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Preface to the Dover Edition

During the fifteen years since Combinatorial Optimization first appeared, its
authors have often discussed the possibility of a second edition. In some sense a
second edition seemed very appropriate, even called for: Many exciting new results
had appeared that would merit inclusion, while not quite so many and so exciting
that the basic premises, style, and approach of the book would need to be reworked.

The current republication of the book by Dover gives us an interesting oppor-
tunity to look critically at the book, and the field it recounts, fifteen years later. In
retrospect, we are now happy with our decision (if you can call it that) not to pro-
ceed with a second edition. This was a book about two fields, at a moment when
they had reached a degree of joint maturity and cross-fertilization that can incpire
and justify a book; this feeling of novelty and timeliness would have been lost in
a second edition. It is so much more appropriate (and, quite frankly, fun) to con-
template the interim developments from the armchair of a preface-writer.

To take the subjects of the book in order, the ellipsoid algorithm for linear pro-
gramming (which had just made our publication deadline) did not have as much
impact in practice as it did in theory, but the interior point algorithm developed
in 1984 by Karmarkar has changed the practice of solving linear programs—
at least by providing simplex with the kind of competition that leads to faster

pl tations. As for simplex and its variants, there were some very interesting

Xi



Xu PREFACE TO THE DOVER EDITION

algorithms due to Megiddo and Tardos, and the polynomial average-case result
by Borgwardt; however, the quest for a strongly polynomial algorithm for linear
programming is still very much the major open problem in the field. The questions
of integrality and total unimodularity are also much better understood now. All
these important advances are covered in an excellent more recent book:

A. Schrijver, Theory of Linear and Integer Programming, New York:
Wiley-Interscience, 1986.

There have been substantial improvements in the running times of virtually all
network and graph optimization algorithms discussed in the book: Network flow,
minimum cost flow, shortest path, minimum spanning tree, matching, etc. These
improvements were occasionally precipitated by an ingenious new way of looking
at the problem, but more often they were the result of the introduction of inter-
esting new data structures, the innovative use of randomization, of scaling, of
methods for dealing with density, and other algorithmic techniques. For a snap-
shot ca. 1993 see:

R. K. Ahuja, T. L. Magnanti, J. B. Orlin, Network Flows, Englewood Cliffs,
N.J.: Prentice-Hall, 1993.

As for complexity, the central question of P vs. NP is now as unanswered as
ever. If anything, a solution seems somehow farther away today than then,
because many more avenues of attack have been explored by now with interesting
but markedly inconclusive results. There has been progress and new insights in
complexity, albeit in aspects such as space complexity, interaction, and random-
ization, that are not central to the book (but see the next paragraph regarding the
complexity of approximation). Parallel algorithms and complexity came and
went. For a recent book on the subject see:

C. H. Papadimitriou, Comp ional Complexity, Reading, Mass.:
Addison-Wesley, 1994.

Two of the last topics of the book, approximation algorithms and local search,
have since exploded into two very active fields. The more impressive theoretical
advances were made in approximation—we even have now an approximation
scheme for the Euclidean traveling salesman problem. Many of these exciting
approximation algorithms were in fact based on mathematical programming
concepts and methods (primal dual, fixed-di ion integer progr ing, semi-
definite programming). On the other hand, a sequence of unexpected results in
complexity culminated in a proof, in 1992, that several of these problems cannot
have a polynomial approximation scheme, unless of course P = NP. For a compi-
lation of surveys of these topics see:




PREFACE TO THE DOVER EDITION xiii

D. Hochbaum (ed.), Approximation Algorithms for NP-hard problems,
Boston, Mass.: PWS Publishing, 1996.

Finally, in the past fifteen years we have seen the development of many families
of heuristics for optimization problems, typically inspired by metaphors from
physics or biology (and sometimes referred to collectively as new age algorithms),
which can be considered as clever variants of local search: Simulated annealing,
tabu search, genetic algorithms, Boltzmann machines, neural networks, and so on.
For a review of some of these approaches, see:

C. R. Reeves (ed.), Modern Heuristic Techniques for Combinatorial Problems,
New York: J. Wiley, 1993.

Although very little has been rigorously established about the performance of
such algorithms, they often seem to do remarkably well on certain problems.
Developing the mathematical methodology for explaining and predicting the per-
formance of these and other heuristics is one of the most important challenges
facing the fields of optimization and algorithms today.

Christos H. Papadimitriou
Kenneth Steiglitz



Preface

The goal of this book is to bring together in one volume the important
ideas of computational complexity developed by computer scientists over the
past fifteen years, and the foundations of mathematical programming developed
by the operations research community. The first seven chapters comprise a self-
contained treatment of linear programming and duality theory, with an emphasis
on graph and network flow interpretations. Chapter 8 is a transition chapter
which introduces the techniques for analyzing the complexity of algorithms.
Modern, fast algorithms for flow, matching, and spanning trees, as well as the
general setting of matroids, are described in Chapters 9-12. The next two chap-
ters, 13 and 14, treat integer linear programming, including Gomory’s cutting-
plane algorithm. Chapters 15-16 take up the relatively new ideas of the theory
of NP-completeness and its ramifications. The last three chapters, 17-19, de-
scribe practical ways of dealing with intractable problems—approximation
algorithms, branch-and-bound, .dynamic programming, and local (or neigh-
borhood) search.

The book can be used as a text in many ways, depending on the background
of the students. At Princeton, for example, computer science students with a
background in the theory of algorithms have covered chapters 1-10, 13, 14, 18,
19 in a one-semester graduate course. On the other hand, students with a back-
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ground in operations research might start with Chapter 8 (after reviewing 1-7)
and cover the rest of the book. Chapter 8, we might point out, contains the new
Soviet ellipsoid algorithm, which provided a missing link to this book while it
was being written.

We take the liberty here of mentioning several topics which we feel are
treated in novel ways: The theory of the simplex algorithm avoids the awkward-
ness of unbounded polyhedra by “boxing in” the feasible set with bounds
derived from the input data. The finiteness issue is settled by the new and elegant
algorithm of R.G. Bland, with the lexicographic method introduced later for
integer programming. And throughout the linear programming sections we have
given geometric interpretations of the basic mathematical objects and opera-
tions.

The reader will also find unusual emphasis given to the primal-dual algo-
rithm. It is used to derive Dijkstra’s algorithm, the Ford and Fulkerson max-flow
algorithm, all the min-cost flow algorithms, and the weighted matching algo-
rithms. In this way the primal-dual idea is used to link general linear program-
ming with its combinatorial applications, and to unify several algorithms for
combinatorial problems.

NP-completeness theory is developed with minimal recourse to Turing
machine theory, and the class of problems NP is defined by using the idea of
“certificate,” avoiding thereby the notion of nondeterminism. New and hope-
fully more transparent reductions are used for many proofs of NP-complete-
ness, and in Chapter 13 a new and simple proof is given that integer linear
programming is in NP, based on a discrete form of Farkas’ Lemma.

The final chapter surveys some very successful applications of a widely
used approach to intractable problems—local search. We come full circle here,
showing that it is a simplex-like algorithm.

A book such as this one owes a great deal, of course, to many previous
workers and writers. Without trying to be complete, we would like to mention
the very important succession of books by Ford and Fulkerson; Dantzig;
Simonnard; T.C. Hu; Lawler; Aho, Hopcroft, and Ullman; and Garey and
Johnson; which have influenced our work at many points.

The authors also owe thanks to many co-workers and colleagues for com-
ments on the work in progress. Among them are B.D. Dickinson, R. Ginosar,
K. Lieberherr, A. Mirzaian, W.P. Niedringhaus, J. Orlin, F. Sadri, S. Toueg,
J. Valdes, M. Yannakakis, and N. Zadeh.

Finally, we thank L. Furman, G. Pecht, R. D’Arcangelo, and C. Cole for
unfailing secretarial help through many drafts of the manuscript.

Christos H. Papadimitriou
Kenneth Steiglitz



Optimization Problems

1.1
Introduction

Many problems of both practical and theoretical importance concern them-
selves with the choice of a “best” configuration or set of parameters to achieve
some goal. Over the past few decades a hierarchy of such problems has emerged,
together with a corresponding collection of techniques for their solution. At
one end of this hierarchy is the general nonlinear programming problem: Find
x tot
minimize f(x)
subject to g,(x) >0 i=1,...,m
h(x)=0 j=1,...,p
where f, g, and h are general functions of the parameter x € R". The tech-
niques for solving such problems are almost always iterative in nature, and
their convergence is studied using the mathematics of real analysis.
When f is convex, g, concave, and A, linear, we have what is called a
convex programming problem. This problem has the most convenient property

tSee the appendix at the end of this chapter for a résumé of terminology and notation.

1



2 Chapter 1 OPTIMIZATION PROBLEMS

that local optimality implies global optimality. We also have conditions for
optimality that are sufficient, the Kuhn-Tucker conditions.

To take the next big step, when fand all the g, and 4, are linear, we arrive
at the linear programming problem. Several striking changes occur when we
restrict attention to this class of problems. First, any problem in this class
reduces to the selection of a solution from among a finite set of possible solu-
tions. The problem is what we can call combinatorial. The finite set of candidate
solutions is the set of vertices of the convex polytope defined by the linear
constraints.

The widely used simplex algorithm of G.B. Dantzig finds an optimal
solution to a linear programming problem in a finite number of steps. This
algorithm is based on the idea of improving the cost by moving from vertex to
vertex of the polytope. Thirty years of refinement has led to forms of the simplex
algorithm that are generally regarded as very efficient—problems with hundreds
of variables and thousands of constraints are solved routinely. It is also true,
however, that there are specially devised problems on which the simplex algo-
rithm takes a disagreeably exponential number of steps.

Soviet mathematicians, in a relatively recent development, have invented
an ellipsoid algorithm for linear programming that is guaranteed to find an
optimal solution in a number of steps that grows as a polynomial in the “size”
of the problem—a state of affairs that we shall come to regard as very favorable
in the course of this book. At the time of this writing, it is uncertain whether
refinements analogous to those of the simplex algorithm will render the ellipsoid
algorithm competitive with it. The nesting of the problems mentioned so far—
general nonlinear, convex, and linear programs—is indicated in Figure 1-1.

Convex
programs

Nonlinear
programs

Linear

programs
(polynomial)

Flow
and
matching

Integer programming
(NP-complete)

Figure 1-1 The classes of problems considered in this book and
the path followed by the chapters.



1.2 Optimization Problems 3

Certain linear programs, the flow and matching problems, can be solved
much more efficiently than even general linear programs. On the other hand,
these problems are also closely related to other problems that are apparently
intractable! As an example, the point-to-point shortest-path problem in a
graph is in our class of flow and matching problems, and in fact has an O(n?)
algorithm for its solution, where n is the number of nodes in the graph. In
contrast, the fraveling salesman problem, which asks for the shortest closed path
that visits every node exactly once, is in the class of NP-complete problems, all
of which are widely considered unsolvable by polynomial algorithms. This fine
line between “very easy” and “very hard” problems is a recurrent phenomenon
in this book and has naturally attracted the attention of algorithm designers.

Another way of looking at the flow and matching problems is as special
cases of integer linear programs. These come about when we consider linear
programs and ask for the best-cost solution with the restriction that it have
integer-valued coordinates. These problems, like linear programs, have a finite
algorithm for solution. But there the resemblance stops: The general integer
linear programming problem is itself NP-complete. The complete state of
affairs is shown in Figure 1-1, together with an indication of the general path
that this book will take through these classes of problems.

We shall begin with the most fundamental and easily accessible facts about
convex programs. We then take up linear programming in earnest, studying
the simplex algorithm, its geometry, and the algorithmic implications of duality.
We shall stress graph-theoretic interpretations of the algorithms discussed, and
that will lead naturally to the flow and matching problems. It is an easy step
from there to a consideration of complexity issues and the ellipsoid algorithm
and to a study of the NP-complete problems that have become representative
of difficult combinatorial optimization problems. The last part of the book is
concerned with approaches toward the practical solution of NP-complete
problems of moderate size: approximation, enumerative techniques, and local
search.

1.2
Optimization Problems

Optimization problems seem to divide naturally into two categories: those
with continuous variables, and those with discrete variables, which we call
combinatorial. In the continuous problems, we are generally looking for a set
of real numbers or even a func}ion; in the combinatorial problems, we are
looking for an object from a finite, or possibly countably infinite, set—typically
an integer, set, permutation, or graph. These two kinds of problems generally
have quite different flavors, and the methods for solving them have become
quite divergent. In our study of combinatorial optimization we start—in some
sense—at its boundary with continuous optimization.

Linear programming plays a unique role in optimization theory; it is in
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one sense a continuous optimization problem, but, as we mentioned above, it
can also be considered combinatorial in nature and in fact is fundamental to
the study of many strictly combinatorial problems. We shall therefore give a
definition of an optimization problem general enough to include linear program-
ming (and almost any other optimization problem).

Definition 1.1

An instance of an optimization problem is a pair (F, ¢), where F is any
set, the domain of feasible points; ¢ is the cost function, a mapping
c:F—> R!
The problem is to find an f € F for which
()< cdy) forall ye F

Such a point f is called a globally optimal solution to the given instance, or,
when no confusion can arise, simply an optimal solution. []

In many examples the cost function will take on only nonnegative integer
values.

Definition 1.2

An optimization problem is a set I of instances of an optimization
problem. []

We have been careful to distinguish between a problem and an instance
of a problem. Informally, in an instance we are given the “input data” and have
enough information to obtain a solution; a problem is a collection of instances,
usually all generated in a similar way. Thus, in the following example, an
instance of the traveling salesman problem has a given distance matrix; but
we speak in general of the traveling salesman problem as the collection of all
instances associated with all distance matrices.

Example 1.1 (Traveling Salesman Problem (TSP))

In an instance of the TSP we are given an integer n > 0 and the distance
between every pair of n cities in the form of an n X n matrix [d, )], where d;, € Z*.
A tour is a closed path that visits every city exactly once. The problem is to find
a tour with minimal total length. We can take

F = {all cyclic permutations @ on n objects}

A cyclic permutation z represents a tour if we interpret z() to be the city visited
after city j, j = 1,..., n. Then the cost ¢ maps # to

2w O



Example 1.2 (Minimal Spanning Tree (MST))

As above, we are given an integer n > 0 and an n X n symmetric dis-
tance matrix [d,)], d,; € Z*. The problem is to find a spanning tree on n
vertices that has minimal total length of its edges. In our definition of an
instance of an optimization problem, we choose

F = {all spanning trees (V, E) with V' = {1,2,...,n}}

c: (V, E)—> ".%ég d,

(By a spanning tree we mean an undirected graph (¥, E) that is connected and
acyclic. See the appendix at the end of this chapter.) []

Example 1.3 (Linear Programming (LP))
Let m, n be positive integers, b € Z™, ¢ € Z", and A an m X n matrix
with elements a;; € Z. An instance of LP is defined by
F={x:x € R, Ax=b, x>0}
¢ x—>¢'x
Stated as such, linear programming is a continuous optimization problem,
with, in fact, an uncountable number of feasible points x € F. To see how it

can be considered combinatorial in nature, consider the simple instance defined
bym = 1,n= 3 and

A= 1 1)
b=(2)

Figure 1-2 shows the feasible set F in this instance, the intersection of a plane
with the first octant in R®.
The problem is to minimize the value of the linear function ¢'x = ¢,x, +

X txytxy3=2

X1

Figure 1-2 The feasible set £ for an instance of LP.
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¢,%; + ¢3%, on this triangle. It is not hard to see intuitively that a2 minimum
will always occur at one of the corners v,, ,, or v, indicated in the figure. If
we grant this, we can solve this instance by finding all the vertices and evaluating
¢'x at each one. This may be a formidable task in a larger instance, but the point
is that it is a finite one. It is in this sense that LP is combinatorial. []

In many cases it is possible to do the opposite: express a purely combi-
natorial problem as an LP.

Example 1.3 (Continued)

Consider an instance of the MST problem with n = 3 points. There are
three spanning trees of these points, shown in Figure 1-3. They can also be

€

2 2
x,—x;—l xz-l Xy =
x;— Xy =x3=1
3 3

Figure1-3 Three nodes and their three spanning trees, thought
of as points in 3-dimensional space.

thought of as points in 3-dimensional space if x; = 1 whenever edge e, is in
the tree considered, and zero otherwise, j = 1, 2, 3. These three spanning trees
then coincide with the vertices v,, v,, and v, of the feasible set F in Figure
1-4 defined by the constraints

Xy 4 X, 4 x5 =2
x>0, x,>0, x;>0
n<l x<I1 x<I1
(We shall allow inequalities as well as equalities in LP.) Finding the minimal
spanning tree with distance matrix d,, = ¢,, d,, = ¢,, and d;, = ¢, is exactly
the same as solving the LP with the feasible set in Figure 1-4.
Thus this purely combinatorial problem can, in principle, be solved by

LP. This point of view will be very useful later for developing algorithms for
certain combinatorial problems. [



X1

Figure 1-4 The feasible set F for the simple spanning tree
problem.

1.3
Neighborhoods

Given a feasible point f € F in a particular problem, it is useful in many
situations to define a set N(/f) of points that are “close” in some sense to the
point f.

Definition 1.3

Given an optimization problem with instances (F, ¢), a neighborhood is a
mapping
N: F—>2F

defined for each instance. []

If F= R, the set of points within a fixed Euclidean distance provides a
natural neighborhood. In many combinatorial problems, the choice of N may
depend critically on the structure of F.

Example 1.4 [Lin1]

In the TSP we may define a neighborhood called 2-change by
N,(f)={g:g€ F and g can be obtained from f as follows:
remove two edges from the tour; then
replace them with two edges}
Figure 1-5 shows an example of a tour f and another tour g € N,(f) for an
instance of the TSP with seven cities and a distance matrix determined by
Euclidean distance between points in the plane.
This neighborhood can be generalized in the obvious way to N,, called

7
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Figure 1-6 (a) An instance of a TSP and a tour. (b) Another
tour which is a 2-change of the tour in (a).

k-change, where at most k links are replaced. Such neighborhoods lead to very
effective heuristics for the TSP. [7]

Example 1.5

In the MST, an important neighborhood is defined by

N(f) = {g :g € F and g can be obtained from f as follows: add an
edge e to the tree f, producing a cycle; then delete any edge
on the cycle} []

Example 1.6

In LP, we can define a neighborhood by
N(x)={y:dy=5b, y=>0, and ||y —x||<¢}
This is simply the set of all feasible points within Euclidean distance € of x,
for some € > 0. []

1.4
Local and Global Optima

Finding a globally optimal solution to an instance of some problems can be
prohibitively difficult, but it is often possible to find a solution f which is best
in the sense that there is nothing better in its neighborhood N(f).

Definition 1.4

Given an instance (F, ¢) of an optimization problem and a neighborhood
N, a feasible solution f € F is called locally optimal with respect to N (or simply
locally optimal whenever N is understood by context) if

(N < cg) forall ge N(H) O



Example 1.7

Consider the instance of an optimization problem (F, ¢) defined by
F=[0,11< R!
and the cost function ¢ sketched in Fig. 1-6.

c

F

Figure 1-6 A 1-dimensional Eucli imizati bl

p

Further, let the neighborhood be defined simply by closeness in Euclidean
distance for some € > 0.

N(f)={x:xe F and |x—f|<¢€}

Then if € is suitably small, the points 4, B, and C are all locally optimal, but
only B is globally optimal. []

Example 1.8

In the TSP, solutions locally optimal with respect to the k-change neighbor-
hood N, are called k-opt [Linl]. To find a k-opt tour in an instance of the TSP,
define the function improve (f), where ¢t € F, as follows:

improve (1) = (any s € Ny (1) such that ¢ (s) < ¢ (1), if such an s exists
Prove 1) = 1sno* otherwise

That is, improve (f) searches N, (¢) for a better tour s. If one is found, it returns
the improved tour; otherwise it returns the value ‘no.” An algorithm for find-
ing a k-opt tour is thent

procedure k-opt
begin
t := some initial tour;
while improve(t) % ‘no’ do
t := improve(t);
return t
end

tAlgorithms are written in an informal notation called pidgin algol. See the appendix at
the end of this chapter.
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Because we are generally interested in finding a global optimum and
because many algorithms can do no more than search for local optima, it is
important to know whether a local optimum is or is not global. This depends,
of course, on the neighborhood N. The following terminology describes the
happy situation when every local optimum is also a global optimum.

Definition 1.5

Given an optimization problem with feasible set F and a neighborhood
N, if whenever f € F is locally optimal with respect to N it is also globally
optimal, we say the neighborhood N is exact. []

Example 1.9

In the instance sketched in Fig. 1-6, the neighborhood N, is exact when
€ > 1 but not exact for sufficiently small € > 0. []

Example 1.10

In the TSP, N, is not exact; but N,, where n is the number of cities, is
exact. (See Problem 2.) [

Example 1.11

In the MST, the neighborhood described in Example 1.5 is exact. (See
Problem 3.) [J

1.5
Convex Sets and Functions

‘We now turn our attention to the class of problems where F < R". In particular,
we should like very much to find classes of problems where N, is exact for
every € > 0, for in such problems we can be assured that any local optimum
found is a global one. Such a property is enjoyed by the class of convex pro-
gramming problems, of which linear programming is a special case. We start
with some important definitions.

Definition 1.6

Given two points x, y € R", a convex combination of them is any point
of the form
z=Ax+(1—2y, A€R and 0<Ai<1

If 1540, 1, we say z is a strict convex combination of x and y. [



Definition 1.7

A set S < R” is convex if it contains all convex combinations of pairs of
points x,y € S. [

Example 1.12

The entire set R” is convex, as is the empty set & and any singleton set. []

Example 1.13

In R, any interval is convex and any convex set is an interval. []

Example 1.14

In R?, convex sets, loosely speaking, are those without indentations. Thus,
in Fig. 1-7, set A4 is convex but B is not. []

*2

X1

Figure 1-7 A convex set A and a nonconvex set 8.

An important property of convex sets is expressed in the following lemma.

Lemma 1.1 The intersection of any number of convex sets S, is convex.

Proof If x and y are two points in NS, they are in every S,. Any convex
combination of them is then in every S, and therefore in N.S,. O

We now introduce the idea of a convex function defined on a convex set.

a

Definition 1.8

Let S < R be a convex set. The function

¢:S—> R!

i
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is convex in S if for any two points x,y € S
CAx+ (1 =) <A(x)+ (1 —De(p), AeR and 011
If S = R", we say simply that c is convex. []
Example 1.15
Any linear function is convex in any convex set S. []

Example 1.16

Intuitively, a convex function is one that “bends up.” Figure 1-8 shows a
sketch of a convex function in [0, 1] = R!.
c:[0,1]— R!
The convexity condition implies that chords always lie above the function. [

c(x)

Ae(x) + (1 =Ne(y)

cQx +(1-N\)y)

Ax -+ (1 =Ny
Figure 1-8 A function ¢ convex in [0, 1].

The set of points where a convex function is less than or equal to a given
value is a convex set. More precisely, we have the following.

Lemma 1.2 Let c(x) be a convex function on a convex set S. Then for any real
number t, the set

S=fx:c(x)<t, xS}
is convex.

Proof Let x and y be two points in S,. Then the convex combination
Ax + (1 — A)yisin S and
oAx + (1 — ) < Ae(x) + (1 — De(»)
SMA (=Dt
<t
which shows that the convex combination Ax + (1 — A)yisalsoin S,. O



Example 1.17

‘When c¢ is defined on R?, the boundaries of the sets S, are level contours
such as are drawn on topographic maps. Such a map is shown in Fig. 1-9. []

X2

Xy
Figure 1-9 The level contours of a convex function defined on
R2,

Finally, functions that in some sense behave oppositely to convex func-
tions are called concave functions.

Definition 1.9

A function ¢ defined in a convex set S & R" is called concave if —c is
convex in S. [

Example 1.18

Every linear function is concave as well as convex. Loosely speaking, a
linear function bends neither down nor up, and so walks the line between
convexity and concavity. []

1.6
Convex Programming Problems

An important class of optimization problems concerns the minimization of a
convex function on a convex set. These problems have the convenient property
(mentioned above) that local optima are global. More precisely, we establish
the following fact.

13
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Theorem 1.1 Consider an instance of an optimization problem (F, c), where
F < R* is a convex set and c is a convex function. Then the neighborhood defined
by Euclidean distance

Nx)={y:yeF and |x—y|l<¢}
is exact for every € > 0.

Proof We refer to Figure 1-10.

N (x)

Figure 1-10 The points in the proof of Theorem 1.1.

Let x be a local optimum with respect to N, for any fixed € > Oandlety € F
be any other feasible point, not necessarily in N (x). We can always choose a
A sufficiently close to 1 that the strict convex combination

z=Ax+0—=Ady, 0<i<I

lies within the neighborhood N (x). Evaluating the cost function ¢ at this point,
we get, by the convexity of ¢,

o) = c(Ax + (1 — y) < Ae(x) + (1 — De(y)
Rearranging, we find that
) > c(z)1 = Ac(x)
But since z € N(x)
o(z) = e(x)
50
o) = LA _

Note that we have made no extra assumptions about the function ¢; it need
not be differentiable, for example. O

For our purposes, the convex feasible region will always be defined by a
set of inequalities involving concave functions. Such problems are convention-
ally known as convex programming problems.



Definition 1.10
An instance of an optimization problem (F, ¢) is a convex programming
problem if ¢ is convex and F < R" is defined by
£(x) >0, i=1...,m
where
g:R*—>R!
are concave functions. []

It is not hard to see that the set F defined in this way is in fact convex.

Lemma 1.3 The feasible set F in a convex programming problem is convex.

Proof The functions —g, are convex, so by Lemma 1.2, the sets
Fi={x:g(x) =0}
are convex. Hence, by Lemma 1.1,

is also convex. O

‘With this, we have shown the following theorem.

Theorem 1.2 In a convex programming problem, every point locally optimal
withrespect to the Euclidean distance neighborhood N, is also globally optimal.

Example 1.19

A convex function ¢(x) defined on [0, 1] & R! can have many local optima
but all must be global, as illustrated in Fig. 1-11 []

o(x) !

0 v

Figure 1-11 A convex programming problem with many local
optima, all of which are global.



Example 1.20

Every instance of LP is a convex progr ing problem, b linear

functions are both convex and concave. Thus a local optimum of an instance
of LP must also be global. []

*2.

*3,
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PROBLEMS

Formulate the following as optimization problem instances, giving in each case

the domain of feasible solutions F and the cost function c.

(a) Find the shortest path between two nodes in a graph with edge weights
representing distance.

(b) Solve the Tower of Hanoi problem, which is defined as follows: We have 3
diamond needles and 64 gold disks of increasing diameter. The disks have
holes at their centers, so that they fit on the needles, and initially the disks
are all on the first needle, with the smallest on top, the next smallest below
that, and so on, with the largest at the bottom. A legal move is the transfer
of the top disk from any needle to any other, with the condition that no disk
is ever placed on top of one smaller than itself. The problem is to transfer,
by a sequence of legal moves, all the disks from the first to the second needle.
(There is a story that the world will end when this task is completed [Kr],
which may be an optimistic expectation.) Generalize to n gold disks.

(¢) Win a game of chess. How many instances of this problem are there?

(d) Find a cylinder with a given surface area A that has the largest volume V.

(¢) Find a closed plane curve of given perimeter that encloses the largest area.

Show by example that 2-change does not define an exact neighborhood for the
TSP. Repeat for 3-change, and for (n — 3)-change, where n is the number of
cities.
Show that the neighborhood defined in Example 1.5 for the MST is exact.
The moment problem is that of finding a permutation 7 of n weights w;,
i=1,...,n,so that the moment

i iWy = min

i=1
Show that the neighborhood determined by all possible interchanges of two
adjacent weights is exact.
In the n-city TSP, what is the cardinality of N,(), the neighborhood of tour ¢
determined by 2-change? What is the cardinality of N3(7)?

Suppose we are given a set S containing 2n integers, and we wish to partition it
into two sets S, and S, so that |S,| = [S,| = n and so that the sum of the
numbers in S, is as close as possible to the sum of those in S,. Let the neighbor-

*Throughout this book an asterisk means that a problem is relatively difficult.
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hood N be determined by all possible interchanges of two integers between S,
and S,. Is N exact?

7. Is the product of two convex functions convex? If yes, prove it; if not, give a
counterexample.

8. Let f(x) be convex in Re. Is f(x - b), where b is a constant, convex in R*?

9. Let f(x) be convex in R". Fix x;,...,x, and consider the function g(x,) =
f(x1,...,x,). Is g convex in R'?

10. Let f(x;) be a convex function of the single variable x;. Then g(x) = f(x,) can
also be considered as a function of x € Re. Is g(x) convex in R*?

11.  Show that the sum of two convex functions is convex.

12. Justify the inclusion of integer linear programming within the class of nonlinear
programs in Figure 1-1.

13. The following is a very useful criterion for determining if a function is convex
[SW, vol. I, p. 152]:

Let C be an open convex set in R#and let f have continuous second partial deriva-
tives in C. Then f is convex in C if and only if the matrix of second partial
derivatives
9*f ]
H(x) =| -2
® [47X: dx; 1y
is positive semidefinite for all x in C.
Determine whether or not the following functions are convex in the indicated
domains.
@ f=xix;; C=R*
(b) f=emtn C=R?
© f=xt+xt—xix}, C=R
@ f=xi+x} C={xe R:x>0}
() f=tanx,, C={x:0<x <1}
14. Consider the nonlinear program

min f = x,x,

such that g = (x; — 1)2 + (x, — 1)2 =1
Find all the global and local minima.

*15. Formulate the minimal ing tree problem for an n-node graph as a linear
program with (g) variables, one for each edge, thus generalizing Example 1.3.
(Hint: this may require many constraints.)

NOTES AND REFERENCES
Further di: ion of li progr ing probl and optimality conditions
can be found in

[FM] Fiacco, A. V., and G. P. McCormick, Nonlir Prog ing.: ial
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APPENDIX
TERMINOLOGY AND NOTATION

A.1 Linear Algebra

The real number line is denoted by R (or imes R') and the n-diy ional
real vector space, the set of ordered n-tuples of real numbers, by R" Other
fixed sets are the set of nonnegative reals, R*; the set of integers, Z; the set of
nonnegative integers, Z*; and the set of ordered n-tuples of integers, Z*.

A set of elements s,, 5, 55, . . . is written explicity as

S ={54,5;,83,...}

and a set defined to contain all elements x for which a condition P is true is
defined by writing

S = {x:P(x)}
For example, Z* can be defined by
Zt={i:ieZ and i>0}
The size of a finite set S is denoted by |S|. A mapping 4 from set S to set T
is written
u: S—>T
and 2° stands for the set of all subsets of S.
An m X n matrix with element a,, in Row i and Column j is written

A =ay,]
The n-vector consisting of the ith row of 4 is denoted by a, and the m-vector
which is the jth column of 4 by 4,. All vectors x (no prime) are column vectors;
vectors x’ (prime) are row vectors. Thus the matrix equation

Ax=b
is equivalent to the set of scalar equations

ax=b, i=l...,m
where b is an m-vector and b,, its ith component, is a scalar. The transpose of
a matrix A4 is written 47 and the determinant of a square matrix is denoted by
det (4).
The unit square matrix is denoted by I, where its dimension is usually under-

stood by context. It is defined by

1 ifi=j
lu == .
0 otherwise

Similarly, 0 denotes either the zero scalar, vector, or matrix, depending on
the context.
To construct an n-vector x with ith component x,, we write

x=col (x;,...,x,)

19
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or, when there is no danger of confusion,

x=(Xp...5X,)

To construct an (n + m)-vector z if its first n components are those of x and
next m components those of y, we write

z=(x|y)
A.2 Graph Theory
A graph G is a pair G = (V, E), where V is a finite set of nodes or vertices

and E has as elements subsets of ¥ of cardinality two called edges. The vertices
of V are usually called v, ,, . . . . For example, the graph

G = ({91, V3, v3, v}, {1, 0], [0, W3], [03, 0], [04, 01], [04, 93]})

is shown in Fig A-1. (Notice that we denote edges using brackets.) It is occa-
sionally useful to consider multigraphs, that is, graphs with repeated edges (see
Figure A-2).

) vy

Figure A-1 A graph.
vy vy
—_——
vy U,
Figure A-2 A multigraph.

A directed graph, or digraph, is a graph with directions assigned to its
edges. Formally, a digraph D is a pair D = (V, 4) where V is again a set of
vertices and 4 is a set of ordered pairs of vertices called arcs; that is, 4 & V X
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V. In Figure A-3, we have drawn the digraph D = ({v,, v;, v3, s}, {(v,, v,),
(2, 93), (¥4, 03), (V45 1), V1, 04), (01, 03)))-

vy v3

v Y2
Figure A-3 A digraph.

If G=(V,E)is a graph and ¢ = [v,, v,] € E, then we say that v, is
adjacent to v, (and vice-versa) and that e is incident upon v, (and v,). The
degree of a vertex v of G is the number of edges incident upon ». So, for
the graph of Figure A-1, the degree of v, is 3. A walk in G is a sequence of
nodes w = [vy, vy, v, . .., %), K > 1, such that [v,,v,,,] € Eforj=1,...,
k — 1. The walk is closed if k > 1 and v, = v,. A walk without any repeated
nodes in it is called a path; a closed walk with no repeated nodes other than
its first and last one is called a circuit or cycle. For example, in Figure A-1,
[0}, [vy, 225 3, 9y, ¥4, 0,1, [04, v5, v, 9.}, and [v,, v5, v,] are all walks; the second
and third are closed, the first and fourth are paths, and the third is a cycle. The
length of the path [v,, . . ., v ] is k — 1; the length of the cycle[v,, . .., v, = v,]
isk—1.

In a digraph D = (V, A) the indegree of a node v is the number of arcs of
the form (u, v) that are in 4 ; similarly, the outdegree of v is the number of arcs
of A that have the form (v, u). We can readily extend the above definitions to
digraphs. A directed walk w = (v, v, . .., v) of G is a sequence of nodes in
V such that (v, v,,,) € 4 for j=1,...,k — 1. Furthermore, if k > 1 and
v, = v, then w is closed. A directed path in G is a walk without repetitions.
A directed circuit or cycle is a closed directed path. The length of a directed
path and cycle are defined by analogy to the undirected case. (Notice that we
always use brackets for the edges of a graph and parentheses for the arcs of a
digraph.)

Suppose that B = (W, E) is a graph that has the following property. The
set of vertices W can be partitioned into two sets, ¥ and U, and each edge in
E has one vertex in ¥ and one vertex in U (Figure A-4). Then B is called a
bipartite graph and is usually denoted by B = (¥, U, E). Not all graphs have
such a partition. The precise conditions under which they do are the following:

Proposition 1 A graph is bipartite iff it has no circuit of odd length.
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Yq

tig
Ys

Figure A—4 A bipartite graph.
Another interesting class of graphs is the class of trees. A graph is con-

nected if there is a path between any two nodes in it. A tree G = (V,T)is a
connected graph without cycles. For example, Fig. A-5 shows a tree. A forest

T

6

Figure A-5 A tree.

is a set of node-disjoint trees F = {(V,T,),..., (Vi T)} (Fig. A-6). We
usually say that a tree (¥, T') spans its set of nodes V or is a spanning tree of V.
Similarly, a forest F = {(V,,T),..., (Vi T\)} spans ¥V, UV, U -+ U V,.
Proposition 2 Let G = (V, E) be a graph. Then the following are equivalent.

I. Gisa tree.

2. G is connected and has | V| — 1 edges.

3. G has no cycles, but if an edge is added to G, a unique cycle results.

We shall frequently consider weighted graphs, that is, graphs G = (V, E)
together with a function w from E to Z (usually just Z*; it can also be R*

22
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Figure A-6 A forest.

when, for example, the weights are Euclidean distances). In certain cases we
shall use more mnemonic names for weights, such as ¢ (for costs) or d (for
distances). We denote the weight of the edge [u, v] by wly, v}, or w,,. Notice
that a symmetric n X n distance matrix [d,;] (recall Examples 1.1 and 1.2) can
also be thought of as a weighted complete graph G = ({v,, . . ., v,}, K,), where
K, ={lv,v): 1 <i<j<n}

A network N = (s, t, V, 4, b) is a digraph (V, A) together with a source
s € V with 0 indegree, a terminal t € V with O outdegree, and with a bound
(or capacity) b(u, v) € Z* for each (u,v) € 4 (Fig. A-7). A flow fin N is a

VAN

N

vy A
Figure A-7 A network.
vector in R'4' (one component f(u, v) for each arc (u,v) € A) such that:

1. 0< f(u,v) < b(u,v) forall (u,v) € 4.
2. ;} Sf,v) = };‘ fiv,u) forall veV—{s1t}
wvIeA (wuEA

The value of f, sometimes denoted by | f|, is the following quantity: | f| =
Z f(s, u). For example, in Figure A-8, we show a legitimate flow for N;

(s, u)E4

its value is | /| = 5.

23



(u,v) S(u, v)

(s,01)
(s, v2)
(v1,v3)
(vz,v3)
(v2, ve)
(va, 1)
(w3, 1)

B W NW

Figure A-8 A flow of value 5 for the network in Figure A-7.

A.3 Pidgin Algolt

We express most algorithms in this book in terms of our version of pidgin
algol. For the reader familiar with PASCAL, ALGOL, or PL/], algorithms in
this language should be trivial to understand. For others, skimming this sub-
section and exercising some care in the beginning should be more than enough.
Pidgin algol should be viewed as an informal notation, rather than a high-level
programming language.

The basic unit of a pidgin algol algorithm is the statement. A statement
can be of different kinds.

1. Assignment: variable:= expression
We allow things like
Q-9
and even variants like
let x be any element of S
or
set all labels to 0
2. Conditional: if condition then 1
else statement 2

The else clause is optional (we shall use it unambiguously). Typical
conditions are

x > bound
v = s and done = “yes”
(Note: We write the reserved words of pidgin algol in boldface.)
3. For Si . for list do 1

Here list contains a list of parameters for which statement 1 is to be
repeated. Examples are

forj:=1,2,...,ndo Afj]:= Al + 1]

1The term pidgin algol appears to have been introduced in A. V. Aho, J. E. Hopcroft,
and J. D. Uliman, The Design and Analysis of Computer Algorithms (Reading, Mass. : Addison-
Wesiey Publishing Co., Inc., 1974).
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and

for all v € V such that [v, u] € E do rank [v]: =0
While S : while dition do 1
Statement 1 is executed repeatedly, as long as condition holds.
Go-to Statement: go to label

For example, go to loop means that the (unique) statement prefixed
by the label “loop:” shouid be executed next.

Compound Statement:

begin
Statement 1;
statement 2;

statement k — 1;
statement k
end

Traditionally, this is considered to be the tricky part for newcomers
to the ALGOL family, but it is really easy. Remember that in a
conditional statement, then must be followed by a single statement.
But what happens if we want to do something complicated (that is,
several statements) if condition holds? We put these statements
together, we separate them with semicolons, and surround them with
a begin-end pair. To make this more readable, we indent appropri-
ately. Keep in mind that 1 through stat k could be
of any of the sorts 1 through 6. If they are all assignments or go-to’s,
we sometimes write a compound statement without begin-end and
with the statements separated by commas. For example,

j:=]j+1, Alj] := 1, go to loop

stands for
begin
ji=i+L
Alj]:=i;
go to loop
end

Comments: These are of the form ( t: this is a cc ).
Miscellaneous statements: We shall allow practically anything, as
fong as it is readable and reasonably unambiguous. Some extreme
examples are

Construct the auxiliary network AN(f).

Augment the current matching using the path p.
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21
Forms of the Linear Programming Problem

The linear programming problem defined in the last chapter was not the most
general one; we could have had some inequality as well as equality constraints
and we could have had some variables unconstrained in sign, as well as variables
restricted to be nonnegative. We now define the most general form of a linear
program as follows.

Definition 2.1

Given an m X n integer matrix 4 with rows aj, let M be the set of row
indices corresponding to equality constraints, and let M be those correspond-
ing to inequality constraints. Similarly, let x € R" and let N be the column
indices corresponding to constrained variables and N those corresponding to
unconstrained variables. Then an instance of the general LP is defined by

26
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min ¢'x
ax=b, ieM
dx>b ieM @n

x; =0 jeN
x,20 jeN
where b is an m-vector of integers and ¢ an n-vector of integers. []

Example 2.1 (Diet Problem)

One of the first problems ever formulated as an LP is the diet problem
[Sti]. We consider the problem faced by a homemaker when buying food. He
has a choice of n foods, and each food has some of each of m nutrients.
Suppose

a,; = amount of ith nutrient in a unit of the jth food,
i=1,...,m j=1,...,n
r, = yearly requirement of ith nutrient, i=1,...,m
x, = yearly consumption of the jth food,
Jj=1,...,n,in units.
¢, = cost per unit of the jth food, j=1,...,n.
A yearly diet is represented by a choice of a vector x > 0. That such a diet
satisfies the minimal nutritional requirements is expressed by
Ax>r
If we want to find the least expensive diet that is nutritionally adequate, we
then need to consider the LP
min ¢'x
Ax>r 2.2)
x>0 ]
The form of LP obtained in the diet problem and the form given in Chapter

1 are common enough to be given special names. We use the following
terminology.

Definition 2.2

An LP in the form of (2.2) is said to be in canonical form. An LP in the
form of (2.3) s
min ¢'x
Ax=b @3)
x>0
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is said to be in standard form. Finally, an LP in the form of (2.1} is said to be
in general form. []

We next prove that the canonical, standard, and general forms are all equiva-
lent. By this we mean that an instance in one form can be converted to one in
another form by a simple transformation, in such a way that the two instances
have the same solution. The canonical and standard forms are both already in
general form, so we need show only that a general-form problem can be put
in canonical and standard forms.

1.

To put a general-form problem in canonical form, we need to elimi-
nate any equality constraints and unconstrained variables. Given an
equality constraint in the general-form program

1};! a,x;=b,
we can replace this with two inequality constraints

n

12;1 ayx; > b,

and
»
]E. (—ay)x; = (—b)
Given an unconstrained variable x, in the general-form program
x; 20

we create two variables x} and xj in the canonical-form program
and write

x;=x} —x; where xj>0, x;=>0

To put a general-form problem in standard form, we need to eliminate
inequality constraints; unconstrained variables can be eliminated as
above. Given an inequality constraint in the general-form program

»
JX=:I ayx; = by
introduce the variable s, in the canonical problem and write
JZI ayx; — s;= b, 5, >0

The variable s, introduced in this transformation is called a surplus
variable; it represents the amount by which the left-hand side of the
inequality exceeds the right-hand side. If, when formulating an LP,
we get an inequality of the form

J‘_;:‘ ay,x, < b,
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we can introduce a variable s, and write

gauxj‘i‘sl:bb 5=0

Such a variable is called a slack variable.

2.2
Basic Feasible Solutions

Our goal now is to develop the simplex algorithm for solving LP’s, and it is
convenient to assume we are given an LP in standard form
min ¢’x
Ax=b (A is an m X n matrix of integers, and m < n)
x>0
which we do without loss of generality by the resuits in the previous section.
We argued intuitively in Example 1.3 that there should always be an
optimal “corner” of the convex feasible set F of an LP. There are two ways to
define such “corners” precisely—one geometric, and one algebraic. For our

algebraic definition we need the following assumption, which we shall see later
is hardly restrictive:

Assumption 2.1 There are m linearly independent columns A4; of 4. That is,
A is of rank m.

Definition 2.3

A basis of A is a linearly independent collection & = {4, ..., 4,}. We
can alternatively think of ® as an m X m nonsingular matrix B = [4,]. The
basic solution corresponding to ® is a vector x € R” with

x,=0ford, ¢ &
x,, = the kth component of B~!b, k=1,...,m [

Thus a basic solution x can be found by the following procedure:

1. Choose a set ® of linearly independent columns of 4.

2. Set all components of x corresponding to columns not in ® equal
to zero.

3. Solve the m resulting equations to determine the remaining compo-
nents of x. These are the basic variables.



Example 2.2

Let us consider the LP

min 2x, + x4 + 5x;

Xyt X+ X3+ x, =4
X, + x5 =2
X3 + xg =3

3x, + x, + x;,=6

Xy, Xp Xy X4 Xs,  Xg X720

One basis is certainly ® = {4,, 4;, 44, A}, which corresponds to the
matrix B= 1. The corresponding basic solution is x = (0,0, 0, 4, 2, 3, 6).
Another basis is & = {4,, 45, 45, 45}, with basic solution x’ = (0, 4,0, 0,
3, —6). Notice that x' is not a feasible solution, since x; < 0. []

s

One can bound from above the absolute value of the components of any
basic solution by using our assumption that the entries of 4, b, and ¢ are
integers.

Lemma 2.1 Let x = (x,, ..., x,) be a basic solution. Then
|x| < mlam1p

where

o = max {la,]}
and

A= max {15,

Proof This is true for x, not a basic variable, because then x, = 0. For
basic variables, recall that x, is the sum of m products of elements of B~ by
elements of b. Now, each element of B~! is, by definition of the inverse, equal
to an (m — 1) X (m — 1) determinant divided by a nonzero m X m deter-
minant. By integrality, the denominator is of absolute value at least 1. The
determinant of the numerator is the sum of (m — 1)! products of m — 1 ele-
ments of A4; therefore it has absolute value no greater than (m — 1)!amt.
Because each x, is the sum of m elements of B~! multiplied by an element of
b, we have

1%,] < man=1g. O
This bound will be used many times in future arguments.
Definition 2.4
If a basic solution x is in F, then x is a basic feasible solution (bfs). []

30
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For example, in the LP of Example 2.2, x = (0,0, 0, 4, 2, 3, 6) is a bfs. Basic
feasible solutions play a very central role in both the theory and the computing
practice of LP. One aspect of their importance is expressed in the following
lemma, stating that all basic feasible solutions are potential uniquely optimal
solutions of the corresponding LP.

Lemma 2.2 Let x be a bfs of
Ax=1b
x>0

corresponding to the basis ®. Then there exists a cost vector ¢ such that x is the
unique optimal solution of the LP

min ¢'x
Ax=0b
x>0

Proof Consider the cost vector ¢ defined by
[0 if4,e®
T {1 ifd, ¢ ®
The cost of the bfs x is ¢'x = 0; obviously, x is optimal because all ¢,’s are non-
negative. Furthermore, if any other feasible solution y is also going to have

zero cost, it must be the case that y, = 0 for all 4, ¢ ®. Hence y must be
equal to x, and x is uniquely optimal. O

Itis not at all certain, however, that all LP’s have bfs’s. For example, if F = &,
naturally there can be no bfs. It is convenient, however, to exclude this patho-
logical case at this point. We shall come back, in time, to see how one can re-
move this assumption.

Assumption 2.2 The set F of feasible points is not empty.

We can now show that bfs’s do exist.

Theorem 2.1 Under Assumptions 2.1 and 2.2, at least one bfs exists.

Proof Assume that F contains a solution x with ¢ > m nonzero compo-
nents, and in fact that x is thé solution in F with the largest number of zero
components. Without loss of generality, we have

Xiyoo 0 X%, >05 Xepyyon., X, =0
Consider the first 7 columns of 4. They obviously satisfy
Ax, + - +Ax,=b 2.4)
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Let r be the rank of the matrix of these f columns; r > 0, because if r = 0 the
bfs x = 0 is in F. Also, r < m < t. We may thus assume that the matrix

4y Ay ccc Ay
is nonsingular. Therefore we can solve Eq. 2.4 to express x,, ..., X, in terms
of x,,4, ..., X, In other words
¢
x,=ﬂ,+‘§‘a,,x,, Jj=1...,r
Now, let 8 be the quantity

6 = min {x,,,,0,}
where

B X
BI _uvr:nn|‘20 {urfl.l’l 1’.'."‘}
Construct a new feasible solution £ by
x;,—0 ifj=r+1
2= x; ifj>r+1
.
ﬂ‘+,=¥;“”2’ ifj<r+1

Then, for j <r, £, = x;, — a,,,,0. If 6 = x,,,, then %,,, =0; if 0 =6, =
X/, 1, for some k < r, then £, = 0. In either case, £ is a feasible solution
with one more zero component than x, which is a contradiction.

This argument shows that there is a solution x with { < m nonzero com-
ponents, and furthermore that the corresponding columns can be assumed to be
linearly independent. This set of columns can then be augmented to a basis for
x because 4 is of rank m.

One final convenient assumption, which we shall also show to be unnecessary
later: We shall assume that the LP has a finite minimum value of the objective
function ¢'x.

Assumption 2.3 The set of real numbers {¢'x : x € F}isbounded from below.

Even though the cost ¢’x of an LP is bounded from below, the feasible set
may still extend infinitely far in some directions. We conclude this section by
showing that, under Assumption 2.3, we can nevertheless restrict our attention
to LP’s with bounded feasible sets F. More precisely, F can be assumed to lie
within a suitably large hypercube.
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Theorem 2.2 Let Assumptions 2.1 through 2.3 hold for the LP
min ¢'x
Ax=b (LP)
x>0

Then LP* is equivalent, in the sense that it has the same optimal value of its cost
Sfunction:

min ¢'x
Ax=b (LP*)
x>0

x<M
where

M=@m+ 1)amp
a = max {|a,), |c,]}
B = max {|b), ]z}
and z is the greatest lower bound of the set {¢'x: Ax = b, x > 0}.

Proof Consider the set of real numbers
G={c'x: Ax =b,x >0}

It is not hard to show that G is closed (see Problem 2.10). Therefore there is a
point x that is feasible in LP and achieves the greatest lower bound z. Next
consider the set of points that satisfy the constraints

x=1z
Ax=b 2.5)
x>0

This set is then nonempty, and in fact consists of all the optimal feasible solu-
tions to LP.

Assume first that the equations in (2.5) are of rank m + 1. Then Theorem
2.1 implies that (2.5) has a bfs, and Lemma 2.1 shows that its components
satisfy the desired bound. Hence the constraints x < M do not change the
optimal solution of LP.

We have left to consider the case in which the equations in (2.5) are of
rank m. In that case ¢’ can be written as a linear combination 3 da} of the
rows of A4, and the cost ¢'x = ¥ d,b, is a constant for all feasible points of
LP. Therefore LP has an optimal bfs, and its components by Lemma 2.1 are
bounded by a number no larger than M. [}

From now on we shall use this result to assume that F is always bounded.



2.3
The Geometry of Linear Programs

We shall now give some important definitions and results pertaining to an
alternative geometric way of viewing LP.

2.3.1 Linear and Affine Spaces

Consider the vector space R?. A (linear) subspace S of R is a subset of R?
closed under vector addition and scalar multiplication. Equivalently, a subspace
S of R? is the set of points in R? that satisfy a set of homogenous linear
equations:

S={xeR:ayx,+ -+ +aux,=0, j=1,...,m} (2.6)
It is well known that every subspace S has a dimension, dim(S), equal to the
maximum number of linearly independent vectors in it. Equivalently, dim(S) =
d — rank ([a,)]), where [a,)] is the matrix of the coefficients in (2.6) above.

An affine subspace A of R® is a linear subspace S translated by a vector
u: A= {u+ x:x € S}. The dimension of A is that of S. Equivalently, an affine
subspace 4 of R? is the set of all points satisfying a set of (inhomogeneous)
equations

A={xe R:apx,+ - +aux,=b;; j=1,...,m}
The dimension of any subset of R? is the smallest dimension of any affine sub-
space which contains it. For example, any line segment has dimension 1; any

set of k points, k < d + 1, has dimension at most k — 1. The dimension of
the set F defined by the LP (satisfying Assumptions 2.1 and 2.2)

min ¢'x
Ax=b A anm X d matrix
x>0
is therefore at most d — m.

2.3.2 Convex Polytopes

An affine subspace of R? of di ion d — 1 is called a hyperplane. Alter-
natively, a hyperplane is a set of points x satisfying

ax; + @x, + oo agx,=b

with not all @’s equal to zero. A hyperplane defines two (closed) halfspaces,
namely the sets of points satisfying, respectively,

ax, + - +ax;>b
axy + e agxg <b

34
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A halfspace is a convex set. Therefore the intersection of halfspaces is also
convex. The intersection of a finite number of halfspaces, when it is bounded
and nonempty, is called a convex polytope, or simply a polytope.

We shall henceforth be interested only in convex polytopes that are in-
cluded in the nonnegative orthant; in other words, by convention, d of the
halfspaces defining a polytope will always be x,>0,j=1,...,4d

Example 2.3
The 3-dimensional polytope P of Figure 2-1 is the intersection of the haif-
spaces indicated by the inequalities in (2.7). As required, P is bounded, because

it can easily be shown to be totally contained in the cube 0 < x;, x,, x; < 3.

X3

(0,0, 3)

(1,0,3)

(2,0,2)

2,0,0)

Xy

Figure 2-1 The 3-di ional pol in le 2.3.
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X+ X+ x <4
Xy <2
x; <3
3x, +x;<6 2.7
Xy >0
X, >0
x>0 [J

Let P be a convex polytope of dimension d and let HS be a halfspace
defined by hyperplane H. If the intersection f = P N HS is a subset of H—in
other words, P and HS just “touch in their exteriors”—then f is called a face
of P and H is the supporting hyperplane defining f. We have three distinguished
kinds of faces.

A facet is a face of dimension d — 1.
A vertex is a face of dimension zero (a point).
An edge is a face of dimension one (a line segment).

Example 2.3 (Continued)

Figure 2-2 shows the polytope P together with three hyperplanes H,, H,,
and H,, which define three faces: a facet, an edge and a vertex, respectively.

O

The following are fairly intuitive observations, which can easily be proved
rigorously [Gru, Roc, YG]. The hyperplane defining a facet corresponds to a
defining halifspace of the polytope. The converse is not always true: If we add
the haifspace x, < 2 to those defining P, P would remain the same. However,
the new halfspace would not define a facet—it would, however, define an
edge, the line segment [(0, 2, 0), (2, 2, 0)]). The reason is that, intuitively, x, <
2 is redundant in defining P.

A vertex is the “corner” of the polytope that we alluded to earlier with
less precision. An edge is always a line segment joining two vertices. Not every
pair of vertices defines an edge, though: The segment [(0, 0, 3), (2, 2, 0)] is not
an edge; neither is [(1, 0, 3), (2, 2, 0)] an edge.

Another fairly intuitive fact, though harder to prove, is that every point
in P is the convex combination of its vertices—in fact, it can be shown that
four vertices (d- 1 for dimension d) always suffice. For example, the
point (1, 1, 1), which is in the interior of P, can be rewritten as (1,1, 1) =
3(2,2,0) + 3(0,0,3) + 4(0,0,0). We now state a general theorem to this
effect.



Figure 2-2

Theorem 2.3 [Gru, Roc, YG]
(a) Every convex polytope is the convex hull of its vertices.

(b) Conversely, if V is a finite set of points, then the convex hull of V is
a convex polytope P. The set of vertices of P is a subset of V.

2.3.3 Polytopes and LP a

By Theorem 2.3, a polytope P can be thought of in several different ways.

1. As the convex hull of a finite set of points. This point of view is fairly
convenient when we are given only the vertices of the polytope. This

37
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will be the case in Chapters 13 and 19 in connection with certain com-
binatorial problems.

As the intersection of many halfspaces, as long as this intersection is
bounded. This is a natural way to look at a polytope when these
inequalities are explicitly given. We shall next see that LP is such a
situation,

A third aspect of a polytope is an algebraic version of 2. above. Let

Ax =b

x>0 (2.8)

be the defining equations and inequalities of the feasible region F of
an LP satisfying Assumptions 2.1, 2.2, and 2.3. Since rank(4) = m,
where 4 is an m X n matrix, we can assume that the equations 4x =
b are of the form

x,=b,—:'g'l"a,,x,, i=n—m+1,...,n 28)

because otherwise we can find a basis B of 4 (without loss of general-
ity the last m rows of 4) and premuitiply (2.8) by B~! to obtain
(2.8'). Thus (2.8) is equivalent to the inequalities

b= S ayx, >0 i=n— 1,
X ;:31 Xy = i=n—m+ n @9
x; >0 Jj=L...,n—m

However, (2.9) describes the intersection of n halfspaces, which by
Theorem 2.2 is bounded. Hence (2.9) defines a convex polytope P <
Rrm,
Conversely, let P be a polytope in R*~™. The n halfspaces defining
P can be expressed by the inequalities
hoaxy 4 oot by Xy + £ <0 i=1,...,n (210)
By our convention, we may assume that the first n — m inequalities
in (2.10) are of the form
x>0 i=1,...,n—m
Let H be the matrix of the coefficients of the remaining inequalities.
We can introduce m slack variables x,_,., 4, . . ., X, to obtain
Ax=b
x>0
where the m X n matrix 4 = [H|I] and x € R". Thus any poly-

tope (satisfying our convention) can be alternatively viewed as the
feasible region F of an LP via a simple transformation. Further-
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more, any point £ = (x,,..., X,_,) € Pcan be transformed to x =
(xy5...,x,) € Fby defining

n=m

x,=—g,-—g;h,,x, i=n—m-+1,...,n (2.11)

Conversely, any x = (x,, ..., x,) € F can be easily transformed to
%= (xy,...,X,_,) € P by simply truncating the last m coordinates
of x.

We can now show how these three points of view affect our notion of a
« »
corner.

Theorem 2.4 Let P be a convex polytope, F = {x: Ax = b, x > 0} the corre-
sponding feasible set of an LP, and % = (x,, ..., X,.) € P. Then the following
are equivalent.

(a) The point % is a vertex of P.

B) If £=A%"+ (1 — DX", with %, X" € P, 0 <1 <1, then %' =
£ = % (in other words, % cannot be the strict convex combination
of points of P).

(¢) The corresponding vector x in F defined by (2.11) is a bfs of F.

Proof (a)=>(b) Suppose that £ is a vertex and yet there are points £,
2" € P different from £ such that, for 0 <1 <1, £ = A%+ (1 — )X".
Since % is a vertex, there is a halfspace HS = {£ € R*™™: h'% < g} such that
HS N P={x}. Thus &, £ ¢ HS, and hence h'%’ > g and i'%"" > g. It follows
that h'% = W'(A%' 4+ (1 — A)®"") > g and £ ¢ HS, a contradiction.

(b) = (c) Suppose that £ has Property (b), and consider the corresponding
element x of F. Consider the subset & of the columns of A4 defined by ® =
{d,: x; > 0,1 < j < n}. We wish first to show that this is a linearly independent
set of columns. Suppose it is not. Then there are integers d), not all 0, such that

> dd;=0 (2.12)
AE®
Since x € F we have
‘;mx,A,— b, (2.13)
and also
x; >0 j=1...,n

Now multiply (2.12) by some number # and add and subtract from (2.13).
A}: (x; £ 0d)4,=b
1E®

Since x, > 0 for 4; € ®, we can choose a positive and sufficiently small 6
such that
x;+0d,>0forall 4, e ®
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Thus we have found two points defined by
, _[x,—0d  4,e®
x)=
0 A,¢8
and
, {x, +0d, 4,e®
x’, =
0 4, ¢®
such that x', x” € For £,%" € P, and yet £ = }£' + 42", a contradiction.
We have shown that the set of columns ® is linearly independent, and so
|®| < m. Since we have assumed that there are m linearly independent columns
of A4, we can always augment the set ® so that it is linearly independent and has
m vectors. These then form basic columns, which render x a bfs.
()= (a) Ify = (y,,...,) is a bfs of Ax = b, x >0, then, by Lemma 2.2,
there exists a cost vector ¢ such that y is the unique vector x € R" satisfying
dx <Ly
Ax=b
x>0
It is easy to see, however, that this means that § = (y,, ..., ¥,-n) is the unique
point in R*~™ satisfying
ds<dy ReP
where
a4 = ¢ — ;Ihn—m/.:".—m/ i=l...,n—m

Hence j is indeed a vertex of P, with supporting hyperplane defined by d's =
d’y. ]
In Sec. 2.9 we shall derive a very similar characterization of the edges of
a polytope P.
By Theorem 2.4 we have a correspondence between vertices of P and
bases of 4. Given two different vertices of P, u and «’, the corresponding bases
® and @' must be different, because a basis uniquely determines a bfs and

hence a vertex. However, two different bases ® and ®' may correspond to the
same bfs x.

Example 2.4

Recall the LP and polytope of Figure 2-1. The matrix 4 is

1111000 4
A= 100010 and b= 2
0010010 3
0310001 6
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Consider the bases & = {4,, 4,, 4;, A} and B’ = {4, 4,, 4,, A¢}. Both have
B~ =B"1b=(2,2,0,0,0,3,0)
A look at Figure 2-1 explains what has happened. To calculate the vertex
corresponding to ®, we first set x, = x5 = x; = 0, which means that the
corresponding three inequalities must be satisfied by equality, determining
the vertex (2, 2, 0) by the intersection of three facets. Now in ®’ we replace
the constraint x, + x; -+ x, < 4 by x; > 0. But x, = 0 also happens to pass
through the same vertex (2, 2, 0), and so nothing has changed. Thus a vertex

like this must lie on more than n — m = 3 facets; equivalently, the bfs must
have more thann — m = 3 zeros. []

Definition 2.5

A bfs (and the corresponding vertex) is called degenerate if it contains more
than n — m zeros.

We now give the essential result of the above discussion.

Theorem 2.5 If two distinct bases correspond to the same bfs x, then x is
degenerate.

Proof Suppose that ® and @’ both determine the same bfs x. Then x has
zeros in the n — m columns not in ®; it also must have zeros in the columns
in® — ®' = . Hence it is degenerate.

We can now show the following, which is tantamount to showing that
LP can be solved in a finite number of steps.

Theorem 2.6 There is an optimal bfs in any instance of LP. Furthermore, if q
bfs’s are optimal, their convex binations are also optimal.

Proof By Theorem 2.4 and its proof, this is equivalent to proving that
there is an optimal vertex of P and that if ¢ vertices of P are optimal, their
convex combinations are also, where the linear cost is d'x. The set P is closed
and bounded, so the linear function d achieves its minimum in P. Let x, be an
optimal solution and let x,, . .. , Xn be the vertices of P. We know from Theo-
rem 2.3 that x, can be written

where
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Let j be the index corresponding to the vertex with lowest cost. Then
N N
d'x, = Zl adx,>dx; E. o, =dx;
= i=

which shows that x; is optimal.

For the second part of the result, assume that vertices x,, ..., x,, are
optimal, and let y be a convex combination of these vertices. Then y is optimal,
because

dy=d Z %Xy, = ‘2:.2 a(d'x;) = d'x;, 0

We have thus established that an instance of LP can be solved in a finite
number of steps: We need examine the cost only at each vertex of the polytope
P. Furthermore, all vertices of P (in fact, all bfs’s) can be generated systemati-
cally by taking each set of m columns, inverting the corresponding matrix B,
and rejecting those that have a negative component of B~'b. This is hardly a
practical algorithm in a reasonably sized instance, however, since there are
just too many possible vertices. With the geometric picture we have of the
polytope P and its vertices, we are now in a position to develop the simplex
algorithm, in which we move from vertex to vertex in a systematic way, thus
avoiding an enumeration of all vertices.

2.4
Moving from bfs to bfs
Let x, be a bfs of an instance of LP with matrix 4, corresponding to the ordered
set of indices of basic columns
® = {dpqy:
If the basic components of x, are x5, i = I, ..., m, then

=1...,m}

"; Xiodpe = b, where x>0 (2.14)

where as usual we use 4, € R™ to represent the jth column of 4. The set of
basic column vectors ® is linearly independent, by definition, so we can write
any nonbasic column 4, € R", 4, ¢ ® as a linear combination of the basic
columns as follows:

1; XyApy = A, (2.15)

If we now multiply Eq. 2.15 by a scalar # > 0 and subtract from Eq. 2.14, we
get a most important equation :

3 (o — Ox) Ao + 04, = b @16

Assume for the moment that x, is nondegenerate; then all the x,, > 0, and as
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we increase @ from zero, we move from the bfs to feasibie solutions with m + 1
strictly positive components. How far can we move  and still remain feasible?
Until the first component (x,, — 0x,;) becomes zero, which occurs at the value

" X, @17

Example 2.5

Consider the LP with the constraints of Example 2.2 (or 2.4). The basis
® = {4,, 4y, A5, A;} given by B(l) =1, B(2) =3, B(3) = 6, B(4) =7 has
bfs x = (2,0,2,0,0, I, 4). We can write the nonbasic column 44 = col (0, 1,
0,0) as

Ay = X134, + X355 + X545 + x454,

=1, — 1Ay + -4 + 1-4,
Then Eq. 2.16 becomes
Q—04, + 2+ 04, + (1 — OA4s + (4 — )4, + 04, = b
A look at Fig. 2.1 shows that this family of feasible points
2-06,0,2+46,0,0,1 —0,4—0)

moves from the vertex (2, 0, 2)—and the bfs (2,0, 2,0, 0, 1, 4)—to the vertex
(1,0, 3) and the bfs (1,0, 3,0, 1, 0, 3) as @ increases from zero to 1. Equation

2.17 yields @, = 1, and the new basis becomes &’ with B'(1) = 1, B'(2) = 3,
B(3)=S5and B(d)=7. []

We now take up two special conditions that might prevail at the bfs x,.

Special Case 1 If x, is degenerate because some x,, = 0and the corresponding
x,, is positive, then 6, = 0 by (2.17), and we do not move in R*. We stay at
the same vertex, but can think of ourselves as moving to the new basis with
column j replacing column B(i). We sometimes say in such a case that variable
x, has entered the basis at zero level.

Special Case 2 If all the x,,, i =1,...,m are nonpositive, we can move
arbitrarily far without becoming infeasible. In such a case F is unbounded,
violating our taking F bounded after Theorem 2.2.

It remains to show that the new point reached by the above process is in
fact a bfs.

Theorem 2.7 Given a bfs x, with basic components x,, i =1,...,m and
basis ® = {Apy:i=1,...,m}, let j be such that A, ¢ ®. Then the new



44 Chapter 2 THE SIMPLEX ALGORITHM

JSeasible solution determined by

= min Yo — X0

bo= min =%, @18

such that

x>0
Xy = {xln — Ooxyy ’.7& ! (2.19)

9, i=1
is a bfs with basis ®' defined by

B() = {f"’ :f; @220)

When there is a tie in the min operation of (2.18), the new bfs is degenerate.

Proof We need to show that x; with components given by Eq. 2.19 is
basic, since it is a feasible solution by the discussion surrounding Eqgs. 2.16
and 2.17. Thus, we must show that the set of basic columns ®’ is linearly
independent.

Suppose then that for some constants d, we have

35 didwo = did, + 3, didpy = 0 @21
Substituting -
4,= ,X'; XA 2.22)
this becomes
,;_V:; (dixyy + d)Apgy + diXy;Aggy = 0 2.23)
=l

This is a linear combination of the original basis vectors, so all the coefficients
must be zero; in particular dyx;, = 0, and hence d, = 0. Equation 2.21 then
implies that the remaining d, are zero and hence that the new basis is in fact
linearly independent.

We conclude the proof by noting that if a tie occurs in the min operation
of Eq. 2.18, the corresponding entries in x; become zero by Eq. 2.19, which
means x; is degenerate. O

This method of moving from one bfs to another is called pivoting; we say
column B(/) leaves the basis and column j enters the basis.
25
Organization of a Tableau
In the last section we assumed that we always had available to us the representa-

tion of any nonbasic Column 4 in terms of the basic columns, as in Eq. 2.22.
It is crucial that we have the coefficients x,, at our fingertips if we are to pursue
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an algorithm that does a great deal of moving from vertex to vertex. We do
this by keeping our set of equations diagonalized with respect to the basic
variables.

Suppose that at any stage we keep an m X (n + 1) array of numbers that
represents the information in the original equality constraints 4x = b. Thus
we represent the equations

3x, + 2x;, + x, =1
5xy 4+ X+ Xy +x,=3

2x, 4+ 5x, +x; x5 =4
by

R
[
-0 o

separating the right-hand sides of the equations with a vertical bar and consider-
ing them as Column 0. We can multiply a row by a nonzero constant or add a
multiple of any row to any other without changing the information in these
equations; these are usually called elementary row operations. If we have a
basis ® available, we can perform elementary row operations until the basic
columns form an identity submatrix:

0
Apy = e, =| 1 |«— ith row i=1...,m

0
where we conventionally use e, to represent the m-vector with a 1 in the ith
row and zero elsewhere. Thus, in our example, if ® = {4,, 4,, 4}, we can
multiply Row 1 by —1 and add it to Rows 2 and 3, yielding

X1 X2 X3 X4 Xs
1 [ON 1 0 o (.29
2 2 -1 0 1 0
3| -1 o o0 1

Column 0 now gives the values of the basic variables Xz, = x4, i = 1,...,m
obtained by setting the nonbasic variables to zero. Notice also that the non-



basic columns contain precisely the numbers x,;; for example,
Ay =345+ 24, — 4

m
=3 Xn Asn
=1

The calculations necessary to change the basis can therefore be carried out
immediately. Suppose, for example, that we wish to bring Column j = 1 into
the basis; then by Eq. 2.18
= min (%) =Lfori—i—
0, = min (Xu) =3 fori=1=1
such that
xy>0

We now need to introduce a unit vector in Column j = 1, with the 1 in Row
I = 1. We do this by dividing Row 1 by 3, adding to Row 3, and then multiply-
ing by —2 and adding to Row 2. We usually represent this operation by cir-
cling the “pivot” element x,; in the tableau, as in (2.24). The new tableau is

X1 X2 X3 X Xs
b1 1 3 b o 0
$ 00 -3 i 1o
plo x4 0 1

The new basis is B’ = {4,, 4,, 4}, corresponding to the bfs x; =}, x} =
4 and x{ =12 In general, if x,, and x|, are the old and new tableaux,
respectively; ® and ®' the old and new basic sets, respectively; and the pivot
element is x,, then

J(u:;c—:: q=0,...,n
Xig = Xiq = XioXyy i=1...,m; izl (2.25)
qg=0,...,n
ro={70 %]
J i=1

Now that we know how to move from bfs to bfs, we need to investigate
the effect of such moves on the cost.

2.6
Choosing a Profitable Column

The cost of a bfs x, with basis ® is

m
Zy = ’Z} X10Caw)

Now consider the process of bringing Column 4 , into the basis: We write
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A, in terms of the basis columns as
m
4,= ‘E‘ XyAsw (2.26)
This can be interpreted as meaning that for every unit of the variable x, that

enters the basis, an amount x,; of each of the variables x,, must leave. Thus
a unit increase in the variable x; results in a net change in the cost equal to

»
¢ = g *iCaen

The quantity on the right is important enough to be assigned its own symbol,
2,5 and we call the difference

E=¢—2z
the relative cost of Column j. It is then profitable to bring Column j into the
basis exactly when ¢, < 0. Furthermore, when for all j, ¢, > 0, we are at a
local optimum, which is also a global optimum. We prove all this in detail in
the following.

First we introduce some vector and matrix notation. For any tableau X,
let B be the m X m matrix comprised of the columns of 4 corresponding to the
basis in X, and let ¢ be the m-vector of costs corresponding to these basic
variables. Then because the tableau X is obtained by diagonalizing the basic
columns of 4, we can write the tableau X as

X=B14
and the vector z = col (z,, . . ., z,) from its definition as
z'=cpX = cpB'4
We use this matrix terminology again and again in what follows.

Theorem 2.8 (Optimality Criterion) At a bfs x,, a pivot step in which x,
enters the basis changes the cost by the amount
048, = 04(c, — 2) .27
If
=¢c—2z>0 (2.28)
then x, is optimal.

Proof From Eq. 2.19 in Theorem 2.7, the new solution is

—_ i 1
Xy = {;m Oox, :f[
N =

7o = ‘2 (xig — Box e + bocy

il
=2, + 0o(c; — 2))
which establishes Eq. 2.27.

so the new cost is
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To show that ¢ > 0 implies that x, is optimal, let y be any feasible vector
whatsoever, not necessarily basic. That is,
Ay =b
and
y=0
Since ¢ = ¢ — z > 0, the cost of y is
cy>z2'y=cp B Ay = czB b = c'x,
which shows that the cost of y can never be less than that of x,. a
Since the values ¢, tell us when a column can profitably enter the basis, we

would like to keep them as part of the tableau. This is usually done in Row
0, as follows. Write the cost equation as

0= —z+cx, + -+ +¢.x, (2.29)
Now the relative cost ¢, associated with a basis column j is
Cy=c¢;—z,=¢;— ;x,,c,“,:()

since x,, is a unit vector with a 1 where B(i) = j. If we consider Eq. 2.29 the
zeroth row of our tableau, we can make its components over basis columns
zero by multiplying the ith row by —cg(, and adding the result to the zeroth
row. This yields in a nonbasic column the quantity

Cy=1c¢;— S x, C
J J 1; 1“8y
and on the left-hand side of the zeroth equation
m
—Zy = —‘Z;l X10Can

The zeroth row therefore becomes

—zy=—z+ 3 &, (2.30)
y2

If we now think of the tableau as a diagonal form in terms of the m - 1 variables

XB(y» Xpay - - +» Xgom and —2z, we see that the same pivoting rules apply to

the zeroth row as to Rows 1 to m. Hence we can carry along the relative costs
¢, by keeping one more row in the tableau. There is, of course, no need to keep
a column for the variable —z.

If we ignore for now the problem of degeneracy, then every pivot yields
0, > 0, and we have a finite algorithm for LP, the simplex algorithm: If any
&, < 0, pivot on Column j; when finally ¢, > 0 for all j, we have reached an
optimal bfs. We never return to a previously visited bfs, because the cost
decreases monotonically. Since there are a finite number of bfs’s, we must
terminate in a finite number of steps. We postpone the question of degeneracy
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to the next section, and conclude this section with an informal program (Fig.
2-3) and an example of the simplex algorithm.

procedure simplex
begin
opt:= ‘no’, unbounded:= ‘no’;
(comment: when either becomes ‘yes’ the algorithm terminates)
while opt = ‘no’ and unbounded = ‘no’ do
if ¢ = 0 for all j then opt:= ‘yes’
else begin
choose any j such that ¢; < 03
if x}; << O for all i then unbounded:= ‘yes’

else
= min | S0} _ X0
find 6o = min [x”] *u
Xy
and pivot on xy;
end
end
Figure 2-3 The simplex algorithm.
Example 2.6

We consider the LP with the constraints of Sec. 2.5 and the cost function
Z =Xy + X, + X5 + x4 + Xy
The tableau of the original problem is therefore

X1 X2 X3 X4 Xs

o 1 1 1 1 1

w
N}

1 o
3 5 1 1 1
412 5 1 0

- o

To start, we need a bfs, and we need to make zero the ¢,’s corresponding to
the basic columns. We know from Sec. 2.5 that Columns 3, 4, and 5 yield a
bfs. Subtracting Row 1 from Rows 2 and 3 and then subtracting the resulting
Rows 1, 2, and 3 from Row 0 yields

basis
L X2 X3 X4 X5
—z= -6 -3 -3 o0 0 O
X3 = 1 3 @ 1 o o
x4 = 2 2 -1 0 1 o0
x5 = 30 -1 30 o0 1
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This represents the bfs indicated by the variables on the left, with cost z = 6.
We have in Row 0, Columns 1 and 2, ¢, = —3 and &, = —3, respectively;
so it is profitable for Column 1 or 2 to enter the basis. Choosing Column 2,
we find

0,=4 for I=1
and we pivot on the efement x,, = 2, which is circled. The resulting tableau is

@ X1 X2 X3 X4 X5
—z= | ~% 3 0 3 0 o
X3 = 3 3 1 } 0 0
x4 = 3 ) 3 1 0
X5 = 3 ~i 0 —3 0 1

which is optimal, with cost z = §. [

2.7
Pivot Selection and Bland’'s
Anticycling Algorithm

There is a certain amount of uncertainty in the simplex algorithm as we de-
scribed it: We have not said how to choose which column j (with ¢, — z;, < 0)
enters the basis; and we have not said how to resolve ties in the calculation of
6,, which determines the row / and the variable x, to leave the basis.

, We first take up the question of column selection. Unfortunately, there is
no theory to guide us here, and we must rely on empirical observations. The
oldest and most widely used criterion is simply to choose the ¢, < 0 which is
most negative. As we established above, a unit increase in the variable x; enter-
ing the basis results in a change of ¢, in the cost, so &, can be thought of as the
derivative of the cost with respect to distance in the space of nonbasic variables.
Choosing the most negative ¢, then corresponds to a kind of steepest descent
policy, which is called the nonbasic gradient method [KQ]. By no means does
this ensure, however, that the actual decrease in cost, 8,¢,, will be as large as
possible, since we do not know 8, until we compute the ratios for row selection.
This suggests another policy: Choose the column that results in the largest
decrease in cost. This method, called the greatest increment method, carries with
it an additional computational burden at each pivot step but offers the pos-
sibility of reaching optimality after a fewer number of pivots than the nonbasic
gradient method.

A unit increase in the nonbasic variable x, changes the entire vector x by
+1 k=j
Xy ==X, k=B@, i=1,...,m
0 otherwise
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We therefore can compute the derivative of the cost with respect to distance in
the space of all variables,

b
=
\/ 1+ 'ZI x%
and the column selection policy corresponding to this derivative is called the
all-variable gradient method.

Kuhn and Quandt [KQ] report the results of extensive computer experi-
ments with these and other methods. The results, on problems with up to
25 rows, indicate that the all-variable gradient method converges in fewer
pivots than the nonbasic gradient or greatest increment methods and is also
faster. Goldfarb and Reid [GR] have described a fast way to compute the
all-variable derivative and report good results with the all-variable gradient
policy. The reader should view these results with some caution, however. First,
the computation times reported by Kuhn and Quandt show at best no more
than an improvement factor of two, and such improvements in running time
can often result from changes in programming details. Second, the random
class of LP’s used for the tests may not reflect anybody’s “typical™ LP. Last,
the nonbasic gradient method has the important advantage of simplicity and is
still the most popular method actually programmed.

We now turn next to the resolution of ties in the row selection procedure.
Here the possibility of degeneracy presents a certain danger: If we pivot during
the simplex algorithm on element x;; > 0 and the component x;, of the bfs is
zero, then @, = 0 and the cost increment 04(c; — z;) = 0. That is, the cost z
does not decrease, even though we choose a Column j with ¢, — z, < 0. It is
further possible that we go through a sequence of such pivots, returning to our
starting point. This means that the algorithm will loop indefinitely (assuming
that the choices of column and row are made deterministically), and that would
be a most undesirable situation. This phenomenon is called cycling.

Example 2.7 [Bel]

Consider the tableau

x1 X2 X3 X4 Xs X6 X7
3| -3 420 -~} 46 0 0 O
0 d -8 -1 9 1 0 o
0 5 -1t - 30 1 0
1 0 0 1 [

Let us pivot from this bfs with the following tie-breaking rules.

(a) Always select the nonbasic variable with the most negative ¢, to
enter the basis.
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(b) In case of a tie, always select the basic variable with the smallest
subscript to leave the basis.

We obtain the following sequence of tableaux (pivots are circled)

=]

310 o -2 18 1 1 0
o1 o -8 -—-12 8 0
[ i ¥ -4 4 0
1{o o 1 0 0 o0 1
3 y o o -3 -2 30
0 } o 1 -Z 3 1 0
0| -&% 1 o % -3 o0
1 -4 o0 o 3 -1 1
3| -3 6 0 0 -1 1 o0
o | -3 6 1 0 ® -6 o
0 | —4 ¥o0 1 yo-3 0

Ll i -5 0 0 -2 6 1
3| -3 44 } 0 0 -2 o0
0| -3 28 j 0 1 -3 o0
0 |-t —4 ~} 1 0 @ o
1 0 0 1 0 o 0 1
3 \ -3 420 -4 6 0 0 O
0 1 -8 ~1 9 1 0 0
0 j —-12 -} 3 0 1 o
1 0 0 1 0 o o 1
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yeling

Then, after six pivots, we arrive at the same bfs with which we started. All inter-
mediate pivots introduced new basic variables at zero level, and there was no
change in the cost. We say that simplex (with this particular pivot rule) has
cycled. [

We can view our problem at this point as one of resolving the uncertainties
in the simplex algorithm in such a way as to prevent cycling. It is sometimes
reported that cycling simply does not occur in practice, even though artificial
examples can be constructed. This is contradicted by a recent report [KS]. In
addition, some LP formulations of combinatorial problems are highly degene-
rate, and it is not at all clear that we can trust to luck to avoid cycling, aesthetic
considerations aside.

The simplest way to avoid cycling is to resolve ties in a random way—with
probability 1 we shall escape from any loop. This compli the progr ing
of the ratio test, however, and is not as intellectually satisfying as a deterministic
rule that guarantees finiteness of the simplex algorithm. It does not seem to be
a popular policy.

In one standard approach to cycle avoidance, any choice of column is
allowed, and ties in the @, calculation are resolved in such a way as to ensure
that the zeroth row increases lexicographically, thus ensuring that no basis is
ever repeated. This has the advantage of allowing any column selection policy.
We postpone a description of this method until Chapter 14. We shall describe
here a relatively recent algorithm that prevents cycling, due to R.G. Bland [BI],
which is remarkable in its simplicity. We first need the following lemma.

Lemma 2.3 Let &' be the relative cost row for any tableau X, with a unit basis,
not necessarily corresponding to a feasible solution. (That is, some x,, in the
zeroth column can be negative.) Let y be any solution to the constraints Ay = b,

not necessarily corresponding-to a feasible solution. (That is, some y, can be
negative.) Let f be the cost associated with X, and g with y. Then
cy=g—f

Proof A direct calculation yields
Cy=(—2W=cy—2y=g—chB'dy=g—chBb=g—f
since B~1b is the zeroth column of tableau X,. O

Theorem 2.9 (Bland’s anticycling algorithm [Bl]) Suppose in the simplex
algorithm we choose the column to enter the basis by

J=min{jic,— 2z, <0}
(choose the lowest numbered favorable column), and the row by

B() = min {B(i): x>0 and <0 for every k with x,, > 0}
i 7]
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(choose in case of tie the lowest numbered column to leave the basis). Then the
algorithm terminates after a finite number of pivots.

Prooft We find a contradiction from the assumption that a cycle exists.
For a cycle to occur, there must be a finite sequence of pivots that returns to a
bfs. The cost z remains constant during this cycle, and the x,, associated with
each pivot must be zero, for otherwise 8, > 0, which would imply that z
decreases. This in turn implies that the zeroth column x,, I=1,...,m
remains constant during the cycle.

Throw away those rows and columns not containing pivots during the
cycle, yielding a new program which still cycles and has all x,, = 0 and constant
z during the cycle.

Now let g be the largest index of a variable entering the basis during the
cycle, and consider two tableaux: T, the tableau when x, is about to enter the
basis; and T, the tableau when x, is about to leave the basis (see Fig. 2-4).
Denote the entries in T, by x,;, with basis @, and in T, by £,,, with basis &,
and let column p be the column entering in T,. We now apply Lemma 2.3 by

/ln
q
= ©
0
o
Ty, entries x,,
basis 63
0

In Out
2 L

o ©

0

(,) 'le T;, enmesA )?,,
: basis B
Y o

0

Figure 2-4 The tableaux 7, and 7T, in the proof of Theorem 2.9.
The variable x, is about to enter in 7, and leave in 7.

{This proof is a simplification of Bland’s proof due to H. W. Kuhn [Ku].
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constructing two solutions: In T, we use simply x,, the bfs, and identify T,
with X,. From T,, we define a solution y by

i ifj=p
yy=4—%, ifd,ed®
0 otherwise

Notice that y is neither basic nor feasible but is a solution of Ay = b, and
hence it satisfies the requirements of Lemma 2.3. Furthermore, the cost of y is
[+ %,,, so the conclusion of Lemma 2.3 gives
&y =R, <0
The inequality follows since Column p is entering in T, and therefore must
have negative relative cost £,
Now by the choice of pivot column in T,

. [=0 j <
cl{,/q

<0, j=q
and by the choice of pivot row in T,
y,={_2“'<0’ j=q
0,I,or—%,>0, j<gq
Therefore
&y = ;L;qél.".f + 8Ye = Cy, >0
which is a contradiction. [}

2.8
Beginning the Simplex Algorithm

‘We are left with only one detail: How do we obtain an initial bfs with which to
start the simplex algorithm? Sometimes, of course, we may inherit a bfs as
part of the problem formulation. For example, we may begin with inequalities
of the form Ax < b, in which case the slack variables constitute a bfs. If we are
not so lucky, we may use the artificial variable, or two-phase, method. In this
method we simply append new, “artificial” variables xf, i = 1,...,m to the
left of the tableau as follows.

a a
x{ xXmooox X,

1 0
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We multiplied some of the original equations by —1 when necessary to make
b > 0. We then have a bfs xf = b,.
In Phase I, we minimize the cost function

subject to the above constraints, using the simplex algorithm. There are three
possible outcomes.

Case 1 We reduce ¢ to zero, and all the x¢ are driven out of the basis; in this
case we now have a bfs to the original problem.

Case 2 We reach optimality with £ > 0, in which case we know that the
original problem violates Assumption 2.2—that there is some feasible solution.
(If there were a feasible solution to the original problem, it would show that
the minimum value of ¢ is zero.)

Case 3 We reduce ¢ to zero, but some artificial variables remain in the basis
at zero level.

In Case 1 the columns corresponding to the artificial variables can be
dropped and we can continue directly with Phase II: The ordinary simplex
algorithm using the original cost function z = ¢’x. It is sometimes convenient
to start with two cost rows, one for & and one for z. When we switch from
Phase I to II, we simply change from the first cost row to the second. In Case
2, of course, we must simply stop.

In Case 3 suppose that the ith column of the basis at the end of Phase I
is the column corresponding to an artificial variable, and x,, = 0. We may pivot
on any nonzero (not necessarily positive) element x,, of Row i corresponding to
a non-artificial variable. Since 8, will be zero, no infeasibility or change in cost &
will result. This is not exactly pivoting, since it might be the case that x,, < 0
or &, > 0; we simply say that we are driving the artificial variable out of the basis.
We repeat this until we obtain a feasible basis with the original variables. The
only way that this can fail is that a row can be zero in all the columns correspond-
ing to non-artificial variables. But this means that we have arrived at a zero row
in the original matrix by elementary row operations, which contradicts Assump-
tion 2.1 and siiows that 4 was not of full rank m. We can delete such zero rows
and continue in Phase II with a basis of lower dimension.

Conversely, if the original set of equations is not of full rank m, we cannot
reach Case 1. We shall therefore reach Case 2 if the problem has no feasible
solution, or an artificial variable will remain in the basis at zero level at the
end of Phase I and, in fact, at the end of Phase II.



Example 2.8

In Example 2.6 we knew a set of basic columns a priori. To use the two-
phase method, we would begin with the tableau

xq

X3

x5

X1 Xz X3 Xs4 Xs
0 0 o o0 1 1 1 1 1
o 1 1 1 o 0 o o0 o
1 1 [ ] 3 2 1 o o0
3 o 1 0 5 1 1 1 o
410 o0 1 2 5 1 0 1

row 0

row 0

‘We subtract Rows I, 2, and 3 from the ¢ cost row, Row 0, to begin with zero
relative costs for our original basis x§, x3, and x3; this yields

xq

x4

x5

x1 X2 X3 X4 X5
0{0 o o 1 1 1 1 1

-8/0 0 0 |-10 -8 -3 -1 -1
1{1 o o ® 2 1 0 0
310 1 0 5 1 1 1 0
410 o 1 2 5 1 0 1

The successive pivots and tableaux in Phase I are shown below.

x] x4 x5 x1 x2 x3 x4 xs
—z= | -} | -} 0 0 0 3 3 1 1
—¢= | -1 10 0 0 0 -4 O |
Xy = 3 3 0 0 @ 0 0
xg = § -3 1 0 o -3 -3 1
x5 = I -3 0 1 0 1 3 0 1
—z= | -3 | —4 o o | —4 0 i 1 1
- = —4 4 0 0 2 0 1 -1 -1
Xy = 1 ] 0 0 3 1 3 0 0
X3 = i -4 1 o 1] 0 ] ® o
x§ = 3| -8 0 1| -3 [ ] 0 1
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Xs
—z= -3 [ 0| -4 0 0 0 1
&= -3 3 1 0 i 0 3 0o -1
X2 = 3 H 0 0 i 1 4 0 0
I 3| -4 1 0 3 0 4 1 0
X3 = 3 —3 0 1| -y 0 —3 o O
—z = -3 3 -1 -1 3 0 3 (] 0
—&= 0 1 1 1 0 0 0 0 0
Xy = 4 4 0 0 3 1 4 0 0
x4 = PR 1 0 3 0 3 1 0
x5 = 3| -3 0 1| -5 o -3 0 1

At the end of Phase I, £ = 0, and the resulting tableau is in fact optimal for
Phase II as well. (The final tableau for variables x, to x5 agrees with the final,

optimal tableau in Example 2.6.) [}

The final two-phase algorithm is shown in Fig. 2-5. Notice that we have
obviated Assumptions 2.1-2.3: (1) If the matrix A of the original problem is

procedure two-phase
begin
infeasible:= ‘no’, redundant:= ‘no’;
(comment: Phase I may set these to ‘yes’)
Phase It introduce an artificial basis, x§;
call simplex with cost & = 3} x*;
if Eopy > 0 in Phase I then infeasible: = ‘yes’
else begin
if an artificial variable is in the basis and
cannot be driven out then redundant:= ‘yes’,
and omit the corresponding row;
Phase 1L: call simplex with original cost
end
end

Figure 2-5 The final two-phase algorithm.

not of rank m, we learn so at the end of Phase I and can continue; (2) if the
original problem is infeasible, we also learn that at the end of Phase I; and (3)

if the problem is of unbounded cost, we learn about it in Phase II.
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2.9
Geometric Aspects of Pivoting

Let us solve the LP of Example 2.2 by simplex and trace the sequence of bfs’s
obtained on the corresponding polytope. The resulting sequence of tableaux is
shown in Fig. 2-6, together with the sequence of vertices of the polytope cor-
responding to the bfs’s produced. We observe that simplex simply traces a
path along edges of the polytope. We shall next prove formally that this is
always the case.

-3 | -1 -4 -6 0 o o 0
4 1 1 1 1 ] 0
2 ® 0 0 0 1 0 0
3 0 0 1 0 0 1 0 ®
6 0 3 1 0 [ 1
-32 0 -14 -6 0 1 o 0
2 0 1 O] 1 -1 0 0
2 1 0 0 0 1o 0
3 0 0 1 0 [ 0 ®
6 0 3 1 0 [ ] 1
—20 o -8 0 6 -5 0 0
2 0 @ 1 1 -1 0 0
2 1 0 0 0 1 o 0
1 [ 0 -1 1o 0 ®
4 0 2 0 -1 1o 1
—4 0 0 8 14 -13 0 0
2 0 [ 1 -1 0 0
2 1 0 0 0 1o 0
3 0 0 1 0 0 1 0 @
0 0 o -2 -3 ® o 1
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Definition 2.6

Two vertices £ and § of a polytope are called adjacent if the line segment
[, 7] is an edge of the polytope. Two distinct bfs’s x and y of an LP Ax =
b, x > 0 are called adjacent if there exist bases ®,, ®, such that ®, = (®, —
{4,) U {4} and x = B;'b,y = B;'b. []

Thus simplex proceeds by replacing one bfs with another adjacent one,
having no greater cost, until the optimal bfs is obtained.
We can now prove the following extension of Theorem 2.4 to edges.

Theorem 2.10 Let P be a polytope, F = {x: Ax = b, x > 0} the corresponding
Jeasible set, and % = (x,, ..., Xpm)y §= (V1 - « - » Vu_m) be distinct vertices of
P. Then the following are equivalent.

(a) The segment [%, 7] is an edge of P.

(b) For every 2 € [&£,7], if2 =A2"+ (1 — A)2” withO <A < land?,
3" € P, then 2', 2" € [&, J].

(¢) The corresponding vectors x, y of F are adjacent bfs’s.

Proof (a)=>(b) If[%, §]is an edge of P, then there is a supporting hyper-
plane H with equation, say, h'% = g. Every Z € [%, 7] therefore satisfies 'z = g.
Now, assume that 2 = 12" 4 (1 — 2)z” with1 < A < 0,2',2” € Pbutnot both
in [%, ]. Thus '’ < g, W'2"" < g, and one inequality is strict. Therefore, h'2 =
H(Az' 4 (1 — 2)2”) < g, a contradiction.

(b) = (c) Assume that bfs’s x,y € F correspond to points in P with
Property (b), but are nonadjacent.

Let #, and ., be the sets of columns corresponding to nonzero compo-
nents of x and y, respectively. Now it is easy to see that there is a bfs w % x, y
with nonzero components only in ., U ,. Otherwise, we could have a cost
vector

0 A, e H,
¢, =41 Aje M, — M,

nM otherwise
where M is a suitably large number, say the one defined in Lemma 2.1. Then
y is uniquely optimal, and any feasible solution with nonzero components out
of M, U M, has cost more than x. Thus simplex started at x would fail to
discover a sequence of adjacent bfs’s with nonincreasing cost leading to the
optimum, which is absurd. So such a w = x, y does exist, and, furthermore,

W does not lie on [2, 7] because the points W, £, § correspond to distinct vertices
of the polytope P.
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Now let z = }(x + y) and consider the difference
d=z—w
It is nonzero only for columns in 4, U #,, and hence there exists a positive
number @ such that
u, =z+0d
and
u, =z— 0d
are feasible. Hence z = §(u, + u,), where #, and #, do not lie on [, j]; this
contradicts Property (b).

() = (a) Let B,, ®, be the bases corresponding to x and y, respectively,
with ®, = ®, U {4} — {4,} for some columns A4, 4,. Let us construct a
cost vector ¢ by

c—O ifd, e B, UGB,

! 1 otherwise
All feasible solutions that are convex combinations of x and y are optimal.
Furthermore, these are the only optimal solutions. To show this suppose that
z is optimal. Then z is, by Theorem 2.3, a convex combination of bfs’s, and, in
particular, of bfs’s with bases subsets of &, U ®,; however, x and y are the
only such bfs’s.

It follows that only convex combinations w of x and y satisfy Aw = b,
w >0 and ¢'w < c¢'x. Therefore, in P, only points ¥ on the segment [, §] satisfy

dw<d'%
where d is defined, as in the proof of Theorem 2.4, to be

dy= ¢, — E Rym  Co-mss
Hence [, §]is the intersection of a halfspace with P and is therefore an edge. []

A final c on simplex: By our di ion of Chapter 1, LP is a
convex programming problem, and so the Euclidean neighborhood N, is exact.
That is, if we search in the neighborhood of all points in F that are within €
of some x, € F and find no solution better than x,, then x, is globally optimal
(see Figure 2-7(a)).

