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Preface to Volume 2 

The design and analysis of data structures and computer algorithms 
has gained considerable importance in recent years: The concept of 
"algorithm" is central in computer science and "efficiency" is central 
in the world of money. 

This book treats graph algorithms and the theory of NP-completeness 
and comprises chapters IV to VI of the three volume series "Data 
Structures and Efficient Algorithms". The material covered in this 
book derives its importance from the universal role played by graphs 
in many areas of computer science. The other two volumes treat 
sorting and searching (chapters I to III) and multi-dimensional 
searching and computational geometry (chapters VII to VIII). All 
three volumes are organized according to problem areas. In addition, 
we have included a chapter (chapter IX) in all three volumes which 
gives a paradigm oriented view of the entire series and orders the 
material according to algorithmic methods. 

In chapter IV we deal with algorithms on graphs. We start out with a 
discussion of various methods for representing a graph in a computer, 
and of simple algorithms for topological sorting and the transitive 
closure problem. The concept of a random graph is also introduced in 
these sections. We then turn to methods for graph exploration which 
we later refine to depth first and breadth first search. Depth first 
search is the basis for connectivity, biconnectivity and planarity 
algorithms for undirected graphs, and for an algorithm for strong 
connectivity of directed graphs. In the section on planar graphs we 
also present the planar separator theorem as well as a shortest path 
algorithm for planar graphs. Breadth first search is the basis for 
efficient least cost path algorithms and for network flow algorithms. 
Several algorithms for unweighted and weighted network flow and 
their application to matching and connectivity problems are discussed 
in detail. Finally, there is a section on minimum spanning trees. 

Chapter V explores the algebraic interpretation of path problems on 
graphs. The concept of a path problem over a closed semi-ring is 
defined, a general solution is presented, and the connection with 
matrix multiplication is established. Then fast algorithms for matrix 
multiplication over rings are discussed, transformed to boolean 
matrix multiplication, and their implication for special path problems 
is investigated. Finally, a lower bound on the monotone complexity of 
boolean matrix multiplication is derived. 

Chapter VI covers the theory of NP-completeness. Many efficient 
algorithms have been found in the past; nevertheless, a large number 



VIII 

of problems have not yielded to the attack of algorithm designers. A 
particularly important class of such problems is the class of NP­
complete problems. In the first half of the chapter this class is defined, 
and many well-known problems are shown to belong to the class. In 
the second half of the chapter we discuss methods for solving NP­
complete problems. We first treat branch-and-bound and dynamic 
programming and then tum to approximation algorithms. The chap­
ter closes with a short discussion of other complexity classes. 

The book covers advanced material and leads the reader to very 
recent results and current research. It is intended for a reader who has 
some knowledge in algorithm design and analysis. The reader must be 
familiar with the fundamental data structures such as queues, stacks, 
and linked list structures. This material is covered in chapter I of 
volume 1 and also in many other books on computer science. 
Knowledge of the material allows the reader to appreciate most of the 
book. For some sections more advanced knowledge is required. 
Priority queues and balanced trees are used in sections IV. 7, IV.8 and 
IV.9.1, algorithms for the union - find problem are used in IV.8, and 
bucket sort is employed at several places. Information about these 
problems can be found in volume 1 but also in many other books about 
algorithms and data structures. 

The organization of the "book is quite simple. There are three chapters 
which are numbered using roman numerals. Sections and subsections 
of chapters are numbered using arabic numerals. Within each section, 
theorems and lemmas are numbered consecutively. Cross references 
are made by giving the identifier of the section (or subsection) and the 
number of the theorem. The common prefix of the identifiers of origin 
and destination of a cross reference may be suppressed, i. e., a cross 
reference to section VII.1.2 in section VII.2 can be made by either 
referring to section VII.1.2 or to section 1.2. 
Each chapter has an extensive list of exercises and a section on 
bibliographic remarks. The exercises are of varying degrees of 
difficulty. In many cases hints are given, or a reference is provided in 
the section on bibliographic remarks. 

Most parts of this book were used as course notes either by myself or 
by my colleagues N. Blum, Th. Lengauer, and A. Tsakalidis. Their 
comments were a big help. I also want to thank H. Alt, O. Fries, 
St. Hertel, B. Schmidt, and K. Simon who collaborated with me on 
several sections and I want to thank the many students who helped to 
improve the presentation by their criticism. Discussions with many 
colleagues helped to shape my ideas: B. Becker, J. Berstel, B. Com­
mentz-Walter, H. Edelsbrunner, B. Eisenbarth, Ph. Flajolet, 
M. Fontet, G. Gonnet, R. Giittler, G. Hotz, S. Huddleston, I. 
Munro, J. Nievergelt, Th. Ottmann, M. Overmars, M. Paterson, F. 
Preparata, A. Rozenberg, M. Stadel, R. E. Tarjan, J. van Leeuwen, 
D. Wood, and N. Ziviani. 



IX 

The drawings and the proof reading were done by my student Hans 
Rohnert. He did a fantastic job. Of course, all remaining errors are 
my sole responsibility. Thanks to him, there should not be too many 
left. The typescript was prepared by Christel Korten-Michels, Mar­
tina Horn, Marianne Weis and Doris Schindler under sometimes 
hectic conditions. I thank them all. 

Saarbriicken, April 1984 Kurt Mehlhorn 
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IV. Algorithms on Graphs 

In this chapter we treat efficient algorithms for many basic problems 

on graphs: topological sorting and transitive closure, connectivity 

and biconnectivity, least cost paths, least cost spanning trees, net­

work flow problems and matching problems and planarity testing. 

Most of these algorithms ~ methods for the systematic exploration 

of a graph. We will introduce such a method in section 4 and then spe­

cialize it to breadth first and depth first search. 

IV. 1. Graphs and their Representation in a Computer 

A directed graph G = (V,E) consists of a set V = {1,2, ••• ,IVI} of nodes 

and a set E ~ V x V of edges. A pair (v,w) E E is called an edge from 

v to w. Throughout this chapter we set n = IVI and e = lEI. 

Two methods for storing a graph are customary. 

a) Adjacency matrix: A graph G = (V,E) is represented by a IVI xlvi 

boolean matrix AG 

{~ 

(a, ,) 1<' '< with 
~J _~,J-n 

if (i,j) E E 

if (i,j) ( E 

The storage requirement of this representation is clearly e(n2). 

b) Adjacency lists: A graph GO= (V,E) is represented by n linear lists. 

The i-th list contains all nodes j with (i,j) E E. The headers of the 

n lists are stored in an array. The storage requirement of this repre­

sentation is D(n + e). The lists are not necessarily in sorted order. 



2 

1 
2 
3 
4 
5 

1 0 
1 1 
o 0 
o 1 
o 0 

o 0 
1 1 
o 0 
o 1 
o 0 

The above example shows a graph, and its representation by adjacency 

matrix and adjacency lists. 

Since 0 ~ e ~ n 2 we conclude that the adjacency list represention is 

often much smaller than the adjacency matrix representation and never 

much larger. Since most graphs which come up in applications are sparse, 

i.e. e « n 2 , this is an important point to remember. Even more impor­

tant is the fact that the choice of the representation can have a 

drastic influence on the time complexity of graph algorithms. We will 

see in this chapter that many graph problems can be solved in linear 

time O(n + e) if the adjacency list representation is used. However, 

any algorithm using the matrix representation must have running time 

n(n2 ). For this reason we will always use the adjacency lists except 

when explicitely stated otherwise (chapter V). 

In more detail, the adjacency list representation is based on the 

following declarations: 

~ node = record name [1 .. n]; 

next t node 

end 
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and 

ADLHEAD array [1 •• n] of t node 

Array ADLHEAD contains the heads of the adjacency lists. The el-

ements of the adjacency lists are of type node, each element represent­

ing an edge. In some cases these elements will contain additional in­

formation, e.g. the length of an edge, a pointer to the reverse edge in 

an undirected graph, •••• 

We need some more definitions. Let G = (V,E) be a digraph. A path from 

v to w, v, w E V, is a sequence YO' v 1 , .•• ,vk of nodes such that 

Vo = v, vk wand (vi ,vi +1 ) E E for 0 $ i < k; k is the length of the 

path. Note that there is always the path of length zero from v to v. 

A path is simple if vi * Vj for 0 $ i < j < k. A cycle is a path from 

v to v. If, in addition, the path is simple then the cycle is simple. 

A graph is acyclic if it contains no non-trivial cycle. Let TeE. We 

write v ~* w iff there is a path from v to w using only edges in T. 
T 

The indegree of a node v is the number od edges ending in v, 

indegG(v) = I {w; (w,v) E E} I. Similarly, the outdegree of v is the num­

ber of edges starting in v, outdegG(v) = I {w; (v,w)E E} I. 

A digraph G' = (V, ,E') is a subgraph of G = (V,E) if V' c V and E' c E. 

If G = (V,E) is a digraph and V' = V then the subgraph induced by V' 

is (V',En(V'xV'». G - V' denotes the subgraph induced by V - V'. If 

V' = {v} is a singleton then we write G - v instead of G - {v}. 

A digraph A = (V, T) is a directed forest if A is acyclic an::1 irrlegA (v) $ 1 

for all v E V. A node v with indegA(v) = 0 is called a root of the 

forest. Note that a directed forest has at least one root. If A = (V,T) 

is a directed tree then ITI IVI - 1. Also, there is a unique path 

from the root r to any node v of a directed tree. Finally, if v is any 

node of a directed tree then the subtee Av rooted at v is the subgraph 

induced by the descendants of v, i.e. Av is the subgraph induced by 

{w;v ~* w} • 
T 

Let G = (V,E) be a digraph. A directed forest A = (V,T) with T SE is 

called a spanning forest of G. If A is a tree then it is called a 

spanning tree of G. 
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An undirected graph (or simply graph) is a digraph G = (V,E) with a 

symmetric relation E, i.e. (v,w) E E iff (w,v) E E. In a graph the in­

degree of a node is always equal to its outdegree and is simply called 

the degree of the node. An undirected graph is called acyclic if it 

contains no simple cycles of length at least three (Note that an "un­

directed" edge between v and w always gives rise to a simple cycle, 

namely v,w,v). An acyclic undirected graph is called an undirected forest. 

IV. 2. Topological Sorting and the Representation Problem 

A topological sort of a digraph G = (V,E) is a mapping ord:V - {l, ••• ,n} 

such that for all edges (v,w) E E we have ord(v) < ord(w). Clearly, if 

a graph G has a topological sort then G is acyclic. The converse is 

also true and is easily proved by induction on the number of nodes. So 

suppose, G = (V,E) is acyclic. If n = Ivi = then G has a topological 

sort. If n > 1 then G must have a node v with indegree o. (Such a node 

can be found by starting at an arbitrary node wand walking back edges. 

Since the graph is acyclic no node is entered twice in this process, 

and hence the process terminates. It terminates in a node with inde­

gree 0). Deleting v leaves us with an acyclic graph G' with one less 

node. G' has a topological sort and so does G. 

Actually, the argument given above, describes an algorithm for com­

puting the mapping ord. 

( 1 ) G - G· current ' COUNT - 0; 

(2) while Gcurrent has at least one node with no predecessor 

(3) do let v be a node with no predecessor; 

(4 ) COUNT COUNT + 1 ; 

(5 ) ORD[v] COUNT; 

(6 ) Gcurrent G current - v 

(7 ) od; 

(8 ) if Gcurrent is non empty 

(9 ) then cyclic else acyclic fi 

The correctness of this algorithm is immediate from the preceding dis­

cussion. With respect to complexity the crucial lines are lines (3) 

and (6). How do we find a node with indegree 0 efficiently in line (3)? 

A brute force approach would be a complete search of graph Gcurrent. 

Since such a search would take time at least ~(n) the entire algorithm 

would be ~(n2) at best. 
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A better approach is to look at the interdependence of lines (3) and 

(6). In line (6) node v and all edges leaving v are deleted. Exactly 

the indegrees of the other endpoints are changed. This suggeststo use 

an array INDEG[1 •• n] to store the current indegree of all nodes. Array 

INDEG is updated in line (6). In line (3) we need to know one node with 

indegree 0; the indegree of a node can only become zero in line (6) and 

it is easy to detect that fact there. It is therefore wise to keep all 

nodes with indegree 0 in Gcurrent in a set ZEROINDEG. 

The following refinement of our algorithm makes use of the variables 

INDEG: array [1 •• n] of integer and ZEROINDEG: subset of V. The graph 

Gcurrent is not stored explicitely. Rather it is the subgraph of G in­
duced by the nodes which have not received a number ord yet. ZEROINDEG 

contains the points of zero indegree in Gcurrent and INDEG contains the 

indegree of all nodes in Gcurrent. Initially Gcurrent = G and so INDEG 
should be initialized to the indegrees in G. This can be done efficient­

ly by traversing all adjacency lists. 

Algorithm: Topological sort 

(1.1) COUNT - 0; 

(1.2) ZEROINDEG ~; for all i E V do INDEG[i] - 0 od: 

(1.3) for all i E V 

(1.4) do for all j E V with (i,j) E E 

(1.5) do INDEG[j] INDEG[j] + 1 

(1 .6) od 

(1 .7) od; 

(1.8) for all i E V 

( 1 • 9) do if INDEG [i] o then add i to ZEROINDEG fi 

(1. 10) od: 

(2) while ZEROINDEG * ¢ 
(3.1) 

(3.2) 

(4 ) 

(5) 

(6. 1 ) 

(6.2) 

(6.3) 

do let v be any node in ZEROINDEG; 

delete v from ZEROINDEG; 

COUNT - COUNT + 1: 

ORD[v] - COUNT: 

for all w E V with (v,w) E E 

do INDEG[w] - INDEG[w] - 1: 

if INDEG[w] = 0 
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(6.4) 

(6.5) 

then add w to ZEROINDEG fi; 

od 

(7) od; 

(8) if COUNT < n 

(9) then Halt ("graph is cyclic") else Halt ("graph is acyclic") fi 

It remains to specify an implementation for set ZEROINDEG. On this set 

the following operations are performed: Insertion, deletion 

of an unspecified element, and test for emptiness. In chapter I 

we saw that implementing ZEROINDEG by a stack or by a queue will allow 

us to execute each one of these operations in time 0(1). We prefer the 

stack for its simplicity and higher efficiency, so ZEROINDEG is a stack 

of elements of V (stack of [1 •• n]). 

Finally, we have to explain lines (1.4) and (6.1) in more detail. They 

are realized by stepping through the adjacency list corresponding to 

nodes i and w respectively and take time proportional to the outdegree 

of those nodes. A detailed program for lines (1.4) and (1.5) is given 

by (p is of type tnode): 

p - ADJHEAD [i ] i 

while p '" nil 

do j - pt .name; 

od 

INDEG[j] - INDEG[j] + 1 

p - pt .next 

We are now in a position to determine the performance of our algorithm 

for topological sorting. Line (1) takes time 0(1), lines (1.2) and 

lines (1.8) - (1.10) take O(n). Execution of (1.4) and (1.5) for a fixed 

i takes time O(outdegG (i» and hence lines (1.3) - (1~) take time 

O(n + e). Altogether, initialization takes time O(n + e). 

The main loop is executed O(n) times and hence the total time spent in 

lines (3.1), (3.2), (4) and (5) is O(n). For a fixed v, lines (6.1) - (6.4) 

take time O(outdegG (v». Since every node v is deleted from ZEROINDEG 

at most once total running time of that loop is O(n + e). This shows 

that the running time of the entire algorithm is O(n + e). 



Theorem 1: A topological sort of digraph G 

linear time O(n + e). 

(V,E) can be computed in 

Proof: By the discussion above. 

Next we will show that getting the graph as a matrix will doom any 

algorithm to inefficiency. 

Theorem 2: Any algorithm for topological sorting which gets the di­

graph as an adjacency matrix has running time n(n2 ). 

o 
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Proof: Consider the behaviour of any such algorithm on the empty graph, 

i.e. on the all zero matrix. Suppose there is a pair i,j of nodes, 

i * j, such that the algorithm neither inspects a .. nor a ..• Then we 
~J J~ 

could change both entries to one and the algorithm would still return 

with a topological sort. However, the graph is cyclic after adding 

edges (i,j) and (j,i). This shows that the algorithm has to inspect 

least half of the entries of the matrix and hence has running time 

n(n2 ). 

at 

o 

We saw that a topological sort of an acyclic graph can be computed in 

linear time. Given the mapping ord: V - {1, .•• ,IVI} it is then easy to 

reorder the adjacency lists in increasing order as follows: Generate 

all pairs {(ord(v), ord(w»; (v,w) E E} and sort them by bucket sort 

according to the second component and then according to the first com­

ponent. This takes time O(n + e) and generates the adjacency lists in 

sorted order. 

IV. 3. Transitive Closure of Acyclic Digraphs 

Let G = (V,E) be a digraph. Digraph G* = (V,E*) is the reflexive, tran­

sitive closure of G if (v,w) E E* if and only if there is a path from 

v to w in G. In this section we present an algorithm for computing the 

transitive closure of an acyclic digraph; the algorithm is extended to 

general digraphs in section 6. We will assume that the acycLic digraph 

is topologically sorted, i.e. (i,j) E E implies i < j and that the ad­

jacency lists are sorted in increasing order. We saw in the previous 

section that this can be achieved in linear time O(n + e). 

The idea for the algorithm is very simple. We step through the nodes of 
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G in decreasing order. Suppose that we consider node i. Then for every 

j > i we have already computed the set of nodes reachable from j, 

REACH [ j] = {k; j"* k}. Then 

REACH [ i] = {i} U ( U {REACH [ j] ; ( i , j) E E}) 

This suggests to step through the nodes j with (i,j) E E and to compute 

the union of the sets REACH[j]. We will see that this is a costly proc­

ess. It can be improved somewhat as follows. We step through nodes 

j with (i,j) E E in increasing order. When edge (i,j) is encountered, 

we will first test whether j E REACH[i] already. If this is the case 

then there must be a node h * j with i ~ h ~* j and hence REACH[h] ~ 

REACH[j] and thus we do not have to add REACH[j] to REACH[i]. This ob­

servation will lead to considerable savings in many cases. Here is the 

complete algorithm. 

(1) BREACH - ¢; BREACH is a bitvektor 

(2) for i from n downto 1 

(3) do REACH[i] - BREACH - {i} REACH[i] is a linear list 

(4) for all j with (i,j) E E in increasing order!! 

(5) do if j ( BREACH 

(6) then for all k E REACH[j] 

(7) do if k ( BREACH 

(8 ) 

(9) 

od; 

od 

fi 

(10) 

( 11) 

(12 ) 

(13) 

( 14) 

for all k 

do delete 

(15) od 

(16) od 

E 

k 

then add k to BREACH and REACH[i] 

fi 

REACH[i] 

from BREACH 

There is one subtle point about this algorithm, the two faces of set 

REACH[i]. REACH[i] is kept as a linear list and as a bitve~tor BREACH. 

We initialize both of them to {i} in time 0(1) in line (3). Note that 

BREACH is empty prior to the first execution of the loop an:1 that this is en­

sured for later executions by lines (13) to (15). In lines (4)-(12) we step 

through the directdescendants of i in increasing order. Remember that the 

adjacency lists are sorted. '!he tests in lire (5) an:1 (7) take t.ure 0(1) since BREACH 



is a bitvektor. If j ( BREACH in line (5) then BREACH[j] is added to 

REACH[i] and BREACH in time O(IREACH[j]I). In lines (13) to (15) 

BREACH is reduced to the empty set in time O(IREACH[i]I). 

9 

Definition: Let G = (V,E) be an acyclic digraph. Let Ered = {(i,j) E E; 

there is no path of length at least two from i to j in G}, let 

Gred = (V,Ered), and let e red = IEredl. Gred is called the reduction 

of G. 

Lemma 1: Let G (V,E) be an acyclic digraph 

a) G* = G;ed 

b) the algorithm correctly computes the reflexive transitive closure 

c) if lines (6) - (10) are executed for (i,j) then (i,j) E Ered • 

Proof: a) G;ed is certainly a subgraph of G*. In order to prove the 

converse consider any (i,j) E E*. Let i o ,i1 , .•• ,ik be a path of maximal 

length from i = io to j = i k . Then (i~,i~+l) E Ered for all ~ and hence 

(i,j) E E;ed. 

b) It is obvious that our algorithm computes a subset of the transitive 

closure. Suppose that it computes a proper subset. Then let i be maxi­

mal such that there exists h with i ~* hand h is never added to 

REACH[i]. Consider a maximal length path io, ••• ,ik from i = io to 

h = i k • Then h E REACH [i 1]by definition of i. Also (io ,i1 ) E E. If the 

test in line (5) is executed with j = il then j ( BREACH because there 

is no path of length at least two from io to i 1 ; otherwise the path 

would not be of maximal length. Hence h is added to REACH [ i) in line (8). 

c) Suppose that (i,j) E E - Ered• Then there exists h with (i,h) E Erec 
and h ~* j. Hence j is added to REACH[i] when edge (i,h) is considered 

E 
in loop (4) - (12). 

Theorem 1: The reflexive, transitive closure of an acyclic digraph 

G = (V,E) can be computed in time O(n e red ) = 0(n3). 

[] 

Proof: Lines (13) to (15) are executed once for each edge of E* and 

hence the total time spent in these lines is O(e*). Lines (4) and (5) 

are executed for each edge of G and hence take time O(e). Lines (6) to 

(10) are executed for each edge (i,j) E Ered and take time 
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O(IREACH[j]l) for a fixed edge (i,j). Hence the total time spent in 

lines (6) to (10) is L O(IREACH[j]I). In the remaining lines 
(i, j) EEred 

we spend time O(n). Hence the total running time is 

O(n+e+e*+ L IREACH[j]I)=O(ered·n). 0 

(i, j) EEred 

Of course, e red ~ e. Unfortunately, e red = e = 8(n2 ) is possible. Con­

sider V = (l, ••• ,n} and E = (i,j), i ~ n/2 < j}. However, in general 

e red is considerably smaller than e. We can support this claim by an 

analysis of random graphs. We postulate the following model of random 

acyclic digraph on n nodes. Let e:(n) be a real between 0 and 1. 

Edge (i,j) is present with probability e:(n) for i < j. Events 

(i,j) E E are independent. 

Theorem 2: a) The expected outdegree of a node in the reduction of an 

n node random acyclic digraph is ~ (1 - (1 - e: (nf) n-1 ) / e: (n) = O(/n) • 

b) The expected running time of our algorithm on a n node random 

acyclic digraph is 0(nS/ 2 ). 

Proof: a) Let i be any fixed node and let e: 

following random variable 

1 
x. (G) = { 

J 0 

if (i,j) E Ered 

otherwise 

e:(n). Let X. (G) be the 
J 

Then the expected outdegree of node i in Gred is E(L X.). We can esti-
j J 

mate E(Xj ) as follows. If Xj is one, then (i,j) E E and for all h, 

i < h < j, either (i,h) ( E or (h,j) ( E. Hence the probability that 

(i,j) E Ered is bounded by e: (1 - e: 2 )j-i-1. Thus E(Xj ) ~ e: (1 _ e: 2 )j-i-1 

and hence the expected outdegree of i is bounded by 

n 
L 

j=i+1 

It remains to prove that (1 - (1 - e: 2 )n-l)/e: ~ In. This is obvious for 

e: ~ l/ln. So let us assume e: < l/ln. Then by the binomial theorem 
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(n - 1) E2 

since - (~~1) (E2)2i + (2~~~) (E2)2±+1 ~ 0 for E < 1/ln and i ~ 1. Hence 

(1 - (1 _E 2 )n-1)/E ~ n • E ~ In. 

b) We infer from part a) that the expected size of E d is o(n3/ 2 ) and re 
hence the expected running time of our algorithm is O(n5/ 2 ) by theorem 

1. D 

A closer look at the proof of theorem 2 reveals that the expected 

running time is O(n2 ) for dense graphs, i.e. E(n) = E > 0 for all n. 

As E(n) becomes smaller running time goes up and reaches its peak for 

E(n) ~ 1/ln. For even smaller E(n) running time will go down again. 

This has to be seen in contrast to worst case running time which is 

o (n 3 ) • 

In the remainder of this section we describe an improved transitive 

closure algorithm for acyclic digraphs. 

Definition: Let G = (V,E) be an acyclic digraph. A chain decomposition 

of G is a partition V1 ' .•• 'Vk of V such that Vi is a path for all i, 

1 ~ i ~ k. Integer k is called the width of the decomposition. 

Recall that we assumed G to be topologically sorted. In a chain de­

composition every Vi is a chain, i.e. if Vi = {v1 < v 2 < ••• < v n} 

then (vi ,vi +1 ) E E. The following figure shows a graph and a chain de­

composition of width 3. 
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A chain decomposition of an acyclic graph is easily constructed in time 

O(n+e). We describe one particular algorithm now and show later that it 

decomposes a random graph into an expected number of at most 

min(n,1 + 2 log n/(- 10g(1 - E») chains. 

(1) S .... V; 

(2) while S '" !1l 
(3) do C .... !1l -- we start to construct chain C 

(4) let xES be minimal; 

(5) delete x from S and add x to C; 

(6) while 3y E S : (x,y) E E 

(7) do let y be minimal with yES and (x,y) E E; 

(8) delete y from S and add y to C 

(9) x .... y 

(10) od 

(11) output chain C 

(12) od 

Set S is realized as a bit vector. Then loop (6) - (10) takes time 

O(outdeg(x» for fixed x. Hence total time spent in lines (6) - (10) 

is O(n + e). Line (4) is implemented by slidi~g a pointer p across bit 

vector S. All elements to the left of p are not in S. Then total time 

spent in line (4) is O(n) since p is slided once across vector S. 

Lemma 2: A chain decomposition of an acyclic graph G = (V,E) can be 

constructed in time O(n + e). Furthermore, the expected width of the 

chain decomposition constructed by the algorithm above is at most 

min(n,1 + 2 log n/(- 10g(1 - E») for an n node random graph. 

Proof: The bound on the running time is immediate from the preceding 

discussion. So let us turn to the analysis of the expected width of the 

decomposition. Let G be an n node graph. Let V1 (G),V2 (G), ••• ,Vk (G),k = 
keG), be the chain decomposition constructed for G. We have to derive 

a bound on the expected value of k(G). In a first step we compute the 

expected size of V1 (G) • 

Lemma 3: E(IV1 (G) I) = 1 + E(n - 1), here E(IV1 (G) I) is the expectation 

of the cardinality of V1 (G) • 
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Proof: Let us compute the probability that IV1 (G) I = m. If IV1 (G) I = m 

then there are vertices v 1 = 1,v2 ,v3 , ••• ,vm such that (vi ,vi +1) E E for 

1 ~ i < m and (v.,h) ~ E for v. < h < v.+ 1 and 1 ~ i ~ m (let vm+1 = 
~ ~ ~ m-1 n-m 

n + 1). Hence prob(V1 (G) = {1,v2 ,v3 , ••• ,vm}) = E (1 - E) and further 

E( IV1 (G) I = I: prob( IV1 (G) I = m)m 
m~o 

I: 
m~o 

1 + E (n-1) 1: 
~1 

= 1 + E(n-1) 

since (n-1 )m 
m 

Before we proceed, we need some additional notation. For t 
t-1 

E)i and c t 1: ( 1 - let St = prob ( I V 1 (G) I + ... + IVt(G) I 
i=o 

c 

~ 0, let 

< n) , i.e. 

St is the probability that the width of the chain decomposition is at 

least t + 1. 

Proof: Let nt = E ( Iv 1 I + ••• + IV t I) = E ( I V 1 I) + ••• + E ( IV t I ). Then 

nt+1 - nt = E(IVt +1 I). Since removal of V1 ' ••• 'Vt turns a random graph 

into a random graph, we infer from lemma 3 

n-1 
nt+1 - nt = 1: prob( IV1 1 + ••• + IVtl 

m=o 
m) (1 + E (n-m-1 ) ) 

n 
1: prob(IV1 1 + ••• + IVtl m) (1 + E (n-m-1 ) ) 

m=o 

- (1 - St) (1 + E(n-n-1» 

1 + E (n - 1) - (1 - St) (1 - E) - Ent 
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Thus 

nt+ 1 = (1 - E) n t + 1 + E (n - 1) - (1 - s t) (1 - E) 

or by repeated substitution 
t 

nt+l = (1 + £(n- 1» L 
i=o 

i 
(1 - E) -

i=o 

Next note that 1 = So ~ sl ~ s2 ~ s3 ~ ••• and hence 

) t+l-i 
- E 

nt+l ~ (1 + E (n - 1» c t + l - (1 - St+l) 
t 
L (1 _ E) t+ 1-i 

i=o 

Enc t + l + St+1 Ct+l 

Lemma 4 can be used to derive bounds for St. 

c 

Lemma 5: Let E > 0, 0 > O. Then St ~ 0 for t ~ (log o/n)/log(l - E) 

Proof: Note first that 

n 
L probe IV l I + 

m=o 
+ IVtl = m)m 

Combining this inequality with lemma 4 we obtain 

or 

St(l + c t ) ~ (1 - Ect)n (1 - E)tn. 

since c t (1 - (1 - E)t)/E. For t ~ (log o/n)/log(l - E) we conclude 

further 

st(l + c t ) ~ 0 

and hence St ~ 0 sinoe c t ~ o. c 

The proof of lemma 2 is now easily completed. Recall that St is the 

probability that the width of the decomposition is at least (t + 1). 

Hence we have the following bound for E(k(G», the expected width of 

the chain decomposition of a random graph, for all t 

2 
Let 0 = l/n. Then St ~ l/n provided that t ~ (log l/n )/log(l - E) 

and hence 

E(k(G» ~ 1 + 2 log n/(- 10g(1 - E» 

Also keG) ~ n always. 
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It remains to show how we can use a chain decomposition to speed up the 

computation of the transitive closure. Let G = (V,E) be an acyclic 

graph and let V1 , ••• ,Vk be a chain decomposition of G. The crucial ob­

servation is that it suffices to compute REACH[h,:il = rnin(j E Vh ; i -r* j}', 

1 ~ h ~ k and 1 ~ i ~ n. For j E V let CH[j] = h where j E Vh • Given a 

chain decomposition it is trivial to compute array CH in time O(n). Also 

REACH [h, i] i if h = CH [i] 

and REACH[h,i] = min {REACH[h,j] ; (i,j) E E} if h '" CH[i]. Again it is 

easy to see that it suffices to take the minimum over all edges in Ered • 

This leads to the following algorithm: 

(1 ) for ~ i ~ n, 1 ~ h ~ k do REACH [h, j] 

(2) for i from n downto 

for (i, j) E E in increasing order!! 

do if j < REACH [ CH [ j] , j] 

then for h, 1 ~ h ~ k 

(3) 

(4 ) 

(5 ) 

(6) do REACH[h,i] - min(REACH[h,i], REACH[h,j]) od 

(7) fi 

(8) od 

( 9 ) REACH [ CH [i] , i] - i; 

(10) od 

Lemma 6: The algorithm above computes REACH [h, i] = min {j; j E Vh arrl i -* j}, 

1 ~ h ~ k, 1 ~ i ~ n, in time O«n+ered)k + e). 

Proof: Correctness is shown by induction on i, starting with i = n. 

The base of the induction is obvious. For the induction step note first 

that certainly REACH[h,il ~ min{j E Vh ; i ~* j} and that lines (5) and 

(6) are certainly executed if (i,j) E Ered • Let ~ = min{j E Vh ; i ~* j}. 

If h = CH[il and hence ~ = i then line (9) correctly computes REACH[h,i] 

If h '" CH[il then let j be such that (i,j) E Ered and j ~* ~. Then 

~ ~ REACH[h,j] by induction hypothesis and hence ~ ~ REACH[h,il by 

lines (5) and (6). 

The cost of the algorithm outside lines (5) and (6) is clearly 

O(e + nk). Also lines (5) and (6) are executed only if (i,j) E Ered • 

This can be seen as follows. If lines (5) and (6) are executed for edge 

(i,j) then there can be no ~ such that i ~ ~ ~* j. Hence (i,j) E Ered • 

Thus the total cost of lines (5) and (6) is o (eredk) • c 
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From array REACH it is now trivial to compute E* in time O(e*) by 

observing that for all i 

{j; (i,j) E E*} U {v E Vh ; v ~ REACH[h,i]} 
1:S:h:S:k 

We summarize in 

Theorem 3: a) The improved algorithm computes the transition closure of 

an acyclic digraph in time O(e + (n + ered)k), where k is the width of 

the decomposition produced by the decomposition algorithm. 

b) The improved algorithm computes the transitive closure of a random 

acyclic digraph in time 

O(e* + min(En3 , n 2 log n, (n/E 2)log n) = o(n2 log n) 

Proof: a) follows immediately from lemmas 2 to 6. 

b) Since n ~ E(ered ) it suffices to bound the expected value of eredk. 

Let ko 1 + 4 log n/(-log(1 - E» and let A = {G; keG) ~ ko } and 

B = {G; keG) ~ k o}. Then 

~ prob(G) e d(G) keG) 
G re 

~ prob(G) e d(G) keG) + ~ prob(G) ered(G) keG) 
GEA re GEB 

~ min(n,ko ) ~ prob(G) ered(G) + n 3 ~ prob(G) 
GEA GEB 

since ~ prob(G) :S: 1/n3 by lemma 5 with 0 = 1/n3 . 
GEB 

since E(e d(G» :S: [(1 - (1 - E2)n-1)/~ n by theorem 2a. For the re­
re 

mainder of the proof we have to distinguish three cases. 

Case A: E ~ Clog n)/n. Then E (e d(G» :S: n 2 E by theorem 2a and hence re 
E(ered(G) keG»~ :S: n 3 E. 



Case B: (log n)/Il !> E !> 1/ In. Then E (ered (G» !> n 2 E by theorem 2a and 

ko !> 1 + 4 log n/E. Hence E(ered(G) k(G» = O(n2 log n). 

Case C: l/In !> E. Then E(e ed(G» !> n/E and ko !> 1 + 4 log n/E. Hence 
2 r 

E (ered (G) k (G» = 0 «n/E ) log n) • o 
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We can see from theorem 3 that the improved algorithm is indeed a con­

siderable improvement over the basic algorithm. The expected running 
2 . t O( 2.5) time of the improved algorithm is O(n log n), ~n contrast 0 n 

for the basic algorithm. Moreover, worst case running time is O(eredk) 

in constrast to O(eredn). 

IV. 4. Systematic Exploration of a Graph 

A basic requirement for most graph algorithms is the systematic explo­

ration of a graph starting at some node s (or at some set of nodes S). 

The basic idea is quite simple. 

Suppose we have visited some set S of nodes already; initially S = {s}. 

Also some of the edges incident to nodes in S have been used. In each 

step the algorithm selects one of the unused edges incident to a node 

in S and explores it, i.e. the edge is marked used and the other end­

point of the edge is added to S. The algorithm terminates when there 

are no unused edges incident to nodes in S left. 

S .. {s}; 

mark all edges unused; 

while there are unused edges leaving nodes in S 

do choose any v E S and an unused edge (v,w) E E; 

mark (v,w) used; 

add w to S 

od 

Lemma 1: Let G = (V,E) be a digraph. Then S = {v; there is a path from 

s to v in G} upon termination of the algorithm. 
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Proof: If a node is added to S then it is certainly reachable from s. 

Suppose now that v is reachable from s, i.e. there is a path vo, ••• ,vk 
from s to v. We show by induction on i that vi is added to S. Since 

s = Vo this is certainly true for i = o. Suppose now vi is in S but 

v i +1 is not. Then edge (vi ,vi +1 ) is unused and incident to a node 

in S. As long as this condition prevails the algorithm cannot terminate 

and hence v i +1 must be added to S. IJ 

We face two major decisions at this point. How to represent set Sand 

which edge to choose for exploration. We concentrate on the first ques­

tion for a moment. Actually, the algorithm does not only need to know 

set S but also a subset S of S consisting of all nodes which still have 

outgoing unused edges. Using Sand S our basic exploration algorithm 

can be reformulated as follows. 

(1) proc Explorefrom (s) ; 

(2) S {s} i 

(3 ) S {s} ; -(4 ) while S * (zj 

(5) do choose some node v E Si 

(6) let (v,w) be the next unused edge out of Vi 
(7) if (v,w) does not exist 

(8) then delete v from S 
(9) else if w ( S then add w to S. 

I 

(10) add w to S 
( 11) fi 

( 12 ) fi 

( 1 3) od 

( 1 4 ) end 

We still have not solved the representation question for sets Sand S. 
On set S the operations Insert, Member and Set_to_empty_set are exec­

uted, on set S the operations Empty?, Insert, Selectsome, Select_and_ 

Delete_some and Set_to_empty_set are executed. We saw in chapter I that 

a boolean array is a good representation for S, operations Insert and 

Member cost 0(1) time units and Set_to_empty_set costs O(n) time units. 

For set S we use either a stack or a queue. Then all operations on S 
take 0(1) time units. 
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We also need to explain line (6) in more detail. We use a pointer p[i] 

into the i-th adjacency list for each i. Initially this pointer points 

to the first entry of the i-th adjacency list. In the course of the 

algorithm, the elements of the i-th list which are to the left of the 

pointer are used and the elements to the right or at the pointer are 

unused. Then line (6) is equivalent to reading the element pointed at 

by p[v] and advancing p[v] one position. Then lines (6) to (8) can be 

expanded to 

if p[v] = nil 

then delete v from S 
else w - p[v]t.namei 

p[v] p[v]t.nexti 

if w ( S then 

We are now in the position to determine the efficiency of procedure 

Explorefrom. 

Lemma 2: A call Explorefrom(s) (not counting the cost of initializing 

S in line (2» costs O(ns + e s ) time units where ns 1VsI 

I {Vi there is a path from s to v} I and e s is the number of edges in the 

subgraph induced by Vs' 

Proof: One execution of the body of the while-loop takes 0(1) units 

of time. In each iteration either an edge is used up or an element is 

deleted from S. Since each node in Vs is added exactly once to S (the 

test in line (9) avoids repetitions) the total time spent in the while-

loop is O(ns + e s )' 0 

We will now put procedure Explorefrom to its first use: determining 

the connected components of an undirected graph. 

Definition: An undirected graph G = (V,E) is connected if for every 

v,w E V there is a path from v to w. A connected component of an un­

directed graph G is a maximal (with respect to set inclusion) connec-

ted subgraph of G. 0 

The problem of determining the connected components of a graph often 
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comes up in the following disguise. V is a set and E = V x V is a re­

lation on V. Then the reflexive, symmetric, transitive closure of E is 

an equivalence relation. Determine the equivalence classes of this re­

lation. In the language of graphs this amounts to determining the con­

nected components of the graph G = (V, {(v,w); (v,w) E E or (w,v) E E}). 

In an undirected graph the set of nodes reachable from s form a con­
nected component. This observation leads us to the following theorem. 

Theorem 1: The connected components of an undirected graph can be found 

in linear time O(n + e). 

Proof: We embed our procedure Explorefrom in the following program. 

5 .. ¢; 

for all v E V do p[v] .. ADJHEAD [v] od; 

for all v E V 
do if v ( 5 then Explorefrom(v) fi od; 

and change line (2) in procedure Explorefrom from 5 .. {s} to 5 .. 5 U {s}. 

We infer from Lemma 2 that the cost of a call Explorefrom(v) is propor­

tial to the size of the connected component containing v. 5ince Explore­

from is called exactly once for each connected component the total run­
ning time is O(n + e). 

In what sense does this program determine the connected components of 

a graph? All nodes of a component are visited during one call of Ex­

plorefrom. A list of the nodes of each component can be obtained as 

follows. Let CaMP be a variable of type set of nodes (realized by a 
stack). CaMP is initialized to singleton set {v} before call Explore­

from(v) and the instruction add w to CaMP is added in line (10) of 

Explorefrom. Then CaMP contains all nodes of the component v is in 
after return from Explorefrom(v). c 

The reader should convince himself that the running time of the pro­

gram given in the proof above is linear even in the case of a digraph. 

What does the program do? 

Depending on the representation of set 5, stack or queue, we have two 
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versions of procedure Explorefrom at our hands. They are known under 

the names depth first search (5 is a stack) and breadth first search 

(5 is a queue). In depth first search exploration always proceeds from 

the last node visited which still has unused edges, in breadth first 

search it proceeds from the first node visited which still has unused 

edges. 

In either case Explorefrom steps through the adjacency list of each 

node in a strictly sequential manner; the order of the edges on the 

adjacency lists has no influence on running time. 

In section 5 we will take a closer look at depth first search. In sec­

tion 6 we will apply depth first search to various connectivity prob­

lems. In section 7 we will apply breadth first search to distance type 

problems. 

IV. 5. A Close Look at Depth First Search 

In this section we will take a detailed look at depth first search of 

directed and undirected graphs. In the depth first search version of 

procedure Explorefrom set 5 is handled as a stack. It is convenient to 

make that stack implicit by formulating depth first search as a recur­

sive procedure DFS. The parameter of DFS will always be an element of 

5. We will now rewrite the algorithm of section 4. 

(1) proc DFS(v : V) ; 

(2) for all w with (v,w) E E 
(3) do if w ( S 
(4) then add w to S; 

(5) [add (v,w) to T] 

(6) COUNT 1 - COUNT1 + 1; DFSNUM[w] - COUNT1; 
(7) DFS (w) ; 

(8) COUNT2 - COUNT2 + 1; COMPNUM[w]- COUNT2; 

(9) 
else ~f v -* w then add (v,w) to : fi'] T 

( 10) if w -* v then add (v,w) to 

(11 ) T else add (v,w) to C fi; 

(12 ) fi 

(13 ) od 

(14 ) end 
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( 15) begin 

(16 ) S - !ZI; COUNT 1 - 0; COUNT 2 - 0; 

(1 7) [ T - F -B-C !ZI ;] 
(18 ) for all v E V 

( 19) do if v E S then add v to S; 

(20) COUNT 1 - COUNT1 + 1; DFSNUM[v] - COUNT1; 

(21 ) DFS(v); 

(22) COUNT2 - COUNT2 + 1; COMPNUM[v] - COUNT2 

(23) fi 

(24) od 

(25) end 

Several remarks are in order at this point. We have fleshed out our 

basic algorithm in two respects. First of all, we number the nodes in 

two different ways. The first numbering DFSNUM is with respect to call­

ing time of procedure DFS, the second numbering is with respect to 

completion time of procedure DFS. Second of all, we partition the edges 

of the graph into four classes: the tree edges T, the forward edges F, 

the backward edges B and the cross edges C. The partitioning process is 

only done conceptually (this fact is indicated by enclosing the corre­

sponding statements in brackets), it will facilitate the discussion of 

depth first search. 

In the following example tree edges are drawn solid (-), back edges are 

drawn dashed (- - -), cross edges are drawn wiggled (~ and forward 

edges are drawn dash-dotted (-.-.). Name (an element of {a,b,c,d,e}), 

depth first search and completion numbers are indicated in each node in 

that order. Nodes are explored in the order a,d,e,c,b. In our examples 

we will always draw tree edges upward and order the sons of a node 

(via tree edges) in increasing order of DFSNUM from left to right. 



Lemma 1: Let G = (V,E) be a directed graph. Then a depth-first-search 

on G takes time O(n + e). 
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Proof: A call DFS(v) costs O(outdegG (v» units of time~ this accounts 

for the time spent in the body of DFS but does not account for further 

recursive calls. Since a node v is always added to S prior to the call 

DFS(v) and no node is ever removed from S DFS is called for every node 

at most once. Hence the total time spent outside DFS is c1ear1y~n). c 

Next we will state some important properties of depth-first-search. 

Lemma 2: Let G = (V,E) be a digraph and let T,F,B,C, DFSNUM and COMPNUM 

be defined by a depth-first-search on G. 

a) sets T,F,B,C form a partition of E 

b) A = (V,T) is a spanning forest of G 

c) v -+* w iff DFSNUM[v] ~ DFSNUM[w] and COMPNUM[w] ~ COMPNUM[v] 
T 

d) (v,w) € T U F iff DFSNUM[v] ~ DFSNUM[w] and (v,w) € E 

e) (v,w) € B U C iff DFSNUM[v] > DFSNUM[w] and (v,w) € E 

f) if nodes v,w,z are such that v -+* w,(w,z) E B U C and. (v -+* z) 
TUF T 

then DFSNUM[z] < DFSNUM[v]. Furthermore, if (w,z) € C then 

COMPNUM[z] < COMPNUM[v]. 

Proof: a) Immediate from the definition of DFS and the fact that each 

edge is handled exactly once during the depth first search of graph G. 

b) When edge (v,w) is added to T in line (5) of DFS then w was added to S 

in line (4) and v was already in S. This shows that indegreeA (z) ~ 1 

for all z € V and that A is acyclic. 

c) ~ : if (v,w) € T then call DFS(w) is started in line (7) of DFS(v) 

and hence DFSNUM[v] ~DFSNUM[w]. Also call DFS(w) is completed before 

call DFS(v) and hence COMPNUM[w] ~ COMPNUM[v]. The general claim fol­

lows by induction on the length of the tree path from v to w. 

- : A node v gets its DFSNUM (COMPNUM) when call DFS(v) is started 

(completed). Hence DFSNUM[v] ~ DFSNUM[w] and COMPNUM[w] ~ COMPNUM[v] 

iJrplies that call DFS (v) is started before and CXIlP1eted after call DFS (w). Hence call 

DFS(w) is nested within call DFS(v) and thus v -+* w since an edge (u,z) 
T 
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is added to T in line (5) iff DFS(z) is called in line (7) of DFS(u). 

d) - : if (v,w) E T U F then v ~* w by definition of T and F and hence 
T 

DFSNUM[v] ~ DFSNUM[w] by part e). 

- : Consider the point of time when edge (v,w) is handled in DFS(v). 

Either exploration of that edge will lead to call DFS(w) and hence 

(v,w) E T or v = w or v * wand DFS(w) was called before edge (v,w) was 

handled. In the first two cases we are done. Consider the third case. 

Since DFSNUM[v] < DFSNUM[w] call DFS(w) was started after call DFS(v) , 

but before edge (v,w) is handled in call DFS(v). Hence call DFS(w) is 

nested within call DFS(v) and therefore v 1* w by part b). Thus 
T 

(v,w) E F in this case. 

e) Immediate from parts a) and d). Note that T U F 

part a). 

E - (B U C) by 

f) The situation is visualized in the following diagram. 

Cross or 

back edge /~-­
/ V 

Z 

subtree of A (V,T) with root v 

Since v ~* w we have DFSNUM[v] ~ DFSNUM[w] (part c) and since 
T 

(w,z) E B U C we have DFSNUM[z] ~ DFSNUM[w] (part e). If DFSNUM[z] < 
DFSNUM[v] then we are done. Assume otherwise, i.e. DFSNUM[v]~ DFSNUM[z]. 

Since, (v ~* z) call DFS(z) is not nested within call DFS(v). Since it 
T 

is started after call DFS(v) is started, it must be started after call 

DFS(v) is completed. In particular, when edge (w,z) is handled in call 

DFS(w), call DFS(z) has not been started yet. So exploration of edge 

(w,z) will lead to call DFS(z) and hence (w,z) E T, a contradiction. So 

DFSNUM[z] < DFSNUM[v]. 

Assume now that (w,z) E C and hence, (z ~* w) and hence ,(z 1* v). 
T T 

Part c) implies COMPNUM[z] < COMPNUM[v]. c 

Ib is worthwile to restate the content of lemma 3 in an informal way. 
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In our drawings of depth first search tree edges are always directed 

upwards and the sons via tree edges of nodes are ordered according to 

increasing depth first search number from left to right. Then forward 

edges go from nodes to their descendants with respect to tree edges, 

backward edges go from nodes to their ancestors and cross edges go from 

right to left. Also the depth first search (completion) number of a 

node is smaller (larger) than those of its tree desdencants. Cross 

edges go from larger to smaller depth first search and completion num­

bers. Finally, if (u,w) is a back edge then all nodes which are com­

pleted between u and ware descendants of w. 

