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Preface

This is the second edition of the book Modeling of Dynamic Systems with Engineering Applications.
It concerns the analytical modeling of multi-physics systems (dynamic systems that consist of mul-
tiple physical domains). This is indeed considered the “mechatronic” approach to modeling, which
is characterized by the integrated, unified, and systematic nature, leading a unique (i.e., single)
model. This book systematically covers methodologies of understanding and analytical represen-
tation, or analytical modeling, of the dynamics of a physical engineering or mechatronic system,
using proper principles of science. However, the presented concepts and approaches are applicable
in non-engineering processes such as biological, economic, and social systems as well.

This book has all the features of a course textbook and is primarily intended for a course at the
undergraduate level (typically, third or fourth year) or at the early graduate level. In many engineer-
ing curricula, a course in modeling is a prerequisite for the first course in control systems. In some
other curricula, modeling is taught as a foundation course or as the first part of a control systems
course. Also, it is an indispensable component of a curriculum in mechatronics. Since this book
contains a wealth of practical information on the subject and illustrative examples of applying the
developed methodologies in practical engineering systems, it is a valuable and practical reference
source as well, primarily for researchers and practicing professionals. The primary emphasis of this
book is on the engineering problem of model development rather than response analysis and simula-
tion once a model is available. This book distinguishes itself from the existing books on dynamic
system modeling in view of the following primary features:

* It concerns modeling of multi-physics (or multi-domain) systems consisting particularly of
the mechanical electrical, fluid, and thermal domains.

* The presented modeling methodologies are centered on the use of integrated, unified, and
systematic procedures that lead to a unique model. Integrated means all physical domains
are considered simultaneously (or concurrently). Unified means analogous (or similar)
methods are used for modeling different physical domains. Unique means only a single
analytical model results when applying the procedures.

* The underlying approach modeling removes any doubt or confusion concerning what
modeling method should be used in a given problem and the validity and the value of the
end result of modeling.

* The presented “unified” and “integrated” approach to the modeling of multi-physics
systems is rapidly becoming the standard in the modeling of mechatronic engineering
systems, and of any engineering system, for that matter.

* The presented methodologies of modeling are properly justified.

* Modeling approaches that are commonly and effectively used in electrical engineering are
extended to other physical domains, particularly mechanical, fluid, and thermal domains,
so that those methods can also be applied to multi-domain (e.g., mechatronic or electrome-
chanical or mixed) systems, in a unified manner.

* Equivalence or approximate equivalence (to the actual physical system or to another type
of model) is considered as the primary basis in developing “equivalent models” and in
“model reduction” using various criteria of equivalence, as presented in this book.

BACKGROUND

In the late 1970s, I taught a mandatory undergraduate course in dynamic system modeling at
Carnegie Mellon University. The popular textbook Introduction to System Dynamics by Shearer,
Murphy, and Richardson (Addison-Wesley, 1971) was used in this course. This excellent classic has
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Xiv Preface

not been revised to date (The late Professor Arthur Murphy had contacted me to undertake the revi-
sion, but that project did not materialize due to my other commitments and the untimely demise of
Professor Murphy). After I moved to the University of British Columbia (UBC) in the late 1980s,
I continued to teach the course. During this process, I had developed a wealth of material (includ-
ing new approaches, extensions to existing approaches, new examples, problems, and projects).
Subsequently, at UBC, there was a demand for an introductory graduate-level course as well in the
subject, which materialized about 25 years ago.

At UBC, for teaching the course on modeling in the beginning, I used my own notes and a
booklet on Control System Modeling, which I had prepared for the company Measurements & Data
Corporation (Pittsburgh, PA) and serialized in their magazine (Measurements and Control) as a
professional course. Subsequently, by incorporating as well the material that I had developed while
teaching undergraduate and graduate courses in control systems, I published the book Modeling
and Control of Engineering Systems (Taylor & Francis/CRC Press, 2009). Yet, I constantly felt the
need for a single textbook on the subject of modeling of dynamic engineering systems that carries
the features I have listed above. In 2018, this objective was materialized. This book is the new
edition of Modeling and Control of Engineering Systems, where new material (procedure details,
worked examples, and end-of-chapter exercises, in particular) has been incorporated and some
supplementary material has been removed.

SCOPE OF THIS BOOK

Through this book, the student will learn to understand and model mechanical, thermal, fluid, elec-
trical, and multi-physics (or multi-domain or mixed) systems in a systematic, unified, and integrated
manner, leading to a unique (single) analytical model. For example, in this book, I explore the iden-
tification of lumped elements such as generalized sources (or input elements, both across-variable
and through-variable sources), generalized capacitors (across-type energy storage elements), gener-
alized inductors (through-type energy storage elements), and generalized resistors (energy dissipa-
tion elements) in different types of physical systems. I study analogies among the four main types of
systems: mechanical, thermal, fluid, and electrical, in terms of these basic lumped elements and in
terms of the system variables, leading to “unified” methodologies for all physical domains. I intro-
duce and apply concepts of through- and across-variables. I study multi-physics (or multi-domain or
mixed) systems, which consist of two or more of the basic system types (or physical domains such
as mechanical, electrical, fluid, and thermal), as well.

The key procedures presented in this book are primarily applicable to linear systems. Since
practical engineering systems are nonlinear to varying degrees, I treat the linearization of nonlinear
systems in sufficient detail. Primarily, I present analytical and experimental/graphical methods of
linearization. To supplement this knowledge, I present several other applicable approaches of linear-
ization (e.g., energy equivalence and describing function methods) as well.

Even though the emphasis of this book is on lumped-parameter models, I address the treatment
of distributed-parameter systems and their approximation using lumped-parameter models.

I present the graphical tool of modeling and model representation, linear graphs, which can be pro-
vided as a MATLAB® tool (see Appendix B). A main focus of this book is to develop a unique state-
space model for a given system (Note: Generally, the state-space representation is not unique; many
different state-space models may be presented for the same system) by following a unified, integrated,
and systematic approach. I examine important considerations of input, output, causality, and system
order.

The linear graph model representation, in the time domain, is extended to the frequency domain.
I study Thevenin and Norton equivalent circuits and their application in nonelectrical (mechanical,
fluid, and thermal) systems using linear graphs (through the concepts of transfer function linear
graphs). I study the conversion of a mixed-domain (multi-physics) system model into an equivalent
model in a single domain (typically the domain of the output segment of the system) and illustrate
its application in practical systems using examples.
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MAIN FEATURES

In the present context, modeling concerns understanding and analytical representation of the dynam-
ics of a physical engineering system, using sound principles of science and through an integrated,
unified, and systematic approach. The developed model must be suitable for meeting the subsequent
purposes and tasks. For example, identification and selection of system components, system analysis
and computer simulation, conceptual design, detailed design, prototyping, instrumentation, con-
trol, tuning (adjusting system parameters to obtain the required performance), testing, performance
evaluation, and product qualification all are important tasks in engineering practice, and modeling
plays a crucial and primarily role in all these tasks.

The main objective of this book is to provide a convenient, useful, and affordable textbook in the
subject of Modeling of Dynamic Systems with Engineering Applications. The material presented in
this book serves as a firm foundation for the subsequent building up of expertise in various aspects
of engineering such as design, prototyping, control, instrumentation, experimentation, and perfor-
mance analysis.

This book consists of seven chapters and two appendices. To maintain clarity and focus and
to maximize the usefulness, this book presents its material in a manner that will be useful to
anyone with a basic engineering background, be it civil, electrical, mechanical, manufacturing,
material, mechatronic, mining, aerospace, or biomechanical. Complete solutions to the end-of-
chapter problems are provided in a solutions manual, which is available to instructors who adopt
this book.

In addition to presenting standard material on the modeling of dynamic engineering systems in
a student-friendly and interest-arousing manner, this book somewhat deviates from other books on
the subject in the following ways:

* This book presents systematic approaches of modeling, in both time domain and frequency
domain, which lead to unique models (thereby removing the doubts on what method should
be used in a given problem and the validity of the end result of modeling).

* This book provides modeling approaches that are equally applicable to engineering sys-
tems that contain one or more physical domains (electrical, mechanical, fluid, and thermal,
in particular). Problems of multiple physical domains are also called multi-physics systems
(or mixed systems).

* Since all the physical domains in the system are treated together, simultaneously or con-
currently, while taking into account any dynamic coupling (dynamic interactions) among
the domains, the presented modeling approach is “integrated.” Since similar (or analogous)
approaches are used for modeling different physical domains, the modeling approach is
“unified.” Since clear steps of modeling are used, the approach is “systematic.” Since one
analytical model is realized by following the approach, the approach is “unique.”

e Popular modeling approaches that are commonly and effectively used in electrical
engineering are extended to other domains, particularly mechanical, fluid, and thermal
domains, so that they can also be applied to multi-physics (e.g., mechatronic or electrome-
chanical) systems.

* I present linear graph (LG) approaches as well of model development, in view of the sig-
nificant advantages of linear graphs. A MATLAB® toolbox of linear graphs is presented
as well (in Appendix B), with examples.

e I present the “generalized” use of linear graphs, as graph-tree concepts, in Appendix A.

» I present physical principles and analytical methods using mathematics that is quite famil-
iar to engineering students.

* I provide a large number of solved examples, analytical examples, numerical examples,
and end-of-chapter problems (with solutions throughout this book) and relate them to real-
life situations and practical engineering applications.
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e I summarize the key issues presented in this book in point form at various places in each
chapter, for easy reference, recollection, and presentation in PowerPoint form.

* T indicate the topics covered in each chapter at the beginning of the chapter. I provide the
key material, formulas, and results in each chapter in a summary sheet at the end of the
chapter.

e This book is concise, avoiding unnecessarily lengthy and uninteresting discussions, for
easy reference and comprehension.

e There is adequate material in this book for two 12-week courses, one at the undergraduate
level and the other at the introductory graduate level.

e In view of the practical considerations and techniques, tools, design issues, and engineer-
ing information presented throughout this book, and in view of the simplified and snapshot
style presentation, including more advanced theory and techniques, this book serves as a
useful reference source for engineers, technicians, project managers, and other practicing
professionals in industry and research institutions.

Clarence W. de Silva
Vancouver, Canada

MATLAB® is a registered trademark of The MathWorks, Inc. For product information,
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’I Introduction to Modeling

HIGHLIGHTS

* Objectives of the Chapter

e Importance and Applications of Modeling
* Modeling in Control

* Modeling in Design

* Dynamic Systems and Models

*  Model Complexity

* Model Types

* Analytical Models

e Mechatronic Systems

» Steps of Analytical Model Development

1.1 OBJECTIVES

This book concerns the modeling of engineering dynamic systems. A model is a representation of
an actual system. In this context, first we need to explore what a dynamic system (an engineering
system in this case) is; what is specifically meant by modeling; what types of modeling are possible,
and how to model a dynamic system. We will address all four topics in detail throughout this book.
In brief, a dynamic system is a system where the “rates of changes” of its response variables (out-
puts) cannot be neglected. There are many types of engineering dynamic systems and many types
of models, as we will learn. This book primarily concerns analytical modeling. We will primarily
focus on “lumped-parameter” models, which depend on the independent variable “time,” the more
general “distributed-parameter” models, which have both time and space as the independent vari-
ables, are given some attention. We will learn a way to develop an analytical model that has the four
characteristics: integrated, unified, unique, and systematic, for an engineering dynamic system. We
will explore these four characteristics in detail, in this book.
The main learning objectives of this book are the following:

e Understand the formal meanings of a dynamic system, control system, mechatronic sys-
tem, and multi-physics (or, multi-domain or mixed) system.

* Recognize different types of models (e.g., physical, analytical, computer, experimental)
and their importance, usage, comparative advantages and disadvantages.

e Under analytical models, recognize the general and specific pairs of model categories.

* Learn the concepts of input (excitation), output (response), causality (cause—effect nature,
what are inputs, and what are outputs in the system), and order (dynamic size) in the con-
text of a dynamic system (or dynamic model).

* Understand the concepts of through-variables and across-variables, their physical signifi-
cance, and relationship to state variables.

* Recognize similarities or analogies among the four physical domains: mechanical, electri-
cal, fluid, and thermal (this is the basis of the “unified” approach to modeling).

* In each physical domain, recognize the lumped elements that store energy and that dis-
sipate energy, based on the analogy among different physical domains.

* In each physical domain, recognize different types of source (input) elements, which pos-
sess independent input variables and are able to apply them to other components of a sys-
tem, based on the analogy among different physical domains.
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* Understand the “mechatronic” approach (i.e., the “integrated” or “concurrent” approach)
to modeling a multi-physics (or multi-domain or mixed) system, which consists of two or
more basic physical domains. Integrated means, all domains are modeled (and designed)
simultaneously.

* Understand the “unified” approach to modeling a multi-domain system. Unified means,
similar (i.e., analogous) methods are used to model the different physical domains in the
system.

* Understand the meaning of state variables and the selection of them in a “unique” manner
to generate a unique state-space model.

e Learn to apply the unified and integrated approach of modeling, in a systematic way, to
develop a “unique” state-space model. Systematic means, the modeling steps are clear and
there is no uncertainty associated with it. Unique means, a single model is obtained at the
end.

* Understand the key steps of development of a unified, integrated, systematic, and unique
approach for modeling an engineering dynamic system. Learn to develop state-space mod-
els using that approach, while using physically meaningful state variables that lead to a
“unique” state-space model. Also, understand the physical meaning of “system order” or
the dynamic size.

e Learn how to convert a state-space model into an input—output model, in the time domain.

e Learn to obtain a linear model of a nonlinear dynamic system, both analytically and exper-
imentally. In the analytical context, learn different approaches to linearize a nonlinear
system or model, particularly the slope-based local linearization and the energy-based
global linearization.

* Understand and apply a graphical approach that uses linear graphs, to develop a state-
space model.

* Understand the frequency-domain concepts of modeling; particularly, the concepts of
“generalized” impedance, equivalent circuits, and circuit reduction of electrical systems
(Thevenin and Norton concepts of equivalent circuits) and transfer function linear graphs
(TFLGs) and apply them to mechanical, fluid, thermal, and multi-physics systems.

e Learn a systematic way to convert a model of a multi-physics system to an equivalent
model of a single physical domain, which is preferably the output domain of the system.
For this purpose, learn to use the concepts of energy transfer (or coupling) through gener-
alized transformers and generalized gyrators.

* Gain the ability to relate the learned concepts of modeling to model a mechatronic system.
For this purpose, understand the value of a more generalized definition of a mechatronic
system.

Design, development, modification, implementation, operation, control, and performance monitor-
ing and evaluation of an engineering system require a sufficient understanding of the system and a
suitable “representation” of the system. In other words, a “model” of the system is required for these
practical activities. A model is a convenient representation of the actual system. Properties estab-
lished and results derived in various “model-based approaches” are associated with the model rather
than the actual system, whereas it is to the actual system that the excitations (inputs) are applied
to and the responses (outputs) are observed or measured from. This distinction is very important,
particularly in the context of the treatment in this book. However, as customary, the terms the model
and the system are often used interchangeably to refer to the model. This fact can be easily recog-
nized depending on the specific context that is addressed and is usually not confusing.

An engineering system may consist of several different physical types of components, belonging
to such physical “domains” as mechanical, electrical, fluid, and thermal. It is termed a multi-physics
(or multi-domain or mixed) system. Furthermore, it may contain multifunctional components; for
example, a piezoelectric component, which can interchangeably function as both a sensor and an
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actuator, is a multifunctional device. It is desirable to use analogous procedures in the modeling
of multi-physics and multifunctional components. Then the individual physical-domain models
or functional models can be developed using “unified” or “analogous” methodologies across the
physical domains while considering all the physical domains simultaneously (i.e., “concurrent” or
“integrated” manner), systematically, to obtain a “unique” (i.e., the “best” single) overall model.

Analytical models may be developed for mechanical, electrical, fluid, and thermal systems in
a rather analogous manner, using the mentioned “unified” approach because clear analogies exist
among these four types of systems and in their variables. This is an important focus of this book.
In view of the existing analogy, then, a unified (analogous), integrated (concurrent), and systematic
(having clear steps) approach may be adopted in the modeling, analysis, design, control, and evalu-
ation of an engineering system. This integrated and unified approach is indeed the “mechatronic”
approach to modeling. The “unified” approach goes beyond the conventional mechatronic proce-
dures (which are “integrated” yet may not be unified) and exploits the similarities (analogies) of
different physical domains of the system. In summary then, the studies and developments of this
book target a modeling approach that has the following characteristics:

* Integrated (concurrent or simultaneous; considers all physical domains of the system
simultaneously, while including “coupling” or “dynamic interactions” or “energy conver-
sion” that exist among them)

* Unified (exploits analogies or similarities among different physical domains and uses simi-
lar/analogous procedures to model the dynamics in those physical domains)

» Systematic (follows a clearly indicated sequence of modeling steps, without any confusion
as to the approach)

» Realization of a “unique” model (the modeling procedure leads to a single “best” model).
This implicitly implies that some form of “optimization” is associated with the used
procedures

* Physically meaningful (e.g., the system variables, particularly the state variables, are not
chosen arbitrarily, and have physical meaning, and furthermore, it leads to a clear under-
standing of the dynamic size or “order” of the system).

1.1.1  MobEeL ERROR OF SciENCE ERROR

A model is a representation of the actual system, with sufficient accuracy. Hence, there bound to be
errors in the model, when compared to the real system, but often they can be neglected depending
on the purpose of the model. Also, a model represents the physical phenomena in the actual system
(again to an acceptable level of accuracy). Such phenomena are never in error, but our understanding
and representation/formulation of these phenomena may not be accurate or may be evolving. So, the
science itself can have errors, which are corrected from time to time.

1.2 IMPORTANCE AND APPLICATIONS OF MODELING

A dynamic model may be indispensable in a variety of engineering applications. The types of uses
of a dynamic model include the following:

e Analysis of a dynamic system (particularly using mathematical methods and tools), even
when the actual system is not available or developed yet

* Computer simulation, which can incorporate various types of models including mathemat-
ical (analytical) dynamic models and even some physical hardware (i.e., hardware-in-the-
loop or SIL simulation)

e Determination of the required design of a dynamic system, prior to building the system
(in fact it may assist in making the decision whether to build or not)
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e Determination of the required modification of a dynamic system (or its model or the
design), prior to the actual task of physical modification of the system

* Instrumentation (i.e., the exercise of “instrumenting”) of a dynamic system. Specifically,
instruments (such as sensors, actuators, and signal conditioning and component intercon-
necting hardware) needed for the operation and/or performance improvement of a dynamic
system may be established (i.e., selected or sized) and analyzed through modeling and
simulation

» Control or assistance in the physical operation of a dynamic system (e.g., for model-based
control and for generating control signals and performance specifications)

e Testing of a dynamic system (where a test regiment is developed and evaluated through
analytical and computational means) and in product qualification (where an available
good-quality product is further tested and evaluated to determine whether it is suitable for
a specialized application (e.g., seismic qualification of the components of a nuclear power
plant; qualification of computer hardware for shipment))

e Performance evaluation (including online monitoring) of a system to detect deviations and
diagnose malfunctions and faults (using a model as the reference for good performance).

Dynamic modeling is applicable in all branches of engineering (aerospace, biomechanical/medi-
cal, chemical, civil, electrical and computer, manufacturing, material, mechanical, mechatronic,
mining, etc.) and even in non-engineering systems (e.g., social, economic, administrative, envi-
ronmental). Analytical models are quite useful in predicting the dynamic behavior (response) of a
system for various types of excitations (inputs). For example, vibration is a dynamic phenomenon
and its analysis, practical utilization, and effective control require a good understanding (model)
of the vibrating system. Computer-based studies (e.g., computer simulation) may be carried out
using analytical models (sometimes incorporating some physical hardware as well—hardware in
the loop or SIL simulation) while using suitable values for the system parameters (mass, stiffness,
damping, capacitance, inductance, resistance, fluid inductance, or inertance and so on). A model
may be employed when designing an engineering system for proper performance. Then, the system
is first developed (designed) using a model, which is much easier (quick, flexible, inexpensive) to
modify than a physical system or prototype. In the context of product testing, for example, analyti-
cal models are commonly used to develop test specifications and the input signals that are applied
by the exciter in the test procedure. Dynamic effects and interactions in the test object, the excita-
tion system, and their interfaces may be studied in this manner. Product qualification is a particular
situation of this, which is the procedure that is used to establish the capability of a good-quality
product to withstand a specified set of operating conditions, in a specialized application. In product
qualification by testing, the operating conditions are generated and applied to the test object by an
exciter (e.g., shaker). In product qualification by analysis, a suitable analytical model of the product
replaces the physical test specimen that is used in product qualification by testing. In the area of
automatic control, models are used in a variety of ways, as discussed next. In machine health moni-
toring, a bank of models that represent a non-faulty machine and that has different types of faults or
malfunctions are used to assess the performance of the actual machine and determine whether it is
sound or faulty. Such procedures are able to diagnose a fault as well.

1.2.1  THe Use oF MobELs IN CONTROL

The ways models are used in automatic control include the following:

* An analytical model of the control system is needed for representation, mathematical anal-
ysis, and computer simulation of the system

* A model of the system to be controlled (i.e., the plant or the process) may be used to
develop the performance specifications, based on which a controller is developed for
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FIGURE 1.1 The scheme of model-referenced adaptive control.

the system. For example, in model-referenced adaptive control, a “reference model”
dictates the desired behavior that is expected under control (see Figure 1.1). This is an
implicit way of using a model to represent a set of required performance specifications.
Then the controller seeks (by changing or adapting the controller parameters) to drive
the actual behavior of the plant toward the desired behavior as dictated by the reference
model

* In model-based control, a dynamic model of the actual process is employed to develop the
necessary control schemes and control actions

 In the early stages of design of a control system, some (or all) parts of the desired system
may not exist. In this context, a model of the anticipated system, particularly an analyti-
cal model or a computer model, can be very useful, economical, and time-efficient in the
design of the control system. In view of the complexity of a design process, particularly
when striving for an optimal design, it is useful to incorporate system modeling as a tool
for design iteration.

In general, modeling is an “optimistic” approach where we attempt to accurately represent the
system or the required system behavior by a model, possibly optimize the model, and then use it
to design, implement (including instrument or modify the system), and evaluate the system while
expecting (optimistically) that the implemented system will operate faithfully as represented by
the model. On the other hand, control is a “pessimistic” approach where we suspect that the sys-
tem will not behave according to the requirements (possibly as specified by a model) and then
use sensing/monitoring and feedback control to make sure that the system performance meets the
expectations.

1.2.2 THe Use oF MoDELS IN DESIGN

Modeling and design can go hand in hand, in an iterative manner, both in the conceptual design
and the detailed design. Of course, in the beginning of a design process, the desired system does
not exist. Then, a model of the anticipated system can be very useful. In view of the complexity of
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a design process, particularly when striving for an optimal design, it is useful to incorporate system
modeling as a tool for design iteration particularly because prototyping can become very costly and
time-consuming. Initially, by knowing some information about the system (e.g., intended functions,
performance specifications, past experience, and knowledge of related or similar systems) and using
the design objectives, it is possible to develop a model of sufficient (low to moderate) detail and
complexity. Through mathematical analysis and by carrying out computer simulations of the model,
it will be possible to generate useful information that will guide the design process (e.g., generation
of a conceptual or preliminary design). In this manner, iteratively, design decisions can be made and
the model can be refined using the available (improved) design. This iterative link between model-
ing and design is schematically shown in Figure 1.2a.

It is expected that an integrated (i.e., considering all physical domains concurrently or simul-
taneously, while giving proper accounting for dynamic interactions and energy transfer between
them) and unified (i.e., using analogous methodologies for different physical domains) approach (the
mechatronic approach) for modeling and design will result in many benefits. It can be verified that
the integrated and unified approach will result in cost-effective and high-quality products and ser-
vices with optimally (or at least better than average) matched components, improved performance
and controllability, and increased reliability, efficiency, and product life. Such products approach
some form of optimality and are more compatible and easier to interact/interface with other simi-
larly designed systems. From the design perspective alone, this will enable the development and
production of multi-physics (or, multi-domain or mixed, e.g., electromechanical) systems efficiently,
rapidly, and economically.

When performing a mechatronic design of a multi-physics system, the concepts of energy or
power present a unifying thread. The reasons are clear. First, in a multi-physics system, ports
of power transfer or energy transfer exist, which link the dynamics of various physical domains
(mechanical, electrical, fluid, and thermal). Hence, modeling, analysis, and optimization of a
multi-physics system can be carried out by using a hybrid-system formulation (a model) that inte-
grates various aspects of different physical domains of the system in a unified manner. Second, an
optimal design may aim for minimal energy dissipation and maximum energy efficiency. There
are related implications; for example, greater dissipation of energy will mean reduced overall
efficiency and increased thermal problems, noise, vibration, malfunctions, wear and tear, and
increased environmental impact. Again, a hybrid model that presents an accurate picture of the
energy/power flow within the system will present an appropriate framework for the multi-physics
design. We can use linear graph models in particular, as discussed in Chapter 5, for this purpose,
in an effective manner.

A design may use excessive safety factors and worst-case specifications (e.g., for mechanical
loads and electrical loads). This will not provide an optimal design and may not lead to the most
efficient performance. Designing for optimal performance may not necessarily lead to the most
economical (least costly) design, however. When arriving at a truly optimal design, an objective
function that takes into account all important factors (performance, quality, cost, speed, ease of
operation, safety, environmental impact, etc.) has to be optimized. This is indeed the approach of
mechatronic design quotient (MDQ). A complete design process for an engineering system should
generate the necessary details for production or assembly of the system.

Note: Historically, an “integrated” approach that treats all physical domains concurrently was
termed a “mechatronic” approach. An established definition of mechatronics is “synergistic appli-
cation of mechanics, electronics, control engineering, and computer science in the development of
electromechanical products and systems, through integrated design.” However, in this book, we will
generalize this definition by including all possible physical domains (not just electrical and mechani-
cal) and call a modeling approach that is both integrated and unified (i.e., one that exploits domain
similarities/analogies) while following systematic steps, leading to a single (unique) model as mecha-
tronic modeling.
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FIGURE 1.2 (a) Link between modeling and design; (b) An integrated framework with modeling, intelligent
design, and optimization.

A more general framework that integrates modeling, intelligent design, and system optimization
is shown in Figure 1.2b. Here, the task of design is carried out iteratively by an expert system, which
incorporates the design knowledge of experts in the domain. In this manner, a design is “evolved,”
as more information is known (through available improvements to the design knowledge base, mon-
itoring of the physical system or a prototype, if available, for design weaknesses, etc.). The overall
design is optimized as well, using an evolutionary computing approach. Such schemes have been
implemented and tested, but that subject is outside the scope of this book.
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A model of the system will be useful in this context as well. The steps of the design evolution for
a system that exists are as follows:

1. Develop a model of the existing physical system

2. Establish (using a design expert system and possibly a machine health monitoring system)
what aspects or segments of the original system (represented by its model) may be modi-
fied/improved. These will provide “modifiable sites” for the existing system/model

3. Formulate a performance function to represent the “goodness” of the design. This is the
Mechatronic Design Quotient (MDQ)

4. Use an optimization method (e.g., Genetic Programming or GP) to evolve the model so as
to maximize the performance function

5. Implement in the existing physical system the design changes represented by the evolved
model.

1.3 DYNAMIC SYSTEMS AND MODELS

Each interacted component or element of an engineering system will possess an input—output (or
cause—effect, or causal) relationship. A “dynamic” system is one whose response variables (which are
functions of time) have non-negligible “rates” of change. Also, its present output depends not only on
the present input but also on some historical information (e.g., previous input and hence, previous out-
put). A more formal mathematical definition can be given, but it is adequate to state here that a typical
engineering system is a dynamic system. A model is some form of representation of a practical system.
In particular, an analytical model (or mathematical model) comprises equations (e.g., differential
equations) or an equivalent set of information, which represents the system to a required degree of
accuracy. Alternatively, a set of curves, digital data (e.g., arrays or tables, files) stored in a computer or
in some medium, and other numerical data—rather than a set of equations—may be termed a model,
strictly a numerical model. In particular, an experimental model is a (numerical) model obtained
from a set of test data (input—output data) through physical experimentation with the actual system.
A representative analytical model can be established or “identified” from a numerical model (or from
experimental input—output data). The related subject is called “model identification” or “system iden-
tification” in the field of automatic control. A dynamic model is a representation of a dynamic system.

1.3.1 TerMINOLOGY

A general schematic representation of a dynamic system is shown in Figure 1.3. The system is
demarcated by a boundary, which may be either real (physical) or imaginary (virtual). What is
outside this boundary is the environment of the system. There are inputs, which enter the system

Environment

Outputs
(response)

Dynamic system /

(Physical laws, state

/ variables, system
parameters)

Inputs

(excitations)

System
boundary

FIGURE 1.3 Nomenclature of a dynamic system.
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from the environment, and there are outputs, which are generated by the system and provided to the
environment. Some useful terms concerning dynamic systems are defined below.

* System: Collection of interacting components of interest, demarcated by a system boundary.

* Dynamic System: A system whose rates of changes of response/state variables cannot be
neglected.

* Plant or Process: The system to be controlled.

 Inputs: Excitations (known or unknown; deliberate/desired or undesired) applied to the system.

* Outputs: Responses (desired or undesired) of the system.

» State Variables: A minimal set of variables that completely identify the “dynamic” state
of a system. Note: If the state variables at one state in time and the inputs from that state up
to a future state in time are known, the future state can be completely determined.

» Control System: A system that includes at least the plant and its controller. It may include other
subsystems and components (e.g., sensors, signal conditioning, and modification devices).

Dynamic systems are not necessarily limited to engineering, physical, or man-made systems
(e.g., social, economic, legal, management, political, and environmental, which may depend on
engineering systems) even though the focus of this book is on engineering systems. Examples of
dynamic systems with some inputs and outputs are given in Table 1.1. Exercise: add to this list some
other inputs and outputs (intentional, unintentional, desirable, undesirable).

1.3.2 MobeL COMPLEXITY

It is unrealistic to attempt to develop a “universal model” that will incorporate all conceivable
aspects of the system. For example, an automobile model that simultaneously represents ride quality,
power, speed, energy consumption, emission, traction characteristics, handling, structural strength,
capacity, load characteristics, cost, safety, and so on is not very practical and can be intractably
complex. Furthermore, some aspects incorporated into the model can mask the behavior of other
important aspects. The model should be as simple as possible and may address only a few specific

TABLE 1.1

Examples of Dynamic Systems

System Examples of Inputs Examples of Outputs

Human body Neuro-electric pulses (due to external stimuli), desirable Muscle contractions, body movements,
stimuli, distractions cursing, unlawful activity

Company Information that is used for operation, executive commands, Products, output information (on
weakening of stock market, price increase of raw material, products that are physical or
drop in demand, or product market value (e.g., due to otherwise, etc.), decisions, wastage,
deteriorated product quality, alternative products, price) product quality

Power plant Fuel rate, environmental conditions (e.g., temperature), Electric power, pollution, reliability,
costs (personnel, material, etc.) noise

Automobile Steering wheel movement, fuel, road disturbances, Front wheel turn, direction of heading,
automobile accidents, weather, traffic, servicing ride quality, noise, emissions, motion

causing an accident, wear and tear

Robot Voltage to joint motors, external force on end effector (e.g., Robot motions (trajectory, pose or

from a collision), noise in input signal, obstacles heading), accidents, malfunctions

Note: Categorize these inputs and outputs as: intentional, unintentional, known, unknown, desirable, and undesirable, as
applicable.
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aspects of interest in the particular study or application. Approximate modeling and model reduc-
tion are relevant topics in this context.

As an example, consider a hard-disk drive (HDD) unit, as shown in Figure 1.4a. If the objective is
vibration analysis and control, a simplified model such as the one shown in Figure 1.4b or ¢ may be
used. In particular, Figure 1.4b provides a two-dimensional, multi-degree-of-freedom mechanical
model where some of the inertia effects are modeled as lumped masses and the flexibility effects
are represented by rectilinear springs. The mounting frame and the disk may be modeled as plates.
Energy dissipation (damping) is not modeled. Figure 1.4c is a further simplified, one-dimensional,
two-degree-of-freedom mechanical model. It is an entirely lumped-parameter model, and again
energy dissipation is not modeled.

As another example, consider the innovative elevated-guideway transit system shown in
Figure 1.5a, which has been extensively studied by me in a previous investigation. This is an
automated transit system that is operated without drivers. The ride quality, which depends on
the motion of the vehicle, may be analyzed using an appropriate model. Usually the dynam-
ics (inertia, flexibility, and energy dissipation) of both the guideway and the vehicle, with their
dynamic interactions, have to be incorporated into such a model. In a modeling exercise, first, the
system is simplified by incorporating just one car of the train, as shown in Figure 1.5b. A further
simplified model of it that may be used in a ride quality study is shown in Figure 1.5c. This is a
lumped-parameter model where the distributed characteristics (e.g., mass) are approximated by
lumped elements.

This model does not consider the dynamics of the guideway.

As the third example, consider the industrial machine shown in Figure 1.6a, which has been devel-
oped by us for the head removal of salmon. The conveyor, driven by an ac (induction) motor, indexes
the fish in an intermittent manner. The image of each fish, obtained using a digital camera, is processed
to determine the geometric features, which in turn establish the proper cutting location. A two-axis
hydraulic drive unit positions the cutter accordingly, and the cutting blade is operated using a pneumatic
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FIGURE 1.4 (a) A hard-disk drive (HDD) unit of a computer; (b) components for a simplified model; and (c)
further simplified model for vibration analysis and control.
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FIGURE 1.5 (a) An innovative elevated guideway transit system; (b) a simplified system that incorporates a
single car; and (c) a further model for determining the ride quality of the mass transit system.

actuator. Position sensing of the hydraulic manipulator is done using linear magnetostrictive displace-
ment transducers. A set of six gauge-pressure transducers are installed to measure the fluid pressure
in the head and rod sides of each hydraulic cylinder and also in the supply lines. A high-level imaging
system determines the product quality (cut fish), according to which adjustments may be made online,
to the parameters of the control system so as to improve the machine performance. Clearly, this is a
multi-physics system, which involves at least the mechanical, electrical, and fluid domains. A model
that sufficiently represents the characteristics of these domains is shown in Figure 1.6b.

1.4 MODEL TYPES

One way to analyze a system is to apply excitations (inputs) to the system, measure the resulting
responses (outputs) of the system, and fit the input—output data obtained in this manner to a suitable
analytical model. This is known as experimental modeling or model identification or system identi-
fication. A model that is determined in this manner is called an experimental model or an identified
model. Another way to analyze a system is by using an analytical model of the system, which origi-
nates from the physical (i.e., constitutive) equations of the constituent components or processes of
the system. Analytical models include state-space models and input—output models. An important
category of input—output models is the transfer function models (in the Laplace domain in general
and in the frequency domain in particular).

Graphical techniques such as linear graphs, bond graphs, and block diagrams can assist in the
development of analytical models. Since developing a physical model (or a prototype) of a system
and testing it is often far less economical, flexible, quick, or practical than analyzing or computer-
simulating an analytical model of the system, such analytical models are often used in the process of
system design. In fact, analytical models are commonly used in practical applications, particularly
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FIGURE 1.6 (a) An intelligent iron butcher and (b) a multi-physics model of the Iron Butcher.

during the pre-prototyping stage. Instrumentation (exciters, measuring devices, and analyzers) and
computer systems for experimental modeling (e.g., modal testing and analysis systems) are com-
mercially available. Experimental modeling is also done frequently, if less often than analytical
modeling.

As discussed, in general, models may be grouped into the following categories:

* Physical models or prototypes
* Analytical models (mathematical models)
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* Computer models or numerical models (computer programs, files, data tables and arrays,
multidimensional graphs, etc.)

e Experimental models (where input—output experimental data are used for model
“identification”).

In this book, the main focus is on analytical models with a secondary focus on experimental and
computer models, which have a direct impact from analytical models.

1.4.1 ADVANTAGES OF ANALYTICAL MODELS

Normally, mathematical definitions for a dynamic system are given with reference to an analytical
model of the system; for example, a state-space model or an input—output model. There are many
advantages of analytical models over other types of models. The main advantages of analytical
models (and computer models) over physical models include the following:

* Modern, high-capacity, high-speed computers can handle complex analytical models at
high speed and low cost.

* Underlying physical principles are easily and directly included in analytical models.

* Analytical methods are more precise.

e Analytical models and computer models can be modified conveniently and at high speed
and low cost.

* Analytical models provide much flexibility in making structural and parametric changes of
a dynamic system/model. (Note: Structural changes are those that modify how the system
components are interconnected—series, parallel, etc., the system structure. Parametric
changes are changes to the parameter values of the system components.)

e Analytical models can be directly used in computer simulations.

* Analytical models can be easily integrated with computer/numerical/experimental models,
to generate “hybrid” models (e.g., in hardware-in-the-loop computer simulations).

e Analytical modeling can be conveniently used in the system design and also in developing
control strategies and control actions.

* Analytical modeling can be conveniently done well before a prototype is built. (In fact, this
step can be crucial in deciding whether to prototype.)

1.4.2 MECHATRONIC SYSTEMS

The commonly accepted definition of Mechatronics is: synergistic application of mechanics,
electronics, control engineering, and computer science in the development of electromechanical
products and systems, through integrated design. However, the integrated, unified, unique, and sys-
tematic approach to modeling, as presented in this book, is similar to and even goes beyond what
is formally known the “mechatronic” approach, which is systematic and integrated (concurrent) but
may not be unified (uses analogous or similar approaches for modeling different physical domains)
and unique (only a clear and single model is generated at the end). Mechatronic systems are multi-
physics systems, but the initial focus of Mechatronics was on electromechanical (two-domain) sys-
tems. The modeling methodologies presented in this book go beyond this as well, by incorporating
other physical domains (fluid and thermal in particular). Hence, this book is particularly suitable for
studies in mechatronic systems. In this backdrop, it is useful to have some understanding of mecha-
tronic systems, which had already been addressed earlier. Nevertheless, it should be emphasized
that a “mechatronic” system is not just an electromechanical or even a multi-physics system but a
multi-physics system that has been developed by using a mechatronic approach.

A typical mechatronic system consists of a mechanical skeleton, actuators, sensors, control-
lers, signal conditioning and modification devices, computer and digital hardware and software,
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interface devices, and power sources. Different types of sensing, information acquisition, and trans-
fer are involved among all these various types of components. For example, a servomotor, which is a
motor with the capability of sensory feedback for accurate generation of complex motions, consists
of mechanical, electrical, and electronic components. The main mechanical components are the
rotor, stator, and the bearings. The electrical components include the circuitry for the field windings
and rotor windings (not in the case of permanent-magnet rotors), and circuitry for power transmis-
sion and commutation (if needed). Electronic components include those needed for sensing (e.g.,
optical encoder for displacement and speed sensing and tachometer for speed sensing). However,
both thermal and fluid domains are also relevant in the design and operation of a servomotor, at least
in dealing with its cooling through heat transfer and air flow (convection). The overall design of a
servomotor can be improved by taking a mechatronic approach.

The humanoid robot shown in Figure 1.7a is a more complex and “intelligent” electromechanical
system. It may involve many servomotors and a variety of mechatronic components, as is clear from
the sketch in Figure 1.7b. As for a servomotor, a robot also incorporates fluid and thermal domains.
A mechatronic approach can greatly benefit modeling, analysis, design, development, and control of
a complex electromechanical (or in general, a multi-physics) system of this nature.

Technology issues of a multi-physics system are indicated in Figure 1.8. It is seen that they span
the traditional fields of mechanical engineering, electrical and electronic engineering, control engi-
neering, and computer engineering. Each aspect or issue within the system may take a multi-physics
character. For example, as noted before, an actuator (e.g., dc servo motor) alone may represent a
multi-physics device within a larger multi-physics system such as an automobile or a robot, all of
which can benefit from the concepts of Mechatronics.

Study of mechatronic engineering should include all stages of modeling, design, development,
integration, instrumentation, control, testing, operation, and maintenance of a mechatronic system.

1.4.3 SteEPs OF ANALYTICAL MODEL DEVELOPMENT

In a “systematic” approach to modeling, it is necessary to “clearly” indicate its key steps. As a
preview of what yet to be presented, we give below the key steps of the systematic approach that is
presented in this book.

1. Identify the system of interest (e.g., purpose, components, system boundary).

2. Identify or specify the variables of interest (e.g., excitations or inputs, responses, or
outputs).

3. Approximate various segments (components, processes, phenomena) by ideal elements,
suitably interconnected. Draw a structural diagram for the system (e.g., mechanical cir-
cuit, electrical circuit, linear graph), showing the structure (element or component inter-
connection) of the system.

4. Using the structural diagram:

a. Write constitutive equations (physical laws) for elements (other than the “input ele-
ments” or “‘sources”).

b. Write continuity equations (or conservation equations) for through-variables (those
variables that do not change through an element) at junctions (nodes), which connect
two or more elements (e.g., equilibrium of forces at mechanical joints; current balance
at circuit nodes).

c.  Write compatibility equations (or loop equations) for across-variables (potential vari-
ables, path variables), which are measured across an element, in closed paths (loops)
(e.g., for velocities—geometric connectivity; for voltages— potential balance). Why
is compatibility automatically satisfied (and hence, compatibility equations are redun-
dant) for mechanical systems? (The answer is found elsewhere in this book).

d. Eliminate auxiliary variables (i.e., unwanted variables).
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FIGURE 1.7 (a) A humanoid robot is a complex and “intelligent” multi-physics system and (b) components
of a humanoid robot. (Courtesy of American Honda Motor Co. Inc., Torrance, CA.)

5. Express boundary conditions (only for distributed-parameter systems) and initial condi-
tions using system variables.

Note: 1t should be clear that boundary conditions are needed only for distributed parameter systems

(they are automatically satisfied in lumped-parameter models).
In this book, we will primarily focus on the following types of analytical models:
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FIGURE 1.8 Concepts and technologies of a multi-physics system.

» State Models (State-Space Models): They use state variables (e.g., velocity of a lumped
mass, force in a spring, current through an inductor, voltage across a capacitor) to represent
the state of the system, in terms of which the system response can be expressed. These are
time-domain lumped-parameter models, with time ¢ as the independent variable.

* Transfer-function Models (Particularly Frequency-Domain Models): These are a
type of input—output models expressed using transfer functions. A transfer function is the
Laplace transform of the output variable divided by the Laplace transform of the input
variable. Laplace variable s is the independent variable in a transfer function model. A
frequency-domain model, expressed using frequency transfer functions, is a very practi-
cal transfer function model. It can be directly obtained from a Laplace transfer function
simply by setting s=jo. In a frequency-domain model, the independent variable is the
frequency w at which the system operates.

In the development and application of these analytical models, we will particularly use the graphi-
cal representation known as linear graphs, of models. In a linear graph, a line represents a basic
component (element) of the system, with one end as the point of action and the other end as the point
of reference. The associated techniques are presented in this book (see Chapter 5 for time-domain
linear graph techniques and Chapter 7 for frequency-domain linear graph techniques).

1.4.4 MODELING CRITERIA AND EQUIVALENT MODELS

This book pays particular attention to equivalent models. Notably, approximate models concern
approximate equivalence of models. A model itself is “approximately equivalent” to the actual
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system. Indeed, various types of models (physical, analytical, computer, experimental, etc.) are
approximately equivalent to the actual system. In the process of modeling, first, an equivalence is
established based on such considerations as:

* The needs of the specific application (purpose of the model: design, analysis, control, etc.,
of what aspects?)

e Available resources for modeling: physical information, analytical methodologies, phys-
ical system, computer resources, accessibility to the physical system and the ability to
acquire experimental data, ability to develop a physical prototype, past information, etc.

e The required accuracy and the constraints on model complexity.

The decision to develop an analytical model can be made based on such considerations.

In the development of an analytical model for a system, we have to first establish some crifteria
of equivalence or approximate equivalence of models. For example, we may consider the conver-
sion of:

* A distributed-parameter system (model) into a lumped-parameter model

* A nonlinear system (model) into a linear model

e A time-domain system (model) into a transfer function (particularly, frequency-domain
transfer function or FTF) model

* A component-based, detailed transfer-function model into a reduced TF model

e A complex and extensive subsystem of the system into a simple “equivalent model” such
that: the dynamic interactions (of the original model and of the equivalent model) with the
remaining “simple segment of interest” of the system remain the same.

In each case, we (explicitly or implicitly) use some criteria of equivalence; for example, energy
equivalence, modal (natural-frequency) equivalence, analytical equivalence, computer-simulation
(discrete-time or digital) equivalence, physical equivalence, or dynamic equivalence with respect to
a “simple segment of interest” of the system. In this book, we will study various types of equivalent
models.

1.5 ORGANIZATION OF THIS BOOK

This book, consisting of seven chapters and two appendices, is devoted to theory, techniques, and
application of analytical modeling of engineering dynamic systems, with some focus on experimen-
tal and computer modeling. The chapters systematically cover the process of understanding and the
analytical representation (modeling) of an engineering dynamic system, using proper principles of
science. Common applications of analytical models are addressed as well.

Chapter 1 introduces the subject of modeling with a focus on multi-physics engineering dynamic
systems. The importance of dynamic modeling in various applications is indicated. The use of
modeling in the design and control of a dynamic system is highlighted. The terminology of dynamic
systems and models is clarified. Common types of models and modeling techniques are introduced
and their comparative advantages and disadvantages are indicated. Different types of dynamic sys-
tems and models are introduced. The subject of Mechatronics is introduced and expanded, and
a pertinent approach for the dynamic modeling in Mechatronics is outlined. In this context, the
importance of an integrated, unified, unique and systematic approach of analytical modeling of a
multi-physics system and its relevance for mechatronic systems are highlighted. The main steps of
developing an analytical model of a dynamic system are given. This introductory chapter sets the
tone for the present study, which spans the remaining six chapters.

Chapter 2 identifies the basic elements of linear, lumped-parameter analytical models in the
mechanical, electrical, fluid, and thermal domains. The across-variables and the through-variables
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that are used in the physical equations of these elements are discussed while identifying their analo-
gies (similarities) across domains. The considered element categories are the sources (input ele-
ments), energy storage elements, and energy dissipation elements. The identification of proper and
physically meaningful state variables is discussed in an analogous manner. Specifically, the inde-
pendent capacitor-type energy storage elements (called A-type elements) use their across-variables
as the state variable while the independent inductor-type energy storage elements (called 7-type
elements) use their through-variables as the state variables. This choice of state variables is the
key reason for obtaining a “unique” state-space model, in the present approach. The resistor-type
elements are energy dissipation elements (called D-type elements), and they do not determine state
variables. Natural oscillations in a dynamic system are a manifestation of the presence of two types
of energy storage elements (A-type and 7-type).

Chapter 3 formally introduces analytical modeling of a dynamic system. First, several categories
of analytical models are indicated, while comparing the general model form in each type with a
more common special form. In particular, a comparison of continuous-time systems (models) with
discrete-time systems (models) is given. As well, a comparison of distributed-parameter systems
(models) with lumped-parameter systems (models) is presented. Also, the method of converting a
general form of model into a more popular special is illustrated, while indicating the advantages
and limitations of such conversions of models. Analytical models may be developed for mechanical,
electrical, fluid, and thermal systems (and hence, for multi-physics systems) in a rather analogous
manner because clear analogies exist among these four types of physical domains. This is the key
basis of the “unified” approach to modeling that is presented in this book. The systematic devel-
opment of state-space models of engineering systems in these four physical domains is studied
with illustrative examples. Important properties of a state-space model are presented. A general
approach for converting a state-space model into an input—output model is described, and illustra-
tive examples are given.

Chapter 4 studies linearization of a nonlinear system/model. Specifically, it addresses the model
category that concerns nonlinear model form and its conversion into a linear model form (see
Chapter 3). In some methods, the conversion may be valid only in a restricted range of opera-
tion about an operating point, while in some other methods, the conversion may be valid globally.
Real systems are nonlinear and they are represented by nonlinear analytical models consisting of
nonlinear differential equations, in the time domain. Linear systems (models) are in fact idealized
representations, and are represented by linear differential equations, in the time domain. First lin-
earization of analytical models, particularly state-space models and input—output models, is treated.
Then, linearization of experimental models (experimental data) is addressed. These methods are
valid in a restricted range of operation. Finally, several methods of linearization that are globally
valid are introduced.

Chapter 5 presents linear graphs—an important graphical tool for developing and representing a
model of a dynamic system. State-space models of lumped-parameter dynamic systems, regardless
of whether they are mechanical, electrical, fluid, thermal, or multi-domain (mixed) systems, and
whether they are linear or nonlinear, can be conveniently developed by using linear graphs. The
chapter systematically studies the use of linear graphs in the development of analytical models for
mechanical, electrical, fluid, and thermal systems, and also of mixed-domain systems which consist
of two or more physical domains. More advanced concepts of linear graphs, particularly the graph-
tree concepts, are presented in Appendix A.

Chapter 6 treats transfer-function models and the frequency-domain analysis of dynamic
systems. Both Laplace-domain concepts and frequency-domain concepts are presented on the
basis of the Laplace transform and the Fourier transform. A linear, constant-coefficient (time-
invariant) time-domain model can be converted into a transfer function, and vice versa, in a
simple and straightforward manner. A unified approach is presented for the use of the trans-
fer function approach in the modeling and analysis of multi-domain (e.g., electromechanical)
systems. In this context, mechanical circuits are introduced (in a similar manner to electrical
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circuits), which make use of such mechanical transfer functions as mobility, mechanical imped-
ance, force transmissibility, and motion transmissibility. Their practical applications such as
vibration isolation are discussed. Maxwell’s reciprocity principle is given for dynamic sys-
tems and is generalized for various physical domains (particularly mechanical and electrical
domains).

Chapter 7 extends the concepts of equivalent circuits (Thevenin equivalence and Norton equiva-
lence, which are common concepts in the electrical domain) to other physical domains such as
mechanical and fluid domains. Frequency-domain linear graphs, called “transfer-function linear
graphs,” denoted by TFLG, are introduced. They are integrated with Thevenin and Norton equiva-
lence, giving rise to linear graph reduction and equivalent linear graphs. Their application in various
physical domains is illustrated. A mechatronic model of a multi-physics system may be simplified
by converting all the physical domains into an equivalent single-domain system that is entirely in
the output domain of the system. This approach of converting (transforming) physical domains is
presented. In this manner, a multi-physics system may be represented by a linear graph model in a
single physical domain (the output domain), which is far easier to formulate and analyze. For this
purpose, the two-port linear graph elements, transformer, and gyrator (which are energy conver-
sion elements) are generalized to two physical domains (where the input domain and the output
domain of the element are not the same). This treatment generalizes transformer-coupled systems
and gyrator-coupled systems. An illustrative example of a pressure-controlled hydraulic actuator
system that operates a mechanical load is presented.

Appendix A presents the graph-tree approach, which broadens the application of linear graphs.
Some issues concerning linear graphs that are not elaborated in Chapter 5 are discussed and illus-
trated in this appendix.

Appendix B provides a user guide for the MATLAB® Linear Graph Toolbox, which a toolbox
developed in house and available to anyone.

1.6 SUMMARY SHEET

* Book Objectives: Learn the theory and application of a unified, integrated, systematic,
and unique approach to analytical modeling (i.e., the “enhanced mechatronic” approach;
learn modeling in both time domain and frequency domain.

» Uses/Applications of Modeling: Dynamic system analysis, computer simulation, design,
modification/restructuring, instrumentation, control, testing, and performance evaluation.

* Uses of a Model in Control: (1) Mathematical analysis and computer simulation; (2) as a
reference model for performance specification; (3) to develop a control scheme (in model-
based control); (4) to design a control system.

» Uses of a Model in Design: (1) To represent the desired design of the entire system or part
of it (particularly in the absence of a physical system or prototype); (2) to analyze and opti-
mize a design; (3) to develop integrated and unified approaches of design (e.g., in mecha-
tronic design); (4) to assist in instrumentation (which may be considered as an integral part
of design) of a dynamic system.

* System: Interacting components of interest, demarcated by system boundary (real or virtual).

* Dynamic System: A system where rates of changes of response or state variables are not
negligible.

* Plant or Process: The system to be controlled.

e Inputs: Excitations (known or unknown; deliberate or unintentional; desirable or undesir-
able) applied to the system.

* Outputs: Responses (desired or undesired; known or unknown) of the system.

» State Variables: A minimal set of variables that completely identify the “dynamic” state
of the system. If the state variables at one state and the inputs from that state up to a future
state are known, the future state can be completely and uniquely determined.
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* Control System: Includes at least the plant and its controller. May include other subsys-
tems and components (e.g., sensors or signal conditioning and modification devices, inter-
facing hardware).

* Universal Model: Incorporates all conceivable aspects of the system. Unrealistic. Too
complex. Not practical.

* Model Types: Physical models (prototypes); analytical models (mathematical models);
computer models or numerical models (computer programs, files, data tables and arrays,
multidimensional graphs, etc.); experimental models (input—output experimental data are
used for model “identification”).

* Advantages of Analytical Models: Computers can handle complex analytical models at
high speed and low cost; physical principles are easily and directly included in them; more
precise; can be modified conveniently and at high speed and low cost; more flexible, when
making structural and parametric changes (Note: Structural changes: modify component
interconnection—series, parallel, etc. Parametric changes: change the parameter values—
mass, capacitance, etc.); directly useful and applicable in computer simulation; can be
easily integrated with computer/numerical/experimental models, and hardware (hardware-
in-the loop models) — “hybrid” models; can be developed well before a prototype is built
(can be crucial in deciding whether to prototype).

PROBLEMS

1.1 The modeling approach that is presented in this book is said to be: (1) integrated, (2) uni-
fied, (3) unique, and (4) systematic. Define these four terms in the present context.

1.2 A typical input variable is identified for each of the following examples of dynamic sys-
tems. Give at least one output variable for each system.

Human Body: neuro-electric pulsesb.

Company: informationc.

Power Plant: fuel rated.

Automobile: steering wheel movemente.

Robot: applied voltage to joint motorf.

Highway Bridge: vehicle force.

Also indicate other possible inputs.

1.3 The use of solar energy is a sustainable way to generate electric power for houses. A sche-
matic arrangement is shown in Figure P1.3a. Radiation from the sun is received at a solar
panel, which consists of photovoltaic cells to convert solar energy to electric energy in the
form of direct current (dc). Using an inverter, the dc power is converted into alternating
current (ac) power of appropriate frequency (60 or 50 Hz) for household use. This electrical
supply is connected through a two-way meter to the supply line of the house and to the main
electricity grid (Figure P1.3b). In this manner, any excess power from the solar panels can
be sold to the grid, and when the supply from the solar panel is not adequate (e.g., during
cloudy days or at night), electricity can be purchased from the grid. The ac power is used for
various household purposes such as operation of appliances, heating, and cooling.

a. Explain why this is a multi-physics (i.e., multi-domain or mixed) system.

b. Identify several key components of the system (Note: Some are shown in the figure).
Discuss various processes within the components that may be categorized into the
mechanical, electrical, fluid, and thermal domains. Indicate applicable modeling
issues for the overall system.

c. Sketch the energy flow of the system, indicating relevant stages of energy conversion,
which will be useful in the modeling process.

1.4 What is a system and what is a “dynamic” system?

1.5 Give four categories of uses of dynamic modeling. List advantages and disadvantages of
experimental modeling over analytical modeling.

-0 B0 T
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FIGURE P1.3 (a) A solar-powered house and (b) schematic diagram of the ac power supply.

1.6

1.7

1.8

1.9

1.10

a. Give logical steps of the analytical modeling process for a general physical system.

b. Once a dynamic model is derived, what other information would be needed for analyz-
ing its time response (or for computer simulation)?

c. A system is divided into two subsystems, and models are developed for these two
subsystems. What other information would be needed to obtain a model for the overall
system?

Various possibilities of model development for a physical system are shown in Figure P1.7.

For developing an approximate model, give advantages and disadvantages of the SM

approach in comparison to a combined DM+MR approach.

Indicate several sources of error in a model-based approach. Your answer may be quite

general even though specific application areas such as system analysis, computer simula-

tion, and control may be considered.

What is the main consideration when deciding what aspects of the actual system should be

included in its model. Consider the model of the HDD unit, as shown in Figure 1.4 (both

b and ¢). What aspects can be analyzed using this model? Indicate, giving reasons, what

other aspects may be modeled (in a more detailed model).

Consider the model of the vehicle in an elevated guideway system, as shown in Figure 1.5c.

What aspects can be analyzed using this model? Indicate, giving reasons, what other

aspects may be modeled (in a more detailed model).
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Simplified
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SM)

Detailed
Modeling
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Accurate
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Model
Reduction
(MR)

FIGURE P1.7 Approaches of model development.

1.11 Consider the representation of a dynamic system, as shown in Figure 1.3.
a. What aspects are included in this model? What aspects are missing here, for a com-
plete analysis or simulation of the system?
b. In amodel of a “dynamic” system, it is said the “rates of changes” of the outputs/state
variables are not negligible. What is the analytical implication of this statement?
c. What is causality?
1.12 Why is a “universal” model not appropriate for a given system? What is the best model for
a system?



2 Basic Model Elements

HIGHLIGHTS

* Lumped Elements and Analogies

* Across-Variables and Through-Variables

* Energy Storage Elements

* Energy Dissipating Elements

e Input Elements (Sources)

* Mechanical Elements (Mass or Inertia Element, Spring or Stiffness Element, and Damper
or Dissipation Element)

* Electrical Elements (Capacitor, Inductor, and Resistor)

* Fluid Elements (Capacitor or Accumulator, Inertor or Fluid Inductor, and Resistor)

* Fluid Capacitance due to Fluid Compressibility, Container Flexibility, and Gravity Head

e Thermal Elements (Capacitor and Resistor)

¢ Thermal Resistance due to: Conduction, Convection, and Radiation

e Natural Oscillations

2.1 INTRODUCTION

An engineering (physical) dynamic system typically consists of a mixture of different types of
processes and components (e.g., those involving the four physical domains: mechanical, electrical,
fluid, and thermal). A dynamic system of this type is called a multi-physics system, multi-domain
system, or mixed system. In modeling such a system, an integrated approach is desirable where all
physical domains are modeled together (i.e., a concurrent treatment), and also a unified approach
is desirable, where similar approaches are used to model and analyze all physical domains (i.e.,
an analogous treatment). In this context, it is important to recognize the analogies that exist
among various physical domains. In this chapter, we will study these analogies at the “element”
level, which we will incorporate in model development in the subsequent chapters, at the “system”
level. In particular, we will identify the basic elements of lumped-parameter analytical models in
the mechanical, electrical, fluid, and thermal domains, in a systematic manner. The considered
element categories are the sources (input elements), energy storage elements, and energy dissi-
pation elements. For the energy storage elements, we will give particular consideration to their
energy characteristics, input—output (causal) behavior, and governing variables (e.g., through- and
across-variables; state variables), while identifying their analogies (similarities) across domains.
In particular, the identification of proper and physically meaningful state variables is discussed
in an analogous manner. Specifically, capacitor-type energy storage elements (called A-type ele-
ments) use their across-variables as the state variable while inductor-type energy storage elements
(called T-type elements) use their through-variables as the state variables. Resistor-type elements
are energy dissipation elements (called D-type elements) and they do not introduce state vari-
ables. The fundamental basis of generating a “unique” state-space model is this choice of state
variables. Natural (i.e., free or unforced) oscillations in a dynamic system are a manifestation
of the presence of two types of energy storage elements (A-type and 7-type) that transfer energy
between them, in that system.
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2.1.1 LumpeD ELEMENTS AND ANALOGIES

A system may possess various physical characteristics that arise from its physical domains; particu-
larly, mechanical, electrical, thermal, and fluid processes. The procedure of model development will
be facilitated by understanding the similarities (analogies) that exist among these domains and also
among the basic physical elements of these domains.

The basic physical elements in an engineering system can be divided into two broad categories:

1. Energy storage elements
2. Energy dissipation elements

The dynamic “state” of a system is determined by its “independent” energy storage elements and
the corresponding state variables. Depending on the type of the energy storage element, we can use
either an across-variable or a through-variable as its state variable. As we will see, energy dissipa-
tion elements do not introduce state variables. The state of an energy dissipation element is deter-
mined by the state variables of the independent energy storage elements that are connected to it.

* Independent Energy Storage Elements: Two energy storage elements are independent if
their dynamic state cannot be completely represented by a single equivalent energy storage
element (hence by a single state variable).

* Input Elements (Sources): In addition to the energy storage elements and energy dissi-
pating elements, an engineering dynamic system may have input elements (or source ele-
ments), which perform the actuation (including control) functions in the system. An input
element will have one “independent variable,” which is the input variable that is applied
to the connected system, and a “dependent variable” whose value will change according
to the dynamics of the connected system. The value of the independent variable will not
change in this manner (for an ideal source).

2.1.2  AcCROSS-VARIABLES AND THROUGH-VARIABLES

An across-variable is measured across an element, as the difference in the values at the two ends
of the element. In other words, it is represented by the value at one end (point of action) of the ele-
ment with respect to the value at the other end (point of reference). Velocity, voltage, pressure, and
temperature are across-variables. If the across-variable of an element is an appropriate state variable
for that element, it is termed an A-type element.

A through-variable represents a property that appears to pass through an element, unaltered.
Force, current, fluid flow rate, and heat transfer rate are through-variables. If the through-variable of
an element is an appropriate state variable for that element, it is termed a T-type element.

2.1.2.1 ENErRGY DIsSIPATING ELEMENT

An energy-dissipating element is called a D-type element. Unlike an independent energy storage ele-
ment, it does not introduce a state variable. The variables (or the dynamic state) of a D-type element
in an engineering system are completely determined by the independent energy storage elements
(A-type and T-type) in the system that are connected to this element.

Analogies exist among mechanical, electrical, hydraulic, and thermal systems/processes. Next,
we state the physical equations (i.e., constitutive equations) of the basic elements in these four
domains, identify and justify the appropriate state variables for them and recognize analogies that
exist across these domains.



Basic Model Elements 25

2.2 MECHANICAL ELEMENTS

* Energy Storage Elements: For mechanical elements, we will show that the velocity
(across-variable) of each independent inertia element (e.g., mass) and the force or torque
(through-variable) of each independent flexibility element (e.g., spring) are the appropriate
state variables (or response variables or output variables). Hence, mass is an A-type ele-
ment and spring is a 7-type element. These are energy storage elements that store either
kinetic energy or potential energy. The corresponding constitutive equations form the
“state-space shell” for an analytical model. These equations will directly lead to a unique
state-space model of the system, as we will illustrate in subsequent chapters.

* Energy Dissipating Element: The energy-dissipating element in a mechanical system is
the damper (a D-type element). It does not introduce a state variable. The dynamic state
of a D-type element is completely established by the energy storage elements that are con-
nected to it, in the system.

* Input Elements: There are two types of input elements (or source elements) for a mechanical
system: A-type source and 7-type source. A velocity source is an A-type source because its
independent variable is an across-variable (velocity). The independent variable of a source
is not affected by the dynamics of the system. For a velocity source, the associated force or
torque variable—the dependent variable—will be affected by the dynamics of the system.
A force source (or torque source) is a T-type source because its independent variable is a
through-variable (force or torque), which is not affected by the dynamics of the system (while
the associated velocity variable—the dependent variable—will be affected). These are ideal
sources since in practice the source variable will be affected to some extent by the dynamics
of the system (this effect is known as “loading”) and is not entirely “independent.”

(a)

Position
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myv=f
f
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REAS—)
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f=bv [/

FIGURE 2.1 Basic mechanical elements: (a) inertia element (mass); (b) stiffness/flexibility element (spring);
and (c) dissipation element (damper).
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2.2.1 INERTIA ELEMENT

Consider the mass element shown in Figure 2.1a. The constitutive equation (the physical law) of the
element is given by Newton’s second law:

dv
m— = 2.1

& f @.D

Here, v denotes the velocity of mass m, measured relative to an inertial reference (fixed on earth or mov-
ing at constant velocity), and f is the force applied “through” the mass. Since power=fv=rate of change
of energy, the energy of the element may be determined by integrating it (after substituting equation 2.1):

E= vadt = J.m%vdt :vadv

or

Energy E = %mv2 2.2)

This is the well-known kinetic energy.
Next, by integrating equation (2.1), we obtain

v(t) = v(O’)+ldet 2.3)
m

By setting r=0" in equation (2.3), we see that if the applied force f is finite (which is a realistic
assumption), the integral term becomes zero, and we have

v(0")=v(07) 2.4

Note: 0~ denotes the time instant just before =0 and 0* denotes the time instant just after r=0.
In view of these observations, we may state the following facts:

1. An inertia is an energy storage element. It stores kinetic energy.

2. The velocity across an inertia element cannot change instantaneously unless an infinite
force/torque is applied to it (not practical). In other words, a finite force/ torque input cannot
cause an infinite acceleration (or step change in velocity) in an inertia element. Conversely,
a finite instantaneous (step) change in velocity in an inertia element will need an infinite
force/torque, which is not realistic. Hence, velocity v is a natural output (or response) vari-
able for an inertia element, which can represent its dynamic state (i.e., state variable), and
force/torque fis a natural input variable for an inertia element.

3. The fact that velocity is most appropriate to represent the “dynamic” state of an inertia
element is further justified by several reasons: First justification is Item 2; second, from
equation (2.3), the velocity of an inertia element at any time ¢ can be completely determined
with the knowledge of the initial velocity and the applied force/torque during the time
interval O to ¢ (Note: As we will see in Chapter 3, this is indeed the formal definition of
state); and third, from equation (2.2), the energy of an inertia element can be represented
by the variable v alone (kinetic energy).

4. Since its state variable (velocity) is an across-variable, an inertia is an A-type element.

Note: In the present development, we used mass (in “translatory” motion) to represent
the inertia element. The associate across-variable is the “rectilinear velocity” and the asso-
ciated through-variable is the force. However, we could consider the moment of inertia (in
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“rotatory” motion) as the inertia element, leading to the same observations as before. The
associate across-variable is the “angular velocity” and the associated through-variable is
the torque. In general then, we can consider an inertia element having a “generalized force”
(which includes both force and torque) and a “generalized velocity” (which includes both
rectilinear velocity and angular velocity).

2.2.2  SPRING (STIFFNESS OR FLEXIBILITY) ELEMENT

Consider the spring element (linear) shown in Figure 2.1b. The constitutive equation (physical law)
for a spring is given by Hooke’s law:

4 =kv (2.5)
dt
Here, £ is the stiffness (inverse of “flexibility”) of the spring.
Note: We have differentiated the familiar force-deflection Hooke’s law, in order to use variables
that are consistent with the variable choice for an inertia element (i.e., velocity and force).
Now following the same steps as for the inertia element, the energy of a spring element may be
expressed as follows:

o1 s

t

or
1f°
Energy E = —~— 2.6
gy k=", 2.6)
This is the well-known (elastic) potential energy.
Also
f(t)=f(0’)+kJ'vdt 2.7

Furthermore, assuming that the applied velocity v is finite (which is a realistic assumption), we have

f(O")=f(0) (2.8)

Through these results, we may state the following facts:

1. A spring is an energy storage element. It stores elastic potential energy.

2. The force through a spring element cannot change instantaneously unless an infinite veloc-
ity is applied to it (not practical). In other words, a finite velocity input cannot cause a
step change in force in a spring element. Conversely, a finite instantaneous (step) change
in force in a spring will need an infinite velocity, which is not realistic. Hence, force f'is a
natural output (or response) variable for a spring element, which can represent its dynamic
state (i.e., state variable), and velocity v is a natural input variable for a spring element.

3. The fact that force is most appropriate to represent the “dynamic” state of a spring element is
justified by several reasons: The first justification is Item 2; the second, from equation (2.7), the
force of a spring element at any time ¢ can be completely determined with the knowledge of
the initial force and the applied velocity during the time interval O to # (Note: As we will see in
Chapter 3, this is the formal definition of state); and the third, from equation (2.6), the energy
of a spring element can be represented by the variable falone (elastic potential energy).
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4. Since its state variable (force) is a through-variable, a spring is a 7-type element. Note: As
stated under the inertia element, the term “force” in the context of a spring element repre-
sents a “generalized” force, which includes both force and torque. In other words, the same
treatment as given above applies to a torsional (rotatory) spring whose variables are torque
and angular velocity.

2.2.3 DAMPING (DissIPATION) ELEMENT

Consider the mechanical damper (linear viscous damper or dashpot) shown in Figure 2.1c. It is a
D-type element (energy-dissipating element). Its constitutive equation (physical law) is

f=bv 2.9)

Here, b is the damping constant. Equation (2.9) is an algebraic equation. Hence, either f or v can
serve as the natural output variable for a damper, and either one can determine its dynamic state.
However, since the state variables v and f are established by an independent inertial element and an
independent spring element, respectively, a damper will not introduce a new state variable. Its state
is established by the states of the independent energy storage elements (inertia and spring elements)
that are connected to it in the system.

In summary:

1. A mechanical damper is an energy-dissipating element (D-type element).
2. Either force f or velocity v may represent its dynamic state (it is established by the states of
the independent energy storage elements that are connected to it in the system).
3. No new state variable is introduced by a damper.
Note: Again, the term “force” in the context of a damper represents a “generalized” force,
which includes both force and torque. In other words, the same treatment as given above
applies to a torsional (rotatory) damper whose variables are torque and angular velocity.

2.3 ELECTRICAL ELEMENTS

In electrical systems, the capacitor is the A-type element, with voltage (across-variable) as its state
variable; and the inductor is the T-type element, with current (through-variable) as its state vari-
able. These are energy storage elements and their constitutive equations are differential equations.
The resistor is the energy dissipater (D-type element) and as typical, with an algebraic constitutive
equation; it does not introduce a new state variable. These three elements are discussed below. The
input elements (or source elements) of an electrical system are the voltage source, where its voltage
is the independent variable, which is not affected by the changes in the system (while the associated
current—the dependent variable—will be affected); and the current source, where its current is
the independent variable, which is not affected by the changes in the system (while the associated
voltage—the dependent variable—will be affected). These are “ideal” sources since in practice the
source variable will be affected to some extent by the dynamics of the system (this effect is known
as “loading”) and is not completely “independent.”

2.3.1 CApPACITOR ELEMENT

Consider the capacitor element shown in Figure 2.2a. Its constitutive equation (the physical law) is
given by the differential equation:

c= =i (2.10)
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v=Ri
FIGURE 2.2 Basic electrical elements: (a) capacitor; (b) inductor; and (c) resistor.
Here, v denotes the voltage “across” the capacitor with capacitance C, and i is the current “through”

the capacitor. Since power is given by the product iv, the energy in a capacitor may be obtained by
substituting equation (2.10) in this product and integrating it, as

E = J.ivdt = jcﬂvdt =J.Cvdv
dt
or
1.5
Energy E = ECV 2.11)
This is the familiar electrostatic energy of a capacitor. Also

1,
v(t) = v(0 )+EJ.ldl‘ 2.12)

Hence, for a capacitor with a finite current, we have (as for a mechanical inertia element)
v(0")=v(07) (2.13)
Using these results, we may state the following facts:

1. A capacitor is an energy storage element. It stores electrostatic energy.

2. The voltage across a capacitor element cannot change instantaneously unless an infinite
current is applied to it (which is not practical). Specifically, a finite current cannot cause
a step change in voltage in a capacitor element. Conversely, a finite instantaneous (step)
change in voltage in a capacitor element will need an infinite current input (which is not
realistic). Hence, voltage v is a natural output (or response) variable for a capacitor element,
which can represent its dynamic state (i.e., voltage is a proper state variable for a capacitor),
and current i is a natural input variable for a capacitor element.
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3. The fact that voltage is most appropriate to represent the “dynamic” state of a capacitor
element can be justified for several reasons: The first justification is Item 2; the second,
from equation (2.12), the voltage of a capacitor element at any time # can be completely
determined with the knowledge of the initial voltage and the applied current during the
time interval O to 7 (Note: As we will see in Chapter 3, this is the formal definition of state);
and the third, from equation (2.11), the energy of a capacitor element can be represented by
the variable v alone (electrostatic energy).

4. Since its state variable (voltage) is an across-variable, a capacitor is an A-type element.

2.3.2 INDUCTOR ELEMENT

Consider the inductor element shown in Figure 2.2b. Its constitutive equation (the physical law) is
given by the differential equation:

di
L—=v 2.14

& (2.14)
Here, L is the inductance of the inductor. As before, it can be easily shown that energy in an induc-
tor is given by

Energy E = %Li2 (2.15)

This is the well-known electromagnetic energy of an inductor. Also, by integrating equation (2.14),
we obtain

SN |
it)=i(07)+ LJ‘vdt (2.16)

Hence, for an inductor with a finite voltage (realistic case), we have (as for a spring)
i(07)=1i(07) 2.17)
Through these results, we may state the following facts:

1. An inductor is an energy storage element. It stores electromagnetic energy.

2. The current through an inductor element cannot change instantaneously unless an infinite
voltage is applied to it (not practical). In other words, a finite voltage cannot cause a step
change in current in an inductor element. Conversely, a finite instantaneous (step) change
in current in an inductor will need an infinite voltage input (which is not realistic). Hence,
current i is a natural output (or response) variable for an inductor element, which can rep-
resent its dynamic state (i.e., state variable), and voltage v is a natural input variable for an
inductor element.

3. The fact that current is most appropriate to represent the “dynamic” state of an inductor
element may be justified by several reasons: The first justification is Item 2; the second,
from equation (2.16), the current of an inductor element at any time ¢ can be completely
determined with the knowledge of the initial current and the applied voltage during the
time interval O to 7 (Note: As we will see in Chapter 3, this is the formal definition of state);
and the third, from equation (2.15), the energy of an inductor element can be represented
by the variable i alone (electromagnetic energy).

4. Since its state variable (current) is a through-variable, an inductor is a 7-type element.



Basic Model Elements 31

2.3.3 REsisTOR (DissIPATION) ELEMENT

Consider the resistor element shown in Figure 2.2c. It is a D-type element (energy-dissipating ele-
ment). Its constitutive equation (physical law) is the well-known Ohm’s law:

v=Ri (2.18)

Here, R is the resistance of the resistor. Equation (2.18) is an algebraic equation. Hence, either v or i
can serve as the natural output variable for a resistor, and either one can determine its dynamic state.
However, since the state variables v and i are established by the independent capacitor elements and
independent inductor elements of the system, a resistor will not introduce a new state variable.

In summary:

1. An electrical resistor is an energy dissipating element (D-type element).
2. Either current i or voltage v may represent its state.
3. No new state variable is introduced by a resistor element.

2.4 FLUID ELEMENTS

In a fluid component, pressure (P) is the across-variable and the volume flow rate (Q) is the through-
variable. The three basic fluid elements are shown in Figure 2.3 and discussed below. Note the
following:

1. The elements are usually distributed, but lumped-parameter approximations are used here.
2. The elements are usually nonlinear (particularly, the fluid resistor), but primarily linear
models are used here.

The input elements (or source elements) of a fluid system are the pressure source, where its pressure
is the independent variable, which is not affected by the changes in the system (while the associated
flow rate variable—the dependent variable—will be affected); and the flow source, where its flow
rate is the independent variable, which is not affected by the changes in the system (while the associ-
ated pressure variable—the dependent variable— will be affected).

2.4.1 Fruib CAPACITOR OR ACCUMULATOR (A-TYPE ELEMENT)

Consider a rigid container with a single inlet through which fluid is pumped in at the volume flow
rate O, as shown in Figure 2.3a. The pressure inside the container with respect to the outside is P.
Its linear constitutive equation is

@  p_pp, (b) ©
P> P
P —— P> P1
P i i —
P> Q =
— ' ! =00
Q _— i i
dP do P=r0
=C,— p=1 =
0= dt T ar

FIGURE 2.3 Basic fluid elements: (a) capacitor; (b) inertor; and (c) resistor.
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ar_

I 0 (2.19)

Here, C;=fluid capacitance (capacity). Several special cases of fluid capacitor will be dis-
cussed later. 1

A fluid capacitor stores potential energy, given by —C,»Pz. Hence, this element is like a fluid
spring. However, it is an A-type element, and its appropriate state variable is the pressure difference
(across-variable) P. Contrast here that the mechanical spring is a 7-type element.

2.4.2 Fruip INERTOR (T-TyPE ELEMENT)

A fluid inertor is sometimes called a fluid “inductor” in view of its analogy to an electric inductor.
Consider a conduit with an accelerating flow of fluid, as shown in Figure 2.3b. The associated linear
constitutive equation is

do _
T =P (2.20)

Here, I, = fluid inertance. It should be clear that this parameter represents fluid inertia (not fluid
spring) yet it is analogous to electrical inductance or mechanical spring. To explain further, a fluid
inertor stores kinetic energy, given by fIsz. Hence this element is a fluid inertia. The appropriate

state variable of it is the volume flow rate (through-variable) Q. Hence, fluid inertor is a 7-type ele-
ment, just like an electrical inductor or mechanical spring. Contrast here that mechanical inertia is
an A-type element.

Energy exchange between a fluid capacitor and a fluid inertor leads to oscillations (e.g., water
hammer of pipes in buildings) in fluid systems, analogous to oscillations in mechanical and electri-
cal systems.

2.4.3 Fruib Resistor (D-Type ELEMENT)

Consider the flow of fluid through a narrow element such as a thin pipe, orifice, or valve. The asso-
ciated flow will result in energy dissipation due to fluid friction. Its linear constitutive equation is
(see Figure 2.3¢)

P=R,0 2.21)

Here, R;= fluid resistance.

2.4.4 DerivaTION OF CONSTITUTIVE EQUATIONS

We now indicate the derivation of the constitutive equations for fluid elements.

2.4.4.1 Fluid Capacitor
The capacitance in a fluid element may originate from

a. Bulk modulus (compressibility) effect of liquids
b. Compressibility effect of gases

c. Flexibility of the fluid container

d. Gravity head of a fluid column.
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(a) Py (b) X0 |—> x (o)
P2 P> P
Q Q
1% A k
P=P.-P1

FIGURE 2.4 Three types of fluid capacitor: (a) compressible fluid (liquid bulk modulus or gas compress-
ibility); (b) flexible container; and (c) liquid column with gravity head.

The derivation of the associated constitutive equations is outlined next.

2.4.4.1.1 Capacitance Due to Liquid Compressibility (Bulk Modulus)

Consider a rigid container. A liquid is pumped into it at the volume flow rate Q. An increase in the
pressure in the container will compress the liquid volume in it, thereby letting in more liquid (see
Figure 2.4a). From calculus, we have

P _opdv
dt dV dt

Here, V is the control volume of liquid. The volume flow rate (into the container) is given by

Note: The liquid volume V has to decrease (i.e., a negative increase) for a flow into the container
(positive) to take place.
The bulk modulus of a liquid is defined by

B=—tim 2 - op

-V— 2.22
av—0 AV/IV 1% @22

Note: When the pressure increases, the liquid volume decreases. Hence, the negative sign in this
expression (8 > 0).

Or, from (2.22), B = —Vd—P v _ V%/Q

dr/ dr
Hence,
V dP
28 2.23
B di 0 (2.23)
The associated fluid capacitance is
\%
Coux = (2.24)
B

2.4.4.1.2 Capacitance due to Gas Compressibility
A perfect (ideal) gas is governed by the gas law:

PV = nRT (2.252)
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Here

P=pressure (in units of pascals: 1 Pa=1N/m?)
V=volume (in units of m?)
T=absolute temperature (in units of K or Kelvin)
n=[mass of gas (kg)]/molecular mass of the gas (kg)]
= number of “moles” in the gas in the volume
R=28.3145 J/mol/K=universal gas constant (same value for any ideal gas)

Note: 1 J=1 joule=1 Nm; 1 kJ=1000J
Equation (2.25a) can also be expressed as follows:

PV =mRy, T (2.25b)
Here

m = mass of the volume of gas (kg)
Ry, = specific (or individual) gas constant (J/kg/K).

By comparing equations (2.25a) and (2.25b) and using the definition of 7, it is easy to see that

R
~ Molecular mass of the gas

R,

For example, for oxygen, whose molecular mass is 32 g=32x10-3kg, the specific gas constant is

8.3145

= 83 o508 kerK
P T 30%10° &

Note: Clearly, the specific gas constant depends on the molecular mass of the gas and hence varies
from gas to gas. The specific gas constants of some common gases are given in Table 2.1.

TABLE 2.1

Specific Gas Constants of Common Gases

Gas Specific Gas Constant R, (J/kg/K) ~ Molecular Mass (kg)
Air 286.9 29x1073
Argon 208 40x1073
Ammonia 488 17x1073
Carbon dioxide 188.9 44x1073
Carbon monoxide 297 281073
Helium 2077 4x1073
Hydrogen 4154 2x1073
Methane 518.3 16x1073
Nitrogen 296.8 28%x 1073
Oxygen 259.8 32x1073
Propane 189 44x1073
Sulfur dioxide 130 64x1073

Water vapor 461.5 18x1073
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» Isothermal Case: Consider a slow flow of gas into a rigid container (see Figure 2.4a) so
that the heat transfer is allowed to maintain a constant temperature (i.e., isothermal condi-
tion). Differentiate equation (2.25) keeping 7T constant (i.e., RHS is constant):

Pd—v + Vd—lD =0
dt dt
In the case of a liquid in a rigid container,
dv
="y

Substitute this and equation (2.25b) into the above equation. We obtain

VdP _mRyT dP _

= = = 2.26
Pd P dt ¢ (220
Hence, the corresponding fluid capacitance is given by
V. mR,T
Ccomp = ; = P2p (227)

* Adiabatic Case: Consider a fast flow of gas (see Figure 2.4a) into a rigid (and possibly
thermally insulated) container so that there is no time (or possibility) for heat transfer
(Note: Adiabatic = zero heat transfer). The associated gas law is known to be

PV* = ¢ with k = cp/ey (2.28)
Here

¢, = specific heat when the pressure is maintained constant
¢, = specific heat when the volume is maintained constant
¢ = constant

k = ratio of specific heats

Note: Specific heat=amount of heat transfer that results in a unity change in temperature in an
object of unity mass.
Differentiate equation (2.28):

it 4V dP

Pk 0
dt dt
Divide by V*
PkdV  dP _
V dt dt

Now, use Q = —(Z—‘: as usual, and also substitute equation (2.25):
V. dP _mRyT dP _
kP dt  kP* dt

The corresponding fluid capacitance is

0 (2.29)

L _ mRy,T
kP kP?

Ccomp =

(2.30)
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2.4.4.1.3 Effect of Flexible Container

Without loss of generality, consider a cylinder of cross-sectional area A with a spring-loaded wall (of
stiffness k), as shown in Figure 2.4b. As a fluid (assumed incompressible, but this can be relaxed, as
noted later) is pumped into the cylinder, the flexible wall will move through x.

d(A(xo +x)) _ Ad—x

2.31
dt dt ( )

Conservation of flow : Q =
g . A
Equilibrium of spring: A(P, — P,) = kx or x = ;p (2.32)

Note: P, = interior pressure (of the fluid); P, = exterior (ambient) pressure; and x, = length of the
cylinder interior when P, = P,
Substituting (2.32) in (2.31), we obtain

A% dP
77=Q
k dt

The corresponding capacitance is

A2
Chiex = 7
Note: For an elastic container and a liquid having bulk modulus, the combined capacitance will be
additive:

Ceq = Cbulk + Cﬂex

This is true because the pressure difference P is the same (i.e., common) with respect to the change
in the fluid and container volumes, while the volume flow rates due to the two effects are additive. In
other words, the capacitors of the two cases are connected in parallel, and hence, their capacitances
are additive.

A similar result holds for a compressible gas and a flexible container; that is,

Ceq = Ccomp + Cﬂex

Example 2.1

A container that carries a liquid has flexible walls. The wall flexibility is not uniform and is rep-
resented as in Figure 2.5, where there are three segments with area A; and stiffness ki, i=1,2,3.

kl

s
Al

0>~

FIGURE 2.5 Model of a flexible container of liquid.
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Liquid can enter the container through its opening at the volume flow rate Q. The internal pressure
in the container is assumed uniform at P with respect to the ambient pressure.

i. Derive an expression for the fluid capacitance of the container (disregarding the com-
pressibility of the liquid or assuming the liquid to be incompressible).
Note: Capacitance due to liquid compressibility can be incorporated separately (this cor-
responds to a parallel connection of the two capacitor elements, one for the container
flexibility and the other for the liquid compressibility).

ii. Discuss why the present model (of three area segments) cannot be generalized to a case
with a large number of area segments with different flexibilities.

Solution

i. Suppose that when the springs are not compressed (i.e.,, when the outside pres-
sure=inside pressure, where P =0), the volume of the liquid in the container is Vo. As
more liquid enters the container, the inside pressure rises and the three walls deflect
through x,,x,, and x;.

The new volume of the liquid is

3
V= V() + A|X1 + AzXz + A3X3 = V() + ZA,-xi ([)

i=1

Also, force balance for each wall gives (this neglects the wall weight or assumes that the forces
are horizontal)

PA, = kix;; PA, =kyx,; PA; =ksxs
or
PA =kixi, i=12,3 (ii)
Differentiate (i) with respect to (wrt) time
3
V=0= A + Ay + Ayt = ZA;)&[
i=1

Differentiate (ii) and substitute

=—P+—P+—P=
Q k] kz k3

2 2 2 2 2 2
_ Al . A2 . A3 . Al A2 i A_3 P
ky ka ks

Hence, the equivalent fluid capacitance is

37
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N . S A )
ii. This result “cannot” be generalized as Cyex = zk_ for large n and continuous wall.
=t
One reason is that the wall segments are interconnected and are not independent unlike
the three-segment model in Figure 2.5. Hence, the stiffness values of the different seg-
ments are not independent. Also, the force balance equations for the different segments
are not independent.

2.4.4.1.4  Gravity Head of a Fluid Column

Consider a uniform liquid column (uniform tank) having area of cross-section A, height /2, and mass
density p, as shown in Figure 2.4c. A liquid is pumped into the tank at the volume rate Q. As a result,
the liquid level rises.

Relative pressure (wrt the ambience) at the foot of the column P = P, — B, = pgh or C;—I; = pg %
Flow rate Q = d(Ah) = A@
dt dt
Direct substitution gives
AdP_, (2.33)
pg dt
The corresponding capacitance is
Cgrav = A (2.34)
P8

Note: The gravity capacitance cannot be simply added to the capacitances due to the fluid compress-
ibility and the container flexibility, because the latter two assume a uniform pressure distribution of
the fluid in the container, which is not the case in a liquid column (the pressure decreases from the
bottom to the top). Hence, to combine these three capacitances, the liquid column can be divided
into a series of elemental fluid layers (where the pressure is uniform), and the three capacitances
added for each layer result has to be integrated over the height of the fluid column. Then, this ele-
mental result has to be integrated, along the liquid column, to obtain the overall fluid capacitance.

2.4.4.2 Fluid Inertor

First, assume an “ideal” flow of fluid in a conduit, with a uniform velocity distribution across it.
Along a “small” element of length Ax of fluid, as shown in Figure 2.6, the pressure difference is
P, — P, = P, and the volume flow rate is Q (neglect the change AQ, over small distance Ax).

Mass density of the fluid = p

Area of cross-section of the tank = A
Mass of the fluid element = pAAx

Net force in the direction of flow = PA
Velocity of flow (assumed uniform) = Q/A

P, Py

Ly
Q Q+AQ

FIGURE 2.6 A fluid flow element.
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Note: Since the fluid element (small), over its length in the conduit is uniform — A is constant.

Y

Fluid acceleration : l—
A d

From Newton’s second law : PA = (pAAx)%(Z—?
or
pAXdO _ (2.35)
A dt
Hence,
Fluid inertance I, = % (2.36a)

Using this result (applicable to a small element), for a nonuniform conduit with the area of cross-
section A=A(x) and length L, we can express the inertance as follows:

L
I = j P_ix (2.36b)
0

In a general (nonideal) flow, the velocity profile in a cross-section is not uniform, and a boundary
layer may be present. The fluid velocity will be zero at the wall of the conduit and will increase over
the boundary layer. Then, we can modify the result (equation 2.36a) as follows:
_ PAx
I/ =« 1 (2.36)
Here, a is a correction factor.

Note: It should be clear that @>1 in general. To verify this, note that the flow rate Q that is used
in the constitutive equation of an inertor corresponds to the average velocity (as given by Q/A) which
is equal to the actual velocity only if the velocity profile (across the conduit) is uniform. The actual
inertia force is governed by the local velocity (strictly, local acceleration) which is not uniform. In
fact, in the core of the fluid flow, it is quite higher than the average value. Hence, the I, that assumes
uniform velocity should be corrected up.

It can be shown that for a conduit of circular cross-section and a parabolic velocity profile (a case
of laminar flow, the opposite of turbulent flow), the inertance is given by

_ 2pAx

I
T

(2.36¢)

2.4.4.2.1 Laminar Flow

This corresponds to low-velocity, high-viscosity flow where the flowing fluid moves in smooth and
continuous layers that slide over one another. In fact, this is the case of low Reynolds number (Re),
which is given by

Re=-—— == 2.37)
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Here

L =length of the pipe segment

p = absolute viscosity of the fluid (dynamic viscosity)
v = u/p = kinematic viscosity

v = fluid velocity along the pipe.

. d du . . . . . .

Note: Fluid stress=,ud—v, where d—u is the velocity gradient across the pipe, and it governs the vis-
Y

cous force in the fluid.

2.4.4.3 Fluid Resistor

2.4.4.3.1 Laminar Flow

For the ideal case of viscous, laminar flow, we have the linear relationship for a fluid resistor
(Figure 2.3c)

P=R;0 (2.38)
The fluid resistance is given by

L . . .
Ry = 128% for a circular pipe of diameter d
T

L . . . . .
R, = 12'“—173, with b <« w for a pipe of rectangular cross-section of width w and height b.
w

Here

L =length of the pipe segment
u = absolute (dynamic) viscosity of the fluid.

2.4.4.3.2 Turbulent Flow

For turbulent flow (i.e., high Reynolds number flow), the resistance equation will be nonlinear and
is given by

P =K0Q" (2.39)

2.5 THERMAL ELEMENTS

For a thermal element, temperature (7)) is the across-variable, as it is measured with respect to
some reference (e.g., ambient temperature) or as a temperature difference across an element, and
heat transfer (flow) rate (Q) is the through-variable. Heat source and temperature source are the two
types of source elements (input elements) in a thermal system. However, heat source is much more
common than temperature source. A temperature source may correspond to a large reservoir whose
temperature is hardly affected by heat transfer into or out of it.

There is only one type of energy (thermal energy) in a thermal system. The corresponding energy
storage element is a thermal capacitor with the associated state variable, temperature. Hence, this
is an A-type element. There is no 7-type element in a thermal system (i.e., there are no thermal
inductors). As a direct consequence of the absence of two different types of energy storage ele-
ments (unlike the case of mechanical, electrical, and fluid systems), a pure thermal system cannot
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exhibit natural (and free) oscillations. It can exhibit “forced” oscillations, however, when excited by
an oscillatory input source or if it is coupled with a system in another domain (e.g., a fluid system
resulting in a thermo-fluid system) that can oscillate.

2.5.1 ConsTiTuTIVE EQUATIONS

The constitutive equations in a thermal system are the physical equations for thermal capacitors
(A-type elements) and thermal resistors (D-type elements). There are no 7-type thermal elements.
The constitutive equations of the basic thermal elements are discussed now.

2.5.2 THERMAL CAPACITOR

A thermal capacitor has the “capacity” to store thermal energy. Consider a control volume of an
object, with various heat transfer processes Q; taking place at the boundary of the object (See Figure
2.7). The amount of thermal energy in the object=pVcT, where

T = temperature of the object (assumed uniform)
V = volume of the object

p = mass density of the object

¢ = specific heat of the object.

Note: Specific heat=amount of heat transfer into an object of unity mass that results in a unity
change in temperature in the object.

Since the net heat inflow (transfer) is equal to the rate of change (increase) of thermal energy, the
associated constitutive relation is

dT
. = pVe— 2.40
E Q=p 0t (2.40)
It is assumed that pVc is constant. We write the result (2.40) as

ar _

C =
"t

0 2.41)

Here, C;, = pVc = mc =thermal capacitance; with m=pV=mass of the element.
2.5.3 THERMAL RESISTOR

A thermal resistor provides resistance to heat transfer in a body or a medium. There are three gen-
eral types of thermal resistance:

Q2

Qi Qs

|
v
—> ° D <
A
|

Qs

FIGURE 2.7 A control volume representing a thermal capacitor.
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1. Conduction
2. Convection
3. Radiation

We now give the constitutive relation for each of these three types of thermal resistors.

2.5.3.1 Conduction

In the conduction heat transfer through a medium, the molecules of the medium itself do not move
to carry the thermal energy (heat) from one place to another. Instead, heat transfer takes place due
to the collision of adjoining microscopic particles and the associated energy transfer (e.g., change
in the spinning speed of electrons). Conduction heat transfer takes place from a point of higher
temperature to one of lower temperature. Specifically, heat conduction rate is proportional to the
negative temperature gradient and is given by the Fourier equation:

0= —kAg—T (2.42a)
X

Here,

x = direction of heat transfer
A = area of cross-section of the path (element) of heat transfer
k = thermal conductivity.

The (Fourier) equation (2.42a) is a “local” equation. If we consider a finite object of length Ax and
area of cross-section A, with temperatures 7, and 7, at the two ends, as shown in Figure 2.8a, the
one-dimensional heat transfer rate Q can be written according to equation (2.42a) as

(a
T2 Th
A’@ —Q )
| |
I |
(b) Ax
(© Source

®

Vacuum

Receiver
1, A

FIGURE 2.8 Three types of thermal resistance: (a) An element of 1-D heat conduction; (b) a control volume
for heat transfer by convection: (c) heat transfer by radiation.
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Ax Ax

Here, T = T, — T,=temperature drop along the element.
or

T =R

with

Ax . .
R, = a = conductive thermal resistance

Nominal thermal conductivities of some useful materials are given in Table 2.2.

2.5.2.1.1 Three-Dimensional Conduction

43

(2.42b)

(2.42)

(2.43)

In general, the conditions (and parameters) of heat transfer will change from location to location.
Then, we need to introduce one or more space variables as independent variables, in addition to
time ¢. In other words, we will need a distributed-parameter model, which is represented by partial
differential equations (rather than ordinary differential equations, for lumped-parameter systems).

TABLE 2.2

Thermal Conductivities of Some Material (at 25°C)
Material Thermal Conductivity (W/m/°C)
Acrylic 0.2
Air 0.025
Aluminum 210
Asphalt 0.75
Bitumen 0.17
Brass, bronze 110
Brick 0.75
Cast Iron 58
Cement, mortar 1.7
Chalk 0.09
Coal 0.2
Cobalt 70
Concrete 1.0
Copper 401
Cork 0.07
Glass, pyrex 1.0
Gold 310
Granite, marble 2.5
Paper 0.05
Rubber 0.07
Silver 430
Steel, structural 43
Steel, stainless 16
Water 0.6

Wood 0.15
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0z l

FIGURE 2.9 A 3-D heat conduction element.

