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Preface

This book is designed to supplement standard texts,

primarily to assist students of engineering and science in

acquiring a more thorough knowledge and proficiency in

dynamics, the course that follows statics in the mechanics

sequence. It is based on the authors’ conviction that

numerous solved problems constitute one of the best means

for clarifying and fixing in mind the basic principles. While

this book will not mesh precisely with any one text, the

authors feel that it can be a very valuable adjunct to all.

The previous editions of this book have been very

favorably received. This edition incorporates SI units only.

This eliminates the problems encountered when mixing

units and allows students to focus on the subject being

studied.

The authors attempt to use the best mathematical tools

available to students at the sophomore level. Thus the

vector approach is applied in those chapters where its

techniques provide an elegance and simplicity in theory and

problems. On the other hand, we have not hesitated to use

scalar methods elsewhere, since they provide entirely

adequate solutions to many of the problems. Chapter 1 is a

complete review of the minimum number of vector

definitions and operations necessary for the entire book,

and applications of this introductory chapter are made

throughout the book.

Chapter topics correspond to material usually covered in

a standard introductory dynamics course. Most chapters

contain the appropriate derivations along with examples

that illustrate the basic principles. The text material is



followed by graded sets of solved and supplementary

problems. The solved problems serve to illustrate and

amplify the theory, present methods of analysis, provide

practical examples, and bring into sharp focus those fine

points that enable the student to apply the basic principles

correctly and confidently. Numerous derivations of formulas

are also included among the solved problems. The many

supplementary problems serve as a review of the material

covered in each chapter.

In the first edition the authors gratefully acknowledged

their indebtedness to Paul B. Eaton and J. Warren Gillon. In

the second edition the authors received helpful suggestions

and criticism from Charles L. Best and John W. McNabb. Also

in that edition Larry Freed and Paul Gary checked the

solutions to the problems. In the third and fourth editions,

computer solutions were added to numerous problems;

these solutions have been eliminated in this seventh edition

since several software packages have been developed that

allow students to perform such solutions. For typing the

manuscripts of the third and fourth editions we are indebted

to Elizabeth Bullock.

M. C. POTTER

E. W. NELSON

C. L. BEST

W. G. MCLEAN



Vectors

1.1 DEFINITIONS

Scalar quantities possess only magnitude; examples are

time, volume, energy, mass, density, and work. Scalars are

added by ordinary algebraic methods, for example, 2 s + 7 s

= 9 s and 14 kg − 5 kg = 9 kg.

Vector quantities possess both magnitude and direction;

direction is understood to include both the angle that the

line of action makes with a given reference line and the

sense of the vector along the line of action. Examples are

force, displacement, and velocity. A vector is represented by

an arrow at the given angle. The head of the arrow indicates

the sense, and the length usually represents the magnitude

of the vector. The symbol for a vector is shown in print in

boldface type, such as P. The magnitude is represented by 

 or P. Often, when writing by hand, we would use , rather

than P.

A free vector may be moved anywhere in space provided

it maintains the same direction and magnitude.



A sliding vector may be applied at any point along its line

of action. By the principle of transmissibility, the external

effects of a sliding vector remain the same.

A bound or fixed vector must remain at the same point of

application.

A unit vector is a vector one unit in length. It is

represented by i, n, or in written form by 

The negative of a vector P is the vector -P that has the

same magnitude and angle but is of the opposite sense,

that is, it acts in the opposite direction.

The resultant of a system of vectors is the least number

of vectors that will replace the given system.

1.2 ADDITION OF TWO VECTORS

(a)   The parallelogram law states that the resultant R of two

vectors P and Q is the diagonal of the parallelogram for

which P and Q are adjacent sides. All three vectors P, Q,

and R are concurrent as shown in Fig. 1-1(a). P and Q

are also called the components of R.

Fig. 1-1 The addition of vectors.



(b)   If the sides of the parallelogram in Fig. 1-1(a) are

perpendicular, the vectors P and Q are said to be

rectangular components of the vector R. The rectangular

components are illustrated in Fig. 1-1(b). The

magnitudes of the rectangular components are given by

(c)   Triangle law. Place the tail end of either vector at the

head end of the other. The resultant is drawn from the

tail end of the first vector to the head end of the other.

The triangle law follows from the parallelogram law

because opposite sides of the parallelogram are free

vectors, as shown in Fig. 1-2.

Fig. 1-2 The triangle law.

(d)   Vector addition is commutative; that is, P + Q = Q + P.

(e)   The law of cosines (refer to Fig. 1-3) is

The law of sines (refer to Fig. 1-3) is



Fig. 1-3 A typical triangle.

EXAMPLE 1.1 In a plane, find the resultant of a 300-N

force at 30° and a -250-N force at 90°, using the

parallelogram method. Refer to Fig. 1-4(a). Also, find the

angle α between the resultant and the y axis. (Angles

are always measured counterclockwise from the positive

x axis.)

Fig. 1-4

SOLUTION: Draw a sketch of the problem, not

necessarily to scale. The negative sign indicates that

the 250-N force acts along the 90° line downward



toward the origin. This is equivalent to a positive 250-N

force along the 270° line, according to the principle of

transmissibility.

As in Fig. 1-4(b), place the tail ends of the two

vectors at a common point. Complete the parallelogram.

Consider the triangle, one side of which is the y axis, in

Fig. 1-4(b). The sides of this triangle are R, 250, and

300. The angle between the 250 and 300 sides is 60°.

Applying the law of cosines gives

Now applying the law of sines, we get

Note: If the forces and angles are drawn to scale, the

magnitude of R and the angle a could be measured from

the drawing.

1.3 SUBTRACTION OF A VECTOR

Subtraction of a vector is accomplished by adding the

negative of the vector:

Note also that

-(P + Q) = -P - Q



EXAMPLE 1.2 In a plane, subtract 130 N at 60° from

280 N at 320° (see Fig. 1-5).

Fig. 1-5

SOLUTION: To the 280-N, 320° force add the negative

of the 130-N, 60° force. The resultant is found by

applying the law of cosines as follows:

The law of sines allows us to find α:

Thus, R makes an angle of -62.9° with the x axis.



1.4 ZERO VECTOR

A zero vector is obtained when a vector is subtracted from

itself; that is, P - P = 0. This is also called a null vector.

1.5 COMPOSITION OF VECTORS

Composition of vectors is the process of determining the

resultant of a system of vectors. A vector polygon is drawn

by placing the tail end of each vector in turn at the head

end of the preceding vector, as shown in Fig. 1-6. The

resultant is drawn from the tail end of the first vector to the

head end (terminus) of the last vector. As will be shown

later, not all vector systems reduce to a single vector. Since

the order in which the vectors are drawn is immaterial, it

can be seen that for three given vectors P, Q, and S,



Fig. 1-6 Composition of vectors.

Equation (1.5) may be extended to any number of vectors.

1.6 MULTIPLICATION OF VECTORS BY

SCALARS

(a)   The product of vector P and scalar m is a vector mP

whose magnitude is  times as great as the magnitude

of P and that is similarly or oppositely directed to P,

depending on whether m is positive or negative.

(b)   Other operations with scalars m and n are



1.7 ORTHOGONAL TRIAD OF UNIT

VECTORS

An orthogonal triad of unit vectors i, j, and k is formed1 by

drawing unit vectors along the x, y, and z axes, respectively.

A right-handed set of axes is shown in Fig. 1-7.

Fig. 1-7 Unit vectors i, j, k.

A vector P is written as



where Pxi, Py j, and Pzk are the vector components of P

along the x, y, and z axes, respectively, as shown in Fig. 1-8.

Fig. 1-8 Vector components of P.

Note that

EXAMPLE 1.3 Using the triad of unit vectors, write the

vector P that has magnitude of 100 which makes an

angle 50° with the negative x axis, 80° with the y axis,

and angle a with the z axis.

SOLUTION: The components of P in the coordinate

directions are

Px = -100 cos 50 = -64.3,    Py = 100 cos 80° =

17.4,    Pz = l00 cos a



We know that (an application of the Pythagorean

theorem)

1002 = (-64.3)2 + 17.42 + (l00 cos α)2. ∴ a = 4l.8°

The component in the z direction is then

Pz = 100 cos 4l.8 = 74.5

The vector P is now written using the unit vectors as

P = -64.3i + 17.4j + 74.5k

1.8 POSITION VECTOR

The position vector r of a point (x, y, z) in space is written

where  (see Fig. 1-9).



Fig. 1-9 The position vector r.

EXAMPLE 1.4 A position vector r has a magnitude of

40 cm. Its known components are rx = 20 cm and rz =

-30 cm. Write r using the triad of unit vectors.

SOLUTION: Using the components, we can write

The vector r is written as

1.9 DOT OR SCALAR PRODUCT



The dot or scalar product of two vectors P and Q, written P ·

Q, is a scalar quantity and is defined as the product of the

magnitudes of the two vectors and the cosine of their

included angle q (see Fig. 1-10). Thus,

Fig. 1-10 The included angle θ between two vectors.

The following laws hold for dot products, where m is a

scalar:

Since i, j, and k are orthogonal,

Also, if  and  then

The magnitudes of the vector components of P along the

rectangular axes can be written



since, e.g.,

Similarly, the magnitude of the vector component of P

along any line L can be written P · eL, where eL is the unit

vector along the line L. (Some authors use u as the unit

vector.) Figure 1-11 shows a plane through the tail end A of

vector P and a plane through the head B, both planes being

perpendicular to line L. The planes intersect line L at points

C and D. The vector CD is the component of P along L, and

its magnitude equals P · eL = PeL cos θ.

Fig. 1-11 The component of P along a line.

EXAMPLE 1.5 Two vectors are given as P = 20i + 40j −

30k and Q = 20i − 40j + 30k. Determine the angle



between the two vectors.

SOLUTION: Use the definition of the dot product:

EXAMPLE 1.6 Determine the unit vector eL for a line L

that originates at point (2, 3, 0) and passes through

point (−2, 4, 6). Next determine the projection of the

vector P = 2i + 3j − k along the line L.

SOLUTION: The line L changes from +2 to -2 in the x

direction, or a change of -4. The change in the y

direction is 4 − 3 = 1. The change in the z direction is 6

− 0 = 6. The unit vector is

The projection of P is then

1.10 THE CROSS OR VECTOR

PRODUCT



The cross or vector product of two vectors P and Q, written

P × Q, is a vector R whose magnitude is the product of the

magnitudes of the two vectors and the sine of their included

angle. The vector R = P × Q is normal to the plane of P and

Q and points in the direction of advance of a right-handed

screw when turned in the direction from P to Q through the

smaller included angle q. Thus if e is the unit vector that

gives the direction of R = P × Q, the cross product can be

written

Figure 1-12 indicates that P × Q = -Q × P (not

commutative).

Fig. 1-12 The cross product of two vectors.

The following laws hold for cross products, where m is a

scalar:



Since i, j, and k are orthogonal,

Also, if  and  then

The proof of this cross-product determinant is the

objective of Example 1.7.

EXAMPLE 1.7 Show that the cross product of two

vectors P and Q can be written as

SOLUTION: Write the given vectors in component form

and expand the cross product to obtain



But i × i = j × j = k × k = 0; and i × j = k and j × i = -

k, etc. Hence,

These terms can be grouped as

or in determinant form as

Be careful to observe that the scalar components of the

first vector P in the cross product are written in the

middle row of the determinant.

1.11 VECTOR CALCULUS

(a)   Differentiation of a vector P that varies with respect to

a scalar quantity such as time t is performed as follows.

Let P = P(t); that is, P is a function of time t. A change

∆P in P as time changes from t to t + ∆t is



Then

If  where Px, Py, and Pz are functions

of time t, we have

The following operations are valid:

(b)   Integration of a vector P that varies with respect to a

scalar quantity, such as time t, is performed as follows.

Let P = P(t); that is, P is a function of time t. Then



1.12 DIMENSIONS AND UNITS

In the study of mechanics, the characteristics of a body and

its motion can be described in terms of a set of fundamental

quantities called dimensions. In the United States, engineers

have been accustomed to a gravitational system using the

dimensions of force, length, and time (with units of lb, ft,

and s). Most countries throughout the world use an absolute

system in which the selected dimensions are mass, length,

and time (with units of kg, m, and s). There is a growing

trend to use this second system in the United States.

Both systems derive from Newton’s second law of

motion, which is often written as

where R is the resultant of all forces acting on an object, a is

the acceleration of the object, and m is its mass.

The International System (SI)

In the International System (SI),* the unit of mass is the

kilogram (kg), the unit of length is the meter (m), and the

unit of time is the second (s). The unit of force is the newton

(N) and is defined as the force that will accelerate a mass of

one kilogram one meter per second squared (m/s2). Thus,

A mass of 1 kg falling freely near the surface of the earth

has an acceleration of gravity g that varies very slightly

from place to place. In this book we assume an average

value of 9.80 m/s2. Thus the force of gravity acting on a 1-

kg mass becomes



Of course, problems in statics involve forces; but, in a

problem, a mass given in kilograms is not a force. The

gravitational force acting on the mass, referred to as the

weight W, must be used. In all work involving mass, the

student must remember to multiply the mass in kilograms

by 9.80 m/s2 to obtain the gravitational force in newtons. A

5-kg mass has a gravitational force of 5 × 9.8 = 49 N acting

on it.

In solving statics problems, the mass may not be

mentioned. It is important to realize that the mass in

kilograms is a constant for a given body. On the surface of

the moon, this same given mass will have acting on it a

force of gravity approximately one-sixth of that on the

earth.

The student should also note that, in SI, the millimeter

(mm) is the standard linear dimension unit for engineering

drawings. Centimeters are tolerated in SI and can be used

to avoid the zeros required when using millimeters. Further,

a space should be left between the number and unit symbol,

for example, 2.85 mm, not 2.85mm. When using five or

more figures, space them in groups of 3 starting at the

decimal point as 12 830 000. Do not use commas in SI. A

number with four figures can be written without the space

unless it is in a column of quantities involving five or more

figures.

Tables of SI units, SI prefixes, and conversion factors for

the modern metric system (SI) are included in Appendix A.

In this edition, all the quantities are in SI units.

We finish this section with comments on significant

figures. In most calculations, a material property or a

measured quantity is involved. The quantities of interest in

dynamics involve dimensions, mass, gravity, velocity, and

acceleration, to name a few, and all of these quantities are

seldom known to four significant figures and often only two

or three. Consequently, the information given in a problem



is assumed known to three, possibly four significant figures.

Thus, it is not appropriate to express answers to five or six

significant figures. Our calculations are only as accurate as

the least significant figure. For example, we use gravity as

9.80 m/s2, only three significant figures. A dimension is

stated as 10 mm; it is assumed accurate to three and at

most four significant figures. It is usually acceptable to

express answers using at most four significant figures, but

not five or six. The use of calculators may even provide

eight. The engineer does not, in general, work with five or

six significant figures.

SOLVED PROBLEMS

  1.1.   Use the triangle law and solve Example 1.1 (see Fig.

1-13).

Fig. 1-13

SOLUTION

It is immaterial which vector is chosen first. Take the

300-N force. To the head of this vector attach the tail

end of the 250-N force. Sketch the resultant from the

tail end of the 300-N force to the head end of the 250-

N force. Using the triangle shown, the results are the

same as in Example 1.1.



  1.2.   The resultant of two forces in a plane is 400 N at

120°, as shown in Fig. 1-14. One of the forces is 200 N

at 20°. Determine the missing force F and the angle a.

Fig. 1-14

SOLUTION

Select a point through which to draw the resultant and

the given 200-N force. Draw the force connecting the

head ends of the given force and the resultant. This

represents the missing force F.

The result is obtained by the laws of trigonometry.

The angle between R and the 200-N force is 100°, and

hence, by the law of cosines, the unknown force F

follows

Then, by the law of sines, the angle a is found:

  1.3.   Determine the resultant of the following coplanar

system of forces: 26 N at 10°; 39 N at 114°; 63 N at

183°; 57 N at 261° (see Fig. 1-15).



Fig. 1-15

SOLUTION

This problem can be solved by using the idea of

rectangular components. Resolve each force in Fig. 1-

15 into x and y components. Since all the x

components are collinear, they can be added

algebraically, as can the y components. Now, if the x

components and y components are added, the two

sums form the x and y components of the resultant.

Thus,



  1.4.   In Fig. 1-16 the rectangular component of the force F

is 10 N in the direction of OH. The force F acts at 60°

to the positive x axis. What is the magnitude of the

force?

Fig. 1-16

SOLUTION

The component of F in the direction of OH is Fcosθ.

Hence,

  1.5.   An 80-kg block is positioned on a board inclined 20°

with the horizontal. What is the gravitational

component (a) normal to the board and (b) parallel to

the board? See Fig. 1-17.



Fig. 1-17

SOLUTION

(a)   The normal component is at an angle of 20° with

the gravitational force vector (the weight), which

has a magnitude of 80(9.8) = 784 N. The normal

component is

(b)   The parallel component is

  1.6.   A force P of 235 N acts at an angle of 60° with the

horizontal on a block resting on a 22° inclined plane.

Determine (a) the horizontal and vertical components

of P and (b) the components of P perpendicular to and

along the plane. Refer to Fig. 1-18(a).



Fig. 1-18

SOLUTION

(a)   The horizontal component Ph acts to the left and is

The vertical component  acts up and is

as shown in Fig. 1-18(b).

(b)   The component P|| parallel to the plane

acting up the plane. The component P⊥ normal to

the plane

as shown in Fig. 1-18(c).

  1.7.   The three forces shown in Fig. 1-19 produce a

resultant force of 20 N acting upward along the y axis.

Determine the magnitudes of F and P.



Fig. 1-19

SOLUTION

For the resultant to be a force of 20 N upward along

the y axis,  and  As the sum of the x

components must be equal to the x component of the

resultant

Similarly,

  1.8.   Refer to Fig. 1-20. The x, y, and z edges of a

rectangular parallelepiped are 4, 3, and 2 m,

respectively. If the diagonal OP drawn from the origin

represents a 50-N force, determine the x, y, and z

components of the force. Express the force as a vector

in terms of the unit vectors i, j, and k.



Fig. 1-20

SOLUTION

Let  represent, respectively, the angles between

the diagonal OP and the x, y, z axes. Then

Length of  Hence,

Since each component in the sketch is in the positive

direction of the axis along which it acts,

The vector P is written as



  1.9.   Determine the x, y, and z components of a 100-N

force passing from the origin through the point (2, –4,

1). Express the vector in terms of the unit vectors i, j,

and k.

SOLUTION

The direction cosines of the force line are

Hence,  The vector P is

1.10.   A force F = 2.63i + 4.28j − 5.92k N acts through the

origin. What is the magnitude of this force and what

angles does it make with the x, y, and z axes?

SOLUTION

1.11.   Find the dot product of  and

Q = -2.81i − 6.09j + 1.12k m.

SOLUTION



1.12.   Determine the projection of the force P = 10i − 8j +

14k N on the directed line L which originates at point

(2, -5, 3) and passes through point (5, 2, -4).

SOLUTION

The unit vector along L is

The projection of P on L is

The minus sign indicates that the projection is directed

opposite to the direction of L.

1.13.   Find the cross product of P = 2.85i + 4.67j − 8.09k

and Q = 28.3i + 44.6j + 53.3k.

SOLUTION



1.14.   Determine the time derivative of the position vector 

 where i, j, and k are fixed vectors.

SOLUTION

The time derivative is

1.15. Determine the time integral from time t1 = 1 s to time

t2 = 3 s of the velocity vector

where i, j, and k are fixed vectors.

SOLUTION

SUPPLEMENTARY PROBLEMS

1.16. Determine the resultant of the coplanar forces 100 N

at 0° and 200 N at 90°.

Ans.   224 N, 

1.17. Determine the resultant of the coplanar forces 32 N at

20° and 64 N at 190°.

Ans.   33.0 N, 

1.18. Find the resultant of the coplanar forces 80 N at -30°

and 60 N at 60°.



Ans.   100 N, 

1.19. Find the resultant of the concurrent coplanar forces

120 N at 78° and 70 N at 293°.

Ans.   74.7 N, 

1.20. The resultant of two coplanar forces is 18 N at 30°. If

one of the forces is 28 N at 0°, determine the other.

Ans.   15.3 N, 144°

1.21. The resultant of two coplanar forces is 36 N at 45°. If

one of the forces is 24 N at 0°, find the other force.

Ans.   25.5 N, 87°

1.22. The resultant of two coplanar forces is 50 N at 143°.

One of the forces is 120 N at 238°. Determine the

missing force.

Ans.   134 N, 

1.23. The resultant of two forces, one in the positive x

direction and the other in the positive y direction, is 100

N at 50° counterclockwise from the positive x direction.

What are the two forces?

Ans.   

1.24. A force of 120 N has a rectangular component of 84 N

acting along a line making an angle of 20°



counterclockwise from the positive x axis. What angle

does the 120-N force make with the positive x axis?

Ans.   65.6°

1.25. Determine the resultant of the coplanar forces: 6 N at

38°; 12 N at 73°; 18 N at 67°; 24 N at 131°.

Ans.   50.0 N, 

1.26. Determine the resultant of the coplanar forces: 20 N

at 0°; 20 N at 30°; 20 N at 60°; 20 N at 90°; 20 N at

120°; 20 N at 150°.

Ans.   77.2 N, 

1.27. Determine the single force that will replace the

following coplanar forces: 120 N at 30°; 200 N at 110°;

340 N at 180°; 170 N at 240°; 80 N at 300°.

Ans.   351 N, 175°

1.28. Find the single force to replace the following coplanar

forces: 150 N at 78°; 320 N at 143°; 485 N at 249°; 98

N at 305°; 251 N at 84°.

Ans.   321 N, 171°

1.29. A sled is being pulled by a force of 100 N exerted in a

rope inclined 30° with the horizontal. What is the

effective component of the force pulling the sled? What

is the component tending to lift the sled vertically?

Ans.   

1.30. Determine the resultant of the following coplanar

forces: 15 N at 30°; 55 N at 80°; 90 N at 210°; 130 N at



260°.

Ans.   136 N, 

1.31. A car is traveling at a constant speed in a tunnel, up a

1 percent grade. If the car and passenger weigh 12.4

kN, what tractive force must the engine supply to just

overcome the component of the gravitational force on

the car along the bottom of the tunnel?

Ans.   124 N

1.32. A telephone pole is supported by a guy wire that

exerts a pull of 800 N on the top of the pole. If the angle

between the wire and the pole is 50°, what are the

horizontal and vertical components of the pull on the

pole?

Ans.   

1.33. A boat is being towed through a canal by a horizontal

cable that makes an angle of 10° with the shore. If the

pull on the cable is 200 N, find the force tending to

move the boat along the canal.

Ans.   197 N

1.34. Express in terms of the unit vectors i, j, and k the

force of 200 N that starts at the point (2, 5, -3) and

passes through the point (-3, 2, 1).

Ans.   F = -141i − 84.9j + 113k N

1.35. Determine the resultant of the three forces F1 = 2.0i

+ 3.3j − 2.6k N, F2 = -i + 5.2j − 2.9k N, and F3 = 8.3i



− 6.6j + 5.8k N, which are concurrent at the point (2, 2,

-5).

Ans.   R = 9.3i + 1.9j + 0.3k N at (2, 2, -5)

1.36. Determine the resultant of the coplanar forces 200 N

at 0° and 400 N at 90°.

Ans.   448 N, °

(Since each force in Problem 1.16 has been multiplied

by the scalar 2, the magnitude of the resultant in this

problem should be double that of Problem 1.16. The

angle should be the same.)

1.37. What vector must be added to the vector F = 30 N,

60° to yield the zero vector?

Ans.   30 N, 

1.38. At time t = 2 s, a point moving on a curve has

coordinates (3, -5, 2). At time t = 3 s, the coordinates of

the point are (1, -2, 0). What is the change in the

position vector?

Ans.   

1.39. Determine the dot product of P = 4i + 2j - k and Q =

-3i + 6j − 2k.

Ans.   +2

1.40. Find the dot product of P = 2.12i + 8.15j − 4.28k N

and Q = 6.29i − 8.93j − 10.5k m.

Ans.   -14.5 N⋅m



1.41. Determine the cross product of the vectors in Problem

1.39.

Ans.   P × Q = 2i + 11j + 30k

1.42. Determine the cross product of P = 2.12i + 8.15j −

4.28k and Q = 2.29i − 8.93j − 10.5k.

Ans.   -124i + 12.5j − 37.6k

1.43. Determine the derivative with respect to time of P =

xi + 2yi - z2k.

Ans.   

1.44. If P = 2ti + 3t2j - tk and Q = ti + t2j + t3k, show that

Check the result by using

1.45. In Problem 1.44 show that

Check the result by using



1.46. Determine the dot product for the following vectors.

1.47. Determine the cross products for the following

vectors.

1.48. Determine the component of the vector Q = 10i − 20j

− 20k along a line drawn from point (2, 3, -2) through



the point (1, 0, 5).

Ans. -11.72

1.49. Determine the component of the vector P = 1.52i −

2.63j + 0.83k on the line that originates at the point (2,

3, -2) and passes through the point (1, 0, 5).

Ans.   PL = 1.59

1.50. Given the vector P = i + Py j − 3k and Q = 4i + 3j,

determine the value of Py so that the cross product of

the two vectors will be 9i − 12j.

Ans.   Py = 0.75

1.51. Given the vectors P = i − 3j + P, k and Q = 4i - k,

determine the value of Pz so that the dot product of the

two vectors will be 14.

Ans.   

1.52. Express the vectors shown in Fig. 1-21 in i, j, k

notation.



Fig. 1-21

Ans.   (a) P = -223i + 306j − 129k; (b) Q = 75i + 50j −

43.3k; (c) S = 144i + 129j + 52.4k

_______________

1
When writing by hand, the unit vectors are usually written as . since it is

difficult to write bold letters. The vector P can be written as .

*
SI is the acronym for Système International d’Unités (modernized international

metric system).



Kinematics of a Particle

2.1 KINEMATICS

Kinematics is the study of motion without regard to the forces

or other factors that influence the motion. The position,

velocity, acceleration, and time are related for the motion of a

particle that occupies a point in space. Actually, a particle

could be a bead on a wire or an airplane in the sky. It is only

the motion that is of interest in this chapter. The relationship

between the motion and the forces needed to create the

motion will be studied in later chapters.

The following table lists the units used in the SI system and

in the U.S. Customary (so-called English) System. We will use

only SI units in the problems, but because English units are

not obsolete, they are included in this table. A number of

conversions are listed in Appendix A, along with information

about the SI system of units.



Table 2-1 lists the prefixes that are often used in the SI

system of units.

2.2 RECTILINEAR MOTION

Rectilinear motion is motion of a particle P along a straight

line, which for convenience will be chosen as the x axis. Vector

symbols are unnecessary in this part.

The position of particle P at any time t is expressed in

terms of its distance x from a fixed origin O on the x axis. This



distance x is positive or negative according to the usual sign

convention (see Fig. 2-1).

Fig. 2-1 The position of a particle.

The average velocity  of particle P during the time

interval between t and  during which its position changes

from x to x + ∆x is the quotient  Mathematically this is

The instantaneous velocity v of particle P at time t is the

limit of the average velocity as the increment of time

approaches zero as a limit. Mathematically this is

We should mention that speed is the magnitude of velocity.

If the particle P is moving to the left in Fig. 2-1, its velocity is

negative but it has a positive speed.

The average acceleration  of particle P during the time

interval between t and t + ∆t during which its velocity changes

from v to v + ∆v is the quotient ∆v /∆t. Mathematically it is

written as

The instantaneous acceleration a of particle P at time t is

the limit of its average acceleration as the increment of time



approaches zero as a limit. Mathematically it takes the form

Or, we could divide and multiply by dx and write

so that, an equivalent expression for acceleration, substituting

v = dx/dt, is

For constant acceleration  the following formulas are

valid:

Equation (2.9) simply states that the distance traveled is the

average velocity times the time.



EXAMPLE 2.1 The velocity of a particle that moves along

a straight line is given by v = 15t2 − 4t m/s. Calculate its

position s and acceleration a after 10 seconds if x = 0 at t

= 0.

SOLUTION: The acceleration is not constant, so we use

Eq. (2.2). The position is found to be

The acceleration follows from Eq. (2.4):

2.2.1 Projectile Motion

Projectile motion, assuming no drag (friction), is an example of

motion that can be analyzed as rectilinear motion: vertical

motion in the y direction (refer to Fig. 2-2) in which the

acceleration is negative gravity (ay = -9.80 m/s2), and

horizontal motion in which ax = 0. The equations that will yield

the maximum height H and the maximum distance L on a

horizontal surface are contained in Eqs 2.6 – 2.9 above. They

are, assuming an initial velocity of v0 at an angle of q:



Fig. 2-2 The motion of a projectile with negligible drag.

It is assumed that the projectile is fired from the origin (0, 0).

EXAMPLE 2.2 A projectile is fired at 80 m/s at an angle of

40°. Determine the maximum height H and the distance of

travel L on a horizontal surface.

The maximum height occurs when vy = 0, that is, at

a time t1 when

Since the trajectory is symmetric when drag is

absent, the time for the projectile to reach the

maximum horizontal distance is twice the time to

reach the maximum height, i.e., t2 = 2t1. So,

2.2.2 Harmonic Motion



Simple harmonic motion is rectilinear motion in which the

acceleration is negatively proportional to the displacement.

Mathematically this is written as [also refer to Eq. (2.4)]

From differential equations, the solution is

x(t) = A sin kt + B cos kt

If x = 0 at t = 0, then B = 0 so that

Thus, since x = A sin w t, then v = d x /dt = w A cos w t and 

 That is,  where k = w , a

constant, and the motion is simple harmonic.

EXAMPLE 2.3 The l0-kg mass is suspended by a spring

with spring a constant of 810 N/m, as shown in Fig. 2-3. If

it is displaced from its equilibrium position and released, it

undergoes a simple harmonic motion given by the

differential equation d2y/dt2 + (K/m)y = 0. Determine the

frequency of oscillation in cycles/s (hertz).



Fig. 2-3

SOLUTION: The motion is given by Eq. (2.12): y(t) = A sin

w t. Comparing Eq. (2.12) with the differential equation

given in the example statement, the circular frequency is

2.3 CURVILINEAR MOTION

Curvilinear motion in a plane is motion along a plane curve

(path). The velocity and acceleration of a point on such a

curve will be expressed in rectangular components, tangential

and normal components, and radial and transverse

components.

2.3.1 Rectangular Components

The position vector r of a point P on such a curve in terms of

the unit vectors i and j along the x and y axes, respectively, is

written



As P moves, r changes and the velocity v can be expressed as

Using  and  and  as convenient

symbols, we have

The speed of the point is the magnitude of the velocity v; that

is,

If θ is the angle that the vector v makes with the x axis, we

can write

Thus, the velocity vector v is tangent to the path at point P

(see Fig. 2-4). The acceleration vector a is the time rate of

change of v; that is,



Fig. 2-4 The velocity of a particle.

Using the symbolic notation  and 

we can write

The magnitude of the acceleration vector a is

In general, a is not tangent to the path at point P.

EXAMPLE 2.4 A particle moves on the path 

where x and y are in meters. Its velocity has a constant x

component of 2 m/s. Assume that the particle is at the

origin at the start of the motion, and solve for the

components of displacement, velocity, and acceleration in

terms of time.



SOLUTION: Since  we can integrate to obtain 

 But  at  hence, 

Thus,

Also, 

Finally, 

2.3.2 Tangential and Normal Components

In the preceding discussion the velocity vector v and

acceleration vector a were expressed in terms of the

orthogonal unit vectors i and j along the x and y axes,

respectively. The following discussion shows how to express

the same vector v and the same vector a in terms of the unit

vector et tangent to the path at point P and the unit, vector en

at right angles to et.

In Fig. 2-5, point P is shown on the curve at a distance s

along the curve from a reference point P0. The position vector

r of point P is a function of the scalar quantity s. To study this

relationship, let Q be a point on the curve near P. The position

vectors r(s) and r(s) + ∆r(s) for points P and Q, respectively,

are shown as well as the change ∆r(s), which is the directed

straight line PQ. The distance along the curve from P to Q is

∆s. The derivative of r(s) with respect to s is



Fig. 2-5 The position vector r.

As Q approaches P, the ratio of the magnitude of the

straight line ∆r(s) to the arc length ∆s approaches unity. Also,

the straight line ∆r(s) approaches the tangent to the path at P.

Thus, in the limit, a unit vector et is defined as

Next consider how et changes with s. As shown in Fig. 2-

6(a), the center of curvature C is a distance r, the radius of

curvature, from P. If we assume point Q is close to P, the unit

tangent vectors at P and Q are et and et + ∆et, respectively.

Since the tangents at P and Q are perpendicular to the radii

drawn to C, the angle between et and et + ∆et as shown in Fig.

2-6(b) is also ∆q. Because et and et + ∆et are unit vectors, ∆et

represents only a change in direction (but not magnitude).



Thus the triangle in Fig. 2-6(b) is isosceles and is shown drawn

to a larger scale in Fig. 2-6(c). From Fig. 2-6(c) it should be

evident that

Fig. 2-6 The tangential unit vector et and radius of curvature

r.

But from Fig. 2-6(a), ∆ s = r∆θ ; hence, we can write 

Thus,

Also, in the limit  is perpendicular to et and is directed

toward the center of curvature C. Let en be the unit vector that

is perpendicular to et and directed toward the center of

curvature C. Then



The velocity vector v may now be given in terms of the unit

vectors et and en. Using Eq. (2.22) and noting  is the

speed of P along the path, we can write

The acceleration vector a is the time derivative of the

velocity vector v defined in Eq. (2.26):

But  and from Eq. (2.25) this may be written as

Note that  along the tangent is the time rate of change of the

speed of the point.

EXAMPLE 2.5 A uniform slender rod is 2 m long and

rotates on a horizontal plane about a vertical axis through

one end. If the rod accelerates uniformly from 40 to 60

rpm in a 5-s interval, determine the linear speed and the

normal and tangential acceleration components of the

center of the rod 2 s, after acceleration begins.

SOLUTION: The speed of the center is v = rw (ω must be

in rad/s). The rotational speed increases 10 rpm in 5 s so it

increases 4 rpm/s. The angular velocity 2 s after



acceleration begins is 40 + 4 × 2 = 48 rpm. The velocity

of the rod’s center is

The uniform angular acceleration α at any time during the

5-s interval is

The angular velocity ω after 2 s in rad/s, is

The components of the desired acceleration are

2.3.3 Radial and Transverse Components

The point P on the curve may be located with polar

coordinates in terms of any point chosen as a pole. Figure 2-7

shows the origin O as the pole. Polar coordinates are useful in

studying the motion of planets and other central force

problems. The velocity vector v and the acceleration vector a

are now derived in terms of unit vectors along and

perpendicular to the radius vector. Note that there is an

infinite set of unit vectors because any point may be chosen

as a pole.



Fig. 2-7 Unit vectors in polar coordinates.

The radius vector r makes an angle ϕ with the x axis. The

unit vector er is chosen outward along r. The unit vector eϕ is

perpendicular to r and in the direction of increasing ϕ.

Since the vector r is r units long in the er direction, we can

write

The velocity vector v is the time derivative of the product in

Eq. (2.30):

where 

To evaluate  and  allow P to move to a nearby point Q

with a corresponding set of unit vectors  and  as

shown in Fig. 2-8(a). Figure 2-8(b) and (c) illustrate these unit

vectors. Since the triangles are isosceles, we can deduce the

following conclusions by reasoning similar to that used in the

explanation of the et and en vectors: der in the limit has a



magnitude df in the ef direction, and def in the limit has a

magnitude df in the negative er direction. Hence,

Fig. 2-8 Changes in er and ef over a small displacement.

where  is the angular velocity w, the time derivative of the

angle ϕ that the radius vector r makes with the x axis.

The velocity vector v may now be written

The acceleration vector a is the time derivative of the terms in

Eq. (2.32):



where  is the angular acceleration a (time derivative of the

angular velocity  Collecting terms, this becomes

As a special case of curvilinear motion, consider a point

moving in a circular path of radius R. Substituting R for r in

Eqs. (2.33) and (2.34), noting  we obtain

Thus, the acceleration has a tangential component of

magnitude  and a normal component directed toward the

center of magnitude  or expressed as

EXAMPLE 2.6 A bead P moves on a circular path in a

counterclockwise direction so that the length of arc it

sweeps out from pt. A is s = t3 + 3. The radius of the path

is 4 m. The units of s and t are m and s, respectively.

Determine velocity and acceleration of the bead when t =

1 s. Refer to Fig. 2-9.



Fig. 2-9

SOLUTION: The distance AP is traversed in 1 s, or 

 By inspection, x = 4 cos q and y = 4 sin

q. Differentiating,

Let us find θ as a function of time. The relation  = rθ

yields

where θ must be in radians. Differentiate to obtain

When t = 1 s, θ = 1 rad and dq/dt = 0.75 rad/s.

The velocity ν, refer to Eq. (2.36), is

ν = Rw = 4 (0.75 t2) = 4 × 0.75 × 12 = 3 m/s

To find the acceleration, we combine the tangential

component at and the normal component an of the

acceleration. They are, referring to Eq. (2.37),



Hence,

Note that  and  give the same

results with t = 1.

SOLVED PROBLEMS

  2.1.   A rocket car moves along a straight track according to

the equation  where x is in meters and t is in

seconds. Determine the displacement, velocity, and

acceleration when t = 4 s.

SOLUTION

  2.2.   In Problem 2.1, what is the average acceleration during

the fifth second?

SOLUTION



The velocity at the end of the fifth second is 

 Hence, the change in velocity during

the fifth second is 226 m/s − 145 m/s = 81 m/s.

The average acceleration is

Or, the acceleration after 5 s is 18(5) = 90 m/s2. So

the average acceleration during the fifth second is

  2.3.   A point moves along a straight line such that its

displacement is  where s is in meters and t is in

seconds. Plot the displacement, velocity, and

acceleration against time. These are called 

diagrams.

SOLUTION

Differentiating  yields  and 

This shows that the acceleration is constant, 16 m/s2.

To determine values for plotting, use the following

tabular form, where t is in seconds, s is in meters, and v

is in meters per second.



These data are plotted in the s, v, and a diagrams below.

Some valuable relationships may be deduced from these

diagrams. The slope of the s–t curve at any time t is the

height or ordinate of the v–t curve at time t. This follows

since 

Again, the slope of the v–t curve (in this particular

case the slope is the same at any point of the straight

line, that is, 16 m/s2) at any time t is the ordinate of the

a–t curve at any time t. This follows since a = dv/dt.

The two equations just given may also be written as

Integration between proper limits yields



The first equation in (1) states that the change in the

ordinate of the v–t diagram for any time interval is equal

to the area under the a–t diagram within that time

interval. A similar statement may be made for the

change in the ordinate of the s–t diagram in the second

equation in (1).

  2.4.   An automobile accelerates uniformly from rest to 90

km/h in 25 s. Find its constant acceleration and its

displacement during this time.

SOLUTION

The following data are given: 

To determine the acceleration, which is a constant a0,

apply the formula 



To determine the displacement using only the original

data,

  2.5.   A particle moves with rectilinear motion. The speed

increases from 0 to 30 m/s in 3 s and then decreases to 0

in 2 s.

(a)   Sketch the v–t curve.

(b)   What is the acceleration during the first 3 s and

during the next 2 s?

(c)   What is the distance traveled in 5 s?

(d )   How long does it take the particle to go 50 m?

SOLUTION

(a)   The sketch of the v–t curve is shown in Fig. 2-10.

Fig. 2-10



(b)   The acceleration is the time derivative of the velocity,

which is the slope of the v–t curve. Thus,

(c)   The velocity is the time derivative of the

displacement. Thus,

The integral of v dt is also the area under the v–t

curve. Thus,

(d)   The distance traveled in the first 3 s is 45 m as

calculated from the area under the v–t curve. The

velocity is given by the equation of the v–t curve for

the region t = 3 to t = 5 s. Thus, for the added 5 m

traveled, the area under the v–t curve is the sum of

the rectangle and triangle between the dashed

vertical lines. Or

Solving the resulting quadratic equation, 

Note that the other solution of the quadratic equation

is 3.826 s, which is greater than 2 s, the maximum

value that t can have. Hence the total time is 



  2.6.   A balloon is rising with a velocity of 2 m/s when a bag

of sand is released. If the height at the time of release is

120 m, how long does it take the bag of sand to reach

the ground?

SOLUTION

The sand is rising at the same rate as the balloon at the

instant of release. Hence,

First, solve using the ground as the datum (y = 0), with up

being positive. (Note: y = 0 as the sand reaches the

ground.)

Next, solve using the balloon as the datum. Use up as

positive. (Note: y = -120 m as the sand reaches the

ground.)

This, of course, yields

t = 5.16 s

  2.7.   A ball is projected vertically upward with a velocity of

40 m/s. Three seconds later a second ball is projected



vertically upward with a velocity of 30 m/s. At what point

above the surface of the earth will they meet?

SOLUTION

Let t be the time after the first ball is projected that the

two meet. The second ball will then have been traveling

for t − 3 s. The displacements for both balls will be the

same at time t.

Let s1 and s2 be the displacements of the first and

second balls, respectively. Then

Equating s1 and s2 and substituting the given values of

(v0)1 and (v0)2, we obtain

Substituting this value of t in the equation for s1 (or s2),

the displacement is

2.8.   A ball is thrown at an angle of 40° to the horizontal. With

what initial speed should the ball be thrown in order to

land 100 m away? Neglect air resistance.

SOLUTION

Choose the xy axes with the origin at the point where the

ball is thrown. By neglecting air resistance the x

component of the acceleration is zero. The y component

of the acceleration is -g.



From Eq. (2.8) with  and 

Given that when  and 

the above equations become

Solve the first equation for t, substitute in the second

equation, and solve for v0:

  2.9.   A particle moves along a horizontal straight line with

an acceleration  When t = 2 s, its

displacement s = 27 m and its velocity 

Calculate the displacement, velocity, and acceleration of

the point when t = 4 s.



SOLUTION

Since the acceleration is given as a function of the

displacement, use the differential equation a ds = v dv.

Then

Since v = 27 when s = 27, C1 = 0 and 

Next use v = ds/dt to obtain  from this,



Substitute the condition s = 27 when t = 2 to obtain 

and 

The equations are therefore

When t = 4 s,

A plot of these quantities against time is shown

above. Note that the ordinate of the v–t curve at any

time t is the slope of the s–t curve at the same time.

Also, the ordinate of the a–t curve at any time t is the

slope of the v–t curve at that time.

2.10.   A particle moves on a vertical line with an acceleration 

 When t = 2 s, its displacement s = 64/3 m

and its velocity v = 16 m/s. Determine the displacement,

velocity, and acceleration of the particle when t = 3 s.

SOLUTION

Since  then  Separating the variables, 

 Integrating,

But v = 16 m/s when t = 2 s; hence, C1 = 4.

The equation becomes



Then  Integrating,

But  when t = 2 s; hence, C2 = 0.

The equations are therefore

When 

2.11.   The acceleration of a point moving on a vertical line is

given by the equation a = 12t − 20. It is known that its

displacement s = -10 m at time t = 0 and that its

displacement s = 10 m at time t = 5 s. Derive the

equation of its motion s(t).

SOLUTION

Integrate a = dv/dt = 12t − 20 to obtain

Integrate this once more to obtain



The constants of integration may now be evaluated.

Substitute the known values of s and t:

The equation of motion is

2.12.   In the system sketched in Fig. 2-11(a), determine the

velocity and acceleration of block 2 at the instant shown.

Fig. 2-11

SOLUTION

Figure 2-11(b) is drawn to show the position of each

weight relative to the fixed support. The length of the cord

between weight 1 and point A is a constant and equals

one-half the circumference of the top pulley plus x1 + x.

The length of the cord between weights 2 and 3 is a



constant and equals one-half the circumference of pulley

A plus x2 - x + x3 - x.

Thus, x1 + x = constant; x2 + x3 − 2x = constant. Time

derivatives then show

Calling the upward direction positive and substituting 

 into Eq. (1), we find  Substituting this

value together with  into Eq. (3), we find

Similar reasoning for the accelerations shows

2.13.   Show that the curvature (the reciprocal of the radius of

the curvature r) of a plane curve at point P may be

expressed as

where  and  are the x and y components of the speed

of P, and  and  are the x and y components of the

magnitude of the acceleration of P.

SOLUTION

From calculus, the curvature of any curve  at a

point P is



But   

Substituting in (1), we obtain the equation given in the

problem statement.

2.14.   A particle moves on the path  with constant

speed  where x and y are in meters. What is the

normal component of the acceleration at the point where

y = 1 m?

SOLUTION

From calculus, the curvature is

The normal component of acceleration is then

2.15.   A particle moves on a path with a velocity vector of 

 The particle is at the origin when t = 0.

(a)   Determine the coordinates of its position after 4 s.

(b)   Determine the equation of its path.

(c)   Determine the projection of the velocity vector in the

direction of the vector n = 4i + j − 3k when t = 4 s.

SOLUTION



(a)   The position vector is the integral of the velocity

vector. This can be seen from the definition of velocity

 so that

At  The coordinates of the

position at t = 4 s are then

(b)   At any time t the so-called parametric equations of

position are given by the coefficients of i, j, and k in r.

Thus,  and  Eliminating t from these

parametric equations yields

Combining equations gives

or, the equation of the path is

Let the reader show that at t = 4 s this equation is

satisfied.

(c)   The unit vector in the desired direction is



Hence, the projection of v on n at t = 4 s is

2.16.   A particle moves along the path whose equation is r =

2θ m. If the angle  rad, determine the velocity of the

particle when θ is 60°. Use two methods.

SOLUTION

A sketch of the path is shown in Fig. 2-12(a) with unit

vectors er along r and eθ perpendicular to r and in the

direction of increasing θ.

Fig. 2-12

(a)   Polar coordinates. See Fig. 2-12(b).

Since  Then  The velocity

vector v at  rad is found as follows:

Using Eq. (2.33), the velocity is



Then

(b)   Cartesian coordinates. See Fig. 2-12(c).

Then, at 

Hence,

2.17.   In the preceding problem determine the magnitude

and acceleration of the particle using the same two

methods.

SOLUTION

(a)   Polar coordinates. See Fig. 2-13. Using Eq. (2.35),



Fig. 2-13

since  at 

 Thus,

(b)   Cartesian coordinates. See Fig. 2-14.

Fig. 2-14



Continue the time derivatives, using x and y from

Problem 2.16(b), and evaluate at 

Hence,                        

2.18.   In the Stotch yoke shown in Fig. 2-15 the crank OA is

turning with a constant angular velocity w rad/s. Derive

the expressions for the displacement, velocity, and

acceleration of the sliding member.

Fig. 2-15

SOLUTION

Let B represent the position of the left end of the slider

when  The displacement x is written 

When the crank is horizontal, OB =  + OA, hence



Let  Also, since the crank is turning with constant

angular velocity w, the expression w t may be substituted

for q. Differentiating x = R(1 - cos w t) yields

2.19.   In Fig. 2-16, the oscillating arm OD is rotating

clockwise with a constant angular velocity 10 rad/s.

Block A slides freely in the slot in the arm OD and is

pinned to block B, which slides freely in the horizontal

slot in the framework. Determine, for θ = 45°, the total

velocity of pin P as a point in block B using (a) cartesian

coordinates and (b) polar coordinates.

Fig. 2-16

SOLUTION

Note that the total or absolute velocity of P as a point in

block B can only be horizontal, since it is a point in B and

all points in B move horizontally. But as a point in block A

it has this same velocity also.

(a)   Let x = distance of P from C. Then x = 0.5 tan θ (θ is

a function of t) and



When θ = 45°,

(b)   Let r = distance of P from O, which will be used as a

pole in studying the motion. Then r = 0.5 sec q.

The radial component of the velocity along OP is

For θ = 45°, this becomes

vr = 0.5 sec 45° tan 45° × 10 = 7.07 m/s

This component is directed outward along OP.

The transverse component of the velocity is

For θ = 45°, this becomes

vθ = 0.5 sec 45° × 10 = 7.07 m/s

This component is perpendicular to the arm OP and

acts down to the right because w is clockwise.

The two components are shown to the right of the

figure. Hence,



and is horizontal.

2.20.   The bar AB shown in Fig. 2-17 moves so that its lowest

point A travels horizontally to the right with constant

velocity  What is the velocity of point B when θ

= 70°? The length of the bar is 6.24 m.

Fig. 2-17

SOLUTION

Let x and y be the distances of A and B from point O at

any time during the motion. Since  then

and

The minus sign indicates that B is traveling down. Note

that vB is independent of .

2.21.   In the quick-return mechanism shown in Fig. 2-18, the

crank AB is driven at a constant angular velocity w rad/s.



The slider at B slides along the rod OP, causing OP to

oscillate about the pin O. In turn, OP slides in and out of

the slider at P thereby moving the second slider pinned

at P along the horizontal slot. A cutting tool attached to

this second slider will be subjected to a reciprocating

motion. The cutting tool reaches the extremes of its

horizontal travel when OP is tangent to the crank circle

at B1 and B2. Cutting occurs while the crank pin moves

from B2 counterclockwise to B1. The return stroke occurs

in the remaining arc from B1 to B2. Since the speed is

constant, the times of the working and return strokes are

proportional to the angles traversed. The cutting stroke

occurs during the larger angle and hence takes the

longer time. The return stroke is faster; hence, the name

quick-return mechanism is appropriate. Determine the

expressions for displacement, velocity, and acceleration

of the cutting tool at P.

Fig. 2-18

SOLUTION



From the figure,

Let OD = , AB = R, OA = d. Then BC = R sin q, OC = OA -

AC = d - R cos q. Substituting in the original expression in

x,

Since dθ/dt is the angular velocity w, the equations for the

velocity and acceleration become

Equations (1), (2), and (3) give the displacement,

velocity, and acceleration for any value of the angle q.

This information is necessary to design the members of

the mechanism to withstand the accelerating forces

involved.

2.22.   Determine the linear displacement, velocity, and

acceleration of the crosshead C in the slider crank

mechanism of Fig. 2-19 for any position of the crank R

that is rotating at a constant angular velocity ω rad/s.



Fig. 2-19

SOLUTION

Let C0 be the extreme left position of the crosshead, which

travels horizontally along the centerline as shown in Fig.

2-19. It is evident from the figure that x = C0 A - CA and

CA = CD + DA.

When C is at C0, B is on the centerline; hence, C0 A = 

+ R. Also, CA =  cos ϕ + R cos q. Then

x =  + R -  cos ϕ - R cos q

The relation between ϕ and θ is derived from the right

triangles ADB and DCB:

h =  sin ϕ = R sin θ

Then

and the displacement is



Differentiation of this expression with respect to time is

somewhat involved because of the radical. However, an

approximation of the radical that is sufficiently accurate

when  is obtained by using the first two terms of the

power series expansion of the square root term:

Making this substitution, the displacement becomes

Differentiation yields the velocity and acceleration of C:

2.23.   A point P moves on a circular path with a constant

speed (magnitude of its linear velocity) of 12 m/s. If the

radius of the path is 2 m, study the motion of the

projection of the point on a horizontal diameter. Refer to

Fig. 2-20.



Fig. 2-20

SOLUTION

Point A is the projection on the horizontal diameter of

point P. Assume the origin is at the center of the circle.

The displacement x of the point A is the projection of the

radius vector OP on the x axis (along the horizontal

diameter).

Since the line OP sweeps out equal angles in equal

times (the angular velocity is constant), the expression for

θ may be written θ = w t. The x coordinate of P is

therefore,

x = OP cos θ = 2 cos w t

The angular velocity of the radius is ω = v/r = 12/2 = 6

rad/s. Then  and

The equation for a may be rewritten a = -(36)(2 cos

6t) = -36x. But this means that point A moves so that its

acceleration a is negatively proportional to its

displacement x. This is the requirement of simple



harmonic motion, so if point P moves on a circular path

with constant speed, the projection of point P on a

diameter moves with simple harmonic motion (see the

plots in the next problem).

2.24.   Plot the displacement, velocity, and acceleration of

point A in Problem 2.23 against time.

SOLUTION

The amplitude of the displacement x is the maximum

value, which occurs when cos 6t assumes its maximum

value of unity (either plus or minus). The amplitude is

therefore 2. The amplitude of velocity v is 12, and the

amplitude of acceleration a is 72.

The period is the time T to complete one cycle. It is

evident that the motion will repeat itself after the radius

vector OP has gone through a complete revolution θ = 2π

rad. Equating the function 6t to the value of θ = 2π for a

cycle yields

It is now possible to correlate the angle θ with time t.

For example, when θ = π/2 or 90°, t is one-fourth of a

revolution, that is  Proceeding in this

fashion, the following table displays the quantities as a

function of θ.



The plotting of these points provides a visual picture

of the motion during one cycle. Naturally, as time

increases, these curves duplicate in succeeding cycles.