In undirected graphs the situation is simpler~ there are no cross edges 

and every forward edge is the reversal of a backward edge. 

Lemma 3: Let G = (V,E) be an undirected graph without self-loops and 

let T,F,B,C be defined by a depth first search on G. 

a) C = (II 

b) (v,w) E B iff (w,v) E T U F for every edge (v,w) E E. 

c) If G is connected then A = (V,T) is a tree. 

Proof: a) (Indirect). Assume C * (II. Let (v,w) E C be the first edge 

which was added to C in the depth first search of G. By lemma 2,f call 

DFS(w) is completed when edge (v,w) is handled in call DFS(v). Since 

graph G is undirected, edge (v,w) was explored in DFS(w) and since 

(v,w) is the first edge added to C we must have (w,v) E T U F U B. In 

either case we have w ~* v or v ~* w. Hence (v,w) is not added to C, 
T T 

a contradiction. 

b) Since C = (11 by part a) this is an immediate consequence of lemma 2, 

parts a), d) and e). 

c) If A = (V,T) were not a tree but a proper forest, then A contains 

at least two trees A1 and A2• Since G is connected there must be 

edges between A1 and A2 . Since back edges and forward edges run paral­

lel to paths of tree edges such edges must be cross edges. However, 

depth first search on an undirected graph does not produce cross edges 

and hence A must be a single tree. [l 
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IV. 6. Strongly-Connected and Biconnected Components of Directed and 

Undirected Graphs 

We will describe linear time algorithms to determine the strongly-con­

nected components of a digraph and the biconnected components of an un­

directed graph. Both algorithms are based on depth first search. 

Definition: a) A digraph G = (V,E) is strongly connected if v ~* w ~* v 

for all v,w E V. 

b) A strongly connected component of a digraph G is a maximal strongly 

connected subgraph. c 

The problem of determining the strongly connected components of a di­

graph often comes up in the following disguise. V is a set and E a re­

lation on V. Two elements v,w E V are called equivalent if v ~* wand 

w ~* v. The equivalence classes of this equivalence relation are just 

the s.c.c. 's (strongly connected components) of G = (V,E). Furthermore, 

shrinking the equivalence classes (s.c.c.'s) to single points leaves us 

with a partial order (an acyclic graph). In the following example there 

are 

four strongly connected components, namely {a}, {g} ,{b,c} and {e,f,d}. 

A depth first search of G could yield the following structure: the 
nodes are visited in the order a,c,b,g,d,f,e. 
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The first S.C.C. which is completely visited during the search, i.e. 

all calls DFS(v) for v a node of the component are completed, is {g}. 

When DFS(g) is completed, there are no edges leaving the subtree Ag 

and none of the edges which go into the component {g} have been ex­

plored at this moment (except for the tree edge (b,g». The first fea­

ture will be (almost) our test for completion of a s.c.c., the second 

feature allows us to reduce the problem. We can conceptually delete 

the component {g} and determine the components of a simpler graph. The 

second completed s.C.c. is {d,e,f}. Again, note that the only edge 

into the component which has been explored is the tree edge (c,d). How­

ever, there are edges leaving the subtree Ad' namely the cross edge 

(e, g). But this edge ends in a previously completed S.C.C •• We will 

now make these observations precise. 

A node v is called the root of a s.c.c. if its DFSNUM is the smallest 

of all nodes in the s.c.c., i.e. the root of the S.C.C. is the first 

node of the s.c.c. which is reached during the search. In the follow­

ing lemma we will first show that all elements of a s.c.c. are tree 

descendants of the root of the s.C.c. and so justify the name root. A 

precise characterization of the nodes contained in a S.C.C. is given 

in part b): all tree descendants of the root which are not descendants 
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of another root. Finally part c) characterizes the roots of s.c.c.'s in 

terms of DFS. We observed in our example that v is a root of a s.c.c. 

if all edges leaving the subtree Av end in previously completed s.c.c •• 

By IV. 5. lemma 2,f there is a simple test, whether edge (w,z) where 

w E Av leaves tree Av: namely DFSNUM[z] < DFSNUM[v]. Roots of s.c.c. 

can therefore be recognized by computing the lowest point (the point 

with the smallest DFSNUM) reachable from a node whilst staying inside 

the s.c.c. of the node. This is made precise in part c. 

Lemma 1: Let G = (V,E) be a digraph and let T,F,B,C, DFSNUM and COMPNUM 

be defined by a depth first search on G. 

a) Let G' = (V',E') be a s.c.c. of G and let v E V' be its root. Then 

v ~* w for all w E V' and v is the node with largest COMPNUM in V'. 
T 

b) Let G' = (V',E') be a s.c.c. of G and let v be its root. Then w E V' 

iff the path of tree edges from v to w does not go through a root of 

a s.c.c. different from v. 

c) For v E V let CURv = {w E Vi COMPNUM[r] ~ COMPNUM[v] where r is the 

root of the s.c.c. containing w} and let 

LOWPT[v] 

Then LOWPT[v] 

min ({DFSNUM[v]} U 

U {DFSNUM[z] i (v,z) E B U C and z E CURv} 

U {LOWPT [ u ] i ( V , u) E T}) 

DFSNUM[v] iff v is the root of a s.c.c •• 

Proof: a) Node v is the first node in V' reached by the search. Be­

fore call DFS(v) is completed all nodes reachable from v have been ex­

plored by the search. Hence v ~* wand COMPNUM[w] $ COMPNUM[v] for all 
T 

w E V'. 

b) " .. ":Let w E V'. Then v ~* w by part a). Furthermore z E V' for all 
T 

nodes z on the path of tree edges from v to w, since v ~* z ~* w ~* v. 
T T 

Hence there can be no root different from v on the path of tree edges 

from v to w. 

" .. ": Suppose v ~* wand w £ V'. Let r be the root of the s.c.c. contain-
T + 

ing w. Then r ~* w by part a) and hence either r ~* v or v ~ r. If 
T T T 



r ~* v then w € V' since r ~* v ~* w ~* r, a contradiction. Hence 
T T T 

+ v ~ r. 
T 

c) It suffices to show the following two claims: 

Claim 1: LOWPT[v] ~ DFSNUM[r], where r is the root of the s.c.c. con­

taining v. 

Claim 2: If v is not the root of a s.c.c. then LOWPT[v] < DFSNUM[v]. 

Proof of claim 1: (By induction on COMPNUM[v]). We distinguish three 

cases according to the definition of LOWPT. 

Case 1: LOWPT[v] = DFSNUM[v]: in this case claim 1 is immediate from 

the definition of root of a s.c.c •• 
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Case 2: LOWPT[v] = DFSNUM[z] < DFSNUM[v] for some z with (v,z) € B U C 

and z € CURv. Let r be the root of the s.c.c. containing z. Then 

r ~* z by part a) and hence DFSNUM[r] ~ DFSNUM[z] ~ DFSNUM[v]. Also 
T 

COMPNUM[r] ~ COMPNUM[v] (since z € CURv) and hence r T* v by IV. 5. 

lemma 2,c. Thus r ~* v ~ z ~* r and so r,v and z belong to the same 
T BUC 

s.c.c •. In particular, r is the root of the s.c.c. containing v. This 

proves DFSNUM[r] ~ DFSNUM[z] = LOWPT[v]. 

Case 3: LOWPT[v] = LOWPT[u] < DFSNUM[v] for some u with (v,u) € T. 

Then COMPNUM[u] < COMPNUM[v] and hence the I.H. applies to u. Let 

ru (rv ) be the root of the s.c.c. containing u (v). Then by part b) 

either ru = rv or ru = u; in either case we have rv T* ru and hence 

DFSNUM[rv ] ~ DFSNUM[ru ] ~ LOWPT[u]. The last inequality follows from 

the induction hypothesis. 

Proof of claim 2: If v is not the root of a s.c.c. then let vO'v1 , 

v 2 , .•• ,vk be a path from v Vo to the root r = vk of the s.c.c. con­

taining v. Since v * rand r ~* v by part a) there must be a minimal i 
T 

such that ~ (v;* Vi). Then v;* v i - 1 ' (vi _ 1 ,vi ) € B U C, 

DFSNUM[Vi ] < DFSNUM[v] (by IV. 5. lemma 2,f) and LOWPT[v] ~ LOWPT[vi _ 1 ] 

(by definition of LOWPT). Therefore it suffices to show that 
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v. E CUR because this will imply LOWPT[v. 1] ~ DFSNUM[v;]. Note 
~ v i - 1 ~- ~ 

first that vi and v = Vo belong to the same s.C.c. and hence r is also 

the root of s.c.c. containing vl..' From r ~* v ~* v. we conclude 
T T ~-1 

COMPNUM ~i-1] < COMPNUM[r] and hence vi E CUR 
v i - 1 • c 

Lemma 1 provides us with a characterization of the roots of the s.c.c.'s 

(the nodes v with LOWPT [v] = DFSNUM [v]) and the s • c. c. 's themselves (a11 

tree descendants of the root which are not descendants of other roots). 

Also part c) of the lemma describes a method for computing LOWPT[v] 

from the LOWPT's of the sons of v and the DFSNUM's of the endpoints of 

back and cross edges out of v. In order to compute function LOWPT we 

must be able to distinguish edges in B U C from edges in T and edges 

in F and we must be able to test whether the endpoint of a cross or 

back edge belongs to CURv' The first task is solved by IV. 5. lemma 2, 

namely (v,w) E B U C iff DFSNUM[w] < DFSNUM[v]. Edges in T are distin­

guished from the edges in F by the fact that they lead to recursive 

calls of DFS. The second problem is solved by maintaining set CURRENT 

in the algorithm where CURRENT = {w; w was reached by the search and 

DFS(r), where r is the root of the s.c.c. containing r, is not com­

pleted}. Whenever an edge (v,w) E B U C is explored, node w has certain­

ly been reached previously by the search. So a test w E CURRENT is 

equivalent to a test w E CURv in computing LOWPT[v]. Finally, whenever 

the root v of a s.c.c. is found, i.e. LOWPT[v] = DFSNUM[v], we have to 

be able to enumerate the nodes in the s.C.C. with root v. The s.c.c. 

with v consists of all nodes w such that v ~* w (and hence 
T 

DFSNUM[v] ~ DFSNUM[w]) and which were not enumerated in previously 

found s.c.c. 's •• Thus the s.c.c. with root v consists of all points w 

in CURRENT with DFSNUM[w] ~ DFSNUM[v]. Our discussion leads to the fol­

lowing algorithm for computing the s.c.c. '5 of a digraph. 

(1) begin S 

(2) CURRENT 

0; COUNT1 4- 1; 

0; 
(3) for all v E V 

(4) do if v ~ S then add v to S; 

(5 ) 

(6) 

(7) 

(8) 

add v to CURRENT; 

COUNT 1 4- COUNT1 + 1; 

DFSNUM[v] - COUNT1; 

DFS(v) 



(9) 

(10) od 

(11) end 

where 

fi 

(12) proc DFS(v : V); 

(13) LOWPT[v] ..... DFSNUM[v] ; 

(14) for all w with (v,w) E E 

(15) do if w ~ S 

(16) then add w to S; 

( 1 7) add w to CURRENT; 

(18) COUNT 1 ..... COUNT1 + 1; 

(19) DFSNUM[w] ..... COUNT1; 

(20) DFS(w); 

(21) LOWPT[v] ..... min (LOWPT[v], LOWPT[w]) 

(22) fi; 

(23) if DFSNUM[w] < DFSNUM[v] and w E CURRENT 

(24) then LOWPT[v] ..... min (LOWPT[v], DFSNUM[w]) 

(25) fi; 

(26) od; 

(27) if LOWPT[v] = DFSNUM[v] 

31 

(28) then delete all nodes w with DFSNUM[w] ~ DFSNUM~]from CURRENT 

(29) fi 

(30) end 

Let us reconsider the example from the beginning of the section. Just 

prior to execution of line (27) of call DFS(d) the situation is as fol­

lows: 

DFSUM LOWPT 

a 1 1 

b 3 2 

c 2 2 

d 5 5 

e 7 5 

f 6 5 

CURRENT (a,c,b,d,f,e} g 4 4 
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In line (28) of DFS(d) we remove d,f,e from CURRENT. Then the flow of 

control returns to line (20) of DFS(c) and LOWPT[q is not changed in 

line (21). Then in line (28) of DFS(c) nodes c and b are removed from 

CURRENT. 

Theorem 1: The strongly connected components of a digraph can be found 

in time O(n + e). 

Proof: The correctness of our algorithm is almost immediate from lem­

ma 1. Function LOWPT is computed as in lemma 1,c. We initialize 

LOWPT[v] to DFSNUM[v] in line (13) and update it for every tree edge 

(v,w) in line (21) and for every cross or back edge in lines (23)-(25). 

Also CURRENT always contains exactly those nodes w which where reached 

b¥ the search and such that DFS(r) is not completed where r is the root 

of the s.c.c. containing w. This is true after initializing CURRENT in 

line (2). Whenever a node is reached by the search it is added to CUR­

RENT (line (5) and (17», and whenever a root of a s.c.c. is found all 

nodes in the s.c.c. are deleted from CURRENT (in line (28». 

Next we discuss the running time of our algorithm. On set CURRENT the 

following operations are executed: Initialize-to-Empty-Set (line (2», 

Insert (lines (5) and (17», Member (line (23» and Deleting all ele­

ments w with DFSNUM[w] ~ DFSNUM[v] from CURRENT (line (28». The last 

operation is non-standard. A crucial observation is the fact that nodes 

are added to CURRENT in increasing order of DFSNUM's. Hence if we re­

alize CURRENT by a pushdown store then the Delete operations in line 

(28) take time proportional to the number of elements deleted. Since 

every node belongs to exactly one s.c.c. the total time spent in line 

(28) will be O(n). However, the membership test in line (23) cannot be 

done efficiently when CURRENT is implemented as a pushdown store, a 

boolean array is the structure called for. The solution is to represent 

CURRENT twice: once as a pushdown store and once as a boolean array. 

Then line (2) takes O(n), lines (5), (17) and (28) take 0(1) for each 

element inserted or deleted and line (23) takes 0(1). Since every node 

is inserted into and deleted from CURRENT exactly once the total time 

spent on manipulating set CURRENT is O(n + e). The time spent in the 

remaining lines of the program is O(n + e) by IV. 5. lemma 1. o 

We gave a recursive definition of LOWPT in lemma 1. There is an equiv­

alent explicite definition 



LOWPT[V] min({DFSNUM[v]} U 

{DFSNUM[Z]; there is w with 

v ~* w and(w,z) € B U C and 
T 

z € CURv}) 
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This non-recursive definition of LOWPT will be useful in our discussion 

of biconnected components of undirected graphs to which we turn next. 

Definition: a) A connected undirected graph G 

if G - v is connected for every v € V. 

(V,E) is biconnected 

b) A biconnected component (b.c.c.) of an undirected graph is a maximal 

biconnected subgraph. 

c) A point a € V is an articulation point of G if G - a is not connec-

ted. c 

We start with a simple observation about biconnected components. 

Let G, = (V"E,), ••• ,Gm = (Vm,Em) be the biconnected components of un­

directed graph G = (V,E). Then E = E, U ••• U Em and Ei n E j = lZi for i'" j. 

For every edge (v,w) € E the graph consisting of points v and wand the 

single edge (v,w) is biconnected, and hence contained in one of the bi­

connected components of G. Thus (v,w) € Ei for some i. It remains to 

show Ei n E j = ~ for i '" j. Assume o.w., say (v,w) € Ei n E j for some 

i '" j. Since Gi and Gj are maximal biconnected subgraphs the subgraph 

G' = (Vi U Vj , Ei U E j ) is not biconnected. Thus there must be a point 

a € Vi U Vj such that G' - a is not connected. Let x and y be points in 

different components of G' - a. Since Gi - a and Gj - a are connected 

we must have x € V. and y € V. (or vice versa). Since a cannot be equal 
~ J 

to both v and w we may assume v '" a. Since Gi - a (G j - a) is connected 

there is a path from x to v (y to v) in G. - a (G. - a). Thus there is 
~ J 

path from x to y in G' - a, a contradiction. We have thus shown that the 

b.c.c.'s of a graph form a partition of the edges of the graph. One fur­

ther observation about b.c.c.'s will be useful in the sequel. If there 

is a simple cycle through nodes v,w then v and w belong to the same 

b.c.c •• In the following example there are four b.c.c.'s, 



namely {f,c}, {a,b,c}, {e,g} and {b,d,e}. The articulation points are 

c,e and b. A depth first search of G could yield the following struc­

ture; nodes are explored in the order a,b,c,f,d,e,g. 

The biconnected components are easily recognized in this picture. The 

first edge of each b.c.c. which is explored is a tree edge; call the 

endpoint of that tree edge the center of the component (the node with 

the next to smallest DFSNUM in the b.c.c.). All backedges out of the 

subtree rooted at the center of a b.c.c. end in or above the father 

node of the center. The father of the center is always an articulation 

point and the b.c.c. with center v consists of the father of v and the 

nodes which are reachable from v via tree edges without going through 

another center. In our example the centers of the four components are 

f,g,d and b. The b.c.c. with center d consists of b = FATHER[d], and 

descendants d and e of d. 

Formally, we define the center of a b.c.c. as the node with the next 

to smallest DFSNUM in the b.c.c •• The observations above suggest to 

use a strategy very similar to the one used for s.c.c.'s namely to 

compute a function LOWPT 



LOWPT[v] min({DFSNUM[v]} U 

{DFSNUM[ z]; there is w such that v ... * w .... z}) 
T B 
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Lemma 2: Let G = (V,E) be a connected undirected qraph without self­

loops, let T,F,B and DFSNUM be determined by a depth first search on G 

and let LOWPT and FATHER be defined as above. 

a) LOWPT[v] ~ DFSNUM[FATHER[v]] for all v with DFSNUM[v] ~ 2. 

b) v is the center of a b.c.c. iff LOWPT[v] = DFSNUM[FATHER[v]] and 

DFSNUM[v] ~ 2. 

c) Let G' = (V',E') be a b.c.c. with center v. Then v' = {FATHER[v] U w; 

v ... * wand there is no center different from v on the path from 
T 

v to w} . 

d) LOWPT[v] min({DFSNUM[v]} U 

U{DFSNUM[z]; (v,z) E B} 

U{LOWPT[u] (v,u) E T}) for all v E V 

Proof: a) If DFSNUM[v] ~ 2 then FATHER[v] exists and edge (v, FATHER[v]) 

is a back edge. Hence LOWPT[v] ~ DFSNUM[FATHER[v]]. 

b) ~: Let v be the center of a b.c.c .. Then certainly DFSNUM[v] ~ 2. 

Suppose LOWPT[v] = DFSNUM[u] < DFSNUM[F~ITER[v]]. Then there is a path 

v ... * w ... u for some w. Also u is a tree ancestor of v and since u * 
T B 

FATHER[ v] also of FATHER[v]. Hence u, FATHER[v] , v and w lie on a 

FATHER[v] 
\ 
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simple cycle and hence all belong to the same b.c.c •• This b.c.c. 

contains at least two nodes, namely u and FATHER[~ , whose DFSNUMbers 

are smaller than v's number, a contradiction. 

-: Suppose DFSNUM[v] ~ 2 and LOWPT[v] = DFSNUM[FATHER[v]]. Consider the 

b.c.c. G' = (V',E') containing edge (FATHER[v],v). We will show that v 

is the center of G'. Assume the existence of u € V', u * FATHER[v] and 

DFSNUM[u] < DFSNUM[v]. Since G' - FATHER[v] is connected there must be 

a simple path vo, •• ,vk from v = Vo to vk = u avoiding node FATHER[v]. 

Let vi be the first node on that path which is not a descendant of v, 

i.e. v ~* v. 1 and ,(v ~* v.). Then edge (v. 1'v.) must be a backedge 
T ~- T ~ ~- ~ 

and hence LOWPT[v] S DFSNUM[Vi ] by definition of LOWPT. Furthermore, 

since vi is a tree ancestor of v i - 1 and since vi is not a tree 

v· 1 (.-

descendant of v and vi * FATHER[v], vi must be a proper ancestor of 

FATHER[v]. Hence DFSNUM[Vi ] < DFSNUM[FATHER[v]], a contradiction. 

c) Let G' = (V',E') be a b.c.c. with center v. In the proof of part b) 

it was shown that FATHER[v] E V'. Also by the definition of center 

DFSNUM[v] < DFSNUM[w] for all w € V' - {v, FATHER[v]}. Since 

G' - FATHER[v] is connected all points w € V' - {v, FATHER[v]} are 

reached by the search before DFS(v) is completed. None of them is 

reached before DFS(v) is started and hence v ~* w for all 
T 

w € V' - FATHER[v]. This proves V' c FATHER[v] U {w; v ~* w}. 
T 

Next suppose v ~* z and z ( V'. Let c be the center of the b.c.c. G" 
T 

containing edge (FATHER[z], z). Then c T* z by the first part of the 

proof of part c) and hence either v i* c or c T* v. c = v is impossible 
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since z (V. In the first case we are done. So suppose c ~* v. Since 
T 

G" - FATHER[v] is connected (FATHER[v] might not even be a node of G") 

there must be a path vo, •• ,vk from v = Vo to c = v k avoiding FATHER[v]. 

Let vi be the first node of that path which is not a descendant of v. 

As in the proof of part b) one shows LOWPT[v] ~ DFSNUM[vi ] < 
DFSNUM[FATHER[v]], a contradiction. This completes the proof of part c). 

d) Immediate from the definition of LOWPT. o 

Lemma 2 directly leads to an algorithm for finding the biconnected com­

ponents of an undirected graph; in fact we can use our algorithm for 

strongly connected components with only three minor changes. 

Change 1: Drop" and w € CURRENT" from line (23). 

Change 2: Change lines (27) and (28) to 

(27') if DFSNUM[v] ~ 2 and LOWPT[v] = DFSNUM[FATHER[v]] 

(28') then delete all nodes w with DFSNUM[w] ~ DFSNUM[v] from CURRENT 

(these nodes together with FATHER[v] form the b.c.c. with 

center v). 

Change 3: Insert line (19a) just prior to call DFS(w) in line (20). 

(19a) FATHER[w] - v; 

It is immediate from lemma 2,d that LOWPT is computed correctly and 

hence the centers of the b.c.c.'s are identified correctly in lines 

(27'). If v is a center then all tree descendants of v which are still 

on CURRENT, i.e. are not descendants of another center, together with 

FATHER[v] form the biconnected component with center v. 

Finally, note that no membership testing on set CURRENT is done now and 

so it suffices to represent CURRENT as a pushdown store. 

Theorem 2: The biconnected components of an undirected graph can be de­

termined in time O(n + e). 

Proof: Immediate from theorem 1 and the preceeding discussion. 0 

In our example we have LOWPT[f] 3, LOWPT[g] 6, LOWPT[e] 
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LOWPT[~ = 2 and LOWPT[cl = LOWPT[~ = LOWPT[~ 1. The first center 

encountered is f. Just prior to execution of line (27') in DFS(f) the 

content of CURRENT is a,b,c,f. In line (2~) f is deleted. Then d,e and 

g are added to CURRENT and so prior to execution of (27') in DFS(g) the 

content of CURRENT is a,b,c,d,e,g. In line (28') g is removed. The next 

center found is d and so d and e will be removed. Finally, center b is 

found and c and b are removed in line (28') of DFS (b) • 

We close this section with an application of the s.c.c. algorithm to 

computing the transitive closure of digraphs. Let G = (V,E) be a di­

graph. Let V1 'V2""'Vk be the (node sets of the) s.c.c.'s of G. Let 

G' = (V',E') be defined by 

V' (v l' ••• , Vk } 

E' (Vi,Vj ); there are v E Vi' w E Vj such that (v,w) E E} 

Then G' (V',E') is an acyclic digraph. Let G'* = (V',E'*) be the 

transitive closure of G'. Then G = (V,E*) where 

E* = (v,w) E E; v E Vi' w E Vj and (Vi,Vj ) E E'* for some i and j} 

is the transitive closure of G. The process described above is easily 

turned into an algorithm. First, determine V1""'Vk in time O(n + e). 

Second, construct G' in time O(n + e). Finally, compute the transitive 

closure of G' by the methods described in IV.3. in time O(k 3). Finally, 

E* can be computed in time e* = IE*I from G'*. We summarize in 

Theorem 3: Let G = (V,E) be a digraph. Then the transitive closure of 

G can be computed in time O(n + e* + k 3 ) where e* is the number of 

edges in the transitive closure and k is the number of s.c.c.'s of G. 

IV. 7. Least Cost Paths in Networks 

A network N is a directed graph G = (V,E) together with a cost function 

c : E ~ IR. We are interested in determining the least cost path from 

a fixed vertex s (the source) to all other nodes (the single source 

problem) or from each node to every other node (the all pairs problem). 

The latter problem is also treated in chapter V. 

A path p from v to w is a sequence v O,v1 , •.• ,vk of nodes with v vO' 



w = v k and (vi ,vi +1 ) € E for 0 ~ 

and the cost c(p) of the path is 

i < 
k-1 

l: 
i=O 
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k. The length of the path p is k 

C(Vi 'Vi + 1). The cost of the path 

of length 0 is O. The path above is simple if vi * Vj for 0 ~ i < j < k. 

We define the cost ~(u,v) of the least cost path from u to v by 

~(u,v) = inf {C(p)i p is a path from u to v} 

, the infimum over the empty set being ~. 

Example: In the example we have ~(a,e) 1, 

d 1t---_-=-4---( 

~(e,a) = + ~, ~(a,b) = ~(a,c) = ~(a,d) ~ (Note that the path 

ab(cdb)i from a to b has length 1 + 3i and cost 3 - i). 

We will concentrate on the single source problem first, i.e. we are 

given a network N = (V,E,c), c : E -+ IR, 'and a node s € V and we 

have to determine ~(s,v) for all v € V. Our algorithm for this problem 

is based on the following observation: The costs ~(s,v) certainly sat­

isfy the triangle inequalities 

v (u,v) € E ~ (s,u) + c (u,v) ~ ~ (s,v) 

, i.e. a path from s to v which consists of a least cost path from s to 

u followed by the edge (u,v) can certainly be of no smaller cost than 

the least cost path from s to v. Furthermore, for every v * s there 

must be at least one edge (u,v) € E such that ~(s,u) + c(u,v) = ~(s,v), 

namely, let (u,v) be the last edge on a least cost path from s to v. 
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These observations lead to the following algorithm for determining least 

cost p.aths. We start with a function COST[v], v E V, which overestimates 

~(s,v); e.g. COST[s] = 0 and COST[v] = + ~ for v * s will do. Then we 

look for an edge (u,v) such that COST does not satisfy the triangle 

inequality with respect to edge (u,v), i.e. COST[u] + c(u,v) < COST[v]. 

Whenever such an edge is found we use it to reduce COST[v] to COST[u] 

+ c(u,v). 

In the following algorithm we not only compute the costs of the least 

cost paths but also the paths themselves, i.e. PATH[v] contains a path 

of cost COST[v] from s to v stored as a sequence of nodes. We use (s) 

to denote the path of length zero from s to s and we use PATH[u] cat v 

for extending a path from s to u to a path from s to v 

(1) 

(2) 

(3) 

COST[s] 0; PATH[s] 

for all v E V, v * s do 

(s) ; 

COST[v] 

PATH [v] 

(4) od; 

undefined 

(5) while 3 (u,v) E E : COST[u] + c(u,v) < COST[v] 

(6) do choose any edge (u,v) E E with COST[u] + c(u,v) < COST[v]; 

(7) COST[v] COST[u] + c(u,v); 

(8) PATH[v] PATH[u] cat v 

(9) od 

The algorithm above is nondeterministic. Any edge violating the triangle 

inequality can be chosen in line (6). We will show that the correctness 

of the algorithm does not depend on the sequence of choices made, but 

the running time depends very heavily on it. 

En {(si+1'vi ), (si+1'ui ), (vi,si)' (ui,si); 0 ~ i < n} and 

c n En - JR with 

o 

2i. Also s 
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(The figure shows N3 ) 

If the edges are chosen in the order (sn'un - 1), (un- 1 ,sn-1)' (sn'vn- 1), 

(s 1'u 2)' (u 2's 2)' (s 1'v 2)' •.. in line (6) then the body of n- n- n- n- n- n-
the while loop is executed exactly IVnl - 1 = 3n times. 

Consider now the following inductively defined sequence 5n of choices. 

On N1 we use 51 = (s1'vO)' (vo,sO), (s1'uO)' (uO'sO) of length 4 and on 

Nn we use 5n (sn'vn- 1), (vn - 1 ,sn-1) 5 n- 1 (sn'un _ 1), (un - 1 ,sn-1) Sn-1 

of length ISnl = 4 + 2·IS 1 = 4'(2n - 1). Note that after using edges n-1 

(sn'vn _ 1), (vn- 1 ,sn-1)' Sn-1 we will have OOST[sn] = 0, C05T[un _ 1 ] co, 

and C05T[v] -- 2n- 1 for 11 th d Ch' d ( ) a 0 er no es v. oos1ng e ges sn,un - 1 ' 

(un- 1 ,sn-1) will reduce COST[sn_1] to zero. We can now run through 

sequence Sn-1 again. 

Lemma 1: a) ~(s,v) > -co for all v E V iff the algorithm terminates. 

b) If the algorithm terminates then ~(s,v) = COST [v] for all v E V 

after termination. 

Proof: a) II~II: The following claim is easily proved by induction on the 

number of iterations of the loop. 

Claim: Before any execution of line (6) the following is true: PATH[v] 

is a path of cost COST[v] from s to v and if PATH[v] = (vO, .... ,vk ) then 

for all i < k we have that (vO, •.• ,vi ) was the content of PATH[vi ] pre­

viously. 

Proof: Immediate from the formulation of the algorithm. D 
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We will show now that PATH[v) is always a simple path from s to v if 

~(s,v) > - ~. Since the number of simple paths is finite this implies 

termination. 

Assume to the contrary that PATH[v) may be a non-simple path from s to 

v, i.e. PATH[v) = (vO, ... ,vi' ... ,vj, ... ,vk ) and u = vi = Vj for some 

i < j. Then P1 = (vo,···,vi ) as well as P2 = (vo, ..• ,vi' ..• ,v j ) was 

content of PATH[u) at some point during the execution of the algorithm. 

Also c(P2) < c(P1) since COST[u) goes down whenever PATH[u) is changed. 

However, c(P2) - c(P1) is the cost of the cycle vi' ... ,v j . So the graph 

contains a cycle of negative cost. Going around that cycle a large num­

ber of times we can make the cost of a path to v as small as want. 

Hence ~(s,v) = - ~, a contradiciton. This shows that PATH[v) is always 

a simple path. 

" .. ": When the algorithm terminates we obviously have COST[v) > - ~ for 

all v E V after termination. Hence this direction follows from part b) • 

b) Suppose that the algorithm terminates and u(s,v) < COST[v) for some 

v E V after termination. Then there must be a path p = (vO, •.• ,vk ) from 

s = Vo to v = v k with cost c(p) < COST[v). Let Pi = (vO, ••. ,vi ) be the 

prefix of p leading from s to vi' 0 ~ i < k. There must be a minimal i 

such that c(Pi) < COST[vi ) after termination. Since c(Po) = 0 and 

COST[vO) ~ 0 (recall s = vol we deduce i ~ 1, and thus 

COST[vi _ 1 ] c(Pi-1) after termination. This implies 

and hence the algorithm does not terminate because the triangle ine­

quality for edge (vi - 1 ,vi ) is violated. c 

Lemma 1 states that the algorithm will terminate with the correct costs 

whenever u(s,v) > - ~ for all v E V. However, we have also seen that 

the sequence of choices made in line (6) has a crucial influence on the 

running time. Also we have to say more about the test in line (5). How 

do we find out that some edge violates the triangle inequality? 
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Note first that when the loop is entered for the first time only the 

edges out of s are candidates for selection in (6). Assume now that 

whenever an edge (u,v) is selected in (6) we will also check all other 

edges ~,V" out of u for satisfaction of the triangle inequality. Then 

the edges out of u do not have to be checked again until COST [u] is 

reduced. This observation leads to the following refinement of our 

basic algorithm. 

(1) COST[s] 0; U - {s}; 

(2) for all v * s do COST[v] - + w od; 

(3) while U * (IS 

(4) do co if u ( U then COST[u] + c(u,v) ~ COST[v] for all (u,v) E E; 

(5) select any u E U and delete u from U; 

(6) for all (u,v) E E 

(7) do if COST[u] + c(u,v) < COST[v] 

(8) then COST[v] - COST[u] + c (u,v) ; 

(9) add v to U; 

(10) fi 

(11) od 

(12) od 

Our main problem still remains: which point u to select from U in line 

(5). The following lemma states that U always contains at least one 

perfect choice: a node with COST[u] = ~(s,u). 

Lemma 2: a) If v ~ U then COST[v] + c(v,w) ~ COST[w] for all (v,w) E E. 

b) Let w > ~(s,v) > - wand let vO, .•• ,vk be a least cost path from 

s = Vo to v = v k • If COST[v] > ~(s,v) then there is an i, 0 ~ i < k, 

such that vi E U and COST[vi ] = ~(s,vi). 

c} If ~(s,v) > - w for all v E V then either U 

u E U with COST[u] = ~ (s,u) • 

~ or there exists 

d} If a node u with COST[u] = ~(s,u) is always chosen in line (5) then 

the body of the loop is executed at most n times. 

Proof: a) (By induction on the number of executions of the while loop). 

The claim is certainly true before the first execution of the loop. Now 

suppose that v t U after execution of the body. Then either v ~ U before 



44 

execution and then COST[v] has not changed and COST[w] for w * v was not 

increased in the body of the loop and hence COST[v] + c(v,w) ~ COST[w] 

by induction hypothesis or v E U before execution and then edge (v,w) 

was considered in lines (7) and (8) and hence COST[v] + c(v,w) ~ COST[w] 

by the algorithm. 

b) Let i min {j; COST[Vj +1 ] > ~(s,Vj+1)}. Then i < k since 

COST[vk ] > ~(s,vk) by assumption and i ~ 0 since ~(s,s) = 0 (note that 

~(s,s) < 0 would imply ~(s,v) + m or ~(s,v) = - m for all v E V) and 

hence ~(s,s) = COST[s]. Since i ~ 0 we have COST[vi ] = ~(s,vi). If vi 

were not in U then by part a) ~(s,vi+1) = ~(s,vi) + c(vi ,vi +1 ) 

= COST[Vi ] + c(vi ,vi + 1 ) ~ COST[vi + 1 ], a contradiction to the definition 

of i. Thus vi E U. 

c) Let v E U be arbitrary. If COST[v] = ~(s,v) then we are done. Other­

wise there is a node u E U on the least cost path from s to v with 

COST[u] = ~(s,u) by part b). 

d) If a node u with COST[u] = ~(s,u) is always chosen in line (5) then 

no node can reenter U after leaving U, since COST[u] is reduced when­

ever a node is added to U. Hence every node is deleted at most once from 

U; i.e. the body of the loop is executed at most n times. IJ 

Lemma 2 states that U always contains at least one perfect choice for 

the selection process in line (5). Unfortunately, there is no known 

efficient method for making the perfect choice in the case of arbitrary 

real costs. We treat two special cases: acyclic networks (the under­

lying graph is acyclic) and non-negative networks (c : E -+ IR ~O assig"ns 

non-negative costs to every edge). In these cases we obtain O(e) and 

O(e log n) algorithms respectively. In the general case we can only 

make sure that a good choice is made every O(n) iterations of the loop. 

This will lead to an O(e·n) algorithm. 

IV. 7.1 Acyclic Networks 

Let G = (V,E) be an acyclic graph and c : E -+ IR be a cost function on 

the edges. We assume that G is topologically sorted, i.e. V = {1, ..• ,n} 

and E ~ {(i,j); 1 ~ i < j ~ n} and s = 1. We saw in section 2 that a 

graph can be topologically sorted in time O(n + e). We replace line (5) 

by 
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(5') select and delete u E U with u minimal 

Then u is always a perfect choice, i.e. COST[u] = ~(s,u) when u is se­

lected from U. By lemma 2 there must be a node v E U on the least cost 

path from s to u with COST[v] = ~(s,v). Since the graph is topologically 

sorted we must have v ~ u and hence v = u by the definition of u. 

Rule (5') steps through the nodes of G in increasing order. We can 

therefore do away with set U completely and rewrite the algorithm as 

(1 ) COST [ 1] - 0 ~ 

(2) for v ~ 2 do COST [v] - + ~ od~ 
(3) for u from to n - 1 

(4) do for all (u,v) E E 

(5) do COST[v] -min (COST[v], COST[u] + c(u,v» 

(6) od 

(7) od 

Theorem 1: In acyclic graphs the single source least cost paths problem 

can be solved in time O(n + e). 

Proof: Topological sorting takes time O(n + e). The algorithm above 

clearly runs in time O(n + e). c 

IV. 7.2 Non-negative Networks 

A network N = (V,E,c) is non-negative if c : E ... IR ~O assigns non-ne­

gative costs to every edge. In this case we replace line (5) by 

(5") select and delete u E U with COST[u] minimal 

Then u is always a perfect choice, i.e. COST[u] = ~(s,u) when u is se­

lected from U. By lemma 2 there must be a node v E U on the least cost 

path from s to u with COST[v] ~(s,v). Since u is selected we have 

COST[u] ~ COST[v] and since v is on the least cost path from s to u and 

edge costs are non-negative we have ~(s,v) ~ ~(s,u). Therefore 

COST[u] ~ COST[v] = ~ (s,v) ~ ~ (s,u) and since COST[u] ~ ~ (s,u) by the 

proof of lemma 1 we even have COST[u] = ~(s,u). 

How should we implement set U? What operations ~re required on set U? 
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In line (5") we need to select and delete u E U with COST[~ minimal. 

This suggests to store set {(COST[~ ,u); u E U} in a priority queue PQ 

according to costs (cf. III.5.3.1.) in addition to having the costs 

stored in array COST[1 •• ru • Then line (5") corresponds to operation Min 

and Deletemin on priority queue PQ. The test in line (7) takes time 

0(1) using array COST. Lines (8) and (9) take time 0(1) to change array 

COST. In addition, they require us to change priority queue PQ. If v is 

not in U then we have to add COST[v] to PQ,if v is in U then we have to 

reduce COST[~ from its old value to its new value. The latter operation 

requires that we can quickly find COST[~ in PQ given v. A good solution 

is to have an array P[1 •• ru of pOinters to elements of PQ. We have 

p[~ = nil if v ~ U and p[v] points to COST[~ in PQ if v E U. In 

summary, the following operations (cf. III.5.3.1.) are required on PQ: 

Min, Deletemin 

Insert, Demote* 

line (5") 

lines (8) and (9) 

We saw in section III.5.3.1. that Min, Deletemin take time 

O(a log n/log a) and Insert, Demote* take time O(log n/log a) if PQ is 

realized as an unordered (a,2a)-tree for integer a ~ 2. What is a good 

choice of a? Note that loop (3) - (12) is executed at most n times 

since no vertex is added to U twice by our choice of line (5"). Hence 

line (5") is executed at most n times. Moreover, lines (7) to (9) are 

executed at most once for each edge (u,v) E E. Hence the total running 

time of the algorithm is 

O(an log n/log a + e log n/log a) 

Theorem 2: The single source least cost path problem on networks with 

non-negative edge costs can be solved in time 

a) 0(n2 ) 

b) O(e log n) 

c) O(e log n/max(1, log e/n» 

Proof: a) Choose a = n. In this case priority queue PQ is just a dupli­

cate of array COST and is not needed at all. Also, array P is reduced 

to a bit vector. Finally, u E U with COST[u] minimal is determined bya 

complete scan of array COST. 
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b} Choose a = 2. 

c} Choose a = max(2, e/n}. c 

It is worthwhile to look at theorem 2 for some particular values of e. 

If e = O(n} then running time is O(n log n}, if e = n1+1/k then running 

time is O(ek}. In particular, running time on dense graphs is linear. 

In some applications edge costs are known to be drawn from some re­

stricted domain, say from the set of integers between 0 and M. In this 

case priority queue PO has to handle only M + 1 distinct values. 

Lemma 3: If c(u,v} E No' c(u,v} ~ M for all (u,v) E E then 

ICOST[u] - COST[v]I ~ M for all u,v E U. 

Proof: Let u E U be such that COST[u] is minimal and let v E U be ar­

bitrary. Since v E U there must be w ¢ U (and hence COST[w] ~ COST[u]) 

such that COST[v] ~ COST[w] + c(w,v} ~ COST[u] + M. c 

Since PO always contains values in range [a •• a + M] for some integer a, 

we can efficiently store PO as follows: 

1} integer a 

2} for 0 ~ i ~ M a list L[i] {v E U; COST[v] a + i} 

3} set {i; L[i] * ¢}. 

We discuss two realizations of set A = {i; L[i] * ¢} in more detail. 

The obvious implementation for set A is an implicit one, namely the 

array L[O •• M] of headers for lists L[i]. With this implementation line 

(S") takes time O(M} and lines (7) to (9) take time O(1}. Thus total 

running time is O(e + nM}. A less obvious implementation is to use the 

fast priority queue of 111.8.2. to store set A. With this implementation 

lines (S"), (7) to (9) take time O(log log M} each. Thus total running 

time is O((n + e)log log M}. 

Theorem 3: If c(v,w}EINo ' c(v,w} ~ M for all (v,w) E E then the single 

source least cost path problem can be solved in time 

o (min (e + nM, (n + e) log log M}} .• 

Proof: Immediate from the discussion above. c 
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We will now turn to the one pair least cost path problem. Let N = (V,E,c) 

be a network with non-negative edge costs and let s,t be two vertices 

of N. We want to compute ~(s,t), the cost of a least cost path from s 

to t. Of course, we can use our algorithms for the single source least 

cost path problem to compute ~(s,t). However, sometimes we can do 

better. In some applications, e.g. heuristic search in AI, wire routing 

in VLSI, branch and bound methods for solving optimization problems, 

one has estimates g: V - R+ U {OJ for the cost of a path from v E V 

to t. 

Definition: a) g: V - IR+ U {OJ is called estimator if for all v E V: 

(*) ~ (s, v) + g (v) ::s; min {c (p); p is a path from s to t which goes through v} 

b) g is consistent if g(v) ::s; c(v,w) + g(w) for every edge (v,w) E E. 

o 

Example: Let V be a set of points in the plane. Let E represent a set 

of streets between these points and let c(v,w) be the length of the 

road from v to w. Assume that c(v,w) ~ dist2 (v,w) where dist2 (v,w) is 

the Euclidian distance of points v and w. Then g(v) = dist2 (v,t) is a 

consistent estimator. 

Estimators can be used to direct the search for the least cost path 

from s to t. We replace line (5) by 

(5"). Let u E U be such that COST[u] + g(u) is minimal 

o 

Example continued: Consider the following grid graph with all edge 

costs being 1. If we use g1 - 0 then all nodes shown are added to U and 

in the worst case also deleted. 
t 

s 

If we use g2(v) = dist 2 (v,t) then 

only the nodes in the hatched 

region are ever removed from U. 

o 

We can infer from this example that a good estimator can focus the 

search. This is made precise in 
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Theorem 4: a) Let g: V ~ IR be an estimator. Then cOST[t] = ~(s,t) when 

t is removed from U. In addition, no node is removed twice from U when 

g is consistent. 

b) Let g1,g2: V ~ ~ be estimators. Let Ri , i = 1,2, be the set of nodes 

removed from U when estimator gi is used. Then R1 = R2 if gi(v) > g2(v) 

for all v E V - {t}. 

Proof: a) Let v E V be arbitrary and let p be a least cost path from 

s to v. When v is removed from U there is u E U such that u lies on p 

and cOST[u] = ~(s,u) by lemma 2. 

Let us apply this observation for v t. We have 

~ (s, t) c(p) ~ ~(s,u) + g(u) cOST[u] + g(u) 

since g is an estimator. Also g(t) = 0 since g is an estimator and 

hence ~(s,t) + g(t) ~ cOST[u] + g(u) ~ cOST[t] + g(t) since we assumed 

that t was removed prior to u. Thus cOST[t] = ~(s,t) when t is removed 

from U. 

Assume now that g is consistent and hence g(u) ~ ~(u,v) + g(v). We 

conclude further that cOST[v] + g(v) ~ cOST[u] + g(u) = ~(s,u) + g(u) ~ 

~(s,u) + ~(u,v) + g(v) = ~(s,v) + g(v) ~ cOST[v] + g(v). (The first in­

equality holds since v is removed before u). Thus COST[v] = ~(s,v) 

when v is removed from U. 

b) Assume otherwise, i.e. R1 - R2 * ~. Let v E R1 - R2 be arbitrary. 

We use Alg. to denote our algorithm with estimator g. and COST. [v] to 
~ ~ ~ 

denote the value of cOST[v] when Algi terminates. Let p be a least 

cost path from s to v. Since AIg2 never removes v from U there must be 

node u such that cOST2 [u] ~(s,u), u E U and u lies on p when AIg2 
terminates. We have 

< ~ (s,u) + g1 (u) 

~ ~(s,t) 
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since g1 is an estimator. Thus COST2[u] + g2(u) < ~(s,t) = COST2[t] = 
COST2[t] + g2(t). Thus Al92 removes u from U instead of t, a contra-

diction. [I 

Theorem 4 has to be interpreted with care. Part a) states that the use 
of an estimator does not impede correctness and that the use of a con­

sistent estimator does not impede efficiency. Part b) formulates a 

containment between sets, i.e. if g1(v) > g2(v) for all v * t then 
every node removed from U under use of g1 will also be removed when g2 

is used. However, if g1 is not consistent then nodes might be removed 
several times from U and hence the number of loop iterations might 

actually be larger when g1 is used. If g1 is consistent then part b) 

can be strengthened to N1 S N2 where Ni is the number of removals from 
U when estimator gi is used. 

IV. 7.3 General Networks 

We will now treat the case of general networks N = (V,E,c), c: E ~ (R. 

In this case there is no known efficient method for always making a 
perfect choice. However, if-U is organized as a queue, then between any 

subsequent selection of anyone node we will have made one perfect 

choice. 

More precisely, U is implemented as a queue UQ and a boolean array UB. 

We use UQ in order to select elements in line (4) on a first in-first 

out basis. Furthermore, we use the boolean array representation of U 

in order to test in line (n) whether v is already present in U and if 

not to add v to the end of the queue. The complete algorithm reads as 
follows: 

(1) COST[s] - 0; UQ - ~; add s to the end of UQ; 

UB[s] - true; COUNT[s] - 0; 
(2) for all v * s do COST[v] - + =; COUNT[v] - 0; UB[v] - false od; 

(3) while UQ * ~ 
(4) do let u be the first element in UQ; 

(5) COUNT[u] - COUNT[u] + 1; 

(6) if COUNT[u] ~ n + 1 then goto Exit fi; 

(7) delete u from UQ; UB[u] - false; 
(8) for all (u,v) E E 



(9) do if COST[u] + c(u,v) < COST[v] 

(10) then COST[v] - COST[u] + c(u,v); 

(11) if ,UB[v] 

(12) then add v to the end of UQ; 

( 1 3) 

(14 ) 

( 1 5) 

(16 ) 

(17) od 

od· -' 

UB[v] - ~ 

fi 

fi 

(18) Exit: if COUNT[v] = n + 1 for some v E V 

(19) then "cycle of negative cost exists" 

(20) else "COST[v] = p(s,v) for all v E V" 
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We have added the array of counters in order to ensure termination even 

in the presence of cycles of negative costs. We still have to argue that 

the counters do not impede correctness. Queue UQ is implemented as 

described in I.V., i.e. either by a linear list or by an array. 

