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Preface

In courses such as calculus or differential equations, the content is fairly standardized
but the content of a course entitled engineering mathematics often varies considerably
between two different academic institutions. Therefore a text entitled Advanced Engi-
neering Mathematics is a compendium of many mathematical topics, all of which are
loosely related by the expedient of either being needed or useful in courses in science and
engineering or in subsequent careers in these areas. There is literally no upper bound to
the number of topics that could be included in a text such as this. Consequently, this book
represents the author’s opinion of what constitutes engineering mathematics.

Il Content of the Text

For flexibility in topic selection this text is divided into five major parts. As can be seen
from the titles of these various parts it should be obvious that it is my belief that the
backbone of science/engineering related mathematics is the theory and applications of
ordinary and partial differential equations.

Part 1: Ordinary Differential Equations (Chapters 1-6)

The six chapters in Part 1 constitute a complete short course in ordinary differential equa-
tions. These chapters, with some modifications, correspond to Chapters 1, 2, 3,4, 5, 6,
7, and 9 in the text A First Course in Differential Equations with Modeling Applications,
Eleventh Edition, by Dennis G. Zill (Cengage Learning). In Chapter 2 the focus is on
methods for solving first-order differential equations and their applications. Chapter 3
deals mainly with linear second-order differential equations and their applications. Chap-
ter 4 is devoted to the solution of differential equations and systems of differential equa-
tions by the important Laplace transform.

Part 2: Vectors, Matrices, and Vector Calculus (Chapters 7-9)

Chapter 7, Vectors, and Chapter 9, Vector Calculus, include the standard topics that are
usually covered in the third semester of a calculus sequence: vectors in 2- and 3-space,
vector functions, directional derivatives, line integrals, double and triple integrals, surface
integrals, Green’s theorem, Stokes’ theorem, and the divergence theorem. In Section 7.6
the vector concept is generalized; by defining vectors analytically we lose their geometric
interpretation but keep many of their properties in n-dimensional and infinite-dimensional
vector spaces. Chapter 8, Matrices, is an introduction to systems of algebraic equations,
determinants, and matrix algebra, with special emphasis on those types of matrices that

xi
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are useful in solving systems of linear differential equations. Optional sections on cryp-
tography, error correcting codes, the method of least squares, and discrete compartmental
models are presented as applications of matrix algebra.

Part 3: Systems of Differential Equations (Chapters 10 and 11)

There are two chapters in Part 3. Chapter 10, Systems of Linear Differential Equations,
and Chapter 11, Systems of Nonlinear Differential Equations, draw heavily on the matrix
material presented in Chapter 8 of Part 2. In Chapter 10, systems of linear first-order
equations are solved utilizing the concepts of eigenvalues and eigenvectors, diagonaliza-
tion, and by means of a matrix exponential function. In Chapter 11, qualitative aspects of
autonomous linear and nonlinear systems are considered in depth.

Part 4: Partial Differential Equations (Chapters 12-16)

The core material on Fourier series and boundary-value problems involving second-order
partial differential equations was originally drawn from the text Differential Equations with
Boundary-Value Problems, Ninth Edition, by Dennis G. Zill (Cengage Learning). In Chapter
12, Orthogonal Functions and Fourier Series, the fundamental topics of sets of orthogonal
functions and expansions of functions in terms of an infinite series of orthogonal functions
are presented. These topics are then utilized in Chapters 13 and 14 where boundary-value
problems in rectangular, polar, cylindrical, and spherical coordinates are solved using the
method of separation of variables. In Chapter 15, Integral Transform Method, boundary-
value problems are solved by means of the Laplace and Fourier integral transforms.

Part 5: Complex Analysis (Chapters 17-20)

The final four chapters of the hardbound text cover topics ranging from the basic complex
number system through applications of conformal mappings in the solution of Dirichlet’s prob-
lem. This material by itself could easily serve as a one quarter introductory course in complex
variables. This material was taken from Complex Analysis: A First Course with Applications,
Third Edition, by Dennis G. Zill and Patrick D. Shanahan (Jones & Bartlett Learning).

Additional Online Material: Probability and Statistics (Chapters 21 and 22)

These final two chapters cover the basic rudiments of probability and statistics and can obtained
as either a PDF download on the accompanying Student Companion Website and Projects
Center or as part of a custom publication. For more information on how to access these addi-
tional chapters, please contact your Account Specialist at go.jblearning.com/findmyrep.

Il Design of the Text

For the benefit of those instructors and students who have not used the preceding edition,
a word about the design of the text is in order. Each chapter opens with its own table of
contents and a brief introduction to the material covered in that chapter. Because of the
great number of figures, definitions, and theorems throughout this text, I use a double-
decimal numeration system. For example, the interpretation of “Figure 1.2.3” is

Chapter Section of Chapter 1
1.2.3 <« Third figure in Section 1.2

I think that this kind of numeration makes it easier to find, say, a theorem or figure when it is
referred to in a later section or chapter. In addition, to better link a figure with the text, the first



textual reference to each figure is done in the same font style and color as the figure number.
For example, the first reference to the second figure in Section 5.7 is given as FIGURE 5.7.2 and
all subsequent references to that figure are written in the tradition style Figure 5.7.2.

Il Key Features of the Sixth Edition

* The principal goal of this revision was to add many new, and I feel interesting,
problems and applications throughout the text. For example, Sawing Wood in
Exercises 2.8, Bending of a Circular Plate in Exercises 3.6, Spring Pendulum in
Chapter 3 in Review, and Cooling Fin in Exercises 5.3 are new to this edition. Also,
the application problems

Air Exchange, Exercises 2.7
Potassium-40 Decay, Exercises 2.9
Potassium-Argon Dating, Exercises 2.9
Invasion of the Marine Toads, Chapter 2 in Review
Temperature of a Fluid, Exercises 3.6
Blowing in the Wind, Exercises 3.9
The Caught Pendulum, Exercises 3.11
The Paris Guns, Chapter 3 in Review
contributed to the last edition were left in place.

* Throughout the text I have given a greater emphasis to the concepts of piecewise-
linear differential equations and solutions that involve integral-defined functions.

* The superposition principle has been added to the discussion in Section 13.4,
Wave Equation.

» To improve its clarity, Section 13.6, Nonhomogeneous Boundary-Value Problems,
has been rewritten.

* Modified Bessel functions are given a greater emphasis in Section 14.2, Cylindrical
Coordinates.

Il Supplements
For Instructors

* Complete Solutions Manual (CSM) by Warren S. Wright and Roberto Martinez
* Test Bank
e Slides in PowerPoint format
* Image Bank
* WebAssign: WebAssign is a flexible and fully customizable online instructional
system that puts powerful tools in the hands of teachers, enabling them to deploy
assignments, instantly assess individual student performance, and realize their
teaching goals. Much more than just a homework grading system, WebAssign
delivers secure online testing, customizable precoded questions directly from
exercises in this textbook, and unparalleled customer service. Instructors who
adopt this program for their classroom use will have access to a digital version
of this textbook. Students who purchase an access code for WebAssign will also
have access to the digital version of the printed text.
With WebAssign instructors can:
¢ Create and distribute algorithmic assignments using questions specific to this
textbook
* Grade, record, and analyze student responses and performance instantly
» Offer more practice exercises, quizzes, and homework
* Upload resources to share and communicate with students seamlessly
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For more detailed information and to sign up for free faculty access, please
visit webassign.com. For information on how students can purchase access to
WebAssign bundled with this textbook, please contact your Jones and Bartlett
account representative at go.jblearning.com/findmyrep.

Designated instructor materials are for qualified instructors only. Jones & Bartlett
Learning reserves the right to evaluate all requests. For detailed information and to
request access to instructor resources, please visit go.jblearning.com/ZillAEM6e.

For Students

* A WebAssign Student Access Code can be bundled with a copy of this text at a dis-
count when requested by the adopting instructor. It may also be purchased separately
online when WebAssign is required by the student’s instructor or institution. The
student access code provides the student with access to his or her specific classroom
assignments in WebAssign and access to a digital version of this text.

* A Student Solutions Manual (SSM) prepared by Warren S. Wright and Roberto
Martinez provides a solution to every third problem from the text.

* Access to the Student Companion Website and Projects Center, available at
go.jblearning.com/ZillAEM6e, is included with each new copy of the text. This
site includes the following resources to enhance student learning:

* Chapter 21 Probability

* Chapter 22 Statistics

* Additional projects and essays that appeared in earlier editions of this text,
including:

Two Properties of the Sphere

Vibration Control: Vibration Isolation

Vibration Control: Vibration Absorbers

Minimal Surfaces

Road Mirages

Two Ports in Electrical Circuits

The Hydrogen Atom

Instabilities of Numerical Methods

A Matrix Model for Environmental Life Cycle Assessment

Steady Transonic Flow Past Thin Airfoils

Making Waves: Convection, Diffusion, and Traffic Flow

When Differential Equations Invaded Geometry: Inverse Tangent Problem
of the 17" Century

Tricky Time: The Isochrones of Huygens and Leibniz

The Uncertainty Inequality in Signal Processing

Traffic Flow

Temperature Dependence of Resistivity

Fraunhofer Diffraction by a Circular Aperture

The Collapse of the Tacoma Narrow Bridge: A Modern Viewpoint

Atmospheric Drag and the Decay of Satellite Orbits

Forebody Drag of Bluff Bodies
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m‘ Definitions and Terminology

INTRODUCTION The words differential and equation certainly suggest solving some kind
of equation that contains derivatives. But before you start solving anything, you must learn some
of the basic defintions and terminology of the subject.

Il A Definition The derivative dyldx of a function y = ¢(x) is itself another function ¢'(x)

0-1¢ is differentiable on the interval

0.1x°

found by an appropriate rule. For example, the functiony = e

0.1x°

(— 00, 00), and its derivative is dy/dx = 0.2xe”* . If we replace e in the last equation by the

symbol y, we obtain

dy

— = 0.2xy. 1

dx v U
Now imagine that a friend of yours simply hands you the differential equation in (1), and that
you have no idea how it was constructed. Your friend asks: “What is the function represented by
the symbol y?” You are now face-to-face with one of the basic problems in a course in differen-
tial equations:

How do you solve such an equation for the unknown function y = ¢(x)?

The problem is loosely equivalent to the familiar reverse problem of differential calculus: Given
a derivative, find an antiderivative.

Before proceeding any further, let us give a more precise definition of the concept of a dif-
ferential equation.

Definition1.1.1  Differential Equation

An equation containing the derivatives of one or more dependent variables, with respect to
one or more independent variables, is said to be a differential equation (DE).

In order to talk about them, we will classify a differential equation by type, order, and linearity.

Il Classification by Type If a differential equation contains only ordinary derivatives of
one or more functions with respect to a single independent variable it is said to be an ordinary
differential equation (ODE). An equation involving only partial derivatives of one or more
functions of two or more independent variables is called a partial differential equation (PDE).
Our first example illustrates several of each type of differential equation.

Types of Differential Equations

(a) The equations

an ODE can contain more
than one dependent variable

\: )
dy d* dy dx dy
—+6y=¢e", —+——12y =0, d —+—=3x+2 2
a7 a a7 and g ¥y @
are examples of ordinary differential equations.
(b) The equations
Fu 9 Pu u w9 d
A Y g
0x dy ax ot ot dy ox

are examples of partial differential equations. Notice in the third equation that there are two
dependent variables and two independent variables in the PDE. This indicates that «# and v

must be functions of two or more independent variables. =
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IH Notation Throughout this text, ordinary derivatives will be written using either the Leibniz
notation dy/dx, d*yldx*, d*yldx’, ..., or the prime notation y’, y”, y”, .... Using the latter nota-
tion, the first two differential equations in (2) can be written a little more compactly as
y' +6y=e"andy” +y" — 12y = 0, respectively. Actually, the prime notation is used to denote
only the first three derivatives; the fourth derivative is written y* instead of y””. In general, the
nth derivative is d"y/dx" or y™. Although less convenient to write and to typeset, the Leibniz
notation has an advantage over the prime notation in that it clearly displays both the dependent
and independent variables. For example, in the differential equation d*x/dt* + 16x = 0, it is im-
mediately seen that the symbol x now represents a dependent variable, whereas the independent
variable is ¢. You should also be aware that in physical sciences and engineering, Newton’s dot
notation (derogatively referred to by some as the “flyspeck” notation) is sometimes used to
denote derivatives with respect to time z. Thus the differential equation d”s/dt> = —32 becomes
s = —32. Partial derivatives are often denoted by a subscript notation indicating the indepen-
dent variables. For example, the first and second equations in (3) can be written, in turn, as
Uy + uy, = 0and u,, = u, — u,

Il Classification by Order The order of a differential equation (ODE or PDE) is the
order of the highest derivative in the equation.

Order of a Differential Equation

The differential equations

highest order highest order

\ 1
d? <dy>3 o*tu  du
—+5\—)] —4dy=e, 2—7+—=0
dx* dx Y axt o’

are examples of a second-order ordinary differential equation and a fourth-order partial dif-

ferential equation, respectively. =

A first-order ordinary differential equation is sometimes written in the differential form

M(x, y)dx + N(x,y)dy = 0.

Differential Form of a First-Order ODE

If we assume that y is the dependent variable in a first-order ODE, then recall from calculus
that the differential dy is defined to be dy = y'dx.

(a) By dividing by the differential dx an alternative form of the equation (y — x)dx +
4xdy = 0 is given by

L a® oy valenty 4x® 1y =
y— X xdx = or equivalently xdx y = x.
(b) By multiplying the differential equation
dy
6 +x*+y2=0
Xydx X y

by dx we see that the equation has the alternative differential form

2+ y)dx + 6xydy = 0. =

In symbols, we can express an nth-order ordinary differential equation in one dependent vari-
able by the general form

Fx,y,y,...,y") =0, (4)

where F is a real-valued function of n + 2 variables: x, y, y', ..., y(”). For both practical and
theoretical reasons, we shall also make the assumption hereafter that it is possible to solve an
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Remember these two }
characteristics of a
linear ODE.

ordinary differential equation in the form (4) uniquely for the highest derivative y" in terms of
the remaining n + 1 variables. The differential equation
d"y
dx n

= £y, s, YD), (5)

where fis a real-valued continuous function, is referred to as the normal form of (4). Thus, when
it suits our purposes, we shall use the normal forms

’7

dy
— = f(x,y) and

I = flx,y,y")

E

to represent general first- and second-order ordinary differential equations.

DEATEYS  Normal Form of an ODE

(a) By solving for the derivative dy/dx the normal form of the first-order differential equation

dy dy x—y
dx—+y=x is — =
xdx y=x B dx 4x

(b) By solving for the derivative y” the normal form of the second-order differential
equation

Y=y +6y=0 is y' =y — 6y =

Il Classification by Linearity An nth-order ordinary differential equation (4) is said to
be linear in the variable y if F is linear in y, ', ..., y*. This means that an nth-order ODE is
linear when (4) is a,(x)y™ + a,_,(x)y" " + - + a,(x)y’ + ap(x)y — g(x) = Oor

n n—1

an(x) . + a, - 1(X) J
dx"

dx"~ 1 ot al(x) + a()('x)y = g(-x) (6)

Two important special cases of (6) are linear first-order (» = 1) and linear second-order
(n = 2) ODEs.
a’y d 2y
al(X) + apx)y = g(x) and av(X) + al(X) + ag(x)y = g(x). (7)

In the additive combination on the left-hand side of (6) we see that the characteristic two proper-
ties of a linear ODE are

» The dependent variable y and all its derivatives y’, y”, ..., y" are of the first degree; that
is, the power of each term involving y is 1.

e The coefficients ay, a;, ..., a, of y, ¥, ..., y™ depend at most on the independent
variable x.

A nonlinear ordinary differential equation is simply one that is not linear. If the coefficients
of y,y’,..., y™ contain the dependent variable y or its derivatives or if powers of y, y', ...,
y", such as (y')?, appear in the equation, then the DE is nonlinear. Also, nonlinear functions
of the dependent variable or its derivatives, such as sin y or ¢’ cannot appear in a linear
equation.

EXAMPLE 5 Linear and Nonlinear Differential Equations

(a) The equations

,dy dy
(y—xdx+4xdy=0, y" =2y +y=0, x’—5+3x— —Sy=e"
dx? dx
are, in turn, examples of linear first-, second-, and third-order ordinary differential equations.
We have just demonstrated in part (a) of Example 3 that the first equation is linear in y by
writing it in the alternative form 4xy’ + y = x.
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(b) The equations

nonlinear term: nonlinear term: nonlinear term:
coefficient depends on y nonlinear function of y power not 1
{ { {
2 4
y o d’y
1 —yy + 2y =¢, — + siny = 0, — +y' =0,
(1 =y y e y ot Ty

are examples of nonlinear first-, second-, and fourth-order ordinary differential equations,

respectively. =
IH Solution As stated before, one of our goals in this course is to solve—or find solutions

of—differential equations. The concept of a solution of an ordinary differential equation is
defined next.

Definition 1.1.2  Solution of an ODE

Any function ¢, defined on an interval / and possessing at least n derivatives that are con-
tinuous on /, which when substituted into an nth-order ordinary differential equation reduces
the equation to an identity, is said to be a solution of the equation on the interval.

In other words, a solution of an nth-order ordinary differential equation (4) is a function ¢
that possesses at least n derivatives and

F(x, p(x), ¢' (%), ..., " (x)) = 0 for all x in L.

We say that ¢ satisfies the differential equation on /. For our purposes, we shall also assume that

asolution ¢ is a real-valued function. In our initial discussion we have already seen that y = ¢%!

is a solution of dy/dx = 0.2xy on the interval (— co, c0).
Occasionally it will be convenient to denote a solution by the alternative symbol y(x).

IH Interval of Definition You can’t think solution of an ordinary differential equation
without simultaneously thinking inferval. The interval I in Definition 1.1.2 is variously called
the interval of definition, the interval of validity, or the domain of the solution and can be an
open interval (a, b), a closed interval [a, b], an infinite interval (a, co), and so on.

EXAMPLE 6 Verification of a Solution

Verify that the indicated function is a solution of the given differential equation on the interval
(— o0, 00).

dy
@ =0y = (b)y' =2y +y=0; y=xc

SOLUTION  One way of verifying that the given function is a solution is to see, after substi-
tuting, whether each side of the equation is the same for every x in the interval (— oo, c0).

dy X3 x3
a) F left-hand side: > = 4-"— =
(a) From eft anszedx 16 7
12 JERN
ight-hand side: xy'* = (x) =x=7
right-hand side: xy AT =
we see that each side of the equation is the same for every real number x. Note that y'/? = 1x” is,

by definition, the nonnegative square root of 1xx*.
(b) From the derivatives y' = xe* + ¢" and y" = xe* + 2¢* we have for every real number x,

left-hand side: y" — 2y" +y = (xe* + 2¢*) — 2(xe¢* + €°) + x¢* =0
right-hand side: 0. =

Note, too, that in Example 6 each differential equation possesses the constant solution y = 0,
defined on (— o0, c0). A solution of a differential equation that is identically zero on an interval
1 is said to be a trivial solution.
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(b) Solution y = 1/x, (0, e0)

FIGURE 1.1.1 Example 7 illustrates
the difference between the function
y = 1/x and the solution y = 1/x

8

Il Solution Curve The graph of a solution ¢ of an ODE is called a solution curve. Since
¢ is a differentiable function, it is continuous on its interval / of definition. Thus there may be a
difference between the graph of the function ¢ and the graph of the solution ¢. Put another way,
the domain of the function ¢ does not need to be the same as the interval I of definition (or
domain) of the solution ¢.

Function vs. Solution

EXAMPLE 7

(a) Considered simply as a function, the domain of y = 1/x is the set of all real numbers x
except 0. When we graph y = 1/x, we plot points in the xy-plane corresponding to a judicious
sampling of numbers taken from its domain. The rational function y = 1/x is discontinuous
at 0, and its graph, in a neighborhood of the origin, is given in FIGURE 1.1.1(a). The function
y = 1/x is not differentiable at x = 0 since the y-axis (whose equation is x = 0) is a vertical
asymptote of the graph.

(b) Now y = 1/x s also a solution of the linear first-order differential equation xy’ +y = 0
(verify). But when we say y = 1/x s a solution of this DE we mean it is a function defined on
an interval I on which it is differentiable and satisfies the equation. In other words,
y = l/x is a solution of the DE on any interval not containing 0, such as (—3, —1), (%, 10),
(=00, 0), or (0, co0). Because the solution curves defined by y = 1/x on the intervals (=3, —1)
and on (3, 10) are simply segments or pieces of the solution curves defined by
y = 1/xon (—o0, 0) and (0, 00), respectively, it makes sense to take the interval I to be as large
as possible. Thus we would take I to be either (— oo, 0) or (0, co). The solution curve on the

interval (0, co) is shown in Figure 1.1.1(b). =

1 Explicit and Implicit Solutions You should be familiar with the terms explicit and
implicit functions from your study of calculus. A solution in which the dependent variable is
expressed solely in terms of the independent variable and constants is said to be an explicit solution.
For our purposes, let us think of an explicit solution as an explicit formula y = ¢(x) that we can
manipulate, evaluate, and differentiate using the standard rules. We have just seen in the last two
examples that y = xx* y = xe*, and y = 1/x are, in turn, explicit solutions of dy/dx = xy"?,
y' =2y +y=0,and xy’ + y = 0. Moreover, the trivial solution y = 0 is an explicit solution
of all three equations. We shall see when we get down to the business of actually solving some
ordinary differential equations that methods of solution do not always lead directly to an explicit
solution y = ¢(x). This is particularly true when attempting to solve nonlinear first-order dif-
ferential equations. Often we have to be content with a relation or expression G(x, y) = 0 that
defines a solution ¢ implicitly.

Definition 1.1.3

Implicit Solution of an ODE

A relation G(x, y) = Ois said to be an implicit solution of an ordinary differential equation (4)
on an interval / provided there exists at least one function ¢ that satisfies the relation as well
as the differential equation on /.

It is beyond the scope of this course to investigate the conditions under which a relation
G(x,y) = 0 defines a differentiable function ¢. So we shall assume that if the formal implementa-
tion of a method of solution leads to a relation G(x, y) = 0, then there exists at least one function
¢ that satisfies both the relation (that is, G(x, ¢(x)) = 0) and the differential equation on an in-
terval /. If the implicit solution G(x, y) = 0is fairly simple, we may be able to solve for y in terms
of x and obtain one or more explicit solutions. See (iv) in the Remarks.

EXAMPLE 8 Verification of an Implicit Solution

The relation x> + y* = 25 is an implicit solution of the nonlinear differential equation

dy X
-~ _ _Z 8
i y (8)
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FIGURE 1.1.3 Some solutions of
xy' —y=x*sinx

c>0

c=0

c<0

on the interval defined by —5 < x < 5. By implicit differentiation we obtain

%xz—i—%yz:%% or 2x+2y%=0. (9)
Solving the last equation in (9) for the symbol dy/dx gives (8). Moreover, solving x* + y* = 25
for y in terms of x yields y = =\/25 — x% The two functions y = ¢,(x) = V25 — x*and
y = ¢y(x) = —\V/25 — x?satisfy the relation (thatis, x> + ¢7 = 25 and x* + ¢3 = 25) and are
explicit solutions defined on the interval (—5, 5). The solution curves given in FIGURE 1.1.2(b)
and 1.1.2(c) are segments of the graph of the implicit solution in Figure 1.1.2(a).

y
5
X
-5 5
(a) Implicit solution (b) Explicit solution (c) Explicit solution
X2+y2=25 ¥ =V25 -2, -5<x<5 Y, =V25-x2,-5<x<5

FIGURE 1.1.2 An implicit solution and two explicit solutions in Example 8 =

Any relation of the form x> + y> — ¢ = 0 formally satisfies (8) for any constant c. However,
it is understood that the relation should always make sense in the real number system; thus, for
example, we cannot say that x> + y> + 25 = 0 is an implicit solution of the equation. Why not?

Because the distinction between an explicit solution and an implicit solution should be intui-
tively clear, we will not belabor the issue by always saying, “Here is an explicit (implicit)
solution.”

Il Families of Solutions The study of differential equations is similar to that of integral
calculus. When evaluating an antiderivative or indefinite integral in calculus, we use a single constant
¢ of integration. Analogously, when solving a first-order differential equation F(x, y, y") = 0, we
usually obtain a solution containing a single arbitrary constant or parameter c. A solution contain-
ing an arbitrary constant represents a set G(x, y, ¢) = 0 of solutions called a one-parameter
family of solutions. When solving an nth-order differential equation F(x, y,y’, ..., ") = 0, we
seek an n-parameter family of solutions G(x, y, ¢, ¢, ..., ¢,) = 0. This means that a single
differential equation can possess an infinite number of solutions corresponding to the unlim-
ited number of choices for the parameter(s). A solution of a differential equation that is free
of arbitrary parameters is called a particular solution. For example, the one-parameter family
y = cx — x cos x is an explicit solution of the linear first-order equation xy’ — y = x> sin x on the
interval (— oo, oo) (verify). FIGURE 1.1.3, obtained using graphing software, shows the graphs of
some of the solutions in this family. The solution y = —x cos x, the red curve in the figure, is a
particular solution corresponding to ¢ = 0. Similarly, on the interval (— oo, 00),y = ¢;e* + cyxe”
is a two-parameter family of solutions (verify) of the linear second-order equation y” — 2y" +y =0
in part (b) of Example 6. Some particular solutions of the equation are the trivial solution
y=0(c;=¢,=0),y=xe"(c;=0,c,=1),y = 5¢" — 2xe" (¢, =5, ¢, = —2), and so on.

In all the preceding examples, we have used x and y to denote the independent and dependent
variables, respectively. But you should become accustomed to seeing and working with other
symbols to denote these variables. For example, we could denote the independent variable by ¢
and the dependent variable by x.

Using Different Symbols

The functions x = ¢, cos 4¢ and x = ¢, sin 4¢, where ¢, and ¢, are arbitrary constants or
parameters, are both solutions of the linear differential equation

X"+ 16x = 0.
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(a)

(b)

FIGURE 1.1.4 Some solutions of

xy" — 4y = 0 in Example 10

10

For x = ¢, cos 4t, the first two derivatives with respect to t are x’ = —4c¢,sin 4¢ and

n_—

X" = —16c, cos 4. Substituting x” and x then gives
X"+ 16x = —16¢, cos 4t + 16(c,cos 4t) = 0.
In like manner, for x = ¢, sin 4f we have x” = —16¢, sin 4t, and so
X"+ 16x = —16¢,sin 4t + 16(c,sin 41) = 0.
Finally, it is straightforward to verify that the linear combination of solutions for the two-

parameter family x = ¢, cos 4¢ + ¢, sin 4t is also a solution of the differential equation. =

The next example shows that a solution of a differential equation can be a piecewise-defined
function.

PEATETET A Piecewise-Defined Solution

You should verify that the one-parameter family y = cx* is a one-parameter family of solutions
of the linear differential equation xy’ — 4y = 0 on the interval (— co, co). See FIGURE 1.1.4(a).
The piecewise-defined differentiable function

—x* x<0
y = 4

x5, x=0

is a particular solution of the equation but cannot be obtained from the family y = cx* by a
single choice of c; the solution is constructed from the family by choosing ¢ = —1 forx < 0
and ¢ = 1 for x = 0. See Figure 1.1.4(b). =

IH Singular Solution Sometimes a differential equation possesses a solution that is not a
member of a family of solutions of the equation; that is, a solution that cannot be obtained by
specializing any of the parameters in the family of solutions. Such an extra solution is called a
singular solution. For example, we have seen that y = {xx* and y = 0 are solutions of the dif-
ferential equation dy/dx = xy> on (— oo, o). In Section 2.2 we shall demonstrate, by actually
solving it, that the differential equation dy/dx = xy'? possesses the one-parameter family of
solutions y = (Jx* + ¢)?, ¢ = 0. When ¢ = 0, the resulting particular solution is y = =x*. But
notice that the trivial solution y = 0 is a singular solution since it is not a member of the family
y = (3¢ + ¢)%; there is no way of assigning a value to the constant ¢ to obtain y = 0.

1 Systems of Differential Equations Up to this point we have been discussing sin-
gle differential equations containing one unknown function. But often in theory, as well as in
many applications, we must deal with systems of differential equations. A system of ordinary
differential equations is two or more equations involving the derivatives of two or more unknown
functions of a single independent variable. For example, if x and y denote dependent variables
and 7 the independent variable, then a system of two first-order differential equations is given by

@ f(t, x, y)

da Y

dy (10)
o 8(t, x, y).

A solution of a system such as (10) is a pair of differentiable functions x = ¢ (1), y = ¢,(t)
defined on a common interval / that satisfy each equation of the system on this interval. See
Problems 41 and 42 in Exercises 1.1.

|
REMARKS

() It might not be apparent whether a first-order ODE written in differential form M(x, y) dx +
N(x, y) dy = 0 is linear or nonlinear because there is nothing in this form that tells us which
symbol denotes the dependent variable. See Problems 9 and 10 in Exercises 1.1.

(it) We will see in the chapters that follow that a solution of a differential equation may involve
an integral-defined function. One way of defining a function F of a single variable x by
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means of a definite integral is

F(x) = J g(1) dt. (11)
If the integrand g in (11) is continuous on an interval [a, b] and a = x = b, then the derivative
form of the Fundamental Theorem of Calculus states that F is differentiable on (a, b) and

X

d
F'(x) = dx,[ g dr = g(x). (12)

The integral in (11) is often nonelementary, that is, an integral of a function g that does
not have an elementary-function antiderivative. Elementary functions include the familiar
functions studied in a typical precalculus course:

constant, polynomial, rational, exponential, logarithmic, trigonometric, and inverse
trigonometric functions,

as well as rational powers of these functions, finite combinations of these functions using
addition, subtraction, multiplication, division, and function compositions. For example, even

thoughe ™, V1 + #*, and cos  are elementary functions, the integrals fe ™ dt, [N1 + 1 dt,
and [cos t* dt are nonelementary. See Problems 25-28 in Exercises 1.1.

(iii) Although the concept of a solution of a differential equation has been emphasized in this
section, you should be aware that a DE does not necessarily have to possess a solution. See
Problem 43 in Exercises 1.1. The question of whether a solution exists will be touched on in
the next section.

(iv) A few last words about implicit solutions of differential equations are in order. In Example 8
we were able to solve the relation x* + y* = 25 for y in terms of x to get two explicit solutions,
¢d,(x) = V25 — x? and ¢,o(x) = — V25 — x?, of the differential equation (8). But don’t
read too much into this one example. Unless it is easy, obvious, or important, or you are in-
structed to, there is usually no need to try to solve an implicit solution G(x, y) = O for y ex-
plicitly in terms of x. Also do not misinterpret the second sentence following Definition 1.1.3.
An implicit solution G(x, y) = 0 can define a perfectly good differentiable function ¢ that is
a solution of a DE, but yet we may not be able to solve G(x, y) = 0 using analytical methods
such as algebra. The solution curve of ¢» may be a segment or piece of the graph of G(x, y) = 0.
See Problems 49 and 50 in Exercises 1.1.

(v) If every solution of an nth-order ODE F(x, y, y’, ..., y(")) = O on an interval / can be obtained
from an n-parameter family G(x, y, ¢, ¢,, ..., ¢,) = 0 by appropriate choices of the parameters
¢, i =1,2,..., n, we then say that the family is the general solution of the DE. In solving
linear ODEs, we shall impose relatively simple restrictions on the coefficients of the equation;
with these restrictions one can be assured that not only does a solution exist on an interval but
also that a family of solutions yields all possible solutions. Nonlinear equations, with the
exception of some first-order DEs, are usually difficult or even impossible to solve in terms
of familiar elementary functions. Furthermore, if we happen to obtain a family of solutions
for a nonlinear equation, it is not evident whether this family contains all solutions. On a
practical level, then, the designation “general solution” is applied only to linear DEs. Don’t
be concerned about this concept at this point but store the words general solution in the back
of your mind—we will come back to this notion in Section 2.3 and again in Chapter 3.

m DCIRARR]  Answers to selected odd-numbered problems begin on page ANS-1.

In Problems 1-8, state the order of the given ordinary 3. 5D =13y +6y=0
differential equation. Determine whether the equation is linear
linear by matching it with (6 d’u  du
or nonlinear by matching it with (6). 4, F—¢—d—+u:cos(r+u)
r r

1. (1 —x)y" —4xy' + 5y =cosx
d’y (dy>4 d%y (dy>2
2 x——=— (=] +y=0 5.~ =1+ (=
* e dx Y dx? dx
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6 @ — _i
odr? R?
1. (sin 6)y"” — (cos )y’ =2
8. x— (1 —4Hi+x=0

In Problems 9 and 10, determine whether the given first-order
differential equation is linear in the indicated dependent
variable by matching it with the first differential equation
given in (7).

9. (> — Ddx + xdy =0;iny;inx
10. udv + (v + uv — ue")ydu = 0;inv;inu

In Problems 11-14, verify that the indicated function is an
explicit solution of the given differential equation. Assume
an appropriate interval / of definition for each solution.

M. 2y +y=0;, y=e"
d
12 % +20y=24; y=8— S

13. /=6y +13y=0; y=e"cos2x
14. y" + y =tanx; y= —(cosx)In(sec x + tan x)

In Problems 15-18, verify that the indicated function y = ¢(x)
is an explicit solution of the given first-order differential
equation. Proceed as in Example 7, by considering ¢ simply

as a function, give its domain. Then by considering ¢ as a
solution of the differential equation, give at least one interval /
of definition.

5. 6y —x)y =y—x+8, y=x+4Vx+2
16. y) =25+ y* y=>5tan5x

17. ¥y =2x% y=1/4—x)

18. 2y’ =y’cosx; y=(1—sinx)

In Problems 19 and 20, verify that the indicated expression is
an implicit solution of the given first-order differential equation.
Find at least one explicit solution y = ¢(x) in each case. Use a
graphing utility to obtain the graph of an explicit solution.

Give an interval / of definition of each solution ¢.

19, & X — 1)1 - 2X); 1 <2X_ 1) t

L= (X - —2X); In =
dt X -1

20. 2xydx + (> —y)dy=0; —2x*)y+y*=1

In Problems 21-24, verify that the indicated family of functions
is a solution of the given differential equation. Assume an
appropriate interval I of definition for each solution.

dpP ce'

2. - =p1-P; P=—"—
dt ( ) 1 + ce

d >
22. dl + 4xy = 8x3; y = 22— 1+ c,efz"
X

d? d
23. ;)2) - 4d7yc +4y =0, y= clezx + szeZ)c
dy d’y  dy
24. 3 7dx3 + 2x? 7dx2 — xjdx +y= 12x%

y=cx '+ x4 cx Inx + 447
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In Problems 25-28, use (12) to verify that the indicated function
is a solution of the given differential equation. Assume an
appropriate interval  of definition of each solution.

d X, =3
25. xl —3xy=1 y= e3xJ ¢ dt
dx 1 t

d “cos t
26. 2xl —y=2xcosx; y= \/);J ——dt

dx LVt

2dl _ . _ é & “sin ¢
2]. x + xy = 10sinx; y + —dt
dx X X ), ot

X

d 2 2
28.l+2w=1; y=e‘x2+e_xje’dt
dx 0

29. Verify that the piecewise-defined function
—-x2, x<0
y = 2 -
x°, x=0
is a solution of the differential equation xy’ — 2y = 0 on the
interval (— oo, 00).

30. In Example 8 we saw that y = ¢,(x) = V25 — x? and

y = ¢,(x) = —V/25 — x? are solutions of dy/dx = —x/y
on the interval (=5, 5). Explain why the piecewise-defined

function
_{\/25—x2, —5<x<0
YTl-V25— L 0=x<5

is not a solution of the differential equation on the interval
(—5,5).

In Problems 31-34, find values of m so that the function y = ¢"™*
is a solution of the given differential equation.

3. y +2y=0 32. 3y =4y
3B. Y =5 +6y=0 4. 2y"+9y —5y=0

In Problems 35 and 36, find values of m so that the function
y = x" is a solution of the given differential equation.

3B ' +2y =0 36. X%y —Txy’ + 15y =0

In Problems 3740, use the concept thaty = ¢, —co < x < o0,
is a constant function if and only if y’ = 0 to determine whether
the given differential equation possesses constant solutions.

37. 3xy' + 5y =10 38 y=y"+2y—3
9. (y—1py' =1 40. y' +4y" + 6y =10
In Problems 41 and 42, verify that the indicated pair of functions

is a solution of the given system of differential equations on the
interval (— oo, 00).

dx d’x
M, —=x+3 8. — =4y + ¢
dt Y dr? Y
dy dzy
— = 5x + 3y; — =4x — ¢
dt Y dr?
x=e 2+ 3e% x = cos2t + sin2t + e,
y=—e 2+ 5¢% y = —cos 2t — sin 2t — Le'



Discussion Problems

43. Make up a differential equation that does not possess any real
solutions.

44. Make up a differential equation that you feel confident pos-
sesses only the trivial solution y = 0. Explain your reasoning.

45. What function do you know from calculus is such that its first
derivative is itself? Its first derivative is a constant multiple k
of itself? Write each answer in the form of a first-order dif-
ferential equation with a solution.

46. What function (or functions) do you know from calculus is
such that its second derivative is itself? Its second derivative
is the negative of itself? Write each answer in the form of a
second-order differential equation with a solution.

47. Given that y = sin x is an explicit solution of the first-order
differential equation dy/dx = /1 — y>.Find an interval I of
definition. [Hint: I is not the interval (— oo, 00).]

48. Discuss why it makes intuitive sense to presume that the lin-
ear differential equation y” + 2y’ + 4y = 5 sin t has a solution
of the formy = Asint + Bcost, where A and B are constants.
Then find specific constants A and B so thaty = Asint + Bcos ¢
is a particular solution of the DE.

In Problems 49 and 50, the given figure represents the graph

of an implicit solution G(x, y) = 0 of a differential equation
dyldx = f(x, y). In each case the relation G(x, y) = 0 implicitly
defines several solutions of the DE. Carefully reproduce each
figure on a piece of paper. Use different colored pencils to mark
off segments, or pieces, on each graph that correspond to graphs
of solutions. Keep in mind that a solution ¢» must be a function
and differentiable. Use the solution curve to estimate the
interval I of definition of each solution ¢.

49. V1 50. Y

FIGURE 1.1.5 Graph for
Problem 49

FIGURE 1.1.6 Graph for
Problem 50

51. The graphs of the members of the one-parameter family
x* + y® = 3cxy are called folia of Descartes. Verify that this
family is an implicit solution of the first-order differential
equation

dy yo® —2x)
dx )c(2y3 - X%

52. The graph in FIGURE 1.1.6 is the member of the family of folia
in Problem 51 corresponding to ¢ = 1. Discuss: How can
the DE in Problem 51 help in finding points on the graph of
x* + y® = 3xy where the tangent line is vertical? How does
knowing where a tangent line is vertical help in determining

an interval / of definition of a solution ¢ of the DE? Carry out
your ideas and compare with your estimates of the intervals in
Problem 50.

53. In Example 8, the largest interval I over which the explicit
solutions y = ¢;(x) and y = ¢,(x) are defined is the open
interval (—5, 5). Why can’t the interval [ of definition be the
closed interval [—5, 5]?

54. In Problem 21, a one-parameter family of solutions of the DE
P' = P(1 — P)is given. Does any solution curve pass through
the point (0, 3)? Through the point (0, 1)?

55. Discuss, and illustrate with examples, how to solve differen-
tial equations of the forms dy/dx = f(x) and d*y/dx* = f(x).

56. The differential equation x(y')*> — 4y’ — 12x* = 0 has the form
given in (4). Determine whether the equation can be put into
the normal form dy/dx = f(x, y).

57. The normal form (5) of an nth-order differential equation
is equivalent to (4) whenever both forms have exactly the
same solutions. Make up a first-order differential equation
for which F(x, y, y") = 0 is not equivalent to the normal form
dyldx = f(x, y).

58. Find alinear second-order differential equation F(x, y,y’,y") =0
for which y = ¢,x + ¢,x” is a two-parameter family of solu-
tions. Make sure that your equation is free of the arbitrary
parameters c¢; and c,.

Qualitative information about a solution y = ¢(x) of a
differential equation can often be obtained from the equation
itself. Before working Problems 59-62, recall the geometric
significance of the derivatives dy/dx and d>y/dx’.
59. Consider the differential equation dy/dx = e,
(a) Explain why a solution of the DE must be an increasing
function on any interval of the x-axis.

(b) What are lim dy/dx and limdy/dx? What does this

X—> — 00 X—>00

suggest about a solution curve as x — *oo?

(¢) Determine an interval over which a solution curve is concave
down and an interval over which the curve is concave up.

(d) Sketch the graph of a solution y = ¢(x) of the differential
equation whose shape is suggested by parts (a)—(c).

60. Consider the differential equation dy/dx =5 — y.

(a) Either by inspection, or by the method suggested in
Problems 37-40, find a constant solution of the DE.

(b) Using only the differential equation, find intervals on the
y-axis on which a nonconstant solution y = ¢(x) is in-
creasing. Find intervals on the y-axis on which y = ¢(x)
is decreasing.

61. Consider the differential equation dy/dx = y(a — by), where

a and b are positive constants.

(a) Either by inspection, or by the method suggested in
Problems 37—40, find two constant solutions of the DE.

(b) Using only the differential equation, find intervals on the
y-axis on which a nonconstant solution y = ¢(x) is
increasing. On which y = ¢(x) is decreasing.

(¢) Using only the differential equation, explain why y = a/2b
is the y-coordinate of a point of inflection of the graph of
a nonconstant solution y = ¢(x).

1.1 Definitions and Terminology | 13



(d) On the same coordinate axes, sketch the graphs of the two Computer Lab Assignments

62. Consider the differential equation y’ = y* + 4.

(a)
(b)

(c)

(d)

constant solutions found in part (a). These constant solu-
tions partition the xy-plane into three regions. In each re-
gion, sketch the graph of a nonconstant solution y = ¢(x)
whose shape is suggested by the results in parts (b) and (c).

Explain why there exist no constant solutions of the DE.
Describe the graph of a solution y = ¢(x). For example,

In Problems 63 and 64, use a CAS to compute all derivatives
and to carry out the simplifications needed to verify that the
indicated function is a particular solution of the given differen-
tial equation.

63. y¥ — 20y” + 158y" — 580y’ + 841y = 0;

y = xe>* cos 2x

can a solution curve have any relative extrema? 64. x'y" + 2x%y" + 20xy’ — 78y = 0;

Explain why y = 0 is the y-coordinate of a point of inflec-
tion of a solution curve.

y =20 cos(5 Inx) _ 3 sin(5 Inx)
X X

Sketch the graph of a solution y = ¢(x) of the differential
equation whose shape is suggested by parts (a)—(c).

solutions of the DE

FIGURE 1.2.1 First-order IVP

solutions of the DE

FIGURE 1.2.2 Second-order IVP

14

Initial-Value Problems

INTRODUCTION We are often interested in problems in which we seek a solution y(x) of a
differential equation so that y(x) satisfies prescribed side conditions—that is, conditions that are
imposed on the unknown y(x) or on its derivatives. In this section we examine one such problem
called an initial-value problem.

Il Initial-Value Problem On some interval I containing x,, the problem

n

d"y
— ' (n—1)
I Sy, y' Ly (1)

Solve:

Subject to: y(x) = Yo, ¥' (Xg) = y1,---, " (x0) = ¥, 1,

where y,, v, ... ,y,_; are arbitrarily specified real constants, is called an initial-value problem (IVP).
The values of y(x) and its first n—1 derivatives at a single point x,: y(xo) = g, ¥'(xX0) = Y15 -+ »
¥ D(xy) = y,_,, are called initial conditions (IC).

IH First- and Second-Order IVPs The problem given in (1) is also called an nth-order
initial-value problem. For example,

Solve: Y _ S, y)
dx (2)
Subject to:  y(xy) = ¥,
and Solve: y = flx,y,y")
dx* T (3)

Subject to:  y(xy) = v, y'(xg) = ¥,

are first- and second-order initial-value problems, respectively. These two problems are easy
to interpret in geometric terms. For (2) we are seeking a solution of the differential equation on
an interval / containing x, so that a solution curve passes through the prescribed point (x;, ).
See FIGURE 1.2.1. For (3) we want to find a solution of the differential equation whose graph not
only passes through (x,, y,) but passes through so that the slope of the curve at this point is y;.
See FIGURE 1.2.2. The term initial condition derives from physical systems where the independent
variable is time ¢ and where y(t)) = y, and y'(¢,) = y, represent, respectively, the position and
velocity of an object at some beginning, or initial, time ¢,.

Solving an nth-order initial-value problem frequently entails using an n-parameter family of
solutions of the given differential equation to find n specialized constants so that the resulting
particular solution of the equation also “fits”—that is, satisfies—the n initial conditions.

| CHAPTER 1 Introduction to Differential Equations



FIGURE 1.2.3 Solutio
Example 1

\ (1,-2)

ns of IVPs in

N

(a) Function defined for all x

exceptx =+

y

1

(

0,-1)

(b) Solution defined on interval
containing x =0

FIGURE 1.2.4 Graphs

of function and

solution of IVP in Example 2

EXAMPLE 1 First-Order IVPs

(a) Itis readily verified that y = ce* is a one-parameter family of solutions of the simple
first-order equation y’ = y on the interval (— oo, co). If we specify an initial condition, say,
y(0) = 3, then substituting x = 0, y = 3 in the family determines the constant 3 = ce’ = c.

Thus the function y = 3¢" is a solution of the initial-value problem

y =y y0) =3.

(b) Now if we demand that a solution of the differential equation pass through the point
(1, —2) rather than (0, 3), then y(1) = —2 will yield =2 = ce or ¢ = —2¢"". The function
y = —2¢* !is a solution of the initial-value problem

y =y, yl)=-2.
The graphs of these two solutions are shown in blue in FIGURE 1.2.3. =

The next example illustrates another first-order initial-value problem. In this example, notice
how the interval / of definition of the solution y(x) depends on the initial condition y(x,) = .

REATEEIN  Interval / of Definition of a Solution

In Problem 6 of Exercises 2.2 you will be asked to show that a one-parameter family of solutions
of the first-order differential equation y’ + 2xy*> = 0is y = 1/(x*> + ¢). If we impose the initial
condition y(0) = —1, then substituting x = 0 and y = —1 into the family of solutions gives
—1=1l/corc= —1.Thus,y = 1/(x* — 1). We now emphasize the following three distinctions.

* Considered as a function, the domain of y = 1/(x* — 1) is the set of real numbers x for
which y(x) is defined; this is the set of all real numbers except x = —1 and
x = 1. See FIGURE 1.2.4(a).

 Considered as a solution of the differential equation y' + 2xy* = 0, the interval I
of definition of y = 1/(x> — 1) could be taken to be any interval over which y(x) is
defined and differentiable. As can be seen in Figure 1.2.4(a), the largest intervals on which
y= 1/(x*> — 1) is a solution are (—oco, —1), (—1, 1), and (1, 00).

* Considered as a solution of the initial-value problemy' + 2xy* = 0, y(0) = —1, the interval
I of definition of y = 1/(x* — 1) could be taken to be any interval over which y(x) is defined,
differentiable, and contains the initial point x = O; the largest interval for which this is true
is (-1, 1). See Figure 1.2.4(b). =

See Problems 3—6 in Exercises 1.2 for a continuation of Example 2.

Second-Order IVP

In Example 9 of Section 1.1 we saw that x = ¢, cos 4¢ + ¢, sin 4¢ is a two-parameter family
of solutions of x” + 16x = 0. Find a solution of the initial-value problem

X"+ 16x =0, x(7/2)= -2, x'(w/2)=1. (4)

SOLUTION We firstapply x(7/2) = —2 to the given family of solutions: ¢, cos 27 + ¢, sin 27 =
—2. Since cos 27 = 1 and sin 277 = 0, we find that ¢;, = —2. We next apply x'(7/2) = 1 to
the one-parameter family x(f) = —2 cos 4t + ¢, sin 4¢. Differentiating and then setting
t =m/2 and x" = 1 gives 8 sin 277 + 4c, cos 27 = 1, from which we see that ¢, = ;. Hence

x = —2cos 4t + | sin 4t is a solution of (4). =

Il Existence and Uniqueness Two fundamental questions arise in considering an initial-
value problem:

Does a solution of the problem exist? If a solution exists, is it unique?
For a first-order initial-value problem such as (2), we ask:

Does the differential equation dy/dx = f(x, y) possess solutions?

Existence { Do any of the solution curves pass through the point (x, yo)?

When can we be certain that there is precisely one solution curve passing through

Uniqueness -
the point (xy, y)?

1.2 Initial-Value Problems | 15



Note that in Examples 1 and 3, the phrase “a solution” is used rather than “the solution” of the
problem. The indefinite article “a” is used deliberately to suggest the possibility that other solu-
tions may exist. At this point it has not been demonstrated that there is a single solution of each
problem. The next example illustrates an initial-value problem with two solutions.

EXAMPLE 4 An IVP Can Have Several Solutions

Each of the functions y = 0 and y = x* satisfies the differential equation dy/dx = xy"? and
the initial condition y(0) = 0, and so the initial-value problem dy/dx = xy"?, y(0) = 0, has at
FIGURE 1.2.5 Two solutions of the same least two solutions. As illustrated in FIGURE 1.2.5, the graphs of both functions pass through
IVP in Example 4 the same point (0, 0). =

Within the safe confines of a formal course in differential equations one can be fairly con-
fident that most differential equations will have solutions and that solutions of initial-value
problems will probably be unique. Real life, however, is not so idyllic. Thus it is desirable to
know in advance of trying to solve an initial-value problem whether a solution exists and, when
it does, whether it is the only solution of the problem. Since we are going to consider first-
order differential equations in the next two chapters, we state here without proof a straight-
forward theorem that gives conditions that are sufficient to guarantee the existence and
uniqueness of a solution of a first-order initial-value problem of the form given in (2). We
shall wait until Chapter 3 to address the question of existence and uniqueness of a second-order
initial-value problem.

y
d = Theorem 1.2.1 Existence of a Unique Solution
Let R be a rectangular region in the xy-plane defined by a = x = b, ¢ = y = d, that contains
/ the point (x,, y,) in its interior. If f(x, y) and df/dy are continuous on R, then there exists some
‘/(x;yo) interval 1,: (xo, — h, x, + h), h > 0, contained in [a, b], and a unique function y(x) defined on
. I, that is a solution of the initial-value problem (2).
x The foregoing result is one of the most popular existence and uniqueness theorems for first-
a |l«—Ilh— b . . . L. L. .
order differential equations, because the criteria of continuity of f(x, y) and 9f/dy are relatively
FIGURE 1.2.6 Rectangular region R easy to check. The geometry of Theorem 1.2.1 is illustrated in FIGURE 1.2.6.

EXAMPLE 5 Example 4 Revisited

We saw in Example 4 that the differential equation dy/dx = xy'* possesses at least two solu-
tions whose graphs pass through (0, 0). Inspection of the functions
i  x

= xy!/2 A
f(x’ Y) Xy and ay 2y1/2

shows that they are continuous in the upper half-plane defined by y > 0. Hence Theorem 1.2.1
enables us to conclude that through any point (x,, y,), yo = 0, in the upper half-plane there
is some interval centered at x, on which the given differential equation has a unique
solution. Thus, for example, even without solving it we know that there exists some
interval centered at 2 on which the initial-value problem dy/dx = xy"?, y(2) = 1, has a

unique solution. =

In Example 1, Theorem 1.2.1 guarantees that there are no other solutions of the initial-value
problems y' =y, y(0) = 3,andy’ =y, y(1) = —2, other than y = 3e* and y = —2¢™"!, respec-
tively. This follows from the fact that f(x, y) = y and df/dy = 1 are continuous throughout the
entire xy-plane. It can be further shown that the interval 7/ on which each solution is defined
is (=00, 00).

Il Interval of Existence/Uniqueness Suppose y(x) represents a solution of the
initial-value problem (2). The following three sets on the real x-axis may not be the same:
the domain of the function y(x), the interval I over which the solution y(x) is defined or ex-
ists, and the interval [, of existence and uniqueness. In Example 7 of Section 1.1 we illustrated
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the difference between the domain of a function and the interval I of definition. Now suppose
(xg, ¥o) 1s a point in the interior of the rectangular region R in Theorem 1.2.1. It turns out that the
continuity of the function f(x, y) on R by itself is sufficient to guarantee the existence of at least
one solution of dy/dx = f(x, y), y(x,) = ¥y, defined on some interval I. The interval I of definition
for this initial-value problem is usually taken to be the largest interval containing x, over which
the solution y(x) is defined and differentiable. The interval I depends on both f(x, y) and the
initial condition y(x;) = y,. See Problems 31-34 in Exercises 1.2. The extra condition of continu-
ity of the first partial derivative df/dy on R enables us to say that not only does a solution exist
on some interval [, containing x,, but it also is the only solution satisfying y(x,) = y,. However,
Theorem 1.2.1 does not give any indication of the sizes of the intervals I and I; the interval I of
definition need not be as wide as the region R and the interval I, of existence and uniqueness
may not be as large as I. The number 7 > 0 that defines the interval I,: (x, — h, x, + h), could
be very small, and so it is best to think that the solution y(x) is unique in a local sense, that is, a
solution defined near the point (x,, y,). See Problem 50 in Exercises 1.2.

|
REMARKS

(i) The conditions in Theorem 1.2.1 are sufficient but not necessary. When f(x, y) and df/dy
are continuous on a rectangular region R, it must always follow that a solution of (2) exists
and is unique whenever (x, y,) is a point interior to R. However, if the conditions stated
in the hypotheses of Theorem 1.2.1 do not hold, then anything could happen: Problem (2)
may still have a solution and this solution may be unique, or (2) may have several solutions,
or it may have no solution at all. A rereading of Example 4 reveals that the hypotheses of
Theorem 1.2.1 do not hold on the line y = 0 for the differential equation dy/dx = xy"?, and
S0 it is not surprising, as we saw in Example 4 of this section, that there are two solutions
defined on a common interval (—#, k) satisfying y(0) = 0. On the other hand, the hypotheses
of Theorem 1.2.1 do not hold on the line y = 1 for the differential equation dy/dx = |y — 1I.
Nevertheless, it can be proved that the solution of the initial-value problem dy/dx = |y — 1l,
¥(0) = 1, is unique. Can you guess this solution?

(i) You are encouraged to read, think about, work, and then keep in mind Problem 49 in
Exercises 1.2.
|

m DCIRARER]  Answers to selected odd-numbered problems begin on page ANS-1.

In Problems 1 and 2,y = 1/(1 + c¢,e™) is a one-parameter family

of solutions of the first-order DE y' = y — y*. Find a solution of
the first-order IVP consisting of this differential equation and
the given initial condition.

1. y0) = -3 2. y(—1)=2

In Problems 3-6, y = /(x> + ¢)isa one-parameter family of
solutions of the first-order DE y’ + 2xy® = 0. Find a solution

of the first-order IVP consisting of this differential equation and
the given initial condition. Give the largest interval / over which
the solution is defined.

3y =

5 4 y(=2)=;
5 y(0) =1

6. y() = —4

In Problems 7-10, x = ¢, cos t + ¢, sin ¢ is a tWwo-parameter
family of solutions of the second-order DE x” + x = 0. Find a
solution of the second-order IVP consisting of this differential
equation and the given initial conditions.

7. x(0)=—1, x'(0)=38

8. x(7w/2)=0, x'(w/2)=1

9. x(w/6) =%, x'(m/6) =0
10. x(m/4) = V2, x'(wl4) =2V2
In Problems 11-14,y = c,e" + c,e™ is a two-parameter family
of solutions of the second-order DE y” — y = 0. Find a solution

of the second-order IVP consisting of this differential equation
and the given initial conditions.

1. y0) =1, y'(0) =2
13. y(—1) =5, y(-1)=-5

122 y(1)=0, y'(1)=e
14. y(0)=0, y'(0)=0

In Problems 15 and 16, determine by inspection at least two
solutions of the given first-order IVP.

15. y' =3y*3, y(0)=0 16. xy' =2y, y0)=0
In Problems 17-24, determine a region of the xy-plane for which

the given differential equation would have a unique solution
whose graph passes through a point (x,, y,) in the region.

dy dy
17. — =y 18. =~ = Vxy
dx Y dx w
dy dy
19. x — = 20, — —y=
xdx Y dx y=x
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21. (4 —y)y' =x*
23. (x> + YY)y =y?

2. (1+y)y =x*
2 (y—x)y =y+ux

In Problems 25-28, determine whether Theorem 1.2.1 guaran-

tees that the differential equation y’ = Vy? — 9 possesses a
unique solution through the given point.

25. (1,4) 26. (5,3)
21. (2,-3) 28. (—1,1)
29. (a) By inspection, find a one-parameter family of solutions

30.

31.

32,

33.

(b)

()

(a)

(b)

(O]

(b)

(a)

(b)

(a)

(b)

18

of the differential equation xy" = y. Verify that each mem-
ber of the family is a solution of the initial-value problem
xy" =y, y(0) = 0.

Explain part (a) by determining a region R in the xy-plane
for which the differential equation xy’ = y would have a
unique solution through a point (x,, y,) in R.

Verify that the piecewise-defined function

0,
y =

X,
satisfies the condition y(0) = 0. Determine whether this
function is also a solution of the initial-value problem in
part (a).
Verify that y = tan (x + ¢) is a one-parameter family of
solutions of the differential equation y’ = 1 + y*.

x <0
x=0

Since f(x, y) = 1 + y* and 9f/dy = 2y are continuous
everywhere, the region R in Theorem 1.2.1 can be taken
to be the entire xy-plane. Use the family of solutions in
part (a) to find an explicit solution of the first-order initial-
value problem y’ = 1 + y%, y(0) = 0. Even though x, = 0
is in the interval (—2, 2), explain why the solution is not
defined on this interval.

Determine the largest interval / of definition for the solu-
tion of the initial-value problem in part (b).

Verify that y = —1/(x + ¢) is a one-parameter family of
solutions of the differential equation y’ = y°.

Since f(x, y) = y* and 9f/dy = 2y are continuous every-
where, the region R in Theorem 1.2.1 can be taken to be
the entire xy-plane. Find a solution from the family in
part (a) that satisfies y(0) = 1. Find a solution from the
family in part (a) that satisfies y(0) = — 1. Determine the
largest interval / of definition for the solution of each
initial-value problem.

Find a solution from the family in part (a) of Problem 31
that satisfies y' = y%, y(0) = y,, where y, # 0. Explain
why the largest interval / of definition for this solution is
either (—oo, 1/yy) or (1/y,, o).

Determine the largest interval I of definition for the
solution of the first-order initial-value problem y’ = y?,
¥(0) = 0.

Verify that 3x* — y? = ¢ is a one-parameter family of
solutions of the differential equation ydy/dx = 3x.

By hand, sketch the graph of the implicit solution
3x* — y* = 3. Find all explicit solutions y = ¢(x) of the
DE in part (a) defined by this relation. Give the interval /
of definition of each explicit solution.
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34. (a)

(b)

The point (—2, 3) is on the graph of 3x*> — y* = 3, but
which of the explicit solutions in part (b) satisfies
W(=2)=3?

Use the family of solutions in part (a) of Problem 33 to
find an implicit solution of the initial-value problem
ydyldx = 3x,y(2) = —4. Then, by hand, sketch the graph
of the explicit solution of this problem and give its inter-
val I of definition.

Are there any explicit solutions of ydy/dx = 3x that pass
through the origin?

In Problems 35-38, the graph of a member of a family of solu-
tions of a second-order differential equation d?y/dx* = f(x, y, y')
is given. Match the solution curve with at least one pair of the
following initial conditions.

(a)
()

y)=1,y'(1) =-2
y)=1,y'(1) =2

b) y=1)=0,y(-1)=—-4
@ y(0)=—1,y"(0) =2

(e) y0)=-Ly(@©0)=0 () y0)=-4,y(0)=-2
35. 36. ¥
5<>
%@5 X
sl
FIGURE 1.2.7 Graph for FIGURE 1.2.8 Graph for
Problem 35 Problem 36
37. 38. y

FIGURE 1.2.9 Graph for
Problem 37

FIGURE 1.2.10 Graph for
Problem 38

In Problems 3944,y = ¢, cos 3x + ¢, sin 3x is a two-parameter
family of solutions of the second-order DE y” + 9y = 0. If pos-
sible, find a solution of the differential equation that satisfies the
given side conditions. The conditions specified at two different
points are called boundary conditions.

39. y(0) =0, y(w/6) = —1
M. y'(0)=0,y(w/4) =0
43. y(0) =0, y(m) =4

40. y(0) =0, y(m) =0
42. y0)=1,y'(m) =5
a. y'(w/3)=1,y'(m) =0

Discussion Problems

In Problems 45 and 46, use Problem 55 in Exercises 1.1 and (2)
and (3) of this section.

45. Find a function y = f(x) whose graph at each point (x, y) has
the slope given by 8¢** + 6x and has the y-intercept (0, 9).



46. Find a function y = f(x) whose second derivative is y” = 0, <0
12x — 2 at each point (x, y) on its graph and y = —x + 5 is and yx) = Lyt x=0
tangent to the graph at the point corresponding to x = 1. . o .
41. Consider the initial-value problem y' = x — 2y, y(0) = . have the samedomambptareclearlydlfferent. See FIGURES1.2.12(a)
. . . . and 1.2.12(b), respectively. Show that both functions are solu-
Determine which of the two curves shown in FIGURE 1.2.11 is . S 12
. . . . tions of the initial-value problem dy/dx = xy'~, y(2) = 1 on the
the only plausible solution curve. Explain your reasoning. . L
interval (—oo, c0). Resolve the apparent contradiction between
this fact and the last sentence in Example 5.
y y
1 @D @
—F —t—x —t —t—x
’1 * (a) (b)
FIGURE 1.2.12 Two solutions of the IVP in Problem 50
FIGURE 1.2.11 Graph for Problem 47
51. Show that
48. Determine a plausible value of x, for which the graph of the .
solution of the initial-value problem y" + 2y = 3x — 6, y(x,) = 0 Y= J' 1 dt
is tangent to the x-axis at (x,, 0). Explain your reasoning. o Vi + 1
49. Suppose that the first-order d1ffe.r ential equa.ltlon dylex =f(x, y) is an implicit solution of the initial-value problem
possesses a one-parameter family of solutions and that f(x, y)
satisfies the hypotheses of Theorem 1.2.1 in some rectangular 5 diy =0 0) = 0.v/(0) = 1
region R of the xy-plane. Explain why two different solution A2 y' =0, y0) =0y =L
curves cannot intersect or be tangent to each other at a point ) )
(Xp, Yo) in R. Assume that y = 0. [Hint: The integral is nonelementary. See
. (ii) in the Remarks at the end of Section 1.1.]
50. The functions

y(x) = jex*,

FIGURE 1.3.1 Da Vinci’s apparatus for
determining the speed of falling body

—o0 < x < o

m‘ Differential Equations as Mathematical Models

INTRODUCTION 1In this section we introduce the notion of a mathematical model. Roughly
speaking, a mathematical model is a mathematical description of something. This description could
be as simple as a function. For example, Leonardo da Vinci (1452-1519) was able to deduce the
speed v of a falling body by a examining a sequence. Leonardo allowed water drops to fall, at equally
spaced intervals of time, between two boards covered with blotting paper. When a spring mechanism
was disengaged, the boards were clapped together. See FIGURE 1.3.1. By carefully examining the
sequence of water blots, Leonardo discovered that the distances between consecutive drops increased
in “a continuous arithmetic proportion.” In this manner he discovered the formula v = gt.

Although there are many kinds of mathematical models, in this section we focus only on dif-
ferential equations and discuss some specific differential-equation models in biology, physics,
and chemistry. Once we have studied some methods for solving DEs, in Chapters 2 and 3 we
return to, and solve, some of these models.

IH Mathematical Models It is often desirable to describe the behavior of some real-life
system or phenomenon, whether physical, sociological, or even economic, in mathematical terms.
The mathematical description of a system or a phenomenon is called a mathematical model and
is constructed with certain goals in mind. For example, we may wish to understand the mecha-
nisms of a certain ecosystem by studying the growth of animal populations in that system, or we
may wish to date fossils by means of analyzing the decay of a radioactive substance either in the
fossil or in the stratum in which it was discovered.

Construction of a mathematical model of a system starts with identification of the variables that
are responsible for changing the system. We may choose not to incorporate all these variables into
the model at first. In this first step we are specifying the level of resolution of the model. Next,
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we make a set of reasonable assumptions or hypotheses about the system we are trying to describe.
These assumptions will also include any empirical laws that may be applicable to the system.

For some purposes it may be perfectly within reason to be content with low-resolution models.
For example, you may already be aware that in modeling the motion of a body falling near the surface
of the Earth, the retarding force of air friction, is sometimes ignored in beginning physics courses;
but if you are a scientist whose job it is to accurately predict the flight path of a long-range projectile,
air resistance and other factors such as the curvature of the Earth have to be taken into account.

Since the assumptions made about a system frequently involve a rate of change of one or more
of the variables, the mathematical depiction of all these assumptions may be one or more equa-
tions involving derivatives. In other words, the mathematical model may be a differential equation
or a system of differential equations.

Once we have formulated a mathematical model that is either a differential equation or a
system of differential equations, we are faced with the not insignificant problem of trying to solve
it. If we can solve it, then we deem the model to be reasonable if its solution is consistent with
either experimental data or known facts about the behavior of the system. But if the predictions
produced by the solution are poor, we can either increase the level of resolution of the model or
make alternative assumptions about the mechanisms for change in the system. The steps of the
modeling process are then repeated as shown in FIGURE 1.3.2.

Assumptions Express assumptions Mathematical
and hypotheses in terms of DEs formulation

If necessary, i

alter assumptions

. . Solve the DEs
or increase resolution

of the model l

Check model Display predictions Obtain
predictions with D of the model <] sol t'(;n‘
known facts (e.g., graphically) uhons

FIGURE 1.3.2 Steps in the modeling process

Of course, by increasing the resolution we add to the complexity of the mathematical model and
increase the likelihood that we cannot obtain an explicit solution.

A mathematical model of a physical system will often involve the variable time 7. A solution of
the model then gives the state of the system; in other words, for appropriate values of 7, the values
of the dependent variable (or variables) describe the system in the past, present, and future.

IH Population Dynamics One of the earliest attempts to model human population growth
by means of mathematics was by the English economist Thomas Malthus (1776—-1834) in 1798.
Basically, the idea of the Malthusian model is the assumption that the rate at which a population
of a country grows at a certain time is proportional* to the total population of the country at that
time. In other words, the more people there are at time #, the more there are going to be in the
future. In mathematical terms, if P(f) denotes the total population at time ¢, then this assumption
can be expressed as

djocP or di:kP, (1)

dt dt
where k is a constant of proportionality. This simple model, which fails to take into account many
factors (immigration and emigration, for example) that can influence human populations to either
grow or decline, nevertheless turned out to be fairly accurate in predicting the population of the
United States during the years 1790-1860. Populations that grow at a rate described by (1) are
rare; nevertheless, (1) is still used to model growth of small populations over short intervals of
time, for example, bacteria growing in a petri dish.

*If two quantities # and v are proportional, we write u o v. This means one quantity is a constant multiple
of the other: u = kv.
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IH Radioactive Decay The nucleus of an atom consists of combinations of protons and
neutrons. Many of these combinations of protons and neutrons are unstable; that is, the atoms
decay or transmute into the atoms of another substance. Such nuclei are said to be radioactive.
For example, over time, the highly radioactive radium, Ra-226, transmutes into the radioactive
gas radon, Rn-222. In modeling the phenomenon of radioactive decay, it is assumed that the
rate dA/dt at which the nuclei of a substance decays is proportional to the amount (more precisely,
the number of nuclei) A(7) of the substance remaining at time ¢:

dA dA

— xA o — =

dt dt
Of course equations (1) and (2) are exactly the same; the difference is only in the interpretation
of the symbols and the constants of proportionality. For growth, as we expect in (1), kK > 0, and
in the case of (2) and decay, k£ < 0.

The model (1) for growth can be seen as the equation dS/dt = rS, which describes the growth of
capital S when an annual rate of interest  is compounded continuously. The model (2) for decay also
occurs in a biological setting, such as determining the half-life of a drug—the time that it takes for
50% of a drug to be eliminated from a body by excretion or metabolism. In chemistry, the decay
model (2) appears as the mathematical description of a first-order chemical reaction. The point is this:

KA. (2)

A single differential equation can serve as a mathematical model for many different
phenomena.

Mathematical models are often accompanied by certain side conditions. For example, in (1)
and (2) we would expect to know, in turn, an initial population P, and an initial amount of radio-
active substance A that is on hand. If this initial point in time is taken to be # = 0, then we know
that P(0) = Pyand A(0) = A,. In other words, a mathematical model can consist of either an initial-
value problem or, as we shall see later in Section 3.9, a boundary-value problem.

Il Newton’s Law of Cooling/Warming According to Newton’s empirical law of
cooling—or warming—the rate at which the temperature of a body changes is proportional to the
difference between the temperature of the body and the temperature of the surrounding medium,
the so-called ambient temperature. If 7(f) represents the temperature of a body at time ¢, 7,, the
temperature of the surrounding medium, and d7/dt the rate at which the temperature of the body
changes, then Newton’s law of cooling/warming translates into the mathematical statement

dr ar

—xT—-T, or — =KT—T,), 3
dt " dt ¢ 2 2
where k is a constant of proportionality. In either case, cooling or warming, if 7,, is a constant,

it stands to reason that k < Q.

] Spread of a Disease A contagious disease—for example, a flu virus—is spread through-
out a community by people coming into contact with other people. Let x(#) denote the number
of people who have contracted the disease and y(f) the number of people who have not yet been
exposed. It seems reasonable to assume that the rate dx/dr at which the disease spreads is pro-
portional to the number of encounters or interactions between these two groups of people. If we
assume that the number of interactions is jointly proportional to x(¢) and y(#), that is, proportional
to the product xy, then

dx

& = by, 4

ok (4)
where k is the usual constant of proportionality. Suppose a small community has a fixed population
of n people. If one infected person is introduced into this community, then it could be argued that x(7)

and y(7) are related by x + y = n + 1. Using this last equation to eliminate y in (4) gives us the model
dx

E:kx(n—i-l—x). (5)

An obvious initial condition accompanying equation (5) is x(0) = 1.

Il Chemical Reactions The disintegration of a radioactive substance, governed by the
differential equation (2), is said to be a first-order reaction. In chemistry, a few reactions follow
this same empirical law: If the molecules of substance A decompose into smaller molecules, it
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input rate of brine
3 gal/min

constant
300 gal

output rate of brine
3 gal/min

FIGURE 1.3.3 Mixing tank

22

is a natural assumption that the rate at which this decomposition takes place is proportional to
the amount of the first substance that has not undergone conversion; that is, if X(#) is the amount
of substance A remaining at any time, then dX/dt = kX, where k is a negative constant since X is
decreasing. An example of a first-order chemical reaction is the conversion of z-butyl chloride
into #-butyl alcohol:

(CHj;);CCl1 + NaOH — (CH3);COH + NaCl.
Only the concentration of the #-butyl chloride controls the rate of reaction. But in the reaction
CH;Cl1 + NaOH — CH;0H + NaCl,

for every molecule of methyl chloride, one molecule of sodium hydroxide is consumed, thus
forming one molecule of methyl alcohol and one molecule of sodium chloride. In this case the
rate at which the reaction proceeds is proportional to the product of the remaining concentrations
of CH;Cl and of NaOH. If X denotes the amount of CH;OH formed and « and (3 are the given
amounts of the first two chemicals A and B, then the instantaneous amounts not converted to
chemical C are @« — X and B8 — X, respectively. Hence the rate of formation of C is given by

dX
— = kla — (B — X), (6)
dt
where k is a constant of proportionality. A reaction whose model is equation (6) is said to be
second order.

IH Mixtures The mixing of two salt solutions of differing concentrations gives rise to a first-
order differential equation for the amount of salt contained in the mixture. Let us suppose that a
large mixing tank initially holds 300 gallons of brine (that is, water in which a certain number
of pounds of salt has been dissolved). Another brine solution is pumped into the large tank at a
rate of 3 gallons per minute; the concentration of the salt in this inflow is 2 pounds of salt per
gallon. When the solution in the tank is well stirred, it is pumped out at the same rate as the enter-
ing solution. See FIGURE 1.3.3. If A(7) denotes the amount of salt (measured in pounds) in the tank
at time 7, then the rate at which A(7) changes is a net rate:

dA input rate output rate)
“ - = = R, — Ry 7
dt ( of salt > < of salt " out )

The input rate R;, at which the salt enters the tank is the product of the inflow concentration of
salt and the inflow rate of fluid. Note that R;, is measured in pounds per minute:

concentration
of salt input rate input rate
in inflow of brine of salt
\ \ \

R;, = (21b/gal) - (3 gal/min) = (6 Ib/min).

Now, since the solution is being pumped out of the tank at the same rate that it is pumped in, the
number of gallons of brine in the tank at time ¢ is a constant 300 gallons. Hence the concentration
of the salt in the tank, as well as in the outflow, is ¢(f) = A(#)/300 Ib/gal, and so the output rate
R, of saltis

concentration

of salt output rate output rate
in outflow of brine of salt
1 \: 1
A(t) . A(?) .
R, = | = Ib/gal |- (3 gal/min) = —— Ib/min.
300 100
The net rate (7) then becomes
dA A dA 1
Loe-" o T4 _a=s (8)
dt 100 dt 100

If r,, and r,,, denote general input and output rates of the brine solutions,* respectively, then
there are three possibilities: r;,, = 7,,,, 7;y > Fou»> and r;, < r,,,. In the analysis leading to (8) we

*Don’t confuse these symbols with R;, and R,,,,, which are input and output rates of salt.
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FIGURE 1.3.4 Water draining from a tank

00000
L
(10) L
| |
Il
C
(a) LRC-series circuit

Inductor
inductance L: henrys (h)

voltage drop across: L%

—0—

L

Resistor
resistance R: ohms ()
voltage drop across: iR

Capacitor
capacitance C: farads (f)

voltage drop across: éq

|1
P — ||
C
(b) Symbols and voltage drops
FIGURE 1.3.5 Current i(f) and charge ¢(7)
are measured in amperes (A) and
coulombs (C), respectively

have assumed that r;, = r,,,. In the latter two cases, the number of gallons of brine in the tank is
either increasing (r;, > r,,,) or decreasing (r;, < r,,,,) at the net rate r;, — r,,,. See Problems 10-12

mn - out*
in Exercises 1.3.

Il Draining a Tank In hydrodynamics, Torricelli’s law states that the speed v of efflux of
water through a sharp-edged hole at the bottom of a tank filled to a depth / is the same as the
speed that a body (in this case a drop of water) would acquire in falling freely from a height #;
that is, v = V2gh, where g is the acceleration due to gravity. This last expression comes from
equating the kinetic energy 3mv? with the potential energy mgh and solving for v. Suppose a tank
filled with water is allowed to drain through a hole under the influence of gravity. We would like
to find the depth £ of water remaining in the tank at time 7. Consider the tank shown in FIGURE 1.3.4.
If the area of the hole is A, (in ft?) and the speed of the water leaving the tank is v = V2gh

(in ft/s), then the volume of water leaving the tank per second is A, \/2gh (in ft*/s). Thus if V(z)
denotes the volume of water in the tank at time 7,

av _

dl - _Ah v Q'gh’ (9)

where the minus sign indicates that V is decreasing. Note here that we are ignoring the possibil-
ity of friction at the hole that might cause a reduction of the rate of flow there. Now if the tank
is such that the volume of water in it at time # can be written V() = A, h, where A, (in ft?) is the
constant area of the upper surface of the water (see Figure 1.3.4), then dV/dt = A, dh/dt. Substituting
this last expression into (9) gives us the desired differential equation for the height of the water
at time #:

dh _ _Aw

2gh. 10
” 2 8 (10)

w

It is interesting to note that (10) remains valid even when A, is not constant. In this case we must
express the upper surface area of the water as a function of &; that is, A, = A(h). See Problem 14
in Exercises 1.3.

IH Series Circuits Consider the single-loop LRC-series circuit containing an inductor, resis-
tor, and capacitor shown in FIGURE 1.3.5(a). The current in a circuit after a switch is closed is denoted
by i(7); the charge on a capacitor at time ¢ is denoted by ¢(¢). The letters L, R, and C are known
as inductance, resistance, and capacitance, respectively, and are generally constants. Now ac-
cording to Kirchhoff’s second law, the impressed voltage E(f) on a closed loop must equal the
sum of the voltage drops in the loop. Figure 1.3.5(b) also shows the symbols and the formulas
for the respective voltage drops across an inductor, a resistor, and a capacitor. Since current i(f)
is related to charge g(¢) on the capacitor by i = dg/dt, by adding the three voltage drops

Inductor Resistor Capacitor
di d’ d 1

R T e S
dt dt dt C

1
L— +R— + —q = EQ. (11)
We will examine a differential equation analogous to (11) in great detail in Section 3.8.

] Falling Bodies In constructing a mathematical model of the motion of a body moving
in a force field, one often starts with Newton’s second law of motion. Recall from elementary
physics that Newton’s first law of motion states that a body will either remain at rest or will
continue to move with a constant velocity unless acted upon by an external force. In each case
this is equivalent to saying that when the sum of the forces F = X F,—that is, the net or resul-
tant force—acting on the body is zero, then the acceleration a of the body is zero. Newton’s
second law of motion indicates that when the net force acting on a body is not zero, then the
net force is proportional to its acceleration a, or more precisely, F' = ma, where m is the mass
of the body.
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FIGURE 1.3.6 Position of rock measured

from ground level
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direction
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kv

air resistance

gravity
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FIGURE 1.3.7 Falling body of mass m

(a) Telephone wires
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(b) Suspension bridge

FIGURE 1.3.8 Cables suspended between

vertical supports

wire

Tl
0,a)

T, sin 6

Py

W

T,cos 6

(x,0)

FIGURE 1.3.9 Element of cable

Now suppose a rock is tossed upward from a roof of a building as illustrated in FIGURE 1.3.6.
What is the position s(7) of the rock relative to the ground at time 7? The acceleration of the rock
is the second derivative d’s/dt>. If we assume that the upward direction is positive and that no
force acts on the rock other than the force of gravity, then Newton’s second law gives

d*s d’s
MEZ —mg or E = —4&. (12)
In other words, the net force is simply the weight ' = F; = —W of the rock near the surface of

the Earth. Recall that the magnitude of the weight is W = mg, where m is the mass of the body
and g is the acceleration due to gravity. The minus sign in (12) is used because the weight of the
rock is a force directed downward, which is opposite to the positive direction. If the height of the
building is s, and the initial velocity of the rock is v, then s is determined from the second-order
initial-value problem

& 5(0) = 59, 5"(0) = vp. (13)

Although we have not stressed solutions of the equations we have constructed, we note that (13)
can be solved by integrating the constant —g twice with respect to . The initial conditions de-
termine the two constants of integration. You might recognize the solution of (13) from elemen-

tary physics as the formula s(f) = —3 gt> + vyt + s,.

Il Falling Bodies and Air Resistance Prior to the famous experiment by Italian
mathematician and physicist Galileo Galilei (1564-1642) from the Leaning Tower of Pisa, it
was generally believed that heavier objects in free fall, such as a cannonball, fell with a greater
acceleration than lighter objects, such as a feather. Obviously a cannonball and a feather, when
dropped simultaneously from the same height, do fall at different rates, but it is not because a
cannonball is heavier. The difference in rates is due to air resistance. The resistive force of air
was ignored in the model given in (13). Under some circumstances a falling body of mass
m—such as a feather with low density and irregular shape—encounters air resistance propor-
tional to its instantaneous velocity v. If we take, in this circumstance, the positive direction to
be oriented downward, then the net force acting on the mass is given by F = F| + F, = mg — kv,
where the weight F; = mg of the body is a force acting in the positive direction and air resis-
tance F, = —kv is a force, called viscous damping, or drag, acting in the opposite or upward
direction. See FIGURE 1.3.7. Now since v is related to acceleration a by a = dv/dt, Newton’s second
law becomes F = ma = mdv/dt. By equating the net force to this form of Newton’s second law,
we obtain a first-order differential equation for the velocity v(¢) of the body at time ¢,
dv

m-— = mg kv. (14)
Here £ is a positive constant of proportionality called the drag coefficient. If s(7) is the distance
the body falls in time ¢ from its initial point of release, then v = ds/dt and a = dv/dt = d*s/dt*.
In terms of s, (14) is a second-order differential equation

d’s ds d’s ds

mﬁzmg—kg or mPvaE:mg. (15)

Il Suspended Cables Suppose a flexible cable, wire, or heavy rope is suspended between
two vertical supports. Physical examples of this could be a long telephone wire strung between
two posts as shown in red in FIGURE 1.3.8(a), or one of the two cables supporting the roadbed of a
suspension bridge shown in red in Figure 1.3.8(b). Our goal is to construct a mathematical model
that describes the shape that such a cable assumes.

