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Preface

As an applied subject, fluid dynamics is best studied via considering specific
examples and solving problems dealing with various phenomena and effects
in fluids. This is well recognised in most Fluid Dynamics courses, which often
have support classes devoted to considering physically motivated exercises.
Also, such Fluid Dynamics courses are typically assessed via solution of specific
problems more often than via reproducing mathematical proofs or general
abstract constructions. However, original Fluid Dynamics problems are rather
hard to invent, and the Fluid Dynamics lecturers are often “on their own”
having to reinvent successful ideas, tricks and representative examples. The
present book addresses these issues by systematically providing such ideas and
model examples.

A distinct feature of the present book is that it is problem oriented. Of
course, there are many wonderful fluid dynamics textbooks, classical and more
recent, which contain exercises and examples, to name just a few: Hydrody-
namics by H. Lamb [13], Essentials of Fluid Dynamics L. Prandtl [21], An
Introduction to Fluid Dynamics by G.K. Batchelor [4], Fluid Dynamics by
L.D. Landau and E.M. Lifshitz [14], Prandtl-Essentials of Fluid Mechanics by
Oertel et al. [17], Elementary Fluid Dynamics by D.J. Acheson [1], Fluid Me-
chanics by P.K. Kundu and I.M. Cohen [12], Physical Fluid Dynamics by D.J.
Tritton [28], A First Course in Fluid Dynamics by A.R. Paterson [19], Ele-
mentary Fluid Mechanics by T. Kambe [9], Fluid Mechanics: A Short Course
for Physicists by G. Falkovich [6], Fundamentals of Geophysical Fluid Dynam-
ics by J.C. McWilliams [16] and Waves in Fluids by J. Lighthill [15]. However,
most of the existing books make an accent on the theory or expositions. There
has been a clear lack of a text which would contain a sizeable set of exam-
ple problems and detailed model solutions. The present book is intended to
fill this gap by presenting a number of fluid dynamics problems organised in
chapters dealing with several sub-areas, types of flows and applications. The
problems form a “skeleton” of the book structure. Throughout this book, we
include supplementary theoretical material when necessary, with an extended
list of references for suggested further reading material at the end of each
chapter. We also provide a complete set of model solutions.

The book is designed to be used in problem solving support classes and for
exam revision in undergraduate and graduate fluid dynamics courses. Also,
the book will aid lecturers by offering a pool of possible exam questions for
such fluid dynamics courses. It is my hope that the book could be useful also

xiii



xiv Preface

to students and lecturers in related subjects, such as continuum mechanics,
turbulence, ocean and atmospheric sciences, etc. More broadly, the provided
set of example problems should help an effective hands-on study of fluid dy-
namics, within or outside of a university course, including an independent
study by specialists in other scientific areas who would like to learn basics of
fluid dynamics.
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Chapter 1

Fluid equations and different
regimes of fluid flows

1.1 Background theory

A fluid is a continuous medium whose state is characterised by its velocity
field, u = u(x,t), pressure and density fields, p = p(x,t) and p = p(x,t)
respectively, and possibly other relevant fields (e.g. temperature). Here, t is
time and x € R? is the physical coordinate in the d-dimensional space, d = 1,2
or 3. Respectively, u € R%, although in some special flows the dimensions of
x and u may be different from each other.

Most of the fluid dynamics results have been obtained starting from
the Navier-Stokes equations. These equations have many variations depend-
ing on the forces acting on the fluid, as well as the properties of the
fluid itself—compressibility, thermoconductivity, viscosity, density homogene-
ity /inhomogeneity, chemical composition, etc. We will consider a relatively
small but important subset of idealised cases.

1.1.1 Incompressible flows

The Navier-Stokes equation for incompressible flow is given by
1
Diu=—-Vp+vViu+f, (1.1)
p

which is a momentum balance equation for fluid particles (a continuous
medium version of Newton’s second law). We introduced notation for the
fluid particle acceleration,

Dyu=0u+ (u-Vu. (1.2)

Operator D; = 0; + (u- V) is a time derivative along the fluid particle
trajectory—a Lagrangian time derivative. Possible external forces acting on
the fluid (per unit mass) are denoted by term f in the right-hand side of
equation (1.1); these could be gravity, electrostatic force, etc.

The momentum balance equation (1.1) has to be complemented by a mass
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balance equation, which for an incompressible fluid is
V-u=0, (1.3)

and is usually called the incompressibility condition.

Note that fluids can be incompressible and yet the density of the fluid
particles may vary in physical space. In this case we need an extra equation
describing the conservation of p along the fluid particle trajectories,

1.1.2 Inviscid flows

When the Reynolds number is large one can ignore viscosity (see problem
1.3.1), and the momentum balance equation (1.1) reduces to

1
Diyu = —;Vp—i—f, (1.5)

which is known as the Euler equation. It is valid for both compressible and
incompressible fluids. However, for compressible fluids, the mass balance equa-
tion is now different:

Op+ V- (pu)=0. (1.6)

(This equation remains the same in presence of viscosity). Also, since there
is an extra unknown field, p(x,t), we need an extra evolution equation for
the model to be complete. Generally, such an equation is provided by the
energy balance relation. In particular, assuming that different fluid particles
are thermally insulated from each other, one can write the additional equation
in the form of conservation of entropy S = S(x,t) along the fluid paths,

DS = 0. (1.7)
For the polytropic gas model

S=C,lnL, (1.8)
p’Y

where constants C), and - are called the specific heat constant and the adi-
abatic index respectively. Obviously, C,, drops out of the equation (1.8) and
therefore it is irrelevant in this case. For monatomic ideal gas (e.g. helium,
neon, argon) v = 5/3; for diatomic gas v = 7/5 (e.g. oxygen, nitrogen).

In the simplest case of isentropic gas, S =const, i.e.

poxpl. (1.9)

In incompressible fluids the equation (1.7) implies conservation of temper-
ature T along the fluid paths,

D,T = 0. (1.10)
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Moreover, in this case the flow velocity field is not affected by the temperature
distribution, i.e. the temperature is passively advected by the flow.

In presence of thermal conductivity, the fluid particles are no longer insu-
lated from each other and equation (1.10) (for an incompressible flow) should
be replaced by

DT = kV*T, (1.11)

where k is the thermal conductivity coefficient. In presence of viscosity one
must also add a heat production term due to the internal viscous friction, but
this contribution can be neglected if the temperature is high and the velocity
gradients are small.

1.1.3 Rotating flows

In rotating fluids, it is convenient to write the Navier-Stokes equations in a
rotating (rather than the inertial/laboratory) frame of reference. In the frame
rotating with an angular velocity €2 the Navier-Stokes equations become

1
Diu=—-Vpr —2Q x u+vV?u+f, (112)
p

where pr = p — Q2r?/2 is the so-called reduced pressure and r is the distance
from x to the rotation axis. Term —2 2 x u is called Coriolis acceleration.

1.2 Further reading

Discussions of various dynamical regimes in fluids can be found in most
Fluid Dynamics textbooks, e.g. in the books Elementary Fluid Dynamics by
D.J. Acheson [1], Fluid Dynamics by L.D. Landau and E.M. Lifshitz [14] and
Elementary Fluid Mechanics by T. Kambe [9]. More advanced discussions of
regimes with rotation and stratification relevant to the geophysical flows can
be found in the book Fundamentals of Geophysical Fluid Dynamics by J.C.
McWilliams [16].

1.3 Problems

The determination of the regime a fluid is in, and the choice of which
simplifications of the full set of equations can be made, are based on a few
non-dimensional numbers characterising a particular flow. The problems below
consider a few examples of such numbers: the Reynolds number, the Mach
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number, the Rossby number, the Richardson number, the Prandtl number
and the Stokes number.

1.3.1 Reynolds number

Consider a flow with a typical scale of variation of its velocity field L
and typical velocity magnitude U. For what values of L, U and the viscosity
coefficient v can one neglect the influence of viscosity? For what values of
these parameters can one ignore the fluid particle acceleration? Express both
answers in terms of the conditions on the Reynolds number

UL

v

Re (1.13)

1.3.2 Mach number

Consider a compressible isentropic flow with a typical velocity magnitude
U. For what values of U can the compressibility of the fluid be neglected?
Express your answer in terms of the Mach number,

U
= — 1.14
(1.14)
where
dp
= 4] — 1.1
c a (1.15)

is the speed of sound.

1.3.3 Rossby number

Consider an incompressible flow with a typical velocity U and typical
length scale L in a uniformly rotating (with angular velocity Q) frame of
reference.

1. For what values of U, L and Q = |Q| can one neglect the nonlinear term
(u- V)u? Express your answer in terms of the Rossby number,

U

Ro—= ——.
°Tar

(1.16)

2. Taylor-Proudman theorem. Consider a steady incompressible inviscid
flow in a uniformly rotating frame of reference with Ro < 1. Show that
in the leading order in small Ro, the velocity and the pressure fields are
independent of the coordinate projection to the rotation axis.
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1.3.4 Richardson number

Consider a fluid flow in a gravity field whose density is stratified with a
mean profile p(z) and a typical size in the vertical direction h. If the kinetic
energy of fluid particles in such a flow exceeds the work done by the buoyancy
force when it is moved a distance ~ h in the vertical direction, then the
buoyancy effect may be neglected and the fluid will quickly homogenise. In
the opposite case, when the stratification is stable, 9,p(z) < 0, and when
the negative work needed to be done by the buoyancy force to move a fluid
element vertically a distance ~ h is greater than the kinetic energy, the fluid
element will not be able to move over distance ~ h and the stratification will
persist with the same mean profile p(z). When the stratification is unstable,
0,p(z) > 0, then the flow will be buoyancy driven, i.e. it will gain the kinetic
energy due to the positive work done by the buoyancy force.

The Richardson number Ri is a dimensionless number, the value of which
determines whether the buoyancy force is an important factor governing the
dynamics of a flow. Namely, this number is a measure for the typical ratio of
the absolute value of work done by the buoyancy force on a fluid particle to
the kinetic energy of this particle.

1. Find the buoyancy (Archimedes) force on a fluid element with infinites-
imal volume V and density p; which is surrounded by fluid of density

p2-

2. Find the work done by the buoyancy force on a fluid element when it is
moved vertically a distance h.

3. Define the Richardson number Ri as the typical ratio of the absolute
value of work done by the buoyancy force on a fluid particle to the
kinetic energy of this particle and express it in terms of the typical
vertical length h, typical gradient of the density gradient p’ = 9,p(2),
typical velocity U and the gravity acceleration g.

4. Describe the character of the fluid motion when the initial Richardson
number is much greater than unity both in the case of the stable and
the unstable stratifications. Will the Richardson number remain much
greater than unity? Estimate the characteristic time constants in the
respective cases.

1.3.5 Prandtl number
The Prandtl number Pr is a dimensionless number defined as

v
Pr=—,
K

where v is the kinematic viscosity coefficient, and & is the thermal conductivity
coefficient.
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Typical values are: Pr < 1 for liquid metals (thermal diffusivity domi-
nates), Pr > 1 for motor oil (momentum diffusivity dominates), Pr ~ 1 for
air and Pr ~ 10 for water.

1. Consider a flow of viscous heat-conducting fluid over a semi-infinite flat
plate; see figure 5.2. The plate is hotter than the ambient flow. Two
layers will form at the plate: a thermal boundary layer defined by the
distance from the plate at which the temperature relaxes to the ambient
temperature and a velocity boundary layer defined by the distance at
which the flow velocity relaxes to the velocity value at infinity. Which of
the two layers will be thicker if the fluid is mercury? Air? Water? Motor
0il? Assume that the heat production due to viscosity is significantly
less than the heat supplied by the plate.

2. Apart from the temperature, the Prandtl number is also used to quantify
passive advection-diffusion of material substances, e.g. pollutant parti-
cles. In this case k is the pollutant’s diffusion coefficient. In turbulent
flows, due to random mixing, the pollutant concentration acquires small-
scale structure.

How does the smallest scale in the pollutant concentration field compare
with the size of the smallest vortices in turbulence for Pr < 17 For
Pr ~ 17 For Pr > 17 Explain your answers.

3. Estimate the ratio of the smallest scale in the pollutant concentration
field, £,, to the size of the smallest vortices in turbulence, ¢, as a func-
tion of Pr for Pr > 1 (the so-called Batchelor’s regime of the passive
scalar turbulence). Hint: the leading contribution to the pollutant’s ad-
vection in this regime comes from the velocity gradients produced by
the smallest turbulent vortices.

1.3.6 Stokes number

The Stokes number St is a dimensionless number quantifying the behaviour
of particles suspended in a fluid flow. It is defined as

St=oT,

where 7 is the particle’s relaxation time to the velocity of the fluid flow (due
to a drag), and o is a typical velocity gradient in the flow (shear or strain).
Note that 1/0 is a typical variation time of the flow velocity field in the frame
co-moving with a fluid particle. Particles with a low Stokes number closely
follow the fluid elements. This is used in the particle image velocimetry (PIV)
experimental technique to measure the flow velocity field. For a large Stokes
number, the particle’s inertia dominates so that the particle will continue
moving with its initial velocity along a nearly straight line (think e.g. of a
large rain droplet).
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1. When the Reynolds number based on the particle size d is low, e.g. when
the particle is small, the flow around it will be laminar and with a single
length scale ~ d. Moreover, when the particle is neutrally buoyant (i.e.
with the same density as the flow) the relaxation time cannot depend
on the density. Use a dimensional argument to find an estimate for the
relaxation time 7 in terms of d and the kinematic viscosity coefficient v.
Write the Stokes number in terms of the same quantities and o.

2. Suppose that the Stokes number is low, St < 1. Consider a moving
particle in a 2D vortex with circular streamlines and a particle near a
stagnation point where the streamlines are nearly hyperbolic. Describe
qualitatively the particle motion in each of the two cases. Use these
examples and generalise your conclusions to the particle in a flow which
involves many vortices and stagnation points in between them.

3. Suppose now that the Stokes number is high, St > 1. Consider a particle
that moves with velocity U through turbulent air with characteristic
strain s and typical size of vortices L. Find the mean distance to which
the particle deviates in the transverse to its main motion direction at
time t. Hint: consider a simplified model in which the particle makes
one random step in the transverse plain each time it travels through one
fluid vortex.

1.4 Solutions
1.4.1 Model solution to question 1.3.1
Typical value of the fluid particle acceleration is
(u- V)u| ~U?/L,
whereas the typical value of the viscous term is
lwV?u| ~ vU/ L2,
The ratio of these two typical values makes the Reynolds number Re = %

Thus, one can neglect viscosity if Re > 1, whereas the fluid particle acceler-
ation term can be ignored if Re < 1.

1.4.2 Model solution to question 1.3.2

Balancing the inertia term (u - V)u with the pressure force term in the
Euler equation (1.5), we obtain an estimate for relative changes in density, dp:

(9 2
9pop ., op U
dp pL p 3

(u-V)ufv@ — U?*/L~
p
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Therefore, the fluid compressibility is negligible (0p < p) when the Mach
number is small, M < 1.

1.4.3 Model solution to question 1.3.3

1. In the equation (1.12), let us estimate the nonlinear inertial term as
|(u-V)u| ~ U?/L and the Coriolis term as | — 2§ x u| ~ QU. Thus,
the nonlinear inertial term is much less than the Coriolis term when

U
Ro= — «1. 117
°=or < (1.17)

2. The equation (1.12) with v = f = 0 becomes:
200 x u = —Vppg (1.18)

(here one could also add a potential force which would only redefine pg).
From the z-component (parallel to §2) to of this equation we get

8sz =0.

Applying the curl operator to equation (1.18) and taking into account
that V- u = 0, we arrive at

(2-V)ju=0, or J,u=0

Both the pressure and the velocity fields are independent of the coordi-
nate projection to the rotation axis. Thus we have proven the Taylor-
Proudman theorem.

1.4.4 Model solution to question 1.3.4

1. According to the Archimedes law, the buoyancy force F' on a fluid ele-
ment with infinitesimal volume V and density p; which is surrounded
by fluid of density ps is

F = (p2—p1)gV.

2. The work done by the buoyancy force F' on a fluid element when it is
moved vertically a distance h is

/F dZ—gV/ 0)]dz ~ gV p'h?.

3. The Richardson number defined as the typical ratio of the absolute value
of work done by the buoyancy force on a fluid particle to the kinetic
energy of this particle is:

gvp/h2 B gp/h2

pVu2 — pu?’

Ri =
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4. In the case of the stable stratification, the particles will oscillate around
their equilibrium positions. The Richardson number in this case will
remain much greater than unity and the characteristic time 7 will simply
be the wave period, which can be found from the equation of motion of
the fluid particle:

pVE(t) = F = gVp'z(t),
ie.
2 27

T = — =

w  al'l/p

In the unstable stratification case (heavy fluid on top of a light one),
the instability will result in the light particles rising to the top and
accelerating. The available potential energy will get converted into the
kinetic energy. Thus, the Richardson number in this case will be lower, a
value around unity. The characteristic time constant will be the inverse
growth rate of the instability

1 1
T = — =

Y Valelle

1.4.5 Model solution to question 1.3.5

1. For mercury, Pr < 1, so the heat diffusion is faster than the momentum
diffusion. Hence the thermal boundary layer will be thicker than the ve-
locity boundary layer. For air Pr ~ 1, i.e. the heat diffusion occurs at
a similar rate as the momentum diffusion. Hence the thermal boundary
layer will be of approximately the same thickness as the velocity bound-
ary layer. For water and motor oil Pr > 1, so the heat diffusion is slower
than the momentum diffusion. Hence the thermal boundary layer will
be thinner than the velocity boundary layer (a lot thinner in the case of
the motor oil).

2. The smallest vortex scale in turbulence, ¢, (Kolmogorov scale) will be
determined by the balance of the advection time-scale and the viscous
time-scale. The smallest scale in the pollutant concentration field, £,
will be determined by the balance of the advection time-scale and the
diffusion time-scale. Thus, the smallest scale in the pollutant concentra-
tion field ¢, will be much greater than the smallest vortex size £, for
Pr <« 1, of the same order for Pr ~ 1, and much less for Pr > 1.

3. In Batchelor’s regime of the passive scalar turbulence, when Pr > 1,
the typical advection time-scale is the same for both the smallest tur-
bulent vortex and for the scalar field at the scales smaller than ¢,,. This
typical advection time-scale is 7, = 1/u’, where v’ is the typical velocity
gradient produced by the smallest turbulent vortices. The smallest scale
in the pollutant concentration field is determined by the balance of 7,
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and the scalar diffusion time 612) /K. The size of the smallest vortices in
turbulence is determined by the balance of 7, and the viscous diffusion
time ¢2 /v. Indeed, the smaller pollutant structures would quickly diffuse
and become bigger. Therefore £2/k ~ (2 /v, or finally,

14

b _ /Pr
‘, "

1.4.6 Model solution to question 1.3.6

1. When the Reynolds number based on the particle size d is low, e.g. when

the particle is small, the flow around it will be laminar and with a single
length scale ~ d. Moreover, when the particle is neutrally buoyant (i.e.
with the same density as the flow) the relaxation time cannot depend
on the density. Using the dimensional argument we find

B Cd?

T ’
14

where C'is a dimensionless constant (which is, based on a more rigorous
analysis, equal to 1/18).
Respectively, the Stokes number is

2
S — Cd 0'.

v

. Due to a finite relaxation time, there is some delay in adjusting the

particle’s velocity to the one of the flow, in particular in adjusting its
direction. Because of this, the particle’s velocity is not tangential to
the flow—it has a finite (small if St < 1) negative normal component
with respect to the streamline. For a particle moving in a 2D vortex
with circular streamlines, it means spiralling away of the vortex cen-
tre, and for a particle near a stagnation point it means moving closer
to the separatrices (streamlines passing through the stagnation point).
Generalising, the particle in a flow which involves many vortices and
stagnation points tends to be pushed away from the vortices into the
in-between space adjacent to the separatrices.

. When the Stokes number is high, St > 1, the particle moves mostly in

one direction with small deviations in the transverse plane because of
the fluid vortices. Passing one such vortex would take time 7, = L/U
and it would result in a transverse deviation 6 ~ LoT,/St. Assuming
that each of the deviations caused by different vortices are random and
statistically independent, for a mean transverse distance A(t) we have
a random-walk result:
2 273
Az~ ok

—— .
Tp U St?



Chapter 2

Conservation laws in incompressible
fluid Hows

2.1 Background theory

Many properties of fluid flows can be understood based on very general
conservation laws. Some of these laws are universal in physics, such as the
energy and the momentum conservation laws. Each of them represents a global
conservation property, i.e. the total amount of energy and momentum remain
unchanged in the system. The other type of conservation laws in fluids are
local or Lagrangian: they refer to conservation of a field along fluid trajectories
(e.g. the vorticity in 2D) or conservation over a selected set of moving fluid
particles (e.g. the velocity circulation over contours made out of moving fluid
particles).

2.1.1 Velocity-vorticity form of the Navier-Stokes equation

Let us consider the Navier-Stokes equation for incompressible flow (1.1)
under gravity forcing,

1
Oy 4+ (u-V))u = *;VP*QZ#‘VVzu. (2.1)
Let us define the vorticity w as
w=Vxu (2.2)
and use vector identity
u2
(u~V)uw><u+V<2) ,

which is valid for incompressible flows, i.e. V- u = 0.
Then equation (2.1) can be rewritten as

du+wxu=-VB+vViu, (2.3)
where we have introduced the Bernoulli potential:
2
p

U
B==+— . 2.4
p+2+gz (2.4)
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2.1.2 Bernoulli theorems

Irrotational flows are defined as the flows with zero vorticity field, w = 0.
For the irrotational flows, the velocity field can be represented as a gradient
of a velocity potential, u = V¢. For irrotational flow, the second term on the
left-hand side of equation (2.3) is zero, and the viscous term is zero too by
the incompressibility condition, V2¢ = V - u = 0. (Another way to see this is
to realise that for incompressible fields, V?u = —V x w). Thus, this equation
can be integrated once over a path in x. This gives Bernoulli theorem for
time-dependent irrotational flow:

O+ B =C, (2.5)

where C is a constant.
For a stationary irrotational flow, when all the fields are time independent
at each fixed point x, Bernoulli theorem becomes,

U2

B fall
2

SRS

+—=+gz=C. (2.6)
Note that C is the same constant throughout the irrotational flow volume.

There is yet another form of the Bernoulli theorem: the one for a steady in-
viscid flow with non-zero vorticity. Considering the dot product of the inviscid
(v = 0) stationary (0;u = 0) version of equation (2.3) with u we have,

(u-B)=0.

But (u - B) is just a steady-state version of the time derivative of B along a
fluid path. Thus:

In steady ideal flow, the Bernoulli potential B is constant along the flow
streamlines.

Note that for flows with non-zero vorticity field this constant is generally
different for different streamlines, whereas for irrotational flows the constant is
the same throughout the flow, i.e. it is the same for all streamlines as expressed
in equation (2.6).

2.1.3 The vorticity form of the flow equation

Taking the curl of the equation (2.3), assuming p = const or p = p(p)
(barotropic flow), we have

dw +V x (wx u) = +rViw. (2.7)

Note that this equation is also valid for compressible isentropic fluids, i.e.
when the pressure is also a function of the density only. In question 2.3.1 we
will consider a generalisation of this equation to baroclinic (non-barotropic)
flows and will derive Ertel’s theorem.
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Using the vector identity
VX (wxu)=(uV))w— (w-V)u,

(which is valid for incompressible flows, V - u = 0) we have the following
vorticity form of the flow equation,

Diw=(0;+ 1 V))w= (w-V)u+rVw. (2.8)

The left-hand side of this equation describes the time derivative of the vorticity
along a fluid path; hence the notation D;w. The first term on the right-hand
side is the so-called vortex stretching (it is absent in 2D), whereas the last term
on the right-hand side is the term associated with the diffusion of vorticity.

2.1.4 Energy balance and energy conservation

Let us suppose that the fluid is contained in a finite volume whose walls
are impenetrable and stationary, so that the normal component of velocity u
is zero at the boundary. For finite viscosity v, the parallel component of u is
also zero at the boundary—this is the no-slip boundary condition: u = 0|sy,
where OV denotes the bounding surface for the volume V occupied by the
fluid. However, we will also include the case with zero v, in which case one
does not have a condition on the parallel velocity at the boundary—this is the
free-slip boundary condition: (u-n) = 0|sy, where n is a unit vector normal
to the boundary.

Dot multiply equation (2.3) by u (the second term on the left-hand side
will vanish) and integrate over the containing volume:

1
ﬁt/7u2dx:7/u~Vde+z//u~V2udx. (2.9)
v 2 1% 1%
Using the incompressibility condition V - u = 0 in the first term on the right-
hand side of this equation, and integrating by parts the last term on the right,
we get

8,5/Véu2dx+/vv'(uB) dx = —v 23: /V(viuj)de. (2.10)

ij=1

While integrating by parts in the viscous term, we have dropped the boundary
terms because they are zero by virtue of the no-slip boundary conditions (in
the case when v = 0, this boundary condition is incorrect, but then there is
no viscous term to start with).

Now, using Gauss’s theorem one can write

/ V- (uB) dx = B (u-ds), (2.11)
\%4 oV

which gives zero, because the normal to the boundary velocity is zero in both
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the no-slip and the free-slip boundary conditions, u - ds = 0. (Here, ds is the
oriented infinitesimal surface element whose absolute value is the area of this
element and the direction is along the normal to the surface).

Defining the total kinetic energy as

E= B/ u? dx, (2.12)
2 14

we arrive at the energy balance equation

3
E=—vp Z (Viuj)? dx. (2.13)

,5=1

In the inviscid case, this becomes the energy conservation law

E=0. (2.14)

It is interesting that in the incompressible inviscid fluid, it is the kinetic energy
which is conserved, and not only the total energy, which includes both the
kinetic and the potential energies. This is because in incompressible fluids
the total potential energy is also conserved separately: a fluid parcel moving
upwards and gaining potential energy will always be accompanied by some
other parcel of equal volume moving down and loosing the same amount of
potential energy.

2.1.5 Momentum balance and momentum conservation

First of all, recall that equation (2.1) is already the momentum balance
equation: it was obtained by applying Newton’s second law to a moving in-
finitesimal fluid parcel. For an arbitrary fized volume V' occupied by the fluid,
we can get a balance equation for the total momentum,

M :/ pudx,
v

by integrating equation (2.1) over this volume.

Oy M; = fp/ u- Vu,; dx — / Vilp + gpz)dx + l/p/ V2u,; dx. (2.15)
1% 1% 1%

Using the incompressibility condition and Gauss’s theorem, we have for the
i-component

O M; = —p/ uu; ds —/ (p+ gpz)ds; + Vp/ (Vu,) ds, (2.16)
v ov v

where 9V denotes the bounding surface for the volume V and ds; is the i-
component of the oriented surface element.
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For steady inviscid flows, equation (2.16) reduces to

p/ uu; ds = —/ (p+ gpz) ds;, (2.17)
v ov

a relation which will be used in several problems below.

If V is the entire volume of the fluid, then obviously M = 0 and the first
term on the right-hand side of equation 2.16 is zero by the (no-slip or free-slip)
boundary conditions. Then we find that the net effect of the pressure force,
the gravity force, and the viscous stress at the boundary must be zero,

*/ (p+ gpz)dsi + I/p/ (Vu;)ds = 0. (2.18)
ov v

2.1.6 Circulation: Kelvin’s theorem

Let us define the velocity circulation I' over a closed contour C' via the
following contour integral,

F:Y{u-déz(). (2.19)
C

By Stokes theorem, one can rewrite expression (2.19) as a surface integral of
the vorticity over the surface S spanned by the contour C,

F:/w-ds:O. (2.20)
S

Consider a material contour C, the points of which move together with the
fluid particles. Now without proof (which can be found in any fluid dynamics
textbook) we present Kelvin’s circulation theorem: In an ideal fluid flow
(i.e. inviscid and incompressible), circulation I' over any material contour C
is conserved, i.e. I' = 0.

2.1.7 Vorticity invariants in 2D flows

Let us consider a 2D flow: u = (u(x,y,t),v(z,y,t),0), w = (0,0,w(z, y,1t)).
Then the vortex stretching term in the vorticity equation (2.8) is zero. The
z-component of this equation becomes:

(O + (u- V))w = vV3w. (2.21)
For inviscid flow, this equation becomes
O+ (u-V))w=0, (2.22)

which describes the conservation of vorticity along fluid trajectories.
Such a conservation for each fluid particle results in an infinite number of
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conservation laws. For example, for any function f(w) the following quantity
will be conserved,

/ fw) dx, (2.23)

(provided that this integral converges).
In particular, we can choose f(w) = |w|™, (n = 1,2,3,...), in which case
we get so-called enstrophy series of invariants:

I, :/|w|” dx. (2.24)

The most important of these, in particular for the theory of 2D turbulence, is
the invariant for n = 2, which is called the enstrophy:

Z=1,= /o.)2 dx. (2.25)
Later in the chapter we will mostly consider 3D flows, but we will use the

results for the conservation laws in 2D later in the chapters devoted to 2D
flows, point vortices and turbulence (in the part considering 2D turbulence).

2.2 Further reading

Discussions and derivations of the conservation laws in fluids, including the
Kelvin circulation theorem (the derivation of which we have omitted) can be
found, e.g., in the following textbooks: Hydrodynamics by H. Lamb [13], Vortex
Dynamics by P.G. Saffman [23], Elementary Fluid Dynamics by D.J. Acheson
[1], Fluid Dynamics by L.D. Landau and E.M. Lifshitz [14], and Elementary
Fluid Mechanics by T. Kambe [9]. Also highly recommended complementary
reading for this part is the book Prandtl’s Essentials of Fluid Mechanics by
Oertel et al. [17].
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2.3

Problems

2.3.1 Conservation of potential vorticity

Given information:

e The following relation is valid for any scalar field s and solenoidal
(divergence-free) vector fields a and b,

Vs-(Vx(axb))=b-V(a-Vs)—a-V(b-Vs). (2.26)

e The Euler equation describing dynamics of inviscid fluids can be
written in a mixed velocity-vorticity form as follows,

1 u?
8tu+w><u:—;Vp—V?. (2.27)

Consider an incompressible inviscid fluid. Consider also a “passive” scalar
field s(x,t), that is, such a field that does not change along the trajectories of
the fluid particles.

1.

Write down the incompressibility condition in terms of the velocity field.
Why does the vorticity field satisfy the same equation?

. Express mathematically the fact of conservation of a field s(x,t) along

the trajectories of fluid particles.

. In barotropic flows, the pressure depends only on the density via a given

function p = p(p). Flows that are not barotropic are called baroclinic.
Starting from the Euler equation (2.27), derive the vorticity evolution
equation for a baroclinic flow (c.f. the vorticity equation (2.7) for the
barotropic flow).

Suppose that the passive scalar s(x,t) depends on x and ¢ only via p
and p, s = s(p,p) (for example, s could be temperature or entropy).
Show that for both barotropic and baroclinic fluids

Vs-(Vpx Vp)=0.

. Prove that the field A = Vs w is conserved along the trajectories of the

fluid particles (this theorem was first proven by Ertel in 1942 [24]).

2.3.2 Tap water

A jet of water of diameter dy emerges with velocity ug from a tap which
is located at height h above a solid horizontal surface, as shown in figure 2.1.
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For simplicity, one can assume that water is inviscid and its velocity profile at
the tap is flat, i.e. velocity of the emerging jet is independent of the distance
from its centre.

T
i
%
{

FIGURE 2.1: Tap water.

1. Consider the part of the jet which is of sufficient distance away from
the point of impact with the solid surface, where we can assume that
velocity remains independent of the distance from the jet’s centre. Find
the jet velocity v and its diameter d as function of the distance z from
the tap.

2. Now consider the impact part of the flow in the vicinity of the solid
plane. Find the pressure p at the impact point with the solid surface at
the centre of the jet; see figure 2.1.

2.3.3 Discharge into a drainage pipe

A barrel filled with water to level h is connected at its bottom to a hori-
zontal drainage pipe of diameter d and length [, as shown in figure 2.2. A valve
is located at the farthest point from the barrel end of the pipe with maximal
opening equal to the full cross-section of the pipe.

At time t = 0, the valve is changed from the fully locked to the fully open
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position. For simplicity, we will ignore viscosity and assume that the pipe flow
velocity is uniform (independent of the distance from the centre of the pipe).

=Y

FIGURE 2.2: Drain pipe.

1. Will velocity u depend on the distance = along the pipe?

2. Find the steady-state velocity in the pipe which forms at large time,
Uoo = iMoo u.

3. Find an expression for the change of velocity u in the pipe as a function
of time.

4. Find the pressure p in the pipe as a function of ¢ and =z.

2.3.4 Oscillations in a U-tube

Consider the motion of an ideal fluid in a U-shaped tube with constant
cross-section; see figure 2.3. At time ¢t = 0, the fluid is at rest and the heights
of the fluid levels in the two parts of the U-tube are hq(0) and ho(0). At
t > 0, the fluid starts moving in an oscillatory way flowing repeatedly from
one part of the U-tube to the other and back. For simplicity, we will assume
that the tube flow velocity is independent of the distance from the centre of
the U-tube. We will also assume that the round part of the U-tube is small
compared to the two vertical straight parts and, therefore, it does not affect
the overall oscillation.

1. Will velocity u depend on the distance x along the U-tube?
2. Find an evolution equation for the velocity u in the tube.

3. Find the frequency of the oscillations.
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FIGURE 2.3: U-tube.

4. Find the pressure p in the tube as a function of ¢ and =z.

2.3.5 Force on a bent garden hose

A garden hose with cross-section area s; ends with a nozzle which has
a smaller cross-section area s,. The hose is lying on the ground horizontally
with a complicated shape, but the angle between the directions of the water
jet entering and leaving the hose is precisely 90 degrees; see figure 2.4. Water
enters the hose with velocity u; (independent from the distance from the hose
axis) under pressure pj.

In this problem, we will calculate the net force F exerted on the hose by
the water jet. In practice, such a force acts on a bent hose to bend it even
more until it curls. An analogous effect appears in plasma moving in a curved
magnetic field: in plasma physics, it is often called the garden hose instability.

1. Ignoring viscosity, find velocity us and pressure po of the water jet leav-
ing the nozzle.

2. Find the rate at which the momentum is brought into the hose by the
entering jet and the rate at which the momentum is leaving the hose
though the nozzle.

3. Compute the net force F exerted on the hose by the water jet.

2.3.6 Firehose flow

Water from a firehose of internal cross-section area S; emerges horizontally
through a nozzle of internal cross-section area S at speed us; see figure 2.5.
In this problem you will need to find the force F that a fireman needs to exert
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u1

FIGURE 2.4: Bent garden hose.

to hold on to the hose in the ideal flow approzimation (i.e. ignoring viscosity
and compressibility).

1. Formulate Bernoulli’s theorem relating the velocities and the pressures
at the cross-sections S7 and Sa, u1, p1 and usg, ps respectively; see figure
2.5. Explain why ps is equal to the atmospheric pressure pg.

2. Use the fluid’s incompressibility to find the relation between the veloci-
ties, uq and us, and the areas, S; and Ss.

3. Find the force F needed to hold the firehose. For this, consider the net
force acting on the piece of the firehose bounded by cross-sections S
and Sy (including the internal and the external pressure forces) and
equate it to the momentum flux due to the fluid volumes crossing S1
and Se. Hint: Do not forget that the net force f, caused by the external
atmospheric pressure pg has a horizontal component (see figure 2.5).

2.3.7 Shear flow in a strain field

In this problem we will examine the simplest flow configuration with active
vortex stretching. Let the velocity field of an ideal (incompressible inviscid)
flow consist of two components,

u = u;s + Uy,
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FIGURE 2.5: Water flow in firehose.

with ug being a shear flow,
u; = (sy,0,0),
where s = s(t) is the shear, a and u, being a strain flow,
u, = (0,—oy,0z),
where o =const is the strain.

1. Prove that taken separately, both us (with constant s) and u, are solu-
tions to the Navier-Stokes equation and the incompressibility condition.

2. Now consider the flow with u = ug; 4+ u,. Find the vorticity in such a
flow. Prove that this flow is a solution of the Navier-Stokes equation
and the incompressibility condition. (Hint: it is best to consider the
vorticity formulation of the Navier-Stokes equation here).

3. Comment on the time dependence of the vorticity and how it arises via
the vortex stretching mechanism. Which component of the strain flow
makes the vortex lines stretch?

2.3.8 Rankine vortex in a strain field

Consider a vortex with vorticity which has only z-component, w =
(0,0,w,), and which is uniformly distributed in a circle of radius R:

w, =0 =const for r’=2?4+3y>< R, and w,=0 for r>>R.

The flow with such vorticity and with velocity field ug which decays at infinity
(ug — 0 for r — 00) is called a Rankine vortex; in this case the vortex radius
R is constant.

In this example we will consider a case when the velocity field does not
decay at infinity. Namely, we will consider a flow with velocity

u=ug+u,, (2.28)
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where up is the Rankine vortex and u, is a uniform strain field of the form
u, = (—ox,—0oy,20z). (2.29)

In this case the vortex radius R and the vorticity 2 will be time dependent,
R = R(t),Q = Q(t), because of the vortex stretching produced by the strain.

1. Prove that the Rankine vortex is a solution to the Euler equation for an
inviscid fluid. Find the incompressible velocity field ug of the Rankine
vortex.

2. Prove that the uniform strain field u, given by expression (2.29) satisfies
the ideal flow equations.

3. Now consider the combination of the Rankine vortex and the strain field
as in expression (2.28) and prove that it satisfies the ideal flow equations.
Find dependencies R(t) and €(t). Interpret your results in terms of the
vortex stretching mechanism.

4. The Burgers vortex is a generalisation of the considered solution to vis-
cous flows. This solution is stationary because the vortex stretching is
stabilised by the vorticity diffusion due to viscosity. The stain field in
this vortex is the same as in (2.29), but the vorticity profile now is

_ 2
w, = Qe N,

where )y =const.

Find A in terms of ¢ and the viscosity coefficient v.

2.3.9 Forces produced by a vortex dipole

A vortex dipole consisting of two point vortices with circulations +I" and
—I' separated by distance r are injected into the centre of a fluid volume
bound by a cylinder of radius r; see figure 2.6. Immediately the vortices start
spreading and a boundary layer at the inner walls of the cylinder forms and
grows. Consider a moment of time close to the initial one when the vortices
are still almost point-like and located near their initial positions, and the
boundary layer is thin with thickness § < 7.

1. Find the direction and estimate the strength of the viscosity-induced
force (per unit length of the cylinder) produced by such a flow onto the
retaining cylinder.

2. What is the total momentum of the system (including both the fluid
and the cylinder)? Is it changing in time? If initially the cylinder is at
rest, will it start moving because of the forces exerted by the flow inside
of it? Explain your answers.
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3. Estimate the difference of the pressures at the leftmost and the rightmost
parts of the flow. Comment on the difference of this result with the one
for the inviscid flow (obtained e.g. from Bernoulli’s theorem).

FIGURE 2.6: Vortex pair in a cylindrical container.

2.3.10 Torque produced by a vortex

A point vortex of circulation I is injected into the centre of a fluid volume
bound by a cylinder of radius R; see figure 2.7.

Immediately the vortex starts spreading and a boundary layer at the inner
walls of the cylinder forms and grows. Consider a moment of time close to the
initial one when the vortex still almost point-like and the boundary layer is
thin and has thickness § < R.

1. Find the boundary layer velocity profile (Hint: use the fact that § < R
and reduce your consideration to the one of the boundary layer at a flat
plate).