The following graphs indicate the motion during one

cycle.



2.25.   A flywheel 1.2 m in diameter accelerates uniformly

from rest to 2000 rpm in 20 s. What is its angular

acceleration?

SOLUTION



In the analysis of this problem, first note that a constant

acceleration is involved. This means that the formulas for

constant acceleration may be used. These are similar in

angular motion to those in rectilinear motion, that is, w

replaces v, α replaces α0, and θ replaces s.

The wheel starts from rest, hence, ω0 = 0. The three

known quantities are ω0, ω, t. The quantity sought is

angular acceleration α. The formula involving these four

quantities is

A word of warning is in order regarding units: ω in rad/s

and α in rad/s2 when t is in seconds. The quantities of

interest are, using 2π rad = 1 rev,

Hence,

2.26.   In Problem 2.25, how many revolutions does the

flywheel make in attaining its speed of 2000 rpm?

SOLUTION

To determine the number of revolutions θ, select the

equation expressing the relation between θ and the three

given quantities ω0, ω, t. Of course, a formula may be

used involving the angular acceleration α just determined,

but it is advisable to proceed with data given in the

problem to derive the value θ independently of α, which

could by chance have been found incorrectly:



To express θ in revolutions,

The same result is obtained using ω in rev/s as follows:

2.27.   Determine the linear velocity and total acceleration of

a point on the rim of the flywheel in Problem 2.25, 0.6 s

after it has started from rest.

SOLUTION

The velocity of a point on the rim is found by multiplying

the radius by the angular velocity. The angular velocity is

The magnitude of the linear velocity of a point on the rim

when t = 0.6 s is

To determine the acceleration completely, use the

normal and tangential components. The tangential

component at is

The normal component an is



Figure 2-21 illustrates these components for any point P

on the rim.

Fig. 2-21

The total acceleration a is the vector sum of the two

components at and an. Let ϕ be the angle between the

total acceleration and the radius. The normal acceleration

an is directed toward the center of the circle:

where the angle ϕ is shown in Fig. 2-21.

2.28.   A wheel 200 mm in diameter coasts to rest from a

speed of 800 rpm in 600 s. Determine the angular

acceleration.

SOLUTION



Given ω0 = 800 rpm = 83.8 rad/s and ω = 0 at t = 600 s,

then

The acceleration is negative. This means that the

angular velocity is in one direction, while the angular

acceleration is oppositely directed, thereby indicating a

slowing down of the wheel.

2.29.   A wheel accelerates uniformly from rest to a speed of

200 rpm in  It then rotates at that speed for 2 s before

decelerating to rest in  How many revolutions does it

make during the entire time interval?

SOLUTION

2.30.   Two friction disks are shown in Fig. 2-22. Derive the

expression for the angular velocity ratio in terms of the

radii.



Fig. 2-22

SOLUTION

The linear velocities of the mating points A and B on the

two wheels are equal. If this were not true, the wheels

would slip relative to each other. The linear velocities of

points A and B are, respectively,

But vA = vB if the drive is positive, i.e., without slip. Then

2.31.   The x and y components of the displacement in meters

of a point are given by the equations

Determine the velocity and acceleration of the point

when t = 2 s.

SOLUTION

The velocity components obtained by differentiation are



At t = 2 s,  and  Hence,

where θx is the angle between the total velocity and the x

axis.

A second differentiation yields the acceleration

components:

At t = 2 s, ax = 8 m/s2 and ay = 12 m/s2. Hence,

2.32.   An automobile is moving south with an absolute

velocity of 40 km/h. An observer at O is stationed 50 m

to the east of the line of travel. When the automobile is

directly west of the observer, what is the angular velocity

relative to the observer? After the automobile moves 50

m south, what is its angular velocity relative to the

observer at O?

SOLUTION

As indicated in Fig. 2-23, the velocity vA/O of the

automobile at A relative to O is 40 km/h or 11.11 m/s.

However, the linear velocity of A relative to O (in this case



it is perpendicular to OA) is the product of the distance OA

and the angular velocity of A relative to O. Then

Fig. 2-23

For the next part of the problem note that the absolute

velocity vB of the vehicle at B is still south 40 km/h (11.11

m/s). The component vB/O (velocity of B relative to O) is

perpendicular to the arm BO; hence, vB/O = 11.11 cos 45°

= 7.85 m/s. Then

2.33.   A boat is traveling 20 km/h due east. An observer is

stationed 100 m south of the line of travel. Determine

the angular velocity of the boat relative to the observer

when in the position shown in Fig. 2-24.



Fig. 2-24

SOLUTION

Select unit vectors i and j in the east and north directions,

respectively. Let r be the position vector of the boat

relative to the observer O. Then

The velocity v of the boat is

Since the speed v = 40 km/h = 11.11 m/s and  we

have

2.34.   The motion of a point is described by the following

equations:



In addition it is known that  and  when t =

0. Determine the displacement, velocity, and

acceleration when t = 2 s.

SOLUTION

Rewriting the given equations as

and integrating, the expressions for x and y are

To evaluate C1, substitute x = 5 and t = 0 in the x

equation. Then C1 = 5. To evaluate C2, substitute y = -15

and t = 0 in the y equation. Then C2 = -15. Substituting

the values of C1 and C2, the equations for displacement

become

Differentiate vx and vy to obtain the equations for

acceleration:

Substituting t = 2 s in the expressions for displacement,

velocity, and acceleration, the following values are



obtained:

The magnitudes and directions of the total

displacement, velocity, and acceleration can be found by

combining their components as before.

2.35.   The 100-mm-diameter pulley on a generator is being

turned by a belt moving at 20 m/s and accelerating at 6

m/s2. A fan with an outside diameter of 150 mm is

attached to the pulley shaft. What are the linear velocity

and acceleration of the tip of the fan?

SOLUTION

In Fig. 2-25 point A on the pulley has the same velocity as

the belt with which it coincides at the instant. Hence, the

angular velocity ω of the pulley (and also of the fan keyed

to the same shaft) is

Fig. 2-25

The linear velocity of the fan tip is



The tangential component of the linear acceleration of

point A is equal to the acceleration of the belt; that is,

From this, the angular acceleration a of the system is 120

rad/s2. Then the tangential component of the acceleration

of point B is

It has a normal component that equals

Hence, the magnitude of the linear acceleration is

2.36.   A ball is thrown at an angle of 40° to the horizontal.

What height will the ball reach if it lands 100 m away?

Neglect air resistance.

SOLUTION

Choose the x and y axes with the origin at the point where

the ball is thrown. Neglecting air resistance, the x

component of the acceleration is zero. The y component

of the acceleration is -g. With ax = 0 and ay = -9.8 m/s2,

Eq. (2.8) provides



Given that when  and ,

the above equations become

Solving the first equation for v0, substituting this in the

second equation, and solving for t give t = 4.138 s.

Substituting this value in the first equation yields v0 =

31.5 m/s. The maximum height occurs at one-half the

distance. Therefore, for t = 2.069 s

SUPPLEMENTARY PROBLEMS

2.37. If a car moves at the rate of 50 km/h for 6 min, then 80

km/h for 10 min, and finally 10 km/h for 3 min, what is the

average velocity in the total interval?

Ans.   16.52 m/s

2.38. A jet-propelled object has straight-line motion according

to the equation x = 2t3 - t2 − 2, where x is in meters and t

is in seconds. What is the change in displacement while

the speed changes from 4 to 48 m/s?

Ans.   ∆ x = 44 m

2.39. A body moves along a straight line so that its

displacement from a fixed point on the line is given by s =



3t2 + 2t, where s is in meters and t is in seconds. Find the

displacement, velocity, and acceleration at the end of 3 s.

Ans.   33 m, 20 m/s, 6 m/s2

2.40. The motion of a particle is defined by the relation s = t4

− 3t2 + 2t − 8, where s is in meters and t is in seconds.

Determine the velocity and the acceleration when t = 2 s.

Ans.   

2.41. A motorbike travels along a straight road between two

points at a mean speed of 30 m/s. It returns at a mean

speed of 15 m/s. What is the mean speed for the round

trip?

Ans.   20 m/s

2.42. An automobile accelerates uniformly from rest to 72

km/h, and then the brakes are applied so that it

decelerates uniformly to a stop. If the total time is 15 s,

what distance was traveled?

Ans.   s = 150 m

2.43. A bullet is fired with a muzzle velocity of 600 m/s. If the

length of the barrel is 750 mm, what is the average

acceleration?

Ans.   2.4 × 105 m/s2

2.44. An automobile is accelerating from rest at a uniform

rate of 3 m/s2. How long will it take to reach 50 km/h and

in what distance?

Ans. 4.63 s, 32.2 m



2.45. A stone is dropped from a balloon that is ascending at a

uniform rate of 10 m/s. If it takes the stone 10 s to reach

the ground, how high was the balloon at the instant the

stone was dropped?

Ans.   485 m

2.46. A person in a balloon rising with a constant velocity of 4

m/s propels a ball upward with velocity of 1.2 m/s relative

to the balloon. After what time interval will the ball return

to the balloon?

Ans.   t = 0.245 s

2.47. A stone is dropped with zero initial velocity into a well.

The sound of the splash is heard 3.63 s later. How far

below the ground surface is the surface of the water?

Assume that the velocity of sound is 330 m/s.

Ans.   s = 58.4 m

2.48. Child A throws a ball vertically up with a speed of 10 m/s

from the top of a shed 3 m high. Child B on the ground at

the same instant throws a ball vertically up with a speed

of 13.5 m/s. Determine the time at which the two balls will

be at the same height above the ground. What is the

height?

Ans.   t = 0.857 s, h = 15.17 m

2.49. A truck, traveling at constant speed, passes a parked

police car. The policeman gives chase immediately,

accelerating at a constant rate to 100 km/h in 10 s, after

which he maintains a constant speed. If the police car



overtakes the truck in 800 m, what is the constant speed

of the truck?

Ans.   v = 85 km/h

2.50. A radar-equipped police car notes a car traveling 95

km/h. The police car starts pursuit 30 s after the

observation and accelerates to 135 km/h in 20 s.

Assuming the speeds are maintained on a straight road,

how far from the observation post will the pursuit end?

Ans.   s = 3560 m

2.51. An automobile accelerates uniformly from rest on a

straight level road. A second automobile starting from the

same point 6 s later with initial velocity zero accelerates

at 6 m/s2 to overtake the first automobile 400 m from the

starting point. What is the acceleration of the first

automobile?

Ans. a = 2.62 m/s2

2.52. Plane A leaves an airport and flies north at 160 km/h.

Plane B leaves the same airport 20 min later and flies

north at 190 km/h. How long will it take B to overtake A?

Ans.   

2.53. A particle moves on a straight line with the acceleration

shown in the graph in Fig. 2-26. Determine the velocity

and displacement at time t = 1, 2, 3, and 4 s. Assume that

the initial velocity is 3 m/s and the initial displacement is

zero.



Fig. 2-26

Ans.   

2.54. A particle of dirt falls from an elevator that is moving up

with a velocity of 3 m/s. If the particle reaches the bottom

in 2 s, how high above the bottom was the elevator when

the particle started falling?

Ans.   s = 13.6 m

2.55. A bullet is fired vertically upward with a speed of 600

m/s. Neglecting drag, to what height would the bullet

ascend?

Ans.   18.4 km

2.56. A ball is thrown vertically upward with a speed of 10 m/s

from the edge of a cliff 20 m above sea level. What is the

highest point above sea level reached? How long does it

take the ball to hit the water? With what velocity does it

hit the water? Neglect friction.

Ans.   h = 25.1 m, t = 2.80 s, v = 17.4 m/s

2.57. A particle moves with an acceleration a = -6v, where a

is in m/s2 and v is in m/s. When t = 0 s, the displacement



s = 0 and the velocity v = 9 m/s. Find the displacement,

velocity, and acceleration when t = 0.5 s.

Ans.   s = 1.43 m, 

2.58. A body moving with velocity v0 enters a medium in

which the resistance is proportional to the velocity

squared. This means a = -kv2. Determine the expression

for the velocity in terms of time t.

Ans.   v = 1/(kt + 1/v0)

2.59. The speed of a particle is given by v = 2t + 5t2, where t

is in seconds. What distance does it travel while its speed

increases from 7 to 99 m/s?

Ans.   s = 143 m

2.60. A particle moves to the right from rest with an

acceleration of 6 m/s2 until its velocity is 12 m/s to the

right. It is then subjected to an acceleration of 12 m/s2 to

the left until its total distance traveled is 36 m. Determine

the total elapsed time.

Ans.   t = 4.73 s

2.61. Water drips from a faucet at the rate of 8 drops per

second. The faucet is 200 mm above the sink. When one

drop strikes the sink, how far is the next drop above the

sink?

Ans.   h = 29.1 mm

2.62. A particle moving with a velocity of 6 m/s upward is

subjected to an acceleration of 3 m/s2 downward until its

displacement is 2 m below its position when the

acceleration began. The acceleration then ceases for 3 s.



The particle is then subjected to an acceleration of 4 m/s2

upward for 5 s. Determine the displacement and the

distance traveled.

Ans.   s = -7.4 m relative to start, d = 62.2 m

2.63. The velocity–time relationship for a point moving on a

straight line is v(t) = 4 cos p t/4. How far does the point

move in 2 s?

Ans.   x = 5.09 m

2.64. An object moves on a straight line with constant

acceleration 2 m/s2. How long will it take to change its

speed from 5 to 8 m/s? What change in displacement

takes place during this time interval?

Ans.   t = 1.5 s, d = 9.75 m

2.65. The motion of a particle along a straight path is given by

the acceleration a = t3 − 2t2 + 7, where a is in m/s2 and t

is in seconds. The velocity is 3.58 m/s when t = 1 s, and

the displacement is 9.39 m when t = 1 s. Calculate the

displacement, velocity, and acceleration when t = 2 s.

Ans.   s = 15.9 m, v = 9.6 m/s, a = 7 m/s2

2.66. A particle moves in rectilinear motion along the x axis.

Given v = x1/2 m/s, determine the position, velocity, and

acceleration at t = 4 s. At t = 0, v = 1 m/s.

Ans.   x = 9 m, v = 3 m/s, 

2.67. In the system shown in Fig. 2-27, determine the velocity

and acceleration of block 3 at the instant considered.



Fig. 2-27

Ans.   v3 = 10.5 m/s up, a3 = 5.0 m/s2 up

2.68. A particle moves along the path  with a constant

speed of 8 m/s. What are the x and y components of the

velocity when x = 3 m? What is the acceleration of the

particle when x = 3 m?

Ans.    

2.69. A particle moves along the curve  where x and

y are in meters. When x = 0.8 m, the x component of the

velocity is 10 m/s, what is the total velocity?

Ans.   v = 11.87 m/s, ↗ 32.6°

2.70. A particle has a normal acceleration of 120 m/s2 when

traveling on a circular path with a constant peripheral

speed of 80 m/s. What is the radius of the circle?

Ans.   r = 53.3 m



2.71. An object P moves at a constant speed v in a

counterclockwise direction along a circle of radius a, as

shown in Fig. 2-28. Selecting a pole O at the left end of

the horizontal diameter, derive expressions for the radial

and transverse components of the acceleration. (Hint: r =

2a cos θ.)

Fig. 2-28

Ans.   ar = -(v2/a) cos θ, aθ = -(v2/a) sin θ

2.72. In the preceding problem show that total acceleration is

v2/a, which is the normal component for circular motion of

a point with constant speed (there is no tangential

component).

2.73. In the slider crank mechanism shown in Fig. 2-29, the

crank is rotating at 200 rpm. Determine the velocity and

acceleration of the crosshead when θ = 30°.



Fig. 2-29

Ans.   v = 7.6 m/s, a = 260 m/s2

2.74. In Problem 2.73, determine the velocity of the crosshead

when θ = 90°. What is the angular velocity of the member

connecting the crosshead and the crank?

Ans.   v = 12.6 m/s, zero

2.75. A particle oscillates with an acceleration a = -kx.

Determine the constant k if the velocity v = 2 m/s when

the displacement x = 0, and v = 0 when x = 2 m.

Ans.   k = 1 s-2

2.76. A particle moves with simple harmonic motion with a

frequency of 30 cycles/min and an amplitude of 6 mm.

Determine the maximum velocity and acceleration.

Ans.   vmax = 18.8 mm/s, amax = 59.2 mm/s2

2.77. A body having simple harmonic motion has a period of 6

s and an amplitude of 4 m. Determine the maximum

velocity and acceleration of the body.

Ans.   

2.78. A particle having a constant speed of 15 m/s moves

around a circle 10 m in diameter. What is the normal

acceleration?

Ans. 45 m/s2

2.79. The normal acceleration of a point on the rim of a 3-m-

diameter flywheel is a constant 15 m/s2. What is the

angular speed of the flywheel?



Ans.   3.16 rad/s

2.80. A point moves on a path 3 m in diameter so that the

distance traversed is s = 3t2. What is the tangential

acceleration at the end of 2 s?

Ans.   6 m/s2

2.81. A particle moves on a 100-mm-radius circular path. The

distance, measured along the path, is given by s = 200t3

mm. What is the magnitude of the total acceleration after

the particle has traveled around the circular path once?

Ans.   a = 16.65 m/s2

2.82. The flywheel of an automobile acquires a speed of 2000

rpm in 45 s. Find its angular acceleration. Assume uniform

motion.

Ans.   4.65 rad/s2

2.83. A rotor with a 15-mm diameter is spinning at 2 000 000

rpm in a high-vacuum chamber. What is the normal

component of the acceleration of a point on the rim?

Ans.   an = 3.29 × 108 m/s2

2.84. A point moves on a circular path with its position from

rest defined by s = t3 + 5t, where s is measured in

meters. The magnitude of the acceleration is 8.39 m/s2

when t = 0.66 s. What is the diameter of the path?

Ans.   d = 10.8 m

2.85. A horizontal bar 1.2 m long rotates about a vertical axis

through its midpoint. Its angular velocity changes

uniformly from 0.5 to 2 rad/s in 20 s. What is the linear



acceleration of a point on the end of the bar 5 s after the

speedup occurs?

Ans.   at = 0.045 m/s2, an = 0.46 m/s2

2.86. Particle P travels on a circular path with radius 2.5 m as

shown in Fig. 2-30. The speed of P is decreasing (the

tangential component of the acceleration is thus directed

opposite to the velocity vector) at the instant considered.

If the total acceleration vector is as shown, determine the

velocity of P and the angular acceleration of the line OP at

that instant.

Fig. 2-30

Ans.   v = 6.07 m/s, θx = 135°; α = 3.4 rad/s2

2.87. Disk A drives disk B without slip occurring. Determine

the velocity and acceleration of weight D, which is

connected by a cord of drum C, which is keyed to disk B

as shown in Fig. 2-31.



Fig. 2-31

Ans.   vD = 0.6 m/s up, aD = 0.9 m/s2 up

2.88. The angular acceleration of a rotor is given by a = kt-1/2,

where α is in rad/s2 and t is in seconds. When t = 1 s, the

angular velocity v = 10 rad/s and the angular

displacement θ = 3.33 rad. When t = 0 s, the angular

displacement θ = -4 rad. Determine θ, ω, and α when θ =

4 s.

Ans.   θ = 46.7 rad, ω = 18 rad/s, α = 2 rad/s2

2.89. The displacement in meters of a point is described in

terms of x and y components as follows:

Determine the velocity and acceleration at the end of 4

s.



Ans.   vx = 21 m/s, vy = 39.2 m/s; ax = 4 m/s2, ay = 9.8

m/s2

2.90. A bicycle rider travels 250 m north and then 160 m

northwest. What is the rider’s displacement? What

distance does the rider cover?

Ans.   s = 381 m, 72.7° north of west; d = 410 m

2.91. Car A is moving northwest with a speed of 100 km/h.

Car B is moving east with a speed of 60 km/h. Determine

the velocity of A relative to B. Determine the velocity of B

relative to A.

Ans.   vA/B = -131i + 70.7j km/h, vB/A = 131i − 70.7j km/h

2.92. Body A has a velocity of 15 km/h from west to east

relative to body B, which in turn has a velocity of 50 km/h

from northeast to southwest relative to body C. Determine

the velocity of A relative to C.

Ans.   vA/C = 40.8 km/h, at 60° southwest

2.93. Refer to Fig. 2-32. A rotating spotlight is at

perpendicular distance  from a horizontal floor. The light

revolves a constant N rpm about a horizontal axis

perpendicular to the paper. Derive expressions for the

velocity and acceleration of the light spot traveling along

the floor. Let θ be the angle between the vertical line 

and the light beam at time t.



Fig. 2-32

Ans.   

2.94. A particle moves in a straight line such that its v–t curve

is as shown in Fig. 2-33. How far has it gone after 10 s?

What is the acceleration at 9 s?

Fig. 2-33

Ans.   s = 120 m, a = -8 m/s2

2.95. A particle moves with rectilinear motion. Given the a–s

curve shown in Fig. 2-34, determine the velocity after the



particle has traveled 30 m if the initial velocity is 10 m/s.

Fig. 2-34

Ans.   v = 20 m/s

2.96. A particle moves in a straight line with an a–t curve

shown in Fig. 2-35. The initial displacement and velocity

are zero. At what time and with what displacement will

the particle come to rest again?



Fig. 2-35

Ans.   t = 10 s, x = 29.3 m

2.97. A particle moves in rectilinear motion such that its a–s

curve is as shown in Fig. 2-36. If, initially, s = 0 and v = 4

m/s, what is the velocity when the position is 8 m? 12 m?

Fig. 2-36

Ans.   v = 10.6 m/s, v = 12 m/s



2.98. A particle at rest starts to move on a circle of 0.8-m

radius. Its tangential component of acceleration, as a

function of arc distance, increases linearly from 0 to 3.2

m/s2 in one trip around the circle, after which the

tangential acceleration remains constant. What is the

velocity and what is the normal component of the

acceleration after the second trip around the circle?

Ans.   v = 6.95 m/s, an = 60.3 m/s2

2.99. A projectile is fired at an elevation angle of 30° with an

initial speed of 500 m/s on flat terrain. Neglecting air

resistance, determine the range, time of flight, and

maximum height of the projectile.

Ans.   R = 22 100 m, t = 51.0 s, h = 3189 m

2.100. A projectile is fired onto a 300-m-high plateau 6000 m

away. How far beyond the edge of the plateau will the

projectile strike if its initial speed is 800 m/s and the

initial angle with the horizontal of the projectile is 60°?

Ans.   x = 11 000 m

2.101. In Problem 2.100 how close to the base of the cliff can

the projectile be fired so that it will just clear the edge of

the cliff?

Ans.   x = 176 m

2.102. A batter hits a ball, giving it a velocity of 30 m/s at 40°

to the horizontal. One second after the ball is hit, a

fielder standing in the direct path of the ball at a distance

of 80 m starts running after the ball at a constant speed.

How fast must he run to catch the ball?

Ans.   v = 3.56 m/s



2.103. A point moves on a path such that its position vector is

given by  Determine the velocity and

acceleration of the point when t = 2 s.

Ans.   v = 109i − 5.41j m/s, a = 218i + 5.41j m/s2

2.104. A particle moving on a curve has a velocity of v = 2i +

(2t + 20)j m/s. At t = 2 s the position is 4i + 75j m. What

is the equation of the path?

Ans.   

2.105. In Problem 2.104 what is the acceleration at x = 0?

Ans.   

2.106. Given the acceleration vector as a = ti + 2tj − 3k

m/s2, what is the velocity vector at t = 2 s2? The velocity

vector at t = 1 s is v = i + j + k m/s.

Ans.   

2.107. In Problem 2.106 what is the component of the

acceleration vector in the direction of the velocity vector

at t = 2s? (Note: This is the tangential component of the

acceleration.)

Ans.   at = 5.27 m/s2



Dynamics of a Particle

3.1 NEWTON’S LAWS OF MOTION

The dynamics of a particle involve the forces acting on the

particle that result in an acceleration of the particle. The

study of the dynamics of a particle is also referred to as

kinetics. It requires the application of Newton’s laws of

motion. A particle can be a body made up of particles all of

which possess the same velocity.

Newton’s first law: A particle will maintain its state of rest

or of uniform motion (at constant speed) along a straight

line unless compelled by some force to change that state. In

other words, a particle accelerates only if an unbalanced

force acts on it.

Newton’s second law: The time rate of change of the

product of the mass and velocity of a particle is proportional

to the force acting on the particle. The product of the mass

m and the velocity v is the linear momentum L. Thus, the

second law states



If m is constant, the above equation takes on the most

common form of Newton’s second law:

The units on the quantities in Newton’s second law are as

follows:

Newton’s third law: To every action, or force, there is an

equal and opposite reaction, or force. In other words, if

particle A exerts a force on particle B, then particle B exerts

a numerically equal and oppositely directed force on particle

A.

EXAMPLE 3.1 The body shown in Fig. 3-1 having a

mass of 5 kg starts from rest and attains a speed of 4 m

/s in a horizontal distance of 12 m. Assuming a

coefficient of friction of 0.25 and uniformly accelerated

motion, what horizontal force P is required to

accomplish this?



Fig. 3-1

SOLUTION: The equation of motion in the horizontal

direction is

∑F = P − 0.25N1 = ma

By inspection, N1 = 9.8 × 5 = 49 N.

To determine the acceleration a, apply Eq. (2.7)

in Chapter 2:

Substituting into the original equation,

EXAMPLE 3.2 A small block of mass m is on a

horizontal rotating turntable at a distance r from the

center as shown in Fig. 3-2. Assuming a coefficient of

friction μ between the mass and the turntable, find an

expression for the maximum angular velocity the



turntable may have without the mass slipping. Then, if μ

= 0.4 and r = 20 cm, calculate ω in rpm.

Fig 3-2

SOLUTION: The only force acting horizontally is the

friction F, which equals μN. Sum forces along the radius:

∑F = man or F = man. Since the normal force N

between the block and table is equal to mg and an =

v2/r, Newton’s second law provides

Substitute in this expression the given data; the angular

velocity is found to be

3.2 ACCELERATION

The acceleration of the particle shown in Fig. 3-3 may be

determined by the vector equation according to Newton’s



second law

Fig. 3-3 A particle accelerating under the action of the

resultant force ∑F.

A body in free fall with no drag force, shown in Fig. 3-4,

has an acceleration equal to the acceleration of gravity g.

The force acting on the body is the weight W. It follows from

Eq. (3.3) that



Fig. 3-4 A body in free fall.

where the weight W is measured in newtons, never

kilograms.

EXAMPLE 3.3 An object of weight W falls from rest in a

fluid with the drag force FD proportional to the velocity.

This is approximately true for slowly moving objects.

Derive an expression for the vertical distance from a

fixed datum as a function of time.

SOLUTION: The free-body diagram of the object shows

the weight W acting down and the retarding force FD

acting up (see Fig. 3-5). Assuming that x,  and  are

positive in the downward direction, the differential

equation of the motion is, using = ,



Fig. 3-5

Rewrite this equation and then integrate:

Assuming  when t = 0, -ln (W/k) = C1 and let

W/k = A (a constant). Then

from which

Since the limiting velocity  occurs as 



To determine the distance x as a function of time,

write (1) as

Integrating,

Assuming x = 0 when t = 0, 0 = 0 + A2/g + C2.

Then,

Using  this expression is regrouped as

3.3 D’ALEMBERT’S PRINCIPLE

Jean D’Alembert suggested in 1743 that Newton’s second

law of motion, as given in Section 3.2, could be written

Thus, an imaginary force ma (called an inertia force) that

is collinear with ∑F but oppositely sensed would, if applied

to the particle, cause it to be in equilibrium. The equations

of equilibrium from Statics would then apply. Some authors

state that the particle is in dynamic equilibrium. Actually the



particle is not in equilibrium, but the equations of

equilibrium can be applied.

3.4 PROBLEMS IN DYNAMICS

The solutions of problems in dynamics vary with the type of

force system. Many problems involve forces that are

constant; Problems 3.1 through 3.14 are examples of this

type. In other problems, the forces vary with position

(rectilinear or angular); Problems 3.15 through 3.20 are

examples of this type. The subject of vibrations is built on

force systems that vary not only with distance but also with

velocity. Problem 3.24 deals with a force that varies with the

second power of the velocity.

The subject of ballistics is introduced in an elementary

manner in Problem 3.22, which deals with the motion of a

projectile under the action of the constant force of gravity.

To this solution may be added retarding forces that vary

with the velocity of the projectile.

An object is said to be moving with central force motion if

the force acting on the object is always directed through a

central point. Satellites and planets are examples of central

force motion. These are discussed in Problems 3.23 through

3.28.

SOLVED PROBLEMS

In solving problems, the vector equation F = ma is

replaced by scalar equations using components. In

the diagrams, vectors are designated by their

magnitudes when the directions are apparent.



  3.1.   A body weighing 4 N is pulled up a smooth plane by

a force F as shown in Fig. 3-6(a). Determine the force

of the plane on the body and its acceleration along the

plane.

Fig. 3-6

SOLUTION

The free-body diagram is shown in Fig. 3-6(b). The

acceleration a is shown as a dashed vector acting

parallel to the plane and upward. If the value obtained

is negative, this indicates that the acceleration acts

parallel to the plane but downward.

It is important to keep in mind that the force system

shown acting on the body is not in equilibrium. If it

were in equilibrium, the body would not accelerate.

Applying Newton’s laws, there result two equations

along the x and y axes chosen, respectively, parallel

and perpendicular to the plane:



Assuming that the body does not leave the plane, its

velocity in the y direction is zero. Therefore ay must

also be zero.

The second equation yields the force of the plane on

the body N1 = 2.94 N. From the first equation, ax =

2.34 m /s2.

  3.2.   A mass of 2 kg in Fig. 3-7a is traveling with a speed

of 3 m /s up a plane inclined 20° with the horizontal.

After traveling 0.8 m, the mass comes to rest.

Determine the coefficient of friction and the speed as

the block returns to its starting position.

Fig. 3-7

SOLUTION

In the free-body diagram of Fig. 3-7(a), friction is

shown acting down the plane. By inspection, the

normal force N = 19.6 cos 20° = 18.42 N. To determine

the acceleration a, apply Eq. (2.7) in Chapter 2: 

 Hence,



Summing forces parallel to the plane (up being

positive) yields

To solve for the return speed, refer to Fig. 3-7(b),

which shows the frictional force acting up the plane.

Using the down direction as positive, the equation of

motion becomes

Finally,

  3.3.   An automobile with a mass of 800 kg goes around a

700-m-radius curve at a constant speed of 60 km /h. If

the road is not banked, what frictional force must the

road exert on the tires so that they will maintain

motion along the curve?

SOLUTION

In Fig. 3-8, O is the center of the curve 700 m from the

automobile. The forces acting on the automobile are

its weight W; the normal force N, which is equal to W;

and the friction force F. Assuming to the left is

positive, the equation of motion becomes

where v = 60 × 1000/3600 = 16.67 m /s.



Fig. 3-8

  3.4.   Figure 3-9 indicates a particle of mass m that can

move in a circular path about the y axis. The plane of

the circular path is horizontal and perpendicular to the

y axis. As the angular velocity ω increases, however,

the particle rises, which means that the radius r of its

circular path also increases. The mass and cord are

called a spherical (sometimes conical) pendulum.

Derive the relationship between θ and ω for constant

angular velocity, and find the frequency in terms of θ.

Fig. 3-9



SOLUTION

Assume that the constant angular velocity of the

particle (or of its cord ) is ω rad/s. The angle θ is the

angle between the cord and the y axis. The forces

acting on the particle are the force of gravity and the

tension T in the cord.

Since the particle is moving with constant angular

velocity, its only linear acceleration is the normal

component an directed toward the center of the path

(i.e., toward the intersection of the horizontal plane of

travel and the y axis). Summing forces along this

normal,

Since  this equation becomes

Summing forces in the y direction,

Substitute this value T into equation (1):

If θ is known, this equation can be solved for the

necessary angular velocity ω to maintain θ constant.

Or, if ω is known, θ may be found. Since ω is constant

for a given angle θ,



This is the frequency about the y axis.

  3.5.   A block, assumed to be a particle and weighing 40 N,

rests on a plane which can turn about the y axis [see

Fig. 3-10(a)]. The length of the cord  is 1.2 m. What is

the tension in the cord when the angular velocity of

the plane and block is 10 rev/min?

Fig. 3-10

SOLUTION

From the free-body diagram of the block shown in Fig.

3-10(b), r = 1.2 cos 30° = 1.039 m. The only

acceleration present is the normal component an

directed horizontally toward the y axis:



Sum forces horizontally along the radius r and along

the y axis to obtain the following equations:

Solve equation (2) for N:

Substituting into equation (1), there results

  3.6.   The 20-N object at B in Fig. 3-11(a) moves in a

circular, horizontal path under the action of a cord AB

and a rigid bar BC, which can be considered

weightless. At the instant B has a speed of 2 m /s,

what are the forces in the cord AB and the bar BC?



Fig. 3-11

SOLUTION

The free-body diagram in Fig. 3-11(b) shows the object

under the action of its weight, tension T in the cord,

and compression C in the bar. The normal acceleration

of the object is  directed to the left.

Summation of forces yields the following equations:

The solution of these equations yields

Another method to find the solution, using

D’Alembert’s principle and the “inertia force” is shown

in Fig. 3-11(c). The figure is the free-body diagram with

the inertia force  acting on the particle

outwardly from the center of rotation. Thus,

The solution of these equations yields

In circular motion, the inertia force is called the

centrifugal force. The centrifugal force is often

erroneously thought of as an actual force. It is not!



  3.7.   In a device known as Atwood’s machine, two equal

masses M are connected, by a very light (negligible

mass) tape passing over a frictionless, massless

pulley, as shown in Fig. 3-12(a). A mass m is added to

one side, causing that mass to fall and the other to

rise. The time is recorded by an inked stylus resting on

the moving tape. Find an expression for the

acceleration a.

Fig. 3-12

SOLUTION

The free-body diagrams of the two masses are shown

in Fig. 3-12(b) and (c). The same tension T is acting on

each mass through the tape because the friction of the

massless pulley is assumed negligible. (If the pulley’s

mass is not negligible, its inertia must be included, as

presented in Chapter 5.)

The equations of motion, using the same

acceleration (otherwise the tape would have broken or

become slack) for the two free-body diagrams, are



Add equations (1) and (2) to eliminate the tension T

and obtain

This expresses the relation between the

acceleration of gravity g and the acceleration a of the

masses as determined by measurement of distance

and time on the tape.

  3.8.   Figure 3-13 shows a 2-kg mass resting on a

frictionless plane inclined 20° to the horizontal. A cord

that is parallel to the plane passes over a massless,

frictionless pulley to a 4-kg mass which will drop

vertically when released. What will be the speed of the

4-kg mass 4 s after it is released from rest?

Fig. 3-13

SOLUTION

The free-body diagrams are shown in Fig. 3-13(b) and

(c). Both bodies have the same magnitude of

acceleration. The tension T acting on each free body is

the same. The equations of motion are



Adding, the acceleration is

The velocity of the 4-kg mass after 4 s is

  3.9.   Blocks A and B, weighing 100 and 300 N,

respectively, are connected by a weightless rope

passing over a frictionless massless pulley, as shown

in Fig. 3-14(a). Assume a coefficient of friction of 0.30,

and determine the velocity of the system 4 s after

starting from rest.

Fig. 3-14

SOLUTION

Free-body diagrams are drawn for bodies A and B [see

Fig. 3-14(b) and (c)]. Summing forces perpendicular

and parallel to the planes, the equations of motion are



Solve Eqs. (1) and (3) for N1 and N2. Substitute

these values in Eqs. (2) and (4) and add the two

equations to eliminate T. This yields an acceleration a

= 3.41 m /s2. Applying the kinematics equation

3.10.   Refer to Fig. 3-15(a). Determine the least coefficient

of friction between A and B so that slip will not occur.

Here A is a 40-kg mass, B is a 15-kg mass, and F is 500

N, parallel to the plane, which is frictionless.

Fig. 3-15

SOLUTION

To determine the acceleration a of the system, draw a

free-body diagram of the two masses taken as a unit,



as shown in Fig. 3-15(b). Summing forces along the

plane,

Draw a free-body diagram of B, as shown in Fig. 3-

15(c). Sum forces along the acceleration vector and

perpendicular to it to obtain

Multiply the first equation by cos 30° and the

second by sin 30°. Then add to obtain NB = 178 N.

Substituting into either equation (1) or (2), m = 0.30.

3.11.   A horizontal force P = 70 N is exerted on mass A =

16 kg as shown in Fig. 3-16(a). The coefficient of

friction between A and the horizontal plane is 0.25.

Block B has a mass of 4 kg, and the coefficient of

friction between it and the plane is 0.50. The cord

between the two masses makes an angle of 10° with

the horizontal. What is the tension in the cord?

Fig. 3-16



SOLUTION

Newton’s second law applied to the two free-body

diagrams gives [see Fig. 3-16(b) and (c)]

Substitute NA in terms of T from Eq. (2) into Eq. (1).

Substitute NB in terms of T from Eq. (4) into Eq. (3).

Eliminate a between these two new equations to

obtain T = 20.5 N.

3.12.   A box is dropped onto a conveyor belt inclined 10°

with the horizontal and traveling at 5 m /s. If the box is

initially at rest and the coefficient of friction between

the box and the belt is  how long will it take before

the box ceases to slip on the belt?

SOLUTION

Refer to Fig. 3-17. The equations of motion for the box

are



Fig 3.17

Solving these equations, we get 

To find the time that will elapse before slipping

ceases, use

3.13.   In the system shown in Fig. 3-18, the pulleys and

cords may be considered massless and frictionless, as

usual. The numbers indicate the masses in kilograms.

Determine the acceleration of each mass and the

tension T in the fixed cord holding pulley C.



Fig 3.18

SOLUTION

With the assumptions of no mass for the pulleys and

cords, we can state  and . (A free-body

diagram of each pulley shows these to be true.) Also

the cords over pulleys A, B, and C are constant in

length. Hence,

where K1, K2, and K3 are constants. Second derivatives

yield



The equations of motion applied to free-body

diagrams of each mass, assuming downward as the

positive direction, are

Substitute  into Eq. (1) and then multiply by

2. Substitute  and  into Eq. (2).

These equations become

Add these two equations to get

Substitute T3 = T2 /2 into Eq. (3) and then multiply by

4. Substitute T3 = T2 /2 and a4 = 2aB - a3 = -2aA - a3

into Eq. (4) and multiply by 3. These equations

become



Add these two equations to get

Combine Eqs. (7) and (10) to find T2 = 37.6 N.

To find the accelerations of the masses, substitute

T1 = T3 = T2/2 = 18.8 into Eqs. (1), (2), (3), and (4).

These yield

The tension T in the fixed cord is T = 2T2 = 75.2 N.

3.14.   Two masses of 14 and 7 kg connected by a cord rest

on a smooth plane inclined 45° with the horizontal, as

shown in Fig. 3-19(a). When the masses are released,

what will be the tension T in the cord? Assume the

coefficient of friction between the plane and the 14-kg

mass is 0.25 and between the plane and the 7-kg

mass is 0.375.



Fig. 3-19

SOLUTION

Free-body diagrams of the two masses are shown in

Fig. 3-19(b) and (c). The equations of motion for the

14-kg mass are as follows, where the summations are

parallel and perpendicular to the plane:

The equations of motion for the 7-kg mass are as

follows:

Assume that both masses are moving. Of course, if the

friction is great enough, the masses may not move.

From Eq. (2),

From Eq. (4),

Substituting these values into Eqs. (1) and (3), the

following equations result:



Multiply Eq. (6) by 2 and subtract from Eq. (5) to

obtain T = 4.0 N.

3.15.   An object of weight W is suspended on a cord of

length ℓ as shown in Fig. 3-20(a). Determine the period

and frequency of this simple pendulum, assuming a

small angular displacement.

Fig. 3-20

SOLUTION

The only forces acting on the object are its weight

vertically down and the tension T in the cord. The

position of the object at any time t may be specified in

terms of the angle q. Choose the x axis tangent to the

path of the object in the position shown in Fig. 3-20(b).

The equation of motion becomes

Thus, the acceleration is zero when q is zero, i.e., at

the lowest position of the object.



The above differential equation may be solved by

noting that ax is tangent to the path and may

therefore be written

where α = angular acceleration of the cord and object.

Then,

The solution of this differential equation is simplified

by using a series expansion for sin θ:

For small angular displacements, sin θ is

approximately equal to θ, expressed in radians. Thus,

for small displacements, the equation of motion

becomes

The solution of this second-order ordinary differential

equation is in the form of sines and cosines:

The constants A and B can be evaluated in a given

problem by using the boundary conditions.

The frequencies are



Incidentally, a cycle is the motion of the particle from a

starting point through all possible positions back to the

same point. A cycle is complete when the object

moves, let us say, from its top left position to its right

position and back to its top left position.

The time to complete one cycle is called the period

T. This is then the reciprocal of the frequency f:

3.16.   Consider the motion of an object of mass m resting

on a frictionless horizontal plane, as shown in Fig. 3-

21(a). It is attached to a spring that has a constant of

K (N/m). Displace the mass a distance x0 from its

equilibrium position (spring tension or compression is

zero at equilibrium position) and then release it with

zero velocity. Find expressions for the displacement

and velocity of the object.

Fig. 3-21

SOLUTION



Figure 3-21(b) is a free-body diagram showing the

object in a position a distance x from equilibrium.

Acting on the object in the horizontal direction is the

force T in the spring, which is stretched the distance x.

Within the elastic limit of the material, it is assumed

that the tension in the spring is proportional to its

change in length from the unstressed position. Then

A summation of forces horizontally yields

Note that forces directed to the left, and distances to

the left of the rest position, are assumed negative. In

this case, the distance x is to the right; hence, ax is

written positive. Tension T is to the left, i.e., negative.

Substituting T = Kx and ax = d2x / dt2, the above

equation becomes  (simple harmonic

motion). This differential equation is similar to the one

found in Problem 3.15. Its solution is in the form of

sines and cosines:

The values of A and B can now be calculated. The

value of x is x0 when t is zero; hence,



giving

To evaluate A, it is necessary to differentiate x with

respect to time, since the other known condition is

that the velocity v is zero when the time t is zero:

When t = 0, v = 0 and sin  Then 

 and  The displacement and

velocity are, respectively,

Of course, if the initial velocity had some value other

than zero, say v0, then 

3.17.   In Problem 3.16, find the frequency f and period T of

the system if the mass m has a weight of 4 N and the

spring constant is 2 N/m.

SOLUTION

Using the results obtained in Problem 3.16, the

frequency is



3.18.   A particle of mass m rests on the top of a smooth

sphere of radius r as shown in Fig. 3-22(a). Assuming

that the particle starts to move from rest, at what

point will it leave the sphere?

Fig. 3-22

SOLUTION

Let θ be the angular displacement at any time t during

its travel. The free-body diagram indicates the only

two forces acting on the particle, i.e., the plane

reaction along the radius and the weight mg [see Fig.

3-22(b)].

The equations of motion found by summing forces

along the radius and the tangent are



A third equation is necessary for a solution. This is the

one expressing a relationship among q, w, and a ; and

for review it is derived here. Eliminating dt from w =

dq /dt and a = dw /dt yields

From Eq. (2), α = (g/r) sin θ. Substituting into Eq. (3),

(g/r) sin θ dθ = ω dω. Then,

At the position of departure from the sphere, the

normal reaction NA will be zero. Equation (1) now

becomes

Replacing ω2 in Eq. (4) by its value in Eq. (5), we

obtain

For an alternate solution, let Fig. 3-22(c) be the

free-body diagram showing the two inertia forces mra

and mrw2. The resulting equilibrium equations become

When the particle leaves the sphere, NA = 0.

Eliminating ω2 from the simultaneous equations gives



α = (g/r) sin θ. Eliminating a from the equations gives

ω2 = (g/r) cos θ. Using Eq. (3) and substituting for α

give Eq. (4). Substituting for ω2 yields

This equation gives θ = 48.2°.

3.19.   A particle of mass m slides down the frictionless

chute of Fig. 3-23 (a) and enters a “loop-the-loop” of

diameter d. What should be the height h at the start in

order that the particle just makes a complete circuit in

the loop?

Fig. 3-23

SOLUTION

A free-body diagram of the particle at any time in its

travel down is shown in Fig. 3-23(b). The equations of

motion parallel and perpendicular to the plane are



From Eq. (1), the acceleration is a = g sin θ. This

value of a is now substituted into the kinematics

equation a ds = v dv, where s refers to displacement

along the plane. Then g sin θ ds = v dv and

At the bottom of the plane the speed is found by

substituting h/sin θ for s in Eq. (3):

This indicates that the speed at the bottom of the

smooth incline is independent of the slope of the

incline and is the same as if the particle fell vertically

downward.

Next draw a free-body diagram of the particle at the

top of the loop (see Fig. 3-24). The forces acting are

the gravitational force mg and the force NA of the loop

along the vertical radius. Since the minimum speed is

the one with which we are concerned, the value of NA

in this case is zero. Expressed somewhat differently, as

the speed v increases, the normal acceleration an

increases. To provide this increasing value of an, the

reaction NA must increase also, because ∑Fn = man.



Fig. 3-24

In determining the speed at the top of the loop, use

the fact just determined that the motion on a smooth

path (such as the plane or the side of the loop) is

equivalent to vertical motion under the acceleration of

gravity only. Hence, the particle loses speed in moving

up the side of the loop in an amount equal to the loss

in straight-line vertical motion:

But the speed at the bottom vbot has been expressed

in Eq. (4) in terms of height h. Then

A summation of forces along the vertical radius when

the particle is at the top results in the following

equation, since NA = 0:



This means that the particle must leave at this height

in order that a minimum speed be obtained. If h <

5d/4, the particle will not follow the circular path at the

top, but will “jump across.”

3.20.   A flexible chain of length  rests on a frictionless

table with length c overhanging the rounded edge, as

shown in Fig. 3-25(a). The system, originally at rest, is

released. The chain weighs w N/m. Assume that the

chain maintains contact with the table surfaces. Find

the length of the overhang as a function of time.

Fig. 3-25

SOLUTION

The free-body diagrams of the two pieces of the chain

are drawn with the same tension T shown acting on

each piece. See Fig. 3-25(b) and (c). The length of the

overhang is x. The equations of motion are



Add Eqs. (1) and (2) to obtain

The solution of this second-order differential

equation is

To evaluate the constants A and B, note the initial

conditions, namely, x = c and v = 0. Substituting x = c

when t = 0,


we get c = A + B. The velocity is found by

differentiating x with respect to t:

Substituting the condition v = 0 when t = 0, we get A -

B = 0. Solving simultaneously

The solution of the problem is

The exponential functions could be evaluated for

any given time t to determine the length x of the

overhang.



3.21.   An object of mass m falls from rest in a fluid with the

drag force FD proportional to the square of the speed.

This is approximately true for high-speed objects.

Derive an expression for the velocity as a function of

time or position.

SOLUTION

The free-body diagram of the object (Fig. 3-26) shows

the gravitational force mg acting down and the

retarding force  acting up. Assuming that x, 

and  are positive in the downward direction, the

differential equation of motion is

Fig. 3-26

Rewrite this equation and integrate:

Assuming  when x = 0,  and



Then

The limiting velocity occurs as  thus,

3.22.   A projectile of mass m is given an initial velocity v0

at an angle θ with the horizontal. Determine the range,

the maximum height, and the time of flight, assuming

that the projectile hits on the same horizontal plane

from which it is fired. Neglect air resistance in this

solution.

SOLUTION

The horizontal line is chosen as the x axis. The range is

r. The projectile is shown in Fig. 3-27 at some point (x,

y) along the path. The only force acting is its weight

mg.



Fig. 3-27

The equations of motion in the x and y directions

are

from which  and  Integrating  and 

 But  has constant value v0 cos θ ; and at t

= 0,  Hence,

Another integration yields

Since x = 0 and y = 0 when t = 0, C3 = C4 = 0, and

the equations of motion are



To obtain the equation of the path in cartesian

coordinates, eliminate t from the equations. This is

most easily done by solving the x equation for t and

substituting its value into the y equation. Substituting t

= x/(v0 cos θ) into the y equation yields

which is the equation of a parabola.

To determine the time of flight, equate y to zero.

The height is zero at the beginning of the motion and

also when the projectile hits the ground.

The values of t that satisfy this equation are t = 0

(beginning of flight) and

       (time of flight)

obtained from 

The range may be calculated by substituting this

value of t into the x equation of motion:

       (range)

Note that the maximum range for a given initial

velocity v0 is achieved when sin 2θ = 1, or when 2θ =

90°. Thus θ should be 45° for maximum range for a

given v0.



The maximum height can be determined either by

assuming that it occurs at one-half the time of flight

(assuming no air resistance) or by solving for the time

t when the y component of velocity is equated to zero.

Assume that the time is one-half the time of flight.

Substituting this value into the y equation results in

       (maximum

height)

3.23.   A particle of mass m moves under the attraction of

another mass M [see Fig. 3-28(a)], which we assume to

be at rest. Study the motion of the mass m, noting that

the distance between the two particles is not

necessarily constant.

Fig. 3-28

SOLUTION

The particle m has radius vector r with respect to mass

M. The unit vectors er and eϕ for the polar coordinate

system are shown. A free-body diagram of mass m

contains only the attractive force F, which is in the



negative er direction [see Fig. 3-28(b)]. According to

Newton’s law of gravitation, this central force is

where G is the universal gravitational constant:

In polar coordinates, the acceleration a is [see Eq.

(2.35) in Chapter 2]

Substituting from Eqs. (1) and (2) into

Equate coefficients of ef and er to zero:

Equation (5) is identical with

Integrating Eq. (7),



Note that in Fig. 3-29 the radius vector r sweeps out

an area dA as it rotates through the angle dϕ. The

differential area dA is approximately equal to 

 Dividing by dt,

Fig. 3-29

Thus, the radius vector r sweeps out equal areas in

equal times.

Next solve Eq. (6) to determine the path of mass m.

For convenience, change variables and let  then

dr/du = -1/u2 and

But from Eq. (8),  then



Substituting into Eq. (6), we obtain

From differential equations, the solution of Eq. (9) is

of the form

This form must be substituted into Eq. (9) to determine

the necessary conditions to make it a solution; thus,

Hence, B = GM/C2, and the solution of Eq. (9) is

Equation (11) represents a conic section, which

from analytic geometry is the path of a point that

moves so that the ratio of its distance from a fixed

point M (a focus) to its perpendicular distance from a

fixed line (the directrix) is a constant e (the

eccentricity). Figure 3-30 illustrates the distances

involved in the definition of e:



Fig. 3-30

Equation (12) can be solved for 1/r, yielding

The following table lists the types of conics (curves)

with their e values.

Comparison of Eqs. (11) and (13) indicates that

The equation of motion is



3.24.   In the preceding problem the path of a planet m

around the sun M is elliptical (eccentricity e < 1). The

sun is at one of the foci of the ellipse. Show that the

period T (time for a complete revolution of the planet

around the sun) is given by

SOLUTION

The path is an ellipse with semimajor axis a and

semiminor axis b. Figure 3-31 shows that

Fig. 3-31

Also, from Eq. (13) of Problem 3.23,



When ϕ = 0°, r = g; and when ϕ = 180°, r = f. Thus,

Eq. (2) becomes

Solve these two equations for f and g and substitute

into Eq. (1). We find

But by Eq. (14) of Problem 3.23, ed = C2/GM. Hence,

Eq. (3) becomes

The area A of the ellipse is  Thus,

Equation (4) gives the area swept out in one

complete revolution, or in time T. This area is also the

product of the constant rate dA/dt and time T: A =

(dA/dt)T. Finally, substituting dA/dt = C/2 as

determined in Problem 3.23, we have

3.25.   Convert the gravitational constant G = 6.67 × 10-8

cm3/g ⋅ s2 into acceptable SI units.



SOLUTION

The units cm3 (except length, area, and volume) and g

are not acceptable in SI. So

Since 1 N = 1 kg⋅m /s2, the units can be written in the

preferred form

3.26. The satellite shown in Fig. 3-32 was fired from point A

on the surface of the earth. The burnout point at which

all fuel is expended is P, which is 8000 km from the

earth’s center C. Assume the velocity at P is v0 and that

it is perpendicular to the earth’s radius extended.

Determine the value of v0 so that the satellite’s orbit is

(a) circular and (b) parabolic.

Fig. 3-32

SOLUTION



(a)   From Eq. (8) in Problem 3.23,

The solution of the differential Eq. (9) in Problem

3.23 is given in Eq. (11) as

The solution of Eq. (13) in the same problem is

given as

Hence, we see

which combine to give

where M, the mass of the earth, is 5.97 × 1024 kg.

Substituting into Eq. (2) above, we find

Substitute e = 0 (for circular orbit) and the value of

A from Eq. (7) into Eq. (5) to find



Equation (8) can only be satisfied if

(b)   If the path is to be parabolic, then e = 1.