Equation (2.42a) represents a one-dimensional (1-D) distributed parameter model, with the loca-
tion x as an independent variable. This is further confirmed by the use of the partial derivative —,

giving a “local” condition wrt x. Extending this, conduction heat transfer in a continuous 3-D mediu)rcn
is represented by a distributed-parameter model, with partial derivatives wrt all three dimensions.
Then, the Fourier equation (2.42a) is applicable in each of the three orthogonal directions (x, y, 7). To
obtain the corresponding model, we use the thermal capacitance equation (2.40) as well.

Consider the small 3-D model element of sides dx, dy, and dz, in a conduction medium, as shown

in Figure 2.9. Heat transfer into the element through the bottom surface (area 6xxdy) in the z direc-

tion, according to (2.42a), is —kd6x & yaa—T
2

. dT
Since the temperature gradient at the top (dxxdy) surface is ?T +— Py

temperature “increment” over the distance dz; from calculus), the heat transfer out of this sur-

oT  O°T
face is kox Sy(a—z+ P
2

kox 5yaa 6z or kox Oy 6Zg d . Similarly, the net heat transfer in the x and y directions are
z>

dz (which includes the

0z ) Hence, the net heat transfer into the element in the z-direction is

2 2

kéx 6y 6z (3 d and kox Oy 513 T , respectively.
y

The thermal energy of the element is pdx dy dzcT, where pdx 8y Oz is the mass of the element
and c is the specific heat (at constant pressure). Hence, the capacitance equation (2.40) gives

= pdx by 5zca—

*T 9°T 9°T
ot

kox5y6s| L 0T 0T
xyz(a P Py

or
*T *T 9*T 10T
ot,ort,et__o 2.44
o oy 9l aor 249

where o = i:thermal diffusivity.

c

Equatior{) (2.44) is called the Laplace equation.

As noted before, partial derivatives are applicable here because 7 is a function of many indepen-
dent variables (space x, y, z, and time £); and derivatives with respect to all of them would be needed
in the model equations. In summary, distributed-parameter models in 3-D have spatial variables (x,
v, z) as well as the temporal variable (f) as independent variables and are represented by partial dif-
ferential equations, not ordinary differential equations.

2.5.2.2 Convection

In convection, the heat transfer takes place by the physical movement of the heat-carrying mol-
ecules in the medium (i.e., through mass transfer). An example is the case of fluid flowing against a
wall, as shown in Figure 2.8b. The constitutive equation is
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Q=hA(T, - T;) (2.45a)

Here,

T,, = wall temperature

Ty = fluid temperature at the wall interface

A = area of cross-section of the fluid control volume across which the heat transfer Q takes
place through mass transfer

h. = convection heat transfer coefficient.

In practice, h. may depend on the temperature itself, and hence, equation (2.45a) is nonlinear in
general. But, by approximating to a linear constitutive equation, we can write

(T, -T;)=R.0 (2.45b)
or
T=RQ (2.45)
Here, T =T, — T; and
R = L = convective thermal resistance (2.46)

h.A

In natural convection, the particles in the heat transfer medium move naturally (e.g., due to change
in their density due to the temperature change). In forced convection, the mass transfer is forced by
an actuator such as a fan or a pump.

2.5.2.2.1 Biot Number
Biot number (Bi) is a non-dimensional parameter given by the ratio:

[Conductive resistance |

[Convective resistance |

Now from equations (2.43) and (2.46), we get

(2.472)
Here we have allowed for the general case where the area of cross-section for the conduction (A;) may
be different from the area of cross-section for the convection (A,). If the areas are equal, we have

_ hAx
k

Bi

(2.47b)

The Biot (pronounce “bio”) number may be used as the basis for approximating a distributed-
parameter model for heat transfer (e.g., equation (2.44)) by an appropriate lumped-parameter model.
Specifically, we divide the continuous conduction medium into slices of thickness Ax and use a
lumped model for each slice. If for each slice, the Biot number <0.1 (as a rule of thumb), the used
lumped-parameter model is adequate for that slice.
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2.5.2.2.2 Rationale for Using Bi to Guide Lumped-Parameter Modeling:
The Biot number is an index of how the temperature varies within a body (through conduction) as heat
is supplied into or taken out of the body through its outer surface (through convection). Specifically,
Smaller Bi — smaller temperature variation — better lumped-model approximation
This may be justified as follows: For a given convective resistance R. and temperature gradient
of convection (i.e., for a given heat transfer rate into or out of the body through convection), smaller
Bi means smaller R,. This in turn means smaller temperature gradient (i.e., smaller temperature
variation) within the body, due to the heat transfer in conduction.

C

The rationale for using the expression (equation (2.47b)) for Bi, which assumes the same

area for both conductive and convective heat transfer, is as follows:

1. Smaller Ax — smaller length available for the variation in 7" (while the other parameters
are unchanged) — better accuracy

2. Smaller i, — smaller heat transfer into the body (while the other parameters are unchanged)
— smaller variation in 7 — better accuracy

3. Larger k — smaller resistance for conduction heat transfer in the body (while the other
parameters are unchanged) — smaller variation in 7 — better accuracy.

Example 2.2

A heat sink is a heat exchanger that is typically used for cooling electronic devices. Generally, it
consists of a heat transfer base on which a bank of pins is mounted (see Figure 2.10a). The base of
the heat sink is firmly attached to the object whose thermal energy is to be removed in order to

(@) Heat transfer pins (b)

K 2a

Cooling air Heat sink base —
- K N > Heat transfer
N, T,

/ T,
Hot body N
(Solid or fluid) L'k N |e/2
7 7 7 7/
T,
Heat transfer
(©)
(k,
P»C) T"
1
— =— (T, -T
T —> 0. x0T
|

1
0, = (1,~1))
Th k
FIGURE 2.10 (a) A heat sink for cooling an object; (b) details of a pin of the heat sink; (c) heat transfer
diagram for a pin.
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avoid harmful consequences of high temperature in the object. Air (or some other fluid) is forced
across the bank of pins to facilitate the heat transfer.

Assume that each pin is a uniform solid cylinder of length ¢ and radius of cross-section a (See
Figure 2.10b). The following variables and parameters are defined:

T, = temperature of the object to be cooled
T, = average temperature inside a pin
T, = ambient temperature (of the cross-flow air)
h = convective heat transfer coefficient of the pin surface exposed to air
k = thermal conductivity of a pin
p = mass density of a pin
¢ = specific heat of a pin
a. Obtain a lumped-parameter dynamic model for a single-pin system. What are the
system inputs?
b. If /=0.02m, a=0.00Tm, k=150 W/m/°C, and h=30 W/m?/°C, compute the appro-
priate Biot number for the single-pin system. On that basis, is the lumped model in
Part (a) acceptable?

Solution

(@)

See Figure 2.10c.

Represent the temperature of the pin as the average value T, at the centroid of the pin (Note:
This is a common assumption in the modeling of thermal systems).

Conductive heat transfer into a pin (from the object):

Oi =Ri(Th -T,) (i)

k

where

012

k

(i)

R, = conductive thermal resistance =

A, = sectional area of conductive heat transfer = ma> (iii)

Convective heat transfer from the pin to the ambient air:

1 .
Qc =RTC(Tp _7;1) (IV)
where
. . 1
R. = convective thermal resistance = hT (v)
A, = surface area of conductive heat transfer = 2nal + na’ (vi)
Mass of the pin m, = 1ta*(p (vii)
Thermal capacitance of the pin C, = m,c (viii)
Constitutive equation for the pin:
drT, .
C—"=0-0. (ix)

dt
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Substitute (i) and (iv) into (ix).
System equation:
ar, 1

1
e (n-1) (1,1

G

L
dt R, R. R; R,
T, = state variable

T}, and T, are the inputs.

C, is given by (viii) and (vii).

R, is given by (ii) and (iii).

R. is given by (v) and (iv).

(b) ,
2hA. h(2ral + wa
Biot number Bi :&: t/2hA. ( ) _ Ih(2l +a)

1=
R, kA, 2kma® 2ka

Substitute numerical values.

~0.02x30x(2x0.02+0.001) _ 0.01

Bi —x(2%x20+1)=0.082<0.1
2x150x0.001 5

= The lumped model is acceptable.

2.5.2.3 Radiation
Besides conduction and convection, the heat transfer can take place from a higher temperature
object (source) to a lower temperature object (receiver) through energy radiation, without needing
a physical medium between the two objects (unlike in conduction and convection). This situation
is shown in Figure 2.8c. The associated constitutive equation is the Stefan—Boltzmann law:

Q=oc.c AT} -T) (2.48a)
Here,

T, = temperature of the radiation source

T, = temperature of the receiver

A = effective (normal) area of the receiver

¢, = effective emissivity of the source

¢, = shape factor of the receiver

o = Stefan—-Boltzmann constant (= 5.7 x 108 W/m?2/°K#).

The relationship (2.48a) corresponds to a nonlinear thermal resistor. Heat transfer rate is mea-
sured in watts (W), the area in square meters (m?), and the temperature in degrees Kelvin (°K).

2.5.2.3.1 Linearized Radiation Resistor
The nonlinear relation (2.48a) may be linearized in several ways, as discussed in Chapter 4, result-
ing in the linear relationship

(,-T.)=RQ (2.48b)

where R =radiation thermal resistance.
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As one approach, in equation (2.48a), write T,' — T} = (TS2 + T,Z)(TS +T,)(T, — T,). Then, for

small temperature changes about some operating condition (;,T;), we may use the following
approximate expression for thermal resistance in equation (2.48b):

1
R, = — = = (2.49)
oce, AT + 17 )(T, + T,
Note: The over-bar denotes a representative operating condition.
TABLE 2.3
Some Linear Constitutive Relations
Constitutive Relations for
System Energy Storage Elements Energy Dissipating Element
A-Type T-Type D-Type
Type (Across) Element (Through) Element (Dissipative) Element
Mechanical (translatory): Mass Spring Viscous damper
v=velocit 1 dj 1
' mﬂ =f & v v=—1Ff
f=force k dt b
dt
(Newton’s second law) (Hooke’s law) b=damping constant
m=mass k=stiffness
Electrical: Capacitor Inductor Resistor
v=voltage dv . di v=Ri
. —=i L—=v
i=current dt dt R=resistance
C=capacitance L=inductance
Thermal: Thermal capacitor None Thermal resistor
T=temperature =
=temp ¢4 _p T=RQ
difference dt

O=heat transfer rat R,=thermal resistance
=heat transfer rate
C,=thermal

capacitance

Fluid: Fluid capacitor Fluid inertor Fluid resistor
P= Induct -

'=pressure c, dpP _ 0 (Inductor) P=R;0
difference dt do . .

—vol flow rate Ij—=P R/=fluid resistance
Q=volume flow C;=fluid dt

capacitance I, =inertance
TABLE 2.4

Force-Current Analogy

System Type Mechanical Electrical

System-response variables

Through-variable Force f Current i
Across-variable Velocity v Voltage v
System parameters m C

1/k L

1/b R
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2.6 DOMAIN ANALOGIES

Table 2.3 summarizes the linear constitutive relationships that describe the behavior of the basic trans-
latory-mechanical, electrical, thermal, and fluid elements. In particular, the analogy used in Table 2.3
between mechanical and electrical elements is known as the force-current analogy and is given in
Table 2.4. This follows from the fact that both force and current are through-variables, which do not
change through an element. They are analogous as well to the fluid flow rate through a pipe and the heat
transfer rate through a thermal element. Furthermore, both velocity and voltage are across-variables,
which are measured across an element, with respect to one end (reference end), as in the case of fluid
pressure along a pipe or temperature across a thermal element. This analogy is more logical than a
force-voltage analogy because the structure of component interconnection is preserved across domains,
through this analogy (i.e., a parallel connection between elements remains a parallel connection across
domains, and a series connection between elements remains a series connection across domains). The
correspondence between the parameter pairs given in Table 2.4 follows from the constitutive relations
given in Table 2.3. A rotational (rotatory) mechanical element possesses constitutive relations between
torque and angular velocity, which can be treated as a generalized force and a generalized velocity,
respectively. Hence, a separate entry is not needed in Table 2.3 for rotatory mechanical elements.

2.6.1 NATURAL OSCILLATIONS

Mechanical systems can produce natural (free) oscillatory responses (or, free vibrations) because
they can possess two different types of energy (kinetic and potential energies). When one type of
stored energy is converted into the other type repeatedly and naturally, back and forth, the result-
ing response is a free oscillation. Of course, in practice, some of the energy will dissipate (through
the dissipative mechanism of a D-type element or damper) and the free natural oscillations will
decay as aresult. Similarly, electrical circuits and fluid systems can exhibit free, natural oscillatory
responses due to the presence of two distinct types of energy storage mechanism, where energy can
“flow” back and forth repeatedly between the two types of elements. But, thermal systems have
only one type of energy storage element (A-type) with only one type of energy (thermal energy).
Hence, purely thermal systems cannot produce natural oscillations. Oscillations are possible, how-
ever, when forced by external means or integrated with other types of systems that can produce
natural oscillations (e.g., integrating with a fluid system resulting in a thermo-fluid system).

2.7 SUMMARY SHEET

* Lumped Elements: Energy-storage elements, energy-dissipation elements, input elements
(sources)

* Across-Variable: Measured across an element (e.g., velocity, voltage, pressure, temperature)

e Through-Variable: Passes through an element, unaltered (e.g., force, current, fluid flow
rate, heat transfer rate)

* A-type Element: An element whose state variable is an across-variable (e.g., mass, electric
capacitor, fluid capacitor, thermal capacitor)

e T-type Element: An element whose state variable is a through-variable (e.g., spring, induc-
tor, inertor, or fluid inductor). There is no thermal 7-type element

* D-type Element: An energy-dissipating element. It does not introduce a new state vari-
able. State variables are introduced by the independent A-type and 7-type elements con-
nected to it

* A-type Source: An input element whose independent variable is an across-variable (e.g.,
velocity source, voltage source, pressure source, temperature source). Note: The indepen-
dent variable of a source is not to be affected by the system dynamics

» T-type Source: An input element whose independent variable is a through-variable (e.g.,
force source, current source, flow source, heat transfer source)
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* Mass (Inertia Element): State is velocity v; Constitutive equation mﬂ =f =)
, dt
=v(07)+ %J’ f dt; Kinetic energy E = %mvz; v cannot change instantaneously
: o . . _df
* Spring (Stiffness Element): State is force f; Constitutive equation —— = kv — f(t) =
) i dt
fOH+ kJ.v dt; potential (elastic) energy E = %f?, fcannot change instantaneously
0
e Damping (Dissipation Element): f = bv; no new state variables are introduced by it
1
* Electric Capacitor: State is voltage v; constitutive equation C v =i—=>v)=v(0)+ 1 J‘i dt,
dt C -
electrostatic energy E = %Cvz; v cannot change instantaneously
. t
¢ ElectricInductor: Stateiscurrenti;constitutiveequationL% =v—oit)=i(0")+ %J-v dt;
o

. I ., . .
electromagnetic energy E = Ele; i cannot change instantaneously

. . dpP . .
* Electric Resistor: Q = C; d—; no new state variables are introduced
t

* Fluid Capacitoror Accumulator (A-TypeElement):C, Z—I: = Q;capacitancedueto: (a)liquid

R, T
bulk modulus (f): Cpux = %; (b) gas compressibility effect: isothermal Ceopy, = % = mPZP ;
S V. mR,T . .
adiabatic Ceomp = k—P = P where ratio of specific heats at constant pressure and con-

2
stant volume k = ¢p /cy ; (¢) container flexibility (stiffness k, area A): Cpex = 7; (d) liquid

gravity head (liquid column area A, mass density p): Coray = ——

L
d . Ax
 Inertor or Fluid Inductor: /, 9 _ P, inertance: I, = J.de, Iy = ap—, a=2 for
dt A(x) A
0
. . . . vL  pvL
laminar flow with parabolic velocity profile; Reynolds number Re = — = ~——, u=abso-
v

lute viscosity of fluid (dynamic viscosity), v = E=kinematic viscosity, v=fluid velocity

along the pipe

. . L . .
* Fluid Resistor: P = R;Q, for viscous, laminar flow: R, = 128% for a circular pipe of
L

diameter d and length L; Ry =12 HL

BER with b<w for a pipe of length L and rectangular
wh’

cross-section of width w and height b; for turbulent flow (i.e., high Re flow) P = KzQ"

d . .
* Thermal Capacitor: C, m = Q, thermal capacitance C, = pVc = mc, c=specific heat

* Thermal Resistor: Conduction Q = —kA g—T, conductive resistance R, = % with A=path
X

area of X-section, k=thermal conductivity, Ax=conduction length; Laplace equation
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0°T o’T o°T _ 10T

o= i:thermal diffusivity; convection Q = hCA(Tw - Tf)

+ + =——,
ox* 9y’ 9z « ot pc
1
with s, =convection heat transfer coefficient, convective resistance R, = —
. R AxhA, . hAx ) .
Biot Number: Bi = R—k = A ; Bi= if A.=A;; For lumped-parameter approxi-
¢ k

mation, we need Bi<0.1 (a rule of thumb)
Radiation: Q = O'Q,c’,A(TS4 - T,4), T,=source temperature, 7,=receiver temperature, A=
effective (normal) area of receiver, c,=effective emissivity of source, c,=shape factor

of receiver, o=Stefan—-Boltzmann constant (=5.7x 10-® W/m?/°K*); Linearized radiation

1 . B
GCCCVA(Tf + Tf)(i + Tr) orR, = Fﬂf with K = oc,c, A

resistance R, =

Natural Oscillations: Need two different types of energy storage elements (A-type and
T-type. Thermal systems have only A-type energy storage elements.

PROBLEMS

21

2.2

23

24

a. Briefly explain and justify why: (i) voltage and not current is the natural state variable
for an electrical capacitor and (ii) current and not voltage is the natural state variable
for an electrical inductor.

b. List several advantages of using as state variables, the across-variables of independent
A-type energy storage elements and through-variables of independent 7-type energy
storage elements, in the development of a state space model for an engineering system.

c. List several things to which the order of a dynamic system is equal.

What are the basic lumped elements of

i. A mechanical system

ii. An electrical system?

Indicate whether a distributed-parameter method is needed or a lumped-parameter
model is adequate in the study of the following dynamic systems:

Vehicle suspension system (motion)

Elevated vehicle guideway (transverse motion)

Oscillator circuit (electrical signals)

Environmental (weather) system (temperature)

Aircraft (motion and stresses)

Large transmission cable (capacitance and inductance).

-0 0 o

a. Why are analogies (i.e., analytical similarities among different physical domains)
important in the modeling of dynamic systems?

b. In the force-current analogy, what mechanical element corresponds to an electrical
capacitor?

c. Isthe velocity-pressure analogy same as the force-current analogy? In the former anal-
ogy, is the fluid inertia element analogous to the mechanical inertia element?

What are through-variables in mechanical, electrical, fluid, and thermal system?
What are across-variables in mechanical, electrical, fluid, and thermal systems?
Can the velocity of a mass change instantaneously? Why?

Can the voltage across a capacitor change instantaneously? Why?

Can the force in a spring change instantaneously? Why?

Can the current in an inductor change instantaneously? Why?

Can purely thermal systems oscillate? Why?

R -0 &0 o
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2.5 A spherical thin shell is used as a liquid storage tank. The volume flow rate into the rank is
Q and the internal pressure (with respect to the ambient condition—atmospheric pressure)
is P (see Figure P2.5).

(@) (b)

FIGURE P2.5 (a) Spherical shell for liquid storage; (b) cross-sectional details.

The following parameters are given:

r = internal radius of the tank

b = wall thickness of the tank

E = Young’s modulus of the tank material
v = Poisson’s ratio of the tank material

Determine an expression for the fluid capacitance of the tank in terms of the given

parameters.

Hints:

When the liquid pressure in the tank increases by AP, the internal radius of the rank

r’(1-v) 3
2E

: . . 4
increases by Ar = AP; the volume of a sphere of radius ris V = gnr .

2.6

a. Consider an overhead water storage tank of internal radius R at its base, as shown in
Figure P2.6a. The inclination of the tank wall (wrt the base) is 6. The outlet valve
is closed and the inlet valve provides an inflow at the rate Q (volume/s). At a given
instant, the water level in the tank is 4. Obtain an expression for the fluid capacitance
C, at that instant, in terms of &, R, 6, mass density p of water, and acceleration due to
gravity (g).

Note: Here, C varies with h.

(@)

-

/:Q

»

R | Closed
\

FIGURE P2.6 (a) Conical water tank with water level /; (b) cylindrical water tank with water level A.
(Continued)
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(b)

2

}—Rﬂ Closed

FIGURE P2.6 (CONTINUED) (a) Conical water tank with water level &; (b) cylindrical water tank with
water level h.

Hint: Gage pressure (wrt the atmosphere pressure) of the water at the tank base, P = pgh
Let r = radius of the water surface (at height )
If an incremental water volume 8V enters the tank, the water level would rise by 4. Then,

8V =mr’-6h
Divide throughout by the incremental time 8¢t = v = TU’Z% = av =’ dh
ot ot dt dt

T
b. From your result in Part (a), show that for a cylindrical tank (i.e., 0=E of

constant X-sectional radius R (see Figure P2.6b), we have the standard result
nR> A

C; = ——=— = constant

P8 P8
Note: A=constant area of X-section of the tank

2.7

a. Suppose that the volume V of a fluid is a nonlinear function V(P) of its pressure P.
Show that its fluid capacitance C; is given by C, = % which itself is a function of P

b. Using this, verify the result obtained in Problem 2.6, Part (a).

2.8 A cylindrical thin shell is used as a liquid storage tank. The volume flow rate into the tank is
Q and the internal pressure of the cylinder (wrt the ambient condition—external pressure) is
P. The tank has a uniform middle segment and two hemispherical ends. See Figure P2.8.

Inlet

b

Sk

2r

Exit valve (closed)

k y
I 2

L

FIGURE P2.8 Sectional details of a thin-shell liquid storage tank.
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29

2.10

The following parameters are given:

L = length of the uniform middle segment of the tank

r = internal radius of the end hemispheres (and the middle segment) of the tank

b = wall thickness of the tank

E = Young’s modulus of the tank material

v = Poisson’s ratio of the tank material.
Determine an expression for the fluid capacitance C/ of the tank due to the flexibility of its
walls, in terms of the given parameters. Ignore the compressibility of the liquid (the cor-
responding capacitance can be simply added—the two capacitors are in parallel).
Hint: when the pressure in the tank increases by AP, the internal radius of the tank

2

increases by Ar = ;—b(l —v/2)AP and the length of the uniform middle segment of the

tank increases by AL = E(l —V)AP.

Eb 2
In the electro-thermal analogy of thermal systems, where voltage is analogous to tem-
perature and current is analogous to heat transfer rate, explain why there exists a thermal
capacitor (A-type element) but not a thermal inductor (7-type element). What is a direct
consequence of this fact, concerning the natural (free or unforced) response of a purely
thermal system?
Consider a hollow cylinder of length /, inside diameter d;, and the outside diameter d,,.
If the conductivity of the cylinder material is k, what is the conductive thermal resis-
tance of the cylinder in the radial direction? For the derivation, use the arrangement
shown in Figure P2.10. It shows a cylinder whose ends are thermally insulated, so
that the heat transfer is mainly in the radial direction. The inside (hollow core of the
cylinder) temperature is assumed uniform at 7;, and the outside temperature is also
assumed uniform at 7,.

7~
N

Thermal /=~~~ ——~——— Thermal
Insulation 1/ o Insulation

FIGURE P2.10 A cylinder conducting heat from the interior to the exterior.

211

Note: To facilitate your derivation, assume that 7; > 7,. But, the final result is the same
regardless of this assumption.
A uniform metal bar length / and area of X-section A is heated to temperature 7;, and placed
in a thermally insulated compartment with one end exposed to the atmosphere of tempera-
ture T, < T,. This may be considered as a part of heat treatment process.
a. Obtain a differential equation (dynamic model) for the subsequent cooling process of
the bar (see Figure P2.11).
Also given: p = mass density of the bar
¢, = specific heat (at constant pressure) of the bar
h, = convective heat transfer coefficient at the end exposed to the atmosphere

55
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Atmosphere
Temperature 7,
Metal Bar
Temperature 7, Area =4
Convective heat

transfer coefficient = 2,

A

FIGURE P2.11 Heated metal bar in an insulated compartment.

b. Suppose that the following numerical values are known: [ =0.2m, A=1.0 cm®,
h. =100.0 W/m?/°C, conductive heat transfer coefficient k = 125.0 W/m/°C.

Compute the Biot number Bi for the system.

From the result, determine whether the lumped-parameter model obtained in Part (a) is

acceptable.

2.12

a. List four different types of fluid capacitance. Briefly indicate the physical process by
which each of these four capacitances is generated.

b. Consider a water storage tank with gradually decreasing rectangular cross-section, as
shown in Figure P2.12. Only one of the four sides of the tank wall is sloping (linearly)
at an angle € with the vertical. The other three sides are vertical (i.e., no slope). The
internal dimensions of the base of the tank are a X b, as shown. The outlet valve is kept
closed and the inlet valve provides a water inflow at the rate Q (volume/s). At a given
instant, the water level in the tank is 4. Obtain an expression for the fluid capacitance
C at that instant, due to the gravity head, in terms of a, b, 8, h, mass density p of water,
and the acceleration due to gravity (g).

Note: Cy varies with h. Assume that the tank is rigid and the water is incompressible.

A

:I Closed I‘+>|

Side View End View

FIGURE P2.12 A sloping water tank.



3 Analytical Modeling

HIGHLIGHTS

* Types of Analytical Models

* Properties of Linear Systems (Principle of Superposition, etc.)

* Discrete-Time Models

* Lumped Model of a Distributed System (Heavy Spring)

e Analytical Model Development (Unified, Integrated, Systematic, Unique)

» State-Space Models and Input—Output Models

* Properties of State-Space Models

» Steps for State Model Development

* Mechanical, Electrical, Fluid, and Thermal Examples of State-Space Models

3.1 INTRODUCTION

The main focus of the present chapter is the unified, integrated, and systematic development of
analytical models, leading to unique result. In Chapter 1, we identified several types of models,
giving particular attention to practical applications of models. In Chapter 2, we presented the basic
elements (components) in the mechanical, electrical, fluid, and thermal domains and their proper-
ties. In particular, we studied properties of these elements and established proper “state variables”
for the (energy storage) elements in various physical domains. The properties of a dynamic model
depend on the constituent basic components and the “structure” in which these components are
interconnected. It is pertinent to note that the use of the independent across-variables and through-
variables as the state variables to represent the behavior of the basic elements (or components) of a
system (see Chapter 2) is quite advantageous in this regard. This is because these variables naturally
represent the responses (outputs or states) of these components and also show how the components
are interconnected (whether connected in parallel or in series). Specifically,

1. Components connected in parallel have a common across-variable
2. Components connected in series have a common through-variable.

Another advantage that stems from the use of these variables is the retention of the structural anal-
ogy across physical domains. For example, a parallel connection of mechanical elements will be
analogous to a parallel connection (not a series connection) of the corresponding electrical elements.

In the present chapter, we concentrate on the integration (interconnection) of elements (compo-
nents) of various physical domains to form analytical models. In particular, state-space models and
input—output models are studied with examples in various physical domains. Prior to that, various
types of analytical models are identified in a comparative manner. While comparing nonlinear mod-
els with their, approximated, linear models (more details are found in Chapter 4), some salient prop-
erties of linear models are discussed. Also, some important forms of discrete-time models, which are
approximated (and computer-targeted) versions of continuous-time (or analog) models, are studied.
In the comparison of distributed-parameter models with their approximated lumped-parameter mod-
els, some methods of approximating a distributed-parameter model by lumped-parameter models are
presented, specifically through an illustrative example of a heavy spring. Since the main focus of the
chapter is state-space models, the analytical formulation of a general state-space model and some
definitions and key properties of them are discussed. The steps of converting a state-space model into
an input—output models are presented, and illustrative examples are given.
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The chapter concludes by presenting the systematic development of linear lumped-parameter
state-space models in the four physical domains: mechanical, electrical, fluid, and thermal, using
illustrative examples.

3.2 TYPES OF ANALYTICAL MODELS

In an analytical model, the response (output) to an applied excitation (input) may be expressed in:

1. The time domain, where the response value is expressed as a function of time (i.e., the
independent variable is time ?)

2. The frequency domain, where the amplitude and the phase angle of the response are
expressed as functions of frequency (i.e., the independent variable is frequency o).

Determination of the time-domain response generally involves the solution of a set of differential
equations (e.g., state equations). The frequency-domain analysis is a special case of the Laplace
transform analysis (in the Laplace domain) where the independent variable is the Laplace variable
s. The corresponding analytical model is a set of transfer functions. A transfer function is the ratio
of the Laplace transform of the output variable divided by the Laplace transform of the input vari-
able. In the special case of the frequency domain, we have s=jw. The subject of frequency-domain
models is studied in Chapters 6 and 7.
In summary, the main types of analytical models considered in this book are the following:

1. Time-Domain Model: It consists of differential equations whose independent variable
is time 7. Examples are state-space model (a set of first-order differential equations in
time, called state equations) and input—output model (input—output differential equations
in time)

2. Transfer Function Model: A transfer function is given by the Laplace transform of the
pertinent output variable divided by the Laplace transform of the pertinent input variable.
The corresponding model is a set of such transfer functions (algebraic equations with the
Laplace variable s as the independent variable) for the pertinent input—output pairs. This is
another type of input—output model

3. Frequency-Domain Model: Frequency transfer function (or frequency response function)
is a special case of Laplace transfer function, where s=jw. This results from the fact that the
Fourier transform is a special case of Laplace transform, where the independent variable is
frequency w rather than the Laplace variable s. The corresponding model is a set of frequency
transfer functions. The model conversion between Laplace transfer function and frequency
transfer function is straightforward, simply through the use of s=jw. In fact the conversion of
them to and from the input—output differential equation is also very simple (see Chapter 6).

In considering various types of analytical models, it is particularly useful to consider them compara-
tively, in pairs, one type being a special (or approximate) version of the other. Typically, the approxi-
mate version is easier to analyze and implement. Such pairs of common model types are listed below.

1. Nonlinear models and linear models

2. Continuous-time models and discrete-time models

3. Distributed (continuous)-parameter models and lumped-parameter models

4. Time-varying (or non-stationary or non-autonomous) models and time-invariant (or sta-
tionary or autonomous) models

5. Random (or stochastic or probabilistic) models and deterministic models.

Some salient features of these classes of models are indicated in Table 3.1.
Next we consider several key types of systems (models) and explore their characteristics.
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TABLE 3.1

Comparison of Different Types of Analytical Dynamic Models

Model Type Key Properties

Nonlinear Nonlinear differential equations in time; principle of superposition does not hold
Linear Linear differential equations in time; principle of superposition holds

Continuous time  Differential equations in time; time variable is continuously defined; Laplace transform produces a
transfer function model; Fourier transform produces a frequency transfer function model

Discrete time Difference equations in time; time variable is defined by discrete values as a sequence of time points;
z-transform produces a discrete transfer function (z-transform transfer function) which is equal to the
z-transform of the discrete-time output divided by the z-transform of the discrete-time input

Distributed Partial differential equations (PDEs) in time and space (dependent variables are functions of both time
and space)

Lumped Ordinary differential equations or ODEs (dependent variables are functions of time only, not space)

Time-varying Differential equations with time-varying coefficients (model parameters vary with time)

Time-invariant Differential equations with constant coefficients (model parameters are constants)

Stochastic Stochastic differential equations in time; variables and/or parameters have some randomness and are

governed by probability distributions; experiments repeated under same conditions do not produce
identical results in general

Deterministic Non-stochastic differential equations in time; there is no randomness in the system parameters or
variables; experiments repeated under identical conditions produce identical results

3.2.1 PROPERTIES OF LINEAR SYSTEMS

At the outset, it is important to emphasize that by “linear system” we mean “linear model” (i.e., a
system that is represented by a linear model). All practical systems are nonlinear to some degree. If
the nonlinearity is negligible, for the situation that is being considered (modeled), the system may
be represented by a linear model. Since linear systems/models are far easier to handle (analyze,
simulate, design, control, etc.) than nonlinear systems/models, a linear model of the system may be
developed (or an available nonlinear model of the system may be linearized) for the purpose at hand.
A linear model may be valid only for a limited range or set of conditions of operation. Linearization
of nonlinear systems/models is treated in Chapter 4. Two key properties that are responsible for the
analytical convenience of linear systems are outlined next.

* Principle of Superposition: All linear systems (linear models) satisfy the principle of
superposition. Specifically, a system is linear if and only if the principle of superposition
is satisfied. For a multi-input-multi-output (MIMO) system (or, multi-variable system) this
principle states that, if y; is the output vector (with many components) of the system when
the input (vector) to the system is #, and if y, is the output vector of the system when the
input vector to the system is #,, then o y; + o, p, is the output vector when the input vector
is oquy + au,, where o and o, are any real constants. This property is graphically repre-
sented in Figure 3.1a. What is shown is the MIMO case where the inputs and outputs both
are vectors (having multiple components) and hence represented by thick lines.

Example 3.1

An illustrative example of the principle of superposition in an MIMO system is shown in Figure 3.1b.
Here the system has two (scalar) inputs (; and u,) and three (scalar) outputs y;, y,, and ys. First suppose
that only the inputu, is applied. The corresponding three outputs are shown in the figure. Next suppose
that only the inputu, is applied. The corresponding three outputs are shown as well. Finally, if the linear
combination ou; and o, u, of the inputs is applied (where o and e, are arbitrary real constants), the
corresponding three outputs will have the same linear combination, as shown in Figure 3.1b.
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FIGURE 3.1 Properties of a linear system: (a) Principle of superposition (vector inputs); (b) a two-input
example. (c) Interchangeability in series connection, for commutative systems.

* Interchangeability in Series Connection: The interchangeability (commutativity) in series
connection is satisfied not always satisfied by general linear systems. Figure 3.1c shows the
case of vector inputs and vector outputs (represented by thick lines and bold characteristics).
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The two systems may be interchanged without affecting the output of the overall system for a
given input if and only if the systems themselves are commutative (i.e., AB = BA). However,
if the systems (and the input and the output) are scalar, the interchangeability is always valid.

Note: The interchangeability is not a property of just linear systems and is valid only for
“commutative” systems. Interchangeability in parallel connection is a trivial fact, which is
satisfied by both linear and nonlinear systems.

3.2.2  DiScReTE-TIME SYSTEMS

A discrete-time signal is defined at a sequence of discrete time points of a continuous-time (analog) sig-
nal. Typically, it is obtained by discretizing (sampling) an analog signal, which is defined continuously in
time (see Figure 3.2). Reading (or sampling) an analog signal at discrete time points is not the only way
to generate a discrete-time signal. For example, a physical switching device may be activated in a discrete
time sequence to generate discrete-time data. The time interval between two successive data points is
the sampling period AT . In typical practical situations such as digital hardware (or digital computer), the
sampling period is a constant. The sampling rate f; is the inverse of the sampling period:

1

=7 3.1)

Is

Note: An error is introduced when an analog signal is sampled (discretized). This is known as alias-
ing (i.e., sampling error). A discrete value is not necessarily a digital value. When a discrete value is
represented in a digital form, a further error is introduced (i.e., quantization error).

o Z-transform: Consider an analog signal x(#), which is sampled at constant the sampling
period AT. We get the data sequence:

{xk}={-x()’xls~--a-xk’xk+1’--~} (32)

where x;, = x(k - AT). This sequence can be represented by a polynomial function of the
complex variable z as:

oo

X(z)= ZXkZ_k (3.3)

k=0

Then, X(z) is termed the z-transform of the sequence {x; }.
» Difference Equations: In a discrete-time system, the input signals and the output signals both
are discrete-time sequences. The system equation (i.e., discrete-time model) can be represented

(a) (b)
N Discrete/ N\
Analog
Signal (Sampled)
Signal
AN AN
Continuous time Discrete time

FIGURE 3.2 (a) An analog signal; (b) the corresponding discrete-time signal (sampled data).
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by a set of difference equations. These difference equations relate the discrete output signals
to the discrete input signals of the system. Consider, in particular, a single-input single-output
(SISO) system. The input is the sequence {u, } and the output is the sequence {yk } The cor-
responding discrete-time model may be expressed by the nth order linear difference equation:

ao Vi + a1 Yi-1 +...+ anYi—n = bouk + bluk_l +...+ bmuk_m (34)

It is clear from equation (3.4) that, if the input sequence {; } is known, the output sequence
{ yk} can be generated/computed starting with the first n values of the output sequence,
which should be known. These initial n values are the initial conditions, which are required
to determine the complete solution of a difference equation. In general, the model param-
eters a; and b; in equation (3.4) also depend on the sampling period AT .

Discrete Transfer Function: The discrete-time model (3.4) may also be represented by
the discrete transfer function:

Y(2) _by+bz ' +-+b, 2"
U ay+az' ++a,z™"

G(z) = (3.5)

This is analogous to representing a linear, input—output differential equation with respect
to time (i.e., an analog system or input—output model in the time domain) by a transfer
function (in the Laplace domain or frequency domain).

Note: By examining (3.4) and (3.5), it should be clear that z™' corresponds to the “time
delay” operation through AT .

Aliasing Distortion due to Signal Sampling: Aliasing distortion (or, sampling error) is
an important consideration when dealing with discrete-time data that are sampled from
a continuous (analog) signal. Shannon’s sampling theorem is relevant here, which is pre-
sented now.

Sampling Theorem: If a time signal x(¢) is sampled at equal time periods of AT, no infor-
mation regarding its frequency spectrum X(f) can be obtained for frequencies higher than

| (3.6)

This limiting (cutoff) frequency in the spectrum (of the sampled data) is called the Nyquist
frequency.

It can be shown that signal sampling causes folding of the high-frequency segment of
the signal frequency spectrum beyond the Nyquist frequency onto the low-frequency seg-
ment of the spectrum. The aliasing error is caused by this spectral folding, as illustrated
in Figure 3.3. The aliasing error becomes more and more prominent for frequencies of
the spectrum closer to the Nyquist frequency. In signal analysis, a sufficiently small sam-
ple step AT should be chosen in order to reduce the aliasing distortion in the frequency
domain, depending on the highest frequency of interest in the analyzed signal. This, how-
ever, increases the amount of sampled data, which increases the signal processing time
(computational load) and the computer storage requirements (and also the signal com-
munication time, in a networked system), which are undesirable particularly in real-time
analysis. It can also result in stability problems in numerical computations. The Nyquist
sampling criterion requires that the sampling rate (1/AT) for a signal should be at least
twice the highest frequency of interest. Instead of making the sampling rate very high, a
moderate value that satisfies the Nyquist sampling criterion is used in practice, together
with an antialiasing filter to remove the frequency components in the original signal that
would distort, through folding, the spectrum of the computed signal.
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FIGURE 3.3 Aliasing distortion of a frequency spectrum: (a) Original spectrum, (b) distorted spectrum due
to aliasing.

* Antialiasing Filter: It should be clear from Figure 3.3 that, if the original signal was low-
pass filtered at a cutoff frequency equal to the Nyquist frequency, then the aliasing distor-
tion caused by sampling would not occur. A filter of this type is called an antialiasing
filter. Analog hardware filters may be used for this purpose. In practice, it is not possible
to achieve perfect filtering. Hence, some aliasing could remain even after using an anti-
aliasing filter, thereby further reducing the valid frequency range of the computed signal.
Typically, the useful frequency limit of a sampled data set is £./1.28, and the last 20% of
the spectral points near the Nyquist frequency should be neglected. Hence, typically, the
filter cutoff frequency is chosen to be somewhat lower than the Nyquist frequency, for
example, f./1.28 (= 0.8. ) Then, the computed spectrum is accurate up to the filter cutoff
frequency 0.8 f. and not up to the Nyquist frequency f..

3.2.3 Lumrep MODEL OF A DISTRIBUTED SYSTEM

As noted before, lumped-parameter models and distributed-parameter models are two broad cat-
egories of models for dynamic systems. In a lumped-parameter model, various characteristics of the
system are limped into representative elements located at a discrete set of points in a geometric space.
The corresponding analytical models are ordinary differential equations. Lumped-parameter model
is the main focus of this book. In most physical systems, however, the properties (physical parameters
such as mass, stiffness, inductance, and resistance) are continuously distributed in various compo-
nents or segments; they are distributed-parameter (or continuous) components. To represent system
parameters that are continuously distributed in space, we need spatial coordinates.

Since the distributed-parameter dynamic systems have time (f) and space coordinates (e.g., X, y,
2) as the independent variables, the corresponding analytical models are partial differential equa-
tions with respect to time and space. For analytical convenience, we may attempt to approximate
such distributed-parameter models into lumped-parameter ones. The accuracy of the model can
be improved by increasing the number of discrete elements in such a model; for example, by using
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finite element techniques. In view of their convenience, lumped-parameter models are more com-
monly employed than continuous-parameter models. Furthermore, continuous-parameter compo-
nents (e.g., beams, plates) may be included into otherwise lumped-parameter models in order to
improve the model accuracy. Next we will address some pertinent issues by considering the exam-
ple of a heavy spring.

3.2.3.1 Heavy Spring

A coil spring has a mass, an elastic (spring, flexibility) effect, and an energy-dissipation charac-
teristic, each of which is distributed over the entire coil. The distributed mass of the spring has the
capacity to store kinetic energy by acquiring velocity. Stored kinetic energy can be recovered as
work done through a process of deceleration. Furthermore, in view of the distributed flexibility of
the coil, each small element in the coil has the capacity to store elastic potential energy through
reversible (elastic) deflection. If the coil was moving in the vertical direction, there would be
changes in gravitational potential energy, but we can disregard this in dynamic-response studies
if the deflections are measured from the static equilibrium position of the system (because in the
static equilibrium configuration, the gravitational forces are balanced by the elastic forces). The
coil will undoubtedly get warmer, make creaking noises, and over time will wear out at the joints,
clear evidence of its capacity to dissipate energy. A further indication of damping is provided by
the fact that when the coil is pressed and released, it will eventually come to rest: the work done
by pressing the coil is completely dissipated. Even though these effects are distributed in the
actual system, a discrete or lumped-parameter model is usually sufficient to predict the system
response to a forcing function. Further approximations are possible under certain circumstances.
For instance, if the maximum kinetic energy is small in comparison with the maximum elastic
potential energy in general (particularly true for light stiff coils, and at low frequencies of oscilla-
tion), and if in addition the rate of energy dissipation is relatively small (determined with respect
to the time span of interest), the coil can be modeled by just a discrete (lumped) stiffness (spring)
element that is light (massless). These are modeling decisions.

In an analytical model, the individual distributed characteristics of inertia, flexibility, and dissipa-
tion of a heavy spring can be approximated (lumped) by a separate mass element, a spring element,
and a damper element, which are interconnected in some parallel-series configuration (structure),
thereby producing a lumped-parameter model. Since a heavy spring has its mass continuously dis-
tributed throughout its body, it has an infinite number of degrees of freedom. A single coordinate
cannot represent its motion. But, for many practical purposes, a lumped-parameter approximation
with just one or two lumped masses to represent the inertial characteristics of the spring would be
sufficient. Such an approximation may be obtained by using one of several approaches. One is the
energy approach. Another approach is equivalence of natural frequency. We will consider the energy
approach next. Here we represent a distributed-parameter spring by a lumped-parameter “model”
such that the original spring (distributed) and the model (lumped) have the same net kinetic energy
and the same potential energy. This energy equivalence is used in deriving the lumped parameters in
the model. In particular, kinetic energy equivalence is used to determine the mass parameters for the
model. Even though damping (energy dissipation) is neglected in the present analysis, it is not difficult
to incorporate that as well in the model (through, for example, energy-dissipation equivalence).

3.2.3.1.1 Potential Energy Equivalence

Consider a linear coil spring AB, as shown in Figure 3.4a. If an axial tensile force F is applied at
end B while end A is fixed, the end B will stretch axially through distance 6. During that extension,
the axial spring force will vary from O (in the beginning) to F (at the end of the extension). From
considerations of equilibrium (i.e., force balance), the axial force in the spring will be the same (F)
anywhere along it (Note: F is a through-variable). The work done by F during the extension of the

spring is EF 6 and this is indeed the elastic potential energy (PE) stored in the spring due to the
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work done. Also, the final spring force is F = k& where k is the stiffness of the spring. Substituting,
we have

Elastic PE = %k&z (3.7)

Note: Stiffness k=force that is needed to push or pull the spring through a unit distance. It is clear
that, even though the stiffness (or flexibility) is distributed along AB, the elastic PE of the spring is
represented accurately by a single (lumped) stiffness parameter k. Hence, from the flexibility point
of view, a distributed spring of overall stiffness k can be precisely represented by a lumped spring
of the same stiffness k. Regardless of the velocity (dynamics, kinetic energy) of the spring during
its deformation, the PE expression remains the same as given before. In other words, stiffness is a
“static” property. Hence, for “mechanical” energy equivalence, only the kinetic energy equivalence
needs to be considered.

3.2.3.2 Kinetic Energy Equivalence
Consider again the uniform, heavy spring shown in Figure 3.4a. One end (A) of the spring is fixed
and the other end moving at velocity v.

Note: m,=mass of spring; k=stiffness of spring; and /=Ilength of spring.

Assume a linear distribution of the speed along the spring, with zero speed at the fixed end and
the maximum speed v at the free end (Figure 3.4b). The local speed of an infinitesimal element dx

1 2
of the spring is %v. Element mass:%&c. Hence, the element kinetic energy KE :E n;s 5x(§v)

In the limit, we have 6x — dx. Accordingly, by performing the necessary integration, we get

! , L 2
Tota]KE=J.1ms dx(xv) _ Lmy J.xde=lmsv
0 21 l 2 2 3

Hence, for the energy (kinetic energy) equivalence,

(a) Velocity
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]

FIGURE 3.4 (a) A uniform heavy spring, (b) analytical representation.
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FIGURE 3.5 Lumped-parameter approximation for an oscillator with heavy spring.
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FIGURE 3.6 (a) A lumped mass with a distributed-parameter spring; (b) a lumped-parameter model of the
system for large end mass; (c) overall lumped-parameter model.

) 1 .
Equivalent lumped mass concentrated at the free end = 3 X spring mass (3.8)

Note: This derivation assumes that one end of the spring is fixed, the conditions are uniform along
the spring, and furthermore the spring velocity is distributed uniformly along the spring.

An example of utilizing this result is shown in Figure 3.5. Here a system with a heavy spring and
a lumped mass is approximated by a light spring (having the same stiffness) and a lumped mass.

3.2.3.3 Natural Frequency Equivalence

Now consider the approach of natural frequency equivalence. Here we derive an equivalent lumped-
parameter model by equating the fundamental (lowest) natural frequency of the distributed-param-
eter system to the lowest natural frequency of the lumped-parameter model. Next we illustrate
this approach by using an example for the one-degree-of-freedom case. The method can be easily
extended to multi-degree-of-freedom lumped parameter models as well (see the related problem at
the end of the chapter).

Example 3.2

A heavy spring of mass m, and stiffness k; with one end fixed and the other end attached to a
smoothly sliding mass m is shown in Figure 3.6a. If the mass m is sufficiently larger than m,, then
at relatively high frequencies, the mass will virtually stand still. Under these conditions, we have
the configuration shown in Figure 3.6b, where the two ends of the spring are fixed. Also, we can
approximate the distributed mass by an equivalent mass m, at the midpoint of the spring. Then,
each spring segment has double the stiffness of the original spring (why?). Hence the overall stiff-
ness is 4k,. From the well-known fact, the natural frequency of the lumped model is

w, = |25 (3.9)

It is known from a complete analysis of a heavy (distributed mass) spring (which is beyond the
present scope) that the exact natural frequency for the fixed-fixed configuration is
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W, =Tn fﬁ (3.10)
my

where n is the mode number. Then, for the fundamental (first) mode (i.e., n=1), the natural fre-

. . 4k, ks
quency equivalence gives — =7 |
me mS
or,
4
m, =—m = 0.4m, (3.11)
b8

The overall model, with the end mass included, is shown in Figure 3.6¢. This result is valid when
m=m.

Note: Since the effect of inertia decreases with increasing frequency, this model is valid for

high frequencies as well, and it is not necessary to separately consider the case of high frequen-
cies. However, the first mode approximation of the spring is valid only up to the first natural
frequency of the first mode (i.e., equation (3.10) with n=1). Hence, the derived lumped approxi-
mation should not be used for arbitrarily high frequencies.

LEARNING OBJECTIVES

1. An alternative approach (natural frequency equivalence) for approximating a distributed-
parameter model by a lumped-parameter one

2. lllustration that the result is not identical (but close) to what is obtained through energy
equivalence

3. The significance of natural frequency of a system and its connection to excitation
frequency

4. Lumped-parameter approximation of a heavy spring.

67

The natural frequency equivalence may be generalized as an eigenvalue equivalence (or pole equiv-
alence) for any linear dynamic system in any physical domain (including electrical systems). In this
general approach, the eigenvalues of the lumped parameter model are equated to the “corresponding
eigenvalues” of the distributed-parameter system (which has an infinite number of eigenvalues), and
the model parameters are determined accordingly.

3.3

ANALYTICAL MODEL DEVELOPMENT

We have made the following observations concerning analytical dynamic models:

A dynamic model is a representation of a dynamic system

It is useful in analysis, simulation, design, modification, instrumentation, monitoring (fault
detection, diagnosis, prediction, etc.), and control of a system

Analogies exist among mechanical, electrical, fluid, and thermal domains, in dynamic
systems

In view of the analogous multi-physics (multi-domain or mixed) nature of practical engineer-
ing systems, a unified development of models is possible and desirable. Then, suitable physical
variables (specifically the across-variables of the independent A-type energy storage elements
and the through-variables of the independent T-type energy storage elements) can be chosen as
the state variables of the model, which choice leads to a unique (i.e., just one) model

Also, it is desirable and possible to model all physical domains together (or concurrently).
This is the basis of the integrated development of models
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e The use of the unified, integrated, and systematic (with clear modeling steps) modeling
process, leading to a unique model, is the essence of mechatronic modeling

e Incorporation of multi-functional devices (e.g., piezoelectric elements which work as both
sensors and actuators) into the modeling framework is also facilitated by an integrated and
unified approach to modeling.

Our systematic procedure for the development of a lumped-parameter analytical model of a dynamic
system primarily involves the formulation of three types of equations:

1. Constitutive equations (physical laws) for the lumped elements

2. Continuity equations (or node equations or equilibrium equations) for the through-vari-
ables of the system

3. Compatibility equations (or loop equations or path equations) for the across-variables of
the system.

Among these, the constitutive equations have been studied in Chapter 2.

A continuity equation is the equation written for the through-variables at a junction (i.e., a node)
that connects several lumped elements in the system. It dictates the fact that there cannot be any
accumulation (storage) or disappearance (dissipation) or generation (source) of the through-vari-
ables at a junction (i.e., what comes in must go out) because a node is not an element but a junction
that connects elements. The summation of the forces (force balance or equilibrium) at a mechanical
junction, the currents (Kirchhoff’s current law) at a circuit node, the fluid flow rates (flow continuity
equation) at a fluid junction, or the heat transfer rates at a thermal junction, and equating it to zero,
provides a continuity equation. Clearly, all through-variables at a junction, including those of the
source elements (input elements), should be included in writing a node equation.

A compatibility equation is the equation written for the across-variables around a closed path
(i.e., a loop) connecting several lumped elements in the system. It dictates the fact that at a given
instant, the value of the across-variable at a point in the system should be unique (i.e., it cannot have
two or more different values). This guarantees the requirement that a closed path is indeed a closed
path; there is no breakage of the loop (i.e., it is compatible). The summation of the velocities, or the
voltages (Kirchhoff’s voltage law), or the pressures, or the temperatures around a loop of elements
in the system, and equating it to zero, provides a compatibility equation. Again, the across-variables
of all the source elements in the loop should be included as well in writing a loop equation.

3.3.1 Sters oF MODEL DEVELOPMENT

The development of a suitable analytical model for a large and complex system particularly requires a
systematic approach. Tools are available to aid this process. The process of modeling can be made sim-
ple by following a systematic sequence of steps. The desirable main steps of modeling are listed below:

1. Identify the system of interest by defining its purpose, operation, and the system boundary
(physical or virtual)

2. Identify/determine the variables of interest. These include inputs (forcing functions or
excitations), outputs (responses), and state variables (when possible)

3. Approximate (or model) various components (or processes or phenomena) in the system by
ideal elements, which are suitably interconnected (Which determines the model “structure”)

4. Draw a structural diagram (e.g., electrical circuit, mechanical circuit, free-body diagram
(FBD), linear graph, bond graph) showing the individual elements of the system and their
interconnection (structure)

5. (@ Write the constitutive equations (physical laws) for the elements (not for the sources—

input components)
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(b) Write the continuity (or conservation) equations for the through-variables (equilib-
rium of forces or torques at joints; current balance at circuit nodes, fluid flow balance,
etc.) at the nodes (junctions) of the system

() Write the compatibility equations for across-(potential or path) variables around the
closed paths formed by the system elements. These are loop equations for velocities
(geometric connectivity), voltage (potential balance), pressure drop, etc.

(d) Eliminate the auxiliary variables, which are redundant and not needed in the model.

6. Express the system boundary conditions (only for distributed-parameter models) and
response to initial conditions using system variables.

These steps should be self-explanatory and should be integral with the particular modeling tech-
nique that is used. The associated procedures will be elaborated in the subsequent sections and
chapters where many illustrative examples are provided as well.

3.4 STATE MODELS AND INPUT-OUTPUT MODELS

In this section, we study some key properties and characteristics of state-space models and input—
output models, in the time domain. Also, we observe the relationship between these two types of
models and learn how to convert one type of model into the other. Examples of analytical model
development in various physical domains are presented in the final section of the chapter.

* Input-Output Models: More than one variable may be needed to represent the response
(output) of a dynamic system. Furthermore, there may be more than one input variable in
a system. Then we have a multi-variable system or an MIMO system. A time-domain ana-
lytical model of the system may be developed as a set of differential equations relating the
response variables to the input variables. Specifically, this is a multi-variable input—output
model. Generally, this set of system equations is coupled, so that more than one response
variable appears in each differential equation, and each equation cannot be analyzed,
solved, or computer-simulated separately/independently.

» State-Space Models: A particularly useful time-domain representation for a dynamic sys-
tem is a state-space model. The state variables, as introduced in Chapter 2, are a minimal set
of variables that can define the dynamic state of a system. In the state-space representation,
the dynamics of an nth-order system is represented by n first-order differential equations,
which generally are coupled. This is called a state-space model or simply a state model. An
entire set of state equations can be written as a single vector-matrix state equation.

3.4.1 PROPERTIES OF STATE-SPACE MODELS

A state-space model (or simply a state model) is formulated using state variables. The choice of state
variables is not unique: many choices are possible for a given system. Proper selection of state vari-
ables is crucial in developing an analytical model (state model) for a dynamic system. As presented
in Chapter 2, in a unified, integrated, and systematic approach, leading to a single (unique) model,
a proper choice is to use across-variables of the independent A-type (or, across-type) energy stor-
age elements and the through-variables of the independent 7-type (or, through-type) energy storage
element as the state variables. Note that if any two elements are not independent (e.g., if two spring
elements are directly connected in series or parallel), then only a single-state variable should be
used to represent both elements. New state variables are not needed to represent D-type (dissipa-
tive) elements because their response can be represented in terms of the state variables of the energy
storage elements (A-type and 7-type) that are connected to it. In other words, D-type elements do
not introduce new state variables. State-space models and their characteristics are discussed in a
general sense now.
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3.4.1.1 State Space

The concept of state was introduced in Chapter 2. The word “state” refers to the dynamic status or
dynamic condition of a system. A complete description of the dynamic state of a system will require
all the variables that are associated with the time evolution of the system response (i.e., both “mag-
nitude” and “direction” of the response trajectory with respect to time). The state is a vector. The
vector space in which all possible values of the state vector can be defined is the state space. As a
dynamic system responds (to an input or an initial condition), its state vector traces out a trajectory
in the state space. For example, a second-order system requires a two-dimensional (2-D or planar)
state space, a third-order system requires a three-dimensional (3-D) state space, and so on.

3.4.1.2 Properties of State Models

A state vector x is a column vector, which contains a minimum set of state variables (x;, x,, ...,
x,), which completely determine the “dynamic state” of a dynamic system. The required minimum
number of states variables (), which is the order of the state vector, is also the order of the system.

3.4.1.2.1  Property 1

The state vector x(t,) at time 7, and the input (excitation) u[t,, #,] over the time interval [¢,, #,] will
uniquely determine the state vector x(¢,) at any future time ¢,. In other words, a transformation g can
be defined such that

x(t)=g(to.t1,x(to),ulto.1,]) (3.12)

By the causality property of a dynamic system, future states can be determined if all the inputs
from the initial time up to that future time are known. This means, the transformation g is nonantic-
ipative (i.e., inputs beyond #, are not needed to determine x(¢,). Each forcing function u[t,, #,] deter-
mines the corresponding “trajectory” of the state vector—the state trajectory. The n-dimensional
vector space formed by all possible state trajectories is the state space.

3.4.1.2.2  Property 2

The state x(¢,) and the input u(#,) at any time ¢, will uniquely determine the system output (or
response) vector y(t,) at that time. This can be expressed as

y(tn)=h(n. x(0),u(t)) 3.13)

This states that the system response (output) at time ¢, completely depends on the time, the input,
and the state vector at that particular time.

The transformation & has no memory—the response at a previous time cannot be determined
through the knowledge of the present state and the present input.

Note: In general, the system outputs (y) are not identical to the system states (x) even though the
former can be uniquely determined by the latter.

A state model (in the time-domain) consists of a set of n first-order state equations. They are ordi-
nary differential equations, which are coupled (i.e., inter-related or interacting). Also, a state model
has m output equations. In the vector form, a complete state model is expressed as

x=f(x,u,t) (3.14)
y=h(x,u,t) (3.15)
Equation (3.14) represents the n state equations (first-order ordinary differential equations) and

equation (3.15) represents the m algebraic output equations. If f is a nonlinear vector function, then
the state model is nonlinear, which is the general case.
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Summarizing:

e A state model is a set of n first-order differential equations (which are coupled) using n
state variables (which is an nth-order system)

» State equations define the dynamic state of a system at any time

* Required minimum set of state variables x,, x,, ... x, forms the state vector x

* Many choices are possible for state variables (i.e., the choice is not unique). This book
provides a justifiable unique choice of state variables

* The state vector traces out a trajectory in the state space

* To complete the state model, it must include the output equations (a set of m algebraic equa-
tions relating the output vector to the state vector). Sometimes, these output equations con-
tain input variables as well, indicating the presence of a “feedforward nature” in the system.

3.4.2 LINEAR STATE EQUATIONS

Nonlinear state models are difficult to analyze and simulate. Often linearization is necessary,
through various forms of approximations and assumptions. Linearization is studied in Chapter 4.
An nth-order linear, state model is given by the state equations (differential):

)'cl =anXx, +apx; +apixs +---+a,x, + b11M1 + blzuz + -t blru,

.72,'2 = a1 X +apx; +apxs+---+ax,x, + b21M1 + b22M2 +---+ bZ,M,

(3.16a)
xn =auX| T Xy + ay3X3 +tay X, bnlu] + bn2u2 +eeet bnrur
and the output equations (algebraic):
Vi =Xy +CXy +Cp3Xxs + o Xy Hdyuy +diiy + -+ dyu,
V2 = CouXy +CnXp + C3Xz + 0+ Cop Xy + dogity + dyotty + 00+ do
(3.17a)

Ym = CmiX1 + CpaXo + Cp3X3 + 2+ Cpp Xy + dmlul + dmZuZ +oeet dmrur

Here, x; = dx;/dt; x,,x,,...,x, are the n state variables; u,,u,,...,u, are the r input variables; and
Vi,Y2,...,Ym are the m input variables. Equation (3.16) simply states that a change in any of the n
state variables and the r inputs of the system will affect the rate of change of any given state vari-
able. Both the state equations given by (3.16a) and the output equations given by (3.17a) are needed
for a complete representation of the state model. The output equations in general contain the input vari-
ables, as indicated in equation (3.17a), which happen when the system has “feedforward” characteristics
(i.e., one or more inputs are directly exerted on the output). More often, however, the input variables are
not present in this set of output equations (i.e., the coefficients dj; are all zero in equation (3.17a)).
This state model may be rewritten in the compact vector-matrix form as

%= Ax+ Bu (3.16b)
y=Cx+Du (3.17b)
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Conventionally, a boldface upper-case letter represents a matrix, and a boldface lower-case letter
represents a vector, typically a column vector. Specifically, we have

[ X Xi [ apn ap i by, by b,
= x.z g= X A= 0‘21 0.22 a?n ‘B= by by e by .
R Xy | an G dm by by - by
[ 1 C12 Cin | dy, dy, dy,
c=| o po| e
| Cml Cm2 o Cm | A d> o dyy
Also,
T
x:|: X Xa Xy ] =state vector (nth order)
T
u=|: u Uy v U :| =input vector (rth order)
T
y :[ Vi Y2 Ym ] =output vector (mth order)

A =system matrix (nXn)

B=input distribution matrix (nXr)

C=output (or measurement) gain matrix (mxn)
D =feedforward input gain matrix (mxr)

Note: [ ]7 denotes the transpose of a matrix or vector. The system matrix A tells us how the system
responds naturally (freely) in the absence of any external input, but it is needed as well to determine
the system response in the presence of an external input. The input distribution matrix B tells us
how the input u affects (i.e., how it is amplified and distributed when reaching) the system.

3.4.2.1 Time-Invariant Systems

The functions f and k in equations (3.14) and (3.15) show their explicit dependence on time . Then,
the corresponding dynamic system (state model) is said to be time-variant (or nonstationary or non-
autonomous). That means, the system parameters (such as mass, stiffness, capacitance, inductance)
vary with time. In the time-variant case, the system behavior depends on the time origin, for a given
initial state and input function. If the system parameters do not change with time, the functions f
and h will not have an explicit 7 in its representation. Then, the corresponding system (state model)
is said to be time-invariant, or stationary, or autonomous. A linear system is time-invariant if (and
only if) the matrices A, B, C, and D (in equations (3.16) and (3.17)) are constants.

3.4.3 DEerivATION OF INPUT—-OUTPUT MODELS FROM STATE-SPACE MODELS

Once a state-space model is obtained, it is easy to convert it into a time-domain input—output model.
In the general, nonlinear case, suppose the equations (3.15) and their derivatives are substituted into
(3.14) to eliminate x and x, and get a set of differential equations for y (with u and its derivatives
present). The result is the input—output model, in the time domain. If these input—output differential
equations are nonlinear, then the system (or strictly, the input—output model) is nonlinear.

The analytical procedure of achieving this for a linear, time-invariant state model is as follows:
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1. Successively differentiate the equations (3.17) (e.g., y = Cx + Dir)
2. Eliminate x by substituting equations (3.16) (e.g., y = CAx + CBu + Du)

3. Use the resulting equations to eliminate the remaining state variables.

A matrix equation cannot be given for the last step. The final I-O equations have to be determined
by using the actual resulting equations (see Example 3.4).

Example 3.3

The concepts of state, output, and order of a system, and the importance of the system’s initial
state can be shown using a simple example. Consider the rectilinear (translatory) motion of a par-
ticle of mass m subject to an input force u(t) (Figure 3.7).

By Newton’s second law, its velocity v can be expressed as the first-order differential equation:

m@:u(t)or\'):iu (i)
dt m

This is a first-order model, which is completely represented by a single state equation with the
state variable v. This equation is also the input-output model of this system. Furthermore, it satis-
fies the formal definition of a state (state vector in general, but a scalar in the present example) as
stated before. Specifically, by integrating (i), we get

v=vo+i u-dt (i)
m

where vo=velocity at t=0.

Equation (ii) is consistent with the formal definition of state because it says that we can deter-
mine v at time ¢ by knowing the v at time 0 and the input u from time O to t.

Next we can show that the position x of the mass does not constitute a complete state of it. To
show that, we integrate (ii), again from t=0 to t. We get

T
x=x0+v0t+iJ‘J‘u-d’r~dt (iii)
e

Note: We have introduced the dummy variable 7 for time, for the first integration, which is inde-
pendent of the second integration.

Equation (i) says that to determine x at time t, we need to know both x and v at time 0 (not
just x at time 0) and the input u from time 0 to t. This is not consistent with the formal definition
of state, and hence, x alone cannot completely represent the state of a point mass. If we need

Inertial

reference
% >V

m — ull)

FIGURE 3.7 Point mass in rectilinear motion under a force.
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to know x as an output, we have to use both x and v as states. Then we have a second-order
state vector:

x=[x ]

The corresponding two state equations are:

The associated model matrices are:

A:[ 8 (1) ]; B:[ I/Om ]; c=[1 0]

Note: The use of x as well is not a natural choice of states for this system (a mass particle in transla-
tory motion) since we know that, naturally, the system is first order, not second order. Because we
seek an “unnatural” output (position x) for the mass, we get the unnatural result of a second-order
model for a first-order system (which has only a single energy storage element). This further sup-
ports our previous assertion (see Chapter 2) that the natural state variable for a mass (an A-type
element) is its across-variable, which is v.

LEARNING OBJECTIVES

1. Simple investigation into the concepts of state and order of a system/model

2. The natural choice of state variable may have to be modified depending on the required
output

3. The system order may have to be modified depending on the required output.

3.4.3.1 System Order

The “order” of a dynamic system (model) indicates the dynamic “size” of it. The order may be
defined/indicated in many ways, but all of them indicate the same thing. The following are some
common indicators of the model order:

. Number of independent energy storage elements

. Number of state variables (i.e., order of the state vector)

. Order of the system matrix A (in the linear case)

. Number of initial conditions required to determine the system response

. Order of the input—output differential equation (time-domain I-O model)

. Order of the denominator polynomial of the system transfer function (i.e., the frequency-
domain I-O model—see Chapter 6)

7. Number of eigenvalues of A (or poles—roots of the denominator equation of the transfer

function—see Chapter 6).

AN BN~

Some of these indicators are general (e.g., 1, 2, 4, 5) while some others assume a linear or linear and
time-invariant system (e.g., 3 assumes a linear system while 6 and 7 assume a linear time-invariant
system).
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Example 3.4

Convert the following five state-space models into input-output models:

).Cl :le +3X2+M1 )&1 :2X1 +3X2 +u ).Cl :2X1 +3XZ
@k =xi—x2—up ;(b) X =0x—x, ;O X =x1-x, ;
y=x+2x; y=x1+2x; y=x1+2x;

).C1=2X1+M )&1=2x1+3x2+u1

d) iy =x1—x2; (@ Xy =X, — X2 — 11

y=x y=x;+2x;, + 3y
Solution
(@)
X1 =2x+3x, +uy
X=X =Xy~ (i)
y=Xx+2x,

Differentiate (i): y = x, + 2x,
Substitute state equations:

}’7:2)(:1 +3XZ +u, +2(X1 — X2 —Mz)
(i)
:4X| + X, + Uy —2M2
Differentiate (ii):
j}:4x1 +x2 +111 —21,-£2

Substitute state equations:

j}=4(2)€1 +3X2+M1)+X1 — X2 —M2+l.£1 —21122
(iii)

=9x; +11x, +4uy —u, + 14y — 21t

Substitute (i) to eliminate x;:

(i) : )'J=4(y—2x2)+x2 +u —2u, =4y —"Tx, +uy — 2u,
(iii): $=9(y—2x2)+11x, +4u —up + 1ty — 2uis

=9y —Tx:+4u; —uy + 1ty —2u,

Subtract the first result from the second to eliminate x,:
j}—).)=9y+4141 — Uy +I;{1 —2u2 —4y—141 +2M2
=5y+3u1 +u, +l/.£1 —2l;iz

ﬁy—y—5y=3u]+uz+u]—2u2
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Note: This is a “two-input single-output” system. We can consider one input at a time (u; or u,),
which will result in two SISO systems. Then, in view of the system linearity, we can apply the
“principle of superposition” with the two SISO results, to determine the output (y) when both
inputs are present.

(b)
)’C] = 2X1 +3x2 +u
Xy =X — X3 (i)
y=x1+2x;

Differentiate (i): y = x, +2x,
Substitute state equations:

y=2x+3x+u+2(x;—x3)
(ii)
=4x;+x,+u

Differentiate (ii):

y=4x1 +)E:2 +u:4(2)€1 +3XZ +M)+(X1 —X2)+L.i
(iii)

=9x,+11x, +4u+u

Substitute (i) to eliminate x;:

(i): y=4(y-2x)+x+u=4y—Tx,+u
(iii): §=9(y—2x)+11x, +4u+u
=9y-Tx,+4u+u
Eliminate x, (Subtract the first result from the second result):
Vy=y=9y+4u+tu—-4y-u
=5y+3u+u
=V-y-5y=3u+u

This is a SISO system.
Note: This result can be obtained from the result of Part (a) by simply setting u; =u and u, = 0.

©
X1 =2x+3x,
Xo =X — X (i)
y=x1+2x;
Differentiate (i):

).72).61 +2)‘Cz =2X1 +3X2 +2(X1 —Xz)
(i)

= 4X] + X,
Differentiate (ii):

j}=4).61 +).62 =4(2X1 +3X2)+(X1 _X2)
(iii)
=9x;+11x,
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Substitute (i) to eliminate x;:
(i) : )'7:4[y—2x2]+x2 =4y—Tx,

@iii): §=9(y—2x)+11x,=9y—7x,

Subtract the first result from the second to eliminate x;, :

Vy—y=9y—4y=5y
=j-y-5y=0

This represents the free (natural) response of the system (i.e., no input).
Note: This result can be obtained from Part (a) or Part (b) by simply setting the inputs to zero.

@

X =2x+u
X2 =X — X (i)
y=x
Differentiate (i): y=x;=2x,+u (ii)
Substitute (i):
y=2y+u
=>y-2y=u

This is a “first-order” system. It is not coupled with the subsystem denoted by x, = x; — x, and is
a completely independent first-order system. However, the subsystem denoted by X, = x; —x; is
influenced by the first (uncoupled) subsystem.

Note: If the output depends on both x; and x,, then, the second subsystem has to be included
in the model, and the overall system becomes “second order.”

E.g. 1: Lety=x;+2x; (i)

Differentiate and substitute state equations
y:)'c1+2)'c2 =2x1+u+2(x1—x2)
(i)
=4x—2x,+u
V=4x 2% +u=42x,+u)-2(x,—x;)+ 1
(iii)
:6.X1 +2.X2 +4u+u
Substitute (i) to eliminate x;:

(i): y=4(y—2x)-2x, +u=4y—10x, +u

(ii): $=6(y—2x:)+2x, +4u+i=6y—10x, +du+i
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Subtract first from the second (to eliminate x,):

Vy—y=6y+du+u—-4y—-u=2y+3u+u

=>yV-y-2y=3u+u
Note: Clearly, this is a second-order system.
Eg.2: Lety=ux, (i)

Differentiate and substitute state equations
V= Xp = X1 — x(ii)
V=X — X% =2x;+u—(x,—x;)

(iii)

=x1+x,+u

Substitute (i) to eliminate x,:
(): y=x-y

(iii): y=x+y+u

Subtract first from the second (to eliminate x):
yoy=ytuty
=y-y-2y=u

Note: This is also a second-order system (the LHS is identical to before, representing common
“free” dynamics).

©
X1 =2x; +3x + 1y
Xy =X =Xy — Uy (i)
y=x; +2x, +3u

Differentiate (i):

_)‘72).61 +2)‘C2 +3L‘tl = 2x1 +3XQ +uy +2(.X1 — X3 —M2)+3L.£1
(i)
:>)'7=4x1 + X, +uy —2u2 +3L.£1
Differentiate (ii):
y=4xl+x2+l/t1 —21/.12+3l.4-1
:4(2X1+3X2+M1)+xl—XQ—M2+I;£1—2I;{2+3121 (“l)

:>j5=9x1 +11)C2 +4M] — Uy +I,i| —2u2 +3M1
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Substitute (i) in (ii) and (iii) to eliminate x;:
(ii): y=4(y—2x—3u)+x2 +u —2u, + 3y
=4y—"Txy, — 11wy — 2u, + 31y
(ii):  §=9(y—2x, —3u )+ 11xs +du; —u, + 1ty — 2u, + 3ii

:9y—7xZ—23M1 —Ll2+l/.£1 —21/.lz+31:l.1

Subtract to eliminate x,:
V—y=9y—23u; —uy + 1ty — 211, + 3ii; — 4y + 11wy + 2uy — 31y
=5y —12u; +uy — 2uy — 21, + 314
= §— V= Sy =—12u1 + 1> — 24y — 24t + 3l
In this model, the highest order of the input side (i.e., & term) and of the output side (i.e., ¥ term)
is the same. This is a property of a system with the “feedforward” characteristic.

Note: The above result can be obtained from the result of Part (a) as follows:
Define a new output variable as:

Y =y-3u (iv)

Then the output equation becomes: y" = x; +2x,
This transformed problem is identical to that of Part (a) albeit with the new output variable y".
Hence, the input-output model of the present problem can be stated as (from the result of Part (a)):

V' =y =5y =3u +u, + 1y — 2ty

Transform back the original problem using (iv):
(¥ =3ii) = (y = 3th) = 5(y = 3uy) = 3uy +u + 1ty — 2u

On simplifying we get: § — y— 5y = —12u; + u, — 21y — 21, + 3y
This result is identical to what we obtained before.

3.5 MODELING EXAMPLES

From the foregoing discussions and illustrative examples, the following statements can be made:

* State vector is a least (minimal) set of variables that completely determine the dynamic
state of system. Hence, a state variable cannot be expressed as a linear combination of the
remaining state variables

e State vector is not unique. Many choices are possible for a given system

e Output (response) variables can be completely determined from the state variables

e State variables may or may not have a physical interpretation.

3.5.1  SyYSTEMATIC DEVELOPMENT OF A STATE MODEL

The steps for developing analytical models have been identified. At this stage, let us focus on state-
space models. The key steps in our systematic approach for formulating a state-space model are
given now.

Note: We assume that the inputs (#) and the outputs (y) of the system are specified or identified.
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Step 1: Identify the physical elements in the system (e.g., energy storage elements, energy
dissipative elements, input/source elements) and draw a structural diagram (e.g., circuit
diagram, linear graph—Chapter 5, bond graph, etc.) to show how they are interconnected

Step 2: Identify the state variables (vector x). These are the across-variables of the indepen-
dent A-type energy storage elements and the through-variables of the independent 7-type
energy storage elements. Two energy storage elements (e.g., springs) are dependent if they
can be combined into (represented by) a single energy storage element of the same type

Step 3: Write the constitutive equations for all the elements in the system (including the energy
storage elements, energy dissipative elements, and two-port elements—see Chapter 5),
while excluding the source (input) elements (a source has an independent variable, which
is not affected by the system dynamics)

Step 4: Write the continuity equations for the through-variables for all the nodes, less 1 (node
is a point that connects two or more system components. If there are n nodes in the system,
only n—1 node equations are independent. The other node equation can be formed by
combining the first n — 1 node equations)

Step 5: Write the compatibility equations for the across-variables around all the independent
loops (a loop is a closed path that is formed by two or more system components. It is inde-
pendent if it cannot be formed by combining the remaining loops)

Step 6: Form the state-space shell. It is formed by the constitutive equations for the indepen-
dent energy storage elements. Eliminate the auxiliary variables in the state-space shell (by
using the remaining equations from steps 3, 4, and 5)

Note: In the state equations, we keep only the state variables and the input variables. Any
other variable is an auxiliary (unnecessary/redundant) variable in the shell equations

Step 7: Express the outputs in terms of the state variables.

Note: Sometimes (i.e., in the presence of the feedforward character), an output equation may have to
include one or more input variables as well.

Now we present several examples in the mechanical, electrical, fluid, and thermal domains for
the systematic development of a state-space model. In some examples, the conversion from a state-
space model to an input—output model is illustrated as well.

3.5.2 MODELING IN THE MECHANICAL DOMAIN

In the mechanical domain, the modeling approach is facilitated by the use of a structural diagram
similar to the circuit diagram that is used in the electrical domain. Furthermore, sometimes, the
loop equations may be automatically satisfied in a mechanical system (if the across-variables are not
introduced separately, and if some of them are defined in terms of other existing absolute variables).
Also, (1) for an inertia element, the inertial reference (with zero velocity) is always one end of the
element; and (2) for a mechanical source, one end is always fixed (with zero velocity). Hence, their
across-variables are “absolute” variables.

Example 3.5

A rigid mechanical object of mass m is cushioned by a flexible pad represented by two springs
of stiffness k; and k, and a damper of damping constant b. It is excited by a source with force f(0).
A sketch of the device is shown in Figure 3.8. The velocity of the mass is v. The across-variables
of (change in velocity across) the other elements are also shown in the figure. The output of the
system is the velocity v of the object. The three independent loops of the system are shown as
well, to assist the solution of the problem.

a. Sketch a circuit diagram showing the nodes of the system, and mark suitable through-
variables (forces) at the nodes.
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FIGURE 3.9 Mechanical circuit with the node details.

b. Using the detailed systematic approach, develop the state-space model for this system.
Why are the loop equations not automatically satisfied?
c. Express the model, including the output equation, in the vector-matrix form.

Solution

@
See Figure 3.9.

(b)

Constitutive Equations

State-Space Shell

To formulate the state-space shell, we write the constitutive equations of the independent energy
storage elements. In the present system, there is a mass element and two spring elements, all of
which are independent. The associated three equations are written now.

For k;: % =k

For kz: % = ksz

dv
Form: m—=1F,
dt ’

81
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Remaining Constitutive Equation

Forb: f,=bv,

Loop Equations
To write the loop equations, we use Figure 3.8. It shows the three primary loops. We use the sign
convention where “velocity increase,” shown by an arrow, is taken positive.

Loopl: vi—v=0
Loop2: v—v,=0
Loop3: —vi—v,+1, =0

It is seen that the loop equations are not automatically satisfied here because we had defined
separate across-variables (velocity changes) for all the elements in the system, not the absolute
velocities at the joints.

Node Equations

To write the node equations, we use the circuit diagram shown in Figure 3.9, which separates
the elements of the system, showing its nodes. There are six nodes in this system. Only five node
equations should be written, however, because the equation of the remaining node is determined
from the equations of the first five nodes. Using the nomenclature for the forces, as indicated
in Figure 3.9, and taking the forces acting to the right as positive, we write the following node
equations.

Node 1: f5—f(£)=0

Node 2: fi,—fo=0

Node 3: fi,—fi=0

Node 4: f,— fu=0

Node 5: fsi—fi—f,—fn =0 (Note: This is the node representing all the forces

applied to the mass m. f, is the inertia force)
As a check, we write the equation for node 6: fi, + f, + f, — f(©)=0.
This equation is obtained simply by combining the previous five node equations, and hence,
it is not independent.

Auxiliary Variables
We eliminate the three auxiliary variables in the state-space shell, by using:

le fh 1
_td o, Jh 2
B, v b bfkl

VISV, =V, =

(from loop 2 and 3 equations+damper constitutive equation+node 4 equation)
Vo=V

(from loop 2 equation)

In=f—f—H=T-Tpn=fO)- fu— fie

(from nodes 1, 2, and 3 equations)
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State Equations
On substituting for the auxiliary variables in the state-space shell, we get the final state-space
equations

d k
@:kzv

dt

dv 1

- = 1) — —
" m[f() fa—fir]

Output equation: y=v

©
The vector-matrix form of the state equations and the algebraic output equation can be easily
obtained from the obtained model.

State vector x = [fk] fr2 v]T; inputu=[f(1)]; output y =[v]
The corresponding matrices are

_k

ki 0
b 0
A=| k 0 0 ; B= ; C=[0 0 1]
1/m
o L _1
m m

LEARNING OBJECTIVES

1. Proper choice of state variables

2. Systematic development of a state-space model

3. Modeling of mechanical systems

4. Implications of the across-variable choice on the loop equations.

Important Comments

1. Some of the continuity equations (node equations) and compatibility equations (loop equa-
tions) may be automatically satisfied by the particular choice of variables. Then, the cor-
responding equations are redundant (not in the above example)

2. Some of the node equations and/or loop equations may not be needed for the elimination
of the auxiliary variable in the state-space shell

3. The reference for the inertia elements and the input elements is the ground (inertial refer-
ence, with zero velocity).

3.5.3 MODELING IN THE ELECTRICAL DOMAIN

In the electrical domain, the modeling approach is facilitated by the use of a circuit diagram. Then,
the usual modeling steps are followed. The element equations introduced in Chapter 2 are used in
writing the constitutive equations. The node equations and loop equations are easy to write, through
the use of the circuit diagram. These facts are illustrated in the following example.

Example 3.6

A bridge network is shown in Figure 3.10. v, and v, are the voltage inputs to the circuit. Using the
voltage v¢ across the capacitor (with capacitance C) and the current i, through the inductor (with
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FIGURE 3.10 A bridge network.

inductance L) as the state variables (which corresponds to the “unique” choice in the learned
modeling approach), obtain a complete state-space model. The circuit output is the voltage across
the capacitor.
How would you determine the corresponding input—output model (differential equation)?
Note: R;, R, R;, R, are the resistances of the four arms of the bridge; L: “extra” bringing element;

C: load (output). If &z %, we have a balanced bridge.

2 4
Solution

In Figure 3.11, we have indicated the important variables and other useful information of the circuit.
It identifies some auxiliary variables, three “independent” nodes, and three “independent” loops.

Constitutive Equations

C: C%C =ic ()
] state-space shell

L: L% =v, (i)
R :vi=Rj (iii)
Ry :va=Rois (iv)
R; vy = Rsis (v)
Ry :vy=Ryiy (vi)

Node Equations

ih—i3—ip =0 (vii)
i—ic+i;=0 (viii)

iL—i4+i2:0 (IX)
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FIGURE 3.11 Circuit variables
Loop Equations
—VC—V3—V1+Va:0 (X)
—Vb+V2+V4+VC=O (X[)
vi—vy—v, =0 (xii)
In the node equations and the loop equations, we have used the standard sign convention.
Eliminate the auxiliary variables in the state-space shell.

ceen . . . V3 V4
V). lc =13+l =—+— X1
(viii): ic =3+ 14 & R (xiii)
(Xil): vy =v3—vy (xiv)

Determine v; and v, in terms of the state and input variables (i.e., variables that need to be kept)
and substitute in (xiii) and (xiv):

(Vi) =2~ i, =0 (xV)
1 3
Substitute (x) in (xv):
i(—vc—v3 +v,)———i, =0
R] 3
:>(1+1)v3=—vc+v“—iL (xvi)
1 R3 Rl Rl
V3 1 Rl
—= —Ve+v,)— i
R3 (R1+R3)( ¢ ) (R1+R3) ‘
(x)ip -2+ 220

85
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. " . . . V4 1 1 1 Ve Vp .
Substitute (xi) in this result: iy ——+—(v, — vy —v.)=0 = | —+— [w=——"F+—"+i,
4 2 2 R4 R2 RZ
V4 1 R2 . ..
Va _ vt )2 Xvii
R (R2+R4)( ve+ ) (Ri+ R bevid
Substitute (xiii) and (xiv) with (xvi) and (xvii) into (i) and (ii):
dVC 1 Rl . R2 .
e~ (—vetv,)- ip + —Ve+V )+ ———
dt (R1+R3)( c+va) (Ri+Ry) " (R2+R4)( c+w) (Ri+ R
di; R RR; . R, RR,
I N +v,)— — — + e
dt (R1+R3)( e tva) (R+R,)" Ror k) ) R v R

On grouping the like terms, we get the state equations:

Cdl—— ! + ! Ve — R — R, ip + ! Vv, + ! Vv
dr (R+R) (R+R) | |(R+R;) (R+R)|" (R+R) ‘ (R+R)) "

b

diy, R; R, RR; RR, . R; R,
L—=— - Ve — + ip + Vg — v
dt (Ri+R;) (R+Ry) (Ri+R;) (R+Ry) (Ri+R;) (R, +Ry)

Output Equation: v, = v¢
State vector:[vc ir ]T

T
Input vector:[va vb]
Output vector=[v, ]

Model Matrices

[ 1 1 R, R,
n - (R1+R3)+(R2+R4) | (R+R) (Ry+R,)
- Ry R, RiRs RyR, |
| (R+R) (R+R)| | (R+R) (R+R))
[ 1 1
B= (R1;%R3) (RZ ';fzt) : C:[l 0], D:[O 0]
(R+R)  (R+R,)

To determine the I-O model, eliminate i;, from the two state equations.

Step 1: Substitute the first state equation and its derivative into second state equation.
Step 2: Replace v by v,.

3.5.4 MODELING IN THE FLuiD DOMAIN

First we present some important concepts in the development of lumped-parameter fluid models.
Next we indicate several special considerations that can be made when modeling pneumatic sys-
tems, which have elements that are more compressible than hydraulic elements. We end the treat-

ment with an illustrative example.
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()
—_ | N
h
PO p— b
o— EER = 5 M
(Input) R 1 (Output)
P=F -F
(b)
— | N
hl
Pyt il
0'—| | | of
N
(Input) I R (Output)
P=r-p

A

FIGURE 3.12 Lumped model of fluid flow through a pipe into a tank. (a) Case 1; (b) case 2 (with elements
interchanged).

3.5.4.1 Commutativity of Series Resistor and Inertor Elements

Consider the case of a pipe flow represented by the two lumped elements: Fluid resistor (R) and
fluid inertor (7), driven by the pressure source P (), feeding into a uniform storage tank, as shown
in Figure 3.12a. This is called Case 1. When the two lumped elements are interchanged, we get the
model in Figure 3.12b. This is called Case 2, where the conditions change to those marked with (*).

Note: The variable P represents the pressure drop (an across-variable), not the absolute pressure.

Element (Constitutive) Equations for Case 1:

RQ =P
IdeZP}
dt
Add: RQ+Idd—?:PR +P=P=PF-P
= RQ+1Q=R—P,, (3.18)
dt
ap,

with Cyr =1 = 0 (3.19)
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By substituting (3.19) into (3.18), we get the input—output system equation (a second-order differen-
tial equation in P,):

d’p, dp,
IC,., +RCyy —+ B, =Pt 3.20
g dt2 gl dt h ( ) ( )

Element (Constitutive) Equations for Case 2:

199" _ 4
dt
RQ"=P;
Add: RQ'+1d£ =P/+P,=P—-P/ =P
= RO'+I 2t B -F (3.18")
dt
with ng‘% =0 (3.19°)

By substituting (3.19’) into (3.18’), we get the input—output system equation (a second-order differ-
ential equation in Py):
2pr ’
ICyy C;Tfh + RC,,, ddith + B/ =P(2) (3.20")

From (3.20) and (3.20’), it is seen that we get the same overall system equation (input—output model)
in the two cases.

The inertor and resistor elements are commutative (interchangeable), and the two systems shown
in Case 1 and Case 2 are equivalent.

In particular, for the same input P (f), we will get the same output = P, =P, and Q'=Q

Furthermore, since the element parameters (R or /) and the fluid volume flow rate (Q) are the
same in the two cases, we must have the pressure drops across the corresponding elements in the
twocases: Pr=P; and P/=P

Note: By induction, we can prove that this property of commutativity is satisfied by any number
of R and / elements that are in series (i.e., having a common through-variable).

3.5.4.2 Extension of Commutativity

The R and 7 elements in the system of Figure 3.13a may be regrouped as in Figure 3.13b. This
is accomplished simply by interchanging the elements /, and R,, which are commutative accord-
ing to the result obtained before. Then, the like elements may be combined to give the equivalent
parameters:

R, +R, =R
I,+1,=1
General steps for combining series R and / elements
1. Group together the elements of the same type, by considering two elements at a time

2. Add the resistances to give the equivalent resistance R,
3. Add the inertances to give the equivalent intertance I
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(a)
P (1) Pr P, P P,
O—p | | | | | | | | 5
R, 1, R, 1,
(b)
R
O—» | | | | | | | | - I
R, R, T 1,

FIGURE 3.13 An example of commutativity of series elements. (a) Original model; (b) equivalent model.

3.5.4.3 Generalization
The generalization of the commutativity to any number of cascaded pairs of series R and I elements
can be proved “by induction.” This is done now.
We have proved commutativity for the case of one series pair of R and / elements (i.e., for n=1).
To prove the general result (i.e., for any n), first assume: Commutativity is true for n. Then we
will show that it is true for n+ 1. Hence, by induction, it is true for any n, since it was shown to be
true for n=1.

Step 1: Since commutativity is assumed for n pairs, group all » number of R-elements together
(hence, the n number of I-elements are also grouped together).

Step 2: Add the n + first series / and R elements to the grouped » pair.

Step 3: Using the result for n=1 (already proved), interchange the added two elements,
if necessary — Grouped n+1 number of R-elements and grouped n+1 number of
I-elements — Commutativity holds for n + 1 pairs — Proof is complete.

3.5.4.4 Pressure Head in a Vertical Pipe
Consider the vertical pipe segment as shown in Figure 3.14. For the present discussion, neglect
inertance and resistance.

If we ignore the capacitance due to gravity head of the vertical pipe segment (because the area of
cross-section of the pipe can be considerably small compared to that of the tank; Note: Gravity head

capacitance is A —see Chapter 2), then the flow rate Q=0 (from the equation of a fluid capacitor).

Consequently, the pressure drop in the vertical pipe segment: P, — P, = constant.
Then, we can include this constant pressure drop (gravity head) as a constant pressure “input”
(source) rather than a fluid capacitance.
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5 . p
h
-
H
F, = pgH
r
R(t)< > Pump
N—1]

FIGURE 3.14 Effect of the gravity head from a vertical pipe.

Specifically, with P, = pgH , we modify (reduce) the pressure source as P, — P,, where H=height
of the pipe segment.

Note: Nevertheless, any pressure drops that are due to fluid resistance or inertance have to be
included separately, if they are present in the actual pipe segment.

3.5.4.5 Parallel Connection of Fluid Capacitors

Consider the situation of compressible fluid flow into a tank of flexible (deformable) wall, as shown
in Figure 3.15.

Here, the overall fluid flow (volume) rate Q into the tank is the result of three separate flow rates,
due to:

1. Compression of the fluid bulk
2. Expansion of the tank
3. Gravity head of the fluid column.

dpP . dP
However, we cannot use Chpyy d— = O, for effect 1, neither can we use Cijgic d— = Q, for effect 2
t t

because the pressure is not uniform within the fluid body in the tank, unless / is relatively very
small.

dpP
Nevertheless, we can use Cypyy d— = (s for effect 3 because here, P represents the pressure at the
t
bottom of the tank (wrt the atmospheric pressure).

3.5.4.6 Thin Fluid Layer Approximation

Suppose that & is very small. Then, the pressure difference P = P, — P, represents the pressure in
the entire fluid (wrt the ambience), since this fluid quantity is small, and P is common to all three
flows listed above, where

B =pressure at the bottom of the tank
P,=ambient pressure
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Pressure drop p=p_p

1 a

FIGURE 3.15 Flow of compressible liquid into a flexible tank.

P P P
Adding the individual flow components, we have C, CZ— + Ceastic % + Cyrav 62— =01 +0,+0;=0.
t t t

This is a case of parallel connection (pressure is common and flow rate is additive).

Hence C CZ—I:

with Ceq = Cbulk + Celastic + Cgrav

Note: If h is not small, we have to partition the fluid in the tank into many layers and write equations
for each thin layer separately, in this manner (or, integrate the effects of infinitesimal layers). This
case is considered under linear graph modeling, in Chapter 5. The situation is further complicated
by the fact that due to the tank flexibility, the area of cross-section of the tank changes with the fluid
pressure.

Note: An example of two fluid capacitors in series is the case of an incompressible liquid column
(Cery) in a rigid tank with a flexible (spring-loaded) cap or accumulator (Cejagic)- Then the equiva-

1 1 1
lent capacitance (Ceq) is given by —— = +
eq Celastic Cgrav

(see Problems 3.13 and 3.14 at the end of the
chapter).

3.5.4.7 Pneumatic Systems
For pneumatic (gas) systems, pressure is the across-variable (as for hydraulic systems). However, in
view of the relatively high compressibility of the flowing fluid (gas), it is desirable to use the mass
flow rate Q,, as the through-variable (unlike in hydraulic systems where the volume flow rate Q is
the through-variable). This modified representation of the through-variable, in pneumatic systems,
is considered now.

A-type Pneumatic Element (Fluid Capacitor):

. dp
For a hydraulic system : C; I =0

= pCy Z—f = pQ = Q,, = mass flow rate

. dP
For a pneumatic system we use: Cy¢ d— =0 (3.21)
t

Hence, pneumatic capacitance Cy,s = pCy (3.22)
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T-type Pneumatic Element (Fluid Inertor)

. d 1. do,
For a hydraulic system : I, a0 =P=—I 40 =
dt P dt
: dQ,
For a pneumatic system we use : I, e =P (3.23)
. 1
Hence, pneumatic inertance : Iy = — 1 (3.24)
P

dQo 140,

dQ,, = d(pQ) = d0 + Qd—p. Hence, the equation — = —
dt dt  p dt

Note: —— p—

dt dt dt

the mass density p is a constant. However, if we assume that the rate of change of p is much smaller
than the rate of change Q, this equation still holds.

Another way to approach this issue is by treat equation (3.23) as the constitutive equation for a

pneumatic inertor (linear) to begin with and not using the constitutive equation of a hydraulic iner-

is strictly valid only when

. 1
tor. Then, however, the relation I,,; = — 1, does not generally hold.
P

D-type Pneumatic Element (Fluid Resistor):
. Ry
For a hydraulic system : P = R;Q = —Q,,
p
For a pneumatic system we use : P = R;;0,, (3.25)

. . 1
Hence, pneumatic resistance : Ry, = — Ry (3.26)

Example 3.7

@

Consider two water tanks joined by a horizontal pipe with an on-off valve. With the valve
closed, the water levels in the two tanks were initially maintained unequal. When the valve was
suddenly opened, some oscillations were observed in the water levels of the tanks. Suppose that
the system is modeled as two gravity-type capacitors linked by a fluid resistor. Would this model
exhibit oscillations in the water levels when subjected to an initial-condition excitation? Clearly
explain your answer.

A centrifugal pump is used to pump water from a well into an overhead tank. This fluid system
is schematically shown in Figure 3.16a. The pump is considered as a pressure source P(t) and the
water level h in the overhead tank is the system output. The ambient pressure is denoted by P,.
The following system parameters are given:

L,, d,=length and internal diameter of the vertical segment of the pipe
Ly, dy=length and internal diameter of the horizontal segment of the pipe
A,=area of cross-section of the overhead tank (uniform)

p=mass density of water

u=dynamic viscosity of water

g=acceleration due to gravity.