Theorem 5: In general networks the single source least cost path prob­

lems can be solved in time O(ne) . 

Proof: By virtue of the counters each node (except for maybe one) is 

selected at most n times in line (4). Whenever node v is chosen the 

time spent in lines (4) - (16) is O(outdegree(v». Hence the total 

running time of the loop (4) - (17) is n· L O(outdegree(v» = O(n·e). 
vEV 

The cost of the statements outside the loop is clearly O(n). It remains 

to show correctness. We prove 

Claim: Assume p(s,u) > - ~ for all u E V. Let v be arbitrary. Then v 

is selected at most n times in line (4). 

Proof: Let U. be set U when v is removed for the i-th time from U. Then 
--- 1-

Ui contains at least one element, say u i ' with COST[Ui ] = p(s,ui ) 

(lemma 2,c). Since U is organized as a queue u i is deleted from U be­

fore v is deleted for the (i+l)-th time. Since u i will never be added 

to U again (lemma 2,d), we have i ~ n. [J 

In exercise 15 it is shown that the time bound may be improved to 

O(kmax·e) where kmax is the maximal length (number of edges) of a least 

cost path from s to any v E V. In exercise 16 the algorithm above is 
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related to dynamic programming. Alternative approaches to the single 

source least cost path problem are discussed in exercises 18 and 19. 

A fast algorithm for planar graphs is described in section IV.l0 •• 

Another improvement can be made for almost acyclic graphs. Let 

G = (V,E) be a graph and let V = V1 U ••• U Vk be the partition of V into 

strongly connected components. We order the sec's such that (v,w) E E, 

v E V., w E V. implies i ~ j. Also we split the adjacency lists in two 
~ ] 

parts, the cyclic and the acyclic part. For each node v E Vi' the 

cyclic part contains all edges (v,w) with w E Vi' and the acyclic part 

contains all edges (v,w) with w E V., j > i. We can now modify our 
] 

algorithm as follows. There are k queues UQ1, ••• ,UQk one for each sec. 

In line (4) we always select the first element, say u, of the first 

(smallest index) non-empty queue. Then in line (8) we only step through 

the cyclic part of u's adjacency list. Once a queue UQi becomes empty 

we step through the acyclic parts of the adjacency lists of all nodes 

v E Vi and update the costs of the other endpoints. An argument similar 

to the one used in the proof of theorem 5 shows that v E Vk is selected 

at most IVkl times from UQk (provided that ~(s,v) > - ~ for all v). 

Hence the running time is bounded by 

k 
O(e + I: 

j=l 
Iv. I ·IE.I) 

] ] 

where (Vj,E j ), 1 ~ j ~ k, are the scc's of graph G. If the sec's are 

small then this is a considerable improvement over theorem 5. Also note 

that the modified algorithm will work in linear time on acyclic net­

works. 

Theorem 6: Let N = (V,E,c) be a network and let (V.,E.), 1 ~ j ~ k, be 
] ] 

the strongly connected components of G = (V,E). Then the single source 

least cost path problem can be solved in time 

k 
O(e + I: IV]. I IE].I) 

j=l 

IV. 7.4 The All Pairs Problem 

We now extend the solution of the previous section to a solution of the 

all pairs least cost path problem; an alternative solution can be foundm 

chapter V. 
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Let N = (V,E,c) be a network. Suppose that we have a function a 

such that 

v .... IR 

V(u,v) E E a(u) + c(u,v) ~ a(v) 

Consider cost function c E .... IR with 

c(u,v) a(u) + c(u,v) - a(v) 

for all (u,v) E E. Then c is a non-negative cost function. Let ~(x,y) 

be the cost of the least cost path from x to y with respect to cost 

function c. There is a very simple relation between ~ and ~. 

Lemma 4: Let ~ and ~ be defined as above. Then ~(x,y) = ~(x,y) + a(x) - a(y). 

Proof: Let p = (vo' ••• 'vk) be any path from x 

c(p) 
k-1 

L C(v.,v.+1 ) 
i=o ~ ~ 

k-1 
L 

i=o 

k-1 
a(vd + .L c(vi ,vi +1 ) - a(vk ) 

~=o 

c(p) + a(x) - a(y) 

Since p was an arbitrary path from x to y we infer ~(x,y) 

~(x,y) + a(x) - a(y~. 

v k • Then 

o 

Lemma 4 tells us that we can reduce a general least cost path problem 

to a non-negative least cost path problem if we know a function a with 

the required properties. But solving one single source problem will 

give us (essentially) a function, namely ~(s,v), with the desired prop­

erties. There is only one problem we have to cope with: ~(x,v) might be 
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infinite and the a's are required to be real. We will overcome this 

difficulty by augmenting the network as described below. 

Theorem 7: The all pairs least cost path problem can be solved in time 
O(n.e log n ) 

max(l,log(e/n» • 

Proof: Let N = (V,E,c) be a network and let s E V be arbitrary. In a 

first step we will extend N to a network N'=(V,E' ,c') by adding some 

edges, namely E' = E U {(s,v); v E V, v * s} and 

c' (u,v) 
f c(u,v) 

1 
if (u,v) E E 

large if (u,v) E E' - E 

where large = L Ic(u,v) I. Let ~(x,y) and ~'(x,y) be the cost of 
(u,v)EE 

the least cost path from x to y in Nand N' respectively. Then 

~'(s,v) < + ~ for all v E V by virtue of the augmentation. Also N' con­

contains a cycle of negative cost iff N contains a cycle of negative 

cost. This can be seen as follows: If N' contains a cycle of negative 

cost, then N' contains a simple cycle of negative cost. Let vo, •.• ,vk 
where Vo vk be a simple cycle of negative cost. Then each edge of E' 

is used at most once in this cycle. It cannot contain an edge of E' - E 

because then the length of the cycle were at least large - L Ic(u,v) I 
(u,v)EE 

~ O. Hence N contains a cycle of negative cost. 

Next we use the algorithm of section 6.3. to find out whether N' (and 

hence N) has a cycle of negative cost and if not to determine ~(s,v) 

for all v E V. In the first case the algorithm stops, in the second 

case we use a(v) = ~(s,v) to transform the all pairs problem on a gen­

eral network into a set of n single source problems on a non-negative 

network. Using the methods of 7.2. we obtain the time bound 

O(e·n + n·e(log n)/max(l,log(e/u») [J 

IV. 8. Minimum Spanning Trees 

Let N = (V,E,c) be an undirected network, i.e. (V,E) is an undirected 

graph and c is symmetric (c(v,w) = c(w,v) for all (v,w) E E). A tree 

A = (V,T) with TeE, ITI = n - 1 is called a spanning tree of N. The 
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cost of spanning tree A is c(A) = L c(v,w). It is a minimum 
(v,w)ET 

spanning tree (least cost spanning tree) if c(A) $ C(A') for all other 

spanning trees A' • 

Example: A network and one of its minimum spanning trees. 

2 

The following algorithm is a common skeleton for many algorithms for 

computing minimum spanning trees. 

(1) for all i E V do V. - (il; T. - ¢ od; 
l. l. 

(2) do n - times 

(3 ) choose any non-empty Vi; 

(4 ) choose (v,w) E E such that v E Vi' w ~ Vi and c(v,w) $ 

c (v' ,w') for all (v' ,w') E E with v' E Vi' w' ~ V. , 
l. 

(5 ) let j be such that w E 
Vj ' 

(6) V. V. U Vj ; V. - ¢; 
l. l. J 

(7) T. T. U T. U (v,w)} , T. - ¢ l. l. J J 
(8) ad 

Lemma 1: The algorithm above computes a minimum spanning tree. 

Proof: We show by induction on m = IT11 + IT21 + + IT I that there 
n 

is a minimum spanning tree A = (V,T) with Ti ~ T for all i. If m = 0 

then there is nothing to show. So let us turn to the induction step. 

By induction hypothesis there is a minimum spanning 

for all i. Let (v,w) E E be the edge chosen in line 

then we are done. If (v,w) ~ T then (V,T U (v,w)}) 

tree with T. c T 
l. -

(4). If (v,w) E T 

contains a cycle. 

Hence there must be an edge (V',W ' ) E T such that v' E Vi' w' ~ Vi. We 

have c(v,w) $ C(V',W ' ) by the choice of (v,w). Hence 

T - «v' ,w')} U (v,w)} is also a min:i.mum spanning tree. Finally, case 

m = n - 1 implies the correctness of the algorithm. o 
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Various details are to be filled in. What set V. should we choose in 
~ 

line 3, how do we find (v,w) in line (4) and how do we represent sets 

Vi. Let us resolve the latter problem first. We use the union-find data 

structure of section III.S.3. to represent sets Vi. Then line (6) is a 

Union operation (and we do n - 1 of those) and testing whether both 

endpoints of edge (v,w) E E belong to the same Vi corresponds to two 

Finds. Since this test has to be done at most once for every edge 

(v,w) E E the number of Finds is O(e). Thus the total cost of haddling 

sets Vi is O(e a(e,n» where a was defined in section III.S.3 •• 

The former questions are harder to resolve. We discuss three strategies: 

considering edges in order of increasing weight, always growing compo­

nent V1 and growing components uniformly. 

Theorem 1: a) Let E {e 1 ,e2 , ••• } be sorted according to cost, i.e. 

c(e1 ) ~ c(e2 ) ~ •••• Then a minimum spanning tree can be constructed 

in time O(e a(e,n». 

b) A minimum spanning tree can be constructed in time O(e log n). 

Proof: a) We replace lines (3) and (4) by 

(3') let (V,I.-l) be the next edge on E; 

(4') while v and w belong to the same component 

(4") do let (v,w) be the next edge on E od 

Correctness of this refinement is immediate from lemma 1. Also the 

bound on the running time follows directly from the discussion above. 

b) follows from part a) and the fact that we can sort the set of edges 

in time O(e log e) = O(e log n). 0 

We show next that we can improve upon theorem 1 for dense graphs. 

Theorem 2: A minimum spanning tree can be constructed in time 

O(e log n/max(1, log(e/n». 
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Proof: We always choose V1 in line (3), i.e. we grow the spanning tree 

starting at node 1. In order to facilitate the selection of edge (v,w) 

in line (4) we maintain a priority queue PQ for set (c(w),v,w);w ~ V1} 

ordered according to c(w) where c(w) = min(c(u,w);u E V1} and v is such 

that c(w) = c(v,w). With this definition line (4) corresponds to 

operation Deletemin on priority queue PQ. Suppose that edge (v,x) is 

chosen in line (4). In line (6) we have to add point x to V1 and we 

have to update priority queue PQ. More precisely, for every edge 

(x,w) E E with w ~ V1 we have to check whether c(x,w) < c(w) and if so 

we have to change element (c(w), ,w) of PQ to (c(x,w),x,w). In order 

to do this efficiently we use an array P[1 •• n] of pointers. Pointer 

p[w] points to element (c (w), ,w) on PQ if w ~ V1 and is nil otherwise. 

With the help of array P[1 •• n] line (6) reduces to O(deg(x» operations 

Demote* (cf. III.5.3.1.) on priority queue PQ. Thus the cost of con­

structing a minimum spanning tree is the cost of n Deletemin operatio~s 

and O(e) Demote* operations on PQ. 

If we realize PQ as an (a,2a)-tree (cf. III.5.3.1.) with a = max(2,e/n) 

then the cost of a Delete is O(log n/log a). gence total cost is 

O(e log n/log(e/n». o 

Theorem 2 is most significant for dense graphs. If e = n 1+1/ k for kEN 

then running time is O(k e). For sparse graphS, saye = O(n), running 

time is O(n log n). Can we do better for sparse graphs? We close this 

section with a brief description of an O(n log log n) algorithm. This 

algorithm is based on two ideas, a strategy for growing components 

uniformly and a special purpose priority queue. 

Put sets V1 ,V2 ' ••• 'Vn into a queue Q and replace lines (3) and (6) by 

(3") let Vi be the first element of queue Q 

and 

(6"a) delete Vi and Vj from Q; 

(6"b) Vi 4- Vi U Vj ; Vj 4- !2l 
(6"c) add Vi to the end of Q; 

The selection strategy described above selects components in a round­

robin fashion. For the analysis we conceptually divide the algorithm 

into stages. Stages are defined as follows. We add a special marker to 

the end of Q initially and start stage o. Whenever the special marker 
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appears at the front of queue Q we finish a stage, move the marker to 

the end of the queue, and start the next stage. 

Lemma 2: a) All sets selected at line (3") in stage k have size at 

least 2k and all sets produced in line (6"b) have size at least 2k+1 

b) the number of stages is at most log n. 

Proof: a) We use induction on k. The claim is clearly true for k = O. 

If V1. is chosen in stage k > 0 and combined with V. then V. and V. were 
J k 1 J 

created in stage k - 1 and hence have size at least 2 each by in-

duction hypothesis. Thus IV. U V.I ~ 2k+1 
1 J 

b) the algorithm terminates when a set of size n is produced in line 

(6). Hence the maximal stage number k must satisfy 2k+1 ~ n. 0 

Lemma 2 has an important consequence. Call a point v active during an 

iteration of loop (2) - (8) if v belongs to component Vi selected in 

line (3"). Then any node v can be active at most once in a stage and 

hence can be active at most log n times by lemma 2b. In other words, 

any fixed node v has to be considered at most log n times in line (4). 

We can use this fact to derive another O(e log n) algorithm as follows: 

In line (4) we look at all nodes v E Vi and determine the least cost 

edge (v,w) with w t Vi' This can certainly be done in time O(deg(v». 

Since a node is active at most log n times the total cost of this 

algorithm is O(L deg(v) log n) = O(e log n). 
v 

In order to obtainanO(e log log n) algorithm we need two additional 

concepts: shrinking the graph and a special purpose priority queue. 

Suppose that we execute the algorithm above for log log n stages; this 

will take O(e log logn) time units and builds up components of at 

least 2log log n = log n vertices each; let v1 , ••• ,Vm, m ~ n/log n, be 

the components after stage log log n. Define network N' = (V',E',c') 

as follows. V' = {1, ••• ,m}; E' = {(i,j); 3 v E Vi' w E Vj such that 

(v,w) E E} and c' (i,j) = min{c(v,w); v E V., w E V.}. N' can be con-
1 J 

structed from N in time O(e); cf. exercise 2. It remains to compute a 

minimum spanninq tree of N'. For every node v of N' we divide the edges 
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incident to v into deg(v)/log n groups of log n edges each. We sort 

each group for a cost of O«log n)log log n) time units per group. Thus 

total preprocessing time is O(e log log n). 

In line (4) we proceed as follows. For every node v E Vi we inspect 

every group. For every group we inspect edges in order of increasing 

cost and throwaway edges which do not lead outside Vi' After this 

process we are left with fdeg(v)/log n' edges leading from v to nodes 

outside V .• In time O(fdeg(v)/log n') we can certainly find the one of 
~ 

minimal cost. Thus the cost of finding minimum cost edges ouf of v is 

0(1 + deg(v)/log n + number of discarded edges) per stage. Since every 

edge is discarded at most once, since there are only log n stages and 

since N' has only n/log n nodes total cost is O(n + e). We have 

Theorem 3: A minimum cost spanning tree of an undirected network can be 

computed in time O(e log log n). 

Proof: By the discussion above. [J 

A final improvement can be made for planar networks. In a planar graph 

we always have e $ 3n - 2, cf. IV.l0, lemma 2. Suppose that we apply 

the shrinking process after every stage. Let Ni be the network after 

stage i. Then Ni is planar 

number of edges (nodes) of 

time units and Ni +1 can be 
log n log 

cost is I: o(ei ) =O( L 
i=1 i=l 

and hence e i $ 3ni - 2 where e i (ni ) is the 

network Ni . Also stage i + 1 takes o(ei ) 

constructed from Ni in time o(ei ). Thus total 
n log n 

n i ) = O( L n/2i) = O(n) . 
i=1 

Theorem 4: Let N = (V,E,c) be a planar undirected network. Then a 

minimum cost spanning tree can be computed in time O(n). 

IV. 9. Maximum Network Flow and Applications 

IV. 9.1 Algorithms for Maximum Network Flow 

A directed network N = (V,E,c) consists of a directed graph G = (V,E) 

and a capacity function c: E ~ IR+. Let s,t E V be two designated 

vertices, the source s and the sink t. A function f: E + IR is a legal 

(s,t)-flow function (or legal flow for short) if it satisfies 
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a) the capacity constraints, i.e. 0 ~ f(e) ~ c(e) for all e E E 

b) the conservation laws, i.e. ~ f(e) ~ f(e) for all 
eEin(v) eEout(v) 

nodes v E V - {s,t}. Here in(v) (out(v» is the set of edges leaving 

(entering) v. 

If f: E ~ R is a legal flow function then 

val (f) = ~ f(e) - ~ f(e) is the flow value of f. The max-
eEout(s) eEin(s) 

imum network flow problem is to compute a legal flow function with 

maximum flow value. In this section we will describe two algorithms for 

achieving this goal. On the way we will derive a powerful combinatorial 

result: the max flow - min cut theorem. 

Definition: An (s,t)-cut is a partition S,T of V, i.e. V = S U T, 

S n T = ¢, such that s E S, t E T. The capacity of cut (S,T) is given 

by 

c(S,T) ~ c (e) 
eEEn(SxT) 

The capacity of a cut (S,T) is thus the total capacity of all edges 

going from S to T. The easy direction of the min cut - max flow is 

given by: 

Lemma 1: Let f be a legal flow and let (S,T) be an (s,t)-cut. Then 

val (f) ~ c(S,T) 

Proof: We have 

val (f) ~ 

eEout(s) 
f (e) - ~ f(e) 

eEin(s) 

~ [ ~ f (e) - ~ f (e) ] 
vES eEout(v) eEin(v) 

since the conservation law holds for all v E S - {s}. 

~ 

eEEn (SxT) 
f(e) - ~ 

eEEn(TxS) 
f(e) 

o 



since every edge e = (u,v) E E n (5 x S) is counted twice, positively 

since e E out(u) and negatively since e E in(v) 

S c(S,T) 

since fee) S c(e) for all e E E n (S x T) and fee) ~ 0 for all 

eEEn(TxS). [] 
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Most algorithms for maximum network flow work iteratively and are based 

on the concept of augmenting path, i.e. they start with any legal 

initial flow, say the flow function which is zero everywhere, and then 

use augmenting paths to increase flow. In the following example we use 

edge label alb to denote capacity a and flow b. There are three 

augmenting paths in this example; s,1,t with bottleneck value 9, s,2,t 

with bottleneck value 9, and s,2,1,t with bottleneck value 1. Paths 

s,1,t and s,2,t can be used to increase the flow value by 9 in an ob­

vious way. Usage of path s,2,1,t is more subtle. We might send one 

additional unit from s to 2. This frees us from the obligation to push 

one unit from 1 to 2 and we can therefore send this unit directly from 

1 to t. Augmentation algong path s,2,1,t changes the flow into 

All shortest (=minimum cardinality) augmenting paths are captured in 

the layered (augmenting) network LN which is defined with respect to 

legal flow function f as follows. 

{(v,w); (v,w) E E and fee) < c(e)} and let 
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E2 = {(W,V)i (V,W) E E and f(e) > OJ, i.e. edges in E1 can be used to 

push flow forward and edges in E2 can be used to push flow backward. 

If e = (v,w) E E then we use e 1 to denote edge (v,w) E E1 (if it is 

there) and e 2 to denote edge (w,v) E E2 (if it is there). Also 

c: E1 U E2 ~ ~ is given by c(e1 ) = c(e) - f(e) for e 1 E E1 and c(e2 ) = 

f(e). Note that E1 U E2 is a multiset. In our first example we obtain 

(edges in E1 are drawn solid and edges in E2 are drawn dashed): 

Next, let Vo {s}, let 

Vi +1 = {w E V - (V1 U 

U V .• Then LN 
i~o ~ 

for i ~ 0, and let V 
is the layered network with respect to flow function f. In our example 

we obtain 

Any path from s to t in the layered network is an augmenting path and 

can be used to increase flow. More generally, we have 

Lemma 2: Let f be a legal (s,t)-flow in network N and let LN 

be the layered network with respect to f. 

a) f is a maximal flow iff t ~ V 
b) Let f be a legal (s,t)-flow in LN. Then f 1 : E ~ IR with 



f 1 (e) = fee) + f(e 1 ) - f(e 2 ) 

is a legal flow in N with flow value val (f) + val (f) • 

Proof: b) We have to show that f1 satisfies the capacity constraints 

and the conservation law. Let e E E be arbitrary. Then 

0 S fee) - f (e 2 ) since f (e 2 ) c(e2 ) ~ f (e 2 ) 

S f 1 (e) since f(e 1 ) ~ 0 

S fee) + f(e 1 ) since f(e 2 ) ~ 0 

S c(e) since f (e 1 ) S c (e 1) = c (e) fee) 

, i.e. f1 satisfies the capacity constraints. Next, let v E V - ~,t} 

be arbitrary. Then 

E f1 (e) - E f1 (e) 
eEout(v) eEin(v) 
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E f (e) - E f (e) + 
eEout(v) eEin(v) 

[E f(e 1 ) + E f(e 2 )] 
eEout(v) eEin(v) 

- [ E f(e 1 ) + E f(e 2)] = 0 + 0 
eEin(v) eEout(v) 

since f and f satisfy the conservation laws. Note that e 2 E E2 emanates 

from node v if e E in(v) and that e 2 ends in node v if e E out(v). 

Finally, the flow value of f1 is clearly val (f) + val(f). 

a) ""''': If t E V then there is a path from s to t in the layered net­

work. Let p be any such path and let e > 0 be the minimal capacity of 

any edge of p. Then there is clearly a flow of value e in LN, namely 

fee) = e for all edges e of p and fee) = 0 otherwise. Hence f is not 

maximal by part b). 

" .. II: Let S=V and let T = V - S. Then s € Sand t E T, i.e. (S,T) is 

an (s,t)-cut. Furthermore, (E 1 U E2 ) n (S x T) = ~ since no nbde of T 

is added to the layered network. Thus fee) = c(e) for e E S x T and 

fee) = 0 for e E T x S. We conclude that the last inequality in the 

proof of lemma 1 turns into an equality and hence val(f) = c(S,T). 

Since val(f') S c(S,T) for any legal flow f' we infer that f is a flow 

with maximal flow value. c 
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It seems that we have not gained very much. In order to increase the 

flow through network N we have to find a (large) legal flow through 

layered network LN. Fortunately, an approximation to the maximal flow 

in LN is good enough. More precisely, it suffices to compute a blocking 
flow in LN. 

Definition: A lega~ flow f in layered network LN is blocking if for 
_ 1 e 2 ek 

every path s - v 0.... v 1 .... v 2 .... ••• .... 
of the edges is saturated, i.e. f(e.) = 

~ 

vk = t from s to t at least one 
c(ei ) for at least one i, 

1 ~ i ~ k. c 

We can now outline the basic maximum flow algorithm. 

(1) let fee) - 0 for all e E E; 
(2) construct layered network LN (V,E,c) from f; 
(3) while t E V 
(4) do find a blocking flow f in LN; 
(5) update f by f as described in lemma 2,b; 
(6) construct layered network LN from f 
(7) od 

Two questions arise: How can we find a blocking flow in a layered net­

work and how many iterations are required? We turn to the second 
question first. 

Definition: Let f be a (non-maximal) legal flow in N and let LN be the 

layered network for f. Then k, where t E Vk , is called the depth of LN. 

Lemma 3: Let k i be the depth of the layered network used in the i-th 

iteration, i = 1,2, •••• Then k i > k i - 1 for i ~ 2. 

Proof: Let LNi be the layered network used in the i-th iteration. In 

LNi there is a path p of length k i from s to t. 

e 1 
s = Vo --+ •.. --+ t 

For 0 ~ j ~ k., let d. be the length (= number of edges) of the shortest 
~ J 

path from s to v. in LN. l' i.e. v. belongs to the d.'s layer of LN~_1. 
J ~- J J • 
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If Vj is not a node of LN i _ 1 then d j 

Claim: For all i ~ 2: 

a) If there is an edge from v j _ 1 to v. in LN i _ 1 then d. d. 1 + 1. 
] ] ]-

b) If there is no edge from v j _ 1 to v. in LN i _ 1 then d. ~ d. 1 
] ] ]-

c) k i _ 1 < k. 
1. 

Proof: a) is immediate since network LN is layered, i.e. if v]'_1 
i-1 

belongs to the d j _ 1 's layer and there is an edge from v j _ 1 
to Vj in LNi _ 1 then Vj belongs to layer d j _ 1 + 1. 

b) Let us assume for the sake of contradiction that d. ~ d. 1 + 1. Let 
] ]-

f i _ 1 (f i ) be the flow in network N which gives rise to the construction 

of layered network LN. 1 (LN.). Then f. 1 (v. 1'v,) = c(v. 1'v,) > 
1.- 1. 1.-]-] ]-] 

f.(v. 1'v,) if (v. 1'v,) E E or f. 1(v"v, 1) = 0 < f.(v.,v. 1) if 
1. ]-] ]-] 1. - ] ]- 1. ] ]-

(v.,v. 1) E E because (v. 1'v.) f. E. 1 and (v. 1'v.) E E. In either 
] ]- ]-] 1. - ]-] 1. 

case we conclude that (v.,v. 1) E E. 1 and hence d. 1 d. + 1. Thus 
]]- 1.- ]-] 

d j d j _ 1 - 1 ~ d j _ 1 , a contradiction. 

c) Since Vo = s and hence do = 0 we conclude d j ~ j from parts a) and 

b). Also, d. = j for all ]' ~ k. is only possible if edge e. from v. 1 
] 1. ] ]-

to v. is present in LN. 1 for all j ~ 1. Thus d. = j for all j ~ k. 
] 1.- ] 1. 

implies that there is some path p fran s 'to t which exists in INi _1 and Wi. This 

contradicts the fact that f. is obtained from f. 1 by "adding" a blocking 
1. 1.-

flow with respect to layered network LNi _ 1 • 

We conclude that d j < j for some j < k i and hence dk . < k i by parts a) 

and b). We can now complete the proof of the claim 1. and the lemma by 

observing that k i - 1 = dk .• cc 
1. 

Corollary 1: The number of iterations is at most n. 

Proof: Let k. be the depth of the layered network used in the i-th 
1. 

iteration, i ~ 1. Then k1 ~ 1 since s * t, k i - 1 < k. by lemma 3 and 
1. 

k. ~ nfor all i. Hence the 
1. 

number of iterations is at most n. c 
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Better bounds on the number of iterations can be derived for restricted 

networks. In particular, we will derive considerably smaller bounds for 

o - 1 networks in section IV.9.2 .• It remains to design efficient 

algorithms for constructing blocking flows in layered networks. We will 

first describe an O(n2) algorithm and then an O(e(log n)2) algorithm. 

Let LN = (V,E,c) be a layered network, i.e. V = U V~ for some k, 
O~i~k ~ 

E c U (V. x v.+1), V = {s} and c: E ~ IR+. We may assume w.l.o.g., 
O~i<k ~ ~ 0 

i.e. the condition can be enforced in linear time by simple graph ex-

ploration, that every node v E V is reachable from s and that t can be 

reached from all nodes. In particular, Vk = {t} in this case. The O(n2) 

algorithm is based on the concept of potential of a node. Let f be a 

legal flow and let v E V. The potential of node v with respect to flow 

f is given by 

PO(v) min[ E c(e) - fee), E c(e) - fee)] 
eEout(v) eEin(v) 

, i.e. the potential of node v is the maximal possible increase in flow 

through node v. Also 

PO* = min{PO(v); v E V} 

is the minimal potential of any node in V. It is now quite simple to 

increase the flow by PO*. Let v be any node with PO(v) = PO*. Startingat 

node v we forward PO* additional units from node v through higher 

layers to node t and we suck PO* additional units of flow into node v 

through lower layers. Forwarding flow is done as follows. We proceed 

layer by layer, starting at the layer containing v. When we consider 

layer V~ we have determined a subset St ~ V~ of nodes which hold an 

additional amount of PO* units of flow, i.e. PO* = E Sex) where sex) 
xESt 

is the excess of flow available in node x E S~. We consider the nodes 

in St in turn and push their excess of flow into the next layer. Since 

PO* ~ PO(w) for all w no node can receive more flow than he can handle. 

We continue in this fashion until we pushed the additional flow all the 

way to t • Similarly, we work our way back from node v towards source 

s and suck PO* additional units of flow into the network. In this way 

we increase the flow by PO* units. After having done so, we simplify 

the network by deleting saturated edges, and useless nodes, i.e. nodes 
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which are not connected to either s or t, and edges incident upon use­

less nodes. Note that at least node v will be deleted from the network 

(Remark: Note that it would simplify the algorithm if we would forward 

the additional flow starting at s. Correctness would not be impeded, 

however efficiency might suffer). If the network is not empty after 

simplification we repeat the process. Since simplification deletes at 

least one node from the network the number of iterations is clearly O(n). 

We will next describe the algorithm in more detail. We assume that for 

every node v E V the set of ingoing and outgoing edges are ordered in 

some way. Also set S~= V~ is realized as a bit vector and a linear list. 

In this way we can test v E S~, add to S~ and delete some element from 

S~ in time 0(1). In addition, we store for every node x E X the excess 

(deficit) of flow available at node x in S[x]. The following procedure 

FORWARD is basic for the algorithm; it forwards flow from node x into 

the next layer. There is a symmetric procedure SUCK which sucks flow 

into node x from the previous layer. 

(1) proc FORWARD (x, s, h); 

x is a node 'in layer Vh and there are S units of 

additional flow available in x. These S units are 

pushed into nodes in layer Vh+ 1 
(2) while S > 0 

(3) do let e (x,y) be the first edge out of x; 

(4 ) delta min(S,c(e) - f(e)); 

(5) increase flow along e by delta, add y to Sh+1 (if it is not 

already there), increase S[y] by delta, and decrease c(e) by 

delta; 

(6) S - S - delta; 

(7) if c(e) = 0 then delete e from the graph fi 

(8) od ; 

(9) remove x from Sh and set S[x] to zero; 

(10) if (out(x) = ~ and x * t) or (in (x) = ~ and x * s) 

(11) then add x to set DEL fi 

(12) end 

In set DEL we collect all nodes which have to be deleted from the net­

work because either they cannot be reached from s or t cannot be reached 

from them. The running time of a call to FORWARD is 0(1 + # of edges 

deleted in line (7)), because in every execution of the loop body 
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(except maybe the last) an edge is deleted and since the cost outside 

the loop is clearly 0(1). The complete algorithm for computing a 

blocking flow is given by: 

(1) for all x € V do S[x] o od; 

(2) for all t, 0 S t S k do St + ~ od; 
(3) DEL + ~; 

(4 ) while LN is not empty 

(5) do compute PO[v] for all v € V, let PO* 

let v € Vt be such that PO* = PO[v]; 
(6 ) S[v] + PO*; St + {v}; 
(7) for h from t to k - 1 

min {PO [v]; v € V} and 

(8) 

(9) 

do for x € Sh do FORWARD(x,S[x],h) od od; 

S[v] + PO*; S~ + {v}; 

( 10) 

( 11) 

( 12) 

(13 ) od 

for h from t step - 1 to 1 

do for x € Sh do SUCK(x,S[x],h) od od; 
SIMPLIFY (DEL) 

Procedure SIMPLIFY(DEL) removes all nodes (and edges incident to them) 

in DEL from the network. Also if some other node z looses its last in­

gOing (outgoing) edge during this process then z is also deleted. It is 

easy to see that SIMPLIFY can be implemented to run in time proportional 

to the number of nodes and edges removed from the graph; an algorithm 

similar to the algorithm used for topological sorting will do. The 

details are left to the reader (exercise 27). 

Theorem 2: Let LN be a layered network. Then a blocking flow can be 

computed in time 0(n2). 

Proof: a) Correctness of the algorithm follows from the fact that nodes 

(edges) are removed only if all paths from s to t through that node 

(edge) are blocked. 

The cost of lines (1) - (3) is clearly O(n). Also, loop (4) - (13) is 

executed O(n) times since at least one node, namely v, is removed from 

the graph in line (12). The cost of an execution of the loop body out­

side the calls to FORWARD, SUCK and SIMPLIFY is clearly O(n) and hence 

0(n2) if summed over all O(n) iterations. Since the cost of a call to 

FORWARD (SUCK) is 0(1 + • deleted edges), since FORWARD(SUCK) is called 



at most once for each node during an execution of the loop body and 

since every edge is deleted at most once the total cost of all calls to 

FORWARD (SUCK) is 0(n2 + e) = 0(n2). Finally the total cost of all calls 
to SIMPLIFY is O(e). D 

The algorithm can be made to run faster in (0 - 1)-networks, i.e. 
networks where c(e)= 1 for all e E E. Exercise 28 describes an implemen­

tation with running time O(e). We will later describe a simpler O(e) 

algorithm for computing blocking flows in (0 - 1)-networks. 

Theorem 3: Let N = (V,E,c), s,t E V be a network. Then a maximum flow 

from s to t can be computed in time 0(n3). 

Proof: A maximum flow can be computed by O(n) applications of the 

blocking flow algorithm to layered networks. Construction of the 

layered network and computation of a blocking flow takes time 0(n2). 
The time bound follows. D 

It is now easy to derive the min-cut max-flow theorem. 

Theorem 4: Let N = (V,E,c), s,t E V be a network. Let fmax be the 

maximal flow value of any (s,t)-legal flow function and let cmin be 

the minimal capacity of all (s,t)-cuts. Then 

fmax cmin 

Proof: Note first that cmin exists because there are only a finite 

number of (s,t)-cuts. Also, fmax exists because we have an 0(n3) 

algorithm to compute a maximal flow from s to t. It remains to show 

fmax = cmin. We have fmax ~ cmin by lemma 1. Finally, let f be a flow 

function with val (f) = fmax. If we construct the layered network with 

respect to f then t is not added to the network. Lemma 2, a shows how 

to construct an (s,t)-cut (S,T) such thatfmax = val(f) = c(S,Tl. 

Since c(S,T) ~ cmin, this proves fmax ~ cmin. D 

Our second algorithm for computing flows is based on DFS and is 

particularly well suited for sparse networks, i.e. e «n2 • The basic 

idea is quite simple. Starting at s we construct a path by always 

taking the first edge out of every node until we either reach t or 

reach a dead-end v, i.e. a node v with out (v) = ~ and v * t. In the 
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second case we back up one node, delete all edges leading into v from 

the graph and continue. In the first case we compute the bottle neck 

capacity E of the path, i.e. the minimal capacity of any edge on the 

path, increase the flow along the path by E, and delete all saturated 

edges from the graph. Having done so, we construct the next path 
starting at node s. 

Theorem S: The algorithm above constructs a blocking flow in a layered 

network in time O(en). In a (O-1)-network it runs in time O(e). 

Proof: Correctness is obvious. The bound on the running time is derived 

as follows. Observe first, that a path from s to t is constructed in 

time O(k + i of edges found to be ending in dead-ends) and that at 

least one edge on the path is saturated by increasing the flow. Hence 

at most O(e) paths are constructed for a total cost of O(ke + e) = O(en). 

One additional observation is needed for (O-1)-networks. In (O-1)-net­

works all edges on the constructed path are satured and hence the cost 

of constructing a path from s to t is proportional to the number of 

deleted edges. The claimed bound follows. c 

We will next describe an improved implementation of the algorithm above 

which reduces the time bound to O(e(log n)2). In the algorithm above, 

whenever we succeed in constructing a path from s to t we saturate some 

(in general only a few) of its edges, delete the saturated edges and 

then forget everything about the constructed path. A more economical 

way to proceed is to keep the remnants of the path as path fragments 

(PFs). In the example below we split 

s 
e 1 

:;;r. 
e 2 ,. e 3 ... e 4 

M 
e S ... e 6 

;!Jo' 

e 7 
N 

e S 
". 

e 9 
• 

e 10 
.t 

'saturating e 3 and e 7 

e 1 e 2 e 4 e S 
311-

e 6 e S 
;;re 

e 9 
M 

e 10-. s • ;;re ~. • ;;re ,. 
P pf1 pf2 

the path into three PFs p, pf1 and pf2 . We will always use p to denote 

the path fragment starting in s. We will maintain the invariant that at 



71 

most one PF goes through every node v, i.e. that there is at most one 

PF pf such that v is a node of pf but not the last node of pf. In 

other words the Pfs form a forest with edges directed towards the roots 

We can now start to construct a new path from s to t starting at the 

last vertex last(p) of Pf p. 

There are four ways of changing path p. If there is a path fragment 

which goes through last(p), say pf, then we split pf at last(p) and 

concatenate one of the parts to p. If last(p) is the first vertex of 

pf then splitting is trivial. 

_7 
p 

If there is an unblocked edge out of last(p) then we add this edge to p 

If last(p) is a dead end, i.e. neither is there a PF going through 

last(p) nor is there an unblocked edge leaving last(p), then we shrink 

p by deleting its last edge. Finally, if last(p) = t then we saturate 

some of p's edges and split p into path fragments. The details are as 

follows. 

(1) p - path consisting of s only; 

(2) while s is not a dead-end 

(3) do extend p by adding an unblocked edge out of last(p); 

(4) ~ a PF pf goes through last(p) 

(5) do split pf at last(p) into pf', pf" and compute the capacities 

of pf', pf" (pf' ends in last(p), pf" starts in last(p»; 

(6) conca tena te pf" to the end of p and update p' s capacity 

(7) ad; 

(8) if last(p) = t 

(9) ~ increase the flow along p by the capacity of p, split p 

into PFs by deleting all saturated edges, compute the 
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(10) fi; 

capacities of the fragments and let p be the fragment 

starting in s. 

(11) while last(p) is a dead-end and s * last(p) 

(12) do delete the last edge from p and update p's capacity 

(13) od 

(14) od 

There are two points which we have to address at this point. Do we main­

tain the invariant and can we always execute line (3)? 

Lemma 4: The following holds at all times during execution of the 

algorithm: 

a) For every node v there is at most one path fragment going through v. 

b) Whenever line (3) has to be executed there is an unblocked edge out of 

last(p) and no PF goes through last(p). 

Proof: (by induction on the number of steps executed). 

Claims a) and b) are certainly true prior to the first execution of the 

loop body. Suppose now that a) and b) hold prior to execution of line 

(3). We will show that a) and b) hold at the end of the loop body. 

Since b) holds line (3) can be executed and execution of line (3) does 

not impede the truth of part a). Execution of lines (4) - (7) certainly 

does not either. Before executing line (8) we know that no PF goes 

through last(p). We claim that this is also true after executing lines 

(8) and (9). The claim is obvious if last(p) * t. If last(p) = t then 

we reset p to an initial segment p' of p. Since the edge on p which 

emanates from last(p') is saturated in (9) and since a) holds we con­

clude that no PF goes through last(p'). Thus a) holds prior to execution 

of line (11) and no PF goes through last(p) at this point. Execution of 

lines (11) - (13) certainly does not affect a). Also they ensure that 

no PF goes through last(p) (this fact is an invariant of line (12) be­

cause of a» and that either last(p) = s or there is an unblocked edge 

out of last(p). Thus b) and a) hold prior to the next execution of 

line (3) because of the test in line (2). [J 

Lemma 4 implies correctness of the algorithm. Let us turn to efficiency 

next. We need to discuss two points: how to represent path fragments 



such that the various operations on them can be done fast and how to 

derive bounds on the number of executions of various statements. 

Path fragments are stored as balanced trees. More precisely, we store 
the edges of a PF in the leaves of a (2,4)-tree in the natural order: 
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Then every vertex z of the tree represents a path pf(z) in the network, 
namely the path comprised of the edges stored in the subtree rooted at 

z. We store two informations about path pf(z) in vertex z: f(z) (flow) 

and c(z) (capacity). The flow field f(z) indicates that f(z) units of 

flow have been pushed through pf(z) without distributing these units 
over the subpaths. Thus, if e is an edge of the network, the flow 

through e is given by L f(z) where the summation is over all vertices z 

on the path from the leaf representing edge e (note that this leaf is 
uniquely defined by lemma 4a) to the root of the tree representing the 

path fragment containing e. Field c(z) is the minimal residual capacity 
(=capacity - flow) of any edge in pf(z) ignoring the flows associated 

with proper ancestors of z. Thus 

where 

c(z) = min [c(e) 
eEpf(z) 

ver(e,z) is the set 

L f(y)] 
yEver(e,z) 

of vertices of the tree path 

representing e to z (e and z included). In particular, 

of a tree then c(z) is the residual capacity of pf(z)~ 

from 

if z 
i.e. 

more additional units of flow can be pushed through pf(z). 

the leaf 

is the root 
c(z) and no 

Lemma 5: a) If pf1 and pf2 are path fragments with 1ast(pf1) = 

first (pf2) then pf1 and pf2 can be concatenated in time O(log n). 

b) Let pf be a PF represented as a balanced tree and let v be a node of 

pf. Then pf can be split at v in time O(log n). Also if the residual 

capacity of pf is zero then a saturated edge of pf can be located in 
time O(log n). 

Proof: For both parts we need to push flow information into trees. If z 

is a vertex with sons zi' i = 1,2, •.• then 

(f(zi)' c(zi» 

(f(z), c(z» 

(f(zi) + f(z), c(zi) - f(z» 

(O,c(z» 
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is a consistent change of the information fields associated with verti­

ces z, z1' z2' •••• Also, it pushes flow from vertex z into the sub­

paths represented by nodes zi' i = i,2, •••• 

a) Let Ti of height hi be the tree representing pfi , i = 1,2. Assume 

w.l.o.g. that h1 S h 2 • Then we concatenate T1 and T2 by first pushing 

flow down the left spine of T2 for h2 - h1 + 1 levels and then con­

catenating T1 and T2 as described in section III.S •• Note that the flow 

and capacity field of the vertices affected by the operation are easily 

computed. More precisely, the flow field is set to zero and the capacity 

field is set to the minimum residual capacity of the sons. This shows 

that T1 and T2 can be concatenated in time O(lh 2 - h11 + 1). 

b) Let T represent path fragment pf and let v be a node in pf. Note 

first, that v corresponds to a "gap" between two leaves of T in a 

natural way. Let e be the edge (leaf) following v in pf. We prepare the 

split by tracing the tree path from e to the root to T and then 

pushing flow down this path. This changes the flow field of all vertices 

on the tree path to zero and therefore they can be safely removed. 

Splitting is completed by a sequence of concatenates as in ordinary 

(2,4)-trees. 

Finally, we need to show how to find a saturated edge if the residual 

capacity of pf is zero. Push flow from the root z of T into its sons. 

Then 0 c(z) = min(c(zi» where zi ranges over the sons of z. Therefore 

one of the sons has a zero capacity field. Continuing in this fashion 

we find a saturated edge in time O(log n). c 

Lemma 6: A single execution of line (3), (5), (6) and (12) takes time 

O(log n). A single execution of line (9) takes time O(d log n) where d 

is the number of edges deleted in line (9). 

Proof: Immediate from lemma 5. Note that line (3) can be thought of 

constructing a path fragment consisting of a single edge and concate­

nating it with p. c 

We are now (almost) in a position to determine the running time of the 

improved algorithm. Note first that the total time spent outside lines 

(4) - (7) is O(e log n) because line (3) is executed at most e times 

and therefore the number of executions of the loop body is at most e, 
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because the total number of edges deleted in lines (9) and (12) is at 

most e, and because the cost of handling an edge is O(log n} by lemma 6. 

It remains to bound the cost arising in lines (4) - (7), i.e. we need 

to bound the number of executions of lines (5) and (6). Call this num­

ber K. We show K = O(e log n} in a two step process. In the first step 

we rephrase the problem of bounding K as a game problem (which bears 

great similarity to the union-find problem studied in III.8.3.) and in 

the second step we derive a bound on the number of moves in the game. 

The argument will be similar to the one used in section 111.8.3 •• 

For step one we conceptually assign non-negative integers to path frag­

ments as follows. Path fragment p (starting at s) never has a number 

assigned to it. When p is split in line (9) in path fragments p, pf1 , 

pf2 , ••• , pfk (in this order from s to t) then we assign integer L + i 

to pfi , 1 ~ i ~ k, where L is the largest integer given to a PF prior 

to that point. Also if we split PF pf into pf', pf" and concatenate pf" 

to p, then pf' inherits pf's number provided that pf' is non-trivial. 

We use num(pf} to denote the number assigned to PF pf. We clearly have 

1 $ num(pf} $ e for all path fragments pf since new numbers are 

assigned only in line (9) and assigning a new number corresponds to 

deleting an edge. We need one more property of path fragment numbers. 

If pf1 and pf2 are PFs then pf1 points to pf2 if pf2 goes through 

last(pf1}. We have 

Lemma 7: At all times during the execution: 

a} If pf is a PF then pf points to at most one other PF. 

b} If pf1 points to pf 2 and pf2 * P then num(pf1 } < num(pf 2}. 

Proof: a} Follows directly from lemma 4a since there is at most one 

path fragment going through last(pf} by that lemma. 

b} Is shown by induction on execution time. New path fragments are 

created in lines (5) and (9). Line (9) certainly keeps b} true since 

"large" numbers are assigned to the newly created path fragments and 

since the newly created path fragments do not point to any other path 

fragments by part a}. Line (5) keeps b} true since pf' inherits num(pf}, 
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since pf' is a subpath of pf, and since pf' points to p after its crea-

tion and therefore to no other path fragment by part a. c 

We can now view our algorithm as manipulating a set 

S = {(x,y); 1 s x < Y S e} of pairs, namely S = {(num(p), num(q»; 
p,q are PFs and p pOints to q}. Set S is manipulated in stages, where 

a stage corresponds to a single execution of the body (3) - (14) of the 

main loop. Thus the number of stages is at most e. In a stage we 

remove a number of pairs in lines (4) - (7), say (x1'Y1)' (x2 'Y2)' 

, (xk'Yk) and k ~ O. These pairs form a chain, i.e. Y1 = x2 'Y2 = 

x3 ' ••• 'Yk-1 = xk ' because if 

p 

Yi = num(pfi ), x1 = num(pfo ) then pfi must point to pfi +1 , 0 S i < k, 

and p must pOint to pfo prior to line (3). Thus K S D + e where D is 

the number of pairs removed in lines (4) - (7). In a stage we add some 

pairs to S in line (9). If (x,y) = (num(pf1), num(pf2» is a pair added 

in line (9) then y = num(pf2 ) is a "new" number. In particular, if pair 

(x,y ) was deleted at some previous stage and pair (u,v) was deleted at 

the same stage then y > v. 

Readers familiar to the union-find problem, section 111.8.3., should 

see a similarity at this point. Consider the union-find data structure 

with path compression but without the weighted union rule. If one num­

bers nodes as they are created then upward links correspond to pairs 

(x,y) with x < y. Also path compression removes a chain of pairs and 

adds some new pairs with "large" second component. 

Theorem 6: Let Nand M be integers. Consider a process operating on set 

S = {(x,y); 1 S x < y S M} in N stages. Initially, S is a set of pairs 
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satisfying (x,y) E S, (x,y') E S - Y = y'. In each stage a chain 

(x1 ,x2 ), (x2 ,x3 ), ••• , (xk _ 1 ,xk ) of pairs is removed from S and some set 

of pairs (x,y) is added to S. Added pairs (x,y) satisfy 

(1) If (x,y) is added to S then no (x,y') is currently in S nor did 

(x,y) ever belong to S previously. 