The simplex algorithm has revealed another exact neighborhood, combi-
natorially and computationally much more meaningful. First, we do not have
to consider all of the (uncountably infinite) set F, but just the finite set of
basic feasible solutions. Furthermore, within this set of bfs’s, we have the
neighborhood

N (x,) = {y: y is a bfs adjacent to x,}

Then Theorem 2.8 tells us that N, is exact for LP (see Figure 2-7(b)). What
is more, N (x,) contains a few (at most n — m) bfs’s and can be searched very
fast—in fact, just by looking at the signs of the ¢,’s. Thus simplex can be viewed



5> xo

(a) (b)

Figure 2-7 (a) The exact neighborhood N,. (b) The exact
neighborhood N 4(xo) = {y1. y2.v3}.

as just a clever implementation of the general neighborhood search scheme for
the exact neighborhood structure N ,.

*5

*6

*7.

PROBLEMS

Show that the converse of Theorem 2.5 is not true; that is, that there can exist
a degenerate vertex whose corresponding basis is unique.

Show that a polytope F defined by an instance of LP is a closed set.

Suppose in an instance of LP, we have » variables that are unconstrained in sign.
Show how they can be replaced by n - 1 variables that are constrained to be
nonnegative.

Check the statement in the proof of Theorem 2.4 that the set B can be augmented
to a basis, and the similar statement in the proof of Theorem 2.1.

Show that the optimality criterion of Theorem 2.8 is not necessary at an optimal
vertex. ’

Show that the condition 8, = 0 for every possible pivot in the simplex algorithm
does not imply optimality.

Show that a linear program cannot cycle unless we have at least two basic
variables that are zero.

Show that the set of optimal points of an instance of LP is a convex set.
We are given the following instance A of LP in standard form:
min ¢’x
Ax =b
x>0
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10.

11

12.
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We also have instance B:
min —¢’x
Ax =b
x=0

Can instances A and B both have feasible solutions with arbitrarily small cost?
If yes, give an example; if not, prove so.

Show that the set G in the proof of Theorem 2.2 is closed. (Hint: Show that any
point outside G has a neighborhood outside G.)

Does the fact that every vertex of an LP is nondegenerate imply that the solu-
tion is unique? If so, prove it; if not, give a counterexample.

Answer yes or no and prove your answer: Can a pivot of the simplex algorithm
move the feasible point a positive distance in R while leaving the cost unchanged?

Can a vector which has just left the basis in the simplex algorithm reenter on the
very next pivot?

The following fragment of FORTRAN code calculates &, for pricing in the sim-
plex algorithm and decides whether to pivot in order to bring Column j into the
basis:

CBAR = C(J)
DO1 | =1M

1 CBAR = CBAR - C(BASIS(1))*X(lJ)
IF(CBAR.LT.0.)GO TO 3

Assume the variables C, BASIS, and X are defined appropriately at this point in
the program. Give a reason why this will not work well in practice, and suggest
a simple alteration which will. (The issue here is not language dependent.)

(Programming project) Write a computer program that implements the two-
phase simplex algorithm for an LP in standard form. The input should be the
vectors b, and ¢, and the matrix A. The program should terminate in one of the
following four ways.
1. Unbounded solution found in Phase I. This is impossible (why?), but
should be a logical branch in the program as an error check.
2. Optimal solution found in Phase I with positive cost. This means the
original problem is infeasible.
3. Unbounded solution found in Phase II. This means that the original
problem has unbounded cost.

4. Optimal solution found in Phase II. This means that the original prob-
lem has been solved.
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Your program should print out:

(a) The problem data;

(b) The row, column, and cost after each pivot in both phases;

(©) A message after Phase I and after Phase II if entered;

(d) The final basis, tableau, and cost, regardless of the termination point.
Test your program on problems that terminate in as many ways as possible.

16. Prove the following: If F is a k-dimensional face of a convex polytope P in R,
then F is also a convex polytope, and furthermore every vertex of F is also a
vertex of P.

17. Prove: If an LP is unbounded, then there is a rational vector & such that (a)
c’o < 0, and (b) if x is feasible and k > 0, then x -+ ket is also feasible.
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Duality

31
The Dual of a Linear Program
in General Form

If the simplex algorithm were all there were to linear programming, that would

be useful enough. But there are also many interesting theoretical aspects to the

subject, especially relating to combinatorial problems. All of these are related

in one way or another to the idea of duality, to which we next turn our attention.
Consider an LP in general form:

min ¢'x
ax =b, ieM
ax>b ieM (M)

x>0 jeN

x;20 jEN
We wish to use the optimality criterion of Theorem 2.8, so we convert this to
standard form. For each inequality in M, create a surplus variable xj, i € M;
for each unconstrained variable x,,j € N, create two new nonnegative variables
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by x;, = xj — xj, and replace column 4; by two columns 4, and —A. This
yields the LP

min &%
Az=b 3.2)
2>=0
where
A= [A,,j € N|(4,—A), j e ﬁ%]
and

£ =col(x,j € N|(x},x7), j € N|xi,i € M)
&= col(c,,j € N|(c;, —¢)), j € N|0)
We then know from the optimality criterion ¢ > 0 and the simplex algorithm

that if there is an optimal solution %, to (3.2), then there exists a basis ® for
the LP in Eq. 3.2 such that

& — (B HA>0
Thus, #’ = ¢,B~1 is a feasible solution to the linear constraints
rAL e 3.3)
where # € R™, and m is the number of rows in the original 4. Theseinequalities

have three parts, depending on which set of columns of 4 is involved. The first
set yields simply

n'd; < ¢ jJEN (3.4)
The next set corresponds to the unconstrained x,, j € N, and comes in pairs:
nA;<c, R
JEN
—n'd; < —c
which is equivalent to
na;=c¢, JjeN (3.5)

The final set corresponds to the inequalities i € M:

-, <0 ieM
or
>0 ieM (3.6)
Equations 3.4, 3.5, and 3.6 define the constraints of a new LP, called the dual
of the starting LP; the starting LP is called the primal. The value n’ = ¢;871
is feasible in the dual. If we define the cost function of the dual as max zn’b,

then 7’ is not only feasible, but optimal! We summarize this in the next defi-
nition and theorem.



Definition 3.1

Given an LP in general form, called the primal, the dual is defined as
follows:

Primal Dual

min ¢’x max n'b
a;x = b, ieM =0
ajx=>b ieM >0
x;=>0 jeN A <c;
x;=0 jeN wAy=c; []

Theorem 3.1 If an LP has an optimal solution, so does its dual, and at optimality
their costs are equal.

Proof Let xand n be feasible solutions to the primal and dual, respectively.
Then

c'x>n'Ax > n'b (3.7

That is, the cost in the primal always dominates the cost in the dual. Since we

assume the primal has a feasible solution, the dual cannot have a solution

unbounded in cost. The dual has the feasible solution z’ discussed above, so

by the simplex algorithm, it has an optimum. We note that the cost of this
' is

b = ¢4B71b = &3%,
which is the optimal cost in the primal. Therefore, by (3.7), this z’ is optimal
in the dual. ]

An important feature of duality is the symmetry expressed in the following
theorem.

Theorem 3.2 The dual of the dual is the primal.

Proof Write the dual as
min 7'(—b)
(—Apn > —c, jeN
(—A)m=—c, jeN
>0 ieM
7, =0 ieM

69



70 Chapter 3 DUALITY

and consider it the primal. Then Def. 3.1 produces the dual of the dual as

max x’ (—c¢)
x; >0 JEN
x,Z=0 je N

—ax < —b ieM

—ax = —b ieM
which will be recognized as the original primal. O
A linear program always falls into exactly one of three categories: Either
(1) it has a finite optimum, (2) it has a solution of unbounded cost, or (3) it has

no feasible solution. Thus a primal and its dual have nine combinations as
shown in Fig. 3-1.

Dual Finite
Primal optimum

Finite
optimum @ X X
Unbounded X X @
Infeasible X @ @

Figure 3-1 Possible categories of a primal-dual pair.

Unbounded Infeasible

By Theorems 3.1 and 3.2, we have already eliminated all entries on the first
row and column except the case corresponding to both primal and dual with
finite optima. The eliminated cases are indicated with crosses. The matrix is
filled in as follows.

Theorem 3.3 [vN, Ga, GKT] Given a primal-dual pair, exactly one of three
situations occurs, as indicated in Fig. 3-1.

Proof By Eq. 3.7, if either the primal or dual has unbounded cost, the
other cannot have a feasible solution. We have left only two cases, indicated
by Cases 2 and 3 in Fig. 3-1. Simple examples show that these are both possible.

Case 2 occurs when neither program is feasible. Consider the infeasible
primal
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min x,
X, +x,>1
=Xy — x> 1
x, =20
x, =20
The dual is
max m, + .,
Ty, — My =1
n,— 7, =0
>0
n, >0
which is also infeasible.

Restrict x,, x, > 0 in the primal and it remains infeasible; but the dual
becomes unbounded, providing an example of Case 3. 0

Example 3.1 (The Dual of the Diet Problem)

Let us return to the diet problem discussed in Example 2.1. The dual is
max 7’ r
TA<c
>0
This has the following illuminating interpretation. A pill-maker wishes to market
pills containing each of the m nutrients, at a price z, per unit of nutrient /.

He wishes to be competetive with the price of real food, while at the same time
maximizing the cost of an adequate diet. The constraints

m
‘Zln,a,,gc, j=1...,n

in fact express the fact that the cost in pill form of all the nutrients in the jth
food is no greater than the cost of the jth food itself; the cost function z'r is
simply the cost of an adequate diet. By Theorem 3.1, the optimal cost of the
homemaker’s primal is equal to the optimal cost of the pill-maker’s dual: They
are really two ways of expressing the same problem. [7]

3.2
Complerhentary Slackness

If we examine the definition of dual, we see a kind of tug-of-war exists between
primal and dual: The more severe a constraint in one, the looser its counterpart
in the other. The ultimate expression of this balance is the necessary and suffi-
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cient condition for a pair x,  to be respective optima in a primal-dual pair,
known as the complementary slackness condition.

Theorem 3.4 (Complementary Slackness) A4 pair x, n respectively feasible in a
primal-dual pair is optimal if and only if

u, = nfax —b)=0  foralli (3.8)
v,=(c;—n'A)x,;=0 forallj 3.9)

Proof We first note that u, > 0 for all i and v, > 0 for all j by the duality
relations. Define

U= %:IM,ZO
v=Y,v,>0
A

Then u = 0 if and only if Eq. 3.8 holds and » = 0 if and only if Eq. 3.9 holds.
Next, note that

utv=cx—mnb
because the terms involving both x and 7 cancel if we add Egs. 3.8 and 3.9
for all i and j. Thus, Eqgs. 3.8 and 3.9 hold if and only if u + v = 0, or
w'b = c'x
which is necessary and sufficient for x and z both to be optimal, by Eq. 3.7. [
Theorem 3.4 has important ramifications. Notice that it implies that if an
inequality constraint in a dual is not binding, then the corresponding variable

in the primal must be zero if the pair considered is at optimality. Symmetrically,

if a nonnegative variable is strictly positive, the corresponding inequality must
be binding.

Example 3.2

The linear program used in Example 2.6 has the dual
max zt; -+ 3w, + 4m,
3, + Smy + 2m, <
2y ;o Smy < 1

Tyt A w1
T, <1
;< 1

=0 for all i
Because the primal is in standard form, the complementary slackness condition
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in (3.8) is automaticalily taken care of. Condition 3.9 becomes

¢, — A, =0
c,— A, =0
¢ —n'd; =0

because the optimal primal has positive x,, x,, and x,. Thus the second, fourth,
and fifth inequalities in the dual must be binding:

2, + 7y + 5wy = 1

, =1
=1
This is seen to be satisfied by
= —3
7wy =1
7wy =1

which corresponds to a dual cost of §, the optimal primal cost. []

3.3
Farkas’ Lemma

Farkas’ lemma is a fundamental fact about vectors in R” that in a sense captures
the essense of duality. It could have been used to derive the results earlier in
this chapter, where we relied instead on the constructive aspect of the simplex
algorithm. At this point, we are in a position to prove Farkas’ lemma as a
consequence of what we already know about linear programming.

We first introduce a useful definition.

Definition 3.2

Given a set of vectors @, € R", i = 1,..., m, the cone generated by the
set {a,}, denoted by C(a,), is

C(a,):(xeR":x:‘}f_‘,ln,a,, >0, i=1,...,m} []

Example 3.3
Figure 3-2 shows two vectgrs in R* and their corresponding cone. O

Now suppose we are given a set of vectors {4} and another vector ¢ € R",
and suppose further that the following property ties the {a,} and c together:
whenever a vector y € R" has a nonnegative projection on the 4’s, it also has
a nonnegative projection on c¢. Farkas’ lemma states that this condition is
equivalent to ¢ being in the cone generated by the a,’s. In Fig. 3-2, this means



AN a *y

\\ Vectors in here have

i

|

|

|| \ nonnegative projections
| \ ona, and a,

| N

| N\

Figure 3-2 An example of a cone.

that if every vector in the indicated arc has a nonnegative projection on ¢, then
¢ € C(a)); and conversely, if ¢ € C(a,), then every vector in the arc has a
nonnegative projection on c.

We now see this result as an immediate consequence of Theorem 3.1.

Theorem 3.5 (Farkas’ Lemma) [Fa)] Given vectors a, € R*,i=1,...,m and
another ¢ € R", then

(¥'a, >0 for all i == y'c > 0) <=>¢ € C(a,)

Proof We dispose first of the if part, which is really trivial. If

c= m,a,, =0
=1

then

Ye=2m(ya)=0
if the y’a, > 0.
The only if part is the heart of the matter. Consider the LP
min ¢’y
aiy>0 i=1,...,m
y=0
This program is feasible, because y = 0 is a feasible point. It is also bounded
by the hypothesis that ajy > 0 for all i implies y’c > 0. Therefore the dual
max 0
A, =¢; j=1,...,n
=0
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has a feasible solution, where

A4;,=col(a,; i=1,...,m)e R"
if

a, =col(a,, j=1,...,n) € R"
Thus there is a 7 such that

£

c=Y ma, ®=>0 [}
=1

3.4
The Shortest-Path Problem and Its Dual
Definition 3.3

Given a directed graph G = (¥, E) and a nonnegative weight ¢, >0
associated with each arc e; € E, an instance of the shortest-path problem (SP)
is the problem of finding a directed path from a distinguished source node s to
a distinguished terminal node f, with the minimum total weight. []

As an optimization problem, the feasible set is
F = {sequences P = (e, . . . , ¢,,) : this sequence is a
directed path from s to ¢ in graph G}
and cost mapping

an =3

We can formulate an instance of SP as an LP by first defining the (node-
arc) incidence matrix 4 = [a,] of the graph G by
+1 if arc e, leaves node i (i=1,...,|V]and
a;=4—1 if arc e, enters node / (j:l,..‘,IEI )
0 otherwise

Example 3.4

Figure 3-3 shows a directed graph and corresponding arc weights that
define an instance of SP. The corresponding incidence matrix is:

s
e, e, e e e

s[+1 41 0 0 0
(0 0o 0o —1 —1
al—1 0 +1 +1 0
Bl 0 —1 —1 0 +1] O



Figure 3-3 A weighted, directed graph
for SP; the weights are circled.

To continue with the general LP formulation, associate a variable f; with arc
e; to represent a flow of some imaginary commodity through the arc in the
direction of orientation. Then flow conservation at a node i is expressed by
the equation

af=0
where fis the column vector with ith component f; and, as usual, 4; is the ith
row of 4. A path from s to ¢ can be thought of as a flow of 1 unit leaving s and
entering ¢; such a flow must satisfy
+1]Rows
—1 [Row ¢
0

Of course, there is no reason why f cannot in general take on noninteger values,
but if we consider the minimum-cost flow problem

min ¢'f
such that
417 Row s
—1 |Row ¢
Af = 0 (3.10)
0
=0

we see intuitively that there is an optimal solution in which each f; is zero or
one, representing a unit flow along a shortest path from s to ¢ in G. (This will
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be proved later, in a more general context, in Chapter 13. Also, see Problem
17)

Notice next that the | V| equations in our problem are redundant—flow
conservation at any | | — 1 nodes implies conservation at the remaining node.
Thus we can leave out any one equation.

Example 3.4 (Continued)

Let us omit the Row f equation; this has the advantage of leaving a non-
negative zeroth column. This yields the tableau

N S S Js fs

—z= 0 1 2 2 3 1
1 1 1 0 o ]
0 ~1 o 1 1 o
0 o -1 -1 0 1

Adding Row 1 to Row 2 yields a bfs comprised of Columns 1, 4, and 5. Making
the relative costs over these basis columns zero yields the tableau

Ny f2 Js Ja fs

—z= | —4 0o -1 0 0 0
5= 1 1 1 0 0 0
fo= 1 o @ 1 1 0
fs = 0 o -1 -1 0 1

A basis represents in general a set of || — 1 arcs, a subset of which corre-
sponds to a path from s to ¢ with the given cost. The nonpath arcs represent
degenerate components of the basis: In this example the current basis represents
the path (e,, e,) with cost 4 and the degenerate arc ey.

A pivot bringing the column corresponding to e, into the basis yields the
optimal tableau shown next (the pivot element is circled above).

N Sz Js Ja Ss

—z=| -3 0 0 1 1 0
fi= 0 1 0 -1 -1 0
S = 1 ] 1 1 1 0
S5 = 1 0 0 0 1 1

This corresponds to the shortest path (e,, e5) with cost 3 and the degenerate
arc e,. Figure 3-4 illustrates the pivot step; one arc is added and one is sub-
tracted from the basis to create a new path with lower cost. []



Entering
arc b

Figure 3-4 The basis (shaded arcs) and the
entering column (thatched arc).

Returning to the general LP formulation in Eq. 3.10, we can write the
dual of an instance of SP by assigning a variable #, to each node i:

max @, — 7,

rAL @.11)
=20
Because of the way the incid matrix is defined, the inequalities in the dual
can be written simply as
- < ¢y for each (,j) € E (3.12)

The complementary slackness conditions in Theorem 3.4 have a simple
interpretation in this problem. A path f and an assignment of variables = are
jointly optimal if and only if (a) each arc in the shortest path (which corre-
sponds to a positive f; in the primal) corresponds to equality in the corre-
sponding inequality of (3.12), and (b) each strict inequality in (3.12) corresponds
to an arc not in the shortest path.

Example 3.4 (Continued)

Figure 3-5 shows an optimal choice of m corresponding to the shortest
path (s, b), (b, t). Notice that there is really no n corresponding to the node ¢,
since the equation for node ¢ was left out.

Figure 3-5 An optimal 7 for the dual of the
shortest-path problem (shown in squares).
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By complementary slackness, however, it can be supplied easily by subtracting
the cost of the final arc in the shortest path (b, r) from =, (as shown). []

35
Dual Information in the Tableau

It should come as no surprise that the final tableau of the simplex aigorithm
gives us the optimal dual solution as well as the optimal primal. It is most
convenient to assume that we begin with an identity matrix at the left of the
tableau; this usually corresponds to artificial or slack variables. Figure 3-6
shows the initial tableau with this assumption.

<

Figure 3—6 Assumed initial tableau.

At termination of the simplex algorithm at an optimal solution, we have
in effect multiplied the tableau below the cost row by B~!, where B is the set of
columns in the original tableau corresponding to the optimal bfs. Furthermore,
the cost row at optimality becomes

éy=c¢c;—md;>0 (3.13)
where 7 is an optimal solution to the dual, as we saw in the proof of Theorem
3.1. In Columns 1 to m, where we assumed we started with an identity matrix,
A, is the unit vector e, so that

E=c¢—m j=1LlL...,m (3.19)
Hence, we may obtain an optimal dual from the final tableau by

n;=c;— & J=1...,m (3.15)

We also note that in the final tableau the position of the initial identity

matrix is occupied by B!, as shown in Fig. 3-7. This fact will be used to great
advantage in the next chapter.

3

Example 3.5

In Example 2.8, the initial tableau has ¢, = 0 in the (actual z) cost row.
Thus, in the final tableau,



G

B!

Figure 3-7 The final tableau.

which yields

= —3
T, =1
7wy =1

checking Example 3.2. []
Example 3.6

In Example 3.4, the shortest-path example, we did not begin with the
required identity matrix. If we want to get an optimal dual solution, it is con-
venient to start with such a matrix in the tableau; if we had, we would have
obtained the values shown in Fig. 3-5 in its place in the final tableau (see
Problem 4). []

3.6
The Dual Simplex Algorithm

The optimality criterion ¢ > 0 can be thought of as expressing feasibility of
the dual variable n' = ¢;B~!, because

é=cd—-27
=c¢ — B4 (3.16)
= —7n'A

Thus we can think of the simplex algorithm as maintaining a primal feasible
solution and working towards dual feasibility. Such an algorithm is called a
primal algorithm. In the same way, we can start with a dual feasible solution
and work towards primal feasibility. This is called the dual simplex algorithm.

In more detail, assume we have a tableau with a basic (but not primal
feasible) solution and a feasible dual solution (cost row x,, > 0). We select a
row, such as Row r, corresponding to an x,, < 0, an infeasible component of

80
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the primal. The possiblie pivots lie in Row r. We consider only those entries
with

X, <0
because when we pivot, we wish to increase z (decrease —z). This follows
because we stay dual feasible and hence below optimal cost; we are really

doing a maximization problem. The new elements in the cost row after
pivoting about element x,, are

X
Xo; = Xg; — ‘“)x
oy 7] (x" 7

We want these el to remain ive to maintain dual feasibility.
Hence, for x,; < 0, we must have

XoJ  Xos
Xey T X

The choice of pivot column is therefore determined by

max [5H:|
J such that | X, 5
xpy<0

Notice the beautiful symmetry with respect to the primal simplex algo-
rithm—in the dual simplex algorithm we choose the row first and then find
the column to enter the basis. The ratio test is a maximum over negative entries
of ratios between Row 0 and Row r, instead of a minimum over positive entries
of ratios between Column 0 and Column s.

In the absence of degeneracy, we move from (primal infeasible) basic
solution to (primal infeasible) basic solution, increasing the cost. Hence we
must run out of basic solutions and therefore terminate. In the presence of
degeneracy, we must use some rule, such as Bland’s (see Problem 2).

Example 3.7

Return to the shortest-path problem of Example 3.4, and choose the
basis in the original tableau consisting of Columns 2, 3, and 4. From Fig.
3-3, this is clearly primal infeasible, because e,, e;, e, does not include a directed

s-t path. Pivoting to obtain this basis yields the tableau

NHh L S fe S

—z= | -3 1 0 0 o0 0
fo= 1 t 1 0 o [
fi=l-1]-1 0 1 o O
I = 1 o o 1 1
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This represents a primal-infeasible, dual-feasibie point, and we can apply the
dual simplex algorithm, yielding the pivot element x,; as shown. The next
tableau is

—z= | -3 1 0 0o 0o o
fo= 1 11 [ ]
Ss= 1 1 0 -1 0 1
Jo= 0| -1 0 1 1 0

which is optimal; arc e; has been replaced by arc ey, yielding the optimal path

(ezre5). [J

3.7
Interpretation of the Dual
Simplex Algorithmt

The dual simplex algorithm is so symmetrically related to the primal simplex
algorithm that the reader may well suspect that the former is simply the latter
applied to the dual. We now verify this suspicion.

At any point in a primal simplex algorithm, we can interpret the basic
variables as slack variables # € R™ and write the primal as

min ¢'x
Ax +u=»b
x,u>0 (3.17)

This is equivalent to the program
max —c'x
Ax< b
x>0 (3.18)
with dual
min 7'b
wA> —c'
7 >0 (3.19)

1We thank F. Sadri for help with this section.
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Introducing surplus variables s € R”, we can write this in standard form as
follows.

min z’b
A —5 = —c
s >0 (3.20)
or as the standard form program
min b’z
(—Am+s=c
n,s>0 (3.21)

We now have two standard form programs, (3.17) and (3.21), which can be
interpreted as a primai-dual pair. The primal problem has basic variables u
and nonbasic variables x; the dual has basic and nonbasic variables s and 7,
respectively. (These two programs can, in fact, be represented in the same
tableau, with the identity basis elements omitted.)

Let us keep the two programs in (3.17) and (3.21) in our usual standard
form and write them side by side, as shown in Fig. 3-8.

u X s n

0 c 0 b
b 1 A c 1 -A'

Figure 3-8 form tabl ding to the primal

probiem in (3.17) and dual in (3.21).

We can now show that a pivot of the primal simplex algorithm applied to
the dual tableau, corresponds to a pivot of the dual simplex algorithm
applied to the primal tableau. Consider a primal simplex pivot in the dual
tableau: We begin by choosing a b, < 0. The choice of pivot element is
determined by

n [i] ]
min | ——|=— max |-
Jsuch that L(— @) J such that L@r ).
(~a)>0 ary<0
which checks the choice of pivot in the dual simplex algorithm. Figure 3-9

then shows a typical pivot in both tableaux, side by side for comparison. The
reader can verify that the pivot operation in the dual tableau corresponds exactly
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to that in the primal tableau, provided that the new nonbasic column is ex-
changed with the new basic column in each tableau (see Probiem 1).

*6.

*71.

*9,

10.

13.

PROBLEMS

(F. Sadri) Verify that a pivot of the primal simplex algorithm applied to the dual
tableau of Fig. 3-8 corresponds exactly to a pivot of the dual simplex algorithm
applied to the corresponding primal tableau, where the new nonbasic column is
exchanged with the new basic column in each tableau.

(F. Sadri) From the result in the previous problem, derive an anticycling rule for
the dual simplex algorithm which is analogous to Bland’s rule for the primal
simplex algorithm. Show that your rule works.

Justify carefully the inequalities in Eq. 3.7 in the proof of Theorem 3.1.

Find an optimal dual solution to the shortest-path problem in Example 3.4 by
starting the simplex algorithm with the appropriate unit matrix as suggested in
Example 3.6, thus verifying the dual solution shown in Fig, 3-5.

A physicist takes measurements of a variable y(x); the results are in the form of
pairs (x,, ¥,). The physicist wishes to find the straight line that fits this data best
in the sense that the maximum vertical distance between any point (x,, y,) and
the line is as small as possible. Formulate this problem as an LP. Why might you
decide to solve the dual?

[YG] Prove that if a standard form LP has an optimal solution but no optimal
solutions that are degenerate, then the dual problem has a unique optimal
solution.

Consider an instance of LP in standard form. Suppose the primal has a degenerate
optimal solution. Is the optimal solution to the dual ily not unique? 1f
yes, prove it. If not, give a counterexample.

Show that a cone is a convex set.

Show that a cone is a closed set. (Watch out for this one! A solution can be found
in [YG].)

Check that Farkas’ lemma holds when the set {a,] is empty.

Answer frue or false:

(a) If alinear program is infeasible, the dual must be unbounded.

(b) If a linear program is unbpunded, the dual must be infeasible.

Show that the dual of a canonical form LP is also in canonical form.

A network problem is formulated for a directed graph G == (V, E) using the
node-arc incidence matrix, as in Example 3.4. Show that a set of | V'| — 1 columns
is linearly independent if and only if the corresponding arcs, idered as
undirected edges in the undirected version of G, is a tree. (Thus a basis corres-
ponds to a tree.) Interpret the pivot step in the light of this fact.
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14.

15.

17.

18.

19.

20.

21.

IvN)

[Ga]

Chapter 3 DUALITY

Consider the following LP, which we call Problem P:
min x; -+ x;
Xy +2x, <5
X3+ 2x3 =6
Xy, X2, X3 220
(a) Solve P by the simplex algorithm.
(b) Write the dual D of P by inspection.
(c) Write the complementary slackness conditions for this problem and use

them to solve the dual D. Check your answer by evaluating the optimal costs
of Pand D.

Repeat Problem 14 with the inequality in P replaced by x; + 2x, < —5.

Suppose we allow negative arc weights in the shortest-path problem, and further-
more, we consider an example in which there is a directed cycle that has negative
total weight. What will happen when we apply simplex? Construct such an
example. What can we say about the dual in such a circumstance?

Prove there is an optimal solution to the LP for the shortest-path problem in
which each f; = 0 or 1. When are there also optimal solutions which violate this
condition?

Consider the n X n node-arc incidence matrix of a directed graph with exactly
n nodes and n arcs. Show that its determinant is zero.

Suppose a standard form LP has a unique optimal solution. Does it follow that
the dual has a d ate optimal solution? Does the converse hold ?

Suppose an LP in standard form has two columns that are proportional with a
positive constant of proportionality. Construct an equivalent LP with one fewer
column.

Another form of Farkas’ lemma and the duality theorem is as follows: A system
of linear inequalities Ax <C b is called inconsistent if there exists a y such that
y'A=0,yb <0,and y > 0. Show that the system Ax < b has no solutions if
and only if it is inconsistent.

NOTES AND REFERENCES

J. von Neumann is credited by D. Gale with being the first to state the
duality theorem, Theorem 3.3, in privately circulated notes at least as
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GALE, D., The Theory of Linear Economic Models. New York: McGraw-
Hill Book Company, 1960.



Notes and References 87

Gale cites the first proof, based on von Neumann’s notes, in

[GKT] GaLEg, D, H. W. KunN, and A. W. Tucker, “On Symmetric Games,” in
Contributions to the Theory of Games, ed. H. W. Kuhn and A. W. Tucker,
Ann. Math Studies, no. 24. Princeton, N.J.: Princeton University Press,
1950.

Farkas’ lemma is from

{Fa] Farkas, J., “Theorie der Einfachen Ungleichungen,” J. Reine und Ange-
wandte Math., 124 (1902), 1-27.

An elementary proof for Problem 9 is given in

[YG] Yupin, D. B., and E. G. GoL’SHTEIN, Linear Programming (trans. from the
Russian by Z. Lerman). Jerusalem: Israel Program for Scientific
Translations, 1965.

Problem 21 is due to

[Ku] Kunn, H. W., “Solvability and Consistency for Linear Equations and
Inequalities,” Amer. Math. Monthly, 63 (1956), 217-32.

and was suggested by the following interesting paper of Chvatal.

[Ch] CHVATAL, V., “Some Linear Programming Aspects of Combinatorics,”
Report STAN-CS-75-505, Computer Science Department, Stanford
University (September 1975).



Computational Considerations
for the Simplex Algorithm

4.1
The Revised Simplex Algorithm

If we were to implement the simplex method as described in Chapter 2, we
would update the entire (m + 1) X (n + 1) tableau at each iteration. It turns
out we can avoid this by keeping a smaller, (m + 1) X (m + 1) matrix updated,
and generating relative costs ¢, and columns X, as we need them. This has
important practical implications, which we shall discuss after describing the
method. We shall also see how the method, called the revised simplex method
(or sometimes the inverse matrix method), can be applied to the important
max-flow problem, and how it leads to a decomposition principle for problems
of a certain form.

We saw in the last chapter that if we begin with an identity matrix in the
initial tableau. then at any later iteration with a basis B, the matrix B~! resides
in its place. Let us assume for now that we begin with such an identity at the
left end of the tableau, with a zero cost row, and keep only Rows and Columns
0 through m. At iteration /, we call this (m + 1) X (m + 1) matrix CARRY"?;
the initial CARRY® is shown below.

88



b ! (4'])

Carry ©

After iteration / in the simplex algorithm we shall have

~z= |-z, -7

.2

[ —
Carry

We also keep track of the current basic variables, the ordered index set B.
The original tableau 4, the current CARRY™®, and the basis set B are
sufficient to carry on with the primal simplex algorithm. The steps are as

follows.
1.

(Pricing Operation) Generate the relative costs

é=c¢;—mA, 4.3)
one at a time, until we either find one that is negative—say for j =
s——or we terminate with an optimal solution.

(Column Generation) Generate the column X, as it would exist in
the /th tableau by

X,= B4, (4.9
Then determine the pivot element, say x,,, by the usual ratio test

ﬂ), “.5)

- (
such that \Xis
3 x>0
or discover that the cost is unbounded.

(Pivot) Update CARRY™ to obtain CARRY"*V by operating on
it as if we were pivoting on x,, and CARRY" were the left end of
the tableau. This uses the generated column X,.
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4. (Update Basis) Replace the rth element of B by s, the index of the
new basis column.

The crucial step here is the column generation in Step 2; having the inverse
basis matrix B! means we have enough information to generate any part of
the tableau we wish.

When we use the revised simplex method as a two-phase algorithm, there
are certain details we must attend to. First, if we begin with artificial vari-
ables with unit cost, we must make the cost row zero. This is accomplished
by subtracting all the rows from Row 0, so that in Phase I the ¢, in Eq. 4.3
are calculated by
& =d;— 74,
where (4.6)

m
d;= “g ay

and where, as usual, g, is the element in the original tableau. When we enter
Phase II, we must change the cost row as follows. The cost d, in Eq. 4.6 should
now be taken to be c,, the original cost; and the zeroth row of CARRY should
be generated at the beginning of Phase II by

7' = —c;B"!

4.2
Computational Implications
of the Revised Simplex Algorithm
[Be, OH, Las]

At first glance, it would seem that updating an (m + 1) X (m -+ 1) matrix
instead of an (m + 1) X (n + 1) tableau would provide a direct computational
savings. Examine the pricing operation of the revised simplex method, how-
ever: It requires the calculation of the inner products n’4; between the dual
variable z and the column 4, in the original problem tableau. If this is carried
out for every nonbasic column, this requires m X (n — m) multiplications. But
this is not significantly less than the number of multiplications needed to update
the tableau in the ordinary simplex method!

The real advantages of the revised method are somewhat more subtle, but
very important nonetheless. First, we need not compute the relative costs of
every nonbasic column; we can take the first column with negative cost, as in
Bland’s rule (Sec. 2.7). This will reduce the computational burden to some
fraction of that required for pricing every column—a fraction determined by
the average number of columns that must be examined until one with negative
relative cost is found.

A second real advantage of the revised method stems from the fact that
the pricing operation uses the columns A4 of the original tableau. As we saw in
the shortest-path problem and shall see in many similar problems of a combi-
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natorial nature, the original tableau is often very sparse. If it is the node-arc
incidence matrix of a graph, for example, it contains only 21 nonzero elements.
This implies not only that the pricing operation can be done quickly, but also
that the original tableau can be stored in a very compact way and perhaps
not generated explicitly at all. We shall illustrate these advantages in the next
section.

We should mention a refinement of the revised simplex method in which
the inverse basis matrix is stored in product form, rather than explicitly as an
(m + 1) X (m -+ 1) matrix. Each pivot operation can be represented as pre-
multiplication by a matrix P defined to be the (m -+ 1) X (m - 1) identity
matrix except for Column r, which contains the vector

F—x,

X”

X2
Xrs

= ... Rowr

T Xma |,5J
X

At any stage I, then, the current CARRY® can be written
CARRY"Y = P, .- P{-CARRY®

and each P can be stored very compactly, because it is determined only by the
index r and the vector 7. When the sequence of #’s becomes too long, it can be
replaced by a shorter sequence, using a process called reinversion, in which an
equivalent, but shorter, sequence of pivots is found to arrive at the current
basis. Such techniques can greatly reduce the storage and time required to
perform the simplex algorithm, especially if special attention is paid to reducing
the number of nonzero elements in the n-sequence. The reader is referred to
[OH, Las] for a detailed discussion of these techniques.

4.3
The Max-Flow Problem
and Its Solution by the Revised Method

In some network problems that can be formulated as LP’s, the constraint
matrix can be derived directly from the graph underlying the problem, and, as
we suggested in the previous section, need not be generated explicitly at all.
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We illustrate this situation by a formulation of the max-flow problem, a funda-
mental problem that will appear again later on.

Definition 4.1

Given a flow network N = (s, t, V, E, b), with n = | V| nodes and m =
| E| arcs, an instance of the max-flow problem (MFP) is defined as the problem
of finding an s-f flow f € R™ with maximum value ». []

Example 4.1

Figure 4-1 shows a flow network with n = 4 nodes and m = 5 arcs. The
maximum s-7 flow value is 2 by inspection. [}

Figure 4-1 A flow network illustrating an
MFP. The circled numbers are capacities.

We now formulate this problem as an LP in a somewhat surprising way:
Let the arcs be numbered e,, . . ., e, as usual; let C,, ..., C, be an enumeration
of every chain (i.e., path) from s to ¢. Our LP will begin with m rows, one for
each arc, and p columns, one for each s-f chain C,. Of course, in any reasonably
large problem, there will be an enormous number of s-¢ chains; but, as we
suggested above, we do not intend to write down the constraint matrix explic-
itly. Now define the arc-chain incidence matrix D = [d,,] by

1 if e, is in C,
dy; = " .
0 otherwise i=1,...,m; j=1,...,p
The capacity constraints then become simply
Df<b
The problem is to maximize the sum of all the flows in all the chains, so we want
min ¢'f
where
c=(—1,...,—1) e R
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Thus the complete formulation is
min ¢’f
Df<b
=0

To convert this LP to standard form, we introduce a slack vector s € R™
and define an augmented flow vector

f=Ul9
a corresponding cost vector

é==(c|0)
and a new constraint matrix

b=(in

The problem in standard form is then

min z = &f

bf=» 4.7
=0

Each slack variable s, represents the difference between the flow in arc i and
the capacity b, i = 1,...,m.

Let us now assume we are using the revised simplex algorithm to solve
this problem, and at some stage we have a bfs and the corresponding dual
variable # € R™ (We note that there is no need for a Phase I, since an initial
feasible solution to the problem of Eq. 4.7 is provided by f= 0 and s = b,
which corresponds to zero flow.) The criterion for a column (chain C)) to enter
the basis profitably is then, by Eq. 4.3,

é=c;—n'D; <0
where D, is the jth column of the arc-chain incidence matrix D. We may write
this criterion as
(—n)D; < +1
because ¢, = —1 forevery j=1,...,p.

This has the following interpretation: the vector —z is a weight vector on
the arcs, and —z’ D is the cost of the chain C; under this weight. A chain can
then enter the basis profitably if its cost is less than 1.

We now come to the main point: To find a profitable column, we need
find only the shortest chain from s to t under the weight —z. If that shortest
chain, say C), has cost no less than I, then the optimality criterion is satisfied;
if not, we introduce C, into the basis. The calculation therefore requires only
the maintenance of an (m + 1) X (m + 1) CARRY matrix and the repeated
solution of the shortest-path problem.
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The shortest-path problem is (as we shall see later) much easier if the edge
costs are nonnegative; this can be ensured as follows: If any —z, is negative,
then we simply insert the corresponding slack variable s, into the basis.

Example 4.1 (Continued)

We return to the simple max-flow problem in Fig. 4-1, number the arcs
as shown in Fig. 4-2, and write the first CARRY matrix as

P

CARRY©® =

P
PaFs
[ T

Figure 4-2 Numbering the arcs in the
example.

The initial arc weights are all zero, so we may begin by introducing any shortest
chain (of length zero) into the basis. Let us be perverse and start with a chain
that is not in the optimal solution, say C, = (e,, e, €,). The corresponding
column of the tableau is

—~~oco@®

and when we perform the indicated pivot we get the next CARRY:



—z= 1 1
C = 1 1
52 = 1 1
CARRYW) = 53 = 1 1
54 = —1 1
55 = -1 1

The weighted network corresponding to this solution is shown in Fig. 4-3.

Figure 4-3 The shortest-path problem
corresponding to the second pivot.

The shortest path is chain C, = (e,, e,) with length 0 < 1, so we bring C, into
the basis. Before we do this, we must generate the current column by

—1 &= —1—a'Dy
0
0
B-1C; = 1
0
After the indicated pivot, we get
—z= 1 1
=1 1
S22 = 1 1
CARRY2) = 53 = 1 1 1 -1
Cy=>» —1 1
55 = —1 1

The new weighted network is shown in Fig. 4-4.
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Figure 4-4 The shortest-path problem
for the third pivot.

The shortest path is Cy = (e,, e;) of cost 0 < 1, so we generate the current
column

—1 | —&=-1—-nDy
B-1C3 = 1
1
—1
-1
and pivot as shown, yielding
—z= 2 1 1
C3 = 1 1
S2 = -1 1
CARRY® = 1 —1
1 1
1 1
with z = —2 (corresponding to a flow of value 2). The new shortest-path

problem is shown in Fig. 4-5.

Figure 4-5 The shortest-path problem
at optimality.
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The shortest path now has length 1 41, so we have reached an optimal
solution. []

Before going on, we observe that we started with one problem—max-flow—
and generated a sequence of related and simpler problems, shortest-path prob-
lems. This is a recurrent theme throughout optimization theory, one that will
appear many times in this book.

4.4
Dantzig-Wolfe Decomposition [DW]

It often happens that a large linear program is really a collection of smaller
linear programs that are largely independent of each other. As an example,

suppose we have some LP where the constraint matrix is the node-arc incidence
matrix of a very large graph, but the graph has the form shown in Fig. 4-6.

N2
Vs

Figure 4-6 A graph with an easily de-
bl d id matrix.

Arcs exist only between nodes of the same sets and between the set N, and the
others. The node-arc incidence matrix of such a graph can be written as follows.

Np {| Dy Dy | Ds

N

Ny {| 4 0 0

Ns {| O B 0

Ne {| O 0 c
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The decomposition method is designed to take advantage of this special struc-
ture by allowing us to solve the entire problem by iteratively solving problems
the sizes of 4, B, and C.

We already have the material from which to construct the decomposition
method. First, the revised form of the simplex algorithm allows us to increase
the number of columns indefinitely without increasing the size of the working
matrix (what we called the C4RRY matrix).

A second idea comes from our formulation of the MFP in arc-chain form:
We reformulated the problem to introduce an enormous number of columns,
but we counted on the fact that in the revised method we never need to write
out all the columns explicitly. In that arc-chain formulation. the pricing opera-
tion of a column turned out to be the calculation of the price of a chain under
a cost determined by the dual variable n (sometimes called, in fact, a price
vector). The pricing of each column, one at a time, was then avoided by finding
only the shortest chain.

In the decomposition method, this device is carried to an extreme. We
shall introduce a column for every vertex of a subproblem. This will reduce
the number of rows but drastically increase the number of columns. However,
the pricing operation will reduce to the solution of an LP the size of the sub-
problem we broke off.

In more detail, let us use an LP with the following constraint matrix as an
example with two subproblems:

ny cols. n, cols.
D F } m, rows
A 0 } m, rows 4.8
0 B } m, rows

with variables x € R™ corresponding to the first n, columns and y € R
corresponding to the next n, columns. We write the complete LP (in standard
form) as

minz =c'x +d'y

Dx -+ Fy = b,

Ax =b, (4.9)
By =0,
x,y=>0

We call the first m, equations the coupling equations; the problems associated
with the succeeding sets of rows we call Subproblems A and B, respectively.
In particular, consider the constraints of Subproblem A :
Ax = b, (4.10)
x>0
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By Theorem 2.3, any feasible point in this subproblem can be written as a
convex combination of vertices of the feasible set. Call these vertices x, . .
X,, and write

i

xzﬁam (.11
-1
where
;=0
and
,2,: A=1
Similarly, we write
y= ,}: wy, (4.12)
#=0
g
/Z; n=1

where the y, are the vertices of Suboroblem B.
Replacing x and y by their representations in (4.11) and (4.12), Eq. 4.9
becomes the LP in the variables 4, and g, shown below:

variables:

morows { Aj...A, bo
trow { 1 ...1 1 (4.13)
trow { 0 ...0 1
where
A, = Dx j=1...,
i s r 4.14)
@, = Fy, =1,...,q
and the cost is
minz=¢1+ 6 (4.15)
where
=c'x j=1,...,
¢ : J Jv P 4.16)
o, =dy, j=1...,q9
and
Lp=0 4.17)

are the new variables, in R” and R¢, respectively. The problem in this form is
usually called the master problem.

In any reasonable examplé, we now have an astronomical number of
columns, one for each vertex of each of the two subproblems. But the number
of rows has been reduced from m, -+ m; + m, to m, -+ 2 and the revised
method can be implemented with a CARRY matrix of size (my + 3) X (my +
3). All other considerations aside, this means we can fit much larger problems
into fast-access storage. We now require (m, + 3)? storage locations for CARRY,
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as opposed to (mg + m, + m, + 1)? in the original formulation. If m, =
m; = m,, for example, we have reduced the main storage requirement by
almost a factor of nine.

Assume now that we are using the revised simplex method; we next must
see how to negotiate the pricing operation. At any stage, CARRY will have
a set of prices in Row 0, which we shall write as a partitioned vector

col(z, &, B)
where 7 € R™ corresponds to the first m, rows and a, § € R! to the next
two rows of the master problem in (4.13). The relative cost of the A,-column
is therefore
A,
=& —(ma py|1 (4.18)
0
=& —mA—a  j=1,...,p
so the criterion for a column to be brought profitably into the current basis is
§—mA < j=1,...,p (4.19)
If this is true for any vertex of Subproblem A, we have found a profitable
column among the first p columns.
We now come to the point. As promised, we do not have to evaluate the
left-hand side of Eq. 4.19 for every vertex of Subproblem A ; this would clearly
be impractical for a problem of reasonable size. Instead, we search for the

smallest value of the left-hand side of (4.19) over all the vertices of the sub-
problem. That is, we find

min (§, —7'A)) (4.20)
1<j<p
This is equivalent to
min (' — a'D)x, 4.21)
all vertices

Snbp’;g‘;lcm A
But searching for the minimum value of a linear function at all the vertices of
the feasible set of an LP is simply an LP! Thus the pricing operation for the
first p columns can proceed by solving the LP
min (¢’ — n'D)x
Ax = b, (4.22)
x>0
Similarly, we can determine if there is a favorable column among the last ¢
columns by solving
min (d' — #'F)y
By=b, (4.23)
y=0
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and comparing the minimum cost to B, by an argument analogous to that
surrounding Eq. 4.18. The complete algorithm is shown in Fig. 4-7.

procedure decomposition
begin
opt := ‘no’;
set up CARRY with zero row (z, o, §);
while opt = ‘no’ do
begin solve the LP
min (¢'—z'D)x = z¢
Ax = by
x=0;
if zo < o then generate the column corresponding to the solution with this cost,
and pivot in CARRY
else begin solve the LP
min (d'~7'Fy = zo
By = bz
y=0;
if zo < B then generate the column corresponding to the solution
with this cost, and pivot in CARRY
else opt := ‘yes’
end
end
end

Figure 4-7 The decomposition algorithm.

We may describe the operation of the decomposition method in the follow-
ing terms. The master problem, based on its overall view of the entire situation,
sends a price to Subproblem A. This subproblem then responds with a solution
(called a proposal) for possibly improving the overall problem, based on its
local information and the price. The master problem then weighs the cost (z,)
of this proposal against its criterion & for Subproblem A. If the proposal is
cheaper than e, it is implemented by bringing it into the basis. If not, Sub-
problem B is sent a price and asked for a proposal. As long as a subproblem
can produce a favorable proposal, the master problem can find a favorable
pivot. When neither subproblem can come up with a favorable proposal, we
have reached an optimal solution of the entire problem. (The reader is referred
to [Dal] for an entertaining dramatization of an example.)

What we have done for two subproblems can clearly be done for any
number of subproblems, in which case the constraint matrix will take the
form shown below.

(4.24)
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This problem has 2 m, rows, as opposed to m, |- r in the master problem of
i=0
the decomposition algorithm.

Example 4.2

A little arithmetic shows the effectiveness of the approach in fitting large
problems into a computer. Suppose we have 100 subproblems, each with 100
rows, and 100 coupling equations. Then the original problem has 10,100 rows;
CARRY will have 10,101 x 10,101 & 10® entries, which cannot fit in the fast
storage of any computer known to the authors. On the other hand, the master
problem will have a CARRY with 201 x 201 =~ 4 x 10* entries, which is
practical to store in the fast memory of any reasonably large computer. []]

The clear advantage of the decomposition algorithm is its effect on the
space requirements; we cannot say much about the time requirements, because
we do not know how many times the subproblems must be solved before opti-
mality is reached.

PROBLEMS

1. Show that the number of s-f chains in a flow network can grow exponentially as
a function of the number of vertices.

2. From the solution of the max-flow problem by the simplex algorithm, prove the
following: In any max-flow problem for a network with m arcs, there is an
optimal flow that can be decomposed into the sum of flows along no more than
m chains.

3. Verify that Bland’s anticycling rule can be followed easily in the revised simplex
method.

*4. Investigate the details of ir a two-phase version of the decomposition
method using the revised algorithm. In particular, what if a subproblem is infea-
sible? Redundant ? Unbounded ? Is it easy to follow Bland’s rule and thereby to
prove finiteness ?

5. (Programming project) Repeat Problem 15 in Chapter 2 for the revised simplex
algorithm. Compare the regular and revised methods on various problems by
collecting statistics on number of pivots and number of multiplications.

*6. Prove or give a counterexample: (a) The inverse basis matrix during the revised
simplex solution of max-flow never contains entries other than 0 or +1. (b) The
7, are always O or 1.

7. Consider the solution of the shortest-path problem in node-arc form using
revised simplex. Describe the column selection step.
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8. Let p; = x,, be the ith pivot element in an application of revised simplex. Show

k
that after k pivots, the determinant of the basis matrix B is given by I] p;.
i=1

9. If we solve a linear programming problem that is highly degenerate, we may
have many tied rows at the beginning of the application of simplex. Explain how
we may encounter severe numerical problems if we resolve these ties without
regard for the size of the potential pivots. (Hint: Consider Problem 8.) Suggest
a remedy. (Hint: Ignore the problem of cycling and consider how Gauss elimina-
tion is usually implemented.)

10. If we use revised simplex to solve a linear programming problem where all the
data consists of g-bit numbers and the original tableau is m X n, how many bits
do we need to keep for each word in our calculations to obtain an answer of
infinite precision?
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The Primal-Dual Algorithm

5.1
Introduction

This chapter 1s devoted to the primal-dual algorithm, which is a general
algorithm for solving LP’s. The method was actually developed from a less
general algorithm that was devised for certain network problems, and, as we
shall see in this and succeeding chapters, provides the key idea for generating
specialized algorithms for many graph-related problems. We begin with an
informal outline of the method.

Starting with an LP in standard form, which we call the primal problem P,

min z = ¢'x
Ax=b>0 (P)
x=0

construct its dual D:
max w = '
A< (D)
=20

104
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Notice that we have multiplied the equalities in P by —1 where necessary to
make b > 0. Recall the complementary slackness conditions (Theorem 3.4):
If x is feasible in P and 7 in D, a necessary and sufficient condition for both to
be optimal is that
wax — b) =0 for all i (5.1
(c;—n'Apx; =0 for all j (5.2)
The set of relations in (5.1) will be satisfied by any x that is feasible in P since P
is in standard form, so we focus attention on the set in (5.2).

Now suppose that we have a z feasible in the dual D. If we could somehow
find an x feasible in P that satisfied

x;=0
whenever ¢; — 7’4, > 0, this x (and indeed this 7) would be optimal. The
primal-dual algorithm is derived from the idea of searching for such an x, given
az. We search for such an x by solving an auxiliary problem, called the restricted
primal (RP), determined by the = we are working with. If our search for the x
is unsuccessful, we nevertheless obtain information from the dual of RP, which
we call DRP, that tells us how to improve the particular z with which we started.
Iterating in this way, we converge to optimality in a finite number of steps (see

Sec. 5.3 for a discussion of finiteness). Fig. 5-1 illustrates the method in sche-
matic form.
. Dual of
. Restricted y
Primal Dual primal vcsl{lcled
P D RP primal
DRP
x L4 ki

Adjustment to m

Figure 5-1 An outline of the primal-dual method.

5.2
The Primal-Dual Algorithm [DFF]

The primal-dual algorithm is properly called a dual algorithm, because we begin
with a 7 feasible in D and maintajn dual feasibility throughout. In the case that
¢ > 0, we may take 7 = 0 immediately as an initial dual feasible point. When
¢ is not nonnegative, we may nevertheless find a feasible 7 easily using a device
attributed to Beale [DFF], among others. Introduce the variable x,,, to the
primal problem P and add the constraint

Xy A Xy A e b X Xy = by (5.3)
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where b,,,, is taken larger than the sum of any possible solution values x, . . .,
x, to P (for example, n times the M of Lemma 2.1) and the cost ¢,,,, = 0. Clearly,
Eq. 5.3 does not change the solution to P. The dual of the new primal then has
one new variable 7,,,, and one new equation as follows:

max w = 7'b + 7y bpyy
A+ Ty < ¢, j=1...,n
Ty < 0
A feasible solution to this LP is simply
=0 i=1...,m
Tinyy = min ey <0
The last inequality follows from the assumption that ¢ is not nonnegative.
Let us assume, then, that we have a z feasible in D, without changing the

notation to allow for the possible maneuver above. Now some of the inequality
constraints

nd; < ¢

will be satisfied strictly and some will not. Define the index set J by

J={jin'4;=c} (5.9
We know from (5.1) and (5.2) that an x feasible in P is optimal exactly when

x;=0 forallj ¢ J (5.5
This amounts to searching for an x that satisfies
J%a,,x,=b, i=1...,m
x>0 jelJ (5.6)

X =0 jé¢J

Ths set of equalities uses only the columns of A corresponding to equalities in
D, which in turn correspond to the set J; for this reason we call J the set of
admissible columns. To search for such an x, we invent a new LP, called the
restricted primal (RP), as follows:

minf:i"x;'
?;]a,,x,-t—x,":b, i=1,....,m
x>0 jeJ (RP)
x;=0 j¢J
x>0

That is, we introduce artificial variables x{, i = 1, ..., m, one for each equation
in P. The restricted primal RP can then be solved using the ordinary simplex
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algorithm. If the optimal solution to RP is &, = 0, then we have in fact found a
solution to Eq. 5.6 and hence an optimal solution to P. What is of interest next
is what happens when &,,, > 0 in RP.

To answer this question, we need to consider the dual DRP of the restricted
primal RP, which is:

max w = 7' [€X))
nA4; <0 jeJ 5.8
< J (DRP) (5.8)
<l i=1...,m (5.9)
=0 (5.10)

We denote the optimal solution of DRP, obtained when RP is solved, by 7.

We are now in the following position: We have tried to find a feasible x
using only admissible columns, but because &,,. > 0 in RP, we have failed. All
we have to show for our effort is the optimum of RP and its corresponding dual
in DRP, 7. This suggests examining a “corrected” z, given by a linear combina-
tion of our original 7 and 7:

nt=mn 4 O (5.11)
In analogy with the ordinary simplex algorithm, we ask how to choose 8 so that
n* stays feasible in D and leads to an improved cost function. Let us first examine
the new cost
a*'b =n'b + 0'b (5.12)
Since RP and DRP are a primal-dual pair, their optimal costs at mutual opti-
mality are equal, so we have

a'b =& >0 (5.13)
We should therefore take § > 0 to increase (and therefore improve) the cost in
D.

Next, consider the effect of adding 07 to @ on feasibility in D. To remain
feasible in D, we require

A=A+ O A< ¢, (5.14)

When 7’4, < 0 this causes no difficulty. In fact, we see immediately that if
7'A; < 0 for every j, we can increase 6 indefinitely in Eq. 5.11, thereby yielding
an indefinitely large cost by Eq. 5.12. This in turn implies that D is unbounded,
and hence that the original primal P is infeasible. We are already assured that
@'A;< 0 for j € J, since @ is optimal (and therefore feasible) in DRP. Hence,
we have established the following fact:

Theorem 5.1  If &,,. > 0 in RP and the optimal dual satisfies

TA; <0 forjtJ
then P is infeasible.
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We therefore need concern ourselves with maintaining feasibility only when
w'A4;>0 for some j ¢ J
The feasibility criterion becomes in this case
WA, =mA - OA,<c, j¢J and A, >0 (515
We are now in a situation analogous to that in the ordinary simplex algorithm:

We can move 8 so much and no more. More precisely, we can state our result
in the form of another theorem.

Theorem 5.2 When &, > 0 in RP and there is a j ¢ J with i'A, > 0, the
largest 0 that maintains the feasibility of n* = m + 07 is

6, = min [‘—f il A’] (5.16)
je¢l A,
such thst
#'A)>0

The new cost is
wt=n'b + 0,A'b=w+ 0,7'b > w.

When we solve the restricted primal and arrive at an improved solution to
D, we redefine the set J and repeat the procedure until either &, = 0 and opti-
mality in P is reached, or until we show by Theorem 5.1 that P is infeasible.
A program for the complete primal-dual algorithm is sketched in Fig. 5-2.

procedure primal-dual

begin
infeasible := ‘no’, opt := ‘no’;
let 7 be feasible in D (comment: possible by (5.3));
while infeasible = ‘no’ and opt = ‘no’ do

begin set J = {j: #'A; = cj};
solve RP by the simplex algorithm;
if {ope = O then opt := ‘yes’
else if #’A;<<0forallj ¢ )
then infeasible := ‘yes’
elsen 1= -+ 07t
(comment : Equation 5.16)

end

Figure 5-2 Algorithm primal-dual.

5.3
Comments on the Primal-Dual Algorithm

It is an important convenience that at each iteration we can start RP from the
optimal solution obtained on the previous iteration. This is so because no vari-
able that is in J and also in the optimal basis of RP at the end of an iteration
can leave J at that point. More formally, we have the following.



5.4 The Primal-Dual Method Applied to the Shortest-Path Problem 109

Theorem 5.3 Every admissible column in the optimal basis of RP remains
admissible at the start of the next iteration.

Proof 1If a column 4, is in the optimal basis of RP at the end of an itera-
tion, its relative cost (in RP) is

&= —wA, =0
This implies that
Ay =n'A;+ O FA; =,
so that j stays in the set J. O

This fact not only allows us to start from our previous feasible solution, but
also allows us to use the revised simplex method, since we cannot be embarrassed
by having a basic column become inadmissible.

Finally, we consider the finiteness of the primal-dual algorithm. We note
first that if the minimum in the calculation of 8, Eq. 5.16, occurs for j = j,,
then j, becomes a new member of the set J, because by (5.15),

Ay, = ¢,
Furthermore, the relative cost in RP of the new column j, is
—7'4;, <0

so that at least one pivot takes place when we start the new iteration in RP. If
we consider the variables in RP to be all the original columns, admissible or
not, plus all the artificial variables, then we move from a bfs to a bfs. In the
absence of degeneracy in RP, the cost &, decreases monotonically with each
iteration of the primal-dual method, no basis in RP is repeated, and the method
is finite. If there are degenerate bfs’s in RP, we can guarantee finiteness by using
arule to avoid the repetition of bases, as in any primal simplex algorithm.
We summarize this discussion as follows.

Theorem 5.4 The primal-dual algorithm of Figure 5-2 correctly solves P in a
finite amount of time.

5.4
The Primal-Dual Method
Applied to the Shortest-Path Problem

To illustrate the primal-dual method, we return to the shortest-path problem
(SP), as formulated in node-arc form. This will also serve as a forerunner of its
effective application to more general network problems.
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min ¢’f
+1]<«~—Rows
0
Af=| (P)

f=0

where A4 is the (m — 1) X n node-arc incidence matrix for a directed graph
G = (V, E) with m nodes and n arcs, with the row corresponding to the terminal
t omitted (it is redundant); f € R" is the vector of flow (in this problem with
components 0 or 1), and ¢ € R" is the cost vector. The dual is

max 7,

-, <cy for all arcs (i, j) € E ®
n =0 for all i
n,=0

where we must fix 7, = 0, since its row is omitted from A. The set of admissible
arcs is then defined by

J = f{ares (i, j) i m, — 7wy = ¢}
and the restricted primal becomes

m~1
min § = ’; x¢
+17<«— Row s
0

Af + x* =
(RP)

f;=0  forall j
f=0 j¢J
x>0
Finally, the dual of the restricted primal is
max w =7,
n,—n,<0 for all arcs (i, j) € J
njg 1 for all / ) (DRP)
=0
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Now DRP is very easy to solve: since 7, < | and we wish to maximize x,,
wetry z, = 1. If there is no path from =, to x,, using only arcs in J, then we can
propagate the 1 from s to all nodes reachable by a path from s without violating
the m, — m; < 0 constraints, and an optimal solution to DRP is then

1 for all nodes reachable by paths from s using arcs in J
=10 for all nodes from which 1 is reachable using arcs in J (5.17)
1 for all other nodes
(Notice that this 7 is not unique.) We can then calculate
= min {¢; — (7 — @)}
arcs (1, N ¢J
Such that
>
update # and J, and re-solve DRP. If we get to a point where there is a path from
s to t using arcs in J, 7, = 0, and we are optimal, since &.;; = Wy, = 0. Any
path from s to t using only arcs in J is optimal.
Thus, the primal-dual algorithm reduces the shortest-path problem to

repeated solution of the simpler problem of finding the set of nodes reachable
from a given node.

Example 5.1

Figure 5-3 shows a shortest-path problem so hat more complicated
than our previous example.

Figure 5-3 An example of the shortest-path problem. The cir-
cled numbers are arc weights.

Since the costs are nonnegative, we can begin with # = 0 in D. Figure 5-4
shows the succession of five iterations of the primal-dual method that finally
reaches the optimal = = (6, 5, 5, 2, 4) and the corresponding arc set J, which
contains the optimal path. Any path from s to ¢ in the final admissible arc set
will satisfy complementary slackness and hence be optimal; in this case the
optimal path is e,, es, e, €5, With cost 6 = z,. []
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Figure 5-4 Solving a shortest-path problem using the primal-
dual algorithm.

We now note some properties of this algorithm that lead to a very simple
interpretation of what is happening. First, if we define at any point in the
algorithm the set

W = {i: t is reachable from i by admissible arcs}
={i: 7, =0}



5.5 Comments on Methodology 113

then the variable z, remains fixed from the time that i enters W to the conclusion
of the algorithm, because the corresponding 7, will always be zero. Second,
every arc that becomes admissible (enters J) stays admissible throughout the
algorithm, because once we have

n,—mn;=c¢, forarc(i,j) € E

we always change 7, and 7, by the same amount, by Eq. 5.17. Some thought
shows that m,, i € W, is the length of the shortest path from / to ¢ and that the
algorithm proceeds by adding to W, at each stage, the nodes in W next closest to
1. With some streamlining, this algorithm—the primal-dual algorithm applied
to the shortest-path problem—is in fact Dijkstra’s shortest-path algorithm,
which we describe in more detail in Chapter 6 [Di].

Finally, we note that there is a definite bound on the number of steps
required by the primal-dual algorithm applied to shortest path. Since the set W
grows by at least one node at each stage, there can be no more than | V| stages.

5.5
Comments on Methodology

Let us step back for a moment and take a look at what the primal-dual algorithm
accomplishes. We started with the general linear program P and cost vector ¢;
we changed it into the iterative solution of RP, which does not depend on the
cost vector ¢ explicitly, but rather through the set J of admissible variables. For
the price of the iteration loop in Figure 5-1, we have eliminated the complica-
tion of a general cost vector. For want of a better term, we shall say we have
“combinatorialized” the cost.

We can also look at matters from the point of view of the dual. In going
from D to DRP, we combinatorialize the right-hand side. Schematically, we
can write

P —> RP combinatorializes cost 518)
D ——> DRP combinatorializes right-hand side 6.

In the shortest-path problem, the right-hand side of P is essentially trivial,
and all the numerical problem data enters through the cost vector. Therefore,
RP and its dual do not depend explicitly on the numerical problem data at all,
but only on the admissible set J, and we produce a purely combinatorial subprob-
lem, which we identified in this case as a reachability problem.

The technique of starting with dne problem, and iteratively solving subprob-
lems that are “more combinatorial” by applying the primal-dual algorithm is
central to combinatorial optimization. It is the basis of almost every efficient
algorithm for flow and matching problems.

We next apply the idea to the max-flow problem.



5.6
The Primal-Dual Method
Applied to Max-Flow

Our program in this section is as follows: We shall first formulate max-flow in
node-arc form. This LP will have an essentially trivial cost vector; its numerical
input (the capacities) will appear on the right-hand side. We shall therefore
regard max-flow as a dual problem (remember Eq. 5.18) in order to combina-
torialize its data. The subproblems will again be reachability problems, which in
this application are problems of finding augmentation paths.

In more detail, consider the flow network N = (s, t, V, E, b) with n = [/|
nodes and m = | E| arcs, and let the flow in arc (x, y) be denoted by f(x, y).
Then an s-t flow of value v is defined by the constraints

+v Row s

Af =3 —v Row ¢
0 other rows (5.19
)
=0

where A is the node-arc incidence matrix of the directed graph (V, E), and f
and b € R™ are the flow and capacity vectors, respectively. The problem is to
maximize v subject to the constraints in (5.19).

Let us rewrite the problem slightly by using the vector d € R" defined by
—1 i=s
d=3+1 i=1t (5.20)
0 otherwise
The LP then becomes

max v

Af+dv <0
S<b
—f<0

(Notice that Af -+ dv < 0 implies Af + dv = 0, since a deficit in the flow bal-
ance at any node implies a surplus at some other.)

We have achieved the goal of writing max-flow as a dual of a standard
form LP; we now want to combinatorialize the right-hand side by considering
DRP. Comparing D and DRP earlier in this chapter, the rules for doing this
become apparent: We replace the right-hand side by 0, cross out the rows not
in J, and add constraints f, v < 1. Thus, DRP becomes

D) (2

14



Problems 115

max v
Af +dv <0 for all rows
f<0 forrows where f=bin D
—f<0 forrowswheref=0in D (DRP)  (5.22)
<1
v<1

This problem has the following interpretation. Find a path from s to ¢ (for a
flow of value 1) that uses only the following arcs in the following ways: saturated
arcs in the backward direction; arcs with zero flow in the forward direction;
and other arcs in either direction. As in shortest path, this is a reachability
problem.

The next step in the primal-dual algorithm, once such an augmentation path
is found, corresponds to augmenting f by as large a flow along the path as pos-
sible; that is, until an arc traversed in the backward direction becomes empty
(all its flow canceled) or until an arc traversed in the forward direction becomes
saturated.

We shall fill in the details of this specialized algorithm for max-flow in the
next chapter. It was originally devised by Ford and Fulkerson [FF].

Notice that we solved DRP directly and did not use simplex to solve RP.
Theorem 5.4, however, assumes that simplex is used and further assumes that
it is implemented in a way that resolves degeneracy to avoid repetition of bases.
We therefore have no guarantee of finiteness. If we allow the capacities to be
irrational numbers, this is not merely a technical point, because the Ford-
Fulkerson algorithm may in fact fail to terminate if no precautions are taken in
choosing flow-augmenting paths. We shall deal further with this problem in
the next chapter, which will be devoted to a more detailed study of the primal-
dual algorithms we have just derived for max-flow and shortest path.

PROBLEMS

1. Prove rigorously that the LP in Eq. 5.21, with inequality constraints on the flow
balance equations, is equivalent to the LP with equality constraints.
2. Prove that in the primal-dual shortest-path algorithm, 7;, i € W is the length of

the shortest path from i to ¢, and*that the algorithm adds at each stage the nodes
not in W that are next closest to .

w

Show that the @, calculation in the primal-dual max-flow algorithm corresponds
to increasing the flow on the augmentation path until an arc becomes empty or
saturated.
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4. Where do we use the fact that we chose b > 0 in P of the general primal-dual
algorithm?

5. Consider the primal-dual solution of shortest path. Describe optimal solutions to
RP that correspond to the optimal solutions to DRP given by Eq. 5.17. Do so
for the suboptimal stages and the final optimal stage of the algorithm.

6. Suppose we allow negative arc weights in the node-arc formulation of shortest
path. Prove that the following conditions are equivalent.

(a) There is a shortest s-r walk.
(b) The dual LP is feasible.
(¢) There is no cycle with negative total cost.

7. Prove that in the primal-dual algorithm the cost of the feasible solution in D
increases by a positive amount during each iteration. Explain why this does not
mply that the method terminates in a finite number of steps, as it would for
simplex.

8. Show that RP in max-flow and shortest path are highly degenerate.
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Primal-Dual Algorithms for
Max-Flow and Shortest Path:
Ford-Fulkerson and Dijkstra

6.1
The Max-Flow, Min-Cut Theorem

This chapter is devoted to the detailed development of the primal-dual algorithms
derived in the last chapter for max-flow and shortest path. This is a point of
transition in this book from the study of algorithms for general LP’s to more
specialized algorithms for certain network problems, all derived, as we have
mentioned before, from primal-dual. We are thus headed towards algorithms
that are in a sense less numerical and more combinatorial than general simplex
algorithms. As we proceed, we shall also use linear programming theory to
establish useful facts about a variety of graph-theoretic problems, beginning
with the famous max-flow, min-cl{t theorem of the max-flow problem.

Returning to the node-arc formulation of max-flow in the previous chapter,
consider the flow network N = (s, t, V, E, b) with n == | V| nodes and m = | E|
arcs; let the flow in arc (x, y) be denoted by f(x, y). Then the max-flow problem
is the following LP, which we think of as a dual:

17
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max v
Af +dv =0 6.1)
r<b
f=0
where d € R" is defined, as before, by
—1 i=s
d, = {+1 i=t (6.2)

0 otherwise

An important concept in dealing with flow problems in general, and one
that played a central role in the invention of the Ford-Fulkerson algorithm,
is that of a cut.

Definition 6.1

An s-t cut is a partition (W, W) of the nodes of V into sets W and W such
that s € Wandt € W. The capacity of an s- cut is
cw, w) = Z, b(i,j) [ (6.3)
el s
LEW, JEW
Figure 6-1 illustrates the idea behind the definition of a cut; the capacity
of a cut is the sum of the capacities of the “forward” arcs: those which go from
nodes in W to nodes in W. We would expect that the value of an s-f flow cannot
exceed the capacity of an s-f cut, since all the s-t flow must pass through the
forward arcs of a cut. This result is intimately related to the fact that cuts
correspond to feasible solutions to the dual of the max-flow problem, which
leads us next to write down the dual of the LP formulation of the max-flow
problem in Eq. 6.1.
Assign variables 7(x) to the first n constraints, which correspond to fiow
conservation; and assign variables p(x, ) to the next m capacity constraints.

Forward arcs

C) =

T A\ ¢

Backward arcs

Figure 6-1 A cut in a flow network.
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Since the first n constraints are equalities, 7(x) = 0; and since the next m con-
straints are inequalities, p(x, ) > 0. The LP in Eq. 6.1 is exactly in the form of
the dual in Def. 3.1, so by symmetry, the primal in that definition is the dual
for which we are looking:

min(x'g:u)'(% »b(x, »)
n(x) = 2y) +7(x, ) =0  forall(x,y) € £
—a(s) 4 a(f) > 1 (6.4)
n(x) =0
7(x,») >0

The last inequality corresponds to the variable v.
We can now prove Theorem 6.1.

Theorem 6.1 Every s-t cut determines a feasible solution with cost C(W, W) to
the dual of max-flow as follows:

i X, y) suchthat x ¢ W,y ¢ W
ey ={l 0 g
0 otherwise
(6.5)
0 xe W
n(x) =— -
1 xe W

Proof We need to check the inequality constraints in (6.4). There are four
cases to consider, since x and y may each be in /¥ or W. In each case the inequal_-
ity is easily verified, and the inequality is strict when and only when x € W

and y € W. Also, n(s) = 0 because s € W, and n(r) = 1 because t € W; so
—n(s) +n(t) =1
which verifies the last inequality. Finally, the cost of this dual feasible solution is
WS N = B . b(x,») = CO¥, W) ]
XEW,yE

From Theorem 6.1, we get our main result.

Theorem 6.2 (Max-flow, min-cut) The value v of any s-t flow is no greater than
the capacity C(W, W) of any s-t eut. Furthermore, the value of the maximum flow
equals the capacity of the minimum cut, and a flow f and cut (W, W) are jointly
optimal if and only if

f(x,»)=0 (x,y) € E suchthat x € Wandy ¢ W

= 6.6)
f,p)=b(x,y) (x,y) € Esuchthatx € Wandy ¢ W 66
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Proof That v is no larger than the capacity of any cut follows directly
from the previous theorem. The labeling algorithm in the next section will show
that a given maximal flow of value » can always be used to construct a cut with
value C = ». Equation 6.6 expresses the complementary slackness conditions,
which may be seen as follows: If x € Wand y € W the dual inequality

a(x) — a(y) +p(x,y)=1—-04+0>0
is strict, as mentioned above, so the corresponding variable f(x, y) must be zero.
Similarly, if x € Wand y € W, we have p(x, y) = 1 from (6.5), so the corre-
sponding primal inequality

S ) < blx, )
must be a strict equality. O

Example 6.1

Figure 6-2 shows a max-flow problem with an optimal flow of value 5 and
a corresponding min-cut. Notice that every forward arc across thecut is saturated
(f(x, y) = b(x, y)) and every backward arc is empty (f(x, y) = 0), verifying
Eq. 6.6, and demonstrating that the flow and cut are optimal.

Figure 6-2 A max-flow problem: The arc capacities are circled
numbers, a max-flow is given by the uncircled numbers, and a
min-cut is indicated by the set W.

6.2
The Ford and Fulkerson
Labeling Algorithm

We shall now fill in the details of the primal-dual algorithm for max-flow that
we derived at the end of the previous chapter. Recall that the dual of the
restricted primal (DRP) was the subproblem of searching for a path from stot
along which flow can be augmented. When the search for such a path fails, the
complementary slackness conditions hold, and the primal-dual algorithm is at



6.2 The Ford and Fulkerson Labeling Algorithm 121

optimality. The kind of path for which we search is characterized in the following
definition.

Definition 6.2

Given a flow network N = (s, t, V, E, b) and a feasible s-t flow f; an aug-
mentation (or augmenting) path P is a path from s to ¢ in the undirected graph
resulting from G by ignoring arc directions, with the following properties:

(a) Foreveryarc (i, j) € E that is traversed by P in the forward direction
(called a forward arc), we have f(i, j) < b(i, j). That is, forward arcs
of P are unsaturated.

(b) For every arc (j, i) € E that is traversed by P in the reverse direction
(called a backward arc), we have f(j,i) > 0. [J

Figure 6-3 shows an augmentation path in the network of Fig. 6-2. The arc
(a, e) is a backward arc on P.

Figure 6-3 The dotted lines indicate an augmentation path.
The uncircled numbers show a flow of value 1, and the
circled numbers are capacities.

It should be clear that we can increase the flow from s to ¢ while maintaining
flow conservation at every node by increasing the flow on every forward arc of
P and decreasing it along every backward arc. We can increase the flow until
we violate the capacity constraint of a forward arc or empty a backward arc.
Thus the maximum amount of flow augmentation possible along P is given by

mi b(i,j) — f(i,j) along a forward arc
in
arcs of P + f(y, ) along a backward arc

5=

In the example of Fig. 6-3, 6 = 1; the result of flow augmentation by this
amount is shown in Fig. 6-4, where the s-¢ flow has been increased from a value
of 1 to 2.

It remains for us to describe a systematic procedure for finding an aug-
mentation path if one exists. We do this by propagating labels from s until we



Figure 6—4 The result of flow augmentation in the network
of Figure 6-3.

reach ¢ or get stuck. Each node x will have assigned to it a two-part label,
label (x) = (L1 [x], L2 [x]). Here L1 [x] will tell us from where x was labeled, and
L2 [x] will tell us the amount of extra flow that can be brought to x from s.
The process of labeling outward from a given node x is called scanning x, and
we shall keep a list, called LIST, of labeled but unscanned nodes.

The details of the scanning process from node x are illustrated in Fig. 6-5.

(x, min { L2[x1], b(x, y) = f(x,y)}) (=x, min{ L2[x],f(y,x)})
y y
(LY[x], L2(x]) Sx, y) <b(x, y) (L1[x1, L2[x]) f(y.x)>0
X X

Figure 6-5 The two possible cases of labeling y while scanning x.

There are two cases. If node y is unlabeled and succeeds x, we may label y if
J(x, y) < b(x, ), in which case we set

Li[y):=x
L2[y): = min {L2[x], b(x,y) — f(x, »)}
This records that y was labeled from x and that the flow can be augmented by
the smaller of L2 [x] and b(x, y) — f(x, »).
In the case that a node y is unlabeled and precedes x, we may label y from
x if f(y, x) > 0, in which case we set
Ll[yl: = —x
L2[y}: = min {L2[x]}, f(», )}

Notice that we use a negative sign in Ll to tell us that this labeling was across
a backward edge.

The algorithm starts by scanning s and adding to LIST all nodes labeled

122
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from s. The process is then repeated—a node x is selected from LIST and scanned,
and all nodes labeled from x are added to LIST. The process terminates in one
of two ways: either ¢ gets labeled, in which case we can reconstruct an augmenta-
tion path backwards from ¢ using L1; or we empty LIST. In the first case we
augment the flow along the augmentation path; in the second case we have

reached an optimal flow, as we shall see next. A sketch of the algorithm is shown
in Fig. 6-6.

FORD AND FULKERSON ALGORITHM
Input: A network N=(s,t,V,4,b)
Output: The maximum flow fof N.
begin
f :== 0; (comment: initialize flow)
again: set all labels to 0, set LIST := {s}, set L2[s] := oo
(comment: initialize for the search for new augmentation path)
while LIST # & do
begin
fet x be any node in LIST;
remove x from LIST;
scan X;
if t is labeled then
begin
augment flow f along augmentation path;
20 to again
end
end
end

procedure scan
begin
label forward to all uniabeled nodes adjacent to x by arcs that
are unsaturated, putting newly labeled nodes on LIST;
fabel backward to all unlabeled nodes from which x is adjacent

by arcs that have positive flows, putting newly labeled nodes
on LIST;
end

Figure 6-6 The Ford and Fulkerson algorithm for solving the
max-flow problem.

We now show (independently of its derivation via the primal-dual algorithm)
that the algorithm can terminate only at optimality.

Theorem 6.3 When the Ford and Fulkerson labeling algorithm ter
does so at optimal flow.

Proof At termination of the algorithm, some nodes are labeled and some
are not. Call the set of labeled nodes W and the set of unlabeled nodes W, as
illustrated in Fig 6-7. All arcs (x, y) directed from W to W must be saturated;



Saturated

Empty

Figure 6-7 The sets W and W at termination of the Ford
and Fulkerson labeling algorithm.

otherwise y would have been labeled when x was scanned. Similarly, all arcs
(y, x) directed from W to W must be empty; otherwise y would also have been
labeled when x was scanned. Therefore, (W, W) is a min-cut and the flow must
be optimal by Theorem 6.2. (]

Example 6.1 (Continued)

Figure 6-8 shows the result of three augmentations starting with the flow
of value 2 in Fig. 6-4 and ending with an optimal flow of value 5. The optimal
flow is different from the optimal flow in Fig. 6-2 but the min-cut is the
same. (We have allowed any intermediate augmentation paths in this example,
to illustrate backward labeling. The labeling algorithm might not have found
the first augmentation path shown in Fig. 6-8 but might have found some other.
However, this does not affect the argument in Theorem 6.3.) []

6.3
The Question of Finiteness
of the Labeling Algorithm

We have shown that the Ford and Fulkerson labeling algorithm, when and if it
terminates, finds the optimal flow value. But how do we know that the algorithm
terminates in a finite number of iterations? The answer may be somewhat
surprising, since up to now every algorithm has been shown to be finite. When
the capacities b are irrational, the labeling algorithm may not, in fact, terminate.

When the capacities b are integers, it is clear that the algorithm is finite,
since each augmentation increases the flow value by at least 1 unit, so if the
maximum flow value is », we can have at most » augmentations. In the same
way, if the capacities are rational, we may put them over a common denominator
D, scale by D, and use the same argument to conclude that at most Dvaugmenta-
tions can occur.
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When the capacities are irrational, an example due to Ford and Fulkerson
[FF] shows that the method not only can fail to terminate, but can converge to
a flow value strictly less than optimal! Edmonds and Karp [EK] introduced a
modification of the labeling algorithm and showed that their modified labeling
algorithm requires no more than (n* — n)/4 augmentation iterations, regardless
of the capacity values. We shall be discussing even more efficient max-flow
algorithms later so we shall not take time here to describe their arguments.
(See Problem 10 in Chapter 9.)

We shall, however, present the nonterminating example of Ford and
Fulkerson, because it gives us some insight into the operation of the primal-
dual algorithm, as well as the labeling algorithm. The example will augment
the flow step by step, and the nth step (n > 1) will consist of two flow augmenta-
tions, of value a,,, and a,, ,. The a,’s will satisfy the difference equation

Quyz =y — Gy ©.6)
with the initial conditions @, = 1 and @, =0 = (/5 — 1)/2 < 1. It is not
hard to show by induction that this implies that

a=d¢ i=01,... 6.7)

Step 0 will introduce just a flow augmentation of value a,, so the total flow will
therefore approach as a limit

ayt+(a,+a)+(a,+a)+ - =a +a +a+ -

6.8
L ©8)

T 1—-o

Figure 6-9(a) shows the network with the following nodes: a source node s,

a terminal ¢, four nodes x, to x,, and four nodes y, to y,. The arcs are of two

types: first the four special arcs A, = (x,, y,); second the nonspecial arcs, which

are any of the form (s, x,), (i, ), (Vs X)), (x,, ¥)), or (3, 1), i % j. The capacities

of the special arcs are a, for 4,, a, for A,, and a, for 4, and 4,. All nonspecial
arcs have capacity S. Finally the flow augmentations are as follows.

Step 0 Choose flow augmenting path (s, x,, y,, t), and augmentation value a,.
This produces the ordered set of residual capacities in the special arcs (0, a,,
ay, a,).

Step n (n > 1) As a basis for induction, assume that 47, 4%, 45, A} is some
ordering of the special arcs, with residual capacities (0, a,, a,, ;, @,). Order x;
and y] accordingly.

Augmentation n(a) Choose flow augmenting path (s, x3, y5, X3, ¥4, 1), pro-
ducing residual capacities (0, a,, ,, 0, a,,,). (See Figure 6-9(b).)

Augmentation n(b) Choose flow augmenting path (s, x3, y3, y1, X1, ¥4, X3, Vs
1), producing residual capacities (a,,,, 0, @,,2, a,4,). (See Figure 6-9(c).)
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Figure 6-9 The hological le for the Ford-Fulk

algorithm. (a) The network. (b) and (c) The first and second parts
of Step n. Only the arcs on the flow augmenting paths are shown.

127



128 Chapter 6 PRIMAL-DUAL ALGORITHMS

Step n ends with residual capacities appropriate for starting Step n + 1,
and induction then shows that each step augments the flowbya,,; + a,,, = a,,
thus exhibiting the required nonterminating example. The maximum flow in
the network is actually 45, so the Ford-Fulkerson algorithm approaches one-
fourth the optimal flow value.

How do we reconcile this example with the fact that the algorithm is an
application of primal-dual? First, recall that the finiteness result for primal-
dual, Theorem 5.4, does not apply (as we pointed out before) because we do not
use simplex for the restricted primal RP and have no mechanism for avoiding
cycling. What happens, in fact, is that RP is highly degenerate (having only one
nonzero component on its right-hand side), always has the optimal value 1,
and cycles. The dual of the restricted primal DRP also cycles, since the aug-
menting paths repeat in a fixed pattern. Meanwhile, in the dual D, the max-flow
problem itself, the flow value increases monotonically.

We see from this that the use of primal-dual to develop a specialized,
combinatorial algorithm carries with it a certain danger. It leaves us with the
responsibility for specifying choices to guarantee finiteness. In the max-flow case,
for example, we need to say how to choose flow augmenting paths to avoid a
catastrophe such as we have just described.

It is fair to say, however, that the question of finiteness raised by the Ford-
Fulkerson example is in a sense a mathematical but not a practical one, because
digital computers always work with rational numbers. Our future work, espe-
cially that concerned with the complexity of calculations, will always assume the
data can be represented by a finite number of bits. A practical question, which
is however related to that of finiteness, will ask how many steps may be required
by a computation as a function of the total number of bits in the data. We shall
see later, in Chapter 9, that a refinement of the basic flow augmentation algorithm
will ensure good behavior in this respect.

6.4
Dijkstra’s Algorithm

We now describe the details of an efficient implementation of the primal-dual
shortest-path algorithm derived in Chapter 5: Dijkstra’s algorithm. Before
starting, we remind the reader that shortest path is assumed for now to have
nonnegative arc weights ¢, ,—an 1mportant restriction, as we shall see.

Instead of propagating permanent labels backward from ¢, we shall go
forward from s. At any stage we shall have a set W of nodes and labels p(x) for
all x € V with the property

p(x) = shortest length of any path from s to x,

) . (6.9)
using only intermediate nodes in W

Now consider the node x ¢ W with the smallest p(x). The shortest path from s
to this x uses only nodes in W as intermediate nodes, for otherwise it could not
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have the smallest p(x) not in W. (We have used the nonnegativity of the weights
¢;;-) Therefore we can add x to W and update the labels p(y) for y ¢ W by

PO) = min {p(y), p(x) + c,,}  forally ¢ W (6.10)

This says that the new p(y) for y ¢ W is either unaffected by the addition of x
to W or that it is given by the shortest distance from s to x through nodes in W,
plus the distance directly from x to y. (See Problem 4.) When finally W = V,
p(x) is the shortest distance from s to x with no conditions attached. We start
by taking W = @, all p = oo, and adding s to W the algorithm is given in Fig.
6-10. Tt is assumed that ¢, = oo if arc (x, y) is not present.

DIJKSTRA’S ALGORITHM
Input: A digraph D=(V,A), with costs ¢,,=>0 on its arcs; a
node s € V.
Output: The shortest disiances from sto allve Vin
the array p.
begin set W := {s}; p[s] := 0;
forally € V—{s}do ply] := cy;
while W =V do
begin find min{ply] : y ¢ W}, say p[x;
set W := W U {x);
forally € V—-W do

ply] := min{ply], plx] + cxy}
end
end

Figure 6-10 Dijkstra’s algorithm.

Figure 6-11 shows the successive stages in applying Dijkstra’s algorithm
to the shortest-path problem used in Example | of Chapter 5. It is easy enough
to reconstruct the path in the usual way—by keeping track at each node of
where its label comes from via Eq. 6.10. In the example, every time a node is
added to W, the corresponding arc is thatched. The result is a tree rooted at s
with the shortest paths from s to all other nodes.

The time required by Dijkstra’s algorithm can be bounded from above as
follows: Each iteration requires a number of steps proportional to the number
of nodes not in W, which is at most n. Since there are n iterations (including the
initialization), the whole algorithm requires time proportional to at most n?.

6.5
The Floyd-Warshall Algorithm

We conclude this chapter with a very efficient, simply programmed, and widely
used algorithm that finds the shortest paths between all pairs of nodes, all at
once. Furthermore, it has the important advantage over Dijkstra’s algorithm
of working when the arc weights are allowed to be negative and will in fact



(¢)

)

Figure 6-11 ive stages In the lication of Dijkstra’s

algorithm.

allow us to detect negative-cost cycles. For a change, this algorithm does not
appear to be primal-dual.

The method works with an n X n array of numbers d,, initially set to the
arc weights ¢,; of the directed graph G = (¥, E). For our purposes, we take
¢, = oo for every 1. The kernel of the algorithm is the following operation.

Definition 6.4

Given an n x n distance matrix d,,, a triangle operation for a fixed node j is
dy: = min {dy, d,; + d} foralli,k=1,...,n but i, k)
Note that we allow i = k. []
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This operation replaces, for all i and k, the d,, entry with the distance 4,,
+ d,, if the latter is shorter (see Fig. 6-12).

! dy
Figure 6-12 The triangle operation for
fixed j and all other / and k.

The Floyd-Warshall algorithm is based on the following theorem; the
inductive proof that follows is as good a way as any of understanding why the
algorithm works.

Theorem 6.4 If we perform a triangle operation for successive values j =1, 2,
., n, each entry d,, becomes equal to the length of the shortest path from i to k,
assuming the weights ¢,; > 0.

Proof We shall show by induction that after the triangle operation for
Jj = Jjo is executed, d,, is the length of the shortest path from i to k with inter-
mediate nodes v < j,, for all i and k. The basis for j, = 1 is clear. Assume then
that the inductive hypothesis is true for j = j, — 1 and consider the triangle
operation for j = j,:

dy: = min {dy, dy, + dyy}

If the shortest path from i to k with intermediate nodes v < j, does not pass
through j,, d,, will be unchanged by this operation, the first argument in the
min-operation will be selected, and d,, will still satisfy the inductive hypothesis.
On the other hand, if the shortest path from i to k with intermediate nodes
v < j, does pass through j,, d,, will be replaced by d,,, -I- d,,,. By the inductive
hypothesis, d;;, and d,,, are both optimal distances with intermediate vertices
v < jo — 1, so dy, + d,, is optimal with intermediate vertices v < j,. This
completes the induction. ]

The complete algorithm is shown in Fig. 6-13. All the loops are of fixed
length, and the algorithm required a total of n(n — 1)? comparisons.
We can keep track of the shortest paths themselves with another n x n
matrix, say e,,, where we define
e, = highest-numbered intermediate node on the shortest path
from i to k if there is one, and zero otherwise
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Input: An nxn matrix [¢;;] with nonnegative entries.

Output: An nx n matrix [d;], where dy; is the shortest distance
from i to j under [ei;).

begin
for all i 5= j do dy; := cj;;
i=1,...,ndod,:= oo;
..,ndo
..., N, 0 %], do

., 0,k #j, do
in {du, dij + dj)

end
Figure 6-13 The Floyd-Warshall algorithm.

We set ¢, = 0 initially, and when we do the triangle operations we set
e, 1= J if dy > dy;+dy
* lex  otherwise

The shortest path from i to k can then be reconstructed easily from the final
e,-matrix. (See Problem 13.)

Now consider what happens if we allow the arc weights ¢,; to be negative.
First, if there are no cycles of negative length, the shortest paths to which the
proof of Theorem 6.4 refers are all well defined, and the algorithm works as
with nonnegative weights. If there is a negative-length cycle, it will cause some
dy, to become negative during the course of the algorithm. To see this, consider
a simple negative-length cycle, and let & be the highest-numbered node on the
cycle. Then the proof of Theorem 6.4 shows that the negative-length path from
h to h with intermediate nodes v < h will be found by the time j = h.

Example 6.2
Figure 6-14 shows a graph with a negative-length cycle, and the successive

d,;and e;; matrices in the application of the Floyd-Warshall algorithm are shown
in Fig. 6-15. Newly changed entries are circled.

Figure 6-14 A graph with a negative-
weight cycle.
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SRS 10100
Figure 6-15 ive di and e, ices in the ap-
plication of the Floyd-Warshall algorithm.
We stop when d,, = —1, resulting from the negative-length cycle 4-2-1-4, which

can be found from the last e,,-matrix.

To summarize the state of affairs, we can solve the shortest-path problem by
Dijkstra’s algorithm in an n-node graph with nonnegative weights in time
proportional to n2. When the weights are allowed to be negative, we can use
the Floyd-Warshall algorithm to solve shortest path where there are no negative-
weight cycles or else to find a negative-weight cycle, in time proportional to n?.
Dijkstra’s algorithm can also be extended to the negative-weight case, but it
then also takes time proportional to n* [Ne, BL].
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PROBLEMS

[FF, Mi] Minty suggests solving shortest path in the undirected case by using
the following analog computer: Build a string model for the undirected graph by
using for each edge a piece of string proportional to 1ts length. Pick up the source
1n one hand and the terminal in the other and pull until some path from source
to terminal is taut. Show that this solves the dual of shortest path. Interpret
the primal-dual algorithm for this problem in terms of the string model. *Can
you think of an analog device that solves max-flow?

Establish Eq. 6.7 for the a, in the nonterminating example for the labeling
algorithm.

Suppose we truncate the decimal expansion of the a,s in the nonterminating
flow example to k decimal places. What will happen to make the labeling al-
gorithm eventually terminate ?

Show that the update formula in Dijkstra’s algorithm, Eq. 6.10, satisfies the
claim in Eq. 6.9.

Show that if the Floyd-Warshall algorithm of Fig. 6-13 1s stopped when the first
negative diagonal element dy; is obtained, then the corresponding closed path is
in fact a simple cycle with negative cost. Show, on the other hand, that if the
algorithm is run to completion when there are negative-cost cycles, then the
results do not necessarily represent the cost of simple paths.

[FF] (a) Prove the Konig-Egervary theorem by formulating a max-flow prob-
lem: Consider an m X n array of cells, where certain cells are desig-
nated as important. A row or column is called a line and a set of lines
18 said to cover the important cells of the array 1f every important cell
lies on some line of the set. A set of important cells is said to be
independent if no two cells of the set lie on the same line.

Theorem (Konig-Egervary) The maximum size of an independent set of impor-
tant cells is equal to the smallest size of a set of lines that covers all the important
cells.

(b) Explain how to obtain an independent set of maximum size and a
minmimum line cover from the solution to the max-flow problem.
*(c) Find a bound on the number of steps this algorithm takes in terms of
m, n, and p, the number of important cells.
Show how the Ford-Fulkerson algorithm can be applied to the case where
capacities are put on the nodes of a flow network.

Suppose a di d graph G rer a ication network. The maximum
number of node-disjoint paths from node s to ¢ is called the s-f connectivity. The
s-t vulnerability is the minimum number of nodes (besides s, f) whose removal
disconnects s from ¢. Prove that the s-f connectivity equals the s-f vulnerability.
(This is a version of Menger’s theorem [FF].)
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*9,  Suppose that for each arc in a flow network, we have a lower bound on the flow
as well as an upper bound; that is, for each arc (i, /), we demand /;; < fi; < by;.
(a) Show how to apply the Ford-Fulkerson algorithm to find if there is a fea-
sible s-¢ flow of value v. (Hint: Start with an infeasible flow and work to-
wards feasibility.)
(b) Show how to find a feasible flow of minimum value.
(c) Show how to find a feasible flow of maximum value.

10. [FF] Suppose there are n men, n women, and m marriage brokers. Each broker
has a list of some of the men and women as clients and can arrange marriages
between any pairs of men and women on that list. In addition, we restrict the
number of marriages that broker / can arrange to a maximum of 6,. All mar-
riages are heterosexual, and all men and women are monogomous. Translate the
problem of finding a solution with the most marriages into one of finding the
maximum flow in a capacitated flow network.

11. Consider a flow network, and suppose we want to find paths between all pairs
of nodes with maximum capacity in the sense that the smallest capacity arc on a
path is as large as possible. Modify the Floyd-Warshall algorithm so that it
solves this problem in O(n3) time for an n-node network.

12.  Why are we justified in excluding the cases i = jand k = j in the Floyd-Warshall
algorithm, even when negative weights are allowed? Will the algorithm work
properly if we admit these cases?

13. Give the details of reconstructing shortest paths in the Floyd-Warshall algorithm.
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Primal-Dual Algorithms for
Min-Cost Flow

71
The Min-Cost Flow Problem

We shall now study an important and general class of network problems, those
with both nontrivial cost and capacity constraints. Our approach will be to apply
and specialize the primal-dual algorithm, as we did for max-flow and shortest
path, and there are two ways of doing this: We can consider our original prob-
lem as the dual D, combinatorialize the capacities, and arrive at min-cost
subproblems; or we can consider our original problem as the primal P and com-
binatorialize the cost. We start with the first option, which maintains a feasible
solution to our original problem D at all times and does not deal explicitly with
the primal P or its restriction.