Suppose that this fluid system is approximated by the lumped-parameter model shown in
Figure 3.15b. Rationalize this approximation.



Analytical Modeling 93

Overhead
(@ Pa Tank
Ln
< > Area = At Exit Valve
I.D.= dh (closed)
A /
p
I.D.= dv
LV
i 4 | [+
P, (1) > Centrifugal
— Pump
PU
Well B
(b)
Q Pa Req qu Cgrv h
—> Qe ( ) e XS] o »
Pit) 1 2 3

FIGURE 3.16 (a) A system for pumping water from a well into an overhead tank; (b) a lumped parameter
model of the fluid system.

(b) Give expressions for the equivalent linear fluid resistance of the overall pipe (i.e., combined
vertical and horizontal segments) R, the equivalent fluid inertance within the overall pipe I,
and the gravitational fluid capacitance of the overhead tank Cyy, in terms of the given system
parameters.

() Treating x = [}’3“ Q]T as the state vector (which is our preferred choice), where P,,=pressure

head of the overhead tank and Q=volume flow rate through the pipe, develop a complete
state-space model for the system. Specifically, obtain the matrices A, B, C, and D.
(d) Obtain the input-output differential equation of the system.

Solution

(@

If the inertia effects in the system are neglected, and only fluid capacitors are used as the
energy storage elements, there exists only one type of energy in this system. Then, the model can-
not provide an oscillatory response to an initial condition excitation (i.e., natural oscillations are
not possible). But, the actual physical system has fluid inertia, and hence, the system can exhibit a
free (natural) oscillatory response, to an initial condition (unequal liquid levels).

(b)

The pressure of the vertical pipe segment in Figure 3.16a may be included in the pressure
source. Then, after replacing P,(¢) by P.(t)— pgl,, we can use the model shown in Figure 3.16b. In
the following analysis, we assume that P,(¢) has this modified form.

Assuming a parabolic velocity profile (viscous, laminar flow), the fluid inertance in a pipe of

. . L 2pL . .
uniform cross-section A and length L is given by I = %, with the usual notation (see Chapter 2).
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Since the same volume flow rate Q is common to both segments of piping (i.e., continuity), we
2pL, 2pL, 8p |:LV L,

da; di |
. . . . . . . Lo 128uL
The linear fluid resistance (viscous, laminar flow) in a circular pipe is R= o (see Chapter
0

have, for series connection, Iy =——-+——3=-—"
Tdv ?dh T

2) where d=internal diameter. Again, since the same Q exists in both segments of the series-
12 L, L

connected pipe, R.q =

dy  dy
Also, Cyy = A
pg
©
State-Space Shell:
dﬂa
C TV =
e
aQ
I, "2 =P
Car P

Remaining constitutive equation: P, = R.,Q
Note: Continuity (node) equations are automatically satisfied.

Compatibility (Loop) Equations: P, = P, + Py + P, with B, = P.(t) and P;, = pgh

Now eliminate the auxiliary variable P, in the state-space shell, using the remaining equations.
We 8et P23 = Pla - PlZ - P3a = Px(t) - Rqu_ 1)30

Hence, the state-space model is given as follows.

State Equations:

dp, 1 .
& —Tng (i)
dg 1 .
= Ps t _Pa_ I
. Icq[ ()= Py~ R0 | (if)

. 1
Output Equation: h=—~;, (i)

P8

Corresponding matrices are:

0 1/Cyr 0 1
A= . B= ; C=| — 0 |; D=0
—Ifleq =R/l Ve P8

d
Substitute equation (i) into (ii):
d’Py, Py,
quCgrv d[z = f)s(t) - P3a - Rechrv d[
Now substitute equation (iii) for Ps,:
2
1Con S R G Pin= L Ry
dt dt P8

This is the input—output model.
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LEARNING OBJECTIVES

. Modeling of fluid systems

. Compensation for gravity head in a vertical pipe
. Proper choice of state variables

. Development of a state-space model

. Development of an input—output model

U1 A W N =

3.5.5 MODELING IN THE THERMAL DOMAIN

In the thermal domain, modeling is somewhat simplified by the fact that there is no thermal inductor
(there exist only thermal capacitor and thermal resistor). Now we present an illustrative example for
modeling in the thermal domain.

Example 3.8

A simplified model of an active chilled beam air-conditioning system is sketched in Figure 3.17.
The heat exchanger is represented by a copper slab of thermal capacitance C,. Its average
temperature is T,. The air that is pumped into the system (possibly recirculated from the cooled
space) enters the heat exchanger at temperature T, and leaves it (into the cooled space) at tem-
perature T,,.
The water that is pumped into the system from the chiller enters the heat exchanger at tempera-
ture T,, and leaves it at temperature T,,,. The following parameters are given:

m, =mass flow rate of air

m,, =mass flow rate of water

¢, =specific heat of air (at constant pressure)
¢, =specific heat of water

—> —> l
T Thermal Insulation
|,
«— 7, T 0, L+ [ o) Chiller
h,, A, c, U

7,,C, Water Pump

Heat ExchAanger Slab
——m T:"' ha’ Aa I T
—>4(C_)/-_" iy 0,
Air Handling (Chilled Beam)

Unit Thermal Insulation

Cooled Space

FIGURE 3.17  An active chilled beam air-conditioning system.
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C,=thermal capacitance of the heat exchanger

h,=convective heat transfer coefficient at the air-side of the heat exchanger, with effective
area A,

h,=convective heat transfer coefficient at the water-side of the heat exchanger, with effec-
tive area A,

a. What are the inputs and what are the outputs of the system?
b. Develop a complete state-space model for the system. Indicate some characteristics of
this model.

Solution

a. The inputs of the system are T, (a deliberate input) and T,; (an unintentional or distur-
bance input).

The outputs of the system are T, (the desired output), T,,, and T,. Of course, it is
up to the engineer (model developer) to decide which outputs among these should be
included in the model.

b. The constitutive equations are given below.

Heat exchanger slab (thermal capacitor):

dT, .
G —"=0,-0 (i)
dt

where
Q,=heat transfer rate from the air into the heat exchanger
0, =heat transfer rate from the heat exchanger into the water

Air-side wall (thermal resistor):

Qa:haAa(Ta_El) (”)

with T, = TitTe (This is a common approximation in modeling HVAC—heating venti-

lation and air-conditioning system equations)

Thermal resistance R, = L
haAa

Water-side wall (thermal resistor):

Qw = thw(Th - Tw) (“[)
B ﬂvi + ﬂt’(l . . .
with T, = —*—% (as commonly approximated in this type of models).
Thermal resistance R, = L
hWAW

Note: In general heat exchangers, A, # A,
Node equation (thermal energy conservation) for air flow:

maca’I:zi - maca’Ezo = Qa (IV)
Node equation (thermal energy conservation) for water flow:
"”lwcwﬂvi + Qw = mwvcvaw'o (V)

Now, we eliminate the auxiliary variables to obtain the state equation (first-order system)
from the state-space shell equation (i).
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Substitute (ii) and (iii) into (i):

oMo (1, -1)-(5-1) = 6| e = e T
dl R[l RW d R(l RVV d w
1 Tai + 7:10 1 Twi + Twn \*
R 0)
R, 2 R, 2
Substitute (ii) into (iv):
T=Tym 8 gy oo gy [Tt T, |
m{lcll maca
where p, = aAa
aca
= (14 pu/2) T = (1= pa/2) T + puT;
1-p./2
S ol 1 PR S i)
(14p.2) " (14 pa/2)
Note: This is indeed an output equation.
Substitute (iii) into (v):
) thw T, - Tw wi wo
Twn = Y‘Wi +Q7W: Twi +#: ﬂvi +pw |:7;1 _ﬁ]
1,,Cyy m,C,y 2
hVVAW
where p,, =
mwcw
= (]+pw/2)Twn:(l_pW'/z)Twi+Pw'7}'l
1-p,/2
> TW,,:( o/?) Pv__1, (vii)

(1+p/2) " " (1+p./2)

Note: This is another output equation.
Substitute (vi) and (vii) into (i)" to eliminate the auxiliary variables T,, and T,

hﬁ+(i+ 1 )Th: 1 (1—pa/2)Tm_+ r gl (1- pn/Z)Ter Po g |y T, T
d \R, R, 2R, | (1+p.j2) (14 pa/2) 2R,‘ (14 p./2) (1+p./2) 2R, 2R,
=G, CLUNN I Pa - P T, = (1- 2)+ T+ wﬂ LTw,-

di | R, R, 2R,(1+p,/2) 2R,(1+p./2) (1+ pa/Z) 2R[, (1+p.2)  |2R.

We now have the state-space equation:

drT, 1 1 2 2
Ci 2 Tl: Tai ’Twi
Ca [Ra(zwa)*zew(zww)}' R(2+p) "R (24p))
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3.6

Modeling of Dynamic Systems with Engineering Applications

Note the following:

1. There are three outputs and the corresponding three algebraic output equations

2. Two of the output equations are (vi) and (vii). These equations have the input vari-
ables in them. Hence the model has the “feedforward” characteristic

3. The state variable T, is also an output. The corresponding output equation is trivial.

LEARNING OBJECTIVES

. Modeling of thermal systems

. Proper formulation of constitutive equations and continuity equations
. The number of outputs can be greater than the number of states

. The presence of “feedforward” terms in the output equations.

D w N —

SUMMARY SHEET

Types of Analytical Models: Time-domain model (differential equations with time t as
the independent variable, e.g., state state-space model—a set of first-order differential
equations in time, and input—output model—input—output differential equations in time);
transfer function model (this is an input—output model. Set of transfer functions: [Laplace
transform of output]/[Laplace transform of input], independent variable is Laplace variable
s); frequency-domain model (frequency transfer function or frequency response function.
A special case of Laplace transfer function, with s=jw. Independent variable is frequency
). Discrete-time forms of these models are used in digital computer implementation and
simulation. Notable: Difference equations (discretized differential equations) and corre-
sponding z-transform transfer functions

Analytical Model Simplification: 1. Nonlinear — linear (principle of superposition holds;
and interchangeability in series connection does not hold in general, unless the system
matrices are commutative or the system is SISO; 2. continuous time — discrete time; 3.
distributed (continuous) parameter — lumped parameter; 4. time-varying (or non-station-
ary or non-autonomous) — time-invariant (or stationary or autonomous); 5. random (or
stochastic or probabilistic) — deterministic models

Discrete-Time Systems: Samplingrate f;, = ﬁ, sampling period =AT'; sampled dataatcon-

stant AT : {x; } = {x0,%1,.. s Xk, Xx415- ..}, Its z-transform X (z) = Zxkz_k ; nth-order linear
k=0
difference equation: ayy, + a;yi1 +-+++ a,Yin = bouy + by +-+-+ b, u;_,, — discrete

Y(2) by+bz '+ +b, 2"
Uiz) ay+az ++a,z"’

transfer function (z-transform transfer function): G(z) =

u=input, y=output.

Sampling Theorem: In sampled data, no information regarding frequency spectrum X(f)

. . 1 1
can be found for frequencies > Nyquist (cutoff) frequency f, = —— = —f;

Aliasing Error: Caused by sampling — folding of the high-frequency segment of the fre-
quency spectrum beyond the Nyquist frequency onto the low-frequency segment. Method
of reducing it: 1. Increase the sampling frequency (increased data), 2. use an antialiasing

filter of cutoff at < % f
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* Lumped Model of Heavy Spring: One end fixed and the equivalent lumped mass placed
at the other end. 1. Energy (kinetic) equivalence — lumped mass=§ X spring mass; 2.

natural frequency equivalence — 0.4 X spring mass

* PropertiesofStateModels: 1. Statex(t,) attime#,andinputu|[z,, ¢,] overtimeinterval [7,,,] will
uniquely determine state x(z,) at time t, = Nonanticipative g: x(1,) = g (to Jt,x(to),ulto ])
that is, inputs beyond ¢, are not needed; 2. x(t,) and u(t,) at ¢, will uniquely determine
output y(t,) = Memory-less h: y(t,) = h(t,,x(t,),u(t,)); that is, past responses cannot be
determined from the present state and the present input

* Nonlinear State Model: x = f(x, u,t), y = h(x, u, t)

* Linear State Model: x = Ax + Bu, y = Cx+ Du

* Properties: 1. State model: n first-order differential equations (coupled) using n state
variables (nth-order); 2. determines dynamic state x of the system; 3. n state variables
X1,X2,...,X, are the required minimum and maximum number (minimal set) = a state
variable cannot be expressed as a linear combination of the remaining state variables; 4. x
traces a trajectory in the state space (vector space of x); 5. x is not unique. Many choices
are possible; 6. x may or may not have a physical interpretation; 7. output (response) vari-
ables can be completely determined from any choice of state variables. To complete the
state model, include the algebraic output equations (m algebraic equations relating the
outputs to the states; sometimes they may contain inputs as well—feedforward case)

* Steps of Developing of a State Model: Assume that inputs (z) and outputs (y) are speci-
fied/identified. 1. Identify the physical elements of the system (e.g., energy storage ele-
ments, energy dissipative elements, and input/source elements). Draw a structural diagram
(circuit diagram, linear graph, bond graph, etc.) to show their interconnection; 2. state
variable (x) selection: Across-variables of independent A-type energy storage elements and
through-variables of independent 7-type energy storage elements. This choice will result
in a realistic and unique state-space model; 3. write constitutive (physical) equations for
all elements in the system (energy storage elements, energy dissipative elements, two-port
elements), except the source elements; 4. write continuity equations for through-variables
at each node (points connecting two or more components), less one; 5. write compatibility
equations for across-variables around each primary (independent) loop (closed path that is
formed by two or more system components); 6. state-space shell: Constitutive equations for
the independent energy storage elements. Eliminate the auxiliary (redundant/unwanted)
variables in the state-space shell (by using the remaining equations); 7. express the outputs
in terms of state variables (if the system has the feedforward character, the input variables
have to be included in output equations)

* Comments: 1. Some continuity (node) equations and compatibility (loop) equations may
be automatically satisfied by the choice of the corresponding variables; 2. all remaining
equations may not be needed for the elimination of the auxiliary variables in the state-
space shell; 3. equations having the dependent variables of the sources are not useful; 4.
compatibility equations may be automatically satisfied depending on the use of the across-
variables for elements (e.g., the use of separate variables of different elements or the use of
absolute across-variables at the joints); 5. the inertial reference (ground, with zero velocity)
is always at one end (reference end) of an inertia element or an input element

e Input-Output Model from State Model: 1. Successively differentiate output equations,
e.g., y=Cx+ Di — y = CAx + CBu+ Du; 2. eliminate the derivatives of the states (e.g.,
x) by substituting the state equations; 3. use the resulting equations to eliminate x.



100

Modeling of Dynamic Systems with Engineering Applications

PROBLEMS

31

3.2

3.3

34

3.5

3.6

Indicate whether a distributed-parameter model is needed or a lumped-parameter model is
adequate in the study of the following dynamic systems:

Vehicle suspension system (motion)

Elevated vehicle guideway (transverse motion)

Oscillator circuit (electrical signals)

Environment (weather) system (temperature)

Aircraft (motion and structural stresses)

Large transmission cable (electrical capacitance and inductance).

If a distributed model is desirable, indicate what part of the system needs a distributed model.
Note: The quantities of primary interest are indicated in parentheses.

What are some of the limitations in using the equivalent lumped-mass model, through
energy equivalence (specifically, kinetic energy equivalence, because potential energy
equivalence is automatically satisfied through the stiffness parameter, which is the same
for the heavy spring and its lumped model), for a heavy spring (with distributed mass)?
One end of a heavy, uniform, helical spring of mass m, and stiffness k is fixed and the other
end is attached to an object of mass M, which is free to move on rollers (see Figure P3.3a).
Using the method of natural frequency equivalence determine equivalent lumped masses,
one to be located at the midpoint of the spring and the other at the free end (see Figure P3.3b)
in an equivalent lumped-parameter model.

Hint: The natural frequencies of a heavy helical spring with one end fixed and the other

me e o

end free are given by m, = g(Zn ) L3 , where n is the mode number. Use only the first
\ m,

two modes (i.e., n=1 and 2) in this example.

Answer the following questions true or false:

A state-space model is uniqueh.

The number of state variables in a state vector is equal to the order of the systemi.
The outputs of a system are always identical to the state variables

Outputs can be expressed in terms of state variablesk.

State model is a time-domain model.

List three things to which the order of an electromechanical dynamic system is equal.
Write down the order of the systems shown in Figure P3.5.

Real systems are nonlinear. Under what conditions a linear model is sufficient in studying
a real system?

Consider the following system equations:

a. y+2sinwt+3)y+5y=u(t)

b. 3¥y—2y=u(t)

oo o

(b),

m m, + M

FIGURE P3.3 (a) A system with a uniform heavy spring; (b) an approximate lumped-parameter model.
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FIGURE P3.5 (a—d) Models of four mechanical systems.

3+ 2)’13 +y=u(t)

59 +2y+3y = 5u(t)

i.  Which ones of these are linear?
ii. Which ones are nonlinear?

iii. Which ones are time-variant?

m

7
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3.7 Identify some dynamic characteristics in the flowing five state-space models. Also tabulate

3.8

the matrices A, B, C, and D for the five models.

a.

Consider a system represented by the state equations:

X =2x+3x +u
).CQZ.X1_.X2_MQ
y=x +2x,

X =2x+3x +u
)'cz =X — X
y=x+2x;

).Cl =2x1+3x2
5(2:.7&_)(2

y=x +2x,

X =2x+u

).62 =X — X
y=X

X1 =2x +3x, +u
)'cz =X — X — Uy

y=x +2x, +3u,

)'c] =X +2.XZ

).Cz =—X +2u

in which x, and x, are the state variables and u is the input variable. Suppose that the output
yis given by: y =2x; — x,.

a.

b.

Write this state-space model in the vector-matrix form:

xX=Ax+ Bu
y=Cx

Specifically, identify the elements of the matrices A, B, and C

What is the order of the system?
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3.9 Consider the mass-spring system shown in Figure P3.9.

The mass m is supported by a spring of stiffness k and is excited by the dynamic force f(7).

a. Taking f(f) as the input, and the position and the speed of the mass as the two outputs,
obtain a state-space model for the system.
What is the order of the system?

c. Repeat the problem, this time taking the compression force in the spring as the only
output.

d. How many initial conditions are needed to determine the complete response of the
system?
3.10 A torsional dynamic model of a pipeline segment is shown in Figure P3.10a. The FBD
in Figure P3.10b shows the internal torques acting at sectioned inertia junctions, for free
motion.
Develop a state model for this system by using the generalized velocities (angular veloci-
ties (),) of the independent inertia elements and the generalized forces (torques 7)) of the
independent elastic (torsional spring) elements as the state variables. As it is known, a
minimum set of states that is required for a complete representation of the system dynam-
ics determines the order of the system/model.
3.11 A one-quarter model of a vehicle is shown in Figure P3.11a. Since the gravitational forces
(of the masses m; and m,) are balanced by the static deflections of the springs, they can be
ignored in the model, assuming that the deflections are measured with respect to the static
positions of the springs. The corresponding horizontal model is shown in Figure P3.11b.
a. For a systematic and unified (domain-independent) procedure in the development of
a state-space model of the system, identify the nodes and the loops of the model and
indicate the relevant through-variables and across-variables

b. Write: the loop equations (and show that they are automatically satisfied); the node
equations; and the constitutive equations

c. By eliminating the auxiliary variables in the state-space shell, determine a state-space
model for the system.

Position y

—

k Force f(t)
Mass :

Spring % 9

FIGURE P3.9 A mechanical oscillator.

(a) h

I
K \ ke ] e
] ]

Ti .QT/ | T, [2\2/ L] T3

(5 )
) ==
— I ) C
J )
T LT, T2 T3

FIGURE P3.10 (a) Dynamic model of a pipeline segment; (b) free-body diagram.
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, I:j b, Suspension System
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j b Tire
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20000
E E
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FIGURE P3.11 (a) Quarter model of a vehicle; (b) horizontal model (gravity balanced by static deflection
of springs).

Note: Take the velocities of the independent masses and the compressive forces in the inde-
pendent springs as the state variables (this is the preferred choice). The input to the vehicle
model is the velocity v(f) that is imparted on the tires in the vertical direction, due to the
irregularities of the road surface, as the vehicle moves at some speed.
d. Complete the state-space model by developing the output equations for the three cases:
1. The outputs (two) are the heave velocity of the passenger compartment and the
suspension force (spring and damper combined)
2. The output is the vertical (heave) displacement of the car body with respect to the
wheel axle
3. The output is the absolute vertical displacement of the car body.
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Tank 1 Tank 2

N
Flow-controlled
Pump

FIGURE P3.12 A pump-controlled two-tank system.

3.12

3.13

a. It is desirable to have a modeling approach that is integrated, unified, systematic, and
unique. Briefly explain the meanings of these four terms in the present context of our
approach to modeling.

b. A flow-controlled pump supplies a liquid to the bottom of a uniform tank. The bottom
of this tank is connected to the bottom of a second uniform tank through a long uni-
form pipe. See Figure P3.12.

Given:

Mass density of the liquid = p
Volume flow rate of the supply pump (system input) =0, (¢)

Area of cross-section of the first tank=A4,

Area of cross-section of the second tank=A4,

Gauge pressure at the bottom of the first tank= A

Gauge pressure at the bottom of the second tank=P,
Volume flow rate of the liquid in the connecting pipe=Q;
Fluid resistance in the pipe=R;

Fluid inertance in the pipe=1;

Use
u=[Q, (1] as the input

T
X = [Pl Oy Pz] as the state vector

y= [h1 hy ]T as the output vector
Determine a complete state-space model for the system. In particular, determine the
matrices A, B, C, and D.
Acceleration due to gravity=g
Note 1: Express your results only in terms of the given system parameters A, A, p, I, R;.
Note 2: Gauge pressure is the pressure that is measured with respect to the ambient pressure.
Figure P3.13 shows a spring-loaded accumulator for liquid. The following parameters are
given:
A=area of cross-section (uniform) of the accumulator cylinder
k=spring stiffness of the accumulator piston
p=mass density of the liquid.
Assume that the liquid is incompressible. The following variables are important:
P,y = P, — B=pressure at the inlet of the accumulator with respect to that at the top
(flexible) wall (P))
B, = P, — P.=pressure at the top of the accumulator (has a flexible wall) with respect to the
ambient reference (P,)
Q=volume flow rate of liquid into the accumulator
h=height of the liquid column in the accumulator.
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Liquid
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FIGURE P3.13 Model of a liquid accumulator.

3.14

Note: The piston (wall) of the accumulator can move against the spring, thereby varying A.
Considering the effects of the movement of the spring-loaded accumulator wall and also
the gravity head of the liquid in the accumulator, obtain an expression for the equivalent
fluid capacitance Ce, of the accumulator in terms of k, A, p, and g. Are the two capacitors
that contribute to C,, (i.., due to stretching of the accumulator wall and the gravity head
of the liquid column) connected in parallel or in series?

Note: Neglect the effect of the bulk modulus (compressibility) of the liquid.

a. Briefly explain why a purely thermal system typically cannot have a natural (free)
oscillatory response whereas a fluid system can.

b. Figure P3.14 shows a pressure-regulated system that can provide a high-speed jet of
liquid. Its applications may include spray painting, material coating, and cleaning. The
system consists of a pump, a spring-loaded accumulator, and a fairly long section of
piping, which ends with a nozzle. The pump is considered as a flow source of value Q..
The following parameters are important:

A=area of cross-section (uniform) of the accumulator cylinder

k=spring stiffness of the accumulator piston

L=length of the section of piping from the accumulator to the nozzle

A,=area of cross-section (uniform, circular) of the piping

A, =discharge area of the nozzle

C,=discharge coefficient of the nozzle

p=mass density of the liquid.

Assume that the liquid is incompressible. The following variables are important:
B, = P, — P.=pressure at the inlet of the accumulator wrt the ambient (reference) pres-
sure P,

Q=volume flow rate through the nozzle

h=height of the liquid column in the accumulator.

Note: The piston (wall) of the accumulator can move against the spring, thereby varying A.
i. Considering the effects of the movement of the spring-loaded accumulator wall

and also the gravity head of the liquid, obtain an expression for the equivalent fluid
capacitance C, of the accumulator in terms of k, A, p, and g.

Note: Neglect the effect of the bulk modulus (compressibility) of the liquid.

ii. Considering the capacitance C,, the inertance / of the fluid in the piping (length L
and cross-section area A), and the resistance of the nozzle only, develop a nonlin-

T .
ear state-space model for the system. The state vector x=|:Pl, Q] and the input

u=[0;].
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Ambient
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Accumulator Area A
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Liquid
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" i
Pump
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Liquid
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FIGURE P3.14 Pressure-regulated liquid jet system.

Assume that the liquid flow in the (circular) pipe is viscous laminar, with a parabolic veloc-

ity profile, and the corresponding inertance I = ﬂ The volume rate of fluid discharge

P
through the nozzle is Q = A,c, 2P , in which
\ p

P,,=pressure inside the nozzle with respect to the outside reference (P,)
c,=discharge coefficient.

3.15 A model for the automatic gage control (AGC) system of a steel rolling mill is shown in
Figure P3.15. The rollers are pressed using a single-acting hydraulic actuator, which is con-
trolled by the valve displacement u. As a result, the rollers are displaced through y, thereby
pressing the steel that is being rolled. For a given y, the rolling force F'is completely known
from the steel parameters. Identify the inputs and the controlled variable in this control
system.

i. In terms of the variables and the system parameters indicated in Figure P3.15, write
dynamic equations for the system, while including valve nonlinearities.

ii. What is the order of the system? Identify the response variables.

iii. What variables would you measure (and feedback through a suitable controller) in
order to improve the performance of the control system?

3.16 An integrated-circuit (IC) package consists primarily of a wafer of crystalline silicon
substrate on which a film of minute amounts of silicon dioxide, etc., is deposited. It is
heat treated at high temperature as an intermediate step in the production of IC chips. An
approximate model of the heating process is shown in Figure P3.16.




Analytical Modeling

G,

Piston

ki i
Damping (o Supply

\ PS
P
\ mp Q= ubcd s h
l P
Area= A ] / Valve
Yo Volume = V Q |
Pressure = P, l
Cylinder ———»
me Flexible Line (ignore u

flexibility and
[ v, damping)
N

m,
Yr

Steel T- &

slab *F

Rollers

a

FIGURE P3.15 Automatic gage control (AGC) system of a steel rolling mill.

The package is placed inside a heating chamber whose walls are uniformly heated by
a distributed heating element. The associated heat transfer rate into the wall is Q,. The
interior of the chamber contains a gas of mass m_ and specific heat ¢, and is maintained at
uniform temperature 7. The temperature of silicon chip is 7, and that of the chamber wall
is T,. The outside environment is maintained at temperature 7,. The specific heats of the
silicon package and the wall are denoted by ¢, and c,, respectively, and the corresponding
masses are denoted by m, and m,,, as shown. The convective heat transfer coefficient at the
interface of silicon and gas inside the chamber is &, and the effective surface area is A,.
Similarly, i; and &, denote the convective heat transfer coefficients at the inside and the
outside surfaces of the chamber wall, and the corresponding surface areas are A; and A,,
respectively.

a. Using T, T., and T, as the state variables, write state equations for the process.

b. Express these equations in terms of the parameters C,,; = m,c,, Cy. = m.C., Cp,y = M, C,,,

R, = L, R = L, and R, = L Explain the electrical analogy and the physical
hy A h A h,A,
significance of these parameters.
c.  What are the inputs to the process? If 7, is the output of importance, obtain the matri-
ces A, B, C, and D of the state-space model.
d. Comment on the accuracy of the model in the context of the actual physical process of
producing IC chips.

107
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FIGURE P3.16 A model for the heat treatment of an IC package of silicon.
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T / ‘

k Atmospheric

temperature 7,

FIGURE P3.17 Improved model for the cooling bar.

3.17 A uniform metal bar of length / and area of cross-section A is heated to temperature 7;, and
placed in a thermally insulated compartment with one end exposed to the atmosphere of
temperature 7,< 7. Consider this as a part of a heat treatment process.

Given:

p=mass density of the bar

c¢,=specific heat (as constant pressure) of the bar

h.=convective heat transfer coefficient at the end exposed to the atmosphere.

Divide the metal bar into two equal segments of length //2. Taking the temperatures in
these two segments to be uniform at 7, and 7;, (see Figure P3.17) obtain a state-space
model for the cooling process of the bar. Is this lumped-parameter model sufficiently accu-
rate? Confirm using the Biot number.

The following numerical values are known:

[=02m, A=1.0cm?, h =100.0 W/m>/°C, conductive heat transfer coefficient k =
125.0 W/m/°C

3.18 A simplified version of a counter-flow heat-exchanger tube is shown in Figure P3.18. Its
outside is thermally insulated. The tubular core duct of radius r, and length L carries air, to
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FIGURE P3.18 A counter-flow heat-exchanger unit. (a) Perspective view; (b) sectional side view; (c) sec-
tional end view.

be heated, in one direction, at the steady mass flow rate r1,. Thick copper tubing of exterior
radius r,, (interior radius r,) and length L separates the air flow (core) from the counter-flow
of water at the steady mass flow rate m,,. A thermal insulation tube, which is placed outside
the copper tube, forms an annular path for the water flow.
Hot water from the boiler enters the heat exchanger tube at temperature 7,,; and leaves it at
temperature 7,,,. The air flow enters the heat exchanger tube at temperature 7,; and leaves
it at temperature 7,
In addition, the following parameters are given (known):
p=mass density of the heat exchanger (copper) tube
c=specific heat of the copper tube
c¢,,=specific heat of water
c,=specific heat of air (at constant pressure)
h,,=convective heat transfer coefficient at the water-side wall of the heat-exchanger tube
h,=convective heat transfer coefficient at the air-side wall of the heat-exchanger tube.
Also, let T), be the average temperature of the heat exchanger tube (copper).
a. Interms of the given parameters, obtain expressions for:
i. Thermal capacitance C, of the heat exchanger (copper) tube
ii. Convective thermal resistance R, at the water-side wall of the heat-exchanger tube
iii. Convective thermal resistance R, at the air-side wall of the heat-exchange tube.
What are the inputs and possible outputs of this system?
c. Taking T, as the state variable, develop a complete state-space model (including the
output equations) for this system.
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FIGURE P3.20 Possible violation of interchangeability (commutativity) of SISO systems in series
connection.

3.19

3.20

3.21

3.22

Identify some dynamic characteristics in the flowing five state-space models. Also, tabu-
late their matrices A, B, C, and D.
a. X1 =2x+3x+u

Xy =X1— Xy — Uy

y=x+2x,

b, X1=2x;+3x+u
Xy =X — X,
y=x+2x,

c. X1 =2x;+3x,
Xo =X — X,
y=x+2x,

d X =2x+u
Xy =X — X
y=X

e. X1=2x+3x+1u
Xo =X — Xy — Uy
y=x+2x, + 3y
Consider the system in Figure P3.20.
i Assumeu > a and k > 1. Check whether the SISO systems A and B are interchangeable
(commutative).
ii  Assumeu < a and k < 1. Check whether the SISO systems A and B are interchangeable
(commutative).
What conclusions can you arrive at, based on these results?
Consider a particle of mass m subjected to an input force u(7). By Newtond’s second law, its
position x can be expressed by the second-order differential equation:
2
m%=u(t)orm)'c'—u=0
Develop state models and input—output (I-O) models for the following three cases:
Case 1: Position x is the output
Case 2: Velocity x = v is the output
Case 3: Both position x and velocity x = v are outputs.
The rigid output shaft of a diesel engine prime mover is running at known angular veloc-
ity Q(#). It is connected through a frictional clutch to a flexible shaft, which in turn drives
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FIGURE P3.22 (a) Diesel engine; (b) linear model; (c) free-body diagram of the shaft; (d) free-body diagram
of the wheel.

a hydraulic pump (see Figure P3.22a). A linear model for this system is schematically

shown in Figure P3.22b. The clutch is represented by a viscous rotatory damper of damp-

ing constant B, (units: torque/angular velocity). The stiffness of the flexible shaft is K

(units: torque/angle of twist). The pump is represented by a wheel of moment of inertia J

(units: torque/angular acceleration) and viscous damping constant B,.

a. Write the two state equations, where the state variables are: T=torque in flexible shaft
and w=pump speed, and input=(, through a simple and intuitive approach by using
the: 1. FBD for the shaft, shown in Figure P3.22c, where o, is the angular speed at
the left end of the shaft. To get one state equation, write the “torque balance” and the
“constitutive” relations for the shaft, and eliminate w; and the 2. FBD for the wheel J
shown in Figure P3.21d. To get the other state equation, use D’Alembert’s principle.
Express the state equations in the vector-matrix form.

c. To complete the state-space model, determine the output equation for: (i) output=w;
(i) output="T; (iii) output=w,

d. Which one of the translatory systems in Figure P3.22e is analogous to the system in
Figure P3.22b?

e. Comment on why the compatibility equations and continuity equations are not explic-
itly used in this development of the state equations.

f. Present a more detailed and systematic approach, as presented in this book, for the
development of the state-space model in this example.

3.23

a. Figure P3.23a shows an electrical circuit having a resistor of resistance R and a capaci-

tor of capacitance C.

v; =input voltage

v,=output voltage

Using the capacitor voltage v as the state variable, obtain a complete state model.
From it obtain the input—output model.

b. Figure P3.23b shows the circuit formed by cascading two circuit modules of the type
in Figure 3.23a. Again,
v; =input voltage
v,=output voltage
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FIGURE P3.22E Three translatory mechanical systems.
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FIGURE P3.23 (a) A circuit module; (b) cascade circuit.

Using the voltages v; and v, across the capacitors C; and C; as the state variables, determine
a complete state model. From it obtain the I-O model.

Show that this I-O model cannot be obtained by simply cascading two I-O models of
Part (a). Specifically, the second circuit model “loads” the first circuit module (i.e., changes
the conditions of the first circuit module).

3.24 A bridged-T RC network is shown in Figure P3.24. The T-circuit is formed by the two
capacitors C; and C, and the resistor R. The resistor R, directly connects the input and the
output and forms the “bridge.” Here,

v; =input voltage
v, =output voltage
This circuit has many practical applications such as forming an integral part of a resis-
tance-tuned oscillator (in which case C, = ().

Determine a complete state model for the system using the capacitor voltages v; and v,
as the state variables. Comment on the nature of the system.
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FIGURE P3.24 A bridged-T RC network.
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FIGURE P3.25 A bridged network.

Note: Another form of this network is the bridged-T RL network where inductors are used
in place of capacitors.

3.25 A bridged network is shown in Figure P3.25. Here, v, and v, are the voltage inputs to the
network. Using the voltage v¢ across the capacitor C and the current i; through the inductor
as the state variables, obtain a complete state model for the system. Output is the voltage
across the capacitor.

Note: If R = R, and R; = R4, we have a balanced bridge.

3.26 Consider the pneumatic system shown in Figure P3.26a. The pressure source (pressure-
controlled pump) of gauge pressure P, generates a gauge pressure P, at a distant location,
which drives a load. Suppose that the load is not defined yet. There is a bellows unit of
gauge pressure P,, which acts as a pneumatic capacitor (due to the compressibility of the
gas and the flexibility of the bellows). The pipeline from the pump to the bellows has pneu-
matic inertance I,y and pneumatic resistance R,¢. The branch from the bellows to the load
has pneumatic resistance Ry,. The absolute pressures at various locations of the pneumatic
system are indicated in Figure P3.26a. Also, O, =mass flow rate of gas from the pump;
P,=ambient pressure.

a. Taking Q,, and P, as the state variables, obtain a state-space model for the pneumatic
system. What are the system inputs?

b. Suppose that the load is a pneumatic cylinder of area A, which drives a mechanical
system represented by mass m, spring of stiffness k, and viscous damper of damping
constant b, as shown in Figure P3.26(b). Enhance the state-space model to incorporate
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FIGURE P3.26 (a) Pneumatic system; (b) details of the load; (c) free-body diagrams of the load elements.
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FIGURE P3.27 A household heating system.

this specific load, by including the additional state variables: P, v =velocity of the pis-
ton, and f; =stiffness of the spring.
3.27 A simplified model of a hot water heating system is shown in Figure P3.27.
Pertinent nomenclature is as follows:
Q,=rate of heat supplied by the furnace to the water heater (=1000kW)
T, =ambient temperature (°C)
T,=temperature of the water in the water heater—assumed uniform (°C)
T, =temperature of the water leaving the radiator (°C)
Q,=rate of heat transfer from the radiator to the ambience (kW)
M=mass of water in the water heater (=500kg)
m=mass flow rate of water through the radiator (=25 kg/min)
c=specific heat of water (=4200 J/kg/°C).
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FIGURE P3.29 A passive three-pole Butterworth filter circuit.

3.28

3.29

The radiator satisfies the equation:

]111_7:1=RrQr

where R,=thermal resistance of the radiator (2 X 107 °C/kW)

a. What are the inputs to the system?

b. Using T, as a state variable, develop a state-space model for the system

c. Give the output equations (algebraic) for O, and T,,. Discuss their characteristics.

Hot water-based space heating system is shown in Figure P3.28. Water in the hot water
heater receives heat (thermal energy) at the rate Q, (input) from a natural gas burner. Water
in the heater tank is maintained at uniform temperature 7, using a stirrer. The pump cir-
culates the hot water from the tank at the mass flow rate m through the radiator back into
the water heater. In the radiator, the water temperature is maintained uniform at 7, (using
another stirrer). The radiator transfers heat from the water into the heated space (output).
Given: M,=mass of water in water heater; M,=mass of water in radiator; c=specific heat
of water; R=thermal resistance between radiator and ambience (heated space). Also,
T,=temperature of the heated space (another input, why?)

0, =heat transfer rate from the radiator into the heated space (output)

Develop a state-space model for the system. Assume: steady conditions for water flow.
Consider the passive filter circuit shown in Figure P3.29. It is a three-pole, low-pass,
Butterworth filter. As shown, it consists of two inductors (L; and L,), one capacitor (C),
and one resistor (R). The circuit input is the voltage v;(¢) and the circuit output is the volt-
age v, (across the resistor R).

115
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FIGURE P3.30 A bridged-T RL network.

a. On the same circuit diagram, indicate the voltages across and the currents through all
four circuit branches, and the useful (primary) nodes of the circuit. What is the order
of the system?

b. Systematically derive a complete state-space model for the circuit. Determine the
model matrices, A, B, C, and D

c. From the state-space model, determine the input—output differential equation of the
system.

3.30 A bridge-T RL network is shown in Figure P3.30. The circuit has two inductors with induc-
tance L; and L, and two resistors with resistance R and R,. In particular, R, is the bridging
resistance. The voltage input to the circuit is v;, and v, is the voltage output of the circuit.
a. Systematically (clearly indicating all the key steps) determine a complete state-space

model for this circuit.
Hint: Use the currents i; and i, through the inductors L; and L,, respectively, as the
state variables.

b. Indicate an important characteristic of this model.



4 Model Linearization

HIGHLIGHTS

e Common Nonlinearities and Properties

* Nonlinear Electrical Elements

e Analytical Linearization Using Local Slope
* Operating Condition and Equilibrium State
* Linearization of State-Space Model

e Linearization of Input—Output Model

* Reduction of System Nonlinearities

* Linearization Using Experimental Data

» Experimental Model for Actuator Control

* Calibration Curve Method

* Equivalent Model Approach

* Describing Function Method

* Linearization Using Analog Hardware

* Feedback Linearization

4.1 INTRODUCTION

Real systems are nonlinear and may be represented by nonlinear analytical models. Linear systems
(models) are in fact idealized representations, and they are represented by linear differential equations
in the time domain or by analytical transfer functions (ratio of polynomials) in the frequency domain.
Clearly, it is far more convenient to analyze, simulate, design, and use/implement linear models. Also,
in some systems, the degree of nonlinearity may not be significant, particularly depending on the objec-
tives of modeling. For such reasons, nonlinear systems are often “approximated” by linear models.

It is not possible to represent a highly nonlinear system by a single linear model in its entire range
of operation. For small “changes” in response about some operating condition, a linear model may
be used, which is valid in the neighborhood of the operating condition. Commonly, linearization
about an operating condition is done based on the “local slope” of the nonlinearity at the operat-
ing condition. Such linearization is not always feasible or satisfactory depending on the nature
of the nonlinearity, for reasons which we will highlight later. Then, problem-specific and ad hoc
approaches may have to be used to deal with system nonlinearities. In this chapter, we study lin-
earization of a nonlinear system (i.e., of a nonlinear model). The studied topics are the following:

1. Slope-based analytical linearization over a limited range of operations about an operating
condition (for both state-space models and input—output models)

2. Slope-based linearization using experimental input—output data (leading to experimental

models)

. Static linearization through recalibration or rescaling

. Linearization based on an equivalent model (using some criterion of equivalence such as energy)

5. Describing function method of linearization (this method also uses a criterion of
equivalence—fundamental frequency component of output)

6. Linearization using analog hardware

7. Feedback linearization.

B~ W

Examples are given to illustrate these methods of linearization.
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4.2 PROPERTIES OF NONLINEAR SYSTEMS

In analytical and dynamic sense, a device is considered linear if it can be modeled by a set of linear
differential equations with time ¢ as the independent variable or by a set of analytical transfer func-
tions (ratios of polynomials) with frequency @ (or the Laplace variable s) as the independent vari-
able. The use of an analytical transfer function to represent a device implicitly assumes the device
to be linear and constant parameter (i.e., time-invariant). A useful property of a linear system is the
satisfaction of the principle of superposition, as discussed in Chapter 3. Conversely, a nonlinear
system does not obey the principle of superposition. In this section, we discuss some characteris-
tic properties of nonlinear systems/devices/models, which distinguish them from linear systems/
devices/models.

4.2.1 StATIC NONLINEARITY

If the input—output relation of a device is a nonlinear “algebraic” equation, it represents a static
nonlinearity. Such nonlinearity can be handled (or linearized) simply by using a proper calibration
or rescaling curve. If, on the other hand, the input—output relation of a device is a nonlinear dif-
ferential equation of time, it represents a dynamic nonlinearity. Then the analysis and linearization
usually become more complex.

According to industrial and commercial terminology, a “linear” device (e.g., a measuring instru-
ment) has its output proportional to the input (e.g., a measured value varies linearly with the value of the
measurand—the variable that is measured). This is consistent with the definition of static linearity and
is appropriate because for those commercial devices it is typically required that the operating range be
limited to the “static region” where the dynamics do not appreciably affect the device output.

4.2.2 NONLINEAR CHARACTERISTICS OF PRACTICAL DEVICES

All physical devices are nonlinear to some degree. Broadly speaking, the nonlinear behavior in
devices may be classified into two types:

1. Geometric (including kinematic) nonlinearity, specifically in a “mechanical” device
2. Physical (including kinetic) nonlinearity.

Geometric nonlinearity of a mechanical device stems primarily from large deflections or large
motions of the device resulting in the introduction of nonlinear terms (e.g., trigonometric terms such
as sine, cosine, and tan) in the representation of its input—output behavior. Kinematic relations of a
robotic arm are an example of geometric nonlinearity. Physical nonlinearity of a device results from
the deviation from the linear (ideal) behavior of its physical relations due to such causes as electrical
and magnetic saturation, deviation from Hooke’s law in elastic elements, plasticity, Coulomb and
Stribeck friction, creep at joints, aerodynamic damping, backlash in gears and other loose compo-
nents, and component wear out. Nonlinear Newton’s second law equation (i.e., kinetic nonlinearity)
in a mechanical system also falls into the category of physical nonlinearity.

Nonlinearities (particularly, physical nonlinearities) in devices are often manifested as some
peculiar characteristics. Some examples are given now.

* Saturation: Nonlinear devices may exhibit saturation (see Figure 4.1a). When saturated,
the output of the device remains unchanged even when the input changes. This may be
the result of causes such as magnetic saturation, which is common in magnetic-induction
devices, transformer-like devices and other electromagnetic devices with a ferromagnetic
core, differential transformers (in the current-magnetic field curve, the magnetic field
strength saturates); electronic saturation, as in amplifiers (in the input—output behavior,
output saturates); elastoplastic behavior in material (in the strain—stress curve, stress
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FIGURE 4.1 Common manifestations of nonlinearity in devices: (a) Saturation, (b) dead zone, (c) hysteresis,
(d) jump phenomenon, (e) limit cycle response.

saturates as the strain increases); and in mechanical components like nonlinear springs (in
the displacement-force curve, spring force saturates).

* Ideal Relay: A special, ideal case of saturation is the “two-state switching function” or an
ideal relay. In this case, the device saturates at two different (usually opposite) states and does
not have a linear (or variable) region in between. Hence, the device can only switch between
these two states (a relay).

* Dead Zone: A dead zone is a region in which a device would not respond to an excita-
tion (input). Stiction in mechanical devices with Coulomb friction is a good example (where
x-axis is frictional force, y-axis is displacement or speed). Because of stiction, a component
will not move until the applied force (input) reaches some minimum value. Once the motion
is initiated, subsequent behavior can be either linear or nonlinear. Another example is the
backlash in loose components such as gear wheels that do not mesh perfectly (where the rota-
tion is the input and the transmitted torque is the output). Bias signal in electronic devices is a
third example. In them, until the bias signal reaches a specific level, the circuit action will not
take place, as in reverse bias of a diode until breakdown (here, input is bias voltage, output is
transmitted current). A dead zone with subsequent linear behavior is shown in Figure 4.1b.

e Note: In the case of stiction or Coulomb friction, if the input of the device is a motion
(displacement or velocity) and the output is the corresponding force in the device, then the
behavior corresponds to an ideal relay (see under saturation) rather than a dead zone.

» Hysteresis: Nonlinear devices may produce hysteresis. In hysteresis, the value of the input—
output curve at a particular point is different depending on the direction of the input (see
Figure 4.1c), resulting in a hysteresis loop. This behavior is common in loose components such
as gears, which have backlash; in components with nonlinear damping, such as Coulomb fric-
tion; and in magnetic devices or magnetic circuits (here, input is magnetizing current, output
is the magnetic field strength) with ferromagnetic media and various dissipative mechanisms
(e.g., eddy current dissipation). For example, consider a coil wrapped around a ferromagnetic
core. If a dc current is passed through the coil, a magnetic field is generated. As the current is
increased from zero, the field strength will also increase. Now, if the current is decreased back
to zero, the field strength will not return to zero because of the residual magnetism in the ferro-
magnetic core. A negative current has to be applied to demagnetize the core. It follows that the
field strength vs. current curve looks somewhat like Figure 4.1c. This is magnetic hysteresis.
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* The presence of a hysteresis loop alone does not imply that the device is nonlinear. For exam-
ple, linear viscous damping also exhibits a hysteresis loop in its force—displacement curve. This
is a property of any mechanical component that dissipates energy (area within the hysteresis
loop=energy dissipated in one cycle of motion). This topic is further explored in some examples
and problems, later in the chapter. In general, if force in a device depends on the displacement
(as in the case of a spring) and the velocity (as in the case of a damping element), the value of
force at a given value of displacement will change depending on the direction of the velocity. In
particular, the force when the component is moving in one direction (say positive velocity) will
be different from the force at the same location when the component is moving in the opposite
direction (negative velocity), thereby producing a hysteresis loop in the force—displacement
plane. If the relationship of the displacement and velocity to the force is linear (as in viscous
damping), the hysteresis effect is linear. If on the other hand, the relationship is nonlinear (as in
Coulomb damping and aerodynamic damping), the resulting hysteresis is nonlinear.

» Hiysteresis Loop and Energy Dissipation: When the two axes represent “force” and “dis-
placement,” it is known that the area of the hysteresis loop gives the net work done (or dis-
sipated energy) in one cycle of movement. In this case, the input is the force and the output
is the displacement. Note the loop arrows in Figure 4.1c. Since “work done” is given by the
integral of “force” X “incremental displacement,” the area projected onto the y-axis (i.e.,
output axis or displacement axis) gives the work done. It is clear from Figure 4.1c that this
area is greater in the forward direction of the loop (forward arrow) than in the backward
movement. Hence, the net area is positive and is equal to the area of the hysteresis loop,
indicating an overall network done (or energy dissipation).

* Jump Phenomenon: Some nonlinear devices exhibit an instability known as the jump phe-
nomenon (or fold catastrophe) in the frequency response (transfer) function curve that is deter-
mined experimentally. This is shown in Figure 4.1d. As the frequency increases, the jump
occurs from A to B; and as the frequency decreases, it occurs from C to D. In particular, note
the bending of the resonant peak, corresponding to either a hardening device (resonant fre-
quency increases from the linear value; the peak bends forward) or a softening device (resonant
frequency decreases from the linear value; the peak bends backward). Furthermore, the experi-
mentally determined transfer function of a nonlinear device may depend on the magnitude of
the input excitation. (The experimental transfer function of a linear device does not depend on
the magnitude of the input.) Also, see under “describing function method” later in this chapter.

* Note: It should be clear that the segment AC in the nonlinear frequency response curve
cannot be determined experimentally (it has to be determined either analytically or by
interpolation of the experimental curve).

* Limit Cycles: A notable property of a nonlinear system is that its stability may depend on
the system inputs and/or initial conditions. In particular, nonlinear devices may produce limit
cycles. An example is given in Figure 4.1e on the phase plane (2-D) of velocity versus displace-
ment. A limit cycle is a closed trajectory in the state space that corresponds to sustained oscil-
lations at a specific frequency and amplitude, without decay or growth. The amplitude of these
oscillations does not depend on the initial location from which the response started (unlike in
a linear device). In addition, an external input is not needed to sustain a limit-cycle oscillation.
In the case of a stable limit cycle, the response will move onto the limit cycle irrespective of
the location in the neighborhood of the limit cycle from which the response was initiated (see
Figure 4.1e). In the case of an unstable limit cycle, the response will move away from it with
the slightest disturbance, and an unstable limit cycle cannot be determined experimentally.

* Frequency Creation: A linear device, when excited by a sinusoidal signal, will generate a
response at the same frequency as the excitation, at steady state. On the other hand, at steady
state, a nonlinear device may create frequencies that are not present in the excitation signals.
These created frequencies might be harmonics (integer multiples of the excitation frequency),
subharmonics (integer fractions of the excitation frequency), or nonharmonics (usually ratio-
nal fractions of the excitation frequency). An example for this behavior is given next.
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Example 4.1

. . . . . . _[ay"”
Consider a nonlinear device that is modeled by the differential equation {%} =u(t), where u(t)
is the input and y is the output. Show that this device creates frequency components that are dif-
ferent from the excitation frequencies.

Solution
t
First, we express the given system equation as y = J.u2(t)dt+y(0).
0
Now, for an input given by u() = a, sinw,7 + a, sinw,t, straightforward integration using proper-
ties of trigonometric functions gives the following response:

2 2
t a . a .
y=(a12+a§)f——lsm2w1t— 2 sin 2@,t
, W
aa . aa .
— 2 sin(@, —0,)t———————sin(@, + ®, )t y(0)
2(w; — w») 2(w; + @)

Note: sin”> @ = (1—-co0s20)/2; 2sin8, sin, = cos(6) — 6, )—cos(6, +6,)

It is seen that the discrete frequency components 2w,, 2w,, (0, —w,), and (o, +w,) are created
by the nonlinear device. Additionally, there is a continuous spectrum contributed by the linear
function of t that is present in the response (but not in the input).

4.2.3 NONLINEAR ELECTRICAL ELEMENTS

The three lumped-parameter passive elements in an electrical system are capacitor (an A-type ele-
ment with the across-variable voltage as the state variable); inductor (a 7-type element with the
through-variable current as the state variable); and resistor (a D-type element representing energy
dissipation; a new state variable is not introduced by it). The linear versions of these elements are
discussed in Chapter 2. Now let us briefly look into the general, nonlinear versions of these elements.

4.2.3.1 Capacitor

Electrical charge (g) is a function of the voltage (v) across a capacitor, as given by the nonlinear
constitutive equation:

g=q() (4.1a)
For the linear case we have,

g=Cv (4.1b)

where C is the capacitance. Then the current i, as given by d—q is obtained by differentiating equa-
t

tion (4.1a) as,

. dqdv
il 42
! ov dt ¢.22)
dq
v

which gives a nonlinear capacitance, C(v) =
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or by differentiating equation (4.1b) as
i=C—[+v— 4.2b)

Here, we have allowed for a time-varying (but still linear) capacitance. If C is assumed constant, we
have the familiar linear constitutive equation:
dv
i=C— 4.2¢
7 “4.20)
4.2.3.2 Inductor

Magnetic flux linkage (1) of an inductor is a function of the current (i) passing through the inductor,
as given by the nonlinear constitutive equation:

A=A3) (4.3a)
For the linear case, we have
A=Li (4.3b)
where L is the inductance.
The voltage v induced in an inductor is equal to the rate of change of the flux linkage (V = dt)'

Hence, by differentiating equation (4.3a), we get

_orai

V= 4.4a
di dt @4
L . . .04
which gives a nonlinear inductance, L(i) = 5
i
or, by differentiating equation (4.3b), we get
) L
y=r %4k (4.4b)
dt dt
Assuming that the inductance is constant, we have the familiar linear constitutive equation:
di
v=L— 4.4c
Z (“4.40)

4.2.3.3 Resistor

In general, the voltage across a (nonlinear) resistor is a function of the current through the resistor,
as given by,

v=v(i) (4.52)

. . . A
This gives nonlinear resistance R(i) = —

o

In the linear case, we have the familiar Ohm’s law:
v=Ri (4.5b)

where R is the resistance, which can be time-varying in general. In most cases, however, we assume
R to be a constant.
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4.3 ANALYTICAL LINEARIZATION USING LOCAL SLOPES

Real systems are nonlinear and may be more accurately represented by nonlinear analytical mod-
els. Analytical techniques (e.g., response analysis, frequency-domain analysis, eigenvalue problem
analysis, simulation, control) commonly employ linear models, which are far more convenient to
use. Linear models may be adequate for a problem at hand, for several reasons: (a) The degree of
nonlinearity in the actual system is not considerable; (b) the physical system operates, in practice,
in a steady state with only minor deviations from that state; (c) several linear models (or a single
linear model with variable parameters), in different operating conditions, may be adequate to rep-
resent the actual nonlinear system, in the considered range of operation; (d) the required accuracy
of the analysis is not high (i.e., only an approximate, preliminary analysis is adequate); and (e) only
some aspects of the actual system are of interest, and they are by and large linear.

Popularly, nonlinear devices are linearized by considering small excursions about an operating
point. In other words, a “linear local model” is used. If a single such model has sufficient accuracy
over the entire operating range of the device, it is an indication that the device is linear (over the entire
operating range). If not, a series of local linear models may have to be used over the operating range.

A nonlinear analytical model may contain one or more nonlinear terms. The approach taken
in the local slope method is to linearize each nonlinear term by using the first-order Taylor series
approximation, which involves only the first derivative of the nonlinear term (or, the “slope” in
its graphical representation). A nonlinear term may be a function of more than one independent
variable. Then, the first “partial derivatives” with respect to all its independent variables (i.e., the
slopes along all orthogonal directions of the coordinate axes, which represent the independent
variables) are needed in the linearization process. In this section, we study “analytical’ lineariza-
tion of a system using local derivatives (slopes) of the nonlinear terms in the system. In a sub-
sequent section, we consider local linearization through experimental data (by determining the
local slopes of experimental data that correspond to the nonlinear terms).

4.3.1 ANALYTICAL LINEARIZATION ABOUT AN OPERATING POINT

In the approach described now, linearization is carried out by determining the partial derivatives
of the nonlinear terms, with respect to the independent variables, at the considered operating point.
Typically, this linearizing point is the normal operating condition of the system. Of necessity, the
normal operating condition has to be in the steady state or the equilibrium state.

4.3.1.1 Equilibrium State

In a steady state, by definition, the rates of changes of the system variables are zero. Hence,
the steady state (equilibrium state) is determined by setting the time-derivative terms in the
system equations to zero and then solving the resulting algebraic equations. This may lead to
more than one solution, since the steady-state (algebraic) equations themselves are nonlinear.
The real (i.e., non-complex) steady-state (equilibrium) solutions will correspond to one of the
following three types:

1. Stable (here, given a slight shift, the system response eventually returns to the original
steady state)

2. Unstable (here, given a slight shift, the system response continues to move in the direction
of the shift, away from the original steady state)

3. Neutral (here, given a slight shift, the system response will remain in the shifted condition).

These three types of equilibrium are schematically shown in Figure 4.2.
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FIGURE 4.2 Equilibrium types. (a) Stable equilibrium; (b) neutral equilibrium; (c) unstable equilibrium.

4.3.2 NONLINEAR FUNCTION OF ONE VARIABLE

Consider a nonlinear function f(x) of the independent variables x. Its Taylor series approximation
about an operating point (-),, up to the first derivative, is given by
d .
f) = f(x,)+ %’C“)& with x=x,+0x 4.6a)
by
Here, ox represents a small change from the operating point.

Alternatively, denote the operating condition by ( — )and the small increment about that condition
by (7). We have,

df(x) P

fE+3) = f(xX)+———" (4.6b)

From equation (4.6), it is seen that the increment of the function, due to the increment in its inde-
pendent variable, is given by,

5= 101 (x)= s, @)
or
f=fE+H-f@) = df(x) x 47b)

Equation (4.7) is a linear relationship between the increment of the independent variable (X) and the
increment of the function ( f ). In other words, we have linearized the nonlinear function, about an
operating point (denoted by f(x,) orf(x). A graphical illustration of this linearization approach is
shown in Figure 4.3.

The error resulting from this linear approximation is

df(x) o

Error e= f(x+X)—[f(X)+ %] 4.8)

This error decreases:

1. If the nonlinear function is more linear
2. By making the increment x from the operating point smaller

Note: If the function is already linear, we have: f = ax
where a is a constant coefficient. The corresponding incremental relation is

0f=abx (4.9a)
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or
F=at (4.9b)

As expected, the incremental relation is also linear because the original relation is linear. In this
case, however, no error is introduced through the process of linearization.

4.3.2.1 Commutativity of Increment and Derivative

The increment of a time derivative is equal to the time derivative of the increment. Hence,

si=% o} 4.10)
dt
. | . di di d*% o o
Now, if we set x = z in (4.10), we get §(%) = E = E = ? The second equality is obtained in view
of (4.10). Then, by replacing z by x in the final result, we have
d’x
6Xx=—1=2x 4.11
e @.1D)

4.3.2.2 Further Useful Information: Derivatives of Nonlinear Functions
Signum (sign) function:

sgnw. =1  when @, >0
=—-1 whenw, <0

Hence, it is a constant in each of the two ranges of w. — Its time derivative is zero (except at w. = 0,
which is not important here as it corresponds to the static condition when the function value is zero).
Also, since it is a constant, it can be taken out when differentiating a product of it with another
quantity.

Useful Derivatives:

.= 0, sgno,
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L(\a&\) = i(sgna)c X,)=sgno, x1=sgno,
do. dw.

L(\a)c|w6) = L(sgnwc X wcz) =sgnw, X 20, = 2|o,|

do, dw.

i(\a)c\wc) = i(sgna)c xwf) =sgnw, X 20.0, = 2|o.|o,

dt dt
d? d ) d ) . . . .
W(|wc|wc) = E(2|wc|wc) = 2sgn o, E(wcwc) =2sgno, X (O + .0,.) = 2sgn(o. )& +2|o.|d,

4.3.3 NONLINEAR FUNCTION OF TWO VARIABLES

The process of linearization of a function, as presented for one independent variable, can be easily
extended to functions of more than one independent variable. For illustration, consider a nonlinear
function f(x, y) of two independent variables x and y. Its first-order Taylor series approximation is

af(xﬂ’y0)5x+ af(xo’yo)

0y with x=x,+d0x, y=y,+0y (4.12a)
ox dy

Fy) = f(x0,5,)+

or

9f(x,y) . 9f(x,y) -
3 X+ 3y y (4.12b)

JE+EY+)) = f(x, )+

where () denotes the operating condition and ( * ) denotes a small increment about that condition,
as indicated before.

From equation (4.12), it is seen that the increment of the nonlinear function, due to the increments
of its independent variables, is given by,

af(xu’yo)5x+af(xo’ya)ay

8f=fx.y)—f(x0.5,) = P 3 @.13a)
or
f=fE+E5+P)-f(x.5) = af(f’y)ﬂ af(x,y)y (4.13b)

0x dy

Equation (4.13) is a linear relationship between the increments of the independent variables (X and
y) and the increment of the function (f). In other words, we have linearized the nonlinear function,
about an operating point (denoted by f (xa, y,)) or f(x,y)). In the present case, for the process of
If(x.y)  0f(%.y)
dy

linearization, we need to use two local slopes (partial derivatives) along the

X
two orthogonal directions of the independent variables x and y.

From these illustrations, it should be clear that linearization of a nonlinear system (model) is car-
ried out by replacing each term in the system equation by its increment, about an operating point.
We summarize below the steps of local slope-based analytical linearization of a system (model)
about an operating point:

1. Select the operating point (or, reference condition). This is typically a steady state, which
can be determined by setting the time-derivative terms in the system equations to zero and
solving the resulting nonlinear algebraic equations
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2. Determine the slopes (first-order derivatives) of each nonlinear term (function) in the sys-
tems equation at the operating point, with respect to (i.e., along) each independent variable

3. Consider each term in the system equation. If a term is nonlinear, replace it by its slope
(at the operating point) times the corresponding incremental variable. If a term is linear,
replace it by its original coefficient (which is indeed the constant slope of the linear term)
times the corresponding incremental variable

4.4 NONLINEAR STATE-SPACE MODELS

Consider a general nonlinear, time-variant, nth-order system represented by # first-order nonlinear
differential equations, which generally are coupled, as given by,

dq
—== s G2se s QustisPayenes Tt
i A CRSSALNE )
d
%=fZ(Cll,éh,-n,%url,rz»---,rm,t)
(4.14a)
gy
= n b EARE) n,r7r9""rm’t
A CTRU AN )
The state vector is
T
q:[qlan""’qn] (415)
and the input vector is
r=[n.ren ] 4.16)
Equation (4.14a) may be written in the vector notation:
q=f(q,r.1) (4.14b)

Note: The explicit presence of the time variable “s”” as an argument in the function f indicates that
the parameters of the function vary with time (i.e., it is a time-variant model).

4.4.1 LINEARIZATION OF STATE MODEL

Now we linearize the nonlinear state-space model given by equation (4.14) about its equilibrium
state (an operating point). An equilibrium state of the state-space model (4.14) corresponds to the
condition when the rates of changes of the state variables are all zero. Specifically, we set

=0 @.17)

This is true because in an equilibrium state the system response remains steady and hence its rate of
change is zero. Consequently, the equilibrium states g are obtained by solving the set of n nonlinear
algebraic equations:

flq.r.)=0 “4.18)

for a particular steady input 7.
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Note: Since the algebraic equations (4.18) are nonlinear, they can have more than one “real” (i.e.,
non-complex) roots.

Usually, under steady conditions, a system operates at one of its “stable” equilibrium states. To
study the stability of various equilibrium states of a nonlinear dynamic system, it is first necessary
to linearize the system model about a general equilibrium state given by a solution of equation (4.18).

As noted before, equation (4.14) can be linearized for small variations ¢ and ér of the states
and the inputs, about an equilibrium point (¢,7), by employing up to only the first derivative term
(i.e., O(1) term) in the Taylor series expansion of the nonlinear function f. The higher-order terms
are negligible for small 6q and ér. As explained before, this method yields the linear model:

si=2L 7080+ %L G7.080 @19)
oq or
Denote the state vector and the input vector of the linearized model by the “incremental” vectors,
Sq=x=[x.x2....x,] (4.20)
Sr=u=[u,u,....u, ] @.21)
This results in the linear model,
x=Ax+ Bu “4.22)
The linear system matrix A(f) and the input distribution (gain) matrix B(f) are given by
A(t) = a—f(zj,?,t) (4.23a)
dq
B(1) = a—f(ti,?,t) 4.24a)
or
The elements of these matrices are explicitly given by,
of of . Of
9 ¢, 9,
9 9 . . Of
Bql an aqn
A= (4.23b)
of O . O
dqi ¢, 9,
o 9
or or,,
ar1 arm
B= (4.24b)
o . O
on or,
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If it is a constant-parameter (i.e., stationary or time-invariant) dynamic system, or if it can be
assumed as such for the time period of interest, then A and B are constant matrices.

4.4.2 MITIGATION OF SYSTEM NONLINEARITIES

Under steady conditions (i.e., in the static case), system nonlinearities can be “precisely” removed
through recalibration. Under dynamic conditions, however, the task becomes far more difficult. In
general, the following approaches may be used to remove nonlinearities:

1. Recalibration and rescaling (e.g., log) of the output (in the static case)

2. Use of linearizing elements (e.g., resistors, amplifiers in bridge circuits) to neutralize the
nonlinear effects

3. Use of nonlinear feedback (feedback linearization).

These approaches are illustrated in examples of this chapter.
The following precautions can be taken to reduce nonlinear behavior in dynamic systems:

1. Avoid operating the device over a wide range of inputs or signal levels

2. Avoid operation over a wide frequency band

3. Use devices that do not generate large deformations (e.g., deviation from Hooke’s law—a
physical nonlinearity) or large mechanical motions (e.g., introduction of trigonometric
terms—a geometric or kinematic nonlinearity)

4. Minimize nonlinear processes of the system (e.g., Coulomb and Stribeck friction, stiction,
wear and tear) through practical means (e.g., proper lubrication)

5. Avoid loose joints, gear coupling, etc., which can cause backlash (e.g., use direct-drive
mechanisms, harmonic drives, etc.)

6. Minimize sensitivity to undesirable influences (e.g., environmental influences such as
temperature).

Next we illustrate the analytical linearization and operating condition analysis using two practical
examples. The first example involves a state-space model and an input—output model in two physical
domains (mechanical and electrical).

Example 4.2

The robotic spray-painting system of an automobile assembly plant employs an induction motor
and pump combination to supply paint at an overall peak rate of 15 gal/min to a cluster of spray-
painting heads in several painting booths. The painting booths are an integral part of the produc-
tion line in the plant. The pumping and filtering stations are in the ground level of the building
and the painting booths are in an upper level. Not all booths or painting heads operate at a given
time. The pressure in the paint supply line is maintained at a desired level (approximately 275 psi
or 1.8 MPa) by controlling the pump speed, which is achieved through a combination of voltage
control and frequency control of the induction motor. An approximate model for the paint pump-
ing system is shown in Figure 4.4a.

The induction motor is linked to the pump through a gear transmission of efficiency # and
speed ratio 1:r (typically, a speed reducer is used, with r<1) and a flexible shaft of torsional stiff-
ness k,. The moments of inertia of the motor rotor and the pump impeller are denoted by J,, and
J,, respectively. Note: The pump inertia J,, may include the “added-mass effect” of the paint. The
gear inertia is neglected (or lumped with J,,). The mechanical dissipation in the motor and its bear-
ings is modeled as a linear viscous damper of damping constant b,,. The load on the pump (i.e.,
much of the paint load plus any mechanical dissipation) is also modeled by a viscous damper, and
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FIGURE 4.4 (a) A model of a paint pumping system in an automobile assembly plant; (b) free-body dia-
grams of the energy storage elements.

its equivalent damping constant is b,. The magnetic torque 7,, generated by the induction motor
is given by,

_ Toqm, ((Do - (Dm)

(qa)g—a),i) (4.25)

7;’1

Here, @,, is the motor speed; the parameter T;, depends directly (quadratically) on the phase (ac)
voltage supplied to the motor; the second parameter @, is the speed of the rotating magnetic field
of the motor and is directly proportional to the line frequency of the ac supply; the third parameter
q is positive and greater than unity, and this parameter is assumed constant in the control system.

a. Comment on the accuracy of the model shown in Figure 4.4a.

b. Taking the motor speed ®,,, the pump-shaft torque T, and the pump speed w, as the
state variables, systematically derive the three state equations for this (nonlinear) model.
Clearly explain all steps involved in the derivation. What are the inputs to the system?

c. What do the motor parameters w, and T, represent, with regard to the motor behavior?

JoT, dT, T, . .

; , and . Verify that the first of these three

w,, T, w,
expressions is negative and the other two are positive. Note: Under normal operating
conditions, for an induction motor (i.e., with “slip” in the motor rotation with respect to
the rotating magnetic field), 0 < @,, < w,.

d. Consider the steady-state operating condition of the system, where the motor speed is
steady at @,,. Obtain expressions for @, T,, and T (at this operating point), in terms of
,, and m,.

Obtain the partial derivatives
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a7, o7,

)Yl: d
o, ~Pvand g,

(d). Note: Voltagrg control i achieved by 0varying T, and frequency control by varying
w,. Linearize the state model obtained in Part (b) about the operating condition and
express it in terms of the incremental variables @,,, T,, @,, Ty, and @,. Suppose that the
(incremental) output variables are the incremental pump speed @, and the incremental
angle of twist of the pump shaft. Express the linear state-space model in the usual form
and obtain the associated matrices A, B, C, and D.

f. For the case of frequency control alone (i.e., Ty=0) obtain the input-output model (dif-
ferential equation) relating the incremental output @, to the incremental input a;JOA. Using

e. Suppose that sTm =-b, = f3, in the operating condition given in Part
o

this equation, show that if @, is suddenly changed by a step of A@,, then % will

3
ﬂzrkp

mYp

instantaneously change by a step of A@,, but the lower derivatives of @, will not

change instantaneously.

Solution

(@)

e Backlash and inertia of the gear transmission have been neglected in the model. This
assumption is not quite valid in general. Also, the gear efficiency 5, which is assumed
constant here, usually varies with the gear speed

e Usually there is some flexibility in the shaft (coupling) that connects the gear to the drive
motor

¢ Energy dissipation (in the pump load and in various bearings) has been lumped into a
single linear viscous-damping element. In practice, this energy dissipation is nonlinear
and distributed

o At least part of the pump load may be included as an “added inertia” to the pump rotor
(usually this is not a constant). Alternatively, the pump load may be more accurately
represented by a torque versus speed curve.

(b)

Let T,=reaction torque on the motor from the gear. Output speed of the gear transmission is

re,,. Also, power=torque xspeed. Hence, by definition, the gear efficiency is given by

_ Output Power _ T,r @,

- Input Power - T, w,
This gives

r

T,="T, (i)

n

The free-body diagrams for the energy storage elements are shown in Figure 4.4b. There are two
independent A-type elements and a T-type element. For them, the following three constitutive
equations are written:

Newton’s second law (torque=inertiaxangular acceleration) for the motor:

Ty = —by, + T, — T, = by, + T, ——T, (i)
n

Note: We have substituted (i).
Hooke’s law (torque rate=torsional stiffness xtwisting speed) for the flexible shaft:

T, =k, (ro, -o,) (iii)
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FIGURE 4.5 Torque—speed characteristic curve of an induction motor.
Newton’s second law for the pump:
J,0,=T,-b,0, (iv)
T

Equations (ii)—(iv) are the three state equations, with the state vector[ o, T, o,

These equations provide a “linear” state-space model whose input is T,.. Strictly, the system is
nonlinear with two inputs, in view of the torque-speed characteristic curve of the motor as given
by equation (4.25) and sketched in Figure 4.5. It also indicates the fractional slip S of the induction
motor, as given by,

(@0~ )
[

S= (4.26)
here, wy=speed of the rotating magnetic field of the motor (proportional to the line frequency).
Actually there are two inputs into the system: @, and T;. The latter depends quadratically on
the phase voltage.
Note: Varying @, corresponds to frequency control and varying T, corresponds to voltage control.

©
From (4.25), we note the following:

When o,, =0, we have 7,, = T;. Hence, T,=starting torque of the motor.

When T,, =0, we have 0,, = ®,. Hence, wy=no-load speed. This is the synchronous speed—
Under no-load conditions, there is no slip in the induction motor (i.e., actual speed of the motor
is equal to the speed w, of the rotating magnetic field).

Differentiate (4.25) separately with respect to T, @,, and @,,. We get

aTm _ q@o (w() - wm)
T (2 a2

= 4.27
T, (C](OS _ COm) /31 (say) ( )

T, Toq[(qa)é -, )(20)0 —0,)- 0 (0 -0, )quo]

oo, (g0 -2 )

Ty, [(@0-@.) + (-1t ] (4.28)

oi-aiy
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or,  Toaoo[(g0i -0} )~ (0 -0, )(20,)]

Iy, (g3 -3 )

Toqos [ (g =D +(@0 - ©,)’ |

=-b, (say) (4.29)
(g3 -2 )

Since g > 1, we notice that 8, >0, 3, >0, and b, > 0.
Note: b, = electrical damping constant of the motor.

(G
In a steady-state operating condition, the rates of changes of the state variables are zero. Hence,

setw,, =0=7T, =®, in equations (ii)—(iv). We get

0="T, —bpi, ——T,
n

0=T,-b,d,
Hence,
W, =10, (v)
T, =b,ra, (vi)
-  Togy (@ -@,
n:m%+ﬁw%m:ﬂ@§2£l(mm@m)
(qu — Wy )
or

ﬁzaﬂwf%yﬂ@ﬁ—@) (vi)
g ((00 — O )

Strictly, we need to express the operating values of the state variables: [ @, 7T, @, 1" in

_ T
terms of the operating values (known) of the two inputs: [ T, o l In theory, this can be

done because we have three equations (v)—(vii) in the three unknowns. This is not straightforward,
however, in view of the complex nature of the expression (vii). The specific procedure to accom-
plish objective is as follows:

1. Solve the “cubic equation” (vii) to express @,, in terms of the known quantities (steady-
state inputs) Ty and @,. We should get at least one stable solution—see Figure 4.5. Pick
the stable solution

2. Once we know @,, we can express @, and T, in terms of the known input quantities
T, and @, (using (v) and (vi)).

Hint: The cubic equation in this case is of the form ax® — bx +c = 0 with x = @,,. Its three roots are:

3

1
O R S b
"4ad 2788 ) 2a .

c? ¥ 2 ¢
dall =05 | 5
4a 27a’ 2a

o
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It is seen that the first root is real and positive, and it is the only valid root for ®,,. The other two
roots are complex conjugates and are not valid.
MATLAB® Code:

syms a b ¢ x
eqn = a*x"3-b*xt+c==
solve (egn, x)

©
The linearized nonlinear expression (the derivatives) for the motor torque has been determined
before. Specifically, the increment of the motor torque from the operating point is:

_dT,

a5+ ol

Take the increments of the state equations (ii)-(iv) and substitute (viii). We get the following linear
state-space model:

a7,
Ty

a7,
ow

fm :|(1A)0 =-b,@, + b fo + B> (viii)

0

de.\)m :_(bm +be)a’}m _%fp+ﬁlf0 +BZaA)O (lX)
T, =k, (rd, - ®,) (x)
1,0,=T,-b,, (xi)
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T
State vectorx=[d, T, ®, ]
R T
Input vector u = [ Ty @ ]

T
Outputvectory:[ (131; 7A"p/kp ]

Note: The second output is the angle of twist of the pump shaft. Its incremental value is T, /kp .
We have the corresponding model matrices

_(be+bm)/Jm _r/(n‘]m) 0 Bl/Jm ﬂZ/Jm
A= k,r 0 —k, |, B=| 0 o |
0 l/JP _bp/',p 0 0
C_' I
o wyk, o [ U7

Note:

b, =electrical damping constant of the motor
b,,=mechanical damping constant of the motor

()

In frequency control, we have 7, = 0. .
To get the linear 1-O differential equation, we should eliminate the state variables @,, and 7,

from the state equations (ix)—(xi). The general procedure for this is as follows:

1. Pick an equation where a variable to be eliminated occurs by itself, only in a single term
2. Substitute that equation into the remaining equations to eliminate the variable
3. Repeat the above two steps for the remaining variables that need to be eliminated

In the present example, we use this approach as follows:

1. Substitute (x) into (ix) in order to eliminate @,,
2. Substitute (xi) into the above result in order to eliminate 7,.

On simplification, we get the following input-output model (differential equation):

d*o d*o r2J do r’b n
J,njp7f+[1mbp+1p(bm+bf)] dtz" +[kp(J"l+ n” +b, (b +b,) dl" +k, n" +b, +b, |®,
= Bark, 0 (i)

This is a third-order differential equation, as expected, since the system is third order. Also, as we
have seen, the state-space model is also third order.

Observation From (xii)
When @, is changed by the “finite” step A@,, the RHS of (xii) will change by a finite amount.
Hence, the LHS also must change by a finite amount.

In this process, suppose that the lowest order term @, instantaneously changes by a finite

d d?
D and dfz)p have to change by

amount. That means, the higher-order terms (higher derivatives)
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“infinite” amounts, instantaneously (Note: The derivative of a step is an impulse—infinite). Then

the LHS will change by an “infinite” amount, which violates the equation.
3 A

Hence, only the highest derivative (—=%) will change instantaneously. The lower derivatives
t

will not change instantaneously.

e L . do d*o ) . .
Further Verification: In fact ®,, —%, and 2p constitute another choice of state variables,

t
for this system (not our preferred choice, however). We know that state variables cannot change
instantaneously (see Chapter 2) as that will violate causality.

For the instantaneous change, set all the lower order terms on the LHS of (xii) to zero. Then, we

d3wp ﬂzrkp
S as:

di Jod,

The following somewhat general observations can be made from this example:

can determine the change of the highest order term Ady

1. Mechanical damping constant b,, comes from bearing friction and other mechanical
sources

2. Electrical damping constant b, comes from the electromagnetic interactions in the motor

3. The two damping parameters occur together (and should be treated together, in analysis,
simulation, design, control, etc.). For example, whether the response is underdamped or
overdamped depends on the sum and not the individual damping parameters. This is a
consequence of electromechanical coupling.

Note: If the characteristic curve corresponding to (4.25) is experimentally determined, the
damping parameter “b” that is determined from the curve will contain mechanical damping (e.g.,
in bearings) as well since the torque is measured outside the bearings.

LEARNING OBJECTIVES

—_

. The effect of electromechanical coupling on damping

2. Mechanical damping and electrical damping should be treated together. System behav-
ior depends on the combined effect. This is a case for integrated analysis, simulation,
design, control, etc., as suggested before.

3. System nonlinearity can come from nonlinear coupling of inputs and state variables

. A state variable cannot change instantaneously

5. When an input changes instantaneously, the highest derivative of the output in the I-O

differential equation changes with it (instantaneously); and the lower derivatives of the

output do not change.

N

Note: These lower derivatives may be taken as state variables of the system, in an alternative
choice.

Example 4.3

Radiation heat transfer may be expressed by the nonlinear relationship Q = K(Tl4 - Tf)
Here,

Q=heat transfer rate (watts)
T,=heat source temperature (°K)
T,=heat receiver temperature (°K)
K =a system constant

Consider the reference condition Q,, T;y, and Ty, which satisfies Q, = K(T.‘(‘) - T{B)
Change in heat transfer rate from the reference value is given by

80=0-0y=K(T' -T3')- K (it - T3 )

Non-dimensional “change” in the heat transfer rate:
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so_ k(5 -T)-K(5-7) g
o) K (Tio - T T —Tao
Several approaches may be used to express the change 6Q of the heat transfer rate from the

reference value (Q,) as the temperature changes by 8T from the reference condition. Specifically
consider the following four approaches:

-1 (4.30)

q

(@
i. (Approach 1, Source temperature changes): Let 6T =T, —Tyy; T> = Th; define the non-
ST
10 — TZO ’
Problem: Study the variation of ¢ wrt r near Ty, and Th.

ii. (Approach 2, Receiver temperature changes): Let 8T = Toy — T5; T, = Ty; define the non-
oT

710 - TZO '
Problem: Study the variation of g wrt r near T;y and T

dimensional temperature change (of source), r =

dimensional temperature change (of receiver), r =

(b)

i. (Approach 3, Source temperature changes): Local slope g—g = 4KT;’ for source
1

temperature variation 8T = T, — Tyo; §Q = %ST N

8Q _ 4K oo 4To(To=Tw) 6T _ 4T e
Qv K(Tio—Th) (Tio — Tx) To—To (Tio+To)(Tio +T0) (Tio —To)
g= 4T3

.
(Tio + Too X(Ti + T0)

Problem: Study the variation of g wrt r near Ty, and Ty

. . o .
ii. (Approach 4, Receiver temperature changes): Local slope %2—41(23 for receiver
2
- 5 4K Ty
temperature variation 6T =Ty —T; near reference: —Q=7ZO-5T -

. Q  K(Tio—Tx)
4T5
.
(Tio + Too X(Ti + To)

q=

Problem: Study the variation of ¢ wrt r near Ty, and Ty

©

Compare these four approaches for thermal resistance (near the reference condition).

Solution
(@

50 T'-T ST

qg=—"= e ], y=—

QO TiO - TZO TiO _TZO

Case (i):
0T=T,-Ty; Th=Ty
4
- (Tio +6T)" - T5) [Tt (o =To)r ] =T

(16 - 13) (16 - 13))
|:T104 +4T1%) (TIO _TZO)r+6Tl%) (TIO —T20)2 r’ +4T (TIO —T20)3 P +(T10 —T20)4 rt _TZ%:I
(16 - 136)

= q= Ar+Br* +Cr’ + Dr' 4.31)
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4T3 (T ~To) , _ 6T (To=Too)" . _ 4T (T ~Two) (T ~Tan)'
(Tb-16) (16 - 36 (16 - T36) (1o -1%)
Note: A>0,B>0,C>0,D>0

with A =

s s

Reference point: ¢=0,r=0

. . . 1 1 .
Non-dimensional thermal resistance = ——— = — at the reference point.
dq/dr
Thermal resistance Ry = ———
dQ/dT
_(Tl()_TZO) 1 _(Y]O_TZO)_ (Y]O_TZ())X(]]?)_TZ%) 1

Q  dg/dr QA K(Ti§—Th)4T (T -T) 4KTi
at the reference point.

Case (ii):
0T =T, -T; T, =T
T (1 —87)" | T —[Too—(To—To)r]'

= —-1= -1
T (- (15 -7)

{th - I:Tl()4 - 4T2%) (T]() - Tzo)”"‘ 6T220 (TI() =Ty )2 r— 4Ty (T]() =Ty )3 r +(T|0 =Ty )4 rt ]}
(136 - 135)

-1

=qg=Ar-Br+Cr -Dr" (4.32)

with

3 2
A= AT (Tio —To) _(Tzo ) A B = 6Ts (Tho — T )2 B (Tzo) B

(r6-1) T (mi-15)  \To

= 4T (T = T)’ _(TZOJC; , (T —Txn)'

(16 - T Tio C(Th-Th)
Note: A’>0,B’>0,C">0,D" >0
As in Case (i), )
Non-dimensional thermal resistance = =—
dq/dr i A
. 1
Thermal resistance Ry = ———
dQ/dT o
_(Tl()_TZO) 1 ‘ _(TIO_TZO)_ (EU_TZO)X(E?)_T;:J) 1

Qv dgjdr| . QA K(T§-TH)ATH (T —To) 4KT3

rel

(b)
Case (i):
From the result in (a)(i), the linearized relation is

g=Ar (4.33)
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TABLE 4.1
Expressions for Thermal Resistance
Case Thermal Resistance
(a)(d) 1
4KT;,
(a)(ii) 1
4KTs
(b)) 1
4KTy
(b)(ii) 1
4KTs
4T;o (Tio — To) 4Ty

ith A = =
. (T6-T56)  (Tio+To)(T0 + )

. . . 1

Non-dimensional thermal resistance = —
. 1

Thermal resistance Ry = ——-

4KTy

Case (ii):
From the result in (a)(ii), the linearized relation is

g=Ar (4.34)

4T3 (Tio — Too) 4T

ith A" = =
. (Ts—T5) (T +T)(T3 +73)

. . . 1
Non-dimensional thermal resistance = —
1

Thermal resistance Ry = — -
4KTi0

©
For the four approaches, the thermal resistances at the reference point (operating point) are given
in Table 4.1.

The curves of g versus r (non-dimensional) are plotted in Figure 4.6 for the operating condition
Tio =310°K, T, = 290°K.
Comparison:

1. Cases (a)(i) and (ii) are general and are not linearized relations. The corresponding
thermal resistances are determined by the “inverse” of the slope at the reference point
q=0,r=0

2. Cases (b)(i) and (ii) are the linearized versions of (a)(i) and (ii), respectively. Hence, the
corresponding thermal resistances are the same as those for Part (a), at the reference
point. Note: Thermal resistance is defined locally (linear)

3. The larger the T}y, the smaller the thermal resistance, because for a given Ty, a larger Ty
produces a greater heat transfer rate
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(a)

° (a)()
+ (a)(i)

Non-dimensional Heat Transfer Change ¢
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(b) Non-dimensional Temperature change r
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FIGURE 4.6 Non-dimensional curves of g versus r for the four cases: (a) Local details; (b) global
view.

4. The larger the Ty, the larger the thermal resistance, because for a given T, a larger Ty
produces a smaller heat transfer rate.

LEARNING OBJECTIVES

. Modeling of a nonlinear thermal system
. Characteristics of radiation heat transfer
. Linearization of radiation heat transfer

. The local concept of thermal resistance.

AW —
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4.5 LINEARIZATION USING EXPERIMENTAL DATA

Linearization of nonlinear analytical models was studied in the previous sections. In some situa-
tions, an accurate analytical model may not be readily available for an existing physical system.
This could be due to reasons such as: The physics of some processes of the system is not clearly
known; the system is highly complex for an analytical formulation; and the limited skillset of the
project personnel. Furthermore, as noted before, slope-based local linearization may not be pos-
sible with some analytical models (e.g., the local slope may be zero, infinite, or indeterminate). If
a prototype of the system is available, another option for developing a model is through the use of
experimental data. This is called experimental modeling (or in the language of control engineers,
model identification or system identification) and may be achieved in several ways including:

1. Model identification of the entire dynamic system using input—output test data. This is
what is commonly known as system identification. It can be a somewhat complicated pro-
cess, particularly for complex and high order systems, because the data must be fitted to all
important dynamic characteristics of the system

2. Testing only a key part or component of the system, which may be nonlinear, under steady-
state conditions. Since steady-state test data are used, even if the entire system is tested,
some characteristics of the dynamics (e.g., inertia forces/torques) will not be present in
the data. Hence, some dynamics (e.g., inertia) of the system have to be integrated into the
identified model separately (and analytically).

It is the second approach (which is a special case of the first approach) that we particularly focus
on in the present section. In this approach, experiments are conducted on the specific part of the
system at steady state, to determine the corresponding operating curves. These operating curves,
which typically are nonlinear, are used in deriving a model. This approach is discussed now, to
derive a “linear” model first taking an electric motor as the example system and then extending it to
an example in the thermo-fluid domain. The approach is not limited to a particular physical domain,
however. The approach is as follows:

1. Linearization is done by determining the local slopes (derivatives with respect to the inde-
pendent variables) of the experimental characteristic curves

2. For reasons of experimental feasibility, the curves are determined by varying one indepen-
dent variable at a time (keeping the other independent variables constant at some operating
condition)

3. On a two-axis coordinate frame, only two such independent variables can be represented

4. Typically, the experiments are conducted at steady state. Dynamics (particularly, inertial
dynamics) is incorporated separately into the model, using the corresponding analytical terms.

4.5.1 TorQuUE=Speep CURVES OF MOTORS

The speed versus torque curves of motors under steady conditions (i.e., steady-state operating
curves) are available from the motor manufacturers (data sheets). These curves have the character-
istic shape that they decrease slowly up to a point and then drop rapidly to zero. One simple reason
for this characteristic is the power supply constraint, which requires a drop in speed in order to
achieve a greater torque. We have already discussed an example that uses the nonlinear characteris-
tic curve of an ac induction motor (see Figure 4.5). The operating curves of dc motors take a similar,
but not identical, characteristic form. Figure 4.7 presents three characteristic curves of a dc motor
that has both stator windings (field windings) and rotor windings (armature windings). In order to
be powered by a single input (dc voltage), the two sets of windings have to be connected together.
Commonly, they are connected
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FIGURE 4.7 Torque—speed operating curves of dc motors. (a) Shunt-wound; (b) series-wound; (c)
compound-wound.

1. In parallel (i.e., shunt-wound)

2. In series (i.e., series-wound)

3. With part of the stator windings connected in series and the remaining part connected in
parallel with the rotor windings (i.e., compound-wound).

It is seen from Figure 4.7 that the interconnection arrangement between the stator windings and the
rotor windings determines the shape of the characteristic curves.

The torque at zero speed is the braking torque or starting torque or stalling torque. The speed at zero
torque is the no-load speed, which, for an ac induction motor, is also the synchronous speed (when the
motor speed equals the speed of the rotating magnetic field, giving the condition of no slip).

Typically, the measurement of the characteristic curves of a dc motor with a common input volt-
age for exciting both stator and rotor is done as follows:

1. Keep the supply voltage to the motor windings at a known constant value

2. Apply a constant known load (torque) to the motor shaft

3. Once the conditions of the motor become steady (i.e., reaches a constant speed) measure
the motor speed

4. Repeat steps 2 and 3 for increments of torques within an appropriate practical range. This
gives one operating curve, for a specified supply voltage

5. Go to Step 1, change the supply voltage by a suitable increment, to another constant value
and repeat steps 2 through 4, to get another operating curve

6. Repeat steps 1 through 5 to get the required number of operating curves.

It should be noted that the motor speed is maintained steady in these experiments as they are carried
out in “steady” operating conditions. That means the motor inertia (inertial torque) is not present
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FIGURE 4.8 Two steady-state operating curves of a motor at constant input voltage.

when obtaining these curves, while the mechanical damping is. Hence, motor inertia has to be
introduced separately when using these curves to determine a “dynamic” model for a motor. Since
mechanical damping is included in the measurements, because the torque is measured in a shaft
segment outside the motor bearings, it should not be added again in the model again. Also, electri-
cal damping is inherent in the operating curves. Of course, if the motor is connected to an external
load, the damping, inertia, and flexibility of the load all have to be included separately, by a suitable
analytical model, when using experimental operating curves of motors in developing models for
motor-integrated dynamic systems.

Note: Some characteristics of the load also may be experimentally determined as its operating
curves and then converted into an analytical model (as for the load).

4.5.2 EXPERIMENTAL LINEAR MODEL OF A MOTOR

Consider an experimental set of steady-state operating curves for a motor, each obtained at a con-
stant supply/control voltage. In particular, one curve (primary curve), which passes through the
normal operating point O, is measured at voltage v.. Two other curves adjacent to (enclosing) this
curve are measured at voltages v. — A;v. and v. + A,v,, where Av, = Ajv, + A,v, is the voltage
increment between these adjacent curves at O and AT, is the corresponding torque increment, as
shown in Figure 4.8.

Draw a tangent to the primary curve at the normal operating point O and determine its slope.
This slope is negative, as shown. Its magnitude b is given by

T,
Damping constant b = —aa—m = slope magnitude at O 4.35)

m |y, =constant

The parameter b represents the equivalent rotary damping constant (torque/angular speed) in the
operating condition of the motor and includes both electromagnetic and mechanical damping effects
in the motor since typically the motor torque is measured from a motor shaft segment outside the
motor bearings. The included mechanical damping comes primarily from the friction of the motor
bearings and aerodynamic effects. Since a specific load is not considered in the operating curve, the
load damping is not included in b.

Draw a vertical line through the operating point O to intersect the two adjacent operating curves
whose voltage difference is Av,.. From that, we get:

AT, = torque intercept between the two operating curves,

| _ar,
av Av,

Voltage gain k, = 4.36)

¢ l@,;= constant
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FIGURE 4.9 Mechanical system of the motor.

Note: A vertical line is a constant-speed line.
Since the motor torque 7,, is a function of both motor speed w,, and the input voltage v, (i.e.,
T, =T, (®,,,v.)), we have from basic calculus:

o7, = | 5o +9Tnl 5, @.37)
0w, |, M|,
or
ST, = —bSw, + k., 4.37b)

where the motor damping constant b and the voltage gain k, are given by equations (4.35) and (4.36),
respectively.

Equation (4.37) represents a linearized model of the motor. The torque that is needed to acceler-
ate/decelerate the motor rotor inertia is not included in this equation (because steady-state curves
are used in determining the model parameters). The motor inertia term, as given by the Newton’s
second law, should be explicitly included in the linearized (incremental) model of the motor rotor
(see Figure 4.9):

déw,,
dt

I =0T, — 0T, (4.38)
where J,,=moment of inertia of the motor rotor and 7; =load torque (equivalent torque applied on
the motor by the load that is driven by the motor).

Note: Mechanical damping (with damping constant b,,) of the motor and its bearings, as shown in
Figure 4.9, is not explicitly included in equation (4.38) because it (along with electromagnetic damp-
ing of the motor) is already included in equations (4.35) and (4.37), as indicated before.

4.5.3 EXPERIMENTAL LINEAR MODEL OF A NONLINEAR SYSTEM

The method of obtaining the experimental model of a motor and its linearization are presented in the
previous section. This approach can be extended for any nonlinear dynamic system. Experimentally
obtaining the steady operating curves of the system and determining a linear model of the system
from them are outlined now. Assuming that only two independent variables are present in the char-
acteristic function, the relevant steps are as follows:

1. Keep one independent variable constant at some operating condition, vary the other inde-
pendent variable in steps, and successively measure the system response

2. Plot the steady-state characteristic curve of the system using the measured data

3. Repeat steps 1 and 2 by changing the operating condition of the first independent variable
by a small increment. Obtain a series of characteristic curves in this manner
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4. Linearization: For a specific operating condition, determine the slope of the curve that
passes through it (in which the first variable is kept constant); also find the vertical incre-
ment of two adjacent characteristic curves that enclose the operating point (the second
variable is constant along a vertical line)

5. Slopes with respect to the two independent variables are obtained from the two values
determined in step 4.

Once the local slopes of the nonlinear characteristic function with respect to the two independent
variables are determined at the operating condition in this manner, they can be easily incorporated
into a linear model (as done in the motor example). An example is given now.

Example 4.4

A gas turbine drives a centrifugal pump through a long shaft, as shown in Figure 4.10a. The vari-
ables and parameters of the system are identified in the figure.

For Gas Turbine:

Fuel input rate=Q (gal/s)

Moment of inertia of the rotor=J, = 0.1 kg-m?