To begin, let’s agree to examine only a portion or element of the cable between its lowest point
P, and any arbitrary point P,. As drawn in blue in FIGURE 1.3.9, this element of the cable is the
curve in a rectangular coordinate system with the y-axis chosen to pass through the lowest point
P, on the curve and the x-axis chosen a units below P,. Three forces are acting on the cable: the
tensions T, and T, in the cable that are tangent to the cable at P; and P,, respectively, and the
portion W of the total vertical load between the points P, and P,. Let T, = IT,|,
T, = 1T,l, and W = W] denote the magnitudes of these vectors. Now the tension T, resolves
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into horizontal and vertical components (scalar quantities) 7, cos 6 and 7;, sin 6. Because of static

equilibrium, we can write

T, = T,cos and W = T,siné.

By dividing the last equation by the first, we eliminate 7, and get tan 6 = W/T. But since

dyldx = tan 0, we arrive at

dy _w

e ?] (16)

This simple first-order differential equation serves as a model for both the shape of a flexible wire
such as a telephone wire hanging under its own weight as well as the shape of the cables that
support the roadbed. We will come back to equation (16) in Exercises 2.2 and in Section 3.11.

REMARKS

Each example in this section has described a dynamical system: a system that changes or evolves
with the flow of time 7. Since the study of dynamical systems is a branch of mathematics currently
in vogue, we shall occasionally relate the terminology of that field to the discussion at hand.

In more precise terms, a dynamical system consists of a set of time-dependent variables,
called state variables, together with a rule that enables us to determine (without ambiguity) the
state of the system (this may be past, present, or future states) in terms of a state prescribed
at some time #,. Dynamical systems are classified as either discrete-time systems or continuous-time
systems. In this course we shall be concerned only with continuous-time dynamical systems—
systems in which all variables are defined over a continuous range of time. The rule or the
mathematical model in a continuous-time dynamical system is a differential equation or a system
of differential equations. The state of the system at a time ¢ is the value of the state variables at
that time; the specified state of the system at a time £, is simply the initial conditions that ac-
company the mathematical model. The solution of the initial-value problem is referred to as the
response of the system. For example, in the preceding case of radioactive decay, the rule is
dA/dt = kA. Now if the quantity of a radioactive substance at some time 7, is known, say
A(t)) = A, then by solving the rule, the response of the system for # = ¢, is found to be
A(t) = Ape’ " (see Section 2.7). The response A(?) is the single-state variable for this system.
In the case of the rock tossed from the roof of the building, the response of the system, the solu-
tion of the differential equation d’s/dt> = —g subject to the initial state s(0) = s,, s"(0) = vy, is
the function s() = —3gt> + vyt + 5o, 0 = ¢ = T, where the symbol T represents the time when
the rock hits the ground. The state variables are s(7) and s’(¢), which are, respectively, the vertical
position of the rock above ground and its velocity at time ¢. The acceleration s”(¢) is not a state
variable since we only have to know any initial position and initial velocity at a time 7, to uniquely
determine the rock’s position s(z) and velocity s'(¢) = v(¢) for any time in the interval [7,, T']. The
acceleration s”(f) = a(?) is, of course, given by the differential equation s"(r) = —g,0 <t <T.

One last point: Not every system studied in this text is a dynamical system. We shall also
examine some static systems in which the model is a differential equation.

m DCIRARR]  Answers to selected odd-numbered problems begin on page ANS-1.

Population Dynamics

that the rate at which the population changes is a net rate—that

1. Under the same assumptions underlying the model in (1), de-

is, the difference between the rate of births and the rate of
deaths in the community. Determine a model for the popula-

termine a differential equation governing the growing popula-
tion P(f) of a country when individuals are allowed to immigrate
into the country at a constant rate r > 0. What is the differen-
tial equation for the population P() of the country when indi-
viduals are allowed to emigrate at a constant rate r > 0?

. The population model given in (1) fails to take death into
consideration; the growth rate equals the birth rate. In another
model of a changing population of a community, it is assumed

tion P(¢) if both the birth rate and the death rate are proportional
to the population present at time z.

. Using the concept of a net rate introduced in Problem 2, de-

termine a differential equation governing a population P() if
the birth rate is proportional to the population present at time
¢ but the death rate is proportional to the square of the popula-
tion present at time 7.
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4. Modify the model in Problem 3 for the net rate at which the Mixtures
population P(¢) of a certain kind of fish changes by also as-
suming that the fish are harvested at a constant rate 7 > 0.

9. Suppose that a large mixing tank initially holds 300 gallons

of water in which 50 pounds of salt has been dissolved. Pure
Newton's Law of Cooling /Warming water is pumped into the tank at a rate of 3 gal/min, and when
the solution is well stirred, it is pumped out at the same rate.

5. A cup of coffee cools according to Newton’s law of coolir}g Determine a differential equation for the amount A(¢) of salt
(3). Use data from the graph of the temperature 7(¢) in in the tank at time 7. What is A(0)?

FIGURE 1.3.10 to estimate the constants 7, T, and k in a model
of the form of the first-order initial-value problem

10. Suppose that a large mixing tank initially holds 300 gallons
of water in which 50 pounds of salt has been dissolved.

dr KT —T). TO) =T Another brine solution is pumped into the tank at a rate of 3
dt mee 0 gal/min, and when the solution is well stirred, it is pumped
T out at a slower rate of 2 gal/min. If the concentration of the

solution entering is 2 1b/gal, determine a differential equation
for the amount A(r) of salt in the tank at time .

150 11. What is the differential equation in Problem 10 if the well-
stirred solution is pumped out at a faster rate of 3.5 gal/min?

200

100 - 12. Generalize the model given in (8) of this section by assuming

that the large tank initially contains NV, number of gallons of brine,
r;, and r,,, are the input and output rates of the brine, respectively
| | ! ! (measured in gallons per minute), c;, is the concentration of the
0 50 min 100 ¢ salt in the inflow, c(7) is the concentration of the salt in the tank

as well as in the outflow at time ¢ (measured in pounds of salt

FIGURE 1.3.10 Cooling curve in Problem 5 per gallon), and A(?) is the amount of salt in the tank at time 7.

50

6. The ambient temperature 7,, in (3) could be a function of

time ¢. Suppose that in an artificially controlled environment, Draining a Tank

T,(1) 1s periodic with a 24-hour period, as illustrated in 13. Suppose water is leaking from a tank through a circular hole of
FIGURE 1.3.11. Devise a mathematical model for the temperature area A, at its bottom. When water leaks through a hole, friction
11(t) of a body within this environment. and contraction of the stream near the hole reduce the volume
T,(1) of the water leaving the tank per second to cA,V 2gh, where

¢(0 < ¢ < 1)is an empirical constant. Determine a differential
equation for the height / of water at time ¢ for the cubical tank
in FIGURE 1.3.12. The radius of the hole is 2 in and g = 32 ft/s”.

120
100
80
60
40+
20}

1 1 1 1
0 12 24 36 48 1
Midnight Noon Midnight Noon Midnight

FIGURE 1.3.12 Cubical tank in Problem 13
FIGURE 1.3.11 Ambient temperature in Problem 6
14. The right-circular conical tank shown in FIGURE 1.3.13 loses

Spread of a Disease/Technology water out of a circular hole at its bottom. Determine a dif-
ferential equation for the height of the water % at time 7. The
radius of the holeis 2in, g = 32 ft/s?, and the friction/contrac-
tion factor introduced in Problem 13 is ¢ = 0.6.

1. Suppose a student carrying a flu virus returns to an isolated
college campus of 1000 students. Determine a differential
equation governing the number of students x(#) who have con-
tracted the flu if the rate at which the disease spreads is pro-
portional to the number of interactions between the number

o
=g

of students with the flu and the number of students who have < A, >
not yet been exposed to it. T
8. Atatime ¢ = 0, a technological innovation is introduced into ) 20 ft
a community with a fixed population of n people. Determine
a differential equation governing the number of people x(f)
who have adopted the innovation at time ¢ if it is assumed that AN —

g circular hole

the rate at which the innovation spreads through the commu- :

nity is jointly proportional to the number of people who have
adopted it and the number of people who have not adopted it. FIGURE 1.3.13 Conical tank in Problem 14
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Series Circuits

15. A series circuit contains a resistor and an inductor as shown
in FIGURE 1.3.14. Determine a differential equation for the cur-
rent i(¢) if the resistance is R, the inductance is L, and the
impressed voltage is E(f).

A
R

FIGURE 1.3.14 LR-series circuit in Problem 15

16. A series circuit contains a resistor and a capacitor as shown
in FIGURE 1.3.15. Determine a differential equation for the
charge g(7) on the capacitor if the resistance is R, the capaci-
tance is C, and the impressed voltage is E(t).

AM
R

| |
Il
C

FIGURE 1.3.15 RC-series circuit in Problem 16

Falling Bodies and Air Resistance

17. For high-speed motion through the air—such as the skydiver
shown in FIGURE 1.3.16 falling before the parachute is opened—
air resistance is closer to a power of the instantaneous veloc-
ity v(¢). Determine a differential equation for the velocity v(7)
of a falling body of mass m if air resistance is proportional to
the square of the instantaneous velocity.

kv2

mg

FIGURE 1.3.16 Air resistance proportional to square
of velocity in Problem 17

Newton’s Second Law and Archimedes’ Principle

18. A cylindrical barrel s ft in diameter of weight w 1b is floating
in water as shown in FIGURE 1.3.17(a). After an initial depres-
sion, the barrel exhibits an up-and-down bobbing motion along
avertical line. Using Figure 1.3.17(b), determine a differential
equation for the vertical displacement y(z) if the origin is taken
to be on the vertical axis at the surface of the water when the
barrel is at rest. Use Archimedes’ principle: Buoyancy, or
upward force of the water on the barrel, is equal to the weight
of the water displaced. Assume that the downward direction
is positive, that the weight density of water is 62.4 Ib/ft, and
that there is no resistance between the barrel and the water.

s/2

surface 0 } (1)

(@) (®)
FIGURE 1.3.17 Bobbing motion of floating barrel in Problem 18

Newton’'s Second Law and Hooke's Law

19. After a mass m is attached to a spring, it stretches s units and
then hangs at rest in the equilibrium position as shown in
FIGURE 1.3.18(b). After the spring/mass system has been set in
motion, let x(¢) denote the directed distance of the mass beyond
the equilibrium position. As indicated in Figure 1.3.18(c), as-
sume that the downward direction is positive, that the motion
takes place in a vertical straight line through the center of
gravity of the mass, and that the only forces acting on the
system are the weight of the mass and the restoring force of
the stretched spring. Use Hooke’s law: The restoring force of
a spring is proportional to its total elongation. Determine a
differential equation for the displacement x(#) at time 7.

unstretched
spring

equilibrium
position
(a) (®)
FIGURE 1.3.18 Spring/mass system in Problem 19
20. InProblem 19, what is a differential equation for the displace-
ment x(¢) if the motion takes place in a medium that imparts
adamping force on the spring/mass system that is proportional

to the instantaneous velocity of the mass and acts in a direction
opposite to that of motion?

Newton's Second Law and Variahle Mass

‘When the mass m of abody moving through a force field is variable,
Newton’s second law of motion takes on the form: If the net force
acting on a body is not zero, then the net force F is equal to the
time rate of change of momentum of the body. That is,

F = %(mv)jk (17)

where mv is momentum. Use this formulation of Newton’s second
law in Problems 21 and 22.

*Note that when m is constant, this is the same as F' = ma.

1.3 Differential Equations as Mathematical Models | 27



21.

22.

Consider a single-stage rocket that is launched vertically up-
ward as shown in the accompanying photo. Let m(f) denote
the total mass of the rocket at time # (which is the sum of three
masses: the constant mass of the payload, the constant mass
of the vehicle, and the variable amount of fuel). Assume that
the positive direction is upward, air resistance is proportional
to the instantaneous velocity v of the rocket, and R is the upward
thrust or force generated by the propulsion system. Use (17)
to find a mathematical model for the velocity v(f) of the rocket.

*

© Sebastian Kaulitzki/ShutterStock, Inc.

Rocket in Problem 21

In Problem 21, suppose m(t) = m,, + m, + m(r) where m,, is

constant mass of the payload, m, is the constant mass of the

vehicle, and my(?) is the variable amount of fuel.

(a) Show that the rate at which the total mass of the rocket
changes is the same as the rate at which the mass of the
fuel changes.

(b) If the rocket consumes its fuel at a constant rate A, find
m(t). Then rewrite the differential equation in Problem
21 in terms of A and the initial total mass m(0) = m,,.

(¢) Under the assumption in part (b), show that the burnout
time #, > 0 of the rocket, or the time at which all the fuel
is consumed, is 7, = m;(0)/A, where m;(0) is the initial
mass of the fuel.

Newton’'s Second Law and the Law of Universal
Gravitation

23.

By Newton’s law of universal gravitation, the free-fall accel-
eration a of a body, such as the satellite shown in FIGURE 1.3.19,
falling a great distance to the surface is not the constant g. Rather,
the acceleration a is inversely proportional to the square of the
distance from the center of the Earth, a = k/r?, where k is the
constant of proportionality. Use the fact that at the surface of
the Earth r = R and a = g to determine k. If the positive direc-
tion is upward, use Newton’s second law and his universal law
of gravitation to find a differential equation for the distance r.

satellite of
mass m T

soi%ace
7
II
Earth of mass M

FIGURE 1.3.19 Satellite in Problem 23
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24.

Suppose a hole is drilled through the center of the Earth and a
bowling ball of mass m is dropped into the hole, as shown in
FIGURE 1.3.20. Construct a mathematical model that describes
the motion of the ball. At time ¢ let  denote the distance from
the center of the Earth to the mass m, M denote the mass of the
Earth, M, denote the mass of that portion of the Earth within a
sphere of radius r, and 6 denote the constant density of the Earth.

surface

FIGURE 1.3.20 Hole through Earth in Problem 24

Additional Mathematical Models

25,

26.

21.

28.

29.

Learning Theory In the theory of learning, the rate at which a
subject is memorized is assumed to be proportional to the amount
that is left to be memorized. Suppose M denotes the total amount
of a subject to be memorized and A(f) is the amount memorized
in time ¢. Determine a differential equation for the amount A(?).

Forgetfulness In Problem 25, assume that the rate at which
material is forgotten is proportional to the amount memorized
in time ¢. Determine a differential equation for A(#) when for-
getfulness is taken into account.

Infusion of a Drug A drug is infused into a patient’s blood-
stream at a constant rate of  grams per second. Simultaneously,
the drug is removed at a rate proportional to the amount x(7)
of the drug present at time 7. Determine a differential equation
governing the amount x(7).

Tractrix A motorboat starts at the origin and moves in the
direction of the positive x-axis, pulling a waterskier along a
curve C called a tractrix. See FIGURE 1.3.21. The waterskier,
initially located on the y-axis at the point (0, s), is pulled by
keeping a rope of constant length s, which is kept taut through-
out the motion. At time # > 0 the waterskier is at the point
P(x, y). Find the differential equation of the path of motion C.

y

0, 5) ¢

motorboat

FIGURE 1.3.21 Tractrix curve in Problem 28

Reflecting Surface Assume that when the plane curve C
shown in FIGURE 1.3.22 is revolved about the x-axis it generates
a surface of revolution with the property that all light rays L
parallel to the x-axis striking the surface are reflected to a single
point O (the origin). Use the fact that the angle of incidence is
equal to the angle of reflection to determine a differential equa-
tion that describes the shape of the curve C. Such a curve C is



important in applications ranging from construction of telescopes
to satellite antennas, automobile headlights, and solar collectors.
[Hint: Inspection of the figure shows that we can write ¢ = 26.
Why? Now use an appropriate trigonometric identity. ]

tangent

P(x, y)

T

0

FIGURE 1.3.22 Reflecting surface in Problem 29

Discussion Problems

30.

31.

33.

34.

Reread Problem 45 in Exercises 1.1 and then give an explicit
solution P() for equation (1). Find a one-parameter family of
solutions of (1).

Reread the sentence following equation (3) and assume that
T, is a positive constant. Discuss why we would expect
k <01in (3) in both cases of cooling and warming. You might
start by interpreting, say, 7(t) > T,, in a graphical manner.

Reread the discussion leading up to equation (8). If we assume
that initially the tank holds, say, 50 1bs of salt, it stands to reason
that since salt is being added to the tank continuously for 7 > 0,
that A(#) should be an increasing function. Discuss how you
might determine from the DE, without actually solving it, the
number of pounds of salt in the tank after a long period of time.

PopulationModel Thedifferential equation dP/dt = (kcos )P,
where k is a positive constant, is a model of human population
P(¢) of a certain community. Discuss an interpretation for the
solution of this equation; in other words, what kind of popu-
lation do you think the differential equation describes?

Rotating Fluid As shown in FIGURE 1.3.23(a), a right-circular
cylinder partially filled with fluid is rotated with a constant
angular velocity w about a vertical y-axis through its center. The
rotating fluid is a surface of revolution S. To identify S we first
establish a coordinate system consisting of a vertical plane de-
termined by the y-axis and an x-axis drawn perpendicular to the
y-axis such that the point of intersection of the axes (the origin)
is located at the lowest point on the surface S. We then seek a
function y = f(x), which represents the curve C of intersection
of the surface S and the vertical coordinate plane. Let the point
P(x, y) denote the position of a particle of the rotating fluid of
mass m in the coordinate plane. See Figure 1.3.23(b).
(a) At P, there is a reaction force of magnitude F due to the
other particles of the fluid, which is normal to the surface S.
By Newton’s second law the magnitude of the net force
acting on the particle is mw?x. What is this force? Use Figure

1.3.23(b) to discuss the nature and origin of the equations
Fcos =mg, Fsin@ = mw’x.

(b) Use part (a) to find a first-order differential equation that
defines the function y = f(x).

y y
curve C of intersection
of xy-plane and

surface of revolution

tangent line to
curve C at P

(a) (b)

FIGURE 1.3.23 Rotating fluid in Problem 34

35.

36.

37.

Falling Body In Problem 23, suppose r = R + s, where s is
the distance from the surface of the Earth to the falling body.
What does the differential equation obtained in Problem 23
become when s is very small compared to R?

Raindrops Keep Falling In meteorology, the term virga refers
to falling raindrops or ice particles that evaporate before they
reach the ground. Assume that a typical raindrop is spherical
in shape. Starting at some time, which we can designate as

t = 0, the raindrop of radius r falls from rest from a cloud

and begins to evaporate.

(a) Ifitisassumed that araindrop evaporates in such a manner
that its shape remains spherical, then it also makes sense to
assume that the rate at which the raindrop evaporates—that
is, the rate at which it loses mass—is proportional to its
surface area. Show that this latter assumption implies that
the rate at which the radius r of the raindrop decreases is
aconstant. Find 7(7). [Hint: See Problem 55 in Exercises 1.1.]

(b) If the positive direction is downward, construct a math-
ematical model for the velocity v of the falling raindrop
at time 7. Ignore air resistance. [Hint: Use the form of
Newton’s second law as given in (17).]

LetltSnow The “snowplow problem” is a classic and appears

in many differential equations texts but was probably made

famous by Ralph Palmer Agnew:

“One day it started snowing at a heavy and steady rate. A
snowplow started out at noon, going 2 miles the first hour
and 1 mile the second hour. What time did it start snowing?”

If possible, find the text Differential Equations, Ralph Palmer
Agnew, McGraw-Hill, and then discuss the construction and
solution of the mathematical model.

© aetb/iStock/Thinkstock
Snowplow in Problem 37
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38. Reread this section and classify each mathematical model as
linear or nonlinear.

39. Population Dynamics Suppose that P'(r) = 0.15 P(¢) repre-
sents a mathematical model for the growth of a certain cell
culture, where P(?) is the size of the culture (measured in
millions of cells) at time ¢ (measured in hours). How fast is
the culture growing at the time ¢ when the size of the culture
reaches 2 million cells?

40. Radioactive Decay Suppose that
A'(r) = —0.0004332 A(z)

represents a mathematical model for the decay of radium-226,
where A(?) is the amount of radium (measured in grams) re-
maining at time 7 (measured in years). How much of the radium
sample remains at time # when the sample is decaying at arate
of 0.002 grams per year?

“ Cha pter in Review Answers to selected odd-numbered problems begin on page ANS-2.

In Problems 1 and 2, fill in the blank and then write this result as
a linear first-order differential equation that is free of the symbol
¢, and has the form dy/dx = f(x, y). The symbols ¢, and k repre-
sent constants.

d

1. —cye
dx !

kx _—

2 d 5+ ce™
. — ce =
dx :

In Problems 3 and 4, fill in the blank and then write this result as
a linear second-order differential equation that is free of the
symbols ¢, and ¢, and has the form F(y, y") = 0. The symbols
¢, €9, and k represent constants.

dZ
3. E(Cl cos kx + ¢, sin kx) =

dZ
4. ) (¢, cosh kx + ¢, sinh kx) =

In Problems 5 and 6, compute y" and y” and then combine
these derivatives with y as a linear second-order differential
equation that is free of the symbols ¢, and ¢, and has the form
F(y,y',y") = 0. The symbols ¢, and ¢, represent constants.

5. y = ce’ + cxe* 6. y = cie*cosx + cyetsinx

In Problems 7-12, match each of the given differential equations
with one or more of these solutions:

(@ y=0, (b)y=2, () y=2x (@) y=2¢.

8 y =2

10. xy' =y

122 xy" —y' =0

7. xy' =2y
9.y =2y—4
n. y"+9y=18

In Problems 13 and 14, determine by inspection at least one
solution of the given differential equation.

13. y' =y’ 14. y =y(y —3)
In Problems 15 and 16, interpret each statement as a differential
equation.

15. On the graph of y = ¢(x), the slope of the tangent line at a
point P(x, y) is the square of the distance from P(x, y) to the
origin.

16. On the graph of y = ¢(x), the rate at which the slope changes
with respect to x at a point P(x, y) is the negative of the slope
of the tangent line at P(x, y).
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17. (a) Give the domain of the function y = x*>.
(b) Give the largest interval [ of definition over which
y = x*? is a solution of the differential equation
3xy’ =2y =0.
18. (a) Verify that the one-parameter family y*> — 2y = x* —
x + cis an implicit solution of the differential equation
2y —2)y'=2x— 1.
(b) Find a member of the one-parameter family in part (a)
that satisfies the initial condition y(0) = 1.
(¢) Use your result in part (b) to find an explicit function
y = ¢(x) that satisfies y(0) = 1. Give the domain of ¢.
Isy = ¢(x) a solution of the initial-value problem? If so,
give its interval [ of definition; if not, explain.

2
19. Giventhaty = - + xis a solution of the DE xy’ + y = 2x.

Find x, and the largest interval / for which y(x) is a solution
of the IVP

xy' +y=2x yx) = 1.

20. Suppose that y(x) denotes a solution of the initial-value prob-
lemy’ = x* + y% y(1) = —1 and that y(x) possesses at least
a second derivative at x = 1. In some neighborhood of
x = 1, use the DE to determine whether y(x) is increasing or
decreasing, and whether the graph y(x) is concave up or con-
cave down.

21. A differential equation may possess more than one family of

solutions.

(a) Plot different members of the families y = ¢ (x) =
¥+ ciandy = ¢y(x) = —x* + ¢,

(b) Verify thaty = ¢ ,(x) and y = ¢,(x) are two solutions of
the nonlinear first-order differential equation (y')> = 4x°.

(¢) Construct a piecewise-defined function that is a solution
of the nonlinear DE in part (b) but is not a member of
either family of solutions in part (a).

22. What s the slope of the tangent line to the graph of the solution
of y = 6\V/y + 5x° that passes through (—1, 4)?

In Problems 23-26, verify that the indicated function is an
explicit solution of the given differential equation. Give an
interval of definition / for each solution.

23. y'+y=2cosx—2sinx; y=xsinx+ xcosx

24. " + ysecx; y=xsinx + (cosx) In(cos x)



25 %y +xy' +y=0; y=sin(Inx)
2. x*y" + xy' + y = sec(In x);
y = cos(In x) In(cos(In x)) + (In x) sin(In x)

In Problems 27-30, use (12) of Section 1.1 to verify that
the indicated function is a solution of the given differential
equation. Assume an appropriate interval / of definition of

each solution.
X

d
7. 24 (sinx)y =x; y = eCO“J te " dr
dx b

d 2 * 2
28. l—2xy=e"; y=e"4[e” dt
dx o

X,

29 X + (x> —x)y +(1—xy=0;, y= xJ ert
1

X

t2

X

#

30. y' +y= e y = sin xJ e'costdt — cos xJ e'sin t dt

0 0

In Problems 31-34, verify that the indicated expression is an
implicit solution of the given differential equation.

d 1
31 xl+y—7; 3y =x3+5
dx y
dy\? 1
2. (y> +1= > =D+ =1
dx y

33y =2y(y')’; Y +3y=2-3x
. (1+xy)y +y°=0; y=e ™

In Problems 35-38, y = cje ™ + c,e” + 4xis a two-
parameter family of the second-order differential equation

y" + 2y" — 3y = —12x + 8. Find a solution of the second-
order initial-value problem consisting of this differential
equation and the given initial conditions.

3. y0)=0, y(0)=0 36 y0) =35, y(0)=—11
3. y() = =2, y(H)=4 38 y—=H =1, y(=) =1

In Problem 39 and 40, verify that the function defined by the

definite integral is a particular solution of the given differential
equation. In both problems, use Leibniz’s rule for the derivative

of an integral:
e dv du
—| F(x,tdt = F(x, v(x))— — F(x, u(x))— +
dx dx

X Ju(x) u(x)

v(x)

39. V' + 9y =f(x); yx) = ;j f(®sin 3(x — 1) dt
0

—F(x, Hdt.
ax

40.

a.

42.

xy" +y —xy=0;, y= J e* ! dt[Hint: Aftercomputing
0

y' use integration by parts with respect to ¢.]

The graph of a solution of a second-order initial-value problem

d’yldx® = f(x, y, ), ¥(2) = yp, ¥'(2) = yy, is given in

FIGURE 1.R.1. Use the graph to estimate the values of y, and y,.

Y

FIGURE 1.R.1 Graph for Problem 41

A tank in the form of a right-circular cylinder of radius 2 feet
and height 10 feet is standing on end. If the tank is initially
full of water, and water leaks from a circular hole of radius
1 inch at its bottom, determine a differential equation for the
height & of the water at time #. Ignore friction and contraction
of water at the hole.

A uniform 10-foot-long heavy rope is coiled loosely on the
ground. As shown in FIGURE 1.R.2 one end of the rope is pulled
vertically upward by means of a constant force of 5 Ib. The
rope weighs 1 1b/ft. Use Newton’s second law in the form
givenin (17) in Exercises 1.3 to determine a differential equa-
tion for the height x(#) of the end above ground level at time ¢.
Assume that the positive direction is upward.

51b
upward
force

t

x(1)

FIGURE 1.R.2 Rope pulled upward in Problem 43
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CHAPTER

First-Order

Differential Equations

We begin our study of differential
equations with first-order CHAPTER CONTENTS
equations. In this chapter we

illustrate the three different ways

differentiall equations can be 2.1 Solution Curves Without a Solution

studied: qualitatively, 2.1.1 Direction Fields
analytically, and numerically. 2.1.2 Autonomous First-Order DEs
In Section 2.1 we eXamine DES 2.2 Separable Equations

qualitatively. We shall see that a
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‘ Solution Curves Without a Solution

INTRODUCTION Some differential equations do not possess any solutions. For example,
there is no real function that satisfies (y')* + 1 = 0. Some differential equations possess solutions
that can be found analytically, that is, solutions in explicit or implicit form found by implement-
ing an equation-specific method of solution. These solution methods may involve certain ma-
nipulations, such as a substitution, and procedures, such as integration. Some differential
equations possess solutions but the differential equation cannot be solved analytically. In other
words, when we say that a solution of a DE exists, we do not mean that there also exists a method
of solution that will produce explicit or implicit solutions. Over a time span of centuries, math-
ematicians have devised ingenious procedures for solving some very specialized equations, so
there are, not surprisingly, a large number of differential equations that can be solved analytically.
Although we shall study some of these methods of solution for first-order equations in the sub-
sequent sections of this chapter, let us imagine for the moment that we have in front of us a
first-order differential equation in normal form dy/dx = f(x, y), and let us further imagine that
we can neither find nor invent a method for solving it analytically. This is not as bad a predica-
ment as one might think, since the differential equation itself can sometimes “tell” us specifics
about how its solutions “behave.” We have seen in Section 1.2 that whenever f(x, y) and df/dy
satisfy certain continuity conditions, qualitative questions about existence and uniqueness of
solutions can be answered. In this section we shall see that other qualitative questions about
properties of solutions—such as, How does a solution behave near a certain point? or, How does
a solution behave as x — co?—can often be answered when the function f depends solely on the
variable y.

We begin our study of first-order differential equations with two ways of analyzing a DE
qualitatively. Both these ways enable us to determine, in an approximate sense, what a solution
curve must look like without actually solving the equation.

2.1.1 Direction Fields

] Slope We begin with a simple concept from calculus: A derivative dy/dx of a differen-
tiable function y = y(x) gives slopes of tangent lines at points on its graph. Because a solution
y = y(x) of a first-order differential equation dy/dx = f(x, y) is necessarily a differentiable
function on its interval I of definition, it must also be continuous on /. Thus the corresponding
solution curve on / must have no breaks and must possess a tangent line at each point (x, y(x)).
The slope of the tangent line at (x, y(x)) on a solution curve is the value of the first derivative
dyldx at this point, and this we know from the differential equation f(x, y(x)). Now suppose
that (x, y) represents any point in a region of the xy-plane over which the function fis defined.
The value f(x, y) that the function f assigns to the point represents the slope of a line, or as we
shall envision it, a line segment called a lineal element. For example, consider the equation
dy/dx = 0.2xy, where f(x, y) = 0.2xy. At, say, the point (2, 3), the slope of a lineal element is
f(2,3) =0.2(2)(3) = 1.2. FIGURE 2.1.1(a) shows a line segment with slope 1.2 passing through
(2, 3). As shown in Figure 2.1.1(b), if a solution curve also passes through the point (2, 3), it
does so tangent to this line segment; in other words, the lineal element is a miniature tangent
line at that point.

Il Direction Field If we systematically evaluate f over a rectangular grid of points in the
xy-plane and draw a lineal element at each point (x, y) of the grid with slope f(x, y), then the
collection of all these lineal elements is called a direction field or a slope field of the differential
equation dy/dx = f(x, y). Visually, the direction field suggests the appearance or shape of a fam-
ily of solution curves of the differential equation, and consequently it may be possible to see at
a glance certain qualitative aspects of the solutions—regions in the plane, for example, in which
a solution exhibits an unusual behavior. A single solution curve that passes through a direction
field must follow the flow pattern of the field; it is tangent to a lineal element when it intersects
a point in the grid.

CHAPTER 2 First-Order Differential Equations
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(a) Direction field for dy/dx = 0.2xy

(b) Some solution curves in the
family y = ce0-1¥*

FIGURE 2.1.2 Direction field and solution
curves in Example 1
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EXAMPLE 1 Direction Field

The direction field for the differential equation dy/dx = 0.2xy shown in FIGURE 2.1.2(a) was
obtained using computer software in which a 5 X 5 grid of points (mh, nh), m and
n integers, was defined by letting =5 = m =5, =5 = n = 5 and h = 1. Notice in
Figure 2.1.2(a) that at any point along the x-axis (y = 0) and the y-axis (x = 0) the slopes
are f(x,0) = 0 and f(0, y) = 0, respectively, so the lineal elements are horizontal. Moreover,
observe in the first quadrant that for a fixed value of x, the values of f(x, y) = 0.2xy
increase as y increases; similarly, for a fixed y, the values of f(x, y) = 0.2xy increase as
x increases. This means that as both x and y increase, the lineal elements become almost
vertical and have positive slope (f(x, y) = 0.2xy > 0 for x > 0, y > 0). In the second
quadrant, | f(x, y)l increases as |x| and y increase, and so the lineal elements again become
almost vertical but this time have negative slope (f(x, y) = 0.2xy < 0 for x <0,y > 0).
Reading left to right, imagine a solution curve starts at a point in the second quadrant,
moves steeply downward, becomes flat as it passes through the y-axis, and then as it
enters the first quadrant moves steeply upward—in other words, its shape would be concave
upward and similar to a horseshoe. From this it could be surmised that y — co as x - * co.
Now in the third and fourth quadrants, since f(x, y) = 0.2xy > 0 and f(x, y) = 0.2xy <O,
respectively, the situation is reversed; a solution curve increases and then decreases as
we move from left to right.

We saw in (1) of Section 1.1 that y = e "is an explicit solution of the differential
equation dy/dx = 0.2xy; you should verify that a one-parameter family of solutions of the
same equation is given by y = ce'. For purposes of comparison with Figure 2.1.2(a) some

representative graphs of members of this family are shown in Figure 2.1.2(b). =

m Direction Field

Use a direction field to sketch an approximate solution curve for the initial-value problem

0.1x

dyldx = sin y, y(0) = — 3.

SOLUTION Before proceeding, recall that from the continuity of f(x, y) = sin y and
dfldy = cos y, Theorem 1.2.1 guarantees the existence of a unique solution curve passing
through any specified point (x,, y,) in the plane. Now we set our computer software again
for a5 X 5 rectangular region, and specify (because of the initial condition) points in that
region with vertical and horizontal separation of 5 unit—that is, at points (mh, nh), h = 1,
m and n integers such that —10 = m = 10, —10 = n = 10. The result is shown in FIGURE 2.1.3.
Since the right-hand side of dy/dx = sin yis O at y = 0 and at y = —, the lineal elements
are horizontal at all points whose second coordinates are y = 0 or y = —r. It makes sense
then that a solution curve passing through the initial point (0, — 3) has the shape shown in

color in the figure. =
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Il Increasing/Decreasing Interpretation of the derivative dy/dx as a function that gives
slope plays the key role in the construction of a direction field. Another telling property of the
first derivative will be used next, namely, if dy/dx > 0 (or dy/dx < 0) for all x in an interval I,
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FIGURE 2.1.3 Direction field for
dyldx = sin y in Example 2

then a differentiable function y = y(x) is increasing (or decreasing) on /.

|
REMARKS

Sketching a direction field by hand is straightforward but time consuming; it is probably one
of those tasks about which an argument can be made for doing it once or twice in a lifetime,
but is overall most efficiently carried out by means of computer software. Prior to calculators,
PCs, and software, the method of isoclines was used to facilitate sketching a direction field
by hand. For the DE dy/dx = f(x, y), any member of the family of curves f(x, y) = c,
c aconstant, is called an isocline. Lineal elements drawn through points on a specific isocline,
say, f(x, y) = c,, all have the same slope c,. In Problem 15 in Exercises 2.1, you have your
two opportunities to sketch a direction field by hand.

|
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2.1.2 Autonomous First-Order DEs

IH DEs Free of the Independent Variable In Section 1.1 we divided the class of or-
dinary differential equations into two types: linear and nonlinear. We now consider briefly another
kind of classification of ordinary differential equations, a classification that is of particular im-
portance in the qualitative investigation of differential equations. An ordinary differential equa-
tion in which the independent variable does not appear explicitly is said to be autonomous. If
the symbol x denotes the independent variable, then an autonomous first-order differential equa-
tion can be written in general form as F(y, y') = 0 or in normal form as

b _
I S (1)

We shall assume throughout the discussion that follows that fin (1) and its derivative f" are
continuous functions of y on some interval I. The first-order equations

JF(y) J(x,y)
\ \

dy dy
—=1+y* and — =02
dx v an dx 24

are autonomous and nonautonomous, respectively.

Many differential equations encountered in applications, or equations that are models of
physical laws that do not change over time, are autonomous. As we have already seen in Section
1.3, in an applied context, symbols other than y and x are routinely used to represent the dependent
and independent variables. For example, if ¢ represents time, then inspection of

dA dx dT dA |
@ Yl —n, Cmkr-1), L6 —a
a g T e D TR P T

where k, n, and T,, are constants, shows that each equation is time-independent. Indeed, all of
the first-order differential equations introduced in Section 1.3 are time-independent and so are
autonomous.

IH Critical Points The zeros of the function fin (1) are of special importance. We say that
a real number c is a critical point of the autonomous differential equation (1) if it is a zero of f,
that is, f(c¢) = 0. A critical point is also called an equilibrium point or stationary point. Now
observe that if we substitute the constant function y(x) = c into (1), then both sides of the equation
equal zero. This means

If ¢ is a critical point of (1), then y(x) = c is a constant solution of the autonomous
differential equation.

A constant solution y(x) = ¢ of (1) is called an equilibrium solution; equilibria are the only
constant solutions of (1).

As already mentioned, we can tell when a nonconstant solution y = y(x) of (1) is increas-
ing or decreasing by determining the algebraic sign of the derivative dy/dx; in the case of (1)
we do this by identifying the intervals on the y-axis over which the function f(y) is positive
or negative.

EXAMPLE 3 An Autonomous DE
The differential equation

— = P(a — bP),

CHAPTER 2 First-Order Differential Equations
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(b) Subregions R, R,, and R;

FIGURE 2.1.5 Lines y(x) = ¢, and
y(x) = ¢, partition R into three
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where a and b are positive constants, has the normal form dP/dt = f(P), which is (1) with ¢
and P playing the parts of x and y, respectively, and hence is autonomous. From
f(P) = P(a — bP) = 0, we see that 0 and a/b are critical points of the equation and so the
equilibrium solutions are P(f) = 0 and P(f) = a/b. By putting the critical points on a vertical line,
we divide the line into three intervals defined by —co < P < 0,0 < P < a/b, alb < P < .
The arrows on the line shown in FIGURE 2.1.4 indicate the algebraic sign of f(P) = P(a — bP)
on these intervals and whether a nonconstant solution P(¢) is increasing or decreasing on an
interval. The following table explains the figure.

Interval Sign of f(P) P(0) Arrow
(—o0, 0) minus decreasing points down
(0, a/b) plus increasing points up
(alb, x0) minus decreasing points down

Figure 2.1.4 is called a one-dimensional phase portrait, or simply phase portrait, of the

differential equation dP/dt = P(a — bP). The vertical line is called a phase line. =

Il Solution Curves Without solving an autonomous differential equation, we can usually
say a great deal about its solution curves. Since the function fin (1) is independent of the vari-
able x, we can consider f defined for —co < x < oo or for 0 = x < co. Also, since f and its
derivative f are continuous functions of y on some interval / of the y-axis, the fundamental results
of Theorem 1.2.1 hold in some horizontal strip or region R in the xy-plane corresponding to /,
and so through any point (x,, y,) in R there passes only one solution curve of (1). See FIGURE 2.1.5(a).
For the sake of discussion, let us suppose that (1) possesses exactly two critical points, ¢, and ¢,
and that ¢; < ¢,. The graphs of the equilibrium solutions y(x) = ¢, and y(x) = ¢, are horizontal
lines, and these lines partition the region R into three subregions R, R,, and R; as illustrated in
Figure 2.1.5(b). Without proof, here are some conclusions that we can draw about a nonconstant
solution y(x) of (1):

o If (x, yo) isin a subregion R;, i = 1,2, 3, and y(x) is a solution whose graph passes through
this point, then y(x) remains in the subregion R; for all x. As illustrated in Figure 2.1.5(b),
the solution y(x) in R, is bounded below by ¢, and above by c,; that is, ¢; < y(x) < ¢, for
all x. The solution curve stays within R, for all x because the graph of a nonconstant solu-
tion of (1) cannot cross the graph of either equilibrium solution y(x) = ¢, or y(x) = c,. See
Problem 33 in Exercises 2.1.

* By continuity of f we must then have either f(y) > 0 or f(y) < O for all x in a subregion R;,
i =1, 2, 3. In other words, f(y) cannot change signs in a subregion. See Problem 33 in
Exercises 2.1.

e Since dy/dx = f(y(x)) is either positive or negative in a subregion R;, i = 1, 2, 3, a solution
y(x) is strictly monotonic—that is, y(x) is either increasing or decreasing in a subregion R;.
Therefore y(x) cannot be oscillatory, nor can it have a relative extremum (maximum or
minimum). See Problem 33 in Exercises 2.1.

o If y(x) is bounded above by a critical point ¢, (as in subregion R, where y(x) < ¢, for all x),
then the graph of y(x) must approach the graph of the equilibrium solution y(x) = c, either
as x — oo or as x — —oo. If y(x) is bounded—that is, bounded above and below by two
consecutive critical points (as in subregion R, where ¢, < y(x) < ¢, for all x), then the graph
of y(x) must approach the graphs of the equilibrium solutions y(x) = ¢; and y(x) = ¢, one
as x — oo and the other as x — —oo. If y(x) is bounded below by a critical point (as in
subregion R; where ¢, < y(x) for all x), then the graph of y(x) must approach the graph of
the equilibrium solution y(x) = c, either as x — oo or as x — —oco. See Problem 34 in
Exercises 2.1.

With the foregoing facts in mind, let us reexamine the differential equation in Example 3.

2.1 Solution Curves Without a Solution | 37
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Example 3 Revisited

The three intervals determined on the P-axis or phase line by the critical points P = 0 and
P = a/b now correspond in the 7P-plane to three subregions:

R;: —co < P <0, Ry: 0 <P <alb, Ry alb < P < oo,

where —oo < t < oco. The phase portrait in Figure 2.1.4 tells us that P(¢) is decreasing in R,
increasing in R,, and decreasing in R;. If P(0) = P, is an initial value, then in R, R,, and R;,
we have, respectively, the following:

(i) For P, <0, P(t) is bounded above. Since P(f) is decreasing, P(t) decreases without
bound for increasing ¢ and so P(#) — 0 as t — —oo. This means the negative t-axis,
the graph of the equilibrium solution P(¢) = 0, is a horizontal asymptote for a solu-
tion curve.

(ii) For 0 < Py < alb, P(t) is bounded. Since P(t) is increasing, P(t) — al/b as t — oo
and P(f) — 0 as t — —oo. The graphs of the two equilibrium solutions, P(¢) = 0 and
P(t) = alb, are horizontal lines that are horizontal asymptotes for any solution curve
starting in this subregion.

(iii) For Py > alb, P(t) is bounded below. Since P(¢) is decreasing, P(t) — a/b as t — co.
The graph of the equilibrium solution P(f) = a/b is a horizontal asymptote for a
solution curve.

In FIGURE 2.1.6, the phase line is the P-axis in the tP-plane. For clarity, the original phase
line from Figure 2.1.4 is reproduced to the left of the plane in which the subregions R, R,
and R; are shaded. The graphs of the equilibrium solutions P(f) = a/b and P(f) = 0 (the t-axis)
are shown in the figure as blue dashed lines; the solid graphs represent typical graphs of P(f)
illustrating the three cases just discussed. =

In a subregion such as R; in Example 4, where P(¢) is decreasing and unbounded below, we
must necessarily have P(f) — —oo. Do not interpret this last statement to mean P(f) — —oo as
t — oo; we could have P(f) —» —oo as t — T, where T > 0 is a finite number that depends on the
initial condition P(t)) = P,. Thinking in dynamic terms, P(f) could “blow up” in finite time;
thinking graphically, P(¢) could have a vertical asymptote at t = 7> (. A similar remark holds
for the subregion R;.

The differential equation dy/dx = sin y in Example 2 is autonomous and has an infinite number
of critical points since sin y = 0 at y = nr, n an integer. Moreover, we now know that because
the solution y(x) that passes through (0, —3) is bounded above and below by two consecutive
critical points (—7 < y(x) < 0) and is decreasing (sin y < 0 for —7 <y < 0), the graph of y(x)
must approach the graphs of the equilibrium solutions as horizontal asymptotes: y(x) — — as
x —ooand y(x) - 0 asx — —oo.

EXAMPLE 5 Solution Curves of an Autonomous DE

The autonomous equation dy/dx = (y — 1)* possesses the single critical point 1. From the
phase portrait in FIGURE 2.1.7(a), we conclude that a solution y(x) is an increasing function in
the subregions defined by —co <y < 1 and 1 <y < 0o, where —co < x < co. For an initial
condition y(0) = y, < 1, a solution y(x) is increasing and bounded above by 1, and so y(x) — 1
as x — oo; for y(0) = y, > 1, a solution y(x) is increasing and unbounded.

Now y(x) = 1 — 1/(x + ¢) is a one-parameter family of solutions of the differential equa-
tion. (See Problem 4 in Exercises 2.2.) A given initial condition determines a value for c.
For the initial conditions, say, y(0) = —1 < 1 and y(0) = 2 > 1, we find, in turn, that
yx)=1-—1/x+ %) and so y(x) = 1 — 1/(x — 1). As shown in Figure 2.1.7(b) and 2.1.7(c),
the graph of each of these rational functions possesses a vertical asymptote. But bear in mind
that the solutions of the IVPs

@
dx

dy

=@ - 1)2,y(0) = —1 and
dx

=@ - DALy0) =2
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FIGURE 2.1.9 Direction field for an
autonomous DE

are defined on special intervals. The two solutions are, respectively,

1 1 1
yx) =1 - T —E<x<oo and y(x)=1—ﬁ, —o0 < x < 1.

The solution curves are the portions of the graphs in Figures 2.1.7(b) and 2.1.7(c) shown
in blue. As predicted by the phase portrait, for the solution curve in Figure 2.1.7(b),
y(x) = 1 as x — oo; for the solution curve in Figure 2.1.7(c), y(x) = oo as x — 1 from
the left.
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FIGURE 2.1.7 Behavior of solutions near y = 1 in Example 5

Il Attractors and Repellers Suppose y(x) is a nonconstant solution of the autonomous
differential equation given in (1) and that c is a critical point of the DE. There are basically
three types of behavior y(x) can exhibit near c. In FIGURE 2.1.8 we have placed ¢ on four ver-
tical phase lines. When both arrowheads on either side of the dot labeled ¢ point foward c, as
in Figure 2.1.8(a), all solutions y(x) of (1) that start from an initial point (x,, y,) sufficiently
near ¢ exhibit the asymptotic behavior lim,_, . y(x) = c. For this reason the critical point c is
said to be asymptotically stable. Using a physical analogy, a solution that starts near c is like
a charged particle that, over time, is drawn to a particle of opposite charge, and so c is also
referred to as an attractor. When both arrowheads on either side of the dot labeled ¢ point
away from c, as in Figure 2.1.8(b), all solutions y(x) of (1) that start from an initial point
(xg, ¥o) move away from c as x increases. In this case the critical point c is said to be unstable.
An unstable critical point is also called a repeller, for obvious reasons. The critical point ¢
illustrated in Figures 2.1.8(c) and 2.1.8(d) is neither an attractor nor a repeller. But since ¢
exhibits characteristics of both an attractor and a repeller—that is, a solution starting from
an initial point (x,, y,) sufficiently near c is attracted to ¢ from one side and repelled from the
other side—we say that the critical point c is semi-stable. In Example 3, the critical point a/b
is asymptotically stable (an attractor) and the critical point O is unstable (a repeller). The
critical point 1 in Example 5 is semi-stable.

Il Autonomous DEs and Direction Fields If a first-order differential equation is
autonomous, then we see from the right-hand side of its normal form dy/dx = f(y) that slopes
of lineal elements through points in the rectangular grid used to construct a direction field
for the DE depend solely on the y-coordinate of the points. Put another way, lineal elements
passing through points on any horizontal line must all have the same slope and therefore are
parallel; slopes of lineal elements along any vertical line will, of course, vary. These facts
are apparent from inspection of the horizontal gray strip and vertical blue strip in FIGURE2.1.9.
The figure exhibits a direction field for the autonomous equation dy/dx = 2(y — 1). The
red lineal elements in Figure 2.1.9 have zero slope because they lie along the graph of the
equilibrium solution y = 1.

2.1 Solution Curves Without a Solution | 39



IH Translation Property Recall from precalculus mathematics that the graph of a function

VA \
VA \ y =f(x — k), where k is a constant, is the graph of y = f(x) rigidly translated or shifted horizontally
\\\ l l 1 along the x-axis by an amount | kl; the translation is to the right if K > 0 and to the left if k < 0.
y=3|-—— = It turns out that under the assumptions stated after equation (1), solution curves of an au-
s A/ Al tonomous first-order DE are related by the concept of translation. To see this, let’s consider
; 7 ; ; ; ; '; ; '; '; the differential equation dy/dx = y(3 — y), which is a special case of the autonomous equation
:/ (1LY considered in Examples 3 and 4. Since y = 0 and y = 3 are equilibrium solutions of the DE,
V28 W/ : ‘i : : :
N33V = VIV IV Fhelr g?a.ph-s divide the xy-plane into subregions R, R,, and R;, defined by the three
NONONOF NORY NN NN N NN inequalities:
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FIGURE 2.1.10 Translated solution curves

In FIGURE 2.1.10 we have superimposed on a direction field of the DE six solutions curves. The
of an autonomous DE

figure illustrates that all solution curves of the same color, that is, solution curves lying within a
particular subregion R;, all look alike. This is no coincidence but is a natural consequence of the
fact that lineal elements passing through points on any horizontal line are parallel. That said, the
following translation property of an autonomous DE should make sense:

If y(x) is a solution of an autonomous differential equation dy/dx = f(y),
then y,(x) = y(x — k), k a constant, is also a solution.

Hence, if y(x) is a solution of the initial-value problem dy/dx = f(y), y(0) = y,, then
y1(x) = y(x — xp) is a solution of the IVP dy/dx = f(y), y(x,) = y,. For example, it is easy to
verify that y(x) = ¢, —oco < x < 0, is a solution of the IVP dy/dx =y, y(0) = 1 and so a solution
yi(x) of, say, dy/dx = y, y(4) = 1 is y(x) = ¢"translated 4 units to the right:

V) =yx —4) ="t —00 <x < 0.

m DCIHEEE]  Answers to selected odd-numbered problems begin on page ANS-2.

21.1 Direction Fields , D _ ooy

dx

In Problems 14, reproduce the given computer-generated direc-

tion field. Then sketch, by hand, an approximate solution curve @) y (0_6122 (2) Y (g) i 1 4
that passes through each of the indicated points. Use different © y0) = ) y(8) =
colored pencils for each solution curve. y
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WA I 3P SN NN SN I Y R FIGURE 2.1.12 Direction field for Problem 2
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FIGURE 2.1.11 Direction field for Problem 1

40 | CHAPTER 2 First-Order Differential Equations



d
3 Y
dx

(a)
(c)

2t

y0)=0
y2)=2

(b) y(—=1)=0
(@) y(0)=—4

NS SN e e

i QUG

Wi a4 a— ]

N
N

e | N e
AN O N NN~

et N
bbb e
ot ] N e e ]
IR A I N N

TN TR

B N S R P PP

e e N e e
e e e i

N O
= — ~ NN N N
—— e NN N Y
F—— e~

1

T T T
el e e P =D R

|
[\S]

Ry
N\
\
\
R e i N N W e e e e

~

FIGURE 2.1.13 Direction field for Problem 3
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FIGURE 2.1.14 Direction field for Problem 4

3
2

In Problems 5-12, use computer software to obtain a direction
field for the given differential equation. By hand, sketch an
approximate solution curve passing through each of the

given points.

5 y =x
(@ y0)=0
(b) ¥(0)= -3
dy _
1. ydx = —X
(@ y1) =1
(b) y(0)=4

6.y =x+y
(@ y(=2)=

2

(b) y(1)=-3

Tdx oy
(@ y0) =1
(b) ¥(=2)=

dy 1

-1

1.

dl =0.2x2 + y 10. dl = xe’
dx dx
1

(@) y(0) = 5 (a) y(0)=-2
(b) y2)= -1 (b) y(1)=25

P T dy _ .y
y =y coszx 12. o 1 .
(@) y(2) =2 @ y(—3) =2
(b) y(—1)=0 (b) y() =0

In Problems 13 and 14, the given figures represent the graph of
f(y) and f(x), respectively. By hand, sketch a direction field over
an appropriate grid for dy/dx = f(y) (Problem 13) and then for
dyldx = f(x) (Problem 14).

13.

14.

15.

/

—

FIGURE 2.1.15 Graph for Problem 13

FIGURE 2.1.16 Graph for Problem 14

In parts (a) and (b) sketch isoclines f(x, y) = c (see the Remarks
on page 35) for the given differential equation using the in-
dicated values of c. Construct a direction field over a grid by
carefully drawing lineal elements with the appropriate slope
at chosen points on each isocline. In each case, use this rough
direction field to sketch an approximate solution curve for the
IVP consisting of the DE and the initial condition y(0) = 1.
(a) dyldx = x +y; caninteger satisfying —=5=c¢ =35
(b) dyldx=x>+y% c=tce=1,c=%c=4

Discussion Problems

16.

(a) Consider the direction field of the differential equation
dyldx = x(y — 4)* — 2, but do not use technology to obtain
it. Describe the slopes of the lineal elements on the lines
x=0,y=3,y=4,andy = 5.
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17.

18.

(b) Consider the IVP dy/dx = x(y — 472 -2, ¥(0) = y,, where
yo < 4. Can a solution y(x) — co as x — co? Based on the
information in part (a), discuss.

For a first-order DE dy/dx = f(x, y), a curve in the plane

defined by f(x, y) = 0 is called a nullcline of the equation,

since a lineal element at a point on the curve has zero slope.

Use computer software to obtain a direction field over a

rectangular grid of points for dy/dx = x> — 2y, and then

superimpose the graph of the nullcline y = 1x? over the
direction field. Discuss the behavior of solution curves in
regions of the plane defined by y < 1x? and by y > 1x2.

Sketch some approximate solution curves. Try to generalize

your observations.

(a) Identify the nullclines (see Problem 17) in Problems 1, 3,
and 4. With a colored pencil, circle any lineal elements
in FIGURES 2.1.11, 2.1.13, and 2.1.14 that you think may be
a lineal element at a point on a nullcline.

(b) What are the nullclines of an autonomous first-order DE?

2.1.2 Autonomous First-Order DEs

19. Consider the autonomous first-order differential equation
dyldx = y — y* and the initial condition y(0) = y,. By hand,
sketch the graph of a typical solution y(x) when y, has the
given values.

(@ yo>1 (b) 0 <y <1
(© —1<y<0 (d) yo<—1
20. Consider the autonomous first-order differential equation

dyldx = y* — y* and the initial condition y(0) = y,. By hand,
sketch the graph of a typical solution y(x) when y, has the
given values.

@ yo>1

© 1<y, <0

(b) 0<y, < 1
(d) yo< —1

In Problems 21-28, find the critical points and phase portrait
of the given autonomous first-order differential equation.
Classify each critical point as asymptotically stable, unstable,
or semi-stable. By hand, sketch typical solution curves in the
regions in the xy-plane determined by the graphs of the
equilibrium solutions.

21-%=y2—3y 22.%2))2—)13
23'%:(_2)4 24.%=10+3y—y2
2. %=y2(4 =) 2. %z Y2 = )4 — )
21. %=yln(y+2) 28, %zyeyei—y%

29.

30.

FIGURE 2.1.17 Graph for Problem 29

FIGURE 2.1.18 Graph for Problem 30

Discussion Problems

In Problems 29 and 30, consider the autonomous differential
equation dy/dx = f(y), where the graph of fis given. Use the
graph to locate the critical points of each differential equation.
Sketch a phase portrait of each differential equation. By hand,
sketch typical solution curves in the subregions in the xy-plane
determined by the graphs of the equilibrium solutions.
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31.

32.

33.

34.

35.

36.

Consider the autonomous DE dy/dx = (2/a)y — sin y.
Determine the critical points of the equation. Discuss a way
of obtaining a phase portrait of the equation. Classify the crit-
ical points as asymptotically stable, unstable, or semi-stable.
A critical point ¢ of an autonomous first-order DE is said to
be isolated if there exists some open interval that contains ¢
but no other critical point. Discuss: Can there exist an au-
tonomous DE of the form given in (1) for which every critical
point is nonisolated? Do not think profound thoughts.
Suppose that y(x) is a nonconstant solution of the autonomous
equation dy/dx = f(y) and that c is a critical point of the DE.
Discuss: Why can’t the graph of y(x) cross the graph of the
equilibrium solution y = ¢? Why can’t f(y) change signs in one
of the subregions discussed on page 37? Why can’t y(x) be
oscillatory or have arelative extremum (maximum or minimum)?
Suppose that y(x) is a solution of the autonomous equation
dyldx = f(y) and is bounded above and below by two consecutive
critical points ¢; < ¢,, as in subregion R, of Figure 2.1.5(b). If
f() > 0inthe region, then lim,_, y(x) = ¢,. Discuss why there
cannot exist a number L < ¢, such that lim,_,_y(x) = L. As part
of your discussion, consider what happens to y'(x) as x — oo.
Using the autonomous equation (1), discuss how it is possible
to obtain information about the location of points of inflection
of a solution curve.

Consider the autonomous DE dy/dx = y* — y — 6. Use your
ideas from Problem 35 to find intervals on the y-axis for which
solution curves are concave up and intervals for which solution
curves are concave down. Discuss why each solution curve of
an initial-value problem of the form dy/dx = y* — y — 6,
¥(0) = yo, where —2 <y, < 3, has a point of inflection with the
same y-coordinate. What is that y-coordinate? Carefully sketch
the solution curve for which y(0) = —1. Repeat for y(2) = 2.



37.

Suppose the autonomous DE in (1) has no critical points.
Discuss the behavior of the solutions.

Mathematical Models

38.

39.

40.

Population Medel The differential equation in Example 3
is a well-known population model. Suppose the DE is
changed to

dr P(aP — b)

= = PP - b),

dt

where a and b are positive constants. Discuss what happens
to the population P as time ¢ increases.

Population Model Another population model is given by

dP
— =kP — h,
dt

where 4 > 0 and k > 0 are constants. For what initial values
P(0) = P, does this model predict that the population will go
extinct?

Terminal Velocity The autonomous differential equation

m @ = mg — kv,
dt
where k is a positive constant of proportionality called the
drag coefficient and g is the acceleration due to gravity, is
a model for the instantaneous velocity v of a body of mass
m that is falling under the influence of gravity. Because the
term —kv represents air resistance or drag, the velocity of
a body falling from a great height does not increase without
bound as time ¢ increases. Use a phase portrait of the

a.

42.

differential equation to find the limiting, or terminal, veloc-
ity of the body. Explain your reasoning. See page 24.

Terminal Velocity In Problem 17 of Exercises 1.3, we indi-
cated that for high-speed motion of a body, air resistance
is taken to be proportional to a power of its instantaneous
velocity v. If we take air resistance to be proportional to v,
then the mathematical model for the instantaneous velocity
of a falling body of mass m in Problem 40 becomes

dv

i _ kv2’
m dt mg

where k > 0. Use a phase portrait to find the terminal velocity
of the body. Explain your reasoning. See page 27.

Chemical Reactions When certain kinds of chemicals are
combined, the rate at which a new compound is formed is
governed by the differential equation

X k X X

o Ma (B )

where k > 0 is a constant of proportionality and 8 > a > 0.

Here X(7) denotes the number of grams of the new compound

formed in time 7. See page 22.

(a) Use aphase portrait of the differential equation to predict
the behavior of X as t — oo.

(b) Consider the case when a = 3. Use a phase portrait of
the differential equation to predict the behavior of X as
t — oo when X(0) < a. When X(0) > a.

(c) Verify that an explicit solution of the DE in the case when
k=1and a = Bis X(¥) = a — 1/(t + ¢). Find a solution
satisfying X(0) = a/2. Find a solution satisfying X(0) = 2.
Graph these two solutions. Does the behavior of the solu-
tions as t — oo agree with your answers to part (b)?

E‘ Separable Equations

INTRODUCTION Consider the first-order equations dy/dx = f(x, y). When f does not depend
on the variable y, that is, f(x, y) = g(x), the differential equation

dy _
P g(x) (1)

can be solved by integration. If g(x) is a continuous function, then integrating both sides of (1)
gives the solution y = [ g(x) dx = G(x) + ¢, where G(x) is an antiderivative (indefinite integral)
of g(x). For example, if dy/dx = 1 + ¢**,theny = [ (1 + ¢*)dxory = x + 3> + c.

Il A Definition Equation (1), as well as its method of solution, is just a special case when
fin dy/dx = f(x, y) is a product of a function of x and a function of y.

Definition 2.2.1

Separable Equation

A first-order differential equation of the form

Do
e g h(y)

is said to be separable or to have separable variables.
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In solving first-order DEs, }
use only one constant.

For example, the differential equations

d d
& x%y*e™ 3 and & y + cosx
dx dx

are separable and nonseparable, respectively. To see this, note that in the first equation we can
factor f(x,y) = x*y*e> ¥ as

g)  h(y)
A

fly) = xyieX ¥ = (Pe™)(yle ™)

but in the second there is no way writing y + cos x as a product of a function of x times a func-
tion of y.
Observe that by dividing by the function %(y), a separable equation can be written as

d
PO = 8, @
X

where, for convenience, we have denoted 1/h(y) by p(y). From this last form we can see im-
mediately that (2) reduces to (1) when A(y) = 1.

Now if y = ¢(x) represents a solution of (2), we must have p(¢(x))d'(x) = g(x), and
therefore,

Jp(¢(X))d> "(x) dx = J g(x) dx. (3)

But dy = ¢'(x) dx, and so (3) is the same as

Jp(y) dy = J g dx or H(y) = Gx) + c, (4)

where H(y) and G(x) are antiderivatives of p(y) = 1/h(y) and g(x), respectively.

Il Method of Solution Equation (4) indicates the procedure for solving separable equa-
tions. A one-parameter family of solutions, usually given implicitly, is obtained by integrating
both sides of the differential form p(y) dy = g(x) dx.

There is no need to use two constants in the integration of a separable equation, because if we
write H(y) + ¢; = G(x) + c¢,, then the difference ¢, — ¢, can be replaced by a single constant c,
as in (4). In many instances throughout the chapters that follow, we will relabel constants in a
manner convenient to a given equation. For example, multiples of constants or combinations of
constants can sometimes be replaced by a single constant.

Solving a Separable DE

Solve (1 +x)dy —ydx=0.
SOLUTION Dividing by (1 + x)y, we can write dy/y = dx/(1 + x), from which it follows that

[ -]
y 1+ x

Inlyl = Inll + xl + ¢,
lyl = ellt+xlte = phil+alpa  Jaws of exponents
_ ¢ 11 +xl=1+x, x=—1
1+ e <_[|1+x|:—(1+x), x<-—1
and so y = *e9(1l + x).

Relabeling *¢¢ by c then gives y = ¢(1 + x).

CHAPTER 2 First-Order Differential Equations



FIGURE 2.2.1 Solution curve for IVP in
Example 2

In the solution of Example 1, because each integral results in a logarithm, a judicious choice
for the constant of integration is In | c| rather than c. Rewriting the second line of the solution as
Inlyl=1Inl1 + x| + Inlcl enables us to combine the terms on the right-hand side by the proper-
ties of logarithms. From In |yl = In l¢(1 + x)|, we immediately get y = ¢(1 + x). Even if the
indefinite integrals are not all logarithms, it may still be advantageous to use In | cl. However, no
firm rule can be given.

In Section 1.1 we have already seen that a solution curve may be only a segment or an arc of
the graph of an implicit solution G(x, y) = 0.

EXAMPLE 2 Solution Curve
X

4
%Mmmm&MWmMm,%=—;ym=—3
X

SOLUTION By rewriting the equation as y dy = —x dx we get

¥ X
Jy dy Jx dx and 5 2 + ¢
We can write the result of the integration as x* + y* = ¢? by replacing the constant 2¢; by c*.
This solution of the differential equation represents a one-parameter family of concentric
circles centered at the origin.

Now whenx =4,y = —3,sothat 16 + 9 =25 = ¢?. Thus the initial-value problem de-
termines the circle x> + y? = 25 with radius 5. Because of its simplicity, we can solve this
implicit solution for an explicit solution that satisfies the initial condition. We have seen this
solution as y = ¢,(x) or y = —\V/25 — x>, —5 < x < 5 in Example 8 of Section 1.1. A
solution curve is the graph of a differentiable function. In this case the solution curve is the

lower semicircle, shown in blue in FIGURE 2.2.1, that contains the point (4, —3). =

IH Losing a Solution Some care should be exercised when separating variables, since the
variable divisors could be zero at a point. Specifically, if r is a zero of the function A(y), then
substituting y = rinto dy/dx = g(x) h(y) makes both sides zero; in other words, y = ris a constant
solution of the differential equation. But after separating variables, observe that the left side
of dy/h(y) = g(x)dx is undefined at . As a consequence, y = r may not show up in the family
of solutions obtained after integration and simplification. Recall, such a solution is called a
singular solution.

EXAMPLE 3 Losing a Solution

d
Solve 2 y? — 4.
dx

SOLUTION  We put the equation in the form

1 1
4

y—2_y+2

dy
y:—4

=dx or { }dy = dx. (5)

The second equation in (5) is the result of using partial fractions on the left side of the first
equation. Integrating and using the laws of logarithms gives

y—2
y+2

y—2

‘ =4x + ¢, or = e¥te,

1 1
Zlnly—2|—11n|y+2|=x+cl or In v +2

Here we have replaced 4¢, by c¢,. Finally, after replacing e by ¢ and solving the last equation
for y, we get the one-parameter family of solutions

1 + ce®

1 — ce®

y=2 (6)

Now if we factor the right side of the differential equation as dy/dx = (y — 2)(y + 2), we know
from the discussion in Section 2.1 that y = 2 and y = —2 are two constant (equilibrium)
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FIGURE 2.2.2 Level curves G(x, y) = c,
where G(x,y) = €& + ye™> + e + 2cosx

y
2 -| T T T T T T |-
1+ c=4 i

\ @, 0/
X
(0,0)

L =) i
1k i
_2 -I 1 1 1 1 1 1 I-

2 I 1 2

FIGURE 2.2.3 Level curves ¢ = 2 and

c =

N
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solutions. The solution y = 2 is a member of the family of solutions defined by (6) correspond-
ing to the value ¢ = 0. However, y = —2 is a singular solution; it cannot be obtained from (6)
for any choice of the parameter c. This latter solution was lost early on in the solution process.
Inspection of (5) clearly indicates that we must preclude y = %2 in these steps. =

EXAMPLE 4 An Initial-Value Problem

Solve the initial-value problem

d
cos x(e? — ) dl = e¢’sin2x, y(0) = 0.
X

SOLUTION Dividing the equation by e’ cos x gives

2y __ :
e y  sin2x
e’ dy =

dx.
cos x

Before integrating, we use termwise division on the left side and the trigonometric identity
sin 2x = 2 sin x cos x on the right side. Then

integration by parts — J(ey —ye V)dy = ZJ sinxdx

yields e+ ye ' + e = —2cosx + c. (7)
The initial condition y = 0 when x = 0 implies ¢ = 4. Thus a solution of the initial-value
problem is

e+ ye? + eV =4 — 2cosx. 8) =

Il Use of Computers In the Remarks at the end of Section 1.1 we mentioned that it may
be difficult to use an implicit solution G(x, y) = 0 to find an explicit solution y = ¢(x).
Equation (8) shows that the task of solving for y in terms of x may present more problems than
just the drudgery of symbol pushing—it simply can’t be done! Implicit solutions such as (8) are
somewhat frustrating; neither the graph of the equation nor an interval over which a solution
satisfying y(0) = 0 is defined is apparent. The problem of “seeing” what an implicit solution
looks like can be overcome in some cases by means of technology. One way* of proceeding is
to use the contour plot application of a CAS. Recall from multivariate calculus that for a function
of two variables z = G(x, y) the two-dimensional curves defined by G(x, y) = ¢, where c is con-
stant, are called the level curves of the function. With the aid of a CAS we have illustrated in
FIGURE 2.2.2 some of the level curves of the function G(x, y) = &' + ye™ + ¢ + 2 cos x. The
family of solutions defined by (7) are the level curves G(x, y) = c¢. FIGURE 2.2.3 illustrates, in blue,
the level curve G(x, y) = 4, which is the particular solution (8). The red curve in Figure 2.2.3 is the
level curve G(x, y) = 2, which is the member of the family G(x, y) = c that satisfies y(7/2) = 0.

If an initial condition leads to a particular solution by finding a specific value of the
parameter ¢ in a family of solutions for a first-order differential equation, it is a natural
inclination for most students (and instructors) to relax and be content. However, a solution
of an initial-value problem may not be unique. We saw in Example 4 of Section 1.2 that the
initial-value problem

d _

o xy'2, y(0) =0, (9)
X

has at least two solutions, y = 0 and y = 1¢ x*. We are now in a position to solve the equation.

*In Section 2.6 we discuss several other ways of proceeding that are based on the concept of a numerical
solver.
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Separating variables and integrating yilidy = x dx gives Zy% = X? + ¢,. Solving for y and
replacing 3¢, by the symbol c yields

y = (x* + o> (10)

Each of the functions in the family given in (10) is a solution of equation (9) on the interval

7| a=0 a>0 (—o0, 00) provided we take ¢ = 0. See Problem 48 in Exercises 2.2. Now when we substitute x = 0,
! ,’ y = 0in (10) we see that ¢ = 0. Therefore y = 1¢x* is a solution of the IVP. The trivial solution
,’ I/ y = 0 was lost by dividing by y%. The initial-value problem (9) actually possesses many more
J J solutions, since for any choice of the parameter a = 0 the piecewise-defined function
e X
©.0) {O, x<a
Y 2 —a», x=a

FIGURE 2.2.4 Piecewise-defined
solutions of (9) satisfies both the differential equation and the initial condition. See FIGURE 2.2.4.

See pages 10 and 11 and Problems Il An Integral-Defined Function In (ii) of the Remarks at the end of Section 1.1 it was

25-28 in Exercises 1.1. pointed out that a solution method for a certain kind of differential equation may lead to an
integral-defined function. This is especially true for separable differential equations because inte-
gration is the method of solution. For example, if g is continuous on some interval / containing
X, and x, then a solution of the simple initial-value problem dy/dx = g(x), y(x,) = y, defined on
Iis given by

X

y(x) = yo + j g dt.

Xo

To see this, we have immediately from (12) of Section 1.1 that dy/dx = g(x) and y(x,) = y,
because f;“’g(t) dt = 0. When [ g(?) dt is nonelementary, that is, cannot be expressed in terms of
elementargf functions, the form y(x) = y, + [*g(f) dt may be the best we can do in obtaining
an explicit solution of an IVP. The next examplé illustrates this idea.

EXAMPLE 5 An Initial-Value Problem

dy .
Solve —=¢"", y2) =6.
dx

SOLUTION The function g(x) = e is continuous on the interval (— oo, co0) but its antide-
rivative is not an elementary function. Using ¢ as adummy variable of integration, we integrate
both sides of the given differential equation:

*d T,
J —ydt = J e 'dt
b dt >

v = J e dt
2 )

yx) — y2) = J e "dr
2

y(x) = y(2) + f e "dt.

2

Using the initial condition y(2) = 6 we obtain the solution

X

yx) =6 + J e "dr
>

The procedure illustrated in Example 5 works equally well on separable equations dy/dx =
g(x)f(y) where, say, f(y) possesses an elementary antiderivative but g(x) does not possess an
elementary antiderivative. See Problems 29 and 30 in Exercises 2.2.

2.2 Separable Equations | 47



REMARKS

In some of the preceding examples we saw that the constant in the one-parameter family of
solutions for a first-order differential equation can be relabeled when convenient. Also, it can
easily happen that two individuals solving the same equation correctly arrive at dissimilar
expressions for their answers. For example, by separation of variables, we can show that
one-parameter families of solutions for the DE (1 + y?) dx + (1 + x?) dy = 0 are

arctan x + arctany = ¢ or =@
As you work your way through the next several sections, keep in mind that families of solutions

may be equivalent in the sense that one family may be obtained from another by either relabeling
the constant or applying algebra and trigonometry. See Problems 27 and 28 in Exercises 2.2.

x+y

1 — xy

m DCIRARER]  Answers to selected odd-numbered problems begin on page ANS-2.

In Problems 1-22, solve the given differential equation by
separation of variables.

d d
1. 2 sinSx 2. Y (x + 1?
dx dx
3 dy+ e¥dy =0 4. dy — (y — 1?dx =0
dy dy
5. x— =4 6. — +20°=0
xdx Y dx v
d d
7. ﬁ = Nt 8. exy;z =V 4 T
d. + 1\? d 2y + 3\?
9. ylnxx=(y ) 10. y:(y >
dy X dx dx + 5

1. cscydx + sec’xdy = 0

12. sin3xdx + 2y cos*3xdy = 0

13. (¢¥ + D% Vdx + (e* + 1)’ *dy =0
18. x(1 + y)"2dx = y(1 + x*)'dy

ds dQ

15. — = kS 16. — = k(Q — 70
dr dt @ )
dp dN

1. — =P - P 18. — + N = Nee'*?
dt dt

19 dl_xy+3x—y—3

Tdx oxy — 2x + 4y — 8

2 dy xy+2y—x—2

“dx xy—3y+x-—3
dy LAy

2. —=xV1-y 2 (fteH =)
dx * Y (e ¢ )dx y

In Problems 23-28, find an implicit and an explicit solution of
the given initial-value problem.

d
23 E o 4n? + 1), xmd) =1
dt
dy y2—1
2, = = .y =2
dce x> —1 @)
d
25. le: y—xy, y—1)=-1
dx
d
% 2 +2y=1, y0)=3

t
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21. V1 — y2dx — V1 — x2dy = 0, y(0)= \V/312
28. (1 +x% dy + x(1 + 4y2) dx=0, y(1)=0

In Problems 29 and 30, proceed as in Example 5 and find an
explicit solution of the given initial-value problem.

dy 2
29. —=ye ", y4d =1
dx
d
0. D =yidna? y(-2) =1
dx

In Problems 31-34, find an explicit solution of the given initial-
value problem. Determine the exact interval I of definition of
each solution by analytical methods. Use a graphing utility to
plot the graph of each solution.

dy _ 2x+ 1
dx 2y

31. y(=2) = —1

dy _ . _
32. 2y — Z)df =3x"+4x+ 2, y1)=-2
X

33. dx —e*dy =0, y0) =0

4. sinxdx +ydy =0, y0) =1

35. (a) Find asolution of the initial-value problem consisting of
the differential equation in Example 3 and the initial con-
ditions y(0) = 2, y(0) = =2, y(}) = 1.

(b) Find the solution of the differential equation in Example 3
when In ¢, is used as the constant of integration on the
left-hand side in the solution and 4 In ¢, is replaced by
In c. Then solve the same initial-value problems in part (a).

d
36. Find a solution of xl = y?> — y that passes through the
indicated points.

@ O.1 (b 0.0 (© G2 @ 23
37. Find a singular solution of Problem 21. Of Problem 22.
38. Show that an implicit solution of

2xsin’ ydx — (x> + 10) cos ydy = 0

is given by In(x* 4+ 10) csc y = c. Find the constant solutions,
if any, that were lost in the solution of the differential equation.



Often a radical change in the form of the solution of a differen-

tial equation corresponds to a very small change in either the
initial condition or the equation itself. In Problems 3942, find
an explicit solution of the given initial-value problem. Use a

graphing utility to plot the graph of each solution. Compare each
solution curve in a neighborhood of (0, 1).

39.

40.

a.

42,

44.

45.

46.

—=@y-1 y0=1

—=0-1D y0) =101

= (y— 12+ 001, y0) =1

=0 = DP001 y0) =1

Every autonomous first-order equation dy/dx = f(y) is

separable. Find explicit solutions y,(x), y,(x), y3(x), and y,(x)

of the differential equation dy/dx = y — y* that satisfy, in turn,

the initial conditions y,(0) = 2, y,(0) = 1, y;(0) = —3, and
v4(0) = —2. Use a graphing utility to plot the graphs of each
solution. Compare these graphs with those predicted in

Problem 19 of Exercises 2.1. Give the exact interval of defini-

tion for each solution.

(a) The autonomous first-order differential equation dy/dx =
1/(y — 3) has no critical points. Nevertheless, place 3 on
a phase line and obtain a phase portrait of the equation.
Compute d*y/dx? to determine where solution curves are
concave up and where they are concave down (see
Problems 35 and 36 in Exercises 2.1). Use the phase por-
trait and concavity to sketch, by hand, some typical solu-
tion curves.

(b) Find explicit solutions y,(x), y,(x), y3(x), and y,(x) of the
differential equation in part (a) that satisfy, in turn, the
initial conditions y,(0) = 4, y,(0) = 2, y;(1) = 2, and
v4(—1) = 4. Graph each solution and compare with your
sketches in part (a). Give the exact interval of definition
for each solution.

(a) Find an explicit solution of the initial-value problem

dl_2x+1
dx 2y

y(=2) = —1.

(b) Use a graphing utility to plot the graph of the solution in
part (a). Use the graph to estimate the interval I of defini-
tion of the solution.

(c) Determine the exact interval / of definition by analytical
methods.

Repeat parts (a)—(c) of Problem 45 for the IVP consisting

of the differential equation in Problem 7 and the condition

¥(0) = 0.

Discussion Problems

4.

(a) Explain why the interval of definition of the explicit solu-
tion y = ¢,(x) of the initial-value problem in Example 2
is the open interval (=35, 5).

(b) Can any solution of the differential equation cross the
x-axis? Do you think that x> + y? = 1is an implicit solution
of the initial-value problem dy/dx = —x/y, y(1) = 0?

48.

49,

50.

51.

52,

On page 47 we showed that a one-parameter family of solu-
tions of the first-order differential equation dy/dx = xy]z is
y = (x* + ¢)* for ¢ = 0. Each solution in this family is
defined on the interval (—oo, co). The last statement is not
true if we choose ¢ to be negative. For ¢ = —1, explain why
y= (Alpc4 — 1)% is not a solution of the DE on (—oo, ). Find
an interval of definition 7 on which y = (.x* — 1)?is a solution
of the DE.

In Problems 43 and 44 we saw that every autonomous first-
order differential equation dy/dx = f(y) is separable. Does

this fact help in the solution of the initial-value problem

d

dl = V1 + y*sin?y, y(0) = $? Discuss. Sketch, by hand,
x

a plausible solution curve of the problem.

Without the use of technology, how would you solve
d
(V070 =Vy +y
X

Carry out your ideas.

Find a function whose square plus the square of its derivative

is 1.

(a) The differential equation in Problem 27 is equivalent to
the normal form

dy _
dx

l—y2

1 — x?

in the square region in the xy-plane defined by Ix| < 1,
|yl < 1. But the quantity under the radical is nonnegative
also in the regions defined by |x| > 1, |yl > 1. Sketch all
regions in the xy-plane for which this differential equation
possesses real solutions.

(b) Solve the DE in part (a) in the regions defined by |x| > 1,
Iyl > 1. Then find an implicit and an explicit solution of
the differential equation subject to y(2) = 2.

Mathematical Model

53.

Suspension Bridge In (16) of Section 1.3 we saw that a
mathematical model for the shape of a flexible cable strung
between two vertical supports is

dy W

=—, 1"
dx T, an

where W denotes the portion of the total vertical load between
the points P, and P, shown in Figure 1.3.9. The DE (11) is
separable under the following conditions that describe a sus-
pension bridge.

Let us assume that the x- and y-axes are as shown in
FIGURE 2.2.5—that is, the x-axis runs along the horizontal
roadbed, and the y-axis passes through (0, a), which is the
lowest point on one cable over the span of the bridge, co-
inciding with the interval [—L/2, L/2]. In the case of a sus-
pension bridge, the usual assumption is that the vertical load
in (11) is only a uniform roadbed distributed along the
horizontal axis. In other words, it is assumed that the weight
of all cables is negligible in comparison to the weight of the
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roadbed and that the weight per unit length of the roadbed
(say, pounds per horizontal foot) is a constant p. Use this
information to set up and solve an appropriate initial-value
problem from which the shape (a curve with equation
y = ¢(x)) of each of the two cables in a suspension bridge
is determined. Express your solution of the IVP in terms of
the sag h and span L shown in Figure 2.2.5.

7

y /§
/
cable // h (sag)
/]
0o _A]
11 "
L/2 L2 T\
L(span)
roadbed (load)

FIGURE 2.2.5 Shape of a cable in Problem 53

Computer Lab Assignments

54. (a)

(b)

55. (a)

(b)

50

Use a CAS and the concept of level curves to plot repre-
sentative graphs of members of the family of solutions
of the differential equation & = —8)62;5
dx 3y + 1
with different numbers of level curves as well as various
rectangular regions definedbya =x=b,c =y =d.