(2) If (x,y') for some y' was deleted at some previous (including the 

present) stage and pair (u,v) was deleted at the same stage then y ~ v. 

Then at most (N + M) rlog M' pairs are removed from S. 

Proof: The proof is based on the following idea. If we delete a large 

chain (x1 ,x2 ), ••• , (xk _ 1 ,xk ) at some stage then all pairs (xi,y) added 

later on must satisfy y > x k • Therefore all these edges must have a 

large reach y - Xi. But no pair can have reach exceeding M and hence 

this cannot happen too often. The details are as follows. 

Let F be the set of pairs deleted. We divide F into classes according 

to the "reach" of the edges in F, namely 

Furthermore, let 

Li (x,y) EMil no(u,v) E Mi with v > y is removed from S at the 

same stage as (x,y)}. 

Note that the definitions make sense since no pair can be added twice 

to S by property (1). 

Proof: Obvious, since the edges removed at a stage ·form a chain and since 

there are only N stages. c 

Claim 2: For all x and i there is at most one y such that (x, y) E Mi - Li • 
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removed from S a pair (u,v) E Mi with v > Y1 was also removed from S at 

the same stage, since (x'Y1) ¢ Li • 

Since the set of pairs removed at a stage form a chain we also have 

y, ~ u. Next observe that Y2 ~ v by property (2). Thus 

since (x'Y1)' (u,v) E Mi and hence v - u ~ 2i and Y1 - x ~ 2i. We con-

clude that (x'Y2) ¢ Mi , a contradiction. D 

The proof is now easily completed. 

IFI 

since IMi Lil ~ M by claim 2 and ILil ~ N by claim ,. 

Theorem 7: a) Let LN be a layered network with n nodes and e edges. 

Then a blocking flow can be computed in time O(e(log n)2). 

D 

b) Let N = (V,E,c), s,t E V be a network with n nodes and e edges. Then 

a maximal (s,t)-legal flow can be computed in time O(en(log n)2). 

Proof: a) Theorem 6 (M = N = e) implies that the number of executions 

of lines (5) and (6) is O(e log n). Thus total running time is 

O(e(log n)2) by lemma 6 and the discussion following it. 

b) follows from part a) and Corollary'. D 

Theorem 6 can be used to show an O((n+m)log(n+m» bound on the cost of 

n unions and m finds when path compression is used but the weighted 

union rule is not used (cf. chapter III). 

Theorem 7 can be improved slightly. Sleator/Tarjan (Sleator 80) have 

shown that a clever use of dynamic weighted trees (cf. 111.6.) instead 

of balanced trees reduces the cost of blocking flow computations to 

O(e log n) and hence the cost of the maximum flow problem to O(en log n) • 

Finally, the algorithm above can be used to compute the maximal flow in 

an (s,t)-planar network in time O(n log n), exercise 29. 
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IV. 9.2 (0,1)-Networks, Bipartite Matching and Graph Connectivity 

In this section we will specialize the network flow algorithms to 

(0,1)-networks, or more generally bounded networks, and then apply it 

to compute maximum matchings in bipartite graphs and to compute the 

vertex connectivity of graphs. 

Definition: Let dEN. A network N = (V,E,c) is d-bounded if 

c(e) E {1,2, ••• ,d} for all e E E. A 1-bounded network is mostly called 

(0,1 )-network. 

If we apply any of our maximum flow algorithms to d-bounded networks 

then all intermediate flows f computed are integer, i.e. fee) E ~o for 

all e E E. In particular, the maximum flow is integer. We observed 

already that a blocking flow in a (0,1)-network can be computed in 

linear time. More generally, we have 

Lemma 8: Let N be a d-bounded network. Then a blocking flow can be 

computed in time O(de). 

Proof: Use the proof of theorem 5 and observe that an edge can be used 

at most d times in any path from s to t. c 

From lemma 8 we conclude that maximum flows in d-bounded networks can 

be computed in time O(den). Actually, a much better holds and can be 

shown by a more careful analysis of our network flow algorithms. More 

precisely, we show improved bounds on the number of phases needed by the 

algorithm. 

Let N = (V,E,c) be a network. Let s,t E V and let f be a legal flow. 

Let E1 = {(V,W)7 f(v,w) < c(v,w)} and let E2 = {(W,V)7 f(v,w) > 0}7 
cf. the definition of layered network. Let AN = (V,E 1 U E2,c) where 

c(v,w) = c(v,w) - f(v,w) for (v,w) E E1 and c(w,v) = f(v,w) if 

(w,v) E E2 and E1 U E2 is the disjoint union of E1 and E2 • Then con­
structing the layered network with respect to Nand f is the same as 

constructing the layered network with respect to AN and the flow 

function which is zero everywhere. 

Lemma 9: Let N be a network and let fmax be the value of a maximal 

(s,t)-flow. Let f be any legal (s,t)-flow, let AN be defined as above 
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and let fmax be the value of a maximal (s,t)-flow in AN. Then 

fmax fmax + val (f) 

Proof: Let (S,V-S) be any (s,t)-cut. We use c(S,V-S) and c(S,V-S) to 

denote the capacity of cut(S,V-S) with respect to N and AN respectively. 

We have 

c(S,V-S) L 
vES,wEV-S 

c(v,w) 

-
L [(c(v,w) - f(v,w)) + f(w,v)], definition of c 

vES,wEV-S 

c(S,V-S) - L 
vEV,wEV-S 

= c(S,V-S) - val (f) • 

(f(v,w) - f(w,v)) 

We conclude from this that cmin cmin - val (f) where cmin and cmin are 

the minimum capacities of any (s,t)-cut in N and AN respectively. An 

application of theorem 4 (min cut = max flow) completes the proof. c 

Lemma 9 tells us that the augmenting network AN has the potential of 

increasing flow to its maximum value. The layered network captures all 

shortest (s,t)-paths in AN. 

Lemma 10: Let N be a d-bounded network. Then the number of phases ist 

at most 3d1/ 3n 2/ 3 • 

Proof: Let fmax be the value of a maximum (s,t)-flow. If fmax < d 1/ 3n 2/ 3 

then the claim is true since every phase increases flow by at least one. 

So let us assume fmax ~ d 1/ 3n 2/ 3 • Consider the phase, say the ~-th 
phase, which increases flow to at least fmax - (d1/2n)2/~ Then there are 

at most d 1/ 3n 2/ 3 phases after phase ~ since every phase increases flow 

by at least one. We complete the proof by showing that ~ ~ .2d1/ 3n 2/ 3 , 

i.e. that flow value fmax - d 1/ 3n 2/ 3 was reached in at most 2d1/ 3n 2/ 3 

phases. Since the depth of the layered network grows by at least one in 

every phase (lemma 3), it suffices to show that d~, the depth of 

layered network LN used in phase ~, is at most 2d 1/ 3n 2/ 3 • Let 



LN = (Vo U V1 U ••• U Vk,E,C), where k = d t , Vo = {s}, t E Vk , and 
E c U (V. x V.+1) be the layered network used in phase t. LN is con­

- i ~ ~ 

structed with respect to flow f. 
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Let W~ = Vo U ••• U V~, 0 ~ i < k. Then (W.,V-W.) is an (s,t)-cut and 
~ ~ ~1/3 ~ 

hence c(W.,V-W.) ~ fmax = fmax - val(f) ~ d n2/ 3 by the proof of 
~ ~ 

lemma 9. Next observe that all edges of AN which emanate in W. and end 
~ 

in V - Wi actually start in Vi and end in Vi +1 by the way layered net-
work LN is defined. Hence C(Wi,V-Wi ) ~ 2d IVil IVi +1 1 since there are 

at most 2· IVil IVi +11 edges from Vi to Vi +1 (the two comes from the 
fact that (v,w) E E1 and (v,w) E E2 is possible). Thus IVil IVi +1 1 ~ 
(n/d)2/3/ 2 and hence IVil + IVi +1 1 ~ (n/d)1/3 for 0 ~ i < k. Summing 

this inequality for i, 0 ~ i < k, we obtain 

21vI ~ k(n/d) 1/3 

or 
c 

Theorem 8: Let N be a d-bounded network. Then a maximum flow can be 
computed in time 0(d4/ 3n2/ 3e). 

Proof: Immediate from lemmas 8 and 10. c 

A restricted form of (0,1)-networks is particularly important, simple 

(0-1)-networks. 

Definition: A network N (V,E,c) is simple if indeg(v) ~ 1 or 

outdeg(v) ~ for all v E V. C 

Theorem 9: Let N = (V,E,c) be a simple (0,1)-network. Then a maximum 

flow can be computed in time 0(n1/ 2e). 

Proof: A phase of the network flow algorithm takes time O(e) by theorem 

5. It therefore suffices to show that the number of phases is 0(n1/ 2). 

We use an argument similar to lemma 10. 

Let fmax be the value of a maximum (s,t)-flow. If fmax < n 1/ 2 then 
there is nothing to show. If fmax ~ n1/ 2 then consider the phase, say 

the t-th phase, which increases flow to fmax - n1/ 2 • Then there are at 
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most n 1/ 2 phases after phase t. It remains to show that the layered 

network LN used in phase t has depth at most n 1/ 2 • 

Let f be the legal (s,t)-flow obtained by our algorithm just prior to 

phase t and let AN be the augmenting network with respect to f. We 

claim that AN is a simple network. This can be seen as follows. Let 

v E V be arbitrary. Assume that indegree(v) = 1, the case 

outdegree(v) = 1 being similar. If f(e) = 0 for in(v) = {e} and hence 

f(e') = 0 for all e' E out(v) then v has certainly indegree one in AN. 

If f(e) = 1 for in(v) = {e} and hence f(e') = 1 for exactly one 

e E out (v) then v has also indegree at most one in AN. This follows 

from the fact that the direction of e and e' is reversed for construct­

ing the augmenting network. Thus AN is a simple network. 

~y lemma 9, AN allows an (s,t)-flow of fmax - val(f) ~ n 1/ 2 • Consider 

a maximum (s,t)-flow f in AN. We may assume that f is integer, i.e. 

f(e) E {O,1} for all edges of AN. Since AN is a simple network, f 
defines val (f) ~ n 1/ 2 paths from s to t which have no common vertex 

other than sand t. Hence anyone of these paths can have at most n 1/ 2 

intermediate nodes. This shows that the layered network used in phase t 

has depth at most n 1/ 2 • 

We have thus shown that the number of phases is O(n1/ 2 ) and hence total 

running time is O(n1/ 2e). 0 

We close this section with two applications of simple (O,1)-network 

flow: bipartite matching and graph connectivity. 

Let G = (V,E) be an undirected graph. A matching M is a set of edges 

M ~ E such that no two edges e 1 ,e 2 E M, e 1 * e 2 , share an end point. 

A maximal matching is a matching of maximal cardinality. An undirected 

graph G = (V,E) is bipartite if there is a partition V1 ,V2 of V such 

that E ~ V1 x V2 • In bipartite graphs, the nodes of V1 (V2 ) are often 

called girls (boys). Then (v,w) E E can be interpreted as "girl v can 

go along with boy w". Matching in arbitrary graphs allows for homosexu­

ality. 

Theorem 10: LetG=(V1 U V2 ,E), E ~ V1 x V2 , be a bipartite graph. A 

maximal matching can be computed in time o(n1/ 2e). 
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Proof: Define a simple (O-1)-network N = (V1 U V2 U {s,t}, E, c) as 

follows. Add two nodes sand t, connect s to all vertices in V1 ' direct 

all edges in E from V1 to V2 and connect all vertices in V2 to t. Also 

assign capacity one to all edges. Then integer-valued flows in N are 

in one-to-one correspondance to matchings in G. (The following figure 

shows a matching and the corresponding flow by wiggled edges). By 

theorem 9 a maximum flow in N can be computed in time O(n1/ 2e). 

We will next turn to vertex connectivity of undirected graphs. Let 

[] 

G = (V,E) be an undirected graph and let a,b E V be such that (a,b) ~ E. 

Set S ~ V - {a,b} is an (a,b) vertex separator if every path from a to 

b passes through a vertex of S. In other words a and b belong to 

different connected components of G - S. The minimum cardinality of any 

(a,b) vertex seperator is denoted by N(a,b) • 

Lemma 11: Let G = (V,E) be an undirected graph and let a,b E V be such 

that (a,b) ~ E. Then N(a,b) can be computed in time o(n1/ 2e). 

Proof: Construct a simple (O-1)-network N (V,E,c) as follows. Let 

V' = {v'; v E V} and V" = {v";v E V}; let V = V' U V", and let 

E= {(v',v"); vEV} U {(v",W'), (w",v'); (v,w) EE}. Finally, let 

c(v',v") = 1 for v E V and let c(v",w') = c(w",v') = ~ for (v,w) E E. 

The construction is illustrated by the following figure. (see next page). 

Claim: N(a,b) is equal to the maximum flow from a", the source, to b', 

the sink, in network N. 

Proof: ":5 It : Let (A,V - A) be a minimal (a",b') cut in network N. Let 

S = {v; v' E A, v" E V - A} • Then clearly c(A,V - A) ;:: I S I • Also, S is 

a vertex separator and hence lSI ;:: N(a,b). This can be seen as follows. 
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c 

a 

Let a = vo ,v1 , ••• ,vk = b be a path from a to b in G. Consider path 

v~,v1,v1,vi, ••• vk_1,vk from a" to b' in N. At least one of its edges 

must go across the cut defined by A. It cannot be one of the edges 

(vi,vl +1 ) because these edges have capacity ~ and cut (A,V - A) has 

finite capacity. Note that cut (A,V - A) has finite capacity because it 

is a minimal cut and since there are cuts, e.g. A = {a"} U (V' - (b'}), 

of finite capacity. 

"~": Let 5 =: V - {a,b} be an (a,b) vertex separator with 151 = N(a,b). 

Define A {x E Vi x can be reached from a" without using an edge 

(S',S") for s E 5}. Then b' ¢ A and hence (A,V - A) is an (a",b')-cut 

of network N. Also, v' E A implies v" E 5 for v E V - 5. Hence 

C(A,V - A) = 151 = N(A,B). 

It is now easy to see that the maximal flow from a" to b' does not 

change if we change all capacities to 1. We obtain a simple (O,1)-net­

work in this way. A maximal flow in this network and hence N(a,b) can 

be computed in time o(n1/ 2e) by theorem 9. 0 

The vertex connectivity c of an undirected graph G = (V,E) is the mini­

mal connectivity number of any pair of unconnected vertices. More 

precisely, 

c = 
{ n - 1 

min{N(a,b)i (a,b) ¢ E} 

if G is complete 

otherwise 

Theorem 11: Let G = (V,E) be an undirected graph and let c be its 

vertex connectivity. 
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a) c can be computed in time 0(cn3/ 2e) = 0(n1/ 2e 2 ). 

b) Let E > 0 and assume e ~ n 2/4. Then there is a randomized algorithm 

computing c in expected time 0((- logE)n3/ 2e) with probability of error 

at most E. 

Proof: Both parts are based on the following simple observation. 

Claim 1: Assume c < n - 1. Let c = N(x,y) for some nodes x,y E V and 

let S, lsI = c, be an (x,y)-vertex separator. Then c = min{N(a,b); bE V} 

for all a E V - S. 

Proof: G - S consists of at least two components. Let b be a node which 

does not belong to the same component as a. Then S separates a from b 

and hence N(a,b) ~ lSI = c. Thus c = N(a,b) by definition of c. 0 

a) The claim above suggests the following algorithm. Let v 1 ,v2 ,v3 , ••• ,vn 
be some ordering of V. 

(1) C 4- 00; i 4- 1; 

(2) while C ~ i 

(3) do c i 4- min{N(vi,V); v E V}; 

(4) C 4- min(C,c i ); i 4- i + 1 

(5) od 

Correctness of this algorithm can be seen as follows. We have 

c = min{c 1 ,c2 , ••• ,cc+1} by the claim above. Also C ~ c and 

C = min{c1 , ••• ,ci } always. The algorithm terminates with c ~ C < i and 

hence C = c. Also C = c whenever i ~ c + 1. Thus c + 1 iterations 

suffice. 

Running time is determined by line (3). Single execution of line (3) 

takes time 0(n3/ 2e) by lemma 11. Hence total running time is 0(cn3/ 2e). 

Finally, observe that c ~ min{deg(v); v E V} ~ 2e/n since L deg(v)= 2e. 
vEV 

b) Since c ~ 2e/n, cf. the proof of part a,and e ~ n 2/4 by assumption 

we have c ~ n/2. 

Claim 2: Choose a E V at random. Then 
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Prob(c > min{N(a,b); b E V}) ~ 1/2 

Proof: This is almost immediate from claim 1. Let S be defined as in 

claim 1. Then lSI ~ n/2 and 

Prob(c > min{N(a,b);b E V}) ~ Prob(a E S) ~ 1/2. 

Claim 2 suggests the following randomized algorithm for computing c. 

(1) k - - log E; C - CO; 

(2 ) do k times 

(3) choose a E V at random; 

(4) C - min(C, min {N(a,b) ;b E VJ) 

(5) od 

[) 

Running time of this algorithm is clearly 0«- log E)n3/ 2e). Also, the 

probability that C > c upon termination, is at most (1/2)k = E by 

claim 2. [) 

IV. 9.3 Weighted Network Flow and Weighted Bipartite Matching 

A weighted network flow problem is given by N = (V,E,cap,cost) and 

nodes s,t E V. Here cap: E ~ R+ gives the capacity of an edge (we used 

c instead of cap so far) and cost: E ~ R is the cost of transporting 

one unit of flow across an edge. Throughout this section we assume 

that capacities are integers. Let f be a legal (s,t)-flow. Then the 

cost of f is given by 

cost (f) ~ fee) cost(e). 
eEE 

The weighted network flow problem is then to compute a legal (s,t)-flow 

with maximal flow value and (among these) minimal cost. More generally, 

we might look for a flow function f with val (f) = v for some predefined 

v and minimal cost. We will see in this section that a minimal cost 

flow with flow value v can be computed in time O(ve(log n)/log(e/n». 

At the end of this section we will apply this result to weighted 

bipartite matching and derive an O(ne(log n)/log(e/n» algorithm for 

it. 



The theory of weighted network flow is a natural extension of the 

theory of ordinary network flow. Let N = (V,E,cap,cost) be a network, 

s,t E V and let f: E ~ ~ be a legal (s,t)-flow. We define the aug­

menting network with respect to Nand f as in the previous section. 

More precisely, AN = (V,E,cap,cost) , where E = E, U E2 and E, = 

{e E E; fee) < cap(e)} and E2 = {(w,v); (v,w) = e E E and fee) > OJ. 

For e E E we use e i to denote the edge corresponding to e in Ei , 

i = ',2. Also 

-cap (e) fee) H 
{ - e e, 

cap (e) 
fee) if e e 2 

and 

{ 
cost(e) if e e, 

cost (e) 
- cost(e) He e 2 
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Our first lemma connects minimality in cost with the presence of cycles 

of negative cost in the augmenting network. 

Lemma '2: Let f be a legal (s,t)-flow with val (f) = v and let AN be the 

augmenting network with respect to f. Then f has minimal cost among all 

(s,t)-flows with value v iff there is no cycle of negative cost in AN. 

Proof: " .. " (indirect): It is clear that a negative cost cycle can be 

used to decrease the cost of f without changing the flow value. 

"~,, (indirect): Assume that f does not have minimal cost, i.e. there 

is a legal (s,t)-tlow g with val (g) = val (f) and cost(g) < cost(f). 

Let AN = (V,E,cap,cost)be the augmenting network with respect to f. 

Consider h: E ~ ~ defined by 

{ 
max(O, gee) - f (e) ) if e e, 

heel 
max(O, fee) - g (e) ) if e e 2 

Claim' : h is a legal (s,t)-flow in AN with val (h) o and COSt (h) < 0. 

Proof: We show first that h has negative cost. Note that for all e E E 

we have heel) cost(e,) + h(e 2 ) cost(e 2 ) = (g(e) - fee»~ cost(e) and 

hence 
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cost(h) :!: heel cost(e) 
e€E 

:!: [h(e 1 ) cost(e 1) + h(e 2 ) cost(e2 )] 
e€E 

:!: (g(e) - fee»~ cost(e) 
e€E 

= cost(g) - cost(f) < 0 

We show next that h satisfies the conservation laws. Note that for all 

e € E h(e 1) - h(e 2 ) = gee) - fee) and hence for all v € V (out(v) is 

the set of edges emanating from v in AN and similarly for in(v»: 

L h(e)­
e€out(v) 

:!: heel 
eHn (v) 

:!: (h(e 1 )-h(e2 » - L (h(e 1 )-h(e 2 » 
e€out(v) e€in(v) 

:!: (g(e)-f(e»­
e€out(v) 

L (g(e)-f (e» 
eHn (v) 

= [ L g(e)­
e€out(v) 

L gee)] - [ L f(e)-
e€in(v) e€out(v) 

{ 
Val(~)-_OVal(f) 

-val(g) + val (f) 

if v * s,t 

if v = s 

if v t 

L f (e) ] 
e€in(v) 

In any case, this shows that h satisfies the conservation laws and that 

val (h) = O. Finally, it is trivial to see that h satisfies the capacity 

constraints. [J 

Flow function h has zero flow and negative cost. It is intuitively 

clear, that h is circular in some sense. More precisely, we show that 

h can be decomposed in a set of flows around cycles. It is then easy to 

conclude that one of the cycles must have negative cost. 

1 ) L hire) for all e € E 
i 
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2) For every i there is a directed cycle wo,w" ••• ,wk = Wo in AN such 

that hi(wj,wj +,) = hi(wt,Wt +,) for 0 S j < t < k, and hi(e) = 0 for 
edges not on the cycle. 

Proof: (By induction on the number k of edges e E E with h(e) * 0). If 

k = 0 then there is nothing to 

be any node such that there is 

Since ~ h(e) ~ 

prove. So let us assume k ~ O. Let Vo 

edge (vo'v,) E E with h(vo'V') * o. 
h(e) and h(e) ~ 0 for all e E E there 

eEout(v,) eEin(v,) 

must be v 2 such that (v"v2) E E with h(V"v2) * O. Continuing in this 

fashion we construct a path vo ,v"v2, ••. ,vm in AN with vm Vj for some 

j < m. 

We take Vj,Vj+" ..• ,vm as the 

h1 (vt ,Vt +1) = min{h(vt,Vt+1)~ 

all edges e not on the cycle. 

desired cycle and define h,: E E ~~o by 
j S t < m} for j S t < m and h. (e) = 0 for 

1 

Finally, let h' = h - h,. Then h' is a legal (s,t)-f10w with flow value 

O. Also there is one less edge with h' (e) * o. D 

The proof of lemma '2 is now readily completed. We have cost(h) 

~ eost(h.) and hence eost(h.) < 0 for some i, , SiS m. Let C be the 
i 1 1 

cycle underlying hi and" let E be the flow along the edges of C. Then 

eost(hi ) = E cost(C) whre cost(C) is the cost of cycle C interpreted 

as a path in network AN. D 

Lemma '2 can be used to design an algorithm for minimizing cost without 

changing the flow value (exercise 32). More importantly, we can use 

lemma '2 to show that augmentation along minimum cost paths does not 

destroy cost minima1ity. 

Lemma '3: Let f be a minimal cost flow with val (f) = v and let AN 

(V,E,cap,cost) be the augmenting network with respect to f. Let p be a 

minimum cost path from s to t in AN, let f' be a legal (s,t)-f10w in AN 

which is non-zero only along p (i.e. f' sends some units of flow from 

s to t along p). Then fll where 

fll(e) f(e) + f' (e 1) - f' (e 2) for a11 e E E 

is a minimum cost flow of value val (f) + val(f'). 
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Proof: f" is certainly a legal (s,t}-flow with value val(f) + val(f'}. 

A formal proof can be given along the lines of lemma 2b}. It remains to 

show that f" has minimal cost. Assume otherwise. Then there is a 

negative cost cycle C in the augmenting network AN" constructed with 

respect fo f". We will derive a contradiction as follows. 

If cycle e exists in AN then f was not optimal, a contradiction. So e 

cannot exist in AN, i.e. there is at least one edge (v,w) on path p 

such that e uses this edge in reverse direction. Let (v,w) be the first 

such edge. 

t 

w~-__ 

s 
Let path p' from s to t be constructed as follows. Follow p from s to 

v, then follow C until C intersects p for the next time, say in point 

x, then follow from x to t. Let cycle C' be constructed as follows: 

Follow p from w to y, where y is the point following x on cylce e, and 

then follow C from y to w. Note that eost(p'} + Cost(e'} = 

eost(p) + Cost(e} since the cost of edge (v,w) is the negative of the 

cost of edge (w,v). Continuing in this fashion we obtain an (s,t)­

path p" from s to t in AN and a cycle e" such that cost(p"} + cost(e"}= 

cost(p} + cost(C} and p" and e" use no edge in reverse order. Thus C" 

is a cycle in network AN. Since cost(C} < 0 we either have cost(C"} < 0, 

a contradiction to the optimality of f, or cost(p"} < cost(p}, a 

contradiction to the fact, that p is a least cost path from s to t in 

AN. 

Lemma 13 gives rise to a minimum cost flow algorithm. 

(1 ) let f (e) = 0 for all e E E; 

(2) while val(f} < v 

(3) do let AN be the augmenting network with respect to f; 

(4) let p be a least cost path from s to t in AN; 

o 
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(5) let E be the minimal capacity of any edge in p; 

(6) increase the flow along p by minCE, v - val(f» 

(7) od 

Theorem 12: Let N = (V,E,cap,cost), s,t E V be a network with integer 

capacities and let v E IR+. Then a minimum cost flow with value v (if it 

exists) can be computed in time 0«1 + v)ne). 

Proof: Correctness of the algorithm above is immediate from lemma 13. 

Single execution of the loop body takes time O(e), lines (3), (5) and 

(6), plus O(ne) for line (4). The time bound for line (4) follows from 

IV.7.3., theorem 5. Finally, since capacities are integer, flow is 

increased by at least one in every iteration (except maybe the last). 

Thus total running time is 0«1 + v)ne). C 

In line (4) of the above algorithm one has to solve single source least 

costs. In section IV.7.4. we saw that arbitrary edge costs can sometimes 

be transformed into non-negative edge costs by means of a potential 

function. More precisely, we proceeded as follows. Given a weighted 

graph (V,E,cost), and s E V we computed dist(s,v), the length of the 

shortest path from s to v. We used dist(s,v) as a potential function 

and turned all edge costs by 

~(v,w) = cost(v,w) + dist(s,v) - dist(s,w) 

into non-negative edge costs. A similar approach works here. 

Let AN be the augmenting network with respect to minimal cost flow f 

and let p be a minimal cost path from s to t in AN. After increasing 

flow along p we obtain flow f'. Let AN' be the augmenting network with 

respect to f'. Then AN and AN' are very similar. The only difference is 

that some edges of path p are removed from, and the reverse of some 

edges of path p are added to AN to obtain AN'. Also if a reverse edge 

is added then its cost is the negative of the cost of the edge. Let 

dist(s,v) be the cost of the least cost path from s to v in AN. We 

claim that we can use dist(s,v) as a potential function for least cost 

path computations in network AN' • 

Lemma 14: Let AN' = (V,E',cap',cost') and let dist(s,v) be the cost of 

a least cost path from s to v in AN, v E V. Let 
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r--/ 
cost{v,w} cost' {v,w} + dist{s,v} - dist{s,w} 

for all {v,w} E E'. Then ~{v,w} ~ 0 for all {v,w} E E'. 

Proof: We distinguish two cases: Edge {v,w} is the reverse of an edge 

of path p or it is not. If it is not then cost' {v,w} = cost{v,w} where 

cost is the cost function of network AN and the claim is true since 

distances satisfy the triangle inequality. If {v,w} is the reverse of 

edge {w,v} and {w,v} belongs to p then dist{s,v} = dist{s,w} + cost{w,v} 

since p is a least cost path and cost' {v,w} = - cost{w,v} by definition 

of AN'. Hence &Qst{v,w} = O. 0 

Lemma 14 almost implies that we only have to solve single source least 

cost path problems with non-negative edge costs in line {4}. However, 

there is still a small problem to resolve. If we transform edge costs 

as described in lemma 14, then we compute dist {s,v}, the least cost of 

a path from s to v in AN' with respect to cost function cost, in line 

{4}. However, we need to know dist' {s,v}, the least cost of a path from 

s to v in AN' with respect to cost function cost', in order to able to 

transform edge costs for the next iteration. This difficulty is easily 

resolved. Note that 

~ 
dist{s,v} dist' {s,v} + dist{s,s} - dist{s,v} 

dist' {s,v} - dist{s,v} 

--for all v E V. Hence dist' {s,v} is easily computed from dist{s,v} and 

dist(s,v}. We summarize in 

Theorem 13: Let N = (V,E,cap,cost), s,t E V be a network with integer 

capacities and let v E R+. Then a minimum cost flow from s to t with 

value v can be computed in time O(ve(log n}/max(loq(e/n},1}}. 

Proof: Immediate from the discussion above, and IV.7.2. theorem 2. 0 

We close this section with a short discussion of weighted bipartite 

matching. Let G = (V 1 U V2 ,E), 

graph and let cost: E ~ IR+ be 

then the cost of M is defined 

cost(M} = L cost(e} 
eEM 

E c V1 x V2 ' be a bipartite (undirected) 

a cost function. IfM c E is a matching 

by 



Theorem 14: Let G = (V1 U V2,E), cost: E ~ R+ be a weighted bipartite 

graph and let v s n, v E N. Then a matching of cardinality v (if it 

exists) and minimal cost can be computed in time 

O(ne(log n)/max(1,log(e/n))). 

Proof: The proof is very similar to the proof of theorem 10. Define 

network N = ({s,t} U V1 U V2,E,cap,cost) by 
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E = ({s} x V1) U E U (V2 x {t}), cap (e) = 1 for all e E E and cost(e) 

cost (e) for e E E and cost(e) = 0 for e E E - E. Then matchings and 

flows are in one-to-one correspondence and hence a matching of cardi­

nality v and minimal cost can be computed in time 

O(ne(log n)/max(1,log(e/n))) by theorem 13. c 

IV. 10. Planar Graphs 

This section is devoted to planar graphs. We treat three topics. The 

main topic is a linear time O(n) algorithm for testing planarity. We 

will then turn to the planar separator theorem which opens the family 

of planar graphs to divide and conquer algorithms. Finally, we desribe 

one particular algorithm based on that paradigm: a single source 

shortest path algorithm for planar graphs. 

Let G = (V,E) be an undirected graph. G is planar iff there exists a 

mapping of the vertices and edges of the graph into the plane such that 

each vertex is mapped into a distinct point, each edge (v,w) is mapped 

onto a simple curve connecting the images of v and w, and mappings of 

distinct edges have only the images of their common endpoints in common. 

A mapping which satisfies these conditions is called a planar embedding 
~ 

of G. We use G to denote a planar embedding of G. The following figure 

shows two planar embeddings of a graph. 
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A 

Let G be a planar embedding of graph G. Removal of G from the plane 

splits the plane into connected open regions, the faces of G. One face 

of G is unbounded: it is called the outer region. Every face is en­

closed by a path of edges of the graph. We will say that the edges and 

nodes of this path border the face. The following lemma is helpful. 

A 

Lemma 1: Let G be any planar embedding of a graph G, let F be a face of 

G and let p be the path enclosing F. Then there is an embedding a of G 

in which path p encloses the outer face. 

A 

Proof: G is an embedding of G into the plane. Choose any point x in the 

interior of face F and identify the plane with the field of complex 

numbers, point x corresponding to number O. Then mapping z ~ 1/z applied 

to G generates embedding a. c 

It is well known that planar graphs are necessarily sparse. 

Lemma 2: Let G (V,E) be a planar graph. Then e ~ 3n - 6 for n ~ 3. 

Proof: We prove the lemma for triangulated planar graphs first. A 

planar graph is triangulated if it has an embedding where every face is a 

triangle, i.e. is adjacent to (the images of) exactly three edges. For 

triangulated planar graphs we can relate the number of edges, vertices, 

and faces. 

A 

Claim: Let G be an embedding of a triangulated planar graph. 

a) Then n + f = e + 2 where n,e,f is the number of nodes, edges and 

faces respectively. 

b) e 3n - 6 for n ~ 3. 

Proof: a) We use induction on n. The claim is clearly true for n ~ 3. 

Suppose now that n > 3. Let v be any node of G, let d be the degree of 

v and let v 1 , ••• ,vd be the neighbours of v. Since every face of G is a 

triangle, we conclude that d ~ 3 and that edges (v1 ,v2), (v2 ,V3), ••• , 

(vd_ 1 ,vd ), (vd ,v1 ) exist, for some appropriate ordering of the neigh­

bours of v. 
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Construct G', the planar embedding of a triangulated planar graph G' as 

follows: Remove v and all edges incident to v and add edges (v1 ,v3 ), ••• , 

(v1 ,vd _ 1). Let n' ,e',f' be the number of nodes, edges, faces respec­

tively of G'. Then n' = n - 1, e' = e - 3 and f' = f - 2. Also n' + f' = 
e' + 2 by induction hypothesis. Hence n - 1 + f - 2 = e - 3 + 2 or 

n + f = e + 2. 

b) Since every face is bounded by exactly three edges and since every 

edge is adjacent to exactly two faces we have 3f = 2e provided that 

n ~ 3. Hence n + 2/3e = e + 2 or e = 3n - 6 by part a). 0 

Extension to arbitrary planar graphs is quite simple now. Let G be the 

embedding of a planar graph. We can add edges to G until every face of 
A 

G is a triangle. Hence e ~ 3n - 6 for all planar graphs provided that 

n ~ 3. o 

Lemma 2 is helpful in two respects. Firstly, it implies that an O(n + e) 

algorithm is really an O(n) algorithm and secondly it implies that a 

planar graph has a large fraction of nodes of small degree. More 

precisely, let nd be the number of nodes of degree at most d. Then 

(n - nd ) (d + 1) ~ 2e since at least n - nd nodes have degree d + or 

more. Thus (n - n d ) (d + 1) ~ 6n - 12 by lemma 2 and hence nd ~ 

(n(d - S) + 12)/(d + 1). In particular, there is always at least one 

node of degree at most S, i.e. nS ~ 1, and at least 14% of nodes have 

degree at most 6. The fact that a large number of nodes have small 

degree can sometimes be used to design divide and conquer algorithms 

for planar graphs. One such algorithm is treated in the section on 

Voronoi diagrams and searching planar subdivisions in chapter VIII.3 .• 
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We will now describe a linear time planarity testing algorithm. Since a 

graph is planar iff its biconnected components (cf. section 6) are we 

can restrict attention to biconnected graphs. Also we can restrict our­

selves to graphs with e ~ 3n - 6 by lemma 2. The planarity testing 

algorithm is an extension of depth first search. In the sequel we will 

always identify nodes with their DFS number. Suppose that we perform 

a DFS on G = (V,E) and divide the edges of G into tree edges and back­

ward edges (cf. section 5). More precisely, let T be the set of tree 

edges and let B be the set of backward edges which are not reversals 

of tree edges. In this way every edge in E becomes either a tree edge 

or (exclusive) a backward edge, i.e. E = TUB, TUB = ~. Note that 

this notation differs slightly from the one used in section 5. There, 

reversals of tree edges were also called backward edges. Suppose also 

that we identify a cycle C starting in the root of the DFS-tree and 

consisting of tree edges followed by one backward edge. Such a cycle 

exists since G is biconnected. We call such a cycle a spine cycle of G. 

The underlying path of tree edges is called spine path. Consider the 

other edges emanating from the nodes on the cycle. With every such edge 

e we associate a segment S(e) as follows. If e is a backward edge then 

S(e) is just e. If e = (x,y) is a tree edge with x a node on cycle C 

and y not a node on cycle C then S(e) consists of the subgraph spanned 

by the set V(e) = {z; y ~* z} of nodes reachable from y by tree edges 
T 

and all backward edges emanating from a node in V(e) and ending in a 

node on cycle C(which is then an ancestor of x). We also need to talk 

about the set of attachments A(e) of segment S(e) to cycle C. If e = 

(x,y) and e is a backward edge then A(e) = {x,y} and if e is a tree edge 

then A(e) {x} U {u; (z,u) is a backward edge and u ~* x ~ y ~* z}. 
T T T 

In our example (see next page), cycle C runs from 1 to 9 by tree edges 

and then back to node 1. There are four segments with respect to C 

associated with edges (9,10), (7,5), (7,13) and (6,4). Set A«9,10» 

consists of nodes 9,8,7 and 5. [J 

We test planarity of G in a two step process. We first test whether 

C + S(e), the graph consistinq of cycle C and segment S(e), is planar 

for every edge e emanating from cycle C. For this test we will use the 

algorithm recursively. In a second step we then try to merge the 

embeddings found in step one. The merging process only needs to look at 

the set of attachments of the different segments emanating from Sand 

how they interact. In our example, segments S«7,5» and S«6,4» have 
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to be embedded on different sides of C because these segments "interlace". 

We will next describe the theory behind both steps in more detail. Let 

C be a cycle, let e = (x,y) be an edge emanating from cycle C, and let 

A(e) be the set of attachments of segment See). Let Wo = min A(e), i.e. 

Wo is an ancestor of all other nodes in A(e). Also let (z,wo ) be a back­

ward edge where z is a node of segment See). 

I 

C' 
\ 

/ 
I 

/ 

/ Wr=x 
I 

\ 
\ 

\ 
\ , 

\ 
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Then a spine cycle SC(e) of segment See) consists of the tree path 

wo ,w1 , ••• ,wk from Wo to Z wk followed by backward edge (wk,z). Then 

x = wr ' y = wr+1 for some r. Tree path wr ,wr +1 , ••• ,wk is called the 

spine of segment S(e). The spine cycle of segment See) will play the 

role of cycle C in the recursive application of the algorithm. The 

following concept is crucial: 

Segment See) is strongly planar iff there is an embedding of See) + SC(e) 

such that the tree path from Wo to wr = x borders the outer face. Re­

cursive application of the planarity testing algorithm is justified by: 

Lemma 3: For all edges e emanating from C we have: C + See) is planar 

iff See) is strongly planar. 

Proof: """.Consider any embedding of C + S(e). Cycle C divides the 

plane into a bounded and a unbounded region. We may assume w.l.o.g. that 

edge e = (x,y) lies in the unbounded region. Hence all of See) must lie 

in the unbounded region since every node of See) is reachable from y 

without passing through a node of C. If we remove the part of cycle C 

between x and Wo then we have the desired embedding of See) + SC(e). 

n~". Given an embedding of See) + SC(e) which has the property stated 

we can clearly add the missing part of C to obtain an embedding of 

C + S (e) • [J 

We need to straighten out the relationship between planarity and strong 

planarity at this point. Let G = (V,E) be a biconnected graph and let 

node 1 be the root of a DFS spanning tree. Suppose now that we add 

(conceptually) a self-loop at node 1 to graph G. Then See), where e is 

the only (since G is biconnected) tree edge out of node 1, is the en­

tire graph G. Also G is planar iff See) is strongly planar with respect 

to the self-loop. This follows from the fact that the tree path from 

Wo to x referred to in the definition of strong planarity consists of a 

single node, namely node 1, and that every face can be made the outer 

face by lemma 1. This discussion shows that we can restrict ourselves 

to testing strong planarity. Note that a test for strong planarity was 

required in lemma 3. 

For step 2 we need the concept of interlacing. Let e and e' be edges 

emanating from cycle C. Then segments See) and See') interlace if 
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either there are nodes x < y < z < u on cycle C such that x,z E A(e) 

and y,u E A(e') or A(e) and A(e') have three points in common. Clearly, 

interlacing segments cannot be embedded on the same side of C. The 

interlacing graph IG(C) with respect to cycle C is defined as follows: 

The nodes of IG(C) are the segments See) where e emanates from C. Also 

See) and See') are connected by an edge iff See) and See') interlace. 

In our example we have the following interlacing graph. This graph is 

S = 3 

5 ( (9.10) ) ~s ( (7.13) ) 

S((7,5) -S((6,4» 

bipartite with segments S1 and S3 forming one of the sides of the 

bipartite graph. Note also that the planar embedding of our example 

graph shown above has S1 and S3 on one side of C and S2 and S4 on the 

other side of cycle C. 

Lemma 4: Let C' be the spine cycle of some segment s(eo )' i.e. 

C' = w - w1 - •.• - wk - wand e (w ,w +1) for some r (cf. the 
0T T BOO r r 

figure preceding lemma 3 ). Let e 1 , ••• , em be the edges leaving the 

spine of S(eo )' i.e. they leave the cycle in nodes wj , r < j ~ k. Then 

C' + s(eo ) is planar iff s(e i ) is strongly planar for all i, ~ i ~ m, 

and IG(C') is bipartite, i.e. there is a partition {L,R} of 

{S(e1 ), ••• ,S(em)} such that no two segments in L(R) interlace. More­

over, segment S(eo ) is strongly planar if in addition for every con-

nected component B of IG(C'): either {w1 ' ••• ,w -1} n U A(e) = ¢ 
r S(e)EBnL 

or {w 1 ' ••• ,w -1} n U A(e) = ¢. 
r S(e)EBnR 
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Proof: " ... ": Segments s(ei ), 1 :::; i :::; m, are strongly planar by lemma 3. 

Consider any planar embedding of C' + s(eo ) = C' + S(e1 ) + .•. + Seem)' 

Let L = {s(e i ); s(e i ) is embedded inside cycle C', 1 :::; i :::; m} and let 

R be the remaining segments. Then no two segments in L (R) interlace 

because interlacing segments have to be embedded on different sides of 

C'. Hence IG(C') is bipartite. Finally, assume that s(eo ) is strongly 

planar. Consider an embedding of C' + s(eo ) which witnesses the strong 

planarity of s(eo )' i.e. tree paths Wo w1 - w2 - ••• - wr borders the 

outer face. Then no segment s(ei ), 1 :::; i :::; m, which is embedded outside 

C' can have an attachment in {w1 ' ••• ,wr - 1} and hence 

{w 1 ' ••• , w -1} n U A (e) = !l!. 
r S(e)ER 

" .. ". The proof of this direction is postponed. It will be given in 

lemma S,d below. o 

Lemma 4 suggests an algorithm for testing strong planarity. In order to 

test strong planarity of segment s(eo )' test strong planarity of 

segments S(ei ), 1 :::; i :::; m, construct the interlacing graph and test for 

the conditions stated in lemma 4. Unfortunately, the size of the inter­

lacing graph might be quadratic and therefore we cannot afford to con­

struct the interlacing graph explicitely. Rather, we compute the con­

nected components (and their partition into left and right side) of 

IG(C') iteratively by considering segment after segment. More precisely, 

we will first consider all segments emanating from wk ' then all seg­

ments starting at wk- 1 ' •••• For each Wj we will consider the edges 

emanating from w. in the following order. The motivation for this order 
J 

becomes clear in the proof of lemma S,b below. Let e = (wj,z) and 

e' = (w.,u) be edges starting in w .• Then e is considered before e' if 
J J 

either (if e E B then z else LOWPT1[z]) < (if e' E B then u else 

LOWPT1[u]) or these quantities are equal and either e is a backward 

edge or LOWPT2[z] ~ w .• Ties are broken arbitrarily. Functions LOWPT1 
J 

and LOWPT2 are defined by 

LOWPT1 [v] min ( {v} U {Zi v -* W z for some w E V}) 
T B 

and let 

LOWPT2[v] min ( {v} U {z i V -* W z for some w E V and 
T B 

z * LOWPT1 [v]} ) . 
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LOWPT1[v] is the lowest node reachable from v by a sequence of tree 

edges followed by one backward edge. Since G is assumed to be bicon­

nected we have LOWPT1[v] < v for all v * 1. LOWPT2[v] is the second 

lowest node reachable from v in this way, if there is one. The default 

value for both functions is v. Functions LOWPT1 and LOWPT2 are easily 

computed during DFS since 

LOWPT1 [v] 

and 

LOWPT2[v] 

min({v} U {z; (v,z) E B} U {LOWPT1[w]; (v,w) E T}) 

min ( {v} U {z; (v,z) E Band z * LOWPT1 [v]} 

U {LOWPT1 [w]; (v,w) E T, LOWPT1 [v] * LOWPT1 [w]} 

U {LOWPT2[w]; (v,w) E T}) 

These equations suggest to compute LOWPT1 and LOWPT2 by two separate 

applications of DFS. In a first application of DFS one computes LOWPT1 

and in a second application one computes LOWPT2 knowing already LOWPT1. 

We leave it to the reader to show that one DFS suffices to compute both 

functions. 

Having computed LOWPT1 and LOWPT2 we can now reorder adjacency lists 

using bucket sort. Let c : E ~ ~ be defined by 

2w 

c(v,w) 2 LOWPT1[w] 

2 LOWPT1 [w] + 1 

if (v,w) E B 

if (v,w) E T and LOWPT2[w] ~ v 

if (v,w) E T and LOWPT2[w] < v 

We want to reorder adjacency lists according to non-decreasing order of 

c. We can do so in linear time by bucket sort. Have 2n initially empty 

buckets. Step through the edges of G one by one and throw edge (v,w) 

into bucket c(v,w). After having done so we go through the buckets in 

decreasing order. When edge (v,w) is encountered we add (v,w) to the 

front of v's adjacency list. 

In our example, the edges out of node 7 are ordered (7,8), (7,13), (7,5) and 

the edges out of node 11 are ordered (11, 1 2), ( 11 ,7), (11,8). 

From now on, we assume that adjacency lists are reordered in the way 

described above. Then spine paths and spine cycles of segments can be 
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found very easily. Consider segment S(eo ) where eo = (x,y). Start in 

node y and construct a path by always taking the first edge out of 

every node until a backward edge is encountered. This path is easily 

seen to be a spine path of segment S(eo ). 

We resume the discussion of how to deal with the interlacing graph now. 

As in lemma 4, C' is the spine cycle of some segment s(eo )' i.e. 

C' = w - w1 - ••• - wk - wand e = (w ,w +1) for some r. Let oT T T BOO r r 
e 1 , ••• ,em be the edges leaving the spine of S(eo ) in order, i.e. the 

edges leaving wk are considered first and for each Wj the edges are 

ordered as described above. Let IGi(C') be the subgraph of IG(C') 

spanned by s(e1 ), ••• ,s(ei ). If IGi(C') is non-bipartite then so is 

IG(C') and hence s(eo ) is not strongly planar. If IGi(C) is bipartite 

then every connected component (= block) of IGi(C) is. If B is a block 

of IGi(C) then we use LB, RB to denote the partition of B induced by 

the bipartite graph. 

Our next goal is to describe how the blocks of IGi + 1 (C) can be obtained 

from the blocks of IG. (C). Let e'+1 = (v.,z). For every block B of 
~ ~ ] 

IGi (C) let 

ALB = {Whi h < j and wh E A(e) for some S(e) E LB} 

be the set of attachments (below v.) of segments in LB. ARB is defined 
J 

similarly. 

Lemma 5: If IGi(C') is bipartite, then 

a) there is some ordering of the blocks of IGi(C), say B1 ,B2 , ••• ,Bh , 

Bh+ 1 , ••• such that 

max(ALB~ U ARB~) ~ min(ALB~+1 U ARB~+1) 

for 1 ~ ~ < h and ALB~ = ARB~ = ~ for ~ ~ h. 

b) IGi +1 (C') is bipartite iff for all ~, 1 ~ ~ ~ h, either max ALB~ ~ 

LOWPT1'[z] or max ARB~ ~ LOWPT1' [z]. Here, LOWPT1'[z] = z if e i + 1 
(vj,z) is a backward edge and LOWPT1'[z] = LOWPT1[z] otherwise. 
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c) If IGi+,(C') is bipartite then the blocks of IGi+,(C) can be obtained 

as follows: Assume w.l.o.g. that max ALB~ ~ LOWPT"[z] for all ~ (this 

can always be achieved by interchanging LB and RB for some blocks B) . 