Mechanical damping constant (at bearings, etc.) = b, = 0.5 N - m/rad/s

(a)
T Water Out
Fuel Rate ]
0 —>

Gas Turbine Centrifugal Pump T Water In

Fuel Input
| | Rate
160 10 P EQ%(gal s)
140 [T
F§——] \\\\\
120 -7 ——FSNON
6 —— NN -
100 [$ TSN IRNN
NN S
80 i \\\E\\ N
- D NN
60 | = NN
40
20
-2 i i i [ [ ‘ : I >
0 200 400 600 so0 Speed 2 (rpm)

FIGURE 4.10 (a) Gas turbine operating a water pump; (b) steady-state operating curves of the gas
turbine.
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For Shaft:
Torsional stiffness=k =20.0 N-m / rad
Torque in the shaft=T;

For Centrifugal Pump:
Moment of inertia of the rotor (may include the “added mass” due to the fluid load)

=J,=005kg-m’
Mechanical damping constant (linear viscous) of pump (may partly include the fluid load)
=b, =3.0 N-m/rad/s

The torque versus speed curves of the turbine, at steady state, for different values of the fuel input
rate are shown in Figure 4.10b.

Note: Torque of the turbine is measured on the turbine shaft prior to the bearings (unlike in the
motor example). Speed Q is given in rpm, not rad/s.

The system output is the pump speed.

a. Determine a complete state-space model for the system. T(€,Q) is the generated torque
of the turbine; Q, T; and Q,, are the state variables; Q is the input variable; and Q,, is the
output. Note: This model is nonlinear because of the term T(Q,0Q)

b. Linearize the model about an operating point, for incremental variables of the states and
the input, given by,

Q=w0,0T, =1, 8, =w,,and 60 = ¢
Note: First formulate the linear model using given symbols for the model parameters. Next sub-

stitute the numerical values that are given and those extracted from the experimental curves. The
operating point is given by Q =8 gal/s and € = 400.

Solution

@
Consider the free-body diagrams of the turbine rotor, shaft, and the pump rotor, as shown in
Figure 4.11a.

Constitutive Equations:

Turbine Rotor : J,Q = TQ,0)—bQ-T, (i)
Shaft: 7, = k (i)
Pump Rotor : J/,Q, =T, —b,Q, (iiii®)

Node equations at the motor—shaft interface and the shaft-pump interface:

T, -T=0 (iv)
T,-T,=0 v)

Substitute (iv) into (i*):
JQ=T(Q,0)-bQ-T, (i)

Substitute (v) into (iii*):
J,Q, =T, -b,Q, (iii)

State Equations: (i) throughT(iii), with
State vector X = [Q,Tk ,Qp]
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FIGURE 4.11 (a) Free-body diagrams; (b) linear parameter estimation using the experimental curves.
Input vector U = [Q]
Output vector Y = [Qp]
(b)
Linearize the nonlinear model (i)—(iii) by taking increments:
J,8Q = 8T - b,3Q - 5T,
J,8Q, = 8T, —b,6Q,
T T
From calculus, 6T = o Q4+ T 00 =-bQ+k,60=-bw+k,q
dQ o a0 o
where
aT .
=2 Vi
0Q|, v
and
g = or (vii)
0|,

147
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Substitute the given notation. We get the linear state equations:
Jw=-bw+k,q—bw—1
t=k(o-0,) (viii)
J,0, =1, -b,0,

where the incremental state vector and the incremental input vector are

xz[ 0 T O, ]T;u:[q]

In the vector-matrix form, we have

x=Ax+Bu
y=Cx+Du
~(b+b)/J,  —1/J, 0 kq/J:
with, A = k 0 -k ; B=|0 ; C=[ 0 0 11 D=[0]
0 1/JP _bp/‘]p 0

Now we estimate b and k, (according to (vi) and (vii)) from the given operating curves, as shown
in Figure 4.11b:
b=slope at the operating point on the O =8 gal/s curve

= (130_80)212'“1) - 5027: =1326N-m/rad/s
(560 —200)X =~ (rad /s) 360X —~
60 60

k,=increment of T over the change in Q from 7 to 9 gal/s with Q kept constant at 400 rpm
:wzg.ON.m/gal/s
(9—-"T)(gal/s)

Substitute the given parameter values:

bab 1326405 _1eo6st. L o100kem?) s =1 2200 (keg-m?)

J, 0.1 J, J, 005
b . k, 9.0(N-m/gal/
”:ﬂ:60.0s"; i:(Lgais):%.Ogal/s3
J, 0.05 J; 0.1 (kg-m~)
90.0
-18.26 -10.0 0
We have A = 20.0 0 -20.0 | B=|0 ; C=[ 0 0 11 D=[0]

0 200 -60.0

LEARNING OBJECTIVES

. Use of test data in model development of a dynamic system

. Modeling of a multi-physics (thermo-fluid and mechanical) system
. Model linearization using test data

. Integration of analytical and experimental models

. Incorporation of system dynamics using steady-state characteristics.

Gl W N —
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4.6 OTHER METHODS OF MODEL LINEARIZATION

As we have studied, popular methods of linearization of a nonlinear device employ the local
behavior of the device over a small operating range. This local linearization is straightforward
but is not generally applicable. In particular, local slope-based linearization (whether analytical
or experimental) of a dynamic system may fail (or may not be feasible) due to such reasons as the
following:

1. The operating conditions can change considerably and a single local slope may not be valid
over the entire range

2. Multiple local slopes may exist at the same operating condition (e.g., switching from one
slope value to another at the same value of the independent variable)

3. The local slope may not exist, may be infinite, or may be insignificant (practically, zero)
compared to the O(2) terms of the Taylor series expansion (e.g., Coulomb friction)

4. In some nonlinear systems, the use of local slopes (e.g., negative damping in a control law)
may lead to undesirable consequences (e.g., instability).

In such situations, other problem-specific or ad hoc approaches may have to be used. For example,
several different linear models may be used over the operating range of the system.

On the other hand, methods are available to reduce or eliminate the nonlinear behavior in devices.
They include the use of calibration curves (in the static case), linearizing elements (e.g., resistors
and amplifiers in bridge circuits) to neutralize the nonlinear effects, and nonlinear feedback (feed-
back linearization) to eliminate the nonlinear characteristics in the system. Also, methods other
than the local slope-based methods are available for developing linear models. They include the use
of an equivalent linear model based on some criterion of equivalence such as energy per operating
cycle and the describing function method (which extends the transfer function method to nonlinear
systems and is based on the equivalence of the fundamental frequency response). Several of these
methods are outlined now.

4.6.1 CALIBRATION CURVE METHOD

A static nonlinearity of a device corresponds to a nonlinear algebraic (rather than differential equa-
tion) relationship between the input and the output of the device. Typically, this “static nonlin-
earity” (rather than “dynamic nonlinearity”) occurs under steady-state conditions. A significant
consequence of a static nonlinearity is the algebraic distortion of the output. This can be removed
(linearized) by recalibration or rescaling, without introducing any error, at least in principle. This
approach is explained now using an example.

Example 4.5

Suppose that the steady-state input-output behavior of a device is given by y = ke, where u is
the input and y is the output. Consider a sinusoidal input u = u, sinwt. The corresponding output
is y = ke ', which is far from sinusoidal.

Note: In a linear system, the steady-state output also will be sinusoidal at the same frequency (w).

Now let us “transform” the problem as log(y) = pu +log(k)- In this manner, the input-output
relationship is “exactly” linearized by simply using a log scale for the output and also adding a
constant offset of —log(k). In this recalibrated form, the output for a sinusoidal input will be purely
sinusoidal at the same frequency (w) with the amplitude magnified by p. The phase angle does not
change. No error has been introduced by this approach.

To illustrate this behavior numerically, use the parameter values: k=2.0, p=1.5, u,=2.0, and
®w=1.0. We use the following MATLAB function to determine the input—output behavior of this
numerical example (Figure 4.12a) and the corresponding two signals (Figure 4.12b):
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FIGURE 4.12 Static sine response of a nonlinear device. (a) Input—output behavior; (b) signals.

°

% Response of nonlinear device
u0=2.0;k=2.0;p=1.5;
t=0:0.01%pi:4%*pi;

u=sin(t) ;

y=k*exp (p*u) ;

y2=log (y) ;

% plot the results

plot(u, y, '-', u, y2,'-', u, y2,'o")

plot(t, u, '-', t, y, '-', t, y, 'o', t, y2,'-', t, y2,'+")

It is seen that the actual nonlinear function considerably distorts the input sine signal, and the
output is not sinusoidal at all. The use of a log scale for the output, however, conveniently and
accurately linearizes the behavior, giving a sinusoidal output. Furthermore, by using the log out-
put shown in Figure 4.12a, we can extract the two parameters p and k from the slope and the
y-intercept of the linearized (scaled) input-output curve. Specifically, p=slope=3.0/2.0=1.5;
Log k=0.7 — k=2.0.

LEARNING OBJECTIVES

1. Removal of static nonlinearity
2. Calibration (rescaling) method
3. Parameter extraction from static input-output data.
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4.6.2 EQUIVALENT MODEL APPROACH OF LINEARIZATION

Another way to linearize a nonlinear model is through some criterion of equivalence. Specifically,
a linear model that is equivalent to the nonlinear model is determined, based on some criterion.
Approximating a distributed-parameter model by a lumped-parameter model by using energy
equivalence is addressed in Chapter 3. Similarly, energy equivalence is a practical and convenient
criterion of equivalence for linearizing a nonlinear model. Specifically, the energy absorbed (or
energy dissipated, or work done) in an operating cycle is used as the criterion for equating the two
models. This approach is illustrated now using an example.

Example 4.6

Consider the nonlinear damper (e.g., fluid damper) model shown in Figure 4.13a. The constitutive
relation of the damper is

f=cxlxl (4.39)
where

f =damping force

x=relative displacement of the damper
x =relative velocity of the damper
c=damping parameter.

Suppose that a harmonic (sinusoidal) force of frequency @ is applied to the damper. At steady
state, the dominant sinusoidal component of the displacement x will be x = x, sin(w? + ¢)
where

x, = displacement amplitude

¢ = phase angle of the displacement x with respect to the force f

a. Determine the energy dissipation of this nonlinear damper in one cycle of motion (i.e.,
in the period T = 2r / @). Express your result in terms of ¢,x, and .

b. Now consider the linear viscous damper model shown in Figure 4.13b. Here, the consti-
tutive relation is

f=bx (4.40)
where b=viscous damping coefficient. Following the same procedure as for the non-

linear damper, determine the energy dissipation in one cycle of motion of the linear
damper. Express your result in terms of b,x, and @.

(a) (®)

’H
—Q — /) — ()

e |x| b

FIGURE 4.13 (a) A nonlinear fluid damper; (b) a linear viscous damper.
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c. From the two results, give an equivalent linear viscous damping coefficient b, that
results in the same energy dissipation per cycle as for the nonlinear damper. Express
your result in terms of ¢,x, and .

Note: We assume that the equivalent linear damper (equivalent model) will operate at
the same frequency (w), which is the excitation frequency, as the nonlinear damper and
has the same displacement amplitude (x,) as the nonlinear damper. These two added cri-
teria of equivalence (in addition to the energy dissipation per cycle) can be enforced on
the equivalent linear system, because it is a representative “model” that is developed in
any desirable way, and it is not a model of the actual system (the given nonlinear model).

d. Comment on the limitations in the use of this method of linearization.

Solution
@
f=ci|] (4.39)
X = Xo sin(wt + @) (i)
X = X cos(wt + @) (i)
L - dx
Energy dissipation per cycle of excitation, Au = J fdx= j f d—dt
cycle cycle !
@er-p)o
Substitute (4.39) and (ii): Au=c J P4 dt = exjw® J cos” (w1 + ¢)|cos(wt + )| dt
cycle -¢lo

Change variables: 6 = wt+¢. Then,

At =2, 6=0
(0]

_(@r-¢)
o

At ¢t 60=2mn

Also, d6 = wdt
Substitute

2n /2
Au = ngwZJ-COSZ 0|cos 0] d6 = dexiw® J. cos® 6dO (Note :cos6 >0 when =0 to g)
0 0

/2

=4cexiw? J. cos@(l— sin? 9)d0 =4cexiw? [sin@— %sin3 6:|2 =4dcexio’ (1 - %)
0

0

Au= gcxng (4.41)

(b)

f=bi (4.40)
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As before,
Q2n-¢)o 2n 2n 1
Au'=b J 2 dt = bxiw* J cos’ (wt + ¢)dt = bxgmj cos’ 0d6 = bxéwJ‘E[l +co0s201d0
cycle —¢/w 0 0

27

= lbxgw[mlsinze] = lbxéa>><[2n+0]
2 2 , 2

Au’ = thxiw (4.42)
Note: Alternatively, as in Part (a), we could have used

/2

Au’ =4 % bx,’® j %[1 +c0s261d6
0

4 1. i
- befw[e +sin 20] - 2bx,,za)[g + 0] )

0

We get the same answer.

©

For the equivalence of energy dissipation in one cycle, we must satisfy Au = Au” with b = be,.

8
nbeqxéa) = gcxga)z

8
by = —Cxo0 4.43
q I 0 ( )

(d)

It is seen from result (4.43) that the equivalent damping constant depends on both the excitation
frequency and the response amplitude (hence on the excitation amplitude). This is a common
characteristic of a nonlinear system, as pointed out before, and also seen in the describing func-
tion method, which is considered next. Therefore, the equivalent damping constant has to be
changed during the use of this linear model, depending on the excitation parameters, unless the
excitation signal is sinusoidal.

Also we require that the equivalent linear model has the same displacement amplitude and
frequency as the nonlinear damper, which is not a limitation, as pointed out earlier.

Note: At steady state (i.e., as @ — 0), b,, — 0, and the model will be able to provide very large
speeds even with a very small excitation force. At very high frequencies (i.e., @ — ), be; — oo, and
the model will not move, which is quite realistic.

The nature of the damping modules of Figure 4.13 is shown in Figure 4.14.

It is clear that the nonlinear damping (Figure 4.14a) has an infinite slope at zero force (and at
zero speed) unlike the linear viscous damping (Figure 4.14b), which has a finite slope.

Note: Infinite slope means zero damping constant because slope in Figure 4.14 is ﬁ, while

of

the damping constant is ——.

X
Hence, local linearization (based on the local slope) is not practical in this case of nonlinear
damping, particularly for low speeds (and low damping forces).
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(a) (b)

Output Output
speed x speed X /b
0 Input / 0 Input f

FIGURE 4.14 (a) Nonlinear damping; (b) linear viscous damping.

LEARNING OBJECTIVES

. Why the local slope method of linearization is not feasible in some cases of nonlinearity
. Energy-equivalence method of linearization

. Dependence of the linearized model on the excitation amplitude

. Limitations of energy-equivalence linearization

. Change of variables to simplify analysis.
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Depending on the situation, other criteria of equivalence may be used for determining the equiva-
lent linear model. The describing function method of linearization, for example, uses the criterion
of “fundamental frequency equivalence,” which is presented next.

4.6.3 DescriBING FUNCTION METHOD

Nonlinear systems can be analyzed in the frequency domain by using the describing function
approach. This is similar to the use of transfer functions (or frequency transfer functions or fre-
quency response functions) for linear systems, but the usage is restrictive. As observed before, when
a sinusoidal input (at a specific frequency) is applied to a nonlinear device, the resulting output at
steady state will have a component at this fundamental frequency and also components, typically
harmonics, at other frequencies (as a result of the property of “frequency creation” by the nonlinear
device). The response may be represented by a Fourier series, which will have a signal component
at this input frequency (fundamental frequency) and also at integer multiples of the input frequency.
The describing function approach neglects all the higher frequency components (harmonics) in the
output and retains only the fundamental component (i.e., the component at the input frequency).
This output component, when divided by the input, produces the describing function of the device.
In this manner, we obtain a “transfer function model” called the describing function for the nonlin-
ear device. But, unlike for a linear device, the gain and the phase shift of a describing function will
vary with the input amplitude, in general.

Clearly, the describing function method of linearization is a method of using an equivalent model
(see previous section). Specifically, for the describing function method, the equivalence criterion is
the fundamental frequency component of the output (response). The obtained equivalent model is
a frequency-domain model (a transfer function—see Chapter 6), albeit with limitations, not a time-
domain model. In particular, as in the case of energy equivalence, the equivalent model represented
by a describing function will depend in general on the excitation amplitude and the excitation fre-
quency. We now illustrate this method using an example.
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Example 4.7

The ideal relay is a two-state switching function. Its input—output behavior is given by the analyti-
cal relationship,

¥ = Yo sgn(u) (4.44)

where “sgn” denotes the signum (sign) function. Specifically, if the input takes a positive value, the
output switches to y,, and if the input takes a negative value, the output switches to —y,. When
u=0, the output value is not strictly defined, but we will take it to be 0 as well. Consider a sinu-
soidal input, given by u = u, sin wz.
The output is a pulse with the same frequency (same period) as the input, as shown in Figure 4.15a.
Determine a describing function N for this ideal relay, which can be represented by the block

diagram in Figure 4.15b.
Solution

First we need to determine the signal component of frequency w in the output signal. This can
be obtained by the Taylor series expansion of the output signal. We have

¥y =y sgn(sinwt) = by + z(a,» sini@it + b; cosimr) (i)

i=1
First, at t=0 in (i), we note that by = 0. Then, we only need to determine @, and b, one of which can

be made zero (without loss of generality) from the nature of the nonlinear function. To determine

(a)
Output y, ¥

V) [—

= = Time ¢
2]

Input «

K
S

—1, 0 u, U

h

[0}
F7d

D

®
19“‘”-17{]

(b)

Input u Output y
o

N

FIGURE 4.15 (a) The output of an ideal relay for a sine input; (b) the describing function representa-
tion of a nonlinear device.
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a;, multiply both sides of (i) by sinw? and integrate wrt time t, over a full cycle of the signal (i.e.,
from O to 21 / w). It is easy to see that all the terms on the RHS of (i), except the term containing a;,
go to zero because they have identical positive and negative halves over the integration period.
Then we have

2n/w 2n/w
J Yo sin @t sgn(sin wt)dt = J (sin wt)(a, sin @t)dt
0 0
/o 2n/o 2n/® 1
2yo _[ sinwrdt = a; J sin® wrdt = a; J E(l — cos2wit)dt
0 0 0
2y 21/
o

T/ w 1 1 .
=4a
[-cosar]] a f|:t——sm2wt]
w 2 20 b

4 b4
Yo _ a X
w w
4
Hence, a, = i.
b
In the same manner, we can show that b, = 0. This means the fundamental component of the
. . 4 .
output y Is a; sinwt = isma)t.

T
We get the describing function by dividing this output component by the input signal
u = ug sinot. Specifically,

4o
T

N= (4.45)

Clearly, this function depends on the input amplitude u, which is a characteristic of a nonlinear system.
More details and examples of the describing function approach can be found in textbooks on
nonlinear control systems.

4.6.4 LINEARIZATION UsSING ANALOG HARDWARE

Hardware, particularly those that employ operational amplifiers (op-amps), may be used to linearize
anonlinear device, often without sacrificing the device accuracy. We now illustrate this approach by
using resistance bridge (Wheatstone bridge) as an example.

A bridge circuit is commonly used in applications of instrumentation, to make some form of
measurement. Typical measurements include change in resistance, change in inductance, change in
capacitance (or, generally, change in impedance), oscillating frequency, or some variable (stimulus)
that causes these changes. There are many types of bridge circuits. Figure 4.16a shows a Wheatstone
bridge. It is a resistance bridge with a constant dc voltage supply (i.e., it is a constant-voltage resis-
tance bridge). A Wheatstone bridge is particularly useful in strain-gage measurements, and conse-
quently in force, torque, and tactile sensors that employ strain-gage techniques. Since a Wheatstone
bridge is used primarily in the measurement of small changes in resistance, it could be used in other
types of sensing applications as well. For example, in resistance temperature detectors (RTDs), the
change in resistance in a metallic (e.g., platinum) element, as caused by a change in temperature, is
measured using a bridge circuit.

In Figure 4.16a, suppose that R, =R,=R;=R,=R. Then, the bridge is balanced, and the bridge
output v, will be zero. Now increase the resistance R, by 6R. For example, R, may represent the only
active strain gage, while the remaining three elements in the bridge are identical dummy elements.
It can be shown that the change in the bridge output due to the change R is given by
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(a) A

> ?'_ Output
Vo

Vref
A(Constant Voltage)

FIGURE 4.16 (a) Wheatstone bridge (constant-voltage resistance bridge); (b) a linearized bridge.

ov,  OR/R
Ve (4+206R/R)

(4.46)

It is clear that the output is nonlinear, with respect to the change in resistance of the active ele-
ments. Such a nonlinear bridge can be linearized using hardware; particularly op-amp elements. To
illustrate this approach, modify the bridge circuit by connecting two op-amp elements, as shown in
Figure 4.16b. The output amplifier has a feedback resistor R;. The output equation for this circuit can
be obtained by using the properties of an op-amp, in the usual manner. In particular, the potentials
at the two input leads must be equal and the current through these leads must be zero. From these
properties, the output of the hardware-modified bridge can be determined as

R
% — 45713 @.47)
Vrief R R

This relationship is linear.

4.6.5 FeeDBACK LINEARIZATION

Feedback linearization is an “active linearization” technique. It is used in a control system to make
a nonlinear plant (i.e., the process or the system that is being controlled) behave like a linear plant.
This is done primarily to make a linear control method effective in a nonlinear system. However,
in this method, the nonlinearities and dynamic coupling in the system must be compensated for
faster than the control speed. In the feedback linearization technique (FLT), this is accomplished
by implementing a linearizing and decoupling controller “inside” the direct control loops. Feedback
linearization of a nonlinear and coupled mechanical dynamic systems (e.g., robotic manipulator) is
outlined now.
Consider a mechanical dynamic system (plant) given by

dzq .
M(‘I)d7 =n(q.q)+ f(1) (4.48)
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in which
h
f= fz =vector of input forces at various locations of the system
/
qi
q= qf =vector of response variables (e.g., positions) at the forcing locations of the system
"

M (g)=inertia matrix (nonlinear)
n(q,q)za vector of nonlinear effects in the system (e.g., damping, backlash, Coriolis and
centrifugal accelerations, gravitational effects)

Now suppose that we can model M by M and n by n. Then, we can compute M using the model
M and the online measurement ¢. Similarly, we can compute n using the model n and the online
measurements g and §. With the use of these computed values of M and #, the following linearizing
feedback controller can be implemented:

f=A71K|:e+7}_1J‘edt—Td%]—ﬁ (4.49)
in which,
e = ¢, — q = error (correction) vector
g, = desired response

and K, T;, and T, are constant control parameter matrices. This control scheme is sown in Figure 4.17.
Note: Since the computed values are used in the generation of the control action f, this is an
“active” scheme of linearization.
To show that this is indeed a linearizing controller, substitute the controller equation (4.49) into
the plant equation (4.48). We get

2
MY i MK e+ T ed;—Tdd—q 4.50)
dr? dt

If our models are exact, we have M = M andn=h. Then, because the inverse of matrix M exists in
general (because the inertia matrix is positive definite), we get
2
d—f: K[e+ﬂ'ljedt—Td dq} @.51)
dt dt
Clearly, equation (4.51) represents a linear, constant-parameter system with proportional-inte-
gral-derivative (PID) control. In other words, the controller has linearized the system. The propor-
tional control parameters are the elements of the gain matrix K, the integral control parameters are
the elements of the matrix T, and the derivative control parameters are the elements of the matrix
T,. We are free to select these parameters so as to achieve the desired response. In particular, if these
three parameter matrices are chosen to be diagonal, then the control system, as given by equation
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FIGURE 4.17 The structure of a linearizing feedback control system.

(4.51) and shown in Figure 4.17, is uncoupled (i.e., one input affects only one output) and will not
have dynamic interactions. In summary, this controller both linearizes and decouples the system.
Its main limitation is that accurate models are needed for the nonlinearities.

Instead of using analytical modeling, the parameters in M and may be obtained through the
measurement of various input—output pairs. This is the method of model identification, as discussed
before. Strictly, nonlinear model identification is needed. It can cause further complications with
regard to the instrumentation and data processing speed, particularly because the system is nonlin-
ear and also some of the model parameters must be estimated in real time.

4.7 SUMMARY SHEET

* Useful Methods of Linearization: 1. Slope-based analytical, local linearization; 2. slope-
based linearization using experimental models; 3. static linearization through recalibration
or rescaling; 4. linearization based on an equivalent model; 5. describing function method;
6. linearization using analog hardware, and 7. feedback linearization

» Static Nonlinearity: Nonlinear, algebraic, steady-state, input—output relation

* Geometric Nonlinearity: Nonlinear trigonometric (kinematic) terms (cos, sine, tan, etc.)
due to large deflections or large motions of a mechanical device

* Physical Nonlinearity: Nonlinear physical relations (e.g., nonlinear kinetic relation—
Newton’s second law with nonlinear accelerations; nonlinear stress—strain relation)

* Manifestations of Physical Nonlinearity: Saturation (output remains unchanged when
the input changes); dead zone (region with zero output to an input)); hysteresis (loop in
the input—output curve); jump phenomenon (frequency response function jumps from one
value to another at a particular frequency); limit cycles (sustained oscillations at a spe-
cific frequency and amplitude, independent of the initial condition); frequency creation (at
steady-state creates frequency components that are not present in the input)

* Nonlinear Electrical Elements: Capacitor: g = g(v); inductor: A = A(i); resistor: v = v(i);
g=charge, A =flux linkage, v=voltage, i=current

* Steady-State Operating Condition: Set the rates of changes of system variables to zero.
Solve the resulting algebraic equations; stable (given a slight shift, the system returns to



160 Modeling of Dynamic Systems with Engineering Applications

original state); unstable (given a slight shift, the system continues to move away); neutral
(given a slight shift, the system remains in the shifted condition)

* Slope-based Linearization: For one independent variable, F=fE+3)-f(x)= d];(x) X,
x
A — L df(x) 4| . . A A A
Error e= f(x +x)—| f(x)+ P X |; for two independent variables, f = f(x + X,y + y)
X

o 0f(x,Y) . Of(XY) a o. dX oz .. d°X
— S =~ ,5 = = ’6 = —
R N oy VT4 TN T e

* Slope-Based Linearization Procedure: 1. Select operating condition (steady state: set

time derivatives to zero and solve the nonlinear algebraic equations); 2. determine the
first-order derivatives of each nonlinear term wrt each independent variable; 3. replace the
nonlinear term by its slope X incremental variable, and linear term by its coefficient X incre-
mental variable

+ Nonlinear State-Space Model: %=ﬁ(ql,qz,...,q,,,rl,r2,...,rm,t),i=1,2,...,n or
t

. T . v ¢
q = f(q,r,t); state vector g = [ql,qz,...,qn] , Input vector r = [rl,rz,...,rm]T; “f’ in argu-
ment — time-variant system

* Linearization: ¢ = 0, solve f(q, r, f)=0 — Equilibrium states; incremental state equations:

-t

dq
x = Ax + Bu with A()= a—f(tff,t) and B()= a—f(ti,?,t);
dq or

(q,7,0)0q + aa—f(tff,tﬁr; dg=x= [xl,xz,...,xn]T, or=u= [ul,uz,...,um]T; or
r

r B

oh 9 9 i I
aql an aqn arl arm
o h . O 9f of
dg1  9g» g, n  on
L N ] o .. ..
dg1  9q, 94, on or,

invariant system — A and B are constant (time-invariant) matrices

* Mitigation of System Nonlinearities: Calibrate/rescale (e.g., log) the output; use lineariz-
ing elements (e.g., resistors, amplifiers in bridge circuits); use feedback linearization; avoid
operation over wide input ranges, signal levels, or frequency bands; avoid large defor-
mations (e.g., deviation from Hooke’s law—a physical nonlinearity) or large mechanical
motions (e.g., trigonometric terms—a geometric or kinematic nonlinearity); minimize
nonlinear friction (e.g., Coulomb, Stribeck), stiction, wear and tear (e.g., through proper
lubrication); avoid loose joints, gear coupling, etc., which cause backlash (e.g., use direct-
drive mechanisms, harmonic drives, etc.); minimize sensitivity to undesirable influences
(e.g., environmental influences such as temperature)

* Linearization Using Experimental Data: 1. Determine steady-state characteristic curves
by varying one independent variable at a time (keeping the other variables constant); 2.
determine local slopes (with respect to independent variables) of the experimental charac-
teristic curves at operating point; 3. dynamics (particularly, inertial dynamics) are incor-
porated separately into the model, using analytical terms
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* Experimental Linear Model for Motor Control: 1. Determine a set of characteristic
curves T,, = T,, (®,,,v. ) for motor; 2. draw a tangent to primary curve at operating point O.
a7,

Damping constantb = — =slope magnitude at O (includes both electromagnetic

ve=constant

damping and mechanical damping, if torque 7 is measured outside the motor bearings); 3.

m

draw vertical line through O to intersect two other adjacent operating curves. AT,, =torque
intercept between the two curves, Av =voltage increment corresponding to the two adja-

) 0 AT, o7, o7,
cent curves. Voltage gaink, = —— = 1 4.8T, = Sw,,
avc @ =constant AVC aa)m Ve a\/c o

0T, = -bdéw,, + k,0v,; 5. linear dynamic model 67,, = —bdw,, + k,0v,.; motor torque=T,,
motor speed=w®,,, input voltage=v., moment of inertia of motor rotor=J,,, load torque=T},
* Linearization by Calibration: Example: y = ke’ (nonlinear input u-output y relation);
take log — log(y) = pu + log(k) (linear)
* Linearization through Energy Equivalence: Example: Nonlinear damper f =cx | x| —

m

ov, >

equivalent linear damper f = b, X where, b, = 3—cx0a) (for same energy dissipation in a
I

cycle; Note: Dependence on excitation amplitude; f=damping force, x=relative displace-
ment of damper, x=relative velocity of damper, @ =frequency of oscillation, c=nonlinear
damping parameter, b, =equivalent linear viscous damping constant

* Describing Function: A frequency-domain equivalent model of a nonlinear system. Uses
the equivalence criterion: fundamental frequency component in the output. Example: Ideal
relay y = yosgn(u). “sgn” is the signum (sign) function. Output switches between y, and
—Yo depending on the input sign. Input u = u, sin@t gives output y, a pulse of amplitude y,
and same frequency. Describing function of relay: N = :;l (depends on the input ampli-

u

tude 1) ’

* Linearization Using Analog Hardware: Connect special analog hardware into the cir-
cuit, to obtain precise linear behavior (e.g., use of op-amps in a bridge circuit)

¢ Feedback Linearization: This is a method of “active” linearization. Use feedback (active
control signals) to remove the nonlinear effects in a dynamic system. After linearization, lin-
ear control techniques can be used without loss of accuracy. Example: Mechanical dynamic
system M(q)§ = n(q,q) + f(#), f=vector of input forces, g=vector of movements at the
forcing locations, M(g)=inertia matrix (nonlinear in q), n(q,q)zother nonlinear effects in

the system. Linearizing feedback controller: f = MK |:e +T! Jedt -1, CZ] -n;

* e =gq, — q = error (correction) vector, g, = desired response, M =model of M, i=model of
n; K, T,, and T, are proportional, integral, derivative control parameter matrices.
2
e Mj=n—n+ MK[e+7}"1Jedt—Td Ccllq] - L;T?: K[e+7}_1 edt—T, %], if models
1
are exact (i.e., M = M and n = n)—a shortcoming of the method.

PROBLEMS

4.1 Read about the followings nonlinear phenomena:
i. Saturation
ii. Hysteresis
iii. Jump phenomena
iv. Frequency creation
v. Limit cycle
vi. Dead band.
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Often, the local slopes (derivatives) of a nonlinear function with respect to its indepen-
dent variables are used in linearizing the function. Indicate situations where this approach
is not appropriate.

4.2 What precautions may be taken in developing and operating a mechanical system, in order
to reduce nonlinearities in the system?

Two types of nonlinearities are shown in Figure P4.2.

()
E
Device 4 (®) 3
Output 8
g A
- /
%7 Device Input
o Device Input

FIGURE P4.2 Two types of nonlinearities: (a) Ideal saturation; (b) hysteresis.

In each case indicate the difficulties of developing an analytical model for operation near:
i. Point O

ii. Point A.

4.3 An excitation was applied to a system and its response was observed. Next, the excitation
was doubled. It was found that the response also doubled as a result. Is the system linear?
What kind of useful conclusion may be reached from a single test of this nature?

4.4
Determine the derivative dix\)d.
by
b. Determine an expression for the value of each of the following terms at a point that is
away from the steady-state operating point x = x = 2 by a small increment §x = X:
() 3x’ (i) x| (iii) x*
4.5

A nonlinear device obeys the relationship y=y(«) and has an operating curve (characteris-
tic curve) as shown in Figure P4.5.

i. Is this device a dynamic system?
A linear model of the form y=*ku is to be determined for operation of the device:
ii. In a small neighborhood of point B
iii. Over the entire range from A to B.
Suggest a suitable value for k in each case.

Output 4

Input

FIGURE P4.5 The characteristic curve of a nonlinear device.
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4.6 A nonlinear damper is connected to a mechanical system as shown in Figure P4.6. The

force f, which is exerted by the damper on the system, is c¢(v, — v, )2 where c is a constant
parameter.

-

-

o—— —_ f
Nonlinea'r System
(Quadratic)
Damper

FIGURE P4.6 A nonlinear mechanical system.

xii. Give an analytical expression for fin terms of v,, v,, and ¢, which will be generally valid.
xiii. Give an appropriate linear model.
xiv. If the operating velocities v, and v, are equal, what will be the linear model about (in
the neighborhood of) this operating point?

4.7 Suppose that a system is in equilibrium under the forces F; and F, as shown in Figure
P4.7. If the point of application of F, is given a small “virtual” displacement x in the same
direction as the force, suppose that the location of F, moves through y=k x in the direction
opposite to F,.

System

in Equilibrium

FIGURE P4.7 Virtual displacement of a system in equilibrium.

i. Determine F, in terms of F; (This method uses the “principle of virtual work™).
ii. What is the relationship between small changes F; and F,, about the operating condi-
tions F; and F,, assuming that the system is in equilibrium?

4.8 A simplified model of an elevator is shown in Figure P4.8.
The model parameters are:

J=moment of inertia of the cable pulley
r=radius of the pulley

k=stiffness of the cable

m=mass of the car and its occupants.

a. Which system parameters are variable? Explain.
b. Suppose that the damping torque 7, (@) at the bearing of the pulley is a nonlinear func-
tion of the angular speed w of the pulley. Let:
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T Car

FIGURE P4.8 A simplified model of an elevator.

4.9

State vectorx=[ @ f v ]', withf=tension force in the cable; v=velocity of
the car (taken positive upwards),
Input vector u = [7,,], with 7,,=torque applied by the motor to the pulley (positive
in the direction indicated in Figure P4.8)
Output vector y=[v]
Obtain a complete, nonlinear, state-space model for the system.
c. With 7,, as the input and v as the output, convert the state-space model into a nonlinear
input—output differential equation model. What is the order of the system?
d. Give an equation whose solution provides the steady-state operating speed v of the
elevator car.
e. Linearize the nonlinear input—output differential equation model obtained in Part (c),
for small changes fm of the input and v of the output, about an operating point.
Note: T,,=steady-state operating-point torque of the motor (known).

Hint: Denote N by b(w).
dw

f. Linearize the state-space model obtained in Part (b) and give the model matrices A, B,
C, and D in the usual notation. Obtain the linear input—output differential equation from
this state-space model and verify that it is identical to what was obtained in Part (e).

A rocket-propelled spacecraft of mass m is fired vertically up (in the Y-direction) from the

earth’s surface (see Figure P4.9). The vertical distance of the centroid of the spacecraft,

measured from the earth’s surface, is denoted by y. The upward thrust force of the rocket

2
R
is f(f). The gravitational pull on the spacecraft is given by mg[R:| , Where g is the
+y

acceleration due to gravity at the earth’s surface and R is the “average” radius of earth
(about 6370km). The magnitude of the aerodynamic drag force that resists the motion of
the spacecraft is approximated by ky?e™/" where k and r are positive and constant param-

eters and y = d—y In this expression, the exponential term represents the lowering of the air
t

density at higher elevations.
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Vertical Y
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Direction P

Mass m

T Rocket
Thrust f(7)
777777777777 X

Horizontal on Earth’s Surface

FIGURE P4.9 Coordinate system for the spacecraft problem.

a. Treating fas the input and y as the output, derive the input—output differential equation
for the system.

b. The spacecraft accelerates to a height of y, and then maintains at constant speed v,,
still moving in the same vertical (Y) direction. Determine an expression for the rocket
force that is needed for this constant-speed motion. Express your answer in terms of y,,
v,, time £, and the system parameters m, g, R, r, and k. Show that this force decreases
as the spacecraft ascends.

c. Linearize the input—output model (Part (a)) about the steady operating condition (part
(b)), for small variations y and )A) in the position and speed of the spacecraft, due to a

force disturbance f ).

d. Treating y and y as the state variables and y as the output, derive a complete (nonlinear)
state-space model for the vertical dynamics of the spacecraft.

e. Linearize the state-space model in (d) about the steady conditions in (b) for small variations
y and )A) in the position and the speed of the spacecraft, due to force disturbance f‘ ®).

f. From the linear state model (Part (e)) derive the linear input—output model and show
that the result is identical to what you obtained in Part (c).

g. Solve this problem by using the unified and systematic approach, where the across-
variables of the independent A-type elements and the through-variables of the inde-
pendent T-type variables are used as the state variables, leading to a unique result.

4.10 Characteristic curves of an armature-controlled dc motor are as shown in Figure P4.10. These
are torque versus speed curves, measured at a constant armature voltage, at steady state.

Load 4
Torque

g V+AV

\ 73 Curves at Constant

v P\ Armature Voltage

>

Ao Speed @

FIGURE P4.10 Characteristic curves of an armature-controlled dc motor.
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For the neighborhood of point P, a linear model of the form @ = k;v + szw needs to be
determined, for use in motor control. The following information is given:
The slope of the curve at P = —a
The voltage change in the two adjacent curves at point P = AV
Corresponding speed change (at constant load torque through P) = A®.
Estimate the parameters k; and k,.
4.11 An air circulation fan system of a building is shown in Figure P4.11a.

(a) Air

T Out

0 o
Induction ] Fan Air In
Motor J :l
i J «—
Speed
7 Z

(b)

Impeller
Inertia :l
J
d

Motor Torque 7(f)

FIGURE P4.11 (a) A motor-fan combination of a building ventilation system; (b) a simplified model of the
ventilation fan.

A simplified model of the system may be developed, as represented in Figure P4.11b.
The induction motor is represented as a torque source z(f). Note: In this manner, motor
rotor inertia and motor bearing friction do not have to be considered explicitly. The speed
w of the fan, which determines the volume flow rate of air, is of interest. The moment of
inertia of the fan impeller is J. The energy dissipation in the fan is modeled as a linear
viscous damping component (of the bearings with damping constant b) and a quadratic
aerodynamic damping component (of coefficient d).

a. Show that the system equation may be given by J& + b + d|w|w = T(7).

b. Suppose that the motor torque is given by 7(t) = T + 7, sinQt, in which 7 is the steady
torque and 7, is a very small amplitude (compared to 7) of the torque fluctuations at
frequency Q. Determine the steady-state operating speed @ (which is assumed posi-
tive) of the fan.

c. Linearize the model about the steady-state operating conditions and express it in terms
of the speed fluctuations @. From this result, estimate the amplitude of the speed
fluctuations.

4.12 Consider a double pendulum (or a two-link robot arm with revolute joints) having link
lengths /; and ,, and the end masses m; and m,, as shown in Figure P4.12.
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FIGURE P4.12 A double pendulum (robot arm with revolute joints).

Obtain the equations of motion for this nonlinear mechanical system in terms of the
absolute angles of swing 6, and 6, about the vertical equilibrium configuration. Linearize
the equations for small motions of 6,, 8;, 6, and 6,.

Note: This is an example of geometric nonlinearity. Also, the nonlinear model itself
can be used in feedback linearization (an “active” control method of linearization) of this
system.

4.13

a. Linearized models of nonlinear systems are commonly used in many applications,
including system analysis, design, and model-based control. What primary assumption
is made in using a linearized model (not a specific method of linearization) to represent
a nonlinear system?

b. A three-phase induction motor is used to drive a centrifugal pump for incompressible
fluids. To reduce the shaft misalignment and associated problems such as vibration,
noise, and wear, a flexible coupling is used for connecting the motor shaft to the pump

shaft. A schematic representation of the system is shown in Figure P4.13.

Flow Out
T 0=V,02,
Induction
Motor
Flexible
Coupling
\ Flow In
> b ] —

Centrifugal
Pump

FIGURE P4.13 A centrifugal pump driven by an inductor motor.

Assume that the motor is a “torque source” of torque 7,,, which is being applied to
the motor of rotor inertia J,,. Also, the following variables and parameters are defined
for the system:

J,=moment of inertia of the pump impeller assembly
Q,,=angular speed of the motor rotor and shaft
Q,=angular speed of the pump impeller and shaft
k=torsional stiffness of the flexible coupling
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Ty =torque transmitted through the flexible coupling
Q=volume flow rate of the pump
b,,=equivalent viscous damping constant of the motor rotor

Also, assume that the net torque required at the ump shaft, to pump fluid steadily at
a volume flow rate Q, is given by b,Q,, where Q = V,Q , and V,, = volumetric parameter
of the pump (assumed constant).

Using T,, as the input and Q as the output of the system, and through our unified and
systematic approach that leads to a unique result, develop a complete state-space model
for the system. Identify the model matrices A, B, C, and D in the usual notation, in this

model. What is the order of the system?
asSv;

[1 +(ss, )2]

where the fractional slip S of the motor is defined as S =1 - L

s

c. In Part (a) suppose that the motor torque is given by 7, =

Note: a and S, are constant parameters of the motor. Also,
Q,=no-load (i.e., synchronous) speed of the motor
V,=amplitude of the voltage applied to each phase winding (field) of the motor.

In voltage control, V; is the input, and in frequency control, €, is the input. For
combined voltage control and frequency control, derive a linearized state-space model,
using the incremental variables Vf and Q,, about the operating values V, and Q,, as the
inputs to the system and the incremental flow Q as the output.

4.14 A system that is used to pump an incompressible fluid from a reservoir into an open over-
head tank is schematically shown in Figure P4.14. The tank has a uniform across section
of area A.

Tank
Cross-Section 4

@) H
—>
=<1 [atetatetatetatel| [ |
Bk B k, B 1 P,
| 1+
P(@)
B

FIGURE P4.14 A pumping system for an overhead tank.

The pump is considered as a pressure source of gauge pressure (pressure difference wrt
atmosphere) P(f). A valve of constant k, is placed near the pump in the long pipe segment,
which leads to the overhead tank. The valve equation is Q = k,/P, — P, in which Q is the
volume flow rate of the fluid. The resistance to the fluid flow in the pipe may be modeled
as Q = k,/P, — P; in which k,, is a pipe flow constant. The effect of the accelerating fluid

is represented by the linear equation / — = P; — P; in which 7 denotes the fluid inertance.
Pressures P,, P,, P;, and P, are as marlgéd along the pipe length, in Figure P4.14. Also, F,
denotes the ambient pressure.
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i. Using Q and Py as the state variables, the pump pressure P(f) as the input variable, and
the fluid level H in the tank as the output variable, obtain a complete (nonlinear) state-
space model for the system, using our unified and systematic approach, which leads to
a unique model. Note: Py = P, — Py. Mass density of the fluid=p.

ii. Linearize the state equations about an operating point given by the flow rate Q.
Determine the model matrices A, B, C, and D for the linear model.
iii. What is the combined linear resistance of the valve and the piping?

4.15
a. Alocal water storage tank with circular cross-section, with internal radius R at its base,

is shown in Figure P4.15a. The inclination of the tank wall (with respect to the base)
is 8. The outlet valve is closed and the inlet valve provides an inflow at the volumetric
rate Q. At a given instant, the water level in the tank is 4. Obtain an expression for the
fluid capacitance C; at that instant, in terms of &, R, 8, mass density p of water, and
acceleration due to gravity (g).

Note: Cy varies with A in this case.

Hint: Gage pressure (w.r.t the atmosphere pressure) of water at the tank base P = pgh

Let r=radius of the water (cylinder) cross-section (at height £).

If a water volume (incremental) 8V enters the tank, the water level will rise by dh.
Then, 8V = r? - 8h

Divide throughout by the incremental time 8¢

8V ,8h av _ ,dh
r—— = ——=Tr"—
ot ot dt dt

(@

1Q

e

VAW

R Closed

(b) @

e

|_R_4 Closed

FIGURE P4.15 (a) Conical water tank with water level /; (b) cylindrical water tank with water level A.
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T
b. From your result, show that for a cylindrical tank (i.e., & = E) of constant X-sectional

nR*> A
—— = —— = constant

radius R (see Figure P4.15b), we have the standard result, Cy =
' P8 P8

Note: A=constant area of X-section of the tank.
4.16 Suppose that the volume V of a fluid is a nonlinear function V(P) of its pressure P. Show

. . . o v .. . .
that its fluid capacitance C/ is given by C; = P which itself is a function of P.

Using this expression, verify the result obtained in Problem 4.15.
4.17 Figure P4.17a shows a liquid pump driven by a dc motor through a flexible shaft. The
moment of inertia of the motor rotor is J and the torsional stiffness of the flexible shaft is
K. The torque T generated by the motor is a function of its speed € and the input voltage
V. The steady-state characteristics of the motor (which neglects or somehow includes the

Liquid Out

T

(a)

i

Flexible Shaft

DC Motor
Liquid In

(b) Torque 7'(N.m)

<
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4) 7, )
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Motor Rotor Flexible Shaft flelfe:

Pump

FIGURE P4.17 (a) Schematic diagram of a dc motor-driven pump; (b) steady-state torque versus speed char-
acteristics of the motor; (c) loading on the system.
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friction in the motor bearings) given as curves of T(€2,V) with respect to € for different
constant values of V are shown in Figure P4.17b. The speed of the pump is Q,. The load
torque of the pump varies quadratically with the speed and is given by d‘Q p‘Q »» Where d
is a pump constant (Note: This formulation neglects the inertia of the pump impeller). The
loading on the system is shown in Figure P4.17c.

Note: Take £, as the output of the system.
a. Show that the constitutive equations of the system are

Motor Rotor : Jy, il—? =T(Q,V)-Tx

Flexible Shaf? : ddit" =K(Q-9Q,)

Pump: T, = d‘Qp‘Ql,

and the node equation at the shaft-pump jointis: Ty — 7, = 0
where Ty =torque in the flexible shaft; 7,=drive torque of the pump.
b. Linearize the system about the steady-state operating point: 2, = 300 rpm and V,=18V,

and determine the elements of the corresponding model matrices A, B, C, and D.

Note: First express the matrix elements in terms of the given parameters (i.e., their
symbols) and then compute their numerical values using the parameter values.

Given: J =0.005kg-m?*, K=100N-m/rad, d=5.0N-m/rad* /s>

Denote the incremental variables, for the linear model, as:

R=w, 6Tx =14, 80=0, Ty =1, V=v, &,=0,

State vector: x:[a),‘L'K ]T; input vector: #=[v], which is a scalar; and

Output vector: u=[®, ], which is also a scalar.

(@) ~7 9

) Load Load
Bearing Bearing
o—> .
Armature _ ¢ LT
Voltage J m s
/ _ LT

—r 3

Motor Rotor Flexible Shaft /Load Inertia

(b) Torque 7(N.m)

Armature
Voltage y (v)

TN T N N Y NN T T T T T T T T S S

0 500 1000 1500 2000

L
Speed Q2(rpm)

FIGURE P4.18 (a) Schematic diagram of a dc motor-driven load; (b) steady-state torque versus speed char-
acteristics of the motor.
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4.18 An electromechanical motion system is sketched in Figure P4.18a. It consists of an arma-
ture-controlled dc motor, which drives a load of moment of inertia J; through a flexible
shaft of torsional stiffness k;. The shaft that carries the load has a set of bearings, which
provides damping, assumed to be linear viscous with the overall damping constant b;. The
moment of inertia of the motor rotor is J,,. The torque T generated by the motor is a func-
tion of its speed Q and the input armature voltage V. The steady-state characteristics of the
motor, measured as curves of T(Q,V) versus () for different constant values of V, are shown
in Figure P4.18b.

Note: The mechanical friction in the motor bearings is also accounted for in 7.
The speed of the load is €2 .

a. Determine a state-space model for the system.

b. Linearize the system about the steady-state operating point: €, =1000 rpm and
V,=16V and express the corresponding matrices: A and B. Give the numerical values
of the elements of these matrices.

Given: J,; = 0.005 kg'm?, J, = 0.010 kg-m*, k, =10.0 N-m/rad, b, = 1.0 N-m/rad/s
Incremental variables in the linear model are: Q2 =w, 0Q, =w,, 0Tk =Tk,
oV=v .
State vector: x=[a), ., Tk ]
Input vector: u=[v], which is a scalar.
4.19 A thermistor (a semiconductor-based temperature sensor) is modeled as

R=R, exp[ﬂ(;—;n

where R=resistance of the thermistor at temperature 7: and 7,, R,, and 3 are model param-

eters, whose values are known.

Typically the resistance R is measured, and from it, the corresponding temperature 7 is
computed using the model (or read using a calibration curve).

a. What is the input and what is the output of this model? Justify your answer.

b. Is this a static model or a dynamic model? Justify your answer.

¢.  What do the model parameters 7, and R, represent? Explain.

d. By determining the derivative of the expression on the right-hand side of the model
equation, determine a linear model about some operating point (T, R). Use the incre-
mental variables 7 and R to express your linear model.

e. Typically, the linearized model is valid only over a small range about the operating
point. Suggest another method to linearize the given thermistor model so that it will be
accurate for any value of 7 and R.

d(e)

by
4.20 List several response characteristics of nonlinear systems that are not exhibited by linear

systems in general.

Hint: = ae™

) ) d 1/3
Determine the response y of the nonlinear system |:d_)t}] =u(t)

when excited by the input u(t) = a; sin@f + a, sin@,t.
What characteristic of a nonlinear system does this result illustrate?
4.21 A mechanical component, whose response is x, is governed by the relationship

f=r(x4)

where f denotes the applied force (input) and xdenotes the velocity response (output).
Consider the following four special cases for this component:
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4.22

Spring: f= kx

Damper: f = bx

Spring with a damper: f = kx + bx

Spring with Coulomb friction: f = kx + f, sgn(x)

o op

Suppose that a harmonic excitation of the form f = f,sinwt is applied in each case.
Sketch the force—displacement curves for the four cases, at steady state. Which compo-
nents exhibit hysteresis? Which components are nonlinear? Discuss your answers.
Consider a Coulomb-friction damper model given by the constitutive relation f = f. sgn(x)
where,

f=damping force

x=relative displacement of the damper
x=relative velocity of the damper
f.=magnitude (constant) of the damping force.

Suppose that a cyclic force is applied to the damper. At steady state, take the harmonic
component (dominant component) of the displacement x as

X = xo sin(wt + @)

a. Determine the energy dissipation of the Coulomb damper in one cycle of motion (i.e.,
in the period T = 21 / @). Express your result in terms of f,,x, and @ (as necessary).

b. Now consider the linear viscous damper model given by f = bx where b=viscous
damping coefficient. By following the same procedure as for the Coulomb damper,
determine the energy dissipation in one cycle of motion of the linear damper. Express
your result in terms of b,x, and .

c. From the two results, give an equivalent linear viscous damping coefficient b, that
results in the same energy dissipation per cycle as for the nonlinear damper. Express
your result in terms of f;.,x, and @.

d. Comment on the limitations in the use of this method of linearization.

Output y y

A~ 3
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FIGURE P4.23 The output of a relay with hysteresis for a sine input.
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4.23 The input—output behavior of a relay (two-state switching function) with hysteresis is
shown in Figure P4.23. Specifically, consider a sinusoidal input, given by u = u, sint.
up=amplitude of the input
w=frequency of the input
yo=amplitude of the output
h=hysteresis threshold at the input.
Determine a describing function for this nonlinearity.

4.24 Discuss why feedback linearization could be very useful in the “active” control of complex
mechanical systems with nonlinear and coupled dynamics. What are the shortcomings of
linearizing feedback?

Consider the two-link manipulator that carries a point load (weight W) at the end effec-
tor, as shown in Figure P4.24. Its dynamics can be expressed as: I§+b =17
where
g=vector of (relative rotations) g; and g,
t=vector of drive torques 7; and 7, at the two joints, corresponding to the coordinates
q1 and g,.
I 11 I 12
a In
b=vector of joint frictional, gravitational, centrifugal and Coriolis torques (compo-
nents are b; and b,)
Neglecting joint friction, and with zero payload (W=0), we can write the following expres-
sions for the model parameters:

I=second-order inertia matrix=

In=md} + 1, + I, + my (£} +d3 +dl,dy cos g, )

Iip = Ly + I + myd? + myld, C0S ¢,

Iy =1, + myd3

by = mygd, cosq, + ng[dl cosqy +dscos(q + g )] —myl1dy3 sing, — 2myl1dyia sing,

b, = mygd, COS(Cll + CI2) +mylydrgi sing, End Payload

FIGURE P4.24 A two-link robotic manipulator.
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where I;, I, = moments of inertia of the links about their centroids
m,, m, = masses of the links

The geometric parameters /1,(,,d;, and d, are as defined in Figure P4.24.

What variables have to be measured for linearizing feedback control? Noting that the
elements of b are more complex (even after neglecting backlash, and payload) than the
elements of I, justify using linearizing feedback control for this system, which uses both a
nonlinear model and online measurements.

4.25 A sketch of a household stationary exercise bicycle is shown in Figure P4.25a. A photo of
a corresponding unit is shown in Figure P4.24b. A model of its resistance mechanism is

Resistance
Unit

FIGURE P4.25 (a) A household stationary exercise bicycle; (b) A photo of a commercial unit; (c) A model
of the resistance mechanism.
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shown in Figure P4.25¢c. The resistance force (F;) on the flywheel is provided by a mag-
netic strip, which is pressed on to the flywheel (radius r,). This force can be adjusted manu-
ally by using the adjustment knob. The flywheel has an integral smaller pulley (radius ),
which is driven by a belt loop linked to the pedal wheel (radius R). To the pedal pair, an
equivalent normal force Fy is applied by the feet of the user, at speed v. The corresponding
lever arm distance is a. The pedals rotate the pedal wheel, and the required energy for it
is provided by the operator. The foot speed, the operator power, and the energy burned by
the operator (calories, which is the time integral of power) are displayed on the screen of
the bicycle.

a. Derive an expression for the power p provided by the operator to the bicycle, in terms of
n,a,rn,F,. and v. Here, n = E > 1is the angular speed ratio (increase) achieved through

1
the belt drive. Show that, f(l)r a given resistance force (F, ) the power p increases lin-
early with the pulley radius (speed) ratio n, which is a benefit.
Note: Neglect the bearing friction and inertia (or, assume static conditions).
Linearize the derived expression for power.

c. Now consider the dynamic conditions of the system. Specifically, approximate the
bearing friction by equivalent viscous damping, with rotatory damping constants
bs and b, at the pedal wheel and the resistance flywheel, respectively. Also, let the
moments of inertia of the pedal wheel and the resistance flywheel (including its belt
pulley) be J; and j,, respectively. Derive an expression for the power provided by the
operator to the bicycle, under these conditions.

d. Comment on: (i) benefit of the dynamic model; (ii) benefit of the speed ratio n, (iii) need
for linearization, and (iv) accuracy of the numbers displayed on the screen.

4.26 An automated wood cutting system contains a cutting unit, which consists of a dc motor
and a cutting blade, linked by a flexible shaft and a coupling. The purpose of the flexible
shaft is to position the blade unit at any desirable configuration, away from the motor itself.
The coupling unit helps with the shaft alignment (compensates for possible misalign-
ment). A simplified, lumped-parameter, dynamic model of the cutting device is shown in
Figure P4.26.

The following parameters and variables are shown in the figure:
J,,=axial moment of inertia of the motor rotor
b, =equivalent viscous damping constant of the motor bearings
k=torsional stiffness of the flexible shaft
J.=axial moment of inertia of the cutter blade

Magnetic Cutter
Torque/\ Blade J.

Bearing .
T Flexible

Coupling Shift

Torque Tk

Motor

Wood Load

FIGURE P4.26 A wood cutting machine.
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b.=equivalent viscous damping constant of the cutter bearings

T,,=magnetic torque of the motor

,,=motor speed

T, =torque transmitted through the flexible shaft

. =cutter speed

T, =load torque on the cutter from the workpiece (wood).
In comparison with the flexible shaft, the coupling unit is assumed rigid and is also assumed
light. The cutting load is given by

T, =clo o,

The parameter ¢, which depends on such factors as the depth of cut and the material prop-
erties of the workpiece, is assumed constant in the present analysis.

a. Using T, as the input, T} as the output, and [a)m T, . ]T as the state vector, develop
a complete (nonlinear) state-space model for the system shown in Figure P4.26. What
is the order of the system?

b. Using the state model derived in Part (a), obtain a single input—output differential
equation for the system, with 7,, as the input and @, as the output.

c. Consider steady operating conditions where 7, = T, ©, =0,, T, = T, ®. =,
T, =T, are all constants. ‘Express the operating point values ®,, T, @., and T, in
terms of the steady input 7,, and the model parameters only. You must consider both
cases T, >0 and 7,, < 0.

d. Now consider an incremental change T,, in the motor torque and the corresponding
changes @,,, Tk, @,, and TL in the system variables. Determine a linear state model (A,
B, C, D) for the incremental dynamics about the operating point of the system, using
x:[cf)m fk @, ]T as the state vector, u :[fm :I as the input, and y:[fL :I as the output.

e. In the incremental model (see Part (d)), if the angle of twist of the flexible shaft (i.e.,
6,, —6.) is used as the output, what will be a suitable state model? What is the system
order then?

f. In the incremental model, if the angular position 6. of the cutter blade is used as the
output variable, explain how the state model obtained in Part (d) should be modified.
What is the system order in this case?

4.27 An object of mass m is propelled vertically upward by a rocket with force F(¢). When
it is at height (elevation) Y from the earth’s surface, the gravitational pull F, is given by

2
F, = mg(rfy) , where R is the average radius of the earth (approximately 6370km).

See Figure P4.27a.

Note: When the force is a function of the position of the object on which it is applied, it
may be interpreted as a “generalized spring force.” In the present example, it is a gravita-
tional spring, which is nonlinear. Also, in this example, we neglect the aerodynamic forces
such as drag. This amounts to considering the behavior of the object at very high elevations
only, where the aerodynamic forces are negligible.

a. Taking the velocity v and the gravitational spring force F, as the state variables (Note:
This is the systematic and unified approach where we choose the across-variable v of
the A-type element—mass, and the through-variable F, of the T-type element—spring,
as the state variables) and F'(¢) as the input variable, develop a state-space model for
the mass dynamics.

b. From the nonlinear state-space model, determine the nonlinear input—output (I-O)
model, with v as the output.
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(@

Earth

(b)

ns

FIGURE P4.27 (a) Propelled object subjected to gravitational force; (b) Forced mass-spring-damper unit.

c. For the condition of constant upward velocity v, of the object, determine the corre-
sponding propelling force F(t) and the gravitational force F,, .
d. Linearize the state-space model obtained in Part (a), about the operating condition
established in Part (c).
e. Linearize the I-O model obtained in (b) about the operating condition determined in
Part (c). Also, obtain the linear I-O model by using the linear state-space model of Part
(d). Compare the two results.
f. Compare the linearized I-O model of Part (e) with a simple (linear) mass-spring-
damper system subjected to an external force, as shown in Figure P4.27b.
4.28 A simplified representation of the vertical dynamics of a hovercraft is shown in Figure P4.28.
A flow-controlled pump produces air flow at the volume rate Q,(¢). This air enters the
cylindrical space between the hovercraft and the ground, at gauge pressure Py, and exits to
the atmosphere (zero gauge pressure).
Note: Gauge pressure=Absolute pressure — Atmospheric pressure
The following parameters are known:
M =mass of the hovercraft
A =cross-sectional area of the cylindrical space underneath the hovercraft
h=height of the interior wall of the cylindrical space
The following analytical model may be used to study the vertical dynamics of the

hovercraft:
My = AP, — Mg ()
dPy ..
c,=f = ii
I o (ii)
P =kQ,° (iii)

Q)0 —Av-0; =0 @iv)
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4 )
Pump
(Flow Source) Hovercraft body
Os(t) S (Mass = M)

O
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Pressure P,

-

Area of Cylindrical \l/ P
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Volume = 4 J gA
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- >

+— Ground
FIGURE P4.28 A simplified model for vertical dynamics of a hovercraft.
Here,
Q.=volume flow rate of air exiting from the bottom edge of the hovercraft into the
atmosphere

y=height of the bottom edge of the hovercraft from the ground

v =vertical upward velocity of the hovercraftzﬂ
k, =a known flow parameter dt

a. Among the equations (i) through (iv), which ones represent the following: state-space
shell, remaining constitutive equation, node equation?

b. In equation (ii), what do Q and C, represent? If the air in the cylindrical space below
the hovercraft obeys the gas law P;V,“=constant c, where k is the adiabatic constant,
give an expression for C, (without derivation) in terms of V, k, and P;.

Note: V;=volume of air in the cylindrical space underneath the hovercraft
c. Give a linearized state-space model for the system for small vertical motions about

the steady state. The steady sate is when Q; () = Qy=constant, y = y,=constant, and
dpP;
—T -0

dtNote: Express the model in terms of the parameters A, h, yy, k, M, g, and k..
4.29 A model of a mechanical load driven by an actuator and supported by an air spring is
shown in Figure P4.29. The following parameters and variables of the system are defined:
m=mass of the mechanical load

f(¢)=actuator force

B, P,=air pressures on the two sides of the piston

Vi, V,=volumes of the two compartment of the cylinder, separated by the piston

x,v=displacement and velocity of the mechanical load

A=area of the piston (or cylinder cross-section)

L=length of each compartment of the cylinder under the static conditions: A, = P, = Fy;;
Vi=Vy f(®)=0; x=0; y =c,/c,=ratio of the specific heats of air at constant
pressure and constant volume

Note: There is sufficient thermal insulation around the cylinder.
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FIGURE P4.29 A mechanical system with an air spring.

-

a. What assumptions may be in dynamic modeling of the system?
b. Derive a complete (nonlinear) state-space model for the system. Plot the characteristic
curve of the nonlinear air spring (force f, versus displacement x) in the non-dimen-

. ; X . . .
sional form: s versus s Show that it is a one-to-one relationship (i.e., there are no

multiple values %or the other variable corresponding to a value of one variable).
c. Linearize the state-space model. Discuss how you can adjust the stiffness of the linear-
ized spring.

4.30 The input and output axes (x and y axes) of a hysteresis curve and also the direction (indi-
cated by an arrow) of the curve are important considerations. For example, suppose that
the input is a force and the output is a displacement. Then the work done is represented by
the area between the curve and the y-axis (the displacement axis). We see that,

Net work done in a cycle=area of hysteresis loop=energy dissipation in a damped
system.
Consider the case of linear viscous damping where the damping force is proportional to

the relative speed of the damper. Specifically, damping force f = bE’ where b=damping

constant, x=displacement.
Show that even though the device is linear, it exhibits a hysteresis loop.



5 Linear Graphs

HIGHLIGHTS

* Benefits of Linear Graphs (LGs)

» Sign Convention

* Use of Through- and Across-Variables

e Action and Reference Points of a Branch

* LG Elements (A-Type, T-Type, and D-Type)

e Sources (A-Source and 7-Source)

e Multi-port Elements (Transformer, Gyrator)

* LG Topological Relation

e LG Solvability

» State Model Development (Constitutive, Node, Loop Equations)
* Examples in Mechanical, Electrical, Fluid, Thermal, Mixed Domains (Multi-physics)

5.1 INTRODUCTION

In the previous chapters, we presented a unified, integrated, and systematic approach for devel-
oping an analytical model, particularly a state-space model, of an engineering dynamic system,
which leads to a single (unique) model. A starting step of that approach involves sketching a struc-
tural diagram (e.g., circuit diagram, schematic diagram, free-body diagrams) of the system to show
how the elements or components of the system are interconnected. Such a graphical representation
can immensely facilitate the process of model formulation. We assert that the particular graphical
approach should be unified, integrated, and systematic as well.

There are several graphical approaches for representing the structure of a lumped-parameter
analytical model of an engineering dynamic system. Leading among them are:

1. Linear graphs (LGs)
2. Bond graphs.

This chapter presents the approach of LGs. The focus of Chapters 57 is LGs in view of the advan-
tages of the approach, as highlighted in this book. More advanced concepts and material on LGs
are found under graph trees, in Appendix A. A toolbox for using LGs is presented in Appendix B.
State-space models of lumped-parameter dynamic systems, regardless of whether they are
mechanical, electrical, fluid, thermal, or multi-physics (multi-domain or mixed), can be conve-
niently developed by LGs. In other words, LGs support the multi-domain, “unified” (or analo-
gous) and “integrated” (or concurrent) approach of model development, as presented in Chapter 3.
Interconnected line segments (called branches) connected at nodes are used in an LG to represent
a dynamic model. In this regard, LGs have the particular advantage that the model structure is
analogous across physical domains. For example, two electrical components (say, an inductor and a
resistor) connected in parallel and two analogous mechanical components (a spring and a damper)
connected in parallel are represented by similar LGs (i.e., two branches in parallel). The term “lin-
ear graph” stems from this use of “line” segments and does not mean that the system itself has to
be linear. The term “line graph” is also used in some literature synonymously with “linear graph.”
Note: Nonlinear models can be represented by LGs.
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Particular characteristics and advantages of LGs in model development and representation
include the following:

* Applicable for lumped-parameter engineering dynamic systems

* Line segments (branches) are used to represent model elements

* By interconnecting branches at “nodes,” an LG provides a graphical representation of a
model that is true to the physical structure of the modeled system (it allows visualization
of the system structure prior to model formulation)

* LGs facilitate an integrated (i.e., concurrent — all physical domains can be represented in
a single LG and analyzed together) methodology for multi-physics systems

* LGs facilitate a unified (i.e., analogous methodology is used in multiple domains) model-
ing approach

* The model structure is retained across domain (i.e., interconnected components in one
domain and similarly interconnected analogous elements in another domain have the same
LG structure)

* LGs help identify similarities (in the physical domain, structure, behavior, etc.) in systems

* LGs facilitate the development of computer-based modeling tools and software (system-
atic, unified, integrated, graphical; see Appendix B)

* A different treatment is not needed when modeling multi-functional devices (e.g., a piezo-
electric device, which can function as both a sensor and an actuator, can be represented
simply as a reversible source).

This chapter presents the use of LGs in the development of analytical models (particularly, state-
space models) for mechanical, electrical, fluid, thermal, and multi-physics systems.

5.2 VARIABLES AND SIGN CONVENTION

LGs systematically use through-variables and across-variables in providing a unified approach for
the modeling of dynamic systems in multiple physical domains (mechanical, electrical, fluid, ther-
mal, and any mixt of them). In accomplishing this objective, it is important to adhere to standard
and uniform conventions so that there will not be ambiguities in a given LG representation. In
particular, a standard sign convention must be established. These issues have to be addressed in
presenting a “systematic” approach of modeling. They are discussed now.

5.2.1 THROUGH-VARIABLES AND ACROSS-VARIABLES

Each branch (a line segment) in an LG model has one through-variable (denoted by f) and one across-
variable (denoted by v) associated with it. Typically, their product is the power variable. For instance,
in a hydraulic or pneumatic system, a pressure “across” an element causes some change of fluid flow
“through” the element. The across-variable is the pressure and the through-variable is the flow. The
ordered variable pair (f; v) of the branch should be marked on one side of the branch. Table 5.1 lists the
through- and across-variable pairs for the four domains that are considered in the present treatment.

TABLE 5.1

Through- and Across-Variable Pairs in Several Physical Domains

System Type (Domain) Through-Variable Across-Variable
Hydraulic/pneumatic Flow rate Pressure

Electrical Current Voltage

Mechanical Force/torque Velocity/angular velocity

Thermal Heat transfer rate Temperature
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5.2.1.1 Sign Convention

* Reference Point and Action Point: Consider Figure 5.1 where a general basic element
(strictly, a single-port element, as will be discussed later) of a “mechanical” dynamic system
is shown. In the LG representation, as shown in Figure 5.1b, the element is drawn as a branch
(i.e., a line segment). One end of the branch is selected as the point of reference and the other
end automatically becomes the point of action (see Figure 5.1a and c). The choice is some-
what arbitrary in many situations. However, it may reflect how other elements are connected
to this particular element and the physics of the actual system (Note: For an inertia element,
the point of reference is always the ground—the inertial reference, with zero velocity).

* Oriented Branch: An oriented branch is one to which a direction is assigned, using an
arrowhead, as in Figure 5.1b. The arrow head denotes the positive direction of power flow
at each end of the element. By convention, the positive direction of power is taken as
“into” the element at the point of action and “out of”’ the element at the point of reference.
According to this convention, the arrowhead of a branch is pointed from the point of action
toward the point of reference. Then, the arrowhead also represents the direction of the
“drop of the across-variable.” In this manner, the point of reference and the point of action
are easily identified. (Note: There is an exception—the T-source, where the arrow head is
from the point of reference to the point of action, as will be discussed later).

» Figure 5.1 specifically concerns a mechanical element for the following reason. The through-
variable “force” at the point of action is applied in the direction of the “velocity drop” (across-
variable) which is direction of the arrowhead, so that their product, power, is going into the
element at that point. At the point of reference, the force on the element is in fact the “reaction”
from the elements to which this element is connected there. Hence, at the point of reference,
the force is in the direction opposite to the velocity so that the power (positive) is coming out of
the element at that point. For an electrical element, the through-variable is the current. At the
point of action, the current flows into the element, and at the point of reference, the current flows
out of the element. Hence, current, unlike force (which is a reaction at the reference), has to be
marked in the same direction at the point of reference, so that the power (the product of current
and voltage) is coming out at the point of reference (positive) just like in a mechanical element.

* Through-Variables and Across-Variables: The through-variable fand the across-variable v
are indicated as an ordered pair (f, v) on one side of the branch, as in Figure 5.1b. The across-
variable of abranch is always given relative to the point of reference. The relationship between
fand v (the constitutive relation or physical relation, as discussed in Chapters 2 and 3) can be
linear ornonlinear. The parameter of the element (e.g., mass, capacitance) is shown on the other
side of the branch. It should be noted that the direction of abranch does notrepresent the positive
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FIGURE 5.1 Sign convention for a linear graph: (a) A basic (mechanical) element and positive directions of
its variables; (b) linear graph branch of the element; (c) an alternative sign convention.
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direction of for v. For example, when the positive directions of both fand v are reversed, as in
Figure 5.1c, compared to Figure 5.1a, the LG remains unchanged, as in Figure 5.1b, because
the positive direction of power flow is unchanged. In a given problem, the positive direction of
any one of the two variables f and v should be pre-established for each branch. Then the cor-
responding positive direction of the other variable is automatically determined by the conven-
tion used to orient LGs. It is customary to assign the same positive direction for f (and v) and
the power flow in at the point of action (i.e., the convention shown in Figure 5.1a, not Figure
5.1c, is customary). Based on that, the positive directions of the variables at the point of refer-
ence are automatically established (because the power flows out there).

Note: In a branch (line segment), the through-variable (f) is transmitted through the element without
changing its value. The absolute value of the across-variable, however, changes across the element
(from v, to v,, in Figure 5.1a). It is this change (v = v, — v;) across the element (i.e., the value at the
point of action with respect to that at the point of reference, or the “variable drop”) that is called the
across-variable. For example, v, and v; may represent the electric potentials at the two ends of an
electric element (e.g., a resistor) and then v represents the voltage across the element (or the voltage
“drop” from the action to the reference). In other words, the across-variable is measured relative to
the point of reference of the particular element. A special case is an inertia (mass) element, whose
point of reference is always the inertial reference (where v; = 0).

Note: Since the absolute value of the across-variable drops from the point of action to the point
of reference, it should be clear that the arrow also indicates the direction of “drop” in the across-
variable. There is an exception to this convention, in the case of 7-source, as discussed later.

According to the sign convention shown in Figure 5.1, the work done (by an external device) on
the element at the point of action is positive (i.e., power flows in there), and the work done (on an
external load or environment) by the element at the point of reference is positive (i.e., power flows
out there). The difference of the work done on the element and the work done by the element (i.e.,
the difference in the energy flow at the point of action and the point of reference) is either stored as
energy (e.g., kinetic energy of a mass; potential energy of a spring; electrostatic energy of a capaci-
tor; electromagnetic energy of an inductor—see Chapter 2), and this stored energy has the capacity
to do additional work or dissipated (e.g., mechanical damper; electrical resistor) through various
mechanisms that are manifested as heat transfer, noise, wear, and other phenomena. In summary:

1. An element (a single-port element) is represented by a line segment (branch). One end is
the point of action and the other end is the point of reference

2. The through-variable fis the same at the point of action and at the point of reference of an
element; the across-variable differs, and it is this difference (value at the point of action
relative to the point of reference) that is called the across-variable v

3. The variable pair (f; v) of the element is shown on one side of the branch. Their relationship
(constitutive relation) can be linear or nonlinear. The parameter of the element is shown on
the other side of the branch

4. Typically, the power flow p in a branch is the product of the through-variable and the
across-variable. By convention, at the point of action, f and p (power flow in) are taken
to be positive in the same direction; and at the point of reference, f that is coming out of
the element (which is provided to the connected element) is positive in the direction cor-
responding to power flowing out of the element

5. The positive direction of power flow p (or energy or work) is into the element at the point of
action and out of the element at the point of reference. This direction is shown by an arrow
on the LG branch (an oriented branch). Note: An exception is a “source” element (.e.g.,
voltage source, force source)

6. The difference in the energy flows at the two ends of the element is either stored (with
capacity to do further work) or dissipated, depending on the element type.
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LG representation is particularly useful in understanding the rates of energy transfer (power) associated
with various phenomena. In particular, dynamic interactions in a physical system (mechanical, electri-
cal, fluid, etc.) can be interpreted in terms of power transfer. Power is the product of a through-variable
(a generalized force or current) and the corresponding across-variable (a generalized velocity or volt-
age). For example, consider a mechanical system. The total work done on the system is, in part, used as
stored energy (kinetic and potential) and the remainder is dissipated. Stored energy can be completely
recovered when the system is brought back to its original state (i.e., when the cycle is completed). Such a
process is said to be reversible. On the other hand, dissipation corresponds to irreversible energy trans-
fer, which cannot be recovered by returning the system to its initial state. (A fraction of the mechanical
energy that is lost in dissipation could be recovered, in principle, by operating a heat engine, but we
shall not go into these thermodynamic details which are beyond the present scope). Energy dissipation
may appear in many forms including temperature rise (a molecular phenomenon), noise (an acoustic
phenomenon), or work used up in wear mechanisms (also, a molecular or mechanical phenomenon).

5.3 LINEAR GRAPH ELEMENTS

Many types of basic elements exist, which can be used to develop an LG for a dynamic system. In
this section, we discuss two types of basic elements under the categories of single-port elements
and two-port elements. Analogous elements in these categories exist across the physical domains
(mechanical, electrical, fluid, and thermal) for the most part. Note: General multi-port elements can
be identified as well. However, for typical modeling situations, single-port and two-port elements
are adequate. They can be combined, if necessary, to form multi-port modules.

5.3.1 SINGLE-PORT ELEMENTS

Single-port (or, single energy port) elements are those that can be represented by a single branch
(single line segment) of LG. These elements possess only one power (or energy) variable (the prod-
uct of the through-variable and the across-variable, which is the difference between the input power
and the output power). This power is “ported” through a single branch; hence, the name “single-
port.” They have two terminals (the point of action and the point of reference) as noted before. The
general form of a single-port LG element is shown in Figure 5.1b.

5.3.1.1 Mechanical Elements

In modeling a mechanical system, we require three passive single-port elements, as shown in
Figure 5.2. These lumped-parameter mechanical elements are mass (or inertia), spring, and damper
(dashpot). Although only the franslatory mechanical elements are presented in Figure 5.2, the cor-
responding rotary elements have the same LG form, and the corresponding parameters and vari-
ables are easy to establish. In particular, in the latter case, f denotes the torque through the element
and v is the relative angular velocity in the same direction at the point of action.

Note: The LG of an inertia element has a broken-line segment. This is because in an inertia element
there is no direct physical link between the point of action (lumped inertia element) and the point of
reference (ground reference). The “inertia force” does not directly travel from the point of action to
the point of reference. However, this force in the inertia element is transmitted indirectly (“felt”) at
the point of reference, as a “reaction” at the ground, for the source that applies a force to the inertia
element. For example, the “source” that applies the force to the inertia element, which generates the
“inertia force,” will have its other end at the ground. Hence, there will be an equal force transmitted
to the ground. Imagine the situation where you are pushing a mass, causing it to accelerate (and creat-
ing an inertial force equal to the product of mass and acceleration). Then your feet on the ground will
transmit an equal force to the ground. This issue will be further discussed in Example 5.1.

Analogous single-port electrical elements may be represented in a similar manner. These are
shown in Figure 5.3.
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FIGURE 5.2  Single-port mechanical elements and their linear graph representations.
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FIGURE 5.4 (a) T-source (through-variable source); (b) linear graph representation of a T-source; (c)
A-source; (d) linear graph representation of an A-source.

5.3.2 SOURCE ELEMENTS

In LG models, the inputs into a system are represented by source elements. There are two types of
sources, as shown in Figure 5.4.

* T-Type Source (e.g., Force Source, Current Source): For a T-source, the independent
variable (i.e., the source output, which is the system input) is the through-variable f. The
arrowhead indicates the positive direction of f.

* Note 1: For a T-source, the sign convention that the arrow gives the positive direction of f
still holds. However, the sign convention that the arrow is from the point of action to the
point of reference (or the direction of the drop in the across-variable) does not hold.

* Note 2: The independent variable of a source is the variable that is not affected by the other
elements that are connected to the source. The other variable is the “dependent variable,”
which is affected, in general.

* A-Type Source (e.g., Velocity Source, Voltage Source): For an A-source, the independent
variable is the across-variable v. The arrowhead, if shown on the element, will indicate the
direction of the “drop” in v. The + and — signs are always indicated for an A-source, where
the drop in v occurs from the +terminal to the — terminal.

* Note: For an A-source, the sign convention that the arrow is from the point of action to the
point of reference (or the direction of the drop in the across-variable) holds. However, the
sign convention that the arrow gives the positive direction of f does not hold. Often, an
arrowhead is not shown for an A-source.

In an ideal force source (a through-variable source), the force variable is the independent variable,
and it is not affected by interactions of the source with the rest of the system. The corresponding
relative velocity across the force source, however, will vary as determined by the dynamics of the
overall system. It should be clear that the direction of f{(r) as shown in Figure 5.4a is the applied
force. The reaction on the source would be in the opposite direction. An ideal velocity source
(across-variable source) supplies a velocity without being affected by the dynamics of the system
to which it is applied. Hence, velocity of the source is the independent variable. The correspond-
ing force is the dependent variable, and it is determined by the system dynamics. Similar facts are
applicable to source elements in other physical domains.

5.3.2.1 Interaction Inhibition by Source Elements

As we have noted, the source variable (or input variable) is the independent variable of a source that
is unaffected by the dynamics of the system to which the source is connected. But the co-variable
(dependent variable) will change. A related property of a source element is identified now. Source



188 Modeling of Dynamic Systems with Engineering Applications

(a) System

1
System
1
S
+

System
)

Qé)
A

(b) vt
System s lem
1
- +
System _ v(7)
2 +
System

= T 2
: Q@/\
- +
()

FIGURE 5.5 (a) Two systems connected in series with a 7-source; (b) two systems connected in parallel with
an A-source.

elements can serve as means to inhibit dynamic interactions between systems. Specifically, it fol-
lows from the definition of an ideal source that the dynamic behavior of a system is not affected by
connecting a system in series with a 7-source (e.g., force source or current source) or in parallel with
an A-source (e.g., velocity source or voltage source), because the variable that is common to the two
connecting systems is the independent variable of the source, which is not affected.

5.3.2.1.1 Corollary

Components can be connected in series with a 7-source, or a series-connected component can be
removed from a T-type source without affecting the dynamics of the resulting system. Similarly,
components can be connected in parallel with an A-source, or a parallel-connected component
can be removed from an A-type source without affecting the dynamics of the resulting system.
Examples of these two situations are given in Figure 5.5.

Another interpretation of these situations is that a source can uncouple (i.e., decouple) subsystems
in a system. Specifically, two systems in each case of Figure 5.5 are uncoupled. In other words, System
1 and System 2 in Figure 5.5 are two uncoupled subsystems driven by the same input source. In this
sense, the order of the overall system is the sum of the orders of the individual (uncoupled) subsystems.

Note: In general, linking (networking) a subsystem will change the order of the overall system
(because new dynamic interactions are introduced due to the linking).

5.3.3 Two-PorT ELEMENTS

A two-port element has two points of action (with two corresponding energy ports) and two coupled
branches corresponding to them. A two-port element can be interpreted as a pair of single-port
elements, with a common point of reference, whose net power is zero (i.e., it does not store or
dissipate energy). A transformer (mechanical, electrical, fluid, etc.) is a two-port element. Also, a
mechanical gyrator is a two-port element. An example of a translatory mechanical transformer is a
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FIGURE 5.6 Transformer. (a) Lever; (b) meshed gear wheels; (c) electrical transformer; (d) fluid transformer;
(e) linear graph representation.

lever (Figure 5.6a). An example of rotatory mechanical transformer is a meshed pair of gear wheels
(Figure 5.6b). A “mechanical” gyrator is typically an element that possesses gyroscopic properties.
We shall consider only the linear cases; that is, ideal transformer and ideal gyrator. The extension
to the nonlinear case should be clear.

Note: There are multi-physics (multi-domain) two-port elements as well, examples of which are
given in the sequel.
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5.3.3.1 Transformer

In an ideal transformer, the across-variables in the two ports (branches) are changed according to
some relationship (parameter) without dissipating or storing energy during the process. Hence, the
through-variables in the two ports will also change accordingly. Examples of mechanical, electri-
cal, and fluid transformers are shown in Figure 5.6a—d. The LG representation of a transformer is
given in Figure 5.6e, which is the same for any physical domain, thereby facilitating the “unified”
approach to modeling.

In Figure 5.6e, as for a single-port passive element, the arrow goes from the point of action to the
point of reference, in each of the two branches (line segments). It shows the positive direction of power
flow (i.e., when the product of the through-variable and the across-variable for that segment is positive).

Note: Since the convention is for the power to enter the device at both ports, and since an ideal
transformer does not store or dissipate energy, one of these two power flows has to be negative. This
is the reason for the —ve sign in one of the two constitutive equations of a transformer. Also, note the
marked directions for force (or torque) and velocity at the two ends of the device in Figure 5.6a and
b, which are consistent with the convention of power flow into the device at both ends.

One of the two ports (branches) may be considered the input port and the other branch auto-
matically becomes the output port. This choice depends on what the input segment and what the
output segment of the system is. It has nothing to do with the concept of input variables and output
variables. Let

v; and f; = across- and through-variables at the input port
v, and f, = across- and through-variables at the output port.

The (linear) transformation ratio  of the transformer is a model parameter and is given by
V, =TV (5.1)
Due to the conservation of power, we require
Jivi+ fovo =0 (5.2)

By substituting equation (5.1) into (5.2), we get

7 = 1 £ (.3)
.

Here r is a non-dimensional parameter because the input domain and the output domain are the
same. A two-domain (multi-physics) transformer will have a dimensional r. The two constitutive
relations of a transformer are given by equations (5.1) and (5.3).

5.3.3.1.1 Electrical Transformer

As shown in Figure 5.6¢c, an electrical transformer has a primary coil, which is energized by an
alternating-current (ac) voltage (v;), a secondary coil in which an ac voltage (v,) is induced, and
a common core, which helps the linkage of magnetic flux between the two coils. A transformer
converts v; to v, without making use of an external power source. Hence it is a passive device, just
like a capacitor, inductor, or resistor. The parameter of the electrical transformer is the turn ratio:

number of turns in the secondary coil (N,) 5.4)
r= ‘
number of turns in the primary coil (N;)

Note: In Figure 5.6¢c, the two dots on the top side of the two coils indicate that the two coils are
wound in the same direction.
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In a pure and ideal transformer, there will be full flux linkage without any dissipation of energy.
Then, the flux linkage will be proportional to the number of turns. Hence

A, =1, (5.5)

where A denotes the flux linkage in each coil. By differentiating equation (5.5), while noting that the
induced voltage in the coil is given by the rate of charge of flux, we get equation (5.1). In an ideal
electrical transformer, there is no energy dissipation or storage and also the signals will be in phase.

5.3.3.2 Gyrator

A gyrator converts the through-variable at the input port into the across-variable at the output port
according to some relationship (and correspondingly, the across-variable at the input port into
the through-variable at the output port) without any energy storage or dissipation. Mixed-domain
(multi-physics) gyrators where the input and the output are in different physical domains are avail-
able. First we consider a single-domain mechanical gyrator where the input and the output both are
in the mechanical domain.

5.3.3.2.1 Mechanical Gyrator

A mechanical gyrator is an ideal gyroscope (Figure 5.7a). It is simply a spinning top that rotates
about its own axis at high angular speed o (positive in the x-direction), which is assumed to remain
unaffected by other small motions that are present. If the moment of inertia about this axis of rota-
tion (x in the shown configuration) is J, the corresponding angular momentum is 2=Jw, and this
vector is also directed in the positive x-direction, as shown in Figure 5.7b.

* Method 1: With a Rotation About z-axis

Suppose that the angular momentum vector & is given an incremental rotation 6@ about the
positive z-axis, as shown in Figure 5.7b. As a result, the free end of the gyroscope will move in the
positive y-direction (i.e., the +ve v; direction). The resulting change in the angular momentum “vec-
tor” is 0h = Jwd0 in the positive y-direction, as shown in Figure 5.7b. Hence, the rate of change of
angular momentum is

Sh_ Jwso

5t ot

@)

where 67 is the time increment of the motion. In the limit (as 6 — 0), the rate of change of angular
momentum is

& j0® (i)
dt dt

The velocity v; of the free end of the gyroscope, in the positive y-direction, generates this motion.
Note: There has to be a corresponding force f; at the free end, in the positive y-direction. The cor-
responding angular velocity about the positive z-axis is

de Vi
E = z (111)

Here L is the length of the gyroscope. Substitute (iii) into (ii). The rate of change of angular momentum is

ﬁ _ Ja)V,'
dt L

(5.6)

about the positive y-direction.JBy Newton’s second law, to sustain this rate of change of angular
v.
momentum, a torque equal to :

is required in the same direction (i.e., the y-axis). That means, a
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FIGURE 5.7 (a) Mechanical gyrator (gyroscope or spinning top)—a two-port element; (b) derivation of the
constitutive equations; () linear graph representation; (d) hydraulic-mechanical gyrator.

force is required in the z-direction. If this force at the free end of the gyroscope is f, in the positive

z-direction, the corresponding torque is f,L acting about the negative y-direction. From Newton’s

. Jov; .
second law, it follows that — f,L = % This may be expressed as

f=miy, (57)

L
M
This is one constitutive equation for the gyrator.
By the conservation of power (equation (5.2)) for an ideal gyroscope, it follows from equation (5.7)
that
v, = Mf; (5.8)

This is the other constitutive equation for the gyrator.
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The corresponding gyroscope parameter is

L2
M=— 59
o (5.9
Note: For a “mechanical gyrator,” M is a “mobility” parameter (velocity/force), as discussed in Chapter 6.
Equations (5.7) and (5.8) are the constitutive equations of a gyrator. The LG representation of a
gyrator is shown in Figure 5.7c.

e Method 2: With a Rotation About y-axis

The same constitutive relations can be obtained using a different approach (this time getting
equation (5.8) first). For that, give the incremental rotation 66 about the —ve y-axis. As a result, the
free end of the gyroscope will move in the positive z-direction (i.e., the +ve v, direction). Now we
proceed similarly as before:

1. Incremental change of angular momentum “vector” of magnitude 64 = hd0 = JwdO is in
the +ve z-direction

2. Then ﬁ = hﬁ = Ja)ﬁ = Ja)v—” whose vector is in the +ve z-direction
dt dt dt L

3. Corresponding torque is f;L

2
4. From Newton’s second law: Ja)% =fiL—>v,= J—fi - v, = Mf;
0]

. . r
5. From conservation of energy/power: fiv; + f,v, =00 — .fo = Ly with M = o
" w

5.3.3.2.2  Hydraulic-Mechanical Gyrator

An example of a mixed-domain gyrator is a hydraulic-mechanical gyrator, which consists of a pis-
ton and a cylinder of fluid (see Figure 5.7d). The fluid flow at the volume rate Q; into the cylinder is
accommodated by the movement of the piston (area=A) at velocity v,. We have

0 = Av, @)

Force on the piston due to the fluid pressure P, is AP. The corresponding force on the piston rod is
f>- Then, the force balance of the piston gives

AP+ f,=0 (i1)

From (i) and (ii), we have the constitutive equations of a hydraulic-mechanical (mixed-domain)
gyrator:

v, = MO, (5.10)
= —LP- (5.1D)
o M 1 .
. 1
with the gyrator parameter M = A (5.12)

5.4 LINEAR GRAPH EQUATIONS

As discussed in Chapter 3, in our systematic approach for formulating a state-space model of an
engineering dynamic system, three types of equations have to be written: constitutive, loop, and
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node equations. In using an LG to facilitate this formulation, the same three types of equations are
written, using the LG, and further manipulated:

1. Constitutive equations for independent energy storage elements (this forms the state-space
shell)

2. Constitutive equations for the remaining elements that are not sources (inputs)

3. Compatibility equations (loop equations), using across-variables, for all the independent
closed paths (primary loops) formed by two or more branches

4. Continuity equations (node equations), using through-variables, for all the independent
junctions (nodes) of two or more branches (i.e., the total number of nodes in the system — 1)

5. Using equations in items 2—4, eliminate the unnecessary (auxiliary) variables in the state-
space shell (item 1).

Note: Auxiliary variables are those other than the state variables and the input variables.

Constitutive equations of elements have been discussed in detail in Chapters 2 and 3 and also
in the beginning of the present chapter. In the examples in Chapter 3, not all compatibility equa-
tions and continuity equations were stated explicitly because sometimes the system variables were
chosen to satisfy these two types of equations implicitly. In the modeling of complex dynamic
systems, systematic approaches, which can be computer-automated, will be useful. In that context,
approaches are necessary to explicitly write the compatibility equations and continuity equations
even when they seem obvious or unnecessary in a manual process of model formulation. The related
approaches and issues are discussed next.

5.4.1 CompatiBiLITY (LooP) EQUATIONS

A loop in an LG is a closed path formed by two or more branches. A loop equation (compatibility
equation) is obtained by algebraically (i.e., taking into account the proper sign) summing to zero
all the across-variables along the branches of the loop. This is a necessary condition because, at a
given point in the LG, there must be a unique absolute value for the across-variable, at a given time.
In other words, in a system, a component connected at a point (node) must not be broken off causing
discontinuity in the across-variable there. For example, a mass and an end of a spring connected to
the same point must remain connected (and hence, must have the same velocity there at a particular
time instant). Since this point must be intact (i.e., does not break or snap thereby separating the con-
nected components), the system (loop) is said to remain “compatible.”

5.4.1.1 Sign Convention

1. In writing a loop equation, go in the counter-clockwise (ccw) direction of the loop, starting
from a convenient node

2. The across-variable drops in the direction of a branch arrow. This direction is taken to be
positive (i.e., the associated across-variable is positive). Note: The exception is a T-source
(through-variable source), where the arrow direction indicates the increasing direction of
the across-variable.

The arrow in each branch is important in writing a loop equation. Clearly, we cannot always go in
the direction of the arrow in a branch that forms a loop. If we go opposite to the arrow, a negative
sign is used with the associated across-variable.

5.4.1.2 Number of “Primary” Loops

Primary loops are a “minimal” set of loops from which any other loop in the LG can be formed.
Hence, a set of primary loops is a complete and "independent” set. Such a set is not unique (different
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sets of primary loops can be formed and chosen). Regardless, a primary set of loops will generate
all the independent loop equations and also can generate any other loop in the LG.

Note: Loops closed by broken-line branches (i.e., of inertia elements) should be included as well
in determining the primary loops.

Not all “primary” loop equations are useful in the development of state equations (i.e., in the
elimination of auxiliary variables). Specifically, the equations of loops that include one or more
T-sources are not useful. This is because the across-variable of a T-source is the dependent variable
of the source and should not remain in the state equations (because it is neither a state variable nor
an input variable. It is an auxiliary variable, which should be eliminated).

Example 5.1

Figure 5.8 shows a mass-spring-damper system (a mechanical oscillator) and its LG. Each element
in the LG forms a branch. As noted before, always, an inertia element is (virtually) connected to
the ground reference point (g) by a partially dotted line (or a partially broken line) through which
the “inertia force” transmits. This is because the velocity (across-variable) of a mass is given with
respect to the ground reference (which has zero velocity) but it is not directly connected to the
ground. The ground is always the reference point of a mass element, and it “indirectly feels”
the inertia force of the mass. To understand this further, suppose that we push an unconstrained
mass upward by our hands, imparting it an acceleration. The pushing force of the hands is equal
to the inertia force, which is the product of mass and acceleration. An equal force is transmitted
to the ground through our feet. Clearly, the mass itself is not directly connected to the ground, yet
the force applied to the mass (or the inertia force) is “felt” at the ground (indirectly transmitted to
the ground). Hence the force “appears” to travel directly from the “lumped” mass element to the
ground through this “virtual” branch.

Note: If you think that in this example, the human body is a solid link between the mass and
the ground, instead imagine applying a magnetic force to a magnetic mass using a “magnetic
bearing” (the housing of the magnetic bearing/actuator is fixed to the ground, but it is not directly
connected to the pushed mass element). Yet, the inertia force of the mass travels to the ground.

Furthermore, in Figure 5.8, the input force from the “force source” travels to (or “felt at”) the
ground reference point.

Note: For any mechanical source (i.e., force source or velocity source) assume that the refer-
ence point is the ground (and the action point where the input from the source is applied).

In the present example, there are three primary loops. These three loops are not unique and
can be chosen in many ways.

Note: A set of primary loops is an “independent set,” hence, a primary loop cannot be formed
by combining the remaining loops in the primary set. Furthermore, any loop in the LG can be
formed by combining the primary loops.

(a) (b)

Reference g

Reference

FIGURE 5.8 (a) A mass-spring-damper system; (b) linear graph having two nodes and three primary loops.
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In this example, we have chosen the set of three primary loops as marked in Figure 5.8:

Loop 1: (k, m)
Loop 2: (m, b)
Loop 3: (m, s).

Note: “s” denotes the source element. The pair within the parentheses indicates the branches that
are combined to form the corresponding loop.

