1 “T)( - ™) (3.57)

i=1

Eq. (3.57) is equivalent to reordering the space S through a permutation p
= m(j) of the indexes j in such a way that the function f changes to a mono-
tonically decreasing function: As™=") = yp = As™) > ... fis?) ... =

Comparing the calculation with the procedures introduced in §3.2.3.4 to
evaluate extreme distributions of random sets and extended in §3.3.3 to
more general imprecise probabilities (see Eq. (3.54)), it is clear that the
Choquet Integral evaluated for | = Yoy and W = Wypp is coincident with
the expectation of the function f using the particular extreme distribution in
the set EXT corresponding to the selected permutation.

Moreover:

— For random sets Bel = |1 ow is a Choquet capacity of the order co: EXT
contains the extremes of the set ¥ = W*: therefore the Choquet Inte-
gral gives exactly the lower/upper previsions of any point-valued
bounded function;

—  When Loy is a Choquet capacity of order k = 2, EXT € P*, but ¥
could be a subset of W* for specific problems. The Choquet Inte-
gral could give values not contained in the interval of the effective
lower/upper previsions, but the values are in any case coherent
with the upper/lower probabilities corresponding to ‘.

—  When Y, oy is simply a monotone measure the convex hull WEAT of
set EXT contains probability distributions that could not be con-
tained both in P and W*. Although the inclusion ¥ ¢ ¥* < ¥*" is
in any case respected, strict inclusion could appear in specific
cases. The Choquet Integral could give values not contained in the
interval of the effective lower/upper previsions, and not coherent
with the upper/lower probabilities corresponding to ‘.

Example 3.22. Let us consider set ¥ = W* and the coherent monotone lower
probabilities (k = 1) describing the problem considered in Example 3.15 and Ex-
ample 3.20.

The lower/upper bounds of the prevision of the bending moment in the middle
section of the beam (M = Fl/8 + F,l/4) are given by the expectations of M evalu-
ated by the two extreme distributions P'pxr and P*gxr shown in Figure 3.17:
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E owM] = min (FI/8 + Fl/4)x 0.5+ 0x 0.5, FI/8x 0.5 + Fl/4 x 0.5) =
=min 3F /16, 3F1/16) = 3F /16
EypelM] = max 3F1/16, 3F1/16) = 3F I/16.

In this particular case a precise prevision is therefore obtained.

Table 3.11 summarizes the calculation of the bounds through the Choquet Inte-
gral. It is easy to check that the obtained values coincide with the expectation of M
according to the probability distributions Pgyrs and Pgxre shown in Figure 3.19;
moreover the lower/upper bounds of the expectation in the set EXT are obtained
by the probability distributions Pgyrs (E[M] = F I/16) and Pexr4 (E[M] =5 F/16).
However, as specified in Example 3.20, these four extreme distributions do not re-
spect the original information that loading or unloading of the forces F; and F, are
equally likely and consequently the precise marginals of the joint distribution.

Table 3.11 Choquet Integrals of the bending moment M in Example 3.15

j_ M) p=nj) SAST) T Meow(“T)  Hupr(°T)
1 3FI8 1 Fl/8 {s"} 0 172

2 FI8 3 Fl/8 {s', % 5° 112 1

3 2FI8 2 FlI/8 {s', 5"} 1/2 1/2

4 0 4

CM, Wow)=0+0x FI/8 + 12x FI/8 + 1/2x FII8=  FI/8 =2 x FI/16
C(M, typp)=0+ 172 x FI/8 + 1/2 x FI/8 + 1 x FI/8 =2 x Fl/8 = 4 x FI/16

Example 3.23. Let us consider set ¥ describing the problem considered in Exam-
ple 3.14 and Example 3.21. We are interested in evaluating the expectation of the
safety margin with respect to the limit state of flexural yielding of the middle sec-
tion of the beam:

2(s)) =M, - F(s') 1 /4

Assuming M, = 300 kNm and / = 4 m, the calculation of the bounds through the
Choquet Integral is summarized in Table 3.12. The lower bound (-50/3 kNm)
equals the expectation according to the probability distributions P*y;: therefore
this value respects the lower probabilities (2-monotone Choquet capacities) de-
rived from the original information (P4EXT € ‘I’E) but is not congruent with the
probabilistic content of the original information (P4 exr € ). The effective lower
bound of the expectation is positive and equals the expectation according to the
probability distributions PZEXT:

Eow (2= 1/3x200+ 1/3 x (-200) + 1/3 x 100 = 100/3 kNm
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On the other hand the upper bound (75 kNm) is exactly evaluated by the Choquet
Integral and equals the expectation according to Pgyr 3.

Table 3.12 Choquet Integrals of the safety margin z in Example 3.14 and Example
3.21. See Table 3.9 for values of LLOW and pUPP

j 2 &Nm)  p=m() fis")-fs") T wow®D  up(“T)
1 200 1 100 {51} 13 2z

2 -200 3

3 100 2 300 {51,535} 12 3/4

C(z, Weow)=-200 + 1/3 x 100+ 1/2x 300 = - 50/3 kNm
C(z, hupp)= 200+ 1/2x 100+ 3/4x300= 75 kNm

3.3.5 The Generalized Bayes’ Rule

The numerical examples presented in the previous sections show that
lower probabilities (even when coherent) are not sufficiently informative
to determine unique lower expectations (lower prevision, according to
Walley) of a dependent function. Problems arise mainly from the lack of
one-to-one correspondence between lower probabilities and the set W of
compatible probability distributions.

The same inadequacy appears when evaluating lower/upper bounds of
conditional probabilities or conditional expectation of dependent functions.

Taking into account that:

— the probability of any event (a subset B) is equal to the expectation
(prevision) of its indicator function;

— the indicator of the intersection of two events (subsets 7, B) is
equal to the product of their indicator function,

Bayes Theorem (Eq. (3.32)) can be written as:

P(T/B)=E[l,/B]= E[EI[TIZ]B] “EL iEIJ:EIEI]T 1] (3.58)

More generally, supposing that additional information allows a likelihood
function L(s’) to be specified:

E[I,-L] E[l,-L]
E[L]  E[l, L]+E[I. L]

P(T/L)=E[I,/L]= (3.59)
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(Wasserman and Kadane 1990) demonstrated that, when lower/upper
probabilities on the measurable space S are given by monotone set func-
tions W ow (T) and Uypp (T) the following inequalities hold:

CUy;-L, fh o) < E, w1, L] <t (T11)
CUy L flyo)+ CUpe Lo flypp)  Epy [IT 'L] +Eypp [Irf 'LJ - (3.60)
Hypp (T / L) < Eurr [IT ‘L] < Cy - L, fypp)

EUPP [I'l' 'L]+ ELOW |:ITC 'L:| - C(IT 'L’/UUPP) +C(1Tf 'L’IULOW)

When pow () and pypp (T) are 2-monotone Choquet capacities and
2-alternating Choquet capacities respectively, and ¥ = \P* (i.e. set P is the
larger set compatible with the lower/upper probabilities W, as it is natural
to assume when the original information is effectively given through lower
or upper probabilities) the inequalities are respected as equalities.

Equations (3.35) for random sets are particular cases of inequalities
(3.60), when conditioning with respect to an event B (L= Ip).

Example 3.24 (modified from (Wasserman and Kadane 1990)). Let us again con-
sider the simply-supported beam loaded by two concentrated accidental forces F|
and F,, both of precisely-known intensity F, discussed in Example 3.15. However,
although loading and unloading are equally likely for load F, ( P(F>, =F) = P(F, =
0) = 0.5), no information is given about the probabilities of load F: it can possibly
assume the intensity F in any case, or alternatively it can assume the value O in
any case. However we only know that the mechanisms generating the actual val-
ues of forces F and F, are stochastically (strongly: see Chapter 4) independent,
ie. P(Fy N F,) = P(F) P(F,). Let again

S={s'=(Fi=F) N (F,=F),s’=(F,=F) N (F,=0),
§'=(F1=0) N (F,=F), s'=(F,=0) N (F,=0)}

be the space of the possible joint outcomes. The available information is given by
imprecise marginal distributions for F;, and determines two opposite extreme dis-
tributions P’gyr = (1/2, 1/2, 0, 0) and P°sxr = (0, 0, 1/2, 1/2) (see Figure 3.19). The
two extreme joint distributions and projection of set ¥ (a one-dimensional inter-
val) on sub-space (P(s"), P(s%), P(s’)) are shown in Figure 3.22.

The lower/upper bounds of every subset or prevision can be evaluated by Eqgs.
(3.50), simply considering minimum and maximum on the two extremes. Again
the Mobius transform (3.8) of the set function Y ow(T) gives negative values for
all subsets with cardinality equal to 3 and is not 2-monotone.

Supposing that additional information suggests values of the likelihood func-
tion L(s’) proportional to (15, 10, 3, 2), the posterior upper bound of the subset 7=
{s'} can be evaluated through Eq. (3.60)b:
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Iy L=(15,0,0,0) ; Irc L =(0,10,3,2)

Wopp (TIL) = max ( 15x(1/2) , 15%(0) )= 15/25
15%(1/2)+10x(1/2) 3x(1/2)+2x(1/2)

Eyppllr L] =max(15x 1/2, 15 x 0) =152
Erowllice L1 =min(10x 1/2,3x 112 +2x 1/2) = 5/2

CypplIr L] =0+4+15x1/2+0x1/2 +0x1 =152

Crowllic L1=0+ 7 x0 +1x1/2 +2x1/2 = 3/2

3
$ Ps) p¢ [F2=100[F=0 | Tot
EXT
F=100]0.5 |05 |1
F=0 |0 0 |0
Tot |05 |05 |1

N

P(s?)

Pryr | F2=100|F>=0| Tot s Ky F -

Fi=100|0 0 0 4 2

F=0 |05 05 |1 A A
1

Tot 0.5 0.5

< ! B>

Fig. 3.22 Set W¥,and extreme joint probability distributions in Example 3.24

Therefore:

Woer(TIL) = 15125 < U572 _y5pp< (U512 _y5/18
(15/2)+(5/2) (15/2)+(3/2)

Example 3.25. Let us again consider the simply-supported beam loaded by one
concentrated accidental force of uncertain intensity F discussed in Example 3.14.
The set ¥ of probability distributions for the possible values of the intensity gen-
erates 2-monotone lower probabilities, but is strictly included by the set P*
WEXT displayed in Figure 3.20. Let us consider the conditional event 7/B
{s"¥{s", s*}. Therefore L= I = (1, 1, 0):
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Iy L=(1,0,0) ; IrcL=(0,1,0)
1x(1/2) 1x(1/3) I1x(1/2)
Ix(1/2)+1x(1/2) 1x(1/3)+1x(1/3) " 1x(1/2) +1x(1/ 4)
= max (1/2, 1/2,2/3) =2/3 =20/30
Weow (T/L) = min (1/2, 1/2,2/3) =1/2 =15/30

Wypp (T/L) = max (

Eupplly L] =max(1x 1/2, 1x1/2,1x 1/3)) =1/2 =15/30

Eiowllr L] =min(1x 1/2,1x 1/2,1x1/3)) =1/3 =10/30

Eypp[Irc L] =max(1 x 172, 1 x 1/4,+ 1 x 1/3) = 1/2 =15/30

Erowllre L] =min(1 x 1/2, 1 x 1/4,+ 1 x 1/3) = 1/4 =15/60

Cypplly L] =0+ 1x1/2 =1/2 =15/30

CrowllrL] =0+ 1x1/3 =1/3 =10/30

Cuyppllrc L] =0+ 1x1/2 = 1/2 =15/30

Crowllrc L1=0+1x 1/4 = 1/4 =15/60
Relations (3.60) are therefore respected:

12/30 = 12/30 < prow (T/L) = 15/30 < wypp (T/L) = 20/30 = 20/30 = 20/30
If, given the lower and upper probabilities, it is assumed that ¥ = P*, all strict

inequalities change to equalities. The actual maximum and minimum must be
searched on the five extreme distributions EXT of ¥ = WZ ; therefore:

Woer (TIL) = max (172, 1/2, 2/3, xG/12)  Ix{/3)
IX(5/12) +1x(1/4) 1x(1/3) +1x(1/2)
= max (112, 1/2, 2/3, 5/8, 2/5) = 2/3 = 20/30

Weow (T/L) = min (1/2, 1/2, 2/3, 5/8, 2/5) = 2/5 = 12/30

We will now introduce a more general formulation for Bayes rule, that in
any case directly gives the exact result, overcoming the above-discussed
limitations. This formulation was proposed by Walley in his theory of
coherent lower/upper previsions (see § 3.3.2 in this Chapter).

For a particular precise probability distribution, the conditional previ-
sion of a function f with respect to a likelihood function L can be expressed
generalizing Eq. (3.59) to the following:
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E[f-L]-E[f/L]-E[L]=E[L(f-E[f/L])|]=0 @61

The unknown conditional prevision « = E[f/L], conditional to the likeli-
hood L of positive prior expectation E[L], can be derived by solving the
equation:

E[L-(f-a)]=0 (3.62)

Equation (3.62) has a unique solution o because the left side is strictly de-
creasing in o if E[L] >0. When E[L] = 0, o is undetermined.

Example 3.26. Let us consider the particular extreme distribution Pryr = (172,
1/2, 0,0) in Example 3.24 and again suppose that additional information suggests
values of the likelihood function L(s’) proportional to (15, 10, 3, 2). The expecta-
tion E[L] = 15x1/2 + 10x1/2 = 25/2 is positive. We want to calculate the condi-
tional expectation of the function f = (10, 8, 7, -3). The prior expectation E[f] is
equal to 10x1/2 + 8 x 1/2 =9. Eq. (3.62) gives:

1I5x(10-0)x12+10x@-0)x12+3x(7-0)x04+2x(-3-a)x0=0
o = E[f/L] = (230/2) / (25/2) = 230/25=9.2

If alternatively the likelihood function L(s’) is proportional to (0, 0, 3, 2), E[L] =0
and Eq. (3.62) is satisfied for any value of o € (-oo, o0).

The extension to imprecise coherent lower/upper previsions is quite natu-
ral: assuming that E;ou[L] > o a=Eow [f/L] is the unique solution of
the following Generalized Bayes’ Rule:

Epy|[L-(f-a)]=0 (3.63)

In the calculation of the E;,y operator for the function L-(f — a), Eq.
(3.50)a should be solved, or more easily, when the set of the extreme dis-
tributions EXTy is known or has been evaluated by the available informa-
tion, the minimum of the expectation can be searched on this finite set of
probability distributions.

Example 3.27. Let us consider the lower probabilities (Choquet capacity of order 2)
discussed in Example 3.13, generating the set ¥ =¥* =¥**" shown in Figure 3.14.
EXT = EXTy = {(0.5, 0, 0.5), (0, 0.5, 0.5), (0.5, 0.5, 0)}. For any bounded point val-
ued function f = (f}, f>, f5) the lower prevision is given by:

ELOW [f]= min (f]/2 +f3/2, f2/2 +f3/2, f1/2 +f2/2)
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Let f=(1, 0, 1), and therefore Eow [f] = min (1, 0.5, 0.5) = 0.5; additional infor-
mation suggests that the likelihood function L(s’) is proportional to (4, 1, 2), and
hence E; oy [L] = min (3, 1.5,2.5) = 1.5 > 0. Eq. (3.63) gives:

mn@x(1-0)x05+2x(1-0)x0.5,
IxO0-0)x05+2x(1-0)x0.5,
4x(1-00x05+1x0-0)x05) =0

o = E[f/L] = min (3/3, 1/1.5, 2/2.5) = 0.667

Of course the same result can be obtained applying Bayes’ Theorem separately
with the 3 extreme distributions and searching for the minimum. Moreover, ob-
serve that f= (1, 0, 1) is the indicator I of the set T = {s', 5°}; therefore the same
result can be exactly obtained through Eq. (3.60), taking into account that lower
probabilities are Choquet capacities of order k = 2 and set W coincides with P*:

Ir-L=(4,0,2); Epowllr-Ll=min(3, 1, 2) =1

Irc- L= (0, 1, 0); Eypp [Irc - L] = max (0, 0.5,0.5) = 0.5

EfLI =EU /L= — D = 0667
(1) +(0.5)

Example 3.28. Let us again consider Example 3.24, where the extreme distributions
EXTy = {(0.5, 0,5, 0, 0), (0, 0, 0.5, 0.5)} generate 1-monotone lower probabilities.
Let us again evaluate through the Generalized Bayes’ Theorem the upper bound of
the probability of subset T = {s'} conditional to additional information suggesting
values of the likelihood function L(s ) proportional to (15, 10, 3, 2). For any
bounded point valued function f = (f}, f>, f5, f1) the upper prevision is given by:

Eypp [ f1=max(fi/2 + f>/2, f5/2 + fi/2) = min(-fi/2 — f>/2, -f3/2 - ful2)

The prior upper bound is equal to Eypp [f = I7= (1, 0, 0, 0) ] = max (0.5, 0) = 0.5.
Erow [L] = min (12.5, 2.5) = 5/2 > 0. The posterior is solution o of the equation:

max (15x(1-0)x05+10x(0-0)x0.5,3x0-0)x05+2x(0-a)x0.5)=0
Hence: oo = max (7.5/12.5, 0/2.5) = 15/25.

Observe that assuming L(s”’) is proportional to (15, 10, 0, 0), E;ow [L] = min
(12.5, 0) = 0, although the upper bound is positive. Therefore, taking into account

that in this case o is a probability:

o =max (7.5/12.5, [0,1]) = [15/25, 1]
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3.4 Credal Sets

The term “credal set” is frequently used when the information is assessed
giving upper and lower bounds to the probability of the singletons {s’} or
cumulative probabilities of the sets {s', 5%, ... s’} (i.e. upper/lower bounds
of the CDF). In the former case the terms “Interval valued Probabilities”
or “Interval Probabilities” are used in the literature. In the latter (Ferson,
Kreinovich et al. 2003) suggested the term “Probability boxes”, or more
simply “P-boxes”.

In both cases the bounds must respect Eq. (3.46) (the lower bound is >
0; the upper is < 1) and Eq. (3.47) (the upper bound must be greater than
the lower one).

Finally a convex set W of the probability distributions can be implicitly
defined by a set of parametric probability distributions when a convex set
of values of the parameters is assumed or inferred from statistical data.

3.4.1 Interval Valued Probabilities

Given a finite space S, or a finite partition of a space S, the interval valued
probabilities are a set of intervals attached to the singletons, defining a set
¥ = ¥ of the probability distributions on the algebra generated by the
singletons:

I,=[l,u,],j=1tolSI

. 3.64
¥={P:l,<P(s)<u;, j=1 tol S} 69

According to Eq. (3.48) the set ¥ is non-empty if and only if the bounds
satisfy the condition:

2Lty Yupzl (3.65)

However stronger further conditions are required for coherence: relation
(3.50) requires that each upper or lower bound should be “reachable’”: i.e.
for every bound, set ¥ should contain a particular distribution P equally
satisfying the bounds in the second formula in Eq. (3.64).

Example 3.29. The macro-seismic scale EMS98 (Griinthal 1998) defines 6 vul-
nerability classes (from the most vulnerable A to F) of ordinary multi-storey build-
ings, and for each class and each macro-seismic intensity suggests implicit interval
probabilities for 6 qualitative damage levels d (from O (= no damage) to 5 (total
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collapse) as a function of a parameter o of credibility (from 0 (minimum) to 1
(maximum) (Bernardini 2005). For o = 1, class B and macro-seismic intensity VI
only 2 damage levels (1(negligible) and 2 (moderate)) are possibly expected, and
the interval percentages of buildings are specified as follows:

I,20=123,100] ; 1,-, = [20, 50] ; 1,-, = [0, 10]

But clearly the bounds of intervals I,-y = [23, 100] cannot be reached. In fact at
least 20% of buildings suffer damage > 0, and so the percentage of undamaged
buildings cannot be more than 80%. Moreover no more than 10+50 = 60% of
buildings suffer damage > 0, and therefore the percentage of undamaged buildings
cannot be lower than 40%.

The generalization of the procedure used in Example 3.29 leads to the fol-
lowing conditions to assure that the bounds (/; , u;) are reachable:

Vi h4u, <15 Dlu+l 21 (3.66)
i#j i#]
or equivalently:
1S1 1S
Viil=>Lzu,—1,  Yu-12u, -1, (3.67)
i=1

i=1
S| S|
Vjiu;—l, < min[l—;li,zl:u[ —1} (3.68)

When non-reachable interval valued probabilities are given, the reachable
counterpart, i.e. a set of coherent interval valued probabilities can be de-
rived with the formulas:

1S1

Vil =max(l;,u; —(Q u;-1)
i=1

151

u, =min(u;, [ +(1-Y 1))

i=1

(3.69)

The reachable interval valued probabilities can be used to evaluate the
bounds of the probability of any other set 7 in the algebra generated by the
singletons:

W ow ()= max(Zl;,l— z u;)

s'eT s'eT
. , , (3.70)
Hypp(T) =min(D u;, 1= D" 1)
s'eT s'eT®
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It is possible to show that lower and upper probabilities given by Eq.
(3.70) are 2-monotone and 2-alternating Choquet capacities respectively
(Campos, Huete et al. 1994). The set ¥ of compatible probability distribu-
tions is directly defined by the intersection of pairs of parallel hyper-planes
with the unit hyper-triangle in the ISI-dimensional space of the probabili-
ties of singletons. The set EXT of extreme distributions can be derived by
index permutations (Eq. (3.54)). However a more efficient recursive algo-
rithm suggested in (Campos, Huete et al. 1994) can be used.

Example 3.30. Let us again consider Example 3.29. Table 3.13 shows the reach-
able bounds and cumulative extreme distributions evaluated through Eq. (3.70),
corresponding to extreme distributions Plixr= (0.4, 0.5,0.1) and Ppxr= (0.8,0.2,
0) respectively. However 2 other extreme distributions ((0.5, 0.5, 0) and (0.7, 0.2,
0.1)) can be discovered by permutation of the indexes or directly by intersection of
pairs of parallel planes with the unit triangle in the 3-dimensional space, or by its
projection on the 2-dimensional plane (p(s'), p(s*)) shown in Figure 3.23. It can be
checked that the lower probabilities are 2-monotone Choquet capacities (in this
particular case co-monotone Choquet capacities) and ¥ = W*: i.e. no other distri-
bution is contained in the set EXT.

Table 3.13 Reachable bounds and lower/upper CDF in Example 3.29

d (%) u(%) ' (%) w (%) wowds..sD ppeds'..s'H

s'(d=0) 23 100 40 80 40 80
s(d=1) 20 50 20 50 90 100
s(d=2) 0 10 0 10 100 100

Fig. 323 Set W =¥  and  P(s?) 4
extreme distributions EXT 1
in Example 3.30

1Y ap— P

02F======-F~ e P
i
1 1 .
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3.4.2 P-Boxes

Given a finite space S, a set ¥ = ¥ of probability distributions is implic-
itly defined by lower and upper bounds, Fyow(s’) and Fypp(s’), of the cumu-
lative distribution functions F(s'):

‘I‘z{P:FLOW(sf) <F(s")=P({s',.5}) S Fypp(s)), =1 tol S |} (3.71)

The set ¥ is non-empty if Eq. (3.44) is respected considering the upper
bound Fypp (s’) of the probability of set {s', s°, ... s’} and the lower bound
of any other subset {s', 5% ... s} with k<

1- FLOW (Sk) -1+ FUPP (Sj) > 0, and therefore: FLOW (Sk) < FUPP (Sj)

However coherence clearly requires stronger conditions: the bounds Fow
(s”) and Fypp (s”) should be non-negative, non-decreasing in j, both equat-
ing 1 for j = IS| (Walley 1991), § 4.6.6).

Explicit evaluation of set ¥ can be obtained solving the constraints
(3.71) for the probabilities of the singletons P(s%):

Fow (s S P(s') < Fypp(s); P(s')=0
Fioy(s) S P(s')+P(s*) S Fypp(s®); P(s7)20

A simple iterative procedure can be used to solve this equation. For exam-
ple, the explicit solution of the first two constraints is shown in Figure
3.24: observe that the p-box defines 4 or 5 extreme points of the projection
of set ¥ on the two-dimensional space (P(s"), P(s®)):

—case a): FLOW(s2) —FUpp(s]) >0:
P, = (FUPP(Sll)a FLOW(S;) -Fypp (Sll)),
Py = (Fypp(s 1)’ Fuypp (s 2) -Fypp (s )1),
P3= (FLOW(Sl)a Fupp (Sz) —Frow(s 1)),
Py=(Frow(s), Frow(s”) =Frow(s));
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—case b): Frow(s®) -Fypp(s') < 0:

P1:,= (Fuprp (Sl), 0)),
1 Py = (Frow(s"), 0)) (=Pyif Frow(s®) = Frow
(s)).

Moreover the reachable interval bounds for the probability of the single-
tons are given by the intervals:

(11, 1] = [Frow(s"), Furp (sH],
(15, us] = [max(0, Frow (52) —Fypp (Sl))’ Fuypp (52) —FLOW(SI)],

but the set generated by the same (non-interacting) interval probabilities
should be much greater (the extreme points U=( uy, u,) and L=( [y, [,) could
appear, if reachable (the last equation in (3.72) must be respected)).

More generally the interval probabilities for singleton {s’} are given by
the intervals:

010, = [ 00 (0, Fy (57)= Fup (")) P (57) = oo (57| 3.73)

However the extreme distributions obtained by such intervals using the
procedure described in §3.4.1 could generally give cumulative distribu-
tions functions not contained in the p-box.

The extreme points of the projection of set ‘¥’ on the j-dimensional space
(P(s"), ..., P(s”)) can therefore be derived from each extreme point on the
J—1-dimensional space, of course considering that the sum P(s"H)+ ...+P(s")
must be bounded by Fyow (s’) and Fypp (s’).

P(s") 4 Fis )y Case a
Fuprls™ e o - -

Uy

Frow(s) k- A ..... . : N [ —

4 i P’( s s 82 s
- I - 1 :
Frow(s’) Fupp(s)

Fig. 3.24 Explicit solution of the first 2 constraints in Eq. (3.72). Projection of set
¥ is shown hatched. Case a: Fyow (s%) - Fypp(s') > 0; case b: Fiow(s?) - Fypp(s') <0
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P(s%) A Fis) 4 Case b

Frow l.»"!}

I =0

From(s') Fupp(s")

Fig. 3.24 (continued)

A constructive procedure to evaluate the effective extreme distributions
compatible with the information given by a p-box could be obtained by
selecting the set EXT corresponding to the cumulative (non-decreasing)
distribution functions F' jumping, at some points s’ from Frow (s j) to
Fupp (s7") and, at other points s*, from Fypp (s*) to Fiow (s**") (or, if
Fupp(s") > Frow (s**") assuming F(s**") = Fypp (s*) (case b) in Figure 3.24
at point s").

Of course the set EXT contains the distribution functions corresponding
to the bounds of the p-box:

Pexriow(s?) = Frow(s') =Frow(s”"); Pexr.uep (s7) = Fupe (s”) =Fuypp (s7™).

The same set EXT (and therefore the same set W of probability distribu-
tions) can be given by an equivalent random set, with focal elements
and probabilistic assignment derived by the p-box through a rule quite
similar to the procedure for deriving an equivalent random set from a
normal fuzzy set (considering the membership function as a possibility
distribution; see § 3.2.4). The procedure is as follows (with the aid of
Figure 3.25):
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Let:

V)t Fyoy (877) = lim Fyp (s =€) = Fig (s7) = Pow (57)
@ =1=max(Figy (') = max (Fype (s')):
S W( ) )

af:max( max (Fio (7)), max (FU,,,,(sf))j (3.74)

JFy o (s77)<a™ JFypp (sT)<a™

n+l

o =0

and assume:

A ={s/ € SIF,,(s)2a' s F oy (s7 )< fimA) =a/ ~a™ (375

FJ’_{ W

OLT T F;.:;lr(s f)'__

o -1 Fi.r)u(s f_)" = i

£ |

Y.

1 i
s s §

Fig. 3.25 Random set from a p-box
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Consequently:

— the lower/upper probabilities for subsets 7 < S are Choquet capacities
and Alternate Choquet capacities of infinite order respectively (or Be-
lief and Plausibility set functions respectively);

— the probabilistic assignment of the equivalent random set can alterna-
tively be derived from the Belief function through the Mobius trans-
form;

— the upper bounds u; of the singletons (Eq. (3.73)) give the contour
function of the equivalent random set.

In (Alvarez 2006) the procedure is extended to p-boxes on infinite spaces
with general Fypp and Fow, thus deriving equivalent random sets with in-
finite focal elements given by the o-cuts of the upper/lower CDFs. Tonon
(Tonon 2008) deals with inclusion properties for discretizations of up-
per/lower CDFs.

Example 3.31. Let us consider § ={s', sz, s3, s4} and the p-box defined in the first
three columns of Table 3.14. The five extreme points in the two-dimensional
space (P(s"), P(s%) (case b)) determine 10 extreme points shown in Figure 3.26a
for the projection in the three-dimensional space (P(sh), P(s%), P(sY)). For example
the extreme P, = (0.2, 0.1) determines the extremes (0.2, 0.1, 5 = 0.4) and (0.2,
0.1, min (43 = 0.9, 1 = 0.2 - 0.1) = 0.7) (P*zxr in Figure 3.26a).

Of course in the four-dimensional space (P(s"), P(s%), P(s%), P(s")) 10 extreme dis-
tributions are obtained by taking P(s=1- P(s") =P(s*) —=P(s"). For example the above
indicated pair of extremes determined by P, = (0.2, 0.1) give the pair (0.2, 0.1, 0.4,
0.3), (0.2, 0.1, 0.7, 0.0). The extreme points P! exr and PZEXT correspond to the cumu-
lative distribution functions F, oy (s*) and Fypp (s7) respectively. Table 3.15 presents
the lower probabilities for all the subsets of space S and their Mobius transform m,
confirming the rules given by Egs. (3.73) and (3.74) and shown in Figure 3.26b).

Table 3.14 Reachable bounds and lower/upper CDF in Example 3.31

s’ Frow(s) Fupp(s’) I;= Bel({s'}) u; =Pla({s"})=u(s")
s 0 0.2 0 0.2
s 0.1 0.3 max(0, 0.1 - 0.2) =0 0.3-0=0.3
5 0.7 1.0 max(0, 0.7 - 0.3) = 0.4 1.0-0.1=0.9
st 1.0 1.0 max(0, 1 —1)=0 1.0-0.7=03
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Table 3.15 Set functions in Example 3.31

i Xl X))  xi(s3)  xi(se)  Hrow (AY) m'= m(A")
1 1 0 0 0 0 0
2 0 1 0 0 0 0
3 0 0 1 0 0.4 0.4
4 0 0 0 1 0 0
5 1 1 0 0 0.1 0.1
6 0 1 1 0 0.5 0.5-0.4=0.1
7 0 0 1 1 0.7 0.7-0.4=0.3
8 1 0 1 0 0.4 0.4-0.4=0
9 0 1 0 1 0 0
10 1 0 0 1 0 0
11 1 1 1 0 0.7 0.7-1+0.4=0.1
12 0 1 1 1 0.8 0.8-1.2+0.4=0
13 1 0 1 1 0.7 0.7-1.1+0.4=0
14 1 1 0 1 0.1 0.1-0.1+0=0
15 1 1 1 1 1.0 1-2.3+1.7-0.4=0
P(s”) AXnm
1 R B
m=03
Pixr Fay --0.7 P }l‘XT i <
o =07 !
0.1 ian'
A3 m= 05,4
0.7 . Fopr
o SO o P 3
A @=0.1f-- m =0l
§ im =01
P(s?) «=0 i 7 s T
s s s s s
(a) (b)

Fig. 3.26 Example 3.31: (a) extreme points in the 3-dimensional space; (b) equiva-
lent random set

It is easy to show that the random set determined by Eqgs. (3.74) and (3.75)
is not the only random set compatible with the p-box: indeed, each com-
patible probability distribution is a particular random set compatible with
the bounds of the p-box (with focal elements given by singletons). How-
ever it must be considered as the natural extension of the information given
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by the p-box: the set Y& determined by Egs. (3.74), (3.75) and (3.10) (or
equivalently (3.11)) includes all probability distributions compatible with
the p-box and also the set ¥ of any other random set compatible with the
p-box. A A

For example, when the maximum of the contour function u(s’) = u(s’)
defined, through Eq. (3.73), by the p-box is equal to 1, the procedure pre-
sented in § 3.2.4) can be used to derive a consonant random set compatible
with the p-box: the focal elements are now the o-cuts of the contour func-
tion and the probabilistic assignment is again defined by the increment of
o. In other words: the information given by the p-box and additional in-
formation suggesting that the structure of the underlying random set is
consonant determine a consonant random set and a corresponding set ‘¥, of
probability distributions, and of course ¥, = W~.

Example 3.32. Let us consider the slowly enlarged p-box with respect to the p-
box discussed in Example 3.31, defined by Table 3.16. The 8 extreme points EXT"
of set ¥ = ¥* (the projection in the two-dimensional space (P(s"), P(s%) contains
4 extreme points because F Low(s)) = Frow(s?)) and the underlying non-consonant
random set are shown in Figure 3.27 a) and b) respectively. Of course this set ¥
strongly includes the set of probability distributions in Example 3.31, displayed in
Figure 3.26. Now u(s’) = 1, so the contour function can be assumed as a possibil-
ity distribution determining the consonant random set and corresponding set ‘¥, of

compatible distributions shown in Figure 3.28. The set EXT **, derived using the
procedures presented in § 3.2.3.4, contains only 5 (the extremes of a pyramid with
vertex in P'zxr and quadrangular base on the equilateral triangle P(s*)= 1 - P(s")-

P(s) - P(s’) = 0) of the 8 extremes in set EXT ¥ ; of course both EXT ' and
EXT ¥ contain the extreme points P! exr and PZEXT corresponding to the cumulative
distribution functions F’ Low(sj) and F Upp(sj) respectively. The same procedure can-
not be applied to the p-box discussed in Example 3.31 because the contour func-
tion maximum is 0.9 (Table 3.14, last column). Observe that the random set
shown in Figure 3.28b gives upper and lower CDFs corresponding to the bounds
of the p-box in Example 3.32, and hence outer approximations of the bounds of
the p-box in Example 3.31; however the set P, does not include the set P* in
Example 3.31.

Table 3.16 Reachable bounds and lower/upper CDF in Example 3.32

s' Frow(s’) Fupp(s) I= Bel({s'}) u=Pla({s'H)=p(s’)
s' 0 0.2 0 0.2
5 0 0.3 max(0,0-0.2)=0 03-0=0.3
5 0.7 1.0 max(0, 0.7 - 0.3) = 0.4 1.0-0=1
st 1.0 1.0 max(0, 1 —1)=0 1.0-0.7=03
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Fig. 3.27 Example 3.32: (a) extreme points in the 3-dimensional space; (b) equivalent
random set

8 P(s) ) A Zm
a = | |fbermmmcccc s c s nsaaaa
m'=0.7
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a'=0 . - - - =
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Fig. 3.28 Consonant random set in Example 3.32: (a) extreme points in the 3-
dimensional space; (b) focal elements and probabilistic assignment

Consonant approximations of non consonant random sets measuring variables
(for example input variables of engineering systems) are very attractive, as will be
shown in Chapter 5.1.3. However, as shown in the above examples, consonant
approximations that yield the same (or even outer approximations of ) upper/lower
CDFs may not guarantee inclusion of the overall convex sets of compatible prob-
ability distributions. Hence, when the reliability of a system is described by non
linear function, using such consonant approximations may lead to unsafe predic-
tions of the expected reliability.
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Example 3.33. Let S ={s', sz, s s s4}, and consider the point-valued function f(sj )
defined by the mapping: {s', sz, s s s4} — {5, 20, 10, 0}. The permutation leading
to a monotonic decreasing ordering of the function f{s’) is the following:

n(s%) = 1, i(s’) = 2, a(s') = 3, n(s*) = 4).

Table 3.17 shows the corresponding dual extreme distributions giving bounds of
the expectation, by the dual set functions Pla and Bel derived by the p-boxes (and
corresponding random sets) considered in Example 3.31 and Example 3.32. Rela-
tions (3.18) and (3.19) in these examples give the same extremes, and therefore
the same bounds of the expectation:

Eupplfl = 5x0.0+20x03+10x0.7+0x0.0=13.0;
Erowlfl =20x0.0+ 10x0.5+ 5x0.2+0x0.3=6.0

On the other hand, considering the information on the space S given by the con-
sonant random set compatible with the p-box in Example 3.32, Table 3.18 shows
the extreme distributions that give the expectation bounds of the same function f.
By comparing with Table 3.17 , Pgxr, Upp(sj) remains unchanged, but Pgyr LOW(sj) is
now different and coincides with P'EXT, hence, again: Eypp[f] = 13.0 ; while the
lower bound increases to: E;ow[f] =20% 0.0+ 10Xx0.7 +5x0.0+0x0.3=7.0.

Table 3.17 Dual extreme distributions for function in Example 3.33 and p-boxes in Exam-
ple 3.31 and Example 3.32

T Pla(T)  Pgxrupe (5) Bel(T)  Prxrow(s)
' ={s] 03 P(s)=Pla(T") 00.  P(s)=BelT")
=03 =0.0
T2 ={s%, 5] 1.0 P(s’) =Pla(T") - Pla(T ) 0.5 P(s’)= Bel(T*) - Bel(T ')
' =0.7 =05
T ={s.5",s'] 1.0 P(s')=Pla(T"’) - Pla(T*) 0.7 P(s")=Bel(T") - Bel(T*)
=0.0 =0.2
T=5§ 1.0 P(sY=Pla(T*- Pla(T? 1.0 P(sH=Bel(T*) - Bel(T>)
= 0.0 =0.3

Table 3.18 Dual extreme distributions for function in Example 3.33 and the
consonant random set included in the p-box considered in Example 3.32

T Pla(T) Pexrupp (5) Bel(T) Pexrrow(s)
T! :{Sz} 0.3 P(sH)=Pla(Th 0.0. P(s°)=Bel(T "
=03 =0.0
T2 = {sz,s3} 1.0 P(s>)=Pla(T% - Pla(T" 0.7 P(s*)= Bel(T *) - Bel(T 1)
=0.7 =0.5
2=l ¢l 1.0 P(s")=Pla(T")- Pla(T?) 0.0 P(s"y=Bel(T *) - Bel(T %)
o =0.0 =02
T =S 1.0 P(s") = Pla(T*- Pla(T?) =03 P(s")=Bel(T") - Bel(T ")
0.0 =03
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3.4.3 Convex Sets of Parametric Probability Distributions

In many applications the available information suggests that a special type
of probability distribution can be assumed in modeling a variable, but pre-
cise value of parameters p;, p,, ...on which the distribution depends (e.g.
mean value, variance etc.) are not known: for example a set of values for
each parameter (a subset of the space of possible values) is given, or more
generally a joint subset W, ,» . (perhaps convex) of the Cartesian product
of the spaces of possible values. The information therefore defines a set ¥
of probability distributions and consequently upper/lower bounds of any
event (Eq. (3.37)) or previsions (Eq. (3.50)). However the bounds gener-
ally do not correspond to upper/lower bounds (Bel / Pla set-functions) of
an equivalent random set or to 2-monotone Choquet and alternate Choquet
capacities.

Example 3.34. The damage to residential buildings observed after earthquakes is
generally well described by binomial distributions on a finite integer scale d rang-
ing from O (no damage) to 5 (total collapse). A binomial distribution is completely
defined by its mean value L, or by the binomial coefficient p in the range between
0 to 1 (equal in this case to W/5), depending on the seismic intensity and the build-
ing structural type.

5!

di oy \SdT
—dj!-(S—dj)!p (1-p) " 1d’€{0,1,...,5} (3.76)

Bin(dj,p)=

Supposing that p is not precisely known, but restricted by the set ‘¥, = [0.1, 0.4],
the bounds of each subset of the damage space D = {d' =0, d*= 1, d’= 2, ... db=
5} can be evaluated. It is easy to check that the Bin function is non-monotonic

with respect to p: for any value d’ an extreme maximum value is obtained for p = d
1/5.
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' P(d’, P) A P’y
0.7 0.7 |
0P
0,6 —0— p=0.1 0,6 | 0P,
Lol 2
0.5 02 050 —BIN,,,
£ 03 -=====-BIN;p

(@) (b)

Fig. 3.29 (a) Probability distributions in Example 3.34 for the 2 extremes and 2 in-
ternal points of set ¥, = [0.1, 0.4]. (b) Dual extreme distributions (P.ow and Pypp)
for the permutations (1(0)=3, n(1)=2, n(2)=1, ©(3)=0, n(4)=5, n(5)=4) of the in-
dexes, and binomial distributions with the same mean value (BIN; oy and BINypp)

Therefore for d* = 1, this extreme value (p = 1/5 = 0.2) is within the interval ‘¥,
=[0.1, 0.4] (see Figure 3.29 a): the upper bound of the probability of subset { d*}
is not the maximum of the values given by the binomial distribution function de-
fined by two extremes of the convex interval ‘P,,.

By checking permutations of the indexes, Egs. (3.18) (3.19) could be used to
derive dual members of the set EXT of the extreme distributions. Figure 3.29 b)
shows the numerical results for a particular permutation (1(0)=3, n(1)=2, ©(2)=1,
1(3)=0, m(4)=5, ©(5)=4) compared with binomial distributions with the same mean
value: the extreme distributions are clearly not binomial distributions. Therefore
they do not belong on set ¥ of the probability distributions describing the avail-
able information. This conclusion implies that the (coherent) lower probabilities
which can be derived by the set ¥ by means of Eq. (3.37)a are not 2-monotone
Choquet capacities: the corresponding set EXT contains distributions which do not
belong on ¥ (= ¥*) and hence the lower probabilities are simply 1-monotone set
functions.

Example 3.35 (Example 3 in (Hall and Lawry 2004)). A set of log-normal prob-
ability distributions is defined on the infinite space S = {s€ (0, +e°)} by imposing
that In s is normal with mean | € [0.1, 1] and standard deviation ¢ € [0.1, 0.5].
Observe that the four extremes of set W, = [0.1, 1]x[0.1, 0.5] define a p-box
containing the CDFs of the assumed probability distributions, but the extreme
Frow(In s) and Fypp (In s) are not normal distributions: for example Frow ( In 5)
=: Nu=1,0=01)forlns<u=1;N@=1,6=0.5) for In s > . A finite
approximation of the problem was developed in the same paper through a finite
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partition of space S (or equivalently of space Sy = { In s€ (-co, +0)}) given by the
5 singletons s/ (the intervals listed in Table 3.19, second column). The same table
gives the upper and lower values of the CDFs on the space of the singletons, and
also the upper and lower values of the probability of the singletons, searching for
the pair (W,0) giving the maximum and minimum respectively. For example
uUpp({s3}) ~ 1 is given by (L = (0.1+1)/2 = 0.55, ¢ = 0.1); note that it is not an ex-
treme point of .. In a similar way the paper gives upper and lower probabilities
of each member of the algebra generated by the partition, demonstrating through
the Mobius transform m that they are simply 1-monotone set functions.

Table 3.19 Lower/upper CDFs and probability of the singletons in Example 3.35

5! s Fron(s) Fures))  prow({s’D  pyepe{s’})
5! ( 0, 0.891) ~0 1/3 ~0 1/3
5 [0.891, 1.154) ~0 2/3 ~0 0.651
s [1.154, 2.604) 173 ~1 1/3 ~1
st [2.604, 3.372) 2/3 ~1 ~0 0.651
s’ [3.372, +e0 ) 1 1 -0 /3

If alternatively the p-box shown in the first 4 columns of Table 3.19 is assumed
as the relevant basic information, the above procedure described in § 3.4.2 can be
used. Different lower and upper probabilities of the singletons, derived according
to Eq. (3.73), are listed in Table 3.20; the focal element and probabilistic assign-
ment of an equivalent non-consonant random set are shown in Figure 3.30a); this
random set determines different lower and upper probabilities of each member of
the algebra generated by the partition (Choquet and Alternate Choquet capacities
of order ).

Also observe that the contour function shown in Table 3.20 can be assumed as
a possibility distribution, determining the consonant random set shown in Figure
3.30 b), again compatible with the bounds of the p-box. This consonant random
set gives upper and lower probabilities not very different from the values directly
derived from set ¥,.s: for example Bel({s’}) is exactly equal to 1/3, while
Pla({s*}) = Pla({s*}) increases from 0.651 to 2/3 = 0.667.

This consonant random set is not very different from the nearly-consonant ran-
dom set obtained in (Hall and Lawry 2004) through a specific procedure proposed
by the authors and called Iterative Rescaling Method (IRM). However it is important
to underline that the random set obtained by IRM (or its consonant approximation
shown in Figure 3.30 b) and the non-consonant random set in Figure 3.30 a), al-
though giving the same upper/lower CDFs, are not comparable: they are not differ-
ent discrete approximations of the same information, but discrete approximations of
different original information (the set of log-normal distributions in the former case,
the bounds of the corresponding p-box in the latter).
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Table 3.20 Lower/upper probabilities of the singletons from the p-box in Table 3.19

s’ Frow(s’) Fupp(s’) Hrow({s’}H) Hypp({s’})
st ~0 1/3 ~0 1/3
5 ~0 2/3 max (0,~0-1/3) = 0 2/3 - ~0 =0.667
5 173 ~1 max (0,1/3-2/3) = 0 1-~0=~1
st 2/3 ~1 max (0,2/3- ~1) =0 ~1-1/3 =0.667
s’ 1 1 max (0,1- ~1) = ~0 1-23=1/3
A X @
al = 1 .................
m'=0.333
o’=0.667 p---------- : |
n=10.333
o’ =0.333 |- :
m'=10.333 |
G'4= 0 1 i :.1 :< -
s s 8§ s s s
a >y (b)
OLI =1 I T
m'=0.333
o’ =10.667 [~~-=~==-==
m=0.333
o'=0.333---
i i m'=0.333
o'=0 | 3 1 ;-
) A M 5 5 )

Fig. 3.30 Random sets in Example 3.35: (a) non-consonant random set by the p-
box; (b) consonant random set
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3.5 Conclusions

The concept of random set has been introduced in this chapter, demonstrat-
ing that in many cases, but not all, it can be useful to model the actual un-
certainty about variables; in particular, in view of the applications to be
discussed in the following chapters, the variables of interest to engineering
problems. This model appears to be a powerful generalization of the clas-
sical probability theory, but it is a particular case of a more general theory
of measures, related to classes of events through monotone non-additive
functions.

It has been shown that the theory of random sets contains as particular
cases, in addition to the probability measures, both the models of uncer-
tainty based on the classical set theory (convex modelling, interval analy-
sis) and the so-called possibility theory, which, on the other hand, can be
considered as a particular interpretation of the general fuzzy sets theory.

In the following chapters the theory of random sets will be developed
considering multivariate problems and therefore analyzing the reciprocal
interaction (dependence, independence, correlation) between different
variables and its influence on the estimation of dependent functions.
Within this broader ambit the extension principle will be introduced, with
reference both to point-valued functions and to more general set-valued
functions, and the very important rule of inclusion of random sets, which
appears to be of particular interest in applications for reliability and risk
evaluations of engineering systems.

It will be shown that in many applications, uncertain data, which would
require rigorous but complex procedures within the ambits of imprecise
probabilities or monotone set measures, can be modelled with good approxi-
mation by means of random sets, so obtaining remarkable computational
advantages.
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Notes

N 3-1 Evaluation of the selectors requires precise knowledge of multi-
valued mapping, which generates focal elements not necessarily distinct.
In computing Bel(T), Pla(T) and ¥ , coincident focal elements can be
grouped in a unique focal element with probabilistic assignment equal to
the sum. However the cardinality of the set of selectors will be decreased
by the grouping. In (Miranda, Couso et al. 2002) the case of infinite coin-
cident focal elements over a finite space S is considered; they are gener-
ated, through multi-valued mapping, by a probability measure on X infinite
but “atomic”: SCT is non-convex (it shows fractal properties) and does not
coincide with W. The coincidence requires, for finite S, conditions of con-
tinuity for the functions, satisfied if (but not only if) the measurable space
on X is “non-atomic”. More complex conditions are required when S is
infinite (Miranda, Couso et al. 2003).

N 3-2. For example observe that, subdividing the first focal element
({s', 5°},0.5) in two coincident focal elements and probabilistic assign-
ments summing to the first ({s], s2},0.4), ({s], sz},O.l), the number of
selectors increases to 12 (although not all different), in any case on the
border, while the 4 extremes, and therefore the set ¥ do not change.

N 3-3. Within the ambits of a behavioral interpretation of the probability
assumed by Walley, the functions f can be considered as “gambles” and
the “prevision” Eiowl[f] the “supremum buying price” for the gamble f. Eq.
(3.44) must be respected for “avoiding sure loss” (see Walley 1991), §
2.4.1 for definition of avoiding sure loss; § 3.8.5 for equivalence to the
condition of non-empty set ). When condition (3.44) is not respected, ac-
cepting a group, each one individually desirable, of gambles produces sure
loss.