2. Find the torque produced by such a flow onto the retaining cylinder.

2.3.11 Jammed garden hose

From common experience we know that if a garden hose is jammed, i.e. its
cross-section is reduced, then the water pressure drops. However, application
of Bernoulli’s theorem would lead us to conclude that the pressure past the
jammed area should recover to the same value as before the jam.
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FIGURE 2.7: Vortex in a cylindrical container.

Resolution of this paradox is in realisation that expansion of the pipe
cross-section causes flow separation and, therefore, Bernoulli’s theorem is not
applicable. The present problem will allow us to understand this effect.

A fluid jet emerges from a round pipe of radius r into a wider pipe of
radius R; see figure 2.8. The pressure in the narrow pipe is p;. The sudden
expansion results in a flow separation and turbulence in a section of the wider
pipe adjacent to the narrow pipe. At some distance downstream, however, the
turbulence dies out. For simplicity, we will assume that in both the narrow
pipe and in the wide pipe past the turbulent area the velocity profiles are flat,
i.e. the velocity is independent of the distance from the pipe axis.

FIGURE 2.8: Sudden change of a pipe cross-section.

1. Use mass conservation and find the relation for the velocity us in the
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wide pipe past the turbulent area in terms of the velocity u; in the
narrow pipe and the radii » and R.

2. Write down the momentum balance equation in a fluid volume bound
by a cross-section s; in the beginning of the wide pipe (upstream the
turbulent area) and a cross-section sg in the wide pipe downstream past
the turbulent area; see figure 2.8. Neglect the wall friction effects. Find
the change of pressure p; — p; between the sections so and s; in terms of
u1, r and R. (Hint: because of the rapid turbulent mixing, the pressure
in the wide pipe at the section s; is the same as the narrow pipe pressure

pl-)

3. Now assume that the change in cross-section is gradual and there is
no flow separation and turbulence. Use Bernoulli’s theorem to find the
change of pressure ps — p; in this case. Use your results to comment on
the qualitative differences of the pressure behaviour in the systems with
the sudden and the gradual changes of cross-sections.

4. Consider a rough model of a jammed garden hose as a pipe which changes
its cross-section twice—from large to small and back to large. Will the
water pressure in the hose downstream of the jam be greater, equal or
less than the initial pressure upstream of the jam in the cases of a strong
jam (sudden change of cross-section) and a mild jam (gradual change
of cross-section) respectively? Compare these results to the zero-drag
result for flows around aerodynamic bodies without flow separation (so-
called D’Alembert’s paradox) and production of a finite drag in flows
around bluff bodies due to the flow separation effect.

2.3.12 Flow through a Borda mouthpiece

Consider a water tank which has an opening in its lower part draining
the fluid. It is well-known that the cross-section of the issuing jet of liquid
is usually less than that of the opening. For example, for a flat round hole,
the contraction coefficient (the ratio of the jet area to the hole area) is known
empirically to be approximately 0.62.

A Borda mouthpiece is a reentrant tube in a hydraulic reservoir; see figure
2.9. Its contraction coefficient can be calculated more simply than for other
discharge openings. Let the diameter of the Borda mouthpiece be d,,, and the
diameter of the jet after it has reached the maximal contraction (place called
vena contracta) be d;. By definition, the contraction coefficient is the ratio of
the respective cross-section areas s;/s,, = d3/dz,.

1. Let the fluid pressure in the reservoir near the entrance into the Borda
mouthpiece be p; and the pressure outside of the reservoir be atmo-
spheric, pg. Find the velocity of the jet u at the vena contracta.

2. Write down the momentum balance relation over the entire volume of
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FIGURE 2.9: Flow through a Borda mouthpiece.

fluid in the reservoir (including the Borda mouthpiece). (Hint: you need
to consider the force imbalance with respect to the equilibrium situation
when the Borda mouthpiece is locked by a solid surface at its exit). Sub-
stitute your expression for the jet velocity into the momentum balance
relation and find the contraction coefficient.

2.3.13 Water barrel on wheels

A cylindrical barrel of diameter D and mass m (when empty) is filled with
water to an initial height hg. The barrel is placed on wheels, and at its side,
right at the bottom, it has a hole discharging a water jet of diameter d; see
figure 2.10. The water jet produces a reaction force acting on the barrel, and
the latter starts moving.

1.

Find the velocity u at which the water jet is leaving the barrel through
the hole if the water is filled to level h. (Hint: strictly speaking,
Bernoulli’s law should be used in the reference frame moving with the
barrel. However, you should assume that the barrel speed is much less
than u and, therefore, can be neglected when calculating u).

. Using the water volume conservation, calculate the rate of change of the

water level in time, A(t), in terms of the velocity .

. Use your answers to questions 1 and 2 to find the dependence of the jet

velocity on time, u(t).

. Find the total momentum M which has left the barrel with the water

jet from the time the barrel was full to the moment it was empty.

. Find the terminal velocity V' of the empty barrel assuming that its

motion on the wheels is frictionless.
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FIGURE 2.10: Flow from a moving barrel.

2.3.14 Vortex lift

Some aeroplane wings have sharply swept leading edges, which generates
vortices on the the upper sides of both wings; see figure 2.11. Examples include
a delta winged F-106 military jet and a commercial one (no longer in use) —
the Concorde. Each vortex is trapped by the airflow and remains fixed to the
upper surface of the wing. The major advantage of vortex lift is that it allows
angles of attack that would stall a normal wing. The vortices also produce
high drag which can help to slow down the aircraft. This is why the vortex
lift is used during (high angle of attack) landing of most supersonic jets.

FIGURE 2.11: Vortices over sharply swept plane wings.

In this problem we will aim to understand how vortices produce lift. For
this, we will consider a simplified situation in which an infinite straight vortex
with circulation I' is placed parallel to an infinite flat plate (an idealised wing);
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see figure 2.12. For simplicity, we will assume that the flow is inviscid and
incompressible.

v

FIGURE 2.12: Vortex over an infinite flat plate located at y = 0. The image
vortex is below the plate (dashed line).

1. Formulate the free-slip boundary conditions on the plate.

2. Find the velocity field produced by the vortex of circulation I' on the
top surface of the plate. (Hint: use the vortex image method.)

3. Find the pressure distribution on the top surface of the plate assuming
that the surrounding pressure (i.e. far away from the vortex) is atmo-
spheric, pg.

4. Assuming that the pressure at the lower side of the plate is uniform and
equal to the atmospheric value, find the total force on the plate per unit
length in the vortex direction.

2.3.15 Water clock

A water clock is an axisymmetric vessel with a small exit hole of radius a
in the bottom; see the figure 2.13. Find the vessel shape for which the water
level falls equal heights in equal intervals of time. (Hint: the hole is so small
that the water passes through it very slowly and its velocity can be found
from Bernoulli’s theorem for stationary flows.)

2.3.16 Reservoir with regulated water level

A rectangular sluice gate is fitted at the base of a reservoir wall with a
pivot in the arrangement shown in the figure 2.14. The gate is designed to
regulate the level of water in the reservoir by opening when the water level to
the right, h, reaches a certain depth.

1. Find the pressure as a function of the coordinate.
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FIGURE 2.13: Water clock.

FIGURE 2.14: Reservoir with a sluice gate.

2. The gate’s width is b and it is made out of steel of uniform thickness. It
is positioned at a degrees to the ground and the vertical distance from
the pivot to the ground is a. Determine the mass of the gate M if a water
level h will just cause the gate to open. (Hint: the torque produced at
the pivot by the gate’s weight is balanced by the torque due the water
pressure. )

2.3.17 Energy of ideal irrotational flows

1. Ideal fluid moves irrotationally in a simply connected region V' bounded
by a closed surface S, so that u = V¢, where ¢ is the velocity potential.
Show that the kinetic energy

1
E:f/u2dx
2 )y

1
E=§/S¢(nw>d&

can be written in form
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where n denotes a unit vector normal to the surface element dS.

2. Ideal fluid moves in a bounded simply connected region V', and the nor-
mal component of velocity u-n is given at each point on the boundary of
V. Show that there is at most one irrotational flow in V' which satisfies
this boundary condition.

3. Ideal fluid occupies the gap r1 < r < 72 between two infinitely long
cylinders, which are fixed. The irrotational flow between them is

where I' = const and 6 is a unit vector in the azimuthal direction. As
there is no normal velocity on either bounding surface, r = r1 or r = 7o,
could one use the result of part 1 to concluded that the kinetic energy
is zero? Explain your answer.

2.4 Solutions
2.4.1 Model solution to question 2.3.1

1. The incompressibility condition in terms of the velocity field is V-u = 0.
The vorticity field satisfies the same equation, V - w = 0, by virtue of
its definition w = V x u: because the divergence of any curl is zero,
V- (V xu)=0.

2. Using the definition of the material time derivative, the conservation of
the field s along the trajectories of fluid particles is

Dis=0is+u-Vs=0. (2.30)

3. Taking the curl of the Euler equation (2.27), we have the vorticity evo-
lution equation:

dw =V x (ux w)+ (Vp x Vp)/p?. (2.31)

4. Tf the passive scalar s(x,t) depends on x and ¢ only via p and p, s =
s(p, p)

Vs - (Vp x Vp) = [(0,5)Vp + (9,5)Vp] - (Vp x Vp) =0

for both barotropic and baroclinic fluids.
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5. Taking the partial time derivative of A = Vs-w and using the equations

(2.31) and (2.30) and the vector identity (2.26), as well as the identity
Vs (Vp x Vp) =0, we have:

(Vs -w) =(VOs) w+Vs-Ow =Vs- (VX (uxw))—w-V(u-Vs) =

—u-V(w - Vs).

Thus,
DA=hA+u-VA=0. (2.32)

2.4.2 Model solution to question 2.3.2

1. The pressure in this part of the jet remains atmospheric, py. Thus, using

Bernoulli’s theorem we have

Therefore, u = \/u3 + 2gz.
From the mass conservation we have ud? = uod(z). So, d = doy/up/u =
do(1 + 29z /ug) =14,

. At the impact point with the solid surface at the centre of the jet the

fluid velocity is zero. Thus,

2

U,
p=po+ 5"+ pgh.

2.4.3 Model solution to question 2.3.3

1. Because u is independent of the distance from the centre of the pipe, it

must also be independent from the distance along the pipe x by incom-
pressibility. Thus, u is a function of time only, u = u(t).

. The terminal velocity can be found from the Bernoulli’s theorem, which

gives us = v/2gh.

. Now, we are dealing with a non-stationary flow and, therefore, we need

to use the time-dependent version of the Bernoulli’s theorem. Taking
into account that for the uniform velocity directed along = the velocity
potential is ¢ = ux, and that the pressure at the far end of the pipe is
atmospheric (pg), we have

u? Po
Wi+ —+==C 2.33
u+2+p , (2.33)

where C' is a constant.
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On the other hand, the pressure at the surface of the flume is also
atmospheric, so

%0 +gh=C, (2.34)

where C' is the same constant. Here, we neglected the flow velocity at
the flume surface because the flume surface area is much greater than
the cross-section area of the pipe.

Combining (2.33) and (2.34), we have

2

2
u u
il 4+ — = gh = -2, 2.35
i+ =g 5 (2.35)

Integrating this equation, we have

4
U = U tanh UTO? (2.36)

2
We see that initially the velocity grows almost linearly, u ~ "Q—ﬁt, and it
approaches its asymptotic value uo, for large time.

4. At an arbitrary (not too small) distance x along the pipe, we have

2
u _
ar+ o PTP g (2.37)
2 p
Solving for p and substituting u from (2.36) one can get the required
expression for the pressure:

2

_ P 2 _ 2y _ Pl (1 _ T\ 1q_ Uoot \o
p=po+ 50 —a/l(uk —u?) = po+ T2 (1= T) [1—(tanh 22=)?]

2.4.4 Model solution to question 2.3.4

1. Because u is independent of the distance from the centre of the tube, it
must also be independent from the distance along the pipe x by incom-
pressibility. Thus, u is a function of time only, u = u(t).

2. Since we are dealing with a non-stationary flow, we need to use the
time-dependent version of Bernoulli’s theorem. Let us define z distance
along the tube starting from its top left end, i.e. x will first trace the
left part of the tube downwards until © = h (h being the height of the
U-tube) and then the right part upwards. Taking into account that for
the uniform velocity directed along = the velocity potential is ¢ = uz,
we have

2
i@+ 5+ % +G =), (2.38)

where C(t) is a function of time (to be found later) and G = g(h —x) is
the gravitational potential.
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3. Taking the difference of this equation at the two ends of the tube and
taking into account that the pressure at the ends of the tube is atmo-
spheric (po), we have

il — g(hy — hy) =0, (2.39)

where | = hy+hy = h1(0)+h2(0) = const is the total length occupied by
the fluid. Taking into account that u = ho = —h; we have for s = ho—h;:

51+ 2gs = 0. (2.40)
Solving this equation we have
s(t) = A cos(wt), (2.41)

where A = hy(0) — h1(0) is the oscillation amplitude and the oscillation
frequency is given by
2
w= 79. (2.42)

Interestingly, this expression coincides with the frequency formula for a
pendulum which consists of a point mass suspended on a massless string
of length 1/2.

4. Differentiating expression (2.41), we get the following solution for the

velocity
u(t) = U sin(wt), (2.43)

where U = %[h1(0) — h2(0)]. Note that the oscillation phase is chosen in
(2.41) and (2.43) to ensure that the initial condition u(0) = 0 is satisfied.

Similarly, for h; we have

hi(t) = (h1(0) — 1/2) cos(wt) +1/2, (2.44)
From (2.38), we find for the pressure:
g — —Uw(z — ha(t)) cos(wt) + g(z — ha(t)) + %, (2.45)

where C(t) is chosen to satisfy condition p = pg at & = hy(t).

2.4.5 Model solution to question 2.3.5

1. From mass conservation,
U181

Uy = (246)

52.

From Bernoulli’s theorem we have

s
p2 —p1= g(u% - U%) = gU% ( - é) . (2.47)
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2. The rate at which the momentum is brought into the hose is psju? X.
The rate at which the momentum is leaving the hose is psou3y. Here,
X and y are the unit vectors along the x- and y-axes respectively.

3. Consider the entire volume of fluid in the hose. The total value of mo-
mentum entering this volume per unit time must be compensated by the
net force acting onto this fluid volume. In turn, this net force is equal to
the pressure force through the cross-sections on both ends of the hose,
p1S1X — p2s2 Y, plus the net reaction force exerted by the hose walls
onto the fluid R. The net force exerted onto the garden hose by the jet

is F = —R. So,
F = pslu% X — pszug Y+ p1S1X — pasay. (2.48)
Substituting us and py from equations (2.46) and (2.47) respectively, we
have
2 o ) 51 -
F=(pui +p1)six— |p1 + Jul 1+ 2| 52y (2.49)
2

2.4.6 Model solution to question 2.3.6

2 2
1. Bernoulli’s theorem states: %1 +p1/p= % + pa/p. At the nozzle, water
is in contact with the atmosphere (via the free surface). Thus ps = po.

2. The incompressibility means that the water volume flux is the same at
all cross-sections, so 1157 = u25.

3. The net force on the piece of the firehose bounded by cross-sections
S1 and S5 is equal to the force F' applied by the fireman plus the force
applied by the pressure p; at S plus the force applied by the atmospheric
pressure (acting in the horizontal direction through the jet and the outer
surface of the convergent nozzle; see f, in figure 2.5) must be equal to
the difference in the momentum flux through the sections:

F —poS1 +p1S1 = p(u3Sa — uiSh),
or, taking into account Bernoulli’s theorem and the mass conservation:
F= J)—ug(s1 — S9)%.
25,

Surprised that the force is negative? See a discussion in [29].

2.4.7 Model solution to question 2.3.7

1. First of all, the incompressibility condition V - u is satisfied since

V-us =0y(sy) =0
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and
V-u, = —0y(oy) + 90,(cz) =0.

Both u, and u, are linear functions of x and, therefore, the viscous term
is zero. Since s and o are constant, d;us = 0 and dyu, = 0.

Now,
(us - V)us = sy, (sy)x =0

and
(W, - VIu, = 0y 0y(oy)y +020.(02) 2 = d*(yy + 2 2).

Thus, u, solves the Navier-Stokes equation with pressure p =const and
u, solves the Navier-Stokes equation with pressure

1
p = const — 5;}02(342 + 22).

. For the vorticity we have:

w=Vxu=Vxu,+V xu, =sz

(because V x u, = 0).

Since there is only one non-zero component of the vorticity, w = (0,0, w),
(w = s), we will only need to consider the z-component of the vorticity
equation. Because w is uniform in space, the viscous term is zero. For
the same reason, u- Vw = 0.

For the vortex stretching term we have

(w-Vu=50,(022) = s0z.

Thus, the vorticity equation in our case is
O = so,
which has the following solution
s(t) = sp e,

where s is the initial value of the shear at ¢ = 0.

. As we can see, the vorticity is growing exponentially in time, w(t) =

s(t) = sge’t. This is due to the z-component of the strain flow which
pulls the fluid particles apart in the z-direction exponentially in time.
At the same time, due to volume conservation, the fluid particles are
pushed closer to each other in the y-direction making the density of the
vortex lines greater—hence the vorticity amplification.
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2.4.8 Model solution to question 2.3.8

1. To prove that the Rankine vortex is a solution to the Euler equation, we
will use the vorticity form of this equation, (2.8) with v = 0. Since the
vorticity has only the z-component, we will need to consider only the
z-component of the vorticity equation (the other two components have
zeroes on both sides):

(Ot + (u-V)w, = (w-V))u,. (2.50)

In fact, not only the Rankine vortex but also any vortex with an arbi-
trary axisymmetric distribution of vorticity w,(r) is a solution. Indeed,
from the incompressibility, we have that there is no radial velocity com-
ponent: hence (u - V)w,(r) = 0. From stationarity d;w.(r) = 0, and
because u, = 0 the vortex stretching term (i.e. the right-hand side of
(2.50)) is also zero. Thus we see that equation (2.50) is satisfied for
an arbitrary axisymmetric distribution of vorticity w,(r) including the
Rankine vortex as a special case.

The velocity field ug of the Rankine vortex can be found using the

Stokes theorem,
7{ uR-dﬂz/ w, dxdy,
CR SR

where Cg is a circular contour of radius R centred at x = 0 and Sg is
the surface spanning this contour.

This gives

QOR?

6 for r> R,
2r

QO -
uR:ETG for r < R and ugr =

where 6 is the unit vector in the azimuthal direction.

2. The uniform strain field u, given by the expression (2.29 ) is a potential
flow with velocity potential

6= g(—ﬁ +227), (2.51)

which can be verified by substituting into u, = V¢ and confirming that
it is satisfied.

For the potential flow the fluid equation reduces to the Laplace equation,
V2 =0,
which is obviously satisfied for the potential (2.51).

3. Consider the combination of the Rankine vortex and the strain field as in
expression (2.28). We can still use the vorticity equation (2.50) but now
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with non-zero stretching term. The vortex advection term (the second
term on the left-hand side) is zero both inside and the outside of the
Rankine vortex because in both places Vw, = 0. Outside of the vortex
all terms in the vorticity equation are zero and it is obviously satisfied.
Inside the vortex we have

0:2 = Q0,u, = 290, (2.52)

s0
Q = Q(0)e*t.

Dependence R(t) can be obtained from the Kelvin’s theorem for conser-
vation of the circulation. Conservation of the circulation over Cg, the
circular contour of radius R, means Q2R? = const, i.e.

R = R(0)e 7"

The vorticity amplification is produced by the vortex stretching mecha-
nism activated by the z-component of the strain field.

’"2, into a steady-state

version of the z-component of the vorticity equation (2.8), but now with
finite v.

(ug - V)e*)‘r2 = e”‘ﬁazugz + yV2e A (2.53)
Substituting for u, and differentiating, we have
—o(=20r2)e ™ = 20N 4 (=X + 4N22)e M (2.54)
This equation is satisfied if
Al O
Cw

2.4.9 Model solution to question 2.3.9

1. From figure 2.6 it is clear that the viscosity induces a force along the x-

axis in the negative direction. This is because the negative z-momentum
will be transferred (in equal proportions) to the top and at the bottom
parts of the cylinder via the viscous stress in the boundary layer. There
will be no y-component of the force because, due to symmetry, the y-
momentum transfers at the top and at the bottom parts will sum up to
Z€ro.

The velocity field produced by the vortex dipole at the walls can be
estimated as u ~ I'/r. Correspondingly, the viscous stress is gy ~
pvu/d ~ pvl'/(6r). This gives the following estimate for the viscous
force on the cylinder per unit length in the z-direction,

F = (F,,0) ~ (—27pvT'/4,0).

Notice that this force is independent of the radius of the cylinder r!
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2. Assuming that there is no external force on the cylinder (i.e. through
its outer surface), the total momentum of the cylinder and the fluid
without it is conserved by Newton’s second law. But by symmetry, the
total initial momentum of the fluid flow is zero. Thus the cylinder which
is initially at rest will remain at rest for infinite time.

3. Since the net friction force on the inner walls of the cylinder is finite, and
because the total force must be zero (the total momentum is conserved)
there must arise a difference of the pressures at the left and the right
inner surfaces of the cylinder to compensate the friction force. One can
use, for example, formula (2.18) in which g = 0. This gives the following
estimate for the pressure difference,

pvT’
Pleft — Pright ™~ or
For the inviscid flow we would get from Bernoulli’s theorem pj.f —
Pright = 0 because both the leftmost and the rightmost points are the
stagnation points where the velocity is zero. This agrees with the limit
v — 0 of the above expression.

2.4.10 Model solution to question 2.3.10

1. Let us use the fact that § < R and reduce our consideration to the one of
the boundary layer at a flat plate by ignoring the boundary’s curvature.
Let us introduce a local Cartesian coordinate frame with the origin at
the inner surface of the cylinder, the z-axis tangent to the surface and
the y-axis normal to it.

In this geometry, the velocity will only have the z-component which
depends on y and t,

u= (u(y7 t), 0)7
there will be no pressure gradient (9,p = 0 because all points on the
boundary are equivalent and dyp = 0 because there is no motion in the
y-direction), and (u - V)u = 0.

Thus, we have the following equation for the z-component of the velocity,
Oy = vOyyu, (2.55)

which is just the heat equation.

The no-slip boundary condition to be imposed on the solution of this
equation is
u(0,t) = 0. (2.56)

Also, because the boundary layer is thin, the velocity field produced by

the vortex,
u = (U0, 0) L 0
= (U0, = 3 )
2R
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can be viewed as a boundary condition at y — +o0:

u(+00,t) = (2.57)

2R’
On the other hand, because there is no boundary layer initially, we have
the following initial condition,

r

u(y,0) = oo = R (2.58)
We will seek a self-similar solution,
u(y,t) = uso f(n),
with the similarity variable n given by
n= Lv
Vvt
and the boundary conditions
f(0)=0 and f(+o0)=1. (2.59)

Note that the initial condition for v at ¢ = 0 coincides with the second
boundary condition for f, i.e. f(+o0) = 1.

Applying the chain rule for differentiation, we have

— / _ ’ Y
Ou = oo 'O = —Uoo f 1/243/2

and )
ayyu = Uso (f”(ayn)Q + f/ayyn) = uoof”Ea

so that the equation for f becomes
1
no_ o
fo=—gnf.
Integrating this equation, we get
fr=Cre

and integrating again, we arrive at
n 2
f=C / e’ /4ds—|—CQ,
0

where C and Cy are constants which have to be fou121d to match the
boundary conditions. Taking into account that fon e 5 /4 ds = /T, we

have )
Clzﬁ and Cy =0.

For the velocity profile we have

_use [P e
u = N e ds.
T Jo
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2. The shear stress at the boundary is

PUlUoo (/)2 /a prUs
Opy = pyayu|y20 — ﬁ e (y/ﬁ) / ‘y:O = m

Therefore the torque produced onto the retaining cylinder (per unit
length of the cylinder) is

PV U v
= R(27R = pI'Ry| —.
7= R(27R) — =P —

2.4.11 Model solution to question 2.3.11

1. From mass conservation we find

U17‘2
RZ -

U = (260)

2. Momentum influx into the volume bound by the sections s; and s

occurs though the narrow pipe at a rate 7r?pu?. The momentum outflux
from the same volume occurs through the section sy at a rate mR?pu3.
Thus the net rate of the momentum influx into the fluid volume bounded
by s1 and s, and the pipe walls is 772 pu? — 7 R%pu3; it has to be balanced
by net force acting on this volume, namely by the difference of the
pressure forces at s; and ss:

7,,2
(92— p)7R? = mplru? — R2ud) = mpu? (1 - R) RENCYGY
or 9 9
T T
p2—p1= pU%? (1 - 32) : (2.62)

. For the gradual expansion case, from Bernoulli’s theorem we have

4
p p r
Py —p1 = i(uf — ug) = fuf <1 - R4) , (2.63)

which is greater than the sudden-expansion pressure change (2.62) by
2
2
gu% (1 — #) .
. In the mildly jammed hose, the flow pattern will be fully symmetric
with respect to the middle point of the jammed area, and the pressure
downstream of the jam will have exactly the same value as the upstream

pressure. Thus, there will be no net force exerted by the flow onto the
jammed area.

In the strongly jammed hose, one can assume that contraction from
large to small cross-section occurs without a flow separation. Thus the
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pressure difference between the upstream and the jammed parts will be
the same as in the mild jam case and could be found from Bernoulli’s
theorem. However, the downstream flow will be separated and the pres-
sure will be less that the one predicted by Bernoulli’s theorem, as we
established in the previous part of this problem. Thus, there will be a
net force onto the jammed area in the direction along the flow.

There is a direct analogy with flows past solid bodies. Namely, if there is
no flow separation (i.e. the body shape is aerodynamic) there will be no
drag force—result known as d’Alembert’s paradox. On the other hand,
if there is separation (bluff body shape), then the pressure behind the
body will not recover to the levels of the upstream flow as would be
prescribed by Bernoulli’s theorem. This disbalance of the upstream and
the downstream pressures would cause a finite drag.

2.4.12 Model solution to question 2.3.12

1.

2.

By Bernoulli’s theorem,
P1—Po = gu2. (2.64)

Force imbalance with respect to the equilibrium situation when the
Borda mouthpiece is locked by a solid surface is equal to the (removed)
reaction force of such a solid surface, i.e. (p1 — po)Sm. It has to be equal
to the rate at which momentum is carried away by the jet, i.e. pu?s;:

(1 = Po)sm = pu’s;. (2.65)
Combining (2.64) and (2.65), we finally have

5j/8m = 0.5.

2.4.13 Model solution to question 2.3.13

1.

The pressure at the water surface and the one at the jet are both equal
to the atmospheric pressure. Thus, ignoring the fluid velocity at the
surface (h) and the barrel velocity, from Bernoulli’s theorem we have

— =gh. (2.66)

From mass conservation we have h = —u(d/D)2.

Substituting this formula into the time-differentiated equation (2.66),
we have: uti = gh = —ug(d/D)?. Integrating, we get:

u = \/2gho — g(d/D)?t. (2.67)
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4. The momentum M which has left the barrel with the water jet from the
time ¢t = 0 when the barrel was full to the moment ¢ = ¢, when it was
empty is

te
M:/ (pu)(md?®)u dt.
0
Substituting in here from (2.67) and integrating, we have M =
2mpD* | /5913, Here, we took into account that u(ts) =0
3 ghg- ’ * .

Note that d is usually smaller than the hole diameter due to a transient
jet contraction right near the hole. However, the jet diameter d drops
out of the answer for M. Can you explain why?

5. The total momentum is conserved. Therefore, the total momentum car-
ried away by the water jet will be equal in magnitude and opposite in
sign to the momentum acquired by the empty barrel, mV = M. So,

2mpD?
V=- v/ 2gh3.
3m 9"

2.4.14 Model solution to question 2.3.14

1. The free-slip boundary condition means that the tangential velocity is
not imposed and only the non-penetration condition is enforced, i.e. at
the plate there is no normal component, u, =0 at y = 0.

2. Suppose the vortex of circulation I' is at distance d from the plate, i.e.
at (z,y) = (0,d). To satisfy the free-slip boundary condition, the image
vortex of circulation —I" has to be placed at (x,y) = (0, —d). Then at
y = 0 we have u, = 0 and the z-component of velocity at y = 0 is the
double z-velocity produced by the vortex T, i.e.

2T'd

ual@,0) = oy

3. The pressure is to be calculated from Bernoulli’s theorem,

pluz(x,0)]? r2q?
p(xao) =DPo — -9 =Po — m

4. Thus the force on the plate (per unit length in the vortex direction) is

] 122
F= — 55 dz.
/Oo w222+ a2)2 "

This integral can be computed as

2?9 /°° LS S CIN E WO R o
72 o) ) @+ T w2 @) a7 Y] T ard
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2.4.15 Model solution to question 2.3.15

Since the pressures at the water surface and at the bottom hole are the
same, from Bernoulli’s theorem for stationary flows we have gh = u?/2 i.e.
u = /2gh; see figure 2.13.

From the water volume conservation we have:
hr? = —ua?.

Thus, )
hr? = —a®\/2gh,
and from the condition that the water level is reduced at a constant rate,
h = C = const, we have
c?
=—r
2gat

h(r)

2.4.16 Model solution to question 2.3.16

1. An expression for the pressure as a function of the coordinate can be
found from the Bernoulli’s theorem applied for the case when the velocity
is zero:

P =po + pgz,

there p is the water density, py is the atmospheric pressure, g is the
gravity constant and z is the depth measured from the water surface.

2. The torque produced on the gate by its own gravity is

Mggcos Q.

Since the pressure forces are normal to the gate, their torque at the pivot
is:

a/sina a/sina
/ (P*po)bSdS:b/ pg(h —a+ ssina)sds =
0 0

a® a?
b h —
P {( @) 2sin’a  3sin? a}
Thus,
bap a
M=_t" [h - f} .
sin” cvcos a 3
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2.4.17 Model solution to question 2.3.17

1. Integrating by parts we can write the kinetic energy as:

B3 | (Verax=5 [ 1v-(@ve) - ovioax

The second term here is zero by the incompressibility condition, V-u =
V2¢ = 0. Using Gauss’s theorem, the first term gives:

1
E=5Lvamw,

where n denotes a unit vector normal to the surface element dS.

2. Let u; = V¢; and us = Vs be two different solutions. Then u =
u; — up is also a solution which satisfies u-n = 0 at the boundary.
Then, by part 1 E = 0 i.e. u(x) = 0. Hence we arrive at a contradiction:
u; and uy cannot be different solutions.

3. No, because the specified volume is not simply connected.
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Chapter 3

Fluid with free surface

3.1 Background theory

Fluids often have a free surface, for example, an upper surface in systems
under gravity, as commonly seen in everyday life when we pour water in
a glass or when we look at the sea. As with solid surfaces, the role of the
moving boundary will be in imposing boundary conditions on the fluid motion.
However, in this case the boundary conditions will be different. Below we will
consider the boundary conditions which are specific for the free-surface flows.

3.1.1 Pressure boundary condition

One condition is that the pressure of the fluid at the surface is the same as
the pressure of the surrounding air—else the surface particles would experience
infinite forces. The second condition is that the fluid particles, once at the
surface, remain on the surface for indefinite time; it is called the kinematic
boundary condition.

Let the gravity acceleration vector be in the negative z direction, g = gz.
Let the free fluid surface elevation be described by a function - marking the
height at which the surface is z = h(x,y,t). Then the pressure boundary
condition will be

p(z,y, h(z,y,t)) = po, (3.1)

where pg is the atmospheric pressure. For example, for irrotational flow one
can use the time-dependent Bernoulli equation (2.5) and thus the pressure
boundary condition becomes:

(Vo)?
2

[6t¢ + ] +gh=0, (3.2)
z=h

where we have chosen the constant C' = %", which corresponds to a calibration

condition that ¢ = 0 in the motionless state.

Note that the pressure boundary condition is relevant to the cases where
the fluid (or gas) beyond the free surface has much smaller density than the
one of the main fluid and not-too-high velocity or then viscosity is unimpor-
tant. In both of these cases the pressure is the only important component

47
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of the stress tensor at the surface. If these conditions are not satisfied, the
pressure boundary condition has to be replaced by a more general condition
of continuity at the surface of all the stress tensor components.

3.1.2 Kinematic boundary condition

To obtain the kinematic boundary condition, let us introduce the function
f = h(z,y,t) — z. The level set f = 0 marks the free surface. The state-
ment that the surface particles remain on the surface can be formulated as
conservation of function f along the fluid paths of the surface particles, i.e.

[8t+ (UV)]f(CE,y,Z,t) :07 (33)
or, after substituting for f, we finally get
Oth —u, + (uy -V)h =0, (3.4)

where u is the horizontal velocity projection, u; = (uz,uy).

In the problems below we will only consider steady flows without a vertical
velocity component. For these flows the kinematic boundary condition (3.4)
is reduced to

(u; -V)h =0, (3.5)

i.e. the level sets of h coincide with the streamlines.

However, in the chapters devoted to waves and instabilities we will use the
full unsteady version of the kinematic boundary condition (3.4).

It is worth mentioning that the boundary conditions on solid boundaries of
the containing volume remain the same as for the cases without a free surface,
namely they are the no-slip or the free-slip boundary conditions depending on
whether we deal with a viscous or an inviscid fluid.

3.1.3 Axially and spherically symmetric flows

In all of the problems considered in the present chapter, there is either
axial or spherical symmetry present. For axially symmetric 3D flows it is often
useful to use the following expressions for the Laplacian and the divergence
operators in cylindrical coordinates:

1o [ Of\ | 1F  2f
Af = r&r(rar>+r2692+8z2’
190(ruy) | 10ug  Ou,

Voo = r Or r 00 0z

The radial component of (u- V)u is

2
ou, ug Ou, ou,  ug

“Tar+739 +uz82 r
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The spherically symmetric flows considered in this chapter will only have
the radial velocity component. For considering these flows, it will be useful to
use the equation for the radial component of velocity, v, which in this case is,

1
O + vopv = —; D (3.6)

The incompressibility condition in this case is

Or(r*v) = 0. (3.7)

3.2 Further reading

Discussions of the kinematic and the pressure boundary conditions at the
free surface are frequently found in the context of the water wave theory and,
therefore, we refer the reader to the specialised books about waves Wawves in
Fluids by J. Lighthill [15] and Linear and Nonlinear Waves by G.B. Whitham
[31], as well as more general books Elementary Fluid Dynamics by D.J. Ache-
son [1], Prandtl’s Essentials of Fluid Mechanics by Oertel et al [17] and Fluid
Dynamics by L.D. Landau and E.M. Lifshitz [14].

3.3 Problems
3.3.1 Water surface distortion due to vortex

On a sunny day, vortices can be seen in a shallow creek as round dark spots
at the creek’s bottom. This is because vortices produce concave distortions on
the water surface, which act to spread light rays apart. In this problem, you
are asked to find the shape of the free surface of an ideal fluid in the presence
of a Rankine vortex; see figure 3.1. Far from the vortex, the surface tends to
its undisturbed shape, h — ho, for r — co. You are reminded that a Rankine
vortex has uniform vorticity w = (0,0, Q) (£ =const) inside a vertical cylinder
of radius a (i.e. for r = /22 4+ y? < a) and zero vorticity w = (0,0, 0) outside
of this cylinder (for r > a).

Hint: You may find it useful to keep in mind that the uniformly rotating
fluid also has constant vorticity distribution, so you should expect the Rankine
vortex solution for r < a to be the same as in a rotating bucket of water. Also
remember that the surface must be continuous at r = a.

1. Derive the velocity field for this Rankine vortex for both r < a and
r>a.
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FIGURE 3.1: Vortex in a layer of fluid with free surface.

2. The pressure at the free surface is constant (atmospheric pressure). Can
we use Bernoulli’s theorem to find the shape of the water surface for
r < a? For r > a? Explain why.

3. Find the shape of the water surface z = h(r) for both r < a and r > a
regions. Use Bernoulli’s theorem wherever applicable, otherwise solve
the ideal flow (Euler) equations directly. Sketch the water surface shape
based on the mathematical expressions you have obtained.

3.3.2 Free surface shape of water in an annular flow

An incompressible viscous fluid fills an annular space between two vertical
coaxial cylinders, whose inner and outer surfaces have radii a and R respec-
tively; see figure 3.2. The system is subject to gravity and its upper surface
is open to the atmosphere with pressure pg. The inner cylinder is rotating at
a constant angular velocity €2 and the outer cylinder is stationary. The fluid
flow has reached a steady state in which its velocity is purely azimuthal and
dependent on the radius r only, u, = u, = 0, ug = ug(r). This problem deals
with finding the shape of the free surface, namely its height profile h(r).

1. Formulate the no-slip boundary conditions for this system. Formulate
the pressure boundary condition at the free surface.

2. Show that the incompressibility condition is satisfied.

3. Find the steady-state velocity profile ug(r) that satisfies the Navier-
Stokes equations with the no-slip boundary conditions at the moving
cylinders.
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FIGURE 3.2: Water in an annular flow.

4. Find the pressure inside the fluid p = p(r, 2).

5. Use the pressure boundary condition and find the shape of the free
surface h(r).

3.3.3 Water-filled turntable

The Coriolis turntable in Grenoble is the world’s largest rotating platform
dedicated to fluid dynamics. It is a disk-like cylindrical tank of 13 m in di-
ameter filled with water to about 1.2 m height. In this problem, the aim is to
find the surfaces of constant pressure, and hence the shape of the free surface
of a uniformly rotating cylinder of water which is interfacing at the top with
air at atmospheric pressure; see figure 3.3.

An ideal fluid fills a cylindrical container to height hg. The total height of
the cylinder walls is 2hg and its radius is R. The gravity field is in the negative
z-direction. The system is rotating with a constant angle velocity €2, so that
in the laboratory frame the velocity field is u = (—Qy, Qz, 0).

1. One might argue that by Bernoulli’s theorem, p/p + u?/2 + gz is con-
stant, so the constant pressure surfaces are,

tant Q2(2+ %)
Z = constant — —(x .
2g y

But this means that the surface of a rotating water tank is at its highest
in the middle, which is obviously not true. What is wrong with this
argument?

2. Show that the velocity field u = (—Qy, Qz,0) satisfies the incompress-
ibility condition.
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FIGURE 3.3: Rotating tank of water.

3. Write down the ideal fluid equations in component form, integrate them
directly to find the pressure p and hence obtain the correct shape for
the free surface.

4. Suppose the rotation speed is gradually increased. Which of the two
events would happen first: (i) the water surface hits the bottom of the
container or (ii) the water will spill over the edges of the container walls.

5. What would happen to the free surface if we introduce a viscosity v?

3.3.4 Cavity implosion

Consider the motion of an ideal fluid which arises after a sudden removal
of a spherical volume of fluid of radius a at time ¢ = 0. Initially the fluid is at
atmospheric pressure pp, and the pressure inside the cavity is zero (vacuum).
In this problem, we will study how the cavity shrinks by assuming that the
velocity is always directed towards the cavity centre and depends only on the
distance from the cavity centre; see figure 3.4. We will also neglect the role of
gravity. (Hint: work with spherical coordinates—see the equations (3.6) and

(3.7).)

1. Integrate the incompressibility condition with respect to the radius r
(the result should involve an arbitrary function of time because no
boundary condition is used at this point).

2. Substitute the results of part 1 into the equation for the radial velocity
and integrate it over the radius r from the cavity radius R(t) to infinity
assuming that pressure remains atmospheric at r = co.

3. Consider the rate of change of the hole radius, V' = dR/dt, and use
results of parts (1) and (2) to show that function V(R) satisfies the
following differential equation,

V2 1pdV? o
2 27 dR  p’
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FIGURE 3.4: Cavity implosion.