Observations Concerning this Choice of Primary Loops:

1. Every loop includes the branch corresponding to the A-type element (mass). Hence,
every loop equation will contain its across-variable, which is known to be a state vari-
able (which must be retained in the final state equations)

2. The loop that contains the T-source (i.e., m, s loop) is not a useful loop (even though
it is a primary loop) because the across-variable of a T-source is the “dependent vari-
able” of the source, which does not have to be known. It is an “auxiliary variable”
(not an input variable or a state variable) and should not be retained in the final state
equations

3. Many other primary sets of three loops can be chosen. Three other possible sets of pri-
mary loops are [(k, b), (m, b), (b, s)l, [k, b), (m, s), (m, b)], and [(k, b), (m, s), (k, s)]. But
the corresponding loop equations will require more manipulation in the development of
the state equations (i.e., in the elimination of the auxiliary variables) than what is needed
with the choice shown in Figure 5.8.

Loop Equations (go ccw):

Loop 1: v; =v,=0
Loop 2: v, —v;=0
Loop 3: v, —v=0 (not useful because v is an unwanted variable)

Once we select a set of primary loops (three loops in this example), any other loop can be formed
by combining this primary set. For example, the loop (k, b) can be obtained by combining the
loops (k, m) and (m, b). In particular, its loop equation can be obtained by algebraically adding the
loop equations of the latter two loops. Specifically:

Vi — V3 :(V] —V2)+(V2—V3)

LEARNING OBJECTIVES

1. Use of the sign convention (go ccw in a loop; arrow indicates A-variable drop, except in
a T-source)

2. Appropriate choice of primary loops (pick loops that have A-type state variables and/or
A-sources)

3. Identification of primary loops that are not useful (a loop with a T-source).

General Observations

* A setof primary loops is a “minimal” and “independent” set: 1. No loop in the primary set
can be formed by combining the remaining loops in the primary set; 2. any loop in an LG
can be formed by combining the primary loops

* Many choices are available in selecting the primary loop set

* The set of primary loops provide all the independent loop equations
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e The best choice of primary loops will include A-type energy storage elements (provid-
ing A-type state variables) and A-sources (providing A-type input variables), if these ele-
ments are present in the system. Such a choice will minimize the necessary mathematical
manipulations in the development of the state equations (in the process of eliminating the
auxiliary variables)

* Some primary loops (and their loop equations) may not be useful in the development of
a state model (i.e., in the elimination of the auxiliary variables). Specifically, 1. ignore
the loops that include 7-type sources (because their across-variables are dependent vari-
ables, which should not be in the final state equations); and 2. the loop equations from the
remaining primary loops are the set of useful loop equations.

5.4.2 ContiNuiTY (NoDE) EQUATIONS

A node is a “‘junction” where two or more branches meet. A node equation (or, continuity equation)
is created by equating to zero the algebraic sum of all the through-variables at a node. This equa-
tion holds in view of the fact that a node can neither store nor dissipate energy; in effect, it amounts
to “what goes in must come out.” Hence, a node equation dictates the continuity of the through-
variables at a node. For this reason, one must use proper signs for the variables when writing node
equations.

* Sign Convention: A through-variable going “into” the node is positive (and coming out of
the node is negative)

* The meaning of a node equation in various domains is indicated below.

* Mechanical Systems: Force balance; equilibrium equation; Newton’s third law; etc.

* Electrical Systems: Current balance; Kirchoff’s current law; conservation of charge; etc.

» Hydraulic Systems: Conservation of fluid

* Thermal Systems: Conservation of thermal energy

5.4.2.1 Primary Node Equations

If an LG has n nodes, the number of primary nodes is n— 1. This is because the equation for any
node can be obtained by algebraically combining the equations for the other n—1 nodes.

As in the case of loop equations, not all “primary” node equations are useful in the development
of state equations (i.e., in the elimination of auxiliary variables). Specifically, the equation for a
node that connects an A-sources is not useful. This is because the through-variable of an A-source
is the dependent variable of the source and should not remain in the final state equations (because
it is neither a state variable nor an input variable. It is an auxiliary variable).

Example 5.2

Revisit the problem shown in Figure 5.8. The system has two nodes. The corresponding node
equations are identical, as given below.

Node 1 Equation: f,+f,+f,—f=0
Node 2 Equation: —f, —f,—f,+f=0

Note: The equation of Node 1 is obtained simply by reversing the signs in the Node 2 equation.
Hence, there is only one independent (primary) node in this example.

In the present example, this node equation is clearly a useful equation. It contains “f,” which is
an input variable and should be retained in the state equations. Also, it contains f,, which is a state
variable. Hence, this node equation is useful in the elimination of the auxiliary variables f, and f;,
when generating the final state equations.
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LEARNING OBJECTIVES

1. Application of the sign convention for node equations
2. Required number of node equations=total number of nodes—1
3. Identification of useful node equations.

General Observations

e For an LG with n nodes, there are only n—1 primary (independent) node equations. The
remaining node equation is the algebraic sum of the first n— 1 node equations

e All primary node equations may not be useful in the development of a state model (i.e., in
the elimination of the auxiliary variables). Specifically, the equation of a node that con-
nects an A-type source is not useful (because the through-variable of an A-type source is
a dependent variable, which should not be present in a state equation. It is an auxiliary
variable, which should be eliminated).

Example 5.3

Consider the [-C-R electrical circuit (an electrical oscillator) shown in Figure 5.9a. Its LG is drawn
in Figure 5.9b. The system has three primary loops; one primary node; and a voltage source
(an A-source). It should be clear that this system is “not” analogous to the mechanical system of
Figure 5.8 because that system has a force source (a T-source), not a velocity source.

Loop Equations:

There are many choices for the three primary loops. However, the best choices (which yield loop
equations that require minimal manipulation in eliminating auxiliary variables, in the generation of
state equations) have the following properties:

1. Loops that contain A-sources are desirable (because their across-variables are input vari-
ables, which must be retained in the final state equations)

2. Loops that contain A-type (energy storage) elements are desirable (because their across-
variables are state variables, which must be retained in the final state equations)

3. Loops that contain T-sources should be avoided (because their across-variables are
the dependent variables of the sources, which must not be present in the final state
equations).

According to these criteria, in Figure 5.9b, we have selected the following set of primary loops:
Loop 1: (s, ©)

Loop 2: (L, C)
Loop 3: (C, R)

vio() L C%R

\l'—

FIGURE 5.9 (a) An L-C-R circuit; (b) its linear graph.
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Note: All three loops have the A-element (capacitor). One loop has the A-source (voltage
source).
The corresponding loop equations (three) are given below, with the standard sign convention.

Loop 1: v=v,=0
Loop 2: v;=v,=0
Loop 3: v,—v;=0

We may select many other sets of three loops as primary loops. Some examples are [(s, L), (L, C),
(s, RN or (s, L), (L, C), (C, RN or [(s, L), (s, C), (s, R)]. No matter what primary set is chosen, it will
include all the branches of the LG, and the resulting loop equations will be complete.

Node Equations:
In this example, there are two nodes. Their equations (according to the standard sign conven-
tion) are

Node 1: —i+i;+i,+i;=0
Node 2: j—i;—i,—i;=0

Since Node 2 equation can be obtained simply by reversing the signs of the terms in the Node 1
equation, there is only one independent (primary) node equation.

Note: This node equation has the dependent variable i of the source (which is an auxiliary vari-
able, which should not be present in the state equations). Hence, this primary node equation is in
fact not a useful equation (in the generation of the final state equations).

LEARNING OBJECTIVES

. Selection of a proper set of primary loops

. Selection of the independent (primary) nodes

. Sign convention in writing loop equations

. Sign convention in writing node equations

. Identification of the useful/useless loop equations
. Identification of the useful/useless node equations.

Ul A W —

5.4.3 Series AND PARALLEL CONNECTIONS

If two or more elements are connected in series, their through-variables are the same but the
across-variables are not the same (they add algebraically). If two or more elements are connected
in parallel, their across-variables are the same but the through-variables are not the same (they add
algebraically). These facts are given in Table 5.2.

Let us consider two systems with a spring (k) and a damper (b), and an applied force (f(r)). In
Figure 5.10a, they are connected in parallel, and in Figure 5.10b, they are connected in series. Their
LGs are as shown in the corresponding figures. The LG in (a) has two primary loops (two elements
in parallel with the force source), whereas in (b) there is only one loop because all the elements are
in series with the force source. From Table 5.2, we can appreciate the nature of the node equations
and the loop equations in these two cases, without even having to write these equations.

TABLE 5.2

Series-Connected and Parallel-Connected Components

Components in Series Components in Parallel
Through-variables are the same Across-variables are the same

Across-variables are not the same (they add algebraically) Through-variables are not the same (they add algebraically)
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FIGURE 5.10 Spring-damper systems with a force source and their linear graphs. (a) Elements in parallel;
(b) elements in series.

Another important consequence of the interconnection structure of components with source
elements has been observed before. Specifically,

1. Components connected in series with a 7-source have no dynamic interactions (i.e., they
are uncoupled and can be treated separately; a series component can be removed without
affecting the rest of the system)

2. Components connected in parallel with an A-source have no dynamic interactions
(i.e., they are uncoupled and can be treated separately; a parallel component can be removed
without affecting the rest of the system).

5.5 STATE MODELS FROM LINEAR GRAPHS

In Chapter 3, we presented a systematic way to develop a unique state-space model of an engineering
dynamic system, by incorporating a unified and integrated approach. In that approach, an initial step
is to sketch a “structural” diagram of the system showing how the components (or basic elements) are
interconnected. A powerful graphic representation that not only provides the model structure but also
the nature of the interconnected components, model variables and parameters (in short, the complete
dynamic model) is an LG. Another comparable graphic representation is provided by bond graphs;
that topic is beyond our focus. The focus of this chapter is LGs. An LG presents:

e The “structure” of the system (how the components are interconnected)

* The nature/type of the components (e.g., A-type and 7-type elements and sources, D-type
elements, multi-port elements)

e Variables and parameters of the elements (through-variable and across-variable pair for
each element or port; characteristic parameters of the model elements, which are needed to
formulate the constitutive equations)

* Directions (according to some sign convention) of the variables (through-variables, across-
variables, power flow).

Once the LG of a dynamic system is sketched, we use the same systematic procedure as presented
in Chapter 3, albeit facilitated by the LG, to obtain a state-space model of the system.

5.5.1 SKETCHING OF A LINEAR GRAPH

An LG is indeed a complete model of a dynamic system because it contains all the information about
the system, particularly what is needed to formulate a state-space model (an analytical model). In
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developing an LG, we sketch a branch starting from its point of reference and connect it to other
branches from its point of action (except in the process of returning to the original point of refer-
ence, when it is the point of reference of the returning branch that is connected to the original refer-
ence), according to the specific model structure, until all the branches (elements/components) of the
system are included. Next we orient the graph (i.e., insert the arrows for all the branches) according
to a sign convention. Finally, we indicate the through-across-variable pair of each branch on one
side of the branch and the parameter of the branch on the other side. In summary, a systematic way
to sketch an LG is as follows:

1. Identify the energy storage elements, energy dissipation elements, and source elements in
the system (these are single-port elements, each represented by one branch)

2. Identify any multi-port elements (e.g., transformers, gyrators), which need more than one
branch (Note: Two-port elements are adequate for this process because a larger number of
ports can be formed by combining single-port and two-port elements)

3. Recognize how the elements (branches) are interconnected (series or parallel and to what
elements) and sketch a schematic diagram (e.g., circuit diagram). This is the parent graph
from which the LG is generated. Note: Often, such a parent graph is not needed. We can
sketch the LG directly

4. Where possible or clear, identify the terminals of each element or branch (i.e., the point
of action and the point of reference). Note: For some elements (e.g., inertia element and
source elements), the action and the reference points are pre-established due to their
nature

5. Starting from a convenient node point (typically, the ground reference or some other estab-
lished reference) draw a branch (typically, for a source), link it to another appropriate
branch through a node (this automatically determines the point of action of the linked
branch), and so on, to form a loop

6. Repeat step 5 until the entire system is completed (i.e., all the elements/branches in the
system are included and connected)

7. Orient each branch of the LG (this could have been done in an earlier step)

8. Write the corresponding through-across variable pair on one side of each branch and the
corresponding element parameter on the other side (this may have been done in an earlier
step). Note: For an ideal source, we can only indicate the variable pair, not a parameter,
because one variable is independent.

Once the LG is developed in this manner, a state-space model of the system can be formulated
using it.

5.5.2  STATE MODELS FROM LINEAR GRAPHS

As discussed in Chapters 2 and 3, in the systematic approach of formulating a state-space model
(now using LGs), which incorporates a unified and integrated treatment, we use as

a. State Variables: Across-variables of independent A-type (energy-storage) elements and
through-variables of independent 7-type (energy-storage) elements

b. Input Variables: Across-variables of A-sources and through-variables of 7-sources. These
are the “independent variables” of the source elements.

Note: When there are several “dependent” energy-storage elements, a single common state variable
should be used to represent the dynamic state of all of them. A systematic way to identify dependent
elements (or “conflicts”) in an LG is provided by the graph tree approach, which is presented in
Appendix A.
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In obtaining an analytical model from the LG of a system, we write three types of equations:

1. Constitutive equations (i.e., “physical” equations) for all the independent energy storage
elements. This forms the state-space shell

2. Constitutive equations for the remaining branches, excluding the source (input) elements

3. Compatibility equations (i.e., “loop” equations) for the independent (primary) loops (as
noted before, some of these loop equations may not be useful)

4. Continuity equations (i.e., “node” equations) for the independent nodes (as noted before,
some of these node equations may not be useful).

This approach is further elaborated in the present section.

5.5.2.1 System Order

As we know, A-type elements and 7-type elements are energy storage elements. The system order is
given by any one of the following, which is equivalent:

—_

. The number of independent energy storage elements in the system

2. Number state variables

3. The order of the state-space model (the order of the system matrix A in the linear case, and
the number of state equations in general)

4. The number of initial conditions required to solve for the response of the analytical model

5. The order of the input—output differential equation model.

Note: In the Laplace (or frequency) domain (see Chapter 6), the system order is also equal to (for a
linear system):

1. The order of the characteristic polynomial (denominator of the transfer function)
2. The number of poles (or eigenvalues) in the system (counting any repeated poles separately)

These are also equivalent.

As noted before, the total number of energy storage elements in a system can be greater than the
system order because some of these elements might not be independent. Any dependent elements
can be identified in an ad hoc manner (see Example 5.6) or using the graph tree approach (see
Appendix A). A group of dependent energy storage elements can be represented by a single equiva-
lent element with a corresponding single state variable.

5.5.2.2 Sign Convention

The important first step of developing a state-space model using LGs is indeed to draw an LG for
the considered system. A sign convention should be established to accomplish this task in a sys-
tematic manner, as discussed before. In summary, the sign convention which we use is as follows:

1. Power flows into the point of action and out of the point of reference of an element (branch).
This direction is shown by the branch arrow (a branch with an arrow is called an oriented
branch). Exception: In a source element, power flows out of the point of action and into the
element that is connected to the source

2. Through-variable (f), across-variable (v), and power flow (fv) of a branch are taken to be
positive in the same direction at the point of action. Note: v is measured at the point of
action with respect to the point of reference because it is the across-variable. Once the
direction of fis known at the point of action, its direction is also known at the point of
reference because it is the through-variable

3. In writing a node equation: Flow into a node is positive
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4. In writing a loop equation: (a) Go in the ccw direction of the loop, starting from a conve-
nient node; (b) an across-variable is positive in the direction of the branch arrow (across-
variable “drops” from the point of action to the point of reference; i.e., in the direction of
the arrow, because it is measured wrt the point of reference). Exception: In a T-source, the
arrow is in the “negative” direction of its across-variable (i.e., the increasing direction) and
out of the source at its point of action.

Note: Once the sign convention is established, the actual values of the variables can be positive or
negative depending on their actual direction.

5.5.2.3 Steps of Obtaining a State Model

The systematic steps for obtaining state equations (i.e., a state-space model) from an LG are the
same as those presented in Chapter 3. The only difference is, now the method is assisted by the LG,
which by itself is a complete model. The key steps are:

1. Choose as state variables: across-variables of independent A-type elements and through-
variables of independent 7-type elements

2. Write the constitutive equations for the independent energy storage elements. This set of
equations is called the state-space shell. Note: If the dependent elements cannot be iden-
tified at this stage, you may write the constitutive equations for all the energy storage
elements, but keep in the state-space shell only those for the independent energy stor-
age elements. A formal method of identifying the dependent elements is the graph-tree
approach (see Appendix A)

3. Write the constitutive equations for the remaining elements (dependent energy storage ele-
ments, dissipation—D-type elements, two-port elements)

4. Write compatibility equations for the primary loops. Note: If a particular primary loop
equation is not useful (e.g., the loop has a T-source), you may skip it

5. Write continuity equations for the independent (primary) nodes (total number of nodes —
1). Note: If a particular primary node equation is not useful (e.g., the node has an A-source),
you may skip it

6. In the state-space shell, retain the state variables and the input variables only. Eliminate
all other variables (called auxiliary variables) using the loop and node equations and the
additional constitutive equations.

5.5.3 CHARACTERISTICS OF LINEAR GRAPHS

Being a graphical representation (or a network), an LG possesses important topological relations
with regard to the

Number of nodes (1)
Number of branches (b)
Number of primary loops (¢)

Also, being a representation of an engineering dynamic system, there must be a physical link to
such topological characteristics. In particular, for the system of model equations to be solvable, it
is required that

The number of unknown variables=the number of equations.

In particular, the number of unknown variables must be related to b and
The number of sources (s)
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From the formulation of an analytical model (e.g., a state-space model), it is clear that the total num-
ber of model equations is equal to the sum of

1. The number of constitutive equations
2. The number of compatibility equations
3. The number continuity equations.

Also, these three numbers of equations must be related to b, s, /, and n.
‘We now establish the two relations:

1. Relation concerning system dynamics (solvability of the analytical model),
2. Topological relation of an LG (a network containing branches, nodes, and loops).

Then we will show these two relations are identical, thereby confirming what we suspected.

5.5.3.1 LG Variables and Relations

Each source branch has one unknown variable (because one variable is the known input to the sys-
tem—the independent variable of the source, which is known) and all other passive branches have
two unknown variables each. Hence, we have

Total number of unknown variables=2b—s

Since a source branch does not provide a constitutive equation, and the remaining branches provide
one constitutive equation each, we have
The number of constitutive equations=b—s

Also, each primary loop gives a compatibility equation. Hence,
The number of loop (compatibility) equations =/

Since one of the total n nodes does not provide an extra independent node equation, we have
The number of node (continuity) equations=n—1

Hence, total number of equations=(b —s)+/ +(n—D)=b+l+n—-s—1
To uniquely solve the analytical model, we must have
The number of unknowns=the number of equations — 2b—s=b+/4+n—-s—1

Hence, we have the result
f=b-n+lorb=/l+(n-1) (5.13)

Note: It is easy to remember this relation, in words, as the number of branches=the number of inde-
pendent loop equations+the number of independent node equations.

Even though this relation was obtained by considering the characteristics of a “dynamic system,”
(i.e., by considering the variables and the equations, specifically, the “solvability” of the analytical
model), it is indeed a “topological result” (relating the number of loops, nodes, and branches), which
must be satisfied by any LG (network). Hence, we should be able to obtain the relationship (5.13)
from purely topological considerations, as we will show next.

5.5.3.2 Topological Result

Now a topological relationship is determined for an LG (a network) in terms of its geometric
(topological) characteristics (nodes, loops, branches) only. Consequently, we will observe that the
resulting relationship is identical to equation (5.13), which we obtained before by considering the
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(a) (b)

FIGURE 5.11 Proof of the topological result for an LG. (a) Basic LG (single loop with two branches); (b)
adding new general branches to create a new loop.

analytical model of a system. We use the well-known “mathematical induction” to carry out the
proof.

Consider Figure 5.11. Using the earlier notation, we proceed with the following steps of math-
ematical induction:

Step 1: Start with the basic graph of a single loop, shown in Figure 5.11a: For this graph, b=2,
¢ =1, and n=2. Hence, equation (5.13) — b = ¢+ (n—1) is satisfied by this basic graph.
Step 2: To the basic graph in Figure 5.11a, add a new “general” loop using m new nodes con-
necting m+ 1 new branches in series. This step is shown in Figure 5.11b. For this new graph,
we have b=2+m+1=m+3, (=2, and n=2+m. Hence, equation (5.13), b=+ (n—1), is

still satisfied by this new graph.

Note: m=0 is a special case (where we connect only one new branch to the existing two nodes, in
parallel, to form the new loop, without adding new nodes).
Step 3: Start with a general LG having b ranches, ¢ loops, and n nodes, and assume that it
satisfies equation (5.13). This is now the general case of step 1—Figure 5.11a.

As before, add a new “general” loop by using m nodes and m+ 1 branches (as in step 2 above).
Then we have: b+m+ 1 branches, /+1 loops, and n+m nodes.
Substitute these into equation (5.13). We get

? 9
(b+m+D=(/+D+n+m—-1) = b=C+n—-]).
Note: We have incorporated a “?” mark into the “="
check whether the equation is satisfied.
Since we started by assuming that it is satisfied, the proof is complete by mathematical induction.
In summary, we proceeded as follows: First we showed that the rule was satisfied for a basic
network of two branches, one loop, and two nodes. Then, we did the next step of adding one new
“general” loop (by using any “general” number of nodes m and the corresponding “general” number
of branches m+ 1). We showed that the relation is still satisfied. Finally, we started with the general
case of having b ranches, ¢ loops, and n nodes; assumed that it satisfied the required relation; added
a new “general” loop (by using m new nodes connecting m+ 1 new branches in series); and showed
that it too satisfied the required relation. This means, since the relation is true for the basic network,
it must be true for the next incremented network, and hence with the subsequent incremented net-
work, and so on, until all network possibilities are exhausted. In other words, we proved that the
required relation was true for all networks, by mathematical induction.

sign because, to complete the proof, we need to
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We considered topological characteristics only in this proof. Yet the result is identical to equa-
tion (5.13), which was obtained by considering only the analytical modeling of a dynamic system.
Hence, equation (5.13) is true from both dynamic modeling and topological contexts.

Now we present several examples of using LGs to develop state-space models, in different physi-
cal domains and in “mixed” domains. Since the present LG approach is unified across various
physical domains, the same approach is applicable in mechanical, electrical, fluid, thermal, and
multi-domain (i.e., mixed) systems, as we will illustrate.

5.6 LINEAR GRAPH EXAMPLES IN MECHANICAL DOMAIN

LGs can be used to develop state-space models in different physical domains. Specifically, since
the approach is a unified one across various physical domains, the same approach is applicable in
mechanical, electrical, fluid, and thermal domains, and also in multi-domain (i.e., multi-physics
or mixed) systems. Several examples in the mechanical domain are given now to illustrate the use
of LGs in the systematic development of state-space models, through the unified and integrated
approach. Examples in other physical domains and in multiple domains are given in subsequent
sections.

Example 5.4

A dynamic absorber is a passive device for vibration suppression (i.e., a “passive controller” for
vibration) and is mounted at the vibrating area of a dynamic system. By properly tuning (i.e.,
selecting the parameters of) the absorber, it is possible to “absorb” most of the power supplied
by an unwanted excitation (e.g., support motion, imbalance in rotating parts) by sustaining the
absorber motion such that, in steady operation, the vibratory motions of the main system are
inhibited. In practice, some damping should be present (and is present) in the absorber to dissipate
the energy that flows into the absorber, without generating excessive motions in the absorber mass
itself. In the example shown in Figure 5.12a, the main system and the absorber are modeled as
simple oscillators with parameters (m,, k,,b,) and (m;,k,by), respectively. The LG of this system can
be drawn in the usual manner, as shown in Figure 5.12b. The external excitation (system input) is
the velocity u(t) of the support (an A-type source).

(€Y (b)

_T u(?) Reference g

Reference g

FIGURE 5.12 (a) A mechanical system containing a shock absorber; (b) linear graph of the system.
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Note: The LG is oriented, starting from the source element. It acts on the two elements k, and
by, at a particular point. That automatically determines the points of reference of these two ele-
ments. The other end of the two elements becomes their points of action, which in turn becomes
the point of reference of the element to which these two elements are connected (unless that ele-
ment closes the loop back to the ground reference, e.g., an inertia element, when that point is also
the point of action of the connected element). We proceed in this manner until all the branches
are connected and oriented.

From the resulting LG, we observe the following:

Number of branches=b=7

Number of nodes=n=4

Number of sources=s=1

Number of independent loops=/=4

Number of unknowns=2b-s=13

Number of constitutive equations=b—s=6
Number of (primary) node equations=n—1=3
Number of (primary) loop equations=4

The four loop equations are provided by using four independent (primary) loops from the LG.
Check: Number of unknowns=2b-s=13

Number of equations=(b—s)+(n—1)+/=6+3+4=13.

Hence the LG satisfies equation (5.13), and accordingly, the analytical model is solvable.
Now we formulate the state-space model of the system, systematically, through the following
sequence of steps:

Step 1: Since the system has four independent energy storage elements (m,,m., k;,k,), it is a fourth-
order system. The state variables are chosen as the across-variables of the two masses (velocities
vi and v,) and the through-variables of the two springs (forces f; and f5):

T T
State vector x = [ X X2 X3 X4 :| = [ vi v fs  fa :I
Input (A-source velocity)=[u(t)]

Step 2: The skeleton state equations (state-space shell):

. 1
Newton’s second law for mass m;>: v, = — f;
ny

. 1
Newton'’s second law for mass m,>: v, = — f,
ny
Hooke’s law for spring k> f3 =kivs
Hooke’s law for spring ky>: fy = kyvy
Step 3: The remaining constitutive equations:
For damper b, : f5 = byvs (i)
For damper b, : fs = byvg (ii)
Step 4: The node equations:

We leave out one node (the ground node) and take the remaining three nodes as the independent
(primary) nodes. The corresponding equations are

—fi+f+f=0 (iii)
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—fh-f—ftfitfs=0 (iv)
—fi—fo+f=0 (not useful because of f) (v)

The loop equations:

The four primary loops are chosen as in Figure 5.12b with the objective of including as many
desirable across-variables as possible in a loop while skipping undesirable/unwanted across-vari-
ables. The corresponding equations are

Loopl:v,—u+v, =0 (vi)
Loop2:v, —u+vs=0 (vii)
Loop3:vi—v, +v;=0 (viii)
Loop4:vi—vy+vs=0 (ix)

Note: All four of these loop equations are useful.

Step 5: Eliminate the auxiliary variables in the state-space shell.
fi=fi+f=fitbvs=fi+b(va—n) (from (iii), (i), and (ix)
H=—fi—bvs+ fa+bvs =—fi —bi(va =)+ fa + byvs

=—fs=bi(va=vi)+ fi = by (v2 —u)

V3=—Vvi+V, (from (V]“))

(from (iv), (i), (ii), (ix), and (vii))

Vi =—vy +u (from (vi)
The following state equations are obtained:

b == (b1 /my ) vy + (b frmy ) v2 + (1) £

va = (b s ) =[ (b1 + 02) s Jvo = (Vo) £ + (1 ) £+ (B fma Jute)

f;; =—k|V1 +k1V2

Ja =—kavy + kyu(?)

The proper output for this system is the velocity of the main mass m,. The corresponding output
equation (algebraic) is y = v,
The corresponding model matrices are

—bl/ml b]/ml l/ml O
— -1 1
System matrix : A = bijma (br+ba)/m, /m: /m:
—k ky 0 0
0 —k, 0 0
0
L. . . b, / my
Input distribution matrix : B = 0

ks
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Note:

T
Outputmatrix:Cz[ 01 0 0 ]
Feedforward gain matrix D =[0]

There is no feedforward property in this system, and hence, the algebraic output equation

does not contain the input variable.

~N

LEARNING OBJECTIVES

. Checking the solvability of a dynamic model (i.e., the number of unknown variables=the

number of independent equations)

. Selection of proper state variables
. Formulation of the constitutive equations, starting from the state-space shell
. Selection of “useful” primary loops and identification of primary loops that can be

skipped in the formulation

. Selection of independent (primary) nodes and identification of which of their node equa-

tions can be skipped in the formulation

. Sign conventions for an LG
. Systematic development of a state-space model for a mechanical system
. A complete state-space model should include the algebraic output equation as well.

Example 5.5

Commercial motion controllers are digitally controlled (using microcontrollers with software
control or digital hardware controllers) high-torque devices that are capable of applying a pre-
scribed motion to a system. Such a controlled actuator may be considered as a velocity source.
Consider an application where a rotatory motion controller is used to position an object, which
is coupled through a gear transmission. The system is modeled as in Figure 5.13a. Systematically
develop a state-space model for this system using the LG approach. The system output is the
velocity of m;.

FIGURE 5.13 (a) Rotary-motion system with a gear transmission; (b) linear graph of the system.
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Solution

The LG of the system is sketched in Figure 5.13b. The steps of the model development are given
now.

Step 1: It is easy to notice that the two inertia elements m; and m, are not independent (because
they are linked through a gear, without any flexible components, and hence their across-variables
are directly related). Together they comprise a single (equivalent) storage element. Thus, along
with the stiffness element, there are only two independent energy storage elements. Hence, the
system is second order.

Note: A formal and systematic way to identify such dependent elements is through the graph-
tree approach, which is described in Appendix A.

Let us choose as state variables, v,—the across-variable of one of the inertia elements (because
the other inertia is “dependent”) and f, —the through-variable of the spring.

With x; =v; and x, = f,

Note: We could have chosen m, instead of m; here, but the present choice is better because,
as clear from the system structure, m, is the “output” element, and its state variable is a “proper”
output variable. , T

State vector x=| x; x, ] :[ Vi f ] ; input vector u = [u(t)]; output vector y = [v;]

Step 2: The constitutive equations for m; and k (state-space shell):
.1 .
vi=—fi; fr=k»
m
Step 3: The remaining constitutive equations:

For damper : f; = bvs(i)

. . 1 .
For the “dependent” inertia m, : vy = — f; (i)
ny

For the transformer (pair of meshed gear wheels)
Ve =1Vs5 (Ill)

Je :—lfs (iv)
r

Step 4: Node equations (three independent nodes)

Nodel: —f,—f=0 (v)
Node2: foi—fi—fa—fs=0 (vi)
Node 3: f—f, =0 (not useful) (vii)

Note: The node 3 equation is not useful because it has the dependent variable f of the A-source
(which is an auxiliary variable and should not remain in the final state equations)
Loop equations (for the four primary loops):

Loop1: vg—v; =0 (viii)

Loop2: v,—vs=0 (ix)
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Loop3: v;—vs=0 (x)

Loop4: —vy,+u()—vs=0 (xi)

Note: Our choice of primary loops seems desirable, as we have avoided the across-variable of
the dependent inertia when possible because it is not a state variable and has to be eliminated in
the final result.

Step 5: Eliminate the auxiliary variables.
Using equations from steps 3 and 4, the auxiliary variable f; can be expressed as:

S :_J%:%fs :%(fz_ﬁ_ﬂ):%(fz—bvs—m2\>4):%(f2—b\’5—m2\.’5)

1 b . 1 b .
=*|:f2—*vs—%vej|=*|:fz | _%VI:I

r r r r

(obtained by substituting the two node equations, equations of loops 3, 4, and 1, and the constitu-
tive equations of the dependent inertia and the transformer)
The auxiliary variable v, can be expressed as:

Vo =u(t) — vs =u(z)—lv6 =—lv1 +u(t)
r r

(obtained by substituting node the equations of loops 4 and 1, and a constitutive equation of the
transformer)

By substituting these equations into the state-space shell, we obtain the following two state
equations:

= —ﬁvl + ku(t)
p

Note: The system is second order; only two state equations are present.
State model : x = Ax + Bu

The output equation (algebraic) is y = v;.
The corresponding system matrix, the input-gain matrix (input distribution matrix), the output
matrix, and the feedforward gain matrix are

-b/m  r/m
A= / / ;B:[ 2

0 };c=[l 0J: D=10]

Note: There is no feedforward property in this system, and hence, the algebraic output equation
does not contain the input variable.
Here, m = m;r* + my=equivalent inertia of m, and m, when determined at the location of the

inertia m,.

Note: It is more desirable to use the equivalent at the output element m;, which is n., = m +—-.
r
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LEARNING OBJECTIVES

1. Dealing with situations where the energy storage elements are dependent (typical
approach: When there are several energy storage elements of the same type that are
dependent, select the element among them that is at the system output, assign it a state
variable, and include it in the state-space shell)

. Selection of proper state variables

. Formulation of the constitutive equations, starting from the state-space shell

. Selection of proper primary loops

. Identification of primary nodes that can be skipped in the formulation

. Sign conventions

. Systematic development of a state-space model for a mechanical system

. A complete state-space model should include the algebraic output equation as well.

0y O U W N

5.7 LINEAR GRAPH EXAMPLES IN ELECTRICAL DOMAIN

In the previous section, we illustrated the use of LGs in the modeling of lumped-parameter
mechanical systems—systems with mass/inertia, flexibility, and mechanical energy dissipation.
In view of the “unified” nature of the approach, the same procedures may be extended (in an
“analogous” manner) to the other three physical domains (electrical, fluid, and thermal). In the
present section, we illustrate the use of LGs to formulate the state-space models of an electrical
dynamic system. Also, we introduce two practical components: amplifier and dc motor, which
are useful in electrical, electromechanical, and other types of multi-physics (multi-domain)
systems.

Example 5.6

Consider the circuit shown in Figure 5.14a. It consists of one inductor (L), two capacitors
(C, and C3), and two resistors (R, and Rs). The input to the circuit is the voltage v; (#) and the output
of the circuit is the voltage v, (across the capacitor Cj).

a. Draw a complete and oriented LG for the circuit. Indicate all the variables and param-
eters on the LG.

b. Using the LG, systematically derive a complete state-space model for the circuit. Identify
the model matrices A, B, C, and D.

c. Sketch a structural diagram (not a LG) for a mechanical system that is completely analo-
gous to the electrical circuit shown in Figure 5.14a.

d. Explain why a completely analogous mechanical system cannot be established for the
electrical circuit shown in Figure 5.14b.

Solution

a. The LG of the circuit is shown in Figure 5.15a. The primary loops and the primary nodes
are indicated. ,
b. State vector x = [ i va W ] ; input vector u =[v;(#)]; output vector y =[v,].

Constitutive Equations
State-space shell:

Ll : Llil =V
C2 : Cz\.)z = i2

C3 . C31}3 :ig



Linear Graphs 213

L,
(a)

oV,

\_/

n
v(t)(

(b)
Ry

FIGURE 5.14 (a) A passive electrical circuit; (b) the circuit of a passive band-pass filter.

Remaining constitutive equations:
R4 LWy = R4i4

RS Vs = R5i5

Node Equations
Nodel: i—i—iy, = 0{not useful because i is the dependent variable of the source}

Node 2: i]+i4—i2—i5=0

Node 3: i5—i3=0
Loop Equations
Loopl: —wv,—vi+v;(t)=0
Loop2: wvy—v =0

Loop3: —v;—vs+v, =0
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(b)

Va4

FIGURE 5.15 (a) The linear graph of the circuit; (b) Analogous mechanical system.

Eliminate Auxiliary Variables:

VI =V4 =—Vy + V;(Z)

iz :i1+i4—i5 :i1+

i3 :l.5—7

State-Space Model:

—Vy+vi(H) va—v;

Ya Vs _
R, Ry R,
Vs V= V3
Rs Rs
di
L]?;:_V2+vi(t)
Czﬂzh— L‘FL V2+V73
dt Ry Rs Rs
o, v v
dt R; R;

Output equation v, = v;

Rs
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Model Matrices:

0 b 0 1
Ll Ll
a=| LoD b gl L ke=[ 0 0 1 Jp=[0]
C2 R4 R5 C2 R5C2 R4C2
1 o 0
RsC; RsC; | |

Note: There is no feedforward property in this system, and hence, the algebraic output
equation does not contain the input variable.

c. Analogous mechanical system is shown in Figure 5.15b.

d. The circuit in Figure 5.14b has a capacitor (C,) with a terminal that is not grounded. For
an inertia element, one of the terminals must be the ground reference. Hence, a mass
element cannot be established that would correspond to this electrical capacitor.

5.7.1 AMPLIFIERS

An electrical amplifier is a common component in a practical electrical system. Purely mechanical,
fluid, and thermal amplifiers have been either developed or envisaged as well. Common character-
istics of an amplifier are:

1. They accomplish tasks of signal amplification

2. They are active devices (i.e., they need external power to operate)

3. They are not affected (ideally) by the load that they drive (i.e., loading effects are negligible)

4. They have a decoupling effect on the systems (this is a desirable effect that reduces the
dynamic interactions between components).

The electrical signals voltage, current, and power are amplified using voltage amplifiers, current
amplifiers, and power amplifiers, respectively. Operational amplifiers (op-amps) are the basic
building block in constructing these amplifiers. An op-amp has a very high-input impedance,
low-output impedance, and a very high open-loop gain. But, in the open-loop form, an op-amp
is not a practical (stable) device. However, an op-amp with feedback provides the desirable char-
acteristics of

1. Very high-input impedance
2. Low-output impedance
3. Stable operation.

For example, due to its impedance characteristics, the output of a good amplifier is not affected by
the device (load) that is connected to it. Furthermore, due to its high-input impedance, an amplifier
does not distort the signal that is coming into it from an electrical device. In other words, electrical
loading errors can be greatly reduced by an amplifier.

Analogous to electrical amplifiers, a mechanical amplifier can be designed to provide force
amplification (a 7-type amplifier) or a fluid amplifier can be designed to provide pressure amplifica-
tion (an A-type amplifier). In these situations, typically, the device is active and an external power
source is needed to operate the amplifier (to drive a combination of motor and a mechanical load,
for example).
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5.7.1.1 Linear Graph Representation

In its LG representation, an amplifier is considered as a Dependent Source or a Modulated Source.
Specifically, the output of the amplifier depends on (modulated by) the input of the amplifier, and this
output is not affected by the dynamics of the devices that are connected to the output of the amplifier
(i.e., the load of an amplifier will not “load” the amplifier). This is the ideal case. In practice, some
loading error will be present (i.e., the output of the amplifier will be affected by the load that it drives).

The LG representations of an A-type amplifier (e.g., voltage amplifier, pressure amplifier) and a
T-type amplifier (e.g., current amplifier, force amplifier) are shown in Figure 5.16a and b, respec-
tively. The pertinent constitutive equations in the general and linear cases are given as well in the
figures.

5.7.2 POWER-INFORMATION TRANSFORMER

An amplifier is a power-to-power transformer. Another transformer that is useful in modeling engi-
neering dynamic systems is a power-information transformer. For example, in control and com-
munication of an engineering system, data streams and control sequences are in fact information
signals, which are present in sensors, data acquisition systems, controllers and communication net-
works. On the other hand, the signals in the physical domains (mechanical, electrical, fluid, and
thermal) are power signals, with associated through-variables and across-variables. Thus far, we
have used only the power signals in our LG models, as these models represent the four specific
physical domains. However, to incorporate such aspects as sensing, control, and communication
into an LG model, we need means for power-to-information transformation and information-to-
power transformation. For this purpose, the concept of modulated source, as in the LG representa-
tion of an amplifier, may be extended. Then we have information sources and power sources with
power signals (same as those used thus far in our models) and information signals (those needed in
data acquisition, control, and communication purposes) as their respective modulating signals. This
aspect is revisited in Problem 5.21, at the end of this chapter.

(a) .
ii9vr' lo’vu(t)
vr} = f(vi)
v =kv,
(Lifiear Aniplifier)
(b) .
iV, i(1),v,

e l() = f (li)
i, =ki,
(Linear Amplifier)
7T

FIGURE 5.16 Linear graph representation of: (a) An A-type amplifier; (b) a T-type amplifier.
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5.7.3 DC Mortor

The direct current (dc) motor is a popular electrical actuator. It converts dc electrical energy into
mechanical energy. The principle of operation is based on the fact that when a conductor carrying
current is placed in a magnetic field, a force is generated (Lorentz’s law) in the conductor, which
is able to push the conductor. This force results from the interaction of the two magnetic fields
(one from the current in the conductor and the other is the magnetic field in which the conductor is
placed), and it is available as the magnetic torque at the rotor of the motor, to move its rotor (and any
load that is connected to it).

A dc motor has a stator and a rotor (armature) with windings, which provide the two magnetic
field for the motor operation. The stator and the rotor are excited by a field voltage v, and an arma-
ture voltage v,, respectively (in the case of separately excited dc motor). The equivalent circuit of a
dc motor is shown in Figure 5.17a, where the field circuit and the armature circuit are shown sepa-
rately, with the corresponding supply voltages. This is the separately excited case. If the stator filed
is provided by a permanent magnet, then the stator circuit that is shown in Figure 5.17a is simply
an equivalent circuit, where the stator current i, can be assumed constant. Similarly, if the rotor is a
permanent magnet, what is shown in Figure 5.17a is an equivalent circuit where the armature cur-
rent i, can be assumed constant. The magnetic torque of the motor is generated by the interaction of
the stator field (proportional to i;) and the rotor field (proportional to i,) and is given by

T, = kisi, (5.14)

A back-electromotive force (back emf) is generated in the rotor (armature) windings to oppose its rota-
tion when these windings rotate in the magnetic field of the stator (lenz’s law). This voltage is given by

v, = K'i o, (5.15)

where i,=field current; i, =armature current; and ®,,=angular speed of the motor (rotor).
For perfect conversion of electrical energy into mechanical energy in the rotor, we need

1,0, =i, (5.16)

O —_
Stator (Field Circuit) Rotor (Armature Circuit)

(b)
Magnetic
Torque Armature (rotor)

A\

J #| Load
T TL

I Load Shaft

Damping bm

FIGURE 5.17 (a) Equivalent circuit of a dc motor (separately excited); (b) mechanical loading on the armature.
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This corresponds to an ideal electromechanical transformer.

i
Field Circuit Equation : v; = R;i; + L; % (5.17)

where v, =supply voltage to stator; R,=resistance of the field windings; L,=inductance of the field
windings.

Armature (Rotor) Circuit Equation : v, = R,i, + L, % +v, (5.18)
t

where v,=armature supply voltage; R,=resistance of the armature windings; L,=leakage induc-
tance of the armature.
Suppose that the motor drives a load whose equivalent torque is 7;. Then from Figure 5.17b,

. . dw,,
Mechanical (Load) Equation : J,, % =T,-T1,-b,w, (5.19)

where J,,=moment of inertia of the rotor; b, =equivalent (mechanical) damping constant for the
rotor; Ty =load torque.

Note: By using T; to denote the torque applied to the load, we allow for any “general” load (whose
nature does not have to be defined yet).

In the field control of the motor, the armature supply voltage v, is kept constant and the field volt-
age v, is controlled. In the armature control of the motor, the field supply voltage v is kept constant
and the armature voltage v, is controlled.

5.8 LINEAR GRAPH EXAMPLES IN FLUID DOMAIN

The LG approach is unified across various physical domains, and hence, the same approach is appli-
cable in mechanical, electrical, fluid, and thermal domains. Now an example in the fluid domain
is given to illustrate the use of LGs in the systematic development of state-space models in that
domain.

Example 5.7

A pump supplies water to a tank through a long narrow pipe. The tank is connected to a second
tank through a short pipe with a valve. There is an outflow valve in the second tank. A schematic
diagram of the system is shown in Figure 5.18. The pump may be considered as a pressure source
of absolute pressure P, (7).

Tank 1 Tank 1

acitance C,

Caj :
Pump Resistance Inertance apacitance C,
R 7 Gauge Gauge
— P > Pressure £} [SI] Pressure P — 0,
R,

Long Pipe 9 R
Valve 1 Valve 2

Water
Reservoir

FIGURE 5.18 Two-tank cascade supplied by a single water pump.
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The following parameters are given:

R=fluid resistance of the long pipe

L =fluid inertance of the long pipe
C;=fluid capacitance of the first tank

C, =fluid capacitance of the second tank
R, =fluid resistance of the first valve
R,=fluid resistance of the second valve

a. Draw an LG for the system.

b. Determine a complete state-space model for the system using the state variables:
0, =volume flow rate through the fluid inertor (/)
P=gauge pressure at the bottom of Tank 1
P,=gauge pressure at the bottom of Tank 2

Input variable: P, (r) =outflow pressure of the pump
Output variable: Q,=volume flow rate through the exit valve.

Solution

(@)

The system has a single A-type source (P, (t)); three independent energy storage elements (two
A-type elements: fluid capacitors C; and C,; a T-type element: fluid inertor /); and three D-type
elements (fluid resistors R, R, and R»).

The LG of the system is shown in Figure 5.19.

(b)

Constitutive Equations
State-Space Shell:
Fluid Intertor: 1Q; = P,
First Tank: C, B, = 0,
Second Tank: C,B, = 0,

Node 1 Q4 5 P4

FIGURE 5.19 Linear graph of the system.
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Remaining Constitutive Equations:

Fluid Resistance in Long Pipe : Pz = ROz (i)
First Valve : P, = R Qs (ii)
Second Valve : P, = R,Q, (iii)

Node Equations (five nodes — four independent nodes, as marked in the figure)

Node 1: 9, —Qr =0 {Not useful because Q; is the dependent variable of the source

Node 2: 0z —Q; =0 (iv)
Node3:0, -0, -0; =0 (v)
Node4:Q3—Q2—Q4=O (Vl)

Loop Equations
There are three primary loops. They are chosen as shown in Figure 5.19 so as to include the
A-source and the two A-type elements.

Loopl: =P -P —FP:+P(1)=0 (vii)
Loop2: - -P+PF =0 (viii)
Loop3:-A +P =0 (ix)

To obtain the state equations, now we eliminate the auxiliary variables in the state-shell equations.

P =P0O)-P-P=Pt)—PA—-RQr=F{t)— P —-RQ (from (vii), (i), and (iv))
0=0-0=0-"2=-g 00 (from (v), (ii), and (viii))
R R

—n_o_bB_ P _A-P P e .
0, =0:—04 = R R~ R R (from (vi), (ii), (iii), (viii), and (ix))

Hence, we have the final state equations:

10, =—RQ;, — B +P.(1)

: A P
CB=0-1+2
141 Ql Rl Rl

- R 1 1

C2P2 = 71 - —+— Pz
R] Rl Rl
Output equation (algebraic):

_bB_Bh

Q4—R2—R2
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In the matrix-vector form,

x=Ax+Bu
y=Cx+Du
where
I
1 1 1 [ 1
A= — — ;B=| 0 |;C=[ 0 0 — |;D=[0]
G CiR CiR 0 R,
o L af1,1
C2R| CZ R] R]

Note: There is no feedforward property in this system, and hence, the algebraic output equation
does not contain the input variable.

LEARNING OBJECTIVES

. Identification of the element types in a fluid system

. Selection of proper state variables

. Formulation of the constitutive equations, starting from the state-space shell
. Selection of primary loops

. Identification of primary nodes that can be skipped in the formulation

. Sign conventions

. Systematic development of a state-space model for a fluid system

9O UTA WN —

5.9 LINEAR GRAPH EXAMPLES IN THERMAL DOMAIN

Thermal systems have temperature (7)) as the across-variable, which is measured with respect to a
reference point of the element (i.e., as the temperature difference across the element) and heat trans-
fer (flow) rate (Q) as the through-variable. Heat source and temperature source are the two types of
source elements of a thermal system. The former is more common. The latter may correspond to a
large reservoir whose temperature is practically not affected by heat transfer into or out of it. There
is only one type of energy (thermal energy) in a thermal system. Hence, there is only one type of
energy storage element, an A-type element or thermal capacitance, with the associated state variable
temperature (7). There is no 7-type energy storage element in a thermal system. These issues have
been discussed in Chapter 2. Some modeling examples of thermal systems are presented in Chapter
3. In this section, we present an example where an LG is used to develop the state-space model
formulation of a thermal system.

5.9.1 MobEeL EQuATIONS

In the state model formulation of a thermal system, we follow the systematic procedure as for any
other system. Specifically we write:

1. Constitutive equations (for thermal capacitance and resistance elements)

2. Node equations (the algebraic sum of heat transfer rate at a node is zero)

3. Loop equations (the algebraic sum of the temperature drop around a closed thermal path is
ZEero).
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Finally, we obtain the state-space model by eliminating the auxiliary variables, which should not be
present in the state equations.

Example 5.8

Consider the simplified model of a household hot-water heating system, as shown in Figure 5.20.
The furnace supplies heat (thermal energy) to the water in the tank at the rate Q,(¢).This is the
deliberate input to the system (it is a T-type source). The ambient room temperature 7, is variable
and it affects the response (output) of the system. This is an unintentional input or a disturbance
input (it is an A-type source). The water inside the hot water heater has mass M and specific heat
c. This water is assumed to be fully mixed (using a stirrer) and the water temperature is assumed
uniform at 7,. It is a thermal capacitor (A-type element of capacitance C,). The radiator, which
provides heat to the room, is a thermal resistor (D-type element with thermal resistance R,). Hot
water enters the radiator at temperature 7, transfers heat to the room through a temperature dif-
ference T, — T, and at a rate Q,, and leaves the radiator at temperature T,.

a. Draw an LG for the system.
b. Taking T}, as the state variable; Q,(r) and T, () as the inputs; and Q, and 7, as the outputs,
determine a complete state-space model for the system.

Given:

M =mass of the water in the heater

c=specific heat of water

m=rate of mass flow of the water into the radiator
R, =thermal resistance of the radiator.

Note: The water heater and the piping are fully insulated.

Solution

(@)

The system has a T-type source (Q,(#)) and an A-type source (T, (¢)); an A-type element (thermal
capacitor C,); and a D-type element (thermal resistor R,).

The LG of the system is sketched in Figure 5.21a.
Note: The reference temperature is the absolute zero temperature. In this problem, T, cannot be
taken as the reference temperature because it is variable externally (unintentionally).

Fully
Insulated

Fully Radiator

Insulated

Water
Heater

Source
Room Temperature 7, (¢)

o,(1)

FIGURE 5.20 A simplified hot-water heating system.
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Node 1

0,(1.T,
Node 2

+

0,.T.(0

(b)

—— Radiator P

mcT, meT,

\ %

FIGURE 5.21 (a) Linear graph of the hot-water heating system; (b) heat flow rate continuity of the
radiator.

(b)

Constitutive Equations

Thermal capacitor (water heater): C, T,

= 0, with C;, = Mc. In fact, this is the state-space shell.
t

Thermal resistor (Radiator): T, = RO,

Node Equations
There are two primary nodes, as marked in Figure 5.21a.

Node 1: Q,()- 0, -0, =0
Node2:0,+0,=0 {Not useful because Q, is the dependent variable of a source

Loop Equations
There are two primary loops in the LG. They are chosen as shown in Figure 5.21a.

Loopl1:7,+T,=0 {Not useful because T, is the dependent variable of a source

Loop2:7,+T,=0
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To determine the final state equation, eliminate the auxiliary variable Q, in the state-shell equation:
T, (1)

T, T, —
0y =0,)— 0, =Qx(t)—R—::Qj(z)_hTa
T, (1)

. ar, T,
State equation: C, — =——+Q, (1) +
q " R () y
The output equations are obtained as follows:
- ; I, _T,-T.(n
First output equation: Q, = R = ~ R
The second output equatioﬁ is obtained from the heat flow balance of the radiator (see

Figure 5.21b): mcT, —mcT, - Q, =0

T, -T, 1 T.
Z):Th_Qr:Th_ h u(t): 1_ . ]wh+ a(t)
mc R.mc R.mc R.mc
Now, with
x=[L)u=[0.0.T.0]  y=[0.T.]
We have
xXx=Ax+ Bu
y=Cx+Du
The model matrices are
1 0 -
R "
-1 :B= 1 1 :C= ‘D=
Cth Ch Cth 1— 1 1
R.mc 0 ;
R.mc

Note: This system has the feedforward character because the algebraic output equations contain
an input variable (7,(t)).

LEARNING OBJECTIVES

. Identification of the element types in a thermal system

. Selection of proper state variables

. Formulation of the constitutive equations

. Identification of primary loops that can be skipped in the formulation

. Identification of independent nodes that can be skipped in the formulation
. Systematic development of a state-space model for a fluid system

. Understanding the presence of the feedforward character in a system.

GO UT AW o

5.10 LINEAR GRAPH EXAMPLES IN MIXED DOMAINS

In the previous sections, we illustrated the use of LG in the state model formulation of lumped-
parameter mechanical, electrical, fluid, and thermal systems, using analogous (unified) and sys-
tematic procedure. Specifically, LGs facilitate a unified approach for developing dynamic models
in these various physical domains. LGs facilitate as well an “integrated procedure” to model multi-
domain systems (i.e., multi-physics or mixed systems) that use a combination of two or more types
of physical components (mechanical, electrical, fluid, and thermal) by considering (and model)
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them together (i.e., concurrently, in an integrated manner). In other words, a single LG can be devel-
oped for a multi-physics system, while using analogous methodology across its physical domains.
Mixed-domain examples include electromechanical or mechatronic systems. In this section, we
present two examples of the use of LGs in the state model formulation of multi-physics systems.

Example 5.9

A classic problem in robotics is the case of a robotic gripping and turning a doorknob to open a
door. The mechanism is schematically shown in Figure 5.22a. Suppose that the actuator of the
robotic hand is an armature-controlled dc motor. Revisit the nomenclature and the details of such
a dc motor, as presented in Section 5.7.3. The associated circuit is shown in Figure 5.22b. The
input signal to the robotic hand is the armature v, (¢), as shown.

Controller

\

Robot
Hand

Door with
Knob

(a)
Input
Constant voltage
Field v, (t)
Armature Circuit
(b)

©

Ip>VR

Mechanical Side
Electrical Side

(Complete) (Incomplete)
69 Electro-Mechanical
(d) Transformer

FIGURE 5.22 (a) Robotic hand turning a doorknob; (b) armature-controlled dc motor of the robotic
hand; (c) mechanical model of the hand-doorknob system; (d) incomplete linear graph.
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Note: In the LG representation, the generated magnetic torque T,, is negative by convention, as
marked in Figure 5.22b, because power is considered to be positive when going in at either port
of the electromechanical transformer.

This magnetic torque is available to turn the doorknob and is resisted by the inertia force
(with moment of inertia J,), the friction (modeled as a linear viscous damper of rotational damp-
ing constant b,), and the flexibility (of torsional stiffness k,) of the hand-knob-lock combination.
A mechanical model is shown in Figure 5.22c. The dc motor may be considered as an ideal
electromechanical transducer, which is represented by a transformer in the LG. The associated
equations are (see Section 5.7.3):

WOy =V (520)

T, = —kyiy (5.21)

Note: As mentioned before, the negative sign in equation (5.21) arises due to the specific
sign convention in LGs. Specifically, power is assumed to go “into” the electromechanical
transformer at either port. In reality, however, a motor takes in electrical power and supplies
mechanical power.
The LG may be easily drawn, as shown in Figure 5.22d, for the electrical side of the system.
Answer the following questions:

a. Complete the LG by including the mechanical side of the system.

b. Give the number of branches (b), nodes (n), and the independent loops (/) in the com-
plete LG.

c. Take the current through the inductor (@,), the speed of rotation of the door knob (@,),
and the resisting torque of the torsional spring within the door lock (T}) as the state vari-
ables, the armature voltage v, (7) as the input variable, and @, and 7, as the output vari-
ables. Write the constitutive equations, independent node equations, and independent
loop equations for the completed LG. Clearly show the state-space shell. Also verify that
the number of unknown variables is equal to the number of equations obtained in this
manner (i.e., the problem is solvable).

d. Eliminate the auxiliary variables and obtain a complete state-space model for the system,
using the equations written in Part (c) above.

Solution

a. The complete LG is shown in Figure 5.23.
b. b=8, n=5, I=4 for this LG. It satisfies the topological relationship /[=b—n+1

Node 4

FIGURE 5.23 The complete linear graph of the system.
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Constitutive Equations:

di _,
a dl’ L
Ju do =T, State-space shell
dt
dT;
=k,
r 1 O

Other Constitutive Equations:

Resistor:  vi = R,ig

Mechanical Damper: T, = b,

Electromechanical transformer:

Node Equations:

1
w,, = E Vp
Tm = _kmib
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(i)

(iii)

(iv)

There are five nodes. The four primary nodes are shown in Figure 5.23, which pro-
vide four independent node equations:

Node 1:

Node 2:

Node 3:

Node 4:

i—izg =0 (not useful)
ix—i,=0
ia —i;, :0

-1,-T,-T,-T, =0

v)
(vi)
(vii)

(viii)

Note: The node 1 equation is not useful because it has the dependent variable i of
the A-source (which is an auxiliary variable and should not remain in the final state

equations).

Loop Equations:

There are four primary loops, generating the independent loop equations. They
are chosen, as shown in Figure 5.23, to include an A-element in the final three loop

equations:
Loop 1:
Loop 2:
Loop 3:

Loop 4:

Note: There are 15 unknown variables (i, iy, i,, ip, T, Ty, Tpy Tio Vo Viy Vi, @

Vo(t)=vg—v,—Vv, =0
,, —w; =0
w; —w, =0
w;—w; =0

w,;) and 15 equations (including the three shell equations). Specifically,

(ix)
(x)
(xi)

(xii)

, Wy, @, and
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Number of unknown variables=2b - s=2x8-1=15
Number of independent node equations=n—-1=5-1=4
Number of independent loop equations=/=4
Number of constitutive equations=b-s=8-1=7
Check: 15=4+4+7
d. Eliminate the auxiliary variables from the sate-space shell, through substitution:

VL = Vq (t)_ VR = Vp = Va(t)_ Ra ia - kmwm =V (t)_Ra ia _kmwd (from (ix)/ (')/ (“l)/ and (X))
I, =-T. -1, - T, =T + kniy — by}, = kyis — b0y = T (from (iv), (ii), (vii), and (xi)
W =0y (from (xii))

Hence, we have the state-space equations:

La dl“ = _Ru ia - kmwd + Va (t)
dt
Ja 40, =kyly —bywg — T
dt
dT
— =k,
dt dWd
T
State vector x = [ i, o, T, ]
Input vector u = [v,(#)]
T
Output vector y = [ w, T, ]
The complete state-space model is
x=Ax+Bu
y=Cx+Du
The model matrices are
~R,/L, —k,/L, 0O /L,
A= kofds  ~bifls V1, [iB=| 0 ;c:[ O ];D= [0]

0 kq 0

Observations:

e This is a multi-physics (electromechanical) model

e Multi-functional devices (e.g., a piezoelectric device that serves as both actuator and
sensor) may be modeled similarly, using an electromechanical transformer (or, through
the use of the “reciprocity principle”)

e There is no feedforward property in this system, and hence, the algebraic output equa-
tion does not contain the input variable.

LEARNING OBJECTIVES

. Checking the solvability of a dynamic model

. Selection of proper state variables

. Formulation of the constitutive equations, starting from the state-space shell
. Proper selection of primary loops

DWW N —
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Accumulator v
P0) <
7\ L R,
— ()
~—"
Pressure- Fluid Fluid QH_J_J“_
controlled Pump Inertor Resistor 4 Mechanical

Load

FIGURE 5.24 A mechanical load driven by a pump through a ram.

5. Identification of primary nodes that can be skipped in the formulation

6. Sign conventions

7. Systematic development of a state-space model for an electromechanical (two-domain)
system

8. Checking whether there is a feedforward character in the system.

Example 5.10

A pressure-controlled pump drives a mechanical load using a piston-cylinder hydraulic actuator
(ram), which is connected to the pump through a long pipe (see Figure 5.24). A hydraulic accu-
mulator of capacitance C, is used to smoothen any pressure spikes in the input to the ram. The
input to the overall system is the output pressure P, (¢) of the pump. The output of the system is the
velocity v of the mechanical load. The following parameters are given:

I;=fluid inertance of the long pipe
R=fluid resistance at the inlet of the ram
C,=fluid capacitance of the ram
m=mass of the load

k =resisting stiffness on the load
b=damping constant of the load motion
A=area of the piston of the ram

a. Sketch a complete LG for the system.

b. Show that the topological relation b =1+ (n—1) is satisfied in the LG. Also, show that the
number of unknown variables is equal to the number of independent equations that can
be written for the LG (i.e., the problem is solvable).

c. Write the constitutive equations (state-space shell equations and the remaining constitu-
tive equations), loop equations, and node equations. By eliminating the auxiliary vari-
ables determine a complete state-space model for the system.

Solution

a. The LG for the system is shown in Figure 5.25.
b. For the LG,

[=6,b=10, and n=5

Note: The reference node is common to both ports of the gyrator.
Hence, b=10=1+(n—-1)=6+(5—-1)=10 is satisfied.

The number of sources, s =1

The number of unknown variables =2b—-s=20-1=19
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0, P

FIGURE 5.25 Linear graph of the system.

The number of constitutive equations=b—-s=10—-1=9
The number of loop equations =1=6
The number of node equations=n—-1=4
= Total number of equations=9+6+4=19
= The number of unknown variables=the number of equations
Hence, the problem is solvable.
c. There are five independent energy storage elements I, C;, C;, m, and k.
The state vector, x = [Q,, P, BP,v, fi ]T = fifth-order system
The input vector u =[P.(1)]
The output vector y =[v]
Constitutive Equations:
State-Space Shell:

IfQ1=R
Cch =Qc
Ch=0
my=f
fk:kvk

Remaining Constitutive Equations:

Loop Equations
We have picked primary loops that contain the independent A-type elements and

the A-source, as shown in Figure 5.25 (which generally provides variables that should be
retained in the state-space model).
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—Fc-P+R(®H=0
-Bb-P+P =0
-P+P =0
—v+v, =0

v, +v=0

v, +v=0

Node Equations
The primary nodes are shown in Figure 5.25.

Qs —0; =0 (not a useful equation because it contains Q)

QI_QR_QC =0
Or—01—-01=0
—fi—-f-fi—f=0

Eliminate Auxiliary Variables:

P =P+ R ()

o 0o P_, (F=R)
QC - Q’ QR - Ql Rf - Ql Rf

oo B 1 _(R-R) 1
Ql = QR Ql = Rf M VI = Rf 1

1
f:_fl_fk_fb:ﬁpl_ﬁ(_bvb
—LP—f —bv
M 1 k

Ve =V

State Equations:

1,0, =—P. + P.(1)

; F. B
C/P=0Q,——+—
ke R, R,
. b
C/h :7_71_L
R, R, M
mv——’—bv—fk



232 Modeling of Dynamic Systems with Engineering Applications

Output equation: y=v
The vector-matrix form of the linear sate-space model:

x=Ax+Bu
y=Cx+Du
Model Matrices:
0 _IL 0 0 0
L1 il
oLy 0 I
Cy RiCy  RyCy 0
A=| 0 ! SRR o lB=| o ;C:[o 0 0 1 0];1):[0]
RfCl RfC[ MC[ 0
0 0 L _2 _l 0
mM m
0 0 0 k 0 L B

There is no feedforward property in this system, and hence, the algebraic output equa-
tion does not contain the input variable.

LEARNING OBJECTIVES

. Identification of the element types in a system

. Checking the solvability of a dynamic model

. Selection of proper state variables

. Formulation of the constitutive equations, starting from the state-space shell

. Selection of convenient primary loops

. Identification of primary nodes that can be skipped in the formulation

. Sign conventions

. Systematic development of a state-space model for a multi-physics (mixed-domain)
system

YO UTA W o

5.11 SUMMARY SHEET

* Characteristics and Advantages of LGs: 1. Applicable for lumped-parameter engineer-
ing dynamic systems (extension to distributed-parameter systems is taking place); 2. line
segments (branches) represent model elements; 3. branches are connected at “nodes” —
model structure (graphical representation) — structure visualization before model formu-
lation; 4. loop: closed path formed by two or more branches; 5. LGs facilitate a unified
(i.e., analogous methodology is used in multiple domains) modeling approach; 6. LGs
facilitate an integrated (i.e., concurrent — all physical domains can be represented in a
single LG and analyzed together) methodology for multi-physics (multi-domain) systems;
7. the model structure is retained across domain — interconnected components in one
domain and similarly interconnected analogous elements in another domain have the
same LG (e.g., parallel connections remain parallel and series connections remain series
across domain); 8. identify similarities (in domain, structure, behavior, etc.); 9. facilitate
the development of computer-based modeling tools and software (unified, integrated, and
systematic, graphical tool); 9. multi-functional devices are modeled conveniently (e.g., a
piezoelectric device, which can function as both a sensor and an actuator, can be repre-
sented simply by a reversible source)
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* LG Conventions: 1. Single port — one line segment (branch): one end is point of action
and the other end is point of reference; 2. through-variable f is the same at action point
and reference point; across-variable differs (difference=value relative to reference
point=across-variable v); 3. pair (f, v) is shown on one side of the branch. Their relation-
ship (constitutive relation) can be linear or nonlinear; element parameter is shown on the
other side of the branch; 4. power flow p=[through-variable] x [across-variable]. At action
point, fand p (power flow in) are positive in the same direction; at reference point, power
flows out (direction of fat reference is determined by this); positive direction of power flow
p is shown by arrow on LG branch (oriented branch); 5. arrow also gives the direction of
the across-variable drop (i.e., action to reference), except for a 7-source (where the arrow is
from reference to action); 6. difference in the energy flows at action and reference is either
stored (A-type and T-type, with capacity to do work) or dissipated (D-type)

* Decoupling: Components in series with 7T-source or parallel with A-source have no
dynamic interaction

1 1
* Two-Port Elements: Transformer: v, =rv,, f, =——f; gyrator: v, = Mf,, f, =——v;.
r M

They transfer energy from one side of the element to the other side. They can be in two

physical domains

* Constitutive Equations: Physical equations for elements. May be written for all elements
except for source elements

* Compatibility (Loop) Equations: Algebraic sum of across-variables around a loop=0 —
no variable discontinuity (incompatibility) at any point in a loop. Convention: 1. Go in ccw
direction of loop; 2. across-variable drops in branch arrow direction of a branch arrow —
across-variable is positive. Exception: 7-source, whose arrow direction is increasing direc-
tion of across-variable (still, it is the +ve direction of power flow); 3. primary loop set: a
“minimal” and "independent" set; (a) any other loop can be formed by combining the loops in
this set; (b) no loop in the set can be formed by combining the remaining loops in the set; 4.
primary loops provide all the independent loop equations; 5. best choice of primary loops: (a)
will contain A-type energy storage elements (providing A-type state variables) and A-sources
(providing A-type input variables), (b) minimizes the mathematical manipulations in state
equation generation (i.e., in eliminating auxiliary variables; 6. all primary loops (loop equa-
tions) may not be useful in the development of a state model (e.g., ignore loop with 7-source
because its across-variable is an auxiliary variable, which should not be in state equations)

* Continuity (Node) Equations: Algebraic sum of through-variables at a junction=0; In
Mechanical Systems: Force balance, equilibrium equation, Newton’s third law, etc.; In
Electrical Systems: Current balance, Kirchoff’s current law, conservation of charge, etc.;
In Hydraulic Systems: Conservation of fluid; In Thermal Systems: Conservation of
thermal energy. Note: 1. LG with n nodes — n— 1 primary (independent) node equations
(remaining node equation=algebraic sum of first n— 1 node equations); 2. all primary
node equations may not be useful in the development of a state model (e.g., node equation
with an A-source, because its through-variable is an auxiliary variable, which should not
be in state equations)

* Sketching of an LG: 1. Identify energy storage elements, energy dissipation elements, and
source elements in system (single-port elements, each represented by one branch); 2. iden-
tify multi-port elements (e.g., transformers, gyrators); 3. recognize how elements (branches)
are interconnected (series or parallel and to what elements); 4. starting from a convenient
node point (typically, the ground reference) draw a branch (typically, for a source), link it
to another appropriate branch through a node (action point of incoming branch — refer-
ence point of the next branch, unless the next branch closes the loop at ground reference);
5. repeat step 4 until the entire system is completed (i.e., all system elements are included
and connected); 6. orient (with an arrow) each LG branch (this may have been done in an
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earlier step); 7. write through-across variable pair on one side of each branch and element
parameter on the other side (no element parameter for a source element)

* Steps for State Model from LG: 1. Choose as state variables: across-variables for indepen-
dent A-type elements and through-variables for independent 7-type elements; 2. write con-
stitutive equations for independent energy storage elements — state-space shell. Note: If a
group of dependent elements is present, pick the element at the output for inclusion in the state-
space shell (The graph-tree approach in Appendix A gives a formal way to identify dependent
elements); 3. write constitutive equations for remaining elements (dependent energy storage
elements, dissipation—D-type elements, two-port elements, etc.); 4. write compatibility equa-
tions for primary loops. Note: If a particular primary loop equation is not useful, you may skip
it; 5. Write continuity equations for primary (independent) nodes (= total number of nodes — 1).
Note: If a particular primary node equation is not useful, you may skip it; 6. in the state-space
shell, retain state variables and input variables only. Eliminate all other variables (auxiliary
variables) using loop and node equations and other constitutive equations

* LG Topological Relation (Also consistent with physical model): b=/+(n — 1); number
of branches=b; number of primary loops=/; number of nodes=n

* Model Solvability: Number of sources=s; number of constitutive equations=5b—s; num-
ber of loop (compatibility) equations=/; number of node (continuity) equations=n—1 —
total number of equations=b—s+/+n—1.

Number of variables=2b—s. For the analytical model to be solvable, need b—s+
{+n—1=2b—s — b={+(n—1) — identical to the topological fact.

PROBLEMS

5.1 Select the correct answer for each of the following multiple-choice questions:

i. A through-variable is characterized by
a. being the same at both ends of the element
b. being listed first in the pair written on an LG branch
c. requiring no reference value
d. all the above.

ii. An across-variable is characterized by
a. the value difference between action and reference points
b. being listed second in the pair written on an LG branch
c. requiring a reference point
d. all the above.

iii. Which of the following could be a through-variable?
a. pressure
b. voltage
c. force
d. all the above.

iv. Which of the following could be an across-variable?
a. motion (velocity)
b. fluid flow
c. current
d. all the above.

v. If angular velocity is selected as an element’s across-variable, the accompanying
through-variable is
a. force
b. flow
c. torque
d. distance.
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Vi.

Vii.

viil.

iX.

5.2

5.3

The equation written for through-variables at a node is called
a. acontinuity equation

b. a constitutive equation

c. acompatibility equation

d. all the above.

The functional relation between a through-variable and its across-variable of an LG branch
is called

a. acontinuity equation

b. a constitutive equation

c. acompatibility equation

d. anode equation.

The equation that equates the algebraic sum of across-variables in a loop to zero is known
as

a. acontinuity equation

b. a constitutive equation

c. acompatibility equation

d. anode equation.

A node equation is also known as

a. an equilibrium equation

b. a continuity equation

c. the balance of through-variables at the node

d. all the above.

. A'loop equation represents

a. compatibility of across-variables

b. continuity of through-variables

c. aconstitutive relationship

d. all the above.

An LG has ten branches, two sources, and six nodes.

i.  How many unknown variables are there?

ii. What is the number of independent loops?

iii. How many inputs are present in the system?

iv. How many constitutive equations could be written?

v.  How many independent continuity equations could be written?

vi. How many independent compatibility equations could be written?

vii. Do a quick check on your answers.

The circuit shown in Figure P5.3 has an inductor L, a capacitor C, a resistor R, and a volt-

age source v(f). The output of the circuit is the voltage across the capacitor C.

1. Sketch the LG denoting the currents through and the voltages across the elements L, C,
and R by (@i, v)), (i,, v,), and (5, v5), respectively. What are the state, input, and output
variables? What is the order of the system?

ii. Follow the systematic steps to obtain the state-space model for this system, what are
the system matrix A, the input distribution matrix B, the measurement gain matrix C,
and the feedforward gain matrix D for the model?

L

w(?)

FIGURE P5.3 An electrical circuit.
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FIGURE P5.4 (a) An automobile traveling at constant speed; (b) a quarter model of the automobile for the
heave motion analysis.

iii. Briefly explain what happens if the voltage source v(f) is replaced by a current source
i)

Note: The fact that L is analogous to a spring, C is analogous to an inertia, R is analogous

to a viscous damper, and a voltage source is analogous to a velocity source may be used to

solve the analogous mechanical-domain problems.

5.4 Consider an automobile traveling at a constant speed on a rough road, as sketched in
Figure P5.4a. The disturbance input in the vertical direction, due to road irregularities,
can be considered as a velocity source u(f) at the tires. An approximate one-dimensional
model (one-quarter model) shown in Figure P5.4b may be used to study the “heave” (up
and down) motion of the automobile. Note that v; and v, are the velocities of the lumped
masses m; and m,, respectively.

a. Briefly state what physical components of the automobile are represented by the model
parameters k;,m;,k,,m, and b,. Also, discuss the validity of the assumptions that are
made in arriving at this model.

b. Draw an LG for this model, orient it (i.e., mark the directions of the branches), and
completely indicate the system variables and parameters. What is the order of the
system?

c. By following the step-by-step (systematic) procedure of writing constitutive equations,
node equations, and loop equations, develop a complete state-space model for this sys-
tem. The outputs are v; and v,. Instead of the velocity source u(#), a force source f{f) is
applied at the same location and is considered as the system input. Draw an LG for this
modified model. Obtain the state equations for this modified model. What is the order
of the system now?

Note: In this problem, assume that the gravitational effects are completely balanced by the

initial compression of the springs. All the motions in the model are defined from this static

equilibrium condition.
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FIGURE P5.5 (a) A dynamic-test system; (b) a model of the system.

5.5

a. List several advantages of using LGs in the development of a state-space model of a
dynamic system.

b. Electrodynamic shakers are commonly used in the dynamic testing of products. One
possible configuration of a shaker/test-object system is shown in Figure P5.5a. A simple,
linear, lumped-parameter model of the mechanical system is shown in Figure P5.5b.
The driving motor (actuator) is represented by a torque source T,,.

Also, the following parameters are indicated:

J» =equivalent moment of inertia of motor rotor, shaft, coupling, gears, and the shaker
platform

ry=pitch circle radius of the gear wheel attached to the motor shaft

ry,=pitch circle radius of the gear wheel rocking the shaker platform

[=lever arm from the center of the rocking gear to the support location of the test
object

my=equivalent mass of the test object and its support fixture

k; =stiffness of the support fixture

by =equivalent viscous damping constant of the support fixture

k, =stiffness of the suspension system of the shaker table

b,=equivalent viscous damping constant of the suspension system.

Since the inertia effects are lumped into equivalent elements, assume that the shafts, gear-

ing, platform and the support fixtures are light. The following variables are of interest:
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,,=angular speed of the drive motor

vy =vertical speed of motion of the test object

fr=equivalent dynamic force of the support fixture (force in spring k;)

fi=equivalent dynamic force of the suspension system (force in spring ;)
i. Obtain an expression for the motion parameter:

e vertical movement of the shaker table at the test object support location
angular movement of the drive motor shaft

ii. Draw an LG to represent the dynamic model.

T
iii. Using x:|: @Opy [ fi. VL ] as the state vector, u=[T,, ] as the input, and
T
y=[ ve  fi :I as the output vector, systematically obtain a complete state-space

model for the system. For this purpose, you must use the LG drawn in Part (ii).

5.6 A robotic sewing system consists of a conventional sewing head. During operation, a panel
of garment is fed through by a robotic hand into the sewing head. The sensing and control
system of the robotic hand ensures that the seam is accurate and the cloth tension is cor-
rect, in order to guarantee the quality of the stitch. The sewing head has a frictional feeding
mechanism, which pulls the fabric in a cyclic manner away from the robotic hand, using
a toothed feeding element. When there is slip between the feeding element and the gar-
ment, the feeder functions as a force source and the applied force is assumed cyclic with
a constant amplitude. When there is no slip, however, the feeder functions as a velocity
source, which is the case during normal operation. The robot hand has inertia. There is
some flexibility at the mounting location of the hand, in the robot. The links of the robot
are assumed rigid, and some of its joints can be locked to reduce the number of degrees of
freedom, when desired.

Consider the simplified case of a single-degree-of-freedom robot. The corresponding
robotic sewing system is modeled as in Figure P5.6. Here the robot is modeled as a single
moment of inertia J,, which is linked to the hand with a light rack-and-pinion device whose
speed transmission parameter is given by:

Tanslatory movement of the rack -

Rotatory movement of the pinion -

The drive torque of the robot is 7, and the associated rotatory speed is w,. Under condi-
tions of slip, the feeder input to the cloth panel is force f,. With no slip, the input is the
velocity v,. Various energy dissipation mechanisms are modeled as linear viscous dampers

Feeder
Element (Normally
fi Vf_® e Compress d
Jf» L ompresse
oo P
——\/\/\/ \Yam Jr r
me — my, «—(000)—
= b
b. SOOI Vi
Ve ¢ Robot
Cloth Panel

Hand

FIGURE P5.6 A robotic sewing system.
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of damping constants b (with corresponding subscripts). The flexibility of various system

elements is modeled by linear springs with stiffness k (with corresponding subscripts).

The inertia effects of the cloth panel and the robotic hand are denoted by the lumped

masses m, and my, respectively, having the corresponding velocities v, and v, as shown in

Figure P5.6.

Note: The cloth panel is normally in tension with tensile force f.. In order to push the panel,

the robotic wrist is normally in compression with compressive force f,.

First consider the case of the feeding element with slip:

a. Draw an LG for the model shown in Figure P5.6, orient the graph, and mark all the
element parameters, through-variables, and across-variables on the graph.

b. Write all the constitutive equations (element physical equations), independent node
equations (continuity), and independent loop equations (compatibility). What is the
order of the model?

c. Develop a complete state-space model for the system. The outputs are taken as the
cloth tension f, and the robot speed w,,, which represent the two variables that have to
be measured to control the system. Obtain the model matrices A, B, C, and D.

Now consider the case where there is no slip at the feeder element:

d. What is the order of the system now? What is the modified LG of the model, for this
situation? Accordingly, modify the state-space model obtained earlier to represent the
present situation (no slip) and from that obtain the new model matrices A, B, C, and D.

e. Comment on the validity of the assumptions made in obtaining the model shown in
Figure P5.6 for a robotic sewing system, in general.

5.7 Systematically develop a state-space model for the system shown in Figure P5.7, using
its LG. The output is the velocity v, of the mass. How many equations and how many
unknowns are present in the initial formulation? Is the model solvable?

5.8 An approximate model of a motor-compressor combination that is used in a process con-
trol application is shown n Figure P5.8.

inpatlk

y IS

W

Reference g
FIGURE P5.7 A mass-spring-damper system.

Motor Rotor Compressor
L.\ T,

Drive Shaft 3

= J, %@ 3

k ¢
1) ,

(viscous)b,, 7%7_ 77%%%7@ (viscous)

FIGURE P5.8 A model of a motor-compressor unit.




240 Modeling of Dynamic Systems with Engineering Applications

In the figure, 7, J, k, b, and @ denote torque, moment of inertia, torsional stiffness, angular

viscous damping constant, and angular speed, respectively, and the subscripts m and ¢

denote the motor rotor and the compressor impeller, respectively.

Note: T, is the torque from the compressor load, which may be considered a “negative

actuator” (a negative “torque source” or an input) in the present model. The viscous damp-

ing represents the friction at the bearings of the shafts.

a. Sketch a translatory mechanical model that is analogous to this rotatory mechanical
model.

b. Draw an LG for the given model, orient it, and indicate all necessary variables and
parameters on the graph.

c. By following a systematic procedure and using the LG, obtain a complete state-space
representation of the given model. The outputs of the system are the compressor speed
@, and the torque 7 transmitted through the drive shaft.

5.9 A model for a single joint of a robotic manipulator is shown in Figure P5.9. The usual nota-
tion is used. The gear inertia is neglected and the gear reduction ratio is taken as 1:r (Note:

r<l).
a. Draw an LG for the model, assuming that no external (load) torque is present at the
robot arm.

b. Using the LG derive a state model for the given system. The input is the motor mag-
netic torque 7, and the output is the angular speed w, of the robot arm. What is the
order of the system? If the shaft is not flexible, what is the order of the resulting system?

c. Discuss the validity of various assumptions made in arriving at this simplified model
for a commercial robotic manipulator.

5.10 Consider the rotatory electromechanical system with feedback control that is schematically
shown in Figure P5.10a. The motor rotor has inertia J, moves at angular speed @,,, and
experiences equivalent damping with viscous rotatory damping constant B, from the bear-
ings, as shown. The armature circuit for the dc fixed-field motor is shown in Figure P5.10b.
The load is considered as a torque source (negative actuator) that is connected to the motor
through a flexible shaft and moves at angular speed ®;.

For a dc motor, the following relations hold (see Figure P5.10 for the nomenclature):

Tm
k —
I — 7
a)m f a)r
b,, —
XXXKXKKKKKKK —
(viscous) Lir
Motor -
Gear Box Robot Arm

(Light)

FIGURE P5.9 A model of a single-degree-of-freedom robot.
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FIGURE P5.10 (a) A rotatory electromechanical system; (b) the armature circuit.

The back e.m.f. v, = Ky®,,

The motor magnetic torque — Ty = Kyi

Note: The —ve sign in the second equation originates from the LG convention for a trans-
former, where energy is considered to flow into the transformer at either port (branch),
whereas in the actual case, energy is conserved; electrical energy flows in at the input port
and mechanical energy flows out at the output port.

For ideal electromechanical energy conversion of a dc motor, with consistent units, we

have KV = KT

a. Identify the system inputs.

b. Give an equivalent translatory model for the system.

c. Sketch the LG of the electromechanical system. Do not include the sensing and control
signals, which are “information signals” that can be accommodated separately, as dis-
cussed in this book, and not power signals.

d. Write the linear system equations (constitutive, node, and loop equations) using the
LG, and systematically obtain a state model for the electromechanical system.

5.11

a. What is the main physical reason for natural oscillatory behavior in a purely fluid

system?

Why do purely fluid systems with large tanks connected by small-diameter pipes
rarely exhibit an oscillatory response?
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FIGURE P5.11

(a) An interacting two-tank fluid system; (b) a non-interacting two-tank fluid system.

b. Two large tanks whose bottoms are connected by a thin horizontal pipe are shown
in Figure P5.11a. Tank 1 receives an inflow of liquid at the volume rate Q; when the
inlet valve is open. Tank 2 has an exit valve, which has a fluid flow resistance R, and
a flow rate Q, when opened. The connecting pipe also has a valve, and when opened,
the combined fluid flow resistance of the valve and the thin pipe is R,. The following
parameters and variables are defined:
C,,C,=fluid (gravity head) capacitances of tanks 1 and 2
p=mass density of the fluid
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g=acceleration due to gravity

B, P, =pressures at the bottom of tanks 1 and 2

Py=ambient pressure.

Sketch an LG for this system. Using Py = B — Py and P,y = P, — By as the state vari-

ables, and the liquid levels H, and H, in the two tanks as the output variables, system-

atically derive a complete, linear, state-space model for the system (by using the LG).
c. Suppose that the two tanks are as in Figure P5.11b. Here Tank 1 has an exit valve at

its bottom whose resistance is R, and the volume flow rate is Q, when open. This flow

directly enters Tank 2, without a connecting pipe. The remaining tank characteristics

and the parameters are the same as in Part (b).Sketch a suitable LG for this modified

system. Using it, derive a state-space model for the system in terms of the same vari-

ables as in Part (b).

5.12 Give reasons for the common experience that in the flushing tank of a household toilet,
some effort is needed to move the handle for the flushing action, but virtually no effort is
needed to release the handle at the end of the flush.

A simple model for the valve movement mechanism of a household flushing tank is
shown in Figure P5.12. The overflow tube on which the handle lever is hinged is assumed
rigid. Also, the handle rocker is assumed light and rigid, and the rocker hinge is assumed
frictionlf:ss.The following parameters are indicated in the figure:

v

r = ——=the lever arm ratio of the handle rocker

h
m=equivalent lumped mass of the valve flapper and the lift rod
k=stiffness of the spring action on the valve flapper.
The damping force fy;p on the valve is assumed quadratic and is given by

Jfap = a‘VNLD‘ VNLD

(Frictionless)

Handle
(Light and rigid)
Lift Rod
Valve Flapper
Overflow Tube X, v (Equivalent mass m)
(Rigid) 4

AN Valve Damper
(Nonlinear)

N

Valve Spring
(Stiffness k)

FIGURE P5.12  Simplified model of a toilet-flushing mechanism.



244 Modeling of Dynamic Systems with Engineering Applications

where the positive parameter a is defined as follows:

a = a, for upward motion of the flapper (vyip = 0)
= a, for downward motion of the flapper (vyp < 0)

with a, >> a,. The force applied at the handle is f{f), as shown.

We are interested in studying the dynamic response of the flapper valve. Especially, the

valve displacement x and the valve speed v are considered outputs, as shown in Figure P5.12.

Note: x is measured from the static equilibrium point of the spring where the weight mg is

balanced by the initial spring force.

a. By defining appropriate through-variables and across-variables, draw an LG for the
system shown in Figure P5.12. Clearly indicate the power flow arrows.

b. Using the valve speed and the spring force as the state variables, systematically develop
a (nonlinear) state-space model for the system, with the aid of the LG. Specifically,
start with all the constitutive, continuity, and compatibility equations, and eliminate
the auxiliary variables, to obtain the state-space model.

c. Linearize the state-space model about an operating point where the valve speed is v.
For the linearized model, obtain the model matrices A, B, C, and D, in the usual nota-
tion. The incremental variables X and v are the outputs in the linear model and the
incremental variable f () is the input.

d. From the linearized state-space model, derive the input—output model (differential
equation) relating f (¢) and x.

5.13 A common application of dc motors is in accurate positioning of a mechanical load. A
schematic diagram of a possible arrangement is shown in Figure P5.13. The actuator of the
system is an armature-controlled dc motor. The moment of inertia of its rotor is J, and the
angular speed is w,. The mechanical damping of the motor (including that of its bearings)
is neglected in comparison to that of the load.

The armature circuit is also shown in Figure P5.13, which indicates a back emf v, (due to

the motor coil rotation in the stator field), a leakage inductance L,, and a resistance R,. The

current through the leakage inductor is i;. The input signal is the armature voltage v, ()
as shown. The interaction of the rotor magnetic field and the stator magnetic field (Note:

The rotor field rotates at an angular speed ®,,) generates a “magnetic” torque 7,,, which is

exerted on the motor rotor.

The stator provides a constant magnetic field to the motor and is not important in the
present problem. The dc motor may be considered as an ideal electromechanical transducer,
which may be represented by an LG transformer. The associated constitutive equations are

©, =
m km b
Tm:_kmib

where k,, is the torque constant of the motor.

Note: The negative sign in the second equation arises due to the specific sign convention
used for a transformer, in the conventional LG representation. Specifically, power is taken
as positive going in at either port of the transformer, whereas in the actual operation, elec-
trical power goes in at the input port while mechanical power comes out at the output port.
The motor is connected to a rotatory load of moment of inertia J; using a long flexible shaft
of torsional stiffness k;. The torque transmitted through this shaft is denoted by 7,. The
load rotates at angular speed w; and experiences mechanical dissipation, which is modeled
by a linear viscous damper of damping constant b;.

Answer the following questions:
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FIGURE P5.13 An electromechanical model of a rotatory positioning system.

a. Draw a suitable LG for the entire system shown in Figure P5.13, mark the variables and
parameters (you may introduce new, auxiliary variables but not new parameters), and
orient the graph.

b. Give the number of branches (b), nodes (n), and independent loops (/) in the complete
LG. What relationship do these three parameters satisfy? How many independent node
equations, loop equations, and constitutive equations can be written for the system?
Verify the sufficiency of these equations to solve the problem.

c. Take the current through the inductor (i;), speed of rotation of the motor rotor (w,),
torque transmitted through the load shaft (7;), and the speed of rotation of the load (w;)
as the four state variables; the armature supply voltage v, (¢) as the input variable; and
the shaft torque 7} and the load speed @; as the output variables. Write the constitutive
equations, independent node equations, and the independent loop equations for the
complete LG. Clearly show the state-space shell.

d. Eliminate the auxiliary variables and obtain a complete state-space model for the sys-
tem, using the equations written in Part (c). Express the matrices A, B, C, and D of the
state-space model in terms of the system parameters R,,L,,k,.,J,.k;,b;, and J;.

5.14 An armature-controlled dc motor is used for motion control of a payload, which is assumed
to be a concentrated mass. A lead-screw-and-nut device is used to convert the rotatory
motion of the motor into the translatory motion of the nut, which is integral with the car-
riage on which the payload is firmly mounted (Figure P5.14).

The following system parameters are given:

J=moment of inertia of the motor rotor (kg - m?)

B=equivalent rotary damping constant at the motor (N -m -rad™" -s)
m=total mass of the carriage and the payload (kg)

b=equivalent translatory damping constant at the carriage (N-m™ -s)
k,, =torque constant of the motor (N-m - A™)

R,=resistance of the armature windings (€2)

L,=leakage inductance of the armature (H)

p=pitch of the lead-screw (i.e., distance between adjacent threads) (m).

Also,

v, (t)=armature voltage, which is the input to the system (V)
v,=velocity of the payload, which is the output of the system (m/s).

Note: Pitch p of the lead-screw is equal to the motion of the nut per revolution, which
assumes that a single-threaded lead-screw is used.

a. Assume that the torsional stiffness K of the lead-screw, from the motor to the nut, is a
constant.

Note: Actually K varies because the position of the nut along the lead-screw is not fixed.
Draw an LG for the system. Using it and giving all necessary steps, systematically
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FIGURE P5.14 Motion control device with a dc motor and a lead-screw-nut mechanism.

derive a complete state-space model for the system. Use the following as the state
variables:

i,=armature current (A)

,,=motor speed (rad/s)

T,=torque in the lead-screw (N - m)

v,=velocity of the payload (m/s)

b. Suppose that the stiffness K of the lead-screw from the motor to the nut is variable. In
particular, suppose that the angle of twist of a unit length (1 m) of the lead-screw, when
a unit torque (I N -m) is applied to it=a (rad-m™ -N™" -m™).

Also,

x,=initial distance of the nut from the motor

Note: During motion, the distance of the nut from the motor varies.

Derive a state-space model for the system, using the same state variables as before.
Note: Now you must use the constant parameter a instead of K in your equations. You
must give all necessary steps and details of your derivation.

5.15 A passive shock-absorber unit has a piston-cylinder mechanism, as schematically shown in
Figure P5.15. The cylinder is fixed and rigid and is filled with an incompressible hydraulic
fluid (on both sides of the piston). The piston mass is m and its area is A. It has a small
opening through which the hydraulic fluid can flow from one side of the cylinder to the
other side as the piston moves. The fluid resistance to this flow may be represented by a
linear hydraulic resistance R;.

A spring of stiffness k resists the movement of the piston. Suppose that the input force

applied to the shock absorber (piston) is f(#).a.

Sketch an LG for this system.

Hint: It may contain a force source, a spring branch, a mass branch, a mechanical-fluid gyra-

tor (two domains), and a hydraulic resistance. Some of the associated branch variables are:
v=velocity of the piston
Q=fluid volume flow rate through the piston opening (taken positive from left to right)
P = P, — P, =pressure difference between the two sides of the piston
Jfi=spring force.
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FIGURE P5.15 A passive shock absorber unit.
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FIGURE P5.16 A load driven by a turbine through a long shaft and step-down gear.

b. Using the LG, systematically develop a state-space model for the system (obtain the
model matrices A and B only) with:
State vector: x =[v, f; |
Input vector: u =[f(¢)]
Express the model parameters in terms of m, k, A, and R;.
Notes: Assume that,
1. There is no friction between the piston and the cylinder
2. The area of the two sides of the piston is the same (approximately) at value A. That
is, neglect the area of the piston rod.
5.16 A turbine is used to drive a rotational device through a long (hence, flexible) shaft and a
speed-reduction gear unit, as indicated in Figure P5.16.
The turbine may be considered as a velocity source @, (¢). Also,
T, =torque in the long shaft
p=speed-reduction ratio (p:1 with p>1)
k=torsional stiffness of the shaft
J,=moment of inertia of the rotational load
b, =rotational damping constant at the load
w,;=angular speed of the load.
a. Sketch an oriented LG for the system and mark all the parameters and variables on it.
b. Write the state-space shell equations, remaining constitutive equations, node equa-
tions, and the loop equations.
c. Taking w; as the output variable, derive a complete state-space model for the system.
Note: In particular, obtain the model matrices A, B, C, and D for this “linear” system.
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FIGURE P5.17 Mechanical load with a shock absorber.

FIGURE P5.18 A linear motor-driven mechanical load.

5.17 A gyrator is an element that is used in the modeling a dynamic system. Briefly describe its
function.

A mechanical load of mass m is driven by a force source f(¢) and is buffered using a gas

shock absorber, as shown in Figure P5.17. The gas cylinder is properly sealed (i.e., gas does

not leak out of the cylinder compartment). The piston moves against the cylinder without
experiencing appreciable friction (or, this friction component may be incorporated into the
damping of the motion of the mass, assuming that the shaft is rigid). The following param-
eters are given:

m=mass of the moving load

b=equivalent viscous damping constant of the motion of the load

C=capacitance of the gas in the shock absorber

A=area of the piston.

a. Sketch a complete LG for the system.

b. Using the state variables: v;=velocity of the mass, P;=gauge pressure in the gas; the input
variable f(¢)=force of the source element (linear motor); and the output variable v;=veloc-
ity of the mass, systematically determine a complete state-space model for the system.

c. Express the undamped natural frequency and the damping ratio of the system in terms
of b, m, A, and Cy.

Note: Neglect the mass of the piston (or incorporate it into the mass of the load) and assume

that the piston rod is rigid.

5.18 Consider a positioning mechanism, which has an armature-controlled linear dc motor that
drives a massive load having viscous damping. The load is connected through a flexible
rod of stiffness k to a gas cylinder (which serves as a shock absorber) of pressure P. and
fluid (gas) capacitance C;. A lumped-parameter linear model of the system is shown in
Figure P5.18.

The following model parameters are given:

R,=resistance of the armature coil
L,=leakage inductance of the armature circuit
k,, =force constant of the linear dc motor
m=overall mass of the load and the armature
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FIGURE P5.19 A fluid actuator moving a mechanical load.

k=stiffness of the rod that connects the load to the shock absorber
b=viscous damping constant of the load
C=fluid (gas) capacitance of the shock absorber
A=area of the shock-absorber piston.
Note: The piston is light (neglect its mass) and frictionless.
a. Sketch a complete LG for the system.
Orient the branches of the LG and indicate all the system parameters and branch vari-
ables (through- and across-pairs) on them.
b. Systematically derive a complete state-space model using the LG and the following
variables:
Input=armature input voltage=v, (¢)
Output=velocity of the load=v,,
Give the model matrices A, B, C, and D.
c. Discuss an important characteristic of the model.