N 3-4. According to Walley “a probability model is incoherent if calculat-
ing the implications of the model would lead to its modification”. In § 2.5
of his book, Walley gives a formal definition of coherence and also a gen-
eral condition to uncertain a priori, using the original bounds, coherence of
the available information. Of course coherence implies avoiding sure loss,
i.e. Eq. (3.44), but not vice versa.

N 3-5. For a more extended list see (Walley, 1991; § 2.7.4). A simple

example in § 2.7.5 shows that lower probabilities satisfying all listed
necessary conditions would be not coherent or directly incur sure loss.
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N 3-6. This follows from the fact that the infimum for the union of disjoint
sets is equal to the sum of the probabilities of the two sets evaluated
through a probability distribution in the set ¥, not necessarily coinciding
with the probability distributions giving separately the infima for the
probability of the two sets.

N 3-7. This follows from the fact that the supremum for the union of dis-
joint sets is lower or equal to the sum of the probabilities of the two sets
evaluated through a probability distribution in the set ¥, not necessarily
coinciding with the probability distributions giving separately the suprema
for the probability of the two sets.

N 3-8. This condition appears in some cases stronger than the corresponding
condition Pro(B)>0 when conditioning precise prior probabilities with re-
spect to B. In fact it is more common for an event to have lower probability
zero than precise probability zero. In his book, Walley presents an alternative
model (coherent sets of desirable gambles) equivalent to lower previsions or
sets of compatible distributions, but feasible to conditioning with respect to
an event or likelihood function with zero lower prevision. See for example
simple numerical examples in (Walley 2000).
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Chapter 4
Random Relations

In this chapter, the notions introduced in Chapter 3 are extended to the case
in which the uncertain information is assigned by means of marginal ran-
dom sets on several different spaces, S;, or by means of a random relation
on the Cartesian product S = xS;. The multifold concept of independence is
firstly introduced within the general framework of imprecise probabilities,
and then specialized to random relations. A definition for correlation be-
tween variables constrained by random sets/relations is proposed.

4.1 Random Relations and Marginals

In Chapter 3, we focused our attention on uncertainty affecting one vari-
able. We now want to extend the definitions of random set to multi-
dimensional spaces, where several uncertain variables can be described.

More precisely, let S be the Cartesian product of sets S;, i=1,...,v where the

i-th uncertain variable takes values on S;. A random relation is a random
seton §=35,X..5,, i.e. it is a family of n focal elements, A’ c S, and the

basic probabilistic assignment, m(A"), that satisfies the conditions:
m(D)=0; X; m(A)=1. In the following, reference will be made to the two-
dimensional case, its extension to the multidimensional case being
straightforward. Figure 4.1a exemplifies a case in which the random rela-
tion is composed of three focal elements.

For any subset T < S, it is possible to evaluate the values of the set-
valued functions Bel(T) and Pla(T) and the probability bounds on T by us-
ing Eq. (3.3); therefore:

P(T) € [Bel(T), Pla(T)] 4.1)

For example, in Figure 4.1a: P(T) € [ m(A%), m(A") + m(A%)].

Figure 4.1b illustrates that a focal set, A’ projects onto the s;-axis as the
set (interval if A’ is simply connected, multiple intervals if A’ is not simply
connected)
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Al :{s1 € S, 1(s,,s,)e A" for some s, € Sz} 4.2)
and onto the s,-axis as the set
Ay={s,e$,1(s,.s,)e A" for some s, € S, } (4.3)

As in the case of random variables (Egs. (2.23) and (2.24)), the marginal
probability assignment, m;, on the s;-axis is defined by using the marginal
(or additivity) rule (if projections of different focal sets coincide)

m; (47)= ALAZ:AI__ m(A') 4.4)

Random sets {(Al’ ,m; )} and {(A;,m'2 )} are called marginal random sets.

\/ y

o
——
—

5
—
-

a)

Fig. 4.1 a) Random relation with three focal elements; b) marginals of focal ele-
ment A’ and contours of one possible probability distribution P’ e ¥’

From Eq. (3.11), recall that a random set can be defined by using con-
vex linear combinations of all probability measures defined over the focal
elements (and equal to zero elsewhere). The coefficients of the linear com-
binations are fixed, and they are equal to the probability assignments (' in

Eq. (3.11)). Formally, let P' be a probability measure in the set of prob-
ability measures, V', which are zero outside the focal set A’. Figure 4.1b
illustrates the contour of a distribution induced by P'e ¥'. A random
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4.1 Random Relations and Marginals 105

relation is the set, ¥, of probability measures, Pgs, obtained as convex
combinations of P’

¥ ={PRS  Pog =im(Ai)Pi} (4.5)

Let % = (A4, m;) be a marginal random set, where the focal elements are 4,
= {A,i peees ALK } , and the probability assignment is my;, = {m}( oo NI } Accord-

ing to Eq. (4.5), the set of probability measures, ‘¥, associated to the k-th
marginal is

T . . . ;
‘Pk={2(mk(A,’<)~P,j)lP,je‘P}(}, (4.6)
i=1

where ‘Pj( is the set of all probability measures defined over the focal ele-

ment A,’; (and equal to zero elsewhere). Let us now investigate the rela-

tionship between the elements in ¥, and those in ‘¥ by taking the marginal
of Prs € ¥ onto S;:

noo | o
Pes (% S,) =2 m'P'(:x8,) =3 Z m'P'(-x$;) 4.7)
i=l j=li:Al=A]

By equating the last expression in Eq. (4.7) to Eq. (4.6), one has:

m{P ()= D mP'(xS,), (4.8)

A=A
and by remembering Eq. (4.4), one obtains the final expression for an element
of Wi:
i A=A/
B/ ()=—=— ; 4.9)
> m

A=A

Eq. (4.9) can be interpreted as follows. Attach a mass equal to probabilistic
assignment m' to each projection of a joint probability measure P’ e ¥’
over a joint focal element A’ whose projection is Alj . A marginal probabil-
ity measure in W/ is the centroid of this system of masses, which will
“resemble” the projection of joint probability measure(s) with the larger
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probabilistic assignment(s). On the other hand, since V' contains all joint
measures that are zero outside A’, each probability measure in ‘I’{ can be

generated by means of Eq. (4.9).

Similar to the one-dimensional case dealt with in Section 3.2.3.2
(page 35), a selector of a random relation {(A’, m")} is a random vector,
V= {(vi, mi)} (Section 2.4 page 23), whose values V' are included in the focal
elements A. Call SCT the class of selectors; marginal selectors are
marginals of Ve SCT.

If the focal elements of a random relation {(A’, m’)} can be ordered in a
nested sequence, such that A'c A" i=1,2, ..n-1, the random relation is
termed consonant, and properties similar to the one-dimensional case hold
(see Section 3.2.4). In particular, information given by the random relation
is equivalent to the point-valued contour function, i.e. the possibility val-
ues, T(sy, 5»), of the singletons {(sy, s,)}, which is the membership function
Wr(s1, §2) = T(sy, 5») of a fuzzy relation F with (see Eq. (3.24)):

My (sl,s2)=Pla({s1,S2})= _ Z m(Ai) (4.10)

Ali(sy,s, )e A’

Y-

Fig. 4.2 Consonant random relation with three focal elements and its marginal
consonant random sets
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The focal elements are the o-cuts of the fuzzy relation for the finite se-
quence a1 =1, 0 <0 , ..., Opt] < O , 041 = 0, with probabilistic as-

signment m(a’A) = o - 0j+1 (Eq. (3.27)). Figure 4.2 illustrates a case in
which n =3.

For a consonant random relation, the marginals are consonant random
sets that are fuzzy sets, F; and F,, whose membership functions are simply
defined by the following equations (S; and S, are finite sets; for infinite
sets, the “sup” operator should be substituted for “max”):

,Ul(sl):“;axﬂ(sl,sz)? ﬂz(sz):rrgsaxu(sl,sz) 4.11)
2 1

i.e. they are the projections (Klir and Yuan 1995) of the fuzzy relation onto
the space of the single variables, see Figure 4.2.

When all focal elements A’ are nested Cartesian products, the random re-
lation F= {(A", m")} is termed consonant random Cartesian product or fuzzy
Cartesian product (Figure 4.3). Section 4.3.5 (page 174) deals with the case
in which the marginals are given and the fuzzy Cartesian product is derived.

-3

!’.

]-'j:(“':) 1

Fig. 4.3 Consonant random Cartesian product with three focal elements and its
marginal consonant random sets
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Once a random relation is assigned, its marginal random sets are always
uniquely determined by Egs. (4.2) through (4.4). However, if only mar-
ginal random sets are given on S; and S,, the available information does
not uniquely define the information on the joint space S = S;xS, for two
distinct reasons:

a) Unless a rule is known or assumed a priori, the marginal focal elements
do not uniquely determine the focal elements for the random relation.

The Cartesian product is just an example of such a rule: AY = Ali X Azi .
b) Per the additivity rule (Eq. (4.4)), a marginal focal element, say Al

could be the projection of more than one focal element, say Ali and Al-i ,
among which it is thus necessary to apportion the marginal basic prob-
abilistic assignment m( Ali ).

In the theory of precise probability, it is the second reason that brings
about the indeterminateness of the joint probability distribution when only
the marginal distributions are given. On the contrary, the first reason does
not apply because the marginal focal elements are singletons (say

Al = {sli} ; Al = {szj } ), and thus the focal element is always uniquely de-
termined ( A"/ = {sli,szj} ).

In order to understand the implications of combining two marginal ran-
dom sets on a joint space, it is necessary to make an excursion into the
wider context of imprecise probabilities, similar to the approach taken in
Section 3.3. Section 4.2 explains that in the theory of imprecise probabili-
ties the concept of independence is not unique. In Section 4.3, the first is-
sue is solved by using the Cartesian product of marginal focal elements,
and the concepts of independence in the theory of imprecise probabilities
are used to overcome the second source of indeterminateness. In Section
4.4, the hypothesis of Cartesian product will be relaxed in the investigation
of correlation.
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4.2 Stochastic Independence in the Theory of Imprecise
Probabilities

Let us recall two notions from the theory of precise probability:

a) Let P(T%)>0. The conditional probability of T' conditioned on 7° is
defined as (Egs. (2.4)):

P(T''T?) := P(T' T/ P(T°) 4.12)
b) Two events, T" and 77, are said to be independent if (Eq. (2.6)):
P(T' N T%) := P(T") P(T?) (4.13)

In the case of two marginal variables, let P; be the probability measure on
the c-algebra of S;. Coherent with Eq. (4.13), the joint probability measure
on the joint measurable space (S, S) (Section 2.3) for independent vari-
ables is defined as the product measure

P=R®P,:c={U,xU,:U;€ 8;} -[0,1] given by (Egs. (2.31)-(2.35)):

B ®P,(U,xU,)=FR(U,)P(U,) (4.14)

and P can be extended to any subset in the G-algebra § generated by C.

Eq. (4.14) and the definition of conditional probability (4.12) establish
that the conditional probability measures for independent variables yield
the marginal probability measures

P(-x 8,18, x{s,})=P(-x{s,})/ P(S,x{s,}) =
= () P, ({Sz}) (H (Sl).P2 ({SZ})):PI() Vs, : P, ({sz})>02 (4.15)
P(S;x-1{s;}xS8,)=Py (") Vs;:R({s})>0

This means that: if we learn that the actual value of the second variable is
55, then our knowledge about the probability measure for the first variable
does not change. Likewise for the second variable. Let us now consider the
extension to the case in which a generic convex set of probability meas-
ures, V;, is assigned to the i-th variable, i.e. ¥; does not have to satisfy Eq.
(4.6). Definitions in this section are taken from (Walley 1991; Couso, Mo-
ral et al. 1999; Vicig 1999; Ferson, Nelsen et al. 2004).
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To exemplify, if sets S; are finite, as in Section 2.3, let P; be a probabil-
ity distribution on §; = { sl:i :j=1,..., n;}, and let p; be an n—column vector
whose j-th component is Py s,:i). Let f,-k S >R, k= 1,....k; be a set of
bounded functions on S; (gambles according to Walley’s nomenclature),

whose expectations (previsions according to Walley’s nomenclature) are
(Section 3.3.2 on page 62 and Eq. (3.39)):

n

E[F]=3 5 (s7)B(s7)=(8) » (4.16)

~
—_

where fl.k is an n—column vector whose j-th entry is f( slzi ). Set ¥; may be

assigned as the set of distributions p; bounded by hyperplanes (4.16) (Eq.
(3.41)):

¥ = {Pi ‘Erow [fzk] < (fik )T P < Eypp |:fik ]} 4.17)

In Eq. (4.17), if no constraint is assigned to the lower or upper expectation
bound, then E, [ it ] and E;pp [ fF ] are assigned values equal to -oo
and +eo, respectively.

Alternatively, and in an equivalent way, let ETX; (of cardinality & =
|[ETX; ) indicate the set of extreme distributions (vertices) of ¥;, piXT_ ,E=

1,..., & W, is the set of convex combinations of pi_XT :
3 - 3 ¢ ¢
¥, =P P = D¢ PEXTI_,ZQ =1, ¢ 20 (4.18)
&=l ¢=l1

If sets ¥/ and W, are empty (see Section 3.3.2.1), then the set of joint
probability measures is also empty. In the following, it is therefore as-
sumed that sets ¥;” and ¥; are not empty. If the bounds in (4.17) are not
coherent (Section 3.3.2.2), all optimization problems that follow will yield
coherent solutions because the solutions p; will be in ¥ £, and thus the so-
lutions will satisfy the following coherent bounds (Eq. (3.50)):
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E k= min E,| ¥ |: E k= E,| f*
LOW ¢ [f: ] pren\;?E p|:-fl ] UPP,C|:fl ] ;IB‘%XF p[f: ] (4.19)
This will be exemplified in Example 4.5. In order to unclutter the notation,
in the following the superscript “E” for “natural extension” will be
dropped from P}~
In finite spaces, let P be a probability of the joint elementary events on
S, and let P be an n;xXn, matrix with (i, j)-th entry pi’f = P(sf,sj ) Con-

sider now a linear function of the probability mass: zl :";,J]:nz a“ p"i ; the
1=l =
probability of an event (subset) 7<S is obtained by setting a”/ = 1 if

(sf , sii )e T, d" = 0 otherwise. Likewise, the expectation of a function g on

S (prevision of gamble g, according to Walley’s nomenclature) is obtained

by setting " = g (sf 8] ) . When expectation bounds are given on the mar-

ginals, constraints (4.17) may be expressed in terms of the joint probability
P by using Eq. (2.24), i.e.:

p=P1,: p, =P"1,, (4.20)

where 1( ) is a column vector of unit components of length n;:

n;

Evow [ 1] <(8) P, S Eupp £ k=l 17 =0.202D (4.21)

In the following sections, we will be concerned with the problem of find-
ing the maximum or minimum of a function on the joint distribution (e.g.,
finding bounds on the probability or on the expectation of an event 7cS)
subject to constraints, e.g., of the kind in Eq. (4.21). There are two options
to find the extreme values of functions on the joint distribution:

1)  Using global optimization to find the point(s) at which the minimum
or maximum value of the objective function is achieved. This option
directly focuses on the optimal solution, which is apparently more
efficient if only one maximum or minimum must be calculated.
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2)  First finding all extreme points for ¥ (the set of joint probability
measures/distributions that satisfies the chosen definition of inde-
pendence), and then restricting the search to the extreme points of
Y. This second option can be used only if the objective function
and constraints are linear (e.g., probability of an event or expecta-
tion of a function). Theorem 4.1 below ensures that even the
maximum and the minimum of conditional probabilities are
achieved at the extreme points of V.

Theorem 4.1. The minimum and maximum values of a conditional prob-
ability in the joint distribution are achieved at the extreme points of the
convex set of the joint distributions V.

Proof: By inserting the marginal expression for p, (sé) (Eq. (2.24)) into

the expression for the conditional probability p,, (s{ Is{) (Eq. (2.25)), one

obtains:

V(sf,sg)eS: p1|2(sfls§)= P
Zpi‘j (4.22)

Let P.€ ¥ andP,, € . The conditional probability pm(slilszj) on each joint
) . L T, . . L T,
distribution is py, - (s{ sy ) = py’ /Zpi” , and  py . (sll sy ) = pu/ /Zpi’*j ,
i=1 i=1

respectively. Assume p“z,*(sf |'s] )2 puz’**(sf | 5] ), then any interior point

P

oy DEtween P, and P. may be written as AP +(1-2)P.., 0<S A<,

nnnnnn

based on the new joint distribution P, is:

(new) °

ij

i i pnew A«Pi’] +(1-4 pi;!
pl|2,new(sl |SQ/)= n ( ) ) = " o ( ) n . (4.23)
Yol AN (-2 P
i=1 i=1 i=1
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By subtracting Eq. (4.23) from (4.22), one obtains:
Api’ +(1-2) pid pt’

AP+ (=) P Y p
i=1 i=1 i=1
[Pl + pw}Zp l:ﬂZpi’W(l—ﬂ)Zpi;’}p”
i= i=1
{ﬂipx’l +(1- ﬂZp }ZP
i=1

ARTAN i1 o) =
P1|2,new(51|52) Puz,*(sllsz)—

(1- ﬂ)[pi;fz pi - pi’jz pi?ﬁ]
{ > (1= 2) 3 Pt }zp” (4.24)
i=1 i=1

(1 ﬂ[p**’ip —pi’-’ipi;’]/(ipi’j'ipi;-"J
{QZP +(1- in :IZP”/{ZP” Zp ]

1-2 i o i
(pw /ZPH _P*’j/ZP*J]

[Pm**(s‘ 's2) p“zv*(sf Iszjﬂ’

(I—Z)Zpi;j

where A= - >0.

m

A pel +(1- /1217
i=1

Since  py, (51l sy ) 2 P (Sf | 55) Pu2,new (Sll |55)_ P » (Sf sy ) <0, ie.
Pin(s1152) 2 prosen(st’ |S2) Likewise, pip nen(si’ |S2) 2 pips(s1' |Sz)

In conclusion, given two extreme points on the convex set of joint dis-
tribution, P, and P.., and pip(si'lsy) = pip+«(s'lsy), any interior point

P

o) between them satisfies the inequality p1|2,*(s]ils2j) > Pipnew(St |s2)
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p”2’>:<*(sli|s2j). The minimum and maximum values of conditional probabil-
ity are thus achieved at the extreme points of the convex set of joint distri-
butions.

Therefore, regardless of the type of independence introduced next, the
conditional upper and lower probabilities are reached at an extreme point
of V. [ |

When constraints are linear and the second option is used, the general al-
gorithm for finding the extreme points of ¥ is based on the interpretation
of ¥ as a polytope in the s-dimensional space of the singleton’s probabili-
ties (s = n; X n, for joint probabilities) given by the intersection of half-
spaces, whose equations are the prevision bounds in Eq. (4.17). The algo-
rithm is as follows (modified after Walley 1991, page 511):

1. In the s-dimensional space, ¥ is bounded by n linear inequalities
(e.g., Eq. (4.21)) and s nonnegative constraints on singletons ',
P(s") > 0. Consider (s-1) constraints at a time in addition to the
constraint that the sum of probabilities of the singletons is 1.

2. Write the (s-1) inequality constraints as equalities. If the system of
equations is singular, then either there is no solution (e.g., upper
and lower bounds on the same prevision have been used) or there
are infinite solutions (e.g., an entire face of the polytope V¥); in ei-
ther case, go back to point 1. If the system is not singular, compute
the unique solution P.

3. If P satisfies all the remaining (n+s+1) —s = n + 1 constraints, P is
an extreme point of the joint distribution set ‘¥, otherwise it is not.

4. Repeat Step 1 to Step 3 until all combinations of constraints are
considered.

4.2.1 Unknown Interaction

If nothing is known about dependence or independence between s; and s»,
and if it is not known which probability measure in ¥, and ¥, must be
combined, then unknown interaction should be used. The set, 'y, of prob-
ability measures on a sigma algebra of § is the set of all joint probability
measures, P, that respect the marginal rule (2.23), i.e. whose marginals are
in ¥, and ¥,, i.e.:

P(-x8,)e¥, ; P(S;x:)e ¥, (4.25)
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In finite spaces, upper and lower bounds for any linear function of the

]] jlnz “/p" (and thus upper and lower probabili-
J

probability masses Z
ties of events or upper and lower expectations) are determined by solving
two linear optimization problems in the p*. Indeed, when expectation
bounds are given on the marginals, constraints (4.25) are linear constraints
obtained by expressing the marginals in Eq. (4.17) in terms of the joint
probability P by using Eq. (4.20) as in Eq. (4.21). The complete optimiza-
tion problem in the n;xn, components p" reads:

L. i=nj=n, i i=nj=n, i
minimize Z PR phd —z PR g ptd
i=l; j=1 i=1; j=1

subject to
Eow [ £F]<(85) P2, S Egpp[ £ ik =1k i=12 (426)
L) Pl =1

i,j L o
p 20 i=1..,n; j=1..,n,

Besides solving the optimization problem in Eq. (4.26), one may first use the
algorithm on page 114 to calculate the extreme points of ¥ defined by the
constraints in (4.26), and then calculate the objective function on the ex-
treme points. Example 4.1 exemplifies both ways of finding upper and lower
previsions; in particular, Table 4.2 lists all extreme points of ¥ for that
specific problem.

When extreme distributions are given on the marginals, constraints
(4.25) are linear constraints obtained by expressing the marginals in
Eq. (4.18) in terms of the joint probability P by using Eq. (4.20), i.e.:

P =P1,, chlfpi“xn
&=

2

p, =P"-1, = ;cg’ P, (4.27)
=1

4

def =1, cf 20;i=1,2

&=l

The complete optimization problem in the n,xn, components p” and in the

4

&+& components ¢f then reads:
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R . i=n ;j:n - . .. i=n ;j:n Coe e
minimize E PTG ph | - E PR g phh
i=1; j=1 i=1; j=1
subject to

g
ln)_Z;cléfpgxrl =0

&
] 5 (4.28)
P1, _ZCZPEXTZ =0
=
&
Zcf‘g =1, cff >0;i=1,2

In the optimization problem (4.28), it is not necessary to add the constraint
l(nl)T -P~1(n2) =1 because, if the first and third constraints are satisfied,

then by pre-multiplying by I(HI)T one obtains:

1( Z ¢ pEXT]
(4.29)

Example 4.1. Consider the case in which a two-component resin has to be applied
at a construction site to anchor steel bars. Cartridges of resins A and B should be
contained in two different 10-cartridge boxes. Unfortunately, the manufacturer
mixed up the boxes’ contents, and only some of the cartridges were counted when
the boxes were opened in the field. Box 1 contains 5 A’s, 2 B’s, and 3 unknown
component cartridges; Box 2 contains 3 A’s, 3 B’s, and 4 unknown component
cartridges. A worker in the field takes one cartridge from Box 1 and then one car-
tridge from Box 2; we are interested in the joint probability of the selected car-
tridges. As we are just given the marginal probabilities, all we know is that the
joint probability measure must satisfy Eq. (4.25). One cartridge is selected from
each of the boxes, but we cannot assume stochastic independence, and it is possi-
ble that a correlated joint procedure is used to select the two cartridges. For exam-
ple, it may be that cartridges are numbered from 1 to 10, and when the worker
picks the i-th cartridge from either box, he picks the i-th cartridge from the other
box. In the present case, “independence” is just our lack of information about the
interaction between the two selections.
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As depicted in Figure 4.4, S; = {A, B}, S = {(A, A), (A, B), (B, A), (B, B)}; the
marginal probabilities of elementary events are listed in Table 4.1 (where gray
hatches indicate the extreme points of the sets ¥, Section 2.2.3.4), and are de-
picted in Figure 4.5. Under the unknown interaction assumption, ¥y contains all
joint probabilities of elementary events on S whose marginals are in ¥ and ¥,.

Fig. 4.4 Example 4.1: marginal dis-
tributions and joint events. In mar-
ginal distributions, numbers next to
each event indicate minimum prob-
ability masses, and numbers outside
the box indicate free probability
mass that gives rise to several possi-
ble marginal distributions in ¥;
(Table 4.1). Dashed lines indicate
the joint events whose joint prob-
abilities are constrained by the first
two constraints of Eq. (4.31). Hatch-
ing indicates event T={(A, A), (B,
B)}

A P(s)

0.7

0.3

0.7

0.3

b)

Fig. 4.5 Example 4.1: marginal distributions and sets ¥(a) and ¥, (b) (Table 4.1)
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Table 4.1 Example 4.1: Probabilities of elementary events for: (a) Box 1; and (b)

Box 2
(@ (b)

Plj e, A B P{ ¥, A B

pll 0.5 0.5 pé 03 0.7

p12 0.6 0.4 p% 04 06

p13 0.7 0.3 p; 05 05

p14 0.8 0.2 p; 06 04
p; 0.7 03

The two linear optimization problems (4.28) read as follows:

m1n1m1zea p +a p +a p +6122p22

(a p +a12p12+a p +a22p22)

subject to

pM 4 p? —0.5¢] —0.8¢2 =0

P> 4+ p*? =0.5¢l —0.2¢2 =0

P+ p'—0.3¢) —0.7¢2 =0 (4.30)
P2+ p*=0.7¢, —03¢2 =0

cl1 +cl2 =1 ’
clz + cg =1
c? >0
pi’j >0

The attentive reader may have noticed that the assigned information on the mar-
ginals in fact corresponds to two random sets: {({A}, 0.5), ({B}, 0.2), ({A, B},
0.3)} on Sy, and {({A}, 0.3), ({B}, 0.3), ({A, B}, 0.4)} on S,. From Section 3.2.2,
page 67, and Section 3.3.3:

Since random sets are Choquet capacities of eo-order, they constrain
probabilities of events (i.e. they do not constrain expectations, or pre-
visions), and therefore their sets ¥; are bounded by hyper-planes with
normals whose components are either O or 1.

www.EngineeringBooksPDF.com



4.2 Stochastic Independence in the Theory of Imprecise Probabilities 119

e  When IS is either 2 or 3, assigning bounds to the probability of events
yields the same ¥; as assigning appropriate bounds to the probability

of the singletons, i.e. the hyper-planes bounding ¥; are parallel to the
coordinate axes.

Since in this example ISI=2, constraints in Eq. (4.26) can be written in terms of

probabilities of the singletons (of the marginals). In fact, (fll )T =(1,0) and

(f2] )T =(0,1) so that:

m1n1mlzea p +a12p12+a ]p +azzp22
(a“p“-i—a p 2, .2 p +a22p2,2)
subject to
0.5< pM+p?<0.8 (4.31)

03< pM+ p <07

P pl2 g p2ly p22 o
pi’j =0

Consider the case in which the resin is not activated because the same resin type is
selected: T={(A, A), (B, B)} (hatched in Figure 4.4), and a"' = a** = 1; a"* = a*'
= 0. In this simple example, problems (4.31) can be solved “by hand”, and they
have multiple solutions. For example, the minimizing solutions can be found by
assigning zero to the objective function, which entails that both p(A, A)=0 and
p(B, B)=0. The other constraints are satisfied, for example, for p(A, B)=p(B,
A)=0.5; for p(A, B)= 0.6 and p(B, A)=0.4; and for p(A, B)= 0.7 and p(B, A)=0.3.
All of these solutions yield P, (7)=0. The maximizing solutions that yield

By (T) =1 are more numerous. One set of solutions is obtained by taking p(A,

B)= p(B, A)=0, and then p(A, A)=0.5 and p(B, B)=0.5; p(A, A)=0.6 and p(B,
B)=0.4; p(A, A)=0.7 and p(B, B)=0.3.

Under the unknown interaction assumption, the probability that the resin is not
activated is vacuous, i.e. it is in the [0, 1] range. The concepts of independence in-
troduced in the following sub-sections will provide narrower probability intervals.
Notice that Wy is larger than the set of product probabilities because, for example,

Py, (T)=0<0.15 = B, ({A}) Py ({A}) = pi (A) p3 (A). The unknown inter-

action model violates the factorization condition (4.14) because condition (4.14)
requires knowledge in addition to that available.

Another option is to find all extreme distributions on the joint space using the
algorithm on page 114, and then check all the extreme distributions to find the ex-
treme value of the objective function. All 12 extreme distributions generated by
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constraints (4.31) are listed in Table 4.2, and the reader can easily check that the
results are the same as those obtained by solving problem (4.31).

Table 4.2 Example 4.1: Extreme joint probability distributions on §

PEXT e¥y PEXT pEAXBT PEXAT PEXT p(D=p(A, A)+p(B,B)

Pixt 05 0 0 05 1
Pixr 0 05 05 0 0
Dixr 0 07 03 0 0
Paxr 07 0 0 03 1
Poxr 0 05 03 02 0.2
Por 03 02 0 05 0.8
Paxt 03 05 0 02 0.5
Pr 01 07 02 0 0.1
Doxr 05 0 02 03 0.8
Prxr 02 03 05 0 0.2
PExT 07 01 0 02 0.9
Pt 05 03 02 0 0.5

Example 4.2. In order to appreciate the difference between marginals assigned as
random sets and marginals assigned as a more general set of probability measures,
let us move to a three-dimensional space. In particular, let us now consider the two
random sets in Example 3-6 and Example 3-11, i.e.: in S;: {({s1", s;*}, 0.1), ({5},
0.6), ({s|3}, 0.3), whose set ¥, is depicted in Figure 4.6a, and has two vertices

identified by vectors: Pyyz = (0, 0.7, 0.3)" and Py = (0.1, 0.6, 0.3)". In Sy:
{({s5, 7, 0.1), ({85', 857, 5.}, 0.1), ({557}, 0.8)}, whose set P, is depicted in Fig-
ure 4.6b, and has four vertices identified by vectors Py, = (0, 0.9, 0.1)", Pryr, =

©, 1,0, pfm2 =(0.1,0.8,0.1)7, and p;;XTZ =(0.2,0.8,0)".

Since the marginals are random sets with 1S,/=3, in Figure 4.6 sets ¥; are
bounded by planes parallel to the coordinate planes, i.e. ¥; is uniquely defined by
bounds on the probabilities of the singletons (Section 4.3.2). As a consequence, k;
=n; = 3, and Table 4.3 gives the upper and lower probabilities calculated as Belief
and Plausibility of the singletons, respectively; these values coincide with the
bounds that can be calculated with the extreme joint distributions.
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Constraints (4.26) are thus equal to the following constraints:
Subject to
0.0< pM + p+ pi<ol
0.6< p* + p*? + p*? <07
03<p+ p? 4+ p33<03
0.0< pl’l + pz’] + p3’] <0.2 (4.32)
0.8<p"?+ p** +p**<1.0
0.0<p + p* +p*¥ <01
pl,l +pl,z +pl,3 +p2,1 +p2,2 +p2,3 +ps,l +ps,z +p3,3 —1
P >0
On the other hand, the constraints in problems (4.28) read
Subject to
pl’l + pl’2 + pl’3 —O.Ocll —O.lcl2 =0
pt e pPra p?? —0.76‘11 —0.6012 =0
P+ pP+ p*? —03cl —0.3c¢7 =0
P+ p?t e p* —0.0¢) —0.0¢5 —0.1c; —0.2¢; =0

P4 p>2 + p*r—0.9¢ —1.0¢2 —0.8¢3 —0.8¢4 =0 4.33)
"7+ p* + p*? =0.1¢5 —0.0¢; - 0.1¢3 —0.0c5 =0
cll +6‘12 =1

c£+c§+c§+c;=l
cl;ZO
p" 20

Let us now consider the event T ={(sll,s; ),(slz,sg ),(Sf,s; )} ,ie. a¥ =1ifi=j, 0

otherwise. The lower and upper probabilities for 7, which are equal to 0.4 and 0.8,
respectively, are obtained at multiple solution points, some of which are given in
Table 4.4. When the interior point method is used (Mehrotra 1992), these solu-
tions are not necessarily extreme points in either ¥'; or V.
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Table 4.3 Example 4.2: Upper and lower probabilities of the singletons

Marginal S; Singleton (f.j )T ELow [f/}: Bel(s,-j) Eypp |:f;’j:| _ Pla(sl-j)
1

si

it (1,0,0) 0.0 0.1
Si sio (0,1,0) 0.6 0.6+0.1=0.7

s (0,0, 1) 0.3 0.3

s (1,0,0) 0.0 0.2
S s> (0,1,0) 0.8 0.8+0.140.1=1.0

s> (0,0, 1) 0.0 0.1

b)

P(s1)

)

Fig. 4.6 Example 4.2: a) set ¥, and extremes Pgxy; b) set W, and extremes Pryr
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Table 4.4 Example 4.2: Solutions of the linear programming problems for the
lower and upper probabilities for 7. ' = simplex method; * = interior point method

Solution Joint P 1 Marginal 1 2 3 4 Marginal
for (cl’cl on S; (cz’cz’cz’cz) on S,
Min' 0 01 0 , 1) 2 - (0,0,0,1) 4 -
PEext, P exr,
02 04 0 (0.1,0.6,03)" (0.2,0.8,0)"
03 0 0
Min® 0 01 0 0, 1) 2 (0,0,0.612,0.388) (0.1388,0.8,
0.1388 04 0.0612 Pex, 0.0612)
0.1,0.6,0.3)"
0 03 0
Max! 0 0 0 (1,0) 1 _ (1,0,0,0) 1
PEext, P exr,
0 070 0,0.7,0.3)" 0,0.9,0.1)"
0 02 0.1 0.07,0.3) P
Max> 00250 0 0) (0.75, (0.025,0.675,  (0.358,0,0.642,0) (0.064,
0 06750 0| 025) 03)" 0.836, 0.1)
0.0391 0.1608 0.1

Example 4.3. Let us now slightly modify Example 4.2. In particular, let us keep
the information on S, the same, but assume that the following information is avail-
able on S: P(s,") + 4/3P(s,%) < 14/15; P(s,") + 7/5P(s;%) = 47/50; P(s;°) < 0.3. Ta-
ble 4.5 summarizes the complete information. Since bounds on expectations of
general functions are now given on S, planes bounding ‘¥, are not parallel to any
coordinate plane (Figure 4.7), and ¥, cannot be generated by bounds on probabili-
ties of events, let alone on the probability of singletons. Constraints (4.26) are thus

equal to:

Subject to

1-(p1‘1+p1‘2+p1’3)+4/3-(p2’1+p2‘2+p2’3)+0-(p3’1+p3’2+p3’3)314/15

47/50S1-(p1‘] +pl‘2+pl‘3)+7/5-(p2’1 +p2’2+p2‘3)+0-(p3" +p3‘2+p3‘3)

p3" + p3’2 + p3’3 <0.3

0.0< p™+ p* +p* <02
0.8< p? 4+ p*2+ p*2<1.0
0.0< pl‘3 +pz‘3 +p3’3 <0.1

pl,l +pl,2+pl,3_‘_pZ,l +p2,2+p2,3+p3,l +p3,2+p3,3 =1

pi’j >0
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As shown in Figure 4.7, the assigned previsions on S| augment the extreme points

of ¥, by adding pi-XTl =(0.8,0.1,0.1)" (intersection of the first two previsions) to

the two extreme points in Example 4.2. The constraints in problems (4.28) now

read as follows:

Subject to

P+ pt? 4 p' —0.0¢) —0.1¢2 - 0.8¢; =0

P>+ p*2 4+ p*3 —0.7¢) —0.6¢2 —0.1¢} =0

P>+ P2+ p —0.3¢] 03¢ =0.1¢} =0

P+ p* 4 p*—0.0¢, —0.0¢2 —0.1¢3 ~0.2¢5 =0
P2+ p¥? 4 p*? =0.9¢) —1.0¢2 —0.8¢3 —0.8¢ =0

(4.35)
p 4+ p*? + p*? =0.1¢) —=0.0¢5 —0.1¢; —0.0c; =0
C11 + cl2 + c13 =1
cé +c§ +c§ +c§1 =1
cf =0
pi’j >0
Table 4.5 Example 4.3: Upper and lower previsions
Marginal S; k T k k
s (fl-k) Erow [fl ] Eypp [fz ]
1 (1,4/3,0) 00 14/15
S 2 (1,7/5,0) 47/50 oo
3 0,0, 1) 0.3 0.3
1 (1,0,0) 0.0 0.2
Ay 2 0,1,0) 0.8 1.0
3 0,0, 1) 0.0 0.1

The lower and upper probabilities for the same event T as in Example 4.2 are now
equal to 0 and 0.825, respectively; solutions are detailed in Table 4.6. The mini-
mizing solution found by the simplex method is achieved at the same extreme
points as in Example 4.2, whereas the maximizing solution is the same with both

methods and is not achieved at an extreme point of V.
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Table 4.6 Example 4.3: Solutions of the linear programming problems for the
lower and upper probabilities for T. ' = simplex method; * = interior point method

Solution Joint P 1 2 Marginal 1 2 3 4\ Marginal
for (Cl’cl ) on S (62,62,62,62) on S,
Min' 0 08 0 (0,0, 1) 2 (0,0,0, 1) 4
01 0 0 Pexr, = PEexr, =
01 0 0 0.1,0.6,0.3)" 0.2,0.8,0)"
Min® 0 07221 00009 (0.05,0.05, (0.723,0.157, (0.186,0.110, (0.104, 0.841,
0.1021 0 00543 0.90) 0.120) 0.366, 0.338) 0.055)
0.0022 0.1184 0
Max!? 01 0 0 (0.875,0, (0.1, 0.625, (0,0, 1,0) 3
0 0625 0 0.125) 0.275) Pexr, =
0 0.175 0.l 0.1,0.8,0.1)"

If bounds on the probabilities of the singletons are considered, a much wider set
‘P]* is obtained, which has vertices p%XTl , p1¥=(0.2,0.7, 0.1)T, p%XT1 , and p**

= (0.6, 0.1, 0.3)" (Figure 4.7). The lower probability for event T remains un-
changed, but its upper probability increases to 0.9, and the maximizing solution is:

02 0 0
p=| 0 07 0], (4.36)
0 01 0

which yields the marginals: p,;* = (0.2, 0.7, O.l)T (vertex of ¥;) and p4EXT2 (same

vertex as in Example 4.2).

& P(s)

0.8
1
Fig. 4.7 Example 4.3: ‘/

sets W, and ¥, P(s)
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This example shows that, in a general case of assigned bounds on expectations
of the marginals, using bounds on event probabilities would give larger outer
bounds on the probability of events or expectations on the joint space.

Example 4.4. Let us move to a four-dimensional space, and assume that the fol-
lowing information (random set) be available on S: ({sll, s13}, 0.2), ({slz, s13},
0.3), ({s1%, s1°, s1*}, 0.3), and ({s,°, 51*}, 0.1), which is equivalent to P(s;")<0.2,
P(5,)<0.7, P(s;:5)<0.5, P(s;") + P(5:)<0.9, 0.2<P(s;") + P(s;’), and 0.4<P(s\®) +
P(s13), shown in Figure 4.8 and Table 4.7.

Since S is four-dimensional, the information contained in a random set cannot
be completely written in terms of bounds on the probability of the singletons, as it
could in the three-dimensional spaces introduced in Example 4.2 and Example 4.3
(Section 4.3.2). As a consequence, the boundaries of ¥, in Figure 4.8 are not all
parallel to the coordinate axes.

The information available on S, is: P(sy’) + 7/5P(s,") = 47/50; P(s,") < 0.3
(Figure 4.9 and Table 4.7). Constraints (4.26) are equal to:

Subject to

0.0< pl’1 + pl’2 + pl’3 + p1’4 <0.2

0.0< pz’1 +pz’2 + pz’3 +pz’4 <0.7

0.0< p4’1 +p4’2 + p4’3 +p4’4 <0.5

O.OSpl,l +pl’2 +p1’3 +p1’4 +p2’1 +p2’2 +p2’3 +p2,4 <09
02< pl,l n pl,2 + p|,3 i p1,4 i p3,1 + p3,2 + p3,3 n p3,4 <1 4.37)
O.4Sp2’1 +p2’2 +p2’3 +p2’4 +p3’1 +p3’2 +p3’3 +p3’4 <1

47/50S1-(p"3 +pz’3 +p3’3 +p4’3)+7/5-(p]’4 +pz’4 +193‘4 +p4’4)

0.0< p1’4 + pz’4 + p3’4 + p4’4 <03

pl,l +p|’2 +p1’3 +p|’4 +p2’| +p2’2 +p2’3 +p2’4

+p3’1 +p3’2 +p3,3 +p3’4 +p4’l +p4’2 +p4’3 +p4’4 -1

P20

As shown in Figure 4.8, constraint 0 < P(s;")+ P(s;%) < 0.9 does not intersect the
convex set W, , i.e. the given bounds are not coherent. Since the optimization
problem is defined by all constraints in Eq. (4.37), the solution on the joint space
is coherent because it satisfies the bounds in Eq. (4.19). Constraints (4.37) can be
directly applied to find the optimal solution by linear programming or can be used
to determine the extreme joint distributions.
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P(s)
I

L

P(s})

a)

5
15 EXT,

1
PE,‘(T,

9
‘PEX

P&

EXT,

1
P EXT,

b)

Fig. 4.8 Example 4.4: Projection of set ¥'; onto the three-dimensional space P(s\h),
P(s,%), and P(s,”). Coordinates of extreme distributions are given in Table 4.7

Table 4.7 Example 4.4: Extreme distributions for: (a) ¥';; and (b) ¥,

T .2 .3 .4
(s1, 815 817, 81)

pAiEXT2 eV, (555250
Pixr,  (0.18,0,0.52,0.3)
pIZSXTz (0,0.18, 0.52, 0.3)
Pixz,  (0,0,07,03)
Pl (00600940
Pl (00060940
Py ©0.10)

PjEXT1 e

PExt, (0,0,1,0)
Paxt, (0.2,0, 0.8, 0)
Pixt, (0,0.7, 0.3, 0)
Pixt, (0,0,0.5,0.5)
Pha  (02,0.7.0,0.1)
Doz (02,0.7,0.1,0)
Pha (0,0.7,02,0.1)
Doz (0,03,02,0.)
Piar (02,0,04,04)
Pext, (0.2,0.4,0,0.4)
P (0.1,0,04,05)
PRz (0.1,03,0.1,05)
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& P(s3)
1 067143

Jo3

P(s3) P(s3)
a)

Fig. 4.9 Example 4.4: set ¥,. Coordinates of extreme distributions are given in
Table 4.7

The constraints in problems (4.28) now read as follows:

Subject to
1,1 1,2 L3 1.4

Pein (4.38)
P p? 4+ P 4 p*t = 0.18¢) +0.06¢5
p]’2 + pz’2 + p3’2 + p4’2 = 0.18C22 +0.06c§
PR+ p™ + pP 4 pt? =0.52¢) +0.52¢; +0.7¢; +0.94¢; +0.94¢5 +1-¢5
P pt e pPt e p™ = 03¢h +0.3¢F +0.3¢3
c,l +012 +c,3 +cl4 +c,5 +cl6 +cl7 +cl8 +cl9 +c,'0 +c]'l +c,'2 =1
clz +c§ +cg +c§ +c§ +cg =1
cf =0
pi’j >0
Let us now consider the event T = {(sll,sé ),(sf,s% ),(sf,sg ),(sf,s;‘ )} . The lower

and upper probabilities for the event T in Example 4.4 are 0 and 1, respectively;
solutions are detailed in Table 4.8. The different min/max solutions from different
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methods show that the optimal solutions are not necessarily achieved at the same
point although they achieve the same probability for event 7, indicating multiple
min/max solutions.

Table 4.8 Example 4.4: Solutions of the linear programming problems for the
lower and upper probabilities for 7. ' = simplex method; * = interior point method;
? = exhaustive search over all extreme joint distributions

okt c,clc,
L I L U D
el el el
0o 01 0
Min! |08 0 002 02 _ (0.1,0.3,0.1, . (0.08,0.1,0.52,
0 0 0 ol 0.5) 0.3)
0 0 05 0
0 0 02 0 06, 0, 0, 0,
M2 |0 © 016 0 0. 0. 0.0 (02,016,048, [L 0, 0»] (0.0.18, 052,
0018 0 03 0, 0, 0,0, 0.16) 0, 0, 0 0.3)
0 0 016 0 0, 04, 0, 0
00 0 0
Min’ g g 067 002 - ©.0.7,0.2,0.1) — (0,0,08,02)"
00 01 0
0000
0000
Max'? [0 01 0 0,0,1,0)7 0,0,1,0)7
0000
004 0 0 0 02, 0, 0, 06,
Max? | & 04 00 0. 02 0. 0.1 (0.04,0.14,0.52, (0-22, 0.78, Qj (0.04,0.14,0.52,
0 0 052 0 0 0 0 0.3) 0, 0, 0 0.3)
0 0 0 03 0, 0, 0

4.2.2 Epistemic Independence and Irrelevance

Let S, and S, be finite sets. In epistemic independence, if we learn that the
actual value of s, is s,*, then the probability measure for s, is again one of
the probability measures in W, (but in general not always the same for dif-
ferent values s,*), and vice versa. As a consequence, the definition of epis-
temic independence uses the concept of conditional probability, and the set
of joint probability measures, W, is just the largest set of joint measures
that are extensions to Eq. (4.15):

P(xS,18,x{s,})e ¥, Vs,:3P e ¥, : P, ({s,})>0;

4.39
P(S;x.1{s}xS,)e¥, Vs, :IRe ¥, : A ({5])>0 (439)
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Epistemic independence is the appropriate model when we are given two
marginal sets of probability measures (or the corresponding sets of coherent
desirable gambles, or coherent upper or lower previsions, Section 3.3.2), to-
gether with a judgment that the experiments are epistemically independent
(our uncertainty about either of the two outcomes does not change when we
obtain some information about the other outcome). However, we are unwill-
ing to make stronger assumptions, e.g., that there are underlying stochastic
mechanisms that are stochastically independent, which could justify the
concept of strong independence defined in the next Section 4.2.3.

Let us now derive a useful characterization of epistemic independence.
In the equations that follow, expressions will be given in terms of both
probability measures and vectors and matrices (Section 2.3). If T}, = U; X
Ss, T, = S| X {55}, definition (4.12) can be used to derive an expression for
the joint measure, P, by noticing that 7'NT, = U;X{s,} (see also Eq. (2.27):

P(U;x{s,})=P(U,x5,18,x{s,}) P, ({5,}): P =PipDiag(p:) ~ (4.40)
Likewise (see also Eq. (2.29)):

P({s;}xU,)=P(8,xU, 1{s;}xS,) B ({5]): P = Diag(p) Par. (4.41)
Thus, two variables are epistemically independent if V(sy, s5) € S; X Ss:

IR e ¥, P(U x{s,}) = R" (U}) B, ({s,}) AND (4.42)
3p)" G‘PZ:P({Sl}XUz)zpzlsl (UZ)PI({Sl}) |

In matrix terms: two variables are epistemically independent if each col-
umn of Py, is a vector in ¥, (and this vector may be different for each col-
umn) and if each row in Py is the transpose of a vector in W, (and this
vector may be different for each row), i.e. VP:

In, (Pl(i) e, ) :P =Py Diag(p,).p, € V5. Py = (Pl(l) p1(2)"'p1(n2))
T
(r.")

(Pz(z) )T

o . (4.43)
dn (le € ‘{’2):P=Dzag(p])P2,1 PV, Py=|-

(Pz("') )T
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Notice that, if the probabilities are precise, then ¥; and ¥, contain only
one element each (say, P;), and thus for s;:

e P (U)=P(UxS,185x{s,})=R(U;), and Eq. (4.40) be-

comes Eq. (4.14).
e The columns of Py, are all equal, and Eq. (4.40) becomes Eq.
(2.39).

Likewise for s,.
When only the two marginal convex sets ¥, and ¥, are given, Wk is the
convex set:

v ={Pe ¥, A,

2)'.'1)1("2) .

m (pl(‘)elpl )

\Fﬁlsz =P :PuzDiag(Pz):Pz eY,: Py, = Pl(l) Pl(

(")

(Pz(z) )T

Wi =1 P=Diag (p )Py :p € ¥:Py = 1y (Pz(i) € \Pz) )

(4.44)

(pz("l) )

where ‘I’E's2 is called the “irrelevant natural extension” (Couso, Moral et
al. 1999) of the two marginals when the second experiment is epistemically
irrelevant to the first” (i.e. the set of desirable gambles concerning the first
experiment does not change when we learn the outcome of the second ex-
periment). W' is called the “irrelevant natural extension of the two mar-
ginals when the first experiment is epistemically irrelevant to the second”
(i.e. the set of acceptable gambles concerning the second experiment does
not change when we learn the outcome of the first experiment); in this
case, s is selected according to some marginal distribution in ¥y, and then
s, is selected according to a distribution from ¥, that may depend on s,. It
is important to notice that s, may be selected by a different procedure for
different values of s;.
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Therefore, in imprecise probabilities, irrelevance of one experiment with
respect to another is a directional or asymmetric relation. Such a lack of
symmetry vanishes:

e Always in precise probability because both ¥, and ¥, contain
only one element each.

e In imprecise probabilities when irrelevance applies in both di-
rections, i.e. when each experiment is epistemically irrelevant to
the other experiment: this is the case of epistemic independence.

