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Foreword

Jim Gray, Microsoft Research

This book organizes the bewildering array of spatial and multi-dimensional indexing
methods into a coherent field. Hanan Samet is the dean of “spatial data indexing.” His
two previous books have been the essential reference works for over a decade. This book
unifies those previous books, and places the field in the broader context of indexing and
searching for information in any metric space.

The book is encyclopedic. Nonetheless, it reads very well as a textbook that system-
atically develops the ideas. The four major chapters (points, objects, multidimensional
intervals including rectangles, and high-dimensional data), are concise, copiously illus-
trated, and have exercises at the end of each section with detailed answers at the end of
the book. The book includes tutorials on B-trees, linear hashing, and spiral hashing, has
a huge bibliography (over 2,000 references), a detailed index compiled by the author,
and a website (http://www.cs.umd.edu/~hjs/quadtree/) with demonstration programs and
datasets.

There is no question that mastering this book will take time—but this book will be
invaluable for those of us who struggle with spatial data, or with scientific datasets,
or with graphics and vision problems involving volumetric queries, or with higher-
dimensional datasets common in data mining.
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Preface

The representation of multidimensional data is an important issue in diverse fields in-
cluding database management systems (e.g., spatial databases, multimedia databases),
computer graphics, game programming, computer vision, geographic information sys-
tems (GIS), pattern recognition, similarity searching (also known as similarity retrieval),
solid modeling, computer-aided design (CAD), robotics, image processing, computa-
tional geometry, finite-element analysis, and numerous others. The key idea in choosing
an appropriate representation is to facilitate operations such as search. This means that
the representation involves sorting the data in some manner to make it more accessible.
In fact, the term access structure or index is often used as an alternative to the term data
structure in order to emphasize the importance of the connection to sorting.

The most common definition of “multidimensional data” is a collection of points in
a higher dimensional space (i.e., greater than 1). These points can represent locations
and objects in space as well as more general records where each attribute (i.e., field) cor-
responds to a dimension and only some, or even none, of the attributes are locational. As
an example of nonlocational point data, consider an employee record that has attributes
corresponding to the employee’s name, address, sex, age, height, weight, and social se-
curity number. Such records arise in database management systems and can be treated
as points in, for this example, a seven-dimensional space (i.e., there is one dimension for
each attribute), although the different dimensions have different type units (i.e., name
and address are strings of characters; sex is binary; while age, height, weight, and social
security number are numbers). Note that the address attribute could also be interpreted in
a locational sense using positioning coordinates such as latitude and longitude readings
although the stringlike symbolic representation is far more common.

When multidimensional data corresponds to locational data, we have the additional
property that all of the attributes usually have the same unit (possibly with the aid of
scaling transformations), which is distance in space. In this case, we can combine the
distance-denominated attributes and pose queries that involve proximity. For example,
we may wish to find the closest city to Chicago within the two-dimensional space from
which the locations of the cities are drawn. Another query seeks to find all cities within 50
miles of Chicago. In contrast, such queries are not very meaningful when the attributes
do not have the same type. Nevertheless, other queries such as range queries that seek,
for example, all individuals born between 1940 and 1960 whose weight ranges between
150 and 200 pounds are quite common and can be posed regardless of the nature of the
attributes.

When multidimensional data spans a continuous physical space (i.e., an infinite
collection of locations), the issues become more interesting. In particular, we are no
longer just interested in the locations of objects, but, in addition, we are also interested
in the space that they occupy (i.e., their extent). Some example objects with extent
include lines (e.g., roads, rivers), intervals (which can correspond to time as well as
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Preface space), regions of varying shape and dimensionality (e.g., lakes, counties, buildings,
crop maps, polygons, polyhedra), and surfaces. The objects (when they are not points)
may be disjoint or could even overlap.

Spatial multidimensional data is generally of relatively low dimension. However,
there are many application domains where the data is of considerably higher dimension-
ality and is not necessarily spatial. This is especially true in databases for application
domains such as multimedia and bioinformatics data, to name just two, where the data
is a set of objects, and the high dimensionality is a direct result of attempts to describe
the objects via a collection of features that characterize them (also known as a feature
vector). For example, in the case of image data, some commonly used features include
color, color moments, textures, shape descriptions, and so on, expressed using scalar
values. Although such data falls into the class of point data, it often requires using very
different representations than those that are traditionally used for point data. The prob-
lem is often attributed to the curse of dimensionality [159], which simply means that the
indexing methods do not do as good a job of facilitating the retrieval of the objects that
satisfy the query as is the case when the data has lower dimensionality.

The above discussion of nonspatial data of high dimensionality has been based on the
premise that we know the features that describe the objects (and hence the dimensionality
of the underlying feature space). In fact, it is usually quite difficult to identify the
features, and thus we frequently turn to experts in the application domain from which
the objects are drawn for assistance in this process. Nevertheless, often the features
cannot be easily identified even by the domain experts. In particular, sometimes the
only information available is a distance function that indicates the degree of similarity
(or dissimilarity) between all pairs of objects in the database as well as how to compute
the similarity between objects in the domain. Usually the distance function d is required
to obey the triangle inequality, be nonnegative, and be symmetric, in which case it is
known as a metric (also referred to as a distance metric). In this case, we resort to
what are termed metric or distance-based representations, which differ from the more
conventional representations in that the objects are now sorted with respect to their
distance from a few key objects, known as pivots, rather than with respect to some
commonly known reference point (e.g., the origin in the spatial domain), which may
not necessarily be associated with any of the objects.

This book is about the representation of data such as that described above. It is
organized into four chapters. Each chapter is like a part, sometimes as big as a book.
Chapter 1 deals with the representation of point data, usually of low dimensionality. One
of the keys to the presentation in this chapter is making a distinction between whether
the representation organizes the data (e.g., a binary search tree) or the embedding space
from which the data is drawn (e.g., a trie). Considerable attention is also devoted to issues
that arise when the volume of the data is so high that it cannot fit in memory, and hence
the data is disk resident. Such methods are characterized as bucket methods and have
been the subject of extensive research in the database community.

Chapter 2 deals with the representation of objects. It focuses on object-based and
image-based representations. These distinctions are analogous to those made in computer
graphics where algorithms and decompositions of objects are characterized as being
object-based or image-based corresponding to whether the representations result from
the decomposition of the objects or the environment in which the objects are embedded,
respectively. The central theme in this chapter is how the representations deal with the
key queries of where and what—that is, given an object, we want to know its location,
and, given a location, we want to know the identity of the object (or objects) of which it
is a member. Efficiently responding to these queries, preferably with one representation,
has motivated many researchers in computer graphics and related fields such as computer
vision, solid modeling, and spatial databases, to name a few. This leads, in part, to
a distinction between representations on the basis of being either object hierarchies,
of which the R-tree [791] and its variants (commonly used in database applications)
are examples, or space hierarchies, of which the pyramid and its variants (commonly
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used in computer vision applications) are examples. The representations that have been  Preface
developed can also be differentiated on the basis of whether the objects are represented
by their interiors or by their boundaries.

Chapter 3 deals with the representation of intervals and small rectangles. These
representations are applicable in a number of important areas. For example, they are
used in very large-scale integration (VLSI) design applications (also known as CAD),
where the objects are modeled as rectangles for the sake of simplicity. The number of
objects in these applications is quite large, and the size of the objects is several orders of
magnitude smaller than that of the space from which they are drawn. This is in contrast to
cartographic applications, where the sizes of the objects are larger. These representations
are also used in game programming applications (e.g., [475, 476, 1025, 1456, 1890]),
where their deployment is motivated by the fact that the objects are in spatial registration,
thereby enabling efficient calculation of set-theoretic operations while not being as
sensitive to changes in position as is the case for some other hierarchical representations
that are based on a regular decomposition of the underlying space (e.g., the region
quadtree). The representation of intervals is also of interest for applications that involve
temporal data where intervals play a role (e.g., [951]). They can also be used for the
representation of moving objects, which finds use in spatiotemporal databases (e.g.,[21,
950, 1057, 1092, 1305, 2013] and the text of Giiting and Schneider [790]).

Chapter 4 deals with the representation of high-dimensional data where the data is
not spatial and the actual dimensionality of the data is also an issue. The key is that the
data usually consists of features where the number and identity of the features that should
be represented is not always clear. In particular, this data arises in applications such as
multimedia, where the use of a large number of features to describe the objects is based
on the premise that by increasing the number of features we are increasing our ability to
differentiate between the objects for retrieval. An alternative is to make use of a distance
function that measures the similarity (or dissimilarity) between the objects. A discussion
of a number of distance-based indexes is included here.

Chapter 4 is motivated by the important problem of similarity searching—the process
of finding and retrieving objects that are similar to a given object or set of objects. This
process invariably reduces to finding the nearest or k nearest neighbors, and hence a
considerable amount of attention is paid to this query by showing how to perform it
efficiently for both distance-based and multidimensional indexing methods. The obser-
vation that, for high-dimensional data, the use of multidimensional indexing methods
often fails to yield any improvement in performance over a simple sequential scan of
the data is also addressed. This is in part due to the cost of computing distance in high
dimensions, the nature of the data distribution, and the relatively low volume of available
data vis-a-vis its dimensionality (i.e., the curse of dimensionality). One response is to
take note of the observation that the “inherent dimensionality” of a dataset is often much
lower than that of the underlying space. In particular, this has led to the development
of techniques to reduce the dimensionality of the data using methods such as Singular
Value Decomposition (SVD). An alternative solution that is discussed is how to make
use of contractive embedding methods that embed the data in a lower-dimensional space,
and then make use of a filter-and-refine algorithm in conjunction with multidimensional
indexing methods to prune irrelevant candidates from consideration.

Many of the data structures that are presented in the four chapters are hierarchical.
They are based either on the principle of recursive decomposition (similar to divide-and-
conquer methods [27]) or on the aggregation of objects into hierarchies. Hierarchical
data structures are useful because of their ability to focus on the interesting subsets of
the data. This focusing results in an efficient representation and in improved execution
times.

Hierarchical representations of spatial data were the subject of one of my earlier
books [1637]. It dealt with the four basic spatial data types: points, rectangles, lines,
and volumes. Many of these representations were based on variants of the quadtree and
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Preface octree data structure that have been applied to many problems in a variety of domains.
In this case, the term quadtree was used in a general sense to describe a class of
representations whose common property was that they were based on the principle of
recursive decomposition of space. They were differentiated on the following bases:

1. The type of data they are used to represent
2. The principle guiding the decomposition process

3. The resolution (variable or not)

This book is a considerable expansion of [1637] with approximately 10% overlap.
Nevertheless there still remains a considerable amount of material from [1637] that has
not been included in this book (e.g., from Chapters 4 and 5). One of the features of [1637]
was the inclusion of detailed code for building and updating a number of data structures
(at least one for each of the spatial data types point, lines, and rectangles). This code is
also present in this book but is now part of the exercises and their solutions. In addition,
the VASCO (Visualization and Animation of Spatial Constructs and Operations) [243,
244,245, 246]) set of JAVA applets is available for use to illustrate many operations for a
large number of the data structures presented in the current book (see http://www.cs.umd
.edu/~hjs/quadtree/index.html). Readers interested in seeing how these methods are used
in the context of an application should try the SAND Internet Browser [1644] at the same
URL, which provides an entry point to explore their use in a geographic information
system (GIS). The SAND Internet Browser is part of a considerably more complex
system rooted in the QUILT quadtree GIS [1732], the SAND spatial database engine [71,
73], and the SANDTcl scripting tool for building spatial database applications [568, 570].

One substantial difference in the current book from [1637] is the inclusion of a part
on high-dimensional data, representing approximately one third of the text (Chapter 4).
In addition, almost all of the material on object-based and image-based representations
in Chapter 2 is new. It is interesting to note that this material and the observation that
most object representations are motivated by the desire to respond to the what and where
queries served as the motivation for this book. Similarly, much of the material on point-
based representations in Chapter 1 is also new with a particular emphasis on bucketing
methods. In the case of linear hashing and spiral hashing, the explanations of the methods
have been moved to Appendix B and C, respectively, while Chapter 1 focuses on how to
adapt them to multidimensional data. Since the B-tree is really a fundamental foundation
of the various bucket methods in Chapter 1 and of hierarchical object-based interior
representations such as the R-tree in Chapter 2, an overview of B-trees has been included
as Appendix A. This was motivated by our past experience with [1637], which revealed
that often the extent to which readers were familiar with the B-tree did not match our
expectations. Only Chapter 3, which deals with intervals and collections of rectangles,
can be considered as both an update and an expansion of material in [1637] as it also
contains a substantial number of new representations.

The main focus of this book is on representations and indexing methods rather than
the execution of operations using them, which is the primary focus of another one of
my books [1636]. Nevertheless, a few operations are discussed in greater detail. In
particular, substantial coverage is given to the k-nearest neighbor finding operation in
Sections 4.1 and 4.2 in Chapter 4. Its use in similarity searching is the main reason for
the development of most of the representations discussed in this chapter. The related
point location problem is also discussed in great detail in Sections 2.1.3.2 and 2.1.3.3
of Chapter 2. Another operation that is discussed in some detail (in Section 2.2.3.4 of
Chapter 2) is simplification of surface data for applications in computer graphics and
visualization. We assume that the representations and operations that we discuss are
implemented in a serial environment although there has been a considerable interest in
implementations in a parallel environment (e.g., [210, 213, 373, 470, 524, 532, 862, 898,
916, 997, 1182, 1719, 2006] and related references cited therein), as well as in making
use of graphics processing units (GPU) (e.g., [739, 1146, 1815]).
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Nevertheless there remain many topics for which justice requires a considerably Preface
more thorough treatment. However, due to space limitations, detailed discussion of
them has been omitted, and, instead, the interested reader is referred to the appropriate
literature. For example, surface representations are discussed in the context of boundary-
based representations in Section 2.2 of Chapter 2. These are known as topological data
structures. However, the area is much richer than what is covered here as can be seen by
referring to the collection of papers edited by Rana [1536]. The presentation in Chapter 2
mentions simplification methods and data structures (Section 2.2.3.4) and hierarchical
surface-based boundary representations (Sections 2.2.2-2.2.4). Simplification methods
are also known as Level of Detail (LOD) methods and are reviewed comprehensively in
the text by Luebke, Reddy, Cohen, Varshney, Watson, and Huebner [1212]. Additional
work from the perspective of geometric modeling can be found in the texts by Bartels,
Beatty, and Barsky [131], Mortenson [1316], Goldman [716], Farin [596], and Warren
and Weimer [1962]. Many of the topics discussed here can also be classified under the
category of visual computing (e.g., see Nielsen [1372]). Another related area in which
our coverage is intentionally limited is real-time collision detection where speed is of the
essence, especially in applications such as game programming. For a thorough treatment
of this topic, see the recent texts by van den Bergen [198] and Ericson [564]. Similarly,
representations for spatiotemporal data and moving objects are not discussed in great
detail, and interested readers are referred to some of the references mentioned earlier.