5.19 Consider a system where a pressure-controlled fluid actuator moves a mechanical load, as
illustrated in Figure P5.19. The pump provides hydraulic fluid at pressure Ps, which enters
the actuator chamber through a valve of fluid flow resistance R;. The fluid capacitance of
the actuator chamber is C; (due to fluid compressibility) and the chamber pressure is P.
This pressure moves the load of mass m and area of cross-section A, against a mechanical
resistance of stiffness k and damping constant b. The compressive spring force associated
with k is f;. The mass is moved inside the actuator chamber at speed v,, (the output).
Note: Even though the piston seal is assumed frictionless, alternatively the friction of the
seal can be included in the damping constant b.

a. Draw an LG for the system.

b. Using x=[P,fk,vm]T as the state vector, u = [R(t)] as the input, and y =[x] as the
output, systematically determine a complete state-space model with the aid of the LG
in Part (a).
Note: f,=spring force; x=position of the load (of velocity v,,)

c. Determine the input—output differential equation model of the system.

5.20 A flow-controlled pump is used to operate a ram (piston-cylinder actuator), which positions
a mechanical load (see Figure P5.20). The piston and the cylinder wall of the ram are rigid.
The capacitance C; results from the flexibility of the fluid only. The mechanical load con-
sists of a mass, spring, and a damper, as shown in the figure.

The following parameters are given:
m,=mass of the piston
A=effective area of the piston
R,=fluid resistance at the piston due to the flow through the damping cavities (and also
possible leakage flow between the piston and the cylinder)
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FIGURE P5.20 Mechanical load positioned by a ram using a flow-controlled pump.
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FIGURE P5.21 An electrical circuit with a current source.

k, =stiffness of the piston rod, which is connected to the mechanical load

m;=mass of the mechanical load

k,=resisting stiffness of the mechanical load

b,=linear viscous damping constant at the mechanical load.
Also, the following state variables are defined:

P;=fluid pressure in the cylinder

v,=velocity of the piston

f-=spring force in the piston rod

v,,=velocity of the mechanical load

Jfi=resisting spring force of the mechanical load.

The system input is the volume flow rate O, (#) of the pump.

The system output is the velocity v,, of the mechanical load.

a. Sketch a complete LG for the system. Indicate the parameters, through-variables, and
across-variables of all the branches.

b. By writing the state-space shell equations, remaining constitutive equations, loop
equations, and the node equations, systematically determine a complete state-space
model for the system. The state vector is x =[P, v, f;, Vi, f,]T.

c. Determine the matrices A, B, C, and D of the linear state-space model.

5.21 Figure P5.21 shows an electrical circuit with a current source and the passive elements L,

C,and R.

a. Sketch a complete LG for this circuit, and indicate the variables, parameters and the
branch orientation.

b. Show that the topological relation b = [ 4+ (n — 1) is satisfied in this LG. Also, show that
the number of unknown variables is equal to the number of independent equations that
can be written for the LG.

c. Write the constitutive equations (state-space shell equations and the remaining con-
stitutive equations), node equations, and loop equations. By eliminating the auxiliary
variables, systematically determine a state-space model for the system.
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FIGURE P5.22 Compressible liquid pumped into a flexible tank against gravity.

5.22 A liquid input of volume flow rate Q; (¢) is supplied to a storage tank (see Figure P5.22).
The tank, when empty, is uniform and cylindrical with radius 7,. The tank wall is flexible.
Especially, when a gauge pressure P is exerted at a particular interior location of the tank
wall, the tank radius at that location stretches from r, to r,+r such that P = kr, where k is a
known stiffness parameter.

In addition, the following parameters are known:
B=bulk modulus of the liquid in the tank
p=mass density of the liquid
Note: The gauge pressure of the liquid in the tank is not uniform. It varies linearly from the
highest value (pgh) at the bottom of the tank to zero at the liquid surface; g=acceleration
due to gravity.

It is required to model this dynamic system in order to study its response (liquid level /)
as a result of the input Q, ().
With sufficient detail develop a lumped-parameter dynamic model (state-space model) for
the system for this purpose.
Note 1: In fact this is a distributed-parameter system. Since the liquid pressure varies from
the bottom to the top, we cannot use a single lumped capacitor to represent the entire liquid
compressibility. Also, we will not be able to use a single lumped capacitor to represent the
entire flexibility of the tank. We will have to use several lumped elements for different
liquid layers in the tank, in modeling the capacitance. Also, the gravity effect (gravity head
capacitance) has to be included in the model.
Note 2: You may appropriately discretize the system (e.g., different liquid layers in the
tank) and also introduce other parameters if necessary (in addition to the given parameters
Y.p,k and r,).

5.23 A traditional Asian pudding is made by blending roughly equal portions by volume of
treacle (a palm honey similar to maple syrup), coconut milk, and eggs; flavoring with
cashew nuts, cloves and cardamoms; and baking in a special oven for about 1hour. The
traditional oven uses charcoal fire in an earthen pit that is well insulated, as the heat source.
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FIGURE P5.23 (a) A simplified model of an Asian dessert oven; (b) an improved model of the dessert pot.

An aluminum container half filled with water is placed on the fire. A smaller stainless steel
pot containing the dessert mixture is placed inside the water bath and covered fully with
a metal lid. Both the water and the dessert mixture are well stirred and assumed to have
uniform temperatures. A simplified model of the oven is shown in Figure P5.23a.
Assume that the thermal capacitances of the aluminum water container, dessert pot, and
the lid are negligible. The following equivalent (linear) parameters and variables are
defined:

C,,=thermal capacitance of the water bath

C,=thermal capacitance of the dessert mixture

R,,=thermal resistance between the water bath and the ambient air

R,;=thermal resistance between the water bath and the dessert mixture

R.=thermal resistance between the dessert mixture and the ambient air, through the

covering lid

T,,=temperature of the water bath

T,=temperature of the dessert mixture

T,=ambient temperature

Q=heat flow rate from the charcoal fire into the water bath.
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a. Assuming that T} is the output of the system, develop a complete state-space model for
the system. What are the system inputs?

b. In Part (a), suppose that the thermal capacitance of the dessert pot is not negligible and
is given by C,. Also, as shown in Figure P5.23b, thermal resistances R,; and R,,, are
defined for the two interfaces of the pot. Assuming that the pot temperature is main-
tained uniform at 7, show how the state-space model of Part (a) should be modified to
include this improvement. What parameters do R, and R, depend on?

c. Draw the LGs for the systems in (a) and (b). Indicate in the LG only the system param-
eters, input variables, and the state variables.

5.24 Consider a positioning mechanism, which has an armature-controlled linear dc motor,

driving a load by using a flexible rod and buffered with a gas cylinder (shock absorber)
as shown in Figure P5.24a. A lumped-parameter linear model of the system is shown in
Figure P5.24b.
The following model parameters are given:
R,=resistance of the armature coil
L,=leakage inductance of the armature circuit
k,, =force constant of the linear dc motor
m,, =mass of the linear-moving mass of the armature
k=stiffness of the driving rod of the load
b,,=viscous damping constant of the moving part of the motor
m,=mass of the positioned load and the connected piston of the shock absorber
C=fluid capacitance of the shock absorber
A =area of the shock-absorber piston.
Neglect the friction between the piston and the cylinder.
a. Sketch a complete LG for the system model.
Note: Orient the branches and indicate all the system parameters and branch variables
(through- and across-variable pairs).
b. Derive a complete state-space model, systematically, using the LG and the following
variables:
Input=armature input voltage=v, (¢)
Output=velocity of the load=v,
State variables:
iy =armature current

(@)

(b) ),

y R, L, ﬁv " . %
v, (1 ! .
ol m — m, c
- m {,_E Cf

k, b,

FIGURE P5.24 (a) A positioning mechanism driven by a linear motor; (b) lumped-parameter model.
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v,,=motor speed

fi=force in the rod that moves the load

v,=speed of the load/piston

Pc=pressure in the shock absorber
Give the model matrices 4,B,C, and D.

5.25 Consider the mechanical system shown by the structural diagram (mechanical circuit) in
Figure P5.25. It consists of two masses (m; and m;), one spring (k,), and one linear viscous
damper (b,). The input of the system is the velocity v; (¢) of the moving platform and the
output of the system is the velocity v, (of mass m).

a. Draw a complete LG for the system. Indicate all the variables and parameters on the LG.
b. Using the LG, systematically derive a complete state-space model for the system.
Identify the model matrices A, B, C, and D.
5.26 The circuit of a passive band-pass filter is shown in Figure P5.26. It consists entirely of two
capacitor elements and two resistor elements. The filter input is v; and the filter output is .
a. Draw a complete LG for the circuit. Indicate all the variables and parameters on the
LG.

b. Using the LG, systematically derive a complete state-space model for the circuit.
Identify the matrices A, B, C, and D.

c. From the state equations derive an input—output differential equation for the filter circuit.

d. Explain why a completely analogous mechanical system cannot be determined for this
electrical circuit.

5.27 Consider the circuit shown in Figure P5.27. It consists of two capacitors (C; and Cs), one
inductor (L,), and one resistor (R,). The circuit input is the voltage v, (¢) and the circuit
output is the voltage v, (across the capacitor Cs).

a. Draw a complete LG for the circuit. Indicate all the variables and parameters on the LG.

m

L

b
Vo ) ks
T ]

J\V[(t)

S

FIGURE P5.25 A mechanical system (structural circuit).

FIGURE P5.26 The circuit of a passive band-pass filter.
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FIGURE P5.27 A passive electrical circuit.

5.28

b. Using the LG, systematically derive a complete state-space model for the circuit. Identify
the model matrices A, B, C, and D.

Consider the multi-domains (mixed) system consisting of both mechanical components

and fluid components, as shown in Figure P5.28. A pump of pressure P, (), which is a

pressure source, pumps water into a uniform horizontal cylinder of area of cross-section A,

which serves as the hydraulic actuator that drives a mechanical load. The combined mass

of the actuator piston and the mechanical load is m, the resisting stiffness of the mechani-

cal load is k, and the combined viscous damping constant of the actuator piston and the

mechanical load is b. The water is pumped through a short pipe of circular cross-section.

Note: Assume that the water is incompressible.

The pressure ripples in the water flow of the pipe are reduced before entering the actuator,

by means of an energy absorber (hydraulic capacitor) consisting of a small fluid tank of

area of cross-section A, and a spring-loaded, light (massless) and smooth (no energy dis-

sipation) piston with the resisting stiffness k.. Note: This stiffness is adjustable using a nut,

as shown, but in this question, assume it to be a constant.

The water flow into the actuator cylinder can be adjusted by means of a valve, as shown. It

offers a fluid resistance R. Even though this is also adjustable, assume that it is a constant

in the present question. This is the only notable fluid resistance that is present in the entire

system (i.e., neglect any other hydraulic resistances).

Also given,

I=fluid inertance in the pipe from the pump up to the energy absorber (passive pressure

controller). Neglect any other fluid inertances.

p=mass density of the water

g=acceleration due to gravity.

i. Draw a complete LG for the system. Orient all the branches. Mark all the variables and
parameters of the LG branches.

ii. Using the LG, systematically develop a complete (and linear) state-space model for the
system. Use the following state variables:
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FIGURE P5.28 Water pumping system for a hydraulic actuator.

v,=Vvelocity of the mechanical load (and also of the actuator piston)

fi=spring force of the mechanical load (attached to the actuator piston)
f.=compressive force of the spring of the energy absorber

Q,;=volume flow rate of the water in the pipe before reaching the energy absorber
P.=pressure difference of the water column (of height 4.) in the energy absorber tank
(not the pressure at the bottom of this water column).

Note: P. = pgh,.

System output=v,,=velocity of the load (also, of the actuator piston).

Note: Neglect the bulk modulus of water and the flexibility of the pipes, actuator
cylinder, and the absorber tank.

Give all the vectors and matrices of the state-space model.

iii. From the state-space model, determine the input—output differential equation (input=

P, (t), output=v,,). From that equation, write the system transfer function. Note: Details
on transfer functions are found in Chapter 6. For the purpose of the current question,
a transfer function is output/input in the Laplace domain, where the Laplace variable s
represents time-derivative.

5.29 Consider the electrical system shown in Figure P5.29, which has a voltage source v,, induc-
tor L, capacitors C| and C,, resistors R; and R,, and a transformer with the turn ratio . The
output v, of the system is the voltage across the capacitor C,.

a.

Sketch an analogous system (physical diagram, not an LG) in the mechanical domain
using realizable physical components (e.g., velocity source, spring, inertias, dampers,
and gear pair). Indicate the corresponding component parameters (e.g., spring stiff-
ness), input variable, and output variable.

Sketch an analogous system (physical diagram, not an LG) in the fluid domain using
physical components (e.g., pressure source, fluid inertor, fluid capacitors, fluid resis-
tors, and fluid transformer). Indicate the corresponding component parameters, input
variable, and output variable.

Is there a thermal system that is analogous to the system shown in Figure P5.29? Explain.
Sketch an LG for the system in Figure P5.29. Orient the LG and indicate all the vari-
ables and parameters on the LG branches. Using the LG, systematically develop a
complete state-space model for the system. Give the matrices A, B, C, and D.
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FIGURE P5.30 Liquid pumping system.

5.30

a. If two components are connected in series, it is known that their through-variables are
common (i.e., equal) and the across-variables add. Using sketches describe a physically
realizable fluid system that has two fluid capacitors connected in series. Note: It must
use realistic physical components, not components that are not physically realizable.
Use sketches of physical components, not circuits or LGs.

b. Consider the multi-domains (mixed) system consisting of both mechanical compo-
nents and fluid components, as shown in Figure P5.30. A pump of pressure P, (1),
which is a pressure source, pumps liquid into a uniform tank of area of cross-section A,
through a pipe of circular cross-section. The pressure ripples in the liquid flow of the
pipe are reduced before entering the tank, by means of an energy absorber consisting
of a small fluid tank of area of cross-section a and a spring-loaded piston of mass m,
stiffness k, and viscous damping constant b.

Also given,

I ,=fluid inertance in the pipe up to the energy absorber (passive pressure controller)
R;=fluid resistance in the pipe up to the energy absorber

p=mass density of the liquid
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Draw an oriented LG for the system. Mark all the variables and parameters of the LG
branches.
Using the LG, systematically develop a complete state-space model for the system. Use
the following state variables:
QO =volume flow rate of the liquid in the pipe before reaching the energy absorber
P, =pressure difference of the liquid column in the energy absorber tank (not the pres-
sure at the bottom of the liquid column)
v=upward velocity of the piston
fr=compressive force of the resisting spring attached to the piston
Py =pressure at the bottom of the main tank
Also, output=H =liquid level in the main tank.
Note: Neglect the bulk modulus of the liquid and the flexibility of the pipes and the tanks.
5.31 Consider a multi-domain engineering system that you are familiar with (in your projects,
research, engineering practice, informed imagination, through the literature that you have
read, etc.). It should include the mechanical structural domain (i.e., with inertia, flexibility,
and damping) and at least one other domain (e.g., electrical, fluid, thermal).
a. Using sketches, describe the system, by giving at least the following information:
i. The practical purpose and functions of the system
ii. Typical operation/behavior of the system
iii. System boundary
iv. Inputs and outputs
v. Characteristics of the main components of the system

b. Sketch a lumped-parameter model of the system, by approximating any significant
distributed effects using appropriate lumped elements and showing how the lumped-
parameter elements (including sources) are interconnected (i.e., show the system struc-
ture). You must justify your choice of elements and approximation decisions. Also, you
must retain any significant nonlinearities in the original system.

c. Develop an analytical model of the system by writing the necessary constitutive equa-
tions, continuity equations, and compatibility equations. The model should be at least
fifth order but not greater than 10th order.

Note: Draw an LG for the system (assuming that you plan to use the LG approach to obtain

the analytical model).

d. Approximate the nonlinear elements by suitable linear elements.

e. Identify suitable state variables for the linear system and develop a complete state-
space model (i.e., matrices A, B, C, and D) for the system.
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HIGHLIGHTS

e Transfer Function (TF) Models

* Laplace Transform and Fourier Transform

» Differentiation and Integration Operators

e TF Matrix (MIMO)

* Frequency Domain Models (FTF or FRF)

* Bode and Nyquist Diagrams of FTF

* Harmonic Response (Magnitude and Phase)

e Mechanical TFs (Mechanical Impedance and Mobility)
e Component Interconnection Laws (Series and Parallel)
* Force Transmissibility and Motion Transmissibility

* Vibration Isolation and Suspension/Mount Design

* Maxwell’s Reciprocity Property (and Generalization)

6.1 INTRODUCTION

In the previous chapters, we primarily studied time-domain models of engineering dynamic sys-
tems. In their analytical form, these models are represented by differential equations with respect
to time (where the independent variable is time ). In particular, we paid much attention to state-
space models, which are presented by a set of first-order ordinary differential equations in time.
This chapter formally studies another popular type of input—output model called transfer functions
(TFs). In the general case, the Laplace transform is used to convert a linear and time invariant time-
domain model into a Laplace TF model. A special, yet very practical, version of Laplace TF is the
[frequency transfer function (FTF) or frequency response function (FRF). In its analytical form, an
FTF model is represented as a ratio of polynomials in frequency (where the independent variable is
frequency w). Analytically in particular, the Fourier transform is used to convert a linear and time-
invariant time-domain model into an FTF model.

This chapter specifically studies several mechanical TFs that are very practical and illustrates
how they are used in various practical applications including model formulation, response analysis,
and design. The main focus is on mechanical systems. However, in view of the existing analogies
(as extensively covered in the previous chapters), the methods covered in this chapter for mechani-
cal systems can be easily extended to other domains (electrical, fluid, and thermal). In fact, many
procedures in the present chapter use the concept of mechanical circuits, which are analogous to
electrical circuits. Hence, some of the methods that are applied to mechanical systems in this chap-
ter are widely used in electrical systems and electrical circuit analysis.

6.1.1 TrANSFER FUNCTION MODELS

A TF model is an input—output model (I-O model) and is equivalent to a linear input—output dif-
ferential equation in the time domain (see Chapters 3 and 5). Simplistically, a TF model provides

System output

an “algebraic” (not differential-equation) representation of . Since it is an algebraic

System input
representation, its analytical manipulation is much easier than for differential equations.

DOI: 10.1201/9781003124474-6 259


https://doi.org/10.1201/9781003124474-6

260 Modeling of Dynamic Systems with Engineering Applications

A TF model (strictly, a Laplace TF) is based on the Laplace transform and is a versatile means of
representing a linear system that has constant (time-invariant) parameters. Strictly, it is a dynamic
model in the Laplace domain. A frequency-domain model (or an FTF) is an equivalent model of
a Laplace domain model, and it is based on the Fourier transform. In particular, these two types
of models are interchangeable—it is a trivial exercise to convert a Laplace-domain model into the
corresponding frequency-domain model and vice versa. Similarly, it is a simple and straightforward
exercise to convert a linear, constant-coefficient (time-invariant) time-domain model (e.g., input—
output differential equation or a state-space model) into a TF model and vice versa. It follows that
all these types of models are entirely equivalent (and no information is lost through a model conver-
sion, at least analytically).

A system with just one input (excitation) and one output (response) can be represented uniquely
by one TF. For example, in a mechanical dynamic system, the response characteristics at a given
location and direction (say, along a particular coordinate or in a given degree of freedom) of the
system to a forcing input at the same or a different location and direction can be modeled using a
single FTF. When a system has two or more inputs (i.e., an input vector) and/or two or more outputs
(i.e., an output vector), its TF representation needs several TFs (i.e., a TF matrix is needed).

TF models have been widely used in early studies of dynamic systems, when digital computers
were not commonly available because they are algebraic functions rather than differential equa-
tions and are easier to analyze. In view of the simpler algebraic operations that are involved in TF
approaches, a substantial amount of information regarding the dynamic behavior of a system can be
obtained with minimal computational effort. This is the primary reason for the popularity enjoyed
by the TF methods prior to the advent of the digital computer. One might think that the abundance
of high-speed and low-cost digital processing would lead to a dominance of time-domain methods,
over TF methods. But there is evidence to the contrary in many areas, particularly in dynamic sys-
tems and control, due to the analytical simplicity and the intuitive appeal of TF techniques. Only
minimal knowledge of the theory of Laplace transform and Fourier transform is needed to use TF
methods in system modeling, analysis, simulation, design, and control. Furthermore, just as a time-
domain model presents the behavior of a dynamic system in its true physical domain as the time
changes, a frequency-domain model is also a very realistic and practical model, which shows the
behavior of a dynamic system as the excitation frequency changes.

In its core, a frequency-domain model represents how a dynamic system responds to a sinusoidal
(i.e., harmonic) excitation. Since, according to the theory of Fourier analysis, any signal can be rep-
resented by a collection of harmonic components, a frequency-domain model can represent as well
the true physical behavior of a dynamic system to any type of input. Indeed, a frequency-domain
model is completely equivalent to a time-domain model and to a Laplace-domain model. Techniques
of TF models, both in the Laplace domain and the special frequency (Fourier) domain, are studied
in this chapter. In particular, we will see that mobility, mechanical impedance, and transmissibility
are convenient TF representations of mechanical dynamic systems, in the frequency domain. We
will study how such a model can be formulated with the knowledge of the element (component) TFs
and how they are interconnected (series, parallel) in the system. The complementary (dual) charac-
teristic of force transmissibility and motion transmissibility is recognized. Also, the application of
Maxwell’s reciprocity property in mechanical dynamic systems and its extension to other physical
domains are examined. As practical examples, transmissibility is applicable in vibration isolation
of machines and suspension systems in vehicles; and mechanical impedance is useful in such tasks
as cutting, joining, and assembly that employ machine tools and robots.

6.2 LAPLACE AND FOURIER TRANSFORMS

In mathematics, we encounter various transforms. Typically, a transform is used to covert a math-
ematical problem into a different analytical form in order to take advantage of possible analytical
convenience of the transformed problem. For example, the logarithm is a transform, which converts
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the multiplication operation into an addition and the division operation into a subtraction, thereby
making the analysis much simpler. Furthermore, it enables the capability to represent informa-
tion on a much wider scale (as multiples rather than linearly—proportionally) while paying more
attention to the lower-magnitude information. In a similar manner, the Laplace transform converts
“differentiation” into a “multiplication by the Laplace variable s” and “integration” into a “divi-
sion by s,” thereby providing significant analytical convenience. Even though Fourier transform is
sometimes considered as a special case of the Laplace transform, a Fourier transform of a function
contains all the information of the original function and also of the Laplace-transformed result.
Hence, they are fully reversible. The Fourier result corresponding to a Laplace result is obtained
simply by setting s = j® in the Laplace result, where w is the frequency variable. Even though this
conversion itself is trivial, the underlying analytical basis is quite sophisticated and comprehensive,
which is beyond the scope of the present need.

6.2.1 LAPLACE TRANSFORM

The Laplace transform involves the mathematical transformation of a function (y(f)) in the time
domain into an equivalent function (¥(s)) in the Laplace domain (also termed the s-domain or the
complex frequency domain) according to

oo

Y(s) = J y(t)exp(—st) dt or Y(s) = Ly(t) 6.1)

0

Here, the Laplace transform operator is denoted by £, and the Laplace variable is s = ¢ + j®, which
is complex, since j = J-1.

The real positive value o is chosen sufficiently large so that the transform integral (6.1) is finite
(ie., J.e"”y(t) dt is finite) even when '[ ¥(1) dt is not finite.

Note: Mathematically, y(f) can be complex in general. However, in a practical dynamic system, it
is a real function of time ¢ (representing a time response of the dynamic system). Even in this practi-
cal case, Y(s) will be complex, because s is complex, as clear from equation (6.1).

The inverse Laplace transform is given by

O+ joo
y(t) = L J Y(s)exp(st) ds or y(t) = LY (s) 6.2)
2nj J

o—jeo

This is obtained simply through mathematical manipulation (multiply both sides by the appropriate
exponential and integrate with respect to s) of the forward transform (6.1).

Note: For a given time function, its Laplace transform is unique, and the Laplace operation
is completely reversible. Specifically, the time function can be fully recovered from its Laplace
transform.

6.2.1.1 Laplace Transform of a Derivative

Using (6.1), the Laplace transform of the time derivative y = % may be determined as
t

oo

(e dy _
Ey—'!e i dt = sY(s)— y(0) 6.3)
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Note: Integration by parts: judv =uv— jvdu is used in obtaining the result (6.3). Also y(0) is the

initial condition (IC) of y(r) at t=0.
By repeatedly applying (6.3), we can get the Laplace transform of the higher derivatives; specifi-
cally, L§i(1) = sL[ (1) | - y(0) = s[sY (s) = y(0)] = (0)

This gives the result
L5(0) = s*L[y(0] = 5y(0) = 3(0) 6.4)
Similarly, we can obtain
Ly = 5’Y (5) = 5 y(0) = 59(0) — (0) (6.5)

Proceeding in this manner, we get the general result

dny(t) n n— n=2 - dnily
L g =s5"Y(s)—s ly(O) s 2y(0) — 7 (0) (6.6)
Note: With zero ICs, we have:
YO _ oy (s) 6.7)

dt"

This means the time derivative corresponds to multiplication by s in the Laplace domain. As a
result, differential equations (in time domain models) become algebraic equations (in TFs), which
require easier mathematics. We will explore this issue further in the next section. From result (6.7),
it is clear that the Laplace variable s can be interpreted as the derivative operator in the context of
a dynamic system.

Note: 1Cs can be added separately to a Laplace model after using (6.7) to transform the deriva-
tives of a time-domain dynamic model into polynomials in s. The polynomials in a TF represent
the model and do not depend on the ICs. Hence, in the transformation of a time-domain model
(ordinary differential equation) into a Laplace-domain model (TF), first, the ICs are assumed zero.

6.2.1.2 Laplace Transform of an Integral

t
The Laplace transform of the time integral J'y(r)d 7 is obtained by the direct application of (6.1) as

0

oo

.Cj WT)dT = Iej WT)dTdt = J(—i)i(e—“)j WT)dTdt
0 0 0

0 0

Integrate by parts using Judv =uv— J.vdu as

’ 1) o NN (1
L] y(t)dt = (—)e"” y(0)drt Iy — (—)e"”y(z‘)dt =0-0+ ()e'”y(t)dt
proae (= J prors - (= It

We get

L'J.y(‘r)d’r = lY(s) 6.8)
d s
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It follows that integration in the time domain becomes multiplication by 1/s in the Laplace domain.
In particular, 1/s can be interpreted as the integration operator, in the context of a dynamic system.

In using techniques of Laplace transform in the analysis of dynamic systems, the general
approach is to first convert the time-domain problem into an equivalent s-domain problem (conve-
niently, Laplace transform tables are available as well, to facilitate this task), perform the necessary
analysis (algebra rather than calculus) in the s-domain and finally convert the results back into the
time domain (again, Laplace transform tables may be used).

6.2.2 FOURIER TRANSFORM

The Fourier transform involves the mathematical transformation from the time domain into the
frequency domain) according to

oo

Y(jo)= Jy(l)eXp(—jwt) dtorY(jw)=F y(1) (6.9)

—oo.

where the cyclic frequency variable is f (in Hz) and the angular frequency variable is @ = 27f (in
rad/s). Also, the Fourier transform operator is denoted by .

Note: Mathematically, y(f) can be complex (i.e., not real) even though, in practice, it is a real
function of time # (representing a time response of a dynamic system). Even when y(¢) is real, Y (jw)
will be complex in general, because exp(—jw?) = cos@t — jsinwt is complex, as clear from equa-
tion (6.9).

The inverse Fourier transform is given by

Y1) = i I Y(jo)exp(jwt) do or y(t) = F ' Y(jw) (6.10)

This is obtained simply through mathematical manipulation (multiply both sides by the appropriate
exponential and integrate with respect to w) of the forward transform (6.9).

By examining the transforms (6.1) and (6.9), it is clear that the conversion from the Laplace
domain into the Fourier (frequency) domain may be done simply by setting s = jw. Strictly, the
one-sided Fourier transform is used for this purpose (where the lower limit of integration in (6.9) is
set to t=0) because it is then that (6.1) becomes identical to (6.9) with s = j®.

6.2.2.1 Summary of Results
We summarize below the main results and observations.

* Laplace Transform:
* Time domain <> Laplace (complex frequency) domain
* Time derivative <> Multiplication by Laplace variable s
» Differential equations <> Algebraic equations (ratios of two polynomials in s)
* Time integration <> Multiplication by 1/s

* Fourier Transform:
* Time domain <> Frequency domain
—5=j0 . .
» Laplace result Fourier result (one-sided)
—jo=s
It should be clear that, in modeling and analysis of dynamic systems (that are linear and time-
invariant, in particular), the Laplace approach and the Fourier approach are completely equivalent
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and interchangeable. The conversion s = j is used to get the Fourier result from the equivalent
Laplace result and vice versa. In other words, for our purposes, when we have a Laplace result,
there is an equivalent Fourier result (and vice versa). Mathematically, however, a Fourier result may
not exist even when a Laplace result exists. This is because, in the Laplace transform (see equation
(6.1)), there is the multiplier ¢°" with ¢ > 0 in the integrand, which decays to zero very rapidly,
whereas in the Fourier transform (see equation (6.9)), there is no multiplier e™°" in the integrand.
For ¢ > 0, the rapid (exponential) decay property of ¢ ' makes the Laplace transform much more
“convergent” than the Fourier transform.

6.3 TRANSFER FUNCTION

The TF is a dynamic model that is represented in the Laplace domain. Specifically, the TF G(s) of
a linear, time-invariant, single-input single-output (SISO) system is given by:

G(s) = Laplace-transformed output

- , assuming zero ICs. This is a unique function, which repre-
Laplace-transformed input

sents the system (model); it does not depend on the specific input, the output, or the initial conditions.

A linear, constant-parameter system possesses a unique TF even if the Laplace transform of a
particular input to the system (and of the corresponding output) may not exist. For example, suppose
that the Laplace transform of a particular input u(f) is infinite. Then the Laplace transform of the
corresponding output y(#) will also be infinite. But the TF itself will be finite and will represent the
actual system (irrespective of the input or the output).

Consider the nth-order linear, constant-parameter system given by the ordinary differential
equation (ODE) in time #:

n n—1 m
a, d y+an_1d—j+---+a0y=b0u+b1@+---+bmg
dt" dt" dt dr"

6.11)

where input=u(f) and output=y(?).

For systems that possess dynamic delay (i.e., systems whose response does not feel the excitation
(input) either instantly or ahead of time (i.e., systems whose excitation and/or its derivatives are not
directly fed forward to the output), we have m<n. These are the systems that concern us most in
real applications.

Note: We will assume that m<n, or at worst m<n. The requirement m<n is satisfied by a physi-
cally realizable system. In the extreme case of m=n, the input u(?) is instantly felt at the output y(z).
In other words, the input is directly fed forward into the output. Then we say that the system pos-
sesses the “feedforward character.”

Use result (6.7) in (6.11), assuming zero ICs. We obtain the system TF:

Y(s) :G(s):bo +bs+--+b,s" 6.12)

U(s) ay+ais+---+a,s"
It should be clear from (6.11) and (6.12) that the TF that corresponds to the differential equation of a
dynamic system can be written simply by inspection, without requiring any mathematical manipu-
lation or knowledge of Laplace-transform theory. Conversely, once the TF is given, the correspond-
ing time-domain (differential) equation should be immediately obvious as well.

Note: The dominator polynomial of a TF is called the characteristic polynomial, and the cor-
responding equation (obtained by setting the denominator polynomial to zero) is called the charac-
teristic equation: ay + a;s +---+ a,s" = 0. Its roots are the poles (or eigenvalues) of the system, and
they determine such characteristics as the natural response and the stability of the system.

TFs are simple algebraic expressions. Specifically, differential equations (time-domain models)
are transformed into algebraic relations through the Laplace transform. This is a major advantage
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of the TF approach. Once the analysis is performed using TFs, the inverse Laplace transform can
convert the Laplace results into the corresponding time-domain results. This can be accomplished
with the aid of Laplace transform tables.

Example 6.1

Consider the mechanical oscillator (mass-spring-damper system) shown in Figure 6.1a. Its dynamic
equation is obtained in a straightforward manner (by applying Newton’s second law to the lumped
mass) as my = —by — ky + f(t) or

my + by + ky = ku(t) (6.13a)

where the response (output) y of the mass is measured from its static equilibrium position (so,
the gravitational force is balanced by the initial static force in the spring). Also, the input u(t) is a
“scaled” version of the force applied to the mass, according to

£(t) = ku(t) (6.14)

Note: Alternatively, u(t) may be considered as the displacement “applied” to the base of the
spring only (not the damper, whose base is still fixed to the ground). See Figure 6.1b and also
Problem 6.3. Here, to move the platform, a “displacement actuator” is needed. Then, there will
be a “dependent force” in this actuator (see the broken line in Figure 6.1b), which will be reacted
on the ground.

Take the Laplace transform of the system equation (6.13) with zero ICs

(ms® +bs + k)Y (s) = kU(s)
The corresponding TF is

Y(s) k

o= U(s) - (ms2 +bs+ k)

(6.15a)

Define w; = k/m and 2{w, = b/m where

It is known that undamped natural frequency=w, (the frequency at which the “undamped”
system naturally oscillates—for example, in response to an IC, without a sustaining input), damped
natural frequency=w, = /1-{* o, (the frequency at which the “damped” system naturally oscil-
lates), and damping ratio=¢.

Then, we can write the TF as

o,

o= (s> +28w,s + @)

(6.15b)

@ JORIG

(b) ’—
b
B

b
k :
ACtLlﬁ:ltOI‘ forq_(‘m :
the platform ;

FIGURE 6.1 (a) A damped mechanical oscillator, (b) an equivalent system.

m
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This is the TF corresponding to the displacement output.
If the output of the oscillator is taken as the velocity of the mass, we have

sY(s) so?

sG(s)=——— (6.16)
U(s) (s2 +28w,s + wf)
Similarly, if the output is the acceleration of the mass, the corresponding TF is
2 2..2
RO B 7 P S— 6.17)
Ul(s) (52 + 28w, s + w,f)

Note: The results (6.16) and (6.17) are obtained from the fact that the Laplace transform of the
velocity is sY(s), and the Laplace transform of the acceleration is s*Y(s). See equation (6.7).

In equation (6.17), the numerator order is equal to the denominator order (i.e., m=n=2). This
means, the input (applied force) is instantly felt in the acceleration of the mass, which is intui-
tive as clear from the Newton’s second law and also may be verified experimentally by using an
accelerometer (acceleration sensor) mounted on the mass. The TF (6.17) corresponds to feeding
forward the input directly into the output (as noted before, with regard to the case of m=n) with
zero dynamic delay. For example, this is the primary mechanism through which road disturbances
are felt inside a vehicle compartment that has hard suspensions.

The characteristic equation of the oscillator is

A(s)=s* +2lw,s + 0} =0 (6.18)

LEARNING OBJECTIVES

. Converting an input-output differential equation of a system into a TF

. Natural frequency and damping ratio of a damped mechanical oscillator

. Characteristic polynomial of a system

. Obtaining the TF corresponding to an input force and an output displacement of a
mechanical dynamic system

5. Derivation of the TFs corresponding to related different outputs (displacement — velocity

— acceleration)
6. A situation where the input is directly present in the output (feedforward situation).

A w N —

6.3.1 TRANSFER-FUNCTION MATRIX
Consider the state variable representation (state-space model) of a linear, time-invariant system (see
Chapters 3 and 5):
x= Ax+ Bu (6.192)
y=Cx+ Du (6.20a)

where x(f) is the nth-order state vector; u is the rth-order input (excitation); and y is the mth-order
output (response) vector. This is a multi-input multi-output (MIMO) system. The corresponding TF
model relates the output vector y to the input vector u. We will need mxn TFs, or a transfer-function
matrix, to represent this MIMO system.

To obtain an expression for the TF matrix, we first apply Laplace transform to equations (6.19)
and (6.20), with zero ICs for x. We get

sX(s) = AX(s) + BU(s) (6.19b)

Y(s) = CX(s)+ DU(s) (6.20b)
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From equation (6.19b), we have
X(s)=(sI — A" BU(s) (6.19¢)

in which I is the nth-order “identity matrix” (a matrix with 1s as its diagonal elements and Os for all
other elements). By substituting equation (6.19¢) into (6.20b), we get the TF relation

Y(s)=[C((sT - A B)+ D |U(s) (6.21a)
or
Y(s) = G(s)U(s) (6.21b)
The TF matrix G(s) is an mxn matrix given by
G(s)=C((sI- A)"'B)+ D (6.22a)

In most practical systems with dynamic delay, the excitation u(?) is not directly fed forward to the
response y; and as a result, it is not instantaneously felt in the response y. Then we have D=0, and
equation (6.22a) becomes

G(s)=C(sI-A)"'B (6.22b)
The characteristic equation of the system is
Det(sI — A" =0 (6.23)

Examples are presented now to illustrate the conversion of a time-domain (differential-equation)
model into a transfer-function (matrix) model.

Example 6.2
Let us consider again the damped oscillator of Example 6.1, given by

¥+ 200,y + o5y = o;u() (6.13b)
Define the state variables as

e=[n w] <[y 5T

where y=position and y=velocity. Then, a state model for the system may be expressed as

| o 1 0
X = —? 2w, X+ 2 u(t)

If we consider both displacement and velocity as outputs, we have
y=x

Note: In this example, the output gain matrix (measurement matrix) is the identity matrix: C=1I.
Also, there is no direct feedforward of the input to the output. Hence, D=0. From equation
(6.21a), we get
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X(s) = ¥(s) = s -1 B 0 U
()=Y(s)= 0 s+2o, ? (s)
1 s+2lw, 1 0
- - U
(s2+2§wns+wf)l -2 s :l[ o, :I ®

S S R (i
B (s2 +20w,s + w,f) s}

n

We observe that the TF matrix of the system is

@2 /A(s)

G =
© sy [A(s)

The characteristic polynomial of the system is A(s) = s* + 2w, s + ®; and the characteristic equa-
tion is A(s) = s* + 2w, s + w; =0.

Note: This result can be further verified by using equation (6.23).

The TF matrix in the present example is in fact a column vector. The first element in G(s) is the
displacement-output TF, and the second element is the velocity-output TF. These results agree
with the expressions obtained in Example 6.1.

Now, let us consider the acceleration j as an output and denote it by y,. It is clear from the
system equation (6.13b) that

y3 = 5=-200,y - 0,y + oyu()
or in terms of the state variables
y3 ==28w,x; — Wp x; + O u(t)

This output explicitly contains the input term. This is a direct “feedforward” situation, which
implies that the matrix D becomes non-zero when acceleration ¥ is chosen as an output. In this
case, by substituting (i), we get

2 2
Y (8) = —200, X, (5) — 02X, (5) + 02U (s) = 20w, “ 2 U(s) — 02 ~2U(s) + 02U (s)
A(s) A(s)
This simplifies to
2
Y (s) = —20, X, (5) — 02X, (5) + 02U (s) =~ U (s)
A(s)

This agrees with the acceleration-output TF obtained in Example 6.1.

LEARNING OBJECTIVES

1. The vector-matrix approach to converting an input-output differential equation of a
system into a state-space model and then into a TF

2. Characteristic polynomial and characteristic equation of a system

. Derivation of the TFs of related outputs (displacement — velocity — acceleration)

4. Asituation where the input is directly present in the output (feedforward situation).

S8}

Modeling of Dynamic Systems with Engineering Applications
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6.4 FREQUENCY DOMAIN MODELS

The TF of a device is given by output/input of device. As presented previously, if the output and
the input are expressed in the Laplace domain (i.e., by the Laplace transforms of the correspond-
ing time-domain signals), we have the Laplace TF. Alternatively, if the output and the input are
expressed in the frequency domain (i.e., by the Fourier transforms of the corresponding time-
domain signals), we have the FTF. Specifically, in the frequency domain

Fourier transform of output

Frequency transfer function = - -
Fourier transform of input

FRF is another name for FTF. Laplace TF and Fourier (frequency) TF are completely equivalent and
reversible through the change of variables s = j®.

Frequency-domain representations are particularly useful in the analysis, simulation, design,
control, and testing of electro-mechanical systems, and generally, multi-physics systems. The signal
waveforms encountered in such systems can be interpreted and represented as a combination of
sinusoidal components (i.e., a Fourier spectrum). In particular, any periodic signal can be repre-
sented as a summation of sinusoidal (harmonic) components, which forms the Fourier series expan-
sion. Such periodic excitations are used, for example, in dynamic testing (vibration testing, shaker
testing) of products and equipment. Usually, by testing, it is easier to determine the frequency-
domain models than the associated time-domain models.

6.4.1 FrReQUENCY TRANSFER FUNCTION (FREQUENCY RESPONSE FUNCTION)

Consider the time-domain system (6.11) whose TF (in the Laplace domain) is given by equation
(6.12). The corresponding FTF is obtained by substituting s = jw in (6.12). This fact can be easily
shown, as presented next.

6.4.1.1 Response to a Harmonic Input

Suppose that the input to a system is harmonic (sinusoidal). This input can be expressed in the
complex form

u=u,e’ =u,(coswt + jsinwr) (6.24)

Note: Mathematically, we can always use a “complex” input. Then, the response of the actual (real)
system is obtained from either the real part or the imaginary part of the analytical response, which
corresponds to the real part and the imaginary part of the “complex” input. A complex signal has
the exponential form (6.24), which is easier to analyze than either the cosine signal or the sine signal
(because the derivative of a cosine is a sine, the derivative of a sine is a cosine, and the derivative of
an exponential is an exponential of the same form).

On applying the input, eventually, the response of the system will settle down (i.e., steady state
will be reached). Then, the output (response) of the system will also be harmonic, at the same fre-
quency (), and given by

y = y,e’” = y,(coswt + jsinwt) (6.25)
By substituting equations (6.24) and (6.25) into (6.11) and canceling the common term e’ we get
. m . m—1
— bm (](O) + bm—l (.]w) - + + bO u (6263)
a, (]w)n +a,- (]w)’l +--t+a
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or

Yo = G(jO)u, (6.26b)

jot

(Note: = jwe’™)
Hence, it is seen that G(jw) in equation (6.26) is obtained precisely by substituting s = jo in
(6.12). Specifically, the FTF or the FRF is given by

G(j) = G(s) |y jo = LT DU+ 4 b ()" 6.272)
ap+a(jo)+---+a,(jo)

Note: Angular frequency variable (rad/s) is @ = 2nf, where f=cyclic frequency (Hz).

The meaning of the FRF is clear from equation (6.26a). When a harmonic input of frequency @
and amplitude u, is applied to a system (linear, time-invariant), its output at steady state will also
be harmonic at frequency w. However, the amplitude will be magnified by the magnitude of G(jw)
and the phase angle will change by the phase angle of G(jw).

Further interpretation of the FRF G(jw) can be given because Fourier transform and Laplace
transform are directly related (as discussed before). Hence, Fourier results can be obtained directly
from the Laplace-domain results, simply by substituting s = jw. Accordingly, the Laplace result
(6.12) has the frequency-domain (Fourier) result

YUD) _ Gj0) = G5) I, jom 20T U Tt b (GO (6.27b)
U(jw) ao +a(jo) + -+ a,(jo)

G(jw)=

where Y (jw) = F y(t) andU(jw) = F u(t) with F denoting the Fourier transform operator. In other
words, FRF is obtained by dividing the Fourier spectrum of the output by the Fourier spectrum of
the input.

6.4.1.2 Magnitude (Gain) and Phase
Let us denote the magnitude of G(j®) by

G(jw) =M (6.28a)
and the phase angle of G(jw) by
LG(jo)=¢ (6.28b)
Then we can write
G(jw) = Mcos¢+ jMsing = Me”* 6.27¢)

Now by combining (6.24) and (6.25) and (6.27c), we have
y = u,Me’*? (6.29)

We summarize the following observations on the harmonic response of a system.
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OBSERVATIONS

1. The FRF is given by

_ Y(jow) _ Fourier spectrum of the output

G(jw)

U( j®)  Fourier spectrum of the input
2. The FTF is obtained by substituting s = jw into the Laplace TF

Gljw) = G(s)|._; by + b (jo)+--+ b, (jo)"
’ T ay+a(jo)++ 4, (o)

When a harmonic input of frequency w is applied to the system, at steady state

1. The output is magnified by M =|G(jo)|
2. The output has a phase lead wrt the input of ¢ = ZG(jw).

Note: For practical systems, typically, the phase lead ZG(jw) is negative; that is, the output typi-
cally lags the input.

These observations further confirm that G(jw) constitutes a complete model for a linear, con-
stant-parameter system (as does G(s)).

6.4.2 Bobe DiAGRAM (BobDE PLOT)

We have established that the FTF G(jw) is a complete model of a (linear time-invariant) system.
In general, FRF is a complex function of frequency w, which is a real variable. Hence, the FRF
has a magnitude and a phase angle, or a real part and an imaginary part, expressed as a function of
frequency.

Experimental determination of G(jw) can be done in several ways. One straightforward method
is indicated by the result (6.28):

Step 1: Decide on the frequency range of interest [a)s,a)g ] Set w = w,

Step 2: Apply a harmonic (i.e., sinusoidal) excitation of known amplitude to the system, at
frequency w and measure the amplitude and the phase change of the output (response), at
steady state

Step 3: Increment the excitation frequency by a small step (A®) according to ® = @ + A®.
If > w,, go to Step 4. Otherwise, go to Step 2

Step 4: For each frequency, compute (a) gain ‘G( j®)|=[output amplitude]/[input amplitude];
(b) phase lead Z G(f)=[phase angle of output] —[phase angle of input]

Either a sine-sweep or a sine-dwell excitation may be used in this test. The frequency of excitation
is varied continuously in a sine sweep and in steps in a sine dwell. The sweep rate should be suf-
ficiently slow, or the dwell times should be sufficiently long, to achieve the steady-state response in
each measurement, in these methods.

An alternative method of determining G(j®) is by using the Fourier transform according to
equation (6.27b). The associated steps are as follows:

Step 1: Apply a transient excitation u(f) that has all the frequency components of interest, to
the system, and measure the output (response) y(f)

Step 2: Compute the Fourier spectrum Y (j®) of y(¢) and the Fourier spectrum U(jw) of u(t)

Y(jo)

U(jo)

Step 3: Compute the FRF according to G(jw) =
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The analytical FRF or the dynamic test results are usually presented as the pair of curves
G(jw)| versus
ZG(jw) versus @

with the log scales for both the magnitude axis (e.g., in decibels or 201og;,()) and the frequency axis
(e.g., in decades, which are multiples of 10; octaves, which are multiples of 2; one-third octaves,
which are multiples of 2'"*). This pair of curves is called the Bode plot or the Bode diagram.

Note: A linear scale is used for the phase angle axis.

Example 6.3

The TF of a dynamic system is given by G(s) = BCh
(s* +4s+16)
a. Tabulate the values of the magnitude G(ja))| and the phase angle ZG(jw) for about 6
points of frequency in the range w =0to w =35
b. Plot the Bode diagram using MATLAB®.
c. If the system (G) is given the sinusoidal input u = 2 cos 2¢, what is the corresponding out-
put at steady state?

Solution

By setting s = jw, we get the FTF

. jo+3 .
G(jo)=——"—FF— i
U= 160 +4jo v
Hence,
) 3+’ ,
G(](D)‘Z — (i)
(16-w?) +16w’
and
ZG(jo)=tan™ D _tan! for w <4
3 16— w*
(iii)
) o
=tan g—n+tan 5 forw >4

Note: When w>4, the real part of the denominator of the FTF (i) is negative (and the imaginary
part is positive). Hence, the denominator term is in quadrant 2 of the complex plane. The denomi-

. 4o

3 . This has to

nator phase angle=n— [phase angle obtained by using +ve real part|=m — tan”

be subtracted from the numerator phase angle (tan'1 %), to get the overall phase angle of G(jw).

This gives the second part of equation (iii).

@

Frequency @ 0 1 2 3 4 5 [+
Magnitude |G(jo)| 3/16 0.204 0.25 0.305 0.3125 0.266 0
(dB) (-14.5) (-13.8) (-12) (-10.3) (-10.1) (-11.5) (—o0)

Phase ZG(jw) (degrees) 0 3.5 0 -14.7 -36.8 —55.2 -90
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Bode Diagram

Magnitude (dB)

Phase (deg)

Frequency (rad/s)

FIGURE 6.2 Bode plot using MATLAB®.

(b)
The Bode curves may be obtained using the following MATLAB commands:

1 3];

1 4 16];
num, den) ;
G), grid

>> num=
>> den=
>> G=tf
>> bode

The resulting curves are shown in Figure 6.2.

©

_jo+3

(16- 0 +4jo)

At w=2rad/s, |G(jw)| = 0.25 and ZG(jw) = 0° = 0 radians

Hence, the steady-state response for an input of u = 2cos2t is y = 2 X 0.25cos(2¢ + 0)
Or, y = 0.5cos2t

FTF of the system is G(jw) =

LEARNING OBJECTIVES

1. Manual computation of the Bode plots of a TF
2. Use of MATLAB to get the Bode curves
3. Determination of the harmonic response of a system using its FTF.

6.4.3 Bobpe DIAGRAM USING ASYMPTOTES

The denominator (characteristic) polynomial of a TF may be factorized into first-order terms of
the form (s + @) and second-order oscillatory terms (s2 +2lw,s + w; ), 0 £ <0. The numerator
polynomial also can be similarly factorized. The Bode plot of each factor (component) can be eas-
ily determined. Then, the Bode plot of the entire TF can be constructed (by using only additions
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and subtractions of the component plots, in view of their log scales). The rationale for this is the
following:

1. In a product of complex numbers, the magnitudes multiply and the phase angles add

2. In a quotient of complex numbers, the magnitudes divide and the phase angles subtract

3. Since a log scale (dB) is used for the magnitudes, the multiplications and divisions of the
magnitudes are “transformed” into additions and subtractions.

An advantage of the log scale for magnitude is that the Bode diagram for a product of several TFs
can be obtained by simply adding the Bode plots for the individual TFs. In this manner, the Bode
plot of a complex system can be conveniently obtained with the knowledge of the Bode plots of its
components.

Note: In a Bode plot, a linear scale is used for the phase angle. Hence, the component phase
angles also add (or subtract).

When a log scale is used, it emphasizes the lower values in the range. The x-axis (frequency axis)
of the Bode plot is marked in units of frequency, which may be incremented by factors of 2 (octaves)
or factors of 10 (decades). Typically in a Bode plot, the frequency axis is scaled in decades. This is
a linear log, scale. The amplitude axis is given in decibels (dB), which is also a log;, scale, specifi-
cally 201log;o( ) in decibels (dB).

Note: 201og;o( ) = 101log;o( )*. Since power and energy are represented by the square of a signal
such as voltage, current, velocity, and force, it is clear that 10dB corresponds to a power (or energy)
increase by a factor of 10 or a signal increase by a factor of /10. Similarly, 20dB corresponds to a
signal increase by a factor of 10 or a power increase by a factor of 100.

The exercise of sketching a Bode diagram may be further simplified by first sketching the
asymptotes of the elementary terms (s + a) and (s2 +28w,s + a),%), 0<{ <0 and then approximat-
ing the actual curves to approach the asymptotes in the limit. This approach is illustrated now using
examples.

Example 6.4

Sketch the Bode plot of the TF [output speed/input voltage] of an armature-controlled dc motor,

. K
given by G(s) = s+ D)

where

K = gain parameter (depends on motor constants, armature resistance, and damping)
7 = time constant (depends on motor inertia, motor constants, armature resistance, and
damping).

Solution

This is a first-order system. The FTF corresponding to the given TF is

K I K .
G(jw)= I or G(j2mf) = Canf 1) (i)

Here w is the angular frequency (in rad/s) and f is the cyclic frequency (in cycles/s or Hz).

Note: The complex functions G(jw) and G(j2nf) may be denoted by G(w) and G(f), respec-
tively, for notational convenience (even though contrary to strict mathematical meanings).

The numerator term in the TF is a constant. The asymptotes for the numerator and the denomi-
nator of the TF are determined now. First, we define the critical frequency (break frequency)
where the real part and the imaginary part of the considered factor are equal:
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fo = (ii)
When f << f, : G(f) =K (iii)

The corresponding magnitude is K (or 201og;o K dB). This asymptote is a horizontal line as shown
in Figure 6.4. The phase angle of this asymptote is zero.

When f>> f, : G(f) = — (iv)
Tj2nf

The magnitude of this function is K/(z2xf). It monotonically decreases with frequency. If decibel

scale (i.e., 201og;o () dB) is used for the magnitude axis and decade scale (i.e., multiples of 10) for

the frequency axis, the slope of this asymptote is 20 dB/decade. The phase angle of this asymp-

tote is 90°.

The two asymptotes intersect at f = f,. This frequency is the break frequency (or the corner
frequency).

Note: Since a significant magnitude attenuation takes place for input signal frequencies greater
than f, and in view of the fast decay of the natural response for large f;, it is appropriate to con-
sider f;, given by equation (ii), as the limiting frequency for the frequency response, a measure of
the bandwidth, for a dc motor.

The asymptotes are drawn and the approximate Bode plots are sketched based on them (so as
to approach them in the limit) as shown in Figure 6.3.

Suppose that a sinusoidal signal is used as the input test signal to the dc motor. As the input
frequency is raised, the output amplitude decreases and the phase lag increases, as confirmed by
the Bode plot.

20l0g,|G(/)] |,

Asymptote
slope =0 dB/decade
20log,, K —4 — — Asymptote
N slope = -20 dB/decade

~ \A/

m

= 0 - 2 >

é A Frequency f

&
= Corner Frequency
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A
£G(f)
=1/ (27[1)
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g
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g 4
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FIGURE 6.3 Bode diagram of a dc motor transfer function.
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Note 1: Similarly, it can be shown that for a TF “numerator” component of the form
G(s)=K(ts +1), the second asymptote (beyond the break point of @, =1/7) of the magnitude
(gain) will have a positive slope of +20 dB/decade, and the asymptote of the corresponding phase
angle will be a constant at +90°.

Note 2: The advantages of using a log scale for frequency are the fact that a wide range of fre-
quencies can be accommodated in a limited plotting area, and that asymptotes to the magnitude
curve become straight lines with slopes differing by fixed increments (by £20 dB/decade if the
decibel scale is used for magnitude and the decade scale is used for frequency).

LEARNING OBJECTIVES

. The use of asymptotes to sketch a Bode plot

. The use of log scales in a Bode plot

. Break frequency, corner frequency, and bandwidth of a simple TF

. The asymptote slope of a first-order factor in the denominator is 20 dB/decade
. The asymptote slope of a first-order factor in the numerator is +20 dB/decade.

U1 A W N =

Example 6.5
Consider a damped oscillator, which has the FTF:

K
(wf -0+ Zijna))

G(jo)= 0<¢<l )

Note: This is an underdamped system, with its damping ratio { less than 1. For it to have a reso-
nance, we need 0 <{ < 2.

The break point for the asymptotes is the undamped natural frequency ®,.

For w << w,, the FTF (i) can be approximated by the static gain (i.e., the zero-frequency
magnitude)

Gjw) = g (i

This is a real TF. Its magnitude is a constant, and hence, the slope of its Bode plot is zero. The
phase angle is zero as well, in this region (because the FTF is real and +ve). The corresponding
gain and phase asymptote pair (for @ =0 to ®,) are shown in Figure 6.4a.

For @ >> m,, the FTF (i) can be approximated by

G(jo) = —g (i)

K %)
-401o dB
KU ] glo ( wo )

Note: K and @ are non-dimensionalized because, mathematically, it is not correct to obtain
the logarithm of a dimensional quantity. An important observation, however, is that when the
frequency changes by 1 decade (i.e., when w/w, =10), the magnitude of this expression changes
by —40dB.

Hence, the slope of this asymptote is —40 dB/decade. Since (iii) represents a negative real quan-
tity, its phase angle is —180°. The corresponding gain and phase asymptote pair (for ® = @, to o)
are shown in Figure 6.4a.

For the sake of completion, the Bode plot of the damped oscillator, as obtained using MATLAB,
is shown in Figure 6.4b.

In this region, the magnitude in decibels is 20 logm(
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FIGURE 6.4 Damped oscillator: (a) asymptotes of Bode plot; (b) Bode plot using MATLAB.

LEARNING OBJECTIVES

1. Use of asymptotes to sketch a Bode plot

2. The asymptote slope of a second-order factor in the denominator is —40 dB/decade

3. Special consideration in Bode sketching near a resonance (in an underdamped system)
4. Further understanding of decibels (dB) and decades (frequency multiples of 10).
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6.5 MECHANICAL IMPEDANCE AND MOBILITY

Impedance is a TF, which is useful in both mechanical and electrical systems. However, mechani-
cal impedance is not directly analogous to electrical impedance. It is the mobility, which is the
inverse of mechanical impedance that is analogous to electrical impedance. Mechanical impedance
is analogous to electrical admittance. Specifically, electrical impedance and mechanical mobility
are A-type TFs (across-variable/through-variable) or, generalized impedances. Mechanical imped-
ance and electrical admittance are T-type TFs (through-variable/across-variable). In view of the
existing analogies (particularly, the force-current analogy, as used in linear graphs), which have
been studied in Chapter 5, similar treatments are possible concerning analogous TFs in mechanical
and electrical systems. Several relevant topics are addressed next. Of course, in view of the “unified
approach” that is used in this book, the same concepts can be directly extended to other physical
domains (fluid and thermal, in particular) as well.

6.5.1 TRANSFER FUNCTIONS IN MECHANICAL SYSTEMS

The use of the FTF as a dynamic model has been addressed in the previous sections. Its significance
can be illustrated by considering again the damped mechanical oscillator (i.e., a single degree-
of-freedom mass-spring-damper system) shown in Figure 6.1. Its force-displacement TF, in the
frequency domain, is

G(jw) = m with s = jo (6.30)
in which m, b, and k denote mass, damping constant, and stiffness, respectively. When the excita-
tion frequency  is small in comparison to the system’s undamped natural frequency @, = k/m,
the terms ms* and bs can be neglected with respect to k, and the system behaves as a simple spring.
When the excitation frequency @ is much larger than the system natural frequency, the terms bs and
k can be neglected in comparison to ms>. In this case, the system behaves like a simple lumped mass.
When the excitation frequency o is very close to the natural frequency (i.e., s = jo = jo, = jvkim),
it is seen from (6.30) that the term ms® + k in the denominator of the TF (i.e., the characteristic
polynomial) becomes almost zero and can be neglected. Then the TF can be approximated by

. 1
G(jw) b’
In summary:

1. When the excitation frequency approaches the resonant frequency or natural frequency
(i.e., for intermediate values of excitation frequencies), system damping becomes the most
important parameter. Then the system behaves like a damper, and the largest response

. . 1
occurs at the resonant frequency. Specifically, we have As w = ®,, G(jow) — FepN
j@

2. At low-excitation frequencies, the system stiffness is the most significant parameter. Then

the system behaves like a spring, giving a somewhat “static” response. Specifically, we

have Asw — 0, G(jw) —>%

3. Athigh-excitation frequencies, the mass is the most significant parameter. Then the system
behaves like a mass, and its response tends to zero (i.e., it is very difficult for a mass to

1
move at very high frequencies). Specifically, we have As @ — o, G(jw) — — -0
m

wz

Note: In these observations, instead of the physical parameters m, k, and b, we could use natural
frequency ®, =+k/m and the damping ratio { = b/ (2\/mk) as the system parameters. Then the
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number of the system parameters reduces to two, which is an advantage in parametric and sensitiv-
ity studies.

6.5.1.1 Mechanical Transfer Functions

Any force variable or motion variable of a system may be used as the input and the output in defin-

ing an “analytical” TF in a mechanical system. However, some such “analytical” TFs may not be

physically realizable (Then, for practical purposes, the input and the output must be reversed, and

the inverted TF should be used). We can define several versions of FTFs that may be useful in the

modeling and analysis of mechanical systems. Some relatively common ones are given in Table 6.1.
Furthermore, we have established the following facts in the frequency domain:

Acceleration = (jw) X (Velocity)
Displacement = (Velocity) / (j)

In view of these relations, it can be shown that many of the alternative types of TFs defined in
Table 6.1 are related to the mechanical impedance and mobility through the factor jw. Specifically,

Dynamic Stiffness = Force / Displacement = Mechanical Impedance X j®
Receptance = Displacement / Force = Mobility / (jw)
Dynamic Inertia = Force / Acceleration = Impedance / (j®)

Accelerance = Acceleration / Force = Mobility X jo

In these definitions, the variables force, acceleration, and displacement should be interpreted as the
corresponding Fourier spectra and not functions of time.

6.5.1.2 Mechanical Impedance and Mobility

In studies of mechanical systems, three types of FTFs are particularly useful. They are Mechanical
Impedance, Mobility, and Transmissibility, as presented in Table 6.1. In a mechanical impedance
function, velocity is considered the input variable and the force is the output variable, whereas
in a mobility function, the converse applies. It is clear that mobility is the inverse of mechani-
cal impedance. Either TF may be used in the “analysis” of a given problem, for convenience of
analysis, as will be clear from the examples presented in this chapter. However, in the context of
practical application, some TFs may not be physically realizable (even though they have analytical
expressions).

TABLE 6.1

Definitions of Useful Mechanical Transfer Functions

Transfer Function Definition (in Laplace or Frequency Domain)
Dynamic stiffness Force/displacement

Receptance (dynamic flexibility or compliance) Displacement/force

Mechanical impedance (Z) Force/velocity

Mobility (M) Velocity/force

Dynamic inertia Force/acceleration

Accelerance Acceleration/force

Force transmissibility (7)) Transmitted force/applied force

Motion transmissibility (7, Transmitted velocity/applied velocity
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6.5.2 INTERCONNECTION LAws

Once the TFs of the basic components (elements) of a system are known, the interconnection laws
may be used to determine the overall TF of the system. Two types of interconnection are possible
for two components:

1. Series connection
2. Parallel connection.

Determination of the interconnection laws is straightforward in view of the fact that:

1. For series-connected elements, the through-variable is common and the across-variables
add

2. For parallel-connected elements, the across-variable is common and the through-variables
add.

6.5.2.1 Interconnection Laws for Mechanical Impedance and Mobility

Since mobility is given by an across-variable (velocity) divided by a through-variable (force), it is
clear (on dividing throughout by the common through-variable) that for series-connected elements,
the mobilities add (or, the inverse of mechanical impedance is additive) or generalized impedances
add.

Since mechanical impedance is given by a through-variable (force) divided by an across-variable
(velocity), it is clear (on dividing throughout by the common across-variable) that for parallel-con-
nected elements, the mechanical impedances add (or, the inverse of mobility is additive).

These interconnection laws are presented in Table 6.2.

6.5.2.2 Interconnection Laws for Electrical Impedance and Admittance
Since electrical impedance is given by

Across-variable (voltage)

Electrical Impedance = - )
Through-variable (current)

TABLE 6.2
Interconnection Laws for Mechanical Impedance (Z) and Mobility (M)
Series Connection Parallel Connection
S fi
—— Z > 2 ’ _’_E
M M 5 M
1 2 2
Vi %)
v M,
\4
%
V=1t f=f+h
ron» S_h_F
f f f A
M=M+M, Z=72+272,
LI S e 2 Lo oy MM
V4 Z, Z, Z\+7Z, M M, M, M+ M,
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TABLE 6.3
Interconnection Laws for Electrical Impedance (Z)
and Admittance (W)

Series Connections Parallel Connections

v=v+V, i=0+i

it is clear (on dividing throughout by the common through-variable) that for series-connected ele-
ments, the electrical impedances add (or, the inverse of admittance is additive).
Since admittance is given by

. . Through-variable (current)
Electrical Admittance =

Across-variable (voltage) ~

it is clear (on dividing throughout by the common across-variable) that for parallel-connected ele-
ments, the admittances add (or, the inverse of electrical impedance is additive). These interconnec-
tion laws for electrical systems are presented in Table 6.3.

6.5.2.3 A-Type Transfer Functions and T-Type Transfer Functions
Electrical impedance and mechanical mobility are “A-Type TFs” because

. A -variabl
A-type Transfer Function = [Across-variable]

[Through-variable]

They follow the same interconnection laws (compare Tables 6.2 and 6.3).
Electrical admittance and mechanical impedance are “7T-Type TFs” because

T-type Transfer Function = [Through-variable]

[Across-variable]

They follow the same interconnection laws (compare Tables 6.2 and 6.3).

6.5.3 TRANSFER FUNCTIONS OF BAsIC ELEMENTS

Since a complex system can be formed through series and parallel interconnections of basic ele-
ments, it is possible to systematically generate the TF of a complex system by using the TFs of the
basic elements and the appropriate interconnection laws.

In Chapter 2, the linear constitutive relations for the mass, spring, and the damper elements
are presented as time-domain relations. The corresponding TFs are obtained by simply replac-

. - d . .
ing the derivative operator =z by the Laplace operator s. The FTFs are obtained by substituting

jo or j2mf for s. In this manner, the TFs of the basic (linear) mechanical elements, mass, spring,
and damper are obtained, as given in Table 6.4.

Similarly, in Chapter 2, the linear constitutive relations for the electrical capacitor, inductor, and
resistor elements are presented as time-domain relations. The corresponding TFs are obtained by



282 Modeling of Dynamic Systems with Engineering Applications

TABLE 6.4
Mechanical Impedance and Mobility of Basic Mechanical Elements
Element Time-Domain Model Mechanical Impedance Mobility (Generalized Impedance)
M = ms
ass m mﬂ=f Z, =ms Mm=i
dt ms
Spring k
pring L 7= M=
dt s k
Damper b f=bv Z,=b M, = 1
b
TABLE 6.5
Impedance and Admittance of Basic Electrical Elements
Element Time-Domain Model Impedance (2) Admittance (W)
Capacitor C c dv = Zo = 1 We =Cs
dt Cs
Inductor L L di - Z,=Ls W, = 1
dt Ls
Resistor R Ri=v Zp=R W, = %

. - d . .
replacing the derivative operator — by the Laplace operator s. In this manner, the TFs of the basic
dt

(linear) electrical elements are obtained, as given in Table 6.5.

Examples are given next to demonstrate the use of mechanical impedance and mobility meth-
ods in the development of frequency-domain models. In particular, the interconnection of the TFs
(mechanical impedance and mobility) of the basic mechanical elements (mass—an A-type element,
spring—a T-type element, damper—a D-type element), along with the input elements (force source,
which is a T-source, and velocity source, which is an A-source), is demonstrated. We do not pri-
marily consider examples in the electrical domain in the present section mainly because the pres-
ent approach is common knowledge in the field of electrical engineering. In fact, the mechanical
circuits that we use here are analogous to electrical circuits, and they also are the parent schematic
diagrams used in the process of generating linear graphs (see Chapters 5 and 7). Similarly, the pres-
ent approach can be easily extended to the fluid domain and the thermal domain (Note: There is no
T-type element in the thermal domain). That extension is quite straightforward and is not focused
as well, in this chapter. However, the use of TFs (particularly, transfer function linear graphs, or
TFLGs) in all four physical domains and for multi-physics (multi-domain) systems is exclusively
addressed in Chapter 7.

Example 6.6: Ground-Based Mechanical Oscillator

Consider the damped mechanical oscillator shown in Figure 6.5a. This may represent a simple
machine that is mounted on a rigid floor. Its mechanical impedance circuit is given in Figure 6.5b.
This circuit will clearly show the “structure” of the system (i.e., whether the elements are con-
nected in series or parallel).

Note: In the mechanical impedance circuit, we have indicated the two ends (terminals) of each
element. In particular, a mass element always has the ground as the reference terminal (with a
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FIGURE 6.5 (a) Ground-based mechanical oscillator; (b) schematic mechanical circuit; (¢c) mechani-
cal impedance circuit.

virtual connection, indicated by a broken line—see Chapter 5). Also, a source element has the
ground as its reference terminal.

Since the input in this example is the force f(z), the source element is a force source (a through-
variable source or T-source).

The output (response) of the system is the velocity v. The corresponding TF ‘;ij; is a mobility

function.

From Figure 6.5b, it is clear that the four elements (mass, spring, damper, and source) in the
system are connected in parallel. This structure is clear as well from the mechanical impedance
circuit shown in Figure 6.5c.

Note: Analytically, the mechanical impedance representation (rather than the mobility repre-
sentation) is more convenient when combining parallel elements because mechanical impedance
is a T-type TF: across-variable/through-variable), and they simply add in parallel connection. Of
course, it is okay to indicate mobilities in Figure 6.5c and call it a “mobility circuit” Whether a
particular TF is physically realizable is a different issue, which needs to be addressed in the final
result and not in the intermediate analytical steps.
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The overall impedance function of the system is

. 2
ZGay=LY gz w7, =ms+ Ky =TS bt 6.31)
V(jw) s s=jo s s=jo
The mobility function is the inverse of Z(jw)
M(oy=YU® s | (6.32)

F(jo) ms*+bs+k s=jo
It is known that this TF is physically realizable because the numerator order (1) is not greater than
the denominator order (2). This is further confirmed by the physical fact that the input to the sys-
tem is the force and the output is the velocity, and the corresponding mobility function governs
the system behavior. In this TF, the characteristic polynomial is s* + bs + k, which corresponds to
a damped oscillator (a second-order system). Accordingly, the behavior (particularly, the free or
natural response) of the system is governed by this characteristic polynomial.

Another useful TF in the present example is that corresponding to the suspension force f,.

The suspension system has two parallel elements of mechanical impedance, Z, _k and Z, =b.
N
k bs+k

. . L . F,
Their combined mechanical impedance is V:ZA. =Zi+Z,=—+b=
S S

. Combining this

with (6.32), we get

F(jo)  bs+k |
F(jo) ms® +bs+k|

(6.33)

s=jw

In fact, this is the force transmissibility function, which we will further discuss in the next section.

Note: Uppercase letters are used for variables, to denote their Fourier spectra, while lower-
case letters are used to denote time functions. But, often, lowercase letters are used to denote
the Fourier spectra of time functions as well, for analytical convenience, even though the two are
quite different.

Degenerate Situation: Suppose that in this example, the force source (T-source) is replaced by
a velocity source (A-source). Then, as we have discussed in Chapter 5, the three elements (mass
spring and damper) become completely decoupled. Each element can be analyzed separately
where the given velocity source is the input to each element. In fact, with a velocity input, the
mass element becomes physically non-realizable (TF Z,, = ms) and the damping element becomes

“algebraic” having a constant TF Z, = b. In this case, the spring element has the TF Z, = K and is

S
physically realizable. In essence, then, with a velocity input, the system in Figure 6.5 becomes
degenerate and practically useless.

OBSERVATION

Suppose that using a force source, a known forcing function is applied to this system (with zero
ICs) and the velocity response is measured. Next, using a velocity source if we move the mass
exactly according to this predetermined velocity, the force generated at the source (the dependent
variable of the velocity source) will be identical to the originally applied force. This is because
mobility is the reciprocal (inverse) of impedance. This reciprocity should be intuitively clear
because we are dealing with the same system and same ICs. Due to this property, for analytical
convenience, we may use either the impedance representation or the mobility representation,
depending on whether the elements are connected in parallel or in series, irrespective of whether
the input is a force or a velocity or whether the TFs are physically realizable. This will be a matter
of analytical convenience rather than practical importance.

LEARNING OBJECTIVES

1. Use of the concepts of mechanical impedance and mobility in frequency-domain
modeling
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2. System structure representation using a schematic mechanical circuit or a mechanical
impedance/mobility circuit

3. Determination of the system TF using the element TFs and the system structure (series or
parallel connection)

4. Physical realizability of a TF.

Example 6.7: Oscillator with Support Motion

Consider the system shown in Figure 6.6a, where a mass-spring-damper system is supported on
a movable platform. This may represent a simple (1-D) model of a vehicle or an elevator. In this
example, the motion of the mass m is not associated with an external force. The support (platform)
velocity v(¢) is provided by a “velocity actuator,” the input (an A-source), with the associated force
f, which is the dependent variable of the actuator (see the broken line). This “dependent force”
will be reacted on the ground.

A schematic mechanical circuit for the system is shown in Figure 6.6b and the corresponding
impedance circuit is shown in Figure 6.6¢c. These circuits clearly indicate that the spring and the
damper are connected in parallel, and the mass is connected in series with this pair. By imped-
ance addition for parallel elements, and mobility addition for series elements, it is seen that the
overall mobility function of the system is

. 2
V(].w): - L B | _ms +bs+k| 6.34)
F(jw) (Zv+2,) ms  (kls+b) o Msbs+k) |
b
@ (b)
]\ v
Vi m
m I
k - b
k L !
= ' Velocity
j w(?) i (o) Source
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FIGURE 6.6 (a) A mechanical oscillator with support motion; (b) schematic mechanical circuit; (c)
mechanical impedance circuit.
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However, since we know that the input is the velocity v(z), the proper TF is the mechanical imped-
ance function

F(jo)  ms(bs+k) |

= 6.35
V(jo) ms>+bs+kl_, (6.35)

Furthermore, since the same force goes through to the mass element (see the circuit diagrams in
Figure 6.6), we have

Vigo) _ 1] 6.36)
F(jo) ms|_; '

jo

A practically more useful TF is the one that uses the velocity of the mass (v) as the output. The
corresponding TF is obtained by combining (6.36) with (6.34). We get

Vi(jo) _ (bs+k) |
V(jo) ms® +bs+kl_,

(6.37)

Clearly, this TF is physically realizable. In fact, this is the motion transmissibility function, which
we will further discuss in the next section. It is interesting to note that this TF is identical to that
given by (6.33) (the expressions are the same but the meanings are different).

Note: If the force at the support (platform) is the input (a force source, which is a T-source), it
is clear that the same input force (f) goes through the combined spring-damper unit and the mass
element. Then, the spring-damper unit becomes completely uncoupled from the mass element,
and they may be treated as two independent modules with input f applied separately. This situa-
tion is problematic for several reasons, as listed below:

1. Consider the mass element as an uncoupled unit. The corresponding TF is the mobility

Vi(jo)

(jo)
fis applied to the mass, it will accelerate in proportion, regardless of the behavior of the
other components (spring and damper) in the system. In particular, when f is constant, a
constant acceleration is produced at the mass, causing its velocity to increase linearly (a
behavior of simple “integration”). This is an “unstable” device (such as a solid rocket)

2. If the support (platform) velocity is considered as the output, the system TF is given by

. 2
V({w) =" +bs+k‘ . In theory, this is physically realizable
F(jo) ms(bs+k) —jo
(because the numerator order is not greater than the denominator order). However, the
characteristic polynomial of the system is ms(bs + k), which is known to correspond to
an inherently unstable system, due to the presence of the free integrator, and has a non-
oscillatory transient response.

function . This is a simple integrator, as given by (6.36). Physically, when a force

the inverse of (6.35):

Note: Uppercase letters are used here for the variables to denote their Fourier spectra.

LEARNING OBJECTIVES

1. Use of the concepts of mechanical impedance and mobility in frequency-domain
modeling

2. System structure representation using a schematic mechanical circuit or a mechanical
impedance/mobility circuit

3. Determination of the system TF using the element TFs and the system structure (series or
parallel connection)

4. Proper inputs, proper TFs, and physical realizability.



Frequency-Domain Models 287

Example 6.8

a. Give four ways how impedance information of the associated devices can be used in
procedures of instrumentation of an engineering system. Explain why it is the mobility
of a mechanical device that is analogous to the electrical impedance of an electrical
device.

b. Human eyeball is manipulated by eye muscles (see Figure 6.7a). This ability of eye move-
ment is affected by various health conditions and can be used to diagnose those condi-
tions. A pulley model is commonly used to represent the associated dynamics. In this
model, a muscle is modeled by a spring and a damper, with an actuator to move the
muscle, and the eyeball is modeled as a rigid rotatory inertia.

Consider only a single degree of freedom of eye movement, modeled as in Figure 6.7b.
In this model, the passive component and the active component of an eye muscle are
separately represented. The following model parameters are given:
k=muscle stiffness (i.e., force per unit rectilinear deflection)
b=muscle damping constant (i.e., force per unit rectilinear velocity)
J=moment of inertia about the central axis of rotation of the eyeball (pulley)
r=eyeball radius.

The following variables are defined:
o.=angular speed of the pulley (eyeball), which is the model output
ro,=rectilinear speed of the active muscle movement.

Note: , is the model input, which has the same units as @,.

i. Taking w, as the model input and @, as the model output, sketch a mobility circuit
for the model in Figure 6.7b, while representing various elements in the model as
mobility blocks. Give expressions for the element mobilities (indicated within the
blocks) in terms of the given model parameters.

ii. Determine the input mobility and the output mobility of the circuit in terms of the
given parameters and the Laplace variable s.

Eye Muscles Eyeball

(b)

b

Active component of
muscles

Passive component of
muscles

FIGURE 6.7 (a) Human eyeball and eye muscles; (b) a single-degree-of-freedom pulley model of eyeball
and eye muscles.
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Solution

(@)

The impedances of the interconnected components will determine: 1. the amount of power
transferred to a load; 2. the efficiency of power transfer; 3. how much of a signal is transmitted
through an impedance discontinuity, due to signal reflection; and 4. the level of loading from one
component on to another connected component. Proper instrumentation procedures are able
to adjust (match) component impedances so as to 1. maximize the amount of power transfer; 2.
maximize the efficiency of power transfer; 3. reduce the loading, by making the input impedance
of the connected second component larger than the output impedance of the first component;
and 4. avoid the signal reflection at a junction of two components (an impedance discontinuity),
by making the component impedances equal.

li loci A -variabl
Mobility = Generalized Velocity  Across-variable

Generalized Force Through-variable

Voltage  Across-variable

Electrical Impedance = = -
Current  Through-variable

Hence, the two are analogous, and they will provide analogous circuit structures (i.e., paral-
lel mechanical-component connections «—— parallel electrical-component connections; series
mechanical-component connections «— series electrical-component connections).

(b)

(M

First, we observe from Figure 6.7b that all the passive elements are in parallel because the
velocity (the across-variable) is common (the same) for these elements (Note: An inertia element
always has an inertial/ground reference). The two active elements are also parallel on their own
(separately), for the same reason (i.e., their velocity is common).

In the mobility circuit, we must show the proper input (@,) and proper output (@,). The cor-
responding mobility circuit is shown in Figure 6.8a.

Note: Actually there are two passive springs in parallel, which we have combined (with an

equivalent stiffness 2k) and there are two passive dampers as well in parallel, which we have
combined (with an equivalent damping constant 2b).
Note: Since angular velocity is the across-variable in this circuit, torque is the through-variable
(just like using translatory velocity and force in the translatory case). So, we need to know the
torque corresponding to each mobility element in the circuit, in order to determine the corre-
sponding mobility expression.

. . 1
Inertial torque of / is Jsw, - M, = m
s

Note: sw, is angular acceleration, in the Laplace domain.

1
Torque from damper 2b is 2brw, X r = 2br’w, — M, =

2br?
2 2
Torque from spring 2k is 2kr D sr= kr 0, - M, = %
s s 2kr

Note: — is angular displacement (rotation), in the Laplace domain.
N

Similarly,
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(a) (b)

Passive part Active part of
Output of muscles  Eyeball
o

,

muscles Overall Overall

), passive active
Ou(t)put part part
o [ \
e
MP Ma

I
I-

@, M

289

FIGURE 6.8 (a) The mobility circuit of the system. (b) The reduced mobility circuit. (c) Mobility circuit with

output short-circuited.

(i)

The parallel mobilities add in inverse (just like parallel electrical impedances). The mobility
circuit can be reduced by using this fact, as shown in Figure 6.8b.

The corresponding mobilities are governed by the following relations:

1 1 kr? v
e s st2br? 4
Mp M] Mb Mk N
2 (i)
L: 1 + 1 :br2+kL
Ma Mba Mka N

Input Mobility:
Maintain the output of the system in open circuit, as shown in in Figure 6.8b.
Angular velocity at the input=w,

. o,
Torque at the input 7, = ————
M, +M,

Input mobility M; = Da M,+M,
T

a
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Substitute (i) and (ii):

2 2 2
b+ s one 4 2
1 1 s s
M = 2w kit 2 kr?
Js + 2br2 + — br2 + — (]s+ 2br2 +7r J(brz + rJ
N ) Ry )

w (Js2 +3br’s + 3kr* )s
e (Js2 +2bris + 2kr2)(bs +k)

Output Mobility:
Angular velocity at the output, in open circuit (see Figure 6.8a; note the velocity divider)

M,
Woe =W, =—— W, (II[)
M, +M,

Maintain the output of the system in short circuit, as shown in Figure 6.8c.

L , .
Short-circuit torque at the output, 7. = M—" (iv)

a

Substitute (iii) and (iv):

MP Ma_ MpMa _ 1
‘o, M,+M, 1/M,+1/M,

_wUC —_

Output mobility M, = =
Tee M,+M,

Substitute (i) and (ii):

1 s
2 4 Ky 2, 2k ST 4 3br s 4 3k
N N

M, =

Example 6.9

a. Figure 6.9a shows a circuit with a resistor of resistance R and a capacitor of
capacitance C.
v;=input voltage
v,=output voltage
Sketch an impedance circuit diagram for it. Using the impedances in the circuit ele-
ments, obtain the TF of the circuit.
b. Figure 6.9b shows the circuit obtained by cascading two circuit modules of that given in
Figure 6.9a. Again,
v;=input voltage
v,=output voltage
Sketch an impedance circuit diagram for this cascaded circuit. Using the impedances in
the circuit elements, obtain the TF of the cascaded circuit.
Comment on the result.
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(@
R

Output
Input
Vi C— TVC
0

(0

Input
v

FIGURE 6.9 (a) A circuit module; (b) cascade circuit. (c) Impedance circuit of the original circuit; (d) impedance
circuit of the cascade circuit.

O

Solution

a. Figure 6.9¢ shows the impedance circuit of the original circuit. The impedances are

ForR:Zz =R (i)

1

S

ForC:Z.= (i)

By voltage division in a series branch, we directly get v, = ﬁ v;. Hence, the TF is

Rt 4c
1
G, =% - Cslz ! (i)
ZR+ZC R+ — RCs +1
Cs

b. Figure 6.9d shows the impedance circuit of the cascade circuit. The impedances in it are

ForR, :Zp =R, (iv)

For R2 . ZR2 = R2 (V)

For C\: Zey = vi)
1 - 4Cl1 ClS

1 .

ForCy :Zcy =— (vii)

CzS
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The combined impedance of the circuit modules beyond Node A (a series connection
then a parallel connection)

ZaxX(Zn+Za) 11 1 L, YZe
Lo Xt la) 1

or—=—+t— =
Zev+Zpo +Zey Zy Zoo ZrotZer Zeoo Zpy)Zer+1

1
Or,—zC.s+i (viii)
ZA R2C2S+l

By voltage division in a series branch, we get the voltage at Node A

Zy

="V (ix)

Va

Again by voltage division in a series branch, and substitution of (ix), we get the voltage
at Node B (which is v,),

_ Zo _ Zeo Z4 _ 1 1
= Vy = .=
Zry + Zcs

v, Vi Vi
(Zko +Ze2) (Zei + Za)  (ZiofZcr +1) (Zri ) Za +1)

Substitute (viii)

1 1
" T (RiCos +1) v
N
2 Rlcs+—% |11
R2C2S+1
Hence, the TF is
1 1 1 1
O = (ReCos +1) T (RiCos +1) RC
S S
. RlCs+—5 |41 i (R1C1s+‘2s+1)
R,Cos+1 R,Crs+1

1 1
(RiCis+1) (RCys +1)
the two cascaded modules were independent. The reason is as follows. In the original
circuit module, the output is in open circuit, and the output current is zero. When the
second circuit module is connected to the first circuit module, the latter is no longer
in open circuit, and an output current is generated. This is called a loading effect. The

, which would have been the case if

Certainly, this is not equal to

RC .
— %28 \as caused by this.

“coupling” term
p g RzCzS +1

6.6 TRANSMISSIBILITY FUNCTION

Transmissibility is another TF that is quite versatile in mechanical systems. Transmissibility func-
tions are TFs that are particularly useful in the design and analysis of fixtures, suspensions of vehi-
cles, and mounts and support structures for machinery and other engineering systems (with moving
parts and inertia, flexibility, and damping characteristics). They are directly applicable in the stud-
ies of vibration isolation (particularly, in relation to engine mounts) and vehicle suspension design.
Two types of transmissibility functions—force transmissibility and motion transmissibility—can
be defined. Due to a reciprocity (or dual or complementary) characteristic of linear systems, it can



Frequency-Domain Models 293

be shown that these two TFs are identical and, consequently, it is sufficient to analyze only one of
them. First we consider both types of transmissibility functions and show their equivalence.

6.6.1 FORCE TRANSMISSIBILITY

Consider a mechanical system supported on a rigid foundation through a suspension system (see
Figure 6.10a). If a forcing excitation is applied to the system (this can be a force generated within the
machine as well, during its operation), it is not directly transmitted to the foundation. The suspen-
sion system acts as an “isolation” device. The force transmissibility determines the fraction of the
forcing excitation that is directly transmitted to the foundation through the suspension system, as a
function of the excitation (force) frequency, and is defined as

Suspension Force F;
Applied Force F

Force Transmissibility 7y = (6.38)

Note: This function is defined in the frequency domain, and accordingly, F; and F should be inter-
preted as the Fourier spectra of the corresponding forces. This is a non-dimensional TF.

A schematic diagram of a force transmissibility mechanism is shown in Figure 6.10a. The reason
that the suspension force F; is not equal to the applied force F is attributed to the inertia force path
(broken line in Figure 6.10a) that is present in the mechanical system.

Forcing

a

@ Excitation 1f(’)
Inertia ' Mechanical
Force System
Path

e

Suspension

Foundation
K
(b)
Vm
Mechanical
I System
Inertia
Force E
Path ! | |
: Suspension ]\ w(t)
Platform | [ ]
; ; |
Vi

FIGURE 6.10 (a) Force transmissibility mechanism; (b) motion transmissibility mechanism.
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6.6.2 MOoOTION TRANSMISSIBILITY

Consider a mechanical system supported through a suspension mechanism on a movable platform
or structure, which may be subjected to deliberate or undesirable motions (e.g., elevator movement,
seismic disturbances, road irregularities effecting the tires of a vehicle, machinery disturbances).
Motion transmissibility determines the fraction of the support motion that is transmitted to the
system through its suspension, as a function of the excitation (platform velocity) frequency. It is
defined as

System Motion V,,

Motion Transmissibility 7, = (6.39)

Support Motion V

Note: The velocities V,, and V are expressed in the frequency domain, as Fourier spectra. This is
also a non-dimensional TF.

A schematic representation of the motion transmissibility mechanism is shown in Figure 6.10b.
The platform force, indicated by a broken-line arrow, represents the dependent force of the velocity
source. Also, the broken line from the mechanical system to the foundation (ground) is the path of
the inertia force. Typically, the representative motion of the system is the velocity of one of its criti-
cal masses. Different transmissibility functions are obtained when different mass points (or degrees
of freedom) of the system are considered.

Next, two single-degree-of-freedom examples are given to show the reciprocity property, which
makes the force transmissibility and the motion transmissibility functions equivalent.

Example 6.10

Consider the single-degree-of-freedom systems shown in Figure 6.11. In these examples, the sys-
tem is represented by a lumped mass m, and the suspension system is modeled as a spring of
stiffness k and a viscous damper of damping constant b. The model shown in Figure 6.11a is used
to study force transmissibility. Its (mechanical) impedance circuit is shown in Figure 6.12a. The
model shown in Figure 6.11b is used in determining the motion transmissibility. Its mechanical
impedance (or, mobility) circuit is shown in Figure 6.12b.

(b)

‘Twﬂ

E //I\ v(t)

+ Dependent force of actuator

" (Reacts on the ground)
7

FIGURE 6.11 Single-degree-of-freedom systems. (a) Fixed on ground; (b) with support (platform)
motion.
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()

S@ 0

0

FIGURE 6.12 Mechanical impedance circuit of: (a) System in Figure 6.9(a); (b) system in Figure 6.9(b).

Note: Mechanical impedance representation is suitable for force transmissibility studies, and
mobility representation is suitable for motion transmissibility studies (even though either represen-
tation is acceptable in analysis).

By the definition of mechanical impedance (force/velocity), a force is divided among parallel
branches in proportion to their impedances. Hence, in Figure 6.112a, we have

F Z,

]}.:7:7
F Z,+7Z,

(6.40)

By the definition of mobility (velocity/force), a velocity is divided among series elements in pro-
portion to their mobilities. Hence, in Figure 6.12b, we have

Tm — Vi — L (6.41)
V. M,+M;
M 1/Z, s
But T = / -_Z
M, +M, 1Z,+VZ, Z,+Z,
Consequently, we have

In view of this result, a distinction between the two types of transmissibility is not particularly nec-
essary. Hence, let us denote them by a common transmissibility function T. It can be concluded as
well that Figure 6.11a and b are complementary systems or duals, for transmissibility.

Since Z,, =ms and Z, = k + b, it follows that
A

T :[ 2bS +k :| (643)
ms” +bs+k|_,

This result is the same as what we obtained in the previous section as equations (6.33) and (6.37).
It is customary to consider only the magnitude of the complex transmissibility function because
the phase angle is not particularly useful in transmissibility studies, where what is key is the relative
“strength” of the transmitted signal. This magnitude is termed transmissibility magnitude or simply

transmissibility and is given by

172
272 2
b +k
T= 5 (6.44)
o’b” +(k—o’m?)
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LEARNING OBJECTIVES

1. Determination of the force transmissibility of a system using the element TFs and the
system structure (series or parallel connection)

2. Determination of the motion transmissibility of a system using the element TFs and the
system structure (series or parallel connection)

3. Recognizing the equivalence of force transmissibility of a system and the motion trans-
missibility of the dual or the complementary or the reciprocal system.

Note: Even though the duality of force transmissibility and motion transmissibility is illustrated
here using single-degree-of-freedom examples, this characteristic is true for systems with higher
degrees of freedom as well. This is illustrated in the end-of-chapter problems.

Summarizing the basics of the presented concepts, we may state the following:

For a structurally complex mechanical system, it is advantageous to consider the analogous elec-
trical-circuit procedures when analyzing the mechanical system (particularly in transmissibility
analysis). This is true because generally we are very familiar with the analysis of electrical circuits
but not mechanical circuits. Further complexity enters since mechanical impedance is not analogous
to electrical impedance. It is the mechanical mobility that is analogous to electrical impedance.

In analyzing a mechanical circuit, a convenient approach is to use the following analogies and
then treat the mechanical circuit as an electrical circuit:

1. Force (or torque) — current

2. Velocity — voltage

3. In series-connected mechanical (electrical) elements, velocities (voltages) add — mobil-
ities (electrical impedances) add (ME =M, +M2); mechanical impedances (electrical

. . . Z,\Z
admittances) have the inverse relation | Z, = o2
L+ 7,
4. In parallel-connected mechanical (electrical) elements, forces (currents) add — mechan-

ical impedances (electrical admittances) add (Ze =7Z+2, ); mobilities (electrical imped-

. . MM
ances) have the inverse relation| M, = ————
M, +M,

6.6.3 VIBRATION ISOLATION

The concepts of mechanical impedance, mobility, and transmissibility can be extended to other
physical domains and to mixed systems (e.g., electromechanical systems, fluid systems, thermal
systems, multi-physics systems, or mechatronic systems in general) in a straightforward manner.
The procedure follows from the familiar analogies of through-variables (force, current, fluid flow
rate, and heat transfer rate) and across-variables (velocity, voltage, pressure, and temperature) in
the “unified” approach. Furthermore, the concepts of transmissibility are useful in many practical
applications. In particular, transmissibility is applicable in shock and vibration isolation.

Proper operation of engineering systems such as delicate instruments, computer hardware,
machine tools, and vehicles can be hampered due to shock and vibration. The purpose of vibra-
tion isolation is to “isolate” such devices from vibration and shock disturbances that are coming
from its environment (including the supporting structure or road). This is achieved by connecting
a vibration isolator or shock mount or engine mount or suspension system in between them. This
application is discussed now.

6.6.3.1 Force Isolation and Motion Isolation

External disturbance can be force or motion, and depending on that, force isolation (related to force
transmissibility) or motion isolation (related to motion transmissibility) would be applicable in the
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design of the isolator. As we showed in the previous section, the design is quite similar (complemen-
tary) for the two situations.

In force isolation, vibration forces that would be ordinarily transmitted directly from a source to
a supporting structure (isolated system) are filtered out by an isolator through its flexibility (spring)
and dissipation (damping), and part of the force is routed through an inertial path. In motion isola-
tion, vibration motions that are applied to a system (e.g., vehicle, elevator) by a moving platform are
absorbed by an isolator through its flexibility and dissipation so that the motion that is transmit-
ted to the system of interest is weakened. The design problem in both cases is to select applicable
parameters for the isolator so that the vibrations entering the system of interest are below the speci-
fied values within a frequency band of interest (the operating frequency range). This design prob-
lem is essentially a situation of “mechanical impedance matching” because impedance parameters
(mechanical) of the isolator are chosen depending on the impedance parameters of the system.

Consider again the force-transmissibility model shown in Figure 6.11a and the motion transmis-
sibility model shown in Figure 6.11b. In these circuits, the mechanical impedances of the basic

elements are Z,, = mjw, Z, = b,and Z; = .i, for mass (m), spring (k), and viscous damper (b),
jo

respectively. The suspension system (engine mount) is the parallel spring-damper element, with the
mechanical impedance Z; = Z;, + Z;. We know that the expressions for the force transmissibility
and the motion transmissibility are identical and given by equation (6.43), and the transmissibility

magnitude is given by equations (6.44). Then, with L3 = w;and b =2w, (orw, = \/? =undamped
m m m

natural frequency of the system; { = L=damping ratio of the system) and dividing (6.44)

2V km

throughout by w;, we get the non-dimensional (normalized) result

1+48%?

T=[|[—""75°%
(1—r2)2 +48%7

(6.45)

Here the non-dimensional excitation frequency (or frequency ratio) is defined as r = @/®, .

Note: The transmissibility function (6.43) has a phase angle as well as a magnitude. In practi-
cal applications of vibration isolation, it is the level of attenuation of the vibration excitation that is
of primary importance, rather than the phase difference between the vibration excitation and the
response. Accordingly, the transmissibility magnitude given by (6.44) and (6.45) is particularly
useful.