The problem we want to consider can be defined as follows.
Definition 7.1 :

Let N = (s, t, V, E, b) be a flow network with underlying directed graph
G = (V, E), a weighting on the arcs ¢,; € R* for every arc (i, j) € E, and a flow
value v, € R*. The min-cost flow problem is to find a feasible s-f flow of value
9, that has minimum cost. In the form of an LP:
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min c'f
Af = —wv,d every node a
f<b every arc
=0 every arc
where as usual 4 is the node-arc incidence matrix and
—1 i=s
d=4+1 =1 (1.2

0 otherwise []

1n contrast with max-flow, min-cost flow asks for a flow of fixed value that
is cheapest among all such flows.

7.2
Combinatorializing the Capacities—
Algorithm Cycle

We proceed by writing min-cost flow as the dual of a primal in standard form:
max —c'f
Af < —wod
= (D)
f<b for every arc
—f<0 for every arc
We have replaced the equalities 1n the flow conservation equations with inequal-
ities, using the same justification as in the max-flow problem. For any feasible
flow, every one of these inequalities will be satisfied with equality. There is no
difficulty in finding an initial flow of value v, in D, using max-flow, for example.

The dual of the restricted primal, DRP, can now be written by inspection,
as we did for max-flow:

max —c’f

Af =0
/<0 for saturated arcs (DRP)
f=0 for empty arcs

f=—1 for all arcs (since —¢ < 0)

We have here replaced 4 << 0 by Af = 0 to get back to a clear indication of
flow conservation at every node. A feasible flow satisfying Af = 0 has a special
meaning for us, which we now distinguish by a special name.

Definition 7.2

A feasible flow fthat satisfies Af = 0 is called a circulation. Its costis c’f. [
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The optimal solution to DRP is a circulation of a special kind: It must
have no negative flow on an empty arc, no positive flow on a saturated arc, and
no value less than —1 on any arc. It is now convenient to define a néw weighted
capacitated network in which these constraints are embodied.

Definition 7.3

Given a feasible flow f in weighted flow network N, define the incremental
weighted flow network N'(f) as follows: N’ will have the same node set as N.
For each arc e = (i, j) in N with flow v, capacity d, and cost ¢, put two arcs in
N':onearc (i, j) with capacity d — v > 0 and cost ¢; and another arc (j, {) with
capacity » >> O and cost —c. Omit all arcs with zero capacity. (See Fig. 7-1.) []

Flow v

Capacity (d —v)
0<v<d

Cost ¢ Cost ¢ Capacity v
Capacity d Cost —¢

i 1

Figure 7-1 An arc in a weighted flow network and the cor-
responding arcs in the incremental network V'(f).

From this definition it follows that a path from s to f in N'(f) with weight
x determines an s-f augmentation path in N; and that an increase in the value
of the s-t flow fin N along this path by one unit results in an increase in the
total cost of the flow by x units. Likewise, a circulation fin N'(f) of cost x
determines a new s- flow f + fin N of the same value, with a cost increase of x.
We can now state the optimality condition for DRP in the following form.

Theorem 7.1 An s-t flow f'in a network is an optimal min-cost flow if and only if
there are no cycles in N'(f) with negative cost.

Proof The primal-dual algorithm tells us that the flow f is optimal if and
only if the optimal solution to DRP has cost zero, which is equivalent to there
being no negative-cost circulations in N’(f). The incremental network N’(f)
has a negative-cost circulation if and only if it has a negative-cost cycle. ]

The primal-dual algorithm can now be implemented by starting with any
flow f of value v, and searching for a negative-cost cycle using either the Floyd-
Warshall algorithm or an extension of Dijkstra’s algorithm to find negative-
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weight cycles. The loop in the primal-dual algorithm is closed by adding as
much of the cyclic flow f on such a cycle as possible to the original /. The final
algorithm cycle, due to Klein [KI], is shown in Figure 7-2.

procedure cycle
begin
use the max-flow algorithm to find a flow of value vo;
while there is a negative-cost cycle C in N’ do
augment flow on C until N’ no longer contains C
end

Figure 7-2 The primal-dual algorithm cycle for min-cost flow.
Example 7.1

Figure 7-3 shows a weighted network N with 4 nodes and 6 arcs. The min-
cost flow problem 1s to find an s-1 flow of value 2 with minimum cost.

Figure 7-3 A weighted flow network illustrating
min-cost flow. The circled numbers are capacities
and the uncircled numbers are costs.

Suppose there is a flow of  unit along the path (s, a, ), and | unit along (s, a,
b, 1), with a total cost of 17. The incremental network N’ is shown in Fig. 7-4.
Note that the negative-cost cycle (s, b, a, s) is a circulation f of cost —5. We can
add 1 unit of the circulation /' to our original f, producing a flow of 1 unit along
(s, a, 1) and 1 along (s, b, f), with a total cost of 17 — 5 = 12. The new incre-
mental network, shown in Fig. 7-5, has no negative-cost cycles, and therefore
the flow is now optimal. []

We shall call algorithm cycle a problem-feasible algorithm, because we always
have a feasible solution to the original problem. This is analogous to calling the
simplex algorithm primal-feasible, but that term would be hopelessly confusing
here, since we can consider our original problem either a primal or a dual.



Figure 7-4 The first incremental network N’ in
Example 7.1.

Figure 7-5 The second incremental network N’
in Example 7.1.

7.3
Combinatorializing the Cost—
Algorithm Buildup

The second option in applying primal-dual to min-cost flow is to combina-
torialize the cost, considering the problem as a primal P. This gets complicated,
since we have to deal with the corresponding dual D—to find the admissible set,
for example. This is done quite explicitly by Ford and Fulkerson [FF], where
they let the value » of the flow be a variable. They maximize a cost function

p—cf (7.3)

for increasing values of the number p, thereby obtaining a sequence of flows of
increasing value, each of minimum cost. The net effect of all this, however, is to
arrive at an algorithm that avoids the dual D after all. The key result can be
summarized in the following theorem.
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Theorem 7.2 Let f; be an optimal flow of value v in an instance of min-cost flow.
Let f; be a flow of value 1 along an s-t augmentation path P in N'(f}) of least cost.
Then f, + f is an optimal flow of value v + 1.

Proof If fi + f; is not optimal, then by Theorem 7.1, there is a negative-
cost cycle C in the incremental network N'(f; + f3). This cycle appeared in the
incremental network when flow was increased from a value of » tow -+ 1, because
the flow of value » was optimal and hence N'(f;) had no negative-cost cycles.
Therefore C has an arc e = (i, j) of cost —c corresponding to an arc (j, i) on P,
as shown in Fig. 7-6. Replace the arc (j, /) 6n P by C — {e}. The effect on the
cost of the path P is to increase it by

—c + (cost of remainder of C) = cost of C < 0

Therefore P was not a least expensive s-t path in N'(f,); this contradiction
proves that f, + f, is optimal.

s \ Cycle C //

e

Figure 7-6 The construction in the proof of Theorem
7.2: The negative-cost cycle C leads to a lower cost
path P.

By Theorem 7.2, we can build up an optimal flow step by step, by adding
flows along augmentation paths of least cost in N’. At each stage we find a
least-cost augmentation path P in N’, and then augment the flow along P until
the flow reaches the value v, or until P is no longer the least-cost augmentation
path because one of its arcs disappears due to the saturation or emptying of the
corresponding arc in N. Notice that some arcs in N’ can have negative cost and
the shortest-path algorithm to find P must deal with this case. However, because
we always have, at any stage, an optimal flow of some value /' < v, there are
never negative-cost cycles in N'. The algorithm is outlined in Fig. 7-7.

In contrast to cycle, buildup does not produce a feasible flow of value v,
until it terminates, so we call it a problem-infeasible algorithm.



procedure buildup
begin
while flow f <vo do
begin find a shortest path P froms 1ot in N’;
augment the flow along P until it
reaches v or until P is no longer
a least-cost augmentation path
end
end

Figure 7-7 Algorithm buildup for min-cost flow.
Example 7.2

If we begin with a zero flow in the network of Fig. 7-3, the least-cost s-t
path is (s, b, f), and augmentation along this path produces a flow of value 1
and cost 3. A least-cost s-f path in the resulting incremental network N’ is (s, a,
1), producing the same optimal flow of value 2 and cost 12 as did algorithm cycle
in Example 7.1. []

7.4
An Explicit Primal-Dual Algorithm
for the Hitchcock Problem—
Algorithm Alphabeta

We shall now take up a very famous problem which is a special case of min-cost
flow. It was originally formulated around 1941 by several people, inciuding
Hitchcock [Hi], and bears his name. It is motivated by the following situation:
We have m sources of some commodity, each with a supply of 4, units, i = I,

., m, and n terminals, each of which has a demand of b, units, y =1, ..., n.
Furthermore, we know the unit cost ¢, of sending the commodity from source i
to terminal j. How do we satisfy the demands at minimum cost? As an LP,
we have the following.

Definition 7.4

Given m,n € Z*; source supplies a, € R*, i=1,...,m; terminal
demands b, € R*,j=1,...,n;and ¢,; € R*,i=1,...,mand j=1,...,
n; an instance of the Hitchcock problem 1s the following LP with variables f;,:

min gc,/f,,

Y= i=1..m (7.4)

J=1 (P)

‘!E]f,,=b, J=1...,n (7.5)
fu=0
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where
m n
a=) b, O
i=1 =i
We note that we could have formulated the problem with the inequalities

gf,,ga, i=1,...,m (16)

gﬁ,Zb, j=1...,n )

expressing the facts that g, is available as a supply and b, is a demand that must
be met. The equalities in (7.4) and (7.5) can be used without loss of generality,
however, since we can always introduce a fictitious (n + 1)st terminal with
demand

[ :‘; a — ’Z.“, b, (7.8)
and costs
Cioney =0 i=1,...,m

This extra terminal uses up the excess supply in Eq. 7.8 (assumed nonnegative)
at no cost. (Notice that to work, this depends on the assumption ¢,; = 0. See
Problem 3.)

When all the a, and b, are 1, the Hitchcock problem is called the assignment
problem, which will reappear later in this book. In fact, when we apply primal-
dual to Hitchcock, we are in the position of reversing history, since Kuhn’s
“Hungarian method” [Ku] for the assignment problem was the precursor to the
general primal-dual algorithm.

Our plan is to combinatorialize the cost in Hitchcock and to examine the
dual D explicitly, rather than bypass it as we did in the previous section. Assign
variables &, and f, to Equalities 7.4 and 7.5, respectively, yielding the dual

n »
max w = ‘Z_“a,u, + ;. b8,

o+ < cy foralli=1,...,mandj=1,...,n (D)
o, f,=0
An initial feasible solution to the dual can be written immediately.
o =0
. (7.9
B, = l';‘:‘(‘; {eu

We next define the admissible set IJ of indices of variables in the restricted
primal by the pairs (7, ) for which equality is achieved in D.

={G) e+ B =cj
Next, the restricted primal RP is defined by
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R mtn
min é = Y, x?
i=1

Ef,,+x,‘=a, i=1...,m
Sl Xy =by  j=1..n (RP)
x‘ZO =1l,...,m+n
fu,=0 el
Jiy=0 @j) ¢ 1
where we have called the artificial variables x{,i=1,...,m - n.
The cost in RP can be written
zz‘,a,+§b,~2“’g‘;”ﬁ, (7.10)

Minimizing ¢ is therefore equivalent to maximizing the total flow on admissible
arcs. We may then rewrite RP without the artificial variables but with inequality

constraints as
max ;‘ Ji
wnen

Zjﬁ,gn, i=1...,m

}‘jﬁ,gb, J=1...,n (RP")
Sy =0 @) el
Jy=0 @) ¢

This is the max-flow problem shown in Fig. 7-8: we create a super-source s

Super-terminal

Figure 7-8 A max-flow probl

to the icted
primal of a Hitchcock problem; the |ni|mle capacity arcs corre-
spond to admissible indices in the dual.
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and a super-terminal ¢; from s to each of m sources we install an arc with
capacity a,; from each of n terminals we install an arc with capacity b,. Froma
source to a terminal we install arc (i, j) with infinite capacity exactly when (i, j)
€ IJ. This ensures that the variable f;, can be greater than zero only when the
index pair (i, ) is admissible.

The primal-dual algorithm proceeds by improving the dual feasible solution
@, B with the optimal dual, say &, f, of the restricted primal. We saw in Chapter
6 that the set of labeled nodes at termination of the Ford-Fulkerson algorithm
determines an optimal s-f cut and hence also an optimal solution. We need some
terminology for discussing the application of the labeling algorithm to Hitchcock.

Definition 7.5

When we achieve optimality after application of the labeling algorithm to
RP, we say we are at nonbreakthrough. At nonbreakthrough, let
I* = {i: source i is labeled} (7.11)
J* = {j: terminal j is labeled} (")

We can now set down an optimal dual to the restricted primal.

Lemma 7.1 At nonbreakthrough in the solution of RP', an optimal solution to
the dual of RP is given by

@ = 1 ieI*
o =—1 ¢l (7.12)
By=—1 jeus
Bi= 1 ¢

Proof We can show &, f is feasible in DRP and that its cost is optimal for
RP. The details are left for Problem 4.

If £ = 0 at nonbreakthrough, we have achieved an optimal solution to our
original problem, with a flow value
Y fy=Xa=3%b
u,nen O 1

If ¢ > 0, recall that we have two cases in the primal-dual algorithm:
Case 1: & + B, < Oforall(i,j) ¢ IU.
Case 2: & + f, > O for some (i, /) ¢ IJ.

Case 1 implies that the primal was infeasible and hence must be impossible,
because our formulation of P always has a feasible solution. Therefore Case 2
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holds and we calculate

0, — F%;:—ﬁj @.13)

:uch{hn
And (/.’l) ¢

. ey —o, —
— min I:in—ﬂi:l
iers
jer

The last equation follows since & + f, can exceed zero only when i € I* and
Jj ¢ J*, in which case it equals 2; in this case we are assured that (i, /) ¢ IJ,
for otherwise j would have been labeled. The new dual solution 7 is then
obtained by

ar:{upl—a, ierI*

@0, ¢l
7.14
N 19
TUls 0, s

As it turns out, no arc that carries flow can become inadmissible, just as
no basic column can become inadmissible in the general primal-dual algorithm.
(See Problem 5.) This enables us to continue labeling in the Ford-Fulkerson
algorithm from the flow pattern that was optimal at the previous nonbreak-
through. This completely determines the algorithm, for eventually we reach the
maximum flow 33 a, = ¥ b,. Figure 7-9 shows an outline of the entire algorithm,
which we shall call alphabeta.

procedure alphabeta
begin
choose «, f§ feasible in D;
while flow is not maximum do
begin
solve the max-flow problem RP using only admissible arcs;
find labeled rows and columns at non-breakthrough, say I* and J*;
calculate 8; and update «, f
(comment: Equations 7.13 and 7.14)
end
end

Figure 7-9 The primal-dual procedure alphabeta for Hitchcock

We end this section with a general comment about where the primal-dual
methodology has led us. Combinatorializing the cost in Hitchcock yields max-
flow as a subproblem. Max-flow is solved by combinatorializing the capacities,
yielding the completely combinatorial subproblem of finding a flow-augmenting
path. We have thus used the primal-dual idea in a nested fashion to replace the
two data vectors, cost and capacities, by two nested loops around a very simple
combinatorial problem, as illustrated in Figure 7-10.



Hitchcock

Combinatorialize cost

Max-flow

Combinatorialize capacities

fin

t path

Figure 7-10 A schematic representation of
the alphabeta algorithm as two nested loops.

If we use a version of Dijkstra that handles negative-cost arcs to solve the
subproblems in cycle or buildup, then the same interpretation applies to those
algorithms.

7.5
A Transformation of Min-Cost Flow
to Hitchcock

That Hitchcock is a special case of min-cost flow is clear from the construction
in Figure 7-8 with all arcs admissible. We simply supply all the sources from a
super-source and collect flow from all the terminals at a super-terminal. What
is perhaps surprising, however, is that min-cost flow is a special case of Hitch-
cock! We mean by this that given an instance of min-cost flow, we can construct
an instance of Hitchcock that has the same solution. Later on in this book, this
idea will play an important role in our understanding of intractable problems,
and we shall use the terminology that “min-cost flow transforms to Hitchcock.”
The transformation described next is due to Wagner [Wa, FF].

Given an instance of min-cost flow, we shall construct an instance of
Hitchcock according to the correspondence below:

Min-Cost Flow Hitchcock
arc (i, j) source ij
node 1 terminal i
cost ¢i, arc (i, j) with cost ¢y

and infinite capacity
_— arc (ij, i) with cost zero

and infinite capacity
capacity byy supply by; to source ij

To specify the demands, we first need the notation
by = > b, (7.15)

11 J such that
wnere
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That is, b,, is the total capacity out of node i. The demand at terminal i 1s then

by — v, i=s
by + vy i=1 (7.16)
by i 5,1
The construction is illustrated in Figure 7-11.
Terminals

Sources
Capacity b,y (+yy or 0)
Capacity by

Figure 7-11 The Hitchcock problem constructed from a min-
cost flow problem.

The Hitchcock problem is to find a flow f;; . such that

St fua=by (7.17)

(the supply at source ij is used completely);

by — v,
; (fosi + 0 = 3bw + v, (7.18)
bu'
(the demand into node i is filled); and
f,,,,‘z()I for all i, j, k (7.19)
to
min gl: Sus€iy (7.20)
0

Note that the total supply equals the total demand in Hitchcock. We now prove
the desired result.
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Lemma 7.2 The original instance of min-cost flow and the constructed instance
of Hitchcock are equivalent in the sense that a feasible flow in either corresponds
to a feasible flow in the other with the same cost.

Proof First, let f;; be a feasible flow in the min-cost flow problem. Then,
in the Hitchcock problem, if we take

Sus =1y >0 (7.21)

Sua=by—f,=0 (7.22)
these flows satisfy Eq. 7.17. Substituting in Eq. 7.18, we get
; (bu *fu +fjl) = by + EJ (fu *fu)

by — v, i=s (7.23)
= by + v, i=t
by i st

as required.
Next, suppose we have a feasible flow f;;, in the Hitchcock problem.

This is nonzero only when k = i or j. In the original min-cost flow problem,
define

Jiu=Ttu, (7.24)

Then 0 < f,; < b,; because of the supply at source ij. Also, the net flow out of
node i in the min-cost flow problem is

Zj)fu.; - ;fn.; = 2/: (bu *fu,:) - jEf;:,:
=by — Z/] S +th.1)

v, i=s (7.25)
=4q—0, i=1
0 [N

where we used Egs. 7.17 and 7.18, so that all the constraints are satisfied.
Finally, it is easy to see that the costs of flows which correspond by Eqs.
7.21 and 7.24 are equal in their respective problems.

7.6
Conclusion

We have used the primal-dual idea to develop a variety of algorithms for
path and flow problems, and we shall exploit it further for matching problems.
In the case of shortest path, it was easy to see that Dijkstra’s algorithm took no
more than |V|* steps. But even for the next simplest primal-dual algorithm,
Ford-Fulkerson for max-flow, there is no easy way to obtain an upper bound
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on the required time; that must wait for Chapter 9. We next turn our attention
to more general problems of defining and predicting the time complexity of
algorithms.

PROBLEMS

1. Show how alphabeta can be modified simply so that all the numbers involved
are integers.

2. Prove that the transformation of min-cost flow to Hitchcock is efficient in the
following sense: the total number of elementary steps required for the construc-
tion of the instance of Hitchcock is bounded by a polynomial function of the
number of bits required to represent the input to the original min-cost flow
problem.

3. Why does the restriction of Hitchcock to one with equality constraints rely on
the costs being nonnegative? Investigate the dependence of cycle, buildup, and
alphabeta on this assumption.

4. Prove Lemma 7.1, giving an optimal solution to DRP in alphabeta. Is this a
unique solution?

5. Prove directly from alphabeta that only an empty arc can become inadmissible.
Does this result follow from Theorem 5.3, which states the analogous fact for
basic columns in RP? Construct an example in which an arc does in fact
become inadmissible.

6. Prove that a negative-cost circulation contains a negative-cost cycle.

2

Solve the following Hitchcock problem, using cycle, buildup, and alphabeta:

BN W
[V N
—_aun
ww s W

The matrix entries are the c;;.

8. [Zal] Show how to transform a min-cost circulation problem with lower and
upper bounds on arc flows and an initial flow that violates some upper and lower
bounds to an ordinary min-cdst flow problem. (Hint: Devise an incremental
network with zero flow and thus only violated lower bounds. Change flow vari-
ables and introduce a fictitious source and terminal.) How can one accomplish
this transformation so that all costs are nonnegative ?

9

(The Caterer Problem [FF]) A caterer needs to supply r, napkins on N successive
days, i = 1,..., N. The caterer can buy new napkins at p cents each, or launder
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them at a fast laundry that takes m days and costs f cents a napkin, or launder
them at a slow laundry that takes n > m days and costs s < f cents a napkin.
At the end of each day the caterer must decide how many dirty napkins to send
to the fast laundry, how many to the slow laundry, and how many to hold over.
The requirement r; on any day is met from those clean napkins available from
both laundries, plus any new napkins that must be purchased.

(a) Formulate this problem as a min-cost flow problem. (Hint: Use N “supply”
vertices and N “demand” vertices, plus some others.) Explain the arcs in
your solution.

(b) Solve the problem with N =3,r; =3,r, =2,ry =4, m=1 (napkins
sent to the fast laundry are ready the next day), n = 2, p = 10, f = 6, and
s =3, using any method. Prove, however, that your answer is optimal,
What is its cost?

(The Min-Cost Multicommodity Flow Problem [To]) A flow network is given
which has ¢ source-terminal pairs (s, #,), instead of just one. There is to be a
flow of value ry, k =1, ..., q, between s, and t, thought of as a flow of com-
modity k. Each arc (i, j) has capacity b,;, which is a limit on the total flow of all
commodities on the directed arc (7,/); and a cost ¢;; per unit total flow on that
arc. All flows are positive on directed arcs. The problem is to find a feasible flow
of minimum cost.

(a) Formulate this problem in node-arc form. How many rows and columns
are there? If the Dantzig-Wolfe decomposition method is used, what are
the subproblems?

(b) Formulate the problem in arc-chain form. How many rows and columns
are there? If the revised simplex algorithm is used, what is the column-
selection problem?

(c) Show that the formulations in (a) and (b) are equivalent.

(Capacitated Spanning Tree Problem [GJ]) We are given a complete undirected
graph G = (¥, E), a symmetric distance matrix [d,;}, an integer “traffic-genera-
tion rate” A, for each node i € V, integer capacity B, and a distinguished node
s, called the central site. We want to find a spanning tree with minimum cost and
total traffic no more than B on any edge, assuming traffic 4, is routed from every
node to s. Show how to solve the special case where all 4, are zero or 1, and
B =1, by using a min-cost flow algorithm.
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Algorithms and Complexity

8.1
Computability

The wide applicability of the simplex algorithm and its variants to problems with
hundreds and thousands of variables and constraints would be impossible
without the existence of the fast digital computers of today. The same is true for
many commonly used techniques for solving numerical problems, simulating
physical or social processes and manipulating information: These methods
cannot be realistically applied by hand, except to instances too small in size to
be of any practical significance. It is now widely accepted that the limits of the
human computer have been surpassed by the needs of today’s science and tech-
nology. Are there limits to the potential of electronic computers?

Clearly, ill-defined, nonmathematical tasks such as “solve the energy prob-
lem” or “outsmart humans” cannot be performed by computers. Computers
can only carry out algorithms; that is, precise and universally understood
sequences of instructions that solve any instances of rigorously defined computa-
tional problems. The methods taught in elementary schools for performing arith-
metic operations on decimal integers are typical algorithms. They are precise
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methods that can be applied to any integers—no matter how large—and they are
correct, in the sense that they are guaranteed to terminate with the right answer.
They are so dryly and literally written that we can trust their execution to
machines. It should not be a surprise that this intuitive concept of an algorithm
can be defined rigorously. The corresponding mathematical object is called a
Turing machine, after the British mathematician Alan M. Turing, who invented
it in 1936 (see Sec. 15.5).

Are there well-defined mathematical problems for which there is no
algorithm ? By brilliant arguments, Turing showed that such undecidable prob-
lems do exist. A typical one is the so-called halting problem: Given a computer
program with its input, will it ever halt? Turing proved that there is no algorithm
that solves correctly all instances of this problem. It is possible to find some
heuristic ways to detect some infinite loop patterns by examining the program
and the input, but there will always be subtleties that escape our analysis. Of
course, we may simply run the program and report success if we reach an end
statement. Unfortunately, this scheme is not an algorithm, because it is not
guaranteed itself to halt!

8.2
Time Bounds

If mathematical formalisms like Turing machines led the mathematicians of the
19305 to the study of undecidable problems, the digital computers of today
present us with different challenges.

All of the computational problems discussed in this book are of the decid-
able kind. That is, in principle there is an algorithm that would correctly solve
any instance of the problem. This is not always considered satisfactory, however,
because excessive time requirements may render an algorithm completely useless.

Example 8.1

The traveling salesman problem (TSP, see Example 1.1) is certainly a decid-
able problem, since an instance of the TSP can be solved by finding the best
among a finite set of tours. Thus a computer could solve any instance of the
TSP by systematically examining and evaluating all tours and then choosing the
shortest one.

The number of tours of # cities is (n — 1)!/2. So the implementation of the
above algorithm in a computer would require about n! steps (elementary instruc-
tions). The solution by this algorithm of a modestly sized instance of the TSP—
for instance, finding the best tour of the state capitals of the United States—
would thus require many billions of years, even under the most optimistic
assumptions about the speed of computers in the future (50! has about 65
decimal digits). []



Example 8.2

The minimum spanning tree problem (MST, see Example 1.2) can also
be solved by exhaustively examining all spanning trees and choosing the best.
Since there are #"~2 spanning trees with n nodes (for a proof see [Ev]), the time
requirements of the exhaustive approach are again unbearable. However,
there is a much better algorithm for this problem. In Chapter 12 we develop
an algorithm for the MST that requires a number of elementary steps pro-
portional to n2, when applied to n points. This is a very practical algorithm.
Using this algorithm, the MST of the U.S. state capitals can be computed in a
few seconds by most computers. [}

The most widely accepted performance measure for an algorithm is the
time it spends before producing the final answer. This amount of time may vary
vastly from one computer to another because of differences in speed and instruc-
tion repertoire. In the analysis of algorithms in this book, we express the time
requirements of algorithms in terms of the number of elementary steps—
arithmetic operations, comparisons, branching instructions, and so on—
required for the execution of the algorithm on a hypothetical computer. We
assume, that is, that all these kinds of operations require unit time.

The number of steps required by an algorithm is not the same for all inputs.
In the simplex algorithm, for instance, the number of elementary steps required
to solve the m x n LP

max ¢'x, subject to Ax < b, x>0

may vary considerably with the parameters 4, b, and ¢, even if their dimensions
are kept constant. In an extreme case, if ¢ < 0 the starting feasible solution is
optimal and no pivoting is required, whereas, for different choices of the para-
meters, a significant number of iterations may be required to reach the optimum.

To smooth such sharp contrasts in the behavior of an algorithm from one
input to another, we consider all inputs of a given size n together, and we define
the complexity of the algorithm for that input size to be the worst-case behavior
of the algorithm on any of these inputs. Then the complexity of an algorithm is
a function of the size of the input, such as 10n?, 2", and n log n.t

In studying the complexity of an algorithm, we are often interested only in
the behavior of the algorithm when supplied with very large inputs, because it
is these inputs that are going to determine the limits of the applicability of the
algorithm. Differences such as that between an algorithm of complexity 10n°
and one of 9n® can be made irrelevant by a technological breakthrough that
induces a tenfold increase in the speed of computers. On the other hand, slower
growing terms (like the 5n term in the bound nlog n + 5n) will eventually be

tWhen no base is given explicitly, all logarithms are understood to be to the base 2.
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overwhelmed by faster growing terms for large enough n, (in our example, for
n>> 1000). We are interested, therefore, in the rate of growth of the complexity
of the algorithm. To deal with rates of growth of functions the following for-
malism is helpful.

Definition 8.1

Let f(n), g(n) be functions from the positive integers to the positive reals.

(a) We write f(n) = O(g(n)) if there exists a constant ¢ > 0 such that,
forlarge enough n, f(n) < cg(n).

(b) We write f(n) = Q(g(n)) if there exists a constant ¢ > 0 such that, for
large enough n, f(n) > cg(n).

(c) We write f(n) = O(g(n)) if there exist constants ¢,¢’ > 0 such that, for
large enough n, cg(n) < f(n) < c'g(n).

We may write f(n) < g(n) instead of f(n) = O(g(n)). It is easy to see that <
is an equivalence relation. The equivalence class of f(n) in this equivalence
relation (that is, the set of all functions g(n) such that f(n) == ©(g(n))) is called
the rate of growth of f(n). []

Using this notation, the rate of growth of the complexity of an algorithm
may be bounded from above by phrases like “takes time O(n®).”

8.3
The Size of an Instance

We measure the complexity of an algorithm as a function of the size of the input
of the algorithm. But what is the size of the input? The input in combinatorial
optimization problems is a combinatorial object: a graph, a set of integers
(possibly arranged in vectors and matrices), a family of finite sets, and so on.
To submit this input for solution by a computer, we must somehow encode it,
or represent it, as a sequence of symbols over some fixed alphabet such as bits,
typewriter symbols, or ASCII characters. We shall not define precisely how we
encode combinatorial objects into sequences of symbols. These encodings may
be done in any of a number of obvious and simple ways, some of which we
illustrate in the examples below. Moreover, it will almost always turn out that
all of these encodings are essentially equivalent for our purposes. On the rare
occasions that this issue may pfesent us with some subtle difficulty, we shall
explicitly point out the problem and the cure.

Once we have decided that the input of an algorithm is represented as a
sequence (or string) of symbols, we define the size of the input to be the length
of this sequence, that is, the number of symbols in it.



Example 8.3

In many problems—for example, in the problem of testing whether an
integer is prime—an instance is simply an integer. There are many economical
ways of representing integers; the most common ones are arithmetic systems to
some fixed base, such as decimal and binary. In these systems, the number of
symbols required in order to represent an integer n is [logy n'],t where B >2
is the base. We see that, no matter what base is used, the size of the representation
of n is O(log n)—recall that
logn
log B

and log B is a constant, once we have fixed B. []

logpn =

Example 8.4

What is the size of a linear program? As before, we assume that entries of
A, b and ¢ are integers. Thus the size of a linear program would be the number of
symbols required in order to write 4, b, and c. Since this can be done by listing
the elements of the matrices in binary (or decimal), using appropriate delimiters
to stand for the horizontal and vertical lines of the tableau, the size of anm X n
LP is ©(mn + [log | P[]), where P is the product of all nonzero coefficients. []

Example 8.5

In many interesting problems the input is just a graph. What is the size of
a graph?

A graph may be represented in many ways. For example we can associate
with any graph G = (V, E) its | V| X | V| adjacency matrix Ag = [a,;], such that
a,; = 1if [v,v)] € E, and a,, = 0 otherwise. Nevertheless, this may not be
the most economical representation of a graph. A graph (¥, E) may have up to

(‘ gl) = O(| V|?) edges. However, many graphs are sparse in that the number of

their edges is far less than (l '2/|) For example, we may have a graph with 100

nodes and 500 edges. Representing this graph by its adjacency matrix would
require 10,000 digits for recording all entries. Simply listing the edges one by
one would be more economical.

One useful way of representing a graph is by its adjacency lists. For each
node v € ¥, we record the set A(v) S V of nodes adjacent to it (see Fig. 8-1).

The size of this representation depends on the sum of the lengths of the lists.
Since each edge adds 2 to this total length (one for the list of one endpoint plus
one for the other), it follows that we have a total of 2| E| elements to write down.

1By [x7] we denote the smallest integer ¢ such that 7 = x, and by | x], the largest integer
g such that g << x.
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Aw) = {vy, v}
Awy) = vy, v3, 05}

vy vy Aws) = {vy, v}
Alwg) = {vy, 03,03, v5}
Alws) = {vg}
Us
(a) (b)
Figure 8-1

There is another factor, however, that affects the total length of the representa-
tion. Even for graphs of moderate size, we cannot have a different letter for each
node: Recall that our alphabet must be of a fixed finite size. We shall then have
to use subscripts to distinguish among vertices. Since we have | V| vertices, we
need approximately O(log | V) bits—or decimal places—to do this. It follows
that O(| E| log | V'|) symbols are required in order to represent the graph G =
(V, E).

Why, then, is it that in practice we say that a graph (¥, E) can be encoded in
O(|E|) space? The reason is that today’s computers usually treat all integers in
their range—typically from zero to 23'—the same. They assign the same space,
a word, to both 3 and 7'°. Since we may be aimost sure that graphs with more
than a trillion nodes will never come up in an application, O(| E|) such words are
adequate for storing the adjacency lists of a graph using indices in this range to
identify the vertices. Hence | E| is a reasonable approximation to the size of a
graph, and analyzing the complexity of graph algorithms using| £| as a parameter
is an acceptable practice.

Nevertheless, sometimes we use both | V| and | E| as parameters for charac-
terizing the complexity of an algorithm. This is a convention with roots in peo-
ple’s tendency to consider | V| as the prime measure of size of a graph, probably
because in most applications of graph theory V is the point of departure for the
construction of G. Naturally, | V| and | E| satisfy | E| < | V| (| V| — 1)/2, and we
can assume that | E| > | V|/2 (for instance, if our graph has no isolated points).
However, |E| may vary greatly within these bounds to make G dense (|E|
= O(| V|?)) or sparse (| E| is far less than its maximum value). Hence, an O(| E|*)
algorithm may be preferable to an O(|V|* | E|) algorithm when the graph is
sparse, whereas the opposite choice is justified for dense graphs. [T}

s

Some combinatorial problems, such as the TSP, the shortest-path problem,
and the MST, have an input consisting, at least in part, of integers. Algorithms
for these problems usually involve operations such as addition and comparison
of integers. In the Floyd-Warshall algorithm for the shortest-path problem,
for example, most steps consist of pairwise comparisonsand additions of integers.
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Since we have no explicit bounds on the magnitude of these integers, it may be
the case that they are so large that they cannot be handled by the finite word
length of our hypothetical puter. Special techniques will then have to be
employed in order to carry out additions and comparisons of very large integers,
and such techniques require for each operation an amount of time (number of
elementary steps) that grows approximately as the logarithm of the integers
involved. In this book, we simplify matters by considering each such operation
as an elementary step of unit cost, called an arithmetic operation. For example,
we shall say that the Floyd-Warshall algorithm solves the shortest-path problem
in a digraph D = (¥, 4) in O(|V|*) arithmetic operations, or in O(| V|*) time,
for short. What we really mean by this is that the number of elementary opera-
tions is bounded by O(| V|* log M), where M is the largest integer appearing in
this instance. We can adopt this convention without changing the essence of
our results, because the algorithms in which we shall be interested involve opera-
tions on integers that are not significantly larger than those in the input.t

A completely different (and more subtle) situation arises when the total
number of arithmetic operations depends on the magnitude of the integers
involved. We shall see in the next section that the labeling algorithm for the max-
flow problem described in Chapter 6 presents such behavior.

8.4
Analysis of Algorithms

Deriving tight upper bounds for the time requirements of an algorithm is not
always straightforward; it can be as ingenious and artful as the design of the
algorithm.

Example 8.6

The Floyd-Warshall algorithm for the shortest-path problem for a digraph
D = (V, A) has a time complexity of O(| V' |*) arithmetic operations. In this case
the analysis is especially easy, and in fact the time requirements of the algorithm
do not vary considerably with the digraph and the distances appearing in the
input. The key observation is that the algorithm consists essentially of three
“nested loops,” each of which is executed about | V| times; the innermost “tri-
angle” operation can be implemented with just two arithmetic operations. [

Example 8.7

What is the complexity of the labeling algorithm for solving the maximum
flow problem (Chapter 6) for a network N = (s, t, ¥, 4, b)? We observe that
the algorithm has an initialization step, which can be carried out in time pro-
portional to | V|, and many iteration steps. Each iteration step involves the

1In the simplex method all numbers that we handle are rationals, with both numerator and
denominator bounded in absolute value by the size of the instance (recall the proof of Lemma
2.1).



scanning and labeling of vertices. In order to bound the complexity of each itera-
tion, we observe that in the scanning process each arc (v, u) of N can be visited
at most twice—once for the scanning of v and once for ». Thus the labeling pro-
cess requires a number of arithmetic steps of the order O(|4[). On the other
hand, following the labels backwards can be done in O(p) steps, where p is
the length of (number of arcs in) the augmenting path discovered. We note
that there can be no repetitition of nodes in the augmenting path; hence we
have p <|V|. It follows that each iteration of the algorithm takes time
o(V] + [ 4] = 0(A4).

Consequently, the overall algorithm has complexity O(S -+ | 4]), where §
is the number of iterations involved. Because the capacities of all the arcs are
integral, we notice, by an easy induction on the number of iterations, that the
flow remains integral at all stages. It follows that the increments also have
positive integer values, and so at each iteration the flow is augmented by at
least one. Thus, if » is the value of the maximum flow, we have S < ». There
is something definitely wrong with this estimate, however: we bound the com-
plexity of solving a problem in terms of its solution! What we really need is an
a priori estimate of the complexity, expressed in terms of the input. In order to
obtain this, we just need to observe that v < . ;ﬂ b(x, y), We thus conclude

that the labeling algorithm has complexity
o 3 b(x,») 14D
(x, €A

We shall see in the next chapter that this worst-case bound is actually achievable.

O
Example 8.8

The simplex algorithm, like the labeling algorithm of Example 8.7, involves
an initialization phase together with a number of iterations. If the dimensions of
the matrix 4 are m X n, the initialization requires O(nm) arithmetic operations.
Similarly, each iteration can be viewed roughly as a matrix-vector multiplication,
and hence it can also be done in O(mn) arithmetic operations.

Because cycling is avoided, the simplex method can, at worst, visit all basic
m + n)

m

feasible solutions, and there are at most ( basic feasible solutions. In

fact, in Sec. 8.6, we show that indeed there are LP’s that may cause simplex to

perform many (though not exactly as many as (m 2’ ")) iterations. [7]

8.5
Polynomial-Time Algorithms

When should we consider a computational problem satisfactorily solved? The
answer obviously lies in the performance of the known algorithms for this prob-
lem. If there is an algorithm for this problem that is not too time-consuming—
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the prime criterion we use here—then the problem may be considered solved, and
not otherwise. In fact, as we have pointed out, it is the rate of growth of the best
known time bound that is going to determine the practical utility of the
algorithm. What rates of growth, then, should we consider as acceptable
solutions to computational problems?

Today there is general agreement among computer scientists that an
algorithm is a practically useful solution to a computational problem only if
its plexity grows pol) ially with respect to the size of the input. For exam-
ple, algorithms of complexity O(n) or O(n*) are acceptable in this school of
thought. (Note that the rate of growth of a polynomial is completely specified by
its degree.) Naturally, algorithms for which the asymptotic complexity is not
a polynomial itself but is bounded by a polynomial, also qualify. Examples are
n**% and n logn.

To understand the significance of polynomially bounded algorithms as a
class, let us consider the remaining algorithms, those that violate all polynomial
bounds—for large enough instances, that is. We usually refer to these as expo-
nential algorithms, because 2" is the paradigm of nonpolynomial rates of growth.
Other examples of exponential rates of growth are k (any fixed k > 1), n!,
2", n» and n'8 ", It is obvious that, when the size of the input grows, any poly-
nomial algorithm will eventually become more efficient than any exponential
one (see Table 8.1). Another positive feature of polynomial algorithms is that,

TABLE 8.1
The growth of polynomial and exponential functions.

Function Approximate Values

n 10 100 1000
nlogn 33 664 9966

n3 1000 1,000,000 109
106n8 1014 1022 1030
2" 1024 1.27 x 1030 1.05 x 1030t
nlogn 2099 1.93 x 1013 7.89 x 102
n! 3,628,800 10158 4 X 102567

in a sense, they take better advantage of technological advances. For example,
each time a technological breakthrough increases the speed of computers
tenfold, the size of the largest instance solved by a polynomial algorithm in an
hour, for instance, will be multiplied by a constant between 1 and 10. In contrast,
an exponential algorithm will experience only an additive increase in the size of
the instance it can solve in a fixed amount of time (Table 8.2). Finally, we may

tRates of growth such as n'oé » that are faster than any polynomial but slower than 2+
for all € > 0 are sometimes called subexponential.



TABLE 8.2
Polynomial-time algorithms take better advantage of technology.

Size of Instance
Size of Instance Solved in One Day in a
Function Solved in One Day Computer 10 Times Faster

n 1012 1013

nlogn 0.948 x 1011 0.87 x 1012

nz 106 3.16 x 10¢

n3 104 2.15 x 104
108n4 10 18

2» 40 43

10" 12 13

nlog n 79 95

n! 14 15

comment that polynomial algorithms have nice “closure” properties: Polynomial
algorithms may be combined to solve special cases of the same problem; a
polynomial algorithm may invoke another polynomial algorithm as a “sub-
routine,” and the resulting algorithm will still be polynomial.

When differentiating between polynomial and exponential algorithms,
special care must be taken when the time bound involves the numerical input of
the problem. For the labeling algorithm, for example, the time bound derived is

O3, b, y) - 14D

(Example 8.7). The asymptotic growth of this function looks at first glance per-
fectly polynomial, because there is no obvious exponentiation or equivalent
operation. Nevertheless, it is not a polynomially bounded function in terms of
the size of the input, and this is because it is expressed in terms of the numerical
input of the instance. To demonstrate this, suppose that in a network all arcs
have capacity 2. We could encode this instance of the max-flow problem by
listing | 4 ] integers, each | 4] bits long; thus the size of this instance is O(] 4 [?).
However, the bound now becomes O(2' - | 4 ), not a polynomial function of
the size of the instance. In Chapter 16 we shall introduce the term pseudo-
polynomial for algorithms with time bounds such as this.

So would an n®® algorithm be a practical solution to a problem? Probably
not. The time required to solve instances of size 3 is already astronomical, and an
exponential algorithm may perform better for all reasonable inputs. The thesis
that polynomial-time algorithms &re “good” seems to weaken when pushed to
extremes. Experience, however, comes to its support. For most problems, once
any polynomial-time algorithm is discovered, the degree of the polynomial
quickly undergoes a series of decrements as various researchers improve on the
idea. Usually, the final rate of growth is O(n®) or better. In contrast, exponential
algorithms are usually as time-consuming in practice as they are in theory, and

165



166 Chapter 8 ALGORITHMS AND COMPLEXITY

they are quickly abandoned once a polynomial-time algorithm for the same
problem is discovered.

These empirical rules are by no means universally accepted, and in some
cases they seem to fail completely. In fact, in the next two sections we examine
the background of an on-going controversy concerning the simplex algorithm
and a recently discovered polynomial-time algorithm for LP. This controversy
is the most serious challenge today to the thesis that polynomial-time is a
synonym of practical.

8.6
Simplex Is Not
a Polynomial-Time Algorithm

The most prominent algorithm discussed in previous chapters is simplex. It is
therefore natural to try to apply to it the mathematical criterion of “goodness”
of algorithms proposed in the previous section and ask if simplex is a polynomial-
time algorithm. In this section we shall present a simple argument, due to Klee
and Minty [KM], which establishes that the simplex algorithm in not polynomial-
time.

The simplex algorithm, as shown in Figure 2-3, has an incompletely speci-
fied step: the choice of j. Worst-case analysis of such an algorithm means finding
(a) the most unfavorable instance, and (b) the most unfortunate sequence of
choices at the incompletely specified steps. So in order to show that simplex is
not polynomial, it would suffice to exhibit a family of instances on which it
may use an exponential number of pivots. This can be done by exhibiting an
exponential—in the size of the LP—sequence of basic feasible solutions x,, X,

., X, such that x, and x,,, are adjacent and satisfy ¢'x,,; < ¢'x, for i == |,
ek —10

At this point, it is useful to assist the argument by some geometric intuition.
We know (Theorem 2.2) that the bfs’s of an LP are the vertices of the corre-
sponding polytope. Furthermore, by Theorem 2.10, adjacent nondegenerate
bfs’s of the LP correspond to vertices that are joined by an edge (1-dimensional
face) of the polytope (in Figure 8-2(a), for example, (0, 0, 1) and (0, 1, 1) are
adjacent). Finally, suppose that we have oriented the polytope so that the direc-
tion of decreasing costs is upwards. Thus we wish to find a sequence of expo-
nentially many vertices that are one adjacent to the next, each higher than the
previous. But first, we have to start with a polytope that has exponentially
many vertices to begin with. An example of such a polytope is the cube:

0<x,<1 j=1,23
(see Figure 8-2(a)).

The 3-dimensional cube has 6 faces—many games are based on this funda-
mental fact—and 8 vertices. In general, it is easy to see that the d-dimensional
cube (or d-hypercube) defined by the inequalities

0<x,<1  j=1,2...,d
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has 2d faces, one for each inequality, and 2¢ vertices, one for setting each subset
of {x,, X, ..., x4} to 1 and the rest to zero.
The polytope that we are going to construct is very similar to the cube

(see Figure 8-2(b)). It is defined by the inequalities, for some 0 < € < 4,
1>x>€

@.1)

1 —€x, =%, > €x;_, Jj=273...,d

The d-cube is therefore the limit of this polytope as € goes to zero; to put it
otherwise, Polytope 8.1 is a perturbation of the d-cube. A 3-dimensional example
is shown in Figure 8-2, together with a “long” sequence of cost-decreasing adja-
cent vertices. In the sequel we shall establish analytically the existence of such a
sequence. In order to put (8.1) in standard form, we add d slack and d surplus
variables. Hence m = 2d and n = 3d. We try to maximize x,. The complete LP
is shown below:

min —xg

Xy —ry=¢€

Xy -8y =1

1Sy 82)
X, —€x;_; —r;=0
X, t€x,y +85=1 i=23,...,d
Xyt 85,20 j=1...,d

What are the bfs’s of (8.2)? We have the following.

Lemma 8.1 The set of feasible bases of (8.2) is the class of subsets of

(X1 oo os Xas Py o ooy Fay Si5 -+« + 5 84} cOntaining all the x’s and exactly one of s, r,
Jor each j=1,...,d. Furthermore, all these bases are nondegenerate.
Proof Because x, = € and x,,, > ex, forj=1,...,d — 1, we have that

in any feasible solution x, >> €/ > 0. So all feasible bases of (8.2) must contain
all d columns corresponding to the x’s. Next, suppose that r, = s, = 0 for some
Jj.Xfj =1, then € = x, = 1, which is absurd. If j > 1, then the third constraint of
(8.2) gives x;, = €x,., and the fourth gives x, + €x,., =1, or 2€x,., = L.
Now, x,., < 1 by the second and fourth constraints of (8.2) and also € < §;
hence the latter equality is impossible. We conclude that any feasible basis
must contain one of the columns corresponding to s, and r, for each j. But
these are already 2d = m basic columns. Furthermore, we have proved that no
such bfs can have a zero component, and hence they are all nondegenerate. [

We write a bfs of (8.2) as x5, where S is the subset of {1,2,...,d} that
corresponds to nonzero r’s in x5. The value of x, in x° will be denoted by x5.
We need the following lemmas.
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Lemma 8.2 Suppose that d € S but d ¢ S'; then x§ > x3. Furthermore, if
S'=8—{d,xf=1—xi.

Proof Since d € S,s;, =0 and the fourth constraint in (8.2) gives x§
=1—exi;. Now xj_; <1 and € < }; hence x§ > §. On the other hand,
because d ¢ S’, we have r; = 0and the third constraint in (8.2) gives x§' = €x§_;
< 4. Consequently x§" < x§.

To show the second part, notice that if = S" U {d} then x§_; = x§..
Sox§=e€x§fy=1—(—e€x§,)=1—x5. O

Lemma 8.3 Let the subsets of {1, 2, ..., d} be enumerated in such a way that
x5 < x§* < - -+ < x3*. Then the inequalities are strict, and the bfs’s x> and x>
are adjacent for j = 1,2, ...,2¢ — 1.

Proof We use induction on d. It certainly holds for d = 1: we have two
bfs’s, namely (x, ry, 5;,) = (€, 0, 1 — €)and (1,1 — €, 0). The bfs’s have unequal
x,’s and they are certainly adjacent. For the induction step, suppose that the
lemma is established for the d-cube, and let S|, ..., S, be the appropriate
enumeration. Now S, ..., S, are also subsets of {I,2,...,d+ 1}, and in
fact x§4, = ex§’. Therefore, by the induction hypothesis, x§i; < x§i,; < ---
< x§14. Now consider the remaining subsets of {I,...,d -+ 1}, namely, S
=S8, U{d+1},j=1,...,2% We have, by Lemma 8.2, that x§/; > x§i'; and
x§7y =1 — x§,. Hence

Xf < e <X <X < e <xih
By the induction hypothesis x* and x*' are adjacent, and so are x* and
x5, Also, x5 and x5 are adjacent as well, since the latter basis results from
the former by adding r,,, and omitting s, . The lemma follows. ]

We can now prove the main result of this section.

Theorem 8.1 For every d > 1 there is an LP with 2d equations, 3d variables,
and integer coefficients with absolute value bounded by 4, such that simplex may
take 2¢ — 1 iterations to find the optimum.

Proof Take € =} and multiply all equations of (8.2) by 4, so that all
coefficients are integers. Since the gbjective of (8.2) is to maximize x,, the expo-
nentially long chain of adjacent bfs’s whose existence is established by Lemma
8.3 has decreasing costs. The theorem follows. ()}

Results similar to Theorem 8.1 are known for almost all variations of sim-
plex, including several heuristic pivoting rules, the primal-dual simplex of
Chapter 5, and others; see the problems and references at the end of the chapter.
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Until recently whether there can be any polynomial-time algorithm for LP
was a most perplexing question. There was conflicting evidence about the
answer. On the one hand, LP was certainly one of the problems (together with
the TSP and many others; see Chapter 15) which seemed to defy all reasonable
attempts at the development of a polynomial-time algorithm. On the other
hand, LP had two positive features that made it completely different from the
other classical problems in that class. First, LP has a strong duality theory,
which is conspicuously lacking for all the other hard combinatorial problems
(see Section 16.1). And secondly, LP has an algorithm, the simplex method,
which—although exponential in its worst case—certainly works empirically on

of ingly unlimited size.

In the next section, we examine a startling recent development that resolved
this conundrum.

8.7
The Ellipsoid Algorithm

In the spring of 1979 the Soviet mathematician L.G. Khachian published a
proof that a certain algorithm for LP is polynomial, thus resolving a long-
standing open question. Khachian’s result is based on work of other Soviet
mathematicians on nonlinear programming (see references) and is drastically
different from most previous approaches to LP in that it aimost completely
disregards the combinatorial nature of the problem.

In the following subsections we introduce and discuss this algorithm. First
we have to establish some background results, at times very interesting in them-
selves.

8.7.1 LP, Ll and LSI

Formally, linear programming (LP) (in standard form) is the following
computational problem:

Given an integer m X n matrix A, m-vector b and n-vector c, either

(a) Find a rational n-vector x such that x > 0, Ax = b, and ¢’x is minimized
subject to these conditions, or

(b) Report that there is no n-vector x such that x > 0 and Ax = b, or

(c) Report that the set {¢'x: Ax = b, x > 0} has no lower bound.

Consider now the problem of linear inequalities (L1), defined as follows:

Given an integer m X n matrix 4 and m-vector b, is there an n-vector x such
that Ax < b?

For convenience, we shall assume that m > n in LI and LSI to follow, although
this is not really restrictive.

It turns out that LI is almost as hard as LP, at least as far as the existence of
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polynomial-time algorithms is concerned. To establish this, we need some
preliminaries.

We start by introducing a very common programming technique called
binary search. Suppose that we wish to determine an (unknown) integer x
between 1 and B by asking questions of the form “Is x > a?” for some a of
our choice. We can do this by first asking whether x is in the upper or lower half
of the interval [1, B], then asking whether x is in the upper or lower half of the
new (smaller by a factor of 2) interval, and so on, until the interval in which we
are certain x lies contains exactly one integer: x. This will happen after [log B
such questions—{log B can be alternatively defined as the number of times
that B has to be divided by 2 to obtain a number at most equal to 1. Figure 8-3
illustrates binary search for B = 32 and x = 11. [log 327] = 5 questions are
enough.

Question Answer Interval of possible values of x after the question
1 32
Is x > 167 NO 1 16
Is x> 8?7 YES 9 16
Is x > 127 NO 9__12
Is x> 10? YES 11_12
Is x > 11?7 NO 11 =x

Figure 8-3 A sequence of five questions of the form /s x > a?
for different values of a, which results in the determination of
x=11.

We rize this di ion for future ref as follows.

Lemma 8.4  An integer x between | and B can be determined by [ log B questions
of the form “Is x > a?”.

Consider an m X n LP in the standard form:

min ¢'x
Ax =b (8.3)
x>0
Its size is
L = mn + [log| P[], 8.4

where P is the product of the nonzero (integer) coefficients appearing in A4, b,
and ¢ (recall Example 8.4). We now state the following version of Lemma 2.1.

Lemma 8.5 The bfs’s of (8.3) are n-vectors of rational numbers, both the absolute
value and the denominators of which are bounded by 2*.

Proof Similar to Lemma 2.1. (]
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Lemma 8.6 Suppose thai two bfs’s x,, x, of (8.3) satisfy K27%¢ < ¢'x,, ¢'x,
< (K + 1)272% for some integer K. Then ¢'x, = c'x,.

Proof Suppose that ¢'x, 5= ¢'x,. Then by Lemma 8.5, ¢'x, and ¢'x, are
distinct rational numbers with denominators at most 2%; hence |¢'x; — ¢'x,|
> 2% a contradiction.

We can now prove this theorem.

Theorem 8.2 There is a polynomial-time algorithm for LP iff there is a poly-
nomial-time algorithm for LI.

Proof For the only if direction, we can answer any instance of LI by
determining whether the corresponding LP (with slack variables added and
unrestricted variables removed; see Sec. 2.1) is feasible. Hence a polynomial-
time algorithm for LP would imply a polynomial-time algorithm for LI. Con-
versely, suppose that we have an algorithm @ that solves LI in polynomial time.
We shall describe a polynomial-time algorithm for LP that uses @. Suppose that
the input consists of the LP in (8.3).

1. Our algorithm first determines whether the LP is feasible by invoking
@ once, with input the inequalities 4x > b, Ax < b, and x > 0.If @
answers no, we report infeasibility and halt.

2. Next, we check for feasibility the inequalities 4x > b, Ax <b,
x>0, ¢'x < —2% — 1. Since ¢'x is bounded from below by —2%
if bounded at all, whenever @ determines that these inequalities are
satisfiable, we report unboundedness and halt.

3. Otherwise, we know that the problem has an optimal bfs, 2. We first
determine an integer —24t < K < 24 such that K273 < 'z < (K

+ 1)272L,. We can do this by binary search (Lemma 8.4) in 4L 41
invocations of @ with the inequalities

Ax > b, Ax < b, x>0, 2Le'x < a

for various values of a. Since @ is polynomial-time, K can thus be
determined in polynomial time.

4. Finally, we determine the basis that corresponds to £. Fork =1, ...,
n, we check whether the inequalities Ax < b, Ax > b, K < 2*L¢'x <
K+1; x>0, x, <0, and x, < 0 for j € S(k) are all satisfiable.
Here S(k) is the set of indices less than k for which the answer was yes.
It should be obvious that any m columns not in S(n + 1) can be chosen
to be the basis of %, and that there will be at least m columns not in
S(n + 1). Having thus determined the basis (within degeneracy), we
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can find % efficiently by simply inverting it—inversion of an n X n
integer matrix M can be carried out in polynomial time (in the size
of M) by Gaussian elimination [Ga]. O

By Theorem 8.2, the seemingly restrictive problem LI captures the complex-
ity of LP. To put it otherwise, the complexity of Phase I of the ordinary simplex
method (which has the purpose just to find a feasible point; see Sec. 2.8) is as
great as the complexity of the whole problem!

We now introduce yet another related problem, that of linear strict inequal-
ities (LSI):

Given anm X ninteger matrix 4 and m-vector b, is there an n-vector x such
that Ax < b?

Not surprisingly, LSI is no easier than LI.

Lemma 8.7 The system of linear inequalities

ax < b, i=1,...,m ®8.5)
has a solution iff the system of linear strict inequalities
ax < b, + €, i=1,...,m (8.6)

has a solution, where € = 272,

Proof 1f (8.5) has a solution, then this solution also satisfies (8.6). For the
opposite direction, suppose that (8.6) has a solution. From the assumed solution
of (8.6), we shall construct a solution £ of (8.5). The construction may be con-
sidered a tricky version of that of Theorem 2.1, where we showed how to con-
struct a bfs starting from an arbitrary feasible solution.

Let x, be a solution of (8.6). Consider the set of row vectors I = {a,: b,
< dxy < b, + €}. We may assume that, for all j,a,= 3 B,a, for some

@€l

numbers f,,. Because, if some a, were independent of the a,’s in I, then the
system

ajz =0, a, el

ajz =1
would have a solution, z,. By taking x, = x, + Az, for sufficiently small 1, we
can create another solution x, of (8.6), which however has one more vector in
the set J; after at most m steps, this must stop.

Therefore, for all j,a, = Y B,a, for some linearly independent subset

a€l
I' of I. By Cramer’s rule, the #,’s are all quotients of determinants of absolute

value less than 2*: B, = D,/| D|. Consider the solution % to the equations
ax = b,,a, € I'. We have, for each j:
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ID|@3% —b) = 3, Duaix —|D|b,
= 3 Dub,—|D|b, (by the definition of X)
sl

- Zer D(aix, — b) +|D| (@, — b))
(By adding and subtracting | D|a}x,)

<e(2 |Dy| +|D|) (Because|ax, — b,| <e€foriel
and ajx, — b, < € for all j)

Il

<2Mm 4 D2 <1

Therefore, for all j,| D|(a)X — b;) < 1. Moreover, the denominators of
all components of £ divide | D|, by the definition of D, and hence| D|(a)% — b))
is an integer. We conclude that @)% — b, <0 for all j, and therefore % is the
desired solution to (8.5). ]

Corollary If there is a polynomial-time algorithm for LSI, then there is a
polynomial-time algorithm for LI.

Proof Given a set of linear inequalities as in (8.5), we may check equiva-
lently whether the system

22gix < 2%4p, + 1, i=1,...,m 8.7

is satisfiable. The LP (8.7) has size at most twice the square of that of (8.5). []

In Subsec. 8.7.3, we present a polynomial-time algorithm for LSI.
8.7.2 Affine Transformations and Ellipsoids

In this subsection we introduce some stangdard concepts from linear algebra
and certain facts concerning them (Lemmas 8.8, 8.9, and 8.10) without proofs.

Let Q bean n X nnonsingular matrix, and t an n-vector. The transformation
T: R*— R defined as T(x) =t + Q - x for each x € R" is called an affine
transformation. Since Q is nonsingular, T'is a uniquely invertible transformation.
The inverse of T is an affine transformation itself.

The unit sphere is the set

S,={xe R:xx< 1}

If T is an affine transformation, then 7(S,) is called an ellipsoid. Alternatively,
T(S,) = {y € R": (y — 1)’B~'(y — 1) < 1}, where B = QQ". A matrix such as
B—the product of a nonsingular matrix by its transpose—is positive definite;
that is, x'Bx > 0 for all nonzero x € R".

Affine transformations preserve set inclusion.

Lemma 8.8 If S < S’ < R, then T(S) < T(S').




Example 8.9

1
and the ellipsoid T(S,) is as shown in Fig. 8-4. In general, the axes of the ellip-
soid may not be parallel to the coordinate axes, but they will always be orthogo-
nal to one another. The center of the ellipsoid is always t. [}

20 0
In 2-dimensional space, let t = (2, 3),and Q = [0 1:'. Then B~ = B :I

y

0 1 2 3 4 5 x

Figure 8-4

Lemma 8.9 Suppose that a subset S of R* has volume V. Then T(S) has volume
V- |det (Q)].

For instance, the ellipsoid of Figure 8-4 has volume 27.

Consider an affine transformation R with 1 = 0, and a matrix (also denoted
by R) with the following special property: RR" = I. Such transformations are
called rotations—it is readily seen that they map the unit sphere to itself.

Lemma 8.10 Let a € R" be a vector of length ||a||. There is a rotation R such
that Ra = (|| a|}, 0, . ..,0).

Finally, we need a fact from the theory of convex polytopes. Consider a
convex polytope P in R*. We know that P may be written as

P={xe R: Ax < b}
for some m > n, m X n matrix 4 and m-vector b. Let the interior of P be defined
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as follows:
Int(P)={x € R": Ax < b}

Lemma 8.11 If Int (P) 5% &, then there exist n 4 1 linearly independent vertices
of P.

Proof 1f all sets of n -+ 1 vertices of P are linearly dependent, P lies on a
hyperplane H. Take, however, a point x € Int (P), and let € be the smallest
distance of x from the facets of P. Since x € Int (P), € > 0, the sphere with
center x and radius € lies totally within P and therefore on H. This is absurd:
no (n — 1)-dimensional hyperplane can contain an n-dimensional sphere. []

8.7.3 The Algorithm

The main idea of the ellipsoid algorithm is very simple. The algorithm pro-
ceeds in iterations. At all times we maintain an ellipsoid which contains a solu-
tion to the given LSI system, if such a solution exists. An iteration consists of
replacing the current ellipsoid with a smaller one, which, however, is also
guaranteed to contain a solution (if one exists). After enough iterations either
we must discover a solution, or we are certain that through successive shrinkings
the ellipsoid has become too small to contain a solution, and we report that no
solution exists. The full algorithm is shown in Fig. 8-5.

THE ELLIPSOID ALGORITHM FOR LSI.
Input: Anm X nsystem of linear strict inequalities Ax < b, of size L
Output: an n-vector x such that Ax < b, if such a vector exists; “no” otherwise.
1: (Initialize) Set j := 0, to := 0, Bg := n222L . |
(Comment: ; counts the number of iterations so far. The current ellipsoid is E; =
fx:(x ~ 1)B7 ' (x — 1)< 1)).
2: (Test) If t; is a solution to Ax < b then return t,;
Ifj > K = 16n(n + 1)L then return “no”;
3: (Iteration) Choose any inequality in AX < b that is violated by t,; say a’t,=>b.
Set
1 Ba .
1/aBa’
2 B,a)(B.
l[B‘ ( .a)( .a)]

tyey =ty —

n

goto2
Figure 8-5

Example 8.10

Suppose that for some j we have ¢, = (0,0)", B, = ,and that one of

o o]
the inequalities reads x 4+ y < —1. The situation is depicted in Fig. 8-6(a).
Remember that we somehow know that the solution of the LSI instance, if it
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Figure8-6 (a) The ellipsoid at thejth iteration. (b) The ellipsoid
at the next iteration.
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exists, is within the ellipsoid E,. Since any solution must satisfy x + y < —1,
we know for sure that all solutions are in the lower left half of the ellipsoid.
If we could somehow draw an ellipsoid E;,, which includes the lower left half,
this would be a valid step.

That is exactly what the iteration is doing (Fig. 8-6(b)). We obtain 7,,,
= (—3/s/13, —4/(3,/13))', and

84 —32

5 I

141 = —32 igé
Y

The correctness of the ellipsoid algorithm follows from the next theo-
rem, which has a tedious but straightforward proof.

Theorem 8.3 Let B, be a positive definite matrix, let t; € R", and let a be any
nonzero n-vector. Let B, and t,,, be as in Step 3 of the ellipsoid algorithm. Then
the following hold.

(@) B,,, is positive-definite (or, equivalently, E,,, ={x € R™
(x — t;,,)'B;l(x — t,,,) < 1} is an ellipsoid).
(b) The semiellipsoid
JEfal ={x € R:(x —t))Bj'(x —t) <1, a'(x—1)<0}
is a subset of E;, .
(¢) The volumes of E; and E,,, satisfy

vol (E;,,) ~1/2(n+1)
vol(E) =2

To prove Theorem 8.3, we need two auxiliary lemmas.

Lemma 8.12 Consider the sphere S, and the set E={x € R":(x — t)B™!(x
—0 <1}, where 1=(—1/(n+1),0,...,0) and B = diag(n*/(n+ 1y,
n*/(n* —1),...,n%(n* —1).

(a) B is positive-definite (and hence E is an ellipsoid).
(b) The hemisphere }S, = {x € R": x'x < | and x, < 0} is a subset of E.
(¢) The volumes of S, and E satisfy

vol (El ~1/2(n+ 1)
vol(s) <2
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Proof
(@) B = QQ7, where
= diag (", P, L,
0 = dig (. 7y 7 =)
(b) Suppose that x & S,. Then

-0 — = CED (6 g LY P S

2
=n xx+2"+2 +2n+2x‘+__
£l+2”+2(x1+x|)
(Because x € S,)
<1

(Because x € S,)
(c) vol(E)/vol(S,) = det Q, by Lemma 8.9, where Q is as in Part (a).
Because Q is diagonal,

de[Q — —T(-_’f__l)("—””

Because forall x > 0, 1 + x < e*, | —x < e™™

J_: ____l_,_ =1/(n+1)
e e
P + < Mtmt-1)
nt—1 n—1-
Thus
n—1 _ 1 ~1/2m 1)
det Q < exp (2————0’z R I) <2 O

Lemma 8.13  Let B be a positive-definite matrix, t; € R", and let a be any
nonzero n-vector. Let t;,, and B,,, be obtained as in Step 3 of the ellipsoid
algorithm. Let 1S, and E be as in previous lemma. Then there exists an affine
transformation T such that

@ TE)=(xe R (x— 1B (x — 1) < 1};
B) T(E)={x € R:(x —t;,)Bili(x — 1,,) < 1};
(©) T(}S) ={xe R:(x —t)Bj'(x — 1)< 1, a'(x — 1)) < 0}

Proof By hypothesis, B, is positive-definite, and hence B, = QQ" for
some nonsingular matrix Q. Also, by Lemma 8.10, there exists a rotation R™
such that R"Q%a = (|| Q"a||, 0, . ..0)". The transformation T is defined thus:
T(x) = t;, + QRx. We shall check the three conditions.
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(a)
T(S,) = (T(x): x'x < 1}

= (X ()T < 1)
= {x: (x — 1)(Q"VRRTQ ' (x — 1) < 1}
={x:(x—1)Bj'(x —1) < 1}

(b) First notice that

__n 2 Bjaa'BT
By Tt — I[B’_n+ 1 a'Bja :l

. n [B 2 QRRTQT{III'QRRTQT]
I | IR | aQRR™Q"a

. n 2 QRdiag (|Q7all?,0,..., )R
=B - oalr Z]
(Because R™Q%a = (||Q"al},0, . .., 0))

=" [B,— 2 ordiag(1,0,...,0R"Q"
_FZTI[’_TQ iag (1,0,...,0)R"Q’

- lQRdlag( +I,l,...,l)RTQT
:QRBRTQT

where B is as in Lemma 8.12.
Also,

B _ QRRTQ"
=t = (x =0+ CERN/E QRRTQTa)

_ QR(107all,0,.
= (x o+ SO Ve )

= QR(T"'(x) — 1)

Therefore
T(E)={Tx):(x —0yB'(x — < 1}
={x:(T7'(x) =B N(T7'(0) —n< 1)
={x:(x —1,,)(Q'VRB'RTQ M (x —1,,,) < 1}
={x:(x — 1, )Bili(x —1,,) < 1}

(c) The condition in (c) now follows easily from the condition in (a) and
Lemma 8.8, by observing that

T(fx € R x, <O0) ={x € R:a'(x — 1) <0} 0

Proof of Theorem 8.3
(a) By (b) of Lemma 8.13, T(E) = E,,,; also, by (a) of Lemma 8.12,
E =T'(S,) for someaffinetransformation T". Hence E,,; = T - T'(S,)
is an ellipsoid (the composition of two affine transformations is
also an affine transformation).




(b) Eja] = T(}S,)—by (c) of Lemma 8.13—and %S, < E. Hence
Ejlal € T(E) = E,, .

(¢) By Lemma 8.9 and by (c) of Lemma 8.12
vol (E;,;) _ vol (T(E))
Vol (E)) — vol (T(S,)

__det (QR) vol (E) < 2-1/26+1)
= def (QR) vol (S,.)

We can also prove this lemma.

Lemma 8.14 If an LSI system of size L has a solution, then lhe set of solutions
within the sphere || x || < n2* has volume at least 2~ "+»L,

Proof If Ax < b has a solution, we know that

Ax < b

x, <2t i=1...,n
has a solution. Hence the polytope

Ax <b

x, < 2* i=1,...,n

has an interior point. By Lemma 8.11, it has n + 1 linearly independent vertices
{vo, ¥5, - . ., v,}. All interior points of the convex hull of these vertices are solu-
tions of Ax < b within the sphere || x || < n2%. The volume of this convex hull is

| A SR |
L| det ( )
n! Vo Oy cee 0,
Each v, can be written as u,/D,, where u, is an integer vector and D, is a deter-
minant of absolute value at most 2-. Thus the volume of the convex hull is at

feast (n! 1o, |)" > p-een, O

#0

Theorem 8.4 The ellipsoid algorithm correctly decides whether a system of
LSI’s has a solution.

Proof If the algorithm returns a point ¢, at Step 2, then trivially this point
isa solution. Suppose now that the algorithm returns “no”, and yet the system has
a solution. By Lemma 8.14, there is a set S of solutions within the sphere

= {x € R": x'B5'x < 1} with volume at least 2-*"*»%, By Theorem 8.3(b),
S continues to be a subset of E; for j=0,..., K. However, by Theorem
8.3(¢), vol (Ex) < vol (Ep) - 27K/2+1) < (2 x p222Eyr « 2780k < 2=+ and 50
S cannot be contained in E; this is a contradiction. [}



8.7.4 Arithmetic Precision

There is one last issue that we have to settle before we can proclaim the
ellipsoid algorithm to be a polynomial-time algorithm for the problem of linear
strict inequalities and therefore, by Theorem 8.2 and Lemma 8.7, for LP.
Unlike all other computations discussed in this book, the ellipsoid algorithm
cannot be carried out by integer or rational arithmetic. This is immediately
manifested by the square root in Figure 8-5. Consequently, in any computer
implementation we shall have to approximate all intermediate results by rationals.
A simple scheme for doing so is the following: Any real x is represented by a
binary integer with up to P bits, multiplied by some power of 2 (possibly nega-
tive); the resulting rational closest to x is denoted by %. For example, let P = 4.
If x =37, then £ =9 X 22 = 36; if x = 3.156, then £ = 13 X 272 = 3.25,
We say that our computation is carried out with precision P. Suppose that our
precision P is fixed. It is easy to see that for all real numbers x, |x — 2|/|x|
< 277; we can write this as follows:

X =x(1 + 0279 for some —1 < 8 < 1
or simply
£=x(1+62°7) 89
omitting the explicit statement of the bounds for §. We shall use the notation in
(8.9) very often in the sequel. When we write it with a vector or matrix, we allow
0 to be chosen differently for each component.

We shall carry out the ellipsoid algorithm with precision P. An arithmetic
operation will not in general return the precise result r (sum, product, square
root, and so on) but will instead return #, the approximation of r with precision
P. Performing such operations with arguments that are real numbers approxi-
mated with precision P involves two steps: handling (that is, adding, subtracting,
or comparing) the two exponents of 2; and performing the operation on two
P-bit integers. For example, the addition 9 X 22 + 13 X 272 is carried out as
follows: We first compare and subtract the two exponents and discover that the
second is smaller by 4. We find the integer closest to 13/2¢, namely, 1. We add
1 to 9 and obtain the answer # = 10 x 22, We check whether 10 >> 16—that s,
whether our P-bit integer has “overflowed”—and, since it has not, we report
10 x 2% = 40 as our result.

The first step, comparing, adding, or subtracting exponents, is easy to do.
Any number appearing in the ellipsoid algorithm has an exponent that is at
most exponential in L. (This is because we have a polynomial (total) number of
operations, and at each operation the exponent at most doubles.) So, if we also
keep the exponents in binary, the first step of any arithmetic operation can be
performed in time polynomial in L. The second step, performing arithmetic
operations on binary integers with P bits, can be carried out in O(P?) elementary
bit operations by the well-known methods taught in elementary schools. The
question then becomes how large P has to be so that the ellipsoid algorithm is

182
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still correct. If P can be bounded by a polynomial in L, the size of the instance,
then we can finally claim that the ellipsoid algorithm is polynomial.
Let us recall the ellipsoid algorithm. It constructs a sequence of ellipsoids
E, = (1o, By), E; = (1,, By), ..., forj=0,1,. ... The quantities?,,, and B,_,
are calculated from ¢, and B, by the rules
Ly = F(t), B)
B,,,=G(,B)
where the transformations F and G are given explicitly in Figure 8-5. The
modified ellipsoid algorithm for precision P also creates a sequence of ellipsoids,
Ey=E,,...,E;=(t),B)-(1 + J)),...and so on, where § > 0 is to be
determined, and the ¢/, , and B, are calculated as follows:
f1 = P B)
By, = C(), B)
The hats over F and G indicate that the computation is carried out with all
intermediate results approximated with precision P. Notice that the ¢),, and
Bj,, are calculated as in the original ellipsoid algorithm, the only difference
being that in our definition of E) we include an extra factor of (1 - J) at each
step, and thus our estimate of volume will be multiplied by (1 -~ )" per step.
Intuitively, this extra factor will guarantee that, if E’, contains the set S of solu-
tions of Ax < b, then so does E',,, and Theorem 8.4 is still valid, despite the
round-off error introduced by finite-precision arithmetic. Notice that the (1 + J)
factors are not actually taken into account in the computation; they are simply
used in the definition of the ellipsoids E) that are employed in our argument.
We can do this because the formula for the calculation of B, from B, (Figure
8-5) is homogeneous in B), and thus multiplying all entries of B, by a scalar has
the effect of multiplying all entries of B,,; by the same scalar.
We are going to argue that, with appropriate choices of P and J, the
semiellipsoid
JE) = {x:x € E), d(x—1)<0}
is contained in E’,,. It suffices to show that the ellipsoid
H, = (F(t), B)), G(t}, B))(1 -+ d)’)
is contained in E’,,, since, by Theorem 8.3, }E', < H,. In fact, it suffices to
show that all points on the boundary of H, are also within E',: that is
(x — F(t), B)YG(t), B))'(x — F(t), B))) = (1 -+ oy (8.10)
implies

s

xeE,, @®.11)

Now, (8.11) is equivalent to
(x — £, BYYG(t), B) '(x — F(,, B < (1 | 6" (8.12)

Let r be any number appearing in the ellipsoid algorithm (r could be an
entry of B, or ¢, for some j, or some intermediate result). It is not hard to prove
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that |r| << M = 2% for some ¢ > 0, where K is the number of iterations (see
Problem 16; the same result holds for the modified ellipsoid algorithm with
precision P, which we are analyzing). Thus any arithmetic operation carried out
with precision P on such numbers produces a result with absolute error at most
M - 277 Any sequence of p such operations produces a cumulative error of at
most pM - 277. Because the computations of F’ and G’ involve O(r*) arithmetic
operations, we have (omitting the arguments B and ¢ of F, F, G, and G for
simplicity)
F = F 4+ OM2?, for some ¢ > 0
(We use c in different equations to denote positive constants, not necessarily
related to each other.) Notice that here 6 is a vector. It follows that
x—F=x—F+0M2* (8.13)
Let us assume that the LS instance that we are examining has a solution—
otherwise the ellipsoid algorithm is certainly correct. It is not hard to show
(Problem 15) that, for every x on the boundary of the ellipsoid H, we have
|X — F| > 272" Thus (8.13) yields
x — F=(x — F)(1 + 0M2L-?),
and hence, for any x satisfying (8.10) we have
(x — FyG'\(x — F) = (x — FYG~'(x — F)(1 + 0M2+-7)2  (8.14)
Consider now an entry & of G Itis thg quotient of the determinant b
of a minor of G, divided by the determinant of G. Because an n X n determinant
is the sum of n! products, and each factor of each product has a maximum
possible error of M2¢~*, as in (8.13), it follows that
det (G) = det (G) + OM2mi-r
By Theorem 8.4, and since the jth iteration was not the last, det (B}) > 2-¢+2L
(1 4 8)~’* and hence det (G) > 2-**24-4(] + §)~/*. Thus,
det (G) = det (G) - (1 + OM™2et-P)(1 + S)x» (8.15)
Similarly, if D is the subdeterminant of G corresponding to D
b = D+ oMmaeni-r
and if g 1s the entry of G~! corresponding to g
& =g -+ QM 12en-P(] | G)kn
Hence (8.14) becomes
(x - FyG-i(x — F)y = (x — FYG~'(x — F)(1 + §M2em-7y
4 OMFI2enLmP(] - F)Kn
= (l - 5)/(] + 0Mn+32mL—P(I + 5):(»)
If we choose K = 32n(n + 1)L, 6 = 1/Kn, and P = cKn?® for large enough ¢

we obtain Inequality 8.12, and thus the half-ellipsoid 4/ is indeed contained
in E, ;.



Problems 185

It remains to show that the volumes of the ellipsoids E', decrease geomet-
rically. By part (c) of Theorem 8.3, Equation 8.15, and by the definition of £, ,,
we have

V&l)](féz)y) < 271D (] + 6)n . (l + anchP(l + 5)0-)

Again, the choice of P = cKn? for large enough ¢ yields
vol (E’[H_) - 1/4n+ 1)
WlEy <?
(Notice that P is polynomially bounded in L.) By the same argument as in
Theorem 8.4, after K = 32n(n + 1)L iterations the modified ellipsoid algorithm

will either converge to a solution, or will confidently report that no solution
exists. We have finally shown the following.

Theorem 8.5 There is a polynomial-time algorithm for LP.

PROBLEMS

1. Describe the well-known method for subtracting decimal integers as an algorithm.
‘You may use the style in which algorithms are presented in this book. The input
to your algorithm is n, the number of digits in the two given integers, and two
n-element arrays 4 and B containing the decimal digits of the integers.

2. It can be proved that there is no algorithm for any of the three problems below.
Examine each of these problems and convince yourself at least that some obvious
approaches to solving them do not work.

(@) The halting problem described in Section 8.1. (If you are ambitious, try to
argue why there can be no algorithm that solves this one. Hint: Suppose
there were . . .)

(b) In Post’s correspondence problem, you are given a dictionary between two
languages; that 1s, a finite set of pairs of words. Each pair contains one word
from Language 1 and one from Language 2. You are asked whether there
is a phrase (sequence of words, possibly with repetitions) that has the same
meaning in both languages. (Assume that words in these languages are
juxtaposed with no intermediate blanks.)

For example, the dictionary could be

Word Number Language 1 Language 2

1 cab ba
2 add ad
3 dad adddad
4 bad db
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The answer to this instance is yes, because the phrase consisting of words 2, 4,2
and 3 is addbadadddad in both languages.

(c) You are given a finite set of riles of different shapes, and you are asked
whether you can tile the whole plane by using an infinite supply of each

shape. For example, the shapes could be as follows.
| 4

The answer to this instance is yes, because of the following tiling.

1 _l 1 !
-

e
HE.

3. Guve a detailed description of an algorithm which, given an n X n distance
matrix, systematically generates all tours of n cities and chooses the cheapest
(recall Example 8.1).

4. Give algorithms for solving each of the problems below. In each problem fix a
representation of the input, and give an upper bound on the time required by
your algorithm as a function of the size of the input.

(a) Given a graph G = (V, E), 1s there a circuit [u, v, w, z, u] of G such that
[v, 2], [u, w] ¢ E?
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(b) Given n> 2 lines on the plane {a;x + by =¢i2i = 1,...,n}, with a, b;,
¢, integers for all j, is there a point lying on all of them?
(c) Given an integer p, is it a prime?

*(d) Given integers x, y, and z, is there an integer n > 0 such that x” + y* = z7?
(e) Given a graph G = (V, E) and s, t € V, is there a path from s to ¢ in G?
(f) Given a graph G = (V, E) and s, ¢ € V, how many paths from s to r are

there in G'?

*(g) Given a position in chess, is it a forced win by White? (Question: How large
can the instances of this one be? Is the notion of rate of growth of the com-
plexity of an algorithm meaningful in this problem ?)

(h) Given a position of n-dimensional tic-tac-toe, the game played on a
Ix3x...x3
n times
board, is it a forced win by x ?

*({i) A graph can be used to represent the map of a system of runnels in which a
Sugitive is hidden. Given a graph G and an integer k > 0, are k searchers
enough for arresting the fugitive, even if the latter is assumed to be of infinite
cunning and luck ?

(j) Solve Post’s correspondence problem (Part b of Problem 2), only with no
repetitions of words allowed in a phrase.

(Warning: Your algorithms for some of these problems may have to be very
inefficient.)

A procedure that invokes itself is called recursive. A frequent instance of recursion
is the following: We wish to solve an instance of a problem that has size n, say.
If n is small, then the instance is easy to solve. Otherwise, we may know how to
solve the instance once we have the solutions to one or more smaller instances.
We obtain the solutions to these smaller instances by invoking the same pro-
cedure. For example, suppose that we are given n and wish to compute n!. If
n = 0, then naturally n! = 1. Otherwise, suppose that we have already computed
(n — 1)}, the solution to the smaller instance. Then we could obtain n! by multi-
plying (n — D! by n. This suggests the following recursive algorithm.

procedure factorial(n)
if n == 0 then return 1
else return n - factorial(n--1)

(a) Simulate step-by-step the execution of factorial(3).
3

(b) Give a recursive program that solves the Tower of Hanot problem (Part b
of Problem 1 in Chapter 1).

(c) We may use recursion in order to sort an array of 2~ distinct integers (that
is, rearrange them so that they are in nondecreasing order). The idea is the
following: It is quite easy to merge two arrays that are already sorted into
a single sorted array. So, if the first and second halves of an array are
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*10.

11.

*13.
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sorted, it easy to sort the array itself. We can use recursion to sort the two
halves.

*(d) Based on the algorithm in (c), show thatanarray of N elements can be sorted
in O(N log N) time.
Prove the following.
(@) (log n)* = O(ne) for all integers k and all € > 0.
(b) 27%1 <27,
(c) 22k 22n
(d) (log n)'es = = Q(n*) for all integers k.
Let fand g be defined as follows.
n? if n is prime
ns

f(n)={

otherwise
n? if n is odd
& ={ s "
n otherwise
Which of the following are true?
@) f(n), g(n) = Q(n?)
(b) f(n) = O(g(n)
(©) gn) = O(f(n))
Suppose that in the simplex algorithm of Figure 2-3, we always choose the

column j for which ¢; < 0 is smallest. Show that with this rule, simplex would
solve the LP in (8.2) in one pivot step.

Suppose that in the simplex algorithm of Figure 2-3, we always choose the
column j which, after pivoting, yields the largest decrease in the cost. Show that
with this rule, simplex would solve the LP of (8.2) in one pivot step.

Suppose that in the simplex algorithm of Figure 2-3, we choose one of the
columns j for which &; < 0 at random, with equal probability that each such
column is selected. Show that with this rule, simplex would solve the LP of (8.2)
in O(n) expected number of pivot steps.

Prove Lemma 8.8.
Prove Lemma 8.10.

An iteration of the ellipsoid algorithm computes a new ellipsoid Ej,; which
includes the semiellipsoid

3Efal = E;N{x € R:a'(x — 1)) < 0}

Show that the following formulas compute a new ellipsoid E’,, that includes
the set

4Ejlal = E;N{x € R":a'(x — 1)) < b}

(This set is, in the example of Figure 8-6(a), the smaller region cut from E; by
the broken line.)
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15.
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1+nA B
n+1 J/a'Bja
e " LinA_ 2 (Ba)Ba)
Byi= (1 — Ay [, L0 T ]
where A = (a’x — b)/+/a’Bja. Argue that this modified iteration is correct n the

sense that Theorem 8.4 is still valid, and that it may accelerate considerably the
convergence of the ellipsoid method.

ta =1 —

(A product form of the ellipsoid method) Recall the following equation from the
proof of Lemma 8.13:

By.s = QRBRTQ"
We can rewrite this equation as
Q1 = Q4RG,
where
(i) For eachj, 0,07 = By;
n n .
@ G = d'ag( T = 1%)
(iii) R, is the rotation, depending on Q,, which transforms Q,a to
a1Qsall,o,...,0).
Jod .
Based on this equation, prove that O, may be written as Qo [[ F; and give an
i=1
explicit formula for the factor F; in terms of a and Q,.
(a) Show that if an ellipsoid E = {x: (x — £)’B~'(x — f) < 1] contains a sphere
of radius r, then it also contains the sphere {x: (x — 1)'(x — 1) < r2}.

(b) Consider an n-dimensional simplex in R with vertices vy, . . . , v, Let

Ve =

n+l§

be the center of gravity of the simplex, and suppose that the v,’s have
rational coefficients with denominators bounded by 2£. Show that there is a
sphere with center v, and radius r = 272"L totally within the simplex.

(c) From (a) and (b) conclude that, if an LSI system has a solution and the
ellipsoid E is guaranteed to contain all solutions within the sphere || x|| <

n2L, then any point on the boundary of E has a distance from the center of
E at least 2727L,

(a) Show that, if [r;)] is a rotation, then

s n

(b) Based on Problem 14 and (a) above, show that all entries r of ¢, and B, in
the ellipsoid algorithm satisfy

|r] < 22113 tog mi2L
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In the next chapter we develop a polynomial time algorithm for a special case of LP,
namely the max-flow problem of Chapter 6. Unlike the ellipsoid algorithm, however,
this algorithm involves a number of arithmetic operations which is bounded by a
polynomial in the number of integers in the input (not their total length L). Let us call
such an algorithm strongly polynomial if it is also a polynomial algorithm in our ordi-
nary sense (that is, if the integers involved in the arithmetic operations are not expo-
nentially long). An important open question in the wake of the ellipsoid algorithm, is
whether there is a strongly polynomial algorithm for LP. An example of such an
algorithm would be simplex with a pivoting rule that guarantees termination withina
polynomial (in m and n) number of pivots. The results in Section 8.6 and References
[Jel, [Za1), and [Za2] do not exclude the possibility that such a pivoting rule exists.
It was recently pointed out by N. Zadeh that an attractive pivoting rule for which no
exponential counterexample is known is the following: “Among all columns with
&, < 0 choose the one that has entered the basis so far the fewest times.” In fact,
there is no known strongly polynomial algorithm even for an immediate generalization
of max-flow, the min-cost flow problem of Chapter 7 (see the Notes and References of
Chapter 7). In Chapter 16 we shall discuss pseudopolynomial algorithms, a concept
which is exactly the opposite of strongly polynomial algorithms.

Proofs that the problems defined in Problem 2 are undecidable can be found in Chapter
6 of

{LP] Lewis, H. R, and C. H. PAPADIMITRIOU, Elements of the Theory of Com-
putation. Englewood Cliffs, N.J.: Prentice-Hall Publishing Co., Inc.,
1981.

That the procedure for inverting a matrix known as Gaussian elimination is a polyno-
mial-time algorithm when applied to integer matrices (proof of Theorem 8.2) follows
from the fact that all intermediate results are rational numbers with numerators and
« i equal to sub i of the original matrix; see

[Ga] GANTMACHER, F. R., Matrix Theory, vol. 1. Chelsea, 1959, Chap. 2.

For a proof that there are n"~2 spanning trees of n nodes (Example 2), see Chapter 2 of

[Ev] EVEN, S., Graph Algorithms. Potomac, Maryland: Computer Science Press,
1979.



Efficient Algorithms for
the Max-Flow Problem

In the previous chapter, we introduced a formalism for describing algorithmic
efficiency whereby the performance of any algorithm can be evaluated in a uni-
form mathematical setting. By using these concepts, we noticed that the simplex
algorithm for linear programming, although a very clever and practically useful
algorithm, is not “good” according to the rigid criteria of this school. In this
chapter, we examine from the same viewpoint an important special case of the
linear programming problem, namely, the max-flow problem discussed in
Chapter 6. We shall show that, like simplex, the labeling algorithm that we have
developed for this problem may require in the worst case an exponential amount
of time. Fortunately, there is an efficient algorithm for the max-flow problem,
which is, in fact, a rather simple modification of the labeling algorithm. Besides
solving the max-flow problem, this algorithm can be adapted for the efficient
solution of some other interesting combinatorial optimization problems.

We first examine a fundamental graph algorithm called search. Different
variants of search are at the heart of many of the graph algorithms explained in
this and the coming chapters, as well as the rudimentary labeling algorithm of
Chapter 6.
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9.1
Graph Search

A graph G = (V, E) is represented by its adjacency lists A(v), v € V (see Exam-
ple 8.5). As always, we assume that | E| > }| V' |—assuming, for example, that
G has no isolated nodes.

Consider the algorithm search shown in Fig. 9-1. It is based on the follow-
ing idea: we start with a vertex v, and “mark” it. Then we repeat this with the
vertices adjacent to v,, and the vertices adjacent to these, and so on.

ALGORITHM SEARCH

Input: A graph G, represented by its adjacency lists; a node v;.

Output: The same graph with the nodes reachable by paths from
the node vy “marked”.

begin

while Q # &5 do

begin
let v be any element of Q;
remove v from Q;

{ mark v; )

end
end

Figure 9-1 The algorithm search.

In the set Q we maintain a list of all vertices that are available for marking—
that is, are adjacent to a previously marked node and not yet marked. The
process terminates when Q becomes empty.

Theorem 9.1 The algorithm search of Fig. 9~1 marks all nodes of G connected
to v, in O( E) time.

Proof Suppose that a node v is connected to v, by a path. It can be shown
by induction on the length of this path that » will be marked. On the other hand,
suppose that there is no path from v, to v. It can be shown, also by easy induc-
tion on the number of executions of the while loop of search, that v will not be
marked.
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9.1 Graph Search 185

For the proof of the time bound, the complexity of search has three
components.

1.
2.

Initialization; this takes constant time.

Maintaining the set Q; there are at most 2 |V | additions and removals
of elements of Q. Each can be done by two or three elementary opera-
tions (see Figs. 9-2 and 9-4); an O(|V']) bound follows.

Addvto Q Remove v from Q

Tast := last + 1 = first + 1
Qllast] :=v [first}

(@) (b)

first = 2 last =7

oo [
the contents of Q, in order of arrival

(©)

Y3 | Us

I

Figure 9-2 Programs that implement Q as a queue.
The variables /ast and first are initialized to zero and
Q is an array of |V| entries. Q is empty iff first = Jast.

v Y Ys

%) 36) e

202) 4(3) IRQET
DFS (in parentheses)

v2 L] vq

6(4)

. Figure 9-3

Searching the adjacency lists; we do constant work for each element
of each adjacency list. Since the sum of the lengths of the adjacency
lists is 2| E|, the time required is O( E|).

The overall O(| E|) bound follows. ]



AddvtoQ Remove v from @

last =last + 1 v := Qllast]
Qllast] =v Iast := last — |
@) (b)
last = 4

Vg

Lol o[ T L]

contents of 0, n order of arnval

(©)
Figure 9-4 Programs that implement Q as a

LIFO queue (or stack). Initially, /ast = 0. Q is
an array with | V| entries. Q is empty iff /ast = 0.

Example 9.1

Search can be used to find out whether a graph is connected: G is connected
iff, after applying search to it, all nodes are marked. In an equally direct way,
search can be used to find the connected components (maximal connected sub-
graphs) of G (Problem 1). []

Search, as shown in Fig. 9-1, is not completely specified. We must define
exactly how the element » is chosen from Q in the while loop. Several rules can
be employed; for example, we may always choose the element of Q that has the
lowest index. One of the possible strategies, however, is particularly intuitive:
Imagine that Q is a real waiting line, (queue /), and always remove the vertex
that has waited there longest. This rule can be easily implemented by two simple
programs (Fig. 9-2). This version of search is called breadth-first search (BFS).

Example 9.2

Let us apply BFS to the graph of Fig. 9-3. As we shall customarily assume,
the nodes in an adjacency list are considered in order of increased index. The
order in which each node of the graph is marked by BFS is shown in Fig. 9-3
(the numbers not in parentheses). Notice that this kind of search amounts to
visiting the nodes in order of increasing length of the shortest path from v,—
from which comes the name breadth-first search. (Proof: Problem 3.) []

Depth-first search (DFS) is another version of search in which Q is main-
tained in a last-in, first-out (LIFO) manner (Fig. 9-4). This algorithm performs
a deep probe, creating a path as long as possible, and returns to assume a new
probe only when no new nodes can be reached from the tip of the path.
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Example 9.2 (Continued)

The order of visit of the nodes of the graph in Fig. 9-3 by DFS is shown
in parentheses. []

The search algorithm can also be applied to digraphs. We can also represent
a digraph D = (V, A) by its adjacency lists: A(v) is the set of all nodes v’ € V'
such that (v, ") € 4. Note that from this viewpoint graphs are just a special
case of digraphs, namely, those that are symmetric in that u € A(v) iffv € A(u).
The algorithm search (and its special cases DFS and BFS) can thus be applied
to digraphs without any changes.

Example 9.3
In Fig. 9-5 we show a digraph D = (V, A) and its adjacency lists. The

order in which BFS marks the nodes of D is shown. The numbers in parentheses
correspond to DFS. [

(1) 37 5(6)
Y Ys s
AQy)= {vy, v}
AWy) = {ug}
A(vy) = {vy,0,)
™ 43 7 Ag) = {us, vg}
Y2 v Y4 Alws)=0
Alvg) = {vy, 5,07}
A(vy) = {v3, 0}
6(4)~ vy
Figure 9-5

Because of the asymmetry inherent in digraphs, the notion of connected-
ness is more subtle than the corresponding notion in graphs, and a connected-
ness test requires some nontrivial use of search (see Problems 4 and 5).

What is really most important about the algorithm search of Figure 9-1
is that it is not just one algorithm, but a template for a whole class of algorithms.
By varying the pieces of program in the “boxes” of Fig. 9-I, we can create
numerous algorithms that do different things to the same graph, following the
same general pattern of search. For an easy example, suppose in Fig. 9-1 that
instead of mark v we insert the code count: =count 1, order|v): = count wherever
mark is used, and initialize count to zero in the first box. We thus obtain an
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198 Chapter 9 EFFICIENT ALGORITHMS

algorithm that records the order in which search visits the nodes (recall Figs.
9-3 and 9-5). For another example, it is not hard to see that the Ford-Fulkerson
labeling algorithm for max-flow, discussed in Chapter 6, is in fact a more
sophisticated variant of search. A related example, which we examine in detail
next, is the task of finding paths in digraphs.