. Experiment

On separate coordinate axes plot the graphs of the par-
ticular solutions corresponding to the initial conditions:
y0)=—Ly0) =2 y(—1) =4 y(—1) = —3.

Find an implicit solution of the IVP

2y + 2)dy — (4x> + 6x)dx = 0, y(0) = —3.

Use part (a) to find an explicit solution y = ¢(x) of
the IVP.

(0

(@

56. (a)

(b)

(c)

Consider your answer to part (b) as a function only. Use
a graphing utility or a CAS to graph this function, and
then use the graph to estimate its domain.

With the aid of a root-finding application of a CAS, deter-
mine the approximate largest interval / of definition of the
solution y = ¢(x) in part (b). Use a graphing utility or a
CAS to graph the solution curve for the [IVP on this interval.
Use a CAS and the concept of level curves to plot repre-
sentative graphs of members of the family of solutions of

: . . dy  x(1 -
the differential equation — = ————
dx  y(=2 +y)
with different numbers of level curves as well as various
rectangular regions in the xy-plane until your result
resembles FIGURE 2.2.6.

On separate coordinate axes, plot the graph of the implicit

. Experiment

solution corresponding to the initial condition y(0) = 3.
Use a colored pencil to mark off that segment of the graph
that corresponds to the solution curve of a solution ¢ that
satisfies the initial condition. With the aid of a root-
finding application of a CAS, determine the approximate
largest interval / of definition of the solution ¢. [Hint:
First find the points on the curve in part (a) where the
tangent is vertical.]

Repeat part (b) for the initial condition y(0) = —2.

A
9

—\\

FIGURE 2.2.6 Level curves in Problem 56

m‘ Linear Equations

INTRODUCTION We continue our search for solutions of first-order DEs by next examining
linear equations. Linear differential equations are an especially “friendly” family of differential
equations in that, given a linear equation, whether first-order or a higher-order kin, there is always
a good possibility that we can find some sort of solution of the equation that we can look at.

Il A Definition The form of a linear first-order DE was given in (7) of Section 1.1. This
form, the case when n = 1 in (6) of that section, is reproduced here for convenience.

Definition 2.3.1

Linear Equation

A first-order differential equation of the form

d
e d% + a0y = g) (1)

is said to be a linear equation in the dependent variable y.
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When g(x) = 0, the linear equation (1) is said to be homogeneous; otherwise, it is
nonhomogeneous.

Il Standard Form By dividing both sides of (1) by the lead coefficient a,(x) we obtain a
more useful form, the standard form, of a linear equation

&y

o Px)y = f(x). ()
X

We seek a solution of (2) on an interval / for which both functions P and f are continuous.

In the discussion that follows, we illustrate a property and a procedure and end up with a
formula representing the form that every solution of (2) must have. But more than the formula,
the property and the procedure are important, because these two concepts carry over to linear
equations of higher order.

I The Property The differential equation (2) has the property that its solution is the sum
of the two solutions, y = y. + y,, where y. is a solution of the associated homogeneous equation

e + Px)y =0 (3)
dx

and y, is a particular solution of the nonhomogeneous equation (2). To see this, observe

i[ +y ]+ PO)[y. + ]—dy"+P }Jr{dy”jLP }—
e et Ly + ¥, = I ()Y, It @)y, | = f(x).
I\ v ) I\ v )
0 f

Il The Homogeneous DE The homogeneous equation (3) is also separable. This fact
enables us to find y, by writing (3) as

dy
7 + P(x)dx =0

and integrating. Solving for y gives y, = ce /"% For convenience let us write y. = ¢y, (x), where
y, = e P4 The fact that dy,/dx + P(x)y, = 0 will be used next to determine Vpr

Il The Nonhomogeneous DE We can now find a particular solution of equation (2) by a
procedure known as variation of parameters. The basic idea here is to find a function u so that
Y, = u(x)y (x) = u(x) e TPW4 g 3 solution of (2). In other words, our assumption for y, is the same as
Ye = cy,(x) except that ¢ is replaced by the “variable parameter” u. Substituting y, = uy; into (2) gives

Product Rule Zero
\ {
dy di d d
Sy Py, = £ or u{y' + P(x)y.} + 1 5 = f0)

dx dx dx dx

du
so that yi =/ = f(x).

dx

Separating variables and integrating then gives

S e and = Jf(x) dx
i) i)

du

From the definition of y,(x), we see 1/y,(x) = /", Therefore

yp = uy, = (J)}:‘(:;)) dx)efP(x) dx _— efP(x)deefP(x) d)rf(x) dx,
1

and y=y.+ y, = ce*fP(x)dx + e*fP(x)dx[efP(x) de(x) dx. (4)

Hence if (2) has a solution, it must be of form (4). Conversely, it is a straightforward exercise in
differentiation to verify that (4) constitutes a one-parameter family of solutions of equation (2).
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You should not memorize the formula given in (4). There is an equivalent but easier way of
solving (2). If (4) is multiplied by

e JP(x) dx (5)
and then eIPWdy, = ¢ + [efp(")‘b‘f(x) dx (6)
d
is differentiated, I [e/P0dry] = TP dep( ), (7)
JP(x) dx dy JP(x) dx. JP(x) dx
we get e = + P(x)e y=e¢ F(x). (8)
Dividing the last result by /"™ % gives (2).

Il Method of Solution The recommended method of solving (2) actually consists of
(6)—(8) worked in reverse order. In other words, if (2) is multiplied by (5), we get (8). The left
side of (8) is recognized as the derivative of the product of ¢/”®* and y. This gets us to (7). We
then integrate both sides of (7) to get the solution (6). Because we can solve (2) by integration
after multiplication by ¢/"®“ we call this function an integrating factor for the differential
equation. For convenience we summarize these results. We again emphasize that you should not
memorize formula (4) but work through the following two-step procedure each time.

Guidelines for Solving a Linear First-Order Equation

(i) Putalinear equation of form (1) into standard form (2) and then determine P(x) and the
integrating factor /"™ 4",

(if) Multiply (2) by the integrating factor. The left side of the resulting equation is auto-
matically the derivative of the integrating factor and y. Write

di [efP(X) d’cy] _ 6‘fP(,\) z[Xf(x)
X

and then integrate both sides of this equation.

Solving a Linear DE

dy
Solve — — 3y = 6.
dx

SOLUTION This linear equation can be solved by separation of variables. Alternatively, since
the equation is already in the standard form (2), we see that the integrating factor is
e/ = 73 We multiply the equation by this factor and recognize that

dy d

—3x —3x,, — —3x —3x — —3x

e — 3e = be is the same as e = 6e .

z y S le ]

Integrating both sides of the last equation gives ¢y = —2¢™* + ¢. Thus a solution of the
differential equationis y = —2 + ce™, —0co < x < co. =

When a,, a,, and g in (1) are constants, the differential equation is autonomous. In Example 1,
you can verify from the normal form dy/dx = 3(y + 2) that —2 is a critical point and that it is
unstable and a repeller. Thus a solution curve with an initial point either above or below the graph
of the equilibrium solution y = —2 pushes away from this horizontal line as x increases.

Il Constant of Integration Notice in the general discussion and in Example 1 we disre-
garded a constant of integration in the evaluation of the indefinite integral in the exponent of
/P Tf you think about the laws of exponents and the fact that the integrating factor multiplies
both sides of the differential equation, you should be able to answer why writing [P(x)dx + c is
unnecessary. See Problem 51 in Exercises 2.3.
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Il General Solution Suppose again that the functions P and f in (2) are continuous on a
common interval /. In the steps leading to (4) we showed that if (2) has a solution on /, then it must
be of the form given in (4). Conversely, it is a straightforward exercise in differentiation to verify
that any function of the form given in (4) is a solution of the differential equation (2) on /. In other
words, (4) is a one-parameter family of solutions of equation (2), and every solution of (2) defined
on / is a member of this family. Consequently, we are justified in calling (4) the general solution
of the differential equation on the interval 1. Now by writing (2) in the normal form y" = F(x, y)
we can identify F(x, y) = —P(x)y + f(x) and 0F/dy = — P(x). From the continuity of P and f'on the
interval /, we see that F’ and 9F/dy are also continuous on /. With Theorem 1.2.1 as our justification,
we conclude that there exists one and only one solution of the first-order initial-value problem

dy

20 POy = f@, o) = v (9)

X

defined on some interval I, containing x,. But when x; is in /, finding a solution of (9) is just a
matter of finding an appropriate value of ¢ in (4); that is, for each x; in I there corresponds a
distinct c. In other words, the interval , of existence and uniqueness in Theorem 1.2.1 for the
initial-value problem (9) is the entire interval 1.

EXAMPLE 2 General Solution

d
Solve xl — 4y = x%".
dx

SOLUTION By dividing by x we get the standard form
— — —y = x%" (10)

From this form we identify P(x) = —4/x and f(x) = x°¢* and observe that P and f are con-
tinuous on the interval (0, co). Hence the integrating factor is

we can use In x instead of In | x| since x > 0

)

—4lnx _ elnx’4 *4.

e*4fdx/x — =y

e
Here we have used the basic identity 5'¢*" = N, N > 0. Now we multiply (10) by x™*,

dx

d
X — 4x7%y = xe*, andobtain — [x~*y] = xe™.
dx
It follows from integration by parts that the general solution defined on (0, co) is x™*y =
xe" — e+ cory = xe* — x'e” + cx*. =

IH Sing ular Points Except in the case when the lead coefficient is 1, the recasting of equa-
tion (1) into the standard form (2) requires division by a,(x). Values of x for which a,(x) = 0 are
called singular points of the equation. Singular points are potentially troublesome. Specifically
in (2), if P(x) (formed by dividing ay(x) by a,(x)) is discontinuous at a point, the discontinuity
may carry over to functions in the general solution of the differential equation.

EXAMPLE 3 General Solution

d
Find the general solution of (x> — 9) a’l + xy = 0.
be

SOLUTION We write the differential equation in standard form

d X
d—)yc+x2_9y=o (11)

and identify P(x) = x/(x* — 9). Although P is continuous on (—co, —3), on (—3, 3), and on
(3, o0), we shall solve the equation on the first and third intervals. On these intervals the
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FIGURE 2.3.1 Some solutions of the DE

in Example 4

integrating factor is

xdi(x*—9) _ L 2 — L 2 _
e-r = e 2xdxl(x¥=9) — ey =9 _ X2 — 9.

After multiplying the standard form (11) by this factor, we get
d
o [Vx? —9y] = 0 and integrating gives Vx> — 9y = c.
x
Thus on either (—oo, —3) or (3, c0), the general solution of the equationis y = ¢/\Vx* — 9. =

Notice in the preceding example that x = 3 and x = —3 are singular points of the equation
and that every function in the general solution y = ¢/Vx* — 9 is discontinuous at these points.
On the other hand, x = 0 is a singular point of the differential equation in Example 2, but the
general solution y = x’¢* — x*¢* + cx* is noteworthy in that every function in this one-parameter
family is continuous at x = 0 and is defined on the interval (—oo, co) and not just on (0, co) as
stated in the solution. However, the family y = x’¢* — x*¢* + cx* defined on (—o0, co) cannot
be considered the general solution of the DE, since the singular point.x = 0 still causes a problem.
See Problems 46 and 47 in Exercises 2.3. We will study singular points for linear differential
equations in greater depth in Section 5.2.

EXAMPLE 4 An Initial-Value Problem

d
Solve the initial-value problem zy +y=xy0) = 4.
X

SOLUTION The equation is in standard form, and P(x) = 1 and f(x) = x are continuous on
the interval (—oo, co). The integrating factor is e/ = ¢ and so integrating

d
L] = xe'

gives e'y = xe* — €' + ¢. Solving this last equation for y yields the general solution
y =x — 1 + ce™. But from the initial condition we know that y = 4 when x = 0. Substituting
these values in the general solution implies ¢ = 5. Hence the solution of the problem on the
interval (—oo, c0) is

y=x—1+45¢e™" (12) =

Recall that the general solution of every linear first-order differential equation is a sum of two
special solutions: y,, the general solution of the associated homogeneous equation (3), and y,, a
particular solution of the nonhomogeneous equation (2). In Example 4 we identify y, = ce™ and
¥, = x — 1. FIGURE 2.3.1, obtained with the aid of a graphing utility, shows (12) in blue along with
other representative solutions in the family y = x — 1 + ce™. It is interesting to observe that as
x gets large, the graphs of all members of the family are close to the graph of y, = x — 1, which
is shown in green in Figure 2.3.1. This is because the contribution of y. = ce™ to the values of a
solution becomes negligible for increasing values of x. We say that y. = ce™ is a transient
term since y, — 0 as x — oo. While this behavior is not a characteristic of all general solu-
tions of linear equations (see Example 2), the notion of a transient is often important in
applied problems.

Il Piecewise-Linear Differential Equation Inthe construction of mathematical mod-
els (especially in the biological sciences and engineering) it can happen that one or more coef-
ficients in a differential equation is a piecewise-defined function. In particular, when either P(x)
or f(x) in (2) is a piecewise-defined function the equation is then referred to as a piecewise-linear
differential equation. In the next example, f(x) is piecewise continuous on the interval [0, co)
with a single jump discontinuity at x = 1. The basic idea is to solve the initial-value problem in
two parts corresponding to the two intervals over which f(x) is defined; each part consists of a
linear equation solvable by the method of this section. As we will see, it is then possible to piece
the two solutions together at x = 1 so that y(x) is continuous on [0, co). See Problems 33—-38
in Exercises 2.3.
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FIGURE 2.3.2 Discontinuous f(x)
in Example 5

FIGURE 2.3.3 Graph of function in (13)
of Example 5

EXAMPLE 5 An Initial-Value Problem

Solve % +y=fx),y0) =0 where f(x)= {

I, 0=x=1

0, x>1.

SOLUTION The graph of the discontinuous function f'is shown in FIGURE 2.3.2. We solve the
DE for y(x) first on the interval [0, 1] and then on the interval (1, co). For 0 = x = 1 we have

dy . d
— + y =1 orequivalently, — [e*y] = e".
dx dx
Integrating this last equation and solving for y gives y = 1 + ¢,¢™. Since y(0) = 0, we must
have ¢; = —1, and therefore y = 1 — ¢, 0 = x = 1. Then for x > 1, the equation
dy
—+y=0
dx Y

leads to y = c,e™". Hence we can write

l1—¢e", 0=x=1
y:

—X

e, x > 1.

By appealing to the definition of continuity at a point it is possible to determine ¢, so that the
foregoing function is continuous at x = 1. The requirement that lim,_,;+ y(x) = y(1) implies
that c,e! =1 — ¢! orc, = e — 1. As seen in FIGURE 2.3.3, the piecewise defined function

1 —e™, 0=x=1
y:

(e — De ™, x>1 (13)

is continuous on the interval [0, co). =

It is worthwhile to think about (13) and Figure 2.3.3 a little bit; you are urged to read and
answer Problem 49 in Exercises 2.3.

IH Error Function In mathematics, science, and engineering, some important functions are
defined in terms of nonelementary integrals. Two such special functions are the error function
and complementary error function:

2 (" . 2 (7,
erf(x) = V;J e 'dr and erfc(x) = \/;J e "dt. (14)
0 X

From the known result ¢ ~"dt = \/7/2, we can write (2/ \V/7)fs%e "di = 1. Using the additive
interval property of definite integrals [;° = [ + [* we can rewrite the last result in the alterna-
tive form

erf(x) erfc(x)
14 A N\ 14 A \
2 « _tz 2 Jx _tz 2 J’OQ _[z
— dt = —= dt + — dt = 1. 15
\/EL ¢ N V), ¢ (15)

It is seen from (15) that the error function erf(x) and complementary error function erfc(x) are
related by the identity

erf(x) + erfc(x) = 1.

Because of its importance in probability, statistics, and applied partial differential equations, the
error function has been extensively tabulated. Note that erf(0) = 0 is one obvious function value.
Numerical values of erf(x) can also be found using a CAS such as Mathematica.

If we are solving an initial-value problem (9) and recognize that indefinite integration of the
right-hand side of (7) would lead to a nonelementary integral, then as we saw in Example 5 of
Section 2.2 itis convenient to use instead definite integration over the interval [x,, x]. The last example
illustrates that this procedure automatically incorporates the initial condition at x;, into the solution
of the DE, in other words, we do not have to solve for the constant ¢ in its general solution.
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FIGURE 2.3.4 Graph of (18) in Example 6
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EXAMPLE 6 The Error Function

d
Solve the initial-value problem dl — 2xy = 2,y0) = 1.
X

SOLUTION The differential equation is already in standard form, and so we see that the in-

J(—2xdx) —

tegrating factor is e e, Multiplying both sides of the equation by this factor then

d )
gives e dl — 2xe ™" y = 2e¢ " which is the same as
X

d 2 2
a[e” y] = 2e7". (16)

Because indefinite integration of both sides of equation (16) leads to the nonelementary inte-
gral fe ™ dx, we identify x, = 0 and use definite integration over the interval [0, x]:

X

“d > ) B
Jdt[e_r y()]dt = ZJ e "dt or e y(x) — y0) = 2J e "dt.
0 0

0

X

Using the initial condition y(0) = 1 the last expression yields the solution
y = e + ZEXZJ e " dt. (17)
0

Then by inserting the factor V/7r/V/7r into this solution in the following manner:
erf(x)

2 2 * 2 2 2 * 2
=" + 2" | e "dt=¢e" [1 + W(L e’ dt)}
y L N
we see from (14) that (17) can be rewritten in terms of the error function as
y = e[l + Vaerf(®)]. (18)

The graph of solution (18), shown in FIGURE 2.3.4, was obtained with the aid of a CAS.

See Problems 39—44 in Exercises 2.3.

Il Use of Computers Some computer algebra systems are capable of producing explicit
solutions for some kinds of differential equations. For example, to solve the equation y’ + 2y = x,
we use the input commands

DSolve[y'[x] + 2 y[x] == x, y[x], x] (in Mathematica)
and dsolve(diff(y(x), x) + 2¥y(x) = X, y(x)); (in Maple)
Translated into standard symbols, the output of each programis y = —}; + ix + ce >

|
REMARKS

(i) Occasionally a first-order differential equation is not linear in one variable but is linear in
the other variable. For example, the differential equation

dy 1

dx  x+y*

is not linear in the variable y. But its reciprocal

i—x+ 2 or ——x=
dy y y
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is recognized as linear in the variable x. You should verify that the integrating factor
¢!V = ¢ and integration by parts yield an implicit solution of the first equation:
x=—y? =2y —2+ce.

(if) Because mathematicians thought they were appropriately descriptive, certain words were
“adopted” from engineering and made their own. The word fransient, used earlier, is one of
these terms. In future discussions the words input and output will occasionally pop up. The
function fin (2) is called the input or driving function; a solution of the differential equation
for a given input is called the output or response.
A

m DCIRHRER]  Answers to selected odd-numbered problems begin on page ANS-2.

In Problems 1-24, find the general solution of the given differ-
ential equation. Give the largest interval over which the general
solution is defined. Determine whether there are any transient

d
26. yd—x— x=22% yl)=5
y

di
terms in the general solution. 2]. LZ; + Ri = E; i(0) = iy, L, R, E, and i, constants
1 d_ 5 2 & +2y=0 dT
S Y P "R 28. o KT — T,); T(0) =T, K, T,, and T, constants
dy 5 dy
3. —+y=e* 4 3—+ 12y =4 dy
dx dx 29. (x + l)z +y=1Inx, y() =10
5y + 3x%y = x? 6. y' + 2xy =x° o
7% +ay =1 8 y =2y +x*+5 30. y' + (tanx)y = cos’x, y(0) = —1
dy dy e 2Vx - v\ dx
9, x— — y = x’sinx 0. x— +2y =3 31. ( —=1, () =1
dx dx Vx dy
dy dy dx
M x— +4y=x> — 12 1+x)——xy=x+x? eNd = tan ! =
Xt Ex o ( x)dx Xy =x+x 32. (1+t)dt+x—tan t, x(0) =4

13. X% + x(x + 2)y = e*
14. xy' + (1 + x)y = e *sin2x
15. ydx — 4(x + y®dy = 0

[Hint: In your solution let u = tan 1]

In Problems 33-36, proceed as in Example 5 to solve the

16. ydx = (ye’ — 2x)dy given initial-value problem. Use a graphing utility to graph
dy . the continuous function y(x).
17. cosxdf + (sinx)y = 1 J
* ., 2. d—y + 2y = f(r), y(0) = 0, where
by
18. cos’x sinxdl + (cos*x)y = 1
J . o) {1, 0=x=3
x =
19, (x+1)d—y+(x+2)y:2xe*x 0, x>3
by
dy dy . _ _
2. (x +2)>—=5— 8y — 4xy 34. T +y = f(x), y0) =1, where
dx X
dr 1 0=x=1
21. — + rsecO = cos @ = ’
do &) {—1, x> 1
dp
2. — +2tP=P + 4t —2 dy
dt 3. — + 2xy = f(x), ¥(0) = 2, where

dx

23 xﬂ+(3x+1) =e ¥
" dx Y x, 0=x<1

fx) = {0’ =1

d

2, (x> — 1)£y + 2y = (x + 1)

d
3%. (1 + xz)d—y + 20y = f(x), y(0) = 0, where

X

In Problems 25-32, solve the given initial-value problem. Give

the largest interval / over which the solution is defined. X 0=x<1

fx) = { ’

25 xy +y=e¢€", yl)=2

—x, x=1
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In Problems 37 and 38, proceed as in Example 5 to solve the
given initial-value problem. Use a graphing utility to graph the
continuous function y(x).

d
3. d—y + Py = 4x, y(0) = 3, where
X
2, 0=x=1
-{ 2
PO=93_2 s>
X
dy
38. — + P(x)y =0, y(0) = 4, where
dx
PGy = {1, 0=x=2
Vs x>0

In Problems 39 and 40, proceed as in Example 6 and express the
solution of the given initial-value problem in terms of erf(x)
(Problem 39) and erfc(x) (Problem 40).

dy
1L =1, y=1
dx
d
2. ay —2y =1, y0) = Va2

In Problems 41 and 42, proceed as in Example 6 and express
the solution of the given initial-value problem in terms of an
integral-defined function.

dy
N —+ey=1, y0) =1
dx
d
42, le —y=x% y)=0
dx
43. The sine integral function is defined as
. “sin ¢
Si(x) = Jdt,
o !
where the integrand is defined to be 1 at x = 0. Express the
solution of the initial-value problem
34y

+ 2x% = 10sinx, y(1) =0
dx

X

in terms of Si(x).

44. The Fresnel sine integral function is defined as

_ " )
Sx) = Lsm(zt >dt.

Express the solution of the initial-value problem
d

=~ inady =0, y0) =5
dx

in terms of S(x).

Discussion Problems

45. Reread the discussion following Example 1. Construct a
linear first-order differential equation for which all noncon-
stant solutions approach the horizontal asymptote y = 4
as x — oo.

46. Reread Example 2 and then discuss, with reference to
Theorem 1.2.1, the existence and uniqueness of a solution of
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the initial-value problem consisting of xy’ — 4y = x%* and

the given initial condition.

@ y0)=0

() y(0) =yp >0

(© yxo)) =yp, x>0, y»>0

47. Reread Example 3 and then find the general solution of the
differential equation on the interval (—3, 3).

48. Reread the discussion following Example 4. Construct a lin-
ear first-order differential equation for which all solutions are
asymptotic to the line y = 3x — 5 as x — 0.

49. Reread Example 5 and then discuss why it is technically incor-
rect to say that the function in (13) is a solution of the IVP on
the interval [0, co).

50. (a) Construct a linear first-order differential equation of the

formxy’ + ay(x)y = g(x) for whichy, = ¢/x’ and y, = x°.
Give an interval on which y = x* + ¢/x is the general
solution of the DE.

(b) Give an initial condition y(x,) = y, for the DE found in
part (a) so that the solution of the IVPisy = x* — 1/x°.
Repeat if the solution is y = x* + 2/x°. Give an interval /
of definition of each of these solutions. Graph the solution
curves. Is there an initial-value problem whose solution
is defined on the interval (—oo, 00)?

(c) Iseach IVP found in part (b) unique? That is, can there
be more than one IVP for which, say, y = x> — 1/x°, x in
some interval [ is the solution?

51. In determining the integrating factor (5), there is no need
to use a constant of integration in the evaluation of [P(x) dx.
Explain why using [P(x)dx + ¢ has no effect on the solution
of (2).

Mathematical Models

52. Radioactive Decay Series The following system of differ-
ential equations is encountered in the study of the decay of a
special type of radioactive series of elements:

dx

= _Alx’

dt

dy

—— = Ax — Ay,
dr X 2y

where \; and \, are constants. Discuss how to solve this
system subject to x(0) = x,, y(0) = y,. Carry out your ideas.

53. Heart Pacemaker A heart pacemaker consists of a switch,
a battery of constant voltage E,, a capacitor with constant
capacitance C, and the heart as a resistor with constant resis-
tance R. When the switch is closed, the capacitor charges;
when the switch is open, the capacitor discharges, sending an
electrical stimulus to the heart. During the time the heart is
being stimulated, the voltage E across the heart satisfies the
linear differential equation

a1
dt RC

Solve the DE subject to E(4) = E,,.



Computer Lab Assignments

54. (a)

(b)
55. (a)

(b)

Use a CAS to graph the solution curve of the initial-value
problem in Problem 40 on the interval (—oo, c0).

Use tables or a CAS to value the value y(2).

Use a CAS to graph the solution curve of the initial-value
problem in Problem 43 on the interval [0, co).

Use a CAS to find the value of the absolute maximum of
the solution y(x) on the interval.

56. (a)

(b)

(c)

Use a CAS to graph the solution curve of the initial-value
problem in Problem 44 on the interval (— oo, c0).

It is known that Fresnel sine integral S(x) — 5 as x — co
and S(x) — —1 as x — —oo. What does the solution y(x)
approach as x — c0? As x —> —o0?

Use a CAS to find the values of the absolute maximum
and the absolute minimum of the solution y(x) on the
interval.

m‘ Exact Equations

INTRODUCTION Although the simple differential equation ydx + xdy = 0 is separable, we
can solve it in an alternative manner by recognizing that the left-hand side is equivalent to the
differential of the product of x and y; that is, ydx + xdy = d(xy). By integrating both sides of the
equation we immediately obtain the implicit solution xy = c.

Il Differential of a Function of Two Variables If z = f(x, y) is a function of two
variables with continuous first partial derivatives in a region R of the xy-plane, then its differential
(also called the total differential) is

) d
dz=ldx+ldy. (1)
0x Jdy
Now if f(x, y) = c, it follows from (1) that
0, J
ldx + ldy =0. (2)
0x dy

In other words, given a one-parameter family of curves f(x, y) = ¢, we can generate a first-order dif-
ferential equation by computing the differential. For example, if x> — 5xy + y* = ¢, then (2) gives

(2x — 5y)dx + (—5x + 3y*)dy = 0. (3)

For our purposes it is more important to turn the problem around; namely, given a first-order DE
such as (3), can we recognize that it is equivalent to the differential d(x* — 5xy + y*) = 0?

Definition 24.1  Exact Equation

A differential expression M(x, y) dx + N(x, y) dy is an exact differential in a region R of the
xy-plane if it corresponds to the differential of some function f(x, y). A first-order differential
equation of the form

M(x,y)dx + N(x,y)dy = 0

is said to be an exact equation if the expression on the left side is an exact differential.

For example, the equation x*y*dx + x*y*dy = 0 is exact, because the left side is d(3x°y’) =
x*y¥dx + x*y*dy. Notice that if M(x, y) = x*y* and N(x, y) = x*y?, then aM/dy = 3x>y* = aN/ox.
Theorem 2.4.1 shows that the equality of these partial derivatives is no coincidence.

Theorem 2.4.1 Criterion for an Exact Differential

Let M(x, y) and N(x, y) be continuous and have continuous first partial derivatives in a rect-
angular region R defined by a < x < b, ¢ <y < d. Then a necessary and sufficient condition
that M(x, y)dx + N(x, y)dy be an exact differential is

oM ON
= @)
dy 0x
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PROOF: (Proof of the Necessity) For simplicity let us assume that M(x, y) and N(x, y) have
continuous first partial derivatives for all (x, y). Now if the expression M(x, y)dx + N(x, y)dy is
exact, there exists some function f such that for all x in R,

of af
M(x,y)dx + N(x,y)dy = ——dx + ——dy.
ox ay
af of
Therefore, M(x,y) = —, Nx,y) =,
0x ay
oM 9 (af) I 9 (af) N
and =\ = =\ T o
Jdy dy \ox Jdyox dx \ dy ox

The equality of the mixed partials is a consequence of the continuity of the first partial

derivatives of M(x, y) and N(x, y). =

The sufficiency part of Theorem 2.4.1 consists of showing that there exists a function f for
which dffox = M(x, y) and df/dy = N(x, y) whenever (4) holds. The construction of the function f
actually reflects a basic procedure for solving exact equations.

Il Method of Solution Given an equation of the form M(x, y)dx + N(x, y)dy = 0, deter-
mine whether the equality in (4) holds. If it does, then there exists a function f for which

Jd
l = M(x, y).
0x

We can find f'by integrating M(x, y) with respect to x, while holding y constant:

S y) = JM(x, y)dx + g(y), (5)

where the arbitrary function g(y) is the “constant” of integration. Now differentiate (5) with re-
spect to y and assume 9f/dy = N(x, y):

> _ 9

5 JM(X, y)dx + g'(y) = N(x, y).
y dy

This gives g’ (y) = N, y) — :yJM(x, y) dx. (6)

Finally, integrate (6) with respect to y and substitute the result in (5). The implicit solution of the
equation is f(x, y) = c.

Some observations are in order. First, it is important to realize that the expression
N(x, y) — (3/ay) [M(x, y) dx in (6) is independent of x, because

d 9 N a9 (9 ON oM
{N(x’ y) — JM(x, y) dx} =— - — (JM(x, y) dx) =——-—=0.
ox 9y ox  dy \dx ox  dy

Second, we could just as well start the foregoing procedure with the assumption that
dfldy = N(x, y). After integrating N with respect to y and then differentiating that result, we would
find the analogues of (5) and (6) to be, respectively,

)
S y) = j N(x,y)dy + h(x) and h'(x) = M(x,y) — a)JN(x, y) dy.

If you find that integration of df/ox = M(x, y) with respect to x is difficult, then try
integrating d9f/dy = N(x, y) with respect to y. In either case none of these formulas should
be memorized.
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Note the form of the
solution. It is f(x, y) = c.

Solving an Exact DE

Solve 2xydx + (x> — 1)dy = 0.
SOLUTION With M(x, y) = 2xy and N(x, y) = x> — 1 we have

oM N
— =2x = —.
Jdy 0x

Thus the equation is exact, and so, by Theorem 2.4.1, there exists a function f(x, y) such that

9
— = 2xy and l=x2—1.
ox

From the first of these equations we obtain, after integrating,
fy) =y + ).

Taking the partial derivative of the last expression with respect to y and setting the result equal
to N(x, y) gives

J
I X2+ g'(y) =x*— 1. <N,y
ady

It follows that g(y=—-1 and g@) = —y

Hence, f(x, y) = x*y — , and so the solution of the equation in implicit form is x’y — y = c.
The explicit form of the solution is easily seen to be y = ¢/(x* — 1) and is defined on any in-

terval not containing eitherx = 1 orx = —1. =

The solution of the DE in Example 1 is not f(x, y) = x*y — y. Rather it is f(x, y) = ¢; orif a
constant is used in the integration of g'(y), we can then write the solution as f(x, y) = 0. Note,
too, that the equation could be solved by separation of variables.

Solving an Exact DE

Solve (e¥ — ycosxy) dx + (2xe® — x cos xy + 2y) dy = 0.

SOLUTION The equation is exact because
wm . ON
— = 2¢” + xysinxy — cosxy = —.
ay 0x

Hence a function f(x, y) exists for which
o) ad
M(x,y) = l and N(x,y) = l
0x ay

Now for variety we shall start with the assumption that df/ay = N(x, y);

. of >
that is, oy = 2xe”™ — xcosxy + 2y
y

fO,y) = 2xjezydy - xfcosxydy + 2Jy dy + h(x)
Remember, the reason x can come out in front of the symbol [ is that in the integration with
respect to y, x is treated as an ordinary constant. It follows that
flx, y) = xe® — sinxy + y*> + h(x)
of

P e — ycosxy + h'(x) = e¥ — ycosxy <« M(x,y)
x

and so i'(x) = 0 or h(x) = ¢. Hence a family of solutions is

xe® —sinxy +y? + ¢ = 0.
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FIGURE 2.4.1 Some solution curves in the
family (7) of Example 3

62

EXAMPLE 3 An Initial-Value Problem

o dy  xy* — cosxsinx
Solve the initial-value problem — = ———————, y(0) = 2.
dx y(l — x%)

SOLUTION By writing the differential equation in the form
(cosxsinx —xy?)dx + y(1 —x)dy=0

we recognize that the equation is exact because

oM N
— = —2xy = —.
ay ax
0,
Now l =yl — x?)
ay

2

fy) = %(1 — X)) + h(x)

)

I _ —xy? + h'(x) = cosxsinx — xy°.
0x

The last equation implies that 4'(x) = cos x sin x. Integrating gives

h(x) = —J(cos Xx)(—sin x dx) = —%coszx.

2
Thus y?(l o %coszx =¢ or yX1 —x%) — cos’x =g, (7)
where 2¢, has been replaced by c. The initial condition y = 2 when x = 0 demands that
4(1) — cos*(0) = ¢ and so ¢ = 3. An implicit solution of the problem is then
31 — x?) — cos’x = 3.

The solution curve of the IVP is part of an interesting family of curves and is the curve drawn
inblue in FIGURE 2.4.1. The graphs of the members of the one-parameter family of solutions given
in (7) can be obtained in several ways, two of which are using software to graph level curves
as discussed in the last section, or using a graphing utility and carefully graphing the explicit
functions obtained for various values of ¢ by solving y* = (¢ + cos® x)/(1 — x?) for y. =

1 Integrating Factors Recall from the last section that the left-hand side of the linear
equation y’ + P(x)y = f(x) can be transformed into a derivative when we multiply the equation
by an integrating factor. The same basic idea sometimes works for a nonexact differential equa-
tion M(x, y)dx + N(x, y)dy = 0. That is, it is sometimes possible to find an integrating factor
u(x, y) so that after multiplying, the left-hand side of

p(x, YM(x, y)dx + p(x, y)N(x, y)dy = 0 (8)

is an exact differential. In an attempt to find ¢ we turn to the criterion (4) for exactness. Equation (8)
is exact if and only if (uM), = (uN),, where the subscripts denote partial derivatives. By the
Product Rule of differentiation the last equation is the same as uM, + u,M = uN, + u,N or

N — u,M = (M, — Nou. (9)

Although M, N, M,, N, are known functions of x and y, the difficulty here in determining the
unknown u(x, y) from (9) is that we must solve a partial differential equation. Since we are not
prepared to do that we make a simplifying assumption. Suppose u is a function of one variable;
say that u depends only upon x. In this case u, = du/dx and (9) can be written as

du _ M, = N

dx N~ (10)

We are still at an impasse if the quotient (M, — N,)/N depends upon both x and y. However, if
after all obvious algebraic simplifications are made, the quotient (M, — N,)/N turns out to depend
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solely on the variable x, then (10) is a first-order ordinary differential equation. We can finally
determine u because (10) is separable as well as linear. It follows from either Section 2.2 or
Section 2.3 that u(x) = e/~ N/Nd Tn Jike manner it follows from (9) that if u depends only

on the variable y, then
d N, — M
aa Ty n (11)
dy M

In this case, if (N, — M,)/M is a function of y, only then we can solve (11) for u.
We summarize the results for the differential equation

M(x,y) dx + N(x, y) dy = 0. (12)

e If (M, — N,)/N is a function of x alone, then an integrating factor for equation (12) is

M,—N,
ulx) = ef N~ (13)
e If (N, — M,)/M is a function of y alone, then an integrating factor for equation (12) is
N,—M,
I; dy
u(y) =e . (14)
EXAMPLE 4 A Nonexact DE Made Exact

The nonlinear first-order differential equation xy dx + (2x* + 3y* — 20) dy = 0 is not exact.
With the identifications M = xy, N = 2x* + 3y* — 20 we find the partial derivatives M, =x
and N, = 4x. The first quotient from (13) gets us nowhere since

M, — N, B x — 4x B —3x
N 2x2 + 3y2 =20 2x% + 32— 20

depends on x and y. However (14) yields a quotient that depends only on y:
Nx_Mv_4x—x_3l_3

M xy xy oy

The integrating factor is then ¢/>®” = 31"y = ¢! = 3 After multiplying the given DE by
u(y) = y® the resulting equation is

otdx + 2x% + 3y° — 20y dy = 0.

You should verify that the last equation is now exact as well as show, using the method of this

section, that a family of solutions is 5 x>y* + 5 y* — 5y* = c. =

|
REMARKS

(/) When testing an equation for exactness, make sure it is of the precise form M(x, y) dx +
N(x, y) dy = 0. Sometimes a differential equation is written G(x, y) dx = H(x, y) dy. In this
case, first rewrite it as G(x, y) dx — H(x, y) dy = 0, and then identify M(x, y) = G(x, y) and
N(x,y) = —H(x, y) before using (4).

(if) In some texts on differential equations the study of exact equations precedes that of linear
DE:s. If this were so, the method for finding integrating factors just discussed can be used to
derive an integrating factor for y’ + P(x)y = f(x). By rewriting the last equation in the dif-
ferential form (P(x)y — f(x)) dx + dy = 0 we see that

M, — N

Tx = P(x).

JP(x) dx

From (13) we arrive at the already familiar integrating factor e used in Section 2.3.
A
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m DCIHREE]  Answers to selected odd-numbered problems begin on page ANS-2.

In Problems 1-20, determine whether the given differential
equation is exact. If it is exact, solve it.

1. 2x—1)dx+ @By +T7)dy=0

2 2x+y)dx —(x+6y)dy=0

3. Sx+4y)dx+ (4x—8y)dy=0

4. (siny —ysinx)dx + (cosx + xcosy —y)dy =0
5. 2xy> —3)dx+ 2x%y +4)dy =0

1 dy y 5 .
6. {2y — —+ cos3x|]—+ = —4x° + 3ysin3x =0
X dx = x*

7. (2 —y)de+ (> —2xy)dy =0
8. (1 + Inx + )yc) dx = (1 — Inx) dy

9. (x —y* + y*sinx) dx = (3xy* + 2y cos x) dy
10. (°+y’)dx +3x°dy=0

1
"N. (ylny — e dx + (y + xlny) dy =20
12. Bxly+ &) dx+ (® +xe’ —2y)dy =0

d
13. xl = 2xe* — y + 6x2
dx

3 d 3
14. <1—+x)y+y=—1
X X

15. (xzy3 - l)dx + x
1 + 9%/ dy

16. Sy —2x)y' —2y=0

17. (tanx — sinx siny) dx + cosxcosydy = 0

18. (2ysinxcosx — y + 2y%™) dx = (x — sin®x — 4xye™) dy
19. 4y — 152 —y)dt + (t* + 3y — ) dy =0

<1+1 Y )dt+< N >d 0
J— —_— e =
ttr 2+ Y 2+ y? Y

In Problems 21-26, solve the given initial-value problem.
2. x+y)Pde+ Qxy+x2—1Ddy=0, yl)=1
2 (ft+tydet+t2+x+y)dy=0, y0) =1
23. 4y +2t—5dt+ 6y +4—1)dy=0, y(—1)=2
3y? — t2> dy t
2 |—(— |+ -—7=0, H=1
( y5 dt 2y* Y

25, (y*cosx — 3x%y — 2x)dx + Qysinx — x> + Iny) dy = 0,
y(0) =e

20.

o

1 d
2. (1 Lt cos 2xy>di: =y + sinx), y0) = 1

In Problems 27 and 28, find the value of & so that the given
differential equation is exact.

27. (¥ + kxy* — 2x) dx + (3xy* + 20x%y}) dy = 0
28. (6xy® + cosy) dx + (2kx’y* — xsiny)dy =0
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In Problems 29 and 30, verify that the given differential
equation is not exact. Multiply the given differential equation
by the indicated integrating factor u(x, y) and verify that the
new equation is exact. Solve.

29. (—xysinx +2ycosx)dx + 2xcosxdy =0; u(x,y) = xy

30. (x> +2xy —y)dx+ (P +2xy — %) dy =0; u(x,y)=(x+y)~>

In Problems 31-36, solve the given differential equation by
finding, as in Example 4, an appropriate integrating factor.

31. (2y* +3x)dx + 2xydy =0
2. yx+ty+ Ddx+(x+2y)dy =0
33. 6xydx + 4y + 9% dy =0

2
34. cosxdx + (1 + y> sinxdy = 0

35. (10— 6y+ ¢ dx—2dy=0
36. (y° +xy))dx + (55" —xy + y’ siny)dy =0

In Problems 37 and 38, solve the given initial-value problem by
finding, as in Example 4, an appropriate integrating factor.

3. xdx+ (XPy +4y)dy=0, y4)=0
38 (P +y —5de=@+xy)dy, y0)=1

39. (a) Show that a one-parameter family of solutions of the
equation

(4xy + 3x) dx + 2y + 2x¥) dy =0

isx® +2x% +y* =c.

(b) Show that the initial conditions y(0) = —2 and y(1) = 1
determine the same implicit solution.

(¢) Find explicit solutions y,(x) and y,(x) of the differential
equation in part (a) such that y;(0) = —2 and y,(1) = 1.
Use a graphing utility to graph y,(x) and y,(x).

Discussion Problems

40. Consider the concept of an integrating factor used in Problems
29-38. Are the two equations M dx + Ndy = 0 and uM dx +
uN dy = 0 necessarily equivalent in the sense that a solution
of one is also a solution of the other? Discuss.

#41. Reread Example 3 and then discuss why we can conclude that
the interval of definition of the explicit solution of the IVP
(the blue curve in Figure 2.4.1) is (—1, 1).

42. Discuss how the functions M(x, y) and N(x, y) can be found so
that each differential equation is exact. Carry out your ideas.

1
(@) M(x,y)dx + ()ce"‘-V + 2xy + x) dy =0

X
b —1/2,1/2 4
(b) (x y e

43. Differential equations are sometimes solved by having a clever
idea. Here is a little exercise in cleverness: Although the dif-
ferential equation

x— Vx2+yHdx +ydy=0

)dx+N(x,y)dy=0



is not exact, show how the rearrangement

xdx +ydy
VX2 + y?

and the observation d(x*> + y*) = xdx + y dy canlead to a
solution.

44. True or False: Every separable first-order equation
dyldx = g(x)h(y) is exact.

dx

Mathematical Model

45. Falling Chain A portion of a uniform chain of length 8 ft is
loosely coiled around a peg at the edge of a high horizontal
platform and the remaining portion of the chain hangs at rest
over the edge of the platform. See FIGURE 2.4.2. Suppose the
length of the overhang is 3 ft, that the chain weighs 2 1b/ft,
and that the positive direction is downward. Starting at = 0
seconds, the weight of the overhanging portion causes the
chain on the table to uncoil smoothly and fall to the floor. If
x(1) denotes the length of the chain overhanging the table at
time ¢ > 0, then v = dx/dt is its velocity. When all resistive
forces are ignored, it can be shown that a mathematical model
relating v and x is

dv )
xv— + v = 32x.
dx

(a) Rewrite the model in differential form. Proceed as in
Problems 31-36 and solve the DE by finding an ap-
propriate integrating factor. Find an explicit solution

v(x).

(b) Determine the velocity with which the chain leaves the
platform.

platform edge

FIGURE 2.4.2 Uncoiling chain in Problem 45

Computer Lab Assignment

46. (a) The solution of the differential equation

y2_x2
e+ [1+ 22— |dy=0
* { (x2+y2)2}y

_
(xZ + y2)2

is a family of curves that can be interpreted as streamlines
of a fluid flow around a circular object whose boundary
is described by the equation x* + y* = 1. Solve this DE
and note the solution f(x, y) = ¢ for ¢ = 0.

(b) Use a CAS to plot the streamlines for ¢ = 0, =0.2, =0.4,
*0.6, and *0.8 in three different ways. First, use the
contourplot of a CAS. Second, solve for x in terms of
the variable y. Plot the resulting two functions of y for
the given values of ¢, and then combine the graphs. Third,
use the CAS to solve a cubic equation for y in terms of x.

E‘ Solutions by Substitutions

INTRODUCTION We usually solve a differential equation by recognizing it as a certain
kind of equation (say, separable) and then carrying out a procedure, consisting of equation-
specific mathematical steps, that yields a function that satisfies the equation. Often the first
step in solving a given differential equation consists of transforming it into another differential
equation by means of a substitution. For example, suppose we wish to transform the first-
order equation dy/dx = f(x, y) by the substitution y = g(x, ), where u is regarded as a function

of the variable x.

If g possesses first-partial derivatives, then the Chain Rule gives

See (10) on page 499. }

D o) + gu 1)
— =g (x,u S 1) —.
dx 8x g dx

By replacing dy/dx by f(x, y) and y by g(x, u) in the foregoing derivative, we get the new first-

order differential equation

du
Slx, glx, u)) = gux, u) + g,(x, u) =
X

which, after solving for du/dx, has the form du/dx = F(x, u). If we can determine a solution # = ¢(x)
of this second equation, then a solution of the original differential equation is y = g(x, ¢(x)).
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A linear first-order DE }
ay’ + apy = gx)is
homogeneous when
8(x)=0.

] Homogeneous Equations If a function f possesses the property f(zx, ry) = 1“f(x, y)
for some real number «, then fis said to be a homogeneous function of degree «. For example,
f(x,y) = x> + y* is a homogeneous function of degree 3 since

flex, ty) = (0)° + (ty)’ = £ + ) = £f(x, y),

whereas f(x, y) = x> + y* + 1 is seen not to be homogeneous. A first-order DE in differential
form

M(x,y)dx + N(x,y)dy =0 (1)

is said to be homogeneous if both coefficients M and N are homogeneous functions of the same
degree. In other words, (1) is homogeneous if

M(tx, ty) = 1*M(x,y) and  N(ix, ty) = 1*N(x, y).

The word homogeneous as used here does not mean the same as it does when applied to linear
differential equations. See Sections 2.3 and 3.1.
If M and N are homogeneous functions of degree «, we can also write

M(x,y) = x*M(1,u) and N(x,y) = x*N(1,u) where u = y/x, (2)
and M(x,y) = y*M(v,1) and N(x,y) = y*N(v,1) where v = x/y. (3)

See Problem 31 in Exercises 2.5. Properties (2) and (3) suggest the substitutions that can be used
to solve a homogeneous differential equation. Specifically, either of the substitutions y = ux or
x = vy, where u and v are new dependent variables, will reduce a homogeneous equation to a
separable first-order differential equation. To show this, observe that as a consequence of (2) a
homogeneous equation M(x, y) dx + N(x, y) dy = 0 can be rewritten as

X*M,u)dx + x*N(1,u)dy =0 or M(1,u)dx + N(1,u)dy =0,

where u = y/x or y = ux. By substituting the differential dy = udx + xdu into the last equation
and gathering terms, we obtain a separable DE in the variables u and x:

M, u)dx + N(1, u)[udx + xdu] =0
[M(1, u) + uN(1, u)] dx + xN(1, u) du = 0

dx N(1, u) du _
X M(1, u) + uN(1, u)

or

We hasten to point out that the preceding formula should not be memorized; rather, the procedure
should be worked through each time. The proof that the substitutions x = vyand dx = vdy + y dv
also lead to a separable equation follows in an analogous manner from (3).

EXAMPLE 1 Solving a Homogeneous DE

Solve (x* + yz) dx + (x* — xy)dy = 0.

SOLUTION Inspection of M(x, y) = x> + y* and N(x, y) = x> — xy shows that these coeffi-
cients are homogeneous functions of degree 2. If we let y = ux, then dy = u dx + x du so that,
after substituting, the given equation becomes

@+t de+ & — wD[ude + xdu] =0
Pl +wdc+ X0 —uwdu=0

1 —u dx
du + —=20
1 +u X
2 dx
-1+ du + = 0. < long division
1 +u X
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After integration the last line gives

—u+2Inll + ul +1nlxl = 1nlcl

—% + 2In|l + % + Inlxl = Inlcl. < resubstituting u = y/x

Using the properties of logarithms, we can write the preceding solution as

Yy

x + v)?
Q =; or (x+y)2=cxey/x.

cXx

In

Although either of the indicated substitutions can be used for every homogeneous differ-
ential equation, in practice we try x = vy whenever the function M(x, y) is simpler than N(x, y).
Also it could happen that after using one substitution, we may encounter integrals that are
difficult or impossible to evaluate in closed form; switching substitutions may result in an
easier problem.

Il Bernoulli's Equation The differential equation

d
dl + Py = f(x)y", (4)
X

where n is any real number, is called Bernoulli’s equation and is named after the Swiss math-
ematican Jacob Bernoulli (1654 —1705). Note that for n = 0 and n = 1, equation (4) is linear.
For n # 0 and n # 1, the substitution u = y'~" reduces any equation of form (4) to a
linear equation.

EXAMPLE 2 Solving a Bernoulli DE

d
Solve x=2 + y = x%y%
dx

SOLUTION  We begin by rewriting the differential equation in the form given in (4) by dividing
by x:
b1

+ -y =x"
PR )

With n = 2, we next substitute y = u" and

d d
e = —y? al < Chain Rule

dx dx
into the given equation and simplify. The result is

du 1
— = —u= —x
dx x

The integrating factor for this linear equation on, say, (0, co) is

— | —1 —
e [dx/x — e Inx _ glnx 1

=x
. d
Integrating —[x7'u] = —1
dx
gives x'u = —x + coru = —x* + cx. Since u = y! we have y = 1/u, and so a solution of

the given equation is y = 1/(—x* + cx). =

Note that we have not obtained the general solution of the original nonlinear differential equa-
tion in Example 2, since y = 0 is a singular solution of the equation.
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Il Reduction to Separation of Variables A differential equation of the form
dy
— = f(Ax + By + C) (5)
dx

can always be reduced to an equation with separable variables by means of the substitution
u = Ax + By + C, B # 0. Example 3 illustrates the technique.

EXAMPLE 3 An Initial-Value Problem

d
Solve the initial-value problem zy =(—=2x+y+7, y0)=0.
X

SOLUTION Ifweletu = —2x + y, then du/dx = —2 + dy/dx, and so the differential equation
is transformed into

LIPS d_p g
— =u" - or —=u" —09.
dx dx
The last equation is separable. Using partial fractions,
d 1 1 1
2 o { - }st:dx
(u — 3)(u + 3) 6lu—3 wu+3

and integrating, then yields

1. |u—3 u—3 :
J gln P 3’ =x+c¢ or Y T3 = e%T0 = ce® replace ¢ by ¢
Solving the last equation for « and then resubstituting gives the solution
3(1 + ce®™) 3(1 + ce®™)
=——— or =2+ ——. 6
! 1 — ce™ Y * 1 — ce® (6]
X
Finally, applying the initial condition y(0) = O to the last equation in (6) gives ¢ = —1.
With the aid of a graphing utility we have shown in FIGURE 2.5.1 the graph of the particular
solution
3(1 — &™)
=2x +
Y * 1+ e™
FIGURE 2.5.1 Some solutions of the DE
in Example 3 in blue along with the graphs of some other members of the family solutions (6). =

m DCIHRER]  Answers to selected odd-numbered problems begin on page ANS-3.

Each DE in Problems 1-14 is homogeneous. In Problems 11-14, solve the given initial-value problem.
dy
In Problems 1-10, solve the given differential equation by using " x° o yixt o) =2
an appropriate substitution. s , dx
L (x—ydrtxdy=0 2 (x+y)dx+xdy=0 12T+ 2 =y =1
3 xdx+(y—2x)dy=0 4 ydc=2x-+y)dy 13. (x +ye™ ) dx —xe”dy =0, y(1)=0
5 (¥ +y)dx—x*dy=0 6. (3 +y)dx+x>dy=0 14 ydx + x(Inx —Iny — I)dy =0, y(1)=e
7 dy _y-x 8 dy _ X + 3y Each DE in Problems 15-22 is a Bernoulli equation.
dx  y+x dx  3x+y In Problems 15-20, solve the given differential equation by
9. —ydx+ (x + Vay)dy =0 using an appropriate substitution.
d d 1 d
10. xl=y+ Vx2—3yLx>0 15. xl+y:7 16.fy—y=e"y2
dx dx y dx
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d d
17. Z_ yy? — 1) 18. xl — (1 + x)y = xy?
x dx

d d
e 2. 31+ =267 1)

19. " —
dt

+y =1
In Problems 21 and 22, solve the given initial-value problem.

dy 1
21, x> — — 2xy = 3y, ) =—
o Xy ', y(D) )

d
2 V22 Lo ) =4
dx
Each DE in Problems 23-30 is of the form given in (5).

In Problems 23-28, solve the given differential equation by
using an appropriate substitution.

dy dy 1 —x—y
B —=@+y+1y 3B —=—"
dx o+ ) dx x+y
d d
5. 2 = tan’xc + y) %. = = sin(x + y)
dx dx
dy NS AT A
2. —=2+Vy—2x+3
dx
dy
28— =1+ "
dx ¢

In Problems 29 and 30, solve the given initial-value problem.
dy

29. — = cos(x +y), y0)=mn/4
dx
dy  3x+2

. —=——"7-—"—7, -1)= -1
dx 3x+2y+2 =D

Discussion Problems

31. Explain why itis always possible to express any homogeneous
differential equation M(x, y) dx + N(x, y) dy = 0 in the form

d
w0
You might start by proving that
M(x,y) = x*M(1, y/x) and N(x,y) = x*N(1, y/x).
32. Put the homogeneous differential equation
5x* = 2yH) dx — xydy =0

into the form given in Problem 31.

33. (a) Determine two singular solutions of the DE in Problem 10.

(b) If the initial condition y(5) = 0 is as prescribed in

Problem 10, then what is the largest interval I over which

the solution is defined? Use a graphing utility to plot the
solution curve for the IVP.

34. In Example 3, the solution y(x) becomes unbounded as
Xx — *oo. Nevertheless y(x) is asymptotic to a curve as
x— —ooand to a different curve as x — co. Find the equations
of these curves.

35. The differential equation

dy )

T P(x) + Qx)y + R(x)y

is known as Riccati’s equation.

(a) A Riccati equation can be solved by a succession of two
substitutions provided we know a particular solution y,
of the equation. Show that the substitutiony =y, + u
reduces Riccati’s equation to a Bernoulli equation (4)
with n = 2. The Bernoulli equation can then be reduced
to a linear equation by the substitution w = 1.

(b) Find a one-parameter family of solutions for the differ-
ential equation

dy 4 1
= - — vy + 2
dx x? Xy e

where y;, = 2/x is a known solution of the equation.
36. Devise an appropriate substitution to solve

xy" =y In(xy).

Mathematical Model

37. Population Growth 1In the study of population dynamics one
of the most famous models for a growing but bounded popu-
lation is the logistic equation

dP
— = P(a — bP),
o (a )

where a and b are positive constants. Although we will come
back to this equation and solve it by an alternative method in
Section 2.8, solve the DE this first time using the fact that it
is a Bernoulli equation.

m‘ A Numerical Method

INTRODUCTION In Section 2.1 we saw that we could glean gualitative information from a
first-order DE about its solutions even before we attempted to solve the equation. In Sections 2.2-2.5
we examined first-order DEs analytically; that is, we developed procedures for actually obtain-
ing explicit and implicit solutions. But many differential equations possess solutions and yet
these solutions cannot be obtained analytically. In this case we “solve” the differential equation
numerically; this means that the DE is used as the cornerstone of an algorithm for approximating
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solution curve

FIGURE 2.6.2 Approximating y(x,) using
a tangent line

70

the unknown solution. It is common practice to refer to the algorithm as a numerical method,
the approximate solution as a numerical solution, and the graph of a numerical solution as a
numerical solution curve.

In this section we are going to consider only the simplest of numerical methods. A more ex-
tensive treatment of this subject is found in Chapter 6.

1 Using the Tangent Line Let us assume that the first-order initial-value problem

y, :f(x’)’), Y(xo):yo (1)

possesses a solution. One of the simplest techniques for approximating this solution is to
use tangent lines. For example, let y(x) denote the unknown solution of the first-order
initial-value problem y’ = 0.1VYy + 0.4x2, y(2) = 4. The nonlinear differential equation
cannot be solved directly by the methods considered in Sections 2.2, 2.4, and 2.5; neverthe-
less we can still find approximate numerical values of the unknown y(x). Specifically, suppose
we wish to know the value of y(2.5). The IVP has a solution, and, as the flow of the direction
field in FIGURE 2.6.1(a) suggests, a solution curve must have a shape similar to the curve shown
in blue.

2.4

solution

NS s

(a) Direction field for y >0 (b) Lineal element at (2, 4)

FIGURE 2.6.1 Magnification of a neighborhood about the point (2, 4)

The direction field in Figure 2.6.1(a) was generated so that the lineal elements pass through
points in a grid with integer coordinates. As the solution curve passes through the initial point
(2, 4), the lineal element at this point is a tangent line with slope given by f(2, 4) = 0.1 V4 +
0.4(2)> = 1.8. As is apparent in Figure 2.6.1(a) and the “zoom in” in Figure 2.6.1(b), when x is
close to 2 the points on the solution curve are close to the points on the tangent line (the lineal
element). Using the point (2, 4), the slope f(2, 4) = 1.8, and the point-slope form of a line, we
find that an equation of the tangent line is y = L(x), where L(x) = 1.8x + 0.4.This lastequation,
called a linearization of y(x) at x = 2, can be used to approximate values y(x) within a small
neighborhood of x = 2. If y; = L(x,) denotes the value of the y-coordinate on the tangent line
and y(x,) is the y-coordinate on the solution curve corresponding to an x-coordinate x; that is
close tox = 2, then y(x;) = y,. If we choose, say, x; = 2.1, theny, = L(2.1) = 1.8(2.1) + 0.4 = 4.18,
and so y(2.1) = 4.18.

Il Euler's Method To generalize the procedure just illustrated, we use the linearization of
the unknown solution y(x) of (1) at x = x:

L(x) = f(x0, Yo)(x — x0) + ¥p. (2)

The graph of this linearization is a straight line tangent to the graph of y = y(x) at the point
(x9, ¥o)- We now let & be a positive increment of the x-axis, as shown in FIGURE 2.6.2. Then by
replacing x by x; = x, + hin (2) we get

L(x) = f(x, yo)xo + h —xp) +yo  or  y = yo + hf(xo, yo),

where y; = L(x,;). The point (x;, y;) on the tangent line is an approximation to the point
(x1, ¥(x;)) on the solution curve. Of course the accuracy of the approximation y; = y(x,)
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depends heavily on the size of the increment 4. Usually we must choose this step size to
be “reasonably small.” We now repeat the process using a second “tangent line” at (x;, y;).*
By replacing (x,, yo) in the above discussion with the new starting point (x;, y;), we
obtain an approximation y, = y(x,) corresponding to two steps of length % from x,, that is,
X, =x; +h=xy+ 2hand

() = y(xp + 2h) = y(x; + h) =y, =y, + hf(x;, y)).

Continuing in this manner, we see that y;, y,, 3, . . ., can be defined recursively by the
general formula

Yn+1 = Yn + ]/lf(X”, yn)’ (3)

where x, = x, + nh,n =0, 1,2, . ... This procedure of using successive “tangent lines” is called
Euler’s method.

EXAMPLE 1 Euler's Method

Consider the initial-value problem y’ = 0.1VYy + 0.4x% y(2) = 4. Use Euler’s method to
obtain an approximation to y(2.5) using first # = 0.1 and then 4 = 0.05.

TABLE 2.6.1 /= 0.1

2,00 4.0000 SOLUTION  With the identification f(x, y) = 0.1 V'y + 0.4x%, (3) becomes
2.10 4.1800

220 43768 Yus1 = Yo + HO.1VYy, + 0.4x2).

2.30 4.5914

2.40 4.8244 Then forh = 0.1, x, = 2, y, = 4, and n = 0, we find

2.50 5.0768

Y= v + hO.1Vy, + 0.4x2) = 4 + 0.1(0.1V4 + 0.42)) = 4.18,

which, as we have already seen, is an estimate to the value of y(2.1). However, if we use the
smaller step size & = 0.05, it takes two steps to reach x = 2.1. From

TABLE 2.6.2 1 =

2.00 4.0000 v = 4 + 005(01 \/Z + 04(2)2) =4.09

o P V2 = 4.09 + 0.05(0.1VA09 + 0.4(2.05)%) = 4.18416187

2.15 4.2826

2.20 43854 we have y; = y(2.05) and y, = y(2.1). The remainder of the calculations were carried out
2.25 4.4927 using software; the results are summarized in Tables 2.6.1 and 2.6.2. We see in Tables 2.6.1
230 4.6045 and 2.6.2 that it takes five steps with 7 = 0.1 and ten steps with 2 = 0.05, respectively, to get
2.35 4.7210

240 4.8423 to x = 2.5. Also, each entry has been rounded to four decimal places. =
2.45 4.9686

2.50 5.0997 In Example 2 we apply Euler’s method to a differential equation for which we have already

found a solution. We do this to compare the values of the approximations y, at each step with the
true values of the solution y(x,) of the initial-value problem.

EXAMPLE 2 Comparison of Approximate and Exact Values

Consider the initial-value problem y" = 0.2xy, y(1) = 1. Use Euler’s method to obtain an
approximation to y(1.5) using first # = 0.1 and then 2 = 0.05.

SOLUTION With the identification f(x, y) = 0.2xy, (3) becomes
Yn+1= Yn + h(o'zxnyn)’

where x, = 1 and y, = 1. Again with the aid of computer software we obtain the values in
Tables 2.6.3 and 2.6.4.

*This is not an actual tangent line since (x;, y;) lies on the first tangent and not on the solution curve.
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TABLE 2.6.3 1/ =0.1 TABLE 2.6.4 1/ = 0.05

X, Y Actual Absolute % Rel. X, Y Actual Absolute % Rel.
Value  Error Error Value  Error Error
1.00  1.0000 1.0000 0.0000 0.00 1.00  1.0000 1.0000 0.0000 0.00
1.10  1.0200 1.0212 0.0012 0.12 1.05 1.0100 1.0103 0.0003 0.03
1.20 1.0424 1.0450 0.0025 0.24 1.10  1.0206 1.0212 0.0006 0.06
1.30 1.0675 1.0714 0.0040 0.37 1.15 1.0318 1.0328 0.0009 0.09
1.40  1.0952 1.1008 0.0055 0.50 1.20  1.0437 1.0450 0.0013 0.12
1.50 1.1259 1.1331 0.0073 0.64 1.25 1.0562 1.0579 0.0016 0.16
1.30  1.0694 1.0714 0.0020 0.19
1.35 1.0833 1.0857 0.0024 0.22
1.40 1.0980 1.1008 0.0028 0.25
145 1.1133 1.1166 0.0032 0.29
1.50 1.1295 1.1331 0.0037 0.32 =

0.1

In Example 1, the true values were calculated from the known solution y = ¢*'™ ~ ! (verify).

Also, the absolute error is defined to be
| true value — approximation|.
The relative error and percentage relative error are, in turn,

absolute error absoluteerror
—_— — X 100.

an
ltruevaluel [truevaluel

By comparing the last two columns in Tables 2.6.3 and 2.6.4, it is clear that the accuracy of the
approximations improve as the step size & decreases. Also, we see that even though the percent-
age relative error is growing with each step, it does not appear to be that bad. But you should not
be deceived by one example. If we simply change the coefficient of the right side of the DE in
Example 2 from 0.2 to 2, then at x,, = 1.5 the percentage relative errors increase dramatically.
See Problem 4 in Exercises 2.6.

IH A Caveat Euler’s method is just one of many different ways a solution of a differential
equation can be approximated. Although attractive for its simplicity, Euler’s method is seldom
used in serious calculations. We have introduced this topic simply to give you a first taste of
numerical methods. We will go into greater detail and discuss methods that give significantly
greater accuracy, notably the fourth-order Runge-Kutta method, in Chapter 6. We shall refer
to this important numerical method as the RK4 method.

Il Numerical Solvers Regardless of whether we can actually find an explicit or implicit
solution, if a solution of a differential equation exists, it represents a smooth curve in the
Cartesian plane. The basic idea behind any numerical method for ordinary differential equa-
tions is to somehow approximate the y-values of a solution for preselected values of x. We start
at a specified initial point (x,, y,) on a solution curve and proceed to calculate in a step-by-step
fashion a sequence of points (x;, y,), (X2, ¥»), - . . , (x,,, ¥,) Whose y-coordinates y; approximate
the y-coordinates y(x;) of points (x;, y(x,)), (x5, y(x)), . . ., (x,, y(x,,)) that lie on the graph of
the usually unknown solution y(x). By taking the x-coordinates close together (that is, for small
values of /) and by joining the points (x;, ¥,), (x5, ¥2), . . ., (x,,, ¥,,) with short line segments,
we obtain a polygonal curve that appears smooth and whose qualitative characteristics we hope
are close to those of an actual solution curve. Drawing curves is something well suited to a
computer. A computer program written to either implement a numerical method or to render
a visual representation of an approximate solution curve fitting the numerical data produced
by this method is referred to as a numerical solver. There are many different numerical solv-
ers commercially available, either embedded in a larger software package such as a computer
algebra system or as a stand-alone package. Some software packages simply plot the generated
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numerical approximations, whereas others generate both hard numerical data as well as the
corresponding approximate or numerical solution curves. As an illustration of the connect-
the-dots nature of the graphs produced by a numerical solver, the two red polygonal graphs in
FIGURE 2.6.3 are numerical solution curves for the initial-value problem y" = 0.2xy, y(0) = 1,
on the interval [0, 4] obtained from Euler’s method and the RK4 method using the step size
h = 1. The blue smooth curve is the graph of the exact solution y = ¢"' of the IVP. Notice
in Figure 2.6.3 that even with the ridiculously large step size of 4 = 1, the RK4 method pro-
duces the more believable “solution curve.” The numerical solution curve obtained from the
RK4 method is indistinguishable from the actual solution curve on the interval [0, 4] when a
more typical step size of 4 = 0.1 is used.

IH Using a Numerical Solver Knowledge of the various numerical methods is not
necessary in order to use a numerical solver. A solver usually requires that the differential
equation be expressed in normal form dy/dx = f(x, y). Numerical solvers that generate
only curves usually require that you supply f(x, y) and the initial data x, and y, and
specify the desired numerical method. If the idea is to approximate the numerical value
of y(a), then a solver may additionally require that you state a value for &, or, equivalently,
require the number of steps that you want to take to get from x = x, to x = a. For example,
if we want to approximate y(4) for the IVP illustrated in Figure 2.6.3, then, starting at
x = 0, it takes four steps to reach x = 4 with a step size of & = 1; 40 steps is equivalent to
astep size of h = 0.1. Although it is not our intention here to delve into the many problems
that one can encounter when attempting to approximate mathematical quantities, you
should be at least aware of the fact that a numerical solver may break down near certain
points or give an incomplete or misleading picture when applied to some first-order dif-
ferential equations in the normal form. FIGURE 2.6.4 illustrates the numerical solution curve
obtained by applying Euler’s method to a certain first-order initial value problem
dyldx = f(x,y), y(0) = 1. Equivalent results were obtained using three different commer-
cial numerical solvers, yet the graph is hardly a plausible solution curve. (Why?) There
are several avenues of recourse when a numerical solver has difficulties; three of the more
obvious are decrease the step size, use another numerical method, or try a different
numerical solver.

Answers to selected odd-numbered problems begin on page ANS-3.

In Problems 1 and 2, use Euler’s method to obtain a four-decimal
approximation of the indicated value. Carry out the recursion of
(3) by hand, first using 2 = 0.1 and then using & = 0.05.

y(1) =55 y(1.2)

1.y =2x—3y+1,
2.y =x+ yz, ¥(0) = 0; y(0.2)

In Problems 3 and 4, use Euler’s method to obtain a four-decimal
approximation of the indicated value. First use # = 0.1 and then
use 4 = 0.05. Find an explicit solution for each initial-value
problem and then construct tables similar to Tables 2.6.3

and 2.6.4.
3y =y, ¥0)=1; y(1.0)
4. y' =2xy, y(1)=1; y(1.5)

8. y =xy+ Vy, y0)=1; y0.5)
, y

9.y =x’ = =1 y(15)

10. y' =y —% y0)=05; y0.5)

In Problems 11 and 12, use a numerical solver to obtain a nu-
merical solution curve for the given initial-value problem. First
use Euler’s method and then the RK4 method. Use 2 = 0.25 in
each case. Superimpose both solution curves on the same co-
ordinate axes. If possible, use a different color for each curve.
Repeat, using 2z = 0.1 and & = 0.05.

y(0) =1
y(0) =1

1. y' = 2(cos x)y,
12. y' = y(10 — 2y),

In Problems 5-10, use a numerical solver and Euler’s method to

obtain a four-decimal approximation of the indicated value. First

use & = 0.1 and then use & = 0.05.
5y =e¢7, y0)=0; y0.5)
6.y =x"+y y0)=1; y0.5)

7.y =@ -y ¥0) =0.5; y0.5)

Discussion Problem

13. Use anumerical solver and Euler’s method to approximate y(1.0),
where y(x) is the solution to y’ = 2xy?, y(0) = 1. Firstuse 4 = 0.1
and then /2 = 0.05. Repeat using the RK4 method. Discuss what
might cause the approximations of y(1.0) to differ so greatly.
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‘ Linear Models

INTRODUCTION 1In this section we solve some of the linear first-order models that were
introduced in Section 1.3.

Il Growth and Decay The initial-value problem

dx B

7 kx,  x(ty) = Xo, (1
where £ is the constant of proportionality, serves as a model for diverse phenomena involving ei-
ther growth or decay. We have seen in Section 1.3 that in biology, over short periods of time,
the rate of growth of certain populations (bacteria, small animals) is observed to be proportional
to the population present at time 7. If a population at some arbitrary initial time ¢, is known,
then the solution of (1) can be used to predict the population in the future—that is, at times ¢ > ¢,,.
The constant of proportionality k in (1) can be determined from the solution of the initial-value
problem using a subsequent measurement of x at some time ¢, > #,. In physics and chemistry, (1)
is seen in the form of a first-order reaction, that is, a reaction whose rate or velocity dx/dt is di-
rectly proportional to the first power of the reactant concentration x at time #. The decomposition
or decay of U-238 (uranium) by radioactivity into Th-234 (thorium) is a first-order reaction.

EXAMPLE 1 Bacterial Growth

A culture initially has P, number of bacteria. At t = 1 h the number of bacteria is measured
to be 3 P,. If the rate of growth is proportional to the number of bacteria P(r) present at
time ¢, determine the time necessary for the number of bacteria to triple.

SOLUTION  We first solve the differential equation in (1) with the symbol x replaced by P.
With #, = 0 the initial condition is P(0) = P,. We then use the empirical observation that
P(1) = 3 P, to determine the constant of proportionality k.
Notice that the differential equation dP/dt = kP is both separable and linear. When it is put
in the standard form of a linear first-order DE,
dP

— — kP =0,
dt

we can see by inspection that the integrating factor is e

tion by this term immediately gives

. Multiplying both sides of the equa-

d —kt
—[e7"P] = 0.
e Pl

Integrating both sides of the last equation yields e *'P = ¢ or P(f) = ce"'. Att = 0 it follows that
Py = ce® = c,and s0 P(f) = Pye"". At = 1 we have 3 P, = Py¢* or ¢ = 3 . From the last equation
we get k = In 3 = 0.4055. Thus P(1) = P,e"“*>" To find the time at which the number of bac-
teria has tripled, we solve 3P, = Pye"**> for ¢. It follows that 0.4055¢ = In 3, and so
_ In3
"7 04055

See FIGURE 2.7.1. =

~ 2.71h.

Notice in Example 1 that the actual number P, of bacteria present at time # = 0 played no part
in determining the time required for the number in the culture to triple. The time necessary for
an initial population of, say, 100 or 1,000,000 bacteria to triple is still approximately 2.71 hours.

As shown in FIGURE 2.7.2, the exponential function e’ increases as ¢ increases for k > 0 and
decreases as ¢ increases for k£ < 0. Thus problems describing growth (whether of populations,
bacteria, or even capital) are characterized by a positive value of k, whereas problems involving
decay (as in radioactive disintegration) yield a negative k value. Accordingly, we say that & is
either a growth constant (k > 0) or a decay constant (k < 0).

CHAPTER 2 First-Order Differential Equations



Willard F. Libby

IH Half-Life In physics the half-life is a measure of the stability of a radioactive substance. The
half-life is simply the time it takes for one-half of the atoms in an initial amount A, to disintegrate,
or transmute, into the atoms of another element. The longer the half-life of a substance, the more
stable it is. For example, the half-life of highly radioactive radium, Ra-226, is about 1700 years. In
1700 years one-half of a given quantity of Ra-226 is transmuted into radon, Rn-222. The most
commonly occurring uranium isotope, U-238, has a half-life of approximately 4,500,000,000 years.
In about 4.5 billion years, one-half of a quantity of U-238 is transmuted into lead, Pb-206.

Half-Life of Plutonium

A breeder reactor converts relatively stable uranium-238 into the isotope plutonium-239. After
15 years it is determined that 0.043% of the initial amount A, of the plutonium has disinte-
grated. Find the half-life of this isotope if the rate of disintegration is proportional to the
amount remaining.

SOLUTION Let A(¢) denote the amount of plutonium remaining at any time. As in Example 1,
the solution of the initial-value problem

dA

— = kA, A(0) = A, 2

7 0) = Ay (2)
is A(f) = Age*’. If 0.043% of the atoms of A, have disintegrated, then 99.957% of the substance
remains. To find the decay constant k, we use 0.99957A, = A(15); thatis, 0.99957A, = Age'>*.
Solving for k then gives k = 751n0.99957 = —0.00002867. Hence A(f) = Age "7 Now
the half-life is the corresponding value of time at which A(f) = }A,. Solving for ¢ gives

LA, = Aye 000002867 o I = =0.00002867 ‘The ast equation yields

In2

t 0.00002867 ~ 24,180 years. =
IH Carbon Dating About 1950, a team of scientists at the University of Chicago led by the
American physical chemist Willard F. Libby (1908-1980) devised a method using a radioactive
isotope of carbon as a means of determining the approximate ages of carbonaceous fossilized mat-
ter. The theory of carbon dating is based on the fact that the radioisotope carbon-14 is produced in
the atmosphere by the action of cosmic radiation on nitrogen-14. The ratio of the amount of C-14
to the stable C-12 in the atmosphere appears to be a constant, and as a consequence the proportion-
ate amount of the isotope present in all living organisms is the same as that in the atmosphere. When
aliving organism dies, the absorption of C-14, by breathing, eating, or photosynthesis, ceases. Thus
by comparing the proportionate amount of C-14, say, in a fossil with the constant amount ratio
found in the atmosphere, it is possible to obtain a reasonable estimation of its age. The method is
based on the knowledge of the half-life of C-14. Libby’s calculated value for the half-life of C-14
was approximately 5600 years and is called the Libby half-life. Today the commonly accepted
value for the half-life of C-14 is the Cambridge half-life that is close to 5730 years. For his work,
Libby was award the Nobel Prize for chemistry in 1960. Libby’s method has been used to date
wooden furniture in Egyptian tombs, the woven flax wrappings of the Dead Sea Scrolls, and the
cloth of the enigmatic Shroud of Turin.

EXAMPLE 3 Age of a Fossil

A fossilized bone is found to contain 0.1% of its original amount of C-14. Determine the age
of the fossil.

SOLUTION  As in Example 2 the starting point is A(f) = A,e"’. To determine the value of the
decay constant k we use the fact that A, = A(5730) or 3A, = Aye’*%. The last equation
implies 5730k = In ¥ = —In 2 and so we get k = —(In 2)/5730 = —0.00012097. Therefore
At) = Age 0012097 With A(r) = 0.0014, we have 0.0014, = Aye 227 and —0.00012097¢ =
In (0.001) = —In 1000. Thus

In1000

t= m ~ 57,103 years.
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The size and location of the sample
caused major difficulties when a team of
scientists were invited to use carbon-14
dating on the Shroud of Turin in 1988.
See Problem 12 in Exercises 2.7.

The half-life of uranium-238
is 4.47 billion years.

T
300
150 -'\\ T=70
t } t
15 30
(@)

T() t (in min.)
75° 20.1
74° 21.3
73° 22.8
72° 24.9
71° 28.6
70.5° 32.3

(b)

FIGURE 2.7.3 Temperature of cooling
cake in Example 4

The date found in Example 3 is really at the border of accuracy of this method. The usual
carbon-14 technique is limited to about 10 half-lives of the isotope, or roughly 60,000 years. One
fundamental reason for this limitation is the relatively short half-life of C-14. There are other
problems as well; the chemical analysis needed to obtain an accurate measurement of the remain-
ing C-14 becomes somewhat formidable around the point 0.001A,. Moreover, this analysis requires
the destruction of a rather large sample of the specimen. If this measurement is accomplished
indirectly, based on the actual radioactivity of the specimen, then it is very difficult to distinguish
between the radiation from the specimen and the normal background radiation. But recently the
use of a particle accelerator has enabled scientists to separate the C-14 from the stable C-12
directly. When the precise value of the ratio of C-14 to C-12 is computed, the accuracy can be
extended to 70,000—-100,000 years. For these reasons and the fact that the C-14 dating is restricted
to organic materials this method is used mainly by archaeologists. On the other hand, geologists
who are interested in questions about the age of rocks or the age of the Earth use radiometric
dating techniques. Radiometric dating, invented by the physicist/chemist Ernest Rutherford
(1871-1937) around 1905, is based on the radioactive decay of a naturally occurring radioactive
isotope with a very long half-life and a comparison between a measured quantity of this decaying
isotope and one of its decay products, using known decay rates. Radiometric methods using
potassium-argon, rubidium-strontium, or uranium-lead can give dates of certain kinds of rocks
of several billion years. See Problems 5 and 6 in Exercises 2.9 for a discussion of the potassium-
argon method of dating.

Il Newton’s Law of Cooling/Warming In equation (3) of Section 1.3 we saw that the
mathematical formulation of Newton’s empirical law of cooling of an object is given by the
linear first-order differential equation

dT

— = kKT — 3

= KT = T,), (3
where k is a constant of proportionality, 7(¢) is the temperature of the object for > 0, and 7,,, is
the ambient temperature—that is, the temperature of the medium around the object. In Example 4
we assume that 7, is constant.

Cooling of a Cake

When a cake is removed from an oven, its temperature is measured at 300°F. Three minutes
later its temperature is 200°F. How long will it take for the cake to cool off to a room tem-
perature of 70°F?

SOLUTION In (3) we make the identification 7,, = 70. We must then solve the initial-value
problem

% = KT — 70), T(0) = 300 (4)

and determine the value of k so that 7(3) = 200.
Equation (4) is both linear and separable. Separating variables,

= kdt,

T—-170
yieldsIn|7 — 701 =kt + ¢, andso T =70 + czek’. When =0, T = 300, so that 300 =70 + ¢,
gives ¢, = 230, and, therefore, T = 70 + 230e". Finally, the measurement 7(3) = 200 leads
toe* =B ork=1In3 = —0.19018. Thus

T(t) = 70 + 23019015, (5)

We note that (5) furnishes no finite solution to 7(¢) = 70 since lim,_,, 7(¢) = 70. Yet intuitively
we expect the cake to reach the room temperature after a reasonably long period of time. How
long is “long”? Of course, we should not be disturbed by the fact that the model (4) does not
quite live up to our physical intuition. Parts (a) and (b) of FIGURE 2.7.3 clearly show that the
cake will be approximately at room temperature in about one-half hour. =
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t (min) x (Ib)
50 266.41
100 397.67
150 477.27
200 525.57
300 572.62
400 589.93

FIGURE 2.7.4 Pounds of salt in tank as

(b)

a function of time in Example 5

IH Mixtures The mixing of two fluids sometimes gives rise to a linear first-order differential
equation. When we discussed the mixing of two brine solutions in Section 1.3, we assumed that
the rate x'(f) at which the amount of salt in the mixing tank changes was a net rate:

d input rat tput rat;
X _ (mpu ra e) B <ou put ra e) “R —R.. 6)
dt of salt of salt

In Example 5 we solve equation (8) of Section 1.3.