Solid modeling is another rich area where the presentation has been limited to the
boundary model (BRep), found in Section 2.2.1 of Chapter 2, which also includes a
detailed discussion of variants of the winged-edge representation. For more detailed
expositions on this and related topics, see the books by Mintyla [1232], Hoffmann [870],
and Paoluzzi [1457]. See also some early influential survey articles by Requicha [1555],
Srihari [1798], and Chen and Huang [345]. Of course, there is also a much greater
connection to computer graphics than that which is made in the text. This connection
is explored further in another of my books [1636] and is also discussed in some early
surveys by Overmars [1442] and Samet and Webber [1666, 1667].

Results from computational geometry, although related to many of the topics cov-
ered in this book, are only presented in the context of representations for intervals and
collections of small rectangles (Sections 3.1 and 3.2 of Chapter 3) and the point lo-
cation problem (Sections 2.1.3.2 and 2.1.3.3 of Chapter 2). For more details on early
work involving some of these and related topics, the interested reader is encouraged to
consult the texts by Preparata and Shamos [1511], Edelsbrunner [540], Boissonnat and
Yvince [230], and de Berg, van Kreveld, Overmars, and Schwarzkopf [196], as well as
the early collections of papers edited by Preparata [1509] and Toussaint [1884]. See also
the surveys and problem collections by Edelsbrunner [539]. O’Rourke [1423], and Tou-
ssaint [1885]. This work is closely related to earlier research on searching as surveyed
by Bentley and Friedman [173], the text of Overmars [1440], and Mehlhorn’s [1282]
text, which contains a unified treatment of multidimensional searching. For a detailed
examination of similar and related topics in the context of external memory and massive
amounts of data, see the survey of Vitter [1933].

Many of the data structures described in this book find use in spatial databases,
geographic information systems (GIS), and multimedia databases. The close relationship
between spatial databases and geographic information systems is evidenced by recent
texts that combine results from the areas, such as those of Laurini and Thompson [1113],
Worboys [2023], Giinther [773], Rigaux, Scholl, and Voisard [1562], and Shekhar and
Chawla [1746], as well as the surveys of Giiting [784], Voisard and David [1938], and
Shekhar, Chawla, Ravada, Fetterer, Liu, and Lu [1747].

For a slightly different perspective, see the text of Subrahmanian [1807], which deals
with multimedia databases. Another related area where these data structures have been
used is constraint databases, which are discussed in great detail in the recent text by
Revesz [1559]. Note that, with the exception of the nearest neighbor finding operation,
which is common to many of the fields spanned by this book, we do not discuss the
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Preface numerous spatial database operations whose execution is facilitated by the data structures
presented in this text, such as, for example, spatial join (e.g., [89, 262, 261, 772, 1072,
894, 934, 1195, 1207, 1223, 1415, 1474, 2076] as well as in a recent survey [935]),
which are covered in some of the previously cited references.

In a similar vein, a number of survey articles have been written that deal with the
representations that are described in this book from a database perspective, such as
the one by Gaede and Giinther [670]. The survey article by Samet [1642], however,
combines a computer graphics/computer vision perspective with a database perspective.
See also the earlier surveys by Nagy and Wagle [1335], Samet and Rosenfeld [1647],
Peuquet [1490], and Samet [ 1628, 1632]. Others, such as Chdvez, Navarro, Baeza-Yates,
and Marroquin [334], Bohm, Berchtold, and Keim [224], Hjaltason and Samet [854,
855], and Clarkson [401], are oriented towards similarity searching applications.

The material in this book also has a strong connection to work in image processing
and computer vision. In particular, the notion of a pyramid (discussed in Section 2.1.5.1
of Chapter 2) has a rich history, as can be seen in the collection of articles edited by Tan-
imoto and Klinger [1844] and Rosenfeld [1573]. The connection to pattern recognition
is also important and can be seen in the survey by Toussaint [1882]. The pioneering text
by Rosenfeld and Kak [1574] is a good early treatment of image processing and should
be consulted in conjunction with the more recent text by Klette and Rosenfeld [1034],
which makes the connection to digital geometry.

Nevertheless, given the broad and rapidly expanding nature of the field, I am bound
to have omitted significant concepts and references. In addition, at times I devote a
disproportionate amount of attention to some concepts at the expense of others. This
is principally for expository purposes; in particular, I feel that it is better for the reader to
understand some structures well rather than to receive a quick runthrough of buzzwords.
For these indiscretions, I beg your pardon and still hope that you bear with me.

Usually my approach is an algorithmic one. Whenever possible, I have tried to
motivate critical steps in the algorithms by a liberal use of examples. This is based
on my strong conviction that it is of paramount importance for the reader to see the
ease with which the representations can be implemented and used. At times, some
algorithms are presented using pseudo-code so that readers can see how the ideas can
be applied. I have deliberately not made use of any specific programming language
in order to avoid dating the material while also acknowledging the diverse range in
opinion at any given instance of time as to which language is appropriate. The main
purpose of the pseudo-code is to present the algorithm clearly. The pseudo-code is
algorithmic and is a variant of the ALGOL [1346] programming language, which has a
data structuring facility incorporating pointers and record structures. I do not make use of
object orientation although my use of record structures is similar in spirit to rudimentary
classes in SIMULA [437] and FLEX [1008], which are the precursors of modern object-
oriented methods. I make heavy use of recursion. This language has similarities to
C [1017], C++ [1805], Java (e.g., [93]), PASCAL [952], SAIL [1553], and ALGOL
W [137]. Its basic features are described in Appendix D. However, the actual code is not
crucial to understanding the techniques, and it may be skipped on a first reading. The
index indicates the page numbers where the code for each algorithm is found.

In many cases I also give an analysis of the space and time requirements of different
data structures and algorithms. The analysis is usually of an asymptotic nature and is
in terms of big O and 2 notation [1043]. The big O notation denotes an upper bound.
For example, if an algorithm takes O (log, N) time, then its worst-case behavior is never
any worse than log, N. The €2 notation denotes a lower bound. As an example of its use,
consider the problem of sorting N numbers. When we say that sorting is (N -log, N)
we mean that given any algorithm for sorting, there is some set of N input values for
which the algorithm will require at least this much time.

At times, I also describe implementations of some of the data structures for the
purpose of comparison. In such cases, counts such as the number of fields in a record are
often given. However, these numbers are only meant to clarify the discussion. They are
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not to be taken literally, as improvements are always possible once a specific application — Preface
is analyzed more carefully.

Each section contains a substantial number of exercises. Many of the exercises
develop the material in the text further as a means of testing the reader’s understanding,
as well as suggesting future directions. When the exercise or its solution is not my own,
I have credited its originator by preceding it with their name. The exercises have not
been graded by difficulty. Usually, their solution does not require any mathematical
skills beyond the undergraduate level. However, while some of the exercises are quite
straightforward, the solutions to others require some ingenuity. Solutions, or references
to papers that contain the solutions, are provided for a substantial number of the exercises
that do not require programming. Of course, the reader is counseled to try to solve the
exercises before turning to the solutions. The solutions are presented here as it is my
belief that much can be learned by self-study (both for the student and, even more so, for
the author!). The motivation for pursuing this approach was my wonderful experience
on my first encounter with the rich work on data structures by Knuth [1044, 1045, 1046].

An extensive bibliography is provided. It contains entries for both this book and its
companion predecessors [1636, 1637]. Each reference is annotated with one or more
keywords and a list of the numbers of the book sections in which it is cited in the current
text (denoted by F) or either of the other two texts (denoted by D for [1637] and A
for [1636]) as well as in the exercises and solutions. Not all of the references that appear
in the bibliography are cited in the text. They are included for the purpose of providing
readers the ability to access as completely as possible the body of literature relevant to
the topics discussed in the books. In order to increase the usefulness of these uncited
references (as well as all of the references), a separate keyword index is provided that
indicates some of the references in the bibliography that discuss them. Of course, this list
is not exhaustive. For the more general categories (e.g., “points”), a second level index
entry is often provided to narrow the search in locating relevant references. In addition, a
name and credit index is provided that indicates the page numbers in this book on which
each author’s work is cited or a credit (i.e., acknowledgement) is made (e.g., in the main
text, preface, appendices, exercises, or solutions).

My target audience is a varied one. The book is designed to be of use to professionals
who are interested in the representation of spatial and multidimensional data and have a
need for an understanding of the various issues that are involved so that they can make
a proper choice in their application. The presentation is an algorithmic one rather than a
mathematical one although the execution time and storage requirements are discussed.
Nevertheless, the reader need not be a programmer nor a mathematician to appreciate the
concepts described here. The material is useful not just to computer scientists. It is useful
for applications in a diverse range of fields including geography, high-energy physics,
engineering, mathematics, games, multimedia, bioinformatics, and other disciplines
where location or the concept of a metric are important. The book can also be used
in courses on a number of topics including databases, geographic information systems
(GIS), computer graphics, computational geometry, pattern recognition, and so on,
where the discussion of the data structures that it describes supplements existing material
or serves as the central topic of the course. The book can also be used in a second course
on data structures where the focus is on multidimensional and metric data structures.
The organization of the material to be covered in these courses is discussed in greater
detail below.

A Guide to the Instructor

This book can be used in a course on representations for multidimensional and metric data
in multimedia databases, most likely at the graduate level. Such a course would include
topics from the various parts as is appropriate to match the interests of the students.
It would most likely be taught within a database framework, in which case the focus
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Preface would be on the representation of points as in Chapter 1 and high-dimensional data
in Chapter 4. In particular, the emphasis would be on bucket methods (Sections 1.1,
1.7, and 1.8 of Chapter 1), multidimensional indexing methods for high-dimensional
data (Section 4.4 of Chapter 4), and distance-based indexing methods (Section 4.5 of
Chapter 4). In addition, quite a bit of attention should be focused on representations
based on object hierarchies such as the R-tree (Section 2.1.5.2 of Chapter 2).

The book can also be used in a computer graphics/computer vision/solid modeling
framework, as well as part of a game programming course, in which case the emphasis
would be on Chapters 2 and 3. In addition, it should include the discussion of some of the
more basic representations of point data from Sections 1.1 and 1.4—1.6 of Chapter 1. Such
acourse could serve as a prerequisite to courses in computer graphics and solid modeling,
computational geometry, database management systems (DBMS), multidimensional
searching, image processing, and VLSI design applications. More specifically, such a
course would include the discussions of interior-based representations of image data in
Sections 2.1.1-2.1.3 of Chapter 2 and representations of image data by their boundaries
in Sections 2.2.2 and 2.2.3 of Chapter 2. The representation of two-dimensional regions
such as chain codes in Section 2.3.2 of Chapter 2 and polygonal representations in
Section 2.2.2 of Chapter 2 and the use of point methods for focusing the Hough Transform
in Section 1.5.1.4 of Chapter 1 should also be included as they are relevant to image
processing.

The discussions of plane-sweep methods and their associated data structures such
as the segment tree, interval tree, and priority search tree in Sections 3.1 and 3.2 of
Chapter 3, and of point location and associated data structures such as the K-structure
and the layered dag in Sections 2.1.3.2 and 2.1.3.3, respectively, of Chapter 2, are all
relevant to computational geometry. Other relevant topics in this context are the Voronoi
Diagram and the Delaunay triangulation and tetrahedralization in Sections 2.2.1.4—
2.2.1.7 of Chapter 2 as well as the approximate Voronoi diagram (AVD) in Section 4.4.5
of Chapter 4. The discussion of boundary-based representations such as the winged-edge
data structure in Sections 2.2.1.1-2.2.1.3 of Chapter 2 is also relevant to computational
geometry as well as to solid modeling. In addition, observe that the discussions of
rectangle-representation methods and plane-sweep methods in Chapter 3 are of use for
VLSI design applications.

Moreover, it is worth repeating the earlier comment that the discussion of bucket
methods such as linear hashing, spiral hashing, grid file, and EXCELL, discussed in
Sections 1.7 and 1.8 of Chapter 1, as well as the various variants of object hierarchies
as typified by the R-tree in Section 2.1.5.2 of Chapter 2, are important in the study of
database management systems. The discussion of topics such as k-d trees in Section 1.5
of Chapter 1, range trees in Section 1.2 of Chapter 1, priority search trees priority search
tree in Section 1.3 of Chapter 1, and point-based rectangle representations in Section 3.3
of Chapter 3 are all relevant to multidimensional searching.

Another potential venue for using the book is a course on representations for spatial
data either in a geography department where it would be part of a curriculum on geo-
graphic information systems (GIS) or within the context of course on spatial databases
in a computer science department. Again, the material that would be covered would be
a combination of that which is covered in a multimedia database course and the com-
puter graphics/computer vision/solid modeling or game programming course. In this
case, much of the material on the representation of high-dimensional data in Chapter 4
would be omitted although the material on nearest neighbor finding and approximate
nearest neighbor finding (Sections 4.1-4.3 of Chapter 4) would be included. In addition,
a greater emphasis would be placed on the representation of objects by their interiors
(Section 2.1 of Chapter 2) and by their boundaries (Section 2.2 of Chapter 2).