Let d = min{~; max ARB~ > LOWPT"[z]}. Then the blocks of IGi+,(C) are 

B" ••• ,Bd_, ,Bd U ••• U Bh U {S (e i +,)} ,Bh+,,··· • 

d) If IGi+,(C') is bipartite and s(e~), , ~ ~ ~ i + " are strongly 

planar then there is a planar embedding of C' + See,) + ••• + s(ei +,) 

such that all segments in ~ LB~ are embedded inside C' and all segments 

in U RB~ are embedded outside C'. 
~ 

Proof: We use induction on i. For i o there is little to show. 

IGO(C') is empty and IG,(C') consists of a single node. This shows a), 

b) and c). For part d) we only have to observe that See,) can be 

embedded inside as well as outside C' (if See,) is strongly planar). 

So let us turn to the case i > o. We will show parts b), c), a) and 

d) in this order. 

b) "~". Note first that it suffices to show the following 

Claim ,: If max ALB~ > LOWPT1' [z] then there is a segment See) E LB~ 

such that See) and S(e i + 1 ) interlace. 

Suppose we have shown the claim. If there were ~, , ~ ~ ~ h, such that 

max ALB~ > LOWPT1'[z] and max ARB~ > LOWPT1'[z] then s(e i + 1 ) interlaces 

with a segment See) E LB~ and a segment See') E RB~. Since See) and 

See') belong to the same block there is a path from See) to See') in 

IGi(C). Since IGi (C) is bipartite this path necessarily has odd length. 

Together with edges See) - s(e i + 1 ) - See') we obtain an odd length 

cycle in IGi + 1 (C). Hence IGi +1 (C) is non-bipartite, a contradiction. 

It remains to show claim 1. 

Proof of claim ,: Let v = LOWPT1'[z]. Since max ALB~ > v there must be 

a segment See) E LB~ such that w E A(e) for some w with v T+ w ;+ w j . 

Edge e emanates from node w for some p ~ j. 
p 

+ + + Case 1: p > j. Then v T w; Wj T wp ' v,wj E A(e i +1 ) and w,wp E A(e). 

Hence segments See) and s(ei +1 ) interlace (cf. figure 1). 
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S(e) 

LOW'PT1[uJ 

figure 1 figure 2 

Case 2: p = j. Let e = (wj,u). Since e is considered before e i +1 and 

hence LOWPT1'[u) S v, edge e cannot be a backward edge (If it were a 

backward edge then LOWPT1'[u) = u = w > v, a contradiction). Hence e is 

a tree edge and LOWPT 1 ' [u) = I..CMPT1 [u) • 

+ + + Case 2.1: LOWPT[u) < v. Then LOWPT1[u) T v T W T Wj , LOWPT1[u), 

W E A(e) and v,wj E A(e i +1). Hence segments See) and s(ei +1) interlace 

(cf. figure 2). 

Case 2.2: LOWPT1[u) = v. Since W E A(e) we have LOWPT2[u) < wj • Since e 

is considered before e i +1 edge e i +1 cannot be a backward edge. Rather, 

it must be a tree edge and we must have LOWPT2[z) < W .• If LOWPT2[z) * 
+ J+ LOWPT2[u), say LOWPT2[z)~ LOWPT2[u), then we have v ~ LOWPT2[z) 

+ + T T 
~ LOWPT2[u) ~ w., v,LOWPT2[u) E A(e), and LOWPT2[z), w. E A(e.+ 1). 
T T J J ~ 
Hence S (ei +1 ) and S (e) interlace (cf. figure 3). If LOWPT2[ z] = LOWPT2[u] 

then A(e) and A(e i +1) have three points in common and hence S(ei ) and 

s(ei +1) interlace (cf. figure 4) (see next page). 

" .. ". Assume now that max ALBR. S LOWPT1'[z) or max ARBR. S LOWPT1'[z] for 

all R., 1 S R. S h. By interchanging LBR. and RBR.' if necessary, we can 

achieve that max ALBR. S LOWPT1' [z] for all R., 1 S R. S h. 

Claim 2: Let See) E ~ LBR. be arbitrary. Then See) and S(ei +1) do not 

interlace. 

Proof: We have A(e.+1) c {Wi LOWPT1'[z] ~* w ~* w.} and A(e) C {Wi 
~ - T T J -

LOWPT1'[z) or Wj ~* w}. Hence See) and s(ei +1) do not interlace. 

W ~* 
T 

D 
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z 

s(e i +1 ) S(e i +. 1 ) S (e) 

v 

figure 3 figure 4 

The bipartiteness of IGi +1 (e') follows directly from claim 2 because it 

is safe to add s(e i +1) to the "left side" of the interlacing graph. 

c) Assume that IGi +1 (e') is bipartite. Then for all ~, 1 ~ ~ ~ h, 

max ALB~ ~ LOWPT1'[z] or max ARB~ ~ LOWPT1'[z] by part b). By inter­

changing LB~ and RB~, if necessary, we can achieve max ALB~ ~ LOWPT1'[z] 

for all ~. Let d = min{~; max ARB~ > LOWPT1'[z]}. 

Claim 3: For all ~: there is a segment See) E RB~ such that See) and 

s(e i + 1) interlace iff d ~ ~ ~ h. 

Proof: "<=". Let d ~ ~ ~ h. Then 

LOWPT1'[z] < max ARBd ,by definition of d 

~ min ARB~ ,by induction hypothesis, part a) 

and d ~ ~ 

~ max ARB~ 

< w. ,since 
] 

~ ~ h 

and hence there is a segment See) E RB~ such that See) and s(ei + 1 ) 

interlace by claim 1. 
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(Indirect). Let i < d or i > h and let See) E RBi. Then 

A(e) 

if i 

the 

the 

and 

c {w; w. ~* w} if i > hand A(e) c (w; w. ~* w or w ~* LOWPT1[z)} 
- JT - JT T 
< d. The former inclusion follows from the definition of h, 

latter inclusion follows from the definition of d, and part a) of 

induction hypothesis. Also from A(e. 1) c (w; LOWPT1'[z) -* w -* wJ 
l.+ - T T T 

hence See) and s(ei + 1 ) do not interlace. 

[] 

We conclude from claims 2 and 3 that S(ei + 1 ) is connected to segments 

in blocks Bd, ••• ,Bh • Hence the blocks of IGi + 1 (e) are B1 , ••• ,Bd _ 1 , 

Bd U ••• U Bh U (s(ei + 1 )}, Bh+ 1 , ••• , • Let B = Bd U ••• U Bh U (s(ei + 1 lJ 
be the new block. Then B can be partitioned into LB and RB where 

LB = U LBi U (s(ei +1 )} and RB U RBi. Moreover, max RBd ~ 
d~i~h d~i~h 

min RBd+, ~ max RBd+ 1 ~ ..• ~ min RBh ~ max RBh by part a) and 

max LBd ~ min LBd+ 1 ~ max LBd+ 1 ~ ••• ~ min LBh ~ max LBh ~ min A(e i + 1 ) 

by part a) and the assumption that max ALBi ~ LOWPT1'[z) = min A(e i + 1 ) 

for all i, 1 ~ i ~ h. 

a) follows immediately from part c). The ordering of blocks of IGi + 1 (e) 

given in part c) satisfies the conditions required in part a). This 

follows immediately from the discussion closing the proof of part c). 

d) Assume that IGi +, (e') is bipartite and that S(ei ), 1 ~ i S i + 1, are 

strongly planar. Let B;,B2' ••• be the blocks of IGi + 1 (e'). By part c) 

we have B; = B1 , ••• ,Bd_ 1 = Bd- 1 , Bd = Bd U ••• U Bh U (S(e i +,)}, 

Bd+ 1 = Bh+ 1 , ••• where B1 ,B2 , ••• are the blocks of IGi(e). Moreover, 

LBi = LB i , RBi = RBi for i < d, LBd+ i = LBh+ i , RBd+ i = RBh+ i for i ~ 0 

and LB' = U LB. U (S(e.+ 1 )} and RBd' = U RB •• By induction 
d d~i~ "- l. d~i~h "-

hypothesis there is a planar embedding of e' + s(e1 ) + •.• + S(ei ) such 

that all segments in ~ LBi are embedded inside e and all segments in 

~ RBi are embedded outside e. By the proof of claim 2 no segment 

See) € ~ LBi has an attachment w which lies strictly between LOWPT1'[z) 

and w .• Thus there is a face F (inside e) such that the tree path from 
J 

LOWPT1' [z) to w. is part of the boundary of F. All attachments of 
J 

s(ei + 1 ) lie between LOWPT1'[z) and Wj inclusive. Moreover, S(ei +1 ) is 

strongly planar and hence there is a planar embedding of e' + s(ei + 1 ) 

where the tree path from LOWPT1'[z) to w. borders the outer face. 
J 

We can add this embedding to the embedding of e' + see,) + .•• + s(ei ) 
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by putting it inside face F. In this way we obtain a planar embedding 
of C' + S(e1l + ••• + S(ei +1l. This finishes the proof of lemma 5. 

In the diagram below we illustrate how segment S(e i +1l can be added 

to the embedding of C' + S(e1l + ••• + s(ei ). 

C -...-
./ 

/ 
/ 

/ 
/ 

I 

I 
I 
I 
I 

F + 
\ 
\ 
\ 

\ LOWPT1'[z] \ , 
"-

" "- ....... -

LOWPT1'[z] 

c 
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We illustrate lemma 5 on our example. Let e' be the cycle which runs 

from node 1 to node 9 along tree edges and then back to node 1. There 

are four segments emanating from this cycle: 51 = «9,10)),52 = 
5«7,13)), 53 = 5«7,5)) and 54 = 5«6,4)). All four segments are 

strongly planar. When segment 52 = 5«7,13)) is considered, we have: 

IGl (e') has one block Bl consisting of segment 51. 5ay 51 belongs to 

RB l • Then ARBl = ~ and ALB1 = {5}. Lemma 5,b is satisfied and hence 

IG2 (e') is bipartite. We have d = 1 in lemma 5,c and hence IG2 (e') has 

only block Bl , say LB1 = {52} and RB1 = {51}. Then ALB1 = {3} and 

ARB 1 = {5} when 53 is considered. IG3 (e') is bipartite and has two 

blocks B1 and BZ say LBl = {52}' RB1 = {51}' RB2 = {53}· Then ALB1 

{3}, ARB 1 = {5}, ARB2 = {5}, ALB2 = ~ when 54 is considered. 54 forces 

us to merge blocks Bl and B2 , i.e. d = 1 in lemma 5,c, and hence 

IG4 (e') has only one block B1 • Moreover LB1 = {5 2 ,5 4} and RB1 = 
{51 ,53} • 

From lemma 5 is it now easy to derive an efficient way of dealing with 

the interlacing graph. 5uppose that we processed edges el, •. rei and 

want to process edge e i + l next. At this point we keep blocks B1 , ••• ,Bh 

in a stack where h is defined as in lemma 4. Also for each £, 1 ~ £ ~ h, 

we keep multi-sets ALB£ and ARB£ in a doubly linked list. 5ets ALB£ and 

ARB£ are ordered according to DF5 number. From the stack position 

corresponding to B£ we have pointers to the front and back end of lists 

ALB£ and ARB £ • 

The test for bipartiteness of IGi + l (e) given in lemma 5b is now easily 

implemented. 

£ .... h+1i 

while max(ALB£_l U ARB£_1) > LOWPT1'[z] 
do if ALB£_1 is non-empty and max ALB£_1 > LOWPT1'[z] 

then interchange LB£_1 and RB£_1 fii 
if ALB£_1 is non-empty and max ALB£_l > LOWPT1'[z] 
then IGi + 1 (e') is not bipartite and hence the graph can be declared 

non-planar 



The running time of this algorithm is clearly O(h - d + 1). Also, it 

correctly computes d as defined in lemma 5,c. The new blocks of 

IGi + 1 (C) are now easily formed. 

ALB - ARB - 0; 
for t from d to h -- ---
do ALB ALB concatenated with ALB t ; 

ARB - ARB concatenated with ARB t 
od; 

ALB - ALB concatenated with (A(e i + 1 ) - {w j }); 

pop Bh, .•• ,Bd from the stack; 

add B to the stack 
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Again the running time of this algorithm is clearly O(h - d + 1) provid­

ed we are given (A(e i + 1 ) - {w j }). Also it correctly computes lists ALB 

and ARB. Note that these lists are ordered by the remark ending the 

proof of lemma 5,c. 

We can now give the complete planarity testing algorithm. 

(0) procedure STRONGLYPLANAR (eo: edge); 

tests whether segment s(eo )' e = (x,y), is strongly planar. 

If so, it returns the ordered (according to DFS number) list of 

attachments of S(eo ) excluding x. 

(1) find the spine path of segment s(eo ) by starting in node y and 

always taking the first edge on every adjacency list until a back­

ward edge is encountered. This back edge leads to node Wo 

LOWPT1'[y]. Let wo ' •.. ,wr be the tree path from Vo to x = wr and 

let wr+1 = y, ••• ,wk be the spine path constructed above. 

(2) let S be an empty stack of blocks; 

(3) for j from k downto r + 1 

(4 ) 

( 5) 

(6 ) 

(7) 

(8) 

do for all edges e' (except the first) emanating from Wj 

do STRONGLYPLANAR (e.); 
- J 

od; 

let A(e j ) be the ordered list of attachments of s(e j ) as 

returned by a successful call STRONGLYPLANAR (e j );, 

update stack S as described above 

(9) let Bh be the top entry in stack S; 

(10) while max(ALBh U ARBh ) = wj _ 1 
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(11) do remove node w j _ 1 from ALBh and ARBh ; 

(12) if ALBh and ARBh become empty 

(13) then pop Bh from the stack; h - h - 1 fi 

(14) od; 

(15) oel; 

if control reaches this point then IG(C') is bipartite. We will 

-- now test for strong planarity and compute A(eo ). 

(16) L - Ill; -- an empty list 

(17) for t from 1 to h 

(18) do if max ALB t ~ w1 and max ARB t ~ w1 

(19) then declare S(eo ) not strongly planar and stop fi; 

(20) L - L concatenated with (ALB t and ARB t ) or (ARB t and ALB t ) 

whatever order is appropriate 

(21) od ; 

(22) return L 

(23) end 

Lemma 6: The algorithm above tests strong planarity in linear time. 

Proof: Observe first that line (1) determines the spine path of segment 

s(eo ) in time proportional to the length of the spine path. Next we 

argue that bipartiteness of IG(C') is tested correctly. The correctness 

of loop (4) - (8) is immediate from the discussion following lemma 5. 

Suppose now that we processed all edges emanating from w j . In order to 

prepare for processing the edges emanating from w j _ 1 we only have to de­

lete all occurrences of w j _ 1 on lists ALB t and ARB t . This is done in 

lines (9) - (15). Note that all occurrences of w j _ 1 must be in the top 

entries of stack S by lemma Sa. Hence lines (9) - (15) work correctly. 

When control reaches line (16) interlacing graph IG(C') is bipartite. 

Moreover, lists ALB, ARB for blocks B in the stack contain exactly the 

attachments of segments steil strictly below wr • We can now complete 

the test for strong planarity by implementing the condition given in 

lemma 4. It states that for all blocks B of IG(C') either 

{w1 '···,w -1} n U A(e) = III or {w1 ' ••• ,wr _ 1} n U A(e) = Ill. 
r S(e)ELB S(e)ERB 

This test is carried out in line (18). Also if s(eo ) is strongly planar, 

then the ordered set of attachments of S(eo ) below x is correctly 

collected in line (20). This finishes the proof of correctness. 

It remains to analyse running time. Note first that STRONGLYPLANAR is 
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called at most once for every edge. Also every edge belongs to at most 

one spine path. Hence total time spent in lines (1), (2), (3), (4), (5) (not 

counting the time spent within the recursive call) (6), (8), (9) and 

(16) is O(e). Let us look at line (7) next. Observe that line (7) is 

executed once for each edge. Also at most one block is pushed on stack 

S in one execution of line (7), and execution time of line (7) is pro­

portional to the number of entries removed from stack S. Since onlye 

elements are added to stacks S altogether, only e elements can be re­

moved and hence total time spent in line (7) is O(e). The same argument 

shows that total time spent in lines (16) - (21) is O(e), because the tine 

spent in these lines is proportional to the number of elements removed 

from stacks S in these lines. It remains to consider lines (9) - (14). 

Only endpoints of backward edges are placed on lists ALB and ARB. No 

backward edge is placed twice on a list and every backward is removed 

at most once. Hence the total cost of lines (9) - (14) is O(e). c 

Theorem 1: Let G 

in time 0 (n) • 

(V,E) be a graph. Then planarity of G can be tested 

Proof: If e > 3n - 6 then G is non-planar. If e ~ 3n - 6 then we can 

divide G into its biconnected components in time O(e) = O(n). For each 

biconnected component we can test strong planarity and hence planarity 

in linear time. Also a graph is planar iff its biconnected components 

are. c 

At this point we arrived at an O(n) algorithm for testing planarity. 

Suppose now that G = (V,E) is a planar graph. Does a successful plan­

arity test also tell us something about a planar embedding? In particu­

lar, does it determine the faces of a possible planar embedding? We 

will show that it does. 

A planar graph G = (V,E) together with a cyclic ordering a of the edges 

incident to any node v E V is a planar map if there is a planar 

embedding of G such that cyclic ordering a agrees with the clockwise 

ordering of the edges in the embedding. The example (see next page) 

shows a planar map (think of the adjacency lists as circular lists) 

and a corresponding embedding. The faces of a planar map are easily 

determined by the following algorithm. Declare all edges unused ini­

tially. 
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1 : (1,2), (1,3), 

2: (2,4) , (2,3) , 

3: (3,1), (3,2) , 

4: (4,2) , (4,1), 

1 

while there are unused edges 

do let e = (uo,v) be any unused edge; let x = uo ; 

declare e used in the direction from Uo to v; 

while v * Uo 

( 1 ,4) 

(2, 1 ) 

(3,4) 

(4,3) 

do let e' = (v,w) be the edge following (v,x) in the cyclic order­

ing of edges around v; 

declare e' used in the direction from v to w; 

x - Vi v ...- w 

od 

od 

The running time of this algorithm is linear because every edge is 

traversed exactly twice, once in each direction. 

We show next how the planarity testing algorithm can be used to turn a 

planar graph into a planar map. Let G = (V,E) be a planar map. Consider 

an application of the planarity testing algorithm to graph G. Let C' be 

the spine cycle of some segment S(eo ) and let e 1 , .•• ,em be the edges 

emanating from the spine path. The planarity testing algorithm computes 

the blocks (and their partition into sides) of IG(C'). More precisely, 

it computes a mapping a: {S(e1 ), ••. ,s(em)} - {L,R} such that no two 

segments with the same label interlace. Mapping a can be computed as 

follows. Let B be the block of IG(C') which contains S(e). Algorithm 

STRONGLYPLANAR computes B iteratively. Construction of B is certainly 

completed when B is popped from stack S. Let a(S(e» = R if See) E RB 

at that point of time and let a(S(e» = L otherwise. With this exten­

sion, algorithm STRONGLYPLANAR computes mapping a in linear time. 

Suppose now that we know mapping a. Run algorithm STRONGLYPLANAR again. 

When segment See) has to be added to the planar embedding, add it as 

given by a. In this way, no flipping of sides ever takes place. Also 

the proof of lemma Sd shows us how segment s(e i + 1 ) can be placed with 

respect to previously placed segments. Thus when S (e i +1 ) is added to 
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~he planar embedding all edges which attach s(ei +1) to the spine cycle 

of s(eo ) can be inserted into the correct position in the cyclic 

ordering of edges around nodes on the path of tree edges in C'. More 

precisely, let father[w] be such that (father[w],w) E T. Then any edge 

which attaches s(ei +1) to C' at point w can be inserted immediately 

after (before) tree edge (father[w],w) in the cyclic ordering. We 

summarize in 

Theorem 2: Let G = (V,E) be a planar graph. Then G can be turned into 

a planar map (G,a) in linear time. Moreover, the faces of (G,a) can be 

determined in linear time. 

Planar graphs have more structure than general graphs and are therefore 

in many respects computationally simpler than general graphs. The 

planar separator theorem (theorem 3 below) makes planar graphs amena­

ble to divide and conquer algorithms. It states that a planar graph can 

be split into about equal sized subgraphs by the removal of only O(/n) 

nodes. 

Theorem 3: Let G = (V,E) be a planar 

function on the vertices of G. Let W 
graph and let w: V .. R ~ 0 be a 1Neight 

L w(v) be the total weight of 
vEV 

G. Then there is a partition A,S,B of V such that 

1) WeAl = L w(v) S 2W/3, W(B) S 2W/3 
vEA 

2) lsi S 4/n 

3) S separates A from B, i.e. E n (A x B) = ~ 

4) Partition A,S,B can be constructed in time O(n). 

Proof: Assume first that G is connected. Let s E V be arbitrary and let 
L (t) = {v: v E V and the shortest path from s to v has length t} for 

t ~ O. Then L(O) {s} . Let r be maximal such that L(r) '" ~. Add empty 

levels L(-1) = L(r + 1) = !11 for the sake of convenience. 

Let t1 be such that 

W(L(O) U ••. U L(t1 - 1» S W/2 S W(L(O) U .•• U L(t1» 
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, let to ~ t1 be such that IL(to ) I + (t1 - to) < 2/n and let t2 > t1 be 

such that IL(t2 ) I + (t2 - t1 - 1) < 2/n. 

Proof: The existence of t1 is obvious. If t1 < In then we can choose 

to = -1. If t1 ~ In then IL(t1 - In) I + ... + IL(t1 ) I ~ n and hence 

IL(to)1 < In for some to' t1 - In ~ to ~ t 1 · Thus IL(to ) I + t1 - to < 
2/n. In either case we have shown the existence of t • The existence of o 
t2 is shown similarly. 0 

Let us take a closer look at W(L(to + 1) U ••• U L(t2 - 1». If this 

weight is at most 2W/3 then let S = L(to ) U L(t2 ), let A be the heaviest 

of the three sets L(O) U ••• U L(to - 1), L(to + 1) U ••• U L(t2 - 1), 

L(t2 + 1) U '" U L(r) and let B the union of the remaining two sets. 

Then W(A) ~ 2W/3 and W(B) ~ 2W/3. 

Let us assume now that W(L(to + 1) U ••• U L(t2 - 1» > 2W/3. Construct 

planar graph G' as follows. Delete levels t2 and above from the graph 

and shrink all nodes in levels to and below to a single node, i.e. 

replace all nodes in levels to and below by a single node and connect 

this node to all nodes in L(to + 1). The planarity of G' can be seen 

as follows. Consider a planar embedding of G and identify a tree of 

paths from s to all nodes in L(to + 1). Then delete all nodes in levels 

to and below, make s the new node and draw the new edges along the tree 

paths. Note that graph G' has a spanning tree with radius t2 - to - 1, 

i.e. the newly constructed node is the root and all other nodes have 

distance at most t2 - to - 1 from the root. 

Claim 2: Let G (V,E) be a connected planar graph having a spanning 

tree of radius r and let w: V - IR ~ 0 be a weight function. 'lhen there is a 

partition A,S,B of V such that W(A) ~ 2W/3, W(B) ~ 2W/3, lsi ~ 2r + 1, 

S contains the root of the spanning tree, and S separates A from B. 

Moreover, partition A,S,B can be found in time O(n). 

Suppose that we have shown claim 2. Clearly, all steps of the proof 

preceeding claim 2 can be carried out in linear time, i.e. the construc­

tion of levels L(O), L(1), ••• ,L(r), determination of to,t1 and t 2 , and 

construction of G'. By c~aim 2 we can find a partition A',S',B' of the 
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nodes of G' such that 8' contains at most 2(t2 - to - 1) + 1 nodes one 

of which is the node which replaced levels to and below. Let 8 = 

L(to ) U L(t 2 ) U (8' - {new node}). Then 

~ 2/n - 1 + 2/n - 1 + 2 4/n 

Removal of 8 from G splits G into sets L(O) U ••• U L(to - 1), A',B', 

L(t2 + 1) U ••• U L(r) none of which has weight exceeding 2W/3. It is 

easy to form sets A and B from these four sets such that W(A) ~ 2W/3 

and W(B) ~ 2W/3. Moreover, partition A',8',B' and hence partition A,8,B 

can be found in linear time. 

Proof of Claim 2: If there is v E V with w(v) ~ W/3 then let 8 con­

sist of v and the root of the spanning tree, let A = !21 and let B = V - 8. 

Clearly, partition A,8,B has all properties desired. 

80 let us assume next that w(v) < W/3 for all v E V. Extend G to a 
A 

planar map G; this can be done in time O(n) by theorem 2. Add edges to 

G such that every face becomes a triangle. Let T be a spanning tree of 

G of radius at most r. Every non-tree edge of G forms a simple cycle 

with some of the tree edges. This cycle has length at most 2r + 1 

if the root belongs to the cycle and has length at most 2r-1 other­

wise. Every such cycle separates its inside from its outside. It there­

fore suffices to show that there is one such cycle such that neither 

inside nor outside has weight exceeding 2W/3. More precis'ely, if e is 

a non-tree edge, let C(e) by the cycle defined bye, let WC(e) be the 

weight of cycle C(e), i.e. WC(e) = ~ w(v) and let WI(e) be the 
vEC(e) 

weight of the nodes in the inferior of C(e). 

In our example (see next page) (tree edges are shown solid, non-tree 

edges are shown dashed) we have for e = (2,6), C(e) = (2,1,5,7,6), 

WC(e) = w(2) + w(1) + w(5) + w(7) + w(6) and WI(e) = w(3) + w(4). 

We have to show that there is a non-tree edge e such that WI(e) ~ 2W/3 

and WI(e) + WC(e) ~ W/3. The following program computes WI(e), WC(e), 

and C(e) for (all) non-tree edges e. We assume that C(e) is stored as 
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a doubly linked list. The program makes use of procedure CYCLE which 

computes C(e), WI(e) and WC(e) for non-tree edge e. The body of CYCLE 

is basically a case distinction according to the type of edges in the 

triangle inside C(e) with edge e. This case distinction is illustrated 

in the figures below. In the main program CYCLE is called at most once 

for every non-tree edge e. 

begin for all non-tree edges e do WC (e) 4--undefined od; 

for all non-tree edges e 

do if WC(e) is undefined then CYCLE(e) fi od 

end 

where procedure CYCLE is given by 
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procedure CYCLE (e: non-tree edge); 

-- computes C(e) as a doubly linked list and weights WI(e) and WC(e); 

-- stops computation if C(e) is desired cycle 
let e = (x,z), and let y be the third node of the triangle inside C(e) 

which has e as an edge; 

Case 1: (x,y) and (y,z) are tree edges. Then triangle (x,y,z) is cycle 

C(e) and hence C(e) - (x,y,z), WI(e) - 0 and WC(e) - w(x) + w(y) + w(z). 

Case 2: (x,y) is a tree edge, and (y,z) is not. Moreover, edge (x,y) 

lies on cycle C(e), i.e. y is closer to the root of the spanning tree 

than x. 

CYCLE ( (y,z»; 

C(e) - x concatenated with C«y,z»; 

WC(e) - WC«y,z» + w(x); 

WI(e) - WI«y,z»; 

Case 3: (x,y) is a tree edge, (y,z) is not, and edge (x,y) does not lie 

on cycle C(e), i.e. y is farther away from the root of the spanning 
tree than x. 

CYCLE ( (y, z»; 
C(e) + C«y,z» minus node y; 

WC(e) + WC«y,z» - w(y); 

WI(e) + WI«y,z» + w(y) 

Case 4: Neither (x,y) nor (y,z) are tree edges. 

CYCLE «x,y» ; 
CYCLE«y,z»; 

let p be path from y to C(e) including y and excluding v where v is the 

node on C(e) where p meets C(e). v is the last common node on cycles 

C«y,z» and C«x,y» and p is the set of nodes preceeding v; 

C(e) - (C«x,y» minus p) concatenated with (C«y,z» minus p); 

WC(e) + WC«x,y» + WC«y,z» - 2W(p) - w(z); 

WI(e) + WI«x,y» + WI«y,z» + W(p); 
end of ~-distinction; 
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if WIle) ~ 2W/3 and WC(e) + WIle) ~ W/3 

then stop and exhibit C(e) as the desired cycle fi 

end 

It remains to show that some call of CYCLE finds a cycle with the 

desired properties and to analyse the running time. We show first that 

running time is linear. Note first that CYCLE is called once for every 

non-tree edge e. Also the cost of a call to CYCLE is 0(1) if case 1,2 

or 3 is taken in the body and it is O(lpl) in case 4 where Ipl is the 

number of nodes on path p. Also 21pl nodes are deleted from cycles 

C((x,y» andC((y,z» when cycle C(e) is formed in the latter case. 

Since at most two tree edges are added to cycles in a single execution 

of cases 1 to 3 the total number of nodes deleted in case 4 must be 

O(n). Thus the total cost of either case is O(n) and hence total 

running time is O(n). 

Finally, we have to show that a cycle with ,the desired properties is 

found. We will show first that there is a non-tree edge e with 

WC(e) + WIle) ~ W/3. Since every face of G is a triangle, so is the 

outer face. Let e 1 ,e2 ,e 3 be the edges bordering the outer face. At 

least one of them is a non-tr1e edge, say e 1 , •• ,e i are non-tree edges 

for some i, 1 ~ i ~ 3. Then L WC(e.) + WI(e.) ~ W since every node 
j=1 J J. . 

of G lies inside or on some of the cycles c(e j ), J = 1, •• ,~. Thus 

WC(e.) + WI(e.) ~ W/3 for some j, 1 ~ j ~ i. 
J J 

We can now exhibit edge e such that C(e) has the desired properties. 

Let e be a non-tree edge such that WC(e) + WIle) ~ W/3 and either case 

1 is taken for e or WC(e') + WIle') < W/3 for all non-tree edges e' 

such that CYCLE(e') is called by CYCLE(e). Edge e exists since there 

are edges with WC(e) + WIle) ~ W/3 and since case 1 is taken for at 

least one edge. If case 1 is taken then WIle) = 0 and we are done. If 

case 2 is taken then WIle) WIle') < W/3 and we are done. If case 3 is 

taken then WIle) + WC(e) = WIle') + WC(e') which is impossible. If case 

4 is taken, let e 1 and e 2 be the two non-tree edges for which CYCLE is 

called. We have. 

WIle) WI (e 1 ) + WI(e 2 ) + W(p) 

~ WI(e 1 ) + W(p) + WI(e 2 ) + W(p) 

~ WI (e 1 ) + Wc(e 1 ) + WI (e2 ) + WC(e 2 ) 
~ 2W/3 

and hence C(e) is the desired cycle. 
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We have now proved theorem 3 for connected graphs. If G is unconnected, 

let G1 ,G2 , ••• ,Gk be the connected components. If W(Gi ) ~ 2W/3 for all i 

then a partition with S = ¢ is possible. If W(Gi ) ~ 2W/3 for some i 

then split Gi as described above and then proceed as in the former case. 

IJ 

An important corollary of theorem 3 is obtained in the unit cost case. 

Corollary 4: Let G = (V,E) be a planar graph. Then there is a partition 

A,S,B of V such that 

1) IAI ~ 2n/3, IBI ~ 2n/3 

2) lsi ~ 4/n 

4) S separates A from B 

4) Partition A,S,B can be found in time 0 (n) • 

Proof: Immediate from theorem 3 with w(v) 1 for all v E V. 

We close this section with an application of the planar separator 

theorem. Let N = (V,E,c) with c: E ~ R be a directed planar network and 

let s E V be a designated node. As in section 7 we will study the prob­

lem of computing ~(s,v), the cost of a least cost path from s to v, for 

any node v E V. In section 7.3 we saw how to solve this problem in time 
2 O(ne) = O(n ) for planar networks. A better algorithm can be obtained 

by applying the separator property of planar graphs. 

Theorem 5: The single source least cost path problem on planar networks 

can be solved in time o(n1 • 5 log n) 

Proof: Let N (V,E,c) with c: E ~ R be a planar directed network and 

let s E V be a designated node. We want to compute ~(s,v) for all 

nodes v E V. The algorithm is as follows. 

(1) Compute a partition V1 ,S'V2 as given by the planar separator theo­

rem. Let S - S U {s} and let Ni be the subnetwork induced by 

Vi U S for i = 1,2. 

(2) Compute ~1 (t,v) for t E S and v E V1 U S. Here ~1 (t,v) is the cost 
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of a least cost path from t to v in subnetwork N1 • Similary, 

compute ~2(t,v) for t € S and v € V2 U S. The details of this step 

are spelled out below. 

(3) Define network N (S,S x S,c) by c(r,t) = min{~'~1 (r,t)'~2(r,t)}. 
Compute ~(s,t) for all t € S where ~(s,t) is the cost of a least 

cost path from s to t in network N. 

(4) for v € Vi U S, i = 1,2, output ~(s,v) min W(s,t) + ~i (t,v)}. 
t€S 

The correctness of this algorithm is fairly easy to see. It follows 

from 

Claim 1: a) v(s,t) = ~(s,t) for all t € S 

b) ~ (s,v) min{~(s,t) + ~i(t,v)~ t € S} for v € Vi' i = 1,2. 

Proof: a) Edges of N correspond to least cost paths in subnetworks Ni , 

i = 1,2. Thus ~(s,t) ~ ~(s,t) since every path in N gives rise to a 

path in N by replacing edges of N by paths in N. Also ~(s,t) ~ ~(s,t) 

since a least cost path from s to t in N can be decomposed into sub­

paths running completely within Ni , i = 1,2. 

b) follows immediately from part a). c 

It remains to describe the details of the implementation. For step 1 we 

use the algorithm described in corollary 4 above~ it yields partition 

V1 ,S'V2 with IV1 1 ~ 2n/3, IV2 1 ~ 2n/3 and lsi ~ Sin (We use S instead 

of 4 because node s is added to S). For step 3 we use the algorithm 

described in section 7.3.; it runs in time 0(ISI 3 ) = 0(n1 • S). Step 4 is 

also easily done in time O(n1 • S). It remains to describe step 2 in 

detail. We do so for subnetwork N1 . 

(2.1) Compute ~1(s,v) for all v € V1 U S using the algorithm recursive­

ly. This takes time T(IV1 U SI) where T(n) is the running time of 

the algorithm on an n node graph. 

(2.2) Use the solution of step (2.1) to make all edge costs non-negative 

as described in section 7.4. Compute ~1 (t,v) for t € S, 



v E V1 U S in time O(IS! n 1 log n 1 ) = .Q(n1.S log n) using the 

methods described in section 7.4. and 7.2 .• Here n 1 = IV1 U SI. 
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We conclude that the cost of step 2 is T(n1 ) + T(n2 ) + 0(n1 • S log n) 

where n i = IVi U SI, i = 1,2. Altogether we have the following recur­

rence for T(n) 

T(n) ~ cn1 . S log n for n < 1Soo 

T(n) ~ max {T(n1 ) + T( n 2 1 + dn1 . S log n} for n ~ 1Soo 
n1+n2~n+S/n 

n1,n2~4n/S 

Here c,d are appropriate constants, n 1 = IV1 U SI ~ 2n/3 + Sin ~ 4n/S 

for n ~ 1Soo, n 2 = IV2 U st and n 1 + n 2 ~ n + lSI ~ n + Sin. T(n) is 

clearly a non-decreasing function. Let U(n) = T(n)/n. Then 

U(n) ~ cno . S log n for n < 1Soo 

and 

U(n) ~ max {(n1/n)U(n1 ) + (n2/n)U(n2 ) + dno • S log n} 
n1+n2~n+S/n 

n1,n2~4n/S 

~ max {«n1+n2 )/n)U(4n/S) + dno . S log n} 
n1+n2~n+S/n 

~ (1 + S/ln)U(4n/S) + din log n 

for n ~ 1Soo. Let k = ken) = rlog (n/1S00)/log(S/4)' 

Then 

k i-1 
[II (1 + S//(4/S)Jn')]f«4/s)in ) U(n) ~ L 

i=o j=o 

for n ~ 1Soo. 

and fen) din log n. 

i-1 
Claim 2: II (1 + S//(4/S) I n') ~ a for all i ~ k and some constant a. 

j=o 
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Proof: We have ---
k-1 r---~ 

1: R.n(1 + 5//(4/5) jn') 
k-1 

II (1 + 5//(4/5) j~) 
j=o 

ej=o 

k-1 
1: 5//(4/5) jn' 

:5 ej=o 

:5 e 

:5 a 

5//(4/5)kn' ~ (/4/5') j 
j=1 

since R.n(1 + x) :5 x 

ex> 

for some constant a since 1: ({4/5)j converges and since 1500 ~ 
j=1 

k (4/5) n ~ (4/5)·1500. Constant a can be chosen as 3. 

Substituting into the upper bound for U(n) we obtain 

k 
U(n) :5 1: a·f( (4/5) in) 

i=o 

k i 

:5 1: a.q./( 4/5) l.n log n 
i=o 

o (In log n) 

This proves that T(n) = nU(n) = 0(n1 •5 log n). 

Other applications of the planar separator theorem can be found in 

exercises 34 to 41. 

[] 

[] 
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IV. 11. Exercises 

1) Let G = (V,E) be a digraph. Let Grev = (V,Erev) be obtained from G 

by reversing all edges, i.e. Erev = {(w,v)~ (v,w) € E}. Show: Given the 

adjacency list representation of G one can compute the adjacency list 

representation of Grev in time O(n + e). 

2) A multi-graph is given by a set V of nodes, a set K of edges and 

functions, a,b: K ~ V. An edge k € K runs from a(k) to b(k). The under­

lying graph G = (V,E) is defined by E = {(a(k), b(k»~ k € K}, i.e. 

parallel edges are eliminated. Show: Given the adjacency list represen­

tation of a multi-graph, i.e. for every i a linear list containing 

multi-set lli(k)~ k € K and a(k) = i}, one can compute the adjacency 

list representation of G in time O(IVI + IKI). (Hint: Use bucket sort 

to sort multi-set {(a(k)i b(k»; k € K} into lexicographic order). 

3) Let G = (V,E) be an acyclic digraph and let G (V,E) be any acyclic 

digraph with the same transitive closure as G, i.e. G* = G*. Show: 

a) Ered C E where Ered is defined in section IV.3. 

b) Conclude from part a) that Gred is the minimal graph (with respect 

to set inclusion) with a fixed transitive closure. 

4) Let G = (V,E) be an acyclic digraph. Show that one can compute Gred 
in time O(nered). 

5) Show that one can use procedure Explorefrom of section 4 to compute 

the transitive closure of an arbitrary digraph in time O(ne). 

6) Let G be a context-free grammar. For sentential form a let First1 (a) 

be the set of terminal symbols a such that a ~* as for some S. 

a) Show how to use procedure Explorefrom to compute First1 (a) if G 

contains no €-rules. 

b) Modify your solution to part a) such that €-rules can also-be 

handled. 

7) Is the algorithm for strongly connected components still correct if 

line (24) is changed to 
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then LOWPT[v) min(LOWPT[v), LOWPT[w) 

8) Let G = (V,E) be an undirected graph. G' = (V,E') is a minimal bi­

connected extension of G if E c E', G'is biconnected, and IE'I is a 

small as possible. Develop an algorithm to compute minimal biconnected 

extensions. (Hint: Solve the problem for trees G first. Extend to gen­

eral graphs as follows. Let V1 ' ••• 'Vk be the b.c.c.'s of G. Define a 

graph with node set V1 ' ••• 'Vk and edges (Vi,Vj ) iff Vi n Vj * ~. This 

graph is a tree). 

9) Derive a bound g(n) on the maximal number of iterations of the basic 

least cost path algorithm (cf. the beginning of section IV.7.) on a 

network on n nodes. Design networks where the algorithm might actually 

need (close to) g(n) iterations. 

10) Extend all least cost path algorithms such that they not only 

compute the least cost of a path but also the path itself. Running 

times should not change (Hint: Have array Pred[1 •• n]: whenever COST[v] 

is changed when considering edge (u,v) set Pred[v] to u. Then array 

Pred stores a tree of least cost paths after termination). 

11) Let ~p(s,v) = max(c(p): p is a path from s to v}. Derive algorithms 

for computing ~p(s,v) for all v E V under various assumptions about the 

underlying network. 

12) (Extension of 7.2., theorem 4). Let g1,g2 be estimators and let 

g1(v) ~ g2(v) for all v E V. Let Ri be the set of nodes removed from U 

when estimator gi is used. Then R1 - R2 = {v: ~(s,v) + g1 (v) = ~(s,t)} 

provided that g1 is consistent. 

13) Construct an instance of a least cost path problem and an estimator 

g such that some nodes are removed from U more than once. 

14) Consider the following well-known "15-puzzle". The board consists 

of a 3 by 3 square with 8 1 by 1 tokens numbered 1 to 8 arranged on the 

ffiH]3 1 

2 8 

465 

board. One square of the board is empty. The goal is 

arrange the tokens into ascending order. 

a) Formulate this puzzle as a path finding problem. 

What are the nodes and what are the edges of the graph? 



125 

b} Use the path-finding algorithm of section 7.2. to find a solution. 

Use the following three estimators: constant zero, number of tokens 

out of place, total distance of tokens from their final position. 

15} Show that the algorithm of section 7.3. has running time O(kmax e} 

where kmax is the length (number of edges) of the longest least cost 

path form s to any v E V. 

16} For v E V let COST. [v] = min{c(p}~ p is a path from s to vof 
~ 

length (number of edges) at most i}, i ~ o. Show how to compute array 

COST.[1 •• n] from array COST. 1[1 •• n] in time O(e}. Conclude that the 
~ ~ 

single source least cost path problem can be solved in time O(ne}. 

Relate this algorithm to the algorithm described in section 7.3 •• Re­

late the algorithm of this exercise to dynamic programming in general. 

17} It is a good idea to realize set U as a stack instead of a queue 

in the algorithm of section 7.3.? Is it a good ideal to replace the 

array COUNT[l •• n] of counters by a single counter COUNT which counts 

iterations of the loop? 

18} Let N = (V,E,c), c: E ~ R be a network. Let Ep = {(v,w) E E~ 

c(v,w} ~ O} and let En = {(v,w) E E~ c(v,w} < OJ. If N has no negative 

cycles then (V,En ) is acyclic. Show that one can solve a single source 

least cost path problem by repeatedly (at most n times) solving the 

problem for Np = (V,E ,c) and N = (V,E ,c). Here function COST as 
p n n 

computed by one algorithm is used as input to the other algorithm. 

Show that this idea leads to a O(min(ne + n2+1/k, (n 2 + ne}log n)} 

algorithm for arbitrary integer k. 

19} Consider the following algorithm for solving the single source 

least cost path problem. Let E = {e 1 , •.• ,em}. Use the basic algorithm 

of the beginning of section 7. Go through the elements of E in ~yclic 

order and check for the triangle inequality. Prove that this algorithm 

runs in time O(ne}. 

2o} Design and analyse algorithms for maximum cost spanning trees. 

21} Let N = (V,E,c) be a network and let s,t E V. Let f be a legal 

flow function. Show 
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val (f) 1: 
eEin(t) 

fee) - 1: fee) 
eEout(t) 

22) Let f be a legal (s,t)-flow in network N. Define the augmenting net­

work AN with respect fo f by AN = (V,E 1 U E2 ,c) where E 1 ,E 2 are defined 

as in the definition of layered network. Note that AN captures all 

augmenting paths while LN captures only the minimum length augmenting 

path. 

a) Construct AN for the example at the beginning of section 9.1 •• 

b) Show that an analog of lemma 2 is true with AN instead of LN. 

c) Define the concept of blocking flow and depth for augmenting net­

works. Does lemma 3 stay true? (Hint: check part b) of the claim in 

lemma 3 carefully). 

23) Let N = (V,E,c) be a network with integral capacities, i.e. 

c: V ~ N. Let vrnax be the maximal value of any legal (s,t)-flow in N. 

Show that vmax augmentations suffice to construct a maximal flow, where 

an augmentation can be done along any augmenting path. 

24) Show that O(log vrnax) augmentations suffice under the assumptions 

of exercise 23 if augmentation is always done along an augmenting path 

of maximal capacity. 

25) Design efficient algorithms for each of the following versions of 

the max flow problem by reducing it to the standard version 

a) the nodes, as well as the arcs, have capacities 

b) there are many sources and sinks 

c) the network is undirected 

d) there are both upper and lower bounds on the value of the flow 

through each arc. 

26) In the O(n2 ) algorithm for computing a blocking flow in a layered 

network we first determined a node v with PO(v) = PO* and then 

"forwarded" and "backwarded" flow starting at v. 

a) Show that the algorithm stays correct if we only forward flow, but 
start at node s. 
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b) Can you still prove the O(n2 ) time bound? 

27) Describe an algorithm for procedure SIMPLIFY in detail. 

28) Adapt the o(n2 ) blocking flow algorithm for (O,1)-networks. Avoid 

recomputation of PO[v] for all v E V in line (5). Instead, compute 

PO[v] once and update it as edges incident to v are removed in proce­

dures FORWARD, SUCK and SIMPLIFY. Also have an array L[1 •• e] of linear 

lists. In list L[i] store all nodes v with PO[v] = i. Keep a pointer in 

this list pointing to the leftmost non-empty list. Move this pointer to 

the right in order to find min{PO[v]~ v E ~ in line (5), move it to the 

left when potentials are updated. Show that the total number of moves 

of the pOinter is O(e). Conclude that a blocking flow in a (O,1)-net­

work can be computed in time O(e). 

29) A network N = (V,E,c), s,t E V is (s-t)-planar if (V,E) is a planar 

graph and if sand t border the same face of the planar graph. Consider 

an embedding of (V,E) where sand t border the outer face. In this 

situation there is a natural order on the set of paths from s to t. 

(Path P1 is above path P2 if P1 = p'e1P" and P2 = p'e 2P'" and e 1 is 

"above" e2~ cf. the figure above). Let P1 ,P2,P3' ••• ,Pm be the set of 

paths from s to t ordered according to being above. 

a) Construct a blocking flow by first saturating an edge of P1' then 

an edge of P2' •••. Show that the constructed flow is maximal (Hint: 

let c 1 be the capacity of P1~ show that there is a maximal flow which 

sends c 1 units across every edge of P1. Assume otherwise. Let P1 con­

sist of edges e 1 ,e2 , ••• ,ek • Let f be a maximal flow function such that 
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f(e,), ••• ,f(ei ) ~ 

f' (e,), ••• ,f' (e i ) 

c" f(e i +,) < c, and no maximal flow f' satisfies 

~ c, and f' (ei +,) > f (e i +,). Then c, - f(e i +,) units 
must be transported from v to t 

along some path p'. Let j > i + 

be minimal such that f(e j ) ~ c,. 

(If j does not exist the argu­

ment becomes simpler). Then 

f(e.) - f(e. ,) > 0 units of flow 
] ]-

are transported from s to w along 

some path p". Since the network 

is assumed to be planar p' and p" 

must meet in some node, say x. It is now easy to divert flow from the 

path v ~* x ~* w to path P, thus contradicting the existance of f. This 

proves that there is a maximal flow which sends c, units along every 

edge of p,. The correctnesfo proof is now completed by induction). 

b) Show how to implement the algorithm outlined in part a) in time 

O(e log n). Hint: Use the blocking flow algorithm described in the text 

without change. Explain how edges around nodes have to be ordered. 