Substituting e = 1 into Eq. (5), we get

This simplifies to

Note that a v0 greater than this last value will yield an

eccentricity greater than 1, which means that the

satellite will depart on a hyperbolic path and never

return to earth.

3.27.   A satellite with all fuel expended is at a point 800 km

from the earth’s surface and is traveling with a

velocity of 11 000 m /s in a direction perpendicular to

an earth radius extended. Determine the eccentricity

of the orbit. Assume the earth has a radius of 6340

km.



SOLUTION

Equation (12) of Problem 3.23 can be written as ed - er

cos ϕ = r. From this, we can write

Our initial conditions are (a) r = 6340 + 800 = 7140

km and (b) ϕ = 0. Also, C = r2ϕ = r(v0) = 7140 ×

1000v0 , G = 6.67 × 10-11, and M = 5.97 × 1024.

Hence, with v0 = 11 000 m /s, we can write Eq. (1) as

From this, the eccentricity of the orbit is e = 2.17, and

the path is hyperbolic.

3.28.   Given that the period T for the passage of the earth

around the sun is 1 yr and that the earth at its

perihelion is 147 × 106 km from the sun and at its

aphelion is 152 × 106 km from the sun, determine the

mass M of the sun. Ignore the effects of the other

planets.

SOLUTION

Figure 3-33 shows the earth in both its near and far

positions (perihelion and aphelion, respectively). The

semimajor axis a of the elliptical orbit is obtained by

adding the two distances and dividing by 2; this gives



a = 149.5 × 106 km. Using the formula derived in

Problem 3-24,

Fig. 3-33

SUPPLEMENTARY PROBLEMS

3.29. An automobile weighing 1800 kg is accelerated at the

rate of 1.2 m /s2 along a horizontal roadway. What

constant force F (parallel to the ground) is required to

produce this acceleration?

Ans. 2160 N

3.30. A body is projected up a 25° plane with an initial

velocity of 15 m /s. If the coefficient of friction between

the body and the plane is 0.25, determine how far the

body will move up the plane and the time required to

reach the highest point.



Ans. 17.7 m, 2.36 s

3.31. A meteorite weighing 450 kg is found buried 20 m in

the earth. Assuming a striking velocity of 300 m /s,

what was the average retarding force of the earth on

the meteorite?

Ans. F = 1.01 × 106 N

3.32. Two particles of the same mass are released from rest

on a 25° incline when they are 10 m apart. The

coefficient of friction between the upper particle and

the plane is 0.15, and between the lower one and the

plane it is 0.25. Find the time required for the upper one

to overtake the lower one.

Ans. t = 4.74 s

3.33. Refer to Fig. 3-34. An automobile weighing 1270 kg

and traveling at 50 km /h hits a depression in the road

which has a radius of curvature of 15 m. What is the

total force to which the springs are subjected?

Ans. N = 28.7 kN

Fig. 3-34



3.34. A small bob of 0.025-kg mass is whirled in an

assumed horizontal circular path on a string 400 mm

long as shown in Fig. 3-35. What is the tension in the

string when the constant angular speed is 30 rad/s?

Fig. 3-35

Ans. T = 9.0 N

3.35. A 400-N weight has a velocity of 10 m /s horizontally

on a smooth surface. Determine the value of the

horizontal force that will bring the weight to rest in 4 s.

Ans. 102 N

3.36. The ball of a conical pendulum weighing 50 N hangs

at the end of a 3-m string and describes a circular path

in a horizontal plane. If the weight is swung so that the

string makes an angle of 30° with the vertical, what is

the linear speed of the ball?

Ans. 2.91 m /s

3.37. Two masses of 40 and 35 kg are attached by a cord

that passes over a frictionless pulley. If the masses start

from rest, find the distance covered by either mass in 6

s.

Ans. 11.8 m



3.38. A 40-kg mass is dragged along the surface of a table

by means of a cord (the cord pulls horizontally on the

mass) which passes over a frictionless pulley at the

edge of the table and is attached to a 12-kg mass. If the

coefficient of friction between the 40-kg mass and the

table is 0.15, determine the acceleration of the system

and the tension in the cord.

Ans. 1.13 m /s2, 104 N

3.39. A block A has a mass of 8 kg and is at rest on a

frictionless horizontal surface. A 4-kg mass B is

attached to a rope as shown in Fig. 3-36. Determine the

acceleration of mass B and the tension in the cord. The

pulley is frictionless.

Fig. 3-36

Ans. a = 3.27 m /s2 down, T = 26.2 N

3.40. Two blocks are connected as shown in Fig. 3-37. The

coefficient of friction between block A and the plane is

0.30. The pulley is frictionless. Determine the tension in

the rope.



Fig. 3-37

Ans. T = 34 N

3.41. A block B rests on a block A, which is being pulled

along a smooth horizontal surface by a horizontal force

P. If the coefficient of friction between the two blocks is

μ, determine the maximum acceleration before slipping

occurs between A and B.

Ans. a = μg

3.42. A 10-kg box is dropped onto the body of a truck

moving 50 km /h horizontally. If the coefficient of

friction is 0.5, calculate how far the truck will move

before the box stops slipping.

Ans. s = 39.4 m

3.43. The 40- and 30-kg masses in Fig. 3-38 are attached to

cords passing over pulleys. Neglecting the weight of the

pulleys and cords and assuming no friction, compute

the tensions in the cords. Note that the length of the

cord passing over the pulleys is constant.



Fig. 3-38

Ans. 

3.44. In the system of pulleys and weights shown in Fig. 3-

39, let x1, x2, x3 be the positions of the 1-, 2-, and 3-kg

masses, respectively, after the system is released.

Neglect the masses of the pulleys and the cords, and

assume no friction. Determine the tensions T1 and T2.

Fig. 3-39



Ans. T1 = 13.8 N, T2 = 27.6 N

3.45. Refer to Fig. 3-40. The masses A and B are 15 and 55

kg, respectively. Assume that the coefficient of friction

between A and the plane is 0.25 and that between B

and the plane is 0.10. What is the force between the

two as they slide down the incline? In the free-body

diagrams, P is the unknown force between A and B.

Fig. 3-40

Ans. P = 13.3 N

3.46. Two solid blocks resting on a frictionless plane are

connected by a string, as shown in Fig. 3-41. Determine

the maximum force P that can be applied to the 8-kg

block if the maximum strength of the string is 10 N.

Consider the blocks as particles.

Fig. 3-41



Ans. P = 47 N

3.47. Complete Problem 3.46 using D’Alembert’s method.

Ans. P = 47 N

3.48. The two blocks A and B in Fig. 3-42 are connected by

a weightless pulley and cord. The coefficient of friction

between the blocks and the turntable is 0.35. The

weights of blocks A and B are 50 and 100 N,

respectively. If the turntable rotates about a vertical

axis with a constant angular speed, determine the

speed at which the blocks begin to slide. Also find the

tension in the string.

Fig. 3-42

Ans. ω = 2.27 rad/s, T = 49 N

3.49. While the two blocks shown in Fig. 3-43 are at rest, a

22-N force is applied to the top block. The coefficient of

friction between the two blocks is 0.20, and the floor is

frictionless. (a) Determine the acceleration of each

block. (b) Determine the time that elapses before the



right edge of the top block lines up with the right edge

of the bottom block.

Fig. 3-43

Ans. (a)  (b) t = 0.92 s

3.50. In Problem 3.49, find the acceleration if the 22-N force

is replaced by a 6.6-N force.

Ans. Both blocks have acceleration of 0.479 m /s

3.51. In Problem 3.16, the mass m is displaced a distance

x0 from equilibrium and released with initial velocity v0.

Show that the equation of motion is 

3.52. At what height above the earth’s surface must a 1.8-

m pendulum be in order to have a period of 2.8 s?

Assume g = 9.8 m /s2 at the earth’s surface and the

gravitational force varies inversely as the square of the

distance from the earth’s center. Take the radius of the

earth as 6450 km.

Ans. 257 km



3.53. In Problem 3.19, assume the mass is 14 kg and the

diameter of the loop is 12 m. Determine the vertical

reaction of the track on the mass when the mass is at

the top of the loop for (a) h = 15 m and (b) h = 18 m.

Ans. (a) N = 0, (b) NT = 137 N

3.54. A chain 10 m long is stretched with one-half its length

on a frictionless horizontal table and the other half

hanging freely. If the chain starts from rest, find the

time for the chain to leave the table. See Fig. 3-22.

Ans. t = 1.33 s

3.55. A body of mass 1.5 kg falls in a fluid where the

resistance is  and k = 0.7 N ⋅ s /m. What is the

terminal velocity?

Ans. 

3.56. A particle of mass m is projected vertically upward

with a velocity v0 in a fluid whose resistance is kv.

Determine the time for the particle to come to rest.

Ans. t = (m /k) ln (1 + kv0 /mg)

3.57. A particle of mass m is projected vertically upward

with a velocity v0 in a fluid whose resistance is kv2.

Determine the time for the particle to come to rest.

Ans. 

3.58. The planet Mars at its aphelion in its orbit is 249 ×

106 km from the sun. At its perihelion it is 207 × 106 km

away. Show that the time for one complete revolution



by the methods of this chapter is close to the actual

value of 687 days.

3.59. The Soviet satellite Sputnik I had a mass of about 83

kg and orbited on a path around the earth that varied

between 220 and 900 km above the surface of the

earth. Using the radius of the earth as 6340 km, show

that the time for a revolution is about 1.5 h.

3.60. The spherical plastic balloon satellite Echo I was

orbited on a path that varied from 1521 to 1689 km

from the earth’s surface. Show that the time for a

revolution was initially about 2 h.

3.61. A satellite with all fuel expended is at a point 483 km

from the earth’s surface and is traveling with a velocity

of 9150 m /s in a direction perpendicular to an extended

radius of the earth. Determine the type of path which

the satellite will follow.

Ans. e = 0.434; path is elliptical

3.62. At what point on a journey from the earth to the moon

will the attractive forces of the two masses on the

spaceship be equal? Take the mass of the moon as

0.012 times that of the mass of the earth, and the

distance from the earth to the moon as 385 000 km.

Ans. d = 348 000 km from the earth’s center

3.63. Given the period of the earth around the sun as 365

days and the perihelion and aphelion as 147 × 106 km

and 152 × 106 km, respectively, determine the

eccentricity of the earth’s orbit.

Ans. e = 0.017



3.64. A weather satellite is to be placed in a circular orbit

around the earth at an altitude of 483 km. Its initial

velocity in orbit is parallel to the earth’s surface. What

should this initial velocity be?

Ans. v0 = 27 400 km /h

3.65. Referring to the satellite in Problem 3.61, find the

maximum altitude and the velocity at that altitude.

Ans. h = 10 900 km, v = 13 000 km /h

3.66. Communication satellites complete a circular orbit

around the earth in one day. They are seen to be

stationary relative to the earth. Determine the

necessary altitude and velocity for a communication

satellite.

Ans. h = 35 900 km, v = 11 100 km /h



Kinematics of a Rigid

Body in Plane Motion

4.1 PLANE MOTION OF A RIGID BODY

Plane motion of a rigid body takes place if every point in the

body remains at a constant distance from a fixed plane. In

Fig. 4-1, it is assumed that the XY plane is the fixed

reference plane. The Z distance to any point in the body

remains constant as the body moves.



Fig. 4-1

Select an arbitrary point B in the body as the origin of an

xyz reference frame, with the xy plane parallel to the XY

plane. The position vector rA of any point A in the body may

now be written in terms of the position vector rB of B and

the vector BA, which is labeled ρ. Thus,

If, as a rigid body implies, AB is constant, the time rate of

change of ρ is that given in Eq. (2.33). Thus, we can write

The acceleration aA may be found by applying Eq. (2.37):



An alternative method of writing Eqs. (4.2) and (4.3) may

be developed as follows:

where ω and α will be positive if they are in a

counterclockwise direction about the z axis (the right-hand

rule). Then, in Eq. (4.2) the term ρω eϕ may be replaced by

the cross product ω × q, which is identical with it. Likewise,

in Eq. (4.3) the component of the acceleration ραeϕ is

equivalent to α × ρ. The component -ρω2er is identical with

ω × (ω × ρ). These substitutions give

Equations (4.5) and (4.6) may also be written

where vA/B and aA/B are the relative velocity and relative

acceleration that A possesses as it rotates around B, which

is moving with respect to the XYZ reference frame.

EXAMPLE 4.1 Determine the linear velocity v of any

point P in the rigid body rotating with angular velocity v

about an axis, as shown in Fig. 4-2.



Fig. 4-2

SOLUTION: Select any reference point O on the axis of

rotation. The radius vector ρ for point P relative to O is

shown. The velocity vector v for point P is tangent to a

circle that is in the plane perpendicular to the axis of

rotation. The magnitude of the vector v is the product of

the radius of the circle and the angular speed ω. It is

apparent from the figure that the radius of the circle is ρ

sin θ. Hence, the magnitude of v is ρω sin θ.

By the definition of the cross product, ω × ρ has the

same magnitude ρω sin θ and is perpendicular to the

plane containing ρ and ω. Hence, we conclude

v = ω × ρ

In the plane motion of the body shown at the

beginning of this chapter, ω is perpendicular to the xy

plane and ρ is in the xy plane; hence, v = ω × ρ is in

the xy plane and is perpendicular to ρ.



4.2 TRANSLATION

Translation is motion in which the line ρ from B to A does

not rotate. Thus, as the body moves, every straight line in

the body is always parallel to its original direction.

EXAMPLE 4.2 A body is translating in a straight line

with an acceleration of a = 3t2 -6t − 8 m/s. If x = 0 and

v = 0 at t = 0, how far does the body move in 10 s?

SOLUTION: The analysis of rectilinear translation of a

body is similar to the motion studied in Section 2.2 so is

not of significant interest when analyzing the general

motion of a body. In this example we simply integrate

the acceleration twice:

4.3 ROTATION

Rotation is motion in which a point B is fixed. Extending this

to the rigid body, there is a line through B parallel to the Z

axis that is fixed in the XYZ system. To describe this motion,

the velocity vB and acceleration aB in Eqs. (4.2) and (4.3) or

in Eqs. (4.5) and (4.6) are equated to zero.



EXAMPLE 4.3 A flywheel 500 mm in diameter is

brought uniformly from rest up to a speed of 300 rpm in

20 s. Find the velocity and acceleration of a point on the

rim 2 s after starting from rest.

SOLUTION: First determine the magnitude of the

angular acceleration α:

Next determine the angular speed of the wheel 2 s after

starting:

The speed of a point on the rim is

The magnitude of the normal acceleration of a point on

the rim is

The magnitude of the tangential acceleration of a point

on the rim is

The magnitude of the total acceleration of a point on the

rim is



The angle between the total acceleration vector and the

radius to the point is

Figure 4-3 indicates the acceleration result.

Fig. 4-3

4.4 INSTANTANEOUS AXIS OF

ROTATION

The instantaneous axis of rotation is that line in a body in

plane motion that is the locus of points of zero velocity. It is

perpendicular to the plane of motion (parallel to the Z axis

in our system). All other points in the rigid body rotate about

that line at that instant. It is important to realize that the

position of this line of zero velocity in general changes

continuously. To locate the instant center I for a body that



has an angular velocity ω, write the velocity expressions for

any two points A and C in the body in terms of I as the base

point (see Fig. 4-4). Thus,

Fig. 4-4 The instant center I of a plane rigid body.

But vI is zero because I is the instant center. Hence, vA = ω

× ρA and vC = ω × ρC. These equations mean ρA is

perpendicular to vA (I is on ρA) and ρC is perpendicular to vC

(I is on ρC). Therefore the instant center I is the intersection

of the perpendiculars to vA and vC.

EXAMPLE 4.4. The rod of length  moves so that the

velocity of point A is of constant magnitude and directed

to the left. Determine the angular velocity ω and



angular acceleration α of the rod when it makes an

angle θ with the vertical, as shown in Fig. 4-5.

Fig. 4-5

SOLUTION: The velocity vA of point A is expressed in

terms of the relative velocity (vA/B) of A to B because

this term will introduce the desired quantity ω :

This vector equation is sketched in Fig. 4-6. The velocity

vA is horizontal to the left, vB is vertical down, and vA/B is

perpendicular to the rod with magnitude w. From the

triangle we see that



Fig. 4-6

Since vA/B is directed up to the left, A must turn

clockwise about B; that is ω is clockwise.

Now determine the angular acceleration α. The

magnitude of the tangential component of A relative to

B is α and the normal component is ω2. The equation

is  = (aA/B)t + (aA/B)n + aB.

Sketch the acceleration polygon with aB down (aA =

0). From the triangle shown in Fig. 4-7,



Fig. 4-7

Using ω from above, the angular acceleration is

4.5 THE CORIOLIS ACCELERATION

In Sec. 4.1, the velocity and acceleration of a point in the

rigid body were presented when the point was not moving

relative to the xyz frame. Figure 4-8 shows a body, in plane

motion, where point B is the origin of a rotating reference

frame. Point P is moving along a path in the xy plane. The

acceleration of P is given by



Fig. 4-8 A rotating plane rigid body (the z axis is parallel to

the Z axis).

It can be seen in Eq. (4.10) that referring the acceleration to

rotating axes gives rise to a third term in the acceleration

equation if vP/path is nonzero. The velocity equation is

unchanged. This third term is called the Coriolis

acceleration. It arises from the fact that ρ, measured in the

rotating xyz reference frame, is defined with respect to ijk.

The unit vectors i, j, k change directions and hence have

derivatives.



The derivation of the Coriolis acceleration is as follows. In

the body shown which moves parallel to the fixed XY plane

in Fig. 4-8, let

Let i and j be unit vectors along the x and y axes, which

are fixed in the body and hence rotate with angular velocity

ω k (note ω is the same about either z axis or Z axis). Since

i and j rotate, there is a time change in these unit vectors.

In Sec. 2.3.3, it was shown that the time rate of change of a

unit vector is a vector that is at right angles to the unit

vector and has a magnitude equal to the angular speed ω

(see Eq.2.32). Thus,

Now write

Next take the time derivative of Eq. (4.12), obtaining

But in terms of the moving axes, P is located by



where  and 

Thus, we can rewrite Eq. (4.13) as

Note that the first two terms on the right-hand side of Eq.

(4.16) give the absolute velocity of the point M that is fixed

on the path but coincides with P at the instant [refer to Eq.

(4.5)]. Equation (4.15) may be expressed as

To derive the expression for the acceleration of P, take

the time derivative of Eq. (4.13) but express 

Thus,

The first three terms on the right-hand side of Eq. (4.19)

give the absolute acceleration of the point M that is fixed on

the path and that coincides with P at the instant [refer to Eq.

(4.6)]. Equation (4.19) can be written as



which is equivalent to Eq. (4.10).

EXAMPLE 4.5 In Fig. 4-9, the washer is sliding outward

on the rod with a velocity of 4 m/s when its distance

from point O is 2 m. Its velocity along the rod is

increasing at the rate of 3 m/s2. The angular velocity of

the rod is 5 rad/s counterclockwise, and its angular

acceleration is 10 rad/s2 clockwise. Determine the

absolute acceleration of point P on the washer.

Fig. 4-9

SOLUTION: According to Eq. (4.19), the absolute

acceleration of P is expressed as

The vector diagram in Fig. 4.10, which should always be

sketched, indicates each of these accelerations and



their vector sum aP. Add components in the x and y

directions. Thus, aP = 51 m/s2, with θ = 22°.

Fig. 4-10

SOLVED PROBLEMS

As in previous chapters, vectors in the diagrams are

identified only by their magnitudes when the

directions are evident by inspection.



  4.1.   A ball rolls 2 m across a flat car in a direction

perpendicular to the path of the car. In the same time

interval during which the ball is rolling, the car moves

at a constant speed on a horizontal straight track for a

distance of 2.5 m. What is the absolute displacement

of the ball?

SOLUTION

The vector equation for the absolute displacement sB

of the ball B in terms of the absolute displacement sC

of the car C is

sB = sB/C + sC

The displacement sB/C of the ball relative to the car is

2 m at right angles to the track. The absolute

displacement of the car is 2.5 m along the track.

Figure 4-11 indicates these relations.

Fig. 4-11

The absolute displacement sB of the ball is the sum of

the two given vectors. Its magnitude is

 = 3.2 m

The angle that the vector sB makes with the track is



  4.2.   Automobile A is traveling 35 km/h along a straight

road headed northwest. Automobile B is traveling 110

km/h along a straight road headed 60° south of west

[see Fig. 4-12(a)]. What is the relative velocity of A to

B? Of B to A?

Fig. 4-12

SOLUTION

The vector equation relating the velocities is

The vector subtraction is performed by adding the

negative of vB to vA as indicated in Fig. 4-12(b).

The vectors vA and vB are written as



The vector vA/B is then

The vector vB/A is equal in magnitude but opposite

in direction as shown in Fig. 4-13 and as follows:

Fig. 4-13

  4.3.   An airplane pilot determines from a sectional map

that the true course over the ground should be 295°

(relative to north) to a destination 160 km away. There

is a south wind of 32 km/h (blowing from the south).

Airspeed (speed relative to the air which is moving

north 32 km/h) is 192 km/h. What should be the pilot’s

true heading to accomplish the task and how long

should it take, assuming no change in the wind?



SOLUTION

Figure 4-14 shows the true course (T.C.) of 295°

measured clockwise from the true north line. The wind

speed 32 km/h is drawn to the north from O, the point

of departure. A sketch is perhaps helpful. Sketch a

vector from the arrow end of the wind vector, with a

radius 192 km/h long to point C. This intersects the

true course line at 295° in point C.

Fig. 4-14

It is seen from the velocity triangle that OC = OW

+ WC. This is merely the statement that the velocity

of the plane along the true course line (its magnitude

is called ground speed or absolute speed) is equal to

the plane velocity relative to the wind (its magnitude is

called airspeed) plus the velocity of the wind relative

to the ground.

From the law of cosines, the triangle provides

This provides C = 203.3 km/h. Then the angle θ can be

found from



The true heading (T.H.) is then 106.3 + 180 = 286°,

the direction along which the fore and aft line of the

plane should be headed.

The estimated time of flight is 160 km divided by

203.3 km/h, or 47 min.

  4.4.   Correcting for magnetic deviation and variation, a

pilot calculates the plane’s true heading to be 58°.

Airspeed is 400 km/h. Several checkpoints indicate

that the plane is making good a true course of 63° at a

ground speed of 475 km/h. Determine the wind speed

and direction.

SOLUTION

Sketch the true heading line at an angle of 58° with

the true north line, as shown in Fig. 4-15. Along it,

sketch OP as 400 km/h. The true course line makes an

angle of 63° with the true north line through O. Along

it, OW is the ground speed 475 km/h. But OW = OP +

PW. This is interpreted as follows: the absolute

velocity of the plane equals its velocity relative to the

air plus the velocity of the air (wind vector) or vP/G =

vP/A + vA/G. The law of cosines provides



Fig. 4-15

The angle θ is found from

  4.5. The ladder of length  makes an angle θ with the

vertical wall, as shown in Fig. 4-16(a). The foot of the

ladder moves to the right with constant speed vA.

Determine  and  in terms of vA, , and θ. Use vector

relationships.



Fig. 4-16

SOLUTION

Let i and j be unit vectors along and perpendicular to

the ladder; they move with the ladder. In vector

notation, the three vectors in Fig. 4-16(a) are related

by

rA = rB +  i

Taking the time derivative, we have

In the above equation,  is vA, which is known

completely. Also,  [see Eq. (4.11)], and  can only

be vertical. Figure 4-16(b) shows this relationship.

Thus,



Since  is in the positive j direction,  is positive

(ladder is moving counterclockwise).

The derivative of Eq. (1) with respect to time is

The angular acceleration  could also be obtained

by differentiating  which yields

In Eq. (3),  is zero because  is constant,  can

only be vertical, the j component (magnitude  is

positive, and the i component [magnitude 

 is negative. Figure 4-16(c) shows these

relations. Then

which is identical with Eq. (2). Since  is in the

positive j direction,  is positive (the ladder is

accelerating counterclockwise).

Note that  in Eq. (1) agrees (as it should) with the

magnitude of ω in Example 4.4. Also, the  in equation

(2) equals the magnitude of α in Problem 4.7.

  4.6.   A rod 2.5 m long slides down the plane shown in Fig.

4-17 with  to the left and aA = 5 m/s2 to the

right. Determine the angular velocity ω and the

angular acceleration a of the rod when θ = 30°.



Fig. 4-17

SOLUTION

As in Example 4.4,

The table indicates what is known.

Sketch the velocity polygon to fit the vector equation

given above (see Fig. 4-18). An analysis of the angles

shows that the three angles in the triangle are 45°,

60°, and 75°. The law of sines gives



Fig. 4-18

To determine α, use the vector equation aA = (aA/B)n

+ (aA/B)t + aB with the following table.

Sketch the acceleration polygon to fit the above

table. First draw aA (see Fig. 4-19). Then through the tail

of this vector draw (aA/B)n. Through the head of the

vector aA draw a line along a 45° line, and through the

head of the vector (aA/B)n draw a perpendicular to the

rod in the 30° plane.



Fig. 4-19

Sum components in the horizontal and vertical

directions:

  4.7.   In the slider crank mechanism shown in Fig. 4-20,

the crank is rotating at a constant speed of 480 rpm.

The connecting rod is 600 mm long, and the crank is

100 mm long. For an angle of 30°, determine the

absolute velocity of the crosshead P.

Fig. 4-20

SOLUTION

The angular velocity of the crankpin C is 120 rpm, so 

 The linear speed of the crankpin C

is therefore,



Figure 4-21 indicates this velocity in a direction

perpendicular to the crank.

Fig. 4-21

The component of this velocity along the connecting

rod PC will now be determined. Angle θ must be found

first. The figure indicates that θ = 90° − 30° - b. But b

may be found by using the sine law in the triangle PCO:

from which  and θ = 60° − 4.8° = 55.2°. Hence,

the component of the velocity of C along the connecting

rod is 5.03 cos 55.2° = 2.87 m/s.

But all points on the connecting rod must have the

same velocity along the rod, hence point P, which is a

point on the rod, has a velocity component of 2.87 m/s

along the rod. However, its velocity is along the line of

travel of the crosshead. Then



  4.8.   In Problem 4.7, determine the velocity of the

crosshead by use of instant centers.

SOLUTION

The instant center of the connecting rod relative to the

frame is the point about which all points in the rod

appear to rotate at that instant. Point C is a point on

the crank and on the rod. Its absolute velocity (relative

to the frame) is the same whether it is a point on the

crank or the rod. However, as a point on the crank, its

velocity is perpendicular to the crank. Therefore, since

its velocity is the same when it is considered as a point

on the rod, the instant center for the rod is somewhere

along the crank extended. (The velocity of a point in

rotation is perpendicular to the radius drawn to it from

the center of rotation.)

Similarly, point P is a point on the crosshead and on

the connecting rod. As a point on the crosshead, its

velocity is horizontal. Hence, as a point on the rod, its

velocity is the same (i.e., horizontal). The instant

(instantaneous) center for the rod is therefore on a

perpendicular to the line of travel of the crosshead,

i.e., on a vertical line through P.

The instant center I is at the intersection of the

vertical line through P and the crank extended, as

shown in Fig. 4-22.



Fig. 4-22

Since I is the center of rotation for all points on the

rod, it follows that the linear velocity of a particular

point is perpendicular to the line joining I and the

point, and the magnitude of the velocity is proportional

to the distance of the point from I, i.e., center of

rotation.

The angles in triangle PIC are found as shown in Fig.

4-22. The law of sines provides

The angular velocity about I is used to express

This allows us to find 



  4.9.   Determine the angular velocity of the connecting

rod, referring to Problem 4.8. Sketch the velocity

polygon (triangle) represented by

SOLUTION

Referring to Fig. 4-23, the law of cosines gives

Fig. 4-23

Then the angular velocity of the rod is found by

dividing vP/C by the length of the rod:

ωPC is counterclockwise.

4.10.   Referring to Problem 4.8, find the acceleration of the

crosshead in the slider crank mechanism. Use ωPC =

7.28 rad/s from Problem 4.9.

SOLUTION



The acceleration of P, which is horizontal, is

determined by the following vector equation:

The acceleration aP/C of point P relative to point C is

one due to rotation. It is good to write it in terms of its

tangential and normal components, which are,

respectively, perpendicular and parallel to the

connecting rod. The equation now becomes

Sketch the acceleration polygon, as shown in Fig. 4-24

starting with aC. Since the angular velocity of the crank

is constant, the acceleration of point C consists of only

the normal component directed toward the center O. Its

magnitude is rω2:

Fig. 4-24



The normal component  is directed toward C with

magnitude

The tangential component (aP/C)t is perpendicular to 

and meets the acceleration aP on the horizontal. The

magnitude of (aP/C)t is 0.6αPC. So only two unknowns

exist: α and aP. They are found from the two component

equations as follows:

4.11.   If the angular velocity of BC is as shown in the

quadric crank mechanism in Fig. 4-25, determine the

angular velocity of AD and the velocity of point D for

the phase indicated.

Fig. 4-25



SOLUTION

The velocity of point C as a point on BC is

perpendicular to BC, and its magnitude is found to be

To determine the velocity of D by resolution of

velocities, first analyze Fig. 4-25 to find angles. By the

law of cosines,

By the law of sines,

Hence,

In triangle ADC, angle DAC = 60° − 36.4° = 23.6°.

Applying the law of cosines in triangle ADC,

By the law of sines,



Solving,  and 

It is now evident that the angle η between CD and

the velocity vc is

The component of this velocity along bar CD is 1.5 cos

84.6° = 0.141 m/s. Note that this component is

directed from C toward D. This is also the component

of the velocity of D along CD.

The angle δ between velocity vector of D and bar

CD is δ = 180° - (90° + 63.2°) = 26.8°. The magnitude

of the velocity of D is

Note that this velocity is directed such that the arm

AD turns clockwise whereas the arm BC turns

counterclockwise. The angular speed of AD is

4.12.   Find vD of Problem 4.11 by the use of instant

centers.

SOLUTION

Refer to Fig. 4-26. Points C and D are points on the arm

CD. The instant center of CD relative to the frame is

the intersection of the lines drawn perpendicular to the

absolute velocities of C and D. The latter velocities,

however, are perpendicular to BC and AD. Hence, the

instant center I is at the intersection of BC and AD. The



velocity of C is shown perpendicular to BC and of

magnitude 1.5 m/s.

Fig. 4-26

Now, let’s find the distances IC and ID from the law

of sines on triangle ABI, we find

The angular velocity of CD is then 

 The velocity of D is then

Note: This is different from the value found in Problem

4.11 due to round-off error.



4.13.   Figure 4-27 shows a quadric crank mechanism with

various lengths given (or calculated). If the crank AB is

rotating 3 rad/s counterclockwise, determine the

velocities of points B and C and the angular velocities

of BC and DC.

Fig. 4-27

SOLUTION

Since point B is on the rotating crank AB, its velocity is

Note that the magnitude of vB can be found directly

from  Since this vector is

perpendicular to the crank, it is directed to the left and

up. It can be written

This is, of course, the same expression as that found

by using the vector cross product.



To determine the motion of BC, we use

To use Eq. (1), assume that DC is rotating

counterclockwise. This means that point C moves to

the left and down. Since a 30° angle is involved, we

write

Next, assume that BC is rotating counterclockwise;

hence, we can write

Also note that

Make these substitutions in Eq. (1) to get

Equating the i terms and then the j terms will yield

Multiply Eq. (3) by 0.35/86.6 and add to Eq. (4). This

yields vC = 0.675 m/s, and ωBC is then found to be

-2.25 rad/s. This means that BC is rotating clockwise



instead of counterclockwise as assumed at the

beginning.

To find ωDC , we note that

Equate either the i terms or the j terms to find ωDC =

1.69 rad/s (counterclockwise as assumed).

Note: The following is a different method that can

be used to solve this problem. It involves use of the

law of sines to solve the relative velocity part of Eq. (1)

or

We know that vB has a magnitude of 0.9 m/s directed

to the left and up at an angle of 30° with the

horizontal. We also know that vC is along a line making

an angle of 30° with the horizontal, although its sense

is unknown. Also known is the fact that vC/B is

perpendicular to BC, with a magnitude equal to the

product of ωBC and the length BC. Length BC is equal

to  The velocity of C to B (since it

is perpendicular to BC) makes an angle with respect to

the vertical given by 

Figure 4-28(a) shows vB, which is completely

known, drawn from an arbitrary point O to point R,

with a length of 0.9 m/s and at an angle of 30°. From R

draw a line, making an angle of 13.9° with the vertical.

Then draw a line from O, making an angle of 30° with

the horizontal. These lines meet at point S. The figure

is redrawn in Fig. 4-28(b) to make the law of sines

easier to apply. From Fig. 4-28(b), we can see that



Fig. 4-28

This yields vC = 0.675 m/s, and leads to ωDC = 1.69

rad/s clockwise. Also, vC/B = 0.812 m/s and leads to

ωBC = 2.25 rad/s clockwise.

4.14.   In Problem 4.13, determine the linear acceleration of

point B and the angular accelerations of BC and CD.

SOLUTION

The mechanism is shown in Fig. 4-29, with components

of accelerations some of which are known completely

and some of which are known only in direction. The

acceleration of C as a point on BC is expressed as



Fig. 4-29

Note that aB has only a normal component. If there

were an αAB, there would be a tangential component to

add to the equation.

Of course, C is a point on DC, and its acceleration is

then written aC = (aC/D)t + (aC/D)n. Hence, we write

Three of the terms in Eq. (1) are known completely.

They are the normal components of the accelerations,

because all angular velocities were found in Problem

4.13.

To determine the normal acceleration of B, use Eq.

(6) or  or use AB × (ωAB)2. B has an

acceleration of 2.7 m/s2 directed from B toward A as

shown.

Similarly, (aC/B)n is directed from C toward B and

has a magnitude BC × (ωBC)2 = 0.361(2.25)2 = 1.83

m/s2. Also, (aC/D)n is directed from C toward D and has

a magnitude DC × (ωDC)2 = 0.4(1.69)2 = 1.14 m/s2.



The (aC/B)t is perpendicular to BC and is assumed to

act to the left and up. A positive value would mean

that aBC is counterclockwise. The (aC/D)t is

perpendicular to DC and is assumed to act to the right

and up. A positive value would mean aDC is clockwise.

The five acceleration vectors in Eq. (1) are

Equation (1) now becomes

Equating coefficients of the i and j terms in Eq. (2), we

have

These simplify to

Since the sign of αDC is negative, it is counterclockwise

(opposite to the direction originally assumed). Also,

the sign of αBC is negative, so it is clockwise (opposite

to the direction originally assumed).



4.15.   A wheel 3 m in diameter rolls to the right on a

horizontal plane with an angular velocity of 8 rad/s

(clockwise) and an angular acceleration

counterclockwise of 4 rad/s2, as shown in Fig. 4-30.

The latter merely indicates that the angular velocity of

the wheel is decreasing. Determine the velocity and

acceleration of the top point B on the wheel.

Fig. 4-30

SOLUTION

Draw Fig. 4-31 illustrating the problem. For

convenience, the center O is chosen as the base point

in this relative motion. It is necessary to show first that

the velocity and acceleration of the center O of a

rolling wheel may be expressed in terms of the given

ω and α, respectively, and the distance from O to the

surface on which the wheel rolls (1.5 m in this case).



Fig. 4-31

In Fig. 4-31, O is displaced to O′ through a distance

s. Since rolling takes place, MM″ on the wheel contacts

MM′ on the horizontal surface. Hence, the arc MM″,

which is rθ, equals MM′, which is equal to OO′ or s.

Therefore, s = rθ, where s is the magnitude of the

linear displacement of center O, r is the radius of the

wheel, and θ is the magnitude of the angular

displacement of the wheel. Differentiation yields

These facts may now be applied to the present

problem:

where vO is directed to the right and aO is directed to

the left.



The velocity vector equation that will be used is

vB = vB/O + vO

The velocity of B relative to O is perpendicular to the

radius OB and to the right (since OB is moving

clockwise). Its magnitude is

The velocity vB is therefore made up of two components

(vB/O and vO), each horizontal to the right and each 12

m/s. Hence,

To determine the absolute acceleration aB, apply the

vector equation

The relative acceleration (aB/O)t is directed horizontally

to the left (since the angular acceleration of OB is

counterclockwise). Its magnitude is equal to OB times

the magnitude of the angular acceleration α, or

The component (aB/O)n is directed toward O at the

instant considered and is equal in magnitude to OB

times the square of the angular speed ω :



To find the acceleration of B, note that the horizontal

component is 6 + 6 = 12 m/s2 to the left. The vertical

component is 96 m/s2 down. Therefore,

and tan ϕ = 12/96 or ϕ = 0.124 rad or 7.12°, where ϕ is

measured relative to the vertical.

4.16.   In Problem 4.15, what are the velocity and

acceleration of point A, 0.6 m from the center and on a

line making an angle of 30° above the horizontal

radius? See Fig. 4-32. Use values stated and obtained

in Problem 4.15.

Fig. 4-32

SOLUTION

The usual vector equations apply.

The velocity equation (1) is represented by Fig. 4-33.

The magnitude of the horizontal component of vA is



Fig. 4-33

The magnitude of the vertical component of vA is

 = -4.16 m/s

Hence,

Figure 4-34 represents Eq. (2). To obtain the magnitude

of aA, note that the magnitudes of its components

horizontally and vertically are



Fig. 4-34

Hence,

Note that ϕ is below the negative x axis.

4.17.   A cylinder and axle roll under the influence of a

weight W, as shown in Fig. 4-35. What is the

displacement sO of the center of the cylinder when the

weight is displaced 4 m down? The pulley is assumed

to have frictionless bearings.



Fig. 4-35

SOLUTION

Point I is the instant center between the cylinder and

the surface on which it is rolling. Hence, the magnitude

of the absolute displacement of A, which is equal to that

of the displacement of W, may be expressed as 5θ,

where the radius AI = 2 m and θ is the angle or rotation.

Since 2.0θ = 4, θ = 2 rad and

4.18. Figure 4-36 shows a weight A on a frictionless plane.

The weight is attached to a cord that is wrapped around

the small step of pulley B, which turns on frictionless

bearings. Another cord, which is wrapped around the

large step of pulley B, is in turn wrapped around the

smaller of two cylinders C, which are integrally

connected. The center of cylinder C is moving with a

speed of 2 m/s and an acceleration of 3 m/s2, both

down the plane. Determine the velocity and

acceleration of weight A. Assume that the cords are

parallel to the planes as shown.



Fig. 4-36

SOLUTION

Point E on cord DE has the same speed as point D,

which is on the cylinder. As a point on the cylinder, D

has a speed of [(450 + 150)/450] × 2 = 2.67 m/s. The

mating point on the pulley B has the same speed as E

(2.67 m/s). Then the speed of point F is (150/300) ×

2.67 = 1.33 m/s. This, then, is the speed of weight A:

1.33 m/s, up along the plane.

The component of the acceleration of point D that is

parallel to the plane is (600/450) × 3 = 4 m/s2. This,

then, is also the magnitude of the tangential

component of the acceleration of point E. The

tangential component of the acceleration of point F is

then (150/300) × 4 = 2 m/s2. Thus, the acceleration of

weight A is 2 m/s2 up along the plane.

4.19.   Solve Problem 4.18 if the cord ED is unwrapping

from the bottom of the smaller cylinder instead of from



the top. Move the pulley so that the cord ED is parallel

to the plane.

SOLUTION

The speed of point D in its new location is [(450 −

150)/450] × 2 = 1.33 m/s. The speed of point F is 0.15

× 1.33 = 0.2 m/s. Thus, the velocity of the weight A is

0.2 m/s up along the plane.

The component of the acceleration of point D in its

new location is (300/450) × 3 = 2 m/s2. Then the

acceleration of point F is (150/300) × 2 = 1 m/s2. The

acceleration of weight A is thus 1 m/s2 up along the

plane.

4.20.   In Fig. 4-37, the cylinder of radius r rolls on the

surface of radius R. Find an expression for the angular

velocity and angular acceleration of the cylinder.



Fig. 4-37

SOLUTION

Let OGP be the original position and OG′B be the

position after some time has elapsed. Point P has then

moved to point P′, and since pure rolling is assumed,

the arc BCP′ of the cylinder must equal the arc PB on

the surface.

The angle θ is the angular displacement of the G′P′

with respect to its original position GP (or G′C, which is

parallel to GP). The angle ϕ is the angular

displacement of the line OGP in the same time

interval. Hence, θ + ϕ is the total angular

displacement of the line G′P′.

Arc BCP′ = arc PB, or r(θ + ϕ) = Rϕ. This can be

expressed as

Hence,

If the velocity of point G is vG and the magnitude of

its acceleration tangent to its circular path (of radius R

− r) is aG, the angular velocity δϕ /dt and angular

acceleration δ2ϕ /dt2 of G are found as follows (note

again that G moves on a circular path of radius R − r):



The angular velocity dθ /dt and angular acceleration

d2θ /dt2 of any point on the cylinder relative to its

center are then

The velocity and the acceleration of any point on

the cylinder may now be found by first referring the

motion of the point to the center and then adding the

motion of the center. For example, the velocity vB of

the contact point B equals the sum of the velocity of B

relative to the center (magnitude is r dθ /dt) and the

velocity of the center vG. If the wheel is rolling up the

plane, dθ /dt is clockwise, and r dθ /dt is thus tangent

to the cylinder and directed down to the left. Its

magnitude is r dθ /dt or r (vG /r) = vG. Add this to the

velocity of G, which is of the same magnitude, parallel

to it but directed up to the right. The absolute velocity

of B is found to be zero; i.e., B is the instant center.

4.21.   In an epicyclic gear train, the arm is moving 6 rad/s

clockwise and has an acceleration of 10 rad/s2

counterclockwise. Determine the velocity and

acceleration of point B in the position shown in Fig. 4-

38.



Fig. 4-38

SOLUTION

In the previous problem, it was shown that the

magnitude of the angular velocity ω and angular

acceleration α of the small wheel about its own center

are given by

where ϕ is the angular change of the arm OG. Hence,

ω = [(75 − 25)/25] × 6 = 12 rad/s (counterclockwise)

and α = [(75 − 25)/25] × 10 = 20 rad/s2 (clockwise).

By inspection, clockwise motion of the arm means

counterclockwise motion of the small gear.

The velocity vB of point B is the vector sum of its

relative velocity to G and the velocity of G: 

The magnitudes of the vectors vG and vB/G are found

to be



The vector sum is shown in Fig. 4-39. The magnitude of

the velocity at B is:

Fig. 4-39

The magnitudes of the various vectors are:

The acceleration aB of point B is the vector sum of its

relative acceleration of G (two components: normal and

tangent) and the acceleration of G (two components

also):

A vector diagram need not be drawn. The vertical

summation is a net amount of 1.8 − 0.5 = 1.3 m/s2 up.



The horizontal summation is a net amount of 3.1 m/s2

to the left. The resultant absolute acceleration of B is

thus to the left and up of magnitude 

Note: The absolute velocity vB may be determined

also by using the instant center, the common point of

tangency of the two circles (see preceding problem).

Although the absolute velocity of the instant center is

zero, its absolute acceleration is not.

4.22.   One vane of an impeller wheel has its center of

curvature C located as shown in Fig. 4-40 at a given

instant. A particle P, 200 mm from the center O, has a

velocity 0.25 m/s and an acceleration 0.5 m/s2

directed outward and tangent to the vane. Determine

the acceleration of P if the angular velocity of the

wheel is 2 rad/s counterclockwise and the angular

acceleration is 3 rad/s2 clockwise.

Fig. 4-40

SOLUTION



According to Eq. (4.19), the absolute acceleration of P

is

The vector sum of these components yields 

 and  See Fig. 4-41.

Fig. 4-41

SUPPLEMENTARY PROBLEMS



4.23.   A rigid body is rotating 12 rad/s about an axis

through the origin and has direction cosines 0.421,

0.365, and 0.831 with respect to the x, y, and z axes,

respectively. What is the velocity of a point in the body

defined by the position vector (with respect to the

origin) r = − 2i + 3j − 4k m?

Ans. v = − 47.4i + 0.26j + 23.9k m/s

4.24.   A rigid body is rotating 200 rpm about the line i − 3j

+ 4k. The origin is on the line. What is the velocity of

the point P(3, 3, -1) m?

Ans. v = -37.0i + 53.6j + 49.3k m/s

4.25.   Determine the angular velocities, in rad/s, of the

second and minute hands of an old-fashioned watch.

Ans. 0.105 rad/s; 0.0018 rad/s

4.26.   A rigid body is rotating at a rate of 60 rpm about a

line from the origin to the point (3, 0, 5), where the

coordinates are in meters. Determine the velocity of

the point (1, -2, 2) in the body.

Ans. 10.8i − 1.08j − 6.47k m/s

4.27. Refer to Fig. 4-42. The equal bars AB and CD are free

to rotate about pins in the frame. The bar BD is equal in

length to the distance AC. The constant angular velocity

of AB is 10 rpm counterclockwise. Determine the

motion of BD.



Fig. 4-42

Ans. All points on BD have v = 0.314 m/s to the right;

a = 0.329 m/s2 up

4.28.   At a given time, a shaft is rotating at 50 rpm about a

fixed axis; 20 s later, it is rotating at 1050 rpm. What is

the average angular acceleration α in rad/s2?

Ans. α = 5.23 rad/s2

4.29.   A flywheel with diameter 500 mm starts from rest

with constant angular acceleration 2 rad/s2. Determine

the tangential and normal components of the

acceleration of a point on the rim 3 s after the motion

began.

Ans. at = 0.5 m/s2, an = 9 m/s2

4.30.   A particle is at rest on a phonograph turntable at a

radius r from the center. Assuming that the turntable



starts from rest and accelerates with a uniform angular

acceleration α0, determine the magnitudes of the

tangential and normal components of the acceleration

of the particle at time t.

Ans. 

4.31.   A rotor decreases uniformly from 1800 rpm to rest in

320 s. Determine the angular deceleration and the

number of radians before coming to rest.

Ans. 

4.32.   A bar pivoted at one end moving 5 rad/s clockwise is

subjected to a constant angular deceleration. After a

certain time interval the bar has an angular

displacement of 8 rad counterclockwise and has

moved through a total angle of 20.5 rad. What is the

angular velocity at the end of the time interval?

Ans. ω = 7.58 rad/s

4.33.   The drum shown in Fig. 4-43 is used to hoist the

weight W a distance 2 m. The drum accelerates

uniformly from rest to 15 rpm in 1.5 s and then moves

at a constant speed of 15 rpm. What is the total

elapsed time?



Fig. 4-43

Ans. t = 7.12 s

4.34.   Refer to Fig. 4-44. The hoisting mechanism consists

of a drum 1200 mm in diameter around which is

wrapped the cable. Integral with the drum is a gear

with pitch diameter 900 mm. This gear is driven by a

pinion with a 300-mm pitch diameter. The acceleration

of the mass M is 6 m/s2 up. What is the angular

acceleration of the pinion?

Fig. 4-44

Ans. a = 30 rad/s2 clockwise



4.35.   Rain is falling vertically at 2 m/s. A person is walking

on level ground with a speed of 1.6 m/s. What is the

velocity of the rain relative to the person and at what

angle forward of the vertical should an umbrella be

held?

Ans. 2.56 m/s, 38.7°

4.36.   A person is walking due east at 3 km/h. The wind

appears to be coming from the north. When the pace

is dropped to 1 km/h, the wind appears to be coming

from the northwest. What is the speed of the wind?

Ans. v = 3.61 km/h

4.37.   Mass A moves to the right at 15 m/s from the

position shown in Fig. 4-45. Mass B starts at the same

instant, moving vertically upward at 20 m/s. Determine

the relative velocity of A to B  s after motion begins.

Fig. 4-45

Ans. 



4.38.   Refer to Fig. 4-46. Points O and P are on a thin

lamina that has motion in the xy plane. Point O is

known to have the velocity shown. Determine the

velocity of point P.

Fig. 4-46

Ans. 

4.39. The iron bar in Fig. 4-47 is attracted by two large but

unequal magnets in such a way that end A has a

vertical acceleration of 4 m/s2 and end B has a vertical

acceleration of 6 m/s2. Determine the acceleration of

the center C and the angular acceleration of the bar.



Fig. 4-47

Ans. aC = 5 m/s2 up, α = 0.333 rad/s2

counterclockwise

4.40.   A ladder of length  leans against a vertical wall. The

bottom moves away from the wall along a horizontal

floor with a constant velocity v0. Determine the

velocity and acceleration of the top of the ladder.

(Hint: x = v0t.)

Ans. 

4.41.   A ladder of length  makes an angle θ with the

horizontal floor and leans against a vertical wall. Show

that the center of the ladder moves on a circular path

of radius 

4.42.   The bar AB in Fig. 4-48 slides so that its bottom point

A has a velocity of 400 mm/s to the left along the

horizontal plane. What is the angular velocity of the

bar in the position shown? Use the instantaneous

center method.

Fig. 4-48



Ans. ω = 0.293 rad/s clockwise

4.43.   The top of a ladder 3-m long slides down a smooth

wall while its bottom slides along a smooth plane

perpendicular to the wall. Show that the velocity of its

midpoint is directed along the ladder when the ladder

makes an angle of 45° with the horizontal plane.

4.44.   In Fig. 4-49, the velocity of point A is 5 m/s to the

right, and its acceleration is 8 m/s2 to the right. What

are the velocity and acceleration of point B?

Fig. 4-49

Ans.   down

4.45.   The crank CB of the slider crank mechanism is

rotating at a constant 30 rpm clockwise. Determine

the velocity of the crosshead A in the position shown in

Fig. 4-50. Use two methods of solution.



Fig. 4-50

Ans.  to the right

4.46.   In the slider crank mechanism shown in Fig. 4-51,

the crank is turning clockwise at 120 rpm. What is the

velocity of the crosshead when the crank is in the 60°

phase? Use two methods of solution.

Fig. 4-51

Ans. 3.09 m/s toward the right

4.47.   The linear velocity of the crosshead (slider) in Fig. 4-

52 is 2.4 m/s to the left along the horizontal plane.

Using the instant center method, determine the

angular velocity of the crank AB in the phase shown.



Fig. 4-52

Ans. ω = 2.44 rad/s counterclockwise

4.48.   A bar slides on a vertical post and is attached to a

block A that is moving to the right with a constant

velocity vC. See Fig. 4-53. Determine the angular

velocity  of the bar.

Fig. 4-53

Ans. 

4.49. In the linkage shown in Fig. 4-54, pins A and B are

fixed. Link AD rotates with angular speed ωA. Prove that

the angular speed ωB of link BC is given by the



expression ωB = ωA(AE/BF), where AE and BF are

perpendicular to DC.

Fig. 4-54

4.50.   In the four-bar linkage (quadric crank mechanism)

shown in Fig. 4-55, the angular velocity of AB is 8 rad/s

clockwise. Determine the angular velocity of CD and

the angular velocity of BC.

Fig. 4-55

Ans. ωCD = 12.0 rad/s clockwise, ωBC = 0



4.51.   Crank AB is moving 2 rpm clockwise in the phase

shown in Fig. 4-56. What is the angular velocity of the

arm CD? Use two methods of solution.

Fig. 4-56

Ans. ωCD = 3.28 rpm counterclockwise

4.52.   In the linkage shown in Fig. 4-57, bar AB is

constrained to move horizontally and bar CD rotates

about point D. If bar AB has a velocity of 0.6 m/s to the

left and an acceleration of 1 m/s2 to the right, what are

the angular velocity and acceleration of CD?



Fig. 4-57

Ans. ω = 5.3 rad/s clockwise, α = 72 rad/s2 clockwise

4.53.   A 3-m-diameter wheel rolls without slipping. The

velocity and acceleration of the center of the wheel

are 8 m/s and 5 m/s2 to the right. What is the

acceleration of the top point?

Ans. a = 43.8 m/s2, θx = 283°

4.54.   A wheel 300 mm in diameter rolls to the right

without slipping on a horizontal plane. Its angular

speed is 30 rpm. What is the velocity of (a) the top

point on the wheel and (b) the point on the front end

of the horizontal diameter?

Ans. (a) v = 0.942 m/s, θx = 0°; (b) v = 0.666 m/s, θx

= 315°

4.55. The block in Fig. 4-58 moves on two 10-cm-diameter

rollers as shown. If the block has a velocity of 0.9 m/s

and an acceleration of 0.6 m/s2, both to the right,

determine the velocity and acceleration of the center of

one of the rollers.

Fig. 4-58

Ans. v = 0.45 m/s to the right, a = 0.3 m/s2 to the right

4.56.   The disk in Fig. 4-59 rolls without slipping on the

horizontal plane. Its center has an acceleration of 1.2



m/s2 directed horizontally to the left. At the instant

that its center has a velocity of 0.9 m/s to the right,

determine the acceleration of point P.