4. Integrate the differential equation obtained in part (3) and thereby find
an expression for V in terms of R. (Hint: use the boundary condition
V(a) = 0 which means that the fluid is at rest initially.)

5. Find the time needed for the cavity to be filled with fluid. Leave your
expression in terms of an integral over R (you do not have to evaluate
this integral).

3.3.5 Flow in an expanding air bubble

Consider a flow produced by a radially expanding spherical air bubble in
an infinite three-dimensional volume of incompressible fluid. The radius of the
bubble 7¢ is increasing with a given speed Vy(¢). The fluid motion is purely
radial; see figure 3.5.

1. Find the fluid velocity field using the incompressibility condition.
2. Prove that the flow is purely irrotational.

3. The local rate e(x,t) at which the kinetic energy dissipates in the fluid
is given by

3
2pv Z (ei7j)27

ij=1

where p and v are the fluid density and the kinematic viscosity coefficient
respectively, and
1 8ul + a’LLj
€ j ==
9 Ox;  Ox;

is the rate of strain tensor.
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FIGURE 3.5: Expanding air bubble.

Find e(x,t) and, integrating it over the volume occupied by the fluid,
find the total energy dissipated in the fluid per unit time.

3.3.6 Flow in wire coating die

A wire coating die consists of a cylindrical wire of radius ¢ moving hori-
zontally at a constant velocity V' along the axis of a cylinder of radius R and
length L. If the pressure in the die is uniform, then the viscous incompressible
fluid flows through the narrow annular region solely by the drag due to the
motion of the wire; see figure 3.6.

1. Formulate the no-slip boundary conditions on the die and on the wire.
2. Establish the expression for the steady-state velocity profile in the an-
nular region of the die.
3. Obtain the mass flow rate through the annular die region.
4. Find the coating thickness b far downstream of the die’s exit.
5. Find the force that must be applied to the wire.
3.4 Solutions

3.4.1 Model solution to question 3.3.1

1.

From symmetry, the Rankine vortex velocity will be purely azimuthal.

It can be found from considering the circulation integral over a circle of
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L

FIGURE 3.6: Flow in a wire coating die.

radius r centred at the vortex centre;

]{ u¢dl:/ w(r) d*x,
C, D,

r

where D,. is the disc bounded by circle C, with radius r.

The left-hand side here is equal to 2nru, (because ug is constant on C,.),
and the right-hand side is to be found using cylindrical coordinates. This
gives:

Qr
up = — for r<a,
2
Qa? f S
uy = — for r>a.
¢ 2r -

. Bernoulli’s theorem can be used for r > a because this region is irrota-
tional (w = 0). Region r < a is not irrotational, and Bernoulli’s theorem
says that Bernoulli’s potential is constant along streamlines, but it can
have different value on different streamlines. This information is useless
for finding the solution for the surface shape at r < a.

. First we find a solution for r > a from the Bernoulli’s theorem at the
fluid surface taking into account that the pressure at the surface z = h(r)
is constant equal to the atmospheric pressure pq:

2

u p
— + =+ gh(r) = t.
5 +p+g (r) = cons
Substituting u we have:
QZ 4
h(r):hoo——a for r>a,

8gr?
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where h is the height of undisturbed water surface.

To find solution for r < a, we write the steady-state Euler equation in

components,
(w-Viu = —0,p/p,
(w-Vyju = =9,p/p,
0 = —0.p/p—y;
or
e = —08,p/p,
yQ> = —d,p/p,
0 = —0.p/p—g.
Integrating, we have
QQ
% = ?(.’L‘Q +y%) — gz + const.

On the surface we have

QQ 2
h(T): ! +ho for r<a.
By matching at r = a we find hg = hoo — 5%2;2

3.4.2 Model solution to question 3.3.2

1. No-slip boundary conditions: fluid velocity at the boundaries coincides
with the one of the boundaries

At the free surface
p(r,h(r)) = po.

_10(ruy) | 10up  Ou,
- or r 00 0z

Now, u, = u, = 0 and uy is independent of 8, so V- u = 0.

V-u

3. Note that uy is constant along the streamlines in this flow, D;ug = 0.
Pressure is independent of #. Thus, the steady-state Navier-Stokes for
the azimuthal component is

0= y%ar (rdyug) .
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Solving this equation we have
C
ug = 71 + Cor.

Matching to the boundary condition gives

u o QR (R 1
TR _g2\r R/

4. The steady-state Navier-Stokes equation in the radial component is
ug 1

— = —Opp.
rop

Substituting here the solution for up and integrating, we get

pQ2a* R? R? r?
P=(re—azp \Tam P Y gpe ) T AG)
For the z-component:
1
0=—--0.p—y,
p

or p = —pgz + f2(r). Combining, we have

— —2lnr+

sza‘le B R2 i
272 2R?

p:( >ng+03.

R2 — a2)2

5. Using the free-surface pressure condition,

02a*R2 < R? r 7"2>

790{2_@2)2 2In — +

h(r) = h(R) + o2 MR T oR

3.4.3 Model solution to question 3.3.3

1. This version of the Bernoulli’s theorem would only be valid for irrota-
tional flows. Our flow is not irrotational because it has finite vorticity,
|w| =20

2. We have V- u = —Q0,y + Q9yz = 0.
3. The steady-state Euler equation in components:
(w-Vju = —0.p/p,

(u-V)v = —9dyp/p,
0 = —d.p/p—uy;
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or
zQ® = —0,p/p,
v = —dyp/p,
0 = —0.p/p—g.
Integrating, we have
p_
' ?( 2y -9z +C,

where C' = const. On the surface we have

QQ’rQ
29

h(’l‘) =Ci+

with C; =C — %0. The fluid volume is conserved,

R R 0272
V=27T/ h(r)rdr:27r/ {C—i— }rdr:
0 0 29

Q*R?
TR%C, + T = const = TR%hy,
S0 02 R?
— hy —
Cl 0 4g )
and finally
0%(2r? — R?)
h(r) = ho + ———=.
(r) 0+ 1g
4. We have to compare h(0) and h(R):

O?R? O’ R?
h(0) = ho — Iy and h(R) = ho+ 5

Thus, the surface drop in the centre is exactly twice less than the surface
rise at the edges, which means that in our case the spill should occur
before touching the bottom.

5. Viscosity would not change the results because the velocity field is linear
in x and, therefore, its Laplacian is zero.

3.4.4 Model solution to question 3.3.4

1. From the incompressibility condition 9,.(r?v) = 0. Integrating this equa-
tion we have 7?v = f(t), where f is an arbitrary function.



Fluid with free surface 59
2. The radial component of the Euler equation is
1
O + vOv = —=0,p.
p

Substituting in here for v, we have:

!
1
2 + 5874}2 = —0r(p/p).

Integrating over r from R to infinity, we have:
!/
R

We have used the boundary conditions v(R) = V,v(c0) = 0,p(R) = 0
and p(co) = po.

1
+ §V2 = po/p-

3. For the function f we have f = vr? = VR? differentiating which we
obtain:
f'=V'(R)R’R + V2RR' = V'VR? 4 2V*R.

Substituting this into part 2, we have:

3 V' R2
-V V=
B R po/ﬂ
or d 9
Vv
V24 R— =2 )
+ IR po/P

4. Separating variables V2 and R,

VP gdR

and integrating, we have:

2p0 2 C
Ve=—.
3p * R3
where constant C' is to be found from V' (a) = 0. This gives C = %,
so that 5
Do 3/ p3
vi="2 R’ —1).
2R~ 1)

We choose V' < 0, therefore

_ 2po
V= R - 1),

5. Integrating, we find for the implosion time:

__ [dR _ /21»0/“ dR
o V 3p Jo \Ja3/RP—1
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3.4.5 Model solution to question 3.3.5

1. Because of the incompressibility condition, the volume flux through the
spheres of different radii is the same. Hence:

Uy = VOTS/TQ.

2. In Cartesian frame

u-(u,v,w)-(

) )

Vordz Vordy Vm’%z)

r3 r3 r3

The flow is purely irrotational:

3‘/()r(2)x2y n 3V07"(2)yQac

w, =(Vxu), =0,v—0yy=— oy oy

=0

and the same for w, and w,.

3. Since V x u = 0, we have d;u; = 0ju;. Therefore

1 (0u; Ou, ou;  Vorg i
62]—2< v + ug>_ Y = 0" (51]—3xx])

Or; Ox; a 0z, 3 72

Thus, for the kinetic energy density dissipation rate we have:

3 9 3 ‘/027‘3 T x21.2
e(x,t) = 2pv Z (€:)° = 2pv Z p; 0ij0i5 — 65ijr—23 +9 r4] =
,j=1 ,j=1
Virg
12pv 6

Integrating it over the volume occupied by the fluid, we find the total
energy dissipated in the fluid per unit time:

E= 47r/ r2e(x,t) dr = 16mprViro.

3.4.6 Model solution to question 3.3.6

1. The no-slip boundary conditions are u,(R) =0, ug(a) =V.

2. The flow is stationary and it is not pressure driven, Vp = 0. Then the
z-component of Navier-Stokes equation becomes:

I/%@T (rorug) = 0.

Integrating twice we find:

u, = Cilnr + Cs.
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Using the no-slip boundary conditions we have:

In

==

Uy =V

In

==

3. We have for the mass flux:

R R
2
Q= p/ Ug2mrdr = 7rpaV / rin = dr =
a In @ R

R

7pV R? ﬁ a
2In & [H_R? (ZIHR D)

4. Q = pVr(b? —a?),s0 b= /a2 — Q/(mpV).

5. Force = stress x area, so

2mpvV L

F = pv|0rug|r=a(2mal) = L E
nE
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Chapter 4

Waves and instabilities

4.1 Background theory
4.1.1 Waves

Waves represent one of the most common types of fluid motion: sea waves
on water surface, internal waves in stratified oceans and atmospheres (often
seen in cloud patterns), inertial waves in rotating fluids, Rossby waves of
planetary scales important for the weather and climate dynamics, sound waves
in air and many more important examples.

The basic element of the wave dynamics in most applications is the simplest
type of wave, monochromatic wave: it is a fluid motion in which all relevant
physical fields a(x,t) behave like

a(x,t) = A cos(k-x —wt+ ), (4.1)

where A € R, is the wave amplitude, k € R? is the wave vector in a d-
dimensional space (e.g. d = 2 for the water surface waves, d = 3 for the sound
waves in air, etc.), ¢ € R is the wave phase and w € R is the angular wave
frequency (measured in radians per second), which thereafter will be called
simply the frequency. The frequency is related to k via a dispersion relation,

w=w(k), (4.2)

the form of which depends on the particular type of waves. For isotropic
systems w depends only on the magnitude of the wave vector, k = |k|, and
not on its direction. If for isotropic systems w is a linear function of k = |k|
(like e.g. for sound waves), the waves are called non-dispersive. For anisotropic
systems, the waves are called non-dispersive if w is a linear function of k times
an arbitrary function of the unit vector along k (orientation). Otherwise the
waves are called dispersive. The origin of this name will become clear when
we solve question 4.3.1.

Note that different fluid quantities, such as the pressure, density and dif-
ferent velocity components, will have their own interrelated amplitudes A and
phases . This is where one finds a possibility of various wave polarisations—
plane, circular, elliptic—which refers to the shape of the curve traced in time
by the tip of the velocity vector at a fixed point x in the course of one wave

63
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oscillation. On the other hand, frequency w is the same for all different fluid
quantities (for a fixed value of k).
Wavelength X is the distance between the adjacent wave crests; it is related
to the wave vector by A = 27 /k.
Representing the cosine function in terms of the complex exponentials, we
can write (4.1) as
a(x,t) = Be!®xwh) e (4.3)

where c.c. means complex conjugate, amplitude B is now complex and contains
both the wave magnitude and the phase,

1.
B = §Ae“f°.

A monochromatic wave is, of course, an idealisation because it is infinite
in the physical space. A slightly more realistic object is a wave packet which
locally looks like the monochromatic wave but the amplitude of which decays
with the distance from its centre; see figure 4.1. We will analyse wave packets
in question 4.3.1 and establish that the wave packet centre moves with so-
called group velocity given by

ow(k)
Cg = ak ? (44)
whereas its individual wave crests move with so-called phase velocity,
wk) k
= —. 4.
= K )

FIGURE 4.1: Wave packet.

The wave packet’s wave vector k may also change in time as it moves
through physical space. This happens if the frequency w explicitly depends on
the physical coordinate x, i.e. w = w(k,x), which means that the wave packet



Waves and instabilities 65

is moving in a non-uniform background, e.g. a medium with inhomogeneous
density and/or velocity field.
In physical space, one can represent the wave packet as:

a(x,t) = A(ex, et) ee¥(eet) 4 ce (4.6)

where A € C is a slowly varying wave amplitude and %1/) € R is the wave
phase. The formal small parameter € is introduced here to make the space-time
dependence in A slow and to make the phase values large (so that the phase
derivatives are order one). Without loss of generality one can take 1(0,0) = 0.
Indeed, to remove a non-zero value of (0, 0) one could simply redefine A so
that in the leading (€”) order the phase is a linear function of x and t. Then, in
the leading order we recover the monochromatic wave (4.3) and the dispersion
relation (4.2), in which

k= %Vip(ex, et) and w= éaﬂp(ex, et). (4.7

But relations (4.7) imply that for the wave packet
9k = —Vuw. (4.8)

In the next (e!) order one gets the so-called transport equation governing
the evolution of the amplitude A, but we will not consider it here.

Changes in k would in turn lead to changes in the group velocity cg: the
wave packet may slow down or accelerate or change direction of its propagation
up to turning back (reflection). Finding the wave packet trajectory in the
(x, k)-space is called ray tracing. It is done by solving the ray tracing equations
which follow from equations (4.5) and (4.8):

. ow(k, x)
X(t) = =5 (4.9)
k() = —Vw(k,x), (4.10)

where the dot means the time derivative. Note that here x(¢) and k(t) are
time-dependent vectors and not an independent coordinate x and a vector
field k(x,t) as before.

4.1.2 Instabilities

The concept of stability of an equilibrium state is very natural in our
everyday life, and it can be most easily illustrated by an example given in
figure 4.2. On the left we see a ball at the bottom of a dimple. If we push
the ball slightly out of equilibrium, it will experience a restoring force acting
toward the equilibrium point: this equilibrium is stable. On the right we see a
ball on the top of a hill. Slight disturbance will set this ball in a motion that
will take it away from the equilibrium point: this equilibrium is unstable.
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PN

FIGURE 4.2: Stable (left) and unstable (right) fixed points.

Generalising this example, we say that a fixed (equilibrium) point is stable
if for an arbitrarily chosen vicinity of this fixed point, all trajectories originat-
ing close enough to the fixed point will remain within the chosen vicinity. If
the trajectory is converging to the fixed point, then the stability is asymptotic.
If the solution is diverging from the fixed point (the distance to it is increas-
ing in time), then this equilibrium is unstable. Note that in our example on
the left of figure 4.2 the stability is asymptotic if friction is present: in this
case the ball will be converging to the bottom point in time. Without friction,
the ball will keep oscillating with non-decaying amplitude, so the stability is
not asymptotic. Also note that in our example on the right of figure 4.2 the
instability occurs for any initial disturbance, no matter how small. This type
of instability is usually studied using a linearisation of the dynamical equa-
tions with respect to the small disturbances, and therefore it is called a linear
instability.

One could slightly modify our example and consider a small dimple on
the top of the hill, so that there would be a minimal disturbance necessary
for setting the ball into the unstable motion. This kind of instability is called
a finite-amplitude instability, and it is very important in the fluid dynamics
context, but it is harder to study and we will omit it from the present book.

Instabilities play a central role in the fluid dynamics theory because of
their widespread occurrences in nature, laboratory and industry. Fluid insta-
bilities are usual precursors to turbulence—i.e. random fluid flows which are
more common than laminar flows. An important difference of the fluid in-
stability with the example above is that the equilibrium state is represented
by a particular flow configuration, i.e. by continuous fields (velocity, density,
pressure) rather than by finite dimensional coordinates.

Respectively, the perturbation of the equilibrium state is also a field, which
in general makes the fluid instabilities harder to study than the instabilities in
finite-dimensional systems, even in the linearised systems. This is because the
linear equations, in general, may have coordinate-dependent coefficients. and
their analytical solutions may be unavailable. Even worse, the respective linear
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operator may not be self-adjoint, which means that even if all the eigenmodes
are stable, there could be algebraically growing disturbances.

Simplifications arise when the equilibrium flow is uniform (coordinate-
independent) in one or several directions in physical space. Then an arbitrary
linear disturbance can be represented as a linear combination of independent
waves in this (these) direction(s). This approach is very similar to the one we
employed in section 4.1.1 when we studied waves.

y* ,,,,,,,,,,,,,,,,,,,,,,,,,,

FIGURE 4.3: Plane-parallel shear flow.

Let us consider a classical setup for instability studies—plane-parallel flow
with velocity u = (u(y),0); see figure 4.3. This flow is a stationary solution for
an ideal flow described by the inviscid flow (Euler) equations for any profile
u(y), but some profiles are known to be unstable. It is not possible to establish
stability or instability for an arbitrary profile u(y), but there exists a general
necessary condition for an instability. Namely, the famous Rayleigh criterion
(derivation of which can be found in many basic fluid dynamics texts) says that
for an ideal plane-parallel flow between two plates (with free-slip boundary
conditions) to be linearly unstable, the velocity profile u(y) must have an
inflection point—Ilike the point marked by a dashed line in figure 4.3. However,
this criterion only refers to exponentially growing modes associated with the
eigenvalue problem, and it does not rule out a possibility of algebraically
growing modes in flows without inflection points. In question 4.3.12 we will
consider one such example: algebraic growth of disturbances of a constant-
shear flow u(y) = sy, s = const (there are no eigenmodes at all for this flow).
We will also consider the most important example of a plane-parallel flow for
which the full analytical solution of the eigenvalue problem is possible: a flow
with constant velocities on both sides of an interface—the so-called Kelvin-
Helmholtz instability; see problem 4.3.10. We will also consider an instability
that arises when a heavy fluid is placed on top of a lighter fluid—the so-called
Rayleigh-Taylor instability; see problem 4.3.11.
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4.2 Further reading

Discussions of various aspects of waves and instabilities in fluids can be
found in most Fluid Dynamics textbooks, e.g. in the books An Introduction to
Fluid Dynamics by G.K. Batchelor [4], Elementary Fluid Dynamics by D.J.
Acheson [1], Prandtl’s Essentials of Fluid Mechanics by Oertel et al. [17] and
Fluid Dynamics by L.D. Landau and E.M. Lifshitz [14].

More advanced discussions of the waves can be found in the classical books
Waves in Fluids by J. Lighthill [15] and Linear and Nonlinear Waves by G.B.
Whitham [31]. An excellent text on the fluid instabilities is the book Hydro-
dynamic Stability by P.G. Drazin and W.H. Reid [5]. The Rapid Distortion
Theory of the question 4.3.12 is presented in detail in the book The Structure
of Turbulent Shear Flow by A.A. Townsend [27].

4.3 Problems
4.3.1 Motion of a wave packet

Consider a wave packet which looks like the monochromatic wave whose
amplitude is enveloped by a slow function which decays with the distance
from its centre; see figure 4.1. Such a shape can be represented as a linear
combination of monochromatic waves using the Fourier transform,

a(x,t) = /k y b(k) ek x—w00D) gk 4 c.c., (4.11)
€

where function b(k) is narrowly peaked around some wave vector k.; see figure
4.4. We will refer to k. as the carrier-wave vector.

1. Consider first an extreme case of a delta-function peak, b(k) = B 6(k —
k.), and recover the monochromatic wave expression (4.3).

2. Now take a slightly wider peak. If the peak is narrow enough, one could
Taylor expand function w(k) around k.. Find the condition on the char-
acteristic width of function b(k) for such a Taylor expansion to be valid.

3. Perform the Taylor expansion of w(k) around k. up to the linear in
(k — k.) term, and substitute it into the integral of expression (4.11).
Represent the result as a product of the monochromatic carrier wave
part a, = elkex—w(ke)t) and an envelope part a.. Find a. and show
that it varies in physical space much slower than the carrier wave part
Q.
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FIGURE 4.4: Fourier distribution in a wave packet.

4. By considering the x and ¢ dependence of a., prove that the envelope
(and therefore the wave packet as a whole) moves with the group velocity

_ Ow(k)
cg = Tt
5. By considering the x and ¢ dependence of a., prove that the wave crests
move with the phase velocity c,, = %‘T) ik

6. Consider now for simplicity a one-dimensional wave packet, i.e. such
that b(k) # 0 only for k that are in the same direction as k.. Con-
sider the Taylor expansion of w(k) around k. beyond the linear term,
establish which terms in the Taylor expansion lead to gradual evolu-
tion (dispersion) of the envelope shape a.. Thus establish the condition
for the waves to be non-dispersive, i.e. such that their envelope never
changes its shape.

4.3.2 Gravity waves on the water surface

We will start with the most familiar example: gravity waves on the water
surface.

Given information: kinematic boundary condition on the free surface
(3.4).

1. Consider infinitely deep water in the gravity field (directed in the neg-
ative z direction) with free surface at z = h(x,t) above which there is
air the atmospheric pressure. Assume that the flow below the surface is
irrotational and use the time-dependent version of Bernoulli’s theorem
to formulate the pressure boundary condition as an equation for the
velocity potential ¢ at the water surface.
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. Consider a plane wave solution

h(z,t) = 5 elke=wt) e gz, 2,t) = B(z) e P9 e (4.12)

where H is a real constant (wave amplitude) and B(z) is a complex
function.

From the incompressibility condition and the condition that the velocity
field must vanish as z — —oo, find the shape of the function B(z).

. Substitute (4.12) into the equations expressing the pressure and the

kinematic boundary conditions and, assuming that the wave is weak,
linearise these equations. Find the expressions of the frequency w as a
function of k and g, and the function B(z) in terms of H, k and g (g
being the gravity acceleration constant).

. Find a condition on the wave amplitude H under which the linearisation

procedure is justified. What does it mean in terms of the water surface
inclination?

. Find the phase and the group velocities of the gravity wave. What is the

ratio of these velocities?

. Find the shape of the fluid paths under the water surface.

4.3.3 Gravity and capillary waves: dimensional analysis

In this problem we will study waves on the water surface: gravity waves

which appear at larger scales and capillary waves at smaller scales. We will not
solve the fluid equations with free surface in presence of gravity and surface
tension, but we will take a short-cut by postulating that the wave properties
in the respective situations may only be determined by relevant dimensional
physical constants: the gravity acceleration in the case of the gravity waves
and the surface tension coefficient and the water density in the case of the
capillary waves.

1. Consider water in the gravity field with free surface above which there

is air the atmospheric pressure. Argue why the pressure of air above the
free surface cannot enter the force balance of the moving fluid particles
and, therefore, they will not enter into the characteristics of the water
waves.

. Consider a monochromatic wave on the free surface of infinitely deep

water in presence of gravity (ignore the surface tension for now). Since
the air pressure is irrelevant, and because there is no characteristic length
scale in the infinite depth ocean at rest, the only other physical quantities
that could determine the properties of the linear waves are the gravity
constant g, the wave vector magnitude k£ and the water density p.
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Find the physical dimensions of g, k and the wave frequency w. Find the
only possible combination of g, p and k which would have the dimension
of w and, therefore, find the dispersion relation w = w(k) for the gravity
waves. (As usual, such a dimensional method leaves uncertainty up to
an order of one dimensionless constant, which in our case appears to be
absent).

Does this relation depend on p? Why?

3. Now consider a monochromatic capillary wave on the free surface of
infinitely deep water whose oscillations are due to the surface tension
forces (ignore gravity). Find the physical dimension of the surface ten-
sion coefficient o, based on its definition as a force per unit length (think
of a force produced by a soap film onto a wire to which it is attached).

4. Find the unique combination of o, p and k which would have the di-
mension of w and, therefore, find the dispersion relation w = w(k) for
the capillary waves. (Again, the undetermined dimensionless constant,
in this case appears to be absent).

5. Now consider a system in which both gravity and surface tension are
present. Find the crossover wave length at which the capillary effect be-
comes more important than the gravity effect. Surface tension coefficient
at room temperature is about 0.072 Newton per meter, and the gravity
constant is 9.8 m/s?. Use these values to find the crossover wave length.

4.3.4 Inertial waves in rotating fluids

Given information: Euler equation in a uniformly rotating frame of ref-
erence (1.12) (with v = f = 0).

This problem concerns the dynamics of inertial waves, i.e. small perturba-
tions to the state of uniform rotation.

1. Write down an expression for the velocity field corresponding to uniform
rotation. Find the vorticity corresponding to this flow.

2. Consider a small perturbation u to the state of uniform rotation (with
an angular velocity €2) which has the form of a harmonic wave

u= Aei(k-x—wt) + A" e—i(k-x—out)7

where k is the wave vector, w is the frequency, A is the complex am-
plitude and A* is the complex conjugate of A. How small does the
amplitude A need to be for the nonlinear (with respect to A) terms to
be much smaller than the linear ones in the fluid equations?
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3. Consider the linearised equations of motion and derive the dispersion
relation w = w(k). (Hint: Take the curl of the Euler equation (1.12)
and use the identity V x (2 x u) = —(2 - V)u).

4. What is the polarisation of the inertial waves?

5. Are these waves dispersive or non-dispersive? Isotropic or anisotropic?
Explain why.
Find the group velocity for the inertial waves and comment on its relative
direction with respect to the wave number.

4.3.5 Internal waves in stratified fluids

In this problem we will study waves that arise due to stratification of the
fluid density: the so-called internal waves. They play important roles in both
atmospheric and ocean dynamics. In particular, in the oceans they provide the
principal mechanism for bringing the global conveyor belt currents from the
ocean’s bottom to the surface, and as such they are one of the key ingredients
in climate dynamics.

Equations for inviscid incompressible fluid in the presence of a density
stratification are (1.5), (1.3) and (1.4). In the presence of gravity f = —g2,
these equations become

1
u+ (u-V)u= f;Vp - g1z, (4.13)
V-ou=0 (4.14)
and
Op+u-Vp=0. (4.15)

Consider an incompressible fluid subject to gravity, which at rest has an
exponential density profile,

p=po(z) = po(0) e~ /",

1. Find the equilibrium pressure profile py(z).
2. Consider perturbations around the equilibrium state,
p=rpo(z)+p, u=n,
and linearise the fluid equations (4.13) and (4.15).

Consider perturbations in the form of a harmonic wave

A .

0 = ———eilkxwb pee (4.16)
po(2)

p = R\po(z)elk*x=t L e, (4.17)

P = P/po(z) et Lce, (4.18)
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where k € R? is the wave vector, w € R is the frequency, A € C? is a
constant vector and R € C and P € C are constant scalars; c.c. stands
for “complex conjugate”.

Substituting (4.16), (4.17) and (4.18) into the linearised equations, find
the wave dispersion relation, w = w(k).

3. Are these waves dispersive or non-dispersive? Isotropic or anisotropic?
Explain why.
Consider the short-wave limit kh > 1. Find the group velocity for the

inertial waves and comment on its relative direction with respect to the
wave vector.

4.3.6 Sound waves in compressible fluids

Equations for inviscid compressible flow are (1.5), (1.6) and (1.7). In ab-
sence of forcing (f = 0) for isentropic motions (S = const) of polytropic gas,
these equations become

1
du+ (u-Viju = f;Vp, (4.19)
Op+ V- (pu)=0 (4.20)
with
L const, (4.21)
p’Y

where v = const is the adiabatic index.

Consider a uniform gas at rest with p = pg = const, p = py = const and
u = 0. Small perturbations of such a state (p, p and @ respectively) propagate
as acoustic waves (sound) which will be studied in the present problem.

1. Substitute the disturbed fields p = pg + p, p = po + p and u = u into
the equations (4.19), (4.20) and (4.21) and, assuming the perturbations
to be small, linearise these equations.

2. Consider perturbations of the form of a harmonic wave

i = Aei(k-xfwt) +A* efi(k-xfo.)t)7 (422)
ﬁ — Bei(k'x—wt) + B* e—i(k‘x—wt)7 (423)

where k is the wave vector, w is the frequency, A and B are the com-
plex amplitude vector and scalar respectively, and A* and B* are their
complex conjugates.

Substituting (4.22) and (4.23) into the linearised equations, find the
sound-wave dispersion relation, w = w(k), as well as the relation between
A and B.

3. How small does the amplitude A need to be for the linearisation of the
fluid equations to be valid?
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4.3.7 Sound rays in shear flows: acoustic mirage

Acoustic rays may be bent and even reflected in strong wind conditions,
which may have an effect of sound amplification on the downwind side of
the source and appearance of a quiet zone on the upwind side. This effect is
similar to the mirage phenomenon arising due to deflection of light rays due to
refraction index variations in an inhomogeneously heated air. In this problem
we will study this effect using the ray tracing equations (4.9) and (4.10).

y i

sound source ———»

FIGURE 4.5: Sound propagation in a shear flow.

Consider a point sound source on the ground emitting acoustic wave pack-
ets in all upward facing directions; see figure 4.5. A strong wind above the
ground has a form of a boundary layer with plane-parallel velocity profile
u = (u(y),0,0) with

2
u(y) = 2t arctan(dy),
0
where y is the distance from the ground and § and ug are positive constants—
boundary layer thickness and velocity at high altitude respectively.
Sound frequency is modified in the presence of the wind by the Doppler

effect:
w=csk+k-u,

where k = |k| and ¢, is the speed of sound which we will assume to be constant
in this problem.

1. Prove that the xz-component of the wave number stays constant as the
acoustic packet moves.

2. Prove that the frequency stays constant as the acoustic packet moves.

3. Find the y-component of the wave number as a function of the height y.
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4. Find the condition for wave packet’s reflection, i.e. for turning its tra-
jectory back towards the ground. Find the height of the reflection layer

Y="Yr.

5. Sketch the acoustic rays. Explain the amplification of sound on the down-
wind side of the source and appearance of a quiet zone upwind of the
source.

4.3.8 Sound rays in stratified flows: wave guides, Snell’s law

When sound rays propagate in a medium with inhomogeneous pressure
or/and temperature they deviate from straight lines and may reflect off layers
with higher speed of sound. A quote from Wikipedia:

“The SOFAR channel (short for Sound Fixing and Ranging channel), or
deep sound channel (DSC), is a horizontal layer of water in the ocean at which
depth the speed of sound is at its minimum. The SOFAR channel acts as a
waveguide for sound, and low frequency sound waves within the channel may
travel thousands of miles before dissipating. This phenomenon is an important
factor in submarine warfare.”

This effect is similar to the refraction and reflection of light rays at the
interfaces of changing refraction index. The relation between the angles of
incidence and refraction is known in optics as Snell’s law. Consequently, a
similar Snell’s law can be found for the angles of incidence and refraction of
the acoustic rays, which will be the subject of the present problem.

Consider a stratified medium with the speed of sound being a
monotonously increasing function of one space coordinate, e.g. height y:
¢s = ¢s(y). A sound wave packet is emitted at y = 0 with a positive y-
component of the wave number.

1. Prove that the wave number component perpendicular to the y-axis
stays constant as the acoustic packet moves.

Prove that the frequency stays constant as the acoustic packet moves.
Find the y-component of the wave number as a function of the height y.

At which position y = y, will the wave packet reflection occur?

AT

Sketch the acoustic rays. Also sketch rays in a system which has a speed
of sound minimum around some layer y,, and discuss this system in
terms of its wave guiding properties.

6. Suppose now that the speed of sound changes abruptly at a sharp inter-
face: ¢s(y) = ¢1 for y < yo and cs(y) = ¢ for y > yo, where yo,c; and
co are positive constants and co > c1.

Find the condition of reflection for a sound ray approaching the interface
from y < yo, as well as the relation between the angles of incidence and
refraction (Snell’s law).
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4.3.9 Sound rays in a vortex flow: a black hole effect

Consider an acoustic wave packet propagating on background of a velocity
field u(x) produced by a point vortex with circulation I':

where 7 is the distance from the vortex and 6 is a unit vector in the azimuthal
direction.

Interaction with the vortex field will bend the acoustic rays, which may be
interpreted as a scattering process. Remarkably, under certain conditions the
rays spiral in and fall onto the vortex, which is a fluid dynamics analogy for
the black hole system. Below we will study this effect using the ray tracing
equations (4.9) and (4.10).

Sound frequency is modified in presence of a velocity field by the Doppler
shift:

w=csk+k-u,

where k = |k| and ¢, is the speed of sound which we will assume to be constant
in this problem.

1. Prove that the packet’s angular momentum M = kgr stays constant as
the acoustic packet moves. Here kg is the azimuthal component of the
wave number k.

2. Prove that the frequency stays constant as the acoustic packet moves.

3. Find the radial component of the wave number as a function of the
radius 7.

4. Find the “reflection” condition, i.e. a condition for the wave packets
approaching the vortex from infinity to turn and to start moving away
from the vortex.

5. What happens when the reflection condition is violated? Sketch exam-
ples of acoustic rays satisfying and violating the reflection condition.

4.3.10 Kelvin-Helmholtz instability

Consider a plane-parallel shear flow with profile
u=Ux for y>0 and u=-Ux for y <0,

where U = const > 0; see figure 4.6.
This flow is a stationary solution of the Euler equation. We will study
evolution of irrotational perturbations of the specified shear flow.
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FIGURE 4.6: Kelvin-Helmholtz instability setup: piecewise constant shear
flow with a tangential discontinuity.

1. Use Bernoulli’s theorem for time-dependent irrotational flow and formu-
late the pressure boundary conditions at infinity and on on the velocity
discontinuity surface. Linearise the resulting equation.

2. Formulate the kinematic boundary conditions on the discontinuity in-
terface corresponding to the top and the bottom side of this surface.
Linearise this condition.

3. Write the incompressibility conditions above and below the interface.

4. Consider a plane wave solution
bi(z,y,t) = As(y)eF=9D) L ce h=HeF9) fee,  (4.24)

where A4 (y) are real functions, H is complex number, k is the pertur-
bation wavenumber and w is frequency.

Substitute this plane wave solution into the incompressibility conditions
and find the shape of the function AL (y).

5. Substitute this plane wave solution into the linearised pressure and the
kinematic boundary conditions at the interface which you found in the
previous parts. Find w in terms of k£ from the resolvability condition of
the resulting equations. Show that the resulting values of w are purely
imaginary and one of them has a positive imaginary part, i.e. that the
wave perturbations experience an exponential growth (Kelvin-Helmholtz
instability).

4.3.11 Rayleigh-Taylor instability

Consider an ideal incompressible fluid at rest subject to gravity in the
negative y-direction. The fluid has density p4 in the upper half space y > 0
and density p_ in the lower half space y < 0.

This setup is at a steady-state equilibrium which is unstable if p; > p_,
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i.e. when the upper fluid is heavier than the lower one (e.g. water above oil).
We will study such an instability by considering evolution of small irrotational
perturbations of the specified configuration.

1. Use Bernoulli’s theorem for time-dependent irrotational flow and for-
mulate the pressure boundary condition on the density discontinuity
surface. Linearise the resulting equation.

2. Formulate the kinematic boundary conditions on the discontinuity in-
terface corresponding to the top and the bottom side of this surface.
Linearise this condition.

3. Write the incompressibility conditions above and below the interface.

4. Consider a plane wave solution
di(x,y,t) = Ax(y)e'®==D f e, h=Hekowt L ce (4.25)

where A4 (y) are real functions, H is a complex number, k is the per-
turbation wavenumber and w is the frequency.

Substitute this plane wave solution into the incompressibility conditions
and find the shape of the function Ay (y).

5. Substitute the plane wave solution into the linearised pressure and the
kinematic boundary conditions at the interface which you found in the
previous parts. Find w in terms of k£ from the resolvability condition
of the resulting equations. Find the condition under which the values
of w are purely imaginary and one of them has a positive imaginary
part, i.e. that the wave perturbations experience an exponential growth
(Rayleigh-Taylor instability).

4.3.12 Rapid distortion theory

Consider a plane-parallel shear flow with profile
U =syx, (4.26)

where X is the unit vector along the z-axis, s = const > 0 is the shear rate;
see figure 4.7.

This flow is a stationary solution of the Euler equation (1.5) (without
external forcing, f = 0). We will study the evolution of three-dimensional
wave-like perturbations of the specified shear flow. The crucial difference with
the above examples of the Kelvin-Helmholtz and the Rayleigh-Taylor insta-
bilities is that in the present case the evolution is “non-modal”, i.e. the wave
number of the perturbations will no longer be constant, and their growth will
not be exponential but algebraic.
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y A Uzsyfc

FIGURE 4.7: Constant-shear flow.

. Consider three-dimensional velocity and pressure perturbations, u and
D, of the shear flow (4.26) and linearise the Euler equation with respect
to these perturbations.

. Assume that the perturbations have wave-like shape,
a=1a(t)e*®* fece, and p=pt) e D> e, (4.27)

where k(t) = (kz(t), ky(t), k-(t)) is a 3D wavevector. Substitute (4.27)
into the linearised Euler equation and exclude p from these equations
using the incompressibility condition.

. Find the time dependence k(t) for which the coefficients in the linearised
Euler equation become independent of x.

. Assuming that k(¢) has the form found in the previous part, solve the
linearised Euler equation and thereby find 1.

. Find the asymptotic behaviour of @1 as a function of ¢ at t — +oo
assuming that the initial perturbation has a single initial wavenumber

k(O) = (sz Qy7Qz)~

. Now assume that the initial perturbation contains a continuous range of
wavenumbers with distribution Gy(q) which remains finite when ¢, —
0. Find the large-time behaviour of the part of the perturbation with

qz ~ 1/(5t)'
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4.4 Solutions
4.4.1 Model solution to question 4.3.1
1. Substituting b(k) = Bd(k — k) into (4.11) we have
a(x,t) = Belkex—wke)t) L
i.e. we recover the monochromatic wave expression (4.3).

2. If the peak is narrow enough, one can Taylor expand function w(k)
around k., namely

w(k) = w(ke) + (k — ke) - cg(ke) + o(|k — k), (4.28)
where Bl
cy = K

The expansion (4.28) is valid if |k — k.| < |w(k)|/|Vk,w(ke)| i-e. the
characteristic width o of function b(k) must be < |w(ke)|/|cy(ke)|. Sub-
stituting (4.28) into (4.11) we have:

a(x,t) ~ / bk) etkex—wlke)t=(k=ke)eo ) gk 4 ¢ ¢ = aoac+c.c., (4.29)
keR?

with the monochromatic carrier wave part

Qe = ei(kc~x—w(kc) t)

and the envelope part
a = / (k) i) (e 1) gl
keRd

Because of the multiplicative factor IA)(k)7 the contribution to this in-
tegral comes only from the wave vectors such that |k — k.| ~ ¢ <
lw(ke)|/|cg(ke)|. Thus, the main contribution to a. comes from z’ =
(x —c4t) ~ 1/o: for o' significantly greater than 1/0 the contribu-
tions of different ranges cancel each other because of the oscillations
in et(k—ke)(x=¢s ) Therefore, a. decays at a typical distance ~ 1/0 ie.
much slower than the wavelength of the carrier wave part a.: A\, = 27 /k..