EXAMPLE 5 Mixture of Two Salt Solutions

Recall that the large tank considered in Section 1.3 held 300 gallons of a brine solution.
Salt was entering and leaving the tank; a brine solution was being pumped into the tank at
the rate of 3 gal/min, mixed with the solution there, and then the mixture was pumped out
at the rate of 3 gal/min. The concentration of the salt in the inflow, or solution entering,
was 2 lb/gal, and so salt was entering the tank at the rate R;, = (2 1b/gal) - (3 gal/min) =
6 Ib/min and leaving the tank at the rate R,,, = (x/300 1b/gal) - (3 gal/min) = x/100 Ib/min.
From this data and (6) we get equation (8) of Section 1.3. Let us pose the question: If there
were 50 Ib of salt dissolved initially in the 300 gallons, how much salt is in the tank after

a long time?

SOLUTION To find the amount of salt x(¢) in the tank at time 7, we solve the initial-value
problem

1

+ —x =6, x(0)=50.
dr 100

Note here that the side condition is the initial amount of salt, x(0) = 50 in the tank, and not
the initial amount of liquid in the tank. Now since the integrating factor of the linear differ-
ential equation is ¢”'%°, we can write the equation as

%[ez/loox] = 6e!/100.

Integrating the last equation and solving for x gives the general solution x(f) = 600 + ce™'%.
When 7 = 0, x = 50, so we find that c = —550. Thus the amount of salt in the tank at any time
tis given by

x(t) = 600 — 550e71%, (7)

The solution (7) was used to construct the table in FIGURE 2.7.4(b). Also, it can be seen from
(7) and Figure 2.7.4(a) that x(#) — 600 as t — oo. Of course, this is what we would expect
in this case; over a long time the number of pounds of salt in the solution must be
(300 gal)(2 1b/gal) = 600 1b. =

In Example 5 we assumed that the rate at which the solution was pumped in was the same as
the rate at which the solution was pumped out. However, this need not be the situation; the mixed
brine solution could be pumped out at a rate r,,, faster or slower than the rate r;, at which the
other brine solution was pumped in.

EXAMPLE 6 Example 5 Revisited

If the well-stirred solution in Example 5 is pumped out at the slower rate of r,,, = 2 gallons
per minute, then liquid accumulates in the tank at a rate of

ut

Tiw — Tow = (3 — 2) gal/min = 1 gal/min.

After t minutes there are 300 + 7 gallons of brine in the tank and so the concentration of the
outflow is c(f) = x/(300 + £). The output rate of salt is then R, = ¢(?) - r,,, Or

X 2x
R,,=|—-——1b/gal | - (2 gal/min) = —— 1b/min.
= (50 /et ) - @ samin) = 52— to/min
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FIGURE 2.7.5 LR-series circuit

FIGURE 2.7.6 RC-series circuit
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M
R

Hence equation (6) becomes

dx 2x dx 2

Y ——— +——x =
dt 300 +¢ O dr 300+
Multiplying the last equation by the integrating factor
e [wamdt — enB00+0° — (300 + t)2

yields
d 2 2
dt[(300 + )’x] = 6(300 + 7).

By integrating and applying the initial condition x(0) = 50 we obtain the solution
x(1) = 600 + 2t — (4.95 X 107)(300 + )2 See the discussion following (8) of Section 1.3,
Problem 12 in Exercises 1.3, and Problems 25-28 in Exercises 2.7. =

IH Series Circuits Foraseries circuit containing only a resistor and an inductor, Kirchhoff’s

second law states that the sum of the voltage drop across the inductor (L(di/dt)) and the voltage

drop across the resistor (iR) is the same as the impressed voltage (E(f)) on the circuit. See FIGURE2.7.5.
Thus we obtain the linear differential equation for the current i(z),

di
L= +Ri=E
g T Ri= E®, (8)

where L and R are known as the inductance and the resistance, respectively. The current i(?) is
also called the response of the system.

The voltage drop across a capacitor with capacitance C is given by ¢(#)/C, where ¢ is the
charge on the capacitor. Hence, for the series circuit shown in FIGURE 2.7.6, Kirchhoff’s second
law gives

Ri + %q - EO). (9)

But current i and charge ¢ are related by i = dq/dt, so (9) becomes the linear differential equation

dq 1
R — g = E0. 1
a c! () (10)

EXAMPLE 7 LR-Series Circuit

A 12-volt battery is connected to an LR-series circuit in which the inductance is 3 henry and
the resistance is 10 ohms. Determine the current i if the initial current is zero.

SOLUTION From (8) we see that we must solve the equation

1di

—— + 10i = 12

2ar
subject to i(0) = 0. First, we multiply the differential equation by 2 and read off the integrating
factor ¢*”. We then obtain

d
E[ezo'i] = 242",

Integrating each side of the last equation and solving for i gives i(f) = ¢ + ce 2", Now i(0) = 0

implies 0 = ¢ + ¢ or ¢ = —2. Therefore the response is i(1) = ¢ — %e 2",
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From (4) of Section 2.3 we can write a general solution of (8):
e~ R/LN
i(n = LJeWL)’ E(t) dt + ce R/, (11)

In particular, when E(f) = E, is a constant, (11) becomes

E
i(f) = }0 + ce WL, (12)

Note that as # — oo, the second term in (12) approaches zero. Such a term is usually called a
transient term; any remaining terms are called the steady-state part of the solution. In this case
Ey/R is also called the steady-state current; for large values of time it then appears that the cur-
rent in the circuit is simply governed by Ohm’s law (E = iR).

REMARKS

is not reality.

The solution P(f) = Pye*%5 of the initial-value problem in Example 1 described the popula-
tion of a colony of bacteria at any time # = 0. Of course, P(¢) is a continuous function that
takes on all real numbers in the interval defined by P, = P < co. But since we are talking
about a population, common sense dictates that P can take on only positive integer values.
Moreover, we would not expect the population to grow continuously—that is, every second,
every microsecond, and so on—as predicted by our solution; there may be intervals of time
[#1, ,] over which there is no growth at all. Perhaps, then, the graph shown in FIGURE 2.7.7(a)
is a more realistic description of P than is the graph of an exponential function. Using a con-
tinuous function to describe a discrete phenomenon is often more a matter of convenience
than of accuracy. However, for some purposes we may be satisfied if our model describes the
system fairly closely when viewed macroscopically in time, as in Figures 2.7.7(b) and 2.7.7(c),
rather than microscopically, as in Figure 2.7.7(a). Keep firmly in mind, a mathematical model

(a)

() (c)

FIGURE 2.7.7 Population growth is a discrete process

m DCIEIRER]  Answers to selected odd-numbered problems begin on page ANS-3.

Growth and Decay

increases by 15% in 10 years. What will the population be in

30 years? How fast is the population growing at t = 30?

1. The population of a community is known to increase at a rate

proportional to the number of people present at time ¢. If an
initial population P, has doubled in 5 years, how long will it
take to triple? To quadruple?

. Suppose it is known that the population of the community in
Problem 1 is 10,000 after 3 years. What was the initial popu-
lation P,? What will the population be in 10 years? How fast
is the population growing at t = 10?

. The population of a town grows at a rate proportional to the
population present at time ¢. The initial population of 500

. The population of bacteria in a culture grows at a rate propor-

tional to the number of bacteria present at time z. After 3 hours
it is observed that 400 bacteria are present. After 10 hours
2000 bacteria are present. What was the initial number of
bacteria?

. The radioactive isotope of lead, Pb-209, decays at a rate pro-

portional to the amount present at time ¢ and has a half-life of
3.3 hours. If 1 gram of this isotope is present initially, how
long will it take for 90% of the lead to decay?
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10.

Initially, 100 milligrams of a radioactive substance was pres-

ent. After 6 hours the mass had decreased by 3%. If the rate

of decay is proportional to the amount of the substance pres-
ent at time 7, find the amount remaining after 24 hours.

Determine the half-life of the radioactive substance described

in Problem 6.

(a) Consider the initial-value problem dA/dt = kA, A(0) = A,
as the model for the decay of a radioactive substance.
Show that, in general, the half-life T of the substance is
T=—(n2)k.

(b) Show that the solution of the initial-value problem in part
(a) can be written A(f) = A,27"%.

(¢) If a radioactive substance has a half-life T given in
part (a), how long will it take an initial amount A, of the
substance to decay to § Ay?

When a vertical beam of light passes through a transparent
medium, the rate at which its intensity / decreases is
proportional to (), where ¢ represents the thickness of the
medium (in feet). In clear seawater, the intensity 3 feet below
the surface is 25% of the initial intensity /, of the incident
beam. What is the intensity of the beam 15 feet below
the surface?

When interest is compounded continuously, the amount

of money increases at a rate proportional to the amount S present

at time ¢, that is, dS/dt = rS, where r is the annual rate
of interest.

(a) Find the amount of money accrued at the end of 5 years
when $5000 is deposited in a savings account drawing
52% annual interest compounded continuously.

(b) In how many years will the initial sum deposited have
doubled?

(c) Use a calculator to compare the amount obtained in
part (a) with the amount § = 5000(1 + $(0.0575))>® that
is accrued when interest is compounded quarterly.

Carbon Dating

1.

12.

Archaeologists used pieces of burned wood, or charcoal, found
at the site to date prehistoric paintings and drawings on walls
and ceilings in a cave in Lascaux, France. See FIGURE 2.7.8.
Use the information on page 75 to determine the approximate
age of a piece of burned wood, if it was found that 85.5% of
the C-14 found in living trees of the same type had decayed.

o g e 4
© Robert Harding Picture Library Ltd./Alamy Images

FIGURE 2.7.8 Cave wall painting in Problem 11

The Shroud of Turin, which shows the negative image of the body
of a man who appears to have been crucified, is believed by
many to be the burial shroud of Jesus of Nazareth. See
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FIGURE 2.7.9. In 1988 the Vatican granted permission to have the
shroud carbon dated. Three independent scientific laboratories
analyzed the cloth and concluded that the shroud was approxi-
mately 660 years old,* an age consistent with its historical
appearance. Using this age, determine what percentage of the
original amount of C-14 remained in the cloth as of 1988.

<FERA -8
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FIGURE 2.7.9 Shroud image in Problem 12

Newton’s Law of Cooling/Warming

13.

14.

15.

16.

17.

18.

A thermometer is removed from a room where the temperature
is 70°F and is taken outside, where the air temperature is 10°F.
After one-half minute the thermometer reads 50°F. What is
the reading of the thermometer at # = 1 min? How long will
it take for the thermometer to reach 15°F?

A thermometer is taken from an inside room to the outside,
where the air temperature is 5°F. After 1 minute the thermo-
meter reads 55°F, and after 5 minutes it reads 30°F. What is
the initial temperature of the inside room?

A small metal bar, whose initial temperature was 20°C, is dropped
into a large container of boiling water. How long will it take the
bar to reach 90°C if it is known that its temperature increased 2°
in 1 second? How long will it take the bar to reach 98°C?

Two large containers A and B of the same size are filled with
different fluids. The fluids in containers A and B are maintained
at 0°C and 100°C, respectively. A small metal bar, whose ini-
tial temperature is 100°C, is lowered into container A. After
1 minute the temperature of the bar is 90°C. After 2 minutes
the bar is removed and instantly transferred to the other con-
tainer. After 1 minute in container B the temperature of the
bar rises 10°. How long, measured from the start of the entire
process, will it take the bar to reach 99.9°C?

A thermometer reading 70°F is placed in an oven preheated to
a constant temperature. Through a glass window in the oven
door, an observer records that the thermometer read 110°F after
J minute and 145°F after 1 minute. How hot is the oven?

Att = 0 asealed test tube containing a chemical is immersed
in a liquid bath. The initial temperature of the chemical in the
test tube is 80°F. The liquid bath has a controlled temperature

*Some scholars have disagreed with the finding. For more information
on this fascinating mystery, see the Shroud of Turin website home page
at http://www.shroud.com.


http://www.shroud.com

19.

20.

(measured in degrees Fahrenheit) given by 7,,(r) = 100 —

40¢ %" = 0, where ¢ is measured in minutes.

(a) Assume that k = —0.1 in (2). Before solving the IVP,
describe in words what you expect the temperature 7(7) of
the chemical to be like in the short term. In the long term.

(b) Solve the initial-value problem. Use a graphing utility to
plot the graph of 7(¢) on time intervals of various lengths.
Do the graphs agree with your predictions in part (a)?

A dead body was found within a closed room of a house where

the temperature was a constant 70°F. At the time of discovery,

the core temperature of the body was determined to be 85°F.

One hour later a second measurement showed that the core

temperature of the body was 80°F. Assume that the time of

death corresponds to = 0 and that the core temperature at
that time was 98.6°F. Determine how many hours elapsed
before the body was found.

Repeat Problem 19 if evidence indicated that the dead person

was running a fever of 102°F at the time of death.

Mixtures

21.

22,

23.

24

25,

26.

21.

28.

A tank contains 200 liters of fluid in which 30 grams of salt
is dissolved. Brine containing 1 gram of salt per liter is then
pumped into the tank at a rate of 4 L/min; the well-mixed
solution is pumped out at the same rate. Find the number A(f)
of grams of salt in the tank at time 7.

Solve Problem 21 assuming that pure water is pumped into
the tank.

A large tank is filled to capacity with 500 gallons of pure
water. Brine containing 2 pounds of salt per gallon is pumped
into the tank at a rate of 5 gal/min. The well-mixed solution
is pumped out at the same rate. Find the number A(#) of pounds
of salt in the tank at time .

In Problem 23, what is the concentration c¢(¢) of the salt in the
tank at time ¢? At r = 5 min? What is the concentration of the
salt in the tank after a long time; that is, as  — oco? At what
time is the concentration of the salt in the tank equal to one-
half this limiting value?

Solve Problem 23 under the assumption that the solution is
pumped out at a faster rate of 10 gal/min. When is the tank
empty?

Determine the amount of salt in the tank at time 7 in Example 5
if the concentration of salt in the inflow is variable and given
by c;,(t) = 2 + sin(#/4) 1b/gal. Without actually graphing,
conjecture what the solution curve of the IVP should look like.
Then use a graphing utility to plot the graph of the solution
on the interval [0, 300]. Repeat for the interval [0, 600] and
compare your graph with that in Figure 2.7.4(a).

A large tank is partially filled with 100 gallons of fluid in
which 10 pounds of salt is dissolved. Brine containing § pound
of salt per gallon is pumped into the tank at a rate of 6 gal/min.
The well-mixed solution is then pumped out at a slower rate
of 4 gal/min. Find the number of pounds of salt in the tank
after 30 minutes.

In Example 5 the size of the tank containing the salt mixture
was not given. Suppose, as in the discussion following
Example 5, that the rate at which brine is pumped into the
tank is 3 gal/min but that the well-stirred solution is pumped

out at a rate of 2 gal/min. It stands to reason that since brine

is accumulating in the tank at the rate of 1 gal/min, any finite

tank must eventually overflow. Now suppose that the tank has
an open top and has a total capacity of 400 gallons.

(a) When will the tank overflow?

(b) What will be the number of pounds of salt in the tank at
the instant it overflows?

(¢) Assume that, although the tank is overflowing, the brine
solution continues to be pumped in at a rate of 3 gal/min
and the well-stirred solution continues to be pumped
out at a rate of 2 gal/min. Devise a method for deter-
mining the number of pounds of salt in the tank at
t = 150 min.

(d) Determine the number of pounds of salt in the tank as
t — oco. Does your answer agree with your intuition?

(e) Use a graphing utility to plot the graph A(?) on the inter-
val [0, 500).

Series Circuits

29.

30.

31.

32,

33.

34.

A 30-volt electromotive force is applied to an LR-series circuit
in which the inductance is 0.1 henry and the resistance is
50 ohms. Find the current i(¢) if i(0) = 0. Determine the cur-
rent as r — o0.

Solve equation (8) under the assumption that E(f) = Esin wt
and i(0) = i,.

A 100-volt electromotive force is applied to an RC-series cir-
cuit in which the resistance is 200 ohms and the capacitance
is 107* farad. Find the charge ¢(f) on the capacitor if g(0) = 0.
Find the current i(z).

A 200-volt electromotive force is applied to an RC-series cir-
cuit in which the resistance is 1000 ohms and the capacitance
is 5 X 107 farad. Find the charge ¢(¢) on the capacitor if
i(0) = 0.4. Determine the charge and current at = 0.005 s.
Determine the charge as r — oo.

An electromotive force

120, 0=r=20
E(r) =
0, t>20

is applied to an LR-series circuit in which the inductance is
20 henries and the resistance is 2 ohms. Find the current i(7)
if i(0) = 0.
An LR-series circuit has a variable inductor with the inductance
defined by

-4t 0=r<10
L) =
0, ¢t > 10.

Find the current i(7) if the resistance is 0.2 ohm, the impressed
voltage is E(f) = 4, and i(0) = 0. Graph i(?).

Additional Linear Models

35.

Air Resistance In (14) of Section 1.3 we saw that a differ-
ential equation describing the velocity v of a falling mass
subject to air resistance proportional to the instantaneous
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36.

37.

38.

39.

velocity is

dv r
m— = mg v,

where k > 0 is a constant of proportionality called the drag

coefficient. The positive direction is downward.

(a) Solve the equation subject to the initial condition
v(0) = vy,

(b) Use the solution in part (a) to determine the limiting, or
terminal, velocity of the mass. We saw how to determine
the terminal velocity without solving the DE in Problem 39
in Exercises 2.1.

(¢) If the distance s, measured from the point where the
mass was released above ground, is related to velocity v
by ds/dt = v, find an explicit expression for s(z) if
s(0) = 0.

How High?—No Air Resistance = Suppose a small cannonball

weighing 16 1b is shot vertically upward with an initial veloc-

ity vy = 300 ft/s. The answer to the question, “How high does
the cannonball go?”” depends on whether we take air resistance
into account.

(a) Suppose air resistance is ignored. If the positive direction
is upward, then a model for the state of the cannonball is
given by d’s/dt*> = —g (equation (12) of Section 1.3).
Since ds/dt = v(t) the last differential equation is the same
as dvldt = —g, where we take g = 32 ft/s’. Find the
velocity v(¢) of the cannonball at time .

(b) Use the result obtained in part (a) to determine the
height s(z) of the cannonball measured from ground
level. Find the maximum height attained by the
cannonball.

How High?—Linear Air Resistance Repeat Problem 36,

but this time assume that air resistance is proportional to

instantaneous velocity. It stands to reason that the maximum
height attained by the cannonball must be less than that in
part (b) of Problem 36. Show this by supposing that the drag
coefficient is k = 0.0025. [Hint: Slightly modify the DE in

Problem 35.]

Skydiving A skydiver weighs 125 pounds, and her parachute

and equipment combined weigh another 35 pounds. After

exiting from a plane at an altitude of 15,000 feet, she waits

15 seconds and opens her parachute. Assume the constant of

proportionality in the model in Problem 35 has the value

k = 0.5 during free fall and k = 10 after the parachute is

opened. Assume that her initial velocity on leaving the plane

is zero. What is her velocity and how far has she traveled

20 seconds after leaving the plane? How does her velocity at

20 seconds compare with her terminal velocity? How long

does it take her to reach the ground? [Hint: Think in terms of

two distinct IVPs.]

Evaporating Raindrop As araindrop falls, it evaporates while

retaining its spherical shape. If we make the further assump-

tions that the rate at which the raindrop evaporates is propor-
tional to its surface area and that air resistance is negligible,

then a model for the velocity v(¢) of the raindrop is
dv 3(k/p)
—t
dt  (kip)t + ry
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40.

a.

42,

44,

Here p is the density of water, r is the radius of the raindrop

att = 0, k < 0 is the constant of proportionality, and the

downward direction is taken to be the positive direction.

(a) Solve for v() if the raindrop falls from rest.

(b) Reread Problem 36 of Exercises 1.3 and then show that
the radius of the raindrop at time 7 is 7(f) = (k/p)t + ry.

(¢) Ifr,=0.01ftand r = 0.007 ft 10 seconds after the rain-
drop falls from a cloud, determine the time at which the
raindrop has evaporated completely.

Fluctuating Population The differential equation dP/dt =
(k cos )P, where k is a positive constant, is a mathematical
model for a population P(f) that undergoes yearly seasonal
fluctuations. Solve the equation subject to P(0) = P,. Use a
graphing utility to obtain the graph of the solution for differ-
ent choices of P,,.

Population Model 1n one model of the changing population
P(f) of a community, it is assumed that

ap _dB _ dD
dt dt dt’
where dB/dt and dD/dt are the birth and death rates,

respectively.

(a) Solve for P(¢) if dB/dt = kP and dD/dt = k,P.

(b) Analyze the cases k; > k,, k; = k,, and k; < k,.

Memorization When forgetfulness is taken into account, the

rate of memorization of a subject is given by

dA k
i (M = A) = kA,

where k; > 0, k, > 0, A(?) is the amount to be memorized in

time ¢, M is the total amount to be memorized, and M — A is

the amount remaining to be memorized. See Problems 25 and

26 in Exercises 1.3.

(a) Since the DE is autonomous, use the phase portrait con-
cept of Section 2.1 to find the limiting value of A(¢) as
t — oo. Interpret the result.

(b) Solve for A(r) subject to A(0) = 0. Sketch the graph of
A(?) and verify your prediction in part (a).

Drug Dissemination A mathematical model for the rate at

which a drug disseminates into the bloodstream is given by

dx/dt = r — kx, where r and k are positive constants. The
function x(7) describes the concentration of the drug in the
bloodstream at time ¢.

(a) Since the DE is autonomous, use the phase portrait con-
cept of Section 2.1 to find the limiting value of x(¢) as
t— o0.

(b) Solve the DE subject to x(0) = 0. Sketch the graph of x(#)
and verify your prediction in part (a). At what time is the
concentration one-half this limiting value?

Rocket Motion Suppose a small single-stage rocket of total

mass m(t) is launched vertically and that the rocket consumes

its fuel at a constant rate. If the positive direction is upward
and if we take air resistance to be linear, then a differential
equation for its velocity v(¢) is given by

dv+k—)\ N R
d L L o n
dt  my — At §
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where k is the drag coefficient, A is the rate at which fuel is

consumed, R is the thrust of the rocket, m, is the total mass of

the rocket at r = 0, and g is the acceleration due to gravity.

See Problem 21 in Exercises 1.3.

(a) Find the velocity v(¢) of the rocket if m, = 200 kg,
R =2000N, A = 1kg/s,g =9.8 m/s, k=3 kg/s, and
v(0) = 0.

(b) Use ds/dt = v and the result in part (a) to find the height
s(t) of the rocket at time 7.

Rocket Motion—Continued In Problem 44, suppose that of

the rocket’s initial mass m, 50 kg is the mass of the fuel.

(a) What is the burnout time ¢, or the time at which all the
fuel is consumed? See Problem 22 in Exercises 1.3.

(b) What is the velocity of the rocket at burnout?

(¢) What is the height of the rocket at burnout?

(d) Why would you expect the rocket to attain an altitude
higher than the number in part (b)?

(e) After burnout what is a mathematical model for the veloc-
ity of the rocket?

Discussion Problems

46.

41.

Cooling and Warming A small metal bar is removed from
an oven whose temperature is a constant 300°F into a room
whose temperature is a constant 70°F. Simultaneously, an
identical metal bar is removed from the room and placed into
the oven. Assume that time 7 is measured in minutes. Discuss:
Why is there a future value of time, call it #* > 0, at which
the temperature of each bar is the same?

HeartPacemaker A heart pacemaker, shownin FIGURE2.7.10,
consists of a switch, a battery, a capacitor, and the heart as
a resistor. When the switch S is at P, the capacitor charges;
when S is at Q, the capacitor discharges, sending an electri-
cal stimulus to the heart. In Problem 53 in Exercises 2.3, we
saw that during the time the electrical stimulus is being
applied to the heart, the voltage E across the heart satisfies
the linear DE

e 1
dt RC

(a) Let us assume that over the time interval of length #,,
(0, 1,), the switch S is at position P shown in Figure 2.7.10
and the capacitor is being charged. When the switch is
moved to position Q at time ¢, the capacitor discharges,
sending an impulse to the heart over the time interval of
length 1,: [, t; + t,). Thus, over the initial charging/
discharging interval (0, ¢, + ¢,) the voltage to the heart is
actually modeled by the piecewise-linear differential
equation

0, 0=r<pg
dE

= - 1
di | ——=E,

Hh=t<t +t.
RC 1 1 2

By moving S between P and Q, the charging and discharg-
ing over time intervals of lengths 7, and ¢, is repeated
indefinitely. Suppose t, = 45,1, =25, E, = 12V, and
E0) =0, E@4) =12, E(6) = 0, E(10) = 12, E(12) = 0,
and so on. Solve for E(7) for 0 =t = 24.

(b) Suppose for the sake of illustration that R = C = 1. Use
a graphing utility to graph the solution for the IVP in
part (a) for 0 = ¢t = 24.

_ heart

0
switch }—
P c

S

FIGURE 2.7.10 Model of a pacemaker in Problem 47

48. Sliding Box (a) A box of mass m slides down an inclined

plane that makes an angle 6 with the horizontal as shown in
FIGURE 2.7.11. Find a differential equation for the velocity v(f)
of the box at time ¢ in each of the following three cases:

(i) No sliding friction and no air resistance
(if) With sliding friction and no air resistance
(iii) With sliding friction and air resistance

In cases (ii) and (iii), use the fact that the force of friction
opposing the motion of the box is uN, where u is the
coefficient of sliding friction and N is the normal compo-
nent of the weight of the box. In case (iii) assume that air
resistance is proportional to the instantaneous velocity.

(b) In part (a), suppose that the box weighs 96 pounds, that
the angle of inclination of the plane is § = 30°, that the
coefficient of sliding friction is u = V/3/4, and that the
additional retarding force due to air resistance is numer-
ically equal to v. Solve the differential equation in each
of the three cases, assuming that the box starts from rest
from the highest point 50 ft above ground.

friction

motion

FIGURE 2.7.11 Box sliding down inclined plane in
Problem 48

Contributed Problem

Pierre Gharghouri, Professor Emeritus
Jean-Paul Pascal, Associate Professor
Department of Mathematics

Ryerson University, Toronto, Canada

49. AirExchange A large room has a volume of 2000 m®. The

air in this room contains 0.25% by volume of carbon dioxide
(CO,). Starting at 9:00 A.m. fresh air containing 0.04% by
volume of CQO, is circulated into the room at the rate of
400 m*/min. Assume that the stale air leaves the room at the
same rate as the incoming fresh air and that the stale air and
fresh air mix immediately in the room. See FIGURE 2.7.12.
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(a) If v(¢) denotes the volume of CO, in the room at time #,

what is v(0)? Find v(¢) for ¢t > 0. What is the percentage
of CO, in the air of the room at 9:05 A.m?

(b) When does the air in the room contain 0.06% by volume

(0

of CO,?

What should be the flow rate of the incoming fresh air if
it is required to reduce the level of CO, in the room to
0.08% in 4 minutes?

Fresh air
B 2000 m?
in m?/min

Stale
---F>
air

FIGURE 2.7.12 Air exchange in Problem 49

Computer Lab Assignments

50. Sliding Box—Continued (a) In Problem 48, let s(¢) be the

84

distance measured down the inclined plane from the high-
est point. Use ds/dt = v(¢) and the solution for each of the
three cases in part (b) of Problem 48 to find the time that
it takes the box to slide completely down the inclined plane.
A root-finding application of a CAS may be useful here.

m‘ Nonlinear Models

(b)

(0

(d)

In the case in which there is friction (u # 0) but no
air resistance, explain why the box will not slide down
the plane starting from rest from the highest point
above ground when the inclination angle 6 satisfies
tan 6 = pu.

The box will slide downward on the plane when tan 6 = u
if it is given an initial velocity v(0) = v, > 0. Suppose
that u = V/3/4 and 6 = 23°. Verify that tan § = u. How
far will the box slide down the plane if v, = 1 ft/s?
Using the values u = \V/3/4 and § = 23°, approximate
the smallest initial velocity v, that can be given to the
box so that, starting at the highest point 50 ft above
ground, it will slide completely down the inclined
plane. Then find the corresponding time it takes to slide
down the plane.

51. WhatGoesUp (a) Itis well-known that the model in which

(b)

air resistance is ignored, part (a) of Problem 36, predicts
that the time ¢, it takes the cannonball to attain its maxi-
mum height is the same as the time ¢, it takes the can-
nonball to fall from the maximum height to the ground.
Moreover, the magnitude of the impact velocity v; will be
the same as the initial velocity v, of the cannonball. Verify
both of these results.

Then, using the model in Problem 37 that takes linear air
resistance into account, compare the value of 7, with ¢,
and the value of the magnitude of v; with v;,. A root-finding
application of a CAS (or graphic calculator) may be
useful here.

INTRODUCTION We finish our discussion of single first-order differential equations by
examining some nonlinear mathematical models.

IH Population Dynamics If P(r) denotes the size of a population at time 7, the model for
exponential growth begins with the assumption that dP/dt = kP for some k > 0. In this model
the relative, or specific, growth rate defined by

dP/dt
P

(1

is assumed to be a constant k. True cases of exponential growth over long periods of time are
hard to find, because the limited resources of the environment will at some time exert restrictions
on the growth of a population. Thus (1) can be expected to decrease as P increases in size.

The assumption that the rate at which a population grows (or declines) is dependent only on
the number present and not on any time-dependent mechanisms such as seasonal phenomena
(see Problem 33 in Exercises 1.3) can be stated as

dP/dt

P

dP
=fP) or —== Pf(P). (2)

dt

The differential equation in (2), which is widely assumed in models of animal populations, is
called the density-dependent hypothesis.

f Logistic Equation Suppose an environment is capable of sustaining no more than a
fixed number of K individuals in its population. The quantity K is called the carrying capacity
of the environment. Hence, for the function fin (2) we have f(K) = 0, and we simply let f(0) = r.
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FIGURE 2.8.1 Simplest assumption for
f(P)1is a straight line

FIGURE 2.8.1 shows three functions f that satisfy these two conditions. The simplest assumption
that we can make is that f(P) is linear—that is, f(P) = c¢,P + c¢,. If we use the conditions f(0) = r
and f(K) = 0, we find, in turn, ¢, = r, ¢; = —r/K, and so f takes on the form f(P) = r — (r/K)P.
Equation (2) becomes

dpP r
= —plr=-Zp) 3
dt (r K ) @)
Relabeling constants @ = r and b = r/K, the nonlinear equation (3) is the same as
dp
— = P(a — bP). 4
7 (a ) (4)

Around 1840 the Belgian mathematician/biologist P. F. Verhulst (1804—-1849) was concerned
with mathematical models for predicting the human population of various countries. One of the
equations he studied was (4), where a > 0, b > 0. Equation (4) came to be known as the logistic
equation, and its solution is called the logistic function. The graph of a logistic function is called
a logistic curve.

The linear differential equation dP/dt = kP does not provide a very accurate model for popula-
tion when the population itself is very large. Overcrowded conditions, with the resulting detri-
mental effects on the environment, such as pollution and excessive and competitive demands for
food and fuel, can have an inhibiting effect on population growth. As we shall now see, a solution
of (4) that satisfies an initial condition P(0) = P,, where 0 < P, < a/b, is bounded as
t— co. If we rewrite (4) as dP/dt = aP — bP?, the nonlinear term —bP?, b > 0, can be interpreted
as an “inhibition” or “competition” term. Also, in most applications, the positive constant a is
much larger than the constant b.

Logistic curves have proved to be quite accurate in predicting the growth patterns, in a limited
space, of certain types of bacteria, protozoa, water fleas (Daphnia), and fruit flies (Drosophila).

Il Solution of the Logistic Equation One method of solving (4) is by separation of
variables. Decomposing the left side of dP/P(a — bP) = dt into partial fractions and integrat-

ing gives
1/a b/a
(Ve e Yoy
P a — bP

1 1
—InlPl — —Inla — bPl =t + ¢
a a

P
In = at + ac
a — bP
P at
= cje
a — bP :
It follows from the last equation that
ace® ac,

P() =

1 + bce® b, + e

If P(0) = Py, Py # a/b, we find ¢, = Py/(a — bP,), and so, after substituting and simplifying, the

solution becomes
akb,

bPy + (a = bR)e "

P(t) = (5)

IH Graphs of P (t) The basic shape of the graph of the logistic function P(¢) can be obtained
without too much effort. Although the variable ¢ usually represents time and we are seldom
concerned with applications in which ¢ < 0, it is nonetheless of some interest to include this
interval when displaying the various graphs of P. From (5) we see that

aPO a

P( =
O=0p =

ast—>oo and P(t)—>0ast— —co.

2.8 Nonlinear Models | 85



(c)

FIGURE 2.8.2 Logistic curves for different
initial conditions

(a)

t (days) x (number infected)

50 (observed)
124
276
507
735
882
953

[ IR SN e NNV RN

(b)

FIGURE 2.8.3 Number of infected
students in Example 1

The dashed line P = a/2b shown in FIGURE 2.8.2 corresponds to the y-coordinate of a point of
inflection of the logistic curve. To show this, we differentiate (4) by the Product Rule:

P _

dpP dP _ dP
— P(—b dt) +(a = bP) =" -(a = 2bP)

= P(a — bP)(a — 2bP)

-e(r=3)(e- )

From calculus, recall that the points where d°P/df> = 0 are possible points of inflection, but
P = 0 and P = a/b can obviously be ruled out. Hence P = a/2b is the only possible ordinate
value at which the concavity of the graph can change. For 0 < P < a/2b it follows that P" > 0,
and a/2b < P < alb implies P” < (. Thus, as we read from left to right, the graph changes from
concave up to concave down at the point corresponding to P = a/2b. When the initial value
satisfies 0 < Py < a/2b, the graph of P(f) assumes the shape of an S, as we see in Figure 2.8.2(b).
For a/2b < P, < alb the graph is still S-shaped, but the point of inflection occurs at a negative
value of #, as shown in Figure 2.8.2(c).

We have already seen equation (4) above in (5) of Section 1.3 in the form dx/dt = kx(n + 1 — x),
k > 0. This differential equation provides a reasonable model for describing the spread of an
epidemic brought about initially by introducing an infected individual into a static population.
The solution x(f) represents the number of individuals infected with the disease at time .

EXAMPLE 1 Logistic Growth

Suppose a student carrying a flu virus returns to an isolated college campus of 1000 students.
If it is assumed that the rate at which the virus spreads is proportional not only to the number x
of infected students but also to the number of students not infected, determine the number of
infected students after 6 days if it is further observed that after 4 days x(4) = 50.

SOLUTION  Assuming that no one leaves the campus throughout the duration of the disease,
we must solve the initial-value problem
dx

= k(1000 = 0, x(0) = 1.

By making the identifications @ = 1000k and b = k, we have immediately from (5) that
1000k 1000

1) = = .
O T 999ke T 1 4 999, W

Now, using the information x(4) = 50, we determine k from

1000
1 + 9994000k

We find — 1000k = } In & = —0.9906. Thus

50

1000
1 + 999, —099061°

Finall (6) __ 1o 276 students
1 A X = — = u .
Y 1+ 999¢ >4

Additional calculated values of x(f) are given in the table in FIGURE 2.8.3(h). =

x(t) =

Il Modifications of the Logistic Equation There are many variations of the logistic
equation. For example, the differential equations

dpP dP
= = P(a — bP) — “— = P(a — bP) +
o (a — bP) — h and 7 (a — bP) + h (6)

could serve, in turn, as models for the population in a fishery where fish are harvested or are
restocked at rate 7. When /4 > 0 is a constant, the DEs in (6) can be readily analyzed qualitatively
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or solved by separation of variables. The equations in (6) could also serve as models of a human
population either increased by immigration or decreased by emigration. The rate 4 in (6) could
be a function of time 7 or may be population dependent; for example, harvesting might be done
periodically over time or may be done at a rate proportional to the population P at time z. In the
latter instance, the model would look like P’ = P(a — bP) — ¢P, ¢ > 0. A human population of
a community might change due to immigration in such a manner that the contribution due to im-
migration is large when the population P of the community is itself small, but then the immigration
contribution might be small when P is large; a reasonable model for the population of the com-
munity is then P’ = P(a — bP) + ce™ ¢ >0, k> 0. Another equation of the form given in (2),

dp

4~ Pla—bmp), (7)
is a modification of the logistic equation known as the Gompertz differential equation. This
DE is sometimes used as a model in the study of the growth or decline of population, in the growth
of solid tumors, and in certain kinds of actuarial predictions. See Problems 5-8 in Exercises 2.8.

Il Chemical Reactions Suppose that a grams of chemical A are combined with b grams
of chemical B. If there are M parts of A and N parts of B formed in the compound and X(7) is
the number of grams of chemical C formed, then the numbers of grams of chemicals A and B
remaining at any time are, respectively,

M N

— X and b —
M+ N M+ N

a X.

By the law of mass action, the rate of the reaction satisfies

17).4 M N
— <a — X) (b — X) (8)
dt M+ N M+ N

If we factor out M/(M + N) from the first factor and N/(M + N) from the second and introduce
a constant k > 0 of proportionality, (8) has the form

dX
— = kla — (B — X), (9)
dt
where @ = a(M + N)/M and B = b(M + N)/N. Recall from (6) of Section 1.3 that a chemical
reaction governed by the nonlinear differential equation (9) is said to be a second-order reaction.

Second-Order Chemical Reaction

A compound C is formed when two chemicals A and B are combined. The resulting reaction
between the two chemicals is such that for each gram of A, 4 grams of B are used. It is observed
that 30 grams of the compound C are formed in 10 minutes. Determine the amount of C at
time 7 if the rate of the reaction is proportional to the amounts of A and B remaining and if
initially there are 50 grams of A and 32 grams of B. How much of the compound C is present
at 15 minutes? Interpret the solution as t — co.

SOLUTION Let X(7) denote the number of grams of the compound C present at time z. Clearly
X(0) =0gand X(10) =30 g.

If, for example, 2 grams of compound C are present, we must have used, say, a grams of A
and b grams of B so thata + b = 2 and b = 4a. Thus we must use a = 2 = 2(%) g of chemical
Aand b = & = 2(%) g of B. In general, for X grams of C we must use

1 4
gX grams of A and 3 X grams of B.
The amounts of A and B remaining at any time are then
50 ! X d 32 4 X
——X an - —-X,
5 5

respectively.
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X
N X=40
————
10 20 30 4
@
¢ (min) X (g
10 30 (measured)
15 34.78
20 37.25
25 38.54
30 39.22
35 39.59

(b)

FIGURE 2.8.4 Amount of compound C
in Example 2

Now we know that the rate at which compound C is formed satisfies

(10 1x)( - 4x)

dr ™ 5 5°)
To simplify the subsequent algebra, we factor £ from the first term and # from the second and
then introduce the constant of proportionality:

dx

= k(250 — X)(40 — X).
dt
By separation of variables and partial fractions we can write

L 1
210 210

- dx + dX = kdt.
250 — X 40 — X
Integrating gives
250 — X 250 — X
In|=——=| = 210kt + = o210k 1
n40—X’ Okt + ¢, or 20— x o (10)

When ¢ = 0, X = 0, so it follows at this point that ¢, = %. Using X = 30 g at r = 10, we find
210k = 75 In 58 = 0.1258. With this information we solve the last equation in (10) for X:

1 — —0.1258¢

X() = 1000 —— i

(11)
The behavior of X as a function of time is displayed in FIGURE 2.8.4. It is clear from the
accompanying table and (11) that X — 40 as t — oco. This means that 40 grams of compound

C are formed, leaving

1 4
SO—g(40)=42gofA and 32—g(40)=0g0fB.

REMARKS

The indefinite integral J 5 5 can be evaluated in terms of logarithms, the inverse hyperbolic
a- —u
tangent, or the inverse hyperbolic cotangent. For example, of the two results,

d 1
[ B “ 5 Ztanh_lg + ¢, lul < a (12)
la* —u

J du 11
= —1In
a’ — u? 2a

(12) may be convenient for Problems 17 and 26 in Exercises 2.8, whereas (13) may be prefer-
able in Problem 27.

a+u

+c, lul#a (13)

a—u

m DCIRARER]  Answers to selected odd-numbered problems begin on page ANS-3.

Logistic Equation

(a) Use the phase portrait concept of Section 2.1 to predict

1. The number N(¢) of supermarkets throughout the country that
are using a computerized checkout system is described by the

initial-value problem

dN
dt

how many supermarkets are expected to adopt the new
procedure over a long period of time. By hand, sketch a
solution curve of the given initial-value problem.

(b) Solve the initial-value problem and then use a graphing
utility to verify the solution curve in part (a). How many

Y N(1 - 0.0005N), N©) = 1 companies are expected to adopt the new technology

when ¢t = 10?
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2. The number N(?) of people in a community who are exposed

to a particular advertisement is governed by the logistic equa-
tion. Initially N(0) = 500, and it is observed that N(1) = 1000.
Solve for N(z) if it is predicted that the limiting number of
people in the community who will see the advertisement is
50,000.

. A model for the population P(¢) in a suburb of a large city is
given by the initial-value problem

dp

— =P107"' = 107P),

P(0) = 5000,
7 ©0)

where ¢ is measured in months. What is the limiting value of
the population? At what time will the population be equal to
one-half of this limiting value?

4. (a) Census data for the United States between 1790 and 1950

is given in the following table. Construct a logistic popu-
lation model using the data from 1790, 1850, and 1910.

Year Population (in millions)
1790 3.929
1800 5.308
1810 7.240
1820 9.638
1830 12.866
1840 17.069
1850 23.192
1860 31.433
1870 38.558
1880 50.156
1890 62.948
1900 75.996
1910 91.972
1920 105.711
1930 122.775
1940 131.669
1950 150.697

(b) Construct a table comparing actual census population with
the population predicted by the model in part (a). Compute
the error and the percentage error for each entry pair.

Modifications of the Logistic Equation

5. (a) Ifaconstant number £ of fish are harvested from a fishery

per unit time, then a model for the population P(¢) of the
fishery at time ¢ is given by

ar = P(a — bP) — h, P(0) = P,

dt
where a, b, h, and P, are positive constants. Suppose
a=15,b=1,and h = 4. Since the DE is autonomous,
use the phase portrait concept of Section 2.1 to sketch
representative solution curves corresponding to the
cases Py >4, 1 < Py <4,and 0 < P, < 1. Determine
the long-term behavior of the population in each case.

(b) Solve the IVP in part (a). Verify the results of your phase

portrait in part (a) by using a graphing utility to plot the
graph of P(¢) with an initial condition taken from each of
the three intervals given.

10.

(¢) Use the information in parts (a) and (b) to determine
whether the fishery population becomes extinct in finite
time. If so, find that time.

Investigate the harvesting model in Problem 5 both qualita-

tively and analytically in the case a = 5, b = 1, h = %.

Determine whether the population becomes extinct in finite

time. If so, find that time.

Repeat Problem 6 inthe casea = 5,b=1,h =7.

(a) Suppose a = b = 1 in the Gompertz differential equation
(7). Since the DE is autonomous, use the phase portrait
concept of Section 2.1 to sketch representative solution
curves corresponding to the cases P, > e and 0 < P, <e.

(b) Supposea = 1,b = —11in (7). Use a new phase portrait
to sketch representative solution curves corresponding to
the cases Py > e 'and 0 < Py < e\,

Find an explicit solution of equation (7) subject to P(0) = P,,.

The Allee Effect For an initial population P, where P, > K

the logistic population model (3) predicts that population can-

not sustain itself over time so it decreases but yet never falls
below the carrying capacity K of the ecosystem. Moreover,
for 0 < P, < K, the same model predicts that, regardless of
how small P, is, the population increases over time and

does not surpass the carrying capacity K. See Figure 2.8.2,

where a/b = K. But the American ecologist Warder Clyde

Allee (1885-1955) showed that by depleting certain fisheries

beyond a certain level, the fishery population never recovers.

How would you modify the differential equation (3) to describe

a population P that has these same two characteristics of (3)

but additionally has a threshold level A, 0 < A < K, below

which the population cannot sustain itself and becomes extinct.

[Hint: Construct a phase portrait of what you want and then

form a DE.]

Chemical Reactions

1.

12.

Two chemicals A and B are combined to form a chemical C. The
rate, or velocity, of the reaction is proportional to the product
of the instantaneous amounts of A and B not converted to chem-
ical C. Initially there are 40 grams of A and 50 grams of B, and
for each gram of B, 2 grams of A are used. It is observed that
10 grams of C are formed in 5 minutes. How much is formed in
20 minutes? What is the limiting amount of C after a long time?
How much of chemicals A and B remains after a long time?

Solve Problem 11 if 100 grams of chemical A are present
initially. At what time is chemical C half-formed?

Additional Nonlinear Models

13.

Leaking Cylindrical Tank A tank in the form of a right-
circular cylinder standing on end is leaking water through a
circular hole in its bottom. As we saw in (10) of Section 1.3,
when friction and contraction of water at the hole are ignored,
the height % of water in the tank is described by

dh _ A

2gh,
dt A, §

where A,, and A, are the cross-sectional areas of the water and
the hole, respectively.
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14.

15.

16.

17.

(a) Solve for h(f) if the initial height of the water is H. By hand,
sketch the graph of /(f) and give its interval  of definition
in terms of the symbols A,, A, and H. Use g = 32 ft/s’.

(b) Suppose the tank is 10 ft high and has radius 2 ft and the
circular hole has radius 5 in. If the tank is initially full,
how long will it take to empty?

Leaking Cylindrical Tank—Continued When friction and
contraction of the water at the hole are taken into account, the
model in Problem 13 becomes

dh A, \V2eh

— = —c—V 2gh,

i a8
where 0 < ¢ < 1. How long will it take the tank in Problem 13(b)
to empty if ¢ = 0.6? See Problem 13 in Exercises 1.3.

Leaking Conical Tank A tank in the form of a right-circular
cone standing on end, vertex down, is leaking water through
a circular hole in its bottom.

(a) Suppose the tank is 20 feet high and has radius 8 feet and
the circular hole has radius 2 inches. In Problem 14 in
Exercises 1.3 you were asked to show that the differential
equation governing the height i of water leaking from a
tank is

w

s
6h3/2'

dt
In this model, friction and contraction of the water at the
hole were taken into account with ¢ = 0.6, and g was
taken to be 32 ft/s*. See Figure 1.3.13. If the tank is ini-
tially full, how long will it take the tank to empty?

(b) Suppose the tank has a vertex angle of 60°, and the cir-
cular hole has radius 2 inches. Determine the differential
equation governing the height /# of water. Use ¢ = 0.6
and g = 32 ft/s%. If the height of the water is initially
9 feet, how long will it take the tank to empty?

Inverted Conical Tank Suppose that the conical tank in
Problem 15(a) is inverted, as shown in FIGURE 2.8.5, and that
water leaks out a circular hole of radius 2 inches in the center
of the circular base. Is the time it takes to empty a full tank the
same as for the tank with vertex down in Problem 157 Take the
friction/contraction coefficient to be ¢ = 0.6 and g = 32 ft/s>.

FIGURE 2.8.5 Inverted conical tank in Problem 16

AirResistance A differential equation governing the veloc-
ity v of a falling mass m subjected to air resistance proportional
to the square of the instantaneous velocity is

y
m— = mg — kv,
dt &
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18.

19.

20.

21.

where k > 0 is the drag coefficient. The positive direction is

downward.

(a) Solve this equation subject to the initial condition
v(0) = vy,

(b) Use the solution in part (a) to determine the limiting, or
terminal, velocity of the mass. We saw how to determine
the terminal velocity without solving the DE in Problem 41
in Exercises 2.1.

(¢) If distance s, measured from the point where the mass
was released above ground, is related to velocity v by
ds/dt = v(t), find an explicit expression for s(7) if s(0) = 0.

How High?—Nonlinear Air Resistance Consider the

16-pound cannonball shot vertically upward in Problems 36

and 37 in Exercises 2.7 with an initial velocity v, = 300 ft/s.

Determine the maximum height attained by the cannonball if

air resistance is assumed to be proportional to the square of

the instantaneous velocity. Assume the positive direction is
upward and take the drag coefficient to be k = 0.0003. [Hint:

Slightly modify the DE in Problem 17.]

That Sinking Feeling (a) Determine a differential equation
for the velocity v(¢) of a mass m sinking in water that
imparts a resistance proportional to the square of the in-
stantaneous velocity and also exerts an upward buoyant
force whose magnitude is given by Archimedes’ principle.
See Problem 18 in Exercises 1.3. Assume that the positive
direction is downward.

(b) Solve the differential equation in part (a).

(¢) Determine the limiting, or terminal, velocity of the
sinking mass.

Solar Collector The differential equation
dy —x+

dx y

xz-i-y2

describes the shape of a plane curve C that will reflect all

incoming light beams to the same point and could be a model

for the mirror of a reflecting telescope, a satellite antenna, or

a solar collector. See Problem 29 in Exercises 1.3. There are

several ways of solving this DE.

(a) Verify that the differential equation is homogeneous (see
Section 2.5). Show that the substitution y = ux yields

&
V1+u20 - V1+ud) X

Use a CAS (or another judicious substitution) to integrate

the left-hand side of the equation. Show that the curve C

must be a parabola with focus at the origin and is sym-

metric with respect to the x-axis.

(b) Show that the first differential equation can also be solved
by means of the substitution u = x* + y*.

udu

Tsunami (a) A simple model for the shape of a tsunami is
given by

dl: wvV4 — 2w,

dx

where W(x) > 0 is the height of the wave expressed as a
function of its position relative to a point offshore. By
inspection, find all constant solutions of the DE.



22,

(b) Solve the differential equation in part (a). A CAS may be
useful for integration.

(¢) Usea graphing utility to obtain the graphs of all solutions
that satisfy the initial condition W(0) = 2.

Evaporation An outdoor decorative pond in the shape of a
hemispherical tank is to be filled with water pumped into the
tank through an inlet in its bottom. Suppose that the radius
of the tank is R = 10 ft, that water is pumped in at a rate of
7r ft*/min, and that the tank is initially empty. See FIGURE 2.8.6.
As the tank fills, it loses water through evaporation. Assume
that the rate of evaporation is proportional to the area A of the
surface of the water and that the constant of proportionality
isk = 0.01.

(a) The rate of change dV/dt of the volume of the water at
time # is a net rate. Use this net rate to determine a differen-
tial equation for the height / of the water at time ¢. The vol-
ume of the water shown in the figure is V = 7Rh* — S h?,
where R = 10. Express the area of the surface of the water
A = 7% in terms of h.

(b) Solve the differential equation in part (a). Graph the
solution.

(c) If there were no evaporation, how long would it take the
tank to fill?

(d) With evaporation, what is the depth of the water at the
time found in part (c)? Will the tank ever be filled? Prove
your assertion.

Output: water evaporates

at rate proportional
to area A of surface

R
<
Input: water pumped in U s
at rate of 7£ft3/min r
= ¥

(a) Hemispherical tank (b) Cross section of tank

FIGURE 2.8.6 Pond in Problem 22

23.

SawingWood A long uniform piece of wood (cross sections
are the same) is cut through perpendicular to its length by a
vertical saw blade. See FIGURE 2.8.7. If the friction between the
sides of the saw blade and the wood through which the blade
passes is ignored, then it can be assumed that the rate at which
the saw blade moves through the piece of wood is inversely
proportional to the width of the wood in contact with its cut-
ting edge. As the blade advances through the wood (moving
left to right), the width of a cross section changes as a non-
negative continuous function w. If a cross section of the wood
is described as a region in the xy-plane defined over an in-
terval [a, b], then as shown in Figure 2.8.7(c) the position x
of the saw blade is a function of time ¢ and the vertical cut
made by the blade can be represented by a vertical line seg-
ment. The length of this vertical line is the width w(x) of the
wood at that point. Thus the position x(7) of the saw blade

and the rate dx/dt at which it moves to the right are related
to w(x) by

w(x)% =k x(0) = a. (14)

Here k represents the number of square units of the material
removed by the saw blade per unit time. In the problems that
follow, we assume that the saw can be programmed so that
k = 1. Find an explicit solution x(#) of the initial-value prob-
lem (14) when a cross section of the piece of wood is trian-
gularandisbounded by the graphsofy = x,x = 1,and y = 0.
How long does it take the saw to cut through this piece
of wood?

Wlfth Cutting edge
is vertical Cut is made perpendicular to length

(a) (b)

Cutting edge of
/ saw blade moving

left to right

Cross section

|
|
|
|
|
|
|
|
X

(©
FIGURE 2.8.7 Sawing a log in Problem 23

24. (a) Find animplicit solution of the initial-value problem (14)

in Problem 23 when the piece of wood is a circular log.
Assume a cross section is a circle of radius 2 centered at
(0, 0). [Hint: To save time, see formula 33 in the table of
integrals given on the right page inside the front cover.]

(b) Solve the implicit solution obtained in part (b) for time ¢
as a function of x. Graph the function #(x). With the aid
of the graph, approximate the time that it takes the saw
to cut through this piece of wood. Then find the exact
value of this time.

25. Solve the initial-value problem (14) in Problem 23 when a

cross section of a uniform piece of wood is the triangular
region given in FIGURE 2.8.8. Assume again that k = 1. How
long does it take to cut through this piece of wood?

y
2
2

FIGURE 2.8.8 Triangular cross section in Problem 25
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Computer Lab Assignments

27. Immigration Model

26. Regression Line Read the documentation for your CAS on

scatter plots (or scatter diagrams) and least-squares linear fit.
The straight line that best fits a set of data points is called a
regression line or a least squares line. Your task is to construct
a logistic model for the population of the United States, defin-
ing f(P) in (2) as an equation of a regression line based on the
population data in the table in Problem 4. One way of

1 dpP
doing this is to approximate the left-hand side Par of the first

equation in (2) using the forward difference quotient in place
of dP/dt:

o = L Pet = PO

P(1) h
(a) Make a table of the values #, P(f), and Q(¢) using ¢ = 0,
10, 20, . .., 160, and & = 10. For example, the first line
of the table should contain ¢t = 0, P(0), and Q(0). With
P(0) = 3.929 and P(10) = 5.308,

1 P(0) — P(0)
P(0) 10

0(0) = = 0.035.

Note that Q(160) depends on the 1960 census population
P(170). Look up this value.

(b) Use a CAS to obtain a scatter plot of the data (P(¢), Q(¢))
computed in part (a). Also use a CAS to find an equation
of the regression line and to superimpose its graph on the
scatter plot.

(¢) Construct a logistic model dP/dt = Pf(P), where f(P) is
the equation of the regression line found in part (b).

(d) Solve the model in part (c) using the initial condition
P(0) = 3.929.

(e) Use a CAS to obtain another scatter plot, this time of the
ordered pairs (¢, P(f)) from your table in part (a). Use your
CAS to superimpose the graph of the solution in part (d)
on the scatter plot.

(f) Look up the U.S. census data for 1970, 1980, and 1990.
‘What population does the logistic model in part (c) predict
for these years? What does the model predict for the U.S.
population P(f) as t — co?

(a) InExamples 3 and 4 of Section 2.1,
we saw that any solution P(¢) of (4) possesses the asymp-
totic behavior P(f) — a/b as t — oo for P, > a/b and for
0 < P, < alb; as a consequence, the equilibrium solution
P = a/b s called an attractor. Use a root-finding applica-
tion of a CAS (or a graphic calculator) to approximate
the equilibrium solution of the immigration model

dP
—=P1—-P)+03".
u - K ) e

(b) Use a graphing utility to graph the function F(P) =
P(1 — P) + 0.3¢”". Explain how this graph can be used

to determine whether the number found in part (a) is
an attractor.
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28.

29.

30.

(¢) Use a numerical solver to compare the solution curves
for the IVPs

P _ pa - p)
dt ’

PO) = R
for Py = 0.2 and P, = 1.2 with the solution curves for
the IVPs

dP
=P - P) + 03¢ ",

PO) = P,
7 ©0) =F

for P, = 0.2 and P, = 1.2. Superimpose all curves on the
same coordinate axes but, if possible, use a different color
for the curves of the second initial-value problem. Over
a long period of time, what percentage increase does the
immigration model predict in the population compared
to the logistic model?

WhatGoesUp.... InProblem 18 let ¢, be the time it takes
the cannonball to attain its maximum height and let 7, be
the time it takes the cannonball to fall from the maximum
height to the ground. Compare the value of #, with the value
of ¢, and compare the magnitude of the impact velocity v;
with the initial velocity v,. See Problem 51 in Exercises 2.7.
A root-finding application of a CAS may be useful here.
[Hint: Use the model in Problem 17 when the cannonball
is falling.]

Skydiving A skydiver is equipped with a stopwatch and an
altimeter. She opens her parachute 25 seconds after exiting
aplane flying at an altitude of 20,000 ft and observes that her
altitude is 14,800 ft. Assume that air resistance is proportional
to the square of the instantaneous velocity, her initial veloc-
ity upon leaving the plane is zero, and g = 32 ft/s.

(a) Find the distance s(¢), measured from the plane, that the
skydiver has traveled during free fall in time #. [Hint: The
constant of proportionality k in the model given in
Problem 17 is not specified. Use the expression for ter-
minal velocity v, obtained in part (b) of Problem 17 to
eliminate k from the IVP. Then eventually solve for v,.]

(b) How far does the skydiver fall and what is her velocity at
t=15s?

Hitting Bottom A helicopter hovers 500 feet above a large
open tank full of liquid (not water). A dense compact object
weighing 160 pounds is dropped (released from rest) from the
helicopter into the liquid. Assume that air resistance is propor-
tional to instantaneous velocity v while the object is in the air
and that viscous damping is proportional to v? after the object
has entered the liquid. For air, take k = %, and for the liquid,
k = 0.1. Assume that the positive direction is downward. If
the tank is 75 feet high, determine the time and the impact
velocity when the object hits the bottom of the tank. [Hint:
Think in terms of two distinct IVPs. If you use (13), be careful
in removing the absolute value sign. You might compare the
velocity when the object hits the liquid—the initial velocity
for the second problem—with the terminal velocity v, of the
object falling through the liquid.]



E‘ Modeling with Systems of First-Order DEs

INTRODUCTION In this section we are going to discuss mathematical models based on
some of the topics that we have already discussed in the preceding two sections. This section
will be similar to Section 1.3 in that we are only going to discuss systems of first-order dif-
ferential equations as mathematical models and we are not going to solve any of these models.
There are two good reasons for not solving systems at this point: First, we do not as yet possess
the necessary mathematical tools for solving systems, and second, some of the systems that we
discuss cannot be solved analytically. We shall examine solution methods for systems of linear
first-order DEs in Chapter 10 and for systems of linear higher-order DEs in Chapters 3 and 4.

IH Systems Up to now all the mathematical models that we have considered were single
differential equations. A single differential equation could describe a single population in an
environment; but if there are, say, two interacting and perhaps competing species living in the
same environment (for example, rabbits and foxes), then a model for their populations x(#) and
y(t) might be a system of two first-order differential equations such as

dx

dt = g](t> X, Y)
dy U
o - sx ).

When g, and g, are linear in the variables x and y; that is,

gtx,y)=cx+ oyt i) and gt x,y) = cx + oy + fo(0),

then (1) is said to be a linear system. A system of differential equations that is not linear is said
to be nonlinear.

IH Radioactive Series In the discussion of radioactive decay in Sections 1.3 and 2.7, we
assumed that the rate of decay was proportional to the number A(?) of nuclei of the substance
present at time . When a substance decays by radioactivity, it usually doesn’t just transmute into
one stable substance and then the process stops. Rather, the first substance decays into another
radioactive substance, this substance in turn decays into yet a third substance, and so on. This
process, called a radioactive decay series, continues until a stable element is reached. For ex-
ample, the uranium decay series is U-238 — Th-234 — . . - — Pb-206, where Pb-206 is a stable
isotope of lead. The half-lives of the various elements in a radioactive series can range from
billions of years (4.5 X 10° years for U-238) to a fractlon of a second. Suppose a radioactive
series is described schematically by X sy Z,wherek;, = —A; <0Oandk, = —A, <0
are the decay constants for substances X and Y, respectively, and Z is a stable element. Suppose
too, that x(7), y(¢), and z(¢) denote amounts of substances X, Y, and Z, respectively, remaining at
time . The decay of element X is described by

dx
- = _)\l.x,
dt

whereas the rate at which the second element Y decays is the net rate,

dy
E = )\1x - )\zy,

since it is gaining atoms from the decay of X and at the same time losing atoms due to its own
decay. Since Z is a stable element, it is simply gaining atoms from the decay of element Y:

dz

— = Ay
dt 2
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In other words, a model of the radioactive decay series for three elements is the linear system of
three first-order differential equations

dx A
o ax
dt !
dy
— = Ax — Ay 2
dt Y 2
dz
— = ).
dt >
pure water mixture IH Mixtures Consider the two tanks shown in FIGURE 2.9.1. Let us suppose for the sake of

3 gal/min 1 gal/min

discussion that tank A contains 50 gallons of water in which 25 pounds of salt is dissolved.
Suppose tank B contains 50 gallons of pure water. Liquid is pumped in and out of the tanks as
indicated in the figure; the mixture exchanged between the two tanks and the liquid pumped out
of tank B is assumed to be well stirred. We wish to construct a mathematical model that describes
the number of pounds x,(¢) and x,(f) of salt in tanks A and B, respectively, at time .

By an analysis similar to that on page 22 in Section 1.3 and Example 5 of Section 2.7, we see

mixture mixwre — for tank A that the net rate of change of x,(¢) is
4 gal/min 3 gal/min
o input rate of salt output rate of salt
FIGURE 2.9.1 Connected mixing tanks r A~ N A \

d
I _ (3 gal/min) - (0 Ib/gal) + (1 gal/min) - (x2 lb/gal> — (4 gal/min) - (x‘ lb/gal>
dt 50 50
2 1
= 5% T g

Similarly, for tank B, the net rate of change of x,(7) is

dx, X X, X, 2 2

- = '7_3'7_ '7:7)61_7)(:2.

dt 50 50 50 25 25

Thus we obtain the linear system

o _ 2 .1
di 257 T 50" a)
dx, 2 2
= X T - X.
dt 25 25

Observe that the foregoing system is accompanied by the initial conditions x,;(0) = 25, x,(0) = 0.

IH A Predator- Prey Model Suppose that two different species of animals interact within
the same environment or ecosystem, and suppose further that the first species eats only vegetation
and the second eats only the first species. In other words, one species is a predator and the other
is a prey. For example, wolves hunt grass-eating caribou, sharks devour little fish, and the snowy
owl pursues an arctic rodent called the lemming. For the sake of discussion, let us imagine that
the predators are foxes and the prey are rabbits.

Let x(¢) and y(¢) denote, respectively, the fox and rabbit populations at time ¢. If there were no
rabbits, then one might expect that the foxes, lacking an adequate food supply, would decline in
number according to

dx = —ax, a>0. (4)
dt

When rabbits are present in the environment, however, it seems reasonable that the number of
encounters or interactions between these two species per unit time is jointly proportional to their
populations x and y; that is, proportional to the product xy. Thus when rabbits are present there
is a supply of food, and so foxes are added to the system at a rate bxy, b > 0. Adding this last
rate to (4) gives a model for the fox population:

d
c% = —ax + bxy. (5)
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predators

population

time

FIGURE 2.9.2 Population of predators
(red) and prey (blue) appear to be
periodic in Example 1

On the other hand, were there no foxes, then the rabbits would, with an added assumption of un-
limited food supply, grow at a rate that is proportional to the number of rabbits present at time #:
dy
—=dy, d>0. 6
Y (6)
But when foxes are present, a model for the rabbit population is (6) decreased by cxy, ¢ > 0; that
is, decreased by the rate at which the rabbits are eaten during their encounters with the foxes:

d
d%‘) = dy — cxy. (7)
Equations (5) and (7) constitute a system of nonlinear differential equations
d
£ - —ax + bxy = x(—a + by)
dt
p (8)
l:df— cxy = y(d — cx)
dt .) .) J b

where a, b, ¢, and d are positive constants. This famous system of equations is known as the
Lotka—Volterra predator—-prey model.

Except for two constant solutions, x(¢#) = 0, y(f) = 0 and x(t) = d/c, y(t) = a/b, the nonlinear
system (8) cannot be solved in terms of elementary functions. However, we can analyze such
systems quantitatively and qualitatively. See Chapters 6 and 11.

Predator—Prey Model

Suppose
dx = —0.16x + 0.08xy
dt
dy
o =45y — 0.9xy

represents a predator—prey model. Since we are dealing with populations, we have x(f) = 0,
y(f) = 0. FIGURE 2.9.2, obtained with the aid of a numerical solver, shows typical population
curves of the predators and prey for this model superimposed on the same coordinate axes. The
initial conditions used were x(0) = 4, y(0) = 4. The curve in red represents the population x(#)
of the predator (foxes), and the blue curve is the population y(#) of the prey (rabbits). Observe
that the model seems to predict that both populations x(#) and y(¢) are periodic in time. This
makes intuitive sense since, as the number of prey decreases, the predator population eventually
decreases because of a diminished food supply; but attendant to a decrease in the number of
predators is an increase in the number of prey; this in turn gives rise to an increased number of
predators, which ultimately brings about another decrease in the number of prey. =

Il Com petition Models Now suppose two different species of animals occupy the same
ecosystem, not as predator and prey but rather as competitors for the same resources (such as
food and living space) in the system. In the absence of the other, let us assume that the rate at
which each population grows is given by

dy
— =ax and — = ¢y, 9
dt dt Y 9)
respectively.
Since the two species compete, another assumption might be that each of these rates is dimin-
ished simply by the influence, or existence, of the other population. Thus a model for the two
populations is given by the linear system

dx

= ax — by
dt
(10)
&
dt < .

where a, b, ¢, and d are positive constants.
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FIGURE 2.9.3 Network whose model is
given in (17)

FIGURE 2.9.4 Network whose model is
given in (18)

On the other hand, we might assume, as we did in (5), that each growth rate in (9) should be
reduced by a rate proportional to the number of interactions between the two species:

d
i = ax — bxy
(11)
Y
i cy Xy.

Inspection shows that this nonlinear system is similar to the Lotka—Volterra predator—prey model.
Last, it might be more realistic to replace the rates in (9), which indicate that the population of
each species in isolation grows exponentially, with rates indicating that each population grows
logistically (that is, over a long time the population is bounded):

x dy
X bix* and il b,y>. (12)

When these new rates are decreased by rates proportional to the number of interactions, we
obtain another nonlinear model

d

di)tc = ax — b1x2 —cxy = x(a; — bix — ¢y)

dy (13)
dr = a,y — by’ — cyxy = y(a, — by — %),

where all coefficients are positive. The linear system (10) and the nonlinear systems (11) and
(13) are, of course, called competition models.

Il Networks Anelectrical network having more than one loop also gives rise to simultaneous
differential equations. As shown in FIGURE 2.9.3, the current i,(¢) splits in the directions shown at
point By, called a branch point of the network. By Kirchhoff’s first law we can write

i1(1) = i)(1) + i5(0). (14)

In addition, we can also apply Kirchhoff’s second law to each loop. For loop A,BB,A,A |, sum-
ming the voltage drops across each part of the loop gives

P
E®) = i\R, + L, f + 0R,. (15)

Similarly, for loop A,B,C,C,B,A,A; we find

g
E(H) = i\R, + Lzﬁ. (16)

Using (14) to eliminate i, in (15) and (16) yields two linear first-order equations for the currents
i(1) and i5(7):

di
L, an + (R, + Ryi, + Rji; = E(?)
dt (17)

dis . .
Ly— + Riiy + Rils = EQ).

We leave it as an exercise (see Problem 16 in Exercises 2.9) to show that the system of dif-
ferential equations describing the currents i;(#) and i,(¢) in the network containing a resistor, an
inductor, and a capacitor shown in FIGURE 2.9.4 is

L@-i-R’ = E(t
dt i = E(1)

di (18)
RC

2
-+ i, — i, = 0.
dt 2 1

96 | CHAPTER 2 First-Order Differential Equations



m DCIHREE]  Answers to selected odd-numbered problems begin on page ANS-4.

Radioactive Series

But for several reasons it is complicated, and sometimes prob-
lematic, to determine how much of the Ca-40 in a sample is

1. We have not discussed methods by which systems of first-order

differential equations can be solved. Nevertheless, systems such
as (2) can be solved with no knowledge other than how to solve
asingle linear first-order equation. Find a solution of (2) subject
to the initial conditions x(0) = x,, y(0) = 0, z(0) = 0.

. In Problem 1, suppose that time is measured in days, that the
decay constants are k; = —0.138629 and k, = —0.004951,
and that x, = 20. Use a graphing utility to obtain the graphs
of the solutions x(7), y(f), and z(7) on the same set of coordinate
axes. Use the graphs to approximate the half-lives of sub-
stances X and Y.

. Use the graphs in Problem 2 to approximate the times when the
amounts x(¢) and y(7) are the same, the times when the amounts
x(?) and z(7) are the same, and the times when the amounts y(7)
and z(#) are the same. Why does the time determined when the
amounts y(7) and z(7) are the same make intuitive sense?

. Construct a mathematical model for a radioactive series of
four elements W, X, Y, and Z, where Z is a stable element.

Contributed Problems

Jeft Dodd, Professor
Department of Mathematical Sciences
Jacksonville State University

5. Potassium-40 Decay The mineral potassium, whose chem-

ical symbol is K, is the eighth most abundant element in the
Earth’s crust, making up about 2% of it by weight, and one of
its naturally occurring isotopes, K-40, is radioactive. The ra-
dioactive decay of K-40 is more complex than that of carbon-14
because each of its atoms decays through one of two different
nuclear decay reactions into one of two different substances:
the mineral calcium-40 (Ca-40) or the gas argon-40 (Ar-40).
Dating methods have been developed using both of these de-
cay products. In each case, the age of a sample is calculated
using the ratio of two numbers: the amount of the parent
isotope K-40 in the sample and the amount of the daughter
isotope (Ca-40 or Ar-40) in the sample that is radiogenic, in
other words, the substance which originates from the decay
of the parent isotope after the formation of the rock.

© beboy/ShutterStock, Inc.
An igneous rock is solidified magma

The amount of K-40 in a sample is easy to calculate.
K-40 comprises 1.17% of naturally occurring potassium,
and this small percentage is distributed quite uniformly, so
that the mass of K-40 in the sample is just 1.17% of the total
mass of potassium in the sample, which can be measured.

radiogenic. In contrast, when an igneous rock is formed by
volcanic activity, all of the argon (and other) gas previously
trapped in the rock is driven away by the intense heat. At the
moment when the rock cools and solidifies, the gas trapped
inside the rock has the same composition as the atmosphere.
There are three stable isotopes of argon, and in the atmosphere
they occur in the following relative abundances: 0.063%
Ar-38, 0.337% Ar-36, and 99.60% Ar-40. Of these, just one,
Ar-36, is not created radiogenically by the decay of any element,
so any Ar-40 in excess of 99.60/(0.337) = 295.5 times the
amount of Ar-36 must be radiogenic. So the amount of radio-
genic Ar-40 in the sample can be determined from the amounts
of Ar-38 and Ar-36 in the sample, which can be measured.

Assuming that we have a sample of rock for which the
amount of K-40 and the amount of radiogenic Ar-40 have been
determined, how can we calculate the age of the rock? Let
P(t) be the amount of K-40, A(7) the amount of radiogenic
Ar-40, and C(¢) the amount of radiogenic Ca-40 in the sample
as functions of time 7 in years since the formation of the rock.
Then a mathematical model for the decay of K-40 is the sys-
tem of linear first-order differential equations

A _\p

dt A

dC

=P

dt ¢

P o+ AP
dt 4 o

where A, = 0.581 X 107"%and A = 4.962 X 107'°.

(a) From the system of differential equations find P(¢) if
P0) = P,

(b) Determine the half-life of K-40.

(¢) Use P(r) from part (a) to find A(f) and C(¢) if A(0) = 0
and C(0) = 0.

(d) Use your solution for A(7) in part (c) to determine the
percentage of an initial amount P, of K-40 that decays
into Ar-40 over a very long period of time (that is,  — c0).
What percentage of P, decays into Ca-40?

. Potassium-Argon Dating (a) Use the solutions in parts (a)

and (c) of Problem 5 to show that

AD _ M o -,
Pty A+ Ac
(b) Solve the expression in part (a) for ¢ in terms A(?), P(t),
Ay and Ag.

(¢) Suppose it is found that each gram of a rock sample con-
tains 8.6 X 1077 grams of radiogenic Ar-40 and
5.3 X 10® grams of K-40. Use the equation obtained in
part (b) to determine the approximate age of the rock.

Mixtures

1. Consider two tanks A and B, with liquid being pumped in

and out at the same rates, as described by the system of
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10.

equations (3). What is the system of differential equations if,
instead of pure water, a brine solution containing 2 pounds of
salt per gallon is pumped into tank A?

. Use the information given in FIGURE 2.9.5 to construct a math-

ematical model for the number of pounds of salt x,(?), x,(f),
and x5(¢) at time ¢ in tanks A, B, and C, respectively.

mixture
1 gal/min

mixture
2 gal/min

pure water
4 gal/min

—

mixture
4 gal/min

mixture
5 gal/min

mixture
6 gal/min

FIGURE 2.9.5 Mixing tanks in Problem 8

. Two very large tanks A and B are each partially filled with

100 gallons of brine. Initially, 100 pounds of salt is dissolved
in the solution in tank A and 50 pounds of salt is dissolved
in the solution in tank B. The system is closed in that the
well-stirred liquid is pumped only between the tanks, as
shown in FIGURE 2.9.6.

(a) Use the information given in the figure to construct a
mathematical model for the number of pounds of salt x,(7)
and x,(¢) at time ¢ in tanks A and B, respectively.

(b) Find a relationship between the variables x,(7) and x,(f)
that holds at time 7. Explain why this relationship makes
intuitive sense. Use this relationship to help find the
amount of salt in tank B at # = 30 min.

mixture
3 gal/min

mixture
2 gal/min

FIGURE 2.9.6 Mixing tanks in Problem 9

Three large tanks contain brine, as shown in FIGURE 2.9.7. Use
the information in the figure to construct a mathematical model
for the number of pounds of salt x,(), x,(f), and x5(¢) at time
tintanks A, B, and C, respectively. Without solving the system,
predict limiting values of x,(7), x,(f), and x;(¢) as t — co.

pure water
4 gal/min

mixture
4 gal/min

mixture
4 gal/min

mixture
4 gal/min

FIGURE 2.9.7 Mixing tanks in Problem 10
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Predator-Prey Models

1.

Consider the Lotka—Volterra predator—prey model defined by
dx

= —0.1x + 0.02
di X Xy
o 0.2y — 0.025

where the populations x(f) (predators) and y(¢) (prey) are mea-
sured in the thousands. Suppose x(0) = 6 and y(0) = 6. Use a
numerical solver to graph x(f) and y(7). Use the graphs to ap-
proximate the time # > 0 when the two populations are first equal.
Use the graphs to approximate the period of each population.

Competition Models

12.

13.

Consider the competition model defined by
dx

” =x(2 — 0.4x — 0.3y)
dy
dt

where the populations x(¢) and y(7) are measured in the thousands
and ¢ in years. Use a numerical solver to analyze the popula-
tions over a long period of time for each of the cases:

(@) x(0)=15, y0)=35 (b) x(0)=1, y0) =1

=yl — 0.1y — 0.3x),

© x(0)=2, y0)=7 (d) x(0)=4.5, y0)=0.5
Consider the competition model defined by

dx

o = x(1 — 0.1x — 0.05y)

dy

o = y(1.7 — 0.1y — 0.15x),

where the populations x(7) and y(7) are measured in the thousands
and 7 in years. Use a numerical solver to analyze the popula-
tions over a long period of time for each of the cases:

@ xO0) =1, y0)=1 (b) x(0) =4, ¥0)=10
() x(0)=9, y0)=4 (d) x(0)=15.5, y0)=3.5
Networks

14.

15.

Show that a system of differential equations that describes
the currents i,(f) and i;(¢) in the electrical network shown in
FIGURE 2.9.8 is

L@-i-L@-i-R' = E(t
dr dr 1 = E(1)

FIGURE 2.9.8 Network in Problem 14

Determine a system of first-order differential equations that
describe the currents i,(f) and i;() in the electrical network
shown in FIGURE 2.9.9.



Ry R,

FIGURE 2.9.9 Network in Problem 15

16. Show that the linear system given in (18) describes the
currents #,(¢) and i,(f) in the network shown in Figure 2.9.4.
[Hint: dg/dt = i5.]

Additional Mathematical Models

17. SIR Model A communicable disease is spread throughout
a small community, with a fixed population of n people, by
contact between infected individuals and people who are
susceptible to the disease. Suppose initially that everyone is
susceptible to the disease and that no one leaves the com-
munity while the epidemic is spreading. At time ¢, let s(?),
i(t), and r(¢) denote, in turn, the number of people in the
community (measured in hundreds) who are susceptible to
the disease but not yet infected with it, the number of people
who are infected with the disease, and the number of people
who have recovered from the disease. Explain why the system

18.

of differential equations

ds )

— = —kysi

dt

di . .
o = —kyi + kysi
dr

= = ki,
a2

where k, (called the infection rate) and k, (called the removal
rate) are positive constants, is a reasonable mathematical
model, commonly called a SIR model, for the spread of the
epidemic throughout the community. Give plausible initial
conditions associated with this system of equations. Show that
the system implies that

d(+'+) 0
— (S 1 r)y = u.
dt

Why is this consistent with the assumptions?
(a) InProblem 17 explain why it is sufficient to analyze only
ds

dt = _klsi
di
dii = _kzl + klsi.

(b) Suppose k; = 0.2, k, = 0.7, and n = 10. Choose various
values of i(0) = iy, 0 < i, < 10. Use a numerical solver to
determine what the model predicts about the epidemic in the
two cases s, > ky/k; and s, = k,/k,. In the case of an epidemic,
estimate the number of people who are eventually infected.

n Cha pter in Review Answers to selected odd-numbered problems begin on page ANS-4.

In Problems 1 and 2, fill in the blanks.

1. The DEy" — ky = A, where k and A are constants, is autono-
mous. The critical point of the equation is a(n)
(attractor or repeller) for k > 0 and a(n) (attractor or
repeller) for k < 0.

d
2. The initial-value problem x dl — 4y = 0, y(0) = k, has an
x

infinite number of solutions for k = and no solution
fork =

In Problems 3 and 4, construct an autonomous first-order differ-
ential equation dy/dx = f(y) whose phase portrait is consistent
with the given figure.

3. y 4, y

L4

FIGURE 2.R.1 Phase portrait FIGURE 2.R.2 Phase portrait
in Problem 3 in Problem 4

5.

The number O is a critical point of the autonomous differential

equation dx/dt = x", where n is a positive integer. For what

values of n is 0 asymptotically stable? Semi-stable? Unstable?
n

Repeat for the equation dx/dt = —x".
Consider the differential equation

dP

o = f(P), where f(P)= —0.5P° — 1.7P + 3.4.
The function f(P) has one real zero, as shown in FIGURE 2.R.3.
Without attempting to solve the differential equation, estimate
the value of lim,_, P(?).

FIGURE 2.R.3 Graph for Problem 6
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7. FIGURE 2.R4 is a portion of the direction field of a differential
equation dy/dx = f(x, y). By hand, sketch two different solution
curves, one that is tangent to the lineal element shown in black
and the other tangent to the lineal element shown in red.

FIGURE 2.R.4 Direction field for Problem 7

8. Classify each differential equation as separable, exact, linear,
homogeneous, or Bernoulli. Some equations may be more
than one kind. Do not solve.

dy x—y dy 1
Pk — b — =
(a) i P (b) &y —x
dy dy 1
+ 1= =—-y+10 d —=——
(© )dx y (d) N
dy y*+y dy
— = f) —=5y+)
© dx  x*+«x ® dx yTy
) dy "
(g ydx = ( —xy)dy (h) X T yeY = x
i xyy' +y' =2 () 2xyy’ +y* =2
(k) ydx + xdy =0
2
) <x2+xy> dx = 3 — Inxd) dy
d d 3,2
m = =24+24 m)%iﬂw””=o
dc 'y x x° dx

In Problems 9-16, solve the given differential equation.
9. (y> + 1)dx = ysec’xdy
10. y(Inx — Iny)dx = (xInx — xIlny — y) dy

d
n 6+ Dy 2 + 32 +2° =0
dx
d 4y’ + 6 d
= —M 13. t—Q+Q=t4lnt
dy 3y° + 2x dt
18, 2x +y+ 1)y =1 15. (x> + 4)dy = (2x — 8xy) dx
16. (2r’cos@sin@ + rcosf) do + (4r + sin@ — 2rcos?0) dr =0

12.