This book could also be used in a second data structures course. The emphasis
would be on the representation of spatial data. In particular, the focus would be on
the use of the principle of “divide-and-conquer.” Hierarchical data structures provide
a good demonstration of this principle. In this case, the choice of topics is left to the
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instructor although one possible organization of topics would choose some of the simpler ~ Preface
representations from the various chapters as follows.

From Chapter 1, some interesting topics include the fixed-grid method and some of
its variants (Section 1.1); numerous variants of quadtrees such as the point quadtree
(Section 1.4.1), PR quadtree (Section 1.4.2.2), k-d tree (Section 1.5), and variants
thereof (Sections 1.5.1.4, 1.5.2.1, and 1.5.2.3); bucket methods such as the grid file
(Section 1.7.2.1), EXCELL (Section 1.7.2.2), linear hashing (Section 1.7.2.3.1 and
Appendix B); range trees (Section 1.2); priority search trees for points (Section 1.3);
and the comparison of some of the structures (Section 1.9).

From Chapter 2, some interesting topics include the opening matter (preambles of
both the chapter and of Section 2.1); unit-size cells (Section 2.1.1 with the exception of
the discussion of cell shapes and tilings in Section 2.1.1.1); blocks (Sections 2.1.2.1—
2.1.2.9); BSP tree (Section 2.1.3.1); winged-edge data structure (Sections 2.2.1.1
and 2.2.1.2); image-based boundary representations such as the MX quadtree and
MX octree (Section 2.2.2.2), PM quadtree (Section 2.2.2.6), and PM octree (Sec-
tion 2.2.2.7); and hierarchical object-based interior representations such as the R-tree
(Section 2.1.5.2.1).

From Chapter 3, some interesting topics include the discussion of plane-sweep
methods and data structures such as the segment tree (Section 3.1.1), interval tree
(Section 3.1.2), and the priority search tree for rectangles and intervals (Section 3.1.3)
and the MX-CIF quadtree (Section 3.4.1).

From Chapter 4, the most interesting topic is the incremental nearest neighbor algo-
rithm (Sections 4.1.1-4.1.3). A brief introduction to distance-based indexing methods is
also appropriate. In this case the most appropriate representations for inclusion are the
vp-tree (Sections 4.5.2.1.1 and 4.5.2.1.1), the gh-tree (Section 4.5.3.1), and the mb-tree
(Section 4.5.3.3).

Throughout the book, both worst-case optimal methods and methods that work well
in practice are emphasized. This is in accordance with my view that the well-rounded
computer scientist should be conversant with both types of algorithms. It is clear that the
material in this book is more than can be covered in one semester. Thus the instructor
will invariably need to reduce it as necessary. For example, in many cases, the detailed
examples can be skipped or used as a basis of a term project or programming assignments.

Note that regardless of the course in which this book is used, as pointed out earlier,
the VASCO [243, 244, 245, 246]) set of JAVA applets can be used to illustrate many
operations for a large number of the data structures presented in the current book
(see http://www.cs.umd.edu/~hjs/quadtree/index.html). In particular, for point data, it
includes the point quadtree, k-d tree (also known as a point k-d tree), MX quadtree, PR
quadtree, bucket PR quadtree, PR k-d tree, bucket PR k-d tree, PMR quadtree, PMR
k-d tree, 2-d range tree (also known as a two-dimensional range tree), priority search
tree, R-tree, and the PK-tree. For line data, it includes the PM quadtree, PM, quadtree,
PM; quadtree, PMR quadtree, bucket PM quadtree, and the R-tree. For collections
of rectangles, it includes the MX-CIF quadtree, rectangle quadtree, bucket rectangle
quadtree (also known as a bucket rectangle PM quadtree), PMR rectangle quadtree
(also known as a PMR rectangle quadtree), PMR rectangle k-d tree, and R-tree. For all
of these data structures, students can see how they are built step by step, and also how
queries such as deletion, finding nearest neighbors, and overlap queries (which include
the more general range query and corridor or buffer queries) are supported. In each case,
the operation proceeds incrementally. Finally, an applet is also provided for the region
quadtree that shows how it can be constructed from other region representations such as
rasters and chain codes as well as how to obtain them from the region quadtree.

Instructors who adopt this book in a course are also welcome to use a comprehensive
set of lecture notes in the form of Powerpoint/PDF presentations that help clarify many
of the concepts presented in the book.
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Multidimensional Point Data

The representation of multidimensional point data is a central issue in database design,
as well as applications in many other fields, including computer graphics, computer
vision, computational geometry, image processing, geographic information systems
(GIS), pattern recognition, very large scale integration (VLSI) design, and others. These
points can represent locations and objects in space, as well as more general records.
As an example of a general record, consider an employee record that has attributes
corresponding to the employee’s name, address, sex, age, height, weight, and Social
Security number. Such records arise in database management systems and can be treated
as points in, for this example, a seven-dimensional space (i.e., there is one dimension
for each attribute or key!), albeit the different dimensions have different type units (i.e.,
name and address are strings of characters; sex is binary; and age, height, weight, and
Social Security number are numbers).

Formally speaking, a database is a collection of records, termed a file. There is one
record per data point, and each record contains several attributes or keys. In order to
facilitate retrieval of a record based on some of the values of attributes,? we assume the
existence of an ordering for the range of values of each of these attributes. In the case
of locational or numeric attributes, such an ordering is quite obvious because the values
of these attributes are numbers. In the case of alphanumeric attributes, the ordering is
usually based on the alphabetic sequence of the characters making up the attribute value.
Other data such as color could be ordered by the characters making up the name of the
color or, possibly, the color’s wavelength. It should be clear that finding an ordering for
the range of values of an attribute is generally not an issue; the only issue is what ordering
to use!

The representation that is ultimately chosen for this collection depends, in part, on
answers to the following questions:
1. What is the type of the data (e.g., is it discrete, is it continuous, is its domain finite)?
2. What operations are to be performed on the data?

3. Should we organize the data or the embedding space from which the data is drawn?

1'We use the terms key and attribute (as well as field, dimension, coordinate, and axis) interchange-
ably in this chapter. We choose among them based on the context of the discussion, while attempting to
be consistent with their use in the literature.

2 This is also known as secondary key retrieval (e.g., [1046]) to distinguish it from primary key
retrieval. In secondary key retrieval, the search is based on the value of more than just one attribute, as
is the case in traditional searching applications where we are dealing with one-dimensional data.
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Chapter 1 4. Isthe database static or dynamic (i.e., can the number of data points grow and shrink
MULTIDIMENSIONAL POINT DATA at will)?

5. Can we assume that the volume of data is sufficiently small so that it can all fit in
main memory, or should we make provisions for accessing disk-resident data?

The type of the data is an important question. Of course, we must distinguish between
data consisting of one and several attributes. Classical attribute values include bits,
integers, real numbers, complex numbers, characters, strings, and so on. There is also
the issue of whether the domain from which the data is drawn is finite (i.e., bounded)
or not. This distinction is used, in part, to determine which of the data organizations
in question 3 can be used. An alternative differentiation is on the basis of whether the
data is discrete or continuous. In the case of data that is used in conventional scientific
computations, discrete data corresponds to integers, while continuous data corresponds
to real and complex numbers. In the case of spatial data, we have discrete data (by
which we mean distinct samples or instances) such as points (which is the subject of
this chapter and, to a lesser extent, Chapter 4), while continuous data consists of objects
that take up space such as line segments, areas, surfaces, volumes, and so on (which are
the subject of Chapter 2 and, to a lesser extent, Chapter 3). Similarly, temporal data can
also be differentiated on the basis of whether it is discrete or continuous. In particular,
concepts such as event time and transaction time are indicative of a discrete approach,
while concepts such as rates are more indicative of a continuous approach in that they
recognize that the data is constantly changing over time. In this book, we do not deal
with temporal data (e.g., [951]) or the closely related concept of spatiotemporal data
(e.g., [21, 950, 1305]).

The distinction in question 3 is formulated in terms of the notion of an embedding
space. The embedding space is determined by the span of values of the data. For example,
suppose that we have a set of employee records with a state-valued attribute called
STATE whose embedding space is the set of names of the 50 U.S. states. In this case,
our distinction is between organizing the employee records on the basis of the value of
the STATE attribute (e.g., all employee records whose STATE attribute value starts with
letters A—M in one group and all employee records whose STATE attribute value starts
with letters N-Z in another group) or organizing the employee records on the basis of the
value of this attribute for the record of a particular employee (e.g., if employee records
are grouped into two groups based on whether the first letter of the value of their STATE
attribute is less than or equal to the first letter of the value of the STATE attribute for the
record corresponding to an employee named “John Smith”).

As another example, in the case of a computer architecture where the representation
of each data item is implemented by one word of 32 bits, then, for simple integer data,
the embedding space spans the values 0 to 232 — 1, while it is considerably larger for
real data, where it depends on the way in which the representation of simple real data
is implemented (i.e., in the case of floating-point representation, the number of bits
allocated to the mantissa and to the exponent). In both cases of the example above, the
embedding space is said to be finite.

The distinction made in question 3 is often used to differentiate between one-
dimensional searching methods (e.g., [1046]) that are tree-based from those that are
trie-based. In particular, a trie [251, 635] is a branching structure in which the value of
each data item or key is treated as a sequence of j characters, where each character has
M possible values. A node at depth k — 1 (k > 1) in the trie represents an M-way branch
depending on the value of the kth character (i.e., it has M possible values). Some (and at
times all) of the data is stored in the leaf nodes, and the shape of the trie is independent
of the order in which the data is processed.

For example, address computation methods such as radix searching [1046] (also
known as digital searching and yielding structures known as digital trees) are instances
of trie-based methods, since the boundaries of the partition regions of similarly valued
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data that result from the partitioning (i.e., branching) process are drawn from among Chapter 1
locations that are fixed regardless of the content of the file. Therefore, these trie-based MULTIDIMENSIONAL POINT DATA
methods are said to organize the data on the basis of the embedding space from which

they are drawn. Because the positions of the boundaries of the regions are fixed, the

range of the embedding space from which the data is drawn must be known (said to

be bounded). On the other hand, in one dimension, the binary search tree [1046] is an

example of a tree-based method since the boundaries of different regions in the search

space are determined by the data being stored. Such methods are said to organize the data

rather than the embedding space from which the data is drawn. Note that although trie-

based methods are primarily designed to organize integer-valued data since the partition

values (i.e., the boundaries of the partition regions) are also integer valued, nevertheless

they can also be used to organize real-valued data, in which case the real-valued data

are compared to predetermined partition values (e.g., 0.5, 0.25, 0.75, in the case of real

numbers between 0 and 1), which, again, are the boundaries of the partition regions. Of

course, the data must still be bounded (i.e., its values must be drawn from within a given

range).

The extension of a trie to multidimensional data is relatively straightforward and
proceeds as follows. Assume d-dimensional data where each data item consists of d
character sequences corresponding to the d attributes. Each character of the ith sequence
has M; possible values. A node at depth k —1 (k> 1) in the multidimensional trie
represents an ]_[fl: | M;-way branch, depending on the value of the kth character of each of
the d attribute values.? For attributes whose value is of numeric type, which is treated as
a sequence of binary digits, this process is usually a halving process in one dimension, a
quartering process in two dimensions, and so on, and is known as regular decomposition.
We use this characterization frequently in our discussion of multidimensional data when
all of the attributes are locational.

Disk-resident data implies grouping the data (either the underlying space based on
the volume—that is, the amount—of the data it contains or the points, hopefully, by the
proximity of their values) into sets (termed buckets), corresponding to physical storage
units (i.e., pages). This leads to questions about their size and how they are to be accessed,
including the following:

1. Do we require a constant time to retrieve a record from a file, or is a logarithmic
function of the number of records in the file adequate? This is equivalent to asking
if the access is via a directory in the form of an array (i.e., direct access) or in the
form of a tree (i.e., a branching structure).

2. How large can the directories be allowed to grow before it is better to rebuild them?

3. How should the buckets be laid out on the disk?

In this chapter, we examine several representations that address these questions. Our
primary focus is on dynamic data, and we concentrate on the following queries:

1. Point queries that determine if a given point p is in the dataset. If yes, then the result
is the address corresponding to the record in which p is stored. This query is more
accurately characterized as an exact match query in order to distinguish it from the
related point query in the context of objects that finds all the objects that contain a
given point (see, e.g., Section 3.3.1 of Chapter 3).

2. Range queries (e.g., region search) that yield a set of data points whose specified
keys have specific values or values within given ranges. These queries include the
partially specified query, also known as the partial match query and the partial range
query, in which case unspecified keys take on the range of the key as their domain.

3. Boolean combinations of 1 and 2 using the Boolean operations and, or, and not.

3 When the ith character sequence has less than k characters, there is no corresponding branching
at depth k£ — 1 for this attribute.
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Chapter 1 When multidimensional data corresponds to locational data, we have the additional
MULTIDIMENSIONAL POINT DATA  property that all of the attributes have the same unit, which is distance in space.* In this
case, we can combine the attributes and pose queries that involve proximity. Assuming
a Euclidean distance metric, for example, we may wish to find all cities within 50 miles
of Chicago. This query is a special case of the range query, which would seek all cities
within 50 miles of the latitude position of Chicago and within 50 miles of the longitude
position of Chicago.’ A related query seeks to find the closest city to Chicago within
the two-dimensional space from which the locations of the cities are drawn—that is, a
nearest neighbor query, also sometimes referred to as the post office problem (e.g., [1046,
p. 563]). This problem arises in many different fields, including computer graphics,
where it is known as a pick query (e.g., [622]); in coding, where it is known as the
vector quantization problem (e.g., [747]); and in pattern recognition, as well as machine
learning, where it is known as the fast nearest-neighbor classifier (e.g., [514]). We do
not deal with such queries in this chapter (but see [846, 848, 854] and Sections 4.1 and 4.2
of Chapter 4).