Fig. 4-59

Ans. a = 2.2 m/s2, θx = 183°

4.57.   A composite wheel rolls without slipping with angular

velocity 30 rpm clockwise (see Fig. 4-60). Determine

the velocities of points A and B. Use two methods of

solution.



Fig. 4-60

Ans. vA = 2.22 m/s, θx = − 45°; vB = 4.71 m/s to the

right

4.58.   The composite wheel shown in Fig. 4-61 rolls without

slipping on the horizontal plane. If the angular velocity

of the wheel is 20 rad/s clockwise, determine the

velocities of the top and bottom points of the wheel.

Fig. 4-61

Ans. vA = 10.5 m/s to the right, vB = 4.5 m/s to the left

4.59. The wheel in Fig. 4-62 moves such that its center has

a velocity of 4 m/s horizontally to the right. The angular

velocity of the wheel is 4 rad/s clockwise. Determine the

velocity of the points P and Q.



Fig. 4-62

Ans. vP = 5.32 m/s, θx = 25.0°; vQ = 0

4.60.   The composite wheel A in Fig. 4-63 rolls without

slipping on the horizontal plane. The cord wrapped

around the axle is attached to the weight C as shown.

The velocity of C changes uniformly from 0.6 m/s

downward to 1.8 m/s downward in 2 s. Determine the

angular displacement of A during the interval.



Fig. 4-63

Ans. θ = 8 rad clockwise

4.61.   The cylinder C shown in Fig. 4-64 is 500 mm in

diameter and rolls without slipping on the horizontal

plane. The pulley B is frictionless. If the displacement

of A is 100 mm down, what is the angular

displacement of C?

Fig. 4-64

Ans. θ = 0.4 rad clockwise

4.62.   In the preceding problem, the velocity and

acceleration of A are 100 mm/s and 50 mm/s2,

respectively. What are the angular velocity and angular

acceleration of the cylinder C?

Ans. ω = 0.4 rad/s clockwise, a = 0.2 rad/s2 clockwise

4.63.   Weight W in Fig. 4-65 is suspended from the pulley,

which turns in frictionless bearings. As the pulley

turns, the cord AB from the axle of the cylinder is

wrapped upon the pulley. The weight descends from



rest with a constant acceleration of 4.8 m/s2.

Determine the displacement, velocity, and

acceleration of the center O of the cylinder after 3 s.

Cord AB is parallel to the inclined plane.

Fig. 4-65

Ans. s0 = 21.6 m, v0 = 14.4 m/s, a0 = 4.8 m/s2

4.64.   Solve Problem 4.63 if the cord AB is unwrapping

from the top of the axle instead of the bottom. Move

the pulley so that AB is still parallel to the plane.

Ans. s0 = 3.6 m, v0 = 4.8 m/s, a0 = 1.6 m/s2

4.65.   In Fig. 4-66, valve A is actuated by the eccentric

rotating 30 rpm counterclockwise. Express the velocity

and acceleration of the valve in terms of the angle ϕ.



Fig. 4-66

Ans.  to the left,  to the

left

4.66.   Refer to Fig. 4-67. The gear rack A is stationary

whereas gear rack B has a velocity of 600 mm/s down

and an acceleration of 450 mm/s2 down. Determine

the velocity of the gear center O, the acceleration of

the gear center, and the acceleration of the contact

point C on the gear.



Fig. 4-67

Ans. v0 = 0.3 m/s down, a0 = 0.225 m/s2 down, aC =

1.0 m/s2 at θx = 207°

4.67.   In Fig. 4-68, the upper plate is moving to the right

with a speed of 3 m/s and a linear acceleration of 1.2

m/s2. The lower plate is also moving to the right, with

a speed of 1.5 m/s and a linear acceleration of 0.9

m/s2. What are the angular velocity and acceleration

of the 1.2-m-diameter disk? There is no slip between

the disk and the plates.



Fig. 4-68

Ans.  clockwise,  rad/s2 clockwise

4.68.   Solve Problem 4.67 if the lower plate moves to the

left with a speed of 1.5 m/s and an acceleration of 0.9

m/s2.

Ans.  rad/s clockwise,  rad/s2 clockwise

4.69.   In Fig. 4-69, the disk rolls without slipping on the

horizontal plane with an angular velocity of 10 rpm

clockwise and an angular acceleration of 6 rad/s2

counterclockwise. The bar AB is attached as shown.

The line OA is horizontal. Point B moves along the

horizontal plane shown. Determine the velocity and

acceleration of point B for the position shown.



Fig. 4-69

Ans. vB = 1.1 m/s to the right, aB = 7.47 m/s2 to the

left

4.70.   The 2.4 m bar AB in Fig. 4-70 is connected by a

frictionless pin at B to the 1.2-m-diameter cylinder,

which is rolling with constant center velocity 3.6 m/s

down the plane inclined 30° with the horizontal. The

end A slides on the frictionless plane, which makes an

angle of 60° with the horizontal. For the position

shown with the bar horizontal, determine the angular

velocity and acceleration of the bar.



Fig. 4-70

Ans. ω = 6.0 rad/s clockwise, a = 62.4 rad/s2

counterclockwise

4.71.   The crank OB in Fig. 4-71 is rotating with constant

angular velocity 6 rad/s clockwise. Disk C rolls without

slipping inside the fixed circle. Determine (a) the

angular velocity of disk C and (b) the acceleration of

point P in the position shown, where crank OB is

horizontal and P is the top point on disk C.

Fig. 4-71



Ans. (a) ωC = 18 rad/s counterclockwise, (b) aP = 102

m/s2 at θx = 252°

4.72.   A bead moves along a rod such that r = 0.5t2. At the

same time, the rod moves such that θ = t2 + t.

Determine the radial and transverse components of

the velocity and acceleration of the bead at time t = 2

s. Assume that r is in meters.

Ans. vr = 2 m/s, vθ = 10 m/s, ar = − 49 m/s2, aθ = 24

m/s2

4.73.   A rod is rotating in a horizontal plane at a constant

rate of 2 rad/s clockwise about a vertical axis through

one end. A washer is sliding along the rod with a

constant speed of 1.2 m/s. Determine the radial and

transverse components of the acceleration at the

instant when the washer is 600 mm from the vertical

axis.

Ans. ar = -2.4 m/s2, aθ = 4.8 m/s2

4.74.   In Fig. 4-72, the ball P moves with a constant

velocity 2 m/s down along the smooth slot cut as

shown in the disk rotating with angular velocity 3 rad/s

clockwise and angular acceleration 8 rad/s2

counterclockwise. Determine the acceleration of P in

the position shown.



Fig. 4-72

Ans. a = 14.9 m/s2, with θx = 171°

4.75.   A particle moves with speed 600 mm/s around the

circumference of a 1200-mm-diameter disk that is

rotating in the opposite direction with angular velocity

of 2 rad/s (clockwise). See Fig. 4-73. The disk has

angular acceleration 4 rad/s2 clockwise. Determine the

acceleration of the particle in the position shown.



Fig. 4-73

Ans. a = 2.47 m/s2 with θx = 256°

4.76. A bug moves with constant speed v along the

circumference of a disk of radius r. The disk rotates in

the opposite direction with constant angular velocity ω

rad/s. What is the absolute acceleration of the bug?

Ans. (v - rω)2/r

4.77.   A bug moves with constant speed v along a radius r

of a disk rotating with constant angular velocity ω.

What is the absolute acceleration of the bug as it

reaches the rim of the disk?

Ans. 

4.78.   In Fig. 4-74, member AD slides inside a collar pinned

to PC at P, which is at a fixed distance from C. If M is

the fixed point on the member AD coincident with P at

the instant considered, then the velocity and

acceleration of P relative to M are horizontal.



Determine the angular velocity and acceleration of

member CP.

Fig. 4-74

Ans. ωCP = 10 rad/s counterclockwise, αCP = 75 rad/s2

counterclockwise

4.79.   In Fig. 4-75, member CD slides inside a collar pinned

to AP at P, which is a fixed distance from A. In this

problem, M is the point in CD that is coincident with P;

thus, the velocity and acceleration of P relative to M

are along the line CD. Determine the angular velocity

and acceleration of member CD.



Fig. 4-75

Ans. ωCD = 6.4 rad/s counterclockwise, αCD = 13.4

rad/s2 counterclockwise

4.80. The rod AB in Fig. 4-76 is pinned at B and rests on the

200-mm-radius wheel. The wheel rolls without slipping

with an angular velocity of 12 rad/s clockwise and an

angular acceleration of 3 rad/s2 counterclockwise. What

are the angular velocity and acceleration of rod AB?

Fig. 4-76



Ans. ω = 1.6 rad/s clockwise, α = 19.7 rad/s2

counterclockwise

4.81.   Two rods AB and CD in Fig. 4-77 rotate about A and

D, respectively. The 750-mm rod is free to slide in a

collar at B and is pinned at C. If the angular speed of

AB is constant at 10 rad/s clockwise and the angular

speed of CD is constant at 8 rad/s counterclockwise,

what are the angular speed and acceleration of the

750-mm rod?

Fig. 4-77

Ans. ω = 0.353 rad/s clockwise, α = 0.78 rad/s2

counterclockwise



Dynamics of a Rigid

Body in Plane Motion

5.1 VECTOR EQUATIONS OF PLANE

MOTION

In Section 4.1, plane motion of a rigid body was defined as

that motion in which every point in the body remains at a

constant distance from a fixed plane. In the case of kinetics1

of a rigid body, there is a further condition, namely, the

body shall have a plane of symmetry. This is more restrictive

than necessary, but it does simplify the moment equation.

The vector equations of plane motion can be written as



A right-hand set of coordinate axes is assumed in the

above vector equations. This means that if the x and y axes

are chosen positive to the right and up, then

counterclockwise rotation must be chosen positive to be

consistent with the right-hand system. Problem 5.1

illustrates this point.

5.2 SCALAR EQUATIONS OF PLANE

MOTION

The moment equation in the preceding section may be

simplified by the proper choice of the reference point O. One

such choice is to use the mass center as O. Then  and  are

zero. With this choice, the scalar equations of plane motion

are

Note that the moment equation can also be written as 

, provided that the point O is a point whose

acceleration either is zero or is directed through the mass

center of the body.



Note also that the component of a force acting in the

same direction as that chosen for the mass center

acceleration is assigned a positive sign (if opposite in sense,

it should be assigned a negative sign). Similarly, moments

of forces are considered positive if they have the same

sense as that assigned to the angular acceleration a.

It will be seen that translation and rotation are special

cases of plane motion.

EXAMPLE 5.1 The cylinder with a center groove in Fig.

5-1 weighs 400 N and has dimensions R = 80 cm and r

= 40 cm with a radius of gyration k = 50 cm. A rope is

wrapped around the groove. If P = 200 N, determine the

acceleration α of the cylinder. Assume no slipping at the

surface.

Fig. 5-1

SOLUTION: The free-body diagram is sketched and Eqs.

5.1 and 5.2 are applied with 



We have used I = mk2 and a = - rα (the moment

equation assumes that α is positive counterclockwise, as

shown). From the force equation, we find F = 200 -

40.8a. Substitute this into the moment equation and

find a = 5.29 m/s2.

5.3 SUMMARY OF THE EQUATIONS

A pictorial representation of the equations can be used to

emphasize that plane motion is a combination of translation

and rotation. The drawing in Fig. 5-2 shows an object with all

external forces acting on it equated to the object with the

effective forces  and with the moment  of the effective

forces. It is apparent that  and 

Keep in mind that moments are taken relative to the mass

center G, which is usually obvious from the geometry of a

body.



Fig. 5-2 An object being subjected to forces.

5.4 TRANSLATION OF A RIGID BODY

Translation of a rigid body is defined as the motion in which

all particles of the body have the same acceleration. Then,

the scalar equations of Eq. (5.3) become

EXAMPLE 5.2 A 22.7-kg door is supported on rollers A

and B resting on a horizontal track, as shown in Fig. 5-3.



A constant force P of 45 N is applied. What will be the

velocity of the door 5 s after starting from rest? What

are the reactions of the rollers? Assume that roller

friction is negligible.

Fig. 5-3

SOLUTION: The acceleration ax is assumed to be in the

x direction in the free-body diagram shown in Fig. 5-4.

Apply the equations (5.4) to obtain the following:

Fig. 5-4



From (1), ax = 1.98 m/s2. Since ax is constant, the

equation involving the known quantities v0, a, t, and the

unknown v should be used:

Solve (2) and (3) simultaneously to obtain FA = 105 N

and FB = 117 N.

5.5 ROTATION OF A RIGID BODY

Rotation of a rigid body about a fixed axis is defined as the

motion in which all particles along the fixed axis are at rest

and all other particles of the body move on circular paths

with centers along the axis of rotation.

(a) If a body has a plane of symmetry and rotates about a

fixed axis perpendicular to this plane, then, from Sec. 5.2,

the scalar equations of motion of the body under the action

of an unbalanced force system are



This type of rotation is called noncentroidal rotation.

(b) If the rotation is about a fixed axis through G (i.e., if G

and O coincide), then  and moments are taken about

the mass center. The equations of motion, again from Sec.

5.2, become

This type of rotation is called centroidal rotation.

EXAMPLE 5.3 A 75-kg solid cylinder rotates from rest in

frictionless bearings under the action of a mass of 7.5

kg carried by a rope wrapped around the cylinder, as

shown in Fig. 5-5(a). If the diameter is 900 mm, what

will be the angular velocity of the cylinder 2 s after

motion starts?



Fig. 5-5

SOLUTION: Free-body diagrams of the cylinder and the

mass are shown in Fig. 5-5(b). Note that the tension T in

the rope is common to both diagrams.

To determine the angular velocity ω after 2 s, it is

necessary to find the angular acceleration α. The only

equation necessary for the cylinder is the moment

equation:

The subscript AB means with respect to the axis AB.

Then,

Since both tension T and angular acceleration a are

unknown, another equation is required. Write the

equation of motion of the mass by summing forces in

the vertical direction:

Substituting  into (2),



Solve (1) for T = 16.88α and substitute into (3) to obtain

α = 3.63 rad/s2. Then, after 2 s, we find ω :

5.6 CENTER OF PERCUSSION

The center of percussion is that point P on the n axis in Fig.

5-6 through which the resultant of the effective forces acts.

It is at a distance q from the center of rotation O. The

distance q is given by



Fig. 5-6 The center of percussion P.

5.7 INERTIA FORCE METHOD FOR

RIGID BODIES

In Chapter 3, D’Alembert’s principle was applied to particles

in motion. Similarly, D’Alembert’s principle can be applied to

rigid bodies in motion. In the case of rigid body motion, not



only must a force equal and opposite to  be applied to the

body at the center of mass, but also a couple equal and

opposite to  must be applied to the free body. In Fig. 5-7,

then, the reversed effective force and the reversed effective

couple will balance out the external forces and couples.

Fig. 5-7 An object in equilibrium with “force”  and

“moment” .

Hence,

The advantage of the inertia force method, based on

D’Alembert’s principle, is that it converts a dynamics



problem into an equivalent problem in equilibrium. This

allows moments to be conveniently taken about any axis,

not only the centroidal axis.

The mass moments of inertia I are displayed in Table 5-1

for three common shapes. These are the shapes most often

used in problems. Moments of inertia for areas and masses

are also included in Appendix B.

Table 5-1 Mass Moments of Inertia



SOLVED PROBLEMS

GENERAL PLANE MOTION

  5.1.   A vertical ring of negligible mass and radius r has

attached to it three small masses, as shown in Fig. 5-

8(a). What is the angular acceleration immediately

after the ring is placed on a horizontal plane? Assume

no angular velocity and that sufficient friction exists so

that there is no slipping.

Fig. 5-8

SOLUTION

The free-body diagram in Fig. 5-8(b) shows the

reactions between the ring and the plane (a normal

force N and a frictional component F). A set of axes

through the geometric center O of the ring is shown.

The total gravitational force, which acts through the

mass center G of the three masses in Fig. 5-8(a), is

4mg. Note that the coordinates of G are



No slipping is assumed so the ring rotates about the

bottom point, and thus the geometric center O has

acceleration components

To be consistent with the sense of aO, shown acting

to the right in Fig. 5-8(b), α must be shown acting

clockwise. The moment equation is given in vector

form in Sec. 5.1. In scalar form, this becomes

This equation is based on a right-hand set of axes with

α positive in the counterclockwise direction. In using

the equation, we must substitute -α for α because we

assumed its sense to be clockwise.

Using the free-body diagram, the equations of

motion are, recognizing that aOy = 0,

The moment equation becomes, recalling that 

Using  the moment equation becomes, using 



  5.2.   A 300-kg cylinder with a 750-mm diameter rolls

without slipping down a plane inclined at an angle of

25° with the horizontal. Determine the friction force F

and the acceleration of the mass center.

SOLUTION

Figure 5-9 shows the force system acting on the

cylinder. Considerable difficulty is usually experienced

in indicating the direction of the friction force F. (Force

F may have any value between - μN and μN.) In this

case, the friction must act up the plane; otherwise, the

cylinder would slip down the plane. Also, friction is the

only force that has a moment about the mass center,

and therefore it is the force causing the angular

acceleration 

Fig. 5-9

Choose the x axis parallel to the plane, with the

positive direction down. The y axis is positive up. The



moment of inertia—from Table 5-1—is

The equations of motion are   and 

 Substituting values, these become

These three equations involve four unknown

quantities; hence, another equation in the unknowns is

needed. Since this is an example of rolling, we shall

use

Substitute  into Eq. (3) to obtain .

Substitute  into Eq. (1) to obtain  ∴

F = 415 N

  5.3.   The center of a cylinder having a mass of 18 kg and

600 mm in diameter is moving at a certain instant with

a speed of 3 m/s up a plane inclined 20° with the

horizontal (see Fig. 5-10). How long will it take to reach

the highest point of its travel?



Fig. 5-10

SOLUTION

The free-body diagram shows the friction F acting up

the plane. Here, as in Problem 5.2, friction is the only

force with a moment about the mass center. It

therefore causes the angular acceleration, which must

be counterclockwise. Note that the angular velocity ω

is clockwise until the cylinder stops at its highest point.

Of course, on the way down the α and ω will be in the

same direction—counterclockwise.

The equations of motion are  and 

 Substitute values to obtain the following

equations (assume the wheel is a cylinder, so that 



As in Problem 5.1,  From (3), 

Substitute into Eq. (1) to obtain  The value

of  is positive, i.e., down the plane.

To determine the time to come to rest, i.e., to reach

its highest point after the initial speed of 3 m/s was

observed, apply the kinematics scalar equation 

Keep in mind that the downward direction is

positive. The final speed v is zero, the initial speed ν0

is up the plane and is therefore −3 m/s. The

acceleration  is down the plane and is therefore 2.23

m/s2. Then

  5.4.   Analyze the motion of a homogeneous cylinder of

radius R and mass m that is acted upon by a horizontal

force P applied at various positions along a vertical

axis, as shown in Fig. 5-11. Assume movement upon a

horizontal plane.

Fig. 5-11



SOLUTION

The free-body diagram shows the force P applied at a

distance h above the center. Assume F acts to the left.

The equations of motion are

Note that P must be greater than F for motion to ensue

to the right. Is it possible for motion to occur with

friction F equal to zero? Let’s answer that question.

Substitute  into Eq. (3) to obtain

Divide Eq. (4) by  to obtain

Equating the left-hand sides of Eqs. (5) and (1),

It is evident that F will be zero if the term 1 - 2h/R is

zero, i.e., if  Thus, if the force P is applied at a

point one-half the radius above the center, the

frictional force F is zero.

Also note that if h = R, the equation becomes 3F =

P(1 - 2R/R) = -P. The friction has now reversed itself



and acts to the right. With  Eq. (3) becomes, for

the case where h = R,

This indicates that α is positive or the cylinder rolls to

the right.

Next assume that h becomes smaller until finally P

is applied through the mass center, where h is zero.

Under these conditions, 3F = P[1 - (2 × 0)/R] = P.

Naturally, at any time in the previous discussion, if

P becomes too large, F will tend to increase. As soon

as the maximum possible value of the friction is

exceeded, the cylinder will slip. A new assumption

must then be made, namely, that the friction F is now

equal to the product of the coefficient of friction and

the normal force N. The equations of motion are then

These equations indicate the existence of both sliding

(linear acceleration  and rolling (angular acceleration

α). Refer to Problems 5.6 and 5.22.

  5.5.   A homogeneous sphere with a mass of 20 kg has a

peripheral slot cut in it, as shown in Fig. 5-12. A force

of 40 N is exerted on a string wrapped in the slot. If

the sphere rolls without slipping, determine the

acceleration of its mass center and the frictional force

F. Neglect the effect of the slot.



Fig. 5-12

SOLUTION

Assume rolling to the right. The angular acceleration

will be clockwise, and the mass center acceleration will

be to the right. Assuming that friction acts to the left,

the equations of motion are

Since  the second equation may be rewritten

Combine this with Eq. (1) to get

  5.6.   The coefficient of friction between a plane and the

homogeneous sphere, of mass 8 kg is 0.10, as shown



in Fig. 5-13. Determine the angular acceleration of the

sphere and the linear acceleration of its mass center.

Fig. 5-13

SOLUTION

Draw a free-body diagram showing the frictional force

F as unknown. At the beginning, it is not known

whether the sphere will slip; therefore determine F to

see whether it is greater than μN, that is, 0.10N. If it is

greater, this means that not enough friction is

available and both rolling and sliding occur.

The equations of motion are (obtain  from Table 5-

1)

Note that α is assumed counterclockwise; hence, 

must be positive down the plane. Also, 

From (1), ; from (2),  Hence, 

and F = 11.2 N.



By inspection N = 78.4 cos 30° = 67.9 N. Maximum

friction available is  But the F to

prevent sliding (or cause rolling) is 11.2 N. This means

that the problem must be reworked using the

maximum friction available, namely 6.79 N instead of

F. The relation  will no longer hold. Incidentally,

we are also assuming that the coefficients of static and

kinetic friction are equal.

Draw a new free-body diagram (see Fig. 5-14). The

equations of motion are

Fig. 5-14

Hence,  and  The sphere will

both roll and slip.

  5.7.   The cord passes over a massless and frictionless

pulley, as shown in Fig. 5-15(a), carrying a mass m at

one end and wrapped around a cylinder of mass 2m



that rolls on a horizontal plane. What is the

acceleration of the mass m?

Fig. 5-15

SOLUTION

The free-body diagrams are shown in Fig. 5-15(b) and

(c). Note that the magnitude of the acceleration a1 of

m does not equal the magnitude of the acceleration 

of the center of gravity of the cylinder.

The following Eqs. (1) and (2) apply to the cylinder,

and Eq. (3) applies to the mass m:

Substitute  for a in Eq. (2) and divide through by r to

obtain

Add (4) to (1) to obtain



This may be solved simultaneously with (3) if the

relation between  and  is obtained. The horizontal

component of the acceleration of the top point of the

cylinder is equal to the sum of the acceleration  of the

center and the product ra. In this case, assuming pure

rolling, ra is equal to  by kinematic considerations.

Hence, the acceleration of the top point, which is the

same as the acceleration a1 of the mass m, is 

From (5),  Substituting into (3) and

solving,

  5.8.   A wheel with a groove cut in it as shown in Fig. 5-

16(a) is pulled up a rail inclined 30° with the horizontal

by a rope passing over a pulley and supporting a 40-kg

object. The wheel has a mass of 50 kg and has a

moment of inertia  equal to 6 kg ⋅ m2. How long will it

take the mass center to attain a speed of 6 m/s

starting from rest?

Fig. 5-16



SOLUTION

The free-body diagrams for the wheel and the weight

are shown in Fig. 5-16(b). Note that tension T in the

rope is not 392 N, because the weight is accelerating.

The necessary equations for the object and the wheel

are

Since  Eq. (3) may be written

Putting F in (2) gives

Putting T in (1) gives

To find the time required to attain a speed of 6 m/s

from rest, apply the kinematics equation:

  5.9.   Assuming the pulley in Fig. 5-17 to be massless and

frictionless, determine the smallest coefficient of static

friction that will cause the cylinder to roll. For the

cylinder, M = 70 kg and kO = 400 mm. Refer to Fig. 5-

17(a).



Fig. 5-17

SOLUTION

Draw free-body diagrams of the cylinder and weight as

shown in Fig. 5-17(b) and (c). Assume that the cylinder

is rolling up the plane. Since pure rolling is called for,

the relation  holds. (Acceleration a1 is the same

as the component of the acceleration of point A

parallel to the plane.) By kinematic considerations, 

 Dealing with components parallel to the

plane, the component of aA/O = OA × α = 0.45α down

the plane since α is clockwise. The value of  up

the plane. Hence,  up the plane.

The equations of motion may now be written. The

moment of inertia for the cylinder is 

But  and  as has been shown. Eliminate

F between (2) and (3) to obtain



Solve this simultaneously with (1) to find 

and T = 365 N. Hence,  By inspection 

 Thus, the required coefficient of

friction μ = 196/594 = 0.33.

Note that in this problem the cylinder will roll down

the plane and the 35-kg mass will ascend since both α

and a1 are negative.

5.10. In Fig. 5-18, the homogeneous 200-kg sphere rolls

without slipping on a horizontal surface. Determine the

acceleration of the mass center and the friction

needed.

Fig. 5-18

SOLUTION

Assume that the sphere rolls to the left and that the

friction force F is also to the left. By inspection, N =

200 × 9.8 = 1960 N. The equations of motion are



Using , these equations yield  and F

= -828 N.

Thus, the sphere will roll to the right and the friction

is to the right, instead of the direction originally

assumed.

5.11. Assume that disk A in Fig. 5-19 rolls without slipping.

Determine the tensions in the ropes and the

acceleration of the mass center of disk A.

Fig. 5-19

SOLUTION

Draw free-body diagrams of A, B, and C. See Fig. 5-20.

Assume in the diagrams that C moves down the plane

and that A rolls up the plane. The following kinematic

ideas are needed to solve the problem. First, 

Second, the acceleration of rope T1 equals that

component of the acceleration of point D (on disk A)



that is parallel to the plane. This component has a

magnitude that is the sum of the acceleration relative

to the mass center (0.3 × αA) and the acceleration  of

the mass center. Therefore, the acceleration of T1 is 

 Since this is also the acceleration of a point 0.6 m

from the center of B,  The

acceleration of T2 is equal to that of .

Fig. 5-20

The equations of motion for A are

The equation of motion for B is

The equations of motion for C parallel and

perpendicular to the plane are



Solve (5) for NC ; substitute this into (4). Solve (4) for

T2 in terms of  Eliminate FA between (1) and (2) to

find T1 in terms of  Substitute these values of T1 and 

 into (3) to find  We find that NC = 942 N and

Substitute into (3) to obtain  Then 

 and 

5.12. A solid homogeneous 293-kg cylinder rolls without

slipping on the inclined rails shown in Fig. 5-21.

Determine the mass center acceleration.

Fig. 5-21

SOLUTION

Draw the free-body diagram, assuming that the

cylinder rolls up the plane. Note that  in

this case. The equations of motion are



Solve simultaneously to obtain  This

indicates that the cylinder will roll down the plane.

5.13. A uniform bar of length  and mass m rests on smooth

surfaces as shown in Fig. 5-22. Find an expression for 

 if  at  Choose the x axis along the

horizontal surface and the y axis along the vertical

surface.

Fig. 5-22

SOLUTION

The free-body diagram shows only normal reactions of

the surfaces on the bar, because friction is negligible



(the surfaces are smooth). The equations of motion are

Note that  for the rod about its mass center is 

(see Table 5-1), and that a is the second derivative of θ

with respect to time.

Since the three equations contain five unknowns,

two more equations in the unknowns are required to

obtain a solution. The geometry of the figure indicates

that

Then,

Differentiate again to obtain

These values will be substituted for  and  in the

original equations. However, it is good to substitute

first the values  and  from (1) and



(2), respectively, into (3). Thus, (3) becomes, after

dividing all terms by 

Next substitute the values of  and  just determined

and simplify to obtain

Recognizing that dθ/dt = ω, we can write 

 Then,

The angular speed ω is found to be

5.14. Figure 5-23(a) shows a 3.6-m, 90-N ladder restrained

in a 60° position. The floor and the wall are smooth. If

the ladder is suddenly released and the top is given a

speed of 0.9 m/s down, what will be the reactions of

the floor and the wall on the ladder at the moment

immediately following release?



Fig. 5-23

SOLUTION

The free-body diagram in Fig. 5-23(b) shows the

angular acceleration a assumed counterclockwise.

Using the instant center C, the angular velocity is 

The acceleration of the mass center G will be

written referring to the acceleration of both A and B:

The quantities on the right-hand sides of (1) and (2)

have the following information:

(a) (aG/A)t is 1.8α down to left at 30° with horizontal.

(b) (aG/A)n is 1.8(0.5)2 = 0.45 down to right at 60°

with horizontal.

(c) aA is horizontal.



(d) (aG/B)t is 1.8α up to right at 30° with horizontal.

(e) (aG/B)n is 1.8(0.5)2 = 0.45 up to left at 60° with

horizontal.

( f ) aB is vertical.

From (1), where aA has no vertical component, we sum

vertically to get

(g) (aG)y with components 1.8a sin 30° down and

0.45 cos 30° down or (0.9α + 0.39) down

From (2), where aB has no horizontal component, we

sum horizontally to get

(h) (aG)x with components 1.8a cos 30° right and

0.45 cos 60° left or (1.56α - 0.225) right.

The equations of motion are

From these, we find

Substitute these values into (5) and solve for α = 2.64

rad/s2 counterclockwise.

Hence, FA = 64.6 N up and FB = 35.8 N to the right.

5.15. A homogeneous right circular cone is precariously

balanced on its apex in unstable equilibrium on a

smooth horizontal plane, as shown in Fig. 5-24(a). If it

is disturbed, what is the path of its center of mass G?



Fig. 5-24

SOLUTION

Draw a free-body diagram to indicate the cone in any

position while falling [see Fig. 5-24(b)]. Note that there

is no horizontal force present (no friction assumed).

Then the sum of the horizontal forces is zero. But the

sum of the horizontal forces equals the product of the

cone’s mass m and the horizontal acceleration  of

the mass center. Since there is a mass, the product 

can be zero only if  is zero.

If the initial horizontal speed is zero and the value

of  is zero, the center of mass G can only have

motion in a vertical line passing through the point

where the apex of the cone was in its original

undisturbed position.

5.16. Two homogeneous cylindrical disks are rigidly

connected to an axle, as shown in Fig. 5-25. Each disk

has a mass of 7.25 kg and is 900 mm in diameter. The

axle is 200 mm in diameter and has a mass of 9 kg. A

string wrapped as shown exerts a force of 45 N at the



middle of the axle. Determine the acceleration of the

mass center of the object.

Fig. 5-25

SOLUTION

A free-body diagram is shown indicating only a side

view (see Fig. 5-26). Friction F is assumed acting to the

left. The equations of motion are

Fig. 5-26



The moment of inertia  is the sum of the moments

of inertia of the two disks and the axle:

Substituting these values, (1), (2), and (3) become

Since  where the distance from the center of

rolling to the surface on which the rolling occurs is

0.45 m, (6) may be written

Add this equation to (4) to obtain  to the

right.

5.17. A homogeneous sphere and a homogeneous cylinder

roll, without slipping, simultaneously from rest at the

top of an inclined plane to the bottom. Which reaches

the bottom first?

SOLUTION

It is likely from the wording of the problem that the

radii of the solids have no influence. Let the subscripts

s and c refer to the sphere and cylinder, respectively.

The free-body diagram shown in Fig. 5-27 refers to

either solid. The equations of motion are listed below.

The moments of inertia for the sphere and cylinder

are, from Table 5-1, 



Fig. 5-27

Thus, the sphere, having the larger acceleration,

will reach the bottom first, or the object with the least

mass moment of inertia.

5.18. A cylinder 100 mm in diameter has a cord wrapped

around it at the midsection as shown in Fig. 5-28.

Attach the free end of the cord to a fixed support and

allow the cylinder to fall. Find the acceleration of the

mass center.



Fig. 5-28

SOLUTION

Two equations—one summing the forces in the vertical

direction assuming downward as positive and the

other summing moments about the mass center

assuming clockwise moments as positive—are useful

here:

Refer to Fig. 5-28. Force F is the tension in the cord.

The moment of inertia  where r = 0.05 m. Also,

 since the motion is equivalent to rolling the

cylinder on the cord. Equation (2) becomes

Substitute this value of F into (1) to obtain 

The yo-yo works on this principle. It is designed so

that  is much smaller than g. This occurs if the

cylinder is grooved so that F is applied at a smaller

radius than that of the cylinder.



5.19. A solid sphere and a thin hoop of equal masses m and

radii R are harnessed together by a rigging and are

free to roll without slipping down the inclined plane

shown in Fig. 5-29(a). Neglecting the mass of the

rigging, determine the force in it. Assume frictionless

bearings.

Fig. 5-29

SOLUTION

Draw free-body diagrams assuming that C is the

compression in the rigging [see Fig. 5-29(b)]. If the

sign should be negative, this merely indicates that C is

tension. Let the subscripts S and H indicate sphere and

hoop, respectively. The acceleration  is the same for

either mass center; and since the radii are equal, the

angular acceleration a for each is the same. Sum

forces parallel to the plane to obtain the following two

equations:

Since there are four unknowns (FS , FB , C, ), two

more equations are necessary. These are obtained by



taking moments about the mass centers:

The relation  holds for either equation. From

(3) and (4),  and  Substitute these

values into Eqs. (1) and (2); then add the resulting

equations to eliminate C and obtain  Next

solve for  (compression).

5.20. At what height above the table should a billiard ball of

radius r be hit with a cue held horizontally so that the

ball will start moving with no friction between it and

the table? Refer to Fig. 5-30.

Fig. 5-30

SOLUTION

The equations of motion are



Since  (3) reduces to  Substitute this

value of P into (1) to obtain  In other words, the

proper distance above the table is 

The same procedure is used to find the proper

height of the cushion on a billiard table so that the ball

rebounds without causing any friction on the table. In

this case the force P of the cushion takes the place of

the force of the cue. Of course, the answer is the

same.

5.21. A solid 732-kg cylinder rolls without slipping on the

inside of a curved fixed surface. At the position shown,

the speed of the mass center of the cylinder is 2.7 m/s

down to the right. What is the reaction of the surface

on the cylinder at the position shown?

SOLUTION

Draw a free-body diagram showing the reaction

components F and N. See Fig. 5-31(a). Figure 5-31(b)

illustrates the position of the cylinder needed to obtain

the kinematic relationship necessary to solve the

problem. Note that as the cylinder rolls up to the left, ϕ

and θ increase as indicated. Hence, assume that the

angular acceleration of the cylinder is positive in the

counterclockwise direction and thus that  is positive

to the upper left.



Fig. 5-31

The equations of motion are

where  and  are the magnitudes of the components

of the acceleration of the mass center G and α is the

magnitude of the angular acceleration of the cylinder

about G. The mass center G can be considered as

rotating about the center of curvature O. Hence, 

 The tangential magnitude 

is as yet unknown.

To express α in terms of  refer to Fig. 5-31(b),

where D is the point on the cylinder originally in

contact with M. Since pure rolling is assumed, the arc



BM in the curved surface must equal the arc BD on the

cylinder (otherwise slip occurs). Let r = radius of the

cylinder and R = radius of surface.

Then  or  This relationship also

holds for the time derivatives of θ and ϕ. The second

derivative of θ with respect to time is the magnitude of

the angular acceleration a. The second derivative of ϕ

with respect to time may be found in terms of  since

center G is considered to rotate about O; that is, 

 Hence,

In this case, R = 1.5 m and r = 0.15 m; therefore 

 and the equations of motion simplify to

from which F = 11.9 N and N = 102 N.

5.22. A disk of mass m and radius of gyration k has an

angular speed ω0 clockwise when set on a horizontal

floor. See Fig. 5-32(a). If the coefficient of friction

between the disk and the floor is μ, derive an

expression for the time at which skidding stops and

rolling begins.



Fig. 5-32

SOLUTION

A free-body diagram shows the friction force μN, the

normal force N, and the gravitational force mg acting

on the disk. These will cause a mass center

acceleration  to the right and an angular acceleration

counterclockwise, as shown in Fig. 5-32(b).

The equations of motion are

Substituting  into (1) and then into (3), we

obtain

The speed  at any time t can be found from (4) to be



since  Also, the angular speed ω at any time t can

be found from (5) to be

where it is assumed that clockwise is positive.

When skidding stops and rolling occurs, 

Hence, we multiply (7) by r to obtain  which is also

given by (6). This yields the required time t′:

5.23. A uniform cylinder of radius R is on a platform that is

subjected to a constant horizontal acceleration of

magnitude a. Assuming no slip, determine a0, the

magnitude of the acceleration of the mass center of

the cylinder.

SOLUTION

The free-body diagram is shown in Fig. 5-33 with all

forces acting on the cylinder.



Fig. 5-33

The angular acceleration of the cylinder is assumed

clockwise. Point I is the instant center between the

cylinder and the platform, and therefore has an

acceleration to the right equal to that of the platform.

From kinematic concepts, we can write

Summing in the horizontal direction, this equation

yields (to the right is positive)

The equations of motion are next applied to the

cylinder:

The sign on the moment of the frictional force F is

negative because the moment is opposite to the

assumed α.

Substituting from (1) into (2), we find 

Now put this value of F into (3) to obtain 

Thus, by Eq. (1), the acceleration of the mass center is

5.24. The homogeneous bar ABC in Fig. 5-34(a) is 3 m long

and has a mass of 20 kg. It is pinned to the ground at

A and to the homogeneous bar CD, which is 2 m long

with a mass of 10 kg. Determine the angular



acceleration of each bar immediately after a

restraining wire at C is cut. Assume no friction as D

starts moving to the right on the rollers.

Fig. 5-34

SOLUTION

Figures 5-34(b) and (c) are free-body diagrams of the

two bars at the instant of release. The acceleration of

B is the same on either bar, and thus we write

The acceleration of B as a point on ABC is 2αAB, and

since it is perpendicular to the bar, it is directed to the

right and down at an angle of 30° with the horizontal.

The acceleration (aB/D)n is zero because there is no

angular velocity at the instant of release. The

acceleration (αB/D)t is to the left and down at an angle

of 30°, and equals 2αBD. Finally, note that aD can only



be horizontal. In Eq. (1), we sum the vertical

components of the accelerations with down positive

and obtain

Since this shows αAB = αBD, we shall use α for both

quantities.

Summing the horizontal components of the

accelerations in (1), with positive to the right being

used, we obtain

Writing α for both angular accelerations, we now have

aD = 3.46α to the right.

For the bar BD, we can write for its mass center G

the following acceleration:

As before, (aG/D)n is zero. The (aG/D)t = (1)α is directed

to the left and down at an angle of 30°. Of course, we

have already shown aD = 3.46α directed to the right.

Sum components horizontally in (2) to get

Sum components vertically to obtain

In Fig. 5-34(c), sum horizontally, using to the right as

positive, and sum vertically, using down as positive.

This yields



Next sum moments about G, using counterclockwise

as positive. This yields

Equation (4) yields

Use this value of D and that of Bx from (3) in (5) to get

From (6),

Sum moments about A for the free-body diagram in

Fig. 5-34(b) to obtain

Solve (6) and (7) simultaneously to find

TRANSLATION

5.25. Figure 5-35(a) shows a homogeneous bar AB that is 2

m long with a mass of 2 kg. The ends are constrained

to slide in smooth horizontal guides. Determine the



acceleration of the bar and the normal forces at A and

B under the action of the horizontal 20-N force.

Fig. 5-35

SOLUTION

The free-body diagram in Fig. 5-35(b) shows the given

force, the normal forces at A and B, and the

gravitational force 19.6 N. The acceleration is shown

acting to the right. (There is no angular acceleration.)

Assume that forces to the right are positive, forces

up are positive, and counterclockwise moments are

positive. The equations of motion are

From (1), a = 10 m/s2. Equations (2) and (3) solved

simultaneously yield NA = 17.3 N and NB = -2.3 N.

(The reactions are not in the directions assumed to be



correct. A minus sign means that the reaction acts

opposite to the direction shown, that is, NB acts up.)

5.26. A freight car starts from rest at the top of a 1.5

percent grade 1600 m long. Assuming a resistance of

40 N/metric ton, how far along the level track at the

bottom of the grade will it roll before coming to rest?

SOLUTION

On the incline the forces acting parallel to the track

are the component of the weight 0.015W and the

resistance of (40/1000 × 9.8)W = 0.0041W N. The first

accelerates the car, but the latter decelerates it. The

equation of motion is

The resulting acceleration is a = 0.0109g. The velocity

at the bottom of the grade is found from

To determine the distance s along the level, apply the

same formulas, noting that the only horizontal force

acting is a constant decelerating one (because of train

resistance), that is, -0.0041W. As before,

hence, a = -0.0041g. Also,  now becomes the value

of ν2 found above. Thus,



from which s = 4260 m along the level.

5.27. A block A rests on a cart B, as shown in Fig. 5-36. The

coefficient of friction between the cart and the block is

0.30. If A has a mass of 70 kg, determine the

maximum acceleration the cart may have.

Fig. 5-36

SOLUTION

The two possibilities to consider are (a) the

acceleration that will cause the block to slide off the

cart and (b) the acceleration that will cause tipping. In

case (a), the friction force is a maximum and is equal

to the product of the coefficient of friction and the

normal force between the cart and the block. In case

(b), the necessary friction may be (1) less than

maximum, (2) maximum, or (3) greater than

maximum. If the friction necessary to cause tipping is

greater than maximum, naturally it cannot be

obtained, and therefore the block will slide at the value

of the acceleration calculated in (a).

The free-body diagram for case (a) is shown in Fig.

5-37. Note that the normal force N is applied at some

unknown point in this representation. The friction is



shown acting to the right, since the cart is being

accelerated to the right and pulls the block with it

because of friction. Only two equations are necessary:

Fig. 5-37

From Eq. (2), N = 686 N. Equation (1) becomes

Acceleration above 2.94 m/s2 will cause the block to

slide.

The free-body diagram for the case of tipping is

shown in Fig. 5-38. In this case tipping impends about

the back edge of the block. Therefore the normal and

frictional forces are shown there. Note that F is not

placed equal to 0.30N. The limiting value of friction is

used only if slipping impends, as in case (a). The

equations are



Fig. 5-38

These become

From (7), N = 686 N. Substituting into (8), F = 172 N.

Substituting F = 172 N into (6), ah = 2.46 m/s2.

Thus at an acceleration of 2.46 m/s2 the block tends

to tip. Since at this acceleration the force of friction is

172 N, which is less than the limiting value (0.30 ×

686 N), the tipping will occur before sliding can exist.

Or, looking at the problem slightly differently, an

acceleration of 2.46 m/s2 will cause tipping, whereas

an acceleration of 2.94 m/s2 will cause sliding. Since

the acceleration 2.46 m/s2 is reached first, tipping will

occur before sliding.



It can be deduced directly from Eq. (8) that tipping

will occur first, since the ratio of F to N in this case is

0.25, which is less than the maximum ratio of 0.30.

5.28. A 60-kg operator is standing on a spring scale in a

600-kg elevator that is accelerating 6 m/s2 up. What is

the scale reading and what is the tension in the

cables?

SOLUTION

Figure 5-39 shows the free-body diagram of the 60-kg

elevator operator, with the gravitational force acting

down and the scale force P acting up. Because the

acceleration is up, we shall assume that direction is

positive. The equation of motion for the operator is

Fig. 5-39

From this, the scale reading P = 948 N. Thus, there is

an apparent increase in the mass of the operator of

(948/9.8) - 60 = 36.7 kg.



To determine the tension T in the cable, draw the

free-body diagram as shown in Fig. 5-40. If we call the

up direction positive, the equation of motion for the

elevator and the operator is

Fig. 5-40

5.29. Block B is accelerated along the horizontal plane by

means of a mass A attached to it by a flexible,

inextensible, massless rope passing over a smooth

pulley, as shown in Fig. 5-41. Assume that the

coefficient of friction between B, which has a mass of 2

kg, and the plane is 0.20. Find the acceleration of A if it

has a mass of 1.2 kg. Also, find the location of the

normal force.



Fig. 5-41

SOLUTION

Draw the free-body diagrams of A and B (see Fig. 5-

42). Note that the force N is shown acting at a distance

x from the vertical line through the mass center of

block B. Assume the acceleration of block B is to the

right as shown.

Fig. 5-42

Sum the vertical forces acting on block A (assume

down is positive to agree with the arrow on the

acceleration vector) to obtain



By inspection of the diagram for block B, N = 2 ×

9.8 = 19.6 N. Sum the horizontal forces on block B (to

the right is positive) to obtain

Equations (1) and (2) yield a = 2.45 m/s2.

The sum of the moments of the force about the

mass center of B is equal to zero since B is not

rotating. Thus, with counterclockwise moments being

positive, the equation is

Substituting the values of T, F, and N into (3), the

value of x = -97.5 mm. The minus sign indicates that

the force N is acting to the right of the mass center

instead of to the left as assumed.

5.30. Refer to Fig. 5-43. The stand A is accelerated to the

left at 2.5 m/s2. But B is pinned at P, and its top rests

against the smooth vertical surface at H. Both A and B

have masses of 30 and 7 kg, respectively. Determine

the horizontal force F and the horizontal push FH on

the top of the bar. The dimensions are shown in Fig. 5-

44.

Fig. 5-43



Fig. 5-44

SOLUTION

Taking the entire body as a free body, sum the forces

horizontally (to the left is positive) to obtain

Next draw the free-body diagram of bar B, as shown in

Fig. 5-44. The equations of motion are

From (1),  From (2),  Substituting

these in (3) gives

5.31. Both bodies A and B in Fig. 5-45 have a mass of 20

kg. A small strip is nailed to B to prevent A from sliding

while P accelerates the system to the left on the

smooth plane. Determine the maximum acceleration

without causing A to tip. If the system was moving



initially with velocity 3 m/s is to the right, what will be

its velocity after moving a total distance of 4 m?

Fig. 5-45

SOLUTION

Draw a free-body diagram of A (see Fig. 5-46). The

normal force NA is shown acting up at the extreme

right, since the block is about to tip. The equations of

motion are



Fig. 5-46

Substitute NA = 196 N from (2) into (3) to obtain F =

118 N. Substitute into (1) to find a = 5.9 m/s2.

To determine the velocity after traversing 4 m, first

consider the distance moved to the right before the

velocity becomes zero. Applying the kinematics

equation,

The remainder of the 4 m will be to the left, that is,

3.24 m. Using the same kinematics equation and

assuming the positive direction to the left, ν2 = 0 + 2

× 5.9 × 3.24. Hence, the final velocity is to the left and

equals 6.18 m/s.

5.32. Block A with mass 30 kg is located on top of a block B

with mass 45 kg, as shown in Fig. 5-47. The coefficient

of friction between the blocks is  The coefficient of

friction between block B and the horizontal plane is 

Determine the maximum value of P that will not cause

block A to slide or tip.



Fig. 5-47

SOLUTION

First determine the force P to cause A to slip on B.

Draw the free-body using friction as  between

blocks. See Fig. 5-48. The location of the reaction NA is

unknown, but is also immaterial in this solution. By

inspection, its value is 294 N. Likewise by inspection,

the reaction NB = 294 + 441 = 735 N. The other

equation of motion for body A is

Fig. 5-48

For body B, the needed equation of motion is



These equations yield a = 0.544 m/s2 and P = 114 N

(for slip of A on B).

Next draw free-body diagrams to determine the

force P to cause tipping (see Fig. 5-49). Now the

normal component NA of the reaction must be drawn

at the lower right corner. The frictional component F of

the reaction is unknown. By inspection, NA = 294 N, NB

= 735 N, and the friction at the bottom is 

Fig. 5-49

For block A, the equations of motion are

For block B, the needed equation is

Solve (1), (2), and (3) simultaneously to obtain P = 132

N.



The smaller of the two values of P, that is, 114 N, is

the maximum value that will not cause block A to slide

or tip.

5.33. Find the minimum time for the lift truck shown in Fig.

5-50 to attain its rated speed of 1.5 m/s without

causing the six cartons, 1500 mm high, to tip. Each

carton is 250 mm high with a base 400 mm on each

side. Assume sufficient friction present so that sliding

will not occur.

Fig. 5-50

SOLUTION

The free-body diagram of the cartons on the truck

indicates motion to the right. Thus, the reversed

effective force  is applied to the left through the

mass center to hold the system in “equilibrium for

study purposes.” Tipping will tend to occur about the

left lower edge. Moments about that edge yield



The maximum acceleration is thus  Since ν

= ν0 + at,

5.34. The car shown in Fig. 5-51 has a rear-wheel drive.

Fig. 5-51

(a) What force must the rear wheels exert on the

ground to cause an acceleration  to the right?

(b) Neglecting the rotational inertia effect of the

wheels, what is the maximum acceleration possible for

a given coefficient of friction m between the tires and

the pavement?

(c) Assuming sufficient friction to be available, what

acceleration is required to cause the car to start to tip

backward?

SOLUTION

(a) Apply the reversed effective force  to hold the

car in “equilibrium for study purposes.” Summing

forces horizontally,



From this equation, 

(b)   To find the maximum acceleration possible, solve

for RR. The greatest friction may be determined from F

= μRR. Take moments about RF to obtain

From this equation,

   Hence,

Substitute this value of F into  and then

solve for 

Notice that with this type of solution (using the

equations of motion as shown), moments may be

taken about a point other than the mass center

since the car is not rotating.

(c)   In this case the reaction RF on the front wheels is

zero. Sum moments about the line of contact of the

rear wheels with the ground to obtain



Hence, the acceleration to cause tipping is 

5.35. The van shown in Fig. 5-52 has a front-wheel drive. It

accelerate from 0 to 95 km/h in 13.8 s. Determine the

vertical reactions (RF and RR) on the front and rear

wheels under this acceleration and also the necessary

frictional force between the front wheels and the road.

The van’s mass is 1540 kg. Its mass center G is

located 1150 mm behind the front-wheel contact with

the road and is 775 mm above the road.

Fig. 5-52

SOLUTION

To find  use the equation  or

Hence,  Summation of the horizontal forces

yields the friction force:



Summation of the vertical forces and summation of the

moments about G yield simultaneous equations in RF

and RR:

ROTATION

5.36. The bar in Fig. 5-53 is on a smooth horizontal table. It

is pivoted at its left end about a vertical axis through

O. A horizontal force P is applied perpendicular to the

bar at its free end. Note that the mass of the bar is m,

its length is , and its angular speed is zero when the

force is applied. Determine the initial angular

acceleration a and the reaction at the axis through O.

Fig. 5-53

SOLUTION

The equations of motion are



It can be determined that

5.37. Solve Problem 5.36, but assume that the horizontal

force P is applied through the center of percussion.

SOLUTION

The arm for F is the distance q to the center of

percussion. Thus,

The equations of motion then become

The solution becomes  and Ot = 0. This means

that the tangential component of the reaction is zero if

the force passes through the center of percussion.

Batters know that a ball that hits their bat about two-

thirds of its length from their hands does not sting.

This is so because Ot equals zero or nearly so.

5.38. A bar pivoted about a horizontal axis through its lower

end is allowed to fall from a vertical position.



Determine the angular velocity and angular

acceleration.

SOLUTION

Assume that the bar is of length  and mass m. The

free-body diagram in Fig. 5-54 shows the gravitational

force mg acting down and the reactions Rt and Rn at

the point of support. The bar is assumed to be at a

position θ from the vertical rest position.

Fig. 5-54

The bar is rotating about a fixed axis under the

action of an unbalanced force system, the equations of

motion being  and 

However, in describing the motion, it will be sufficient

to determine the magnitudes of the angular velocity

and acceleration as functions of displacement θ.

Hence, the only equation needed is 



The only external force with a moment about O is

the gravitational force mg. Hence, taking clockwise

moments as positive, mgd = IOa. But 

 and  Hence,

This differential equation may be solved by noting that

The original equations  is now written

as

Integration yields  where C is the

constant of integration. To evaluate C, note that ω = 0

when θ = 0. Hence,  or  Then

This indicates a method of finding ω in terms of θ and,

of course, from (1)

5.39. A uniform bar of length  and mass m is rotating at a

constant angular velocity ω about a vertical axis

through a point at a distance a from one end. For the

position shown in Fig. 5-55, when the bar is passing

through the plane of the paper, determine the



horizontal and vertical components of the reaction of

the support on the bar.

Fig. 5-55

SOLUTION

Assume that a is less than one-half the length. The

gravitational force is mg, and the horizontal and

vertical components of the bearing reactions are

shown acting on the rod. Since the angular speed ω is

constant, the magnitude α of the angular acceleration

(about the vertical axis) is zero. Hence, there are no

forces acting that have moments about the vertical

axis. This conclusion should be evident from the scalar

equation 

Also the equations of motion (

and ) do not apply to the body as a whole,

since the rod is rotating about an axis that is not

perpendicular to the plane of symmetry of the rod.