The calculation of the upper and lower expectations (and thus probabili-
ties) on the joint space S is no longer a linear optimization problem be-
cause matrix P in Eq. (4.44) is the result of the multiplication of two ma-
trices, each containing a marginal’s entries This makes the constraints
non-convex because they are of the kind: p" = Pi(s,") Pa(s). Optimization
problems that involve non-convex constraints are known to be NP-
complete in the strong sense (or NP-hard) (e.g., (Horst, Pardalos et al.
2000)), i.e. there is no fully polynomial-time approximation scheme to
solve them. Later in this section (page 142), a different algorithm to avoid
this problem will be discussed.

For the case of epistemic independence, let us write down the optimiza-
tion problem in the (quadratic) constraints when marginals are constrained
by upper and lower previsions (Eq. (4.17)):

i=ny; j=n i=ny; j=n C .
minimize z U pti —z VT ph
i=l;j=1 i=l;j=1

subject to
P= (pl(l) P1(2)--~P1(n2) )Dzag (p2('l]+|))

(Pz(l) )T
(.

P = Diag (pl("2+1) ) .
(4.45)

(Pz('ll))T
Epow| £ ]<(tf )T P < Eypp| ik =Lkis =Ly +1;

T .
Epow [ A ]<(85) 227 < Eupp| 11 | k=l =Ty 1
L, p =1 j=loam+L 1,0 -p," =1 j=l..n+1

P20 j=l,n, +1; ' >0 j=1,..n +1
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Optimization problems (4.45) involve (n+1)xn, + (ny+1)xn; variables
B(j ) (S,- )and n;Xn, variables pi". The constraints 17 -P-1=1; P>0 are
satisfied automatically because the entries of matrix P are products of
probability distributions.

When marginals are assigned through their extreme distributions (Eq.
(4.18)), the optimization problems become:

L. i=n e, o i=ngj=ny o
minimize E Ve ph —E VT g ph
i=l; j=1 i=l;j=1

subject to
[ch pEXT Zcé nszXT ]Dl“é’ [6262 HIHPixTZJ
1
T
[Zcz pEXTZJ
. 3 EmyHl & ' (4.46)
P = Diag ch’ 2 Pixr || -
£
T
[Zcf nlpEXT ]
i ) 5 .
ZCF’] =1 j=1,...,ny; Zcf’] =1 j=L..,n
&l &
cF'j 20 j=L..,n3é=1..6 Cg’j 20 j=l..n; §=1..¢

where there are (§1><(712+1))+({,"2><(n1 +1)) variables ¢5/ and nyxn,

variables p”. The constraints 1" -P-1=1; P>0 are satisfied automatically

because the entries of matrix P are products of convex sets of distributions.

If expectation bounds are given on one marginal and extreme distribu-
tions are assigned on the other marginal, then constraints are properly se-
lected from Egs. (4.45) and (4.46). In Egs. (4.45) and (4.46), if the second
experiment is epistemically irrelevant to the first, then n, = 0; if the first
experiment is epistemically irrelevant to the second, then n; = 0.

Condition (4.42) on probability measures can be generalized to infinite
sets S; with c-algebra §; as follows (Fetz and Oberguggenberger 2004). Let

S be the o-algebra generated by S ; X § ,; given TesS, let
T, = {s2 (51,5, € T} . W is the set of probability measures on S such that

S

there are families of probability measures {Pilsj €eW¥;s;€8 j} on §; that

satisfy the following conditions for all 7€ §:
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1) The mapping s; —> Pilsf' (T _ ) is P—measurable: see (Section 2.2).

2) P(T):.[sl lesl (7}1 )dﬁ (s ;j: '[Sz Pllsz (Tsz )dP2(s2)

Example 4.5. Consider again the situation and knowledge available in Example 4.1,
where a two-component resin has to be applied at a construction site to anchor steel
bars. Suppose now that three boxes are delivered to the construction site. The first
box has the same content as in Example 4.1. Our knowledge about the other two
boxes is the same as the second box in Example 4.1, but the four cartriges of un-
known type may be different in the second and third box. This time, the worker in
the field picks his first cartridge from box 1:

e Ifitis Type A, then he picks the second cartridge from box 2.
e  Otherwise, he picks the second cartridge from box 3.

We want to write down the optimization problems for finding upper and lower ex-
pectations on the joint space and then calculate the upper and lower probabilities
for the case in which the resin is not activated because the same resin type is se-
lected, i.e. event T={(A, A), (B, B)}. Finally, calculate the conditional upper and
lower probabilities that the first resin is Type A given the type of the second resin,
and contrast this with the conditional upper and lower probabilities that the second
resin is Type A given the type of the first resin.

In this example, the first experiment is epistemically irrelevant to the second
experiment because:

1) The set of acceptable gambles concerning the second experiment does
not change when we learn the outcome of the first experiment.

2) sy is selected according to some marginal distribution in ¥, and then s,
is selected according to a distribution from ¥, that depends on s;.

3) s, is selected by a different procedure for different values of s;

As a consequence, n, = 0 and constraints in Eq. (4.45) become:

Subject to

(Pz(l) )T

P:Diag(pl(l)) ( (2))T
P>

IN

1,0)" pM<0.38

5
(4.47)
3

IN

(
(
3<(1,0)" p,? <07

1" 'P1(1) =i 1" ‘Pz(l) =1;1" ‘Pz(z) =1
pl(l) >0; pz(l) >0; pz(z) >0

0.5<(1,0
03<(1,0)" p,V <07
0.

IN

Based on the extreme distributions given in Table 4.1, Eq. (4.46) gives the follow-
ing constraints:
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Subject to

L(05) 5, (08
P =Diag| ¢ +o
8 [ (0.5] (OJJ 5(03) ,(07)) (4.48)
& (0.7}”2 [osj

al+et' =1 ot vyt =1 et =1
20, ¢t 20,65 20,631 20; ¢5? 20; 63220
ie.:
Subject to
(0.5¢" +0.8¢™)(03c5' +0.7¢3")  (0.5¢}" +0.8¢7")(0.7¢}! +0.33")

e (0.5¢' +0.2¢71)(0.3¢h” +07¢37) (056" +02¢7)(0.7¢5> +0.363%) | (4.49)

LI, 20 0 Ll 20 4 12 22 _
o o =1 ¢y +ey =1 ey ey =1

cll’1 >0; clz’1 >0 c;’l >0; c%’l >0; c;’z >0, c§’2 >0

The upper and lower probabilities for the event T={(A, A), (B, B)} are equal to
3/10 and 7/10, respectively. The solutions summarized in Table 4.9 indicate that
the minimizing p,"" # p,®, i.e. they do not satisfy stochastic independence (Eq.
(2.25)). Likewise for the maximizing solution. Notice that both the marginal on S
and the marginal on S, must be calculated by using the marginal rule (Eq. (2.24)).

We started from, and based our solution on, the observation that the first experi-
ment is epistemically irrelevant to the second experiment. As a consequence, the
conditional upper and lower probabilities that the second resin is Type A given the
type of the first resin are equal to the marginal ones, i.e. 0.7 and 0.3, respectively.
In order to check that epistemic irrelevance is a directional, asymmetric property,
let us calculate the conditional upper and lower probabilities that the first resin is
Type A given the type of the second resin. According to Eq. (2.25), the (non-
linear) function to minimize and maximize is p"'/( p"'+ p>'), where, by the mar-
ginal rule (Eq. (2.24)), p"'+ p*' is the first component of the marginal on S,.

Table 4.9 Example 4.5: Solutions of the optimization problems for the lower and
upper probabilities for T

Solution Joint P ( 11 2,1) Marginal ( 11 2,1) ( 1.2 2,2) Marginal
6 €y 6 €6

for on S on S»
(pl(l))T (pz(l))T (pz(Z))T
Min 39 91 (12, 1/2) (1320, 7/20)" (1,0) ©, 1) (0.44,0.56)"
49 21)2%0 (3,720 03,07)  (0.7,03)
Max (91 39 (1/2,172)  (13/20, 7/20)" ©, 1) (1,0) (0.56, 0.44)"
21 49)/?% (13,720 0.7,03)  (0.3,0.7)
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Table 4.10 Example 4.5: Solutions of the optimization problems for the condi-
tional upper and lower probabilities that the first resin is Type A given the type of
the second resin

Solution Joint P L1 21 Marginal L1 21 12 22 Marginal
for (Cl G ) on S, (CZ ) ) (CZ ) ) on S,
@M @M @)
Min 3 7 (1,0) 0.5,0.5)" (1,0) ©, 1) 0.5,0.5)"
2 3/ (05,05 0.7,03)  (0.3,0.7)
Max (28 12 0, 1) 0.8,0.2)" 0, 1) (1,0) (31, 19)/50"
3 7 0 (0.8,0.2) 03,07)  (0.7,0.3)

The constraints are still given by Eq. (4.47) or (4.49). The conditional upper
and lower probabilities are equal to 28/31=0.903 and 0.3, which are larger bounds
than the marginal bounds, i.e. 0.8 and 0.5. This means that the second experiment
is epistemically relevant to the first one. The results summarized in Table 4.10 in-
dicate that the minimizing and maximizing solutions again violate stochastic inde-
pendence (Eq. (2.25)) because p," # p,”.

Example 4.6. Consider again the situation and knowledge available in Example 4.1,
where a two-component resin has to be applied at a construction site to anchor
steel bars. In addition to the knowledge available in Example 4.1, all we now
know about the stochastic mechanism for picking the two cartridges, i.e. the joint
probability measure P is that: (a) whatever the resin type of the first cartridge, the
conditional probability that the second cartridge is A lies between 0.3 and 0.7; and
(b) whatever the resin type of the second cartridge, the conditional probability that
the first cartridge is A lies between 0.5 and 0.8.

We want to write down the optimization problems for finding upper and lower
expectations on the joint space and then calculate the upper and lower probabili-
ties for the case in which the resin is not activated because the same resin type is
selected, i.e. event T={(A, A), (B, B)}. Finally, we calculate the conditional upper
and lower probabilities that the first resin is Type A given the type of the second
resin, and contrast to the conditional upper and lower probabilities that the second
resin is Type A given the type of the first resin.

This is a case of epistemic independence, where each experiment is epistemi-
cally irrelevant to the other. As a consequence, this example is the symmetric
counterpart of Example 4.5 above, where only the first experiment was epistemi-
cally irrelevant to the other. Constraints in Eqgs. (4.45) and (4.46) become:

Subject to
P=(p." p. )i p:")

(Pz(l) )T

(Pz(z) )T

05<(1,0)" p?<08; i=1,2,3  03<(1,0)" p,”<0.7; i=1,23

P = Diag (p,(3)) (4.50)

1" p@=11"p,"=1i=1,23 p*20;p,"20; i=12,3
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Based on the extreme distributions given in Table 4.1, Eq. (4.46) gives the follow-
ing constraints:

Subject to
o b o P e b R S e bl
u(03) .07
0.5 08 |2 [0.7]“2 (0_3]
P = Diag (le [O SJ +ef? (O 2]] .
‘ ' [[03]+[07D 4.51)
> l07) 7 (03

A 20 g0 02 22 a0 13, 23_q.
o+ =1 oot e =1 o7+ =1
L, 20 g 1222 _q. 13 23_1.
¢y +cy =1 ¢t +ey” =1 ¢+ =1,
11 2,1 12 2,2 1.3 2350
¢ 205 ¢ 20; 7205 ¢ 205 ¢7 205 ¢ 20;

s 2050 1250 2250 W35 .23
¢y 20; ¢y 20; ¢;”20; ¢3720; ¢;7 20; 5720

ie.
Subject to
b (0.5¢M" +0.8¢71)(0.3¢5* +0.7¢3° ) (0.5¢/* +0.8¢72)(0.7¢}* +03¢37)
(05¢" +02¢7")(0.3¢5 +07¢37) (05617 +02¢72)(0.7¢5° +0.3¢37)
. (05¢° +0.8¢7)(0.3¢" +0.7¢3")  (0.5¢/ +0.8¢7)(0.7¢5" +0.3¢3"

cll’1 +clz’1 =1; 011’2 +clz’2 =1 611’3 +C12,3

) I )
(056} +0.2¢2%)(03¢k2 +0.73%) (0561 +0.2¢7°)(0.7¢4* +0.3¢32) | (4:52)
=1

;
L2010 1222 4. 13, 23_q.

o+ =1 "ty =1 o7 ey =1,

Ll 2,1 1.2 2,2 13 23

o 20; ¢ 20, ¢ 20; ¢ 20; 7 20; ¢ 20;

L1 . 20 . al2 .22 .13 .23
¢y 20; ¢y 20; ¢;720; ¢5720; ¢;720; 5720

The upper and lower probabilities for the event 7={(A, A), (B, B)} are equal to
19/59 and 40/59, respectively. These bounds are tighter than those in Example 4.5
because now additional contraints on p have been added, reflecting the fact that
the second experiment is epistemically irrelevant to the first one. This differs from
the results in Example 3-1 (unknown interaction) where learning the resin type of
either cartridge made our probabilities (of the resin type of the other cartridge)
vacuous.

The solutions summarized in Table 4.11 indicate that the minimizing p,"” all
differ from one another and that the pz(i) all differ from one another as well, i.e.
they do not satisfy stochastic independence (Eq. (2.25)). Likewise for the maxi-
mizing solution.
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Table 4.11 Example 4.6: Solutions of the optimization problems for the lower and
upper probabilities for T

Solution for  Joint P LI 21 12 22 13 23 Marginal
(Cl oG ) (Cl G ) (Cl G ) onS;
@M @) @'
Min (12 28 (1,0) 0, 1) (24,35)/59  (40/59, 19/59)"
1 7% 05,05 (0.8,0.2) (40, 19)/59
Max (28 12 ©, D (1,0) (24,35)/59  (40/59, 19/59)"
7 121 08,02 (0.5,0.5) (40, 19)/59
Solution for L1 21 12 22 13 23 Marginal
(hat)  (aha?)  (ahe?) s,
@:"" @) @™
Min (173, 63)1236 (1,0) (13, 63)/76 (24159, 35/24)"
(24, 35)/59 0.3,0.7) (12,719
Max (63, 173)1263 ©. 1) (63, 13)/79 (35159, 24/59)"
(35, 24)/59 0.3,0.7) (7, 12)/19

Indeed in epistemic independence, if we learn that the actual value of s, is s,%,
then the probability measure for s, is again one of the probability measures in ¥y,
but in general not always the same for different values s,*; and vice versa. Strong
independence (dealt with in the next section) imposes that the probability meas-
ures be the same.

As in the case of epistemic irrelevance in Example 4.5:

e Both the marginal on S, and the marginal on S, must be calculated by
using the marginal rule (Eq. (2.24)) A .
e It may happen that the marginal on S; (S,) is different from p,"” (p,").

In contrast to Example 4.5, each experiment is epistemically irrelevant to the other
experiment. As a consequence, the conditional upper and lower probabilities that
the first (second) resin is Type A given the type of the second (first) resin are
equal to the marginal ones, i.e. 0.8 and 0.5 (0.7 and 0.3), respectively. The condi-
tional upper and lower probabilities that the first (second) resin is Type A given
the type of the second (first) resin are obtained by minimizing and maximizing
P Cpt+ pth @M pt'+ p'?)). The constraints are still given by Eq. (4.52). The
results are summarized in Table 4.12 for the conditional upper and lower prob-
abilities that the first resin is Type A given the type of the second resin. They indi-
cate that the minimizing and maximizing solutions again violate stochastic inde-
pendence (Eq. (2.35)) because minimizing pl(i) are all different from one another
and that the p,” also all differ from one another. Likewise for the maximizing
solution.
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Table 4.12 Example 4.6: Solutions of the optimization problems for the lower and
upper probabilities that the first resin is Type A given the type of the second resin

Solution for Joint P LI 21 1,2 22 13 23 Marginal
() (e®e?) (@) on's,
@) (N )"
Min (5777 2943 (1,0)  (2623,200)/2823 (42, 1)/43 (8720,
s777 2703)" 17790 (0.5,0.5) (981,901)/1882 (109, 106) /215  8480)"/17200
Max (428 212 (0, 1)  (144,175)/319  (72,35)/427 (640, 214)'/854
107 107/ 0.8,02) (212,107)/319 (320, 107) /427
Solution for L1o21 1,2 22 13 23 Marginal
(i) (%) (@ha?) ons,
") )" )"
Min (243, 3197)/ 3440 (3.29)32 3. 61)/64 (11554, 5646)"717200
(5777, 2823) /8600 (27,53) /80 (109, 51) /160
Max (157, 697/854 (5.59) /64 05,0.5) (535, 319)7/854
(535, 319) /854 (107, 53) /160 0.5,0.5)

Example 4.7. Consider again the situation and knowledge available in the four-
dimensional case of Example 4.4. Our knowledge about S| and S, is the same as
in Example 4.4, but assume now the experiment of picking an element in S2 is
epistemically irrelevant to the experiment of picking an element in S;. We want to
write down the optimization problems for finding upper and lower expectations on
the joint space and then calculate the upper and lower probabilities for the event

T ={(s11,s§),(s12,s§),(s13 ,sg ) (s14 , 85 )} Finally, we calculate the conditional up-

per and lower probabilities P(s,'l s,"), and contrast to the conditional upper and
lower probabilities P(s;'l s,").

Constraints in Eq. (4.45) become:

Subject to
(o0
@)\t
e oiag(p0)| )
(P2(3))T

(p:)
(1,0,0,0) p, £0.2; (0,1,0,0) p, <0.7; (0,0,0,1) p,’ <0.5
(1,1,0,0) p, <0.9; 0.2<(1,0,1,0) p,"; 0.4<(0,1,,0) p,”
0<(0,0,0,1) p,"’ <0.3; 0<(0,0,0,1) p, <0.3
0<(0,0,0,1) p,” £0.3; 0<(0,0,0,1) p,
47/50<(0,0,1,7/5) p,"; 47/50<(0,0,1,7/5) p,
(

(4.53)

<03
47/50<(0,0,1,7/5) p,”¥; 47/50<(0,0,1,7/5) p,

Fop =517 p, =117 p,? =1 1T p,Y =117 p, ¥ =1
PV 20:p," 20: ;20 1 p, 20; p, ¥ 20
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The upper and lower probabilities for the event

T:{(sll,s;),(sf,s%),(sf,s%),(sf,s?)}

are equal to 0 and 1, respectively. The solutions summarized in Table 4.13 indi-
cate that, for the minimizing solution, pz(l) # p2<2) # p2(3) # p2(4), i.e. stochastic in-
dependence is not satisfied (Eq. 2.35). Likewise for the maximizing solution. No-
tice that both the marginal on S; and the marginal on S, must be calculated by
using the marginal rule (Eq. (2.24)).

Table 4.13 Example 4.7: Solutions of the nonlinear programming problems for
the lower and upper probabilities for T

Solution for Joint P M?)Lgf;al Mz;gglzal
0 0108 0312 0.18 0.033)"
) 0033 0 026 0107 0.108
Min 0 0 0 0 0.6,0.4,0,0)" 0572
0 0 0 0 0.287
0000
Max 0000 0,0,1,0)" 0,0,1,0n"
0010 o U
0000

The conditional upper and lower probabilities P(s2'| sl') are equal to the mar-
ginal ones, i.e. 0.18 and 0, respectively, while the conditional upper and lower
probabilities P(s;'l s,') are equal to 1 and 0, which are larger bounds than the mar-
ginal bounds, i.e. 0.2 and 0. This means that the first experiment is epistemically
relevant to the second one. The results summarized in Table 4.14 indicate that the
minimizing and maximizing solutions again violate stochastic independence (Eq.
(2.35)) because pz“) # p2<z) * p2(3 )% p2(4).

Table 4.14 Example 4.7: Solutions of the optimization problems for the condi-
tional upper and lower probabilities p( s'ish )

Solution for Joint P Marginal Marginal
on S, on S,
0 0 0 0 0.133\"
0085 0 0373 0.124 0.020
Mi 581,0.2,0219) "
n 0024 0005 0127 0.044| (& 0-38102.0219 0.613
0.024 0015 0.114 0.066 0.234
003 0 0104 006 0.036\"
" 0 0077 0398 0.106 02058100210, 0.115
ax 0 0 0 0 02, 0.581,0,0219) 0.622
0 0038 0120 0.061 0227
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Example 4.8. Consider again the situation and knowledge available in Example 4.4.
In addition to the knowledge available in Example 4.4, all we now know about the
stochastic mechanism between S; and S,, indicating epistemic independence. We
want to write down the optimization problems for finding upper and lower expec-
tations on the joint space and then calculate the upper and lower probabilities for

the event T ={(sll,s;),(slz,s%),(sf,sg),(sf,s;1 )} . Finally, we calculate the con-

ditional upper and lower probabilities P(s2'| sl') and P(slll sz').

Since this is a case of epistemic independence, where each experiment is epis-
temically irrelevant to the other, this example is the symmetric counterpart to Ex-
ample 4.7 above, where only the first experiment was epistemically irrelevant to
the other. Constraints in Egs. (4.45) and (4.46) become:

Subject to
(v
(v
P=Diag(pl“))( (3))T ;P=(p2(2) p,? p,? pz(S))Diag(pz(S))
)
(14’ (4.54)

(1,0,0,0) p,*’ <0.2; (0,1,0,0) p," <0.7; (0,0,0,1) p,’ 0.5
(1,1,0,0) p,”) £0.9; 0.2<(1,0,1,0) p,"”; 0.4<(0,1,1,0) p,"”; i=1,..5
0<(0,0,0,1) p," <0.3; 47/50<(0,0,1,7/5) p,'; j=1,...5
1"p,@ =117 -p, =1

pl(i) >0; pz(j) >0

Table 4.15 Example 4.7: Solutions of the nonlinear programming problems for
the lower and upper probabilities for T

Solution for Joint P Mirnglsr:al M?)nglal
00 02 0 o'
. 00 04 0 )

Min 00 0 o (0.2,0.4,0,0.4) 1
00 04 0 0
0000

Max SO ©0.0,1,0)7 (0,0,1,0)7
0010 -0, 1, .0, 1,
0000
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In this example of epistemic independence, the upper and lower probabilities for
the event T={(All5;)(512522)(51“5;)(51453)} are equal to 0 and 1, respectively.

The solutions summarized in Table 4.13 still indicate that the joint distribution
does not satisfy stochastic independence (Eq. (2.35)). Likewise for the maximiz-
ing solution.

The conditional upper and lower probabilities P(s,'l s;') are equal to the mar-

ginal ones, i.e. 0.18 and 0, respectively, and the conditional upper and lower prob-
abilities P(s1'| sz') are equal to 0.2 and 0, which means that the first experiment is
epistemically relevant to the second one and vice versa. It should be noted that the
minimizing and maximizing solutions in the case of epistemic independence again
violate stochastic independence (Eq. (2.35)) because p # pi(z) * pi(3) * pi(4) *
pi=1,2.
Since the optimization problems contained in the previous examples are
NP-hard, regardless of the numerical method applied, finding the optimal
solution is time-consuming even when the problems are 4-dimensional.
When marginals’ expectations are bounded (Eq. (4.17)), these non-linear
optimization problems may be turned into linear ones by starting from the
joint distribution matrix P.

Given P = Dlag(pl) Py (Eq (417), the marginal onS;, P- 1( E is

ny

P-1 0 Diag (p, )Py, 'l(nz)

(n

' ' (4.55)
= Diag (p;): (P2|11(n2)) = Diag(p, ) 1("2) —P

i.e., the marginal on §; is the same as p;. Consequently, by substituting
P-l( ) for p, one obtains:

P = Diag (p, )- Py, = Diag (P ST ) Py, (4.56)

ie., pi= (z pf’m](p;ﬂ ) s j=Len, (4.57)

m=1

where P’" is the /" row of matrix P.

Therefore, the constraints on py, i.e. E; oy [ fE J S(flk )T P <Eypp [ £ ] ,

can be rewritten as E;,y [flk ] < (flk )T P l(nz) < Eypp [flk} . As for con-

straints on p, i.e.:

Evow| £ ]<(85) 22 < Eyp[ 7] (4.58)
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: Lo AT
notice that p,"/ - Zp"’m :(P-”') . Therefore, by multiplying Eq.

n, i
(4.58) by Z p’™ , constraints on p, are rewritten as:

m=1

E ow [fz] [ZP J j"'fzk SEUPP[fzk]'[ipj’mJ 4.59)
m=1

To summarize, given the epistemic irrelevance of the first experiment with
respect to the second experiment, P = Diag(p,) P, the optimization prob-
lem may be written in the linear form:

i=n;j=n i=ngj=n, i i
minimize Z v G phi —Z U g ph
i=1; j=1 i=1; j=1
subject to

Erow |:flk } < (f1k )T P'l(m < Eypp [flk J; k=1...k;

Erow [fzk][i Pj’m] <P/ .ff <Eypp [fﬂ [i pj.m} (4.60)

m=1 m=1
k=1..ky; j=1,...n;
1" P-1=1; P>0

where P’ is the j" row of matrix P.

Constraints in Eq. (4.60) are equivalent to the constraints on ¥; (Eq.
(4.17)). If the set of extreme distributions on the marginals (Eq. (4.18)) is
given, constraints remain quadratic even if they are rewritten as in Eq. (4.60):

L) ZCIPEXT.

. & £ & j,m

P/ = ZCZJPEXQ : ij‘
£=] m=1

: 4.61

161521’6‘1520; e
&
& ; :

C;J -1, C;J >0, j=1,...,n
=

where P’ is the /" row of matrix P.
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Therefore, constraints in Eq. (4.61) have no computational advantage
over constraints in Eq. (4.46).
Likewise, when the second experiment is epistemically irrelevant to the

first, P = PpDiag(p,) (i.e.), and I(Tn])Pzpz, i.e., the marginal on S, is

equal to p,. The linear optimization problem is

wiinize 371 o (S
Subject to
[ 13 J<tet) e SEUPPm-("zw];
Epow | 5] 1, Pt < Eypp| ff |5k 1,...,k2;
1"-P-1=1; P20

(4.62)

where P/ is the /™ column of matrix P.

For the case of epistemic independence, let us write down the optimiza-
tion problem in the (linear) constraints when marginals are constrained by
upper and lower previsions (Eq. (4.18)):

L Zl‘:"n;f:"z ij i Z"Z”I;-"Z"Z ij s
Minimize L a-p -/ . a-p
i=1;j=1 i=l;j=1

Subject to
E;ow [flk} < (flk )T P '1(”2) < Eypp [ﬁk J; k=1,...k;

Erow [fzq < (l(m) )T P-f5 <Eypp [fzk}; k=1,....ky;

Eyow| ] [Zp ] (£) P'vfsgupp[ﬁk].[ipm,j} (4.63)

m=1 m=l1

k=1..,k; j=1..ny;

Erow [fzk][i p’””’} <P/ .t} < EUPP[ka](i pj,m}
m=l1

1T.P-1=1; P>0

When marginals are bounded by extreme distributions (Eq. (4.46)), the
constraints are rewritten as:
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112 ch pEXTI

= zcgpi"xrz ;
=

w S £ & "1 i
P/ = ;cl ’]PEXTI ' p™
=1 m=1

P —(Z% Pm} ["zzp*m]

. (4.64)
chf :1, le 20;
&
& . :
ZC;J =1, ¢§7 20, j=1....n
f:]
< ) :
ché,/ -1, le,/ >0, j=1,..,n,
o)
&
ch =1, sz >0
&

Similar to the case of epistemic irrelevance, these quadratic constraints
make the epistemic independence problem non-linear, and there is no
computational advantage with respect to Eq. (4.46)

Both P = Diag(p;) P»; and P = PpDiag(p,) ensure that the constraints
on the marginal distributions are satisfied automatically. In the case of P =
Diag(p,) Py, we already know that the marginal on S;, P - l(nz) , is equal to

p:; now let us check the marginal on S, i.e. 1(Tn )P

T
1(,\P =1, Diag(p,)Py = (p, ) Py, = ( pi(sy)-pi(s,, )) (p(21) )

]

This is a linear combination of vectors p,” with coefficients p,(s;). Since

(4.65)

0<p(s;)<L, i=1,..,n, and Zpl (s;)=1, the marginal on S, l(Tn])P is a
i=l
convex combination of elements p,€ ‘¥,. Since W, is convex, the marginal
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on S, is in ¥,. Therefore, the constraints on marginal probabilities on joint
space will be automatically satisfied for the epistemic irrelevance problem.

Now, let us go back to the definition of epistemic irrelevance to intro-
duce an effective algorithm for calculating the extreme joint distributions,
which is addressed by the following two theorems:

Theorem 4.2. Let the extreme points of the convex sets of marginal prob-
ability  distributions on S, and S, be ngn , E=1,..¢5, and

pi‘xrz’ &=1,..&,, respectively. If the first experiment is epistemically ir-
relevant to the second, the set of extreme points of the joint distributions,

wh s
EXT:{P=Diag(pl)-P2|1 .p, € EXT, Py, € EXT,:i =1,...n1} e

T
]
(P
— D m : L m ;
Ppyr = Diag (I’EXTl ) : “Pexr, € EXT1,Pgyy,

T
Ty
(pEXT2 )

< EXT,; (4.66)
EXT=

i=1..n

Proof : Any p;€ W, and p,€ W, can be written as a linear combination of
extreme points in ¥, and ¥, respectively:

Py = (P Py - Py (A A A )T (4.67)

A 12452,1 (I’lEXT2 )T
Py = E ﬂ'zf’i E :
121’”1 .. & ( & )T

Pexr,
(4.68)

&
0SAF <L E=1..8: ) A =1
&
&

0 A <1, E=lny, i=lom; D A5 =1
=1
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By inserting Eqgs. (4.67) and (4.68) into P = Diag (p, )- P, , one obtains:

Al (pIEXTz )T
T e
4 , ¢
P = Diag| (Plpxr, - Pixr, - Piyr, ) ﬂl AT .(pEXTz ) (4.69)
’ ZQI’HI .. & :
S
g (pi}XTz )T

L, &=
Extreme points of P are achieved if and only if ﬂf = s=m and
0, #=m
Sl=a 0 m=1LE =
j’z {O’ gif]i, ) 751’771 D) ’§2‘
T
(P,
Therefore, Pgy, = Diag (p'}':fXTl ) : [
n \T
(pE)](TZ)

Theorem 4.3. If the second experiment is epistemically irrelevant to the
first, the set of extreme points of the joint distributions is

EXT:{P =Py, Diag(p,): Py, € EXT,,p, e EXTy;i= 1,...n2} e (4.70)

_ 7, B . m .
s o I

Plys € EXT,.Pixy, € EXTyii=1,..m,

Theorem 4.2 enables us to efficiently find the extreme joint distributions
given the extreme distributions on the marginals, and the upper limit for the

number of extreme joint distribution is & x&," . Likewise, when the second
experiment is epistemically irrelevant to the first, Theorem 4.3 yields an up-
per limit equal to & x¢&, . However, the algorithms in Theorem 4.2 and

Theorem 4.3 cannot be used in the case of epistemic independence because
the convex set of joint distributions is the intersection of the two convex sets
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% . as illustrated in

. s . IS
for the epistemic irrelevance cases, ie. Wg="¥;' N ;

Figure 4.10, the extreme points of W may not be the extreme points of ‘P'g‘

and ‘P'éz . The only way to determine the extreme points for Wg is to use the

linear constraints in Eq.(4.63).

Fig. 4.10 Set of extreme
points for the case of epis-
temic independence

Now let us rework Example 4.5 and Example 4.6 with the new linear algorithm
(Eqgs.(4.60), (4.62) and (4.63)), in which constraints are written in terms of the
joint distribution. Since the problem is now linear, it may be solved with two dif-
ferent methods. One is a linear optimization problem, and the other consists of
first finding all extreme joint distributions and then checking which extreme dis-
tribution maximizes or minimizes the objective function. We want to first calcu-
late the probability for the event 7= ({A, A}, {B, B}), and then determine the up-
per and lower conditional probabilities that the first resin is Type A given the type

of the second resin, defined by p"! /(pl’1 +p*! ) .

Example 4.9. Let us redo Example 4.5 by rewriting the constraints as:

Subject to
05< pM+pt?<0.8

0‘3(p1’1 + pl’z) < pl’1 < 0.7(p1’1 + pl’z)

4.72)
0‘3(p2’1 + pz,z) < pz’1 < 0‘7(})2’1 + pz,z)
17 P-1=1
P>0

Table 4.16 gives the results obtained by using linear optimization. Both the upper
and lower probabilities of T and the conditional upper and lower probabilities
(Table 4.17) achieve the same upper and lower values as in our previous calcula-
tions in Example 4.5 but the computational effort is now greatly reduced.
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Table 4.16 Example 4.5: lower and upper probabilities for T by the simplex method

Solution for Joint P Marginal ~ Marginal
on S| on S»

Min 15 35 . .
/100 172,12 172,12

P(M)=03 [35 15 (12, 127 (2. 1)

Max 35 15
/100 (172,172 (1/2,12)"
P(T)=0.7 [15 35 ( o )

Table 4.17 Example 4.5: lower and upper probabilities for conditional probability
By (Sl =AlS, = A) by the simplex method

Solution for Joint P Marginal Marginal
on S on S,
Min 1535 /100 (172,127 (1/2,1/2)"
By (S, =AlS,=A)=03 35 15 ’ ’

Max

P, (S, =AlS, =A)=0903

0.56
0.06

0.24
0.14

J 0.8,02)"  (0.62,0.38)"

Let us now redo Example 4.5 by first calculating all joint extreme distributions
using Theorem 4.2. The extreme points on p; are (0.5, 0.5)" and (0.8, 0.2)", and
the extreme points on p, are (0.3, 0.7)" and (0.7, 0.3)". Table 4.18 gives the 8 ex-
treme points of \I»"g' calculated by using Theorem 4.2. As in all previous calcula-

tions, the lower and upper probabilities for 7 are 0.3 and 0.7, respectively, while
the conditional probability that the first resin is Type A given the type of the sec-
ond resin ranges between 0.3 and 0.903. Notice that the upper and lower probabil-
ity of T might be achieved at different extreme points of ‘P'g' .

Table 4.18 Example 4.5 Extreme joint distributions

i Piy Pio P P P(T) Ry (S = AlS, = A)
1 0.15 035 0.15 0.35 0.5 0.500
2 0.15 035 035 0.15 0.3 0.300
3 035 0.15 0.15 0.35 0.7 0.700
4 035 0.15 035 0.15 0.5 0.500
5 024 056 0.06 0.14 0.38 0.800
6 024 056 0.14 0.06 0.3 0.632
7 0.56 024 0.06 0.14 0.7 0.903
8 0.56 024 0.14 0.06 0.62 0.800
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Finally, let us rework Example 4.6 by rewriting the constraints in a linear form:
Subject to
0.5< P+ P <08
03< P+ P> <07
0.3(P" + P?) < P! <0.7(PM 4 P2
0.3(P*' +P*?) < P> <07(P* + P?) 4.73)
0.5(P" + P> )< P! <0.8(P" + P)
0.5(P"? + P*?) < P <0.8( P + P?)
1"-P-1=1;
P>0

The results obtained by using linear optimization are given in Table 4.19 and Table
4.20. Since epistemic independence is assumed, extreme points of joint probability
distributions are calculated by using the algorithm on page 114 and are listed in Ta-
ble 4.21. Although the upper and lower probabilities are the same as in Example 4.6,
they are achieved at different extreme points.

Table 4.19 Example 4.6 Lower and upper probabilities for 7 by the simplex method

Solution for Joint P Marginal Marginal
on S on S,
Mi 0.203 0475
p (T):H(l).szz [0203 0119 (0.678,0.322)"  (0.407, 0.593)"
0.475 0.203
» (T;\ia)(().678 [0119 0203} (0.678,0.322)"  (0.593, 0.407)"

Table 4.20 Example 4.6 Lower and upper probabilities for conditional probability
By (Sl =AlS, = A) by the simplex method

Solution for Joint P Marginal Marginal
on S on S,
Min 0.15 035 T T
Ay (S] =Als, = A)= 0.5 [0.15 0.35] 05,05 ©3,07)
Max 024 056 . .
P, (s,=Als,=A)=08 (0.06 0.14) 05,027 (062,038

www.EngineeringBooksPDF.com



4.2 Stochastic Independence in the Theory of Imprecise Probabilities 151

Table 4.21 Example 4.6 Lower and upper probabilities for 7 and lower and
upper conditional probability £, (SI =AlS, = A) by checking all extreme joint
distributions

i P;;T,. Péﬁri Plzzklri P;kzri P(T) PIIZ(SI =AlS, ZA)
1 0.15 035 0.15 0.35 0.5 0.500
2 024 056 0.06 0.14 0.38 0.800
3 035 0.15 035 0.15 0.5 0.500
4 0.56 024 0.14 0.06 0.62 0.800
5 0475 0.203 0.119 0.203 0.678 0.800
6 0414 0.241 0.103 0.241 0.655 0.800
7 0203 0475 0203 0.119 0.322 0.500
8 0241 0414 0.241 0.103 0.344 0.500

4.2.3 Strong Independence

In strong independence (or type-1 extension), the set of probability meas-
ures, W, is composed of all product measures, i.e.

Ys={P=R®P:Re¥ Pe¥,] ; (4.74)

By comparing Eq. (4.42) with Eq. (4.74), one realizes that strong inde-
pendence is obtained by imposing that any P> e ¥, and any P e P,

and these measures are the same for all values s, and sy, respectively. i.e.
by adding the following conditions to epistemic independence:

Vs,eS,:P™ =P and Vs €S :P%" =P, (4.75)

Since we added a constraint to epistemic independence, the previous inde-
pendence properties are kept. In particular, learning the outcome of one
experiment does not change our uncertainty about the outcome of the other
experiment, in accordance with the intuitive notion of independence.

Strong independence is an appropriate model when the following assump-
tions are satisfied:

e The outcomes for s, and s; result from random experiments,
each governed by a unique (but unknown) probability measure,
or distribution.

e We know that the probability measures, or distributions, belong
to sets ¥, and ¥, respectively.
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e The random experiments are stochastically independent
(Egs. (4.13) (4.14)).

e We do not know of any relationship between the two marginal
probability measures (or distributions) that would enable us to
rule out some of the possible combinations of marginal measures
(or distributions).

Theorem 4.4 addresses the calculation of the extreme joint distributions and
measures of the set of joint distributions, ¥ . Sets of joint distributions un-

der assumptions of unknown interaction, epistemic irrelevance and epis-
temic independence are convex. However, when strong independence is as-
sumed, ¥ is not a convex set, as explained in the following Theorem 4.5.

Although ¥ is not convex, maxima and minima of linear functions are al-

ways achieved at extreme points of ¥ .

Theorem 4.4. Under the assumption of strong independence, the set of ex-
treme joint distributions (measures), EXT, is the set of product distribu-
tions (measures), each taken from the extreme distributions (measures) of
the marginals, ETX;:

EXT={P=R ®P,:P,€ EXT|,P, € EXT,} , i.e. per Eq. (2.35):

T (4.76)
EXT= {ngnr _Pi"xn (pgxu) :pixr, € EXT]’pZ"XTZ € EXTz}

Proof : Let the extreme points of the convex set of probability distributions
on S; and S, be pgxn’ £=1,..¢, and p%XTZ, &=1,..5,, respectively. Any

p: and p; can be written as a linear combination of extreme points:

p, = (PEXTl Pi"le pEXTl)(ﬂ" ;ng ﬂ"gl) '
Pz—(PEXT2 pi’XTZ pEXTZ)(;iZ /15: ;{252)

0 A <1, E=1,8; zlﬂle 4.77)
=

&
0S4 <1, E=1..,85 D A5 =1
&l
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Since P=p, ®p,, any joint probability distribution may be written as

follows:
/111 (piEXT2 )T
P T
Pz(p}EXTl"'pI{"XY]'“piXﬂ) /11 (/121 A /152) (piﬂz) (4.78)
; :
A (I’%XT2 )T

Extreme points of P are achieved if and only if:

1, =m L, =m
,11‘5 :{O .f;tm] and /?f :{0 f;tmz;ml =1,...&;my =1,...,&, (4.79)
El 1 )

T
Therefore, EXT= {pg;; =Pixr, (Phxr, ) Phxr, € EXT, Py, € EXTZ}. n

Theorem 4.5. Under strong independence, the set of joint distributions
(measures), WY, is not convex.

Proof : Consider a counterexample with & =3, & =2 in Eq. (4.77) and
let us proceed by contradiction by assuming that ¥ is a convex set.

Let P, and P, be two joint distributions in ¥ such that P, is generated

by taking (4.47.47)=(1,0,0), (4..45..47)=(0,1), and thus

01

(211.../115.../?15‘ )T(ﬂéﬂfﬂfz): 0 0|, and P, is generated by taking
00

(A4 45 ) =(0,0,1), (4245 A5 ) =(1,0), and  thus
00

(A A A7 )T(z;...zg...zgz)= 0 0]
10
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The mid point, P

m?

between P, and P, is 1/2(P, +P,). Consequently,
0 1722

T

(/7.11/115/?15‘) (ﬂéﬂfﬂfz) for P, isequalto | o0 ¢ |, which could

172 0

T
be written in the form (/7.1l ,/7.12,/7.13) (221,222) based on the assumption that

P, is in the convex set Y.

i A M2 | (0 1
Thus, (ALA04) (A.4)= | 425,4222 |=| 0 0 |, subject to
Rapiag ) (e o
A 20,3 A/ =1.Since 443 =112 and ' =172, 3 1540 3 =1/4.
J

However, we also have 4/ 4,=0 and 4’ 4; =0, so 4} LA A =4 A5 4 2, =0,
which contradicts the previous result A4 4; A’ A, =1/4. Therefore, there are no

/’Ll-j that satisfy all requirements, i.e.,P, #P, ® P,. Therefore, ¥ is not
Convex. [ ]

There are several options for carrying out calculations on the joint space:

1. If extreme distributions are available for the marginals (Eq.
(4.13)), first calculate all &;x&, extreme joint distributions pgxr
as indicated in Eq. (4.76). If the objective function is linear
(e.g., prevision or probability), then the solution is simply found
by evaluating the objective function on all vertices pPgxr. i. €:

Subject to:
(4.80)

This problem is much easier to solve than the non-convex and
NP-hard optimization problems that follow.

2. If extreme distributions are available for the marginals (Eq.
(4.18)), use directly constraints in Egs. (4.14) and (4.74), thus

obtaining quadratic constraints in the 7,Xn, components pi” , N+
n, components p; and in the &+& components cf :
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Subject to:
P-p,(p, )T =0

& ¢
p; —Zci Pixy =0;i=12
& (4.81)

3
Def—1=0, ¢f 20;i=12
&=l

3. If expectation (prevision) bounds are given on the marginals
(Eq. (4.17)), use directly constraints in Egs. (4.74) and (4.76),
thus obtaining quadratic constraints in the 7,xn, components p"/
and n; + n, components Py(s;):

Subject to:
T
P-p,(p,) =0 (4.82)

Eyon [ £F]<(85) 0y < Eupp [ £ ] k= kiz =12

Example 4.10. Consider again the situation and knowledge available in Example
4.1, but now suppose that a cartridge is picked from each box in a stochastically in-
dependent way. We want to write down the entire set of joint distributions in ¥g and
then calculate the upper and lower probabilities for the case in which the resin is not
activated because the same resin type is selected, i.e. event T={(A, A), (B, B)}.

The possible distributions for Type A and Type B resins in each box are given
in Table 4.1. Since the two picks are stochastically independent, the probability of
picking, say, two Type B cartridges is the product of the two relative frequencies
listed in the third columns of Table 4.1a and Table 4.1b, which can take any of
4.5=20 possible values ranging from 0.2-0.3 = 0.06 to 0.5-0.7 = 0.35. The interval
[0.06, 0.35] represents the convex hull of the possible probabilities of picking two
Type B cartridges, and it represents our uncertainty about this event.

The physical meaning of this example makes W finite. ¥ has 4-5=20 probabil-
ity measures (given in Table 4.22), of which 4 are extreme points pgyr (at least one
P(s,, 1) attains a maximum or a minimum at one of the extreme points). The 4 ex-
treme points are the products of the gray-hatched probabilities in Table 4.1, and
are hatched gray in Table 4.22.
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Table 4.22 Example 4.10: joint probabilities of elementary events (gray hatch de-
notes extreme points Pgxr)

(P(A, A), P(A, B), P(B, A), P(B, B)) (P(A, A), P(A, B), P(B, A), P(B, B))

(0.15,0.35, 0.15, 0.35) (0.21, 0.49, 0.09, 0.21)
0.2,0.3,0.2,0.3) (0.28,0.42, 0.12, 0.18)
(0.25,0.25, 0.25, 0.25) (0.35,0.35, 0.15, 0.15)
(0.3,0.2,0.3,0.2) (0.42,0.28, 0.18, 0.12)
(0.35, 0.15, 0.35, 0.15) (0.49,0.21, 0.21, 0.09)
(0.18,0.42, 0.12, 0.28) (0.24, 0.56, 0.06, 0.14)
(0.24, 0.36, 0.16, 0.24) (0.32, 0.48, 0.08, 0.12)
(0.3,0.3,0.2,0.2) (0.4,0.4,0.1,0.1)
(0.36, 0.24, 0.24, 0.16) (0.48,0.32, 0.12, 0.08)
(0.42,0.18, 0.28, 0.12) (0.56, 0.24, 0.14, 0.06)

Consider again the case in which the resin is not activated because the same
resin type is selected: T={(A, A), (B, B)}. The solution is to be searched through
the extreme distributions pgyxr. The lower probability of this event is given by the
seventh row, second column in Table 4.22, i.e. 0.24+0.14 = 0.38; the upper prob-
ability is given by the last row in Table 4.22, i.e. 0.56+0.06 = 0.62. The upper and
lower conditional probabilities that the first resin is Type A given the type of the
second resin, defined by p!! /(plv1 +p2’1) , are equal to 0.8 and 0.5, and are

achieved at the two extreme distributions in the second column, and in the first
column of Table 4.22, respectively.

Example 4.11. Consider again the situation and knowledge available in Example 4.4,
but now suppose that experiments are conducted in a stochastically independent
way. We want to write down the entire set of joint distribution in W and then cal-
culate the upper and lower  probabilities for  the event

T z{(s]],slz),(slz,sg),(S?,Sg),(sﬁv33)}-

The extreme distributions in S; and S, are listed in Table 4.7. The product of
marginal extreme distributions generates an extreme joint distribution in Ws.

When the probability distribution in ‘¥ is p}EXTl =(0.2,0.7, 0, 0.1), and the distri-

bution in ¥, is pgxm =(0, 0, 1, 0), the joint probability distribution is

0000

02 07 0 0.1
0000
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and the probability of event 7 achieves its minimum value, i.e., P(T) = 0. When
Paxr1=(0,0,1,0) in W, and pSyr, = (0,0, 1, 0) in W, the joint probability dis-
tribution is

=~

I
S o o O
S o o o
o = O O
o S o o

and the probability of event T achieves its maximum value, i.e., P(T) = 1.

4.2.4 Relationships between the Four Types of Independence

The constraints that define the three sets of probability measures are
summarized as follows:

e Unknown interaction: Wy: (4.25)
e Epistemic irrelevance: ‘PE"" 1 (4.25) + (one of (4.42))

e Epistemic independence: Wg: (4.25) + (4.42)
e Strong independence: Ws: (4.25) + (4.42) + (4.75)

Since constraints are consecutively added, the sets of probability measures
are nested, i.e. W5 < Wg C ‘PE'S” c Wu. As a consequence, the upper and

lower probability bounds are also nested:
I, Is,
PU,LOW pS PE,LOW v < PE,LOW < PS,LOW pS PS,UPP < PE,UPP < PE,UPP < PU,UPP (483)

This is exemplified by the probability of set 7={(A, A), (B, B)} in
Example 4.1, Example 4.5, Example 4.6, and Example 4.10:

e Unknown interaction: By row =0.00; Py ypp =1.00

¢ Epistemic irrelevance: Ps row™ =0.30; By ypp™ =0.70

e Epistemic independence: P ow =19/59=0.322; Py ypp =40/59=0.678
e Strong independence: Fs row =0.38; Fs ypp =0.62
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4.3 Independence When Marginals Are Random Sets

When two marginal random sets, Fi={(A;, m;)} and FH={(A,, m,)}, are assigned
on §; and S, respectively, two lines of thought can be pursued in order to
combine the information on the Cartesian product S=S; X S,:

1))

2)

3)

Consider each marginal random set as a convex set of probability
distributions/measures, ¥; defined either by
a. The Belief (lower probability bound) of each subset of S;
(Section 3.2.2); or, alternatively, the Plausibility (upper
probability bound) of each subset of S;. In this case, ¥, is
defined as in Eq. (4.17).
b. Its extreme distributions (Section 3.2.3.4); in this case, ¥;
is defined as in Eq. (4.18).
According to this line of thought, one would proceed as described
in the previous Section 4.2 within the theory of imprecise prob-
abilities and without any attempt to obtain a random relation on
S. This approach will not be expanded on further because it has
already been dealt with.
Consider a random relation defined (similarly to Eq. (4.5)) as the
set of probability distributions/measures:

7

‘I’={§:Z(m(z41i xAf)-PH) 1P et } (4.84)

i=1 j=1

where "/ is the set of all probability measures defined over the fo-
cal element A/ xAJ (and equal to zero elsewhere). The only un-
known in Eq. (4.84) is thus the basic probability assignment
m(Af XA-zj ) Since this is a precise probability, the problem of as-

signing m is similar to the reconstruction of a joint probability from
precise marginal distributions. Rows 2 and 3 in Table 4.23 indicate
two possible choices, namely stochastic independence and unknown
interaction. The question now arises as to whether and how the defi-
nitions of independence given in Section 4.2 can be recast in the
form (4.84). Sections 4.3.1 and 4.3.2 address this question.