Suppose that we are given a digraph D = (¥, 4) and two sets of nodes
S, T < V, the sources and targets, respectively. We wish to find a path in D lead-
ing from any node of S to any node of T. Not surprisingly, we can solve this
problem by an easy modification of search. The only differences are that now Q
is initialized to S instead of {v,}, and for each v" we consider, we do slightly
more work than just marking it. In particular, we set label [v'}—where label is
an array with V| entries—equal to the predecessor v of ', which caused v’ to
be considered. These labels are going to be most helpful in actually recovering
the path from S to T. The vertices in S have label 0, by convention. The whole
algorithm is shown in Fig. 9-6.

ALGORITHM FINDPATH
Input: A digraph D = (¥,4); two subsets S,T of V.
Output: A path in D from a node in .S to a node

in 7, if such a path exists.

begin

let v be any element of Q;
remove v from Q;

for all v’ € A(v) do

if v’ is unlabeled then |
begin H
label [v']:=v; )
if v/ € T then return path(v’) E
else add v' t0 Q :

i

end
return “no S—T path in D"
end

procedure path(v)
(comment: it returns a sequence of nodes from some s €.S to v)
if label[v] = O then return (v)
else return path(label [v]) || (V).
(comment: path is recursive, see Problem 5 in Chapter 8;
|l stands for concatenation—that is, juxtaposition—of paths)

Figure 9-6 The algorithm findpath.



Example 9.4

Suppose that we wish to find a path from S to T in the digraph D of Fig.
9-7(a). The labels of the nodes of D at the termination are shown in Fig. 9-7(b).
We implement search as BFS: As a result, we shall find the shortest path from
S to T; that is, the one with the fewest arcs. It is finally found that v, € T.
Then path is called with argument v,. Path(»,) is successively evaluated as

path(v,) = path(v,) || (v,)
= path(ve) || (vs, v5)

v, A vy
o o
Us Vg
S| v
T
<) Ys
(a)
Ys Vg
0 T
U3 Y
0
s
0
Ys Vg
(b)
Figure 9-7
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200 Chapter 9 EFFICIENT ALGORITHMS

= path(v;) || (ve, vs, v5)

= path(v,) || (vs, ve, vs, v5)

= (v3, Vs, Vs, Vg, V)
which is indeed the shortest S-7 path. [}

Finding paths in digraphs in this manner has surprisingly many applica-
tions in solving several much more complex combinatorial optimization prob-
lems. In this and the next three chapters, we are going to develop efficient
algorithms for certain combinatorial problems that are susceptible to solution
by successive iterations of a kind called augmentations—not unlike the ones
used to solve the max-flow problem in Chapter 6. In all these problems we shall
notice that our algorithm boils down to finding paths leading from a set of
source nodes to a target set in an auxiliary digraph. The pattern of search is
then a feature which unifies these diverse algorithms.

9.2
What Is Wrong
with the Labeling Algorithm

In analyzing the complexity of the labeling algorithm for the maximum flow
problem for a network N = (s, t, V, 4, b) (Example 8.7) we noted that each
stage requires O(| A|) time; hence the complexity of the whole algorithm is
O(S|A|), where S is the number of augmentations performed. The number §
must be less than | f}, the value of the maximum flow in the network (assuming
integer capacities). Can S be as large as | f|? The answer is yes, if repeated un-
fortunate choices of augmenting paths are made.

Example 9.5
Consider the network of Fig. 9-8. The maximum flow in this network

obviously has value 2000. Let us apply the labeling algorithm to this network,
starting with the zero flow. In the first iteration the path (s, u, v, f) is a legal

v

Figure 9-8
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augmenting path, which achieves a flow of value 1. In the second iteration we
may choose to augment the flow along the path (s, v, u, 1); since (v, u) is by
now a reverse arc, this path is also a proper choice, according to the labeling
algorithm. The value of the flow is now 2. It is easy to see that augmenting paths
may alternate between (s, u, v,7) and (s, v, u, t), adding 1 to the value of the
flow in each iteration. Thus, we shall go through 2000 iterations before we
reach the optimal flow. If, instead of 1000, the capacities of the four arcs are
taken to be any large integer M, the number of iterations will grow as fast as
2M. Thus the labeling algorithm, in this worst case, requires an exponential
number of steps (recall the discussion in Sec. 8.5). []

Fortunately, we can avoid this exponential complexity by being a little
more careful about our choice of the augmenting path. The choices we made in
Example 9.5 are unfortunate in that the augmenting paths are longer than neces-
sary. That is, if we had picked the (s, v, ) augmenting path instead of the path
(s. u, v, 1), which is one arc longer, this would have resulted in a larger gain in
the flow and would have reduced substantially the total number of iterations
required. To turn the above observation into a proposal for improving the
labeling algorithm, let us find in each iteration the augmenting path relative to
the existing flow that is as short as possible. To do this does not require extra
complexity per iteration; it can be achieved, as we shall see in Sec. 9.3, simply
by performing the labeling process in a breadth-first manner.

This is not to say that the improvement of the flow along short paths is
always greater than the improvement along longer paths; for example, if we
interchange the capacities of the arcs (s, v) and (v, v) in Fig. 9-8, the augmenta-
tion along (s, u, v, t) now would result in better gains than that along (s, v, ).
However, by systematically choosing the shortest possible augmenting path,
we avoid pathologies like the one pointed out in Example 9.5, namely, repeatedly
choosing small augmentations many times. In fact, if we always choose the
shortest possible augmenting path relative to the given flow, we can prove that
we can have no more than |V|-|A| stages. This follows, roughly speaking,
from the fact that each arc (v, u) can be used under this rule at most | V| times
as the bottleneck in the augmenting path (see Problem 9). We do not examine
these arguments in detail now since, in Sec. 9.4, we shall obtain a stronger
result.

The following example demonstrates another aspect of the “wastefulness”
of the original version of the labeling algorithm.

Example 9.6

Let us apply the labeling algorithm to the network of Fig. 9-9. If we carry
out the first stage we may discover the augmenting path (s, v, z, ¢) and augment
the flow. The labels at the end of the first stage are shown in Fig. 9-9. In fact,
this augmenting path is as short as possible, and thus we have even incorporated
our previous suggestion in the algorithm.



G, ) @, +)

s (z, )

(5. +) @, +)
Figure 9-9

At this point, the labeling algorithm would require us to erase all labels
and proceed to the next stage. In the next stage we would discover the augment-
ing path (s, u, w, f). The interesting fact, however, is that in order to discover
this path, we used almost exclusively labels that were available in the previous
stage. That is, this path could be found by using the information available during
the previous stage. Erasing the labels is therefore a loss of potentially useful
information, and it is thus advisable not to proceed to the next iteration unless
we are certain that no profitable use of the labeling can be made. []

In the improved labeling algorithm that we are going to describe in Sec.
9.4, we combine these two ideas—namely, augmenting along shortest paths and
augmenting more than once in each iteration—io design an efficient algorithm
for maximum flow.

9.3
Network Labeling
and Digraph Search

To implement the improvements of the labeling algorithm discussed in the
previous section without substantially increasing the complexity of each stage,
we shall first look at the process of labeling from a somewhat different view-
point.

Suppose that we wish to apply the labeling routine to a network N =
(s, 1, ¥, A4, b) with initial flow zero. We need not examine capacities and flows
i this case; it is a priori certain that all arcs in 4 are forward, and that there
are no backward arcs. Consequently, our task of labeling the network in order
to discover an augmenting path is very much the same as applying findpath of
Fig. 9-6 to the digraph (¥, A) with S = {s} and T = {t}. Once an augmenting
path is discovered, we augment the flow along it and continue.

How about the subsequent stages? Can they also be thought of as digraph
searches? The additional elements that are present when the flow is nonzero
are the backward arcs, certain missing (that is, saturated) forward arcs, and
some modifications of the capacities. It turns out that labeling a network N
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9.3 Network Labeling and Digraph Search 203

with respect to a flow f is equivalent to applying findpath to a network N(f)
defined as follows.T

Definition 9.1

Given a network N = (s, t, V, 4, b) and a feasible flow f of N, we define
the network N(f) = (s, t, ¥, A(f), ac), where A(f) consists of the following
arcs:

(@) If(u,v) € Aand f(u, v) < b(u, v), then (u, v) € A(S)and ac(u, v) =
b(u, v) — f(u, v).
(b) If (v,v) € A and f(u,v) > 0, then (v,u) € A(f) and ac(v, u) =
S, ).
We call ac(u, v) the augmenting capacity of (v, v) € A(f). [

If A contains both arcs (v, u) and (u, v), then N(f) may have multiple
copies of these arcs. We can avoid this in many ways. For example, we can
replace any such arc (i, v) in 4 by the two arcs (1, w) and (w, v) of the same
capacity, where w is a new node. We shall henceforth assume that N(f) has no
multiple arcs.

We shall now show an interesting property of N(f). Take any s-t cut
(W, W) of N(f). The value of this cut is, naturally, the sum of the augmenting
capacities of all arcs of N(f) going from W to W. However, such an arc (4, v)
may be either a forward arc (Case a of the definition of N(f)) or a backward
arc (Case b). In the first case, ac(u, v) = b(u, v) — f(u, v); in the second case,
ac(u, v) = f(v, u). Thus the value of (W, W) in N(f) is the value of (W, W)in
N minus the forward flow across the cut, plus the reverse flow across the cut.
Note that the two last terms are exactly —|f|, where by |f| we denote
u;ﬂf(s, u), the value of the flow /. We conclude that if a cut in N has value

C, the same cut in N(f) has value C — |f|. Thus, if the minimum cut in N has
value | f], then the minimum cut in N(f) has value |f| — | f|. However, in both
networks, the value of the minimum cut equals the value of the maximum flow,
by the max-flow min-cut theorem. Thus, we have shown the following proposi-
tion.

Proposition 1 1f | f] is the value of the maximum flow in N, then the value of
the maximum flow in N(f) is | f] — |f].

Example 9.7 N

Let us consider the network N shown in Fig. 9-10(a) with the indicated
flow f. The network N(f) associated with N and f is shown in Fig. 9-10(b);
the augmenting capacities of the arcs of N(f) are also shown. If we were to

TRecall the incremental network in Chapter 7.
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apply the labeling routine to the network N with respect to the flow f, we would
have to propagate labels through forward and backward arcs, starting from s.
Because N(f) contains exactly all these pertinent forward and backward arcs,
the labeling routine with respect to f amounts simply to applying search to
N(f) starting from s. [}

This viewpoint is extremely helpful when it comes to materializing our idea
of augmenting along the shortest possible path. This is so because shortest
augmenting paths in N with respect to f correspond to shortest paths (that is,
with the Jeast number of arcs) from s to ¢ in N(f). We know how to implement
search to discover shortest paths: We simply use the technique of breadth-first
search—that is. we process the nodes to be scanned as in a queue. Breadth-
first search partitions the vertices of N(/) into disjoint layers (layer 0, layer 1,
...) according to their distance (that is, number of arcs in the shortest path)
from s. For example, in Fig. 9-10(b), we show the layer of each vertex of N(/).
Here ¢ is at layer 4.

Keeping in mind that we are interested only in shortest s-t paths in N(f),
we can perform some further simplifications. First, we note that the shortest
s-t path cannot pass through a vertex in a higher layer than that of . In our
example, the shortest path from s to v, in N(f) is of length 5, and hence no
shortest s-¢ path can pass through v, ; we can thus discard v, and all arcs incident
on it without losing any useful information for this stage. In fact, we can
similarly discard any vertices other than  in the same layer as t (like », and v,
in our example) because they cannot be on any shortest s-t path either. There
are even more parts of N(f) that we do not need consider. Any shortest path
from s to ¢ will start from a layer-0 node (that is, s), then visit a layer-1 node,
a layer-2 node, and so on. In other words, a shortest path can contain only
arcs that go from layer j to layer j + 1, for some j. So we can also discard with-
out any loss of relevant information any arc that goes from a layer to a lower
layer (like (vg, v5) in Fig. 9-10(b)) or any arc that joins two nodes of the same
layer (like (vg, v5)). The resulting subnetwork AN(f) of N(f), called the qux-
iliary network with respect to f, is shown in Fig. 9-10(c).

The auxiliary network AN([) has a special structure best captured by the
following definition.

Definition 9.2

A layered network L = (s, t, U, A, b) is a network with vertex set U equal
to the disjoint union of the sets Uy, - . ., Uy, such that Uy = {s}, U; = {1}, and

d
Ac U.(U"‘ xUp). [
=
Thus the auxiliary network AN(f) is a layered network. Notice that AN(f)

is easy to construct. We can create it while carrying out the breadth-first search
on N(f) by keeping only the arcs that lead us to new nodes and only the nodes
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that are at lower levels than 1. Hence creating the auxiliary network can be done
in 0| A(f)|) = O(| 4|) time.

Using the auxiliary network, we can very easily find the shortest augmenting
path with respect to the current flow. Furthermore, materializing our second
idea for improving the labeling algorithm, namely, performing as many aug-
mentations at the same stage as possible, is now just one step further.

Definition 9.3

Let N =(s,t, V, 4, b) be a layered network. An augmenting path in N
with respect to some flow g is called forward if it uses no backward arcs. A flow
g of N is called maximal (not maximum) if there is no forward augmenting path
in N with respect to g. [}

All maximum flows are therefore maximal; a maximal flow, g, however,
may not be maximum, as shown in Fig. 9-11.

Figure 9-11

Finding a maximal flow in the auxiliary network with respect to the current
flow corresponds to finding as many shortest augmenting paths at a stage as
possible. This concept is the heart of our max-flow algorithm, described in the
next section.

9.4
An O(] V') Max-Flow Algorithm

Our max-flow algorithm—Ilike many other combinatorial optimization
algorithms described in the forthcoming chapters—operates in stages. At each
stage we construct the network N(f), where f'is the current flow, and from it we
find the auxiliary network AN(f). We then find a maximal flow g in AN(),
add g to f; and repeat. Adding g to f entails adding g(u, v) to f(u, v) for all for-
ward arcs (u, v) in AN(f), and subtracting g(u, v) from f (v, u) for all backward
arcs (4, v) in AN(S). We end when s and ¢ are disconnected in N(f), a sign
that f'is optimal.
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The main part of our algorithm is a clever way of finding a maximal flow g in
a layered network AN(f). Our method does not augment along single paths; this
time we try to push flow through nodes along many paths at the same time. Let
us illustrate this by way of an example. Consider the layered network of Fig.
9-12. Let us define the throughput of a node v to be the maximum amount of
flow that can be pushed through v; that is, throughput[v] is the sum of the
capacities of incoming arcs to v (oo if » = s), or the sum of the capacities of
outgoing arcs (oo if » = f), whichever is smaller. In Fig. 9-12(a), therefore,
throughput{v,] = 3 and throughput[v,] = 4. If we try to push 4 units of flow
through v,, we first observe that they have to be sent to vs. Next, if we try to
push the 4 units of flow that now come into v, we notice that we cannot, and
so we have to get involved in a time-wasting backtracking. Let us examine,
however, the real reasons for this. The vertex that we started with, v,, has a
rather large throughput. So it was quite likely that we could get stuck at a vertex
of lower throughput—o, in our example. However, this could never happen
had we started from the vertex with the lowest throughput. Let us therefore try
a node with minimum throughput, such as »,. We distribute the 3 units of flow
between the arcs (v,, v,) and (v,, v,) up to their capacity. The flow into v; now
has to go to (vs, v). At this point we could just continue pushing this unit of
flow all the way to f, in a depth-first manner, but we do not. Instead, we first
wait to accumulate all the flow that has to go through vs and process it once
and for all. This means that we never process a node unless all nodes in previous
layers have been processed, or, equivalently, that we go from node to node in a
breadth-first manner.

We now see in detail how to process a node. Let us take v,, which is next.
Two units of flow must be pushed out of it. We do this in an organized manner:
We examine all edges one by one and fill them to their full capacity, or up to
the point that all the required units have been pushed. So, at », we might first
examine (v,, v¢) and saturate it. It would also be legitimate to examine (v,, v;)
first and push all the flow of 2 units through it; what would be contrary to our
strategy would be to unjustifiably distribute 1 unit to each of (v, vg) and
(v4, v7). Thus we push a total of 3 units from v, to v,—it was a good thing that
we waited and did not have to process vs twice—and finally 3 units from v,
to . Notice that throughout this step we need not worry about whether the
nodes processed will have an adequate throughput. This is because at all layers,
the total amount of entering flow, distributed ameng the nodes of the layer, is
equal to throughput[v,]. Since v, was the node with the smallest throughput, no
node will ever have to handle an amount of flow larger than its throughput, and
hence no backtracking is necessary.

In order to complete this into a legal flow, we have to bring some flow from
s to »,. However, this is completely symmetric to what we have done. It can be
carried out by traversing arcs backwards, starting from »,, processing the nodes
layer by layer in the same breadth-first way and the incoming arcs in the same
organized manner, effectively pulling flow. In our example, in fact, this is very
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easy to do: Just pull three units of flow from s to »,. The resulting flow g, is
depicted in Fig. 9-12(a).

Here g, is not a maximal flow, and therefore we need to continue the same
routine. We modify the capacities to reflect the achievement of g,, and we
obtain the layered network of Fig. 9-12(b)—we omit arcs with zero capacities.
If we try to find the node with the smallest throughput, we observe that v, and
vs have throughput zero. Therefore we can remove these nodes—and all
adjacent arcs—from the network. Finally, we arrive at the network of Fig.
9-12(c).

Now v, has the smallest throughput, namely, 1. We therefore find a flow
g, using the same method—in fact, this flow happens to be simply an augmenting
path. After updating capacities and deleting useless arcs and nodes, we arrive at
Fig. 9-12(d). Now v, has the smallest throughput, and the resulting flow g,—
again a path—is shown in Fig. 9-12(d). After updating capacities and deleting
useless nodes and arcs, we observe that the node s is deleted. As we shall see,
this means that the flow g = g, + g, + g, already obtained is maximal, and
the stage is over. The whole algorithm is shown in Fig. 9-13. To show its cor-
rectness and time bound, we need some preliminary results.

MAX-FLOW ALGORITHM
Input: A network N=(s,1,V,A,b).
Output: The maximum flow fof N.
begin
f:=0, done:=“no”; (comment: initialize)
while done = “no” do
begin (comment: a new stage)
g:=0;
construct the auxiliary network AN(f)=(s,t,U,B,ac);
if t is not reachable from s in AN(f) then done:="yes”
else repeat
begin
while there is a node v with throughput[v]=-0 do
if v=s or t then go to incr
else delete v and all incident arcs from AN(f);
let v be the node in AN(f) for which
throughput[v] is the smallest (comment: noncero);
push(v, throughput [v]);
pull(v, throughput [v])

end
incr: fi=f+4g
end
end

procedure push(y,h)
(comment: it increases the flow g by h units pushed from y to t in
a “systematic” way)

: the p dure pull is letely I s)

Figure 9-13 The max-flow algorithm.



P Q=i
¢ for all ue U—[y} do requ] :=0,
i reqly] :=h
E (comment: reg[u] denotes how many units of
! flow must be pushed out of u)
while Q #= ¥ do
begin
let v be an element of Q;
remove v from Q;
(comment: Q must be a queue)
for all v’ such that (v,v’) € B and until req[v]=0 do

m:=min (ac[v,v’), req [V]); '7
ac [v,v) :=aclv,v’]—m; H
if ac[v,v’]=0 then remove (v,v’) from B; E
req [v]—m; ;

¢

req [v] :

req [v'] :=req [v']+m;
add v’ to Q;
glv,v]:=glv,v]+m
end
end

end

Figure 9-13 (continued)

Lemma 9.1 Anarcaof AN(f)is removed from B at some stage only if there isno
Sorward augmenting path with respect to flow g in AN(f) that passes througha.

Proof If an arc a is deleted at a stage, it may either be that g(a) = ac(a),
or that @ = (v, u) and either v or u have throughput zero. Suppose that g(a) =
ac(a). This means that a may appear in an augmenting path in AN(f) with
respect to g only as a backward arc. Hence the desired result holds. Let us now
consider the case when v has throughput zero—the case of u is identical. Then
v has zero input, and hence there is no arc that can be used in a forward path
entering v. Hence @ = (v, 1) cannot be used in any forward path. 0

Lemma 9.2 At the end of each stage, g is a maximal flow in AN(Y).

Proof If an arc is useless as far as forward augmenting paths with respect
to g are concerned, it will continue to be so throughout the stage, since the
only changes are removals of arcs and decreases in the capacities. Therefore, at
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the end of the stage there is no forward augmenting path with respect to g in
AN(Y) passing through any node or arc that was deleted during this stage.
However, a stage ends only when s or ¢ is deleted. Therefore, at the conclusion of
a stage, there are no forward augmenting paths at all, and hence g is maximal. []

Lemma 9.3 The s-t distance in AN(f + g) at some stage is strictly greater than
the s-t distance in AN(f) at the previous stage.

Proof It is easy to see that the auxiliary network AN(f +- g) is the same
as the auxiliary network of 4N(f) with respect to g. In AN(f), however, there
are no forward augmenting paths with respect to the flow g, because g is maxi-
mal by Lemma 9.2. Hence all augmenting paths have length greater than the
s-t distance in AN(f). We conclude that the s- distance in AN(f +- g) is greater
than the s-t distance in AN(/). ]

Theorem 9.2 The algorithm of Fig. 9-13 correctly solves the max-flow problem
for anetwork N = (s, t, V, A, b) in O(|V |*) arithmetic operations.

Proof 1In the last stage, s and t are disconnected, and so the maximum
flow in N(f) is zero. However, by Proposition 1, this maximum flow has value
If1—= 1/, where |f] is the value of maximum flow in N. We conclude that
|f1= /1, and hence the optimum is attained at the conclusion of the algorithm.

For the time bound, we first note that we have O(|V|) stages. This is
because, by Lemma 9.3, the s-t distance in AN(f) is increasing from one stage
to another. Therefore, since it cannot surpass | V|, we have at most | V| stages.
At each stage, the time requirements are dominated by the total number of
times 7 that the different arcs are processed (second box of the procedure
push, Fig. 9-13). We write T = T, -+ T, to denote that a step of processing an
arc at a stage can be either saturating (that is, the arc is filled to its capacity) or
partial. Once an arc suffers a saturating step, it is deleted from the arc set; thus
an arc can have at most one such step, and hence T, = O(|4[). However, we
may have many partial steps for the same arc. The observation here is that we
have at most | V| executions of the push and pull procedures at each stage,
because each such execution results in the deletion of the node » with the lowest
throughput where this execution was started. Furthermore, in each execution
of the push and pull procedures, we have at most | V| partial steps (one for each
node) because of our systematic manner of processing the nodes. Therefore, we
have at each stage at most | V|? partial steps, and T =T, + T, = O(|4]) +
O(V|*) = O(| V[*). So we have a total of O(|V|*) arithmetic operations for
all stages, and the theorem is proved. [}



9.5
The Case of Unit Capacities

It is very easy to see that, if the arc capacities of a network are integers, all |
intermediate flows constructed by the max-flow algorithm of the previous sec-
tion (as well as by any “reasonable” max-flow algorithm) are also integers.
Thus if a network has unit capacities, the flow values will always be zero or |,
and all auxiliary networks of our max-flow algorithm will also have unit aug
menting capacities. The case of unit capacities is particularly interesting because,
as is shown in the problems and in the next chapter, it has many applicationsto
certain important purely combinatorial problems, such as bipartite matching.
Furthermore, it can be shown that our max-flow algorithm performs especially
well in the unit capacity case.

We start by analyzing the complexity of each stage of our algorithm when
applied to networks with unit arc capacities.

Lemma 9.4 A stage of the algorithm of Fig. 9-13 applied to a network N =
(s, t, V, A) with unit arc capacities can be carried out in O(| A|) time.

Proof One need only observe that when all augmenting capacities are 1,
all arcs that are processed once become saturated immediately. ]

Thus, by taking into account the unit capacities, we have been able to
improve our upper bound on the complexity of each stage of the max-flow
algorithm, at least for sparse networks. It turns out that the other factor in the
gomplexity of the algorithm—the number of stages required—can also be im-
proved upon. We first need the following lemma.

Lemma 9.5 [In a network N with unit arc capacities, the distance I between s
and t cannot be greater than 2\ V|| f|, where | f| is the value of the maximun

Slow.

Proof Let V, denote the subset of ¥ with distance from s equal to i. We
note that the set of arcs going from ¥, to V,,,,i < /, is a genuine s-f cut in N,
and hence its value, that is, the total number of arcs, should be || or more.
However, the maximum possible number of arcs going from | V| to |V,,,|is
[Vl = [ Veps ) Thus | V| « | Viyi | > |f 1, i=1,...,1 — 1; hence at least one of
|V.l,1 V.4, | is no smaller than /\/lfl‘ Thus at least every other level V,,...,V,
must contain «/|f| or more vertices; it follows that /2 - «/|f| <|V| and

1< 2\V/171. 0
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Theorem 9.3  For networks with unit arc capacities, the algorithm of Fig. 9-13
requires at most O(|V [** « | A|) time.

Proof By Lemma 9.4, it suffices to show that S, the number of stages
required, is O(| ¥’ |%/?). We first note that S <C |f| because at every stage we
increment the value of the flow by at least 1. So, if |f| < |V[?/3, the result fol-
lows immediately. Now, if |f'| > | ¥]%/2, consider the stage after which the value
of the flow exceeds | f| — | V'[*/3 for the first time; let g be the flow at the begin-
ning of this stage. The remaining flow value is | |** or less, and hence at most
|V 2/ stages will follow. Because the distance / from s to t in N(f) increases
monotonically from stage to stage, the number of stages so far cannot be greater
than the value of / in N(g). However, by Lemma 9.5 applied to N(g), ! < 2|V|/
~|f1— |g|, since the value of the maximum flow in N(g) is | /| — | g|. Because
g was taken so that |f| — |g| > |V|*/%, the number of stages so far does not
exceed 2|V [*/. Hence the total number of stages S is at most 3|V [** -+ 1, and
the theorem follows. [}

When the networks with unit arc capacities have a somewhat more special
structure, our algorithm can be shown to perform even better. The special case
that we shall attack now requires not only that the network have unit arc ca-
pacities, but also that each vertex have either indegree 1 or zero, or outdegree 1
or zero. We shall refer to such networks as simple. For example, the network
shown in Fig. 9-14 is simple.

‘Figure 9-14

Lemma 9.6 In a simple network N, the distance | between s and t cannot exceed
\VIN\f|, where | f| is the value of the maximum flow.
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Proof Let V,,V,,...,V, stand for the sets of vertices of distance 1,
2, .., Irespectively, from s, as in the proof of Lemma 9.5. We shall argue that
| V.1 = 1f]. All of the maximum flow | /| must go through ¥,. However, because
the network is simple, each vertex of ¥, can handle only one unit of this flow,
because either its indegree or its outdegree is 1. Hence |V,| > |f] and |V|>
SV = I1f1. 1t follows that 1< |V |/|]}. 0

=1

Theorem 9.4 For simple networks, the algorithm of Fig. 9-13 requires at most
O(|V ''*| A|) time.

Proof As in Theorem 9.3, it suffices to show that S = O(| V|'/2). Again,
if |1 << [V ]2, the result follows directly. Otherwise, consider the stage after
which the value of the flow exceeds | f'| — |V|'/* for the first time; let g be the
value of the flow at the beginning of this stage. In N(g) the value of the optimal
flow is | V'|/2 or more, and therefore—by Lemma 9.6—I < |V|'/2 (notice that
if N is a simple network and fa 0-1 flow, then N(f) is also simple; see Problem
10). Thus there have been at most |V |/ stages so far, and there are at most
| V|2 remaining stages. Hence S = O(|V|'/?), and the theorem follows. []

PROBLEMS

1. Describe an algorithm that uses a variant of search for finding the connected
components of a graph G. At the conclusion of the algorithm, the vertices of the
first connected component of G should be marked “1,” those of the second “2,”
and so on.

2. Write a variant of search that tests whether a graph G = (V, E) is a forest. The
running time of your algorithm should be O( V|).

3. Let G = (V, E) be a graph, and vy, u, w € V. Let BFS (u), and BFS (w) denote
the orders in which u and w are marked in a breadth-first search from vy, and
let d(u) and d(w) be the lengths of the shortest paths from v to u and w, respec-
tively. Show that BFS (#) < BFS (w) implies d(u) < d(w).

4. A digraph D = (V, A) is strongly connected if for every v, u € V there is a path
from » to  and one from u to v. Describe an algorithm that, given a digraph
D = (V, A), decides in O(| A]) time whether D is strongly connected.

*5. Give an O(|A|) algorithm that finds the strongly connected components of a
digraph D = (V, A).

6. Give an O(|E|) algorithm for deciding whether a graph G = (V, E) is bipartite.

7. A graph G = (V, E) is biconnected if for any two edges e;, e, € E, thereisa
circuit of G containing both e, and e,. Give an O(] E|) algorithm for determining
whether a given graph G = (V, E) is biconnected.
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12.

13.

14.
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Rewrite depth-first search as a recursive algorithm (recall Problem 5 in Chapter 8)
without using the array Q.

Let N = (s, 1, V, A, b) be a network. Before the jth stage of the Ford-Fulkerson
algorithm, we have a flow denoted by f;_,. At the jth stage we find an augmenting
path p; in N(fj_,) and augment the flow along it by J,, where J, is the minimum
of the augmenting capacities of the arcs in p,. We call an arc of p, that has aug-
menting capacity J, a j-bottleneck.

(a) Show that if (, v) is a j-bottleneck and a j’-bottleneck for some j’ > j, then
(v, u) must appear on p, for some j < i < j’.
Suppose now that at each stage j, p, is the shortest s-t path in N(fj_y).

(b) Show that the distance (that is, length of the shortest path in N(f})) from s
toany » € V cannot decrease from one stage to the next.

(c) Suppose that (u,v) is a j-bottleneck and a j’-bottleneck for some ;' > j.
Show that the distance from s to ¢ must increase from Stage j to Stage j’.

(d) Conclude that, under the shortest augmenting path rule, the Ford-Fulkerson
algorithm terminates after O(| V| - | A]) augmentations.

Show that if N is a simple network and fis a 0-1 flow of N, then N(f) is also

simple.

Show that there is a polynomial-time algorithm for the following versions of the
max-flow problem by reducing each version to the original form of the max-flow
problem.

(@) The network has many sources and sinks.
(b) The network is undirected.
(c) The nodes, as well as the arcs, have capacities.
(d) The network is undirected and the nodes have capacities.
*(e) There are both upper and lower bounds on the value of the flow through
each arc.
(a) Show that the s-t connectivity of a digraph D == (V, A) (see Problem 8 of
Chapter 6) can be computed in O(| V|!/2 . | A]) time.
(b) Repeat (a) for an undirected graph (same definition of s-r connectivity).
The connectivity of a graph G = (¥, E) is the minimum s-f connectivity, taken
over all pairs s, t € V.
(a) If ¢(G) is the connectivity of G, show that ¢(G) < 2{E|/| V|.
*(b) Show that the connectivity of G can be computed by calculating at most
¢(G)+| V| s-t connectivities.
(c) Conclude from (a) and (B) that ¢(G) can be computed in O(| V|/2 . | E|?)
time.
(a) Construct networks N = (s, t, V, A, b), for infinitely many values of | V|, for
which the algorithm of Fig. 9-13 runs in Q(| V|3) time.
Construct networks N with unit capacities, for infinitely many values of | V|,
for which the algorithm of Fig. 9-13 runs in Q(| V|>/? - | A]) time.

(b)
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(c) Construct simple networks N with unit capacities, for infinitely many values
of | V|, for which the algorithm of Fig. 9-13 runs in Q(| V{1/2 . | A]) time.
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Algorithms for Matching

A matching in a graph is a set of edges, no two of which share a node. Given
a graph, it is a well-known problem to find a matching that has as many edgesas
possible; in another version we are also given weights for the edges, and the
challenge is to find the matching that has the largest total weight. Both problems
have attracted the interest of researchers during the last two decades. They
can be stated simply, have intuitive appeal, and have many applications.
Furthermore, there are some very interesting algorithms that solve these
problems in an efficient manner. These algorithms can be considered as further
instances of the concept of augmentation, familiar to us from the solutions to
the max-flow problem discussed in Chapters 6 and 9. However, in the case of
matching, detecting and performing augmentations efficiently can become
extremely subtle. In both the unweighted and the weighted versions of the
matching problem, all these issues are simplified considerably when the
underlying graph is bipartite. In this chapter and the next, we present and analyze
algorithms for the problems of matching and weighted matching. In both
problems we handle the bipartite case first, because this case, being considerably

simpler in structure, helps illustrate the basic ideas involved in solving the general
problem.
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10.1
The Matching Problem

A matching M of a graph G = (V, E) is a subset of the edges with the property
that no two edges of M share the same node. In the graph of Fig. 10-1, for exam-
ple, M, = {[v,, v3], [v4, vs), [ve, vs], [v7, vyo]} (shown as heavy lines in Fig.
10-1) and M, = {[v, v,], [0, v5), [04, v4), [V6, Vs, [v9, vy,]} are matchings. In
fact, M, is a maximum matching, since a matching of G obviously can never
have more than |V|/2 =5 edges. Given a graph G = (V, E), the matching
problem is to find a maximum matching M of G. When the cardinality of a
matching is || V|/2], the largest possible in a graph with | V| nodes, we say the
matching is complete, or perfect.

Let us consider a graph G together with a fixed matching M of G. Edges
in M are called matched edges; the other edges are free. If [v, u] is a matched
edge, then u is the mate of ». Nodes that are not incident upon any matched edge
are called exposed; the remaining nodes are matched. A path p = [u,, u,, . ..
u,] is called alternating if the edges [uy, u,), [us, u,), . .., [uy;_, uy)), . .. are
free, whereas [u,, u;], [uq, usl, . . -, [y, 45,,,), . - . are matched. Vertices that
lie on an alternating path starting with an exposed vertex and have odd rank on
this path are called outer. Those with even rank are called inner. Referring to the
graph G and matching M, of Figure 1, we see that p; = [vy, v,, v3, Vs, V4, Vs)
and p, = [vy, v4, Vs, Vs, Vs, U1, Vs0, V5] are alternating paths. The existence of
these alternating paths establishes that the vertices vy, v, v4 and vy, vg, vy, are
outer, because each occupies an odd position in one of these paths, and v, is
exposed. These are not all the outer vertices of G with respect to M, : v, and v,
are also outer, because p; = [y, v5, ¥6] is also an alternating path. Analternating
path p = [u,, u,, ..., u,) is called augmenting if both u, and u, are exposed
vertices. In Fig. 10-1, p, = [vy, vy, vs, Vs, Vg, V3, ¥y, V] is an augmenting path.
The significance of augmenting paths for the matching problem is due to the
following fact.

V3 3 Vg

Figure 10-1
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Lemma 10.1 Let P be the set of edges on an augmenting path p = [u, u,, . ..,
u,,) in a graph G with respect to the matching M. Then M' = M @ Pt is a
matching of cardinality | M| + 1.

Proof Let us first show that M @ P is a matching; that is, no two edges
in M @ P share the same node of G. Suppose that it is the case that two edges
e, e’ in M @ P are incident upon the same node. Since M @ P = (M — P)
U (P — M) we have three cases:

1. e,efe M—P
2. e,efeP—M
3. ee M—P, e cP—M

In Case I, we have two edges in M sharing the same node, a contradiction.
In Case 2, we note that the edges in P — M are the edges of the form [u,,_,, 1, ]
and hence two of them cannot be incident upon the same node. For Case 3,
suppose that an edge e’ = [u;,_,, #,;] in P — M has a node in common with
another edge e € M — P. Assume, with no loss of generality, that this node is
u,,;. But u,, is a node of the edge e’ = [u,,, u,,,,] € M, and hence two edges
¢’ and e of M have a common node, a contradiction. It follows that M’ is a
matching. Now P contains 2k — 1 edges; k of them are free ([u,, u,], [us, u,), . . .,
[uz5 1, u5,]) and k — 1 belongto M. Hence, M’ = M @ Phas | M|+ 1 edges. []

For example, the augmenting path p, = [v,, v,, vs, Vs, Vg, V7, V10, Vg] With
respect to the matching M, in Fig. 10-1 can be used to augment M, to M; = M,
@ P, = {[vy, vd), [0, v3), [v5, ve), [04, V5], [vg, v,]}. Because M, is maximum
(it has | V|/2 = 5 edges), it makes no sense to look for augmenting paths in G
with respect to M, ; there can be no augmenting paths with respect to a maximum
matching, since such a path could be used, by Lemma 10.1, to augment the
matching. It turns out that the converse is true as well.

Theorem 10.1 A matching M in a graph G is maximum if and only if there is no
augmenting path in G with respect to M.

Proof One direction follows from Lemma 10.1. For the other direction,
suppose that there is no augmenting path in G with respect to M, and
yet M is not maximum. That is, there is a matching M’ of G such that
|M'| > [ M]. Consider the edges in M @ M’; these edges form a subgraph of
G (this subgraph may be disconnected). Since two edges of a matching cannot
be incident upon the same vertex, the subgraph G’ = (¥, M @ M’) has a special

tIf S, T are sets, then S @ T denotes the symmetric difference of S and 7, defined as
SOT=E~-Nu(T -9
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structure—all vertices have degree 2 or less. If the degree of a vertex 1s 2, one of
the edges is in M and the other in M’. Thus all connected components of G’
will be either paths or circuits of even length. In all circuits, we have the same
number of edges in M as in M’. Because | M'| > | M|, it must be the case that
in one of the paths we have more edges from M’ than from M, and hence this
path is an augmenting path. However, this contradicts our assumption that
there are no augmenting paths in G with respect to M, and the theorem is proved.

0

Theorem 10.1 is a characterization of maximum matchings, not unlike the
characterization of maximum flows in terms of augmenting paths (Theorem
6.3). One is thus tempted to devise the analog of the max-flow algorithm for
matching: Start with any matching (for example, the empty one), and repeatedly
discover augmenting paths. Indeed, all known algorithms for matching are
based on exactly this idea. Nevertheless, the details of such algorithms are quite
involved. A case where these ideas are applicable in a more or less straight-
forward manner is the matching problem in bipartite graphs. The analogy to
the max-flow problem is clearer there as well.

10.2
A Bipartite Matching Algorithm

Because the matching problem for bipartite graphs is a special case of the
matching problem discussed in the previous section (and consequently Theorem
10.1 applies), we shall solve it by repeatedly discovering an augmenting path p
with respect to the current matching M and augmenting the current matching
toM@P.

How can we organize the search for augmenting paths with respect to a
matching M of a bipartite graph B = (¥, U, E) in a systematic and efficient
way ? Consider the graph B and matching M of Fig. 10-2(a). Naturally, a search
for augmenting paths must start by constructing alternating paths from the
exposed vertices. Because an augmenting path must have one endpoint in V'
and the other in U, it is no loss of generality to start growing alternating paths
only from exposed vertices of ¥ (v, in our example). In fact, we may search for
all possible alternating paths from », simultaneously in a breadth-first manner.
Starting from v,, we may search for alternating paths by considering all vertices
adjacent to v,, namely u, and u, (see Fig. 10-2(b)). Since v, is exposed, all the
adjacent corresponding edges are free. By the definition of an alternating path,
we now have to look for matchéd edges emanating from u, and us. This is a
straightforward step, since all nodes have at most one mate. Naturally, if either u,
or us were exposed, our task would be over: We would have discovered an aug-
menting path. However, this is not the case, and thus we add the nodes v, and v,
to our set of alternating paths. By our construction, v, and v, are outer vertices.
We continue growing alternating paths from »; and ;. Note that since the node
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uy is reached from v; before the scanning of vs, we omit the edge [vs, u;] (the
dotted line in Fig. 10-2(b)). Obviously, by so doing we are missing only redun-
dant augmenting paths. We discover the new outer vertices v,, vy, and v, (see
Fig. 10-2(b)) and finally we notice that the outer vertex v, is adjacent to the
exposed vertex u,. We have thus discovered an augmenting path, and we may
augment M by using it (see Fig. 10-2(e)).

The process of searching for augmenting paths is thus quite reminiscent
of breadth-first search. However, if we look back at the construction of the
alternating paths of Fig. 10-2(b), we may notice that this breadth-first search
has a special structure. The searches from odd-numbered levels (v, is at the
zeroth level) are rather trivial, because the next vertex is always the mate of the
current vertex. We can thus simplify this search technique by ignoring odd-
numbered levels and going directly from outer vertices to new outer vertices;
in our example, the desired search would then proceed as shown in Fig. 10-2(c).
Obviously, this corresponds to searching a digraph (V, A), where (v, v,) € 4
if and only if v, can be the next outer vertex after », in an augmenting path;
that is, v, is adjacent to the mate of v,. The node set of this auxiliary digraph
is ¥, since obviously only vertices of ¥ may become outer vertices in alternating
paths starting from V. The auxiliary graph corresponding to our example of
Fig. 10-2(a) is shown in Fig. 10~2(d). The search for augmenting paths shown in
Fig. 10-2(c) can easily be seen to be a breadth-first search of the auxiliary graph
starting from the node v,.

Our algorithm uses two arrays, mate and exposed, besides the array label
used for search. The array mate has |V'| + |U| entries and is our way of repre-
senting the current matching. For v € V, exposed|[v] is a node of U thatis exposed
and is adjacent to v; if no such node exists, exposed[v] = 0. Obviously, if a node
v € V with exposed[v] # 0 is encountered in our search, we have discovered
an augmenting path. The procedure augment is recursive (recall the procedure
path of Fig. 9-6). In our example of Figure 10-2, we first call augment(v);
exposed[v,] = u,, and so augment changes the matching of », from u, to u,
and then calls augment(vs). The matching of v is changed from ug to u,, and
then augment(v,) is called. Now, label[v,] = 0, and thus augment matches v,
to ug and stops. The full algorithm is shown in Fig. 10-3.

Theorem 10.2  The algorithm of Fig. 10-3 correctly solves the matching problem
for a bipartite graph B = (V, U, E) in O(min (|V|,|U|) - | E|) time.

Proof The algorithm terminates if there 1s no path in the auxiliary graph
from an exposed node of ¥ to a target vertex. By the construction of the auxiliary
graph, this means that there is no augmenting path in B with respect to the
current matching, and hence—by Theorem 10.1—the current matching is
optimal.

For the time bound, we note that a matching in B can have no more than



BIPARTITE MATCHING ALGORITHM
Input: A bipartite graph B=(V,U,E).

Output: The il of B, repi d by the array mate,
begin
for all v € VUU do mate[v]:=0; (comment: initialize)
stage: begin

for all v & V do exposed[v]:=0;
A:=(; (comment: begin construction of the auxiliary graph (¥,4))
for all [v,u] €E do
if mate[u]=0 then exposed[v]:=u else
if mate[u]v then A:=A U (v, mate[u]);

L Q=0

i
L

while Q=5 do
begin
let v be a node in Q;
remove v from Q;

3
else
for all unlabeled v’ such that (v,v') € A do
label[v]:=v, Q:=Qu{v'};

'
'
'
i
h
i
1

end
end
end

procedure augment(v)
if label[v] =0 then mate[v]:=exposed|[v],
mate[exposed[v]]: =v;

else begin
exposed(label[v]]: =mate[v]:
mate[v]: =exposed[v];
matefexposed[v]]:=v;
augment(label[v])
end

Figure 10-3 The bipartite matching algorithm.

min (|V],| U]) edges. Since each augmentation increases the cardinality of the
matching by I, we can have at most min (| V|, | U]) stages. It remains to show
that the complexity of each stage is O( E|). The construction of the auxiliary
graph and the calculation of the array exposed requires O(| E|) time, because
| E| edges have to be considered. Looking for the desired directed path in the
auxiliary graph is done in O(| 4|) = O(| E|) time; finally, augmenting the match-
ing requires O(| V'|) time. The theorem follows. []
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10.3
Bipartite Matching
and Network Flow

It turns out that we can improve upon the O(min (| V|, |U]) - | E|) algorithm of
the previous section by relating the matching problem for bipartite graphs to
the max-flow problem for networks. In particular, we are going to reduce the
bipartite matching problem to the max-flow problem for simple networks. By
this, we mean that we shall show how to solve the bipartite matching problem
efficiently by making use of any algorithm that solves the max-flow probiem
efficiently.

Given any bipartite graph B = (¥, U, E), we define the following network
with unit arc capacities—N(B) == (s, t, W, A), where s and f are two new nodes;
W is the union of {s,¢}, ¥, and U; and 4 is a set of arcs consisting of three
categories :

1. The arcs (s, v) for all v € V;
2. The arcs (u, 1) for all u € U;

3. The arcs (v, u) for all v € V and u € U such that [v, u] € E.

The network N(B) for the bipartite graph B of Fig. 10-4(a) is shown in
Fig. 10-4(b). Let us first notice that for any bipartite graph B, N(B) is a simple
network. This is so because all nodes in ¥ have indegree I in N(B) and all nodes
in U have outdegree 1.
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vy uy
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Figure 10-4
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Lemma 10.2 The cardinality of the maximum matching in a bipartite graph B
equals the value of the maximum s-t flow in N(B).

Proof Given any matching M of B, we can construct a feasible flow in
N(B) as follows: For each matched node » of V—that is, each node v for which
[v,u] € M for some u € U—we have a unit flow through (s, »). For each
matched node u of U, we have a unit flow through (, t). Finally, for each edge
[v,u] € M, we add a unit flow through (v, u) (see Fig. 10-4). Obviously, the
resulting flow is feasible and its value equals | M|. Conversely, given a maximum
flow f'in N(B), we know that there is an equivalent flow with integral (0-1 in our
case) flow values (for example, the one discovered by the algorithm of Figure
9-13). Starting from such a flow, we construct a matching M containing all
edges [v, u] € E for which f(v, u) = 1. By the construction of N(B), this is
bound to be a legitimate matching, because if two edges in E share a node v,
then one of the corresponding arcs of N(B) must have zero flow; otherwise,
the capacity of the arc (s, v)—or (v, 1) if v € U—will be violated. O

Notice that the proof of Lemma 10.2 is constructive; it allows us to find
the maximum matching of B given an integral maximum flow in N(B) in
O( V) time.

Theorem 10.3 We can solve the matching problem for bipartite graphs in
o(| V|72 - |E]) time.

Proof The algorithm is the following:
1. Construct N(B) from B.
2. Find the maximum flow in N(B) by the algorithm of Fig. 9-13.
3. Construct the maximum matching in B from the maximum flow in
N(B), as in the proof of Lemma 10.2.

Step | requires only O(|E|) time, and Step 3 can be carried out in O(|V|)
time. Finally, Step 2 is of complexity only O( V| - |A|) = O( V| - |E|),
because N(B) is a simple network (see Theorem 9.4). Hence the theorem is
proved. |}

This is the asymptotically fastest algorithm known for the bipartite
matching problem.

10.4
Nonbipartite Matching:
Blossoms

How can the techniques used to solve the bipartite matching problem be
extended to nonbipartite graphs? The reduction to max-flow of the previous
section does not seem to carry over (for a reduction of nonbipartite matching to
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an extension of the max-flow problem, which, unfortunately, is not any easier to
solve than the matching problem with which we started, see Problems 6 and 7).
Theorem 10.1, however, holds for general graphs, and hence the approach taken
in Sec. 10.2 (start with the empty matching and repeatedly discover augmenting
paths and augment along these) can be extended to the nonbipartite matching
problem. Unfortunately, the lack of the bipartite structure makes the task of
finding augmenting paths far more difficult.

Let us examine how our auxiliary digraph technique must be modified to
work for general graphs. First, in the bipartite case, we knew that vertices of U
could not be outer in any alternating path starting from V. Consequently, our
auxiliary graph involved only vertices from V. In the general nonbipartite case
there is no such restriction, and hence the auxiliary graph must contain all
vertices. The arcs of the auxiliary digraph still represent pertinent information:
An arc (v, 1) means that u may be the next outer vertex in an alternating path on
which » is outer. Hence augmenting paths correspond to paths on the auxiliary
graph from an exposed vertex to a target node (that is, a node v with exposed[v]
# 0), exactly as they did in the bipartite case.

What makes the general matching problem considerably more involved is
that the converse correspondence may not hold. That is, there may be paths in the
auxiliary graph leading from exposed nodes to target nodes that do not corre-
spond to augmenting paths relative to the current matching. Let us see this by
way of an example. Consider the graph G of Fig. 10-5(a) and the matching
M shown. Here M is not maximum, because there is an augmenting path with
respect to M in G, namely, p = [v,, v, 03, Va4, Vs, Vs, V7, Vg, Vg, V5ol Naturally,
pcorresponds to a path p’ = (v,, v, vs, v4, v,) Of the auxiliary digraph relative to
M, shown in Fig. 10-5(b). Nevertheless, there are paths in the auxiliary digraph
that do not correspond to legitimate augmenting paths. For example, consider
the path ¢" = (v,, ¥4, v5, ¥5, v5, v5). There is no augmenting path in G with the
sequence of vertices of ¢’ as outer vertices. If we try the correspondence (u,, u,,

L uy) < [uy, mate[u,), us, . . ., mate[u,), uy, exposed[u,]}—by which we can
recover the augmenting path in the bipartite case—we get the walk ¢ = [vy, v,,
Vg, V1, Vs, Vas Vs, Vg, Vg, Vg, Vs, Vyp). Naturally ¢ is not an augmenting path;
in fact, it is not a path at all. Nodes and edges are repeated in it, such as the
matched edges [vg, v] and [vs, v,]. These repetitions are not reflected in ¢’
because each time different endpoints of the edges are used as “outer.” Also,
M @ Q (where Q is the set of edges in the walk ¢) is not a matching.

Since our auxiliary digraph technique worked successfully for bipartite
graphs and odd circuits are the only feature that bipartite graphs lack (recall
Proposition 1.1) we are led to suSpect that it is the odd circuits that cause this
malfunctioning. And this is exactly what is happening. Until it meets the odd
circuit ¢ = [vg, 04, 05, v6] (Fig. 10-5), ¢ is a perfectly legitimate alternating path.
At this point ¢ traverses this circuit and starts “folding” on itself, with the disas-
trous consequences that we observed above.

Not all odd circuits can cause such undesirable behavior. For example, the
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circuit of nine nodes in the graph shown in Fig. 10-6(a) does not fool the auxiliary
digraph algorithm. This is because, intuitively, this circuit is too “sparse” in
matched edges, and hence the augmenting path cannot traverse it and fold.
The suspect odd circuits are those that are as dense in matched edges as possible;
that is, circuits with 2k -+ | nodes that have k matched edges (Fig. 10-6(b)).
Such circuits are called blossoms and play an important role in the theory of
matching. Notice that, like most of the matching terminology, a blossom is
defined only in the context of some fixed matching.

We have thus located the cause of the failure of the auxiliary digraph tech-
nique: It is the presence of blossoms. If a graph has no blossoms with respect to
the current matching, then it is effectively bipartite (even though it may have
nonblossom odd circuits like the graph of Fig. 10-6(a)) and the search for aug-
menting paths can be done as in the bipartite case. Consequently, we have to
modify our algorithm so that (1) it can sense the existence of blossoms, and (2)
it can go on finding valid augmenting paths, even in the presence of blossoms.
To keep our algorithm simple, we shall search for augmenting paths from one
exposed vertex at a time, as opposed to all exposed vertices simultaneously,
as we did in our bipartite matching algorithm.

To detect the existence of blossoms is not particularly hard. A blossom
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becomes relevant to our algorithm when it is first discovered; that is, when all
of its vertices are either outer or mates of outer vertices. This situation is
depicted in Fig. 10-6(c) for the blossom shown in Fig. 10-6(b). At this point,
we first notice something abnormal. The next vertex in our search, u,, (see the
dotted arc in Fig. 10-6(c)), is the mate of vertex u,,_,, which is already outer.
This means that our search attempts to use the matched edge [u,, u,,_,] twice,
and the existence of a blossom is thus established. To actually find the blossom
is not much harder: We backtrack from both ,, and u,,., to find the two paths
leading from the exposed node v to these nodes. We find the latest outer vertex
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230 Chapter 10 ALGORITHMS FOR MATCHING

that these paths have in common. This node, u, in our example of Figs. 10-6(b)
and 10-6(c), is the basis of the blossom ; that is, the only node of the blossom that
is not matched with another node of the blossom. The blossom then consists
of all outer vertices on the path segments from u, to u,, and u,;_,, together with
the mates of all but u,.

The previous analysis covers one of the two extensions of the auxiliary
digraph algorithm that are necessary in order for the algorithm to work for
general, nonbipartite graphs: namely, the detection of biossoms. It still remains
to see how to handle the discovered blossom in order to proceed in our search
for valid augmenting paths. A strikingly simple idea at this pointis to get rid of
the blossom by shrinking it—that is, by replacing it with a single node. To
formalize the notion of shrinking, if b is a blossom in a graph G = (V, E) with
respect to the matching M, the graph resulting from G by shrinking b is G/b
== (V/b, E/b), where V/b is V with all nodes of b omitted and a new vertex v,
added to replace b; E/b is E with all edges with both endpoints in b omitted and
all edges [v, u] such that wisin b and v is not in b, replaced by [v, v,]. For example,
for the graph G and blossom b shown in Fig. 10-7(a), G/b is shown in Fig.
10-7(b). Naturally, for shrinking to represent a valid operation in our search
for augmenting paths, we must show that by shrinking a blossom we do not add
or omit augmenting paths in our graph.

Yio vy Uy Y7

Yyg vy vy Yq

Yy Yy

(c)

Figure 10-7
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Lemma 10.3 Suppose that while searching for an augmenting path from an
exposed node u in a graph G with respect to a matching M, we discovered a blossom
b. Then there is an alternating path from u to any node of b ending with a matched
edge.

Proof Since b was discovered from u, there is an alternating path u to
the basis of b, as shown in Figure 10-8. Then a vertex » of b is reachable from u
by two alternating paths (see Fig. 10-8). One of these must end with a matched
edge. [}

e} o

Figure 10-8

Suppose that G is a graph, M a matching, and b a blossom of G with respect
to M. Then M/b is the matching that results from M if we omit all matched edges
of b and change any matched edge of the form [v, u] with u a node of b to
[v, v,).

Theorem 10.4 Suppose that, while searching for an augmenting path from a
node u of a graph G with respect to a matching M, we discover a blossom b. Then
there is an augmenting path from u in G with respect to M iff there is one from u
(v, if u is the basis of b) in G/b with respect to M/b.

Proof If Suppose that there is an augmenting path p from u in G/b with
respect to M/b. If p does not pass through v,, then p itself is an augmenting path
in G. If p passes through v,, we may write p = [u, p’, w, v,, w', p”’]T, where p and
p" are paths. Either [w, v,] or [w’, »,] is matched. Suppose that [w, v,] is matched
(the other case is similar). Then [w, u,] € M and [w', u,) € E — M for the basis
u, and another node u; of b (Figure 10-9). The augmenting path from u in G

1In our notation for paths, we use expressions such as [, p, w, p’, v], where u, w, and v
are nodes, to denote (in the above example) a path p with endpoints u and w, followed by a
path p’ with endpoints w and ». Also, [p, g] is the concatenation of two paths, with no end-
potnts designated. If p is a path, pR denotes its reverse.



Figure 10-9

is thus [u, p’, w, ug, p”’, u;, w', p'’], where p*’ is the path from u, to u, that ends
with a matched edge (the empty path if u, = u,). If u = v,, the argument is
very similar.

Only if Suppose now that there is an augmenting path p from u in G with
respect to M. Again, if p does not pass through any vertex of the blossom b,
we are done. Otherwise, we have two cases.

Case 1 Suppose that p enters b at the basis u, with a matched edge (see Fig.
10-10(a)). Let u, be the last node of b in the path.If u, = u,, we are done, because
p is also augmenting 1n G/b, with u, replaced by v,. Otherwise, p = [u, p’, u,,
P, u,w,p’}and [u;, w} ¢ M. Then [u, p’, v, w, p’"’] is an augmenting path in
G/b.

Case 2 Suppose that p enters b with a free edge. We distinguish between two
subcases.

Subcase (a) Suppose that p leaves b through its basis by a matched edge.
This case is similar to Case 1.

Subcase (b) In this situation, p leaves b through a free edge. Thus p = [u,
Py, p”yuy, w, p''] (see Fig. 10-10(b)). By Lemma 10.3, there is an alternating
path g, from u to the basis u, of b, ending with a matched edge. We must consider
three possibilities.

1. First suppose that p”’ and ¢ do not intersect. Then [u, g, v,, w, p’"] is
an augmenting path.

2. Suppose now that p’’ and ¢ intersect (see Fig. 10-10(c)). Thus ¢ =
lu,q’,x,q", upg)and p”’ = [ p'¥, x, p**’} where p*’ does not have a node
in common with g. Then [u, p’, v,, ¢"'%, x, p'*'] is an augmenting path,
where we assumed that ¢’ and p’ have no nodes in common.

3. This is the same as (2), except that p’ and ¢"’ intersect (see Figs. 10-10(d)
and 10-10(e)). Let y be the latest node of ¢’" which is either on p’ or
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on p'’. 1If y is on p’”, then construct an augmenting path in G/b by
using p up to v,, g4 back to y, and p’”’ from then on (Fig. 10-10(d)).
If y is on p’, then use p’ up to y, g to v,, and p’”’ from then on (see Fig.
10-10(e)). The theorem is proved. ]

10.5
Nonbipartite Matching:
An Algorithm

In this section we present an O(|V|*) algorithm for the matching problem.
This algorithm (see Fig. 10-13) is the one used in the bipartite case, together
with the features that are necessary in order to cope with blossoms. We start
with the empty matching and repeatedly choose an exposed vertex in order to
search for an augmenting path from it. For simplicity, we search for augmenting
paths from one exposed vertex at a time and not from all exposed vertices, as
we did in the bipartite case. The method of search will again use the auxiliary
digraph.

Suppose that at some stage we failed to find an augmenting path from an
exposed node u. Clearly u cannot be of any help at this stage. The following
theorem says that u will be a poor choice as a starting point for our search in
all subsequent stages as well.

Theorem 10.5 Suppose that in a graph G there is no augmenting path starting
from an exposed vertex u with respect to a matching M. Let p be an augmenting
path with endpoints two other exposed nodes v and w. Then there is no augmenting
path from u with respect to M @ P either.

Proof Suppose that there is an augmenting path ¢ from u with respect to
M @ P. If ¢ has no node in common with p, then the augmentation by p changes
nothing as far as ¢ is concerned, and hence ¢ was an augmenting path from u
prior to the augmentation, contrary to our assumption.

So, let g = [u; = u, u,, ..., u, = u'] and let u, be the first node on g that
is also on p (see Fig. 10-11). One of the two portions into which u, divides p
must end on u, with an edge in M; this portion, together with the portion of ¢
up to u, constitutes an augmenting path from u with respect to M, contrary to
our assumption.

Corollary If at some stage there is no augmenting path from a node u, then there
will never be an augmenting path from u.

Proof 1t is easy to show by induction on k and using Theorem 10.5
that for all k, k augmentations after we failed to discover an augmentating path
from u there will still be no augmenting path from u. (]



Figure 10-11 The proof of theorem 10.5. Heavy lines
are edges in M (@) P.

Therefore, once our search has failed to find an augmenting path from a
node u, u will never again be considered by the algorithm as a potential starting
point of an augmenting path. In our algorithm we make sure that this is the case
by maintaining an array considered, initially zero. If a node u is used as the
starting point of a search, we set considered [u] = | to signify that we shall never
consider u again.

As in the bipartite case, the auxiliary digraph (V, 4) is our basic aid for
performing our search. Also, the array exposed is again used to identify target
nodes—that is, nodes that are adjacent to exposed nodes other than the one we
are considering. In order to be able to detect blossoms, we use an array seen
with | V| entries, all initially zero, where seen[v] = 1 means that v is the mate of
an outer vertex; if v is made outer sometime in this search, both endpoints of
the edge [v, mate[v]] are outer, and hence a blossom has been discovered. Once
the first blossom is discovered, it is shrunk. According to Theorem 10.4, this is
a legitimate operation, because it preserves the existence of augmenting paths
from the node being considered. Thus we give this current blossom a name
b—the next available integer, say, starting from |V|-|- 1, since the first |V|
integers are set aside as subscripts of the vertices of V-—and the current graph
becomes, from G, G/b (Fig. 10-7(b)). Subsequent to the discovery of b, we may
discover in our search another blossom b’ (see Fig. 10-7(b)). We shrink this one
too, to obtain G/b/b’ (Fig. 10-7(c)) as our current graph, and so on.

After every such discovery of a blossom b, we must record some useful
information (effectively shrink b). This is done by the procedure blossom used
in Figure 10-13 (not shown explicitly). Blossom does the following.
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1. It finds ail nodes of b by backtracing the label array until the first
common node in these two paths—the basis of b—is met (Figure
10-12). The nodes of b are exactly the nodes on these two paths and
their mates. We record the fact that » belongs to b by setting blossom[v]
= b—notice that v could be a blossom node itself. We also record for
future reference the basis of b and the exact cyclic order in which the
nodes of b occur.

Figure 10-12

After we have identified all nodes of b, we must check whether
there is a node u; among them such that exposed[u,] # 0. If so, we
must augment the matching from v,, as explained in a few paragraphs.

2. We replace any instance of a node x of b in the auxiliary graph 4,
the queue Q and the array /abel by the new node v,. This has the effect
of “shrinking” the nodes of b into one node, v,.

The procedure of searching, discovering, and shrinking blossoms continues
until an augmenting path is found in the current graph from u—or from v,
where v, is the most recently shrunk blossom that contains u—or until no such
path or further blossoms can be found by searching the auxiliary graph.

If we find an augmenting path p in the current graph, we must construct
from it an augmenting path in the original graph G. This may be nontrivial,
since p can contain several blossom nodes and hence it cannot be used for
augmentation as it is. Consider, for example, the augmenting path p = [v,,,
Vg Vg, U7s Vy» 0] in Fig. 10-7(c). Recovering the augmenting path in the original
graph from p can be done by repeated applications of the construction in the
proof of Theorem 10.4 (if part), which establishes the existence of this path.
We shall illustrate the simple principle involved by the example of Fig. 10-7.
In p = [v,4, vy, s, ¥, Vy, v,] We have one blossom node, v,. We find the node
next to v, in the path that is connected to v, by a free edge—uv, in our example.
We find the node of b’ which is adjacent—in the graph before the shrinking of
b'—to v,. This will not always be simple, because, instead of v,, we might have
another blossom node. In the analysis of the efficiency of the algorithm (see the
proof of Theorem 10.6) we shall show exactly how we do this efficiently. Once
we find one such vertex of b'—v, or v;; let us say v,—we find the unique
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path from the basis of b’ to v, that ends with a matched edge, [v,, v3, v,] in our
example. We then replace v, in p by this path to obtain p’ = [v,, vy, vs, ¥4,
Uy, V35 V2, V3]

We must now repeat the same process to replace v, in p’. This time vy is
the node that is connected to v, by a free edge. We find that this edge corresponds
to the edge [v,, v;] in G. We find the unique path within b from the basis vg
to v, that ends with a matched edge, namely, [v,, vs, v,]. Finally, we replace v,
in p’ by this path, to obtain the final augmenting path p”’ = [v,,, v, vs, ¥4, Vs,
Vs, Vs, V3, U2, v3]. The procedure augment, not shown explicitly in Fig. 10-13,
implements the above ideas. The whole algorithm is shown in Fig. 10-13.

NONBIPARTITE MATCHING ALGORITHM
Input: A graph G=(V,E).
Output: A maximum matching of G in terms of the array mate.
begin
for all v € V do mate[v]:=0, considered[v]:=0;
stage: while there is a u € V with considered[u]=0 and mate[u] = 0 do
begin

f considered[u]:=1, A:=(5; ',
| forall v & V do exposed [v]:=0 t
| (comment: construct the auxiliary digraph) ;
+ for all [v,w] € E do (comment: repeat for both [v,w] and [w,v]) '
i if mate[w]=0 and w=4u then exposed[v]:=w else H
E if mate[w]=v, O then A: Au((v mate [w])}; 2
i forall v € V do seen[v]: H
e Q:={u}; label [u]:=0; if exposod[u];to then augment(u), go to stage; -:
! (commen B

ize for search)

while Q% do

begin
let v be a node in Q; (comment: Q is a queue)
remove v from Q;
for all unlabeled nodes w € V such that (v,w) € A do

Q:=Quq{w}, label [w]:=v;

seen[mate[w]]: =

if exposed[w]>40 then augment(w), go to stage;
if seen[w] = 1 then blossom(w)

end
end
end

Figure 10-13 The ipartite hil Igorith
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Theorem 10.6 The algorithm of Fig. 10-13 correctly finds a maximum matching
in a graph G = (V, E) in O(|V'|*) time.

Proof The algorithm halts when unsuccessful attempts have been made to
find augmenting paths from all exposed nodes of G. By Theorem 10.4, we may
conclude that, at the time that each such attempt was made, there was no aug-
menting path from this node in the original graph G. Hence, by Theorem 10.5,
there is no augmenting path in G and consequently, by Theorem 10.1, the current
matching is optimal.

For the time bound, since the loop labeled stage is executed at most |V|
times (once for each vertex), it suffices to show that each stage can be done in
O(|V'|?) time. The construction of the auxiliary digraph can be carried out in
O(|V'|*) time, and so can the calculation of the array exposed. At each search
we are going to have at most | V| executions of the procedure blossom, because
each such execution decreases the number of vertices in the current graph by at
least two. Let us now show that blossom can be executed in O(|V|?) time.
Backtracing the labels and finding the latest common vertex can certainly be
done in O(|V|*) time. Updating the auxiliary digraph can be done in O(|4|)
= O(| E|) = O(|V|?) time; also the array label/ and Q can be updated in O(V|)
time. Hence all of the procedure blossom can be done in O(| V|?) time.

The procedure augment is executed at most once during each search. In
each execution we may have to make up to O(|V|) blossom expansions (recall
the di ion of a preceding the theorem). Each expansion amounts
essentially to finding the node u, of the blossom that is connected to w in the
original graph. This can be done by examining all points that are eventually
shrunk into b—and w, if w is also a blossom—and finding a combination that is
an edge in E. The first part can be done in O(|V|?) time by starting with each
node v and finding bl [v], then bl [l [v]], and so on, at most
O(|V|) times, until we hit b, or w, respectively. Also, the second part can be
done in O(| E|) time by checking for each edge [v, ] € E whether v is eventually
shrunk into b and u is eventually shrunk into w. The rest of augment can be done
in O(| V|) time for each blossom expansion; hence we conclude that the augmen-
tation following each search can be done in O(| V' |?) time. The theorem follows.

O

Example 10.1

Let us apply the algorithm of Fig. 10-13 to the graph shown on the top
of page 239.

The first seven stages are trivial. Augmenting paths consisting of single
edges are discovered immediately and thus the following edges become matched:
v, 02], [v3, 94)s [v55 V6] (V25 V5] 095 040)s 415 012)s 013,014 The resulting
matching is shown on the middle of page 239.



Yia Vi3 Y12

In the next stage, we pick an exposed and unconsidered node, v, 5, and construct
the auxiliary digraph with respect to the current matching. The nodes v with
exposed[v] # 0 are vy, v,, Vg, Vy,, and v,,.

239



We show below the search from v, (an arc from v to » means that label [v] = u;
it is the reverse of an arc in the auxiliary digraph).

Yis

Yy U3

At this point the search stops with no success (that is, no augmenting path, no
blossom, and empty Q). Therefore v, is abandoned; we shall never start a
search from it again.

The next unconsidered exposed node is v,,. We thus start searching the
digraph from v, with target nodes (that is, nodes with nonzero exposed)
V,, V4, Vyq, aNd v;,. When we remove v, from Q, we insert into Q the nodes
Vg, Uy, and v, ;, while the seen entries of v;, v,, v;, become 1, because the mates
of these nodes have been labeled. We next remove v, from Q. This has the effect
of adding v, to Q with seen[v,] = 1. Then we examine v,. The situation is as
shown on the top of next page.
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Uy vy
Q= (g, 013,03,07}

At this point we notice that seen[v,] = 1; hence v, is the mate of an already
outer vertex—vs—and a blossom has been discovered. To find all vertices of the
blossom, we trace the array label back from both v, and its mate, vy. The first
common node in these backwards paths is v 4, and so v, ; is the basis of the blos-
som. All nodes encountered in this backtracing, and their mates, comprise the
nodes of the blossom. We give to this blossom a new index, v,4, we replace all
entries of Q and label that happen to be nodes of the blossom by v,4, and we
resume the search. The modified auxiliary graph is shown below.
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Our search continues from the following state:

Yig

vy Y13
Q= 1{¥1g: V13, U3}

We next remove v,, from the queue, and add v,,, a vertex with exposed[v, ]
=v;, # 0.

Yig
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The augmenting path in the current graph is p’ = [v,4, mate[v,,], v,
exposed[v,,]] = [v,3, Vs, v1, ¥;,]. To replace p’ by a path in the original graph,
we examine all edges incident upon v, and discover that [, v,] in fact corre-
sponds to the original edge [vg, v,]; furthermore, the path from the basis of v,
to vy that ends with a matched edge is [v,, v,, vg]. Thus we replace v,4 in p’
by [v,6, ¥4, vs] and obtain the final augmenting path p = [v,, v;, Vs, Vs, V10,
v,,], whereby the current matching is augmented, as shown on page 242.

Next we discover that there is no unmatched and unconsidered vertex of G,
and hence the current matching is optimal. []

PROBLEMS

1. Show that in a bipartite graph, the cardinality of the maximum matching equals
the cardinality of the smallest set of nodes that covers all edges (that is, every
edge is incident upon a node in the set).

2. Show that a bipartite graph B = (¥, U, E) with | V| = |U| = n has a matching

of cardinality n iff for all S < V we have |{u € U:[v, u] € E for some v € S}|

=|S1

An edge cover of a graph G = (V, E) is a subset C of E such that

V= U {uv}.
u,v]€C

Suppose that G has no isolated points. Show that the cardinality of the minimum

edge cover C of G equals the cardinality of the maximum matching M of G,

increased by | V| — 2| M|. Give an efficient algorithm for finding the minimum

edge cover of a graph.

3

*4, If G = (V, E) is a graph with V = (v, v, . . ., v}, let us define the Tutre matrix

of G, T(G), to be the n X n matrix defined as follows:

Xy if f,v) € Eand i > j
T(G)y = —xu iffo,v] € Eand i <j
0 otherwise
where the x;;’s are indeterminates (that is, variables). Show that G has a com-
plete matching iff det(7(G)) # 0.

5. Let g be a set of jobs to be executed, on two processors, with all jobs requiring
the same amount of time (say, 1). Suppose that there is a directed acyclic graph
P = (g, A) such that, if (J;,J3) € A4, then J, must be executed before J;. The
Two-Processor Scheduling Problem is: Given P, find an optimal schedule; that is,
a function S: g — (1, 2,..., T} such that

1. foralli<T,|{J e g:5()=i}|<2;
2. if (J},J2) € A then S(Jy) < S(J3);
3. Tis as small as possible.
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(a) Let Gp = (g, Ep), where [J1,J2] € Ep iff there is no path from J; to J,
nor one from J to Jy, in P. Suppose that M is the maximum matching of
Gp. Show that the smallest T achievable must obey
T>19| - M|
(recall Problem 3).

*(b) Show that there is always a schedule with T = |J| — | M |. Give an efficient

algorithm for finding the optimal schedule (compare with Theorem 15.5).

In a directed graph, every arc has a head and a tail. A bidirected graph (V, A)
is a set of nodes and a set of arcs, except that now arcs are allowed to have
either a head and a tail, or two heads, or two tails. A bidirected network
N = (s, 1, V, A, b) is a network with (V, 4) a bidirected graph. Also, s is no
arc’s head and ¢ is no arc’s tail. A flow fin N is a function from A4 to Z* such
that for all a € A, f(a) < b(a) and for each v € V — (s, 1} we have
X Sf@= ¥ fl@
visa visa
tail of head of
a ]
The value of fis
2 f@
S5
tail of
Show that we can efficiently reduce the nonbipartite matching problem to a
bidirected max-flow problem with unit capacities. (Compare with Sec. 10.3.)
Show that any bidirected flow instance with unit capacities can be reduced
efficiently to an instance of the matching problem.

Show by an example that if G = (V, E) is a graph, M a matching of G, and b
a blossom (a circuit with 2m + 1 edges, m of which are in M), then the following
may fail to be true: There is an augmenting path in G with respect to M iff there
is one in G/b with respect to M/b. Compare with Theorem 10.4.

Apply the algorithm of Fig. 10-13 to augment the matching shown below.

v, vy vy
vy >

Ys

Yy

A
Y10 Ui Y12

The purpose of this problem is to show that the nonbipartite matching algorithm
of Fig. 10-13 can be implemented to run in O(| ¥3|) time, by designing the pro-
cedures blossom and augment appropriately.
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(a) Suppose that for each edge e of the current graph which did not exist in the
previous current graph, we keep the edge prevle] of the previous current
graph to which e corresponds. Show that, using this device, each execution
of augment takes O(|V [?) time.

*(b) Show how to implement blossom (which now also has to update the array
prev) so that the total time spent in calls to blossom is O(] V [?) per stage.

11. The directed matching problem is the following: Given a digraph D = (V, 4),
find a subdigraph (¥, M) such that the indegree and the outdegree of each node
of ¥Vin (¥, M) is 1. Give an efficient algorithm for the directed matching problem
by reducing it to bipartite matching.

12. The b-matching problem is the following: Given a bipartite graph B = (¥, U, E)
and a function b: ¥V U U— Z*, is there a subset M < E such that for each
v € VU U, wvis incident upon b edges in M?

(a) Givean O Y b(v))?* 5) algorithm for b-matching.
veVuvU
(b) Give an O(] V|3) algorithm for b-matching.

*13. Give a polynomial-time algorithm for b-matching in nonbipartite graphs. (Hint:
Construct a new graph that has b(v) new nodes for each node v and two new
nodes for each edge; find a complete matching in this graph.)

14,

The bottleneck matching problem is the following: Given a graph G = (¥, E) and
a weight w: E — Z*, find a complete matching M such that max w(e) is as small

as possible. Give a polynomial-time algorithm for bouleneck matchmg

*15. Give a polynomial-time algorithm for the following problem: Given a graph
G = (V, E), a partition of V into two sets 4 and B, and two integers a and b,
find a matching M such that at least a nodes in 4 and at least b nodes in B are
incident upon edges in M.

16. The bin-packing problem is the following. We are given n integers {c;, .. ., ¢,}
and another integer B—the bin capacity—and we are asked to find a partition
of these integers into bins such that in each bin the sum of all integers in the bin
does not exceed B, and there are as few bins as possible. Show that, if the ¢,’s
satisfy ¢; > BJ3, then bi king can be formulated asa hing problem. Then
solve it in a much easier way.
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Weighted Matching

111
Introduction

A much more involved version of the matching problem is the one in which
we are given, besides the graph G = (¥, E), a number w,, > 0 for each edge
[v,, v)] € E, called the weight of [, v;]. We are supposed to find a matching of
G with the largest possible sum of weights. Clearly, the unweighted matching
problem that we have attacked in the previous chapter (sometimes called the
cardinality matching problem) is a special case of the weighted matching prob-
lem: Just let w,; = 1 for all [y, v)) € E.

Itis not hard to see that in the weighted matching problem, we can do away
with the graph G by adopting the convention that the underlying graph is always
complete, and letting the weights of those edges that were missing in G be equal
to zero. Furthermore, we can always assume that we have an even number of
nodes—otherwise, add a new node with edges of weight zero incident upon it.
Similarly, if we are dealing with the bipartite case of the problem, we may assume
that the graph is a complete bipartite graph with two sets of nodes that are equal
in size. Also, we may observe at this point that the optimal solutions will always
be complete matchings (since w,; > 0), and hence we can alternatively formulate

247
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these problems as minimization problems by simply considering the costs ¢, =
W — wy,;, where W is larger than all the w,;’s. We shall make these assumptions
throughout this chapter.

As in the cardinality matching problem, the weighted matching problem is
considerably easier in its bipartite case. The bipartite weighted matching problem
is also known as the assi problem, t it can be applied in principle
in order to calculate the best assignment of tasks to workers, assuming that we
know the value w,; produced by the ith worker at the jth task. The assignment
problem can be described by a concise linear program, which is a special case
of the Hitchcock problem (see Sec. 7.4), and can therefore be solved by the
primal-dual method—called, in this particular instance, the Hungarian method.
The Hungarian method solves the weighted matching problem for a complete
bipartite graph with 2 - | V| nodes in O(| V' |?) arithmetic operations.

If we try the same line of attack in the nonbipartite case, we see that the
linear programming formulation fails to describe exactly the weighted matching
problem. By this we mean that the linear program has basic feasible solutions
that do not correspond to matchings. Not surprisingly, this pathology again has
its roots in the presence of blossoms. We must therefore detect these blossoms
and discover augmenting paths in spite of them. However, in the case of weighted
matching, the graph-theoretic part of our task is easier, both conceptually and
algorithmically. The hard part is that of perfecting the linear programming
formulation so it describes the problem exactly and thence develop a primal-
dual algorithm. The way this is done is a beautiful application of duality theory.
The complexity of the weighted matching algorithm for general graphs that we
develop in Section 11.3 is O(|¥|4); in Problem 14 we outline the refinements
necessary to bring the complexity down to O(V |?).

11.2
The Hungarian Method
for the Assignment Problem

We shall develop a simple algebraic formulation for the weighted bipartite
matching problem. We let x,, be a set of variables fori = 1,...,nandj=1,

., n, where n is the number of nodes in the node sets of the complete bipartite
graph B = (V, U, E). Here x,, = 1 means that the edge [v,, u)] is included in
the matching, whereas x,, = 0 means that it is not. Naturally, for a set of such
values to represent a complete matching, we must have

Sx,=1 i=1,...,n
=
’gx,,:l j=1...,n (A)

x,; =0
Our goal is to minimize Y, ¢;;x,;. We have thus developed a linear program
L]
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(in fact, a special case of the Hitchcock problem of Chapter 7, with m = n and
with all a’s and b’s equal to 1) which, in some sense, describes the assignment
problem. Unfortunately, there is no way to use linear inequalities to write our
implicit assumption that the x,;’s must attain only the values zero and 1. Thus
our linear program might very well have a fractional optimal solution, which
would not correspond to any feasible matching. An example is shown in Fig.
11-1.

S |
YT F T T

Figure 11-1

Fortunately, as in a similar situation concerning the max-flow problem
(Sec. 9.5), some mysterious, friendly power is at work. Although such fractional
solutions obviously exist, they are never basic feasible solutions of the linear
program. Consequently, if we wish to solve this linear program with simplex—
any variation thereof —we may be certain that the final optimal solution will be
nonfractional, that is, one that corresponds to a real matching.

In Chapter 13 we are going to develop a theory of total unimodularity in
order to understand this phenomenon completely. For the time being, we shall
derive a constructive proof that an optimal solution to (A) that corresponds to
a “real” complete matching always exists. Our constructive proof simply entails
applying the primal-dual method to this linear program by combinatorializing
its cost, exactly as we did with the more general Hitchcock problem in Chapter 7.

Lemma 11.1 The alphabeta algorithm of Fig. 7-9 applied to the program
min X”] ¢,;%;; subject to constraints (A) yields the optimal solution to the assign-
i4,Jj=1

ment problem.

Proof 1t certainly produces the optimal solution to the linear program.
It remains to establish that the X8 of the optimal solution produced are integral,
that is, 0-1. This, however, follows from the fact that the optimal solution found
by the alphabeta algorithm is the solution of a max-flow problem with integer—
in fact, 0-1—capacities (recall Fig. 7-8). ]

We shall modify the alphabeta algorithm somewhat in order to apply it to
the assignment problem. As a result, it will acquire the appearance of a matching
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algorithm, reminiscent of those developed in the previous chapter. Moreover,
its asymptotic complexity will be reduced substantially. Recall that the algorithm
solves an ever-changing restricted primal (RP) problem, which is in our case a
max-flow problem. In particular, it is easy to see that RP is an unweighted
bipartite matching problem for the bipartite graph consisting of the currently
admissible edges (that is, those that have ¢,, = «, -+ §, for the dual variables o,
and f; recall Sec. 5.1), which we shall solve essentially by applying the algorithm
of Fig. 10-3. While searching for an augmenting path, we may encounter a
nonbreakthrough—no augmentation possible in the present set of admissible
edges. Then we shall change the dual variables «, and f, to make new edges
admissible and resume the search for an augmenting path. Once an augmenting
path is found, we use it to augment the matching and start all over.

Let us call the computation between two successive augmentations a stage.
Thus a stage consists of a search for an augmenting path in the bipartite graph
made up of admissible edges, interleaved with dual variable modifications that
change the set of admissible edges (these are the calls of the procedure modify
in Figure 11-2). To modify the dual variables, we need to calculate (recall
Eq. 7.13)

6, = L"}]‘" (e — o, — B))

where the minimum is taken over all labeled nodes », € ¥ and unlabeled nodes
u, € U (we are thinking of a complete bipartite graph with node sets V = {v,,

v and U= {u,, ..., u,}). Torecompute this quantity every time that we
modify dual variables by comparing the n* candidates could be very costly.
We solve this problem by keeping and updatingt the two arrays slack[u;] and
nhbor([u)) for j =1, ..., n, where slack[u,] is the minimum of (¢,, — &, — B,
over all labeled vertices v,, and nhbor[u)] is the particular labeled vertex v, with
which slack[u)] is achieved. Thus slack[u;] = 0 means that [nhbor([u}], u}] is an
admissible edge. To compute @,, we therefore choose the smallest nonzero slack,
and this takes only O(n) time. The algorithm is shown in Fig. 11-2, and the
analysis of its performance is summarized as follows.

Theorem 11.1 The Hungarian Method of Fig. 11-2 correctly solves the assign-
ment problem for a complete bipartite graph with 2n nodes in O(n®) arithmetic
operations.

Proof 1t can easily be verified that the algorithm of Fig. 11-2 is an imple-
mentation of the alphabeta algorithm applied to the assignment problem;
hence, its correctness follows by Lemma 11.1.

For the time bound, first notice that we can have n + | stages, since each
stage, except for the last, augments the matching by one edge. To analyze each

1The reader should not miss the similarity between this data structure maneuver and the
corresponding one in Dijkstra’s algorithm, in Chapter 6.



THE HUNGARIAN METHOD

Input: An n X n matrix [c;;] of nonnegative integers.

Ontpnt: An optimal complete matching (given in terms of the array mate) of
the complete bipartite graph B = (V,U,E) with |V| = |U| = n under
the cost ¢;j.

begin

for all v;e V do matefv] :

for all u;€ U do mate[u,]

(comment: initialize)

for s:=1,..., n do (comment: repeat for n stages)

begin
A=
for all ve V do exposed[v]:
for all ue U do slack[u]
for all vi,u; with v;€V, u;e U, and o+ f;=cy; do
if mate[u;]=0 then exposed [vi}:=u;

else if v; = mate [u,] then A:=AU{(v;, mate [u;])};

(comment: construct the auxiliary graph)

, B

in{ci;};

=0, label[v]:=0;

o0}

for all vie V do
if mate [v;]=0 then
begin
if exposed [v;]£0 then augment(vy), go to endstage;
Q:=Quiv};
labellv] :=0;
for all uy €U do

end;

if 0{cq— o — Prdslack[uy] then slack[uy] :=cix—0&;— fi,nhbor[uy] :=vy;

search: while Q@ do

begin
let v; be any node in Q;
remove vy from Q;
for all unlabeled v; €V with (vi,vj)€ A do
begin
label[v)] :=vy;
Q:=Quiv)};
if dlv;} # O then V), g0 to end:
for all u e U do

end; a
modify;
g0 to search

endstage: end

end

Figure 11-2 The Hungarian method.

if 0<cyi — o — Pudslack[uy] then slack[uy]:=cj—o;— By, nhborfu,] :=vj;
d
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procednre modify
(comment: it calculates 6, updates the a’s and f’s, and activates new
nodes to continue the search)
be;
01 :=4 min {slack[u]>0};
ueu

for all vie V do
if vy is labeled then a;:=0+0; else a;:=0y—0y;
for all u;e U do
if slack[u;]=O0 then fj:=p;—0, else fj:=p;-+0:;
for all ueU with slack[u]>0 do
begin
slack[u] := slack[u]—26,;
if slack[u]=0 then (comment: new admissible edge)
if mate[u]=0 then [ull
else (comment: mate[u]70)
label[ [ ht 1,Q:=Qu{ A:=Au{(nhbor[u}, mate[u])};

u, e got

end
end

Figure 11-2 (continued)

stage, let us examine the complexities of search and dual variable modification
separately. The search can be done in O(n?) operations, because no vertex is
ever enqueued for the second time in the same stage, and the removal of a vertex
from Q costs O(n) operations. For each dual variable modification, on the other
hand, either a new vertex » € V is labeled, or we have an augmentation and the
end of the stage. Thus we can have up to n dual variable modifications at a
stage. Each modification takes O(n) time. Consequently, each stage requires
O(n?) operations, and the bound is proved.

Example 11.1 (The matrix form of the Hungarian method)

One way of looking at the assignment problem and the Hungarian method
is in terms of a matrix. The costs ¢,; are the entries of an n X n matrix, and the
elements of ¥ and U are identified with the rows and columns of the matrix,
respectively. Hence the following is an instance of the assignment problem to
be solved by the Hungarian method.

B3 2 1 1 2
@

ol 7 2 1 91 4
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The integers in the margin of the rows and columns are the initial values
of @, and B, respectively. Boldface numbers denote admissible edges. Therefore
our first three searches will be successful immediately, and the edges [v,, u,],
[vs, 4,], and [v,, us] are matched. In our next search, however, the situation is
as depicted below.

B3 2 1 2
a vy u,
0| 7 @ 1|o9]a
N
colols|ols|s 120 b

NOIKEEARRE vy uy

v 0o 8 4 7 4 8

*vs O us
slack: S 2 6 3 3

nhbor 5 5 5 5 2

The graph of the admissible edges is shown on the right (labeled v-nodes are
marked by asterisks). On the left, matched edges are circled, and labeled rows
(v-nodes) are checked. The arrays slack[u;] and nhbor[u,] are shown under the
corresponding columns.

Clearly, the situation calls for a modification of dual variables. The smallest
nonzero slack is 2, so 6, = 1. The results are shown below.

o *u, uy

v O L

- @ 8|3 f1]8 vy 3
171|942 @ v ‘e

*vs Us

The edge [v, u,] is added to the admissible graph; no edges are deleted.
Resuming the search, we notice that »,, a node with nonzero exposed entry, is
labeled. The matching is augmented, and the search starts again, to stop as
shown on the top of page 254.



g4 3 2 2 3

(3
-1l 7|2 @ 9| 4
1|9 le]ols]|s
-1 @ 83|18
-7 ]o]ala @
1| 8 @ 7|48
slack. 4 2 6 2 1
nhbor. 2 2 2 2 2

Now 0, = }, and the modification results in the following table and admissible

graph.
p4s5s 35 25 25 35
o

15y 7 | 2 @ 9 | 4

15 9olelo]|s|s
SHOIEIERREE:
sl 1|9 a2 @

05| 8 @ 71als

slack: 3 1 3 1 0

nhbor 2 2 4 2 2

Notice that v, was labeled during the call of the procedure modify. Again,

0, = }, and we get

Bs 4 3 3 3
—az 7 2@ 9| a4
29 6|9 5 5
2@ 83|18
AR RO
o8 @ 7|48

254

v, y

*uy o) Uy ""
U" l.13
A Uy
vs Ug

v uy
*v, Uy
vy 3
*v, Uy
s us

v u
*vy uy

vy Uy
*u, uy
*ug ug
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There is an augmenting path—namely, [v,, us, v,, u,]. The optimal matching
is shown below.

vy uy

712 @ 9| 4 .

9169 ]s @ ’2 “
@ g |31 ]s vy uy
71o9|a @ 2 o4 ”

vs U

Its cost, 15, checks with
s
o+ B =15 [

11.3
The Nonbipartite Weighted
Matching Problem

We can formulate the general matching problem as follows:

min 37 ¢;x;,
ni
subject to

Sx,=1 i=1,...,n (1.t
=1
X, 20 1<i<j<n (11.2)

n is assumed even. This linear program may have fractional optimal solutions
that are meaningless as matchings, as was the case with the assignment problem.
However, things are now much worse. These fractional solutions may now be
basic feasible solutions of the LP above. This means that every technique similar
to simplex would be doomed, for some set of costs, to be trapped into such a
solution. An example is shown in Fig. 11-3. The uniquely optimal solution cor-
responding to these costs (the missing edges have a cost of, say, 100) is X, = X,
= Xg3 = X37 = X;; = X435 = Xs55 = X4 = §. The optimum is therefore obtained
by setting the variables of all edges in odd circuits equal to 4. On the other hand,
we know from the previous section that such problems never arise in the absence
of odd circuits. We therefore justly suspect that it is the odd circuits that make
the LP above inadequate as a description of the matching problem. The following
theorem states that this is exactly the case, and in a very strong way indeed:

1By convention, xz = 0 and xi; = x.



v

vz

U3 3 Y
Figure 11-3

In order to describe the general matching problem, we have only to add certain

constraints that prevent pathologies like the one in Fig. 11-3 from being feasible.

Recall that we are assuming that n is even. Consider all subsets of {1, 2,

.., n} which have cardinality that is odd and greater than one. It is easy to check

that there are N = 2""! — nsuch subsets. Let S}, S,, . . . , Sy be an enumeration
of these subsets; the cardinality of S, will be denoted by |S,] = 25, + 1.

Theorem 11.2 (Edmonds) The general matching problem for a set of costs
{ciy: 1 < i < j < n}is equivalent to the LP

minimize ¥ ¢;;x;,
)
subject to (11.1) and (11.2), and also to a new class of constraints, one for each
subset S,
S Xyt ye=50 »=0 for k=12,...,N (11.3) [J

LTESe

At first, it is somewhat disappointing that the LP formulation we are pro-
posing has an exponentially large number of rows. However, we shall see that
this is not important. Now (11.3) simply says that no odd set of nodes can be
overstocked with more matched edges than appropriate—y; is a slack variable.
Clearly, all feasible matchings satisfy this new class of constraints. Notice that
these constraints would disallow the pathological optimum of the example in
Fig. 11-3. Indeed, the optimum of the LP in (11.1), (11.2), and (11.3) for the
costs in Fig. 11-3isx,, = X33 = X45 = Xg, = 1, a legitimate matching. In order
to prove the theorem, therefore, it suffices to prove that the LP consisting of
(11.1),(11.2), and (11.3) always has an integral optimal solution—one that corre-
sponds to a matching. Our-proof will be constructive. We shall simply show that
the primal-dual method of Chapter 5 converges to an integral solution—and we
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know that it converges to the optimum. What is even more exciting, this appli-
cation of primal-dual to the LP above will lead us to an efficient algorithm for
the general matching problem.

The dual D of the LP in (11.1), (11.2), and (11.3) is

n N
max l; o+ k; SiPk
subject to
o+, + 3 ye<c, foralli,j<n (11.4)

INGEY
7.<0  forallk< N (11.5)

where the a’s correspond to the constraints in (11.1) and the y’s to (11.3).

The primal-dual algorithm will solve the weighted matching problem as
follows: We start with the feasible dual solution y, = 0 for all k and &, =
3 mlin {e,;}. We then perform several iterations of solving a restricted primal (RP)

and changing the dual variables accordingly. The RP will depend, as usual, on
the set of admissible variables in the dual problem (11.4) and (11.5). The set of
admissible variables is a set J = J, U J,, where J, is a set of admissible edges—
those for which (11.4) holds as an equality—and J, is a set of admissible odd
sets—those S, for which y, = 0. We let J, denote the set of all odd sets not in J,.
The RP is therefore

n N
min¢ = $1x;+2 3 i

subject to
ng,,+x;'=l i=l,“.,n] (11.6)
l”ZeS.x1/+yk+x:+k=sk k=1...,N (11.7)
x;2>0, and [v,v) ¢ J,=>x,=0 (11.8)
ye=0, and S, ¢ J,==>y,=0 } (1.9

(The factor of 2 in the cost function allows some of the y to be 2 in the dual of
RP.) The dual of the RP (DRP) is, therefore,

max g]‘u, + :ﬁ:: Sk k
subject to
otot B on<0 [aole (11.10)
7%<0 S € Jy (11.11)
o<1 for all i
P <2 for all k

where the a’s correspond to the constraints in (11.6) and the y’s to (11.7).
The rest of this section will be devoted to establishing that the dual variables
«, and y, maintained throughout the primal-dual algorithm are such that RP
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and DRP are “combinatorial” in nature and hence always yield integral solutions
to RP. Because the final solution of RP is the solution of (11.1), (11.2), and (11.3),
this will prove Theorem 11.2. Let us assume, for the moment, that the current
o’s and »’s of D and the optimal solution x,; of the corresponding RP are such
that the following holds.

Assumption

(a) The x,;’s are 0-1, and they form a matching of the graph (V, J,).
(b) If S, € J, (that is, y, < 0) then the graph (¥, J,) restricted to S,
contains s, matched edges. (Note that this implies that S, is full;
thatis, 3 x, = s.)
LIESK

(© IfS,S;eJ,and S, N S, # @, then either S, < S or S, = S,.

With this assumption, we may forget about the constraints of (11.7) in
the RP of (11.6), (11.7), (11.8), and (11.9) because if y, = 0, then y, may be
positive, and hence it can be used to fill the gap between Y x,, and s, at no

1,]ESe

cost; on the other hand, if y, < O—that is, S} € J,—there is no such gap to fill
by (b) of our assumption. Thus we can take x2,, = 0 for k =1, ..., N, which
we shall do in what follows.

Let us now define the admissible graph G, corresponding to J, and J,. The
graph G, consists of the graph (V, J,) after shrinking all odd sets in J,. For exam-
ple, if n = 12 and J, and J, are as shown in Fig. 11-4(a), G, is shown in Fig.
11-4(b). Notice that (c) of our assumption is needed in order for G, to be well
defined. Next, we call a matching of (V, J,) proper if all odd sets in J, are full.
For example, in Fig. 11-4(a), we show the maximum proper matching of (¥, J,).
Notice that it is not the maximum matching of (V, J.).

Lemma 11.2 There is a matching in G, with d exposed nodes iff there is a
proper matching in (V, J,) with d exposed nodes.

Proof The reader can follow the correspondence in Fig. 11-4. From a proper
matching in (¥, J,) we can go to a matching in G, by simply shrinking maximal
odd sets in J, ; this does not change the number of exposed nodes, since we started
with a proper matching. For the other direction, a matching in G, can be turned
into a proper matching of (¥, J,) by expanding the odd sets and filling them
with matched edges, as appropriate. An expanded odd set will contain an exposed
node if and only if it was itself an exposed node in G;; the lemma follows. []

One of the consequences of the lemma is that we can find the maximum
cardinality proper matching in (V,J,) by finding a maximum cardinality
matching in G,. This is quite important in view of our next claim.