Consider the bar to be composed of a series of thin

pieces, each moving with an angular velocity ω about

the vertical axis and at a distance r from the axis. From

Fig. 5-56,

Fig. 5-56

Each differential mass is moving on a circular path

(radius ρ). Hence, a normal acceleration an exists

toward the axis along ρ. A normal force dF

accompanies this acceleration an (dF = dm × an). The

sum of all such normal forces (all horizontal) must be

the horizontal bearing reaction Rh on the bar. Since in

the position shown the longer length of the bar is to

the right of the axis, the normal forces directed to the

left will be greater than those acting to the right.

Hence, the reaction Rh that supplies these normal

forces acts to the left.



The normal force on the particle dm shown in the

figure acts toward the axis, i.e., to the left, which

means in a negative direction. Hence,

and the total force is

Since θ and ω2 may be removed from within the

integral sign:

To determine Rν, use the fact that the sum of the

vertical forces must equal zero:

For an explanation of the relation between ω and θ,

refer to Problem 5.41.

5.40. In Problem 5.39, determine the location of the

reversed effective forces to hold the bar in

“equilibrium.”

SOLUTION

Since the rod is rotating about an axis that is not

perpendicular to a plane of symmetry, we take

elements of mass of the rod that may be considered as

rotating in a plane perpendicular to the axis of

rotation.



In Fig. 5-57, the reversed effective normal forces

are

Fig. 5-57

for the mass of rod element of length dz shown acting

away from the vertical axis. Also shown is the single

force R at a distance  from the support. This force

must equal the sum of the individual forces for the

elements and must also have the same moment as

they have about the pivot point. Hence,

This result is equivalent in magnitude to that derived

in Problem 5.39.



Next take moments of the individual inertia forces

about the pivot point and equate them to the moment

of R about the pivot point. In all cases, the forces are

horizontal and the moment arms are vertical

(therefore equal to the product of the z distance and

cos θ):

Substituting for R its value just derived and for ρ its

value z sin θ, the equation becomes

When θ ≠ 0 or 90°,

If the bar is turning about an axis through its end,

the above equation for  reduces to  (the center of

percussion), since a will then be zero. Under this

condition, the force R is

5.41. Rework Problem 5.39 using the inertia force method.

SOLUTION

In Problem 5.40 it was indicated that the reversed

effective force  for a bar of length  rotating

about its end should be applied at a distance two-

thirds of the length of the bar. Apply reversed effective



forces to each of the two parts of the bar as shown in

Fig. 5-58 and solve as a problem in statics.

Note that a couple M is applied to the system at the

pivot point because it is not evident by inspection that

the sum of moments about the pivot point of the two

reversed effective forces and the weight will be zero.

Fig. 5-58

The equations of equilibrium are



From (1),  This checks, of

course, with the result in Problem 5.39. The minus sign

indicates that Rh was assumed in the wrong direction,

and therefore actually acts to the left.

From (3),

The significance of the couple M may now be

appreciated. To hold the bar at a desired angle θ when

it is rotating with a given angular speed ω requires a

couple M of the magnitude just derived. However, if

the couple M is not available at the pivot, then the rod

will seek and maintain a definite angle θ for a given

angular speed ω. This angle θ may be determined by

setting the expression by M equal to zero. Then, since

sin θ ≠ 0,

Once the value of θ has been determined, the value of

Rh may be found by substituting the value of sin θ in

its equation.

5.42. Relate the period of the compound pendulum shown

in Fig. 5-59 to that of a simple pendulum.



Fig. 5-59

SOLUTION

The compound pendulum differs from the simple

pendulum in which only one small object is considered.

Here we are concerned with a large mass with various

linear velocities and accelerations. The system rotates

about an axis perpendicular to the plane of the paper

but not a centroidal axis.

Assume the pendulum to be moving

counterclockwise, that is, θ is positive in that direction.

Then its weight has a moment about the axis of

rotation that tends to retard motion. Hence, the

equation obtained by taking moments about the axis

of rotation is



and since the horizontal moment arm for the weight

(force) mg is  this is written

This is the same type of equation as derived for the

simple pendulum of length , that is,

Thus, it is seen that the compound pendulum has the

same period as a simple pendulum whose length  is

equal to 

This may be stated somewhat differently if instead

of IO there is substituted its value in terms of the

radius of gyration kO of the compound pendulum about

the axis of rotation. Since  the length  of the

equivalent simple pendulum may be written

The compound pendulum behaves as a simple

pendulum with its mass concentrated at a point 

from the axis of rotation. This value  occurs

frequently in problems of rotation.

5.43. Find the stress in the rim of a flywheel rotating with

constant angular speed ω.

SOLUTION

Draw a free-body diagram of one-half the rim, as

shown in Fig. 5-60. The n axis is shown with sense



from G to O, where G is the mass center of the thin

semicircular rim. Note that OG = 2r/π.

Fig. 5-60

The tensile forces P represent the pull of the other

half of the rim on the free body shown. Since the

wheel is rotating with constant angular speed, there is

no angular acceleration; thus, no tangential effective

force  need be shown.

Only one equation of motion is necessary:

But the unit tensile stress is the force P (on one side)

divided by the cross-sectional area A on which or

through which it acts, or 

Next express the mass m of the half rim in terms of

the rim cross section A, half rim length πr, and mass

density ρ (kg/m3):



This is based on the assumption that the rim thickness

is small compared with the rim diameter. Substituting

this expression for m in the equation for stress, we

have

Since the rim speed ν is equal to rω, the formula for

stress may also be written

5.44. It is necessary to bank railroad tracks on a curve in

such a way that the outer rail is above the inner rail.

Since the roadbed is usually at some elevation above

sea level, it is customary to call the vertical distance of

the outer rail above the inner rail not elevation but the

superelevation e. The greater the superelevation e, the

faster a train may travel around the curve. Determine

the value of e in terms of the speed v of the train, the

radius r of the curve, and the angle of bank. Refer to

Fig. 5-61(a).

Fig. 5-61



SOLUTION

This is an example of rotation of a mass that can be

considered a particle turning about the center of the

curve.

Consider the curve to be properly banked for a

specified speed v. This means that the train has no

tendency to slide in or out along the radius. Hence, the

side pressure of either rail against the flange of the

wheel is zero. The only reaction on the car is the push,

perpendicular to the roadbed, of the tracks on the

wheels.

The free-body diagram in Fig. 5-61(b) shows the

gravitational force mg and a single reaction N of the

tracks. Note that the acceleration an is directed to the

left toward the center of the curve. Its magnitude is

rω2. The equations of motion are

Dividing, tan θ = rw2/g.

Since θ is usually a small angle, tan θ is

approximately equal to sin θ (up to about 10°);

therefore the above equation may be written

But from the figure, sin θ = e/d. Hence,



5.45. In Problem 5.44, calculate the superelevation for a

600-m curve for a speed of 190 km/h. Assume that the

gage d = 1412 mm.

SOLUTION

5.46. In Fig. 5-62(a) mass A is accelerating down at 1.5

m/s2. It is connected by a weightless rope passing over

a smooth drum to a cylinder B of mass 74 kg. The

cylinder is acted upon by a moment M = 66 N⋅m

counterclockwise. Determine the mass of A and the

components of the reaction at O on cylinder B.

Fig. 5-62

SOLUTION

Draw free-body diagrams of the cylinder and the mass

A, as shown in Fig. 5-62(b). The magnitude at of the

tangential acceleration of a point on the rim is 1.5

m/s2. Hence, the magnitude α of the angular

acceleration is at/r = 1.5/0.3 = 5 rad/s2. Since the



cylinder rotates about an axis of symmetry, the three

equations of motion for the cylinder are

The equation of motion for weight A is

Equation (1) yields T = 275 N. Hence, from (4), mA =

33 kg. Solve (2) and (3) to obtain Ox = -246 N and Oy

= 848 N.

5.47. A homogeneous sphere having a mass of 100 kg is

attached rigidly to a slender rod having a mass of 20

kg. In the horizontal position shown in Fig. 5-63(a), the

angular velocity of the system is 8 rad/s. Determine

the magnitude of the angular acceleration of the

system and the reaction components at O on the rod.

Fig. 5-63

SOLUTION



Locate the centroid of the system with reference to the

pin O:

Figure 5-63(b) shows the three external forces On, Ot,

and the gravitational force through G acting on the

system. Note that On is shown to the left to agree with

the sense of  and Ot is shown down to agree with the

sense of 

The total moment of inertia I equals the moment of

inertia of the rod about its end  plus the

transferred moment of inertia of the sphere 

where d = 750 mm = 0.75 m:

To find the angular acceleration, use the moment

equation

or

Hence, α = 13.3 rad/s2. Sum forces horizontally (along

the n axis) to obtain

Sum forces vertically (along the t axis) to obtain



5.48. An eccentric 20-kg cylinder used in a vibrator rotates

about an axis 50 mm from its geometric center and

perpendicular to the top view, shown in Fig. 5-64. If the

magnitudes ω and a of its angular velocity and angular

acceleration are, respectively, 10 rad/s and 2 rad/s2 in

the position shown, determine the reaction of the

vertical shaft at O on the cylinder.

Fig. 5-64

SOLUTION

Choose n and t axes as shown. The distance from O to

the mass center G is  The equations of motion

are



Here the reactions On and Ot of the shaft are the

external forces acting on the cylinder. Note that IO is

found by the transfer formula.

The necessary couple IOα equals 0.55 N⋅m applied

clockwise to the cylinder by the shaft. The reaction

components are On = 100 N to the right and Ot = 2.0

N up.

5.49. The 2.7-kg sphere in Fig. 5-65(a) moves in a circular

and horizontal path under the actions of the 2.4-m

weightless bar AB and the very light cord BC. When

the speed of B is 3 m/s, determine the forces in the

two supporting members.

Fig. 5-65

SOLUTION



The free-body diagram in Fig. 5-65(b) shows the

reversed effective force applied to hold the sphere in

“equilibrium for study purposes.” From trigonometry, 

 Hence, the reversed effective force is

The equations in the horizontal and vertical directions

become

The solutions are F = 12.86 N and T = 30.7 N.

In this particular problem, with BC and AB at right

angles, a neat solution would be found by setting the

sum of the forces along AB and the sum along BC

equal to zero. In each equation, only one unknown is

involved.

5.50. In Fig. 5-66(a) the bar AB is held in a vertical position

by the weightless cord BC as the system rotates about

the vertical y–y axis. The pin at A is smooth and the

bar AB has a mass of 14.6 kg. If the breaking strength

of the cord is 540 N, how fast can the system rotate

without breaking the cord?



Fig. 5-66

SOLUTION

Draw a free-body diagram of the bar AB, omitting the

weight and the vertical component Ay for simplicity

[see Fig. 5-66(b)]. The reversed effective force is

placed at the center of the bar. This is true only

because each horizontal element or slice of the bar is

the same distance from y–y as any other element.

Take moments about A to obtain

Only the horizontal component of T has a moment

about A. Substitute m = 14.6 kg, T = 540 N, and 

 to obtain ω = 14.0 rad/s or 134 rpm, the

value beyond which the cord will break.

5.51. The compound pulley system shown in Fig. 5-67(a)

has a mass of 30 kg and a radius of gyration of 450

mm. Determine the tension in each cord and the



angular acceleration of the pulleys when the masses

are released.

Fig. 5-67

SOLUTION A

Draw free-body diagrams of the three components of

the system as in Fig. 5-67(b). Note that a1 = 0.6a and

a2 = 0.3a. The equations of motion are

The solution is α = 3.9 rad/s2. From this the tensions

are



SOLUTION B

If the reversed effective (inertia) forces and moments

are applied to the system to “hold it in equilibrium,”

the method of virtual work can be applied for a

solution.

Apply the inertia forces as follows: 50(0.6α) down

through the center of the 50-kg mass, 150(0.3α) up

through the center of the 150-kg mass, and a

counterclockwise moment of 6.08α to the pulley. Since

the system is now in “equilibrium,” we can give the

system a virtual displacement δθ clockwise. The work

done by the external forces only for this virtual

displacement is zero. Note the virtual displacements

are δθ for the pulleys, (0.6)δθ for the 50-kg mass, and

(0.3)δθ for the 150-kg mass.

Hence,

The solution after dividing each term of δθ is α = 3.9

rad/s2. The convenience in finding the angular

acceleration is noted, but to find the tension in either

cord, a free-body diagram must be drawn.

5.52. In Fig. 5-68(a), the mass C of 12 kg is moving down

with a velocity of 4.8 m/s. The moment of inertia of

drum B is 16 kg ⋅ s2, and it rotates in frictionless

bearings. If the coefficient of friction between the

brake A and the drum is 0.40, what force P is

necessary to stop the system in 2 s? What is the

reaction at D on the rod?



Fig. 5-68

SOLUTION

Draw the free-body diagrams of the bar, drum, and

weight as shown in Fig. 5-68(b). Next determine the

magnitude of the acceleration of the weight given the

initial speed is 4.8 m/s down, the final speed is zero,

and the time is 2 s. The value of acceleration is a =

4.8/2 = 2.4 m/s2 up.

A vertical summation of forces acting on mass C

gives

To find the friction F, sum moments of forces about

O of the drum. The angular acceleration of the drum is

counterclockwise (the system is slowing down). Its

magnitude may be determined because the linear

acceleration of a point 375 mm from O is 2.4 m/s2.

Hence, a = 2.4/0.375 = 6.40 rad/s2. The moment

equation is



But F = μN. Hence the necessary normal force N =

262/0.4 = 655 N. Summing moments about D of all

forces acting on the bar,

Sum forces horizontally on the bar to obtain

Summing forces vertically,

5.53. An 8-kg ball A is mounted on a horizontal bar

attached to a vertical shaft, as shown in Fig. 5-69(a).

Neglecting the mass of the bar and shaft, what are the

reactions at B and C when the system is rotating about

the 5th at a constant speed of 90 rpm? Only a

horizontal force is possible at C.

Fig. 5-69



SOLUTION

The free-body diagram in Fig. 5-69(b) shows the forces

Cx, Bx, By, and the gravitational force 8 × 9.8 = 78.4 N.

The value of the angular speed is ω = 90 × 2π/60 =

9.42 rad/s. The equations of motion are

The solutions are Bx = 140 N, By = 78.4 N, and Cx =

72.9 N, all acting as shown on the free-body diagram.

INERTIA FORCE METHOD

5.54. Solve Problem 5.53 using the inertia force method.

SOLUTION

Figure 5-70 shows the free-body diagram, with the

reversed effective force indicated. The equivalent

“equilibrium” equations are then



Fig. 5-70

5.55. Solve Problem 5.32 using the inertia force method.

SOLUTION

Figure 5-71 shows the free-body diagrams of A and B,

with the reversed effective forces indicated. Writing

the equivalent “equilibrium” equations, we have



Fig. 5-71

But NA = 294 N and NB = 735 N. From (2), a = 0.544

m/s2. Substituting in (1), P = 114 N.

5.56. Find the reactions on the rollers in Example 5.2 using

the inertia force method. The height of the door is 1.5

m.

SOLUTION

Figure 5-72 shows the free-body diagram of the door,

with the inertia force indicated. The equations for the

equivalent equilibrium problem can be written as



Fig. 5-72

Hence, from (1), a = 1.98 m/s2; from (2), FB = 117 N;

and from (3), FA = 105 N.

It can be seen that, without D’Alembert’s principle,

it required a solution of simultaneous equations to

determine FA and FB. This is generally the advantage

to be gained from the inertia force method.

5.57. Solve Problem 5.36 using the inertia force method.

SOLUTION

Figure 5-73 shows the free-body diagram, with the

reversed effective force and reversed effective couple

indicated. The equivalent equilibrium equations are



Fig. 5-73

Solving these equations yields

5.58. Find the angular acceleration in Problem 5.47 using

the inertia force method.

SOLUTION

Figure 5-74 shows the free-body diagram, with the

reversed effective forces and couples indicated.

Writing the moment equation with respect to O yields



Fig. 5-74

from which α = 13.3 rad/s2.

5.59. Solve Problem 5.2 using the inertia force method.

SOLUTION

Figure 5-75 shows the free-body diagram, with the

reversed effective force and couple indicated. Now, 

 The equations for the

equivalent “equilibrium” problem become



Fig. 5-75

Or

where  Solving yields  and

5.60. A 7-kg cylinder is supported by a string wrapped

around it and attached to the ceiling. Find the force in

the string using the inertia force method [see Fig. 5-

76(a)].



Fig. 5-76

SOLUTION

Figure 5-76(b) shows the free-body diagram with the

reversed effective force and couple indicated. Now, m

= 7 kg,  and  The

equations of the equivalent “equilibrium” problem

become

Or

Solving for a and T gives



SUPPLEMENTARY PROBLEMS

5.61. A 68-kg cylinder is 3 m in diameter and rolls down a

45° plane. If there is no slippage, determine the angular

acceleration of the wheel.

Ans. 3.08 rad/s2

5.62. A 180-kg cylinder is 200 mm in diameter and rests on

horizontal rails perpendicular to its geometric axis. A

force P of 550 N is applied tangentially to the right at

the bottom of the cylinder. Assuming that the

coefficients of static and kinetic friction are both 0.25,

what is the motion? Refer to Problem 5.4.

Ans. Cylinder slides to right and rotates

counterclockwise;  α = 12.1 rad/s2

5.63. In Fig. 5-77, a cylinder of weight W and radius of

gyration k has a rope wrapped around a groove of

radius r. Determine an expression for the acceleration

of the mass center if pure rolling is assumed. Force P is

horizontal, as is the plane.



Fig. 5-77

Ans. 

5.64. A homogeneous cylinder having a mass of 15 kg has

a narrow peripheral slot cut in it as shown in Fig. 5-78. A

force of 50 N is exerted on a string wrapped in the slot.

If the cylinder rolls without slipping, determine the

acceleration of its mass center and the frictional force

F. Neglect the effect of the slot.



Fig. 5-78

Ans. a = 0.556 m/s2, F = 41.7 N to the left

5.65. A 50-kg cylindrical wheel 1200 mm in diameter is

pulled up a 20° plane by a cord wrapped around its

circumference. If the cord passes over a smooth pulley

at the top of the plane and supports a hanging mass of

90 kg, determine the angular acceleration of the wheel.

Assume that the cord pulls at the top of the wheel and

is parallel to the plane.

Ans. 6.1 rad/s2

5.66. What is the tension in the cable in the system shown

in Fig. 5-79? Assume that the pulleys are weightless and

frictionless. The plane is smooth.

Fig. 5-79

Ans. T = 45 N

5.67. In Problem 5.66 assume that the lower pulley is a

homogeneous cylinder 300 mm in diameter and

weighing 17.8 N. What is the tension in the cable

parallel to the plane?



Ans. T = 26 N

5.68. A constant force of 225 N is applied as shown in Fig.

5-80. How long will it take the 25-kg block to reach a

speed of 1.2 m/s starting from rest? Assume that the

pulleys are massless and frictionless.

Fig. 5-80

Ans. t = 0.146 s

5.69. In the system shown in Fig. 5-81, the pulleys are to be

considered weightless and frictionless. The masses are

1, 2, 3, and 4 kg. Determine the acceleration of each

mass and the tension in the top cord.



Fig. 5-81

Ans. a1 = 9.02 m/s2 up, a2 = 0.39 m/s2 down, a3 = 3.53

m/s2 down, a4 = 5.10 m/s2 down, T = 75.3 N

5.70. In Fig. 5-82 assume that the weight W2 is moving

down. If the pulleys are weightless and frictionless,

determine the tension in the rope when the weights are

released from rest.



Fig. 5-82

Ans. T = 3W1W2/(4W1 + W2)

5.71. A horizontal force of 180 N is applied tangentially at

the top of a 45-kg cylinder having a diameter of 1500

mm. If there is no slippage at the horizontal surface,

determine the linear acceleration of the center of the

cylinder.

Ans. 5.33 m/s2 horizontally

5.72. A thin hoop of weight W rolls horizontally under the

action of a horizontal force P applied at the top as

shown in Fig. 5-83. Express the mass center

acceleration  in terms of P, W, and radius R. Also show

that the frictional force of the plane on the hoop is zero.



Fig. 5-83

Ans. 

5.73. In Problem 5.11, what must be the mass of C so that

the acceleration of the disk A is 1.8 m/s2 up the plane?

Ans. 610 kg

5.74. A 2-kg sphere of radius 80 mm has a rope wrapped

around it with one end attached to the ceiling as shown

in Fig. 5-84. If the sphere is released from rest,

determine the tension in the rope, the angular

acceleration of the sphere, and the speed of the mass

center 2 s after release.

Fig. 5-84



Ans. T = 5.6 N, α = 87.5 rad/s2 clockwise, 

down

5.75. A cylinder of weight W and radius of gyration k is

released from rest in the position shown in Fig. 5-85. If

the radius of the cylinder is R, determine the tension in

the cord and the initial acceleration of the mass center.

Ans. T = W/(1 + R2/k2), 

Fig. 5-85

5.76. Figure 5-86 shows an 18.2-kg mass attached to a cord

that wraps around a 13.6-kg cylinder. The cylinder rolls

without slipping on the 30° plane. Determine the

angular acceleration of the cylinder.



Fig. 5-86

Ans. 1.2 rad/s2

5.77. In Fig. 5-87, a 2-kg cylinder B with a radius of 100 mm

is free to turn in frictionless bearings. A rope is wrapped

around B and is then wrapped around the 4-kg cylinder

A with radius 200 mm. Determine the angular

accelerations of A and B immediately after the cylinders

are released with zero velocity.

Ans. αA = 14 rad/s2, αB = 56 rad/s2

Fig. 5-87

5.78. In Fig. 5-88, a homogeneous cylinder and a

homogeneous sphere of equal masses m = 8 kg and

equal radii R are harnessed together by a light frame

and are free to roll without slipping down the plane

inclined 28° with the horizontal. Determine the force in

the frame. Assume that the bearings are frictionless.



Fig. 5-88

Ans. 1.27 N

5.79. A homogeneous ball of diameter 900 mm is spinning

at 60 rpm about a horizontal centroidal axis when it is

lowered onto a plane for which the coefficient of sliding

friction is 0.30. Determine the time it takes before

skidding stops and rolling begins.

Ans. t = 0.275 s

5.80. A homogeneous cylinder with a mass of 3 kg and of

diameter 120 mm is rotating 8 rad/s about a horizontal

axis when dropped on a horizontal plane for which the

coefficient of friction is 0.25. How far will the center

travel before rolling begins and skidding stops?

Ans. d = 5.2 mm

5.81. A homogeneous cylinder of mass m and radius R is at

rest on a horizontal plane when a couple M is applied as

shown in Fig. 5-89. Determine the magnitude of the

coefficient of friction between the wheel and the plane

so that rolling will occur.

Ans. 



Fig. 5-89

5.82. In Fig. 5-90, the thin-walled cylinder is on a horizontal

platform that has an acceleration a. Determine the

acceleration of the center, assuming rolling without

sliding.

Fig. 5-90

Ans. 

5.83. In Problem 5.82, assume that the coefficient of friction

is m = 0.35. Determine the maximum acceleration a

the platform may have without slip between the

cylinder and platform.

Ans. a = 6.86 m/s2

5.84. The 30-kg semicircular homogeneous plate of 900-

mm radius is released from rest in the position shown in



Fig. 5-91. What are the forces in the two cords for this

position? The plate and cords are in a vertical plane.

Fig. 5-91

Ans. TAB = 148 N, TCD = 59.8 N

5.85. In a loop-the-loop 6 m in diameter, a car of mass 227

kg leaves the platform 9 m above the bottom of the

loop. What is the normal force of the track on the car at

the top of the loop? Assume that the center of gravity of

the car is 3 m from the center of the loop.

Ans. 2200 N

5.86. A disk of weight W has its center of mass G at a

distance e from the geometric center O. The disk is

rolling on the horizontal plane with constant angular

velocity ω. Determine the normal force and frictional

force of the floor on the disk when it is in the position

shown in Fig. 5-92.



Fig. 5-92

Ans. F = (W/g)eω2 cos θ to the left, N = W + (W/g)eω2

sin θ up

5.87. The disk in Fig. 5-93 has a mass of 50 kg, a radius of

600 mm, and a radius of gyration relative to its mass

center of 450 mm. The uniform slender bar is 1200 mm

long and has a mass of 18 kg. Its left end is pinned to

the disk. It is initially held in the horizontal position.

Determine the angular accelerations of the disk and bar

immediately after release from rest.

Fig. 5-93

Ans. αdisk = 2.25 rad/s2 clockwise, αbar = 10.5 rad/s2

clockwise



5.88. A 20-kg disk is homogeneous and has a radius of 450

mm. A 10-kg bar is 1200 mm long. Its upper end is

pinned to the bottom of the disk and is at rest as shown

in Fig. 5-94. Assuming that a couple with moment of 20

N⋅m is applied to the disk, determine the initial angular

accelerations of the disk and the bar.

Fig. 5-94

Ans. αdrum = 7.9 rad/s2 counterclockwise, αbar = 4.44

rad/s2 clockwise

TRANSLATION

5.89. A 91-kg door is free to roll on a horizontal track on

frictionless wheels at A and B, as shown in Fig. 5-95.

What horizontal force P will reduce the vertical reaction



at A to zero? What will be the acceleration of the door

under the action of this force P? What will be the

reaction at B?

Fig. 5-95

Ans. P = 2000 N, a = 22 m/s2, B = 892 N

5.90. Figure 5-96 shows a homogeneous slender bar with a

mass of 4 kg and a length of 500 mm being pushed

along the smooth horizontal surface by a horizontal

force P = 60 N. Determine the angle θ for translation.

What is the accompanying acceleration?

Ans. θ = 33.2°, a = 15 m/s2



Fig. 5-96

5.91. A cylinder having a mass of 10 kg with a diameter of

1.2 m is pushed to the right without rotation and with

acceleration 2 m/s2 (see Fig. 5-97). Determine the

magnitude and location of the force P if the coefficient

of friction is 0.20.

Fig. 5-97

Ans. P = 39.6 N, h = 0.3 m

5.92. A thin plate with a face that is an isosceles triangle is

pulled to the right with an acceleration of 1.2 m/s2 (see

Fig. 5-98). Assuming the supports at A and B are

frictionless, determine the force P and the reactions at

A and B if the mass is 2.5 kg.



Fig. 5-98

Ans. P = 3 N, FA = 15.2 N up, FB = 9.25 N up

5.93. A homogeneous sphere of weight W and radius R is

acted upon by a horizontal force P as shown in Fig. 5-

99. The coefficient of sliding friction between the plane

and sphere is m. Where must the force P be applied in

order that the sphere skid without rotating? What is the

acceleration?

Fig. 5-99

Ans. d = R(1 - μW/P), a = g(P/W - μ) to the right

5.94. Refer to Fig. 5-100. What horizontal force is needed to

give the 50-kg block an acceleration of 3 m/s2 up the



20° plane? Assume a coefficient of friction between the

block and the plane of 0.25.

Fig. 5-100

Ans. P = 507 N

5.95. A body is projected up a 30° plane with an initial

velocity of 12 m/s. If the coefficient of friction between

the body and the plane is 0.20, how far will the body

move up the plane and how long will it take to reach

this point?

Ans. 10.9 m, 1.82 s

5.96. A water slide is inclined 35° with the horizontal.

Assuming no friction, how long will it take a child

starting from a rest position to slide 4.5 m?

Ans. t = 1.27 s

5.97. An object starts from rest at the top of a plane that

has a slope of 50° with the horizontal. After traveling 6

m down the plane, the object slides 9 m across the

horizontal floor and comes to rest. Determine the

coefficient of friction between the object and the

surfaces.

Ans. μ = 0.357



5.98. A dish slides 500 mm on a level table before coming

to rest. If the coefficient of friction between the dish and

the table is 0.12, what was the time of travel?

Ans. t = 0.92 s

5.99. A 4.23-kg block is prevented from slipping by means

of a strip as shown in Fig. 5-101. What is the greatest

acceleration the cart may have without tipping the

block?

Fig. 5-101

Ans. a = 3.68 m/s2 to the left

5.100. The cube in Fig. 5-102 is moved along the horizontal

plane by a horizontal force P. If the coefficient of friction

is 0.2, what is the maximum acceleration the block can

have if it slides but is on the verge of tipping?



Fig. 5-102

Ans. a = 5.88 m/s2 to the right

5.101. A cylindrical shaft 1800 mm in diameter and 875

mm high stands on end in a flat car that has a constant

velocity of 56 km/h. If the car is brought to rest with

uniform deceleration in a distance of 12 m, will the

cylinder tip?

Ans. No

5.102. An 8-kg mass is being lowered by a rope that can

safely support 60 N. What is the minimum acceleration

the mass can have under these conditions?

Ans. 2.3 m/s2 down

5.103. An elevator requires 2 s from rest to acquire a

downward velocity of 3 m/s. Assuming uniform

acceleration, what is the force of the floor during this

time on an operator whose normal mass is 68.2 kg?

Ans. 566 N (57.8 kg)

5.104. An elevator having a mass of 500 kg is ascending

with an acceleration of 4 m/s2. The mass of the operator



is 65 kg. Assuming that the operator is standing on

spring scales during the ascension, what is the scale

reading? What is the tension in the cables?

Ans. 897 N (91.5 kg), 7800 N

5.105. A body with a mass of 12 kg at rest is on a spring

scale in an elevator. What should be the acceleration

(magnitude and direction) in order for the scale to

indicate a mass of 10 kg (98 N)?

Ans. a = 1.63 m/s2 down

5.106. A 4.55-kg mass hangs from a spring balance in an

elevator that is accelerating upward at 2.42 m/s2.

Determine the spring balance reading.

Ans. 5.67 kg (55.6 N)

5.107. An elevator having a mass of 700 kg is designed for

a maximum acceleration of 2 m/s2. What is the

maximum load that may be placed in the elevator if the

allowable load in the supporting cable is 19 kN?

Ans. m = 910 kg

5.108. A horizontal cord connects the 10- and 20-kg

masses shown in Fig. 5-103. There is no friction

between the masses and the horizontal plane. If a 4-N

force is applied horizontally, determine the acceleration

of the masses and the tension in the cord.



Fig. 5-103

Ans. a = 0.133 m/s2, T = 2.67 N

5.109. A 5-kg block A is pulled to the right under the action

of a falling 5-kg mass B, as shown in Fig. 5-104. If the

coefficient of friction between the block A and the plane

is 0.5, determine the acceleration of B. Also determine

the maximum value of h if block A is not to tip.

Fig. 5-104

Ans. a = 2.45 m/s2 down, h = 730 mm above plane

5.110. In Fig. 5-105, the 13.6-kg mass is on a horizontal

floor. The coefficient of friction between the weight and

the floor is 0.2. The pulleys shown are assumed to be

massless and frictionless. Determine the acceleration of

the system and the tensions in the cords.



Fig. 5-105

Ans. a = 1.02 m/s2, TAB = 39.4 N, TBC = 79.9 N

5.111. A 455-kg block stands on a truck, as shown in Fig. 5-

106. The mass m falls, accelerating the block and the

136-kg truck. A strip nailed to the platform prevents

sliding. What is the maximum acceleration the system

may have without tipping the block? Find m. Assume

rolling of the truck and neglect the inertia effects of the

wheels and pulley.

Fig. 5-106



Ans. a = 1.54 m/s2 to the right, m = 110 kg

5.112. In Fig. 5-107, the homogeneous bar AB has a mass

of 5 kg and is fastened by a frictionless pin at A and

rests against the smooth vertical part of the cart. The

cart has a mass of 50 kg and is pulled to the right by a

horizontal force P. At what value of P will the bar exert

no force on the cart at B?

Fig. 5-107

Ans. P = 642 N

5.113. The platform A accelerates to the right on a

horizontal plane as shown in Fig. 5-108. The bar B is

held in the vertical position by the horizontal cord CD.

Determine the tension in the cord and the pin reactions

at E. The bar is uniform and has a mass of 8.18 kg.



Fig. 5-108

Ans. T = 30 N, Ey = 80.2 N up, Ex = 10 N to the right

5.114. In Fig. 5-109, a block is moving to the right with an

acceleration of 1.5 m/s2. A bar 1 m long with a mass of

1 kg is suspended as shown by means of a frictionless

pin at A. What is the angle θ ?

Fig. 5-109

Ans. θ = 8.7°

5.115. A chain hangs freely from the rear of a truck. If the

truck accelerates to the left 3 m/s2, what will be the

approximate angle between the chain and the

horizontal?

Ans. θ = 73°



5.116. A helicopter carrying a 24-m transmission-line tower

by means of a sling accelerates at 1.83 m/s2

horizontally. What angle does the centerline of the

tower make with the vertical?

Ans. θ = 10.5°

5.117. A small block moves with an acceleration a along

the horizontal surface shown in Fig. 5-110. The bob at

the end of the string maintains a constant angle θ with

the vertical. Show that θ is a measure of the

acceleration a in this simple accelerometer.

Fig. 5-110

Ans. a = g tan θ

5.118. In Fig. 5-111, the 50-kg block is subjected to an

acceleration of 3 m/s2 horizontally to the right under

the action of a horizontal force P. The homogeneous

slender bar has a mass of 8 kg and is 1 m long.

Assuming a frictionless surface, determine P and θ.



What are the horizontal and vertical components of the

pin reaction on the bar?

Fig. 5-111

Ans. P = 174 N, θ = 17°, V = 78.4 N, H = 24.0 N

5.119. In the preceding problem, what are the values of P

and θ if the coefficient of friction between the block and

the plane is 0.25?

Ans. P = 316 N, θ = 17°

5.120. A 455-kg box is shown on a truck in Fig. 5-112. The

coefficient of friction between the block and the truck is

0.30. Determine the forward acceleration at which the

box tips or slides. Assume homogeneity.



Fig. 5-112

Ans. Tips at a = 2.45 m/s2 to the right

5.121. A block of mass μ is on a surface (the coefficient of

friction is m) that is inclined at angle θ with the

horizontal, as shown in Fig. 5-113. This surface is part of

a triangular block of mass m1. A horizontal force P

causes the system to have an acceleration a to the

right. What value of P will cause the top block to move

relative to the surface? Assume no friction on the

bottom surface. What is the acceleration?

Fig. 5-113



Ans. 

5.122. A truck is traveling along a level road at a constant

speed. Its body has a mass m1 and contains a box of

mass m2. Show that if the box drops off the truck, the

truck body will experience an upward acceleration of

m2g/m1.

5.123. The 1140-kg automobile in Fig. 5-114 is brought to

rest on a horizontal road from a speed of 96 km/h. If the

car is equipped with four-wheel-drive brakes, and the

coefficient of friction between the tires and the road is

0.6, what will be the time required to bring the car to

rest? What will be the distance covered in the time?

Fig. 5-114

Ans. 4.54 s, 60.6 m

5.124. In Problem 5.123, determine the vertical reaction on

the two front tires and on the two rear tires.

Ans. RF = 10 160 N, RR = 1050 N



5.125. The bar BC in Fig. 5-115 is vertical when the system

is at rest. The bar is 3 m long and has a mass of 10 kg.

It is noted that the bar is rotated 5° from the vertical

when the cart to which it is fastened is accelerating.

The spring constant is 100 N/m. Assuming the spring

remains horizontal, determine the acceleration. The cart

is on a smooth horizontal surface.

Fig. 5-115

Ans. a = 4.37 m/s2

ROTATION

5.126. The 6-m homogeneous bar of mass m shown in Fig.

5-116 falls from its vertical rest position. Assuming no

friction at the pivot, determine the angular velocity of

the bar at the time when the tangential component of

the acceleration of the unpivoted end is equal to g, the

acceleration due to gravity.



Fig. 5-116

Ans. θ = 0.73 rad (41.8°), 

5.127. A solid cylinder 600 mm in diameter with a mass of

40 kg has an angular acceleration of 2 rad/s2 about its

geometric axis. What torque is acting to produce this

acceleration?

Ans. 3.6 N⋅m

5.128. A 364-kg disk 1.8 m in diameter is made to revolve

about its geometric axis by a force of 356 N applied

tangentially to its circumference. Determine the angular

acceleration of the disk.

Ans. 2.17 rad/s2

5.129. A 41-kg solid cylindrical disk 900 mm in diameter is

rotating 60 rpm about a central axis perpendicular to a

diameter. What constant tangential force must be

applied to the rim of the disk to bring it to rest in 2 min?

Ans. 0.482 N



5.130. A 200-kg mass hangs vertically downward from the

end of a massless cord that is wrapped around a

cylinder 900 mm in diameter held by frictionless

bearings. The mass descends from rest 8 m in 4 s. What

is the mass of the cylinder?

Ans. 3920 kg

5.131. A 13.6-kg bar 3 m long is suspended vertically from

a pivot point located at the end. The bar is struck a

horizontal blow of 400 N at a point 600 mm below the

pivot point. Determine the horizontal reaction at the

pivot. What is the angular acceleration of the bar due to

the blow?

Ans. Rh = 280 N to the left, α = 5.89 rad/s2

5.132. A slender bar 1200 mm long has a mass of 3.6 kg. It

is hanging vertically at rest when struck by a horizontal

force P = 12 N at the lower end, as shown in Fig. 5-117.

Determine (a) the angular acceleration of the bar and

(b) the horizontal and vertical components of the pin

reaction O on the bar.

Fig. 5-117



Ans. α = 8.33 rad/s2 counterclockwise, Oy = 35.3 N up,

Ox = 6 N to right

5.133. In the preceding problem, where should the 12-N

force be applied so that the horizontal component of

the pin reaction will be zero?

Ans. 800 mm below O

5.134. At what point should the horizontal force P be

applied to the bar, the solid cylinder, and the solid

sphere so that the horizontal component of the pin

reaction at O is zero? See Fig. 5-118.

Fig. 5-118

Ans. 

5.135. The coefficient of friction between the horizontal

floor and a runner’s shoes is 0.5. Find the radius of the

smallest circular path around which the runner can

travel at a constant speed of 4.9 m/s without slipping.

Ans. r = 4.9 m

5.136. A train weighing 440 kN has its center of gravity

1650 mm above the rails. At a speed of 48 km/h, it

rounds an unbanked curve having a radius of 760 m. If



the centerlines of the rails are 1412 mm in apart, find

the vertical force on the outer rail.

Ans. 227 kN

5.137. Determine the angle of banking for a roadway to

allow an automobile speed of 100 km/h on a curve of

90-m radius so that there will be no side thrust on the

wheels.

Ans. 41.2°

5.138. A highway curve with a radius of 600 m is to be

banked for a speed of 80 km/h. What should be the

angle of bank so that at the design speed there will be

no frictional force necessary on the tire in a direction

perpendicular to the direction of motion?

Ans. θ = 0.084 rad or 4.8°

5.139. A 0.027-kg bead slides from rest at A down a

frictionless wire, bent as shown in Fig. 5-119. Determine

the normal force of the wire on the bead at point A.

Next find the normal forces at points B and C with the

bead on the arc of the circle.



Fig. 5-119

Ans. NA = 0.159 N, NB = 1.22 N, NC = 1.54 N

5.140. A flywheel with radius of gyration k and mass m is

acted upon by a constant torque M. What will be the

angular speed after the flywheel has rotated θ rad from

rest?

Ans. 

5.141. A 15.5-kg disk of diameter 1.8 m is released from

rest when O and G are on a horizontal line, as shown in

Fig. 5-120. What will be the angular velocity when G is

vertically below O? Determine the reactions at O at that

time.



Fig. 5-120

Ans. ω = 3.78 rad/s, On = 353 N, Ot = 0

5.142. If the complete object of Problem 5.47 is used as a

pendulum, determine the frequency of the motion.

Ans. 0.58 Hz

5.143. Refer to Fig. 5-121. A moment M of 61 N⋅m is applied

to the uniform disk A, which then drives uniform disk B

without slip occurring between the two disks. What is

the angular acceleration of each disk? Disk A has a

mass of 29.3 kg and disk B has a mass of 58.6 kg.



Fig. 5-121

Ans. αA = 3.75 rad/s2 counterclockwise, αB = 1.88

rad/s2 clockwise

5.144. A massless bar 4 m long rotates in a horizontal plane

about its center. From each end of the rod is suspended

a 4-kg mass on a 600-mm cord. When the system is

revolving at  determine the angle between the

cords and the vertical.

Ans. (2 + 0.6 sin θ)/tan θ = 0.559 and θ = 78° by trial

and error

5.145. What is the angular acceleration of the pulley shown

in Fig. 5-122 turning under the action of the two

masses?

Fig. 5-122

Ans. α = 0.666 rad/s2 clockwise

5.146. In Fig. 5-123, the simple Atwood machine has

weights of 44 and 66 N measured on earth with g = 9.8



m/s2.


If the machine is moved to the moon, where the

acceleration of gravity is 0.16 of the earth’s g, what will

be the tension in the cord when the masses are

released from rest?

Fig. 5-123

Ans. T = 8.45 N

5.147. Two masses are connected by a rope that passes

over a pulley rotating in frictionless bearings. See Fig. 5-

124. The masses of A, B, and the pulley are 14, 9, and 5

kg, respectively. The radius of gyration of the pulley is

400 mm. Determine the acceleration of the masses if

the system is released from rest at a place where g =

4.9 m/s2.



Fig. 5-124

Ans. a = 0.935 m/s2

5.148. In Fig. 5-125, the disk of mass 34.5 kg and radius of

gyration 700 mm is rotating at 600 rpm. What force P

must be applied to the braking mechanism to stop the

disk in 25 s? Use a coefficient of friction between the

disk and the horizontal member equal to 0.30.



Fig. 5-125

Ans. P = 154 N

5.149. A thin triangular 9.1-kg lamina is rotating at 30 rpm

about a horizontal axis in two frictionless bearings at A

and B, as shown in Fig. 5-126. When the lamina is

vertical as shown, determine the bearing reactions at A

and B.

Fig. 5-126

Ans. A = 0.65 N up, B = 1.15 N up

5.150. In Fig. 5-127, AB = 600 mm, BC = 900 mm, m = 50

kg, and R = 600 mm. If the system is rotating at 100

rpm, determine the support reactions due to

“centrifugal” force at bearings A and C. Neglect the

weight of the arm.



Fig. 5-127

Ans. A = 1970 N, C = 1320 N

5.151. Solve Problem 5.150 if the speed is 1000 rpm.

Ans. A = 197 kN, C = 132 kN

5.152. A disk rotates uniformly at 15 rpm in a horizontal

plane. A 40-kg mass is placed on the disk at a point 2 m

distant from the axis of rotation. If the mass is just

about to slip in this position, what is the coefficient of

friction between the mass and the disk?

Ans. μ = 0.5

5.153. A 2-kg block is held stationary on a stop 450 mm

from the center of a horizontal turntable by a cord that

passes down through a hole in the shaft, as shown in

Fig. 5-128. What tension in the cord is necessary to

keep the block 450 mm from the center as the block

and turntable rotate around the center at 30 rad/s?

Assume that there is no friction.



Fig. 5-128

Ans. T = 810 N

5.154. The horizontal member in Fig. 5-129 is 1200 mm

long and is rotating at 20 rpm about a vertical axis

through its midpoint. Each 2-kg ball is suspended by a

cord that is 300 mm long. What angle θ will each cord

make with the vertical? A trial-and-error solution may

be useful.



Fig. 5-129

Ans. θ = 24.5°

DO THE FOLLOWING PROBLEMS USING THE

INERTIA FORCE METHOD.

5.155. Solve Problem 5.76.

5.156. Solve Problem 5.77.

5.157. Solve Problem 5.88.

5.158. Solve Problem 5.92.

5.159. Solve Problem 5.99.

5.160. Solve Problem 5.109.

5.161. Solve Problem 5.113.

5.162. Solve Problem 5.143.

5.163. Solve Problem 5.148.



 

1
 Kinetics: The study of the motion of a body due to die forces acting on that

body.



Work and Energy

6.1 WORK AND POTENTIAL ENERGY

Work U done by a force F acting on a particle moving along

any path is defined as the line integral from position P1 at

time t1 to position P2 (see Fig. 6-1) at time t2:

Fig. 6-1 The path of a particle as it moves from P1 to P2.



where dr is the infinitesimal change in the position vector r

that locates P1 and P2. The expression for work may also be

written as

Then, since

the line integral of Eq. (6.1) can be written as

This can be converted to a time integral as

A conservative force is one that does the same amount

of work regardless of the path taken when moving from

position 1 to position 2 in Fig. 6-1.

The potential energy V of a body is measured by the

work done against conservative forces (usually gravitational

forces) acting on the body in bringing the body from some

reference or datum position to the position in question. The

potential energy may be defined as the negative of the work

done by the conservative force acting on the body in

bringing it from the datum position to the position in

question. The selection of the datum position is arbitrary—

usually a position of convenience.

Special cases arise as follows:



1. Force constant in magnitude and with its direction along a

straight line:

2. Force that varies directly with the displacement, F = kx:

3. Forces constituting a couple (rotation occurs):

Work is positive if the force acts in the direction of

motion. Work is negative if the force acts opposite to the

direction of motion.

The work done on a rigid body by two or more concurrent

forces during a displacement is equivalent to the work done

by the resultant of the force system during the same

displacement.

Work is a scalar quantity. In SI, the unit is the newton-

meter (N⋅m), which is called the joule (J). (1 N⋅m = 1 J.)



EXAMPLE 6.1 Determine the potential energy V of a

body of mass m at a height h above a datum plane.

Assume that h is small enough that the gravitational

force on m does not vary. (g = 9.77 m/s2 at the top of

Mt. Everest so g = 9.8 m/s2 is applicable almost

anywhere on the earth’s surface.)

SOLUTION: The potential energy V is the negative of

the work done against the only force acting on the body

as it traverses any smooth path from S (datum) to P.

This force is the gravitational force mg, which is

assumed constant throughout this travel. Refer to Fig. 6-

2(a).

Fig. 6-2

Since F is constant, we can write

But Fig. 6-2(b) indicates that

Thus, the potential energy V of a body of mass m at a

height h above an arbitrary datum plane is



regardless of the path it takes to reach the datum.

EXAMPLE 6.2 A body on a frictionless horizontal plane

is attached to a spring with modulus k N/m. Refer to Fig.

6-3(a). When the body is at S, a distance  from the

wall, there is no force in the spring (k = 0). When the

body is at P, a distance  + x from the wall, determine

the potential energy VP of the system (actually of the

spring, because there is no change in the potential

energy of the body, which is always on the horizontal

plane).

Fig. 6-3

SOLUTION: Figure 6-3(b) shows the body at a distance

r from the wall as the origin. The force acting on the

body in this position is proportional to the deformation

of the spring from the unstressed length; thus F = - k(r -

). The work done by this force for a differential change

dr is -k (r - ) dr. The potential energy is



The body possesses this potential energy because of the

pull of the spring, which varies with the deformation.

The pull of the spring (its internal force) always acts

along the spring. Thus, the potential energy for a given

deformation remains the same even if the spring is

moved sideways on the smooth horizontal surface,

provided the distance from O does not change. This

sideways motion could be conceived as the sum of

infinitesimal displacements perpendicular to the spring

during which forces act only along the spring (zero work

is done perpendicular to the spring).

In Example 6.1, the given body possesses potential

energy because the attraction of the earth is considered

constant. Problem 6.1 introduces an attractive force that

varies inversely with the square of the distance.

6.2 POWER

Power , which is the rate of doing work, equals 

. In the case of a couple, this would

be power .

The unit of power is the joule per second (J/s). This is, of

course, the watt (1 J/s = 1 W). This unit is small; thus, a

larger unit, the horsepower, which equals 746 W, is often

used.

The formulas used for horsepower (hp) are



EXAMPLE 6.3 A belt wrapped around a pulley 600 mm

in diameter has a tension of 800 N on the tight side and

a tension of 180 N on the slack side. What power is

being transmitted if the pulley is rotating at 200 rpm?

SOLUTION: The torque M is found by taking the

algebraic sum of the moments of the tensile forces in

the belt about the center of the pulley:

The power is then

6.3 EFFICIENCY AND KINETIC ENERGY

Efficiency is equal to work output divided by work input for

the same period of time. It is also expressed as power

output divided by power input. The work output is less than

the work input by the work dissipated (usually in

overcoming friction). The expression for efficiency is

EXAMPLE 6.4 The power measured by a Prony brake

attached to an engine flywheel is 3.8 brake horsepower



(bhp). The indicated horsepower (ihp), as measured by

means of indicator cards, is 4.1. What is the efficiency of

the engine?

SOLUTION:

The Prony brake measures the output, and an indicator

card measures the input power generated by the

pistons.

The kinetic energy T of a particle with mass m and moving

with speed ν is defined as

The unit on the kinetic energy is the joule (J = N⋅m).

6.4 WORK-ENERGY RELATIONS FOR A

PARTICLE

The work done on a particle by all forces is equal to the

change in the kinetic energy T of the particle. Equation (6.1)

is manipulated in the following way to show this to be true:



EXAMPLE 6.5 A 5-kg block (the “particle”) drops 2 m

upon a spring whose modulus is 10 000 N/m. What will

be the speed of the block when the spring is deformed

100 mm?

SOLUTION: The mass drops (2 + 0.1) m = 2.1 m. The

work done by gravity is 9.8 × 5 × 2.1 = 102.9 N⋅m. The

work done by the spring on the mass (see Example 6.2)

is negative and equals 

The kinetic energy of the block increases from zero to

, work-energy is used:

6.5 KINETIC ENERGY OF A RIGID BODY

All particles of a rigid body in translation have the same

velocity v. Then if mi = mass of the ith particle, the kinetic

energy T of a translating body is



If ri is the radius vector of the ith particle of a body that

is rotating about the base point O in Fig. 6-4 and  is its

velocity, then the kinetic energy is

Fig. 6-4 A rigid body rotating about O.

Consider the motion of the ith particle of the body in Fig.

6-5 that is rotating and translating in the xy plane, choosing

the mass center C as the base point (Fig. 6-5). Then we

have



Fig. 6-5 A rigid body in plane motion.

The kinetic energy is

But , and 

Thus,

Since  when  is drawn from an axis through the

mass center, Eq. (6.17) is written as



EXAMPLE 6.6 Determine the kinetic energy of a 10-cm

diameter solid cylinder with a mass of 10 kg rolling

without slip on a horizontal surface, as shown in Fig. 6-6.

The velocity of its center O is 10 m/s.

Fig. 6-6

SOLUTION: The cylinder rolls without slip about the

contact point with the horizontal surface, so its angular

velocity is

Equation (6.18) allows us to determine the kinetic

energy of the cylinder:



6.6 WORK-ENERGY RELATIONS FOR A

RIGID BODY

The principle of work and energy states that the work done

by the external forces acting on a rigid body during a

displacement is equal to the change in kinetic energy of the

body during the same displacement.

The conservation of energy states that if a particle (or

body) is acted upon by a conservative force system, the

sum of the kinetic energy and potential energy is a

constant. To show this to be true, let P and Q be,

respectively, the initial and final positions of the particle.

The work done by a conservative force F as the particle

moves from P to Q has been defined as . But in

terms of a general position S with radius vector rs, we can

write

But potential energy  and . Hence,

We have also shown in terms of kinetic energy that

Thus,

EXAMPLE 6.7 In the position shown in Fig. 6-7, block A

is moving down 1.5 m/s. Cylinder B is considered solid



and moves in frictionless bearings. The spring is

originally compressed 150 mm and has a modulus of 80

N/m. What will be the speed v of A after dropping 1.2

m?

Fig. 6-7

SOLUTION: Consider the system consisting of bodies A,

B, and C as a unit in determining kinetic energy and

work done. The initial kinetic energy T1 is the sum, using

ωB = ν/R = 1.5/0.150 = 10 rad/s (no slip of the rope on

the cylinder is assumed),

where  . The final kinetic energy T2 in terms

of the required speed ν2 is



Work is done on the system as follows: WA does

positive work; friction on C (0.20 × 146 × 9.8 = 286 N)

does negative work; for the first 0.15 m, the spring does

positive work, but after that it is being stretched from

the neutral position and does negative work. Thus, the

work is

Then

SOLVED PROBLEMS

  6.1.   Determine the potential energy of a body attracted

by a force that is inversely proportional to the square

of the distance r from the source O of the force.

SOLUTION

The initial position S of the body will be chosen at

infinity. (Note: Some students might have tried the

source O as the initial position, but V is defined in

terms of the work done in moving from the initial

position; and since the force tends to become infinite

as the body approaches O, the choice of O is seen to



be unwise.) The body is shown in Fig. 6-8 at a distance

r from the origin. The force acting on the body in this

position is F = -C/r2. As in Example 6.2, the potential

energy is

Fig. 6-8

  6.2.   A spring is initially compressed from a free length of

200 mm to a length of 150 mm, making a net initial

compression of 50 mm. What additional work is done

in compressing it 75 mm more (125 mm total) to a 75-

mm length? Assume that the spring modulus k = 3500

N/m.