If one sets constraints on distribution sets ¥*/ in Eq. (4.84), then the
resulting set ¥ is no longer a random relation. In Sections 4.3.3 and
4.3.4, additional constraints will be introduced in order to recover
epistemic independence and strong independence, respectively" *
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In Eq. (4.84), the focal elements for the random relation are taken as the
Cartesian products A} X AJ because any other subset A c A/ x A would
indicate some type of dependence between the two variables, s, and s,, and
is therefore ruled out in this section on independence. Subsets A C A x AJ

will be introduced in Section 4.4, which deals with correlation.

Table 4.23 Types of independence when the marginals are random sets

Name of Indep. for m Indep. for P/ Unique Generate
independence for m? Random

the joint set of Relation?
probability

measures

Random set Stochastic Unknown Yes Yes, only one
independence Indep. Interaction

Unknown Unknown Unknown No Yes, infinite ones
Interaction Interaction Interaction

Epistemic Stochastic Epistemic Yes No
independence Indep. Indep.

Strong Stochastic Stochastic Yes No
Independence Indep. Indep.

Finally, Section 4.3.5 covers the special case of a fuzzy Cartesian prod-
uct, in which only some Cartesian products Af X Azj are used as opposed to

all Cartesian products in Eq. (4.84). The basic definitions introduced in
this section are mainly taken from references ((Fetz 2001; Fetz 2003; Fetz
2004; Fetz and Oberguggenberger 2004)).

4.3.1 Random Set Independence

Given the choices in Table 4.23 (second row), there is random set inde-
pendence when the set of joint probability measures is:

1

Weg =422 (m (4f)ms(af)- PP )1 P € W (4.85)

i=1 j=I

where W is the set of all probability measures defined over the focal ele-
ment Ali X Azj (and zero elsewhere). W r corresponds to the set of distribu-

tions/measures obtained by assigning mass m, (Al’ )mz(Azj ) arbitrarily to
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elements of A/ x A{, and is thus the unique random relation whose focal
elements are all Cartesian products Af X A2j and whose basic probability
assignment is m( A'x AT = ml(Af Iny( A2j ). Upper and lower probabili-
ties on a set, T, are then calculated using Egs. (3.3) and (4.1). Alterna-
tively, since ¥"’ contains all probability measures, it also contains the
Dirac measure (Section 2.1), and thus upper and lower probabilities are ob-
tained by appropriately collocating the Dirac measures in their focal ele-
ments; this is illustrated in Example 4.12 below.

Random set independence is an appropriate model for outcomes s, and
s, under the following assumptions:

1)  There are two random experiments with possibility spaces X; and X,
where known probability of elementary events m;* and m,* are as-
signed, respectively.

2)  Each space, X;, is related to S; through a multi-valued mapping G;,
meaning that if x; is the outcome of random experiment i, then we
only learn that the true state of S; belongs to the subset G,(x;) < S;.
(Section 2.1.1).

3)  The probability distribution m;* on X; induces the probability as-
signment m{G,(x;)) = m;*( x;) on S..

4)  The probabilities of elementary events m;* and m,* are stochastically
independent.

5)  Nothing is known about the interaction between the two mechanisms
for selecting outcomes s; and s, from the sets G,(x;) and G(xy).

Example 4.12. Let us consider the two boxes of resin as in Example 4.1 (page
116). In the current example, if a cartridge of unknown type is picked from one
box, it is replaced with another cartridge by a completely unknown procedure. If
two cartridges of unknown types are picked, then there can be arbitrary correlation
between the types of the replacement cartridges. In addition, the operations of
picking cartridges from the two boxes are stochastically independent. The mar-
ginal probability assignments are:

a) First box: my({A})=0.5, m,({B})=0.2, m,({A, B})=0.3.
b) Second box: my({A})=0.3, my({B})=0.3, mx({A, B})=0.4.

Figure 4.11 illustrates the stochastic independent random relation together with the
two marginal random sets, whereas Table 4.24 gives the composition of the focal
elements. The probability of the event T that the two cartridges are of the same type,
T= {(A, A), (B, B)}, is comprised between the Belief and Plausibility of 7 (Eq. 2.3).
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Fig. 4.11 Example 4.12: marginal
random sets and stochastic
independent random relation. '
Numbers indicate probability 0.4
assignment; dashed lines envelop S, =
focal elements for the stochastic f
independent random relation

.I-———_——'——I :

Table 4.24 Example 4.12: Stochastic independent random relation

Focal element no. Focal element Probability assignment
1 {(A, A)} m"'=0.15

3 {CA, B)} m" =0.15

5 {CA, A), (A, B)} m' =02

2 {(B,A)} m™' =0.06

4 {(B,B)} m™* =0.06

6 {(B, A), (B,B)} m™ =0.08

7 {(A, A), (B, A)} m>! =0.09

8 {(A,B), (B,B)} m>* = 0.09

9 {(A,A),(B,B),(A,B),(B,A)} m™=0.12

Pla(T) = Zmi LA AT =D =m" +m** + m" + m* + m® + w2 + >3 =
i

0.15+0.06+0.2+0.08+0.09+0.09+0.12=0.79 =1— Bel(T¢) =
=1—(m*+m’)=1-(0.15+0.06) = 0.79 (4.86)
Bel(T)=Ym'|A' cT=m"" +m** =0.15+0.06=0.21

i

021 < P(T) < 0.79

Alternatively, the upper probability is achieved by collocating the Dirac measures on
(A, A) for focal elements that contain (A, A) but not (B, B), namely, 1, 5 and 7; on
(B, B) for focal elements that contain (B, B) but not (A, A), namely 4, 6 and 8; and
on either (A, A) or (B, B) for focal element 9. This yields the joint distributions:

(044 0.15 (056 0.15
P=10.06 035 2P 006 023
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Likewise, the lower probability is achieved by collocating the Dirac measure on
(A, B) for focal elements 5 and 8, (B, A) for focal elements 6 and 7, and either (A,
B) or (B, A) for focal element 9. This yields the probabilities of elementary events
(AA, AB, BA, BB): (0.15, 0.44, 0.35, 0.06) or (0.15, 0.56, 0.23, 0.06).

(015 044 (015 056
P=035 006 P=1023 006

Notice that the marginals (Eq. (2.24)) of |p through 4p are in the sets of distribu-
tions defined by the marginal random sets a) and b) above. The four joint prob-
abilities distributions |p through 4p are also extreme points of ¥; a complete cal-
culation by means of the permutation algorithm, Sections 3.2.3.4 and 3.2.3.5,
shows that W has 16 extreme points (8 of which have multiplicity equal to 2).
Distributions |p through 4p yield the upper and lower probabilities that the sec-
ond cartridge is Type A, given that the first cartridge is Type A, which can also be
calculated using Egs. (3.35) (Let D = {(A, A), (B,A)} and E = {(A,A), (A,B)}):

Bel (DI E) = Bel(DNE) _ Bel({(A,A)})
Bel(DNE)+ Pla(D® NE) Bel({(A,A)})+ Pla({(A,B)})
_ 0.15 _015 o
0.15+(0.15+0.2+0.09+0.12)  0.71
=minP(DmE)= 1P(AA) -0 _oon
re¥  P(E) JP(AA)+ ,p(AB)  0.15+0.56
Pla(D/E) = Pla(DNE) _ Pla({(AA)})
Pla(DNE)+ Bel(D€ NE) Pla({(A,A)})+ Bel({(A,B)})
__ 056 _056_,
0.56+0.15 0.71
:maxP(DmE) - 2P(AA) =036 4989

rev P(E)  ,p(AA)+,p(AB) 056+0.15

Notice that these probabilities may also be obtained as Belief and Plausibility, re-
spectively, of the conditional event TIE, where E = {(A,A), (A,B)} (the first car-
tridge is A) because the posterior event {(B, B)} is impossible. When compared
with the upper and lower probabilites of T ([0.21, 0.79]) the posterior probability
interval is slightly reduced. However, when compared with the interval [0.3, 0.7]
of marginal probabilities that the cartridge picked from the second box is of type
A, the posterior probability interval is larger. Once again, we find that learning the
type of cartridge changes our uncertainty about the type of the other cartridge,
contrary to the intuitive notion of independence.
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4.3.2 Unknown Interaction

Given the choices in Table 4.23 (third row), there is unknown interaction
when the set of joint probability measures is:

)

Yru = {iZ(m(Af x Af)- P/ ) | P e \P’"J} (4.87)

i=1 j=1

where m(Af ><A2j ) satisfies the marginals rules (4.4), and ¥ is the set of

all probability measures defined over the focal element Af ><A2j (and zero
elsewhere). Fetz (Fetz 2001) showed that this is also the set of probability
measures obtained by applying the definition of unknown interaction
(Section 4.2.1) to the marginal random sets, i.e. ¥y = ¥Ry -

Set Wy y defines an infinite number of random relations, namely all ran-

dom relations, such that m(Af X A-zj ) satisfies the marginal rules (4.4). Since

¥/ contains all probability measures, it also contains the Dirac measure
(Section 2.1), and thus upper and lower probabilities are obtained by appro-
priately collocating the Dirac measures &'/ in their focal elements, as was
done in Section 4.3.1, and by optimizing the probability assignments. More
precisely, the upper probability on a set, 7 'is:

P, (T) =max{P(T) :Pe ‘PR’U} =

:max{ii(m(,q{ ><A2!'),5i,j)|5i,j c ‘I”"J}’

i=1 j=1

(4.88)

where the maximum is achieved by collocating & in TN (Af X Azj ), i.e.

P, (T)=max > m(AlixAQi)

upp | 4.
i, i T AxA] )22 (4.89)

The function to maximize is just the Plausibility of 7. Therefore, by letting

m = m(Af ><A2j ) , the probability assignment that yields the upper prob-

ability on a set, 7, is found by solving the linear optimization problem:
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maximize z m'
i, i T AxA] )22
subject to:
. Ho..
1\ _ L] : —
ml(Al)—Zm l—l,...,l’tl (490)
j=1
. noo
mz(AZJ)=Zml’J J=Llm,
i=1
m >0

This problem can be easily programmed in the standard form:

minimize — ¢’ x
subject to: 4.91)
Mx=b, x20

where:

Lif Tr(AlxA])=@
C =
0 otherwise

xh=mi’j
h=j+@{-1)-n, for i=1..n;j=1..n,
1 if k=L..,n; h=@G0-1)-n, +1,....i-n,
M, =1 if k=nm+1,...n+nyh=i—n;,..([I—n)+n(n,-1) (4.92)
0 otherwise
m(A]) if k=1..n
by = .
mz(Azj) if k=n+1,...n+n,

k=1..n,n+1,..,n +n,

The lower probability on a set T is obtained by collocating 8 in
(A{ x AJ ) NTC whenever (A x Al )aT and (Al x A )N\T#D, ie.

P,,(T)=min > m(AlixAzi) 4.93)
i,j:(A,"xAzf')gT ’

www.EngineeringBooksPDF.com



4.3 Independence When Marginals Are Random Sets 165

The function to minimize is just the Belief of 7. Therefore, the probability
assignment that yields the lower probability on a set, 7, is found by solving
the linear optimization problem:

minimize Z m'/
i, j{AxAf )T
subject to:
, Hoo..
Ly _ L] .
m (Al)—Zm i=1..,n (4.94)
J=1

. noo
mz(Azj):Zm”] j=1..,n,
i=1

m >0

This problem can be easily programmed in the standard form:

minimize — ¢’ x
subject to: (4.95)
Mx=b , x>0

where:

- Lif (AfxaA{)cT

0 otherwise (4.96)

— b
X, =m

h:j+(i_1)‘n2 fOI' i:1,...,n];j:1,...,n2

Unknown interaction is an appropriate model for outcomes s; and s, under
the following assumptions:

1)  There are two random experiments with possibility spaces X; and X,,
where known probability of elementary events m;* and my* are as-
signed, respectively.

2)  Each space, X, is related to S; through a multi-valued mapping G;,
meaning that if x; is the outcome of random experiment i, then we
only learn that the true state of S; belongs to the subset Gi(x;) < S;.
(Section 2.1).

3)  The probability distribution m;* on X; induces the probability as-
signment m(Gi«(x;)) = m;*( x;) on §,.
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4)  Nothing is known about the interaction between the two mechanisms
for selecting outcomes x; and x, from the sets X; and X,, respectively,
i.e., the probabilities of elementary events m;* and m,* are linked by

unknown interaction.

5)  Nothing is known about the interaction between the two mechanisms
for selecting outcomes s; and s, from the sets G(x;) and Gy(x»),

respectively.

Example 4.13. Let us consider the two boxes of resin as in Example 4.12 (page
160). In the current example, however, nothing is known about the relationship
between picking a cartridge from the first box and picking one from the second
box. The focal elements for the set of random relations along with the numbering
of the probability assignment are still as in Table 4.24. For T= {(A, A), (B, B)},

problem (4.90) is written as:

maximize '
i, T AxA] }#42
subject to:

m" +m"? +m" = m (Al1 ) =0.5
2

Vector ¢ and matrix M take the values:

¢=(1,0,1,0,1,1,1,1, )"

1 1

S o = o O
o P o o o =
- o o o O
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0

1
0
1
0
0

0

o = o o =

- o o o = O

0

0
1
1
0
0

o = o = o O

i L, 13, .22, 2, 1 2 33
z m =+ P+ > m

- o o = o O

(4.97)

(4.98)
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Fig. 4.12 Example 4.13: marginal random sets and random relations that: a)
maximize the Plausibility; b) minimize the Belief. Numbers indicate values of
probability assignment; dashed lines envelop focal elements for random relation

By using the simplex method, the maximizing solution is found to be equal to
(0.1, 0.0, 04, 0.0, 0.2, 0.0, 0.2, 0.1, 0.0); the solution that minimizes the Belief is
(0.0,0.3,0.2,0.2, 0.0, 0.0, 0.1, 0.0, 0.2), as shown in Figure 4.12. The Plausibility
and the Belief of T calculated with the maximizing and minimizing solutions, re-
spectively, are as follows:

Pla(T) = m" +m +m®? +m? ! >
=0.1+0.44+0.24+0.0+0.2+0.1+0.0=1 (4.99)
Bel(T)=m"' +m** =0.0+0.0=0

These random relations also yield the upper and lower probabilities that the sec-
ond cartridge is A, given that the first cartridge is A (event E = {(A,A), (A,B)}),
which can be calculated using Eqgs. (3.32):

Bel({(A.A)}) -
Bel({(A.A)}) + Pla({(A.B)})

Bel ({(A,A),(B,A)}/{(A,A),(AB)}) =

00
0.0+0.5

Pla({(A.A)}) (4.100)

Pla({(A.A)}) + Bel({(AB)})

Pla({(A,A),(B,A)}/{(AA),(AB)}) =

07
0.7+0.0

This interval is larger than [0.3, 0.7], the interval of marginal probabilities that the
cartridge picked from the second box is of type A. Once again, we find that learn-
ing the type of cartridge changes our uncertainty about the type of the other car-
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tridge, contrary to the intuitive notion of independence. On the other hand, if event
E occurs, the upper and lower posterior probabilities for the event T={(A,A),
(B,B)}, are calculated as follows:

Bel(T 1E)= Bel(T NE) _ Bel({(A.A)}) _
Bel(T NE)+ Pla(T° NE) Bel({(A,A)})+ Pla({(AB)})
0 0
T0+(03+02+02) 07 (4.101)
Pla(T|E)= Pla({(A,A)}) _ 07 _07_

Pla({(A,A)}) +Bel({(AB)}) 0.7+0 07

This interval is the same as the prior interval because the information obtained
does not reduce uncertainty, which remains the maximum possible. Since the pos-
terior event {(B, B)} is impossible (because prior information is that the first car-
tridge is A), the calculated interval is the same as in Eq. (4.100).

Example 4.14. Let us consider the two random sets introduced in Example 4.2
(page 120). Table 4.25 gives the focal elements for the set of random relations

along with the probability assignment. For 7T = {( sll,s; ),(slz,sg ),(s]3 , sg )} ,
problems (4.90) are written as:
maximize Z m™ =m" +m? + "+ m® +m?? +m? +m?

i j;Tm(A," xA] )¢®

subject to:

m2]+m22+m2’3=m1(A1)=0.6
(4.102)
m”+m3’2+m3g=ml(Al3)=03
m”+m2’]+m3]=m2(A;):Ol
m12+m2’2+m3’2=m2(A§)=0.1
m]3+m23+m“=m2(A;)=08
Vector ¢ and matrix M take the values:
e=(1,1,1,1,1,1,0,1,0) "
111 00 0O0O0O0
0001T1TT1TGO0TO0DO0
M_OOOOOO]]] (4.103)
11001 001 00
01 001 O0O0T1O0
001 001 O0O0T1
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Notice that matrix M is the same as in Eq.(4.98) because matrix M only depends
on the number of focal elements in each marginal (Eq. (4.96)), and both Example
4.13 and Example 4.14 have 3 focal elements per marginal.

By using the simplex method, the maximizing solution is found to be equal to
(0.0, 0.0, 0.1, 0.0, 0.0, 0.6, 0.1, 0.1, 0.1). The minimum Bel(T) is achieved by setting
c=1(0,0,0,0,0,1,0,0, O)T, and yields the joint basic probability assignment (0.0,
0.0, 0.1, 0.1, 0.1, 0.4, 0.0, 0.0, 0.3). The Plausibility and the Belief of T calculated
with the maximizing and minimizing solutions, respectively, are as follows:

Pla(T) = m" +m"? +m P m?? > +m?
=0.0+0.0+0.1+0.0+0.0+0.6+0.1=0.8 (4.104)
Bel(T)=m** =0.4

and coincide with the values of the upper and lower probabilities, respectively,
found in Example 4.2.

On the other hand, the minimization of Pla(T) (i.e. minimization of Eq. (4.102))
yields the joint basic probability assignment (0.0, 0.1, 0.0, 0.0, 0.0, 0.6, 0.1, 0.0,
0.2), which gives Bel(T) = m*> = 0.6 > 0.4. Therefore, it is necessary to minimize
Bel(T) as explained in Eqgs. (4.94) and (4.95), instead of first minimizing the Plau-
sibility and then calculating the Belief as suggested in the literature (e.g., (Fetz
2001)).

Table 4.25 Example 4.14: Unknown interaction random relations

Focal element no.  Focal element Probability assignment
! [sh.s2)x(sh.s3) e
2 [stst)x]shosd.s3) e
3 [sts21x{s3) m
4 fsf st
’ [s2)x{shos3.53) "
6 s ]x{ ]
7 [s3)x{sh.53) !
8 [53)x]sh.s3.53] e
9 BEE
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4.3.3 Epistemic Independence

First of all, let us show that the definition of epistemic independence (Eq.
(4.42)) applied to two marginal random sets yields the set of probability
distributions/measures identified in Table 4.23 (fourth row), i.e. Wg = WgE.
Indeed, let the set of probabilities for the k-th marginal, ‘¥, be as in Eq.
(4.6). For all s; € Sy, the second condition (4.42) is satisfied with marginal

P, € ¥, and arbitrary probability measure PZ'S1 € Y¥,, which can be de-
composed using Eq. (4.6):

m n

B= Z(m1 (A{)-P{); P = zzj(mz (A5)- B ) : (4.105)

i=1 i=1

By inserting Eq. (4.105) into the second Equation (4.42), one obtains the
sought joint probability for any (sy, s2)€ S1 X S»:

P(s]’s2):P] ({Sl})lesl ({Sz}) =

:ii(m] (A) A ({sl}));(mz(Aé).Pzilsl ({23))= 4.106)

noon

= szl (Af)'mz (Azj)'Pli ({sl})szlsl ({32})

i=1 j=I

One may repeat the same reasoning for the first condition in Eq. (4.42), to
obtain:

P(ses) =2 Sm (A))ms (A1) B (GBS () @107)

i=1 j=I

By comparing Eq. (4.106) with Eq. (4.84), it is evident that the probability
assignment and the focal set probabilities are, respectively:

(A7) =m (4)-m (47):
V(s;,5,)€ Al xAJ, AP/ e W5 AND B e Pi: (4.108)
pii = Pli ) szls1 _ Plilsz sz

which are exactly the conditions given in Table 4.23 (fourth row).
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The set of joint probability distributions/measures is:

r-fig (A ()

i=1 j=1 piJ = Pll ,p2J|S1 :pllszpzj

(4.109)

P/ is a probability distribution on A¥ because it is the product of marginal
probabilities on A] and AJ , respectively. However, it is a special probability

distribution because not all joint probability distributions on A” can be writ-
ten as in (4.108b). Therefore, the set of probability measures in Eq. (4.109)
does not define a random relation. Compare Eq. (4.109) with the set of prob-
ability measures obtained using random set independence, Eq. (4.85). Since

P -sz e Py Wi € Wrr (Fetz and Oberguggenberger 2004).

As for numerical implementation, Eq. (4.109) does not suggest a more ef-
ficient algorithm than those introduced in Section 4.2.2. The reader is referred
to Example 4.6, which already dealt with marginal random sets.

4.3.4 Strong Independence

Let us construct the set Wy ¢ of joint probability measures obtained with
the choices given in Table 4.23 (fifth row), and the additional constraint
that, for a fixed index i, the measure P/ on the Cartesian product
A = Alx A] has the same marginal, P, on focal set A for all j =
1,....,np, 1.e.:

B =pP'=.=p" (4.110)

Likewise, for a fixed index j, P/ is forced to have the same marginal,
P2j , on focal set Af foralli=1,...,n,1.e.:

P =P = =P (4.111)

One obtains:

Wes ={i§(ml(A{)m2(Azf')-a"®P2f')} (4.112)

i=l j=I
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In Section 4.2.3, strong independence was characterized by the fact that the
set of probability measures, W, was composed of all product measures
(Eq. (4.74)). Since, for the j-th marginal random set:

Pj = 221’" j (A; ) P; , the set W5 may be written as:

w,={R ®Pz}={(§m1(Af)ﬂ”}é@(gmz(&).pzj}}

{88 o ()00 s

i=1 j=1

(4.113)

Hence, Wq=Wgg. Since P =P ®P2-i and since not all probability
measures on A"/ may be written as such, Wy g does not define a random

relation with focal elements A"/ = A x A{ .

Fetz and Oberguggenberger showed that the upper (lower, resp.) prob-
ability of an event, 7, can be determined by solving the following optimi-
zation problem that is written in terms of basic probability assignments and
focal elements of the marginals (Fetz and Oberguggenberger 2004):

LN . o
maximize (minimize) ZZm{ -m3 Iy (sf,s{ )
i=1 j=I

subject to: (4.114)
sfe Af i=1..m
sie Af Jj=L...n,

where [, is the indicator (or characteristic function, see Section 2.2) of the
set T. Typically, this is a hard problem to solve because there may be
many local minima and because the objective function is not continuous.
Such a difficulty in solving the problem in terms of marginal random sets
is the counterpart to the non-convexity of Ws demonstrated in Section
4.2.3, where it was also shown that upper and lower previsions (and thus
probabilities) are in any case achieved at the extreme points of V. Alter-
natively to solving problem (4.114), it may thus be advantageous to first
find the extreme points of the marginal distribution sets ¥; and then
proceed as described in Section 4.2.3.
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Constraints s; € A{, i=1,...,n, in Eq. (4.114) correspond to constraint
(4.110) on the marginal probability measures. As shown in Figure 4.13a,
they highlight that, given two Cartesian products A” and A" generated by
the same marginal focal set Af , s; must assume the same value on A and
A", In other words, the joint probabilities are particular selectors of a ran-
dom relation with focal elements A"/ =A/xAJ and probabilistic as-

signement m" =mf m{ , 1.e. of Wrr (Eq. (4.85)). In this case, we speak
of consistent selectors with consistent marginals. As a consequence, the set
of consistent selectors is not convex because W is not convex.
Alternatively, for the selectors of a general random relation, when s,
may assume different values on A" and A, as shown in Figure 4.13b,
marginals will be called non-consistent. Likewise for s,. Consistent and
non-consistent marginals will be used extensively when dealing with cor-

relation in Section 4.4 N 42,
AS A
i, sf-
fi= 4 4” { :,-'I:;I ArR
{‘ !ll._-_ = I
U I I Uy
{ =4 yu A=AY A
I, -t- ) ! ,
L A=Ar=4) o gegiagt ¥
a) b)

Fig. 4.13 a) s, assumes the same value, s;*, on A and At (consistent marginals);
b) s, assumes two different values, s,* and s,**, on A" and A”k, respectively (non-
consistent marginals)

Example 4.15. Let us consider the two boxes of resin as in Example 4.12 (page
160). In the current example, however, the relationship between picking a car-
tridge from the first box and picking one from the second box is still considered as
stochastically independent. In addition, if two cartridges of unknown types are
picked, then the types of the replacement cartridges are stochastically independent.
Since the set of marginal probabilities generated by the marginal random sets are
the same as those considered in Section 4.2.3, the results are exactly the same as in
Section 4.2.3.
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4.3.5 Fuzzy Cartesian Product or Consonant Random Cartesian
Product

When marginal random sets F={(A,, m;)} and F={(A,, m,)} are consonant,
they can be expressed as fuzzy sets Fj with membership function

Hr, (s./')ZZAf:sje Al m](Af) (Eq. (3.24)). Focal element A is then the
a~cut for the a-level Z L (A;‘ ) The fuzzy Cartesian product or

consonant random Cartesian product of F, and F,, F := FxF,, is then
defined as a fuzzy set on $=S,xS, with membership function

#F(S)::uF(Sl’SZ):min{luFl(Sl)’lqu(SZ)} (4.115)

. o . .
It is easy to see that the a-cut, A, of F is the Cartesian product of the
o o o, o o
o-cuts A;and A, A= A; X A, If §; and S, are sets of real numbers,

o, . . .
than A is a two-dimensional box. Figure 4.14 presents an example of
fuzzy Cartesian product: notice that the set, M = {o,..., o}, of o-levels is

equal to the union of the o-levels of F, , M, :{al,a3,a5,a6} , and F»,
My, ={0{1,a2,a4,a6} :

A Fuzzy Cartesian product, F, defines a consonant random Cartesian
product ({Ai },m ) on S by (Eq. (3.25b))

m(ﬂ(ai)sz(ai))=ai—ai+l Vi=1,...,|M|
(4.116)
m(A)=0 otherwise
with o' = 0.

Eq. (4.116) points out that, in a consonant random Cartesian product,
the focal sets are not all Cartesian products that can be formed with mar-
ginal focal elements. Indeed, the focal elements are only the Cartesian
products of o-cuts having the same a-level, ¢/. For example, in Figure
4.14 the consonant random Cartesian product contains six focal elements,
whereas there are 4-4=16 possible Cartesian products. Each of these six fo-
cal elements is given by a rectangle of uniform gray color and the darker
gray rectangles included in it.
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Fig. 4.14 Fuzzy Cartesian product

This differs from all the other cases of independence introduced in
Sections 4.3.1 through 4.3.4 above, where each possible Cartesian product
of marginal focal sets was a focal element for the random relation. In this
latter case, the obtained Cartesian products are not nested (in general); for
example, “A x “A, is neither a subset nor a superset of “A X “A,. Be-

cause of this special choice of the joint focal elements, Wr y 2 Wrr (Prris
the set of probability measures/distributions compatible with F) but no
general inclusion may be stated between Wg r and Wrr, Wru, PrE Prs-

Since the focal elements for the random relation are only the Cartesian
products of o-cuts having the same o-level, a fuzzy Cartesian product (or
consonant random Cartesian product) is an appropriate model when
sieF 1(0/) is always observed at the same time as s,€ F2(0(i), 1.e. when the
total observational dependence says that intervals of variables s, and s, are
always jointly observed with the same degree of Possibility.
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4.3.6 Relationships between the Five Types of Independence

Let us summarize the relationships between the different types of sets of
probability measures/distributions introduced in this section for random
sets:

WYru2Wrr 2 Yrp2Wrs
Yru 2 Wre 4.117)

" = proven only for S of finite cardinality

These relationships establish corresponding inclusions for upper and lower
probability values calculated by using the different types of independence.
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4.4 Correlation

In this section, subscripts 1 and 2 indicate two different marginal random
sets or variables on two different real lines, S; and S,. The concept of (lin-
ear) correlation plays an important role in probability, statistics, and their
applications to systems. In reliability engineering, for example, correlation
can have either a positive or a negative effect, leading to either an underes-
timation or an overestimation, respectively, of the reliability of a system.

To illustrate, consider the reliability of a simple series system composed
of two elements, each having a probability of failure equal to 5% ((Ang
and Tang 1975), page 48). If the failure events of the two elements are
considered to be perfectly correlated (e.g., a chain whose two links are fab-
ricated from the same steel bar by the same manufacturer), then the
probability of failure of the chain is p; = 0.05. However, if the two events
are independent (e.g., a chain whose two links are randomly selected from
two suppliers), then the probability of failure of the chain is pp = 0.05 +
0.05 - 0.05* = 0.0975 = 2 py,.

On the other hand, consider the load, L, on a ground-floor column of a
multistory building ((Ang and Tang 1975), page 195). The load contribu-
tion from each floor to L is an increasing function of the correlation among
floor loads; therefore, the influence of the load correlation on the failure
probability is the opposite to that of the series elements.

From Section 2.4, recall that probability theory provides a clear defini-
tion for the correlation coefficient between two random variables x; and x,

Xy Xy

P, =
0,0,

(4.118)

where O is the covariance of x; and x,, and o, (resp. o, ) is the stan-

XXy

dard deviation of x; (resp. x,) (Eq. (2.43)). Lack of correlation does not im-
ply independence, whereas independence always implies lack of correlation.

However, when dealing with random relations, the concept of correla-
tion is not well understood because focal sets are not singletons. In the fol-
lowing, we will try to shed some light by interpreting a random relation as
multivalued mapping (Section 3.1.1) and as a convex set of probability
measures (Section 3.2.3). In this section, we restrict ourselves to finite
support random relations because topological difficulties would obscure
the meaning of the concepts introduced below™ *°.

Let us start from two finite discrete random variables x; and x,, with a
joint probability distribution py(a) and with correlation coefficient

www.EngineeringBooksPDF.com



178 4 Random Relations

P, x, calculated with Eq. (4.118). In order to specify that p, . was ob-

tained with precise mass distribution py(a), the symbol P, ,XZ(p " will be

used when needed. As shown in Figure 4.15, following (Dempster 1967)
imprecision is introduced through a multi-valued mapping G: (a;, a;) — A
that maps a pair a=(a;, a,) € R* to a set A C S, XS, =R*(A““ = O iff
pxlai, a;) #0).

For simplicity, in this section A is assumed to be compact and simply
connected (i.e., any closed curve contained in A can collapse to a point
while remaining within A); these assumptions are similar to those of Kruse
(Kruse 1987). Likewise, G maps the joint probability mass function py(a;,
a,) to the joint basic probability assignment m(A) such that Zm(A) =1
and m(Q)=0.

Call P(G) the set of probability measures induced by the selectors
V € SCT (Section 3.2.3.2). Call P(G)” the class of measures included in

(p)

P(G), and whose correlation is o, *"". In particular, given our assump-

tions above, the selectors collocate the entire probability measure on one
point of each focal set, and thus they correspond to Dirac measures on

AP =5 . Asa consequence, ¥ 2 P(G) D P(G)(").

Fig. 4.15 Multivalued mapping G introduces imprecision

Correlation between two random variables, x; and x,, is a simple meas-
ure of the global orientation of their joint density function. On the other
hand, imprecision in s; and s, introduced by the multi-valued mapping re-
flects one’s lack of knowledge about their exact values but does not change
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the underlying cause of this correlation. This suggests that correlation of
set-valued random variables should be defined as a set-valued quantity that
reflects the orientation of the joint basic probability assignment in {A}. As
a natural extension to the definition of coefficient of correlation, p, . in

Eq. (4.118), it is thus proposed to calculate the coefficient of correlation for
the random relation #={(A, m)} as the set of values of p _ obtained for all

possible selections in SCT or Dirac measures in ¥’ . This is equivalent to
calculating the coefficient of correlation for all possible realizations of
points (a;, a,), each constrained to lie in its focal set A’ with joint mass
distribution p(a;, a,) = m(A’)

o, |
[ :{#:Ve SCT} (4.119)
o0

175

P

A comparison of pxl,xZ( ) with p, ., yields the importance of imprecision

introduced by the multi-valued mapping. Since in this section the mar-
ginals are compact and simply connected intervals, the random set correla-

tion given by Eq. (4.119) is the interval p, = [( Py, )L ,( P s, )U} . Since

the random set correlation is an interval, the correlation matrix for »n vari-
ables is a symmetric interval nxn matrix with the additional constraint that
its realizations must be positive definite.

Notice that one could define the coefficient of correlation for the ran-

dom relation F={(A, m)} as the set of values of p, ' obtained for all pos-
sible measures in ¥ instead of restricting the search to the selectors. Since
the selectors maximize the linear correlation (in the positive and negative
directions), the proposed restriction to the selectors does not affect the in-
terval bounds and makes calculations much simpler. A restriction to EXT,
the set of extreme points of ¥, may not yield the actual correlation
bounds because correlation is a non-linear expression of the probability
distributions. The random set correlation p_  can be calculated through

the optimization problems described below.

4.4.1 The Entire Random Relation Is Given
Let hi(s,, s) = 0 be the implicit representation of the boundary to joint fo-

cal set A', and let n; be the number of joint focal sets. Recall that in a ran-
dom relation the probability distributions (and hence Dirac measures, i.e.
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selectors) over one joint focal element may be chosen independently from
the distributions in another focal element. As a consequence, the optimiza-
tion problem has 2n, variables and reads:

Find: (pw2 )L :ming(al',...,alnf ,Y sy’ )
(p,., )U :maxg(a:,...,al'",a;,...,a;’) (4.120)

such that: A, (af,a;) <0 i=l...n,

Som(a)(a =X m(A )} )@ =2 m(4')as) 4.121)

)] St~ )t

i=1

If some of the projections of sets A’ coincide and available evidence sug-
gests that marginals should be consistent, then the resulting information is
no longer a random relation because selectors in different sets A’ are now
constrained to have the same projection. Consider the case in which pro-

jections Aj- coincide for i in an index set /;. The optimization problem is

(there are 2n, variables)

~—

Find: (pwZ )L =ming(a1',...,a1"’,a;,...,ag’
(4.122)

k .
a,=a; kel

where g(al',...,al"’ ,a;,...,a;f) is given in Eq. (4.121). Likewise for other

common projections.

4.4.2 Only the Marginals Are Given

In all of the cases below, the joint probabilistic assignment is unknown.
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4.4.2.1 The Joint Mass Correlation, p, ‘", Is Known

If only the marginal focal sets A, and A, are known, then the actual shape of

the joint focal sets A is left unspecified, and further information must be in-
troduced to completely define the random relation. For example, one could
use the largest set consistent with the marginals: A = A; X A, (Figure 4.16a).

As,

Fig. 4.16 Focal set A constructed from its marginals A; and A, for: a) P, )= 0;
b p, ., =lLand p, "=-1;00< p, " <1

Let us now consider the case of uncorrelated variables. Recall that the
class of uncorrelated variables is a superset of the class of independent
variables (e.g., Section 2.4 and (Ferson, Nelsen et al. 2004) Figure 10 on
page 43) and that all definitions of independence for random sets (Section
4.2) use focal sets A = A; X A, because joint focal sets that are subsets of A,
X A, “would describe specific types of dependence and thus will not enter
[an] investigation of independence” ((Fetz 2005) page 85). Thus, if A = A,
X A, for independent variables, the case for uncorrelated variables should
be even more so. For correlated variables, the fact that focal sets are not
singletons opens the way for two possible interpretations

1) No focal set correlation
2)  Focal set correlation

According to the first interpretation, each joint focal set, A, represents an

imprecise observation of a point in R?, and thus correlation should be
measured among different focal sets, and not within a particular joint focal

set. Under the no focal set correlation interpretation, a joint focal set, A,’;C

is just the Cartesian product of two marginal focal sets. Let ‘Ir’i,c indicate
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the set of probability measures, P* , which are zero outside the focal set
Ai

ne

and let ¥ be the convex set

Y, = {PRS,nc "B e = im(Afw ) p* } (4.123)

i=1

The second interpretation (focal set correlation)™ ** hinges on the interpre-
tation of a random set as a set of probability measures (Eq. (4.5)). This
leads to a local interpretation of correlation, whereby each PY e W' must

also display correlation between s; and s, (focal set correlation). In the ex-
treme case of perfect correlation, focal set A should reduce to a segment.
Since this segment must project as segments A; and A,, the segment will
join the following points (Figure 4.16b)

e (I, L) and (uy, u,) if variables are perfectly positively correlated;
or
e (L}, wp) and (uy, l,) if variables are perfectly negatively correlated.

In the intermediate cases, it is proposed to linearly interpolate in a general-
ized manner between these extremes™ “*. To illustrate, consider the case 0 <
px],XZ(” ’< 1 depicted in Figure 4.16c. Points (I}, ) and (u;, u,) are in A both

in the case of uncorrelated variables and in the case of perfectly positively
correlated variables; therefore, they should belong to A in any intermediate
case. In order to preserve symmetry with respect to these two points and in
order to interpolate linearly, it is proposed to use the convex hull of these
two points and the two points B and C on the diagonal B'C" as illustrated

in Figure 4.16c, in  which |BD|=(1—,0X]’X2(”))|B'D| and
|CD|=(1—pxl’xz("’))|C'D|N *. Let ¥! indicate the set of probability

measures, which are zero outside the focal set A’ constructed this way,
and let ¥, be the set

\Pc :{PRS,C :PRS,C :im(A;)PAZ} (4124)
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AY |

a) b)

Fig. 4.17 a) Random relation made up of three focal sets for pxhh(p )= 1; light

dashed lines indicate the widths of the marginals; b) Coherent focal sets

For px],XZ(’J ' = 1, Figure 4.17a illustrates the case of a random relation with

three focal sets. The straight solid lines represent the focal sets, Ai , con-
structed according to focal set correlation. The hatched focal sets indicate
all points that can be covered by selectors with px],XZ(’]):l. Since the
straight solid lines are not completely in the hatched areas, ¥, & P(G)?,
and since the solid lines do not include all hatched areas, P(G)” & Y.
This situation arises because the marginal focal sets for A> are not coher-
ent with the hypothesis that p, ‘"’=1. Marginal focal sets for A* have

been corrected in Figure 4.17b by reducing A;, and thus P(G)"” 2 Y.

The optimization problems that follow will enforce such reductions by
considering only the distributions in SCT that satisfy the assigned correla-

tion value p, "
Let p, ., and p, . . be the correlation intervals calculated using

Eq. (4.119) under the hypotheses of no focal set correlation and focal set
correlation, respectively. Since, for a common joint probabilistic assign-
ment, ¥,. 2 P(G) 2 P(G)” 2., then Piv, e 2Py,

From a computational viewpoint, firstly, consider the case in which
p...'" =0, orthe case of no focal set correlation. Let p, " be the cor-
relation coefficient calculated at the midpoints of the focal sets using Eq.
(4.118). Let n; and n, be the number of marginal focal sets for s; and s,, re-
spectively. Then, the n; = n;-n, focal sets A*, with unknown probabilistic
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assignements m" = m(A"), are the Cartesian products of marginals A]i and

A{ , and one can distinguish the two following cases

e Consistent marginals (the optimization problem has n; + n, +
n;-n, unknown variables)

Find: (p:h:2 )L =min 8. (al] s

U
ny s
(pxl,xz) = max gc( al ’a2’ a27’m

such that:

n

['<a, <u,i=l,..,n

J J v
L Sa,;Suj, j =1,..,n,

m >0, i=l..,n, j=1,.,n,

Zm” =m,( ), i=1..,n

Zmi’j =m, (AQJ), j=L1...n,

i=1

1,1 n,nZ
(1) =

n 1 ny 1.1 ny.n,
SO AN SRR Y [/ R

(4.125)

e Non-consistent marginals (the optimization problem has 3(n; =
n;-n,) variables

Find:

L. 11
ps],sz _mlngm.' al ""’al

U
N ny,n, 1,1 ny,n, 1,1 ny,n
(pwz) =maxgm(al P AN PN P (NN [ 2)

such that:
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1,1

Zm”—m (A’) i=l,..

1,1 ny,ny L1 ny,ny
sy ey m ,....m

l’ <al’ <u1 yi=L..,n; j=1,...n,
l{ Sa;" Suz, j=L..,nsi=1..n

m’ 20,i=1,.,n, j=1..,n,

(4.126)
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where

D2 m (af =3 m (4)ai (@l = 3, m (4)a
- _ — (4.127)

ny,

8ne (a L

n

no Ll o1l many \ _
Ay @) MM =

noom

D2 ICEICEED W WRERTE) (R b Sl (4.128)

j=1 i=1

B s T )

Jj=li j=1 i=l

Secondly, consider the case of focal set correlation shown in Figure 4.18,
in which 0 < p_ "< 1. Then, it is possible to recover formulations

similar to Eqgs. (4.125) and (4.126) by using an affine transformation of
planes that maps a distorted rectangle A” into a rectangle A" and that
preserves the lengths of the edges O"/B"/ and O"/C"’. Let us show this in
the case of Egs. (4.126). Let (O’ Jaa ”) be a reference system as in
Figure 4.18 with unit vectors Vot and Vaiis and let T be the transforma-
tion matrix whose columns are the components of v ;; and v .; written
in the bases of the reference system (O, sy, sz)] Then cz)ordinates

—i,j —i,]

(a{ 7 ak! ) of a point in A” can be obtained as functions A/ ( ,ay )

and h ( aay’ ) respectively, of coordlnates( 7 ay! )

L i ij (i i

i.j A a’’ hy (al ,ay )

iy =00"/ +T" A (4.129)
. —1,, iL,j{=i,] =i,

) ) hy? (al azj)

Let spr Al = (u]i - lli)/2 be the spread of the projection and A, and let mid
Al = (uli + l]i)/2 be its midpoint, with similar definitions valid for A5 The
components of the following vectors in the base of (O, s, s,) can be easily
determined from Figure 4.18
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¥yl

-

Fig. 4.18 Affine transformation of focal set A" with ‘6” B"/ ‘ Z‘Oi’j B"/ ‘ and
‘@:./(—ji,f“ — ‘O"’fC"’-”‘
.. . \T . . . . T

00" =(if,f) =(mid A} - spr A 12, mid A] = spr A] 12) (4.130)

OB/ =(mid A+ (1=p, P )spr & 12, mid A (1= p, P )spr A] /2)T (4.131)

OC" =(mid A~ (1= p,, ., )spr 4] 12, mid A +(1-p,, ., )spr 4] /2)T (4.132)
from which one obtains

0B = OB 00" =((2-p, ., " )spra{ 12, p, ., " -sorAf 12) (4133

o™ch =0oC™ -~ 00" =(pxhX2<P> cspraf12,(2-p, ) -spraf /2] (4.134)

The unit vectors Vi and Vi (written in the basis of O, sy, 5,) are simply
1 2

v Ol’]Bl’] ) 3 Ol,]cl,]

:W © Ve T m (4.135)
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As aresult, Egs. (4.126) become

Find:
(pwZ )L = min gm,(h1 J (a, /@ ) h”(f”,ﬁz"’j),m"’j vi=l.,n; j=1,.., nz)

(pw2 )U = max gm,(hl"” (E,i’j,ﬁzi”),lé” (E,i’j,ﬁé”),mi” i=Lo,n; j=1.., nz)

0<a’ <[0VCY], j=1my;i=l

m™ 20,i=L..,n, j=L..,n, (4.136)
imi’j =m, (A,i),izl,...,n,

Zm”zmQ( ) j=1,....,n

(m) n My
ps, .85y ( seees 1M " ) px, Xy

such that:

Problems (4.125), (4.126), and (4.136) are similar to the problem tackled
by Ferson et al. (Ferson, Ginzburg et al. 2002; Ferson, Ginzburg et al.
2002; Ferson, Ginzburg et al. 2005), namely determining exact bounds for
the correlation of interval data. Therefore, one can easily reproduce the
steps of their proof to demonstrate that problems (4.125), (4.126), and
(4.136) are NP-hard; moreover, currently there are no available algorithms
that may work in many practical situations. Thus, the authors resorted to
branch and bound techniques™ *”.

4.4.2.2 The Joint Mass Correlation, p_ ", Is Unknown

X1,X

When starting from two marginal random sets F={(A,, m;)} and F={(A,, m,)}

(p)

and when the precise joint mass correlation coefficient, o, ", is unknown,

it is proposed to consider again two hypotheses:

1) No focal set correlation: A = A; X A,.

2) Focal set correlation: by symmetry, it is proposed to estimate
(p)
IO X1,X)

vals; px],xz(” 'is thus a measure of the correlation between the mid-

based on the two sets of midpoints of the marginal inter-

points of the focal sets A, and of the correlation within each focal
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set A. Focal sets A are then constructed as specified above and

illustrated in Figure 4.16. The proposed estimation of pxlﬂxz(” ' may

be based on information-theoretic arguments as follows. Given the
total ignorance on each marginal focal set, upper and lower prob-
abilities are vacuous over each marginal focal set. According to
Nguyen’s interpretation of a membership function (Nguyen 1979), a
unit rectangular membership function, say p(s) = 1, is superimposed

on each focal set, say Af . This leads to vacuous upper and lower

probabilities on A{ . Choosing one element in Af is equivalent to

the defuzzyfication process explained by Klir and Yuan (Klir and
Yuan 1995). The following, most general, parametrized family of
defuzzyfication methods is considered (Klir and Yuan 1995)

4T () s

[0 ()" as

d,(u)=

The choice of parameter o should conform to general principles of
uncertainty (Klir 2005); for example, the application of the invari-
ance principle of uncertainty (Klir 2005) yields a unique value for o
However, regardless of the value of ¢, d,(u) is always the interval

midpoint when p(x) = 1.

When the joint correlation is unknown, the following modifications must
be made to optimization problems in Section 4.4.2.1

e Under the no focal set correlation assumption, the problems
are the same as in Egs. (4.125) and (4.126), where the last
constraint is removed.

e Under the focal set correlation assumption, the optimization
problem can be divided into two uncoupled non-linear opti-

mization problems. In the first problem, the range for psl,sz("')

is determined using the n;-n, probability assignment values
m" as the design variables:
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(m) (m)

Find: minp, ™", max p,

m”20,i=1..,n, j=1..n,

. | 4.137
such that: m =m, (AI’ ) i=1,..,n, ( )

imi"/ =m, (A{), j=L1..n,

i=1

(m) |

: (m)
If minp, ™ maxp, "™<0, p, = can be equal to zero,

and the second optimization problem is thus the same as for
the no focal set correlation case above, i.e. Egs. (4.125) and
(4.126), where the last constraint is removed.

If minp, ™ maxp, >0, then the interval p_ is

calculated by solving Problem (4.136) for psl’sz(") =
SIGN(I’Ilin pS],sz(m) ) mjn(lmin psl,sz(m) I, [max ps],sz(m) |)

Example 4.16. In order to gain insight into the correlation coefficient for random
sets in the spirit of Figure 4.15, different multi-valued mappings were applied to a

(p)

precise probability mass function whose correlation coefficient, p, ", was then

changed to investigate its effect on the derived random relation.
A continuous bivariate normal distribution with means ;' = 4 and w," = 3,

standard deviations 6, = 0.8 and 6, = 0.3, and correlation coefficient Py W9

was integrated in a 4 by 1.5 rectangle centered at (;‘, u,'”). This rectangle was
divided into 8-10 = 80 equal sub-rectangles with edges 0.5 by 0.15. The normal-
ized integral of the bivariate normal distribution over a sub-rectangle centered at
(ay, ay) in the original space was used as discrete mass, py(a;, a;). Table 4.26
gives the statistics of the discrete distribution mass function py(a;, a,).