V. J)

Ty = (101,02, 03) + (1,03, 03,04, V10 }» {07, Vg, Vg }}

(a)
{1, 02,03,04, 00 } { V7, 05,09}
OLT
Vs Vs
G,
(b)
Figure 114

Claim The optimal solution {x;}} of RP is the maximum proper matching of
W, J.).

The value of the claimed optimym is therefore, by (11.6),
B R Ty
which is the number d of exposed nodes in the maximum proper matching in

(V, J,). We shall prove our claim by exhibiting a solution of DRP that achieves
the same cost d. Suppose that we have found the maximum matching of G,
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by the algorithm of the previous chapter. Thus we have failed to discover an
augmenting path in a current graph G, resulting from G, by shrinking a number
of blossoms. The vertex set of G, consists of pseudonodes. A pseudonode can be
any of the following.

1. A node of V.

2. A maximal odd set in J.

3. Several nodes of ¥ and maximal odd sets in J, merged into an outer-
most blossom (that is, a blossom not contained in any other blossom)

of G;.
A pseudonode of G, can be either outer (reachable from an exposed pseudonode
by an alternating path of even length) or inner (mate of an outer pseudonode)
or neither. The set V is therefore partitioned into the sets O of outer vertices
(those that are in outer pseudonodes), / (vertices in inner pseudonodes), and the
remaining vertices. Similarly, the nodes of G, that are not actual nodes of V are
partitioned into ¥, (maximal odd sets corresponding to outer pseudonodes

or to blossoms), ¥, (maximal odd sets corresponding to inner pseudonodes),
and the rest.

In Fig. 11-4(b), for example, G, = G,,
O = {vy}, V12, V6> V1, Va5 V3, Vg» V10}
T = {vs, v4, V3, ¥}
Yo = {{v1, 2, 03, V4> 950}}
¥, = {{vs, vs, v5}}
We now define our solution to the DRP as follows.

1 ify,e 0
G =q—1 ifv,er
0 otherwise

-2 if S, € Yo

Pe=9¢ 2 if S, € ¥,

0 otherwise

1t is easy to see that these values satisfy (11.11), because ¥, < J,. Inequality
11.10 is also satisfied, because if [v,, v;] € J,, then (11.10) can be violated only
ifv,, v, € O.But this means that v, and v, belong to the same outer pseudonode
(they cannot belong to different outer pseudonodes, because then the two

pseudonodes would constitute a blossom), and hence 7, = —2isadded to(11.10)
to salvage its validity. The cost of this solution is, therefore,
[0l =11=2 3 sc+2 3 s (1L.12)
Si€%¥o SiEwy

We can now see that (11.12) is the number of outer pseudonodes in G.
minus that of inner pseudonodes; this, however, is the number of exposed
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vertices in G,, which is—by Lemma 11.2—equal to the number of exposed
vertices in the maximum proper matching of (V, J,). This is exactly the claimed
optimal cost of RP. Optimality has been established and the Claim proved.
Consequently, all solutions of RP will be maximum proper matchings. This
includes the last iteration, at which the optimal solution of RP is that of the LP
of (11.1), (11.2), and (11.3).

It remains to prove our Assumption, which we have been accepting for the
longest moment now. This is very easy to do by induction on the number of
iterations. It certainly holds at the first iteration, because initially all ’s and x,,’s
are zero. And the discussion above proves that if the assumption holds at the
beginning of an iteration, it also holds at the beginning of the next iteration.
This is because only the blossoms of the admissible graph may be added to J,,
and blossoms are certainly full. Also, the odd sets that were already inJ, remain
full, because tlre maximum matching of RP is always a proper matching. Finally,
(c) of the assumption is also maintained, since only blossoms of G, are added to
J,, and these certainly satisfy (c). The theorem is proved.

In order to give a detailed description of the algorithm, we have to show
how the dual variables are to be modified. Recall that the parameter 8, is calcu-
lated (Eq. 5.16) as the minimum of the quantities

Ciy — 0y — 0y Y
= = =— and —=
@ + & +”SE; A P’

, /€8

where the minimum is taken over all such quantities for which the denominator
is positive.
The first denominator can be positive in two cases:
1. w,v, € O, but not in the same pseudonode of G,, in which case it is
;
2. v, € O,v,€ V—I—0.Then@ + &, + JZS P = 1.
nfes,

Finally, 7, > 0 whenever S, € ;. Thus we take 8, = min (9,, d,, d,), where
o, = minI c_,,:lzt,;a, 1w, v, € O, not in the same pseudonodel

0, =minf{e, — o, —a, v, € 0,0, € V—I—0} (11.13)
0, =min{—p,/2: S, € ¥,}
The algorithm is shown in Fig. 11-5.

Theorem 11.3  The algorithm of Fig. 11-5 correctly solves the weighted matching
problem in O(n*) time.

Proof By our Claim, the algorithm is a version of the primal-dual method
applied to the LP of (11.1), (11.2), and (11.3), and is therefore correct by Theo-
rem 11.2. For the time bound, the algorithm consists of a number of searches for



WEIGHTED MATCHING ALGORITHM
Input: A n X nsymmetric matrix [¢;;] of nonnegative integers; n is even.
Output: The complete matching M which has the smallest total cost under ;.
begin
for all vie V do ar:=}min{c;,};
for all k do yx:=0;
B ; (comment: initialize)
; (comment: J, contains all odd sets S with yx<0)
while [M|<n/2 do
begin
construct the admissible graph G by including all edges [vs,v;] with o +a;+ Z Pe=Cij,
and shrinking all sets S in Jp;
find the maximum matching in Gj starting from the current matching M;
let G¢ be the current graph at the ion of the ighted) i hi
algorithm for Gy;
let O be the set of outer vertices in G, I the set of inner ones, Wo the set of outer pseudonodes,
and Wy the set of inner pseudonodes;
calculate 8 =min(J1,62,63) (comment: Equations 11.13)
for all vye O do oy: =0, +6;;
for all vye I do ay:=o)—0y;
for all Sy € ¥o do yu:=y—201:
for all Sy € ¥ do yu:=y+20,;
recover the maximum proper matching M of (V,J) from the maximum matching of G;;
let Jp:={Sx € JyU¥o : yx <0}
end
end

Figure 11-5 The weighted matching algorithm,

augmenting paths interleaved with either augmentations or dual variable
modifications. Call each search a step and the sequence of steps between two
successive augmentations a stage. Obviously, there can be no more than n/2
stages; we shall next bound the number of steps in each stage.

A step can be of one of three types, depending on whether, at its conclusion,
6, =9,,0, =9,, or 6, =J,. In the first case, two outer nodes of G, are
joined by a new admissible edge. This means that in the next step we shall
discover either an augmenting path or a blossom, depending on whether the
exposed nodes from which these outer vertices are reachable by an augmenting
path of even length are different or identical, respectively. Since each blossom
decreases the size of the current graph by at least 2, we cannot have more than
n/2 + 1 steps of Type 1 in one stage.

If 0, = 6,, a new outer vertex is discovered in the next step. This means
that the number of steps of this type is also bounded by n/2. Finally, if 8, = J,,
we remove from J, an odd set S, that corresponds to an inner pseudovertex of
G,. However, when S, was first added to G, it was an outer pseudovertex.
Consequently, an augmentation must have happened in between. The number of
such steps in a stage is therefore bounded by the number of odd sets in J, at
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the conclusion of the previous stage. However, this number is bounded by n/2
by (c) of our assumption.

It follows that we have a total of O(n?) steps. Each search can be carried
out in O(n?) time by the cardinality matching procedure. (A step involving aug-
mentation, which might take n* time, can occur only once per stage.) Further-
more, the determination of O, I, W¥,, and ¥, can be carried out in O(n?) time
while finding the optimal matching of G,. Finally, the construction of G, the
calculation of @, and the variable modification can also be done in O(n?) time.
This proves the theorem. ]

Example 11.2

Let us apply our weighted matching algorithm to the example shown below.

2 3 4 5 6 7 8
1 19 8 8 i8 | 18] 25| 29
2 0 8 10 [ 4 15 ] 23
3 4 8 2 15 ] 18
4 2 10| 15|16
5 10| 22| 25
6 19119
7 37
8
Vg V. vge
T % 1 0 e} o)
V2
1 4 Vg
2 0 O
3 0
4 1
5 1 vs
6 1 v
7| 75 :
8 8

The initial values of the a,’s are also shown. We also depict the admissible
graph G, and its maximum matching. Outer vertices are denoted by an asterisk,
and there are no inner nodes or blossoms. To calculate 6,, we see that §, = 5
because of the edge [vg, vg]. I, = 1 because of [v;, vs), and J; = co because

¥, = . We therefore have §, = 1. The resulting changes are shown on the top
of page 264.
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Vg

Inner vs

®uO AW —
CEmw——0Oou

Vs

The maximum matching of G, is shown, d, = 1 because of [v,, vg], J, =2,
and d, = 0. So 6, = 1, and we have the following.

V7. vy vge Uge Ve vge
o (o] O (] O [¢]
%
) P vy Vge @{ V203, 06} »
2 1
3 =1
4 1 v3e Vs Vs
5 i
6 3
7 9.5
8 10 v, A
Gy G,

The graph G, after shrinking the blossom {v,, v;, v¢} in G, is shown above.
HereJ, =¥, = {{2, 3, 6}}, 6, = 1.5 because of the edge [v,, v;], §, = 1 because
of [v,, v,], and §, = co. Hence §, = | and we have:

Ve Ve Vgs
=-2
/ % 7(2. 3,6} @) 9
1 7
2 2 1 %3
3 0 @ 1v2:03: %
4 1
5 1 Ugs
g 13.5 Inner ¢
8 | 11 4

Notice that we modified the variable p,, 5 ¢ corresponding to the set in ¥o.
The optimal matching of G, is shown, J, = ¥, = {{2, 3, 6}}, O = {v,, v, v5,
Vs, Vg, V5, ¥}, and [ = {v,}. Again, no augmentation is possible. We have
9, =0.5, 6, = d; = oo, and hence:



vge uu.

1 Q, = -
! 7(2. 3.6} >0
1 7.5
2 25
3 0.5 vy, U3, U6}
4 0.5
5 s Us
6 a5
7 | 110
8 | 115

Thus v, is matched with {v,, v,, v} in G,. Now &, = 7.25 because of the edge
[vs, v,), 0, = 1.5 because of the edge [v,, v,], and §; = oo because ¥, =
Hence we have 6, = 1.5, and:

Ug-
) o
1 75
2 a5 | {v2, 03, v}
i gg {2, 3,6) Inner
5 1.5
6 45
7 | 125
8 | 13.0

lnncr

We show the optimal matching in G;J, = ¥, = {{2, 3, 6]}, O = {v,, v, vy, vs},
and T = {v,, v, v,, v6}. Because of [v,,v,], §, = 2.5, and &, = co. Finally,
0, = &, = 1.5 because {2, 3, 6} € ¥,. Our modification gives

3

-1 -
-1 | Tpae

Inner
14

14.5

R
w

Inner

Because 7(,3,6) = 0, and hence {2, 3, 6} is removed from J,, we do not shrink
{v2, v3, 6} in G, any more. At the conclusion of the search for an augmenting
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path in G, the situation is as shown above. We find that 8, = §, = 0.75 (because
of the edge [v, v4]), and the dual variables are modified thus:

vy vy Vg

14.75
1525

B LN W -
w
)
&
<
&
&

by

Notice that the edge [v,, v;] is not in G, anymore. The optimal matching in G,
is {[v1, v5), [v2, 4], [04, ¥s], [vg, 93]} (we augment along [vg, v, v, v,]). Because
| M| = 4 = n/2, our algorithm stops and M is optimal. Its cost checks with

n N
[Z_,“J"";Yk-‘kz‘“ O

11.4
Conclusions

The nonbipartite weighted matching algorithm of the previous section is an
excellent example of an application of the primal-dual algorithm. It reveals the
nature of the primal-dual algorithm as a general method for reducing weighted
problems to their unweighted counterparts. To carry out this reduction, we must
first guess the complete set of linear constraints that characterize exactly the
problem at hand (see Theorem 11.2). Often there will be an exponential number
of inequalities. This, however, is not prohibitive, because the primal-dual
algorithm can be implemented by keeping at all times the set of active inequal-
ities—those with nonzero dual variables—and in most cases there will be a man-
ageable number of those.

By a somewhat more careful implementation, the algorithm of Fig. 11-5
can be shown to require only O(n®) time for graphs of n nodes (Problem 14).
Thus, as was the case with the unweighted matching problem (recall Theorem
10.3 and the reference [MV] at the end of the previous chapter) the generality of
nonbipartite graphs seems to add only conceptual difficulties and not asymptotic
inefficiency. ’
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*6.

PROBLEMS

Solve the assignment problem shown below.

1 3 2 4 5
4 1 3 2 5
1 3 2 5 4
5 2 1 4 3
4 5 1 3 2

Show that if the costs c;, are integers, then the values of the dual variables during
the Hungarian method are always multiples of 4.

Show that if the costs c;; are integers, then the values of the dual variables during
the nonbipartite weighted matching algorithm are always multiples of }.

Find the minimum cost matching for the graph shown below (all missing edges

have cost oo).

%@H

07 4
Vg
(a) Show by an example that the maximum weight matching of a (not neces-
sarily complete) graph may not be of maximum cardinality, even for positive
weights.
(b) Give an algorithm for finding the maximum weight complete matching of a
given graph.

*(c) Give an algorithm for finding the maximum weight matching with k edges,

for fixed k. (Hint: add the equation 3} x;; = k to (11.1), (11.2) and (11.3).
How does this affect the primal-dual algorithm ?)
Show that the Hungarian method for weighted (not necessarily complete) bipar-
tite graphs can be implemented in O(| V|| E|log| V|) time.
Consider a set of costs ¢;; > 0 on the edges of the complete graph K, with n
nodes, and let S < {v,, ..., v,}. We wish to find a subgraph of K, that has an
odd degree at nodes in S, an even (possibly zero) degree at all other nodes, and
as little total cost as possible. Show that this is a matching problem.
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*8.

*9,
10.

1.

*12.

*13.

Chapter 11 WEIGHTED MATCHING

(Chinese Postman Problem) We are given a connected graph G = (¥, E) and a
cost function ¢: E— Z*, We wish to find a walk, traversing each edge of Eat
least once, such that the total cost of the walk (with multiple traversals of an edge
charged multiply) is as small as possible. Give a polynomial-time algorithm for
this problem by using the result of Problem 7.

Repeat Problem 8 when G is directed.

Give a polynomial-time algorithm for the minimum-cost edge cover problem for
weighted graphs (recall Problem 3 of Chapter 10) by reducing it to weighted
matching.

Given a set of costs ¢;; on the edges of the complete graph K3,,1 of 27 -+ 1 nodes,
we wish to find a subgraph of K3, that is isomorphic to the “double star” shown
below and which has the smallest possible total cost. Show that this problem is

hted h

eq to weigl

ay

a3

Given a set of costs ¢;; on the edges of the complete graph K, of n nodes and n
integers b(v;), i = 1,...,n, find a subgraph G of K, that has degree b(v;) at
node v, i = 1,...,n, such that G has the smallest total cost possible. (Hint:
Recall the construction of Problem 13 in Chapter 10.)

(a) Consider an instance of the assignment problem with B = (¥, U, V x U),
and ¢;;: ¥V X U~ Z* such that | V| = |U| = n, and the ¢;;’s have the fol-
lowing special structure: There are real numbers 00y > 0l > + -+ >, and
Bi = B2 > -+ = B such that, for all 1 < i, j < n, we have

¢y = max(0, &; — By
Show that the optimal matching is always
M ={lo,u):i=1,...,n}

(b) Generalize Part (a) for the case in which
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I”f(t):h ifo, < B,
=1

Ig(l)dt otherwise

B

for some nonnegative functions fand g.

14, In this problem we show that the nonbipartite weighted ing algorithm of
Fig. 11-5 can be implemented in O(n?) time. The algorithm proceeds in n/2
stages, that is, portions between two successive augmentations. Each stage may
have O(n) steps, that is, portions between two successive modifications of dual
variables. One aspect of the wastefulness of the algorithm of Fig. 11-5 is that
G; is constructed anew at each new step, and G, is discarded.

(a) Describe an implementation of the algorithm in which we update the same
graph during a stage. Do not forget the case of the step before the last of
Example 11.2.

A step is said to be of Type 1, 2 or 3 depending on whether, at its conclusion,

0, =4,,8,,0r 0.

(b) Show that there are O(n) steps of each type during a stage.

(¢c) Show how to implement in O(n) time each step of any type, excluding the
calculation of @,.

As for the calculation of #,, d; can be computed in O(n) time, since | ¥,| = O(n).

(d) Show how d, can be computed O(n) time in a manner similar to that of the
Hungarian method (that is, using arrays slack and nhbor).

Thus it remains to compute d;. We can do this by maintaining a list L of O(n)

sets of nodes, namely, (1) all singletons {v;}, (2) all sets in Jj, (3) all blossoms of

G., possibly not yet in J,. For each outer vertex v; and each S € L, we have a

node closest [v;, S] € S such that

(i) closest [v;, S] was not outer when v; became outer;
(i) closest [v;, S]has the smallest ¢;) — o; — &, among all v, € S satisfy-
ing (i). -

Let dist[v;, S]1be the value of ¢;) — &; — &, at the time that v; became outer or S

was inserted in L, whichever came later.

Also, foreach S € L, we maintain two quantities: d[S] = min{c;; — &, — 0;:

v € S, v, ¢ S, outer}, and A[S], which is the total increment in the &’s of vertices

in S since $ was added to L.

*(e) Show that this structure can be maintained at a cost of O(n2) time per stage.

(f) Conclude that the nonbipartite weighted matching algorithm of Fig. 11-5
can be implemented in O( V' |?) time.
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Spanning Trees and Matroids

In this chapter we solve the minimum spanning tree problem. In doing so, we
observe that this problem has a fundamental structural property that makes it
susceptible to fast algorithmic solution. This property is shared by a class of
optimization problems known as matroidal problems, because the underlying
structure is a generalization of graphs called matroids.

We also show that a class of more complicated problems can be solved
efficiently. These problems call for, roughly, finding the best solution that is
feasible in two different matroidal problems. These problems, together with the
matching problem of the previous chapter, are in some sense the hardest com-
binatorial problems that are known to be solvable by polynomial-time algo-
rithms. They are to be contrasted to a plethora of much harder problems, such
as the TSP and integer linear programming, which we are going to discuss in
subsequent chapters.

o124
The Minimum Spanning
Tree Problem

We have referred to the MST as a classical, well-solved combinatorial optimiza-
tion problem several times in earlier chapters. In this problem we are given a
symmetric |V| X |V| matrix of positive numbers [4,)], the distance matrix,

2n
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and our task is to find the shortest spanning tree of Kj,, the complete graph of
| V] nodes, under this metric.

Sometimes the MST problem is posed in terms of a connected graph
G = (V, E)—not necessarily complete—and a positive distance 4, for each
edge [v, v,] € E. Again, we are looking for the shortest spanning tree of G;
because G is connected, we know that it has at least one. To convert an instance
of this version to an instance of the original problem, we simply set d;; = oo
for all [v,, v,] ¢ E.

There are several efficient algorithms that solve the MST problem. They
all exploit, in one way or another, the following fact.

Theorem 12.1 Let {(U,, T,),(U,, T,), ..., (U, T)} be a forest spanning V,
and let [v, u) be the shortest of all edges with only one endpoint in U,. Then among

k
all spanning trees containing all edges in T = \_) T, there is an optimal one
=1

containing [v, u).

Proof Suppose that there is a spanning tree (V, F) with F 2 T and
[v, u] ¢ F, which is shorter than all spanning trees containing all of 7°and [v, u).
Let us add the edge [v, u] to F; by Proposition 1.2 a unique cycle results. This
cycle does not consist solely of nodes in U, because » ¢ U, (see Fig. 12-1).
Consequently, there is an edge [v', #] on this cycle, different from [v,u], with
u' € U, and v' € V — U,. By hypothesis, this edge is no shorter than [v, u]
and does not belong to 7. Consequently, if we remove [, u'], we obtain a new
spanning tree (V, F'), F' = F U {[v, u]} — {[v', «']}, containing 7" and [v, u] and
with cost not larger than that of (¥, F). However, this contradicts our assumption
that (¥, F) is shorter than any spanning tree that contains [v, 4] and 7, and the
theorem is proved. [}

Figure 12-1

tWe shall use both dj; and d(v;, v)) to denote the distance between v; and v,
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Let us see how this result leads us almost directly to an efficient algorithm
for the MST problem. Because the theorem holds for all spanning forests T,
it would certainly hold when U, = {v)},j=1,...,n, and T = @. Applied to
this case, the theorem states that there exists a minimum spanning tree containing
the shortest edge leaving v,. Hence we can decide at this point to include this
edge in the tree without giving up optimality. Suppose that this edge is [v,, v,].
We next apply the theorem to the sets U, = {v,, »,}, U,, . . ., U, as before, and
T = {[v,, v,]}. Now the theorem states that we may add the shortest edge leaving
v, or v,—not [v;, v,]—to the tree, and we shall be able to complete the tree
formed into an optimal MST. An algorithm is now transparent: We start from
aset U = {v,}, for instance, and we recursively add to 7 the shortest edge leaving
U, until all vertices have been added to U and a tree has been formed.

This algorithm for the MST problem is shown in Fig. 12-2. In order to

MINIMUM SPANNING TREE ALGORITHM
Inpnt: A set ¥ of vertices, and the distances d;; between any
two vertices vy, v; of V.
Ontpnt: The shortest spanning tree (¥, T).
begin
U:i={v1}, T:=2;
for all veV—{v;} do vli=vy;
while UV do
begin
min:=o0}
for all veV—U do
if d(v,closest[v]) <min then min:=d(v,closest[v]), next:=v;
(comment: find the node in ¥—U that is closest to U)
U:=U U [next}, T:=T U {[next, closest[next]]};
for all veV—U do
if d(v, closest[v])>d(v,next) then closest[v]:=next;
end
end

Figure 12-2 The mini ing tree ith

facilitate the main computational task, that is, finding the shortest edge leaving
U, we maintain an array closest[v]. For each vertex v € V — U, closest[v] equals
the vertex of U that is closest to ». So, in order to find the shortest edge leaving
U, we need only find the shortest edge among those of the form [v, closest[v]],
v ¢ U. Naturally, the array closest must be updated each time a new vertex is
added to U. The rest of the algorithm is quite straightforward.

Theorem 12.2  The algorithm of Fig. 11-2 correctly solves the MST problem in
O(V ) time.

Proof Because |U| = |V| at termination and because we always add to
T edges leaving U, the resulting graph (¥, T) is a spanning tree of G. It remains
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to show that it is an optimal one. We shall show by induction on the cardinality
of the set U that there is always an optimal spanning tree of G containing the
corresponding set 7. This is certainly true when U = {v,} and T = @ . Suppose
it is true for some value j of |U|, 1 < j < |V|. We can view the partial spanning
tree (U, T') as part of a forest {(U,, T), ..., (Ux, To)} with U; = U, k =|V|
—|U|+ L,and T, = =T,=@&. Hence Theorem 12.1 applies and among
all trees containing 7, there is a shortest one containing both 7"and the shortest
edge leaving U. However, by the induction hypothesis, there is a globally optimal
tree containing 7. Hence there is also an optimal spanning tree containing T
and the shortest edge leaving U, which is exactly T at the next stage when |U|
= j + 1. The induction step is completed.

For the time bound, we note that the algorithm runs in |V| — 1 stages;
one edge is added in each stage. The initialization takes O(] V'|) time, and finding
next also requires O(]V]) time. Finally, we can also update the array closest
in O(V]) time. The O(] V|?) bound for the overall algorithm follows. ]

Example 12.1

Let us find the minimum spanning tree of the graph G = (¥, E) shown in
Fig. 12-3 by the algorithm of Fig. 12-2. (We consider that whenever [v,, v)]
¢ E, d,; = co.) The nine stages starting from the vertex v, are shown in Fig.
12-4. Beside each node v not yet in the set U, the value of closest[v] is shown.
The minimum spanning tree is shown in Fig. 12-4(i). []]

vy vy vy
8 7
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Figure 12-3

12.2
An 0(|E| log |V|) Algorithm
for the Minimum Spanning Tree Problem

The O(|V|?) algorithm of the previous section for finding the MST cannot e
easily improved upon if our data is a | V] X | V| distance matrix. The reason is
very simple: Any algorithm that is supposed to construct the MST must examine
each entry of the distance matrix at least once. Otherwise, if an entry ;) is never
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276 Chapter 12 SPANNING TREES AND MATROIDS

looked at by the algorithm, we can never be sure that the corresponding edge
was justifiably excluded from the MST. For example, we might have skipped the
shortest edge—it is easy to see that the shortest edge is always included in the
MST. Consequently, just examining the indispensable information is already
©(|V]*) work, and hence the algorithm of Fig. 12-2 is asymptotically optimal.
In certain practical situations, however, we wish to find the MST of sparse

graphs, that is, graphs having far fewer than (I IZ/I) edges. For example, in Prob-

lems 4 and 5 we introduce, in relation to certain kinds of geometric problems,
graphs that have at most 3 « | V] edges. It is not clear at all that O(JV']?) is the
best we can do for finding the MST of such graphs. In this section we develop
an MST algorithm that runs in O( E| log | V|) time. This algorithm is asympto-
tically better than the previous one when applied to graphs that have fewer than
O(V|*log|V]) edges.

This algorithm is also based on Theorem 12.1. That theorem says essen-
tially that adding to 7' the shortest edge leaving a component of (¥, T) is not
going to ruin our chances for optimality. Our previous algorithm takes limited
advantage of this theorem: It keeps adding edges to only one component of
(V, T). The algorithm that we are going to develop now adds edges to all com-
ponents of (¥, T') simultaneously, thus causing the minimum spanning tree to
“grow” in all directions.

Let us see how to put this simple idea to work. Our algorithm will work in
stages. At each stage the connected components of (¥, T) are found, and the
shortest edge leaving each component is determined. At the end of the stage,
all these edges are added to 7. The connected components S, . . ., S, of (¥, T)
are then calculated in O(] E|) time by using the search algorithm (see Example
9.1 and Problem 1 of Chapter 9).

In order to select for each set of nodes S, the edge shortest[i]—the shortest
edge that leaves S,—we examine all edges one by one. If we see an edge that is
the shortest so far leaving one of the S;’s we set shortest[i] equal to this edge.
When we have examined all edges this way, the values of shortest are final.

The algorithm is shown in Fig. 12-5.

Theorem 12.3 The algorithm of Fig. 12-5 correctly finds the MST for a graph
(V, E) and a distance function d in O(|E| log | V) time.

Proof The correctness of this algorithm also follows from Theorem 12.1.
Because we add to T the shortest edge leaving each component of (¥, T'), Theo-
rem 12.1 guarantees that these are all legitimate additions to the MST. (The
simultaneous addition of edges does not create cycles. Why ?)

Let us call each execution of the while loop a stage. A stage consists of the
computation of the array shortest and of the connected components of (V, T).
The latter can be done in O(|T'|) = O(]V'|) time by search (Problem 1 of Chapter



SECOND MST ALGORITHM
Input: A connected graph G=(V,E) and, for each edge [, u] €E,
a distance d(u, v). v
Output: The shortest spanning tree (V,T) of G.
begin
T:=@, C:=({vi},..., val};
initialize; C is the ion of
components of (V,T))
while | C|1 do
begin
for all S; € C do minli]:
for all [u, v]€E do
begin
let Si, S; be the sets containing v and u, respectively;
if i then
begin
if d(u, v) <min[i] then min[i]
if d(u, v) <min[j] then min[j
end
end;
(comment: shortest[j] is the shortest edge leaving S;)
for all S;€ C do T:=TuU(shortest[j]};
find the set C of connected components of (V,T)
end
end

(u, v), shortest[i]:=[u, v];
d(v, u), shortest[j]:=[u, v];

Figure 12-5 The second MST algorithm.

9); in fact, we may produce in O(|V|) time an array component containing the
name of the connected component to which each node belongs (at the first
stage, component[v)] = S, for all j). With the help of the array component we
can compute the array shortest in O(|E]) time by examining the edges of G
one by one, as indicated in Fig. 12-5.

How many stages are there? We claim that k, the number of connected
components of (V, T), is divided by at least two at each stage. This is true because
each connected component of the present (¥, T) contains at least two connected
components of the graph (V, T') at the previous stage, since each component is
connected to another via its shortest edge. At the first stage k = |V, and k is
divided by two or more at each stage. So, after at most log | V| stages, k is reduced
to one and the algorithm terminates with the MST. Hence, there may be at
most log | V| stages in the algorithm, and the theorem is proved. (]}

E le 12.1 (Conti ) -

In Fig. 12-6, we solve the MST problem for the graph of Fig. 12-3 using
the algorithm developed in this section. The graph (V, T) at the end of each of
the three stages is shown in (a), (b), and (c) of Fig. 12-6. The vertex sets that
constitute the connected components are labeled with the corresponding variable
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names—for example, S,, S,, and so on—and each newly added edge e is labeled
with the integers i such that shortest[i] = e. [}

12.3
The Greedy Algorithm

Let us look at a slightly different problem. As in the matching problem, we are
given a graph G = (V, E) and a weight w,, > 0 for each edge [v, v)] € E. We
wish to find a forest—an acyclic subgraph of G—that has the maximum total
weight. It is not hard to see that this maximum weight forest (MWF) problem is
very closely related to the MST. First, suppose that G is connected. Because
we have assumed that w,, > 0, any optimal forest can be made maximal, and
hence a spanning tree of G. Furthermore, all spanning trees of G have |V| — 1
edges (see Proposition 1.2). So we may construct a distance function for E by
letting d,; = W — w,, for all [v,, v)] € E, where W = max, , {w,}. The sum of
distances d(T) of any spanning tree 7" will be related to the total weight w(7) of
Tby w(T)=(V]|— 1)« W—d(T). It is immediately obvious that the MST
of G under d is the same as the maximum weight forest of G under w.

Now, if G is disconnected, the situation is not much more complicated.
We leave it as an exercise for the reader to verify that the following proposition
governs this case:
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Proposition 12.1 The maximum weight forest of G = (¥, E) under w is the
union of the MST’s of the connected components of G under d, where d is
defined as above.

We are thus justified to think of the MST and the MWF problems as essen-
tially the same problem. The counterpart of Theorem 12.1 for the MWF problem
reads:

Lemma 12.1 Let {(U,, T,), (U,, T,), - .., (U,, T} be a forest spanning V,
and let [v, u] be the edge leaving U, that has the largest weight. Then among all

k
Jorests containing T = ) T\, there is an optimal one also containing [v, u].
=1

We could solve the MWF problem by using either of the two algorithms
for the MST discussed in the previous sections. Nevertheless, we shall develop
another very natural algorithm—natural to the extent that greed is.

THE GREEDY ALGORITHM
Input: A graph G=(V,E) with weights w;; on the edges.
Output: The maximum-weight forest F of G.
begin
F:=0;
while E# @ do
begin
let [u,v] be the edge in E that has maximum weight;
remove [u,v] from E;
if u and v are not in the same component of (V,F)
then F:=FU({[u,v]}
end
end

Figure 12-7 The greedy algorithm for MWF.

The greedy algorithm clearly deserves its name. It constantly tries to
include the heaviest possible edge in F. The only case in which it excludes a
heavy edge is when this edge makes F infeasible. It is quite surprising—and
indicative of the simplicity of the structure of the MWF problem—that such a
naive approach, with no elements of look-ahead or backtracking, works. The
next theorem states that it does.

a

Theorem 12.4  The greedy algorithm correctly solves the MWF problem.

Proof The correctness of the algorithm follows directly from Lemma
12.1.



Example 12.1 (Continued)

We now solve the MWF problem for the graph and weights shown in Fig.
12-3 by using the greedy algorithm. The various stages are shown in Fig. 12-8.

O

12.4
Matroids

We may view the MWF problem as one in a wide class of combinatorial opti-
mization problems.

Definition 12.1

A subset system S = (E, 9) is a finite set E together with a collection g of
subsets of E closed under inclusion (that is, if 4 € 9 and 4’ = 4, then 4’ € 9).
The elements of g are called independent. The combi ial optimization problem
associated with a subset system (E, 9) is the following: Given a weight w(e) > 0
for each e € E, find an independent subset that has the largest possible total
weight. [}

In this section, as well as in the next, we are going to find algorithms to solve
the combinatorial optimization problems associated with certain subset systems.
Toward this goal, two comments are in order. First, we need to describe a way
by which a subset system (E, 9) is to be represented as the input to a computer
algorithm. One could propose a listing of all independent subsets of E as an
appropriate representation. However, such a way of representing 9 could be
very inefficient, because 9 may contain up to 2'#! subsets. For all subset systems
that we are going to consider, our representation will be in terms of an algorithm
@, which, given a subset 7 of E, decides whether / € 9. For example, in the
MWF problem for a graph (¥, E), it would be very inefficient to list all forests
of G. Even if we list only maximal forests, taking advantage of the fact that g
is closed under inclusion, we may end up with as many as |V|"'~ subsets.
What we can do instead, is supply an algorithm @, which, given any subset F
of E, tests whether F is acyclic; @, was the object of Problem 2 in Chapter 9.

This brings us to our second point. The MWF problem (that is, the set of all
instances thereof) does not correspond to a single combinatorial optimization
problem associated with a subset system, but to many, one for each graph, the
MWEF of which we may wish to find. In general, the combinatorial optimization
problems corresponding to several subset systems (E, 9) witha common algorithm
@, will be thought of as subcases of the same computational problem. Thus,
although each combinatorial optimization problem associated with a subset
system has an infinity of instances—one for each set of weights—and hence is
an optimization problem in its own right, we shall usually refer to a class of
problems with the same @, as a “problem.”
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The following examples will make these points clearer; they will also
manifest another very important issue.

Example 12.2

The MWEF problem for a graph (¥, E) can be viewed as the combinatorial
optimization problem associated with the subset system (E, &), where & is the
class of subsets of E that are forests. We saw in the previous section that this
problem can be solved by the greedy algorithm. This algorithm can be restated,
in view of the new concepts, to apply to any subset system (E, ) as shown in
Fig. 12-9.t ]

THE GREEDY ALGORITHM

begin
let e be the element of E that has the largest weight;
remove e from E;
ifI+ecd thenl:=I+e
end
end

Figure 12-9 The greedy algorithm for matroids.
Example 12.3

The maximum weight matching problem for a graph (V, E) is the combina-
torial optimization problem associated with the subset system S = (E, 9),
where 9 is the collection of matchings of (¥, E). Unfortunately, the greedy
algorithm does not work here. A counterexample is shown in Fig. 12-10. The
greedy algorithm applied to (E, 91) would yield the matching of Fig. 12-10(a);
the maximum weight matching is shown in Fig. 12-10(b). []

3 3
vy (L— |_(L vy vy vy
(a) (b)
Figure 12-10

1Throughout this chapter, I + e denotes I U {e}and I — e = I — {e}.



Example 12.4

Given a digraph D = (¥, 4) and a weight w(a) > 0 for each a € 4, we
may wish to find a subset B of 4 with the largest possible weight, such that no two
arcs of B have the same head. This is the combinatorial optimization problem
associated with the subset system (4, ®), where a subset B of 4 is in ® if and
only if no two arcs of B have the same head. Despite the superficial similarity
to the matching problem for undirected graphs, this problem is a much easier
one. Referring to the digraph of Fig. 12-11, we may observe that in choosing

‘Ns vs
7 5 2 4
vy 7 Uy
6
4 o
vy

Figure 12-11

the arc to enter v,, one has no reason to pick any but the heaviest one. This is
because this choice is a local one, in that it does not affect in any way the feasibil-
ity of other choices at different nodes. The same reasoning holds for all other
nodes. Thus, the greedy algorithm will yield an optimal solution in this problem.

Example 12.5

Consider in a graph G = (V, E) those sets of edges that are unions of node-
disjoint paths; examples are shown in Figs. 12-12(a) and 12-12(b). Call the col-
lection of these edge sets 9. It is not hard to see that the combinatorial optimiza-
tion problem associated with the system (E, 9) is the TSP, slightly disguised.
The difference is that now we are interested in paths instead of tours—it turns
out that the two versions are equivalent (see Problem 8). Also, we have a maxi-
mization instead of a minimization problem. This, as in the case of the MWF
versus MST, has no real significance (see Problem 9).

Once we know that this problem is essentially the same as the notorious
TSP, we may suspect that the greedy algorithm fails to solve it—as do far more
serious efforts—and this is precisely so. In the counterexample of Figs. 12-12(c)
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and 12-12(d) the greedy algorithm yields the path shown in Fig. 12-12(d);
the optimal path is shown in Fig. 12-12(c). []

Example 12.6

Our next example of a system (E, 9) is of a somewhat different flavor.
Here E is the set of columns of an n X | E| matrix 4, and 4 is the collection of
linearly independent sets of columns of 4. In our example of Fig. 12-13, we have
fey, €, €5, €.} € 9, whereas {e,, e, €5, €5} ¢ 9 and {e,, e, €,} ¢ 9.

N - O W
o -
oN—w
O O
oO=ON
vmoo~
—-—O
coN—

e e ey ey es es e71 eg

Figure 12-13

Would the greedy algorithm solve the combinatorial optimization problem
associated with this curious subset system? Surprisingly enough, it would. This
fact is the object of Example 12.9 and will follow easily from subsequent develop-
ments in this section and an elementary fact from linear algebra. []

From the previous examples an interesting issue emerges. Some of the subset
systems discussed (for example, those in Examples 12.2, 12.4, and 12.6), although

greatly different in nature and origin, have an important property in common:
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The greedy algorithm solves the corresponding combinatorial optimization
problems. In contrast, other subset systems are not equally gifted. We have
shown by counterexample that the combinatorial optimization problems asso-
ciated with the subset systems of Examples 12.3 and 12.5 cannot be solved by
the greedy algorithm. This important distinction can be formalized by the
following definition.

Definition 12.2

Let M = (E, 9) be a subset system. We say that M is a matroid if the greedy
algorithm correctly solves any instance of the combinatorial optimization
problem associated with M. []

The subset system (E, §) of Example 12.2 is thus a matroid; it is called a
graphic matroid because of its interpretation as the system of forests of a graph.
The system (4, ®) of Example 12.4 is also a matroid; we shall later classify it
as a partition matroid (see Example 12.8). Finally, matroids like those in Exam-
ple 12.6 are known as matric matroids. Historically, the notion of a matroid was
first introduced as a generalization of this subclass, using certain simple axioms.
The following result demonstrates the equivalence of the two approaches.

Theorem 12.5 Let M = (E, 9) be a subset system. Then the following statements
are equivalent.

1. M is a matroid.

2. If I,1,,, € 9 with |I,|=p and |I,,,] = p -+ 1, then there is an
element e € I,,, — I, such that I, -+ e € 9.

3. If Ais asubset of E and I and I’ are maximal independent subsets of A,
then |I'| = |I|.

Proof (1) => (2) Suppose that M is a matroid, but (2) is false. That is,
there are two independent subsets I, I,,, with |I,|=p and |I,,|=p + 1
such that for no e € I,,, — I, is I, + e independent. Let us consider the
following weights w of E:

p+2 eel,
wie) ={p + 1 eel,,, —1I,
0 e¢ I,UI,,,

Let us first observe that I, is suboptimal, because w(l,,,) > (p -+ 1)*
> p(p + 2) = w(l,). The greedy algorithm, if applied to this instance, will
start by picking all elements of I,, since they are the ones with maximum weight.
After this, the greedy algorithm will not improve the total weight, because for
all other elements e, either I, + e ¢ 9 (if e € I,,,) or, otherwise, w(e) = 0.
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Hence, the greedy algorithm yields the suboptimal solution 7,, and consequently
M is not a matroid, as assumed. Hence the implication.

(2) = (3). Suppose that (2) holds, and let I and I’ be two maximal in-
dependent subsets of 4 = E. Suppose that |I| < [I’|. We can findaset)”’ < I'
such that|I""| = |I| 4+ 1 by discarding | 1’| — | I| — 1 elements of /" (recall that
g is closed under inclusion). By Property 2, we can find an element e € I”" — |
such that I+ e € 9. Hence I is not a maximal independent subset of 4, a
contradiction that proves the desired implication.

(3) = (1). We assume that Property 3 is true of M, and we shall show that
the greedy algorithm solves M. Suppose it does not; that is, suppose that for
some set of weights w(e), e € E, the greedy algorithm yields the independent set

= {e,, €, ..., ¢} whereas there is a set J = {e{, e3,..., €} € 9 such that
w(J) > w(I). The elements of I and J are assumed to be ordered in such a way
that w(e,) > w(e,) = -+ = w(e,), and w(e}) = w(ey) = - -+ > w(e,). We may
assume that J is a maximal independent subset of E. By its construction I is
maximal, and therefore, from Property 3 (by taking E = A), it follows that
i=j. We shall show that, for m =1,2,...,i, w(e,) > w(e,,), which will
contradict our assumption that w(J) > w(I). The proof is by induction on m;
for m =1, the result holds. Suppose that for some m >1 we have
w(e,) < w(e,,) and w(e,) > w(e!) for s = 1,...,m — 1. Consider the set 4 =
{e € E: w(e) > w(e,,)}. Now {e,, ..., e,_,} is a maximal independent subset
of A because, if {e, e,,...,¢€,_,, €} € 9and w(e) > w(e},) > w(e,), the greedy
algorithm would have chosen e instead of e, as the next element of 1. This
contradicts Property 3, because f{e}, . . ., e,,} is another independent subset of A
of larger cardinality. This completes the induction and the proof. (]

Definition 12.3

Let M = (E, 9) be a matroid and 4 = E. The rank of A4 in M, r(4), is the
cardinality of the maximal independent subsets of A. Notice that, by Property
3 of Theorem 12.5, all such subsets of 4 have the same cardinality, and hence
rank is always well defined. Maximal independent subsets of FE are called bases.
Notice that since g is closed under inclusion, M is completely specified by the
collection ® of its bases. Given ®, g can be recovered as 9 = {I: I < B for
some B € ®}. []

Definition 12.4
A subset D of E not in d is called dependent. A minimal dependent subset
C of E is called a circuit. A span of A is a maximal superset S of 4 satisfying

r(S) = r(4). [

Two interesting properties of matroids are shown below. The first is a
generalization of Proposition 1.2.
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Theorem 12.6 Let I € 9 and e € E. Then either I + ¢ € 9 or I -- e contains
a unique circuit.

Proof Suppose that I+ e ¢ 9. Let C={c: I+ e — ¢ € 9}. We claim
that C is a circuit. First, it is dependent. This is because otherwise we could
augment it into a basis of I -+ e (notice that C = I + ), which would have to
be of cardinality |7| and thus of the form I + ¢ — d; this is absurd, because
then d € C. Secondly, C is minimal, because removing any of its elements, say
c, makes C — casubset of I 4 e — ¢, whichisindependent. To show uniqueness,
suppose that D is another circuit in I - e and thereis a ¢ in C — D. Then D
isasubset of I + e — ¢, and henceindependent, which s a contradiction. O

Theorem 12.7 Any A < E has a unique span, defined as follows:
sp(A) = {e: r(4 + e) = r(4)}.

Proof If Sisaspanof 4ande € S, thenr(4 + €) = r(4). This is because
otherwise, if r(4 + e) > r(4), we would have r(S) > r(4 + e) > r(4), a
contradiction. Therefore S < sp(4). It remains to show that r(sp(4)) = r(4).
It is not hard to see that a common basis of two sets is a basis of their union. A
basis of A is therefore a basis of sp(4), since it is a basis of 4 + e for every

e € sp(A). O

Corollary 1 sp(A) is the union of A and all circuits that have all but one of
their elements in A.

Corollary 2 If I € 9, I+ e ¢ 9, and c belongs to the circuit in I+ e, then
sp(l) = sp(I + e — ¢).

Example 12.7

If § is the set of forests of the graph G = (V, E), M; = (E, F) is a graphic
matroid.

Circuits of M are the (graph-theoretic) circuits of G.

The rank of a subset E’ of Eis easily seen to be r(E’) = | V| — ¢(E’) where
¢(E’) is the number of connected components of G’ = (V, E’).

The span of a subset E’ of E, sp(E’), is the largest superset of E’ with the
same rank as E’. Hence

Sp(E’) = {[v, u] € E:v and u are in the same component of G’ = (V, E")}



Example 12.8

Let E be a finite set and IT a partition of E, that is, a collection of disjoint
subsets of E covering E; Il = {E,, E,, ..., E,}. Let us call a subset I of E
independent (I € 9) if and only if no two elements of I are in the same set of
I1; that is, [T N E,| < 1,j=1,2,...,p. Then the system My = (E, 9) is a
matroid, called a partition matroid.

To show that My, is a matroid, it suffices to show that it has a well-defined
rank function. Let J(4) = {j < p: E; N A = @}. The reader may easily verify
that r(4) = |J(A4)] is the desired rank function; this is because given 4, we can
construct a maximal independent subset of A by selecting one element of A
from all E;’s that A hits. For example, if E = {e,, ..., ¢;} and IT = {{e,}, {e,,
4}, {e4, €5}, {es, €,, €5}}, then the rank of 4 = {e,, e, €y, €4, €,} in My is 3;a
maximal independent subset of 4 is I = {e,, e, e,}.

The span of A4 is sp(4) = JELJJ‘) E,

A circuit of My is any set of two elements from the same E,; thus {e,, e;}
and {e, g} are circuits.

For another example of a partition matroid, let us look back to the subset
system discussed in Example 12.4. We called a set B of arcs of the digraph D
of Fig. 12-11 independent if no two arcs of B had the same head. This is equiva-
lent to partitioning the arcs of D according to which node is the head of each.
For our example, the partition is IT = {{(v;, v,), (¥4, v)), (¥s5, 1)}, {(¥1, 22),
(3, V,)}, (@4, v3)}, {(vs, v4)}, (03, v5)}}. Hence this system is a partition matroid
M —called the head-partition matroid of the digraph Df—and the fact that the
greedy algorithm solved that problem was only natural. []

Example 12.9

In a matric matroid M, = {E, g}, the set E is the set of columns of an n
X | E| matrix 4, and g is the set of linearly independent subsets of E. Here A
may have entries from any field K. The subset system M, is a matroid, because
Property 3 of Theorem 12.5 holds. This follows from a well-known fact from
linear algebra:

All maximal linearly independent subsets of a set of vectors E’ have the
same cardinality.

In linear algebra this cardinality is, in fact, called the rank of the submatrix 4
defined by E’. []

Matric matroids are a more general class than graphic and partition
matroids. It can be shown that any graphic or partition matroid can be formu-
lated as a matric matroid by a suitable choice of a matrix 4 over a field K (see

1The tail-partition matroid of D is defined similarly.
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Problem 12). Nevertheless, this is not true of all matroids (see Problem 13);
consequently, matroid theory is a proper generalization of linear algebra.

12.5
The Intersection of Two Matroids

We start by revisiting the bipartite matching problem.
Example 12.10

Consider the bipartite graph B = (¥, U, E) of Fig. 12-14, and the set M
of matchings of B. Is (E, ) a matroid ?

Figure 12-14

If (E, M) were a matroid, we would have a much simpler algorithm for
bipartite matching than the one we developed in the previous chapters. The
very essence of the matroidal structure is that any maximal independent set
is also maximum. Finding maximal independent subsets is a trivial task: We
keep adding elements until no further additions are possible. Unfortunately,
(E, M) is not a matroid. This is simply demonstrated by the fact that the matching
shown in Fig. 12-14 is maximal but not maximum.

Nevertheless, 9 does have quite a nice structure: It is the intersection of
two matroids. In other words, we can find two matroids M = (E, 9) and
N = (E, %) such that MM = g N K. Both M and N are partition matroids. The
partition of M is II,, the subdivision of E into subsets according to which
vertex of ¥ each is incident upon. In Fig. 12-14, for example, IT, = {{e,, e, €5},
{es, €}, {e,}, {es, €5}, {e;}}. Similarly, N is the partition matroid corresponding
to the partition T, = {{e,, e,}, {es, €5, €4}, {es, €5}, {e,, €,}}. It is not hard to
see that a subset J of E is a matching if and only if it is independent in M (that
is, no two edges in J share a node of ¥) and in N (that is, no two edges in J
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share a node of U). Consequently, M = g N &. Thus the bipartite matching
problem can be viewed as the problem of finding a maximum subset of E that
is independent in two matroids. []

Example 12.11

A digraph D = (¥, A) may be used to represent the flow of control in a
group of people. We have a node for each person, and an arc (v, #) means that
v “influences” ». Usually, such a situation will be chaotic (see Fig. 12-15). One
person may receive more than one influence and may possibly receive contra-
dictory ones (like the node v,, controlled by all of v,, v, vs). Furthermore, we
may have loops in our structure (the directed circuit (vy, v, v, v, v,) for exam-
ple) or short-circuits (like the arc (v,, v,), which is a shortcut of the path (v,,
v,, v,)). There may be no well-defined /eader—node with no incoming arcs.

Figure 1215

It is sometimes desirable to organize such a group of people into a branching.
A branching is a digraph (¥, B), B < A, with no loops or shortcuts: The graph
G = (V, Ep), which results from disregarding the directions of the arcs in B,
is a tree. Furthermore, each vertex—except for the leader—has exactly one
incoming arc. For example, the heavy lines in Fig. 12-15 constitute a branching.
The problem is: Given a digraph D = (¥, 4) is there a subset B of 4 that is a
branching?

This problem may also be formulated as a problem of finding the maximum
set that is simultaneously independent in two matroids. One of these matroids
is the graphic matroid of the digraph D when we disregard direction. The second
is the head-partition matroid of the digraph D. It should be clear that any
forest of branchings will be in the intersection of these matroids. Thus 4 contains
a branching B if and only if the maximum set that is independent in these two
matroids has cardinality | V| — 1. []



Example 12.12

We are given two graphs G and G’ such that their edges have names
taken from the same set E. Such a situation is shown in Fig. 12-16. We are
looking for the largest subset of E that is acyclic in both G and G'. Obviously,
this is again a problem of finding the set of largest cardinality that is independent
in two matroids, namely, the graphic matroids M; and M,. []
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€ eg
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Figure 12-16

In this section we shall develop an algorithm for finding, given any two
matroids M = (E, 9) and N = (E, X), the largest set in 9 N K. Since the
bipartite matching problem is a special case of the matroid intersection problem,
it is well to first recall the methodology that we developed in Sec. 10.2 in order
to solve that problem.

The bipartite matching problem is solved by repeated augmentations,
using augmenting paths to find larger and larger matchings—in our new ter-
minology, sets independent in both the M = (E, 9) and N = (E, X) matroids of
Example 12.10. For example, S = [e,, ¢,, e, e, €5] is an augmenting path rela-
tive to the matching 7 of Fig. 12-14. In light of our matroid formulation of the
problem, we can obtain a new understanding of how S acts on /, finally aug-
menting it to 7@ S. First 7 becomes I + e,, then I+ e, —e,, I+ ¢, — ¢,
+oey, T--e, —e, ey, —e,; finally IDS=TI+¢e —e, + e; — €4+ es.
The first element e, of S starts from an exposed vertex of V; hence I + e, is
independent in M. However, I -+ e, is not independent in N—otherwise, our
augmentation would already be over. The circuit of N, {e,, ¢,}. is formed. Now,
S “breaks” this circuit by removing e, to obtain I - e, — e,. The new set is
independent in both M and N, but it has the same cardinality as the set I with
which we started. Thus we try again to find an edge, e,, that creates no depen-
dence in M but possibly creates a circuit in N, and then break this circuit (by
deleting e,). The hope is that eventually we shall be able to come up with an
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edge that creates no dependence in either M or N, thereby augmenting I. This
happens in the next step, and thus e, is the last edge of S.

Aug) ing seq es can be defined as above when M and N are general
matroids, as shown in the following example.

Example 12.13

Suppose that we wish to augment the branching forest I of Fig. 12-17(a)
to a single branching. Here M is the head-partition matroid of the digraph, and
N is the graphic matroid that results if directions are ignored. An augmenting
sequence relative to Iis S = [e,, e,, ¢€;, e,, €5]. Here I + e, is independent in M
but not in N, since it creates the circuit {e,, e,, e,, e,}. Notice that now we have
a choice of which of e,, e, or e, to delete in order to break the circuit. Because
circuits in a partition matroid always have two elements, we never have such a
choice in bipartite matching. This fact also cautions us that even-numbered steps
in our search for augmenting paths for the general matroid intersection problem
will not be trivial, as they were in the case of bipartite matching, and our auxiliary
graph will not skip even levels.

N
L

(b)

Figure 1217

We choose e, as the next element of S. If e, is added to I + e, — e,, it
creates a circuit only in N, namely, {e,, ,, e;}. We break this one by deleting
e,. Now e can be added to I + e, — e, + e, — e, without creating any circuits
in either M or N, and so S is an augmenting sequence. The resulting branching
is shown in Fig. 12-17(b). [}

Let S =[e,, e, ...,e,] be a sequence of elements of E. We denote by
S.,; (f < j) the sequence [e,, €,,,, . . ., ¢;]. The span of a set 4 < E with respect
to the matroid M (or N) will be denoted by sp(4) (or spy(4)). Similarly, the
rank of a set 4 will be r,,(4) or ry(4), depending on the underlying matroid.

Definition 12.5

A sequence S =[e,, e,, ..., e,] is called alternating with respect to a set
Ie an&Kif:

Alt.1. I+e e d,ande, ¢ I

Alt. 2. Foralleveni,2<i<m, e, € Iand spy(I® S,)) = spu(l).
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Alt. 3. Foralloddi,3 <i<m,e, ¢ Tandsp,(I® S,,) = spu(I -+ €,).
Furthermore, if m is odd and 7@ S € &, S is called augmenting. []

Lemma 12.2 Let S be an alternating sequence. Then
1. I®S,, € & forieven.
2. I®S,, € 9 foriodd.

Proof 1. Since e, ¢ I for odd i, it follows that 1@ S,, % I for i even.
Since spy(I @ S,,) = spy(I), I and I'@ S,, have the same rank in N. Since I
is independent, that is, has full rank in N, it follows that 7@ S, is also inde-
pendent.

2. The case for odd i is very similar. []

Thus the alternating sequences with respect to an independent set I are
sequences of elements in E whose odd-numbered elements create circuits in N;
each circuit is then broken by the next element. Our goal is to search for alter
nating sequences using our familiar auxiliary digraph technique, for some appro-
priately defined auxiliary digraph with E as its node set. Unfortunately, this is
not possible if we rely on the concept of the alternating sequence alone. The
reason is that the auxiliary digraph immediately suggested by the definition of
alternating sequences is dynamic, that is, it cannot be fixed beforehand. The
choices available at each step for the continuation of the construction of an
alternating sequence may depend heavily on previous choices. This is illustrated
in Figure 12-18 in terms of the intersection of two graphic matroids for the
graphs G and H. Here M is the matroid of G and N that of H. The current
independent set is {e,, €5, e,, es} = I. The alternating sequences [e,, e, e,] and
[e,, €3, €,] have the same endpoint, e, but totally different continuations. The
first can be continued by the edges ¢, and e,, whereas the second can be con-

Ay R
I ZR SN
v ,,

Figure 12-18
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tinued by e, and es. No fixed auxiliary graph can capture the choices available
to both.

This dynamic nature of path problems is sometimes a symptom of intracta-
bility. (See the next section and Chapter 15 for a discussion of the Hamilton
path problem.) Fortunately, in the case of the matroid intersection problem,
it suffices to restrict somewhat the definition of an alternating sequence in order
to obtain an appropriate static auxiliary digraph. For a given T € s N ¥,
suppose that I -+ e, ¢ 9. We shall denote by C, the unique M-circuit in I + e,
If I+ e, ¢ K, let D, denote the corresponding N-circuit.

Definition 12.6

A sequence S = [ey, e,, . . ., e,] is proper with respect to I € § N K if:
Pr.1 I4+e e9ande, ¢ I
Pr.2 For all even i, 2<<i<m, ¢, € I and ¢, € D,_,. Furthermore,
e, ¢ D,_, for any even k < i.
Pr.3 For all odd i, 3<i<m, ¢, ¢ I and ¢,_, € C, Furthermore,
ey ¢ C, forany odd k < i.
Furthermore, if m is odd and 7@ S € &, S is called a proper augmenting
sequence. ]

Lemma 12.3 Proper sequences are alternating.

Proof Pr. 1 clearly implies Alt. 1 (see Definition 12.5). We shall show that
Pr. 3 implies Alt. 3.

We write 7P S, for odd i as I+ e, + (e; — ;) + -+ + (e, — e,.-y).
Each parenthesized addition and deletion of an element (e, —e, ;) is an
addition of an element to /@ S, ,., that creates an M-circuit—namely, C,,
because ¢,_, ¢ C,for odd k < j—and the deletion of an element in this circuit.
However, by Corollary 2 of Theorem 12.7, this does not change the span of a
set. Hence spp (I @D S,,) = spu(l + ¢,).

To show that Pr. 2 implies Alt. 2, we rewrite I @ S, for i even as I + (e;.,
—e)+(e,.y — e.,) + -+ + (e, — e,). Again, each parenthesis (¢,_, — e))
contains the addition of an element ¢,_, to I@® S,,,,, that creates the circuit
D, ,. We know that D,_, is formed when ¢,_, is added to I ® S, ,,, because
e, ¢ D,_, for even k > j. We also delete the element e, of D,_,. It follows that
these operations preserve the span of the set with respect to the matroid N (see
Corollary 2 of Theorem 12.7), and hence spy(I D S,,) = spy([). O

Proper sequences are indeed a restriction of alternating sequences. The
reader may verify that the sequence S = [e,, e,, ¢, e,, ;] of Example 12.13
is alternating but not proper. This is because e, € D, in violation of Pr. 2.
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There are two reasons for defining this restricted class of alternating
sequences:

1. They can be discovered by searching a “static” auxiliary digraph.
2. They still guarantee that optimality will be reached.

For example, there is a proper augmenting sequence with respect to the branching
forest of Fig. 12-17(a). It is S’ = [e,, e,, e;].

Our auxiliary digraph (E, 4) will have E as its set of nodes. Each element
e, € E— I will be a candidate for an odd numbered element in a proper
augmenting sequence S. If /4 ¢, ¢ 9, we find C, and we add to A the arc
(e, ¢) foreach e, € C, — e, according to Pr. 3. If /4 e, € 9, then e, is a can-
didate for the first element in S. An element of E — I such that I+ ¢, € &
may be the last element of S; those elements are our targets, and reaching one
of them will signal the discovery of a proper augmenting path. However, if
I+ e, ¢ X, we add, according to Pr. 2, the arc (e,, e,) to 4 for each ¢, in D,
—e.

Example 12.14

Let us construct the auxiliary graph (E, A) for the branching forest 7 shown
in Fig. 12-17(a). We do this by examining one by one the elements of E — I.
We start with e,. I + e, € 9, where ¢ is the head partition matroid; hence e,
is a possible starting element of S. Also, I + ¢, ¢ &, where & is the graphic
matroid. Because D, = {e,, e,, e,, e,}, we add the arcs (e,, ¢,), (e,, €,), and
(ey, e5) to A. In the case of e5, I + e, ¢ 9.Because C; = {e,, e,}, we add the arc
(e, €5) to A; I+ e5 ¢ K and D, = {e,, e,, e,}, so the arcs (e, e,) and (e, e,)
are added to A. For e, we note that I -+ e, € 9,50 ¢4 is a possible starting ele-
ment of S. Because I -+ e, ¢ K and D; = {eg, €,, e,}, the arcs (e, e,) and (e,
e;) are added to A. Also, I -+ e; ¢ ¢ and C; = {es, e,}; and I + e,, ¢ 9 and
C,o = {5, €,,}; thus (e, e;) and (e, €,,) are added to 4. Finally, I -I- e;, I + e,
& K, so both ey and e, , are target elements. The auxiliary digraph is shown in
Fig. 12-19. Notice that (E, 4) is bipartite, since all arcs are between Jand E — I,
in either direction. [}

1t is not sufficient to search for any path from S'to T'in the auxiliary digraph.
Certain such paths may not correspond to augmenting sequences. This is illus-
trated in Fig. 12-20, where another branching problem is considered. The set
I'to be augmented is shown in heavy lines in Figure 12-20(a). The corresponding
auxiliary digraph is shown in Fig. 12-20(b). We observe, however, that the
path S = [e,, e,, e, ,, 5] in the auxiliary digraph is not an augmenting path.
Also, I@® S = {e,, €3, €5, €5} is not a branching—it is not independent in the
graphic matroid. The reason for this is that there is a shortcut of this path,
namely, S’ = [e,, e,, e;]. This means that S violates Pr. 2—because e, € D,—
and thus it is not proper. We therefore must use breadth-first search in order to
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search the auxiliary digraph for shortest paths from S to T It turns out that such
paths will always be proper and therefore augmenting.

We show the complete algorithm in Fig. 12-21.

To show the correctness of our algorithm, we shall first need some prelimi-
nary work. Let E, and E, be such that £, U E, = E, and let us call the rank
of this pair of sets (with the matroids M and N fixed) the number r(E,, E;)
= ry(E,) + ry(E;). Let J be any setin 9 N K.

Lemma 12.4 r(E,, E;) > |J].

Proof LletJ, =J N E,andJ, =J N E,. Since J, and J, are independent
subsets of E, and E,, respectively, we have that

H(Ey, Ep) = ry(E)) + ry(Ey) 2 10| + T = Y] O

The two matroids M and N are given in terms of the algorithms @, and Q.
Let C(JE]) be an upper bound on the complexity of these algorithms when
operating on problems of size | E|.
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Inpnt: Two matroids M=(E,9) and N=(E,X), given in terms of
the algorithms @4 and Gx.

Output: A set / e 9NK of maximum cardinality.

begin

&; (comment: initialize)
stage: A:=0, Q:=g, T:=0;
(comment: initialize for digraph search)
for alle;eE—1 do
begin (comment: construction of the auxiliary digraph)
if I+e;€9,% then I:=1-¢;, go to stage;
if I+e; €9 then Q:=Qu/e;}, labelle;): =0,
else for all e;e C;—e; do A:=AU({(een);
if I+e;€X then T:=TuUlei}
else for all e;e Di—e; do A:=AuU((ee))
(comment: C, and D are circuits that are defined in terms of
€; and I as in the text preceding Definition 12.6)

end;

while Q# & do

begin
let e be an element of Q;
remove e from Q; (comment: Q must be a queue)
for all unlabeled e’ € E such that (e,e’) € A do

begin
labelle’]: =e, Q:=Qu{e’};
if ¢’ €T then 1:=I@® path(e’), go to stage
end
end
end
procednre path(e)

(comment: it returns a proper augmenting sequence from some
element of S to e; path is recursive)
if label[e] =0 then return [e]
else return path(labelle]) || le]

Figure 12-21 The matroid intersection algorithm.

Theorem 12.8 The algorithm of Fig. 12-21 correctly solves the matroid intersec-
tion problem in O( E|* C(|EI)) time.

s

Proof First, we claim that a sequence S = [ey, e,, . . ., ¢,] constructed by
the algorithm is proper and hence alternating. Pr. 1 of Definition 12.6 is obvious.
To show Pr. 2, we note that elements of even rank in S are in I because of the
bipartite property of the auxiliary graph. Also, the construction of the auxiliary
digraph guarantees that e, € D,_, for even i. Now, assume that ¢, € D,_, for
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some k < i. Then the arc (e,, e,) is in the auxiliary graph. However this contra-
dicts the fact that Q is a queue (and therefore our algorithm finds shortest paths).
Pr. 3is shown similarly. Finally, since e,, € T, it follows that misodd and I + e,
e X; thus 7@ S € &, and S is an augmenting sequence.

Hence our algorithm augments along augmenting sequences, and conse-
quently all sets I produced are in § N &, as required. We shall now show that
the algorithm does not terminate unless I is as large as possible. Let L and U
be the labeled and unlabeled elements of I at termination, respectively, and take
E, = spy(U) and E, = sp,(L). Each element of I belongs to one of E,, E,.
Take any element e, of E — I; we shall show that it also belongs to one of E,,
E,. If ¢, is labeled, then in our search we label all elements in the corresponding
D,. So if e, is added to L, it creates an N-circuit, namely, D,. Thus e, € spy(L).
Now, suppose that ¢, is unlabeled. It must be the case that I+ ¢, ¢ 9, because
otherwise e, would have a label—namely, zero. So I + e, contains an M-circuit
C,. No element e, of C, could be labeled, however, because it if were, e, would
have been labeled in the next step through the arc (e, e,). So if we add ¢, to U,
an M-circuit results. Hence e, € sp,,(U).

So, E, U E, = E, and hence r(E,, E,) > |J| for allJ € 9 N & (Lemma
12.4). However, it is easy to see that r(E,, E,) = |L| + |U| = |1|, and hence
1| > {J] for all J € 9 N X. Consequently, I is the desired maximum inter-
section.

For the time bound, we can have at most | E| augmentations. For each
augmentation, the time requirements are dominated by the construction of the
auxiliary digraph. For each e, € E — I, we find the circuit D, or C, or both.
This can be done by applying the tests @, and @ to I + ¢, — ¢, for each ¢; € E.
The construction of the auxiliary digraph, Q, and T can also be carried out in
O(E|* - C(|E))) time. Finally, searching the digraph takes O(l E|*) time. The
time bound follows. |

12.6
On Certain Extensions
of the Matroid Intersection Problem

12.6.1 Weighted Matroid Intersection

Suppose that we are given two matroids M = (£, ) and N = (E, X) and
also a weight w(e) for each e € E. We wish to find a subset / € & N 9 such that
E w(e) is as large as possible. There is a polynomial-time algorithm for this

problem, which is yet another application of the primal-dual method. Once
again, the weighted problem is reduced to the unweighted one with the help of
a linear programming formulation of the former. This formulation—the coun-
terpart of Theorem 11.2—is as follows.



12.6 On Certain Extensions of the Matroid Intersection Problem 299

Theorem 12.9 (Edmonds) The weighted matroid intersection problem is equiva-
lent to the LP

max ;‘3 w(e) - x(e)
subject to
% X0 < ruld)

forall A< E
2, x(e) < ra(4)

It is obvious that if x(e), ¢ € E, represents a set in 9 N &, then the con-
straints of Theorem 12.9 are satisfied. It remains to show that, for all weights,
the optimal solution of this LP is always 0-1, and hence indeed corresponds to
the heaviest set in 9 N K. A constructive proof of this can be obtained by
applying the primal-dual method to this LP and observing that the restricted
primal is at all times an unweighted matroid intersection problem for a modified
pair of matroids, M’ and N'. The details are quite involved and are not presented
here (see [Lal]).

12.6.2 Matroid Parity

We are given a matroid M = (E, 9), and a partition IT of E into disjoint
pairs, IT = {[e,, €], [es, e4), - - -, [e,1, €,]}. We are asked to find a subset P
of ITsuch that |_J p € 9 and P is as large as possible. This is the matroid parity
problem. e

For example, if M is a partition matroid, then the matroid parity problem
can easily be seen to degenerate to the matching problem (Problem 19). If M is
a graphic matroid, then the matroid parity problem is restated as follows: Given
a graph G and a partition IT of its edges in pairs (see Fig. 12-22), find a spanning

s €6 3 ey n €13
Le,&_%&
1= {ley, ey ], ley,eql, s, eq), leg, eg), Teg,eig), ley,en ], feyy eqql, legs, e}

Figure 12-22
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tree T such that if an edge e is in 7, then so is its mate in IT. This problem
is a common generalization of the two-graphic-matroid intersection problem
(Example 12.12) and matching (see Problem 20).

It was recently shown by Lovdsz [Lo] that the parity problem cannot be
solved for general matroids. Lovdsz gave an algorithm for the case of graphic
matroids—ir fact, for the more general matric matroids.

12.6.3 The Intersection of Three Matroids

Another direction in which we may wish to generalize the results that we
obtained for the intersection of two matroids would be to develop an algorithm
for finding the largest set that is independent in three matroids. Unfortunately,
there is no known polynomial algorithm that performs this task. Furthermore,
as we shall see in Chapter 15, there is evidence that this problem will remain for-
ever beyond polynomial-time solution, no matter how advanced our under-
standing of its structure may be in the future. For the time being, we shall show
that if we had a way to solve this problem in polynomial time—polynomial in
| E| and the complexities C,, C,, and C, of the algorithms that describe the three
matroids in question—we would also be able to solve a well-studied com-
binatorial optimization problem related to the TSP, namely the DIRECTED
HAMILTON PATH problem:

Given a digraph D == (V, A), does D have a Hamilton path, that is, a directed
path h traversing each node in V exactly once?

For example, D of Fig. 12-23 does have a Hamilton path, namely (v,, v,,
V3, Vg, Vg, Vgy Vg Vs, V).

V2

Figure 12-23
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Theorem 12.10 There are three matroids M, = (A, 9,), M, = (A, 9,), and M, =
(A, 9,) with polynomially bounded algorithms @,,, G,, and @,, such that a digraph
D = (V, A) has a Hamilton path if and only if there exists a set I € 9, N 9,
Ny with|I|=|V]|— 1.

Proof 1t suffices to observe that a Hamilton path is just a branching,
such that no two arcs have the same tail. Thus any Hamilton path is by defi-
nition a subset of A4 that is simultaneously independent in the graphic matroid
corresponding to the graph (V, E,), the head-partition matroid of D, and the
tail-partition matroid of D, and that also has cardinality | ’| — 1. The theorem
follows. O

PROBLEMS

1. Find the MST of the graph below by using both algorithms of Figure 12-2 and
12-5. Find the MWF of the same graph.

2 4

o,
L%%%

*2, The MST algorithm of Figure 12-5 can be implemented in O(|E|loglog | ¥|)
time by the following procedure: First, we do not compute the connected com-
ponents of (¥, T) from scratch at each stage. Instead, we merge the appropriate
components.

(a) Show how to maintain a partition C = Sy, . . ., Sk} of the vertices in terms
of four arrays first, next, size, and set so that we can identify in one step
which set contains a given node, and we can merge two sets S, and S in
O(min (| S|, | S;]) steps. »

The median of a set of n numbers can be computed in O(n) time by the clever

algorithm in [BFPRT]).

(b) Using this information, show that a set S of n numbers can be partitioned in
O(n log p) time into its p-quantiles, that is, p sets St, S2,..., 52, each of
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cardinality either |n/p] or [njp7], such that a € S, b € S/,i <j imply
a<b.
Assume now that the adjacency list of each vertex v has been subdivided into its
p-quantiles, for some p to be determined. We compute shortest (see Figure 12-5)
by examining the adjacency list of each node v in batches of whole quantiles. If
such a search of a quantile finds at least one edge [v, ] with « in a different set
of C, then the search is a success; otherwise it is a failure.

(c) Show how shortest can be computed in such a way that (i) the total time due
to successes is O(| E|/p) per stage, and (ii) the total time due to failures is
O( E)) for all stages together.

(d) Show that the algorithm described above operates in time O(log | V| - (| E|/p
+|V)) + | E|log p). By choosing p accordingly, conclude that the MST
in a graph with | E| > | V| log| V| can be found in O(| E| loglog | V|) time.

(e) Generalize the result in (d) for graphs with |E| < |V|log|V|. (Hint: First
apply the algorithm of Figure 12-5 for loglog | V| stages.)

Show that the greedy algorithm for MST can be implemented in O(| E| log | V|)
time.

Let P ={py, P2, .- ., P} S R? be a finite set of points on the plane. Let d,; =

dist(p,, p;) be the Euclidean distance between p; and p;. The Dirichlet cell of

p: € Pistheset of allg € R? such that dist(p,, q) < dist(p,, q) for all j 5= i.

(a) Show that the Dirichlet cells of P are convex polygonal regions—some of
them unbounded—that cover all the plane and intersect only at their
boundaries.

(b) Find the Dirichlet cells of the point set P shown below.

e
.
. . .
.
. . .

(c) Show that the Dirichlet cell of p; is bounded iff p, is the convex combination
of three points in P that are not colinear.

Two points p;, p; € P are Dirichlet neighbors if the intersection of their Dirichlet

cells is netther empty nor a single point. The Dirichlet graph of P is the graph

Gp = (P, Ep), where Ej, = {[p, p;]: p, and p; are Dirichlet neighbors}.

(a) A graph is planar, informally, if it can be drawn on the plane so that no two
edges intersect. Show that the Dirichlet graph of any point set P is planar.

If a graph (¥, E) is connected and planar, then it can be shown that |E| <
3|V —=6for|V|=3.
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©

)
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Prove that the Dirichlet graph of a point set of n points can be constructed
in O(n log n) time.

Show that the MST of a point set P under d,; is a subgraph of the Dirichlet
graph of P. Conclude that the MST of P can be computed in O(n log n)
time.

Show by an example of six points that the shortest matching of a point set
is not a subgraph of the Dirichlet graph.

Is the shortest TSP tour of a set of points a subgraph of the Dirichlet graph?

6. Let P be a set of points on the plane. Show that no two edges of the MST of P
(with respect to d,;) cross, when drawn as straight lines on the plane.

7.
8.

9.

Let P be a point set. Show that there is an MST of P with no degree greater than 5.

The wandering salesman problem (WSP) 1s the TSP, except that the salesman can
start wherever he wishes and does not have to return to the starting city after
visiting all cities.

(a)

(b)

Show how to transform in polynomial time any instance of the WSP to an
equivalent instance of the TSP.

Show how to transform in polynomial time any instance of the TSP to an
equivalent instance of the WSP. (By equivalent, we mean that the optimal
tour of one can be easily derived from the optimal tour of the other).

Which of the following problems remain essentially unchanged when we turn
them from minimization to maximization problems? Why ?

(@)
(b)
©
@

TSP.

Shortest path from s to ¢.

Minimum weight complete matching.
MST.

10. (Matching Problem with Node Weights) Given a graph G = (¥, E) and weights
w: V — Z* on the nodes of G, find a matching M of G that maximizes %} w(v),

1.

where the sum is taken over all nodes v incident upon some edge of M. Show that
the greedy algorithm solves this problem:

(a)
(b)

©
(d)

By a direct argument,

By showing that a certain independence system (V, M) satisfies Property 2
of Theorem 12.5.

By showing that (¥, 91) satisfies Property 3 of Theorem 12.5.

What are the circuits, spans, and rank function of (¥, 910)? (Note: Matroids
such as (V, 9M) are called matching matroids.)

Let E be a finite set, C = {S1, . . ., S} a collection of subsets of E, and et T =

{er, - -
j@), .-

.,e} < E. We say T is a transversal of C if there exist distinct integers
.,j()suchthate, € Sy, i =1,..., ¢ Let 3 be the set of all transversals

of E. Show that M¢ = (E, J) is a matroid. What are the circuits, spans, and rank
function of M¢?
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12. For each of the following matroids M, choose a field K, a dimension d, and a
vector L(e) € K¢ for each element e of E, to show that M is matric.
(a) A graphic matroid Mg.
(b) A partition matroid M.
(c) A transversal matroid Mc.

13. Consider the system of seven points and seven lines (six line segments and a
circle) shown below.

b $ c
d

Define the independence system M = (E, 9) where E ={a, b, ¢, d, e, f, g} and
a subset S of E is in 9 iff one of the following is true.
@i 18] <3.
(ii) |S| = 3 and none of the seven lines passes through all three points in
S.
(a) Show that M is a matroid. What are the circuits, spans, and rank function
of M?

*(b) Show that M is not a matric matroid. That is, there is no system of seven
vectors over any field such that the independent sets have exactly the same
structure as this 9.

14. Let M = (E, 9) be a matroid, and let € be its set of circuits.

(a) Show each of the following.
(i) IfC,,C; € Cand C, < Cg, this implies C; = C,.
(i) If C,,C,e€C,ee C;NC, and € € C; — C;, then there is a
Cy € Csuchthat Cy < (C; U C;) —eand e’ € C;.
(b) What is the interpretation of (ii) for graphic matroids? Matching matroids?

*(c) Conversely, show that if a system (E, @) satisfies (i) and (ii), then (E, 9) is
a matroid, where § = (I < E: C & Iforall C € €}.

15. We are given a finite set E and a class of subsets of E, C = {8}, Sz, ..., S.}. We
ask whether there is a set H < Ewith |[H| =nand |HN S| =1fori=1,...,
n. Formulate this as the intersection problem of a transversal and a partition
matroid. Then solve it in a much simpler way.

16. Weare given a graph G = (¥, E)and aset L < V. We wish to determine whether
there is a spanning tree T of G such that the nodes in L are all leaves of 7. For-
mulate this as the intersection problem of a graphic and a partition matroid.
Then solve it in a much simpler way.

17. Find the maximum intersection of the two graphic matroids of Figure 12-16.
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*18. (Matroid Partition Problem) Given a matroid M = (E, 9) and S < E, can S be
partitioned into two sets Iy, I € 9? Show that this problem is equivalent to
matroid intersection.

19. Show that the matroid parity problem (Subsec. 12.6.2) for partition matroids is
a matching problem.

20. Show that the matroid parity problem for graphic matroids is a common gen-
eralization of the two-graphic-matroid intersection problem and of matching.
(Hint: You may have to use multigraphs, that is, graphs with repetitions of edges
allowed.)

21. Let M = (E, 9) be a matroid, and let ® be the set of bases of M. Let § = (I < E:
E — I = B for some B € ®}. Show that M = (E, 9) is a matroid. (Note: M is
called the dual matroid of M.)

22. Given a graph G = (¥, E), a vertex v € ¥, and an integer k, we wish to find
whether there is a spanning tree of G in which » has degree k or less. Show that
this is a matroid intersection problem.

NOTES AND REFERENCES

It seems that there is no earliest reference for MST. One of the earlier ones is a
Czechoslovokian paper:

[Bo] BoruvkaA, O., “On a Minimal Problem,” Prace Morawske Predovedecke
Spolecrosti, 3 (1926).

The algorithm of Figure 12-2 is usually attributed to

[Pr] PriM, R. C.,, “Shortest Connection Networks and Some Generalizations,”
BSTJ, 36 (1957), 1389-1401.
[Di] DuksTRA, E. W., “A Note on Two Problems in Connexion with Graphs,”

Numerische Mathematik, 1 (1959), 269-71.

The algorithm of Figure 12-5 is described in

[BG] BeRGE, C., and A. GHoUILLA-HOURI, Programming, Games, and Transporta-
tion Networks. New York: John Wiley & Sons, Inc., 1965.

The O(| E| loglog | V|) implementation of Problem 2 is from

[Ya] Yao, A.C-C., “An O(E|loglog|V|) Algorithm for Finding Minimum
Spanning Trees,” Inf. Proc. Letters, 4 (1975), 21-25.

Many related algorithms, including an O(] E|) algorithm for dense graphs, are described

in

[CT] CHERITON, D., and R.E. ‘TARJAN, “Finding Minimum Spanning Trees,”
J. SIAM Comp., 5 (1976), 724-42.

The greedy algorithm for MST is presented in

[Kr] KRuUskAL, J. B, “On the Shortest Spanning Subtree of a Graph and the
Traveling Salesman Problem,” Proc. Amer. Math. Soc., 7 (1956), 48-50.



306 Chapter 12 SPANNING TREES AND MATROIDS

Matroids (also known as pregeometries for reasons related to Problem 13) were first
studied in

[Wh] WHITNEY, H., “On the Abstract Properties of Linear Dependence,” Amer.
J. Math., 57 (1935), 509-33.

For in-depth reading on the subject, see also

[Tu] Turte, W. T., “Lectures on Matroids,” J. Res. NBS, 69B (1965), 1-48.

[CR] Crapo, H. H., and G-C. RoTA, On the Foundations of Combinatorial Theory:
Combinatorial Geometries. Cambridge, Mass.: M.L.T. Press, 1970.

The relation of matroid theory to combinatorial optimization and the algorithm of

Kruskal was first shown in

[Ed1) EDMONDS, J., “Matroids and the Greedy Algorithm,” Math. Prog., 1 (1971),
127-36.

The polynomial-time solution of the two-matroid intersection problem was also an-

nounced in that paper. The algorithm of Figure 12-21 was first published in

[Lal] LAwLER, E. L., “Matroid Intersection Algorithms,” Math. Prog., 9 (1975),
31-56.

The equivalent matroid partition problem (Problem 18) was solved in

[Ed2] EDMONDS, J., “Minimum Partition of a Matroid into Independent Subsets,”
J. Res. NBS, 69B (1965), 67-77.

Problems 4 and 5 are from

[Sh] SHAMoS, M. 1., Computational Geometry, (Unpublished Ph.D. thesis, Yale
University, 1978).

Problems 10 and 11 are from

[EF] EDpMoNDS, J., and D. R. FULKERSON, “Transversals and Matroid Partition,”
J. Res. NBS, 69B (1965), 147-53.

and Problems 13-14 from Whitney’s original paper [Wh]. For efficient algorithms for
finding the shortest branching in a weighted digraph, see

[Ed3]) EpMoNDS, J., “Optimum Branchings,” J. Res. NBS, 71B (1967), 233-40.

[Ka] KArp, R. M., “A Simple Derivation of Edmonds’ Algorithm for Optimum
Branching,” Networks, 1 (1971), 265-72.

[Ta) TARIAN, R. E., “Finding Optimum Branchings,” Inf. Proc. Letters, 3 (1974),
25-35.

The matroid parity problem (Subsec. 12.6.2) {for matric matroids is solved in

[Lo] LovAsz, L., “The Matroid Matching Problem,” Proc. Conf. on Algebraic
Graph Theory, Szeged, Hungary, 1978.

The fact used in Problem 2 is from

[BFPRT] BLum, M., R. W. FLoyDp, V. R. PrRATT, R. L. RivesT, and R. E. TARJAN,
“Time Bounds for Selection,” JCS'S, 7 (1973), 448-61.



13

Integer Linear Programming

131
Introduction

Integer linear programming (ILP) is the following optimization problem.
min ¢'x
Ax ==
x>0
x integer

Also, ILP in canonical form or in general form can be defined similarly, and ihe
observation (Sec. 2.1) that they are all equivalent is still valid. The entries of
A, b, and c¢ are integer.

The necessity of formulating and solving ILP’s came initially from the fact
that in some applications of LP, fractional solutions were undesirable—imagine
an application in which x; is, for example, the number of aircraft assigned to
route j. The usual first reaction to the ILP problem is, “Why not solve the corre-
sponding LP and round the solutions to the closest integer?” This is certainly
a plausible strategy in many cases, especially when the solution x is expected to

307
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contain large integers and therefore to be insensitive to rounding. There are
problems here too: rounding to a feasible integer solution may not always be
straightforward (see Figs. 13-1 and 14-1). There are, however, very serious limi-
tations to this approach. Most applications of ILP are not just LP’s with solution
variables that happen to come in quanta of one unit. Most frequently, an ILP
is the result of a conscious use of the integer constraint to model combinatorial
constraints or nonlinearities of different sorts. These ILP’s are, by their very
nature, not susceptible to the rounding approach, essentially because rounding
defeats the purpose of the ILP formulation, and it is as hard to perform as solving
the original combinatorial problem from scratch. We examine several such
examples.

X2

Optimum of LP

. .
Optimum of. [LP Decreasing
cost
. . .

Feasible region of LP
L L 1

1

Figure 13-1 The four integer points closest to the LP
optimum are infeasible.

Example 13.1 (Formulation of the Traveling Salesman Problem as
an Integer Linear Programming Problem)

Consider the traveling salesman problem with n + 1 cities, nodes 0, I,
..., n, and intercity distances [c,;] (not necessarily a symmetric matrix). If we
associate the variable x,, with the arc (i, ) and let x,, = 1 if arc (i, ) is in a tour
and zero if not, we can begin to formulate the TSP by writing

min z =
1,
0<x,<1 all i, j
x,; integer all i, j (13.1)
(a) Z_;x,,zl j=0,...,n
®) ¥ x,=1 i=1,....n
1-0

The inequalities in (a) express the fact that exactly one arc enters each node and
(b) that exactly one arc leaves each of nodes 1, . . ., n (From (a) and (b) together,
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it follows that one arc leaves node 0 as well; see Problem 7.) All this does not
capture all the constraints of TSP, however, since any set of disjoint cycles will
satisfy (13.1), as illustrated in Fig. 13-2(a). In fact, (13.1) describes the assignment
problem (Sec. 11.1), which is certainly easier than the TSP. What we need are
constraints that rule out disjoint cycles, or subtours, as they are called in this
context. One way to do this is as follows [DFJ]: Let (S, S) be a nontrivial parti-
tion of {0, . . ., n}, and for each such partition demand that

PIETES (13.2)
&3

Figure 13-2(b) illustrates the idea—all such constraints taken together ensure
that the graph is a single tour. This is hardly a practical formulation for even
moderately large problems, however, since there are 2"*! — 2 nontrivial parti-
tions, each contributing a constraint.

(a)

Figure 13-2 (a) A feasible solution to Eq. 13.1 that is not a
tour. (b) A subtour elimination constraint.

A more concise formulation, due to A.W. Tucker [MTZ], replaces the
subtour elimination constraints in (13.2) by

u,— Uy +nx,;<n—1 I<i#j<n (13.3)

where the u,,i = 1, ..., n, are unrestricted real variables. We next show that
these inequalities not only restrict solutions to be tours, but do not exclude any
tours.

Proposition  The constraints in (13.1) and (13.3) define the TSP.

Proof We first show that every feasible solution is a tour. To see this, we
show that every circuit passes through city 0. Suppose not: Suppose that the
sequence of cities iy, . .., i, is a circuit that excludes city 0. We can write the
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inequalities in (13.3) along the tour as
w,— U, +n<n—1 j=5L...,k—1
w,—w, Fn<n—1
Adding these, we get a contradiction.
To finish the proof, we show that for every legitimate tour, there are values

of u, that satisfy (13.3). In fact, let u, = 0 and u, = 1 if city i is the tth city
visited on the tour, r = I,..., n. If x,; = 0, we have

w—u,<n—1 1<i#j<n

which always holds since the case u, = n and u, = 0 is ruled out because the
arc (i, 0) is in the tour and hence x,, = 1. If x;; = 1, we have
u,—u,+n<n—1

which holds because v, — u, = —1 if i and j are successive cities on the tour
(notice that the case u, = n and u; = 0 is excluded from (13.3)).

This formulation involves the variables x,;, which are constrained to be
integer, and the variables u,, which are not. Such a problem is called a mixed
integer linear programming problem (MILP). ]

Example 13.2 (A General Scheduling Problem)

Scheduling problems form an important class of combinatorial optimization
problems. They are concerned with optimally executing a given set of tasks by
utilizing several processors and other resources, subject to certain constraints,
such as priority constraints of a task over another, deadlines, and so on. The
goal is to minimize some objective function, usually the total processing time—
that is, the time between the beginning of the execution of the first task and the
end of the execution of the last task. For an extensive discussion of scheduling
problems, see [Co]. We shall next define a very general scheduling problem,
which contains most scheduling problems appearing in the literature as special
cases.

We are given a task system § = {J,, ..., J,}. For each task J, in J, we have
its integer processing time t,, and the amount R, of the jth resource it needs,
Jj=1,...,r. There are B, units of the jth resource available at all times, j = I,

.. r. These tasks are to be executed on m processors; a bit a,;, i =1,...,
n, j =1, ..., m,indicates whether or not J, can be executed on the jth processor.

There may be a deadline d, associated with J,; J, must have completed execution
d, time units after the beginning of execution of the first task. Finally, we have a
precedence relation (g, A) (that is, a digraph with no cycles) such that (J,, J)) € 4
means that J, must complete its execution before J, starts its own.

We are going to show how any instance of the scheduling problem defined
above can be formulated as an ILP. The main integer variables will be s, and p,,
i=1,...,n,j=1,...,m;s,is the starting time of J,, (we can assume that the
s/s are integer, and that min {s,} = 0), whereas p,, = 1 if i is executed on
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machine j and zero otherwise. Naturally, we require that

Sp,=1 i=1,...n
i1

Therefore p,; and s, completely specify a solution of the scheduling problem.
Let us now see how to describe the different scheduling constraints in terms of
linear equations and inequalities.

I.

2.

We can have p,, equal to 1 only in cases in which the task J, can be
executed on processor j; thus p,; < a,,j=1,...,mi=1,...,n

No two jobs can be executed simultaneously on the same processor.
We want to express the fact that whenever p,, = p,; = I and job J;
executes before J,, we have s, + 7, < 5,. To do this, let T = 2 T

and let J,, be a nonnegative integer variable which is 1 if s, < s,‘ and
zero otherwise. We can guarantee that J,, has its prespecified meaning
by writing
Si— 8, < 04T 1%k k=1,...,n

S+ Oy =1 i<k, Lk=1,..
Since s, — s, is never equal to or greater than T in an optimal solution,
the inequality above is restrictive only if d,, = 0. So, if d, =0, s,
starts no later than s;, and vice versa. We can now express the con-
straint that two jobs do not execute simultaneously on the same
processor by insisting that
s+t T =5, KT+ (1 — Ou + 2~ py— Py j=1,...,m

i#k, Lk=1,...,n
The above inequality 1s restrictive only if d,, = 1 and p;; = p,, = I;
that is, J, executes before J, on the jth processor. In this case it guaran-
tees that s, + 7, < s,, as it should.
1f (J,, J,) € A, then J, starts executing after the end of J,, independent
of processors. This can be written as
O =1 W,J) e A
s b — 5 <0 J,J) € 4

We can restate the resource constraints by saying that whenever a
job starts, the sum of the resource requirements of the active jobs (all
the jobs which started at the same time or before and have not yet
completed) does not exceed the bounds. To express this by linear
constraints, we first define a new set of nonnegative integer variables
€ ik =1,...,n If J, 1s active when J, starts, €, = 1; otherwise
it is zero.

n

€ < Oue
14 (6 — DT< s, + 17— 51 < (€ + )T
ik, Lk=1,...,n
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The resource constraints are therefore
Ry + g(e,k+e,‘,)R],£B; J=4L....rn k=1L...,n
1)
5. Deadline constraints can be expressed as
s <4 i=1...,n
6. Finally, let f be the finishing time of the schedule; naturally
=5+ i=1,...,n
Our goal is to minimize f subject to all these constraints. Consequently any
instance of our general scheduling problem with n jobs, m machines, r resources,
and | 4| precedence constraints can be expressed as an ILP with n(2n + m — 1)

+ 1 variables and n(n — 1)(m + $) + n(r + m + 3) + 2| 4| equations and
inequalities. [}

Example 13.3 (Nonlinearities)

The constraint x integer is said to be a nonlinear constraint because it cannot
be replaced by linear constraints (however, see the next section). It appears,
furthermore, that it is a fundamental nonlinear constraint, because many
different nonlinear constraints can be expressed in terms of it. We examine here
a few specific examples.

A. Nonlinear Costs The linear cost ¢’x is not always an acceptable first
approximation of the costs occurring in real situations. An important
type of a nonlinear cost is the one with a set-up cost component
defined by

ax + b ifx>0

0 ifx=0
and depicted in Fig. 13-3(a). We can construct an MILP model of
this by bringing in an integer variable §, 1 > 6 > 0. Here Jis 1 iff
x > 0; we can ensure this by adding the constraints

< x < US,
where U is an upper bound on x which we assume to be available.
The cost becomes the linear functional
e(x, 0) = ax + bd

Similar methods can be used in order to find ILP models for
more complicated nonlinearities in the cost function, such as the one
shown in Fig. 13-3(b)—which in most practical situations will be,
no doubt, a piecewise linear approximation of an even more complex
curved cost function. (See Problem 6.)

c(x) = {



Figure 13-3

Dichotomies Suppose that in an application the feasible solutions
must obey the disjunction of two constraints:

x>a or y>b
We can write a portion of MILP which is equivalent to this by

introducing an integer variable &, 1 > § > 0. We now rewrite this
disjunctive constraint as

x> da
y=(01— b
Generalizations are possible to disjunctions of conjunctions of
constraints and disjunctions of more than two constraints. This trick
is especially useful when one is faced with conditional constraints of
the form

ifx>atheny>b
This is, however, equivalent to

x<a or y=>b
and hence the previous method applies.
Discrete Variables Suppose that we have a constraint of the form
X € {§1,.--,5,); in other words x is restricted to assume only a
finite set of values, possibly otherwise unrelated. We can write this
constraint as N

x =850, + 5,0, + -+ + 5,00
where the variables d; obey
5|+62"|‘ +6m:l
9,>0, integer, j=1,...,m. []

313



Example 13.4 (The Satisfiability Problem)

A Boolean variable x is a variable that can assume only the values true and
false. Boolean variables can be combined by the logical connectives or (denoted
here by +), and (shown as multiplication), and not (x stands for not x) to form
Boolean formulas in much the same way that real variables can be combined by
arithmetic operations to form algebraic expressions. For example,

Xy e (x) Xy 4+ x5) (13.4)

is a Boolean formula. Given a value 1(x) for each variable x, we can evaluate
a Boolean formula, just as we would an algebraic expression, by following the
interpretation above. For example, the Boolean formula in (13.4) evaluated at
the set of values (called a truth assignment) 1(x,) = true, t(x,) = true, and 1(x;)
= false gives the value true.