In Problems 17-20, express the solution of the given initial-
value problem in terms of an integral-defined function.

dy
17. 2— + (4cosx)y =x, y0) =1
dx

dy

18. — — 4xy = sinx?, y(0) =7
dx
dy )
19. x— + 2y = xe*, y(1) =3
dx

dy .
20. x— + (sinx)y = 0, y(0) = 10
dx
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In Problems 21 and 22, solve the given initial-value problem.

21.

22,

dy
— +y = fix), y(0) = 5, where
dx
) {e", 0=x<1
x =
0, x=1
dy

— 4+ P(x)y = €%, y(0) = —1, where

dx
1, 0=x<1
P(x) =
-1, x=1

In Problems 23 and 24, solve the given initial-value problem and
give the largest interval / on which the solution is defined.

23.

24.

25,

26.

2].

28.

d
sinxdl + (cosx)y = 0, y(Tw/6) = =2
X

dy 2 _ 1
E+2(I+ Dy =0, y0) = —3

(a) Without solving, explain why the initial-value problem

dy
di = \[’ Y(Xo) = Yo
X

has no solution for y, < 0.
(b) Solve the initial-value problem in part (a) for y, > 0 and
find the largest interval 7 on which the solution is defined.

(a) Find an implicit solution of the initial-value problem
2 2

dy y —x
= = , oy = -V2,
I e y(1)

(b) Find an explicit solution of the problem in part (a) and
give the largest interval I over which the solution is de-
fined. A graphing utility may be helpful here.

Graphs of some members of a family of solutions for a first-
order differential equation dy/dx = f(x, y) are shown in
FIGURE 2.R.5. The graph of an implicit solution G(x, y) = 0 that
passes through the points (1, —1) and (— 1, 3) is shown in red.
With colored pencils, trace out the solution curves of the solu-
tions y = y;(x) and y = y,(x) defined by the implicit solution
such that y;(1) = —1 and y,(—1) = 3. Estimate the interval /
on which each solution is defined.

FIGURE 2.R.5 Graph for Problem 27

Use Euler’s method with step size 7 = 0.1 to approximate
¥(1.2) where y(x) is a solution of the initial-value problem
y =14 xVy,y(1)=09.



29.

30.

31

32.

33.

34.

In March 1976, the world population reached 4 billion. A
popular news magazine predicted that with an average yearly
growth rate of 1.8%, the world population would be 8 billion
in 45 years. How does this value compare with that predicted
by the model that says the rate of increase is proportional to
the population at any time #?

Iodine-131 is a radioactive liquid used in the treatment of

cancer of the thyroid. After one day in storage, analysis shows

that initial amount of iodine-131 in a sample has decreased

by 8.3%.

(a) Find the amount of iodine-131 remaining in the sample
after 8 days.

(b) What is the significance of your answer in part (a)?

In 1991 hikers found a preserved body of a man partially
frozen in a glacier in the Austrian Alps. Through carbon-
dating techniques it was found that the body of Otzi—the
iceman as he came to be called—contained 53% as much C-14
as found in a living person.
(a) Using the Cambridge half-life of C-14, give an educated
guess of the date of his death (relative to the year 2016).
(b) Then use the technique illustrated in Example 3 of
Section 2.7 to calculate the approximate date of his death.
Assume that the iceman was carbon dated in 1991.

© dpa/Corbis
The iceman in Problem 31

Air containing 0.06% carbon dioxide is pumped into a room
whose volume is 8000 ft’. The air is pumped in at a rate of
2000 ft*/min, and the circulated air is then pumped out at the
same rate. If there is an initial concentration of 0.2% carbon
dioxide, determine the subsequent amount in the room at any
time. What is the concentration at 10 minutes? What is the
steady-state, or equilibrium, concentration of carbon dioxide?

Solve the differential equation

dy vy
dx \/SZ_yZ

of the tractrix. See Problem 28 in Exercises 1.3. Assume that
the initial point on the y-axis is (0, 10) and that the length of
the rope is x = 10 ft.

Suppose a cell is suspended in a solution containing a solute
of constant concentration C,. Suppose further that the cell has
constant volume V and that the area of its permeable membrane
is the constant A. By Fick’s law the rate of change of its mass m
is directly proportional to the area A and the difference
C, — C(t), where C(¢) is the concentration of the solute inside
the cell at any time ¢. Find C(¢) if m = V - C(¢) and C(0) = C,,.
See FIGURE 2.R.6.

35.

36.

37.

38.

molecules of solute
- diffusing through
— cell membrane

FIGURE 2.R.6 Cell in Problem 34

Suppose that as a body cools, the temperature of the surround-
ing medium increases because it completely absorbs the heat
being lost by the body. Let 7(¢) and T,,(f) be the temperatures
of the body and the medium at time ¢, respectively. If the initial
temperature of the body is 7} and the initial temperature of
the medium is 7T, then it can be shown in this case that
Newton’s law of cooling is d7/dt = k(T — T,,), k < 0, where
T,=T,+ B(T, — T), B> 0is a constant.

(a) The foregoing DE is autonomous. Use the phase portrait
concept of Section 2.1 to determine the limiting value of
the temperature 7(f) as t — oo. What is the limiting value
of T,(t)ast— o0?

(b) Verify your answers in part (a) by actually solving the
differential equation.

(c) Discuss aphysical interpretation of your answers in part (a).

According to Stefan’s law of radiation, the absolute tempera-
ture T of a body cooling in a medium at constant temperature
T, is given by
dr . .
=kt =),
where k is a constant. Stefan’s law can be used over a greater
temperature range than Newton’s law of cooling.
(a) Solve the differential equation.
(b) Show that when T — T, is small compared to 7,, then
Newton’s law of cooling approximates Stefan’s law. [ Hint:
Think binomial series of the right-hand side of the DE.]

Suppose an RC-series circuit has a variable resistor. If the
resistance at time 7 is defined by R(f) = k; + k,t, where k,
and k, are known positive constants, then the differential equa-
tion in (10) of Section 2.7 becomes

(k Jrkt)d—q+l = E(r)
o ’

where C is a constant. If E(r) = E, and ¢(0) = g, where E|,
and ¢, are constants, then show that

: 1/Ck,
) = E,C + - E,C .
q(0) 0 (g0 0 )(k|+k2t)

A classical problem in the calculus of variations is to find the
shape of a curve € such that a bead, under the influence of grav-
ity, will slide from point A(0, 0) to point B(x;, y,) in the least
time. See FIGURE 2.R.7. It can be shown that a nonlinear differ-
ential equation for the shape y(x) of the pathis y[1 + (y')*] = k,
where k is a constant. First solve for dx in terms of y and dy,
and then use the substitution y = k sin”6 to obtain a parametric
form of the solution. The curve % turns out to be a cycloid.
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40.

a.

A0, 0)

bead

4
mg B(xy, y1)

y

FIGURE 2.R.7 Sliding bead in Problem 38

The clepsydra, or water clock, was a device used by the an-
cient Egyptians, Greeks, Romans, and Chinese to measure the
passage of time by observing the change in the height of wa-
ter that was permitted to flow out of a small hole in the bottom
of a container or tank. In Problems 39—42, use the differential
equation (see Problems 13-16 in Exercises 2.8)

dh A,

dt ¢ A
as a model for the height / of water in a tank at time 7. Assume
in each of these problems that 4(0) = 2 ft corresponds to
water filled to the top of the tank, the hole in the bottom is
circular with radius 35 in, g = 32 ft/s>, and ¢ = 0.6.

2gh

w

Suppose that a tank is made of glass and has the shape of a right-
circular cylinder of radius 1 ft. Find the height /() of the water.

For the tank in Problem 39, how far up from its bottom should
a mark be made on its side, as shown in FIGURE 2.R.8, that cor-
responds to the passage of 1 hour? Continue and determine
where to place the marks corresponding to the passage of 2 h,
3h,..., 12 h. Explain why these marks are not evenly spaced.

FIGURE 2.R.8 Clepsydra in Problem 40

Suppose that the glass tank has the shape of a cone with cir-
cular cross sections as shown in FIGURE 2.R.9. Can this water
clock measure 12 time intervals of length equal to 1 hour?
Explain using sound mathematics.

FIGURE 2.R.9 Clepsydra in Problem 41
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42.

44,

45,

46.

Suppose that r = f(h) defines the shape of a water clock for
which the time marks are equally spaced. Use the above dif-
ferential equation to find f(%) and sketch a typical graph of &
as a function of r. Assume that the cross-sectional area A;, of
the hole is constant. [ Hint: In this situation, dh/dt = —a, where
a > (01is a constant.]

A model for the populations of two interacting species of
animals is

dl_k (a — x)
i X — x
dy

— = k.

dt XYy

Solve for x and y in terms of 7.

Initially, two large tanks A and B each hold 100 gallons of
brine. The well-stirred liquid is pumped between the tanks
as shown in FIGURE 2.R.10. Use the information given in the
figure to construct a mathematical model for the number of
pounds of salt x,(¢) and x,(¢) at time ¢ in tanks A and B,
respectively.

mixture
5 gal/min

2 Ib/gal
7 gal/min

mixture
4 gal/min

mixture
1 gal/min

mixture
3 gal/min

FIGURE 2.R.10 Mixing tanks in Problem 44

It is estimated that the ecosystem of Yellowstone National
Park can sustain a grey wolf population of 450. An initial
population in 1997 was 40 grey wolves and it was subsequently
determined that the population grew to 95 wolves after
15 years. How many wolves does the mathematical model

predict there will be in the park 30 years after their introduction?

(a) Use a graphing utility to graph the wolf population P(f)
found in Problem 45.

(b) Use the solution P(¢) in Problem 45 to find tllglo P(1).

(c) Show that the differential equation in Problem 45 is a
special case of Gompertz’s equation ((7) in Section 2.8).

When all the curves in a family G(x, y, ¢;) = O intersect orthogonally
all the curves in another family H(x, y, ¢,) = 0, the families are
said to be orthogonal trajectories of each other. See FIGURE 2.R.11.
If dy/dx = f(x, y) is the differential equation of one family, then
the differential equation for the orthogonal trajectories of this fam-
ily is dy/dx = —1/f(x, y). In Problems 47-50, find the differential
equation of the given family. Find the orthogonal trajectories of
this family. Use a graphing utility to graph both families on the
same set of coordinate axes.



G, y,¢))=0

FIGURE 2.R.11 Orthogonal trajectories

4.

49,

y = cx 48 x> — 2y’ = ¢

y=—x—1+ce’ 50. y =

X+ ¢

Contributed Problems

Rick Wicklin, PhD
Senior Researcher in Computational Statistics
SAS Institute Inc.

51.

Invasion of the Marine Toads* In 1935, the poisonous
American marine toad (Bufo marinus) was introduced,
against the advice of ecologists, into some of the coastal
sugar cane districts in Queensland, Australia, as a means of
controlling sugar cane beetles. Due to lack of natural preda-
tors and the existence of an abundant food supply, the toad
population grew and spread into regions far from the origi-
nal districts. The survey data given in the accompanying
table indicate how the toads expanded their territorial bounds
within a 40-year period. Our goal in this problem is to find
apopulation model of the form P(¢;) but we want to construct
the model that best fits the given data. Note that the data are
not given as number of toads at 5-year intervals since this
kind of information would be virtually impossible to obtain.

Year Area Occupied
1939 32,800
1944 55,800
1949 73,600
1954 138,000
1959 202,000
1964 257,000
© Ryan M. Bolton/ShutterStock, Inc. 1969 301 ’000
1974 584,000

Marine toad (Bufo marinus)

(a) For ease of computation, let’s assume that, on the aver-
age, there is one toad per square kilometer. We will also
count the toads in units of thousands and measure time
in years with # = 0 corresponding to 1939. One way to

*This problem is based on the article Teaching Differential Equations
with a Dynamical Systems Viewpoint by Paul Blanchard, The College
Mathematics Journal 25 (1994) 385-395.

52,

model the data in the table is to use the initial condition
P, = 32.8 and to search for a value of k so that the graph
of P,e" appears to fit the data points. Experiment, using
a graphic calculator or a CAS, by varying the birth rate
k until the graph of P,e" appears to fit the data well over
the time period 0 = t = 35.

Alternatively, it is also possible to solve analytically
for a value of k that will guarantee that the curve passes
through exactly two of the data points. Find a value of k
so that P(5) = 55.8. Find a different value of k so that
P(35) = 584.

(b) In practice, a mathematical model rarely passes through
every experimentally obtained data point, and so statisti-
cal methods must be used to find values of the model’s
parameters that best fit experimental data. Specifically,
we will use linear regression to find a value of & that
describes the given data points:

* Use the table to obtain a new data set of the form
(t;, In P(t,)), where P(t;) is the given population at the
timest, = 0,1, = 5, ....

* Most graphic calculators have a built-in routine to find
the line of least squares that fits this data. The routine
gives an equation of the form In P(¥) = mt + b, where
m and b are, respectively, the slope and intercept cor-
responding to the line of best fit. (Most calculators also
give the value of the correlation coefficient that indi-
cates how well the data is approximated by a line; a
correlation coefficient of 1 or —1 means perfect cor-
relation. A correlation coefficient near 0 may mean that
the data do not appear to be fit by an exponential
model.)

* SolvingIn P(f) = mt + bgives P(t) = ¢™ " bor P(t) =
e’e™. Matching the last form with Pye®, we see that
e’ is an approximate initial population, and m is the
value of the birth rate that best fits the given data.

(¢) Sofar youhave produced four different values of the birth
rate k. Do your four values of k agree closely with each
other? Should they? Which of the four values do you think
is the best model for the growth of the toad population
during the years for which we have data? Use this birth
rate to predict the toad’s range in the year 2039. Given
that the area of Australia is 7,619,000 km?, how confident
are you of this prediction? Explain your reasoning.

Invasion of the Marine Toads—Continued In part (a) of
Problem 51, we made the assumption that there was an aver-
age of one toad per square kilometer. But suppose we are
wrong and there were actually an average of two toads per
square kilometer. As before, solve analytically for a value of
k that will guarantee that the curve passes through exactly two
of the data points. In particular, if we now assume that
P(0) = 65.6, find a value of k so that P(5) = 111.6, and a
different value of k so that P(35) = 1168. How do these val-
ues of k compare with the values you found previously? What
does this tell us? Discuss the importance of knowing the exact
average density of the toad population.
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CHAPTER

We turn now to DEs of order two
or higher. In the first six sections
of this chapter we examine the
underlying theory of linear DEs
and methods for solving certain
kinds of linear equations. The
difficulties that surround higher-
order nonlinear DEs and the

few methods that yield analytic
solutions for such equations are
examined next (Section 3.7).

The chapter concludes with
higher-order linear and nonlinear
mathematical models (Sections
3.8, 3.9, and 3.11) and the first of
several methods to be considered
on solving systems of linear DEs
(Section 3.12).
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m‘ Theory of Linear Equations

INTRODUCTION  We turn now to differential equations of order two or higher. In this section
we will examine some of the underlying theory of linear DEs. Then in the five sections that fol-
low we learn how to solve linear higher-order differential equations.

3.1.1 Initial-Value and Boundary-Value Problems

Il Initial-Value Problem InSection 1.2 we defined an initial-value problem for a general
nth-order differential equation. For a linear differential equation, an nth-order initial-value
problem (IVP) is

dny dn* ]y dy
Solve: a,x) —-+ a,_\(x) =7+ -+ ax) -+ ax)y = gk

dx" dx" dx 1)
Subjectt0: y(x) = yo, ¥'(x0) = yi, ..., Y x) =y,

Recall that for a problem such as this, we seek a function defined on some interval / containing
X, that satisfies the differential equation and the » initial conditions specified at x,: y(x5) = Yo,
Y (x0) = 1, - --» Y P(xp) = y,_,. We have already seen that in the case of a second-order initial-
value problem, a solution curve must pass through the point (x,, y,) and have slope y, at this point.

Il Existence and Uniqueness In Section 1.2 we stated a theorem that gave conditions
under which the existence and uniqueness of a solution of a first-order initial-value problem were
guaranteed. The theorem that follows gives sufficient conditions for the existence of a unique
solution of the problem in (1).

Theorem 3.1.1 Existence of a Unique Solution

Let a,(x), a, (%), . . ., a;(x), ay(x), and g(x) be continuous on an interval /, and let a,(x) # 0
for every x in this interval. If x = Xx is any point in this interval, then a solution y(x) of the
initial-value problem (1) exists on the interval and is unique.

EXAMPLE 1 Unique Solution of an IVP

The initial-value problem

3y +5" —y +T7y=0, y1)=0, y(1)=0, y(1)=0

possesses the trivial solution y = 0. Since the third-order equation is linear with constant
coefficients, it follows that all the conditions of Theorem 3.1.1 are fulfilled. Hence y = 0 is

the only solution on any interval containing x = 1. =

Unique Solution of an IVP

You should verify that the function y = 3¢** + ¢~ **

— 3xis asolution of the initial-value problem
Y —4y=12x, y0)=4, y'(0)=1.

Now the differential equation is linear, the coefficients as well as g(x) = 12x are continuous,
and a,(x) = 1 # 0 on any interval / containing x = 0. We conclude from Theorem 3.1.1 that

the given function is the unique solution on /. =

The requirements in Theorem 3.1.1 that a,(x),i = 0, 1,2, ..., n be continuous and a,(x) # O for
every x in / are both important. Specifically, if a,(x) = 0 for some x in the interval, then the
solution of a linear initial-value problem may not be unique or even exist. For example, you
should verify that the function y = cx* + x + 3 is a solution of the initial-value problem

By =2y +2y=6, y0)=3 YO =1

CHAPTER 3 Higher-Order Differential Equations



solutions of the DE

X/

FIGURE 3.1.1 Colored curves are solutions

of aBVP

e 1 ——>

FIGURE 3.1.2 The BVP in (3) of Example 3

has many solutions

on the interval (—oo, co) for any choice of the parameter c. In other words, there is no unique
solution of the problem. Although most of the conditions of Theorem 3.1.1 are satisfied, the
obvious difficulties are that a,(x) = x? is zero at x = 0 and that the initial conditions are also
imposed at x = 0.

I Boundary-Value Problem Another type of problem consists of solving a linear dif-
ferential equation of order two or greater in which the dependent variable y or its derivatives are
specified at different points. A problem such as

d’y dy
Solve: a(x) —5 + a;(x) .~ + ayx)y = gx)
dx dx

Subject to:  y(a) = yo, y(b) =y,

is called a two-point boundary-value problem, or simply a boundary-value problem (BVP).

The prescribed values y(a) = y, and y(b) = y, are called boundary conditions (BC). A solution

of the foregoing problem is a function satisfying the differential equation on some interval /,

containing a and b, whose graph passes through the two points (a, y,) and (b, y,). See FIGURE 3.1.1.
For a second-order differential equation, other pairs of boundary conditions could be

Vi@ =y, yb) =y
(@ =y, y'(b) =y
y'(@ =ye y'(b) =y,

where y, and y, denote arbitrary constants. These three pairs of conditions are just special cases
of the general boundary conditions

A,y(a) + Byy'(a) = C,
Ayy(b) + Byy'(b) = C,.

The next example shows that even when the conditions of Theorem 3.1.1 are fulfilled, a

boundary-value problem may have several solutions (as suggested in Figure 3.1.1), a unique
solution, or no solution at all.

A BVP Can Have Many, One, or No Solutions

In Example 9 of Section 1.1 we saw that the two-parameter family of solutions of the dif-
ferential equation x” + 16x = O is

X = ¢, cos 4t + ¢, sin 4t. (2)

(a) Suppose we now wish to determine that solution of the equation that further satisfies the
boundary conditions x(0) = 0, x(77/2) = 0. Observe that the first condition 0 = ¢, cos 0 + ¢, sin 0
implies ¢; = 0, so that x = ¢, sin 4¢. But when t = 77/2, 0 = ¢, sin 27 is satisfied for any choice
of ¢, since sin 27 = 0. Hence the boundary-value problem

x"+16x=0, x(0) =0, x(7/2) =0 (3)

has infinitely many solutions. FIGURE 3.1.2 shows the graphs of some of the members of the
one-parameter family x = ¢, sin 4t that pass through the two points (0, 0) and (77/2, 0).

(b) If the boundary-value problem in (3) is changed to
X"+ 16x =0, x(0) =0, x(7/8) =0, (4)
then x(0) = O still requires ¢, = 0 in the solution (2). But applying x(7/8) = 0 to x = ¢, sin 4¢

demands that O = ¢, sin(7/2) = ¢, - 1. Hence x = 0 is a solution of this new boundary-value
problem. Indeed, it can be proved that x = 0 is the only solution of (4).
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Note y = 0 is always a
solution of a homogeneous
linear equation.

Remember these assumptions }
in the definitions and
theorems of this chapter.

(¢) Finally, if we change the problem to
X'+ 16x=0, x(0)=0, x(7/2)=1, (5)

we find again that ¢, = 0 from x(0) = 0, but that applying x(7/2) = 1 to x = ¢, sin 4¢ leads
to the contradiction 1 = ¢, sin 27 = ¢, - 0 = 0. Hence the boundary-value problem (5) has

no solution. =

3.1.2 Homogeneous Equations
A linear nth-order differential equation of the form

d”y n*ly
an(-x) + a,— (-x) d n—1 + ot al(-x) + aO(x)y = O (6)

is said to be homogeneous, whereas an equation

n n—1

e + an—l(x) y + -+ al(x) + ag(x)y = g(x) (7)

Il(x)

with g(x) not identically zero is said to be nonhomogeneous. For example, 2y” + 3y’ — 5y =0
is a homogeneous linear second-order differential equation, whereas x*y"” + 6y’ + 10y = ¢“isa
nonhomogeneous linear third-order differential equation. The word homogeneous in this context
does not refer to coefficients that are homogeneous functions as in Section 2.5; rather, the word
has exactly the same meaning as in Section 2.3.

We shall see that in order to solve a nonhomogeneous linear equation (7), we must first be
able to solve the associated homogeneous equation (6).

To avoid needless repetition throughout the remainder of this section, we shall, as a matter of
course, make the following important assumptions when stating definitions and theorems about
the linear equations (6) and (7). On some common interval 7,

* the coefficients a,(x),i = 0, 1, 2, ..., n, are continuous;
* the right-hand member g(x) is continuous; and
* a,(x) # 0 for every x in the interval.

IH Differential Operators In calculus, differentiation is often denoted by the capital letter D;
that is, dy/dx = Dy. The symbol D is called a differential operator because it transforms a differ-
entiable function into another function. For example, D(cos 4x) = —4 sin 4x, and D(5x° — 6x?%) =
15x> — 12x. Higher-order derivatives can be expressed in terms of D in a natural manner:

d(d d? d"
dx<di> di}) = D(Dy) = D?y and in general dxﬁ = D"y,

where y represents a sufficiently differentiable function. Polynomial expressions involving D,
suchas D + 3, D? + 3D — 4, and 5x°D* — 6x°D* + 4xD + 9, are also differential operators. In
general, we define an nth-order differential operator to be

L=a,x)D"+ a,_(x)D" '+ -+ a,(x)D + ay(x). (8)

As a consequence of two basic properties of differentiation, D(cf(x)) = ¢ Df(x), ¢ a constant,
and D{ f(x) + g(x)} = Df(x) + Dg(x), the differential operator L possesses a linearity property;
that is, L operating on a linear combination of two differentiable functions is the same as the
linear combination of L operating on the individual functions. In symbols, this means

L{af(x) + Bg)} = aL(f(x)) + BL(g()), (9)

where « and 8 are constants. Because of (9) we say that the nth-order differential operator L is
a linear operator.

Il Differential Equations Any linear differential equation can be expressed in terms of
the D notation. For example, the differential equation y” + 5y’ + 6y = 5x — 3 can be written as
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D%y + 5Dy + 6y = 5x — 3 or (D* + 5D + 6)y = 5x — 3. Using (8), the linear nth-order dif-
ferential equations (6) and (7) can be written compactly as

L(y)=0 and L(y) = g),

respectively.

] Superposition Principle In the next theorem we see that the sum, or superposition,
of two or more solutions of a homogeneous linear differential equation is also a solution.

Theorem 3.1.2 Superposition Principle—Homogeneous Equations

Let y, v5, . . ., ¥, be solutions of the homogeneous nth-order differential equation (6) on an
interval /. Then the linear combination

Yy = yi(x) + eya(x) + o0+ g(x),

where the ¢;, i = 1, 2, . . ., k are arbitrary constants, is also a solution on the interval.

PROOF: We prove the case k = 2. Let L be the differential operator defined in (8), and let y, (x)
and y,(x) be solutions of the homogeneous equation L(y) = 0. If we define y = ¢, y,(x) + ¢,y,(x),
then by linearity of L we have

L(y) = L{c;y,(x) + 20,0} = | L(y) + col(y) = ¢; -0+ ¢, - 0= 0. =

Corollaries to Theorem 3.1.2

(a) A constant multiple y = ¢,y,(x) of a solution y,(x) of a homogeneous linear
differential equation is also a solution.
(b) A homogeneous linear differential equation always possesses the trivial solution y = 0.

EXAMPLE 4 Superposition—Homogeneous DE

The functions y, = x” and y, = x* In x are both solutions of the homogeneous linear equation

x*y" — 2xy’ + 4y = 0 on the interval (0, co). By the superposition principle, the linear

combination

y=cx*+ e’ lnx
is also a solution of the equation on the interval. =
The function y = ¢™ is a solution of y" — 9y’ + 14y = 0. Since the differential equation is

linear and homogeneous, the constant multiple y = ce™ is also a solution. For various values of ¢
we see that y = 9¢™,y =0, y = —\V/5¢™, ..., are all solutions of the equation.

Il Linear Dependence and Linear Independence The next two concepts are basic
to the study of linear differential equations.

Definition 3.1.1  Linear Dependence/Independence

A set of functions f(x), f>(x), ..., f,(x) is said to be linearly dependent on an interval / if there
exist constants ¢y, ¢, ..., C,, not all zero, such that

o fix) + ey fp(x) + -+ + ¢, f,(x) =0

for every x in the interval. If the set of functions is not linearly dependent on the interval, it is
said to be linearly independent.
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FIGURE 3.1.3 The set consisting of f; and
f> is linearly independent on (—oo, 00)
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In other words, a set of functions is linearly independent on an interval if the only constants
for which

lel(x) + CZfZ(X) teeet Ch n(‘x) =0

for every x in the interval are ¢, = ¢, =+ = ¢, = 0.

It is easy to understand these definitions in the case of two functions f;(x) and f,(x). If the
functions are linearly dependent on an interval, then there exist constants ¢, and ¢, that are not
both zero such that for every x in the interval ¢, fi(x) + ¢,f>(x) = 0. Therefore, if we assume that
c; # 0, it follows that f(x) = (—cy/c))f>(x); that is

Iftwo functions are linearly dependent, then one is simply a constant multiple of the other.

Conversely, if fi(x) = ¢,f>(x) for some constant c,, then (—1) - fi(x) + ¢,f>(x) = 0 for every x
on some interval. Hence the functions are linearly dependent, since at least one of the constants
(namely, ¢, = —1) is not zero. We conclude that:

Two functions are linearly independent when neither is a constant multiple of the other
on an interval.

For example, the functions f;(x) = sin 2x and f,(x) = sin x cos x are linearly dependent on
(—o0, 00) because f;(x) is a constant multiple of f,(x). Recall from the double angle formula for
the sine that sin 2x = 2 sin x cos x. On the other hand, the functions f;(x) = x and f,(x) = | x | are
linearly independent on (—oo, co). Inspection of FIGURE 3.1.3 should convince you that neither
function is a constant multiple of the other on the interval.

It follows from the preceding discussion that the ratio f,(x)/f;(x) is not a constant on an interval
on which f(x) and f,(x) are linearly independent. This little fact will be used in the next section.

EXAMPLE 5 Linearly Dependent Functions

The functions f,(x) = cos’x, f,(x) = sin’x, f;(x) = sec’x, f,(x) = tan’x are linearly dependent
on the interval (—7r/2, 7r/2) since

¢, cos’x + ¢, sin’x + ¢; sec’x + ¢, tan’x = 0,

whenc, =c,=1,c; = —1,c, = 1. We used here cos’x + sin’x = 1 and 1 + tan’x = sec’x

for every number x in the interval. =

A set of n functions f;(x), f>(x), ..., f,(x) is linearly dependent on an interval / if at least one
of the functions can be expressed as a linear combination of the remaining functions. For example,
three functions f;(x), f>(x), and f3(x) are linearly dependent on / if at least one of these functions
is a linear combination of the other two, say,

S0 = ¢ i) + ¢ fox)

for all x in /. A set of n functions is linearly independent on / if no one function is a linear com-
bination of the other functions.

Linearly Dependent Functions

The functions f;(x) = Vx + 5,£(x) = Vx + 5x, f5(x) = x — 1, f,(x) = x” are linearly dependent
on the interval (0, co) since f, can be written as a linear combination of f}, f3, and f;. Observe that

L) =1-fi(0) + 5 f,(0) + 0 fulx)

for every x in the interval (0, c0). =

Il Solutions of Differential Equations We are primarily interested in linearly inde-
pendent functions or, more to the point, linearly independent solutions of a linear differential
equation. Although we could always appeal directly to Definition 3.1.1, it turns out that the
question of whether n solutions y, y,, ..., y, of a homogeneous linear nth-order differential
equation (6) are linearly independent can be settled somewhat mechanically using a determinant.
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Definition 3.1.2  Wronskian

Suppose each of the functions f,(x), /5(x), ..., f,(x) possesses at least n —1 derivatives. The
determinant

fi A 1,
W(fl’fZ,'..,fn) —3 fl f2 f%l/

il

(n=1) =1 ... (n=1)
KL i

where the primes denote derivatives, is called the Wronskian of the functions.

The Wronskian determinant is named after the Polish philosopher and mathematician Josef
Maria Hoéné-Wronski (1778-1853).

Theorem 3.1.3 Criterion for Linearly Independent Solutions

Lety,, 5, ..., y, be n solutions of the homogeneous linear nth-order differential equation (6)
on an interval /. Then the set of solutions is linearly independent on / if and only if
WO, 2, -.., y) # 0 for every x in the interval.

It follows from Theorem 3.1.3 that when y,, y,, ..., y, are n solutions of (6) on an interval I,
the Wronskian W(y,, y», ..., y,) is either identically zero or never zero on the interval. Thus, if
we can show that W(y,, y,, ..., y,) # 0 for some x, in I, then the solutions y;, y,, .. ., y, are linearly
independent on /. For example, the functions

cos(2 In x) sin(2 In x)
y l(x) = 3 s Yo\X) = 3
X X
are solutions of the differential equation
X'+ Txy' + 13y =0

on the interval (0, o). Note that the coefficient functions a,(x) = x%, a,(x) = 7x, and ay(x) = 13
are continuous on (0, co) and that a,(x) # 0 for every value of x in the interval. The Wronskian is

cos(2 In x) sin(2 In x)
x? x?
WO, v:00) = | _2,2 Gin2 Inx) — 3x%cos2Inx)  2x2 cos(2 Inx) — 3x sin(2 In x)|-
x° x6

Rather than expanding this unwieldy determinant, we choose x = 1 in the interval (0, co) and
find

1
WD), yx(1)) = ’_3 2‘

The fact that W(y,(1), y,(1)) = 2 # 0 is sufficient to conclude that y,(x) and y,(x) are linearly
independent on (0, c0).

A set of n linearly independent solutions of a homogeneous linear nth-order differential equa-
tion is given a special name.

Definition 3.1.3  Fundamental Set of Solutions

Any set yy, ,, ..., y, of n linearly independent solutions of the homogeneous linear nth-order
differential equation (6) on an interval / is said to be a fundamental set of solutions on the
interval.
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The basic question of whether a fundamental set of solutions exists for a linear equation is
answered in the next theorem.

Theorem 3.1.4 Existence of a Fundamental Set

There exists a fundamental set of solutions for the homogeneous linear nth-order differential
equation (6) on an interval /.

Analogous to the fact that any vector in three dimensions can be expressed uniquely as a linear
combination of the linearly independent vectors i, j, k, any solution of an nth-order homogeneous
linear differential equation on an interval I can be expressed uniquely as a linear combination of n
linearly independent solutions on 1. In other words, # linearly independent solutions y,, y,, ..., ¥,
are the basic building blocks for the general solution of the equation.

Theorem 3.1.5 General Solution—Homogeneous Equations

Let y;, v, ..., v, be a fundamental set of solutions of the homogeneous linear nth-order differ-
ential equation (6) on an interval /. Then the general solution of the equation on the interval is

y = Clyl(x) + Cz)’z(x) i Cnyn(x)’

where ¢;, i = 1, 2, ..., n are arbitrary constants.

Theorem 3.1.5 states that if Y(x) is any solution of (6) on the interval, then constants Cy, C,, ...,
C, can always be found so that
Y(x) = Ciy(x) + Cyyp(x) + -+ + Gy, ().

We will prove the case when n = 2.

PROOF: Let Y be a solution and y, and y, be linearly independent solutions of a,y” + a,y’ +
ayy = 0 on an interval 1. Suppose x = tis a point in / for which W(y,(?), y,(¢)) # 0. Suppose also
that Y(¢) = k, and Y'(¢) = k,. If we now examine the equations

Ciyi(@) + Coyy(0) = ky

Ciyi(t) + Coy5(0) = ky,

it follows that we can determine C, and C, uniquely, provided that the determinant of the coef-
ficients satisfies

i)y
@y
But this determinant is simply the Wronskian evaluated at x = ¢, and, by assumption, W # 0.

If we define G(x) = C,y,(x) + C,y,(x), we observe that G(x) satisfies the differential equation,
since it is a superposition of two known solutions; G(x) satisfies the initial conditions

G@t) = Ciy(0) + Coy() =k, and  G'(1) = Cyyi(1) + Coyy(t) = ky;

Y(x) satisfies the same linear equation and the same initial conditions. Since the solution of this
linear initial-value problem is unique (Theorem 3.1.1), we have Y(x) = G(x) or Y(x) = C,y,(x) +
Coyp(x). =

EXAMPLE 7 General Solution of a Homogeneous DE

The functions y, = ¢* and y, = ¢ ** are both solutions of the homogeneous linear equation
y" — 9y = 0 on the interval (—oo, 00). By inspection, the solutions are linearly independent
on the x-axis. This fact can be corroborated by observing that the Wronskian

eSx e—3x

Wi 3x, —3xy —
(e e ) 363x _3673,\'

= —6#0

for every x. We conclude that y, and y, form a fundamental set of solutions, and consequently

y = c;e™ + c,e” ¥ is the general solution of the equation on the interval. =
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EXAMPLE 8 A Solution Obtained from a General Solution

The function y = 4 sinh 3x — 5¢* is a solution of the differential equation in Example 7.
(Verify this.) In view of Theorem 3.1.5, we must be able to obtain this solution from the
general solution y = c,e** + c,e”*. Observe that if we choose ¢, = 2 and ¢, = —7, then
y = 2¢* — 7e”** can be rewritten as

3x . —3x
y = 263)5 _ 26‘_3X _ Se—3x — <626) _ 56—3)(.

X

The last expression is recognized as y = 4 sinh 3x — 5¢ ",

EXAMPLE 9 General Solution of a Homogeneous DE

The functions y, = ¢, y, = ¢**, and y, = ¢*" satisfy the third-order equation y” — 6y” +
11y" — 6y = 0. Since

er e2x e3x

W(e*, e, e3x) = |e¥ 2% 3| = 2% #0
e* 4 9e

for every real value of x, the functions y,, y,, and y; form a fundamental set of solutions on
(—00, 00). We conclude that y = ¢,¢" + c,e”* + c;e™ is the general solution of the differential

equation on the interval. =

3.1.3 Nonhomogeneous Equations

Any function y, free of arbitrary parameters that satisfies (7) is said to be a particular solution
of the equation. For example, it is a straightforward task to show that the constant function
y, = 3 is a particular solution of the nonhomogeneous equation y” + 9y = 27.

Now if yy, 5, ..., y are solutions of (6) on an interval / and y, is any particular solution of (7)
on /, then the linear combination

Y= oyi) + oya(x) o gd) + y,(x) (10)

is also a solution of the nonhomogeneous equation (7). If you think about it, this makes sense,
because the linear combination ¢, y,(x) + ¢,y,(x) + --+ + ¢, y(x) is mapped into 0 by the opera-
tor L = a,D" + a, D" ' + -+ + a,D + a,, whereas ¥, is mapped into g(x). If we use k = n
linearly independent solutions of the nth-order equation (6), then the expression in (10) becomes
the general solution of (7).

Theorem 3.1.6 General Solution—Nonhomogeneous Equations

Lety, be any particular solution of the nonhomogeneous linear nth-order differential equation (7)
on an interval /, and let y,, y», ..., ¥, be a fundamental set of solutions of the associated ho-
mogeneous differential equation (6) on /. Then the general solution of the equation on the
interval is

y = ayi@) +ey@) + oo F 6y, + y, (%),

where the ¢;, i = 1, 2, ..., n are arbitrary constants.

PROOF: Let L be the differential operator defined in (8), and let ¥(x) and ¥,(x) be particular
solutions of the nonhomogeneous equation L(y) = g(x). If we define u(x) = Y(x) — y,(x), then
by linearity of L we have

L) = L{Y(x) — y,(0)} = L(Y(x)) — L(y,(x)) = g(x) — g(x) = 0.

This shows that u(x) is a solution of the homogeneous equation L(y) = 0. Hence, by Theorem 3.1.5,
u(x) = ¢1y(x) + cay5(x) + -+ + ¢,,(x), and so

Y(x) = y,(0) = e yi(0) + cayp(x0) + o0+ e, p,(x)
or Y(x) = ¢;y(%) + ep(x0) + -+ + ¢, ,(0) + y,(x).
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Il Complementary Function We see in Theorem 3.1.6 that the general solution of a
nonhomogeneous linear equation consists of the sum of two functions:

Y =oyi) +oya(x) + oo () + y,(0 = pex) + (0.

The linear combination y.(x) = ¢, y,(x) + ¢,y,(x) + --- + ¢,y,(x), which is the general solution
of (6), is called the complementary function for equation (7). In other words, to solve a nonho-
mogeneous linear differential equation we first solve the associated homogeneous equation and
then find any particular solution of the nonhomogeneous equation. The general solution of the
nonhomogeneous equation is then

y = complementary function + any particular solution.

EXAMPLE 10 General Solution of a Nonhomogeneous DE

By substitution, the function y, = —13 — ixisreadily shown to be a particular solution of the
nonhomogeneous equation

y' —6y" + 11y’ — 6y = 3x. (11)

In order to write the general solution of (11), we must also be able to solve the associated
homogeneous equation

Yy —=6y"+ 11y’ — 6y = 0.

But in Example 9 we saw that the general solution of this latter equation on the interval
(—00, 00) was y, = c,e" + c,e** + c3¢**. Hence the general solution of (11) on the interval is

Y=Yt y, = et + e et — — — —x =

Il Another Superposition Principle The last theorem of this discussion will be useful
in Section 3.4, when we consider a method for finding particular solutions of nonhomogeneous
equations.

Theorem 3.1.7 Superposition Principle—Nonhomogeneous Equations

Lety,, Yoy -+ Vp, be k particular solutions of the nonhomogeneous linear nth-order differen-
tial equation (7) on an interval / corresponding, in turn, to k distinct functions g;, g, .. ., &
That is, suppose y, denotes a particular solution of the corresponding differential equation
a, Y™ + a, "V -+ a1y + )y = gi(x), (12)
wherei =1, 2, ..., k. Then
Yp(X) =y, (%) + y,,(x0) + -0+ y, (x) (13)

is a particular solution of

a, (Y™ + @, ()Y + -+ @)y + ag(x)y
=g1(x0) + gkx) + - + g(x). (14)

PROOF: We prove the case k = 2. Let L be the differential operator defined in (8), and let y,, (x)
and y, (x) be particular solutions of the nonhomogeneous equations L(y) = g,(x) and L(y) = g,(x),
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respectively. If we define y,(x) = y, (x) + y, (x), we want to show that y, is a particular solution
of L(y) = g,(x) + g,(x). The result follows again by the linearity of the operator L:

L(y,) = L{y, ®) + y,(0)} = L(y, (%)) + L(y,,(x) = g,(x) + g2(x).

PEZIEENA  Superposition—Nonhomogeneous DE

You should verify that

Vp, = —4x*  is aparticular solution of  y" — 3y’ + 4y = —16x* + 24x — 8,
Vp, = e is a particular solution of  y" — 3y’ + 4y = 2¢*,
Vp, = x€* is a particular solution of  y" — 3y" + 4y = 2xe* — €.
It follows from Theorem 3.1.7 that the superposition of y, , v, , and y, ,
A A e R
is a solution of
y' =3y 4+ 4y = —16x> + 24x — 8 + 2> + 2xe* — ¢".

81(x) 82(x) 83(x)

This sentence is a generalization }

of Theorem 3.17. If the Yy, are particular solutions of (12) fori = 1, 2, ..., k, then the linear combination

yp = clyp] + c2yp2 t Ckypk’

where the c; are constants, is also a particular solution of (14) when the right-hand member of
the equation is the linear combination

181(X) + 8,(x) + -+ + ().

Before we actually start solving homogeneous and nonhomogeneous linear differential equa-
tions, we need one additional bit of theory presented in the next section.

|
REMARKS

This remark is a continuation of the brief discussion of dynamical systems given at the end
of Section 1.3.

A dynamical system whose rule or mathematical model is a linear nth-order differential
equation

a, (Y™ + a,_ Oy D + -+ a0y + ay)y = g(t)

is said to be a linear system. The set of n time-dependent functions y(), y' (), ..., "~ "(¢) are
the state variables of the system. Recall, their values at some time ¢ give the state of the
system. The function g is variously called the input function or forcing function. A solution
¥(2) of the differential equation is said to be the output or response of the system. Under the
conditions stated in Theorem 3.1.1, the output or response y(?) is uniquely determined by
the input and the state of the system prescribed at a time #,; that is, by the initial conditions
(1), y' (1), -, Y~ V(tp).

In order that a dynamical system be a linear system, it is necessary that the superposition
principle (Theorem 3.1.7) hold in the system; that is, the response of the system to a superposi-
tion of inputs is a superposition of outputs. We have already examined some simple linear
systems in Section 2.7 (linear first-order equations); in Section 3.8 we examine linear systems
in which the mathematical models are second-order differential equations.
|
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m DGR Answers to selected odd-numbered problems begin on page ANS-4.

3.1.1 Initial-Value and Boundary-Value Problems

In Problems 1-4, the given family of functions is the general
solution of the differential equation on the indicated interval.
Find a member of the family that is a solution of the initial-value
problem.

1. y=cie+ e, (—00,00);y" —y=0,y0)=0,y'(0) =1

2. y=ce" + ce, (—00,00); ¥ — 3y — 4y =0,y0) =1,
y'(0)=2

3. y=cx+cxlnx (0,002 —xy +y=0,y1) =3,
y()=-1

4. y = ¢, + ¢y cos x + ¢3sin x, (—oo, ); y" + y' =0,
y(m) =0,y'(m) =2,)"(m) = —1

5. Giventhaty = ¢, + c,x* is a two-parameter family of solutions
of xy" — y" = 0 on the interval (—oo, o), show that constants
¢, and ¢, cannot be found so that a member of the family
satisfies the initial conditions y(0) = 0, y'(0) = 1. Explain
why this does not violate Theorem 3.1.1.

6. Find two members of the family of solutions in Problem 5
that satisfy the initial conditions y(0) = 0, y'(0) = 0.

1. Given that x(f) = ¢, cos wt + ¢, sin wt is the general solution
of x” + w’x = 0 on the interval (—oo, 00), show that a solution
satisfying the initial conditions x(0) = x,, x'(0) = x, is
given by

X
x(t) = x, cos wt + w sin wt.

8. Use the general solution of X’ + w’x = 0 given in Problem 7 to
show that a solution satisfying the initial conditions x(z,) = X,
x'(t,) = x,, is the solution given in Problem 7 shifted by an
amount 7

Xy
x(t) = xycos w(t—ty + o sin w (f — t).

In Problems 9 and 10, find an interval centered about x = O for
which the given initial-value problem has a unique solution.
9. x—2)"+3y=x,y0)=0,y'(0) =1
10. y" + (tanx)y = €%, y(0) = 1,y'(0) = 0
1. (a) Use the family in Problem 1 to find a solution of
y" — y = 0 that satisfies the boundary conditions
y(0) =0,y1) = 1.
(b) The DE in part (a) has the alternative general solution
y = ¢y cosh x + ¢, sinh x on (—o0, 00). Use this family to
find a solution that satisfies the boundary conditions in
part (a).
(¢) Show that the solutions in parts (a) and (b) are equivalent.
12. Use the family in Problem 5 to find a solution of xy” —y’ =0
that satisfies the boundary conditions y(0) = 1, y'(1) = 6.

In Problems 13 and 14, the given two-parameter family is a
solution of the indicated differential equation on the interval
(—00, 00). Determine whether a member of the family can be
found that satisfies the boundary conditions.
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13. y=rcefcosx + cesinx; y' —2y" +2y =0
(@ y0)=1,y'(m) =0 (b) y0) =1, y(m) = —1
(©) yO)=1,y(m/2) =1 (@) y(0)=0,y(m =0
W y=c’ +cox* +3; Xy = 5xy’ + 8y =124
@ y(=1)=0,y1)=4 b)) yO)=1,y1) =2
(© y0)=3,y1)=0 (@ y(1)=3,y2)=15

312 Homogeneous Equations

In Problems 15-22, determine whether the given set of
functions is linearly dependent or linearly independent on
the interval (—oo, 00).

15. fi(x) = x, folx) = 2%, f5(0) = 4x =322
16. fi(x) = 0, Sr(x) = x, fix) =€

17. filx) =5, fo(x) = cos’x, fi(x) = sin’x
18. fi(x) =cos2x, folx)=1, fx) = cos’x
19. fi(x) = x, Hx)=x—1, fx)=x+3
2. f=2+x, frlx)=2+Ixl

21. fix) =1+ x, H(x) = x, fi(x) =7

22. fi(x) = ¢, Hx)=e™, Jf3(x) = sinh x

In Problems 23-30, verify that the given functions form a
fundamental set of solutions of the differential equation on
the indicated interval. Form the general solution.

2. y' —y — 12y =0; e, e (—oo, 00)

24. y" — 4y = 0; cosh 2x, sinh 2x, (—o0, 00)

25. y" — 2y + 5y = 0; e”cos 2x, e*sin 2x, (—oo, 00)

2. 4y —4y' +y=0; e”% xe"?, (—00, )

21. X%y — 6xy’ + 12y = 0; x°, x*, (0, 00)

28. x%y" + xy' + y = 0; cos(In x), sin(In x), (0, o)

29. x3y”’ + 6x2y” +4xy’ — 4y = 0; x, x 2, x%1Inx, (0, 00)

30. y¥ 4y =0; 1,x,cos x, sin x, (—oo, c0)

3.1.3 Nonhomogeneous Equations

In Problems 31-34, verify that the given two-parameter family
of functions is the general solution of the nonhomogeneous
differential equation on the indicated interval.

31. Y' =7y + 10y = 24e™;

y = ce” + ¢, + 6%, (—oo, 0)
32. y' + y=secux;

y = ¢, c08X + ¢, sinx + xsinx + (cos x) In(cos x), (—7/2, 7/2)
33. )" — 4y + 4y = 2% + 4x — 12;

y = ce” + cxe™ + x2e* + x — 2, (—o0, 00)



34, 2x%" + 5xy' +y=x*—x;

- - 1 1
Yy =X 2 4 CoX I+ BxZ — 5%, (0, 00)

39. (a) Verify that y, = x> and y, = |xI’ are linearly independent
solutions of the differential equation x2y” — 4xy’ + 6y =0
on the interval (—oo0, 00).

. — 2x — 42 :
35. (a) Verify thaty, = 3e™and y, = x°+ 3xare, respectively, (b) For the functions y, and y, in part (a), show that W(y;, y,) = 0

particular solutions of

for every real number x. Does this result violate Theorem

V' — 6y’ + 5y = —9¢> 3.1.3? Explain.

and y' — 6y + 5y = 5x* + 3x —16.

(c) Verify that ¥, = x> and Y, = x” are also linearly indepen-
dent solutions of the differential equation in part (a) on

(b) Use part (a) to find particular solutions of the interval (—oo, 00).

Yy — 6y’ + 5y =5x*+3x — 16 — 9¢*

(d) Besides the functions y,, y,, Y}, and Y, in parts (a) and
(c), find a solution of the differential equation that satis-

and Y — 6y’ + 5y = —10x> — 6x + 32 + > fies y(0) = 0, y'(0) = 0.

36. (a) By inspection, find a particular
Y+ 2y = 10.

(b) By inspection, find a particular

Y+ 2y = —4x

(¢) Find a particular solution of y" + 2y = —4x + 10.
(d) Find a particular solution of y” + 2y = 8x + 5.

Discussion Problems

(e) By the superposition principle, Theorem 3.1.2, both lin-
ear combinations y = ¢;y, + ¢;y, and Y = ¢,Y| + ¢,1;
are solutions of the differential equation. Discuss whether
one, both, or neither of the linear combinations is a gen-
eral solution of the differential equation on the interval
(—00, ).

40. Is the set of functions f;(x) = ¢**2, f,(x) = ¢** linearly de-

pendent or linearly independent on the interval (—oo, 00)?

Discuss.

solution of

solution of

41. Suppose y;, ¥, ..., i are k linearly independent solutions on
(—o0,00) of ahomogeneous linear nth-order differential equa-

37. Letn =1,2,3,.... Discuss how the observations D"x"~' = 0 tion with constant coefficients. By Theorem 3.1.2 it follows
and D"x" = n! can be used to find the general solutions of the that y,; = O is also a solution of the differential equation. Is
given differential equations. the set of solutions y;, y,, ..., Y i+ linearly dependent or
(@ y' =0 (b) y"=0 linearly independent on (—oo, 00)? Discuss.

() yYP=0 d y' =2 42. Suppose that y,, y,, ..., y, are k nontrivial solutions of a ho-
(e) y'=6 H Yy =24 mogeneous linear nth-order differential equation with constant

38. Suppose that y, = ¢' and y, = e " are two solutions of a ho- coefficients and that k = n + 1. Is the set of solutions
mogeneous linear differential equation. Explain why Yis Y2, - ., Vi linearly dependent or linearly independent on
y3 = cosh x and y, = sinh x are also solutions of the equation. (—o0, 00)? Discuss.

m‘ Reduction of Order

INTRODUCTION In Section 3.1 we saw that the general solution of a homogeneous linear
second-order differential equation

@ (x)Y" + a(x)y" + ayx)y =0 (1

was a linear combination y = ¢y, + ¢,y,, where y, and y, are solutions that constitute a linearly
independent set on some interval /. Beginning in the next section we examine a method for
determining these solutions when the coefficients of the DE in (1) are constants. This method,
which is a straightforward exercise in algebra, breaks down in a few cases and yields only a
single solution y; of the DE. It turns out that we can construct a second solution y, of a homo-
geneous equation (1) (even when the coefficients in (1) are variable) provided that we know
one nontrivial solution y, of the DE. The basic idea described in this section is that the linear
second-order equation (1) can be reduced to a linear first-order DE by means of a substitution
involving the known solution y,. A second solution, y, of (1), is apparent after this first-order
DE is solved.

I Reduction of Order Suppose y(x) denotes a known solution of equation (1). We seek
a second solution y,(x) of (1) so that y, and y, are linearly independent on some interval /.
Recall that if y; and y, are linearly independent, then their ratio y,/y, is nonconstant on I; that is,
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Yo/y; = u(x) or y,(x) = u(x)y;(x). The idea is to find u(x) by substituting y,(x) = u(x)y,(x) into
the given differential equation. This method is called reduction of order since we must solve a
first-order equation to find u.

The first example illustrates the basic technique.

EXAMPLE 1 Finding a Second Solution

Given that y; = e*is a solution of y” — y = 0 on the interval (—oo, c0), use reduction of order
to find a second solution y,.

SOLUTION If y = u(x)y,(x) = u(x)e”, then the first two derivatives of y are obtained from
the product rule:

y =ue*+e*u', Y =ue*+2eu’ +eu"
By substituting y and y” into the original DE, it simplifies to
Y —y=e*(" +2u")=0.

Since e* # 0, the last equation requires u” + 2u’ = 0. If we make the substitution w = u', this
linear second-order equation in u becomes w' + 2w = 0, which is a linear first-order equation
in w. Using the integrating factor e**, we can write d/dx [¢**w] = 0. After integrating we get

w=ce ¥oru' = ce *. Integrating again then yields u = —3c,e”>* + c,. Thus
S
y = u(x)e* = -5 e+ cre’. (2)
By choosing ¢, = 0 and ¢; = —2 we obtain the desired second solution, y, = ¢ . Because

W(e*, e™) # 0 for every x, the solutions are linearly independent on (—oo, c0). =

Since we have shown that y; = e* and y, = ¢ " are linearly independent solutions of a linear
second-order equation, the expression in (2) is actually the general solution of y* — y = 0 on
the interval (—oo, 00).

Il General Case Suppose we divide by a,(x) in order to put equation (1) in the standard form
Y+ Py + Q()y =0, (3)

where P(x) and Q(x) are continuous on some interval /. Let us suppose further that y,(x)
is a known solution of (3) on 7 and that y,(x) # O for every x in the interval. If we define
y = u(x)y;(x), it follows that

Y =uyl oy, Y = uyl + 2y(u’ + oy
Y+ Py 4 Qy = uly! + Py + Oy + yu" + 2y{ + Pypu’ = 0.
Ze1ro
This implies that we must have
yu' + @2y + Pypu' =0 or  yw' + 2y + Pypw =0, (4)

where we have let w = u'. Observe that the last equation in (4) is both linear and separable.
Separating variables and integrating, we obtain

dw !
Y 2+ P =0
w M1
ln|wyf| = —Jde +c or wy? = cje 1P

We solve the last equation for w, use w = u’, and integrate again:

e*dex
u = CIJ dx + c,.

yi
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By choosing ¢; = 1 and ¢, = 0, we find from y = u(x)y,(x) that a second solution of equation (3) is

e —[P(x) dx

Y2 = )’1(X)J y%(x)

dx. (5)

It makes a good review of differentiation to verify that the function y,(x) defined in (5) satisfies
equation (3) and that y, and y, are linearly independent on any interval on which y,(x) is not zero.

A Second Solution by Formula (5)

The function y, = x” is a solution of x>y — 3xy’ + 4y = 0. Find the general solution on the
interval (0, o).

SOLUTION  From the standard form of the equation

r/_é /_'_i _O
y Xy xzy_ s

e3fa'x/x .
XZJ Z dx (_e3fdx/x — elnx — x3
X

we find from (5) ¥,

d.
= xzjx = x’lnx.
X

The general solution on the interval (0, co) is given by y = c,y; + c,y,; thatis, y = cx* +
2
cx” In x.

REMARKS

(i) We have derived and illustrated how to use (5) because this formula appears again in the
next section and in Section 5.2. We use (5) simply to save time in obtaining a desired result.
Your instructor will tell you whether you should memorize (5) or whether you should know
the first principles of reduction of order.
(71) The integral in (5) may be nonelementary. In this case we simply write the second solution
in terms of an integral-defined function:

X e —[P(r)dt

»x) =y (X)J dt,

W Vi)

where we assume that the integrand is continuous on the interval [x;, x]. See Problems 21 and
22 in Exercises 3.2.

m DCIRARR]  Answers to selected odd-numbered problems begin on page ANS-5.

In Problems 1—16, the indicated function y,(x) is a solution
of the given equation. Use reduction of order or formula (5),

as instructed, to find a second solution y,(x).

1.y — 4y +4y=0;
Y+ 2y +y=0;
y' + 16y = 0;
y'+ 9y =0;

Y —=y=0;

A

6. y' — 25y =0; y, =e*
7. 9y — 12y + 4y =0; y, = >
8 6 +y —y=0; y, =e"
y, = e* 9. X%y — Txy’ + 16y = 0; y, =x*
v =xe " 10. x> + 2xy' — 6y = 0; y =x
Yy, = cos 4x "N x' +y =0; vy, =Inx
¥ = sin 3x 12. 43"+ y=0; v, = x1nx
¥y, = coshx 13. X —xy' +2y=0; y; = x sin(In x)
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14 Xy —3xy' +5y=0; yi = x* cos(In x)
15 (1 —2x—x)y" +2(1 +x)y —2y=0; y =x+1
16. (1 — x»)y" + 2xy’ =0; n=1

In Problems 17-20, the indicated function y,(x) is a solution of
the associated homogeneous equation. Use the method of reduc-
tion of order to find a second solution y,(x) of the homogeneous
equation and a particular solution y,(x) of the given nonhomoge-
neous equation.

17. y' — 4y =12; yy=e*
18. y' +y =1, v =1
19. y' — 3y’ + 2y = 5¢*; yy=e"
20. y' —4y' + 3y = x; yy=e"

In Problems 21 and 22, the indicated function y,(x) is a solution
of the given differential equation. Use formula (5) to find a
second solution y,(x) expressed in terms of an integral-defined
function. See (ii) in the Remarks at the end of this section.

2. XY+ —x)y +A—x)y=0; y =x

2 20" —Q2x+ 1)y +y=0;, y, =¢

Discussion Problems

23. (a) Give a convincing demonstration that the second-order
equation ay” + by’ + cy = 0, a, b, and ¢ constants, always

possesses at least one solution of the form y, = ™, m,
a constant.

(b) Explain why the differential equation in part (a) must then
have a second solution, either of the form y, = ™, or
of the form y, = xe™", m, and m, constants.

(¢) Reexamine Problems 1-8. Can you explain why the state-
ments in parts (a) and (b) above are not contradicted by
the answers to Problems 3—5?

24. Verify that y,(x) = x is a solution of xy" — xy" + y = 0.

Use reduction of order to find a second solution y,(x) in the form

of an infinite series. Conjecture an interval of definition for y,(x).

Computer Lab Assignment

25. (a) Verify that y,(x) = ¢"is a solution of
xy" — (x + 10)y" + 10y = 0.

(b) Use (5) to find a second solution y,(x). Use a CAS to carry
out the required integration.

(¢) Explain, using Corollary (a) of Theorem 3.1.2, why the
second solution can be written compactly as

10

1
) = > R

n=0

m‘ Homogeneous Linear Equations with Constant Coefficients

INTRODUCTION We have seen that the linear first-order DE y' + ay = 0, where a is a
constant, possesses the exponential solution y = c¢;e”** on the interval (—oo, 0o). Therefore, it is
natural to ask whether exponential solutions exist for homogeneous linear higher-order DEs

a,y™ +a, y" U+ - +ay +ay =0, (1

where the coefficients a;, i = 0, 1, ..., n are real constants and a,, # 0. The surprising fact is that
all solutions of these higher-order equations are either exponential functions or are constructed

out of exponential functions.

I Auxi liary Eq uation We begin by considering the special case of a second-order equation

If we try a solution of the formy = e

tion (2) becomes

am*e™ + bme™ + ce™ =0 or

ay” + by + cy = 0. (2)

2 mx

, then after substituting y’ = me™" and y" = m~e"* equa-

mx

™ (am® + bm + ¢) = 0.

Since €™ is never zero for real values of x, it is apparent that the only way that this exponential
function can satisfy the differential equation (2) is to choose m as a root of the quadratic equation

am® + bm + ¢ = 0. (3)

This last equation is called the auxiliary equation of the differential equation (2). Since the two

roots of (3) are m; = (—b + V'b*> — 4ac)/2a and my = (—b — \V/'b* — 4ac)/2a, there will be

three forms of the general solution of (1) corresponding to the three cases:

* m, and m, are real and distinct (b*> — 4ac > 0),
 m, and m, are real and equal (b*> — 4ac = 0), and
 m, and m, are conjugate complex numbers (b*> — 4ac < 0).

We discuss each of these cases in turn.
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Case I: Distinct Real Roots Under the assumption that the auxiliary equation (3)
has two unequal real roots m; and m,, we find two solutions, y; = ¢™* and
vy, = ™", respectively. We see that these functions are linearly independent
on (—oo, 0o) and hence form a fundamental set. It follows that the general
solution of (2) on this interval is

y = Clem,x + Czemle (4)

Case II: Repeated Real Roots When m; = m, we necessarily obtain only one expo-
nential solution, y; = ™. From the quadratic formula we find that m, = —b/2a
since the only way to have m, = m, is to have b* — 4ac = 0. It follows from
the discussion in Section 3.2 that a second solution of the equation is

2mx

y, = em‘xje dx = em'xJ'dx = xe™". (5)

lenlx

In (5) we have used the fact that —b/a = 2m,. The general solution is then

nmx

y =cie™ + cyxe™. (6)

Case III : Conjugate Complex Roots If m, and m, are complex, then we can write
m; = a + i and m, = a — i3, where & and 8 > 0 are real and i* = —1.
Formally, there is no difference between this case and Case I, hence

y = Ce @B 4 C el iPx,

However, in practice we prefer to work with real functions instead of complex
exponentials. To this end we use Euler’s formula:

€% = cosf + isinb,

where 6 is any real number.* It follows from this formula that

eP*=cosBx +isinBx and e P = cos Bx—isin Bx, (7)
where we have used cos(—Bx) = cos Bx and sin(—Bx) = —sin Bx. Note that
by first adding and then subtracting the two equations in (7), we obtain,
respectively,

P+ e =2cosBx and P — ¢ P = 2jsin Bx.

Since y = C,e*"P* + C,e* P is a solution of (2) for any choice of the
constants C; and C,, the choices C; = C, = 1l and C, = 1, C, = —1 give, in
turn, two solutions:

y, = e(a+iB)x + e(afiB)x and y, = e(a+iB)x _ e(afiﬁ)x.

But y; = e (P + 7Py = 2¢* cos Bx

and ¥y, = e (e — 7Yy = 2je™ sin Bx.

*A formal derivation of Euler’s formula can be obtained from the Maclaurin series e* = Eoiox"/n! by
substituting x = i, using # = —1, i = —i, ..., and then separating the series into real and imaginary
parts. The plausibility thus established, we can adopt cos 6 + i sin 6 as the definition of e".
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Hence from Corollary (a) of Theorem 3.1.2 the last two results show that e** cos Bx and
e™sin Bx are real solutions of (2). Moreover, these solutions form a fundamental set on
(—o0, 00). Consequently, the general solution of (2) on (—oo, ) is

y = 1€ cos Bx + ¢, sin Bx = ¢*(c, cos Bx + ¢, sin Bx). (8)

Second-Order DEs

Solve the following differential equations.
@ 2y"—=5"—=3y=0 () y—10y +25y=0 (¢) y'+4' +T7y=0

SOLUTION We give the auxiliary equations, the roots, and the corresponding general solutions.
(@) 2m*>—5m —3=2m+ 1)(m — 3),m; = —%, m, = 3. From (4),

y =ce "+ e
(b) m* — 10m + 25 = (m — 5)*, m; = m, = 5. From (6),
Sx

y =™ + coxe

() m*+4m~+7=0,m = —2+ V3i,m = —2 —\/3i. From (8) witha = —2,
B = V3, we have

y = e *(c;cos V3x + ¢, sinV3x).

T | EXAMPLE2 | it
EXAMPLE 2 An Initial-Value Problem
/N

T \} /1 " Solve the initial-value problem  4y” + 4y’ + 17y = 0, y(0) = —1, y'(0) = 2.

SOLUTION By the quadratic formula we find that the roots of the auxiliary equation 4m?* + 4m +
17 =0arem; = —% + 2i and m, = —% — 2i. Thus from (8) we have y = ¢ *(¢, cos 2x +
¢, sin 2x). Applying the condition y(0) = —1, we see from e°(c, cos 0 + ¢, sin 0) = —1
that ¢, = — 1. Differentiating y = e *?(—cos 2x + ¢, sin 2x) and then using y'(0) = 2 gives
FIGURE 3.3.1 Graph of solution of IVP in 2¢, + 2 =2 or ¢, = 3. Hence the solution of the IVP is y = ¢ */>(—cos 2x + 3sin 2x). In
Example 2 FIGURE 3.3.1 we see that the solution is oscillatory but y — 0 as x — co.

IH Two Eq uations Worth Knowing The two differential equations
V' +ky=0 and ' —ky=0,
kreal, are important in applied mathematics. For y” + k?y = 0, the auxiliary equation m”> + k> = 0
has imaginary roots m; = ki and m, = —ki. With @ = 0 and 8 = k in (8), the general solution
of the DE is seen to be
y = ¢, cos kx + ¢, sin kx. (9)

On the other hand, the auxiliary equation m* — k* = 0 for y” — k*y = 0 has distinct real roots
m; = k and m, = —k and so by (4) the general solution of the DE is

y=ce™ + ce ™. (10)

Notice that if we choose ¢; = ¢, = 3 and ¢; = 3, ¢, = —5 in (10), we get the particular solutions
y =3+ e ™) = cosh kxand y = 3 (" — ™) = sinh kx. Since cosh kx and sinh kx are
linearly independent on any interval of the x-axis, an alternative form for the general solution
of y' —k*y =0is

y = ¢; cosh kx + ¢, sinh kx. (11)

See Problems 41, 42, and 62 in Exercises 3.3.
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IH Hig her-Order Equations In general, to solve an nth-order differential equation

a,y"” +a,_y" U+ o+ ay +ay +ayy=0, (12)
where the a;, i = 0, 1, ..., n are real constants, we must solve an nth-degree polynomial equation
am" + a,_m"" + -+ aym* + am + a, = 0. (13)

If all the roots of (13) are real and distinct, then the general solution of (12) is
y = C]E’mX + Czemz—\‘ + e + C”em”x.

It is somewhat harder to summarize the analogues of Cases II and III because the roots of an
auxiliary equation of degree greater than two can occur in many combinations. For example,
a fifth-degree equation could have five distinct real roots, or three distinct real and two com-
plex roots, or one real and four complex roots, or five real but equal roots, or five real roots
but with two of them equal, and so on. When m; is a root of multiplicity k of an nth-degree
auxiliary equation (that is, k roots are equal to m,), it can be shown that the linearly independent
solutions are

mx X 2 mx k—1_mx

e™* xe™*, xe™,..., x" ‘e

and the general solution must contain the linear combination

Clelmx + C2xem,x + C3XZ(:,m,x 4+ 4 Ckxkflem,x.

Lastly, it should be remembered that when the coefficients are real, complex roots of an auxiliary
equation always appear in conjugate pairs. Thus, for example, a cubic polynomial equation can
have at most two complex roots.

Third-Order DE

Solve " + 3y" — 4y = 0.

SOLUTION It should be apparent from inspection of m* + 3m> — 4 = 0 that one root is
m, = 1 and so m — 1is a factor of m* + 3m> — 4. By division we find

m* 4+ 3m> — 4= (m— D(m* +4m + 4) = (m — 1)(m + 2)%,

and so the other roots are m, = m; = —2. Thus the general solution is

2x

y=ce* + e F + cyxe”

Fourth-Order DE

sohe 2424V 0 g
olve I I y .

SOLUTION  The auxiliary equation m* + 2m*> + 1 = (m> + 1)> = 0 has roots m, = m; = i
and m, = m, = —i. Thus from Case II the solution is

y = Cie™ + Cre ™ + Cyxe™ + Cyre ™.

By Euler’s formula the grouping C,e™ + C,e ™ can be rewritten as ¢, cos x + ¢, sin x after a
relabeling of constants. Similarly, x(Cze™* + C,e™ ") can be expressed as x(c; cos x + ¢, sin x).
Hence the general solution is

Y = ¢, COSX t ¢, Sinx + ¢3xCo8x + ¢yxsin x.
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Example 4 illustrates a special case when the auxiliary equation has repeated complex roots.
In general, if m; = « + i3, B > 0, is a complex root of multiplicity k of an auxiliary equation
with real coefficients, then its conjugate m, = a — if3 is also a root of multiplicity k. From the
2k complex-valued solutions

e(a+iﬁ)x’ xe(a+iﬁ)x’ x2e(a+iﬁ)x’ e xk—le(a+iﬁ)x
e(a—iﬁ)x’ xe(a—iﬁ)x’ x2e(a—iﬁ)x’ e xk—le(a—iﬁ)x

we conclude, with the aid of Euler’s formula, that the general solution of the corresponding differ-
ential equation must then contain a linear combination of the 2k real linearly independent solutions

k— leax

e cos Bx, xe™ cos Px, x’e“cospPx,..., X cos Bx

k— leax

e® sin Bx, xe* sin Bx, x*e“sinBx,..., x sin Bx.

In Example 4 we identify k =2, « = 0,and 8 = 1.

IH Rational Roots Of course the most difficult aspect of solving constant-coefficient
differential equations is finding roots of auxiliary equations of degree greater than two.
Something we can try is to test the auxiliary equation for rational roots. Recall from precalcu-
lus mathematics, if m; = p/q is a rational root (expressed in lowest terms) of a polynomial
equation a,m" + - - - + aym + a, = 0 with integer coefficients, then the integer p is a factor of
the constant term a, and the integer ¢ is a factor of the leading coefficient a,,.

Finding Rational Roots

Solve 3y" + 5y" + 10y" — 4y = 0.

SOLUTION To solve the equation we must solve the cubic polynomial auxiliary equation
3m® + 5m* + 10m — 4 = 0. With the identifications a, = —4 and a; = 3 then the integer
factors of a, and aj; are, respectively, p: =1, £2, =4 and ¢g: =1, *3. So the possible rational
roots of the cubic equation are

Each of these numbers can then be tested—say, by synthetic division. In this way we discover
both the root m, = 1 and the factorization

3m® + 5m* + 10m — 4 = (m — H(Bm* + 6m + 12).

The quadratic formula applied to 3m*> + 6m + 12 = 0 then yields the remaining two roots
m, = —1 — V3iand my = —1 + V/3i. Therefore the general solution of the given differ-

ential equationis y = ¢,¢"> + ¢ (¢, cos \V3x + ¢; sin\V/3x). =

Il Use of Computers Finding roots or approximations of roots of polynomial equations
is a routine problem with an appropriate calculator or computer software. The computer algebra
systems Mathematica and Maple can solve polynomial equations (in one variable) of degree less
than five in terms of algebraic formulas. For the auxiliary equation in the preceding paragraph,
the commands

Solve[3mA3 + 5ma2 +10m — 4 == 0,m] (in Mathematica)
solve(3*mA3 + 5*mA2 + 10*m — 4, m); (in Maple)

yield immediately their representations of the roots 3, —1 + V/3i, —1 —\/3i. For auxiliary
equations of higher degree it may be necessary to resort to numerical commands such as NSolve
and FindRoot in Mathematica. Because of their capability of solving polynomial equations, it
is not surprising that some computer algebra systems are also able to give explicit solutions of
homogeneous linear constant-coefficient differential equations. For example, the inputs

DSolve [y"[x] + 2y'[x] + 2 y[x] == 0, y[x],x] (in Mathematica)
dsolve(diff(y(x), x$2) + 2*diff(y(x), x) + 2*y(x) = 0, y(x)); (in Maple)
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give, respectively,

- C[2] Cos [x] — C[1] Sin [x]

ylx] — =

(14)

and y(x) = _C1 exp(—x) sin(x) — _C2 exp(—x) cos(x)

Translated, this means y = ¢,e” * cos x + ¢,e” *sin x is a solution of y” + 2y’ + 2y = 0.
In the classic text Differential Equations by Ralph Palmer Agnew* (used by the author as a
student), the following statement is made:

It is not reasonable to expect students in this course to have computing skills and
equipment necessary for efficient solving of equations such as
dly d’y d’y dy

4317 — + 2.179 — + 1416 — + 1.295 — + 3.169y = 0. 15
dx* dx? dx* dx J (15)

Although it is debatable whether computing skills have improved in the intervening years, it is a
certainty that technology has. If one has access to a computer algebra system, equation (15) could
be considered reasonable. After simplification and some relabeling of the output, Mathematica
yields the (approximate) general solution

y = c,;e” %728852% £05(0.618605x) + cre” 7?8852 5in(0.618605x)

+ cye 00N 0q(00.75908 1x) + che 4048 5in(0.75908 1x).

We note in passing that the DSolve and dsolve commands in Mathematica and Maple, like most
aspects of any CAS, have their limitations.

Finally, if we are faced with an initial-value problem consisting of;, say, a fourth-order differential
equation, then to fit the general solution of the DE to the four initial conditions we must solve a
system of four linear equations in four unknowns (the ¢, ¢,, c3, ¢ in the general solution). Using
a CAS to solve the system can save lots of time. See Problems 35, 36, 69, and 70 in Exercises 3.3.

*McGraw-Hill, New York, 1960.

REMARKS

In case you are wondering, the method of this section also works for homogeneous linear
first-order differential equations ay’ + by = 0 with constant coefficients. For example, to
solve, say, 2y’ + 7y = 0, we substitute y = €™ into the DE to obtain the auxiliary equation
2m + 7 = 0. Using m = —7, the general solution of the DE is then y = ¢,e” ™2,

|

m DCIRARE]  Answers to selected odd-numbered problems begin on page ANS-5.

In Problems 1-14, find the general solution of the given 16. y" —y=20
second-order differential equation. 17. y" =5/ + 3y + 9y =0
1. 4" +y =0 2 y'—36y=0 18. " + 3y — 4y’ — 12y =0
3y =y —6y=0 4 y' =3y +2y=0 Pu d
5 y'+ 8y +16y=0 6. y'—10y' +25y=0 19 —+— —2u~=
7. 12y" =5y —=2y=0 8 yV+4y' —y=0 di di
9.y +9y=0 10. 3y +y=0 2 dx  d’x o
"N y'—4y" +5y=0 12. 2" +2y' +y=0 Codrt ar?
13. 3y +2y' +y=0 14. 2y" =3y +4y=0 21 y"+3y"+3y' +y=0
In Problems 15-28, find the general solution of the given 2. y" = 6"+ 12y =8y =0

higher-order differential equation.
15.

ym _ 4y// _ Sy/ =0

23. y(4) + ym + y// — 0
24, Y9 —2y"+y=0
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d*y d?y
2% 165> +24°2 + 9y =0
dx* dx
dty d?y
% 2 —7°2 — 18y =0
ot Cae Y
du  _dwd du  d
27, S+ s -2t 105+ S su=0
ar’ " ar dr arr " dr
d d 43 4>
B 205 -T2 85 =0
ds® ds ds

In Problems 29-36, solve the given initial-value problem.
29. y' + 16y =0, y(0) =2,y'(0) = —

d?y
30. e +y=0, y(@/3) =0,y (w/3) = 2
3 @—4@—5 =0, y() =0,y'(1) =2
A dt y Y , Y

32. 4" —4y' —3y=0, y0)=1,y'(0) =5

3. Y +y +2y=0, y0)=y'(0) =

3. y' =2y +y=0, y(0)=5,y'(0) =10

35. Yy + 12y" + 36y’ =0, y(0) =0,y'(0) =1,y"(0) = —
36. y" +2y" =5y =6y =0, y0)=y'(0) =0,y"(0) = 1

In Problems 37—40, solve the given boundary-value problem.
37. Y —10y" + 25y =0, y(0)=1,y(1)=0

38. y'+4y=0, y(0) =0, y(m) =

39. V' +y=0,y(0)=0, y(@/2)=0

40. y'—2y' +2y =0, y0)=1,y(m) =1

In Problems 41 and 42, solve the given problem first using the
form of the general solution given in (10). Solve again, this time
using the form given in (11).

N y' —3y=0, y0)=1,y'0) =5

2. y"—y=0,y0=1y(1)=0

In Problems 43-48, each figure represents the graph of
a particular solution of one of the following differential
equations:

(@ y' =3y —4y=0
© Yy +2y+y=0
(€ ¥y +2y +2y=0

() Y'+4y=0
@y +y=0
® y' =3y +2y=0

Match a solution curve with one of the differential equations.
Explain your reasoning.

43. y 44.

FIGURE 3.3.2 Graph for
Problem 43

FIGURE 3.3.3 Graph for
Problem 44
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45. y 46.

A x x

FIGURE 3.3.4 Graph for
Problem 45

FIGURE 3.3.5 Graph for
Problem 46

/ ]

4. y

FIGURE 3.3.6 Graph for
Problem 47

FIGURE 3.3.7 Graph for
Problem 48

In Problems 49-58, find a homogeneous linear differential equa-
tion with constant coefficients whose general solution is given.

49. y = cie* + cre®™

50. y = cie ™ + ce ¥

5. y = ¢, + c,e™

52. y = cie '™ + coxe '™

53. y = ¢;co88x + ¢,sin8x

5. y = ¢, cosh 3x + ¢, sinh 3x
55. y = c,e’cosx + c,e’sinx
5. y = ¢, + Cze_szOS 5x + c3e_2"sin 5x
5. y = ¢, + cox + cie””

58. y = c,cosx + ¢,sinx + c3cos3x + ¢,sin3x

Discussion Problems

59. Two roots of a cubic auxiliary equation with real coefficients
are m, = —% and m, = 3 + i. What is the corresponding
homogeneous linear differential equation?

60. Find the general solution of y” + 6y” + y" — 34y = 0 if it is
known that y, = e~ cos x is one solution.

61. To solve y¥ + y = 0 we must find the roots of m* + 1 = 0.
This is a trivial problem using a CAS, but it can also be done
by hand working with complex numbers. Observe that
m* + 1 = (m* + 1)*> — 2m>. How does this help? Solve the
differential equation.

62. Verify thaty = sinh x — 2 cos (x + 77/6) is a particular solution
of y — y = 0. Reconcile this particular solution with the
general solution of the DE.



63. Consider the boundary-value problem y” + Ay = 0, y(0) = 0,
y(m/2) = 0. Discuss: Is it possible to determine real values of
A so that the problem possesses (a) trivial solutions? (b) non-
trivial solutions?

64. In the study of techniques of integration in calculus, certain
indefinite integrals of the form [ ¢™ f(x) dx could be evaluated
by applying integration by parts twice, recovering the origi-
nal integral on the right-hand side, solving for the original
integral, and obtaining a constant multiple k | ¢™ f(x) dx on
the left-hand side. Then the value of the integral is found by
dividing by k. Discuss: For what kinds of functions fdoes the
described procedure work? Your solution should lead to a
differential equation. Carefully analyze this equation and
solve for f.

Computer Lab Assignments

In Problems 65-68, use a computer either as an aid in solving the
auxiliary equation or as a means of directly obtaining the general
solution of the given differential equation. If you use a CAS to

obtain the general solution, simplify the output and, if necessary,
write the solution in terms of real functions.

65. y" —6y"+2y +y=0

66. 0.11y" + 8.59y" + 7.93y" + 0.778y =0

67. 3.15y — 5.34y" + 6.33y' —2.03y =0

68. y¥ +2y"—y +2y=0

In Problems 69 and 70, use a CAS as an aid in solving the
auxiliary equation. Form the general solution of the differential
equation. Then use a CAS as an aid in solving the system

of equations for the coefficients ¢;, i = 1, 2, 3, 4 that result
when the initial conditions are applied to the general

solution.

69. 2y + 3y" — 16y" + 15y' — 4y =0,

¥(0) = =2,y'(0) = 6,"(0) = 3,y"(0) = %
70. y¥ —3y" +3y" —y =0,

¥(0) = y'(0) = 0,y"(0) = y"(0) = 1

m‘ Undetermined Coefficients

INTRODUCTION To solve a nonhomogeneous linear differential equation

any(n) + an*ly(nil) + et aly, + apy = g(x) (1)

we must do two things: (7) find the complementary function y,; and (i7) find any particular solu-
tion y, of the nonhomogeneous equation. Then, as discussed in Section 3.1, the general solution
of (1) on aninterval Iisy = y. + y,.

The complementary function y. is the general solution of the associated homogeneous DE

of (1), that is

a,y" +a, YU+ -+ ay +ayy=0.

In the last section we saw how to solve these kinds of equations when the coefficients were
constants. Our goal then in the present section is to examine a method for obtaining particular

solutions.

Il Method of Undetermined Coefficients The first of two ways we shall consider
for obtaining a particular solution y, is called the method of undetermined coefficients. The
underlying idea in this method is a conjecture, an educated guess really, about the form of y,
motivated by the kinds of functions that make up the input function g(x). The general method is
limited to nonhomogeneous linear DEs such as (1) where

 the coefficients, a;, i = 0, 1, ..., n are constants, and
e where g(x) is a constant, a polynomial function, exponential function ¢**, sine or cosine
functions sin Bx or cos Sx, or finite sums and products of these functions.

A constant & is a polynomial }
function of degree 0.

Strictly speaking, g(x) = k (a constant) is a polynomial function. Since a constant function
is probably not the first thing that comes to mind when you think of polynomial functions,

for emphasis we shall continue to use the redundancy “constant functions, polynomial

i

functions, ....