3. Because the x and ¢ dependence of a. appears only via the combination

x' = (x — ¢4 t), the envelope (and therefore the wave packet as a whole)

moves with the group velocity c, defined above.
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4. The x and t dependence of a. appears in the combination
(ke - x —w(ke) t) = ke (x — (w(ke)ke/k2) t). Therefore, the wave crests
move with the phase velocity ¢, (k) where ¢,y (k) = $k|) I—k‘

5. In the 1D case, the Taylor Cxpansion of w(k) around k. is
w(k) = w(ke) + (k — ke)eg(ke) + (k ke)?w” (ke) +o(|k — kel?), (4.30)

where double prime stands for the second derivative. Then up to the
second order in ¢ for the envelope part we have:

ae = j( b(k) eih—ke)w—eq )= 5 (ke (ket g,
keR

As we see, the x and ¢ dependence no longer appears only via the com-
bination «’ = (z — ¢, t), so in addition to the motion of the wave packet
as a whole with the group velocity there is an extra ¢ dependence in
the envelope a. if w” # 0. Thus the condition for the waves to be non-
dispersive, i.e. such that their envelope never changes its shape, at this
order is w” = 0.

4.4.2 Model solution to question 4.3.2

1. For irrotational flow, u = V¢ (¢ is the velocity potential), Bernoulli’s
theorem for time-dependent irrotational flow is

Ot —|— p + (Vj) +gz=C, (4.31)

where C' is a constant (see equation (2.5)).
The pressure boundary condition states that p = pg on the water surface,
which means that at z = h(z,t) equation (4.31) becomes:

(Vo)?
2

[@¢+ ] +gh =0, (4.32)
z=h

where we have chosen the constant C' = 2, which corresponds to a
calibration condition that h = ¢ = 0 in the motionless state.

2. The incompressibility condition is V-u = V2¢ = 0. Substituting in here
oz, z,t) = B(z) e!F*=9) 4 c.c. we get
d’B
—— —k’B=0.
dz?
The solution of this equation decaying at z — —oo is
B(z) = Bye**,

where By is an arbitrary complex constant (we have chosen k > 0).
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3. Linearising the pressure boundary condition (4.32) we have

96, + gh = 0. (4.33)
Linearising the kinematic boundary condition (3.4) we have

Orh =, = [0.9],_, . (4.34)

Substituting (4.12) into the linearised pressure and the kinematic bound-
ary conditions, (4.33) and (4.34) respectively, we have:

—iw— = kB, (4.35)

—ino + g; = 0. (436)

The resolvability condition of this system gives us the expression of the

frequency w:
w = *t+/gk.

Here k > 0, and the plus/minus sign corresponds to the wave propa-
gating in the positive/negative z-direction. Alternatively we could have
allowed k to be of any sign and chosen w > 0: w = /g|k|. In this case
the wave would propagate in the direction of k.

Substituting the found relation for w into (4.36), we have

g H

BOZ—’L k?

Thus the solution for the velocity potential is:

o= H\/gekz sin(kz — wt). (4.37)

. When linearising the kinematic boundary condition, we neglected the

nonlinear term u,0d,h assuming it to be small in comparison with the
linear term w,. In our wave solution we have |u,| ~ |u.| ~ kB. Thus,
the linearisation is justified if

Ozh < 1,

i.e. if the angle of inclination of the water surface remains small. In terms
of the wave amplitude H this condition is

EH < 1.

It is easy to check that neglecting of the other nonlinear terms is valid
under the same condition.
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5. A particle which in the motionless fluid is located at the Eulerian posi-
tion (z, z) will move along a Lagrangian path around (z, z):

(@(t), 2(t)) = (w, 2) + (2(t), 2(t)).

For the particle trajectories Z(t) = ug, 2(t) = u, we have

Z(t) = 0,6 = Hw e cos(kx — wt), (4.38)
Z(t) = 0.¢ = Hw " sin(kx — wt), (4.39)

where we have neglected the deviation of the particle from it equilibrium
position (z, z) in the right-hand sides of the above equations assuming
them to be small (which is valid under the same condition as the lin-
earisation procedure).

Equations (4.38) and (4.39) describe motion along the circles

722+ 22 =12, where r = He.

4.4.3 Model solution to question 4.3.3

1. Only pressure gradients and not the pressure itself contribute to the
force on a fluid particle. If we added to an existing pressure field a
constant at each point of the physical space, then fluid motion would not
change. Thus the pressure of air above the free surface cannot influence
the dynamical characteristics of the water waves such as, e.g. the wave
frequency.

2. The physical dimension of g is L/T?—as for any acceleration. The phys-
ical dimension of k is 1/L and the physical dimension of the wave fre-
quency w is 1/T. The only possible combination of g,p and k which
would have the dimension of w is

w=w(k) =C/gk,
where C to an order one dimensionless constant (which in this case
appears to be 1).

This expression is independent of the density because the latter contains
the mass dimension (kg) whereas the rest of the quantities, w, g and k
do not contain the dimension of the mass.

3. The physical dimension of the surface tension coefficient o, based on its
definition as a force per unit length per unit density, is:

[0] = [mass][acceleration]/L = [kg]/T>.

4. The unique combination of o, k and density p which would have the
dimension of w is

o 1/2
w=wk)=C <> k32,
p
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where C' to an order one dimensionless constant (which, again, appears
to be 1).

5. The crossover wave number k. at which the capillary effect become more
important than the gravity effects may be estimated from balancing the
respective expressions for the gravity and the capillary wave frequencies:

a\"? gp
Vg ~<p) R Y

g

Using the numbers o = 0.072 N/m, p = 1000 kg/m? and 9.8 m/s?, for
the crossover wave length A, we have:

A= 2T 27, [ =0.017 m = 1.7 cm.
ke gp

4.4.4 Model solution to question 4.3.4
1. The rigid body rotation velocity is U = (€2 x r), so the vorticity is 2€2.

2. Comparing (u-V)u and 2(€2-u): nonlinear term (u-V)u can be neglected
if u < Q/E.

3. Taking curl of the Euler equation (1.5) (without external forcing, f = 0),
we have

0;V x u=2Q0,u.
Substituting the plane wave expression, we have
wk x A) = 2iQk. A. (4.40)
After cross multiplication of both sides by k:
—~wk*A = 2iQk, (k x A). (4.41)

Comparing the equations (4.40) and (4.41) we have
k
=420-~.
“ K

4. Substituting the above expression for the frequency into the equation
(4.40), we have

1
A” = 0, E(k X AJ_) = :l:iAJ_7 (442)

where A and A are the parallel and the perpendicular to k the pro-
jections of A respectively. Thus, the perpendicular to k components
of A oscillate with the same amplitude and with phase difference 7/2
with respect to each other (since i = ¢™/2), which means that the wave
polarisation is circular.
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5. For the group velocity we have

2Q
cy = 0w = :&:ﬁ(—kzkx, —k.ky, k7). (4.43)
The waves are dispersive: the group velocity depends on k = |k| for

any fixed direction of k. The waves are anisotropic: w depends on the
direction of k for any fixed k = |K|.

From the equation (4.43) we have c, - k = 0. Thus the group velocity is
perpendicular to the phase velocity, i.e. the inertial wave packets propagate
along their wave crests (rather than perpendicular to them an in the isotropic
wave cases); c.f. similar result for the internal waves.

4.4.5 Model solution to question 4.3.5
1. Integrating the equation (4.13) at rest we have
po(2) = ghpo(2).
2. Linearising the equations (4.13) and (4.15) we have

1 p

Ot = ——Vp+ Hphz, 4.44
p” b (4.44)

and
Oup + Tizply = 0. (4.45)

For the incompressibility condition we have
V-au=0. (4.46)

Substituting (4.16), (4.17) and (4.18) and the profiles po(z) and po(z)
into the above equations, we have

—iwA, = —ik,| P, (4.47)
—wA, = (—ik,+ %)P —gR, (4.48)
(4.49)
—wR = %Az (4.50)
and 1
(tk, + %)AZ +ik, A =0. (4.51)

Here L denotes the vector projection on the horizontal plane (x,y).

Then we obtain the dispersion relation by reducing this system in the
following sequence:
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e Scalar-multiply equation (4.47) by k, and solve it for P.

e Use the resulting expression for P and (4.51) to obtain an expres-
sion for P in terms of A, and substitute it into equation (4.48).

e Solve equation (4.50) for R and substitute the result into equation
(4.47).

e The only remaining variable A, will cancel out from the resulting
equation, which yields the systems solvability condition, i.e. the
dispersion relation:

w=wk)= _NEL (4.52)

NGRS

where N = /g/h is the buoyancy frequency.

3. In the limit kh > 1 we have w(k) = Nk, /k. For the group velocity we

find N

cy = Ohw = W(kzk;g, kyk?, —k.k?). (4.53)
The waves are dispersive as the group velocity depends on k. The waves
are anisotropic as w depends on the direction of k (i.e. not only on
k= [k|).
From equation (4.53) we have ¢4 - k = 0. Thus the group velocity is
perpendicular to the phase velocity, i.e. the inertial wave packets prop-
agate along their wave crests (rather than perpendicular to them as in
the isotropic wave cases); c.f. similar result for the inertial waves.

4.4.6 Model solution to question 4.3.6

1.

Substituting p = po + p, p = po + p and u = 0 into equations (4.19),
(4.20) and (4.21) and linearising, we have

2

1
ou=—-——Vp=--=Vp, (4.54)
Po Po

where ¢; = \/8p0p0 = \/'ypo/po is the speed of sound, and

Oip+poV - = 0. (4.55)

Substituting the harmonic wave perturbations (4.22) and (4.23) into the
linearised equations, we have:

2
—wA = —-2kB, (4.56)
Po
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and
—wB+pok-A=0. (4.57)

From the solvability condition of these equations we find the sound-wave
dispersion relation,

w = w(k) = Lk,
where & = |k|. Using this expression, we get the relation between A and
B:

Kk
A=5%p
pok

3. In the linear approximation we have assumed smallness of the nonlinear
term (u - V)u with respect to dyu. In terms of the amplitude A this
means |A| < ¢;. Easy to check that the other nonlinear terms are small
under the same condition.

4.4.7 Model solution to question 4.3.7
1. From the z-component of the ray tracing equation (4.10) we have
l;::,; = —0,w = 0.
Therefore k, stays constant as the acoustic packet moves.
2. The time derivative of the frequency along the wave packet’s trajectory
: Dyw = dyw + x(t) - Vw + k(t) - Fw.

Taking into account that d,w = 0 and substituting x and k from the ray
tracing equations (4.9) and (4.10), we have

th = O,

i.e. the frequency stays constant as the acoustic packet moves.

w=csk+k-u=cg\/kZ+k2+ku(y).

Solving for k,, we have

%:i¢w—mwwv_y

3. We have

T
S

4. According to the equation (4.9) the y-component of the packet’s velocity
is csky /k, so reflections occur when this velocity component is zero, i.e.
when k, = 0. This happens at y = y, where

w

u(yr) = Ur = E — Cs,
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which gives
1t Ty 1t m(w/ky — cs)
» = —tan = —tan ————.
Y ) 2U0 1) 2U0

Since y, must be positive, the wave packet’s reflection may only occur
if k, > 0. The second condition for the wave packet’s reflection is that
u, < maxu(y) = up, which gives

where kg = /k2 — kgy is the absolute value of the initial wave number.

5. A sketch of the acoustic rays is given in figure 4.8. Rays directed along
the wind are bent toward the ground and the most oblique of them get
reflected. This explains amplification of sound on the downwind side
of the source. Rays directed against the wind are bent away from the
ground including the ray with ko, = 0; hence appearance of a quiet zone
upwind of the source.

Yy I
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FIGURE 4.8: Sound rays in a shear flow.

4.4.8 Model solution to question 4.3.8
1. From the z-component of the ray tracing equation (4.10) we have
fcx = —0,w=0.

Therefore k, stays constant as the acoustic packet moves. The same is
true for the z-component of the wave vector. (Actually, one can choose
the y- and z-axes so that the initial k, is zero, in which case it will
remain zero at all time).
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2. The time derivative of the frequency along the wave packet’s trajectory
is

Dyw = diw + x(t) - Vw + k(t) - Frw.

Taking into account that d;w = 0 and substituting x and k from the ray
tracing equations (4.9) and (4.10), we have

th = 07

i.e. the frequency stays constant as the acoustic packet moves.

w = cs(Y)k = cs(y)\/ kT + E2.

Solving for k,, we have
w
ky(y):i”02 -k
y

3. We have

-

A

(y) '
cs(y)
x=

0

FIGURE 4.9: Sound rays in a stratified flow.

4. According to equation (4.9) the y-component of the packet’s velocity is
csky/k, so the reflections occur when this velocity component is zero,
i.e. when k, = 0. This happens at y = y, where

cs(yr) = Ok _ &(0) (4.58)

kL sina’

where « is the angle between the initial wave vector and the y-axis.

5. A sketch of acoustic rays is shown in the figure 4.9. A sketch of rays
in a system which has a speed of sound minimum around some layer
Ym 1is shown in the figure 4.10. The rays are trapped in some slab: they
move in a zigzag fashion getting repeatedly reflected at the regions with
higher values of the speed of sound. Therefore, systems with a minimum
of the speed of sound have a wave guiding property.
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yA

—

rays cs(y)

ym\

FIGURE 4.10: Sound rays in a stratified flow.

|

6. From relation (4.58) we know that the reflection will take place if ¢o >
cs(yr) e if
c1/ce < sina.

If this condition is violated, then the wave packet will not reflect—it
will emerge at the other side of the interface (refraction). The relation
between the angles of incidence and refraction can be found from the
frequency conservation:

c1k1 = coko,
which, together with k1, = ko, gives the Snell’s law for the angles of
incidence and refraction:

. Co .
Sln (g = — SIN Q7 .
C1

4.4.9 Model solution to question 4.3.9

1. Note that the wave packet’s angular momentum M = kyr is the z-
component of (k x r). We have:

Di(k xr) = (k x (c;sk/k+ 1))+ (r x Vw) = (k x u) + (r x V(k-u)).

Now u = “2(z x r), so

(rx V(k-u)) = (r V(%k- (zx1))) = f%(r X V(k x 1),) =
~Y k1) = —(k x u).

r
Thus D;M = 0: the angular momentum is conserved.

2. The time derivative of the frequency along the wave packet’s trajectory
is
Diw = dyw + %x(t) - Vw + k(t) - dpw.
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Taking into account that d,w = 0 and substituting x and k from the ray
tracing equations (4.9) and (4.10), we have

th = 07

i.e. the frequency stays constant as the acoustic packet moves.

w = co\/ k2 + k3 + ugky.

3. The frequency is

Solving for k2 we have

1 1 rM\*> M2
Q(w—uek9)2—kgzcg(w—> - —.

c 2mr2 r2

k=

r
S

4. Reflection occurs when k, = 0 i.e. when

cs| M
w:cs\k9|+u49k9: 8‘7“ |

2mr?’

The reflection point r = r, is given by a positive solution of this
quadratic equation

| M|+ \/c§M2 +2''Mw/m

-

2w

The solution for 7, exists if the discriminant is positive, which occurs
when M >0 or M < —2L¢,

me2
If the wave packet is approaching the vortex from infinity with starting
absolute value of the wave number ko, and impact parameter a (see the
figure 4.11), then w = cskoo and M = —kyoa. In this case the reflection
condition is

2
a<0 or a2> .
TCy
5. When the reflection condition is violated, i.e. if 0 < a < =-, the wave

packet does not turn back: it falls onto the vortex. A sketch of examples
of acoustic rays satisfying and violating the reflection condition is given
in figure 4.11.

4.4.10 Model solution to question 4.3.10

1. For irrotational flow, uy = £Ux + V¢+ (¢ is the velocity potential of
the perturbations), Bernoulli’s theorem for time-dependent irrotational

flow is
pr | (FUX+Voi)?

Oy + — P + 5 =Cy, (4.59)
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FIGURE 4.11: Sound rays in a point vortex flow.

where C is a constant (see equation (2.5)).

The pressure boundary condition states that p+ = pg at y — too.
2

Therefore, we choose the constant in Bernoulli’s equation Cy = B2 + UT,

which corresponds to a calibration condition that ¢+ — 0 for y — +o0.

Linearising the equation (4.59) we have

O + %i + Udyhy = %0. (4.60)

At the interface the pressures p; and p_ must match. In the linear
approximation we can ignore deviation of the interface y = h(x,t) from
its unperturbed location, y = 0. Thus, using the equation (4.60) and
matching p; = p_ at y = 0, we have

Oy + Uyt = Opp_ — Udytp_. (4.61)

2. The kinematic boundary conditions on the interface corresponding to
the top and the bottom side of the interface are:

Oth + (ug)+0:h = (uy)+ at y = h(x,t). (4.62)
Linearising this equation we have

Oh £ U0 h = 0y¢+ at y=0. (4.63)

3. For the incompressibility conditions we have:

Vipy =0. (4.64)
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4. Substituting the plane wave solution (4.24) into the equation (4.75) we
have
A:t(y) = B:I:eq:kya

where By are real constants. Here we assume that £ > 0 and choose the
solution that decays at y — £oo.

5. Substituting the plane wave solution (4.24) into the equation (4.61) we
have

~wB, +UkB, = —wB_ — UkB_, (4.65)

and from the linearised kinematic boundary conditions (4.63) we have:

—iwH = ~UikH — kB, = UikH + kB_. (4.66)

kB_ kB,
= = . 4.67
i(—w—Uk) i(w—Uk) (4.67)
From the equations (4.65) and (4.67) we have the following resolvability
condition:

(w+Uk)? = —(w — Uk)2. (4.68)

or
w=iy, ~v==xUk. (4.69)

Thus we see that there are two modes with purely imaginary frequencies,
one with a positive and another with a negative imaginary parts. We
have

e—iwt _ e'yt

)

i.e. the mode with positive ~ is unstable.

4.4.11 Model solution to question 4.3.11

1. For irrotational flow, ux = Vo1 (¢4 is the velocity potential of the
perturbations), Bernoulli’s theorem for time-dependent irrotational flow

is
v 2
Db + 2= 4 (o) _ gy =Cy, (4.70)
P+ 2
where Cy is a constant (see equation (2.5)).

= p—i, where

We choose the constant in Bernoulli’s equation to be Cy
po is a reference pressure at the density discontinuity surface when the

latter is at rest.

The pressure boundary condition states that p; = p_ at the moving
density discontinuity interface h = y(z,t).
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Linearising the equation (4.70) we have

at¢i+pi—po

—gy =0. (4.71)
At the interface the pressures p; and p_ must match. In the linear
approximation we can ignore deviation of the interface y = h(z,t) from
its unperturbed location, y = 0, in all terms except for gy = gh(x,t).
Thus, using the equation (4.71) and matching p; = p_ at y = 0, we
have

p+(0ed+ — gh) = p—(Orp— — gh). (4.72)

. The kinematic boundary conditions on the interface corresponding to

the top and the bottom side of the interface are:
Oth + (ug)+0:h = (uy)+ at y = h(x,t). (4.73)
Linearising this equation we have

Oth = 0y at y=0. (4.74)

. For the incompressibility conditions we have:

Vi = 0. (4.75)

. Substituting the plane wave solution (4.25) into the equation (4.75) we

have
As(y) = Bre™,

where By are real constants. He we assume that k£ > 0 and choose the
solution that decays at y — +o0.

. Substituting the plane wave solution (4.25) into the equation (4.72) we

have

p+(—iwBy — gH) = p_(—iwB_ — gH), (4.76)

and from the linearised kinematic boundary conditions (4.74) we have:
—iwH = —kB; =kB_. (4.77)

From the equations (4.76) and (4.77) we have the following resolvability
condition:

p(W* [k = g) = p-(—w*/k — g), (4.78)
(p— — p+)gk
p—+pr

w =

(4.79)
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Thus we see that in the case p— > py we have a real frequency which
corresponds to a propagating wave. This is a generalisation of the surface
gravity wave considered in question 4.3.2.

In the case p_ < p4 there are two modes with purely imaginary frequen-
cies, w = i, one with a positive and another with a negative imaginary
parts:

— p_)gk
N G D3 (4.80)
p—+ Py
We have
eiwt _ e’yt,

i.e. the mode with positive ~ is unstable.

4.4.12 Model solution to question 4.3.12

(a) Consider the three-dimensional velocity and pressure perturba-
tions, & and p, of the shear flow (4.26). The linearised Euler equa-
tion is 1

ou+ (U-Va+ (a-V)U = - Vp, (4.81)
or, substituting for U,
- - U 1.
0it + sy 0,0 + sty X = > Vp. (4.82)

Taking divergence of this equation and taking into account the
incompressibility condition V - @ = 0, we have

1
- V2P = 250yl (4.83)

(b) Assuming that the perturbations have wave-like shape (4.27), equa-
tions (4.82) and (4.83) become:

. 1
Optt+ i(k - X) + sy ikptl + sity % = — = ikp. (4.84)
P
and )
KL = 2sik, .
P

Solving the latter expression for p and substituting the result in
(4.84) we have

. 2k
Oyt + i(k - x)0 + sy ik, 0 + sty (x ~k k;) =0.  (4.85)
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(c) For the coefficients in the linearised Euler equation (4.85) to become
independent of x we must have

~

or

(k-x) = —sy kq,

ky =k, =0 and ky = —skyg.

Solving these equations, we have

ky =qz, k.=gq. and ky =4y — 8¢z t,

where q = k(0) is the initial wave number.

Substituting these expressions into (4.85) we have

Oy + st (1 20: > 0
tU SU, — = s
o @2+ (qy — 5¢21)% + ¢2
X R 0 (qy — 5G21)
Oilly — 250 = 0,
Y @2+ (qy — squt)? 4+ ¢2
N N 429>
Oy, — 251l = 0.
: Va2 4 (qy — 5qat)? + ¢

Integrating the equation (4.87) we have

q2

a2 + (qy — sqot)> + ¢2’

iy (t) = 1y (0)

(4.86)

(4.87)

(4.88)

(4.89)

where ¢ = ¢2 + ¢ + q7. Substituting (4.89) into (4.86) and (4.88)
and integrating, we have

where

B = i) L [—qEH qgu} +114(0),
a2+ q? q?
. N 4zqz 2 .
uy(t) = 10,0 A+ p| +4,(0),
(t) y()q%wg[q 1] (0)

tao(g? + ¢2)'/?
A = — 5775 arctan 5 sz(ql ¢:)
4z (a2 + )Y q% — stqqqy
st(q® — 2q5 + stqzqy)
@2+ (qy — squt)> + 2’

)

'LL:

(4.90)

(4.91)

(4.92)

(4.93)

At large time, t — 400, we have 4, — 0. Also, A and p tend
to some constant values, and so do u, and ,. Thus, there is no
instability if only a single wave was chosen as an initial condition.
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(f) If the initial perturbation contains a continuous range of wavenum-
bers with distribution @p(q) which remains finite when ¢, — 0,
then at large ¢ the part of the perturbation with g, ~ 1/(st) will
behave as

Uy ~ st, 1, ~ const, 1, ~ const.

Thus we see that such perturbations of the constant shear flow
grow algebraically (linearly in time). One can show that the total
energy of the perturbations will also grow algebraically,

E:f/ﬁQ(k)dsz/ai(k)det.

This is because the k-space volume contributing to the integral is
proportional to the range of contributing k, = g, which shrinks in
time as ~ 1/(st).
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Chapter 5

Boundary layers

5.1 Background theory

Boundary layers are flows formed in the close vicinity of solid boundaries.
Their properties significantly differ from the properties of the flows further
away from the boundaries; see figure 5.1. Boundary layers are most clearly
defined for laminar flows with high Reynolds numbers, because in this case
this will be the only part of the flow where viscosity is important, whereas
the flow in the exterior is nearly ideal. One could roughly think that such
an ideal flow is slowly varying (often irrotational) and satisfying the free-slip
boundary conditions on the solid surface. In the other words, when finding
the exterior flow, presence of the boundary layer can be ignored because it
is much thinner than the typical length scale L in the exterior flow, § < L;
see figure 5.1. On the other hand, the value of the velocity slip serves as a
boundary condition at the top side of the thin boundary layer. The role of
the viscosity here is to eliminate the free slip by slowing the velocity down to
zero rapidly within a thin layer so that the no-slip boundary condition could
be satisfied at the bottom side of the boundary layer. Since the viscosity
coefficient is small, the velocity gradient in the boundary layer must be large
so that the viscosity term would become sufficient to balance the other terms
in the Navier-Stokes equation. For this reason the boundary layer is thin—
thinner than the curvature radius of the solid surface—and it can be locally
thought as a plane-parallel shear flow. These ideas were originally presented in
Prandtl’s 1905 paper [20] and they remain a conceptual basis for the modern
boundary layer theory in laminar flows. Very good detailed presentation of the
laminar boundary layer theory can be found in the Acheson’s book Elementary
Fluid Dynamics [1] as well as in FEssentials of Fluid Dynamics by L. Prandtl
[21].

If the flow far from the boundary is turbulent then the structure of the
boundary layer is more complicated, and it cannot be defined as a layer be-
yond which the flow is ideal (and in some cases irrotational). Indeed, turbu-
lent motions span over a wide range of scales including such small scales at
which viscosity is important. Also, turbulent flows are never irrotational. In
the present chapter we will only consider laminar flows. We will study the

99



100 Fluid Dynamics via Examples and Solutions

FIGURE 5.1: Boundary layer profile.

structure of a turbulent flow near a solid boundary later when we consider
turbulence in chapter 8; see problem 8.3.6.

Below, we will start with a problem which takes us though derivation of
a simplified set of equations for the boundary layer flows which takes into
account the difference of scales in the boundary layer and in the exterior
flow, § <« L. These equations will be used further in questions dealing with
boundary layers produced by a uniform flow over a flat plate and by a constant
strain flow over a flat plate. This will be followed by considering boundary
layers produced by an oscillating flow and by a rotating fluid over a rotating
boundary.

5.2 Problems
5.2.1 The boundary layer equations

Following the ideas explained in the background theory section above,
and in Prandtl’s 1905 paper [20], we will consider a laminar high Reynolds
number flow over a smooth boundary, and will assume a scale separation.
Namely, we will suppose that locally the boundary layer flow is close to being
plane parallel, with dominant velocity component along the boundary, and
the fastest velocity gradients in the normal to the boundary direction. Such
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a scale separation will allow us (following Prandtl’s 1905 paper) to derive a
simplified set of the boundary layer equations.

Consider a flow with a typical velocity U near a bluff body with a charac-
teristic length scale L as in figure 5.1. The flow is laminar and the Reynolds
number is high, Re = UL/v > 1, where v is the viscosity coefficient. The
boundary layer is thin with characteristic thickness § < L and it is attached
to the surface, i.e. there are no streamlines originating at the surface and
penetrating to distances ~ L away from the surface.

1. Taking into account that the boundary layer flow is locally almost plane-
parallel, write a physical estimate for the boundary layer thickness §
from balancing the inertial and the viscous forces within the boundary
layer (so that the flow could be slowed down to satisfy the no-slip bound-
ary condition at the solid surface). Express your answer in terms of L
and Re.

2. Rewrite the two-dimensional Navier-Stokes equations in terms of the
non-dimensional scaled variables

’ £ ’ Y / u I v / p

Tr = — ==, U == V = =77~ =

Y75 U’ we/L) ¥ T o7
where u, v and z,y are the parallel and the perpendicular to the bound-
ary velocity and coordinate components respectively.

3. By taking the limit Re — oo with all primed functions and their deriva-
tives with respect to the primed coordinates kept O(1) with respect to
1/Re, derive the boundary layer equations:

,ou o ap 0%
= = 4= 1
Yoz v oy’ oz’ + oy'?’ (5.1)
op’
ou o

4. Rewrite the boundary layer equations in terms of the original (unprimed)
variables.

5. Formulate the boundary conditions for the obtained equations at y = 0
and at y = oo.

5.2.2 A boundary layer over a semi-infinite plate

Consider a boundary layer at a semi-infinite flat plate at y = 0, x > 0
produced by the flow which is in the inviscid exterior (i.e. outside of the
boundary layer) has uniform velocity with magnitude U and directed parallel
to the plate along the z-axis; see figure 5.2.
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U y

—_—

(%)

FIGURE 5.2: Boundary layer over a semi-infinite plate.

1. Use a dimensional argument to find § in terms of v,U and z.

2. Explain why we should be seeking solution for the velocity components
in the boundary layer in the form

u=Uf(n), and v= U?(Sg(n)

Find the boundary conditions for f(n) and g(n).

3. Use the incompressibility condition to find an equation relating f(n) and
9(n).

4. The z-momentum equation in the boundary layer is (c.f. problem 5.2.1):
1
ulgu +v0yu = ——0,p+ vOyyu, (5.4)
1 P Y1

where p = p(z) = p*“*(z,0) is the value of the pressure in the external
ideal flow at the boundary. Find the first term on the right-hand side of
equation (5.4).

Substitute v and v in terms of f and g into equation (5.4) and find the
second equation relating f(n) and g(n). Using the two equations for f(n)
and ¢(n), find a single ordinary differential equation for f(n). How many
boundary conditions does one need to solve this equation? Specify all
these boundary conditions.

5.2.3 Boundary layer produced by a pure strain flow

Consider a boundary layer at an infinite flat plate at y = 0 produced by a
flow which is in the inviscid exterior (i.e. outside of the boundary layer) that
has the form of a pure strain flow,

ue:ct _ (uext7vea:t) — (Oé.%‘, —ay); (55)

see figure 5.5.
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FIGURE 5.3: Boundary layer near a stagnation point.

. Find the pressure field p®*!(

Bernoulli’s theorem.

z,y) in the inviscid exterior flow using

. The boundary layer equations are (c.f. problem 5.2.1):

1

ulgu +voyu = ——0zp+ vOyyu, (5.6)
p

Ou+0yv = 0, (5.7)

where p = p(z) = p®*(x,0). Find the first term on the right-hand side of
equation (5.6). From the xz-dependence of this term, deduce that every
term in equation (5.6) must scale linearly with x.

. Thus deduce that u scales linearly with z and v is independent of z,
i.e. the boundary layer thickness J is z-independent. Use a dimensional
argument to find § in terms of v and a.

. Express v in terms of a non-dimensional function f of non-dimensional
variable n = y/¢:
v="0"f(n).

Using a dimensional argument, find v* in terms of v and «.
. Find u in terms of f using the incompressibility condition (5.7).

. Substitute u and v into the equation (5.6) and find the ordinary differ-
ential equation for f(n).

. Use the no-slip boundary conditions on the plate and the conditions of
matching to the exterior inviscid flow to find the boundary conditions

for f(n).

. You might like to solve the found equation for f(n) with the obtained ini-
tial conditions using e.g. MATLAB®’s ODE45 programme and thereby
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find the profile of the boundary layer. (This could be useful if the prob-
lem is offered as a homework in a fluid dynamics course where the use
of computers is encouraged).

5.2.4 A flow near an oscillating wall

\J

- X
U coswt

FIGURE 5.4: Boundary layer near an oscillating wall.

An incompressible viscous fluid with viscosity v occupies the space 0 <
y < oo above a plane rigid boundary y = 0 which oscillates in the z-direction
with velocity U coswt where U and w are constants; see figure 5.4.

1. Formulate the no-slip boundary condition for this problem. Formulate
the boundary condition at y — oo.

2. Prove that there is no y-component of velocity in this flow, v = 0.

3. Assuming that there is no applied pressure gradient, show that the z-
component of the velocity, u = u(y, t), satisfies the equation

2u

Owu = ,
U l/ay2

(5.8)

where v is the kinematic viscosity coefficient.

4. Using substitution u(y, t) = f(y) e"“!+c.c. (where c.c. denotes complex
conjugate), find the solution for the boundary layer velocity.

5. Estimate the boundary layer thickness 4.

5.2.5 A boundary layer in a rotating fluid

Given information: The flow equation in a uniformly rotating frame,
equation (1.12).

This problem considers a boundary layer forming in a rapidly rotating
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A

\

FIGURE 5.5: Boundary layer in a rotating fluid.

fluid—the so-called Ekman boundary layer. Such boundary layers model at-
mospheric flows near surfaces of rotating planets, e.g. the Earth.

Consider a semi-infinite flow over an infinite plate at z = 0 uniformly
rotating with angular velocity € directed normally to the plate, & = (0,0, Q);
see figure 5.5. In the inviscid exterior (i.e. far enough from the plate) the
flow itself is rotating with angular velocity Q* = (0,0, 2*), which is close to
the plane’s rotation, |Q* — Q| < Q. There is also a constant z-component of
velocity in the exterior flow we,¢ which, as we will see later, will be determined
by the rotation angular velocities.

1. Write down an expression for the velocity of the flow uniformly rotating
with angular velocity Q* = (0,0, Q*).

2. Write an expression for the Rossby number, i.e. the ratio of the typical
values of the convective nonlinearity and the Coriolis terms in equation
(1.12). What can you say about the value of the Rossby number under
the condition |Q* — Q| < Q? What term in equation (1.12) can be
neglected?

3. Formulate the no-slip boundary condition for this problem. Formulate
the boundary condition at z — oco.

4. Find the pressure field in the exterior inviscid flow, p¢*t.

5. Use dimensional analysis and find the characteristic thickness of the
boundary layer § assuming that the only relevant dimensional quantities
in our problem are € and v.

6. Consider the steady-state flow u = (u,v,w) in the boundary layer at
the distance r from the axis of rotation such that r > §. From the
incompressibility condition, deduce that |w| < |u| and |w| < |v].

7. Use condition r > § to simplify the viscosity terms in the components
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of the momentum equations. Argue that the viscosity term can be ne-
glected in the z-momentum equation and, therefore, pressure p is ap-
proximately independent of z and equal to its exterior value pey;.

Substitute p = pey¢ into the - and y-momentum equations and the
boundary conditions you found before and solve for u and v.

Use the incompressibility condition and the solution for u and v and find
w. Using the boundary conditions find the relation for we,; in terms of
Q, Q" and v.

5.3 Solutions
5.3.1 Model solution to question 5.2.1

1. The viscous term is important in the boundary layer if it is of the same

order as the inertial term:
|vV2u| ~ |(u- V)ul.

Considering the fact that the boundary layer flow is nearly plane-parallel
with u ~ U and v ~ ud/L < u (the latter follows from the incompress-
ibility condition), we have

vU/§* ~ U?/L ~vU/S.

Thus
6~ L/Rel/?

This relation confirms that § < L when Re > 1.

. The stationary two-dimensional Navier-Stokes equations written in com-

ponents are

ou  Ou  Op u  0%u
U% +U87y = *&‘FV@‘FV@, (59)
v v dp o%*v 0%v
- - = =z - — .1
u8x+v8y 8y+yax2 +Vay2’ (5.10)
Qu v _ (5.11)

oz oy
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In terms of the non-dimensional and scaled variables we have

u,@fu’4_y,8u’ B _iﬂ_ﬁ_i 0%/ n %!
ox’ oy 0x'  Re 022  0y'?’
1 SO o' 172 00 1 0%/ 1 9%
Rell2 [“a Yoy T TR oy TR apr T Rell2 gy
o o
)
ox' oy

From this system in the limit Re — oo in the leading order we obtain
the reduced system (5.1), (5.2) and (5.3).

3. Integrating equation (5.2) and writing the equations in terms of the
original variables we have:

ou  Ou  Op 0%u
U%+U87y = 7%+1/87y2, (512)
p = p(x) — independent of y, (5.13)
ou v
oy - (5.14)

4. First of all, we have the no-slip boundary conditions at the solid surface:
u=(u,v)=0 at y=0.

The conditions at y — oo correspond to matching to the ideal exterior
flow. Note that because of the scale separation the matching range can
be considered as y — oo for the boundary layer solution and as y — 0
for the exterior flow. Thus u must be matched to the velocity slip of the
exterior flow at the boundary, and p = p(z) must be matched to the
pressure of the exterior flow at the boundary:

ext]

[u]yﬁoo = [uert} y—0"’ p(m) = [p y—0 "

5.3.2 Model solution to question 5.2.2

1. Because the semi-infinite flat plate does not have a length scale L, the
only remaining relevant quantity having the dimension of length is the
distance from the plate’s edge x. Thus,

2. Thus the similarity variable is n = y/é = y/U/vz.

The fact that « must match U at y — oo suggests that we should be
seeking solution in the form

u="Uf(n)
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with boundary conditions
fn)=0at n=0, and f(n)=1 at n— oo, (5.15)

which follow from the no-slip condition at y = 0 and matching to the
exterior ideal flow respectively. On the other hand, from the incom-
pressibility condition d,u = —0yv, we have v ~ ud/x < u (c.f. problem
5.2.1). This suggests that for v we should take

Ué vU
v=—gn) =/ —9n),
with boundary conditions
gn)=0 at n=0, and g(n) =0 at n — oo, (5.16)

which follow from the no-slip condition at y = 0 and matching to the
exterior ideal flow respectively.

From the incompressibility condition we have:

o) =g/ (). (5.17)

Because the external ideal flow is uniform, it has a constant pressure
which is imposed through the boundary layer. Thus the pressure gradient

term in the boundary layer equation is zero. Substituting for v and v in
terms of f and g into (5.4), we have

oI e = 1" (5.18)

Combining equations (5.17) and (5.18), we have a single equation for

the profile f:
f B f// /
-5 = (f’) ) (5.19)

which must be solved with three boundary conditions: two conditions
(5.15) and a third one arising from (5.16). To find the latter we write
from (5.17)
(",
g(n) =5 | 0f'(7) di.
0

This automatically gives ¢g(0) = 0, whereas the condition g(co) = 0
implies

/ nf'(n)dn =0,
0

which is the required third condition on f.
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5.3.3 Model solution to question 5.2.3
1. From Bernoulli’s theorem we have

p“** = const — g( 22 + a®y?).

2. For the first term on the right-hand side of equation (5.6) we have

——0,p = o’
p

The linear z-dependence of this term implies that every term in equa-
tion (5.6) must be o z. This can be realised when v « z and v is
z-independent.

3. The only combination of v and « with the dimension of the length is
(v/a)'/2, so

§ ~

QIR

4. The only combination of v and « with the dimension of the velocity is
(va)'/?, so

v* ~ Vra = ad.
5. Thus we consider a self-similar solution

v = 70[5f(77),

where the minus sign is chosen so that f > 0.
6. From the expression for v and the incompressibility condition we have
dyv = —0,u = —af'(n).
Thus
u=azf(n).

The integration constant here is set to zero to allow matching to the
inviscid exterior (see below).

7. Substituting w,v and the previously found pressure term into equation
(5.6), we have

axfaf — aéfom;%f” =a’z + I/%f”l,

or

(f/)Z _ ff// — 14+ f”/~
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8. The no-slip boundary conditions are u(0) = v(0) = 0 at y = 0. From

u(z,0) = 0 we have

f'(0) =o0.
From v(z,0) = 0 we have

f(0) =0.
Matching to the external inviscid flow gives

lim = ar,

y/d—00

S0

f(o0) = 1.

5.3.4 Model solution to question 5.2.4

1. The no-slip boundary condition for the velocity field u(z,y,t) is as fol-

lows:
u(zx,0,t) = U coswt. (5.20)

The boundary condition at infinity is

u(z,y,t) >0 at y— oo. (5.21)

. Our system is invariant with respect to z-shifts, so w is independent of

x, and using the incompressibility condition, we get v = 0.

For the solution see the derivation of the equation (6.14) in section 6.1.
In our case there is no pressure gradient, so we have to put f = 0 in this
equation.

Substituting u(y,t) = f(y) e~*! + c.c. into equation (5.8) we get:
—iwf =vf",
where the double prime stands for the second derivative with respect to

y. The solution of this equation decaying at y — oo is

)

fly) = CeIVEY

where C is a constant. Substituting this expression into u(y,t) =
f(y)e ™t + c.c. and using the boundary condition (5.21), we get the
solution for the boundary layer velocity:

u(y,t) = Ue VY cos (”;j/y —wt> .

The boundary layer thickness is determined by the decay distance of the
exponential function in the above expression:
2v

0~/ —.
w
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5.3.5 Model solution to question 5.2.5

1.