SOLUTION

By definition, the work done in compressing the spring

from 50 to 125 mm is



The same value may be obtained by using Example

6.2 to determine the work done in compressing the

spring first 50 mm and then 125 mm. Note that both

expressions are for work done from the unstressed or

zero position. Their difference is the required value:

  6.3.   Determine the total work done on a 5-kg body that is

pulled 6 m up a plane inclined 30° with the horizontal,

as shown in Fig. 6-9. Assume that the coefficient of

friction μ = 0.2.

Fig. 6-9

SOLUTION

From the free-body diagram, N may be found by

summing forces perpendicular to the plane:

The work done by the forces is now determined. The

sign is positive if the force acts in the direction of

motion of the body:



Alternatively, find the resultant of all the forces and

then determine the work done by the resultant. Since

only the x component of the resultant will do work,

determine only that

Since 38.4 N is a constant force, the total work done is

  6.4.   Find the work done in rolling a 20-kg wheel a

distance 1.5 m up a plane inclined 30° with the

horizontal, as shown in Fig. 6-10. Assume a coefficient

of friction of 0.25.

Fig. 6-10

SOLUTION

The normal force N does no work because it has no

component in the direction of motion. The force of

friction F also does no work, but for a different reason.

Its point of contact moves with the wheel, and since

there is no relative motion (no slipping involved)

between the frictional force and the wheel, the work

done by the force of friction is zero. This is not the



case in the preceding problem, where the frictional

force did negative work, but of course the body slipped

along the plane.

Another way of attacking the friction work in this

problem would be to replace the single force F with an

equal parallel force F in the same direction through the

center and a couple, as shown in Fig. 6-11. (Neglect all

other forces for the time being.) The work done by the

equivalent system is equal to the sum of the work

done by the force F and the couple M (magnitude FR).

Let us determine the work done for one revolution, i.e.,

for 2π rad. The center moves a distance 2πR during

one revolution. Hence, the work done by F is -F(2πR).

The work done by the couple aids the wheel in moving

up the hill and equals +Mq or 2πFR. The sum of these

two values is zero work.

Fig. 6-11

Therefore, of the given system, the only forces

doing work are the 130-N force and the component of

the gravitational force along the plane (refer to Fig. 6-

10). The component of the gravitational force is 196

sin 30°:

  6.5.   Work is expressed as , where  is the

sum of the forces in the x direction. Show that the



work of the expanding gas in the simple engine shown

in Fig. 6-12 is , where p is the gas pressure in

N/m2 and V is the volume in m3.

Fig. 6-12

SOLUTION

The force F acting on the piston is pA, where A is the

area of the piston. Also, the change in volume .

Hence,

If the pressure is constant, the work needed to move

the piston is

  6.6.   At a certain instant during acceleration along a level

track, the drawbar pull of an electric locomotive is 100

kN. What power is being developed if the speed of the

train is 90 km/h?

SOLUTION



  6.7.   The force P acting on the Prony brake shown in Fig.

6-13 is 114 N. The moment M transmitted by the shaft

of the engine to the brake drum gives it a

counterclockwise angular velocity of 600 rpm.

Determine the power dissipated by the Prony brake.

Neglect the weight of the brake.

Fig. 6-13

SOLUTION

The moment M being transmitted by the shaft equals

the moment of the force P about the drum center; that

is, 114 × (0.9 + 0.15) = 119.7 N⋅m. The horse power is

Thus, the power being transmitted by the shaft is 10.1

hp.

  6.8.   A block of mass m is projected with initial speed v0

along a horizontal plane. If it covers a distance s

before coming to rest, what is the coefficient of



friction, assuming that the force of friction is

proportional to the normal force?

SOLUTION

The initial kinetic energy is . Its final kinetic

energy is zero. The normal force is mg. Hence, the

friction is mmg and does an amount of work equal to -

mmgs. Hence:

  6.9.   A mass dropped from rest through 2 m on a spring

whose modulus is 3500 N/m causes a maximum

shortening in the spring of 200 mm. What is the value

of the mass?

SOLUTION

Work done by gravity = mg(2 + 0.2) = 21.56 m. Work

done by the spring 

Since the block starts from rest and ends at rest, the

change in kinetic energy is zero. The U = 0, or

6.10.   Determine the speed of escape, i.e., the initial

speed, that must be given to a particle on the earth’s

surface to project it to an infinite height.

SOLUTION

The particle of weight W is shown in Fig. 6-14 at a

distance x from the center of the earth of radius R. The

earth’s attraction F is known to be inversely

proportional to the square of the distance x; that is, F

= -C/x2. To determine C, note that the attraction on the



earth’s surface is the weight W. Thus, 

, and hence F = -WR2/x2.

Fig. 6-14

The work done in going from x = R to x = ∞ is

The work done equals the change in kinetic energy. 

 and T2 = 0 (since v = 0 when x becomes

infinite). Hence,

Assuming the diameter of the earth to be 12 700 km,

the required speed of escape is calculated to be

6.11.   Determine the spring constant k in Fig. 6-15 such

that the slender rod AB just reaches the vertical down

position when it is released from rest in the horizontal



position shown. The spring is stretched 25 mm in the

position shown. The mass of the bar is 3.6 kg.

Fig. 6-15

SOLUTION

The unstretched length of the spring is 475 mm. In the

vertical position, the spring is stretched 700 - 475 =

225 mm. The work done by the spring is

The work done by the gravity force is

Since the bar starts from rest and ends at rest, the

change in the kinetic energy is zero. Hence,



6.12.   The strength of a magnetic field is given by F = -

40/x, where F is in newtons and x is the distance from

the magnet in meters. A 0.1-kg disk is placed 1.8 m

from the magnet on a smooth horizontal plane. What

will be the speed of the disk when it is 900 mm from

the magnet?

SOLUTION

Using the work-energy relation U = ∆T, we have

6.13.   A slender rod 2 m long and having a mass of 4 kg

increases its speed about a vertical axis through one

end from 20 to 50 rpm in 10 rev. Find the constant

moment M required to do this.

SOLUTION

The moment of inertia IO of the rod about an axis

through one end is

Work done = change in kinetic energy of rotating

body:



6.14.   A slender rod having a mass m and length  is

pinned at one end to a horizontal plane. The rod,

initially in a vertical position, is allowed to fall (see Fig.

6-16). What will be its angular speed when it strikes

the floor?

Fig. 6-16

SOLUTION

The only force doing work is the gravitational force

mg, assumed concentrated at the center of gravity,

which falls a total vertical distance . The work done

by gravity is thus . The kinetic energy is changed

from T1 = 0 to . Then



6.15.   A car and four wheels have a mass of 818 kg. Each

91-kg wheel is 750 mm in diameter. The car, moving

at 24 km/h, coasts to rest on a level track in 3.2 km.

What is the rolling resistance F?

SOLUTION

The initial kinetic energy T1 is the kinetic energy (of

translation) of the car and the kinetic energy (both

rotation and translation) of the four wheels. The final

kinetic energy T2 = 0. The work done by the rolling

resistance F equals F(3200) N⋅m. Also, 24 km/h = 6.67

m/s. Then

Substitute  into the expression to obtain

F = - 6.95 N. Resistance, like friction, is always

negative.

6.16.   A 45-kg slender rod 1.2 m long falls from rest from

the horizontal line to the 45° angle shown in Fig. 6-17.

In that position, what are the bearing reactions at O on

the rod?



Fig. 6-17

SOLUTION

Choose n and t axes along and perpendicular to the

bar. Apply reversed effective forces through the center

of gravity to hold the bar in “equilibrium.” To

determine the angular acceleration a in the position

shown, use the equation  or

Summing forces along the t axis,

To determine On, it is first necessary to find ω. Use

the work-energy method. The only force doing work is

the weight, whose center G has fallen 0.6(0.707) =



0.4242 m. The kinetic energy change is .

Hence,

Summing the forces along the bar,

6.17.   A solid homogeneous cylinder of radius R and mass

m rotates freely from its initial rest position (G

vertically above O) about a horizontal axis

perpendicular to the plane of the paper. What is the

value of its angular speed in the position q ? Refer to

Fig. 6-18.

Fig. 6-18

SOLUTION

By inspection, G falls a vertical distance R - R cosθ.

The work done on the cylinder by gravity is thus equal

to mgR(1 - cosθ). The kinetic energy in its rest position



is T1 = 0. The kinetic energy in the θ position is 

. By the transfer theorem for moments of

inertia,

Then

6.18.   A sphere, rolling with an initial velocity of 9 m/s,

starts up a plane inclined 30° with the horizontal, as

shown in Fig. 6-19. How far will it roll up the plane?

Fig. 6-19

SOLUTION

The initial kinetic energy T1 decreases to T2 = 0 at the

top of the travel. The only force that does work is the

component of the weight W along the plane. This

gives, x being the required distance,



The initial kinetic energy T1 for the body in plane

motion is  Since  and v1 = -ω1R,

we have

Then

6.19.   Figure 6-20(a) shows a 146-kg solid cylinder that

rolls from rest without slipping on a horizontal plane

under the action of the horizontal 54-N force.

Determine the angular velocity of the cylinder after it

has rotated 90°. The diameter is 960 mm.

Fig. 6-20

SOLUTION

In the free-body diagram, Fig. 6-20(b), the only force

doing work is the 54-N force. Using an (x, y) set of

axes as shown, the radius vector for the top point is r

= R + 0.48j.



When the cylinder rotates through a differential

angular displacement dϕ, we can write

Also note that dR = 0.48(dϕ)i. The differential work

done by the 54-N force is now written

and

Alternatively, this result can be obtained by

replacing the 54-N force at the top with a horizontal

54-N force through the center and a clockwise couple

equal to 54 × 0.48 = 25.92 N⋅m.

The work done by the force through the center and

the couple is

Next determine the kinetic energy of the cylinder as

Equating this to the work done, we find

6.20.   A solid homogeneous cylinder rolls without slipping

on the horizontal plane. The cylinder has a mass of 90

kg and is at rest in the position shown in Fig. 6-21. The



modulus of the spring is 450 N/m, and its unstretched

length is 600 mm. What will be the angular speed of

the cylinder when the spring has moved the center

500 mm to the right?

Fig. 6-21

SOLUTION

The cylinder has initial kinetic energy T1 = 0 and final 

. Substituting  and 

, we obtain 

Since the point of application of the frictional force

moves with the cylinder (and hence friction does no

work), the forces form a conservative system. The

conservation of energy law will be used here. The

system possesses potential energy because of the

spring configuration (see Example 6.2). The initial and

final lengths of the spring are

Then



Finally, from the conservation of energy law, we can

write

6.21.   A cylinder is pulled up a plane by the tension in a

rope that passes over a frictionless pulley, assumed

weightless, and is attached to a 70-kg mass, as shown

in Fig. 6-22. The 45-kg cylinder has radius 600 mm.

The cylinder moves from rest up a distance of 5 m.

What will be its speed?

Fig. 6-22

SOLUTION

The initial kinetic energy of the cylinder and mass is T1

= 0. The final kinetic energy of the system is



after substituting mc = 45, mm = 70, , and 

. The initial potential energy for the cylinder

will be assumed zero, and it will gain potential energy

(9.8 × 45)(5 sin 50°). The initial potential energy of the

70-kg mass will be assumed zero, and it will lose

potential energy (9.8 × 70)(5). Thus,

6.22.   The 44-kg block shown in Fig. 6-23 rests on a smooth

plane. It is connected by a cord that passes around

weightless, frictionless pulleys to a support. The 60-kg

mass is attached as shown. After the system is

released from rest, in what distance s will the block on

the plane attain a speed of 3 m/s?

Fig. 6-23

SOLUTION

The 60-kg block travels one-half the distance that the

44-kg block does, and its speed is one-half the speed

of the 44-kg block. The initial kinetic energy of the

system is T1 = 0. Its final kinetic energy is



Work is done by the component of the weight along

the plane and by the 60-kg mass. Assuming motion up

the plane, the work done is

Using  provides

6.23.   A flexible chain of length  and mass a kg/m is

released when it has a free overhang of c meters.

What will be its speed when leaving the smooth table?

SOLUTION

The free overhang of mass ac will fall a distance  - c;

the work done by gravity on this part will be gac( - c).

The part on the table will fall an average distance 

; the work done by gravity on this part is 

. The total work equals the final kinetic

energy . Then

6.24.   Determine the work done in winding up a cable that

hangs from a horizontal drum if its free length is 6 m

and it has a mass of 50 kg.

SOLUTION

Figure 6-24 shows the cable in its original position. In

analyzing the problem, note that any element dx is

acted upon by a gravitational force 9.8(50/6) dx = 81.7



dx. Assume that the element dx is at a distance x from

the free end. This element is then raised a distance (6

- x) m. The work done on it is the product of the

gravitational force and the distance raised.

The total work is the integral of the work done on a

differential element. Note that x varies from 0 to 6 m:

Fig. 6-24

6.25.   Refer to Fig. 6-25. If weight W hangs freely, it

stretches the spring a distance c. Show that if the

weight (held so that the spring is unstressed) is

suddenly released, the spring stretches a distance 2c

before the weight starts to return upward.



Fig. 6-25

SOLUTION

The kinetic energy of the weight at the top (initial

position) and the bottom is zero. Hence, the total work

done on the weight must be zero. But the total work

done is the positive work of gravity (Ws) offset by the

negative work of the spring  the weight.

Therefore,

But in the freely hanging position, W is balanced by

the spring force kc. Putting W = kc in the above

equation, we obtain s = 2c.

The maximum tension in the spring for this type of

loading is double the weight.

6.26.   In the spring gun shown in Fig. 6-26, ball W rests

against the compressed spring of constant k. Its initial

compression is x0. What will be the speed of the ball

leaving the gun? Assume the spring is unstressed

when the bearing plate is at the end of the gun.



Fig. 6-26

SOLUTION

The ball is shown in any position x from the end of the

gun. The force doing work is the spring force F = kx.

The work done is

This is equal to the gain in kinetic energy of the ball,

which is

Hence,

6.27.   Two balls are connected by a spring whose

unstressed length is 450 mm and whose modulus is 44

N/m. The balls are pushed together (compressing the

spring) until they are 150 mm apart. They are then

released on a smooth horizontal table. What work is

done on the balls in returning them to their original

distance apart?



SOLUTION

The work done on the balls by the varying spring force

is equal to the work done in compressing the spring

from 450 to 150 mm; that is,

6.28.   A rope is wrapped around a 10-kg solid cylinder, as

shown in Fig. 6-27. Find the speed of its center G after

it has moved 1.2 m down from rest.

Fig. 6-27

SOLUTION

The only force doing work is the gravitational force 10

× 9.8 = 98 N. Its initial kinetic energy is zero. Its final

kinetic energy is

Then



6.29.   In Fig. 6-28, block A initially rests on the spring, to

which it is connected by a 600-mm inextensible cord,

which becomes taut after the system is released. What

will be the stretch of the spring to bring the system to

rest? The 74-kg cylinder may be considered

homogeneous; it rotates in frictionless bearings.

Fig. 6-28

SOLUTION

First, determine the kinetic energy of the system

before the spring comes into play; i.e., while the mass

A rises 600 mm, the work done equals (45sB -

68sA)9.8.

The mass B drops 1200 mm while A rises 600 mm.

Hence, the kinetic energy when the spring action

starts is the work done, or T1 = (45 × 1.2 - 68 ×

0.6)9.8 = 129.4 N⋅m. The final kinetic energy of the

system is T2 = 0.



The work done on the system (A and B) by gravity

and by the spring as it stretches a distance x is

Since U = T2 - T1,

6.30.   In Fig. 6-29, what mass of B will cause the cylinder

having an I = 136 kg⋅m2 to attain an angular velocity

of 4 rad/s after rotating counterclockwise 6 rad from

rest?

Fig. 6-29

SOLUTION

The work done in the counterclockwise direction is,

with q = 6 rad,



The system has initial kinetic energy T1 = 0 and final

kinetic energy

But νB = 0.6ω, νC = 0.3ω, and ω = 4 rad/s; hence,

Then using U = T2 - T1,

6.31.   In Fig. 6-30, the mass of block A is 44 kg and that of

block B is 58 kg. The drum has a moment of inertia 

 Through what distance will A fall before it

reaches a speed of 2 m/s?

Fig. 6-30

SOLUTION

The work done with  is



The system has initial kinetic energy T1 = 0 and final

kinetic energy

since vA = 2 m/s, vB = 0.667 m/s, and ω = vA/r =

2/0.9 = 2.22 rad/s. Then

6.32.   The 7-kg block shown in Fig. 6-31 is released from

rest and slides a distance s down the inclined plane. It

strikes the spring, which it compresses 75 mm before

motion impends up the plane. Assuming that the

coefficient of friction is 0.25 and that the spring

constant k = 2800 N/m, determine the value of s.

Fig. 6-31

SOLUTION

The initial kinetic energy and the final kinetic energy

(when the block has moved s + 0.075 m) are zero.

Hence, the work done by friction, gravity, and the

spring must be zero. The normal reaction, 9.8 × 7 cos

30° = 59.4 N, does no work. The friction = 0.25 × 59.4



= 14.85 N. The component of the gravitational force

along the plane = 9.8 × 7 sin 30° = 34.3 N. Each of

these forces does work for s + 0.075 m; frictional work

is negative, the other is positive.

The work of the spring is negative and equals 

 Hence,

6.33.   Refer to Fig. 6-32. A 45-kg cylinder of radius 300 mm

rolls without slipping under the action of an 360-N

force. A spring is attached to a cord that is wound

around the cylinder. What is the speed of the center of

the cylinder after it has moved 150 mm? The spring is

unstretched when the 360-N force is applied.

Fig. 6-32

SOLUTION

Since the cylinder rolls without slipping, the spring

becomes stretched 300 mm when the center of the

cylinder moves 150 mm to the right. Noting that the

friction force and normal force under the cylinder do

no work (see Problem 6.4), the work is



The initial kinetic energy is zero. Hence, the change in

kinetic energy, where ν0 = 0.3ω for no slip, is

Hence,

SUPPLEMENTARY PROBLEMS

6.34.   A cylindrical well is 2 m in diameter and 12 m deep.

If there is 3 m of water in the bottom of the well,

determine the work done in pumping all this water (the

density of water is 1000 kg/m3) to the surface.

Ans. 970 kN⋅m

6.35.   Referring to Problem 6.34, what work must be done

by a pump that is 60 percent efficient?

Ans. 1620 kN⋅m

6.36.   A person who can push 300 N wishes to roll a 90-kg

barrel into a truck that is 900 mm above the ground.

How long a board must be used and how much work will

the person do in getting the barrel into the truck?

Ans. 2.65 m, 794 N⋅m



6.37.   A 4.5-kg block slides 1.2 m on a horizontal surface.

(a) If the coefficient of friction is 0.3, what work is done

by the block on the surface? (b) What work is done by

the surface on the block?

Ans. (a) U = 0, (b) U = 15.9 N⋅m

6.38.   The 8-kg block is acted upon by a 100-N force as

shown in Fig. 6-33. If the coefficient of sliding friction is

0.30, determine the work done by all forces as the block

moves 4 m to the right.

Ans. U = 282 N⋅m

Fig. 6-33

6.39.   A 4.5-kg block slides 1.8 m down a plane inclined

40° with the horizontal. Determine the work done by all

forces acting on the block. The coefficient of sliding

friction is 0.40.

Ans. U = 26.7 N⋅m

6.40.   A particle moves along the path x = 2t, y = t3,

where t is in seconds and distances are in meters. What

work is done in the interval from t = 0 to t = 3 s by a

force whose components are Fx = 2 + t and Fy = 2t2?

Forces are in newtons.



Ans. U = 313 N⋅m

6.41.   A bead that weighs 0.6 N is raised slowly along a

frictionless wire, composed of two circular arcs, from A

to B as shown in Fig. 6-34. What work is done?

Fig. 6-34

Ans. U = 0.72 N⋅m

6.42.   A freestanding crane has a horizontal boom 75 m

long that is 120 m above the ground. If the crane is

slowly lifting 35.6 kN of concrete up a distance of 100

m, what work is done? During this lifting, what is the

moment that tends to overturn the crane?

Ans. U = 3560 kN⋅m, M = 2670 N⋅m

6.43.   The 20-kg solid cylinder shown in Fig. 6-35 is

released from rest. Determine the work done by the

earth’s pull when the bottom hits the floor.



Fig. 6-35

Ans. U = 1.25 N⋅m

6.44.   The empty cylindrical tank A in Fig. 6-36 is filled with

water by lifting it with a pump from the cubical tank B.

Water has a density of 1000 kg/m3. Assume that B was

filled at the beginning. How much work is done?



Fig. 6-36

Ans. U = 176 kN⋅m

6.45.   The 16-kg mass in Fig. 6-37 drops 2.5 m. It is

attached by a light rope to a drum that rotates in

frictionless bearings. A constant torque M = 80 N⋅m is

supplied to the drum. What work is done on the

system?



Fig. 6-37

Ans. U = 59 N⋅m

6.46.   The 40-kg drum shown in Fig. 6-38 rotates in

frictionless bearings. What work is done on the system

when the 30-kg mass falls 1 m?

Fig. 6-38

Ans. U = 98 N·m

6.47.   The homogeneous plane object shown in Fig. 6-39 is

25 mm thick and has a mass density of 7840 kg/m3. It

falls from a horizontal to a vertical position. What work

is done on the object?



Fig. 6-39

Ans. U = 138 N⋅m

6.48.   A couple M = 2θ 3 - θ is applied to a shaft that

rotates from θ = 0° to θ = 90°. Determine the work

done if M is in N⋅m.

Ans. U = 1.81 N⋅m

6.49.   A force of 30 N will stretch an elastic cord 250 mm. If

the force required to stretch the cord varies directly as

the deformation, what is the work done in stretching the

cord 1500 mm?

Ans. 135 N⋅m

6.50.   A force of 100 N is required to compress a spring

through a distance of 100 mm. If the force required to

compress the spring varies directly with its deformation,

how much work is done in compressing it through 225

mm?

Ans. 25.3 N⋅m

6.51.   At a certain instant during acceleration along a level

track, the drawbar pull of a locomotive is 90 kN. What

power is being developed if the speed of the train is 60

km/h?



Ans. 1.5 MW

6.52.   A 1200-kg automobile climbs a 10 percent grade at

a uniform rate of 24 km/h. If the resistance is 100

N/metric ton, what horsepower is the car developing?

Ans. 11.6 hp

6.53.   A steam engine raises an 1800-kg mass vertically at

the rate of 9 m/s. What is the power of the engine,

assuming an efficiency of 70 percent?

Ans. 227 kW

6.54.   The power measured by a Prony brake attached to

an engine flywheel is 6.3 brake horsepower (bhp). The

indicated horsepower (ihp), as measured by means of

indicator cards, is 7.1. What is the efficiency of the

engine?

Ans. Eff = 89 percent

6.55.   What horsepower is required to raise a 500-kg mass

to a height of 2.4 m in 4 s?

Ans. 3.94 hp

6.56.   A 50-kg homogeneous cylinder 1200 mm in

diameter is rotating at 100 rpm. A torque of 30 N⋅m is

needed to keep this speed constant (overcoming

friction). What power is required?

Ans. 314 W

6.57.   A 150-mm-diameter pulley is rotating at 2000 rpm.

The belt driving it has tensions of 5 and 15 N in the



slack and tight sides, respectively. What horsepower is

being delivered to the pulley?

Ans. 0.211 hp

6.58.   A 0.1 kg body falls 1500 mm to the surface of the

earth. What is its kinetic energy as it hits the ground?

Ans. T = 1.47 N⋅m

6.59.   A 50-kg body starts from rest and is pulled along the

ground by a horizontal force of 300 N. If the coefficient

of friction is 0.1 and the force acts for a distance of 2 m

and then ceases to act, determine the distance required

for the body to come to rest.

Ans. 10.2 m

6.60.   A bullet enters a 50-mm-thick plank with a speed of

600 m/s and leaves with a speed of 250 m/s. Estimate

the greatest thickness of plank that could be penetrated

by the same bullet.

Ans. 60.5 mm

6.61.   If the block in Problem 6.3 starts from rest, what is

its speed after traversing the 6 m?

Ans. 9.6 m/s

6.62.   A 2-kg block slides down a plane inclined 50° with

the horizontal. The coefficient of friction between the

block and the plane is 0.25. Determine the speed of the

block after it has moved 4 m along the plane starting

with a velocity of 2 m/s.

Ans. v = 7.17 m/s



6.63.   A 40-kg block is acted upon by a 150-N horizontal

force. The coefficient of friction is 0.25. Determine the

speed of the block after it has moved 6 m from rest.

Refer to Fig. 6-40.

Fig. 6-40

Ans. v = 3.95 m/s

6.64.   Determine the kinetic energy possessed by a 100-kg

disk that is 500 mm in diameter, 75 mm thick, and

rotating at 100 rpm about its center.

Ans. 171 N⋅m

6.65.   A 50-kg, 150-mm-diameter sphere rotates at 120

rpm about an axis 400 mm from its center. What is the

kinetic energy of rotation?

Ans. 632 N⋅m

6.66.   A 10-kg cylinder with a radius of 200 mm is rolling

on a flat surface with a mass center speed of 2 m/s.

What is its kinetic energy?

Ans. T = 30 N⋅m

6.67.   A 4-kg sphere has a radius of 1000 mm and a radius

of gyration of 600 mm. It is rolling on a horizontal plane



with angular speed 3 rad/s. What is the kinetic energy

of the sphere?

Ans. T = 24.5 N⋅m

6.68.   In Fig. 6-41, the angular velocity of crank CD is 10

rad/s clockwise. The masses of the slender bars are as

follows: AB is 2 kg, BC is 4 kg, and CD is 3 kg.

Determine the kinetic energy of the system.

Fig. 6-41

Ans. 456 N⋅m

6.69.   The slender rods AB and BC in Fig. 6-42 have masses

of 5 and 3 kg, respectively. AB rotates with an angular

velocity of 8 rad/s clockwise, while BC has an angular

velocity of 6 rad/s counterclockwise. Determine the

kinetic energy of the system.



Fig. 6-42

Ans. 351 N⋅m

6.70.   A 900-kg solid cylindrical flywheel is 1200 mm in

diameter. If the axle is 150 mm in diameter and the

coefficient of journal friction is 0.15, find the time

required for the flywheel to coast to rest from a speed

of 500 rpm.

Ans. 85.5 s

6.71.   An electric motor has a 10-kg rotor with radius of

gyration k = 48 mm. A frictional torque of 0.06 N⋅m is

present. How many revolutions will the rotor make while

coming to rest from a speed of 1800 rpm?

Ans. θ = 1086 rev

6.72.   A drum rotating 20 rpm is lifting a 1-metric-ton cage

connected to it by a cable as shown in Fig. 6-43. If

power is cut off, how high will the cage rise before

coming to rest? Assume frictionless bearings.



Fig. 6-43

Ans. h = 102 mm

6.73.   A car rolls from rest without any friction down the

smooth incline and then moves inside the loop shown in

Fig. 6-44. Determine the least value of h so that the car

will remain in contact with the track.

Fig. 6-44

Ans. h = 25 m

6.74.   A 4-kg homogeneous slender bar is 1 m long. It

pivots about one end. When released from rest in the

horizontal position, it falls under the action of gravity



and a constant retarding torque of 5 N⋅m. What will be

its angular speed as it passes through its lowest

position?

Ans. ω = 4.19 rad/s

6.75.   The 30-kg drum in Fig. 6-45 has a radius of gyration

k = 800 mm. Assume no friction and determine the

speed of the drum after it has made one revolution

starting from rest.

Fig. 6-45

Ans. ω = 3.35 rad/s

6.76.   A well bucket of weight W1 is attached to a windlass

of weight W2 and radius of gyration k. See Fig. 6-46. If r

is the radius of the windlass, how long will it take the

bucket to drop a distance s from rest to the water level?

Neglect bearing friction and the weight of the rope.



Fig. 6-46

Ans. 

6.77.   A homogeneous bar of length L is pivoted about a

point a distance a from one end, as shown in Fig. 6-47.

If the bar is released from rest in the 30° position, what

will be the angular speed when the bar is vertical?

Fig. 6-47

Ans. 

6.78.   A 100-kg sphere, 600 mm in diameter, rolls from rest

down a 25° plane for a distance of 30 m. What is its

kinetic energy at the end of the 30 m?



Ans. 12 420 N⋅m

6.79.   In Problem 6.78, what is the speed of the center of

the sphere after it has traveled the 30 m?

Ans. 13.3 m/s

6.80.   A sphere rolls a distance s down a plane inclined at

angle q with the horizontal. What is the speed of the

sphere if it starts from rest?

Ans. 

6.81.   A car has a 900-kg body, four 20-kg wheels, and a

70-kg driver. The wheels are 700 mm in diameter and

have a radius of gyration k = 300 mm. What will be the

speed of the car if it moves from rest 300 m down a 5

percent grade? Neglect any drag.

Ans. 60 km/h

6.82.   The 4-kg sphere shown in Fig. 6-48 has a string

wrapped around a slot as shown. What will be the speed

of the center if it falls 1 m from the rest position?

Fig. 6-48

Ans. ν = 3.74 m/s



6.83.   A 2-kg disk 60 cm in diameter is attached rigidly to

an 8-kg disk 120 cm in diameter. If the assembly is

released from rest, as shown in Fig. 6-49, what will be

the angular speed when the small disk is at the bottom

of its travel?

Fig. 6-49

Ans. ω = 2.26 rad/s

6.84.   In Fig. 6-50, A has a mass of 7 kg and B has a mass

of 4 kg. If B falls 400 mm from rest, determine its speed

(a) if no friction exists and (b) if the coefficient of

friction between A and the horizontal plane is 0.20.



Fig. 6-50

Ans. (a) v = 1.69 m/s, (b) v = 1.36 m/s

6.85.   In the system shown in Fig. 6-51, all ropes are

vertical. If the 20-kg weight rises 480 mm from rest,

what will be its speed?



Fig. 6-51

Ans. v = 0.972 m/s

6.86.   A 36-Mg freight car moving 8 km/h horizontally hits a

bumper with a spring constant of 1750 N/mm. What will

be the maximum compression of the spring?

Ans. d = 320 mm

6.87.   An 8-kg weight slides 150 mm from rest down the

25° plane, shown in Fig. 6-52, where it hits a spring

whose modulus is 1800 N/m. The coefficient of friction

is 0.20. Determine the maximum compression of the

spring.



Fig. 6-52

Ans. d = 67.6 mm

6.88.   A spring compressed 75 mm and with a modulus k =

5000 N/m is used to propel a 0.05-kg mass from the

frictionless tube shown in Fig. 6-53. Determine the

horizontal distance r at which the mass will be at the

same height as it was initially. Neglect air resistance.

Fig. 6-53

Ans. r = 55.4 m

6.89.   (a) In Fig. 6-54(a), the 2-kg mass m slides from rest

at A along a frictionless rod bent into a quarter circle.

The spring with modulus k = 30 N/m has an unstretched



length of 450 mm. Determine the speed of m at B. (b) If

the path is elliptical, as in Fig. 6-54(b), what is the

speed at B?

Fig. 6-54

Ans. (a) v = 3.43 m/s, (b) v = 3.01 m/s

6.90.   The pull of the earth on an object varies inversely

with the square of the distance from the center of the

earth. If W is the weight of the object on the earth’s

surface (radius R), then the pull at distance ρ is WR2/ρ2.

(a) What work must be done against this gravitational

pull to move the particle from the earth’s surface to a

distance x from the earth’s center? (b) To infinity? See

Fig. 6-55.



Fig. 6-55

Ans. (a) U = WR - WR2/x, (b) U = WR

6.91.   The 150-kg wheel shown in Fig. 6-56 has a radius of

gyration of 360 mm with respect to its center of mass

G. In the initial position shown, the velocity of G is 2 m/s

down the plane, and the spring is stretched 150 mm. If

the spring modulus is 1000 N/m, what will be the

maximum stretch of the spring?



Fig. 6-56

Ans. 1.98 m

6.92.   In Problem 6.11, the bar is started, when it is

vertically up and the spring is unstretched, with an

angular velocity of 2 rad/s clockwise. What will be the

angular velocity when the bar rotates through 180°?

Ans. ω = 7.63 rad/s

6.93.   The circular disk in Fig. 6-57 has a mass of 3 kg, and

the slender bar AB has a mass of 8 kg. The initial

angular velocity of the disk is 6 rad/s as shown. What is

the value of the moment M that will stop the disk when

it has rotated 90° counterclockwise? Assume that the

roller at B is massless.



Fig. 6-57

Ans. 0.54 N⋅m counterclockwise

6.94.   The plank AB in Fig. 6-58 has a mass of 7 kg. The

solid cylindrical rollers D and E are each of mass 5 kg

and are 0.5 m in diameter. The plank is released from

rest with roller D under the end A and roller E under the

mass center C. Assuming no slip, determine the velocity

of the plank when roller E is under end B.

Fig. 6-58

Ans. 7.11 m/s



6.95.   In Fig. 6-59, the 5-kg slender rod AB is pinned at A to

a 3-kg uniform disk. The rod rests on the horizontal

plane at B. If the system is released from rest in the

position shown, what will be the velocity of the center

of the disk when the bar is horizontal? The disk rolls

without slipping, and the friction under the bar at B can

be neglected.

Fig. 6-59

Ans. ν0 = 1.81 m/s to the right

6.96.   In Fig. 6-60, gear A drives gear B under the action of

a clockwise moment M = 28 N⋅m. If the two gears are at

rest when the moment is applied, what is the angular

velocity of gear B when gear A has turned through 4

rev? Assume the gears A and B to be disks of mass 3.6

and 14.4 kg, respectively.



Fig. 6-60

Ans. ωB = 27 rad/s



Impulse and Momentum

7.1 IMPULSE-MOMENTUM RELATION

FOR A PARTICLE

The momentum of a particle was defined in Section 3.1 as

The vector sum of the external forces acting on a particle is

equal to the time rate of change of the momentum L:

Integration over the time interval during which the

velocity of the particle changes from v1 to v2 results in the

expression



The left-hand side of Eq. (7.3) is called the impulse I of

the resultant force  during the time interval from t1 to

t2. Thus, the impulse is equal to the change in momentum

during this time interval, i.e.,

The following is a list of the SI and U.S. Customary units

used in this chapter,

7.2 IMPULSE-MOMENTUM RELATION

FOR AN ASSEMBLAGE OF PARTICLES

The vector sum of the external forces acting on an

assemblage of n particles equals the time rate of change of

the momentum of a mass m that is equal to the sum of the

masses of the n particles and that possesses a velocity

equal to that of the mass center of the n particles:



As in the case of one particle, the above equation may be

integrated for a mass composed of particles all of which

possess the same velocity:

This states that the impulse I of all the forces acting in the

stated time interval is equal to the change in momentum of

a mass m, as stated in the first sentence of this section.

Note that the vector  does not, in general, pass through

the mass center of the assemblage of particles.

For a body in translation (all particles have the same

velocity), Eq. (7.6) can be replaced by the scalar equations

Conservation of momentum in a given direction occurs if the

sum of the external forces in that direction is zero. This

follows because there is then no impulse in that direction,

and hence no change in momentum can occur.



EXAMPLE 7.1 A 1500-kg vehicle is traveling at 50 km/h

down a 5° incline, as sketched in Fig. 7-1. A bunny

suddenly appears in the road and the driver applies the

brakes so that all four wheels skid (no ABS). How long

does it take to completely stop the vehicle if mk = 0.65?

If the road is icy so that mk = 0.1?

Fig. 7-1

SOLUTION: Since the example requests time, it is

convenient to use impulse-momentum since time occurs

explicitly in the equation. Apply Eq. (7.6) to the free-

body diagram of Fig. 7-1 in the x direction, assuming

constant forces:

Note that the velocity must have units of m/s, as in all

equations for velocity in this book.

If the road is icy, the coefficient of dynamic friction is

assumed to be 0.1. Then the above time to stop is found

as follows:



Poor bunny!

7.3 ANGULAR MOMENTUM

The angular momentum HO (also called moment of

momentum) is the moment about any point O of the linear

momentum vector L. In Fig. 7-2, O can be any point, fixed or

moving. Thus,

Fig. 7-2 Vectors used to define angular momentum HO.

The sum of the moments about a fixed point O of the

external forces acting on a particle is equal to the time rate



of change of the angular momentum HO; that is,

From Eq. (7.9),  where r is the radius vector

in a newtonian frame and v = absolute velocity of the

particle m. Taking the time derivative,

Since  and 

we obtain 

Equation (7.10) may be integrated as follows:

The integral on the left is the angular impulse acting

throughout the time interval t1 to t2, and the right-hand side

of Eq. (7.12) is the change that occurs in angular

momentum during this time interval.

Equation (7.10) can be applied as follows to an

assemblage of particles. The sum of the moments about

point O of the external forces acting on an assemblage of n

particles is equal to the time rate of change of the angular

momentum HO about point O, only if (a) point O is at rest, or

(b) the mass center of the n particles is at rest, or (c) the

velocities of O and the mass center are parallel (certainly

true if O is the mass center). See Problem 7.1, which proves

Eq. (7.10) holds for an assemblage of particles.



7.4 RELATIVE ANGULAR MOMENTUM

The relative angular momentum  is the moment about

any point O of the product of the mass of the particle and

the time rate of change of the radius vector q of the particle

relative to O (see Fig. 7-3):

Fig. 7-3 Vectors used to define relative angular momentum 

The sum of the moments about O of the external forces

acting on an assemblage of n particles is equal to the time

rate of change of the relative angular momentum  about

this point O, i.e.,



only if (a) O is the mass center of the n particles, or (b) O is

a point of constant velocity (or at rest), or (c) O is a point

with an acceleration vector that passes through the mass

center (see Problems 7.2 and 7.3).

For a body in rotation about a fixed axis, a scalar

equation can be used:

For proof see Problem 7.4.

Conservation of angular momentum about an axis occurs

if the sum of the moments of the external forces about that

axis is zero. This follows because there is then no angular

impulse about that axis, and hence no change in angular

momentum can occur.

For a body in plane motion, the above equations become,

an scalar form,



For proof, see Problem 7.5.

Alternatively, for a body in general plane motion, if the

axis of angular momentum is not the center of mass, the

scalar angular momentum becomes

This formulation of the angular momentum is of particular

value in problems involving eccentric collisions.

EXAMPLE 7.2 The 80-kg wheel in Fig.7-4 is initially

rolling down the slope at 12 rad/s. How long will it take

for the wheel to come to a stop? The radius of gyration

of the wheel with respect to the center is k = 800 mm (I

= mk 2). Neglect the mass of the frictionless pulley and

the rope.



Fig. 7-4

SOLUTION: The initial speed of the mass center of the

wheel is vc = 12 × 0.800 = 9.6 m/s. The initial speed of

the rising 50-kg mass is v = 12 × 1.6 = 19.2 m/s. Since

the example requests time, it is most convenient to use

impulse-momentum. Apply Eqs. 7.16, 7.17, and 7.18 to

free-body diagrams of the wheel and 50-kg mass of Fig.

7.4, using DL = mDv and DHG = IDω :

Be careful with the signs in these equations. In Eq. (1)

up is positive; in Eq. (2) clockwise is positive; and in Eq.

(3) down is positive. The above three equations possess

three unknowns: F, T, and t. Solve simultaneously for t

to find



EXAMPLE 7.3 An 822-kg SMART car traveling at 90

km/h is hit head-on by a 3000-kg Dodge Durango

traveling at 60 km/h. Assuming no friction between the

wheels immediately at impact, estimate the speed of

the vehicles immediately after impact assuming that

they do not separate but continue as one larger mass.

SOLUTION: With no external forces acting on either

vehicle, momentum is conserved at impact. Let v′ be

the speed after impact in the direction of the Durango.

The conservation of momentum is expressed as follows:

The positive sign indicates the final speed is in the

direction the Durango was moving. The Durango slowed

to 28 km/h, and the SMART car changed directions in a

split second to go from 90 km/h to -28 km/h.

7.5 IMPACT

Impact covers the cases where the time intervals during

which the forces act are quite small and usually

indeterminate. The surfaces of two colliding bodies have a

common normal, which is the line of impact.



(a)   Direct impact occurs if the initial velocities of the two

colliding bodies are along the line of impact.

(b)   Direct central impact occurs if the mass centers in (a)

are also along the line of impact.

(c)   Direct eccentric impact occurs if the initial velocities are

parallel to the normal to the striking surfaces but are not

collinear.

(d)   Oblique impact occurs if the initial velocities are not

along the line of impact.

In direct central impact of the two bodies, the coefficient

of restitution is the ratio of the relative velocity of

separation of the two bodies to their relative velocity of

approach. Thus,

Note: When the impact is oblique, the normal

components of the velocities are used in the above formula.

Since during impact the same force acts on each body

(equal and opposite reaction), the sum of the momenta

before impact must equal the sum of the momenta after

impact, i.e., momentum is conserved. This relation is

expressed as



EXAMPLE 7.4 The 2-kg ball moving in the xy plane

strikes a 4-kg stationary ball, as shown in Fig.7.5. If the

coefficient of restitution is 0.8, find the speed of each

ball after the collision.

Fig. 7-5

SOLUTION: With no external forces acting on either

ball, momentum is conserved at impact. Apply Eqs. 7.20

and 7.21, with ul,x = 0 and u2,x = 6 × 0.707 = 4.242

m/s, to find a solution:

Remember, v represents a velocity after the collision,

whereas u represents a velocity before the collision. A

simultaneous solution of the above two equations gives



There is no force component on the larger ball in the y

direction (the impact force is only in the x direction) so

after impact vl,y = 0. There is also no force component

on the smaller ball in the y direction, so its y component

of velocity does not change; hence, v2,y = 6 × sin 45° =

4.242 m/s. Consequently, the speed of each ball after

the collision is

The negative sign means the heavier ball is moving in

the negative x direction after the collision, as expected.

The lighter ball lost momentum and the heavier ball

gained momentum due to the conservation of

momentum.

7.6 VARIABLE MASS

Suppose at time t a mass m is moving along a straight line

with an absolute speed v (see Fig. 7-6). Further suppose a

mass dm immediately in front of mass m is moving along

the same straight line with absolute speed u. If the mass m

absorbs the mass dm in a time interval dt, then the

combined mass m + dm will move with speed v + dv.



Fig. 7-6 Combination of two masses.

The momentum of the system at time t is mv + dm u.

The momentum of the system at time t + dt is (m + dm)(v

+ dv). The change in momentum is then

Since the magnitude of dm dv is of second order, we shall

drop the term. Dividing by dt,

If the mass is released (decrease in mass), then dm/dt will

be negative.

The above formula was shown for straight-line motion,

but is of a more general nature.

Since the sum of the forces acting equals the time rate of

change of momentum,



SOLVED PROBLEMS

  7.1.   Given an assemblage of n particles of masses m1,

m2, m3, …, mn, show that the sum of the moments

about point O of the external forces equals the time

rate of change of the angular momentum of the group

of particles about this point O only if (a) point O is at

rest, or (b) the mass center of the n particles is at rest,

or (c) the velocities of O and the mass center are

parallel (which is certainly true if O is the mass

center).

SOLUTION

Figure 7-7 shows the ith particle of the group with

mass mi. The given point O has a position vector rO

relative to a newtonian frame of reference: O′ is fixed.

The position vector of P, relative to the fixed frame, is

rP. Let HO be the angular momentum relative to O of

all the particles of which mi is representative. Thus,



Fig. 7-7

Taking the time derivative of Eq. (1),

From the figure,  and hence 

Substituting for  into (2),

Expand the first term on the right of (3) into



Since  is the absolute velocity vi of P, the first term of

(4) is zero. Also, since  does not change during the

summation and is therefore independent of i, the

second term of (4) can be written

where  is the velocity of the mass center.

The last term of Eq. (3) is equal to  the sum of the

moments of the external forces on all the particles.

Thus, (3) may now be written as

Equation (5) indicates that the time rate of change of

the angular momentum about O equals  only if 

 is zero. This occurs when (a) O is fixed, that is, 

 (b)  or (c)  and  are parallel (cross-product

of parallel vectors is zero). If O is the mass center, then 

 and 

  7.2.   Given an assemblage of n particles of masses m1,

m2, m3, …, mn, show that the sum of the moments

about O of the external forces equals the time rate of

change of the moment of relative momentum of the

group of particles about this point O only if (a) point O

is the mass center of the n particles, or (b) point O has

constant velocity (or is at rest), or (c) point O has an



acceleration vector that passes through the mass

center.

SOLUTION

Figure 7-8 shows the ith particle of the group with

mass mi. The given point O has a position vector rO

relative to a newtonian (inertial) frame of reference,

that is, O′ is fixed. The position vector of P relative to

the fixed frame is rP. Let  be the relative angular

momentum with respect to O of all the particles of

which mi is representative. Then, from Eq. (7.13),

Fig. 7-8

Taking the time derivative of Eq. (1),



From the figure,  and hence 

Substituting for  in (2) and noting that the first term

on the right of (2) is zero  we have

The last term in (3) may be written

since  does not change as the sum is taken over the

n particles. Also,

where  is the position vector relative to O of the mass

center. Then

The last term in (4) is zero if (a) O is the mass

center  (b) O has constant velocity  or (c)

O has an acceleration  passing through the mass

center, i.e., along  (the cross product of parallel

vectors is zero).



  7.3.   Four equal masses m are spaced at the quarter

points of a thin massless rim of radius R. Show that the

angular momentum relative to the mass center O

using absolute velocities is the same as that obtained

by using the relative velocities of the masses to the

mass center O.

SOLUTION

Let v = speed of the mass center as the rim rolls to the

right. Figure 7-9(a) shows the rim with the masses m2

and m4 in a vertical line. In Fig. 7-9(b), the momentum

L of each mass is shown using the absolute velocities

of each mass. Thus,  at 315°, while  at

45°. Of course, v2 = 2v, and v4 is that of the instant

center with no absolute velocity.

Fig. 7-9

The moment of each momentum is in the negative

z direction. Thus, summing in 1, 2, 3, and 4 order, we

can write



Figure 7-9(c) illustrates the velocity of each mass

relative to the center multiplied by the mass. The

moments about O of these relative momentum vectors

are

  7.4.   For a body rotating about a fixed axis that is through

O and perpendicular to the plane of the paper, show

that the sum of the angular impulses of the external

forces about the fixed axis is equal to the change in

IOv, where IOv is the angular momentum HO of the

entire body.

SOLUTION

In Fig. 7-10, dm represents any differential mass with

position vector q in the plane of the paper. The angular

momentum of dm is q × (dm v). The angular

momentum HO for the entire body is



Fig. 7-10

But v = v × q is in the plane of the paper and has

magnitude rw because the vectors v and q are at right

angles. Also, q × (v × q) is directed out of the paper

and has magnitude r2ω because q and v are at right

angles. Thus,

where k is the unit vector perpendicular to the paper

and directed toward the reader.

Since ω and k do not change with dm, they may be

taken outside the integral sign. Also,  Hence,

Then, using Eq. (7.10), we have



Since the moments of forces and v are in the k

direction, the equation can be written in scalar form as

where ω and ω′ are the initial and final angular speeds

and 

  7.5.   For a rigid body of mass m in plane motion (assume

the plane of the paper is the plane of motion), show

that Eqs. (7.16), (7.17), and (7.18) are true. Refer to

Fig. 7.11.

Fig. 7-11

SOLUTION

Since a rigid body is an assemblage of particles that

remain at constant distances from one another, Eq.

(7.6) applies. Thus,



This vector equation is equivalent to the two scalar

equations

To derive Eq. (7.18), make use of Eq. (7.14). As

indicated in Problem 7.2, the mass center is one of the

points that can be selected to apply Eq. (7.14). Then 

 becomes  the relative angular momentum of the

rigid body about the mass center, and

Because of the rigid-body constraint, the vector q

(from the mass center to the element of mass dm) can

change only in direction but not in magnitude. Hence, 

 is perpendicular to q (it is in the plane of the paper)

and of magnitude rw. Then  is perpendicular to

the plane of the paper and of magnitude  Thus, the

vector equation may be replaced by the scalar

equation

and Eq. (7.14) becomes

which can now be expressed as



  7.6.   A thin rim of mass m and radius R is rolling without

slipping on a horizontal plane, as shown in Fig. 7-12(a).

A horizontal force of magnitude P is applied at the top.

Show that the sum of the external forces about the

mass center G, when equated to the time rate of

change of the relative momentum about G, yields the

same result as obtained by equating the sum of the

moments of the external forces about the instant

center A to the time rate of change of the relative

angular momentum about A.

Fig. 7-12

SOLUTION

The free-body diagram in Fig. 7-12(a) shows the

normal force N, the friction force F, the applied force P,

and the weight mg concentrated at the mass center G.

Scalar equations will be used in this analysis.

(a)   Figure 7-12(b) shows a differential mass dm of the

rim at an angle q with the vertical. The mass dm is

that part of the rim subtended by the angle dq;

hence, dm = m dq/2p. The speed of dm relative to

the mass center G is Rw as shown. The relative

angular momentum about G of dm is thus dm R2ω.

The relative angular momentum of the entire rim is



The sum of the moments of the external forces

about G (considering clockwise positive) is

But for any group of particles (in this case the rim

with mass center speed v = rw),

From this,

The equation  yields

(b)   To use the instant center A as the center, let ℓ be

the distance from A to the mass dm as shown in Fig.

7-12(c). The speed of dm relative to A (which is at

rest) is ℓω. It is perpendicular to the line ℓ as shown.

The line has length

The moment of relative momentum of dm about A

is  Using dm = m dq/2p,



The sum of the moments of the external forces

about A is

This is the same result as determined in part (a).

It is interesting to note that since  is the

moment of inertia IA of the thin rim about the

instant center, the above equation can be written

  7.7.   If the mass center of an assemblage of particles is at

rest, Eq. (7.10) is true and any point O may be used.

For two particles of equal mass m mounted on a

weightless rim of radius R rotating about the center of

the rim, show that  Refer to Fig. 7-

13.



Fig. 7-13

SOLUTION

The bearing reactions are F to the left and 2mg up.

Summing moments about any point O,  is

independent of the moment center O:

Hence, FR = (d/dt) (2mR2ω), the same equation as

when moments are taken relative to mass center G.

  7.8.   A 45-kg object is pushed for 5 s by a horizontal force

F over a horizontal plane where the coefficient of

friction is 0.2. During this time interval, the speed

changes from 2 to 4 m/s. Determine the value of the

force F.

SOLUTION

The normal force equals the weight of 441 N. The

frictional force opposing motion is 0.2 × 441 = 88.2 N.



The impulse in the horizontal direction is equal to the

change in momentum. If the forces are constant, the

impulse is  So, using Eq. (7.6),

  7.9.   A 10-kg block slides from rest down a plane inclined

30° with the horizontal. Assuming a coefficient of

kinetic friction between the block and the plane of 0.3,

what will be the speed of the block at the end of 5 s?

SOLUTION

This problem may, of course, be solved by previous

methods. However, with time as one of the quantities

given, the impulse-momentum method is the simplest.

As in Problem 7.8, this is a problem of translation.

Draw a free-body diagram indicating all external forces

acting on the block (see Fig. 7-14). Since only motion

along the plane is considered, one impulse-momentum

equation will suffice. Using Eq. (7.6), we have

Fig. 7-14



7.10.   A 40-kg block rests on a horizontal plane. It is acted

upon by a horizontal force that varies from zero

according to the law F = 98t. If the force acts for 5 s,

what is the speed of the block? The coefficient of static

friction is 0.25, and the coefficient of kinetic friction is

0.20.

SOLUTION

The force F increases until it reaches the limiting value

of static friction; that is, F = 98t = 0.25 × 40 × 9.8.

Thus, at t = 1 s, the block begins to move with friction

now equal to 0.2 × 40 × 9.8 = 78.4 N, which remains

constant.

The impulse horizontally equals the change in

momentum horizontally. Thus, Eq. (7.6) or (7.7)

provides

7.11.   A 1.5-kg block starts from rest on a smooth

horizontal plane under the action of a horizontal force

F that varies according to the equation F = 30t − 50t2.

Determine the maximum speed.

SOLUTION

The impulse-momentum equation results in

from which v2 = 10t2 − 11.11t3. To find the maximum

value of v2, determine the value of t at which dv2 /dt =



20t − 33.33t2 = 0. This gives t = 0.6 s, and hence

maximum v2 = 1.2 m/s.

7.12.   The 40-kg block shown in Fig. 7-15 is moving up

initially with a speed of 2.5 m/s. What constant value

of P will result in an upward speed of 5 m/s in 12 s?

Assume that the weightless pulleys are frictionless and

that the coefficient of friction between the blocks and

the plane is 0.10.