The formula above can be made irue by some truth assignment: Such
Boolean formulas are called satisfiable. Not all formulas are satisfiable; there are
some that cannot be made true by any truth assignment, essentially because they
are encodings of “contradiction.” For example, consider

(xy b xy - Xg) - (X + ®y) - (xp + X)) - (x5 R X)) - (X + X, R X)) (13.5)

For (13.5) to be true, all subformulas within parentheses (called clauses) that
contain literals (that is, variables or negations) must be true. The first clause
says that at least one of the variables must be true. The next three clauses force
all variables to be the same. To see this, suppose that x, is false. Because the
second clause must be made true, x, must be false; finally, from the third clause,
x, must be false too. If a variable assumes any value, the second, third, and fourth
clauses will force the other variables to take the same value. So all variables
must have the same value, and because we know that at least one must be true,
they all must be true. However, the last clause requires that not all of them be
true, and hence Formula 13.5 contains a contradiction. It is unsatisfiable. The
SATISFIABILITY problem is as follows:

Given m clauses C,, ..., C, involving the variables x,,..., x
formula C, - C, ... C,, satisfiable?

is the

w

SATISFIABILITY is a central problem in mathematical logic, and there
has been great interest in devising efficient algorithms for its solution. Of course,
one solution is to try all possible truth assignments to see if one satisfies the
formula. This is not an efficient algorithm, however, since there are 2" truth
assignments to try—we have a binary choice for each variable. To date there is
no known efficient algorithm that solves SATISFIABILITY. It is interesting,
therefore, that SATISFIABILITY can be formulated as an 1LP. The formulation
is immediate if one identifies true with 1 and false with zero. Thus or becomes
ordinary addition, x is expressed as I — x, and we require that for each clause

314
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C we have at least one true literal. In other words,
Yx+ S (0—x)=>1
x€C X€C
For example, the full ILP for the formula in (13.5) would be
Xy A x, 4 x>
X (1 —x)>1
X, (1 —x)>1
xs+(I—x)>1 (13.6)
=x)+(0—x) F(I -x)=1
Xy Xgy X3 <1
X1, Xg, X3 >0, integer
It is easy to see how the satisfiability of (13.5) is captured by the constraints
in (13.6). In general, a formula consisting of many clauses connected by and’s—
a formula in conjunctive normal form, as we say—is satisfiable iff the corre-
sponding ILP has a feasible point. Thus the formulation in (13.6) is not an ILP
in that we do not seek to minimize a linear functional. However, it can be easily
transformed to an equivalent ordinary ILP. For example, in (13.6) we could
replace the first inequality by x, 4- x, + x; > y and maximize y. The formula is
satisfiable iff the optimal value j exists and satisfies § = 1. The ILP of (13.6)
belongs to an important class of ILP’s: Those that admit solutions which are
zero or 1 only. Such ILP’s are called binary linear programs or zero-one linear
programs (ZOLP). The last two rows of the ILP of (13.6) are usually written
x; € {0,1},j=1,...,n The equality x} = x, is a fancier way of saying the
same thing.
The ILP formulation (13.6) of satisfiability illustrates a previous point:
We cannot in general solve ILP’s in an acceptable manner just by rounding the
solution of the corresponding LP. The constraints corresponding to the satis-
fiability problem for any formula in conjunctive normal form with at least two
literals in each clause—a condition easy to guarantee (see Problem 5)—is satisfied
by the fractional values x, = } for all variables x,. Hence a feasible solution to
the LP is always triviaily available; rounding this solution in an acceptable
manner (in fact just deciding whether it can be rounded) is as hard as the satis-
fiability problem itself, which is very hard indeed (see Chapter 15). []

We see, therefore, that ILP is a very general framework, within which many
diverse problems can be formulited. Alas, it is this generality that brings about
its main weakness. After more than two decades of intensive effort there is no
known practical algorithm for solving large ILP’s. Although we describe two
plausible methods for attacking ILP’s in this book, we also point out that exces-
sive time requirements make them practically infeasible for instances of dissap-
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pointingly small size. In Chapter 15, in fact, we shall introduce the notion of
NP-completeness in order to characterize those problems which, like ILP,
appear to be intrinsically difficult exactly because of their generality.

13.2
Total Unimodularity

Recall that in the max-flow and weighted bipartite matching problems, for exam-
ple, solutions to the linear program without special integer constraints were,
nevertheless, always integer. It is natural to ask what is at the root of our good
fortune in such cases, so that we can take full advantage of such a mecha-
nism. To answer this question, we first need the following definition of a central
concept.

Definition 13.1

A square, integer matrix B is called unimodular (UM) if its determinant
det (B) = +1. An integer matrix A is called fotally unimodular (TUM) if
every square, nonsingular submatrix of 4 is UM. []]

If B is formed from a subset of m linearly independent columns of 4, it
determines the basic solution
Blp
det (B)
where B*/ is the adjoint of B, and so if B is UM and b is integer (which we
always assume), x is integer. If we define the polytope
Ry (A)={x:Ax=b, x>0}

to be the usual feasible set for the standard form LP, we have proved the
following theorem.

x=B"'b=

Theorem 13.1 If A is TUM, then all the vertices of R,(A) are integer for any
integer vector b.

Thus a standard form LP with TUM matrix will always lead to an integer
optimum when solved by the simplex algorithm.
When an LP is formulated with inequality constraints, the same result
holds. Let the corresponding polytope be
Ry(A) = {x: Ax < b, x>0}

Then we have the next theorem.
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Theorem 13.2 If A is TUM, then all the vertices of R,(A) are integer for any
integer vector b.

Proof This amounts to showing that if 4 is TUM, so is (4|7), for then
we can add slack variables and apply Theorem 13.1. Let C be a square, nonsin-
gular submatrix of (4| 7). The rows of C can be permuted so that it can be written

~(F)

where I, is an identity matrix of size k and B is a square submatrix of 4, possibly
with its rows permuted. Therefore

det (C) = det (B) = +1
because 4 is TUM and C is nonsingular. (|

We shall now show that the cases we have observed in previous chapters
where integer solutions were automatic were in fact cases where the constraint
matrix was TUM. The convenient sufficient (but not necessary) condition is
given by Theorem 13.3.

Theorem 13.3  An integer matrix A witha,; = 0, +1 is TUM if no more than two
nonzero entries appear in any column, and if the rows of A can be partitioned into
two sets I, and I, such that:

1. If a column has two entries of the same sign, their rows are in different
sets;

2. If a column has two entries of different signs, their rows are in the same
set.

Proof The proof is by induction on the size of submatrices. For the basis,
we need only observe that any submatrix of one element is TUM. Let C be any
submatrix of size k. If C has a column of all zeros, it is singular. If C has a
column with one nonzero entry, we can expand its determinant along that
column, and the result follows from the induction hypothesis.

The last case occurs when C has two nonzero entries in every column.
Then Conditions 1 and 2 of the theorem imply that

s
Y a,= 2 a,  foreveryj
€ly

l&an

That is, a linear combination of rows is zero, and hence det (C) = 0. [}

We then have the desired result.
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Corollary Any LP in standard or canonical form whose constraint matrix A is
either

1. The node-arc incidence matrix of a directed graph, or

2. The node-edge incidence matrix of an undirected bipartite graph,
has only integer optimal vertices. This includes the LP formulations of shortest
path, max-flow, the Hitchcock problem, and weighted bipartite matching.

Proof The matrices in Case 1 satisfy the condition of Theorem 13.3 with
I, = @ ; those in Case 2 with I; = U and I, = V, where the bipartite graph is
B=(V,U,E). O

1t is also true that the converse of Theorem 13.2 (but not 13.1) holds: If
all the vertices of R,(A) are integer for any integer b, then 4 must be TUM
(see Problems 1 and 2). In some sense, therefore, we have discovered why certain
LP’s lead to optimal basic solutions which are automatically integer while others
do not. In the latter cases we are forced to look beyond the simplex algorithm
for solutions to the corresponding ILP’s.

13.3
Upper Bounds for Solutions of ILP's

We showed in Lemma 2.1 that any bfs of an LP is bounded in absolute value
by an upper bound depending on the dimensions of the LP and the size of the
integers appearing in it. There is sound geometric intuition behind this result.
What it really says is that the faces of the polytope cannot be extended for “too
long” to create “big” bfs’s, unless huge integers are involved to create very
small angles (see Fig. 13-4(a)). A similar argument seems to be valid for ILP.
1t is very difficult for the feasible region to avoid all integer points except for

X2 X2
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F o o o o o
- - e . . . .
- o o o o o
- - e o % e o e
- e o o o o
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xy A
() (b)

Figure 13-4
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a very large one, unless again extremely small angles and huge coefficients are
employed (Fig. 13-4(b)). In this section we give a formal argument to this effect.
We consider the ILP with constraints

Ax =b
x>0, integer (13.7)
where 4 is an m X n integer matrix and b is an integer m-vector. Let a, = max
layl} a, = max {b,).
The following is a very intuitive geometric fact. Consider three directions
on the plane (Fig. 13-5). Then exactly one of the following is true.
1. The directions belong to the same half-plane (Fig. 13-5(a)).

2. The directions can be the directions of three balanced forces (that is,
there are three nonnegative multipliers, not all zero, that annul them).

vy vr

(a) (b)
Figure 13-5
We next prove a multi-dimensional, finite-precision generalization of this fact,

which can be considered as a finite-precision version of Farkas’ lemma (Sec.
3.3).

Lemma 13.1 Letv,, v,, ..., v, be k> 0 vectors in {0, +1, +2,..., +a,}",
and let M, = (ma,)"*'. Then the following statements are equivalent.

(@) Thereexistkreals By, ..., Bx > 0,notall zero, such that j};‘l B, =0.

(b) There exist k integers 0 < B, , ..., Bx < M,, not all zero, such that
/}i B, =0.

(¢) There is no vector h € R™ such that p, = h'v, >0 forj=1,..., k.

(d) There is no vector h € {0, -1, +2, ..., £M}" such that h'v; > 1
forj=1,...,k.
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Proof (a)=> (b) This follows directly from Lemma 2.1 and Theorem 2.1.
(b) = (c) Suppose that (b) holds, and yet a vector h satisfying the
conditions of (c) still exists. Then we have

0="H 15; B,

K
= /§=:1 Bp,>0
which is absurd.
(c) => (d) This is trivial.
(d) = (a) Suppose that (d) holds, and consider the linear program
min &0 (13.8)
Ko, >1, j=1,...,k
If this LP has a feasible solution, then, by Cramer’s rule, it has a rational
feasible solution with numerators of absolute value bounded by M, and a
common denominator D suchthat 1 << D < M,.If g is the vector of the numera-
tors, then g satisfies g € {0, &1, ..., +M}", gv,>=D=>1forj=1,...,k
and (d) is violated. So, assume that the LP in (13.8) above is infeasible. Then
the dual LP

k.
max ,};\ B,
k.
}; Bp;=0
=4

B,=0

is unbounded (because it is feasible, with all 8;’s zero). Hence it has a strictly
positive solution—one with not all the #,’s zero—and therefore (a) holds. []

We can now show the main result of this section.

‘Theorem 13.4 If the ILP of (13.7) has a feasible solution, then it has a feasible
solution x € {0, 1, ..., M,}", where M, = n(ma,)**3(1 + a,).

Proof Consider the smallest (in terms of sum of components) feasible
solution x of (13.7). If all components of x are smaller than or equal to M,
= (ma,)**!, then we are done, since M, < M,. Otherwise, let us assume,
without loss of generality, that the components of x that are larger than M, are
the first k ones. Let v,,v,,..., v, be the corresponding columns of 4. We
distinguish between two cases:

Case 7 There exist integers B,, ..., B, between zero and M,, not all

k.
zero, such that E B, = 0. In this case we immediately have that the vector
~
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X =(x; — B, X2 — Baserer Xk — Bio Xpew1>- - > X,) is also a solution of
(13.7) and, in fact, one with sum of components smaller than that of x, a
contradiction.

Case 2 There are no such integers f,, . .., ;. By Lemma 13.1, there is
a vector h € {0, +1,..., - M,}" such that A'v;>1 for j=1,..., k. Let
us premultiply the equation Ax = b by k. We obtain
k. n
; hvx,=hb— j;:;n h'vx,

Thus
L3 k. n
,; x, < ,Z:( hvx; =hb— j;ﬂhv,x,

The right-hand side is bounded from above by ma, M, + (n — kYyma,M} < M,,
and hence no component of x can be larger than M,. O

Corollary If the ILP
Ax<b

x>0, integer

has a feasible solution, then it has one with components bounded by (n + m)
(ma,)**3(1 + a,).

Proof Reduce this ILP to the form of (13.7) by using slack variables, and
then apply the theorem. O

So far we have been ignoring the cost component of the ILP’s. Let us
therefore consider the ILP
min ¢'x
Ax=b (13.9)
x>0, integer
and its linear programming “relaxation”
min ¢’x
Ax =b (13.10)
x>0

Lemma 13.2 If (13.10) is unbounded and (13.9) has a feasible solution, then
(13.9) is also unbounded.

Proof Let x be a feasible solution of (13.9). Obviously, x is a feasible
solution of (13.10). Since (13.10) is unbounded, we know (see Problem 17 in
Chapter 2) that there is a rational vector o such that
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(@ ca<0;
(b) x + ka is feasible in (13.10) for all k > 0.
Let P be the product of the denominators of the components of . Then the

points {x 4 jPa:j=1,2,...} are integer, feasible, and have cost that is
unbounded from below. O

Theorem 13.5 Suppose that the ILP in (13.9) has a finite optimal feasible solution
% Then |¢2|< M, 3 ¢,
I=

Proof The value ¢'% is bounded from above by the value of the objective
function at the feasible solution % of bounded size guaranteed by Theorem 13.4.
Hence

< c'x
and consequently

'x< MZIZ‘ le]

‘We now need to bound ¢’£ from below. Such a lower bound is the optimum of
the LP in (13.10). And we know that (13.10) has a bounded minimum, because
otherwise the ILP in (13.9) would be unbounded by Lemma 13.2. Suppose that
the minimum of (13.10) is some bfs ¥. The components of ¥ are bounded in
absolute value by m!a? (Lemma 2.1); hence

R c® > —mlap 3 1ol = —M, 3 1)l
= =
Because —M, 2 le,| <2< M, Eﬂ |¢,, we conclude that
J=1 Jj=1

2] < My 3 leyl ]

Let a, = max ({a,, a,} U {l¢,|:j=1,...,n}.

Corollary If the ILP in (13.9) has a finite optimum, then it has an optimal
solution x such that |x,;| < n3[(m + )a,}*'? = M, j=1,...,n

Proof Let d be the value of the optimum of (13.9). Then any optimal
feasible solution x satisfies

x> d
—c'x > —d
Ax> b

x> 0, integer.
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Hence the corollary to Theorem 13.4 applies, with m replaced by m + 2, a,
by a,, and a, by max (a,, d). It follows that, for all j,

|x,| < M. O

The important feature of the bounds we proved above is that their logarithms
are polynomial in the size of the input. Recall that the size of an LP—or of
an ILP for that matter—can be taken to be L = mn 4- log | P|, where P is the
product of the nonzero entries of 4, b, and ¢. Hence a, < | P|, and therefore
log a;, mn < L. Consequently,

log M; = 3logn -+ (4m -+ 12)[log (m -+ 2) -I- log a,] = O(L?)

We shall use this fact in order to prove that ILP and ZOLP are polynomially
equivalent problems; that is, there is a polynomial-time algorithm for one iff
there is one for the other.

Theorem 13.6 There is a polynomial-time algorithm for ILP iff there is a poly-
nomial-time algorithm for ZOLP.

Proof 1f we have a polynomial-time algorithm for ILP, then we can cer-
tainly solve the special case of ZOLP in polynomial time.

For the other direction, suppose that we have a polynomial-time algorithm
for ZOLP. We shall show how to rewrite every ILP as an equivalent ZOLP.
Let / = [log M,], as defined in Theorem 13.5. Because we know that we are
interested in integers between 0 and M,, we can replace each variable x; by

2,: x;,2', where x;; are now 0-1 variables. Any such solution of the ILP has a
=

unique representation as a binary integer with up to / binary digits, and hence it
uniquely corresponds to a set of x,’s. Thus the original ILP is equivalent to the
resulting ZOLP. Furthermore, if L is the size of the original ILP, it is easy to see
that the size of the ZOLP is O(2L) = O(L%). The theorem follows. O

We shall soon see, however, that neither problem has good chances of being
solvable by a polynomial algorithm.

PROBLEMS

*1. Show by counterexample that the converse of Theorem 13.1 is false.
*2. [VD] Prove the converse of Theorem 13.2.

3. [VD] Show that if any one of the matrices A, AT, —A, (4| A), or (4| I) is TUM,
then so are all the others.
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*4. Show that if there is a polynomial-time algorithm for ILP, then there is a polyno-
mial-time algorithm for mixed-ILP. (Hint: See Subsec. 8.7.1.)

5. Show that any instance of SATISFIABILITY can be transformed in polynomial
time into an equivalent instance in which all clauses have more than one literal.

6. Generalize A of Example 13.3 by showing how to use integer variables to for-
mulate the objective function of Fig. 13-3(b).

7. Show that we are justified in leaving out the case i = 0 in Eq. 13.1(b).
Show that the constraint matrix of the min-cost flow problem is TUM.
9. Consider the integer linear program
max ¢’x
Ax < b
x>0, integer

where A, b, and ¢ are all composed of positive integers. Let LP be the linear
program obtained by relaxing the int that x be integer. Call the solution
to ILP xo and the solution to LP x;. Show that in ILP | x, | is feasible, and that
its cost can be no farther from optimal than
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A Cutting-Plane Algorithm for
Integer Linear Programs

141
Gomory Cuts

We have seen that certain ILP’s, those corresponding to totally unimodular
constraint matrices, are really no more difficult to solve than the corresponding
LP’s. In such problems an optimal basic feasible solution to the corresponding
LP is guaranteed to be integer. What do we do, however, when no such conve-
nient property holds? There is, unfortunately, no simple answer to this question.
The general ILP, as we shall see later on, seems to be inherently difficult, and a
wide variety of algorithms have been developed for it. Some such algorithms are
especially effective on certain classes of integer programs, but it is safe to say
that no general algorithm is known that is practical for large problems (say
a few dozen constraints and variables), whereas the solution of LP’s of this
size by the simplex algorithm is routine.

General algorithms for ILP fall into two categories (which overlap to some
extent): the cutting-plane algorithms, which are derived from the simplex
algorithm, and enumerative algorithms, which are based on intelligent enumera-
tion of all possible solutions. This chapter is devoted to a description of a simple
cutting-plane algorithm, which belongs to a class of methods that are useful on
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problems of modest size and are interesting from a theoretical point of view as
well.

To fix our notation, we shall consider the ILP in standard form
min ¢'x
Ax=b (14.1)
x>0, integer
where 4, b, and ¢ are integer. We shall call the LP without integer constraints
min ¢'x
Ax = (14.2)
x>0
the relaxation of the ILP in Eq. 14.1.

Suppose we solve the relaxation of an ILP, by a simplex algorithm, for
example, to obtain a basic feasible solution x*. In general, of course, x* is not
integer. But it is natural to try to obtain a solution to the original ILP by
rounding off the coordinates of x* to the nearest integers. Figure 14-1 shows
why this does not work: There may, in fact, be no feasible point near x* at all.
The reader should have no trouble constructing such two-dimensional examples
in which the continuous and discrete optima are arbitrarily far apart in planar
distance and in cost.

We note here two simple but useful facts: If the continuous optimum x*,
the solution to LP, is integer, then it solves the corresponding ILP. Second, the

*2

%ecreuslug
° cost

o
o o o o o
x*, LP solution

X1
Rounded x*

Figure 14-1 A hypothetical ILP with optimum x° and its relaxa-
tion with optimum x*.
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cost of the continuous optimum, ¢(x*), is a lower bound on the cost of the
discrete optimum, ¢(x°).

We now come to the main idea of cutting-plane algorithms. If we add a
constraint to an ILP that does not exclude integer feasible points, then the solution
is unchanged. Our strategy will be to add such linear constraints to an ILP, one
at a time, until the solution to the LP relaxation is integer. Because we have
excluded no integer feasible points, this final solution to the relaxed ILP with
added constraints will solve the original ILP. This process is illustrated in Fig.
14-2. Figure 14-2(a) shows the original ILP and the continuous optimum x*.

Decreasing cost

(b) (<)

Figure 14-2 lllustration of a cutting-plane algorithm. (a) The
continuous optimum x*. (b) The new x* after one cut. (¢) The
solution of the original ILP after two cuts.

A linear constraint that does not exclude any integer feasible points, called a
cutting-plane (or simply a cut), is added in Fig. 14-2(b). This has the effect of
lopping off part of the feasible set, but no integer points are lost. The new con-
tinuous optimum moves as indicated. Figure 14-2(c) shows the result of adding
another cutting plane; the effect this time is to make the continuous optimum
integer, and this point solves the original ILP.

We next describe an algebraic method for generating cuts due to R. E.
Gomory [Gol}. Suppose we are given an instance of ILP and begin by solving
the relaxation LP with a primal simplex algorithm, producing an optimal
continuous basic feasible solution x associated with basis ®. A typical equation
in the final tableau is

X + 2 Vi) = Yo (14.3)
Tl
for some 7,0 < i< m. (We can take x,, = —z, where z is the cost.) It is

convenient to introduce the following notation.
Definition 14.1

Given a real number y, | y | (called the integer part of y) is defined to be the
largest integer g such that ¢ << y. [}



Example 14.1
127] =2
|—8.1]=—9
[oj=0 [
The variable x in Eq. 14.3 is constrained to be nonnegative, so
r;: Lyulx, < ]:z.; YuXy (14.4)
Therefore Eq. 14.3 becomes
Xpo +- J;, Lyule; < i (14.5)

In ILP, the problem we are trying to solve, x is constrained to be integer, and so
the left-hand side of Eq. 14.5 is integer. The right-hand side can therefore be
replaced by its integer part without disturbing the relation, yielding

Xg) + ];”LYUJXI < [yl (14.6)
Subtracting Eq. 14.6 from Eq. 14.3 gives
”ZB(}’U = ubx; =y — el (14.7
Let
Ju=yy— L}’:]J i=0,...,m (14.8)
The number f;, is called the fractional part of y,, and satisfies
0<fy <1 (14.9)

Finally we get the constraint
PRI (14.10)

called the Gomory cut corresponding to the source or generating row i.

Our plan is to add the Gomory cut in (14.10) to our tableau. To keep a
basic solution, we multiply Eq. 14.10 by —1 and add the slack variable s,
yielding

—I};B/,,x,—kx: —f0 (14.11)

The following summarizes the effect of adding the cut in (14.11) to an optimal
tableau.

Lemma 14.1 If the cut in (14.11) is added to an optimal tableau of an LP, no
integer feasible points are excluded, and the new tableau is basic, primal infeasible
if y.o is not integer, and dual feasible.

Proof That Eq. 14.11 excludes no integer feasible points follows from the
fact that the cut is implied by the integer constraints of the original ILP. The
new slack variable s is a new basic variable and forms a new basis when added
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to the optimal basis ®. When y,, is not integer, f,, > 0 and therefore the basic
solution includes

5=~/

which shows it to be primal infeasible. It remains dual feasible because the
zeroth row is not changed. (]

It should now be clear how to proceed. Given a tableau with a basic solution
which is primal infeasible and dual feasible, it is most natural to apply the dual
simplex algorithm described in Sec. 3.6. One or more pivots will either bring us
to a new continuous optimum or tell us that the primal is infeasible. This last
possibility must mean that the original ILP had no integer feasible points.
Figure 14.3 shows a sketch of the overall algorithm, which is usually called a

procedure fractional dual
begin
solve the relaxation of ILP, obtaining optimal solution x*;
feasible: =“yes”;
while x* is not integer and feasible="yes” do
begin
choose a source row i;
add the generated Gomory cut and a
corresponding basic variable s;
apply the dual simplex algorithm;
if dual is unbounded then feasible := “no”;
let x* be the new optimum
end
end

Figure 14-3 A fractional dual algorithm for ILP.
fractional dual algorithm, because the tableaux involved have fractional entries

and dual feasibility is maintained. We can now work through a complete
example.

Example 14.2

Consider the ILP

max x, (14.12)

3%, 4+ 2%, <6 (14.13)
—3x, +2x, <0 (14.14)
x >0, integer (14.15)

Figure 14-4 shows the constraints in the x,~x, plane. The problem has been
chosen to be very simple, with an integer optimum at x = (1, 1). Adding slack
variables x; and x,, we get the standard form tableau for the relaxation of the
problem:



x, JT o o o
max x,
2 (o) o] o]
First optimum
1 o o o
0g -O
0 1 2 3
Xy
Figure 14-4 Solution to the relaxed ILP in
Example 14 2.
x1 X2 X3 X4
—z= 0 0 —1 010
(14.16)
X3 = 6 3 2 1 0
X4 = 0 -3 2 0 1
The optimal tableau is obtained after two pivots:
—z= |3 100} i
—— (14.17)
xi= 111 o b |~
xa= [ 3|0} 1] 4 ]
corresponding to x = (1, ) and a cost z = —x, = —3, as shown in Fig. 14-4.

Because the solution to the relaxed problem is not integer, we generate cuts.
The zeroth equation is

—z 43Xy - dxe = 3 (14.18)
which yields the cut A
Yoy b dxg >} (14.19)
Substituting for x; and x, from the constraints in Tableau 14.16, this is seen to
be equivalent to
x, < 1 (14.20)
which is shown in Fig. 14-5 as the first cut.
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max x,

(o} (o}
First optimum
First cut
z O o

Third optimum

Second cut

0 1 2

Figure 14-5 Solution of the ILP by two cuts.
Had we chosen the first or second row as source row, we would have
obtained for our cut
dxy +3x, =20 (14.21)

or

o+ x>} (14.22)
respectively. The first of these is equivalent to

—2x,+2x,< 1 (14.23)

and the second is the same as the one obtained above from the zeroth row.
Choosing Row 0 as the source row, we add the equation

—3xs — x5 = —4 (14.24)
to Tableau 14.17, yielding
Xy X2 X3 Xa 1
—z= 3 0 0 Py 1 0
= 1l1lo | 1] -4|o0 (14.25)
x2 = 301 @ il o
si=| —4] 0o -1 1

Executing the indicated dual pivot, we obtain the second optimal tableau:
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o

m=|3|1lo]o]| 1| 3 (14.26)
X2 = 1 0 1 [ 0 1
X3 = 2 0 0 1 1 —4

with the corresponding second optimum x = (}, 1), still not integer.
The zeroth row is integer and so generates a trivial cut. The first row
generates the cut

3x,+ 35, >% (14.27)
which is equivalent to
X =X, (14.28)
Adding the corresponding row
—3xy — s, 45, = —% (14.29)

to Tableau 14.26 and reoptimizing with the dual simplex algorithm, we arrive
at the final optimal tableau

Xy X2 X3 X4 51 52
—z 1{ofofo]o 1 0
xi=|1|1]0o]o]o 1] -4 (14.30)
x2=| 1|0 ]1]0]o0 1 0
xs=|1]|0ofo|1]o|-5 3
xe=|1]0 0o |01 1| -3

corresponding to the solutionx = (1, 1), as shown in Fig. 14-5. [}

We now need to consider the finiteness of this procedure: How do we know
that this procedure terminates with an integer solution after a finite number of
steps? First, however, we shall study a method for dealing with degeneracy
that is very important in the analysis of many simplex-based ILP algorithms.

14.2
Lexicography

Bland’s method for ensuring finiteness of the simplex algorithm (see Sec. 2.7)
is a relatively late development in the history of linear programming. The
classical method is based on lexicographic ordering of vectors in the tableau,
for which we now need a definition.
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A nonzero vector v € R"issaid to be lexicographically positive (lex-positive,
for short) if its first nonzero component is greater than zero. If » = 0, we say
itis lex-zero, and v is said to be lex-negative if —v is lex-positive. We write these
conditions as

respectively.
L
A vector v € R" is said to be lex-greater-than w € R" (written v > w) if
and only if v — w is lex-positive; similar definitions can be made for lex-less-than
and lex-equal. The terms lex-min and lex-max also are defined in the obvious
ways. []

Example 14.3
col© 0 1 0)>col(® 0 0 2)
ol 3 1 2)Zcol(l 2 4 8) [
Example 14.4

Assign the numbers 1,2, 3, ... to the letters a, b, ¢, . . ., and assign 0 to
an absent letter. Code a word as a vector in Z”, where n is some number larger
than the length of any word. Then lexicographic ordering of the code vectors
for words corresponds exactly to the ordering of words used in a dictionary.
For example,

bad—>col(2 1 4 0 0 0 ...)
and
good —>col(7 15 15 4 0 0 0 ..)
so that in our code
bad é good
Notice also that

bad < bade [

The idea is to break ties in the simplex algorithm by using the lexicographic
criterion. Thus, in the primal simplex algorithm, when we come to choose a row
by
‘1'.0] (14.31)

U such that [“u
>0
we resolve ties by using the criterion
lex-min [ﬂ] (14.32)

¢ such that L.
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where as usual g, is the vector of numbers in the jth row of the tableau. This is
equivalent to Eq. 14.31 when no ties occur, since in that case the first component
of a,, a,y, will determine the choice of pivot row. When there is a tie, however,
Eq. 14.32 will base the decision on the first component for which ties do not
occur.

Example 14.5

In the section of tableau shown below,

we have

—%‘::col({, L 4 3 ..

G
ar=cll 110, 1, )

S—colh Loy b2

ass

so the lex-min operation in Eq. 14.32 resolves the tie between Row 1 and Row
3 by choosing Row 3. (]}

Notice that in an LP, the lex-min choice will be unique, because no two rows
will be proportional. (Why not?)

The main application to LP can be stated as the following theorem, which
provides an alternative to Bland’s anticycling rules.

Theorem 14.1 (Lexicographic Anticycling Rules for Primal Simplex) Let us
begin the primal simplex algorithm with all the rows after the cost row lex-positive:
L
a, >0 i=1...,m
Then the following pivoting rules imply that these rows stay lex-positive, that Row
zero strictly lex-increases (written a, 1L), and that the primal simplex algorithm
terminates after a finite number of pivots:
(a) Choose any column s such that a,, < 0.
(b) Choose row i = r by
fex-min £+ (14.33)

i such that L@ s,
>0
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Proof We first check that the a,, i =1, ..., m, remain lex-positive after
pivoting. The rth row becomes

4 = 9
" ai:
L L
with a,, > 0,s0 4, > 0if a, > 0. When i % r and a,, > 0, we have

~ a,a
4, =a,—
a,

L
= a,,]:ﬂ — &] >0
A, 4,y
by the lexicographic choice. Finally, when i % r and a,, < 0, we have
— g, %4,
4, =a, a,
= q, 4 laula:
‘T a,
L L
>a,>0
so the a, in fact stay lex-positive after each pivot.
The effect on a, of a pivot is

a,,aq,
4, = a, — J0:%
o 0 a

s

a, -+ Laula

i

rs
L
>a,
L . .
since a,, < 0 and a, > 0 by assumption. Therefore the zeroth row strictly
increases lexicographically and hence can never return to a previous value

during pivoting. The zeroth row is determined completely by the basis, however,
so the fact that

a, 1L

implies that no basis can ever be repeated. This in turn implies that the simplex
algorithm terminates after a finite number of pivots. O

Of course, we can expect an analogous result for the dual simplex algorithm,
because it is really a primal simplex in disguise (see Section 3.7).

Theorem 14.2 (Lexicographic Anticycling Rules for Dual Simplex) Let us
begin the dual simplex algorithm with all the columns after the zeroth column lex-
positive:
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Then the following pivoting rules imply that these columns stay lex-positive, that
Column zero strictly lex-decreases

Ao lL,
and that the dual simplex algorithm terminates after a finite number of pivots:
(a) Choose any row r such that a,, < 0.
(b) Choose column j = s by
lex-max [;‘—'] (14.34)

Jsuch that
ary<0

Proof The proof of this is left as an exercise; it uses the same techniques
as the proof of Theorem 14.1 (see Problem 8). [7]

We also ask the reader to explain how to begin the primal algorithm with
lex-positive rows, to explain how to begin the dual algorithm with lex-positive
columns, and to show that the rule in (14.34) yields a unique result (sce Problems
9 and 10).

14.3
Finiteness of the Fractional
Dual Algorithm [Go1, Go2]

The lexicographic method guarantees the finiteness of the fractional dual
algorithm, as well as the ordinary simplex algorithm. We state this in the form
of a theorem.

Theorem 14.3 Make the following choices in the fractional dual algorithm for
ILP (see Fig. 14-3):

(a) Choose the source row to be the first row with a noninteger a,,.

(b) Use the lexicographic version of the dual simplex algorithm.
Then, assuming that the original problem has an upper bound on the cost z of a
feasible solution, the algorithm terminates with an integer solution in a finite

number of steps or finds that there is no feasible integer solution to the original
problem.

Proof [Gol, Go2] Call the main loop in Fig. 14-3 a re-optimization and
call the tableau after the /th re-optimization 4, with corresponding columns A).
The algorithm then produces a sequence of zeroth columns that are monoton-
ically lex-decreasing, because rows are always added to the bottom of the
tableau:

L L L
AV > A > A3 > - (14.35)



We have assumed that the first component a,, = —z is bounded from below,
so the sequence a,, converges to some number, say wy,, which can be written
Woo = [Wool + foo (14.36)

After some finite number of re-optimizations, a, falls below [wg,| + 1, and
for some | = k, we can write

aty = [weol + S0 (14.37)
By Rule (a), the next source row is Row 0, and the cut
—fb = —-I‘Emfé‘m +5 (14.38)

is added to the tableau. We then pivot using the dual simplex algorithm, choosing
column p, say, to enter the basis. After this pivot we obtain

asit = at, —7"% % (14.39)
Now at an optimal tableau of the dual simplex algorithm,
at, >0 (14.40)
and therefore it is larger than its fractional part
at, > f%, (14.41)
Equation 14.39 then tells us that
as' < aby — fho = |abo] = [wool (14.42)

Because the sequence ab, converges to wy,, this shows that from this point on
aby = | Wy, an integer.

The vectors A% are lex-decreasing, and we have shown that after some point
the first component becomes fixed (at an integer), so it must be that the second
component is monotonically nonincreasing. It is bounded from below by zero,
for otherwise the dual simplex algorithm would have failed. The argument above
can then be repeated for a},. We need to show however that the element

at, >0 (14.43)

so that the steps following Eq. 14.40 still go through. This follows because af,
must remain fixed, which implies that a§, = 0, which in turn implies Eq. 14.43

because A% ; 0. Hence a), becomes integer after a finite number of steps.
We can continue in this way down Column 0, showing that all components
eventually reach integer values, at which point the algorithm terminates. The
only other possible termination occurs when the dual simplex algorithm finds
that the dual is unbounded, and hence that the original ILP is infeasible. )

It is usual to avoid accumulating an indefinite number of rows and columns
in the fractional dual method by dropping the slack variable s, associated with
a Gomory cut if such a variable should enter the basis at any point in the
algorithm. This means that the number of rows never exceeds n, the number of
original variables, so that the number of cuts in use at any one time is no more



than n — m. This refinement does not affect the proof of finiteness (see Problem
4). In fact, with this modification it is not hard to establish an exponential bound
on the number of iterations taken by the algorithm (see Problem 11).

14.4
Other Cutting-Plane Algorithms

The fractional dual algorithm has two main problems associated with it: one
because it is fractional, another because it is dual. Dealing with these problems
has led to other classes of algorithms, which we now discuss briefly. (See Notes
and References.)

The fact that the fractional dual algorithm necessitates dividing one integer
by another means that an implementation in a digital computer will in general
store tableau entries to only a finite precision (recall the discussion accompanying
the ellipsoid algorithm, Subsec 8.7.4). If 1 is divided by 3, the result is stored as
a binary number to some finite number of bits; if that is then multiplied by 3,
we do not return to the value 1. (The reader can try this on a pocket calculator;
we get 0.9999999.) This effect accumulates from stage to stage, with the result
that it may become difficult to decide whether a given entry is or is not an
integer, a distinction which is necessary for the generation of cuts. Hence all-
integer algorithms have been developed that ensure that pivot elements always
have the value one.

The fractional dual algorithm is after all a dual algorithm and does not
produce a primal feasible solution until it reaches optimality. This would ordi-
narily not be a problem, but it is an unfortunate fact that algorithms for ILP
are frequently terminated before optimality has been reached, because it is
difficult to predict their running times and because their running times may vary
tremendously with the problem data. When this happens in a dual algorithm, we
are in the embarrassing position of having invested a certain amount of computer
time with no useful result; we have neither an integer nor a feasible solution to
our original problem. A cutting-plane algorithm that maintains suboptimal
solutions that are both integer and feasible in the original constraints would,
on the other hand, enable the user to use the result of a premature termination.
Such algorithms have in fact been developed and are generally called primal
integer cutting-plane algorithms.

s

PROBLEMS

1. Show that the cutting-plane solution described for Example 14.2 violates the rules
for the lexicographic dual algorithm given later in Theorem 14.3. Rework the
problem, adhering to the lexicographic rules. Express new cuts in terms of the
original variables x; and x,.
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3.
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Suppose an integer linear program is formulated by adding slack variables to
min ¢’x
Ax<b
x>0, integer
where 4, b, and ¢ are integer. Call x the original variables. Let s be the slack
variable corresponding to a Gomory cut at any point in the cutting-plane al-

gorithm. Prove that s can be expressed as a linear combination with integer
coefficients of the original variables, plus an integer constant.

Show that any element in the /th optimal noninteger tableau A* of the cutting-
plane algorithm can be written as L/D, where L is an integer and D is the deter-
minant of the corresponding optimal basis.

Extend the finiteness proof of the fractional dual method to the case where the
row and column corresponding to slack variable s are dropped whenever s enters
the basis.

Describe how the fractional dual cutting-plane algorithm can detect and dis-
tinguish between the cases when the relaxation is unbounded, and the integer
program is either unbounded or infeasible. (When the rel ion is unbounded
the integer problem cannot have a finite optimum, as shown in Lemma 13.2.)

Show that the assumption in Theorem 14.3, that the cost z of a feasible solution
has an upper bound, is not restrictive. (Hinr: Recall Theorem 2.2.)

Prove the following properties of the lexicographic ordering relation.

L L L
(@ x<yandy<z=>x<z

L L
(b) x<y=>"1(y <x)

L

© T <x

L L L
d) x<yandz<w=x+z<y-+w
Prove Theorem 14.2: the lexicographic dual simplex algorithm is finite.

Show how to begin the lexicographic algorithms with lex-positive rows or
columns.

Explain how the lex-max choices in the operation of the dual lexicographic
simplex algorithm can be made unique.

Show that the fractional dual cutting-plane algorithm, dropping slacks cor-
responding to cuts should they become basic, takes no more than an exponential

number of iterations. (By exponential here we mean 2}, where p(L) is a polyno-
mial in the input length.)
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NP-Complete Problems

15.1
Introduction

Our main objective in the previous chapters has been the development of efficient
algorithms for the solution of combinatorial optimization problems of various
sorts. In Chapter 8, in fact, we accepted the thesis that it is reasonable by
“efficient algolithm” to understand “an algorithm requiring a number of steps
that grows as a polynomial in the size of the input.” So far, we have witnessed the
main successes of research in the area of combinatorial optimization algorithms:
We have developed efficient (in our technical sense) algorithms that solve such
involved problems as weighted matching, matroid intersection, and LP. The
time has now come to meet the most prominent failures of this approach; prob-
lems, that is, for which no efficient algorithm is known. In doing so, we shall
develop a beautiful theory that unifies these failures into a deep mathematical
conjecture.

The principal result of this investigation is the notion of an NP-complete
problem. Intuitively, an NP-complete problem is a computational problem that
is as hard as any reasonable problem, all these concepts subject to a precise
formulation. The traveling salesman problem (TSP), which has haunted two
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generations of mathematicians with its stubborn resistance to all kinds of attacks,
will be shown to be an NP-complete problem. So will such hard nuts as integer
linear programming (ILP), the satisfiability problem, three-matroid intersection,
and a host of other well-known, difficult computational problems, many of
them of optimizational flavor. This class of NP-complete problems has the fol-
lowing very interesting properties.

1. No NP-complete problem can be solved by any known polynomial
algorithm (and this is despite persistent efforts by many brilliant
researchers for many decades).

2. Ifthereis a polynomial algorithm for any NP-complete problem, then
there are polynomial algorithms for all NP-complete problems.

Based on these two facts, many people have conjectured that there can be
no polynomial algorithm for any NP-complete problem; however, nobody has
been able to prove this. In fact, it is now believed that the proof of this conjecture
will not come about without the development of entirely new mathematical
techniques.

The practical significance of the notion of an NP-complete problem lies
exactly in the widespread belief that such problems are inherently intractable
from the computational point of view; that they are not susceptible to efficient
algorithmic solution; and that any algorithm that correctly solves an NP-
complete problem will require in worst case an exponential amount of time, and
hence will be impractical for all but very small instances. So, a researcher who
faces a new combinatorial optimization problem and cannot find an efficient
algorithm for it now has the option of trying to prove that the problem at hand
is NP-complete. Of course, in most cases this will not be nearly as exciting as
finding an efficient algorithm. Nevertheless, this approach has certain definite
merits. First, it will save the researcher in question—and most probably some of
his or her colleagues—from further futile efforts to solve this problem algorithm-
ically. Moreover, once a problem is known to be NP-complete, one is generally
willing to settle for goals that are less ambitious than developing an algorithm
that always finds an exact solution and has time requirements that never exceed
a given polynomial growth. One may wish to take one of several possible alter-
native approaches. It is these alternative approaches that motivate the remaining
chapters of this book.

15.2
An Optimization Problem
is Three Problems

In Chapter 1, an optimization problem was defined as a set 9 of instances. Each
instance is a pair (F, c), where F is the set of feasible solutions and c is a cost
function: ¢: F — R. Since in this chapter we shall study optimization problems
from the viewpoint of the theory of computation, it is well first to fix ideas on
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how an instance of a combinatorial optimization problem will be represented
as input to a computer. Naturally, we can list all feasible solutions and the value
of ¢ for each. However, most interesting problems will have instances with a
disproportionately large number of feasible solutions, and hence this method of
representation is especially undesirable. The reader may recall the TSP and
MST as examples of such situations.

In what follows, we shall assume that F and c are given implicitly in terms
of two algorithms @, and @,. The algorithm @,, given a combinatorial object
/fand a set S of parameters, will decide whether f'is an element of F, the set of
feasible solutions specified by the given parameters. On the other hand @,
given a feasible solution f'and another set of parameters Q, returns the value of
¢(f). An instance of the combinatorial problem can now be defined as the
representation of the parameters in S and Q—using a fixed finite alphabet and
some standard, reasonable encoding as discussed in Chapter 8 and later in this
chapter.

Example 15.1

An instance of the TSP with n cities has as parameter S the integer n; its
parameters Q are the entries of the n X n symmetric distance matrix [d,]. The
algorithm @, given an object f and the parameter n, will examine whether f
is a tour of n cities—a cyclic permutation, that is, of the set {1, 2,..., n}. The
algorithm @,, given a tour f and [d,)], calculates the cost ¢(f) by summing all
entries of [d,,] that correspond to distances traversed by the tour. [}

Example 15.2
Consider the following combinatorial optimization problem, called the
maximum clique problem:

Given a graph G = (V, E) find the largest subset C < V such that for all
distinct u, v € C, [v, u] € E.

The parameter S is in this case a graph G. Given a graph G = (V, E), G,
determines whether f constitutes a clique of G, that is, a fully connected subset
of V. The cost evaluator @, now simply calculates the cardinality of f; Q is in
this case empty. []

Example 15.3
Let us formulate integer linear programming (ILP) in a similar manner.
We shall be interested in the form
min ¢'x
Ax =b
x>0, integer
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The algorithm @, has as parameters S, the matrix 4, and the vector . Given
any integer vector x, @ tests whether Ax = b and x > 0 are satisfied. The
algorithm @, takes the vector c as the parameter set Q and evaluates ¢'x for each
given feasible solution x. []

We notice that in all three examples above, @, and @, are polynomial-time
algorithms. This will be a frequent and pragmatic assumption. For an interesting
exception, in which ¢ is hard to compute (more precisely, ¢( f) is hard to compare
with an integer) see Part (a) of Problem 17.

A combinatorial optimization problem is thus the following form of compu-
tational problem.

Given representations of the parameters S and Q for the algorithms @, and
@,, find the optimal feasible solution.

We call this the optimization version of the problem. However, a combina-
torial optimization problem can also be posed in the following, more relaxed,
form.

Given S and Q, find the cost of the optimal solution.

This will be referred to as the evaluation version of a combinatorial opti-
mization problem. It is immediate that, under the assumption that @, is a polyno-
mial-time algorithm—in other words the cost ¢ is not too hard to compute—the
evaluation version of a combinatorial optimization problem cannot be much
harder than the optimization version.

A third version of a combinatorial optimization problem is particularly
important in studying the complexity of the problem, because it is closest to the
prototype of computational problems traditionally studied by the theory of
computation. This version—called the recognition version—is of the following
form.

Given an instance—a representation, that is, of S and 0—and an integer L,
is there a feasible solution /"€ F such that ¢(f) < L7

Unlike the two previously introduced versions, the recognition version is
in fact a question, which can be answered by yes or no. Obviously, answering this
question is not much harder than solving the evaluation problem above, because,
once we have done this, we need only compare the optimal cost ¢(f) to L, and
report yes iff ¢(f) < L. We have thus established that each of the optimization,
evaluation, and recognition versions, in this order, is not harder than the previous
ones, using only the assumption that c is easy to compute. One natural question
now arises: Is it the case that all.these versions are roughly of the same complex-
ity? In other words, can we solve the evaluation version by making efficient use
of a hypothetical algorithm that solves the recognition version, and can we do
the same with the optimization and evaluation versions, respectively ?

FIf the original problem is in fact a maximization problem, such as the maximum chque
problem, the inequality becomes ¢(f) = L.
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Under very general and realistic assumptions—namely, that the cost of
the optimal solution is an integer with logarithm bounded by a polynomial in the
size of the input—we can show that the evaluation version can be solved effi-
ciently whenever the recognition version can. To show this, we must somehow
evaluate the optimal cost ¢(f) by asking the question “Is ¢(f) < L?” for many
values of L. This, however, can be accomplished by the binary search technique
of Lemma 8.4. By our assumption that log ¢(f) is bounded by a polynomial in
the size of the input, it follows that we can make eflicient use of any algorithm
that solves the recognition problem in order to solve the evaluation problem.
Notice that our assumption on the logarithm of the cost holds forall optimization
problems that we have seen or shall introduce subsequently in this book, and of
course is implied by our assumption that @, is polynomial.

There is no known general method for solving the optimization version of
a problem by making use of an algorithm for the evaluation version. However,
certain ad hoc variations of a “dynamic programming” technique seem to be
applicable to some problems.

Example 15.4

Let us consider the maximum clique problem introduced in Example 15.2,
and assume that we have a procedure cliguesize which, given any graph G, will
evaluate the size of the maximum clique of G. In other words cliquesize solves
the evaluation version of the maximum clique problem. We can then make
efficient use of this routine in order to solve the optimization version by the
procedure maxclique of Fig. 15-1. In this recursive procedure we first find a node

procedure maxclique(G)
(comment: it returns the largest clique of G it 1s recursive,
and 1t uses the assumed procedure cliquesize).
if G has no nodes then return &
else
begin
let v be a node such that cliquesize(G(v)) = cliquesize(G),
where G(v) 1s the subgraph of G consisting of v and all
of 1ts adjacent nodes;
return {v} U maxclique(G(v) —v);
end

Figure 15-1

v of G that certainly participates in a maximum clique. We do this by checking
that the cliquesize of G is not reduced if we omit all vertices nonadjacent to v;
this means that v is a vertex of some maximum clique. We then recursively find
the maxclique of the subgraph of G consisting of all vertices adjacent to » and
the pertinent edges, and add » to this clique. The result is guaranteed to be a
maximum clique of G. If cliquesize has a time bound C(n) when invoked on
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graphs with n nodes, the time bound 7'(n) of maxclique obeys

T(0) = o(1)

T(n) < (n+ 1)C(n) + T(n — 1) + O(n)
and therefore

T(n) = O(n* - C(n))
Thus, if cliquesize operates within a polynomial bound, maxclique will also.
Unfortunately, we shall demonstrate shortly that it is highly unlikely that any
of the three versions of the maximum clique problem can be solved efficiently.

0

We can also show that similar techniques apply to the TSP (Problem 2)
as well as many other combinatorial optimization problems. Thus, the three
versions of such combinatorial optimization problems are all equivalent, at least
as far as the existence of efficient algorithms is concerned.

15.3
The Classes P and NP

We saw in the previous section how, given an optimization problem, we can
define a closely related recognition problem, that is, a question that can be
answered by yes or no. Several well-known computational problems, however,
are recognition problems to begin with. Such are the problems traditionally
studied by the theory of computation. In Sec. 8.1, for example, we mentioned the
HALTING PROBLEM:

Given an algorithm and its input, will it ever halt?
We also introduced the SATISFIABILITY problem in Chapter 13:
Given a Boolean formula, is it satisfiable?

In Section 12.6, we introduced a version of the HAMILTON CIRCUIT prob-
lem:

Given a graph G, 1s there a circuit in G visiting all nodes exactly once?

These are all recognition problems. Our definition of recognition versions of
optimization problems allows us now to study both kinds of problems in a
uniform setting. Furthermore, since we have pointed out that a recognition
version is no harder than the original optimization problem, any negative
results proved about the complexity of the recognition version will apply to
the optimization version as well.

We are interested in classifying recognition problems according to their
complexity. We shall denote by P the class of recognition problems that can be
solved by a polynomial-time algorithm. The class P can be defined very precisely
in terms of any mathematical formalism for algorithms, such as the Turing
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machine [Tu]. It turns out, however, that all such reasonable models of com-
putation have a remarkable property: if a problem can be solved in polynomial
time by one of them, it can be solved in polynomial time by all the rest. This
class P, therefore, is extremely stable under variations in the details of our
assumptions. Thus we are satisfied to define P informally, as the class of recogni-
tion problems that have polynomial-time algorithms; in other words, P is the
class of relatively easy recognition problems, those for which efficient algorithms
exist. We have already seen many representatives of P. We list some below.

GRAPH CONNECTEDNESS

Given a graph G, is G connected? (Sec. 9.1)
PATH IN A DIGRAPH

Given a digraph D = (¥, 4), and two subsets S, T < V, is therea path
from a vertex of S to a vertex of Tin D? (Sec. 9.1)

MAXIMUM MATCHING

Given a graph G and an integer k, is there a matching in G with k or
more edges? (Chapter 10)

MINIMUM SPANNING TREE
Given a connected graph G = (V, E), a cost function d defined on E,
and an integer L, is there a spanning tree of G with cost L or less?
(Chapter 12)

All these problems belong to the class P. Given an instance of each, we have
an efficient way for telling whether the answer is yes or no.

We shall now introduce NP, a seemingly richer class of recognition prob-
lems. For a problem to be in NP, we do not require that every instance can be
answered in polynomial time by some algorithm. We simply require that, if x
is a yes instance of the problem, then there exists a concise (that is, of length
bounded by a polynomial in the size of x) certificate for x, which can be checked
in polynomial time for validity.

Example 15.5

Consider the recognition version of the maximum clique problem:
CLIQUE
Given a graph G = (V, E) and an integer k, is there a clique (that is, a
completely connected subset of V) of size k?
It is not clear that CLIQUE is in P. The obvious way to solve this problem
would be to subject all (l I,:l) subsets of ¥ with cardinality k to the test of whether

they fulfill the requirement of the problem. The catch is, of course, that there is
an exponentially large number of such sets. In fact, no polynomial algorithm
is known for this problem.
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Nevertheless, CLIQUE is in NP. To see this, suppose that we are given a
yes instance of CLIQUE; in other words, a graph G = (¥, E) and an integer k
such that G does have a clique C of cardinality k. Then this instance has a quite
concise certificate, namely a list of the nodes in the clique C. This certificate can
be checked efficiently for validity, because one has only to verify that C indeed
consists of k nodes, and that all these nodes are in fact connected by edges in

E O

We can formalize these ideas as follows: Let T be a fixed finite alphabet and
$ be a distinguished symbol in Z. (The symbol § marks the end of the input and
the beginning of the certificate.; If x is a string of symbols from X, then its
length—the number of symbols in it—is denoted by | x|.

Definition 15.1

We say that a recognition problem A is in the class NP if there exists a
polynomial p(n) and an algorithm @ (the certificate-checking algorithm) such
that the following is true:

The string x is a yes instance of A if and only if there exists a string of
symbols in Z, ¢(x), (the certificate), | c(x)| < p(|x|), with the property that
@, if supplied with the input x$c(x), reaches the answer yes after at most

p(|x]) steps. [
Example 15.5 (Continued)

In our CLIQUE example, if x is the encoding of a yes instance of the clique
problem (G, k), then the certificate of x, ¢(x), would be an encoding of the list
of the nodes in an appropriate clique C. The certificate-checking algorithm
checks whether x is indeed the encoding of a graph G and an integer k, whether
¢(x) is a set of vertices C, whether [C| = k, and whether there is an edge in G
for each pair u, v of vertices of C. The polynomial p(n) may be taken to be

. [
Example 15.6

Consider our well-known

TRAVELING SALESMAN PROBLEM (TSP)
Given an integer n, an n X n symmetric matrix of nonnegative integers
[d,,], and an integer L, find whether there exists a cyclic permutation (tour)

7 such that z": drp < L.
=

This problem is in NP because, given an instance (n, [d,,], L) of the TSP
with a yes answer, we can demonstrate this fact quite handily by exhibiting an
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appropriate tour. The certificate ¢(x) of such an instance would then be an
encoding of a tour 7 satisfying i d; ., < L. The algorithm @ would check
i=1

whether n, L, and [d, ] are appropriate, whether 7 is indeed a tour, and whether
its total length is L or less. [7]

Example 15.7

The SATISFIABILITY problem examined in Chapter 13 is in NP. Givena
set of clauses C,, ..., C, involving the Boolean variables x,, . . ., x, which is
indeed satisfiable, an appropriate certificate would be a truth assignment,
represented as vector in {0, 1}”. The certificate-checking algorithm would simply
make sure the C;’s are legitimate clauses involving n variables and that all clauses
come out true under the truth assignment of the certificate. []

Example 15.8

Consider the following recognition version of the integer linear pro-
gramming (ILP) problem:
ILP

Given an m X n integer matrix 4 and an integer m-vector b, is there an
integer n-vector x such that Ax = b, x > 0?

Notice that, in transforming integer linear programming to its recognition
version above, we did not need to include explicitly the integer L and the inequal-
ity ¢'x < L, as we usually do in such a transformation. This is because this
inequality can be transformed into an equality by adding a slack variable and
thus incorporated in the system 4x = b.

The recognition problem ILP is in NP. To see this, recall Theorem 13.4,
which states that if the integer program has a feasible solution, then it has one
with all components bounded by M, = n - (ma,)*"*3(1 - a,). Such a concise
solution could, therefore, serve as a succinct certificate for a yes instance of ILP,
because the length of its representation in binary is polynomial in the size of the
input, as required. [}

It is important to note that, in order to establish that a problem is in NP,
one does not have to explain how the certificate c(x) can be computed efficiently
starting from an input x. One simply has to show the existence of at least one
such string for each x.

Next notice that P is a subset of NP. In other words, every efficiently solv-
able problem is also succinctly certifiable. To see this, suppose that there is a
polynomial-time algorithm @, for Problem A. Given any yes instance x of A,
@, will operate on x for a polynomial number of steps and answer yes. Now, the
record of this operation of @, on x is a valid certificate c(x). Indeed, onecan check
¢(x) easily by simply checking that it is a valid execution of @,; recall that ¢(x)
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is, by its definition, polynomial in length. So, whenever A € P, 1t 1s also the case
that A € NP.

But why is NP an interesting class of recognition problems ? FFirst, it contains
P, the problems with which we are happy. Secondly, 1t contains many problems
of interest to us, and whose membership in P is in doubt. Examples are the
TSP, ILP, CLIQUE, and HAMILTON CIRCUIT. In fact we may say that the
recognition versions of all reasonable combinatorial optimization problems are
in NP. To argue for this, recall that combinatorial optimization problems aim
at the optimal design of objects, such as tours, routes, sets of nodes, partitions,
and lists of integers. Hence it is reasonable to expect that, once found, the
optimal solution can be written down concisely and thus serve as a certificate for
the recognition version. One cannot expect to design something optimally that
cannot be designed within reasonable time bounds at all. So the class NP arises
very naturally in the study of the complexity of combinatorial optimization
problems.

But is P a proper subset of NP, or is it the case that P and NP are the same?
Were the latter true, several problems now notorious for their difficulty—the
TSP, CLIQUE, ILP, and SATISFIABILITY, to name a few—would be in P,
and hence (presumably) easy. It is widely accepted today that P is a proper subset
of NP. No formal proof of this is known yet, and the so-called P = NP problem
is now the most prominent theoretical question facing computer scientists. How-
ever, despite the absence of a proof either way, some light has been shed recently
on this mystery. The principal mathematical tool of these investigations has been
the notion of a reduction, which we examine next.

15.4
Polynomial-Time Reductions

It is often the case that solving a computational problem becomes easy once we
assume that we have an efficient algorithm for solving a second problem. For
example, the algorithm of Fig. 9-13 for finding the maximum flow in a network
uses as a subroutine a clever algorithm for finding a maximal flow in a layered
network. Also, in Sec. 12.6 we saw that the directed version of HAMILTON
PATH can be solved in polynomial time, given an efficient algorithm for the
three-matroid intersection problem. Finally, we noticed in Chapter 13 that if
we had a polynomial-time algorithm for ILP, we would be able to solve
SATISFIABILITY—and many other problems—efficiently. This is a pattern
common enough to justify the following formalism.

Definition 15.2
Let A, and A, be recognition (that is, yes-no) problems. We say that A,

reduces in polynomial time to A, if and only if there exists a polynomial-time
algorithm @, for A, that uses several times as a subroutine at unit cost a (hypo-
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thetical) algorithm @, for A,. We call @, a polynomial-time reduction of A, to

4,. O

A point of central importance in the definition above is the at unit cost
clause. By this we mean that algorithm @, is considered as a single instruction,
taking unit time to execute. Naturally, in almost all cases this will be a very
unrealistic assumption. It is interesting, therefore, that the following proposition
relates this purely hypothetical situation with the realities of computational
complexity.

Proposition 15.1 1f A, polynomially reduces to A, and there is a polynomial-
time algorithm for A,, then there is a polynomial algorithm for A .

Proof Suppose that p,(n) and p,(n) are the polynomials bounding the
complexity of algorithm @, (again, with the assumption of unit-cost invocation
of @,) and @,. Then the real complexity of @, on an input of size n, with each
invocation of @, costing as much time as it takes to run @, with the current
parameters, is bounded by

pln) = p,(n) - p,(p,(n)

To see this, just notice that in the worst case @, will consist of continuous calls
of @,, each with the longest possible input. There can be at most p,(n) such
invocations; but how long can their input be? Even if we assume that the
algorithm spends all of its p,(n) steps just writing inputs for @,, these inputs
cannot be longer than p,(n). (Here we have assumed that the algorithm can
manipulate only one symbol at a time; the argument is identical if we allow
simultaneous manipulation of up to k > 1 symbols, or even a polynomial—in
the length of the input—number of symbols.) Consequently, there is a polyno-
mial-time algorithm for A,.

We shall find a special kind of polynomial-time reduction to be of particular
interest.

Definition 15.3

We say that a recognition problem A, polynomially transforms to another
recognition problem A, if, given any string x, we can construct a string y
within polynomial (in |x|) time such that x is a yes instance of A, if and only if
y is a yes instance of A,. []

Polynomial-time transformations can be thought of as polynomial-time
reductions with just one call of the subroutine for A,, exactly at the end of the
algorithm for A,. The rest of the algorithm simply constructs y, the input to the
algorithm for A,. Examples of polynomial-time transformation are the one from
SATISFIABILITY to ILP (Example 13.4) and the transformation from the
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general minimum-cost flow problem to Hitchcock. (See Sec. 7.5; it is easy to
verify that the transformation applies to the recognition versions of both prob-
lems as well.)

Definition 15.4

A recognition problem A € NP is said to be NP-complete if all other prob-
lems in NP polynomially transform to A. []

By Proposition 15.1, if a problem A is NP-complete, then it has a formidable
property: If there is an efficient algorithm for A, then there is an efficient
algorithm for every problem in NP. This includes such old and hard nuts as
the TSP, ILP, SATISFIABILITY, and CLIQUE.

The notion of NP-complete problems and our suspicion that P = NP
suggests the topography of the class NP shown in Figure 15-2; complexity is
assumed to increase as we go up. Of course, it is not at all obvious at this point
that NP-complete problems exist. But they do, as we shall see in the next section.

Figure15-2 Pand NP.

15.5
Cook’s Theorem

In order to prove that a problem is NP-complete, we must show two things:
(a) That the problem is in NP.

(b) That all other problems in NP polynomially transform to our prob-
fem.

In practice, Part (b) is usually carried out by showing that a known NP-
complete problem is polynomially transformable to the problem at hand. Since
the property of polynomial transformability is transitive—that is, if A polyno-
mially transforms to B and B polynomially transforms to C, then A polynomially
transforms to C—this will be sufficient. However, our first NP-completeness
proof must include an explicit proof of Part (b). In order to do this, we need to
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employ in our proof the common characteristics of all diverse problems in NP.
These are, of course, the existence of at least one certificate ¢(x) for each yes
mstance x, and of the certificate-checking algorithm @Q.

Thus we must formalize our notion of a certificate-checking algorithm,
This algorithm can be thought of as a device that reads and modifies the symbols
of a string, one position at a time, via a read-write head; its operation, moves,
and other decisions are governed by a program (see Fig. 15-3). Initially, the
head is scanning the leftmost position of the string, and the program is about to
execute its first instruction.

Program

sime [+ oL [ [ Lo [T s e[e L [ LT[ <)

Figure 15-3 A certificate-checking algonthm,

The instructions of the program are of the form
I:if o then (¢'; 0; I)
where / and /' are instruction numbers (labels), ¢ and ¢’ are symbols of the

alphabet X, and o is one of the numbers 1, 0, and — 1. The meaning of the above
instruction is as follows.

1f the currently scanned symbol is o, then erase it and write ¢ in its place,
move to the symbol which is o positions to the right, and execute next the
instruction numbered /’; otherwise, continue to the next instruction.

Moving zero and — 1 places to the right means staying at the same position and
moving one to the left, respectively. The last statement of the program is
|@|: accept

where |@] is the length of the program—the total number of its instructions.

We say that the string x$c(x) is accepted by @ if the algorithm, properly
started on the string, reaches the last instruction after at most p(|x|) steps,
where p(n) is the polynomial bound of @. If the algorithm executes p(] x|) instruc-
tions without reaching the accept instruction or if the head falls off the string,
we say that x$¢(x) is rejected. Thus we can now define NP more formally to be
the set of recognition problems for which there exists a certificate-checking
algorithm @ and a polynomial p(n), such that x is a yes instance if and only if
there exists a string c(x), with | ¢(x)| << p(| x|) such that @ accepts x$c(x).

This model of a certificate-checking algorithm may seem, at first glance,
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somewhat primitive and restricted in its power. Let us examine several legitimate
reservations.

1. The operation of the algorithm seems to be confined within the space
provided by the string, and there is no extra “scratch paper.” Never-
theless, this objection can be taken care of easily by noticing that the
certificate may be defined so that it contains in itself enough extra
space—for example, a long string of trailing “blanks”—for the
algorithm to use. Because the algorithm is polynomial, it cannot need
more than a polynomial amount of such space, and so the length of
the certificate remains polynomial.

With this idea in mind, we shall henceforth make the simplifying
assumption that for all x’s of the same size, ¢(x) has length equal to
|e(x)| = p(Ix]) — | x| — 1. Consequently, the length of the whole
input x$c(x) is exactly equal to p(|x|). This is not a loss of generality,
because if the certificate is shorter, it can always be “padded” by
several blanks to reach this length. On the other hand, inputs longer
than p(| x|) are not meaningful for @, since @ cannot even inspect the
whole length of such an input within p(|x|) steps.

2. Another legitimate reservation as to the strength of our model of
computation is that the repertoire of “instructions” available is quite
limited. Still, it should be clear that our restricted model can be used
to simulate more complicated instructions (for example: Do the
following until the scanned symbol is a $, Move 7 positions to the right,
and Delete the current symbol) by introducing only a multiplicative
constant factor in the total number of steps.

3. A more significant departure from this model would be to allow
addressing; for example, instructions such as Move to the fifteenth
symbol of the string (or even Move as many positions to the right as
indicated by the binary integer between the current symbol and the first
$ to its right), in a fashion reminiscent of ordinary random access
computers. However, we leave it to the reader to verify that this
restriction can multiply the total number of steps only by approxi-
mately p(| x]), since any position in the string can be accessed within
this time bound.

We should like therefore to claim that our model for certificate-checking
algorithms is sufficiently realistic and general, in that one can express in it effi-
cient algorithms for any problem for which efficient algorithms are possible at
all. Since this model is essentially a Turing machine, further confidence in our
claim can be obtained by examining the elegant argument of A. M. Turing
[Tu]. See Chapter 1 of [AHU] for a more technical discussion.

We shall use this formalism in order to prove the following important result
due to S. A. Cook:
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Theorem 15.1 SATISFIABILITY is NP-complete.

Proof We recall from Example 15.7 that the problem SATISFIABILITY
is in NP. Thus, it remains to show that if A is a problem in NP, then A is poly-
nomially transformable to SATISFIABILITY. In other words, given a string x
we must construct formula F(x)—using only the fact that A € NP—such that
x is a yes instance of A if and only if F(x) is satisfiable. To do this, we shall
consider the certificate-checking algorithm @ for A, which, by our hypothesis
that A € NP, operates within a polynomial bound p(n).

The Boolean formula F(x) will involve the following Boolean variables.

I. A Boolean variable x,, for all 0 <{i,j< p(x|) and o € Z. The
intended meaning for x,,, is: at time i, the jth position of the string
contains the symbol o.

2. A Boolean variable y,, for all 0 < i< p(x]),0<j<p(x])+1,
and 1< /< |@|—where |@| is the number of instructions in the
algorithm @. The meaning attached to this variable is: at time i the jth
position is scanned and the Ith instruction is being executed. If j = 0, orif
Jj = p(x]) + 1, this means that the head has fallen off the string, and
hence the computation is unsuccessful.

We shall next combine these Boolean variables in a formula F(x) such that
F(x) is satisfiable if and only if x is a yes instance of A. If the Boolean variables
have the indicated meanings, F(x) will state essentially that the algorithm @,
started with x in the leftmost part of the string, may eventually accept the string;
this would mean, by definition, that there exists an appropriate certificate c(x)
and hence that x is a yes instance of A. The formula F(x) is the conjunction of
four parts: F(x) = U(x) + S(x) « W(x) « E(x).

1. The purpose of U(x) is to make sure that at each time i, 0 < i << p(|x|),
each position of the string contains a unique symbol, the head scans a
unique position within the bounds of the string, and the program exe-
cutes a single statement

Ulx) = ( 11 (Fijo + il]a')) . (
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2. The formula S(x) states that the operation of @ starts correctly; in
other words, at time zero the leftmost |x| -+ I symbols in the string
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spell x$, the read-write head scans the leftmost symbol of the string,
and the first instruction of @ is about to be executed.

S(x) = (/ii xom;)) © Xo,1x1+1,5 " Youu
(Here x(j) stands for the jth symbol of the string x.)

3. The formula W(x) states that @ works right, according to the instruc-
tions of the program; W(x) is the conjunction of the formulas W,
one for each 0<i<p(x),1<j<p(x]ho e 1<I<|@l
such that the /th instruction of @ is

I:if o then (0’; 0; I').
The formula W,,,, is defined as follows:
Wisor = Fijo + P + X101, 1,00 * Figo + Fipt + Vit jeorr)
. '];I, (Fope & Fop + Xper, 1,0 E e + Fop -+ Yier, g140))

This means that whenever x,;, and y,, are both true, in the next time
instant the x-and y-variables stating that @ made the right move must
also be true. For the last instruction of @, we have for each i, j and o
Wit = Fijo + Jipr + Yirr,s1a)

stating that once the algorithm reaches the accept instruction, it
stays there. Finally, W(x) contains the clauses

OS%‘X[) Ko+ Fopr + Xiv1,0.0)

IS;LSJI‘GI

meaning that whenever @ is scanning a position different from the jth,
the symbol of the jth position remains unchanged.

4. Thelast part of F(x) states simply that the operation of @ ends correctly,
with the program executing the accept instruction. It consists of just

one clause:
Pyixh

E(x) = 1};1 Ypuxb, .11

This completes the construction of F(x). First, let us observe that this
construction requires only a polynomial—in | x| —amount of time. This follows
from the fact that the total length (number of occurrences of literals multipiied
by the length of the subscripts of these literals of the formula F)is O(p*(|x|) log
p(x)). Hence, to show that the construction is a polynomial transformation
from A to SATISFIABILITY, it remains to prove the following claim.

Claim. F(x) is satisfiable if and only if x is a yes instance of A.

To show the only if direction, suppose that F(x) is satisfiable. Hence all of
U(x), S(x), W(x), and E(x) are satisfied by the same truth assignment t. Because
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t satisfies U(x), it must be that for all : and j exactly one variable x, , is true; take
this to mean that the jth cell contains o at time 7. Also, for all ;, exactly one of the
variables y,, is true; we assign to this the meaning that at time i, the jth position
of the string is scanned and statement / is executed. Finally, no variable of the
form y,o; OF ¥, pxp+1,. €an be true, and this means that the head will never fall
off the string. The truth assignment 1, therefore, describes some sequence of
strings, head positions, and instructions. We shall now show that this sequence is
in fact a valid accepting computation of @ on input x$c¢(x) for some certificate
c(x).

Since S(x) must also be satisfied by 1, this means that the sequence starts
off correctly, with the first |x| 4 1 places occupied by the correct string, x$, and
with the first symbol of x scanned while the first instruction is executed.

The fact that W(x) is also satisfied by 1 means that the sequence changes
according to the rules governing the execution of the algorithm Q. Finally, t
satisfies £(x) only if the algorithm ends up in its last accepting instruction.
Consequently, if F(x) is satisfiable, there exists a string ¢(x) of appropriate length
such that @ accepts x$c(x); hence x is a yes instance of A.

For the if part, assume that x is a yes instance. Then there exists a string
o(x) of length p(lx[) — x| — 1 such that @ accepts x$c(x). This means that
there exists a succession of p(]x|) strings (with x$¢(x) first), instruction numbers,
and positions scanned, that are legal according to @ and end up with the accep-
tance of x$c(x). This succession immediately defines a truth assignment ¢ that
necessarily satisfies F(x). This completes the proof of the Claim.

The Claim says that £(x) is a yes instance of SATISFIABILITY if and only
if x was a yes instance of Problem A. Hence, what we have just described is a
polynomial transformation from A to SATISFIABILITY. Because A was taken
to be an arbitrary problem in NP, the theorem is now proved. [l

Corollary ILP is NP-complete.

Proof 1In Example 15.8, we showed that ILP is in NP. To show that it is
NP-complete, we simply recall the polynomial-time transformation from
SATISFIABILITY to ILP described in Example 13.4. ]

15.6
Some Other NP-Complete Problems:
CLIQUE and the TSP

We shall next show that certain other problems in NP are NP-complete by
showing that SATISFIABILITY—or some other problem previously shown to
be NP-complete—is polynomial-time transformable to the new problem. The
proof techniques employed are quite interesting in themselves, and we shall be
pointing out certain basic elements of methodology.



15.6 Some Other NP-Complete Problems: CLIQUE and the TSP 352

If we restrict SATISFIABILITY to the special case in which each clause is
restricted to consist of just two literals, the resulting problem can be solved in
linear time (see Problem 6). However, we shall now show that if we allow the
number of literals in each clause to be three, the resulting problem, called 3-
SATISFIABILITY, remains as hard as SATISFIABILITY itself.

Theorem 15.2 3-SATISFIABILITY is NP-complete.

Proof Because 3-SATISFIABILITY is a special case of SATISFI-
ABILITY, it is in NP. To show NP-completeness, we shall show that SATIS-
FIABILITY polynomially transforms to 3-SATISFIABILITY. Consider any
formula F consisting of clauses C,, . .., C,. We shall construct a new formula
F’ with three literals per clause, such that F' is satisfiable if and only if Fis. We
shall examine the clauses of F one by one and replace each C; by an equivalent
set of clauses, each with three literals. We distinguish among three cases.

1. If C; has three literals, we do nothing.

2. If C, has more than three literals, say C; = (4, + 4, -| -+ + 4,),
k > 3, we replace C, by the k — 2 clauses (1, - 4, + x,)(X, + 4,
+ X)X, + Ay x5) o (RBeoy o+ Aoy A, where x,, .., X, jare

new variables. It is not hard to see that these new clauses are satisfiable
if and only if C, is.

3. IfC;= A,wereplace C,by A -- y -+ z,and if C, = 1 |- 1’, we replace
itby 2 + A’ + y. We then add the clauses

GroatPE-+a+PE+atPEra -HG Fat p)

G at PG+ Ho+atp
to the formula, where y, z, a, and f§ are new variables. This addition
forces the variables z and y to be false in any truth assignment satisfying

F’, so that the clauses 1 and A + A’ are equivalent to their replace-
ments.

We have thus eliminated all occurrences of clauses with other than three
literals, and furthermore we have shown that the resulting formula £ is satisfiable
if and only if Fis. Finally, the construction of F* can obviously be carried out in
polynomial time. Consequently, What we have just described is a polynomial-
time transformation from SATISFIABILITY to 3-SATISFIABILITY. Hence
3-SATISFIABILITY is NP-complete. ]

We shall use the NP-completeness of 3-SATISFIABILITY in order to show
the following theorem.
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Theorem 15.3 CLIQUE is NP-complete.

Proof We already know that CLIQUE e NP. Hence it will suffice to
show that 3-SATISFIABILITY polynomially transforms to CLIQUE. Given
any Boolean formula F with three literals per clause, we shall construct a graph
G = (V, E) and an integer k such that G has a clique of size k if and only if F
is satisfiable.

Let us first introduce some terminology and notation. A partial truth
assignment t assigns the value true or false to certain variables only; the rest of
the variables have truth value 1(x) = d, a special value meaning undefined.
Let us fix x,, ..., x, as our set of variables. A partial truth assignment will be
denoted as a sequence of zeros, 1’s and d’s. Thus t = d01d0 (n = 5) is the partial
truth assignment in which t(x,) = false, 1(x,) = true, 1(x;) = false, and the rest
are undefined. Two partial truth assignments t and t’ are called compatible if, for
all variables x for which t(x) % d and 1'(x) + d, we always have 1(x) = 1'(x).

Let C,, ..., C, be the clauses of F. The vertex set V contains seven nodes
for each clause C,, namely, the nodes 1,;,j = 1, ..., 7. We can think of those
nodes as partial truth assignments with values defined only on the three variables
involved in C,. Of the eight such partial truth assignments, we omit only the one
assignment that makes all three literals of C, false. An illustration of this is
given in Fig. 15-4. The edges of G are those joining all pairs of compatible truth
assignments. We let k be equal to m.

We now claim that G, as constructed above, has a clique of size k if and
only if F is satisfiable. For suppose that G has a clique of size k. Because k = m
and because there are no edges joining two nodes in the same column (two dis-
tinct partial truth assignments defined on the same variables must necessarily
be incompatible), it follows that the clique consists of one node in each of the m
columns. Since all these partial truth assignments are mutually compatible, it
follows that they come from the same complete truth assignment ¢ (in the exam-
ple of Fig. 15-4, t = 1011). Now t must satisfy all clauses in F because, for each
clause, the only partial truth assignment that falsifies it is omitted from the
corresponding column. Hence 1 satisfies F.

For the if part, suppose that there is a truth assignment ¢ satisfying F; then
the restriction of this assignment to the variables appearing in each clause must
be an existing node in the column corresponding to this clause. Since these
partial assignments are restrictions of the same truth assignment, they are
pairwise compatible, and consequently they constitute a clique of size k.

Thus we have transformed 3-SATISFIABILITY to CLIQUE and our
construction can be carried out in polynomial time; hence CLIQUE is NP-
complete. (]

There are two graph-theoretic problems that are very closely related to
CLIQUE;
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NODE COVER s

Given a graph G and an integer k, is there a set C of k vertices such
that all edges of G are adjacent to at least one node of C?
INDEPENDENT SET

Given a graph G and an integer k, is there a set I of k vertices such that
no two nodes in I are connected by an edge?
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Lemma 15.4  The following are equivalent for a graph G = (V, E) and a subset S
of V:

(a) Sisaclique of G.

(b) S is an independent set of G, the complement of G.

(¢) V — S is a node-cover of G.

Proof (See Fig. 15-5) If Sis a clique of G, theP there is an edge of G
between any two nodes of S; hence there is no edge of G between any two nodes

(a) (b)

(c)

Figure 15-5 (a) An independent set in G. (b) A node cover in



of S, and S is independent in G. Now, if S is independent in G, all edges in G
must have an endpoint out of S; therefore, ¥ — S is a node cover of G. Finally,
if ¥ — S is a node cover in G, this means that every edge missing from G does
not have both endpoints in S; S is therefore a clique in G. [}

Corollary INDEPENDENT SET and NODE COVER are NP-complete.

Proof Obviously G has a clique of size k if and only if G hasanindependent
set of size k, if and only if G has a node cover of size [V| - k. Hence all three
polynomially transform to one another. [}

We shall now prove that an interesting scheduling problem (recall Example
13.2) is NP-complete. The problem involves scheduling jobs having equal—say,
unit—execution times on a number of identical processors subject to some pre-
cedence constraints, stating that certain jobs can execute only if some other jobs
have already been processed.

MULTIPROCESSOR SCHEDULING
Given a set of jobs § = {J,,...,J,}, a directed acyclic graph P =
(9, A) (the precedence partial order), an integer m (the number of machines)
and an integer T (the deadline), is there a function S (the schedule) mapping
gto{l,2,..., T} such that the following hold?
1. Forallj< T, |{J,: SU)=j}<m
2. If(J,,J)) € A, then S(J) < S(J).

Example 15.9
Consider the instance of MULTIPROCESSOR SCHEDULING shown in

Fig. 15-6(a). A schematic representation of a feasible schedule S is shown in
Fig. 15-6(b). []

Theorem 15.5 MULTIPROCESSOR SCHEDULING is NP-complete.

Proof The problem is in NP because a feasible schedule, if it exists, can
be exhibited and checked for feasibility quite easily. We shall now transform the
CLIQUE problem to MULTIPROCESSOR SCHEDULING. Given any graph
G = (V, E) and integer k, we shall construct a set § of jobs, a partial order
P = (g, A), and integers m and T such that there exists a feasible schedule for
g if and only if G has a clique of size k. We shall assume here that G has no
isolated vertices; this is no loss of generality, since isolated vertices can be
removed from a graph without affecting the size of cliques. We define =V U E
UBU CU D; B,C, and D are nonempty disjoint sets B = {b,, ..., b},
C={cy,..., ¢}, and D = {d,, ..., dp}, where | B|,|C|, and | D] satisfy
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Figure 15-6

1om=tk+1B= () + VI~ k+icI =18~ (§) + D], and
2. min(|B|,|C|,|D|) = 1.

It is not hard to see that such cardinalities exist; m is defined by (1); T'is
taken to be 3.

For the construction of P = (g, 4), we start by adding to A4 all possible
arcs of the form (b, ¢;) or (¢,, d;). Finally, we add to 4 the arcs (v, e) for all
v € V,e € E such that e is incident upon ». This completes the construction
of the instance of MULTIPROCESSOR SCHEDULING. An illustration is
shown in Parts (a) and (b) of Fig. 15-7.

Let us now argue that there exists a feasible schedule for § under 4, m,
and T if and only if G has a clique of size k. Suppose that a feasible schedule S
exists. Because 7= 3 and all jobs in B must be executed before those in C,
and those in C before the jobs in D, it necessarily follows that S(b,) = 1, S(c,)
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Figure 15-7 (a) The graph G. (b) The precedence relation P.

(c) The feasible schedule corresponding to the node cover

(Vi va, vs}
=2, and S(d)) = 3 for all i. Secondly, one notices that || = T - m; conse-
quently all m machines must be ‘executing some job during all three periods.
Now, in the last period, besides the d-jobs, only m — [D| = |E| — (g) jobs
corresponding to edges can be executed. This is because if a job corresponding
to a vertex is executed in the third period, the jobs corresponding to the edges
incident upon it cannot be executed until after the third period; here we use the

365
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fact that G has no isolated vertices. Hence the schedule would not be feasible
with T'= 3, as assumed. We conclude that the remaining ( g )jobscorrcsponding

to edges must be executed in the second period, and the jobs corresponding to
vertices are executed in the first period (m — |B| = k of them) and the second
period. Furthermore, the k vertices corresponding to jobs that are executed in
the first period must include the endpoints of all (’;) edges corresponding to
Jobs in the second period. However, the only way that k vertices can include all
the endpoints of ( g ) edges is by constituting a clique of k vertices. Hence the
existence of a feasible schedule S implies the existence of a clique C = {v: S(v)
= 1} of size k.

Conversely, if G has a clique C of size k, we can design a feasible schedule S
by the following rules: S(b,) = 1; S(c,) = 2; S(d,) = 3, for all i; S@) =1
if and only if » € C and S(v) = 2 otherwise; S([v, u]) = 2 if and only if v, u
€ C, and S([v, u]) = 3 otherwise. An illustration is shown in Fig. 15-7(c).
1t is immediately obvious that S'is a feasible schedule. (N

Next we turn to proving the NP-completeness of the TSP and related
problems.

Theorem 15.6 HAMILTON CIRCUIT is NP-complete.

Proof Weknow that HAMILTON CIRCUIT is in NP; we shall now show
that 3-SATISFIABILITY polynomially transforms to HAMILTON CIRCUIT.
Given a Boolean formula F consisting of m clauses C,, . .., C,, and involving
n variables x,, . . ., x,, we shall construct a graph G = (¥, E) such that G has
a Hamilton circuit if and only if F is satisfiable. Our construction involves the
design of special-purpose components, a methodology that is commonplace in
many interesting NP-completeness proofs.

Consider, for example, the graph 4 shown in Fig. 15-8(a). Suppose that 4
is a subgraph of some other graph G such that

1. No other edges (that is, edges not shown in Fig. 15-8(a)) are incident
upon any node of 4 except for u, u’, v, and v'.

2. G has a Hamilton circuit c.

Then the claim is that ¢ traverses 4 in one of the ways shown in Fig. 15-8(b)
and 15-8(c). To show this, first notice that the eight “vertical” edges of 4 must
always be part of ¢, because only thus can we “pick up” the four nodes z,, z,,
z3, and z,. Furthermore, any other combination of “horizontal” edges other than
the ones shown in Fig. 15-8(b) and 15-8(c) cannot be a part of a Hamilton
circuit, as can be checked easily. To summarize our observations, the graph 4
behaves as if it were just a pair of edges [u, u'] and [v, v'] of G with the additional
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Figure 15-8

restriction that any Hamilton circuit of G must traverse exactly one of them.
We shall represent this as shown in Fig. 15-8(d).

The graph Bshown in Fig. 15-9(a) has a similar property. If B is a subgraph
of G such that no other edges of G are incident upon any node of B other than
u, and u, and G has a Hamilton circuit ¢, then ¢ cannot traverse all three of the
edges [u,, u,], [u,, u;), and [u,, u,]. Moreover, any proper subset of these edges
can be a part of a Hamilton circuit of G, via the configurations shown in Figs.
15-9(b) through 15-9(d) (and more configurations not shown here). We shall
represent this subgraph as in Fig. 15-9(e).

The graph G = (¥, E) will consist mainly of copies of the subgraphs 4
and B. For the m clauses C,, ..., C,, we have m copies of the subgraph B
joined in series (see Fig 15-10 for an illustration of the construction of G). Also,
for each variable x,, we have two nodes v, and w, and two copies of the edge
[v,, w,], distinguished as the right and left copies of [v,, w,], respectively. We also
have the edges [w,, v,,,] fori=1,...,n— 1 and [u,,v,], [Un4, w,], where u,,
denotes the ith copy of u,.
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Figure 15-9
Notice that, so far, only the parameters m and n of our formula have entered
into the construction of G. Since G is supposed to capture the intricacy of the
satisfiability question for F, we must now take into account the exact nature of

the clauses of F. Thus we connect (via the A-connector) the edge [u,),u;, ;,,] with
the left copy of [v,, w,] in the case that the jth literal of C, is x,, and with the
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right copy of [v,, w,] if it is X, (see Fig. 15-10). This completes the construction
of G.

We shall now argue that the construction of G from F described above is
such that G has a Hamilton circuit if and only if F is satisfiable. For the only
if direction, suppose that G has a Hamilton circuit ¢. It is not hard to see that ¢
must have a special structure: It traverses [u,,, v,] and then all of the » and w
nodes top-down, choosing one of the copies of [v,, w] for all i=1,...,n,
then traverses [w,, u,,,], and finally traverses the copies of B bottom-up. Think
of the fact that ¢ chooses the left copy of [v,, w,] to mean that x, takes the value
true; otherwise, if the right copy is chosen, we say that x, is false. The resulting
function is a valid truth assignment, because ¢ must traverse exactly one of the
two copies. The edges [u,,, u, ,,,] for any clause C, behave similarly; they are
traversed if and only if the corresponding copy of the [v,, w,] edge is not; in
other words, if the corresponding literal is false. However, because they are
parts of a B graph, not all three of them are traversed by c—or, equivalently,
the corresponding clause C, is satisfied by the truth assignment. Because this
holds for every clause, it follows that all clauses are satisfied, and F is satisfiable

For the if part, suppose that F is satisfiable by some truth assignment 1.
It is then clear that we can construct a Hamilton circuit for G, simply by following
the rules of the previous paragraph. In other words, traverse the left copy of
[w:, v,] if and only if x, is true under ¢, and traverse the edge [u,), u,,;,,) if and
only if the jth literal of C, comes out false under 1. This will always be possible
without traversing all three [u,,, u,, ,;,,] edges of any clause, because t was assumed
to satisfy F.

Consequently, we have demonstrated that 3-SATISFIABILITY polyno-
mially transforms to HAMILTON CIRCUIT. O

Theorem 15.6 has some interesting corollaries.

Corollary 1 The HAMILTON PATH problem is NP-complete.

Proof The HAMILTON PATH problem is obviously in NP; we shall
transform HAMILTON CIRCUIT to HAMILTON PATH. Take any graph
G = (V, E). We construct a graph G’ = (V', E') where V' = V U {u, u', w},
and E'= E U {[«', u], [w, v,]} U {[u, v]: [v, v] € E}, for some fixed v, € V.
An illustration is shown in Fig. 15-11.

Suppose that G" has a Hamilton path p. The two extreme edges of p must be
[«', u] and [v,, w]. Suppose now that [u, v] € p; the rest of p is a path traversing
each point in ¥ — {v,, v} exactly once. Furthermore, because [u, v] € E’, we
also have [v, v,] € E. Therefore, this path—together with [v,, v]—is a Hamilton
circuit in G. Conversely, if G has a Hamilton circuit ¢ = [v,, . . . , v, v,], we can
find in G’ the Hamilton path p = [w, v,, . . ., v, 4, t']. Hence G has a Hamilton
circuit if and only if G' has a Hamilton path; the proof is complete. )
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It is now easy to see that the directed versions of the problems in Theorem
15.6 and Corollary 1 above are also NP-complete. To show this, observe that,
for the purposes of “path problems” such as the Hamilton circuit and Hamilton
path problems, we can consider a graph as a special case of a digraph, namely,
as one for which (4, v) € A4 if and only if (v, u) € A. Thus the directed Hamil-
ton problems are generalizations of the corresponding undirected problems,
and hence they are all NP-complete. Also, according to the discussion of Chapter
12, we now observe that it is an NP-complete problem to tell, given three matroids
and an integer k, whether there exists a set simultaneously independent in all
three matroids with cardinality k. This is, again, because the DIRECTED
HAMILTON PATH problem can be formulated as the intersection problem of
a graphic matroid and two partition matroids. We shall see in the next section
that the problem of intersecting three partition matroids is also NP-complete.
Finally, we have the next corollary.

Corollary 2 The TSP is NP-complete.

Proof We shall show that, in effect, the HAMILTON CIRCUIT problem
is a special case of the TSP. Towards this goal, given any graph G = (V, E),
we construct an instance of the |V|-city TSP by letting d,; = 1 if [v,,v)] € E,
and 2 otherwise. We let the “budget” L be equal to | V|. It is immediate that there
is a tour of length L or less if and only if there exists a Hamilton circuitin G. [}

15.7
More NP-Complete Probiems:
Matching, Covering, and Partitioning

We now introduce a generalization of the bipartite matching problem discussed
in Chapter 10. :

3-DIMENSIONAL MATCHING

Given three sets U, V, and W of equal cardinality, and a subset 7T of
U X V X W, is there a subset M of T with | M| = | U| such that whenever
(u, v, w)and (', v', w') are distinct triplesin M, u 5= u', v = v’,and w = w'?

37
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To put it differently, the problem is the intersection problem of three parti-
tion matroids. One can also pursue the “boys and girls” interpretation of bipartite
matching and think of 7 as the compatibility relation between a set of boys, a
set of girls, and a set of homes. The goal is to create harmonious—and disjoint—
households.

Theorem 15.7 The 3-DIMENSIONAL MATCHING problem is NP-complete.

Proof The 3-DIMENSIONAL MATCHING problem is obviously in
NP; furthermore, we can polynomially transform SATISFIABILITY to it, as
follows. Let F be a Boolean formula involving the literals x,, . .., x, and con-
sisting of the clauses C,, ..., C,. We shall construct an instance (U, V, W, T)
of 3-DIMENSIONAL MATCHING such that the required matching M exists
if and only if F is satisfiable.

U consists of one copy of each literal for each clause:

U=} xl:i=1,...,m;j=1...,m}
V contains three kinds of nodes:
V=fal:i=1,....n, j=1,....m}uUfvj=1,...,m}
Ufe:j=1,....,m i=1...,n—1}
The structure of W is completely analogous to that of ¥:
W=1bli=1,....,n j=1L....mpUfw:j=1,...,m}

vidl:j=1....mi=1,...,n—1}

T is the union of the following three kinds of triples (see Figure 15-12 for
an illustration of the construction).

1. The triples (af, b}, x{), i=1,...,n,j=1,...,m, and (a/*', b}, X)),
i=1,...,mj=1,...,m (here ap*' = a}). The a and b nodes do
not participate in any other triples. Hence, for each i, these triples will
force M to match either all of X/ (this means that x, is true) or all of x/
(x, is false) with a’s and b’s.

2. The second kind of triple of T is the set {(v,, w, A):j=1,...,m,
2 aliteral of C }. These are the only triples involving the » and w nodes.
Since at this point only frue—according to our convention above—
literals are available, the » and w nodes must be matched with true
literals of their clauses; hence all clauses must be satisfied by this truth
assignment.

3. The purpose of the ¢ and d nodes, as well as of the last kind of triples
(the “garbage collection” triples in the elegant terminology of [GJ]),
is to “pick up” the remaining copies of different literals. These triples
form the set {(c/,d},A):i=1,....,n—Lj=1,...,mk=1,
..., m, A aliteral}.
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The matching shown corresponds to
t(x) = true
1(xy) = false

Figure 16-12

From the arguments above, it follows that whenever there exists a perfect
matching M, F is satisfiable. Conversely, if F is satisfiable by a truth assignment
t, we can match the a and b nodes with literals according to r; we can then match
each of the » and w nodes with one true literal from the corresponding clause.
Since t was assumed to satisfy F, such a literal will always exist. Finally, the rest
of the literals are picked up by the ¢ and d nodes. ||

The following variation of 3-DIMENSIONAL MATCHING has been

extremely useful as the point of departure for proving many NP-completeness
results.

373



374 Chapter 15 NP-COMPLETE PROBLEMS

3-EXACT COVER
Given a family F= {S,,...,S,} of n subsets of S = {u,,...,us,)},
each of cardinality three, is there a subfamily of m subsets that covers S?

Corollary  The 3-EXACT COVER problem is NP-complete.

Proof Just notice that 3-DIMENSIONAL MATCHING is a special case
of 3-EXACT COVER, with S=UuU VU Wand F={{a,b,c}:(a,b,¢)
e T}

By the knapsack problem, we usually mean the single-line integer pro-
gramming problem:

maximize Z"; cx,
j-1

subject to }n_j wx, <K, x, integers (or 0-1).
=1

The name reminds us that such a maximization arises when we wish to fill
a knapsack of capacity K with items having the largest possible total utility. We
shall consider here the recognition version of the special case in which ¢, = w,,
J=1,..., n. There are two versions.
INTEGER KNAPSACK
Givenintegers ¢;,j = 1,..., nand K, are there integers x, >0, = 1,

., n such that i cx, = K?
=1

0-1 KNAPSACK

Given integers ¢;,j = 1,...,n, and K, is there a subset Sof {1, . .. , n}
such that ¥ ¢, = K?
JES

Theorem 15.8 7The 0-1 KNAPSACK problem is NP-complete.

Proof 1t is obviously in NP; we can show, furthermore, that 3-EXACT
COVER polynomially transforms to 0-1 KNAPSACK. Starting with any
family F of n sets of cardinality three, we shall construct integers c,,..., ¢,
and K such that there is a subset of the ¢,’s summing to K if and only if there
exists a subfamily of F covering exactly the universe S = {uy, ..., U3,}.

We can think of all sets in F as bit-vectors of length 3m; for example,
{uy, us, ug} and {u,, u,, us} become 100011 and 010101, respectively. Now inter-
pret these bit vectors as integers written in the base-(n -+ 1) system. In other
words, the integer corresponding toasetS,is

=3 (n+ 1

WES)
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Also, let K be the integer corresponding to 11...1:

3m
3m-1
K= 3% (m+ 1y
=0
We now claim that there exists a subfamily of F covering {u,, . . ., u;,} exactly

if and only if there is a subset of the ¢,’s adding up to K.
If Suppose that there exists a set S < {1,2,...,n} such that 3}, ¢, = K.
JeS

In conducting this summation in base-(n + 1) arithmeltic, we notice that only
the digits 0 and 1 appear in the summands, and, moreover, that the number of
summands is less than n + I, the base. Hence there is no “carry” in this addition.
Consequently, if 2 ¢, = K, this means that there exists exactly one I in each

of the 3m posmons, or, equivalently, the subfamily C = {S,:j € S} covers
{uy, Uy, . . ., uy,} exactly.

Only if Starting from an exact cover C of {u,, .. ., u,,}, we notice imme-
diately that E c,=K.
This concludes the proof. [}

We can also show that 0-1 KNAPSACK is NP-complete even if X is
restricted to be %2 ¢,. This problem is better known as the PARTITION
problem.

Given integers ¢y,...,C,isthereasubset S < {I,2,...,n}such that
= c
P

Corollary 1 PARTITION is NP-complete.

Proof We shall polynomially transform 0-1 KNAPSACK to PARTITION.
Given any instance ¢y, . . . , c,, K of 0-1 KNAPSACK, we construct the following
instance of PARTITION: ¢,,..., ¢, ¢,y = 2M, c,,, = 3M — 2K, where

M = 2 ¢, > K. We claim that there exists a subset S of {1,2,...,n} with
2 ¢, = K if and only if there exists a subset " of {1,2,...,n - 2] such that

1§v ¢ = 2,”1
If In any feasible partition S’ of {c,,...,c,,;}, ¢,+, and ¢,,, must be

separated, because they add up to 5SM — 2K > Z":] ¢, Hence we have, for §
=
=8 —{n+1,n+2}

3¢t Cura = €t Cars
jes jis
st nez

1t follows directly from the arithmetic that 2; ¢y =
je
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Only if Suppose that ¥, ¢, = K for some S < {1, 2, ..., n}. Then imme-
Jés
diately
et =3 ¢;+F Cors [}
JjESs Jjes

Corollary 2 INTEGER KNAPSACK is NP-complete.