The velocity of the flow uniformly rotating with angular velocity 2* =
(0,0,9%) (measured in the frame rotating with angular velocity © =
(0,0,9)) is

Uertl = (2 — Q) X x. (5.22)

. The Rossby number is considered in question 1.3.3. It is defined by

expression (1.16). Using the expression (5.22), we can rewrite expression
(1.16) as:

Ro=|Q* —Q]/]9|. (5.23)
Thus, the Rossby number is small, Ro < 1, if |Q* — Q| <« Q. Under
this condition the nonlinear term (u - V)u in equation (1.12) can be
neglected:

1
du=—-Vpp —2Q x u+vVu, (5.24)
P

where pr = p — Q?r?/2.

. Since equation (1.12) is for the frame rotating with the angular velocity

€2, the no-slip boundary condition is simply
u=0 at z2=0. (5.25)

The boundary condition at z — co amounts to matching to the inviscid
exterior flow:
U = Ueptl + Wear 2 ab z — o00. (5.26)

Neglecting the viscosity term in the stationary version of equation (5.24),
for the z- and y-components we have:

1

=2yt = —2Q(Q" — Q) = —;axp;ﬁ. (5.27)
1

2Quewt = _29(9* - Q)y = —;ayp%xt. (528)

Integrating these equations we have:
Pt = pSt £ 022 )2 = po + QT — Q/2)r? & po + Q%2 )2,

where pg is a constant.

. The physical dimension of Q is 1/T and the physical dimension of v is

L?/T. The only combination of Q and v having the dimension of length

is \/v/Q, so
0~/ v/

. We have O,u ~ u/r, Oyv ~ v/r and d,w ~ w/é > w/r. From the

incompressibility condition we get d,u ~ dyv ~ J,w, so we conclude
that |w| < |u] and |w| < |v].



112

Fluid Dynamics via FExamples and Solutions

7. Using the condition r > ¢, we can estimate

Oyt ~ u/(52 > u/r2 ~ Ogatt ~ Oyy

and
D2zV ~ )62 > 0/1? ~ Oppv ~ Dyyv.

Therefore, only z-derivative terms can be retained in the viscosity terms
in the momentum equations:

1

20 = —; PR+ V0., U, (5.29)
1

20 = = —; PR + 10,0, (5.30)
1

0= = —; PR + VO, w. (5.31)

Because w < u,v, the viscosity term in the z-momentum equation is
much less than the viscosity terms in the x- and y-momentum equations

and, therefore, can be neglected. Therefore, the reduced pressure pg is

approximately independent of z and equal to its exterior value p&t.

Thus, the pressure terms can be substituted from the exterior equations
(5.27) and (5.28):

—2Q(V — Vegt) = vO,u, (5.32)
20U — Uegt) = = vI,0. (5.33)
Introducing a complex variable
[ =1 — tegt + (0 — Vear),
we have the following complex equation:
v, f =2Qif.

Since the velocity must match the exterior velocity value at large z, we
have to choose a solution for f which is decaying at z — oc:

f — Ae—(l—i—i)z/(i’
where A is an arbitrary function of x and y which has to be fixed by the
no-slip boundary condition u =v =0 at z =0, i.e. f = —Uegt — Wert at

z = 0. Thus

A= —Uezt — Wegt
and for the velocity components we have:

Uext — e */? (Uezt c0S(2/0) + Vgt sin(z/6)), (5.34)
Vet — € ° (Ut €0S(2/8) — Uer sin(2/5)). (5.35)
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9. Using the incompressibility condition we have:

w = _/ ((9116(1', y>Z/) + 33,,7)(96,:1/,2/)) dZ/.
0

Substituting here the solution for u and v and integrating to z = oo using
the matching condition w|,—c = Weqzt, we get the following relation,

Wegt = 6(61-1)6;“ — 3yuext)/2 = (Q* — 9)5

Note that this expression is positive for cyclones, 2* > ), and negative
for anticyclones, 2* < Q. This effect is called Ekman pumping.
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Chapter 6

Two-dimensional flows

6.1 Background theory

In this chapter, we will consider the most basic two-dimensional (2D) flows
in ideal and viscous incompressible fluids. In 2D flows, the velocity field has
two components which depend on two physical space coordinates and time,
u = (u(zx,y,t),v(z,y,t),0). Respectively, the vorticity field has only one non-
zero component, w = (0,0,w(x,y,t)). This component satisfies the equation
(2.21), which we will reproduce here for convenience:

Dyw = (0, + (u-V))w = vV3w. (6.1)

For 2D incompressible flows, one can introduce a representation of the
velocity field in terms of stream function ¢ (z,y,t) as follows,

u=Vyxz, (6.2)

or in component form

u=0y, v=—0%. (6.3)
In terms of the stream function the vorticity is:
w=—-VZ%. (6.4)

If the 2D flow is irrotational, then we also have a representation in terms of
the velocity potential u = V¢, or

u=0,6, v=20,0, (6.5)

and the viscous term is automatically zero, vV?u = vVV?2¢ = 0.
Combining expressions (6.3) and (6.5) we have

0x = 3y1/% 8y(i) = —0.9. (6'6)
These relations are nothing but the Cauchy-Riemann conditions, i.e. necessary

and sufficient conditions for a complex function w(z) = ¢ + i) (where z =
x + 1y) to be complex differentiable, that is, holomorphic. The function w(z)

115
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is called the complex potential. Both real and imaginary parts of it satisfy
Laplace’s equation,

V-u=V?=0, Vxu=V% =0. (6.7)
For the velocity u = (u,v) in terms of the complex potential we have
u— v = dw, (6.8)

so that

[u] = vVu? + 02 =|0,w|. (6.9)

The identification of the complex potential of a 2D ideal irrotational flow
with a holomorphic function had profound consequences for the rapid devel-
opment of both aerodynamic theory and complex analysis, notably utilising
conformal maps to obtain new fluid flow solutions out of already known and
often simpler ones. This approach culminated in 1906 in Zhukovskiy’s lift
theorem, stating the following.

A steady ideal flow past a 2D body and having a uniform velocity Ux far
from the body (i) produces no force component along x, i.e. F,, =0, and (ii)
produces a y-component of the force (per unit length along in the transverse
to the 2D plane direction, i.e. z) equal to

F, = —pUT, (6.10)

where T' is the velocity circulation around a contour embracing the 2D body
(e.g. the 2D body’s boundary). Part (i) asserts the absence of a drag force and
is often referred to as D’Alembert’s paradox. Part (ii) is a statement about
the lift force.

A proof of this theorem, as well as a detailed discussion of the complex
analysis application to aerodynamics and the aerofoil theory can be found in
Acheson’s book [1].

Let us now consider viscous flows. The most basic 2D flows have plane-
parallel configuration in which the velocity field is everywhere in the same
direction and constant along that direction, i.e.

u(x,t) = (u(y,t),0,0). (6.11)

The incompressibility condition for such a velocity field is automatically sat-
isfied, V - u = 0, and the nonlinear term (u - V)u is automatically zero,
which greatly simplifies finding solutions. Writing the Navier-Stokes equation
in components, we have

1
Ou = —; D + VOyyu, (6.12)

1
0 = —=d,p. 6.13
0 (6.13)
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From the second equation we see that the pressure is independent of y and
from the first one, that its dependence on z is linear, i.e. the pressure force is
uniform and in the z-direction, —Vp/p = fx where f = const. Thus we have
the following equation

Owu = f + voyyu. (6.14)
Introducing a new variable
U=1u— f—y2 (6.15)
2v

we get the 1D linear diffusion equation
Oyt = vOyyt, (6.16)

which is a classical and a very well studied equation with many solution-finding
techniques developed for it.

One can also rewrite equation (6.14) as a continuity equation correspond-
ing to the z-momentum conservation:

O(pu) +V - -F =0, (6.17)
where F is the r-momentum flux:
F=—fprx—vp(Oyu)y. (6.18)

The first part of the flux is due to the pressure forces and the second part
corresponds to the z-momentum transfer between the moving fluid layers due
to the internal friction. As such, the latter part determines the wall friction
per unit area, i.e. the drag:

D = vp|Oyulpoundary- (6.19)

Similarly, one can consider velocity profiles having only an azimuthal com-
ponent independent of the polar angle, which represent various round vortex
solutions. Here, too, the simplification comes from the fact that the nonlinear
term is automatically zero.

In the problems below, we will start with the most basic 2D flows, such as
the constant-strain and the plane-parallel flows, as well as round vortices. This
will be followed by considering some irrotational 2D flows given by a prescribed
complex potential. We will also consider some applications of Zhukovskiy’s
theorem. We will consider more general theoretical questions about the be-
haviour of vorticity and stream function in 2D flows. Finally, we will consider
slightly more complicated flows down inclined slopes.
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6.2

Problems

6.2.1 Pure strain flow

A two-dimensional flow field is described by the velocity components u =

axr and v = —ay, where « is a positive constant.
1. What is the vorticity field of this flow?
2. Compute the velocity potential, the stream function and the complex
potential for the flow.
3. Find an expression for the streamlines of the flow.
4. A particle of dust is placed at time to = 0 at the point (xg,yo) on an

arbitrary streamline. At what time ¢; does the dust particle reach the
point (x1,y1) of the streamline? It is assumed that the dust particle has
a very small mass, so that no slippage occurs between it and the flow.

6.2.2 Couette flow

Consider a plane shear flow, u = (u(y),0,0), between two infinite plates
at y = h and y = —h, which are moving in the z-direction with velocities U
and —U respectively; see figure 6.1. Pressure in the flow is uniform in space
(the flow is not pressure driven).

1.

2.

FIGURE 6.1: Couette flow.

Show that any profile u(y) gives a solution to the Euler equation with
the free-slip boundary conditions.

Take viscosity into account. State the no-slip boundary conditions that
must be satisfied by solutions of the Navier-Stokes equations at the
plates.
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3. Find the steady-state velocity profile u(y) that satisfies the Navier-
Stokes equations with the no-slip boundary conditions at the moving
plates.

4. Find the friction force per unit area produced by the flow on the plates,
expressed in terms of U, h and density p and viscosity coefficient v.

6.2.3 Poiseuille flow

This problem is similar to the previous one, but the flow is now pressure
driven and it occurs between fixed boundaries.

Consider a plane-parallel flow, u = (u(y), 0,0), between two infinite plates
at y = h and y = —h which are fixed (not moving); see figure 6.2. The flow is
driven by a uniform pressure gradient in the z-direction, —Vp/p = fx where
f = const.

FIGURE 6.2: Poiseuille flow.

1. Find the steady-state velocity profile u(y) that satisfies the Navier-
Stokes equations with the no-slip boundary conditions at the fixed
plates.

2. Find the friction force per unit area produced by the flow on the plates,
expressed in terms of f, h and density p and viscosity coefficient v.

6.2.4 “Turbulent” shear flows

Given information: the Navier-Stokes equation for a medium with non-
uniform viscosity coefficient v(x) is

du+ (u-Viu= f%Vp +V (v(x)Vu). (6.20)
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In questions 6.2.2 and 6.2.3 we considered laminar plane-parallel shear
flows between two infinite parallel plates: Couette and Poiseuille flows. At
very high Reynolds numbers, such flows become unstable and the instability
leads to turbulence. At a very basic level, turbulence effects upon the mean
velocity profile may be thought of as an enhanced viscosity—the so-called
eddy viscosity. In this problem we will study such an effect in Couette and
Poiseuille flows by postulating a non-uniform viscosity profile so that the latter
is greater in the central part of the flow, which is most turbulent:

v=vy) =\ — uy?, (6.21)

with A > ph?, so that v is positive at the walls y = +h (where there is no
turbulence and v is the same as in the laminar flow).

1. Consider a plane-parallel shear flow, u = (u(y),0,0), between two infi-
nite plates at y = h and y = —h, which are moving in the z-direction
with velocities U and —U, respectively as in figure 6.1. Pressure in the
flow is uniform in space (the flow is not pressure driven).

Find the steady-state velocity profile u(y) that satisfies the Navier-
Stokes equations with the no-slip boundary conditions at the moving
plates.

2. Find the friction force per unit area produced by the flow on the plates.
Is it greater or less than the friction produced by the laminar Couette
flow with constant viscosity corresponding the viscosity value in the
laminar part of the flow (i.e. near the walls) v = X\ — ph??

3. Now consider a plane-parallel flow, u = (u(y), 0,0), between two infinite
plates at y = h and y = —h which are not moving; see figure 6.2.
The flow is driven by a uniform pressure gradient in the z-direction,
—Vp/p = f%x where f = const.

Find the steady-state velocity profile u(y) that satisfies the Navier-
Stokes equations with the no-slip boundary conditions at the fixed
plates.

4. Find the friction force per unit area produced by the flow on the plates.
Is it greater or less than the friction produced by the laminar Poiseuille
flow with v = X\ — uh??

5. Sketch the mean flow profiles you have obtained for the turbulent Cou-
ette and Poiseuille flows. Comment on the qualitative differences of the
mean velocity profiles of the considered flows in the laminar and the
turbulent states near the walls and in the centre of the channel. Is the
shear reduced or increased at these locations?
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6.2.5 Jet flow

Consider a plane-parallel flow, u = (u(y,t),0,0), in an infinite unbounded
2D space, whose initial profile is a narrow jet; see figure 6.3. Namely, at t =0
it has non-zero velocity only in a small vicinity of y = 0 and it could be
approximated by a delta function:

u(y) = Ad(y),

where A is a real constant. As time goes on, the jet profile is spreading due to
the action of the viscosity, and it can be described by a self-similar solution
to equation (6.14) in which f = 0 (there is no pressure gradient).

ylk

u(y,t)

v
y

4 ’W Ev

FIGURE 6.3: Jet flow.

1. Find the physical dimensions of the kinematic viscosity coefficient v and
of the constant A.

2. Explain why the similarity variable is not dependent on A but the solu-
tion u(y,t) is. What kind of dependence on A is it?

3. Find the similarity variable 7.

4. Find the self-similar solution for u(y,t).

6.2.6 Mixing layer

This problem is similar to the previous one in the way it is solved, but
one would have to satisfy different boundary conditions. In fact, the boundary
conditions for the vorticity field would be the same as the ones for the velocity
field in the previous problem.

The present question is also very similar to the problem of the flow due to
an infinite plane which suddenly sets in a constant velocity motion.
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Yy

-Ux

FIGURE 6.4: Mixing layer.

Consider a plane-parallel flow, u = (u(y,t),0,0), in an infinite unbounded
2D space, whose initial profile has a tangential discontinuity. Namely, at t = 0
it has velocity u(y) = U at y > 0 and u(y) = —U at y < 0 where U is a real
constant. At ¢ > 0 the discontinuity is replaced by a layer where the z-velocity
gradually transitions from —U to U; see figure 6.4. It is called a mixing layer,
and it is expanding in time due to the action of the viscosity. Its evolution
can be described by a self-similar solution to equation (6.14) in which f =0
(the is no pressure gradient).

1. Find the physical dimensions of the kinematic viscosity coefficient v and
of the velocity U.

2. Explain why the similarity variable is not dependent on U but the so-
lution u(y,t) is. What kind of dependence on U is it?

3. Find the similarity variable 7.

4. Find the self-similar solution for u(y, t).

6.2.7 Stream function for a 2D flow

A stationary 2D incompressible (viscous or inviscid) flow is described by
a stream function ¥ (z,y) such that the velocity is

u = (u(z, y),v(z,y),0) = (g‘;,?ﬁ,o) .

Show that:

1. The streamlines are given by 1 = const.

2. Ju| = |V¥|, and conclude that the flow is faster where the streamlines
are closer.
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3. The volume flux (per unit length in z) crossing any curve from (x1,y;)
to (z2,y2) is given by ¢ (22, y2) — ¥ (z1,y1).

4. 1) = const on any fixed (i.e. stationary) boundary.
5. Find the stream function for the flow with the following velocity field,
Yy x

Ear-am——— vV=———7F"-7F-
1:2_|_y2 172+y2

Sketch the streamlines and describe the properties of this flow.

6.2.8 Round vortices: Rankine vortex and a point vortex

This problem deals with round 2D vortices, i.e. vortices whose vorticity
distributions depend only on the distance from the vortex centre and not on
the polar angle.

1. Consider a vorticity field of a 2D flow, w = (0,0, w), such that in polar
coordinates w depend only on the radius and not on the polar angle,
w = w(r) where r = /22 + y2.
Prove that such a vorticity distribution represents a steady-state solution
of the ideal flow equations for any profile w(r). (This may not necessarily
be a stable, i.e. a realisable solution).

2. Rankine vortex. Consider a vortex profile w(r) such that w(r) =
k = const for r < a (a = const) and w(r) = 0 for r > a. Find the
velocity and the pressure fields for such a vortex.

3. Take the limit @ — 0 while keeping the combination I = ka? constant

(vortex circulation). This limit corresponds to the so-called point vortex.
Find the velocity and the pressure fields for such a vortex.

6.2.9 Flow bounded by two intersecting planes
Consider a 2D potential flow described by the complex potential
w(z) = Cz",
where C' and n are real positive numbers.

1. Suppose that n = 1. Describe the resulting flow and the meaning of the
constant C.

2. Suppose now that n = 2. Describe the resulting flow and the meaning
of the constant C.
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3. Now consider the case where n is an arbitrary rational number which is

greater or equal to 1/2. Write down expressions for the velocity potential
¢ and the stream function v in terms of the polar coordinates r and 6 on
the complex plane, z = re?. Find the smallest and the second-smallest
positive angles, § = 67 and 6 = 65, for which the stream function v is
zero for any r. Consider the flow in the sector 67 < 6 < 65, i.e. between
the two intersecting (at z = 0) planes § = 6, and § = 6. Explain why
the flow with the complex potential w(z) = Cz™ satisfies the free-slip
boundary conditions at these planes.

. Sketch the flows arising in the cases n = 4, n = 4/3, n = 2/3 and

n=1/2.

Describe the qualitative difference in behaviour of the velocity field near
r =0 for cases n < 1 and n > 1.

6.2.10 “Binary star system”

The setup of this problem could be considered a simplified 2D analogue of

the flow arising in a binary star system in which one of the stars is a rotating
black hole. The reader is recommended to search the web for Cygnus X-1
images for illustration.

1. Consider a 2D potential flow described by the complex potential

w(z) = Clnz,

where C' is a complex constant. Describe the flows when C' is real and
when C' is purely imaginary.

. Consider a 2D potential flow described by the complex potential

w(z) =Inz — (1 +4a)ln(z — 1),
where a is a real positive constant.
Find the stagnation point in this flow.
Describe how this flow behaves at r = |z| — oc.
Sketch the streamlines and describe the general features of the flow.

Assume now that the “black hole is not rotating”, ¢ = 0. Find the
shortest lifetime of the fluid particles, i.e. the shortest time between the
emergence of a fluid particle at the source at (x,y) = (0,0) and its
disappearance into the “black hole” at (z,y) = (1,0).
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6.2.11 Complex potential for the gravity water waves

The velocity potential corresponding to the gravity wave on deep water is
(c.f. question 4.3.2):

¢ = Cet cos(kx —wt), y <0, (6.22)

where the water surface is at y = 0, and C, k and w are real positive constants
having the meaning of the wave amplitude, wave number and frequency.

1. Find the velocity field under the water surface.
2. Find the stream function and the complex potential.

3. Find the trajectories of the fluid particles and the streamlines. Comment
on the differences of these two types of curves.

6.2.12 Aeroplane lift and trailing vortices

This problem deals with the lift force on a flying aeroplane, its relation to
the velocity circulation around the aerofoil and the trailing vortices originating
at the airplane wingtips.

1. Explain why the vortex lines near the wing surface (responsible for
the circulation round the aerofoil) must continue into a trailing vor-
tex through the wingtip. What is the relation between the circulation
around the wing and circulation round its trailing vortex?

2. An aeroplane of mass M is flying at speed V through air of density p.
Each wing of this plane is L meters long. Find the circulation around
each of its trailing vortices. (Hint: use Zhukovskiy’s lift theorem.)

3. Assume that the trailing vortices originating at both wings are parallel
to each other and that their vorticity is concentrated in thin tubes sep-
arated by a distance D = 2L. Find the downdraft velocity produced by
these trailing vortices at the midpoint between them.

6.2.13 Finding drag and lift using dimensional analysis

Consider a 2D incompressible flow with incident velocity U around a solid
body with typical length scale L.

1. Find the physical dimensional unit for the drag and lift forces (per unit
length in the direction transverse to the motion plane).

2. Use the dimensional analysis to find the lift force assuming that the
relevant dimensional quantities determining this quantity are U, p and
L (this will be famous Kutta’s condition).

Find the lift force in terms of U, p and I" (this will be famous Zhukovskiy’s
force).
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3. Find the drag force assuming that the relevant dimensional quantities
determining this quantity are U, p and L. This regime may be realised
for some blunt bodies with separated flow and turbulence in its wake.

4. What is the most general expression for the drag force assuming that
the relevant dimensional quantities determining this quantity are U, p, v
and L? (Hint: you may use the result of the previous question and
use Re instead of v.) Note: the drag dependence on Re will be Re~!/?
for a flat plate. What other dependencies are possible? (Hint: think of
d’Alembert’s paradox.)

6.2.14 A laminar jet flow

A 2D jet emerges from a narrow slit in a wall into fluid which is at rest.

If the jet is thin, so that velocity u = (u,v) varies much more rapidly across
the jet than along it, the fluid equation becomes
ou Ju 0%u

— =y

ox Oy oy?

where constant v is the viscosity coefficient. The boundary conditions are
that the velocity and its derivatives tend to zero as we leave the jet (that is

as |y| — oo) and du/dy = 0 at y = 0, as the motion is symmetrical about the
T-axis.

(6.23)

1. By integrating equation (6.23) across the jet and using the incompress-
ibility condition, show that the integral

M:/ u? dy (6.24)

is independent of x.
2. Assuming that the stream function is of a self-similar form,
Y =a® f(n), where n=ya’, (6.25)
find the relation between the constants a and b using part (1).

3. Substitute the similarity solution (6.25) into equation (6.23) and find
the second relation between a and b. Thus, find a and b.

4. Show that jet equation (6.23) and the velocity boundary conditions lead
to the following equation for f(n),

()2 + ff +3vf" =0
subject to the conditions
f(O) :f”(o) =0, fl(oo) =0,

where prime means differentiation. (It is possible to find an exact solu-
tion of this equation but you do not have to do it here.)
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6.2.15 Flow in a cylinder with an elliptical cross-section

A cylinder filled with water has an elliptical cross-section with major and
minor semi-axes a and b. While ¢ < 0 both the cylinder and the water within
it rotate about the axis of the cylinder with constant angular velocity 2. At
time ¢t = 0 the cylinder is suddenly brought to rest. In this problem you will
need to find the water flow that is established inside the cylinder at ¢ > 0.

1. For a 2D flow (u(z,y,t),v(z,y,t),0) find the expression for the vorticity
w in terms of the stream function .

2. Find the velocity, the stream function and the vorticity of the flow uni-
formly rotating with angular velocity €2. (Take € to be along the z-axis.)

3. Write down the evolution equation for vorticity in a 2D ideal flow, and
explain why it describes the conservation of vorticity along trajectory of
each fluid particle.

4. Use the results of parts (2) and (3) and find the vorticity of the water
flow that is set up inside the cylinder at ¢ > 0.

5. Use the results of parts (1), (2) and (4), as well as the condition 1) =const
at the boundary, to find the stream function of the water flow inside the
cylinder at ¢t > 0. Sketch the streamlines.

6.2.16 Rain flow over an inclined roof

A violent rainstorm hits a roof inclined at an angle € from the horizontal
as shown in figure 6.5. The rain pours down at a mass flow rate () per unit
horizontal area, and each drop falls at a velocity V. Soon a steady-state water
(density p) layer is established, while raindrops splash on the top part of
the thin layer. The angle of the water surface relative to the roof is small
(dh/dx <« 1), and friction between the roof and water may be neglected.

FIGURE 6.5: Flow down a roof.
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1. What is the pressure distribution in the water in the direction perpen-
dicular to the roof? Parallel to the roof? Find the pressure within the
fluid layer.

2. By considering the balance of the momentum and mass in a small volume
of fluid between z and x 4 dx, find the evolution equations for the layer
thickness h(z) and the flow velocity u(x).

3. Derive a criterion for when the rain is so violent that the shape of the
water layer on the roof can be regarded as independent of gravity. Obtain
a solution for A(z) in this case.

6.2.17 Flow over an inclined plane

A layer of viscous fluid is bounded from below by a plane fixed at angle 6
to the horizon, and from above by a free surface. The thickness of the layer
is h. The air above the free surface is at atmospheric pressure pg. Consider a
stationary flow resulting from the balance between gravity and viscosity; see
figure 6.6.

FIGURE 6.6: Flow down a slope.

1. Formulate the no-slip boundary condition for the velocity field at the
bottom plane and the pressure boundary condition at the free surface.

2. Show that absence of stress at the free surface means that g—Z =0 at
y=h.
3. Solve the stationary Navier-Stokes equations and find the velocity and

the pressure fields (the velocity is parallel to the plane).

4. Find the mass flux per unit length in the transverse to the plane of
motion direction, i.e. mass of fluid @) passing through the cross-section
of the layer per unit z and per unit time.
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6.3 Solutions
6.3.1 Model solution to question 6.2.1
1. The vorticity in 2D flows has only a z-component, = 9,v — Jyu.

Substituting v and v, we have = 0.

2. From u = V¢, we have for the velocity potential ¢ = a(z? —y?). From

u = (0,1, —0y%), we have the steamfunction ¢ = azy. From w = ¢+,
we have the complex potential w(z) = 322.

3. Equation for the streamlines:

dr _dy
u v
Substituting « and v:
dr.  dy
r oy

Solving for = and y, we get y = C/x, where C is an arbitrary constant
(parametrising the streamlines).

4.
dzx
— = ax,
dt
SO
x = zpe®.
Therefore
1 I
t1 = —In—
o Zo

6.3.2 Model solution to question 6.2.2

1. Let us start with the Euler equation:
1
Ou+ (u-V)u= —;Vp.

Consider a steady plane-parallel shear flow: u = (u(y),0,0). The flow is

time independent,
&gu = O,

and z-independent,
(u-V)u=udyu=0.

Therefore, the z-component of the Euler equation is satisfied if d,p = 0,
i.e. p is independent of x.
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For the y-component of the Euler equation we have: 0 = —2 D, i.e.
p is y-independent. Same for the z-component of the Euler equation:
0= —% .p, i.e. p is z-independent.

Therefore u = (u(y), 0, 0) is a solution for any profile u(y) and p = const.
2. The no-slip boundary conditions are: u(h) = U, u(—h) = —U.
3. Let us write the Navier-Stokes equation:

ou+ (u-Viu= —%Vp + vV
The left-hand side of this equation and Vp are zero as before on u =
(u(y),0,0). Therefore we have:
V2u = 9yu(y) = 0.
The solution of this equation is
u(y) = Ay + B.
The boundary conditions give B =0 and A =U/h, i.e.

u(y) = 7 v

4. The friction per unit area at the bottom plate is equal to the z-
momentum flux in the y-direction oy :

Uvp
o
The friction at the top plate is equal in strength and opposite in sign.

Ony = VplOyuly——n =

6.3.3 Model solution to question 6.2.3
1. The right-hand side of the Navier-Stokes equation is zero on any plane-
parallel flow u = (u(y),0,0), i.e. du+ (u- V)u = 0; see solution 6.3.2.
Therefore
0:p/p = —f = vyu(y).

The solution of this equation is

[
S N i)
uly) = —o y" + By +
The no-slip boundary conditions to be satisfied are u(h) = u(—h) = 0.

Thus B=0and C = %hQ, ie.
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2. The friction per unit area at the bottom plate is equal to the z-
momentum flux in the y-direction o,,:

= [vpOyuly=—n = pfh.

The friction at the top plate is the same.

6.3.4 Model solution to question 6.2.4

1. For the plane-parallel shear flow, u = (u(y),0,0), which has a uniform
pressure, Vp = 0, the Navier-Stokes equation (6.20) becomes:

0, (vd,u(y)) = 9, (A — py?)dyu) = 0. (6.20)
Integrating this equation once, we have:
(A — uy?)oyu = A

where A is a constant. Solving this equation, we have:

A A N
u(y) = dy = arctanh~—— + B, 6.27
(@) / N2 T VA (6.27)

where B is a constant. Matching to the no-slip conditions u(h) = U and

u(—h) = —U we have B=0 and A = U«/)\u/arctanh%. Thus,

u(y) = v arctanh\fy (6.28)

arctanh \/f; VA

2. The friction per unit area at the bottom plate is equal to the z-
momentum flux in the y-direction oy, (it is convenient here to use ex-
pression (6.27)):

Upv/ A

o VBR
arctanh 7

Opy = [VPOyuly=—p = pA =

The friction force at the top plate has the same absolute value and the
opposite sign.

This friction force is greater (in the absolute value) than the friction
Up(X\ — ph?)/h produced by the laminar Couette flow with v = \ — uh?
_ k2 VBh i
because A — ph® < A and arctanh <
3. Now consider a plane-parallel flow between two parallel plates, which is
driven by a uniform pressure gradient, —Vp/p = fX, where f = const.
The Navier-Stokes equation (6.20) becomes:

9, (vdyu(y)) = 9, (A — 11y®)dyu) =  f. (6.29)
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Integrating this equation once, we have:
A = 1y?)dyu = —fy + A, (6.30)

where A is a constant. Solving this equation, we have:

A-fy A VI A —puy?
= = hY— In B 31
u(y) /)\_qu dy \/marctan Y + f 2 + B, (6.31)

where B is a constant. Matching to the no-slip conditions u(h) =
u(—h) = 0 we have A =0 and

A— ,uh2
— —f1
fln —— o
S0 -
[y
u(y) = fin T— 5 s (6.32)

For the friction per unit area at the bottom plate we have (it is conve-
nient here to use expression (6.30)):

Oxy = [Vpayu]y=—h = pfh.

This is the same as the friction produced by the laminar Poiseuille flow
with v = A —ph? (note that both expressions are viscosity independent).

Sketches of the mean profiles for the turbulent Couette and Poiseuille
flows are shown in figures 6.7 and 6.8. The mean velocity profiles of the
considered flows in the laminar states have smaller shear near the walls
and larger shear in the middle of the flow than in the turbulent states.

hoo U
o u=u(y)%
0! x
U -k
—

FIGURE 6.7: “Turbulent” Couette flow.
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FIGURE 6.8: “Turbulent” Poiseuille flow.

6.3.5 Model solution to question 6.2.5

1. From the formula u(y) = Ad(y) we get the physical dimension of A as

L?/T. The physical dimension of the kinematic viscosity coefficient v is
the same, L2/T.

. Because the governing equation (6.14) (with f = 0) is linear, the solution
u(y,t) is linearly dependent of A. But then the similarity variable is
independent of A—otherwise u(y,t) could only be linear in A if it is
linear in 7, which is clearly not the case.

. Thus the similarity variable could only depend on the single remaining
dimensional quantity—the kinematic viscosity coefficient v. The only
dimensionless combination of v,y and t is

n= z

vt
. The only combination of A,v and ¢ which has the velocity dimension
and which is linear in A is A/v/vt. Thus we seek a self-similar solution
in the form:

ul(y.t) = jit Fn).

Substituting this expression into equation (6.14) (with f = 0), we get
the following ordinary differential equation for F,

~F/2 —nF' =2F + 4nF",

solving which we have
F=Ce 4,

The constant C' is to be found from matching to the initial condition,
i.e. from the relation

—+oo
/ u(y,t) dy = A.
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Here we have used the fact that the integral fj;f u(y,t) dy is conserved
in time.

The easiest way to use this condition is to consider time ¢ = 1/v so that

vt = 1. Then we have
+oo 5
C'/ eVt dy =1,

— 00

or C = ﬁ Finally, we have

A 2
eivt,
2/t

u(y,t) =

6.3.6 Model solution to question 6.2.6

This problem is similar to the previous one in the way it is solved, but one
would have to satisfy different boundary conditions. The boundary conditions
for the vorticity field will be the same as the ones for the velocity field in the
previous problem.

1. The physical dimension [v] of the kinematic viscosity coefficient v can be
found from comparing the viscous term in the Navier-Stokes equation,
vV?2u, with the time derivative term d;u (obviously they must have the
same physical dimension). Thus [v] = L?/T. The physical dimension of
the velocity U is L/T.

2. Because the governing equation (6.14) (with f = 0) is linear, the solution
u(y,t) is linearly dependent on U. But then the similarity variable is
independent of U-—otherwise u(y,t) could only be linear in U if it is
linear in 7, which is clearly not the case.

3. Thus the similarity variable could only depend on the single remaining
dimensional quantity—the kinematic viscosity coefficient v. The only
dimensionless combination of v,y and ¢ is

4. We seek a self-similar solution in the form:
u(y,t) =U F(n).

Substituting this expression into equation (6.14) (with f = 0), we get
the following ordinary differential equation for F,

—nF' = 2F + 4nF".
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5. The above equation can be rearranged as:

Subsequently integrating, we have:
F' =Cn~ ‘21,

where C' is a constant. Integrating one more time, we have:
F= C/n_l/Qe_% dn = 40/6_52 d¢ = 2C\/merf(¢) + B,

where & = 1'/2/2, erf(¢) is the error function and B is a constant.

Now we need to use the boundary condition that u(0,¢) = 0 for ¢t > 0,
which translates to F'(0) = 0. This gives B = 0. Finally, we need to
use the initial condition that u(y,0) = U for y > 0, which translates to
F(o0) = 1, and therefore C = 1/(24/w). Substituting these constants,
we have the answer for the velocity field:

u(y,t) = Uerf(€),

where £ = %(ﬁ)l/Q.

vt

6.3.7 Model solution to question 6.2.7

1.

In steady flow
Dip = 0pp + (u- V)b = 0,0,¢ — 05p0y1h = 0,

so 1 is constant along streamlines.

. For the absolute value of velocity we have:

w=\Ju2 +u2 = [(0,0)2 + (00)2 = VY|

. By splitting the curve into n small sub-intervals and finding the mass

flux S; on each sub-interval ¢ as u; x dl; we have (see figure 6.9):

n X2 X2
S:nlgn;oni:/ uxdl:/ (V) X e,) x dl =
i=1 * x

/ : Vw . dl = ¢(X2) — ’(ﬂ(Xl).

The normal velocity component is zero at the boundary, (u-n) = 0.
Therefore (V)| = 0.

. For this flow ¢ = % In(2?+y?). The streamlines ¢ = const are concentric

circles: they are shown in figure 6.10. This is a point vortex flow. It is
irrotational everywhere except at the origin x = 0.
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X7

FIGURE 6.9: Calculation of the mass flux.
y

7
>

I

FIGURE 6.10: Point vortex.

6.3.8 Model solution to question 6.2.8

1. From the incompressibility condition, we find that the radial compo-
nent of the velocity field is zero everywhere in physical space. Thus,
the velocity and the vorticity gradient are perpendicular to each other,
u - Vw = 0. Therefore the stationary vorticity equation is satisfied.

2. For the velocity circulation over a circular contour with radius r we have:

2

2nru(r) = mr?s  for r <a, and 27ru(r) = ma’s for > a.

Thus, for the velocity field we have the following expressions,

2
u(r):g for r <a, and u(r):% for r > a.

Now let us find the pressure starting with the vortex exterior, 7 > a. In
this part the flow is irrotational and we can use Bernoulli’s theorem:
02

PZPO*%:ZJO

a*k2p
g2
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where pg is the pressure at r — oc.

Let us now consider the vortex interior, r < a. Since the motion in this
part is identical to the solid body rotation, we will used a method similar
to the one we use in question 3.3.3. The steady-state Euler equation in
component form is:

(w-Vju = —0.p/p,

(u-Vjo = —9yp/p,
or

xﬁ;2/4 = —0.p/p,

yr?/4 = —dyp/p.

Integrating, we have

2
K
p="Lu2yry?)+C,

8
where C' is a constant which is fixed by the matching at r = a: C' =
Po — LQZZP'
3. Taking the limit @ — 0 while keeping the combination I' = xka? constant,
we have:
()= 5
u(r) = —
27y
and
1) =po - =
r)=p)— —5.
p Po 32

6.3.9 Model solution to question 6.2.9

Consider a two-dimensional potential flow described by complex potential
w(z) = Cz",
1. For n = 1 we have w(z) = Cz, i.e. u —iv = d,w = C. Therefore, this
case corresponds to a flow with a uniform velocity u = (C,0).

2. For n = 2 we have w(z) = C22, i.e. u — iv = O,w = 2Cz = 20(x + iy).
Therefore, this case corresponds to a uniform-strain flow with strain
value a = 2C.

3. We have ‘
w=¢+ih =Cz" = Cre™?,
ie.
¢ = Crcos(nd), and ¢ = Crsin(nd).
For the smallest and the second-smallest positive angles for which ¢ = 0,
we have 6; = 0 and 6, = 7/n.
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4. Recall that lines ¥ = const are streamlines. Therefore, the radial rays
0 = 601 and 6 = 63 (on which ¢ = 0) are streamlines, i.e. there is no
velocity component normal to these rays/planes. In the other words, the
free-slip boundary conditions are satisfied at these planes.

5. Sketches of the flows arising in the cases n = 4, n =4/3, n = 2/3 and
n = 1/2 are given in figures 6.11, 6.12, 6.13 and 6.14 respectively.

S —
\45 deg

0] |

FIGURE 6.11: Case n = 4.

N

“E

<\135 deg
0

FIGURE 6.12: Case n = 4/3.

6. For the absolute value of the velocity field we have |u| = |d,w| =
nCr™~1. Thus, for r — 0 the velocity tends to zero for cases with n < 1
and it tends to infinity for n > 1.
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//—>/—>
—
0

FIGURE 6.13: Case n = 2/3.

e
W

D

FIGURE 6.14: Case n = 1/2.

6.3.10 Model solution to question 6.2.10

1. When C is real positive (negative)—this is a source (sink) flow whose

velocity field has only radial component: v, = C/r. When C' is purely
imaginary, then this is a point vortex with circulation I' = =27 C'. It has
only azimuthal velocity vg = —C//r.

. Consider a 2D potential flow described by the complex potential
w(z) =Inz — (1 +4a)ln(z — 1),

where «a is a real positive constant.

This is a flow with a source at z = 0 and a sink combined with a point
vortex at z = 1. The stagnation point z = zq is found from the condition
of zero velocity, i.e.

dw(z)=1/z—(1+ia)/(z—1) =0,
which gives zyp = i/a.

. Because the source at z = 0 has the same strength as the sink at z = 1,
their contributions will asymptotically cancel each other as r = |z| — oo.
So the remaining flow will be the one of the point vortex of circulation
I’ = 27ra with purely azimuthal component vy = a/r.
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FIGURE 6.15: “Binary star system”.

4. A sketch of the streamlines is shown in figure 6.15. The separatrices are
shown by the dashed lines. The stream lines originating at the source at
z = 0 terminate at the sink at z = 1. Because of the vortex component,
the stream lines near z = 1 look like spirals. At large distances the
streamlines are closed and become more and more circular as |z| — oo.

5. In the case a = 0 the source-sink system is symmetric, and the quickest
way from the source to the sink is along the straight line along the z-
axis. The time between the emergence of a fluid particle at the source
and its disappearance into the sink can be found by solving the equation

which gives
—z(x — 1) dz = dt,

or, integrating, we have

1. 1., 1
t = |:3(I}3 + 2:172:| = =
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6.3.11 Model solution to question 6.2.11
1. Taking the gradient of the potential (6.22) we have:
Uy = 0pp = —Cke™ sin(kx — wt), u, = ,¢ = Cke*¥ cos(kx — wt).