In contrast, proximity queries are not very meaningful when the attributes do not
have the same type or units. For example, it is not customary to seek all people with age-
Chicago 35 42 weight combination less than 50 year-pounds (year-kilograms) of that of John Jones, or
Mobile 52 10 the person with age-weight combination closest to John Jones because we do not have
Toronto 62 77 a commonly accepted unit of year-pounds (year-kilograms) or a definition thereof.® It
Buffalo 82 65 should be clear that we are not speaking of queries involving Boolean combinations of
the different attributes (e.g., range queries), which are quite common.

NAME X Y

Denver 5 45
Omaha 27 35 The representations that we describe are applicable to data with an arbitrary number
Atlanta 85 15 of attributes d. The attributes need not be locational or numeric, although all of our
Miami 90 5 examples and explanations assume that all of the attributes are locational or numeric. In
order to be able to visualize the representations, we let d = 2. All of our examples make
Figure 1.1 use of the simple database of records corresponding to eight cities given in Figure 1.1.
Sample list of cities with their x and  Each record has three attributes, NAME, X, and Y, corresponding to their name and
y coordinate values. location. We assume that our queries retrieve only on the basis of the values of the
X and Y attributes. Thus, d =2, and no ordering is assumed on the NAME field. In
particular, the NAME field is just used to aid us in referring to the actual locations and is
not really part of the record when we describe the various representations in this chapter.
Some of these representations can also be adapted to handle records where the attributes
are nonlocational, as long as an ordering exists for their range of values. Moreover,
Section 4.5 of Chapter 4 contains a discussion of how some of these representations can
be adapted to handle records where the only information available is the relative distance
between pairs of records.

4 The requirement that the attribute value be a unit of distance in space is stronger than one that
merely requires the unit to be a number. For example, if one attribute is the length of a pair of pants and
the other is the width of the waist, then, although the two attribute values are numbers, the two attributes
are not locational.

3 The difference between these two formulations of the query is that the former admits a circular
search region, while the latter admits a rectangular search region. In particular, the latter query is
applicable to both locational and nonlocational data, while the former is applicable only to locational
data.

© This query is further complicated by the need to define the distance metric. We have assumed
a Euclidean distance metric. However, other distance metrics such as the City Block (also known as
Manhattan) and the Chessboard (also known as maximum value) could also be used.

7 Note that the correspondence between coordinate values and city names is not geographically
accurate. We took this liberty so that the same example could be used throughout the chapter to illustrate
a variety of concepts.
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1.1 Introduction Section 1.1

INTRODUCTION

There are many possible representations for a file of multidimensional point data. The
feasibility of these representations depends, in part, on the number of attributes and
their domains. At one extreme is a pure bitmap representation of the attribute space,
with one bit reserved for each possible record (i.e., combination of attribute values)
in the multidimensional point space to indicate whether it is present in the file. This
representation is useful when the number of attributes d is small (i.e., d <2) and the
domains of the attributes are discrete and small (e.g., binary). Unfortunately, most
applications have continuous domains, and the number of attributes exceeds two. Thus,
we must look for other solutions.

The simplest way to store point data is in a sequential list. In this case, no ordering is
assumed for any of the attributes. As an example, consider the set of records consisting
of eight cities and their locations specified by their x and y coordinate values as shown
in Figure 1.1. Given N records and d attributes to search on, an exact match query in X v
such a data structure takes O (N - d) time since, in the worst case, the values of all of the
attributes of each record must be examined (see Exercise 4). Denver Miami

Omaha Mobile

Another very common technique is the inverted file [1046]. In this case, the roles of Chicago Atlanta
the records and the attributes are inverted: instead of keeping track of the values of the .

. . Mobile Omaha
attributes of each record, we keep track of all records that have a particular value for a )
given attribute. In order to facilitate retrieval, all the records are sorted for the attribute Toronto Chicago
on the basis of its value. The result is known as an inverted list. Often there are as many Buffalo Denver
inverted lists as there are attributes. Atlanta Buffalo

Miami Toronto

There are many ways of implementing the inverted file. The simplest way is to
maintain separate sorted lists for each attribute. For example, Figure 1.2 is such a  Figure 1.2
representation for the data of Figure 1.1. There are two sorted lists: one for the x  Representation of the inverted file
coordinate value and one for the y coordinate value. Note that the data stored in the corresponding to the data of Fig-
lists are pointers into the set of records in Figure 1.1. Figure 1.2 makes use of sequential ~ure 1.1 using separate sorted lists
allocation for the inverted lists. We can also make use of linked allocation. In this case, we  oF €ach attribute.
associate with each record as many linked lists as we have attributes, with the lists being
linked in increasing or decreasing order of the values of the corresponding attributes.
The result is known as a multilist (e.g., [1046]).

The most common use of the inverted list is to prune the search with respect to
one key. In essence, the endpoints of the desired range for one key can be located very
efficiently by using its corresponding sorted list. For example, this could be done by
using a binary search with the aid of data structures such as the range tree [167, 176]
(one-dimensional and the more general multidimensional range trees), as discussed in
Section 1.2. When trying to execute a range query with respect to several keys, this
resulting list is searched by brute force to obtain the records that satisfy the full range
query (i.e., for the remaining keys). The average search has been shown in [649] to take
O (N'~1/4) time, under certain assumptions. This approach of making use of a sorted list
for each coordinate has also been employed by Friedman, Baskett, and Shustek [649]
(see also Section 4.6.1 in Chapter 4) as well as Nene and Nayar [1364], in conjunction
with an algorithm to find neighbors in high-dimensional spaces (for other representations
of such data, see Section 4.4 in Chapter 4).

It should be clear that the inverted list is not particularly useful for range queries
involving several attributes because it can speed up the search for only one of the
attributes (termed the primary attribute). Of course, we could execute the range query by
performing a separate range query for each attribute and then intersect the result, but this
is quite wasteful. The number of intersections can be reduced by sorting the records
by applying a lexicographic ordering on the attributes, thereby forming a combined
index [1214]. In essence, we have combined the attributes into a superattribute.

5

Samet final pages p. 5 (chap01) Windfall Software, PCA ZzTgX 13



Chapter 1 The combined index is of limited value because it is useful only for a restricted subset

MULTIDIMENSIONAL POINT DATA  of range queries where the values of the nonprimary attributes are left unspecified. In
particular, given a record with d different attributes, the combined index enables the

consecutive retrieval of records that satisfy range queries where a range is given for the

primary attribute, exact matches are required for the values of the next i nonprimary

attributes in lexicographic order, and the values of the remaining d — 1 —i nonprimary

attributes in lexicographic order are left unspecified. Thus, we have a variant of a

partial match query (with respect to some of the nonprimary attributes in lexicographic

Attribute order) and a partial range query (with respect to the remaining nonprimary attributes in
Al A2 A3 Page lexicographic order). Nevertheless, using the combined index does result in replacing
the need to intersect the results of range queries on the inverted lists of the individual
A 1 b 1 attributes by the need to take the union of shorter lists that are disjoint.
A 1 c 2
Greater flexibility can be obtained by increasing the number of combined indexes by
A 2 a 3 . : . . . . . .
permuting the order in which the attributes are combined in the lexicographic order. The
A 2 d 4 . . . . . .
result is that a greater variety of partial range (i.e., partial match) queries can be handled.
A 3 a 5 For example, with three attributes A, B, and C, all possible partial range (i.e., partial
B 2 a 6 match) queries could be handled by making use of the following three lexicographically
B 3 b 7 ordered combined indexes: ABC, BCA, and CAB. In general, given d attributes, it can
B 3 c 8 be shown [1214] that we need (L " +dl) P J) combined indexes to handle all possible partial
C 3 d 9 range (i.e., partial match) queries (see Exercise 2). Shneiderman [1757] describes the
] reduced combined index, which structures the combined indexes in a treelike manner
Figure 1.3 ) ) and thereby reduces their size, although their number is unchanged.
Sample data with three attributes,
A1, A2, and A3. As we saw above, in order to achieve greater flexibility, the number of necessary

combined indexes grows at a much faster rate than the number of attributes. Several
alternative solutions have been proposed. These solutions can be decomposed into
two classes. One class of solutions imposes an access structure on the values of the
primary attribute, and then imposes another access structure on the remaining attributes
in succession (often a recursive imposition of the same access structure) for each of the
values of the first attribute. In essence, the combined index is being augmented with
some form of random access so that the data can be accessed without being constrained
totally by the inherent lexicographical order. Some examples of this approach include
the doubly chained tree (DCT), which is closely related to the multiattribute tree and
its variants, the quintary tree, the multidimensional B-tree (MDBT), and the kB-tree, as
well as the multidimensional range tree and the priority search tree. The second class of
solutions modifies the bitmap representation to form d-dimensional cells of ranges of
attribute values so that all points whose attribute values fall within the range associated

(@) with cell c are associated with c. This is analogous to a compressed bitmap representation.
A key difference between the two classes is that, in the first class, there exists an explicit
Dummy ordering on the attributes, while no such ordering exists in the second class.

We first discuss briefly the first class of solutions. All of the members of this class
o of solutions are based on the same principle of constructing a skeleton m-ary tree
that has one level per attribute. The first level consists of one child for each of the m

1 2 3 2 3 3 different values of the first attribute (i.e., the primary attribute). Each child of the root,
say child i with value a for the first attribute, serves as the root of a subtree with one

b/c a/d a/ a/b/c d child for each of the possible values of the second attribute given the value a for the
A Lo | first attribute. This process is repeated for the remaining children of the root and the
12345 678 9 remaining attributes for a total of d levels, assuming d attributes and that the root is at
(b) level 0. The result is characterized as a multiattribute tree® (e.g., [996]), although the

representation predates the usage of the term. For example, given the file with three

Figure 1.4 different attributes in Figure 1.3, Figure 1.4(a) is the corresponding multiattribute tree.
(a) The multiattribute tree (MAT) Note that the multiattribute tree is similar to a trie, which forms the basis of digital
and (b) the doubly chained tree searching (recall the discussion in the opening of this chapter). The difference is that

(DCT) corresponding to the file with

three different attributes given in

Figure 1.3. 8 Also sometimes denoted MAT but not here in order to avoid confusion with the medial axis
transformation discussed in Section 2.1.2.2 of Chapter 2.
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each node in the multiattribute tree only has as many children as there are different Section 1.1
values for the attribute in the current set of records, instead of one child for each possible INTRODUCTION
value of the attribute, as in the trie.

There are many implementations of the multiattribute tree. A simple implementation
known as the doubly chained tree (DCT) [1817] links the children of each node (i.e., the
filial set [1686]) instead of having a pointer from the root of each subtree to all of its
children (see also [928, 961, 1365]). The result is that the m-ary tree is represented
as a binary tree and is known as the natural correspondence between a forest and
a binary tree [1044, p. 334], where the multiattribute tree serves as the forest. For
example, Figure 1.4(b) is the doubly chained tree corresponding to the file with three
different attributes given in Figure 1.3. Many variations on the implementation of the
doubly chained tree have been proposed to enhance its performance in a database system
(e.g., [305]). For example, often there is an additional pointer associated with each
node that points back to the level containing the node’s predecessor (i.e., an ancestor
or parent link). Kashyap, Subas, and Yao [996] order the attributes in the doubly chained
tree according to their probability of occurrence in a query, with the most likely ones
being placed closer to the root. In addition, they propose to store records in pages
in lexicographic order—that is, if record i is lexicographically lower than record j,
then the page containing i is at a lower address than the page containing j. Further
improvements are obtained by focusing on the pointer structure of the multiattribute tree
such as removing redundant pointers [728].

Despite the various enhancements of the doubly chained tree described above, the
worst-case execution time of an exact match query (i.e., point query) is still O(N)
due to the need to apply sequential search at each level (see Exercises 3 and 4). This
worst-case execution time has been reduced to O(d - log, N) time by Lien, Taylor, and
Driscoll [1167], who replaced the linked list at each level of the doubly chained tree by
a height-balanced binary search tree such as an AVL tree [15]° (see Exercise 5). The
drawback of the height-balanced binary search tree solution is that the balancing is only
applied at the individual levels of the structure corresponding to the attributes instead of
over the entire tree.

This drawback is addressed by the guintary tree [1133], which applies balancing over
all the attributes (i.e., a form of “weight balancing”). In particular, assuming d attributes
and a file of N records, the root node corresponds to the value of the first attribute, say
x4 =h, forming a hyperplane. This hyperplane partitions the file into two subfiles, L
and R, of at most N /2 records, instead of partitioning the different values of the first
attribute into two sets of equal size as is done in the height-balanced binary search tree
solution. In addition to the two subfiles L and R, assuming a d-dimensional space, we
also project L and R onto the hyperplane, thereby forming two additional subfiles, LH
and RH, in the (d — 1)-dimensional hyperplane. These four subfiles (i.e., L, R, LH, and
RH), as well as the subfile H of the records that lie on the hyperplane, form the subtrees
of each node in the structure for a total of five subtrees, hence the term guintary. Note
that when L and R correspond to one-dimensional data, then LH and RH are just sets of
pointers to the records corresponding to the elements of L and R, respectively. The idea
of projection is rooted in the empirical cumulative distribution function tree (ECDF tree)
of Bentley and Shamos [180], which is used to determine the number of d-dimensional
points dominated by a given query point (see Exercises 12 and 13).

Observe that the manner in which the quintary tree is constructed (i.e., the use
of “weight balancing”) ensures that at each node comparison approximately one-half
of the records represented by the node’s corresponding subfile will be pruned from
consideration. This enables it to attain an O(d + log, N) execution time for an exact
match query (see Exercise 8). Partial range queries for which the values of s out of d
attributes are specified can take as much as 034 (s+ log, N) 4+ F) time, where F is

9 The AV stands for Adelson-Velsky and the L stands for Landis, the originators of the structure.
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Chapter 1  the number of records found. This worst case arises when the s specified attributes are
MULTIDIMENSIONAL POINT DATA  found at the deepest levels of the tree (see Exercise 9). Range queries take O ((log, N )+
F) time, where F is the number of records found (see Exercise 10).