Two sets of examples were run: in Set 1, the random relation was assigned; in
Set 2, only the marginal random sets were assigned, with no information on the
correlation; marginal random sets were the same as the marginal random sets ob-
tained from the random relation in Set 1. In order to exemplify the consequences
of focal set correlation, in Set 1 the multivalued mapping was constructed using
both focal set correlation and no focal set correlation.

Table 4.26 Example 4.16: Parameters for the continuous bivariate normal distribution
(superscript “c”’) and for the discrete distribution obtained from it (superscript “p”’)

px] . (c) Wy () Hz(p) o ((9) 62(p) pXI ’xz(p)
0.8 4 3 0.775 0.289 0.723
0.0 4 3 0.786 0.293 0.000
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Example Set 1: assigned random relation

Let spr Aji be the half-length of interval Aji. As for the multivalued mapping G,
three cases were considered with spr A, = 0.5 6,9 (spr A/ = 0.5 6,9), spr A, =
6,9 (spr A = 6,9), and spr A\ =2 6, (spr A = 2 6,), respectively, in such a
way that point (a;, a,) in the original space was the midpoint of A=G(ay, a,). As a

(m)

consequence, p, " calculated at the focal sets’ mid points (focal set correla-

tion) is the same as pxlyxz(” ', The marginal intervals so obtained indicate suffi-

ciently accurate measurements (e.g., (Dantsin, Kreinovich et al. 2006)) because
their “narrowed intervals” (mid A,' - spr A,'/8, mid A,' + spr A,'/8) do not overlap,
likewise for the s,-axis.

To illustrate, Figure 4.19 portrays points (a;, a,) in the original space together
with focal sets A derived from them through the multivalued mapping G for focal
set correlation.

In the calculation of p ; . both no focal set correlation and focal set correla-

tion assumptions were used, as well as consistent marginals and non-consistent
marginals assumptions.

w222 22222
W
RN 7 7
$: 3T T T T T T
28 7 T T T T T AT T
WAL
WM T T T T T T T

2 3 4 5 6

5

Fig. 4.19 Points (a;, a,) together with focal sets A derived from them through the
multivalued mapping G for le,xz(p )= 0.723 when: a) spr A =050, (sprA/ =
0.5 6,); b) spr Ay’ =6, (spr A = 6,); ¢) sprA, =26, (sprAi =2 6,)
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A branch-and-bound method (Hammer, Hocks et al. 1995; Kearfott 1996) was
used to carry out the calculations, whose results are collected in Table 4.27

through Table 4.29. As expected, the interval p, . obtained with the no focal set

correlation assumption always includes p,  obtained when focal set correlation

is taken into account. For example, compare columns 2 and 3, and 4 and 5 in row
3 of Table 4.27 through Table 4.29. However, by comparing the columns obtained
by using consistent marginals with the relevant columns obtained using non-
consistent marginals, one notices that the marginal consistency hypothesis has a

far greater effect on p 5125, than the effect exerted by focal set correlation.

This is especially evident when pxhh(p ) = 0; for example, in Table 4.27 P, s,

bounds increased by four orders of magnitude when the hypothesis of consistent
marginals was dropped.

Such a hierarchy between the correlation coefficient intervals obtained with
non-consistent and consistent marginals parallels the hierarchy between probabil-
ity bounds for unknown interaction and strong independence, respectively, which
was proved by Fetz and Oberguggenberger (Fetz and Oberguggenberger 2004)
and Fetz (Fetz 2005).

By analyzing the columns for px]’xz(” ' = 0.723 in Table 4.27 through Table

) was calculated at the midpoints of the

5 Py,

4.29, one notices that, even though pxm(

) (p)

focal sets, the interval p 5125, is not symmetric about px],XZ(P is always

U L
much closer to ( Py s, ) than to (p 5125, ) regardless of the assumption on focal

set correlation. This means that, in the cases examined, imprecision allows for a
dispersed or non-linear configuration of the information much more than it allows
for a linear interrelationship between the two variables. On the other hand, the in-

(p)

tervals pg for uncorrelated variables (o, . " =0) are always symmetric about

(p) _
px,,xz =0.

Table 4.27 Example 4.16: Correlation intervals for focal sets with spr A'=05
6,2 and spr Ay = 0.5 6,

P (p) Non-consistent marginals Consistent marginals
Xp 5%y
No focal set Focal set No focal set Focal set
correlation correlation correlation correlation
0.723 [0.3713368, [0.5563581, [0.6603782, [0.7155356,
. 0.9163020] 0.8269218] 0.7273850] 0.7255974]
0 [-0.3994516, 0.3994516] [-0.0005418034, 0.0005418034]
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Table 4.28_ Example 4.16: Correlation intervals for focal sets with spr Al = Gl(c)
and spr Ay = 6,

P (p) Non-consistent marginals Consistent marginals
Xp,X
No focal set  Focal set No focal set Focal set
correlation correlation correlation correlation
0.723 [-0.074549, [0.2965469, [0.4727766, [0.6970032,
. 0.979133] 0.8925333] 0.7273850] 0.7270029]
0 [-0.712030, 0.712030] [-0.002046394, 0.002046394]

Table 4.29 Example 4.16: Correlation intervals for focal sets with spr A, = 2 6,

and sprAz- =2 GZ(C)

P (p) Non-consistent marginals Consistent marginals
Xy, Xy
No focal set Focal set No focal set Focal set
correlation correlation correlation correlation
0.723 [-0.7897353, [-0.4679445, [-0.02518543, [0.6316610,
' 0.9977801] 0.9604998] 0.7273850] 0.7273850]
0 [-0.9681857, 0.9681857] [-0.007500380, 0.007500380]

Example Set 2: Only the marginals are given, the joint mass correlation is unknown

When only the marginals are given and the joint mass correlation is unknown,
there is a loss of information with respect to the case in which the entire random
relation is given. In order to appreciate this loss, the marginal random sets induced
by the random relations of Example Set 1 were used. These random sets are de-
tailed in Table 4.30 and Table 4.31.

As for focal set correlation, it is found that min pshsz(

m)

- max ps],sz(m) <0, and

therefore the Cartesian product of the marginal focal elements was used; as a con-
sequence, there is no difference between focal set correlation and non-focal set
correlation. The results given in Table 4.32 - Table 4.34 reveal that the correlation
interval is nearly vacuous or vacuous (i.e. [-1, 1]) even for the smallest impreci-
sion, when spr A, = 0.5 6, (spr A/ = 0.5 6,'). When compared to the relevant
results for Set 1 in Table 4.27 through Table 4.29, the results for Set 2 indicate
that there is a complete loss of knowledge in the correlation when only marginals
are available. It is notable that these results were obtained even if the marginal in-
tervals were sufficiently accurate measurements because their ‘“narrowed inter-
vals” do not intersect.

We conclude that the large uncertainty in the correlation coefficient is not
caused by the imprecision (focal sets are not singletons), but by the diffi-
culty to reconstruct the joint probability assignment, which is a common
problem to the theory of precise probability.
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Table 4.30 Example 4.16: Marginal random sets for pxlixz(” ) =0.723

Loai 225 2.75 3.25 3.75 425 475 5.25 5.75
mid A1
mi( Ali) 0.0244 0.0764 0.1626 0.2365 0.2365 0.1626 0.0764 0.0244
oAb 2325 2475 2625 2775 2925 3.075 3225 3375 3525 3.675
mid A,
mz(Ai) 0.0167 0.0447 0.0933 0.1518 0.1935 0.1935 0.1518 0.0933  0.0447 0.0167
2

Table 4.31 Example 4.16: Marginal random sets for pxlixz(” '=0

mid Al 225

275 325 375 425

4.75

525 5.5

my( Ali)

0.0270 0.0774 0.1614 0.2342 0.2342 0.1614 0.0774 0.0270

mid Aé

2325 2475 2.625 2775 2925 3.075 3.225 3.375 3.525 3.675

my Ab)

0.0188 0.0460 0.0932 0.1505 0.1915 0.1915 0.1505 0.0932 0.0460 0.0188

Table 4.32 Example 4.16: Marginals only: correlation intervals for focal sets with

sprA; =056, and sprA/ =0.5 o,

©

) () Non-consistent marginals Consistent marginals
X5 X%
No focal set Focal set No focal set Focal set
correlation correlation correlation correlation
[-0.987349,
0.723 [-1, 1] [-1, 1] 0.987349] [-0.987349, 0.987349]
0 [-1, 1] [-0.987542, 0.987542]

Table 4.33 Example 4.16: Marginals only: correlation intervals for focal sets with

(c)

sprA' =6, and sprA) = o,
) (p) Non-consistent marginals Consistent marginals
X1,%)
No focal set Focal set No focal set Focal set
correlation correlation correlation correlation
[-0.995956, [-0.995956,
0.723 -1, 1] -1, 1] 0.995956] 0.995956]
0 [-1, 1] [-0.995906, 0.995906]
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Table 4.34 Example 4.16: Marginals only: correlation intervals for focal sets with

sprA =26, and sprA/ =2 o6,
P (p) Non-consistent marginals Consistent marginals
X1.X
No focal set Focal set No focal set Focal set
correlation correlation correlation correlation
0.723 [-1,1] [-1,1] [-1,1] [-1,1]
0 [-1.1] [-1,1]

Figure 4.20a and Figure 4.20d show array plots of the basic probability
assignment, m, for the complete random relations used in Example Set 1;

Figure 4.20a refers to the case in which p, " =0.723, and Figure 4.20b

refers to the case in which pxl’xz”’ ’ = 0. In an array plot, the values in the

array m are shown in a discrete array of squares generated in grayscale
output, in which zero values are shown white, and the maximum value is
shown black.

Figure 4.20b and Figure 4.20c show m calculated by solving the optimi-
zation problems for Example Set 2 using the marginals for the random re-

lation with p, " =0.723 in Example Set 1. Likewise, Figure 4.20¢ and

Figure 4.20f show m calculated by solving the optimization problems for
Example Set 2 using the marginals for the random relation with px],XZ(’J '=0

in Example Set 1. It is notable that the obtained basic probability assign-
ment was the same for both consistent and non-consistent marginals, and
for all levels of imprecision considered.

By comparing Figure 4.20b with Figure 4.20e (and Figure 4.20c with
Figure 4.20f) it appears that the distributions of the basic probability assign-
ments are very similar even if the marginal random sets were different.
Indeed, zero values of the basic probability assignment occur for the same
focal elements. Regardless of the consistent or non-consistent marginals as-
sumptions and regardless of the level of imprecision considered, the basic
probability assignment that maximizes the correlation is denser around a
straight line with positive slope; vice versa, the basic probability assignment
that minimizes the correlation is denser around a straight line with negative
slope.

Comparison of Figure 4.20a with Figure 4.20b and Figure 4.20c
(Figure 4.20d with Figure 4.20e and Figure 4.20f) reveals that the mere
knowledge of marginals leads to a wide range of possible distributions of the
basic probability assignment, and that reconstructing the basic probability
assignment of the original random relation is impossible.
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(p) _
p)cl,)C2 =0.723

(p) _
px,,xz - 0

: a) 1 d)
5 5
b) e)
52
S, s,
c) f)

Fig. 4.20 Array plots of the probability assignments, m. (a) (and (d)): m for the
complete random relation used in Example Set 1; (b) and (c) (and (e) and (f)):
maximizing and minimizing m, respectively, for the optimization problems in

Example Set 2
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4.5 Conclusions

Within the theory of imprecise probability, the definitions for unknown in-
teraction, epistemic irrelevance, epistemic independence, and strong inde-
pendence have been investigated. Two approaches have been proposed to
calculate upper and lower probabilities and expectations on the joint distri-
bution: the choice between the two approaches mainly depends on the
number of upper and lower probabilities and expectations to be calculated.
All algorithms were designed to accommodate two types of constraints
over marginal distributions: prevision bounds or convex hulls of extreme
distributions. In all cases, linear optimization algorithms were derived: for
epistemic irrelevance/independence this was achieved by rewriting the al-
gorithm in terms of the joint distribution. Upper and lower conditional
probabilities are always achieved at the extreme points of the set of joint
distributions even though the objective function is not linear, when it is a
conditional probability. Strong independence generates non-convex sets of
joint distributions.

When marginals are random sets, it was explained how these definitions of
independence may be recast to generate random relations as sets of convex
combinations of probability measures centered at the focal sets and zero out-
side the focal sets. However, only random set independence yields a unique
random relation on the joint space; unknown interaction generates infinite
random relations, and epistemic independence and stochastic independence
do not generate random relations.

The concept of correlation for two variables constrained by a random re-
lation needs to take into account the imprecision conveyed by the focal sets
and is therefore an interval. As a consequence, the correlation matrix for n
variables is a symmetric interval nxn matrix with the additional constraint
that its realizations must be positive definite.

When a random relation on the joint space is available, information is
affected by imprecision and marginals are intervals rather than singletons.
As a consequence, the concepts of consistent and non-consistent marginals
were introduced. In the first case, a variable assumes the same value when
it belongs to a marginal generated by two or more focal sets; this parallels
the situation encountered in strong independence for random sets. In the
second case, a variable may assume different values when it belongs to a
marginal generated by two or more focal sets; this parallels the situation
encountered in unknown interaction and epistemic independence for ran-
dom sets. Conversely, when only marginals are available as random sets,
information on the marginals is affected by imprecision, and marginals do
not uniquely define focal sets on the joint space because many focal sets
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may have the same projection on a given axis. The chapter presented a
natural definition of focal sets starting from the marginals.

The calculation of random set correlation was reduced to solving two
NP-hard optimization problems, which, however, proved very easy to
solve with branch-and-bound algorithms in the numerical experiments car-
ried out. When the entire random relation is available, the numerical ex-
amples presented showed that the hypothesis of non-consistent marginals
leads to correlation bounds that are much larger (four orders of magnitude
in some cases) than those obtained under the hypothesis of consistent mar-
ginals. This result parallels the hierarchy between strong independence and
epistemic independence. When imprecision is generated through a multi-
valued mapping with domain on joint random variables, the random set
correlation bounds are not symmetric with respect to the correlation coeffi-
cient of the initial random variables. When only the marginals are avail-
able, there is a complete loss of correlation knowledge, and the correlation
interval is nearly vacuous or vacuous (i.e. [-1, 1]) even if the measure-
ments are sufficiently accurate in that their narrowed intervals do not over-
lap. Solutions to the optimization problems were found at the extremes of
their feasible intervals 50% or less of the times.
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Notes

N 4-1. Within this context external to random relations, one may think of
creating all possible combinations between definitions of independence for

distribution sets W'/ (unknown interaction, epistemic irrelevance, epistemic

independence and strong independence) and all possible choices of the basic
probability assignment m. Except for the combinations lited in Table 4.23,
the resulting bewildering number of combinations has not received specific
names in the literature, but inclusion relationships between distribution sets
may be found in (Fetz and Oberguggenberger 2004).

N 4-2. Constraints (4.110) and (4.111) may be used with any of the combina-
tions mentioned in Note N 4-1 to generate additional combinations (Fetz and
Oberguggenberger 2004).

N 4-3. In the literature, Diamond (Diamond 1990) addressed the problem
of fitting an affine function of the kind

Y = aX+B (4.138)

for interval-valued random data by extending the least-squares optimality
criterion for two variables X and Y, and gave a sufficient condition for non-
degenerate elements to admit a unique optimal solution. In Eq. (4.138), a is a
real number, B is an interval, aX is the product of the interval X by the scalar
a, and + denotes the Minkowski addition on the set of real intervals, i.e.
aX+B ={z+w, ze aX,we B }. More recently, Gil et al. (Gil, Lubiano et
al. 2002) generalized Diamond’s study by extending the least-squares
method to a generalized metric on the space of nonempty compact inter-
vals, and by finding the optimal solutions a* and B* in Eq. (4.138) for the
general case of nondegenerate interval-valued random sets (i.e. random
sets whose focal sets are all intervals) with necessary and sufficient condi-
tions for the non-uniqueness of the solution. An extended determination
coefficient was also defined by Gil ef al. for the affine function in Eq.
(4.138) as a real number between O and 1; it is equal to O if and only if
(iff) a* = O (affine independence) and is equal to 1 if the distance between
Y and a*X+B* is zero for the chosen metric. Kruse (Kruse 1987) inter-
preted a random set as a measurable map, G, defined on a probability
space (Q, 93, P) and taking values in the set of non-empty, compact sub-
sets of R. A selection is a random variable, V, on the same probability
space, and such that V(®) € G(®w). He defined the variance of a random
set as the set of variance values for all possible selectors, V.
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In the fuzzy set literature, Chaudhuri and Bhattacharya (Chaudhuri and
Bhattacharya 2001) proposed a definition for the correlation coefficient be-
tween two fuzzy sets defined on the same universal support. Chaudhuri and
Bhattacharya compared this definition to an earlier different definition by
Murthy et al. (Murthy, Pal et al. 1985); both definitions yield a real number.
Feng et al. (Feng, Hu et al. 2001) defined the variance and covariance
of fuzzy random variables (i.e. fuzzy numbers whose o-cut extremes are
random variables) as two crisp numbers and then applied them to fuzzy sto-
chastic processes. Finally, Liu and Kao (Liu and Kao 2002) used Zadeh’s
min-max extension principle to extend the definition in Eq. (4.118) to a

sample of n pairs of fuzzy numbers ()Z o Yl) as follows

S (X -0 & ) (-0 F 1n)

i=1

Prr = n 2, . ~
\/2(;2[_27_1;2,/,1) (x_zj:lx/n)

i=1

(4.139)

2

Fuzzy set p,, is approximated by Liu and Kao by calculating a finite
number of its o-cuts, [( Dy, )(LZ (Dyy )Z ], whose extremes are obtained by

solving the following two global optimization problems

Find: (py, ). = min flxy, ..., Xp, Yise.es Y
(Pry ) = MAX fX, s Xy Voo Vi) (4.140)
such that: (X,). <x, <(X,). Vi AND (Y,). <y, <(Y,). Vi
where

i(x,—zlllxi/n)(yi— :l:]yi/n)
f(xl,-.-,xmyl,-.-,yn)=\/"‘l = (4.141)

n

Z(x[ - Z:’:lx,. /n)2 (y,. - Z; v, /n)

i=1

The two global optimization problems (4.140) were solved using mathe-
matical programming techniques and software Lingo (LINDO 1999).

In the fuzzy-random literature, Meyer and Kruse (Meyer and Kruse
1990) defined the covariance for two fuzzy-random variables in a similar
way, i.e. by applying the min-max extension principle of Zadeh, and thus
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obtaining a fuzzy set. The authors gave a set representation of the covari-
ance, but found it extremely difficult to calculate. Finally, Meyer and
Kruse proved a limit theorem for the estimation of the covariance.

In the interval analysis literature (see the website “http://cs.utep.edu/
interval-comp/main.html” for an up-to-date bibliography), Ferson et al.
(Ferson, Ginzburg et al. 2002; Ferson, Ginzburg et al. 2002; Ferson,
Ginzburg et al. 2005) showed that calculating exact bounds for the correla-
tion of two sets of interval data is NP-hard, i.e. there is no feasible algo-
rithm that would always compute the desired bounds for the correlation in
polynomial time. Although Ferson et al. (Ferson, Ginzburg et al. 2002;
Ferson, Ginzburg et al. 2002; Ferson, Ginzburg et al. 2005), Xiang (Xiang
2006), and Dantsin et al. (Dantsin, Kreinovich et al. 2006) were able to
present quadratic-time or O(n-log(n)) algorithms for calculating the upper
bound of the variance of interval data (also an NP-hard problem) that
works in many practical cases, at present there are no similar algorithms
for calculating correlation bounds.

N 4-4. This proposal was put forward by the authors in (Tonon and Pettit
2004; Tonon and Pettit 2005; Tonon and Pettit 2005); as this book was be-
ing prepared, Ferson and Kreinovich (Ferson and Kreinovich 2006) gave
an extensive taxonomy of one-parameter models of correlation within in-
tervals.

N 4-5. Focal set correlation is conceptually coherent with the methods pro-
posed by Chatillon (Chatillon 1984) and Schilling (Schilling 1984) for cal-
culating the coefficient of correlation for singletons. In these methods, the
cluster of data points is enclosed by an ellipse, rather than a quadrilateral
as proposed here. When the coefficient of correlation tends to zero, Chatil-
lon’s and Schilling’s methods retrieve a circle, whereas the method pro-
posed here retrieves a box with edges parallel to the axes (see justification
above for uncorrelated variables). When the coefficient of correlation is
equal to one, both Chatillon’s and Schilling’s methods and the method
proposed here retrieve a straight line.

N 4-6. There is another interesting analogy with the coefficient of correla-
tion between two (linearized) failure modes in the normalized space intro-
duced by Hasofer and Lind (Hasofer and Lind 1974) for reliability analy-
sis. This coefficient of correlation is in fact equal to the scalar product of
the two unit normals to the hyperplanes defining the two limit states
(Ditlevsen 1979). Therefore, the correlation coefficient is equal to zero
when the two normals are orthogonal, and equal to one when they are par-
allel to one another. Likewise, in the proposed method, unit vectors
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AC/|AC| and AB/|AB| (Figure 4.16c) are orthogonal if pxl,x2(p) =0
and they are parallel if p, ,xz(” )=1. It is easy to show that the scalar prod-
uct between AC/ |AC| and AB/ |AB| is equal to

px,.lem (z_px,,le’)))(‘A.‘z +‘A2‘2)

AC/|AC|-AB/|AB| =
Jack an/ja \/px.,xj’”\A.\z+(2—px,,xz"”)\Az\2\/px,.xf”\A2\2+(2—p,t,.xf‘”)\A|\2

It can be shown that the scalar product AC/ |AC|-AB/ |AB| is always

p

greater than p, ’xz( ) and that this is even more so when the ratio |A1| / |A2|

increases.

N 4-7. It is interesting to compare the formulations developed in this
section with Liu and Kao’s (2002) formulation for the correlation coeffi-

cient of a sample of n pairs of fuzzy numbers ()? l.,fl.) (Egs. (4.140) and

(4.141)). If all fuzzy sets have a rectangular membership function, so that
they collapse to intervals (i.e., ()Z'l.)l :()?,.)0 =Ay,), and one assumes

mxy(A;) = 1/n, then Liu and Kao’s formulation yields the same result as
the non-consistent marginal formulation (Egs. (4.126)) if one additionally
assumes that the variables are non-interactive. This is because Liu and Kao
implicitly use a cylindric extension (e.g., Klir and Yuan, 1995, page 123)

to determine a fuzzy relation on R? starting from a pair of fuzzy numbers
()Z ,,ﬁ)defined on the X and Y axes, respectively. Cylindric extension

maximizes the nonspecificity (e.g., Klir and Yuan, 1995, page 123 and
Chapter 9) in deriving a fuzzy relation starting from one of its projections,
which is consistent with the derivations and discussion presented above in
Section 4.4; that is, maximizing the nonspecificity is consistent with the
goal of not imposing unjustified assumptions on the available information.
In a generalized sense, this is analogous with the philosophy of maximum
entropy in probability.
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Chapter 5
Inclusion and Mapping of Random
Sets/Relations

This chapter investigates the concepts of weak and strong inclusion
between random sets or relations. Approximations to random sets and rela-
tions are constructed by including given random sets or relations into ran-
dom sets and relations that are easier to deal with from a computational
viewpoint: these approximations yield validated outer bounds on the prob-
ability of events. Finally, mappings of random sets are investigated along
with the monotonicity of inclusions.

5.1 Inclusion of Random Sets

5.1.1 Weak Inclusion

The idea of including one random set in another plays a significant role in the
ensuing theory and applications of random sets and relations. Let ¥ and F
be two random sets or relations. Since a set of probability distributions and
measures, ¥, can be associated to a random set (Section 3.2.3), it is natural to
define ¥ C . F if and only if ¥ g@. From the basic definitions (Egs.

(3.3), (3.10) and (3.11)), it is clear that this condition is equivalent to the in-
clusion of Belief-Plausibility bounds, i.e.:

¥ W o[ Bel(T),PI(T) || Bel(T),PI(T) | VT ' (5.1)

Using the reservoir-bathtub analogy introduced in Example 3-4, if ¥ < v,

there are more pipe arrangements in F than in %, and thus the bounds on the
possible flow rates into the bathtub are larger, regardless of the size and posi-
tion of the bathtub. On the other hand, if, for all possible sizes and positions of
the bathtub, the bounds on the flow rates are larger, then there are more pipe

arrangements in F thanin F.
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This definition of inclusion is called weak because it does not keep
track of which focal sets A’ include focal sets A’, and of how their basic

probability assignments are related. From an operative viewpoint, checking
that two random sets are weakly included entails checking either the right-
hand-side of Eq. (5.1) for all possible subsets 7 = S or the left-hand-side
of Eq. (5.1). While the first check is straightforward (one only needs to
calculate the Belief, and can then use Eq. (3.7) to calculate the Plausibil-
ity), let us expand on the second check.

Since ¥ and W are convex, the left-hand-side of Eq. (5.1) is equivalent
to checking that all extreme points of ¥ are in W. Let v; i=1,.., g (V,

i=1,..,q , resp.) be the vertices of ¥ (¥, resp.) found by using the algo-
rithm in Section 3.2.3.5. The reader is invited to read again the initial dis-
cussion in Section 3.2.3.5 on the need for a reduced probability space of
dimension s;,, and for projecting vertices onto a p-dimensional projected
imprecise probability space, where p = s;,, — 1.

Two different algorithms are now introduced: the first algorithm may be
adopted when only the vertices of ¥ and ¥ are known; the second algo-

rithm may be used when the entire convex hulls ¥ and ¥ (including fac-
ets) are known.

5.1.1.1 First Weak Inclusion Algorithm

If only the vertices of ¥ and W are known, in order to decide whether
Vv, € ¥ , one has to check whether v; is a convex combination of the v, or
not ((Grotschel, Lovasz et al. 1988), page 49), i.e.

q q
v,=> Ay, with ) A, =1and 4,20 (5.2)
j=1 j=l

Figure 5.1a illustrates a 2-D example (p = 2), where ¥ isa pentagon
(g =5). Notice that ¥ is the union of all triangles whose vertices are in

EXT ={v, ,..., v }; there are ( 9
p+1

is a convex combination of its vertices. Thus, v, € ¥ if and only if it is in

j:IO such triangles, each of which

at least one such triangle. In Figure 5.1a, v; is in triangles v,v,v; and
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v,v,V,, and thus there are non-negative triples {A,, A3, As}* and {A,, As,

A4} **, which are also the solutions to the following systems of equations
(5.3) when I, = {2, 3,5} and I, ={2, 3, 4}, respectively:

Vi = 2’11‘7/

Jely

> =1

Jel;

(5.3)

In general, v, € ¥ if and only if a non-negative solution exists to a system

(5.3) of p+1 maximal equations in p+1 coefficients A; for at least one of

the ( K J sets I; of p+1 indexes that can be formed from elements of the
p+

set {1,..,q }.

‘P{sf)

(b)

Fig. 5.1 Point in polygon check: (a) vertex numbering for Algorithm 1; (b) vertex
numbering for Algorithm 2

The system (5.3) is singular if and only if vectors in {\7]. : jel;} are line-

arly dependent, i.e. they all lie on the same facet, f, of ¥ . Two cases may
arise:
1) When v; € £, there are infinite solutions. Figure 5.2a shows a 3-
D example in which [ is any 4-combination of {1, 2, 3,4, 5},
i.e. any degenerate tetrahedron with vertices in the polygon
Viseros Vs
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Fig. 5.2 a) Vertex v; lies on facet v,...v5 ; b) Vertex v; does not lie on facet v;...v5

2) When v; ¢ f, there are no solutions. Figure 5.2b shows a 3-D
example in which, when [, is any 4-combination of {1, 2, 3, 4,
5}, the corresponding degenerate tetrahedron with vertices in
the polygon V..., Vs cannot include v;.

Singularity may be detected with no overhead during the LU factorization
of non-symmetric system (5.3). Once detected, combination I, is discarded.

Since the LU factorization of (5.3) accounts for most of the computa-
tional cost, it is advisable to first cycle on the combinations /;, and have an
inner loop on the vertices of ‘Y. Let p = s;,,-1. The general algorithm is
thus:

Calculate vertices of ¥ and ¥ using the algorithm in Section 3.2.3.5.
Project vertices onto the p-dimensional projected imprecise probability
space

q
ny <
(pﬂj

Calculate combinations /;
presence(1:q)=0
outer: DO k=1 to ny;

LU-factor (5.3) and store L and U

IF (5.3) is singular, CYCLE outer

inner: DO i=1to g;
IF presence(i)==0 THEN
Solve (5.3) by LU backsubstitution
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IF 4,20, jel,
THEN
Vv, € ¥
presence(i) <1
CYCLE inner
END IF
END IF

END DO inner
END DO outer

q
IF Hpresence(i) ==1 THEN
i=1
¥YcVw
ELSE
¥YaV¥
END IF

In case 1) above, v; is detected as belonging to the first 4-combination Iy
corresponding to a non-degenerate tetrahedron with base v,v,vs or v,v,v,

and vertex in { Vg,...,V; }. In case 2), v; is detected as belonging to the first

4-combination [ corresponding to a non-degenerate tetrahedron that
contains v;.
Let ¢ be a non-zero ¢ -dimensional column vector, and let A

T
= (ﬂ.l yeens ﬂq) . The problem of minimizing ¢' A subject to constraints (5.2)

is a standard linear programming problem. The simplex method searches
for a basic solution by solving a problem such as (5.3), and then attempts
to improve on it (if it is not an optimal solution and the solution is not un-
bounded) or it solves a new system of equations (5.3) if the previous basic
solution contains some negative components. Thus, the computational
complexity of the algorithm above is the same as the simplex algorithm,

i.e. exponential in the size of the problem: for 21:300 and p = 100, the

number of sets ; is in the order of 10*'. However, the actual cost of the
simplex method is much less, and interior point methods (Nemirovsky and
Yudin 1994) such as Karmarkar’s (Karmarkar 1984) or Mehotra’s (Mehro-
tra 1992) that run in polynomial time become superior only when the
number of vertices reaches 15,000 or more ((Kinkaid and Cheney 2002),
page 709). The following example shows the effectiveness of the above
algorithm.
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Example 5.1. Let S = {a, b, ¢, d, e}, and consider the two random sets: F = { ({a, b},
0.3), ({a, c}, 0.3), ({c, d}, 0.3), ({e},0.1) }, F ={ ({a,b,c},0.4), ({a,b,d},0.3),
({a, c, d}, 0.2), ({c, d, e}, 0.1) }; these two random sets were also considered in
(Dubois and Prade 1986). Table 5.1 gives the calculated Belief values for all possible
subsets of S; by using Eq. (3.7) to calculate the relevant Plausibility values, they show
that the right-hand-side of Eq. (5.1) is satisfied. Let us now check the left-hand-side
of Eq. (5.1).

In this example, ISI=5. Since A* = {e} and {e} is not in any other focal set, the
projection of ¥ onto the 5-th dimension degenerates to a point (the upper and
lower probabilities of singleton “e” are equal to 0.1). Thus, the imprecise possibil-
ity space S;,, is given by the first 4 elements of S, and the projected imprecise
probability space is given by the projection onto 3 of the first 4 dimensions. By
using Algorithm 3.2.3.5, one finds 8 distinct points in ¥, which are the extreme
distributions, i.e. the vertices of the convex hull of ¥ (listed in Table 5.2).

As for ‘T", S = S,y because all focal sets contain more than one singleton,
and thus p= 4. Algorithm 3.2.3.5 finds 22 distinct points in ' which are vertices
of its convex hull, i.e. extreme distributions (listed on the left-hand-side of
Table 5.3). The right-hand-side of Table 5.3 gives the vertices of the convex hull
obtained by projecting onto the first 3 dimensions: notice that only 12 vertices
were obtained because several vertices overlapped on the 3-D projection.

Vertices in the left-hand-side of Table 5.3 were projected onto the first 4 di-
mensions, and the first inclusion algorithm above yielded the results in Table 5.4.

As expected, ¥ ¥ because all vertices of ¥ are a linear combination of vertices

in ¥ (given in the third column of Table 5.4) with coefficients given in the right-
most column of Table 5.4. Notice that:

e Of the 26,334 possible combinations I;, very few (from 13 to 691)
were used before finding a non-negative solution to Eq. (5.3). This
confirms the comment that the practical cost of the algorithm is
much less than the worst case scenario.

e Some of these used combinations yielded a singular system (5.3). In-
deed, about one third of the first 300 combinations were singular. Once
detected as singular, these systems are not solved, and are not considered
in the next cycle through v;. This further reduces the computational time.

e The algorithm correctly finds that v,=Vvg and v,=V;; (rows 3 and 5 in

Table 5.4).

Figure 5.3a and b show the projection of ¥ and @, respectively, onto the first three
dimensions: P; = P({i}), i = a, b, c. Notice that ¥ has many more faces than ‘¥ be-
cause ¥ has 22 vertices, whereas ¥ is defined by 8 vertices. This is due to the fact

that ¥ is not degenerate and that focal sets are composed of 3 elements instead of 2,
which makes matrix B, and thus vector p;, less sparse in Algorithm 3.2.3.5.
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Table 5.1 Example 5.1: Belief values for F and F

Events Bel(T) Bel(T)
{a} 0 0
b} 0 0
{c} 0 0
{d) 0 0
{e 0.1 0.
{a, b} 0.3 0
fa, ¢l 0.3 0
{a, d} 0 0
{a, e} 0.1 0
ib, ¢} 0 0
(b, d) 0. 0
b, e} 0.1 0
e, d) 0.3 0
{c, e} 0.1 0
id, e} 0.1 0
fa, b, c} 0.6 0.4
la, b, d} 0.3 0.3
fa, b, e} 0.4 0
la, ¢, d) 0.6 0.2
{a, c, e} 0.4 0
{a, d, e} 0.1 0
‘b, ¢, d} 0.3 0
{b, c, e} 0.1 0
b, d, e} 0.1 0.
{c,d, e} 0.4 0.1
{a, b, c, d} 0.9 0.9
{a, b, c, e} 0.7 04
{a, b, d, e} 04 0.3
{a,c, d, e} 0.7 0.3
{b, c, d, e} 0.4 0.1

Table 5.2 Example 5.1: Convex hull vertices for polytope ‘¥

209

No. Perm. Distribution No. Perm. Distribution

1 1 {0.,0.3,0.3,0.3,0.1} 5 9 {0.6,0.,0.,0.3,0.1}
2 2 {0.,0.3,0.6,0.,0.1} 6 12 {0.6,0.,0.3,0.,0.1}
3 7 {0.3,0.,0.3,03,0.1} 7 13 {0.3,0.3,0.,0.3,0.1}
4 8 {0.3,0.,0.6,0.,0.1} 8 23 {0.3,0.3,0.3,0.,0.1}
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Table 5.3 Example 5.1: Convex hull vertices for polytope ¥

Vertices found by projecting on
4 dimensions

Vertices found by projecting on

3 dimensions

No. Perm. Distribution No. Perm. Distribution

1 1 {0.,0.,0.4,0.5,0.1} 1 1 {0.,0.,0.4,0.5,0.1}
2 4 {0.,0.,0.7,0.3,0.} 2 4 {0.,0.,0.7,0.3, 0.}
3 5 {0.,0.,0.4,0.6,0.} 3 8 {0.,04,0.,0.6, 0.}
4 7 {0.,04,0.,0.5,0.1} 4 9 {0.,0.7,0.,0.2, 0.1}
5 9 {0.,0.7,0.,0.2, 0.1} 5 14 {0.,0.3,0.7,0., 0.}
6 11 {0.,04,0.,0.6,0.} 6 18 {0.,0.7,0.3, 0., 0.}
7 12 {0.,0.7,0.,0.3,0.} 7 31 {0.4,0.,0.,0.5,0.1}
8 13 {0.,0.3,0.6,0.,0.1} 8 33 {0.9,0.,0.,0.,0.1}
9 16 {0.,0.7,0.2,0.,0.1} 9 38 {0.3,0.,0.7,0., 0.}
10 18 {0.,0.7,0.3,0.,0.} 10 48 {0.9,0.,0.1,0., 0.}
11 23 {0.,0.3,0.7,0.,0.} 11 61 {0.2,0.7,0.,0.,0.1}
12 27 {0.,0.,0.6,0.3,0.1} 12 95 {0.2,0.7,0.1,0.,0.}
13 31 {0.4,0.,0.,0.5,0.1}

14 32 {0.4,0.,0.,0.6,0.}

15 33 {0.9,0.,0.,0.,0.1}

16 36 {0.9,0.,0.,0.1,0.}

17 37 {0.3,0.,0.6,0.,0.1}

18 47 {0.3,0.,0.7,0.,0.}

19 48 {0.9,0.,0.1,0.,0.}

20 61 {0.2,0.7,0.,0.,0.1}

21 71 {0.2,0.7,0.,0.1,0.}

22 95 {0.2,0.7,0.1,0.,0.}

Table 5.4 Example 5.1: Results of first inclusion algorithm for ¥ and v

V; No. of Combination Combination of Convex Combination
singular number, K vertices V; , I Coefficients { 4, ... 4, '}
systems : o

(5.3)

1 102 224 {1,2,4,8, 13} {0.15,0, 0.45,0.4, 0}

2 30 71 {1,2,3,8,13} {0,0,0,1.,0}

3 108 {0.5,0,0,0.166667,

272 {1,2,4, 12,15} 0.333333}

4 8 13 {1,2,3,4,17} {0,0,0,0, 1.}

5 108 281 {1,2,4,13,15} {0, 0,0, 0.6,0.4}

6 108 298 {1,2,4,15,17} {0, 0,0,0.5,0.5}

7 77 {0, 0,0.555556,0.111111,

181 {1,2,4,5,15} 0.333333}
8 171 {0, 0, 0.416667, 0.25,
691 {1,2,8,9, 15} 0.333333}
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a)

b)

P(s)

Figure 5.3 Example 5.1: Convex hulls projected onto the first 3 coordinate space:

(@¥;(b) ¥.s,=a,s5,=b,s;=c. Vertex numbering in (b) refers to the number-
ing in the left-hand side of Table 5.3

5.1.1.2 Second Weak Inclusion Algorithm

If the full convex hull (including facets and counterclockwise, from outside,
triangulation of non-simplicial facets (see (O’Rourke 1998)) is known for

polytope W, more efficient algorithms exist in computational geometry.

www.EngineeringBooksPDF.com



212 5 Inclusion and Mapping of Random Sets/Relations

These algorithms are typically sub-algorithms to convex hull algorithms
(e.g., incremental algorithm (O'Rourke 1998)). In the example of Figure 5.1b,

v,e W if and only if v; is to the left of each simplex making up the boundary
of ¥ (in this case directed edges (ﬂ,ﬁ ) , k< | = k+1). This condition is
equivalent to requiring that the signs of the determinants ‘é?k {,?Z afl‘ must all

be positive, where é? (&, resp.) is the column vector of V (v, resp.) in the

projected imprecise probability space S with 1 appended as last coordinate.
Likewise, in the p-dimensional case, the signs of the determinants
‘é,?k é?l é‘ must all be positive, where (Vk,,V,) is the counterclockwise
list of vertices for a simplicial facet, and where 1 has been appended to the

column vectors of the vertices’ coordinates. Very efficient algorithms have
been devised for calculating the sign of a determinant e.g., (Clarkson 1992).

5.1.2 Strong Inclusion

The weak-inclusion definition is awkward to use because it is not defined
in terms of the probability assignment. Additionally, finding an including
random set is not trivial, especially if additional constraints, e.g., conso-
nance, must be satisfied because the definition of weak inclusion is not
constructive. A stronger, more versatile notion of inclusion may easily be
introduced by using the reservoir-bathtub analogy (Example 3-4).

Recall that, in this analogy, water can just flow downwards through ver-

tical pipes. Think of the focal sets in # as a set of reservoirs underlying
the focal sets in . The basic idea is that if & contains F , then each fo-
cal set A’ should discharge into at least one focal set A’ regardless of

where the pipe is located in A’, i.e. there must be at least one A’ such that
A’ c A’ Call wy the flow rate from A’ to A’. Since the flow can only be
downward, w; > 0, and since A’ discharges only into reservoirs that
contain A’,if A" is not contained in A’, then w;; = 0. As exemplified in
Figure 5.4a, by conservation of mass, the outgoing flow rate from A’,

m(Ai ), must be equal to the sum of the flow rates from A’ into reservoirs

A’ that contain A’ i.e., m(Ai)zz

jA' Al WU :
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On the other hand, if we focus our attention on reservoir A’ as in
Figure 5.4b, A’ must receive water from all reservoirs A’ contained in it.
If no reservoir A’ is contained in it, then A’ is dry, and it cannot be con-
sidered as a reservoir (focal set). Therefore, there must be at least one A’
such that A — A’. Again, by mass conservation, the outgoing flow rate

from A’, ﬁ(Zj ), must be equal to the flow rates from all reservoirs Al

contained in it, i.e., ”’_’l(g'/):z,wc;/ Wi .
m'= wy, +wy+wy,
: v
A4
5 v
: A
o ” WA
i l £ ]
P A ¥
Wy bwy, Ows Vi
6 Wi \V4 A
A m=wy+w,+w,,
(a) (b)

Fig. 5.4 Example of strong random set inclusion: (a) water from A® flows only

into reservoirs A’ that contain A%; (b) water flowing into A’ only comes from

. 1 . . )
reservoirs A’ that are contained in A

We can summarize the above discussion in the following definition of
inclusion (in order not to burden the notation, from now on we will drop
the adjective “strong”) (Dubois and Prade 1986; Yager 1986; Delgado and
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Moral 1987; Dubois and Prade 1991): ¥ < ¥ if and only if the three
following conditions hold:

() VA" JAT A c A
(i) VA A A A

(iit) 3 nXn matrix w: w; 20 and

VA, m(A)= > w, (5.4)
j:A Al

VA (A=Y w,
A Al

AicZZ/:wi/=O

In words, the weights m(A") can only be shared among the supersets of
A’ that are focal sets in ¥ , and the weight m(A’) is the sum of the shares

allocated to the focal sets in ¥ that are subsets of A’. Zadeh’s definition
of inclusion for fuzzy sets is a special case of Eq. (5.4) and (5.1) because if

F and F, are fuzzy sets equivalent to consonant random set ¥ and ¥,
respectively, then

FcF and ¥ Wifand only if u, <y, 5.5)

Example 5.2. Let S = R . Consider random sets F : (([0.5, 0.6], 0.5), ([0.3, 0.9],

0.5)); and T (([0.3, 0.7], 0.1), (0.4, 0.9], 0.1), ([0.3, 1], 0.8)). Focal set inclu-
sions and a matrix w are given in Table 5.5; notice that wy; = wy, = 0 because Ais

only a subset of A°. Figure 5.5 shows the relevant reservoir-bathtub analogy: no-
tice that no pipes connect A” to either A' or A”.

Table 5.5 Example 5.2: Matrix w (entries are not italicized) and probability
assignments (italicized)

| A1 A A* Toulm@)

Alc (A", A2, A% [ 01 01 03 0.5
Alc AP 00 00 0.5 0.5
Total m ( Al ) 0.1 0.1 08 1
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0 5 10 15

. : . : 4 . + : . : 4 . : 4 : | b, -
r T T T T T T T T T T T T T T T E
5

<l ew,=01
E 1 m'=0.1
‘?n:fu=0.] V
PA 1 =0.1

wi=05%  bw, 03 v
z m'=0.8

Fig. 5.5 Example 5.2: Reservoir-bathtub analogy

One may now wonder what the relationship is between weak inclusion and
inclusion. Consider again the example in Figure 5.4a, which shows the

reservoirs A’ that contain reservoir A°, and the relevant flow rates w3;>0.
With reference to Figure 5.6a, the maximum flow rate provided by A” into
bathtub 7 is equal to m(A?). The reservoirs A’ that contain reservoir A’

also provide a flow rate at least equal to m(A’) because they may also re-
ceive flow rate from other reservoirs A’, i#3, and all water flow rates w3>0
can be diverted into 7.

On the other hand, since bathtub T, does not intersect the footprint of A
it receives no water flow from A*. However, T, intersects the footprint of

A®, which contains A’. Thus, the maximum flow rate from the reservoirs
A’ that contain A’ into T, is at least m(A’) because all water flow rates
w3>0 can be diverted into T, through A’. By repeating this reasoning for

all reservoirs A, one obtains that the maximum flow rate into any bathtub
in F is always lower than or equal to the maximum flow rate provided by

F ,ie. Pla(T)<Pla(T) VT .

www.EngineeringBooksPDF.com



216 5 Inclusion and Mapping of Random Sets/Relations

As for the minimum flow rate into a bathtub, consider again the exam-
ple in Figure 5.4b, which shows the reservoirs A’ contained in reservoir

A?, and the relevant flow rates w;>0. Figure 5.6b shows that any bathtub

T (whose footprint is in A?) may receive no water from A, and thus flow
rates w;,>0 may not go into bathtub 7. Additionally, reservoirs A’ contained
in reservoir A* may give flow rate to other reservoirs A’, jz2. However,

T has to receive water from all reservoirs A’ contained in reservoir A* be-
cause they are contained in 7. By repeating this reasoning for all reservoirs
A’ one obtains that the minimum flow rate into any bathtub T'in F is al-
ways lower than or equal to the minimum flow rate provided by 7, i.e.
Bel(T) < Bel(T) VT . As a consequence, (strong) inclusion always implies

weak inclusion; however, the reverse is not true.
In order to understand why the reverse is not true, consider a set, U, of

reservoirs A'. Let U be the set of reservoirs A’ onto which all A’ € U dis-
charge, i.e. U :{Z" tw; >0, Ale ‘U} . In the example of Figure 5.6a, let us
assume that A° is in €, then A', A*, and A°are in U . Recall that the res-

. — . . 3 .
ervoirs A’ that contain reservoir A” may also receive flow rate from other

reservoirs A', i#3. As a consequence:

Z m(Ai)S Z m(zj) Yu (5.6)
i:Aleu j:Z‘fea
On the other hand, consider a set, 2, of reservoirs A’. Let Z be the set of
reservoirs A' that discharge into Ale Z, ie. 2 ={Ai tw, > O,Z'/ € Z} . In

the example of Figure 5.6b, let us assume that A® is in Z, then A', A*,
and A’ are in 2. Recall that the reservoirs A’ contained in reservoir A>

may discharge into other reservoirs A’¢ Z. As a consequence:

Z m(Z")s Z m(Ai) vz

jAlez iAez 5.7)

www.EngineeringBooksPDF.com



5.1 Inclusion of Random Sets 217

a) b)

Fig. 5.6 Relationship between weak inclusion and (strong) inclusion: a) plausible
flow rate for bathtubs 7', and 75,; b) believed flow rate for bathtub T

Egs. (5.6) and (5.7) are necessary and sufficient for mass conservation.

Notice that Eq. (5.7) for Z:{Zj} (a single reservoir) gives

B_el(Zf ) < Bel (Z’) and that, for every bathtub T, there is a Z such that

Bel(T)= Y m(Z‘) (5.8)

_/:Z/EZ

This entails that, for every bathtub 7, the minimum and maximum flows
are constrained as in Eq. (5.1). However, mass conservation is much more
stringent, and requires Eqs. (5.6) and (5.7) to be simultaneously satisfied
for all combinations of reservoirs. Therefore, even though Eq. (5.1) is sat-
isfied, in general, one may find a combination of reservoirs Z such that
there is no bathtub 7 whose minimum inward flow rate is given by
Eq. (5.8). This is why weak inclusion does not imply (strong) inclusion.
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Let us now formally summarize the results obtained so far in a theorem.

Theorem 5.1. Let ¥ and ¥ be two random sets or relations defined on S

with compatible sets of probability measures ¥ and v, respectively.
Then:

(i) ¥ < ¥ [ Bel(T),PI(T) | [ Bel(T),PI(T) | VT < §

(ii) F < F=[ Bel(T),PI(T) | <[ Bel(T),PI(T) | VT S

_ 5.9
(i) FcF=>¥Yc¥
(v) [ Bet(T),PI(T)] [ Bel(T), PU(T) | F 2 F
but the reverse of (if) and (iii) is not necessarily true, i.e.:
()| Bel(T),Pla(T) | [ Bel(T), Pla(T) VT < s 7 < F (5.10)

Proof. (i) Immediate from the definitions (3.10) and (3.11) on page 34.
(if) (Dubois and Prade 1986) Let us use Eq. ((5.4) (iii)) within the defini-
tion (3.3) of Plausibility for T < S:

?M(T): Z ;1(2/): Z Z wif:Z{wif:Aing,Tﬁzj;t@ (5.11)
A 22 TAA' 20 A cA’ ij

By Eq. (5.4) (ii)):

{ij ACcA TAA 20 ;{(i,j):Angj,TmAf;e@ (5.12)

Hence:
P_lcz(T)ZZ{w,j:Aing,TﬁAi;t@ = Z m A" =Pla(T) (5.13)
ij TAA %D
Likewise, one can show that Bel(T)< Bel(T) by using Eq. (3.7).