3.4 Undetermined Coefficients | 127



128

The following functions are some examples of the types of inputs g(x) that are appropriate for
this discussion:

gx)=10, gkx) = x> — 5x, gx)=15x— 6+ 8"
g(x) =sin3x — Sxcos 2x,  g(x) = xe*sinx + (3x* — e *.
That is, g(x) is a linear combination of functions of the type

Px)=ax"+a,_x" '+ - +ax+a, Pxe*, Px)e*sinBx, and P(x)e™ cos fx,

where 7 is a nonnegative integer and « and 3 are real numbers. The method of undetermined
coefficients is not applicable to equations of form (1) when

1
gx)=Inx, gk = T glx) =tanx, gkx) = sin”'x,

and so on. Differential equations in which the input g(x) is a function of this last kind will be
considered in Section 3.5.

The set of functions that consists of constants, polynomials, exponentials e, sines, and
cosines has the remarkable property that derivatives of their sums and products are again sums
and products of constants, polynomials, exponentials e**, sines, and cosines. Since the linear
combination of derivatives a,y."” + a,_,y\""" + -+ + a,y, + a,y, must be identical to g(x), it
seems reasonable to assume that y, has the same form as g(x).

The next two examples illustrate the basic method.

EXAMPLE 1 General Solution Using Undetermined Coefficients
Solve ' + 4y’ —2y = 2x2 — 3x + 6. (2)

SOLUTION Step 1 We first solve the associated homogeneous equation y” + 4y’ —2y = (.
From the quadratic formula we find that the roots of the auxiliary equation m> + 4m — 2 =0
are m; = —2 — V6 and m, = —2 + V6. Hence the complementary function is

y, = Cle—(z+\£)x + cze(_2+\/g)x.

Step 2 Now, since the function g(x) is a quadratic polynomial, let us assume a particular
solution that is also in the form of a quadratic polynomial:

y,,=Ax2+Bx+C.

We seek to determine specific coefficients A, B, and C for which y, is a solution of (2).
Substituting y, and the derivatives y, = 2Ax + B and yj, = 2A into the given differential
equation (2), we get

yg+4y];—2yp=2A+8Ax+4B—2Ax2—2Bx—2C
=2x2—3x + 6.

Since the last equation is supposed to be an identity, the coefficients of like powers of x must
be equal:

equal

| |

|—2A | X+ |8A—ZB| x+|2A+4B—2C|=2x2_3x+6_

That is,

—2A=2, 8A—-2B=-3, 2A+4B-2C=6.
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Solving this system of equations leads to the values A = —1, B = —3, and C = —9. Thus a
particular solution is

ypz—xz—ax—9.

Step 3 The general solution of the given equation is

_ Cle—(2+\/6)x + Cze(—2+\/8)x

—x?—==x -0,

y=yty, )

Particular Solution Using Undetermined Coefficients

Find a particular solution of y”" —y’ + y = 2 sin 3x.

SOLUTION A natural first guess for a particular solution would be A sin 3x. But since suc-
cessive differentiations of sin 3x produce sin 3x and cos 3x, we are prompted instead to assume
a particular solution that includes both of these terms:

¥, = A cos 3x + B sin 3x.

Differentiating y, and substituting the results into the differential equation gives, after
regrouping,

Yy =¥y T ¥, =(—8A — 3B)cos 3x + (3A — 8B) sin 3x = 2 sin 3x

or

equal

|
cos3x+ sin3x=0€os3x+£sin3x.

From the resulting system of equations,

—8A—-3B=0, 3A—-8B=2,

we get A = & and B = —35. A particular solution of the equation is
6 3 16 . 3 _
= —cos3x — ——sin3x. =
R R R

As we mentioned, the form that we assume for the particular solution Yy is an educated guess;
it is not a blind guess. This educated guess must take into consideration not only the types of
functions that make up g(x) but also, as we shall see in Example 4, the functions that make up
the complementary function y..

Forming y, by Superposition

Solve y" —2y' -3y =4x — 5 + 6xe™. (3)

SOLUTION Step1 First, the solution of the associated homogeneous equation y” — 2y’ -3y =0
is found to be y, = e + ce*.

Step 2 Next, the presence of 4x — 5 in g(x) suggests that the particular solution includes a
linear polynomial. Furthermore, since the derivative of the product xe** produces 2xe* and
e**, we also assume that the particular solution includes both xe?* and ¢**. In other words,
g is the sum of two basic kinds of functions:

g(x) = g,(x) + g2(x) = polynomial + exponentials.
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How to use Theorem 3.1.7 in
the solution of Example 3.

>

Correspondingly, the superposition principle for nonhomogeneous equations (Theorem 3.1.7)
suggests that we seek a particular solution

Yo = Vp, T Y,
where Yp, = Ax + Band Vp, = Cxe** + Ee*. Substituting
y, =Ax+ B+ Cxe* + Ee™*
into the given equation (3) and grouping like terms gives
¥y = 2y, = 3y, = —3Ax — 2A — 3B — 3Cxe** + (2C — 3E)e™ = 4x — 5 + 6xe™".  (4)
From this identity we obtain the four equations

—3A=4, —-2A-3B=-5, —-3C=6, 20-3E=0.

The last equation in this system results from the interpretation that the coefficient of ¢** in
the right member of (4) is zero. Solving, we find A = —%, B = %3, C=—-2,and E = —%.
Consequently,

4 2x

_ 2x
yp——gx-i—?—er —ge.

Step 3 The general solution of the equation is

4 23 4
y=ce *+ CZ€3X - —x+ — - <2x + >ezx.
3 9 3

In light of the superposition principle (Theorem 3.1.7), we can also approach Example 3 from
the viewpoint of solving two simpler problems. You should verify that substituting

Yp =Ax+ B into y"—2y'-3y=4x—5
and Vp, = Cxe™ + Ee* into  y' — 2y’ —3y = 6xe*
yields, in turn, y, = —3x + % and y, = — (2x + 1) €. A particular solution of (3) is then

Yo = Yo, Vp
The next example illustrates that sometimes the “obvious™ assumption for the form of y, is
not a correct assumption.

A Glitch in the Method

Find a particular solution of y” — 5y’ + 4y = 8¢".

SOLUTION Differentiation of ¢* produces no new functions. Thus, proceeding as we did in
the earlier examples, we can reasonably assume a particular solution of the form y, = Ae".
But substitution of this expression into the differential equation yields the contradictory state-
ment 0 = 8¢”, and so we have clearly made the wrong guess for y,.

The difficulty here is apparent upon examining the complementary function y, = c¢,e* +
c,e*. Observe that our assumption Ae* is already present in y,. This means that e* is a solution
of the associated homogeneous differential equation, and a constant multiple Ae* when
substituted into the differential equation necessarily produces zero.

What then should be the form of y,? Inspired by Case II of Section 3.3, let’s see whether
we can find a particular solution of the form

y, = Axe”.
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Substituting y, = Axe™ + Ae* and y, = Axe* + 2Ae" into the differential equation and sim-
plifying gives

Y, = Sy, + 4y, = —3Ae" = 8e™.

From the last equality we see that the value of A is now determined as A = —$%. Therefore a

particular solution of the given equation is y, = —Sxe™. =

The difference in the procedures used in Examples 1-3 and in Example 4 suggests that we
consider two cases. The first case reflects the situation in Examples 1-3.

Case I: No function in the assumed particular solution is a solution of the associated
homogeneous differential equation.

In Table 3.4.1 we illustrate some specific examples of g(x) in (1) along with the correspond-
ing form of the particular solution. We are, of course, taking for granted that no function in
the assumed particular solution y, is duplicated by a function in the complementary
function y,.

TABLE 3.4.1 Trial Particular Solutions

g(x) Form of y,

1. 1 (any constant) A

2. 5x+7 Ax + B

3.3 -2 AX* +Bx+ C

4. ¥ —x+1 A + B+ Cx+ E

5. sin4x A cos 4x + B sin 4x

6. cos 4x A cos 4x + B sin 4x

7. &* Ae™

8. (9x — 2)e™* (Ax + B)e™

9. x’e™ (Ax* + Bx + C)e™*
10. ¥ sin 4x Ae* cos 4x + Be* sin 4x
11. 5x% sin 4x (Ax* 4+ Bx + C) cos 4x + (Ex* + Fx + G) sin 4x
12. xe* cos 4x (Ax + B)e* cos 4x + (Cx + E)e* sin 4x

EXAMPLE 5 Forms of Particular Solutions—Case |

Determine the form of a particular solution of

(@) y' — 8y +25y=5x¢*—Te* (b) y" + 4y = xcos x.

SOLUTION (a) We can write g(x) = (5x° — 7)e . Using entry 9 in Table 3.4.1 as a model,
we assume a particular solution of the form

y, = (Ax* + BX* + Cx + E)e” ™.

Note that there is no duplication between any of the terms in y, and the terms in the complemen-
tary function y, = ¢*(c, cos 3x + ¢, sin 3x).

(b) The function g(x) = x cos x is similar to entry 11 in Table 3.4.1 except, of course, that we
use a linear rather than a quadratic polynomial and cos x and sin x instead of cos 4x and
sin 4x in the form of y,:

¥, = (Ax + B) cos x + (Cx + E) sin x.

Again observe that there is no duplication of terms between y, and y. = ¢, cos 2x + ¢, sin 2x. =
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If g(x) consists of a sum of, say, m terms of the kind listed in the table, then (as in Example 3)

the assumption for a particular solution y, consists of the sum of the trial forms y,, y,,..., ¥,
corresponding to these terms:

Vo =V, TV, T Ty,

The foregoing sentence can be put another way.

Form Rule for CaseI: The form of y, is a linear combination of all linearly independent
Sfunctions that are generated by repeated differentiations of g(x).

Finding y, by Superposition—Case |

Determine the form of a particular solution of
y" =9y’ + 14y = 3x? — 5 sin 2x + 8xe®".

SOLUTION  The right-hand side of the equation g(x) = 3x* — 5 sin 2x + 8xe® consists of
three different types of functions x%, sin 2x, and xe®. The derivatives of these functions yield,
in turn, the additional functions x, 1; cos 2x; and ¢*. Therefore:

corresponding to x> we assume Yy, = Ax®> + Bx + C,

E cos 2x + F sin 2x,

corresponding to sin 2x we assume Vo,

corresponding to xe®* we assume ¥, = Gxe®™ + He®.

The assumption for a particular solution of the given nonhomogeneous differential equation
is then
Vo = Vo, TV, TV, = Ax*> + Bx + C + Ecos2x + Fsin2x + (Gx + H)e®.

Note that none of the seven terms in this assumption for y, duplicates a term in the comple-

mentary function y, = c,;e** + c,e™. =

Case II : A function in the assumed particular solution is also a solution of the associated
homogeneous differential equation.

The next example is similar to Example 4.

EXAMPLE 7 Particular Solution—Case Il

Find a particular solution of y" — 2y’ +y = ¢".

SOLUTION The complementary function is y, = c;e* + c,xe*. As in Example 4, the as-
sumption y, = Ae” will fail since it is apparent from y, that e* is a solution of the associated
homogeneous equation y” — 2y’ + y = 0. Moreover, we will not be able to find a particular
solution of the form y, = Axe” since the term xe™ is also duplicated in y.. We next try

v, = Ax’e".

Substituting into the given differential equation yields 2Ae* = ¢* and so A = 3. Thus a par-

ticular solution is y, = e =

Suppose again that g(x) consists of m terms of the kind given in Table 3.4.1, and suppose

further that the usual assumption for a particular solution is

Yo =V TV, t o T Y

where the y,,i = 1,2,..., mare the trial particular solution forms corresponding to these terms.
Under the circumstances described in Case II, we can make up the following general rule.

Multiplication Rule for Case II: If any y, contains terms that duplicate terms in y,,
then that y, must be multiplied by x", where n is the smallest positive integer that eliminates
that duplication.
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EXAMPLE 8 An Initial-Value Problem
Solve the initial-value problem y” +y = 4x + 10 sin x, y(7) = 0, y'(7) = 2.

SOLUTION The solution of the associated homogeneous equation y” +y = 0isy, = ¢; cos x +
¢, sin x. Since g(x) = 4x + 10 sin x is the sum of a linear polynomial and a sine function, our
normal assumption for y,, from entries 2 and 5 of Table 3.4.1, would be the sum of y, = Ax+ B
and y, = Ccos x + Esin x:

Y, =Ax+ B + Ccos x + Esin x. (5)
But there is an obvious duplication of the terms cos x and sin x in this assumed form and two
terms in the complementary function. This duplication can be eliminated by simply multiply-
ing y, by x. Instead of (5) we now use
¥, =Ax + B + Cxcosx + Exsin x.
Differentiating this expression and substituting the results into the differential equation gives
Y, +y,=Ax+ B —2Csinx + 2Ecos x = 4x + 10 sin x. (6)
andsoA =4,B =0, —2C = 10, 2E = 0. The solutions of the system are immediate: A = 4,
B =0,C = =5, and E = 0. Therefore from (6) we obtain y, = 4x — 5x cos x. The general
solution of the given equation is
Yy =Y. Ty, =c cosx + c;sinx + 4x — 5x cos x.
We now apply the prescribed initial conditions to the general solution of the equation. First,
y(m) = c,cos T+ ¢y sin T + 47 — 57 cos m = 0 yields ¢, = 97 since cos m = —1 and

sin 77 = (. Next, from the derivative

y' = —=97sinx + c,cosx +4 + Sxsinx — 5cosx

and y'(m)=—9mwsinm + cycosm + 4+ S5wsinm —5cosm =2

we find ¢, = 7. The solution of the initial value is then

y=9mcosx + 7sinx + 4x — Sxcos x.

Using the Multiplication Rule

Solve y" — 6y + 9y = 6x* + 2 — 12¢*.

SOLUTION The complementary function is y, = c;e** + c,xe*. And so, based on entries
3 and 7 of Table 3.4.1, the usual assumption for a particular solution would be

Yy = Ax* + Bx + C + Eé*.
W
yPl sz

Inspection of these functions shows that the one term in y, is duplicated in y,. If we multiply
¥p, by x, we note that the term xe* is still part of y.. But multiplying ¥, by x* eliminates all
duplications. Thus the operative form of a particular solution is

V= Ax* + Bx + C + Ex’e™.

Differentiating this last form, substituting into the differential equation, and collecting like
terms gives

¥y — 6y, + 9y, = 9Ax* + (—12A + 9B)x + 2A — 6B + 9C + 2Ee™ = 6x* + 2 — 12¢™,
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It follows from this identity that A = 3, B =5, C = %, and E = — 6. Hence the general solution
Y=Yt yyls

2 8 2
y = cie* + cxe™ + gxz + gx + 37 6x%e,

Third-Order DE—Case |

Solve y" +y" = ¢ cosx.

SOLUTION  From the characteristic equation m® + m?* = 0 we find m; = m, = O and m; = —1.
Hence the complementary function of the equation is y, = ¢; + c,x + cze” . With g(x) =
e'cos x, we see from entry 10 of Table 3.4.1 that we should assume

y, = Ae* cos x + Be'sin x.

Since there are no functions in y, that duplicate functions in the complementary solution, we
proceed in the usual manner. From

Y, + ¥, =(—2A + 4B)e' cos x + (—4A — 2B)e" sin x = " cos x

we get —2A + 4B = 1, —4A — 2B = 0. This system gives A = — 15 and B = £, so that a
particular solution is y, = — € cos x + Le*sin x. The general solution of the equation is

1 1
y=y.ty,=c¢ +czx+c3e_"—ﬁe"cosx+ge*sinx.

Fourth-Order DE—Case Il

X

Determine the form of a particular solution of y® + y” =1 — x?¢™*.

SOLUTION Comparing y. = ¢; + c,x + ¢3x° + ¢,e”* with our normal assumption for a
particular solution

y,=A+ BxX’e *+ Cxe ™+ Ee ™,
WL y J
y[’! yﬁz

we see that the duplications between y. and y, are eliminated when y, is multiplied by x* and
¥,, is multiplied by x. Thus the correct assumption for a particular solution is

Yy = AxX® + Bxle ™ + Cx*e ™ + Exe ™.

REMARKS

(?) In Problems 27-36 of Exercises 3.4, you are asked to solve initial-value problems, and in
Problems 37—40, boundary-value problems. As illustrated in Example 8, be sure to apply the
initial conditions or the boundary conditions to the general solution y = y, + y,. Students
often make the mistake of applying these conditions only to the complementary function y,.
since it is that part of the solution that contains the constants.

(if) From the “Form Rule for Case I”” on page 132 of this section you see why the method of
undetermined coefficients is not well suited to nonhomogeneous linear DEs when the input
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function g(x) is something other than the four basic types listed in red on page 128. If P(x) is
a polynomial, continued differentiation of P(x)e™* sin Bx will generate an independent set
containing only a finite number of functions—all of the same type, namely, polynomials times
e* sin Bx or e** cos Bx. On the other hand, repeated differentiations of input functions such
as g(x) = Inx or g(x) = tan” 'x generate an independent set containing an infinite number of

functions:

1
derivatives of In x: =, =
X

derivatives of tan” 'x:

ERRREE)

27 x

1 —2x -2 + 6x2
L+x2 (1 +x) A+ xH777

m DCIEARER]  Answers to selected odd-numbered problems begin on page ANS-5.

In Problems 1-26, solve the given differential equation by
undetermined coefficients.
1. y+3y +2y=6
2. 4" +9y =15
3. y'— 10y +25y=30x + 3
4. y' +y -6y =2«
5. 1y +y +y=x*—2x
6. y' — 8y’ + 20y = 100x* — 26x¢"
7. Y + 3y = —48x%e*
8. 4" — 4y -3y =cos2x
9. y'—y =-3
10. y/ +2y =2x+5—e
Ny —y +iy=3+¢"
12. y" — 16y = 2%
13. y" + 4y = 3 sin 2x
14. y' —4y = (x> — 3) sin 2x
15. y" +y = 2xsinx
16. ' — 5y =28 —4x* —x+6
17. y" — 2y' + 5y = €' cos 2x
18. y' — 2y' + 2y = ¢*(cosx — 3 sin x)
19. y" +2y" + y =sinx + 3 cos 2x
20. v+ 2y =24y =16 — (x + 2)e*™
21. y" —6y" =3 —cosx
22. y" —2y" — 4y' + 8y = 6xe*
23 V" = 3y"+ 3y —y=x—4¢
2. Y —y' — 4y +4y=5— ¢+ ¥
25 yY+2y" +y=(x—1)7
26. y¥ —y" =4dx + 2xe"

In Problems 27-36, solve the given initial-value problem.

2. y' + 4y = =2, y(ml8) = 5,y (w/8) = 2
28. 2y + 3y’ — 2y = 14x® —4x — 11,

¥(0) =0,y'(0) =0
29. 5y" +y' = —6x,y(0) =0, y'(0) = —10

3. Y+ 4y +4y =03 +x)e >, y0)=2,y(0)=5
31. Y +4y' + 5y =35¢"%, y(0)=—3,y'(0) =1
32. y" —y=coshx, y(0)=2,y(0)=12

d*x

133, o + w’x = F, sin wt, x(0) = 0,x’(0) =0

d2x 2 ’

34. e + wx = Fycosyt, x(0)=0,x'(0) =0

3B/ y" -2y +y =2 — 24 + 40¢™, y(0) = 1,'(0) = 3,
Y'(0) = -3

36. y"+8y=2x—5+ 8 ¥ y0)=—5,y'(0)=3,y"(0)= —4

In Problems 3740, solve the given boundary-value problem.
3. Y +y=x+1, y0)=5y1)=0

3. y' =2y +2y=2x—2, y0)=0,y(7) =7

39. y' +3y =6x, y(0)=0,y(1) +y'(1)=0

40. y" + 3y =6x, y(0) +y'(0)=0,y(1)=0

In Problems 41 and 42, solve the given initial-value problem in
which the input function g(x) is discontinuous. [Hint: Solve each
problem on two intervals, and then find a solution so that y and
y' are continuous at x = 77/2 (Problem 41) and at x = 7
(Problem 42).]

M. y' + 4y = g(x), y0) =1,y'(0) = 2, where

@ {sinx, 0=x=a2
x =
§ 0. x>u2

2. y' — 2y + 10y = g(x), y(0) = 0, y'(0) = 0, where

()_{20, O=x=w
g 0, x>
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Discussion Problems

43. Consider the differential equation ay” + by’ + cy = ¢"*, where
a, b, c, and k are constants. The auxiliary equation of the
associated homogeneous equation is

am® +bm + ¢ = 0.

(a) If kis not a root of the auxiliary equation, show that we
can find a particular solution of the form y, = A", where
A = 1/(ak* + bk + ¢).

(b) Ifkisaroot of the auxiliary equation of multiplicity one,
show that we can find a particular solution of the form
y,= Axe™, where A = 1/(2ak + b). Explain how we know
that k # —b/(2a).

(¢) Ifkisarootof the auxiliary equation of multiplicity two,
show that we can find a particular solution of the form
y= Ax*e®, where A = 1/(2a).

44. Discuss how the method of this section can be used to find a
particular solution of y” + y = sin x cos 2x. Carry out your idea.

In Problems 45—48, without solving match a solution curve of
y" + y = f(x) shown in each figure with one of the following
functions:

@ f) =1,
(iti) f(x) = €,
v) f(x) = €'sinx,

(i) fxy=e™,
(iv) f(x) = sin 2x,
(vi) f(x) = sin x.

Briefly discuss your reasoning.
45, y

AWAWAN /\ .
v \/\/

FIGURE 3.4.1 Graph for Problem 45

46. y

[N\,
N

FIGURE 3.4.2 Graph for Problem 46

47. y

FIGURE 3.4.3 Graph for Problem 47

48. y

FIGURE 3.4.4 Graph for Problem 48

Computer Lab Assignments

In Problems 49 and 50, find a particular solution of the given
differential equation. Use a CAS as an aid in carrying out
differentiations, simplifications, and algebra.

49. y' — 4y’ + 8y = (2% — 3x)e** cos 2x + (10x* — x — 1)e** sin 2x
50. y* 4+ 2y" +y =2 cosx — 3xsinx

E‘ Variation of Parameters
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INTRODUCTION The method of variation of parameters used in Section 2.3 to find a
particular solution of a linear first-order differential equation is applicable to linear higher-order
equations as well. Variation of parameters has a distinct advantage over the method of the pre-
ceding section in that it always yields a particular solution y, provided the associated homoge-
neous equation can be solved. In addition, the method presented in this section, unlike
undetermined coefficients, is not limited to cases where the input function is a combination of
the four types of functions listed on page 128, nor is it limited to differential equations with
constant coefficients.

IH Some Assumptions To adapt the method of variation of parameters to a linear second-
order differential equation

a(x)y" + a;(x)y" + ayx)y = g(x), (1)
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If you are unfamiliar with
Cramer’s rule, see Section 8.7.

>

we begin as we did in Section 3.2—we put (1) in the standard form

Y+ Py + Q(x)y = f(x) (2)

by dividing through by the lead coefficient a,(x). Equation (2) is the second-order analogue of
the linear first-order equation dy/dx + P(x)y = f(x). In (2) we shall assume P(x), Q(x), and f(x)
are continuous on some common interval /. As we have already seen in Section 3.3, there is no
difficulty in obtaining the complementary function y. of (2) when the coefficients are constants.

Il Method of Variation of Parameters Corresponding to the substitution
¥, = u3(x)y;(x) that we used in Section 2.3 to find a particular solution y, of dy/dx + P(x)y = f(x),
for the linear second-order DE (2) we seek a solution of the form

yp(x) = uy(0)y(x) + uy(x)y,(x), (3)

where y, and y, form a fundamental set of solutions on / of the associated homogeneous form
of (1). Using the product rule to differentiate y, twice, we get

Yp = wyi Tt oyt oupyy + youy
Yp = wnyt +yuy oyt uiyy +unys + yauy + youy + ).
Substituting (3) and the foregoing derivatives into (2) and grouping terms yields
Zero Zero

f—/% /—%
yp + Py, + O)y, = w[y] + Py] + Oyi] + wo[ Y3 + Py; + Oy,]
+ yu| + uyyy + youy + upyy + Plyuy + youpl + yiug + youy

d d
= — [yl + — [yus] + Plywug + yous] + yiug + yhus
dx dx
d ! ! ! ! ! ! ! !
= a [yiuy + yous] + Plyuy + yus] + yiug + yaup = fx). (4)

Because we seek to determine two unknown functions u; and u,, reason dictates that we need
two equations. We can obtain these equations by making the further assumption that the functions
u, and u, satisfy y,u| + y,u3 = 0. This assumption does not come out of the blue but is prompted
by the first two terms in (4), since, if we demand that y,u; + y,u5 = 0, then (4) reduces
to yju; + ysus = f(x). We now have our desired two equations, albeit two equations for determin-
ing the derivatives u] and u). By Cramer’s rule, the solution of the system

yiug + yuy =0
yiuy + yauy = f(x)

can be expressed in terms of determinants:

, W, - Y2 f(x) , W, - y1f(x)
Ltl —_ T — T aIld uz —_ T = (5)
w w W
Yio »n 0 Y2 Vi 0
where w=|", | = s =", . (6)
Yio : S ¥ o f

The functions u, and u, are found by integrating the results in (5). The determinant W is recog-
nized as the Wronskian of y; and y,. By linear independence of y, and y, on /, we know that
W(y,(x), y,(x)) # 0O for every x in the interval.

Il Summary of the Method Usually it is not a good idea to memorize formulas in lieu
of understanding a procedure. However, the foregoing procedure is too long and complicated to
use each time we wish to solve a differential equation. In this case it is more efficient simply to
use the formulas in (5). Thus to solve a,y" + a;y" + aygy = g(x), first find the complementary
function y, = c,y; + ¢,y, and then compute the Wronskian W(y,(x), y,(x)). By dividing by a,,
we put the equation into the standard form y” + Py’ + Qy = f(x) to determine f(x). We find i,
and u, by integrating u/= W,/W and u) = W,/W, where W, and W, are defined as in (6). A par-
ticular solution is y, = u,y, + u,y,. The general solution of equation (1) is then y = y. + y,.
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EXAMPLE 1 General Solution Using Variation of Parameters

Solve y" — 4y + 4y = (x + 1)e*.
SOLUTION  From auxiliary equation m> — 4m + 4 = (m — 2)*> = O we have y, = ¢,e** + cyxe™.
With the identifications y; = e** and y, = xe**, we next compute the Wronskian:

2x erx

2e%  2xe™ + e*

4x

W(e?, xe*) = = e™.

Since the given differential equation is already in form (2) (that is, the coefficient of y" is 1),
we identify f(x) = (x + 1)e**. From (6) we obtain

0 xe*

B x + l)ezx 2xe™ + >

e* 0

= —(x + Dxe™, W, = 2% (x4 Det| (x + e*,

1

and so from (5)

, _(x + Dxe™ 5 ;o (x + De*

u, = T . T TXT X, U — =x + 1.
e4x e4x

Integrating the foregoing derivatives gives
1 1 1
u = ——x3 — =x* and u, = —x* + x.
3 2 2
Hence from (3) we have
1 1 1 1 1
Y = (—3x3 - 2x2>€2x + <2x2 + x) xe™ = gx3e2" + Exzez"

1 1
and y=y.+ty= c,e” + cxe* + 8x3ezx + §x2ez".

EXAMPLE 2 General Solution Using Variation of Parameters

Solve 4y" + 36y = csc 3x.
SOLUTION  We first put the equation in the standard form (2) by dividing by 4:

1
y'+ 9y = 1 csc 3x.

Since the roots of the auxiliary equation m> + 9 = 0 are m;, = 3i and m, = —3i, the comple-
mentary function is y, = ¢; cos 3x + ¢, sin 3x. Using y; = cos 3x, y, = sin 3x, and f(x) =
1 csc 3x, we obtain

cos 3x sin 3x

W(cos 3x, sin 3x) =

)

—3sin3x  3cos3x

W = 0 sin3x | 1 | cos3x 0 |_1cos3x
" lkese3x 3 cos3x & 2 |-3sin3x  lese3x| 4 sin3x
Integrating
, oW1 d , _ Wy 1 cos3x
W T T2 T T W T 12 sinax
gives
d ! In Isin 3xI
uy, = ——x and u, = ——In Isin 3xI.
: 12 236
Thus from (3) a particular solution is
- 3+L('3)1|'3I
Yp = T 5% €08 3x + 2 (sin 3x) In Isin 3x1.
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The general solution of the equation is

1 1
Yy =Y.+ y,=c cos3x + c,sin3x — 1z ¥ cos 3x + 36 (sin 3x) InIsin 3xI.  (7) =

Equation (7) represents the general solution of the differential equation on, say, the interval
(0, 7/3).

Il Constants of Integration When computing the indefinite integrals of u] and 1}, we
need not introduce any constants. This is because
y=y.ty,=cyt eyt (u; + apy, + (up, + b))y,
= (c; tadyr + (c2 + by, + uyy; + upy,
=Ciy1 + Gy tugyr + upys.

Il Integral-Defined Functions We have seen several times in the preceding sections
and chapters that when a solution method involves integration we may encounter nonelementary
integrals. As the next example shows, sometimes the best we can do in constructing a particular
solution (3) of a linear second-order differential equation is to use the integral-defined functions.

) f(t W f(e
u(x) = —J yz‘(}v)({)()dt and  u,(x) = J’ylév)({)()dt.

0 0

Here we assume that the integrand is continuous on the interval [x,, x]. See Problems 23-26 in
Exercises 3.5.

EXAMPLE 3 General Solution Using Variation of Parameters
Solve y' —y=1/x.

SOLUTION The auxiliary equation m* — 1 = 0 yields m; = —1 and m, = 1. Therefore
V. = cie" + ce” . Now W(e", e ™) = —2 and
e *(1/x) . e *(1/x)
-2 -2
1% 1%
u, = J’ idt, U, = _j idt.
2] 1 2) ¢

0 0

Since the foregoing integrals are nonelementary, we are forced to write

and so

1 (e 1 el
=Y.ty = + e+ et —dr — —e7| = =
Y=yt y,=ce’ + ce 26,[ ; 5e L ;

Xo 0

In Example 3 we can integrate on any interval [x,, x] not containing the origin. Also see
Examples 2 and 3 in Section 3.10.

lH Higher-Order Eq uations The method we have just examined for nonhomogeneous
second-order differential equations can be generalized to linear nth-order equations that have
been put into the standard form

YO+ Py A e Py F Py = f(0). (8)
Ify.=cy + ¢y, + -+ + ¢,y,is the complementary function for (8), then a particular solution is
V() = w3 (), (x) + ur(0)y,(x) + e+ u,(X)y,(x),
where the u;, k = 1, 2, ..., n, are determined by the n equations
yi+ o yuyt oot yu, =0
R e
: : (9)

!

L T R AU T (€9
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The first n — 1 equations in this system, like y,u; + y,u5; = 0 in (4), are assumptions made to
simplify the resulting equation after y, = u;(x)y,(x) + --- + u,(x)y,(x) is substituted in (8). In
this case, Cramer’s rule gives

!

Wi
u, =

W’
where W is the Wronskian of y,, y,, ..., y, and W, is the determinant obtained by replacing the
kth column of the Wronskian by the column consisting of the right-hand side of (9), that is, the
column (0, 0, ..., f(x)). When n = 2 we get (5). When n = 3, the particular solution is y, = u;y, +
u,y, + usys;, where y,, y,, and y; constitute a linearly independent set of solutions of the associated
homogeneous DE, and u,, u,, u; are determined from

, oW W W
Uy = —- Uy = — U3 = (10)
w w w
Yi Y2 )3 0 » » yi 0 » yiy» O
W=y vy yi|, Wi=|0 y yi|, Wa =1|y/ 0 yj|,andW; = |y/ y;, O
yoys vy f() v vy yiof(x) vy oy f(x)

See Problems 29 and 30 in Exercises 3.5.

REMARKS

In the problems that follow do not hesitate to simplify the form of y,. Depending on how
the antiderivatives of u; and u; are found, you may not obtain the same y, as given in the
answer section. For example, in Problem 3 in Exercises 3.5, both y, = Isinx — x cos x
andy, = Isin x — 3x cos x are valid answers. In either case the general solution y = y, + Yy
simplifies to y = ¢; cos x + ¢, sin x — 3 x cos x. Why?

m DCIRARER]  Answers to selected odd-numbered problems begin on page ANS-5.

In Problems 1-18, solve each differential equation by variation
of parameters.

1. y"+y=secx 2. y'+y=tanx

3. y'+y=sinx 4. y"+y=secfHtan

5. y' +y = cos’x 6. y' +y=sec’x

1. y' —y=coshx 8. y' — y=sinh2x
9x

9. y' =9y =— 10. 4" —y=¢"+3

e

"N y' + 3y +2y=

1+ ef
X

12. y"—2y'-}—y=1+x2

13. y"+3y' +2y=sine* 14 y' —2y + y=c'arctant
15. y"+2y'+y=e'lnt 16. 2y" +y =6x
17. 3y" — 6y’ + 6y = ¢"secx

18. 4" —4y' +y= V1 — x*

In Problems 19-22, solve each differential equation by variation

of parameters subject to the initial conditions y(0) = 1, y'(0) = 0.

19. 4y" — y = xe*”?
2. 2y'+y —y=x+1
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21. Y + 2y —8y=2e F—¢*
22. v —4y' + 4y = (12x% — 6x)e*

In Problems 23-26, proceed as in Example 3 and solve each
differential equation by variation of parameters.

2x

23y +y= e 2, y' — 4y = o

2% y' +y —2y=Inx 26. 2y" + 2y +y= 4Vx

In Problems 27 and 28, the indicated functions are known
linearly independent solutions of the associated homogeneous
differential equation on the interval (0, co). Find the general
solution of the given nonhomogeneous equation.

12 cos x,

21. Xy +xy (= Dy=x¥ oy, =x"
yp=x"'2

28. x%y" + xy' +y =sec(Inx); y; = cos(lnx),y, = sin(In x)

sin x

In Problems 29 and 30, solve the given third-order differential
equation by variation of parameters.

29. y" +y =tanx 30. y" + 4y’ =sec2x




Discussion Problems

In Problems 31 and 32, discuss how the methods of
undetermined coefficients and variation of parameters can
be combined to solve the given differential equation. Carry
out your ideas.

31. 3y" — 6y’ + 30y = 15sinx + ¢" tan 3x

32. V' =2y +y=4x* =3+ x ¢

33. What are the intervals of definition of the general solutions
in Problems 1, 7, 15, and 18? Discuss why the interval
of definition of the general solution in Problem 28 is
not (0, co).

34. Find the general solution of x*y" + x*y’ — 4x’y = 1 given that

y, = x*is a solution of the associated homogeneous equation.

Computer Lab Assignments

In Problems 35 and 36, the indefinite integrals of the equations
in (5) are nonelementary. Use a CAS to find the first four
nonzero terms of a Maclaurin series of each integrand and
then integrate the result. Find a particular solution of the given
differential equation.

By +y=VI+x %. 4y —y=e"

‘ Cauchy—Euler Equations

INTRODUCTION The relative ease with which we were able to find explicit solutions of
linear higher-order differential equations with constant coefficients in the preceding sections
does not, in general, carry over to linear equations with variable coefficients. We shall see in
Chapter 5 that when a linear differential equation has variable coefficients, the best that we can
usually expect is to find a solution in the form of an infinite series. However, the type of dif-
ferential equation considered in this section is an exception to this rule; it is an equation with
variable coefficients whose general solution can always be expressed in terms of powers of x,
sines, cosines, logarithmic, and exponential functions. Moreover, its method of solution is quite
similar to that for constant equations.

] Cauchy-Euler Equation Any linear differential equation of the form

ny,
4y
n dxn

a,x

where the coefficients a,, a

4"y dy _
ay—1X d_X”_l + o+ a]xa + apgy = g(-x)’
a—1s - - -» g are constants, is known diversely as a Cauchy-Euler

equation, an Euler—-Cauchy equation, an Euler equation, or an equidimensional equation.
The differential equation is named in honor of two of the most prolific mathematicians of all
time, Augustin-Louis Cauchy (French, 1789-1857) and Leonhard Euler (Swiss, 1707-1783).
The observable characteristic of this type of equation is that the degree k = n,n — 1, ..., 1,0 of
the monomial coefficients x* matches the order k of differentiation d*y/dx*:

same same
L SN
n du—l
F n— y
anx7dxn + a,_x Idx"ﬂ +

As in Section 3.3, we start the discussion with a detailed examination of the forms of the
general solutions of the homogeneous second-order equation

, d%y dy
ax“ﬁ+bx$+cy:0. (1)

The solution of higher-order equations follows analogously. Also, we can solve the nonhomo-

2.

geneous equation ax“y” + bxy’ + ¢y = g(x) by variation of parameters, once we have determined
the complementary function y.(x) of (1).

Lead coefficient being zero at ’
x = 0 could cause a problem.

The coefficient of d 2y/alx2 is zero at x = 0. Hence, in order to guarantee that the fundamental
results of Theorem 3.1.1 are applicable to the Cauchy—Euler equation, we confine our attention

to finding the general solution on the interval (0, co). Solutions on the interval (—oo, 0) can be
obtained by substituting t+ = —x into the differential equation. See Problems 49 and 50 in

Exercises 3.6.
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Il Method of Solution We try a solution of the form y = x", where m is to be determined.
Analogous to what happened when we substituted ¢"” into a linear equation with constant coeffi-
cients, after substituting x™ each term of a Cauchy—Euler equation becomes a polynomial in 72 times

X" since
d*y
ax* Sk ax*mm — 1)(m —2) - (m — k + L)x™*
X
= aym(m — 1)(m —2) - (m — k + 1)x™

For example, by substituting y = x™ the second-order equation (1) becomes

d’y dy
axzﬁ-i- bxdf-l—cy:am(m— DX" + bmx™ + cx™ = (am(m — 1) + bm + c)x" = 0.
x

Thus y = x™ is a solution of the differential equation whenever m is a solution of the auxiliary
equation

amim— 1) +bm+c=0 or am*+b—am+c=0. (2)

There are three different cases to be considered, depending on whether the roots of this quadratic
equation are real and distinct, real and equal, or complex. In the last case the roots appear as a
conjugate pair.

Case I: Distinct Real Roots Let m; and m, denote the real roots of (2) such that
my # m,. Then y, = X" and y, = X2 form a fundamental set of solutions. Hence
the general solution of (1) is

y=cx™ + cx™. (3)

EXAMPLE 1 Distinct Roots
dzy dy
Sol = —2x— —4y=0.
ove dx? xdx Y

SOLUTION Rather than just memorizing equation (2), it is preferable to assume y = x™
as the solution a few times in order to understand the origin and the difference between
this new form of the auxiliary equation and that obtained in Section 3.3. Differentiate

twice,
dy _ o dY 2
ame R ﬁ=m(m—1)x R
and substitute back into the differential equation:
d? d
xz% - 2xl — 4y = X omim — Dx™ 2= 2x - mx™ ! — 4x"
dx dx

=x"(m(m—1)—2m—4) =x"m* —3m—4)=0

if m* — 3m — 4 = 0. Now (m + 1)(m — 4) = 0 implies m; = —1, m, = 4 and so (3) yields

the general solution y = ¢;x ' + c,x*. =

Case I : Repeated Real Roots 1f the roots of (2) are repeated (that is, m; = m,), then
we obtain only one solution, namely, y = x"1. When the roots of the quadratic
equation am® + (b — a)m + ¢ = 0 are equal, the discriminant of the coeffi-
cients is necessarily zero. It follows from the quadratic formula that the root
mustbe m; = —(b — a)/2a.

Now we can construct a second solution y,, using (5) of Section 3.2. We
first write the Cauchy—Euler equation in the standard form
2
df)z) + ﬁdl + % y=20
dx axdx  ax
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and make the identifications P(x) = b/ax and [(b/ax) dx = (b/a) In x. Thus

e—(b/a) Inx
v, =" | S dx

x2m,

= ™ th/a . x*2m1 dx « g Wainx —_ ,inx —b/a) _ x b
= x" J x e xOTagy  —dm = (b— a)a

d.
= x" J i=x’”' In x.
X

The general solution of (1) is then

y = c;x™ + ¢,x™ In x. (4)

EXAMPLE 2 Repeated Roots

d’ d
Solve 4x25§ + Sxﬁ +y=0
SOLUTION The substitution y = x™ yields
5 d*y dy )
4x F+8x;+y=x’”(4m(m—1)+8m+ )=x"4m +4m+1)=0
be by
when 4m? + 4m + 1 = 0 or 2m + 1)> = 0. Since m, = — 1 is a repeated root, (4) gives the

=12

general solution y = ¢;x 2 + c,x " In x. =

For higher-order equations, if m, is a root of multiplicity k, then it can be shown that

my
9

X XMInx,  x™(nx)?% ..., x™(Inx)*!

are k linearly independent solutions. Correspondingly, the general solution of the differential
equation must then contain a linear combination of these k solutions.

Case 111 : Conjugate Complex Roots If the roots of (2) are the conjugate pair
m, =« + i3, m, = a — i3, where « and B > 0 are real, then a solution
isy = Cjx*"® + C,x*"#, But when the roots of the auxiliary equation are
complex, as in the case of equations with constant coefficients, we wish
to write the solution in terms of real functions only. We note the identity

XB = (¢ln¥)iB = giBInx
which, by Euler’s formula, is the same as
x® = cos(B1n x) + isin(B In x).
Similarly, x = cos(B1Inx) — isin(8Inx).
Adding and subtracting the last two results yields
xP+x®=2cos(BInx) and x* — x®=2isin(B1nx),

respectively. From the fact that y = C,x*** + C,x* " is a solution for
any values of the constants, we see, in turn, for C;, = C, = l and C; = 1,
CZ = _] that

v = X + x_iB) and y,= x“(xiB —xP
or vy =2x"cos(BInx) and 1y, = 2ix"sin(B1lnx)

are also solutions. Since W(x® cos( In x), x* sin(8 In x)) = Bx**"! # 0,
B > 0, on the interval (0, co), we conclude that

yy=x%cos(BIlnx) and y,=x“sin(BInx)

constitute a fundamental set of real solutions of the differential equation.
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Hence the general solution of (1) is

y = x*[c, cos(B1n x) + ¢, sin(B In x)]. (5)

PEATETER  Aninitial-Value Problem

Solve the initial-value problem  4x%y" + 17y =0, y(1) = —1,y'(1) = —4.

SOLUTION The y’ term is missing in the given Cauchy—Euler equation; nevertheless, the
substitution y = x™ yields

4%y + 17y = X"(@m(m — 1) + 17) = xX"(4m* — 4m + 17) = 0

when 4m®> — 4m + 17 = 0. From the quadratic formula we find that the roots are m;, = § + 2i

and m, = ¥ — 2i. With the identifications @ = } and 8 = 2, we see from (5) that the general
solution of the differential equation on the interval (0, co) is

y = x"? [¢, cos(2 In x) + ¢, sin(2 In x)].

By applying the initial conditions y(1) = —1, y'(1) = 0 to the foregoing solution and using
In 1 = 0 we then find, in turn, that ¢, = —1 and ¢, = 0. Hence the solution of the initial-

value problem is y = —x'”?cos (2 In x). The graph of this function, obtained with the aid of
computer software, is given in FIGURE 3.6.1 The particular solution is seen to be oscillatory and

unbounded as x — co. =

The next example illustrates the solution of a third-order Cauchy—Euler equation.

Third-Order Equation

d’y d’y dy
Solve X3E + szﬁ + 7x5 + 8y =0.
SOLUTION The first three derivatives of y = x” are
dy L dy L, dYy .
I = mx" !, Il = m(m — Dx""2, ) = m@m — D)(m — 2)x" 3

so that the given differential equation becomes

4y ,dy dy 3 -3 -2 -1
X'—3 + 5x"—= + Tx—— + 8y =x’m(m—1)(m — 2)x" +58%m@m — Dx" "2+ Txmx™ '+ 8x"
dx dx dx
=x"(m(m — 1)(m — 2) + 5m(m — 1) + Tm + 8)
= X"(m® + 2m®> + 4m + 8) = X"(m + 2)(m®> + 4) = 0.
In this case we see that y = x™ will be a solution of the differential equation for m; = —2,
m, = 2i, and m; = —2i. Hence the general solution on the interval (0, co0) is

y=cx 2+ ¢,cos(2Inx) + ¢;sin(2 In x). =

Il Nonhomogeneous Equations The method of undetermined coefficients as described
in Section 3.4 does not carry over, in general, to linear differential equations with variable coef-
ficients. Consequently, in the following example the method of variation of parameters is employed.

EXAMPLE 5 Variation of Parameters

Solve x%y" — 3xy’ + 3y = 2x*e™.

SOLUTION  Since the equation is nonhomogeneous, we first solve the associated homogeneous
equation. From the auxiliary equation (m — 1)(m — 3) = O we find y, = ¢;x + c,x°. Now
before using variation of parameters to find a particular solution y, = u;y; + u,y,, recall that
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the formulas u; = W,/W and u), = W,/W, where W,, W,, and W are the determinants defined
on page 137, and were derived under the assumption that the differential equation has been
put into the standard form y” + P(x)y’ + Q(x)y = f(x). Therefore we divide the given equation
by x%, and from

Y

4 3/ 3 2 x
y —;y +;y=2xe

we make the identification f(x) = 2x%¢". Now with y, = x, y, = x° and

0 x3 X 0

X x3

W= =2 W, = = —2x%", W, = = 2x%*
1 3x? ! 2x%e*  3x? 2 1 2x%"
2x3e* 2x3e”
we find u = ——— = —x%* and u, = —5 ="
2x° 2x°

The integral of the latter function is immediate, but in the case of u; we integrate by parts
twice. The results are u;, = —x%e”* + 2xe* — 2e* and u, = e*. Hence

Yy, = Uy T gy, = (—x2%e™ + 2xe™ — 2eMx + e*x® = 2x%e” — 2xe”.

Finally the general solution of the given equation is

y=y.ty,=cx + o + 207" — 2xe.

IH A Generalization The second-order differential equation
d’y dy
alx — x,) e + b(x — xp) I +cy=0 (6)

is a generalization of equation (1). Note that (6) reduces to (1) when x, = 0. We can solve
Cauchy-Euler equations of the form given in (6) exactly as we did in (1), namely, by seeking
solutions y = (x — x,)" and using

d 2
ﬁ = m(x — xp)" ! and g)z) =m(m — 1)(x — xp)" %

See Problems 39-42 in Exercises 3.6.

|
REMARKS

The similarity between the forms of solutions of Cauchy—Euler equations and solutions of
linear equations with constant coefficients is not just a coincidence. For example, when the
roots of the auxiliary equations for ay” + by’ + cy = 0 and ax?y” + bxy’ + cy = 0 are distinct
and real, the respective general solutions are

y = cie™ 4+ ce™ and y = cx™ + cx™, x> 0. (7)

In view of the identity ¢"* = x, x > 0, the second solution given in (7) can be expressed in
the same form as the first solution:

y = clemllnx e czemzlnx — Clemlt 4L Czemzt,

where ¢ = In x. This last result illustrates another fact of mathematical life: Any Cauchy—
Euler equation can always be rewritten as a linear differential equation with constant coef-
ficients by means of the substitution x = ¢'. The idea is to solve the new differential
equation in terms of the variable #, using the methods of the previous sections, and once
the general solution is obtained, resubstitute # = In x. Since this procedure provides a good
review of the Chain Rule of differentiation, you are urged to work Problems 43-48 in
Exercises 3.6.

A
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m DCIHREE]  Answers to selected odd-numbered problems begin on page ANS-5.

In Problems 1-18, solve the given differential equation.

1. X' —=2y=0 2. 4" +y=0
3. 0" +y =0 4 xy" =3y =0
5 x% +xy +4y=0 6. XXy +5xy' +3y=0
7. X3 = 3xy' —=2y=0 8 X' +3xy' —4y=0
9. 25x%y" +25xy" +y=0 10. 4}y +4xy’ —y =0

M. X +5x +4y=0 12 X' +8xy' +6y=0
13. 323"+ 6xy +y=0 14, X%y —Txy' +41y =0
15. X’y — 6y =0 16. Xy +xy —y=0

17. xy<4> +6y" =0

18. XYy + 6x°y" + 9%y + 3xy' +y =0

In Problems 19-24, solve the given differential equation by
variation of parameters.

2. 2 + 50y +y=x*—x
2. Xy —2xy’ + 2y = x'e*
1
x+1

19. xy" — 4y =x*
2. 2%y —xy +y=2

2. X' +xy —y=Inx 24 XY +xy —y=

In Problems 25-30, solve the given initial-value problem. Use a
graphing utility to graph the solution curve.

25 X3 +3xy' =0, y(1)=0,y'(1) =4

2. x*y" — 5xy' +8y =0, y(2) =32,y'(2) =
21. 2y" +x +y =0,y =1y(1D=2
28. X' —3xy'+4y=0, y(1)=5,y'(1) =3
2. 0" +y =x y1)=1yNH=-3

30. x%)" — Sxy' + 8y =8x% y(3) =0,y'(}) =0

In Problems 31 and 32, solve the given boundary-value problem.

3. ' —Txy' + 12y =0, y(0) =0, y(1) =
32. X%y —3xy' +5y =0, y(1) =0, y(e) = 1

In Problems 33-38, find a homogeneous Cauchy—Euler
differential equation whose general solution is given.

33 y=cx* + cx?

4. y=c, + X

3. y=cx >+ cx Clnx

36. y =c; + cx + c3xlnx

37. y = ¢, cos(Inx) + ¢,sin(Inx)

172 172

38. y=cx cos(%lnx) + cyx sin(%lnx)

In Problems 39-42, use the substitution y = (x — x,)" to solve
the given equation.

39, (x +3)2y" — 8(x+3)y’ + 14y =0

0. x— 1)y —(x—1y +5y=0

M. x+2°y' +@x+2y +y=0

42. (x — 4?2y —5(x—4)y +9y=0

In Problems 43—48, use the substitution x = ¢’ to transform the
given Cauchy-Euler equation to a differential equation with
constant coefficients. Solve the original equation by solving the
new equation using the procedures in Sections 3.3-3.5.

43. X" +9xy' —20y =0 44. xzy” —9xy" +25y=0

45. x*y" + 10xy’ + 8y = x> 46. x*y' — 4xy’ + 6y =Inx’
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47. ¥y —3xy’ + 13y =4 + 3x
48. X}y —3x% + 6xy’ —6y =3+ Inx°

In Problems 49 and 50, use the substitution ¢t = —x to solve the
given initial-value problem on the interval (—oo, 0).

49, 4x3y" +y=0, y(—1) =2,y (-1) =4
50. x%y" —4xy’ +6y =0, y(—2)=8,y(—-2) =0

Mathematical Models

Pierre Gharghouri, Professor Emeritus, Jean-Paul
Pascal, Associate Professor, Department of
Mathematics Ryerson University, Toronto, Canada

Contributed Problem

51. Temperature of a Fluid A very long cylindrical shell is
formed by two concentric circular cylinders of different
radii. A chemically reactive fluid fills the space between the
concentric cylinders as shown in green in FIGURE 3.6.2. The
inner cylinder has a radius of 1 and is thermally insulated,
while the outer cylinder has a radius of 2 and is maintained
at a constant temperature 7;. The rate of heat generation in
the fluid due to the chemical reactions is proportional to T/r,
where 7(r) is the temperature of the fluid within the space
bounded between the cylinders defined by 1 < r < 2. Under
these conditions the temperature of the fluid is defined by
the following boundary-value problem:

T T o<
a?  rar 20 0TTT
dr

=0, 0 =1,
drr=]

Find the temperature distribution 7(r) within the fluid.

FIGURE 3.6.2 Cylindrical shell in Problem 51

52. In Problem 51, find the minimum and maximum values of
T(r) on the interval defined by 1 = r = 2. Why do these
values make intuitive sense?

53. Bending of a Circular Plate In the analysis of the bending
of auniformly loaded circular plate, the equation w(r) of the
deflection curve of the plate can be shown to satisfy the
third-order differential equation

d? 14> 1d
Sw dw 1dv_a, @)
dr rodr ro dr 2D



where g and D are constants. Here 7 is the radial distance from 56. Find a Cauchy—Euler differential equation of lowest order
a point on the circular plate to its center. with real coefficients if it is known that 2 and 1 — i are two
(a) Use the method of this section along with variation of roots of its auxiliary equation.

parameters as given in (10) of Section 3.5 to find the 57. The initial conditions y(0) = y,, y'(0) = y,, apply to each of

general solution of equation (8).
(b) Find a solution of (8) that satisfies the boundary conditions

w'(0) = 0, w(a) =0, w'(a) = 0,

where @ > 0 is the radius of the plate. [Hint: The condition
w'(0) = 0 is correct. Use this condition to determine one of

the following differential equations:
x2y/r — 0’
Xy —2xy' +2y =0,
X' = 4xy' + 6y = 0.

For what values of y, and y, does each initial-value problem

the constants in the general solution of (8) found in part (a).]

54. In the engineering textbook where the differential equation in
Problem 53 was found, the author states that the differential
equation is readily solved by integration. True, but you have
to realize that equation (8) can be written in the form given
next.

have a solution?

58. What are the x-intercepts of the solution curve shown in
Figure 3.6.1?7 How many x-intercepts are there in the interval
defined by 0 < x < 1?

Computer Lab Assignments
(a) Verify that equation (8) can be written in the alternative P 9

form In Problems 59-62, solve the given differential equation by using
il d/ d a CAS to find the (approximate) roots of the auxiliary equation.
{(rwﬂ -1, 9) 59, 27" — 10.982 + 8.5x + 1.3y = 0
drlrdr\ dr 2D ; ,

60. x°y" + 4xy" + 5xy' =9y =0
(b) Solve equation (9) using only integration with respect to 61. x*y® + 6x°y" + 3x%y —3xy’ +4y =0
r. Show your result is equivalent to the solution obtained 62. x*y@ — 6x}y" + 33x%y" — 105xy" + 169y = 0
in part (a) of Problem 53.

In Problems 63 and 64, use a CAS as an aid in computing roots
of the auxiliary equation, the determinants given in (10) of

Discussion Problems Section 3.5, and integrations.

55. Give the largest interval over which the general solution of
Problem 42 is defined.

63. x°y" — x%y" — 2xy' + 6y = x*
64. x3yrrr + 2x2yn _ Sxyr + lzy — x*4

‘ Nonlinear Equations

INTRODUCTION The difficulties that surround higher-order nonlinear DEs and the few
methods that yield analytic solutions are examined next.

Il Some Differences There are several significant differences between linear and nonlin-
ear differential equations. We saw in Section 3.1 that homogeneous linear equations of order two
or higher have the property that a linear combination of solutions is also a solution (Theorem
3.1.2). Nonlinear equations do not possess this property of superposability. For example, on the
interval (—oo, ), y; = €', y, = e ¥, y; = cos x, and y, = sin x are four linearly independent
solutions of the nonlinear second-order differential equation (y”")> — y* = 0. But linear combina-
tions suchasy = cje* + c;cosx,y = e * + ¢cusinx,y = cie’ + c,e " + ¢3cos x + ¢, sin x are
not solutions of the equation for arbitrary nonzero constants c;. See Problem 1 in Exercises 3.7.

In Chapter 2 we saw that we could solve a few nonlinear first-order differential equations by
recognizing them as separable, exact, homogeneous, or perhaps Bernoulli equations. Even though
the solutions of these equations were in the form of a one-parameter family, this family did not,
as arule, represent the general solution of the differential equation. On the other hand, by paying
attention to certain continuity conditions, we obtained general solutions of linear first-order
equations. Stated another way, nonlinear first-order differential equations can possess singular
solutions whereas linear equations cannot. But the major difference between linear and nonlinear
equations of order two or higher lies in the realm of solvability. Given a linear equation there is
a chance that we can find some form of a solution that we can look at, an explicit solution or
perhaps a solution in the form of an infinite series. On the other hand, nonlinear higher-order
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differential equations virtually defy solution. This does not mean that a nonlinear higher-order
differential equation has no solution but rather that there are no analytical methods whereby
either an explicit or implicit solution can be found.

Although this sounds disheartening, there are still things that can be done; we can always
analyze a nonlinear DE qualitatively and numerically.

Let us make it clear at the outset that nonlinear higher-order differential equations are
important—dare we say even more important than linear equations?—because as we fine-tune
the mathematical model of, say, a physical system, we also increase the likelihood that this
higher-resolution model will be nonlinear.

We begin by illustrating an analytical method that occasionally enables us to find explicit/
implicit solutions of special kinds of nonlinear second-order differential equations.

Il Reduction of Order Nonlinear second-order differential equations F (x, y', y") = 0,
where the dependent variable y is missing, and F'(y, y’, y") = 0, where the independent variable
X is missing, can sometimes be solved using first-order methods. Each equation can be reduced
to a first-order equation by means of the substitution u = y'.

The next example illustrates the substitution technique for an equation of the form F (x, y’,y") = 0.
If u = y’, then the differential equation becomes F (x, u, u") = 0. If we can solve this last equation
for u, we can find y by integration. Note that since we are solving a second-order equation, its
solution will contain two arbitrary constants.

Dependent Variable yIs Missing

Solve y" = 2x(y")%

SOLUTION If we let u =y, then du/dx = y". After substituting, the second-order equation
reduces to a first-order equation with separable variables; the independent variable is x and
the dependent variable is u:

du ) du

5 = 2xu” or 7 = 2xdx
juzdu = JZxdx
—u'=x2+ c%.

The constant of integration is written as c{ for convenience. The reason should be obvious in
the next few steps. Since ul= 1/y’, it follows that

dy 1
dx x* + cf
d J dx 1 ! _
and so = - or = ——tan — + o =
y )C2+C% y Cl c 2

Next we show how to solve an equation that has the form F(y, y’, y") = 0. Once more we let
u = y', but since the independent variable x is missing, we use this substitution to transform the
differential equation into one in which the independent variable is y and the dependent variable
is u. To this end we use the Chain Rule to compute the second derivative of y:

du  dudy du
=—=——"=y—,
dx dy dx dy

"

In this case the first-order equation that we must now solve is F (y, u, u du/dy) = 0.

EXAMPLE 2 Independent Variable x Is Missing

Solve yy" = ()%

SOLUTION  With the aid of u = y’, the Chain Rule shown above, and separation of variables,
the given differential equation becomes

(du)_ , du dy
yua =u or —=—
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Integrating the last equation then yields In lul = In |yl + ¢, which, in turn, gives u = c,y,
where the constant *e1 has been relabeled as ¢,. We now resubstitute u = dy/dx, separate
variables once again, integrate, and relabel constants a second time:

d
j; = C2de or Inlyl=cx+c3 or y=cue. =

Il Use of Taylor Series In some instances a solution of a nonlinear initial-value prob-
lem, in which the initial conditions are specified at x,, can be approximated by a Taylor series
centered at x,,.

EXAMPLE 3 Taylor Series Solution of an VP

Let us assume that a solution of the initial-value problem

Y=x+y—y, y0)=-1, y@O=1 (1)

exists. If we further assume that the solution y(x) of the problem is analytic at 0, then y(x)
possesses a Taylor series expansion centered at 0:

y'(0) y'0) 5, y"0) , yPO) ,  y0) |
l!x-l- 2!x+ 3!x-l- 0 Xt + 31 x>+

yx) = y0) + (2)

Note that the value of the first and second terms in the series (2) are known since those values
are the specified initial conditions y(0) = —1, y'(0) = 1. Moreover, the differential equation
itself defines the value of the second derivative at 0: y"(0) = 0 + y(0) — y(0> =0 + (—1) —
(—1)*> = —2. We can then find expressions for the higher derivatives y”, y*, ..., by calculating

the successive derivatives of the differential equation:

" d 2 ’ ’
V') = (et y—y) =14y -2y (3)
dx
(4) — d ’ No— M " "2
YR = oo (LY = 2y =y = 29y" = 207) (4)
(5) _ d ” " IN2Y — " ronm
YR = oo (6 20y = 20507 =0T = 27— 6y'y (5)

and so on. Now using y(0) = —1 and y'(0) = 1 we find from (3) that y"'(0) = 4. From the
values y(0) = —1,y'(0) = 1, and y"(0) = —2, we find y(0) = —8 from (4). With the additional
information that y”(0) = 4, we then see from (5) that y®(0) = 24. Hence from (2), the first
six terms of a series solution of the initial-value problem (1) are
2 1 1
=—1l4+x—x*+-x—x"+ -7+ =
y(x) X — X 3 by 3 X 5 X
Il Use of a Numerical Solver Numerical methods, such as Euler’s method or a Runge—
Kutta method, are developed solely for first-order differential equations and then are extended
to systems of first-order equations. In order to analyze an nth-order initial-value problem
numerically, we express the nth-order ODE as a system of rn first-order equations. In brief,
here is how it is done for a second-order initial-value problem: First, solve for y”; that is,
put the DE into normal form y” = f(x, y, ¥'), and then let y' = u. For example, if we substitute
Yy =uin
%y
E :f(x’ Vs y’)s y(x0) = Yo y’(XO) = U, (6)
then y” = u' and y'(x,) = u(x,) so that the initial-value problem (6) becomes

Solve: {y/ !
u' = fx y,u)

Subject to: y(xy) = vy, ulxy) = u.
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Y However, it should be noted that a commercial numerical solver may not require* that you supply

T Taylor polynomial the system.

1 solution curve EXAMPLE 4 Graphical Analysis of Example 3

T generated by a

+ numerical solver Following the foregoing procedure, the second-order initial-value problem in Example 3 is

equivalent to

dy
o
du )
R
with initial conditions y(0) = —1, u(0) = 1. With the aid of a numerical solver we get the

solution curve shown in blue in FIGURE 3.7.1. For comparison, the curve shown in red is the

graph of the fifth-degree Taylor polynomial T5(x) = —1 + x — x> + 3x* — 3x* + £x°. Although
we do not know the interval of convergence of the Taylor series obtained in Example 3, the
closeness of the two curves in the neighborhood of the origin suggests that the power series

1 may converge on the interval (—1, 1). =

FIGURE3.7.1 Comparison of two I Qualitative Questions The blue graph in Figure 3.7.1 raises some questions of a qual-
approximate solutions in Example 4 itative nature: Is the solution of the original initial-value problem oscillatory as x —co? The graph
generated by a numerical solver on the larger interval shown in FIGURE 3.7.2 would seem to suggest
that the answer is yes. But this single example, or even an assortment of examples, does not
answer the basic question of whether all solutions of the differential equation y" = x + y — y*
are oscillatory in nature. Also, what is happening to the solution curves in Figure 3.7.2 when x
is near —1? What is the behavior of solutions of the differential equation as x — —oo? Are solu-
tions bounded as x — co? Questions such as these are not easily answered, in general, for non-
' linear second-order differential equations. But certain kinds of second-order equations lend
[ themselves to a systematic qualitative analysis, and these, like their first-order relatives encoun-

tered in Section 2.1, are the kind that have no explicit dependence on the independent variable.

FIGURE 3.7.2 Numerical solution curve Second-order ODEs of the form
of IVP in (1) of Example 3

’ AN d2y — !
F(y,y,y)=0 or —==f(yy)
dx
that is, equations free of the independent variable x, are called autonomous. The differential
equation in Example 2 is autonomous, and because of the presence of the x term on its right side,
the equation in Example 3 is nonautonomous. For an in-depth treatment of the topic of stability
of autonomous second-order differential equations and autonomous systems of differential equa-

tions, the reader is referred to Chapter 11.

*Some numerical solvers require only that a second-order differential equation be expressed in normal
form y" = f(x, y, y"). The translation of the single equation into a system of two equations is then built into
the computer program, since the first equation of the system is always y’ = u and the second equation is

u' = f(x,y, u.

m DCIEIRER]  Answers to selected odd-numbered problems begin on page ANS-6.

In Problems 1 and 2, verify that y, and y, are solutions of the In Problems 3-6, the dependent variable y is missing in the
given differential equation but that y = ¢y, + ¢,y, is, in general, given differential equation. Proceed as in Example 1 and solve
not a solution. the equation by using the substitution u = y'.

1. (yrr)2=y2; ylzgx’yzzcosx 3. yu 4 (y/)2+ 1 — O 4. yr/ — 1 + (y/)Z

2 3 =300y =Ly, =2 5. 2%+ (y') =0 6. e = (')
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In Problems 7-10, the independent variable x is missing in the
given differential equation. Proceed as in Example 2 and solve
the equation by using the substitution u = y'.

1w+ +H1=0 8 (y+ 1y =)
9. y' +2y(y')’ =0 10. yy" =y’
11. Consider the initial-value problem
Yty =0, y0)=1 y(0)=-L
(a) Use the DE and a numerical solver to graph the solution
curve.
(b) Find an explicit solution of the IVP. Use a graphing util-
ity to graph this solution.
(¢) Find an interval of definition for the solution in part (b).

12. Find two solutions of the initial-value problem
O+ =1 @) =4 y@R) = V3R
Use a numerical solver to graph the solution curves.

In Problems 13 and 14, show that the substitution u = y’ leads
to a Bernoulli equation. Solve this equation (see Section 2.5).

13. 0" =y + () 1 xy' =y +x(y')

In Problems 15-18, proceed as in Example 3 and obtain the first

six nonzero terms of a Taylor series solution, centered at 0, of

the given initial-value problem. Use a numerical solver and a

graphing utility to compare the solution curve with the graph of

the Taylor polynomial.

15 )" =x+y% y(0)=1y'(0) =1

16. Y +y =1, y(0) =2,y'(0) =3

17,y =2+ =2y, y0) = Ly =1

18. y"=¢, y(0) =0,y (0)= —1

19. In calculus, the curvature of a curve that is defined by a
function y = f(x) is defined as

4

_ Y
K= [1+ )P
Find y = f(x) for which k = 1. [Hint: For simplicity, ignore
constants of integration.]

Discussion Problems

20. In Problem 1 we saw that cos x and ¢* were solutions of the
nonlinear equation (y”)> — y*> = 0. Verify that sin x and e *
are also solutions. Without attempting to solve the differ-
ential equation, discuss how these explicit solutions can be

found by using knowledge about linear equations. Without
attempting to verify, discuss why the linear combinations
y=ce+ce "t czcosx+cysinvandy = cre* + ¢y sinx
are not, in general, solutions, but the two special linear com-
binations y = c;e* + c,e” *and y = ¢3 cos x + ¢4 sin x must
satisfy the differential equation.

21. Discuss how the method of reduction of order considered
in this section can be applied to the third-order differential
equation y” = V1 + (y”)%. Carry out your ideas and solve
the equation.

22. Discuss how to find an alternative two-parameter family of
solutions for the nonlinear differential equation y” = 2x(y")?
in Example 1. [Hint: Suppose that —c7 is used as the constant
of integration instead of +¢?.]

Mathematical Models

23. MotioninaForce Field A mathematical model for the posi-
tion x(¢) of a body moving rectilinearly on the x-axis in an
inverse-square force field is given by

dt? x%

Suppose that at = 0 the body starts from rest from the posi-
tion x = x;, x, > 0. Show that the velocity of the body at time
tis given by v? = 2k*(1/x — 1/x,). Use the last expression and
a CAS to carry out the integration to express time 7 in terms
of x.

24. A mathematical model for the position x(#) of a moving
object is

2

X .
— +sinx = 0.
dt

Use a numerical solver to investigate graphically the solutions
of the equation subject to x(0) = 0, x"(0) = x, x, = 0. Discuss
the motion of the object for # = 0 and for various choices of x;.
Investigate the equation

in the same manner. Give a possible physical interpretation
of the dx/dt term.

m‘ Linear Models: Initial-Value Problems

INTRODUCTION

In this section we are going to consider several linear dynamical systems

in which each mathematical model is a linear second-order differential equation with constant
coefficients along with initial conditions specified at time f:

dzy
4

d
+ all + apgy = g(1),

(&) = Yo, Y (tp) = ¥

dt
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The function g is variously called the input, driving, or forcing function of the system. The
output or response of the system is a function y(#) defined on an / interval containing 7, that
satisfies both the differential equation and the initial conditions on the interval /.

3.8.1 Spring/Mass Systems: Free Undamped Motion

Il Hooke’s Law Suppose a flexible spring is suspended vertically from a rigid support and
then a mass m is attached to its free end. The amount of stretch, or elongation, of the spring will,
of course, depend on the mass; masses with different weights stretch the spring by differing
amounts. By Hooke’s law, the spring itself exerts a restoring force F opposite to the direction of elonga-
tion and proportional to the amount of elongation s. Simply stated, F = —ks, where k > 0 is a constant
of proportionality called the spring constant. The spring is essentially characterized by the number £.
Using |F| = k|s|, we see that if a mass weighing 10 Ib stretches a spring % ft, then 10 = k(3) implies
k = 20 Ib/ft. Necessarily then, a mass weighing, say, 8 Ib stretches the same spring only £ ft.

Il Newton’s Second Law After a mass m is attached to a spring, it stretches the spring by
an amount s and attains a position of equilibrium at which its weight W is balanced by the restor-
ing force ks. Recall that weight is defined by W = mg, where mass is measured in slugs, kilograms,
or grams and g = 32 ft/s*, 9.8 m/s?, or 980 cm/s?, respectively. As indicated in FIGURE 3.8.1(b), the
condition of equilibrium is mg = ks or mg — ks = 0. If the mass is displaced by an amount x
from its equilibrium position, the restoring force of the spring is then k(x + s). Assuming that
there are no retarding forces acting on the system and assuming that the mass vibrates free of
other external forces—free motion—we can equate Newton’s second law with the net, or resultant,
force of the restoring force and the weight:

d*x

m——=—k(s+x)+mg=—kx+mg— ks = —kx (1)
dt N

ZEero

The negative sign in (1) indicates that the restoring force of the spring acts opposite to the direc-
tion of motion. Furthermore, we can adopt the convention that displacements measured below
the equilibrium position are positive. See FIGURE 3.8.2.

Il DE of Free Undamped Motion By dividing (1) by the mass m we obtain the second-
order differential equation d”x/dt> + (k/m)x = 0 or

d’x

=+ w’x =0, (2)
dt*

where w? = k/m. Equation (2) is said to describe simple harmonic motion or free undamped
motion. Two obvious initial conditions associated with (2) are x(0) = x,, the amount of initial
displacement, and x"(0) = x,, the initial velocity of the mass. For example, if x, > 0, x; <0, the
mass starts from a point below the equilibrium position with an imparted upward velocity. When
x; = 0 the mass is said to be released from rest. For example, if x, < 0, x; = 0, the mass is released
from rest from a point |xy| units above the equilibrium position.

Il Solution and Equation of Motion To solve equation (2) we note that the solutions
of the auxiliary equation m”> + w* = 0 are the complex numbers m, = wi, m, = —wi. Thus from
(8) of Section 3.3 we find the general solution of (2) to be

x(f) = ¢, cos wt + ¢, sin wt. (3)

The period of free vibrations described by (3) is 7 = 27/w, and the frequency is f = 1/T =
/2. For example, for x(f) = 2 cos 3¢t — 4 sin 3¢ the period is 27/3 and the frequency is 3/2.
The former number means that the graph of x(7) repeats every 27/3 units; the latter number
means that there are three cycles of the graph every 27 units or, equivalently, that the mass
undergoes 3/27 complete vibrations per unit time. In addition, it can be shown that the period
27/w is the time interval between two successive maxima of x(¢). Keep in mind that a maxi-
mum of x(7) is a positive displacement corresponding to the mass’s attaining a maximum
distance below the equilibrium position, whereas a minimum of x(¢) is a negative displacement
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FIGURE 3.8.3 A relationship between
¢, >0, ¢, > 0, and phase angle ¢

corresponding to the mass’s attaining a maximum height above the equilibrium position. We
refer to either case as an extreme displacement of the mass. Finally, when the initial condi-
tions are used to determine the constants c¢; and ¢, in (3), we say that the resulting particular
solution or response is the equation of motion.

EXAMPLE 1 Free Undamped Motion

A mass weighing 2 pounds stretches a spring 6 inches. At ¢ = 0 the mass is released from a

point 8 inches below the equilibrium position with an upward velocity of § ft/s. Determine
the equation of free motion.

SOLUTION Because we are using the engineering system of units, the measurements given
in terms of inches must be converted into feet: 6 in = 1 ft; 8 in = % ft. In addition, we must
convert the units of weight given in pounds into units of mass. From m = W/g we have
m = & = & slug. Also, from Hooke’s law, 2 = k(}) implies that the spring constant is
k = 4 Ib/ft. Hence (1) gives

1 d’x d*x
R?: —4x or W+64x:0‘
The initial displacement and initial velocity are x(0) = 3, x'(0) = — %, where the negative sign

in the last condition is a consequence of the fact that the mass is given an initial velocity in
the negative, or upward, direction.
Now w? = 64 or w = 8, so that the general solution of the differential equation is

x(t) = ¢, cos 8t + ¢, sin 8t. (4)
Applying the initial conditions to x(r) and x'(f) gives ¢; = 3 and ¢, = —¢. Thus the equation
of motion is
2 1
x(t) = —cos 8¢ — —sin 8¢ 5) =
0 =3 p (5)

Il Alternative Form of x (t) When ¢; # 0 and ¢, # 0, the actual amplitude A of free
vibrations is not obvious from inspection of equation (3). For example, although the mass in
Example 1 is initially displaced 3 foot beyond the equilibrium position, the amplitude of vibrations
is a number larger than %. Hence it is often convenient to convert an equation of simple harmonic
motion of the form given in (3) into the form of a shifted sine function (6) or a shifted cosine
function (6'). Inboth (6) and (6") thenumber A = \/¢{ + c¢3isthe amplitude of free vibrations,
and ¢ is a phase angle. Note carefully that ¢ is defined in a slightly different manner in (7)
and (7).

y = Asin(wt + ¢) (6) y = Acos(wt — ¢) (6")
where where
. € . G
singp = — singg = —
A Cq A Cy
tanp = — (7) tanp = — (7)
= 2 2 = S “
cos¢ n cos ¢ n

To verify (6), we expand sin(wt + ¢) by the addition formula for the sine function:
Asin(wt + ¢) = Asinwtcosd + Acoswtsing = (Asind)coswt + (Acos)sinwt.  (8)

It follows from FIGURE 3.8.3 that if ¢ is defined by
€ ¢ ) )

sing = ————= —, cos¢p = ———— S
\/c%-i—c% A \/c%+c% A

then (8) becomes

2 Cy . .
Axcoswt + A Xsmwt = ¢, coswt + cysinwt = x(2).

3.8 Linear Models: Initial-Value Problems | 153



154

Be careful in the computation
of the phase angle ¢.

>

Alternative Form of Solution (5)

In view of the foregoing discussion, we can write the solution (5) in the alternative forms (6)
and (6”). In both cases the amplitude is A = V (3)> + (—8)* = \/% ~ (.69 ft. But some
care should be exercised when computing a phase angle ¢.

(a) With ¢, = }and ¢, = — we find from (7) that tan ¢ = —4. A calculator then gives
tan~'(—4) = —1.326 rad. However, this is not the phase angle since tan~'(—4) is located in
the fourth quadrant and therefore contradicts the fact that sin ¢¢ > 0 and cos ¢ < 0 because
¢; > 0 and ¢, < 0. Hence we must take ¢ to be the second-quadrant angle
¢ = 7 + (1.326) = 1.816rad. Thus, (6) gives

17 .
x(t) = sin (8¢ + 1.816). (9)
The period of this function is T = 27/8 = /4.

(b) Now with ¢, = 3and ¢, = —%, we see that (7') indicates that sin ¢ < 0and cos ¢ > 0
and so the angle ¢ lies in the fourth quadrant. Hence from tan ¢ = —; we can take

¢ = tan” '(—1) = —0.245 rad. A second alternative form of solution (5) is then
17 17 _
x(f) = cos(8t — (—0.245)) or x(1) = cos(8¢ + 0.245). 9) =

| Graphical Interpretation FIGURE 3.8.4(a) illustrates the mass in Example 2 going through
approximately two complete cycles of motion. Reading left to right, the first five positions marked
with black dots in the figure correspond, respectively,

* to the initial position (x = %) of the mass below the equilibrium position,

* to the mass passing through the equilibrium position (x = 0) for the first time heading
upward,

* to the mass at its extreme displacement (x = —@) above the equilibrium position,

* to the mass passing through the equilibrium position (x = 0) for the second time heading
downward, and

* to the mass at its extreme displacement (x = @) below the equilibrium position.

The dots on the graph of (9) given in Figure 3.8.4(b) also agree with the five positions just given.

f

X negative /,.—0\\ > ——-..\
/1 N 7 \,
x=0 ——F5 S , .\ | & ] /// \\\___ >
X positive o~ ﬁ Nivi V N —o—t" ﬁ SEo
¢ X=— ? V
x=0 x=0
v=2 =7
"3 T 6
(a)
T . © 2 ) amplitude A = \/g
X positive IQ‘ ’/0\4+- /.
x=0 1 t
X negative \/ \\—/
¢ 1 | g |
i f 4 1

period

(®)
FIGURE 3.8.4 Simple harmonic motion
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FIGURE 3.8.6 Springs in series
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(b)
FIGURE 3.8.7 Damping devices

Note, however, that in Figure 3.8.4(b) the positive direction in the zx-plane is the usual upward
direction and so is opposite to the positive direction indicated in Figure 3.8.4(a). Hence the blue
graph representing the motion of the mass in Figure 3.8.4(b) is the mirror image through the
t-axis of the red dashed curve in Figure 3.8.4(a).

Form (6) is very useful, since it is easy to find values of time for which the graph of x(#) crosses
the positive z-axis (the line x = 0). We observe that sin(wt + ¢) = 0 when wt + ¢ = n7r, where
n is a nonnegative integer.

Il Double Spring Systems Suppose two parallel springs, with constants &, and k,, are
attached to a common rigid support and then to a metal plate of negligible mass. A single mass
m is attached to the center of the plate in the double-spring arrangement as shown in FIGURE 3.8.5.
If the mass is displaced from its equilibrium position, the displacement x is the same for both
springs and so the net restoring force of the spring in (1) is simply —k;x — k,x = —(k; + ky)x.
We say that

kg = ki + ky

is the effective spring constant of the system.

On the other hand, suppose two springs supporting a single mass m are in series, that is, the
springs are attached end-to-end as shown in FIGURE 3.8.6. In this case, a displacement x of the
mass from its equilibrium consists of the sum x = x; + x,, where x, and x, are the displacements
of the respective springs. But the restoring force is the same for both springs so if k. is the
effective spring constant of the system we have

—ket(x1 + X)) = —kpxp = —kyxy.

From k,x; = kyx, we see x; = (ky/k))x, and so —k.i(x; + x,) = —kox, is the same as

ky

kerl =%, + x5 | = kox,.

ky

Solving the last equation for k. yields
kik
kegr = e
ki + k,

So in either of the above cases, the differential equation of motion is (1) with & replaced by k..
See Problems 13—18 in Exercises 3.8.

Il Systems with Variable Spring Constants Inthe model discussed above, we assumed
an ideal world, a world in which the physical characteristics of the spring do not change over time.
In the nonideal world, however, it seems reasonable to expect that when a spring/mass system is in
motion for a long period the spring would weaken; in other words, the “spring constant” would
vary, or, more specifically, decay with time. In one model for the aging spring, the spring constant
kin (1), is replaced by the decreasing function K(¢) = ke ', k > 0, @ > 0. The linear differential
equation mx” + ke” “’x = 0 cannot be solved by the methods considered in this chapter. Nevertheless,
we can obtain two linearly independent solutions using the methods in Chapter 5. See Problem 19
in Exercises 3.8.

When a spring/mass system is subjected to an environment in which the temperature is rapidly
decreasing, it might make sense to replace the constant k with K(¢) = kt, k > 0, a function that
increases with time. The resulting model, mx” + kzx = 0, is a form of Airy’s differential equa-
tion. Like the equation for an aging spring, Airy’s equation can be solved by the methods of
Chapter 5. See Problem 20 in Exercises 3.8.

3.8.2 Spring/Mass Systems: Free Damped Motion

The concept of free harmonic motion is somewhat unrealistic, since the motion described by
equation (1) assumes that there are no retarding forces acting on the moving mass. Unless the
mass is suspended in a perfect vacuum, there will be at least a resisting force due to the surround-
ing medium. As FIGURE 3.8.7 shows, the mass could be suspended in a viscous medium or connected
to a dashpot damping device.
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Il DE of Free Damped Motion In the study of mechanics, damping forces acting on a
body are considered to be proportional to a power of the instantaneous velocity. In particular, we
shall assume throughout the subsequent discussion that this force is given by a constant multiple
of dx/dt. When no other external forces are impressed on the system, it follows from Newton’s
second law that

d*x dx
moa = k=B (10)

where S is a positive damping constant and the negative sign is a consequence of the fact that
the damping force acts in a direction opposite to the motion.