The quintary tree has several drawbacks. First, it requires O (N - (logy N )4 space
(see Exercise 6) and the same order of time to build (see Exercise 7). Second, it is
primarily a static structure since insertions and deletions are quite costly as the amount of
space that is needed implies that each record is represented O ((log, N)?) times. Clearly,
despite having a good execution time behavior for the queries, a representation such as
the quintary tree is not practical.

The desire to have both a dynamic behavior and to reduce the time needed to perform
an exact match query to be O (log, N) has led to the use of B-trees [414] (see Appendix A)
at each level of the doubly chained tree instead of height-balanced binary search trees.
This is the basis of the multidimensional B-tree (MDBT) [1686] and kB-tree [786, 787]
methods. Note that use of a multiway tree such as a B-tree also overcomes one of the
drawbacks of binary trees: at each step of a search there are only two possible outcomes as
there are only two children. In particular, the binary decision process can slow execution
when each transition to a child corresponds to a disk access. Thus use of B-trees results
in a significant reduction in the depth of the tree.

The multidimensional B-tree (MDBT) [1434, 1686] is a hierarchy of B-trees where
the root of the hierarchy is a B-tree for the primary attribute. As in the doubly chained
tree, for each distinct value v of the primary attribute p, there is a link to a distinct B-tree
(corresponding to its filial set) for the values of the next attribute of all records for which
p =v. This process is applied recursively to the remaining attributes. Therefore, for d-
dimensional data, we have a hierarchy of B-trees that is d levels deep. The MDBT links
the roots of all B-trees at each level, as well as providing an entry point at each level to
the start of each such list. This facilitates partial range (i.e., partial match) queries that
require sequential processing at each level. Formally, all filial sets (i.e., the roots of B-
trees) at the same level i are linked in increasing order of their corresponding attribute
values in their ancestor filial set at level i — 1. This ordering is recursive in the sense that
the result is a lexicographic ordering of all of the B-trees at level i on the basis of the
attribute values at levels 1 through i — 1.

For a B-tree of order M with N records, Scheuermann and Ouksel [1686] show that
the height of the MDBT is log,, N under the assumption that the values of an attribute are
uniformly distributed within its corresponding range and are independent of the other
attribute values. However, when all of the records have different values for all of the
attributes, the MDBT consists of a B-tree of height log,, N for the primary attribute, and
each value of the primary attribute in this B-tree is connected to only one value at the
next level, which in turn is connected to only one value, and so on. In other words, all
the B-trees at the remaining levels for the remaining attributes are of height 1. Thus, the
total height of the MDBT for this case is (log,,; N) +d [1686]. Moreover, in the worst
case, the height of the MDBT can be as high as O (d -log,;, N) (see Exercise 17).

The difference in these height values for the MDBT is overcome by the kB-tree
of Giiting and Kriegel [786, 787], which was developed independently of the MDBT.
The kB-tree, like the MDBT, is also a hierarchy of B-trees where, whenever the B-trees
at a particular level are of a different height, then these trees are repositioned (using
techniques analogous to balancing in binary search trees) in such a way that the total
height of the tree is never greater than (log,;, N) 4+ d. This means that B-trees at the
various levels, with the exception of those at the deepest level, do not have the property
that all leaf nodes are at the same distance from the root. Such B-trees are known as biased
B-trees [163]. Thus, the kB-tree is able to adapt better to the distribution of the records
than the MDBT, while incurring a higher update cost than the MDBT. Performance
studies encompassing updates, storage utilization, point queries (exact match), and range
queries, including partial range (i.e., partial match), showed the relative performance of

8

Samet final pages p. 8 (chap01) Windfall Software, PCA ZzTgX 13



the kB-tree and MDBT to be comparable with a small edge (a few percentage points) Section 1.1
for the kB-tree [1077, 1078]. INTRODUCTION

The key difference between the kB-tree and the MDBT is that the kB-tree is balanced
over all attributes, in contrast to the MDBT, which is only balanced within an attribute.
Thus, we see that the kB-tree has been developed in the same spirit as the quintary tree
in the sense that it makes use of a special case of weight balancing that is often applied
to binary trees. However, unlike the quintary tree, where insertions and deletions destroy
the balance, the kB-tree is able to maintain the balance in a dynamic environment.

Recall that in order to facilitate sequential processing, the roots of the B-trees at
the levels of the MDBT are linked. This can also be done for the kB-tree. Further
improvements in the speed can be obtained by defining a variant of the BT -tree, termed a
kB -tree [1076], which stores appropriate prefixes at the different levels of the resulting
tree.

The multidimensional range tree [167, 176] imposes a one-dimensional range tree
on the primary attribute, and then stores multidimensional range trees for the remaining
attributes in the internal nodes of the one-dimensional range tree of the primary attribute.
It is similar in spirit to the MDBT with the following difference: in the multidimensional
range tree, there is a link in each node to a distinct multidimensional range tree for the
remaining attributes, while in the MDBT, this link is to an MDBT, for the remaining
attributes, with the same value of the first attribute. The multidimensional range tree
is discussed in Section 1.2. The priority search tree [1266] forms the basis of another
solution known as the range priority tree [535], which is also related to the range tree.
The priority search tree makes use of a binary search tree whose leaf nodes form a one-
dimensional range tree for one attribute, while its internal nodes form a heap for the
remaining attribute. Such methods are discussed in Section 1.3.

The second class of solutions, and the one we focus on in the remaining sections of
this chapter, modifies the bitmap representation to form d-dimensional cells of ranges of
attribute values so that all points whose attribute values fall within the range associated ]
with cell ¢ are associated with c. This is analogous to a compressed bitmap representation. —

The compressed bitmap representation has its roots in the multiattribute tree. As -
we saw above, one of the drawbacks of the multiattribute tree and its variants is that
responding to queries requires some searching at each level of the tree. The use of a
treelike structure with pointers speeds up the search process by limiting where the search
takes place in contrast to the need to intersect the result of range queries on the inverted
lists corresponding to the individual attributes when using the inverted file method. @
Nevertheless, the pointers do take up space. Pointers are not needed if we know that the
number of children of each node at any given level is a constant. In particular, now the
tree can be represented as a sequence of the nodes obtained via a depth-first traversal of
the multiattribute tree (analogous to a lexicographical ordering of the relevant attribute
values), and the appropriate children of each node are accessed by knowledge of the
number of children that are present at each level.

Unfortunately, the requirement that the number of children of each node at any given
level be a constant is somewhat difficult to satisfy in general as we cannot guarantee that
the number of different values for each attribute is constant with respect to the value of (b)
its ancestor attribute in the multiattribute tree. However, if each child node in the tree _
corresponds to a range of values, then we can guarantee that the number of children at Figure 1.5 ] -
each level of each node is a constant. The result is that the leaf nodes correspond to d- Exampczg of a.pos|SIbIe part}|1t|on. of
dimensional cells that contain all the records (i.e., points) whose attribute values fall a two-dimensional space that is

o . . . induced by an MDD (a) when the
within the ranges that make up the boundaries of the cells. The resulting structure is e
K h lidi onal di MDD) 111831, Fi 15(a) i le of partition lines are parallel to the

nowg as the mu ti 1menszona. zrec.tory( ) [ ' .]. igure 1.5(a) is an example o coordinate axes and (b) when the
a possible partition of a two-dimensional space that is induced by an MDD. The MDD partition lines have an orientation
has also been applied to high-dimensional data by McNames [1271] in the development  getermined by the directions of
of the principal axis tree (PAT), in which case the partition lines are no longer orthogonal.  greatest variation in the data within
Instead, they are determined by recursively finding the directions of greatest variationin each region.
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Chapter 1 the data (termed the principal axes). Figure 1.5(b) is an example of such a partition in
MULTIDIMENSIONAL POINT DATA  two dimensions. For more details about the principal axis tree, see Section 1.5.1.4.

When the number of different values of a particular attribute a is high in contrast to
the number of ranges of values of a, then a is usually sufficient by itself to differentiate
between the points. In this case, Liou and Yao [1183] suggest that a should not be
included in the MDD, and instead the values of a are accessed via an inverted list. The
resulting combination of the MDD and the inverted list is characterized as being a hybrid
variant of the MDD [1183]. Formally, assuming a total of N records, G grid cells, and
b, ranges of values for a, and letting |a| denote the number of different values for a
in the dataset, then the hybrid variant of the MDD is used when N/|a| < G/b,. For a
discussion of how to choose the number of ranges for the attribute values, see [1183].

Although each attribute in the MDD is partitioned into the same number of ranges of
values, the actual ranges differ for each range of values for the ancestor attribute in the
multiattribute tree. This is a direct result of the fact that the order in which the attributes
in the multiattribute tree are examined is important. The fixed-grid method (e.g., [173,
1046, 1584], also termed multipaging [1287, 1288]), avoids this difference by ensuring
that each attribute is partitioned into the same ranges of values regardless of the ranges
of values for the other attribute values. In other words, the fixed-grid method partitions
the space from which the data is drawn into rectangular cells by overlaying it with a grid.
Thus, the order in which the attributes in the multiattribute tree are examined is no longer
relevant. Each grid cell ¢ contains a pointer to another structure (e.g., a list) that contains
the set of points that lie in c¢. Associated with the grid is an access structure to enable the
determination of the grid cell associated with a particular point p. This access structure
acts like a directory and is usually in the form of a d-dimensional array with one entry
per grid cell or a tree with one leaf node per grid cell.

There are two ways of building a fixed grid. We can either subdivide the space
into equal-sized grid cells or place the subdivision lines at arbitrary positions that are
dependent on the underlying data. In essence, the distinction is between organizing
the data to be stored and organizing the embedding space from which the data is
drawn [1376]. In particular, when the grid cells are equal sized (termed a uniform grid),
use of an array access structure is quite simple and has the desirable property that the
grid cell associated with point p can be determined in constant time.

Figure 1.6 is an example of a uniform-grid representation corresponding to the data
of Figure 1.1 with each grid cell having size 20 x 20. Assuming a 100 x 100 coordinate
space, we have 25 squares of equal size. Assuming further that the origin is at the lower-
left corner of the coordinate space, we adopt the convention that each square is open
with respect to its upper and right boundaries and closed with respect to its lower and
left boundaries (e.g., the point (60,75) is contained in the square centered at (70,70)).
Also, all data points located at grid intersection points are said to be contained in the cell
for which they serve as the SW corner (e.g., the point (20,20) is contained in the square
centered at (30,30)).

When the width of each grid cell is twice the search radius for a rectangular range
query,!? then the average search time is O (F -2%), where F is the number of points
that have been found [182]. The factor 29 is the maximum number of cells that must
be accessed when the search rectangle is permitted to overlap more than one cell. For
example, to locate all cities within a 20 x 20 square centered at (32,37), we must examine
the cells centered at (30,30), (50,30), (30,50), and (50,50). Thus, four cells are examined
and, for our example database, the query returns Chicago and Omaha.

Multipaging [1287, 1288] is one of several examples of the fixed-grid method when
the grid cells are not equal sized. In this case, in order to be able to use an array access

10 This method can also be described as yielding an adaptive uniform grid, where the qualifier
“adaptive” serves to emphasize that the cell size is a function of some property of the points (e.g., [632,
634]).
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Figure 1.6
Uniform-grid representation corresponding to the data of Figure 1.1 with a search radius
of 20.

structure, we must have a way of keeping track of their size so that we can determine the
entry of the array access structure corresponding to the grid cell associated with point p.
One way to do this is to make use of what are termed linear scales [1376] (also known
as axial directories and axial arrays [1288]), which indicate the positions of the grid
lines (or partitioning hyperplanes in d > 2 dimensions). Given a point p, we determine
the grid cell in which p lies by finding the “coordinates” of the appropriate grid cell.
The linear scales are usually implemented as one-dimensional trees containing ranges
of values.

The use of an array access structure is fine as long as the data is static. When the
data is dynamic, it is likely that some of the grid cells become too full while other grid
cells are empty. This means that we need to rebuild the grid (i.e., further partition the
grid or reposition the grid partition lines or planes) so that the various grid cells are not
too full. However, this creates many more empty grid cells as a result of repartitioning
the grid (i.e., empty grid cells are split into more empty grid cells). In this case, we have
two alternatives.

The first alternative is to merge spatially adjacent empty grid cells into larger empty
grid cells while splitting grid cells that are too full, thereby making the grid adaptive.
The result is that we no longer make use of an array access structure to retrieve the grid
cell that contains query point p. Instead, we make use of a tree access structure in the
form of a k-ary tree, where k is usually 2¢. Thus, we have married a k-ary tree with the
fixed-grid method. This is the basis of the point quadtree [614], as well as trie-based
representations such as the MX quadtree [1628] and the PR quadtree [1413, 1637],
which are all multidimensional generalizations of binary trees. They are discussed in
Section 1.4.

As the dimensionality of the space increases, each level of decomposition of the
quadtree results in many new cells since the fanout value of the tree is high (i.e., 2¢).
This is alleviated by making use of a k-d tree [164, 168]. This is a binary tree, where at
each level of the tree, we subdivide along just one of the attributes. This is discussed in
Section 1.5.

The second alternative is to assign an ordering to all the grid cells and to impose a
tree access structure on the elements of the ordering that correspond to nonempty grid
cells. The effect of this alternative is analogous to using a mapping from d dimensions
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Chapter 1  to one dimension, and then applying one of the one-dimensional access structures, such
MULTIDIMENSIONAL POINT DATA  as a B-tree or a balanced binary tree, to the result of the mapping.'! This is the subject of
Section 1.6. Note that this alternative is applicable regardless of whether the grid cells
are equal sized. Of course, if the grid cells are not equal sized (not discussed here), then
we must also record their size in the element of the access structure.