To determine the peak point of 7, differentiate the expression within the square-root sign in

(6.45) and equate to zero. The result simplifies to r(ZZ; - 1) =0. Its roots are r =0 and

2
, 1% J1+8¢
4¢?
The root r = 0 corresponds to the initial stationary state, at zero frequency. It does not represent

a peak. Taking only the positive root for 7> and then its positive square-root, the peak point of the
transmissibility magnitude is given by

r

[1/1 +80% - 1]”2

r= IS 6.46
2 (6.46)
For small ¢ (i.e., low damping, which is typical in practice), Taylor series expansion gives

1
J1+88% =1+ 5 x 8% =1+4¢*. With this approximation, (6.46) evaluates to 1. Hence, for low
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damping, the transmissibility magnitude has a peak at r=1, and from Equation (6.45), its value is

1 2
1+—x4
T S ¢

= or

28 26

1 1
T~z+§~i (6.47)

The five curves of T versus r for =0, 0.3, 0.7, 1.0, and 2.0 are shown in Figure 6.13a. These curves
use the exact expression (6.45) and were generated using the following MATLAB program:

~
©
=

— (=00
———= (=03

=07
————— =10
—me 2220

Transmissibility Magnitude T’

0 T e e e

0 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75

Normalized Frequency

(b) %0 0,10 0.20 0.30 0.4

75 | {=050

70

=N}
(=}

W
[

w
(=}

Percentage Isolation

45

40

35 /
30

1.0 1.5 2.0 25 3.0 3.5 4.0 4.5 5.0

Frequency Ratio 7

FIGURE 6.13 (a) Transmissibility curves for a damped oscillator model; (b) curves of vibration isolation.
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plot(r, T, 1), 1, TG, 2), r, TC, 3), r, TG, 4), 1, TG, 5));

clear;

zeta=[0.0 0.3 0.7 1.0 2.0];

for j=1:5

for i=1:1201

r(i)=(i-1)/200;

T(i, j)=sqrt((l+d*zeta(j) 2*r(i)”"2)/((1-r(i)"2) "2+4*zeta(j) "2*r(i)"2));
end

From the transmissibility curves in Figure 6.13a, we observe the following:

1. There always exists a non-zero frequency value at which the transmissibility magnitude
peaks. This is the resonance (resonant point).

2. For low damping (i.e., small {), the peak transmissibility magnitude occurs approxi-
mately at r=1. As ¢ increases, this peak point shifts to the left (i.e., a lower value for peak
frequency).

3. The peak magnitude decreases as { increases.

4. All transmissibility curves pass through the magnitude value 1.0 at the same frequency
r=v2.

5. The isolation region (i.e., T<1) is given by r>+/2. In this region, T increases with .

6. In the isolation region, the transmissibility magnitude decreases as r increases.

From the transmissibility curves, we observe the following two specific situations:

For T< 1.0, r > /2 forall ¢
For T<0.5, r>[1.73, 1.964, 2.871, 3.77, 7.075], which correspond to {=[0.0, 0.3, 0.7, 1.0, 2.0],
respectively.

As a specific example, suppose that the device in Figure 6.11a has a primary, undamped natural
frequency of 6 Hz and a damping ratio of 0.2. Suppose that for proper operation, it is required for the
system to achieve a force transmissibility magnitude of less than 0.5 with the operating frequency
values greater than 12 Hz.

2.2

1“;5 C L 12% 2350, For £ =02 and
(l—rz) +48 7 2
r=12/6 =2, this expression computes to 3.08>0. Hence, the requirement is met. In fact, for r=2,
the last expression becomes 2* —2x 2> —12x 22¢* —3 = 548>, It follows that the requirement
would be met for 5 — 48¢* > 0 — { < 0.32. If the requirement was not met (say, if { = 0.4), an option
would be to reduce damping.

In design problems of vibration isolator, what is normally specified is the percentage isolation,
which is directly related to the transmissibility, according to

Specifically, we need \/

I=[1-T]x100% (6.48)

From Equation (6.45), this corresponds to

1+4¢%7

I=(1- | —5"———
(rz—l) +48°°

x 100 (6.49)
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The isolation curves given by Equation (6.49) are plotted in Figure 6.13b. These curves are useful
in the design of vibration isolators.

Note: The models in Figure 6.11 are not limited to sinusoidal vibrations. Any general vibration
excitation may be represented by a Fourier spectrum, which is a function of frequency w. Then, the
response vibration spectrum is obtained by multiplying the excitation spectrum by the transmis-
sibility function 7. The associated design problem is to select the isolator impedance parameters k
and b to meet the specifications of isolation.

Example 6.11

A machine tool, sketched in Figure 6.14a, weighs 1000 kg and normally operates in the speed range
of 300-1200 rpm. A set of spring mounts has to be placed beneath the base of the machine so as
to achieve a vibration isolation level of at least 70%. A commercially available spring mount has
the load-deflection characteristic shown in Figure 6.14b. It is recommended that an appropriate

(@

An inertia block
may be added here

Several spring mounts
have to be placed here

(b) A

3750 F-——-————— === ——
| | | | |
| | | | |
| | | | |
3000 F—==lm==—m— = — =t ===
=z | | | | |
= | | | | |
] 1 1 1 1 1
S 2250 --————a/~—q--—7--—1
- | | | |

| | | | |

| | | | |

1800 F~—~=7~5===q--=7--7
| | | | |

| | | |
| I | | |

LS U il e e e
| | | | |
| | | | |
1 1 1 1 1

0 20 40 6.0 80 100
Deflection (cm)

FIGURE 6.14 (a) A machine tool; (b) load-deflection characteristic of a spring mount.
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number of these mounts be used, along with an inertia block, if necessary. The damping con-
stant of each mount is 1.56x10° Nm-'s. Design a vibration isolation system for the machine.
Specifically, decide upon the number of spring mounts that are needed and the mass of the inertia
block that should be added.

Solution

First we will assume zero damping (since, in practice, the level of damping in a system of this type
is small) and design an isolator (spring mount and inertia block) for a level of isolation somewhat
greater than the required 70%. Then we will check for the case of damped isolator to see whether
the required 70% level of isolation is achieved.

For the undamped case, Equation (6.48) becomes

1

rr =1

T= (6.50)

Note: We have used the case r> 1 since the isolation region corresponds to r >+/2.

Assume the conservative value [=80% = T7T=0.2.

1 1 2 2
Using equation (6.50), we have r = — + 1= —+1=6.0=—2 ="">_
T 0.2 w, k
The lowest operating speed (frequency) is the most significant one (because it corresponds to
the lowest isolation, as clear from Figure 6.13a). Hence,

w:@x2n:10nrad/s
60

From the load-deflection curve of a spring mount (Figure 6.14b),

3000

Mount stiffness = ——— =
6x10

50%10° N/m
We will try 4 mounts. Then k =4 x50 x10*> N/m

mx (10m)*
" 4x50%x107
It is seen that an inertia block of mass 216 kg has to be added for proper isolation of vibrations.

Now we must check whether the required level of vibration isolation would be achieved in
the damped case.

Hence =6.0 - m=1.216x10"kg

b 4x1.56%10°
2Jkm 24 x50 x10° x1.216 % 10°

Damping ratio { =

1+48%r°
(r2 — 1)2 +4§2r2

We get T=0.27. This corresponds to an isolation level of 73%, which is better than the
required 70%.

Substitute in the damped isolator equation (6.45): T = with r2=6

LEARNING OBJECTIVES

1. Application of the concepts of transmissibility in the design of vibration isolators or
engine mounts

2. Meanings of transmissibility and isolation

. The use of the transmissibility curves and isolation curves

4. Practical selection and design of vibration isolators or engine mounts.

w
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6.6.4 MAXWELL's REciPROCITY PROPERTY

For our purposes, Maxwell’s property of reciprocity may be stated as follows: In a mechanical
dynamic system suppose that, when a force fis applied along the coordinate (degree of freedom) i,
the resulting velocity along the coordinate (degree of freedom) j is v. Then, if fis applied along the
coordinate j, the resulting velocity along the coordinate i will also be v.

This property is valid for linear, constant-parameter systems in general. Also, for static systems,
we can replace “velocity” in the above statement by “displacement.” This property can be quite
useful in practice, for example, in dynamic testing of complex mechanical systems, to determine
a behavior that is difficult to measure. Then, by applying the force at that location and measuring
response at the counterpart location, we can obtain the required information.

6.6.4.1 Maxwell’s Reciprocity Property in Other Domains

It should be clear that Maxwell’s reciprocity property is not limited to the mechanical domain. In
view of the fact that force is a through-variable and velocity is an across-variable, the reciprocity
property may be extended to any linear dynamic system in terms of a corresponding through-
variable and a corresponding across-variable. Then for any physical domain (electrical, fluid, ther-
mal), the reciprocity may be applied using the proper variables and TFs for that domain.

Note: Mechanical impedance is a 7-type TF and mobility is an A-type TE.

6.7 SUMMARY SHEET

Laplace-transformed output Y (s)

¢ Transfer Function (TF): G(s) = -
Laplace-transformed input U(s)

For a linear system, this is a numerator polynomial and a denominator polynomial
(characteristic polynomial). Roots of numerator=0 — zeros of the system; roots of denom-
inator=0 (i.e., the characteristic equation) — poles (i.e., eigenvalues) of the system

e Laplace Transform (LT): Y(s) = J. y(t)exp(—st) dt or Y (s) = Ly(t)
O+ joo

e Inverse LT: y(¢) = ZL j Y(s) exlg(st) dsor y(t)=L" 'Y (s)
Yy J
O—joo

Time domain <> Laplace (Complex Frequency) Domain

dn t ) dnfl
e LT of Derivative (General): ﬁ# =5"Y(s) — 5" y(0) = 5" 29(0)=+--— dt"’ly 0)
t
1
e LT of Integral: Ejy(r)dr =-Y(s)
s
Time derivative <’multiplication by Laplace variable s
Differential equations <> algebraic equations (with polynomials in s)
Time integration <> Multiplication by 1/s
nth order input—output (I-O) model; time domain <> Laplace domain:
n n-1 m Y + et m
anﬂ+an,ld—3+---+a0y: b0u+b1@+---+bm d’u [ Y() _ bt bis Dus
dr" dr" dt dr" UGs) apg+as+--+a,s"

oo

e Fourier Transform (FT): Y(jw) = J y(t) exp(—jor) dt = F y(1);
Note: @ (rad/s) =21 X f (cycles/sgr Hz)

 Inverse FT: y(r) = zi J.Y( jw) exp(jot) dw or y(t) = F ' Y(jw)
Y

—oo
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Laplace result e Fourier result (one-sided); (e.g., G(s) s:{w—> G(jw)
—jo=s

—jo=s

* Magnitude of G(jw) (called “Gain”): |G(jw) = M

* Phase Angle of (called “Phase”) G(jw)>: ZG(jw) = ¢
G(jw)= M cosp+ jMsing = Me’; y = u,Me’”*?

Note: Output is magnified by M =|G(jw)|; has a phase lead wrt input of ¢ = ZG(jw)
(Typically, for a physically realizable dynamic system provide a phase lag—negative
phase lead)
* Bode Plot (curve pair): 1. \G( ja))\ versus @ and 2. Z G(f)versus @
Log scales are used in: Magnitude axis (e.g., in decibels or 201og;o()), frequency axis
(e.g., in decades, which are multiples of 10; or octaves, which are multiples of 2)

Transfer Function Definition (in Laplace or Frequency Domain)
Dynamic stiffness Force/displacement

Receptance (dynamic flexibility or compliance) Displacement/force

Mechanical impedance (Z) Force/velocity

Mobility (M) Velocity/force

Dynamic inertia Force/acceleration

Accelerance Acceleration/force

Force transmissibility (7)) Transmitted force/applied force

Motion transmissibility (7,) Transmitted velocity/applied velocity

* In Frequency Domain: Acceleration=(jw) X (Velocity);
Displacement= Velocity/(jo) —

Dynamic Stiffness = Force / Displacement = Mechanical Impedance X j®
Receptance = Displacement / Force = Mobility / (jw)
Dynamic Inertia = Force / Acceleration = Impedance / (j®)

Accelerance = Acceleration / Force = Mobility X jo

* Series Connection: Through-variable is common, across-variables add —

... Veloci . 1 1 1 ZZ
Moblhty:w: M = M, + M,; mech impedance: —=—+—orZ=———
Force Z 7, 7 Z+7Z,
* Parallel Connection: Across-variable is common, through-variables add —
F .1 1 1 MM
Mech impedancech.e: Z =7 +Zy;mobility: —=—+—orM=—""2—
Ve]0C1ty M Ml M2 M] + M2

. Across-variable .
Generalized Impedance = —————————: an A-type transfer function

Through-variable

Through-variable

Generalized Admittance = : a T-type transfer function

Across-variable
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Element Time-Domain Model Mechanical Impedance Mobility (Generalized Impedance)
Mass =
ass m mﬂ:f Z, =ms Mm=i
dt ms
Spring k K
prng LA z=F M=
dt s k
Damper b f=bv Zy=b M, = %

Element

Capacitor C

Inductor L

Resistor R

Time-Domain Model

Impedance (2)

Cﬂ=i ZC=L
dt Cs

L£=v Zi=Ls
dt

Ri=v Zr =R

Admittance (W)

WC:CS

1
W, =—
- Ls

1
Wi =—
*TR

Force Transmissibility 7 =

Motion Transmissibility 7, =

Suspension Force F;
Applied Force F

System Motion V,,
Support Motion V

T;=T,, for complementary (dual, reciprocal) systems
For example, ground-based damped oscillator and oscillator with moving base:

e Percentage Isolation: / =[1-T]x100% =|1—

Magnitude T =

bs+k

T, =T,=|—""—
! [ms2 +bs+kljw

1/2
©*b? +k*

1+4¢%7

®*b* + (k —w’m? )2

1+4¢°r°
(r2 - 1)2 +48°r°

(1—r2)2 +48%°

x 100

* Maxwell’s Reciprocity Property: Force fis applied along coordinate (dof) i
— velocity along j is v — if fis applied along j — velocity along i is also v
Note: Applicable to other physical domains as well.

PROBLEMS

6.1 State whether true (T) or false (F):
The output of a system will depend on the input.
b. The output of a system will depend on the “analytical” transfer function of a linear

a.

C.

system.

The “analytical” transfer function of a linear system will depend on the input signal.
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d. If the Laplace transform of the input signal does not exist (say, infinite), then the trans-
fer function itself does not exist.

e. If the Laplace transform of the output signal does not exist, then the transfer function
itself does not exist.

6.2 State whether true (T) or false (F):

a. An analytical transfer function provides an algebraic expression for a system.

b. The Laplace variable s can be interpreted as the time-derivative operator d/dt, assum-
ing zero ICs.

c. The variable 1/s may be interpreted as the integration of a signal starting at #=0.

d. The numerator of an analytical transfer function is the characteristic polynomial.

e. A SISO, linear, time-invariant (constant-parameter) system has a unique (one and only
one) analytical transfer function.

6.3 Consider a mass-spring-damper system with a displacement input u(f) applied to the free
end (moving platform) of the spring, as shown in Figure P6.3. Note: This will require a
“displacement actuator.” The “dependent force” of the actuator will react on the ground.

The resulting displacement y of the mass is the output. Also,
m=point mass
b=viscous damping constant
k=stiffness of the spring.

Jy

k =] »

Depepdent force of actuator
! (Readts on the ground)
T 2

FIGURE P6.3 A mas-spring-damper system with a displacement input.

a. Formulate its input—output differential equation.
What is the transfer function of the system?

c. Show that this system is equivalent to a damped oscillator, where both the other ends
of the spring and the damper are fixed to the ground, and a force (input) is applied at
the mass.

d. How will the system transfer function change if the damper is also attached to the
moving platform in Figure P6.3 (with a displacement input u(f) applied to the platform)
while the output is still the displacement y of the mass?

6.4 The Fourier transform of a measured position y(¢) of an object is Y (j®). Select the correct
one among the following statements:

i. The Fourier transform of the corresponding velocity signal is
a. Y(jw)

b. joY(jw)
c. Y(jw)jw
d. oY(jw)
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ii. The Fourier transform of the acceleration signal is
a. Y(jw)
b. @’Y(jw)
c. —0*Y(jow)
d Y(mw)ljow
6.5 The movable arm with read/write head of a disk drive unit is modeled as a rotatory damped
oscillator (a lumped-parameter model), as shown in Figure P6.5. The unit has an equivalent
moment of inertia J = 1x 107 g:cm? about its centroid and rotates at an equivalent angle
0 radians about the centroid. An equivalent rotation u(#) radians is imparted at the read/
write (R/W) head. The bending stiffness at the R/W head with respect to the centroid of
the arm is k=10 dyne-cm/rad. Similarly, the bending damping constant at the R/W head
with respect to the centroid of the arm is b.
a. Write the input—output differential equation of motion for the read/write arm unit.
What are the consistent units for b?
b. What is the undamped natural frequency @, of the unit in rad/s?
c. Determine the value of b for 5% of critical damping.

d. Write the FTF of the model.
0 ﬂ

u(?)

FIGURE P6.5 A damped rotatory oscillator model of a disk-drive arm.

6.6 A system has the transfer function G(s)= ( 3 s+l

———. If a sinusoidal input given by
s +s+4)

u =3cos2t is applied to this system, determine the output (response) y under steady

conditions.

6.7 A system is shown in Figure P6.7. It was found to have the following properties:

1. The system transfer function G(s) has two zeros and three poles.

2. The product of the three poles is —4.

3. When the system was excited with a sinusoidal input « (as shown in Figure P6.7) at
frequency w = 4, the output y at steady state was found to be zero (i.e., no response).

4. When the system was excited with a sinusoidal input « (as shown in Figure P6.7) at
frequency @ = 2, the output y at steady state was found to have a phase lag of 180° with
respect to the input (i.e., the response was in the opposite direction to the input).

5. When the system was excited with a sinusoidal input « (as shown in Figure P6.7) at
frequency @ = +/2, the output y at steady state was found to have a phase lag of 90°
with respect to the input.

6. The DC gain of the system (i.e., the magnitude of the FTF at zero frequency) is 8.

Determine the complete transfer function G(s) of the system (i.e., the numerical values of

the five parameters in G(s)).

Input System Output
u =1, cos mt y =1y, cos(at+¢)
—— G(s)

FIGURE P6.7 The system with a harmonic input.
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6.8 A system was found to have the following properties:
1. Itis a second-order system.
2. Ithas a zero at s=—z where z>0.
3. Its DC gain (i.e., the magnitude of the FTF at zero frequency) is K.
4. When the system is excited at its undamped natural frequency, the magnitude of the
FTF is given by rK, where >0, and the phase angle is —90°.

In terms of the given parameters z, K, and r, determine the following:
a. Undamped natural frequency of the system.
b. Damping ratio of the system.
c. Complete transfer function of the system.
6.9 The FTF for a damped oscillator is given by

o,

@)= [w,f -0’ + 2j§a),,a)]

a. If a harmonic excitation u(f)=acosw,t is applied to this system, what is the steady-
state response?

What is the magnitude of the resonant peak?

c. Using your answers to parts (a) and (b) suggest a method to measure damping in a
mechanical system.

d. At what excitation frequency does the response amplitude become maximum under
steady-state conditions?

e. Giving details, determine an approximate expression for the half-power (3 dB) band-
width (i.e., the frequency band where the power level is half the peak power, or the TF
magnitude drops by V2 or 3dB from the peak value) at low damping, assuming that
the resonant frequency @, = @,, which is true for low damping. Using this result, sug-
gest an alternative method for damping measurement.

6.10 Sketch the Bode magnitude plots (asymptotes only are sufficient when the exact curve
cannot be determined without numerical computation) of the following common system
elements:

a. Derivative controller: Ts

b. Integral controller: i
TS

c. First-order simple lag network:
Ts+1

d. Proportional plus derivative controller: 7s + 1.
6.11 The transfer function of a dynamic system is given by

Gls)= (s+3)
(s* +4s+16)
Plot the Bode diagram for G and indicate the asymptotes. Comment on the result.

6.12 A rotating machine of mass M is placed on a rigid concrete floor. There is an isolation pad
made of elastomeric material between the machine and the floor and is modeled as a vis-
cous damper of damping constant b. In steady operation, there is a predominant harmonic
force component f{f), which is acting on the machine in the vertical direction at a frequency
equal to the speed of rotation (n rev/s) of the machine. To control the vibrations produced
by this force, a dynamic absorber of mass m and stiffness k is mounted on the machine.
A model of the system is shown in Figure P6.12.
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a. Determine the FTF of the system, with force f{r) as the input and the vertical velocity
v of mass M as the output.

b. What is the mass of the dynamic absorber that should be used in order to virtually
eliminate the machine vibration (which corresponds to a tuned absorber)?

ll_lv

b

=
e

FIGURE P6.12 A mounted machine with a dynamic absorber.

6.13

a. An approximate FTF of a system was determined through Fourier analysis of the
measured excitation-response data and fitting the result to an appropriate analytical
expression (by curve fitting using the least-squares method). This was found to be
G(f) = ———. What are its magnitude, phase angle, real part, and imaginary part

10 + j2nf
at f=2Hz? If the reference frequency is taken as 1 Hz, what is the transfer function
magnitude at 2Hz expressed in dB?

b. A dynamic test on a structure using a portable shaker revealed the following: The
accelerance between two locations (shaker location and accelerometer location) mea-
sured at a frequency ratio of 10 was 35dB. Determine the corresponding mobility and
mechanical impedance at this frequency ratio.

6.14 Answer as true (T) or false (F):
i. Mechanical impedances are additive for two elements connected in parallel.
ii. Mobilities are additive for two elements connected in series.

6.15 Answer as true (T) or false (F):

a. Electrical impedances are additive for two elements connected in parallel.

b. Impedance, both mechanical and electrical, is given by the ratio of effort/flow, in the
frequency domain.

c. Impedance, both mechanical and electrical, is given by the ratio of across-variable/
through-variable, in the frequency domain.

d. Mechanical impedance is analogous to electrical impedance when determining the
equivalent impedance of several interconnected impedances.

e. Mobility is analogous to electrical admittance (current/voltage in the frequency
domain) when determining the equivalent value of several interconnected elements.

6.16 A machine of mass m has a rotating device, which generates a harmonic forcing excitation

S in the vertical direction. The machine is mounted on the factory floor using a vibration

isolator of stiffness k and damping constant b. The harmonic component of the force that

is transmitted to the floor, due to the forcing excitation, is f; (¢). A simplified model of the

system is shown in Figure P6.16. The corresponding force transmissibility magnitude 7



Frequency-Domain Models 309

1+48°r°

(1 -7’ )2 +48%r?
undamped natural frequency of the system, and @ = excitation frequency (of f(?)).

Suppose that m =100 kg and k =1.0x10° N/m. Also, the frequency of the excita-
tion force f(r) in the operating range of the machine is known to be 200rad/s or higher.
Determine the damping constant b of the vibration isolator so that the force transmissibil-
ity magnitude is not more than 0.5.

Using MATLAB, plot the resulting transmissibility function and verify that the design
requirements are met.

Note: 2.0=6dB; \/2 =3dB; /52 = -3 dB; 0.5=—6dB.

A
& Machine
m

)

from f'to f, is given by T = , where r = w/®,, {=damping ratio, @, =

Vibration
Isolator

FIGURE P6.16 Model of a machine mounted on a vibration isolator.

6.17 Consider the simplified model of a vehicle shown in Figure P6.17, which can be used to
study the heave (vertical up and down) and pitch (front-back rotation) motions due to the
road profile and other disturbances. For our purposes, let us assume that the road distur-
bances that excite the front and back suspensions are independent. The equations of motion
for heave (y) and pitch (0) are written about the static equilibrium configuration of the
vehicle model (hence, gravity does not enter into the equations) for small motions:

my = ki (= y+10)+ky (2 — y+ 1,0) + by (it — 3+ 16) + by (11, — j+ 1,6)

I =] ki (= y+10) + by (it = 3+ 16) |+ L[ ko (12 = y + 1:6) + b (112 = y+16) |

I I i b |

Vehicle Body

<o _t7

b, Vehicle'
Suspension
k| I _Tuz(l)

u(t Road

Disturbances

b

FIGURE P6.17 A model of a vehicle with its suspension system.
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6.18

Modeling of Dynamic Systems with Engineering Applications

The outputs are y and 6. The inputs are the upward movements u; and u, at the tires.
Determine the corresponding four TFs.
Consider the two-degree-of-freedom systems shown in Figure P6.18. The main system is
represented by two masses linked through a spring and a damper. The model shown in
Figure P6.18a is used to study force transmissibility. This model may represent a machine
tool (e.g., milling machine) with a fixed base. Specifically, we are interested in determining
what fraction of the applied force f(7) (this may be the task force of the machine) is trans-

mitted to the floor (i.e., the force transmissibility L). The model shown in Figure P6.18b
is used in determining the motion transmissibility. This model may represent a vehicle or
an elevator with a mobile base. Here we are interested in determining what fraction of the
base/platform velocity v(¢) (this may be the upward velocity of the tires due to road irregu-
larities, or the moving velocity of the elevator) is transmitted to a critical mass, such as the

vehicle seat or the occupant, of the system (i.e., the motion transmissibility —).
y

a. Sketch the (mechanical) impedance circuit of the system in Figure P6.18a, and derive
the corresponding force transmissibility. Also, sketch the (mechanical) impedance (or,
mobility) circuit of the system shown in Figure P6.18b, and derive the corresponding
motion transmissibility.

b. Prove that these two transmissibilities are equal.

(a) (b)

FIGURE P6.18 Systems with two degrees of freedom. (a) Fixed on ground; (b) with support motion.

6.19

A mechanical system is modeled as a linear mass-spring-damper (M-K-B) system together
with a vibration absorber modeled as a mass-spring (m-k) system (see Figure P6.19). The
input to the system is the vertical force f(r), which is applied on the system mass M.
The output of the system is the velocity v of the mass M.

a. Using the mechanical impedance elements:

K
ZM=Ms;ZK=—;ZB=B;Zm=ms;ande=E
s s



Frequency-Domain Models 311

and the input element (force source) F(s), sketch the mechanical impedance circuit of
V(s)
s

the system. Using this mechanical circuit, determine the system transfer function

in terms of the parameters M, B, K, m, k, and the Laplace variable s.

b. Showing the necessary steps to determine the excitation frequency (expressed in terms
of the system parameters) at which the system mass M will remain stationary? Note:
Neglect the weights of the masses (or assume that the displacements of the masses are
measured from their static equilibrium positions).

Vibration

absorber Force
k
Velocity
Mechanical A
system X

FIGURE P6.19 Model of a mechanical system with a vibration absorber.

6.20 In a music system, the speaker unit will typically have a woofer, which is intended for the
lower-frequency sound, and a tweeter, which is intended for the high-frequency sound.
Consider the two electrical circuits shown in Figure P6.20a and b. In each circuit, the
sound signal reaches the speaker, which is represented as an electrical resistor (with resis-
tance R, or R,), which may be a woofer or a tweeter.

Give expressions of the electrical impedance (A-transfer function) of each circuit branch
in Figure P6.20a and b, in terms of the branch parameter (L;,L,,L,C,C;,C,,R;,R,) and the
frequency w of the sound signal (the input).

Giving reasons, indicate which circuit corresponds to a woofer and which circuit cor-
responds to a tweeter.

() Ly L,
(Y ¥y _ (Y ¥y M
Sound
Signal W) — R (Speaker)
Voltage

(b)

G
N ' 1
Sound
Signal ,\) I é
Voltage R, (Speaker)

FIGURE P6.20 (a) and (b) Electrical circuits representing a speaker unit of a sound system.
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6.21 A hydraulic motion-control system is schematically shown in Figure P6.21. The control
input to the system is the volume flow rate Q(¢), which is provided by a flow-controlled
pump. The hydraulic fluid from the pump enters the cylinder of a positioning ram. The
piston (area=A) of the ram is light and frictionless and adjusts the motion of the load con-
sisting of a mass m, which moves against a spring of stiffness k (the other end of the spring
is fixed, as shown) and a viscous damper of damping constant b.

The motion output of the system is the velocity v of the mass m.
Assume that the fluid in the rigid cylinder is compressible, and the corresponding fluid
capacitance is Cy.
a. Sketch a linear graph for the system, orient all its branches, and indicate all the system
parameters, and the (through-, across-) variable pairs of the branches.
b. Showing all the steps, systematically, derive a complete state-space model for the
system.
c. Determine the input—output models in the time domain (or, TFs in the Laplace

. . .o.od .
domain, where the time derivative x can be interpreted as the Laplace operator s, see
t

S

P
Chapter 6): é, 23 and —. Discuss the order of the system based on these and also

0

based on the state-space model.
Note: Express your result only in terms of the given parameters Cy, A, m, k, and b.

>V
ong p k
C, m
P
3
Aread Frictionless 777777717
Flow-controlled Ramp Load

Pump

FIGURE P6.21 A hydraulic motion-controlled system.

6.22 A centrifugal pump is used to pump water from a well into an overhead tank, as represented
in Figure P6.22. The input pressure from the pump is P, (), with respect to the ambient
pressure. The output is considered the pressure P, at the bottom of the water in the tank,
with respect to the ambient pressure. The figure shows the three parameters: the equivalent
linear fluid resistance of the overall pipe Ry, the equivalent fluid inertance within the over-
all pipe /4, and the gravitational fluid capacitance of the overhead tank Cgy.

a. Sketch an impedance circuit for the system, and give expressions for the corresponding
fluid impedances of the components in the circuit.
b. Obtain the transfer function of the system.

R L Cerv 5

P
Q—>Ol () o KX o *

P ! 2 3

FIGURE P6.22 A lumped-parameter model of the fluid system.
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6.23 Consider the two-dof system shown in Figure P6.18(a). Its mechanical impedance circuit
was determined in the solution of Problem 6.18. In that problem, the force f{¥) is applied
on mass m,. Let the resulting velocity of mass m, be v,. Now reverse this arrangement,
and apply the force f(f) on mass m,. Let the resulting velocity of mass m; be v;, as shown in

Figure P6.23. Show that v; = v,.

Note: This is an example to illustrate Maxwell’s reciprocity property.

FIGURE P6.23 The reversed system for illustrating Maxwells’ reciprocity property.

6.24 Figure P6.24 shows two electrical circuit. The current source i(f) appears in different loca-
tions in the two circuits. Furthermore, in circuit (a), the output is the voltage v, of the
capacitor C, while in circuit (b) the output is the voltage v; of the capacitor C;. Show that
the voltages v, and v, in the two circuits are identical.

(@

Current
Source G) G

i

(®)

Current
Source

i(1)

(

o

1

Voltage
Output

R
Vi
— Voltage

Output
Vi

FIGURE P6.24 (a) An electrical circuit; (b) the reciprocal circuit.

Hint: You may apply Maxwell’s reciprocity property.
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7 Transfer-Function
Linear Graphs

HIGHLIGHTS

* Types of Model Equivalence

* Thevenin and Norton Equivalent Circuits

» Extension to Multiple Physical Domains

* Transfer-Function Linear Graphs (TRLGs)

* LG Reduction (Condensation, Simplification)

* Thevenin and Norton Equivalent LGs

* Domain Conversion (Transformation) in Multi-Physics LGs

7.1 INTRODUCTION

In Chapters 2 and 3, we studied the development of time-domain analytical models of engineering
dynamic system. In Chapter 4, we studied the linearization of nonlinear systems/models. In Chapter
5, we discussed linear graphs (LGs) and how they facilitate the model formulation in the time
domain. The main focus in those chapters has been time-domain state-space models and input—
output models. In Chapter 6, we studied the transfer function (TF) methods, particularly the use of
frequency-domain TFs in the model formulation and analysis of multi-physics systems. There we
saw how the TF methods can simplify the analysis and implementation, particularly because they
involve algebraic manipulations rather than calculus and differential equations. With this backdrop,
in the present chapter, we integrate the TF approach with the LG approach for the modeling and
analysis of systems in various physical domains and of multi-physics systems in general.

Many advantages can be derived through this integration, including those of LGs and TFs; for
example, since the component TFs can be combined using the well-established combination rules,
unlike in the time-domain situation, there are two main advantages:

1. Not all the variables in a conventional LG need to be indicated in a TF (or frequency-
domain) linear graph (TFLG)

2. A TF can be reduced (simplified) by combining the branches according to the rules of TF
combination, in a simple and straightforward manner.

Going further, using the TF representation of LGs, other advantages of LGs can be exploited in the
model analysis. Notably:

1. Well-established methods of circuit reduction and equivalent circuits in the field of electri-
cal engineering (particularly Thevenin equivalent circuit and Norton equivalent circuit)
can be applied to an LG in any physical domain (mechanical, electrical, fluid, thermal)

2. Engineering dynamic systems in multiple physical domains (mixed systems) can be analyzed

3. A multi-domain model can be reduced (transformed) into an equivalent model in a single
physical domain in a straightforward manner, thereby simplifying the subsequent analysis
and result interpretation.

Added to this list are the specific advantages of LGs, which are highlighted in Chapter 5. We will
study and illustrate all these issues in this chapter, through the use of TFLGs.
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Recall that this book pays particular attention to equivalent models. Notably, approximate mod-
els concern approximate equivalence of models. A model itself is “approximately equivalent” to the
actual system. The required level of approximation depends on several factors such as the required
accuracy (performance specifications), characteristics of the original system, available resources for
modeling (e.g., whether a physical prototype of the system is available), and task timeline. Indeed,
any model (be it physical, analytical, computer, experimental, etc.) is only “approximately” equiva-
lent to the actual original system. In the process of modeling, first, an equivalence is established
based on such considerations as:

1. Needs of the specific application (purpose of the model: design, analysis, control, etc., and
of what aspects are important?)

2. Available resources for modeling: physical information (particularly if a physical model or
a prototype is available including its operational history, analytical methodologies, physi-
cal system, computer resources, system accessibility and ability to acquire experimental
data, ability to develop a physical prototype, past operational and analytical information,
etc.)

3. The required accuracy, acceptable model complexity, and allowed timeline for the model-
ing task.

The decision to develop an analytical model can be made based on these considerations.

In the development of an analytical model for a system, we have to first establish some criteria of
equivalence or “approximate equivalence” of models. For example, we have considered the conver-
sion (analytical) of:

1. A distributed-parameter system (model) into a lumped-parameter model

2. A nonlinear system (model) into a linear model

3. A time-domain system (model) into a TF model

4. A detailed, component-based TF model into a reduced/simplified TF model.

In each case, we (explicitly or implicitly) used some criteria of equivalence; for example, energy
equivalence, modal (or, natural-frequency) equivalence, analytical equivalence, computer-simula-
tion (discrete-time or digital, allowed aliasing error) equivalence, and physical equivalence.

In this chapter, we consider another type of equivalence. Specifically, we consider the dynamic
equivalence of a complex and extensive subsystem of a system to a simplified model of this com-
plex subsystem, when viewed in relation to the remaining “simple segment” of the system. In other
words, we do the following:

1. Identify the simple segment to be separated, or virtually cut (call it subsystem A) of the
system. Typically, the output segment is considered as the subsystem A

2. Represent the remaining “complex” subsystem (call it subsystem B) of the system by an
equivalent, yet simple model (call it M)

3. Integrated the removed (virtually cut) simple subsystem to this simplified subsystem, and
analyze the resulting “simplified” model.

The criteria of equivalence in this case are such that the dynamic response of A within the actual
(original) system (i.e., when A and B are together) is identical to the response of A when it is inte-
grated with M. In developing the equivalent model M, we will consider two types of equivalence,
which are commonly used in the analysis of electrical circuits:

1. Thevenin equivalence
2. Norton equivalence.
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By this approach, different types of linear time-domain models (e.g., complex, single domain,
multi-domain) can be represented by equivalent, simpler models. We will integrate the approaches
of TFs and LGs for this purpose. Specifically, we will use TFLGs.

At the end, we will use the TFLG methodologies to convert (transform) a multi-physics (multi-
domain or mixed) TFLG into an equivalent TFLG that represented entirely in a single physical
domain (typically, the output domain). Illustrative examples will be given and the advantages of the
presented methodologies of TFLGs will be highlighted.

7.2 CIRCUIT REDUCTION AND EQUIVALENT CIRCUITS

We have observed that TF approaches are more convenient than differential-equation approaches,
in dealing with modeling issues of linear systems. This stems primarily from the fact that TF
approaches use algebra rather than calculus. Also we have noted that when dealing with circuits
(particularly, mechanical impedance and mobility circuits, which are in the mechanical domain,
and electrical circuits), TF approaches are quite natural. Since the circuit approaches are exten-
sively used in electrical systems, and as a result, quite mature procedures are available in that
context, it is useful to consider extending such approaches to mechanical systems and, hence, to
other physical domains such as fluid and thermal and multiple (mixed) domains (e.g., electro-
mechanical, fluid-mechanical). Circuit reduction is convenient using Thevenin’s equivalence and
Norton’s equivalence for electrical circuits. LGs, as studied in Chapter 5, can be simplified as well
by using TF (frequency-domain) approaches and circuit reduction. Hence, the integration of these
two approaches can lead to substantial benefits in model representation and analysis.

In this section, we will address the representation of a complex electrical circuit as a much
simpler equivalent circuit (Thevenin form or Norton form). We will justify their equivalence to the
original, complex circuit and also to each other. Then we will indicate the generalization of this
approach for use in other physical domains.

7.2.1  THEVENIN’S THEOREM FOR ELEcTRICAL CIRCUITS

Thevenin’s theorem provides a powerful approach to reduce a complex circuit segment into a sim-
pler equivalent representation. Two types of equivalent circuits are generated by this theorem:

1. Thevenin Equivalent Circuit (which consists of an equivalent voltage source and an equiv-
alent electrical impedance Z, in series)

2. Norton Equivalent Circuit (which consists of an equivalent current source and an equiva-
lent electrical impedance Z, in parallel).

As implied, the two equivalent impedances are identical in these two equivalent circuits (and they
are determined in the same manner from the original complex circuit). The theorem provides means
to determine the equivalent source and the equivalent impedance for either of these two equivalent
circuits.

7.2.1.1  Circuit Partitioning

Consider a rather complex circuit C. Suppose that for practical purposes, we need to determine the
voltage and current in a very small and simple sub-circuit C; (which is typically the output segment
of the circuit). The remaining (complex) circuit segment is denoted as C,. This separation of the
overall circuit into a much simpler sub-circuit (say, the output segment) and the remaining complex
sub-circuit is schematically shown in Figure 7.1.

With Thevenin and Norton equivalent circuits, the complex sub-circuit C, can be represented
by a simple equivalent circuit with just one source and one impedance. Then, by connecting back
the simple sub-circuit C; to the “simpler” equivalent sub-circuit, the representation and the analysis
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+ I(s)
Complex V(s) Simple
Sub-circuit Sub-circuit
G (Output)

O Ci

Connecting Port

FIGURE 7.1 Isolating a simpler sub-circuit (output) from a complex circuit.

of the overall circuit (system) will be considerably simplified. In fact, much of the analysis goes
to determining the equivalent impedance and the equivalent source for the original, complex sub-
circuit, which has to be done in the very beginning.

7.2.1.2  Thevenin and Norton Equivalent Circuits

Consider a (rather complex) segment (C,) of a circuit, consisting of impedances and source ele-
ments, as represented in Figure 7.2a, which remains after separating (“virtually” cutting off) the
output segment of the original circuit. According to Thevenin’s theorem, this sub-circuit can be
represented by the Thevenin equivalent circuit, as shown in Figure 7.2b or the Norton equivalent
circuit, as shown in Figure 7.2c. For either of the two equivalent circuits, its equivalence to the
original complex sub-circuit (C,) is such that, for any circuit segment connected at the output port
(or for the special open-circuit case where no external circuit is connected) the voltage v and the
current i at the output port of the original complex sub-circuit (C,) and those at the output port of
the equivalent circuit are identical.

Note: In the circuits, the variables (voltage and current) are indicated by uppercase letters as they
denote Laplace-domain variables (or, Fourier spectra, in the frequency domain).

As noted before, the complex circuit segment (Figure 7.2a) is isolated by “virtually” cutting (sep-
arating) the original, complex circuit into the complex sub-circuit segment (C,) and a quite simple
(and fully known) segment (C,), which is typically the output part of the original circuit (which will
be connected back to the complex sub-circuit, at the end). Clearly, the “virtual” cut is made at the
“port” that links the two sub-circuits. The two terminal ends formed by the virtual cut are the output
port of the complex sub-circuit segment (C;). Normally, this port is not in open-circuit condition
under normal conditions because the cut is “virtual,” and the simpler and known sub-circuit seg-
ment (C)) is connected to it (and a current flows through the port).

Note: The equivalent source and the equivalent impedance of a “physical” circuit may be deter-
mined experimentally, if the analytical details of the circuit are not known.

We define the following variables and parameter:

V(s)=voltage across the output port when the entire circuit is complete
I(s)=current through the output port when the entire circuit is complete
Vi (s) =open-circuit voltage at the output port (i.e., when the terminals open)
I (s)=short-circuit current at the output port (i.e., when the terminals are shorted)
Z.=equivalent impedance of the complex circuit segment with its sources killed
(i.e., voltage sources shorted and current sources opened)
= Thevenin impedance.
Note 1: Variables are expressed in the Laplace domain, using the Laplace variable s
Note 2: For a circuit segment with multiple sources, use the principle of superposition, by consid-
ering one source at a time and adding the results (because the system is linear).
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FIGURE 7.2 (a) Complex circuit segment with multiple impedances and sources; (b) Thevenin equivalent
circuit; (c) Norton equivalent circuit.

Example 7.1

lllustrative example for Thevenin’s theorem

We use an electrical circuit in this illustrative example. Also, electrical impedances are
expressed in the Laplace domain.

Note: The corresponding frequency TFs are obtained by setting s = jo (see Chapter 6).

Consider the circuit shown in Figure 7.3a. We make a “virtual cut” as indicated by the dotted
line and determine the Thevenin and Norton equivalent circuits for the left-side (complex) seg-
ment of the circuit.

DETERMINATION OF THE EQUIVALENT IMPEDANCE Z,

First we kill the two sources (i.e., open the current source and shorten the voltage source so that
the source signals are zero). The resulting circuit is shown in Figure 7.3b. Note the series element
and two parallel elements. Since the impedances add in series and inversely in parallel, we have

7, =z, +-2r%c gy RICD ¢
Zr+Z¢ R+1/(Cs) RCs+1

(7.1)
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FIGURE 7.3 (a) An electrical impedance circuit; (b) complex sub-circuit with the sources killed; (c) sub-
circuit in open circuit with the current source only; (d) sub-circuit in open circuit with the voltage source only;
(e) Thevenin equivalent circuit of the sub-circuit; (f) sub-circuit in closed-circuit with current source only; (g)
sub-circuit in closed circuit with voltage source only; (h) Norton equivalent circuit of the sub-circuit.

DETERMINATION OF V,.(s) FOR THEVENIN EQUIVALENT CIRCUIT

We find the open-circuit voltage with one source at a time and then use the principle of superposi-
tion to determine the overall open-circuit voltage.

a. With Current Source I(s) Only
The open-circuit condition with the current source only (i.e., with shorted voltage
source) is shown in Figure 7.3c. The source current goes through the two parallel ele-
ments only (because the series inductor is in open circuit), whose equivalent impedance

is ﬁ. Hence, the voltage across it, which is also the open-circuit voltage (since no
rtZc
current and hence no voltage drop along the inductor), is given by
ZpZ
Voo = 04201 (s) (7.22)

(Zr+Zc)
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b. With Voltage Source V(s) Only
The open-circuit condition with the voltage source only (i.e., with opened current
source) is shown in Figure 7.3d. The voltage drop across R should be equal to that
across C, and hence, the currents in these two elements must be in the same direc-
tion. But, the sum of the currents through these parallel elements must be zero, by the
node equation (since the open-circuit current is zero). Hence, each current must be
zero and the voltages Vi and Vi must be zero. Furthermore, due to the open circuit,
the voltage V; across the inductor must be zero. Then from the loop equation, we have
Ve +V(5)=0
Or,

Voer ==V (s) (7.2b)

Note the positive direction of potential drop for the open-circuit voltage, as needed
for the Thevenin equivalent voltage source.
By superposition, the overall open-circuit voltage is

ZrZc I(s)=V(s) (7.2)

‘/oc(s) = ‘/oci + Vocv Il ———
(Zr+2Zc)

The resulting Thevenin equivalent circuit is shown in Figure 7.3e.

DETERMINATION OF I (s) FOR NORTON EQUIVALENT CIRCUIT

We find the short-circuit current by taking one source at a time and then using the principle of
superposition.

a. With Current Source I(s) Only

The closed-circuit condition with the current source only (shorted voltage source) is
shown in Figure 7.3f. The source current goes through the three parallel elements, and
the currents are divided inversely with the respective impedances. Hence, the current
through the inductor is (note the positive direction as marked, for the Norton equivalent
current source),

7,
I = 1(s) (7.3a)
(VZr +1/Zc +1/2,)

b. With Voltage Source V(s) Only
The short-circuit condition with the voltage source only (opened current source) is shown
in Figure 7.3g. Note from the circuit that the short-circuit current is the current that flows
through the overall impedance of the circuit (series inductor and the parallel resistor and
capacitor combination). According to the polarity of the voltage source, this current is in
the opposite direction to the positive direction marked in Figure 7.3g. We have

V(s)

Iscv(s):_ (73b)
(2, + ZeZe (Zi + 2¢))
By superposition, the overall short-circuit current is
@)=yl = ) ) 7.3
(1VZx +1/Zc +1/2,) (Zo + ZiZe [(Zr + Z¢))

The resulting Norton equivalent circuit is shown in Figure 7.3h.
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LEARNING OBJECTIVES

1. Thevenin’s theorem

2. Obtaining the Thevenin equivalent circuit of an electrical circuit
3. Obtaining the Norton equivalent circuit of an electrical circuit

4. Handling of multiple sources, using the principle of superposition.

7.2.2  JusTiFICATION OF CIRCUIT EQUIVALENCE

To justify the circuit equivalence, we proceed as follows:

1. Show that the general circuit (Figure 7.2a) is equivalent to the Thevenin equivalent circuit
(Figure 7.2b)

2. Show that the general circuit (Figure 7.2a) is equivalent to the Norton equivalent circuit
(Figure 7.2¢)

3. Show that the Thevenin equivalent circuit (Figure 7.2b) is equivalent to the Norton equiva-
lent circuit (Figure 7.2¢). Note: Actually, this step is redundant in view of steps 1 and 2.

Step 1: Kill the equivalent source (i.e., short it) in the Thevenin circuit (Figure 7.2b). The
resulting overall impedance of the Thevenin circuit is indeed Z,, which was obtained from
the original complex circuit. Next, open the output port of the Thevenin circuit. The open-
circuit voltage is indeed V,.(s). By definition, and also in view of how this voltage was
determined, this is also the open-circuit voltage of the original complex circuit (Figure
7.2a). Hence, these two circuits must be equivalent.

Step 2: Kill the equivalent source (i.e., open it) in the Norton circuit (Figure 7.2¢). The result-
ing overall impedance of the Norton circuit is Z,, which was obtained from the original
complex circuit. Next, short the output port of the Norton circuit. The short-circuit current
is I (s). By definition, and also in view of how this current was determined, this is also the
short-circuit current of the original complex circuit (Figure 7.2a). Hence, these two circuits
must be equivalent.

Step 3: Connect an impedance (load) Z; at the output port of the Thevenin circuit (Figure

Voe

7.2b). The current passing through the load is . The voltage across the load (Note:

e T 24

Potential divider) is Vo

et 24

Connect an impedance (load) Z; at the output port of the Norton circuit (Figure 7.2¢). The current

e

passing through the load is I. (Note: Current is inversely proportional to the impedance).

e !

Z.Z
The overall impedance of the two parallel impedances is =21 Hence, the voltage across the

e + 1
Z,Z
load is —<=L ... Now
e + 1
. Voe Z,
a. For the currents in these two cases to be equal, we must have = I, or
Z.+72, Z,+7
Voe = Zod (74)
, Z Z.Z
b. For the voltages in these two cases to be equal, we must have Vo I or

Z.+7 % Z.+7
‘/OC=Z€ISC



Transfer-Function Linear Graphs 323

It is seen that the requirements for the current equivalence are the same as the requirement for the
voltage equivalence. Hence, the two circuits must be equivalent.

7.2.3  EXTENSION INTO OTHER DOMAINS

Circuit reduction and the use of Thevenin and Norton equivalent circuits are not limited to the elec-
trical domain. In view of the fact that current is a through-variable and voltage is an across-variable,
the Thevenin and Norton equivalent circuits may be extended to any linear dynamic system in terms
of the corresponding through-variable and the corresponding across-variable. Then for any physical
domain (mechanical, fluid, thermal), the circuit reduction may be applied using the proper variables
and element TFs for the circuits in that domain.

Note: In the mechanical domain, it is the mobility (no the mechanical impedance) that is equivalent
to electrical impedance. In fact, this is termed “generalized impedance,” which is [across-variable]/
[through-variable].

7.3 EQUIVALENT TRANSFER-FUNCTION LINEAR GRAPHS

A TFLG is an LG where only the A-type TF (i.e., generalized impedance=[Aaross-variable]/
[through-variable]; e.g., electrical impedance, mechanical mobility, fluid impedance, thermal imped-
ance) of the branch is indicated on the branch. This representation of LGs has particular advantages,
as presented next. The reduction of a TFLG to obtain a simpler, equivalent LG, by using the concept
of equivalent circuits (Thevenin or Norton), is studied subsequently. Multi-domain (multi-physics)
TFLGs and their conversion into an equivalent single domain TFLG (typically, the output domain)
are presented in Section 7.4.

7.3.1  TrANSFER-FUNCTION LINEAR GRAPHS

A TFLG takes a simpler form than a time-domain LG. The main reasons for this relative simplicity
are the following:

1. On a TFLG branch, we indicate only the A-type TF (generalized impedance; e.g., mobility
in the mechanical domain), not the associated through-variable and the across-variable

2. Branches can be combined by combining the corresponding generalized impedances, by
using the standard rules for series connection and parallel connection, without manipulat-
ing the branch variables themselves. This will produce a simplified (condensed, reduced)
TFLG

3. Only the variables that are important for the analysis and the end result (e.g., input vari-
ables and output variables) are noted on the TFLG

4. The concepts of equivalent circuits (Thevenin and Norton equivalence) are used to further
simplify the TFLG.

An illustrative example is given next.

Example 7.2

Consider the electrical circuit shown in Figure 7.4a. In the electrical domain, the generalized
impedance (A-type TF) is the electrical impedance. The impedance elements in the circuit are as
follows:

. 1
CapacitorCy : Z¢y = —
18
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FIGURE 7.4 (a) An electrical circuit; (b) the transfer function linear graph; (c) TFLG simplification, stage 1;
(d) TFLG simplification, stage 2; (¢) TFLG simplification, stage 3 (final stage).
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1
CapacitorCy : Z¢cy = ——
Czs

Inductor L: Z, = Ls

ResistorR: Zz =R

Note: To convert electrical impedances in the Laplace domain into the corresponding frequency-
domain expressions, set s = j.

The TFLG of the circuit is shown in Figure 7.4b. We have indicated the electrical impedances of
the circuit elements on the corresponding branches of the LG. We have not shown any variables
except for the source current (independent variable of the source, which is the input) I(s). System
variables may be indicated on the TFLG depending on the requirements of a particular problem
(e.g., if we are interested in the voltage of capacitor C;, we will indicate that voltage (the output
variable) on the corresponding branch of the TFLG).

The “preliminary” reduction of the TFLG may be achieved by combining the branches, depend-
ing on the problem objective. For instance, if we need to determine the voltage and/or the current
of capacitor C;, we should not combine its branch (impedance Z,) with any other branch. But,
we may combine the branches of the remaining circuit elements where feasible. Specifically, we
can combine the branches of Z, and Z.,. But, we cannot combine the resulting branch with the
branch of Z; (because Zy is in series with Z,, and just one of these two elements cannot be com-
bined with the common parallel branch).

A sequence of branch combinations is indicated. Figure 7.4c shows the result when the
branches of Z; and Z¢; are combined. Figure 7.4d shows the result when the branches of Z, and
Zc, are combined as well. Figure 7.4e shows the final result of TFLG when the previous two com-
bined branches are combined.

LEARNING OBJECTIVES

1. Development of a TFLG

2. Preliminary simplification (condensation, reduction) of a TFLG by combining the TFLG
branches where possible

3. Identification of infeasible combinations of branches.

The concepts of TFLGs can be directly extended from electrical systems to mechanical systems
using the familiar force-current analogy. According to this analogy, electrical impedance is analo-
gous to mechanical mobility, which are A-type TFs (or, generalized impedances); and electrical
admittance is analogous to mechanical impedance, which are 7-type TFs (or generalized admit-
tances). This analogy is summarized in Table 7.1.

Accordingly, the preliminary reduction (condensation, simplification) of a TFLG is done by the
following two steps:

1. On each branch of the LG mark the mobility function (not mechanical impedance), which
is the generalized impedance

TABLE 7.1

Analogy of Mechanical and Electrical Transfer-Functions
Mechanical Circuit Electrical Circuit Analogy
Mobility function Electrical impedance
Force Current

Voltage Velocity
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2. Carry out LG analysis and reduction (simplification, condensation) as if we are dealing
with an electrical circuit, in view of the analogy given in Table 7.1.

In particular, we do the following:

1. For parallel branches: mobilities are combined by the inverse relation

MM
M = —"""2_ (product divided by sum) (7.5)
M, + M,

Note: Velocity is common; force is divided inversely to the branch mobility.
2. For series branches: Mobilities add

Note: Force is common; velocity is divided in proportion to the branch mobility.

7.3.2  EQUIVALENT MECHANICAL CirculT ANALYSIS USING LINEAR GRAPHS

The equivalent-circuit analysis (Thevenin equivalence and Norton equivalence) can be extended to
mechanical systems as well, by using the force-current analogy. We start by forming the TFLG of
the system. Then we simplify (reduce, condense) it as appropriate. Next we perform an appropri-
ate “virtual cut” and determine the Thevenin equivalent circuit or the Norton equivalent circuit,
depending on the problem objective.

We have already discussed the formation of a TFLG and the preliminary simplification of a
TFLG by combining its branches where feasible. Subsequent steps in the formation of an “equiva-
lent linear graph” are the determination of the equivalent mobility M, and the equivalent source
(an equivalent velocity source for a Thevenin circuit and an equivalent force source for a Norton
circuit). In determining the equivalent mobility, the following operations are applicable:

1. Killing a force source means open-circuiting it (so, transmitted force=0)
2. Killing a velocity source means short-circuiting it (so, velocity across=0)

Illustrative examples in the mechanical domain are given next.

Example 7.3

Ground-based mechanical oscillator (revisited)
Consider the ground-based mechanical oscillator shown in Figure 7.5a. Let us use the approach
of the LG equivalent circuit to determine the force transmissibility of the system.

Solution

The TFLG of the system is shown in Figure 7.5b. We can simplify/reduce this TFLG by combining
the parallel branches in the suspension system (engine mount), as shown in Figure 7.5¢c, where
Mobility of the mass

Mm = (77)
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FIGURE 7.5 (a) Ground-based mechanical oscillator; (b) transfer-function linear graph; (c) reduced TFLG;
(d) Thevenin equivalent LG.

Mobility of the suspension system
s 1
M=k b (7.8)
s . 1 bs+k

Note: Equation (7.5) was used to combine the parallel branches.
Now, since we are interested in the force (a through-variable) through the suspension system,

we need to do the following:
1. Virtually cut the branch corresponding to the suspension (whose force needs to be

determined)
2. Since we need a through-variable, Thevenin equivalent LG is appropriate.
These are carried out, resulting in Figure 7.5d.
To determine the equivalent velocity source, we kill the force source in Figure 7.5¢ and deter-
mine the mobility of the remaining circuit, viewed from the virtually cut port.
Note: For a T-source (force source), killing means opening the connection.
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Clearly, the resulting equivalent mobility is
M, =M, (7.9)
Also, from Figure 7.5¢, the open-circuit velocity is
Voe(s)= M, F(s) 710

Now from the Thevenin TFLG in Figure 7.5d, the transmitted force is expressed as

Voe(s) _ M,F(s)

F(s)= =
M, +M, M,+M,

Note: We have substituted (7.9) and (7.10).
The resulting force transmissibility is

Mm

= (711)
M, +M;

Ty

This is identical to the result we obtained in Chapter 6.

LEARNING OBJECTIVES

1. Preliminary simplification (condensation) of a TFLG by combining the TFLG branches
2. Identification of the suitable virtual cut and the equivalent TFLG

3. Determination of the Thevenin equivalent TFLG

4. Determination of the force transmissibility using the equivalent IFLG method.

Example 7.4: Oscillator with Support Motion (Revisited)

Consider the mechanical oscillator with support motion, as shown in Figure 7.6a. Let us use the
approach of LG equivalent circuits to determine the motion transmissibility of the system.

Solution

The TFLG of the system is shown in Figure 7.6b. We can reduce this TFLG by combining the paral-
lel branches in the suspension system, as shown in Figure 7.6c, where the mobility of the mass,

1 e .
M,, =—, and the mobility of the suspension system,
ms

M, = bsj— Z (See Example 7.3)

Now, since we are interested in the velocity (an across-variable) of the mass, we need to do the
following:

1. Virtually cut the branch corresponding to the mass (whose velocity needs to be
determined)
2. Since we need an across-variable, Norton equivalent LG is appropriate.

These are carried out, resulting in Figure 7.6d.

To determine the equivalent force source, we kill the velocity source in Figure 7.6¢ and deter-
mine the mobility of the remaining circuit, viewed from the virtually cut port.

Note: For an A-source (velocity source), killing means closing the connection.
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FIGURE 7.6 (a) Mechanical oscillator with support motion; (b) transfer-function linear graph;
(c) reduced TFLG; (d) Norton equivalent LG.

Clearly, the resulting equivalent mobility is

M, =M, (7.12)

. s .. MM,
In the Norton LG of Figure 7.6d, the overall mobility of the two parallel branches is ——"— (see

e+ m

equation (7.5)). Hence, the velocity at the mass is

_ MM, Fu(s)= MM, V(s) M,V(s)
M,+M, = M,+M, M, M, +M,

m

Note: We have substituted (7.12) and (7.13).
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The resulting motion transmissibility is

M,

= (7.14)
M, +M,

m

This is identical to the result we obtained for the force transmissibility in Example 7.3 and also the
results in Chapter 6.

LEARNING OBJECTIVES

1. Preliminary simplification (reduction, condensation) of a TFLG by combining the LG
branches

. Identification of the suitable virtual cut and the needed type of equivalent TFLG

. Determination of the Norton equivalent TFLG

. Determination of the motion transmissibility using the equivalent TFLG method

. Equivalence of the force transmissibility and the motion transmissibility in complemen-
tary (dual, reciprocal) systems.

g W

7.3.3  SUMMARY OF THEVENIN APPROACH FOR MECHANICAL CIRCUITS

We now summarize the general steps in the application of Thevenin’s theorem to mechanical
circuits that are represented by TFLGs.

7.3.3.1 General Steps

1. Draw the TFLG for the system and mark the mobility functions for all the branches (except
the source elements)

2. On the TFLG indicate only those variables that are important for the objective (e.g., the
system inputs and outputs)

3. Simplify (reduce, condense) the TFLG by combining branches as appropriate (for series
branches: add mobilities; for parallel branches: inverse rule applies for mobilities) and
mark the mobilities of the combined branches. Do not combine a branch whose variable
needs to be determined (e.g., an output branch), with another branch

4. Depending on the problem objective (e.g., determine a particular force, velocity TF) deter-
mine which segment of the circuit (TFLG) should be virtually cut (i.e., the variable or
function of interest should be associated with the segment/branch that is removed from the
TFLG). The equivalent TFLG of the remaining part needs to be determined

5. Depending on the problem objective, establish whether Thevenin equivalence or Norton
equivalence is needed (Specifically, use Thevenin equivalence if a through-variable or
T-type TF needs to be determined, because then the equivalent TFLG will have two series
branches with a common through-variable; use Norton equivalence if an across-variable
or an A-type TF needs to be determined because then the equivalent TFLG will have two
parallel branches with a common across-variable)

6. Determine the equivalent source and equivalent mobility of the equivalent TFLG

7. Using the equivalent TFLG determine the variable or function of interest.

7.4 MULTI-DOMAIN TRANSFER-FUNCTION LINEAR GRAPHS

This section studies multi-domain TFLGs. Their analysis is done by first converting the TFLG
of the multi-domain system into an equivalent single-domain TFLG. This conversion is done using
the constitutive relationships of the two-port elements that connect the different physical domains.
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The other key steps in the problem solution are the same as before. In particular, the preliminary
steps prior to the domain conversion are the following:

1. Draw the TFLG for the system and mark the A-type TFs (generalized impedances) for all
the branches (except the source elements)

2. On the TFLG indicate only those variables that are important for the objective (e.g., system
inputs and outputs)

3. Simplify (reduce, condense) the TFLG by combining branches as appropriate (for series
branches, add mobilities; for parallel branches, inverse rule applies for mobilities) and
mark the mobilities of the combined branches. Do not combine a branch whose variable
needs to be determined (e.g., an output branch), with another branch.

7.4.1 CONVERSION INTO AN EQUIVALENT SINGLE DOMAIN

Once the TFLF is pre-processed using the preliminary steps indicated above, the process of con-
verting a two-domain system into an equivalent single domain is done as follows (Note: The two
domains are coupled either by a transformer or a gyrator):

1. Decide which physical domain will be converted. This is based on the end objective of the
analysis. Typically, the physical domain of the system input is converted into the physical
domain of the system output

2. Determine the Thevenin equivalent TFLG of the subsystem that will be converted. This is
connected to the input branch of the two-port element (transformer or gyrator), which links
to remaining subsystem through the output branch of the two-port element

3. Apply the constitutive equations of the two-port element in the Thevenin equivalent TFLG
and determine the equivalent A-source and the equivalent generalized impedance in series,
which will replace the output branch of the two-port element.

Note: In step 2, we may use Norton equivalence instead. Also, in step 3, we may determine the
equivalent 7T-source and the equivalent generalized impedance in parallel. The final result will be
the same, but the intermediate analysis will be different.

7.4.1.1 Transformer-coupled Systems

Suppose that the two physical domains of the mixed system are coupled through a transformer.
First we apply the Thevenin theorem to the subsystem to be converted and determine the equivalent
A-source P,.(s) and the equivalent generalized impedance Z, in series in the Thevenin equivalent
TFLG. This result is shown in Figure 7.7a.

Note: If the fluid domain is to be converted, the equivalent Thevenin source P,.(s) is a pres-
sure source, and Z, is a fluid impedance (pressure/flow rate). If the retaining (equivalent) domain
is mechanical, f; is a force and v; is a velocity. In any other domain, these quantities will take the
corresponding meanings.

The governing equations of the TFLG in Figure 7.7a are written now.

Equivalent-Impedance Constitutive Equation : P, = Z,Q, 1)
Transformer constitutive equations:

v, =rPF (i)

fi=——0 (iii)
r
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(a) (b)
(/1)
(@.R)

(©..F) (isw)

v, (5)

(Bo(s),0)—=

FIGURE 7.7 Transformer-coupled system. (a) Thevenin equivalent TFLG of the subsystem to be converted;
(b) equivalent TFLG of the subsystem in the new physical domain.
where r=transformer parameter.

Loop Equation: —B — P, + P,.(s) =0 (@iv)

Node Equation: Q, —Q; =0 9
Now we carry out substitutions as follows:

(iD): vi = 1R = r[Poc(s) = P ] = rPoc(8) = 1Z,Q. = 1Py (5) = rZ,Q; (from (iv), (i), and (v))

Substitute (iii) : v, = rP,(s) + r*Z, f; (vi)

This may be written as
i =Ve(s)+M.f (7.15)

Accordingly, we have the following results:

Converted equivalent A — source V,(s) = rP,.(s) (7.16)

Converted equivalent generalized impedance (in series) : M, = r*Z, (7.17)

The equivalent TFLG of the converted subsystem is shown in Figure 7.7b.
The main steps of this conversion are given in Table 7.2.

7.4.1.2  Gyrator-coupled Systems

Now suppose that the two physical domains of the mixed system are coupled through a gyrator (two-
domain). Again, we apply the Thevenin theorem to the subsystem to be converted and determine the
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TABLE 7.2

Domain Conversion of a Transformer-Coupled System

Formulation Step

Equivalent-impedance constitutive equation
Transformer constitutive equations

Loop equation

Node equation

Result after substitutions
Final result

Result
F, =270,
1
v =rP; fi =—=—0,; r=transformer parameter
r
-R-PF +Pc(s5)=0
0. -0 = 0
Vi = 1P () —rZ, Q1
Vi = rPoc(8) + 1 Z. fi or vy =V, () + M. f;

Converted equivalent A-source V. (s) = 1Py (s)

Converted equivalent generalized impedance (in series) M, =r*Z,

@) (b)

isw)

0,F)

(O isv) ‘

+
v, (s)

(F.(5),9)

FIGURE 7.8 Gyrator-coupled system. (a) Thevenin equivalent TFLG of the subsystem to be converted; (b)
equivalent TFLG of the subsystem in the new physical domain.

equivalent A-source P,.(s) and the equivalent generalized impedance Z, in series in the Thevenin
equivalent TFLG. This result is shown in Figure 7.8a.
The governing equations of the TFLG in Figure 7.8a are written now.

Equivalent-Impedance Constitutive Equation : P, = Z,0Q, @)
Gyrator constitutive equations:
v = MQ, (1)

fi=—Lp (i)
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TABLE 7.3
Domain Conversion of a Gyrator-Coupled System

Formulation Step Result
Equivalent-impedance constitutive equation P, =270,

Gyrator constitutive equations 1
v = MQy; f; = —— B; M=gyrator parameter

Loop equation —P—F +F(s)=0
Node equation 0.-0 =0

Result after substitutions M

v = 7[&(5)—H]

Final result 11/; M?
V= P (s) +

e e

fiorvy =V, (s)+ M, fi

Converted equivalent A-source Vo(s) = Zﬂ P(s)

Converted equivalent generalized impedance (in series) M?

where M =gyrator parameter.

Loop Equation: —B — P, + P,.(s) =0 @iv)
Node Equation: Q, —Q; =0 )
Now we carry out substitutions as follows:
. MP, M M M N
(i) vi = MOy = MQ, = = [Re(s)= A]= """ Pc(s) =~ x(=Mf) (from (v), (i), (iv), and
Z Z Z, Z,
(iii)).
We have : v —KP (s)+M—2f (vi)
- V1 ZE oc Ze 1
This may be written as
i =V (s)+ M. fi (7.18)

Accordingly, we have the following results:

Converted equivalent A — source V,(s) = Zﬂf{)c (s5) (7.19)

e

. o o M?
Converted equivalent generalized impedance (in series) : M, = 7 (7.20)

e

The equivalent TFLG of the converted subsystem is shown in Figure 7.8b.
The main steps of this conversion are given in Table 7.3.

7.4.2  ILLUSTRATIVE EXAMPLES

Once the equivalent TFLG of the domain-converted subsystem is obtained, the remaining subsys-
tem (of the same domain) is directly connected to it (the same way the remaining subsystem had
been connected to the output branch of the two-port element). This gives the overall equivalent
TFLG, expressed in a single domain. Then this equivalent TFLG, expressed in a single domain, can
be analyzed in the same way as done in the previous section. Illustrative examples are given now.
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N\

— WS : N

k N\

+ a (f ) P c §
[ | k N\

v O — R N
_ ko N
N\

[ N\

e Armature Circuit Hydro-mechanical b N
of DC Linear Actuator Load N\

FIGURE 7.9 A hydro-mechanical load driven by a DC linear motor.

Example 7.5

Consider a positioning mechanism, whose lumped-parameter linear model is shown in Figure 7.9,
which has an armature-controlled linear dc motor that drives a hydro-mechanical (mixed-domain)
load of mass m, viscous damping of damping constant b, resisting spring of stiffness k, and a
hydraulic capacitor of capacitance C. The hydraulic piston and cylinder (capacitor) unit serves as
a shock absorber for the load and has hydraulic pressure P..

The following model parameters are given:

R=resistance of the armature coil

L =leakage inductance of the armature circuit

k,,="force constant” of the linear dc motor (i.e., the conversion factor for armature current
to actuator force)

m=overall mass of the load (including the armature)

k =resisting stiffness of the load

b=viscous damping constant of the load

C =fluid capacitance of the shock absorber

A=area of the shock-absorber piston

a. Sketch a complete LG for the system model.

Note: Orient the branches and indicate all the system parameters and branch vari-
ables (as through- and across-pairs).

b. Using the LG, systematically develop a complete, linear, and proper state-space model
for the system. Initially, use the following state variables, which correspond to the energy
storage elements in the system:

i =current through the leakage inductance of the armature

v, =velocity of the mechanical load (and also of the actuator rod)
fi=spring force of the mechanical load (attached to the actuator piston)
P.=hydraulic pressure in the shock-absorber cylinder

System input=v, (t)=voltage applied to the armature.

System output=v,, =velocity of the load.

You must give all the vectors and matrices of the final state-space model.

c. From the state-space model, determine the input—output differential equation (input=
v, (), output=v,,). From that equation, write the system TF.

d. Draw the TFLG corresponding to the state-space model obtained in Part (b). Convert
it into a TFLG that is entirely in the mechanical domain. From that, systematically
obtain the system TF. (Note: This result should be identical to the result obtained in
Part (c).
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Solution

@)
The LG of the system is shown in Figure 7.10a.

(a) Ay

i, v
(b)
FA%
. TV,
7%
)
km
Ls+R o
(c)
+ ——
Va(s)
Z )
kon
@ Mo © M. i
+
+ M,,,

v () ()

FIGURE 7.10 (a) Linear graph of the system; (b) Linear graph of the equivalent minimal system with
independent energy storage elements; (c) The transfer-function linear graph of the multi-domain (elec-
tro-mechanical) system; (d) The equivalent TFLG entirely in the mechanical domain; (e) The reduced

TFLG in the mechanical domain.
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(b)
State-Space Shell:
Ll:L =V
mv, = fi
fk = kv
CP, c =0c
Other Constitutive Equations:
vr = Rig
Jo=bvy
po e
ko DC motor (electro-mechanical transformer)
f - _kmll
bt
A Shock-absorber (fluid gyrator)
Q=-Av,

Node Equations:
io—ig =0 (useless); ig—ip =0; i, =i, =0; = f=fu—fo—fi —f, =0, —Q-0c =0

Loop Equations:

V=V =V +v,()=0; —v,, +v=0; —v, +v,, =0; —v+v,, =0; —v,+v, =0; —F+P=0

Eliminate Auxiliary Variables:
v ==V, — Vg + v, (t) = —k,,v— Rig +v,(t) = —=k,,v,, — Ri; +v,(t)
fo=—=F=fo = fo = fo = kniy —bvy — fi — AP = kyyiy, —bv,, — fo — AP:
Vi =V
Oc =—0=Av, = Av,

Output = v,,

Hydro-Mechanical Load:

T T
State vectorx:[ XX X X ] =[ i, Vu, Jfio K ]
Input vector u = [u]=[v,(?)]
Output vector y =[y]=[v,]
State-Space Model:

x=Ax+ Bu
y=Cx+Du

337
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The corresponding model matrices are

|
S

banl
3

Q\:b?vs‘wh‘

OS"—‘ o

S

0
1
A L
“m l:B=| o ;Cz[o 1 0 0];D=[O]
0 0
0 0

This is not the final result of Part (a), as discussed next.

Important Observation
It is clear that in the system matrix (A), the fourth row is directly proportional to the third row
(through a constant multiplier). This tells us that the state variables x; and x, are not independent.
Since the state-space model must contain the least number of state variables that completely rep-
resent the dynamics of the system, we have to eliminate one of these two state variables. There are
many ways to perform this elimination, but we will use the most direct and simplest way. Before
doing that, we should also recall that the system order (which is equal to the order of the state
vector) is equal to the number of “independent” energy storage elements in the system. Through
physical examination of the model (Figure 7.9), it should be clear that the fluid capacitor and the
spring (of stiffness k) are not independent. Since these two energy storage elements are not inde-
pendent, we cannot use two separate state variables to represent them in the final state-space
model. All these tell us that the state-space model (fourth order) that was obtained before is not
the correct final result, and it has to be reduced to a third-order model. This is accomplished now.
From the proportionality of the third and the fourth state equations, it is clear that

A
po=
c= ol

Substitute this in the second-state equation

where

mv,, = k,ip —bv,, — fr — APc = k,ip —bv,,

A2
_ﬁc _afk

2

. A . A .
= kmlL _bvm _ﬁc _afk = kmlL —me _(1+C‘k]ﬁ( = kmlL _me _fke

Then, the third state equation may be modified as

where

fke = kevm

2 2
ke:k(l+ék):k+fé (i)

2

Note: It is seen that the equivalent spring stiffness of the hydraulic capacitor is vl
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In this manner, we have the following “proper,” minimal (third order) state-space model, with

T T
the statevectorx:[ X1 X2 Xz, ] :[ iy Vs  Sfre ] and the model matrices:

] ~x

;c=[ 0 1 0 :|;D=[O]

os‘*‘
=]
1]

S o~

where k, is given by (ii).
The corresponding LG is shown in Figure 7.10b.

© The state-space model may be written as
Lx; =—Rx; —k,y+u (iii)
my =k, x; —by—x3, (iv)
X3 = koy v)

We have to express these three equations as a single equation in input u and output y only. This
is done as follows:

% and substitite (iii) and (v): my = kL (=Rx, —kny+u)—by—k,y
This gives
my+ by + @+k —k—mu——kax
y y L e y L L 1
Or
| .
X =——(my+by+a1y—a3u) (vi)
a
where
k2 knR k
=] 24+ ke ; =" R =" Vi
a ( I ) a L a L (vii)

Substitute (vi) in (iii):
L, .. . . . R, . .
——(my+by+a1y—a3u)=—(my+by+a1y—a3u)—kmy+u
a a

Rearrange:

Lm e U tor Ry + 1 (Lay +Rb)y'+(R“‘—km)y:L"3u+(M—1)u
ay

a a a a a
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Lmy +(Lb+ Rm)y +(La, + Rb)y+(Ra; —k,a,)y = Lasit+(Raz —ay )u (viii)
Substitute (vii) in the coefficients of (viii):

2

La1+Rb=L(kL'”+k2)+Rb=kﬁ,+Lke+Rb

2
R
Ral—kma2=R(kf+ke)—km km =Rke

L
Las _Lkl: -
L
R
Ra3—a2= kl_km =0
L L

Substitute in (viii). We have the input—output differential equation:
Lm§ +(Lb + Rm)§ + (ks + Lk, + Rb) §+ Rk.y = kit

Note: At this stage, it is a good idea to check the physical units of each of the coefficients and
verify that they are consistent. If not, that means, you have made errors.

As expected, we obtained a third-order input-output differential equation model for this third-
order system (having three independent energy storage elements).

The corresponding system TF:

Viu(s) ks
Vu(s)  Lms® +(Lb+ Rm)s® +(k3, + Lk, + Rb)s+ Rk,

d

The TFLG of the system in Figure 7.10b is shown in Figure 7.10c.
Now, we convert the electrical domain (the LHS segment of the electro-mechanical transformer
in Figure 7.10c) into an equivalent mechanical domain.

The domain conversion of the transformer-coupled two-domain system is carried out using
the standard result of converting a Thevenin segment in one domain into an equivalent Thevenin
segment in the other domain.

. . . 1 .
In the converted segment, the equivalent velocity source is Ve(s):k—Va(s) and the series

e . Ls+R
mobility in that segment is M, = ( 5 )
km

. . 1
Note: In the present problem, the parameter of the electro-mechanical transformer is r = —.

m

We get the equivalent TFLG shown in Figure 7.10d. This equivalent system is entirely in the
mechanical domain.
In Figure 7.10d, the three parallel branches of m, b, and k can be combined to give the mobility

1
M,, as follows: — =ms+b+—=
M, K

N

Hence, M, (s)=—5————
ms” +bs+k,

The corresponding equivalent TFLG is shown in Figure 7.10e.
Applying potential division, we get

M, V) 1

1
= My, Ly,
M+m, e )

M, /M, +1 (LS+R)X(ms2+bs+ke)+l ki

2
ki, s

‘/m
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- L Va(s)

[(Ls + R)(ms2 +bs+ kg)+ k,%,s]

Hence, the system TF is

Va(s) ks
V(s) [Lms3 +(Lb+Rm)s® +(Rb+ k. L+ k2 )s + Rke]

This TF is identical to what was obtained previously, by the time-domain approach.

Example 7.6

Consider the multi-domain (multi-physics or mixed) system consisting of both mechanical com-
ponents and fluid components, as shown in Figure 7.11. In this system, a pump of pressure P, (t),
which is a pressure source (the system input), pumps water through a uniform horizontal thin pipe,
into a horizontal cylinder of area of cross-section A and a leak-proof piston, which serve as the
hydraulic actuator that drives a mechanical load. The combined mass of the actuator piston and
the mechanical load is m, the resisting stiffness of the mechanical load is &, and the combined
viscous damping constant of the actuator piston and the mechanical load is b. The fluid inertance
in the pipe is represented by / and the fluid resistance in the pipe is represented by R. The pres-
sure ripples in the water flow of the pipe are suppressed before the flow enters the actuator, by
means of an energy absorber consisting of an open tank of fluid capacitance C; (assumed to be
constant). The water in this buffer tank goes through a valve of fluid resistance R, before entering
the actuator cylinder.

Note: Even though the fluid resistance R, of the valve is adjustable (by operating the valve),
assume that it is a constant in the present example.

The velocity v,, of the load m (also, of the actuator piston) is the system output.

i. Draw a complete LG for the system. Orient (with arrows) all the branches. Mark all the
variables and parameters of the LG branches. Giving proper justification, indicate the
order of the system.

ii. Using the LG, and giving all the details, systematically develop a complete (and linear)
state-space model for the system. Use the following state variables:

0, =volume flow rate of the water in the pipe before reaching the buffer tank
Pr=gauge pressure of the water at the bottom of the buffer tank
v, =velocity of the mechanical load (and also of the actuator piston)

%+ =spring force of the mechanical load (attached to the actuator piston)
Express the state-space model in the vector-matrix form.

Buffer Hydraulic
Tank

Actuator

’—>Vm

Pump
(Pressure Source)

Ji

Long Pipe

Py (1)

m,b Mechanical
Load

FIGURE 7.11 A hydraulic actuator system that operates a mechanical load.
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iii. From the state-space model, determine the input—output differential equation (input=
P.(1), output=v,,), working entirely in the time domain. From that equation, write the
system TF.

iv. Give the TFLG corresponding to the LG obtained in Part (i). Appropriately reduce it, by
combining branches. Convert it into a TFLG that is entirely in the mechanical domain.
From that, systematically obtain the system TF.

Solution
(@

The LG of the system is shown in Figure 7.12a.

The particular choice of the primary loops (five) and the primary nodes (6 — 1=5) are indicated
on the LG.

The system has four independent energy storage elements (I,C;,m,k). Hence, the system is
fourth order, with four state variables (which will be chosen according to our systematic approach).

(i)
State-Space Shell:

a0, _,
dt
dpP;
T Or
dv,,
m = m
dt 5
&y,
dt
Other Constitutive Equations:
Pr = ROg
P, =R0,
fo=bv,
=2
PTA Fluid-mechanical gyrator
fr=-AR

Node Equations:

Node 1: Q, — 0, = 0 (useless); Node 2: Q; —Qr = 0;Node 3: Qx —Q; — 0, =0;
Node4: 0, —Q, =0;Node 5: — fo—fu—fi = f» =0
Loop Equations:
Loop 1: =P, —Py—P, +P(1)=0; Loop2: —A—P,+P;=0; Loop3: —v,, +v, =0;
Loop 4: —v; +v, =0; Loop 5: —=v, +v,, =0

Eliminate Auxiliary Variables:

P, =—P; — Py +P(t)=—P; —RQr + P.(t)=—P; —RQ; + P,(t) {From Loop 1, R-constitutive, and
Node 2 equations}
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@

(b

© @ .

FIGURE 7.12 (a) Linear graph of the system; (b) The TFLG of the multi-domain system (fluid-
mechanical); (c) The TFLG with the fluid domain expressed in the Thevenin form; (d) The equivalent

TFLG entirely in the mechanical domain.

0;=0r—0, =0, -0 =0Q; — Av, = Q; — Av,, {From Node 3, Node 2, Node 4, gyrator-constitutive,
and Loop 3 equations}

fu==Fr=fi—fo = AR = fi —bvy = A(=P, + Py )= f = bv,,
= A(-R.Q, + P )~ fi —bv,, =—ARQ\ + AP; — fi —bv,

=—AR,Av, + AP; — fy —bv,, =—A’R,v,, + AP, — fi —bv,, =—(A’R, +b)v, + AP, — f,
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{From Node 5, gyrator-constitutive, Loop 2, Loop 5, R -constitutive, Node 4, gyrator-constitutive,
and Loop 3 equations}
Vi = v, {From Loop 4 equation}

State Equations:

ao,

I——=-RQO,—-P; +P.(t i
it O — P+ F() 0]
dP; ;
——=0; - Av, i

I Q- Av (ii)

m & _ ap —(AR, +b)v, — f; (iii)
dt f v m k

& _p, (iv)

dt

Output = v,

Vector-Matrix Formulation:

T
State vectorx=[ O P ova fi ]

Input vector u = [u] =[P (1)]
Output vector y =[y]=[v,]

State-Space Model:

X = Ax+ Bu
y=Cx+ Du
with
R1 0 0
1 1 l
L 0 _i 0 1
A= G o ;B=| 0 [c=[ 0 0o 1 0 [p=[0]
A (AR, +b) 1 0
0 . - 0
m m m
| 0 0 k 0 |
(iii)
The state equations may be written as
Xi =—anXx; —apXx, +bu (i)
Xy = a1 Xy — Ay (ii)
)" = a3 Xy —d3zy — A3 Xy (iii)
Xy = dasy (iv)
with
a —B'a —l'a —i'a —i'a —é'a —7(A2Rv+b)'a —l'a =k;b =—
11 1, 12 I’ 21 Cf, 23 ny 32 ma 33 m s U34 m’ 43 > U] I
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We have to express these four state equations as a single differential equation in v and y only. This

is done as follows.
Substitute (iii) into (iv) to eliminate x,:

dp . .. . .
mz[—y+a32x2—a33y]=a43y%m[y+a33y]+ky:sz v)

Substitute (ii) into (i) to eliminate x;:

C_/ E[Xz + azgy] = —a“C_/ [Xz + az3y] —dpXx; + blu - IC_/XZ + RC_[XZ +x, = —AIy - ARy +u (Vl)

Substitute (v) into differentiated (vi) to eliminate x,:

ICy RC,
—fmdf (AR+b)dy+kdy L3 md3y (AR+b)dy+kdy
A dt ar’ ar’ A dt dr’ dt

+1L mdy +(A%R, +b) +ky|= Id—zy—A dy | du
Al art dr it dr

I 4 3 3
e mﬂ +(A%R, +b)d—+kd v |, RC md—f+(A2Rv+b)d Y W
A drt dr dr? A dt dr? dt

1
sy (AR, +5) 2 1 gy VL YL
al"ar dr dr i dr

By substituting for a;; and rearranging, we have the I-O differential equation:

I 3 2 R 3
L mdf +(A%R, +b)d—+kd RE, md—3y+(A2Rv+b)dy+kdy
A dt dr dr? A dt dr? dt

1 2
LY LA +(A%R, +b)d—+k Id—zy—ARdy du
Al a dt dt e dr

IC;m d*y IC; (AR +b) &y IC/k d®y RC;m d'y RC;(A’R.+b) 4y

A drt A " A 4 A dr A dr?
RC.k 2 AR, +b 2
JRCkdy md'y (RR+D)ay ko dy L dv de
A dt A dt A d A dt dt dt

Now, group the like terms, and multiply throughout by A:

ICym d; [Icf(A R, +b)+RCfm]d; [Ika+RCf(A R, +b)+m+ A’ I]d;vz,n
+[RCik+A* (R, +R +b]dvm kvmzA?

2

4 3
ICym ddtv +[1c, (AR, +b)+RCfm]ddt +[IC k+RC; (AR, +b)+m+ A® 1]‘1[12

+[RC,~k+AZ(RV +R)+b] U v, = AR G)
dt dt

As expected, we obtained a fourth-order input—output differential equation model for this fourth-
order system (which has four independent energy storage elements).



346 Modeling of Dynamic Systems with Engineering Applications

The corresponding system TF (by changing % to s):

Vin (S) _ As
P(s)  IC;ms* +[IC;(A’R, +b)+RC;m |s* +[IC;k+RC;(A’R, +b)+m+ A’I |5

+[RCsk+A*(R, +R)+b |s+k

@iv)
The TFLG of the LG in Figure 7.12a is shown in Figure 7.12b.

The fluid domain is now converted into the Thevenin form, as shown in Figure 7.12c.

Further reduction of the TFLG has been done as well, by combining the two parallel branches:
k-branch and the b-branch in the mechanical domain, into a single branch with mobility M. Here,

s 1
M=_k b__ (i)
S

( 1)_bs+k
+i
k b

By following the usual procedure for Thevenin circuit development, we have:
Equivalent (open-circuit) pressure source

g°(s):;xciﬂ(s):m
) -S(LS
(15+R+L] / /

CfS

Fi(s) (vii)

Note: The potential divider (pressure divider, in the fluid domain) method is used in writing this equation.

(Is + R) X CL Iea R
Equivalent fluid impedance Z, = 7{5 +R, = o mEr R, (viii)
(Is+R)+—— Crs(Is+R)+1
[S

Note: Here, after killing (i.e., shorting) the fluid source, we combined the resulting two parallel
branches and then added the series branch.

Next, we convert the fluid domain into an equivalent mechanical domain, through the gyra-
tor (fluid-mechanical energy converter). We get the equivalent TFLG shown in Figure 7.12d. This
equivalent system is entirely in the mechanical domain.

The domain conversion of the original gyrator-coupled two-domain system is carried out as follows:

Constitutive Equations for Gyrator: v,, = XQI; fo =—AP,
Loop Equation (with constitution equation for Z, substituted): —-B — Z,0; + P (s) =0

Substitute the node equation, Q; —Q, =0:-P - Z,Q, + P (s) =0
Substitute the gyrator equations, to eliminate the fluid-domain variables:

A 1 1
_ZeA m + Poc =0or m = —— Py +—
A v (s) v 2 (s) A7, f2

This result has only the mechanical side variables of the output branch of the gyrator (i.e., v,, and f,).
From this result, we have

Equivalent velocity source, v, (s) = éPOC (s) (ix)

e

Equivalent series mobility, M, = —;
A°Z,
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In Figure 7.12d, the equation of the first branch in the equivalent system is

Vi = ve(s)_MefZ (X[)

Note: The direction of f, in the first branch of the TFLG that is entirely in the mechanical (see
Figure 7.12d) is opposite of what is in the output branch of the gyrator in the original TFLG (see
Figure 7.12c). This is the reason for the sign reversal of the f, term in (xi).

The combined mobility of the two parallel branches in Figure 7.12d is

1
M xX—

M, = ms___ M (xii)
(M+i) Mms +1
ms

To get the system TF, we need an expression for v,, (the output). For this, we use the familiar,
“potential divider” approach (in the present “mechanical” situation, we use the analogous, “veloc-
ity divider” approach) in Figure 7.12d:

MIYI
Vi = —————XV,(5)
(M, +M,,)

Into this equation, substitute (ix), then (vii):

_ M. XLP.(s): ! X !
(M, +M,,)" Az, ™ AZ,(M./M, +1)" [CpsUs+R)+1]

F.(s)

Vi =

The system TF is

Vin 1
TF = =
P(s) AZ M,/ M, +1)[Cps(s+R)+1]

Now substitute (xii), (x), and (vi):

TF = 1 _ A

B 1
AZ()( ! XMms+l+l)[Cfs(Is+R)+l] (ms+ﬁ+AZZ€)[Cfs(Is+R)+l]

A’Z, M
A

(ms DR pg, )[cfs(1s+ R+1]
S

Now substitute (viii):

TF= - A
ms+ DSk, o) IR o [Crsts+R)+1]
s Crs(Is+R)+1
_ As
Is+R
ms® +bs+k+ A%s{—— "y R ANCysls+ R)+1]
Crss+R)+1
As

[(ms2 +bs+k){CrsUs+R)+1}+ A%s(Is + R) + A’R,s {CrsUs + R) + 1}]
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Simplify:

As
[(ms2 +bs+k){CysUUs+R)+1}+ A2Is> + A*Rs + A’R,C/Is* + A*R,C Rs* + AZRVS]

TF =

As
TF =
[ms>Cs(Is + R)+ bsCys(Is + R) + kCs(Is + R)+ms® + bs + k+--

A’Is* + A’Rs+ A’R,CIs* + A’R,C/Rs* + A’R,s

As
[mCyls* + mC Rs® +bCls* + RbCs” + kCyls® + RKCys+ms” + bs+k +-+- |

TF =

A’Is* + A*Rs+ A’R,C/Is* + A*R,C/Rs* + A’R,s

As

TF =
mCIs* +[ AR,C;I +bCil +mCyR|s* +[kC/l + A’R,C;R+RbCy +m+ A’l |s* +

---+[Rka+A2R+A2RV +b]s+k

This result is identical to what we obtained from the time-domain approach, in Part (iii).

7.5 SUMMARY SHEET

e Model Conversion/Approximation: 1. Distributed parameter to lumped parameter; 2.
nonlinear to linear; 3. time domain to TF (Laplace domain, frequency domain); 4. detailed
component based to a reduced TF; 5. complex structure to simple equivalent (Thevenin or
Norton) structure

* Thevenin Equivalence: Equivalent A-type source with equivalent A-type TF (generalized
impedance) in series

* Thevenin Source: Open-circuit across-variable — V. (s)

* Thevenin Impedance: Overall impedance with sources killed=Z,

» Killing a force source — open-circuiting it — transmitted force=0

* Killing a velocity source — short-circuiting it — velocity across=0

* Norton Equivalence: Equivalent 7-type source with equivalent A-type TF (generalized
impedance) in parallel

e Norton Source: Short-circuit through-variable — I (s); Note: V,. = Z I

* Norton Impedance: Overall impedance with sources killed=Thevenin impedance=Z2,

* Series Branches: Combined mobility (or, generalized impedance) M = M, L A;ll/}

142

* Parallel Branches: Combined mobility (or, generalized impedance) M = ————
M, +M,
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* Steps of Equivalent TFLG Approach

1. Draw TFLG; mark A-type TFs (generalized impedances) for all the branches (except
sources)

2. On TFLG indicate important variables only (e.g., system inputs and outputs)

3. Simplify (reduce, condense) TFLG by combining branches. Do not combine a branch
whose variable needs to be determined (e.g., output branch)

4. Depending on problem objective, determine which TFLG segment should be cut.
The equivalent TFLG of the remaining part needs to be determined

5. Depending on problem objective, establish whether Thevenin equivalence or Norton
equivalence is needed. Use Thevenin equivalence if a through-variable needs to be
determined; use Norton equivalence if an across-variable needs to be determined

6. Determine the equivalent source and generalized impedance of the equivalent LG

7. Using the equivalent LG, determine the variable or function of interest.

* Domain Transformation (Conversion into Equivalent Single Domain): 1. Determine
the Thevenin equivalent LG (associated source P, (s) and generalized impedance Z,) of
the subsystem to be converted; 2. determine the converted equivalent A-source and series
A-TF (generalized impedance) depending on the two-port coupling element

e Transformer-Coupled Systems: Converted equivalent A-source V,(s)=rP.(s); con-
verted equivalent generalized impedance (in series): M, = r’Z,

Note: r=transformer parameter M
* Gyrator-Coupled Systems: Converted equivalent A-source V,(s) = ?POC (s); converted

e
. B~ N M?
equivalent generalized impedance (in series): M, = —
* Note: M=gyrator parameter Z

PROBLEMS

7.1 Consider the ground-based mechanical oscillator shown in Figure P7.1.

a. Sketch the TFLG of the system. Indicate the source element and the mobility functions
of the branches.
Combine the spring and the damper branches.

c. Virtually cut the mass branch and find the Thevenin equivalent TFLG of the remain-
ing TFLG. Then, determine the force transmissibility.

d. Determine the force (inertial force) through the mass and the velocity of the mass
using 1. simplified TFLG; 2. Thevenin equivalent TFLG. Show that the results from
the two methods are identical.

\l] A
o
v

Suspension

FIGURE P7.1 Ground-based mechanical oscillator.
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7.2 Consider the mechanical oscillator with support motion, as shown in Figure P7.2.

a. Sketch the TFLG of the system. Indicate the source element and the mobility functions
of the branches.

b. Combine the spring and damper branches.

c. Virtually cut the mass branch and find the Norton equivalent TFLG of the remaining
TFLG.

d. Determine the force (inertial force) through the mass and the velocity of the mass
using 1. simplified TFLG; 2. Norton equivalent TFLG. Show that the results from the
two methods are identical.

7.3 Consider the mass-spring-damper system that has two inputs: force source f(¢) acting on
the mass; velocity v(¢) source at the base, as shown in Figure P7.3. The resulting velocity of
mass m is v,,. The force associated with the velocity source v(¢) is f;, which is also the force
transmitted through the suspension unit consisting of the spring and the damper (Note: v(¢),
not f;, is the input. f; is the “dependent variable” of the velocity source).

a. Sketch the TFLG for the system and mark the mobility parameters of the branches and
the source variables F(s) and V (s), in the Laplace domain. Also mark the mass velocity
V.. and the support force F; on the TFLG.

b. Redraw the TFLG so that the two parallel branches corresponding to k and b are com-
bined into a single branch with mobility M,. Express M, in terms of k and b.

c. Make a virtual cut of the branch corresponding to the mass element in the TFLG of
Part (b) and determine the corresponding Norton equivalent TFLG.

Dependent force f
‘(reacts on ground)

W/ 2

FIGURE P7.2  Oscillator with support motion.

? Q)

_T Y0

/s

A
(]
0
]

FIGURE P7.3 Mechanical oscillator with a force source and a velocity source.
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Using the Norton TFLG express V,, in terms of the inputs F(s) and V(s). From this
result, determine the motion transmissibility V,, /V (s) for the special case: F(s) = 0.
d. Make a virtual cut of the branch corresponding to the suspension element (M) in the
TFLG of Part (b) and determine the corresponding Thevenin equivalent TFLG.
Using the Thevenin TFLG, express F; in terms of the inputs F'(s) and V(s).
From this result, determine the force transmissibility F; /F(s) for the special case of
V(s) =0 (i.e., when the base is fixed).

7.4 An incompressible liquid is pumped into a tank, as schematically shown in Figure P7.4.
The pump is modeled as a pressure source of pressure P(¢), which is measured with respect
to the ambient (atmospheric) pressure. The overall resistance of the liquid flow in the pip-
ing is Ry and the overall inertance of the liquid flow in the piping is /. The liquid capaci-
tance (due to gravity head) of the tank is Cy.

a. Sketch an LG for the system (Nofe: You may introduce auxiliary variables as necessary).

b. Taking x =[Py 07" as the state vector, u = [P(f)] as the input, and y = [H] as the out-
put, determine a complete state-space model for the system (i.e., determine the model
matrices A, B, C, and D) systematically, using the LG. Nomenclature:

Py, =liquid pressure at the bottom of the tank with respect to the ambient pressure
Q=volume flow rate of the liquid in the piping

H=height of liquid in the tank

p=mass density of the liquid

g=acceleration due to gravity

c. From the state-space model of Part (b), determine the input—output differential equa-
tion of the system.

d. Represent the LG of Part (a) in the Laplace domain, as a TFLG and indicate the imped-
ance functions (i.e., [pressure]/[flow rate] ratio in the Laplace domain) of each branch
(except the source). Cut the branch corresponding to the liquid capacitance. Obtain the
Norton equivalent circuit of the remaining circuit (i.e., determine an equivalent liquid
flow source Q. (s) and an equivalent liquid impedance Z, in parallel, to which the cut
capacitance branch will be connected in parallel. From this circuit, determine the TF
between the capacitance pressure Py (s) and the input pressure P(s).