Show that lines (5) and (6) are executed at most e times. This follows 

pf 

s~ Pf7 
'-----------------p 

from the observation that p always pOints into pf from below in lines 

(4) - (6) and hence pf' can be discarded because it will never happen 

later on that p points into pf'. This will discard at least one edge 

except when pf' is trivial, i.e. last(p) = first(pf). However, this can 

happen only if line (3) was executed immediately before. 

30) A network flow problem with upper and lower bounds is given by a 

directed graph G = (V,E), source s, sink t and two capacity functions 

low: E ~ R and high: E ~ IR. A legal (s,t)-flow f must satisfy the con­

versation laws and the capacity constraints: low (e) ~ f(e) ~ high(e) 

for all e E E. 

a) Show that the problem whether a legal flow exists can be reduced to 

an ordinary network flow problem (Hint: Let V = V U {s,t}, let 



E = E U ({s} x V) U (V x {t}) U {(S,t), (t,s)} and let c: E -+ IR+ be 
defined by c(e) = high(e) - low (e) for e E E, c(s,v) = 

L low(e), c(v,t) L low (e) and c(s,t) = c(t,s) = ~. 
eEin(v) eEout(v) 
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Show: there is a legal flow iff the maximum flow in the auxiliary net­

work N saturates all edges emanating from s. 

b) Show how to compute a maximal flow in a network with upper and lower 

bounds (Hint: Start with a legal flow as constructed in a) and use 
augmentation) • 

31) Let G = (V1 U V2,E), E == V1 x V2' be a bipartite graph with 
IV1 1 S IV2 1. Show: G has a complete matching M, i.e. IMI = IV1 1 if 

for all S c: V1: I{w E V2 ; (v,w) E E for some v E S}I ~ lsi. 

32) Let N = (V.E.cap,cost) be a weighted network and let f be a legal 

(s,t)-flow. Show how to compute a legal (s,t)-flow g from f with val(f) = 

val (g) and cost(g) minimal. Running time? 

33) Let T be an undirected tree where every node has degree at most 

d. Show that there is a node v of T such that removal of v splits T 

into subtrees of at most (d-1)n/d nodes each. 

34) Let G = (V,E) be a planar graph. Show that there is a partition 

A,S,B of V such that IAI S n/2, IBI S n/2, S = O(/n), and S separates 

A from B. Moreover A,S,B can be found in linear time. 

35) Let A be a symmetric positive definite matrix. Show: If A is the 

adjacency matrix of a planar graph G (V,E), i.e. (i,j) E E iff 

a .. * 0, then the linear system Ax = b can be solved in time 0(n3/ 2). 
1.J 

(Hint: Let V1'S'V2 be a partition of V as given by the planar separator 
-1 theorem; let P be a permutation matrix such that PAP has the form 

~ C Al A3 

~ ( A2 4. 
S ( \A3 A 6 '-" "-..,J 

V1 ~ s 
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Apply a similar reordering to submatrices A1,A2. Use Gaussian elimina­

tion on the reordered matrix. Study carefully, which entries of the 

matrix become non-zero during Gaussian elimination. 

36) Let G = (V,E) be a directed planar graph. Show that one can con­

struct a transitive reduction of G, i.e. a smallest graph with the same 

transitive closure, in time o(n3/ 2). (Hint: Use the planar separator 

theorem). 

37) Let G = (V,E) be a planar graph, let w: V ~ IR~ 0 be a weight func-

tion, and let W ~ w(v). Show that there is a partition A,S,B of V 
vEV 

such that lSI ~ Sin, IAI ~ 2n/3, W(A) ~ 2W/3, IBI ~ 2n/3, W(B) ~ 2W/3 

and S separates A from B. (Hint: Apply theorem 3 to G, then apply 

corollary 4 to the heavier part). 

38) Let G = (V,E) be a planar graph, let w: V ~ IR> be a weight func-
_0 

tion and let 0 < e ~ 1/2. Show that there is a subset S c V such that 

lsi = O(/n/e) and such that no connected component of G - S has weight 

exceeding eW. (Hint: Use exercise 37 repeatedly). 

39) Let G (V,E) be a planar graph. A subset V' ~ V is independent if 

(V' X V') n E = ~. The problem of deciding whether there is an inde­

pendent set of size m is NP-complete (cf. chapter VI). Show how to find 

a nearly maximal independent set fast in planar graphs (Hint: Use exer­

cise 38 with w(v) = 1 for all v E V and e = log log nino Find maximal 

independent sets of all components of G - S by exhaustive search and 

output the union of these sets. Show that (III - II*I)/III) = 

O(1//log log n) where I is the independent set computed by the algorithm 

and I* is a maximum independent set. Observe that II*I = n(n) since a 

planar graph has a large number of nodes of small degree). 

40) Show that a maximum independent set of a planar graph can be found 

in time 2o (/n) (Hint: split V into V1'S'V2 as given by the planar sep­

arator theorem. For every S' ~ S find a maximal independent set I of 

the subgraph induced by V1 U S (V2 U S) such that Ins = S' by recur­

sive application of the algorithm). 

41) Show how to find the chromatic number of a planar graph in time 

20 (/n) (Hint: Proceed as in the preceding exercise) . 
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V. Path Problems in Graphs and Matrix Multiplication 

In this chapter we concentrate on path problems in graphs. Typical ex­

amples are the problems of computing shortest or longest paths or com­

puting the k shortest path between all pairs of points in a graph. The 

best known algorithms for these problems differ only slightly. In fact, 

they are all special cases of an algorithm for solving general path 

problems on graphs. General path problems over closed semi-rings and 

Kleene's algorithm for solving them are dealt with in section 1, special 

cases are then treated in section 2. The algebraic point of view allows 

us to formulate the connection between general path problems and matrix 

multiplication in an elegant way: Matrix multiplication in a semi-ring 

and solution of a general path problem have the same order of complex­

ity. In section 4 we consider fast algorithms for multiplication of 

matrices over a ring. This is then applied to boolean matrices. Section 

7 contains a lower bound on the complexity of boolean matrix product. 

V. 1. General Path Problems 

Let us recall some notation. Let G = (V,E) with V = {v1 ' ••• ,vn} be a 

digraph. A path p from vi to Vj is a sequence wo ,w1 , ••• wk of nodes with 

vi = wo ' Vj = wk and (w~, w~+1) EE for 0 ~ ~ ~ k-1. The length of this 

path is k. Note that there is always the path of length 0 from a node 

to itself. We use Pij to denote the set of all path from vi to v j • 

Po 0 {Pi P is a path from Vo to vo} 
l.J l. J 

Kleene's algorithm computes set P. 0 for all i and j in some sense. We 
l.J 

describe this algorithm in a very general setting first and apply it to 

some special cases in section 2. The general framework is provided by 

closed semi-rings. 

Definition: a) A set S with distinguished elements 0 and 1 and binary 

operations ~ and 0 is a semi-ring if 

1) (S, ~, 0) is a commutative monoid, i.e. for all a,b,c E S 

(a ~ b) ~ c a ~ (b ~ c) 

a ~ b b ~ a 

a ~ 0 = a 
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2) (S, a, 1) is a monoid, i.e. for all a,b,c E S 

(a e b) e cae (b e c) 

a e 0 a = a 

3) Multiplication distributes over addition and 0 is a null-element 

with respect to multiplication, i.e. for all a,b,c E S 
(a ~ b) e c (a e c) ~ (b e c) 

c e (a ~ b) (c e a) ~ (c e b) 

o e a a e 0 = 0 

b) A semi-ring is a closed semi-ring if in addition infinite sums exist, 

i.e. with every family (a., i E I} of elements of S with countable 
~ 

(finite or infinite) index set I there is a associated an element ~ a;, 

its sum. Infinite sums satisfy the following laws: 

4) For finite non-empty index set I 

~ a. = a. ~ a. ~ ••• ~ a. 
iEI ~ ~1 ~2 ~k 

and for empty index set I = ~ 

~ a. = 0 
iE~ ~ 

iEI • 

5) The result of a summation does not depend on the ordering of the 

factors, i.e. for every index set I and every partition {I j ; j E J} 

of I 

U I. I and I. 
jEJ ] ] 

n Ik ~ for i * k 

we have 

~ a. 2 ( ~ a. ) 
iEI ~ jEJ iEI. ~ 

] 

6) Multiplication distributes over infinite sums, Le. 

( ~ a.) ® ( ~ b.) 
iEI ~ jEJ ] 

~(~a.®b.) 
iEI jEJ ~ ] 

[J 

In exercise 3 we draw some conclusions from these axioms. 



Examples: 1) The boolean semi-ring B = {{0,1} , V,A,O,1). The basic 

operations are boolean or (= addition) 

V a. = { 1 
iEI ~ 0 

there is i E I with a. = 
~ 

otherwise 

with neutral element 0 and boolean and (= multiplication) 
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x A y = min{x,y) with neutral element 1. The boolean semi-ring is the 

most simple closed semi-ring. We use it to determine the existance of 

paths between points. 

2) The (min,+) semi-ring {IR U roo} u {-oo} ,min,+,oo,O) of reals with addi­

tional elements 00 and -00. The operations are infimum, denoted min, with 

neutral element 00 and addition with neutral element O. We define 

(-oo) + 00 = 00. Here mi~ corresponds to addition and + corresponds to 

multiplication. We use the (min,+) semi-ring to compute least cost 

paths. 

Further examples of closed semi-rings can be found in the exercises. 

Let G = (V,E) be a digraph, let S be a closed semi-ring and let c: E~S 

be a labelling of the edges of G by elements of S. We extend c to paths 

and set of paths. If p = wo ,w1 , ••• ,wk is a path, then c{p) 

c{wo ,w1 ) @ c{w1 ,w2 ) @ ... @ c{wk _ 1 ,wk ); if k = 0 then c{p) 

a set of path then c{P) = ~ c{p). 

1. If P is 

pEP 

Definition (general path problem): Compute a ij 

i,j, S; i,j S; n. 

L c{p) for all 
pEPij 

c 

We need one further operation in closed semi-rings. For a E S we define 

the closure a* of by a* ED ED 
2 

ED 2 i Here 0 1 and a = a a ... = a . a = 
a i + 1 i i~O 

= a @) a . Note that 0* 1. 

Example: In the boolean semi-ring we have a* = for all a and in the 

(min,+)- semi-ring of reals we have a* = 0 for a ~ 0 and a* = -00 for 

a < O. In both cases, the closure is trivial to compute. 

Definition: p~~) is the set of paths p 
~J 



136 

Vi' w~ = v j , i.e. p goes from vi to Vj 

(2) wh = V for some gh ~ k and all 1 ~ h < ~, i.e. all intermediate 
gh 

points on the path are in {v1 , ••• ,vk }, 

(3) if i = j > k then ~ > 0, i.e. 

eluded in p~~) only if i ~ k. 
~J 

the trivial path of length 0 is in-

c 

With P V ,v V V we have P E p.(3.), P d p.(2.). Also path 
i l' 3' j 1.J I" 1.J 
(i) (i-1) Pii and p ¢ Pii • 

Kleene's algorithm is an application of dynamic programming. It computes 
(k) 

iteratively, k = 0,1,2, ..• ,n, matrices a ij , ~ i,j ~ n, where 

~ c (p) 

pEP~~) 
1.J 

We derive recursion formulae for computing a~~). A path in p~~) can 
1.J 1.J 

have no intermediate point (by part (2) of the definition of p~~) and 
1.J 

it must have length at least 1 (this is obvious for i * j and follows 

from part (3) of the definition of p~~) for i = j). Thus all paths in 

p~~) must have length exactly one, i~~. consist of a single edge. Hence 
1.J 

(0) 
a1.. J. = if (v., v.) E E then c (v. , v.) else 0 fi 

- 1.J -- 1.J---

path p E p~~) either passes through node k 
1.J 

or 
p~~) 

Suppose k > 0 next. A 

does not. Also if i 

and did not belong to 

j = k then the path of length 0 belongs to 
1.J 

of closed semi-ring 
(k-1) Pij . Thus by property (5) 

(5) 
L c (p) if i = j = k then else 0 fi 

pEP~~) 
1.J 

e ~ c(p) e ~ c (p) 
EP (k-1) 

p ij 
PEP~~)_p~~-1) 

1.J 1.J 



Hi j k then else 0 fi ~ (k-1) a ij 
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A th E P (k) -p (k-1) h th f d t h 1 th pa p ij ij as e orm vi .• ·vk ••• v j an mus ave eng 

at least 2. It can be divided into three parts, an initial segment p' 

of length at least 1 which leads from vi to vk without going through 

vk on the way, i.e. p' E pi~-1), a terminal segment p'" of length at 

least 1 which leads from vk to v. without going through vk on the way, 

Le. p'" E p~~-1) and an intermediate segment p" of length at least 0 

which leads from vk to vk going through vk some number ~(~~O) of times, 

Le. p'" E p~~). Conversely, if p' E P i~-1), p" E p~~) and p"' E p~~-1) 

then path p' p II p'II obtained by conca tena ting p', P II and p III is in 

pi~)-pl~-1). It is important to observe here that pl~-1) and p~~-1) con­

tain only paths of length at least 1. This is obvious for i * k (k*j) and 

follows from part (3) of the definition of p~~) for i = k(k=j). Thus 
~] 

~ ~ ~ c(p') 9c(p") Elc(p"') 
'EP(k-1) "EP(k-1) ", EP(k-1) 

p ij p kj P kj 

(g) (~ c(p'» 
'EP(k-1) 

p ij 

El ( ~ c(p"» El (f c(p"'» 

P "EP(k) ", EP(k-1) 
kk p kj 

(k-1) El ( r c(n"» Q a k(k].-1) a ij L 

P "EP(k) 
kk 

A path p" E p~~) either has length 0 or it is a proper path of length 

>0 which goes through vk some number ~(~~O) of times. In the latter 
(k-1) case it consists of ~ + 1 subpaths in Pkk . Hence 

~ c(p") (2,) c(path of length 0) ~ 
p"EP(k) 

kk 
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~ ~ c(p") 

1:<:0 p"EP(k) 
kk 

1 intermediate 

(~) 1 $ ~ ( ! 
1:<:0 P""EP(k-1) 

kk 

1 $ ~ ( (k-1» 1+1 

1:<:0 
a kk 

(a~-1»* 

In summary, we have 

! c (p) 

pEP~~) 
l.] 

points of p" are equal to vk 

c(p",,»1+1 

The set of recursion equations derived above immediately leads to the 

following algorithm: 

(1) for i,j E {1, .•• ,n} 

(2) do 
_ (0) 

- if (vi,vj ) E E then c(v.,v.) else o od a ij l. ] 

(3) for k from 1 to n 

(4) do for i, j E {1, ••• ,n} 

(5) do a~~) (k-1) 
$ ( (k-1) ® (a(k-1»* ® a~~-1) ) a .. a ik - l.] l.] kk 

(6) if i j = k then a~~) 
l.l. 

(i) 
aU $ 1 fi 

(7) od 

(8) od 

Since p~~) 
l.] 

Pij we have a ij 
(n) 

a ij and the general path problem is 

solved. 
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Theorem 1: Kleene's algorithm solves the general path problem in @(n3 ) 

semi-ring operations ~,@ and * 

Proof: Line (5) is executed once for each triple i,j,k with 

1 :s; i, j ,k :s; n. o 

Kleene's algorithm as described above uses 0(n3) storage locations. With 

a little care this can be reduced to 0(n2 ) as follows. Note that we 

left open the order of execution in line (4). Therefore we can replace 

lines (4) to (6) by: 

(4' ) for i,j E {1 , ••• , n} - {k} 

(5' ) do a ij ... a ij ~ (aik @ a kk @ akj ) od; 

(6 ' ) for i E {1 , ••• , n} - {k} 

(7' ) do a ik ... a ik (D (aik @ ah @ a kk ) od; 

(8' ) for j E {1 , ••• , n} - {k} 

(9' ) do k. ... a kj (D (akk @ ah @ akj ) od; 
J 

(10' ) a kk ... ah 

where we use in line (10') that 1 ~ a kk ~ a kk a kk a kk 

V. 2. Two Special Cases: Least Cost Paths and Transitive Closure 

We take a closer look at two applications of the results of the previous 

section. Further applications can be found in the exercises. 

Transitive Closure of Digraphs: Let G = (V,E) be a digraph. Graph 

B(G) = (V,E') is called transitive closure of G if (v,w) E E' if and 

only if there is a path from v to w in G. We use the boolean semi-ring 

and define 

if (v,w) E E 
c(v,w) 

if (v,w) ( E 

Then c(p) 1 for all paths p and therefore for every set P of paths 
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~ C(p) 
pEP 

if P * !1l 

ifP !1l 

We can thus apply Kleene's algorithm to compute the transitive closure 

of a graph. Because of a* = 1 for all elements of the boolean semi-ring, 

line (5) of Kleene's algorithm simplifies to 

where A is boolean and and v is boolean or. 

Theorem 1: The matrix representation of the transitive closure of a 

digraph can be computed in time 0(n3 ) and space 0(n2 ). c 

Theorem 1 by itself is not a big deal. After all, we know already an 

O(n'ered) algorithm from sections IV. 3. and IV.6.(ered is the number of 

edges in a transitive reduction of G). However, we see in section V.S. 

that theorem 1 can be improved to yield an o(n2 • S0 ) algorithm. 

All Pairs Least Cost Paths: Let G = (V,E) be a digraph and let ~: E ~ ~ 

be a labelling of the edges with real numbers. We use the (min,+)-semi­

ring of reals. Then 

~ ~ (p) Inf{~(v,v1) + ~(v1,v2) + ••• + ~(vk'w); 

p path from P = v,v1 ' ••• ,vk ,w is path from v to w} 

v to w 

is the minimal cost of a path from v to w. We can thus use Kleene's 

algorithm to solve the all pairs least cost path problem. 

Theorem 2: The all pairs least cost path problem can be solved in time 

o(n3 ) and space o(n2 ) by Kleene's algorithm. c 

Theorem 2 has to be seen in constrast with theorem 7 of section IV.7.4 •. 

There we described an O(n·e·log n/log(e/n» = o(n3 ) algorithm for the 

all pairs least cost path problem. Although the algorithm of IV.7.4. is 

asymptotically never worse than Kleene's algorithms, it is nevertheless 

inferior for small n or dense graphs. 



V. 3. General Path Problems and Matrix Multiplication 

We resume discussion of the general path problem. Let G = (V,E) be a 

digraph with V = (V1 , ••• ,Vn }, let S be a closed semi-ring and let 

c: E .... S be a labelling of the edges of G by eleI'\ents of S. lfle have 

shown how to compute 2 c(p) for every i and j. By property (5) of 
PEPij 

closed semi-rings we can rewrite this sum as 

Z 
pEPij 
P has 

and 

length J/, 

c(p) 

The inner sum Z is now easily represented as a matrix 
pEP, ' and 

1.J 
p has length J/, 

product. Let A~, = (a, ')1<' '< be the following matrix " 1.J _1.,J_n 

if (v,, v,) E E 
1. J 

otherwise 

Then the sum above is equal to entry (i,j) of the J/,-th power A~ of 

matrix AG, more precisely: 
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Definition: Let Mn be the set of all n by n matrices with elements of 

closed semi-ring S. Addition and multiplication of matrices are defined 

asnusual, i.e. (aij ) m (bij ) = (aij + b ij ) and (aij ) ® (b jk) = 

(E a" 0 b'k). We use 0 to denote the all zero matrix and I = (OiJ') 
j=1 1.J J 

to denote the identity matrix, i.e. 0" = 1 if i = j and 0" = 0 if 
1.J 1.J 

i '" j. o 

It is easy to see that (M ,m:,@,O,I) is a closed semi-ring (exercise 8 ). 
n 

We define the powers of matrix A E Mn as usual: 

and the closure of A by 

A* = I m A m A2 m ••• 
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We are now in a position to formalize the connection between the powers 

of AG and the labels of paths of a certain length. 

Theorem 1: Let A~ ( R,) 
(aij )1~i,j~n be the R,-th power of matrix AG• Then 

(R,) 
a .. 
~J 

2 c (p) 
pEPij 
length (p)=R, 

Proof (by induction on R,): For R, = 0 and R, = 1 the claim is immediate 

from the definition of I and AG• Assume R, > 1. A path p of length R, 

from vi to Vj consists of an edge, say from vi to vk ' and a path of 

length R, - 1 from vk to Vj • Hence 

2 c(p) (5),(6) 
n 
2 ( ~ 

pEP .. 
~J 

length (p) = R, 

Corollary 2: Let AG 

b .. 
~J 

2 c(p) 
pEPij 

k=1 p'EPkj 
length(p' )=R,-1 

J.H 

( R,) 
a .. 
~J 

(b .. ) 1< .. < • Then 
~J _~,J-n 

I c(p'» 
p'EPkj 
length (p' ) =R,-1 

Proof: Immediate from theorem 1 and the definition of AG• 

o 

o 

General path problems are thus equivalent to computing the closure of 

matrix AG• Kleene's algorithm allows us to compute the closure of a 

matrix with 0(n3 ) additions, multiplications and closures of semi-ring 

elements. The same number of operations is required to multiply two 
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matrices according to the standard method, the highschool method. In 

the highschool method we multiply two matrices by A and B by computing 

the scalar product of every row of A with every column of B. We show 

next, that there is a deeper reason behind the fact, that Kleene's 

algorithm for computing the closure of a matrix and the highschool meth­

od for mUltiplying matrices have the same complexity. 

Theorem 3: If there is an algorithm which computes the closure of an n 

by n matrix with A(c) additions, multiplications and closure operations 

of semi-ring elements and if A(3n) ::; c·A(n) for some c E IR and all 

n E IN then there is an algorithm to multiply n by n matrices with 

M(n) = O(A(n» additions and multiplications. 

Proof: Let A and B the two n by n matrices over closed semi-ring S. 

Let C be the following 3n by 3n matrix. 

C (~~~) 
000 

The closure C* of C can be computed with A(3n) ::; c·A(n) operations. 

Since 

(
00 A@B) 
000 

000 
(

0 0 0) 
000 

000 

we have 

and product A @ B can be found in the right upper corner of C*. Thus 

the product of two n by n matrices can be computed with M(n) = A(3n) 

::; c·A(n) = O(A(n» operations. c 

Let us discuss briefly the assumption 3c : A(3n) ::; c·A(n). First of al~ 

this assumption stipulates a polynomi&bound on the growth of A(n), 

namely 
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A(n) :5 ••• :5 
log3n 

c ·A(1) 

log3n 
for n a power of 3. Thus A(n) = O(c ). Since we know already how to 

compute the closure with O(n3 ) operations, a polynomial bound on A(n) 

is not a severe restriction. Secondly, the assumption stipulates a 

certain "smoothness" of A(n). Function A(n) is not allowed to grow in 

jumps. Many functions such as n~, ~ ~ 1, n~.log n, satisfy the assumption 

made in theorem 3. Surprisingly, the converse of theorem 3 is also true. 

Theorem 4: If the product of two n by n matrices can be computed with 

M(n) additions and multiplications of semi-ring elements and if 

4M(n/2) :5 M(n) and M(2n) :5 c.M(n) for some c and all n then the closure 

of an n by n matrix can be computed with A(n) = O(m(n» additions, 

multiplications and closure operations of semi-ring elements. 

Proof: We describe a recursive algorithm which uses only A(n) = O(M(n» 

semi-ring operations. Let X be any n by n matrix over a closed semi­

ring. We assume at first that n = 2k is a power of 2 and extend the 

result to arbitrary n later on. 

For k = 0 and hence n = 1 the closure of matrix X 

x* = (x*). Thus A(1) = 1. 

(x) is simply 

Assume k > O. We split X into 4 n/2 by n/2 matrices B,C,D and E. 

X 
B 
D 

C 
E 

and interpret the splitting of X in terms of graphs. Matrix X corre­

sponds to a graph G = (V,E) with V = {v1 , ••• ,vn}, E = VxV, and labelling 

c: E - S with c(v.,v.) = x ..• Let V1 = {v1 ,···v /2} and 
~ J ~J n 

V2 = {vn / 2+1 , ••• ,vn}. Then B describes the labelling of edges which lead 

from nodes in V1 to nodes in V1 ' C describes the labelling of edges 

which lead from nodes in V1 to nodes V2 ' ••• 

B~ ___ :_yE 
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What is the interpretation of matrix 

F G 
x* H K 

F is the sum of the labellinqsof all paths which lead from nodes in V1 
to nodes in V1 , •••• Let v,w E V1 • A path from v to w has the following 

form. It begins in v and then goes through some nodes in V1 using edges 

in B, then leaves V1 and enters V2 via an edge in C, then goes through 

some nodes in V2 using edges in D, •••• More precisely, we can say that 

a path from v to w cOhsists of elementary pieces which connect a node 

in V1 with another node in V1 without going through a node in V1 on the 

way. Thus an elementary piece is either an edge between two nodes in V1 , 

i.e. an element of B, or it consists of a single edge in C followed by 

a path in V2 consisting of edges in E only, i.e. an element of E*, 

followed by an edge from V2 to V1 , i.e. an element of D. Elementary 

pieces are thus given by B ~ (C ® E* ® D). Hence 

F (B ~ (C ® E* ® D»* 

Similarly, 

and 

G F ® C ® E* 

H E* ® D ® F 

K E* ~ (E* ® D ® F ® C ® E*) 

We leave it to the reader to formally justify these identities. The 

formulae above suggest the following algorithm for computing F,G,H and 

K from B,C,D and E. 

T1 E* 

T2 C ® T1 

F (B e (T2 ® DJ*) 

G F ® T2 

T3 T1 ® D 

H T3 ® F 

K T1 ~~ ® G) 
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Execution of this program requires us to compute the closure of two n/2 

by n/2 matrices, six products of n/2 by n/2 matrices and two sums of 

n/2 by n/2 matrices. If we use the same algorithm recursively then the 

closure of an n/2 by n/2 matrix can be computed with A(n/2) operations. 

Summming two n/2 by n/2 matrices takes (n/2)2 additions. Thus 

A(n) = 2·A(n/2) + 6M(n/2) + 2(n/2)2 

Since M(n) ~ 4M(n/2) and hence H(n) ~ n 2M(1) ~ n 2 this simplifies to 

A(n) ~ 2· A(n/2) + 8M(n/2) 

We show A(n) ~ 41-1(n). Since A(1) 

n = 1. If n = 2k > 1 then 

M(1) 1 this is certainly true for 

A(n) ~ 2·A(n/2) + 8M(n/2) 

~ 16M(n/2) 

~ 4M(n) 

by assumption. If n is not a power of two we fill up matrix X with 

zeroes to matrix X of dimension 2 rlog n' 

X 0 
X 

o 0 

and compute X*. Since 

X* 0 

o 0 

we can read off X* in X*. Thus 

A(n) 
rl ' ~ A(2 og n ) 
rl ' ~ 4M(2 og n ) 

~ 4M(2n) , since 1-1 is non-decreasing 

~ 4c·M(n) , by assumption. 

In either case, we have A(n) O(M(n». o 
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In theorems3 and 4 we established that closure of a matrix and matrix 

product have the same order of complexity. Since matrix product is the 

more familiar operation we study its complexity in more detail in sub­

sequent sections. 

V. 4. Matrix Multiplication in a Ring 

We all learned in school how to multiply n by n matrices with 0(n3 ) 

arithmetic operations. Surprisingly enough, the naive way of multiply­

ing matrices is not the fastest. As of the writing, the asymptotically 

fastest algorithm is by Coppersmith and Winograd; their algorithm needs 

only 0(n2.495364) arithmetic operations. We describe in this section an 

0(n2 • S1 ) algorithm due to Strassen, the first algorithm which actually 

beat the 0(n3 ) bound. Strassen's algorithms and all other fast multi­

plication algorithms for matrices do not work over semi-rings but only 

in the richer structure of rings. 

Definition: An algebraic structure (S,+,',O) is a ring if 

1) (S,+,O) is an abelian 

(a+b) + c a + (b+c) 

a + b b + a 

a + 0 = a 

'v'a3b a+b 0 

2) (S, • ) is a semi-group, 

(a·b) ·c = a· (b·c) 

3) the distributive laws 

a· (b+c) a·b + a·c 

(b+c) ·a b·a + c·a 

group, 

i.e. 

hold, 

i.e. 

i.e. 

(associativity) 

(commutativity) 

(neutral element) 

(inverses exist) 

(associativity) 

o 

Theorem 1: The product of two n by n matrices over a ring can be com­

puted in o(nlog 7) ring operations. 

Proof: We give a recursive algorithm. Let n 2k (the general case is 

considered later) be a power of two and let A and B be two n by n ma­

trices. We split A and B into 4 n/2 by n/2 matrices each. 
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A 
All A12 

B 
A2l A22 

Then C A·B can be written as 

C 
Cll C12 

C21 C22 

where C11 A11 B11 + A12 B21 

C12 A11 B12 + A12 B22 

C21 A21 B11 + A22 B21 

C22 A21 B12 + A22 B22 

Exactly the same set of formulae defines the product of two 2 by 2 ma­

trices. Note however, that the elements of matrices A,B and C, when 

considered as 2 by 2 matrices, are not ring elements but large n/2 by 

n/2 matrices. The following lemma shows, that this difference is in­

essential. 

Lemma 1: Let m E IN and let S be a ring. Then the set of m by m matrices 

over S form a ring. 

Proof: Exercise 11. [J 

It remains to describe a fast method for multiplying 2 by 2 matrices. 

What does fast mean? Note that we want to apply the algorithm recur­

sively, i.e. the elements of the 2 by 2 matrices to be multiplied are 

themselves large matrices. Therefore, multiplication of ring elements 

is much more costly than addition in the recursive application of the 

algorithm. It is therefore important to multiply 2 by 2 matrices with 

a small number of multiplication of ring elements, in particular to use 

less than the 8 multiplications used in the school method. 

Strassen showed how to multiply two 2 by 2 matrices 
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with 7 multiplications and 18 additions and subtractions. 

compute In, (a12 - a 22 ) (b 21 + b 22 ) 

m2 (a" + a 22 ) (b" + b 22 ) 

m3 ( a" - a 2 ,) (b" + b'2) 

m4 ( a" + a'2) b 22 

mS a" (b'2 - b 22 ) 

m6 a 22 (b2 , - b,,) 

m7 (a2 , + a 22 ) b" 

and the.n 

c" m, + m2 - m4 + m6 

c'2 m4 + mS 

c 2 , m6 + m7 

c 22 m2 - m3 + mS - m7 

The reader can easily convince himself that this algorithm actually 

computes the product of 2 by 2 matrices. If we apply this algorithm re­

cursively to compute c",c'2,C2"c22 then the following recursion holds 

for M(n), the number of ring operations required to multiply two n by n 

matrices by Strassen's algorithm 

M (' ) , 

M(n) 7M(n/2) + '8 (n/2)2 

for n a power of two. This recurrence solves for n 

k-' 
M(n) E 7i .'8.2(k-i-l)2 + 7k 

i=o 

If n is not a power of two we fill up matrices A and B with zeroes un­

til we reach a power of two and compute the product of the padded ma­

trices. This increases n by at most a factor of two. Thus for all n 
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M(n) ~ 7(2n)10g 7 49nlog 7 c 

Strassen's method is asymptotically faster than the school method for 
multiplying matrices. Where is the cross-over point, i.e. from whan n 

on is Strassen's algorithm superior to the school-method? We restrict 
ourselves to the case that n = 2k is a power of two. 

The school method requires n 3 multiplications and n 3 - n2 additions for 

multiplying two n by n matrices. We want to find the smallest ko such 
that for all k ~ ko 

A simple calculation shows that ko = 10, i.e. n = 1024. This is a little 
bit disappointing but it also shows how we can improve the recursive 

algorithm~ the school method is faster than Strassen's algorithm for 
n ~ 1024. For example, Strassen's algorithm requires 25 operations to 

multiply 2 by 2 matrices and the school method requires only 12. It is 
therefore complete nonsense to use recursion all the way down to n = 2 

in Strassen's algorithm. Where should we stop? 

We pose the following question. From what point on is it cheaper to 
multiply directly by the school method than to use one further step of 

recursion? Let n be even and let A and ·B be n by n matrices. We split 

A and B into 4 matrices of size n/2 by n/2 and multiply A and B with 7 

multiplications and 18 additions of n/2 by n/2 matrices. The school 

method is used to multiply the smaller matrices. The total number of 
arithmetic operations in this method is: 

7(2(n/2)3 - (n/2)2) + 18(n/2)2 = 7/4 n 3 + 11/4 n2 

If the school method is used directly to multiply A and B then 

arithmetic operations are required. Then 

iff 

7/4 n3 + 11/4 n2 < 2n3 - n2 

15/4 n2 < 1/4 n 3 iff 15 < n. 



151 

We conclude that for even n we should use one more recursive step if 

n ~ 16. Suppose now that n is odd. We split off one column each from 

matrices A and B, i.e. 

A B 

where All,Bll are n-l by n-l matrices, A12 ,B12 are column vectors of 

length n-l, A21 ,B21 are row vectors of length n-l and A22 ,B 22 are ring 

elements. If we compute A·B according to the school method then we also 

multiply All·B ll according to the school method. Recursion applied to 

product All·B ll saves operations whenever n-l ~ 16. These considerations 

lead to the following algorithm. 

procedure MATMULT (A,B,n); 

co A and Bare n by n matrices; 

if n < 16 

then compute A·B according to the classical algorithm 

else if n even 

fi 

end 

then split A and B into four n/2 by n/2 matrices each and apply 

the formulae given in the proof of theorem 1. Use MATMULT re­

cursively to multiply n/2 by n/2 matrices. 

else split off one row and column of matrices A and B and apply 

the algorithm recursively to the n-l by n-l matrices obtained 

in this way. The remaining products are computed classically. 

fi 

Theorem 2: Algorithm MATMULT for multiplying n by n matrices has the 

following properties: 

1) for n < 16 the algorithm uses the same number of arithmetic opera­

tions as the classical algorithm. 

2) for n ~ 16 MATMULT uses strictly less arithmetical operations than 

the classical algorithm. 

3) MATMULT never uses more than 4.8 n log 7 arithmetical operations. 

Proof: 1) and 2) are immediate from the preceding discussion. It re­

mains to prove 3). Let M(n) be the number of arithmetical operations 

used by MATMULT on n by n matrices. Then 
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2n2 _ n 2 if n < 16 M(n) 

M(n) 

M(n) 

7M(n/2) + (18/4)n2 if n ~ 16 and n even 

7M((n-1)/2) + (42/4)n2 -17n+ 15/2 

Define M, x E IR +' by 

14 (x) 

14 (x) 

2x3 _ x 2 

714(x/2) + (42/4)n2 

if n ~ 16 and n odd 

if x < 32 

if x ~ 32 

Then 14 (n) ~ M (n) for all n E IR. This is easily shown by direct calcu­

lation for n < 32 and by induction for n ~ 32. Furthermore 

k-1 
M(x) L 7i (42/4) ·(x/2i)2 + 7k[2(x/2k)3 - (x/2k)2] 

i=o 

for x ~ 32 where k = min{li x/2~ < 32}. This is easily verified by in­

duction. With k = Llog x J - 4 = log x - t for some t E [4,5] we obtain 

M(X) s 7log x[13(4/7)t + 2(8/7)t] 

s 4.8 • 7log x 

for all x ~ 32. For x < 32, M(x) S 4.8 • 7 log x is easily shown di­

rectly. o 

So far, we have only counted number of arithmetic operations. We neither 

considered the additional administrative overhead required by Strassen's 

algorithm nor the difference in complexity of adding and multiplying 

ring elements. We will now sketch an analysis which takes all these 

facts into account. Let a be the time required to add two ring elements 

and let m be the time required to multiply two ring elements. Again we 

want to compute from what n on a recursion step pays off. We neglect 

terms of linear order in the sequel. It takes time n 2a + n 2c 1 to add 

two n by n matrices on a RAMi here c 1 is the time required. for storage 

access, index calculations and test for loop exit. Similarly, it takes 

n 3m + (n3_n 2)a + n 3c 2 + n 2c 3 time units to multiply two n by n matrices 

according to the classical algorithm. Here c 2 and c 3 are the time re­

quired for storage access, index calculations and the test for loop 

exit in the innermost and next to innermost loop. A recursion step pays 



off, if 

i.e. 

3 3 2 3 2 7«n/2) m + «n/2) - (n/2) a + (n/2) c 2 + (n/2) c 3 ) 

+ 18«n/2)2 a + (n/2)2 c 1 ) 

< n 3 + m (n3_n 2 ) a + n 3 c 2 + n 2 c 3 ' 

30a + 36c1 + 6c 3 
n > ----~~--~----~ m + a + c 2 
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It is beyond the scope of this book to determine constants c 1 ,c2 ,c 3,a, 

m exactly. Realistic values are a ~ c 2 ,c2 ,c 3 ,m ~ 6a. Then n ~ no ~ 40, 

which is in good agreement with experiments reported in the literature. 

We refer the reader to the litarature for a more detailed analysis. 

The analysis of Strassen's algorithm offered above is still open for 

critic. Suppose that we want to multiply two n by n matrices over the 

integers and that all entries are in the range [0 ••• M-1], i.e. all 

entries are numbers of at most log M bits. Let us assume further that 

it takes a(k) (m(k» time units to add (multiply) k-bit numbers. The 

assumption here is that it takes one time unit to manipulate a single 

bit (cf. V. 7. for an exact definition). Then a(k) = O(k) and 

m(k) = 0(k 2 ) by the classical methods. There are faster methods for 

multiplying numbers, an O(klog 3) algorithm is discussed in the exer­

cises and an O(k log k loglog k) algorithm can be found in Schonhage/ 
2 Strassen. We use m(k) = O(k ) in the sequel. Then the following ques-

tion arises. How large do the numbers become in Strassen's algorithm 

compared with the classical algorithm? 

In the classical algorithm we have to perfom n 3 multiplications of 

log M bit numbers for a cost of n 3m(10g M). We then have to add numbers 

in the range [0 ••• n(M-1)2]. Thus the cost of the additions is bounded 

by n 3a(10g n + 2 log M). A more careful analysis allows us to drop the 

log n term in the bound on the cost of additions (exercise 14). Thus 

the total cost of the classical method is bounded by 0(n3 (10g M)2). 

What can we say about Strassen's method? The following simple observa­

tion is crucial. If c ik = L aoo bOk and aoo,bok E [0 ••• M-1] then 
j 1.)) 1.)) 

c ik = L a ij b jk mod nM2 • 
j 
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The integers mod nM2 form a ring 7L We can therefore carry out 
nM2 • 

Strassen's algorithm in the ring 7L 2 of integers mod nM2 • The cost of 
nM 

an addition or multiplication in that ring is certainly bounded by 

m(log n + 2 log M) and hence the total cost of Strassen's method is 

O(nlog 7(log n + log M)~. Thus Strassen's method is asymptotically 

faster than the classical method not only in number of arithmetical op­

erations but also in number of bit operations. 

v. 5. Boolean Matrix Multiplication and Transitive Closure 

In this section we apply the results of the previous section to boolean 

matrix product. Unfortunately, this is not possible directly. The 

bpolean semi-ring B = ({O,1},V,A,O,1) is not a ring. We have ° v 1 

1 v 1 = 1, i.e. there is no additive inverse for element 1. 

Let A and B be boolean n by n matrices. We want to compute C = A(X)B, 

the boolean matrix product of A and B. Here A is the multiplicative and 

v is the additive operation. 

Since the boolean semi-ring ~ not a ring we cannot apply the results 

of the previous section directly. The way out is to look at ° and 1 as 

natural numbers and to compute the ordinary product C = A(t)B of A and 

B. Then 

c .. 
~J 

and c .. 
~J 

and hence c .. = ° iff c .. = 0. We can thus directly translate matrix e 
~J ~J 

into matrix C. Natural number ° corresponds to boolean constant ° and 

natural numbers * ° correspond to boolean constant 1. We have 

Theorem 1: Let A and B be boolean n by n matrices. Then the boolean ma­

trix product of A and B can be computed in o(nlog 7(log n)2)= o(n2 • 82 ) 

bit operations. 

Proof: We have shown at the end of the previous section that the prod­

uct of O,1-matrices can be computed with o(nlog 7(log n)2) = o(n2 • 82 ) 

bit operations. This discussion above shows that this is also true for 

boolean matrix product. 



155 

c 

Theorem 2: The closure of an n by n boolean matrix can be computed with 

o(nlog 7(log n}2} bit operations. 

Proof: Immediate from theorem 1 and theorem V.3.4. 

Theorem 3: The transitive closure of a digraph G = (V,E) can be com­

puted with O(nlog 7(log n}2} bit operations, n IVI. 

Proof: Immediate from theorem 2 and corollary V.3.2 .• 

V. 6. (Min,+}-Product of Matrices and Least Cost Paths 

c 

c 

We used the (min,+}-serni-ring of reals to deal with least cost path 

problems. Let A and B be n by n matrices with entries in [O •.• M-1] U {~}. 

We want to compute C = A(m~n}B, i.e. 

The classical method for computing C takes o(n3 log M) bit operations. 

Again, the results of section V.4. cannot be applied directly because 

the (min,+}-semi-ring of reals is not a ring. 

An asymptotically faster algorithm is based on the following observa-
. a b min(a b) 

tion. If a,b E IN 0 and a '*' b then llm(x + x } /x ' = 1 and hence 
x .... o 

min(a,b} ~ log(xa + xb}/log x for small x. 

Lemma 1: Let b 1 , •.• ,b n E IN 0' let f (x) 

min(b1 , ..• ,b n }. Then 

r , 
a = -(1/m}10g f(2-m) 

for any m > log n 

Proof: Let a = bh . Then 

n b k 
I: x and let a 

k=1 
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n -m b k 
L 2 

k=l 

-m a c 2 

-m a n 
2 (1 + L 2-m(bk-a) 

k=l 
k"'h 

for some c with 1 ~ c ~ 1 + (n-1) = n 

Then 

since a E IN 0 and 0 ~ (log c) 1m < 1. [J 

Based on lemma 1 we can use the following algorithm to compute 

C = A(m1n )B. 

(1) Let m 1 + rlog n'. Compute matrices A and B with 

-m a .. 

{ 
2 1.J if a .. '" = 1.J 
0 if a .. = 1.J 

-m b .. 

B .. 
1.J 

2 1.J if b ij '" = { 
0 if b .. = 1.J 

(2 ) Compute e A B by Strassen's algorithm. 

(3) Compute C from e by 

A 

{ = if c .. 0 
c .. 1.J 

1.J r - (11m) log 
A 

if 
A 

0 c .. c ij * 1.J 

Theorem 1: The (min,+)-product of matrices A and B with entries in 

[O ••• M-1] U {=} can be computed with O(nlog 7) arithmetical operations 

on reals and o(nlog 7(M log n)2) bit operations. 

Proof: m is easily computed from the binary representation of n. Then 

matrices A and B can be determined in o(n2 ) arithmetical and 
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O(n2 M log n) bit operations. Note that numbers a .. have O(m log n) 

bits each. Step (2) clearly takes O(nlog 7) arith~~tical operations. It 

takes O(nlog 7(10g n + M log n)2) = O(nlog 7(M log n)2) bit operations 

by the discussion at the end of section V.4 •• Finally step (3) requires 

us to take logarithms n 2 times. This can be done as follows. 

Lemma 2: Let x E IR, 0 < x < 1, and let z be the number of leading 

zeroes in the binary representation of x. Then r - (1 /m) log x' = 1 + Lz/mJ 

Proof: Note first that 

- log x = z + 1 - 0 for some 0, 0 ~ 0 < 1. 

Hence 

- ( 1/m)1og x 

Also 

o < (z/m-Lz/mJ ) + (1-0)/m ~ (m-1)/m + 1/m ~ 

and hence 

r _ ( 1 /m log x' [J 

We infer from lemma 2 that step (3) takes o(n2 ) arithmetical operations 

and O(n2 (10g M + log log n)2) bit operations. Note that z ~ M log n. 

Altogether we have shown that o(nlog 7) arithmetical operations over 

the reals and O(nlog 7(M log n)2) bit operations suffice. [J 

Let us compare the classical algorithm with the new algorithm. The clas­

sical algorithm is clearly inferior with respect to arithmetical opera­

tion. The situation is not so clear with respect to number of bit oper­

ations. The classical algorithm uses o(n3 log M) bit operations the new 

algorithm uses O(nlog 7(M log n)2). Thus the classical algorithm is 

superior or at least competitive whenever M is of size n 3- 1og 7 ~ nO• 19 

or larger. 

In the boolean case we were able to obtain efficient algorithms for the 

transitive closure by applying theorem V.3.4 •• Is this also true here? 
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The answer is no! Let us take a closer look at the proof of theorem 

V.3.4 •• In the recursive algorithm described there we have to multiply 

smaller matrices. In the case of (min,+}-product all entries in these 

smaller matrices correspond to shortest paths in subgraphs of the given 

graph. Therefore the entries in these matrices are in the range O ••• nM. 

As above we assume that we start with a matrix with entries in 

O ••• (M-1). Thus the multiplications on the way are extremely costly; 

their cost may be as large as O(n log 7(nM log n}2} bit operations by 

theorem 1. 

We included this section mostly as a warning. It shows us that saving 

arithmetical operations may not always correspond to real savings in 

execution time, if the reduction in arithmetical operations implies a 

drastic increase in the size of the numbers which have to be handled 

by the algorithm. The additional time spent on realizing the basic 

arithmetic operations addition and multiplication then more than 

compensates the savings in the number of such operations. We conclude 

that analysing the number of arithmetic steps is not enough; it always 

has to be accompanied by an analysis of the cost of arithmetic steps. 



159 

V. 7. A Lower Bound on the Monotone Complexity of Matrix Multiplication 

In this section we will prove a lower bound on the complexity of matrix 

multiplication in a restricted model of computation: straight-line 

programs which use only monotone operations. A straight-line program is 

a program without loops and conditional statements. All programs which 

we have seen in this chapter are straight-line programs if we restrict 

ourselves to fixed input size because for fixed input size we can 

eliminate all loops and procedure calls by explicite duplication of 

code. Monotone operations preserve the natural ordering on their domain. 

In the arithmetical case (reals or integers) the operations addition 

and multiplication are monotone but subtraction is not and in the 

boolean case the operations AND and OR are monotone but negation is not 

(The natural ordering is 0 ~ 1 in the boolean case). We treat the 

boolean case first and then obtain the lower bound for other cases as a 

corollary. 

Definition: A straight-line program 6 over set X = {x1 , ••• ,xn } of input 

variables, Z = {z1, ••• ,zm} of intermediate variables, and operations 

AND and OR is a sequence A1 , ••• ,Am of assignment statements. The j-th 

assignment statement Aj , 1 ~ j ~ m, has the form 

where OPj E {AND, OR}, and v jk E X or v jk = z~ for some ~ < j and 

k = 1,2. If the operation symbol in assignment Aj is AND (OR) then we 

refer to Aj 

program 13. 

as an AND (OR) -gate. Integer m is the length of the program 

'l'he semantics of straight-line programs is straightforward. We 

associate with every variable v E X U z of a straight-line program 

a n-ary boolean function res Q : Bn ~ B where n = IXI and 
... ,v n 

B = {O,1}. Let b = (b 1 , ••• ,bn )E B be arbitrary. 

o 

If v E X, say v x., then res Q is the i-th projection function, i.e. 
~ ... ,v 

If v E Z, say v = Zj' and Aj 

Z j ... v j 1 op j v j 2 then 

has the form 
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where we took the liberty of using the same symbol OPj for the 

operation symbol and the operation itself. 

Let F be a set of n-ary boolean functions. Then straight-line program ~ 

computes F if F c {res~ ; v is a variable of ~}. The complexity of F 
""v 

is the minimal length of any program ~ which computes it. 