At times, in the dynamic situation, the data volume becomes so large that a con-
ventional tree access structure (i.e., with the limited fanout values described above) is
inefficient. In particular, the grid cells can become so numerous that they cannot all fit
into memory, thereby causing them to be grouped into sets (which we termed buckets)
corresponding to physical storage units (i.e., pages) in secondary storage. This is the
subject of Sections 1.7 and 1.8. In the case of a tree access structure, each bucket usually
corresponds to a contiguous set of grid cells that forms a hyperrectangle in the under-
lying space. The problem is that, depending on the implementation of the tree access
structure, each time we must follow a pointer, we may need to make a disk access.

This problem can be resolved in two ways. The first way is to retain the use of the tree
access structure, say 7, and also to aggregate the internal (i.e., nonleaf) nodes of T into
buckets, thereby forming a multiway tree in the spirit of a B-tree (see Appendix A). The
buckets whose contents are internal nodes of 7 correspond to subtrees of 7', and their
fanout value corresponds to the sum of the number of possible branches at the deepest
level of each of the subtrees. The resulting structure is now a tree of buckets with a large
fanout value, frequently referred to as a tree directory. Examples of such structures are the
R-tree and the R -tree, which are discussed in great detail in Sections 2.1.5.2 and 2.1.5.3
of Chapter 2, respectively, as well as the k-d-B-tree, LSD tree, hB-tree, k-d-B-trie, and
BV-tree, which are discussed in Section 1.7.1. In these structures, the buckets are formed
by a grouping process that is applied in a top-down manner so that each bucket has a
maximum number of elements. In contrast, in PK-tree methods, discussed in Section 1.8,
the buckets are formed by a grouping process that is applied in a bottom-up manner so
that each bucket has a minimum number of elements.

The second way is to return to the use of an array access structure. One difference
from the array used with the static fixed-grid method described earlier is that now the
array access structure (termed a grid directory) may be so large (e.g., when d gets large)
that it resides on disk as well (although this is not the case for all of the representations
that we present). Another difference is that the structure of the grid directory can be
changed as the data volume grows or contracts. Each grid cell (i.e., an element of the
grid directory) contains the address of a bucket (i.e., page) where the points associated
with the grid cell are stored. Notice that a bucket can correspond to more than one grid
cell. Thus, any page can be accessed by two disk operations: one to access the grid cell and
one more to access the actual bucket. The mechanics of the management of the growth
of the access structure is the interesting issue here and is the subject of Section 1.7.2.

Section 1.9 contains a comparison of the various representations that we present. It
also discusses briefly how to adapt the representations to handle nonlocational attributes.
In general, the representations that we have presented are good for range searching (e.g.,
finding all cities within 80 miles of Atlanta) as they act as pruning devices on the amount
of search that will be performed. In particular, many points will not be examined since the
grid cells that contain them lie outside the query range. Most of these representations are
generally very easy to implement and have good expected execution times, although the
execution times of algorithms that use some of them are often quite difficult to analyze
from a mathematical standpoint. However, their worst cases, despite being rare, can be
quite bad. This is especially true for the second class of solutions that were based on

1 These mappings have been investigated primarily for purely locational or numeric multidimen-
sional point data, in which case they can also be applied directly to the key values. They cannot be
applied directly to the key values for nonlocational point data; instead, they can be applied only to the
grid cell locations.
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modifying the bitmap representation. These worst cases can be avoided by making use
of members of the first class of solutions that were variants of range trees and priority
search trees.

Exercises

1.

11.

12.

Samet final pages

. Given d attributes, show that (

Given a file containing N records with d attributes, implemented as an inverted list, prove that
the average search for a particular record is O (N'~1/4).

\d +dl> P J) combined indexes are needed to handle all possible

partial range (i.e., partial match) queries.

Given N records and d attributes, show that the worst-case execution time of an exact match
query in a doubly chained tree is O (N).

In the text, we mentioned that given N records and d attributes, the worst-case execution time
of an exact match query in a sequential list takes O (N - d) time. An argument could be made
that since d is a constant value, the query takes O (N) time and thus is of the same order of
magnitude as when it is executed on a doubly chained tree. Explain why such an argument
fails.

. Given N records and d attributes, show that the worst-case execution time of an exact match

query, when the linked list at each level of the doubly chained tree has been replaced by a
height-balanced binary search tree, is O (dlog, N).

Prove that the quintary tree for N records and d attributes requires O (N - (log, N )9) space.
Prove that building a quintary tree for N records and d attributes takes O (N - (log, N)?) time.

Prove that an exact match query in a quintary tree with N records and d attributes takes
O(d +1log, N) time.

Prove that a partial range query in a quintary tree with N records and d attributes, where the
values of s out of d attributes are specified, takes O (37 - (s + log, N) 4 F) time, where F
is the number of records found.

. Performing a range query in a quintary tree takes advantage of the auxiliary trees that are

attached to each node. The algorithm is recursive [1133]. Assume that the ranges of the
individual attribute values are given by [/;,7;](1 <i <d). Let x denote the partitioning value
at the root, and assume that the root partitions along attribute d. If x is not in the range [/, 7,1,
then we descend to the L or R trees as is appropriate. Otherwise, we subdivide the interval
into the two subintervals [/;,x) and (x,r,] and descend to the L and R trees, respectively, as
well as descend the H tree. However, the next partition of these subintervals only results in
descending the H, L, and RH trees or the H, R, and LH trees. For example, the next partition
of the subinterval [/;,x) into [/;, w) and (w,x) only needs to descend the trees H, L, and RH
(instead of R) because the interval (w,x) lies completely within [/;,7,]. Thus, we can ignore
the value of attribute d by just considering the projections of the subfile on the R tree (i.e.,
the RH tree). This process is applied recursively at all levels. Prove that this algorithm takes
O((logy N )¢ 4+ F) time, where F is the number of records found.

Modify the range query algorithm given in Exercise 10 in a quintary tree to work for a partial
range query, where s out of d ranges of attribute values are specified. Show that it takes
o34 (log, N)* + F) time, where F is the number of records found.

The quintary tree is based on the ECDF tree of Bentley and Shamos [180]. The ECDF tree
is used to indicate how many points are dominated by a query point g, where the point
X =(x1,x3,...,Xy) is said to be dominated by q =(q;,45,-..,q,) if and only if x; <gq; for
i=1,2,...,d. This number is called the ranking of ¢ and is also referred to as the empirical
cumulative distribution function, hence the name of the data structure. The ECDF tree is
constructed as follows. Find a hyperplane along one of the attributes a; with the equation
a; =r that divides the set of data into two subsets, A and B, where all elements of A have g;
values less than r, and all elements of B have a; values greater than or equal to ». In addition,
a set C is created of one lower dimension by projecting all elements of A onto the partitioning
hyperplane. This process is applied recursively until we have either one point left or a subset
with dimension one (i.e., just one attribute). Thus, the ECDF tree is a ternary tree. Associated

p. 13 (chap01)
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Chapter 1 with each node is a number equal to one plus the number of records that lie in the left subtree
MULTIDIMENSIONAL POINT DATA (i.e., A using the above notation). Show how, using this information, the ranking (i.e., ECDF)
of ¢ can be computed in O ((log, N)?) time for N records in a d-dimensional space.

13. Given N records in a d-dimensional space, show that the amount of space needed to store an
ECDF tree is O(N - (log, N)?~1).

14. How would you use the ECDF tree to determine the number of d-dimensional points in a
hyperrectangular query region with corners at p = (py, p,, ..., py) and g =(q1. 9>, ..., qy) (i.e.,
arange query)?

15. How would you perform a range query in an MDBT?
16. How would you perform a partial range (i.e., partial match) query in an MDBT?

17. Given a file containing N records with d keys apiece, implemented as an MDBT with B-trees
of order M, prove that the height can be as high as O(d -logy, N).

18. Given afile containing records with d keys apiece, implemented using the uniform grid method
such that each cell has a width equal to twice the search radius of a rectangular range query,
prove that the average time for the range query is O (F - 2¢), where F is the number of records
found and 2 is the number of cells that must be accessed.

19. Assume a file containing records with d keys apiece and implemented using the fixed-grid
method such that each cell has width equal to the search radius of a rectangular range query.
Prove that the average time for the range query is O(F -37/2¢), where F is the number of
records found and 3 is the number of cells that must be accessed.

1.2 Range Trees

The multidimensional range tree of Bentley and Maurer [167, 176] is an asymptotically
faster search structure than the point quadtree and the k-d tree; however, it has signifi-
cantly higher space requirements. It stores points and is designed to detect all points that
lie in a given range.

The range tree is best understood by first examining the one-dimensional range
searching problem. A one-dimensional range tree is a balanced binary search tree where
the data points are stored in the leaf nodes and the leaf nodes are linked in sorted order
by use of a doubly linked list. The nonleaf nodes contain midrange values that enable
discriminating between the left and right subtrees. For example, Figure 1.7 is the one-
dimensional range tree for the data of Figure 1.1 when it is sorted according to values of

Denver Omaha Chicago Mobile Toronto Buffalo Atlanta  Miami
(5,45) (27,35) (35,42) (52,10) (62,77) (82,65) (85,15)  (90,5)

Figure 1.7
One-dimensional range tree for the x coordinate values of the data of Figure 1.1.
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the x coordinate. A range search for [B : E]is performed by procedure RANGESEARCH. ~ Section 1.2

It searches the tree and finds the node with either the largest value < B or the smallest RANGE TREES
value > B, and then follows the links until reaching a leaf node with a value greater than

E. For N points, this process takes O (log, N 4+ F) time and uses O (N) space. F is the

number of points found.

Procedure RANGESEARCH assumes that each node has six fields, LEFT, RIGHT,
VALUE, PREV, NEXT, and MIDRANGE. LEFT(P) and RIGHT(P) denote the left and
right children, respectively, of nonleaf node P (they are null in the case of a leaf node).
VALUE is an integer indicating the value stored in the leaf node. PREV (P) and NEXT(P)
are meaningful only for leaf nodes, in which case they are used for the doubly linked list
of leaf nodes sorted in nondecreasing order. In particular, PREV (P) points to a node with
value less than or equal to VALUE (P), while NEXT (P) points to a node with value greater
than or equal to VALUE(P). MIDRANGE(P) is a variant of a discriminator between the
left and right subtrees—that is, it is greater than or equal to the values stored in the left
subtree, and less than or equal to the values stored in the right subtree (see Exercise 2).
The MIDRANGE field is meaningful only for nonleaf nodes. Note that by making use of
a NODETYPE field to distinguish between leaf and nonleaf nodes, we can use the LEFT,
RIGHT, and MIDRANGE fields to indicate the information currently represented by the
PREV, NEXT, and VALUE fields, respectively, thereby making them unnecessary.

1 procedure RANGESEARCH(B,E,T)

2 /* Perform a range search for the one-dimensional interval [B: E] in the one-
dimensional range tree rooted at 7. */

3 value integer B,E

4 value pointer node T

5 if ISNULL(T) then return

6 endif

7 while not ISLEAF(T) do

8 T < if B <MIDRANGE(T) then LEFT(T)

9 else RIGHT(T)

10 endif

11 enddo

12 if not ISNULL(T) and VALUE(T) < B then T < NEXT(T)

13 endif

14 while not ISNULL(7T) and VALUE(T) < E do

15 output VALUE(T)

16 T < NEXT(T)

17 enddo

For example, suppose we want to perform a range search for [28:62] on the one-
dimensional range tree in Figure 1.7. In this example, we assume that the VALUE field of
the leaf nodes contains only the x coordinate values. We first descend the tree to locate, in
this case, the node with the largest value <28 (i.e., (27,35)). Next, following the NEXT
links, we report the points (35,42), (52,10), and (62,77). We stop when encountering
(82,65).

A two-dimensional range tree is a binary tree of binary trees. It is formed in the
following manner. First, sort all of the points along one of the attributes, say x, and store
them in the leaf nodes of a balanced binary search tree (i.e., a range tree), say 7. With
each node of T, say I, associate a one-dimensional range tree, say 77}, of the points in
the subtree rooted at /, where now these points are sorted along the other attribute, say
y.12 For example, Figure 1.8 is the two-dimensional range tree for the data of Figure 1.1,

12 Actually, there is no need for the one-dimensional range tree at the root or its two children (see
Exercise 6). Also, there is no need for the one-element, one-dimensional range trees at the leaf nodes,
as the algorithms can make a special check for this case and use the data that is already stored in the leaf
nodes (but see Exercise 5).
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Chapter 1 A
MULTIDIMENSIONAL POINT DATA

(27,35) (5,45) (52,10) (35,42) (82,65) (62,77) (905) (85,15)

Figure 1.8
Two-dimensional range tree for the data of Figure 1.1.

where the x coordinate serves as the primary sort attribute. Notice the use of double
vertical lines to indicate a link to the one-dimensional range tree associated with each
nonleaf node, thereby distinguishing them from the single vertical lines used to indicate
links to left and right children in the two trees. For N points, the two-dimensional range
tree uses O (N -log, N) space (see Exercise 7) and requires O (N -log, N) time to build
(see Exercise 8).

Arange search for ([B, : E\],[B, : E]) is performed by procedure 2DSEARCH, given
below. It makes use of procedure IDSEARCH, a variant of procedure RANGESEARCH
not given here.!3 Procedure 2DSEARCH starts by descending the tree in search of the
closest nonleaf node Q (in terms of the number of links that are descended) to the root
whose midrange value lies between B, and E,. Let L, and R, be the leaf nodes in
the two-dimensional range tree that are reported by a search for B, and E, respectively,
regardless of whether B, and E, are actually stored there. L and R, are termed boundary
nodes. For example, using Figure 1.8, if B, is24 and E, is 74, then L, and R, are the leaf
nodes containing (27,35) and (82,65), respectively. Q is known as the nearest common
ancestor of L, and R, in T (hence the farthest from the root in terms of node links).
Let {L;} and {R;} denote the sequences of nodes (excluding Q) that form the paths in 7'
from Q to L, and from Q to R, respectively.