Proof INTEGER KNAPSACK is in NP, since it is a special case of ILP.
To show NP-completeness, we shall polynomially transform 0-1 KNAP-
SACK to INTEGER KNAPSACK. Suppose that we are given an instance
{er, ..., ¢, K} of 0-1 KNAPSACK. Naturally, we can assume that | < ¢, < K
for j=1,...,n and K > 0. We shall construct an instance {d,, ..., d,,, L}

of INTEGER KNAPSACK such that there exist integers y,, . .., y,, > 0 with
2n
IZ; dy,=L

if and only if there exist x,, ..., x, € {0, 1} such that
12; cx; =K

Let M = 2n(n + 1) - K. We define the d,’s as follows:
g MM e i<
R V7 Ve otherwise
Also, L =n +« M"* an M’ + K. This completes the construction of the
j=

INTEGER KNAPSACK instance, starting from the instance of 0-1 KNAP-
SACK.

Suppose that the constructed instance of INTEGER KNAPSACK has a
solution {y,, ..., y,,}; in other words,

2n
,Z; dy;=L
or
2 n n n
Mo+t ,Z_;y/ . ,-2. MUy, 4y + I; cyy=n- M ,,Z. M+ K (151)
Now, each y, must be smaller than the quantity
L M
q, <n-|1< R
Consequently

2n L3
IE‘ YpYi+ View 12. ey, < M

It follows that (15.1) is an equation involving positive linear combinations of the
powers of a large integer M, with all coefficients less than M. It is immediate
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that the coefficients corresponding to like powers of M must be equal. Hence

2n
,Zgy/: n, y;+yu.=1 forallj

and

]}:e,y,:l(

The first two equalities show that exactly one of y,, y,,, must be 1 for all j, and
the other must be zero. Consequently, the third equality shows that {y,, ..., y,}
is a solution to the original 0-1 problem.

Conversely, starting with a solution {x,, ..., x,} of the 0-1 KNAPSACK
instance, we can construct a solution {y,, .. ., y,,} for INTEGER KNAPSACK
bytakingy, = x,j=1,...,nandy,=1—x, ,j=n-+1,...,2n Conse-
quently, the constructed instance of INTEGER KNAPSACK has a solution iff
the original instance of 0-1 KNAPSACK has one. Hence, INTEGER KNAP-
SACK is NP-complete. (]

PROBLEMS

1. Formalize the maximum matching problem for weighted graphs as an optimiza-
tion problem by describing appropriate algorithms @, and Q..

2. Prove that if we had a polynomial-time algorithm for computing the length of the
shortest TSP tour, then we would have a polynomial-time algorithm for finding
the shortest TSP tour.

3. Consider the following problem.

GRAPH COLORING

Given a graph G = (V, E) and an integer k, 1s there a

mapping x: V =>{1,2,..., k} such that [v, u] & E implies

X(@) # x)?
Show that GRAPH COLORING is in NP by giving a detailed description of a
certificate and a certificate-checking algorithm.

4. Give a direct proof that ILP is NP-complete by showing that any problem in
NP polynomial-time transforms to ILP.

5. Show that SATISFIABILITY is NP-complete even if each variable is restricted
to appear once negated and ofce or twice unnegated (a solution is given in the
next chapter).

6. Let F be a formula consisting of clauses with two literals each. From F, let us
construct a directed graph D(F) == (X, A), as follows: X is the set of variables
that appear in F and their negations. There is an arc (4, 1;) € A iff the clause
Ay +A)isin F.
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(a) Show that if, for some variable x, x and x are in the same strongly connected

component (see Problems 4 and 5 of Chapter 9) of D(F), then F is unsatis-
fiable.

*(b) Show the converse of (a).

(c) Givean O(n) algorithm for solving the SATISFIABILITY problem restrict-
ed to formulas with 2-literal clauses.

Give an explicit construction of a certificate-checking algorithm (as defined in
Sec. 15.5) that accepts strings of the form 00...0 $11...1forn > 1.
i

[

n 2n

Give a sequence of instructions in our model of certificate-checking algorithms
that simulates each of the following more elaborate instructions.

(@) I:if o then (g';0"; ') else (6”;0";1")
(b) I: do the following instruction while the scanned symbol is not a §$.
(¢) l:goto /.

Show how to avoid the possibility of the head of a certificate-checking algorithm
falling out of bounds by making an appropriate first move, and also assuming
that ¢(x) has a special form.

Show that GRAPH COLORING (Problem 3) is NP-complete.

Show that the following six problems are NP-complete (compare (a) and (b) with
Problem 12 of Chapter 12).

Given a graph G = (V, E), a set L < V, and an integer k, is there a spanning
tree T of G such that

(a) The set of leaves of T'is L?
(b) There are no leaves of T outside L?
(c) T has k leaves?
(d) T has at most k leaves?
*(e) T has at least k leaves?
(f) The nodes of T have degree at most k?
(Hint: The HAMILTON PATH problem is useful for all except (e).)
Show that the following problems are NP-complete.

(a) FEEDBACK VERTEX SET
Given a digraph D = (V, A) and an integer £, is there a subset F of V such
that | F| < k and the digraph resulting from D by omitting the vertices of
Fis acyclic?

(b) FEEDBACK ARC SET
This is the same as (a), except that Fis now a set of arcs.

(Hint: Start from NODE COVER.)

Show that the following problem is NP-complete.
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MAX-CUT

Given a graph G = (V, E) and an integer £, is there a partition of V into ¥, and
V, such that there are at least k edges in E between V, and V,?

Show that the following problem is NP-complete.

MIXED CHINESE POSTMAN

Given a mixed graph M = (V, E, A)—where E is a set of edges and 4 a set of
arcs on V—an integer L and a weight w: E U A — Z*,1s there a walk of M that
includes every edge and arc and has total weight at most L?

Compare with Problems 8 and 9 in Chapter 11.
Show that the following problem is NP-complete.
MULTICOMMODITY FLOW

Given a digraph D = (V, A) and 2k nodes sy, Sy, ..., Sk b1, t2y .. te in V,

are there node-disjoint directed paths from s, (0 t1, 5, t0 t5, ..., and s; to £ ?

(a) Show that the following simplified form of quadratic programming is at least
as hard as SATISFIABILITY.

QUADRATIC PROGRAMMING

Given integer matrices 4, Q, and integer vector b, find a real vector x
such that

x’Qx = min
Ax < b
(b) Give a polynomial-time algorithm for the problem in (a) in the special case
that Q is positive-definite. (Hint: Use the ellipsoid algorithm of Sec. 8.7.)

An interesting special case of the TSP is the geometric (or Euclidean) case, in
which we are given n points in the plane with integer coordinates, and we wish to
find the shortest tour, when d;; is the Euclidean distance

V= x)t+ (=)t
(a) Suppose that we formulate this case of the TSP as a recognition problem
called ETSP. Explain why it is not easy to argue that ETSP € NP. (Hint:

Calculate the length of the perimeter of the triangle below up to the fifth,
and then the seventh, significant digit.)

.9
(=10,5)

0,0

*(b) Define dy; = |o/(x; — x)% (3 — ¥)):]. Show that ETSP, under this
definition, is NP-complete.
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Consider the problem of finding the shortest path from s to ¢ in a weighted
digraph, when negative weights are allowed (recall Chapter 6).
(a) Show that there is a polynomial-time algorithm for this problem under the

restriction that no cycles of negative total weight exist.

(b)
the TSP.)

Show that without this restriction, the problem is NP-complete. (Hint: Use

The following is from the New York Times of November 27, 1979.1 Determine,
when possible, whether each statement is (a) true, (b) false, (c) misleading, (d)
equivalent to a well-known conjecture, the solution of which was probably not

known to Mr. Browne.

Mathematicians disagree as to the
ultimate practical value of Leonid
Khachiyan’s new technique, but con-
cur that in any case it is an impor-
tant theoretical accomplishment.

Mr. Khachiyan’s method is be.
lieved to offer an approach for the
linear pr to
solve so-cailed “travelmg sales-
man” problems. Such problems are
among the most intractable in
mathematics. They involve, for in-
stance, finding the shortest route by
which a salesman could visit a num-
ber of cities without his path touch-
ing the same city twice.

Each time a new city is added to
the route, the problem becomes very
much more complex. Very large
numbers of variables must be calcu-
lated from large numbers of equa-
tions using a system of linear pro-
gramming. At a certain point, the
compexity becomes so great that a
computer would require billions of
years to find a solution.

In the past, “traveling salesmen’
problems, including the efficient
scheduling of airline crews or hospi-
tal nursing staffs, have been solved

An Approach to Difficult Problems

on computers using the “simplex
method’’ invented by George B.
Dantzig of Stanford University.

As a rule, the simplex method
works well, but it offers no guaran-
tee that after a certain number of
computer steps it will always find an
answer. Mr. Khachiyan’s approach
offers a way of telling right from the
start whether or not a problem will
be soluble in a given number of
steps.

Two mathematicians conducting
research at Stanford already have
applied the Khachiyan method to de-
velop a program for a pocket calcu-
lator, which has solved problems
that would not have been possible
with a pocket calculator using the
simplex method

, the Khachi

approach uses equations to create
i ids that

y

late the answer, unlike the simplex
method, in which the answer is rep-
resented by the intersections of the
sides of polyhedrons. As the ellip-
soids are made smaller and smaller,
the answer is known with greater
precision.  MALCOLM W.BROWNE
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1© 1979 by the New York Times Company. Reprinted by permission.
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More About NP-Completeness

In this chapter, we continue our discussion of NP-complete problems by
addressing some important issues that surround the notion of NP-completeness.

16.1
The Class co-NP

Recall the following familiar yes-no problem:
HAMILTON CIRCUIT
Given a graph G = (V, E), is G Hamiltonian? (That is, does G have a
Hamilton circuit?)
1t was routine to show that Hamilton circuit is in NP, since every yes instance
has a concise certificate—namely, the circuit itself. Consider, however, the
following no-yes version of the same problem:
HAMILTON CIRCUIT COMPLEMENT
Given a graph G = (V, E), is G non-Hamiltonian?
It is not clear at all that this problem is in NP. In fact, we shall soon see that,
most likely, it is not! The only general method known to date for demonstrating
that a graph is non-Hamiltonian consists essentially of systematically listing all

383
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circuits of G and verifying that none contains all of the nodes. This list is certainly
a certificate, but unfortunately one of exponential length.

In general, Problem A is the complement of Problem A if the set of strings
with symbols in X that are encodings of yes instances of A are exactly those that
are not encodings of yes instances of A. Thus, strictly speaking, HAMILTON
CIRCUIT COMPLEMENT is not the complement of HAMILTON CIRCUIT,
because there are strings that are neither encodings of yes instances of A nor of
A These are the strings that fail to encode a graph at all—Hamiltonian or not.
However, these other instances do not affect the complexity of the problem,
since they can always be detected by a simple “syntactic check” and disposed of
promptly. Consequently, it is an acceptable practice to disregard this point and
consider the two problems above as complements of one another. For another
example, the complement of TSP is the following problem:

TSP COMPLEMENT
Given n, n X ninteger matrix [d,;], and integer L, is it true that for all cyclic
permutations (tours) 7,

/; dyy>L?

Again, it is not at all obvious how we can construct a certificate for a yes
instance of TSP COMPLEMENT, short of exhibiting all tours, together with
the corresponding costs, all larger than L. However, consider the following
complement of a problem known to be in P:

CONNECTEDNESS COMPLEMENT

Given a graph G, is it disconnected ?
The search algorithm that solves the connectedness problem in polynomial time
obviously can be used to solve its complement. Thus, CONNECTEDNESS

COMPLEMENT is in P as well. It is very easy to prove a general statement to
this effect.

Theorem 16.1 If A is a problem in P, then the complement A of A is also in P.

Proof Since A is in P, then there is a polynomial algorithm that solves A.
A polynomial algorithm for solving the complement of A is exactly the same
algorithm, only with the substitution of no whenever yes was previously reported,
and vice-versa. O

The same argument cannot be applied to show that the complement of any
problem in NP is also in NP. This is because there is a certain asymmetry in the
very definition of NP: If x is a yes instance of A € NP, then it has a certificate
so indicating; but if it is a no instance, it may not have a concise certificate to
prove it. In fact, as we have pointed out in our examples, there are at least two
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problems in NP whose complements may very well not be in NP. This motivates
the following definition.

Definition 16.1

The class co-NP is the class of all problems that are complements of prob-
lems in NP. []

Saying that the complements of all problems in NP are also in NP is thus
equivalent to saying that NP = co-NP. However, there is reason to believe that
NP # co-NP. The evidence is as circumstantial as that pointing to the conjecture
P 5= NP: Many able researchers have tried for a long time, without success, to
construct succinct proofs for the non-Hamiltonian property, as well as for many
other complements of succinctly certifiable properties. Nevertheless, as in the
case of the P 7= NP conjecture, no proof is yet available. However, it can be
shown (as with P = NP) that if this conjecture is true, then it is the NP-complete
problems that will testify to its validity.

Theorem 16.2 If the compl of an NP-complete problem is in NP, then
NP = co-NP.

Proof Suppose that the complement C of an NP-complete problem C
is in NP; we shall show that then the complement A of any problem A in NP
is also in NP.

Because C is NP-complete, we know that A is polynomially transformed to
it; notice that this transformation is also a polynomial transformation from A
to C. We can thus exhibit a concise certificate for any yes instance of A: It
consists of (a) a record of the operation of this polynomial transformation,
resulting in a yes instance of C, and (b) a certificate for this instance of C—such
a certificate exists, because C is in NP. The whole certificate is polynomially
concise, since the transformation is by hypothesis a polynomial-time one.

It follows that A is in NP. Since A was taken to be any problem in NP,
this implies that NP = co-NP. O

Thus, of all problems in NP, the NP-complete problems are those with
complements least likely to bein NP. Conversely, if the complement of a problem
in NPis also in NP, this is evidence that the problem is not NP-complete. Recall,
for example, the following recognition problem, shown in Sec. 8.7 to be equiva-
lent to Linear Programming:

LINEAR INEQUALITIES (LI)
Given an m X n integer matrix 4 and an m-vector b with integer entries, is
there a rational n-vector x such that Ax < b?



386 Chapter 16 MORE ABOUT NP-COMPLETENESS

‘What is the complement of LI ? Duality theory says that 4x < b is infeasible
if and only if the dual program
min y'b
yA=0 (16.1)
y=0
is unbounded (it is feasible, with y = 0). Here we applied the dual construction
to the program
max 0 - x
Ax<b
x=Z0

However (16.1) is unbounded if and only if it has any solution with negative
cost. Hence, the no-yes version of the instance 4x << b of LI is itself another
instance of LI, namely that with inequalities

y’'4<0
y'A=>0
y=0
y'bh< —1
We conclude that LI is its own complement, and thus it is in both the classes NP
and co-NP.

Naturally, this is not too impressive a result, because we now know that LI is
in P (Chapter 8). However, in the years of uncertainty that preceded the
ellipsoid algorithm, this fact—in view of Theorem 16.2—was the only available
theoretical evidence that LP is not an intractable problem.

We can use our understanding of the issues and conjectures related to co-NP
to make a more detailed chart of NP than the one of Fig. 15-2 (See Fig. 16-1.)

Complements
of NP-complete
problems

Figure 16-1 An updated conjectured topography
of NP.



16.2
Pseudo-Polynomial Algorithms
and “Strong’’ NP-Completeness

Recall the INTEGER KNAPSACK problem, which we proved in Chapter 15

to be NP-complete. Let ¢,,...,c, K be an instance of this problem; the

question is, of course, whether there exist integers x,, x,, . . ., x, > 0 such that
]Zi cx, =K

Given any such instance, we can construct a digraph G(c,, . . ., ¢,; K) = (V, A)
as follows

V=1{0,1,2...,K}
A={mk):0<m<k<K and k— m=c,forsomej < n}

Thus G(c,, . . ., ¢,; K) has K + 1 nodes and O(nK) arcs. For example, the graph
G(3, 7; 13) is shown in Fig. 16-2.

Figure 16-2

Lemma 16.1 There is a path from 0 to K in G(c,, . . ., ¢,; K) if and only if the
instance (c,, . . ., ¢,, K) of INTEGER KNAPSACK has a solution.

Proof Suppose that (0 =iy, i,,...,I, = K) is a path in G. Consider
the sequence (d,,...,0,) = (i, —ios-..sip— in_,). Now, &,,...,0, are

all among {c,, . .., ¢,}, by the definition of G. Furthermore,
i o =K
=1
It follows that
J{‘: cx; =K
has a nonnegative integer solution, namely with x, taken to be the number of
times that ¢, appears in (J,, . . ., 4,,). Conversely, if
n _x
f\;- Ci%y
for nonnegative integers x,, ..., x,, then we can recover a path from 0 to K

in G(cy, . . ., ¢,; K) by taking

387
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(0130 =(C1sCppev ey CaCayev s Capev ey CppennsCy)
—_— — ——
x times Xz times Xn times

The 0-K pathis (0 = iy, . . ., i,, = K), where

i,=’};5, 0O

This suggests the following result.

Theorem 16.3 Any instance (cy,...,c, K) of the INTEGER KNAPSACK
problem can be solved in O(nK) time.

Proof Given (c,,...,c, K), we construct in O(nK) time the digraph
G(cy, . . ., ¢,y K). We then determine in O(nK) time whether there exists a path
from 0 to K using our algorithm findpath of Chapter 9. By the above lemma, this
solves the original instance of INTEGER KNAPSACK.

Theorem 16.3 has the appearance of an extremely important result. A
known NP-complete problem—the INTEGER KNAPSACK problem—can
besolved by an algorithm operating within a time-bound expressed by a perfectly
polynomial function! Have we proved, then, that P = NP?

The catch is, of course, that nK is not a polynomial function of the length of
the input. 1t takes about n log K space to record the encoding of an instance of
the INTEGER KNAPSACK problem, because integers can be written down in
binary—or decimal, for that matter. Therefore, O(nK) is not a polynomial bound.
Nevertheless, Theorem 16.3 still stands as a very interesting curiosity. It makes
our dichotomy of algorithms into practical and impractical (depending on
whether they run in polynomial time in the length of the input) seem somewhat
arbitrary. Under certain circumstances, the O(nK)algorithm could be considered
to be “practical,” despite its exponential time performance. For example,
suppose that in some application of INTEGER KNAPSACK, we seek to maxi-
mize the utility or money gained by an enterprise. What the O(nK) time bound
says is that in order to achieve this maximization, we have to spend a fixed—
and, it is to be hoped, very small—percentage of the profits for purchasing com-
puter time. And this may be considered a reasonable and practically feasible
policy. To make another point, we shall see in the next chapter that “pseudo-
polynomial” algorithms such as the O(nK) algorithm above may be indicative
of further positive algorithmic properties of the problem under examination,
despite the fact that it is NP-complete. It appears, therefore, that certain expo-
nential algorithms are not so catastrophic, after all.

What the above arguments suggest is that the length of the encoding may
not be the only meaningful measure of the “size” of an instance. The example of
INTEGER KNAPSACK leads to the following definition.
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Let I be an instance of a computational problem—typically I will be a
squence of combinatorial objects such as graphs, sets, or integers. Then
number([) is the Jargest integer appearing in 1. []

For example, an instance I = (cy, . . ., ¢,, K) of INTEGER KNAPSACK
has number(I) = K (assuming, as is reasonable, that c¢,...,c, < K). If
I=(G,k) is an instance of the CLIQUE problem, then number(l) = k.t
Let I = (n,[d,;], L) be an instance of the TSP. Then number(J) is the largest
integer among {n,|d,|,i=1,...,n,j=1,...,nL}. One very important
issue manifests itself immediately after this definition: Certain problems, such as
CLIQUE, have instances with naturally limited number; it does not make sense
for an instance (G = (¥, E), k) of CLIQUE to have k > |V|. Some other hard
problems, such as the TSP, have no natural limitations on the size of the integers
appearing in their instances. However, these unlimited integers are not essential
to the complexity of the problem: In order to show the NP-completeness of the
TSP, the largest integer that we needed to construct was n (recall the proof of
Corollary 2 to Theorem 15.6). On the other hand, we have problems such as
INTEGER KNAPSACK, which owe their complexity exactly to the unlimited
size of the integers appearing in their instances. In the example of INTEGER
KNAPSACK, for instance, we needed to resort to the construction of huge
integers in order to establish NP-completeness via Theorem 15.8 and its Corol-
laries. This seems to be necessary, especially in view of Theorem 16.3. These
considerations lead to the following definition.

Definition 16.3

Let A be a computational problem and f a function mapping N to N. We
use A, to denote A restricted to instances I for which number(I) < f(I}),
where | 1| is the length of the encoding of instance I. We say A is strongly NP-
complete if A, is NP-complete for some polynomial p(n). [

Example 16.1

CLIQUE is strongly NP-complete, because CLIQUE, is the same problem
as CLIQUE—recall that k = number(J) < |V| for any meaningful instance
I=((V, E), k) of CLIQUE. Similarly, TSP is strongly NP-complete, because,
as the proof of Corollary 2 to Thgorem 15.6 shows, it remains NP-complete even
if we restrict the integers involved to be bounded by the number of cities. Also

11f 1= ((V, E), k) is an instance of CLIQUE, one may argue that number(l) = |V|,
because one must use subscripts of size up to | V| to represent the nodes of (¥, E). This point,
however, is of no consequence in this discussion.

389
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strongly NP-complete are the problems HAMILTON CIRCUIT, 3-DIMEN-
SIONAL MATCHING, MULTIPROCESSOR SCHEDULING, and 3-
EXACT COVER, as well as all other NP-complete problems that can be shown
to be NP-complete by transformations that do not use exponentially large
integers. In contrast, 0-1 KNAPSACK, PARTITION, and INTEGER KNAP-
SACK do not fall in this category. []

Definition 16.4

An algorithm @ for a problem A is pseudo-polynomial if it solves any instance
I of A in time bounded by a polynomial in | /| and number(7). []

Thus the O(nK) algorithm that solves the INTEGER KNAPSACK problem
is clearly a pseudo-polynomial algorithm. As we have already mentioned, the
existence of a pseudo-polynomial algorithm for a problem is in many ways a
positive fact. Our next theorem establishes that strong NP-completeness makes
the existence of a pseudo-polynomial algorithm extremely unlikely, exactly as
NP-completeness makes the existence of polynomial algorithms unlikely.

Theorem 16.4 Unless P = NP, there can be no pseudo-polynomial algorithm
for any strongly NP-complete problem.

Proof Suppose that A is a strongly NP-complete problem; in other words,
A, is NP-complete for some polynomial p(n). Furthermore, suppose that
there exists a pseudo-polynomial algorithm @ for A, which solves any instance
I of A in time g(| I|, number (7)), for some bivariate polynomial g. It is then clear
that @ solves the NP-complete problem A, in time g(n, p(n)), a polynomial.
This is impossible unless P = NP.

Thus, proving a problem to be strongly NP-complete rules out—modulo
the P = NP conjecture—not only the existence of polynomial algorithms, but
that of pseudo-polynomial algorithms. In problems such as CLIQUE and
HAMILTON CIRCUIT, in which numbers play a minimal role, this stronger
variety of NP-completeness comes about naturally. Curiously, however, there
are some strongly NP-complete problems in which integers seem to play a
central part. A paradigm is the following problem.

THREE PARTITION
Given 3n integers {c,, . .., c;,}, is there a partition of these integers into n
triples Ty, ..., T, such that

c; = C

for all i, k?

This problem is strongly NP-complete (Problem 4).
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We should conclude this section with an apology to the fundamentalists.
Our “definition” of number(Z) for an instance I of a problem was only an
indication of the intended ing of this quantity. Formally speaking, the input
I'will be a dry string of symbols, and in general it will not be easy to recover
from it those parts that represent integers. This, however, does not diminish
the importance of the concepts introduced and the results proved in this section.
The critical observation is that our results hold if we take number to be any
fixed (for a given problem) polynomially computable mapping from the set of
instances to the positive integers satisfying number (/) < 2"”'. The more “reason-
able” our definition of the function number for a given problem, the more mean-
ingful will be the implications of Theorem 16.4.

16.3
Special Cases and Generalizations
of NP-Complete Problems

In this section we elaborate on the following obvious statement: the more
general a problem, the harder it is to solve. We shall see that this statement can
be very useful for proving NP-completeness results. We shall also illustrate it
by pointing out that, on several occasions, restricted subproblems of NP-
complete problems are in P. Finally, we shall give examples in which special
cases of NP-complete problems remain hard, despite some very drastic
restrictions.

16.3.1 NP-Completeness by Restriction

Consider the following problem.

MINIMUM COVER

Given a family F = S,, ..., S, of subsets of a finite set U, and an integer

k < n, is there a subfamily C of F containing k sets such that SU S, =U?
ec

What is the complexity of MINIMUM COVER? It is easy to see that this
problem is a generalization of the 3-EXACT COVER problem shown to be
NP-complete in the previous chapter. The 3-EXACT COVER problem is just
the special case of MINIMUM COVER in which |S,|=3forj=1,...,n,
and k = 4| U|. Consequently, any instance of 3-EXACT COVER can be trivially
transformed into an instance of MINIMUM COVER. So, MINIMUM COVER
is NP-complete, because it is a g‘eneralization of an NP-complete problem.

To take another example, we proved that the DIRECTED HAMILTON
CIRCUIT problem is NP-complete by simply observing that it is a generalization
of the undirected HAMILTON CIRCUIT problem. This is because, roughly
speaking, as far as Hamilton circuits are concerned, undirected graphs are just
special cases of digraphs, for which, whenever (1, v) € 4, then also (v, u) € A4.
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Similarly, the ASYMMETRIC TSP problem is NP-complete, since it generalizes
TSP. Also, consider the following problem.

SUBGRAPH ISOMORPHISM
Given two graphs G and G, is there a subgraph of G that is isomorphic
(that is, identical up to renaming of the vertices) to G'?

This problem is NP-complete, because it contains the CLIQUE and the HAMIL-
TON CIRCUIT problems as special cases. Indeed, when G’ is a complete graph
with k vertices, we have the CLIQUE problem. If G’ is restricted to be a Hamilton
circuit (that is, a connected graph with as many nodes as G and with degree of
all nodes equal to 2) then we have the HAMILTON CIRCUIT problem.
Proving NP-completeness by restriction is not always as trivial as the
examples above may have implied. Consider the following problem, for example.

SURVIVABLE NETWORK DESIGN

Given two n X n symmetric matrices, [d,)] (the distance matrix) and [r,]
(the redundancy matrix), and an integer L, is there a graph on n vertices
having cost at most L such that between the ith and the jth vertex there
exist at least r,; node-disjoint paths ?

We shall show that, in effect, this is a generalization of HAMILTON
CIRCUIT. Consider the case in which d,; is either 1 or 2, L = n, and r,;=2
for all i j. Then it is not hard to see that the only n-edge graph that has two
node-disjoint paths between any two nodes is the n-vertex circuit (and this
requires some proof). So this special case of the SURVIVABLE NETWORK
DESIGN problem has a solution if and only if the n-node graph in which an
edge [i,j]is present if and only if 4,; = 1 is Hamiltonian. Hence, SURVIVABLE
NETWORK DESIGN is a generalization of the HAMILTON CIRCUIT prob-
lem, and consequently is NP-complete.

16.3.2 Easy Special Cases of NP-Cemplete Problems

The main point of didactic value in this subsection is that special cases of
NP-complete problems need not be hard. This can be of considerable practical
importance. Suppose that, in a practical situation, we are interested in obtaining
exact optimal solutions to a given combinatorial optimization problem. Unfor-
tunately, we soon realize that the problem is NP-complete, and hence there is
no hope of solving the general problem in any efficient way. Should we give up?

Not immediately. It is possible (in fact, likely) that we have been the victims
of unnecessary generality—like many researchers who have formulated every
discrete optimization problem as an integer program and every sequencing prob-
lem as a TSP, only to give up once they realized that these general problems are
too hard to solve exactly.

A better approach is to formulate problems in the least general terms
possible and try to exploit any special features of the instances that interest
us. For example, if we are looking at a routing problem that involves graphs,
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it may be that the graphs of interest have some nice properties, such as
planarity, bounded degree of nodes, and so on. On the other hand, in order to
prove the problem NP-complete, we may have used—as is usually the case—
reductions that construct graphs that are highly nonplanar and feature very
large degrees. So there is still hope that there is an efficient algorithm for solving
the problem in the special case in which the graph is planar and the degrees low.
Of course, this is not to say that the NP-completeness of the general problem is
of no value in this case. Once such a result is proved, it is then up to the optimists
to explain how they hope to solve the special case by taking advantage of its
properties.

Example 16.2

Recall the CLIQUE problem, known to be NP-complete. Suppose that we
consider PLANAR CLIQUE, itsrestriction to planar graphs. Now, Kuratowski’s
theorem [Ev] says that a planar graph can have no clique with five or more
vertices. Consequently, the maximum clique of a planar graph G = (V, E)
can have up to four vertices, and hence it can be found by exhaustive search in
O(V|*) time. In fact an O(|¥|) algorithm is possible (see Problem 5). Hence
PLANAR CLIQUE is indeed a polynomial special case of the CLIQUE
problem. []

Example 16.3

Recall the MULTIPROCESSOR SCHEDULING problem that was
shown to be NP-complete in Theorem 15.5. We are given a directed acyclic
graph (g, A) describing the precedence requirements of the jobs, the number m
of processors, and the length T of the schedule, and we are asked whether a
feasible schedule exists. The following special cases, however, are polynomial.

1. T =2. If we are to complete the schedule in 2 time units, the digraph
(9, A) must have no path of length 2 or more; in other words, it must
be a bipartite digraph with arcs going from a set .S of sources to a set
R of sinks and possibly a set I of isolated nodes. In this case, it is easy
to see that a feasible schedule exists if and only if (a) |R|,|S| < m
and (b) |R| + | S|+ 1] < 2m.
2. m = 2. It was shown in Problem 5 of Chapter 10 that the problem
of scheduling two machines can be solved in O(n*) time.
3. (9, A) is a branching. In other words, indegree (J) < 1 for allJ € g.
For this case, too, we have a polynomial algorithm (see Problem 6
and [Hu]).
Thus several interesting special cases of the MULTIPROCESSOR SCHED-
ULING problem can be solved efficiently, despite the fact that the general prob-
lem is NP-complete. [}
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For another example, when SATISFIABILITY is restricted to clauses with
2 literals, the corresponding problem (called 2-SATISFIABILITY) can be solved
in linear time (Problem 6 of Chapter 15). More examples of such situations can
be found in the problems.

16.3.3 Hard Special Cases of NP-Complete Problems

The approach discussed in the previous subsection does not always work.
Certain NP-complete problems remain NP-complete even if their instances are
restricted very substantially. Very often the most interesting questions con-
cerning NP-completeness involve understanding exactly which special cases of
an NP-complete problem capture the complexity of the problem. Showing that
a special case of an NP-complete problem is itself NP-complete usually involves
a special kind of transformation. The purpose of this transformation is to modify
any given instance of the general problem to eliminate the features that are disal-
lowed in the special case under consideration without changing the yes or no
nature of the instance. We have already seen such a demonstration: the proof
that 3-SATISFIABILITY is NP-complete (Theorem 15.2), in which our goal
was to replace clauses with a number of literals other than three with equivalent
sets of 3-literal clauses. We next give another example of such a proof.

Theorem 16.5 SATISFIABILITY remains NP-complete, even for formulas in
which each variable is restricted to appear once or twice unnegated and once
negated.

Proof Consider any formula F, and any particular variable x appearing
in F. Suppose that x occurs k > 3 times in total in F. We may substitute the
first occurrence of x by a new variable x,, the second with x,, and so on, up to
the kth. Now, we have to make sure that all k variables x,, ..., X, agree in
their truth value in any truth assignment satisfying the formula. This can be
done by appending the clauses (x, + ¥;)(x; + %;)- - - (X, + X,) to the formula;
the reader can easily verify that the only way to satisfy these new clauses is by
letting x,, . . ., x, all have the same truth value.

Consequently, if we repeat this for all variables appearing more than three
times, we create a new formula in which all variables appear at most three times,
and this formula is satisfiable if and only if F is satisfiable. Now we identify all
variables that appear in the formula either always ted or always negated
Clearly, in any attempt to satisfy F’, we can satisfy all clauses in which these
variables appear by letting them be true or false, respectively, and no conflict
arises from this. Hence we can delete all these clauses from F’, and the resulting
formula again is satisfiable if and only if Fis satisfiable. If any variable x in the
new formula appears twice negated and once unnegated—this is the only way
left to violate the restriction of the theorem—we substitute j for x in the formula,
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where y is a new variable. It is easy to check that in the resulting formula each
variable appears once or twice unnegated and once negated. ]

Sometimes, in order to prove that a special case of an NP-complete problem
is NP-complete, we can simply observe that our construction for proving the
general problem NP-complete creates only instances of the problem that fall
within the special case of interest.

Theorem 16.6 HAMILTON CIRCUIT is NP-complete, even if the underlying
graph is restricted 1o have nodes of degree four or less.

Proof We have only to observe that in the proof of Theorem 15.6 we con-
struct a graph with nodes of degree not exceeding four. [}

Let us end by showing the following stronger result.

Theorem 16.7 HAMILTON CIRCUIT for graphs with all nodes of degree three
is NP-complete.

Proof Consider a graph G = (V, E) with degrees four or less. We shall
show how to dispense with the nodes of degrees four and two. We start with the
nodes of degree four. We replace every node v of degree four in G by thesubgraph
shown in Fig. 16-3(b), the nodes of which have degree three or two. Now, if
this subgraph is a part of any graph, it can be traversed by a Hamilton circuit
only as shown in Fig. 16-3(c) through 16-3(e) (or three more, completely
symmetric, configurations). Hence each of these transformations preserves the
existence of Hamilton circuits. To complete the proof, we notice that we can
eliminate nodes of degree two by replacing them as shown in Fig. 16-4. (|

16.4
A Glossary of Related Concepts

In this section we explore several issues pertaining to the theory of NP-com-
pleteness, and explain the relationship of these issues to the concepts introduced
and discussed in previous sections.

16.4.1 Polynomial-Time Reductions

In Sec. 15.4 we defined the notion of a polynomial-time reduction from
Problem A to Problem B to be a polynomial-time algorithm solving A by
making several “calls” of a subroutine that solves B, at unit cost. However, we
have focused our attention on the special case of a polynomial-time transforma-
tion. This “neater” variant was all we needed in order to develop the theory of
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NP-completeness. Have we lost something by restricting our attention to poly-
nomial-time transformations? It is not known whether relaxing our definition
of NP-completeness to allow for general reductions would actually enlarge the
class of NP-complete problems—even in the case that P 5= NP.

16.4.2 NP-Hard Problems

Sometimes we may be able to show that all problems in NP polynomially
reduce to some problem A, but we are unable to argue that A € NP. So A
does not qualify to be called NP-complete. Yet, undoubtedly A is as hard as
any problem in NP, and hence most probably intractable. It is for these problems
that we have reserved the term NP-hard. Here is an example.

Kth HEAVIEST SUBSET
Given integers ¢y, . . ., ¢,, K, and L, are there K distinct subsets S,, . . . , Sk
< {1, ..., n} such that

> fori=1,...,K?
Ié‘csz ori=1, , K

(In other words, is the Kth heaviest subset of {1, ..., n} at least as heavy
as L?)

Is Kth HEAVIEST SUBSET in NP? This is not at all clear. What shorter certifi-
cate is there for a yes instance (c,, . . . , ¢,, K, L) other than a listing of K subsets
that are heavier than L? Naturally, this is not a succinct certificate, because K
can be as large as 27!, for example.

Nevertheless, all problems in NP are polynomially reducible (not trans-
formable) to the Kth HEAVIEST SUBSET problem.

Theorem 16.8 PARTITION is polynomially reducible to Kth HEAVIEST
SUBSET.

Proof Suppose that we have a subroutine @ that solves the Kth HEAVIEST
SUBSET problem. We can use this to solve any instance c,, ..., ¢, of the
PARTITION problem as follows.

1. First, we determine the rank R within the subsets of {1,...,n}
(ordered by weight) of the lightest subset with weight greater than or
equal to

s 1 de

Naturally, if

A
is odd, we immediately answer no. We do this by determining R bit
by bit, with n calls of @.
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2. If fewer than 2" — R subsets have weight greater than or equal to

}IZ‘ ¢+ 1
this means that at least one—in fact, at least two—subsets have weight
c
15,
and hence we answer yes. Otherwise, we answer no. O

Incidentally, this is one of the rare instances in which polynomial reducibility
is not known to be replaceable by the stricter notion of polynomial transform-
ability (recall the previous subsection).

Besides its use to describe recognition problems not known to be in NP,
the term NP-hard is sometimes used in the literature to describe optimization
problems (which, not being recognition problems, are certainly not in NP),
the recognition versions of which are NP-complete. For example, we may say
that the TSP (the optimization problem, that is) is NP-hard.

16.4.3 Nond inistic Turing Machi

The initials in NP stand for nondeterministic polynomial. The reason is that,
historically, NP was first introduced in terms of certain computing devices called
deterministic Turing hil
A Turing machine is a device operating in a manner similar to the certificate-
checking algorithm of the previous chapter—only a Turing machine operates
on the input alone, not a certificate, and has unbounded tape to work on. It is
controlled by a program with statements such as
I:if o then (¢'; 0;I')
A Turing machine accepts its input if it reaches a designated statement /: accept.
Thus P can be defined as the set of yes-no problems recognizable by Turing
machines with the property that the computation always halts after a number
of steps that is bounded by a fixed polynomial in the size of the input. It should

be clear that this definition coincides with our informal notion of polynomial-
time algorithm.

d istic Turing hine M is again such a device, only now the
program has statements of a more general form
1:if o then one of {(d7; 0,; 1Y), (6%; 025 12), . . ., (O%; 04, D}

In executing this statement, M has the choice of taking any one of the indicated
k > 1 actions; hence the term nondeterministic. Now NP can be defined to be
the class of all yes-no problems A with the property that there exists a nondeter-
ministic Turing machine M such that for each yes instance x of 4 there exists
a sequence of legal “choices” of moves by M, of total length bounded by a fixed
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polynomial in | x|, eventually leading to the accept statement; furthermore, no
such choice of moves exists for no instances.

‘We shall now argue that this definition of NP is equivalent to our definition,
which made use of the notion of a certificate. Suppose that a problem has the
“concise certificate” property. Then it can be recognized by a nondeterministic
Turing machine that operates by first (nondeterministically) printing next to the
input some alleged certificate of appropriate length, and then simulating the
certificate-checking algorithm on the string that it has generated. Because our
problem has the concise certificate property, for each yes instance (and for no
no instance) there exists a “correct” certificate; that is, there exists a sequence
of moves of the nondeterministic machine leading to an accept statement, and
this sequence has a length bounded by the polynomial corresponding to the
problem.

Conversely, suppose that a yes-no problem A can be recognized by a non-
deterministic Turing machine with a polynomial bound p(n). Then each state
of the operation of this machine on an input of length n can be represented as
a word of p(n) symbols—possibly many of them blank—and certain extra
information denoting the label of the statement about to be executed and the
position of the read-write head on the tape. Hence, the whole operation of this
machine on a yes instance x of A can be represented by juxtaposing p(lx|[)
such words, with a total length of O(p?(|x[)). Now this record of the operation
can be checked for validity by making sure that each word in it comes from the
previous one by an option that was legitimate at that time—and this check
requires only a polynomial amount of time. Hence, all yes instances of A—and
only these—have a succinct and efficiently checkable certificate, namely, a legal
record of the operation of the nondeterministic Turing machine that terminates
at the accept instruction. We conclude that the definition of NP in terms of non-
deterministic Turing machines is equivalent to ours.

16.4.4 Poly ial-S| Cc lete Problems

P P

We have the class P of problems solvable in polynomial time, and the class
NP of problems that have polynomially certifiable yes instances. If we are even
more generous and require only that problems have algorithms whose operation
can be confined within an amount of space that is bounded by a polynomial in
the size of the input, we arrive at a class of problems known as PSPACE. If an
algorithm requires only a polynomial amount of time, it certainly cannot
consume more than a polynomial amount of space, so P is definitely a subset of
PSPACE. Also, NP is a subset of PSPACE. To see this, imagine a machine that,
on some input, systematically generates all possible concise certificates one after
the other, erasing the previous one each time, and simulates the certificate-
checking algorithm on each. This machine takes an exponential amount of time,
since there is a huge number of possible certificates of the appropriate length,
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but it uses only a polynomial amount of space. The same argument also
proves that co-NP < PSPACE.

Still, PSPACE may very well be even richer. For example, the Kth
HEAVIEST SUBSET problem discussed earlier (and whose membership in NP
is doubtful) is in PSPACE. This is because we can examine exhaustively all
subsets of {1,...,n}, each time erasing the previous one, while keeping on
the side a count (in binary) of those subsets found to be heavier than L. All this
can be done in polynomial space.

A problem is said to be PSPACE-complete if it is in PSPACE and all other
problems in PSPACE are polynomially reducible to it. The paradigm of
PSPACE-complete problems is a quantified version of SATISFIABILITY,
which we do not define here.

PSPACE-complete problems are even less likely to be in P than NP-
complete problems, since PSPACE contains NP (and hence P = PSPACE
would imply P = NP). In the light of these new concepts, we show below our
final conjectured view of NP and its vicinity. It is indicative of our poor under-
standing of the area that, for all we know now, all these regions can conceivably
be collapsed to one: P!

B

Complements

NP-complete

problem

16.5
Epilogue

The final word on the intractability of NP-complete problems cannot be written
until the P 5= NP conjecture is resolved. Despite the great theoretical importance
of this problem and the declared interest of many computer scientists, no proof
of this conjecture appears to be in sight. In fact, it now seems very likely that the
answer to this question will not come about without the development of entirely
new mathematical methodology.

In compiling the small sample of problems that we proved NP-complete
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in the previous chapter, we selected only those that pertain to combinatorial
optimization, or are fundamental enough to be useful as starting points for
proving other problems NP-complete. There are many more NP-complete
problems, however, arising in disciplines as diverse as graph theory, optimization,
mathematical programming, logic, number theory, and the theory of computa-
tion. Some can be found in the problems following the previous chapter. The book
by Garey and Johnson [GJ2]—the most thorough census attempted to date—
contains many hundreds of NP-complete problems. Among these, there are
several optimization problems whose solution is of great practical significance.
The fact that these problems are NP-complete—together with the widespread
and well-founded confidence that this implies intractability—has led many
researchers to reassess their strategy for attacking these problems. There are
several alternatives that are less bleak than attempting to solve NP-complete
optimization problems exactly and efficiently. We list the principal ones below.

1. Approximation algorithms These are algorithms that produce not
optimal solutions, but solutions that are guaranteed to be a fixed
percentage away from the actual optimum. We study thisapproachand
its limitations in the next chapter.

2. Probabilistic algorithms Sometimes it is possible to design algorithms
that do not behave badly—in terms of the quality of the produced
solutions or the time spent—too often, assuming some probabilistic
distribution of the instances of the problem.

3. Special cases We saw in Sec. 16.3 that interesting special cases of
an NP-complete problem may be easy. If we are interested only in
these special instances, the fact that the general problem is NP-
complete is more or less irrelevant.

4. Exponential algorithms Such algorithms may not be too bad, after
all. We have already argued that pseudo-polynomial algorithms (Sec.
16.2) may sometimes be practical, despite the fact that they are,
strictly speaking, exponential. Furthermore, some search techniques
of exponential worst-case complexity, such as branch-and-bound of
Chapter 18, can be applied successfully to instances of reasonable size.

5. Local search One of the most successful methods of attacking hard
combinatorial optimization problems is the discrete analog of “hill
climbing,” known as local (or neighborhood) search. This is the subject
of Chapter 19.

6. Heuristics Any of the approaches above without a formal guarantee
of performance can be considered a “heuristic.” However unsatisfy-

ing mathematically, such approaches are certainly valid in practical
situations.
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PROBLEMS

The following is a classical recognition problem.
PRIMES
Given the decimal representation of an integer, is it a prime?
(a) Give an algorithm for recognizing PRIMES. What is the complexity of your
algorithm?
(b) Show that PRIMES € co-NP.
*(c) Show that an integer n is prime iff there exists an integer a such that
(i) a"' =1 (mod n) and
(i) a»~1/» 2 1 (mod n) for all prime divisors p of n — 1.
(d) Based on (c), show that PRIMES € NP.
A polynomial-time transformation T from Problem A to Problem B is called
parsimonious if for any instance x of 4, T(x) has the same number of solutions
(that is, different certificates ¢(7'(x)) as x. Which of the transformations used in
the proofs in the previous chapter are (or can easily be made) parsimonious?
Let m be any fixed integer and m-ILP the problem of ILP restricted to instances

with m equations. Show that there is a pseudopolynomial algorithm for m-ILP.
(Hint: Recall the bounds of Sec. 13.3.)

. *(a) Givea polynomial-time transformation from 3-DIMENSIONAL MATCH-

ING to the following problem.
FOUR PARTITION
Given 4n integers {¢y, ..., cqn}, is there a partition of these integers into n
quadruples Q,, . .., Q, such that
> ¢, foralli k?

=
P é0:
The numbers ¢, constructed in the transformation should obey c; = p(n) for
some polynomial p.
(b) Show that THREE PARTITION is strongly NP-complete.
Show that whether a planar graph (¥, E) has a clique of size 4 can be deter-
mined in O(| V) time.
Consider the following algorithm for solving the MULTIPROCESSOR SCHE-
DULING problem when the precedence relation is an antibranching (that is, all
outdegrees are 1, except for the root).
1. Assign to each task a priority, which equals its distance from the root.
2. Assign tasks to time slots and processors by assigning first the tasks
that have no unexecuted predecessor and the highest priority.
(a) Show that this algorithm correctly solves this special case in polynomial
time.
(b

<

Give polynomial-time algorithms for the cases in which the precedence rela-
tion is a forest of antibranchings, a branching, and a forest of branchings.
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A graph is chordal if all cycles [v, vy, . . . , ;] Of length four or more have a
chord, that is, an edge [v,, v)] withj £ i £ 1 (mod k).
*(a) Show that the following is an equivalent (recursive) definition of chordal
graphs:

A graph G = (¥, E) is chordal iff either G = (&, &) (the empty graph) or
thereisav € Vsuch that (i) the neighborhood of v (that is, v and its adjacent
nodes) forms a clique, and (ii) recursively, G — v is chordal.

(b) Show the GRAPH COLORING, INDEPENDENT SET, and CLIQUE
are polynomial-time problems for chordal graphs.

Let G = (V, E) be a planar graph, and let F be the set of regions (faces) into

which a planar “drawing” of G separates the plane. Two faces of G are adjacent

if their intersection is a line (not a point). The dual graph of G is G? = (F, H),

where [f3, /2] € H iff fi and f, are adjacent (GP may have repeated edges).

(a) Formulate MAX CUT (Problem 13 in Chapter 15) for a planar graph G
as a matching-like problem in G2, and thus solve it in polynomial time.

(b) Repeat (a) for the weighted version of MAX CUT.

Show that the (asymmetric) TSP with distances as those described in Part (a)
(and (b)) of Problem 13 in Chapter 11 can be solved in polynomial time.

Show that the (asymmetric) TSP with nonnegative distances d;; satisfying the
condition d,; = 0 if i > j can be solved in polynomial time.

Show that the Hamilton circuit problem for planar graphs is NP-complete.
(Hint: Recall Fig. 15-9 in the proof of Theorem 15.6. All that is required is to
show how the A lines can be allowed to cross. Consider now the following idea.)

bl

Prove by restriction (Subsec. 16.3.1) that the following problems are NP-com-
plete.

(a) SUBGRAPH HOMEOMORPHISM
Given two graphs G = (¥, E) and H = (U, F), is there a mapping h from
U to V such that (i) h(u) = h(v) implies u = v; (ii) for each [, v] € F, there
is a path from h(u) to A(v) in G; and (iii) all paths in (ii) are node-disjoint.
(Hint: HAMILTON CIRCUIT.)

Given a digraph D = (¥, A4) the transitive closure of D is the digraph D* =
(V, A*) such that (4, v) € A* iff there is a path from u to v in A (or u = »).
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(b) TRANSITIVE REDUCTION BY ELIMINATION
Given a digraph D = (¥, 4) and an integer &, is there a subdigraph F =
(V, B) such that D* = F* and |B| < k?

(Hint: DIRECTED HAMILTON CIRCUIT.)
(©) HITTING SET

Given a family C = (S, ..., S,} of finite sets and an integer k, is there a
set H, with |H| < k,suchthat HN S; % @ forj=1,...,n?

(Hint: NODE COVER.)

(d) HAMILTON COMPLETION
Given a graph G = (¥, E) and an integer k, is there a set B of edges such
that | B| < k and (¥, E U B) has a Hamilton circuit ?

NOTES AND REFERENCES

The ideas discussed in Sec. 16.2 are from

[GJ1] GAReY, M.R., and D.S. JouNsON, “Strong NP-completeness Results:
Motivation, Examples, and Implications,” J. ACM, 25 (1978), 499-508.

Theorem 16.8 is due to

K] Jounson, D. B., and S.D. KasupaN, “Lower Bounds for Selection in
X + Y and other Multisets,” J. ACM, 25 (1978), 556-70.

For further discussion of the issues mentioned in Sec. 16.4, see the chapter “Beyond
NP-Completeness” in

[GJ2] GAREY, M. R, and D. S. JounsoN, Computers and Intractability: A Guide to
the Theory of NP-completeness. San Francisco: W. H. Freeman & Com-
pany, 1979.

Problem 1(d) is due to

[Pr] PrATT, V. R., “Every Prime Has a Succinct Certificate,” J. SIAM Comp., 4
(1975), 214-70.

Parsimonious reductions were introduced in

ISi] SIMON, J., On Some Central Problems in Computational Complexity, (Un-
published Ph.D. Thesis, Cornell University, 1977).

and in

[Val] VALIANT, L. G., “A Polynomial Reduction of Satisfiability to Hamiltonian
Circuits that Preserves the Number of Solutions,” (unpublished manu-
script).



Notes and References 405

Using such reductions, Valiant has developed a complexity theory for enumeration
problems (that is, problems related to counting the solutions) which parallels that of
recognition and optimization problems. See

[Va2] VALIANT, L. G., “The Complexity of Enumeration and Reliability Problems,”
Report CSR-15-77, Univ. of Edinburgh, 1977.

Problem 3 is from

[Pa] ParabpmmiTriOU, C. H., “On the Complexity of Integer Programming,”
M.LT. Lab. for Computer Science, TM-152, 1980. Also, J. ACM, 28 (1981,
in press).

Problem 4 is from [GJ2]. Problem 6 is from

[Hu] Hu, T.C., “Parallel Sequencing and Assembly Line Problems,” OR, 9
(1961), 841-48.

Problem 7 is from

[Ga] GAvrIL, F., “Algorithms for Minimum Coloring, Maximum Clique, Mini-
mum Covering by Cliques, and Maximum Independent Set of a Chordal
Graph,” J. SIAM Comp., 1 (1972), 180-87.

Problem 8 is from

[OD] ORrLOVA, G.I., and Y.G. DoremaN, “Finding the Maximum Cut in a
Graph,” Engnrg. Cybernetics, 10 (1972), 502-06.

Problem 5 is from

[PY] PapapimiTrIOU, C. H., and M. YANNAKAKIS, “The Clique Problem for
Planar Graphs,” Inf. Proc. Letters (1981, in press).

Problems 9 and 10 are from

[GG] GILMORE, P.C., and R.E. GoMoRry, “Sequencing a One State-Variable
Machine: A Solvable Case of the Traveling Salesman Problem,” OR, 12
(1964), 655-79.

and

[La] LAwLER, E. L., “A Solvable Case of the Traveling Salesman Problem,”
Math. Prog., 1 (1971), 267-69.

For Kuratowski’s theorem see, for example,

[Ev] EveN, S., Graph Algorithms. Potomac, Maryland: Computer Science Press,
1979. :



Approximation Algorithms

17.1
Heuristics for Node Cover:
An Example

Consider the NODE COVER problem.

Given a graph G = (V, E), find the smallest possible set C of nodes such
that [u,v] € E=>v» € Coru € C.

This is a very practical problem, arising, for example, whenever one wants to
monitor the operation of a large network by monitoring as few nodes as possible.
Certainly the fact that this problem is NP-complete (Corollary to Lemma 15.4)
is quite disappointing in this regard. Nevertheless, there are certain plausible
techniques for obtaining “good” (but perhaps not optimal) solutions to this
problem. For example, the “greedy” heuristic in Fig. 17-1 appears quite
promising.

Because our goal in this problem is to cover all edges of G with as few nodes
as possible, selecting each time the single node that by itself covers as many of
the remaining edges as possible is an attractive strategy. In view of the fact that
NODE COVER is NP-complete, of course, we do not expect this efficient
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Input: A graph G=(V,E)
Output: A node cover C of G, presumably not much larger than
the optimal one.
begin
C:=@;
while Es do
choose the node in V that has the largest degree,
(comment: break ties arbitrarily)
remove it from G and add it to C
end

Figure 17-1 Algorithm 1

algorithm to yield the smallest node cover all the time. But how close does it
come?

Let us consider this scheme applied to the graph of Fig. 17-2. We first
choose one of the degree-5 nodes a,, a,, or a;—say, a,—then a,, then a;, and
finally ¢,, ¢, ¢3, ¢, and c;. The resulting node cover consists of 8 nodes. The
optimal node cover, however, has just 5: {by, b, b, b,, bs}. Furthermore, if
we generalize this graph to one with n a-nodes, n - 2 b-nodes, and n + 2
c-nodes (together with the [c,, b,] and [a,, b)) edges for all i, ), we find that
Algorithm 1 finds a cover of 2n + 2 nodes, whereas the optimal cover has only
n + 2. Since ncan be arbitarily large, we see that the error can become arbitrarily
close to 100 percent.

Figure 17-2

Is this the worst possible performance for this heuristic, or can the error
get even higher ? The example of Fig. 17-3 shows that it can. In the beginning,
node a, has the maximum degree, namely 5. After the removal of a,, as has the
largest degree, then a;, and so on. At each stage, an a-node is among those of
highest degree, and so it is removed. Finally, the node cover is completed with,
say, all the c-nodes. This solution has a total of 13 nodes, whereas the optimal
one, {by, b, b, by, b, bs}, has only 6. The deviation from the optimum exceeds
100 percent.
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Figure 17-3

In order to generalize the counterexample of Figure 17-3, we have first to
understand its structure. We can think of it as 6 edges [¢,, b)), i=1,...,6,
to which the a-nodes are appended in the following fashion: First we partition the
6 b-nodes into 3 pairs and join the nodes in each pair with an a-node. Then we
partition the b-nodes into 2 triples, and again join all nodes in a triple with a
new a-node. We repeat the same with quadruples and quintuples, and so on,
possibly leaving out some b-nodes and always adding a new a-node for each set
in each partition. It is not hard to see that if we apply Algorithm I to the resulting
graph, the highest-ranking remaining a-node always has the highest degree.
The resulting node-cover therefore has L(n) + n nodes, where L(n) is the number
of a-nodes in the graph; the optimal node cover consists of the n b-nodes. It
follows that Algorithm 1 performs with a relative error L(n)/n. Notice that

L) =% i)

Table 17.1
n | 6 10 30 100 1000

L(m)/n (%) | 117 160 267 380 600

As indicated in Table 17.1, L(n)/n can grow substantially. In fact, it grows as
fast as In n. Consequently, the seemingly plausible Algorithm 1 for node cover
has no fixed bound on the relative (that is, percentage) error that it introduces.
We can construct instances in which it behaves as badly as desired!

Can we design a heuristic for NODE COVER with bounded relative error?
Consider the algorithm in Fig. 17-4.

The resulting set C of nodes is certainly a node cover. Now, any node
cover must by definition cover all the edges chosen by the algorithm. However,
these edges have no node in common, and so each must be covered by a different
node of the node cover. Consequently, any node cover must contain one node
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Input and output: As in Algorithm 1.

begin
C:=g;
while EQ do

Choose any edge [v,u} of E, delete both nodes u and v from
G and add them to C
end

Figure 17-4 Algorithm 2

from each edge chosen, and thus no node cover can be smaller than half the
size of C. Thus Algorithm 2 has a relative error of at most 100 percent. This
worst-case error can be actually achieved: simply think of a graph consisting of
many disjoint edges.

‘What we have illustrated above, in terms of the NODE COVER problem
and the two proposed heuristics, is the idea of evaluating a heuristic by analyzing
its worst-case error bound. These concepts can be formalized as follows.

Definition 17.1

Let A be an optimization (minimization or maximization) problem with
positive integral cost function ¢, and let @ be an algorithm which, given an
instance I of A, returns a feasible solution f4(7); denote the optimal solution of
I'by f(I).t Then @ is called an €-approximate algorithm for A for some € > 0 if
and only if

le(falD) = e(FIDI _
oJy

for all instances I. []

For example, Algorithm 2 is a I-approximate algorithm for node cover.
Algorithm 1 is not an e-approximate algorithm for any € > 0, because—as we
indicated—its relative error will violate, for appropriate instances, all constant
bounds. To describe the worst-case performance of algorithms such as Algorithm
1, we sometimes allow € to be a function of the input. For instance, if n denotes
the number of nodes in an instance of the NODE COVER problem, it can be
shown that Algorithm 1 is a In n-approximate algorithm (Problem 2). This means
that for all graphs G with n nodes, the algorithm yields a set C satisfying

lel—1€ <Inn

|C

s

where € is the optimal node cover.

tCertain approximation algorithms contain incompletely specified steps, such as the
break ties arbirrarily clause in Algorithm 1, or the select any edge step of Algorithm 2. In such
situations, ¢(fa(!)) is taken to be the worst possible cost resulting from @ when applied to /.



17.2
Approximation Algorithms
for the Traveling Salesman Problem

In this section we explore the possiblity of applying the ideas of the previous
section to the traveling salesman problem (TSP). Our goal is to develop efficient
algorithms that yield “good” approximate solutions of the TSP. Unfortunately,
we are going to prove in Sec. 17.4 that this task for the general (that is,
unrestricted) TSP is essentially as hopeless as that of solving it exactly. Neverthe-
less, we can show that reasonably successful strategies exist for a very natural
special case of the problem.

Consider an n X n distance matrix [d,,] with positive real entries. As usual,
we assume that [d,,] is symmetric—that is, d,, = d, for all i, j—and that d;, = 0
for all j. We say that [d, ] satisfies the triangle inequality if

dy+dy > dy, forall 1 < i, j,k<n

What the triangle inequality constraint essentially says is that going from
city i to city k through city j cannot be cheaper than going directly from i to k
(see Fig. 17-5(a) and (b)). This is very reasonable since the imposed visit to city
J appears to be an additional constraint, which can only increase the cost. The
triangle inequality is satisfied automatically, for example, whenever the distance
matrix is induced by a metric—as it is in the important special case of Euclidean

0 s 3 1 0 3 3 1
s 0 @ 2 3.0 6 2
37 0 4 3 6 0 4
12 4 0 12 4 0
(a) (b)
4 Pa
. . 0o 1 1 5
©,1) (1, 1) Vi
10 V2 2
P2 P4 1 Vo V2
L] L]
0,0) 2,0 Vio2 V2o
(c) (d)

Figure 17-5 The matrix in (a) does not satisfy the
triangle i ity because, for le, dyy > dyy
+ d43. The matrix in (b) does. In fact, this matrix is
the closure of the previous one. In (d) we show
the Euclidean distance matrix arising from the four-
point map shown in (c).
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distance matrices, in which each city represents a point p; on a 2-dimensional
map with coordinates (x,, y)), and d,, = [(x, — x,)* + (y, — y )*'/* (see Fig.
17-5(c) and (d) and Problem 17 of Chapter 15).

Another important class of distance matrices that automatically satisfy
the triangle inequality are closure matrices. We say that the matrix [d,} is the
closure of [d,;] if d,, is the length of the shortest path from i to j in the complete
graph of nnodes {1, 2, . . ., n}, where the length of the edge[i, j] is d, . The closure
of ann X ndistance matrix can be calculated in O(n?®) time by the Floyd-Warshall
algorithm (Sec. 6.5). For example, in Fig. 17-5(b) we show the closure of the
matrix in Fig. 17-5(a). The closure [d,,] of any distance matrix [d, J satisfies the
triangle inequality because, if d,, > d, + d,, then d, is not the length of a
shortest path from i to k.

The triangle inequality is also satisfied by distance matrices that model the
cost structure of far more general situations. These include scheduling (in which
case d,; may stand for the start-up cost of job j, whenever job i was the last one
processed), and routing (d,; may incorporate, besides a nearly Euclidean distance,
such cost components as fuel cost, personnel costs, waiting times, and so on).
As a rule of thumb, whenever the entries of the distance matrix represent costs,
the triangle inequality is automatically satisfied. The reason that these distance
matrices satisfy the triangle inequality is because they are, in effect, closure
matrices of positive cost matrices. This may fail to be the case if some of the
entries are gains—that is, negative costs. For example, if each visit of city j
results in some sort of “bonus,” it may very well be that d,, + d, < d.

Definition 17.2
The Triangle Inequality (or Metric) TSP (abbreviated ATSP) is the TSP

restricted to matrices satisfying the triangle inequality. If we further restrict
our problem to Euclidean distance matrices, we have the Euclidean TSP. []

Theorem 17.1 The (recognition version of ) ATSP is NP-complete.

Proof Recall the transformation from HAMILTON CIRCUIT to TSP.
Given a graph (¥, E) we construct an instance ([d, ], |V'|) of the |V'| X | V| TSP
with d,; = 1if [v, v)] € E, and 2 otherwise. It was immediate that this instance
had a tour of cost | V| or less if and only if G was Hamiltonian. Observe that any
distance matrix with all entries equal to 1 or 2, such as [d, ], satisfies the triangle
inequality. Thus HAMILTON CIRCUIT polynomially transforms to ATSP. []

We shall next present two approximation algorithms for ATSP. These
heuristics construct an Eulerian spanning graph rather than a tour. We shall
show that, under the assumption of triangle inequality, these solutions can be
transformed to tours at no extra cost.
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A multigraph (V, E)—that is, a graph with repetitions of edges allowed—
is called Eulerian if it has a closed walk (called an Eulerian walk) in which each
node appears at least once and each edge appears exactly once. For example,
the multigraph of Fig. 17-6(a) is Eulerian, since the closed walk [v,, vs, v4, 75,
Vs, Vay V15 V3, U3, Vsy Vay V2 Vsy U9, Vioy Vas Vs Vg, Vs Vg, 4] traverses all nodes,

vy vy Vg vy vy Vg
l 4

vy Vg Vg Yy
¢ L 3

v, vy vy vy
Vs Vg Y10 s Vg Y10

(a) (b)
Figure 17-6

and each edge exactly once. The following simple result, due to Euler [Eu],
is historically the first theorem in graph theory.

Theorem 17.2 A multigraph G = (V, E) is Eulerian if and only if
(@) G is connected, and

(b) All nodes in V have even degree.

Proof That these two conditions are necessary is immediate. To show that
they are sufficient, let us proceed by induction on the number of edges of G.
The induction basis—a multigraph with one node and no edges—is trivial.
Now, assume that G satisfies (a) and (b), and moreover, all multigraphs with
fewer edges than G satisfying (a) and (b) are Eulerian. Choose a node v of G
and start a walk on the edges of G, never traversing an edge twice, until » is met
again. By (b), this will always be possible. Now, removing the edges of this walk
from G, we have a number of connected components. Each component, however,
satisfies both (a) and (b) and hence is Eulerian, by induction. It is easy to see
that we can create an Eulerian walk for G by “appending” the Eulerian walks
of the components to the original walk.

This constructive proof of the sufficiency of the conditions suggests the
recursive algorithm in Fig. 17-7 for finding an Eulerian walk in any multigraph
(¥, E) satisfying (a) and (b) in O( E]) time.



procedure Euler(v,)
(comment: it returns an Eulerian walk of the connected
component of G containing v)
begin
if vy has no edges then return [v;] (comment: the empty walk)
else
begin
starting from v create a walk of G, never visiting the
same edge twice, until v, is reached again;
let [v1,V2, . . . ,Va,V1] be this walk;
delete [vy,v2), . . . ,[Va,v1] from G;
return [Euler(v,),Euler(vz), . . . ,Euler(va),v1lf
end
end

Figure 17-7
Example 17.1

Let us apply the procedure Euler to the graph of Fig. 17-6(a). Euler (v,)
may first return the walk [v,, vs, v,, V4, V5, Vg, U5, ¥4, ,]. We then call Euler
(v,), and, at that point, the graph is as shown in Fig. 17-6(b). The walk returned
is, for example, [v,, v3, v,, vy, Vs, ¥, v,]. We then call Euler(v), which returns
[v¢, v4, v, v6]. Euler(v,) returns [v,], Euler(v,) returns [v,], and so on, up to
Euler(vg), which returns [vg, vy, vy, v5]. The remaining calls of Euler return
empty paths; the resulting Eulerian walk is [v,, v3, v,, ¥4, Vs, 05, ¥y, Vg, V7, Vs,
Vs Vg5 Va» Vg, Vs, Vo, V1oy Vs Vs, Vay 03] [

Let [d,] be an n X n distance matrix satisfying the triangle inequality.
An Eulerian spanning graph is an Eulerian multigraph G = (¥, E) with V =
{1,2,...,n}. The cost of G is ¢(G) = . 3 dy.

L e E

Theorem 17.3 If G = (V, E) is an Eulerian spanning graph, then we can find
a tour T of V with ¢(t) < ¢(G) in O( E)) time.

Proof By hypothesis G has an Eulerian walk w; because w visits all nodes
at least once, we can write W = [0f,0,i,- - -i,&,], where T = (iy,...,i,) isa
tour and ,, &, . . . , &, are sequences (possibly empty) of integers in {1, . . ., n}.
(We say that 7 is embedded in G). Now, the triangle inequality implies that
dy<dy +d,,+ - +d,.,.+ d for any m>1. Consequently, the
total length of w—which is exactly ¢(G)—can be no smaller than d,,, + d,,
+ e+ dyy, = ().

+Our convention is that, for example, a function call z: = F(G(x), H(y)) means that G is

called before H. This is important in cases, such as the present, in which functions have side-
effects.

a3
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What Theorem 17.3 says, therefore, is that under the triangle inequality
assumption, the problem of finding the shortest tour is equivalent to that of
finding the shortest Eulerian spanning graph—the other direction is obvious,
since a tour is a special case of an Eulerian spanning graph.

Consider, therefore, the algorithm in Fig. 17-8 for finding a short Eulerian
spanning graph and one of the corresponding embedded tours.

1. Find the minimum spanning tree T under [d;].
2. Create a multigraph G by using two copies of each edge of T.
3. Find an Eulerian walk of G and an embedded tour.

Figure 17-8 The tree algorithm.

Theorem 17.4  The tree algorithm is a 1-approximate algorithm for ATSP.

Proof First, we have to establish that G is Eulerian, so that Step 3 is
possible. Because G contains a spanning tree 7, it is connected. Furthermore, all
degrees of G are even, since they are twice the corresponding degrees in 7.

We now turn to the error bound. If ¢ is the cost of the shortest tour, by
Theorem 17.3 it suffices to show that ¢(G) < 2 - é&. Now, ¢(G) = 2 « ¢(T), where
o(T) is the cost of the minimum spanning tree. Furthermore, ¢(7) < ¢é: this is
because any tour (including the shortest) can be transformed to a tree simply by
erasing an edge—and the shortest spanning tree is at least as short as the result.

O
Example 17.2

The tree algorithm is illustrated in the example of Fig. 17-9. The shortest
spanning tree 7 is shown in (a), and G in (b). We find an Eulerian walk of G
(Fig. 17-10(c)), and we pick one of the occurrences of each integer from {1, 2,

., n}—by definition of an Eulerian walk, each integer occurs at least once.

Figure 17-9 (a) A minimum spanning tree. (b) An Eulerian
spanning graph. (c¢) An Eulerian walk (underlined : an embedded
tour). (d) A 1-approximate tour. (e) The shortest tour.



(c)

Figure 17-9 (continued)

(a) (b)

() (d)

Figure 17-10
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The resulting tour, guaranteed to be 1-approximate by Theorem 17.4, is shown

in Fig. 17-9(d). In fact, this tour is only 11 percent longer than the optimal,
shown in (¢). []

How badly can this algorithm behave? In Fig. 17-10 we show a Euclidean
instance that achieves the 100 percent upper bound. The shortest spanning tree
T is the one shown in Fig. 17-10(a). If we take two copies of T (Fig. 17-10(b))
and an arbitrary embedded tour, we may end up with the tour 7 shown in Fig.
17-10(c). The optimal tour is £, shown in (d). An elementary calculation yields

e(2) = 2(n — DRR + ¢ sin(%) +2¢

and
(8) = n@R + o) sin (%) + ne

By taking R = 1, ¢ = 1/n?, and n arbitrarily large, we see that lim ¢(t) = 4=,
whereas lim ¢(£) = 2n. Hence the error can be made arbitrarily close to 100
percent.

The tree algorithm, disguised in a number of variations, was known to
researchers in the field for a number of years as the approximate algorithm for
ATSP having the best worst-case ratio. It was not known whether there is an
approximate algorithm with worst-case better than 100 percent; in fact, it was
widely speculated that no better worst-case bound for ATSP could be achieved
in polynomial time. Recently, however, the following simple algorithm was
discovered by Christofides [Ch].

1. Find the minimum spanning tree T with distance matrix [d;;}.

2. Find the nodes of T having odd degree and find the shortest complete matching M
in the complete graph consisting of these nodes only. Let G be the multigraph with
nodes {1, 2,. .., n} and edges those in T and those in M.

3. Find an Eulerian walk of G and an embedded tour.

Figure 17-11 Christofides’ Algorithm.

Christofides’ algorithm runs in polynomial time. Step 1 can be done in
O(n*) time (Sec. 12.1). Finding a shortest complete matching in a complete
graph (with an even number of nodes, of course: Notice that there is always
an even number of odd-degree nodes in T) is another version of the weighted
matching problem of Chapter 11 and hence can be solved in O(n*) time by the
algorithm in Fig. 11-5. In fact, an O(»?®) algorithm is possible (see Problem 14
in Chapter 11). Finally, Step 3 can be carried out in linear time. The remarkable
fact is that the result is guaranteed to be not farther than 50 percent from optimal:
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Theorem 17.5  Christofides’ algorithm is a }-approximare algorithm for the ATSP.

Proof The graph G constructed in Step 2 is Eulerian. To see this, notice
that if a node had an even degree in T, it has the same degree in G. If it hasan odd
degree in 7, it has one more edge, coming from the matching M, incident upon
it. Furthermore, G is certainly connected, because it contains a spanning tree
as a subgraph—namely, 7.

To prove the } error bound, recall that the graph G consists of T and M;
hence the cost of the resulting tour 7 satisfies
(t) < e(G) = (T) + (M) (17.1)
Now,
oT) < el®) 17.2)
where 7 is the shortest tour. Also, let {i,, i,, ..., i,,} be the set of odd-degree
nodes in T, in the order that they appear in ©. In other words 7 = [aoi 0,1, - - -
Oym- 1i2m%2m], Where the a’s are (possibly empty) sequences of nodes from {1, 2,
.., n}. Consider the two matchings of the odd-degree nodes M, = {[i,, i,],
lissisdy - - s lizmer, iaml} and My = {liy, is), [ig, is), - - -, [f2m, £,]}. By the triangle
inequality (see Fig. 17-12) ¢(?) > ¢(M,) + ¢(M,). However, M is the optimal
matching, and so ¢(f) > 2¢(M), or

o(M) < }e(®) (17.3)
Substituting (17.2) and (17.3) in (17.1), we get
o(t) < 3e(®)
or
(1) — c(®)
RO =

Figure 17-12



Example 17.2 (Continued)

In Fig. 17-13(a), we show the minimum spanning tree T, with the odd-
degree nodes encircled, for the map examined in Fig. 17-9. Figure 17-13(b)
shows the shortest matching M of these nodes, and (c) shows the graph G.
An Eulerian walk of G is constructed in Fig. 17-13(d), and a corresponding tour
is shown in (e). The tour constructed is only slightly better than the one con-
structed in Figure 17-9 using the tree algorithm: it is less than 8 percent off the

optimum. []
°
°
° .
(b)

(a)

© (e)

(d)
Figure 17-13

Like the tree algorithm, Christofides’ algorithm can asymptotically achieve
its worst-case bound. In the example of Fig. 17-14(a), we show the shortest
spanning tree 7. There are only two odd-degree nodes, and therefore the optimal
matching is a single edge. The resulting Eulerian graph is a tour, and hence
Step 3 is trivial. The tour thus constructed has total length 3n, whereas the
shortest tour (Fig. 17-14(b)) has length 2n |- 1. So the error can become arbi-
trarily close to }.

/a8
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17.3
Approximation Schemes

The 0-1 KNAPSACK problem was defined in Chapter 15 as the following
problem:

Given positive integers ¢,, ¢, . . ., ¢, and K, is there a subset S of {1, 2,
., n}such that 3 ¢, = K?
JES

The 0-1 KNAPSACK problem can be solved by a pseudo-polynomial algorithm
which is a modification of the algorithm given in Sec. 16.2 for INTEGER
KNAPSACK. Again we construct the digraph G(cy, c;, ..., ¢,; K) =
(V,A4) with V=1{0,1,...,K} and 4 =4, U 4, U --- U 4,, where 4, =
{(v, u) € V?:u — v = c,;}. We then apply the algorithm in Fig. 17-15.

1. Mark the node 0.

2. Forj=1,2,...,ndo:
For each marked node v mark the node « such that (v, u) € 4,.

3. Conclude that the instance has a solution if and only if K is marked.

Figure 17-15 Algorithm DP-|

This algorithm is an instance of a very general class of methods, usually
referred to as dynamic programming (see Sec. 18.6).

M9



420 Chapter 17 APPROXIMATION ALGORITHMS

Lemma 17.1 Let M, be the set of marked nodes after the jth execution of Step 2
in the algorithm of Fig. 17-15. Then M, = {v € V: thereisaset S < {1,2,...,
J} such that 3 ¢, = v}.

i€es

Proof We prove the lemma by induction on j. It is trivially true forj = 0.
For the induction step, consider the jth iteration, j > 0, and write M, =
M;_, U B, where

B,=f{u:ve M, and (v,u) € A}
={u:ve M., and u=v-+cj}
Consequently, by the induction hypothesis,
M,={v e V:thereisaset S’ < {1,2,...,j — 1} such that either
12;6, =v or ,évac’ + ¢, =1}

={v e V:thereisaset S < {1,2,...,/} such that 3 ¢, = »}. O
ies

Theorem 17.6 The algorithm DP-I correctly solves 0-1 KNAPSACK in O(nK)
time.

Proof The correctness follows directly from the lemma: K is marked if
and only if there exists a subset S of {1, 2, ..., n} such that 3 ¢, = K. For the
JEes

time bound, observe that each execution of Step 2 takes O(K) time, because at
most K nodes are marked. ]
Example 17.3
Consider the instance (11, 18, 24, 42, 15, 7; 56). Applying our algorithm,

we construct the following M, sets.

M,: {0}

M,:{0, 11}

M,: {0, 11, 18, 29}

M,:{0, 11, 18, 24, 29, 35, 42, 53}

M,: {0, 11, 18, 24, 29, 35, 42, 53}

My: {0, 11, 15, 18, 24, 26, 29, 33, 35, 39, 42, 44, 50, 53}

M,:{0,7, 11, 15, 18, 22, 24, 25, 26, 29, 31, 33, 35, 36, 39, 40, 42, 44, 46, 49,

50, 51, 53}.
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Thus the set M, contains all possible sums of integers in {c,, c,, .. ., ¢;} that do
not exceed K. Hence, DP-1 can be thought of as a process of constructing the
subsets M instead of marking nodes in a graph, as shown in Fig. 17-16.

1. Mo ={0).
2. Forj=12,...,ndo:
M;=g;

For each integer ¢ in M;_; add to M, the integers ¢ and
¢ + ¢y, if they do not exceed K and are not already there.

3. Conclude that the instance has a solution if and only if K € M,.
Figure 17-16 Algorithm DP-II
Consequently, the instance examined has no solution, because 56 ¢ M. []

Let us now introduce the following related optimization problem.
OPTIMIZATION 0-1 KNAPSACK
Given the integers (W, ..., W,; ¢y, - - . , ¢,; K), maximize
A €%
subject to

]2;‘ wx, <K x;=0,1.

Without loss of generality, we shall assume that w, < K,j = 1,..., n. Recall
that in our formalism for optimization problems, these are defined in terms of
two algorithms @, (deciding whether a solution is feasible) and @, (evaluating
the cost of feasible solutions). An instance of an optimization problem is thus
represented by a set S of parameters for @ ,—in ourexample of OPTIMIZATION
0-1 KNAPSACK, S = {w,, w,, ..., w,, K}—and a set Q of parameters for
@,, {cy,...,c,} in our example. It is important to notice at this point that
OPTIMIZATION 0-1 KNAPSACK has the property that S and Q are disjoint.
In other words, feasibility and cost are determined by totally different sets of
parameters.

Can OPTIMIZATION 0-1 KNAPSACK be solved by a pseudopolynomial
algorithm like DP-II (Fig. 17-16)? The idea, of course, would be to construct

1
the set M, of all integers expressible as a sum El x,¢, with t xw, < K and
i= =1

x, =0 or 1, and then select the largest integer in M,. There is a difficulty,
though. In the algorithm DP-II, 34, did not contain duplicate copies of integers;
if two subsets of {1, 2, . . ., j} had the same sum of ¢/’s, they were indistinguish-
able. In this problem, however, two subsets S and S’ of {1, 2, .. ., j} may have
the same sum of ¢;’s but different sums of w,’s. The key observation here is that if
o= :§'c’ and ‘EX; w, < :ezs;' w,

i€s
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(in other words, S and S’ are partial solutions with equal costs but different
weights), then we can disregard S, the partial solution that has greater total
weight. This is because, intuitively, if $" U T is a feasible solution with7 &
{j+1,...,n}, SUT is also a feasible solution with the same costs.t This
leads to the algorithm for OPTIMIZATION 0-1 KNAPSACK in Fig. 17-17.

1. Let Mo = {(&, 0)}.
2. Forj=1,2,...,ndo Steps (a) through (c)
(@) LetM;=g.
(b) For each element (S, ¢) of M;_,, add to M, the element (S, ¢), and al~o
SUllct+epifl X w+w<K
ies
() Examine M; for pairs of elements (S, ¢) and (S’, ¢) with the same second com-
ponent. For each such pair, delete (8, ¢) if 3, w,= 3 w; and delete (S, ¢)
ies’ i€s
otherwise. © <
3. The optimal solution is S, where (S, ¢) is the element of M), having the largest second
component.

Figure 17-17 Algorithm DP-1I1

Lemma 17.2  Suppose that (S, c) € M, at the end of the execution of DP-II.
Then

@ S<{,2...,j}

(b) lezsc, =c
(@ Zw<K

) If(S',c)e M, thenS = 5.
(¢ IS <f{,2,...,j and ¥ ¢, =c, then 3, w, < w,.
ies €8

es”
(f) Furthermore,if S < {1,2,...,}with 3, w,< Kand 3] ¢, = c, then
ies €8
there is some (S', ¢) € M,.

Proof The proof is by induction on j. All statements hold trivially forj = 0.
For the induction step, consider some j > 0 and (S, ¢) € M. There are two
cases.

Case 1 j ¢ S. Then (S, ¢) was transferred at Step 2(b) from M,_, and hence
(a), (b), (c), and (d) follow by the induction hypothesis.

Case2 je S. Then (S — {j},c — c)) € M,_,. Again, (a),(b),(c), and (d)
hold.

1We shall see further les of such domi lati among partial solutions of
problems in Chapter 18 on branch-and-bound.
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To show (e), assume that S S’. We have three cases.

Case 1 j ¢ S,S'.Then(S, c¢)and (S, ¢) werealso in M;_, and by the induction
hypothesis, § = §’.

Case2 je€ S,S8. Then (S—{j},c—c) (S —{jlie—c)e M,,, and
hence, by induction, S = S".

Case 3 j € Sbutj¢ S, or vice-versa. Then (S5’, ¢) was deleted at Step 2(c),
and (e) follows.

To prove (f), we use induction on max S. It holds for § = & ; for the induc-
tion step, assume that k = max S. Then in M,_, there is, by the induction
hypothesis, an element (S’, ¢ — ¢,). Thus, in Step 2(b) of the construction of M,,
the element (S” U {k}, c) was added to M,. Then either this pair is itself in M,
or there is an element (S, ¢) in M. In both cases, () holds. O

Theorem 17.7 The algorithm DP-III solves OPTIMIZATION 0-1 KNAPSACK
in O(n*c) time, where c is the value of the optimal cost.

Proof Correctness follows directly from the lemma: Because the optimum
is chosen by DP-1I1 in Step 3 to be the first component S of the element of M,
with the largest second component ¢, it follows that S is feasible (by (c)), its cost
is ¢ (by (b)), and there is no better feasible solution (by (f)).

For the time bound, notice that the size of each set M,_, is no greater than
¢, because there is at most one element in M,_, with the same second component
(by (d)). Each update operation of step 2(b) can be done in O(n) time and must
be repeated for all O(c) elements of M,_,. Step 2(c) also requires O(nc) time,
because it can be implemented concurrently with Step 2(b): We store all elements
of M, in an array of length ¢, indexing them by their second component, and
every time that we attempt to insert a second element at the same location, we
calculate and compare the sums of the w;’s, deleting the element that has the
largest sum. The theorem follows. O

Example 17.4

Consider the following instance of OPTIMIZATION 0-1 KNAPSACK.

ol 1] 2] 3|45

w1 | 1] 3]l2]2 k=5
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Executing the DP-III algorithm results in the following sets:
M, = {(2, 0)}
M, = {(2,0), ({1}, 6)}
M, ={(2,0), ({1}, 6), ({2}, 11), ({1, 2}, 17)}
M, = {(2,0), ({1}, 6), ({2}, 1D), ({1, 2}, 17), ({1, 3}, 23), ({2, 3}, 28),
({1, 2,3}, 39)}.
M, = {(2,0), ({4}, 3), ({13, 6), ({1, 4}, 9), ({2}, 11), (2, 4}, 14), ({1, 2}, 17),
({1, 2, 43, 20), ({1, 3}, 23), ({2, 3}, 28), ({1, 2, 3}, 34)}.
M = {(2,0), ({4}, 3), ({1}, 6), ({5}, 9), ({2}, 11), ({4, 5}, 12), ({2, 4}, 14),
({1. 5}, 15), ({1, 2}, 17), ({1, 4, 5}, 18), ({2, 5}, 20), ({1, 3}, 23),
({1, 2, 53, 26), ({2, 3}, 28), ({1, 2, 3}, 34)}.
Hence the optimal subset is {1, 2, 3} with I}E:S ;=34 [

So far, we have been concerned with finding the exact optimum of the
OPTIMIZATION 0-1 KNAPSACK problem. It turns out, however, that we can
give up accuracy in exchange for efficiency. To illustrate this point, suppose that
we wish to solve the following instance.

j 1] 2 3 4 516 7

w) 4 1 2 3 2 1 2 K =10

¢ 299 3 159 221 137 89 157
If we apply DP-111 to this problem, we finally conclude that the optimum is
§=1{1,2,3,6,7 with 3, ¢, = 777; the algorithm, however, went through a
JES

tedious construction of a total of 91 pairs (S, ¢). A very straightforward idea for
simplifying matters is to ignore the last decimal digit of the parameters c,; the
result is the following instance.

j 1) 2 3 4 51 6 7

" 4| 1 2 3 2| 1 2 K=10

& 290 70 150 220 130 80 150

‘What this instance lacks in accuracy, though, it gains in efficiency. The DP-

111 algorithm yields the optimum S’ = {1, 3, 4, 6} with sum 2 ¢, = 740 (about
jes

5 percent from optimal) after the construction of only 36 items. In larger prob-

lems, with more drastic truncations, the savings would be more impressive.

Furthermore, this sum of 740 corresponds to an even better sum in the original
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problem—namely, % ¢; = 768. In fact, we could have guessed beforehand that
i€

truncating would not result in too large an error. To see this, let S and S’ be the
optimal solutions of the original and the truncated version, respectively. We
then have the following inequalities.

o> 251 251 Ecl>2(01 10)> 3 ¢,—n-10

jes i3
So the error
is bounded by » - 10 (in our case, 70). In general, if we choose to truncate the
last t decimal digits of the ¢,’s, we know that the deviation from optimality will
not exceed n « 10"

Let us now evaluate the gains in the complexity of the execution of DP-I11
resulting from our truncation idea. Let ¢,, be the largest coefficient among the
¢’s. The time required by DP-III on the original problem is O(n’c,,); on the
version after a truncation of ¢ digits, the bound becomes O(n’c,1077) because
the ¢,’s have been, in effect, divided by 10*.

It is now very interesting to observe that for every choice of t, the algorithm
DP-111 applied to the instance with the last ¢ digits of the ¢,’s truncated is an
€e-approximate algorithm, with € = n10‘/c,,. This is because

BO A _no_
¢ T Cm
JES
Consequently, for every given value of €, we can design an e-approximate
algorithm for OPTIMIZATION 0-1 KNAPSACK, running in O(n*/€) time. The
algorithm involves truncating the last

-l

digits and then applying DP-II1. Such a favorable state of affairs naturally calls
for a definition.

Definition 17.3

We say that an algorithm is a polynomial-time approximation scheme
(PTAS) for an optimization problem A if, when supplied with an instance of A
and an € > 0, it returns an €-approximate solution within time which is bounded
by a polynomial (depending on €) in the length of the instance. []

What we have described is therefore a PTAS for OPTIMIZATION 0-1
KNAPSACK; the polynomial dependent on € is p(n) = (1/€) « n*. Thus the
bound is a polynomial both in n and 1/e. This is quite fortunate, because Defi-
nition 17.3 allows polynomials of the form p.(n) = n'/* or n**, for example.
To see the difference, just calculate p,_(n) in all three cases! In Problem 4 we
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show actual examples of such PTAS’s. To distinguish between these two kinds
of schemes, we have the second part of Def. 17.3.

Definition 17.3 (Continued)
A PTAS is called a fully polynomial-time approximation scheme (FPTAS) if
it operates within a bound that is polynomial both in the length of the instance

and 1/e. []

We can summarize this discussion as follows.

Theorem 17.8 The algorithm DP-IV in Fig. 17-18 is an FPTAS for OPTIMI-
ZATION 0-1 KNAPSACK.

. Let ¢, be the largest of the ¢;’s.

Let r = |log1o (€cm/n) ).

Forj=1,...,ndo ¢ 1= [¢;/10¢] « 10°

Apply DP-1I1 to the instance (Wi, .. ., Wa; €1, C2y « « « y Cn3 K).

Ealiadt Ml

Figure 17-18 Algorithm DP-IV

Let us now try to pinpoint the features of the OPTIMIZATION 0-1 KNAP-
SACK problem that enabled us to turn the pseudopolynomial algorithm
DP-11I into the FPTAS DP-IV. An important property of this problem is that,
as was pointed out before, in any instance the feasibility-checking parameters
S={w,...,w, K} are disjoint from the cost-evaluating parameters Q =
{cy, - .., c,). A key point is that the complexity of DP-III is not only bounded
by a polynomial in || and number(J), but in particular by a polynomial in ||
and ¢, the largest among the ¢,’s. Another regularity property that makes
Theorem 17.8 possible is the fact that the optimal cost ¢, and ¢,, are polynomi-
ally related via | I]; that is, for two polynomials p, and p,, we have
e <pi(1l,c) and ¢, < py(l1], cr)

Finally, another important feature is that the cost of any fixed feasible solution
is a linear functional of the ¢,’s. We leave it as an exercise to establish that DP-

IV is indeed an instance of a far more general methodology for devising an
FPTAS starting from a pseudopolynomial algorithm.

Theorem 17.9  Suppose that all instances I = (S, Q) of an optimization problem
A are such that Q = {q,, ..., q,} is a set of integers, and

(a) The optimal cost of the instance c, satisfies, for some polynomials p,
and p,, ¢; < p,(1),9), and g < p,(|1, c;), where q is the largest integer
appearing in Q.
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(b) For any given feasible solution f, the cost c(f, Q) is a linear
Sfunctional of {q,, . ..,q,}

(¢) Problem A can be solved by an algorithm time-bounded by ps(1], q)
where p, is a polynomial.

Then A has an FPTAS.

We note here that Conditions (a) and (b), despite their technical appearance,
hold true for many optimization problems.

17.4
Negative Results

For some combinatorial optimization problems the theory of NP-completeness
can be applied to prove not only that they cannot be solved exactly by poly-
nomial-time algorithms (unless P = NP), but also that they do not have e-
approximate algorithms, for various ranges of €, again unless P = NP. In this
section, we prove three representative results of this sort. Our first theorem
concerns the general TSP.

Theorem 17.10  Unless P = NP, there is no e-approximate polynomial algorithm
for the TSP for any € > 0.

Proof Assume that there is an e-approximate polynomial algorithm @,
for the TSP for some € > 0. We shall prove that we then have a polynomial
algorithm @y that solves the HAMILTON CIRCUIT problem. Since this
problem is NP-complete, the theorem will follow.

The algorithm @y works as follows: Given any graph G = (V, E), it con-
structs a |V |-city instance of the TSP. The distance d,; is taken to be 1 if [i, j]
is an edge of G; otherwise d;; =2 + €|V|. Then @y applies the assumed
algorithm @, to this instance. We claim that @, will return a tour of cost | V| if
and only if G has a Hamilton circuit; this will imply that @ correctly solves
the HAMILTON CIRCUIT problem in polynomial time. One direction of our
claim is obvious. If @, returns a tour of cost |V, it follows that there is a
tour using only distances 1, because the shortest distance in this instance of TSP
is 1. Thus there is a Hamilton circuit in G.

For the other direction, assume that @, returns a tour of length greater than
| V| but there is still a Hamilton circuit in G. The tour must have length at least
1 + (1 + €)| V], because the next longer distance after 1 is 2 + €|V|. And,
since G has a Hamilton circuit, the optimal tour has length | ¥'|. Thus the tour
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returned by @, is not e-suboptimal, because

LH G+ oWVl _ 1 o,
v T te

This is a contradiction. O

Recall that for the ATSP, we do have a §-approximate algorithm (Sec. 16.2),
which cleverly exploits the triangle inequality. Theorem 17.10 suggests that for
the general problem there can be no e-approximate algorithms—not even with
€ = 1000.

Our next result concerns the maximization version of the CLIQUE prob-
lem: Given a graph, find its largest complete subgraph. To prove the next
theorem, we first need some graph-theoretic facts.

Definition 11.4

Let G = (V, E) bea graph. The graph G* = (V'2, E?) is the graph with node
set V2=V X V and set of edges E* = {[(v, u), (v', u')]: either » =o' and
[u, u'] € E, or [v,v'] € E}. For example, if G is the graph of Fig. 17-19(a), G*
is shown in Fig. 17-19(b) (the sheaves of edges are complete bipartite graphs).[]

The following lemma establishes a connection between this construction
and the clique problem.

Lemma 17.3 G has a clique of size k if and only if G* has a clique of size k*.

Proof Supposethat GhasacliqueC = {v,, v,, . . ., v,}. Then G? obviously
has the clique C2 = {(v, u): v, u € C} of size k2.

For the other direction, suppose that G* has a clique C? of size k?, but G
has no clique of size k. Now, the set D = {v: Ju € V such that (v, u) € C%
is certainly a clique in G; hence | D| < k — 1. Therefore, one of the | D| sets
F, = {u: (v, u) € E} for v € D must have k or more nodes. It is not hard to
see that such sets are also cliques; this proves the lemma. ]

Theorem 17.11 If the clique problem has a polynomial-time €-approximate
algorithm for any 1 > € > 0, then it has a polynomial €-approximate algorithm
Sforalll>¢e> 0.1

Proof Suppose that there is a polynomial €-approximate algorithm @,
for the clique problem for some € > 0. We shall first construct, based on @,
a polynomial d-approximate algorithm @,, where d < €. The algorithm @,

tSince clique is a maximization problem, only approximation ratios € less than 1 are
meaningful.



v, v,

¢
(v3,03)

(b)

Figure 17-19

operates as follows: Given a graph G, it constructs G2 and then applies @, to it.
From the clique C? of G?, it selects the largest of the sets D and F, forv € D,
as in the proof of the lemma. The resulting set, C, is a clique of G and satisfies
1C| = [+/TC*]]. Now let k be the size of the largest clique in G; by the lemma,
the largest clique in G* has k? nodes. Since @, is e-approximate, we have

’L_Ez’—gﬂge or €= k(1 — €)

So
€= J/IC = k/T— €
and hence @, is indeed a d-approximate algorithm, with d = 1 — /1 — €.
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If this process is repeated recursively r times, we obtain a d-approximate
algorithm with
d=1—(1—e"
Fixing r large enough so that
. log(l1 —¢)
2> 1op (1=3)
yields the required polynomial d-approximate algorithm. O
So, for the clique problem, two extreme possibilities exist: Either it has no

€e-approximate algorithm, like the general TSP, or it has a PTAS. Can it have
an FPTAS? The following result suggests that it cannot.

Theorem 17.12  Suppose that an optimization A has the following properties.
(a) The recognition version of A is strongly NP-complete.

(b) For any instance I of A the optimal cost obeys c¢; < p (number(l)) for
a polynomial p(n).

Then, unless P = NP, there is no FPTAS for A.

Proof Suppose that there is an FPTAS for A. Then we shall exhibit a
pseudopolynomial algorithm @, that solves A. Since the recognition version of A
is strongly NP-complete, this will conclude the proof (by Theorem 16.4). The
algorithm @, simply calls the FPTAS for A on the given instance I of A with
error parameter € = 1/(p(number(/)) + 1). Since the optimal cost is bounded by
p(number(/)), only an exact solution to I can be €-approximate, and hence @,
solves A exactly. To show that @, is pseudopolynomial, recall that the FPTAS
operates within time g(| 7], 1/€) for some polynomial g. Therefore the algorithm
@, operates within time bound g(| /|, p(number(l)) + 1), a polynomial in both
|1] and number(J). ]

PROBLEMS

1. We proved (Lemma 15.4) that NODE COVER, CLIQUE, and INDEPENDENT
SET are all equivalent. Can you, then, transform Algorithm 2 of Section 17.1
into approximation algorithms for CLIQUE and INDEPENDENT SET ? Why
not? (Note: 1t is difficult to develop a theory of approximate algorithms that
parallels that of NP-completeness. One reason is the sensitivity of the cost to even
simple reductions, as exemplified in this problem.)

*2. Show that Algorithm 1 always returns a node cover of size at most In n times the
optimal for graphs with n nodes.
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3. A Hamilton walk of a graph G = (¥, E) is a closed walk that visits each node
at least once.

(a) Show that the problem of finding the shortest Hamilton walk in a graph is
NP-complete (that is, its recognition version is).

(b) Give a }-approximate algorithm for this problem.