(iii) Immediate from (ii) using (7). However, it is a good exercise to

prove it independently. Let P* e ¥'. From ((5.4) (ii) and (iii)), for any
= —J

p*Aj::[ Z WijPAf}/n?(Zj)e gj (5-14)

i:Al QK]‘
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Let @*%:{P*Zf .-PAfe‘P"}. Since U ,- f_A"ng, Yl 9’| and

ilA'CA
hence ¥ ¢ 7

(iv) Immediate from (if)

(v) (Dubois and Prade 1986). Consider the following counterexample.
As in Example 5.1, let S = {a, b, c, d, e}, and consider the two random

sets: {(A',m')} = { ({a, b}, 03), ({a, ¢}, 03), ({c, d}, 0.3), (fe}, 0.1) },
[(A7.m7)} = { ({a, b, ¢}, 0.4), ({a, b, d}, 0.3), ({a, ¢, d}, 0.2), ({e, d, e},

0.1) }. Table 5.1 gives the calculated Belief values for all possible sub-
sets of S; by using Eq. (3.7) to calculate the relevant Plausibility values,
they show that the first inclusion in Eq. (5.10) is satisfied. Eq. ((5.4) (iii))
yields the following system of 8 linear equations in 7 of the entries of
matrix w:

w, +w, =03

w,, +w,, =0.3

Wy, +wy, =0.3

w,, =0.1

5.15
w, +w,, =04 -15)
w, =0.3

W,y +w,, =0.2

wy, +w,, =0.1

to be solved in [0, 1] with the additional equation Z”wﬁ =1. Egs. (5.15)

are inconsistent because they yield the following solutions: (8)—wss = 0;
(3)%W33 = 03, (1)—)W11 = 00, (5)—)W21 = 04, (2)%W23 = -01, (7)—)W23 =
0.0. Figure 5.7 shows the reservoir-bathtub analogy; notice that conserva-

tion of mass (5.7) is violated when taking, for example, Z:{Zl,?} be-

cause Z(Z])+E(Xz):0.7 > m(A')+m(A2):0.6. As a consequence, the

mass balance equation for reservoir A? (second equation in (5.15)) would

give a negative flow rate of -0.1 from A” to A (which violates our defini-
tion of flow direction). This result is incompatible with mass equation

for A’ (seventh equation in (5.15)), which requires a zero flow rate from
Ato A |
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« | & | e | 4 | |

Y
A m=03
LV
A i m=0.3
A m=03
\V4
A m'=0.1
%.350.4 | S0 | &
A‘f
w,=0.3% v
A —
[’ Wy= = 0.1 ’T%t';_FOJ
’ 5
w,,=0 ‘»1‘.”:0-192?BB Vi

A_J
Fig. 5.7 Reservoir representation for the counterexample in Theorem 5.1. (v)

Let # be the random set corresponding to the actual data. If random set
F,suchthat F o ¥, is easier to elicit or to compute with, then it is possi-
ble to calculate (on the safe side) upper and lower bounds on the probabil-
ity of every subset (event) in the same space of interest. In particular, if F
is consonant (i.e. a fuzzy set or relation with membership function z(x)),
then the probability interval for set T is very easy to compute by making
use of Eq. (3.25) (for infinite sets, the “sup” operator should be used)

[Fd(T),Fl(T)JZ[E(T),POS(T)J:[l—maxy(x),ﬁ}gxy(x)} YT (5.16)

xeT*¢

The remainder of this section will introduce algorithms to include a ran-
dom set in a consonant random set, and investigate inclusion and
monotonicity relationships under the hypothesis of random set independ-
ence and non-interactivity. Section 5.2.2 will explore how monotonicity
properties are preserved through mappings.
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5.1.3 Including a Random Set in a Consonant Random Set

Consider a variable, s, constrained by a non-consonant random set defined
on a completely ordered set S (e.g., S = R, so that focal sets are real inter-
vals). At present, there seems to be no preferred algorithm capable of per-
forming this inclusion without any loss of information (Joslyn and Klir
1992; Klir 1995). We may distinguish four cases:

a) The minimum values of s yield worst-case scenarios in design situa-
tions: for example this is often the case for resistances, rock mass clas-
sifications (RMR, Q, or GSI), cohesion, and the friction angle of a
fracture or a soil. In this case, Fypp should be preserved.

b) The maximum values of s are of interest: for example, the water
pressure in the ground, and load effects. In this case, F;ow should be
preserved.

¢) No indication is available on which values of s are crucial, and equal
weight should be given to preserving Fypp and Froy.

d) No indication is available on which values of s are crucial, and one
wants to minimize the cardinality of the consonant inclusion (applicable
if S is finite).

In order not to be too conservative, in the first (second) case we will try to
minimize the difference between the information relative to the left (right)
extremes of the focal sets.

5.1.3.1 Case (a)

Let A" = [I', u']. The following is the procedure proposed in (Tonon, Ber-
nardini et al. 2000):

1) Intervals A'i=1,..., n, are ordered starting from the interval whose
left extreme is maximum:

A': 1" =max{l'} (5.17)
Ak Ik =@§x{zf} k=2,..n (5.18)

If two or more intervals are encountered that have the same value of the

left extreme, then they are ordered starting from the interval having the

minimum value of the right extreme; this allows the loss of information

regarding the right extremes to be minimized as well, whenever possible.
2) Set:

A= F,;]::Al (5.19)
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222 5 Inclusion and Mapping of Random Sets/Relations

3) For each interval A’ with i > 2, check if:

—i-1

u'>u  i>2 (5.20)

e [FEq. (5.20) is true, THEN set ;i =u' i>2,case(1)in Figure 5.8.
e FELSE, set ;i =u'"" i>2, case (2) in Figure 5.8.

In this way, the focal elements of F are all nested. Now it is straight-
forward to construct the matrix w introduced in Eq. (5.4)).

4) For each interval A’ i=1,....n let k; be the number of intervals Zj
that include A’, i.e. Al A D A'; it turns out that k; = n-i.

5) Set:

w,.l.=m(Ai)—ki'B=m(Ai)—(n—i)'B (5.21)
B if ADA ie,ifi<j

Wy = o (5.22)
0 if ACAlie,ifi>]

<

where B is a non-negative real number. The smaller 3, the better the ap-
proximation of # to ¥, with best approximation achieved when f8 = 0.

Notice that w so defined is upper tridiagonal when B > 0, and di-
agonal when 3 = 0.

6) The basic probability assignment m is calculated as:

m(a’)= Z W, (5.23)

-

. —i-1 .
case(l);| uzu =u=u

—i- 1 f_{_] =/ | — _| ;H

. i-1 =i .
cm(z);| u<u =u=u

Fig. 5.8 Two different cases in the inclusion of a non-consonant random set in a
consonant random set

Example 5.3. Let S = R . Consider random set F : {([3, 7], 0.5), ([5, 8], 0.2),
([2, 4], 0.3)} depicted in Figure 5.9a together with its upper/lower CDFs. Let
us re-order the focal elements per Eqs. (5.17) and (5.18) so that the random
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set is {([9, 8], 0.2), ([3, 7], 0.5), ([2, 4], 0.3)}. After applying Step 3, the focal
sets are {[5, 8], [3, 8], [2, 8]}. Table 5.6 gives matrix w. Figure 5.9b shows

the upper/lower CDFs of the including random set ¥ ; when B = 0, the upper
CDF coincides with the upper CDF of ¥ .

Table 5.6 Example 5.3: Matrix w (entries are not italicized) and probability as-
signments (italicized)

n A2 A3 Total m(A")

Alg(zl ’22,23) 0.2-28 B B 0.2
A2c (A% AY) 0 0.5-p p 0.5
Al c Al 0 0 0.3 0.3
Total rTl(Z’) 0.2-2B 0.5 0.342 B 1
F(s) F(s)
A A
R . I pe---
0 b A - e ' = 0.3+2p
0.7 === - 0.7-2}----
Fr'f’r: i F_' o
0.5 f--=-tchend ! =05
P T
' : <
0.3 po-ens I i 03+2B """ i F;ms'
J7 b =022
0 - 0 : ——t -
0 2 4 0 4 6 8 §
b)
F(s) A u(s) A fi—case b [i—case a
1 f--- 1 f---- vy Y
L |w=o02+2p
0.8-2p ----1 - . 0.8 p-=-- . i :
- ! 0.7 -—-r .
Fﬂ e ] i i i
O = 0.5 0.5 -4 :
< i i
D-S'Eﬁ """"" i 1 I_mu - Fr.uu- 03 f----- : ] E H é
Ti P 02 p----- s e
'q. boim'=0.3-2B P P
0 H I - 0 I - 1 HE L
0 2 - 6 8 s 0 2 4 6 8 §

c) d)

Fig. 5.9 Example 5.3: (a) Original focal elements and upper/lower CDFs; (b) con-
sonant approximation, case (a); (c) consonant approximation, case (b); (d) contour
functions of the original included random set () and of the inclusive consonant
random sets for cases a) and b)
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Table 5.7 Example 5.4: Matrix w

Al A2 A3 Total m(A")

Alc (A", A, A%y 0328 P B 0.3

A2 (A% A% 0  05-p p 0.5

A A 0 0 0.2 02
Total m(A') ~ 0-32F 05 0242 1

5.1.3.2 Case (b)

The same procedure as in case (a) can be used, provided upper and lower
extremes (“u” and “I”) are interchanged and the words “right” and “left”
are also interchanged.

Example 5.4. Consider again the same random sets as in Example 5.3,
F {3, 7], 0.5), (I35, 8], 0.2), ([2, 4], 0.3)}. Re-order the focal elements ¥ :
{([2, 4], 0.3), ([3, 7], 0.5), ([5, 8], 0.2)}. By applying Step 3 with apexes “u”
and “I” interchanged, the focal sets are {[2, 4], [2, 7], [2, 8]}. Table 5.7 gives

matrix w. Figure 5.9c shows upper and lower CDFs of ¥ ; when $=0, the
lower CDF coincides with the lower CDF of ¥ . Figure 5.22d displays the
contour function p of F and the contour functions of the inclusive consonant
random sets for the cases a) and b), which closely match the contour function
of ¥ to the left and right, respectively, of its maximum value, i.e. 0.8.

5.1.3.3 Case (¢)

To preserve symmetry, consider the consonant projection produced by
the contour function of ¥ . With slight modifications, the algorithm be-
low was suggested by Dubois and Prade (1986):

1. Let M be the set containing the values of the contour function
(Plausibility of the singletons, Eqs. (3.24)) of F=(4, m): M = {a =
Pla({s}): se€ S}. Order M in decreasing order: o/>...>c’.

2. Define a nested set 4« of focal elements A/ as the family of o—cuts

(Eq.(3.27)) induced by M so that Al < AI*':
A.={ Al={s: Pl({s})>d}:dle M} (5.24)
3. Define the candidate focal sets by using a mapping f: 4 — 4«

fldy= Al: Ac A, Az A (5.25)
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4. Let the including random set F = (?l,z) be defined as:
a=f(A4); (A)= Y m(4) (5.26)

AA'=f(A)

3|

The inclusion matrix has entries w,»jzm(Ai) if A= f(Ai), w;=0 otherwise.

Table 5.8 Example 5.5: Matrix w

A A2 A3 Total m(A")

Alc(A', A%, A% 05 0 0 0.5
A’c Al 0 0 0.2 0.2
A C(ALAY 0 03 0 0.3
Towl m(A') 05 03 02 i
H(s) A u(s) A FA-casec
R I Y
‘ i 0
=08 0.8 f---- T ;J=A'i* c||3
l.l:: 0.7 0.7 p---- +—— -—U— _l:-__:
a'=0.5 0.5 —Hi— . g ey
. DR A -‘=A‘* I
a'=03 0.3 |---- — i [=
w=02]- S I SO
' o L] r:A ‘* (=1
B o ]
0 L. 0 ) "ig__)-
§ 0 2 4 6 8 s

1

0.8 -
0.7

0.5

0.3
0.2

0

Fig. 5.10 Example 5.5: (a) Included random set F and family of sets 4«; (b) F and

contour function for the consonant approximation for case c); (c) F and contour
function for the consonant approximation in case d)
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226 5 Inclusion and Mapping of Random Sets/Relations

Example 5.5. Consider again the random set in Example 5.3: F {([3, 7],
0.5), ([5, 81, 0.2), ([2, 4], 0.3)}. Figure 5.10a shows the random set ¥, its con-
tour function and the sets in family 4= generated by the o-cuts. The mapping
in Eq. (5.25) is as follows: A'+> A’; A’ A’; A’ > A'. Consequently,

A={A' = A A’ = A", A’ = A’} ; m={0.5, 0.3, 0.2} as displayed in Figure 5.10b.

Table 5.8 gives matrix w. Figure 5.10b demonstrates that Case (c) treats the
entire support of the included random set equally.

5.1.3.4 Case (d)

When S is finite, a different optimality criterion proposed by Dubois
and Prade (1990) consists of minimizing the cardinality of the including
consonant random set F , which is defined as:

=2 (A A| =2 s (s) =|F| (5.27)

where |F| is the cardinality of the fuzzy set F (De Luca and Termini 1972)
equivalent to ¥ through Eq. (3.24). The equality can easily be verified using
Eqgs. (3.26) and (3.27).

The candidate focal sets are now made up of unions of focal sets in F.
In order to calculate the cardinality generated by all such possible unions,
let © be a permutation of the indexes {1,..., n =141}. For each permutation
7, the following including consonant random set is generated:

i

E:{Z":Z"=UA”“)}; m(A)=m(A") =i (528)

Jj=1

Strong inclusion is ensured because A' = A" ', and thus W= m(A‘ ) ;0

(i)
otherwise. The optimum random set is the one that minimizes |f | . Dubois
and Prade (1990, page 436) give a heuristic algorithm to carry out this
minimization, which, however, is not guaranteed to converge to the opti-
mal solution.

A possible extension to S = R when the number of focal elements is fi-
nite and no focal set degenerates to a point is to consider the (Lebesgue)

measure ‘Zf‘ = Jx" ds .
Example 5.6. Consider again the random set in Example 5.3 and Example 5.5:

F {((5, 8], 0.2), ([3, 71, 0.5), ([2, 4], 0.3)} with IA'1=4; 14%=5; 1A%=3. Table 5.9
gives all possible including random sets, from which the last permutation yields the
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5.1 Inclusion of Random Sets 227

minimum cardinality. This is the random set F {2, 4], 0.3), ([2, 7], 0.5), (2, 81,
0.2)}, which coincides with the including random set found in Case (b). Figure 5.10c
shows its contour function (Case d).

Table 5.9 Example 5.6: Enumeration of all possible including random sets

nl) 72 m3) Al A2 A3 ‘Zl‘ ‘Zz‘ ‘Za‘ i R |f|
1 2 3 I 102 1u2u3 4 6 7 02 05 03 59
1 3 2 I 1U3 132 4 7 7 02 03 05 64
2 1 3 2 201 20lL3 5 6 7 05 02 03 58
2 3 1 2 203 203Ul 5 6 7 05 03 02 57
3 1 2 3 30l 3ull2 3 7 7 03 02 05 58
3 2 1 3 302 3020l 3 6 7 03 05 02 53

Table 5.10 Example 5.6: Matrix w

A=A A’=A’uA? AP=A’ua’ual Total m(A)
Alc A® 0 0 0.2 0.2
A2c (A% AY) 0 0.5 0 0.5
Ac (A, A2 A% 03 0 0 0.3
Total i7i( A" ) 0.3 0.5 0.2 1

5.1.4 Inclusion Properties for Random Relations under the
Hypotheses of Random Set Independence and
Non-interactivity

In Section 4.3 (page 158), several notions of independence were introduced
for random sets; in particular, Section 4.3.1 (page 159) introduced the defini-
tion of random set independence, whereas Section 4.3.5 (page 174) intro-
duced the definition of fuzzy Cartesian product. In this section, we bring
together these two notions of independence and the notion of inclusion to
study the following problem.

Let # and % be two random sets on §; and S, respectively, and let }_]

and %, be two consonant inclusions of theirs, i.e. ;< & (i =1, 2). Asil-
lustrated in Figure 5.11, let (Z;, z;) be the random relation on S;xS, ob-
tained from #; and % under the hypothesis of random set independence, let
(2, 22) be the fuzzy Cartesian product on S;xS, obtained from ¥ and %,,
and let (Z;, z3) be the random relation on S;xS, obtained from }_] and }_’2

under the hypothesis of random set independence. The purpose of this Sec-
tion is to investigate whether:
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228 5 Inclusion and Mapping of Random Sets/Relations

1) (2, z;) € (2, z2). In this case, we will say that fuzzy Cartesian
product preserves inclusion.

2) (25, 1) C (Z, z3). In this case, we will say that random set inde-
pendence preserves inclusion.

The practical consequence of this study (Tonon and Chen 2005) is as fol-
lows: if the inclusions are true, then the Belief-Plausibility intervals calcu-
lated with (Z,, z,) and (Z;, z;3) include the Belief-Plausibility intervals cal-
culated with (2;, z;) (Theorem 5.1 (ii), page 218). If these bounds are
interpreted as upper and lower probabilities, then probability bounds calcu-
lated with (2, z,) and (25, z3) include the probability bounds calculated
with (2;, z;). For example, the authors used the hypothesis of fuzzy Carte-
sian product to constrain parameters in the formulation of single and multi-
objective optimizations of engineering systems (Tonon and Bernardini
1998; Tonon and Bernardini 1999).

F = ({4 }_HJ‘,) ™ &= ({“_Iu } mu)z K

Consonant Inclusion

E = ({ A }.m_\) > E= ({ A, }.m:)z E
[
Random-Set Fuzzy Cartesian Random-Set
Independence Product Independence
L l J
m (25 z) @3 23

Fig. 5.11 Schematic of the random sets used in the section: = F; indicates equivalent
fuzzy set F;

5.1.4.1 Fuzzy Cartesian Product

We will use a counterexample to show that the hypotheses above do not
necessarily imply that (2;, z;) © (22, z2). In this example, S = §1xS, where
S =8, =R as illustrated in Table 5.11, which gives the marginal random
sets F; and % defined on S; and S,, respectively. Following the procedure
for inclusion of 1-D random sets described in Section 5.1.3.1 (page 221),
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one obtains consonant random sets _’]_j and f}_'z , which include ¥ and %, re-
spectively. This is detailed in Table 5.12, which gives matrices w for
and %, respectively, and in Table 5.13. Notice that #, and ¥, are the ran-
dom set and consonant random set, respectively, in Example 5.3. In order
to understand the effect of the parameter B introduced in Section 5.1.3
(page 221), let B = 10°. As explained in Sections 3.2.4, 4.1, and 4.3.5, con-
sonant random set ¥ is equivalent to a fuzzy set, F;. Hence, in Table 5.13

focal elements A are also considered as orcuts with orlevels M, (Z,i) for

. 7l 3 (i AT wEAF by AN
Fy. For example: up, (A1 ) =) M (A1 ) =1, up (A1 )_Zi=2m1 (A{)_
0.800002, 1y, (A7) =, (A4})= 0.300002.
Table 5.11 Marginal random sets
7= ({a}.m) 7= ({4} m)
Al mi( A Al my( Ay)
All =[5, 8] 0.2 A; =[3, 7] 0.7
A12 =[3, 7] 0.5 Azz =[2, 5] 0.1
A13 =[2, 4] 0.3 A; =[1, 8] 0.2
Table 5.12 Matrices w and consonant marginal random sets
;. ;2 ;3 Total Zl ;Zz ;; Total
' ' : m( A)) ’ m( A5 )
Acaxa 0220 P b 02 gcaxa o072 p po 07
A c X‘z , Z‘J 0 0.5-B B 0.5 A c Z: , Ve 0 0.1- B B 0.1
AIJ c _|3 0 0 0.3 0.3 Af c el 0 0 0.2 0.2

022p 05 03+2p 1 072 01 02+2p 1

Table 5.13 Consonant marginal random sets and relevant o-levels

T ) mm) A A1) m(y)
A'=[5,8] 0.199998 1 A=[3,7] 0.699998 1
A=(3,8] 05 0800002  —2,7] 01 0300002

A>=[2,8] 0.300002 0.300002 A =[1,8] 0.200002  0.200002
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Now, as depicted in Figure 5.11, let us calculate random relation (2, z;)
from the marginals using the hypothesis of random-set independence
(Table 5.14). Consonant random relation (2, z,) was calculated in two

steps:
1) The o+levels for the decomposable fuzzy relationship F equivalent
to (2», z2) were calculated using Eq. (4.115) and were reported in
Table 5.15.
2)  Notice that some a~cuts in Table 5.15 have the same o+level; for ex-

ample o-cuts (Zl' x A} ) , (le x A ) and (Zf x A ) all have orlevel

0.200002. They can be grouped into one o~cut as shown in Table
5.16, and the non-interactive random Cartesian product (2, z»)
equivalent to the decomposable fuzzy relationship F can eventually
be calculated using Eq. (4.116) (fourth column in Table 5.16).

Table 5.14 Random-set independent random relation (Z;, z;) with focal elements

C; obtained from marginals F; and F, given in Table 5.11
G AXAl Z(C) =m(A)) myA))
C, 1x1;[5,8]x[3,7] 0.14
C, 1x2;[5,8]x[2,5] 0.02
C;  1x3;[5,8]x[1,8] 0.04
C, 2x1;[3,71x[3,7] 0.35
Cs 2x2;[3,71%x[2,5] 0.05
Cs 2%3;[3,7]x[1,8] 0.10
C; 3x1;[2,4]1x[3,7] 0.21
Cg  3x2;[2,4]%[2,5] 0.03
Cy 3x%3;[2,4]%[1,8] 0.06

Table 5.15 Fuzzy Cartesian product F obtained from fuzzy sets F; and F, given in

Table 5.13

D; Al X A pe(Dy) = min{(u( A)), u( A{)}
D, 1x1;[5,8]x[3,7] 1

D, 1x2;[5,8]x[2,7] 0.300002
D;  1x3;[5,8]%[1,8] 0.200002
D, 2x1;[3,8]x[3,7] 0.800002
Ds 2x2;[3,8]x[2,7] 0.300002
Dg 2x3;[3,8]%[1,8] 0.200002
D; 3x1;[2,8]%[3,7] 0.300002
Dg  3x2;[2,8]x[2,7] 0.300002
Dy 3x3;[2,8]x[1,8] 0.200002
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Table 5.16 Fuzzy Cartesian product F obtained from fuzzy sets F; and F, given in
Table 5.13 and its equivalent consonant random Cartesian product (Z,, z,) with
focal elements D;

D; Zf X ZZJ ue(Dy) (D)

D A'x Ay =[5.8]x[3.7] 1 0.199998

Dy A’x Al =[3.8]x[3.7] 0.800002 0.5

Ds (A'xA2) U (ATxA?) U 0300002 0.1
(4 xA)) U (A% A2) = [2,8]x[2,7]

Di (AxA3) U (A’xA]) U 0.200002  0.200002

(A’ xA))=[2.8][1.8]

Table 5.17 Focal elements for the calculation of Belief and Plausibility of C, = D,

Random relation (2;, z;), Table 5.14 Random relation (2,, z,), Table 5.16

¢:C cC Ci:C;MNCz20 Di:D; € C;=D; D;:D;N\C,#0

C C,, G, G Cy Cs, Cs, D, D, D, D;, Dy
C; Cs Gy

For C, = Dy, Table 5.17 gives the focal elements needed to calculate Be-
lief and Plausibility using (2, z;) and (2, z,), and one obtains [Belzl (cy,

PlZ] (C D] =10.14, 1] and [BelZ2 (C ), PlZ2 (C D] =10.19998, 1]. Since
Bel, (C ) > Bel, (C 1), then [Bel, (C 1), Pl, (C )] [Bel, (C ),
Plz2 (C )], and from Theorem 5.1(iv), one concludes that (Z2;, z)) & (2, z2).

Thus, this counterexample shows that non-interactivity does not necessarily
preserve inclusion.

5.1.4.2 Random Set Independence

When random set independence is used on % and ¥, (Figure 5.11), inclu-
sion is preserved, i.e. (Z;, z;) C (23, z3). In order to show this property, let
us consider each of the three conditions in Eq. (5.4)):

() V(AixA])eZ,3 Al A Al c Al A] C A because F;C F and
FC T, hence (A xA])c(AfxAL);
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(ii) Similar to (i)
(iii) Let w;, w; be the inclusion matrixes for the marginals. Consider
matrix w: w( A X A/, Zlk XZ; )= Wi - Wa . Now, V(Af XAQ’) :

Z W(AliXAzj’ZlkX‘Kzl): Z Wi Wa it

AL x AL AlxA] C AF XA} AfxAL:AlxA] CAF XA}

= 2 W waz,ﬂzml(Ali)'%(AZj)

X]k:A{;Z]k Zé:A%.gAé

(5.29)

Likewise for AfxA!.

Although (2;, 7)) (25 z3), (25, z3) is not necessarily consonant. As a
counterexample, consider the consonant marginal inclusions in Table 5.13:
2; includes the focal elements A'= [5, 81X[3, 71; A*= [5, 81x[2, 7]; A* = [3,
81x[3, 7]. Although A'c A* and, A'c A%, A? and A® satisfy no inclusion rela-
tionship. An optimal consonant inclusion (i.e a consonant outer approxima-
tion; see Dubois and Prade 1990 p. 425 for the definitions of optimal inner
and outer approximations of a random set) to (2; z3) can nevertheless be
uniquely determined as specified in the following theorem.

Theorem 5.2 (Dubois and Prade 1990). Let F; and F, be the fuzzy sets
equivalent to consonant random sets F,2F and F,2%, respectively. Let

L(F1XF;) be the set of o~cuts of the fuzzy Cartesian product FixF,. The
minimal outer approximation, H, to (2, z3) whose focal sets are in
L(F;xF;) has membership function:

My (815,) = min{,uFl (Sl)'(z_:ufl (Sl))’lqu (sz)-(Z—,qu (Sz))} (5.30)

Proof : Let My= M, UM, = {a',..., o'} with a'=1>0” > ...>0"'=0 be
the union of the o-values attained by F, , M Ao and F,, M - Let Aj. = “'A/, i
=1, 2, so that L(FxF)={ B' = A'x A}, i=1,....n}. Let m'=0/-o'*" , i =1,...,n.
2; is composed of n” focal sets of the kind B*V™")" = A'x A/, i,j =1,...,n, with
assignment m" n?. Therefore, some focal sets are not in L(FxF,) (Section
4.3.5); in particular, the focal sets included in A'x A, but not in A~ xA}"
are { A/ xA]: j<i}U{ A’ xA}: j<i}. Let k (mod n) be the remainder of k/n.
Since B' is generated by A'x A/ where

’

> (5.31)

k/n otherwise

_ |k (mod n) if k (mod n)>0. . [INT(k/n)+1 if k (mod n)>0
n otherwise -
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the inclusion is ensured by matrix w with entries wy; = m- m if ij <i; 0
otherwise. This entails that the probability assignment of the including
random set is:

(B = A= (o)

ml
5.32
(5 = A= (o | o Tl i, o

Jj<i

Let (s,,s,)€ (Al"xA;')—(Al"" xA;'"), that is, min{yﬂ (1) 44y, (sz)} =¢' . Then,

ty (5,.5,) =Y im( A/ x A]) Egs. (3.23) and (3.20)
:Z|:(m/ ) +2ijmk} Eq. (5.32)

_ z[(mf ) v om [1_zmk H Fa. (33)

j2i k>j

=2y + Y (m) —2 Y mim (5.33)

j=i Jj2i k> j>i
. N2 .
=20 —Z(m-’) -2 Z m'm*

i k> j2i

2 {é(mﬁ 2 (e}

:h(ai): h(min{,UF1 (S, ),,UF2 (s2 )}) where /i(x):=2x—(x)’

Eq. (5.30) follows because h(x) is strictly increasing in [0, 1], i.e.
H = F, *xF, * where

ty () =h (1. (s5,)) (5.34)
|

A weak inner consonant inclusion, L Cyeax (&, 23) can also be easily calcu-
lated as detailed in the following Theorem 5.4. Before proving Theorem
5.4, we need the result in Theorem 5.3.

Theorem 5.3 ((Dubois and Prade 1986), page 214; (Dubois and Prade
1990), page 427)
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(1) Call a consistent random set (relation) F=(4, m) a random set such
that ﬂAE 4,A# Q. The weak optimal inner consonant approximation

of a consistent random set (relation) F is the fuzzy set (relation) F
whose membership function is the contour function of F.

(i) If & is not consistent, then F« yields an inner approximation to the
Plausibility of F.

Proof : (1) Notice that Plausibility can also be written as:

VT, Plag (T)= Y, m(A)-sup I, (s) (5.35)

AcS seT

where I, is the characteristic function of A. Let F- be the random set
equivalent to F.The weak inclusion is ensured by the inequality:

Pla (T)2sup 3, m(A)1, (s) = sup Pla ({})

(Eq.(3.24)) (Eq.(3.25)) (5.36)
2 s (5) % i (1)

seT

As for Belief, since the random set is consistent, sup Pla, ({s}):l, Egs.
ses§

(3.4) and (3.7) hold, and thus

Eq.(3.7) Eq.(5.36) Eq.(3.7)

Bel, (T) = 1-Pla, (T®) = 1-Pla,(T°) = Bel,(T) (537

Let Pla be the Plausibility (or Possibility) measure of any consonant ran-
dom set such that Pla < Plag, and let 1 be the membership function of its
equivalent fuzzy set. Then Vse S, u(s) < Plag (s)=,, (s).

(i1) If #is not consistent, Egs. (3.4) and (3.7), and thus (5.37) are no longer
valid because m(J)>0. As a result, an inner bound on the Belief cannot be
ensured. [ |

Theorem 5.4 (Dubois and Prade 1990). Let F; and F, be the fuzzy sets
equivalent to consonant random sets (relations) _’7] DF and _'7'22 %>, respec-

tively. The best weak inner consonant approximation, LCyea(Z, 73) has
membership function:

ﬂL(S]’SZ)zﬂFI (Sl)':qu(sz) (5.38)
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Proof : Notice that (% z3) is consistent, i.e. ﬂBke ZB" # &, because

Al xA; = B'< B" Vk . In order to show that the contour function of (2, z3)
is given by Eq. (5.38), let My= M, UM, = {a',..., &'} with a'=1>0 >

n+l

...>0"" =0 being the union of the a-values attained by F, , M, , and F3,
M, . Let m'=o-a*', i =1,....n. 2; is composed of focal sets of the kind

Al xA], i,j=1,...,n, with assignment

mimj:(ai_ai+1)(aj_aj+1): 539

j+l j+l

oo -o- o -ot o +at o

Let p=1, g=1 be the smallest indexes such that (s,s,)e A”xA! (ie.
(s,5,)e A" xA? and (s,,s5,)€ A’ XA{™), then

i, (s,8,) = Pla({s;.8,})= > mim' =

i2p;j2q
— z ai ‘a_j _ai 'a_jﬂ _ai+1 .a_j +ai+1 'OK'HI :ap ‘aq
i2p;j2q

(5.40)

The theorem follows by using the contour function given by Eq. (5.38)
within Theorem 5.3(i). [ |

It is important to notice that the o-cuts of L are not necessarily Cartesian
products. Also, from Theorem 5.3(ii), one obtains that, if (Z,, z;) is not
consistent, then the random relation defined by its contour function only
defines an inner bound on the Plausibility of (Z,, z;).

In summary, under the hypothesis of random set independence, the fol-
lowing inclusions hold (refer also to Figure 5.11):

(Zn,z1) (23, 3) cH

541
L Cweak (ZS; Z3) cH ( )

However, in general, L @y (21, z1) because L is constructed by using F)
and F,, which include the original marginals #; and . The Plausibility of
(2, z1) 1s bounded from below by its contour function.

Example 5.7. Consider the random sets in the counterexample of Section
5.1.4.1 (Table 5.11), whose consonant inclusions are given in Table 5.13, and
repeated here in Table 5.18 together with the membership functions of the
transformed fuzzy sets F;* calculated using Eq. (5.34) (columns 1 and 4, and
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236 5 Inclusion and Mapping of Random Sets/Relations

5 and 8). The set of a-values is My = MF, UMF2 = {1, 0.800002, 0.300002,

0.200002}, and {m', m*, m’, m*}={0.199998, 0.5, 0.1, 0.200002} The set
of focal elements for the including consonant random set is L(FXF,) =
{B' =[5, 8Ix[3, 7], B*= [3, 8Ix[3, 71, B® =[2, 8]x[2, 7], B'= [2, 8]x
[1, 8]}. Table 5.19 gives the marginal focal elements together with the com-
bined focal sets B*: notice that several B*s are not in L(F;xF5) (e.g., B%), and
several B's coincide because M, cM, and M, c M, . Table 5.20 gives the

coefficients i, j calculated with Eq. (5.31) for non-zero entries wy; = m' -,
from which Eq. (5.32) can be checked. Also given in Table 5.20 (rightmost
column) are the probability assignment of the included random relation (Z;,
73), and the probability assignment for the including consonant random rela-
tion (bottom row); both assignments have been calculated using Eq. (5.4)).

Table 5.21 reports the including fuzzy relation H calculated using Eq. (5.30),
or, equivalently, as H = F, *xF, *, where fuzzy sets F;* are given in Table 5.18
(columns 1 and 4, and 5 and 8). The rightmost column in Table 5.21 reports
the probability assignment for the including consonant random set equivalent
to H = F, *xF, *, which is the same as the bottom row in Table 5.20, as is to
be expected by the derivation in Eq. (5.33).

As for inner approximation, Theorem 5.4 applied to point (s;, s,)=(3, 2) yields
4, (3.2) = . (3)- 4, (2) = 0.800002-0.300002=0.2400022 . On the other hand, the

smallest indexes p, ¢ such that (2,3)e A xA{ are p =3 and g =2, and thus:

#,(2,3)=Pla({s.s,})= >, m'm’ =
i22;j>3

(5.42)
=> {2t 1k =7.8,11,12,15,16} = 0.2400022

In order to appreciate outer and inner approximations, let us calculate the bounds
on Plausibility and Belief for set T=[1, 4]x[2, 6] (Table 5.20). Plausibility and Be-
lief for the original random relation (J, z;) (Table 5.14) are equal to:

Bel(T) = z;(Cg) = 0.03

9
Pla(T) = z,(C,) =0.35+0.05+0.140.21+0.03+0.06=0.8, 43
i=4
whereas (3, z3) yields (Table 5.19 and Table 5.20):
Bel(T) =0.00
(5.44)

Pla(T) =2, (B*) = 0.800002
i=5
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The outer approximation H (Theorem 5.2) gives:

Eq.(3.25)
Bely(T) = 1—-max, (s)=1-1=0.00
seT*¢
Eq.(3.25)
Plag(T) = max 41, (s) =0.9600008

The inner approximation L (Theorem 5.4) gives:

Eq.(3.25)

Bel(T) = 1-maxu, (s)=1-1=0.00

Eq.(3.25)

Play(T) = nsleaTx,uL(s) = max g, (s,)- max g, (s,)

si€[1,4] 5,€[2,6]

=0.800002-1=0.800002

237

(5.45)

(5.46)

These results exemplify the inclusions in Eq. (5.41); inner approximation L
turned out to yield the same values for Belief and Probability as (3, z3),
whereas H yielded a higher value for the Plausibility. L is not an inner inclu-
sion for (2, z;) because the Belief value calculated by using L (Eq. (5.46)) is

smaller than the relevant value calculated by using (4, z1) (Eq. (5.43)).

Table 5.18 Example 5.7: Marginal consonant random sets, equivalent fuzzy sets,

and transformed fuzzy sets

A VT%(ZI‘) Hp, (;‘11) :uF,*(Xli) A ’T%(Zzl) ﬂFg(;‘é) ﬂFZ*(Xé)
A'=[5.8] 0.199998 1 1 Al=[3,7] 0.699998 1 1
le =[3,8] 0.5 0.800002 0.9600008 Z; =[2,7] 0.1 0.300002  0.5100028
Zﬁ =[2,8] 0.300002 0.300002 0.5100028 /_\; =[1,8] 0.200002 0.200002  0.3600032

Table 5.19 Example 5.7: Marginal focal elements and combined focal sets B*

A=3,7] AF=[3,7] Al =12,7]

Al=11,8]

A'=[5,8]1| B'=[5,8] X[3,7] B=[5,8] X[3,7] B=[5, 8] X[2,7]

B*=[5, 8] X[1, 8]

Al =13,81| B°=[3,81 X[3,7] B°=[3,81X[3,7] B’=[3,8] X[2,7]

B®=[3, 8] X[1, 8]

A’ =12,8]| B°=[2,8] X[3,7] B"=[2,8] X[3,7] B"=[2,8] X[2,7]

B"=[2, 8] X[1, 8]

A'=12,8]| B”=[2,8] X[3,7] B"“=[2,8] X[3,7] B"=[2,8] X[2,7]

B'"=[2, 8] X[1, 8]
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Table 5.20 Example 5.7: matrix w. Each non-zero entry gives the coefficients i, j
of product m'- m/

1 2 3 4 7
B
1 L1 0.0399992
2 1,2 0.099999
3 1,3 0.0199998
4 1,4 0.04
5 2,1 0.099999
6 2,2 0.25
7 2,3 0.05
3 2,4 0.100001
9 3,1 0.0199998
10 3,2 0.05
11 3,3 0.01
12 3,4 0.0200002
13 4,1 0.04
14 4,2 0.100001
15 4,3 0.0200002
16 4,4 0.0400008
m ( B’ ) 0.0399992  0.449998  0.1499996  0.3600032 1

Table 5.21 Example 5.7: Including consonant random relation H (Eq. (5.30))

i o-level B'=AxAl ,1—1(51' ) = oo
1 1.0000000 [5, 8]x[3, 7] 0.0399992
2 0.9600008  [3, 8]x[3, 7] 0.4499980
3 0.5100028  [2, 8]x[2, 7] 0.1499996
4 0.3600032  [2, 8]x[1, 8] 0.3600032
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5.2 Mappings of Sets/Relations 239
5.2 Mappings of Sets/Relations

5.2.1 Extension Principle

Let F= {(Ai, m) be a random set on S, and let G: S — Z be a single- or multi-
valued mapping (e.g., a mathematical model of an engineering system). The
information available on S is extended to Z by mapping each focal set
(together with its probability assignment) to Z, so that a new random set,
R= {( R’,p)} , is defined on Z. In formulas, the extension principle is:

p(Ri):: m(Aj), (5.47)

j:R':G(Af)

which takes into account the possibility that more than one focal set A’ be
mapped on the same set R'.

Example 5.8. Consider the random set {([1, 3], 0.1), ( [3, 6], 0.3), ([-3, -1], 0.6)},
on S =R, and the function G: R - R, a+> a*. The new random set {(Ri,p)}

is {([1, 9], 0.1), (]9, 36], 0.3), ([1, 9], 0.6)}. Since A and A® both map into [1, 9],
the final range is {{[1, 9], 0.7), ([9, 36], 0.3).

Since the extension principle generates a random set on Z, one of the
strengths of random set theory lies in the fact that the extension principle
(5.47) holds for both single-valued mappings and multi-valued mappings.
The reason being that a focal set in the range Z can be generated by:

e A focal set mapped by a single-valued mapping.
e A singleton mapped by a multi-valued mapping.
e A focal set mapped by a multi-valued mapping.

Depending on the structure of the focal sets, the extension principle in
Eq. (5.47) has several important specializations, which will be explored
in the next sections. The following theorems, although originally proven
for single-valued mappings (f in the following) are valid for multi-valued
mappings (G).
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ye

A"

0 2 4 6 8 10 12 14 16
Fig. 5.12 Example 5.9: Contour function of the random set induced on Z

Example 5.9. Let us assume: S, = S, = {1, 2, 3}; Z=N; G:§ x5 —> N,

(a,a,) [(al 'a2)2 -1,(q, ~a2)2 +1J .

The random set on S; X S, is assigned as:
{(A"=1{1,2,3} x {1}, m(A") = 0.6); (A>={2}x{1,2}, m(A®) =0.4)}.
The random set & on Z is obtained as:
{((R" = [0, 2]U[3, 5]U[8, 10], p(R") = 0.6); (R* = [3,5]U[15, 17], p(R*) = 0.4)}.

Figure 5.12 shows the contour function of &..

5.2.1.1 Consonant Random Relation

Consonant random relations were introduced in Section 4.1, Figure 4.2,
page 106. The following theorem gives a quick way to calculate the image
of consonant random relations, and clarifies that only one version of fuzzy
extension principles is compatible with random set theory.

Theorem 5.5. Given a consonant random relation F equivalent to a fuzzy

relation F, its extension R obtained by using Eq. (5.47) is consonant and
is equivalent to the fuzzy set R defined by:
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Sup{/lF (s528,) (s008,) € 7 (Z)}

0if £1(2)-2 (5.48)

VZ’/‘R(Z)Z{

Fig. 5.13 Mapping of a consonant random relation

Proof. To prove Eq. (5.48) in a general setting (Dubois and Prade 1991),
let X=f"" (z);t @ (Figure 5.13). Let us consider consonance first. Since

Alc A’c..cA” and A'c A= f(A)c f(A), fAD) € fid®) c..c flA"),

hence the range of focal elements is nested. Now, let R be the fuzzy rela-
tion equivalent to & per Eq. (4.10). The membership function of any point
Z18:
Eq.(4.10)  Eq.(5.47) , ) .
,UR(Z) = Z p(R‘) = Z m(A')=Z{m(A‘):3(sl,s2)e A‘r\X} (549)

R':zeR' Alize f(47)

In the last passage, the membership calculation has been “pulled back”
onto the initial S;xS, space. Because {Ai} is consonant, let

j=min{i:3(s*5,¥)e A' X}, then (5*s,*)e A’ Vi>j,and

te(2)= > m(A)=p, (s5%5,%) (5.50)

Aly(s%,5,%)e A

with the convention s, (z)=0 if {i:EI(sl*,sz*)e A"mX}=®. Clearly

(s,*,5,*) maximizes p, over X. ]
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Fig. 5.14 1-D example of extension principle for consonant random relation
defined on the real line

~ Figure 5.14 shows an example where § = R : the starting point is a value
7 € Z=R, whose inverse through f is {s* s**}. Finally,
te (2%) =max{p, (s*), 4 (s**)} =y, (s*) . The proof of Theorem 5.5 also

shows the following Nguyen’s theorem (Nguyen 1978; Klir and Yuan
1995):

Theorem 5.6. If the supremum in (5.48) is attained for a pair (s*,s,*),
then

“f(F)=f("F) (5.51)
otherwise:

“f(F)=f("F) (5.52)
where “F={seS:u,(s)2a} is the o-cut of F (Eq. (3.27)) and

“F ={se Sy () >a} is the strong o-cut of F.

By virtue of this theorem, the range of a fuzzy set F is obtained by first map-
ping the o-cuts of F into Z, and then by applying the decomposition theorem
(Eq. (3.30)). In Figure 5.14, the starting point is now o-cut “F , which is
mapped through f onto *R using a path exactly opposite to the one indicated

www.EngineeringBooksPDF.com



5.2 Mappings of Sets/Relations 243

in Theorem 5.5. When compared to Eq. (5.48), this method is computation-
ally very efficient because it does not require inversion of function f; compu-
tational savings are especially evident when the entire membership function
of R is required, as shown in the following examples. When the consonant
random relation has an infinite number of focal sets, one can either:

e Perform simulations by following the algorithms given by Alva-
rez (2006).

e Include the actual random relations by using a random relation
with a finite number of o-cuts (Tonon 2004, Hall 2004, Tonon
2008).

Example 5.10. Consider the 1-D consonant random set {([1, 1.5], 0.1), ([0, 2],
0.3), ([-1, 2], 0.2), ([-3, 3], 0.4)} on S =R, and the function f; R—>Z =R,

ara’. Suppose that one is interested in the membership value of z = 3.5. By us-
ing Eq. (5.47), its range random set, {( R,p )} is {([1, 2.25], 0.1),([0, 4], 0.3),
([0, 4], 0.2), ([0, 9], 0.4)}. Since A* and A® both map into [0, 4], the final range is
{([1,2.25], 0.1), ([0, 4], 0.5), ([0, 9], 0.4)}. Then, by using Eq. (3.24):
Hg(3.5)=Pla({3.5})=p(R, ) +p(R;) =0.5+0.4=0.9 (5.53)

This is equivalent to using Nguyen’s theorem because the o-cuts of F are: “*F =
A4; 06F = A3; 09F = AZ; 9F = A'. Once these sets have been mapped onto Z as
above, the result is obtained by using Eq. (3.30):

Ur(3.5) = mozllx{min(a,;(aA (35))}

(5.54)
= max{min (0.4,1), min (0.6,1), min (0.9,1),min (1.0,0)} = 0.9

Compare now with the direct application of Eq. (5.48). One has to calculate the

inverse of fi £+/3.5 = £1.871, and then the superior of the membership functions
for these values:

Mg (3.5) = sup{uy (—0.1871), - (0.1871)}

=sup{ Pla({~0.1871}), Pla({0.1871})} = sup{0.4,0.9} = 0.9 (5-55)

Example 5.11. Let us consider a “consonant version” of the random set used in
Example 5.9. Let us assume: S1 =82 ={1,2,3}; Z=N; G:S1 xS — N,
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(al,a2 ) = [INT(al -a, )2 —l,INT(a1 ‘a, )2 +1J . The consonant random set on S
X Sp is given as:
{A'={1,2,3} x{1,2}, mAH=0.6), (A*={2} x{1,2}, m(A®)=04) }.

One can immediately calculate the membership function of the normalized fuzzy

relation on S1 X S» corresponding to the consonant random set:

u(1,1)=m(A"= 0.6;

u(1,2)= m(A"= 0.6;

u2,1) =m@A") + mAH =06 +04=1;
u2,2) =m@A") + m(AH =06 +04=1;
u3,1) =m(A") =0.6;

u(3,2) = m(A") = 0.6.

The o-cuts coincide with the focal sets of the consonant random set: 1'OF = A%,
065 _ A' The fuzzy set induced by f onto Z is defined by its o-cuts (Eq. (5.51)):

YR =f('F) =3,5]U[15,17];
%R = A*°F) = [0,2]U[3,51U[3,51U[15,17]1U[8,10]U[35,37]= (5.56)
[0,2]1U[3,5]U[8,10]1U[15,17]1U[35,37]

Again, this result coincides with (but is much more efficient than) the one obtain-
able by applying (5.48). For example, for z = 10, we have:

Ug(10) = max{pp(3,1), u(1,3)} = max{0.6,0} = 0.6; indeed, z = 10 € *°R.

Forz=5:

Ug(5) = max{ug(1,2), u(2,1)} = max{0.6,1} = 1; indeed, z=5 € "°R.

5.2.1.2 Consonant Random Cartesian Product

Consonant random Cartesian products were introduced in Section 4.1,
Figure 4.3.

Theorem 5.7. If F is a consonant random Cartesian product (Section
4.3.5) equivalent to a decomposable fuzzy relation F = F;x Fyx...x F,, by
taking into account Eq. (4.115), Eq. (5.48) can be written as follows:

sup{min{yF (5t (5)) ooty (5,)) £ (8283000008, ) € f(2);

Vo, i, (2) =
2 e (2) 0if 1 ()=

(5.57)
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This is Zadeh’s original extension principle (Zadeh 1975): among several
extension principles put forward in fuzzy set theory, (5.57) is thus the only
one that is consistent with random set theory. This conclusion is particu-
larly important for establishing a framework for a coherent treatment of
uncertainty in the analysis of engineering systems as propounded in this
book. In Chapter 6, this issue will be furtherly discussed in the context of
a theory of approximate reasoning.

Nguyen’s theorem now specializes as follows.

Theorem 5.8. If the supremum in Eq. (5.57) is attained for at least an r-
tuple (s,*,s,%,...,s, *), then

“f(F)=f("F.F,..."F,) (5.58)

otherwise:
a+f(F)=f(a+Pﬂl,a+ F,. F'r) (5.59)
When S; = R, F; are real intervals and “F =" F, x* F,x..x" F., an

r-dimensional box in R" with 2" vertices. In this case, Egs. (5.58) and
(5.59) are interval analysis problems for which very powerful algorithms
have been (and are being) developed (Moore 1966; Moore 1979; Alefeld
and Herzberger 1983; Ratschek and Rokne 1984; Ratschek and Rokne
1988; Neumaier 1990; Corliss 1999; Jaulin, Kieffer et al. 2001; Hansen
and Walster 2003; Berz 2007; Kreinovich, Berleant et al. 2007; Mulhanna
and Mullen 2007; Nesterov 2007; Neumaier 2007). These algorithms sig-
nificantly improve on the exponential number of function calls entailed by
the Vertex Method (Theorem 5.9 below).

Theorem 5.9 (Dong, Chiang et al. 1987; Dong and Shah 1987; Dong and

Wong 1987). If the maximum and minimum of f in Eq. (4.140) is not
reached in the interior of “ F, X" F,x..x* F. nor at its edges, then

“f(F)=f(“F. F...“ F) :[min{f(cj )},max{f(cj )}] (5.60)
where c;, j=1,...,2" are the vertices of “F =* F,x" F,x..x" F..