Procedure 2DSEARCH assumes that each node has five fields: LEFT, RIGHT, MID-
RANGE, RANGETREE, and POINT. LEFT, RIGHT, and MIDRANGE have the same
meaning as in the one-dimensional range tree with the exception that MIDRANGE
discriminates on the basis of the values of the x coordinate of the points represented by

13 The difference is that in IDSEARCH, the leaf nodes are points in two-dimensional space, while
in RANGESEARCH, the leaf nodes are points in one-dimensional space.
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the tree. RANGETREE(P) is the one-dimensional range tree for y that is stored at node  Section 1.2
P. POINT is a pointer to a record of type point that stores the point that is associated RANGE TREES
with a leaf node. A point record has two fields, XCOORD and YCOORD, that contain the

values of the x and y coordinates, respectively, of the point. The POINT field is not used

for nonleaf nodes in the tree. Note that by making 2DSEARCH a bit more complicated,

we can get by with just one of the POINT and RANGETREE fields (see Exercise 5).

For each node P that is an element of {L;}, such that LEFT(P) is also in {L;},
2DSEARCH performs a one-dimensional range search for [ B, : E ] in the one-dimensional
range tree for y associated with node RIGHT(P). For each P that is an element of {R;},
such that RIGHT(P) is alsoin {R;}, 2DSEARCH performs a one-dimensional range search
for [By:Ey] in the one-dimensional range tree for y associated with node LEFT(P). A
final step checks (using procedure INRANGE not given here) if the points associated with
the boundary nodes (i.e., leaves) L, and R, are in the two-dimensional range.

1 procedure 2DSEARCH(B,,E,,B,,E,,T)

2 /* Perform a range search for the two-dimensional interval ([B, : E,],
[By:E,]) in the two-dimensional range tree rooted at 7. */

3 value integer BX,EX,B),,E y

4 value pointer node T

5 pointer node Q

6 if ISNULL(T) then return

7 endif

8 while not ISLEAF(T) do /* Find nearest common ancestor */

9 if £, <MIDRANGE(T) then T <« LEFT(T)

10 elseif MIDRANGE(T) < B, then T <— RIGHT(T)

11 else exit_while_loop /* Found nearest common ancestor */
12 endif
13 enddo

14 if ISLEAF(T) then
15 if INRANGE(POINT(T),Bx,Ex,By,Ey) then

16 output VALUE(T)

17 endif

18 else /* T is a nonleaf node and must process its subtrees */
19 Q < T /* Save value to process other subtree */

20 T < LEFT(T)
21 while not ISLEAF(T) do /* Process the left subtree */

22 if B, <MIDRANGE(T) then

23 lDSEARCH(By,Ey,RANGETREE(RIGHT(T)))
24 T < LEFT(T)

25 else 7 <~ RIGHT(T)

26 endif

27 enddo

28 if INRANGE(POINT(T), B, E,,B,,E|) then

29 output VALUE(T)

30 endif

31 T < RIGHT(Q)
32 while not ISLEAF(T) do /* Process the right subtree */

33 if MIDRANGE(T) < E, then

34 lDSEARCH(By,Ey,RANGETREE(LEFT(T)))
35 T < RIGHT(T)

36 else T < LEFT(T)

37 endif

38 enddo

39 if INRANGE(POINT(T), B\, E,,B,,E) then

40 output VALUE(T)

41 endif

42  endif
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Chapter 1 For example, the desired closest common ancestor of Ly and Ry in Figure 1.9
MULTIDIMENSIONAL POINT DATA  is Q. One-dimensional range searches would be performed in the one-dimensional
range trees rooted at nodes A, B, D, E, F, and H since 5 {L;} ={L4, Ly, L3, L4,Lx} and
{R;} ={Rj, Ry, R3,R4,Rx}. For N points, procedure 2DSEARCH takes 0(10g§N + F)
time, where F is the number of points found (see Exercise 9).

As a more concrete example, suppose we want to perform a range search for
([25:85],[8:16]) on the two-dimensional range tree in Figure 1.8. We first find the nearest
common ancestor of 25 and 85, which is node A. The paths {L;} and {R;} are given by
{B,D,I} and {C,G,N}, respectively. Since B and B’s left child (i.e., D) are in the path to
25, we search the range tree of B’s right child (i.e., E) and report (52,10) as in the range.
Similarly, since C and C’s right child (i.e., G) are in the path to 85, we search the one-
dimensional range tree of C’s left child (i.e., F), but do not report any results as neither
(62,77) nor (82,65) is in the range. Finally, we check if the boundary nodes (27,35) and
(85,15) are in the range, and report (85,15) as in the range.

The range tree also can be adapted easily to handle k-dimensional data. In such a
case, for N points, a k-dimensional range search takes 0(log§N + F) time, where F is

the number of points found. The k-dimensional range tree uses O (N - logg_lN ) space
(see Exercise 10) and requires O (N - logg_lN ) time to build (see Exercise 11).

Figure 1.9
Example two-dimensional range tree  Exercises

to illustrate two-dimensional range
searching. 1. Is there a difference between a balanced binary search tree, where all the data is stored in the

leaf nodes, and a one-dimensional range tree?

2. The MIDRANGE field in the one-dimensional range tree was defined as a variant of a dis-
criminator between the left and right subtrees in the sense that it is greater than or equal to
the values stored in the left subtree, and less than or equal to the values stored in the right
subtree. Why not use a simpler definition, such as one that stipulates that the MIDRANGE
value is greater than all values in the left subtree and less than or equal to all values in the
right subtree?

3. Why does procedure 2DSEARCH provide the desired result?

4. Prove that no point is reported more than once by the algorithm for executing a range query
in a two-dimensional range tree.

5. Procedure 2DSEARCH makes use of a representation of the two-dimensional range tree where
each node has a POINT and RANGETREE field. In fact, the POINT field is defined only for
leaf nodes, while the RANGETREE field points to a one-dimensional range tree of just one
node for leaf nodes. Rewrite 2DSEARCH, IDSEARCH, and INRANGE so that they do not use
a POINT field, and hence interpret the RANGETREE field appropriately.

6. Show that the one-dimensional range trees at the first two levels (i.e., at the root and the two
children of the root) of a two-dimensional range tree are never used in procedure 2DSEARCH.

7. Show that O(N -log, N) space suffices for a two-dimensional range tree for N points.
8. Show that a two-dimensional range tree can be built in O (N -log, N) time for N points.

9. Given a two-dimensional range tree containing N points, prove that a two-dimensional range
query takes 0(log§N + F) time, where F is the number of points found.

10. Given a k-dimensional range tree containing N points, prove that a k-dimensional range
query takes 0(log§N + F) time, where F is the number of points found. Also, show that

O(N - logg_lN) space is sufficient.
11. Show that a k-dimensional range tree can be built in O (N - log’éle ) time for N points.

12. Write a procedure to construct a two-dimensional range tree.
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Toronto Section 1.3
PRIORITY SEARCH TREES

Buffalo

Denver Omaha Chicago Mobile Toronto Buffalo Atlanta  Miami
(5,45) (27,35) (35,42) (52,10) (62,77) (82,65) (85,15)  (90,5)

Figure 1.10

Priority search tree for the data of Figure 1.1. Each leaf node contains the value of its
x coordinate in a square box. Each nonleaf node contains the appropriate x coordinate
midrange value in a square box using a link drawn with a broken line. Circular boxes

indicate the value of the y coordinate of the point in the corresponding subtree with the
maximum value for its y coordinate that has not already been associated with a node at
a shallower depth in the tree.

1.3 Priority Search Trees

The priority search tree is a data structure that is designed for solving queries involving
semi-infinite ranges in two-dimensional space. A typical semi-infinite range query has
a range of the form ([B, : E,], [By :00]). It is built in the following manner. Sort all
the points along the x coordinate and store them in the leaf nodes of a balanced binary
search tree, say 7. We use a one-dimensional range tree in our formulation,'# although in
some applications (e.g., the rectangle intersection problem as discussed in Section 3.1.3
of Chapter 3), the requirement of being able to insert and delete points in O (log, N)
time, while still requiring the O (N -log, N + F) search behavior, causes the balanced
binary search tree to be implemented using more complicated structures, such as a “red-
black” balanced binary tree [766] (see Appendix A), although in actuality, any variant of
a balanced binary tree could be used. Store midrange x coordinate values in the nonleaf
nodes. Next, proceed from the root node toward the leaf nodes. Associate with each node
I of T the point in the subtree rooted at / with the maximum value for its y coordinate
that has not already been associated with a node at a shallower depth in the tree. If no
such point exists, then leave the node empty. For N points, this structure uses O (N)
space (see Exercise 1) and requires O (N -log, N) time to build (see Exercise 7).

For example, Figure 1.10 is the priority search tree for the data of Figure 1.1. In the
figure, square boxes contain the relevant x coordinate values (e.g., the midrange values
in the nonleaf nodes), while circular boxes contain the relevant y coordinate values (e.g.,
the maximums). Notice that the leaf nodes contain the points and are shown as linked
together in ascending order of the x coordinate value. The links for the x coordinate
values are used only if we conduct a search for all points within a given range of x
coordinate values. They are not used in the execution of the semi-infinite range query,
and thus they are frequently omitted from the implementation of the priority search tree.

14 A Cartesian tree [1944] is an alternative. See Exercises 21 and 22.
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Chapter 1 It is not easy to perform a two-dimensional range query of the form ([B, : E,],[B, :
MULTIDIMENSIONAL POINT DATA  E| ) with a priority search tree. The problem is that only the values of the x coordinate
are sorted. In other words, given a leaf node C that stores point (xc, yc), we know that
the values of the x coordinate of all nodes to the left of C are smaller than or equal to x~
and the values of all those to the right of C are greater than or equal to x. On the other
hand, with respect to the values of the y coordinate, we know only that all nodes below
nonleaf node D with value yp have values less than or equal to yp; the y coordinate
values associated with the remaining nodes in the tree that are not ancestors of D may
be larger or smaller than yp,.

This is not surprising because a priority search tree is really a variant of a one-
dimensional range tree in x (see Exercise 1 in Section 1.2) and a heap (i.e., priority
queue) [1046] in y. A heap' enables finding the maximum (minimum) value in O (1)
time. More generally the largest (smallest) F out of N values can be determined in
O (F) time, but the F' values are not sorted. Whether the heap is used to find the largest
or smallest values depends on how it is constructed. The way in which we specify the
priority search tree here enables finding the largest values.

Nevertheless, despite the difficulty in using priority search trees to perform a two-
dimensional range query, priority search trees make it very easy to perform a semi-infinite
range query of the form ([B, : E, ], [ B, : oo]). The control structure is quite similar to that
of procedure 2DSEARCH. Descend the tree looking for the nearest common ancestor of
B, and E, say Q. Apply the following tests during this descent, letting P be the point
associated with the examined node, say 7. If no such P exists, then we are finished with
the entire subtree rooted at 7 as all points in 7"’s subtrees have already been examined
and reported as is appropriate. Examine the y coordinate value of P, say P,.If P, < B,,
then we are finished with the entire subtree rooted at T since P is the point with the
maximum y coordinate value in 7. Otherwise (i.e., P, > By), check if the x coordinate
value of P (i.e., P,) is in the range [B, : E, ], and if yes, then P satisfies the query and
is reported. At this point, determine if 7 is the nearest common ancestor by checking if
B, and E| lie in T’s left and right subtrees, respectively. If T is not the nearest common
ancestor, then continue the descent in the left (right) subtree of T if E, (B,) is in the left
(right) subtree of T'.

Once Q has been found, process the left and right subtrees of Q using the appropriate
step below, where T denotes the node currently being examined. In both cases, we apply
the same sequence of tests described above to determine if an exit can be made due to
having processed all points in the subtrees or if all remaining points are not in the y
range.

1. Left subtree of Q: Check if B, lies in the left subtree of T'. If it does, then all of the
points in the right subtree of 7' are in the x range, and we just check if they are in

15 Briefly, a binary heap (usually referred to as simply a heap) is a variant of a binary search tree
that has the property that the value of a node is greater than or equal to that of its two children. It can be
implemented in a number of ways, including, when the tree is complete, as a mapping into an array so
that all nodes at a given level are stored consecutively and immediately after the nodes at the preceding
level. The advantage is that no pointers are needed. We can also define a d-heap, where a binary heap
is the special case that d = 2. There are also binomial heaps [1943] and Fibonacci heaps [636]. They
differ in the execution times of the operations that are performed on them. In particular, the principal
differences between the binary heap and the binomial heap are that the union operation is ®(n) for the
former and O (logn) for the latter, while finding the maximum (minimum if the heap is defined so that
the value of a node is less than or equal to that of its two children) is ® (1) for the former and O (logn) for
the latter. Fibonacci heaps have the property that the execution times of all operations are amortized and
are ® (1) for any operation that does not involve deletion (including union), while those that do involve
deletion are O (logn). A particularly important property of the Fibonacci heap vis-a-vis the binary heap
and the binomial heap is that the decrease-key operation is ® (1) for the Fibonacci heap, while it is
® (logn) for both the binary and binomial heaps. This operation finds use when we want to decrease the
value of the key attribute and to minimize the work needed to restructure the heap.
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the y range, while recursively applying this step to the left subtree of 7. Otherwise, Section 1.3
recursively apply this step to the right subtree of 7. PRIORITY SEARCH TREES

2. Right subtree of Q: Check if E, lies in the right subtree of T'. If it does, then all of
the points in the left subtree of T are in the x range, and we just check if they are in
the y range, while recursively applying this step to the right subtree of 7. Otherwise,
recursively apply this step to the left subtree of T'.

The actual search process is given by procedure PRIORITYSEARCH. It assumes that
each node has five fields: POINT, MIDRANGE, LEFT, RIGHT, and HEAPMAX. POINT,
MIDRANGE, LEFT, and RIGHT have the same meaning as in the two-dimensional range
tree. HEAPMAX is defined for all nodes. In particular, for any node I, HEAPMAX (/)
points at the node C in the subtree S rooted at / such that YCOORD (POINT(C)) is greater
than or equal to YCOORD(POINT(D)) for any other node D in S, such that neither C nor
D is associated with a node at a depth in the tree that is shallower than the depth of 1. As
in the two-dimensional range tree, the POINT field is not used for nonleaf nodes in the
tree, and, in fact, by making PRIORITYSEARCH a bit more complicated, we can get by
with just one of the POINT and HEAPMAX fields (see Exercise 4).