2. The stream function 1 is defined via

Uy = Oyth = —Cke™ sin(kx — wt), u, = 0,0 = Cker¥ cos(kx — wt).

Integrating we have:

Y = —CeM sin(kx — wt).
The complex potential is then:
£ =¢+ih = CeM [cos(kx — wt) — isin(ks — wt)] =
Cekv—ilka—wt) _ cpilkz—wt)

where
z=x+ 1.

3. A particle which in the still fluid was at position (z,y), in presence of
the wave will move along a trajectory around (z,y):

(z(t),y(t)) = (z,y) + (2(2), §(1))-

For the particle trajectories we have

i) =u, = —Cke" sin(ks — wt), (6.33)
y(t) =u, = Cke" cos(kr —wt). (6.34)
Integrating these equations we have:
k
() = _CF ey cos(kx — wt), (6.35)
w
k
g(t) = fc—eky sin(kz — wt). (6.36)
w
Thus these trajectories are circles:
22 442 = R,
where
R = %eky.
w

The streamlines are given by the equation
Y = —Cek¥ sin(kx — wt) = const.

They are infinite periodic curves with parts going to y — Z£oo. The
particle trajectories are different from the streamlines, which is natural
for a non-stationary motion.
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6.3.12 Model solution to question 6.2.12

1. Near the wing surface, velocity is nearly tangential to the surface and
its variation is in the normal direction. Therefore the vorticity is parallel
to the wing. The vorticity field is solenoidal i.e. vortex lines cannot end
within the fluid. Therefore they must continue beyond the wing tips, so
that the vorticity flux remains the same.

Therefore, the circulation of the trailing vortices is the same as the
circulation around the wing.

2. To keep the plane flying, the gravity force must be balanced by the lift,

S0
Mg = pVT(2L)
or
_ My
- 2oVL’

3. If the vortices are thin and straight, then each of them produces velocity
like a point vortex in 2D, namely 2£T where 7 is the distance from the
vortex. In the middle point, the velocities produced by the two vortices
add up: U = - 2. Thus,

r
27(D/2)

6.3.13 Model solution to question 6.2.13

1. The physical unit for force, e.g. the drag and lift forces, is the Newton,
which is equal to kg * m/s%. Therefore, force per unit length has the
physical dimension of [p]L3/T?.

2. The only dimensional combination of U, p and L having the dimension
of the force per unit length is

F = ¢, pU?L,

where c; is a dimensionless constant.

The only dimensional combination of U, p and L having the dimension
of the velocity circulation is

I'= C2 UL,
where ¢y is a dimensionless constant.
From the above two expressions we find Zhukovskiy’s lift force:

F =cpUT,

where c is a dimensionless constant. More rigorous analysis (Zhukovskiy’s
theorem) yields ¢ = 1.



Two-dimensional flows 143

3. For the drag force per unit length D (similarly to the lift force) assuming
that the relevant dimensional quantities determining this quantity are
U, p and L, we find

D = ¢pU?L,

where ¢ is a dimensionless constant (which, in this case is not necessarily
equal to one: it is called the drag coefficient and it strongly dependent
on the body shape).

4. The most general expression for the drag force assuming that the rele-
vant dimensional quantities determining this quantity are U, p,v and L
(using the result of the previous question and using Re instead of v) is

D = cpU?L f(Re),

where c is dimensionless constant and f is a dimensionless function.

Since, according to D’Alembert’s paradox, the drag must vanish in the
limit v — 0, we conclude that f(Re) must be a decreasing function of
Re for laminar flows. For turbulent flows the situation is more difficult,
because of the flow separation such flows do not tend to the ideal flow
solutions in the limit v — 0.

6.3.14 Model solution to question 6.2.14

1. Integrating equation (6.23) over y, we have for the individual terms:

+oo 1 +oo
/ Uy dy = 7875/ u? dy,
—o0 2 —00

+o0 +oo +o0 1 +oo
/ vuy dy = 7/ vyudy = / uzudy = 76'37/ u? dy,
—o0 —o0 —o0 2 —o0

and
+o0o
V/ 8yyudy:uy\f§20.

— 00

Therefore we find:
“+o0
M = / u?dy = C,
— 00
where C' is an independent of = constant.
2. Substituting the self-similar solution into the expression for M we have:

+oo +oo
M = / U2 dy _ z2a+b/ (f,)2 d77

—0o0

But M must be independent of z, so

b= —2a.
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3. This leads to the following expressions for the velocity components and
their derivatives:

u= ¢y = x—af/’
v =~y = ax® N (—f + 2f),
uy = —az = (f 4 2nf”),
Uy = z73af//’

Uyy = T O0f",
Substituting these expressions into equation (6.23) we have:
o flaa T (2" T (= f + 2 )a Y = v
This equation must be independent of z, so

a=1/3 and b= -2/3.

4. The required equation immediately follows from the above equation
upon substituting a = 1/3.

The boundary conditions are:

e y = 0 is a streamline, therefore f(0) = 0.
o u(—y) =u(y) = u, =0 at y = 0, therefore f”(0) = 0.

e u|y—c = 0, therefore f’'(c0) = 0.

6.3.15 Model solution to question 6.2.15

1. For the vorticity we have w = (0,0,w), where w = —V?%.

2. The velocity, the stream function and the vorticity of the flow uniformly
rotating with angular velocity €2 are:

u=0xzp=-22>+9?), w=290Q.
3. We have the following equation for the vorticity:
Ow +u-Vw=0.

The left-hand side here is the time derivative of vorticity along the fluid
paths, D; w, therefore this equation describes conservation of vorticity
along trajectory of each fluid particle.

4. The vorticity field will remain constant, as in the uniformly rotating
flow, w =2 Q2 =(0,0,2Q).
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5. The fact that the vorticity is constant, together with equation w =
—V?%), suggests that ¢ will be a quadratic function of x and y: like in
part 2, but now with ¢ = const at the elliptic boundary. Therefore, at

t > 0 we have: -
__ fa’t” 2 2
b= =l + (/b))

where we found the pre-factor so that —V?2y = 2.

6.3.16 Model solution to question 6.2.16

1. For a thin layer, ,h < 1, the flow is mostly in the z-direction. Thus,
from the y-component of the momentum equation we have dyp = 0,1i.e. p
is independent of y. But at the water surface the pressure is atmospheric,
D = po, S0 p = pg everywhere in the fluid (it is independent of = and y).

2. Consider a small volume of fluid between x and x + dx and with a unit
length in the transverse to x direction: dz x h(z) x 1. Let F'(x) be the

momentum flux,
F = phu®.

The gravity force onto the volume element is:
F, =mg=phdzxg.
The momentum input per unit time by the rain is:
M =mV, = (Qdx cos0)(V sinb).

(We have the z-momentum only because the y-momentum is completely
dissipated by the roof).

Thus, the momentum balance for the considered small volume is:
F(lx+dx) — F(z) = de 0y F = Fgp + M,

or
p0y(hu?) = pghsin 6 + QV sin 6 cos 6.

For the mass balance we have:
dz0, (phu) = rain input = Qdz cos 8,

or

POz (hu) = Q cos .

Integrating this equation we have:

phu = Qx cos 6.
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3. The gravity force can be ignored if

pghsinf < QV sinf cos b,
or

pgh < QV. (6.37)

In this case, integrating the momentum balance equation we have:
phu? = QVzsinbcosf + C,

where C' is a constant. Combining this result with the mass equation,
we get:

Q cosf -
pVsing™’

where we put C' = 0 since u must be finite at = 0. Using this solution
one can rewrite the condition (6.37) as

u=Vsinf and h=

V2> gr.

6.3.17 Model solution to question 6.2.17

1. It is clear from figure 6.6 that the flow is plane parallel:

u(z,y) = (u(y),0), (6.38)

where function u(y) is to be found.

The no-slip boundary condition in this case is
u(0) =0, (6.39)
and the pressure boundary condition at the free surface is

p(z,h) = po. (6.40)

. Stress at the free surface is given by the tangential to the surface com-

ponent of the viscous stress tensor,
055 = pu(@riuj + 8%%),

namely by o, = prd,u(y). Absence of the stress at the free surface
therefore means that

Oyu=0 at y=h.



Two-dimensional flows 147

3. It is clear that the pressure field in this problem is independent of .
Thus, the stationary Navier-Stokes equations written in components are:

1
—Oyp+gcosd = 0, (6.41)
p
vOyyu+ g sinf = 0. (6.42)

Integrating equation (6.41) and using the pressure boundary condition
(6.40), we have

p = po + pg(h —y)cosd. (6.43)

Integrating equation (6.42) twice, and using the no-slip boundary con-
dition (6.39) and the condition dyu = 0 at y = h, we have

g sinf
u =
2v

y(2h —y). (6.44)

4. The mass of fluid passing through the cross-section of the layer, per unit
length in the transverse direction, per unit time is

h 3 .

h® sin @

[ oudy = 2822500 (6.45)
0
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Chapter 7

Point vortices and point sources

7.1 Background theory

Point vortex is a 2D flow generated by a singular vorticity distribution
which is concentrated at a single point, such that the velocity circulation
along a contour embracing this point has a finite value I'. We have already
met this solution in questions 6.2.7 and 6.2.8. In question 6.2.8 we obtained
the point vortex solution as a limiting case of a Rankine vortex with vorticity
Q(x) which is constant inside a circle of radius a, (x) = k = const, and
zero outside. Then, the limit a — 0 was taken while keeping the circulation
constant, I' = ma?x = const. This means that the vorticity value inside the
circle tends to infinity, K ~ 1/a?. In the limit, such a vorticity field will be
represented by a Dirac delta function,

Q(x) =T 6(x). (7.1)
This vortex generates the following velocity field,

r y r x
- Y = _* .
2 22 +y?’ 21 a2 4 92’

(7.2)

see problem 6.2.7. Indeed, for this flow the circulation is zero for all contours
which do not encircle the vortex, and equal to I for all contours encircling the
vortex (please show that!). In question 6.2.7 you were also asked to find the
stream function for the point vortex flow.

Now we will consider a more general situation when there are N > 2
point vortices in an ideal 2D flow, each having its own circulation; see figure
7.1. Each vortex in the set will produce a velocity field at the positions of
all the other vortices, which will make them move. Remarkably, such motion
will change neither the fact that the vortices are point-like, nor the number
of vortices, nor the circulation of each individual vortex. This follows from
vorticity conservation along fluid paths in 2D ideal flows which we discussed
in chapter 2 section 2.1.7. One has to think of applying these results to the
situation where vorticity is bounded within vortex patches of tiny areas (points
in the limit) separated by distances which are much greater than the size of
each of these vortex patches. Indeed, assuming that the vortex patches remain
bounded in size (which is true for sufficiently strong vortices separated by
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sufficiently large distances), the vorticity of each vortex patch will be moved
with the velocity field made out of the contributions of all the other vortex
patches, as well as by the self-induced velocity the patch produces within
itself. The later contribution can be ignored at long times because the vortex
self-induced velocity just rotates the fluid particles around the centre of the
vortex and does not contribute to the displacement of the vortex patch to
large distance from its original position. Obviously, because the vorticity of
each fluid particle is conserved along its path, the velocity circulation around
each of the vortex patches will also be conserved.

FIGURE 7.1: “Gas” of point vortices. Counter-clockwise and clockwise
pointing arrows mark vortices with positive and negative circulations respec-
tively.

Thus, in the limit of small radii of the vortex patches one can consider
them as a set (or “gas”) of N point vortices each having a Dirac-delta vorticity
distribution at an evolving position x;(t) (j = 1,...,N) and having its own
circulation T';:

N
Q(x,t) = > T;8(x — x;(t)). (7.3)
j=1

So the problem of finding the flow is now reduced to finding the trajectories
x;(t) (j = 1,...,N) from the condition that the j-th vortex velocity %;(t)
is equal to the sum of the velocity contributions produced by all the other
vortices at the position x;. Velocity produced by the k-th vortex at the point
x; can be found using formula (7.2) in which we shift x — x; — x;. The sum
of all N — 1 vortex contributions gives us an equation for the rate of change
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of x;:

. Fk Z X (Xj — Xk)
K= ), (7.4)
Tt 2 |x; — x|

where z is the unit vector normal to the plane of motion, and sign x stands
for the cross product (prove this formulal).

Introducing a complex coordinate for the vortex labelled j as z;(t) =
x;(t) + iy;(t), we can rewrite equation (7.4) in a complex form:

dz* i X Ty
L =—x > — (7.5)
dt 2 k=1 ket Zj — 2k

where star * means complex conjugation.

Another kind of point object arising in the study of ideal fluid flows are
point sources or sinks. They have only a radial (with respect to the position
of the source/sink) component of velocity, v(r), which is independent of the
angular coordinates:

u = ro(r), (7.6)

where T is a unit vector pointing away from the source/sink in the radial
direction; see figure 7.2.

u = ru(r)

"

FIGURE 7.2: A point source flow.

From incompressibility we have r?~!v(r) = const, where d is the dimension
of the system (which is 2 or 3) and r is the distance from the source/sink.
Therefore .

o) = . 1)
where constant « is called the source strength when it is positive and the sink
strength when it is negative. The constant k is proportional to the mass flux

out of the source or into the sink respectively.
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The source/sink flow is irrotational for r > 0 and its velocity potential is

r) = [vdrie.
K

o(r) =klnr, or ¢(r)= - (7.8)

7.2 Further reading

Further discussion of point vortex systems can be found in the books Hy-
drodynamics by H. Lamb [13], An Introduction to Fluid Dynamics by G.K.
Batchelor [4], Elementary Fluid Dynamics by D.J. Acheson [1]. An advanced
discussion of various point vortex equilibrium configuration can be found in the
review by H. Aref et al. [2]. A discussion of using the point-vortex gas models
for describing 2D turbulence can be found in a review by R. H. Kraichnan and
D. Montgomery Two-Dimensional Turbulence [11] as well as in the original
1949 paper by L. Onsager, who pioneered this approach [18].

7.3 Problems

7.3.1 Energy, momentum, and angular momentum of a point
vortex set

Consider a point vortex set described by equations (7.3).

1. Prove that the dynamics of such a vortex gas conserves the total point-
vortex interaction energy defined by the formula

N
1
EBpy=—— Y T;l%In|x; —x. (7.9)
J k=L:k#j
2. Prove that the dynamics also conserves the total momentum given by

the formula

P =(P,,P,) ZF X;. (7.10)

3. Prove that the dynamics also conserves the total angular momentum
given by the formula

N
M=) "T,[x|% (7.11)
j=1



Point vortices and point sources 153

7.3.2 Motion of two point vortices

Given information: conservation laws for the energy and momentum (7.9)
and (7.10).

Consider a system of two point vortices with circulations I'; and T'y sepa-
rated by a distance d from each other at ¢t = 0.

1. Find the distance between the vortices at ¢t > 0.

2. Find the trajectory of each vortex for I'y # —I's. How do the vortices
move f I'y >0and 'y > 07 IfI'y >0and 'y < 0?7 If I'y =15 > 07

3. Find the motion when I'y = —I's.

7.3.3 Vortex “molecules”

In this problem we will consider “vortex molecules” composed of several
identical point vortices arranged in a symmetric regular polygon configuration.
Here we are not concerned about stability of our molecules (it was shown by
J.J. Thomson that they are stable for the number of vortices equal to seven
or less).

r

FIGURE 7.3: Three-vortex of molecule.

1. Consider three point vortices with equal circulations I' > 0 placed ini-
tially (at ¢ = 0) at the vertices of an equilateral triangle with sides of
length L; see figure 7.3. Find the motion of this vortex system for ¢t > 0.

2. Now consider four point vortices with equal circulations I' > 0 placed
initially at the vertices of a square with sides of length L; see figure 7.4.
Find the motion of this vortex system.
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FIGURE 7.4: Four-vortex of molecule.

3. Let us now generalise this setup to an arbitrary number N of vortices
with equal circulations I' > 0 placed initially at the vertices of a regular
polygon (a polygon that has all sides equal and all interior angles equal)
with sides L; see figure 7.5 for the N = 6 example. Describe qualitatively
how such an N-vortex molecule moves (you do not need to find the
precise formulas in this part).

4. In our N-vortex molecule considered in the previous part, let I' = a/N
where a is a fixed positive real constant. Find the motion of such a
molecule in the limit N — co assuming that the vortices lie on a circle
with fixed radius R.

r

FIGURE 7.5: N-vortex of molecule for N = 6.
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7.3.4 Motion of three point vortices

Given information: expressions (7.9), (7.10) and (7.11) for the energy, the
momentum and the angular momentum invariants of the point vortex
system considered in question 7.3.1.

The system of three point vortices appears to be fully integrable for any
vortex circulations and initial vortex positions. This is because (as shown
by Poincaré) the system has three integrals of motion in involution which
are needed for integrability by Liouville’s theorem: the energy, the angular
momentum and the square of the modulus of the momentum. However, the
motion of three point vortices in general may be rather complicated, and here
we will restrict ourselves with a simpler special case.

Let us consider a system of three point vortices, two of which have positive
circulations I' and the third one with a negative circulation —I'. The negative
vortex is initially separated from one of the positive vortices by a distance d
which is much less than the distance to another positive vortex; see figure 7.6.
Thus initially the positive-negative vortex pair does not feel the presence of
the third vortex and propagates along almost a straight line as a vortex dipole
(c.f. problem 7.3.2). However, the direction of the dipole propagation is toward
the third vortex and, upon approaching the latter, the dipole’s track (shown
by the dotted line in figure 7.6) significantly deviates from the straight line:
it bends around the third vortex and then moves away from it asymptotically
approaching a straight line which is at angle o with its initial direction; see
figure 7.6.

1. Explain why the dipole does not feel the presence of the third vortex and
propagates along almost in a straight line when the distance d between
the vortices making the dipole is much less that the distance from the
dipole to a third vortex.

2. Find the distance between the positive and the negative vortex in the
dipole after the “collision” with the isolated vortex, i.e. at large time
when the dipole has travelled far away from the third vortex.

3. Describe the motion of the third vortex long before and long after its
collision with the dipole.

4. Find the total distance a travelled by the third vortex (it is indicated
by the dashed line in figure 7.6).

7.3.5 Point vortex in a channel

A two-dimensional incompressible inviscid fluid is occupying a channel
bounded by two straight walls, * = 0 and = = h. Consider a flow in such a
channel which is generated by a point vortex of circulation I' > 0 initially
located at the point (z,y) = (a,0); see figure 7.7.
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FIGURE 7.6: Scattering of a point vortex dipole at an isolated vortex.

1. Formulate the free-slip boundary conditions for this problem.

2. Explain why the flow generated by such a point vortex in the channel
with the free-slip boundary conditions is the same (for 0 < = < h)
as the flow generated by an infinite chain of the image vortices on an
unbounded two-dimensional plane which are initially located as shown
in figure 7.8.

3. Explain why the point vortex will move parallel to the walls with a
constant speed.

4. Find the velocity of the point vortex if it is located in the centre of the
channel (i.e. a = h/2).

5. By summing the contributions from all of the image vortices, find the
velocity of the point vortex for the case a = h/4. Hint: to evaluate the
infinite sum involved use the following identity,

oo

Z#flfi
16k2—1 2 8
k=1

6. Find the velocity of the point vortex for the case a = 3h/4.
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FIGURE 7.7: Vortex in channel.

7.3.6 Point vortices and their images

Given information: equation for the motion of point vortices expressed
in the complex coordinates—equation (7.5).

At some instant ¢ = 0, two point vortices, each having circulation —T,
are located at (z1,y1) = (a,—a) and (z2,y2) = (—a,a), and two other point
vortices, with circulation T', are at (z3,y3) = (a,a) and (z4,y4) = (—a,—a)
on the unbounded plane.

1.

Express the complex coordinates of the second, the third and the fourth
vortices in terms of the first vortex coordinate z; for all times ¢ > 0.

. Find the first vortex’s trajectory yi(z1) and use the result of part 1 to

find trajectories of the other three vortices.

. Show that the velocity field generated by the four vortices in the upper

half-plane y > 0 is identical to the one produced by only two vortices,
numbers 2 and 3, moving over a fixed plane boundary located at y =0
with a free-slip boundary condition on this plane.

When an aircraft takes off, the two vortices that trail from its wingtips
are observed to move downwards under each other’s influence and then
to move farther apart as they approach the ground. Why is this?

7.3.7 Clustering in the gas of point vortices

Given information: expression (7.9) for the energy of the point vortex
system considered in question 7.3.1.
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FIGURE 7.8: Infinite chain of image vortices.

In this problem we will deal with a large set of vortices in statistical equilib-
rium: a system introduced by Lars Onsager in 1940s. We will learn about neg-
ative temperature states associated with the grouping of like-signed vortices
into large-scale clusters and, therefore, forming a large-scale vortex structure.
This process is a close relative of the inverse cascade process in 2D turbulence
considered in chapter 8.

Consider a “gas” of point vortices with circulations I' and —I" in equal
numbers; see figure 7.1. Suppose that the vortex system is in a thermody-
namic equilibrium which can be qualitatively described by the Boltzmann
distribution,

P{x;} ~ e Ervia}/T,

where Epy is the vortex interaction energy which is a function of {x;}—
the full set of the vortex coordinates xj; j = 1,..., N, and T' = const is the
temperature. Here, we must postulate that vortices cannot come together
closer than some minimal distance d which is much less than the mean inter-
vortex distance: otherwise the total energy would be unbounded, and the
Boltzmann distribution would not be normalisable. (The minimal distance d
may represent a qualitative re-introduction of the effect of the vortex core
diameter which was neglected in the point vortex approximation).

1. Show that for sufficiently large positive temperatures 7', the most prob-
able states could be viewed as a gas of tight dipoles, i.e. it consists of
pairs of positive and negative vortices whose distance from each other
is much less than the distance to the other vortices.

2. Show that for negative temperatures 7', the most probable states contain
large-scale clusters such that vortices of one sign dominate within each
cluster.
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7.3.8 Discharge through a hole

,//
sink \(y/
|
Yo

FIGURE 7.9: Water discharging through a hole at the bottom.

A flow of water is discharging through a hole at the flat bottom of a large
flume; see figure 7.9.

1. Explain why the resulting water flow is equivalent to the flow produced
by a point sink of strength x < 0 assuming that the free-slip boundary
condition at the wall is satisfied.

2. Find & in terms of the volume flow @ through the hole.

3. Now suppose that the water is pumped into the flume through the same
hole rather than being discharged. Explain why it would be less realistic
to consider the resulting flow as a point source flow.

7.3.9 Submerged pump near a wall

A pump is submerged deep under the water surface at an initial distance
Ly from a vertical wall; see figure 7.10. The pump is suspended vertically so
that it could freely move with the fluid flow in the horizontal direction. We will
assume that the effects of the bottom and of the free surface can be neglected.

1. Explain why the flow produced by the pump with the free-slip boundary
condition at the wall is equivalent to the flow produced by a point sink
with strength x < 0 and its image sink with the same strength x < 0 as
shown in figure 7.10. Find & in terms of the volume flow @) through the

pump.

2. Assuming that the pump moves freely with the fluid flow in the hori-
zontal direction, find the distance from the wall as a function of time,
L(t), and the time t* at which the pump will hit the wall.

7.3.10 Flows past a zeppelin and a balloon

Flows past blunt bodies of revolution, e.g. a zeppelin-shaped body; see
figure 7.11, can be constructed by combining a uniform flow u = Ux with a
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image sink (pump)

FIGURE 7.10: Submerged pump near a wall.

set of point sources and sinks on the z-axis (here X is a unit vector along the
x-axis).

U

FIGURE 7.11: Flow around a zeppelin.

1. Let us first study a case with only one source and no sinks. Consider a
three-dimensional flow whose velocity potential is a sum of the individual
contributions corresponding to a uniform flow with velocity U along the
z-axis and a source of strength x at x = (0,0,0).

Find the velocity field of such a flow.
2. Find the stagnation point at which the velocity is zero.

3. Describe properties of the streamline passing through the stagnation
point. How does this streamline behave far downstream of the stagnation
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point? Explain why this streamline corresponds to the shape of the body
of revolution to which the considered flow is a solution with the free-slip
boundary condition.

4. Now let us consider a case with only one source and one sink. Namely,
let the velocity potential be a sum of the individual contributions cor-
responding to a uniform flow with velocity U along the z-axis, a source
of strength x at x = (0,0,0) and a sink of the same strength x located
at x = (a,0,0); see figure 7.11.

Find the velocity field of such a flow.

5. Consider the limit a — 0 keeping p = ka constant. Find the velocity
potential ¢ and the radial component of velocity w,. Find the surface
where u, = 0. What is the shape of the body of revolution in the limit
a — 07 (Hint: think of the free-slip boundary condition in terms of u,..)

7.4 Solutions
7.4.1 Model solution to question 7.3.1

1. Let us differentiate the total point-vortex energy defined by formula
(7.9):

1 i r,ry (%5 — Xk) - (%5 = Xk) _

. 2
k=1 ket Ixj = Xk|

N .
Loy o R o) (7.12)
e Pl

Substituting %; from the equation of motion (7.4), we have

N N
EPV — _L Z Fjrkrm z- [(xj — Xm) X (Xj — Xk)] ] (713)

ar? J.km=1;k,m#j |xj - Xm‘2|xj — Xk’|2

The expression under the sum is antisymmetric with respect to the
change k < m, so Fpy = 0.

2. Differentiating the total momentum given by formula (7.10) and using
formula (7.4), we have:

N

al [Ty 2z % (x5 — Xg)

P=YT,% = Ik 1k 14
Z 7% , Z 2 |xy — xp)? (7.14)
j=1 J,k=1,k#j
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The expression under the sum is antisymmetric with respect to the
change j <> k,so P =0.

3. Differentiating the total angular momentum given by the formula (7.11)
and using formula (7.4), we have:

N N

. .0 x; - (3 _
M= oyx = Yy EX (2 x (% QX’“)). (7.15)
=1 Jk=LhE e =l
But x; - (2 x (x; —Xx)) = =%, - (2 X X}) = X, - (2 X x;) and, therefore, M = 0.

7.4.2 Model solution to question 7.3.2

1. Distance between the vortices at ¢t > 0 is the same as the distance at
t = 0. This follows from the energy conservation, which for the system

of two vortices is
Iy

47
2. First consider the case I'y # —T's.

In |x; — x2| = const.

From the momentum conservation we obtain that the “mass centre” of
the two-vortex system is fixed:

«  L1x1 +Toxo

X' = = const.
Iy +Ty

But the above two expressions also mean that

= 7”—‘2”}(1 _ le = const
Ty + g '

dl = |X1 — X*|
and

d2 = |X2 — X
From this we conclude that both vortices move in circles with the same
angular velocity and the same centre at x = x*.

The modulus of the angular velocity 2 can be found by dividing the
vortex one’s velocity modulus, |vi| = [T'e|/(27d), by the distance to the
rotation centre, d;. We have

|F1 + FQ‘
Q=——7=.

i 2rd?

The sign of Q2 is the same as the sign of I'y + I'e, so finally

-+ T
2= ord?
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If I'y > 0 and I'; > 0, the vortices move counter-clockwise around the
common centre which is in between of the two vortices; see figure 7.12.
If 'y =Ty > 0, then the centre of rotation is exactly in the middle of
the piece of line connecting the two vortices.

If 'y > 0 and I's < 0, then the rotation centre x* is located outside of
the piece of line connecting the vortices; see figure 7.13.

3. In the case I'y = —I'; = T, both vortices produce exactly the same
velocity at each other’s location, v1 = ve = I'/(2nd) . Thus, the vortex
pair will move together perpendicular to the line connecting the vortices

with velocity
r

v=—.
2nd
This structure is called a vortex dipole.

FIGURE 7.12: Motion of two like-signed point vortices. Both vortices are
counter-clockwise in this figure, i.e. they have positive circulations I'y > 0 and
I's > 0.

7.4.3 Model solution to question 7.3.3

1. Velocity of vortex 3 will be equal to the sum of velocities produced by
vortices 1 and 2 at the position of vortex 3, Vi3 and Va3 respectively;
see figure 7.15. Note that V13 and Vo3 have equal absolute values, and
the absolute value of their sum will be equal to the sum of projections
of V13 and Va3 onto the line bisecting their directions (the dashed line
in figure 7.15):

r

T
V =|V| =2|Vi3|cosf = ﬁﬂ =55

where R is the radius of the circle on which the vortices lie.
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FIGURE 7.13: Motion of two opposite-signed point vortices. Counter-
clockwise and clockwise pointing arrows mark vortices with positive and neg-
ative circulations respectively. In this example I'y > 0 and I's < 0.

Because of the symmetry, the velocity of each of the other two vortices
will have the same absolute value V' and it will also be directed tan-
gentially to the circle on which the vortices lie. Thus, the molecule will
experience a solid body rotation with angular velocity

r

Q=V/R= R

(7.16)

2. Similarly for the four-vortex molecule, the velocities of all the four vor-
tices will have the same absolute values and they will all be tangential to
the circle on which the vortices lie. Thus again, the molecule will expe-
rience a solid body rotation with constant angular velocity. The vortex
velocity is made up of the three velocity contributions produced at the
location of the vortex by the other three vortices:

voo D T, T sr
T oL ‘%1 T 2mR T anR

Correspondingly, for the angular velocity we have

3

(7.17)

3. From the symmetry, for an N-vortex with arbitrary N the motion will
be similar: it will rotate as a solid body with a constant angular velocity.
From formulae (7.16) and (7.17) you could guess that in this case

(N-=-1T

(although you are not asked find this formula in this part).
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y
r

\J

=

FIGURE 7.14: Dipole of point vortices. Counter-clockwise and clockwise
pointing arrows mark vortices with positive and negative circulations respec-
tively.

4. In the N-vortex molecule let I' = a/N and take the limit N — oo with
radius R fixed. Easy to see that this limit corresponds to a uniform
distribution of vorticity on the circle and, therefore, to an axially sym-
metric flow without radial component of velocity. The azimuthal velocity
in such a flow changes from zero at r < R to

NT a
V = — = —
r>R 2mr 2mr

for r > R.

For the vortices on the circle r = R, velocity is equal to the middle of
the jump value,

v — Vicrto = Vizro _ a
2 AR’
and
Q=V/R=——
ATR?’

7.4.4 Model solution to question 7.3.4

1. The pair of vortices separated by distance d produce, at each other’s
positions, velocities which are equal to each other and much greater
(by factor r/d) than the velocity induced by the third vortex separated
from the dipole vortices by distance r > d. Thus the vortex dipole moves
along almost a straight line with velocity I'/(27d).

2. After the collision with the isolated vortex, i.e. at large time when the
dipole has travelled far away from the third vortex, the distance between
the positive and the negative vortex in the dipole will return to its initial
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FIGURE 7.15: Three-vortex of molecule.

value d. This follows from the energy conservation (7.9), because the
dominant energy contribution long before and long after the collision
will be from the dipole pair:

2
E; = — Ind = const.

drm

The position of the third vortex long before and long after its collision
with the dipole is almost constant because the velocity produced at
its position by the dipole’s vortices is negligible. In fact, because of
the leading-order cancellations of the velocity contributions of the two
vortices within the dipole, this velocity scales as ~ I'd/r? i.e. it decays
more rapidly with distance r than it would in the case of a single vortex
velocity.

When the dipole is close to the third vortex, the latter moves. From the
momentum conservation law (7.10), from which (cancelling I') we have:

(x2 — %1+ X3)|t=0 = (X2 — X1 + X3) |t=100

The total distance travelled by the third vortex, a = X3|t=t00 — X3|t=0,
is then
ay
a= <2dcos 7) n,
2

where n is the unit vector normal to the line bisecting the initial and
the final directions of the dipole motion; see figure 7.6.
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7.4.5 Model solution to question 7.3.5

1.

Let the velocity field be u = (u(zx, y,t),v(z,y,t)). The free-slip boundary
conditions for this problem are:

uw(z,0,t) = u(z,h,t) =0; wv(x,0,t) & v(z, h,t) —arbitrary.

. From symmetry, the flow generated by an infinite chain of the image

vortices on an unbounded two-dimensional plane which are located as
shown in figure 7.8 will have u(x,0,t) = u(x, h,t) = 0, as required by the
free-slip boundary conditions of the original problem. Thus, the rest of
the flow for 0 < x < h will also be the same, because it contains the same
point vortex inside this interval and it satisfies the fluid equations (ba-
sically the Laplace equation for the velocity potential of an irrotational
incompressible flow) outside of the point vortex.

. The point vortex and its images will remain on the same line for any

t > 0. Thus, they will not produce any z-component of the velocity at
each other’s positions. Because the z-positions of the vortices do not
change, they produce the same y-component of the velocity at each
other’s positions for any ¢ > 0. Therefore, the point vortex (and its
images) will move parallel to the walls with a constant speed.

From the symmetry, the velocity of the point vortex located in the centre
of the channel (when a = h/2) is zero.

. Here we have to refer to figure 7.8. By summing the contributions from

all of the image vortices for the case a = h/4, we have for the vortex
velocity V:

A R
C2mh A= [2k-1/2 2k+1/2]
k=-+oc0
I 4r 1 r

- — = —(1-n/2).
7rh+7rhk1 =1 an T2

6. From the symmetry, the velocity of the point vortex for the case a =

3h/4 is just the negative of the velocity found for the case a = h/4,

r
V= _ﬁ(l —7/2).

7.4.6 Model solution to question 7.3.6

1.

From the symmetry of the problem for t > 0 we have

Tl = T2 = —T3 = —T4; Y1 = —Y2 = —Y3 = Y4.
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Thus, we have the following expressions for the complex coordinates of
the 2nd, 3rd and the 4th vortices in terms of the 1st vortex coordinate
z1: From the symmetry of the problem for ¢ > 0 we have

* *
Z]_ == _22 == Z3 == _Z4,
where star * stands for complex conjugate.

From the equation for the motion (7.5), after substituting the above
relations, we have the following equation for the coordinate of the first

vortex,
ko . 1 1 1
21 =21 — _— — — =

:% 221 w1 — 2 21+
=iy 11
2r | 2(z% +y3)  2iy1 22
Taking the ratio of the real and imaginary parts of this equation we have
oyt
i?l Ii’ '

Integrating this equation we obtain the trajectories of the 1st vortex

1 1

yi @t
For each fixed constant C, this equation describes four disconnected
branches (in the different quadrants of the (x,y)-plane), each corre-
sponding to a trajectory of one of the four vortices. The 1st vortex will
move in the lower-right quadrant.

= C = const. (7.19)

By the symmetry, the vertical velocity of the four-vortex flow is zero at
y = 0, which means that the free-slip boundary condition on this plane
is satisfied for the two-vortex system. For the latter flow the other two
vortices at y < 0 become the image vortices.

The aircraft’s trailing vortices move downward as a vortex dipole, and
upon approaching closer to the ground they behave like the 2nd and
the 3rd vortices in our problem. According to our solution (7.19), this
corresponds to decreasing y and increasing x, i.e. the vortices move apart
as they approach the ground.

7.4.7 Model solution to question 7.3.7

For the purposes of this problem, we shift expression (7.9) for the energy

of the point vortex system by a constant reference energy:

|x; — X

A (7.20)

1 N
Bpv=-1- > TiTeIn
Jk=1:k#j
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where £ is a typical inter-vortex distance, £ = 1/y/n, n being the number
vortices per unit area. This shift does not change the form of the Boltzmann

distribution,
P{X_]} ~ e_EPV{xj}/T,

since the proportionality constant would have to be normalised anyway.

1. According to expression (7.20), the energy of the point vortex system

consists of a sum of pairwise contributions: pairs of like-signed and oppo-
sitely signed vortices make positive and negative contributions respec-
tively when they are tight, |x; — xx| < ¢, and vice versa if they are
distant, |x; — xg| > £.
For the vortex system with Boltzmann distribution the negative energy
states are more probable for positive temperatures 7. For large tem-
peratures, the most probable states are those that correspond to the
vortex configurations with largest possible energies, i.e. such that they
consist of tight vortex dipoles with sizes < ¢, namely opposite-signed
pairs with distance between the vortices of the order of the minimal
allowed inter-vortex distance d.

2. For negative temperatures T, the most probable states are configura-
tions with like-signed vortex pairs that have on average smaller inter-
vortex distances than the opposite-signed pairs. Such distributions can
be viewed as large-scale clusters such that vortices of one sign dominate
within each cluster. For very large negative temperatures T' the most
probable state consists of just two such clusters: a positive and a nega-
tive, each being tight, with distances between the vortices within each
cluster of the order of the minimal distance d.

7.4.8 Model solution to question 7.3.8

1. The velocity field produced by a sink located at the wall will be tan-
gential to this wall, i.e. the free-slip boundary condition at the wall is
satisfied.

2. The radial component of the velocity field produced by the sink of
strength x in the 3D case is

K

v(r) = et (7.21)
and the inward volume flux through a sphere of radius r surrounding
the sink is —4mr?v(r) = —4mk. However, in the problem only half of the
sink flow is realised in the fluid volume and, therefore, the volume flow
through the hole is Q = —27k. Thus, for x in terms of the volume flow

through the pump @ we have:

.= 7% (7.22)
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3. For the water discharging from the same hole we would most likely

encounter the flow separation phenomenon. In the other words, the flow
would emerge out of the hole as a jet, which is strongly anisotropic and,
therefore, very dissimilar to the point source flow, which is isotropic. In
a much more viscous fluid such a flow separation would be suppressed,
but the free-slip boundary condition would have to be replaced with the
no-slip condition, and the isotropic flow would be again impossible.

7.4.9 Model solution to question 7.3.9

1. The flow produced by a sink with strength x < 0 and its image sink

with the same strength and at the same distance on the other side (as
shown in figure 7.10) will produce zero normal component of velocity
at the wall—as required by the free-slip boundary conditions. Note the
difference with the point vortices: the image has the same sign and not
the opposite one as in the point vortex case.

The radial component of the velocity field produced by the sink of
strength x in the 3D case is

olr) = = (7.23)

and the inward volume flux through a sphere of radius r surrounding
the sink is
Q = —47mrv(r) = —4nk. (7.24)

Thus, for x in terms of the volume flow through the pump @ we have:

Q

HZ?E.

(7.25)

From equation (7.23) we have that the flow velocity produced by the
image sink at the pump’s position is:

K

Vi

The self-induced velocity of the sink at the pump is zero because its
velocity distribution is spherically symmetric (c.f. with the fact that the
self-induced velocity for the point vortex is also zero). Therefore, the
equation of motion for the pump drifting with the flow is:

solving which we have:

g(LP = L) = 1t~ o), (7.28)
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or

. q1/3
L(t) = B(ttong} : (7.29)

Note that because x < 0, the distance to the wall is decreasing: L(t) < Lg
for t > tg. The pump hits the wall at the moment ¢ = ¢* determined by
the condition L(¢*) = 0, which gives

_35L% ~ 3QL}

tt—tg = 1 T (7.30)
7.4.10 Model solution to question 7.3.10
1. The velocity potential is
¢=Us— n (7.31)

/a:2+y2+z2.

The velocity field is axially symmetric with respect to the z-axis without
an azimuthal component, and, therefore, it is sufficient to consider points
on the (z,y)-plane only (i.e. for z = 0). In this plane we have

. 1 .

2. At the stagnation points we have u = 0, so from the y-component (z-
component) of the velocity we get y = 0 (2 = 0) and for the z-component
we have x = —\/W . So, we have the following stagnation point:

Xy = (-ﬁ,o,o) . (7.33)

3. The streamline passing through the stagnation point is the shape of the
body of revolution to which the considered flow is a solution satisfying
the free-slip boundary condition, because the velocity is always tangent
to the streamline. Other streamlines do not correspond to a blunt body
shape, because any flow round a blunt body must have a stagnation
point.