4. The following is an optimization version of the PARTITION problem (recall
Corollary 1 to Theorem 15.8).

Given n integers cy, ..., ¢, find a partition of {1,2,...,n} into two subsets
S, S, that minimizes the quantity max (3}, ¢;, 2, ¢).
JEsy J€Sa

Consider the following heuristic for some fixed integer k:

1. Choose the k largest c;’s.

2. Find the optimal partition of these k integers (comment: by some exhaustive
method).

3. Complete this into a partition of {1,2,...,n) by considering each of the

remaining ¢,’s and adding it to the partition which at the time has the smallest
sum.

*(a) Prove that this O(2% + n) algorithm is 3 117 k-approximate.

(b) Based on (a), devise an approximation scheme for this problem. What is
the complexity of your PTAS, in terms of n and 1/€?

5. Prove Theorem 17.9.

Show that, unless P = NP, there can be no polynomial-time €-approximate
algorithm for MULTIPROCESSOR SCHEDULING for any € <. (Hint:
Recall the proof of Theorem 15.5.)

7. Describe a polynomial-time }-approximation algorithm for the wandering sales-
man problem (Problem 8 of Chapter 12) with the triangle inequality.
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18

Branch-and-Bound
and Dynamic Programming

18.1
Branch-and-Bound
for Integer Linear Programming

The branch-and-bound method is based on the idea of intelligently enumerating
all the feasible points of a combinatorial optimization problem. The qualification
intelligently is important here because, as should be clear by now, it is hopeless
simply to look at all feasible solutions. Perhaps a more sophisticated way of
describing the approach is to say that we try to construct a proof that a solution
is optimal, based on successive partitioning of the solution space. The branch
in branch-and-bound refers to this partitioning process; the bound refers to
lower bounds that are used to construct a proof of optimality without exhaustive
search. We shall develop the method in this section for ILP, and then put things
in a more abstract framework.
Consider, then, the ILP
minz = ¢'x = ¢(x)
Problem 0 Ax <b (18.1)
x > 0, integer
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If we solve the LP relaxation, we obtain a solution x°, which in general is not
integer. The cost ¢(x°) of this solution is, however, a lower bound on the optimal
cost ¢(x*) (where x* is the optimal solution to Problem 0), and if x° were integer,
we would in fact be done. In the cutting-plane algorithm, we would now add a
constraint to the relaxed problem that does not exclude feasible solutions to
(18.1). Here, however, we are going to split the problem into two subproblems
by adding two mutually exclusive and exhaustive constraints. Suppose that
component x{ of x° is noninteger, for example. Then the two subproblems are

min z = ¢'x = ¢(x)

Ax<b
. (18.2)
Problem 1 x > 0, integer
x < | xP]
and
min z = ¢'x = ¢(x)
Ax < b
. (18.3)
Problem 2 x > 0, integer
x> X+ 1

Example 18.1

A simple ILP is shown in Fig. 18-1(a); the solution is x* = (2, 1) and
¢(x*) = —(x, + x,) = —3. The initial relaxed problem has the solution x°
= (3, 3) with cost ¢(x°) = —4. Figure 18-1(b) shows the two subproblems gen-
erated by choosing the noninteger component x§ = 4 and introducing the
constraints

x <1 and x,>2 []

The solution to the original problem must lie in the feasible region of one
of these two problems, simply because one of

xF < %)
xF > x]+1
must be true.

We now choose one of the subproblems, say Problem 1, which is after all
an LP, and solve it. The solution x* wiil in general not be integer, and we may
split Problem | into two subproblems just as we split Problem 0, creating Prob-
lems 3 and 4. We can visualize this process continuing indefinitely as a succes-
sively finer and finer subdivision of the feasible region, as shown in Fig. 18-2.
Each subset in a given partition represents a subproblem i, with relaxed solution
x' and lower bound z, = ¢(x*) on the cost of any solution in the partition.

We can also visualize this process as a tree, as shown in Fig. 18-3. The root
represents the original feasible region and each node represents a subproblem.
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Figure 18-1 Stages in the solution of an ILP by branch-and-

bound.
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Figure18-2 Successive subdivision of the
feasible region of an ILP by addition of

inequalities.
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Figure 18-3 Representation of solution space subdivision
by a binary tree.

Splitting the feasible region at a node by the addition of the inequalities Egs.
18.2 and 18.3 is represented by the branching to the node’s two children.

If the original ILP has a bounded feasible region, this process cannot
continue indefinitely, because eventually the inequalities at a node in the
branching tree will lead to an integer solution to the corresponding LP, which is
an optimal solution to the original ILP (see Problem 1). The branching process
can fail at a particular node for one of two reasons: (1) the LP solution can be
integer; or (2) the LP problem can be infeasible.

Example 18.1 (Continued)

If we continue branching from Problem 2 in the example in Fig. 18-1,
we obtain the branching tree shown in Fig. 18-4. Three leaves are reached in the
right subtree; these leaves correspond to two infeasible LP’s, and one LP with
an integer solution x5 = (2, 1) with cost z; = ¢(x*) = —3. []

What we have described up to this point comprises the branching part of
branch-and-bound. If we continue the branching process until all the nodes are
leaves of the tree and correspond either to integer solutions or infeasible LP’s,
then the leaf with the smallest cost must be the optimal solution to the original
ILP. We come now to an important component of the branch-and-bound
approach: Suppose at some point the best complete integer solution obtained so
far has cost z,, and that we are contemplating branching from a node at which
the lower bound z, = ¢(x*) is greater than or equal to z,. This means that any
solution x that would be obtained as a descendent of x* would have cost

o(x) =2, =z

and hence we need not proceed with a branching from x*. In such a case, we say
that the node x* has been killed, and refer to it (as one might guess) as dead.
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Figure 18-4 The binary tree leading to a solution to the
problem.

(The term fathomed is also used.) The remaining nodes, from which branching
is still possibly fruitful, are referred to as live.

Example 18.1 (Continued)

Referring again to Fig. 18-1 and 18-4, the node corresponding to Problem
1 has associated with it a lower bound of —2.5, which is greater than the solution
cost of —3 associated with node 5. 1t is therefore killed by node 5, as shown.
Since no live nodes remain, node 5 must represent the optimal solution. [}

There are now still two important details in the algorithm that need to be
specified: We must decide how to choose, at each branching step, which node to
branch from; and we must decide how to choose which noninteger variable is to
determine the added constraint. Dakin [Da] recommends branching in a depth-
first manner to reduce the amount of storage needed for intermediate tablcaux.
If storage is not a determining factor, branching from the live node with the
lowest lower bound might seem to be a reasonable heuristic. We shall discuss this
problem later on in this chapter,in a more general context; but little is known in
general about this choice.

As for the second choice—the variable to add the constraint—Dakin [Da]
reports that the best strategy is to find that constraint which leads to the largest
increase in the lower bound z after performing one iteration of the dual simplex
algorithm after that constraint is added, and to add either that constraint or its
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alternative [Da]. The motivation is to find the branch from a given node that
is most likely to get killed, and in this way keep the search tree shallow. Again,
there are no theorems to tell us the best strategy, and computational experience
and intuition are the only guides to the design of fast algorithms of this type
known at this time.

The idea of branch-and-bound is applicable not only to a problem for-
mulated as an ILP (or mixed ILP), but to almost any problem of a combinatorial
nature. We next develop the algorithm in a very general context.

18.2
Branch-and-Bound
in a General Context

Two things were needed to develop the tree in the branch-and-bound algorithm
for ILP.

1. Branching A set of solutions, which is represented by a node, can be
partitioned into mutually exclusive sets. Each subset in the partition
is represented by a child of the original node.

2. Lower bounding An algorithm is available for calculating a lower
bound on the cost of any solution in a given subset.

No other properties of ILP were used. We may therefore formulate the
method for any optimization problem in which (1) and (2) are available, whether
or not the cost function or constraints are linear.

Figure 18-5 shows the basic algorithm. We use the set activeset to hold the
live nodes at any point; the variable U is used to hold the cost of the best com-
plete solution obtained at any given time (U is an upper bound on the optimal

begin
activeset:={0}; (comment: “0” is the original problem)
U:=co;

currentbest: =anything;
while activeset is not empty do
begin
choose a branching node, node k € activeset;
remove node k from activeset;
generate the children of node k, child i,i =1,..., ng,
and the corresponding lower bounds, z;
fori=1,...,ncdo
begin
if z; > U then kill child i
else if child i is a complete solution then
U:=1z, currentbest:=child i
else add child i 10 activeset
end
end
end

Figure 18-5 The basic branch-and-bound algorithm.
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cost.) Notice that the branching process need not produce only two children of
a given node, as in the ILP version, but any finite number.

Example 18.2 (The Shortest-Path Problem)

The shortest-path problem with nonnegative arc weights provides us with
a transparent application of branch-and-bound, although we already have an
efficient algorithm for its solution. Figure 18-6(a) shows an instance of the
shortest-path problem. To solve this instance (Problem 0) by branch-and-bound
we branch by choosing the next arc with which to continue the path. Thus a
subset of feasible solutions corresponds to all paths from s to ¢ that start by the
choices already made. Fig. 18-6(b) shows a snapshot of the search tree that
results when we branch from a node with the lowest lower bound at any point.
The lower bound used is quite naturally the cumulative length of the partial path
up to the particular point in the graph represented by the node in the search tree.
For example, the path b-g-1 brings us to a node with lower bound 10, the sum of
the costs of the edges b, g, and /. Notice that in this example it is quite easy to
compute at once the lower bounds for all the children of a node at which
branching is taking place. In the ILP application, we needed to solve a linear
program to obtain a lower bound, so we did not necessarily find both of the
lower bounds immediately on branching, with the hope that we might avoid
some of these calculations by killing later on.

Figure 18-6(c) shows the final search tree for this example. The first com-
plete solution found has a cost of 8, and this turns out to be optimal. The killed
nodes are indicated by bars below their lower bounds. []

Example 18.3 (The Traveling Salesman Problem)

A more realistic application of branch-and-bound is provided by an NP-
complete problem like the TSP. There is more than one way to formulate a
branching process for the TSP; the simplest, perhaps, is to partition the solution
space into two sets at any point, according to whether a given edge is or is not
in the tour. Little and others [LMSK] use this approach, together with a heuristic
for the lower bound.

Another approach, attributed to Eastman [Ea], makes use of the fact that
an efficient algorithm exists for the weighted bipartite matching, or assignment,
problem (Chapter 11). This provides us with yet another example of one problem
showing up as an easier subproblem of a more difficult one.

If we let the variable x,, = 1 if edge [i, j] is in a tour and zero otherwise,
a tour for the n-city TSP with weights ¢,, must satisfy

min z = eyXyy

n
yI=1

Sx,=1 j=1,....n (18.4)



Figure 18-6 A shortest-path problem and its solution by
branch-and-bound.
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The two sets of equality constraints express the fact that exactly one edge enters
and leaves each node. This formulation (the assignment problem of Sec. 11.2)
is not sufficient to capture the difficulty of the TSP, since we have no way of
ensuring that the solution is a single tour with precisely one cycle. Thus the
constraints in (18.4) are necessary but not sufficient for the TSP, and a solution
to (18.4) yields a value of z that is a lower bound on the cost of the TSP.

Furthermore, if the solution to (18.4) is a tour, then it solves our TSP. If it
is not a tour, then the solution contains a cycle of length less than n, a subtour
[X125 X235« -+, X4 ] With

X1z = Xp3 = ... =Xy =1

Not all these variables can equal one in a solution to the TSP, so we can partition
the solution space into k subsets by adding one of the constraints

X, =0
X33 =0
Xey =0

at a time. This yields k problems, each of which is also an assignment problem.
(Just put a very high cost on the edge x,; we wish to exclude from the solution.)
The branching step is illustrated in Fig. 18-7. The solution to the assignment
problem at any node, by the methods of Chapter 11, then provides the lower
bound at that node. [}

I Assignment problem has subtour
Xpp = Xp3 =T xe <

X12=0 X3=0 X34 =0 .. X =0

Figure 18-7 The branching step of branch-and-bound for the
TSP.
Example 18.4 (A Spanning Tree Bound for the TSP)

Held and Karp [HK1, HK?2] describe a very effective branch-and-bound
algorithm for the TSP, based on a lower bound computed from related minimal
spanning trees. We need the folfowing idea.

Definition 18.1
Given a complete graph G = (¥, E) with distance matrix [d,)] andn = |V|

nodes, a I-tree is a graph formed by a tree on the node set {2, . . ., n}, plus two
edges incident on node 1. [}



Now every tour is a 1-tree (but not vice-versa), so the minimal cost of a
1-tree is a lower bound on the cost of a tour. Furthermore, the cost of a minimal
I-tree is easy to compute (see Problem 2). If we branch in a branch-and-bound
algorithm for the TSP by including and excluding sets of edges, the subpro-
blems are also TSP problems, and the corresponding 1-tree problems give
us lower bounds. Held and Karp do not rest at this point, but pursue much
tighter lower bounds based on this idea.

Suppose that we transform a TSP by replacing its distance matrix by
[d,; 4 7, -+ =) for some numbers z,. Then every tour has its cost increased by
the amount

2 l;' b
because every node is entered and exited exactly once. Thus the relative ranking
of the costs of tours is unaffected by this transformation, and in particular an
optimal tour remains optimal. On the other hand, the optimal I-tree may

change. If the degree of node i in a 1-tree is d,, then the cost of a I-tree, after a
transformation of the distance matrix by =, is

c+ Z: o,

where c is the cost of the 1-tree with the original cost matrix [d,)]. If ¢* is the cost
of an optimal tour, we therefore have

c* 22-:7:,2 min [c+ 26,7:,]
=1 all 1-trees =
We can rewrite this as
c* > w(m)
where

w = min [e 36— om]

This provides a lower bound w(n) for any choice of z; Held and Karp
pursue the problem of maximizing w(r) with respect to z, thus obtaining the
best lower bound possible with this idea. (It is worth mentioning that, in general,
¢* > max w(r), so that there is a “gap” between the TSP and this correspond-
ing low?er-bounding problem.)

This bound obtained in [HK?2] is so tight that the search trees for some
fairly large problems (up to n = 64) can be exhibited in their entirety. This is a
dramatic example of the importance of an effective lower bound in the branch-
and-bound approach, since previous applications resulted in much larger search
trees. []

18.3
Dominance Relations

Thus far, the only way a node can be eliminated for contention as the ancestor
of an optimal solution—that is, killed—is by having its lower bound above the
current upper bound. There is another way to kill a node, however: Consider
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the shortest-path problem in Example 18.2, for example. Suppose we branch
to obtain the two nodes determined by edges a, e, g (with a lower bound of 5)
and ¢, h (with a lower bound of 6). These two paths lead to the same point in the
original graph, and we may say that the two paths in the branching tree have
merged. There is no sense in pursuing the ¢, h path, because we have reached the
same point with less cost via the a, e, g path. We may therefore kill the node
corresponding to the ¢, h path, even before any complete solutions have been
obtained. This is an example of a dominance relation; we say that the ¢, h node
is dominated by the a, e, ¢ node. One general way to define such a relation is as
follows.

Definition 18.2

If we can show at any point that the best descendant of a node y is at least
as good as the best descendant of node x, then we say y dominates x, and y can
kil x. [

The existence of a practical algorithm for testing dominance depends very
much on the particular problem at hand.

18.4
Branch-and-Bound Strategies

There are now many choices in how we implement a branch-and-bound
algorithm for a given problem; we shall discuss some of them in this section.

First, there is the choice of the branching itself—there may be many schemes
for partitioning the solution space, as in the TSP, or in the general ILP, for that
matter.

Next, there is the lower-bound calculation. One often has a choice here
between bounds that are relatively tight but require relatively large computation
time and bounds that are not so tight but can be computed fast. A similar trade-
off may exist in the choice of a dominance relation.

Third, there are many ways in which we can use the lower-bound and
dominance relations. To explain, let 4S(x) be the activeset when node x is
branched from; let CH(x) be the set of children of x in the branching tree; and
let the upper bound U(x) be the best cost of a complete solution when x is
branched from (see Fig. 18-5.). Then Fig. 18-8 shows four possible ways in
which nodes can be killed:

CH(x)
AS(x) U(x)

Figure 18-8 Possible ways in which nodes can be
killed.
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(a) A live node in AS(x) can kill nodes in CH(x).
(b) Nodes in CH(x) can kill nodes in 4S(x).
(c), (d) The upper bound U(x) can kill nodes in 4S5(x) or CH(x).

Again there is a trade-off in the choice of what is to be implemented: the time
taken to test CH(x) against 4.5(x) may or may not be worthwhile in any particu-
lar problem.

Fourth, there is the choice at each branching step of which node to branch
from. The usual alternatives are least-lower-bound-next, last-in-first-out, or
first-in-first-out:

Still another choice must be made at the start of the algorithm. It is often
practical to generate an initial solution by some heuristic construction, such as
those described in Chapters 17 or 19. This gives us an initial upper bound
U < co and may be very useful for killing nodes early in the algorithm. As
usual, however, we must trade off the time required for the heuristic against
possible benefit.

Finally, we should mention that the branch-and-bound algorithm is often
terminated before optimality is reached, either by design or necessity. In such a
case we have a complete solution with cost U, and the lowest lower bound L
of any live node provides a lower bound on the optimal cost. We are therefore
within a ratio of (U — L)/L of optimal.

It should be clear by now that the branch-and-bound idea is not one
specific algorithm, but rather a very wide class. Its effective use is dependent on
the design of a strategy for the particular problem at hand, and at this time is as
much art as science. We conclude the discussion of branch-and-bound with an
example of its application to a scheduling problem.

18.5
Application to a Flowshop
Scheduling Problem

We now describe something of a “case history” of the application of branch-
and-bound to a scheduling problem of some general interest—the two-machine
flowshop scheduling problem with a sum-finishing-time criterion, defined as
follows.

Definition 18.3

We are given a set of n jobs, J,, i = 1, ..., n. Each job has two tasks, each
to be performed on one of two machines. Job J, requires a processing time 7,
on machine i, and each task must complete processing on machine 1 before
starting on machine 2. Let F), be the time at which job i finishes on machine j.
The sum finishing time is defined to be the sum of the times that all the jobs
finish processing on machine 2:
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f:,_ilet

The sum-finishing-time problem (SFTP) is the problem of determining the order
in which to assign the tasks to machines so f is minimum. []

Example 18.5

A common example of a situation in which a problem like SFTP may arise
is a computer that executes one program at a time. We can identify the jobs with
individual computer programs, machine 1 with the central processor, and
machine 2 with the printer. We then assume that we are given a set of jobs with
known execution and printing times and wish to schedule them so that the sum
(or, equivalently, the average) finishing time is as small as possible. []

We now quote two important facts about SFTP. The first can be found in
Conway, Maxwell, and Miller [CMM] and allows us to restrict our search for
a single permutation that determines a complete schedule.

Theorem 18.1 There is an optimal schedule for SFTP in which both machines
process the jobs in the same order with no unnecessary idle time between jobs.
(These are called permutation schedules.)

The second, more recent, result is due to Garey, Johnson, and Sethi [GJS]
and justifies the serious pursuit of a branch-and-bound algorithm.

Theorem 18.2 The problem SFTP is NP-complete. (We mean, of course, the
yes-no problem corresponding to SFTP with a solution of cost less than or equal
to some L.)

Example 18.6

Consider the following numerical example with 3 jobs.

Ty I Machine 1 Machine 2
Job1 |, 2 1
Job2 3 1
Job 3 2 3

Figure 18-9 shows all 6 possible permutation schedules, among which the
optimal schedule must lie, by Theorem 18.1. The unique optimum has cost

18. [



Machine 1 1122233

Machine 2 1 2 333 f=19
t t
Machine 1 1133222
Machine 2 1 3332 f=18
1 Tt
Machinel 2221133
Machine 2 2 1 333 =20
Tt 1
Machine 1 2223311
Machine 2 2 3331 f=21
t Tt
Machine 1 3311222
Machine 2 3331 2 =19
Tt
Machine 1 3322211
Machine 2 3332 1 f=19
Tttt
Figure18-9 The six possible i hedules in

18-5, and their associated costs. The arrows indicate finishing
times on machine 2.

This problem is, with the help of Theorem 18.1, a problem of finding one
permutation of n objects, and the natural way to branch is to choose the first job
to be scheduled at the first level of the branching tree, the second job at the next
level, and so on. What we need next is a lower-bound function.

Ignall and Schrage [IS] describe a very effective lower bound, which we
derive here. Suppose we are at a node at which the jobsintheset M <= {1, ...,n}
have been scheduled, where |M| =r. Let t,, k = 1, ..., n, be the index of the
kth job under any schedule which is a descendant of the node under considera-
tion. The cost of this schedule, which we wish to bound, is

f=Ele+;le (18.5)
& M

Now if every job could start its processing on machine 2 immediately after
completing its processing on machine 1, the second sum in Eq. 18.5 would
become

Si= 3 1Fu + (10— k o+ Dy + Tl (18.6)

KkETHL

(see Problem 3). If that is not possible, S, can only increase, so
5 Fuzs, (187

Similarly, if every job can start on machine 2 immediately after the preceding
job finishes on machine 2, the second sum in Eq. 18.5 would become

S,= 3 [max(F,,, Fy, + minz,) +(n—k+ Dr) - (188)

kETHL



18.5 Application to a Flowshop Sch ling Problem 447

Again, this is a lower bound:

Y Fu>=S, (18.9)

M
Therefore

f= B Foud max (S, 52) (18.10)

The bound depends on the way the remaining jobs are scheduled, through f,.
This dependence can be eliminated by noting that S, is minimized by choosing
1, so that the tasks of length 7,,, are in ascending order, and that S, is minimized
by choosing 1, so that the tasks of length ., are likewise in ascending order.
Call the resulting minimum values §, and $,. Then

f= ,§F2.+max(s., S$2) (18.11)

is an easily computed lower bound.
Example 18.6 (Continued)

At the first branching step, Eq. 18.11 yields the lower bounds
18 if job 1 is scheduled first
=420 if job 2 is scheduled first
18 if job 3 is scheduled first
From the results in Figure 18-9, we see that the first two of these are as low as
possible. Figure 18-10 shows a complete search tree in which the least lower

bound is branched from first, from left to right in case of ties. The optimal solu-
tion (1, 3, 2) kills all the others when it is obtained. [}

Figure 18-10 The search tree for Example 18.6.
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Finally, we describe a natural dominance relation also given by Ignall and
Schrage [1S]. Suppose we have two nodes f and u representing partial assignments
of the same set of jobs, M. Let the kth scheduled jobbe t, and uy, k =1,...,r,
under partial schedules t and wu, respectively. Then if

Fy, < Fou, (18.12)

(the set of jobs in M finishes no later on machine 2 under the partial schedule ),
and if the accumulated cost under partial schedule ¢ is no more than that under u,

> Fotleneauer < 35 Ftlseneuto u (18.13)
©M €M

then the best completion of schedule ¢ is at least as good as the best completion
of u. Equations 18.12 and 18.13 therefore define a dominance relation of t over u.

Example 18.6 (Continued)

Consider the nodes ¢ = (1, 2) and u = (2, 1) (not generated in Fig. 18-10).
Then t dominates u. On the other hand, t = (1, 3) does not dominate u = (3, 1).
This instance is too small to show the real power of a dominance relation. []

18.6
Dynamic Programming

Dynamic programming is related to branch-and-bound in the sense that it
performs an intelligent enumeration of all the feasible points of a problem, but
it does so in a different way. The idea is to work backwards from the last
decisions to the earlier ones.

Suppose we need to make a sequence of n decisions to solve a combinatorial
optimization problem, say Dy, D,, ..., D,. Then if the sequence is optimal,
the last k decisions, D,_i41, Dyogs2s - - > Dy, must be optimal. That is, the

ipletion of an optimal seq of decisions must be optimal. This is often
referred to as the principle of optimality.

The usual application of dynamic programming entails breaking down the
problem into stages at which the decisions take place and finding a recurrence
relation that takes us backward from one stage to the previous stage. We shall
explain the method by example, starting with the shortest-path problem for
layered networks, in which the sequence of decisions from last to first is clear.

Example 18.7 (Dynamic Programming for Shortest Path
in Layered Networks)

Consider the layered network shown in Fig. 18.11, where we want to find
the shortest s-t path. Let table(i) be a table of the optimal way to continue a
shortest path when we are in the ith layer from the terminal ¢; that is, table(i)
contains the best decision for each node in the layer i arcs from t. Thus the first



Figure 18-11 A shortest-path problem in a layered network.

table is simply

node j k1l m
table(1) = {nextnode ¢ t t
total cost 514 2

Now consider the construction of table(2). At node g we can reach j or k.

We know the cost of the optimal completion from j or k by table(1) and thus can

find the best decision at node g by comparing the cost of arc (g, j) plus the cost

of completion from j, with the cost of arc (g, k) plus the cost of completion from
k. Continuing for nodes 4 and i, table(2) is

node g

table(2) = {next node

total cost

=
ENE
3

w
[

Next we find

node
table(3) = {next node
total cost

SN

node
table(4) = {next node
total cost
node
table(5) = {next node ¢
total cost 1

o /N O > R,
PO N
o

“
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We can now reconstruct an optimal path by backtracking through the tables,
obtaining the path (s, ¢, f; h, k, 1), with a cost of 11. [}

Of course, in more difficult problems, dynamic programming runs into
time and space problems, because the tables may grow in size at an exponential
rate from stage to stage. To illustrate this, we conclude with a dynamic pro-
gramming formulation of the TSP.

Example 18.8 (Dynamic Programming and the TSP [HK3])

Givenaset S < {2,3,...,n}and k € S, we let C(S, k) be the optimal cost
of starting from city I, visiting all the cities in S, and ending at city k. We begin
by finding C(S, k) for | S| = 1, which is simply

C{k, k) =d,, allk=2,...,n (18.14)

To calculate C(S, k) for | S| > 1, we argue that the best way to accomplish our
journey from 1 to all of S, ending at k, is to consider visiting m immediately
before k, for all m, and looking up C(S — {k}, m} in our preceding table. Thus

C(S, k) = ;T.:ij}k] [C(S — {k}, m) + d,.,] (18.15)

This must be calculated for all sets S of a given size and for each possible city
m in S. (We also must save the city m for which a minimum is achieved, so that
we can reconstruct the optimal tour by backtracking.) If we count each value of
C(S, k) as one storage location, we need space equal to

ST L ) PSR u
po k( B ) = (n— )22 = O(m2") (18.16)
locations [HK3] and a number of additions and comparisons equal to

kz; Kk — 1)(” v l) =1 =(n— )n— 22 + (n — 1) = O(m22?)
(18.17)

These are exponential functions of the problem size n, and may seem prohibi-
tively large. But when we consider the fact that there are (n — 1)! distinct tours
in a naive enumeration, we see that in fact this approach results in enormous
savings. Since there is no algorithm known for the TSP that is better than expo-
nential, the dynamic programming approach cannot be dismissed out of hand,
although branch-and-bound algorithms have proven more effective in this
application. []

As can be seen from the two examples above, dynamic programming is a
very general idea and can demand varying amounts of ingenuity to find good
ways of breaking down a problem into stages so that a convenient recurrence
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relation can be found. Some thought will show that some of the algorithms seen
earlier in this book can be considered to be applications of dynamic programming
(see Problem 7 and 8 and Section 17.3 on the 0-1 KNAPSACK problem).

10

PROBLEMS

Prove that the branch-and-bound algorithm when applied to ILP terminates at
optimality within a number of steps bounded by an exponential in the problem
size.

Describe an O(n?)-time algorithm for finding a minimum 1-tree, given an n X n
distance matrix.

Prove that Eqgs. 18.6 and 18.8 are the claimed lower bounds.

Analyze the time and space complexities of the dynamic programming algorithm
for shortest path in a layered network and compare them with the time and space
complexities of Dijkstra’s algorithm (Chapter 6) applied to the same problem.

Establish Egs. 18.16 and 18.17, giving the space and time requirements of the
dynamic programming algorithm for the TSP. What is the asymptotic savings
in time over complete enumeration of (n — 1)! tours?

In the branching step of the general branch-and-bound algorithm, is it necessary

that the partition of the set of solutions be a disjoint partition?

Interpret Dijkstra’s algorithm (Chapter 6) for shortest path (with nonnegative
t ) as an application of dynamic pro ing. Define icitly the defini-

tion of a stage and the recurrence relation and boundary conditions analogous
to Egs. 18.14 and 18.15.

Repeat Problem 7 for the Floyd-Warshall algorithm (See. 6.5).

We shall derive an O(] V|?) algorithm for shortest path with negative distances
allowed, using dynamic programming. Consider an undirected graph G = (V, E)
with source node s and distance matrix [d,].

(a) Let the label p/(x) be the shortest length of any path from source s to node
x, using / or fewer intermediate edges. Write the recurrence relation for
pix) and its boundary conditions.

(b) Show that if no p,(x) changes from stage i to i + 1, we have reached opti-
mality and can stop.

(c) Show that if we have not converged in the sense of Part (b) after i = | V|
stages, there is a negativ'c-cos' cycle. From this, prove that the algorithm
takes O(| V%) time.

(d) Compare the worst-case behavior with that of the Floyd-Warshall algorithm.

Suppose we want to compute the product of n matrices, Ay, Az, ..., A, Where
A, has p; rows and g, columns. We assume, of course, that they are compatible;
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thatis,q; = piy1,i = 1,...,n — 1. Devisean O(n?)-time dynamic programming
algorithm to find the order in which to multiply these matrices to minimize the
total number of scalar multiplications, assuming that multiplying A4; and A,
takes piqiqi1 scalar multiplications. How much space does your algorithm
require?

11. Explain why Algorithm DP-I in Sec. 17.3 for 0-1 KNAPSACK is considered a
dynamic programming algorithm.

12. Reformulate the dynamic programming algorithm for the TSP (Example 18.8)
as a branch-and-bound algorithm with no upper and lower bounds, but with a
dominance relation.
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Local Search

19.1
Introduction

Local search is based on what is perhaps the oldest optimization method—trial
and error. The idea is so simple and natural, in fact, that it is surprising just how
successful local search has proven on a variety of difficult combinatorial opti-
mization problems. The best way to gain an appreciation of its power and the
subtlety of its design questions is by example, and we shall therefore begin this
chapter with a succession of case histories. We shall then present some theoretical
aspects of local search, which relate it in spirit to the simplex algorithm.

We have already touched on the basic components of local search in Chapter
1. We now summarize the general algorithm. Given an instance (F, ¢) of an opti-
mization problem, where F'is the feasible set and ¢ is the cost mapping, we choose
a neighborhood

N:F—> 2"

which is searched at point t € F for improvements by the subroutine

. o any s € N(f) with ¢(s) < ¢(f) if such an s exists
improve(r) =
P “no” otherwise

454



19.2 Problem 1: The TSP 455

The general local search algorithm is shown in Fig. 19-1. We start at some
initial feasible solution 1 € F and use subroutine improve to search for a better
solution in its neighborhood. So long as an improved solution exists, we adopt
it and repeat the neighborhood search from the new solution; when we reach
a local optimum we stop.

procedure local search
begin
:= some initial starting point in F;
while improve(t) 5 ‘no’ do
<=improve(t);
return t
end

Figure 19-1 The general local search algorithm.

To apply this approach to a particular problem, we must make a number
of choices. First, we must decide how to obtain an initial feasible solution.
1t is sometimes practical to execute local search from several different starting
points and to choose the best result. In such cases, we must also decide how many
starting points to try and how to distribute them.

Next, we must choose a “good” neighborhood for the problem at hand, and
a method for searching it. This choice is usually guided by intuition, because
very little theory is available as a guide. One can see a clear trade-off here, how-
ever, between small and large neighborhoods. A larger neighborhood would
seem to hold promise of providing better local optima but will take longer to
search, so we may expect that fewer of them can be found in a fixed amount of
computer time. Do we generate fewer “stronger” local optima or more “weaker”
ones?

These and similar questions are usually answered empirically, and the
design of effective local search algorithms has been, and remains, very much an
art.

19.2
Problem 1: The TSP

Recall from Chapter 1 that the k-change neighborhood (k > 2) for the TSP
is defined at a tour f by

N«(f) = {g: g € Fand g can be obtained from f as follows: remove k edges
from the tour; then geplace them with k edges}

Two papers appeared in 1958 that used k-change local search for the TSP,
and both combined the idea with enumerative methods similar to branch-and-
bound to yield optimal solutions. Croes [Cr] used N,, and he called a 2-change
n “inversion.” Bock [Bo] used N,.
Two more papers applying local search to the TSP appeared in 1965.
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Reiter and Sherman [RS] examined many different neighborhoods, but it was
Lin [Li] who first convincingly demonstrated the power of the 3-change neigh-
borhood N,.

For example, Lin found empirically that a 3-opt tour for the 48-city problem
of Held and Karp [HK1] has a probability of about 0.05 of being optimal, and
hence a run from 100 random starts will yield the optimum with a probability
of 0.99. One of Lin’s important contributions is the emphasis on using many
different randomized starting solutions; in the TSP it is effective to use starting
tours that are completely random.

One might think that starting with solutions that are better on the average
than a completely random tour (which is likely to be quite bad) would improve
the quality of the local optima obtained. In the TSP using 3-opt, however, this
does not seem to be the case, as was shown by extensive computer experiments
performed by Peter Weiner [unpublished]. The explanation seems to be as
follows: 3-change is powerful enough so that it will quickly improve a random
tour, and by starting from completely random tours we get a wide sample of
all local optima. However, in problems where we are forced to use relatively
weaker neighborhoods, it may be crucial to use “good” starting solutions.

Another important contribution of Lin’s paper is the demonstration that
3-opt solutions are much better than 2-opt, but that 4-opt solutions are not
sufficiently better than 3-opt to justify the additional running time. Just why this
is true is not completely clear.

Lin found empirically that the probability of a 3-opt tour being optimal
was, for his class of examples, about 27"/10, where n is the number of cities. Such
an estimate enables one to decide how many runs from random starts to use to
achieve a given probability of optimality. But unfortunately, there is not yet any
theoretical justification for an empirical result of this form.

The results in Lin on the previously published problems of known difficulty
were spectacular, and the general approach was so successful on the TSP that it
stimulated the application of local search to a variety of other problems.

19.3
Problem 2: Minimum-Cost
Survivable Networks [StWK]

The TSP 1s the archetype application of local search and has a number of
convenient features that are not always present in other problems. For example,
it is very easy to generate completely random feasible solutions, and it is very
easy to test a candidate for feasibility. These properties are not shared by our
second example—the problem of designing a network with prescribed con-
nectivity and minimum cost. To define the problem we need a preliminary
definition.



Definition 19.1

Given a connected undirected graph G = (¥, E) and two distinct vertices
i,j € V, a set of paths from i to j is said to be vertex-disjoint if no vertex other
than i and j is on more than one of them. The vertex-connectivity between i and j
is the maximum possible number of vertex-disjoint paths between them. []

Example 19.1

Figure 19-2 shows a graph in which the vertex connectivity between every
distinct pair of vertices is 3. Such a graph is called 3-connected. [

Figure 19-2 A 3-connected graph.

If the graph G represents a communication network, the vertex-connectivity
between two vertices is a measure of the reliability of communication between
the two vertices, because (as the reader was asked to show in Problem 8 of Chapter
6) it is equal to the minimum number of vertices that need to be removed from
the network to disconnect the two vertices.

Given a cost matrix, then, it is an interesting question to ask for a network
with prescribed connectivity between all pairs of vertices and minimum total
cost. More formally, we define the following problem.

Definition 19.2

Given a cost matrix [d,,] and connectivity matrix [s,)], the minimum-cost
survivable network problem (MCSN) is that of finding a graph G = (V, E) with
minimum total cost

(1.;62 &

and vertex-connectivity r,; between distinct vertices i, j satisfying
ry=>sy allijizj [0
The MCSN problem was attacked by local search in [StWK], and we
describe those results next. The concept of NP-completeness was not yet invented

in 1969, but in fact an appropriate version of this problem is NP-complete
(recall Subsec. 16.3.1).

457
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The first difficulty that arises is the calculation of the actual connectivity
matrix [r,] of a given graph. We state an upper bound on the complexity of
calculating the point-to-point connectivity in the next theorem.

Theorem 19.1 Given an undirected graph G = (V, E) and two distinct vertices
i,j € V, we can find the vertex-connectivity r;, in O(|V |*-%) time.

Proof Create a directed graph G’ = (V’, E’) replacing every vertexv € V'
by two vertices v’ and v’* € ¥, as shown in Fig.19-3. Next consider the flow net-
work obtained by assigning a unit capacity to every arc of G'. Then the maximum
i-j flow in this network is the vertex-connectivity r,;, because the unit capacity
arc from v’ to v’ means that the vertex v in the original graph G can lie on at
most one i-j path. The flow network corresponding to G’ is simple, so by
Theorem 9.4 we can calculate the maximum flow in O(|V |*%) time. [}

<

Ny oo
S

Vertexv e V Vertices v',v" € V'

Figure 19-3 The construction in the proof of Theorem 19.1.

How many point-to-point connectivity calculations are required to check
the feasibility requirement r,; > s, all i, j, i # j, for a given graph? As might
be guessed, it is not necessary to calculate all |V|(JV|— 1)/2 vertex connec-
tivities r,;. In the case that s,; is uniformly k, for example, it can be shown that
k(V| — (k + 1)/2) is sufficient, which is O(k | V']) (see Problem 13 and Problem
13 of Chapter 9). Thus the problem of verifying the feasibility of a graph is poly-
nomial, but is considerably more complicated than in the TSP.

Next we come to the problem of constructing an initial feasible solution. We
describe the method used in [StWK], which is an empirically effective greedy
heuristic. The idea is based on the observation that the degree of vertex i must
be at least mflx r,;. Define the deficiency of a vertex i in an undirected graph G as

deficiency(i) = max r,, — degree(i)
1

We shall add edges to the graph G until all the deficiencies are nonpositive.
We then test the resulting graph for feasibility using the max-flow algorithm
mentioned above.

In more detail, we begin with an array of size | V| containing the deficiency
of each vertex. At each stage we add an edge between a vertex with the largest
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deficiency and one with the next highest deficiency. Of all the vertices with next
highest deficiency, we choose one that results in the smallest increase in cost;
all other ties are resolved by choosing the earliest vertex in the array. Multiple
edges are not allowed.

Example 19.2

Consider a problem with uniform connectivity requirement s,, = 3 for all
i, j, and the cost matrix determined by Euclidean distance in the plane between
the eight vertices shown in Fig. 19-4(a). The initial array is

Vertex 1
Deficiency 333

The largest deficiency is of course 3, and the first edge chosen is (1, 2),
since vertex 2 is, of all the vertices with deficiency 3, closest to vertex 1. There-
after, the edges [3, 4], [5, 6], [7, 8], [1, 7], [2, 3], [4, 5], [6, 8], [1, 8], [2, 7], [3, 6],
[4, 6], and [5, 7] are added in that order; the resulting graph is shown in Fig.
19-4(b). The reader can verify that this result does have vertex-connectivity

50 06
40
70 o3
20
10 o8
(a) (b) (©)

Figure19-4 (a) The vertex placement for Example 19.2. (b) The
result of the starting algorithm. (c) A favorable X-change that
results in infeasibility.

3 between all pairs of vertices. Notice that the result has two vertices of
degree 4; the numbering of the vertices can affect the number of edges in the
answer. Furthermore, if the vertices are renumbered, the result may very well
be infeasible. []

We mentioned before that it is desirable to randomize the starting algorithm;
this is done in the present case by randomly ordering the vertices before the
application of the algorithm. This method not only produces an assortment of
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starting feasible solutions, but these starting solutions tend to have low cost and
a small number of edges. In contrast to the TSP, the MCSN problem was
found to require starting solutions with relatively low cost. This is a consequence
of the neighborhood used, which we describe next.

Definition 19.3

Let the set of graphs feasible in an instance of the MCSN problem be
denoted by F. That is, F consists of all graphs with a given number of vertices
and vertex-connectivity satisfying

ry=> sy alli, j, i #j

Consider a graph G = (¥, E) € F in which the edges [i, m] and [}, I] are present
and the edges [i, /] and [, m] are absent (see Figure 19-5). Define a new graph

! m !

Absent edges

3

Figure 19-5 The X-change neighborhood.

G’ = (V, E’) by removing edges [i, m] and [j,/] and adding edges [i, /] and
[j, m]. That is

E'=E U {[i, ), [j, m}} — {li, m), [j, I}
Then if G' € F, we say it is an X-change of G, and the set of all X-changes of G
defines the X-change neighborhood. 1f the new cost is less than the old, that is,

dy+ dp, < dp, + dy (19.1)
then the X-change is called favorable. [}

The X-change neighborhood has the property that it preserves the number
of edges and the degree of every vertex, which means that it is desirable to have
an assortment of starting solutions, possibly with different numbers of edges
and different vertex degrees. However, there is a certain difficulty in searching
the X-change neighborhood. It is easy enough to search over all pairs of edges
for a candidate pair [i, m] and [}, /] satisfying Eq. 19.1. But then the resulting
graph G’ may not be feasible. This is illustrated in Fig. 19-4(c), where the graph
shown has been obtained from that in Fig. 19-4(b) by removing edges [2, 3]
and[7, 8] and adding [2, 8] and [3, 7). The result does not have vertex-connectivity
3; for example, there are only 2 vertex-disjoint 1-3 paths.
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If we had to check the entire graph for feasibility after each favorable X-
change candidate was discovered, the local search algorithm would be very
slow, but it turns out that a complete check is not necessary (see Problem 13).
In the case that all r,; are uniformly k, in fact, it is necessary only to check two
vertex-connectivities to test the feasibility of the new graph.

The local search algorithm specified by the starting algorithm and neigh-
borhood defined above has been found effective on a number of problems, and
the results for one simple problem are given next.

Example 19.3

A 7-vertex example with a uniform connectivity requirement of 3 (from
[StWK]) is shown in Figure 19-6. One hundred local optima were generated with
the following distribution of costs, where the cost matrix was obtained by
taking the integer part of the Euclidean distances.

40 1 40 —
30 30 |~
20 20
10 10 |~
| 1 |
[ 10 20 30 40 0 10 20 30 40
(a) (b)
Figure 19-6 (a) A seven-node example [StWK]. (b) The opti-
mal solution.
Cost Number of Occurrences out of 100
242 39
245 9
250 20
251 7
253 6
258 1
265 9
270 9

The solution with cost 242 has been proven optimal by exhaustive search, so
we see that the randomized local search algorithm has a probability of about
0.39 of yielding a global optimum. The probability of finding an optimal solution
after 100 trials is therefore about

1 —(0.61)!°0 =1 —0.34 x 107!
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which, it can be argued, is greater than the probability that a computer will
execute a 1-second program without an undetected error (see Problem 10).

We note also that there is a wide variety of local optima with costs close
to optimal. These results are typical of local search, but for larger problems the
probability of finding the global optimum decreases and the costs of local optima
tend to spread out. []

In summary, the MCSN problem is one where the cost of testing feasibility
is critical and the existence of efficient tests makes local search practical.

19.4
Problem 3: Topology of Offshore
Natural-Gas Pipeline Systems [RFRSK]

We come now to a problem where it is not the feasibility but the cost calculation
that is critical. The problem is to collect offshore gas reserves and deliver them
to an onshore separation and compressor plant. Figure 19-7 shows a typical
pipeline system: vertex 1 represents the onshore plant, and each of vertices 2
through 15 represents a drilling platform over a gas field, with its estimated
daily production rate. We can assume that the locations of the gas fields are
given and that the problem is to choose a tree of edges representing pipelines
with which to collect and deliver the gas to the onshore plant.

1 Onshore compressor

Shoreline

11 12
Figure 19-7 An offshore naturai-gas pipeline system.

We next have to explain how the cost of a given tree is to be determined.
Each edge of the tree represents a pipe with one of 7 standard diameters, ranging
(in 1968) from a diameter of 103 inches and a cost of about $70,000 per mile
to a diameter of 30 inches and a cost of about $310,000 per mile. Because we
know the production rate at every vertex, given a tree we know the flow rate in
every edge. This allows us to determine the pressure drop along an edge for each
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choice of diameter, by an empirical formula called the panhandle equation. The
pipe diameters must then be chosen to minimize the cost subject to the following
constraints:

1. The maximum pressure anywhere is not to exceed a given Pp,,.

2. The delivery pressure at the onshore plant must be at least a given
Poin-

3. The pressure of the gas collected at each vertex is at least Py,.

The problem of choosing an optimal set of pipe diameters is a combinatorial
optimization problem in its own right, which is solved by a method reminiscent
of dynamic programming. This takes a reasonable but nontrivial amount of
computer time for each topology, say about 1 second for a 20-vertex tree.

The problem that remains, then, is to choose a minimum-cost tree, where the
cost of any particular tree must be determined by a complicated subroutine that
takes about 1 second. If local search is to be used, we must be careful to choose
a neighborhood that is sufficiently small—otherwise the running time will
become exorbitantly large. The most natural neighborhood that comes to mind
is the elementary tree transformation described in Example 1.5: Add in turn
every possible edge to the tree and remove in turn each possible edge on the
resulting cycle. This neighborhood is exact for the minimal spanning tree prob-
lem, but is of size O(| ¥ |*), since we need to consider |V |(| V| — 1)/2 added edges,
and each created cycle can be as long as Q(| V' |). However, it seems likely that if
an improvement exists, there will be one that will be discovered by connecting
a vertex to one that is geographically close. This motivates a restricted neighbor-
hood called A-change, defined as follows: From each vertex x, find the three
closest vertices y,, y,, and y, that are not adjacent to x in the tree. Then search
the elementary tree transformations determined by the edges [x, y,], [x, y,], and
[, 5] (see Fig. 19-8). This neighborhood is of size 3k | V|, where k is the average
length of a cycle found in the elementary tree transformations, which is consid-
erably smaller than | V| because the edges added are short.

Figure 19-8 The three edges at vertex x deter-
mining a A-change are shown dotted.



As might be guessed, the starting routine is a heuristic construction meant
to produce as good an initial feasible topology as possible, because the neigh-
borhood A-change is not very powerful. Fig. 19-9 illustrates a real example
from [RFRSK] showing the first successful A-change, which decreases the 20-
year cost from $110,970,000 to $109,096,000. Figure 10-9(b) shows the local
optimum, with a 20-year cost of $101,340,000 obtained after 12 successful A-

Starting 20-year cost = $110,970,000
New 20-year cost = $109,096,000

(a)

20-year cost = $101,340,000

(b)

Figure 19-9 (a) The tree after the first successful A-change.
(b) The local opti after 12 ful A-ch
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changes. The potential savings of $9,630,000 over 20 years would certainly seem
to justify a great deal of program development!

19.5
Problem 4: Uniform
Graph Partitioning [KL]

Next we report on an application of local search to a problem related to circuit
board wiring and program segmentation. This will lead to a description of the
“variable-depth” method of Lin and Kernighan [LK].

We first define a simple version of the general problem:

Definition 19.4

Given a symmetric cost matrix [d,] defined on the edges of a complete
undirected graph G = (¥, E) with | V| = 2n vertices, a partition ¥ =4 U B
such that | 4| = | B| is called a uniform partition. The uniform graph partitioning
(UGP) problem is that of finding a uniform partition ¥ = 4 U B such that the
cost

C(4,B)= 3, d,
1

is minimum over all uniform partitions. []

The problem can be visualized as in Figure 19-10; we can think of the prob-
lem as that of dividing a circuit into two pieces of equal size so that the weight
of the wires connecting the two pieces is as small as possible.

A B

Figure 19-10 The uniform graph partitioning problem.

We now make a simple observation before describing a neighborhood.
Suppose 4*, B* is an optimal uniform partition and we are considering some
partition 4, B. Let X be those elements of 4 that are not in 4*—the “incorrect”
elements—and let Y be similarly defined for B. Then | X| =|Y], and

A*=A-—X)UY

B*=(B-Y)UX (92)
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That is, we can obtain the optimal uniform partition by interchanging the ele-
ments in set X with those in Y. We therefore view the problem at any point ina
local search algorithm as that of finding a sequence of favorable swaps of two
elements.

Definition 19.56

Given a uniform partition 4, Band elements a € 4 and b € B, the opera-
tion of forming

A =(4—{ah v}

19.3
F=B- ) U 9

is called a swap. []
We next consider the problem of determining the effect that a swap has on

the cost of a partition 4, B. Let us define the external cost E(a)associated with
an element a € A4 by

E@) = % d, (194)
i€,
and the internal cost by
Ia) = 12634 d, 19.5)
(and similarly for elements of B). Let
D(v) = E@) — I(v) (19.6)

be the difference between external and internal cost for all v € V.

Lemma 19.1 The swap of a and b results in a reduction of cost (gain) of
g(a, b) = D(a) + D(b) — 2d,, (19.7

Proof Move a from A to B. The internal costs of a become external, and
vice versa, so the cost decreases by D(a). The new external cost of b is

E'(b) = E(b) — d, (19.8)
and the new internal cost of b is
I'®) = Ib) + dy (199)

so 1ts new difference is

D'(b) = E'(b) — I'(b) = D(b) — 2d,, (19.10)
When b is next moved from B to 4, the cost decreases by D’(b), which together
with D(a) gives Eq. 19.7. [}

We can now very naturally define a neighborhood using the notion of
swap.



Definition 19.6

The swap neighborhood N, for the UGP problem is

N,(A4, B) = {all uniform partitions 4’, B’ that can be obtained from the
uniform partition A4, B by a single swap} []

We can search for a favorable swap in O(n?) time by examining the gain g(a, b)
over all pairs @ € 4, b € B. When a swap is actually performed, the D’s are
updated and the search continues.

Kernighan and Lin [KL] report that locally optimal solutions for N, for
0-1 distance matrices of size 32 X 32 are globally optimal about 10 percent of
the time, and within 1 or 2 of globally optimal about 75 percent of the time.

Thus far things seem quite the same as in the previous examples, especially
the TSP, because there are no special difficulties with testing feasibility or
costing. One might be tempted to investigate the neighborhood defined by
interchanging two elements of 4 with two of B, a neighborhood of size O(n*).
However, Kernighan and Lin suggest the following intriguing idea, which opens
new possibilities for the general approach of local search.

The idea is to replace the search for one favorable swap by a search for a
favorable sequence of swaps, using the costs of the particular problem instance to
guide the search. Thus a favorable sequence of k swaps is not found by examining
a neighborhood containing all such sequences but is obtained sequentially as
follows.

1. Calculate D(v) for all elements v € V.
2. Choose the pair af, b} so that the gain
& = D(a}) + DY) — 2d,., (19.11)
is as large as possible (not necessarily positive).
3. Swap a} and b} and recompute the D values by
D'(x) = D(x) + 2d,,, — 2d,y,, x € A —{a}}
D'(y) = D) + 24y, — 2d,,,, 'y € B— {b]
(see Problem 3).

4. Repeat Steps 2 and 3, obtaining a sequence of swapped pairs a3, b2;
ay, by . .. ;a), b, Once a pair is swapped, it is no longer considered
for swapping in Step 2.

19.12)

In this way we obtain a sequence of gains g,,..., g, With corresponding
swapped pairs, such that the result of interchanging the set X = {af, ..., a}}
with ¥ = {b},..., b} is

G(k) = ,_Ef_; & (19.13)

Notice that when k = n, we are in effect interchanging all of 4 with all of B,
so that G(n) = 0. We choose k so that G(k) is maximum. If G(k) < 0, we stop.

467
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If G(k) > 0, we interchange the corresponding sets X and Y and start the
procedure over again from Step 1.

What we have accomplished is the following. Suppose n = 12 and the
sequence of g, produces the function G shown in Fig. 19-11, which peaks at

G@)

Figure 19-11 A hyp! ical lative gain fi ion G.

k = 7. We therefore find two sets of size k = 7 to interchange. But this inter-
change would have been difficult to find by searching for one swap at a time,
because the second, third, and fifth swaps are actually unfavorable (notice from
Fig. 19-11 that g,, g;, and g, are negative). We have therefore been able to take
a “deep” stab, seven swaps away from where we were, without the necessity of
exhausting all such sequences. The method, which we shall call variable depth
search, will always find a single favorable swap if one exists, so the results are
at least locally optimal with respect to the swap neighborhood N,. But its real
power depends on the use of the cost to find the best gain at each execution of
Step 2. Figure 1912 is a pictorial attempt to contrast local search with variable
depth search,

The method is an empirical success on the UGP problem. Kernighan and
Lin [KL] report that the probability of global optimality for problems of size

Start Start

Neighborhood Ny Local

optimum

Local
optimum

(a) (b)

Figure 19-12 (a) Schematic representation of ordinary local
search. (b) Schematic representation of variable depth search.
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n = 30 is about 0.5 (as contrasted with the value of about 0.1 for ordinary local
search mentioned above) and approximately p = 27*/3° for the problems studied
by them. Furthermore the running time of the entire variable depth search
algorithm is reported experimentally to be O(n? *) (see Problem 6).

The basic idea has also been applied with great success to the TSP [LK],
where, however, additional complication is caused by the need to keep track of
the feasibility of a sequence of edge exchanges. Lin and Kernighan [LK] discuss
the algorithm in detail, together with several refinements that either improve the
running time without sacrificing much power or improve the quality of the
solutions without greatly increasing running time.

19.6
General Issues in Local Search

The previous four examples illustrate the diversity of problems to which local
search has been applied. (Some other applications are mentioned in the Notes
and References.) Each application has its own peculiarities and difficulties to be
overcome, but certain patterns appear, which we shall now discuss.

The first issue that usually arises is the selection of a neighborhood or a
class of neighborhoods, and this is tied to the notion of a “natural” perturbation
of a feasible solution. This may be almost forced, like the swap perturbation in
the graph partitioning problem. Or it may be somewhat less obvious, like the
X-change perturbation in the survivable network problem. It may require some
ingenuity to find, like “A-opt” in the multicommodity flow problem (see [Gr]
and [GS]). Many times a perturbation has an “order” k associated with it, such
as k-change for the TSP, and the resulting neighborhoods are of size O(n*).

What happens next, as a general rule, is that for a given range of problem
sizes, a natural neighborhood of manageable size has a certain strength—that
is, local optima produced by local search have a certain average quality. This
strength seems to be strongly related to the correlation of the quality of the
starting feasible solutions with that of the resulting local optima. A strong
neighborhood seems to produce local optima whose quality is largely indepen-
dent of the quality of starting solutions; weak neighborhoods seem to produce
local optima whose quality is strongly correlated with that of the starts. For
example, 3-change seems to be strong for TSP’s of size up to at least 50 cities,
so completely random initial tours are good starts because they enable us to
sample the set of local optima widely. In contrast, X-change was found weaker
[StWK] and requires a heuristic construction to produce starts of good average
cost. Hence the relative strength of a neighborhood determines whether biased
or completely random starts should be used.

Another question that arises is the manner in which the neighborhood is
searched. The two extremes are first-improvement, in which a favorable change is
accepted as soon as it is found with no further searching, and steepest descent,
where the entire neighborhood is searched and a solution with the lowest cost
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is selected. It is often not worth the extra time to implement steepest descent,
although it is dangerous to generalize about such matters. The great advantage
of first-improvement is that only the final neighborhood necessarily needs to be
searched completely, so that local optima can generally be found faster. The
variable depth method of [KL] can be thought of as a kind of incomplete search
strategy applied to an expanded version of the original neighborhood.

The order in which the neighborhood is searched is also a question. It is
usually simplest to use some natural lexicographic ordering induced by indexing.
The neighborhood can be ordered randomly, however, and this has the advantage
of producing randomized local optima with the first-improvement policy, even
from a single start. This strategy may be useful if starting solutions are difficult
to obtain.

When a fixed ordering of the neighborhood is used with first-improvement,
a new neighborhood search can restart at the beginning of the ordering or it
can continue from the point where the last search left off. (Krone [Kr] calls these
variations 4 and B, respectively.) We call the latter option circular searching,
and a counter is used to determine when a local optimum has been found—that
is, when we have gone around 360° at one solution. One can argue that circular
searching is likely to be more efficient than the restart strategy, because changes
that have been found most recently to be unfavorable in one neighborhood are
more likely to remain unfavorable in the next. This needs to be tested experi-
mentally in a given application.

When an approximate algorithm like local search is used for a minimization
problem, an upper bound on the cost of an optimal solution is produced. It is
often very desirable to have a lower bound as well, because that gives us a bound
on the relative deviation of the approximate solution from optimality. A lower
bound can often be obtained with relatively little effort. For example, in the
minimum-cost survivable network problem, each vertex i must have degree at
least 8, = max (s,)), and so we can do no better than connect it to its J, nearest

neighbors k,, . . ., ks. A lower bound is then
vy /&
=% (2 d,k,) (19.14)
i=1 \j=1

As another example, Kernighan and Lin [KL] point out that the graph-parti-
tioning problem can be lower-bounded by using a max-flow algorithm to find
the value of a min-cut (see Problem 4).

We conclude this section by mentioning some elaborations and refinements
that have been used in connection with local search. The first natural idea is
to obtain a local optimum in the usual way and then to invest some effort in
trying to improve it further. Krone [Kro] uses such a two-phase method for a
flowshop scheduling problem. Phase I finds schedules that are locally optimal
within the class of permutation schedules (see Sec. 18.5), and Phase II searches
for changes that lie outside this class.

Kernighan and Lin [KL] also discuss a two-phase method for graph parti-
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tioning. They partition each of the locally optimal partition sets 4 and B into

= A, U 4, and B = B, U B,, using local search again, and then use the
partition 4, U B,, 4, U B, as a new starting solution. This is based on the
empirical observation that when an n X n partition is locally but not globally
optimal, an interchange of sets of size about n/2 is required to achieve global
optimality.

A theme that was exploited by Lin [Li] in 1965 is the idea called reduction.
This is based on the observation that in a particular problem some features will
be common to all good solutions. These can be thought of as representing the
“easy” parts of the problem. The strategy developed by Lin for the TSP is to
obtain several local optima and then identify edges that are common to all of
them. These are then fixed, thus reducing the iime to find more local optima.
This idea is developed further in [LK] and [GL].

As is common with heuristics, one can also argue for exactly the opposite
idea. Once such common features are detected, they are forbidden rather than
fixed. The justification is the following: If we fear that the global optimum is
escaping us, this could be because our heuristic is “fooled” by these tempting
features. Forbidding them could finally put us on the right track towards the
global optimum. This is called denial in [SW].

Another idea, mentioned in [LK], is based on the fact that when many local
optima are being found, there is likely to be a great deal of duplication among
them. Furthermore, a large proportion of the search time is likely to be spent in
checking out the optimality of each locally optimal solution by searching its
neighborhood unsuccessfully. This can be avoided by keeping a dictionary of
previously obtained local optima and their costs, and by checking current costs
against locally optimal costs as the search proceeds. When a solution with locally
optimal cost is encountered, it can be checked to see if it is identical to a previous
local optimum. If it is, its checkout can be skipped. An efficient method for doing
this cost testing must be used if time is to be saved overall (see Problem 5).

Having described some of the important practical considerations in applying
local search, we turn next to some of its theoretical aspects.

19.7
The Geometry of Local Search

Local search is very closely related to the simplex algorithm; it can, in fact, be
considered identical to it on an appropriately defined polytope. To pursue this
idea we introduce the notion of a discrete linear subset problem.

Definition 19.7

Let N ={1,...,n}and let F be a set of subsets of N
Fc v
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with the property that no set in F is properly contained in another. The discrete
linear subset problem (DLS) (F, d) is the combinatorial optimization problem
with feasible set F and cost

AN=Fd SeF
where d = (d, , ..., d,) is a given weight vector in R. []
Many important combinatorial optimization problems are DLS problems.

Example 19.4

The TSP is a DLS problem. Let n be the number of edges in a complete
graph G, and let Fcontain exactly those sets of integers (that is, edges represented
by integers) corresponding to tours of G. The cost vector d is simply a vector of
edge weights, a vectorial representation of the distance matrix. [J]

Example 19.5

The MST problem is also a DLS problem, where now F contains exactly
those sets of edges corresponding to spanning trees. []

Similarly, the shortest-path problem and some matroidal problems, as
well as many others, can be formulated as DLS problems (see Problem 12).
The DLS problems are closely related to the subset systems of Chapter 12.

A feasible point f € F can be thought of as a point in R” with each coordi-
nate / either 1 or zero depending on whether i is or is not in f, respectively. We
shall use f to represent this n-vector as well as the set f € F, with no danger of
confusion. Thus, F can be thought of as a set of points on the unit cube in R*
with cost d'f.

Now any point f, € F can be made uniquely optimal in F by the choice

4= {0 fi=1
1 fi=0
because this makes the cost of f, = 0 and the cost of all other fat least 1, by the
assumption in Def. 19.7 that no feasible set is properly contained in another.
This means that there is a hyperplane (namely d’% = 0) through the point
fo € R* with all the other points in F on one side (d’f > 0). Hence no point f
is a proper convex combination of others, and therefore the set F consists of
vertices of a convex polytope in R".

Consider next the convex hull CH(F), which is the polytope in the positive
orthant of R” which has as vertex set precisely the set F. Because the minimum
value of the linear function d’f occurs at a vertex of CH(F), the original DLS
problem can be thought of as that of minimizing d'f over the polytope CH(F):
a linear programming problem. The polytope CH(F) can in fact always be
described by the intersection of a finite set of halfspaces; that is, by a set of
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inequalities
ax < b, i=1,...,m
x>0

and so the DLS problem can be written as what we shall call LP,

min d’'%

Az <b (19.15)

>0

with feasible set F; & R". (For a proof of the fact that a polytope can be so
expressed, see [Ro, Theorem 19.1, p. 171]. This is one of those intuitively clear
facts of geometry whose proof is far from trivial.)

It appears at first that we have accomplished a great deal—we have reduced
any DLS problem, which might very well be NP-complete, to linear pro-
gramming. We must look a little closer at the reduction, however, and ask how
to obtain the matrix representation in (19.15) from the set F. No method suggests
itself immediately, so we may begin to suspect that this is in general a difficult
task. Confirmation of this is provided by a result in [KP], where it is shown that
there is no polynomially concise characterization of the rows of the matrix 4
for any NP-complete DLS problem, unless NP = co-NP. Furthermore, it is
shown in [Pa2] that for the TSP, determining whether two tours represent non-~
adjacent vertices of CH(F) is itself an NP-complete problem.

We shall next pursue further the interpretation of DLS problems as LP’s
and derive two characterizations of the adjacency relation on CH(F), originally
given by Savage and his co-workers [Sal, Sa2, WSB, SaWK]. In order to use
what we know about vertices and adjacency from the simplex algorithm, we shall
add slack variables to LP, in the usual way and move the problem into R"*™,
yielding the standard form LP, with feasible set F, = R"*™:

min d'x
Ax=b (19.16)
x>0
where .
d=(d|0,)
4=1[41]
x=(%l€1,...,€n)

(Recall the notation of Subsec. 2.3.3.)
We define the transformation of a point £ € F, to its corresponding point
x e F, as

p: % —>(%|b— A% = x
and the projection back from F, to F, as

n: x —> (first n components of x) = £



Note that every point x € F, can be written uniquely as %, where 2 € Fy,
and in fact £ = zx. We next need a lemma that relates adjacency in F, and F,.

Lemma i9.2 Let %, § be two distinct vertices in Fy. Then u% and uy are distinct
vertices in F,. Furthermore, % and y are adjacent in F, if and only if u% and uj
are adjacent in F,.

Proof Suppose % is a vertex and u% is not. Then g2 can be written as
uk = J(uit + pv)
where pii and ud are distinct points in F,. Therefore
£ =¥a+96)
so that @ = #, which implies that u# = ud, a contradiction. The fact that
ux # pp if % 7 y follows directly from the definition of .

We next show that if £ and j are adjacent, so are u% and gj. Suppose not;
then a point #Z on the line segment L = [uX, ] can be written

pz = j(uit + pb)
where pit and 6 do not lie on L. Then
2 =§(ii + 0)
where # and § do not lie on L = [#, 7], which is a contradiction. The proof that
X and y are adjacent if u% and uy are adjacent is similar. O

We now can establish the first characterization of adjacency.

Theorem 19.2 Let a DLS problem generate the associated LP, in Eq. 19.15 in
the manner described above. Then two distinct vertices %, § € F, are adjacent if
and only if there is a cost vector d such that % is the uniquely optimal vertex and §
is a second-best vertex.

Proof Only if Let % and y be two distinct and adjacent vertices of the
convex polytope F;. Because they are adjacent, there is a hyperplane that con-
tains £ and $ and no other vertices and that supports the convex polytope: That
is, all points in the polytope lie on one side of the hyperplane (see Sec. 2.3).
This means there is a vector d such that

and
d'6 > d, for all vertices & € F,, 6 # %, 9
Let Q be defined by
Q =min[d's —d,]  over all vertices 8 € F,, 0 # %,
We shall perturb the hyperplane using the quantity Q so that £ stays on it and



7 becomes the “closest” vertex. To do this, choose a coordinate j where y; = 1
and x; = 0. (Such a coordinate must exist because of the noninclusion assump-
tion in Def. 19.7.) Now increase d, by Q/2. The cost of  is still d,, the cost of
9 becomes d, + Q/2, and the cost of all other vertices is still at least d, + Q.

If By Lemma 19.2, it suffices to establish the result for the images of £and §
in F,, the polytope corresponding to LP,, which is a linear program in standard
form.

Choose a cost vector d with the property described and place the simplex
algorithm at vertex y = uf, with cost vector d = (d]0). The vertex x = pu%
will be uniquely optimal in F, and y will be second-best. Suppose x and y are
not adjacent. Because polytopal adjacency is an exact neighborhood for the
simplex algorithm (Theorem 2.10) and because y has no polytopal neighbors
with better cost, we conclude that y is optimal, which is a contradiction. [}

‘We are now in a position to show that the adjacency neighborhood on
CH(F) is the unique minimal exact neighborhood for local search in the original
DLS problem. In other words, the smallest local search neighborhood that
guarantees optimality is precisely the one that would be searched by the simplex
algorithm on CH(F).

Theorem 19.3 Polytopal adjacency on CH(F) is the unique minimal exact
neighborhood for local search over F.

Proof Arguing again on F,, polytopal adjacency is exact by the simplex
algorithm; the problem is to show that every vertex adjacent to x on CH(F)
must be in every exact neighborhood at x. To this end, let t be a vertex adjacent
to x but not in some exact neighborhood. By Theorem 19.2 there is a cost vector
d that makes 1 uniquely optimal and x second-best. But the exact local search
algorithm at x would proclaim x optimal, a contradiction. ]

19.8
An Example of a Large Minimal
Exact Neighborhood [PS1]

We shall next give a detailed example of a DLS problem—job scheduling with
deadlines—in which we can actually exhibit the minimal exact neighborhood of
a feasible solution. This will serve not only to fix the ideas of the previous section,
but to introduce the question of how much time is required to search an exact
neighborhood.

Definition 19.8

Let N ={1,2,...,n}bea set of jobs, each with deadline D, and execution
time T'). A subset f = N of jobs is feasible if all the jobs in N — {f} can be exe-
cuted within their deadlines on a single processor, and N — {f} is maximal;
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that is, N — {f} is not properly contained in another subset of N with the same
property. An instance of the job scheduling with deadlines problem (JSD) is the
DLS with this feasible set F and some cost d, forj eN. []

Notice that we have defined a feasible set to be a set of jobs not scheduled,
in order to express the problem as a minimization problem. We thus want to
find an /' € F to minimize the cost

2.4

JES
and we can think of d, as the penalty incurred when job j does not meet its
deadline. Notice also that the D, and T, are considered fixed; they are not read
in as problem data but rather determine the feasible set F.

Now consider the JSD with its feasible set determined by fixing D, and T
at the following values, taking n odd:

p,=0ZD  anicwn

=1 _
T,={ 2 j=1

1 j>1
If we schedule Job 1 there is no time for any other jobs to execute, so one feasible
point is
f=N-0)
If we do not schedule Job 1, there is room for precisely (n — 1)/2 jobs with unit
execution time, yielding the set of feasible points

F = {ss N:1es and l.vl=("2——tl-)}

This exhausts all possible feasible points, so F = {f} U F’.

We shall next select any s € F”and exhibit a cost vector d(s) that renders
s uniquely optimal and f second-best. By Theorem 19.2, this will show that f
and s are adjacent. The instance that accomplishes this is

(n—3) j=1
GYI=1 o j#landjes
1 otherwise

The cost of s with this choice of d is (n — 3)/2, the cost of f is (n — 1)/2, and
the cost of any other feasible point is at least (n — 1)/2. Thus any s is in the
minimal exact neighborhood of £, which i§7in fact precisely F'.
F’ contains <(n"_——1;/2) points. Using Stirling’s formula, we can show that
2’!
Wert (19.16)

IF'|=
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We have thus found that the smallest exact neighborhood of f has an enormous
number of points in it. This is a consequence of the choice of D, and T, but is
a geometric fact that is independent of the cost vector d, which we consider to
be the input data.

If we envision a point-by-point enumeration of all of F*, it would seem that
exact local search from the point f must be very time consuming. The following
result may come as a surprise.

Theorem 19.4  For any instance of JSD with T,, D, as above and any cost d, the
minimal exact neighborhood of f, F’, can be searched in O(n) time.

Proof Since F = {f} U F’, searching F' amounts to finding the optimal
solution. This can be done by finding the (n — 1)/2 jobs in the set N — {1} whose
total cost is maximum and comparing that to d,. The median algorithm men-
tioned in Problem 2 of Chapter 12 allows us to accomplish this in O(n) time. []

Here we have an example where the search of a neighborhood is very
strongly data-directed, along lines suggested by the variable-depth search in
Sec. 19.5.

Savage and others [Sal, Sa2, SWB, SaWK] show that the minimal exact
neighborhood for the TSP is of exponential size (Problem 15), but the preceding
example allows us to keep hope that perhaps there is an exact local search
algorithm for the TSP with neighborhoods that can be searched fast, say in
polynomial time. This would still not guarantee the existence of a polynomial-
time algorithm for the TSP, because we still would not know how many improve-
ments are needed to reach optimality. But it would at least provide an exact
algorithm useful on small problems: exactly analogous to the simplex algorithm
for LP, which also searches an exact neighborhood in polynomial time. The
result in the next section destroys even this hope.

19.9
The Complexity of Exact Local
Search for the TSP [PS1]

The goal of this section is to show that an exact neighborhood for the traveling
salesman problem can be searched in polynomial time only if P = NP, a most
unlikely circumstance. The problem we need is defined as follows.

RESTRICTED HAMILTON CIRCUIT (RHC)

Given a graph G = (V, E) and a Hamilton path p of G, is there a Hamilton

circuit ¢ in G?

Thus we exhibit a Hamilton path (that is, a Hamilton circuit with one

edge missing) and ask if there is a Hamilton circuit. It turns out that the
Hamilton path does not help us make the decision.
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Theorem 19.5 The problem RHC is NP-complete.

Proof The RHC problem is obviously in NP. We shall polynomially
transform the ordinary Hamilton circuit problem (HC) to RHC with the help of
the special-purpose subgraph shown in Fig. 19-13, which we call a diamond.

Figure 19-13 A diamond subgraph.

When this eight-vertex graph is a subgraph of a graph G, we shall assume that
G touches the diamond only at the corner vertices N, S, E, and W. With this
assumption we now show that if G has a Hamilton circuit ¢, the diamond D is
traversed by ¢ in exactly one of the two ways depicted in Fig. 19-14, which we
call the North-South and East-West modes.

Figure 19-14 The North-South and East-West modes of
traversing a diamond.
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To see this, note that if a Hamilton circuit enters D at N, it must next go to x,
or x would be stranded. It then reaches W, where it cannot leave D; for otherwise
v and w could not be visited without stranding y. It then must go on to Eand S,
yielding a North-South traversal of D. The argument for an East-West traversal
is similar.

Now let G = (V, E) be an instance of the Hamilton circuit problem. We
shall construct a new graph G’ which always has a Hamilton path and which has
a Hamilton circuit if and only if G has. The idea is to replace the nodes of G
with diamonds and to put in a Hamilton path using the North-South modes.
The graph G is then encoded into edges connecting east and west vertices of the
diamonds.

In more detail, begin the construction of G’ by placing n = | V| diamonds
D,, with vertices N,, S,, E,, and W,, in a vertical column, and put in the edges
[Si, Niyyl,i=1,...,n—1, as shown in Fig. 19-15(a). This ensures that G’
has a Hamilton path p, namely, the North-South traversal of D,, followed by
[S}, N.), followed by the North-South traversal of D,, and so on.

N, (b)

(a)

Figure 19-15 (a) The Hamilton path in G'.
(b) The edges in G’ caused by edge [/,/j] in G.
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Next, for each edge [v,, v,] of the original graph G, put edges [W,, E] and
[W,, E]into G’ (see Fig. 19-15(b)). If there is a Hamilton circuit in G, it can be
mimicked in G’ by visiting the diamonds in G’ in the same order as the vertices
in G and moving through each diamond in the East-West mode.

Conversely, if there is a Hamilton circuit in G’, it cannot enter any diamond
at a north or south vertex, for then it must traverse all the diamonds in the
North-South mode and be stuck at N, or S,. The Hamilton circuit must therefore
traverse all the diamonds in the East-West mode, and the order in which the
diamonds are visited determines a Hamilton circuit in G. (]}

Example 19.6

Figure 19-16 shows a simple graph G with no Hamilton circuit and the
corresponding G’, also with no Hamilton circuit, but with the Hamilton path p
shown as a dotted line. []

~N——— e ————

G’

Figure 19-16 A graph G and its corresponding graph G’, illus-
trating the transformation of Hamilton circuit to restricted Hamilton
circuit,

We now can show the main result of this section: Recognizing a suboptimal
tour in an instance of the TSP subsumes RHC. We first name the problem of
recognizing a suboptimal tour.

Definition 19.9

The TSP SUBOPTIMALITY problem is the following: Given an instance
of TSP and a tour f, is f suboptimal? []
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Theorem 19.6 7'SP SUBOPTIMALITY is NP-complete.

Proof The problem is in NP, because an optimal tour is a short certificate
that shows f to be suboptimal. We now polynomially transform RHC to TSP
SUBOPTIMALITY.

Let G = (V, E) be the graph in an instance of RHC and let p be its Hamilton
path. Construct an instance of TSP with n = |V cities and cost

wp=f Ghact
if[i,j1¢ E
The Hamilton path p determines a tour f in the TSP with cost (n — 1) + 2
= n 4+ 1. Suppose that f is suboptimal in TSP. Then there is a tour of cost n,
which determines a Hamilton circuit in the original G of RHC.
Conversely, a Hamilton circuit in G determines a tour in the TSP with cost
n, showing that f is suboptimal. [}

Recall the subroutine improve(t) in our formulation of local search—with
an exact neighborhood it returns an improved tour if t is suboptimal, so any
instance of TSP SUBOPTIMALITY can be solved by one call of improve for
any exact local search algorithm. We have therefore proved the following
corollary.

Corollary If P = NP, no local search algorithm for the TSP having polynomial-
time complexity per iteration can be exact.

We thus end this chapter on a somewhat pessimistic note (see also Problem
14), abandoning hope that a local search algorithm with fast iterations—such as
the simplex algorithm—can be found for the TSP, our prototypal NP-complete
optimization problem. We should not forget, however, that local search can be
a very effective heuristic for such problems. It is often, in fact, the best available.

PROBLEMS

*1. Show that the uniform graph partition problem of Sec. 19.5 is NP-complete.
2. Prove the following fact and discuss its relation to variable depth search [LK].
Let g, i =1, ..., k be a sequence of numbers, and let

G = Fe P=1,k
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be their partial sums. Then if G(k) > 0, there is a cyclic permutation of the
818 Erats v s8ks &1y -+ 5 &1, | < r < k, with the property that all its partial
sums are positive.

Prove that Eq. 19.12 gives the correct values for recomputing D after a swap.

Develop an algorithm for finding a lower bound in the uniform graph partition
problem using the max-flow algorithm.

Suppose we want to check new feasible solutions during execution of a local
search algorithm to see if they have already been proven to be locally optimal.
Describe an efficient method for doing this.

To expedite the search for the next pair af, b} in the local search of a neighborhood
by Eq. 19.11 in the uniform graph partitioning algorithm, Kernighan and Lin
[KL] sort the D,’s and D,’s in descending order.

(a) Explain how this speeds up this search.

(b

N2

Analyze the time complexity of each neighborhood search, and show it is
O(n? log n).
(c) The reported total time complexity is about O(n?-4). What does this say
about the number of passes needed to achieve local optimality ?
*(d) Compare the time complexities in (b) and (c) with the asymptotic time
required to examine all possible pairs of equal-sized sets for interchange.

[TS] The diameter of a graph is the longest shortest-path between any pair of
nodes, and a k-regular graph G is one in which every node has the same degree.
(In the directed case, indegree = outdegree = k.) Suppose we want to design a
local search algorithm for designing a k-regular graph, directed or undirected,
with n nodes and minimum diameter. Discuss the choice of (a) starting method;
(b) neighborhood; and (c) cost criterion.

[PS2] Use the diamond subgraph of Sec. 19.9 to construct n-city instances of the
traveling salesman problem with the following properties: (a) there is a unique
optimal tour, and (b) there are an exponential (in ) number of tours that are
next best, have arbitrarily large cost, and cannot be improved by changing fewer
than on edges, where o is a fixed fraction.

[PS2] Consider the n-city traveling salesman problem in which the triangle
inequality holds for the distance matrix. Let ¢, > 0 be the cost of an optimal tour,
let ¢, be the cost of a second-best tour, and define the gap g to be (c; — ¢o)/co.
Prove that g < 2/n.

In a Poisson process, we think of time as being divided into tiny segments of

length dt, and we assume that the probability of an event occuring in any segment

is dt/t, independently of any other segment.

(a) Show that if we take the limit as dr approaches zero, the probability of an
event not occuring in time 7'is e~7/7,

(b) Suppose we assume that a comp makes an und d error with prob-
ability 1076 in a year of operation, and that such errors occur as a Poisson
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process. What is the probability that a computer executes a 1-second pro-
gram without an undetected error?

(c) Suppose that a local search algorithm finds an optimal solution with prob-
ability 0.39. Under the assumptions of Part (b), how many independent
trials are required so that we can place more confidence in the operation of
the algorithm than in the operation of the computer?

(a) Establish Eq. 19.16, an estimate for the size of the set F’.

(b) Show that | F’| > 2»~-1/2,

Formulate the following problems as discrete linear subset problems.

(a) Shortest path.

(b) Min-cost flow.

(c) Maximum weight set in a matroid.

(d) Weighted matroid intersection.

(e) Weighted 3-matroid intersection.

[StWK] Suppose an undirected graph G = (¥, E) has actual connectivity matrix

[r;1, and we want to check ry; = sy, for all i, j, for a given requirement matrix
[s4].

(a) Prove the following: If

Fam = Sab
Pomy = Sab
for nodes my, my, . . ., m,,, distinct from a, b, and each other, then
Yab = Sab.
(b) Show that the result of Part (a) allows us to test the connectivity of a graph

when s,; = k for all i, j with no more than k(| V| — (k -+ 1)/2) tests.

(c) Show that if an X-change on a feasible network destroys feasibility by reduc-
ing ras below s,5, then either

Fim < Sab
or

i < Sap
where the X-change removed edges [i, m] and [/, /1.

[PS1] Show that if P 5= NP then no local search algorithm for the TSP having a
polynomial time complexity per iteration can yield €-approximate tours, for any
fixed € > 0.

[WSB] Show that a tour of  cities has a number of adjacent tours in its minimal
exact neighborhood that is exponential in n.

(a) Show that N,_; is not an exact neighborhood for the TSP with x cities.
*(b) Show that N,., is an exact neighborhood.
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Halting problem, 156, 185, 347
HAMILTON CIRCUIT, 347, 366, 383, 392,
395, 427, 479
DIRECTED, 391, 404
RESTRICTED, 477
HAMILTON COMPLETION, 404
Hamilton path, 294, 300
HAMILTON PATH, 370
Hamilton walk, 431
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Head-partition matroid, 288
Held, M., 441, 453, 456, 484
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Hitchcock, F.L., 143, 154
Hitchcock problem, 143
HITTING SET, 404
Hoffman, A J., 324
Hopcroft, J E., 24, 136, 190, 216, 246, 382
Hu, T C., 65, 341. 405
Hungarian method, 144, 248-55, 267
Hyperplane, 35
supporting, 36

I (unit matrix), 19
Ibarra, O.H., 432
if statement, 24
Ignall, E., 446, 452
ILP (see integer linear programming)
Incidence matrix, 318
arc-chain, 92
node-arc, 75
Incident edge, 21
Incremental network, 139
Indegree, 21
INDEPENDENT SET, 361, 363, 403, 430
Independent subset, 280
Inner node, 219, 260
Instance of an optimization problem, 4, 344
INTEGER KNAPSACK, 374, 376, 387,419
Integer hnear programming (or ILP), 3,
307-09, 344, 350, 359, 433-38
mixed, 310, 313, 324, 438
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Interior of a polytope, 175-76
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algorithm)
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JSD (see job scheduling with deadlines)
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KNAPSACK, INTEGER
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Knuth, D.E., 382
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Lawler, E.L, 153, 270, 306, 405, 432, 452
Layered network, 205, 448
Lee, T.W, 486
Length of a path or circuit, 21
Lenstra, H.W., 341
Lenstra, J.K., 381
Lesk, A.B, 485
Lewis, H.R., 192
Lewis, P.M., 432
Lexicographically (or lex-):
equal, 334
greater-than, 334
less-than, 334
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positive, 334
zero, 334
LI (see linear inequalities)
Lin, S., 18,456, 484
Linear inequalities (or L), 170, 172, 174,
385-86
Linearly independent, 284
Linear program (or LP), 5-6
in canonical form, 27
1n general form, 28
in standard form, 28
Linear programming problem (or LP), 1, 5-6
Linear strictinequalities (or LSI), 173,174, 181
Literal, 314
Little, J.D.C., 439, 452
Live node, 437
Local optimum, 8-10. 455
Local search, 401, 454-81
variable-depth, 468
Lovisz, L., 192, 306
Lower bound, 438
Lower bound on the flow, 135, 215
LP (see linear program, linear programming
problem)
LSI (see linear strict inequalities)
Lueker, G, 382
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McCormick, G.P., 17
Maheshwari, SN., 217
Malhotra, V.M., 217
Markov, A.A., 190
Master problem, 99
Matched edge, 219
Matched node, 219
Matching, 218
b-, 245, 268
complete (or perfect), 219, 267
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Matching (cont.)
maximum, 219
proper, 258
Matching matroid, 303
Matching problem, 2, 218
bipartite, 221-26. 248-55
bottleneck, 245
nonbipartite, 226-43, 255-66, 269
weighted, 247-66, 282
Matric matrod, 288, 304
Matrix
distance, 4-5, 410-11
incidence, 318
totally unmodular, 249, 316-18
Tutte, 243
unimodular, 316
Matroid, 271, 280-301
dual, 305
graphic, 287
head-partition, 288
matching, 303
matric, 288, 304
tail-partition, 288
transversal, 303
Matroid intersection problem, 289-98, 300
weighted, 298-99
Matroid parity problem, 299
Matroid partition problem, 305
MAX-CUT, 379, 403
Max-flow, min-cut Theorem, 117-20, 203
Max-flow problem (or MFP), 91-97, 114-15,
117-28, 200-214, 225
Maximal flow, 206
Maximum (or max) flow, 91
Maximum matching, 219
Maximum weight forest problem (or MWF),
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Maxwell, W.L., 445, 453
MCSN (see mintmum-cost survivable
network)
Median algorithm, 301, 477
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MFP (see max-flow problem)
Micali, S., 246
Miller, C.E., 324
Miller, L.W., 445, 453
MILP (see mixed integer linear programming)
Min-cost flow problem, 137-51
multicommodity, 151
Minimal spanning tree problem (or MST), 5,
6, 7, 158, 271-80, 301-2, 303, 442, 443
Minimum-cost survivable network problem
(or MCSN), 456-62
MINIMUM COVER, 391
Minty, G J., 134, 136, 190
MIXED CHINESE POSTMAN, 379
Mixed integer linear programming (or
MILP), 310, 313, 324, 438
Moment problem, 16
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MULTICOMMODITY FLOW, 152, 379
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Eulerian, 412
MULTIPROCESSOR SCHEDULING,
363-66, 393, 402, 431
Mulvey, J.V., 154
Murty, K.G., 452
MWF (see maximum weight forest problem)
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Naamad, A., 217
n-dimensional tic-tac-toe, 187
Neighborhood, 7-8, 454
A-change, 463
exact, 10, 62-63, 471-81
k-change, 7-8, 455
swap, 466-67
2-change, 7-8, 455
X-change, 460
Nemhauser, G L, 135, 341
Nemirovskii, A.S., 191
Network, 23
auxiliary, 205
incremental, 139
layered, 205, 448
simple, 213, 225, 458
with umit arc capacities, 212-14, 225
Ninamiya, K , 246
Node (or vertex), 20
exposed, 219
1nner, 219, 260
matched, 219
outer, 219, 260
pseudo-, 260
Node (in branch-and-bound), 436
dead, 436
lve, 437
NODE COVER, 361, 363, 406-09
Nonbasic gradient pivoting rule, 50-51
Nondeterministic Turing machine, 398
Nonlnearity, 312
Nonlinear programming problem, 1
Norman, R Z , 246
North, J.H , 484
not, 314
NP, 349
N P-complete problem, 2, 342-401, 353
strongly, 378-81, 430 B
N P-hard problem, 397-98
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Off-shore natural gas pipeline system, 462-65
1-tree, 441
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Optimization problem, 1, 3-6, 343-47, 472

Optimization version of a ial
optimization problem, 345

OPTIMIZATION 0-1 KNAPSACK, 421

or, 314

Orchard-Hayes, W., 103

Orden, A., 341

Orlova, G.1., 405

Outdegree, 21

Outer node, 219, 260

Out-of-kilter algorithm, 153

Padberg, M.W., 325
Papadimitriou, C H., 155, 192, 246, 270, 325,
382, 405, 406, 485, 486
Parsimonious transformation, 402
PARTITION, 375, 397, 431
Partition matroid, 288
Path, 21
alternating, 219, 292
augmenting (or augmentation), 114, 121,
219, 291
directed, 21
Perfect (or complete) matching, 219, 267
Permutation schedule, 445, 470
Pidgin algol, 24-25
Pivot, 44
Pivoting rule.
all-variable gradient, 51
Bland's rule, 53-55. 85, 90
greatest increment, 50-51
nonbasic gradient, 50-51
PLANAR CLIQUE, 393, 402
Planar graph, 302
Polynomial-time algorithm, 163-66, 347
Polynomial-time approximation scheme (or
PTAS), 419-27
fully, 426, 430
Polynomial-time reduction, 351-53, 395-97
Polynomial-time transformation, 151, 352
Polytope (or convex polytope), 34-42, 59-62,
472
Posttive-definitive matrix, 174, 379
Post, EL , 190
Post’s correspondence problem, 185, 187
p-quantile, 301
Pratt, V.R., 306, 404
Precedence relation, 310, 363
Precision, 182-85, 339
Prim, R.C, 305
Primal-dual algorithm, 104-15, 138, 141,
144-48, 150, 256
Primal integer algorithm, 339
Primal linear program, 69
restricted, 105, 106
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PRIMES, 402
Principal of optimality, 448
Probabilistic algorithm, 401
Problem*
combinatorial optimization, 1, 3-6,343-47,

472
decidable, 157
master, 99
NP-complete, 2, 342-401, 353, 378-81, 430
NP-hard, 397-98
optimization, 1, 3-6, 343-47, 472
PSPACE-complete, 400
recognition, 347
undecidable, 157
Processing time, 310
Processor, 243, 310
Proper alternating sequence, 294
Pseudonode, 260
Pseudopolynomial algorithm, 165, 387-91,
402

PSPACE, 399

PSPACE-complete problem, 400

PTAS (see polynomial-time approximation
scheme)

Pull, 207

Push, 207, 209-10
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QUADRATIC PROGRAMMING, 379
Quandt, R.E., 51, 66
Queue, 196

R

R (real number line), 19

Rabin, M.O., 246

Rank of a matrix, 288

Rank of a matroid, 286, 296

Rao, M.R., 381

Rate of growth, 159

Recognition problem, 347

Recognition version of a combinatorial
optimization problem, 345

Recursion, 187

Recursive algorithm, 187

Reduce, 351

Reduction (see also transformation), 148,225,
244, 266, 298

polynomial-time, 351-53

Reduction (in local search), 471

Reid, J.K., 51, 66

Reinversion, 91

iter, S., 456

Reject, 355

Relative cost, 47

Relaxation, 327

Resource, 310

RESTRICTED HAMILTON CIRCUIT, 477
Restricted primal (or RP), 105, 106
Revised simplex algorithm, 88-97
Rinooy Kan, A H.G , 381

Ruvest, R L, 306

Robinson, A., 190

Rockafellar, R.T., 66, 485
Rosenbaum, D M., 484
Rosenkrantiz, D J , 432

Rota, G-C, 306

Rotation, 175

Rothfarb, B., 484

RP (see restricted primal)

Sadri, F., 82, 85
Sahni, S., 432
Salkin, H.M., 341
SATISFIABILITY, 314, 347, 350, 356-58,
377, 394, 400
Savage, S.L, 485
Scaling method, 153
Scarf, H.E., 341
Scheduling, 310-12, 363
flowshop, 444-48, 470
multiprocessor, 363-66, 393, 402, 431
two-processor, 243
Schrage, L , 446, 452
Schrijver, A., 192
Search:
binary, 171, 172, 346
local, 401, 454-81
of a digraph, 197
of a graph, 194-200
Semiellipsoid, 178
Sequence:
alternating, 292
augmenting, 293
proper, 294
Sethi, R., 445, 453
SFTP (see sum-finishing-time problem)
Shamos, M.1., 306
Sherman, G.S., 456
Shiloach, Y., 217
Shor, N.Z., 191
Shortest-path problem (or SP), 75, 109-13,
303, 439, 451
Shrink a blossom, 230
Simon, J. 404
Simonnard, M., 65
Simple network, 213, 225, 458
Simplex algorithm, 2,26-115, 163, 166-70,475
dual, 80-85
primal-dual, 104-15, 138, 141, 144-48, 150,
256
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Simplex algorithm (cont.)
revised, 88-97
Size of the input, 159-62, 171
Slack variable, 29
Sleator, D.D., 217
Sorting, 187-88
Source, 23
Source row, 329
SP (see shortest-path problem)
Span, 286
Spanning tree, 5, 22, 272, 439
capacitated, 152
Stage, 206, 224, 276
s-1 connectivity, 215
Stearns, R.E., 432
Steiglitz, K ., 484, 485, 486
Steinberg, D., 65, 66
Stigler, G.J., 66
Stockmeyer, L.J., 486
Stoer, J., I8
Stone, R.E., 191
String (or sequence of symbols), 159, 349
Strongly connected digraph, 214
Strongly N P-complete problem, 387-91, 430
SUBGRAPH ISOMORPHISM, 392
Subproblem, 98, 434
Subset system, 280, 472
Subspace:
affine, 34
linear, 34
Subtour, 309, 441
Sum-finishing-time problem (or SFTP),
444-45
Supporting hyperplane, 36
Surplus variable, 28
SURVIVABLE NETWORK DESIGN, 392,
456, 483
Swap neighborhood, 466-67
Sweeny, D.W_, 452
Symmetric difference, 220

T

Tableau, 44-46, 79-85
Tail-partition matroid, 288

Talman, A.J.J., 341

Tarjan, R.E., 216, 217, 246, 305, 306
Task, 310

Terminal, 23

Thomason, A.G., 486

3- DIMENSlONAL MATCHING, 371 73
3-EXACT COVER, 374, 391
Three-matroid intersection, 300-301
THREE PARTITION, 390, 403
3-SATISFIABILITY, 359
Throughput, 207

Tiling problem, 186

Todd, M.J,, 191
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Tolstoi, A.N., 154

Tomlin, J.A., 155

Tompkins, C.B., 325

Totally unimodular (or TUM), 249, 316-18
Toueg, S., 486

Tour, 4
embedded, 413
Tower of Hanot, 16, 187
Transform, 352
Transformation, 148, 359, 392
affine, 174
polynomial-time, 151, 352
Transitive closure, 403
TRANSITIVE REDUCTION BY
ELIMINATION, 404
Transversal matroid, 303
Traveling salesman problem (or TSP), 3, 4,
7-10, 157,283,303, 308-10, 344, 349, 371,
379, 384, 427, 439-42, 450, 455-56, 469,
472, 477-81
asymmetric, 392
Euclidean, 379, 411
triangle-inequality, 410-18
Tree, 22
spanning, 5, 22, 272, 439
Tree algorithm, 414
Treybig, L.B., 325
Triangle inequality, 410
Triangle inequality TSP, 410-18
Triangle operation, 130
true, 314
Truth assignment, 314
TSP (see traveling salesman problem)
TSP SUBOPTIMALITY, 481
Tucker, A.W., 87, 309, 324
TUM (see totally unimodular)
Turing, A.M., 157, 190, 355, 382
Turing machine, 157, 347-48
nondeterministic, 398
Tutte, W.T., 246, 306
Tutte matrix, 243
2-change neighborhood, 7-8, 455
Two-phase method, 55-58
Two-processor scheduling, 243

u

UGP (see umform graph partitioning)

Uliman, J.D., 24, 136, 190, 381, 382

Undecidable problem, 157

Undirected graph, 20

Uniform graph partitioning (or UGP), 465,
481

Uniform partition, 465

Unimodular matrix, 316
totally, 316

Unit capacity, 212-14, 225

Unit sphere, 174
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Valiant, L.G., 404, 405
Value of a flow, 23
van Emde Boas, P.. 341
Van Sickle, L.. 155
Variable:
admissible, 106, 144, 257
artificial, 55, 106
basic, 29
Boolean, 314
slack, 29
surplus, 28
Variable-depth local search, 468
Vazirani, V.V., 246
Veinott, A.F., Jr., 324
Vertex (see node)
Vertex connectivity, 457
Vertex of a polytope, 36, 39
von Neumann, J., 86, 190
Voronoi polygon (see Dirichlet cell)

w

Wagner, H.M., 155
Walk, 21
directed, 21
Eulerian, 412
Hamilton, 431
Wandering salesman problem, 303
Warshall, S., 136
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Weighted graph, 22

Weighted matching problem, 247-66, 282
Weighted matroid intersection, 298-99
Weiner, P., 456, 484, 485

while statement, 25

Whitney, H., 306

Witzgall, C., 18

Wolfe, P., 103, 341

X

X-change, 460
favorable, 460
X-change neighborhood, 460

A4

Yannakakis, M., 246, 270, 405, 432
Yao, A.C., 305
Yudin, D.B., 65, 87, 191

z

Z (set of integers), 19

Zadeh, N., 153, 154, 191, 192

Zemlin, R.A., 342

0-1 KNAPSACK, 374-75, 419

0-1 linear program (or ZOLP), 315, 323
ZOLP (see 0-1 linear program)
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