Example: Let ~ be the following program with input variables 

all' a 2l , b ll , b 12 • 

Zl a 2l v b 12 

z2 zl v b ll 

z3 Z2 A all 

where we used A to denote AND and v to denote OR. (Frequently, we 

suppress the A-symbol). Then 

res~ = a 2l v b ll v b 12 and 
""z2 

res~ 
""z3 

Straigh t-line 

corresponding 

correspond to 

programs can be interpreted as circuits, the circuit 

to the program above is shown below. The input variables 

the input ports 

of the circuit and the intermediate variables correspond to outputs of 

gates. 

A boolean function f is monotone if it can be computed by a straight­

line program over operation set AND and OR. Equivalently, f is monotone 
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if it preserves the natural ordering on B: B is ordered by 0 ~ and 

Bn is ordered componentwise. 

We are interested in boolean matrix multiplication. 

Definition: Let r,p,q E IN and let A = (ao 0) ,B = (b ok)' 
1.J J 

1 ~ i ~ r, 1 ~ j ~ p, 1 ~ k ~ q, be sets of boolean variables. The 

(r,p,q) boolean matrix product is the following set of rq monotone 

boolean functions: 

F v 0 {o 1 (a 0 0 A b ok); 1 < 1. < r, 1 _< k _< q} J= 1.J J --

The definition of matrix product suggests the school method for 

computing it. We will show that the school method is optimal. 

Theorem 1: 

o 

a) Every monotone straight-line program (= monotone circuit) for the 

(r,p,q) boolean matrix product contains at least rpq AND-Gates and 

rq(p-1) OR-gates. 

b) The school method for boolean matrix product is the only (up to 

commutativity and associativity) of AND and OR) program which uses that 

number of AND- and OR-gates, i.e. the school method is the unique 

optimal monotone circuit for boolean matrix product. 

Proof: The proof of theorem 1 is lengthy. We will first review some 

basic facts and concepts about boolean functions, then prove two 

theorems about the structure of optimal monotone circuits and then 

finally prove the lower bound on matrix multiplication. 

Let f,g: Bn ~ B be boolean functions. We write f ~ g if 

f(b) ~ g(b) for all b E Bn. A monomial is a product of input variables. 

Let m be a monomial. Then m is an implicant of f if m < f and it is 

a prime implicant of f if m ~ f and m < m' < f implies m = m' for 

all monomials m'. We use Prim(f) to denote the set of prime implicants 

of f. 

We will now state and prove two theorems about the structure of monotone 

circuits. We illustrate both theorems on the example given above. We 

assume that the three assignments given there are part of a program 

for (r,p,q) boolean matrix product with r ~ 2, P ~ 1, and q ~ 2. 

We also assume that z1 and z3 but not z2 are used in later statements 
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of the program. We indicated this assumption in the circuit diagram by 

the two wires leaving the bottom of the diagram. 

Theorem 2: Let ~ be a monotone circuit wich computes 

variable in ~, and let Prim (res~,v) = {to, ••• ,tk }. 

If there is no monomial t and no function f E F with 

then the following circuit ~. also computes F: Circuit 

F, let v be a 

to AtE Prim(f) 

~. is obtained 

from ~ by replacing every access to variable v by an access to a new 

variable v' with res~.,v' = t,v ••• vtk • 

Remark: Circuit ~. is not necessarily cheaper than circuit ~ because 

we might delete only one gate, namely v, but might have to add more 

than one gate to compute t,v .•• vtk • In our example, a" a 2 , is prime 

implicant of z3; it is not part of any prime implicant a ij b jk of any 

output function. Hence we can replace all accesses to z3 by accesses to 

z3' with res". • = a" b" v a" b'2. We can therefore delete ., , z 3 
gates z2 and z3 and replace them by gates which compute a 11 b'1 v 

a 11 b 12 • We obtain: 

Proof of theorem 2: Let us assume for the sake of contradiction that 

~. does not compute F, say f E F is not computed. Then there must be 

a variable w with res" = f. We conclude from the hypothesis of 
." W 

the theorem that v * w. Hence w exists also in circuit ~. and realizes 

f' = res". . By monotonicity we have f' ~ f and since f is not ., ,w 
computed by ~. we even have f' < f. Thus there muxt be b E Bn such that 

f' (b) = 0 * 1 = f(b). Since ~ and ~. only differ in variables v and v' 

we conclude further that (t1v ••• v t n ) (b) = 0 and to(b) = 1. Hence, if 

we change the value of any variable which occurs in to from 1 to 0 we 

also change the value of f from 1 to 0 and therefore there is a 

monomial t with to AtE Prim(f). 
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Contradiction! c 

Consider va:t°iable z) in our example above. It has prime implicants 

all b 11 and all b 12 • Both products have to be computed in any circuit 

for matrix product but they have to be sent to different outputs. 

However, separating information is impossible in monotone computations 

as theorem 3 shows. 

Theorem 3: Let v be a variable in a monotone circuit ~ which computes 

F. Assume further that t A t 1 , t A t2 E Prim(res~.v) for some monomials 

t,t 1 ,t2 and that for all f E F we have: for all monomials s the 

inequalities SA tAtl::: f and SAt A t2::: f imply SAt::: f. 

Then the following circuit ~' also computes F. Delete v from ~ and 

replace all accesses to v by accesses to v' with res~"v' = t v res~,v' 

Proof: Let us assume for the sake of contradiction that ~' does not 

compute F, say f E F, is not computed. Let f = res a for some variable .. ,w 
wand let f' res a , if w * v. If w = v then let f' = res a ,. By .. ,w .. ,v 
monotonicity we have f ::: f' and since f is not computed by ~' we even 

have f < f'. Let b E Bn be such that feb) = 0 * 1 = f' (b). Then we must 

have res a (b) = 0 and t(b) = 1 • .. ,v 
As before, we conclude that if we change the value of any variable 

which occurs in t from 1 to 0 then f' changes its value from 1 to 0 

and therefore we conclude the existence of a monomial s with 

SAt E Prim(f'). 

We conclude further from the structure of circuits ~ and ~' that 

SAt A tl and SAt A t2 are implicants of f. Hence SAt is implicant of 

f and hence feb) = 1. 

Contradicti.on! c 

In our example we can apply theorem 3 to zl and z3' Consider zl first. 

Let fOk = V (ao ° A bok) be an arbitrary output of boolean matrix product 
~ J ~J J 

and let s be a monomial with s A a 21 ::: fik and s A b 12 ::: fik" 

From s A a 21 ::: fik we conclude that either s ::: fik or s = b 1ks' and 

i = 2. From s A b 12 ::: fjk we conclude that either s ::: fik or s = ails" 

and k = 2. Thus either s ~ fik or s = a 21 b 12 Sill and i = k 2. In 

either case we have s ~ f ik • We can therefore apply theorem 3 with 

t = 1, tl = a 21 and t2 = b 12 • This allows us to replace all accesses 

to zl by accesses to zl' with res~"z' = 1. Similarly, we can apply 

theorem 3 to z3 with t = all' tl = b 11 and t2 = b 12 • We obtain 
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We can now start to really prove theorem 1. Let ~ be an optimal circuit 

for boolean matrix product, i.e. a circuit of minimal length. We want 

to show that ~ is the school method. In the school method we have for 

every triple (i,j,k) an. AND-gate which computes a .. b' k and for every 
l.J J 

pair (i,k) we have p-1 OR-gates which sum the p products 

a .. b 'k' 1 < j < p. We try to locate these gates in circuit ~ • In order 
l.J J --

to do so we consider the predicates P on boolean functions which have 

the property that they hold true for at least one output wire of any 

circuit for boolean matrix product and that they hold true for no input 

wire. Thus there must be a gate g in ~ such that P holds true for (the 

functions realized at) the output wire of g but does not hold true for 

any input wire of g. We denote this set of gates by I(P). The gates in 

I(P} are the gates to be located. Unfortunately, we will not be able 

to locate all rpq AND-gates in one step. Rather, we will locate only 

the rq AND-gates which realize the products a i1 b 1k , then eliminate 

these gates by setting a i1 = 1 and b 1k = 0, and finally use induction 

on p. 

The following notation helps to simplify the discussion. If g is a gate 

then we use h(h 1 ,h2 ) to denote the function realized by the output 

(left and right input) wire of g. 

We will first locate the AND-gates. For 1 ~ i ~ r, 1 ~ k < q let Pik 

be the following predicate on boolean functions 

Pik(h) * a i1 b 1k ~ hand a i1 $ hand b 1k $ h, 

i.e. a i1 b 1k is prime implicant of h. 

Clearly, input variables of ~ do not satisfy Pik and output fik 

satisfies Pik • Hence I(Pik ) is not empty. 

Lemma 1: a) If g € I(Pik ) then g is an AND-gate and a i1 ~ h1 and 

b 1k ~ h2 (or vice versa) 

b) If (i 1 ,k 1 ) * (i 2 ,k2 ) then I(P. k) n I(P. k) !II 
l.1 1 l.2 2 
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Proof: a) Let g E I(P ik ). Assume first that g is an OR-gate. Then 

h = h 1vh2 and Pik(h), ,Pik (h 1 ) and ,Pik (h2 ). From ail b 1k S h we 

oonclude that either a i 1 b 1k :: hl or ail b 1k S h 2• We may assume ail b 1k S hl 

w.l.o.g •• From ,Pik (h1 ) we conclude further that either ail S hl or 

lfi 1k S hl and hence ailS h or b 1k S h. ·Thus ,p ik (h), a contradiction. 

This shows that all gates g E I(Pik ) are AND-gates. 

Let g E I(Pik ) be an AND-gate. Then h = hl A h2 and ,Pik (h 1 )and ,Pik (h2 l. 
From ail b 1k S h we conclude ail b'k S hl and ail b'k S h2 and hence 

ail S hl or b 1k S hl and similarly for h 2 • If ail S hl and ail:: h2 

then ail S h, a contradiction. Similarly, if hlk :: h, and b 1k S h2 

then b 1k S h, a contradiction. Thus ail S hl and b 1k :: h2 or vice versa. 

This proves part a). 

b) Let (i 1 ,k1 ) '" (i 2 ,k2 ) 

g E I (P. k ) n I (P. k ). 
~1 1 ~2 2 

Then one of the following 

Case ,: 

Case 2: 

and I(P. k )n I(Pi k ) '" ~, say 
~1 1 2 2 

two cases applies. 

In either case we can apply theorem 3. If case 1 applies and il '" i2 

(the case that kl '" k2 is symmetric) then we can apply theorem 3 with 

t = 1, t1 = a. 1 and t2 a. 1 . We can therefore replace all accesses 
~1 ~2 • 

to h, by accesses to h, v 1 = 1. This fixes one input of gate g to a 

constant and we can therefore eliminate gate g, a contradiciton to the 

optimality of ~. If case 2 applies then we can set both inputs of g to 

1 by theorem 3 (cf. the example following theorem 3) and therefore 

eliminate gate g. Thus we obtained a contradiciton to the minimality 

of ~ in either case. This proves part b). 0 

We turn ·to counting OR-gates next. Let Qik be the following predicate 

on boolean functions. 

Qik(h) ~ ail b 1k S h S Ai v b 1k and h i b 1k 
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where A. 
1 

Lemma 2: a) I(Qik) * ~ if P ~ 2 

b) If g E I(Qik) then g is an OR-gate and either hl < b 1k or h2 < b 1k 

c) The sets I(Qik) are pairwise disjoint. 

Proof: Similar to the proof of lemma 1. 

What have we achieved at this point? For every pair (i,k) we have 

located an AND-gate in ~ which has ail as prime implicant of one of 

its input wires; for different pairs we identified different gates. 

Therefore, if we fix ail to the constant 1, 1 ~ i ~ r, then we can 

eliminate rq M~D-gates from ~ • Similarly, if p > 1, then we have 

located for each pair (i,k) an OR-gate g such that either hl ~ b 1k or 

c 

h2 ~ b lk · Also, different gates were located for different pairs. 

Therefore, if we fix b 1k to the constant 0, 1 ~ k ~ q, then we eliminate 

rq OR-gates from ~. Finally, fixing ail = 1 and b 1k = 0 for 1 ~ i < r 

and 1 ~ k ~ q transforms ~ into a circuit for the functions 

p 
V 
j=2 

i.e. into a circuit for the (r, (p-l),q) boolean matrix product. 

If p = 1 then we can still eliminate rq AND-gates. Part a) of theorem 

follows by a simple induction argument. 

It remains to prove part b). Let ~ be an optimal circuit for the (r,p,r) 

boolean matrix product. Then ~ contains exactly rpq AND-gates and 

r(p-l)q OR-gates. If we apply the elimination process described above 

to ~ then we eliminate in each step exactly the gates in I(Pik ) and 

and I(Qik)' i.e. if a t1 is prime implicant of a gate g then g belongs 

to either I(Pik ) or I(Qik) for some i and k. In the latter case a tl were 

also prime implicant of the output of g, a contradiciton to g E I(Qik)' 

We conclude that a t1 is prime implicant of input wires of AND-gates 

only, 1 ~ t ~ r. Because of the symmetry of boolean matrix product and 

because we can start the elimination process with any column of A and 

can also interchange the roles of A and B we conclude that variables are 

prime implicants of AND-gates only and that the prime implicants of 

inputs and outputs of OR-gates are monomials of at least two variables. 

We conclude further, that the inputs to a gate in I(Pik ) are exactly the 
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variables ail and b 1k • Because of symmetry 

triple (i,j,k), i.e. the rpq AND-gates of 6 

(aij,b jk), 1 ~ i ~ r, 1 ~ j ~ p, 1 ~ k ~ q. 

this is true for every 

have the input pairs 

Since the rq output functions are disjunctions of p products a ij b jk 
(1 ~ j ~ p) each, the r(p-l)oq OR-gates are needed in order to sum up 

the outputs of the AND-gates. This proves part b). 

c 

We want to draw one consequence from theorem 1. Let (S,$,9,0,1) be an 

arbitrary semi-ring. We say that S has characteristic 0 if 

1 $ 1 ~ ••• ~ 1 * 0 for any number of ones to be added. We have 

Theorem 4: Let (S,~,0,O,l) be a semi-ring of characteristic o. Then 

any straight-line program which computes the (r,p,q)matrix product of 

matrices over S using operations $ and 9 only contains at least rpq 

multiplications and r(p-l)q additions. Moreover, the school method is 

the unique optimal program. 

Proof: Let 6 be any straight-line program which computes the (r,p,q) 

matrix product of matrices over S using operations ~ and 9 only. In 

order to prove the theorem it suffices to show that 6 is transformed 

into a monotone program 6'for boolean matrix product by replacing ~ by 

v and 9 by A • 

This can be seen as follows. For n E ~ let n = 1 ~ ••• ~ 1 E S. .. , 
n-times 

Then n * 0 for all n E ~ since S has characteristic zero, 

n + rn = n + m by associativity and n • rn = n--:rn by distributivity. 

Let S+ = {O}U{n; nE~}. Then (S+,$,0,O,l) is a semi-ring and the 

mapping h: S+ ~ B with h(O) = 0 and hen) = 1 for n ~ 1 is a 

homomorphism into the boolean semi-ring (B,V,A,O,l). This shows that 

6' computes the (r,p,q) boolean matrix product. 

Theorem 4 applies to a large number of semi-rings, e.g. the reals 

under addition and multipUcation (lR,+,o,O,l), the extended reals 

under minimum and addition (lRU{co}, min, +, co,O), the extended reals 

under maximum and minimum (lR U{co}, max, min, O,co ),... • 

c 

Theorem 4 does not apply to the ring of integers mod p for some integer p. 

This ring does not have characteristic zero and in fact we can use 
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Strassen's algorithm in this ring. (Note that a+ ••• +a = -a mod p 
\ . 

(p-1)':'times 
for prime p and hence subtraction reduces to addition) • 

V. 8. Exercises 

1 ) Show that the following algebraic structures are closed semi-rings. 

a) (lR+ U {+oo} , max, min, 0, 00) 

b) (lR+ U { +00, -oo} , max, +, -=, 0), where (-00) + ( +00) -00. 

2) Compute the closure of the elements of the semi-rings of exercise 1. 

3) Show: 

a) the null-element 0 of a semi-ring is uniquely defined 

b) L a. 0 in a semi-ring 
iE\1l 1 

4) Let G = (V,E) be a directed graph and let c : E-+lR+ be a cost 

function. Define the capacity of a path as the minimum cost of any 

edge on the path. Show how to compute for every pair (v,w) of points 

the path of maximal capacity from v to w. Hint: Use one of the semi­

rings of exercise 1. 

5) Let G = (V,E) be a directed graph and let c : E-+lR+ be a cost 

function. Show how to solve the all pairs maximum cost path problem. 

6) Modify the all pairs least cost path algorithm such that it computes 

not only the cost of the least cost path but also the paths them­

selves. 

7) Let G = (V,E) be a directed graph and let c : E-+lR>O be a cost 

function. Compute for each pair (v,w) of vertices the cost of the 

k cheapest paths from v to w. Find an adequate closed semi-ring. 

8) Show that the algebraic structure (Mn,+,·,O,I) of n x n matrices 

over a closed semi-ring is a closed semi-ring. 

9) Verify formally all identities which were used in proof of theorem 

4 of section V.3. 

10) Show that M(n), the cost of multiplying two n x n matrices, is non­

decreasing. 



,,) Show that the set of n x n matrices over a ring forms a ring. 

'2) Let G = (V,E) be an acyclic directed graph and let c : E~S be a 

labelling of the edges of G with elements of a semi-ring S. Show 

how to solve the all-pair path problem using O(ne) semi-ring 

operations. 

'3) Let a and b be two n-bit integers. Let k = rn j2' and write 
k k 

a = a,2 + a 2 , b = a,2 + b 2 where a"a2 ,b, and b 2 are k-bit 

integers. Then 

n k 
a·0 = a,b,2 + (a,b2 + a 2b,)2 + a 2b2 • 

Let m, (a,-a2 ) (b,-b 2 ) 

Then a,b 2 + a 2b, = - m, + m2 + m3 , i.e. we can compute ab using 

three multiplications of k-bit integers where k = r n j2' • 

Show that this observation yields an algorithm which mUltiplies 

n-bit integers using 0(nlog3 ) bit operations. 

'4) Let x" .•• , xn be integers in the range [0 ..• M-']. 
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Show how to compute x, + ••• + xn using O(n log M ) bit operations. 

Hint: Add the x. 's in the form of a binary tree and observe that 
1 k 

the binary representation of a sum of 2 xi's has length k + log M. 

'5) State and prove theorems similar to theorems , and 4 of section 7 

for transitive closure instead of matrix multiplication. 

'6) Let T be a binary tree with n leaves. For each node v let w(v) be 

the number of leaves in the subtree with root v and let bin(w(v» 

be the binary representation of w(v). Show that the labelling 

{bin(w(v»i v a node of T} can be computed with O(n) bit operations. 

Note that the total length of all labels might be O(n log n) and 

therefore only an implicite representation of the labelling can be 

computed. The representation should be such that given v its label 

bin(w(v» can be read off in time O(lbin(w(v» I). 
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VI. NP-Completeness 

The CLIQUE problem is as follows: Input is an undirected graph G = (V,E) 

with n nodes and an integer k. The question is to decide whether the 

complete graph on k nodes is a subgraph of G, i.e. whether there is 

V· ~ V, IV ' I = k such that (u ,v) E E for all u ,v E V'. There is a triv­

ial, but inefficient algorithm to solve the CLIQUE problem. Run through 

all subsets V' ~ V of cardinality k and check whether V' induces a 

complete graph. There are (~) sets V' with k elements. Thus our simple 

algorithm checks (n/2) ~ 2n /(n+1) subsets in the case k = n/2. It is 

simple to check a subset V' for the clique property: time n will cer­

tainly suffice, and one time unit is certainly required. We conclude 

that our naive algorithm has running time at least 2n /(n+1). Before we 

can state that this is inefficient, we have to define problem size. We 

assume throughout this chapter, that combinatorial objects, i.e. graphs, 

integers, sets, ••• , are coded over a finite alphabet in some "natural 

way". More precisely, we assume that graphs are coded by their adjacen­

cy matrix, i.e. a graph G with n nodes is coded by a bitstring of length 

n 2 , the entries of the matrix in row major order. Integers are always 

written in binary and sets are specified by listing their elements in 

some order. In this way a problem instance of the clique problem is a 

bistring of length n 2 + log(n/2) + 1, again assuming k = n/2 for sim­

plicity. With this convention our naive algorithm accepts the language 

CLIQUE = (w # v: w,v E (O,1}*, Iwl = n 2 for some n and the graph G with 

adjacency matrix w has a clique of size k, where v is the binary repre­

sentation of k} in time n(2 /m/lm), where m is the length of the input. 

At the day of this writing there is no algorithm known, which is con­

siderably more efficient than the naive algorithm described above, and 

we will see in this chapter, that it is very unlikely that there is 

ever going to be one. We will also see that CLIQUE shares this property 

with many other combinatorial problems, e.g. the Traveling Salesman 

Problem and the Satisfiability Problem of propOSitional logic. 

'n Let us take a closer look at the CLIQUE problem. There are (k) subsets 

V' c V of cardinality k, i.e. there are very many candidates for a 

clique of size k. It is easy to test, whether a subset V' = V defines 

a clique, i.e. it is easy to test whether a candidate is indeed a solu­

tion. However, the only known way to find a solution is to exhaustively 

search through all candidates. 
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This concept is best described by the notion of a nondeterministic 

algorithm. The instruction set of nondeterministic RAMs contains one 

more instruction, the nondeterministic choice instruction: 

CHOICE Label 1 , Label 2 

Executing a choice instruction transfers control to either Labe1 1 or 

Labe12 • There are no probabilities associated with the alternatives as 

in randomized algorithms, rather the choice is made by a demon. In this 

way there is a large number of possible computations on any fixed input 

depending on the sequence of nondeterministic choices made by the demon. 

A nondeterministic algorithm accepts an input, if there is at least one 

accepting computation on that input. The time complexity of a nondeter­

ministic algorithm is the length of the shortest accepting computation. 

We illustrate the new concept of a nondeterministic algorithm by de­

scribing a nondeterministic algorithm for CLIQUE which runs in polyno­

mial time. We use nondeterministic choices to select a candidate set V' 

and then check deterministically whether it is indeed a solution. More 

precisely, the algorithm works in three stages. In the first stage 

the input string w # v is parsed and n = Iwl 1/2 and k, the number 

represented by bitstring v, are computed. If the input is not of the 

form w # v or Iwl is not a square then the input is rejected. Stage 1 

can certainly be done in time 0(n4 ). In stage 2 we nondeterrninistically 

select a subset V' ~ V of size k by nondeterrninistically generating a 

bitvector A[1 •• n] which contains exactly k ones, i.e. A[i] = 1 iff 

i E V'. 

for i from 1 to n 

do Choice m1 , m2 ; 

m1 : A[iJ - 0; 

goto m; 

od 

m2 : A[i] - 1; 
k-k-1; 

m: 

if k * 0 then stop and reject. 

n (Successful) execution of the program above generates one of the (k) sulr 

sets V' c V, IV'I = k. Stage 2 takes time O(n). In stage 3, V' is 
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checked for the clique property. This can certainly be done in time 

O(n4 ) also. If Viis a clique then the input is accepted, otherwise it 

is rejected. The algorithm described runs in time O(n4 ) = O(m2 ) where 

m is the length of the input. Also, it accepts the language CLIQUE, as 

we show now. If the graph G = (V,E) does not have a clique of size k, 

then the subset Vi ~ V generated in stage 2 does not form a clique and 

hence there is no accepting compution on input G. Conversely, if G has 

a clique of size k, say V', then there is a computation which generates 

that very Vi in stage 2. This computation is accepting. 

We have thus shown that CLIQUE can be solved in polynomial time by a 

nondeterministic algorithm. Let NP be the class of problems which can 

be solved in polynomial time on a nondeterministic machine and let P be 

the class of problems which can be solved in polynomial time on a deter­

ministic machine. One of the major results of this chapter is: 

P NP iff CLIQUE E P 

Class NP contains a large number of combinatorial problems (cf. setion 

VI. 5) for which efficient algorithms have been looked for extensively 

by many researchers, but non has been found so far. If CLIQUE were in 

P then all these problems would have efficient deterministic algorithms, 

an unlikely event. Thus CLIQUE ¢ P is a safe conjecture. 

In the sequel we will have to argue frequently about the class of all 

algorithms of a certain complexity. In principle we could base the dis­

cussion on the RAM model. However, the discussion becomes simpler if we 

use a simpler machine model: Turing machines (TM). The relation between 

TMs and real computers is less direct than between R&~s and real com­

puters and therefore complexity bounds derived fo~ TMs are not directly 

applicable to real computers. However, the loss in efficiency is bounded 

by a polynomial (Theorem 1 below) and therefore the classes P and NP 

will be the same for both models. 

VI. 1. Turing Machines and Random Access Machines 

TMs are a very simple model of universal computers. There are only two 

parts: a control unit and a storage unit. The storage unit is a single 

semi-infinite (infinite to the right) tape. The tape is oivided into 
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squares which can store a single character of a finite alphabet each. 
The control unit has a finite number of states, it scans the tape by a 

single read/write head which is one square in size. 

We program TMs by Turing tables. The Turing table specifies for each 

state of the finite control and each letter of the tape alphabet a set 
of possible actions (in the case of a nondeterministic machine) or a 
single action (in the case of deterministic machines). An action con­

sists of three parts: changing the state of the finite control, printing 

a new symbol on the square under the read/write head and moving the 

head by at most one square to the left or the right. A TM is started by 
writing the input string of length n onto the first n squares of the 
tape, placing the head over the first (leftmost) symbol of the input 

string and putting the machine into a special state, the initial state. 

All other squares are initially empty, i.e. contain the symbol ~ of the 

tape alphabet. The TM then computes as specified by the Turing table 
until it reaches a pair of state and character scanned by the read/write 

head for which no action is specified in the Turing table. At this point 

the machine stops. The output of the computation is the non-empty part 

of the tape. In this way, we can use TMs to compute functions. Often we 
use TMs to recognize languages. Two definitions are possible. A TM re­

cognizes a language, if it computes the characteristic function, or we 

designate a subset of the states as accepting and call a computation 
accepting if it ends in an accepting state. Both definitions are equiv­

alent; the second one allows for a more natural treatment of nondeter­

minism. 

The details are as follows: 

Definition: A nondeterministic TM is a 4-tuple M = (Z,r,6,F). Here 

Z = {Z1""'Zs} is a finite set of states, r {A1""'~} is the finite 
tape alphabet, Z1 the initial state, F = Z a set of accepting states 
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and 0: Z x r - 2 Zxrx {-1,O,+1} the transition function. The TM M is 

deterministic if lo(z,a) 1 ~ 1 for every state z and alphabet symbol a. 

Then 0 is equivalent to a partial function 0: Z x r - Z x r x {-l,O,+l} 

in a natural way. c 

We use A1 to denote the empty tape square and write alternately Al or 

16. 

A configuration C is a string in r*(Z x r)r* and describes a snapshot 

of a computation. If w(z,a)v is a configuration then wav is the tape 

content, z is the state of the finite control and the head scans sym-

bol a. Let Cl = wl (zl,a l )vl and C2 = w2 (z2,a2 )v2 be configurations. 

Then C2 is a successor configuration of Cl , in symbols Cl l- C2 , if: 

a) (z2,b,-1 ) e: 0(zl,a1 ) and wl w2a 2 and v 2 bV l or 

b) (z2,a2 ,o) e: o(zl,a l ) and w1 w2 and v 2 v 2 

c) (z2,b,+1) e: o(zl,al ) and w2 wl b v 1 a 2v 2 or 

v l v 2 = £ and a2 = 16. 

1-* denotes the reflexive, transitive closure of relation 1-. A con­

figuration C = w(z,a)v is a halting configuration, if o(z,a) = ¢, it is 

an accepting configuration, if z e: F, and it is initial configuration 

with respect to string x = a l a 2 ••• a n , if z = Zl' w = £, a = al and 

v = a 2 ... a n . 

A computation on input x e: r * is a sequence Co' Cl ' ••• Ck of configura­

tion with C. I- C. 1 for 0 ~ i < k and C an initial configuration 
1 1+ 0 

w.r.t. x. A computation is accepting (halting), if Ck is an accepting 

(halting) configuration. The length of the computation is k. 

We are now ready to define the language accepted by a TM and the time 

complexity of the machine. 

Definition: Let M (Z,r,o,F) be a TM 

a) L (M) {x e: r*; there is an accpeting computation of M on input x} 

is the language accepted by M 



176 

b) Let M be deterministic and total, i.e. there is a halting computation 

of M on every x € r*. Then M computes function fM: r* ~ r* if for 

every x € r* the tape content of the halting configuration of the 
computation of M on input x is f (x). 

r·1 

c) (Time complexity TM of M) 

TM(n) max min{ki k is the length of an accepting computation on 
x€L(M) 
Ixl=n input x} 

if M is nondeterministic, and 

TM(n) = max 
x€f* 
Ixl=n 

{ki k is the length of an halting computation on 

input x} 

if M is deterministic. Furthermore, TM(n) = = if there is x € r*, 

Ixl = n, such that M does not halt on input x. c 

One word of care is needed at this point. Note that in the definition 

of running time of nondeterministic machines the maximum is only taken 

over the strings in the accepted language. For every such string the 

shortest accepting computation is considered. In the case of deter­

ministic machines the maximum is taken over all inputs of a certain 

length. 

Example: A deterministic T~!! of time complexity T(n) = O(n2) which 

accepts L = {W¢Wi w€{O,l}*}. Let Z = {Zl'Z2, ••• ,Zg} be the set of 

states, r = {O,l,o,T,¢,~} be the tape alphabet and F = {Zg} be the set 

of final states. The transition function 0 is defined by 

0 0 1 0 1 ¢ ~ 0 0 1 6 1 ¢ ~ 

Zl z2,6,1 Z3' 1',1 ZS,¢,l Zs z6,6,o ZS,6,1 tzS,1',l 

Z 2 Z2,O,1 Z2,1,1 Z4,¢,1 Z6 z6,6,-1 tz6,o,- Z7,¢,-1 

Z3 Z3,O,1 Z3,1,1 ZS,¢,l Z7 Z7,o,-1 .Z7,1,-1 Z"O,l Zl,l,l 

Z4 z6,6,o z4,6,1 z4,1,1 Zs ~g,j6, 

The accepting computation on input 01¢Ol is as follows: 



I- 01¢(Z6,O)1 I- 01 (Z7,1)¢01 I- (Z7,O)1¢01 

I- 01(Z3,¢)01 ~ 01¢O(ZS,T) r- 01C01(ZS,I6) 

f- 0 ( Z 1 ' 1) ¢O 1 

t- 01" ¢O;- ( Z 9 ,16) • 
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The machine defined above compares the words before and after the ¢­
sign character by character. It reads a character of the first word in 

state Z1' stores the character in the finite control by changing to 

either state Z2 or Z3 and marks the character by baring it. It then 

moves to the right until it hits the ¢, records that fact in the finite 

control by changing state to either Z4 (from Z2) or Zs (from Z3). It 

continues moving to the right until if finds an unbarred symbol. At this 

point the symbol under the reading head is compared with the symbol 

stored in the finite control. In the case of inequality, i.e. if a 1 

is read in state Z4 or a 0 in state Zs the machine halts. In the case 

of equality, the machine moves the head back to the first unbarred sym­

bol of the first word and enters a new cycle. 

We corne now to the central definition of the chapter. 

Definition (Classes P and NP): 

P {L; L c r* for some finite r and there is deterministic TM M 

and a polynomial p such that L = L(M) and TM(n) ~ pen) for 

all n} 

NP {L; L c r* for some finite r and there is a nondeterministic 

TM H and a polynomial p such that L = L(M) and TM(n) ~ pen) 

for all n} o 

Since every deterministic TM is a nondeterministic TH and since the def­

inition of running time is more strict in the deterministic case, we 

have the inclusion 

P c NP. 

The famous open problem is: "Is P equal to NP?" The answer to this prob­

lem is open; however, there are many reasons to believe that P * NP. 

a) There are many problems, e.g. CLIQUE, such that 

P NP iff CLIQUE E P 
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These problems come from many different areas, e.g. graph theory, oper­

ations research, game theory, computer science and number theory. In 

all these areas a lot of work went into the development of efficient 

algorithms for these problems. No provably good algorithm was found. 

b) Even worse, many algorithms which were suggested for these problems 

are known to have non-polynomial running time. 

We used Turing machines to define classes P and NP. Theorem 1 shows 

that we might have used logarithmic cost RAMs just as well. We will 

formally prove this only for languages over the binary alphabet {O,1}; 

a generalization to non-binary alphabets is trivial and left to the 

reader. RAMs were defined in section 1.1.; in particular, the I/O-be­

haviour of RAMs was defined at the end of section 1.1 •• Let R be a RAM 

and let X = a 1a 2 ••• a n E {O,1}*, a i E {O,1}. Then the i-th execution of 

statement a - input places a i E {O,1} ~ ~ into the accumulator. We say 

that RAM R accepts L c {O,1}* iff it computes the characteristic func­

tion c L of L. 

Theorem 1 (Simulating logarithmic cost RAMs by TMs): Let R be a RAM 

with logarithmic time complexity TR(n) and let L be the language ac­

cepted by R. Then there is a TM M which accepts L in time 
5 TM(n) = O(TR(n». 

Proof: (sketch) We start with a description of the tape of TM M. The 

tape of M is divided into 8 tracks, i.e. the tape alphabet is L8 for 

some alphabet L. Each single square can contain an element of L on each 

track. 

input 

memory 

accumulator 

index reg 

index reg 2 

index reg 3 

address reg 

scratch reg 

a 1 a 2 a 3 a 4 ... 
address # content # # address # content # # ... 

The first track contains the input a 1a 2a 3 •••• Inputs which were read by 

the RAM are marked. The second track contains the memory of the ~1, 
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more precisely, the second track contains a sequence of pairs Cadi' 

conti)' 1 ~ i ~ m: adi and conti are integers written in binary. We 

maintain the following invariant. Let ad E IN be an address and let 

cont be the content of the memory cell of the RAM with address ad. Then 

there is either no i with ad = adi and then cont = 0 or there is an i 

with ad = ad. and then cont = cont. where j = max{i:ad = ad.} • Tracks 
1. J 1. 

3 to 6 are used to store the accumulator and the index registers in 

binary: finally tracks 7 and 8 are used for intermediate calculations. 

The RAM-program is stored in the final control of TM M. We sketch the 

simulation in the case of instruction 

a ..... a + p{3+Y2). 

1) Add 3 to the content of Y2 (as stored on track 5) and store the re­

sult on track 7, the address-register. 

2) Run through the pairs on track 2 and find the largest i with ad i = ad, 

the content of track 7. The comparison is done by an algorithm simi­

lar to the one described in the example above. 

3) If no i is found then place 0 onto the scratch register (track 8), 

otherwise copy cont1 onto the scratch register. The details are very 

similar to step 2. 

4) Add the content of the scratch register to the accumulator. 

All other instructions are simulated in an analogous way. In particular, 

whenever a store instruction is executed, say cont is stored in cell ad, 

then a new pair (ad, cont) is added to the list on track 2. 

It is easy to program the arithmetic operations in step 1 and 4 on a 

TM. The running time is proportional to the length of the binary repre­

sentation of the operands. Since we consider logarithmic cost RAHs this 

is in turn bounded by the cost of the simulated RAM-instruction. 

Steps 2) and 3) are slightly more difficult to deal with. The example 

above shows that the cost of steps 2 and 3 is bounded by O{{length of 

the inscription of track 2)2) = O{(Number of store instructions exe­

cuted).(log(maximal content of any cell) + log(maximal address used»)2). 
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The number of store instructions is certainly bounded by TR(n). Also 

the content of any cell and hence the maximal address is bounded by 
TR(n) 

2 since a logarithmic cost RAM is charged one time unit for 

writing a bit. Hence the cost of steps 2 and 3) is bounded by O(T~(n». 

Let us summarize: TM M can simulate a proper RAM-instruction (arithme­

tic and tests) in time O(T~(n»~ the square is needed for simulating 

divisions and multiplications. Furthermore, O(T~(n» steps are needed 
to simulate a single storage access of the RAM. Thus O(T~(n» steps 

suffice for the simulation of a TR(n) time bounded RAM. c 

The converse of theorem 1 is much simpler to prove and left to the 
reader. If L is accepted in time TM(n) by a TM then L is accepted in 

time TM(n)log TM(n) by a logarithmic cost RAM. Thus the complexities of 
a problem on a RAM and a TM are polynomially related. A problem is 

solvable on a logarithmic cost RAM in polynomial time iff it is solvable 
on a TM in polynomial time. In other words, the definition of P is fair­

ly robust. 

We close by relating deterministic and nondeterministic complexity. A 

fairly direct simulation yields an exponential loss of efficiency~ no 

more efficient simulation is known. 

Definition: A function T: N -- IN is a step function, if there is a 
deterministic TM M which stops after exactly T(n) steps on every input 

of length n. 

Most common functions are step functions, e.g. T(n) 
T(n) = n2, T(n) = 2n. 

c 

n, T(n) 

Theorem 2 (Deterministic Simulation of Nondeterministic Turing Machine~: 

Let T(n) be a step function, let L = r* be a language and let N be a 
nondeterministic TM which accepts L in time TN(n) = O(T(n». Then there 
is a deterministic TM M with L(M) = Land TM(n) = O(cT(n» for some 

constant c. 

Proof: For every x € L there is an accepting computation of length 

~ T (Ixl). Let k = max{lo(z,a) I~ z is a state of N and a € r}. Then 
N 

machine N has the choice between at most k different actions in every 
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T (lxl) 
step. Thus there are at most k N different halting computations of 

length 5 Tl\T( Ixl) on input x. Also x E L iff one of these computations is 

accepting. This suggests the following deterministic simulation ofN. Let 

m be such that TN(n) 5 mT(n) for everyn. Count form 0 to kmT(n)in base 

k. Every number ~ between 0 and kmT(n) represents a possible computa­

tion. More precisely, the i-th digit in the k-nary representation of ~ 

determines the action in the i-th move of N. It is easy to see that 

every fixed computation of N may be simulated in time p(mT(lxl» where 

p is some polynomial. Thus the entire simulation takes time 

p(mT(lxl)kmT(lxl) = O(cT(lxl» for some constant c. c 

VI. 2. Problems, Languages and Optimization Problems 

Classes P and NP are sets of languages. However, problems are usually 

not defined as language recognition problems. Let us for example con­

sider the Traveling Salesman Problem (TSP). 

Name: Traveling Salesman Optimization Problem 

Input: A distance matrix dist: [0 ••• n-1]2 ~ IN 

Output: A permutation IT of [0 ••• n-1] which minimizes 

n-1 
L dist(IT(i), IT(i+1 mod n» 

i=O 

,i.e. a tour through the n cities 0,1, ••• ,n-1 of minimal total 

length. c 

The Traveling Salesman Optimization Problem is definitely not a lan­

guage. Rather, it requires the computation of a function from n by n 

matrices dist to permutations of n elements. However, we can associate 

a recognition problem (language) with the optimization problem in a 

somewhat artificial way. 

Name: Traveling Salesman Recognition Problem (TSP) 

Input: A distance matrix dist: [0 ••• n-1] 2 ~ IN and integer D 

Question: Is there a tour of length at most D, i.e. is there a permuta­
n-1 

tion IT of [O ••• n-1] such that L dist(IT(i),IT((i+l)mod n»5D. 
i=O c 
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The Traveling Salesman Recognition Problem gives rise to a language in 

a natural way~ namely the language (set) of all problem instances I 

(dist,O) of TSP with positive answer, i.e. 

{(dist,D)~ dist has a tour of length SO}. 

Actually, we have to be more precise. A language is a subset of L* for 

some finite alphabet L. Thus instead of talking about problem instances 

(dist,D) we should rather talk about the endocings of distance matrices 

dist and integers D over some finite alphabet L. There are many possi­

ble encodings to choose from. Fortunately, the results of this chapter 

do not depend on the particular encoding chosen, as long as the encod­

ing is "natural". Nevertheless, we state some general principles. 

1) Integers are written in binary. 

2) Sequences (sets, matrices) are specified by listing the (encodings 

of their) elements separated by some special symbol. 

3) Graphs are specified by their adjacency matrix~ labelled graphs are 

specified by the matrix of labellings. 

What have we achieved now? We associated a language with the Traveling 

Salesman recognition problem and we can now ask the question whether 

this language is in P. Even if it were, what would that say about our 

original problem, the Traveling Salesman optimization problem. We show 

in this section, that the function which maps distance matrices to op­

timal solutions would be computable in polynomial time also. So we have 

not really lost anything when we went from the optimization problem to 

the recognition problem, at least as far as polynomial time computabili­

ty is concerned. This observation is not only true for the TSP but also 

more generally. We start with an alternate characterization of NP. 

Theorem 1: 

NP {L~ L = L* for some finite L and there is a polynomial p and a 

polynomial time computable predicate Q C L* x L* such' that for all 

x E L*: 
x E L iff 3y E L*: Iyl S p(lxl) 1\ Q(x,y)} 

Proof: ":::>". Let p be a polynomial and let Q be a polynomial time comput-
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able predicate, i.e. there is a deterministic TM M which computes Q(x,y) 

in time q( x , y ) for some polynomial q. The following nondeterministic 

algorithm accepts L. 

(1) On input x, generate a string y E L*, Iyl $ p(lxl) nondetermin­

istically. 

(2) Accept x, if Q(x,y). Q(x,y) is computed using machine M. 

The details of step 1 are very similar to the example in the introduc­

tion of this chapter and therefore step 1 takes time at most p (I xl ) on a RAM. 

The cost of step 2 is also bounded by a polynomial in Ixl and Iyl, 

which is in turn bounded by a polynomial in Ixl. Thus L E NP. 

"=". Let L E NP, L C L*. Let N be a nondeterministic TM which accepts L 

in time bounded by polynomial p. As in the proof of theorem 2 let k be 

the maximal number of actions N can choose from at any step. Then the 

proof of Theorem VI.1.2. shows that the strings of length $ p(lxl) over 

a k-ary alphabet encode all possible computations of N on input x. 

Assume w.l.o.g. that ILl ~ k. Take 

Q(x,y) = "y encodes an accepting computation of N on input x". 

Then Q is certainly computable in polynomial time and 

L = {x; 3y I y I $ P ( I x I) A Q (x, y)} o 

The characterization of NP given in theorem 1 is interesting in its own 

right. There is no explicite mentioning of nondeterminism. Rather, non­

determinism is hidden in the existential quantifier. More mathematical­

ly oriented readers may find it helpful to use theorem 1 as the defini­

tion of NP. 

Definition: A minimization problem is given by a polynomial time comput­

able predicate Q = L* x E* and a polynomial time computable cost func­

tion c: E*XL*--IN. If Q(x,y) then y is a feasible solution for problem 

instance x with cost c(x,y). If Q(x,y) and c(x,y) $ c(x,y') for all y' 

with Q(x,y') then y is an optimal (~ minimal cost) solution for x. The 

minimization problem is polynomially bounded if there is a polynomial 

p such that Q(x,y) implies Iyl $ p(lxl). 0 
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We only deal with polynomially bounded optimization problems in this 

book. A similar definition is possible for maximization problem. In the 

TSP example we have: Q(x,y) if x is the encoding of a distance matrix 

dist: [0 ••• n-1]2 -+ IN and y is the encoding of a permutation II of 

[0 ••• n-1] and cost(x,y) L dist(II(i),II(i+1 mod n». 

Definition: Let (Q,c) be a polynomially bounded minimization problem. 

We define four versions of that problem. 

a) 

b) 

c) 

d) 

Name: (Q,c)-recognition problem 

Input: Instance x E L*, integer C 

Question: Is there a y with Q(x,y) and c(x,y) ~ C 

Name: 

Input: 

Output: 

Name: 

Input: 

Output: 

Name: 

Input: 

Output: 

(Q,c)-optimization problem 

Instance c E L* 

An optimal solution optsol(x) E L* for x 

(Q,c)-optimal value problem 

Instance x E L* 

Optval(x) = c(x,optsol(x» 

(Q,c)-witness problem 

Instance x E L* and integer C 

y = witness (x, C) with Q(x,y) and c(x,y) ~ C, if any c 

We have seen the first two versions in the case of TSP already. The 

recognition problem asks for the existance of a tour of some length, and 

the optimization problem requires us to produce an optimal tour. The 

optimal value problem only asks for the length of the optimal tour and 

the witness problem asks for a tour of length at most C. We can now 

start to relate the complexities of the four versions of a problem. It 

is obvious that the recognition problem is no harder than either the op­

timal value or the witness problem which in turn are both simpler than 

the optimization problem. We can capture this fact in the following diagram: 

:$ witness 
recognition ~ optimization. 

~ optimal value 

A precise formulation is 



185 

Lemma 1: Let (Q,c) be a polynomially bounded optimization problem. Then 

a) If function optsol: L* ~ L* is computable in polynomial time, then 

so are functions optval: L* ~ L* and witness: L* x IN ~ L*. 

b) If either function witness or optval is computable in polynomial 

time then 

L(Q,C):=[(X,C); x E L*, C E IN and optval(x) :::; C} E P. 

Proof: Immediate. 

A weak converse of lemma 1 is provided by 

Lemma 2: Let (Q,c) be a polynomially bounded optimization problem. 

[] 

a) If functions witness and optval are computable in polynomial time, 

then so is optsol. 

b) If the recognition problem is in P and optval(x) :::; 2q (lxl) for some 

polynomial q and all x then optval is computable in polynomial true. 

Proof: a) We only have to observe that optsol(x) 

for all x. 

witness (x,optval (x» 

b) We use binary search on the interval [1 .•• 2Q (lxl) 1 in order to de­

termine the exact value of optval(x). 

(1) low - 1 ; high _ 2Q ( I x I) • , 
(2 ) while high - low ;:: 1 

(3 ) do middle - L (high + low) /2 J 

(4) if x has a solution of cost :::; middle 

(5 ) then high - middle 

(6 ) else low - middle + 
(7 ) od 

(8) optval(x) low; 

It is easy to see that low:::; optval(x) :::; high is an invariant of the 

loop. Hence the program above correctly computes the value of optval(x) 

in log(2Q (lxl» = q(lxl) iterations of the loop. In line (4) the poly-
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nomial time algorithm for the (Q,c)-recognition problem is used. Thus 

each iteration of the loop also has polynomial cost. [J 

It remains to relate the complexity of the (Q,c)-witness problem and 

the (Q,c)-recognition problem. We treat TSP first and then comment on 

a general reduction. 

Lemma 3: If the Traveling Salesman Recognition Problem is in P then the 

TSP witness function can be computed in polynomial time. 

Proof: The following algorithm computes witnessTSp(dist,C), i.e. com­

putes a tour of length at most C if there is any. 

(1) define dist': [O ••• n-1]2 -+ IN by dist' = dist; 

(2) if dist does not have a tour of length at most C then halt ("there 

is no tour of length::; C") fi 

(3) for all pairs (i,j), i * j 

(4) do change dist' [i,j] to 00; 

(5) if dist' still has a tour of length at most C 

(6) then do nothing 

(7) else reverse the change made in line (4) and include edge (i,j) 

into the tour 

(8) fi 

(9) od 

The set of edges selected in line (7) form a tour of length at most C. 

The polynomial time algorithm for the recognition problem of TSP is 

used in lines (2) and (5). Note that all problem instances (dist' ,D) in 

line (5) are no harder than the original problem (dist,C); in particu­

lar, the length of the encoding of these instances is not (much) longer 

than the encoding of (dist,C). The number of iterations of the loop is 

clearly bounded by a polynomial in input length, the cost of each iter­

ation is also polynomially bounded. Thus witnessTSp can be computed in 

polynomial time if TSP recognition is in P. 