Fig. 7-15

SOLUTION

Sum impulses and momenta along the line of travel of

the system. For example, the force P and a component

of the gravitational force on the 10-kg block have

positive impulses in the line of travel of the 10-kg

block, while the friction acting on the 10-kg block has

a negative impulse. The cord tension acts on both the

10- and 15-kg masses in opposite directions; therefore

its linear impulse along the line of travel is zero.

Proceeding in this way, the impulse-momentum

equation becomes



from which P = 358 N.

7.13.   A 4-kg mass is at rest in a smooth horizontal slot. It

is struck a 10-N force that lasts for 0.04 s. Two seconds

after the start of the first force, a second force of −10

N is delivered and lasts for 0.02 s. What will be the

speed of the body after 3 s?

SOLUTION

The forces in this problem are represented in a plot

against time, as shown in Fig. 7-16. The impulse for

any length of time larger than 2.02 s is the algebraic

sum of the two areas, that is, 10(0.04) − 10(0.02) =

0.2 N⋅s. Then

Fig. 7-16

7.14.   In Fig. 7-17, the mercury in the left column of the

manometer is falling at the rate of 25 mm/s. The left

column is 450 mm long, and the right column is 550

mm long. What is the vertical momentum of the

mercury? The manometer has a 6-mm inside diameter.

Mercury weighs 133 kN/m3.



Fig. 7-17

SOLUTION

Neglecting the vertical momentum in the bend in the

tube, it is evident that the momentum of the left

column is down while that of the right column is up.

The net upward momentum is that of a 100-mm, 6-

mm-diameter column moving 0.025 m/s:

7.15.   A flywheel of mass 2000 kg and radius of gyration

1200 mm rotates about a fixed center O from rest to

an angular speed of 120 rpm in 200 s. What moment

M is necessary?

SOLUTION

The angular impulse changes the angular momentum

according to Eq. (7.15):



Make sure that the units check (use kg = N⋅s2/m from

Newton’s second law).

7.16.   A pendulum consists of a bob of mass m and a

slender rod of negligible mass. See Fig. 7-18. Show

that the differential equation of the motion is 

Fig. 7-18

SOLUTION

The free-body diagram shows the pendulum displaced

an angle q from the vertical position. The angular

momentum HO of the bob relative to the support is 

where k is the unit vector perpendicular to the page,

with the arrow pointing toward the reader.

The only force with a moment is the gravitational

force acting on the bob; the moment is clockwise or

negative. Then



Since  for the bob, we obtain the scalar equation

7.17.   In Fig. 7-19, a massless rope carries two masses of 5

and 7 kg when hanging on a pulley of mass 5 kg,

radius 600 mm, and radius of gyration 450 mm. How

long will it take to change the speed of the masses

from 3 to 6 m/s?

Fig. 7-19

SOLUTION A

Let T1 and T2 be the tensions in the rope supporting

the 5- and 7-kg masses, respectively. The useful

impulse-momentum equations are as follows, where

(1) applies to the 5-kg mass, (2) applies to the 7-kg

mass, and (3) applies to the pulley:



where ,  and 

 Solve (1), (2), and (3) simultaneously

to obtain t = 2.27 s.

SOLUTION B

Realizing that the moment about the center of the

pulley of the linear momentum of either hanging mass

is the angular momentum of the mass, a system

approach may be used to solve this problem. Thus,

The tensions do not occur in the system impulse

expression because they occur in pairs and thus cancel

each other. Also, only the two gravitational forces on

the two hanging masses have angular impulses about

the center of the pulley. The equation becomes

or

Hence, t = 2.27 s.

7.18.   Refer to Fig. 7-20. Determine the mass of B

necessary to cause the 50-kg mass A to change its

speed from 4 to 8 m/s in 6 s. Assume that the drum

rotates in frictionless bearings.



Fig. 7-20

SOLUTION

Apply the system solution, noting that the initial

angular momentum about the drum center O plus the

angular impulses about O of all the external forces is

equal to the final angular momentum about O. Note

that N = 50 × 9.8 and hence F = 0.25 × 50 × 9.8 =

123 N. The angular speeds of the drum are 4/0.8 and

8/0.8, respectively (5 rad/s and 10 rad/s).

The solution is mB = 20.5 kg.

7.19.   The drum shown in Fig. 7-21 consists of two

homogeneous cylinders integrally connected. The

smaller cylinder has a mass of 115 kg and the larger a

mass of 230 kg. How much time will elapse before the

drum changes its speed from 100 to 300 rpm?



Fig. 7-21

SOLUTION

The moment of inertia of the drum equals

The linear impulse of the 75-kg mass has a moment

about G that is clockwise and has a magnitude of

0.6(75 × 9.8)t = 441t N⋅s⋅m. The linear impulse of the

30-kg mass has a counterclockwise moment about G

and equals −0.9(30 × 9.8)t = −265t N⋅s⋅m. The total

angular impulse is the sum of the two values, or 176

N⋅s⋅m. This total angular impulse acting on the system

is equal to the total change in angular momentum of

the system with reference to G.

The change in angular momentum of the drum

equals



The linear momentum of each weight is multiplied

by its arm to determine the moment of its momentum

(angular momentum) about G. The 75-kg mass is

moving down, and thus its linear momentum has a

clockwise (positive) moment of momentum about G.

This change in angular momentum equals

Similarly, the change in linear momentum of the

30-kg mass is up, and thus the mass has a positive

(clockwise) moment about G. Its value is

The total angular impulse is equal to the total

change in angular momentum of the system, or

7.20.   Refer to Fig. 7-22. A cylinder of radius r, mass m, and

moment of inertia  (about the center) rolls from rest

down a plane inclined at an angle q with the

horizontal. What is the speed of its center at time t

from rest?



Fig. 7-22

SOLUTION

The free-body diagram shows all external forces acting

on the cylinder. Do not make the mistake of assuming

that the friction force F is equal to the product of the

coefficient of friction and the normal force N. Since the

cylinder is in plane motion, the impulse-momentum

equations for this type of motion are

and

Note that F is the only external force with a moment

about the center O. Equations (1) and (2) become



In these equations, the friction force F and the speed 

are unknown (  since no slipping is assumed).

From (4),  Substitute this into (3), with 

 to obtain

7.21.   A solid homogeneous cylinder 900 mm in diameter

with a mass of 140 kg is rolled up a 20° incline by a

force of 1000 N, applied parallel to the plane.

Assuming no slipping, determine the speed of the

cylinder after 6 s if the initial speed is zero. Refer to

Fig. 7-23.

Fig. 7-23

SOLUTION

Draw the free-body diagram of the cylinder, assuming

that the frictional force F acts up the plane. The

impulse-momentum equations of plane motion are



A simultaneous solution yields 

7.22.   Refer to Fig. 7-24. A solid cylinder starts up the 30°

inclined plane with a mass center speed of 8 m/s. If it

rolls freely, how long does it take to reach its highest

point?

Fig. 7-24

SOLUTION

The initial speed  of the mass center G is 8 m/s. The

initial angular velocity ω = 8/0.5 = 16 rad/s. The final

speed is zero. The free-body diagram shows the forces

acting on the cylinder. Apply the two impulse-

momentum equations of plane motion:



A simultaneous solution gives t = 2.25 s.

The solution may also be found using the instant

center as the reference point. The one equation

needed is

from which t = 2.25 s.

7.23.   In Fig. 7-25, the 75-kg wheel has a radius of gyration

with respect to G of 900 mm. The pulley is massless

and runs in frictionless bearings. The wheel is rolling

initially 10 rad/s counterclockwise. How long will it take

until it is rolling 6 rad/s clockwise?

Fig. 7-25

SOLUTION

In the free-body diagram, friction is assumed to act to

the left. By kinematic relations, the initial speed of G is

vG = −1.2(10) = −12 m/s (to the left). Its final speed is

1.2(6) = 7.2 m/s, to the right. To find the speeds of the

30-kg mass, determine the initial and final velocities of



point B on the wheel: vB = vB/G + vG. Hence, the initial

speed of B is  The final

speed of B is, by similar reasoning, 12 m/s. Thus, the

initial speed of the 30-kg mass is 20 m/s up, and its

final speed is 12 m/s down.

In the equations, the following sign conventions are

used. For the wheel, to the right is positive and

clockwise is positive. For the 30-kg mass in (3) below,

down is positive:

The simultaneous solution is t = 7.86 s.

7.24.   Refer to Fig. 7-26. A solid 200-mm-diameter cylinder

with a mass of 44 kg is spinning 36 rad/s clockwise

about its horizontal axis when it is dropped suddenly

onto a horizontal plane. Assuming a coefficient of

friction of 0.15, determine the speed  of the mass

center G when pure rolling begins. Through what

distance has the mass center moved before this

occurs?



Fig. 7-26

SOLUTION

The free-body diagram shows contact when the plane

is first contacted. The same force system will act on

the cylinder until pure rolling is attained. The frictional

force F acts to decrease the angular speed and also to

increase the mass center speed from zero to its value 

 when pure rolling occurs.

Here N = W = 431 N, F = 0.15 N = 64.7 N, m = 44

kg, and . The impulse-

momentum equations are

In (2), assume that the clockwise direction is positive.

The equations become



where  The simultaneous solution is thus 

 t = 0.83 s. Then 

7.25.   A 50-mm-diameter stream of water moving 25 m/s

horizontally strikes a flat vertical plate, as shown in

Fig. 7-27. After striking, the water moves essentially

parallel to the plate. What is the force exerted on the

plate by the stream of water?

Fig. 7-27

SOLUTION

Consider all the particles of water in time interval ∆t

The total mass m of these particles that hits the plate

in ∆t is



from which P = −1227 N. The force of the water on the

plate is + 1227 N, that is, to the right.

7.26.   Rework Problem 7.25, but assume that the plate is

moving to the right with a speed of 6 m/s.

SOLUTION

Again consider the mass of all particles of water in

time ∆t. The speed of the water relative to the plate is

v = 25 − 6 = 19 m/s. Then m = Av(∆t)r = 37.3(∆t),

and using the impulse-momentum equation in the x

direction, we obtain

where the final speed of water is that of the plate.

Solving, the force of the plate on the water is P =

−709 N. Of course, the force of the water on the plate

is + 709 N, that is, to the right.

7.27.   A stream of water with cross-sectional area of 2000

mm2 and moving 10 m/s horizontally strikes a fixed

blade curved as shown in Fig. 7-28. Assuming that the

speed of the water relative to the blade is constant (no

friction is considered), determine the horizontal and

vertical components of the force of the blade on the

stream of water.



Fig. 7-28

SOLUTION

Note that the final velocity v′ has the same magnitude

v as the initial velocity v but a different direction. The

mass m of all particles of water in time interval ∆t is

Using the impulse-momentum equation for the x and y

directions,

where Px and Py are, respectively, the x and y

components of the blade force. Solving, Px = −340 N

(to the left on the water) and Py = +140 N (up on the

water).

7.28.   A 70-kg tank rests on platform scales. A vertical jet

empties water into the tank with a speed of 8 m/s. Its

cross-sectional area is 156 mm2. What will be the scale

reading 1 min later?



SOLUTION

The water from the jet exerts a continuous force F on

the bottom of the tank and thus to the scale. From the

impulse-momentum equation, considering the water at

any time t as a free body, we may write  or

Ft = m(0 − 8), where m = Avtr. Then

The negative sign indicates that an upward force (from

the scale) is required to stop the water.

At t = 60 s, the tank holds (156 × 10-6) (8) (60) (9.8

× 1000) = 734 N of water. Thus, the scale reading

after 1 min will be 9.98 + 734 + 70 × 9.8 = 1430 N.

7.29.   A 60-kg person sitting in a stationary 70-kg iceboat

fires a gun, discharging a 57-g bullet horizontally aft

(along the fore-and-aft line). If the bullet speed leaving

the gun is 365 m/s, what will be the speed of the boat

after the bullet is fired, if we assume no friction?

SOLUTION

Since the impulse of the entire system is zero, the

total momentum remains zero. This is true because

the action on the bullet is equal to the reaction on the

person, gun, and boat. The initial momentum is zero.

The momentum after the bullet is fired must also be

zero. Assuming the bullet speed to be positive, we can

write



The minus sign indicates that the boat and person

move in the opposite direction from that of the bullet.

7.30.   A 60-g bullet was fired horizontally into a stationary

50-kg sandbag suspended on a rope 900 mm long, as

shown in Fig. 7-29. It was calculated from the observed

angle q that the bag with the bullet embedded in it

swung to a height of 30 mm. What was the speed of

the bullet as it entered the bag?

Fig. 7-29

SOLUTION

Let

v1 = speed of bullet before impact

v2 = speed of (bag + bullet) after impact 

Momentum of system before impact = momentum of

system after impact:

from which v1 = 640 m/s.



7.31.   As another example of conservation of momentum,

consider the recoil of guns.

ANALYSIS

Initially the projectile is at rest in the gun. The charge

explodes, pushing the projectile from the gun and at

the same time pushing back with the same force on

the gun. Since no external forces act during this

explosion, the sum of the momenta of the projectile

forward and the gun backward must be the same as

the initial momentum of the system, i.e., zero. Thus,

Solving for speed of recoil, vg = −(mp/mg)vp. The

minus sign indicates that the gun moves in the

opposite direction to the projectile.

The greater the mass of the gun, the less will be the

speed of recoil. Hence, the energy to be absorbed by

the recoil spring or other devices will be

correspondingly less. Of course, the weight is limited

by the need for mobility.

7.32.   A 60-g bullet moving with a speed of 500 m/s strikes

a 5-kg block moving in the same direction with a

speed of 30 m/s. What is the resultant speed v of the

bullet and the block, assuming the bullet to be

embedded in the block?

SOLUTION

Momentum of system before impact = momentum of

system after impact



7.33.   A spring unstretched is 200 mm long and connected

to the two masses shown in Fig. 7-30 and compressed

80 mm. If the system is released on a frictionless

horizontal plane, what will be the speed of each block

when the spring is again at its unstretched length? The

spring constant is 2000 N/m.

Fig. 7-30

SOLUTION

Since the same spring force acts on the two masses,

but in opposite directions, the total linear impulse on

the system of both masses is zero. Hence, the

momentum of the two masses is constant, i.e., zero,

and 2vA + 3vB = 0. From this equation, vA = −(3/2)vB

at all times.

Another equation involving vA and vB is necessary.

The work done by the spring in expanding to its

original length (by virtue of its potential energy) is

equal to the change in kinetic energy of both masses.

As the spring expands a distance x from its

compressed position, its compressive force =

2000(0.08 − x) N.

Hence, the total work done is

Equate this to the final kinetic energy (initial is zero):



Solve simultaneously with the previous equation to

obtain vB = 1.31 m/s (to the right) and vA = 1.96 m/s

(to the left).

7.34.   Figure 7-31 shows a remote-controlled 5-kg object at

a distance of 1.5 m from the center of a horizontal

“weightless” turntable that is turning 2 rad/s about a

vertical axis. An opposing moment M = 3t N⋅m is

applied to the shaft. Determine (a) how long it will take

for the turntable to reach a speed of 1.5 rad/s and (b)

how far the object must be moved, if the moment is

removed, to bring the turntable back to a speed of 2

rad/s.

Fig. 7-31



SOLUTION

(a)   The angular momentum of the object is the

product of its linear momentum mv and its radial

distance r. The angular impulse equals the change

in angular momentum. Hence, using v = rw, we

have

(b)   To solve the second part of the problem, use

conservation of angular momentum to determine the

necessary radius r at which to place the object:

The object must be moved from 1.5 to 1.125 m, or

0.375 m toward the center.

7.35.   Two small spheres, each with a mass of 2 kg, are

connected by a light string as shown in Fig. 7-32. The

horizontal platform is rotating under no external

moments at 36 rad/s when the string breaks.

Assuming no friction between the spheres and the

groove in which they ride, determine the angular

speed of the system when the spheres hit the outer

stops. The moment of inertia I for the disk is 0.5 kg⋅m2.



Fig. 7-32

SOLUTION

The initial moment of inertia Ii is that of the disk and

the two spheres at distance 0.075 m from the center.

Hence,

The initial angular momentum is Iiωi or 0.5225(36).

The final moment of inertia If is

Since no external moments act on the system, the

angular momentum is conserved; then



7.36.   Solve the following impact equations for unknowns

v1 and v2:

SOLUTION

Multiply (1) by (u1 − u2)m1 to obtain

Add (2) and (3) to get

Then,

Similarly,

7.37.   Rework Problem 7.36 for the impact of purely elastic

bodies (e = 1).



SOLUTION

For elastic impact, substitute e = 1 in the equations for

v2 and v1 derived in Problem 7.36. There results

Of special interest is the case when m1 = m2 = m.

Then the equations become

The above equations explain what takes place when

a moving coin strikes an identical stationary coin on a

frictionless surface. The final speed of the moving coin

will be the initial speed of the other coin (in this case

zero), while the final speed of the formerly stationary

coin will be the initial speed of the moving coin. In

other words, the moving coin stops and the stationary

one assumes its speed. The same thing is true of a

straight row of coins. The first one (farthest away from

the moving coin) moves away while the others remain

stationary.

7.38.   What happens during inelastic impact?

SOLUTION



This is the case when one body absorbs the other or

clings to it. Common sense indicates that they have a

common final speed. Note that if e = 0 is substituted

into the equations for v1 and v2 in Problem 7.36, this is

actually so:

7.39.   Two billiard balls meet centrally with speeds of 2 and

−4 m/s. What will be their final speeds after impact if

the coefficient of restitution is assumed to be 0.8?

SOLUTION

Let subscript 1 refer to the 2 m/s ball and subscript 2

to the −4 m/s ball. The masses are assumed equal (m1

= m2 = m). Hence, u1 = 2 m/s and u2 = −4 m/s. The

problem is to determine v1 and v2. Work directly from

the following fundamental equations rather than apply

the results of Problem 7.36:

Solve the two equations simultaneously to get v1 =

−3.8 m/s and v2 = 1.8 m/s.

7.40.   A ball rebounds vertically from a horizontal floor to a

height of 20 m. On the next rebound, it reaches a

height of 14 m. What is the coefficient of restitution

between the ball and the floor?

SOLUTION



Let subscript 1 refer to the ball. The initial and final

speeds of the floor, u2 and v2, are zero since it is

assumed that the floor remains stationary during

impact. The second time the ball hits the floor it has

fallen from a height of 20 m. Its speed u1 is

By similar reasoning, the speed v1 of rebound may

be found. The ball with speed v1 rises to a height of 14

m. Hence, its starting speed v1 is 

Now apply the following equation of impact, where

downward speeds are chosen positive:

The value of e could be determined by considering

the square roots of the successive heights to which the

ball bounced. This is true since the value of e in this

case is actually the ratio of the speeds which depend

on the square roots of the heights 

7.41.   A 2-kg ball moving horizontally with a speed of 4

m/s, as shown in Fig. 7-33(a), hits the bottom of the

rigid, slender 2.5-kg bar, which pivots about its top. If

the coefficient of restitution is 0.7, determine the

angular speed of the bar and the linear speed of the

ball just after impact.



Fig. 7-33

SOLUTION

During the first phase of the impact, from time 0 to t1,

the linear impulse acting between the ball and bar will

cause the sphere to slow down and the lower end of

the bar to speed up to a common speed u. The free-

body diagram for this first phase is shown in Fig. 7-

33(b). The linear impulse of the interacting force F

causes the change in momentum of the ball, as

indicated in (1) below, where to the right is considered

positive:

This linear impulse has a moment about the pivot

point O of the bar, and causes a change in the angular

momentum of the bar as indicated in (2) below, where

counterclockwise is considered positive:



where , 

Substituting these values into (2) and dividing by 2, we

have

Adding (1) and (3), we find u = 2.82 m/s. Thus, at the

end of this first phase (compression phase) the ball

and the lower end of the bar have a common speed of

2.82 m/s to the right. The bar then has an angular

speed ω = 0.842/2 = 0.421 rad/s counterclockwise.

The impulse acting during this phase can be

calculated from (1) as

In the second phase (restitution phase), the linear

impulse acting is only 0.7 of that acting in the

compression phase, as shown in Fig. 7-33(c).

Proceeding as before, using v as the speed of the ball

immediately after impact and ω′ as the angular speed

of the bar immediately after impact, the equations for

the ball and bar are, respectively,

from which v = 2.72 m/s to the right and ω′ = 2.40

rad/s counterclockwise.

7.42.   Refer to Fig. 7-34. The 9-kg ball moving down at 3

m/s strikes the 5.5-kg ball moving as shown at 2.5 m/s.



The coefficient of restitution e = 0.80. Find the speeds

v1 and v2 after impact.

Fig. 7-34

SOLUTION

To determine the y components of the final speeds,

apply the two equations

whose solution is (v2)y = −3.56 m/s, i.e., down; (v1)y

= 0.26 m/s, i.e., up.

In the x direction, the 5.5-kg ball will continue to

the right with undiminished speed. Thus, (v2)x = 1.77

m/s to the right, and (v1)x = 0.

To summarize, the 9-kg ball will rebound up with a

speed of v1 = 0.26 m/s, and the 5.5-kg ball will move



to the right and down with components of 1.77 and

3.56 m/s, respectively, so that v2 = 3.98 m/s.

7.43.   Refer to Fig. 7-35. A body at rest is free to move on a

frictionless tabletop. It is struck by an impact force F at

a distance d from its mass center G. Investigate the

motion and locate the instantaneous center of the

body in terms of d and its radius of gyration about its

mass center.

Fig. 7-35

SOLUTION

Employing the impulse-momentum equations for plane

motion,

Since the distance d is constant, it may be removed

from under the integral sign. Then  and 

 But  hence,  where 



is the radius of gyration of the body with respect to the

mass center.

To locate the instantaneous center—a point about

which the body tends to pivot only—select any point O

at a distance b from the mass center on a line

perpendicular to the action line of the impact force F,

as shown in the figure. The velocity of O is 

But  has been found in terms of the linear impulse.

Also,  where ω has just been defined in terms

of the linear impulse. Note that for the object shown, 

is to the right ( + ) and ω is counterclockwise. Hence, 

 is to the left (−).

Substituting in the formula,

To make O an instantaneous center, vO must be zero.

Set the above expression equal to zero and solve to

obtain 

This may be viewed slightly differently. Suppose the

distance d was chosen originally as  Then point O

will remain at rest. When this occurs, the force F is said

to be applied through the center of percussion P.

7.44.   Apply the results of the preceding problem to find

the height h above the plane at which a solid cylinder

of radius R should be struck by a horizontal impact

force F in order to have no sliding at the point of

contract O. See Fig. 7-36.



Fig. 7-36

SOLUTION

According to the theory, F should be struck through

the center of percussion P in order that the point of

contact O be the instantaneous center. Hence, 

 But for a cylinder,

7.45.   The sphere of mass m1 in Fig. 7-37(a) is moving to

the right on a frictionless horizontal plane with a

velocity u1 when it strikes (at right angles) a slender

bar of mass m2 that has a mass-center velocity u2 to

the right and an initial angular velocity ωi clockwise. If

the coefficient of restitution is e, set up the equations

needed to solve for the final velocity v1 of the sphere,

the final mass-center velocity v2 of the bar, as well as

the final angular velocity ωf of the bar. The moment of

inertia of the bar relative to the mass center G is 



Fig. 7-37

SOLUTION

Figure 7-37(b) depicts the conditions immediately after

impact. Note that the initial velocity of the point of

impact on the bar is given by the kinematic relation u2

+ ωi d. Similar reasoning shows its final velocity to be

v2 + ωf d.

Linear momentum is conserved; hence, calling to

the right positive, there results

Angular momentum relative to the mass center G is

conserved; hence, calling clockwise positive, there

results

A third equation is found by using the definition of e

along the impact line:



The three unknowns v1, v2, and ωf may now be found.

7.46.   A box in the shape of a cube with edge 1.5 m is

sliding across a floor with a speed of 4 m/s. The

leading lower edge of the box strikes an upraised floor

tile with a completely inelastic impact. What is the

angular velocity of the box immediately after the box

hits the tile? The mass of the box is 9 kg.

SOLUTION

Since the impact force on the box acts through the

leading lower edge, the angular momentum about that

edge is conserved. Because the impact is completely

inelastic, the leading edge has zero velocity during

impact, and so the motion subsequent to the impact is

rotation about O, the leading lower edge of the box.

Hence, as shown in Fig. 7-38,



Fig. 7-38

But

Substituting in the conservation of momentum

equation yields

7.47.   A rocket and its fuel have an initial mass m0. Fuel is

burned at a constant rate dm/dt = C. The gases

exhaust at a constant speed relative to the rocket.

Neglecting air resistance, find the speed of the rocket

at time t.

SOLUTION

Let

m = mass of rocket and remaining fuel at time t; that is,

m = m0 − Ct

v = speed of rocket

u = speed of gases

We shall assume vertical motion with up being

positive. The only external force to the system at time

t is the weight mg, which is negative. Our equation is



where v − u is the relative speed of the rocket to the

gases and is a constant K. Then

Integrating the last equation,

7.48.   An empty rocket has a mass of 2000 kg. It is fired

vertically up with a fuel load of 8500 kg. The exit

speed of the exhaust gases relative to the nozzle is a

constant 2000 m/s. At what rate, in kg/s, must the

gases be discharged at the beginning if the desired

acceleration is 9.8 m/s2 up? Assume that the nozzle

exhausts at atmospheric pressure.

SOLUTION

Selecting up as positive, we insert values into the

equation

to obtain

Solving,



The negative sign indicates the loss in the mass of the

system.

7.49.   Analyze the motion of the gyroscope shown

schematically in Fig. 7-39(a) as a spinning wheel and

rotor that is attached to point O in such a way that it is

free to turn in any direction about O.

Fig. 7-39

ANALYSIS

Assume that the wheel is spinning with a large angular

velocity ωs about the x axis, called the spin axis. Also

assume that when the system is released, the external

forces acting on it are the weight W of the wheel

(neglect weight of rotor) and the upward reaction R at

O. The weight W exerts a torque on the system about

the z axis, called the moment axis. It is known by

actual experiment that the wheel does not fall but

turns about the y axis, the axis of precession.

The explanation for this follows. Before the system

is released, the angular momentum of the system is



equal to the product of its moment of inertia and its

angular velocity vs, that is,  This can be

represented by a vector OB, as shown in Fig. 7-39 (b),

directed along the x axis to the right. (According to the

right-hand rule, the thumb points to the right when the

fingers are curled in the direction of vs.)

Immediately upon release, there is an external

torque M acting on the system. It acts clockwise about

the z axis when viewed from the positive end of that

axis, and its magnitude is equal to the product of the

weight and the perpendicular distance from the z axis

to the center of mass. For a short time interval dt, the

impulse of this torque is M dt. Its units are the same as

the units of angular momentum, and it may be

represented according to the right-hand rule by a

vector along or parallel to the z axis and acting in the

negative direction. Figure 7-39 (b) illustrates this

vector BC. But this angular impulse M dt is the change

in the angular momentum of the system. The new

angular momentum is the vector sum of OB and BC.

This line OC is in the xz plane but at an angle d  with

the original x axis. Note that the new axis of spin is

along OC. Using scalar quantities and substituting d 

for tan d , there results

But d /dt is the angular speed of the spin axis about

the precession axis, say, ωp.

The equation of the gyroscope is  Note that

the spin axis remains in the xz plane, provided ωs

remains large.



7.50.   An 1800-kg rotor with a radius of gyration 900 mm is

mounted with its geometric axis along the fore-and-aft

line of a ship that is turning 1 rpm counterclockwise as

viewed from above. The rotor turns 300 rpm

counterclockwise when observed from the rear of the

ship. Assuming the center-to-center distance between

bearings to be 1050 mm, determine the front and rear

bearing reactions on the rotor.

SOLUTION

A free-body diagram of the rotor is shown in Fig. 7-40

with the x axis as the fore-and-aft line of the ship. The

front and rear reactions are RF and RR, respectively.

According to the right-hand rule, the angular

momentum  about the x axis is drawn to the left

along the x axis. To precess in the given direction

about the y axis, the rotor must be acted upon by an

angular impulse (M dt) as shown.

Fig. 7-40



According to the right-hand rule, this moment

(caused by the reactions) must be counterclockwise

when viewed from the positive end of the z axis. The

magnitude of this moment is M = (1.05/2) (RF − RR).

The values given are , 

 and .

Then, from Problem 7.49,  and

RF − RR = M (2/1.05) = 9160 N.

A vertical sum yields RF + RR = 1800 × 9.8 N. The

solution is

7.51.   A satellite in circular orbit about a celestial body with

the same mass and radius of the earth ejects a pod

tangent to its path. If the satellite is orbiting 800 km

above the body, what must be the speed of the pod

such that it will strike the body at an angle of 60° with

respect to the surface? Refer to Fig. 7-41. The celestial

body possesses no atmosphere.



Fig. 7-41

SOLUTION

Since the gravitational force on the pod acts through

the center of the body, the angular momentum of the

pod about the body center is conserved. So ∆H0 = 0

and mv1(R + 800) = mv2 cos 60° (R), where R is the

radius of 6400 km. Hence, v2 = 2.25v1.

Also, from the work-energy equation, U = ∆T:

7.52.   One end of an elastic band, shown schematically in

Fig. 7-42, is attached to a fixed pin. The other end is

attached to a 0.23-kg ball. The elastic constant of the

band is 60 N/m. The band is stretched 300 mm and

released with a velocity of 1.5 m/s perpendicular to the

band. The unstretched length of the band is 600 mm,

and motion takes place on a smooth horizontal plane.

How close d to the fixed pin will the ball pass?



Fig. 7-42

SOLUTION

Since the force of the band on the ball acts through

point O, the angular momentum about O is conserved.

Hence, (mv0) (0.9) = (mv)d. Or, vd = 1.35.

Furthermore, U = ∆T or

Substituting in vd = 1.35 yields d = 0.27 m.

SUPPLEMENTARY PROBLEMS

7.53.   In Problem 7.6, show that the selection of the top

point as the moment center yields 

which does not agree with the results obtained in that

problem. [It should not agree, because the top point

does not fit the conditions imposed on point O in Eq.

(7.14).]

7.54. A 50-kg mass falls freely from rest for 4 s. Find its

momentum at that time.

Ans. 1960 kg⋅m/s = 1960 N⋅s

7.55.   A 450-kg pile-driver hammer is dropped from a

height of 8 m. If the time required to stop the pile driver

is 1/20 s, determine the average force acting during

that time.



Ans. Fav = 11.3 KN

7.56.   A body is thrown upward with an initial speed of 15

m/s. Find the time required for the body to attain a

speed of 6 m/s downward.

Ans. 2.14 s

7.57.   A 25-kg body is projected up a 30° plane with initial

speed of 6 m/s. If the coefficient of friction is 0.25

determine the time required for the body to have an

upward speed of 3 m/s.

Ans. 0.53 s

7.58.   A 1000-kg sphere with a diameter of 3 m is rotating

about a diameter at 600 rpm. What angular torque will

bring the sphere to rest in 3 min?

Ans. T = 314 N⋅m

7.59.   A 50-kg block rests on a horizontal floor. It is acted

upon by a horizontal force that varies from zero

according to the law F = 75 t. If the force acts for 10 s,

what is the speed of the block? Assume that the

coefficient of static and kinetic friction is 0.25.

Ans. 50.6 m/s

7.60.   The magnitude of a force applied tangentially to the

rim of a 1200-mm-diameter pulley varies according to

the law F = 0.03t. Determine the angular impulse of the

force about the axis of rotation for the interval 0 to 35 s.



Ans. 11.0 kg⋅m2/s

7.61.   A 140-kg disk rotating at 1000 rpm has a diameter

of 900 mm. Find its angular momentum.

Ans. 1480 kg⋅m2/s

7.62.   A bob of mass m travels in a circular path of radius R

on a smooth horizontal plane under the restraint of a

string which passes through a hole O in the plane, as

shown in Fig. 7-43. If the angular speed of the bob is ω1

when the radius is R, what will be the angular speed if

the string is pulled from underneath until the radius of

the path is  Find the ratio of the final tension in the

string to its initial value.

Fig. 7-43

Ans. 8

7.63.   A 12-kg disk with a radius of gyration equal to 600

mm is subjected to a torque M = 2t N⋅m. Determine the

angular speed of the disk 2 s after it started from rest.

Assume frictionless bearings.



Ans. ω = 0.93 rad/s

7.64.   A 10-kg block is acted upon by a horizontal force P

that varies according to the graph shown in Fig. 7-44.

The block moves from rest on a smooth horizontal

surface. What will be the position and speed after 7 s?

Fig. 7-44

Ans. v = 8.64 m/s, s = 23.9 m

7.65.   A 6-kg rotor with radius of gyration 360 mm comes

to rest in 85 s from a speed of 180 rpm. What was the

frictional torque that stopped the rotor?

Ans. T = 0.172 N⋅m

7.66.   The two masses shown in Fig. 7-45 are connected by

a light inextensible cord that passes over a

homogeneous 4-kg cylinder having a diameter of 1200

mm. How long will it take the 7-kg mass to move from

rest to a speed of 2 m/s2.



Fig. 7-45

Ans. t = 1.43 s

7.67.   A 100-kg rotor has a radius of gyration of 700 mm.

The rotor is rotating at 6 rad/s counterclockwise when

the force P is applied to the brake, as shown in Fig. 7-

46. What is the magnitude of P if the rotor stops in 10

s? The coefficient of friction between the brake and

rotor is 0.4.



Fig. 7-46

Ans. P = 13 N

7.68.   A drum rotating at 20 rpm is lifting a 900-kg cage

connected to it by a light inextensible cable as shown in

Fig. 7-47. If power is cut off, how long will it take the

cage to come to rest? Assume frictionless bearings.



Fig. 7-47

Ans. t = 0.152 s

7.69.   Two homogeneous disks of weights W1 and W2 and

radii r1 and r2 are free to turn in frictionless bearings in

the fixed vertical frame shown in Fig. 7-48. The upper

disk W1 is turning with angular velocity ω clockwise

when it is dropped onto the lower disk W2. Assuming

that the coefficient of friction μ is constant, determine

the time until slipping stops. What are the angular

velocities at that time?



Fig. 7-48

Ans. 

7.70.   A rotor with a moment of inertia of 435 kg⋅m2 is

supported by a shaft that turns in two bearings. The

friction in the bearings produces a resisting moment of

28 N⋅m. After the power is cut off, the rotor slows to 180

rpm in 150 s. What was the original speed of the rotor?

Ans. 272 rpm

7.71.   A table fan with a mass m is at rest on a horizontal

tabletop. The coefficient of friction between the fan and

the top is µ. Let A be the area of air drawn through the

fan and r the mass density of the air. If v is the velocity

of the downstream air, derive an expression for the

theoretical maximum velocity before there is slip of the

fan on the tabletop.

Ans. 



7.72.   Water issues at the rate of 20 m/s from a 100-mm-

diameter nozzle and strikes a vertical wall, as shown in

Fig. 7.49. Determine the force of the water on the wall.

Ans. 3140 N

Fig. 7-49

7.73.   A jet of water 50 mm in diameter exerts a force of

1200 N on a flat stationary plate perpendicular to the

stream. What is the nozzle speed of the jet?

Ans. 24.7 m/s

7.74.   A jet of water issues from a 25-mm-diameter nozzle

at 30 m/s. Determine the total force against a curved

stationary vane where the direction of the jet changes

45° as shown in Fig. 7-50. Assume no friction.



Fig. 7-50

Ans. 129 N

7.75.   A jet of water leaves a nozzle at a speed of 10 m/s. It

impinges at right angles against a vertical plate, which

is stopped from moving by a horizontal force of 400 N.

What is the diameter of the nozzle?

Ans. 71.4 mm

7.76.   The force on a curved stationary vane that changes

the direction of a jet of water by 45° is 2000 N. If the

nozzle speed of the jet is 30 m/s, calculate the diameter

of the nozzle.

Ans. 98.3 mm

7.77   Refer to Fig. 7-51. A stream of water 2700 mm2 in

cross section and flowing horizontally with a speed of

30 m/s splits into two equal parts against the fixed

blade. Assuming no friction between the water and the

blade, determine the force of the water on the blade.

Fig. 7-51

Ans. Fx = 4150 N



7.78.   In the preceding problem, assume that the stream

splits so that two-thirds of the water moves to the top

portion of the blade and one-third to the lower portion

of the blade. Determine the reaction of the water on the

blade.

Ans. Fx = 4150 N to the right, Fy = 573 N up

7.79.   A nozzle with a 1700-mm2 cross-sectional area

discharges a horizontal stream of water with a speed of

25 m/s against a fixed vertical plate. What is the force

against the plate?

Ans. 1060 N to the right

7.80.   A stream of water with a 2000-mm2 cross-sectional

area moving at 10 m/s strikes a stationary curved

blade, as shown in Fig. 7-50. Assuming that friction is

negligible, find the horizontal and vertical components

of the force of the blade on the stream.

Ans. Fx = 58.6 to the left, Fy = 141 up

7.81.   A horizontal jet of water issues left to right from a

100-mm-diameter nozzle at a rate of 30 m/s. Determine

the force exerted on a fixed curved vane if the direction

of the stream is changed through 120°.

Ans. Fx = 10.6 kN to the left, Fy = 6.12 kN up

7.82.   Two homogeneous sliding disks A and B are mounted

on the same shaft. Disk A is a 50-kg disk 1000 mm in

diameter, 50 mm thick, and at rest. Disk B is a 100-kg

disk 1000 mm in diameter, 100 mm thick, and rotating

clockwise at 600 rpm. If the disks are suddenly engaged



so as to rotate together, what is their common angular

speed?

Ans. 400 rpm

7.83.   In Problem 7.82, what is the percent loss in kinetic

energy of the system because the disks are coupled

together?

Ans. 33.3 percent

7.84.   A 32-kg child is standing in a 45-kg boat that is

initially at rest. If the child jumps horizontally front to aft

with a speed of 2 m/s relative to the boat, determine

the speed of the boat.

Ans. 0.831 m/s

7.85.   After a flood, an 18-kg goat finds itself adrift on one

end of a 25-kg log, 2 m long. As the other end touches

shore, the goat maneuvers to that end. When it gets

there, how far is it from shore? Assume that the log is at

right angles to the shore and the water is almost calm

after the storm.

Ans. 0.837 m

7.86.   A 0.09-kg bullet is fired from a 6.4-kg rifle with a

muzzle speed of 300 m/s. What is the speed of the rifle

recoil?

Ans. 4.22 m/s

7.87.   A 50-Mg gun fires a 500-kg projectile. If the recoil

apparatus exerts a constant force of 400 kN and the

gun moves back 200 mm, calculate the muzzle speed of

the projectile.



Ans. 179 m/s

7.88.   A 270-kg projectile is shot with an initial velocity of

680 m/s from a 90-Mg gun. What is the velocity of recoil

of the gun?

Ans. vR = 2.04 m/s

7.89.   In Fig. 7-52, a series of n identical balls is shown on a

smooth horizontal surface. If number 1 moves

horizontally with speed u into number 2, which in turn

collides with number 3, etc., and if the coefficient of

restitution for each impact is e, determine the speed of

the nth ball.

Fig. 7-52

Ans. 

7.90.   In Fig. 7-53, the 20-kg block is moving to the right

with a speed of 2 m/s. The 40-kg block is moving to the

left with a speed of 1 m/s. If the coefficient of restitution

is assumed to be 0.4, determine the speeds

immediately after impact.

Fig. 7-53



Ans.  to the left,  to the right

7.91.   A 3-kg ball and a 5-kg ball of the same diameter

move on a smooth horizontal plane along a straight line

with speeds of 5 and −3 m/s, respectively. Determine

their speeds after impact if the impact is (a) inelastic,

(b) elastic, and (c) such that the coefficient of

restitution is 0.4.

Ans. (a) 0, 0; (b) −5, 3 m/s; (c) −2, −1.2 m/s

7.92.   A 20-kg block A moving 12 m/s horizontally to the

right meets a 16-kg block B moving 8 m/s horizontally

to the left. If the coefficient of restitution is e = 0.7,

determine the speeds of A and B immediately after

impact.

Ans.  to the left,  to the right

7.93.   A 900-kg car traveling at 50 km/h overtakes a 700-

kg car traveling at 25 km/h in the same direction. What

is their common speed after coupling? What is the loss

in kinetic energy?

Ans. 10.85 m/s, 9500 N⋅m

7.94.   A 30-kg ball A moving to the right with a speed of 30

m/s strikes squarely a 10-kg ball B that has a speed of 7

m/s in the opposite direction. If the coefficient of

restitution is 0.6, determine the speeds of the balls after

impact.

Ans.  to the right,  to the right

7.95.   A ball falls freely from rest 5 m above a smooth

plane angled at 30° to the horizontal. If e = 0.5, to what

height will the ball rebound?



Ans. h = 0.08 m

7.96.   A ball falls 6 m from rest. It hits a horizontal plane

and rebounds to a height of 5 m. Determine the

coefficient of restitution.

Ans. e = 0.91

7.97.   A ball is dropped onto a smooth horizontal floor,

from which it bounces to a height of 9 m. On the second

bounce, it attains a height of 6 m. What is the

coefficient of restitution between the ball and the floor?

Ans. e = 0.82

7.98.   A 4-kg mass falls 150 mm onto a 2-kg platform

mounted on springs whose combined k = 800 N/m. If

the impact is fully plastic (e = 0), determine the

maximum distance the platform moves down from its

initial position. See Fig. 7-54.

Fig. 7-54

Ans. 102 mm

7.99.   In Fig. 7-55, mass M is moving with speed u when

the string becomes taut. What will be the speed of

mass m if the coefficient of restitution is e? The masses

are on a smooth horizontal plane.



Fig. 7-55

Ans. 

7.100.   A mass m1 moving with speed u strikes a

stationary mass m2 hanging on a string of length L, as

shown in Fig. 7-56. If the coefficient of restitution is e,

determine (a) the speed of each mass immediately

after the impact and (b) the height h to which mass m2

will rise.

Fig. 7-56

Ans. (a) 

7.101.   A 1-kg ball traverses the frictionless tube shown in

Fig. 7-57, falling a vertical distance of 900 mm. It then

strikes a 1-kg ball hanging on a 900-mm cord.

Determine the height to which the hanging ball will rise

(a) if the collision is perfectly elastic, (b) if the

coefficient of restitution is 0.7.



Fig. 7-57

Ans. (a) 900 mm, (b) 650 mm

7.102.   Refer to Fig. 7-58. A ball thrown from position A

against a smooth vertical circular wall rebounds and

hits position B at the other end of the diameter through

A. Show that the coefficient of restitution is equal to the

square of the tangent of angle q. The triangle is

horizontal.

Fig. 7-58



7.103.   A billiard ball moving at 4 m/s strikes a smooth

horizontal plane at an angle of 35° as shown in Fig. 7-

59. If the coefficient of restitution is 0.6, what is the

velocity with which the ball rebounds?

Fig. 7-59

Ans. v = 3.55 m/s, q = 22.8°

7.104.   The 500-g sphere shown in Fig. 7-60 is moving on a

smooth horizontal plane with a velocity of 5 m/s. It

strikes the end of a homogeneous slender 1.8-kg bar

that is 4 m long. If the horizontal bar is initially at rest

and the coefficient of restitution is 0.6, determine the

speed of the sphere immediately after impact.

Fig. 7-60



Ans. 4.06 m/s

7.105.   Solve Problem 7.46 if the collision between the box

and the tile is perfectly elastic.

Ans. ω = 4 rad/s clockwise

7.106.   A slender, horizontal bar is falling downward at 3

m/s when its right-hand end strikes the edge of a table.

If the coefficient of restitution between the table and

the bar is 0.45, determine the angular velocity of the

bar immediately after impact. The 1.4-kg bar is 900 mm

long.

Ans. ω = 7.25 rad/s counterclockwise

7.107.   In Fig. 7-61, a large drum is filled with liquid

weighing 7850 N/m3. The drum and liquid weigh 890 N

and are at rest on a horizontal sheet of ice for which the

coefficient of friction is 0.05. If a 100-mm plug 900 mm

below the surface of the liquid is suddenly removed, will

the drum move?

Fig. 7-61

Ans. Yes



7.108.   A tank of liquid with a mass density of r rests on a

cart. If h is the height of the fluid above the orifice,

what horizontal force F is necessary to hold the open

tank at rest when the fluid starts issuing from the

nozzle? The cross-sectional area of the orifice is A (see

Fig. 7-62).

Fig. 7-62

Ans. F = 2Ahrg

7.109.   A rocket has a mass of 3000 kg empty. If it is

projected vertically up from the earth with a fuel load of

7000 kg, calculate the initial acceleration. Assume that

the gases exhaust at 2000 m/s relative to the rocket

and that the initial rate of fuel burning is 150 kg/s.

Ans. a = 20.2 m/s2

7.110.   The rotor of a gyroscope is a 100-mm-diameter

cylinder with a mass of 0.18 kg. It is mounted

horizontally midway between bearings 150 mm apart.

The rotor is turning at 9000 rpm in a clockwise direction

when viewed from the rear. The assembly is turning at 2

rad/s about a vertical axis in a clockwise direction when

viewed from above. What are the bearing reactions on

the rotor shaft?

Ans. RF = 3.71 N up, RR = 1.94 N down



7.111.   Refer to Fig. 7-63. A solid 150-mm-diameter wheel

that is 50 mm thick rotates at 628 rad/s. Neglect the

mass of the shaft attached to it. Assume a density of

7700 kg/m3. Determine the speed of precession.

Fig. 7-63

Ans. ωp = 1.11 rad/s clockwise about the y axis when

viewed from above

7.112.   A space shuttle is to link up with a space laboratory

orbiting at a constant altitude of 400 km. At an altitude

of 80 km and speed of 4000 m/s, the shuttle engine is

shut off. What must be the angle that the velocity

makes with the vertical, at shutoff, if the shuttle is to

arrive tangent to the orbit of the laboratory? Neglect

any drag effects.

Ans. 56.8°

7.113.   A satellite is launched parallel to the surface of the

earth at an altitude of 640 km. The speed of launch is

33 000 km/h. Determine the maximum altitude reached

by the satellite.

Ans. 13 600 km



7.114.   Repeat Problem 7.113 if the satellite is launched

outward at 60° from the vertical.

Ans. 2400 km



Mechanical Vibrations

8.1 DEFINITIONS

Mechanical vibration of a system possessing masses and

elasticity is motion about an equilibrium position that

repeats itself in a definite time interval.

The period is the time interval for the vibration to repeat

itself.

A cycle is each repetition of the entire motion completed

during the period.

The frequency is the number of cycles in a unit of time.

A free vibration occurs in a system not acted upon by an

external disturbing force.

Natural frequency is the frequency of a system

undergoing a free vibration.

A forced vibration occurs in a system acted upon by a

periodic external disturbing force.

Resonance occurs when the frequency of the periodic

external disturbing force coincides with or at least

approaches the natural frequency of the system.



A transient vibration disappears with time. Free

vibrations are transient in character.

A steady-state vibration continues to repeat itself with

time. Forced vibrations are examples of steady-state

vibrations.

The degrees of freedom of a system depend on the

number of variables (coordinates) needed to describe its

motion. For example, in Fig. 8-1(a), the motion of the mass

on a spring that is assumed to vibrate only in a vertical line

can be described with one coordinate, and thus it possesses

a single degree of freedom. A bar supported by the two

springs in Fig. 8-1(b) needs two variables as shown, and

therefore it possesses 2 degrees of freedom.

Fig. 8-1 Systems undergoing vibrations.

The following is a table of the SI units and U.S.

Customary units used in mechanical vibrations problems.



8.2 SIMPLE HARMONIC MOTION

Simple harmonic motion, as shown by Eq. (2.12) in Chapter

2, can be represented by a sine or cosine function of time.

Thus,

is an equation of simple harmonic motion. It could represent

the projection on a diameter of a vector of length X as the

tip of the vector X rotates on a circular path with a constant

angular velocity w (radians per second). For this motion,

Bodies vibrate with simple harmonic motion or some

combination of simple harmonic motions with different

frequencies and amplitudes.



EXAMPLE 8.1 A 10-kg mass hangs from a spring and

vibrates with harmonic motion possessing an amplitude

of 20 cm with a frequency of 1800 cycles per minute.

Determine the maximum velocity and maximum

acceleration of the mass.

SOLUTION: The motion can be expressed with simple

harmonic motion of Eq. (8.1). First, find the circular

frequency w to be

The harmonic motion is then expressed as

where x is the displacement of the mass in meters. The

velocity is the derivative of the displacement:

The maximum velocity occurs when cos l88.5t = 1: ∴

vmax = 37.7 m/s.

The acceleration is the derivative of the velocity,

written as

The maximum acceleration occurs when sin 188.5t = -1:

∴ amax = 7106 m/s2.



8.2.1 Free Vibrations—Linear

A mass m hangs on a vertical spring whose spring constant

or modulus is k. Assuming that the mass of the spring may

be neglected, let us study the motion of the mass if it is

released at a distance x0 below the equilibrium position with

an initial velocity v0 downward.

In Fig. 8-2, various positions of the mass m are shown.

The distances are exaggerated for clarity. The value X is the

amplitude of the motion. Of course, the mass will also rise

to a height X above the equilibrium position.

Fig. 8-2 Free vibrations of a spring-mass system.

The tension in the spring is equal to the product of the

spring modulus k and the distance the spring is stretched or

compressed from its unstretched position (without m). Free-

body diagrams of the mass in its equilibrium position are

shown at the position x below equilibrium. Note that the

position x of the mass at any time is expressed from its

position of static equilibrium.



In Fig. 8-3, no acceleration is shown, since the system is

in equilibrium. Hence, T = kd = mg. Consequently, d =

mg/k.

Fig. 8-3 Equilibrium position of the mass.

In Fig. 8-4, assume that displacements below the

equilibrium position are positive. Since the direction of the

acceleration is unknown, assume it to be positive. A

negative sign would then mean it is directed up. Apply

Newton’s second law to this free-body diagram and obtain

Fig. 8-4 Position below equilibrium.



Substitute T = k(d + x) and mg = kd to get kd - kd - kx =

ma. Since a = d2x/dt2, the equation of motion becomes

It should be apparent that whenever x is positive (below the

equilibrium position), the acceleration (which is then

negative) is directed up. This means that as the mass

moves down to its lowest position, the acceleration is up or

the mass is decelerating. Just after reaching the bottom and

starting up, the displacement is still positive and the

acceleration is still directed oppositely, i.e., up. Therefore,

the mass will accelerate up to the equilibrium position.

Above this position, the displacement is negative and the

acceleration is directed down to the equilibrium position.

Hence, up to its top point of travel, the mass decelerates,

and between the top point and the position of equilibrium it

accelerates. The acceleration is always directed toward the

equilibrium position.

Assume that the solution of the above second-order

differential equation has the form

where ω is the circular frequency in rad/s. To determine

whether this is a solution, take the second derivative with

respect to time (d2x/dt2 and substitute it into the differential

equation. Note that

Substitute the value of d2x/dt2 into the equation of motion

to obtain . Hence, ω must equal  if the



assumed value of x is to be a solution. Then the solution is

thus far

Note that a cycle of motion will be completed at intervals

of 2p rad, i.e., when , where t is the period or

time for one cycle. Hence, . The frequency is the

inverse of the period, or

As pointed out previously,  hence, the above

formulas may also be written  and .

The constants of A and B in Eq. (8.5) should be evaluated

on the basis of the initial conditions given in the problem.

Here it is assumed that at t = 0, x = x0, and v = v0.

Substitute these values of x and v into the equations for

these variables, but be sure also to substitute the time t =

0:

The first equation yields B = x0, and the second equation

gives A = v0/ω. Hence, the solution is

The solution may be written in another form:



where the amplitude  and the phase angle

. Note that .

This problem is the most commonly used example of free

vibrations, which theoretically would continue indefinitely

after the mass is set in motion. Since only one variable has

been used to describe the motion, the system possesses 1

degree of freedom. Many additional problems can now be

solved by reducing them to this type. In other words,

replace the actual elastic suspension by an equivalent

spring attached to a vibrating body.

EXAMPLE 8.2 A 4-kg mass hangs from a spring with

spring constant 6.4 kN/m. The mass is given an initial

velocity from the equilibrium position of 12 m/s.

Determine the natural frequency of the vibrations and

the maximum displacement from the equilibrium

position.

SOLUTION: Refer to Fig. 8-2. The differential equation

of motion Eq. (8.3) is

The solution to this equation is

using . The natural frequency

follows:

Since x = 0 at t = 0, we see that B = 0 so x(t) = A sin

40t. Also at t = 0, it is given that x. = 12 m/s so with x.



(t) = 40A cos 40t we have x(0) = 12 = 40A. ∴ A = 0.3.