Determine the corresponding input—output differential equation (in the time

domain; i.e., change s to i) relating H and P(¢). Verify that this result is identical to
what was obtained in Part (c).

P(1)

FIGURE P7.4 A liquid pumping system.
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7.5 Figure P7.5 shows two systems (a) and (b), which may be used to study force transmissibil-
ity and motion transmissibility, respectively. Clearly discuss whether the force transmis-
sibility F;/F (in the Laplace domain) in System (a) is equal to the motion transmissibility
V.u/V (in the Laplace domain) in System (b) (i.e., check the “duality,” or “complementarity”
of the two systems), by carrying out the following steps:

1. Draw the LGs for the two systems and mark the mobility functions for all the branches
(except the source elements); that is, sketch the TFLGs

2. Simplify the two TFLGs by combining branches as appropriate (series branches:
mobilities add; parallel branches; inverse rule applies for mobilities) and mark the
mobilities of the combined branches

3. Based on the objectives of the problem (i.e., determination of the force transmissibil-
ity of System (a), and motion transmissibility of System (b)), for applying Thevenin’s
theorem, determine which segment of the TFLG should be cut (Note: The variable of
interest in the particular transmissibility function should be associated with the seg-
ment of the circuit that is cut)

4. Based on the objectives of the problem, establish whether Thevenin equivalence or Norton
equivalence is appropriate (Specifically: Use Thevenin equivalence if a through-variable
needs to be determined, because the Thevenin LG gives two series elements with a com-
mon through-variable; use Norton equivalence if an across-variable needs to be deter-
mined, because the Norton LG gives two parallel elements with a common across-variable)

5. Determine the equivalent sources and mobilities of the equivalent TFLGs of the two
systems

6. Using the two equivalent TFLGs, determine the transmissibility functions of interest

7. By analysis, examine whether the two mobility functions obtained in this manner are
equivalent.

Note: Neglect the effects of gravity (i.e., assume that the systems are horizontal, supported

on frictionless rollers; or the static deflections of the springs compensate for the gravita-

tional forces).
Bonus: Extend your results to an n-degree-of-freedom system (i.e., one with n mass

elements), structured as in Figure P7.5a and b

7.6 Consider the rotatory load driven by a turbine through a long shaft and a step-down gear,
as shown in Figure P7.6.

Its state-space model is given by

T, = k(o,() - po,)
Jio, = pT, —bo,
Input=w,(¢); output=w,
The 1/0 differential equation model is obtained by eliminating 7} as follows:
. . 1 )
The second-state equation gives Ty = —(J,; + b, )
p

Substitute in the first-state equation after differentiating

%(J]Cb[ + b[d)]) = k(ws (t) - pwl) = J]Cb[ + b[d)] + kp2a), = kpws (S)

The corresponding TF is O _ %
(O J]S + bls + kp

Obtain this result by using the approach of TFLG (Laplace domain) and equivalent
TFLG (Thevenin or Norton).
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FIGURE P7.5 Two mechanical systems. (a) For determining force transmissibility; (b) for determining
motion transmissibility.

Turbine
(Velocity Source)

; :{ Step-down
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FIGURE P7.6 A rotatory load driven by a turbine through a long shaft and a step-down gear.
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FIGURE P7.7 A simplified model for vertical dynamics of a hovercraft.

7.7 Consider the simplified model for the vertical dynamics of a hovercraft, as sketched in
Figure P7.7.

Input u = [Q,(#)]; output y = [v]. Also, Q,(t)=volume flow rate of the pump; P;=gage
pressure of air in the cylindrical space underneath the hovercraft; A =area of cross-section
of the cylindrical space; Cy=fluid capacitance due to air compressibility; Ry=fluid flow
resistance of the exiting air from the edges of the cylindrical space; v =vertical velocity of
the hovercraft; M,=effective mass of the hovercraft.

a. Sketch a conventional LG (in the time domain) and using it, systematically determine
a linear state-space model for the system

b. Using the state-space model obtain the input—output differential equation and the cor-
responding TF of this model

c. Sketch a TFLG, in the Laplace domain, for the system

d. Convert the fluid domain into an equivalent mechanical domain and sketch the cor-
responding TFLG, which is entirely in the mechanical domain

e. Make a virtual cut off the branch that represents the mass M. Based on that, obtain the
Norton equivalent TFLG

f. From the Norton TFLG, determine the system TF (V/QS) and show that this result is
identical to what was obtained in Part (b).
7.8 A mechanical load of mass m is driven by a force source f(¢) and is buffered using a gas
shock absorber, as shown in Figure P7.8. The gas cylinder is properly sealed (i.e., gas does
not leak out of the cylinder compartment). The piston moves against the cylinder without
experiencing appreciable friction (or, that friction component may be incorporated into the
damping in the motion of the mass, assuming that the shaft is rigid). The following param-
eters are given:
m=mass of the moving load
b=equivalent viscous damping constant of the load motion
C;=capacitance of the gas in the shock absorber
A=area of the piston

a. Using Laplace domain variables and A-type TFs (e.g., mobility functions for mechani-
cal elements), sketch a TFLG for the system.

b. Suppose that we are interested in the force transmissibility function from the applied
force F(s) to the damping force F, (s) at the mechanical damper b. Make a suitable cut
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of a branch and determine a suitable equivalent TFLG (you must decide whether to use
Thevenin equivalence or Norton equivalence, based on what needs to be determined).
Using that equivalent TFLG, determine the transmissibility function F, (s)/ F'(s), where
F(s)=Laplace-transformed f(z).

7.9 An armature-controlled linear dc actuator (similar in principle to a rotatory dc motor, but
for rectilinear motions rather than rotatory motions) is used to adjust the linear motion of
a load (see Figure P7.9). Nomenclature

L,=armature leakage inductance
R,=armature resistance
v, (t)=drive voltage in the armature circuit (input)
k,, =force constant (the constant of proportionality between the generated magnetic
force and the armature current); analogous to torque constant
m,=armature mass
m;=load mass
b,=damping constant of the resisting force on the load mass
k=stiffness of the link between m, and m
v;=speed of load mass (output)
Note 1: In ideal energy conversion, k,, is equal to the constant of proportionality between
the back emf and the speed of the motor.
Note 2: In armature control, the field (stator) conditions are assumed constant.
a. Draw a TFLG in the Laplace domain, for the system, indicating the A-type TFs (e.g.,
electrical impedance and mechanical mobility) of the branches
b. Obtain an equivalent TFLG of the given electromechanical system, entirely in the
mechanical domain
c. Make a cut at the branch corresponding to the load mass and obtain the Norton equiva-
lent TFLG of the converted system
d. Using the Norton equivalent TFLG, determine the TF of the system.

Smooth Seal Gas Shock Absorber
F y
Soourrc:e |_> ! Atmospheric ~
[ Pressure

Clearance

b k4
/2444444

AN

FIGURE P7.8 Mechanical load with a shock absorber.

L, k
[ v
R(l
+ [
O Mechanical Load
v.(0)
Linear DC Motor

FIGURE P7.9 DC linear actuator that moves a linear mechanical load.
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FIGURE P7.10 Motion control of a payload using a pump-cylinder device.

7.10 A flow-controlled liquid pump drives a piston within a cylinder. The piston rod, which is
flexible with stiffness k, moves a payload of mass m against some mechanical resistance
that is approximated by a linear viscous damper of damping constant b (see Figure P7.10).
Also,

C=1luid capacitance of the piston-cylinder unit
A =area of the piston on the liquid side.

a. Determine the TF between the input Q(s) and the output V,,, where
Q(s) =volume flow rate of the pump
V,,=speed of the mass m.

Note: All the variables are expressed in the Laplace domain.

b. From the result of Part (a), determine the input—output differential equation of the system.
In solving this problem, you must use the following steps:

1. Draw a TFLG of the system, in the Laplace domain. Indicate the pertinent A-type
TFs of the TFLG branches (in terms of the parameters C,A,k,b, and m)

2. Convert the fluid domain into an equivalent mechanical domain. Give the corre-
sponding, equivalent TFLG in the mechanical domain. Clearly indicate the input
(source) and the output on the TFLG

3. Perform an appropriate cut and obtain the pertinent TFLG (Thevenin or Norton,
as appropriate). Obtain the equivalent source (velocity or force, as appropriate) and
the equivalent mobility for the equivalent TFLG

4. By analyzing the equivalent TFLG of step 3, determine V,, in terms of Q(s).

7.11 An armature-controlled dc motor is used to operate a fluid pump, as schematically shown in
Figure P7.11a. The equivalent armature (rotor) circuit of the motor is shown in Figure P7.11b,
where the field windings (stationary) are assumed to provide a steady magnetic field.

v, (t)=armature voltage (input)

R,=resistance in the armature windings

L,=leakage inductance of the armature

i =current through the inductance.

The mechanical subsystem is modeled as in Figure P7.11c.

J=overall moment of inertia (motor rotor and pump impeller combined; this may also
include the “added mass” of the fluid in the pump

b,=linear viscous damping constant representing the pump fluid load (corresponding
to resisting torque at constant speed, which excludes the added mass effect), and
mechanical friction in the motor and the pump

w=speed of the inertia (= motor speed w,,=pump speed ®,).

Note: The shaft connecting the motor to the pump is rigid.
Also, k,, =torque constant of the motor.
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FIGURE P7.11 (a) An armature-controlled dc motor operating a fluid pump; (b) Armature circuit (field cir-
cuit is steady); (c) Mechanical model.

a. Sketch a conventional (time-domain) LG for the system (Note: You may introduce
auxiliary variables as necessary)

b. Taking x=[w i ]T as the state vector, u = [v,(#)] as the input, and y =[] as the
output, determine a complete state-space model for the system, systematically, using
the LG

c. From the state-space model, determine the input—output differential equation relating
the output @, to the input v, ().

d. Represent the LG of Part (a) in the Laplace domain as a TFLG, and indicate the electri-
cal impedances and mechanical mobilities of all the branches (except the source and the
transformer). Convert the input side of the TFLG (electrical domain) into an equivalent
mechanical domain. Cut the branch corresponding to the load b, and obtain the corre-
sponding Norton equivalent TFLG (i.e., an equivalent torque source in parallel with an
equivalent mechanical mobility) to which the branch b, will be connected in parallel.
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s

FIGURE P7.12 Ground-based two-degree-of-freedom oscillator.

From this Norton equivalent TFLG, determine the TF between the output @, and
the input v,. Determine the corresponding input—output differential equation. Verify
that this result is identical to what was obtained in Part (c).

7.12 Consider the ground-based two-degree-of freedom oscillator shown in Figure P7.12.

Using Thevenin’s theorem and LGs, determine an expression for the force transmis-
sibility of the system.

7.13 Consider the two-degree-of freedom mechanical oscillator with support motion, shown in
Figure P7.13. Using Thevenin’s theorem and LGs, determine an expression for the motion
transmissibility of the system.

7.14 The model of a robotic hand that is turning a door knob may be represented as in
Figure P7.14. The actuator is a dc motor.

The flowing parameters are given (also see Chapter 5):
k,, =torque constant of the dc motor
L,=leakage inductance of the motor armature
R,=resistance of the motor armature
J,=equivalent moment of inertia of the motor rotor and the mechanical load (door knob)
k,=torsional stiffness of the door knob
b,=torsional damping constant of the motor bearings and the load.

The following variables are defined: input=armature voltage=v, (¢); output=speed of the

mechanical load (door knob)=w®,.

a. Draw an LG for the system, and using it, systematically, obtain a complete state-space
model.

b. By mathematically manipulating the state-space model, determine the input—output
model (differential equation in @, and v,) of the system (in the time domain).

c. Sketch the TFLG of the system. Indicate the A-type TFs of the branches (except the
source branch).

d. Convert the electrical domain segment (dc motor, which is the “input segment”) of
the TFLG into an equivalent mechanical-domain representation, and sketch the cor-
responding overall TFLG entirely in the mechanical domain.

e. With the objective of determining the Laplace TF w, /v,, do the following: 1. Reduce
the equivalent mechanical TFLG by combining appropriate branches; 2. virtually cut
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FIGURE P7.13 Two-degree-of-freedom oscillator with support motion.
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FIGURE P7.14 (a) Motor circuit; (b) mechanical load.
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FIGURE P7.15 A fluid actuator moving a mechanical load.

an appropriate branch of the reduced TFLG; 3. determine an appropriate (Norton or
Thevenin) equivalent TFLG for the system (in the mechanical domain).
f. Using the equivalent TFLG that was obtained in Part (e), determine the system TF
@y /v, (Laplace) and show that it is identical to the result obtained in Part (b).
7.15 A pressure-controlled fluid actuator is used to move a mechanical load (see Figure P7.15).
The pump provides hydraulic fluid at pressure Ps, which enters the actuator chamber through
a valve of fluid flow resistance R;. The actuator chamber has a fluid capacitance C; due to
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the compressibility of the fluid, whose pressure is P. This pressure moves the load whose

mass is m and the area of cross-section is A, against a mechanical resistance of stiffness k

and damping constant b. The mass is moved inside the actuator chamber at speed v,,,.

a. Draw an LG for the system. Using x = [P, JisVm ]T as the state vector, u = [R.(t)] as the
input, and y = [x] as the output, give the state equations of the system. What is order
of the system. Justify the answer. Note: f;, =spring force; x=position of the load (with
velocity v,,).

b. By direct manipulation of the state equations in the Laplace domain, determine the TF

“_ of the system.

s

c. Determine an equivalent TFLG of the system entirely in the mechanical domain.
Vi

Using it, determine the TF of the system. Show that this result is identical to

what was obtained in Part (b).

7.16 A hydraulic motion-controlled system is schematically shown in Figure P7.16a. The con-
trol input to the system is the volume flow rate Q(¢), which is provided by a flow-controlled
pump. The hydraulic fluid from the pump enters the cylinder of a positioning ram. The
piston (area=A) of the ram is light and frictionless and adjusts the motion of the load con-
sisting of a mass m, which moves at speed v against a spring of stiffness k (the other end of
the spring is fixed, as shown) and compressive force f; and a viscous damper of damping
constant b. The motion output of the system is velocity m of the mass m. Assume that the
fluid in the rigid cylinder is compressible, and the corresponding fluid capacitance is C;
and the pressure is P. An LG for the system is shown in Figure 7.16b.

By the systematic, unified, and integrated approach, it can be shown that the state equa-
tion of the system is

C,B =00 - ﬁ

o1
mv=ﬁP1—bv—f3

fi=hkv
. 1
with M = —
A

i. By direct manipulation of the state equations in the Laplace domain, determine the TF
v I
, ,and
Q(s) 0(s) Q(s)
the order of the system based on these models and also based on the state-space model.

ii. Determine an equivalent TFLG of the system entirely in the mechanical domain.
v

. Discuss

models (input—output models in the Laplace domain)

Using it, determine the TF of the system. Show that this result is identical to what

was obtained in Part (i).

Note: Express your result only in terms of the given parameters C;, A, m, k, and b.
7.17 Consider the multi-domain (mixed) system consisting of both mechanical components and
fluid components, as shown in Figure P7.17. A pump of pressure P, (¢), which is a pressure
source, pumps water into a uniform horizontal cylinder of area of cross-section A, which
serves as the hydraulic actuator that drives a mechanical load. The combined mass of the
actuator piston and the mechanical load is m, the resisting stiffness of the mechanical load
is k, and the combined viscous damping constant of the actuator piston and the mechanical

load is b. The water is pumped through a short pipe of circular cross-section.

Note: Assume that the water is incompressible.
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FIGURE P7.16 (a) A hydraulic motion-controlled system; (b) linear graph of the system.
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FIGURE P7.17 Water pumping system for a hydraulic actuator.

The pressure ripples in the water flow of the pipe are reduced before entering the actua-
tor, by means of an energy absorber (hydraulic capacitor) consisting of a small fluid tank
of area of cross-section A, and a spring-loaded, light (massless) and smooth (no energy
dissipation) piston with the resisting stiffness k.. Note: This stiffness is adjustable using a
nut, as shown, but in this question, assume it to be a constant.

The water flow into the actuator cylinder can be adjusted by means of a valve, as shown.
It offers a fluid resistance R. Even though this is also adjustable, assume that it is a constant
in the present question. This is the only notable fluid resistance that is present in the entire
system (i.e., neglect any other hydraulic resistances).
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Also given,
I=fluid inertance in the pipe from the pump up to the energy absorber (passive pres-
sure controller). Neglect any other fluid inertances.
p=mass density of the water
g=acceleration due to gravity.

i. Draw a complete LG for the system. Orient all the branches. Mark all the variables and
parameters of the LG branches.

ii. Using the LG, systematically develop a complete (and linear) state-space model for the
system. Use the following state variables:

v,=velocity of the mechanical load (and also of the actuator piston)
fr=spring force of the mechanical load (attached to the actuator piston)
f.=compressive force of the spring of the energy absorber
Q;=volume flow rate of the water in the pipe before reaching the energy absorber
P, =pressure difference of the water column (of height 4.) in the energy absorber
tank (not the pressure at the bottom of this water column). Note: P. = pgh,
System output=v,,=velocity of the load (also, of the actuator piston).
Note: Neglect the bulk modulus of water and the flexibility of the pipes, actuator cyl-
inder, and the absorber tank.
You must give all the vectors and matrices of the state-space model.

iii. From the state-space model, determine the input—output differential equation (input=
P, (1), output=v,,). From that equation, write the system TF.

iv. Give the TFLG corresponding to the LG obtained in Part i. Appropriately reduce it, by
combining branches. Convert it into a TF LG that is entirely in the mechanical domain.
From that, systematically obtain the system TF. (Note: This result should be the same
as the result obtained in Part iii. Even if your two answers are not identical, you will
receive appropriate credit if the procedures are correct).

A mechanical load consists of mass m and a restraining spring of stiffness k. It is moved

by a pressure-controlled hydraulic pump of pressure P, (¢) through a long pipe and an end

cylinder inside which the load is located (see Figure P7.18). The load m serves as the piston
of the hydraulic cylinder. Neglect the friction between the piston and the cylinder. In addi-
tion to the load parameters m and k, the following system parameters are given:
R;=hydraulic resistance in the pipe that connects the drive pump to the load cylinder
I;=hydraulic inertance in the pipe
C=hydraulic capacitance in the cylinder of the load
A =piston/cylinder sectional area

Also,
System input=drive pressure of the pump=~, (t)
System output=velocity of the load mass=v,,

a. Sketch a complete LG for the system. In particular, orient the LG (i.e., show the
arrows), indicate the system parameters, and the through-across-variable pairs of the
LG branches (Note: You will have to introduce auxiliary variables).

b. Systematically, using the unified and integrated approach (see Chapter 5), derive a
state-space model for the system, using the LG. Give the corresponding matrices A, B,
C, and D.

c. By mathematically manipulating the state equations, obtain the input—output differ-
ential equation relating the output v,, to the input P, (). What is the corresponding
Laplace TF?
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d. Sketch the “TFLG” of the system. On the LG, indicate the A-type TFs of the branches
and some key variables (which may be useful later in the LG simplification/reduction).
Convert the hydraulic (fluid)-domain segment of the LG into an equivalent mechani-
cal-domain segment. Sketch the resulting equivalent mechanical-domain LG. Reduce
this LG into a Norton-equivalent LG, by performing a suitable virtual cut (for deter-
mining the system output). Using this equivalent LG, determine the Laplace TF v,, /P,
of the system. Show that this result is identical to what you obtained in Part(c).

v,

m

Fluid |—>
. Vent
capacitor 1

0
f [/ P[,C,’?? k
A Fluid  Fluid i
UMP - resistor  inertor
d
Area’d (l';qo,:;g l’

Smooth

FIGURE P7.18 A mechanical load moved by a hydraulic device.
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Appendix A
Graph-Tree Concepts for Linear Graphs

A graph tree, particularly a normal tree, provides a systematic procedure in model formulation
linear graphs (LGs). The concepts and generation of a normal tree for a system are outlined in this
appendix, and examples are given to illustrate them.

A.1  CONTINUITY EQUATIONS

A continuity equation may be written for through-variables passing through any closed contour
drawn on the LG. This contour may enclose more than one node. Then, the resulting continuity
equation = sum of the continuity equations of the nodes enclosed in the contour.

Proof: The internal through-variables have opposite signs with respect to the adjoining nodes
and hence cancel out. Consider the example in Figure A.1.

Continuity Equation for Node A:

fith=-f~-fat+tfs=0 @
Continuity Equation for Node B:

—fitfitfe—-f=0 (i)
Continuity Equation for the Closed Contour:

fith=f+f-f=0 (iii)

It is seen that (iii) = (i) + (ii)

Closed Contour

FIGURE A.1 Continuity equation through a closed contour.
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A.2 GRAPH TREE

A graph tree of an LG is formed by all the nodes and the maximum number of branches of the LG
such that no closed loops are created.

Note 1: For an LG with n nodes, there will be n — 1 branches in its graph tree (proved later).

Note 2: Graph tree of an LG is not unique. More than one graph tree is possible for a given LG.

As an example, consider the LG with four branches as shown in Figure A.2a.

It can generate four graph trees as shown in Figure A.2b.

Property: There are n — 1 branches in a graph tree (n = number of nodes in the LG).

Proof: Consider any node in the LG. Connect it to a second node = one branch with two nodes.
The next branch in the graph tree will connect one of these nodes to just one new node (because it
will not form loop—by the definition of graph tree) and so on until the graph tree is complete, con-
necting all n nodes.

A.2.1 LINK

A link is a branch of an LG that is not included in its graph tree.
Property: By definition, each link will form a new loop in the LG. Hence,

Number of primary loops (/) in an LG = number of links corresponding to any one of its graph trees.
Then, by definition,

Number of links = b — (n — 1), where b = number of branches in the LG

Note: n —1 = number of branches in its graph tree. Hence,

Il=b—-(n-1)

@

(b)

_
2 2
3
1

FIGURE A.2 (a) A linear graph example; (b) Possible graph trees of the LG in (a).
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A.3 CONFLICT IDENTIFICATION IN AN LG USING ITS GRAPH TREE

There are several types of conflicts that can arise in an LG, which need to be resolved. Some
situations are indicated now.

1. Two or more independent A-sources forming a loop
See the example in Figure A.3a. The corresponding loop equation is —v,(¢) + v;(¢) = 0.
This violates the assumption that the A-sources are “independent,” and hence, that v;(¢)
and v, (¢) are independent.

2. Two or more independent 7-sources joining at a node
See the example in Figure A.3b. The node equation at N is fi (1) + f>(£) =0
This violates the assumption that the 7-sources are “independent” and hence, that f; (r)
and f;(¢) are independent.

3. Two or more A-sources in a loop with some passive elements
See the example in Figure A.3c. The loop equation is —v, (¥) — v + v;(¢) = 0. Hence, one
of the two sources is redundant; the two sources act as a single A-source v; () — v, (¢).

4. Two or more T-sources joining at a node with some passive elements
See the example in Figure A.3d. The node equation at N is f;(#) + f>(¢) — f = 0. Hence,
one of the two sources is redundant; the two sources act as a single 7-source fi(¢) + f>(¢).

5. An A-element closing a loop with other elements whose primary variables are
A-variables
See the example in Figure A.4a. It has two A-type elements (C; and C,) and a D-type
element (R) in the loop. Loop equation —v; + v, + v; = 0.

@ (b)

1 @) /()

w()

© (d)

/()
()

FIGURE A.3 (a) Two A-sources in a loop—a conflict; (b) Two T-sources at a node—a conflict; (c) Two
A-sources and a passive element in a loop—a redundant case; (d) Two T-sources and a passive element at a
node—a redundant case.
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(a) (®)

fza"z

v
S

FIGURE A.4 (a) Two A-elements in a loop with a D-element—a case of dependent elements; (b) An A-source
and an A-element in a loop—a case of decoupling; (c) Two T-elements in a node with a D-element—a case of
dependent elements; (d) A 7-source and an A-element in a loop—a case of decoupling.

In the D-element, the two variables f; and v; are completely determined by other state
variables in the system (because D-type elements do not introduce new state variables.)

Hence, v; and v, cannot both act as state variables; one of them will be completely
determined by other state variables (thereby violating a requirement for a state variable).

It follows that C; and C, are not independent A-type elements.

Now see the second example, shown in Figure A.4b. It has the A-type element C forming
a loop with an A-type source.

Loop equation: —v, + v(t) =0

Hence, v; is completely determined by the input v(z). It follows that v; cannot serve
as a state variable because it acts as an input variable (independent). In fact, element C
has no effect on any other components that may be connected to this system (because it
is in parallel with the A-source) and is effectively decoupled from the rest of the system
(as discussed before concerning parallel connections with A-sources).

6. A T-element forming a node with other elements whose primary variables are 7-variables

See the example in Figure A.4c. Here, two T-type elements K, K, and a D-type element
b form a node. Node equation fi + > — f; =0

Since b is a D-type element, its variable f; is completely determined by other state vari-
ables in the system. Hence, f; and f, cannot both function as state variables; one of them
will be completely determined by other state variables.

Hence, K, and K, are not independent 7-type elements.

Now see the second example as shown in Figure A.4d. It has a 7T-type element k con-
nected in series with a 7-type source, forming a node.

Node equation f(r)— fi =0 ® f; = f(¢)

Hence, f; is completely determined by the input f(¢). It follows that f; cannot serve as a
state variable because it acts as an input variable (independent). The element & has no effect
on any other components that may be connected to this system (because it is in series with
the 7-source) and is effectively decoupled from the rest of the system (as discussed before
concerning series connections with 7-sources).
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A.4 DEPENDENT ENERGY STORAGE ELEMENTS
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There are two configurations of dependent energy storage elements which should be represented by
an equivalent single energy storage element before addressing any other possibilities of dependence

and conflicts in an LG. These two configurations are discussed now.

a. Several A-type Elements Connected in Series

Consider the case of two capacitor elements C; and C, connected in series. This is

equivalent to a single capacitance C,,, as indicated in Figure A.5.
The equivalent capacitor is derived now.

Wehave: f=fi=f,
V=v+ Vv,
with C\v, = f; and Cov, = f5

1 1 1 1
Hence,v=vi+v,=—fi+—fr =| —+—
= ) (Cl cz)f

Compare with v = 1 f
eq

Wehavei—i+ !

Ceq - C‘1 FQ

This result may be generalized for the case of more than two series-connected A-type

elements.
b. Several T-type Elements in Parallel

Consider the case of two springs k; and k, connected in parallel. This is equivalent to a

single spring k.q, as indicated in Figure A.6.

We have v=v,=v, and f=fi+f, with f1 =kv, and fz = k,v,. Hence,

f=Ffi+f=kv+kv,=(k +ky)v. Compare with f=keqv. We have ke = ki + k.
This result may be generalized for the case of more than two parallel-connected 7-type

elements.

JSiv S2vs S
——¢ >0 - o——9
G G Cy

Jov
v
G
kq
ky

FIGURE A.6 Two springs in series and the equivalent spring.
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A.5 NORMAL TREE OF A LINEAR GRAPH

We have defined “graph tree” which is a particular type of sub-structure of an LG. We found that
more than one graph tree is possible for a given LG. A particularly useful graph tree is a normal
tree. By obtaining a normal tree of an LG, it is possible to find

a. Any dependent energy storage elements

b. Conflicting source elements (i.e., source elements connected in unacceptable/redundant/
infeasible manner)

c. System order

d. A systematic way to obtain state-equations

A.5.1 Sters oF OBTAINING A NORMAL TREE

Step 1: Draw the LG of the system using dotted lines to represent the branches

Step 2: Convert any series-connected A-type elements into a single equivalent A-type element.
Convert any parallel-connected 7-type elements into a single equivalent 7-type element

Step 3: Convert the dotted lines of any A-type sources into solid lines as long as they do not
create loops. If two or more A-type sources form a loop, there is a conflict, which must be
resolved before proceeding further (e.g., remove one source to open the loop and combine
the remaining sources into a single source)

Step 4: If there is a transformer, convert one of its branches into a solid line.

Step 5: Convert the dotted lines of any A-type energy storage elements into solid lines (use
half solid lines for inertia elements) as long as they do not create loops. If A-type energy
storage elements form a loop, keep one of these elements aside. It is a dependent energy
storage element (which does not generate a new state variable)

Step 6: If there is a gyrator, convert both of its branches into solid lines provided they do not
create loops.

Step 7: Convert the dotted lines of any D-type elements into solid lines as long as they do not
create loops.

Step 8: Convert the dotted lines of any 7-type energy storage elements into solid lines as long
as they do not create loops. The 7-type elements included in the tree in this manner are
dependent energy storage elements (they do not result in new state variables).

Step 9: If one or more 7-type sources need to be included to complete the tree, they are con-
flicting source elements (they violate continuity). They have to be removed from the system
and replaced by new elements, to complete the tree.

The resulting graph tree is called a normal tree. What information it provides and why are
explained now.

A.5.2 MAIN Resutt FRoM NORMAL TREE

Independent energy storage elements = A-type storage elements in normal tree + 7-type storage
elements to be added at links of the tree in forming the LG of the system.
Note: System order = the number of independent storage elements

Proof:

a. Since a graph tree (normal tree in the present case) does not have loops, no compatibility
equations can be written. Hence, the across-variables of its A-type elements are linearly
independent and provide a subset of state variables.

b. If a loop-forming A-type storage element exists, the corresponding loop equation provides
an equation for its across-variable as a linear combination of the variables of the other
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FIGURE A.7 (a) A segment of normal tree showing link AB; (b) Completed link AB and node B.

A-type elements in the loop. Hence, this A-type storage element is not independent, and its
across-variable does not provide an additional state variable.

. If a T-type storage element is present in the normal tree, a contour can be drawn through
its branch and other branches of the LG that are links. Hence, a continuity equation can be
written to express its through-variable in terms of the through-variables of the links (which
can only be T-type storage elements, 7-type sources, and/or D-type elements). Hence,
this through-variable can be expressed as a linear combination of other state variables
and input variables. It follows that this 7-type storage element is not independent and its
through-variable does not provide an additional state variable.

As an illustrative example, suppose that a normal tree has two open nodes A and B

which form the link AB. Also suppose that the 7-type storage element L, (an inductor) is in
the normal tree and B is a terminal of its branch, as shown in Figure A.7a. When complet-
ing the LG, suppose that link AB takes a 7-type storage element L,, a T-type source, and a
D-type element R in parallel, as shown in Figure A.7b.
The continuity equation for node B is fi — f, — f(#) — 5 = 0. Now f, is a state variable
(through-variable of the 7-type independent storage element L,) and f(¢) is an input vari-
able (through variable of the 7-type source). The through-variable f; of the D-type element
R is expressible in terms of state variables and input variables (because a D-type element
does not introduce any new variables).

It follows that f; is expressed as a linear combination of state variables and input vari-
ables. Hence, it cannot be a new state variable, and the 7-type element L is not independent.

. In view of step 2, no more than one 7-type storage element can be present at a link of a
normal tree. Then from the counter-argument of that given in item(c) above, its through-
variable cannot be expressed as a linear combination of other state variables (and input
variables). Hence, it is an independent storage element.

371

Justification of Step 5

Inclusion of one branch of the transformer is needed in order to recognize the possible presence of
an A-type storage element that is dependent on another A-type element (dependence arising from

the constitutive relation v, = rv;).

Both branches of the transformer should not be included in the normal tree because that
can form a loop with an independent A-type storage element, which needs to be retained in the

normal tree.
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FIGURE A.8 (a) Both branches of the transformer should be in the normal tree; (b) Only one branch of the
transformer should be in the normal tree.

As an illustrative example, consider the two A-type storage elements C; and C; linked by a trans-
former with parameter r, as shown in Figure A.8a.

1
Constitutive Equations: C\v; = fi; Cov, = fosva =rvs; fu =——f;
r
Loop Equations: —v; + v, =0; —v, + v, =0
Node Equations: —f, — ;, =0; - f, — =0

We note that v, = v, = rvz = ry,

Hence, v; and v, cannot constitute two independent state variables. The elements C; and C, are
not independent, and only one of them can remain in the normal tree. This is possible if and only
if one of the two branches of the transformer is included in the normal tree. One possibility of a
normal tree of the LG is shown in Figure A.8b.

Justification of Step 6
The constitutive relations of a gyrator are:

Hence, unlike a transformer (which couples an across variable with an across variable), a gyrator
couples an across-variable with a through-variable. Hence, it can help identify dependence between
an A-type element and a 7-type element.

In particular, on removing both branches of the gyrator from the normal tree, a need may arise
to include a T-type element in the tree (either a dependent or conflicting element). Alternatively, by
including both branches in the normal tree, a need may arise to remove an A-type element from
the tree that forms a loop with a branch of the gyrator (again indicating a dependent element or a
conflicting element).

As an illustrative example, consider an A-type storage element C; and a 7-type storage element
L linked through a gyrator (M) along with another A-type storage element C,, as shown by the LG
in Figure A.9a.

The equations of the LG are as follows.

Constitutive Equations:
Cv = fi

Cov, = fz
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(2) (b)

f;,\@
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FIGURE A.9 (a) Example concerning possible inclusion of a gyrator in a normal tree; (b) A possible graph
tree; (c) Another possible graph tree.

Lﬁ:V3

VSZMﬁ

f5=_

Ly
M4

Loop Equations:

—V4 + WV =0

_VQ_V3+V5=0

Node Equations:
~h=fi=0
-—=f=0
-L+/=0
State Equations:
C\)—f—f——f—iv —Lv @)
2V2 —J2 — J3 — 5_M4_M1

Now consider the constitutive equation of the first capacitor:

. 1 1 1 .
C1V1 =f1 Z—ﬂ :—ﬁ\@ z—ﬁ(\)z +V3)=—H(V2 +Lf:1,)
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or

. L. 1 .
Civ +ﬁfz =y (i)
Equation (ii) shows the dependence of the A-type storage element C, and the T-type storage element L.

In fact, define the state variable

L
x:C1v1 +ﬁf2

.. . 1 .
(i1) becomes : x = —ﬁvz (i1)

Equations (i) and (ii)’ form a complete set of state equations = The model is second order for this
system with three energy storage elements. This further confirms the dependence of the elements
C,and L.

The possible graph trees for the system are shown in Figures A.9b and A.9c.

A.6  FORMULATION OF A STATE-SPACE MODEL USING A NORMAL TREE

The steps of formulating a state-space model, while systematically identifying conflicts in source
elements and dependence in energy storage elements, are summarized now.

Step 1: Sketch the LG of the system, using dotted lines

Step 2: Superimpose a normal tree on the LG, using solid lines (half-solid line for an inertia
element) using the usual steps. Resolve any conflicts among source elements. Identify the
independent energy storage elements (and system order). Identify the state variables. Write
constitutive equations for the elements in the normal tree

Step 3: Add missing branches (links of the normal tree) one by one into the normal tree. Write
the resulting loop equations and constitutive equations

Step 4: Once the LG is complete, write the node equations. Note: In doing this, it may be
convenient to draw a contour that intersects only one branch in the normal tree at a time.
Write the continuity equation for the contour. Repeat this process until all the links of the
normal tree (except those corresponding to A-type sources) are covered

Step 5: Eliminate the auxiliary variables in the state-space shell (constitutive equations of the
independent energy storage elements)

Step 6: Formulate the algebraic output equation in terms of the state variables.

Example: Geared Load Driven by Velocity Source through Flexible Coupling

Consider the system having an A-source u(r), A-type storage elements m and m,, T-type storage
element k, D-type element b, and a transformer r, as shown in Figure A.10a. The output of the
system is v;, which is the velocity of the inertia m,.

The LG of the system is sketched using dotted lines in Figure A.10b.

Note that this LG represents the same system, which we solved before.

A possible normal tree for the LG is shown in Figure A.10c.

We note from the normal tree that

Independent energy storage elements are 7 and k

T
State vector x :[ v f ]

System order = 2
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FIGURE A.10 (a) A dynamic system; (b) Linear graph of the system; (c) A normal tree of the LG.

State-Space Shell:
my i myv; = fi (i)
k:fo=kv, (ii)
Links of the normal tree are AC, AD for b and m, and BD.

Insert link AC (k). Corresponding loop equation —vs + v, +u(r) = 0.
Insert link AD (b). The corresponding constitutive equation and loop equation are p: f; = by,

Loop equation: —vs +v; =0
Insert link AD (m,). The corresponding constitutive equation and loop equation are
m2:m2\34=f4

Loop equation: —vs + v, =0
Insert link BD (r). The corresponding constitutive equations and loop equation are

Ve =1V5
1
Jo=——fs
r
—V1+V6=0

Node Equations:
Three independent node equations can be written for nodes A, B, and C. However, the equation
for C involves the through-variable f of the A-source. Hence, it is not needed.

Node A: f, — fi— fi—fs=0
Node B: —f; — f; =0

Eliminate the auxiliary variable £ in (i):

fimfom = (o e fi) = L (o v —mavs) = (o — bvs —mais)
r r r r

1 b m, . 1 b m, . m, . b
:(fz—V6—2V6):(f2_V1—2V1):—22V1—2V1+f2
r r r r r r r r
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Hence,
. b f
nmyvy ———2m2v1 —_2V1 +—
r r r
or
1 ) b o
m1+7m2 V1=—7V1+L
r r r
or

ml}l = —bV] + rfz @iy

where m = r2m1 +m,

Eliminate v, in (ii):

vV vV
Vo = —vs+u(t) = ——>+u(t) =——+ut)
r r

Hence,

. K
fo=——v+Ku(t) (iiy’
r

This is identical to the result we obtained previously.
The algebraic output equation is v; = x;. This corresponds to C =|: 1 0 ]

Example: Mechanical Load Moved by a Flow-Controlled Pump

Appendix A

A flow-controlled pump with volume flow rate O(f) operates a ramp (piston-cylinder device)
which moves a mechanical load consisting of a spring (k) and mass (m) against damping (b), as
shown in Figure A.11a. The fluid in the cylinder is compressible, and this effect is represented by
the fluid capacitance C,. Area of the piston is A. Velocity v of the mass is the output variable.
We will derive a state-space model for the system using the systematic approach, starting with

a normal tree of the system LG.

The LG of the system is sketched in Figure A.11b. Note the hydraulic-mechanical gyrator

(mixed-domain).

A normal tree of the LG is shown in Figure A.11c.
Note from the normal tree that the T-type storage element k is dependent.

Independent storage elements: C and m

T
State vector X =[ P v :| .

System order = 2
State-Space Shell:
m:mv=f 0]
Cr:CrP=0Q, (i)
Dependent Source:

k:fr=kv
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FIGURE A.11  (a) Flow-controlled ramp with a mechanical load; (b) Linear graph of the system; (c) A normal
tree of the LG.

Insert Link b:
b:f5=bv;
Loop:—v;+v=0
Insert Links for Gyrator M:
Constitutive Equations : Q; = Av, (flow continuity)
AP, + f, = 0 (force balance)

1
H , with M = —
ence, wi "

ve = MO,
1
ﬂ:_ﬁpl

Loops: =v—=Vv, + v, =0

—[)1+P2=O

Note: Ignore the loop equation that includes the flow source because we do not need to
determine its across variable P.

Node Equations:
Node A:—f; — f+ f,=0
Node B: —f, — =0
Node C: Q(t) - Q2 - Ql =0
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Eliminate f in (i):
f=H—-fi=—fi—-bv —LP—bv—iP —bv
2= J3 4 3= 0 AL
Eliminate Q, in (ii):

0.=0()-0, =Q(t)—$w =Q(t)—$(V+Vz)

=Q<r)—AL(v—,iﬁ}Q(z)—Mviﬂ)

1 (1. 1 1
=00)—-—|v+—|-—R||=00)——v+—5-P
Q) M[V k( M 1)} Qo= oy b2

State Equations:

. 1
mv=—bv+ ﬁ b iy

(Cf - L)I”z = —% v+0@) iy

Mk
We have
_b R
m mM 0
A=| 1 o |B= 1 c=[ 1 0 |p=[0]




Appendix B
MATLAB® Toolbox for Linear Graphs

Haoxiang Lang, Eric McCormick, and Clarence W. de Silva

This appendix presents a custom MATLAB® toolbox, called LGtheory, which provides a robust
and automated method for generating linear graph (LG) models of multi-domain (multi-physics or
mixed) engineering systems, within the MATLAB® programming environment. The need for such
a toolbox is required because, while the LG approach is easy to perform manually for low-order
systems, it is beneficial to automate this process to evaluate larger, more complex multi-domain
systems. The toolbox can be downloaded from the following link:

https://github.com/GR ASP-ONTechU/Linear_Graph

B.1 INPUTTING A LINEAR GRAPH INTO THE LGTHEROY TOOBOX

B.1.1 LGrtHeORY ToOBLBOX INPUTS

In order to properly use the LGtheory MATLAB toolbox, users must understand the requirements
for converting LG models into the acceptable inputs of the toolbox. The main function of the toolbox,
which converts the input LG model into the corresponding state-space representation, is

[Model] = LGtheory (LG) ;

where the input to the function (LG) is a structure array containing the following fields:

S—Source Vector:
A vector, which defines the starting (reference) nodes of each system element (represented
using directed branches) in a column-wise manner.

T—Target Vector:
A vector, which defines the end nodes (points of action) of each system element (represented
using directed branches) in a column-wise manner.

Type—Type Vector:
A vector, which defines the element type of each branch of the LG model in a column-
wise manner. The element types are specified using indexing values as given in Table B.1.

Domain—Domain Vector:
A vector, which defines the energy domain of each system element in a column-wise
manner. These values ensure that the parameters of the system elements are correctly
accounted for (specifically in the case of spring elements in the mechanical domain)
and ensure that the appropriate variable types are applied to each element. The energy
domains are specified using the indexing values given in Table B.1.

Var _ Names—Variable Names Vector:
A vector, which defines the variable names of each system element in a column-wise man-
ner. The variable name inputs must be symbolic variables or functions defined using either
the sym or syms commands in MATLAB. These variable names will correspond to the
system parameters used to symbolically represent the matrices of the state-space model.
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Table B.1
Index Values of Element Types and Energy Domains
for Inputs of LGtheory Toolbox

Index Element Type Index Energy Domain

1 Across-variable source 0 Generalized

2 A-type element 1 Electrical

3 Transformer 2 Mechanical Translational
4 Gyrator 3 Mechanical rotational

5 D-type element 4 Hydraulic/Fluid

6 T-type element 5 Thermal

7 Through-variable source

Table B.2
Format for Defining State-Space Outputs to LGtheory
for Each Energy Domain and Variable Type

Energy Domain Across-Variable Through-Variable
Generalized f_<name>(t) v_<name>(t)
Electrical V_<name>(t) i_<name>(t)
Mechanical Translational v_<name>(t) F_<name>(t)
Mechanical rotational Omega_<name>(t) Tau_<name>(t)
Hydraulic/fluid P_<name>(t) Qf_<name>(t)
Thermal T_<name>(t) Q_<name>(t)

<name> is replaced with the symbolic variable name for the element of
interest

y—Output Vector:
A vector, which defines the desired output variables of the state-space model. The out-
put variable names must be symbolic variables defined using either the sym or syms
commands in MATLAB. The symbolic variables must be created based on the desired
(across- or through-) variable(s) and the energy domain(s) of the system element(s) using
the formats given in Table B.2.

B.1.2 LGtHEORY TOOLBOX OUTPUTS

Similar to the inputs, the output of the function, to the user (model), is a structure array containing
various information used to construct the state-space model through the LG approach, as well as, the
vectors and the matrices of the state-space model itself. The following fields are contained within the
structure array:

In—Incidence Matrix:

A sparse matrix representation of the topology of an LG model using “1”” and “—1” to represent
the directionality of the system elements and the connection to the system nodes and zeros to repre-
sent the absence of connection between the elements and the nodes.

Tree—Normal Tree Matrix:

A matrix that represents the normal tree of the LG model in the form of an incidence matrix.
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Branches—Branches Vector:

A vector that defines the column-wise indexes and the element types of the normal tree branches
with non-zero values and the column-wise indexes of the co-tree links with zeros.

CoTree—Co-Tree Matrix:

A matrix that represents the co-tree of the LG model in the form of an incidence matrix.

Links—Links Vector:

A vector that defines the column-wise indices and the element types of the co-tree links with
non-zero values and the column-wise indices of the normal tree branches with zeros.

Across _ Vars—Across-Variables Vector:

A vector that defines the across-variables of all the system elements in a column-wise manner
using the naming convention that is defined in Table B.2.

Through  Vars—Through-Variables Vector:

A vector that defines the through-variables of all the system elements in a column-wise manner
using the naming convention that is defined in Table B.2.

Prime—Primary-Variables Vector:

A vector that defines the primary-variables of the system as the across-variables of normal tree
branches and the through-variables of co-tree links. It is important to identify the primary-variables
because they are the variables that determine the energy stored by each independent energy storage
element within the system.

Secon—Secondary-Variables Vector:

A vector that defines the secondary-variables of the system as the through-variables of nor-
mal tree branches and the across-variables of co-tree links. These variables have no impact on the
energy storage of the independent system elements.

Params—State-Space Parameters Vector:

A vector that defines the parameters of each system element in a column-wise manner based on
the variable name defined by the user. While similar to the Var_Names vector, this vector accounts
for the requirement to inverse the spring constants of the mechanical domains, and the resistance
parameters, in some cases.

x—State Vector:

A column vector containing the state-variables of the state-space model, defined as the across-
variables of the A-type elements in the normal tree and the through-variables of the 7-type elements
in the co-tree.

u—Input Vector

A column vector containing the input-variables of the state-space model, as defined by the source
elements of the LG model.

elem egns—Elemental/Constitutive Equations Vector:

A column vector containing the constitutive (elemental) equations of each passive element, as
defined in Table B.2.

cont _ egns—Continuity Equations Vector:

A column vector containing the continuity (node) equations for each passive branch of the normal
tree, isolated for the secondary-variable of that element.

comp _ egns—Compatibility Equations Vector:

A column vector containing the compatibility (loop) equations for each passive link of the normal
tree, isolated for the secondary-variable of that element.

A—State Matrix

Ann X n matrix (where n is the order of the system), which defines how the current state-variables
affect the rate of change of the future system states.

B—Input Matrix

An n X r matrix (where r is the number of system inputs), which defines how the current system
input-variables affect the rate of change of the future system states.

C—Output Matrix
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An m X n matrix (Where m is the number of outputs), which defines how the current state-vari-
ables affect the outputs of the system.

D—Feedforward Matrix

Anm X r matrix, which defines how the current system input-variables directly affect the outputs
of the system.

E—Input Derivative Matrix

An n X r matrix, which defines how the derivatives of the input-variables affect the rate of change
of the future system states. This matrix only occurs for some cases where the LG model contains
dependent energy storage elements.

F—Output Derivative Matrix

An m X r matrix, which defines how the derivative of the input-variables affects the system
outputs. This matrix only occurs for some cases where the LG model contains dependent energy
storage elements.

B.1.3 SuGcEesTED BEST PRACTICES

While the LGtheory toolbox is robust in relation to how it handles inputs, there are several best
practices that should be employed by the user to ensure that they are providing the inputs to the LG
model properly.

The user should specify the ground node in the source and the target vector input fields as a “1.”
This is required as MATLAB index arrays and matrices start from 1 instead of 0, making the work
done by the toolbox much simpler. Each node added to the system will be incremented by 1. If a
value for a node is skipped, or the ground node is not specified as “1,” it will likely generate an error
message or an incorrect result from the toolbox.

For systems that contain transfer elements (transformers or gyrators), the first (input) and the
second (output) ports of these two-port elements should be placed in successive order within the
toolbox input fields without any other transfer port elements in between. This is because the tool-
box couples and evaluates the successive transfer ports in the order in which they are listed in the
inputs. Because of this, it is considered best practice to list the two ports of the same transfer ele-
ment successively (immediately next to each other) in the LG inputs in order to ensure that they
will be coupled and evaluated together and correctly. While the successive ordering of the transfer
port elements is important, the order of the nodes to which they are attached is not required to be
successive (i.e., port 1 can be connected to node 5 and ground, while port 2 is connected to node 8
and the ground).

Similarly, the variable names of the two ports of a transfer element should be differentiated
from each other in the Var_Names input field. While this is not required for the transfer elements
spanning multiple energy domains because the variable types on the two sides of a domain-transfer
element will be different from one another, it is a requirement for single-domain transfer elements.
Typically, this is done using an alphabetical differentiation of each port (i.e., TFla and TF1b), as
transfer element pairs are typically differentiated from one another numerically in systems that
contain multiple two-port elements (transfer elements).

When specifying the domain indices of the LG model, it is important that the user defines these
index values correctly for each element contained in the system, as the across- and the through-
variables associated with each element will be determined based on these values. Likewise, the
parameters of specific system element types will be changed based on the requirements of each
domain. If the user wishes to leave the domains in their generalized terms in order to evaluate sys-
tems outside of the primary domains supported by the toolbox (the primary domains are electrical,
mechanical translational and translational, hydraulic/fluid, and thermal), they must keep in mind
that the toolbox will be unable to automatically adjust these parameters, and that this must be done
manually when the parameter values are being substituted into the state-space model.
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Before the user converts their model into inputs for the toolbox, it must be ensured that the LG
model is sufficiently simplified to ensure that there are no redundant state-variables (in addition
to the number governed by the system order). This is done by combining A-type elements that are
directly in series and 7-type elements that are directly in parallel. Similarly, the user must ensure
that their model is complete with no loose elements (no nodes with only a single element attached).
In either of these cases, the LGtheory toolbox will return an error message.

The equations for converting direct series A-type elements and direct parallel 7-type elements
are

(B.D

-l
2

(B.2)

Lol
2

B.1.4 ExampLE OF INPUTTING A LINEAR GRAPH MODEL INTO THE LGTHEORY TOOLBOX

A DC motor with an inertial load is used as an example now, to demonstrate the processes associ-
ated with the LGtheory toolbox for generating the state-space representation of an LG model.

Based on the LG model of the system presented in Figure B.1, the following inputs should be
defined for the LGtheory MATLAB toolbox:

ILG.S = [2 2 3 4 55 5];

IG. T =[1341111];

LG.Type = [1 5 6 3 3 5 2];

LG.Domain = [1 1 1 1 3 3 3];

syms s R L TFa TFb B J

LG.Var Names = [s R L TFa TFb B J];
syms 1 TFa(t) Tau TFb(t) Omega_ J(t)
LG.y=[i_ TFa(t) Tau TFb(t) Omega J(t)];
[Model] =LGtheory (LG) ;

For this example, the outputs of the state-space model were specified as the current of the electrical

port of the DC motor (i_TFa(t)), the torque output of the motor on the mechanical side (Tau_TFb(t)),
and the rotational velocity (angular velocity) of the inertial load (Omega_J(t)).

Q

A Inertial Load J R L

C ) 5 B , .
,_Beanng B
) TF
i \.
+o— Vs 47 % ,
Vs(t)
L
—o—|
Motor R ¥ ‘ v

(a) (b)

FIGURE B.1 (a) Schematic diagram and (b) LG model of DC motor with inertial load.
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B.2 LGTHEORY TOOLBOX FUNCTIONS

This section describes the various processes and algorithms used by the sub-functions of the LG
toolbox to convert the LG model representation that is inputted to the LGtheory function into the
corresponding state-space model of the system.

B.2.1 CHeck MobpEL INPUTS

CheckModel (LG) ;

Before the LG model can be evaluated, the inputs must be checked to ensure that they meet the
requirements of the LGtheory toolbox.

First, the toolbox will check to ensure that the model is complete (closed) and that no loose ele-
ments (open loops) exist within the model inputs. A loose element can be detected by examining the
source and the target vectors for any node values that only occur once between the two vectors. If
such a node is found, then it is known that the node has only a single element attached to it, meaning
that the model contains an open loop.

Next, the toolbox will check for and the presence of excess (redundant) state-variables. This is
done by checking the inputs for A-type elements that are in direct series or for 7-type elements that
are in direct parallel. If either case is found, an error message is displayed, informing the user of the
presence of excess state-variables.

If neither of these cases is detected, the evaluation of the model inputs shall continue.

B.2.2 CoONVERSION TO INCIDENCE MATRIX REPRESENTATION

[Model] =IncidenceMatrix (LG) ;

In order to mathematically represent the topology and directionality of an LG model in MATLAB, an
incidence matrix representation is utilized. Incidence matrices, commonly used in graph theory, are
sparse matrices used for representing relationships between two sets of objects. In the case of LG mod-
els, an incidence matrix is used to represent the relationship between the system elements (as columns)
and the system nodes (as rows). Similarly, the directionality of the system elements is captured in this
representation by a “—1”" in the row corresponding to the node that the element is leaving (source node)
and a “1” in the row corresponding to the node that the element is entering (target node).

The toolbox constructs the incidence matrix of the LG model by initializing a zero matrix with
as many rows there are as nodes (determined by the highest number in the source and target vectors)
and as many columns there are as elements (determined by the length of the source and the target
vectors). The program then indexes through the columns of both vectors and the incidence matrix
and assigns a “—1” or “1” in the incidence matrix row indices corresponding to the source and the
target vectors, respectively.

From the LG model presented in Figure B.1, and the source and target vectors specified in the
example input to MATLAB, the following incidence matrix is produced for the DC motor with the
inertial load

1 1 0o o 1 1 1 1
n= 2 -1 -1 0 0 0 0 0 (B.3)

3 o 1 -1 0 0 0 0

4 o 0 I -1 0 0 0

5 0 0
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B.2.3 BuILDING THE NORMAL TREE

[Model] =BuildNormalTree (LG, Model) ;

The normal tree is a sub-graph of the LG model, which connects all nodes of the LG while form-
ing no loops (see Appendix A). The normal tree is important in the LG approach as it allows for
the classification of the primary and the secondary-variables and also for providing a systematic
process of identifying independent and dependent energy storage elements.

The process for constructing the normal tree starts by creating an empty three-dimensional inci-
dence matrix for the tree (and one for the co-tree), which has the same size as the incidence matrix
of the LG model but with a depth of 2, where T is the number of transfer elements contained within
the LG model. This depth is required for evaluating all possible normal tree configurations that can
result due to the inclusion of transfer elements, where each page (or layer) of the three-dimensional
matrix represents a different permutation of the normal tree (see Figure B.2).

Next, the program adds all A-type (across-type) source elements to each of the normal tree con-
figurations. This is done for each element, by adding the corresponding column of the LG model
incidence matrix to the same column of the normal tree matrix.

Transfer elements are then added to the normal tree incidence matrices with only one transfer
port and either both or neither gyrator ports being included in the normal tree. This is done in a
looping process, which ensures that all possible combinations of the transfer element branches are
created throughout the 2" layers.

The algorithm then cycles through the passive elements in the order: A-type elements, D-type
elements, and 7-type elements. For each column-wise element that is added to a layer of the nor-
mal tree matrix, a depth-first-search loop detecting algorithm is used to determine if the inclu-
sion of the most recent element resulted in the creation of a loop in the normal tree. If no loop is
detected, the element remains in the normal tree. If a loop is detected, the last element added to
the normal tree is removed from that layer and is instead added to the corresponding layer of the
co-tree matrix.

Finally, this process is attempted again for the 7-type (through-type) source elements in every
layer of the normal tree matrix. Since it is required that no 7-type source elements are included in
the normal tree, the layer index of any permutation of the normal tree matrix that requires the addi-
tion of a T-type source in order to be completed shall be flagged in a logical vector as an invalid
normal tree configuration.

Once this process is completed for all elements of the LG model, each normal tree configuration
is revaluated for any potential loops that may have been created as the result of the required inclu-
sion of A-type source elements and transfer port elements. Similarly, each configuration is evaluated

(1,1,3) (1,2,3) (1,3,3) (1,457
(2,1,3) (2,2,3) (2,3,3r72,4,3)
(3,1,3) (3,2,3r13,3,3) (3,4,3)

1,1,2) (1,2,2) (1,3,2) (14,82 (4:33) (4,4.3)
(2,1,2) (2,2,2) (2,3,2712,4,2) —=
AT (3,1,2) (3,2,2715,3,2) (3.,4,2) e

=Y 2,2) (4,3,2) (4,4,2)

(1,1,1) (1,2,1) (1,3,1) (1,4,1) "

(2,1,1) (2,2,1) (2,3,1) (2,4,1) ad

row o
(3,1,1) (3,2,1) (3,3,1) (3,4,1) -
(4,1,1) (4,2,1) (4,3,1) (4,4,1) -

FIGURE B.2 An example of indexing values of a multidimensional array in MATLAB.
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FIGURE B.3 Normal tree of the DC motor with inertial load LG model.

to determine whether all nodes are contained within the normal tree matrix. Any configuration that
is determined to violate either of these requirements is assigned a logical value for its layer index,
denoting it as being invalid.

In order to make the final decision on which configuration will be selected as the normal tree, the
algorithm finds the valid permutations that contain the most A-type elements. If there are multiple
layers that contain the most A-type elements, the algorithm will then select the layer that contains
the least T-type elements, as this combination of most A-type and least 7-type elements ensures that
the program identifies the most independent energy storage elements in the system.

The normal tree resulting from this process for the example system is shown in Figure B.3, where
the solid lines represent branches and the dashed lines represent links.

The resulting incidence matrix representation of the normal tree is

V. R L TF, TF, B J
1 10 0 1 0 0 1
Tree= 2 -1 -1 0 0 0 0 0
3 o 1 0 0 0 0 0
4 0o 0 0 -1 0 0 0
5 o 0 0 0 0 0 -l (B4)

The corresponding incidence matrix representation of the co-tree is

Vv R L TF, TF, B J

1 o0 0 0 1 1 0
CoTree= 2 O 0 0 0 0 0 0

3 0O 0 -1 0 0 0 0

4 o0 1 0 0 0 0

5 00 0 0 -1 -1 0 (B.5)

B.2.4 VARIABLE CLASSIFICATION

[Model] =ClassifyVariables (LG, Model) ;

Once the normal tree of the LG model has been identified, it can be utilized to assist in the process
of variable classification. First, the toolbox creates two arrays that contain the across- and through-
variables of all the system elements in symbolic form, based on the formats specified in Table B.2.
For the present example, these two arrays would be as follows:
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Across_Vars = [VS Ve Vi Vg, 01 0p a),] (B.6)
Through_Vars =[i; ix iy irs, Trn, Tp T)] (B.7)
Similarly, the two vectors for the primary- and secondary-variables, where the primary-variables

are the across-variables of the branches and the through-variables of the links, and the secondary-
variables are the through-variables of the branches and the across-variables of the links:

Prime = [‘/S VR iL VTFH TTFb TB a)j] (B8)
Secon =i, ix Vi i, @, ©p Ty (B.9)
Finally, the program identifies the state-variables as a vector containing the across-variables of the

A-type branches, and the through-variables of the 7-type links, and the input-variables as a vector
containing the source variable type of each source element:

x=[w, i,] (B.10)

u=[v,]’ (B.11)

B.2.5 ConstitutivE EQUATIONS

[Model] =ElementalEquations (LG, Model) ;

The constitutive equations of the system are created for all passive elements. Once formed, the
program rearranges each equation to isolate for the primary-variable (or its derivative) associated
with that element.

For the example of the DC motor with inertial load, the constitutive equations are found to be

dw,; _ 1 T,
da J
di
i _ 1,
dt L
VR =R- iR
VTFa =TF- WTF,
TTFb =-TF- iTFg (BIZ)

B.2.6 NETWORK EQUATIONS
[Model] =NetworkEquations (Model) ;
The continuity (node) equations of an LG model are formed using the contouring method. This

method involves “virtual cutting” around a node or a set of nodes (as shown in Figure B.4 for the
contour of the K element) in such a way that only a single branch is intersected by the contour.
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FIGURE B.4 Example of contour enveloping multiple nodes.

This contour can then be treated in a similar manner as a junction in the Kirchhoff’s current law,
where the sum of all the through-variables entering and exiting the contour is equal to zero. A con-
tinuity equation is constructed for each passive branch of the normal tree, where each equation is
rearranged to isolate the secondary-variable of the passive branch.

Similarly, the compatibility (loop) equations of an LG model are constructed by temporarily
including each passive link into the normal tree and writing the equation of the resulting loop
formed from that element’s inclusion. This method is treated in a similar manner as a loop in the
Kirchhoff’s voltage law, where the sum of all across-variables in the loop is equal to zero. A compat-
ibility equation is constructed for each passive link that is not contained in the normal tree, where
each equation is rearranged to isolate the passive link’s secondary-variable.

Figure B.5 illustrates the contours of each passive normal tree branch (shown by red broken
lines), and the re-inclusion of the passive co-tree links (shown by light blue lines) to the LG model.

While the manual process of identify and evaluating the loops and contours of this model is
simple, the computer-automation of the process, using a program, for recognizing these patterns
can be much more difficult. So, in order to accomplish this using a computer program, the concept
of the fundamental cut set is employed.

This concept involves partitioning the LG model’s incidence matrix into two sub-matrices of the
normal tree and the co-tree. The incidence matrices found when building the normal tree can be
used here, but the columns representing the elements that are not contained in either tree must be
removed first. Likewise, row one, representing the ground node of the model, must be removed from
the matrices. This results in the following sub-matrices

2 1 -1 0 0
A= 3 0 1 0 0
4 0 -1 0
5 0 0 0 -1 (B.13)
L 4 5
— =N
) N
\ VD
TF
Ya_ b0 ' BY/
1 1

FIGURE B.5 LG model with contour and temporary link inclusion overlay.
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L TF, B
2 0 0 0
A= 3 -1 0 0
4 1 0 0
5 0 -1 -1 (B.14)
Next, the fundamental cut set matrix is found as
F, = [ H I ] (B.15)
where
H=A"A4, (B.16)

Here, I is an identity matrix of corresponding size to H. For the present example, the fundamental
cut set matrix will be

1 0 0 1 O 0 O
F = -1 0 0 0 1 0 O
-1 0 0 0 0O 1 O
o 1 1 0 0 0 1 (B.17)

Next, the across- and through-variables of the LG model must be separated based on whether their
corresponding elements exist in the normal tree or the co-tree. The following is the resulting vectors
for the present example:

Ve V
Vi L
Ve = s Voo = wTF], (Blg)
Vg,
, ©s
i |
. i
IR
_ﬁr - . ) _ﬁ:o = TTF,, (B19)
TR, T
T, i

The continuity equations for each passive branch (and, in this case, the across-variable source ele-
ment) can subsequently be found as

Jo =—Hf (B.20)

For the present example, this would result in:

i 1 0 0 .
ix 1 0 0 -
- T B.21
ITF, -1 0 O ™ ( )
T, 0 1 1 Ty
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Ilp = iL
irE, 179
T] = _TTFb - TB (B22)

Subsequently, the compatibility equation for each passive link can be found as
Ve = H v, (B.23)

For the present example, this would result in

v Vi
L 1 -1 -1 0 Ve
oy |=| 0 0 0 1 v (B.24)
TE,
wp 0 0 0 1 .
J
W;=‘§—V}—WG5
O1r, =Wy
Wp =@y (B25)

B.2.7 CREATING THE STATE-SPACE MATRICES

[Model] =StateSpaceMatrices (LG, Model) ;

On construction of the constitutive, continuity, and compatibility equations, a symbolic substitution
of the continuity and compatibility equations into the constitutive equations is performed in order to
reduce the set of equations and eliminate all the secondary (redundant, auxiliary) variables.

d(l)_/ _TB - TTF},

=T (B.26)
% = Ve~ VitV ‘IiTF a (B.27)
Ve =R-i; (B.28)

Ty =B-o, (B.29)

Vir, = TF, - 0, (B.30)

TTFh = —TFu . iL (B31)
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The newly created equations are then classified into one of three column vectors depending on the
isolated primary-variable associated with the element: vector x for primary-variables of independent
storage elements (state-variables); vector d for primary-variables of dependent storage elements; and
vector p for primary-variables of non-energy storage elements. For the present example, the column
vector x will consist of equations (3.26) and (3.27), the column vector d will be empty as there are
no dependent storage elements (as determined by the normal tree) and the column vector p will
consist of equations (B.27)—(B.31). These vectors can be written as the following matrix equations:

x=Px+0p+ Rd+ Su (B.32)
d = Mx + Nu (B.33)
p=Hx+Jp+Kd+ Lu (B.34)
Therefore,
1 1
0 7 0 — 0
X = [0]2 , X+ p+[0]d+ 1 |u (B.35)
x 1 1 —
- 0 - 0 L
L L
d=[0]x+[0]a (B.36)
0 R
B 0
P=| TE 0 x+[0],, p+[0]d+[0], u (B.37)
0 -TF,

The general solution to the state-space equation is formed by isolating d in (3.33) and p in (3.34)
and substituting the results into (3.32). Once simplified, this process results in the following general
formulation of the state-space model:

%= Ax+ Bu+ En (B.38)
where
A=[I-(QK'+ RM| "' (P +QH") (B.39)
B=[1-(QK +R)M] "' (S+0L) (B.40)
E=[I-(QK +RM] "' (R+QK)N (B.41)
And

K =[I-J"'K (B.42)
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H =[I-JI'H (B.43)
L=[I-JT'L (B.44)

Depending on the system that is being considered, this general solution can be simplified in the
following two scenarios:

1. If the system contains no dependent energy storage elements (i.e., d = 0), the general solu-
tion can be simplified by eliminating R, M, N, and K. This results in the following state-
space model matrices:

A=P+QH’ (B.45)
B=S+0L (B.46)

2. If the system contains dependent energy storage elements (i.e., d # 0) but contains no
input derivatives (i.e., # = 0), the general solution can be simplified by eliminating . This
results in the elimination of the E matrix, while A and B are still calculated using (3.39)
and (3.40), respectively.

As previously stated, for the present example, the LGtheory toolbox program determines from
the normal tree that it contains no dependent energy storage elements (d = 0), meaning that this
system falls into scenario 1, as described above. The MATLAB program subsequently extracts

the necessary matrices and performs calculations for the state-space matrices using (B.45) and
(B.46), to obtain:

0 R
0 _% 0 _% 1 B 0
A= [O]2><2 + 1 0 1 0 [I4x4 - [0]4><4] TF, 0 (B.47)
L L 0 -TF,
_B TF
J J
A= B.4
TE R (349
L L
and
0 0 —% 0 —% 1
B=| 1 |+ [ L -[0],, ] [0l (B.49)
— 1 1
L -—— 0 -— 0
L L

0
B=| 1 (B.50)
L
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The output equations are then constructed as an algebraic relationship between the variables of
interest, as defined by the user in the output array, and the state- and input-variables. This is achieved
in LGtheory by examining the continuity and compatibility equations and also the substituted con-
stitutive equations from this section and selecting the equations that can be isolated for the desired
output variables. Once these equations are identified, substitution and manipulation operations are
conducted in order to express the output variables exclusively in terms of the state- and input-vari-
ables; the C and D, and potentially F, matrices are extracted from these equations.

For the present example, the variables of interest have been specified as the current supplied to
the motor, the torque output by the motor, and the rotational (angular) velocity of the inertial load.
For these output variables, the following C and D matrices are produced:

0 1
c=| 0 -TF | D=0 (B.51)
1 0

B.2.8 STANDARD STATE-SPACE FORM CONVERSION

[Model] =StandardForm (Model) ;

In some LG models, the state-space matrices produced by the toolbox will result in a non-standard
form of state-space model:

x=Ax+ Bu+ Eu

y=Cx+Du+Fu (B.52)

The additional matrices, E and F, represent the effects that the derivatives of the input variables
have on the rate of change of the state-variables and on the output-variables.

While the main LGtheory function of the toolbox will return all state matrices in a non-standard
form (assuming the input LG model results in the additional matrices), the StandardForm function
is included in the LGtheory toolbox library in order to automate the conversion of a non-standard
state-space model into the standard form.

This function works by transforming the state-variables of the system, and also the output (B)
and feedforward matrices (D), to a modified set that accounts for the derivative(s) of the input
variable(s) and eliminates the E matrix:

x'=x-Eu (B.53)
B’ =AE+B (B.54)
D' =CE+D (B.55)

The state-space model can then be expressed as follows:
x=Ax"+ B'u

y=Cx"+D'u+Fu (B.56)
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B.3 ADDITIONAL EXAMPLES USING LGTHEORY TOOLBOX

B.3.1 ExampLE 1: TRANSLATIONAL MECHANICAL SYSTEM

The following system consists of two mass elements attached to each other through a spring, and
each mass element is attached to ground through a damper element (Figure B.6).
The following are the inputs to the LGtheory toolbox for this system:

LG.S [1 22 2 3 3 1]; %Source vector
LG.T [2 11311 3]; %$Target vector
LG.Type = [7 2 5 6 2 5 7]; %Type vector

LG.Domain = [2 2 2 2 2 2 2]; %Domain vector
syms mmmbmKmcbcoc
LG.Var Names = [mmm b m Km c b ¢ cl;

syms v.m m(t) v.m c(t)
LG.y = [v.mm(t) v.mec(t)];
[Model] = LGtheory (LG) ;

The following equations represent the state-space model produced by the toolbox with outputs spec-
ified as the velocities of the mass elements:

by L IR
. m,, m,, my,
Vi b 1 P 1 F,
Ve |= 0 — — I 0 — l " ] (B.57)
Fy K K 0 K 0 0
0 0 Vi 0 0 F,
vmm 1 m
= - + B.58
Fx

FIGURE B.6 (a) System model and (b) LG model of a translational mechanical system.
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FIGURE B.7 (a) System schematic model and (b) LG model of a hydro-mechanical system.

B.3.2 ExampLe 2: HYDRO-MECHANICAL SYSTEM

The following multi-physics (multi-domain or mixed) system consists of a rotational torque source,
representing the power from an electric motor, powering a positive-displacement pump and a piston,
which actuates a mass element attached to ground through a spring. This is translational (rectilin-
ear) system (Figure B.7).

The following are the inputs to the LGtheory toolbox for this system:

LG.S = [2 23334555 5];
IG.T=[1111411111];

LG.Type = [1 3 3554 45 6 2];
LG.Domain = [3 3 4 4 4 4 2 2 2 2];

syms s TF R 1 R f ABKm

LG.Var Names = [s TF TF R 1 R £ 1/A 1/A B K m];
syms P_R f(t) v_m(t)

LG.y = [P R f(t) v.m(t)];

[Model] = LGtheory (LG) ;

The following equations represent the state-space model that is produced by the toolbox, with the
outputs specified as the pressure of the fluid between the pump and the piston, and the velocity of

the mass element:
1
— Vin 0
= m(R,TF —1) m m { F ]+[ 0 }[ws] (B.59)
0

[ I:: ]=[ —AlRf g H ;': }r[ 8 ][ws] (B.60)

[ . } A* (R, +R - RRTF) B
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Index

across-variables 24, 68, 80, 99, 182, 194, 199 thermal domain 222
aliasing distortion 62—63 continuity (node) equations 14, 68, 80, 99, 194, 202-204,
amplifiers 118, 129, 149, 160, 215 234,365, 381
current 215 control system 4-8, 157-159
linear graph representation 215-216 convection 44-46
operational 156, 215 corner frequency 275
voltage 215 current source 28, 187-188, 317-321
analytical model 1, 3-5, 8, 11-13, 17-18
advantages 13 damped oscillator 267, 276-277, 284, 298
analogies 24, 50 damping (dissipation) element 28, 120, 284
in physical domains 49 dc motor 141-142, 212, 217, 225-226, 335, 337, 355,
antialiasing filter 62-63 383-387
approximate models 16, 316 dead zone 119
A-type element 24, 202, 369 dependent energy storage elements 201-203, 234,
A-type electrical element 28 369-370, 382, 385, 392
A-type fluid element 31 dependent source element 216, 376
A-type mechanical element 25 describing function method 62, 154-155
A-type thermal element 40 difference equations 59, 61-62
A-type source 25, 50, 187, 370, 374, 385 discrete-time systems 59, 61-62
A-type transfer function 281, 303 Z-transform 59
autonomous systems 58, 72; see also non-autonomous discrete transfer function 59, 62
systems, stationary systems dissipation element 24-25, 28, 31, 186, 201
distributed-parameter model 43—44, 57, 63—67, 69, 151,
back-electromotive force 217 315-316
Biot number 45-47 domain analogies 50
block diagrams 11 D-type element see dissipation element
Bode diagram 272-275 dynamic nonlinearity 118, 149
Bode plot see Bode diagram dynamic system 3—4, 8-9, 13
calibration curve 149-150 eigenvalues 67, 74, 202, 264
capacitance 186 elastic potential energy 27, 64
due to compressibility 32-35 electrical charge 121
due to container flexibility 36-38 electrical domain 83-86, 212-216
due to gravity 38 electrical elements 28-30, 50, 57, 185, 282, 296
electrical 28 nonlinear 121-122
fluid 31-40 electrical impedance 280-281, 317, 323
thermal 221-232 electrical transformer 189-191
capacitor see capacitance electromagnetic energy 30, 184
causality 70, 136, 285; see also physical realizability electrostatic energy 29, 184
cause-effect relationship see causality elevated guideway transit system 10-11
characteristic equation 264-268 energy dissipation 24, 32, 64, 120-121, 185, 186, 201, 212
characteristic polynomial 264-268 energy storage elements 40, 49, 74, 80, 194, 201-203,
circuit equivalence 317-322 369-370, 374, 382, 385-386, 392
circuit partitioning 317 equilibrium state 123, 127-128, 160
circuit reduction 317 equivalent impedance 317-320, 331, 333-334
commutativity 60, 87-89, 110 equivalent mechanical circuits 326
of increment and derivative 125 equivalent model 89, 151, 154, 260, 315-316
compatibility equations 14, 68—69, 80, 99, 194-197, experimental model 11, 143—144
202-204, 370, 381, 388-390, 393 for motor control 143
complex frequency domain 261-263
conductance 42—48 feedback linearization 149, 157
conduction 42-48 flexibility element 25, 27
three-dimensional 43—-44 flexible container 33, 36
constitutive equations 68, 80, 83, 87, 99, 193-194, 200, FLT see feedback linearization technique
202-204, 216 fluid capacitor 32-33, 49, 89-91
electrical domain 212 due to gas compressibility 33-35
fluid domain 218 due to liquid compressibility 32
mechanical domain 206 due to gravity head 33, 38, 89-91
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fluid domain 86, 141, 218, 282, 331, 343
fluid inductor 23

fluid inertor 32, 38, 49, 87, 92

fluid resistor 31-32, 40, 49, 87, 92

fold catastrophe see jump phenomenon
force—current analogy 49, 278, 326
forced oscillations 41

force source 184, 187-188, 199-200, 282-284, 326

force transmissibility 279, 292-294, 296-297
Fourier series 154
Fourier transform 263-264, 269-271

inverse 263
frequency creation 120, 154
frequency-domain models 259, 269-271

frequency response function (FRF) or Frequency transfer

function (FTF) 58, 154, 269
functional models 3

gas compressibility, capacitance due to 33
Gauge-pressure 11, 104, 168, 218-219
geometric nonlinearity 118
graphical techniques 11
graph tree 365-367, 370, 373
gravity head of fluid column 38
gyrator 188, 191, 201, 331
coupled systems 332-334
hydraulic 192-193
mechanical 192-193

hard-disk drive (HDD) unit, of computer 10
harmonic drives 129
harmonic excitation 260
heat source 40, 221
heavy spring 64—66
energy equivalence 65
lumped-parameter approximation 63—66
natural frequency equivalence 66
Hooke’s law 27, 49, 118, 129
humanoid robot 14-15
hydraulic manipulator 11
hydraulic-mechanical gyrator 192—193
hydraulic system 31-40, 197
linear graphs for 218
hysteresis loop 119-120

ideal relay 119, 155

identity matrix 267, 389

impedance
electrical 280-281, 288, 317, 323-325
generalized 278, 323
input 215
mechanical 259, 278-280, 297
output 215

inductance 30, 49, 63, 72, 122, 156, 186
fluid 32

inductor see inductance

inertor 32

inertia element 25-26, 80, 83, 183, 185, 195
dynamic 279

inertia force 185, 205, 293-294

input element (source) 14, 18, 24, 202, 282
electrical 28
fluid 31
mechanical 25

thermal 40
input—output (I-O) model 57-58, 62, 69, 72
conversion into 72, 75-79
instrumentation 4, 12, 14, 67, 156, 159
integrated approach 2—4, 6, 23, 200, 206, 208
intelligent iron butcher 12
interconnection laws 280-281
inverse Fourier transform 263

jump phenomenon 119-120

kinetic energy 25-26, 32, 64-65, 184
kinetic energy equivalence 65
Kirchhoff’s current law 68, 388
Kirchhoff’s voltage law 68, 388

laminar flow 39-40

Laplace-domain 11, 58, 260-264, 269-270, 318

Laplace transfer function 16, 58-59
Laplace transform 16, 58, 261-263
Laplace variable 16, 58, 118
limit cycle 119-120
linear graphs (LGs) 181, 261-263, 315, 365
characteristics 203-206
electrical domain 212
examples 206
fluid domain 218
graph tree 318
mechanical domain 206
mixed domain 224
sign conventions 182—183
sketching 219
state models from 200
system order 220
thermal domain 221
two-port elements 188

topological result for, transfer-function 323-348

linearization 117-161
feedback 157
hardware used 156
of dc motors 143
slope-based analytical 123-127
slope-based experimental 141-148
using calibration curve 149
linear systems
properties of 59-61
superposition, principle of 59-61
reciprocity 292-293, 302

Index

link in linear graphs or graph trees 366-367, 370-374,

375-376, 381, 386-388
logarithm 260, 276
loop equations see compatibility equations
lumped elements and analogies 24-50
lumped model of distributed system 63-65
heavy spring 64—65
kinetic energy equivalence 65-66
natural frequency equivalence 66—67
potential energy equivalence 64-65
lumped-parameter approximation 63—65

lumped-parameter model 1, 10, 14-17, 45, 57-58, 63-64

mass-spring-damper system 195, 239, 265, 278, 285

mathematical model see analytical models
Maxwell’s reciprocity property see reciprocity
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mechanical circuits 259, 282

Thevenin approach for 330
mechanical components 25-28, 281-282
mechanical domain 80-83, 191

linear graph examples in 206212
mechanical elements see mechanical components
mechanical impedance 278-280
mechanical transfer functions 279-280
mechatronic approach 2-3, 6, 13-14
mechatronic systems 13-14
MIMO system see multi-input—multi-output (MIMO)

system

mitigation of nonlinearities 129
mixed domains, linear-graphs 224-232
mixed dynamic system 224-233
mixed system see multidomain system
mobility 278-282, 313, 323-326, 330
model-based control 4-5
model identification 8, 11
model types 11
model-referenced adaptive control 5
modulated source 215-216
motion isolation 296
motion transmissibility 296
motor control, experimental linear model for 161
multidomain/mixed dynamic system 224-233
multifunctional components 2-3
multi-input-multi-output (MIMO) system 59, 69, 259
multiport elements 188—193
multivariable system see MIMO system

natural frequency equivalence 17, 6667
natural oscillations 18, 50
neutral equilibrium 123-124
Newton’s second law 25, 49
node equations 68, 80, 99
non-autonomous systems see time-variant systems
nonlinear characteristics of practical devices 118
dead zone 119
frequency creation 120-121
hysteresis 119-120
hysteresis loop 120
ideal relay 119
jump phenomenon 120
limit cycle 120
saturation 118-119
nonlinear electrical elements 121
capacitor 121-122
inductor 122
resistor 122
nonlinear functions 125
of one variable 124-126
of two variables 126
nonlinearity 59, 117
kinematic 129
mitigation 129
physical 129
static 118, 149
nonlinear state-space models 127
linearization of state models 127-129
nonlinear system 118
electrical elements 121-122
properties/characteristics of 118—121
nonstationary systems see time-varying systems
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normal tree
of linear graphs 370-374
state-space model formulation using 374-378
Norton equivalence 316, 323, 330
Norton equivalent circuit 317-322
numerical model 8, 13
Nyquist frequency 62—63

Ohm’s law 31, 122

operational amplifiers (op-amps) 156, 215
“optimistic” approach, modeling as 5
oriented branch 183, 202

outputs, defined 8

parallel connection 280-281
“pessimistic” approach, modeling as 5
phase angle 58, 270-272
physical realizability 264, 279, 284-286
PID control see proportional-integral-derivative (PID)
control

plant/process 4, 9
pneumatic systems 86, 91-92
point of action 183-190, 201-207
point of reference 183-190, 201-207
poles 202, 264

repeated poles 202
potential energy 25, 27, 32, 64
potential energy equivalence 64-65
power 131, 182-185, 188-193
power flow 200, 202
power-information transformer 216
pressure source 31, 87, 90
pneumatic system 86, 91-94, 182
principle of superposition 59-60, 118
product testing 4
proportional-integral-derivative (PID) control 158

qualification, of product 4

radiation 42, 48

linearized radiation resistor 136—140
recalibration 149-150
reciprocity, Maxwell’s principle 302
rescaling 149-150
resistance

electrical 31

fluid 31

thermal 40-49
resistance temperature detectors (RTDs) 156
resistor (dissipation) element see resistance
resonant frequency 120, 278
robotic sewing system 238-239

sampling 61
criterion 62
error 61
period 61-62
rate 61
theorem 62

saturation nonlinearity 118—119
s-domain 261-263

series connection 280281
servomotor 14

signal sampling 62
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simple oscillator 206
single-degree-of-freedom systems 294
single energy port see single-port elements
single-input single-output (SISO) system 62, 264
single-port elements 185
electrical 186
mechanical 185-186
source 187-188
SISO system see single-input single-output (SISO) system
speed versus torque curve
of dc motor 141-143
of induction motor 132
spring (stiffness/flexibility) element 181, 184—186,
194-195, 199-200
stability of a system 62, 120, 128, 149, 264
stable equilibrium 123-124, 128
stable limit cycle 119-120
stalling torque of dc motor 142
state equations
linear 71-95
nonlinear 127-128
state models 24-28, 71-95
from linear graphs 200-221
linearization 123124, 127
from normal tree 374-378
stationary system see time-invariant system, Autonomous
systems
system order 2, 74, 202
state-space models see state models
state-space shell 25, 80-85, 94-96, 374-378
state variables 24-28
static nonlinearity 118, 149-150
stationary systems 58, 72
stiffness/flexibility element see spring element
superposition, principle 59-60, 318, 320-322
systematic approach to modeling 13-14, 17, 68-69, 79
system, defined 8-9
system identification 8, 11, 141; see also Experimental
modeling

Taylor series approximation 123-126
temperature source 40, 221
TF model see transfer-function (TF) model
thermal capacitor 40—41
thermal conductivity 42-43
thermal domain 40-49

linear-graph examples in 221-224

model equations 95-98
thermal energy 41, 44, 46, 50, 96
thermal resistance 23, 41-49

Biot number 45-46

conduction 42-44
three-dimensional conduction 43—-44

convection 44—48

radiation 48—49

linearized radiation 48-49, 136-140
thermal resistor see thermal resistance
thermistor 172
Thevenin and Norton equivalent circuits 316-334
Thevenin approach for mechanical circuits 326330

Index

Thevenin’s theorem 317-334
thin fluid layer approximation 40, 90
three-port junction elements see multi-port elements
through-variables 14, 24, 25, 27, 30, 40, 49, 67-68, 80, 182
time domain model 58
time-invariant systems 72, 74, 266, 271
time-varying systems 58-59, 122
transfer function 58-59, 74, 118, 120, 149, 154, 222,
264-269, 281-282
A-type 281
discrete 62
mechanical 279
matrix 266-267
T-type 281
transfer-function linear graph (TFLG) 315-349
transformer 118, 188-191, 201
coupled systems 331-332
electrical 189-191
electromechanical 218, 226-228
fluid 189
mechanical 189
power-information 216
transform techniques 216
transfer function 269, 281
of basic elements 281-282
using Fourier transform (see Fourier transform)
using Laplace transform (see Laplace transform)
linear graphs 315-349
matrix 266-267
mechanical 279-280
transmissibility function 19, 279, 292-295
force 293
motion 294-295
T-source 25, 183-184, 187188, 367-368
T-type element 18, 23-24
amplifier, fluid element 31-32, 49 (see also Inertor)
electrical element 27-28, 49 (see also Inductance)
mechanical element 28, 29 (see also Spring)
source (see T-source)
transfer function 280-281
turbulent flow 39-40
two-port elements see multi-port elements

unified approach to modeling 1-3, 6, 13, 17-19, 23, 57, 68,
69, 181-182, 190, 200-201, 206

unity matrix see identity matrix

unstable equilibrium 123-124

unstable limit cycle 120

unstable system 286

variable pair in linear graph 182, 184, 200-201
vertical pipe, pressure head in §89-90

vibration 4, 6, 10, 50

vibration isolation 19, 296-301

voltage gain 143-144

voltage source 28, 184, 187-188, 317-321

wood cutting machine 176-177

Z-transform 59, 61



	Cover
	Half Title
	Title Page
	Copyright Page
	Dedication
	Table of Contents
	Preface
	Acknowledgments
	Author
	Chapter 1 Introduction to Modeling
	1.1 Objectives
	1.1.1 Model Error of Science Error

	1.2 Importance and Applications of Modeling
	1.2.1 The Use of Models in Control
	1.2.2 The Use of Models in Design

	1.3 Dynamic Systems and Models
	1.3.1 Terminology
	1.3.2 Model Complexity

	1.4 Model Types
	1.4.1 Advantages of Analytical Models
	1.4.2 Mechatronic Systems
	1.4.3 Steps of Analytical Model Development
	1.4.4 Modeling Criteria and Equivalent Models

	1.5 Organization of this Book
	1.6 Summary Sheet
	Problems

	Chapter 2 Basic Model Elements
	2.1 Introduction
	2.1.1 Lumped Elements and Analogies
	2.1.2 Across-Variables and Through-Variables
	2.1.2.1 Energy Dissipating Element


	2.2 Mechanical Elements
	2.2.1 Inertia Element
	2.2.2 Spring (Stiffness or Flexibility) Element
	2.2.3 Damping (Dissipation) Element

	2.3 Electrical Elements
	2.3.1 Capacitor Element
	2.3.2 Inductor Element
	2.3.3 Resistor (Dissipation) Element

	2.4 Fluid Elements
	2.4.1 Fluid Capacitor or Accumulator (A-Type Element)
	2.4.2 Fluid Inertor (T-Type Element)
	2.4.3 Fluid Resistor (D-Type Element)
	2.4.4 Derivation of Constitutive Equations
	2.4.4.1 Fluid Capacitor
	2.4.4.2 Fluid Inertor
	2.4.4.3 Fluid Resistor


	2.5 Thermal Elements
	2.5.1 Constitutive Equations
	2.5.2 Thermal Capacitor
	2.5.3 Thermal Resistor
	2.5.3.1 Conduction
	2.5.3.2 Convection
	2.5.3.3 Radiation


	2.6 Domain Analogies
	2.6.1 Natural Oscillations

	2.7 Summary Sheet
	Problems

	Chapter 3 Analytical Modeling
	3.1 Introduction
	3.2 Types of Analytical Models
	3.2.1 Properties of Linear Systems
	3.2.2 Discrete-Time Systems
	3.2.3 Lumped Model of a Distributed System
	3.2.3.1 Heavy Spring
	3.2.3.2 Kinetic Energy Equivalence
	3.2.3.3 Natural Frequency Equivalence


	3.3 Analytical Model Development
	3.3.1 Steps of Model Development

	3.4 State Models and Input–Output Models
	3.4.1 Properties of State-space Models
	3.4.1.1 State Space
	3.4.1.2 Properties of State Models

	3.4.2 Linear State Equations
	3.4.2.1 Time-Invariant Systems

	3.4.3 Derivation of Input–Output Models from State-Space Models
	3.4.3.1 System Order


	3.5 Modeling Examples
	3.5.1 Systematic Development of a State Model
	3.5.2 Modeling in the Mechanical Domain
	3.5.3 Modeling in the Electrical Domain
	3.5.4 Modeling in the Fluid Domain
	3.5.4.1 Commutativity of Series Resistor and Inertor Elements
	3.5.4.2 Extension of Commutativity
	3.5.4.3 Generalization
	3.5.4.4 Pressure Head in a Vertical Pipe
	3.5.4.5 Parallel Connection of Fluid Capacitors
	3.5.4.6 Thin Fluid Layer Approximation
	3.5.4.7 Pneumatic Systems

	3.5.5 Modeling in the Thermal Domain

	3.6 Summary Sheet
	Problems

	Chapter 4 Model Linearization
	4.1 Introduction
	4.2 Properties of Nonlinear Systems
	4.2.1 Static Nonlinearity
	4.2.2 Nonlinear Characteristics of Practical Devices
	4.2.3 Nonlinear Electrical Elements
	4.2.3.1 Capacitor
	4.2.3.2 Inductor
	4.2.3.3 Resistor


	4.3 Analytical Linearization Using Local Slopes
	4.3.1 Analytical Linearization about an Operating Point
	4.3.1.1 Equilibrium State

	4.3.2 Nonlinear Function of One Variable
	4.3.2.1 Commutativity of Increment and Derivative
	4.3.2.2 Further Useful Information: Derivatives of Nonlinear Functions

	4.3.3 Nonlinear Function of Two Variables

	4.4 Nonlinear State-Space Models
	4.4.1 Linearization of State Model
	4.4.2 Mitigation of System Nonlinearities

	4.5 Linearization Using Experimental Data
	4.5.1 Torque–Speed Curves of Motors
	4.5.2 Experimental Linear Model of a Motor
	4.5.3 Experimental Linear Model of a Nonlinear System

	4.6 Other Methods of Model Linearization
	4.6.1 Calibration Curve Method
	4.6.2 Equivalent Model Approach of Linearization
	4.6.3 Describing Function Method
	4.6.4 Linearization Using Analog Hardware
	4.6.5 Feedback Linearization

	4.7 Summary Sheet
	Problems

	Chapter 5 Linear Graphs
	5.1 Introduction
	5.2 Variables and Sign Convention
	5.2.1 Through-Variables and Across-Variables
	5.2.1.1 Sign Convention


	5.3 Linear Graph Elements
	5.3.1 Single-Port Elements
	5.3.1.1 Mechanical Elements

	5.3.2 Source Elements
	5.3.2.1 Interaction Inhibition by Source Elements

	5.3.3 Two-Port Elements
	5.3.3.1 Transformer
	5.3.3.2 Gyrator


	5.4 Linear Graph Equations
	5.4.1 Compatibility (Loop) Equations
	5.4.1.1 Sign Convention
	5.4.1.2 Number of “Primary” Loops

	5.4.2 Continuity (Node) Equations
	5.4.2.1 Primary Node Equations

	5.4.3 Series and Parallel Connections

	5.5 State Models from Linear Graphs
	5.5.1 Sketching of a Linear Graph
	5.5.2 State Models from Linear Graphs
	5.5.2.1 System Order
	5.5.2.2 Sign Convention
	5.5.2.3 Steps of Obtaining a State Model

	5.5.3 Characteristics of Linear Graphs
	5.5.3.1 LG Variables and Relations
	5.5.3.2 Topological Result


	5.6 Linear Graph Examples in Mechanical Domain
	5.7 Linear Graph Examples in Electrical Domain
	5.7.1 Amplifiers
	5.7.1.1 Linear Graph Representation

	5.7.2 Power-Information Transformer
	5.7.3 DC Motor

	5.8 Linear Graph Examples in Fluid Domain
	5.9 Linear Graph Examples in Thermal Domain
	5.9.1 Model Equations

	5.10 Linear Graph Examples in Mixed Domains
	5.11 Summary Sheet
	Problems

	Chapter 6 Frequency-Domain Models
	6.1 Introduction
	6.1.1 Transfer Function Models

	6.2 Laplace and Fourier Transforms
	6.2.1 Laplace Transform
	6.2.1.1 Laplace Transform of a Derivative
	6.2.1.2 Laplace Transform of an Integral

	6.2.2 Fourier Transform
	6.2.2.1 Summary of Results


	6.3 Transfer Function
	6.3.1 Transfer-Function Matrix

	6.4 Frequency Domain Models
	6.4.1 Frequency Transfer Function (Frequency Response Function)
	6.4.1.1 Response to a Harmonic Input
	6.4.1.2 Magnitude (Gain) and Phase

	6.4.2 Bode Diagram (Bode Plot)
	6.4.3 Bode Diagram Using Asymptotes

	6.5 Mechanical Impedance and Mobility
	6.5.1 Transfer Functions in Mechanical Systems
	6.5.1.1 Mechanical Transfer Functions
	6.5.1.2 Mechanical Impedance and Mobility

	6.5.2 Interconnection Laws
	6.5.2.1 Interconnection Laws for Mechanical Impedance and Mobility
	6.5.2.2 Interconnection Laws for Electrical Impedance and Admittance
	6.5.2.3 A-Type Transfer Functions and T-Type Transfer Functions

	6.5.3 Transfer Functions of Basic Elements

	6.6 Transmissibility Function
	6.6.1 Force Transmissibility
	6.6.2 Motion Transmissibility
	6.6.3 Vibration Isolation
	6.6.3.1 Force Isolation and Motion Isolation

	6.6.4 Maxwell’s Reciprocity Property
	6.6.4.1 Maxwell’s Reciprocity Property in Other Domains


	6.7 Summary Sheet
	Problems

	Chapter 7 Transfer-Function Linear Graphs
	7.1 Introduction
	7.2 Circuit Reduction and Equivalent Circuits
	7.2.1 Thevenin’s Theorem for Electrical Circuits
	7.2.1.1 Circuit Partitioning
	7.2.1.2 Thevenin and Norton Equivalent Circuits

	7.2.2 Justification of Circuit Equivalence
	7.2.3 Extension into Other Domains

	7.3 Equivalent Transfer-Function Linear Graphs
	7.3.1 Transfer-Function Linear Graphs
	7.3.2 Equivalent Mechanical Circuit Analysis Using Linear Graphs
	7.3.3 Summary of Thevenin Approach for Mechanical Circuits
	7.3.3.1 General Steps


	7.4 Multi-Domain Transfer-Function Linear Graphs
	7.4.1 Conversion into an Equivalent Single Domain
	7.4.1.1 Transformer-coupled Systems
	7.4.1.2 Gyrator-coupled Systems

	7.4.2 Illustrative Examples

	7.5 Summary Sheet
	Problems

	Appendix A: Graph-Tree Concepts for Linear Graphs
	Appendix B: MATLAB® Toolbox for Linear Graphs
	Index