Dividing (10) by the mass m, we find the differential equation of free damped motion is
d’xldf + (B/m)dxldt + (klm)x = 0 or

d’x dx
=2+ 207 + 0 =0, 1
dr? a7 an
k
where 2\ = E, w = —. (12)
m m

The symbol 21 is used only for algebraic convenience, since the auxiliary equation is m?> + 2Am +
o* = 0 and the corresponding roots are then

m ==+ VA —w, m=—-r— VA -

We can now distinguish three possible cases depending on the algebraic sign of A> — w?. Since
each solution contains the damping factor e, A > 0, the displacements of the mass become
negligible over a long period of time.

CaseI: A — o> > 0 Inthissituation the system is said to be overdamped because
the damping coefficient 3 is large when compared to the spring constant k.
The corresponding solution of (11) is x(f) = ¢;e™" + ¢,e™! or

x(t) = e M eVN T 4 e VT, (13)

Equation 13 represents a smooth and nonoscillatory motion. FIGURE 3.8.8 shows two possible
graphs of x(f).
CaseIl: A\*>— @w*=0 Thesystem is said to be critically damped because any slight

decrease in the damping force would result in oscillatory motion. The general
solution of (11) is x(r) = c,;e™" + c,te™" or

x(t) = e M(c, + cyt). (14)

Some graphs of typical motion are given in FIGURE 3.8.9. Notice that the motion is quite similar
to that of an overdamped system. It is also apparent from (14) that the mass can pass through the
equilibrium position at most one time.
Case IIl: A> — @* < 0 In this case the system is said to be underdamped because
the damping coefficient is small compared to the spring constant. The roots
m, and m, are now complex:

m = -1+ Vo — N, m=-\—-\Vo — M.
Thus the general solution of equation (11) is
x(@) = e M, cos Vw® — At + ¢, sin V? — A%). (15)

As indicated in FIGURE 3.8.10, the motion described by (15) is oscillatory, but because of the coef-
ficient e %, the amplitudes of vibration — 0 as t — co.
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FIGURE 3.8.11 Overdamped system in
Example 3
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in Example 4
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equilibrium position

Overdamped Motion

It is readily verified that the solution of the initial-value problem
d*x dx _ _ o
ot + Sidt +4x =0, x(0)=1, x'(0) =1
5 2
i H=—e'— e 16
I x(1) 3 e 3 e (16)

The problem can be interpreted as representing the overdamped motion of a mass on a spring.
The mass starts from a position 1 unit below the equilibrium position with a downward veloc-
ity of 1 ft/s.

To graph x(¢) we find the value of ¢ for which the function has an extremum—that is, the
value of time for which the first derivative (velocity) is zero. Differentiating (16) gives
x'(1) = —3¢ "+ Se *sothat x'(f) = 0 implies ¢ = $ orr = + In ¢ = 0.157. It follows from
the first derivative test, as well as our intuition, that x(0.157) = 1.069 ft is actually a maximum.
In other words, the mass attains an extreme displacement of 1.069 feet below the equilibrium
position.

We should also check to see whether the graph crosses the #-axis, that is, whether the mass
passes through the equilibrium position. This cannot happen in this instance since the equation
x(t) = 0, or ¢ = 2, has the physically irrelevant solution = }In 2 = —0.305.

The graph of x(#), along with some other pertinent data, is given in FIGURE 3.8.11. =

EXAMPLE 4 Critically Damped Motion

An 8-pound weight stretches a spring 2 feet. Assuming that a damping force numerically
equal to two times the instantaneous velocity acts on the system, determine the equation of
motion if the weight is released from the equilibrium position with an upward velocity
of 3 ft/s.

SOLUTION From Hooke’s law we see that 8 = k(2) gives k = 4 Ib/ft and that W = mg gives
m = 35 = } slug. The differential equation of motion is then

= —4x — 2— or — +8— + 16x = 0. (17)

dizx dx d*x dx
dr? dt dr? dt

1

4
The auxiliary equation for (17) is m* + 8m + 16 = (m + 4)> = 0 so that m, = m, = —4.
Hence the system is critically damped and

x(f) = cie” ¥ + cyte™. (18)

Applying the initial conditions x(0) = 0 and x'(0) = —3, we find, in turn, that ¢, = 0 and
¢, = —3. Thus the equation of motion is

x(f) = —3te™ . (19)

To graph x(#) we proceed as in Example 3. From x'(f) = —3e~*(1 — 4¢) we see that x'(f) = 0 when

t =1 The corresponding extreme displacement is x(5) = =3(1)e ! = —0.276 ft. As shown
in FIGURE 3.8.12, we interpret this value to mean that the weight reaches a maximum height

of 0.276 foot above the equilibrium position. =

EXAMPLE 5 Underdamped Motion

A 16-pound weight is attached to a 5-foot-long spring. At equilibrium the spring measures
8.2 feet. If the weight is pushed up and released from rest at a point 2 feet above the equilibrium
position, find the displacements x(¢) if it is further known that the surrounding medium offers
a resistance numerically equal to the instantaneous velocity.
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SOLUTION The elongation of the spring after the weight is attached is 8.2 — 5 = 3.2 ft, so
it follows from Hooke’s law that 16 = k(3.2) or k = 5 Ib/ft. In addition, m = 15 = 1 slug so
that the differential equation is given by

1 d°x dx d*x dx

—— = —5x — — — +2— + 10x = 0. 20

2 dt? Ta U ae dt * (20)
Proceeding, we find that the roots of m*> + 2m + 10 = Qarem, = —1 + 3iandm, = —1 — 3i,

which then implies the system is underdamped and

x(f) = e '(c; cos 3t + ¢, sin 37). (21)
Finally, the initial conditions x(0) = —2 and x"(0) = O yield ¢;, = =2 and ¢, = — %, so the
equation of motion is
_ 2 .
x(t) = e | —2cos 3t — gSlnSt ) (22) =

Il Alternative Form of x (t) Inamanner identical to the procedure used on page 153,
we can write any solution

x(#) = e M(c, cos V? — N+ ¢, sin V? — A%)
in the alternative form
X(f) = Ae Msin(V? — Xt + ), (23)
where A = \/m and the phase angle ¢ is determined from the equations

Y L9 g G
smcb—A, cosq')—A, an¢—cz.
The coefficient Ae ™ is sometimes called the damped amplitude of vibrations. Because (23) is

not a periodic function, the number 277/ @* — A”is called the quasi period and \ w® — A\%/27
is the quasi frequency. The quasi period is the time interval between two successive maxima of
x(1). You should verify, for the equation of motion in Example 5, that A = 2V/10/3 and ¢ = 4.391.
Therefore an equivalent form of (22) is

2V/10

() = e 'sin (37 + 4.391).

3.8.3 Spring/Mass Systems: Driven Motion

T %b _____ T Il DE of Driven Motion with Damping Suppose we now take into consideration an
o external force f(f) acting on a vibrating mass on a spring. For example, f(f) could represent a
l driving force causing an oscillatory vertical motion of the support of the spring. See FIGURE 3.8.13.
The inclusion of f(7) in the formulation of Newton’s second law gives the differential equation
of driven or forced motion:
e SRR S (24)
m— = —kx — B— .
dtr? dt
Dividing (24) by m gives
: : : d*x dx
FIGURE 3.8.13 Oscillatory vertical motion ) e A 10)) (25)
of the support dr? dt ’
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T
steady-state x,(1)

transient

/2
(a)

T
x(t) = transient
L + steady state

/2
(b)

where F (1) = f(¢)/m and, as in the preceding section, 2A = B/m, w*> = k/m. To solve the latter
nonhomogeneous equation we can use either the method of undetermined coefficients or
variation of parameters.

EXAMPLE 6 Interpretation of an Initial-Value Problem

Interpret and solve the initial-value problem

d> dx 1
;)2( + 1,25 + 2x = 5cos4t, x(0) = > x'(0) = 0. (26)

1

5
SOLUTION We can interpret the problem to represent a vibrational system consisting of a
mass (m = % slug or kilogram) attached to a spring (k = 2 Ib/ft or N/m). The mass is released
from rest 3 unit (foot or meter) below the equilibrium position. The motion is damped ( 8 = 1.2)
and is being driven by an external periodic (7' = /2 s) force beginning at t = 0. Intuitively
we would expect that even with damping, the system would remain in motion until such time
as the forcing function was “turned off,” in which case the amplitudes would diminish. However,
as the problem is given, f(#) = 5 cos 4¢ will remain “on” forever.

We first multiply the differential equation in (26) by 5 and solve

dx? dx
— 4+ 6—+10x=0
dr? dt "
by the usual methods. Since m; = —3 + i, m, = —3 — i, it follows that

x () = e ¥(c, cost + c,sin 7).

Using the method of undetermined coefficients, we assume a particular solution of the form
X,(t) = A cos 4t + B sin 4¢. Differentiating x,(¢) and substituting into the DE gives

x, + 6x, + 10x, = (= 6A + 24B) cos 4t + (—24A — 6B) sin 4t = 25 cos 4t.

The resulting system of equations

—6A +24B =25 —24A—-6B=0
yields A = — 75 and B = 2}. It follows that
25 50
x() = e (¢, cost + ¢, sint) — 10z O 41 + 51 sin 4t. (27)
When we set 7 = 0 in the above equation, we obtain ¢, = 2. By differentiating the expression
and then setting 7 = 0, we also find that ¢, = — 5. Therefore the equation of motion is
38 86 25 50
x(H) = 63’( cost — —sin t) — ——cos 4t + — sin 4t (28) =
51 51 102 51

Il Transient and Steady-State Terms When F is a periodic function, such as F (1) =
Fysinytor F(t) = F cos vyt, the general solution of (25) for A > 0 is the sum of a nonperiodic func-
tion x,(#) and a periodic function x,(r). Moreover, x(¢) dies off as time increases; thatis, lim,_,., x,(f) = 0.
Thus for a long period of time, the displacements of the mass are closely approximated by the par-
ticular solution x,(f). The complementary function x.(?) is said to be a transient term or transient
solution, and the function x,(#), the part of the solution that remains after an interval of time, is called

a steady-state term or steady-state solution. Note therefore that the effect of the initial conditions

on a spring/mass system driven by Fis transient. In the particular solution (28), e ¥(3} cos t — % sin )

is a transient term and x,,(f) = — & cos 4t + 3) sin 4t is a steady-state term. The graphs of these two
terms and the solution (28) are given in FIGURES 3.8.14(a) and 3.8.14(b), respectively.

FIGURE 3.8.14 Graph of solution (28)
in Example 6
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EXAMPLE 7 Transient/Steady-State Solutions

The solution of the initial-value problem

dzx dx . ’
el + 25 + 2x = 4cost + 2sint, x(0) =0, x'(0) = x,,

where x; is constant, is given by
x(f) = (x; —2)e 'sint + 2 sin 1.
[
transient steady state

Solution curves for selected values of the initial velocity x; are shown in FIGURE 3.8.15.
The graphs show that the influence of the transient term is negligible for about
t > 3m/2. =

I DE of Driven Motion Without Damping With a periodic impressed force and no
damping force, there is no transient term in the solution of a problem. Also, we shall see that a
periodic impressed force with a frequency near or the same as the frequency of free undamped
vibrations can cause a severe problem in any oscillatory mechanical system.

Undamped Forced Motion

Solve the initial-value problem

d*x ) . ,
el + wx=Fysinyt, x(0)=0, x'(0)=0, (29)

where F| is a constant and y # w.

SOLUTION The complementary function is x.(f) = ¢, cos wt + ¢, sin wt. To obtain a
particular solution we assume x,(f) = A cos yt + B sin yt so that

X + w’x, = A(w® — y?) cos yt + B(w® — y?) sin yt = F,sin yt.

Equating coefficients immediately gives A = 0 and B = Fy/(w® — v?). Therefore
0 Fy .
X,(t) = —5 5 sInvyt.
P o — 7 Y
Applying the given initial conditions to the general solution

. Fo
x(t) = ¢; cos wt + ¢, Sin wt + ———— sin yt
-~y

yields ¢, = 0 and ¢, = —yFylw(w* — ?). Thus the solution is

x(t) = Fo
w

ﬁ (—ysinwt + wsiny?), v+ o. (30) =
W=

I Pure Resonance Although equation (30) is not defined for y = w, it is interesting to
observe that its limiting value as y — w can be obtained by applying L’Hopital’s rule. This
limiting process is analogous to “tuning in” the frequency of the driving force (y/27) to the
frequency of free vibrations (w/27). Intuitively we expect that over a length of time we
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FIGURE 3.8.17 LR(C-series circuit

should be able to increase the amplitudes of vibration substantially. For y = o we define the
solution to be

d . .
_ysinet + wsinyt —(—ysinwt + wsinyr)

x(t) = limF, 3 > = Fy lim
Yoo w(w - ) Y= a4 )
y (0” — wy)
Y
. —sinwt + wtcosyt
= F, lim
Yo _2(1)’)/
_ —sinwt + wtcoswt
e —2w?
Fy Fy
= —sinwt — — tcoswt. 31
2w’ 2w 31)

As suspected, when  — oo the displacements become large; in fact, | x(z,) | —>ocowhen 1, = n7/w,
n=1,2, .... The phenomenon we have just described is known as pure resonance. The graph
given in FIGURE 3.8.16 shows typical motion in this case.

In conclusion, it should be noted that there is no actual need to use a limiting process on (30) to
obtain the solution for y = w. Alternatively, equation (31) follows by solving the initial-value
problem

d2.X 2 . ’
?-kwx:Fosmwt, x(0)=0, Xx'(0)=0

directly by the methods of undetermined coefficients or variation of parameters.

If the displacements of a spring/mass system were actually described by a function such
as (31), the system would necessarily fail. Large oscillations of the mass would eventually force
the spring beyond its elastic limit. One might argue too that the resonating model presented in
Figure 3.8.16 is completely unrealistic, because it ignores the retarding effects of ever-present
damping forces. Although it is true that pure resonance cannot occur when the smallest amount
of damping is taken into consideration, large and equally destructive amplitudes of vibration
(although bounded as t — co) can occur. See Problem 47 in Exercises 3.8.

3.8.4 Series Circuit Analogue

IH LRC-Series Circuits As mentioned in the introduction to this chapter, many different
physical systems can be described by a linear second-order differential equation similar to the
differential equation of forced motion with damping:

d*x dx

— + B— + kx = f(1). 32

moa T B 1@ (32)

If i(f) denotes current in the LRC-series electrical circuit shown in FIGURE 3.8.17, then the voltage
drops across the inductor, resistor, and capacitor are as shown in Figure 1.3.5. By Kirchhoff’s
second law, the sum of these voltages equals the voltage E(f) impressed on the circuit; that is,

di 1
L— + Ri + —q = E@). 33
g TRt La=EQ (33)
But the charge g(#) on the capacitor is related to the current i(f) by i = dg/dt, and so (33) becomes
the linear second-order differential equation
d’q dg 1
L— +R—+ —q = E@®. 34
dr? ar ¢l ® (34)
The nomenclature used in the analysis of circuits is similar to that used to describe spring/
mass systems.
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If E(r) = 0, the electrical vibrations of the circuit are said to be free. Since the auxiliary equation
for (34) is Lm* + Rm + 1/C = 0, there will be three forms of the solution with R # 0, depending
on the value of the discriminant R — 4L/C. We say that the circuit is

overdamped if R>—4LIC >0,
critically damped if ~R> — 4L/C =0,
and underdamped if R*—4L/C <0.
In each of these three cases the general solution of (34) contains the factor e **%, and so ¢(f) — 0

as ¢ — oo. In the underdamped case when g(0) = ¢, the charge on the capacitor oscillates as it
decays; in other words, the capacitor is charging and discharging as t — co. When E(f) = 0 and
R = 0, the circuit is said to be undamped and the electrical vibrations do not approach zero as ¢
increases without bound; the response of the circuit is simple harmonic.

Underdamped Series Circuit

Find the charge ¢(f) on the capacitor in an LRC-series circuit when L = 0.25 henry (h),
R = 10 ohms (£2), C = 0.001 farad (f), E(r) = 0 volts (V), g(0) = g, coulombs (C), and
i(0) = 0 amperes (A).

SOLUTION  Since 1/C = 1000, equation (34) becomes

1
Zq” + 10¢" + 1000 =0 or ¢" + 40q" + 4000 = 0.

Solving this homogeneous equation in the usual manner, we find that the circuit is underdamped
and g(r) = e " (¢, cos 60t + ¢, sin 607). Applying the initial conditions, we find ¢; = gy and ¢, =
go/3. Thus g(1) = goe > (cos 60 + § sin 607). Using (23), we can write the foregoing solution as

_qV10

q(®) e 2% sin(60r + 1.249). =

When there is an impressed voltage E(f) on the circuit, the electrical vibrations are said to be
forced. In the case when R # 0, the complementary function ¢.(f) of (34) is called a transient
solution. If E(7) is periodic or a constant, then the particular solution g,(#) of (34) is a steady-
state solution.

EXAMPLE 10 Steady-State Current

Find the steady-state solution g,(7) and the steady-state current in an LRC-series circuit when
the impressed voltage is E(f) = E| sin yt.

SOLUTION  The steady-state solution g,(¢) is a particular solution of the differential equation

d 1
L— +R— + —q = E;sinvyt.
dr? ar T PNy
Using the method of undetermined coefficients, we assume a particular solution of the form
q,(t) = A sin yt + B cos vyt. Substituting this expression into the differential equation, sim-
plifying, and equating coefficients gives

1
C E
A= 2L 1/1 » B= ZLOR 1 '
—y(L22—+ 22+R2> —y<L22—+ 22—i—R2>
C C% ¢ Cv

It is convenient to express A and B in terms of some new symbols.

1 2L 1
fX=Ly— —, then X2=L2'y2—f+ >3
Cy ¢ Cvy
2L 1
IfZ=VX"+R>, then Z*>=L%" — ctont R,
Y
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Therefore A = EX/(—yZ*) and B = E,R/(—yZ?), so the steady-state charge is

E

EX . oR
qy)() = ——_5sinyt — ﬁcosyt.

yZ*

Now the steady-state current is given by i,(f) = g,(¢):

. Ey (R . X _
i(t) = Z(Z sinyt — Zcosyt). (35) =

The quantities X = Ly — 1/(Cy) and Z = VX? + R? defined in Example 10 are called,
respectively, the reactance and impedance of the circuit. Both the reactance and the impedance

are measured in ohms.

m DCIGIRER]  Answers to selected odd-numbered problems begin on page ANS-6.

Spring/Mass Systems: Free Undamped
Motion

. A mass weighing 4 pounds is attached to a spring whose spring

constant is 16 1b/ft. What is the period of simple harmonic

motion?

. A 20-kilogram mass is attached to a spring. If the frequency

of simple harmonic motion is 2/ cycles/s, what is the

spring constant k? What is the frequency of simple harmonic

motion if the original mass is replaced with an 80-kilogram

mass?

. A mass weighing 24 pounds, attached to the end of a spring,

stretches it 4 inches. Initially, the mass is released from rest

from a point 3 inches above the equilibrium position. Find the

equation of motion.

. Determine the equation of motion if the mass in Problem 3 is

initially released from the equilibrium position with an initial

downward velocity of 2 ft/s.

. A mass weighing 20 pounds stretches a spring 6 inches. The

mass is initially released from rest from a point 6 inches below

the equilibrium position.

(a) Find the position of the mass at the times ¢t = /12, /8,
/6, /4, and 97/32 s.

(b) What is the velocity of the mass when ¢t = 37/16 s? In
which direction is the mass heading at this instant?

(c) Atwhattimes does the mass pass through the equilibrium
position?

. A force of 400 newtons stretches a spring 2 meters. A mass

of 50 kilograms is attached to the end of the spring

and is initially released from the equilibrium position with

an upward velocity of 10 m/s. Find the equation of

motion.

. Another spring whose constant is 20 N/m is suspended from

the same rigid support but parallel to the spring/mass

system in Problem 6. A mass of 20 kilograms is attached

to the second spring, and both masses are initially released

10.

from the equilibrium position with an upward velocity of

10 m/s.

(a) Which mass exhibits the greater amplitude of motion?

(b) Which mass is moving faster at t = w/4 s? At w/2 s?

(¢) At what times are the two masses in the same position?
Where are the masses at these times? In which directions
are they moving?

A mass weighing 32 pounds stretches a spring 2 feet.

(a) Determine the amplitude and period of motion if the mass
is initially released from a point 1 foot above the
equilibrium position with an upward velocity of 2 ft/s.

(b) How many complete cycles will the mass have made at
the end of 47 seconds?

A mass weighing 8 pounds is attached to a spring. When set in

motion, the spring/mass system exhibits simple harmonic motion.

(a) Determine the equation of motion if the spring constant
is 1 Ib/ft and the mass is initially released from a point
6 inches below the equilibrium position with a downward
velocity of 3 ft/s.

(b) Express the equation of motion in the form of a shifted
sine function given in (6).

(c) Express the equation of motion in the form of a shifted
cosine function given in (6").

A mass weighing 10 pounds stretches a spring + foot. This

mass is removed and replaced with a mass of 1.6 slugs, which

is initially released from a point 3 foot above the equilibrium
position with a downward velocity of  ft/s.

(a) Express the equation of motion in the form of a shifted
sine function given in (6).

(b) Express the equation of motion in the form of a shifted
cosine function given in (6").

(¢) Use one of the solutions obtained in parts (a) and (b) to
determine the times the mass attains a displacement below
the equilibrium position numerically equal to 3 the am-
plitude of motion.
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1.

12.

13.

14.

15.

16.

17.

18.

19.

A mass weighing 64 pounds stretches a spring 0.32 foot. The
mass is initially released from a point 8 inches above the
equilibrium position with a downward velocity of 5 ft/s.

(a) Find the equation of motion.
(b) What are the amplitude and period of motion?

(¢) How many complete cycles will the mass have completed
at the end of 37 seconds?

(d) At what time does the mass pass through the equilibrium
position heading downward for the second time?

(e) At what time does the mass attain its extreme displace-
ment on either side of the equilibrium position?

(f) What is the position of the mass at t = 3 s?
(g) What is the instantaneous velocity at t = 3 s?
(h) What is the acceleration at t = 3 s?

(i) What is the instantaneous velocity at the times when the
mass passes through the equilibrium position?

(Jj) Atwhat times is the mass 5 inches below the equilibrium
position?

(k) Atwhat times is the mass 5 inches below the equilibrium
position heading in the upward direction?

A mass of 1 slug is suspended from a spring whose spring
constant is 9 1b/ft. The mass is initially released from a point
1 foot above the equilibrium position with an upward velocity
of \/3 ft/s. Find the times for which the mass is heading down-
ward at a velocity of 3 ft/s.

A mass weighing 20 pounds stretches one spring 6 inches and
another spring 2 inches. The springs are attached to acommon
rigid support and then to a metal plate of negligible mass as
shown in Figure 3.8.5; the mass is attached to the center of
the plate in the double-spring arrangement. Determine the
effective spring constant of this system. Find the equation of
motion if the mass is initially released from the equilibrium
position with a downward velocity of 2 ft/s.

A certain weight stretches one spring 3 foot and another
spring % foot. The two springs are attached in parallel to a
common rigid support in a manner indicated in Problem 13
and Figure 3.8.5. The first weight is set aside, and a mass
weighing 8 pounds is attached to the double-spring arrange-
ment and the system is set in motion. If the period of
motion is 77/15 second, determine how much the first mass
weighs.

Solve Problem 13 again, but this time assume that the springs
are in series as shown in Figure 3.8.6.

Solve Problem 14 again, but this time assume that the springs
are in series as shown in Figure 3.8.6.

Find the effective spring constant of the parallel-spring system
shown in Figure 3.8.5 when both springs have the spring con-
stant k. Give a physical interpretation of this result.

Find the effective spring constant of the series-spring system
shown in Figure 3.8.6 when both springs have the spring con-
stant k. Give a physical interpretation of this result.

A model of a spring/mass system is 4x" + ¢~ *'x = 0. By in-

spection of the differential equation only, discuss the behavior
of the system over a long period of time.
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20. A model of a spring/mass system is 4x” + tx = 0. By inspec-
tion of the differential equation only, discuss the behavior of
the system over a long period of time.

3.8.2 Spring/Mass Systems: Free Damped Motion

In Problems 21-24, the given figure represents the graph of an
equation of motion for a damped spring/mass system. Use the
graph to determine

(a) whether the initial displacement is above or below the
equilibrium position, and

(b) whether the mass is initially released from rest, heading
downward, or heading upward.

21. X 22. X

/4\
/

t t

\
\
‘\/
FIGURE 3.8.18 Graph FIGURE 3.8.19 Graph
for Problem 21 for Problem 22
23. X 24, X

‘\
¢
/_\[
\/-t /
I
I

FIGURE 3.8.20 Graph FIGURE 3.8.21 Graph
for Problem 23 for Problem 24

25. A mass weighing 4 pounds is attached to a spring whose constant
is 2 Ib/ft. The medium offers a damping force that is numerically
equal to the instantaneous velocity. The mass is initially released
from a point 1 foot above the equilibrium position with a down-
ward velocity of 8 ft/s. Determine the time at which the mass
passes through the equilibrium position. Find the time at which
the mass attains its extreme displacement from the equilibrium
position. What is the position of the mass at this instant?

26. A 4-foot spring measures 8 feet long after a mass weighing
8 pounds is attached to it. The medium through which the mass
moves offers damping force numerically equal to /2 times the
instantaneous velocity. Find the equation of motion if the mass
is initially released from the equilibrium position with a down-
ward velocity of 5 ft/s. Find the time at which the mass attains
its extreme displacement from the equilibrium position. What
is the position of the mass at this instant?

27. A 1-kilogram mass is attached to a spring whose constant is
16 N/m, and the entire system is then submerged in a liquid that
imparts a damping force numerically equal to 10 times the in-
stantaneous velocity. Determine the equations of motion if
(a) the mass is initially released from rest from a point 1

meter below the equilibrium position, and then
(b) the mass is initially released from a point 1 meter below
the equilibrium position with an upward velocity of 12 m/s.



28.

29.

30.

31

32,

In parts (a) and (b) of Problem 27, determine whether the mass

passes through the equilibrium position. In each case find the

time at which the mass attains its extreme displacement from

the equilibrium position. What is the position of the mass at

this instant?

A force of 2 pounds stretches a spring 1 foot. A mass

weighing 3.2 pounds is attached to the spring, and the system

is then immersed in a medium that offers a damping force

numerically equal to 0.4 times the instantaneous velocity.

(a) Find the equation of motion if the mass is initially released
from rest from a point 1 foot above the equilibrium
position.

(b) Express the equation of motion in the form given
in (23).

(c) Find the first time at which the mass passes through the
equilibrium position heading upward.

After amass weighing 10 pounds is attached to a 5-foot spring,

the spring measures 7 feet. This mass is removed and replaced

with another mass that weighs 8 pounds. The entire system is

placed in a medium that offers a damping force numerically

equal to the instantaneous velocity.

(a) Find the equation of motion if the mass is initially released
from a point 3 foot below the equilibrium position with
a downward velocity of 1 ft/s.

(b) Express the equation of motion in the form given
in (23).

(c) Find the times at which the mass passes through the equi-
librium position heading downward.

(d) Graph the equation of motion.

A mass weighing 10 pounds stretches a spring 2 feet. The

mass is attached to a dashpot damping device that offers a

damping force numerically equal to 8 (8 > 0) times the in-

stantaneous velocity. Determine the values of the damping

constant 3 so that the subsequent motion is (a) overdamped,

(b) critically damped, and (c¢) underdamped.

A mass weighing 24 pounds stretches a spring 4 feet. The

subsequent motion takes place in a medium that offers a damp-

ing force numerically equal to 8 (8 > 0) times the instanta-

neous velocity. If the mass is initially released from the

equilibrium position with an upward velocity of 2 ft/s, show

that when 8 > 3V/2 the equation of motion is

-3 2
x(t) = ————e¢ #Psinh =V — 181.
VB - 18 3

3.83 Spring/Mass Systems: Driven Motion

33.

34.

A mass weighing 16 pounds stretches a spring 5 feet. The
mass is initially released from rest from a point 2 feet below
the equilibrium position, and the subsequent motion takes
place in a medium that offers a damping force numerically
equal to one-half the instantaneous velocity. Find the equa-
tion of motion if the mass is driven by an external force equal
tof(r) = 10 cos 3t.

A mass of 1 slug is attached to a spring whose constant is
5 Ib/ft. Initially the mass is released 1 foot below the
equilibrium position with a downward velocity of 5 ft/s, and

35.

36.

37.

38.

39.

40.

the subsequent motion takes place in a medium that offers a
damping force numerically equal to two times the instanta-
neous velocity.

(a) Find the equation of motion if the mass is driven by an
external force equal to f(f) = 12 cos 2t + 3 sin 2.

(b) Graph the transient and steady-state solutions on the same
coordinate axes.

(¢) Graph the equation of motion.

A mass of 1 slug, when attached to a spring, stretches it 2 feet

and then comes to rest in the equilibrium position. Starting at

t = 0, an external force equal to f (f) = 8 sin 47 is applied to

the system. Find the equation of motion if the surrounding

medium offers a damping force numerically equal to eight
times the instantaneous velocity.

In Problem 35 determine the equation of motion if the exter-

nal force is f (1) = e ' sin 41. Analyze the displacements for

— 0.

When a mass of 2 kilograms is attached to a spring whose

constant is 32 N/m, it comes to rest in the equilibrium position.

Starting at t = 0, a force equal to f (t) = 68¢ ' cos 4t is

applied to the system. Find the equation of motion in the

absence of damping.

In Problem 37 write the equation of motion in the form x(¢) =

A sin(wt + ¢) + Be * sin(4¢ + 6). What is the amplitude of

vibrations after a very long time?

A mass m is attached to the end of a spring whose constant is

k. After the mass reaches equilibrium, its support begins to

oscillate vertically about a horizontal line L according to a

formula A(f). The value of & represents the distance in feet

measured from L. See FIGURE 3.8.22.

(a) Determine the differential equation of motion if the entire
system moves through a medium offering a damping force
numerically equal to B(dx/dt).

(b) Solve the differential equation in part (a) if the spring is
stretched 4 feet by a weight of 16 pounds and 8 = 2,
h(t) = 5 cos t, x(0) = x"(0) = 0.

}h (1)

FIGURE 3.8.22 Oscillating support in Problem 39

A mass of 100 grams is attached to a spring whose constant

is 1600 dynes/cm. After the mass reaches equilibrium, its sup-

port oscillates according to the formula A(f) = sin 8¢, where

h represents displacement from its original position. See

Problem 35 and Figure 3.8.21.

(a) In the absence of damping, determine the equation of
motion if the mass starts from rest from the equilibrium
position.

(b) Atwhat times does the mass pass through the equilibrium
position?
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(¢) At what times does the mass attain its extreme
displacements?

(d) What are the maximum and minimum displacements?

(e) Graph the equation of motion.

In Problems 41 and 42, solve the given initial-value problem.

d’x

a. +4x = —5sin2r + 3 cos 2, x(0) = —1, x'(0) =1

dr*
d*x .
42. — +9x=15sin 3¢, x(0) =2, x'(0)=0

dr?

43. (a) Show that the solution of the initial-value problem

d*x ) ,
W—I—wx:Focosyt, x(0)=0, x'(0)=0

. Fy
is x(t) = —5——— (cosyt — coswr).
=Yy

. Fy
(b) Evaluate lim - 2 (cos yt — cos wr).
Yoo W Y

44. Compare the result obtained in part (b) of Problem 43 with
the solution obtained using variation of parameters when the
external force is F|y cos wt.

45. (a) Show that x(7) given in part (a) of Problem 43 can be
written in the form

) oL yesins(y + w)t
= —F———5 SIn — () Sin— w)l.
* w* — ? 2 27

(b) If we define ¢ = %('y — w), show that when ¢ is small,
an approximate solution is

Fy . .
x(f) = ——sinegt sinyt.
2ey

When ¢ is small the frequency y/27 of the impressed force
is close to the frequency w/27 of free vibrations. When
this occurs, the motion is as indicated in FIGURE 3.8.23.
Oscillations of this kind are called beats and are due
to the fact that the frequency of sin et is quite small in
comparison to the frequency of sin yz. The red dashed
curves, or envelope of the graph of x(7), are obtained from
the graphs of =(F,/2¢evy) sin et. Use a graphing utility
with various values of F), &, and 7y to verify the graph in
Figure 3.8.23.

FIGURE 3.8.23 Beats phenomenon in Problem 45
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46. Can there be beats when a damping force is added to the
model in part (a) of Problem 43? Defend your position with
graphs obtained either from the explicit solution of the
problem

o ® 4 = Fyoosyr, x0) =0, ¥(0)=0
- — wX — COS , X =V, X =
dr’ dt 0CO8Y

or from solution curves obtained using a numerical solver.
47. (a) Show that the general solution of

d>x dx
—= 4+ 2\ — + w’x = F, sin yt
dr? ar O T oy

x(t) = Ae Msin(Veo® — At + ¢)
+ Fo

\/ 2 22 2.2

(0" =y + 44Xy

sin(yt + 0),

where A = V¢ + ¢3 and the phase angles ¢ and 6 are,
respectively, defined by sin ¢ = ¢,/A, cos ¢ = ¢,/A and

—2\y
\/(w2 _ ,yz)z + 4)\272’

sinf =

o~y
\/(a)2 _ 72)2 + 4)\2)/2'

cosf =

(b) The solution in part (a) has the form x(#) = x.(¢) + x,(?).
Inspection shows that x,(f) is transient, and hence for large
values of time, the solution is approximated by x,(1) =
g(y) sin(yt + 0), where

Fy
\/(wz _ ,yz)z + 4)\2,}/2'

gly) =

Although the amplitude g(y) of x,(?) is bounded as t — oo,
show that the maximum oscillations will occur at the value

v, = Vw? — 2A%. What is the maximum value of g?

The number \V w? — 2A%27r is said to be the resonance
frequency of the system.

(¢) When Fy=2,m =1, and k = 4, g becomes

2
Vi =) + By

gly) =

Construct a table of the values of vy, and g(y,) correspond-

ing to the damping coefficients 3 =2,8=1,8=13,8=1,

and B = ;. Use a graphing utility to obtain the graphs of
g corresponding to these damping coefficients. Use the
same coordinate axes. This family of graphs is called
the resonance curve or frequency response curve of
the system. What is y; approaching as 8 — 0?7 What is
happening to the resonance curve as 3 — 0?



48. Consider a driven undamped spring/mass system described
by the initial-value problem

2

3+ o = Fysin’yi, x(0) = 0.x'(0) = 0,

(a) Forn = 2, discuss why there is a single frequency y,/2mw
at which the system is in pure resonance.

(b) Forn = 3, discuss why there are two frequencies y,/2m
and y,/2m at which the system is in pure resonance.

(¢) Suppose w = 1 and F, = 1. Use a numerical solver to
obtain the graph of the solution of the initial-value
problem for n = 2 and y = v, in part (a). Obtain the
graph of the solution of the initial-value problem for
n = 3 corresponding, in turn, to y = y, and y = vy, in
part (b).

3.84 Series Circuit Analogue

49. Find the charge on the capacitor in an LRC-series circuit at
t=0.0lswhenL=005h,R=2Q,C=001f,E®) =0V,
¢q(0) = 5C, and i(0) = 0 A. Determine the first time at which
the charge on the capacitor is equal to zero.

50. Find the charge on the capacitor in an LRC-series circuit when
L=ih R=20Q,C=55f, Et) =0V, q0)=4C, and
i(0) = 0 A. Is the charge on the capacitor ever equal to zero?

In Problems 51 and 52, find the charge on the capacitor and
the current in the given LRC-series circuit. Find the maximum
charge on the capacitor.

5. L=3h R=100Q,C= 4 f, E#) =300V, ¢g(0) = 0C,
i(0)=0A

52. L=1h,R =100, C=0.0004f, E() =30V, g0)=0C,
i(0)=2A

53.

54.

55.

56.

517.

58.

59.

60.

61.

62.

Find the steady-state charge and the steady-state current in an
LRC-series circuit when L = 1h,R =2, C = 0.25f, and
E(t) =50 costV.

Show that the amplitude of the steady-state current in the
LRC-series circuit in Example 10 is given by Ey/Z, where Z
is the impedance of the circuit.

Use Problem 54 to show that the steady-state current in an
LRC-series circuit when L = 1 h, R = 20 Q, C = 0.001 f, and
E(r) = 100sin 60tV is given by i,(¢) = 4.160 sin(607 — 0.588).

Find the steady-state current in an LRC-series circuit when
L=%h,R=20Q,C=0.001f and E(H) = 100 sin 60 +
200 cos 40t V.

Find the charge on the capacitor in an LRC-series circuit when
L=%h,R=10Q,C=0.01f, E@) =150V, ¢(0) = 1C, and
i(0) = 0 A. What is the charge on the capacitor after a long
time?

Show that if L, R, C, and E,, are constant, then the amplitude
of the steady-state current in Example 10 is a maximum when
v = 1/VLC. What is the maximum amplitude?

Show that if L, R, E,, and 7y are constant, then the amplitude
of the steady-state current in Example 10 is a maximum when
the capacitance is C = 1/Ly*.

Find the charge on the capacitor and the current in an LC-circuit
when L = 0.1 h, C = 0.1 f, E(r) = 100 sin ytV, ¢(0) = 0 C,
and i(0) = 0 A.

Find the charge on the capacitor and the current in an LC-circuit
when E(f) = Ecos yt V, g(0) = g, C, and i(0) = iy A.

In Problem 61, find the current when the circuit is in
resonance.

m‘ Linear Models: Boundary-Value Problems

INTRODUCTION The preceding section was devoted to dynamic physical systems each
described by a mathematical model consisting of a linear second-order differential equation
accompanied by prescribed initial conditions—that is, side conditions that are specified on
the unknown function and its first derivative at a single point. But often the mathematical
description of a steady-state phenomenon or a static physical system demands that we solve
a linear differential equation subject to boundary conditions—that is, conditions specified
on the unknown function, or on one of its derivatives, or even on a linear combination of the
unknown function and one of its derivatives, at two different points. By and large, the number
of specified boundary conditions matches the order of the linear DE. We begin this section
with an application of a relatively simple linear fourth-order differential equation associated
with four boundary conditions.

Il Deflection of a Beam Many structures are constructed using girders, or beams, and these
beams deflect or distort under their own weight or under the influence of some external force. As we
shall now see, this deflection y(x) is governed by a relatively simple linear fourth-order differential

equation.
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= .

axis of symmetry

(a)

deflection curve

(b)

FIGURE 3.9.1 Deflection of a
homogeneous beam

S

x=0 x=L

(a) Embedded at both ends

x=0 x=L

(b) Cantilever beam: embedded at the
left end, free at the right end

/ —

x=0 x=L
(c) Simply supported at both ends

FIGURE 3.9.2 Beams with various end
conditions

TABLE 3.9.1

Ends of Boundary
the Beam Conditions
Embedded y=0,y'=0
Free V'=0,y"=0
Simply supported y=0,y"=0
or hinged

To begin, let us assume that a beam of length L is homogeneous and has uniform cross sections
along its length. In the absence of any load on the beam (including its weight), a curve joining the
centroids of all its cross sections is a straight line called the axis of symmetry. See FIGURE 3.9.1(a).
If a load is applied to the beam in a vertical plane containing the axis of symmetry, the beam, as
shown in Figure 3.9.1(b), undergoes a distortion, and the curve connecting the centroids of all
cross sections is called the deflection curve or elastic curve. The deflection curve approximates
the shape of the beam. Now suppose that the x-axis coincides with the axis of symmetry and that
the deflection y(x), measured from this axis, is positive if downward. In the theory of elasticity
it is shown that the bending moment M(x) at a point x along the beam is related to the load per
unit length w(x) by the equation

d*mM
dx?

= w(x). (1)

In addition, the bending moment M(x) is proportional to the curvature k of the elastic curve
M(x) = Elk, (2)

where E and [ are constants; E is Young’s modulus of elasticity of the material of the beam, and 7
is the moment of inertia of a cross section of the beam (about an axis known as the neutral axis).
The product EI is called the flexural rigidity of the beam.

Now, from calculus, curvature is given by k = y"/[1 + (y")*]*’>. When the deflection y(x) is
small, the slope y’ = 0 and so [1 + (y')*]**> = 1.If we let k =y, equation (2) becomes M = EI y".
The second derivative of this last expression is

d*M d? Y d4y
dx2 = Elﬁy = EIE. (3)

Using the given result in (1) to replace d *M/dx* in (3), we see that the deflection y(x) satisfies the
fourth-order differential equation

4

)

El dxi = w(x). (4)

Boundary conditions associated with equation (4) depend on how the ends of the beam are
supported. A cantilever beam is embedded or clamped at one end and free at the other. A div-
ing board, an outstretched arm, an airplane wing, and a balcony are common examples of such
beams, but even trees, flagpoles, skyscrapers, and the George Washington monument can act as
cantilever beams, because they are embedded at one end and are subject to the bending force of
the wind. For a cantilever beam, the deflection y(x) must satisfy the following two conditions at
the embedded end x = O:

e y(0) = 0 since there is no deflection, and
* y'(0) = 0 since the deflection curve is tangent to the x-axis (in other words, the slope
of the deflection curve is zero at this point).

At x = L the free-end conditions are

e Y'(L) = 0 since the bending moment is zero, and
e y"”(L) = 0 since the shear force is zero.

The function F (x) = dM/dx = EI d*yldx® is called the shear force. If an end of a beam is
simply supported or hinged (also called pin supported, and fulcrum supported), then we must
have y = 0 and y” = 0 at that end. Table 3.9.1 summarizes the boundary conditions that are
associated with (4). See FIGURE 3.9.2.

An Embedded Beam

A beam of length L is embedded at both ends. Find the deflection of the beam if a constant
load wy is uniformly distributed along its length—that is, w(x) = w,, 0 <x < L.
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FIGURE 3.9.3 Deflection curve for
Example 1

SOLUTION From (4), we see that the deflection y(x) satisfies

d*y
El— = w,.
dx* 0
Because the beam is embedded at both its left end (x = 0) and right end (x = L), there is no
vertical deflection and the line of deflection is horizontal at these points. Thus the boundary

conditions are
y©0)=0, Y0 =0, yL)=0, y (L =0.

We can solve the nonhomogeneous differential equation in the usual manner (find y,. by ob-
serving that m = 0 is a root of multiplicity four of the auxiliary equation m* = 0, and then
find a particular solution y, by undetermined coefficients), or we can simply integrate the
equation d*y/dx* = w,/EI four times in succession. Either way, we find the general solution
of the equation y = y. + y, to be

Wy X 4
24E1

y(x) = ¢; + ex + epx? + e’ +

Now the conditions y(0) = 0 and y'(0) = 0 give, in turn, ¢, = 0 and ¢, = 0, whereas the
Wo
24FE1

remaining conditions y(L) = 0 and y’(L) = 0 applied to y(x) = c3x*> + c,x° + x*yield

the simultaneous equations

Wo

L*=0
24EI

C3L2 + C4L3 +

Wo
3¢;L + 3e, P+ — L= 0.
GR T GRT GEr

Solving this system gives ¢; = w, L*/24EI and ¢, = —w,L/12EI Thus the deflection is

wOL2 ) wol wo

X — x” + x*
24E1 12E1 24E1

y(x) =

wo
24E]
deflection curve in FIGURE 3.9.3. =

or y(x) = x?(x — L)>. By choosing w, = 24EI, and L = 1, we obtain the graph of the

The discussion of the beam notwithstanding, a physical system that is described by a two-point
boundary-value problem usually involves a second-order differential equation. Hence, for the
remainder of the discussion in this section we are concerned with boundary-value problems of
the type

2

Solve: a,(x) + a,(x)% + ax)y = gix), a<x<b (5)

ax?
Ay(a) + Byy'(a) = C,

6
Ayy(b) + Byy'(b) = C,. )

Subject to:

In (5) we assume that the coefficients ay(x), a,(x), a,(x), and g(x) are continuous on the interval
[a, b] and that a,(x) # O for all x in the interval. In (6) we assume that A; and B, are not both zero
and A, and B, are not both zero. When g(x) = 0 for all x in [a, ] and C, and C, are 0, we say that
the boundary-value problem is homogeneous. Otherwise, we say that the boundary-value problem
is nonhomogeneous. For example, the BVP y" + y = 0, y(0) = 0, y(7) = 0 is homogeneous,
whereas the BVP y" + y = 1, y(0) = 0, y(27r) = 0 is nonhomogeneous.

f Eigenvalues and Eigenfunctions Inapplications involving homogeneous boundary-
value problems, one or more of the coefficients in the differential equation (5) may depend on a
constant parameter A. As a consequence the solutions y,(x) and y,(x) of the homogeneous DE (5)
also depend on A. We often wish to determine those values of the parameter for which the
boundary-value problem has nontrivial solutions. The next example illustrates this idea.
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FIGURE 3.9.4 Graphs of eigenfunctions
y, = sin(nmx/L), forn = 1,2,3,4,5

Nontrivial Solutions of a BVP

Solve the homogeneous boundary-value problem

Y +Aay=0, y0)=0, yI =0

SOLUTION We consider three cases: A = 0, A < 0, and A > 0.

Case I: For A = 0, the solution of the DE y" = 0is y = ¢;x + ¢,. Applying the bound-
ary conditions y(0) = 0 and y(L) = 0 to this solution yields, in turn, ¢, = 0 and
¢; = 0. Hence for A = 0, the only solution of the boundary-value problem is
the trivial solution y = 0.

CaseII:  For A < 0, it is convenient to write A = —a?, where a > 0. With this new nota-
tion the auxiliary equation is m* — o = 0 and has roots m, = e and m, = —a.
Because the interval on which we are working is finite, we choose to write
the general solution of y” — &’y = 0 in the hyperbolic form y = ¢, cosh ax +
¢, sinh ax. From y(0) = 0 we see

¥(0) =c¢;cosh0 + ¢c,sinh0=c¢; -1 +¢,-0=¢

implies ¢; = 0. Hence y = ¢, sinh ax. The second boundary condition y(L)= 0
then requires ¢, sinh L = 0. When a # 0, sinh aL # 0, and so we are forced
to choose ¢, = 0. Once again the only solution of the BVP is the trivial solution
y=0.

Case III:  For A > 0 we write A = o, where o > 0. The auxiliary equation m* + o* = 0
now has complex roots m; = ia and m, = —ia, and so the general solution of
the DEy" + o’y = 0is y = ¢, cos ax + c, sin ax. As before, y(0) = 0 yields
¢; = 0and soy = ¢, sinax. Then y(L) = 0 implies

¢, sinal = 0.

If ¢, = 0, then necessarily y = 0. But this time we can require ¢, # 0 since
sin aL = 0 is satisfied whenever aL is an integer multiple of 7r:

ni ) n\?
aL=nm or a«a=— or A, =a,=|—], n=1,2,3,....
L L

Therefore for any real nonzero c,, y, = c,sin(nrx/L) is a solution of the prob-
lem for each positive integer n. Since the differential equation is homogeneous,
any constant multiple of a solution is also a solution. Thus we may, if desired,
simply take ¢, = 1. In other words, for each number in the sequence

w? 472 972
M= = M T

the corresponding function in the sequence

. .2 . 37
= sin—, = sin—, = sin—, ...,
Y1 L Y2 I Y3 I
is a nontrivial solution of the original problem. =

The numbers A, = n*m*/L*,n = 1,2,3,... for which the boundary-value problem in Example 2
possesses nontrivial solutions are known as eigenvalues. The nontrivial solutions that depend
on these values of A,, y, = ¢, sin(nwx/L) or simply y, = sin(nmx/L) are called eigenfunctions.
The graphs of the eigenfunctions for n =1, 2, 3, 4, 5 are shown in FIGURE 3.9.4. Note that each of
the fives graphs passes through the two points (0, 0) and (0, L).

Example 2 Revisited

If we choose L = 7 in Example 2, then the eigenvalues of the problem

Y+ Ay=0, y0)=0, ym=0
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FIGURE 3.9.5 Elastic column buckling
under a compressive force

b )
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(a) (b) ©

FIGURE 3.9.6 Deflection curves for
compressive forces Py, P,, P;

are A, = n’,n=1,2,3,.... Tt follows then that the boundary-value problem

y'+10y=0, y0)=0, ym=0

possesses only the trivial solution y = 0 because 10 is not an eigenvalue; that is, 10 is not the

square of a positive integer. =

Il Buckling of a Thin Vertical Column In the eighteenth century Leonhard Euler was
one of the first mathematicians to study an eigenvalue problem in analyzing how a thin elastic
column buckles under a compressive axial force.

Consider a long slender vertical column of uniform cross section and length L. Let y(x) denote
the deflection of the column when a constant vertical compressive force, or load, P is applied to
its top, as shown in FIGURE 3.9.5. By comparing bending moments at any point along the column
we obtain

2 2y
4y or Eldf)2+Py=O, (7)
dx

where E is Young’s modulus of elasticity and / is the moment of inertia of a cross section about
a vertical line through its centroid.

The Euler Load

Find the deflection of a thin vertical homogeneous column of length L subjected to a constant
axial load P if the column is simply supported or hinged at both ends.

SOLUTION The boundary-value problem to be solved is

d2y

EI— + Py=0, y0) =0, yL)=0.
dx

First note that y = 0 is a perfectly good solution of this problem. This solution has a simple
intuitive interpretation: If the load P is not great enough, there is no deflection. The question
then is this: For what values of P will the column bend? In mathematical terms: For what
values of P does the given boundary-value problem possess nontrivial solutions?
By writing A = P/EI we see that
YAy =0,

y0)=0, yL)=0

is identical to the problem in Example 2. From Case III of that discussion we see that the
deflection curves are y,(x) = ¢, sin(nmx/L), corresponding to the eigenvalues A, = P,/El =
il n=1,2,3,.... Physically this means that the column will buckle or deflect only when
the compressive force is one of the values P, = n’m?ElIL*, n = 1,2,3, ....These different
forces are called critical loads. The deflection curve corresponding to the smallest critical
load P, = w2EIl/L?, called the Euler load, is y,(x) = ¢, sin(7x/L) and is known as the first

buckling mode. =

The deflection curves in Example 4 corresponding ton = 1, n = 2, and n = 3 are shown in
FIGURE 3.9.6. Note that if the original column has some sort of physical restraint putonitatx = L/2,
then the smallest critical load will be P, = 47*EI/L? and the deflection curve will be as shown
in Figure 3.9.6(b). If restraints are put on the column at x = L/3 and at x = 2L/3, then the column
will not buckle until the critical load Py = 97*EI/L? is applied and the deflection curve will be
as shown in Figure 3.9.6(c). See Problem 25 in Exercises 3.9.

Il Rotating String The simple linear second-order differential equation
Y +Ay=0 (8)

occurs again and again as a mathematical model. In Section 3.8 we saw (8) in the forms d’x/df* +
(klm)x = 0 and d’q/df* + (1/LC)q = 0 as models for, respectively, the simple harmonic motion of a
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FIGURE 3.9.7 Rotating rope and forces
acting on it
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spring/mass system and the simple harmonic response of a series circuit. It is apparent when the
model for the deflection of a thin column in (7) is written as dzy/dx2 + (P/ED)y = 0O that it is the
same as (8). We encounter the basic equation (8) one more time in this section: as a model that
defines the deflection curve or the shape y(x) assumed by a rotating string. The physical situation
is analogous to when two persons hold a jump rope and twirl it in a synchronous manner. See
FIGURE 3.9.7 parts (a) and (b).

Suppose a string of length L with constant linear density p (mass per unit length) is stretched along
the x-axis and fixed at x = 0 and x = L. Suppose the string is then rotated about that axis at a constant
angular speed w. Consider a portion of the string on the interval [x, x + Ax], where Ax is small. If the
magnitude T of the tension T, acting tangential to the string, is constant along the string, then the desired
differential equation can be obtained by equating two different formulations of the net force acting on
the string on the interval [x, x + Ax]. First, we see from Figure 3.9.7(c) that the net vertical force is

F=Tsinf, — Tsin6,. (9)

When angles 0, and 6, (measured in radians) are small, we have sin 6§, = tan 0, and sin 6, = tan 6.
Moreover, since tan 6, and tan 6, are, in turn, slopes of the lines containing the vectors T, and
T,, we can also write

tan6, = y'(x + Ax) and tan6, = y'(x).
Thus (9) becomes
F=T[y(x+Ax)—y®)]. (10)

Second, we can obtain a different form of this same net force using Newton’s second law, F = ma.
Here the mass of string on the interval is m = pAx; the centripetal acceleration of a body rotating
with angular speed w in a circle of radius r is a = rw”. With Ax small we take » = y. Thus the
net vertical force is also approximated by

F =~ —(pAx)ye?, (11)

where the minus sign comes from the fact that the acceleration points in the direction opposite
to the positive y-direction. Now by equating (10) and (11) we have

difference quotient
(x + Ax) — y'(x
77 ( ) —y' @ N
Ax

Tly'(x + Ax) — y'(x)] = —(pAx)yw? or pw’y = 0. (12)

For A x close to zero the difference quotient in (12) is approximately the second derivative d”y/dx’.
Finally we arrive at the model

2

A pw’y = 0. (13)

T
dx*?

Since the string is anchored at its ends x = 0 and x = L, we expect that the solution y(x) of equa-
tion (13) should also satisfy the boundary conditions y(0) = 0 and y(L) = 0.

|
REMARKS

(i) We will pursue the subject of eigenvalues and eigenfunctions for linear second-order dif-
ferential equations in greater detail in Section 12.5.

(if) Eigenvalues are not always easily found as they were in Example 2; you may have to
approximate roots of equations such as tan x = —x or cos x cosh x = 1. See Problems 32 and
38-42 in Exercises 3.9.

(iii) Boundary conditions can lead to a homogeneous algebraic system of linear equations
where the unknowns are the coefficients c; in the general solution of the DE. Such a system
is always consistent, but in order to possess a nontrivial solution (in the case when the number
of equations equals the number of unknowns) we must have the determinant of the coefficients
equal to zero. See Problems 21 and 22 in Exercises 3.9.
A
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m DCIHREE]  Answers to selected odd-numbered problems begin on page ANS-7.

Find the deflection of the cantilever beam if w(x) = wyx,
0<x<L,and y(0) = 0,y'(L) = 0.

Deflection of a Beam

In Problems 1-5, solve equation (4) subject to the appropriate

boundary conditions. The beam is of length L, and wy is a y ;
constant.
1. (a) The beam is embedded at its left end and free at its right
end, and w(x) = w,, 0 <x < L.
(b) Use a graphing utility to graph the deflection curve when
wy=24Eland L = 1. Wox
. P
. (a) Thebeam is simply supported at both ends, and w(x) = w,, G )IC .

0<x<L.

(b) Use a graphing utility to graph the deflection curve when
wy=24Eland L = 1.

. (@) Thebeam is embedded at its left end and simply supported
at its right end, and w(x) = wy, 0 < x < L.

(b) Use a graphing utility to graph the deflection curve when
wy=48Eland L = 1.

. (a) The beam is embedded at its left end and simply
supported at its right end, and w(x) = w, sin(wx/L),
0<x<L.

(b) Use a graphing utility to graph the deflection curve when
wo = 2mEland L = 1.

(¢) Use a root-finding application of a CAS (or a graphic
calculator) to approximate the point in the graph in
part (b) at which the maximum deflection occurs. What
is the maximum deflection?

. (@) The beam is simply supported at both ends, and w(x) =
wox, 0 <x < L.

(b) Use a graphing utility to graph the deflection curve when
wy=36Eland L = 1.

(¢) Use a root-finding application of a CAS (or a graphic
calculator) to approximate the point in the graph in
part (b) at which the maximum deflection occurs. What
is the maximum deflection?

. (a) Find the maximum deflection of the cantilever beam in
Problem 1.

(b) How does the maximum deflection of a beam that is half
as long compare with the value in part (a)?

(¢) Find the maximum deflection of the simply supported
beam in Problem 2.

(d) How does the maximum deflection of the simply sup-
ported beam in part (¢) compare with the value of
maximum deflection of the embedded beam in
Example 1?

. A cantilever beam of length L is embedded at its right end,
and a horizontal tensile force of P pounds is applied to its free
left end. When the origin is taken at its free end, as shown in
FIGURE 3.9.8, the deflection y(x) of the beam can be shown to
satisfy the differential equation

Ely" = Py — w(x)g.

FIGURE 3.9.8 Deflection of cantilever beam in Problem 7

. When a compressive instead of a tensile force is applied at

the free end of the beam in Problem 7, the differential equation
of the deflection is

X
Ely" = —Py — W(X)E'

Solve this equation if w(x) = wyx, 0 <x < L, and y(0) = 0,
y'(L) = 0.

Rick Wicklin, PhD

Contri buted PrObIems Senior Researcher in Computational Statistics

SAS Institute Inc.

9. Blowinginthe Wind In September 1989, Hurricane Hugo

hammered the coast of South Carolina with winds estimated
at times to be as high as 60.4 m/s (135 mi/h). Of the bil-
lions of dollars in damage, approximately $420 million of
this was due to the market value of loblolly pine (Pinus
taeda) lumber in the Francis Marion National Forest. One
image from that storm remains hauntingly bizarre: all
through the forest and surrounding region, thousands upon
thousands of pine trees lay pointing exactly in the same
direction, and all the trees were broken 5—-8 meters from
their base. In September 1996, Hurricane Fran destroyed
over 8.2 million acres of timber forest in eastern North
Carolina. As happened seven years earlier, the planted lob-
lolly trees all broke at approximately the same height. This
seems to be a reproducible phenomenon, brought on by the
fact that the trees in these planted forests are approximately
the same age and size.

Courtesy of Texas Forest Service

Wind damage to loblolly pines
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In this problem, we are going to examine a mathematical
model for the bending of loblolly pines in strong winds, and
then use the model to predict the height at which a tree will
break in hurricane-force winds.*

Wind hitting the branches of a tree transmits a force to the
trunk of the tree. The trunk is approximately a big cylindrical
beam of length L, and so we will model the deflection y(x) of the
tree with the static beam equation ElyY = w(x) (equation (4) in
this section), where x is distance measured in meters from ground
level. Since the tree is rooted into the ground, the accompanying
boundary conditions are those of a cantilevered beam: y(0) = 0,
y'(0) = 0 at the rooted end, and y"(L) = 0,y" (L) = 0 at the
free end, which is the top of the tree.

(a) Loblolly pines in the forest have the majority of their crown
(that is, branches and needles) in the upper 50% of their
length, so let’s ignore the force of the wind on the lower por-
tion of the tree. Furthermore, let’s assume that the wind hitting
the tree’s crown results in a uniform load per unit length w;,.
In other words, the load on the tree is modeled by

09
wx) = {w
0»

We can determine y(x) by integrating both sides of
EIy™ = w(x). Integrate w(x) on [0, L/2] and then on
[L/2, L] to find an expression for EIy" (x) on each of these
intervals. Let ¢, be the constant of integration on [0, L/2]
and ¢, be the constant of integration on [L/2, L]. Apply
the boundary condition y”'(L) = 0 and solve for ¢,. Then
find the value of ¢, that ensures continuity of the third
derivative y" at the point x = L/2.
(b) Following the same procedure as in part (a) show that

0=x<L/2
L2 =x=1L

Wo 2 2
?(—ZLx + 3L%), O=x=1L12

Ely'(x) =

10.

W,
4—§(8x3 — 24Lx* + 241x — 13, LR <=x=1L.

Integrate Ely’ to obtain the deflection y(x).

(¢) Note that in our model y(L) describes the maximum
amount by which the loblolly will bend. Compute this
quantity in terms of the problem’s parameters.

Blowing in the Wind—Continued By making some
assumptions about the density of crown’s foliage, the total force
F on the tree can be calculated using a formula from physics:
F = pAv*/6 where p~ 1.225 kg/m’ is the density of air, v is the
wind speed in m/s, and A is the cross-sectional area of the tree’s
crown. If we assume that the crown in roughly cylindrical, then
its cross section is a rectangle of area A = (2R)(L/2) = RL,
where R is the average radius of the cylinder. Then the total
force per unit length is then wy, = F/(L/2) = 0.408Rv?.

The cross-sectional moment of inertia for a uniform cy-
lindrical beam is I = }arr*, where r is the radius of the cylin-
der (tree trunk).

*For further information about the bending of trees in high winds, see
the articles by W. Kubinec (Phys. Teacher, March, 1990), or F. Mergen
(J. Forest.) 52(2), 1954.
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By your answer to part (¢) in Problem 9 and the explana-
tions above, the amount that a loblolly will bend depends on
each of the parameters in the following table.

Symbol  Description Typical values
r radius of trunk 0.15-0.25 m
R radius of crown 3-4m
L height of pine 15-20 m
E modulus of elasticity 11-14 N/m?
v Hugo wind speeds 40-60 m/s (90-135 mi/h)

(a) Mathematically show how each parameter affects the bend-
ing, and explain in physical terms why this makes sense.
(For example, a large value of E results in less bending since
E appears in the denominator of y(L). This means that hard
wood like oak bends less than a soft wood such as palm.)

(b) Graph y(x) for 40 m/s winds for an “average” tree by
choosing average values of each parameter (for example,
r=0.2,R = 3.5, and so on). Graph y(x) for 60 m/s winds
for a “tall” (but otherwise average) pine.

(c) Recall that in the derivation of the beam equation on page
166 it was assumed that the deflection of the beam was
small. What is the largest possible value of y(L) that is
predicted by the model if all parameters are chosen from
the given table? Is this prediction realistic, or is the math-
ematical model no longer valid for parameters in this range?

(d) The beam equation always predicts that a beam will bend,
even if the load and flexural rigidity reflect an elephant
standing on a toothpick! Different methods are used by
engineers to predict when and where a beam will break.
In particular, a beam subject to a load will break at the
location where the stress function y”(x)/I(x) reaches a max-
imum. Differentiate the function in part (b) of Problem 9 to
obtain ETy", and use this to obtain the stress y"(x)/I(x).

(e) Real pine tree trunks are not uniformly wide; they taper as they
approach the top of the tree. Substitute (x) = 0.2 — x/(15L)
into the equation for / and then use a graphing utility to graph
the resulting stress as a function of height for an average
loblolly. Where does the maximum stress occur? Does this
location depend on the speed of the wind? On the radius of
the crown? On the height of the pine tree? Compare the
model to observed data from Hurricane Hugo.

(f) A mathematical model is sensitive to an assumption if small
changes in the assumption lead to widely different predic-
tions for the model. Repeat part (e) using r(x) = 0.2 — x/(20L)
and r(x) = 0.2 — x/(10L) as formulas that describe the
radius of a pine tree trunk that tapers. Is our model sensitive
to our choice for these formulas?

Eigenvalues and Eigenfunctions

In Problems 11-20, find the eigenvalues and eigenfunctions for
the given boundary-value problem.

1.
12.
13.
14.
15.

V' + Ay =0, y0)=0, y(m) =0
Y+ Ay =0, y'(0) =0, y(m/4) =0
Y+ Ay =0,y0)=0, (L) =0
Y + Ay =0, y(0) =0, y'(m/2) =0
Y+ Ay =0,y(0)=0, y(m) =0



16. Y+ Ay =0, y(—m) =0, y(7) =0

17. Y+ 2y + (A + Dy =0, y(0) =0, y5) =0

18y +A+1Dy=0 y0)=0 y(1)=0

19. X +xy' +Ay=0, y(1) =0, y(e) =0

2. 2%y +xy'+Ay=0, y(eH)=0, y(1)=0

In Problems 21 and 22, find the eigenvalues and eigenfunctions

for the given boundary-value problem. Consider only the case

A = o, a@ > 0. [Hint: Read (iii) in the Remarks.]

21. Y9 — Ay =0, y0) =0, y"(0) =0, y(1) =0,
y'(1) =0

2. yY —Ay=0, y'(0) =0, y'(0) =0, y(m) =0,
y'(m) =0

Buckling of a Thin Column

23. Consider Figure 3.9.6. Where should physical restraints be
placed on the column if we want the critical load to be P,?
Sketch the deflection curve corresponding to this load.

24. The critical loads of thin columns depend on the end conditions
of the column. The value of the Euler load P, in Example 4 was
derived under the assumption that the column was hinged at
both ends. Suppose that a thin vertical homogeneous column
is embedded at its base (x = 0) and free at its top (x = L) and
that a constant axial load P is applied to its free end. This load
either causes a small deflection 6 as shown in FIGURE 3.9.9 or
does not cause such a deflection. In either case the differential
equation for the deflection y(x) is

2

A N
dx? Y '

(a) What is the predicted deflection when 6 = 0?

(b) When 6 # 0, show that the Euler load for this column is
one-fourth of the Euler load for the hinged column in
Example 4.
x| |P

FIGURE 3.9.9 Deflection of vertical column in Problem 24

25. As was mentioned in Problem 24, the differential equation (7)
that governs the deflection y(x) of a thin elastic column subject
to a constant compressive axial force P is valid only when the
ends of the column are hinged. In general, the differential
equation governing the deflection of the column is given by

d? d*y d*y
72 Eliz + Pi2 - 0.
dx dx dx

Assume that the column is uniform (ET is a constant) and that

the ends of the column are hinged. Show that the solution of

this fourth-order differential equation subject to the boundary

conditions y(0) = 0, y"(0) = 0, y(L) = 0, y"(L) = 0 is equiva-

lent to the analysis in Example 4.

26. Suppose that a uniform thin elastic column is hinged at the

end x = 0 and embedded at the end x = L.

(a) Use the fourth-order differential equation given in
Problem 25 to find the eigenvalues A,, the critical loads
P,, the Euler load P}, and the deflections y,(x).

(b) Use a graphing utility to graph the first buckling mode.

Rotating String

2]. Consider the boundary-value problem introduced in the construc-

tion of the mathematical model for the shape of a rotating string:
2
Td—ﬁ + pwty =0, y(0) =0, y(L)=0.
by

For constant T and p, define the critical speeds of angular
rotation w, as the values of w for which the boundary-value
problem has nontrivial solutions. Find the critical speeds w,
and the corresponding deflections y,(x).

28. When the magnitude of tension 7'is not constant, then a model
for the deflection curve or shape y(x) assumed by a rotating
string is given by

d d
[T(x) dy

dx dx

Suppose that 1 < x < e and that T(x) = x°.

(a) If y(1) = 0, y(e) = 0, and pw® > 0.25, show that the
critical speeds of angular rotation are

w, =3V @n*m* + Dip

and the corresponding deflections are

} + pw’y = 0.

1

V(X)) = cx” Zsin(narlnx), n = 1,2,3, ...

(b) Use a graphing utility to graph the deflection curves on
the interval [1, e] forn = 1, 2, 3. Choose ¢, = 1.

Additional Boundary-Value Problems

29. Temperature in a Sphere Consider two concentric spheres
of radius r = a and r = b, a < b. See FIGURE 3.9.10. The tem-
perature u(r) in the region between the spheres is determined
from the boundary-value problem

r— +2—=0, ua@) = uy, ub) = u,
r

where 1, and u, are constants. Solve for u(r).

FIGURE 3.9.10 Concentric spheres in Problem 29
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30. Temperature ina Ring The temperature u(r) in the circular

31

32,

ring or annulus shown in FIGURE 3.9.11 is determined from the
boundary-value problem

d’u  du
T 0, w@) = up, ud) = u,
where u, and u, are constants. Show that
_ upln(r/b) — u,In(r/a)
In(a/b)

/ N
\_

FIGURE 3.9.11 Circular ring in Problem 30

Rotation of a Shaft Suppose the x-axis on the interval [0, L]
is the geometric center of a long straight shaft, such as the
propeller shaft of a ship. When the shaft is rotating at a constant
angular speed w about this axis the deflection y(x) of the shaft
satisfies the differential equation

Y
EIE - pwzy =0,

where p is density per unit length. If the shaft is simply sup-
ported, or hinged, at both ends the boundary conditions are then

y(0) = 0,y"(0) = 0, y(L) = 0,y"(L) = 0.

(a) If A = o* = pw?/EI, then find the eigenvalues and
eigenfunctions for this boundary-value problem.

(b) Use the eigenvalues A, in part (a) to find corresponding
angular speeds w,,. The values w,, are called critical speeds.
The value w, is called the fundamental critical speed and,
analogous to Example 4, at this speed the shaft changes
shape from y = 0 to a deflection given by y,(x).

Courtesy of the National Archives and Records Administration

Propeller shaft of the battleship USS Missouri

In Problem 31, suppose L = 1. If the shaft is fixed at both
ends then the boundary conditions are

y(0) =0,y"(0) = 0,y(1) = 0,y'(1) = 0.
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(a) Show that the eigenvalues A, = o are defined by the
positive roots of cos a cosh a = 1. [Hint: See the instruc-
tions to Problems 21 and 22.]

(b) Show that the eigenfunctions are

y,(x) = (—sin o, + sinh «,)(cos a,x — cosh a,x)
+ (cos a, — cosh a,)(sin a,x — sinh o, x).

Discussion Problems

33. Simple Harmonic Motion The model mx” + kx = O for
simple harmonic motion, discussed in Section 3.8, can be
related to Example 2 of this section.

Consider a free undamped spring/mass system for which
the spring constant is, say, k = 10 1b/ft. Determine those masses
m,, that can be attached to the spring so that when each mass is
released at the equilibrium position at + = 0 with a nonzero
velocity vy, it will then pass through the equilibrium position at
t = 1 second. How many times will each mass m,, pass through
the equilibrium position in the time interval 0 <t << 1?

34. Damped Motion Assume that the model for the spring/mass
system in Problem 33 is replaced by mx" + 2x" + kx = 0.
In other words, the system is free but is subjected to damping
numerically equal to two times the instantaneous velocity.
With the same initial conditions and spring constant as in
Problem 33, investigate whether a mass m can be found that
will pass through the equilibrium position at # = 1 second.

In Problems 35 and 36, determine whether it is possible to find
values y, and y, (Problem 35) and values of L > 0 (Problem 36)
so that the given boundary-value problem has (a) precisely one
nontrivial solution, (b) more than one solution, (¢) no solution,
and (d) the trivial solution.
35. y" + 16y =0, y(0) = yo, y(7/2) =y,
36. y'+16y=0, yO)=1, y(L)=1
37. Consider the boundary-value problem

Y+ Ay =0, y(—m) = y(m), y'(—m) = y'(m).

(a) The type of boundary conditions specified are called
periodic boundary conditions. Give a geometric inter-
pretation of these conditions.

(b) Find the eigenvalues and eigenfunctions of the problem.

(¢) Usea graphing utility to graph some of the eigenfunctions.
Verify your geometric interpretation of the boundary con-
ditions given in part (a).

38. Show that the eigenvalues and eigenfunctions of the boundary-
value problem

Y+ Ay=0, y0)=0, y1)+y(d)=0
are A, = o and y, = sin a,x, respectively, where a,, n = 1, 2,
3, ... are the consecutive positive roots of the equation tan o« = —a.

Computer Lab Assignments

39. Use a CAS to plot graphs to convince yourself that the equa-
tion tan &« = —« in Problem 38 has an infinite number of roots.
Explain why the negative roots of the equation can be ignored.
Explain why A = 0 is not an eigenvalue even though a = 0 is
an obvious solution of the equation tan a = —a.



40.

a.

Use aroot-finding application of a CAS to approximate the first Give the corresponding approximate eigenfunctions
four eigenvalues A;, A,, A3, and A, for the BVP in Problem 38. ¥1(X), y2(x), y3(x), and y,(x).

Use a CAS to approximate the eigenvalues A;, A,, A5, and A, 42. Use a CAS to approximate the eigenvalues A, A,, A3, and A,

of the boundary-value problem:

defined by the equation in part (a) of Problem 32.

Y+ Ay = 0,0) = 0,y(1) — 2y'(1) = 0.

Here at least one of the numbers
Yo or y; is assumed to be nonzero.
If both y, and y, are 0, then the
solution of the IVP is y = 0.

M‘ Green’s Functions

INTRODUCTION  We have seen in Section 3.8 that the linear second-order differential equation
d’ dy

a(x) —5 + a;(x) 7 + agx)y = glx) (1)
dx dx

plays an important role in applications. In the mathematical analysis of physical systems it is
often desirable to express the response or output y(x) of (1) subject to either initial conditions or
boundary conditions directly in terms of the forcing function or input g(x). In this manner the
response of the system can quickly be analyzed for different forcing functions.

To see how this is done we start by examining solutions of initial-value problems in which
the DE (1) has been put into the standard form

Y+ Py + OW)y = f(x) (2)

by dividing the equation by the lead coefficient a,(x). We also assume throughout this section
that the coefficient functions P(x), Q(x), and f(x) are continuous on some common interval /.

3.10.1 Initial-Value Problems

Il Three Initial-Value Problems We will see as the discussion unfolds that the solution
of the second-order initial-value problem

Y+ Py + Oy = f(0), yx) = yo, ¥ (%) =y 3)

can be expressed as the superposition of two solutions: the solution y,, of the associated homo-
geneous DE with nonhomogeneous initial conditions

Y+ Py + Qy =0, y(xo) = yo, ¥ (%) =y, (4)
and the solution y, of the nonhomogeneous DE with homogeneous (that is, zero) initial conditions
Yyt Py + 0y = f(x), yxg) =0, y'(xp) = 0. (5)

As we have seen in the preceding sections of this chapter, in the case where P and Q are
constants the solution of the IVP (4) presents no difficulties: We use the methods of Section 3.3
to find the general solution of the homogeneous DE and then use the given initial conditions to
determine the two constants in that solution. So we will focus on the solution of the IVP (5).
Because of the zero initial conditions, the solution of (5) could describe a physical system that
is initially at rest and so is sometimes called a rest solution.

Il Green’s Function If y1(x) and y,(x) form a fundamental set of solutions on the interval
I of the associated homogeneous form of (2), then a particular solution of the nonhomogeneous
equation (2) on the interval / can be found by variation of parameters. Recall from (3) of Section 3.5,
the form of this solution is

V() = u (0)y1(x) + uy(x)y(x). (6)
The variable coefficients u,(x) and u,(x) in (6) are defined by (5) of Section 3.5:

0 0)f) yix0)f(x)

up (x) = W s ur(x) = W (7)
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Because y;(x) and y,(x) are constant with
respect to the integration on ¢, we can
move these functions inside the definite

integrals.

Important. Read this paragraph
a second time.
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The linear independence of y;(x) and y,(x) on the interval / guarantees that the Wronskian
W= W(y,(x), y,(x)) # 0 for all xin I. If x and x,, are numbers in /, then integrating the derivatives
in (7) on the interval [x,, x] and substituting the results in (6) give

_ n0f@0) RA0N0)
() = yl(x)L W) dr + yz(x)L W)

dt

(8)

Faydr + Jyl(t)yZ(X)f(t) .

_ J "= 3@)ya()
W WO

W WO

i) y(0)

where W) = W(y,(0), y,(1) = Vi) ya(d)

From the properties of the definite integral, the two integrals in the second line of (8) can be
rewritten as a single integral

X

n = [ oo ()

Xo

The function G(x, ) in (9),

_ YiOy(x) = y1(0)y(2)
W(1)

G(x, 1) , (10)
is called the Green’s function for the differential equation (2).

Observe that a Green’s function (10) depends only on the fundamental solutions, y,(x) and
v,(x) of the associated homogeneous differential equation for (2) and not on the forcing func-
tion f(x). Therefore all linear second-order differential equations (2) with the same left-hand side
but different forcing functions have the same Green’s function. So an alternative title for (10) is
the Green’s function for the second-order differential operator L = D> + P(x)D + Q(x).

EXAMPLE 1 Particular Solution

Use (9) and (10) to find a particular solution of y" — y = f(x).

SOLUTION The solutions of the associated homogeneous equation y” — y = 0 are y, = e,
v, = e ¥, and W(y,(2), y,(¥)) = —2. It follows from (10) that the Green’s function is

to—x __ exefl e)(fl _ e*(Xfl)

G ) = £ - - 5 = sinh(x — 7). (11)

Thus from (9), a particular solution of the DE is

y,(x) = J sinh(x — ) f(t) dt. (12) =

EXAMPLE 2 General Solutions

Find the general solution of the following nonhomogeneous differential equations.

@@y —y=1x (b)) —y=e*

SOLUTION From Example 1, both DEs possess the same complementary function
y. = cie " + ce’. Moreover, as pointed out in the paragraph preceding Example 1, the
Green’s function for both differential equations is (11).

(a) With the identifications f(x) = 1/x and f(r) = 1/t we see from (12) that a particular so-

) , ] “sinh(x — ) )
lution of y" — y = I/x is y,(x) = fdt. Thus the general solution y = y. + y,

Xo

of the given DE on any interval [ x,, x] not containing the origin is

“sinh(x — ¢
sinh(x )dt.

(13)
t

y=ce*+ ce "+ J

Xo
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You should compare this solution with that found in Example 3 of Section 3.5.

(b) With f(x) = > in (12), a particular solution of y" — y = e*is
Vplx) = f;; sinh(x — f)e*dt. The general solution y =y, + ¥, is then

y =ce’+ e+ j sinh(x — 1) e*dt. (14) =

Now consider the special initial-value problem (5) with homogeneous initial conditions. One

way of solving the problem when f(x) # 0 has already been illustrated in Sections 3.4 and 3.5;

that is, apply the initial conditions y(xy) = 0, y'(xy) = O to the general solution of the nonho-

mogeneous DE. But there is no actual need to do this because we already have solution of the
IVP at hand; it is the function defined in (9).

Theorem 3.10.1  Solution of the IVP (5)

The function y,(x) defined in (9) in the solution of the initial-value problem (5).

PROOF: By construction we know that y,(x) in (9) satisfies the nonhomogeneous DE. Next,
because a definite integral has the property [, = 0 we have

VplXo) = J G(xy, Hf(t)dt = 0.

Xo

Finally, to show that y',(x,) = O we utilize the Leibniz formula* for the derivative of an integral:

0 from (10)
— y(OYH(x) — V' ¢
y;,(x) = G(x, 0) f() + j i)y 2(X)W(t))’1(x))’2( )f(t)dt.
, D yi)yh(xg) — ¥i(x)ya(0) _
Hence, Vi) = J L2 °W(t) L0222 Ayt = 0. =

EXAMPLE 3 Example 2 Revisited

Solve the initial-value problems
@ Yy —y=1x, y1)=0, y(I)=0 (b)y" —y=¢e* y0) =0, y(@©) =0.

SOLUTION (a) With x, = 1 and f() = 1/¢, it follows from (13) of Example 2 and
Theorem 3.10.1 that the solution of the initial-value problem is

*sinh(x — 1)
yp(x) = fdl,
1

where [1, x], x > 0.

(b) Identifying x, = 0 and f(f) = e*, we see from (14) that the solution of the IVP is
y,(0) = j sinh(x — f)e*dr. (15) =
o

In Part (b) of Example 3, we can carry out the integration in (15), but bear in mind that x is
held constant throughout the integration with respect to :

X xeX*t _ e*(Xft)
yp(x) = j sinh(x — fe¥dr = Jez’dt
0 o 2
1 * 1 *
= e"j e'dt — e"j eddt
2 b 2 b
1 1 1
= —e¢¥ — —¢* + — ",
3 2

*See Problems 31 and 32 on page 31.
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Here we have used the trigo-
nometric identity sin(2x — 2¢) =
sin 2x cos 2t — cos 2x sin 2¢.

180 |

>

EXAMPLE 4 Another IVP

Solve the initial-value problem

y'+4y =x, y0) =0, y'(0) =0.
SOLUTION We begin by constructing the Green’s function for the given differential equation.

The two linearly independent solutions of y” + 4y = 0 are y,(x) = cos 2x and
¥,(x) = sin 2x. From (10), with W(cos 2¢, sin 2¢) = 2, we find

cos 2f sin 2x — cos 2x sin 2¢ 1 .
> = Esm 2(x — ).

G(x, 1) =

With the identification x, = 0, a solution of the given initial-value problem is

1 X
V) =~ J' tsin 2(x — r)dt.
2Jy

If we wish to evaluate the integral, we first write

X X

1
tcos 2tdt — 5 cos 2xJ t sin 2t dt

1
Yp(x) = ~sin ZxJ
2 0

0

and then use integration by parts:

X X

1 1 1
- C082x|:—t cos2t + —sin2¢
2 2 4

1 1 1
V) = sin2x{2t sin2t + ZCOS ZIL 5

0

1 1
or yplx) = Zx - gsin 2x.

IH Initial-Value Problems—Continued We can now make use of Theorem 3.10.1 to
find the solution of the initial-value problem posed in (3).

Theorem 3.10.2  Solution of the IVP (3)

If y, is the solution of the initial-value problem (4) and y, is the solution (9) of the initial-value
problem (5) on the interval /, then

Y=ty (16)

is the solution of the initial-value problem (3).