At + — oo we have u — Ux, and the shape of the body of revolution
tends to a cylinder parallel to the z-axis. Radius R of this cylinder can
be obtained from equating the mass production rate at the source, 47k,
to the mass flux carried downstream within the circle of radius R, i.e.

UmR?. This gives
R =2, /g = 2/x,].
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4. The velocity potential is

K K

¢p=Uzx— + .
Vaz+y2+ 22 (w—a)? +y? + 22

(7.34)

The velocity field is axially symmetric with respect to the z-axis and,
therefore, it is sufficient to consider points on the (z,y)-plane only (i.e.
for z = 0). In this plane we have

KT k(z — a)

u= qu = <U+ (1‘2 +y2)3/2 - ((Z‘—U:)2+y2)3/2> X

1 1 )
KY ((x2 + y2)3/2 o ((x — a)2 i y2)3/2) y. (7.35)

In the limit a — 0, using a Taylor expansion in a we have to the leading
order:

7%

)

o~ Ust g (7.36)

where r = /22 + y2 + 22.

Putting again z = 0 and substituting = r cos 6, for the radial compo-
nent of velocity we have

2pcos® Uz 2ux

Up = Oprp = Urcos — — - (7.37)

73 r rd’

and we have u,, = 0 on a sphere with radius b given by

) 27/1 1/3
=\ .
Thus we conclude that the ideal flow with velocity U past a sphere of
radius b is given by the potential

b3



Chapter 8

Turbulence

8.1 Background theory

Turbulence is a state in which fluid particles move chaotically. Even though
the fluid equations are deterministic, turbulent motion of individual fluid par-
ticles is unpredictable due to an intrinsic instability of such a motion, i.e.
great sensitivity of the fluid paths to slight disturbances. In this, turbulence
is similar to a gas of molecules: even if one uses deterministic laws of classical
mechanics to describe the motion and collisions of the molecules, their individ-
ual tracks are impossible to predict. However, in both the turbulence theory
and the kinetic theory of gases one deals with averaged quantities which are
possible to describe and predict, such as the mean concentration of molecules
in gas, or a mean velocity profile distribution (in both gas and turbulence),
or the mean velocity distribution of gas molecules, or a mean distribution of
energy over the turbulent eddies.

The latter is quantified by the energy spectrum which is the central object
in the turbulence theory. The one-dimensional kinetic energy spectrum of
three-dimensional turbulence is defined via the Fourier transform of a velocity
correlator as )

E= L /(u(x) ~u(x +r))e’*T dr, (8.1)
(2m)?
where k is the wave vector and k = |k| and () means the ensemble average.
The spectrum E(k) describes distribution of the energy over the length scales
I = 27 /k (roughly, over the eddies with diameters ).

Important idealisations in the turbulence theory are assumptions of tur-
bulence homogeneity and isotropy, respectively, when all positions and all
directions in the physical space are statistically equivalent. Obviously, to obey
these properties turbulent motion must occupy an infinite space, which may
only be an approximation to real turbulent flows. In homogeneous turbulence
spectrum E is independent of the position x; in isotropic turbulence E is
independent of the direction of k, i.e. E = E(k).

Previously we mentioned an analogy between turbulence and a gas of par-
ticles referring to the unpredictability of individual particle trajectories in
both cases. However, there is a crucial difference between these two systems:
gases are often found in states close to thermodynamic equilibrium described

173



174 Fluid Dynamics via Examples and Solutions

by some temperature 7', whereas turbulence is a strongly non-equilibrium
state. In turbulence, large eddies are generated by an external forcing (e.g.
stirring) or by an instability. Such large eddies do not live long: their mutual
interactions lead to breaking of these vortices into smaller ones. If viscosity
is small enough (i.e. Reynolds number is big) all of the energy of the initial
large eddies will be transferred to the smaller eddies without loss. But the
smaller eddies will also interact and will further break to even smaller eddies
passing to them the turbulent energy. The process of breakup will continue
until energy reaches very small scales at which the viscous dissipation is im-
portant, and at these scales the kinetic energy of the turbulent motion will
be transferred to the internal energy. This occurs at the scales with sizes such
that Reynolds number estimated at these length scales is of order one.

The picture described above was introduced in the 1920s by Richardson
and it is called the energy cascade through scales. It is illustrated in figure
8.1. When energy is supplied to the system at a constant rate, a statistically
steady state is expected to form with a time independent energy spectrum E.

a7/ %
settiite L RS
B o %e oy

FIGURE 8.1: Richardson cascade in the physical space.

Using the rule of correspondence between the length scale and the wave
vector, I = 2m/k, one can represent the turbulent cascade of energy as a
step-by-step energy transfer from smaller to larger wave vector magnitudes
as schematically shown in figure 8.2. The range of k’s in which there are no
sources or sinks of the turbulent energy and where the energy is transferred
between adjacent scales without change is called the inertial range. It is clear
that in the steady state the flux of energy ¢, i.e. the rate at which it is trans-
ferred from smaller to larger k’s, is independent of k£ and is equal to the rate
at which it is produced for the forcing at the largest scales, which in turn is
equal to the rate of viscous dissipation at the smallest scales of the turbulent
motion.

The central result in the theory of turbulence is the Kolmogorov energy
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Energy cascade

A VA VA Vo Ve Ve Lt

Energy injection Viscous dissipation

FIGURE 8.2: Richardson’s cascade in the k-space.

spectrum, which can be obtained for the inertial range of scales from a simple
dimensional argument which expresses the spectrum E in terms of the dis-
sipation rate of the kinetic energy e and the wave vector magnitude k. This
argument will be considered in question 8.3.1.

Inverse Direct
Energy cascade Enstrophy cascade
k— k, ks

FIGURE 8.3: 2D turbulence: dual cascade in the k-space space.

Let us now consider two-dimensional (2D) turbulence; the 1D energy spec-

trum in this case is:
n k ik-r
E= . (u(x) - u(x+r))e™ " dr. (8.2)

In 2D turbulence, in addition to the energy there exists another positive
and quadratic (with respect to velocity) invariant, the enstrophy; see equa-
tion (2.25). Presence of two conserved positive quadratic quantities results
in a dual cascade behaviour, namely the energy will cascade toward smaller
wave vectors (larger scales) and the enstrophy will cascade toward larger wave
vectors (smaller scales). Because the energy cascade transfer in this case is op-
posite to the one in 3D turbulence, such an energy cascade is called inverse
energy cascade. Respectively, the enstrophy cascade is referred to as a direct
cascade. Such conclusions about the cascade directions are usually established
by an ad absurdum Fjgrtoft argument. This argument for steady (forced and
dissipated) 2D turbulence will be considered in question 8.3.2. For evolving
2D turbulence, in systems without forcing and dissipation, the energy and
the enstrophy transfer directions can be found using the Cauchy-Schwartz
inequality; this will be considered in question 8.3.3.

Energy spectra corresponding to the inverse energy cascade and the for-
ward enstrophy cascade can be obtained dimensionally, in a way similar to the
Kolmogorov spectrum derivation in 3D turbulence. They are called Kraichnan
spectra and they will be considered in question 8.3.4.
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Interestingly, a Kolmogorov-type scaling was obtained in turbulence theory
long before Kolmogorov found it in his spectrum. Richardson discovered it in
1920s by considering experimental data and finding a law of separation of two
tracer particles in 3D turbulence, which will be considered in question 8.3.5.

Finally, we will consider turbulence which arises in a fluid flow close to a
solid boundary in question 8.3.6. Such near-wall turbulence is inhomogeneous
and anisotropic, and we will, following von Kérman, aim to find the mean
velocity profile using dimensional considerations.

8.2 Further reading

A detailed account of the turbulence theory is given in the books Turbu-
lence: The Legacy of A.N. Kolmogorov by U. Frisch [8] and The Theory of
Homogeneous Turbulence by G.K. Batchelor [3]. Some facts and approaches
in turbulence are described in the books Fluid Dynamics by L.D. Landau
and E.M. Lifshitz [14] and Elementary Fluid Mechanics by T. Kambe [9].
An excellent source of information on the 2D turbulence is a review by R. H.
Kraichnan and D. Montgomery Two-Dimensional Turbulence [11]. The reader
is also recommended to see the original 1941 paper by A.N. Kolmogorov [10],
which is very clearly written and accessible to non-specialists.

8.3 Problems
8.3.1 Kolmogorov spectrum of turbulence

1. Find the physical dimensions of the energy spectrum E (k) and of the
dissipation rate of the kinetic energy e.

2. Use a dimensional argument to find the kinetic energy spectrum assum-
ing that the only dimensional quantities it can depend on are e and
k.
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8.3.2 Dual cascade in steady two-dimensional turbulence

Given information: the energy and the enstrophy densities in the two-
dimensional plane, £/ and Z respectively, are expressed in terms of the
one-dimensional energy spectrum FE(k) as follows:

E:/ E(k)dk, and Z:/ k2 E(k) dk,
0 0

where k = |k| is the wavevector length.

In this problem we will consider a statistically steady state of forced and
dissipated 2D turbulence and, following Fjgrtoft an ad absurdum argument [7]
resulting in the dual cascade picture illustrated in figure 8.3.

Consider 2D turbulence which is forced at wave numbers k¢ and dissipated
in two regions, k < k_ and k > ky such that k_ < ky < k4.

1. Find the relation between the energy production rate € and the enstro-
phy production rate 7.

2. Suppose by contradiction that in steady-state conditions energy is dis-
sipated at wave numbers k > k; at a rate comparable to the energy
production rate €. Find a lower bound for the enstrophy dissipation rate
in this case, and show that this bound is greater than the enstrophy
production rate 7. Thus conclude that this is impossible in steady-state
conditions and, therefore, most of the energy has to be dissipated at
E<k_.

3. Find a similar contradiction argument to show that most of the enstro-
phy has to be dissipated at k > k..
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8.3.3 Dual cascade in evolving two-dimensional turbulence

Given information: the energy and the enstrophy densities in the two-
dimensional plane, £/ and Z respectively, are expressed in term of the
one-dimensional energy spectrum FE/(k) as follows:

E:/ E(k)dk, and Z:/ k2 E(k) dk,
0 0

where k = |k| is the wavevector length.

The energy and the enstrophy centroids describe the wavevectors con-
taining most of energy and enstrophy (at a particular moment of time).
They are defined respectively as

ke

/Oo k E(k)dk/E,
0

kz / T E(k)dk/Z.

The Cauchy-Schwarz inequality is

/OOo f2(k) dk

1/2 1/2

/OOO g*(k) dk

/ " Fgh) dk’ <

for any functions f(k), g(k) € L?.

Usually, Fjgrtoft’s argument finds the directions of the energy and the

enstrophy cascades in stationary 2D turbulence in presence of forcing and
dissipation. Below, we will consider evolving 2D turbulence (no forcing or
dissipation), and will re-formulate Fjgrtoft’s argument in terms of the energy
and enstrophy centroids.

1. Explain why the enstrophy is conserved in 2D ideal flows but not in 3D

flows.

2. Assuming that the integrals defining F, Z, kg, kz converge and using the

Cauchy-Schwarz inequality, prove that:

ke < VZ/E, (8.3)
kekz > Z/FE, (8.4)
ky > /Z/E. (8.5)

Hint: You might like to choose f(k) and g(k) from the following list:
EV2 V2EV2 ) REV2 E3/2 B2,

3. Interpret inequalities (8.3) and (8.5) in terms of the allowed directions

for the energy and the enstrophy transfers in the k-space (cascades).
What does inequality (8.4) say about these transfers?
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8.3.4 Spectra of two-dimensional turbulence

Given information: the one-dimensional kinetic energy spectrum of two-
dimensional turbulence is

E(k) = L /(u(x) ‘u(x +r))e’ T dr,

4
where k is the wavevector and k = |k| and () means the ensemble average.
Note that the spectrum is independent of the direction of k because the
turbulence is assumed to be isotropic; it is also independent of x for
homogeneous turbulence. The spectrum E(k) describes distribution of
the energy over the length scales | = 27 /k.

Consider stationary homogeneous two-dimensional turbulence of an incom-
pressible fluid on an infinite plane which is generated at the length scale [,.
The Kraichnan-Batchelor theory states that, under certain conditions, E(k)
at k < 2m/ly and at k > 27/l is determined only by € and 7 respectively.

1. Find the physical dimensions of the energy spectrum E(k) and of the
dissipation rates of the kinetic energy and the enstrophy, € and 7.

2. Use dimensional arguments to find the kinetic energy spectrum assuming
that the only dimensional quantities it can depend on are € and k.

3. Use dimensional arguments to find the kinetic energy spectrum assuming
that the only dimensional quantities it can depend on are n and k.

8.3.5 Dispersion of particles in turbulence

This problem considers the evolution in time of the mean distance § be-
tween two tracer particles (e.g. dust specks) embedded in turbulence. You
may know that if such particles experienced Brownian motion then § = D /2,
where D is a diffusion constant. In turbulence, the mean separation also grows
as a power law, & o t", but the power n is different from 1/2. Namely, it is
given by the so-called Richardson law which you will be asked to derive in
this problem. To do this, you will need to use a dimensional analysis approach
similar to the one we have used in question 8.3.1 to derive the Kolmogorov
spectrum.

1. Consider 3D turbulence forced at a large scale at which the role of viscous
dissipation is negligible. Define the inertial range of scales. Describe in
words the Richardson cascade picture.

2. Formulate Kolmogorov’s universality hypothesis.

3. Find the physical dimension of the energy injection rate e.
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4. Consider two tracer particles which are moving with the fluid parti-
cles in 3D turbulence. Assume that the distance between these parti-
cles corresponds to the inertial range of scales in turbulence, and use
Kolmogorov’s universality hypothesis and the dimensional argument to
derive Richardson’s law

6=Cemt",

where C' is a dimensionless constant. Find m and n.

5. In his 1926 paper [22], Richardson obtained an equation for P(4,t), the
probability density function defined so that P(d,t) dd is the probability
of the two-particle separation to be in the range from ¢ to § + df. He

wrote
oP 19

9 oP
ot 6206 (5 b(o) 85) ’
where D(J) = C'¢§® (C’ is a dimensionless constant) and he deduced
the value of the index s from experimental data, because it was not until
1941 that Kolmogorov’s dimensional argument was discovered. For the
same reason, the dependence on € was not found (nor even mentioned)
by Richardson. Please use the dimensional argument and find ¢ and s.

8.3.6 Near-wall turbulence

In this problem we will, following von Kérmén [30], apply a dimensional
argument to find mean velocity profile in a turbulent flow near a solid wall.
Consider a flow near an infinite flat boundary located at y = 0. Its velocity
profile is
u(z,y, z,t) = Uy) + @z, y, 2, t),

where U(y) is a mean velocity profile and @ is velocity field of turbulent
pulsations.

Von Kérméan’s 1930 theory postulates that, far enough from the wall, the
momentum flux toward the wall, o, (the wall friction density) is determined
not by the viscous stress (as it would be in a laminar flow) but by the tur-
bulent pulsations which randomly move fluid particles across the mean-flow
streamlines.

1. Produce an argument for why it is only the derivative 9,U (y) and not the
local value of the velocity U(y) that can determine the local properties
of the turbulent flow.

2. Find the physical dimensions of 0,U(y) and o.

3. From considering the physical dimensions, find the only possible rela-
tion between 0,U(y), y and o assuming that the kinematic viscosity
coefficient v is irrelevant and cannot enter this relation.
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4. Integrate the relation you have found and obtain an expression for U(y).
This expression will contain a dimensional integration constant which is
yet to be found.

5. Now consider the flow which is so close to the wall that the viscosity
effect is dominant and the flow is laminar, i.e. & = 0. Find U(y) in this
region.

6. Assume that the mean value of the momentum flux toward the wall, o,
and the typical turbulent velocity are related via o ~ (@?). Transition
from the turbulent to the viscous layer occurs at a crossover value of
y where the mean velocity of the turbulent layer U(y) coincides, up to
an order one constant, with the typical turbulent velocity /o. Use this
condition to eliminate the dimensional constant from your expression
for the mean velocity U(y) of the turbulent layer. Your final answer
will contain two dimensionless constants which may not be found from
our dimensional argument and which are fixed by fitting data for U(y)
obtained in experiments.

8.3.7 Dissipative anomaly in turbulence

One of the remarkable properties in turbulence is that the energy dissipa-
tion rate tends to a finite limit which is independent of the kinematic viscosity
coefficient when the latter tends to zero. Physically, this occurs via a systems
response to adjust the scale at which the turbulent energy cascade is dissi-
pated (i.e. the Kolmogorov scale), so that the system can absorb precisely the
same amount of energy per unit time as the amount produced at the largest
scales by a mechanical forcing or instability.

1. Consider an experiment producing a turbulent von Karman flow—a
setup nicknamed the “French washing machine”. In this setup fluid
occupies a cylindrical volume and is forced with two counter-rotating
propellers—one at the top and the other at the base of the cylinder.
The rotation angular velocities are +£) and the characteristic size of the
apparatus is R.

2. Using the dimensional analysis, find a physical estimate for the energy
injection rate. How are the energy injection and the dissipation rates
related in stationary turbulence?

3. Using the dimensional analysis, find the dissipative scale ¢, in the re-
sulting turbulent state from the condition that the dissipation rate is
independent of v.
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8.4 Solutions
8.4.1 Model solution to question 8.3.1

1. The physical dimensions of the energy spectrum E(k) can be found from
the formula relating it to the kinetic energy density in the physical space:

where k is the absolute value of the wave vector. From this formula we
find that the physical dimension of the energy spectrum E(k) is L3 /T2

The dissipation rate of the kinetic energy e is, by definition, the energy
dissipated per unit time per unit volume. Thus, the physical dimension
of e is L?/T3.

2. The only dimensional combination of € and k£ which has the dimension
of the kinetic energy E(k) is

E(k) = Cxe*3k5/3,

which is the famous Kolmogorov spectrum [10]. Here Ck is a dimen-
sionless constant which is called the Kolmogorov constant. Experiments
indicate that Cx ~ 0.5.

8.4.2 Model solution to question 8.3.2

1. The relation between the energy production rate ¢ and the enstrophy
production rate 7 follows from the relation between the k-space densities
of the energy and the enstrophy (see the given information). Thus,

e:kfcn.

2. Suppose by contradiction that in steady state energy is dissipated at
wave numbers k > k4 at a rate e, comparable to the energy production
rate €. Then we have a lower bound for the enstrophy dissipation in the
same region:

Ny > 6+k’i > e+k’12c ~ ek]% =1.

But it is impossible to dissipate in a steady-state condition more en-
strophy per unit time than the amount produced by the forcing. Thus
conclude that most of the energy has to be dissipated at k < k_.

3. Similar contradiction argument to show that most of the enstrophy has
to be dissipated at k > k. is left to the reader.
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8.4.3 Model solution to question 8.3.3

1. This is because in 2D the vortex stretching term is zero (but not in
3D!), hence the vorticity is conserved along the fluid paths, hence the
integrated square vorticity (enstrophy) is conserved.

2. In the Cauchy-Schwartz inequality, we will only deal with positive func-
tions, so the absolute value brackets may be omitted. Being in L2 in our
case means that all the relevant integrals converge, as suggested in the
statement of the problem.

First, let us consider integral [ kE dk and apply the Cauchy-Schwartz
inequality as follows,

oo A . o 1/2 0o 1/2
/ kE dk = /(kEl/Q)(E1/2)dk < (/ kQEdk> (/ Edk) 7
0 0 0

which immediately yields (8.3).
Second, let us consider Q = [ k2E dk and split it as,

/ kQEdk:/ (K32EY2) (K2 EY?) dk <
0 0

o0 R 1/2 o0 R 1/2
( / K E dk:) ( / kE dk) ,
0 0

which immediately yields (8.4).
Combining (8.4) with (8.3) gives (8.5).

3. Inequalities (8.3) and (8.5) mean that the energy is not allowed to move
to high k’s and the enstrophy is not allowed to move to low k’s. Thus,
the energy may move only to low k’s—this is the inverse energy cascade,
and the enstrophy may move only to high £’s—this is the direct enstro-
phy cascade. However, these inequalities do not oblige the energy and
the enstrophy to move in scale—they may remain at the scales where
they were put initially (as it is the case e.g. for time-independent 2D
solutions).

On the other hand, condition (8.4) means that if the energy happened
to move to low k’s, the enstrophy must move to high k’s.

8.4.4 Model solution to question 8.3.4

1. The physical dimensions of the energy spectrum E(k) can be found from
its defining formula: [F(k)] = L~ [u]?L? = L3/T? (this dimension is the
same as in the 3D case).

The dissipation rate of the kinetic energy, €, is, by definition, the energy
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dissipated per unit time per unit volume. Thus, its physical dimension
is €] = [u]?/T = L?/T3.
The dissipation rate of the enstrophy, 7, is, by definition, the enstrophy

dissipated per unit time per unit volume. Thus, its physical dimension
is [n] = [w]?/T =1/T3.

2. The only dimensional combination of € and k£ which has the dimension
of the kinetic energy E(k) is

E(k) = C1e¥/3k5/3,

where C; is a dimensionless constant. Although this expression is very
close to the Kolmogorov energy spectrum, the constant C; does not have
to coincide with the Kolmogorov constant Ck (indeed, from experiment
it appears to be different, C; ~ 7 and Ck =~ 0.5).

3. The only dimensional combination of 7 and k which has the dimension
of the kinetic energy E(k) is

E(k) = Cye?/3k3,

where Cs is a dimensionless constant. This is the Kraichnan spectrum.
From numerical experiments Co =~ 2.

8.4.5 Model solution to question 8.3.5

1. For 3D turbulence forced at a large scale at which the role of viscous
dissipation is negligible, energy dissipation by viscosity occurs at a much
smaller scale. Starting at the forcing scale, the energy cascades step-by-
step from larger to smaller (but comparable in size) scales until it reaches
the viscous dissipation scale: this is the Richardson cascade picture. The
range of scales in between of the energy injection and the energy dissi-
pation scales, and where the energy balance is determined purely by the
energy flux through scales (and not its external injection or dissipation)
is called the inertial range.

2. Kolmogorov’s universality hypothesis states that all statistical proper-
ties of turbulence at any scale within the inertial range are determined
by the energy flux only, and independent of the details of the energy
injection or dissipation mechanisms (turbulence locality). In stationary
turbulence, the energy flux is equal to the injection rate of the kinetic
energy density, €.

3. By definition, the energy injection rate € is the kinetic energy density
injected into the system in unit time. Thus,

le] = [w*)/T = L*/T".
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4. Let
0=Cemt",
where C' is a dimensionless constant. The only values of m and n which

make this formula dimensionally correct are m = 1/2 and n = 3/2. This
is the famous Richardson 3/2-law of turbulent dispersion.

5. From the PDF equation, [D] = L?/T, so the dimensional analysis gives
D = C'e'/3§%/3 where C' is a dimensionless constant. So, ¢ = 1/3 and
s=4/3.

8.4.6 Model solution to question 8.3.6

1. The laws of physics, including the ones of fluid dynamics, are the same
in all inertial frames, i.e. the motion will be the same in any two flows
whose initial conditions are different by a constant velocity field (up to
transformation into the moving frame). Thus, the properties of the tur-
bulent flow, such as the turbulent transport (including the momentum
flux across the streamlines) cannot depend on the mean velocity U(y)
but only on its derivative 0,U (y).

2. The physical dimension of d,U(y) is 1/T. By the definition of the
momentum flux as the amount of the momentum passing through a
unit area per unit time, we find the physical dimension of o to be
[p][V][u]/(L?*T) = L?/T?. Here we choose the system where p = 1 taking
into account the fluid’s incompressibility.

Note that the dimension of ¢ is the same as the one of squared velocity,
which is consistent with the assumption to be made below that o ~ (%2),
where u the typical turbulent velocity.

3. The only possible dimensionally correct relation between 0,U(y), y and
o (independent from the kinematic viscosity coefficient v) is:

9, U(y) = ﬁ?

Ky

where & is a dimensionless number called the Von Kdrmén constant (it
is traditional to define it as a constant in the denominator rather than
in the numerator). Integrating this relation, we obtain the following

expression for U(y):
o
v = Y2

where A is a dimensional integration constant which is yet to be found.

Iny + A,

4. Since there is no stream-wise pressure gradient, U(y) will be a solution
of the z-momentum equation

vy, U = 0,
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ie.

Uly) = By,
where B =const (we have taken into account the no-slip boundary con-
dition U(0) = 0).
There must be the same amount of the z-momentum flux toward the
wall through the laminar sub-layer as through the turbulent one, so

vo,U =vB =o.

5. Assuming that the transition from the turbulent to the viscous layer oc-
curs at a crossover value y = y! where the mean velocity of the turbulent
layer U(y) matches, up to an order one constant, the typical turbulent
velocity /o, we have

Tt

Uy =—y'=vo ie y' =
(this is just a definition of y) and
1.y
kY

where C' is an order one constant which remains undetermined by our
approximate matching procedure. Together with , C' is fixed by fitting
data for U(y) obtained in experiments, which results in x =~ 0.4 and
C =~ 5.

8.4.7 Model solution to question 8.3.7

1. In stationary turbulence, the energy injection and the dissipation rates
are equal on average. By definition, the energy injection (dissipation)
rate € is the energy produced (dissipated) in a unit volume per unit
time. Thus, the physical dimension of ¢ is [u?]/T = L?/T3. The only
combination of  and R that agrees with this dimension is R?Q3, so

€ ~ R203.

2. The physical dimension of the kinematic viscosity coefficient is L?/T.
To absorb the energy flux € by viscosity, we find (using the dimensional
analysis) that

3/4

éy:m.



Chapter 9

Compressible How

9.1 Background theory

The compressibility of the fluid becomes essential when the flow velocity
is of the same order or greater than the speed of sound (see question 1.3.2)
or when the fluid (or gas) is subject to changing external pressure on the
containing volume like in an air pump or in a balloon rising through a stratified
atmosphere.

In this chapter we will deal with compressible flows described by the invis-
cid equations of a polytropic gas (1.5), (1.6), (1.7) and (1.8). We will consider
both strong and weak solutions of these equations. The latter contain jumps in
the fluid density, pressure and velocity fields (shocks, contact discontinuities)
which are smoothed when viscosity is taken into account. However, the jump
conditions follow from some general conservation laws and they are insensitive
to the detailed structure of the transition region.

9.1.1 One-dimensional gas dynamics

We will start by considering classical results for 1D flows for which equa-
tions (1.5), (1.6) and (1.7) become:

Opu + ud,u = —% oD, (9.1)
Owp + 0z (pu) =0, (9.2)
S + ud,S = 0. (9.3)

A powerful tool for solving the 1D gas equations is the method of char-
acteristics. To use this method one needs to rewrite these equations in the
characteristic form:

Dp+ pesDf u 0, (9.4)
D;p—pcsDyuw = 0, (9.5)
DYsS = o, (9.6)

where ¢, = /(0,p)s is the speed of sound, ((0,-)s means the p-derivative

187
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with S kept constant), and D;", D; and DY are the time derivatives along
the characteristic curves C*, C~ and CY respectively defined by:

Ct: () = ulx(t),t)+cs(z(t),t), (9.7)
C™: a(t) = ua(t),t)—cs(z(t), ), (9.8)
CO: i) = uz(),). (9.9)

Obviously, DY = D; and the entropy conservation equation (9.3) is already
in the characteristic form. For derivation of the remaining two characteristic
equations see problem 9.3.1.

For isentropic flow, S = const, we have Difp = (9,p)sDifp = ¢2Difp. In
this case one can rewrite equations (9.4) and (9.5) as conservation along the
characteristics laws:

DfRT = 0, (9.10)
DR~ = 0, (9.11)
where quantities
Rt = /Mdp—i—u, (9.12)
p
R- = /Cslg))dp—u (9.13)

are called Riemann invariants. For polytropic gases, p = const p”, hence we
have

2c,
v—1

Crossing characteristics of the same family indicates the moment at which
the solution with single-valued fields ceases to exist. This happens when dis-
turbances travelling at higher speeds catch up with slower disturbances, and
this process is called wave breaking. An example of such breaking solutions is
considered in question 9.3.2.

After the wave breaking, viscosity becomes important due to high gradients
of the field at the wave breaking location. Sharp transition regions arise and
start moving—they are called shock waves or simply shocks. Even though
the viscosity is essential in the sharp transition region, the jump conditions
relating the flow fields on the two sides of the shock can be determined based
on the inviscid conservation laws written in the continuity equation form.

One such continuity equation is (9.2): it describes the mass conservation.
Combining equations (9.1) and (9.2), one can also write a continuity equation
describing the momentum conservation:

0 (pu) + 0z (pu? + p) = 0. (9.15)

R* =

+u, (9.14)

Note that the entropy equation (9.3), when combined with the equation (9.2),
can also be written as a continuity equation,

0¢(pS) + 0z (puS) = 0. (9.16)
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However, the entropy conservation breaks down within shocks where the vis-
cosity is essential, whereas the mass and the momentum conservation persist
(see question 9.3.5). Thus, when deriving the jump conditions the entropy con-
tinuity equation (9.17) has to be replaced by another conservation law which
persists for the weak solutions (the ones with jumps): this appears to be the
energy conservation (see question 9.3.6):

@@+gﬁ)+m[w(itwo]=u (9.17)

where ¢ is the internal energy density and

p—StP (9.18)
p
is the specific enthalpy. For polytropic gases
2
p P Cs
e=—— and h= = . 9.19
y-1 (v=Dp (=1 (9-19)

Relations between the fluid quantities ahead and behind the shock are
independent of viscosity in the small viscosity limit. They are found from the
flux conservation for the mass, momentum and the total (kinetic plus internal)
energy; see equations (9.2), (9.15) and (9.17). In the reference frame where
the shock is stationary (not moving), we have:

pP1uU1 = pP2uz, (920)
prus +p1 = paus + po, (9.21)
prus 3+h1 = paus ?+h2 , (9.22)

where the subscripts 1 and 2 denote the values of the respective fields on the
two sides of the jump. Using equation (9.20) we can simplify equation (9.22)
to

u2 u2
b=t b, (9.23)

which appears to be the conservation of Bernoulli’s potential across the jump.
(Note that the incompressible flow limit could be formally seen as the v — oo
limit for which A — p/p and thus we recover Bernoulli’s theorem (2.6).)
Relations (9.20), (9.21) and (9.23) are called the Rankine-Hugoniot jump
conditions (in the frame of reference moving with the jump). One trivial so-
lution to these conditions, in the polytropic gas case, is u; = us = 0, p1 = p2
and arbitrary p; and po. This kind of jump is called contact discontinuity and
it may arise due to a discontinuity in the initial state of the gas rather than
as a result of wave breaking. The rest of the solutions are shocks. Since these
are three conditions for six variables, wuy, ug, p1, p2, p1 and pa, we can specify
three of these variables, the choice of which depends on the particular physical
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problem. For example, for a shock moving into a still gas with a given state,
one must specify p; and p; and either py (if the shock is driven by a fixed
increase in pressure or temperature) or the velocity downstream of the shock
(if the shock is driven by a piston pushed in with a fixed speed); see question
9.3.7.

9.1.2 Two-dimensional gas dynamics

Two-dimensional dynamics of a compressible gas is a rather hard subject
to study in general, and its general treatment is above the level at which this
book is aimed. Here, we will only consider some simplified situations.

9.1.2.1 Irrotational isentropic flows

Vorticity and entropy are usually generated in the flows crossing 2D shocks,
so our consideration here of the irrotational isentropic flows is relevant mostly
to the situations where shocks are absent or very weak.

First of all one can derive a generalised version of Bernoulli’s theorem for
the irrotational isentropic flows which is expressed by the same equation (2.5)
as for the incompressible flows, but the Bernoulli potential for the compressible
flow is different:

uf?

2 )
where ¢ is the velocity potential, u = V¢ and the enthalpy & in the isentropic
case is defined via the relation:

0y + B =By =const, B=~h-+ (9.24)

dh = @ (9.25)
P
In particular, for the polytropic gas we have h = ¢2/(y—1); see the expression
in (9.19). (The derivation of the compressible Bernoulli’s law is nearly identical
to the incompressible version, and we leave it to the reader.)
Further, for the polytropic gas, from the mass continuity equation we have:

Op=—pV3p—Vp-Vo or 0t =—(y—1)c2V3¢—Ve2 -Vo. (9.26)

Substituting here for ¢2 from Bernoulli’s equation, in the polytropic gas case
we have the following closed evolution equation for the velocity potential:

(0 + V- V) (2000 + (V9)?) = (v — 1) (2Bo — 20,6 — (V9)®) V?¢. (9.27)

This is a nonlinear equation which is hard to solve in general. A significant
simplification arises in the special case when the flow is almost uniform, e.g.
arising when passing a slender body, u = Ux + ng with U = const and
|Vg| < U as well as |[Vo| < /By ~ cs. In this case equation (9.27) can be
linearised, and we have:

(0 + Udy)%¢ = gV?9, (9.28)
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where ¢ is the speed of sound far from the body where the flow is uniform
and homogeneous.

Of special importance is the case of a steady flow, d;¢ = 0, in which case
in place of equation (9.28) we have:

(M —1) 0z = V3 6, (9.29)

where My = U/cg is the Mach number measured with respect to the undis-
turbed flow far from the body and V3 = 9y, + 0...

Equation (9.29) is very revealing: for subsonic flows, My < 1, by the change
x' = z/y/1 — Mg one can transform it to the Laplace equation, i.e. the same
equation that describes irrotational flows in the incompressible case. Thus,
modulo this change of variables, all results obtained for the incompressible case
can be obtained for the compressible flow, as long as the linear approximation
used above remains applicable. This also applies to the Zhukovskiy theorem;
see question 9.3.9.

On the other hand, for supersonic flows, My > 1, by the change 7 =
x/y/Mg — 1 one can transform equation (9.29) to the wave equation, i.e. the
same equation that describes linear sound waves. This fact can be effectively
used for solving problems about supersonic flows around slender bodies: see
questions 9.3.10 and 9.3.11.

One can also find a simplified version of Bernoulli’s law for the linearised
theory, which is useful for finding the pressure, which in turn is useful for
calculating the drag and the lift forces. The steady-state version of equation
(9.24) in the case of small disturbances is:

5 2
p/po=—-U0x¢ — @7 (9.30)

where we have taken into account that, according the equation (9.25), h =
p/po + O(p?) (so the remainder is sub-dominant to either one of the terms in
(9.30) or to both).

The linearised equation (9.29) is not valid for transonic flows, |My—1| < 1.
Treatments of these cases are possible using the Euler-Tricomi equation, but
we will omit this subject here (the interested reader is referred to the book of
Landau and Lifshitz [14]). Also, the linearised equation (9.29) is not valid for
very large Mach numbers: this case will be treated in the next section.

9.1.2.2 Steady hypersonic flow past a slender body

For very large Mach numbers the transverse velocity perturbation becomes
of the same order as the speed of sound, |V | ¢| ~ ¢, and the linear approxima-
tion of the previous section is no longer valid. Luckily, a simplified description
is available in this case too.

Let us consider a steady inviscid compressible 2D flow described by the
steady-state version of equations (1.5) and (1.6):
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udpu + voyu = —%@p, (9.31)
U0, v + v0yv = —%Byp, (9.32)
Oz (pu) + 0y (pv) = 0. (9.33)

Of course, the system of these equations is incomplete and we need to add
another equation, e.g. the one for the entropy or the energy density. In view
of using our system for describing shocks, like in 1D, it should be the energy
rather than the entropy equation. However, we will not write it here explicitly
because we will not need it for our discussion below.

Suppose that at infinity the flow has a constant uniform speed along the
zr-axis, u = Ux, U = const, and it passes a slender 2D body with a typical
angle of inclination of its surface to the z-axis 8 < 1; see figure 9.1. Let the
flow be hypersonic so that M > 1/6. Presence of slender a body produces
small disturbances in the velocity field,

u=(U+u)x+v'y

such that the leading order changes are in the transverse component only,
v/ ~ U < U and v/ ~ 0?U < v'. (One could say that the leading order
change is in the direction of the velocity field rather than its absolute value.)
On the other hand, these disturbances are not small compared to the speed of
sound and, therefore, the linearised theory considered in the previous section
is inapplicable.

FIGURE 9.1: Hypersonic flow past a slender body (“hypersonic plane”).
The bold solid line is a shock, dashed lines indicate an expansion fan.

The fact that the changes in the z-velocity are much weaker that the
changes in the y-velocity allows us to neglect the former in equations (9.32)

and (9.33) and write them as

O0-v 4+ vyv = féayp, (9.34)
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O0-p+ 0y(pv) =0, (9.35)

where 7 = z/U is an effective time. We have arrived at equations which
are formally identical to equations (9.1) and (9.2) for an unsteady 1D flow.
Without derivation we mention that the same equivalence also applies to the
energy balance equation which we have omitted in this section.

Thus, solving a steady 2D problem of hypersonic flow about a slender body
reduces to solving an unsteady 1D problem with an effective time 7 = x/U. In
this analogy, the free-slip boundary condition on the solid surface y = Y (z) be-
comes a boundary condition corresponding to a moving piston: v = 9, Y (z(7))
on y = Y (x(7)) where z(7) = U7. Because of this formal correspondence, the
described approach is called the piston analogy. For example, in figure 9.1, the
piston moves “into the gas” on the windward (bottom) part of the body and,
therefore, a shock wave forms; see question 9.3.7. On the leeward (upper) side
of the body the piston “withdraws from the gas” and, therefore, a rarefaction
wave with its typical expansion fan of characteristics forms; see question 9.3.2.

Question 9.3.12 will exploit the piston analogy to find a lift force on a
plane hypersonic wing.

9.2 Further reading

Detailed discussions of various aspects of the compressible gas dynamics
can be found in the books Fluid Dynamics by L.D. Landau and E.M. Lifshitz
[14], Linear and Nonlinear Waves by G.B. Whitham [31], “Waves in Fluids”
by J. Lighthill [15] and Prandtl’s Essentials of Fluid Mechanics by Oertel et
al [17].

9.3 Problems
9.3.1 Characteristic equations

Derive the equations for a 1D gas in their characteristic form (9.4) and
(9.5) with the characteristic curves defined by equations (9.7) and (9.8).
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9.3.2 Flow due to a piston withdrawal

Given information: the equations for a 1D gas in the characteristic form
(9.4), (9.5) and (9.6) with the characteristic curves defined by equa-
tions (9.7), (9.8) and (9.9). Characteristic equations for the isentropic
gas (9.10) and (9.11) with the polytropic-gas expressions for the Rie-
mann invariants (9.14).

If a flow is isentropic and one of the Riemann invariants is uniform in the
physical space, the solution for it can be found analytically. This kind of flow
is called the simple wave, and in the linear limit it corresponds to sound waves
propagating in a single direction (i.e. either only to the right or only to the
left). In the present problem we will encounter such a simple wave motion.

A piston suddenly starts moving on trajectory x = X (¢) withdrawing from
a tube filled with gas which is initially still and has uniform initial pressure
po and density pg. Our aim is to find the solution for the gas motion after the
piston starts moving. (Note that the case where the piston is pushed into the
gas is analysed in question 9.3.5.)

1.

Consider the C%-characteristics (i.e. the fluid paths) on the (z,t)-plane
bounded by the piston’s trajectory x = X (t) placing the origin so that
X(0) = 0. What entropy has the gas initially (i.e. on the z-axis at
x > 0)? How does this value propagate along the C°-characteristics?
Will the C%-characteristics originating on the z-axis cover the entire
space occupied by the gas for any time ¢t > 07 By answering these
questions, find the entropy field for any time ¢ > 0.