The solution is then

8.2.2 Free Vibrations—Angular

Let us derive an expression for the natural frequency of the

system shown in Fig. 8-5(a) for small displacements. The

spring is attached at P a distance b above the center O of

the cylinder. In the equilibrium position shown in Fig. 8-5(a),

the spring has been stretched a distance equal to bθ0. In

any other position during the motion such as that shown in

Fig. 8-5(b), the cylinder is displaced through an additional

angle θ and the spring is stretched a total distance of b(θ +

θ0). Note that the angular displacements are assumed

small. Also assume clockwise angular displacements are

positive. The acceleration of the mass m is a = ra.



Fig. 8-5 Free vibration of a rotating cylinder.

The equations of motion for the mass and the cylinder

are, respectively,

where JO is the centroidal polar moment of inertia.*

Substitute the value of T2 from Eq. (8.9) into Eq. (8.10) to

obtain

But in the equilibrium position with P directly above O, 

; this means that (kθ0b)b = mgr. (Note that T2 = mg

when the system is in equilibrium.) The equation of motion

for the cylinder becomes

EXAMPLE 8.3 A homogeneous steel disk 200 mm in

diameter and 50 mm thick is rigidly attached to a

vertical steel wire 2 mm in diameter and 900 mm long.

What is the natural frequency of the system if the

vertical wire is simply twisted and released (not a

pendulum)?

SOLUTION: When a wire is twisted through an angle θ,

there is a restoring torque Kθ. The equation of motion

[refer to Eq. (8.10)] for the disk becomes -Kθ = JOα.

Hence,



and

According to the theory developed in strength of

materials, the angle of twist for the wire (Jwire = π d

4/32) is

Hence, the torsional constant is

The moment of inertia of the disk, a cylinder, is

Note that the density of steel used was 7850 kg/m3.

Finally,



8.3 FREE VIBRATIONS WITH VISCOUS

DAMPING

A mass m suspended from a spring with modulus k is

subjected to viscous damping represented in Fig. 8-6 as

occurring by means of a dashpot. This damping force is

proportional to the velocity; that is, F = c(dx/dt), where c is

the damping coefficient. Let us determine the solution x(t)

for case A: overdamping, case B: underdamping, and case

C: critical damping.

Fig. 8-6 A spring-mass system with viscous damping.

Figure 8-6 indicates the essential data. The free-body

diagram to the left illustrates all the forces acting on the

mass when displaced a distance x below equilibrium and

traveling down.

Note, as before, that in the equilibrium position kδ = mg.

Note also that the damping force c(dx/dt) opposes motion.

The equation of motion  with an assumed position

down) becomes



Assume a solution of this differential equation in the form

, where A and λ are nonzero constants. Substitute

this value into the equation (noting that  and 

) to obtain

The desired solution must be such that the above equations

are zero. Since  cannot be zero, its coefficient must be

zero; that is, .

Using the quadratic formula, the two solutions for λ are

The general solution is of the form

The radical in Eq. (8.15) may be real, imaginary, or zero

depending on the magnitude of the damping coefficient c.

The value of c that makes the radical zero is called the

critical damping coefficient cc. Its value is

where ωn is the natural frequency of the undamped system.

Then Eq. (8.15) becomes



Three cases arise, depending on the value of cc.

Case A. Overdamping: c > cc. The radical in Eq. (8.19) is

real and both exponents are negative. The general solution

of the differential equation (8.13) is

When t = 0, x = Ax0 + Be0 = A + B. The plot of either part

of the solution of such motion indicates that the frictional

resistance is so large that the mass, after its initial

displacement, creeps back to equilibrium without vibrating

(see Fig. 8-7). Since there is no period to the motion, it is

called aperiodic.

Fig. 8-7 Overdamped motion.

Case B. Underdamping: c < cc. The radical is imaginary.

Using , the general solution of Eq. (8.13) can be

written as

where  and Ø is the phase angle. A plot of

this solution shows the sine curve with its height



continuously decreasing as shown in Fig. 8-8 because it is

multiplied by the exponential function, which decays with

time.

Fig. 8-8 Underdamped motion.

Case C. Critical damping: c = cc. The differential equation

(8.13) has two equal roots so the solution is written as

The t term is inserted with B because otherwise only one of

the two solutions would be found. The graph here is similar

to that of case A. The motion is aperiodic.

EXAMPLE 8.4 A 16-kg mass which hangs from a spring

with spring constant 6.4 kN/m is damped with a dashpot

having a damping coefficient of 20 kg/s. The mass is

given an initial velocity from the equilibrium position of

24 m/s. Determine the maximum displacement from the

equilibrium position, and the shortest time required for

the mass to again reach the equilibrium position.



SOLUTION: The critical damping is given by Eq. (8.17)

to be

We see that c < cc so that the motion similar to that of

Fig. 8-8 results. The circular frequency of the damped

vibration is

Using the solution provided by Eq. (8.21), we find, using

x(0) = 0 (so B = 0) that

The initial velocity is given as x. (0) = 24 m/s, so that

The solution is then

The maximum displacement occurs when the velocity is

zero, i.e., when x. = 0 at t = t1:

At t = 4.41 s the maximum displacement is



The time when the mass once again occupies its

equilibrium position occurs where x = 0:

8.4 FORCED VIBRATIONS WITHOUT

DAMPING

In Fig. 8-9, a mass m is suspended on a spring whose

modulus is k. The mass is subjected to a disturbing force

F(t). Let us determine the motion of the mass for a periodic

force F(t) = F cos ωt.

Fig. 8-9 Forced vibration of an undamped spring-mass

system.

The differential equation now has an additional term

when compared with the equation of free vibrations:



or, see Eq. (8.3) of Section 8.2.1,

According to the theory of differential equations, the

solution of this equation consists of the sum of two parts:

the homogeneous solution previously determined in Section

8.2.1 for the equation when the right-hand side is set equal

to zero (the transient part) and a particular solution that

satisfies Eq. (8.25).

Assume that the particular solution, which is also called

the steady-state solution, is of the form xP = X cos ωt. Then

dxP /dt = -Xω sin ωt and . Substitute xP

into Eq. (8.25):

Hence,

Let δF be the deflection that the force F would impart to

the spring if acting on it statically; that is, δF = F/k. Also

note that , where ωn is the natural frequency when

the disturbing force is absent. Then X may be written



For convenience in analysis, let ; then the steady-

state solution is

Note that its frequency is the same as the disturbing

frequency.

The entire solution is then the sum of the solution (8.5) of

the homogeneous equation and the solution (8.29):

The first two terms, representing the free vibrations, are

transient in character because some damping is always

present to cause those vibrations to decay. Hence, consider

only the solution

Its maximum value, which occurs when cos ωt = 1, is δF /(1

- r2) and is called the amplitude X. The ratio of the

amplitude of the steady-state solution to the static

deflection δF that F would cause is called the magnification

factor. Its value is

Since r = ω /ωn = f /fn, this can be written



Its value can be positive or negative, depending on whether

f is less than fn. When f = fn, resonance occurs and the

amplitude is theoretically infinite. Actually damping, which is

always present, holds the amplitude to a finite amount.

However, it may be sufficiently large to cause failure in

structures.

A plot of the magnification factor versus the frequency

ratio r is shown in Fig. 8-10. The negative value when r > 1

indicates that the force F is directed one way while the

displacement x is opposite.

Fig. 8-10 Tlie magnification factor vs. frequency ratio.

Note that when , the magnification factor is



This means that if the ratio r is made greater than  the

magnitude of the magnification factor will be less than 1.

Thus, the disturbing force under these conditions will cause

less movement than if it were applied statically.

8.5 FORCED VIBRATIONS WITH

VISCOUS DAMPING

In Fig. 8-11(a), a mass m is suspended from a spring whose

modulus is k. It is also connected to a dashpot that provides

viscous damping. Let us analyze the motion if the mass is

subjected to a harmonic disturbing force F0 cos ωt.

Fig. 8-11 Forced vibration of a damped spring-mass

system.



The free-body diagram in Fig. 8-11(b) shows the forces

acting on the mass. Assuming that down is positive, the

equation of motion is

or

As in previous problems, the free-body diagram for the

equilibrium position shows . Thus, the differential

equation becomes

The transient solution will be neglected, as in Section 8.4.

The steady-state solution is quite difficult to find; it is

Since usually only the amplitude X of the motion is

considered, the equation for the amplitude may be written

This is further simplified by noting that F/k is the static

deflection δF that the disturbing force would give the spring.

Also  where ωn is the natural undamped frequency

of the system (rad/s). The critical damping coefficient [Eq.

(8.18)] is cc = 2mωn.



Defining d = c/cc and using r = ω /ωn, the last term of the

radicand is

The ratio X/δF is the magnification factor m.f.

In Fig. 8-12, a graph of the magnification factor versus

the frequency ratio shows the peaking that occurs near 

 and the influence that damping exerts on the

heights of these peaks.

Fig. 8-12 The magnification factor vs. the frequency ratio.

Note that the amplitude peaks in the graph are at a value

slightly less than r = 1. The exact value may be found by



taking the derivative of X/δF with respect to r and equating

the result to zero:

The radical cannot equal zero; hence,

The solution for the peak amplitude is

In Fig. 8-13, a plot is also shown of the phase angle f for

various damping coefficients.

Fig. 8-13 The phase angle vs. the frequency ratio.



8.6 MULTICOMPONENT SYSTEMS

A multicomponent system is analyzed by replacing it with

an equivalent system of masses, springs, and damping

devices. The differential equations of this idealized system,

when solved, will approximate the desired results.

Engineering judgment will suggest proper modifications to

fit the actual system.

The problems that follow illustrate free vibrations with

and without damping and forced vibrations with and without

damping. Only viscous damping (where the damping force is

proportional to the velocity of the body) is considered.

However, it is good to point out two other types of damping:

(1) coulomb damping, which is independent of the velocity

and arises because of sliding of the body on dry surfaces (its

force is thus proportional to the normal force between the

body and the surface on which it slides), and (2) solid

damping, which occurs as internal friction within the

material of the body itself (its force is independent of the

frequency and proportional to the maximum stress induced

in the body itself).

SOLVED PROBLEMS

  8.1.   A 30-kg machine is mounted on 40-kg platform,

which in turn is supported by four springs. Assume

that each spring carries one-fourth of the load, and

determine the period and frequency of vibration. Each

spring has a spring constant of 3000 N/m.

SOLUTION



  8.2.   Derive the differential equation (8.3) using the

conservation of energy theorem.

SOLUTION

This theorem states that the sum of the potential

energy V and kinetic energy T of the system is a

constant provided the system is conservative (no

friction or damping is assumed).

At any distance x below the equilibrium position,

the spring tension is mg + kx. Hence, the potential

energy Vs of the spring is equal numerically to the

work done by this force in stretching the spring:

During this same displacement x, the mass has lost

potential energy of the amount mgx. Then the total

potential energy of the system is .

At a distance x below equilibrium, the kinetic

energy T of the mass, which is moving with a velocity

dx /dt, is . Since the spring is assumed to

be massless, its kinetic energy is zero. Therefore the

kinetic energy of the system is that of the mass only.

The conservation of energy states that T + V =

constant, or that d /dt (T + V ) = 0. Then



This reduces to the same differential equation

obtained in Section 8.2.1:

Hence, the frequency is

Note that in a linear differential equation of the type

shown above with the second-order term having a

coefficient 1, the circular frequency ω in rad/s equals

the square root of the coefficient of the x term (ω =

2πf, where ω is in rad/s and f is in hertz).

  8.3.   A small mass m is fastened to a vertical wire that is

under tension T, as shown in Fig. 8-14. What will be

the circular frequency of vibration of the mass if it is

displaced laterally a slight distance and then released?

Assume the weight of the mass to be small compared

to the tension and that the distance x is small so the

wire tensions remain essentially unchanged.

Fig. 8-14



SOLUTION

Assume the mass m at some time during the motion is

at a distance x to the right of equilibrium. In the

horizontal direction, this mass is acted upon by the

components of the two tensions T shown. The tension

T will change by just a small increment; only the

direction changes significantly. For small

displacements, these x components of the tensions

will be Tx /b and Tx /c, both acting to the left, or

negative, if we assume x to the right is positive.

Hence, the differential equation of motion is

Note that this differential equation is entirely similar,

except for the coefficient of the x term, to the spring

equation. Hence, as indicated in Problem 8.2, the

frequency is

  8.4.   A cylinder floats as shown in Fig. 8-15. The cross-

sectional area of the cylinder is A, and the mass is m.

What will be the frequency of oscillation if the cylinder

is depressed somewhat and released? The mass

density of the liquid is ρ. Neglect the damping effects

of the liquid as well as the inertia effects of the moving

liquid. (The pressure below the surface = ρgx.)



Fig. 8-15

SOLUTION

When the cylinder is a distance x below its equilibrium

position, it is acted upon by a buoyant force equal in

magnitude to the gravitational force on the displaced

liquid. This is exactly analogous to the spring in

Section 8.2.1. Using Newton’s laws, the unbalanced

force, which is up for a downward displacement, is

equated to the product of the mass and its

acceleration. Call a downward displacement positive.

Then the differential equation of motion is

Thus, the frequency is

  8.5.   Liquid of density ρ and total length  is used in a

manometer, as shown in Fig. 8-16. A sudden increase

in pressure on one side forces the liquid down. Upon



release of the pressure, the liquid oscillates.

Neglecting any frictional damping, what will be the

frequency of vibration?

Fig. 8-16

SOLUTION

Assume the liquid to be a distance x below the

equilibrium position in the left column and, of course, a

distance x above the equilibrium position in the right

column.

The unbalanced force tending to restore equilibrium

is the gravitational force on a column of the liquid 2x

high. This force is 2xArg, where A is the area of the

cross section of the liquid. The total mass of liquid in

motion is ρA. Using Newton’s law,

   and



Note that f is independent of the density of the

liquid and the cross-sectional area.

  8.6.   Determine the natural undamped frequency of the

system shown in Fig. 8-17. The bar is assumed

massless, and the lower spring is attached to the bar

midway between the points of attachment of the

upper springs. The spring constants are as shown.

Fig. 8-17

SOLUTION

The total static displacement δ of the mass m is equal

to the stretch x3 of spring k3 plus the average of x1

and x2, which are the extensions of springs k1 and k2,

respectively. This problem may be solved by

substituting this value of δ into the equation 

 (refer to Section 8.2.1). Note that the

entire gravitational force mg is transferred through

spring k3 whereas  is transferred through each



spring k1 and k2 to the support. The latter fact can be

ascertained by referring to the free-body diagram of

the bar shown to the right of the figure. Hence,

   and

   Substituting,

  8.7.   In Fig. 8-18, the mass m is suspended by means of

spring k2 from the end of a rigid massless beam that is

of length  and attached to the frame at its left end. It

is also supported in a horizontal position by a spring k1

attached to the frame as shown. What is the natural

frequency f of the system?

Fig. 8-18

SOLUTION



The horizontal position is the state of equilibrium.

Determine the static displacement d1 of the end of the

beam from its original position when no load is

impressed. In the free-body diagram of the beam in

the equilibrium position, note that the tension in spring

k1 must be T = (/b)mg to hold the beam in

equilibrium. (This can be seen by taking moments

about O.) Hence, the spring k1 elongates under this

tension by an amount (mg/b)k1. If a point on the

beam a distance b from the left end is displaced this

amount mg/bk1, the right end is displaced (using

similar triangles) by an amount

The total static displacement δ of m is then equal to

the sum of δ1 and the elongation of spring k2 in

transmitting the force mg to the beam. Then

and

  8.8.   A circular homogeneous plate with radius R and

weight ω is supported by three cords of length ,

equally spaced in a circle, as shown in Fig. 8-19(a).

Determine the natural frequency of oscillations for

small displacements of the plate about its vertical

centerline.



Fig. 8-19

SOLUTION

The tension in each cord is . If the plate rotates

through a small angular displacement θ, the bottom of

each cord rotates through a distance rθ, as shown in

Fig. 8-19(b). The horizontal component of the tension

is approximately . Each of the three

tensions supplies a resisting moment about the

vertical centerline equal to .

The moment equation about the vertical centerline

becomes

This reduces to



   and

  8.9.   Two heavy masses with moments of inertia J1 and J2

are connected by a shaft of small diameter d, as

shown in Fig. 8-20. Find an expression for the

frequency of vibration due to a twist of one mass

relative to the other.

Fig. 8-20

ANALYSIS

If one mass is held and the other rotated and then

both are released, the system will oscillate. Since no

external torques are assumed to act on the system,

the angular momentum of the system must be

conserved. Thus,

Note that ω1 and ω2 represent the varying angular

velocities of J1 and J2. The angular velocities are time-



dependent.

Since the previous equation indicates that the

masses always are rotating in opposite directions,

there is a section of the shaft that is always at rest.

This nodal section N can be used to study the motion

of the masses, since each can be treated as a torsional

pendulum (see Example 8.3) relative to that section.

The time for one mass to complete a cycle must

equal the time for the other to complete a cycle. If

they differed, one mass would eventually rotate in the

same direction as the other. But the above equation

indicates that the masses always rotate in opposite

directions. Since the periods are equal, the number of

cycles per second for each must be equal. Thus,

where K1 and K2 are the torsional spring constants of

the parts of the shaft from the nodal section N to each

end. Hence, those constants are related by K1/K2 =

J1/J2.

For a cylindrical shaft, K = π d 4G/32, where d is its

diameter, G is the shearing modulus of elasticity, and

 is its length (see Example 8.3). Assume the nodal

section is a distance b from the J1 mass; then

Hence, K1/K2 = ( - b)/b = J1/J2, from which b = J2 /(J1

+ J2). This locates the nodal section.

For the left portion,



where

Then

Since the polar moment of inertia of the area of a

circle is , the above expression may be written

Note that J1 and J2 refer to the mass polar moments

of inertia of the cylinders and J refers to the area polar

moment of inertia of a cross section of the shaft.

8.10.   A device has a 120-kg flywheel at each end of a

steel shaft. Assume that each flywheel has a radius of

gyration of 300 mm. The shaft connecting the two is

600 mm long and has a diameter of 50 mm. Determine

the natural frequency of torsional oscillation. Use 

.

SOLUTION

The moment of inertia for each flywheel is



The moment of inertia for the cross-sectional area of

the shaft is

Using the formula from the preceding problem, we

have

You should check the units under the radical to

make sure they are s-2.

8.11.   A 50-mm-diameter steel shaft 375 mm long is

attached at one end to a 138-kg flywheel with a radius

of gyration of 150 mm and at the other end to a rotor

that weighs 46 kg and has a radius of gyration of 100

mm. Where is the nodal section and what is the

natural frequency of torsional oscillation?

SOLUTION

Moment of inertia of the flywheel:

Moment of inertia of the rotor:

Moment of inertia of the shaft cross section:



From Problem 8.9, the distance of the nodal section

from the flywheel is

8.12.   Figure 8-21(a) shows a 5-kg homogeneous bar

pivoted at its left end. The right end is supported by a

weightless cylinder, which is floating as shown in

water. The cylinder has a cross-sectional area of 1250

mm2. Neglecting the damping effect of the water and

the inertia effect of the moving water, determine the

frequency of oscillation if the bar is depressed slightly

from its horizontal (equilibrium) position.

Fig. 8-21

SOLUTION

In Fig. 8-21(b), the equilibrium position of the

horizontal bar is shown. The force at the right end is

equal to the weight of the displaced water since the

cylinder and rod have negligible weight. The moment

equation for any angle θ is



or

However, in the equilibrium phase, the moments about

A equal zero, and hence

The equation of motion is

which reduces to

8.13.   A reed-type tachometer is composed of small

cantilever beams with weights attached to their free

ends. If the vibration frequency of a disturbing force

corresponds to the natural vibration frequency of one

of the reeds, it will vibrate. Since each reed is

calibrated, it is possible to determine the frequency of

the disturbance immediately. What weight ω should be

placed on the free end of a spring steel reed 1.25 mm

thick, 5 mm wide, and 100 mm long so that its natural

frequency is 50 Hz? See Fig. 8-22.



Fig. 8-22

SOLUTION

By the use of theory developed in strength of

materials, the static deflection of a cantilever beam

due to a concentrated mass m on the free end is Δ =

mg3/3EI, where E is the modulus of elasticity and I is

the moment of inertia of the cross-sectional area about

the neutral axis. Hence,

Substituting values in the above equation, we find



8.14.   A disk of mass m and radius r rolls without slipping

on a horizontal plane. It is attached to a wall by a

spring of modulus k. If the disk is displaced to the right

and released, derive the differential equation of motion

and determine the frequency of oscillation. See Fig. 8-

23.

Fig. 8-23

SOLUTION

Figure 8-23(b) shows the free-body diagram of the

disk. The equations of motion are

For a nonslip rolling wheel, . Adding the equations

of motion yields



Or, rewritten,

so that

Alternatively, the conservation of energy theorem

can be used. Consider the center of mass G to be

displaced  from the equilibrium position. The potential

energy V of the spring is given by

The kinetic energy of the rolling disk is

Because energy is conserved, T + V = constant. Or

But



from which

Simplifying yields

8.15.   In Fig. 8-24, mass m is suspended from a spring

whose constant is 3750 N/m and is connected to a

dashpot providing viscous damping. The damping

force is 50 N when the velocity of the dashpot plunger

is 0.5 m/s. The mass of m and the plunger is 6 kg.

What will be the circular frequency of the damped

vibrations?

Fig. 8-24

SOLUTION

The damping coefficient c = 50/0.5 = 100 kg/s. The

natural frequency of the undamped system is



The critical damping coefficient according to Eq. (8.18)

is

Obviously, c < cc, which, according to Eq. (8.20) is

case B, is underdamping, and oscillations will be

present. The solution is

The frequency of the damped vibration is ωd:

Note that the period of the damped vibration is 

, and the period of the undamped system

is 2π/25 = 0.25 s.

8.16.   In Problem 8.15, determine the ratio of two

successive amplitudes of the oscillations.

SOLUTION

This is conveniently expressed by introducing a new

term, the logarithmic decrement D, which is the

natural logarithm of the ratio of any two successive

amplitudes one cycle apart:



The numerator indicates a value of x at time t,

whereas the denominator gives the value at time t + t,

where t is the period of motion. Hence, the two

amplitudes occur one cycle apart (we neglect the fact

that the sine curve is tangent to its envelope  at

a point slightly different from the point of maximum

amplitude).

Now , since they are evaluated

one cycle or 2p rad apart. Hence the above expression

for D becomes

In Problem 8.15, the period 

The logarithmic decrement 

The ratio of any two successive amplitudes is 

8.17.   Set up the differential equation of motion for the

system shown in Fig. 8-25. Determine the natural

frequency of the damped oscillations.



Fig. 8-25

SOLUTION

In linear vibration, we expressed the distance a body

moves from equilibrium as a function of time. In

rotation such as this, we are interested in expressing

the angular displacement of a body in terms of time.

The free-body diagram for any phase during the

motion is shown separately. Note that if the arm is

moving down, the damping force opposes motion and

acts up. It is equal to the product of the damping

coefficient c and the velocity of the plunger in the

dashpot. This is the velocity of point B on the rod that

is a distance b from O and hence has a linear velocity

equal to the product of b and the angular velocity

dθ/dt of the rod.

The spring force is the product of k and the total

linear displacement of the spring. This displacement is

that of point B and hence equals b(θ0 + θ). The force is

kb(θ0 + θ).



The equilibrium free-body diagram is also shown.

Take moments about O to show kb2θ0 = mg. This

information will simplify the differential equation of

motion.

The sum of moments about O for the free-body

diagram for any position is equated to IOα. But for a

concentrated mass m, IO = m2 and a = d2θ/dt2.

Therefore the equation of motion  becomes

But mg = kb2θ0. Then, simplifying,

To solve, let θ = eλt. Then the equation becomes (if 

 is a solution)

Critical damping occurs when the radicand is zero.

Hence,

If vibrations occur, the radicand will be negative and

the solution will be of the form

where the frequency of the damped vibration is



The constants C and Ø are determined by the

conditions of the problem. Compare this solution with

that of Section 8.3, Case B.

8.18.   A homogeneous slender rod of length  and mass ω

is pinned at its midpoint as shown in Fig. 8-26(a).

Derive the differential equation for small oscillations of

the rod. What is the expression for critical damping?

Fig. 8-26

SOLUTION

The free body is shown displaced clockwise through a

small angle θ in Fig. 8-26(b). The damping force and

the spring tension both resist motion as shown. The

moment equation  about O becomes

Consequently, the differential equation for small

oscillations is



To solve, assume that . Hence,

Substitute to obtain

Since  will not be zero, this equation is satisfied if

The solution is

Critical damping occurs when the radicand in the

expression is zero. Hence,

8.19.   A disturbing force of 9 N acts harmonically on a 5-kg

mass suspended on a spring whose modulus is 6000

N/m. What will be the amplitude of excursion of the

mass if the disturbing frequency is (a) 1 Hz, (b) 5.40

Hz, (c) 50 Hz?

SOLUTION

The natural frequency of the system is



The deflection that the disturbing force would give

to the spring if applied statically is 

(a) The frequency ratio r = f / fn = 1/5.51 = 0.185;

hence, the amplitude will be

(b) The ratio r = 5.40/5.51 = 0.98; hence, the

amplitude will be

(c) The ratio r = 50/5.51 = 9.01; hence, the amplitude

will be

Note that in this case the amplitude is opposite to the

direction in which the force is exerted but is negligible

in magnitude.

8.20.   A 30-kg refrigerator unit is supported on three

springs, each with a modulus of k N/m. The unit

operates at 600 rpm. What should be the value of k if

one-twelfth of the disturbing force of the unit is to be

transmitted to the supporting box?

SOLUTION

Assume that the disturbing force transmitted is

proportional to the amplitude of the motion of the unit.

This is logical because the supporting springs transmit



forces proportional to their deformation, which equals

the amplitude of the motion of the unit.

From Section 8.4, the ratio of the amplitude of the

steady-state motion to the static deflection that the

disturbing force would cause (in this case ) is equal

to 1/(1 - r2). Note that the ratio is negative because

the natural frequency of the springs must be less than

the disturbing frequency for a reduction to occur, and,

thus, according to Fig. 8-10, the magnification factor is

below the line.

Hence, in this problem, , from which r2 =

13, , and . Using the

mass on one spring, fn is equated to (1/2p) k/m. Then

8.21.   A small mass m is attached with an eccentricity e to

the flywheel of a motor mounted on springs as shown

in Fig. 8-27. The effective modulus of the springs is k.

The dashpot introduces viscous damping of an amount

c. If the total mass of the motor and small mass is M,

analyze the motion of the system under the action of

the disturbing force caused by the eccentrically

mounted mass m. (This problem illustrates the effect

of either reciprocating or rotating unbalance.)



Fig. 8-27

ANALYSIS

In the running position shown, the mass m is below the

centerline by an amount e sin ωt. Hence, if the

positive direction is assumed as down, the absolute

displacement x1 of the mass m is the sum of its

vertical displacement (e sin ωt) relative to the

centerline and the absolute displacement x of the

centerline; that is, x1 = x + e sin ωt.

Let F = unbalanced force exerted by motor on mass

m to impart to it an acceleration d 2x1/dt2. Then



The equation of motion of the motor without the

small mass m is

Note that F is used with a negative sign because this

unbalanced force of the mass m on the motor is

opposite in direction to that of the motor on m.

Substitute the value of F obtained above into the

motor equation and simplify to obtain

This differential equation is similar to the one in

Section 8.5, provided F0 is replaced by meω2. The

amplitude of the motion of the centerline of the motor

is

At resonance, the above equation reduces to X =

(me/M)/2d. Also, for very large values of ω /ωn, the

same equation reduces within reasonable limits of

accuracy to X = me/M.

The distance b from the geometric center O of the

motor to the center of mass G of the system, i.e., of

the motor plus the mass m, can be determined by

taking moments about O. Refer to Fig. 8-28. Thus, bM



= em or b = me/M, which at large values of ω /ωn is

equal to X. Hence, at high motor speeds (ω /ωn very

large), the magnitude of the displacement X of the

centerline is equal to the magnitude of b. However, at

large values of ω /ωn, the value of θ, as deduced from

the equation

Fig. 8-28

approaches 180°. Hence, the displacement X equals b

but is 180° out of phase.

From the geometry of Fig. 8-28, the absolute

displacement xG of the center of mass G equals the

sum of the absolute displacement of the centerline

and the relative displacement of the center of mass to

the centerline, or

The center of mass G stands still at high motor speeds.

8.22.   A spring-supported mass is subjected to a disturbing

force of varying frequency. A resonant amplitude of 12



mm is observed. Also, at very high disturbing

frequencies, an almost fixed amplitude of 1.3 mm is

observed. What is the damping ratio d of the system?

SOLUTION

At resonance, from Problem 8.21, X = (me/M)/2d; and

at high frequencies, X = me/M. Thus, me/M = 1.3 mm.

Substituting into the first equation,

SUPPLEMENTARY PROBLEMS

8.23.   A 5-kg mass vibrates with harmonic motion x = X sin

ωt. If the amplitude X is 100 mm and the mass makes

1750 vibrations per minute, find the maximum

acceleration of the mass.

   Ans. a = 3360 m/s2

8.24.   A cylinder oscillates about a fixed axis with a

frequency of 10 cycles per minute. If the motion is

harmonic with an amplitude of 0.10 rad, find the

maximum acceleration in rad/s2.

Ans. a = 0.11 rad/s2

8.25.   An instrument weighing 19.6 N is fastened to four

rubber mounts, each of which is rated at 0.7135 mm



deflection per newton loading. What will be the natural

frequency of vibration in Hz?

Ans. f = 8.42 Hz

8.26.   A 125-mm-diameter maple log weighing 7850 N/m3

is 1500 mm long. If, while it is floating vertically in the

water, it is displaced downward from its equilibrium

position, what will be the period of oscillation?

Ans. t = 6.89 s

8.27.   Determine the natural frequency of vertical vibration

of a horizontal simple beam of length  to which a mass

m is fastened at the midpoint. Neglect the mass of the

beam. Note that the deflection of m is mg3/48EI.

Ans. 

8.28.   A 100-g mass is fastened to the midpoint of a 150-

mm-long vertical wire in which the tension is 15 N.

What will be the period of vibration of the mass if it is

displaced laterally and then released?

Ans. t = 0.1 s

8.29.   A simple pendulum consists of a small bob of mass

m tied to the end of a string of length . Show that, for

small oscillations, the natural frequency is 

8.30.   Refer to Fig. 8-29. Determine the natural frequency

of the system composed of a mass m suspended by a

spring, whose constant is k, from the end of a massless

cantilever beam of length . [Hint: A unit force applied

at m will cause it to deflect a total distance of 1/k +

1/(3EI/ 3).]



Fig. 8-29

Ans. 

8.31.   Determine the natural frequency in Hz of the

pendulum system in Fig. 8-30. The springs have

constants k1 and k2, respectively, and are unstretched

in the equilibrium position. Neglect the weight of the

stiff rod. (Hint: The pendulum in its displaced position is

acted on by a gravitational force mg and the sum of the

forces in the springs.)

Fig. 8-30



Ans. 

8.32.   In Fig. 8-31, the mass m = 6 kg. The spring modulus

k = 5000 N/m. Neglecting the weight of the bell crank,

which is a continuous solid object, determine the

frequency of the system in cps.

Fig. 8-31

Ans. f = 1.62 cps

8.33.   The slender rod shown in Fig. 8-32 has a mass of 7

kg and is 1200 mm long. The spring constant is 350

N/m. Determine the frequency for small oscillations.

Fig. 8-32



Ans. 1.87 Hz

8.34.   A disk with moment of inertia JO is rigidly attached to

a slender shaft (or wire) of torsional stiffness K, where K

is the torque necessary to twist the shaft through 1 rad.

What will be the frequency of oscillations if the shaft is

twisted through a small angle and then released? See

Fig. 8-33.

Fig. 8-33

Ans. 

8.35.   A steel disk 100 mm in diameter and 3 mm thick is

rigidly attached to a steel wire 0.8 mm in diameter and

500 mm long. What is the natural frequency of this

torsional pendulum?

Ans. 0.84 Hz

8.36.   An engine has a 70-kg flywheel at each end of a 50-

mm-diameter steel shaft. Assuming that the equivalent

length of shaft between the flywheels is 600 mm,

determine the natural frequency of torsional oscillation



in cps. The radius of gyration for each flywheel is 220

mm, and G = 80 GPa.

Ans. 35 cps

8.37.   The homogeneous cylinder shown in Fig. 8-34 has a

mass of 60 kg and a diameter of 1200 mm. The system

is in equilibrium when the diameter as shown is

horizontal. The spring, which is vertical in the phase

shown, has a spring constant of k = 2 N/mm. Determine

the frequency for small oscillations.

Fig. 8-34

Ans. 1.41 cps

8.38.   In Problem 8.37, attach a vertical dashpot to the

center of mass of the homogeneous cylinder. The

cylinder is initially rotated 5° clockwise and released

from rest. The damping coefficient is one-tenth of the

critical damping coefficient. Find the damping

coefficient and the angular displacement of the cylinder

when t = 2 s.



Ans. c = 17 N⋅s/m, θ = 0.013 rad clockwise

8.39.   In Problem 8.31, replace the spring of modulus k2

with a horizontal dashpot of damping coefficient c.

Derive the expression for the critical damping

coefficient.

Ans. 

8.40.   A 3-kg mass is attached to a spring with constant k

= 2.5 N/mm. Determine the critical damping coefficient.

Ans. cc = 173 N⋅s/m

8.41.   Determine the damped frequency of the system

shown in Fig. 8-35.

Fig. 8-35

Ans. 



8.42.   A vibrating system consists of a 5-kg mass, a spring

with constant k = 3.5 N/mm, and a dashpot with

damping constant c = 100 N⋅s/m. Determine (a) the

damping factor d; (b) the damped natural frequency ωd

; (c) the logarithmic decrement D; (d) the ratio of any

two successive amplitudes.

Ans. (a) d = 0.378, (b) ωd = 24.5 rad/s, (c) D = 2.56, (d)

ratio = 13.0

8.43.   Derive the differential equation of motion for the

spring-mounted mass m shown in Fig. 8-36. The mass is

subjected to a harmonic disturbing force F sin ωt.

Fig. 8-36

Ans. 



8.44.   A 90-kg machine is supported on three springs, each

with a constant k = 10 kN/m. A harmonic disturbing

force of 20 N acts on the machine. Determine (a) the

resonant frequency and (b) the maximum distance the

machine moves from equilibrium if the disturbing

frequency is 200 cycles per minute. Assume negligible

damping.

Ans. (a) f = 2.91 Hz, (b) 2.13 mm

8.45.   A spring-supported mass is subjected to a harmonic

disturbing force of varying frequency. A resonant

amplitude of 20 mm is observed. At very high

disturbing frequencies, an almost fixed amplitude of

1.75 mm is observed. What is the damping ratio d of

the system?

Ans. d = 0.044

8.46.   A spring-supported mass is subjected to a harmonic

disturbing force of varying frequency. A resonant

amplitude of 20 mm is observed. At high disturbing

frequencies, an almost fixed amplitude of 2 mm is

observed. What is the damping ratio of the system?

Ans. d = 0.05

8.47.   In Problem 8.43, let kA = kB = 1800 N/m, m = 9 kg,

F = 54 N, and the forcing frequency f = 1.2 Hz. Find the

natural frequency, the magnification factor, and the

maximum displacement of the mass.

Ans. fn = 3.18 Hz, m.f. = 1.16, xmax = 17.5 mm

8.48.   In Problem 8.32, a forcing function 8 cos ωt is

applied vertically to the mass m. Determine the



maximum frequency of the forcing function if the

magnification factor is to be no more than 2.

Ans. f = 1.15 Hz

8.49.   A 30-kg motor is supported by four springs each of

modulus k = 5250 N/m. The system is damped by a

dashpot of damping coefficient c. Determine minimum c

such that oscillation does not occur.

Ans. cmin = 1590 kg/s

8.50.   A small ship model of mass m is placed in a towing

tank and connected to each end of the tank by springs

of spring constant k. The model is displaced and

allowed to oscillate. It is noted that the period of

damped oscillation is  and the ratio of the amplitudes

of two successive cycles is  Determine the damping

coefficient of the fluid in the tank.

Ans. c = 2.27 m

8.51.   A spherical mass of 7.5 kg is suspended in a fluid at

the end of a spring of constant k = 700 N/m. The fluid

has a known damping coefficient of 70 kg/s. Determine

the displacement of the sphere from equilibrium after 3

s if the initial displacement is 150 mm.

Ans. x = 11 mm

8.52.   In the preceding problem, how long will it take for

the displacement to reach (a)  of the initial

displacement and (b)  of the initial displacement?

Ans. (a) 2.6 s, (b) 5.3 s



 

*In Eq. (5.5) of Chapter 5 this was called the moment of inertia about the axis of

rotation. The quantities are the same.



Practice Final Exam
1

PARTICLE MOTION

1.   The velocity of a particle that moves along a straight

line is given by v = 3t2 − 2t + 10 m/s. If its location is x

= 0 at t = 0, what is x after 10 seconds?

(A) 1200 m

(B) 1000 m

(C) 800 m

(D) 600 m

2.   The velocity of a bead is v = 10 − 2t m/s as it moves on

a wire in the form of an 80-cm-diameter circle in a

horizontal plane. If it starts out at q = 0 at t = 0, the

magnitude of the acceleration when q = p/2 is nearest:

(A) −2 m/s2

(B) 2 m/s2

(C) 120 m/s2

(D) 200 m/s2

3.   A stone is thrown from a point (0, 0) with a velocity of

25 m/s at an angle of 50°. The maximum height the

stone reaches, neglecting drag, is nearest:

(A) 27.3 m

(B) 22.5 m

(C) 18.7 m

(D) 16.9 m

4.   When the stone of Problem 3 reaches a height of −2 m,

the horizontal distance will be:



(A) 50.7 m

(B) 58.2 m

(C) 64.4 m

(D) 72.3 m

5.   A projectile undergoes constant acceleration due to

gravity in the vertical direction, and zero acceleration in

the horizontal direction. If it is shot with an initial velocity

of v0 at an angle q, the maximum height it will reach is

given by:

(A) 

(B) 

(C) 

(D) 

Rigid Body Motion

6.   The angular velocity of the horizontal link AB of the 4-

bar linkage (link BC is horizontal) shown is nearest:

(A) 35.9 rad/s

(B) 41.8 rad/s

(C) 47.9 rad/s

(D) 58.6 rad/s



7.   The angular velocity of link BC in Problem 6 is nearest:

(A) 86.1 rad/s

(B) 72.5 rad/s

(C) 65.9 rad/s

(D) 58.6 rad/s

8.   The angular acceleration of link AB in Problem 6 is

nearest:

(A) 2060 m/s2

(B) 2830 m/s2

(C) 3120 m/s2

(D) 3380 m/s2

9.   A wheel with radius r is rolling with no slip and

accelerating with a. The acceleration of the point in

contact with the ground is given by:

(A) rω2 ↑

(B) rα→

(C) rω2 ↑ + rα →

(D) 0



10. The primary equation applied in Dynamics to calculate a

force is:

(A) The work-energy equation.

(B) The conservation of mass.

(C) The momentum equation.

(D) The impulse-momentum equation.

11. The instant center of a wheel that rotates without

slipping is:

(A) At the point of contact.

(B) At the center of the wheel.

(C) At the very top of the wheel.

(D) None of the above.

12. If a wheel rotates at constant angular velocity without

slipping, the acceleration of:

(A) The point of contact is zero.

(B) The center of the wheel is rω2.

(C) The top of the wheel is 2rω2.

(D) The point of contact is rω2.

Newton’s Second Law

13. A beam of length L and mass m is suspended by the

two wires, as shown. If one of the wires suddenly breaks,

what is the tension in the remaining wire immediately

after the break? Use I = L2/12

(A) mg/5

(B) mg/4

(C) mg/3

(D) mg/2



14. The tension T needed to accelerate the block up the

plane at 2 m/s2, if the coefficient of friction is 0.2, is

nearest:

(A) 71.7 N

(B) 82.9 N

(C) 90.8 N

(D) 99.1 N

15. The force acts on the cylinder shown as it moves from

rest with no slipping. The angular acceleration is nearest:

(A) 20 rad/s2

(B) 40 rad/s2

(C) 50 rad/s2

(D) 80 rad/s2



16. The 4-kg rod shown is released from rest from the

horizontal. The initial angular acceleration of the rod is

nearest (use Iend = mL2/3):

(A) 147 rad/s2

(B) 98.2 rad/s2

(C) 36.8 rad/s2

(D) 20.7 rad/s2

Work and Energy

17. The rod of Problem 16 rotates freely from rest until it

reaches the vertical position. Its angular velocity at that

position is nearest:

(A) 8.58 rad/s

B) 10.2 rad/s

(C) 14.8 rad/s

(D) 23.8 rad/s

18. The velocity of the center of the cylinder in Problem 15,

after the 200-N force moves it a distance of 2 m, is

nearest:



(A) 5.59 m/s

(B) 4.22 m/s

(C) 3.46 m/s

(D) 2.58 m/s

19. The 20-kg pole, in the position shown, falls from rest.

The contacts with the surfaces are frictionless. The

angular velocity of the pole just before it hits the floor is

nearest:

(A) 1.20 rad/s

(B) 1.40 rad/s

(C) 1.60 rad/s

(D) 1.80 rad/s

20. The spring is stretched 60 cm in the position shown

when the 20-kg rod is released from rest. The angular

velocity of the rod when it reaches the horizontal,

neglecting all friction, is nearest:

(A) 1.89 rad/s

(B) 2.40 rad/s

(C) 2.84 rad/s

(D) 3.80 rad/s



Impulse and Momentum

21. After the 200-N force acts for 2 seconds, the velocity of

the center of the cylinder in Problem 15 is nearest:

(A) 3.33 m/s

(B) 4.89 m/s

(C) 5.32 m/s

(D) 6.67 m/s

22. Car A traveling at 120 km/hr hits car B traveling at 120

km/hr head-on. If the mass of car A is twice that of car B

and plastic impact is assumed, the speed of car B after

impact is nearest:

(A) 50 km/hr

(B) 40 km/hr

(C) 30 km/hr

(D) 20 km/hr

23. If car B of Problem 22 had a mass of 1000 kg, the

energy lost in the collision of the cars is nearest:

(A) 0.98 MJ

(B) 1.08 MJ

(C) 1.24 MJ

(D) 1.48 MJ



SOLUTIONS TO FINAL EXAM

PROBLEMS

1. B 

2. C 

At t = 0.0632 s, we find v = 9.87 m/s and at = dv/dt =

−2 m/s2. The normal acceleration is 

. Combining the acceleration

components gives

3. C First, the time is found by setting vy = 0:

The height at t = 1.952 s is

4. C Set y = − 2 m and solve for the time:



Then x = 25 × 4.006 cos 50° = 64.4 m

5. B Set vy= 0 and solve for t: 

.

6. A The velocity of A must be normal to OA and the

velocity of B normal to BC. Sketch the velocity diagram that

represents vB = vA + vB/A:

7. D From the velocity diagram in Problem 6, vB = rBCωBC so

that

8. D Sketch the acceleration polygon that represents aB =

aA+ aB/A. Note that aB is expressed by referring to the link



BC and also the link AB. From the polygon we sum

components in the x direction, using the ω’s from Problems

6 and 7:

If components are next summed in the y direction we

could find αBC.

9. A Draw the acceleration polygon: aB = aO + aB/O. We see

that the acceleration of the contact point B is rω2 regardless

of α.

10. C The momentum equation is a name given to Newton’s

second law.



11. A The wheel rotates about the point of contact since

that point, without slip, must not be moving; it must have

zero velocity, which is, by definition, the instant center.

12. D The acceleration of the point of contact is aB = aO +

aB/O = 0 + rω2↑. The acceleration of the point at the top of

the wheel has the same magnitude but points down. The

acceleration of the wheel’s center is zero.

13. B Assume the left end wire breaks and that the tension

is T in the right end wire. Sum forces in the vertical direction

and take moments about the center of the beam to obtain

where ac is the vertical acceleration component of the

center of the beam (we used I = mL2/12). The vertical

acceleration component of the right end is zero (it

would have only a horizontal component), so 

. Then the above two equations are solved

simultaneously to give T = mg/4.

14. A Summing forces on the pulley provides a force of T

acting both normal and along the plane. Forces normal to

the plane give:

Forces summed along the plane provide the tension:

15. C Sum moments about the point of contact with the

surface so that the surface force does not enter the



equation:

16. C Take moments about the left end so the force

components at the left end do not enter the equation:

Note: The mass did not influence the answer.

17. A Since we know the distance the mass center moves,

we use the energy equation:

Or, if we refer the motion to the mass center, there

results:

18. D Since the distance is given, we use the energy

equation:



19. B We can calculate the distance the forces move so

the energy equation is used. The center of mass of the pole

fulls . Let the velocity of the left end be

v (vertically down) so that the velocity of the center of the

pole will be v/2 vertically down (the velocity of the right end

is zero at impact); the angular velocity is then ω = v/L =

v/4. The normal forces at the surfaces produce no work We

have:

20. C The distance the center of the rod falls can be

calculated so the energy equation will be used. It is, using 

, recognizing that the spring stretches an

additional 0.586 m,

21. D Because time is given in the problem statement, the

impulse-momentum equation is used. Moments are summed

about the contact point so that the forces acting at the

contact point do not enter the equation:



We could have used the mass moment of inertia about

the contact point using the transfer equation 

.

22. 

23. D Convert km/hr to m/s: vA = 120 × 1000/3600 = 33.33

m/s and 40 km/hr = 11.11 m/s. Then



 

1
This is approximately a two-hour exam. Passing would be 7 correct and an “A”

would be about 16 correct.



SI Units

The International System of Units (abbreviated SI) has three

classes of units—base, supplementary, and derived. The

seven base units and two supplementary units are listed

below. Also listed are derived units with and without special

names as used in mechanics.

BASE UNITS

SUPPLEMENTARY UNITS



DERIVED UNITS WITH SPECIAL NAMES AND

SYMBOLS

(Used in mechanics)

DERIVED UNITS WITHOUT SPECIAL NAMES

(Used in mechanics)



SI PREFIXES

(Commonly used in mechanics)

CONVERSION FACTORS





Second Moments of

Areas and Mass

Moments of Inertia





Index

Note: Figures are indicated by f; Tables are indicated by t.

Absolute speed, 98

Acceleration, 91

components of, 108, 112

Coriolis, 93–96

polygon, 101

relative, 90

Addition, of vectors, 1–3

Airspeed, 98

Amplitude, 282

Angular acceleration, 93, 108, 113

Angular displacement, 70, 72

Angular free vibration, 277–278

Angular impulse, 231, 244, 246

Angular momentum, 239, 252

relative, 231–233

Angular velocity, 90, 104–105, 113

Aperiodic motion, 279, 280

Atwood’s machine, 64–65

Average acceleration, 20

Average velocity, 20

Axis:

of rotation, 92–93

Axles, 111

Ballistics, 60

Bound vector, 1



Cartesian coordinates, 36–37

Center of mass:

of cylinders, 150

Centroidal rotation, 132

Coefficients, 108

of friction, 61, 158–159

of restitution, 234, 256

Collision, of spheres, 254

Compound pendulum, 166–167

Conical pendulum, 62

Conservation of energy theorem, 294

Conservative force, 196

Coriolis acceleration, 93–96

Cosines, law of, 105

Critical damping, 279

Cross product, 8–9, 15

Curvilinear motion, 22

normal components in, 24–26

radial components of, 26–28

Cycle, in vibration, 273

Cylinders, 178

acceleration of, 112, 130

velocity of, 215

D’Alembert’s principle, 60, 175

for rigid bodies, 134–135

Damping:

coefficients, 285f, 295

critical, 279f

viscous, 278–281

Differential equations, 75

of motion, 287

Differentiation, of vectors, 9



Dimensions, 10–11

Direct central impact, 234

Dot product, 6–7, 14

Eccentricity, 79

Efficiency, defining, 198

Elastic bodies, 254

Energy:

conservation of energy theorem, 294

kinetic, 198–199

potential, 195–199, 201–203

Epicyclic gear train, 113–114

Fixed vector, 1

Force, 57

center of percussion and application of, 257

friction, 211

impulse of, 229

inertia, 60

on Prony brake, 205

Forced vibration, 273

without damping, 281–283

with viscous damping, 283–285

Free-body diagram, 59

Free vector, 1

Free vibration, 273

of, 276–277

Frequency:

natural, 273, 278

undamped, 288

Friction:

coefficients of, 61, 158–159

Frictional damping, 288



Gravity, 10

Ground speed, 98

Gyration:

of pulleys, 172

radius of, 248, 260

Gyroscopes, 260

Harmonic motion, 22

Horsepower, formulas for, 198

Imaginary force, 60

Impact:

coefficient of restitution in, 234

defining, 234

direct central, 234

equations, 253–254

inelastic, 254, 258

Oblique, 234

Impulse:

angular, 231, 244, 246

defining, 229

Impulse-momentum relation: 229–230

Impulse-momentum, 230

Inelastic impact, 254, 258

Inertia force, 60

for rigid bodies, 134–135

Instant center, 102–103, 241

Instantaneous acceleration, 20

Instantaneous axis of rotation, 92–93

Instantaneous velocity, 20

Integration, of vectors, 10

International System (SI) units, 10–11, 229, 315

Kinematics, defining, 19



Kinetic energy:

of particles, 198

of rigid bodies, 199–200

Kinetic friction, coefficient of, 242

Linear acceleration, 108

Linear free vibration, 275–277

Linear impulse, 255–256

Linear momentum, 245, 246

Linear velocity, 43, 90

Linear vibration, 296

Magnification factor, 282

Mechanical vibrations, 273

Moment of momentum, 231

Momentum, 57

angular, 231–233, 239

Multicomponent systems, 285

Multiplication, of vectors, 4

Natural frequency, 273, 278

Newton’s law of gravitation, 77

Newton’s laws of motion, 61

first law, 57

second law, 57

third law, 57

Noncentroidal rotation, 132

Normal components, 24–26

Oblique impact, 234

Orthogonal triads, 4–5

Over damping, 279

Parallelogram law, 1–2



Peak amplitude, 285

Pendulum:

compound, 166–167

motion of, 244

period of, 166–167

Percussion, center of, 133–134

Period:

of pendulum, 166–167

of vibration, 273

Plane motion, 89

Planet, motion of, 79

Polar coordinates, 36

Position vector, 5–6, 24f

Potential energy, 195–199

of body of mass, 196–197

Power, 198

Power:

Principle of transmissibility, 1

Projectile motion, 21

Prony brake:

force on, 205

power measure by, 198

Quadratic crank mechanism, 104–106

Quick-return mechanism, 39

Radial components, 26–28

Radius of curvature, 24

Radius:

of gyration, 248, 260

Rectangular components, in curvilinear motion, 23–24

Rectilinear motion, 19–22, 30

Relative acceleration, 90



Relative angular momentum, 231–233

Relative momentum, 237, 241

Relative velocity, 90

Resonance, 273, 300

Rolling resistance, 208

Rotating plane, rigid body, 94f

Rotation:

Rotation of rigid bodies, 91, 132

Rotors, 260–261

Satellites, 81–82, 261

Scalar product, 6–7

Scalar quantities, 1, 260

Second law, of Newton, 57

SI units. See International System units

Simple harmonic motion, 274–278

Slider crank mechanism, 101

Sliding vector, 1

Spherical pendulum, 62

Spin axis, 260

Spring-mass system:

undamped, 281f

with viscous damping, 279f

Springs:

compression of, 201, 216

constant, 206, 252

vibration of, 274

Steady-state solution, 282

Steady-state vibration, 273

Stotch yoke, 37

Subtraction, of vectors, 3

Superelevation, 168



Tangential components, in curvilinear motion, 24–26

Third law, of Newton, 57

Torque, 260

Transient vibration, 273

Translation:

of rigid bodies, 91, 131, 199

Transverse components, of curvilnear motion, 26–28

Undamped frequency, 288

Undamped spring-mass system, forced vibration of, 281f

Underdamping, 280f

Uniform motion, of particles, 57

Unit vector, 1, 25f, 27f

orthogonal triad of, 4–5

US Customary units, 229

Variable mass, 235

Vector equations, 93

of plane motion, 129

Velocity, 76

angular, 90, 104–105, 113, 258–259

average, 20

polygon, 101

relative, 90

Vertical components, 110

Vibration:

angular free, 277–278

cycle in, 273

forced, 273, 281–285

free, 273, 276–277, 278–281

frequency of, 273

linear, 296

period of, 273



of springs, 274

steady-state, 273

systems undergoing, 274

transient, 273

Viscous damping:

forced vibration with, 283–285

free vibration with, 278–281

spring-mass system with, 279f

Work, 195–199

determination of, 203

expression of, 204

friction, 203–204

Work-energy equations, 261–262

Work-energy, 201–202

Zero vector, 4



NOTES
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