Theorem 5.10 (Tonon and Bernardini 1998). If f(s,,..., s,) € C' (R") and is

strictly monotone with respect to each variable s;, then
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Jte*: f(e,*)=max{f(c,)]

5.61
El!cj**:f(cj**)=min{f(cj)} ( )

where c;, j=1,...,2" are the vertices of *F =* F,x" F,x..x" F..

Proof. Tt stems from monotonicity assumption that either hypothesis a) or
b) is true:

a) 2f >0 Vse” F =" X" F,x..X" F.
751 ’
df (5.62)
b) = <0 Vse” F=" ExX"F,x..X"F,
1 2 r
sl

Let s be a maximizer for fin “F . Then, if Eq. (5.62.a) is true, we have:
E:(“E)U,otherwiseE,,:(“F,.)L. [

Theorem 5.10 and its proof indicate that:

1) Vertex ¢;* that maximizes fin “F =* F,x* F,x..x" F, is the com-
bination of the right (left, resp.) extremes of the variables with re-
spect to which fis increasing (decreasing, resp.).

2) Vertex c,** that minimizes f in “F =" Fx" F,x..x* F, is the
combination of the left (right, resp.) extremes of the variables with
respect to which fis increasing (decreasing, resp.).

3) When a new o-level is chosen, ¢;* and ¢, ** are given by the

same combination of parameters as in points (1) and (2).

4) If (in points (1) and (2)) the increasing or decreasing variables are
not known or difficult to determine, evaluate f at all vertices c¢; ,
j=1,...,2", and determine the unique combinations that minimize
and maximize f. Use point (3) for all other o-levels.

This algorithm allows one to identify the critical vertices either a priori
(points (1) and (2)) or with just one application of the vertex method. Each
a-cut is then evaluated by using just two function calls, whereas the vertex
method requires 2" function calls, which increases significantly with the
number of variables (for » = 10, 210 = 1,064). Indeed, when several o-cuts
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must be computed, computational savings are significant: e.g., for 11
a-cuts, 22 vs. 11,264 function calls are necessary. When the function fis
the output of a complex model (e.g., BEM, FEM, FDM, DEM) that takes
one day to run, the above algorithm may make computations feasible.

Additionally, the above algorithm allows one to use existing numerical
codes as “black boxes” that simply calculate function f without need to
modify them; these concepts are illustrated in the next example.

Example 5.12. Let us consider the non-linear elastic system shown in Figure 5.15
composed of a two-span linearly elastic beam, with Young modulus E, restrained
by two rigid supports and a non-linear elastic spring whose stiffness monotoni-
cally increases with the displacements. The load intensities P and g are restricted
by the fuzzy sets shown in Figure 5.16, and we want to determine the displace-
ment of the supporting spring.

The displacement, J, is related to the external forces P and ¢ and to the spring
reaction Y by means of a linear deterministic relation, whose coefficients depend
on the elastic and geometrical properties of the beams (/;, =52 m,, =43 m;
E=27GPa; J;=0.7"-04/12m";J,=04%-0.4/12 m*):

0. =-D,-P+D,-q—D,-Y =h(P,q)-D,-Y =

(5.63)
=-(0.02354 mm/kN)-P + (0.9651 mm/(kN/m))-q -
-(0.5639 mm/kN)-Y (mm)
where:
2. 4 73 3 g2
L S S 6 PN I, (5.64)

- B - ’ - +
16-E-J, * 8E-J, 6E-J 3-E-J, 3-E-J,

[ st

PA B | ¢

.. 11 >e [2 T

k&2 if8>0
¥(d) =

-k §2ifd< 0

Fig. 5.15 Example 5.12: A two-span linearly elastic beam restrained by two rigid
supports and a non-linear elastic spring
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100 - / 50

Fig. 5.16 Example 5.12: Fuzzy sets of the concentrated load and of the uniformly
distributed load q

The condition of compatibility between the deformations of the beam and the
spring gives the solution, which is the sought function of P and ¢:

(b+h +1 - N1+ 2b:h)/(b-Dy) it h 2 o; b=2 k-D, (5.65)
(b-h -1+ U-26:n)/(b-Dy) if h <0

Y=

Table 5.22 Interval analysis of the reaction Y for o.= 0

Indexj ¢ P flg, P) Y Critical Indexes
1 -5 -5 -4.708
2 50 -5 48.375 82.900 Maximizing
3 -5 100 -7.180 - 11.651 Minimizing
4 50 100 45.903

Table 5.23 o-cuts of the reaction Y

o-cut Min(Y) Max(Y)
0 - 11.651 82.900
0.1 - 11.448 82.055
0.2 - 11.245 81.210
0.3 - 11.041 80.365
0.4 - 10.838 79.520
0.5 - 10.635 78.675
0.6 -10.432 77.830
0.7 - 10.229 76.986
0.8 - 10.027 76.141
0.9 -9.824 75.296
1 -9.621 74.452
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The expression for Y is simple enough that one can take partial derivatives. Notice
that Y is a monotonically increasing function of 4, which is decreasing with P and
increasing with g. Therefore, the maximizing interval extremes are the left ex-
treme for P and the right extreme for ¢; the minimizing interval extremes are the
right extreme for P and the left extreme for g.

For completeness, Table 5.22 gives the values of 4 corresponding to the 2° = 4
vertices for oo = 0 (with k = 31.4 kN / mm®), which confirm the above result on the

critical vertices. The fuzzy set of Y reconstructed by its a-cuts is displayed in
Table 5.23.

5.2.2 Monotonicity of Operations on Random Relations

In Section 5.1, the concept of weak inclusion was introduced. The good
news is that the inclusion is preserved by mappings; more precisely:

Theorem 5.11. Let F and F be two random relations defined on S with
compatible sets of probability measures Y and ¥, respectively, such that

YcVv. Letf+ S — Z, and let R and K. be the ranges of F and F , re-
spectively, calculated using Eq. (5.47). Then

(D o 7= Bel, (U), Pla, (U) || Bel, (U), Pla, (U) | VU c 2

_ _ (5.66)
(Y c¥Y=>Y, cV¥,

whereY , and @_f are the sets of probability measures compatible with R

and R_, respectively; subscript Z denotes the underlying set where Belief
and Plausibility are defined.

Proof
(i) Since BgC:f(B)gf(C):

Eq.(3.3) Eq.(5.47)

BelU=Zp=ZZm

R:R'cU R:R'cU A/:R =

(5.67)

= 3w (s )

Af;f(A")gU

From Eq. (5.1), Bel (f’1 (U)) > @(f’l (U)) . Likewise for the Plausibility.
(if) Use (i) and apply Eq. (5.1) from right to left to Bel, and Pla;. [ |
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Likewise, strong inclusion is preserved by mappings, and the proof of the
following theorem also says how to determine the inclusion matrix:

Theorem 5.12 (Dubois and Prade 1991). Let F < F be two random rela-
tions defined on S, and let - S — Z. Let R and R_ be the ranges of F and
F , respectively, calculated using Eq. (5.47). Then

FCF=>RcCR (5.68)

Proof. (i) By point (i) in Eq. (5.4)), VA" 3A’:A' c A’. By Eq. (5.47a),
each focal set R* is the image of at least one focal set A" Let A’ : R" = flAY);
since A’ ¢ A’ :f(Ai)gf(Zf), VR* 3 AR gf(Z-’).

(if) Similar to (7).
Let us define the following inclusion matrix:

@, =Y w; R = f(A).R' = f (A7), A" c A"} (5.69)

Recall that

Al. DAJ.ZWU:O, (5.70)
One has:
Eq.(54) ) _ _ ) _
Z 0, = Z Z{W :R" = ( 1),R1=f(A]),A’<;A]}
I:R*cR' I:R* cR!

=Y > {w R =f(A)R'=f(A7),A cA)

LR R ATR*=f(A")

— Z z w, Rk _ (Ai),ﬁl :f(gj),Ai ggj} (5.71)
ARF=f )IRkCR[
Eq.(54)  Eq.(547b)
= Y Xow= Y m(a) = p(r)
AR =f (A7) A AT AR =1 (A
Likewise for ﬁ(ﬁk). |
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Since inclusion is a special case of weak inclusion, Theorem 5.11 special-
izes as follows:

Theorem 5.13 (Dubois and Prade 1991). Let F CF be two random rela-
tions defined on S, and let f: S — Z. Let ®_and R_ be the ranges of F and
F , respectively, calculated using Eq. (5.47). Then

[Bel(U),Pla(U) || Bel(U),Pla(U) | VU c Z (5.72)

In other words, one may find a random relation F that includes another
random relation ¥ by using the algorithms in Section 5.1.3. By mapping

F , one calculates probability bounds that contain the probability bounds
that can be calculated by using ¥ . Major computational savings are

achieved if computations performed on ¥ are much easier and/or faster
and the including bounds are tight enough to make a decision.

Example 5.13. Consider again the random sets on S = R as in Example 5.3:

}_’= {([5, 8], 0.2), (I3, 7], 0.5), (2, 4], 0.3)};
F ={([5, 81, 0.200002), ([3, 8], 0.5), ([2, 8], 0.288888)},

where B = 10°. Let 2 x> x-€"”*. Focal sets are mapped by making use of
Theorem 5.10:

R = {([6.10702, 9.06520], 0.2), ([4.18685, 8.07496], 0.5), ([3.29745,
5.13620], 0.3)},

R = {([6.10701, 9.06520], 0.188888), ([4.18685, 8.07496], 0.5), ([3.29745,
5.136120], 0.300002)},

where outer rounding has been applied to the focal sets in order to ensure contain-
ment when using floating-point numbers. The probability bounds of U = [3.2, 5.6]
are:

Bel(U)=p(R*)=0.3; Pla(U)=p(R*)+p(R*)=0.38
Bel(U)=0; Pla(U)=p(R*)+p(R’)=0.800002
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5.3 Conclusions

The notion of weak inclusions between two random sets relies on the in-
clusions of the sets of compatible distributions, and it is equivalent to the
inclusion of Belief and Plausibility bounds for all subsets in S. The notion
of strong inclusion was introduced in order to: determine if two random
sets are included one into the other by directly operating on the focal ele-
ments and probability assignements; find an including random set when a
random set is assigned. By resorting to the reservoir-bathtub analogy, it
has been shown that strong inclusion implies weak inclusion, but not vice
versa.

Since computations with consonant random sets (and associated fuzzy
sets) are very fast, four different strategies have been introduced to include
a general random set into a consonant one. For ordered sets S, one may ei-
ther choose to minimize the discrepancy in Fypp or Fiow; the remaining
two strategies are applicable if equal weight should be given to preserving
Fypp or Frow, and if one wants to minimize the cardinality of the consonant
inclusion, respectively.

When # and % are assigned on S; and S, respectively, one may deter-
mine two consonant inclusions of theirs: # and ¥,. The random relation
obtained from # and % under the hypothesis of random set independence
is not included in the fuzzy Cartesian product on ;xS obtained from ¥

and %,, but it is included in the random relation on S;xS, obtained from ¥
and % under the hypothesis of random set independence. The later ran-

dom relation, however, is not necessarily consonant, but there is a minimal
outer approximation to it, and a weak inner approximation to it.

The information conveyed by random set or relation on S may be ex-
tended to the range of a mapping defined on S. This mapping may be the
mathematical model of an engineering system. Since the extension is valid
for both single-valued and multi-valued mappings, the principle allows one
to extend through a multi-valued mapping information given as a probability
distribution on S, which is an unresolved problem in the theory of probabil-
ity. The extension principle for random sets has two main specializations:

1) When the random relation on S is consonant (fuzzy relation), its im-
age is obtained by first mapping the o-cuts of the fuzzy relation into
Z, and then by applying the decomposition theorem This method is
computationally very efficient because it does not require mapping
inversion.
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2) When the random relation on S is a consonant random Cartesian
product, the specialization of the principle coincides with Zadeh’s
original extension principle, which is the only one (among several ex-
tension principles put forward in fuzzy set theory) that is consistent
with random set theory, and thus with a generalization of probability
theory to accommodate imprecise information.

Both weak inclusion and strong inclusion are preserved by mappings
(monotonicity), which has major practical consequences. Indeed, one may
first find a random relation F that includes another random relation ¥ by
using the algorithms described above. By mapping ¥ , one may calculate
probability bounds that contain the probability bounds that can be calcu-
lated by using F . Major computational savings are achieved if computa-

tions performed on F are much easier and/or faster and the including
bounds are tight enough to make a decision.
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Chapter 6
Approximate Reasoning

The theory of probability provides no straightforward answer to the prob-
lem of combining two probability measures on the same space, because it
is not a problem of mathematics, but of judgment. As a consequence, ran-
dom set theory too does not provide any prescriptive method for combin-
ing two random sets. In Section 6.1, some possible ways of combining or
updating information on the same space are reviewed, distinguishing be-
tween models that stress the agreement among given bodies of informa-
tion, and those which stress the conflict. We highlight and discuss their
applicability limits (Section 6.2) and introduce the available answers
within evidence theory (Section 6.3) and fuzzy set theory (Section 6.4).
Analogies and extensions are underlined with both probabilistic procedures
and fuzzy set operations.

Finally it will be shown in Section 6.5 that fuzzy logic gives powerful,
simple and robust procedures in the field of pattern recognition, clustering
and optimal choices in decision making.

6.1 The Basic Problem

The following is a basic problem in any theoretical model of uncertainty
and in any consistent theory of information. Suppose:

(i) a certain level of information be known or assumed about a system
(premise A) AND

(ii) further information be obtained independently (i.e. without utilizing
previous information) (premise B) ;

how can we combine the two bodies of knowledge in order to achieve an
updated, a posteriori description C = Ao B embracing all available infor-
mation?

The solution to this problem is an essential one if for example we want
to:
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256 6 Approximate Reasoning

(i) construct rule-based expert systems, i.e. expert systems based on de-
ductive logic;

(i1) extend classic deductive reasoning rules (Woods and Gabbay 2004)
such as modus ponens, modus tollens and hypothetical syllogism to
uncertain information;

(iii) to construct mathematical models of approximate reasoning.

The solutions to date pertaining to the classical set theory of uncertainty
are examined in Section 6.1.1 and those pertaining to the probability the-
ory in Section 6.1.2 and 6.1.3.

6.1.1 Combination and Updating within Set Theory

The answer to the posed problem is quite simple if sought in the field clas-
sical set theory. See for example (Lipschutz 1964).

Consider the case in which two sources of information are available
about the same variable (in, say, space S). One source (the a priori infor-
mation) says that the variable is restricted by a set A, whereas another
source says that the variable is restricted by a set B. Let s € S, and let
xa(s) , xs(s) be the characteristic functions (or the indicators I, , Ip) of A
and B (i.e. ya(s) = Li(s) = 1 if s € A, xa(s) = Ii(s) =0 if s ¢ A).

6.1.1.1 Intersection

If A AND B provide conditions which necessarily are to be satisfied by their
combination, a posteriori uncertainty is described by their intersection (see

Figure 6.1), or equivalent combination of their characteristic functions™ *":

C=AnNB

6.1)
X (s)=min (XA ($), %5 (s))

Fig. 6.1 Combination by
intersection
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The combination of the two bodies of knowledge therefore reduces uncer-
tainty, whenever A and B do not coincide, and this combination leads to a
total loss of information when A, B are totally conflicting (i.e. ANB = &).
When the conflict is partial (ANB # &), the rule works very well, and de-
creases the uncertainty for the decision-maker; but this decrease could be
unjustified and unrealistic if the sources of information are not reliable.

Intersection can be used to combine information on spaces of different
orders. For example a subset of a two-dimensional space S = S| x S, is a
deterministic relation R, i.e. a pair of point-valued or more generally set
valued relations G, G™' between points s; on S; (r. s, on S,) and set G(s;) (r.
G' (s»)onS, (r.S)).

We consider here finite spaces with singletons (sll, S s1") and
(s, ... 85, .... 5,") respectively. The relation R is completely defined by
the n x m matrix of the values of the characteristic function:

. i i i\. i —1f

(sts)) = 1 if I’Lz(sl,szf)e R;s; € G(sl),s1 eG (szf) 62)
0 otherwise

Let A be a subset on S and let ¥, (s,") be its characteristic function and

assume B=Ron § =S, x5, . The set C = Ao B results from the application
of the classic modus ponens according to the scheme:

i)  First premise: if s; =5, then s, € G(sli),‘v’i =1,...,n

ii) Second premise: s; € A
iii) Conclusion: s;€C

C is a subset of S, containing singletons s,/ such that G (s, ) nA=D.
Formally: let

Xa(s1,83) =%, () (6.3)

be the cylindrical extension of A on the product space S = S, x S,; on this
space, the characteristic function of C is given by

T (1 53) = min (), (51, 9), X (515 5)) (6.4)

and hence, on the space S, the characteristic function of C is given by its
shadow or projection:

Xc(s9)=max (yc(s).57)) (6.5)
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or, in an equivalent manner, that is more appropriate when an analytical
expression is available for the mappings:

max‘)(xA (sf))

sfeG_](sé

0 if G'(s])=2

Xe(s3)= (6.6)

Symmetrically, if A is a subset on S, and y, (s,’)is its characteristic function:
Xc (sll) = mj?lx min (XA (S1l ’ szj) =Xa (Szj ) gk (Sli’ Szj)) (6.7)

or, in an equivalent manner:

| max, (xa(s2)
relsh=( =) (6.8)
0 if G(s/)=2

For infinite spaces the max operator in Eq. (6.5) and (6.7) should be substi-
tuted by the sup operator.

Example 6.1. Let n =4 and m = 3. Let the relation R be defined by the point-
valued function:

fish =575 fisH=D; fisd) =57 fisHh=s'

or by the matrix y,(s;,s7) in Table 6.1. The sums of rows and columns show

that G is a point-valued function while G™' is multi-valued.

Table 6.1 Characteristic function y, (sf , szj)

szl s22 s23 Tot

s 0 1 0 1
s 0 0 0 0
s 0 1 0 1
s 1 0 0 1
Tot 1 2 0 3
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Let A={s’.5'}. andhence z,(s,)=(0, L, 1, 0).Eq. (6.4) gives:

0 1

. 0 0
Xc(sl’sz)_mm lo 1
1 0

=T =)
S o © o

0
0
1
0

o © o o

0
1
1
0

S = = O

0
1
1

0

and finally Eq. (6.5):

Xc(8,) =(max(0,0,0,0) =0, max(0,0,1,0)=1, max(0,0,0,0)=0))

For example in an equivalent manner Eq. (6.6) for j=2 gives:

Ze(sh)= ??xz} (7,(s))=max (0, 1)=1

S1E1S] 5]

If A= s,,8, , x,(s,)=(0,1,1), Eq. (6.4) gives:

Xc (8,,8,)=min

oS O o O

0
0
10
1

ek
e T = T ==
S = O =
S O o O
S o © o
S = O =
o © o ©

and finally Eq. (6.7):
Xc(s;)=(max(0,1,0) =1, max(0,0,0)=0, max(0,1,0)=1), max(0,0,0)=0)

The rule of intersection can be directly applied to combine 3 or more sets.
For example let R be a subset of a three-dimensional product space S = §;
x S, x Z, defining a deterministic relation, i.e. a pair of point-valued or
more generally set valued relations G, G between points P on S; x S, and
set G(P) on Z (r. between point P on Z and set G'(P)on S xS).

Let A and B be two subsets, on S, and S, respectively, and let

Xoa (51582 2) = %a (51)3%5 (51525 2) = % (5, ) be the cylindrical extension

of their characteristic functions onto S; x S, X Z. The characteristic function
of the subset C on Z is given by:

XC(Z) = sup min (XA (SI,SZ,Z),XB (SI,SZ,Z),XR (SI,S2,Z)) (69)

S, %S,
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or, in an equivalent manner:

sup (min(XA(sl)’XB(S2)))
Yo (2) ={ G (2) (6.10)

0 if G'(z)=0

6.1.1.2 Union

If, on the other hand, A AND B are weaker conditions, i.e. they are just
indications of possibility which exclude that the true solution necessarily
belongs to the complementary sets, then the uncertainty of the combina-
tion of non-coincident sets grows. In fact, based on the second De Mor-
gan's Law, we have (see Figure 6.2)" **:

c:(ACmBC)C:AuB (6.11)

X () =1-min(1—y, (s),1-%,(s)) = max (), (s),x,(s))

Fig. 6.2 Combination by
union

In this case, unlike the previous one, the resulting uncertainty for the deci-
sion-maker increases and the rule works with every pair of subsets (even if
they are totally conflicting); it is hence strongly recommended when the
sources of information are not entirely reliable.

6.1.1.3 Convolutive Averaging

When a total or partial ordering is recognised or assigned on the space S,
the decision-maker could employ a third rule based on the operation of aver-
aging, well-suited to the natural logic of the human brain. For example, if a
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distance d between points or subsets is defined in S, the decision-maker (for
example an archer or marksman aiming at a target) could focus his attention
on the set of points:

C(A’ B) = {PE Sl d(PA’ P) :d(PB’ B)’ PAE A’ PBe B } (6.12)
Example 6.2. Let S = {B,P,,P,P,P,P,P.,F.R}, A ={R.R}, B =
{Pisng} and assume d (P;, P;) = li-jl. Hence C = {P4,Ps} because d (P}, Py) =
d (P7, Py)=3; d(Py, Ps)=d (Pg, Ps) =3 and d (P, Ps) =d (Py, Ps) = 4.

Let s, and s, be elements of sets, on the space of the real numbers (for ex-

ample intervals), A and B, respectively. One obtains, according to the rules
of interval arithmetic, the interval C = (A + B) / 2, or more generally on an
n-dimensional Euclidean space (see Figure 6.3 in a two-dimensional space)
the set defined, according to Eq. (6.10), by the characteristic function:

Xc(s)= sup min (7, (s,), 75(s;)) (6.13)

N
(sa ,sB):isA 253 =s;5eR" ;speR”

Fig. 6.3 Combination by
convolutive averaging

Example 6.3. Let A =[-1, 1], B =[7, 10]; the interval arithmetic rule for summing
gives C = [7-1, 1+10]/2 = [3, 5.5]. Observe that Eq. (6.13) gives Y. = 1 for any

point s of C, Y~ =0 for any s outside of the interval C.

This rule (known as Convolutive Averaging (or c-Averaging), considering
the analogy with the definition of “expectation” or “mean”) works with
every pair of subsets and drastically reduces the uncertainty presented to
the decision-maker; in the case of partial or total conflict between A and B,
the rule hides the conflict.
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6.1.1.4 Discussion

The 3 basic rules presented above satisfy the requirements of:

Commutativity: C(A, B) = C(B, A);
Associativity:  C(A, C(B, D)) = C(C(A,B), D)
Idempotence: C(A, A) = A.

In the following, we will distinguish between combining and updating.

Updating entails the presence of an existing piece of information, which
must be changed in the light of newly acquired information, and order may
or may not matter. For example, knowledge is the result of a process of
updating, rather than combining, and the order in which information has
been received and processed by the brain may make a difference to one’s
knowledge at a given time .

The ability to optimally and quickly combine pieces of information ac-
quired successively is a fundamental property of the human brain that has
evolved over the millennia, thus assuring a definite advantage to mankind
over all other species. Likewise, at a higher level, a civilization’s knowl-
edge nearly always depends on its history. Therefore, we argue that tempo-
ral indifference may or may not be a desirable attribute in the epistemic in-
terpretation of a basic theory modeling logical and psychological degrees
of partial belief of a person or intentional system.

Commutativity is justified considering that when combining two pieces
of information A and B, A and B must be treated symmetrically, i.e. com-
bining A with B must yield the same result as combining B with A, because
there is no information on which of the two pieces of information was prior.
Similarly, Associativity is reasonable if temporal indifference is necessary
in the treatment of the combination.

On the other hand, the third requirement (Idempotence) does not appear
to be well justified: indeed, our confidence in A grows if the same informa-
tion is observed repeatedly, and this increase in confidence justifies the
rules of statistical combination and subjective/objective probability theory.

6.1.2 Statistical Combination and Updating

Let n; be the number of observations of singleton s' in a finite space of
events, let n be the total number of observations, and let Xi be the charac-

teristic function of the singleton s’ observed at the j-th observation. As-
suming that our confidence grows linearly with the number of repetitions
of events, one estimates confidence through the relative frequency:
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ny. ls=s'
fr(sh)="r= 1(s=) (6.14)
n ‘4 n
It is interesting to observe that relative frequencies fr are obtained mixing
(p-averaging) characteristic functions; moreover, in the case of conflicting
events, Case 2 (union) is applied, thus completely preserving the conflict
for the attention of the decision-maker.

On the other hand, when the expectation of a random variable or
the mean value of a list of numerical values are evaluated, Case 3
(c-averaging) is applied, and the conflict disappears.

Eq. (6.14) can be generalized to the case of observations of not neces-
sarily disjoint events A /, i.e. to the statistical collection of sets or focal
elements of a random set:

fr(s')= : (6.15)

=t n

The relative frequencies of the singletons given by this equation can be
compared with the white distributions defined in Section 3.2.3.1.
Therefore, Case 2 is a natural candidate for combining probabilistic as-
signments both in the case of the frequentist and subjectivist view of
probability.
Let {(A", m;)} and {(A’, m,)} be two random sets on the same set S with
m; and m; two assigned relative frequencies of events (focal elements) A":

ml(A")zn]’i/n] ; mz(A")znz’i/n2 (6.16)
The statistical combination of the random sets is given by:

i n,;+n,,
m,lA )= — 6.17
b (A7) - 6.17)

For an infinite number of realisations, the combination of two random sets
is obtained by a simple averaging operation:

ml(Ai)+m2(Ai)
2

(6.18)

mlz(Ai)z

which treats the two random sets in a symmetric fashion: i.e. the operation
is commutative.
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6.1.3 Bayesian Combining and Updating in Probability Theory

Within the context of probabilistic modeling of uncertainty, updating fol-
lows on from the Bayesian techniques, i.e. from the axiomatic definition of
conditioned probability of two events A and B in a probability space:

P(A/B)=P(ANB)/P(B)=P(B/A)P(A)/P(B)  (6.19)

or the equivalent relation between conditional, joint and marginal prob-
abilities on joint spaces (see Chapter 2). A simple example can clarify how
these techniques operate.

Example 6.4. Let us consider the population composed of different batches of
concrete used for structural purposes. For this population of objects, conditional
probability distributions are assumed to be known:

a) between a variable relative to mechanical resistance » € R (e.g. the cubic
characteristic compressive strength after 28 days) and a variable relative to the
mixture composition ¢ € C (e.g. the water/cement ratio, in weight);

b) between the resistance r and the result s € S from a non-destructive test (e.g.
a sclerometric test).

For the sake of simplicity, let:
R={r,r, B, rr}; C={c, 2, c*}; S={s, 82,8, ,s}

and assume the conditional probabilities shown in Table 6.2 for the relation be-
tween ¢ and r, and Table 6.3 for the relation between s and r.

Table 6.2 Conditional probabilities P(c/r)

P(c/rh) P(c/r?) P(c/r?) P(c/r)
cl 0.72 0.12 0.04 0
c? 0.24 0.60 0.24 0.04
c3 0.04 0.24 0.60 0.24
ct 0 0.04 0.12 0.72
1.00 1.00 1.00 1.00

Table 6.3 Conditional probabilities P(s/r)

P(s/rh) P(s/r?) P(r/r3) P(s/r*)
sl 0.80 0.20 0 0
52 0.2 0.60 0.20 0
$3 0 0.20 0.60 0.20
54 0 0 0.20 0.80
1.00 1.00 1.00 1.00
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Suppose marginal distribution P(r) is specified or assumed a priori: for example,
lacking any specific information, let us assume (according to the Principle of In-
difference) uniform marginal distribution for the variable r, i.e. P(r ) = 0.25, for
i=1,2,3,4.

The joint probability distributions P(s Iry=Ps?Iry Port), P(*,r') =
P(c*/r") P(r') and the marginals P(s’) = Z; P(s’, r') , P(c*) = Z; P(c*, r") can be
calculated as shown in Table 6.4.

Table 6.4 Joint probability distributions P(s e, P, r') and the marginals
P(s”), P(c")

P(c,r) rt 2 r r P(c) Pr)| rt r r r P(s)
c! 0.18 0.03 001 O 0.22 st 0.2 0.05 0 0 0.25
c? 0.06 0.15 0.06 0.01 0.28 s2 | 0.05 0.15 0.05 0 0.25
3 0.01 0.06 0.15 0.06 0.28 53 0 0.05 0.15 0.05 0.25
fond 0 0.01 0.03 0.18 0.22 s 0 0 0.05 02 0.25

025 025 025 025 1 025 025 025 025 1

Table 6.5 Joint probability distributions P(s I r f = ¢*) and updated conditionals
P(s’, rircdt=c), Prilcf=c4 s =5

P(r,5,¢%) rl 2 r rt P(s)
5! 0.048 0.03 0 0 0.078
$2 0.012 0.09 0.012 0| 0.114
3 0 0.03 0.036 0.002|  0.068
s 0 0 0.012 0.008 0.02
0.06 0.15 0.06 0.01 0.28
P(r,s/c?) rl r? r3 r P(s/c?)
5! 0.171429  0.107143 0 0 0.278571429
$2 0.042857 0.321429  0.04286 0 0.407142857
53 0 0.107143  0.12857 0.00714 0.242857143
- 0 0  0.04286  0.02857 0.071428571
0.214286 0.535714  0.21429  0.03571 0.28
rl ? r rt
P(r/s’,¢%) 0 0441176  0.52941  0.02941 1
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In their turn, these distributions P(r, ¢) and P(r, s) can be seen as marginal distri-
butions on the plane (C x R) and (S x R), respectively, of a joint probability distri-
bution on the space (C x R x S) defined by the equations:

P(r,s,c)=P(r,s) P(c/lr)=P (r, c) P(s/r) = P(r, s) P(r, ¢) | P(r)

Let us now suppose that we obtain new deterministic information about the exact
value of one of the variables, e.g. ¢ = c*. We immediately conclude that:

P (r,slc=c*)= P(r,s,c*)/ P(c*)

and moreover, the updated distributions for r and s are the new marginal ones.
Suppose that we now obtain the deterministic information that ¢ = ¢, ; the mar-
ginal distributions, relative to r and s respectively, are modified as indicated by the
sums of rows and columns of the matrix P(r, s/ cz) in Table 6.5.
If we get further information s = s°, we obtain: P(r /s>, c¢*)= P(r,s° 1 c*)/
P(s3/ A3 ), as shown finally in Table 6.5, last row.

Bayes Theorem clearly derives from the application of Case 1 (intersec-
tion). Combining a probabilistic distribution m,(s’) for singletons s’ and a
deterministic event B (my(B) = 1), the resulting updated distribution m; is
given by the ratio of the probability of intersections to a normalization
factor K equal to m,(B) (supposed positive):

ml(Ai ﬁB)

(6.20)
m (B)

mpy (A')= P(Ai‘B) =

Of course the normalisation allows to obtain:

X m(s)
my,(B)= P(BIB) =%:1

When the normalization factor K (i.e. the prior probability of the observed
event) is much smaller than 1, posterior probabilities increase dramatically.
Eq. (6.20) can be recursively applied for updating, when two or more suc-
cessive deterministic events B', B%,... are given or observed. It is easy to
check that the resulting distribution is independent from the order (temporal
indifference, as previously discussed in § 6.1.1.4) and it is equivalent to evalu-

ating conditional probabilities with respect to the event B=B'NB’.....
This result is coherent with the meaning of Case 1: when all the successively
obtained sets are reliable, attention should be restricted to their intersection.
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Therefore, in a probabilistic setting, there is no difference between combining
and updating.

The extension of a probabilistic measure through a point-valued deter-
ministic mapping, f, can be considered as a particular application of the
Bayes theorem: in both cases, we have to combine probabilistic a priori in-
formation with deterministic information.

In fact, let a joint probability distribution P(s) = P(sy, $3...s,) of the vari-
ables s, 5, , ...s, be given on the space defined by the Cartesian product S
= 81 x S, x...5,. The mapping z = f(s), whose range is Z, extends to the
space S x Z the joint probability distribution:

P(s) if s e f_l(z)
P(s,z)= 6.21
(s:2) <0 it £ (z)=0 (21
and then the marginal probability on Z reads:
P(z)=2 P(s,2) (6.22)
s

On a finite space, let y,(s;,z;) be the characteristic function of the

equivalent (to the pair of the point-valued mapping f and the multi-valued
mapping G '=f ) deterministic relation

Rngzws":Zx(s",zf)g 6.23)
/eZ
Eqgs. (6.21) and (6.22) can be given by the following equation:
P(z))=) P(s) X (s',27) (6.24)
s'es

or, equivalently and underlining the analogy with Eq. (6.5) when sup op-
erator is substituted by summation (see Note 6.1):

JY — 3 i i J
P& = X min(P(s)1,(5,2) 625
Example 6.5. Let us again consider the updated probability distribution of the
concrete strength  (on which the safety of a structure depends) obtained in Exam-
ple 6.4 and the point-valued relation between r and a finite list of values of a
measure z of the safety of the structure. Let relation f be given by the matrix of
the joint characteristic function y(r, z/) displayed in Table 6.6.
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Table 6.6 Deterministic relation between r and y in Example 6.5

6 Approximate Reasoning

x(ri 2 x(ri, 2% 2, 2% GRS Tot
r! 1 0 0 0 1
r2 0 1 0 0 1
r 0 1 0 0 1
r 0 0 0 1 1
Tot 1 2 0 1

The totals of rows demonstrate that the monotonically increasing f is single-
valued (while on the contrary the totals of the columns show that f ™ is multi-
valued. Eqgs. (6.21) and (6.22) give the matrix of joint probabilities P (r, z’) and
marginals P (z’) respectively in Table 6.7,

Table 6.7 Joint distribution and marginals in Example 6.5

P(r,z") P(ri, z°) P(ri, 2°) P(ri, 2% P(r)
r! 0 0 0 0 0
r2 0 0.44118 0 0 0.44118
r 0 0.52941 0 0 0.52941
r# 0 0 0 0.02941 0.02941
P(Z’) 0 0.97059 0 0.02941 1
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6.2 Limits Entailed by the Probabilistic Solution

The above discussion on the probabilistic solution and Bayes theorem, to-
gether with the results shown in the previous chapters, highlights some
limitations and possible extensions of the Bayesian approach.

6.2.1 Set-Valued Mapping

Let the function extending the probability measures from S to Z be given
through a set-valued mapping G (or a general deterministic relation R
without the constraint given in Eq. (6.23)) to the power set of Z (P (Z), G :
S — P{Z}; G associates every s € S with a subset A=G(s) C Z.

In this case, a (generally non-consonant) random set measure is induced
onZ

3:{(A" :G(s"),m(A")=P(s"))} (6.26)

and it is consequently possible to calculate the interval [Bel (B), Pla(B)]
containing P(B) for each B < Z (see Section 3.2.3).

6.2.2 Variables Linked by a Joint Random Relation

Let the wvariables (s, s;.) be linked by a joint random relation
3= {Ai, m(Ai)} (Chapter 4, § 4.1). The extension principle (Section 5.2.1),
allows  the  corresponding random  set measure on @ Z
R ={Ri =G(A),m(R)=p' = m(Ai)} to be determined and then again,

for each B C Y, the interval [Bel (B), PI(B)] containing P(B) can be calculated.

For finite spaces let R S x Z be a deterministic relation and let yx be its
characteristic function. The characteristic function of the focal elements R’
can be computed by Eq. (6.9):

Vi:XR,-(Z)ZSI;p rrlin(xAi(s),xR(s,Z)) (6.27)

Some particular cases are of interest, summarizing the results given in
Section 5.2.1.

Suppose that the random relation 3 is consonant. Hence 3 is com-
pletely defined by its contour function (plausibility of the singletons s) LL(s)
or the associated possibility distribution 7(s) =L(s) (see Eq. (3.31)). Hence
the random set induced on Z is also consonant and its possibility distribu-
tion 7t(z) = W(z) is defined by Eq. (5.48), or equivalently:
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u(z)=sup min(p(s),xx(s,2)) (6.28)

N

Eq. (6.28) can be derived in a form quite similar to the Bayesian proce-
dure: we can write the cylindrical extension of (s) on the space S x Z :

w(s,z)=p(s) (6.29)
The combination in this space is expressed by the rule:
e (s.2)= min(p(s,z).%.(s.2)) (6.30)

and then [(z) is nothing else but the projection of . (s, z) on Z (analogous
to the Bayesian case of marginal distribution on Z):

H(Z)=51;P He(s.2) (6.31)

Suppose further that the random relation on S is a fuzzy Cartesian random
product (see § 4.3.5) (i.e. the focal elements are a nested sequence of Car-
tesian products of intervals, each of which pertains to one variable only):
the variables are non-interactive (see § 5.2.1.2) and their extension is given
by Eq. (5.57). Again on finite spaces this equation can be equivalently
given by the following:

u(z)= sup min(uFI (5)s1p (52)0mltp (5,)5%x (sl,sz,...,sn,z)) (6.32)

S§)X8,X.. XS,

6.2.3 Conditioning a Random Set to an Event B

Let Bel be a belief function corresponding to a random set defined on S,
and let ¥ be the set of all probability functions consistent with Bel. As in
Section 3.2.5, conditional belief and plausibility functions (valid only if
Bel(B) > 0) are given by:

Bel(AIB)=inf P(AIB)
e 6.33)
Pla( Al B) =sup P(AIB) (
PeY
Moreover, in finite spaces the search can be restricted to the finite set EXT
of the extremes of the convex set Y.

In the same way that conditional probability functions are probability
functions, conditional belief functions are belief functions and can be cal-
culated by Eq. (3.35), which also gives the corresponding plausibility func-
tions. Hence conditioning a random set to an event B gives a conditional
posterior random set.

However two limits of this formulation must be underlined.
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Firstly, as discussed at the end of Example 3.12, a closed rule directly
giving the probabilistic assignment of the posterior random set from the
probabilistic assignment of the prior random set cannot be given. Mobius
inversion (Eq. (3.8)) of the conditional belief function must be applied.

Secondly, when updating belief function recursively applying Eq.
(3.35), given or observed two or more successive deterministic events B',
B’,... the order in which the updating events are observed does matter. In
other words, imprecision entails the loss of commutativity. It seems that
temporal indifference (as previously discussed in § 6.1.1.4) could be not
respected and the final result is not equivalent to conditioning the prior

belief function with respect to the event B=B' N B’.....

Example 6.6. (Modified after (Fagin and Halpern 1991). Let R = {r! , 2, 13, r*}

be a finite space for the characteristic strength of a concrete, measured according
to the prior information by the random set

e

The focal elements are disjoint sets and hence:
Bel({r'}) = Pla({r'}) = m'=0.25

Bel({r*}) = Pla({r?}) = m*=0.25

Bel({r*, r*}) = Pla({r3, r*})= m’=0.5

while probabilities of the singletons r* , * are bounded by:
Bel({r3}) = Bel({r*}) = 0; Pla({r’}) = Pla({r*})=0.5

Further information provides evidence that event {r*} is impossible: i.e. event B,
={rl, 2, 3}, with P(B,l B;) = 1 is the updated space of possible events. Notice
that Bel (B;) =m' + m*= 0.5 > 0, while Pla(B;) = m' + m*+ m’>=0.5.

Let us evaluate, through Eq. (3.34), the updated bounds of the probability of the
event A = { r1}. Taking into account that A = {12, 13 r#}, A N B= {r'}, A N B)=

{r2, r*}:
(Bet({r'})=02)
025+(Pla({r*,r’}) =0.25+0.5)

(Pra({r'})=025)

Plaf{r}/B)= 0.25+(Bel({r2, r'})= 0.25) =02

=0.25;

Bel({rl}/Bl)=
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Further information again provides evidence that event {73} is impossible: i.e. event
B*= {rl, r2}, with P(B2| Bl, Bz) = 1 is the final updated space of possible events.
Observe that Bel (B* /B") = (Bel({r', *}) = 0.5)/(0.5 + (Pla({r*})=0.5)) = 0.5 > 0,
while Pla(B* /B = 1.
Let us evaluate again, through Eq. (3.35), the updated bounds of the probability
of the event A = {r!}. Taking into account that A = {r, B rAN B’= {r1},

AN B={r}):
o (Balfrys)=02s)
pel({r}8.°) = 0.25+(Pla({r*}/ B')=025+0.5) ~O
(Pia({r'}/B')=025)
025+(Bel({r’}/ B')=0.25)

=0.667

Pla({r'}/B',B*)=

Changing the order of the observed events gives very different results. In fact, ob-
serving B> ={r!, r2}: Bel (B = Pla (B*) = P (B*) = 0.5, and hence Bayes formula
directly gives P({r'}/ B*) = P({r'})/ P(B*) = 0.25/0.5 = 0.5. Of course observing
now B! ={r!, 2, P} does not change the probabilities, because B? is included in
B'. This conclusion can be checked through Eq. (3.35):

T (Bet({r'}/B7)=05)
elirre )_0.5+(Pla({r2}/32)=0.5+0.5)_0'5’

N (Pla({r'}/Bz):O.S) )
Plal{r}y/ BB = 05+(Bel({r*}/B*)=05) ~02

These results seem paradoxical, because Eq. (6.33) shows that the final result can
be obtained applying Bayes’ rule of conditioning to the set EXT of the extreme
distribution of the random set, and this commutative rule directly gives the final
result conditioning to the intersection of the observed events.

Clearly in this example the extreme distributions coincide with the two selectors:

P'oyr=(0.25, 0.25, 0.5, 0), P'gxr = (0.25, 0.25, 0, 0.5). Moreover B' N B*= B> =
{r! r?}, and hence

1 1 2 N
Bel({rl}/Bl,BZ)=min PEIXT(I”E—O.ZS’PE;T(}"2—0.25 _os:
PEXT (B ):05 PEXT (B ):05
1 1\ _ 5 N
Pla({rl}/Bl’Bz)=maX PEXT(r2)—0.25’PE;T(r2)_0.25 s
Pl (B*)=05" P, (B*)=05
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The problem originates from Eq. (3.35): it gives exact results at any step of condi-
tioning, but the set W of probability distributions compatible with the conditional be-
lief function (whose probabilistic assignment can be calculated through the Mobius
inversion) not necessarily coincides (but generally only includes) the set of condi-
tional probability distributions derived through the Bayes’ rule. This conclusion con-
firms and enlarges the criticism about any uncertain model based on upper/lower
probabilities discussed in Section 3.3. Some other numerical examples are reported
in (Walley 2000), demonstrating incorrect results obtained conditioning Choquet ca-
pacities of different order.

In Example 6.6, by using Mobius inversion it is easy to calculate that the random
set obtained by conditioning to B', is the following:

Alzrl,mlzl , A2=r2,m2=l , A3={r1,r3},m3=l , A4={r2,r3},m4=l
4 4 4 4

The extreme distributions coincide with the four selectors:

PEXT/BI (0.25,0.25, 0.5, 0), P*gxzp = (0.5, 0.5, 0, 0), P’ gz = (0.5, 0.25, 0.25, 0),
Py = (0.25, 0.5, 0.25, 0).

Conditioning to B, Bayes’ rule gives for example:

P! ()025P

EXT/B' EXT/B' ( )
Bel({r'}/B' Bz)zmi PI:IX7/B ( ) 05 P.e2x7/13 ( 2) _
EXT/B' ( ) 0.5 PE4XT/B ( )

EXT/B'( ) 0.75 P;XT/B' (Bz) 0.75
=min (0.5,0.5,0.667,0.333) = 0.333

6.2.4 Not Deterministic Mapping

The situation is rather more complex when function G or f is not determi-
nistic, because the problem goes well beyond Bayesian formulation. Now
we are facing the combination of two kinds of information, both being un-
certain and derived from two distinct bodies of evidence: one relative to
the independent variables and the other to the function which relates inde-
pendent variables to a dependent variable.

More generally, in probabilistic terms, we have to combine information
which yields two distinct probability distributions on the same space. This
topic leads us to the core of the problems from which both Shafer's Evi-
dence Theory and Zadeh's Fuzzy Set Theory originated. Both theories may
be seen as attempts to solve this problem.
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The critical point about the limits of Bayes’rule for updating is well de-
scribed in this quotation in the initial chapters of Shafer’s book:

"In the Bayesian theory, the task of telling how our degrees of belief
ought to change as new evidence is obtained falls to Bayes’ rule of condi-
tioning: we represent the new evidence as a proposition and condition our
prior Bayesian belief function on that proposition. Here we find no obvious
symmetry in the treatment of new and old evidence. And more importantly,
we find that the assimilation of new evidence depends on an astonishing as-
sumption: we must assume that the exact and full effect of that new evi-
dence is to establish a single proposition with certainty. In contrast to
Dempster’s rule of combination, which can accommodate new evidence
that justifies only partial beliefs, Bayes’ rule of conditioning requires that
the new evidence be expressible as a certainty” (Shafer 1976, pp. 25-26).

On the another hand, alternative models of uncertainty (particularly
fuzzy models) have been explicitly conceived as antitheses to the probabil-
istic paradigm and to classical Boolean logic and Set Theory.

The theory of fuzzy sets embodies Zadeh’s original idea of “vagueness”
(Zadeh 1965) i.e. “the lack of precise or sharp distinction or boundaries”
(Klir 1995)N ¢,

In the following Sections 6.3 and 6.4 the above-mentioned attempts will
be reviewed, underlining their connections to the theory of random sets. In
fact in Evidence Theory the formal descriptions of the available uncertain
information to be combined together is given through belief functions or
equivalent probabilistic assignment of random sets, while the information
conveyed by fuzzy sets are equivalently described by associated consonant
random sets or by possibility distributions of the singletons, as discussed
in Section 3.2.4.

6.2.5 Probability Kinematics and Nets of Italian Flags

An independent but converging criticism about the limits of Bayes rule
was expressed by Jeffrey, in his book on the Logic of Decisions (Jeffrey
1983), the first edition of which dated to 1965 (the same year as Zadeh’s
first paper on fuzzy sets and 2 years before Dempster’s paper on upper/
lower probabilities).

“One day Bayesian robots may be built; but at present there are not
such creatures, and in particular human beings are not de facto Bayesians.
Bayesian decision theory provides a set of norms for human decision mak-
ing; but it is far from being a true description of our behavior’(Jeffrey
1983, pp. 166-167)

www.EngineeringBooksPDF.com



6.2 Limits Entailed by the Probabilistic Solution 275

Jeffrey notes that conditionalization performed via Bayes’ rule repeat-
edly applied to events B',..., B* is independent of the order but irreversible.
There is no observed event or proposition B> such that for an event A:

P(A|B', B%) = P(A)

except the trivial case P(B') = 1, in which case the agent was sure of the
truth of the event B' even before the first observation.

Consider now an agent observing an event B in a probability space (S, S,
P) with prior positive probability and attributing to this event a posterior
probability a < 1. Jeffrey suggests that the probabilities of any other meas-
urable event A could be updated, when supposing that the conditional
probabilities P(A | B) and P(A | B°) do not change. In fact the theorem of
total probability (see Eq. (2.7) gives:

Prosterior(Al B) = a-P(Al B) + (1-a)-P(Al BY) (6.34)

Example 6.7. (Modified after (Jeffrey 1983), the mudrunner example). A concrete
mix is supposed to perform much better in a humid environment than in a dry
environment.

The judgment of the engineer about the probability of good performance of a
particular structure built using this concrete mix should be updated by the infor-
mation that the probability of B = “local dry environment” is high (and hence
probability of B = “local humid environment” is low). However the forecast
should have no effect on the proposition that the concrete should have a good per-
formance in the humid environment (high conditional probability of the state A of
good performance) and on the contrary bad performance in the dry environment.

For example, let P(Al B) = 0.6, P(Al B) = 0.99 and a = 0.8. Eq. (6.34) gives:

PPOSTERIOR(Al B) = 08 X 06 + (1 - 08) X 099 = 0678

When no information is available about the environment the Principle of Indiffer-
ence (see Section 1.3) could suggest a = 0.5 and hence Pposrerior(Al B) = (.8 +
0.99) x 0.5 = 0.895.

Clearly any conclusion obtained via Eq. (6.34) is reversible: i.e. mistakes
can be erased by successive more reliable information. However the final
conclusion is order dependent, because strictly related to the last observa-
tion of event B and its final probability.