PRIORITYSEARCH makes use of two auxiliary procedures, OUTOFRANGEY and
YSEARCH. OUTOFRANGEY determines if all points in a subtree have already been
output or if they are all outside the y range. YSEARCH performs a one-dimensional
range search for the semi-infinite interval with respect to the y range.

1 procedure PRIORITYSEARCH(B,,E\,B,,T)
2 /* Perform a semi-infinite range search for the two-dimensional interval
([B, :E(],[By:00]) in the priority search tree rooted at T'. */
value integer B, ,E,, B,
value pointer node T
pointer node Q
if ISNULL(T) then return
while true do /* Find nearest common ancestor */
if OUTOFRANGEY (HEAPMAX(T), B,) then return
elseif B, < XCOORD(POINT(HEAPMAX(T))) and
XCOORD(POINT(HEAPMAX(T))) < E, then
10 output POINT(HEAPMAX(T))
11 endif
12 if ISLEAF(T) then return
13 elseif £, < MIDRANGE(T) then T < LEFT(T)
14 elseif MIDRANGE(T') < B, then T <~ RIGHT(T)

O 00 N O W A~ W

15 else exit_while_loop /* Found nearest common ancestor */
16 endif
17 enddo

18 /* T is a nonleaf node and must process its subtrees */

19 Q <« T /* Save value to process other subtree */

20 T < LEFT(T)

21 while true do /* Process the left subtree */

22 if OUTOFRANGEY(HEAPMAX(T),By) then exit_while_loop
23 elseif B, < XCOORD(POINT(HEAPMAX(T))) then

24 output POINT(HEAPMAX(T))

25 endif

26 if ISLEAF(T) then exit_while_loop

27 elseif B, <MIDRANGE(T) then

28 YSEARCH (RIGHT(T), By)
29 T < LEFT(T)

30 else 7 < RIGHT(T)

31 endif

32 enddo
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Chapter 1 33 T < RIGHT(Q)
MULTIDIMENSIONAL POINT DATA 34 while true do /* Process the right subtree */
35 if OUTOFRANGEY (HEAPMAX(T), B,) then return
36 elseif XCOORD(POINT(HEAPMAX(T))) < E, then
37 output POINT(HEAPMAX(T))
38 endif
39 if ISLEAF(T) then return
40 elseif MIDRANGE(T) < E, then

41 YSEARCH(LEFT(T), B))
42 T < RIGHT(T)

43 else T < LEFT(T)

44 endif

45 enddo

1 Boolean procedure OUTOFRANGEY (P, B,)
2 /* Check if all relevant points have already been output or if the y coordinate
values of all points in the subtrees are too small. */
value pointer node P
value integer B,
return(if ISNULL(P) then TRUE
else YCOORD(POINT(P)) < B,
endif)

N O bW

—_

recursive procedure YSEARCH(T, B,)

/* Perform a one-dimensional range search for the semi-infinite interval
[B,:00] in the priority search tree rooted at T'. */

3 value pointer node T

4 value integer B,

5 if ISNULL(T) then return

6 elseif OUTOFRANGEY(HEAPMAX(T), B,) then return

7

8

9

[\S)

else )
output POINT(HEAPMAX(T))
YSEARCH (LEFT(T), By)
10 YSEARCH(RIGHT(T), B,)
11 endif )

For N points, performing a semi-infinite range query in this way takes O (logy N + F)
time. F is the number of points found (see Exercise 2). To answer the two-dimensional
range query ([B, : E,], [By :Ey]), perform the semi-infinite range query ([B, : E,], [By :
oo]) and discard all points (x,y) such that y > E y-

As an example of the execution of a semi-infinite range query, suppose that we
want to search for ([35:83],[50:00]) in the priority search tree in Figure 1.10. We use
Figure 1.11(a) to illustrate the space decomposition induced by the priority search tree
of Figure 1.10. In the figure, horizontal lines correspond to the partitions caused by the
HEAPMAX field values in the tree. The vertical lines correspond to the partitions caused
by the MIDRANGE field values associated with the nonleaf nodes that have at least one
child whose HEAPMAX field is not NIL.

The search proceeds as follows. We descend the tree starting at the root (i.e., A).
The point associated with A is Toronto with a y coordinate value of 77, which is in the
y range. The x coordinate value of Toronto is 62, which is in the range. Next, we find
that A is indeed the nearest common ancestor since the midrange value is 57, which is
between the x range values of 35 and 83. Thus, we prepare to descend both of A’s left
and right children.

We immediately cease processing the left subtree of A (i.e., B) since the maximum
of the y coordinate values in B’s subtrees is 45, which is less than the lower bound of
the semi-infinite range of y (i.e., 50). Next, we process the root of the right subtree of A
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(i.e., C). The point associated with C is Buffalo, with a y coordinate value of 65, which  Section 1.3

is in the y range. The x coordinate value of Buffalo is 82, which is in the x range, and PRIORITY SEARCH TREES
thus we output Buffalo as in the two-dimensional range. Next, we examine the midrange

value of C, which is 84. This means that we need to descend only the left subtree of C

(i.e., rooted at F) since the right subtree of C (i.e., rooted at G) is out of the x range.

However, since there is no point associated with F, processing ceases because all nodes

in F’s subtrees have already been examined. Thus, the result is that points (62,77) and

(82,65) are in the range ([35:83],[50:00]).

Edelsbrunner [535] introduces a variation on the priority search tree, which we term
a range priority tree, to obtain an O (log, N + F') algorithm for range searching in a two-
dimensional space. Define an inverse priority search tree to be a priority search tree
S such that with each node of S, say /, we associate the point in the subtree rooted at
I with the minimum (instead of the maximum!) value for its y coordinate that has not
already been stored at a shallower depth in the tree. For example, Figure 1.12 is the
inverse priority search tree corresponding to Figure 1.10, and Figure 1.11(b) is the space
decomposition induced by it. The range priority tree is a balanced binary search tree (i.e.,
aone-dimensional range tree), say T, where all the data points are stored in the leaf nodes
and are sorted by their y coordinate values. With each nonleaf node of T, say I, that is
a left child of its father, we store a priority search tree of the points in the subtree rooted
at /. With each nonleaf node of T, say I, that is a right child of its father, we store an
inverse priority search tree of the points in the subtree rooted at /. For N points, the range
priority tree uses O (N -log, N) space (see Exercise 13) and requires O (N -log, N) time
to build (see Exercises 14 and 15). However, unlike the priority search tree, dynamic
updates (i.e., insertion and deletion) take 0(10g§N ) time [535].

For example, Figure 1.13 is the range priority tree for the data of Figure 1.1, where the
y coordinate serves as the primary sort attribute. Notice the use of double lines to indicate
a link to the priority and inverse priority search trees associated with each nonleaf node,
thereby distinguishing them from the single lines used to indicate links to left and right
children in the two trees. In the figure, square boxes contain the relevant one-dimensional

(0,100) (100,100) (0,100) (100,100)
(62,77) 62,77)
Toronto Toronto
L 2 —@——
® o
(82,65) (82,65)
(5,45) Buffalo (5,45) Buffalo
Denver Denver
_‘ _._
| o1 (3542) - éﬁi“?)
(27,35) | Chicago (27,35) | Chicago
Omaha | fg? 15) Omaha fﬁ?a;g
(52,10) Janta (52,10) .,
Mobile (90,5) Mobl'le_ (9.0,5)-
Miami| [@— Miami—e—
(0,0) X —> (100,0) (0,0) X —> (100,0)
(a) (b)
Figure 1.11

Space decomposition induced by (a) the priority search tree of Figure 1.10 and (b) the
inverse priority search tree of Figure 1.12. Horizontal lines correspond to the partitions
caused by the HEAPMAX field values in the tree. Vertical lines correspond to the partitions
caused by the MIDRANGE field values associated with the nonleaf nodes that have at
least one child whose HEAPMAX field is not NIL.
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Chapter 1 Miami
MULTIDIMENSIONAL POINT DATA

Mobile Atlanta

Buffalo

Chicago

Denver Omaha Chicago Mobile Toronto Buffalo Atlanta  Miami
(5,45) (27,35) (35,42) (52,10) (62,77) (82,65) (85,15)  (90,5)

Figure 1.12
Inverse priority search tree for the data of Figure 1.1. Each leaf node contains the value of

its x coordinate in a square box. Each nonleaf node contains the appropriate x coordinate
midrange value in a box using a link drawn with a broken line. Circular boxes indicate
the value of the y coordinate of the point in the corresponding subtree with the minimum
value for its y coordinate that has not already been associated with a node at a shallower
depth in the tree.

[5l<>{35l{62l<>{e2]

(90,5)

(27,35) (52,10) (85,15)

(5,45) (35,42) (62,77) (82,65)

(62,77) (82,65)

(27,35) (85,15)

Miami Mobile Atlanta Omaha Chicago Denver Buffalo Toronto
(90,5) (52,10) (85,15) (27,35) (35,42) (5,45) (82,65) (62,77)
Figure 1.13

Range priority tree for the data of Figure 1.1. Square boxes contain the relevant one-

dimensional range tree values (midrange values in the nonleaf nodes), and circular boxes
contain the relevant heap values. The square boxes containing the midrange values in
the priority and inverse priority search trees are linked to the appropriate nonleaf node
by a broken line. Double horizontal lines indicate a link to the priority and inverse priority
search trees associated with each nonleaf node, thereby distinguishing them from the

single lines used to indicate links to left and right children in the two trees.
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range tree values (e.g., the midrange values in the nonleaf nodes); circular boxes contain ~ Section 1.3

the relevant heap values (i.e., maximums for the priority search tree and minimums for ~PRIORITY SEARCH TREES
the inverse priority search tree). Notice that, as in the priority search tree, the leaf nodes

contain the points and are shown as linked together in ascending order of the x coordinate

value. Again, as in the priority search tree, the links for the x coordinate values are used

only if we conduct a search for all points within a given range of x coordinate values.

They are not used in the execution of the two-dimensional range query, and thus they are

frequently omitted from the implementation of the range priority tree.

Performing a range query for ([B, : E,],[B, : E]) using a range priority tree is done
in the following manner (see also Exercise 12). We descend the tree looking for the
nearest common ancestor of By and E 3 Say Q. The values of the y coordinate of all
points in the left child of Q are less than or equal to E . We want to retrieve just the ones
that are greater than or equal to B,. We can obtain them with the semi-infinite range
query ([B, : E,],[B, :00]). This can be done by using the priority search tree associated
with the left child of Q. The priority search tree is good for retrieving all points with a
specific lower bound since it stores an upper bound and hence irrelevant values can be
easily pruned.

Similarly, the values of the y coordinate of all points in the right child of Q are
greater than or equal to B,,. We want to retrieve just the ones that are less than or equal to
E,. We can obtain them with the semi-infinite range query ([B, : E,],[—00: Ey]). This
can be done by using the inverse priority search tree associated with the right child of
Q. The inverse priority search tree is good for retrieving all points with a specific upper
bound since it stores a lower bound and hence irrelevant values can be easily pruned.
Thus, for N points, the range query takes O (log, N + F) time, where F is the number
of points found (see Exercise 17).

As an example, suppose we want to perform a range search for ([25:60],[15:45]) on
the range priority tree in Figure 1.13. We first find the nearest common ancestor of 15
and 45, which is node A. Second, we search for ([25:60],[15:00]) in the priority search
tree attached to the left child of A (i.e., B), say p. The point (27,35) is associated with
the root of p, and it is in the range. Hence, it is output. The left subtree of p is rejected
because the y coordinate value associated with its root (i.e., 10) is less than the lower
limit of the search range in y (i.e., 15). The elements of the right subtree of p are rejected
because their x coordinate values are outside of the search range. Third, we search for
([25:60],[—00:45]) in the inverse priority search tree attached to the right child of A (i.e.,
C), say q. The point (35,42) is associated with the root of g, and it is in the range. Hence,
it is output. The elements of the left subtree of ¢ that have not been reported already (i.e.,
(5,45)) are rejected because their x coordinate values are outside of the search range. The
right subtree of ¢ is rejected because the y coordinate value associated with its root (i.e.,
65) is greater than the upper limit of the search range in y (i.e., 45).

Exercises
1. Prove that a priority search tree for N points uses O (N) space.

2. Prove thatfor a priority search tree with N points, a semi-infinite range query can be performed
in O(logy N + F) time, where F is the number of points found.

3. Procedure PRIORITYSEARCH can be made considerably shorter by changing its structure
slightly, as given below by procedure PRIORITYSEARCH?2. The difference is that procedure
PRIORITYSEARCH?2 does not make explicit use of the result of finding the nearest common
ancestor. This forces the repeated comparison of B, and E, with the MIDRANGE field value
of the node even after the nearest common ancestor has been determined. However, it does
enable procedure PRIORITYSEARCH? to make use of recursion as there is no longer a need to
distinguish between processing the right and left children of the nearest common ancestor, as
well as testing if the node and its left child are on the path from the nearest common ancestor
to B,, or testing if the node and its right child are on the path from the nearest common
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Chapter 1 ancestor to E,. Prove that for N points, procedure PRIORITYSEARCH?2 executes the semi-
MULTIDIMENSIONAL POINT DATA infinite range query in O (log, N + F) time, where F is the number of points found. Which
of PRIORITYSEARCH and PRIORITYSEARCH?2 performs fewer comparison operations?

1 recursive procedure PRIORITYSEARCHZ(BX,Ex,By,T)
/* Perform a semi-infinite range search for the two-dimensional interval
([By : E1,[By :00]) in the priority search tree rooted at T. */

NS}

3 value integer B, ,E,, B,

4 value pointer node T

5 if ISNULL(T) then return

6 elseif ISNULL(HEAPMAX(T)) then return

7 /* All relevant points have already been output */

8 e