PROOF: Because y, is a linear combination of the fundamental solutions, it follows from (10)
of Section 3.1 that y = y, + y, is a solution of the nonhomogeneous DE. Moreover, since y,
satisfies the initial conditions in (4) and y, satisfies the initial conditions in (5), we have

Y(xo) = yu(xo) + y(x0) = yo + 0 =y
¥ (x0) = yilxp) + Y;;(xo) =y +0=y. =

Keeping in mind the absence of a forcing function in (4) and the presence of such a term in
(5), we see from (16) that the response y(x) of a physical system described by the initial-value
problem (3) can be separated into two different responses:

Yu(x) +
—

response of system
due to initial conditions

Y(x0) = yo.  ¥'(x0) =y,

e (17)

——J

response of system
due to the forcing
function f

y(x) =
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In different symbols, the following initial-value problem represents the pure resonance situ-
ation for a vibrating spring/mass system. See page 161.

Using Theorem 3.10.2

Solve the initial-value problem

y' + 4y =sin2x, y0) =1, y'(0) = —2.
SOLUTION  We solve two initial-value problems.

First, we solve y” + 4y = 0, y(0) = 1, y'(0) = —2. By applying the initial conditions to
the general solution y(x) = ¢, cos 2x + ¢, sin 2x of the homogeneous DE, we find that ¢, = 1
and ¢, = —1. Therefore, y,(x) = cos 2x — sin 2x.

Next we solve y” + 4y = sin 2x, y(0) = 0, y'(0) = 0. Since the left-hand side of the dif-
ferential equation is the same as the DE in Example 4, the Green’s function is the same; namely,
G(x, 1) = +sin 2(x — 7). With f(r) = sin 2r we see from (9) that the solution of this second
problem is y,(x) = 3[ysin 2(x — 1) sin 27 d.

Finally, in view of (16) in Theorem 3.10.2, the solution of the original IVP is

X

1
y(x) = yu(x) + y,(x) = cos 2x — sin 2x + 24[ sin 2(x — 1) sin 2tdt. (18) =
0

If desired, we can integrate the definite integral in (18) by using the trigonometric identity
. . 1
sinA sin B = E[COS(A — B) — cos(A + B)]

with A = 2(x — f) and B = 2t

1 X
Vpx) = ZJ sin 2(x — ¢) sin 2t dt
)

1 X

= 4J [cos(2x — 4f) — cos 2x]dt
0

(19)

_1[—1'(2 — 41 —t 2}C

4| g sin(x cos 2x .

LI T
8Sll’l)C 4XCOS X.

Hence, the solution (18) can be rewritten as

1 1
y(@x) = y(x) + y,(x) = cos 2x — sin 2x + (8 sin 2x — Zx cos Zx),

7 1
or y(x) = cos 2x — gsin 2x — Zx cos 2x. (20)

Note that the physical significance indicated in (17) is lost in (20) after combining like terms in
the two parts of the solution y(x) = y,(x) + y,(x).

The beauty of the solution given in (18) is that we can immediately write down the response
of a system if the initial conditions remain the same but the forcing function is changed. For
example, if the problem in Example 5 is changed to

Y +4y=x y0) =1 y'(0) = -2
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we simply replace sin 2¢ in the integral in (18) by ¢ and the solution is then

) = y(x) + y,(x)

X

1
= cos 2x — sin 2x + ZJ tsin2(x — t)dt < see Example 4
0

= Lv 4 cos2x — sin2
=75 cos 2x 8sm X.

Because the forcing function f'is isolated in the particular solution y,(x) = fxf) G(x, nf(t)dt,

the solution in (16) is useful when f'is piecewise defined. The next example illustrates this idea.

EXAMPLE 6 An Initial-Value Problem

Solve the initial-value problem

Yyt 4y =), y0) = 1,y'(0) = -2,

when the forcing function fis piecewise defined:

0, x <0
fx) = §sin2x, 0 =x =27
0, x > 2.

SOLUTION  From (18), with sin 2¢ replaced by f(f), we can write

X

1
y(x) = cos 2x — sin 2x + 2J sin 2(x — 1) f(r)dt.

0

Because fis defined in three pieces, we consider three cases in the evaluation of the definite
integral. For x < 0,

X

1
Vplx) = 2J sin2(x — nN0dt = 0,
0

for0 = x = 27,

1 X
Vplx) = ZJ sin 2(x — 7) sin 2t dt <« using the integration in (19)
0

1 1
= —sin 2x — —xcos 2x,
8 4
and finally for x > 27, we can use the integration following Example 5:

X

10" 1
) = ZJ sin 2(x — t)sin 2tdt + 2J sin 2(x — 1) 0dt
0

21

2
1
= J sin 2(x — t)sin 2t dt
2o

1 1 2
= 4{ — Zsin(Zx — 4f) — tcos Zx} < using the integration in (19)
0

1 1 !
= —Esin(Zx —8m) — EWCOS 2x + 76Sin 2x

= ——1rcos 2x.
2
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FIGURE 3.10.1
in Example 6

LA
NATAVA:

Graph of y(x)

1,

Hence y,(x) is

0’ x < 0
y(X) = qgsin 2x — jxcos2x, 0 =x=2m
—%wcos 2x, x > 2ar

and so
y(@x) = y(x) + y,(x) = cos 2x — sin 2x + y,(x).
Putting all the pieces together we get
cos 2x — sin 2x, x <0
y(x) = ¢(1 — fx)cos 2x — zsin2x, 0 =x =27

(1 — Ya)cos 2x — sin2x, x> 2.

The graph y(x) is given in FIGURE 3.10.1.

‘We next examine how a boundary-value problem (BVP) can be solved using a different kind
of Green’s function.

3.10.2 Boundary-Value Problems

In contrast to a second-order IVP in which y(x) and y’(x) are specified at the same point, a BVP
for a second-order DE involves conditions on y(x) and y'(x) that are specified at two different
points x = a and x = b. Conditions such as

y@) = 0,y(b) = 0; ya) = 0,y'(b) =0; y'(a) =0, y'(b) =0

are just special cases of the more general homogeneous boundary conditions

Apy(a) + By'(a) =0 (21)
and A,y(b) + B,y'(b) = 0, (22)

where Ay, A,, B,, and B, are constants. Specifically, our goal is to find an integral solution y,(x)
that is analogous to (9) for nonhomogeneous boundary-value problems of the form

Y+ Py' + 0(x)y = f(x),
Ayy(a) + B)y'(a) =0 (23)
Ayy(b) + Byy'(b) = 0.

In addition to the usual assumptions that P(x), Q(x), and f(x) are continuous on [a, b], we assume
that the homogeneous problem

Y+ P)y' + Q(x)y = 0,
Ajy(a) + Byy'(a) = 0
Ayy(b) + Byy'(b) = 0,

possesses only the trivial solution y = 0. This latter assumption is sufficient to guarantee that a
unique solution of (23) exists and is given by an integral y,(x) = fabG(x, 1 f(t)dt, where G(x, 1)
is a Green’s function.

The starting point in the construction of G(x, f) is again the variation of parameters formulas
(6) and (7).
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The last line in (29) results from

the

See the discussion in Section 3.5

fact that
Yi)u{(x) + y(0uz(x) = 0.

following (4).
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Il Another Green’s Function Suppose y,(x) and y,(x) are linearly independent solutions
on [a, b] of the associated homogeneous form of the DE in (23) and that x is a number in the
interval [ a, b]. Unlike the construction of (8) where we started by integrating the derivatives in
(7) over the same interval, we now integrate the first equation in (7) on [b, x] and the second
equation in (7) on [a, x]:

0) = — J YA(0f 1)

_ [nf@
W dt and u,(x) —J

dt. 24
. W) 24
The reason for integrating u; (x) and u5 (x) over different intervals will become clear shortly.
From (24), a particular solution y,(x) = u;(x)y;(x) + uy(x)y,(x) of the DE is

here we used the minus
sign in (24) to reverse
the limits of integration

"yaDf () N
3 V(0 f(t yi(Of(t
Yp(x) = y1(x) J W) dr + yz(x)L W) dt
_ @@ "1 @)y
or y,(0) = L W) f(t)dt + L W f()dt. (25)
The right-hand side of (25) can be written compactly as a single integral
b
ypx) = J G(x, nf(n)dt, (26)
where the function G(x, ) is
Y1)y (x) .
W, a=tr=x
= 27
G0 = 3w 7
— xX=t=bh.
W(1)

The piecewise-defined function (27) is called a Green’s function for the boundary-value prob-
lem (23). It can be proved that G(x, ) is a continuous function of x on the interval [a, b].

Now if the solutions y,(x) and y,(x) used in the construction of (27) are chosen in such a
manner that at x = a, y,(x) satisfies A,y,(a) + Byi(a) = 0, and at x = b, y,(x) satisfies
Ayyy(b) + Byys(b) = 0, then, wondrously, y,(x) defined in (26) satisfies both homogeneous
boundary conditions in (23).

To see this we will need

yp(-x) = u(0)y(x) + uy(x)y,(x) (28)

and Yp(0) = w(0yi(x) + yiui(x) + up(x)ys(x) + y,(0)us(x) 29)
= w()y1(0) + ux(0)ys(x).

Before proceeding, observe in (24) that u,(b) = 0 and u,(a) = 0. In view of the second of these
two properties we can show that y,(x) satisfies (21) whenever y,(x) satisfies the same boundary
condition. From (28) and (29) we have

0 0
— —
Apyya) + Bly;;(a) = Ailu(@)y(@) + u(@)y@)] + Bilu(a)yi(a) + ux(a)yy(a)]
= w(@[Ay,(@) + Byyi(a)] = 0.
%’—J

0 from (21)
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The boundary condition y'(0) = 0 is a }
special case of (21) witha = 0,A; = 0,

and B, = 1. The boundary condition

y(m/2) = 0 is a special case of (22) with
b=m/2,A; =1,and B, = 0.

Likewise, u;(b) = 0 implies that whenever y,(x) satisfies (22) so does y,(x):

0 0
— —

AZyp(b) + Bz)’;’z(b) = AyLu(b)y(b) + uy(b)yy(b)] + Bylu;(b)yi(b) + uy(b)ys(b)]

= uz(b)[\Az)’z(b) + Bz)’é(b)} = 0.

0 from (22)

The next theorem summarizes these results.

Theorem 3.10.3  Solution of the BVP (23)

Let y,(x) and y,(x) be linearly independent solutions of

Y+ Py + Oy =0

on [a, b], and suppose y,(x) and y,(x) satisfy boundary conditions (21) and (22), respectively.
Then the function y,(x) defined in (26) is a solution of the boundary-value problem (23).

Using Theorem 3.10.3

Solve the boundary-value problem

y'+ 4y =3, y'(0) =0, y@/2)=0.

SOLUTION The solutions of the associated homogeneous equation y” + 4y = 0 are
y(x) = cos 2x and y,(x) = sin 2x and y,(x) satisfies y’'(0) = 0, whereas y,(x) satisfies
y(r/2) = 0. The Wronskian is W(y,, y,) = 2, and so from (27) we see that the Green’s func-
tion for the boundary-value problem is

Tcos2tsin2x, 0=t=ux
Jcos2xsin2t, x=t=m/2.

Gx, 1) = {
It follows from Theorem 3.10.3 that a solution of the BVP is (26) with the identifications
a=0,b=m/2,and f(r) = 3:

w2

ypx) =3 j G(x, Hdt
0

/2

1
cos2tdr + 3 -Ecos 2xf sin 2t dt,

X

1 X
= 3-—sin 2xj
2 0

or after evaluating the definite integrals, y,(x) = 2+ 3cos 2.

Don’tinfer from the preceding example that the demand that y,(x) satisfy (21) and y,(x) satisfy
(22) uniquely determines these functions. As we see in the last example, there is a certain arbi-
trariness in the selection of these functions.

A Boundary-Value Problem

Solve the boundary-value problem

xy" = 3xy’ 4+ 3y = 24x°, y(1) = 0, y(2) = 0.

SOLUTION The differential equation is recognized as a Cauchy—Euler DE.
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From the auxiliary equation m(m — 1) — 3m + 3 = (m — 1)(m — 3) = 0 the general so-
lution of the associated homogeneous equation is y = ¢;x + c,x°. Applying y(1) = 0 to

this solution implies ¢; + ¢, = 0 or ¢; = —c,. By choosing ¢, = —1 we get ¢;, = | and
y, = x — x°. Ontheotherhand, y(2) = 0 applied to the general solution shows 2¢; + 8¢, = 0
orc; = —4c,. Thechoice c, = —1 now gives ¢; = 4 andso y,(x) = 4x — x°. The Wronskian

of these two functions is

X = x 4x— X o
W@ 7200 =1y 30y 59 = O
Hence, the Green’s function for the boundary-value problem is
t— )4x — x°
e It
G(x, 1) =
0= @ = =)
3 , X=t=2.
6t

In order to identify the correct forcing function f we must write the DE in standard form:

" 3/ 3 3
y —;y +;y=24x.

From this equation we see that f(r) = 2413 and so (26) becomes

yp(x) = 24 J

Straightforward definite integration and algebraic simplification yields the solution

= 4(4x — x3)f

2

G(x, tdt

2
(t — Hdr + 4(x — x3)J 4t — dt.

X

X

1

p(x) = 12x — 1523 + 3x°.

m DCIHEEE]  Answers to selected odd-numbered problems begin on page ANS-7.

3.10.1 Initial-Value Problems

In Problems 1-6, proceed as in Example 1 to find a particular
solution y,(x) of the given differential equation in the integral
form (9).

1. y" — 16y = f(x)

2. y" + 3y’ — 10y = f(x)

3y + 2y +y=flx)

4 4" —4y' +y=fx

5 y' 4+ 9y = f(x)
6. ¥y — 2y + 2y = f(x)

In Problems 7-12, proceed as in Example 2 to find the general
solution of the given differential equation. Use the results
obtained in Problems 1-6. Do not evaluate the integral that
defines y,(x).

1.y — 16y = xe ™

8 y' + 3y — 10y = x?
9. V' +2y +y=¢e"
10. 4y" — 4y’ + y = arctan x
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"N. y" +9y =x + sinx
12 y" — 2y' + 2y = cos’x

In Problems 13-18, proceed as in Example 3 to find the solution
of the given initial-value problem. Evaluate the integral that
defines y,(x).

13. y' —dy =e”, y0)=0,y0)=0

Wy =y =1 y0)=0,y(0)=0

15. y" — 10y’ + 25y = ¢%, y(0) =0,y'(0) =0

16. y" +6y" + 9y =x, y0)=0,y'(0) =0

17. y" + y = cscxcotx, y(@/2) =0,y'(w/2) =0

18. y' + y =sec’, y(m) =0,y (m) =0

=l =

In Problems 19-30, proceed as in Example 5 to find a solution
of the given initial-value problem.

19. y" — 4y =¥, y(0) =1,y'(0) = —4

20. y" —y' =1, y0)=10,y'(0) =1

21. y" — 10y' + 25y = >, y(0) = —1,y'(0) = 1
2. y"+ 6y +9y=1x y0) =1,y(0) = -3



23. y' + y = cscxcotx, y(mwl2) = —wl2,y'(w/2) = —1 35. y' = fx), ¥0)=0,y1)=0

4.y +y=sec™x, ym =13y (m=—1 36. Y = f(x), y0)=0,y(1) +y'(1)=0

25 y" + 3y’ + 2y =sine’, y0) = —1,y'(0) =0 37. In Problem 35 find a solution of the BVP when f(x) = 1.
38. In Problem 36 find a solution of the BVP when f(x) = x.

2. y" + 3y +2y= [+ o y(0) = 0,y'(0) =1

2. X3 — 2’ + 2y =x y()=2,y'(1) = —1 In Prf)blems 39—'44, proceed as in Examples 7 and 8 to find a
28 X" — 2 + 2y =xlnx, y(1)=1,y'(1) =0 solution of the given boundary-value problem.

3 U = = =
20. X% — 6y =Inx, y1)=1,y'(1)=3 3.7+ y =150 = 0.1 =0

40. y" + 9y =1, y0)=0,y'(7m) =0
30.277_ "4 :2’ ]:4’/]:3
Wty =an =4y M.y — 2 2= e y0) = 0,y(w/2) =0
In Problems 31-34, proceed as in Example 6 to find a solution 2.y =y =e* y0)=0y1) =0
of the initial-value problem with the given piecewise-defined 3. xy +xy' =1, ye H=0,y1)=0
forcing function. M. X% — 4xy' + 6y = x* y(1) — y'(1) = 0,y(3) = 0
3.y —y=fx), y0) =38y 0 =2,
-1, x<O0 . .
where  f(x) = Discussion Problems
1, x=0

" , 45. Suppose the solution of the boundary-value problem
32. y' —y=f0, y0)=3,y(0) =2,

0, x<0 Y+ Py + Qy = f(0), ya) = 0,yb) =0,
where fx) =
x x=0 o b
a < b, is given by y,(x) = [, G(x, f(t)dt where y,(x) and
3B. Yy +y=f), y0)=1y(0) = —1, v,(x) are solutions of the associated homogeneous differential
equation chosen in the construction of G(x, ) sothat y,(a) = 0
0, x<0 and y,(b) = 0. Prove that the solution of the boundary-value
where  f(x) = {10, 0 =x =37 problem with nonhomogeneous DE and boundary conditions,
0, x>3w
, , y'+ Py + Qy = f(x), ya@ =Ayb) =B
4. Yy +y=fx), y0) =0,y =1,
0. L <0 is given by
where f(x) = qcosx, 0O =x =47 B A
Y = y,(0) + ——yi(x) + —— ().
0, x>dv T RO
3.10.2 Boundary-Value Problems [Hint: In your proof, you will have to show that y,(b) # 0

and y,(a) # 0. Reread the assumptions following (23).]
In Problems 35 and 36, (a) use (25) and (26) to find a solution of 46. Use the result in Problem 45 to solve

the boundary-value problem. (b) Verify that function y,(x) satis-

fies the differential equations and both boundary conditions. y' +y=1, ¥0) =5,y1)=—10.

M‘ Nonlinear Models

INTRODUCTION 1In this section we examine some nonlinear higher-order mathematical
models. We are able to solve some of these models using the substitution method introduced on
page 148. In some cases where the model cannot be solved, we show how a nonlinear DE can
be replaced by a linear DE through a process called linearization.

Il Nonlinear Springs The mathematical model in (1) of Section 3.8 has the form

d>x

mW-I-F(x):O, (1)
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hard

spring linear spring

soft spring

X

FIGURE 3.11.1 Hard and soft springs

188

where F(x) = kx. Since x denotes the displacement of the mass from its equilibrium position,
F(x) = kx is Hooke’s law, that is, the force exerted by the spring that tends to restore the mass
to the equilibrium position. A spring acting under a linear restoring force F(x) = kx is naturally
referred to as a linear spring. But springs are seldom perfectly linear. Depending on how it is
constructed and the material used, a spring can range from “mushy” or soft to “stiff” or hard, so
that its restorative force may vary from something below to something above that given by the
linear law. In the case of free motion, if we assume that a nonaging spring possesses some non-
linear characteristics, then it might be reasonable to assume that the restorative force F(x) of a
spring is proportional to, say, the cube of the displacement x of the mass beyond its equilibrium
position or that F(x) is a linear combination of powers of the displacement such as that given by
the nonlinear function F(x) = kx + k,x*. A spring whose mathematical model incorporates a
nonlinear restorative force, such as
d*x 3 d*x 3
m— + k> =0 or m—— + ke + kx’ =0, (2)
dt dt

is called a nonlinear spring. In addition, we examined mathematical models in which damping
imparted to the motion was proportional to the instantaneous velocity dx/dt, and the restoring
force of a spring was given by the linear function F(x) = kx. But these were simply assumptions;
in more realistic situations damping could be proportional to some power of the instantaneous
velocity dx/dt. The nonlinear differential equation

dx

dt

dx
— 4+ kx =0 3
7 (3)

d*x
m
dr?®

+B

is one model of a free spring/mass system with damping proportional to the square of the veloc-
ity. One can then envision other kinds of models: linear damping and nonlinear restoring force,
nonlinear damping and nonlinear restoring force, and so on. The point is, nonlinear characteris-
tics of a physical system lead to a mathematical model that is nonlinear.

Notice in (2) that both F(x) = kx® and F(x) = kx + k,x° are odd functions of x. To see why a
polynomial function containing only odd powers of x provides a reasonable model for the restor-
ing force, let us express F as a power series centered at the equilibrium position x = 0:

F(x) =cy+ cx + e + e + -

When the displacements x are small, the values of x" are negligible for n sufficiently large. If we
truncate the power series with, say, the fourth term, then

F(x) = ¢y + 1x + X% + c3x°.

In order for the force at x > 0 (F(x) = ¢y + cix + o + c3x;) and the force at —x < 0 (F(—x) =
¢y — ¢1x + x> — ¢3x°) to have the same magnitude but act in the opposite directions, we must
have F(—x) = —F(x). Since this means F is an odd function, we must have ¢, = 0 and ¢, = 0,
and so F(x) = ¢;x + c;x°. Had we used only the first two terms in the series, the same argument
yields the linear function F(x) = c¢,x. For discussion purposes we shall write ¢, = kand ¢, = k;.
A restoring force with mixed powers such as F(x) = kx + k,x*, and the corresponding vibrations,
are said to be unsymmetrical.

Il Hard and Soft Springs Let us take a closer look at the equation in (1) in the case where
the restoring force is given by F(x) = kx + k,x°, k > 0. The spring is said to be hard if k;, > 0 and
soft if k; < 0. Graphs of three types of restoring forces are illustrated in FIGURE 3.11.1. The next
example illustrates these two special cases of the differential equation m dx/dt* + kx + kx> = 0,
m>0,k>0.

Comparison of Hard and Soft Springs

The differential equations

d’x
W‘FX‘FXS:O (4)
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x(0)=2,
x’(0)=0

(a) Hard spring

x(0)=2,
x’(0)=0

x(0)=2,
x/(0)=-3

(b) Soft spring

FIGURE 3.11.2 Numerical solution curves

F

mg sin 6

-,
-

——— 0|W=mg

mg cos 6

FIGURE 3.11.3 Simple pendulum

d*x 5
— tx—x =0

d
an i

(5)

are special cases of (2) and are models of a hard spring and soft spring, respectively.
FIGURE 3.11.2(a) shows two solutions of (4) and Figure 3.11.2(b) shows two solutions of (5)
obtained from a numerical solver. The curves shown in red are solutions satisfying the initial
conditions x(0) = 2, x'(0) = —3; the two curves in blue are solutions satisfying x(0) = 2,
x"(0) = 0. These solution curves certainly suggest that the motion of a mass on the hard spring
is oscillatory, whereas motion of a mass on the soft spring is not oscillatory. But we must
be careful about drawing conclusions based on a couple of solution curves. A more complete
picture of the nature of the solutions of both equations can be obtained from the qualitative

analysis discussed in Chapter 11. =

Il Nonlinear Pendulum Any object that swings back and forth is called a physical pen-
dulum. The simple pendulum is a special case of the physical pendulum and consists of a rod
of length / to which a mass m is attached at one end. In describing the motion of a simple pen-
dulum in a vertical plane, we make the simplifying assumptions that the mass of the rod is
negligible and that no external damping or driving forces act on the system. The displacement
angle 6 of the pendulum, measured from the vertical as shown in FIGURE 3.11.3, is considered
positive when measured to the right of OP and negative to the left of OP. Now recall that the arc s of a
circle of radius [ is related to the central angle 6 by the formula s = /6. Hence angular acceleration is

d?s d’e
a=—=1[1—.
dr?® dr?®
From Newton’s second law we then have
d*e
F=ma=ml—7.
dt

From Figure 3.11.3 we see that the magnitude of the tangential component of the force due to
the weight W is mg sin 6. In direction this force is —myg sin 6, since it points to the left for § > 0
and to the right for 8 < 0. We equate the two different versions of the tangential force to obtain
ml d*6/dt* = —mg sin 0 or

de g .

— + —sinf = 0.

dt l
IH Linearization Because of the presence of sin 6, the model in (6) is nonlinear. In an at-
tempt to understand the behavior of the solutions of nonlinear higher-order differential equations,
one sometimes tries to simplify the problem by replacing nonlinear terms by certain approxima-
tions. For example, the Maclaurin series for sin 6 is given by

(6)

and so if we use the approximation sin § = § — 6°/6, equation (6) becomes d>6/dt> + (g/1)§ —

(g/61)6> = 0. Observe that this last equation is the same as the second nonlinear equation in (2)

withm = 1,k = g/l, and k;, = —g/6l. However, if we assume that the displacements 0 are small

enough to justify using the replacement sin § = 6, then (6) becomes
de g

ar 070 (7)
See Problem 24 in Exercises 3.11. If we set w” = g/I, we recognize (7) as the differential equation
(2) of Section 3.8 that is a model for the free undamped vibrations of a linear spring/mass system.
In other words, (7) is again the basic linear equation y” + Ay = 0 discussed on pages 170-171
of Section 3.9. As a consequence, we say that equation (7) is a linearization of equation (6).
Since the general solution of (7) is 8(f) = ¢, cos wt + ¢, sin wt, this linearization suggests that
for initial conditions amenable to small oscillations the motion of the pendulum described by
(6) will be periodic.
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EXAMPLE 2 Two Initial-Value Problems

The graphs in FIGURE 3.11.4(a) were obtained with the aid of a numerical solver and represent
solution curves of equation (6) when w” = 1. The blue curve depicts the solution of (6) that

satisfies the initial conditions 8(0) = 3, 8’(0) = 3 whereas the red curve is the solution of (6)
that satisfies #(0) = 3, 6'(0) = 2. The blue curve represents a periodic solution—the pendulum
oscillating back and forth as shown in Figure 3.11.4(b) with an apparent amplitude A = 1. The
red curve shows that # increases without bound as time increases—the pendulum, starting from
the same initial displacement, is given an initial velocity of magnitude great enough to send it
over the top; in other words, the pendulum is whirling about its pivot as shown in Figure 3.11.4(c).
In the absence of damping the motion in each case is continued indefinitely.

0
[ 00=1, 0=
I = o
I Ao /
- ‘}\:3’ K
i 1 1 =X
I 00=1, o0)=1 .
2 2 (SN PZ O R N
e AN, AN, X |
T N AN 00)=1, 0(0)=1,
T 2 00 =1 0'(0) =2
() (b) ©

FIGURE 3.11.4 Numerical solution curves in (a); oscillating pendulum in (b);
whirling pendulum in (c) in Example 2

f Telephone Wires The first-order differential equation
&y _W
dx T,

is equation (16) of Section 1.3. This differential equation, established with the aid of Figure 1.3.9
on page 24, serves as a mathematical model for the shape of a flexible cable suspended between
two vertical supports when the cable is carrying a vertical load. In Exercises 2.2, you may have
solved this simple DE under the assumption that the vertical load carried by the cables of a sus-
pension bridge was the weight of a horizontal roadbed distributed evenly along the x-axis. With
W = pw, p the weight per unit length of the roadbed, the shape of each cable between the verti-
cal supports turned out to be parabolic. We are now in a position to determine the shape of a
uniform flexible cable hanging under its own weight, such as a wire strung between two telephone
posts. The vertical load is now the wire itself, and so if p is the linear density of the wire (mea-
sured, say, in 1b/ft) and s is the length of the segment PP, in Figure 1.3.9, then W = ps. Hence,

dy _ps

dx T, (®)

Since the arc length between points P, and P, is given by

[ dy\?
s = L 1+ (dx) dx, (9)

it follows from the Fundamental Theorem of Calculus that the derivative of (9) is

ds dy)2
—=4/1+(—]. 10
dx <dx (10)
Differentiating (8) with respect to x and using (10) leads to the nonlinear second-order equation
d* d d? dy\?
%=£i or }2=£ 1+ y). (11)
dx T, dx dx T, d.
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Shape of hanging telephone wires is a
catenary

FIGURE 3.11.5 Distance to rocket is large
compared to R

In the example that follows, we solve (11) and show that the curve assumed by the suspended
cable is a catenary. Before proceeding, observe that the nonlinear second-order differential
equation (11) is one of those equations having the form F(x, y', y") = 0 discussed in Section 3.7.
Recall, we have a chance of solving an equation of this type by reducing the order of the equation
by means of the substitution = y'.

EXAMPLE 3 An Initial-Value Problem

From the position of the y-axis in Figure 1.3.9 it is apparent that initial conditions associated
with the second differential equation in (11) are y(0) = a and y’(0) = 0. If we substitute u = y’,

d
the last equation in (11) becomes dfu = % V1 + u? Separating variables,
X 1

du P J . I P
———— = —|dx gives sinh 'u=_—x+c,.
J Vi1i+ur T T :
Now, y’(0) = 0 is equivalent to #(0) = 0. Since sinh™' 0 = 0, we find ¢; = 0 and so
u = sinh (px/T)). Finally, by integrating both sides of
dy _ p

T P
= sinh —x we get = —cosh —x + ¢,.
dx T, g y P T, 2

Using y(0) = a, cosh 0 = 1, the last equation implies that ¢, = a — T/p. Thus we see that the

shape of the hanging wire is given by y = (7'/p) cosh(px/T}) + a — T'/p. =

In Example 3, had we been clever enough at the start to choose a = T'/p, then the solution of
the problem would have been simply the hyperbolic cosine y = (7'/p) cosh (px/T)).

Il Rocket Motion InSection 1.3 we saw that the differential equation of a free-falling body
of mass m near the surface of the Earth is given by
d?s B ) d’s
m = —mg or simply e g,

where s represents the distance from the surface of the Earth to the object and the positive direc-
tion is considered to be upward. In other words, the underlying assumption here is that the distance
s to the object is small when compared with the radius R of the Earth; put yet another way, the
distance y from the center of the Earth to the object is approximately the same as R. If, on the
other hand, the distance y to an object, such as a rocket or a space probe, is large compared to R,
then we combine Newton’s second law of motion and his universal law of gravitation to derive
a differential equation in the variable y.

Suppose a rocket is launched vertically upward from the ground as shown in FIGURE 3.11.5. If
the positive direction is upward and air resistance is ignored, then the differential equation of
motion after fuel burnout is

2 2
md%= — Mizn or L§= —kMz, (12)
dt y dt y

where k is a constant of proportionality, y is the distance from the center of the Earth to the
rocket, M is the mass of the Earth, and m is the mass of the rocket. To determine the constant
k, we use the fact that when y = R, kMm/R* = mg or k = gR?*/M. Thus the last equation in
(12) becomes

- = -8 ? (13)
See Problem 14 in Exercises 3.11.

IH Variable Mass Notice in the preceding discussion that we described the motion of the
rocket after it has burned all its fuel, when presumably its mass m is constant. Of course during
its powered ascent, the total mass of the rocket varies as its fuel is being expended. The second
law of motion, as originally advanced by Newton, states that when a body of mass m moves
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through a force field with velocity v, the time rate of change of the momentum myv of the body
is equal to applied or net force F acting on the body:

d
F=— . 14
o (mv) (14)
See Problems 21 and 22 in Exercise 1.3. If m is constant, then (14) yields the more familiar form
F = mdvl/dt = ma, where a is acceleration. We use the form of Newton’s second law given in
(14) in the next example, in which the mass m of the body is variable.

Rope Pulled Upward by a Constant Force

A uniform 10-foot-long heavy rope is coiled loosely on the ground. One end of the rope is
pulled vertically upward by means of a constant force of 5 1b. The rope weighs 1 1b per foot.
Determine the height x(7) of the end above ground level at time 7. See FIGURE 1.R.2 and Problem 43
in Chapter 1 in Review.

SOLUTION  Let us suppose that x = x(¢) denotes the height of the end of the rope in the air
at time ¢, v = dx/dt, and that the positive direction is upward. For that portion of the rope in
the air at time 7 we have the following variable quantities:

weight: W = (x ft) - (1 Ib/ft) = x,
mass: m = Wig = x/32,
net force:. F=5—-—W=5—x.

Thus from (14) we have
Product Rule
d( x dv dx
T2y =5— — 4+ v— =160 — 32x. 15
d (32 v) Yy T * (15)
Since v = dx/dt the last equation becomes
d’x dx\?
— + | — ] + 32x = 160. 16
*ar (dt) * (16)

The nonlinear second-order differential equation (16) has the form F(x, x’, x") = 0, which is
the second of the two forms considered in Section 3.7 that can possibly be solved by reduction
of order. In order to solve (16), we revert back to (15) and use v = x’ along with the Chain
dv  dvdx

d
Rule. From 5 e dr =v av the second equation in (15) can be rewritten as

d
xvl + v = 160 — 32x. (17)
dx

On inspection (17) might appear intractable, since it cannot be characterized as any of the
first-order equations that were solved in Chapter 2. However, by rewriting (17) in differential
form M(x, v) dx + N(x, v) dv = 0, we observe that the nonexact equation

(v + 32x — 160)dx + xvdv =0 (18)

can be transformed into an exact equation by multiplying it by an integrating factor.* When
(18) is multiplied by u(x) = x, the resulting equation is exact (verify). If we identify 9f/ox =
xv* + 32x* — 160x, 9f/ov = x*v, and then proceed as in Section 2.4, we arrive at

1

32
E)czv2 + ?x3 — 80x% = ¢,. (19)

From the initial condition x(0) = 0 it follows that ¢; = 0. Now by solving $x%? + #x3 —

80x* = 0 for v = dx/dt > 0 we get another differential equation,

dx 64
= = ,/160 — —x,
dr 3

*See pages 62—63 in Section 2.4.
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x which can be solved by separation of variables. You should verify that

g 3 64 \2
64 —32(160 — 3x> =t+ c. (20)
5 -+
4T This time the initial condition x(0) = 0 implies ¢, = -3V10/8. Finally, by squaring both
;: sides of (20) and solving for x we arrive at the desired result,
1 15 15 4V10 \?

e x(t)=2—<1— t). (21) =

2 15

The graph of (21) given in FIGURE 3.11.6 should not, on physical grounds, be taken at face value.

FIGURE 3.11.6 Graph of (21) in Example 4

See Problems 15 and 16 in Exercises 3.11.

m DCIEARER]  Answers to selected odd-numbered problems begin on page ANS-7.

To the Instructor

In addition to Problems 24 and 25, all or portions of Problems
1—6, 8—13, 18, and 23 could serve as Computer Lab Assignments.

Nonlinear Springs

In Problems 1—4, the given differential equation is a model of an
undamped spring/mass system in which the restoring force F(x) in
(1) is nonlinear. For each equation use a numerical solver to plot
the solution curves satisfying the given initial conditions. If the
solutions appear to be periodic, use the solution curve to estimate
the period T of oscillations.

d*x 5
1. 5 +x = 0,
dt
x(0) = 1, x'(0) = 1; x(0) = 3, x'(0) = —1
d*x

2 — +4x— 16X =0,
dt

x(0) =1, x'(0) =1; x(0) = =2, x'(0) =2
dZ

3. 7)26+2x—x220,
dt

x(0) = 1,x'(0) = 1; x(0) =3, x'(0) = —1
2

X
4, ? + xe%0¥ = 0,

x(0) =1,x'(0) = 1; x(0) =3, x'(0) = —1

5. In Problem 3, suppose the mass is released from the initial
position x(0) = 1 with an initial velocity x'(0) = x,. Use a
numerical solver to estimate the smallest value of x| at which
the motion of the mass is nonperiodic.

6. In Problem 3, suppose the mass is released from an initial
position x(0) = x, with the initial velocity x'(0) = 1. Use a
numerical solver to estimate an interval a = x, = b for which
the motion is oscillatory.

7. Find a linearization of the differential equation in Problem 4.

8. Consider the model of an undamped nonlinear spring/mass
system given by x” + 8x — 6x° + x° = 0. Use a numerical
solver to discuss the nature of the oscillations of the system
corresponding to the initial conditions:

x0)=1,x'(0)=1; x(0) = —2,x'(0) = 1;
x(0) = V2,x'(0) = 1; x(0) = 2,x'(0) = L
x(0) = 2, x'(0) = 0; x(0) = —V2,x'(0) = —1.

In Problems 9 and 10, the given differential equation is a model of
a damped nonlinear spring/mass system. Predict the behavior of
each system as r — oo. For each equation use a numerical solver to
obtain the solution curves satisfying the given initial conditions.

9 d—2x+d—x+x+x3=o
Cdr* di ’
x(0)= -3, x'(0)=4; x0)=0, x'(0)=-8
10 d—zx+d—x+x—x3:0
Cdt* dr ’

x0)=0, x'(0)=3; x0)=-1, x'(0)=1

11. The model mx” + kx + kx> = F,, cos wt of an undamped
periodically driven spring/mass system is called Duffing’s
differential equation. Consider the initial-value problem
X'+ x4 kx® = 5cos t, x(0) = 1, x'(0) = 0. Use a numerical
solver to investigate the behavior of the system for values of
k, > Oranging from k; = 0.01 to k; = 100. State your conclusions.

12. (a) Find values of k; < 0 for which the system in Problem

11 is oscillatory.
(b) Consider the initial-value problem

X"+ x + kx* = cos 31, x(0) = 0, x'(0) = 0.

Find values for k; < 0 for which the system is oscillatory.

Nonlinear Pendulum

13. Consider the model of the free damped nonlinear pendulum

given by

d*o do

— + 20— + ’sinf = 0.

dt dt
Use a numerical solver to investigate whether the motion in
the two cases A> — w”> > 0 and A*> — w* < 0 corresponds,
respectively, to the overdamped and underdamped cases dis-
cussed in Section 3.8 for spring/mass systems. Choose
appropriate initial conditions and values of A and w.

Rocket Motion

14. (a) Use the substitution v = dy/dt to solve (13) for v in terms
of y. Assume that the velocity of the rocket at burnout
is v = v, and that y = R at that instant; show that the
approximate value of the constant ¢ of integration

isc=—gR+ 2.
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(b) Use the solution for v in part (a) to show that the escape

velocity of the rocket is given by vy = V 2gR. [Hint: Take
y — oo and assume v > 0 for all time #.]

(¢) The result in part (b) holds for any body in the solar
system. Use the values g = 32 ft/s> and R = 4000 mi to
show that the escape velocity from the Earth is (approx-
imately) v, = 25,000 mi/h.

(d) Find the escape velocity from the Moon if the acceleration
of gravity is 0.165g and R = 1080 mi.

Variable Mass

15. (a) In Example 4, show that equation (16) possesses a con-

stant solution x(¢) = k > 0.
(b) Why does the value of & in part (a) make intuitive sense?
(c) What is the initial velocity of the rope?

16. (a) In Example 4, what does (21) predict to be the maximum

amount of rope lifted by the constant force?
(b) Explain any difference between your answer to part (a) in
this problem and your answer to part (a) of Problem 15.
(c) Why would you expect the solution x(¢) of the problem
in Example 4 to be oscillatory?

Contributed Problems

Warren S. Wright, Professor Emeritus
Department of Mathematics
Loyola Marymount University

17. The Caught Pendulum Suppose the massless rod in the

discussion of the nonlinear pendulum is actually a string of
length I. A mass m is attached to the end of the string and
the pendulum is released from rest at a small displacement
angle 6, > 0. When the pendulum reaches the equilibrium
position OP in Figure 3.11.3 the string hits a nail and gets
caught at this point //4 above the mass. The mass oscillates

from this new pivot point as shown in FIGURE 3.11.7.

(a) Construct and solve a linear initial-value problem that
gives the displacement angle, denote it 6,(¢), for0 =+ < T,
where T represents the time when the string first hits
the nail.

(b) Find the time 7 in part (a).

(c) Construct and solve a linear initial-value problem that
gives the displacement angle, denote it 6,(¢), for t = T,
where T is the time in part (a). Compare the amplitude
and period of oscillations in this case with that predicted
by the initial-value problem in part (a).

FIGURE 3.11.7 Pendulum in Problem 17
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18.

The Caught Pendulum—Continued (a) Use a graphing util-
ity to obtain the graphs of the displacement angles 6,(¢)
and 6,(7) in parts (a) and (c) of Problem 17. Use the same
coordinate axes. Take 6, = 0.2 radians and / = 2 ft.

(b) Then use a numerical solver or a CAS to obtain the graphs
of the solutions 6,(¢) and 6,(¢) of the corresponding non-
linear initial-value problems and compare with part (a).
Take 6, = 0.2 radians and [ = 2 ft.

(c) Experiment with values of 6, until you discern a notice-
able difference between the solutions of the linear and
nonlinear initial-value problems.

Additional Mathematical Models

19.

20.

PursuitCurve 1In anaval exercise, a ship S, is pursued by a
submarine S,, as shown in FIGURE 3.11.8. Ship S, departs
point (0, 0) at r = 0 and proceeds along a straight-line
course (the y-axis) at a constant speed v,. The submarine
S, keeps ship S, in visual contact, indicated by the straight
dashed line L in the figure, while traveling at a constant
speed v, along a curve C. Assume that S, starts at the point
(a,0),a >0, atr = 0 and that L is tangent to C. Determine
a mathematical model that describes the curve C. Find an
explicit solution of the differential equation. For conve-
nience, define » = v,/v,. Determine whether the paths of
S, and S, will ever intersect by considering the cases r > 1,

dt dt d
r<1,and r = 1. [Hint: — = i, where s is arc length

measured along C.] de - ds dx

FIGURE 3.11.8 Pursuit curve in Problem 19

Pursuit Curve In another naval exercise, a destroyer S, pur-
sues a submerged submarine S,. Suppose that S, at (9, 0) on
the x-axis detects S, at (0, 0) and that S, simultaneously detects
S. The captain of the destroyer S, assumes that the submarine
will take immediate evasive action and conjectures that its
likely new course is the straight line indicated in FIGURE 3.11.9.
When S, is at (3, 0) it changes from its straight-line course
toward the origin to a pursuit curve C. Assume that the speed
of the destroyer is, at all times, a constant 30 mi/h and the
submarine’s speed is a constant 15 mi/h.
(a) Explain why the captain waits until S, reaches (3, 0) be-
fore ordering a course change to C.



(b) Using polar coordinates, find an equation r = f(6) for the
curve C.

(¢) Let T denote the time, measured from the initial detection,
at which the destroyer intercepts the submarine. Find an
upper bound for 7.

/
/ﬁ@ .
(3,0) 9, 0)

FIGURE 3.11.9 Pursuit curve in Problem 20

Discussion Problems

21. Discuss why the damping term in equation (3) is written as
dx| dx dx\?
B‘dj‘ T instead of 3 <dt) .

22. (a) Experiment with a calculator to find an interval 0 = 6 < 6,,
where 6 is measured in radians, for which you think
sin @ = 0 is a fairly good estimate. Then use a graphing
utility to plot the graphs of y = x and y = sin x on the
same coordinate axes for 0 = x = 77/2. Do the graphs
confirm your observations with the calculator?

(b) Use a numerical solver to plot the solutions curves of the
initial-value problems

2

d
—a Fsing =0, 60)=06, 0'0)=0

2

d-0
and s +6=0, 60)=86, 60(0)=0

for several values of 6, in the interval 0 = 6 < 6, found
in part (a). Then plot solution curves of the initial-
value problems for several values of 6, for which
0,>0,.

23. (a) Consider the nonlinear pendulum whose oscillations are
defined by (6). Use a numerical solver as an aid to deter-
mine whether a pendulum of length / will oscillate faster
on the Earth or on the Moon. Use the same initial condi-
tions, but choose these initial conditions so that the pen-
dulum oscillates back and forth.

(b) For which location in part (a) does the pendulum have
greater amplitude?

(c) Are the conclusions in parts (a) and (b) the same when
the linear model (7) is used?

Computer Lab Assignments

24. Consider the initial-value problem

25.

2

d-0 T 1
—— 4+ sinf = 0’ 0(0) = —, 0'0) = ——
arr o O =1y 0O =3

for the nonlinear pendulum. Since we cannot solve the dif-
ferential equation, we can find no explicit solution of this
problem. But suppose we wish to determine the first time
t; > 0 for which the pendulum in Figure 3.11.3, starting from
its initial position to the right, reaches the position OP—that
is, find the first positive root of 6(¢) = 0. In this problem and
the next we examine several ways to proceed.
(a) Approximate ¢, by solving the linear problem

0 o0 60 =T 6'0) = 2

dt* » 00) 12’ © 3

(b) Use the method illustrated in Example 3 of Section 3.7
to find the first four nonzero terms of a Taylor series
solution 6(7) centered at O for the nonlinear initial-value
problem. Give the exact values of all coefficients.

(¢) Use the first two terms of the Taylor series in part (b) to
approximate f,.

(d) Use the first three terms of the Taylor series in part (b) to
approximate f,.

(e) Use a root-finding application of a CAS (or a graphing
calculator) and the first four terms of the Taylor series in
part (b) to approximate ¢,.

(f) In this part of the problem you are led through the com-
mands in Mathematica that enable you to approximate
the root ;. The procedure is easily modified so that any
root of §(¢) = 0 can be approximated. (If you do not have
Mathematica, adapt the given procedure by finding the
corresponding syntax for the CAS you have on hand.)
Reproduce and then, in turn, execute each line in the given
sequence of commands.

sol = NDSolve[{y"[t] + Sin[y[t]} == 0,
yl0] == Pi/12,y'[0] == —1/3},
y, { t, 0, 5} ]//Flatten

solution = y[t]/.sol

Clearly]

y[t_]: = Evaluate[solution]

ylt]

grl = Plot[y[t], { t, 0,5} ]

root = FindRoot[y[t] == 0, {t,1}]

(g) Appropriately modify the syntax in part (f) and find the
next two positive roots of 6(r) = 0.

Consider a pendulum that is released from rest from an

initial displacement of 6, radians. Solving the linear model (7)

subject to the initial conditions 6(0) = 6, 8'(0) = 0 gives

6(f) = 6, cos Vg/lt. The period of oscillations predicted by this

modelis givenby the familiar formula7=27/V g/l = 27\ l/g.
The interesting thing about this formula for 7 is that it does
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not depend on the magnitude of the initial displacement 6. In
other words, the linear model predicts that the time that it would
take the pendulum to swing from an initial displacement of,
say, 6, = /2 (= 90°) to — /2 and back again would be exactly
the same time to cycle from, say, 6, = 7/360 (= 0.5°) to
—r/360. This is intuitively unreasonable; the actual period must
depend on 6.

If we assume that g = 32 ft/s? and [ = 32 ft, then the period
of oscillation of the linear model is 7 = 2 s. Let us compare
this last number with the period predicted by the nonlinear

for 0 =t = 2. Asin Problem 24, if ¢, denotes the first time the
pendulum reaches the position OP in Figure 3.11.3, then the
period of the nonlinear pendulum is 4¢,. Here is another way
of solving the equation 6(#) = 0. Experiment with small step
sizes and advance the time starting at # = 0 and ending at = 2.
From your hard data, observe the time ¢, when 6(¢) changes,
for the first time, from positive to negative. Use the value ¢,
to determine the true value of the period of the nonlinear
pendulum. Compute the percentage relative error in the period
estimated by 7' = 21r.

model when 6, = 7/4. Using a numerical solver that is ca-
pable of generating hard data, approximate the solution of

2

d=0 ) T,
W+ sinf = 0, O(O)IZ, 0'(0) =0

M‘ Solving Systems of Linear Equations

INTRODUCTION  We conclude this chapter as we did in Chapter 2 with systems of differential
equations. But unlike Section 2.9, we will actually solve systems in the discussion that follows.

Il Coupled Systems/Coupled DEs In Section 2.9 we briefly examined some mathemat-
ical models that were systems of linear and nonlinear first-order ODEs. In Section 3.8 we saw
that the mathematical model describing the displacement of a mass on a single spring, current in
a series circuit, and charge on a capacitor in a series circuit consisted of a single differential
equation. When physical systems are coupled—for example, when two or more mixing tanks are
connected, when two or more spring/mass systems are attached, or when circuits are joined to
form a network—the mathematical model of the system usually consists of a set of coupled dif-
ferential equations, in other words, a system of differential equations.

We did not attempt to solve any of the systems considered in Section 2.9. The same remarks
made in Sections 3.7 and 3.11 pertain as well to systems of nonlinear ODEs; that is, it is nearly
impossible to solve such systems analytically. However, linear systems with constant coefficients
can be solved. The method that we shall examine in this section for solving linear systems with
constant coefficients simply uncouples the system into distinct linear ODEs in each dependent
variable. Thus, this section gives you an opportunity to practice what you learned earlier in
the chapter.

Before proceeding, let us continue in the same vein as Section 3.8 by considering a spring/
mass system, but this time we derive a mathematical model that describes the vertical displace-
kix,  ments of two masses in a coupled spring/mass system.

[/
' f Coupled Spring/Mass System Suppose two masses m, and m, are connected to
ky(p—x,) VO springs A and B of negligible mass having spring constants k; and k,, respectively. As
shown in FIGURE 3.12.1(a), spring A is attached to a rigid support and spring B is attached to the
bottom of mass m;. Let x,(f) and x,(f) denote the vertical displacements of the masses from
their equilibrium positions. When the system is in motion, Figure 3.12.1(b), spring B is subject
k(2= 14 both an elongation and a compression; hence its net elongation is x, — x;. Therefore it fol-

"' lows from Hooke’s law that springs A and B exert forces —k,x; and k,(x, — x), respectively,
on m,. If no damping is present and no external force is impressed on the system, then the net

force on m, is —k;x; + ky(x, — x;). By Newton’s second law we can write
(a) Equilibrium (b) Motion  (c) Forces
2
FIGURE 3.12.1 Coupled spring/mass m, @

= —kx; + ky(x, — x).
system a2 X 2(X%, 1)
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Similarly, the net force exerted on mass m, is due solely to the net elongation of spring B, that
is, —k,(x, — x,). Hence we have

—2= —ky(x; — xy).

In other words, the motion of the coupled system is represented by the system of linear second-
order equations

mix{ = —kix; + k(x, — x;)

—ky(xy = Xx). U

myx;
After we have illustrated the main idea of this section, we will return to system (1).

Il Systematic Elimination The method of systematic elimination for solving systems
of linear equations with constant coefficients is based on the algebraic principle of elimination
of variables. The analogue of multiplying an algebraic equation by a constant is operating on an
ODE with some combination of derivatives. The elimination process is expedited by rewriting
each equation in a system using differential operator notation. Recall from Section 3.1 that a
single linear equation

any(n) + an—ly(n_l) +oe aly’ + apgy = g(t)s

where the coefficients a;, i = 0, 1, ..., n are constants, can be written as
(@, D" + a,_\D"" + - + a\D + ay)y = g(¢).

If an nth-order differential operator a,D" + a, D"~' + -+ + a,D + aj factors into differential
operators of lower order, then the factors commute. Now, for example, to rewrite the system

X'+ 2x" +y"'=x+ 3y +sint
X' +y =—4dx+2y+e’

in terms of the operator D, we first bring all terms involving the dependent variables to one side
and group the same variables:

X"+ 2" —x+y"'—3y=sint (D*+ 2D — Dx + (D* — 3)y =sin¢
so that
X' +dx+y —2y=e"' D+4dx+D—-2)y=¢e".

IH Solution of a System A solution of a system of differential equations is a set of suf-
ficiently differentiable functions x = ¢,(¥), y = (1), z = ¢5(¢), and so on, that satisfies each
equation in the system on some common interval 1.

Il Method of Solution Consider the simple system of linear first-order equations

dx
= =3y
dt . Dx — 3y =20
or, equivalently, (2)
dy 2x — Dy = 0.
— = 2x
dt

Operating on the first equation in (2) by D while multiplying the second by —3 and then adding
eliminates y from the system and gives D*x — 6x = 0. Since the roots of the auxiliary equation
of the last DE are m;, = V6 and m, = — /6, we obtain

x() = clef\/g” + cze\/g”. (3)
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This is important. }

Multiplying the first equation in (2) by 2 while operating on the second by D and then subtracting
gives the differential equation for y, D*y — 6y = 0. It follows immediately that

() = 0367\/& + 046\/6’. (4)

Now, (3) and (4) do not satisfy the system (2) for every choice of ¢, ¢,, ¢3, and ¢, because the
system itself puts a constraint on the number of parameters in a solution that can be chosen ar-
bitrarily. To see this, observe that after substituting x(¢) and y(¢) into the first equation of the
original system, (2) gives, after simplification,

(=V6e, — 3ee Vo + (Voc, — 3c)eV = 0.

Since the latter expression is to be zero for all values of 7, we must have — V6¢;, — 3¢; = 0 and
V6¢, — 3¢, = 0. Thus we can write c; and a multiple of ¢, and ¢, as a multiple of c,:

V6 V6

Cc3 = —T Cq and Cqy = ?62. (5)

Hence we conclude that a solution of the system must be

6 6
~Ver cze\/g’, () = —\3/ clef\/g’ + icze\/a’.

x(t) = cye 3

You are urged to substitute (3) and (4) into the second equation of (2) and verify that the same
relationship (5) holds between the constants.

EXAMPLE 1 Solution by Elimination

Solve Dx+ (D +2)y=0
(D —3)x — 2y =0.

(6)

SOLUTION  Operating on the first equation by D — 3 and on the second by D and then sub-
tracting eliminates x from the system. It follows that the differential equation for y is

[((D-3)D+2)+2Dly=0 or (D*+ D —6)y=0.

Since the characteristic equation of this last differential equation is m*> + m — 6 =
(m — 2)(m + 3) = 0, we obtain the solution

V(&) = ¢,e¥ + e (7)
Eliminating y in a similar manner yields (D> + D — 6)x = 0, from which we find
x(1) = c3e¥ + ¢ (8)

As we noted in the foregoing discussion, a solution of (6) does not contain four independent
constants. Substituting (7) and (8) into the first equation of (6) gives

(4c; + 2¢3)e* + (—c, — 3c)e ' = 0.

From 4c¢, + 2¢; = 0 and —c, — 3¢, = 0 we get ¢c; = —2¢, and ¢, = —4c,. Accordingly, a
solution of the system is

—3t 3t

. (@) =¥ + e

1
x() = —2c,e¥ — 362e
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Watch for a shortcut. }

Since we could just as easily solve for c; and ¢, in terms of ¢; and ¢,, the solution in Example 1
can be written in the alternative form

3t 3t

— 2t - — _l 2t —:
x(t) = cz;e” + cue”, (1) 2c3e 3ce .

It sometimes pays to keep one’s eyes open when solving systems. Had we solved for x first, then y
could be found, along with the relationship between the constants, by using the last equation in

(6). You should verify that substituting x(¢) into y = 3(Dx — 3x) yields y = — Jc;¢” — 3c,e .
EXAMPLE 2 Solution by Elimination
Solve X —4x 4y =1t?

x'+x+y =0. ©)

SOLUTION  First we write the system in differential operator notation:

D —4)x + D2y =42 (10)
(D+ x+ Dy=0.

Then, by eliminating x, we obtain

[(D+ HD*— (D — 4)Dly = (D + 1)t* — (D — 4)0
or (D + 4D)y = 12 + 21,

Since the roots of the auxiliary equation m(m2 +4)=0arem; =0, m, = 2i,and m; = —2i,
the complementary function is

Y, = ¢, + ¢yc08 2t + ¢4 sin 2t.

To determine the particular solution y, we use undetermined coefficients by assuming
V= At® + Bt* + Ct. Therefore

y, =3At* + 2Bt + C, y,=6At+2B, Y =6A,
Y+ 4y, = 12A1> + 8Bt + 6A + 4C = 1* + 2t.

The last equality 1mphes 12A = 1, 8B = 2, 6A +4C = 0, and hence A —*]12, B = AIT, C= _%.
Thus
= + = + 2t + i 2t+*l t3+*1t2—*1t (11)
CcOS s . .
y Ye yp C G C3 12 A 8

Eliminating y from the system (9) leads to
[(D—4)—DMD+ Dlx=1t> or (D*+4x=—1>

It should be obvious that
X. = ¢4 €08 2t + ¢5sin 2¢

and that undetermined coefficients can be applied to obtain a particular solution of the form

x, = At* + Bt + C. In this case the usual differentiations and algebra yield x, = — 3% + §,
and so
, 1, 1
x=xc+xp=c40052t+c551n2t—Zt +§. (12)

3.12 Solving Systems of Linear Equations | 199



Now ¢, and c5 can be expressed in terms of ¢, and c¢; by substituting (11) and (12) into either
equation of (9). By using the second equation, we find, after combining terms,

(cs — 2¢c4 — 2¢5) sin 2t + (2¢5 + ¢4 + 2¢3) cos 2t = 0

so that cs — 2¢, — 2¢, = 0 and 2¢5 + ¢, + 2¢; = 0. Solving for ¢, and ¢5 in terms of ¢, and ¢

gives ¢, = —(4c, + 2¢3) and ¢5 = £(2¢, — 4c¢;). Finally, a solution of (9) is found to be
(0 1(4 + 2¢3) 2t+1(2 4c,) sin 2t 1t2+1
=—— - — in2f — — —
X! 5 Cy C3) COS 5 Cy C3) S 4 8,

O =c + 2t + ¢y si 2t+—1 t3+*1t2—*1t
c C, COS C3 SIn .
y 1 2 3 12 A 8

EXAMPLE 3 A Mathematical Model Revisited

In (3) of Section 2.9 we saw that a system of linear first-order differential equations described
the number of pounds of salt x,(¢) and x,(¢) of a brine mixture that flows between two tanks.
See Figure 2.9.1. At that time we were not able to solve the system. But now, in terms of dif-
ferential operators, the system is

2 1
D+E X — %)Cz:()

2 2
——x;t| D+ —=])x,=0.
25 25

Operating on the first equation by D + %, multiplying the second equation by 25, adding, and
then simplifying, gives

(625D + 100D + 3)x, = 0.

From the auxiliary equation 625m*> + 100m + 3 = (25m + 1)(25m + 3) = 0 we see
immediately that

X(1) = ¢ + cre” ¥,
In like manner we find (625D* + 100D + 3)x, = 0 and so
xz(t) — C3€_[/25 + C4€_3t/25.
Substituting x,() and x,(¢) into, say, the first equation of the system then gives
(2c; — c)e P 4+ (=2¢, — cy)e P = 0.
From this last equation we find c; = 2¢, and ¢, = —2c,. Thus a solution of the system is

xl(t) — cle—t/ZS + Cze—31/25’ x2(t) — 2016—1/25 _ 2026_3”25.

In the original discussion we assumed that initial conditions were x;(0) = 25 and x,(0) = 0.
Applying these conditions to the solution yields ¢; + ¢, = 25 and 2¢; — 2¢, = 0. Solving

30 b
these equations simultaneously gives ¢, = ¢, = %. Finally, a solution of the initial-value
20 - 1 problem is
x1(7)
10+ 1 25 25
Xz(l) xl(t) — 76—2‘/25 + 76_3”25, xz(t) — Zse—t/ZS _ 256_3”25.
! ! s . ¢
10 20 30 40 The graphs of x,(#) and x,(¢) are given in FIGURE 3.12.2. Notice that even though the number of
FIGURE 3.12.2 Pounds of salt in tanks in pounds x,(#) of salt in tank B starts initially at O Ib it quickly increases and surpasses the
Example 3 number of pounds x,(7) of salt in tank A. =
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FIGURE 3.12.3 Displacements of the two
masses in Example 4

In our next example we solve system (1) under the assumption that k;, = 6, k, = 4, m; = 1,
and m, = 1.

EXAMPLE 4 A Special Case of System (1)
Solve x{ + 10x, —4x, =0
—4x, + x5 +4x, =0

(13)

subject to x;(0) = 0, x{(0) = 1, x,(0) = 0, x3(0) = —1.
SOLUTION  Using elimination on the equivalent form of the system

(D2 + 10))61 - 4x2 =0
—dx, + (D> + 4)x, =0

we find that x; and x, satisfy, respectively,
(D*+2)(D*+ 12)x, =0 and (D?>+ 2)(D*+ 12)x, = 0.

Thus we find

x,(f) = ¢; cos V2t + ¢, sin V2t + ¢; cos 2V3t + ¢, sin 2V3¢
x(f) = ¢5.cos V2t + cgsin V2t + ¢;cos 2V3t + cg sin 2V/3t.
Substituting both expressions into the first equation of (13) and simplifying eventually
yields cs = 2c¢y, cg = 2¢5, ¢; = — 3¢5, cg = —%cy. Thus, a solution of (13) is
x,(f) = ¢, cos V2t + ¢, sin V2t + ¢; cos 2V3t + ¢, sin 2V3¢
xy(f) = 2¢, cos V2t + 2¢, sin V2t — 3¢5 cos 2V3t — ey sin 2V3t.

The stipulated initial conditions then imply ¢, = 0, ¢, = — \V2/ 10, ¢c;=0,c¢4 = \V315.
And so the solution of the initial-value problem is

x,(0) = —ﬁsin\@t + ﬁsinZ\/gt

x,(f) = —\szsin Vo — \lf)gsinZ\/gt.

The graphs of x; and x, in FIGURE 3.12.3 reveal the complicated oscillatory motion of
each mass. =

We will revisit Example 4 in Section 4.6, where we will solve the system in (13) by means of

the Laplace transform.

m DCIEIRER]  Answers to selected odd-numbered problems begin on page ANS-8.

equations by systematic elimination.

In Problems 1-20, solve the given system of differential dx dx
3. —=—y+t 4 —— 4y =1

dt d

dy y
= 4x + Ty EZx—t ;+x=2

. dx ) 2 dx

. =2x — .
dr J dr
dy _ dy
dt * dt

=x— 2y

5. (DP+5x— 2y=0
—2)c—|—(D2 +2)y=0
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10.

1.

12.

13.

15.

16.

17.

19.

21.

D+x+D-1)y=2
3x+ (D +2)y=-1

d*x d’x dy
—S =4y +e 8. —5 +—=-5
dr? yre dt*  dt *
d? dx d
%=4x—e’ i+l=—x+4y
dt dt dt
Dx + D’y = ¢
(D + Dx+ (D — 1)y = 4¢*
D*x —Dy =t
D+3)x+D+3)y=2
D*—Dx—y=0
D—-1x+Dy=0
@D*-D—-1x— Q2D+ l)y=1
(D —1x+ Dy= -1
dx dy dx dy
2— —=5x+—=¢ U —+ — =g
dt * dt ¢ dt dt ¢
dx dy d*>  dx
——x+ - =5 ——+ —+x+y=0
a T a ¢ a? a Y
(D—-Dx+ D>+ 1y=1
D*—Dx+ D+ 1y=2
D*x — 2(D* + D)y =sint
x + Dy=0
Dx=1y 18. Dx + z=2¢
Dy =z D—-—1x+Dy+Dz=0
Dz =x x+2y +Dz=¢
E_g 0 To oy
ar odt e
dy dy
dt e dt yre
dz dz
—=x+ —=—x+
a7 a7
In Problems 21 and 22, solve the given initial-value problem.
R 2 oy
dt T “ar
dy dy
=4 - —=-3x+2
dt Y dt * Y

x(1) =0,y(1) =1 x(0) =0,y(0)=0

Mathematical Models

23.

Projectile Motion A projectile shot from a gun has weight
w = mg and velocity v tangent to its path of motion or trajectory.
Ignoring air resistance and all other forces acting on the projec-
tile except its weight, determine a system of differential equations
that describes its path of motion. See FIGURE 3.12.4. Solve the
system. [Hint: Use Newton’s second law of motion in the x and
y directions.]

y

v
/{\

FIGURE 3.12.4 Path of projectile in Problem 23
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24. Projectile Motion with Air Resistance Determine a system

of differential equations that describes the path of motion in
Problem 23 if linear air resistance is a retarding force k (of
magnitude k) acting tangent to the path of the projectile but
opposite to its motion. See FIGURE 3.12.5. Solve the system.
[Hint: k is a multiple of velocity, say, Bv.]

v

FIGURE 3.12.5 Forces in Problem 24

Computer Lab Assignments

25.

26.

21.

Consider the solution x,(¢) and x,(¢) of the initial-value prob-
lem given at the end of Example 3. Use a CAS to graph x,(?)
and x,(¢) in the same coordinate plane on the interval
[0, 100]. In Example 3, x,(#) denotes the number of pounds
of salt in tank A at time ¢, and x,(#) the number of pounds of
salt in tank B at time 7. See Figure 2.9.1. Use a root-finding
application to determine when tank B contains more salt than
tank A.
(a) Reread Problem 10 of Exercises 2.9. In that problem you
were asked to show that the system of differential equations

g _ 1
50"

dx, 1 2
T B %)
dr 50 75
dy 2 1
757 25

is amodel for the amounts of salt in the connected mixing
tanks A, B, and C shown in Figure 2.9.7. Solve the system
subject to x,(0) = 15, x,(0) = 10, x3(0) = 5.

(b) Use a CAS to graph x,(7), x,(#), and x;(¢) in the same
coordinate plane on the interval [0, 200].

(c) Since only pure water is pumped into tank A, it stands to
reason that the salt will eventually be flushed out of all
three tanks. Use a root-finding application of a CAS to
determine the time when the amount of salt in each tank
is less than or equal to 0.5 pounds. When will the amounts
of salt x,(7), x,(7), and x;(¢) be simultaneously less than
or equal to 0.5 pounds?

(a) Use systematic elimination to solve the system (1) for the
coupled spring/mass system when k; = 4,k, =2,m; =2,
and m, = 1 and with initial conditions x,(0) = 2, x;(0) = 1,
x(0) = —1,x30) = 1.

(b) Use a CAS to plot the graphs of x,(#) and x,(¢) in the
tx-plane. What is the fundamental difference in the mo-
tions of the masses m, and m, in this problem and that of
the masses illustrated in Figure 3.12.3?

(¢) As parametric equations, plot x;(#) and x,(¢) in the
xx,-plane. The curve defined by these parametric equa-
tions is called a Lissajous curve.



n Cha pter in Review Answers to selected odd-numbered problems begin on page ANS-8.

Answer Problems 1—8 without referring back to the text. Fill in
the blank or answer true/false.

1.

2.

10.

1.

12.

The only solution of the initial-value problem y” + x*y = 0,
¥(0) =0,y'(0) =0is .

For the method of undetermined coefficients, the assumed
form of the particular solution y, fory” —y =1 + ¢"is

A constant multiple of a solution of a linear differential equa-
tion is also a solution.

If f and f; are linearly independent functions on an interval /,
then their Wronskian W( f}, f5) # O for all x in I.

If a 10-pound weight stretches a spring 2.5 feet, a 32-pound
weight will stretch it feet.

The period of simple harmonic motion of an 8-pound weight
attached to a spring whose constant is 6.25 1b/ftis ____
seconds.

. The differential equation describing the motion of a mass

attached to a spring is x” + 16x = 0. If the mass is released at

t = 0 from 1 meter above the equilibrium position with a

downward velocity of 3 m/s, the amplitude of vibrations is
meters.

If simple harmonic motion is described by x(f) =

(V2/2) sin (2t + ¢), the phase angle ¢ is when

x(0) = —3 and x'(0) = 1.

Give an interval over which f,(x) = x* and f5(x) = x lxl are

linearly independent. Then give an interval on which f; and f,

are linearly dependent.

Without the aid of the Wronskian determine whether the given

set of functions is linearly independent or linearly dependent

on the indicated interval.

(@) fi(x) =Inx, f(x) =1Inx% (0,0)

(b) fix) =2, flx) =x"", n=1,2,..., (=0, 0)

(© fix)=x, () =x+1, (-90,%0)

(d) fi(x) =cos (x + 7/2), fo(x) = sinx, (—0, )

(e) fix) =0, f/ox) =x, (=5,5)

) fi(x) =2, fo(x) = 2x, (=0, 0)

® fi0) =2, H0)=1-x, fix) =2+, (-0,0)

(h) fi(x) =xe™, f(x) = (4x = 5)e", fi(x) = xe', (=00, %)

Suppose m; = 3, m, = —5, and m; = 1 are roots of multiplic-

ity one, two, and three, respectively, of an auxiliary equation.

Write down the general solution of the corresponding homo-

geneous linear DE if it is

(a) an equation with constant coefficients,

(b) a Cauchy—Euler equation.

Find a Cauchy-Euler differential equation ax®y” + bxy’ +cy =0,

where a, b, and ¢ are real constants, if it is known that

(a) m; = 3 and m, = —1 are roots of its auxiliary equation,

(b) m; = iis acomplex root of its auxiliary equation.

In Problems 13—28, use the procedures developed in this chap-
ter to find the general solution of each differential equation.

13. y'—2y' = 2y=0

14.

2y + 2y +3y=0

15. y" + 10y" + 25y =0

16.

29"+ 9" + 12y" + 5y =0

17.
18.
19.
20.
21.
22
23.

24,

25.
26.
21.
28.
29,

30.

31.

32.

In

3" + 10y + 15y + 4y =0
2y(4) + 3ym 4 2yrr 4 6yr _ 4y — O
Yy =3y + Sy =4x’ — 2x

Yy =2y +y=2x%
y'—5y"+ 6y’ =8+ 2sinx
y'=)y'=6
Y =2y +2y=¢tanx

. 2
YT e

6x>y" + 5xy' —y=0

23" + 19x%y" + 39xy’ + 9y =0
xzy” —4dxy' + 6y = 2t + 12

Y —-xy +y=x

Write down the form of the general solution y = y, + y, of
the given differential equation in the two cases w # « and
® = a. Do not determine the coefficients in y,,.

(@) y' + o’y =sinax (b) Y — 0’y = e~

(a) Given that y = sin x is a solution of y* + 2y” + 11y" +
2y’ + 10y = 0, find the general solution of the DE with-
out the aid of a calculator or a computer.

Find a linear second-order differential equation with con-
stant coefficients for which y, = 1 and y, = ¢ * are solutions

(b)

of the associated homogeneous equation and y, = X —x
is a particular solution of the nonhomogeneous equation.
(a) Write the general solution of the fourth-order DE
y*¥ — 2y 4+ y = Oentirely in terms of hyperbolic functions.
(b) Write down the form of a particular solution of
y® — 2y" 4+ y = sinh x.
Consider the differential equation x%y" — (x* + 2x)y’ +
(x + 2)y = x°. Verify that y, = x is one solution of the as-
sociated homogeneous equation. Then show that the
method of reduction of order discussed in Section 3.2
leads both to a second solution y, of the homogeneous
equation and to a particular solution y, of the nonhomo-
geneous equation. Form the general solution of the DE
on the interval (0, ©0).

Problems 33—38, solve the given differential equation subject

to the indicated conditions.

33

34.
35.
36.
37.
38.
39.

LY =2y +2y =0, y(m/2) =0, y(m) = —1

Y2y +y=0, y(=1)=0, y'(0) =0

Y'—y=x+sinx, y(0)=2, y'(0)=3

Y +y=sec’x, y0) =1, y'(0) = ;

yy'=4x y(1) =5, y'(1) =2

2y" =3y%, y(0)=1, y'(0) =1

(a) Usea CAS as an aid in finding the roots of the auxiliary
equation for 12y® + 64y” + 59y" — 23y’ — 12y = 0.
Give the general solution of the equation.

(b) Solve the DE in part (a) subject to the initial conditions
y(0) = —1,y'(0) = 2,y"(0) = 5, y"(0) = 0. Use a CAS
as an aid in solving the resulting systems of four equations
in four unknowns.
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40. Find a member of the family of solutions of
' +y +Vx=0

whose graph is tangent to the x-axis at x = 1. Use a graphing
utility to obtain the solution curve.

52.

In Problems 41—44, use systematic elimination to solve the
given system of differential equations.

dx dy dx

Mot Syl M =2ty
dx dy dy
dt+2dt y+3 7 3x+4y — 4t

43. (D—2)x —y=—¢

—3x+ (D —4)y=-17¢

4. (D + 2)x + (D + 1)y = sin 2t

5x + (D + 3)y = cos 2t

45. A free undamped spring/mass system oscillates with a period
of 3 s. When 8 1b is removed from the spring, the system then
has a period of 2 s. What was the weight of the original mass
on the spring?

46. A 12-pound weight stretches a spring 2 feet. The weight is
released from a point 1 foot below the equilibrium position
with an upward velocity of 4 ft/s.

(a) Find the equation describing the resulting simple harmonic
motion.

(b) What are the amplitude, period, and frequency of motion?

(c) At what times does the weight return to the point 1 foot
below the equilibrium position?

(d) At what times does the weight pass through the equilib-
rium position moving upward? Moving downward?

(e) What is the velocity of the weight at r = 377/16 s?

(f) At what times is the velocity zero?

47. A spring with constant k = 2 is suspended in a liquid that
offers a damping force numerically equal to four times the
instantaneous velocity. If a mass m is suspended from the
spring, determine the values of m for which the subsequent
free motion is nonoscillatory.

48. A 32-pound weight stretches a spring 6 inches. The weight moves
through a medium offering a damping force numerically equal
to 3 times the instantaneous velocity. Determine the values of
3 for which the system will exhibit oscillatory motion.

49. A series circuit contains an inductance of L = 1 h, a capaci-
tance of C = 10™* f, and an electromotive force of E(f) =
100 sin 50¢ V. Initially the charge ¢ and current i are zero.
(a) Find the equation for the charge at time 7.

(b) Find the equation for the current at time 7.
(¢) Find the times for which the charge on the capacitor
is zero.

50. Show that the current i(7) in an LRC-series circuit satisfies the
differential equation

d’i di 1.
L—+R—+ —i=E'(),

dr? d C 53,

where E’(¢) denotes the derivative of E(7).
51. Consider the boundary-value problem

Y +Ay=0, y0) =yQ2m), y'(0)=yQm).
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Show that except for the case A = 0, there are two independent
eigenfunctions corresponding to each eigenvalue.

SlidingBead A bead is constrained to slide along a friction-
less rod of length L. The rod is rotating in a vertical plane
with a constant angular velocity w about a pivot P fixed at
the midpoint of the rod, but the design of the pivot allows
the bead to move along the entire length of the rod. Let (f)
denote the position of the bead relative to this rotating co-
ordinate system, as shown in FIGURE 3.R.1. In order to apply
Newton’s second law of motion to this rotating frame of
reference it is necessary to use the fact that the net force
acting on the bead is the sum of the real forces (in this case,
the force due to gravity) and the inertial forces (coriolis,
transverse, and centrifugal). The mathematics is a little
complicated, so we give just the resulting differential equa-
tion for r,

d*r 5 .
m ﬁ = mwr — mg sin(wt).
t

(a) Solve the foregoing DE subject to the initial conditions
r(0) = ry, r'(0) = v,

(b) Determine initial conditions for which the bead exhibits
simple harmonic motion. What is the minimum length L
of the rod for which it can accommodate simple harmonic
motion of the bead?

(¢) For initial conditions other than those obtained in part
(b), the bead must eventually fly off the rod. Explain us-
ing the solution r(¢) in part (a).

(d) Suppose w = 1 rad/s. Use a graphing utility to plot the
graph of the solution r(f) for the initial conditions
r(0) = 0, r'(0) = v,, where v, is 0, 10, 15, 16, 16.1,
and 17.

(e) Suppose the length of the rod is L = 40 ft. For each
pair of initial conditions in part (d), use a root-finding
application to find the total time that the bead stays on
the rod.

FIGURE 3.R.1 Rotating rod in Problem 52

Suppose a mass m lying on a flat, dry, frictionless surface is
attached to the free end of a spring whose constant is k. In
FIGURE 3.R.2(a) the mass is shown at the equilibrium position
x = 0; that is, the spring is neither stretched nor compressed.
As shown in Figure 3.R.2(b), the displacement x(¢) of the mass



54

to the right of the equilibrium position is positive and negative
to the left. Derive a differential equation for the free horizon-
tal (sliding) motion of the mass. Discuss the difference be-
tween the derivation of this DE and the analysis leading to (1)
of Section 3.8.

rigid
support

s

(a) Equilibrium

=

x(1)>0

x(1) <0
(b) Motion

FIGURE 3.R.2 Sliding spring/mass system in Problem 53

What is the differential equation of motion in Problem 53 if
kinetic friction (but no other damping forces) acts on the slid-
ing mass? [Hint: Assume that the magnitude of the force of
kinetic friction is f, = umg, where mg is the weight of the
mass and the constant u > 0 is the coefficient of kinetic fric-
tion. Then consider two cases: x’ > 0 and x’ < 0. Interpret
these cases physically.]

In Problems 55 and 56, use a Green’s function to solve the given
initial-value problem.

55.
56.
57.

y(0) = 2,y'(0) = =5
x%y" —3xy + 4y =1Inx, y(1)=0,y'(1)=0
Ballistic Pendulum Historically, in order to maintain quality
control over munitions (bullets) produced by an assembly
line, the manufacturer would use a ballistic pendulum to
determine the muzzle velocity of a gun, that is, the speed of
a bullet as it leaves the barrel. The ballistic pendulum, in-
vented in 1742 by the British mathematician and military
engineer Benjamin Robins (1707-1751), is simply a plane
pendulum consisting of a rod of negligible mass to which a
block of wood of mass m,, is attached. The system is set in
motion by the impact of a bullet that is moving horizontally
at the unknown muzzle velocity v,; at the time of the impact,
t = 0, the combined mass is m,, + m,, where m, is the mass
of the bullet embedded in the wood. We have seen in (7) of
Section 3.10 that in the case of small oscillations, the angu-
lar displacement 6(¢) of a plane pendulum shown in Figure
3.11.3 is given by the linear DE 6" + (g/Df = 0, where
0 > 0 corresponds to motion to the right of vertical. The
velocity v, can be found by measuring the height % of the
mass m,, + m, at the maximum displacement angle 6,
shown in FIGURE 3.R.3.

Intuitively, the horizontal velocity V of the combined mass
m,, + my, after impact is only a fraction of the velocity v,

y" + y = tanx,

58.

59.

60.

my,

of the bullet, thatis, V = ( )vb. Now recall, a dis-

m,, + m,
tance s traveled by a particle moving along a circular path
is related to the radius / and central angle 6 by the formula
s = 10. By differentiating the last formula with respect to
time ¢, it follows that the angular velocity w of the mass
and its linear velocity v are related by v = lw. Thus the
initial angular velocity w, at the time ¢ at which the bullet
impacts the wood block is related to V by V = lw, or

_ ( my, ) Vi
@ = m, +m,) [’
(a) Solve the initial-value problem

o g )
?‘F?@ =0, 6(0) =0,60(0) = w,.

(b) Use the result from part (a) to show that

m,, + m
Vi = <b>\/lgemaw

my,

(¢) Use Figure 3.R.3 to express cosf,,,, in terms of / and A.
Then use the first two terms of the Maclaurin series for
cosf to express 6, in terms of / and /. Finally, show
that v, is given (approximately) by

m, + m
Vy = (mh> V Zgh.

b

my, c————p
Vb

FIGURE 3.R.3 Ballistic pendulum in Problem 57

Use the result in Problem 57 to find the muzzle velocity v,
when m;, = 5g, m,, = lkg,and h = 6 cm.

Use a Maclaurin series to show that a power series solution
of the initial-value problem

@O 8 g =0, 00) =00 = 0
_ — SIn =0, = —, =
ar* 1 6

is given by

\/gg2
961>

[Hint: See Example 3 in Section 3.7.]
Spring Pendulum The rotational form of Newton’s second
law of motion is:

o = = — S 4 1+

6 4l

The time rate of change of angular momentum about a
point is equal to the moment of the resultant force (torque).
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In the absence of damping or other external forces, an analogue
of (14) in Section 3.11 for the pendulum shown in Figure
3.11.3 is then

d{ ,do\ .
dt(ml dt)_ mgl sin 6. (1)

(a) When m and [ are constant show that (1) reduces to (6)
of Section 3.11.

(b) Now suppose the rod in Figure 3.11.3 is replaced with
a spring of negligible mass. When a mass m is attached
to its free end the spring hangs in the vertical equilib-
rium position shown in FIGURE 3.R.4 and has length /.
When the spring pendulum is set in motion we assume
that the motion takes place in a vertical plane and the
spring is stiff enough not to bend. For r > 0 the length
of the spring is then I(f) = [, + x(¢), where x is the
displacement from the equilibrium position. Find the
differential equation for the displacement angle 6(¢)
defined by (1).

equilibrium
position

FIGURE 3.R.4 Spring pendulum in Problem 60

Contributed Problems

Jeff Dodd, Professor
Department of Mathematical Sciences
Jacksonville State University

61. The Paris Guns The first mathematically correct theory

of projectile motion was originally formulated by Galileo
Galilei (1564-1642), then clarified and extended by his
younger collaborators Bonaventura Cavalieri (1598-1647)
and Evangelista Torricelli (1608—1647). Galileo’s theory
was based on two simple hypotheses suggested by ex-
perimental observations: that a projectile moves with
constant horizontal velocity and with constant downward
vertical acceleration. Galileo, Cavalieri, and Torricelli did
not have calculus at their disposal, so their argu