Jeffrey’s rule (Jeffrey 1983) can be extended to a collection of observed
events, when precise probabilities can be attached to the c-algebra gener-
ated by the collection (see section 2.1). Suppose for example a prior P is
available, and that one makes an observation Ob of k mutually exclusive
events B',..., B (measurable with respect to P) with probability a;, i =
1,....,k, with a;+...+ a; =1. The probability of an event A (again measurable
with respect to P) is denoted as P(Al Ob), and is defined as:
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P(Al Ob) := a,-P(Al B") +...+ a-P(Al BY) (6.35)

Now, if either A or any of the sets B' is non-measurable with respect to P,
i.e. if we start from a random set, then one can define a lower envelope as
done before for the belief function. Indicating with p the extension of P
such that the A, B, ..., B are measurable with respect to L

Uow(AlOb) = inf { u (AlOb)} (6.36)

Although Fagin and Halpern (Fagin and Halpern 1991) conjecture that
Hrow(AlODb) is a belief function, this has not yet been proved. Moreover, no
closed-form solution such as Eq. (3.35) is available for its calculation.

In an independent manner Blockley and his research team in Bristol have
developed a model to evaluate the final state of truth of a proposition (for
example about the safety of an engineering system) depending on a net of
different levels of compound propositions (Cui and Blockley 1991). For
every proposition the state of truth is measured by an interval probability
and the mechanism transferring the measure from a lower level to a higher
one is again based on the theorem of total probability (Hall, Blockley and
Davis 1998). A proposition E on the space (the universe of discourse)
defines a partition (E, E) of S. The interval probability:

IP(E) = [[(E), u(E)] (6.37)

gives an Italian flag for the proposition, i.e. a partition of the interval [0, 1]
in the sub-intervals green [0, I[(E)], white [I(E), u(E)] and red [u(E), 1].

It is equivalent to a random set on the power set of the set { E, E°}, that
is the set of the focal elements { E, EC, S }, with the probabilistic assign-
ment (derived for example by incomplete information given by experts on
the true-value of the proposition E):

m(E) = (E) ; m(E) =1-u(E) ;  m(S)=u(E) - (E) (6.38)

All results obtained through IP can therefore be obtained by using ran-
dom sets and on the other hand random sets theory can provide insight
into the rules of IP (Bernardini 2000).
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6.3 Combination of Random Sets

6.3.1 Evidence Theory: Dempster’s Rule of Combination

Bayes theorem can be considered as a particular case of a more general
rule of combination suggested by Dempster (Dempster 1967). Let

+ :{Al",ml (Af)} and %, ={A§,m2 (A;)} be two random sets on the

same space S. Dempster’s rule defines the combined random set as:

F,=|C" =A{ﬁA2j,‘n112(Ci’j)=ml(Al);((mz(Az) ;
(6.39)
K= 2 m(A)xm,(A)=1= 3, my(4])xm,(4])
CrD =g

Hence the result is a third random set, whose focal elements (according to
Eq. (6.1)) are the intersections of the initial focal elements and whose
probability assignment is obtained as the product of the corresponding
probabilities (following the hypothesis of independence by which they
were initially evaluated), normalized in order to take into account that a
part of the initial evidence (non null products of probabilities) may focus
on empty intersections.

Of course if some focal elements C* are coincident, their probabilistic
assignments m,,(C*’) can be added together.

Example 6.8. Let us return to Example 6.4 and suppose that both sclerometric and
mix composition tests, performed independently (i.e. in a non-joint way), yield
evidence about concrete resistance r in the form of the following (non-consonant)
focal elements and probability assignments:

A: m(A1 = {rl, rz}) =0.2; m(A2 = {rl, 7, r3}) =0.7; m(A3= {r2, r3}) =0.1
B: mB'={r'})=005 ;mB*={r,r*H=01 ;mB={*r,r"})=085

What conclusions can be drawn about the probability P(C) of any subset C c R ?
Or what conclusions can be drawn, at least, as far as the interval [Bel (C), Pla(C)]
containing P(C) is concerned?

Shafer proposed to utilize the rule summarized in Eq. (6.39), obtaining in this
numerical example:

mA' "B Y= m({r') =02x005 =001
mA' "B = m({r', *})= 02x0.1 =0.02
mA' "B )= m({*}) =02x085 =0.17
mA*NB Y= m({r'})) =0.7x005 =0.035
mA* N B*) = m({r', *}) = 0.7x0.1 =0.07

mA* B )= m({r*,r'}) = 0.7x0.85 =0.595
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mA*NB Y= m(@) = 0.1x0.05 =0.005
mA* B )= m({r*}) = 0.1x0.1 =0.01
mA* "B )= m({*,r'})= 01x085  =0.085

andthen: K=1-0.005=0.995

m(C'={r'}) = (0.01+0.035)/0.995 = 0.0452
m(C*={r", "} = (0.02+0.07) /0.995 = 0.0905
m(C*={r}) = (0.17+0.01) /0995 = 0.1810
m( C*={r*, r'}) = (0.595 + 0.085) / 0.995 = 0.6832

Fig. 6.4 Plausibility and
Belief of the singletons

{r'}

0.8

0,6

Figure 6.4 and Figure 6.5 portray the corresponding intervals in which the prob-
abilities of the singletons and the cumulative probabilities are included.

1 > ; 0
0.8 "j}"/"
V4
0.6 <y
0.4
. 0.2
Fig. 6.5 Upper and lower
cumulative distribution 0 : -
functions ¥y r,
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Dempster's rule coincides exactly with Bayes' rule when the first body of
evidence is probabilistic (the focal elements are all singletons and hence
their intersections are empty) and the information conveyed by the second
body of evidence is deterministic (an event B has been observed with
complete certainty). In this case Eq.(6.39) gives:

F= {C' =s'nB ;m,(C')= (m] :P(Si))l'((mz(B )=1) ;

K=Y P(s')1=P(B)

v (6.40)
Bel(A/B)=Pla(A/B)= Y m,(C')= 3 my,(C')=

_ P(A/B) _

- P(B)

Example 6.9. We can verify this fact in Example 6.5, by assuming that the initial
body of evidence is given by the joint probability distribution p(c, r, s). The focal
elements are nothing else but the 64 singletons with probability assignment m(A™
={(", ¢, MY =p 5 " ; while deterministic information is defined by the
unique focal element:

m(B={r,rr, 3, rr}x {s3}x {c2}) =1

The non-empty intersections are just the four focal elements, with joint probability
(Table 6.5, row 4):

m(C ={(,s, YN B ={(, s, A})= p(, s, &)

The empty intersections are the remaining 60 focal elements, whose probability
summation is obtained as 1 minus the sum of the probabilities of the previous four
focal elements. Therefore it yields simply:

K= 1- (1- 0.0680)=0.0680

Thus, after a posteriori information, the probability assignment of the 4 focal ele-
ments assumes the values m(C' ) = p (+'/ 53, ¢?) of Table 6.8, exactly coinciding

with those of Table 6.5, last row.

Table 6.8 Joint distribution and marginals in Example 6.9

m (C) = p(rls3, c?)

7! 0

r? 0.030/0.068 =0.441
r 0.036/0.068 = 0.530
r 0.002 /0.068 = 0.029

Total 0.068 / 0.068 = 1.000
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However, when Dempster’ rule is applied to combine a body of evidence
measured by a random set and an observed deterministic event B, the
resulting belief functions do not coincide with the exact results given by
Eq. (3.35). In this case Eq.(6.39) gives:

F,= {CizAimB imy, (C') = <

K= Y m(A")1=Pla(B)

C'=A'NB£D . (Al) (641)
Pla(A/B)= ) my(C')= 3 m,(C')= > IK -
C'NA=Q A'NBNA%D A'N(ANB)=D
Pla(ANB)
" Pla(B)

On the other hand Dempster’s rule is commutative when successively con-
ditioning a random set to a list of observed deterministic events B!, B*, ...
and the final result can be again obtained conditioning the random sets to
their intersection B'NBN... .

Example 6.10. Let us consider again Example 6.6 and calculate the random set
conditional to B' ={ r1, 12, r3}.

A'nB' = ('} m@AHY xmBY= 025x 1 =0.25
A’NB' = ()} mAH) xmBY= 025x 1 =0.25
A*nB' = (F}; m@AHxmBY= 0.5 x 1 =0.5

Hence K = 1 and the obtained random set is a probability distribution on the sin-
gletons of the event B'.
Conditioning the prior random set to B> ={ r!, 12} gives:

A'nB = ('} mAHY xmB*) = 025x 1 =0.25
A’ B = () m(AH) xmB*) = 025x 1 =0.25
ANnB =@ ; mA)xmB)= 05 x1 =0.5

Hence K = 0.5 and the obtained random set is again a probability distribution (the
white distributions on the singletons of the event B,

Of course the same results could be obtained conditioning to B* the above cal-
culated random sets conditional to Bl, because B is included by B'.

Comparison with Example 6.6 shows that in this particular case the final results
(in both cases obtained conditioning to B*) coincide. However the reduction of un-
certainty obtained through Dempster’s rule is generally much stronger: for
example, in the case here considered, conditioning to B' the exact Eq. (3.33)
gives P(r") = P(5)=[0.25, 0.5] while Dempster’s rule gives P(r") = P(r5)=0.25.
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The hypothesis of independence of the combined bodies of evidence implicit in
Dempster’s rule is a further constraint that is generally unjustified.

More generally, Dempster’s rule is commutative when combining a list
5.5, % of random sets on the same space S. The property derives di-
rectly from the commutativity of set intersection and product of numbers.
The final result is:

CH" = Al NALLAT sy, (CH) =

Fok = |y (A )xmy (A])x..xm, (A" ’
| K | (6.42)
K= Z ml(Al’)sz(Aé’)X...ka(A,:”)=
o
S1m Y (Ao (A (A7)
I

As a comment about Dempster's rule, it can be observed that its first pro-
posal dates back to the 18th century and precisely to Lambert's speculation
about the Theory of Chances. In an independent way, it was propounded
by Dempster in 1967 and since then posed as a basis for Shafer's Theory of
Evidence.

However this rule has not been free of criticism deriving especially from
the observation that independence of bodies of knowledge does not neces-
sarily imply stochastic independence.

Some paradoxes have been worked out by applying Dempster's rule, as
reported in the next section, and alternative solutions have been proposed,
even if frequently less simple and effective.

6.3.2 A Critical Discussion of Dempster’s Rule: Yager’s Rule of
Combination

Dempster’s rule maximizes the “points in common” between the two
sources of information because it is based on the rule of intersection (Case
1 in Section 6.1.1.1; AND operator), and therefore it breaks down when
all the intersections of the assigned focal elements are empty. As a conse-
quence, applications in which intersections are nearly empty (K <<1) are
outside its intended use, and it is no surprise that conclusions could appear
questionable or paradoxical.

Example 6.11. Let us consider the combination of two independent diagnoses for
neurological symptoms in a patient proposed by Zadeh in 1984 (Zadeh 1984):
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F = {(A' ={meningitis}, m;(A") =0.99), (A*={brain tumor}, m,;(A* = 0.01) )}
F, = {(B' ={concussion}, my(B")=0.99), (B*={brain tumor}, my(B*) =0.01))}

Dempster’s rule combines the diagnosis giving:

Fr2 ={C2'2 = A’ " B* ={brain tumor}:m,, (C**) :—O.le0.0l}

K

K=1-0.99x0.99 -2 x (0.99x 0.01) =0.01 x 0.01
Therefore we obtain the paradoxical certain conclusion: my,({brain tumor}) =
Bel({brain tumor}) = Pla({brain tumor}) = 1.

Yager (Yager 1987) modified Dempster’s rule, by observing that the prob-
abilities of the empty intersections should be used to increase the probabil-
istic assignment of the space S, instead of normalizing the probabilities of
the non-empty intersections:

Ci’j:AlimAzjsmlz(Civj):ml(Ali)xmz(Azj);
S myy (S)=my(S)xm, (S)+ 3 my(A)xm,(A])

=@

Fo = (6.43)

Example 6.12. Let us reconsider the above-mentioned example:

5= [C* =4 B ={brain tumor};m, (C**)=0.01x0.01=1-10"*
12 =

S ={meningitis,brain tumor, concussion};m,, (§)=1-1-10"
Hence the much more uncertain forecasting is obtained:

Bel({brain tumor}) = 104 < P({brain tumor}) < Pla({brain tumor}) =1
Bel({meningitis}) =0 < P({meningitis}) < Pla({meningitis}) = 1- 104
=0.9999

Bel({concussion}) =0 < P({concussion}) < Pla({concussion}) = 1- 104
= 0.9999

Dubois and Prade (Dubois and Prade 1987 ) observed that the combination
of strongly conflicting information requires some hypothesis to explain why
the conflict occurs (e.g. the sources of information are not reliable; the con-
sidered reference set is not exhaustive; the sources do not speak about the
same event). If the sources of information are not reliable, Yager’s rule (to-
tally conflicting information is unreliable) or some application of Case 2
in Section 6.1.1.2 (totally conflicting information support the union of the
disjoint subsets) could be more adequate.

A reasonable trade-off could be to assume that the sources of information
are reliable when they are not in conflict (i.e. when a non-empty intersection
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exists): this is Case 1 in Section 6.1.1.1. Likewise, it is a reasonable trade-
off to assume that one of the sources of information is right when they are
totally conflicting (i.e. when the intersection is empty): this is Case 2 in Sec-
tion 6.1.1.2. Hence:
= A NA ifANA 20
Fio= A VA ifANA =0 (6.44)
(€)= (Ao, (47)

Example 6.13. Let us consider again the above mentioned example and combine
the diagnoses according to the above suggested criterion:

(Cz’2 = A’ " B? ={brain tumor}, m,, (C“) =0.01x0.01=1 .104),
s (C** ={meningitis brain tumor}, m,, (C**) =0.99x0.01=0.99-107),

(Cz’3 ={brain tumor, concussion}, m,, (Cz’3 ) =0.99x0.01=0.99-10" )
Therefore:

Bel({brain tumor})= 104 < P({brain tumor}) < Pla({brain tumor})= 0.0199
Bel({meningitis}) =0 < P({meningitis}) < Pla({meningitis}) =0.9900
Bel({concussion}) =0 < P({concussion}) < Pla({concussion}) = 0.9900

The highest probabilistic assignment to the union {meningitis, concussion}
strongly reduces the plausibility of {brain tumor} with respect to both Dempster’s
and Yager’s rule.
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6.4 Fuzzy Logic and Fuzzy Composition Rule
6.4.1 Introduction

Dempster's rule holds even in the case of consonant structures, i.e. when
random sets or random relations can be completely defined by means of
membership functions (possibility distributions) of fuzzy sets or fuzzy rela-

tions. However, the result of the combination of consonant structures is
generally a non-consonant structure.

Example 6.14. With reference to Example 6.8, let us consider the combination of
the following consonant structures of data relative to the concrete resistance r, de-
rived from information about mix composition and sclerometric tests respectively:

A m@A'={ 77 =045 m@A = r}) =06
B : mB'={r,r, =02 ; mB={r,r*}H=08

They correspond to fuzzy sets whose membership functions (possibility distribu-
tions) are displayed in Figure 6.6.

Fig. 6.6 Membership
functions of consonant
random sets A and B

08 T

0,6 T

0.4

¥y

By using Dempster’s rule, the combination is defined by the following focal ele-

ments and relative probability assignments, which clearly do not represent a con-
sonant structure; in this case, it is simply K =1.

A'nB'= B', mA"Y)x mB") = 04x02 = 008
A'nB* =B, m@A“Yx m(B*>) = 04x08 = 0.32
A*NB' =A%, m(AHx m(B") = 06x02 = 0.12
A*N B ={r}, mA)x m(B) = 06x08 = 048
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08 1

0.6 1T

04 T

02 1

Fig. 6.7 Example 6.14: a) Plausibility and Belief of the singletons r’ . b) Upper
and lower cumulative distribution functions

In Figure 6.7a and b the values of Plausibility and Belief of the single values and,
respectively, the upper and lower bounds of cumulative distributions are plotted.

Certainly, a solution is preferable that maintains consonance and allows
the development of a theory of approximate reasoning completely within
fuzzy set theory; this is even more valuable if one remembers that any
non-consonant structure can be enclosed in an approximate consonant
structure.

6.4.2 Fuzzy Extension of Set Operations

From a historical point of view, the problem of the combination of uncertain
information conveyed by fuzzy sets has been developed by Zadeh since
the origins of fuzzy set theory. This has been performed in an autonomous
way with respect to Bayesian procedures or procedures developed within
evidence theory, as pointed out in Section 3.2.4.

Within fuzzy logic, the fundamental problem of combining information
pertaining to two distinct bodies of evidence has been frequently inter-
preted as the application of the union and complementation operations as
extended to fuzzy sets, thus extending Eq. (6.1) and (6.11) when A and B
are two fuzzy sets. The rules of classical logic can be naturally extended to
fuzzy sets when the membership function of a fuzzy set is substituted for
the characteristic function of a classical crisp set.

These operations, when applied to crisp sets, can be performed through
different operators applied to their characteristic functions (see Notes N
6-1 and N 6-2), obtaining the same results. On the contrary when applied
to the membership functions of fuzzy sets (even when they are chosen in a
dual way, i.e. respecting De Morgan's Laws) they give different results.
Hence important difficulties arise over their interpretation.
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For this reason, fuzzy logic has sometimes been charged with incoher-
ence, explicitly by scholars educated within the probabilistic paradigm.

A vast array of #-norms and #-conorms have been proposed for modeling
the AND and OR operators (e.g., see (Zimmermann 1991), (Klir and Yuan,
1995)). However, in the following, reference is maintained to the so-called
standard operators (min for intersection and max for union) employed for
the basic approaches defined in Section 6.1.1. The operators are coherent
with De Morgan’s Laws when the rule for the complementation of fuzzy
sets is the direct extension of the rule for the characteristic functions of
complementary crisp sets:

Woe(s)= 1-u,(s) (6.45)

Indeed, only these operators are coherent within the general theory of un-
certainty described in this book, which unifies probability and fuzziness
through the concept of non consonant and consonant random sets. As dis-
cussed in Section 5.2.1, this choice of the operators for the dual operations
of union/intersection of fuzzy sets is the only one compatible with the ex-
tension principle of random sets when applied to consonant random sets.

Hence the extension for the 3 cases discussed in Section 6.1.1 follows
immediately.

Case 1: The AND operator leads to the intersection C of sets A and B. The
natural extension of Eq. (6.1) to fuzzy sets is obtained by substituting its
membership functions (or the associated possibility distributions) for the
characteristic functions:

e (s)= min(u, (5).1,(s)) (6.46)

Again this combination leads to a total loss of information when A, B are
totally conflicting (i.e. the fuzzy intersection ANB = ). When the conflict
is partial (ANB # ), the rule decreases the uncertainty for the decision-
maker; but again this decrease could be unjustified and unrealistic if the
sources of information are not very reliable.

Case 2: The OR operator leads to the union C of the fuzzy sets A and B .
Therefore Eq. (6.11) becomes:

He () =max (4, (s), 1y (s)) (6.47)

The resulting uncertainty for the decision-maker increases, but the rule
works with every pair of subsets (even if they are totally conflicting).
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Case 3: CONVOLUTIVE AVERAGING (c-Averaging): a total or partial
ordering is recognized or assigned in the space S. In a Euclidean space, let
x, and x, be elements of the fuzzy sets A and B, respectively. One ob-

tains, for fuzzy sets, the fuzzy extension of Eq. (6.13), in a coherent man-
ner with the extension principle for consonant not-interactive random sets.
Considering for example the one-dimensional real space S:

He(s)= sup min (g, (s,), 1y (s,)) (6.48)
SATSB

6.4.3 Fuzzy Composition Rule

It seems more natural to derive the composition rule for consonant struc-
tures as an "extension of the extension principle", i.e. as an extension of the
rule of composition for information constrained by consonant structures (in-
formation A) with deterministic information (information B) conveyed by a
point-valued or a set-valued function.

When information B is expressed by means of a consonant structure (a
fuzzy relation, i.e. a fuzzy subset of the space S x Z, the natural extension
of both Eq. (6.4) and Eq. (6.30) is given again by the intersection operator,
i.e. by the following fuzzy composition rule:

e (s,2)= min(w, (s5.2).15(s,2)) (6.49)

The marginal fuzzy set on Z can finally be evaluated with the max (Eq.
(6.5) or sup (Eq. (6.31) operator.

Example 6.15. Let us suppose that information about a concrete mix is given by
means of a fuzzy set whose values p4(c) are listed in Table 6.9.

Table 6.9 Fuzzy set measuring the mix composition ¢ in Example 6.15

wa(ch wa(c) wa(c) wa(ch
0.1 1 0.4 0

The relation between concrete resistance r and mix composition ¢ is given by
the fuzzy relation whose values i (r, ¢) can be found in Table 6.10, demonstrat-
ing a strong monotone relation between the variables (membership equal to 1 on
the main diagonal of the matrix, with decreasing, nearly symmetric membership
out of the diagonal cells).
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By combining the two pieces of information, A and B, we obtain the consonant
structure (fuzzy set) defined by the values ¢ () = max min (W, (¢), U (r, ¢ ) ),
as shown in Table 6.11.

Table 6.10 Fuzzy relation between concrete resistance r and mix composition ¢
in Example 6.15

g (r, c) g (r, ) g (1, ) Wp (r, c*)
r 1 0.5 0 0
r 0.4 1 0.5 0.1
r 0.1 0.4 1 0.6
P 0 0 0.4 1

Table 6.11 Marginal fuzzy set measuring concrete resistance » in Example 6.15

u(rh
r max( min(1, 0.1), min (0.5,1), min(0,0.4), min (0,0)) = 0.5
r 1
r 0.4
r 0.4

In the case of two fuzzy sets that induce the possibility distributions m(s) =
pa(s) and mp (s) = up(s), gained in an independent way, on the same space
S, the fuzzy composition rule is simply expressed by the equation:

e (s)= min(uA(s),uB(s)), (6.50)

which coincides with the standard definition of intersection C = A N B of
two fuzzy sets A and B (Eq. (6.46)) and therefore it is the extension of
Eq. (6.1). Moreover, with the standard definition of complementation the
extension of (6.11) is as follows

we(s)=1- min(l—uA (s),1-u, (s)) = max (uA (5). Mg (s)) (6.51)

which coincides with the standard definition of union C = A N B of two
fuzzy sets A and B (Eq. (6.47)) and therefore it is the extension of
Eq. (6.11).

Example 6.16. With reference to Example 6.14 previously solved by means of
Dempster's rule, equation (6.50) gives the result depicted in Figure 6.8.
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Fig. 6.8 Membership function A

of the combination of conso- M
nant random sets plotted in
Figure 6.6, obtained by means
of the fuzzy composition rule.
The resulting fuzzy set is the
intersection of the fuzzy sets
displayed in Figure 6.6

This combination has the following consonant structure:

m(C1 = {rz, r3, r4}) =02;
m(C*={r *}) =02;
m(C={rY) =0.6

whose probabilistic content is shown in Figure 6.9 and is therefore different from that
of Figure 6.7. Although upper/lower cumulative distribution functions (Figure 6.7b
and Figure 6.9b) and contour functions (plausibility of the singletons in Figure 6.7a
and Figure 6.9a) coincide, the belief of the singleton {r* } increases from 0.48 in
Figure 6.7a to 0.6 in Figure 6.9a: a considerable reduction of the uncertainty about its
probability.

—F

Lo

06 1

b)

Fig. 6.9 Example 6.16: a) Plausibility and Belief of the singletons r'; b) Upper
and lower cumulative distribution functions

It is worth noting that both the result obtained by means of Dempster's
rule and the result yielded by the fuzzy composition have to be considered
reasonable representations of the evidence combined on the basis of the
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available information, but not actual frequentistic forecasts of objectively
observable occurrences, even when the basic data are such, for example
separately given by random sets.

The fuzzy composition rule can also be expressed through a rule for
combining consonant random sets.

Let F = {Al",ml (Al’ )} and % = {Aé,m2 (A; )} be two consonant ran-

dom sets on the same finite set S and Fy, F, their associated normal fuzzy
sets, whose membership functions take values in the common finite set
{a'<...0/ ..< o < o"'=0}. As explained in Section 3.2.4, the connec-
tion between the two representations is obtained through the common fi-

nite set of oi—cuts “F (not necessarily distinct for each k) as follows:

Fi= {Ag - w”pk,mk(A,y):aff_affﬂ},k ~1,2 (6.52)
Fig. 6.10 Intersection of two A M)
normal fuzzy sets with a finite ]
number of a-cuts o=l pomr ey
0‘.! _______________ -
R I My
Hp
0-4 F e N e pp——
a’=0 >

The rule is as follows (see Figure 6.10)

_|forij=12.m: C'="Fn"F,

12—

nm, (C"")zml (a’jﬂ)zz m, (o:"fFl): o' — o (6.53)

Hence the focal elements of the combined random set are again, as in
Dempster’s rule, obtained by intersection, but the intersection is performed
only by the o—cuts of the same level o. Moreover the probabilistic
assignment of the intersected focal elements is preserved” **.
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|‘.f s
-

-
a) b)

Fig. 6.11 a) — Dempster’s normalization of a fuzzy intersection. b) — Yager’s
normalization of a fuzzy intersection

It can be observed that the rule in Eq. (6.53) uses Case 1 (intersection);
therefore, if A" N A," = @, intersections are void V ij and hence the rule
does not work. Moreover, if A,' " A,' =&, the resulting fuzzy set C is sub-
normal, i.e. its height h(C) < 1, and K=1-h(C) is the probability assignment
of the empty set .

The problem of a normalization of the resulting fuzzy set appears in ex-
actly same manner as discussed in the application of Dempster’s rule.
Hence alternative rules can again be used for normalization, following
the Bayes/Dempster/Shafer criterion (Figure 6.11a)) or the modification
proposed by Yager according to Eq. (6.43) (Figure 6.11b)).
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6.5 Fuzzy Approximate Reasoning

6.5.1 Introduction

Although the theory of random sets and the connected interpretation of a
fuzzy set as a consonant random set can be very useful in applications (as
an extension of the classical probability theory to the case of incomplete or
set-valued data), the most important applications of fuzzy set theory have
been based, since its foundation in the 1960s, on the powerful extension of
the classical logic and of the classical set theory, to give a numerical de-
scription of vague and qualitative information, and also to combine in a
very simple and expressive manner uncertain information independently
given on the same space.

The main problem is to make decisions, on the basis of the forecast of
future events, to design a new system or to operate the control of an exist-
ing system, in situations of uncertainty, i.e. when two or more alternatives
are possible, and a list of objectives or constraints (safety, financial cost,
serviceability) is defined.

The basic instruments are firstly the rule of fuzzy composition discussed
in Section 6.4, to extend the classical rules of inference, and secondly the
definition of an optimal choice when many, generally contrasting, objectives
or constraints should be taken into account. The first instrument can be used
to develop fuzzy rule based expert systems and fuzzy on line controller of
dynamic systems (this may be the most popular application of the theory).
The second instrument suggests powerful, simple and robust procedures in
the fields of pattern recognition, clustering and multi-objective optimization.

Many thousands of papers and books and many hundreds of alternative
procedures have been written or proposed in the last 40 years. So in the
following sections just some introductory ideas are given, trying to clarify
the most relevant conceptual aspects, without discussing or classifying the
different algorithms and operators proposed to extend the classical logic
and set theory.

It is important here to underline once again that in these applications, the
obtained results cannot be interpreted in the sense of expected frequencies
of objective phenomena, even in the case when the data to be combined
derived from statistics, although incomplete or set-valued, of objective
phenomena.

In comparison with fuzzy logic, Dempster’s rule (Section 6.3.1) has
very rarely been used in real applications, despite its more extended valid-
ity to consonant and non-consonant data; perhaps the reason depends on
the computational difficulties arising from the necessity to operate on each
focal element, while fuzzy logic allows a point-valued representation.
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6.5.2 Inference from Conditional Fuzzy Propositions

The implementation of expert systems and online computer-aided system
controllers require the development of quick procedures of automatic deci-
sion reproducing in any manner the capacity of the human brain to recog-
nize, in a largely uncertain environment, the most relevant information, to
compare objects, to evaluate rules of general (but not absolutely universal)
validity to be used in the approximate reasoning. When applied to very
complex systems the required techniques should be simple and computa-
tionally robust, to directly evaluate the main structures and regularity of the
data, without passing through an accurate analysis of any particular bit of
information.

From this point of view the theory of fuzzy sets seems a particularly
powerful instrument, because it enables one to demonstrate, in a very
condensed manner, the informative content subtended by a population of
individually distinct objects or measures.

As an example a fuzzy relation can summarize a vague or qualitative
monotonically increasing dependency between two variables (x, y), ex-
pressed in a linguistic manner by the propositions:

IF xis SMALL (a fuzzy set A; on X) THEN
y is MEDIUM (a fuzzy set B; on

Y)

IF xis LARGE (a fuzzy set A; on X) THEN
vis VERY LARGE (a fuzzy set B;on Y)

and numerically:
M (. ) = max min (11, (2.4, (7)) (6.54)

This rule can be justified observing that the min operator combines, ac-
cording to the fuzzy composition rule (6.49), the cylindrical extensions of
uAj(x) and ugj(y) from X to X x Y and from Y to Y x X respectively, while

the max operator gives the standard union of the obtained R; fuzzy rela-
tions on X X ¥ =Y x X (according to (6.51)).

The rule of fuzzy composition (symbol ° in the following) discussed in
Section 6.4.3 builds up the basis for a model of approximate reasoning, ex-
tending the rules that in classical logic are given to infer the “truth value”
of a dependent proposition. This is performed by combining one or more
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propositions of universal validity (a deterministic relation) and the evi-
dence of a particular property.

1. The extended Modus Ponens:

Premise I: R cXxY
Premise 2: A" cX

Then:

M pec g (¥) = sup min (L .. (x), 1 (X, ¥)) (6.55)

xeX

2. The extended Modus Tollens:

Premise 1: R < XxY
Premise 2: B*g Y

Then:

Hogecpogs (X) = supmin (L. (), g (X, ) (6.56)

yeY

3. The extended Hypothetical syllogism:

Premise 1: Ry XxY
Premise 2: R, YxZ

Then:

Mpegor, (X:2) = supmin (W, (x, )., (3,2)) (6.57)

yeY

Example 6.17. Let X =Y ={1, 2, 3,4 }, and assume that on X and Y the linguis-
tic judgments SMALL and LARGE correspond to the fuzzy subsets (|l / x means
that | is membership of x to a set):

SMALL =S = {1/1,09/2,0.1/3, 0/4}
LARGE =L =S°=1{0/1,01/2,09/3, 1/4}

In X x Y arelation is defined as follows:

RiUR, = (FxISSTHENyisL) U (IFxIS LTHENyisS)
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Numerical results for R; and R, are displayed in Table 6.12 a) and b) respec-
tively, while Table 6.13 displays the relation R = R, U R;.

Table 6.12 a) Relation R, ; b) Relation R,
y 1 2 3 y 1 2 3 4
ugg 0 01 09 1 Ug > 1 09 0.1 0
X MHar | Mri x a2 | Hr2
1 1 0 01 09 1 1 0 0 0 0 0
2 09 0 01 09 09 2 0.1 0.1 0.1 0.1 0
3 0.1 0 01 0.1 0.1 3 0.9 09 09 0.1 0
4 0 0 0 0 0 4 1 1 09 0.1 0
Table 6.13 Relation R=R; UR, Table 6.14 Modus Ponens
y 1 2 3 4 y 1 2 3 4
A U d Wax | min(Ug Max)
1 0 01 09 1 1 0 0 0 0 0
2 0.1 0.1 09 09 2 0.1 0.1 01 09 09
3 09 09 0.1 0.1 3 0.9 05 05 01 0.1
4 1 09 01 0 4 1 0 0 0 0

Up«= sup 0.5 05 09 09

Let’s suppose to obtain the fuzzy measure on X: A" ={0/1, 1/2, 0.5/3, 0/4}.
Then the rule of the Modus Ponens works as shown in Table 6.14. The result is the
sub-normal fuzzy subset of Y : B'= {05/1, 0572, 09/3, 09/4}.

6.5.3 Pattern Recognition and Clustering

Classical pattern recognition is generally based on the subdivision of a
space X, where some variables s assume values, in a standard partition: i.e.
a group of disjoint subsets B’ ( j=1,2..c) whose union is X; if the actual
pattern x is observed, it can be classified according to the standard subsets
or patterns. Formally its membership to the standard patterns is given by

S(x*, By =y, (x*) (6.58)

indicating with x,(x) the characteristic function on X of the subset B’
(standard pattern j).
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Fig. 6.12 Pattern recognition of a crisp measure x : a) fuzzy pseudo-partition; b)
fuzzy classifier

A group of ¢ fuzzy relations R; (j = 1,2..c) on the same space X can be
assumed to define a list of ¢ standard patterns; the patterns are frequently
given as a fuzzy pseudo-partition of X (Klir and Yuan 1995, p. 359), if the
following condition is respected:

Ve X: ) ou(X)=1 (6.59)
If the actual pattern x" is crisp, i.e. observed without uncertainty, it can be
classified according to the standards by means of a fuzzy classifier, a fuzzy

subset of the set C = {1, 2, ...c} whose membership function is given by the
extension of Eq. (6.58):
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S(x*,R)=u,;(x¥) (6.60)

If a crisp classification is required, the pattern (or patterns) j° with maxi-
mum of S can be selected by the decision-maker (Klir and Yuan 1995,
pp. 367-369).

On the contrary, if the actual observed pattern is uncertain, i.e. meas-
ured by a random or fuzzy relation R on X, a criterion of comparison of
actual and standard pattern is required. The comparison of fuzzy set can be
based on the idea of degree of sub-sethood (DoS) of fuzzy subsets of the
space X:

DoS(A,B)=1ANBI/IA] (6.61)

where the cardinality |Al of a fuzzy subset A on a finite space X is the exten-
sion of the cardinality of a crisp set, measured by the sum of the membership
values over X.

In another context the operator for the comparison can be considered a
filtering of A through the filter B (Bignoli 1991). As an example in struc-
tural engineering, the fuzzy set B on the space of a limit state function z
could define the class of safe structures, extending the deterministic defi-
nition generally assumed in Codes ( z > 0 ) to a more reasonable transition
from safety to unsafety, as shown in Figure 6.13.

Fig. 6.13 Filtering the fuzzy .
measure A of the safety mar- u(z)
gin z through the fuzzy filter
B (defining safety)

y"

It is possible to observe that, assuming the standard max and min opera-
tors (dual with respect to the complementation rule given by (6.45) for union
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and intersection, the Law of the excluded middle is not respected: if A is a
not trivial (i.e. not classic) fuzzy subset of the universal set X (Figure 6.14)

AUA® c X (6.62)
and therefore, for any pair of not trivial fuzzy sets:
DoS (4, B) + DoS (A%, B) <1 (6.63)

That is: the judgment on safety and unsafety cannot be derived from one
another, as in probability theory. In some applications this asymmetry is
not reasonable or is computationally heavy; so it can be eliminated assum-
ing the following symmetric operator (normalized from O to 1; (Bignoli
1991)) in the comparison of fuzzy sets:

K(A, B) = (1 + DoS (A, B) - DoS (A%, B) ) /2 (6.64)

Ay, ALlc B Lguac

>

Fig. 6.14 Standard complementation and union violate the Law of the excluded
middle

The same operators (6.61) or (6.64) can be used to compare a fuzzy set or
relation A (the actual observed pattern) with a list of fuzzy sets or relations
(the standard patterns B', B’, ... B°) of the universal set S, by assuming the
values of DoS or K as membership of the fuzzy classifier.

Example 6.18. The fuzzy sets measuring SMALL and LARGE in Example 6.17
give a fuzzy partition of the space X = {1, 2, 3, 4 }. Many applications of fuzzy
pattern recognition are based on a fuzzy partition, for example of the space X = {1,
2,3,4,5,6,7,8,9, 10} by three patterns corresponding to the linguistic judgment
SMALL , MEDIUM and LARGE:
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SMALL =S§ = {1/0,08/1, 06/2, 04/3,02/4,0/5}

MEDIUM =M = {1/0, 02/1, 04/2, 0.6/3,0.8/4,1/5,
0.8/6,06/7, 04/8,02/9,0/10}

LARGE =L = {0/5,02/6, 04/7, 0.6/8,0.8/9,1/10}

Having observed the fuzzy pattern A* = {0.6/5, 1/6, 0.4/7, 0.4/3,0.2/4}, with
cardinality | A*| = 2, and using DoS operator, the fuzzy classifier is the fuzzy set:

Cpos(A%) = {(0/2) / SMALL, ((0.6+0.8+0.4)/2 = 0.9) / MEDIUM, ((0.2+0.4)/2 =
0.3)/ LARGE}

Usink K operator SoD should also be calculated for the complementary fuzzy set
A*={1/0, 1/1, 1/2, 1/3,1/4,04/5, 0/6,0.6/7, 1/8, 1/9, 1/10},
with | A*© =9,

The fuzzy classifier is the fuzzy set:

C(A%) = {((1+0-0.333)/2 = 0.333) / SMALL, ((1+0.9-0.4)/2 = 0.75) / MEDIUM,
((1+0.3-0.311)/2 = 0.494) / LARGE}

With both operators the preferred deterministic classification is MEDIUM.
Other applications refine the classification through 5 patterns, assuming:

VERY SMALL = VS = SMALL® =
={1/0, 0.64/1, 0.36/2,0.16/3,0.04/4,0/5 }
VERY LARGE = VL = LARGE® =
={0/5, 0.04/6, 0.16/7, 0.36/8,0.64/9,1/10 }
But in this case the patterns are not a fuzzy partition of X.

Fuzzy clustering can be considered the dual problem to the pattern recogni-

tion. Here a list of crisp or fuzzy data (x] ,x2 , ... Xq ) is given and a fuzzy par-
tition is required, according to a criterion of optimality of the number ¢ of

clusters, or, if ¢ is selected, of the membership functions of the clusters (Klir
and Yuan 1995; pp. 358-365).

6.5.4 Fuzzy Model of Multi-objective Decision Making

In the space of the variables X any objective or any constraint gives a re-
striction to the values to be chosen by the decision-maker. If the restriction
is given by two classical subsets A and B (Figure 6.15), their intersection
gives the range of the values s satisfying both the objectives and con-
straints, i.e. it gives the subset D of the decisions through the characteristic
function:

Ap (x):ZAmB (x):min(ZA (x)aZB (x)) (6.65)
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Fig. 6.15 Classical Decision set ‘ %(x)
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All the decisions in D are completely equivalent for the decision-maker,
so he or she could be like the donkey described by Giovanni Buridano,
which died of hunger having two lots of hay at exactly the same distance to
the left and to the right.

A P(/x) A E[C/x]
P(A /x
1 r (4 /x)
4 Insurance
Total
|\\\
X | Construction
T S ' *
® D > | | o
3 X J . X .
a) b)

Fig. 6.16 a) Probabilistic Decision Set ; b) crisp decision combining the objectives

Alternatively the restriction could be according to a probabilistic model,
i.e. through the conditional probabilities to satisfy the objectives (or con-
straint) A and B with respect to any choice x € X.

Even in this case we can derive a range D of the choices with positive
probability of satisfying both A and B (Figure 6.16a), but not a univocal
criterion for a crisp choice; for this purpose the multi-objective problem
should be reduced to a mono-objective problem, selecting a priority or
combining the objectives.
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For example let A be the cost of construction of a structure to be mini-
mized and B the safety with respect to a limit-state to be maximized; we
could make the choice to minimize the expectation of the total cost in the
life of the structure: cost of construction plus cost of the insurance of the
expected damages due to exceeding the limit-state (Figure 6.16b).

If the restrictions are given by two fuzzy sets or relations, the decision
subset is the fuzzy set or relation D, with membership function given by
the extension of Eq. (6.65):

H() = min (Ra(x) , Lp(x)) (6.66)

i.e. D is the intersection of the fuzzy sets A and B, when the standard op-
erator min is selected for intersection. Moreover it is quite reasonable for
the decision-maker to select the crisp decision x such that (Figure 6.17a):

H(x)= max min (Us(x) , 1(x))
re X (6.67)

According to De Morgan’s Law, with the standard definition of union and
complementation, such a decision also minimizes the membership of the
union of the complementary fuzzy sets (Figure 6.17b):

p(x*) = min max (1 - La(x), 1-usx)) (6.68)
xeX

H4€ e

- 2

a) b)

Fig. 6.17 Optimal decision in the decision space: a) maximizing the advantage ;
b) minimizing the disadvantage

A geometric interpretation of the solution can be given in the space of
the membership functions (Figure 6.18a) or of their complements to 1
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(Figure 6.18b), i.e. the multi-dimensional Cartesian product of their inter-
vals of variation [0, 1] (the unit square with two objectives or constraints
as in Figure 6.18). In these spaces the point (1, 1,..1) and point (0O, 0O, ..0)
are the ideal points respectively, and the point corresponding to x” should
be the point closest to the ideal points.

W

Fig. 6.18 Optimal decision in the membership space: a) maximizing the advantage;
b) minimizing the disadvantage

Of course a metric should be chosen in these spaces to measure the dis-
tance, and there is no reason for preferring a Euclidean metric to any other.
A large class of possible metrics is the 1, class, defined by the formula:

d(Pl,Pz)=(Z|luj(P1)—,uj(P2)|pjp (6.69)

The Euclidean metric belongs to this class with p = 2. Equations (6.67) and
(6.68) can be derived by measuring the distances in the membership spaces
through a metric L., i.e. if the distance between points Py (W1, Uai,.. Wji...)
and P, (Mlz, Wao,.. ].ljz...) is defined by

d(l’p%)=m§x|/~t,~(1’l)—/~tj(f’2)| (6.70)

Using this metric, the points at equal distance from the ideal point are on the
perimeter of a square (with two objectives; a multidimensional square with
more objectives) centered on the ideal point, with each side orthogonal to one
axis (Figure 6.19). As a comparison, in the same Figure the points at equal dis-
tance from the ideal point are displayed for p = 1 and p = 2 (Euclidean metric).
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Fig. 6.19 Points at equal dis-
tance from the ideal point
P(1, 1) according to different
1, metrics

P:OO

p:

Fig. 6.20 Not unique decision with: a) p=1; b) p=2

It is possible to demonstrate (Tonon and Bernardini 1999) that with the
choice p = oo, if the functions ; are strictly monotone continuous functions
(increasing or decreasing) on X, the optimal decision is unique. If we use
different metrics the optimal decision could be not unique (Figure 6.20),
even in the case of strictly monotone membership functions.

The above solution can be extended to the case of many variables x = (xi,
X, ... X,) and more than two objectives or constraints, when each objective or
constraint is measured by a fuzzy relation R; with joint membership function
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Wi (x),j=1,2, .. m(see Figure 6.21 for n =2 and m = 2, and Figure 6.22 for
n=1, m=3).

Fig. 6.21 Optimal decision on
the space X; x X, as a compro-
mise between one objective
and one constraint

When m - n > 1 the optimal solution is generally determined by some
active objectives or constraints, while the others are satisfied with a mem-
bership greater than the membership obtained for the active ones (Figure
6.22). As a general procedure, we must search for the maximum value of
membership, o, such that all the objectives or constraints are satisfied at
least with membership o . That is:

Maximize o
Subject to: Wx-0z20;7=1,2,..m (6.71)
oc (0,11 ; xe X
a
H(x)

(active) j =1 /
L0 I \\—(acﬁve)j=2

—(inactive) j =3

Y=

Fig. 6.22 Optimal decision on X; with m =3
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When the membership function W(x), j =1, 2, ... m are linear functions of
the variables (xi, xp, ... x,,) for 0 < o < 1 (as shown in Fig. 6.22), formulae
(6.71) define a standard linear programming problem with respect to the
variables x;, xp, ... X,,, Ol
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6.6 Conclusions

When information is affected by both randomness and imprecision, ran-
dom sets allow the whole spectrum of uncertainty experienced in data col-
lection to be taken into account. In this case, imprecision leads to upper
and lower bounds on the probability of an event of interest. This result is
particularly useful in the reliability evaluation of engineering systems. In-
deed, imprecision on input variables has strong repercussions on the pre-
diction of a system’s behavior, so that probabilistic analyses that ignore
imprecision are meaningless, especially when very low probabilities of
failure are calculated or required.

Three alternative basic rules have been identified for the combination of
imprecise data. The subjective choice of the decision-maker must depend
on the reliability of the available information and the aim of the analysis.

In the application of the “Intersection” rules, attention should be given
to the normalization of the obtained probabilistic assignment, especially
when strongly conflicting sources of information should be combined.
Yager’s or Dubois and Prade’s modifications of Dempster’s rule appear to
be reasonable depending on the reliability of the sources.

When imprecision affects the available information, a clear distinction
must be made between combining two pieces of information and updating
one piece of information with another, because the rules for combining in-
formation are different from the rules for updating information. Accord-
ingly, it is necessary to distinguish between belief functions as generalized
probabilities and belief functions as representations of evidence.
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Notes

N 6-1. The choice of operators to combine characteristic functions of sets
to obtain the characteristic function of their intersection or union is not
unique. For example, for intersection the equivalent product rule

e () =%,(s) Xz (s) could be used. The class of equivalent operators to

be used to obtain the characteristic function of the intersection from the
characteristic function of the combined sets is known as triangular norms
(or t-norms). See for example (Klir and Yuan 1995).

This question is discussed in Section 6.4 with reference to the extended
operations in fuzzy logic. The choice of the min for intersection (and max
for union) is justified in this discussion, mainly.

N 6-2. The choice of operator giving the characteristic function of the
complementary set from the characteristic function of a set is not unique.

Here the rule (s)=1-y,(s) is assumed. De Morgan’s Law and a rule

for complementation define a class of dual operators for union, in the class
known as triangular conorms (t-conorms). For example assuming the
product rule suggested in N 6-1 as the operator of intersection one obtains:

Xe () =T=(I=x, () A=Y () =X + X5 () =X () Ap(5)

N 6-3. These alternative models of uncertainty have demonstrated their
usefulness especially in the field of control device design and the formal-
ization of approximate reasoning for the development of expert systems
and decision-making procedures (performed either by computer-aided hu-
man brains or totally autonomous machines (Artificial Intelligence)).

However, in recent years, even the most inveterate supporters of these al-
ternative models have expressed a willingness to compare their results with
the relevant conclusions obtained using probabilistic methods, particularly
when their conclusions and recommendations to a decision-maker need to be
justified in terms of reliability, robustness and cost/benefit comparisons.
This comparison seems to be imperative in the field of Structural Engineer-
ing (structural safety, seismic vulnerability and risk assessment of buildings
and infrastructures).

An interesting example of this wider cultural climate is the recent identi-
fication of theoretical problems (proposed as Challenge Problems to the in-
ternational scientific community (Oberkamp, Helton et al. 2001), which
can only be solved with great difficulty using classical probabilistic meth-
ods. These problems involve uncertainty propagation through mathemati-
cal models in a decision-support context, when the basic variables are
differently measured by intervals, multiple intervals, precise probability
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distributions or a probability distribution with imprecise parameters. More-
over in some cases some parameters are given by n independent, equally
credible, sources of information, highlighting an additional topic: how can
one combine different, perhaps independent, sources of uncertain informa-
tion in the same variable? The same problem is at the core of fuzzy set
theory (Fagin 1999; Fagin 2002).

Interesting reviews of the state-of-the-art on the subject have been pre-
sented by Genest and Zidek (Genest and Zidek 1986), Dubois and Prade
(Dubois and Prade 1988), Levefre et al. (Lefevre, Colot et al. 2002), and
Sentz and Ferson (Sentz and Ferson 2002).

N 6-4. In a very interesting paper, Yager (1991) attempts to overcome the
same problem: he starts by observing that the application of Dempster’s
rule of two consonant random sets (or belief structures) gives a generally
non consonant random set; i. e. this operation is not closed on the set of
consonant belief structures.

In order to obtain a closed operation, Yager proposed again the fuzzy
composition, i.e. the fuzzy intersection by means of the min operator ap-
plied to the membership functions of the two associated fuzzy sets (or,
alternatively, their union by the max operator). His justification for this op-
erator as an alternative to Dempster’s rule is very interesting because it pro-
vides a deep insight into the relationship between the information described
by probabilitiy and fuzziness, respectively.

Firstly, he notices that two fuzzy sets (hence two consonant random
sets) can assume a commensurate representation: i.e they can be described
by two sets of nested a-cuts (focal elements of the equivalent random sets)
taken at the same a-levels. Since the a-levels are the same for the two
fuzzy sets, the probabilistic assignements for the two associated consonant
random sets will be identical (recall that probabilistic assignements are ob-
tained as differences between consecutive a-values; see Eq. (6.52) and
(6.53) in this book).

Demspter’s rule of combination applied to these commensurate random
sets assumes stochastic independence for the joint probabilistic assigne-
ments of intersections of any pair of a-cuts, whose marginals are the two
identical probabilistic assignements indicated above.

On the other hand, Yager’s rule of fuzzy composition (see Eq. (6.50) is
justified by assuming perfect correlation: in the matrix of the joint distribu-
tion, the main diagonal contains the marginal values, and all off-diagonal
terms are equal to zero (synonyminity property according toYager).

This property suggests that the information conveyed by fuzzy sets is
completely described by the nested ordered family of their a-cuts, while
their probabilistic assignement is invariant (and hence completely corre-
lated when distinct fuzzy sets are considered).
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