What is the initial value of the Riemann invariant R~7 Will the C'~-
characteristics originating on the z-axis cover the entire space occupied
by the gas for t > 07 What is the initial value of the Riemann invariant
R~. Find R~ for all £ > 0 and all x > X(¢).

Explain why the Ct-characteristics originating on the z-axis do not
cover the entire space occupied by the gas at ¢ > 0. What are the values
of the Riemann invariant BT on the z-axis and on the piston’s trajectory
x = X(t)? Find RT for all t > 0 and all x > X (¢) considering separately
the C'"-characteristics originating on the z-axis and on z = X (¢).

Put together the results of the previous parts and find an implicit so-
lution for v and ¢, in terms of a time parameter 7 parametrising the
piston’s position (i.e. when ¢ = 7 the piston is at x = X (7)).

Find the explicit solution for u and ¢; for the case when for ¢ > 0 the
piston has a constant speed X = —V < 0. What is the limiting piston
withdrawal speed above which a vacuum bubble forms?
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9.3.3 Gas expansion into vacuum

A still gas with uniform pressure pg and density pg occupies the half-
space x > 0 limited by a solid plate at & = 0. The second half-space, x < 0, is
occupied by vacuum. At time ¢ = 0 the solid plate is instantaneously removed.
Find the gas motion for ¢ > 0.

9.3.4 Dam break flow

Given information: the 1D shallow water equations:

Ou+udu = —go.h, (9.36)
Bh + 0y(hu) = 0, (9.37)

where u(z,t) and h(z,t) are the fluid velocity and the surface height
respectively and g is the gravity acceleration constant.

Still shallow water with height h = hg occupies the half-space = > 0 limited
by a gate at x = 0. The second half-space, < 0, is dry, h = 0. At time t =0
the gate is instantaneously opened. Find the water motion for ¢ > 0.

Hint: You may find it helpful to use the fact that the 1D shallow water
equations are formally identical to the equations for 1D polytropic gases (9.1)
and (9.2). What would be the adiabatic index v in this case?

9.3.5 Momentum conservation in a viscous compressible
flow

Compressible viscous 1D flow is described by the mass continuity equation
(1.6) and by the Navier-Stokes equation

p(Oru + udpu) = —0.p + NOyyu, A =E+4p/3, (9.38)

where p and £ are the first and the second viscosity coefficients respectively.
Derive the continuity equation for the momentum density in a 1D com-
pressible viscous flow.

9.3.6 Energy conservation in compressible flow

1. Using the 1D compressible inviscid flow equations (9.1), (9.2), and (9.3)
prove the energy continuity equation (9.17) for a 1D polytropic flow,
in which the internal energy and the enthalpy are given by expressions
(9.19).

2. Without derivation, present a general qualitative argument on the role
of viscosity in the energy conservation law.
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9.3.7 Rankine-Hugoniot conditions for jumps across shocks

1. Consider a 1D shock wave with a still gas ahead of it with pressure p;
and density p;. The pressure behind the shock is py. Using the Rankine-
Hugoniot conditions (9.20), (9.21) and (9.23), and the polytropic gas
expression for the enthalpy (9.19), find the gas density and velocity
behind the shock, as well as the shock’s speed.

2. Consider the limit of very strong shocks, pa/p; — co. Find the limiting
density ratio pa/p1 for an ideal monatomic gas (7 = 5/3) and for an ideal
diatomic gas (7 = 1.4). What limiting density ratio should we expect
for air?

3. A piston is suddenly pushed with constant speed V into a tube filled
with a gas which is initially still and which has initial pressure p; and
density p;. Describe the gas motion after the piston starts moving.

9.3.8 Hypersonic collision of two gas masses

Given information: jump conditions across the shocks are (c.f. question
9.3.7):

(= U1)? = Eij_ii;, (9.39)
B3 (y+1) + (y— 1
= B+D)+(6-1) (0.40)

D BEG-1)

where u;,p; and p; are the velocity, the pressure and the density ahead
of the shock, Uj is the shock speed and ps and ps are the pressure and the
density behind of the shock. (Here we have chosen the same notations
as for the right shock in figure 9.2.)

Consider two polytropic gas clouds with initial uniform pressures and den-
sities, p1, p1 and pe, p2, moving toward each other with velocities u; < 0 and
uz > 0 respectively (gas 1 is on the right and gas 2 is on the left). At some
instant of time the clouds collide, and our goal is to describe their subse-
quent dynamics assuming that the collision is hypersonic: the relative velocity
u = ug — uy is much greater than the initial speed of sound in both clouds.

1. Explain why, in general, three jumps will form: two shocks running away
from the collision point in the opposite directions an a contact disconti-
nuity in between the shocks; see figure 9.2.

2. The shock waves that form as a result of a hypersonic collision are strong:
the pressure behind the shock is much greater than the pressure ahead
of the shock. Find the limiting expressions for the ratio of the density



Compressible flow 197

behind the shock to the density ahead of the shock when the pressure
ratio tends to infinity (c.f. question 9.3.7). Find the densities on the two
sides of the contact discontinuity.

3. In the strong shock limit, using the mass flow continuity, find the shock
speeds U; and U, in terms of the gas velocities u; and us in the reference
frame of stationary contact discontinuity.

4. Using (9.39), find the pressures behind the shocks in terms of the flow
parameters ahead of the shocks and the shock speeds in the strong shock
limit. Equating pressures on the two sides of the contact discontinuity,
find another condition on the velocities and, using this condition, find
Uy and U, in terms of the relative velocity u = us — u; in the reference
frame of stationary contact discontinuity. Find the pressure between the
shocks in terms of p1, p2, @ and wu.

Us

Uy —» !

b2, P2 |

=

>

A
V&=

FIGURE 9.2: Gas motion after a collision of two clouds. The dashed lines
mark positions of the three jumps: two shocks (on the right and on the left)
and a contact discontinuity (in the middle). The solid line is the density profile.
The pressure profile is similar, except that there is no pressure jump across
the contact discontinuity.
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9.3.9 Zhukovskiy’s theorem for the subsonic flow

Given information:

e Zhukovskiy’s theorem for the lift force F' onto a wing in a
steady inviscid incompressible 2D flow which is uniform at infinity,
u(z,y) = Ux for |x| — oo:

F=—pUT,

where I' is the velocity circulation around the wing (see equation
(6.10)).

e The linearised equation for the velocity potential perturbation for
the uniform compressible subsonic 2D flow with velocity Ux past
a thin wing of uniform cross-section is (c.f. equation (9.29)):

B20pnd + 0yyd = 0, (9.41)

where 8 = /1 — Mg and My = U/cy is the Mach number mea-
sured with respect to the undisturbed flow far from the wing.

1. Formulate the free-slip boundary condition on the wing’s surface and
linearise this condition taking into account that both the deviation of
the velocity field from the uniform field Ux and the deviation of the unit
normal to the surface from y are small.

2. Find a scaling transformation to reduce the equation (9.41) and the re-
spective boundary condition to an effective incompressible flow problem.

3. Find the relation between the circulations and the flow velocities around
the wing in the compressible flow and in the effective incompressible flow.
By applying Zhukovskiy’s lift theorem to the effective incompressible
flow (assuming that the force in the compressible case will be the same
as for the respective effective flow), find the lift force for the subsonic
compressible flow over the thin wing.
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9.3.10 Flow around a cone-nosed rocket

Given information:

e The linearised equation for the velocity potential perturbation for
the uniform compressible supersonic flow with velocity Ux past a
thin axisymmetric body is (c.f. the equation (9.29)):

L0,(r0,0) — 000 =0, (0.42)

where 8 = /Mg — 1 and My = U/cp is the Mach number mea-
sured with respect to the undisturbed flow far from the wing.

e Bernoulli’s law for small flow disturbances (9.30).

u=Ux

FIGURE 9.3: Flow past a thin rocket.

Consider a supersonic compressible flow with uniform velocity at infinity,
Ux for x,r — oo, past a rocket with an axisymmetric shape: a conical nose and
a cylindrical body; see figure 9.3. The rocket is thin and the linearised equation
(9.42) is applicable. For simplicity we will consider the rocket to be infinitely
long (spanning to  — oo so that we can ignore the flow modifications by the
tail part).

1. Identify the three different parts of the flow separated by the charac-
teristics originating at the rocket’s tip and at the circle separating the
conical and the cylindrical parts of the body; see figure 9.3. What is the
velocity field in the front and the back parts of the flow, i.e. the parts A
and C' in figure 9.37 Sketch the streamlines for the entire flow.

What kind of discontinuities does the flow have on the surfaces separat-
ing the parts A and B and the parts B and C respectively in the linear
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approximation? In the more general case when the linear approximation
is removed?

. Consider the middle part of the flow (part B in figure 9.3). Seek a self-

similar solution for the velocity potential perturbation in the form

o(ryx) =xf(n) with n=r/z.

By substituting this expression into equation (9.42), derive an ordinary
differential equation (ODE) for the function f(n).

Write down the free-slip boundary condition for the cone (nose) surface.
Express this boundary condition in terms of a condition on the function

f().

. Solve the ODE for the function f(n) with the boundary condition and

thereby find the flow for part B of the flow.

Using the small-disturbance Bernoulli law, find the pressure field on the
rocket’s surface and use the result to find the wave drag on the rocket.

9.3.11 Flow around a wedge

Given information:

e The linearised equation for the velocity potential perturbation for
the uniform compressible supersonic 2D flow with velocity Ux past
a thin wing of uniform cross-section is (c.f. equation (9.29)):

where 8 = /M2 — 1 and My = U/cy is the Mach number mea-
sured with respect to the undisturbed flow far from the wing.

e The Bernoulli law for small flow disturbances (9.30).

e The following relations hold for the shock created by a piston push-
ing with a constant velocity V into a 1D polytropic gas with density
po and pressure pg (see equations (9.69) and (9.70)):

P ="po+ poUsV, (9.44)

U,V
—-é@+n+w—£:m (9.45)

where U, is the shock speed, p is the pressure behind the shock
and ¢o = \/ypo/po is the speed of sound ahead of the shock.

Consider a supersonic compressible 2D flow with uniform velocity Ux at
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u=Ux

FIGURE 9.4: Flow past a wedge.

T — —o0 past a symmetric wedge with semi-angle # and spanning from z =0
to © — oo; see figure 9.4. The wedge is thin and the linearised equation (9.43)
is applicable.

1. Identify the two different parts of the flow separated by the characteris-
tics originating at the wedge’s vertex; see figure 9.4. What is the velocity
field in the front part of the flow, i.e. part A in figure 9.47 Sketch the
streamlines for the entire flow.

What kind of discontinuity does the flow have on the surfaces separating
the parts A and B in the linear approximation? In the more general case
when the linear approximation is removed?

2. Consider the back part of the flow—part B in figure 9.4. Find the so-
lution for the velocity potential perturbation in this part by fitting the
general solution of the 1D wave equation to the boundary condition
arising from the free slip at the wedge’s surface.

3. Using Bernoulli’s law for small flow disturbances (9.30), find the pressure
field on the wedge’s surface.

4. Suppose now that 0 ~ 1 and the linear approximation is not applicable.
Formulate the piston analogy for the case M > 1 and thereby describe
the flow field in this case, including the velocity, density and pressure in
part B of the flow.
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9.3.12 Lift force on a hypersonic wing

Given information:

e The following relations hold for the shock created by a piston push-

ing with a constant velocity V into a 1D polytropic gas with density
po and pressure pg (see equations (9.69) and (9.70)):

P =po + poUsV, (9.46)

- U;V (y+1)+U2-ck =0, (9.47)

where U, is the shock speed, p is the pressure behind the shock
and cog = \/vPo/po is the speed of sound ahead of the shock.

The following relation holds for the expansion wave created by a
piston withdrawing with a constant velocity V from a 1D poly-
tropic gas with density pg and pressure pg for the gas volume adja-
cent to the piston (to be more specific, for the gas volume between
the piston and the expansion fan; see figure 9.7):

200
y-1

1
cszco—%v for V <

and ¢y = 0 otherwise,

(9.48)

where again co = \/vpo/po; c.f. equation (9.57).

Consider a compressible 2D flow with uniform velocity Ux at * — —oo

past a flat wing placed under angle 6 to the z-axis; see figure 9.5. The flow
is hypersonic, M = U/cy > 1 and M ~ 1/6. The gas is polytropic with the
adiabatic index ~.

u=0Ux

z
—- ‘\L
4> L

FIGURE 9.5: Hypersonic flow past a flat wing.

1. Describe the main features of the flow. Can the linearised theory be

used? Formulate the piston analogy. Consider the flow discontinuities
originating on both the windward and the leeward edges of the wing.
What kind of discontinuities are they? Sketch the relevant shocks and



Compressible flow 203

characteristics associated with these discontinuities. Sketch the stream-
lines for the flow.

2. Using the piston analogy and the given information, find the pressure
on both the upper and the lower parts of the wing. Use these results to
find the lift force on the wing.

9.3.13 Formation of a blast wave by a very intense explosion

The name of this problem was exactly the title of two papers in 1950 by
G.I. Taylor who used a simple formula to calculate the power of the world’s
first nuclear explosion which had previously been classified [25, 26]. Naturally,
this revelation had a great impact on the military and its public relations.

A nuclear explosion in atmosphere of density pg deposits energy E and
thereby produces a spherical blast shock wave whose distance from the explo-
sion point r grows with time ¢. Assume that the explosion is so strong that the
only dimensional parameters determining the shock motion are E, py and t.
In particular, the ambient atmospheric pressure is unimportant (c.f. question
9.3.7). Use dimensional analysis to find G.I. Taylor’s relation between r, E, pg
and t.

9.3.14 Balloon in polytropic atmosphere

A stratospheric balloon is partially filled with the buoyant gas hydrogen
on the ground. As the balloon rises, it inflates and increases in volume. This
leads to an additional lift. On the ground, the balloon has volume V{;, while its
maximum volume is V. The atmospheric pressure and density at the ground
level are pg and pg respectively. The hydrogen density at the ground level is

PH;-

1. Assume that the state of the gas in the atmosphere changes polytropi-

cally,
pPp=Dpo\— ’
o

where 7 is constant. Determine the dependence of the density of the
atmosphere on the height z.

2. What is the greatest possible weight of the load G4, that can be lifted?
(The balloon itself is part of the weight, but the buoyant gas is not).

3. What is the largest height to which weight G can be lifted? Assume that
at this height the maximal volume V; is reached.
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9.4 Solutions
9.4.1 Model solution to question 9.3.1

Differentiating the pressure and taking into account the equation (9.3), we
have

Op + udup = (9pp)s(ip + udup) + (95p),p (S + udyS) = 2 (Dep + ua(mp)- |
9.49
Here, (0,-)s means the p-derivative with S kept constant and, respectively,
(0s+), means the S-derivative with p kept constant.
Multiplying the momentum equation (9.1) by =£pc,, continuity equation
(9.2) by ¢ and adding the results to the pressure equation (9.49), we see that
the derivatives of p cancel and we get

+pcsOpu £ pesudyu + 2 pdyu + Oip + udpp = FcsOup. (9.50)
By grouping the terms in this equation, we finally rewrite them as
[Or + (u = ¢5)0z]p £ pes[0r + (u £ ¢5)0z]u = 0. (9.51)

These equations are the equations (9.4) and (9.5) with the characteristic curves
defined by equations (9.7) and (9.8).

9.4.2 Model solution to question 9.3.2

1. The C°-characteristics are the fluid paths. Let us first assume that the
piston’s withdrawal speed is not too fast for a vacuum bubble to form
(the opposite case will be discussed in the end of the solution). Then
one of the fluid paths belongs to the particle adjacent to the piston and,
therefore, tracing its trajectory x = X(t). The fluid particles at large
distances from the piston are not affected by its motion: they are not
moving i.e. their paths on the (x,t)-plane are straight vertical lines. In
between these faraway paths and the piston the fluid paths continuously
fill the whole space x > X (¢t) for all t > 0; see figure 9.6. Initially, on
the semi-line ¢ = 0, > 0, the entropy is uniform: S = Sy = In(po/py)-
This value is propagated along the C°-characteristics covering the entire
space occupied by the gas for any time ¢t > 0, i.e. S = 5j for any t > 0
and all x > X(¢).

2. The initial value of the Riemann invariant R~ is Ry = where

2co

y—=1’
¢o = ¢s(Po, po) = v/Po/po. The C~-characteristics move with velocities
less (by ¢s) than the fluid paths and, therefore, the C~-characteristics
originating on the x-axis cover the entire space occupied by the gas for
t > 05 see figure 9.6. Thus, the initial value of the Riemann invariant R~

will propagate over the entire gas and R~ for all ¢ > 0 and all x > X ().
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FIGURE 9.6: Characteristics in a piston-generated flow. C° — solid lines,
C~ - dashed lines, C™ — dash-dotted lines. The bold straight line passing
through (0,0) is separating the CT-characteristics originating on the z-axis
and the ones originating at the piston’s trajectory = X (t).

3. The Ct-characteristics move with velocities greater (by c;) than the
fluid paths and, therefore, the C'-characteristics originating on the z-
axis do not cover the entire space occupied by the gas for ¢ > 0, the
solid line x = ¢pt in figure 9.6 separates these characteristics from the

ones that originate at the piston rather than the x-axis. The value of the
Riemann invariant R on the z-axis is 2%01: it is propagated to the space
below the solid line in figure 9.6. The value of the Riemann invariant
R™ on the piston’s trajectory is 227_(? + X(T) where T parametrises the
position on the piston’s trajectory—it is the time at which the piston is

at the position X. This value is propagated to the space above the solid
line in figure 9.6 along characteristic C*(7) corresponding to X (7).

4. Below the line £ = cgt, since R~ = RT = %7 we have u = 0 and

cs = Cg, i.e. the gas remains still and uniform, as in the initial state.
Above the line x = ¢yot, we have:
2¢s 2¢o

R = —u= = const — everywhere, (9.52)
v—1 v—1

and
2cy

v—1
From these expressions we have:

RT = +u= const on C7T(7), (9.53)

v—1

) 1.
u=X(r) and c¢s=co+ u=rco+ %X(T), (9.54)
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i.e. u and ¢, are constant along the C-characteristics and these char-
acteristics are are straight lines:
y+1g

() =u+cs=co+ TX(T). (9.55)

Integrating this equation with condition z(7) = X (7), we have

o(t) = X(7) + [co + VQHX(T)] (t— 7). (9.56)

The implicit solution for u and ¢, is given by (9.54) with the parameter
7 = 7(x,t) implicitly defined in (9.56).

For a constant speed X = —V < 0, we have to distinguish three zones
on the (z,t)-plane:

(a) The zone of the Cy-characteristics originating on the z-axis at
x > 0. This zone lies below the line z = ¢yt and, as before, in
this zone the gas remains still and uniform with the initial values
of the pressure and the density.

(b) The zone of the Cy-characteristics originating on the piston’s tra-
jectory at ¢ > 0. This zone lies above the line z = (¢o — V')¢. Here
from (9.54) we have:

—1
u=-V and c¢s=cy— PYTV. (9.57)

(¢) The zone of the C;-characteristics originating at (0,0). The char-
acteristics in this zone are straight lines with all possible slopes
between 1/¢o and 1/(cop — V). This is the so-called expansion fan;
see figure 9.7. (Think of this zone as arising in a limiting case of
gradual but vanishingly small acceleration of the piston from zero
velocity to —V'). Here u + ¢5 = x/t and from (9.52) we have:

2co T Co €T
“ v+1 <cot >7 e G v+1 ((’Y )cot+ >

Obviously, ¢s cannot become negative. Thus, from (9.57) we have a
critical speed of the piston,

260
y-1

* =

above which there is a vacuum region between the piston and the point
x = V.t.
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FIGURE 9.7: C*-characteristics in a piston-generated flow in the case when
the piston’s speed is constant and negative, X (t) = =V < 0.

9.4.3 Model solution to question 9.3.3

The solution to this problem is identical to the one given for the piston
withdrawal problem in the case when the piston’s speed is supercritical, V' >
Ve = 72201; see question 9.3.2 and the respective solution 9.4.2. Indeed, in this
case a vacuum bubble forms between the piston and the front of the rarefaction
wave, i.e. the piston’s motion is completely detached from the gas expansion,

which occurs as if there was no piston at all.

9.4.4 Model solution to question 9.3.4

After replacing h — p, the 1D shallow water equations (9.36) and (9.37)
are formally identical to the equations for the 1D polytropic gas with v = 2
in the isentropic case; see (9.1) and (9.2).

Thus, the present problem is just a version of question 9.3.3 with v = 2.

9.4.5 Model solution to question 9.3.5
Multiplying equation (1.6) by u and adding the result to (9.38), we have
0 (pu) + 0z (pu® 4+ p — Adyu) = 0. (9.58)

which is the desired continuity equation for the momentum density in a 1D
compressible viscous flow.
Note that for small viscosity the momentum flux modifications are large
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within the jump (shock) regions only, and, therefore, the inviscid version of
the momentum equation (equation (9.15)) can be used for finding the jump
conditions.

9.4.6 Model solution to question 9.3.6

1. Substituting expressions (9.19) into equation (9.17) and rearranging the
terms we obtain:
3

b P2 u P
3t(7_1+2u> 8x{p2+u(7_1)]. (9.59)

From the equations (9.2) and (9.15) we have

Or(pu®) = pudu + udi(pu) = —pu?dyu — udyp
—udy (pu® + p) = =0 (pu®) — 2udyp. (9.60)

On the other hand, using (9.2) and (9.3) we have
9p = (0pp) g Orp + (9sp) , 015 = — (9pp) g Oz (pu) — (9sp) , u0zS (9.61)

and
Oup = (Opp) g Oxp + (95p) , 0 S. (9.62)

Here, (Osp) , and (0pp) g denote the derivative of p with respect to p with
S fixed and the derivative of p with respect to S with p fixed. Combining
the last two equations and using (J,p) g = vp/p we have

Op +udep = — (8pp)5 9w (pu) — (8sp)p u0yS +u (8pp)s Ozp +
u (Bsp)p 0:8 = —p(0pp)g Ot = —ypOzu. (9.63)
Substituting this and (9.60) into (9.59) we have

PO
—ulzp = —0x(pu) — =0, (9.64)
(y=1)
from which it is clear that the equality is identically satisfied, i.e. the
energy continuity equation (9.17) is valid.

pOLu
—1

2. The energy conservation follows from the first principles of physics and
as such it is the most fundamental in fluid dynamics, with or without
dissipation, and even if additional processes are involved: thermoconduc-
tivity, ionisation, electromagnetic interactions. Of course, adding such
additional effects would modify the expression for the internal energy
and could also lead to further contributions to the energy expression
(e.g. electro-magnetic energy, energy of interaction of the fluid with an
external field). The role of viscosity is to transfer the kinetic equation
into the internal one while leaving the total energy unchanged. On the
other hand, such increase of the internal energy leads to an increase of
the entropy.
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9.4.7 Model solution to question 9.3.7

1. From equations (9.20) and (9.21) we get for u; and wus:

2 _ P2 )
Pk (9:65)
W2 o= P (p2 —p1)

: p2 (p2 — p1)’ (9.66)

Substituting these expressions into equation (9.23) yields the following
relationship:
1 1
2(hy —hy) = — —+ ) .
(i = 1) = (2 =) (-4
Using the polytropic gas expression for the entalpy (9.19), we get

Ey+D+0-1)

TR EG -

(9.67)

Thus, given p1,p; and ps, one can find ps from (9.67) and then find u,
and ug using (9.65) and (9.66) respectively. After that we move to the
frame where the gas ahead of the shock is stationary, by shifting the
velocity field by —u;. Thus in this frame the shock’s speed will be —uy
and the downstream gas velocity will be ug — u; (where ug and uy are
still the velocities measured in the frame of the stationary shock).

. As the shock’s strength increases, there is an increase in the downstream
gas pressure pg, but the density ratio pa/p; approaches a finite limit.
From equation (9.67) we get for the upper limit on the density ratio:

p2/pr=(y+1)/(v—1). (9.68)

It is equal to 4 for an ideal monatomic gas (y = 5/3) and equal to 6
for an ideal diatomic gas (y = 1.4). Since air is comprised mostly of
diatomic molecules (nitrogen and oxygen), the limiting density ratio for
shocks in air is approximately equal to 6.

. The piston’s motion will create a shock wave. In this case, the piston’s
velocity will be equal the gas velocity downstream of the shock, i.e.
V = uy — uy, whereas before u; and us are measured in the stationary
shock frame. In the laboratory frame, the shock’s speed is U = —u;.

From equations (9.20) and (9.21) we have:
p2 = p1ui +p1 — pruguy = p1 + p1UV. (9.69)
Using this in equation (9.23) yields:

i, owm _w . (V=UP et pUV)(V =)
2 (y=Dp 2 (v=1Dpe 2 (v — 1)pU
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Cancelling on both sides u; = U; and (,Y;”il)pl and multiplying the
resulting equation by (v — 1)U/V, we have
uv
77(7+1)+U2 — 2 =0. (9.70)

The positive solution of this quadratic equation for U gives the shock
speed. Substituting U into (9.69) gives the pressure behind the shock.

9.4.8 Model solution to question 9.3.8

1. In general, it would be impossible to find a two-shock solution without

a contact discontinuity which would satisfy the boundary conditions,
i.e. matching to the velocities, pressures and densities of the flows at
x — to00: the system would be overdefined as it would contain one more
equation to satisfy compared to the number of available variables. Hence
in general there must be three jumps: two shocks running away from the
collision point in the opposite directions and a contact discontinuity in
between the shocks as in figure 9.2. The contact discontinuity removes
one equation that has to be satisfied, namely the condition that the
densities behind the two shocks must coincide.

According to equation (9.40), the limiting density ratio realised in strong
shocks, when the pressure ratio tends to infinity is

g Y+l
v—1

(c.f. question (9.3.7)). Thus, for the densities on the two sides of the
contact discontinuity we have

ps=apr and ps = aps.
The mass flow continuity across the two shocks yields respectively:

p3Ur = p1(Ur —u1) and  pyUs = pa(Us — u2),

where the velocities are measured in the reference frame of the stationary
contact discontinuity, ug = ug = 0.

Thus in the strong shock limit we have:

Uy Uz
and U; = —

U =—
! a—1 a—1

(9.71)

(in the reference frame of the stationary contact discontinuity).

4. Using (9.39), we have for the pressures behind the shocks in the strong
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shock limit (i.e. neglecting p; and py compared to ps an ps and taking
the limiting density ratio a):

a—1

a—1
p3 = p1(Ur —up)® and py = p2(Us — uz)?. (9.72)

From these expressions, equating pressures on the two sides of the con-
tact discontinuity, ps = p4, we find:
p1(Ur — u1)® = pa(Uz — ug)?.

Substituting u = uy — vy and using the equations (9.71) we get:

u u
w=—— and uwp= — (9.73)
L++/p1/p2 L+ +/p2/p1
so that
U - and U. (9.74)
1= 11 2=
(= 1)(L+/p1/p2) (a—1)( 1+\/P2/01
The pressure between the shocks can be found from (9.72):
w2

P3=ps= (9.75)

(a—1)( 1/PlJr 1/p2)?

9.4.9 Model solution to question 9.3.9

1. The free-slip boundary condition on the wing surface y = Yi(x) says
that the normal to the boundary component of velocity is zero (signs
plus and minus correspond to the top and the bottom of the wing re-
spectively). This is the same as to say that the vector product of the
velocity and the tangential vector is zero. Since the ratio of the y- and
the z-components of the tangential vector is 9,Y (), we have:

(U =+ 8;%5)6in - 3y¢~7 =0 on y= Yi('r)

Linearising this condition taking into account that |81gz~5| < U and
0. Yy (x) < 1, we have:

Ud, Yy —9yp=0 on y=VYy(x) (9.76)
2. By using a scaling transformation ¢(z) = ¢'(«')/f3 and Yi(z) = YL (2)

with «’ = /8, we reduce equation (9.41) and the boundary condition
(9.76) to an effective incompressible flow problem:

89:’9:’¢/ + ayyé/ =0, (977)
(this is the 2D Laplace equation) and
Udp YL —0y¢' =0 on y=Yi(z). (9.78)
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3. For the circulation we have:
M= ae) s~ [ @)y @)Y ()
W@yt @) (g (@) 0 Y () de!
=57 [ luty @) + ooy (@)2Y- ()

u(@, y* (2)) + v(z,y* (2))0u Y (2)]dw = f7'T.

4. By applying the Zhukovskiy lift theorem to the effective incompressible
flow, we find the lift force for the subsonic compressible flow over the
thin wing:

F=-Upl'/p.

Note that this value is greater than the lift force in an incompressible
fluid—it is easier to fly in a compressible gas!

9.4.10 Model solution to question 9.3.10

A~

u=Ux /

FIGURE 9.8: Flow past a thin rocket.

1. The characteristics lie at angle arctan(1/8) to the symmetry axis (Mach
angle); they form conical surfaces. The flow ahead of the first character-
istic cone (in part A in figure 9.8) is undisturbed, $=0and u=Ux.
The flow behind the last characteristic cone (in part C' in figure 9.8)
is calmed and the velocity field is the same as in part A, ¢ = 0 and
u = Ux. Thus the streamlines for the entire flow are as shown in figure
9.8).

The 3D stationary linearised problem is equivalent to a 2D linear wave
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propagation problem with effective time 7 = x/8. The changing cross-
section of the body then plays the role of a moving piston. Since the
velocity of such a piston changes suddenly at the vertex of the cone (tip of
the rocket) and the cone’s base (boundary between the conical nose and
the cylindrical body), the velocity field will have discontinuous gradients
at the respective characteristic cones, i.e. on the surfaces separating
parts A and B and parts B and C respectively. In the more general
case, when the linear approximation is removed, the front discontinuity
becomes a (weak) shock wave and the trailing discontinuity becomes
a (weak) rarefaction wave (with an expansion fan concentrated in the
narrow sector of angles).

. For the middle part of the flow (part B in figure 9.8) we seek a self-similar
solution for the velocity potential perturbation in the form q@(n x) =
xf(n) with n = r/z. By substituting this expression into equation
(9.42), we get the following ODE for the function f(n),

n(1 = B°0)0ynf + 0y f = 0. (9.79)
. The free-slip boundary condition for the cone surface is
ur /(U+wu)) =uyr/U=tanf ~60 on r=axtanf~z0. (9.80)

This boundary condition in terms of a condition on the function f(n)
reads:
Opf=U0 at n=40. (9.81)

. The ODE has a trivial solution f = const which corresponds to ¢ =
const x and which can be discarded because it corresponds to a finite
uniform z-velocity perturbation at infinity (the latter must be zero).
The second fundamental solution is found by solving equation (9.79)
with respect to &, f, which, taking into account the boundary condition
(9.81), gives:

~ 02U 1 2
&,f = ar"/) = Ur = /71 _Bﬁ202 W = 02ﬂU 52"2 -1 (982)

Here we took into account that 86 < 1 because only for such values
the linear approach we are using is valid; see section 9.1.2.2. Obviously,
expression (9.82) is valid only for r < /3 (recall that for r > x/8 we
have part A of the flow where the velocity disturbance is zero).

Integrating equation (9.82) gives:
1
f=0%U |\/1—pB2n2 — aurccoshﬁ—77 . (9.83)

For the z-velocity disturbance we have:

Uy = 815) =f—-noyf= 792Uarccosh%. (9.84)
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5. From the weak-disturbance version of Bernoulli’s law we have

(z%/r* — B%).  (9.85)

2 0AT2
p/po =—-Utl, — % = 92U2arccosh% -3

On the cone surface r = 0z < 2/ we have

1 6202 2
P/po = 02U2arccosh@ - ;] ~ 0?U?In 6" (9.86)

where we have taken into account that for large z: arccoshz ~ In2z > 1.

The wave drag on the rocket D is determined by the net x-component
of the pressure force. Since the pressure is the same at any point on the
cone,
2
D = nR?p = tR*6?pU? In 36 (9.87)
Note that we took here p = p — py assuming that there is pressure pg at
the tail part of the rocket (which we have not considered here).

9.4.11 Model solution to question 9.3.11

FIGURE 9.9: Flow past a wedge.

1. The characteristics originating at the vertex lie at angle arctan(1/3) to

the z-axis (Mach angle). The flow ahead of these characteristics (in part
A in figure 9.9) is undisturbed, (,Z; = 0 and u = Ux. The streamlines
for the entire flow are shown in figure 9.9). The streamlines change the
direction as they enter into part B: they have to go parallel to the
wedge’s surface to satisfy the free-slip condition.

2. The flow behind these characteristics (in part B in figure 9.9) can be
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found by solving equation (9.43) which is equivalent to the 1D nonsta-
tionary wave equation with an effective time 7 = x/f. The changing
thickness of the body then plays the role of a moving piston. Since the
velocity of such a piston changes suddenly at the vertex of the cone, the
velocity field will have a discontinuous gradient at the characteristics
originating at the wedge’s vertex, i.e. on the interface separating parts
A and B. In the more general case, when the linear approximation is
removed, the front discontinuity becomes a (weak) shock wave.

. The general solution of equation (9.43), like for the nonstationary 1D
wave equation, consists of two counter-propagating waves:

¢=fly—=/B)+gly+z/B), (9.88)

where f and g are arbitrary functions which have to be fixed using
boundary conditions.

Because u — Ux at x — —o0, we have g = 0 above the wedge and f =0
below the wedge.

The free-slip boundary condition for the cone surface is
Uy /(U + 0y) = 0y /U =tanf ~ 0 on y=xxtand~ +z6, (9.89)

where the signs plus and minus correspond to the upper and the lower
surfaces of the wedge respectively. This gives 0,f = —0,9 = U0 ie.
f=—9g=2U0yFz/p).

Thus, in the linear approximation we have:
Uy =-U8/8 and @, ==xU6, (9.90)

where the signs plus and minus correspond to the upper and the lower
surfaces of the wedge respectively. Obviously, this expression is valid only
fory < x/p (recall that for for y > x/8 we have part A of the flow where
the velocity disturbance is zero). Thus, the velocity in part B is constant
and parallel to the respective surfaces of the wedge. Correspondingly, the
streamlines are also parallel to the respective surfaces of the wedge; see
figure 9.9).

. Using the Bernoulli law (9.30), we have:

p=-Ul, —u,/2=U/B—-U6*/2~ U?0/B. (9.91)

. If B0 ~ 1, the transverse velocity is of the order of the speed of sound
and the linear approximation is not applicable: a strong shock wave
forms. However, if M > 1 (where M is measured with respect to the
flow at x = —o0, i.e. M = U/c¢yp) the 2D steady gas motion is equivalent
to a 1D unsteady gas motion with an effective time 7 = a/U—this is
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the piston analogy. Thus the flow is equivalent to the 1D gas motion
caused by a piston which suddenly starts pushing into the gas with a
constant velocity V' = U tan@ ~ U@ (plus for the upper and minus
for the lower sides of the wedge). The shock speed Us in the 1D problem
is related to angle o at which the 2D shock is oriented with respect to
the z-axis via tana = Uy /U. Part B of the flow corresponds to the flow
behind such a 1D shock, and its parameters can be found from solving
equations (9.44) and (9.45), which gives:

tana = £(y + 1)0/4 + /02(y + 1)2/16 + 1/M?2 (9.92)

and

p=po+pU% (6(y+1)/4+ VPG +IP/I6+ 1) (9.93)

Obviously, the y-velocity in part B is still as in (9.90) (i.e. in the re-
spective 1D problem the velocity behind the shock is the same as the
piston’s velocity).

Note that expression (9.93) agrees with (9.91) in the limit 1 < M <« 1/6,
i.e. when the applicability ranges of both approaches overlap.

9.4.12 Model solution to question 9.3.12

FIGURE 9.10: Hypersonic flow past a flat wing. The wing is shown by the
very bold line. The bold line marks the shocks, and the dashed lines mark the
expansion fans. The streamlines are marked by the thin solid lines.

1. When M6 ~ 1 the transverse velocity is of the order of the speed of

sound and the linear approximation is not applicable: strong shocks and
nonlinear rarefaction waves form. However, if M > 1, the 2D steady gas
motion is equivalent to a 1D unsteady gas motion with an effective time
7 = x/U—this is the piston analogy. Thus the flow below the wing is
equivalent to the 1D gas motion caused by a piston which suddenly starts
pushing into the gas with a constant velocity V = —Utanf ~ —U#,
whereas the flow above the wing is equivalent to the 1D gas motion
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caused by a piston which suddenly starts withdrawing from the gas
with a constant velocity V = —Utanf =~ —U#. Respectively, the flow
forms a shock discontinuity originating at the windward edge of the
wing and extending below it, and an expansion fan of characteristics
also originating at the windward edge and extending above the wing
(there are velocity gradient discontinuities at the both boundaries of the
expansion fan). At the leeward edge, the picture of the discontinuities
is symmetric with respect to the windward edge, and behind downwind
from these discontinuities the flow restores the original shape, u = UX;
see figure 9.10. This figure also shows a sketch of the streamlines.

2. By the piston analogy, for the flow below the wing we can use the result
for the flow behind a 1D shock, equations (9.46) and (9.47). The shock
speed Uy in the 1D problem is related to angle o < 0 at which the 2D
shock is oriented with respect to the z-axis via tana = Ug/U. Solving
(9.47) for Us and substituting the result into (9.46), we have for the
pressure below the wing:

P =po+poU%0 (0(y + 1)/4+ VP +1P/16+ /M%) (9.94)

c.f. equation (9.93).

Also by the piston analogy, for the flow above the wing we can use the
result for the flow the 1D expansion wave created by a piston withdraw-
ing with a constant velocity V = U# from a 1D polytropic gas, namely
equation (9.48). Taking into account that the rarefaction wave flow is
isentropic, ¢s/co = (p/po)Y~1/27, we have for the pressure above the
wing:

2v/(y=1) 9
} for MO < ——, (9.95)

v—1

and p = 0 otherwise (vacuum).

The lift force on the wing (per unit length of the wing) is

F = (p- —py)Lcost =~ (p— —py)L.

9.4.13 Model solution to question 9.3.13

The unit of energy is erg which is g em?/s? (just think of the kinetic energy
expression E = mu?/2). The unit of density p is g/cm? and the units of 7 and
t are cm and s respectively. The only dimensional combination of E, py and ¢
that gives the correct dimension of r is:

/5

1
_ ~ Po
r(t)==C B

where C' is a dimensionless constant (in polytropic gases it depends on the
adiabatic index ). This is G.I. Taylor’s relation [26].

2/
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9.4.14 Model solution to question 9.3.14
1. The vertical component of the Euler equation is:

10p _
p0z

Substituting the polytropic law, we have:

o2 0p _
py 0z
Integrating this, we find:
Lpg P’ =—gz+C,
v —1pg

and matching to the boundary condition at the ground, p(0) = po,
p = po(1 — 2/ H)O-D), (9.96)

where H = —BoY__,
pog(v—1)

2. Balancing the load weight and the buoyancy force at the ground level,
we have:

Gmaz = ng(po - pH2)

3. At height zmaz, from (9.96) we have the following air density:
p1 = po(1 — Zmae/H)Y 7Y, (9.97)

So,
Zmaz = H = H(p1/po) " ™Y. (9.98)

The force balance at 2,4, is:

G =gVi(p1 — p,); (9.99)

where p}b is the hydrogen density at height 2,4, which can be obtained
from the mass conservation p%;,. = W Vi. So, =V Vi
vy Ph, 0o,/ Vi p1 0pm/ V1 +
Finally,

Vo pr, + G/g} G-

Zmax = H — H
[ Vipo
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