[J 

The main ingredient in the proof of lemma 3 is selfreduction. In order 

to find a witness (tour) for an instance of TSP we reduce the problem 

to a simpler (one less edge with cost < 00) instance of TSP. We decide 

the simpler problem by the recognition algorithm and thus construct a 
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piece of the witness. A similar approach works for all other problems 

treated in this book. We illustrate the technique by one more example, 

the satisfiability problem. 

Let V = {x1,x2 ' ••• } be an infinite supply of propositional variables. 

If xi is a variable then xi and xi are literales. We will use xi and 

,xi interchangable. If Y1'·.·'Yk are literals then (Y1 v Y2 v ••• v Yk) 
is a clause of degree k. Finally if c 1 , ••• ,cm are clauses of degree at 

most k then c 1 A C2 A ••• A cm is a formula in conjuctive normal form 

with at most k literals per clause. 

A truth assignment is a mapping ~: V ~ {O,1}. We extend ~ to literals, 

clauses and formulae by 

~(y) 

~ (y 1 v Y 2 v 

~(C1 A C2 A 

ify 

if Y 

max{~(Yi): 

min{~(Cj): 

OXi 

:$; i :$; k} 

A formula a is satisfiable if there is an assignment ~ with ~(a) 1. 

The Satisfiability recognition problem is given by: 

Name: Satisfiability problem (SAT) 

Input: A formula a in conjunctive normal form 

Question: Is a satisfiable? 

The SAT witness problem is to compute a function witness from formulae 

to truth assignments, such that witnessSAT(a) satisfies a if a is 
satisfiable. 

Lemma 4: If SAT is in P then witnessSAT can be computed in polynomial 

time. 

Proof: The following algorithm computes ~ witnessSAT(a). 

(1) a' - a: 

(2) for all xi occuring in a 

(3) do let a" be obtained from a' by substituting 
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the constant 0 for all occurrences of xi in a'. 
(4) if a" is satisfiable; -- use the algorithm for SAT here 
(5) then 1/!(xi ) .... 0; a' .... a" 

(6) else 1/!(xi ) .... 1; a' .... the formula obtained from 

a by substituting 1 for all occurrences of Xi 
(7) fi 

(8) od 

The algorithm is clearly correct and has polynomial running time. c 

Again the main ingredient of the proof of lemma 4 is selfreduction. We 
construct the witness (assignment) piecewise by reducing formula a to a 

simpler formula (one less variable) and testing the simpler formula for 
satisfiability. 

VI. 3. Reductions and NP-complete Problems 

Reductions are a useful tool for classifying problems. We have seen the 
technique already in the previous section and we will use it extensive­

ly throughout the chapter. For example, we showed how to convert an 

algorithm for TSP recognition into an algorithm for TSP witness, in 

this way reducing the witness problem to the recognition problem. More 
generally, reductions allow us to transform solutions for one problem 
to solutions for other problems. 

Definition: a) Let Land r be finite alphabets. A mapping f: L* ~ r* 
is a (polynomial time computable) transformation, if f can be computed 

in polynomial time on aTM. 

b) Let L1 = L* and L2 c r* be languages. L1 is (polynomially, many-one) 
reducible to L2, L1 ~ L2, if there is a transformation f such that 

iff f(x) E L2 

for all x E L*. 

c) Language L is NP-complete, if 
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i) L E NP 

ii) L' ~ L for all L' E NP. [] 

Theorem 1 shows the importance of this definition. 

Theorem 1: Let Lo be NP-complete. Then 

a) Lo E P iff P = NP 

b) If Lo ~ L1 and L1 E NP then L1 is NP-complete. 

Proof: a) If P = NP then certainly Lo E P. It remains to prove the 

converse. Assume that Lo E P and let L E NP be arbitrary. Since Lo E P 

there is a deterministic TM M which accepts L in time bounded by p for 

some polynomial p. Since Lo is NP-complete and L E NP we have L ~ Lo. 

Thus there exists a mapping f with L = f- 1 (Lo ). Let N be a determin­

istic TM which computes f in time bounded by polynomial q. We construct 

an acceptor A for L from M and N. A behaves as follows on input x. 

(1) Compute f(x) using N in time q(lxl). 

(2) Reset the read/write head onto the first symbol of f(x) in time 

If(x)l. 

(3) Decide f(x) E Lo using 1'1 in time p( I f(x) I). If f(x) E Lo then 

accept x, otherwise reject x. 

The algorithm above clearly accepts L. It has running time 

q(lxl) + If(x) I + p(lf(x) I) ~ r(lxl) for some polynomial r. The last 

inequality follows from the fact that If(x) I ~ Ixl + q(lxl) since a TH 

can write at most one square in one time unit. 

b) We have to show L ~ L1 for every L E NP. Let L E NP be arbitrary. 

Since Lo is NP-complete there is a transformation f such that 

L = f- 1 (L ). Since L ~ L1 there is a transformation g such that 
-1 0 0 1 1 1 

L = g (L l ). Let h = go f. Then L = f- (L ) = f- (g- (L1 » 
o _ -1 0 

= (g 0 f) (L 1 ) = h (L1). It remains to show that h is computable in 

polynomial time. This is easily done by an argument similar to the one 

used in part a). [] 

Part a) of theorem 1 states that NP-complete problems are the most dif­

ficult problems in NP. If one of them is solvable in polynomial time, 

then all problems in NP are solvable in polynomial time. Conversely, if 
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P * NP (and this is believed generally) then no NP-complete problem can 

be solved in polynomial time. 

Part b) introduces a simple, but extremely useful technique for showing 

NP-completeness. Show first that a particular language Lo is NP-com­

plete. For language Lo this must be done the hard way, namely by demon­

strating L ~ Lo for all L E NP. Once we have extablished NP-completeness 

for Lo' there is a simpler way of establishing NP-completeness of L1 • 

Show L1 E NP and Lo ~ L1 . 

The following paragraph assumes some knowledge of recursion theory. In 

recursion theory many different notions of reducibility were introduced: 

Turing reducibility, truthtable reducibility, many-one reducibility, 

one-one reducibility, ••.. Similar definitions can be made in the con­

text of polynomial time , computability. The particular definition chosen 

here corresponds to many-one reducibility. A comparison of different 

notions of reducibility is beyond the scope of this book. It can be 

found in the references. 

VI. 4. The Satisfiability Problem is NP-complete 

We establish NP-completeness of the Satisfiability problem in this sec­

tion. SAT was defined in section VI.2 •• 

Name: SAT 

Input: A formula a in conjunctive normal form (CNF) 

Question: Is a satisfiable? 

Theorem 1: SAT is NP-complete. 

Proof: We show SAT E NP first. Let a be a formula in CNF, let Va be the 

set of variables occuring in a, and let lal be the length of the encod­

ind of a. Then certainly IVai = m ~ lal. We describe a nondeterministic 

machine N which accepts SAT. On input a, N chooses nondeterministically 

an assignment ~: Va - {O,1} by writing down a bitstring of length m. 

Then it evaluates a with respect to assignment ~ by one of the well­

known methods, e.g. by the stack principle. Machine N accepts a iff 

~(a) = 1. N clearly operates in polynomial time and accepts SAT. 
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Let L E NP be arbitrary. Tole have to Sh0W L :5 SAT. Since L E NP there is 

a nondeterministic TM r-1. which accepts L in time bounded by polynomial 

p. We will now construct for every input x of M a formula a(x) which 

describes the behaviour of M on x. In particular, a(x) is satisfiable 

if M accepts x. The Mapping x - a(x) is the desired transformation. 

Machine M has states Z1' ••• Zs and tape alphabet r = {A1, ••• Av}. Symbol 

A1 denotes the empty tape square, we use A1 and ~ interchangable. Z1 is 

the initial state of M and Zr'Zr+1' •.. Zs are the final states. We 
change the transition function 0 of M by defining o(z,a) = o(z,a,O) 

whenever o(z,a) = ~. Then M never stops and halting configurations (of 

the original machine) are repeated forever. Thus: M accepts x iff there 

is a sequence c1,c2 , ••. ,Cp (n) of configurations such that C1 is initial 

configuration for x, n = lxI, Ci ~ Ci +1 for 0 :5 i < pen), and the state 

in Cp(n) is accepting. Transition function 0 of M defines a relation on 
zxrxZxrx{-1,O,-1}. We number the tuples of this relation in some way: 

let m be the number of tuples in relation o. 

Let x E r*, I x I = n be arbitrary. Formula ex (x) is built from the follow­

ing variables. We also give the intended meaning of each variable. 

:5 t :5 pen) 

:5 k :5 s 

:5 t, i :5 pen) 

:5 j :5 v 

:5 t, i :5 pen) 

:5 t :5 pen) 
:5 R, :5 In 

intended meaning 

Zt,k = 1, if M is in state Zk at 
time t. 

a ,= 1, if AJ' is the content of t,i,J 
the j-th tape square at time t. 

St,i = 1, if M scans the i-th tape 
square at time t. 

bt,R, = 1, if line R, of 0 is used for 
the transition from time t to time t+1. 

Variables Zt k represent the state of the finite control, the at ' ,'s , ,~,J 

encode the tape content, the St ,'s give the position of the tape head 
,~ 

and the bt,R,'s encode the transition behaviour. Since M is pen) time 

bounded it can never use more than the first pen) tape squares. Thus 

variables at,i,j and St,i are only needed for i :5 pen). 
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We will next construct formulae which fix the intended meaning of the 
variables. We have to ensure the 

initial condition (M stats in state Z1' its head is on the first square, 
and ~p(n)-n is the tape content), the 

boundary condition (at any time unit M is in exactly one state, every 

tape square contains exactly one symbol, the tape head is at exactly 

one square, and exactly one line of the Turing table is applied), and 

the 

transition condition '(the configurations at subsequent time units are 

compatible with the Turing table). 

Let I be a formula for the initial condition, B be a formula for the 

boundary condition, and T be a formula for the transition condition. 

Then 

Cl (x) := I II B II T II (z () v Z () +1 v ••• v Z () ). p n,r p n ,r p n ,s 

It remains to construct I, Band T in CNF. Formula I is easy to con-

struct. Let x = Aj1 Aj2 A, . Then ]n 

I (z 1 , 1 II S 1 ,1 II a 1,1,j1 II a 1 2 ' II a 1 3 ' II lIa 1 n j , ,J2 ' , J 3 ' , n 

II a 1,n+1,1 II ••• II a 1,p(n),1). 

I is clearly in CNF~ there are p(n) + 2 occurrences of variables in I. 

Formula 3 is more difficult to construct. In B we want to express facts 

like: Machine M is in exactly one state at time t. Thus we need a short 

formula which expresses the fact, that exactly one out of a set of var­

iables is true. Let x 1, .•• ,xh be variables. Then 

Exactly-One(x1,···,xh ) 

and 

At-Least-One(x1,···,xh ) 

At-least-One(x1, ••• ,xh ) II 

At-Host-One (x1 ' ••• , xh ) , 

(x1 v x 2 v ••• 



193 

and 

,At-Least-Two(x1,···,xh ) 

..., V (x. A x.) 
1::;i<j::;h ~ J 

1\ (Xi v xj ) 
1:5i<j::;h 

Formula Exactly-One(x1, ••• ,xh ) is in CNF: there are exactly 

h + 2h(h-1)/2 = h2 occurrences of variables in it. A truth assignment 

~ of x1 , ••• ,xh satisfies Exactly-One(x1""'~) iff ~(xi) = 1 for ex­
actly one i, 1 ::; i ::; h. 

We define 

B 1\ (Bstate(t) A Bposition(t) A Btape content(t) 
1::;i::;p(n) 

A Btransition(t». 

where 

B t t (t) = Exactly-One(Zt 1"",Zt ) s a e "s 

Btape content (t) 1\ Exactlv-One(at · 1, •.• ,at . ) 
1::;i::;p(n) .. ,~, ,~,v 

Btransition(t) = Exactly-one(bt ,1,···,bt ,m) 

B is clearly in CNF: there are p(n) (s2 + p(n)2 + p(n)v2 + m2) occur-

rences of variables in B. An assignment ~ to the variables of a(x) sat­

isfies B iff for every t there is exactly one j with ~(Zt .) = 1, exact­
,J 

ly one h with ~(St,h) = 1, ..•. 

It remains to define T 

T 1\ T(i) 
1::;t<p(n) 

where T(t) expresses that the transition from time t to t + 1 is com­

patible with the line of the Turing table selected by variables 

b t ,1, ... ,bt ,m' Let 

Zk ' A. , Zk I A,." I R R, I 

R, JR, R, JR, 
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be the R.-th line of the Turing table, 1 S R. S m, i.e. if M is in state 

Zk and reads symbol A. , then it can (M is nondeterministic) change 
R. JR.-

state to Z~ , print A~ and move the head by R. € {-1,0,1} squares. 
R. J R. .. 

With this notation we define 

T(t) = 1\ {I\ (St iVat .. vat + l .. ) A 
lSiSp(n) lSjSv ' ,1.,J ,1.,J 

Formula T(t) needs some explanation. When is (St. v at .. v a t +l .. ) ,1. ,1..J ,1.,J 
true? It is true if either St . is true, i.e. M scans cell i at time t, ,1. 
or at . J. is false, i.e. the content of that cell at t is not A., or ,1., J 
a t + l ,i,j is true, i.e. the content of that cell at t + 1 is Aj • In 

other words, if St,1.. is false and at .. is true then a t +l .. must be ,1.,J ,1.,J 
true, i.e. if M does not scan the i-th tape square at time t then the 

content of that cell does not change. Similarly, when is 

(St . v b t R. v at . . ) true? Well, if St . is true and bt R. is true ,1. ,,1.,JR. ,1. , 
then a i . must be true also, i.e. if M scans cell i at time t and we 

t, ,J R. 

want to apply the R.-th transition, then cell i better contains A .• 
JR. 

Formula T is clearly CNF, there are p(n) (3v + 15m) occurrences of vari-

ables in T. This finishes the construction of formula a(x). 

Fact 1: Formula a(x) can be constructed in polynomial time given x, i.e. 

the mapping x - a(x) is a transformation. 

Proof: Formula (x) is clearly in CNF. There are p(n) + 2 
+ p(n) (s2 + p(n)2 + p(n)v2 + m2) + p(n)2(3v + 15m) + s = 0(p(n)3) oc­

currences of variables in a(x). If we write indices of variables in 

binary, i.e. a single variable requires space O(log p(n», then the 

natural encoding of a(x) over the alphabet {(,),A,v,~,s,z,a,b,o,l} has 
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length o(p(n)3 log p(n». The structure of formula a(x) is very simple: 

expression I depends on x in a very simple way, the other parts Band T 

only depend on n = Ixl. Thus a(x) can be constructed in polynomial time 

by aTM. 0 

Next we have to formally relate x ELand the satisfiability of a(x). 

Fact 2: If x E L then a(x) is satisfiable. 

Proof: If x E L then there is a sequence c1 ,c2 , ••• ,Cp (n) of configura­

tions such that C1 is initial configuration of M for x, Ci ~ Ci +1 for 

1 ~ i < p(n), and the state in Cp(n) is accepting. Define truth assign-

ment 1J! by 

1J!(Zt,k) 

1J! (at . .) ,1,J 

1J!(St .) ,1 

and 

1J! (b t , Q.) 

{ ~ 

{ ~ 

{ 
0 

= { ~ 

if zk is the state in Ct 

o.w. 

if A. is the symbol on the i-th tape square 
of CJ 

t O.w. 

if the i-th square is scanned in Ct 

o.w. 

if the Q.-th line of the Turing table of M is 
used in the transition from Ct to Ct +1 
O.w. 

It is a simple exercise to check that 1J! indeed satisfies a. o 

Fact 3: If a(x) is satisfiable then x E L. 

Proof: Let 1J! be a truth assignment which 

also, and hence for example 1J!(Bstate(t» 
= 1 for all t. Thus for every t there is 

satisfies a(x). Then 1J!(B) = 1, 

= 1J! (Exactly-One (Zt ., .•. , Zt, » 
, J: S 

exactly one k, say k(t), such 

that 1J!(Zt,k) = 1. Similarly, for every t there is exactly one i, say 

itt) such that 1J!(St.i) and one Q., say Q.(t), such that (bt.Q.) = 1. 

Finally, for every t and i there is exactly one j, say j(t,i), such that 

1J!(at .. ) = 1. We conclude that the true variables define a configura-,1,J 

tion Ct for every t: Zk(t) is the state, A A A j(t,1) j(t,2) •.• j(t,p(n» 

is the tape content, and itt) is the position of the read/write head. 

Assignment 1J! also satisfies sub formula I. Hence k(1) = 1, if i(1) = 1, 
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j(t,l) = jl' ••• where x = Ao Ao .••• Thus C1 is initial configura­
Jl J 2 

tion of M on input x. Next 

and hence r ~ k(p(n» ~ s. 

remains to show Ct I- Ct +1 

observe that 1j! ( z () v. •• v z () ) = p n ,r p n ,s 
Thus the state in Cp(n) is accepting. It 

for 1 ~ t < p(n). 

We also have 1j!(T(t» = 1. Thus 1j!(St 0 v 
,~ 

at 0 0 val 0 0) = 1 for all , ~, J t+, ~, J 
i and j. In particular for i * itt) and hence 1j!(s t 0) = 0 and 
j = j(i,t) and hence 1j!(at 00) = 1, we 

,~,J 

content of the i-th tape square is the 

i.e. Ct and Ct +1 differ at most in the 
also have for all i and ~ 

,~ 

infer 1j! (at +1 0 0) = 1. Thus the 
,~,J 

same in Ct and Ct +1 for i * i (t), 
vicinity of the tape head. We 

Thus k(t) = k~, j(t,i(t» = j~, k(t+l) = k~, j(t+l, i(t+l)} j~, and 

i(t+l) = itt) + R~. In other words: line ~(t) of M's Turing table is 

applicable to Ct and yields Ct +1 when applied to Ct. Thus Ct +1 is suc­
cessor configuration of Ct. 

[n summary, we have shmYn that there is an accepting computation of M 

on input x, i.e. x E L. c 

Facts 1, 2 and 3 establish that L ~ SAT. Since L was arbitrary, we con-
clude L ~ SAT for every L E NP. IJ 

SAT is our first NP-complete problem. We will use it to show NP-com­

pleteness of many other problems in the next section. Before doing so, 

we show that SAT remains NP-complete if we restrict ourselves to for­
mulae with at most three literals per clause. 

Name: SAT(3} 

Input: A formula 0. in CNF with at most three literals per clause. 

Question: Is 0. satisfiable? 

Theorem 2: SAT(3} is NP-complete 

Proof: We only have to show SAT ~ SAT(3); SAT(3) E NP is trivial. In 

order to reduce SAT to SAT(3) we have to replace clauses of arbitrary 

degree by clauses with degree 3. Let xl v x 2 v ••• v xn be a clause. 



Let Y1' ... 'Yn be new variables. Consider 

Claim: Let $: (x1 ' ••. ,xn} - (0,1} be a truth assignment. There is an 

extension ~: X U Y - (0,1} with ~(a) 1 iff $(x1 v ••• v xn ) = 1. 

Proof: "c=": Assume $(x1 v ... v Xn ) 

that $(Xi ) = 1. Define 
1. Let io be the least i such 

if z = x. 
J 

for some j 

if z = Yj for some j < i 
0 

otherwise 

Then ~(a) = 1 as the reader can check easily. 
" .. " Let~: X U Y - {0,1} be a truth assignment with ~(a) 

to show ~(x1 v x2 v ..• v xn) = 1. 

1. We have 
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Assume otherwise. Then ~(xi) = ° for all i. We show ~(Yi) = ° for all i 

by induction on i. Since ~(x1 v Y1) = 1 we must have ~(Y1) = 0. Next, 
we infer from ~(Y1 v x2 v Y2) = 1 that ~(Y1) = 0. Similarly, we conclude 

~(Y3) = ... ~(Yn) = ° and hence ~(a) = 0, a contradiction. 0 

The reduction from SAT to SAT(3) is easy now. Replace any clause with 

more than three literals by a set of clauses as described above. 0 

How about SAT(2)? Is it still NP-complete? No, SAT(2) is in P (exer­
cise6). 

VI. 5. More NP-complete Problems 

We extend our list of NP-complete problems and show NP-completeness of 

clique, vertex cover, hamiltonian cycle, traveling salesman, integer 

programming, 3-dimensional matching, knapsack, scheduling independent 

tasks and precedence contrained scheduling. 

Name: CLIQUE 

Input: Undirected graph G = (V,E) and integer k 

Question: Is there a clique of size k in G, i.e. is there V' c V with 
IV'I = k and (v,w) E E for all v,w E V' 
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Theorem 1: CLIQUE is NP-complete. 

Proof: CLIQUE E NP was shown in the introduction. We finish the proof 

by showing SAT(3) ~ CLIQUE. Let x = c 1 A ••• A ck b~ a for~ula in.CNF 

with at most three literals per clause. Let c. = x~~11 v x~~22 v x~~33 
1 ~ ~ ~ ~ 

where Bih E (0,1} and x denotes x and XO denotes x. We construct un-

directed graph G = (V,E) with 

v ~ i ~ k, 1 ~ h ~ 3} 

and (vih ' Vjm) E E iff i * j and (xih * x jm or Bih 
and v. are not complements of each other. 

Jm 

Claim: a is satisfiable iff G has a clique of size k. 

Proof: " .. ": Let ljJ be a truth assignment with ljJ(a) = 1 and hence 

ljJ(c i ) = 1 for all i, 

such that ljJ(Xi~~l~» 
~ i ~ k. For every i there must be h, say h(i), 

1. Let V' = (Vi,h(i); 1 ~ i ~ k}. Then V'is a 
clique of size k. 

" .. ". Let V' c V be a clique of size k. Since (v.h,v. ) E E implies 
~ Jm 

i * j we conclude that V' = (vi,h(i); 1 ~ i ~ k} for some function h. 
Define truth assignment ljJ by 

if x = xi,h(i) for some i and Bi,h(i) 

ljJ (x) o if x = xi,h(i) for some i and Bi,h(i) o 

arbitrary otherwise 

ljJ is well-defined. If ljJ(x) were not well-defined then there must be i 

and j, i * j, such that x = xih(i) = xjh(j) and Bih(i) * Bjh(j). How­
ever, this implies (Vih(i)' Vjh(j» ( E, a contradiction. Thus ljJ is 

well defined. Also ljJ(X~~~lt» = 1 for all i and hence ljJ(a) = 1. c 

G can clearly be constructed from a in polynomial time. Thus 

Sat(3) ~ CLIQUE 

Name: (0,1) - Integer Programming (IP) 

c 
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Input: Integer matrix C and integer vector d 

Question: Is there (0,1)-vector c such that Cc ~ d? 

Theorem 2: (0,1)-Integer Programming is NP-complete. 

Proof: IP E NP is obvious; guess vector c nondeterministically and 

check Cc ~ d. We show SAT ~ IP. Let a = Z1 A ••• A zk be a formula in 

CNF and let x1"",xn be the variables occuring in a. Define C and d as 

follows: C = (C .. ) 1 <. <k 1 <. < and d = (d.) 1 <. <k 1J _1_, _J_n 1 _1_ 

where 

if Xj occurs in zi 
C rj { -1 if x. occurs in z. 

J 1 

° otherwise 

d. - # of variables x. with Xj occurs in z. 1 J 1 

Claim: a is satisfiable iff there is (0,1)-vector c such that Cc ~ d. 

Proof: ft." 

for all j • 

(CC) i 

Let 1jJ be an assignment with 

Then 

n 
r C .. c. 

j=1 1J 

~ 1 - r 
x.Ez. 

J 1 

J 
r 1jJ (x .) 

xjEZi J 

1jJ(a) 1. Define c j 1jJ(xj ) 

- r 1jJ (x.) 
x.Ez. J 

J 1 

since there is either x. E z. with 1jJ(x.) = 1 or x. E z. with 1jJ(x.) = 0. 
J 1 J J 1 J 

" .. ". Let c be a (0,1 )-vector with Cc ~ d. Define truth assignment 1jJ by 

1jJ (x.) = c .• tie claim 1jJ (a) = 1. Assume otherwise. Then there must be an 
J J 

i such that 1jJ(zi) = 0; in particular 1jJ(x j ) = c j = ° if Xj E zi and 

1jJ(x j ) = c j = 1 if Xj E zi' Hence 

r 
x.Ez. 

J 1 

c. -
J 

a contradition. Thus 1jJ(a) 1. 

r 
X .Ez. 

J 1 

1 < d. 
1 

00 
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Name: Vertex Cover (VC) 

Input: Undirected graph G = (V,E) and integer k 

Question: Is there V' = V, IV'I = k such that for every edge (v,w) E E 

either v E V' or w E V'. 

Theorem 3: Vertex Cover is NP-complete. 

Proof: VC E NP is obvious. We show CLIQUE ~ VC. Let G = (V,E) be an un­

directed graph and let k be an integer. Let a = (V,V x V - E) be the 

complement of V and let Q = IVI - k. Then V' is a clique in G iff V - V' 

is a vertex cover of a. Thus G has a clique of size k iff ~ has a ver-
A A 

tex cover of size k. The mapping G ~ G is clearly computably in poly-

nomial time. 

Name: 

Input: 

Directed Hamiltonian Cycle (DHC) 

Directed graph G = (V,E) 

c 

Question: Is there a simple cycle in G which goes through all vertices, 

i.e. is there a sequence v , ••. v 1 with v. * v. for i * j o n- l.] 

and (vi ,v(i+1)mod n) E E for 0 ~ i < n, n = IVI. 

Theorem 4: Directed Hamiltonian Cycle is NP-complete. 

Proof: DHC E NP is obvious. We show VC ~ GHC. Let G = (V,E) be an un­

directed graph and k be an integer. For every node vi let e i1 , e i2 , •.• , 

e' h be the edges incident to v .• 
l. i l. 

We construct directed graph G' = (V',E') by 

V' {a 1 ' .•• , a k} U { (i , j , ex); 1 ~ i ~ n, 1 ~ j ~ hi' ex E {O, 1 }} 
and 

E' = (ar , (i, 1,0)); 1 ~ r ~ k, ~ i ~ n} U 

((i,j,O),(i,j,1)); 1 ~i~n, 1 

{«i,j,1),(i,j+1,0)); ~ i ~ n, 

((i,h.,1),a ); 1 ~ i ~ n, 1 ~ r 
l. r 

~ 

~ 

j ~ 

~ j 

k} U 

((i,j,O),(i',j',O)); e .. 
l.] 

((i',j',1), (i,j,1)); e ij 

(vi,vi ,) and ei'j' 

(vi,vi ,) and ei'j' 

The following diagram illustrates the construction for V = (v1,v2,v3,v4' 

E = ( v 1 ' v 2) , (v 2' v 2) , (v 3' v 4)} and k = 2. We have e 21 = (v 2' v 1 ) , e 2 2 
= (v2 ,v3),e31 = (v3,v2) and e 32 = (v3,v4). Nodes a 1 and a 2 are not~. 
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(110)-~ (111) 

t! t! 
(210)-~ (211 )-~ (220)-~ (221) 

!t !t 
(310)-~(311)-~(320)-(321) 

1t n 
(410)-~(411) 

Node cover {v1,v3} of G corresponds to Hamiltonian path a 1,(110),(210), 

( 211 ) , (111 ) , a 2' (310) , (220) , (221 ) , (311 ) , (320) , (410) , (411 ) , 321 ) , a 1 in G' . 

Claim: G has a node cover V c V of size k iff G' has a Hamiltonian 

cycle. 

Proof: " .. ": Let V = {v. ,v. , .•• ,v. } be a node cover of G of size k. 
~1 ~2 ~k 

We construct a Hamiltonian cycle in G' inductively. We start in node a 1 
and go to (i 1,1,O) first. Suppose now, tha~ we reached node (i 1,j,O). 

Case 1: e .. = (v. ,v.,) and v., (V. Then we proceed (i 1,j,O) .... 
~1,J ~1 ~ ~ 

(i' , j , ,0) ... (i', j , , ',) .... (i 1 ' j , 1 ). Here e;, J" = e. .. 
... ~1 ) 

Case 2: e. . 
~1'J 

(i 1,j,1)· 

(v. , v. ,) and v; , E: V. Then we proceed directly to 
~1 ~ ... 

We have reached node (i1,j,1) by now. If j + 1 < h. then we proceed to 
~1 

(i1,j+1,O), otherwise we reacheda2. From a 2 we go to (i 2 ,1,O), •••• In 
this way we construct a Hamiltonian cycle in G'. 

".,". Suppose that G' has a Hamiltonian cycle C. We note some proper­

ties of C first. Consider one of the squares 

---+(i,j,O)---+(i,j,1)~ 

1 t 1 t 
-+(i',j',O)~(i',j',1)~ 

and assume that C enters the square through the left upper corner, i.e. 

through node (i,j,O). Then it leaves the square through one the right 

corners. If C leaves the square through the right lower corner, node 

(i',j',1), then either (i,j,1) or (i',j',O) is not on C, a contradic-
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tion. Hence C leaves the square through node (i,j,1). Thus the four 

corners of the square are traversed in one of the two following ways. 

either or 

C goes through nodes a 1 , .•• ,ak • The edges emanating from ar , 1 ~ r ~ k, 

end in nodes (i,1,O), 1 ~ i ~ n. Let (ir ,1,O) be the node following a r 
in cycle C. We show that V = {vir; 1 ~ r ~ k) is a vertex cover. 

C goes from a r to (i r ,1,O). The argument above shows that the subse­

quent nodes on C are essentially the nodes (ir,j,O), (i r ,j,1), 

1 ~ j ~ h .• However, between (i ,j,O) and (i r ,j,1) there is possibly a 
~r r 

detour to nodes (i',j',O) and (i',j',1) for some i',j'. 

It is now easy to show to V is a vertex cover. Let e E E be arbitrary, 

saye = (vi,vi ,). Consider the square corresponding to e. It is trav­

ersed in one of the two possible ways described above. In the first 

case node vi is in V, in the second case vi and vi' are in V. 

Name: 

Input: 

Undirected Hamiltonian Cycle (UHC) 

Undirected graph G = (V,E) 

cc 

Question: Is there a simple cycle which goes through every node, i.e. 

is there a sequence vo , ..• ,vn_ 1 such that vi * Vj for i * j 

and (vi ,v(i+1}mod n) E E for ° ~ i ~ n, n = IVI. 

Theorem 5: UHC is NP-complete. 

Proof: We show DHC ~ UHC. Let G = (V,E) be a directed graph. Construct 

undirected graph G' from G by replacing every node v 

by --­_____ v 1 
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There is a one-to-one correspondence between Hamiltonian cycles of G 
and G' because in G' a cycle must enter through v 1 (or v3) then go to 

v2 and then continue to v3 (or v 1). D 

Name: Symmetric Traveling Salesman Problem with Triangle Inequality 

(~TSP) • 

Input: A matrix dist: [0 ••• n-1]2 ... IN and integer k. Matrix dist is 

symmetric and satisfies the triangle inequality, i.e. dist(i,j) 

+ dist(j,k) ~ dist(i,k) for all i,j and k. 

Que&jon: Is there a tour of length at most k, i.e. a permutation IT of 

[0 ••• n-1] such that 

n-1 
L dist(IT(i),IT«i+1)mod n)) ~ k? 

i=O 

Theorem 6: ~TSP is NP-complete. 

D 

Proof: We show UHC ~ ~ TSP. Let G 

V = [0 ••• n-1]. We define 

(V,E) be an undirected graph with 

if (i,j) E E 
dist(i,j) 

otherwise. 

and k = n. Then G has a Hamiltonian cycle iff dist has a tour which 

uses only edges of length 1 iff dist has a tour of length at most n. 

Name: 3-0imensonal ~1atching (30M) 

D 

Input: Sets X,Y,Z of equal cardinality and a relation U c X x Y x Z 

Question: Is there U' ~ U, IU'I = X, which covers all elements of 
X U Y U Z, i.e. V w E X U Y U Z 3 u E U' such that u = (w, , ) or 
u = ( ,w, ) or u = ( , ,w). D 

One can think of X as boys, Y as girls, Z as houses and U the compati­

bility relation between boys, girls and houses. The question is to find 

a complete matching. The corresponding 2-dimensional problem is equiva­

lent to finding complete matchings in bipartite graphs. It can be solved 

in polynomial time (chapter IV). 

Theorem 7: 30M is NP-complete. 
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Proof: 30M is obviously in NP. We show SAT(3) S 30M to prove complete­

ness of 30M. Let a = C, A C2 A ••• A Ck_, be an instance of SAT(3) in 

variables x" ••• ,xn • We will construct an instance I of 30M such that 

a is satisfiable iff I has a solution. We specify the triples in U in 

three groups. The tiles in the first group are used to select a truth 

assignment, the tiles in the second group are used to check for satis­

faction and the tiles in the third group perform garbage collection. 

Group ,: Selecting a truth assignment. For every variable xi' , s i < n, 

we have 2k triples 

There will be no other triples containing points a ij and bij , 

, SiS n, 0 S j < k. The triples in group one can be visualized as 

follows (the case k = 3 is shown): 

There are exactly two ways of covering points a i ., b .. , 0 S j < k, 
J ~J 

using the triples in G.,. One leaves all pOints x .. exposed and covers 
~ ~,J 

all pOints x. ., 0 S j < k [x. is assigned true], and the other one 
~,J ~ 

leaves all pOints x .. exposed and covers all points x. J" 0 S j < k 
~, J ~, 

[Xi is assigned false]. In this manner, the triples in Gi , fix a truth 

assignment. 

Group 2: Checking for Satisfaction. For every clause Cj , 0 S j < k, we 

have triples (C~, t, C~) for every literal t appearing in clause CJ.; J J 
i.e. we have either one, two or three triples for clause Cj • There are 
no other triples containing points C~ and C~. Suppose now that the tiles 

J J 
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in group 1 are placed already. Then points C~ and C~ can be covered iff _ ) ) 

there is some i such that x .. (or x .. ) appears in C. and is left ex-
1,) 1,) 1 2 ) 

posed by the tiles in group 1. Thus pOints C., C., 0 ~ j < k, can be 
) ) 

covered iff the truth assignment specified by the triples in group 1 

satisfy a. 

Group 3: Gargabe Collection. At this point we constructed an instance I 

of 30M from a with the following property. If a is unsatisfiable then 

there can be no complete matching in I. If a is satisfiable then there 

is a way to select the triples 

b c1 d C~ are all covered 

in group 1 and 2 such that points a .. , 
1) 

ij' j an ) and exactly nk - k = (n-1)k of the poinG 

are uncovered. Thus in group 3 we add triples 

(h ,x .. ,g); 1 S; r S; (n-1)k,1 S; i S; n, 0 S; j S; k} 
r 1) r 

which allow us to complete the covering. 

It is now easy to see that the instance I(a) of 30M defined above can 

be indeed constructed in polynomial time given a and that a is satis­

fiable iff I(a) allows for a complete matching. This shows SAT(3) S; 30M. 

Name: KNAPSACK 

Input: A set a 1, .•. ,an , b of integers 

Output: Is there a J c [1, ... ,n] such that 

Theorem 8: KNAPSACK is NP-complete. 

[] 

b 

Proof: KNAPSACK is apparently in NP. We show 30M S; KNAPSACK to prove 

completeness. Let X = (x1, •.. ,xq}, y (Y1, .•• ,yq}' Z = {z1, ••• ,Zq} and 

U c X x Y x z, lui = m, be an instance of 3DM. We construct an instance 
of KNAPSACK from it. 

s(2q+i-1) s(q+j-1} s(k-1} 
at := 2 + 2 + 2 

where s := r1 + log m', i.e. the binary representation of at consists 

of 3q blocks, the first q blocks representing pOints in X, the second 
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q blocks representing points in Y and the last q blocks representing 

pOints in Z. A block is s := 1 + rlog m' bits long and either contains 

(the binary representation of) integer 0 or 1 depending on whether the 

corresponding points belongs to the triple or not. Finally let 

3q 
b:= r 2s (j-1) 

j=1 

, i.e. every block of b contains integer 1. Next note that if U' ~ U is 
a solution of 30M then b a • However, if U' c U is not a solu-

uR,EU' 
tion of 30M then b * r a. This follows from the fact that Iu' I ~ 

uR,EU' 
lUI = m and hence the one's in any block can add up to at most m. Thus 

there can be no overflow from one block to the next. c 

It is worthwhile to take a closer look at the problem instances of 

KNAPSACK constructed in the proof of theorem 14. We showed NP-complete­

ness of KNAPSACK by a two step reduction: 

SAT(3) ~ 30M ~ KNAPSACK 

Suppose that we start out with a formula with k clauses in n variables. 

From this we construct instances of 30M with q = Ixi = IYI IZI = 2nk 
and m = lui 2nk + 3k + (nk)2 ~ q2. The reduction from 30M to KNAPSACK 

then yields m + 1 = O(q2) numbers of length at most 3q(1+ rlog m') = 

O(q log q). Thus a problem instance obtained in this way has length 
L = 0 (q3 log q). However, b = (2 s3q- 1) / (2 s-1) = Q (2q log q) = Q (2L 1/3), Le. 

the numerical value of b is exponential in the size of the problem 

instance. The very large value of b is intrinsic to NP-completeness as 

we will see in the next section on dynamic programming. We will show 

there that KNAPSACK can be solved in time O(nb) • 

Name: Scheduling Independent Tasks (SIT). 

Input: A sequence (t1, ••• ,tn ) of time requirements for n jobs, ti E IN, 

a number m E IN of machines and a deadline T. 

Output: Is there a schedule S: [1 •.• n] 

j E [1 ••• m] r t, ~ T, 

~ [1 ••. m] such that for every 

i.e. is it possible to distrib-
iES- 1 (') l. 

ute the jobs onto €Ke machines such that all jobs are finished 
before time T? 
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Theorem 9: Scheduling Independent Tasks (SIT) is NP-complete. 

Proof: SIT E NP is obvious. We show KNAPSACK ~ SIT. Let a 1, •.. ,an ,b be 

an instance of KNAPSACK and let c = a 1 + a 2 + .•. + an' We may assume 

w.l.o.g. that c ~ 2b. Consider the following instance of SIT: 

a 1,a2 , ... ,an , c - 2b are the time requirements of n + 1 jobs, m = 2 and 

T = c - b. If the instance of KNAPSACK has solution J then assigning 

the jobs in J and the job with cost c - 2b to machine and all other 

jobs to machine 2 is a solution to the instance of SIT. Conversely, let 

S: [1 .. n+1) ~ {1,2} be a solution of SIT. Assume w.l.o.g. that 

S(n+1) = 1. Let J = S-1(1) n [1 ..• n). Then c - b = T = c - 2b+ L a; 

and hence J solves the instance of KNAPSACK. 
iEJ ~ 

The proof of Theorem 9 actually shows a stronger result than claimed. 

Scheduling Independent Tasks remains NP-complete for any fixed number 

m ~ 2 of machines. 

Name: 

Input: 

Precedence Constrained Scheduling (PCS) 

A number n E ~ of unit-cost jobs, a number m E IN of machines, 

a deadline T E IN and a precedence relation R on the jobs, i.e. 

([1 ..• n),R) is an acyclic graph. 

Question: Is there a schedule S: [1 ... n) ~ [1 •.. T) such that 

IS- 1 (t) I ~ m for all t and (i,j) E R - S(i) < S(j) for all 

i,j. 

Theorem 10: Precedence Constrained Scheduling (PCS) is NP-complete. 

Proof: PCS E NP is obvious. We show CLIQUE ~ PCS. Let G = (V,E) be an un­

directed graph without isolated vertices and k E IN be an instance of 

CLIQUE. We construct an instance I of PCS from it with deadline T = 3 

such that there is a feasible schedule iff G has a clique of size k. 

The jobs in I consist of 5 groups: the vertices V of G, the edges E of 

G, and three non-empty sets of fill-in jobs F1 ,F2 ,F 3, i.e. 

n = IVI + lEI + IF11 + IF21 + IF3 1. Furthermore 

R = F1 x F2 U F2 x F3 U V x F3 U {(v,e); v E V, e E E and v is inci­

dent to e}. In a feasible schedule all jobs in F. are executed at time 
~ 

i, 1 ~ i ~ 3. Also only vertices and no edges are executed at time one 

and all vertices must be executed before time three. We complete the 

construction by chosing IFil, 1 ~ i ~ 3, and m appropriately. 
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IF11 ~ 1 IF21 ~ IF31 ~ 1, 

k + IF11 = n-k + k(k-1)/2 + IF21 

m k + IF11 

e-k(k-1)/2 + IF31 

It is easy to see that IF11,IF2 1 and IF31 exist. It remains to relate 

the existance of a clique of size k in G with the existance of a sched­

ule of length 3. Note first that there are exactly 3m jobs, i.e. in a 

schedule of length three all machines must be busy at all times. Next 

note that a feasible schedule has to schedule exactly k vertices, say 

V' ~ V, at time one and the remaining n-k at time two. Hence a schedule 

of length three exists iff exactly k(k-1)/2 edges can be sCheduled at 

time two. However, only edges between nodes of V' can be scheduled at 

time two and there are at most IV' I (IV' 1-1)/2 = k(k-1)/2 of them. 

Equality holds iff V' is a clique of size k. o 

Again, the proof of theorem 10 actually shows a somewhat stronger re­

sult. PCS remains NP-complete if only instances with deadline T = 3 are 

considered. 

VI. 6. Solving NP-complete Problems 

We have seen that NP-complete problems are probably very hard to solve. 

Nevertheless, they occur frequently and have to be solved in practice. 

What can we do? There are several useful approaches. 

a) SpeCial cases: Reexamine the problem at hand. Do you really want to 
solve the NP-complete problem in its full generality, or is it good 

enough to solve a special case? The special case might have a polynomi­

al time solution. Precedence Constrained Scheduling is a good example. 

At least the following special cases of PCS are in P: The case of only 

two processors and the case of the precedence relation being a forest. 

b) Dynamic Programming and Branch-and-Bound are two problem solving 

techniques which can be applied to most NP-complete problems. We treat 

these techniques in detail in this section. Both techniques are essen­

tially clever variants of exhaustive search. Dynamic Programming yields 
surprisingly efficient algorithms for some problems, e.g. KNAPSACK, 

Branch-and-Bound uses lower bounds on the cost of optimal solutions to 

guide the search. 
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c) Probabilistic analysis can sometimes show that the hard instances of 

an NP-complete problem are quite rare. It is therefore possible to de­

sign algorithms algorithms with good expected running time. Of course, 

there is always the problem of justifying the probability distribution 

postulated on the problem instances. 

d) Approximation algorithms can sometimes yield very good solutions in 

little time. Section VI.7. is devoted to approximation algorithms. 

e) Heuristics: Finally there is still room for heuristics, i.e. for 

algorithms which seem to work well in practice but for a reason nobody 

understands. 

VI. 6.1 Dynamic Programming 

Dynamic Programming is a clever form of exhaustive search. We illus­

trate the method on two examples: TSP and KNAPSACK. 

Consider an instance dist: [O ... n-1]2 ~IN of TSP. Naive exhaustive 

search has to test n! possibilities. Dynamic programming allows us to 

cut down on that number considerably, although it is still neccessary 

to test an exponential number of candidates. We construct iteratively 

optimal tours through k cities, k = 1,2,3, .••. Since every tour has to 

go through city 0 we start our tours w.l.o.g. in city o. For 

S ~ [1 ••• n-1] and i E S let C(S,i) be the minimal length of any tour 

which starts in city 0 goes through all cities in S and ends in city i. 
Then 

C ( {i} , i) 

and 

C(S,i) 

dist(O,i) for 1 SiS n-1 

min [C(S-{i},k) + dist(k,i)] 
kES- {i} 

for lSI ~ 2. The length of the optimal tour is given by 

min{C([1 .•• n-1],i) + dist(i,O), 1 SiS n-1 . The optimal tour itself 

is also easily constructed. One only has to store along with C(S,i) the 

value of k which defines C(S,i). Then the optimal tour can be con­

structed in a second pass over the matrix of C(S,i) 'so The total cost 

of this algorithm is 
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n-1 
0(n-1 + 1: 

1=2 
(n:) .1 

~ 

number of C(S,i) 

with lSI = 1 

(1-1 ) 

~ 

number of k's 

= n-3 0«n-1) (n-2)2 + (n-1». Thus dynamic programming reduces the num-

ber of candidates to be tested from N! to n22n, a drastic improvement. 

KNAPSACK is another illustrative example. Let a 1, ••• ,an ,b be an in­

stance of KNAPSACK. Define bitvector B[O •• b) by: 

b 
if s 1: aixi for some (x1' ••• ,xn ) E (O,1}n 

i=1 
B[s] 

o otherwise. 

Vector B can be computed in time O(nb) by the following algorithm. 

B[O] - true; B[s] - false for 1 $ s $ b; 

for i E [1 ••• n] 

i-1 ~1 
- - B[s] = 1 iff s = I: a), x)' for some (x l ' ••• ,xi _ l ) E {O,l} ; 

j=l 

for s from b step - 1 to xi 

od 

Theorem 1: KNAPSACK can be solved in time O(nb). 

Proof: The algorithm given above solves KNAPSACK in time O(nb). D 

What happened? The simple algorithm above solves KNAPSACK in polynomial 

time and hence establishes P = NP. Is the entire chapter a fraud? No! 

Running time is polynomial in the value of b but not in the length of 
the binary representation of b. The reader should go back to the remark 

following theorem VI.S.6. at this point. We argued there that the reduc­
tion of 3DM to KNAPSACK generates problem instances of KNAPSACK where b 
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is exponential in the size of the instance. Hence the dynamic programm­

ing algorithm for KNAPSACK has running time exponential in the size of 

the input. Nevertheless, theorem 1 is interesting from a practical 

point of view, because it seems to be the case that in "realistic" in­

stances of KNAPSACK the ai's and b are bounded by a polynomial in n. 

The special case of such instances can be solved in polynomial time by 

dynamic programming. This phenomenon is interesting enough to deserve 

its own name. 

Definition: Let I be an instance of some algorithmic problem, typically 

I is a set of graphs, integers, sets, .•.. Then number(I) is the larg­

est integer occuring in I. 

Definition: An algorithm for a combinatorial problem is pseudo-polyno­

mial if its running time on instance I is polynomial in size(I) and 

number(I). 

We can now rephrase theorem 1. KNAPSACK has a pseudo-polynomial algor­

ithm. So do ~leighted KNAPSACK and Scheduling Independent Tasks for 

every fixed number of machines (exercises 15 and 16). A pseudo-polyno­

mial algorithm is a good thing to have. Whenever the problem instances 

contain only small numbers, i.e. number (I) ~ p(size(I» for some poly­

nomial p, then a pseudo-polynomial algorithm is indeed an algorithm 

with polynomial running time. Does every NP-complete problem has a 

pseudo-polynomial algorithm? The answer is no provided that P * NP. 

Definition: An NP-complete problem is strongly NP-complete iff it 

stays NP-complete when integers are coded in unary. D 

When we introduced NP-complete problems we were not very specific about 

endocings. However we put forth one principle: integers are coded in 

binary (or decimal) notation, i.e. the representation of integer n has 

length log n. If we code integer n in unary, i.e. as a sequence of n 

ones, then the representation of n has length n. A strongly NP-complete 

problem is NP-complete even when we use this very redundant encoding of 

integers. Most of the problems in section VI.5. are strongly NP-com­

plete because these problems do not involve numbers at all or only in 

an inessential way. Examples are SAT, 30M, CLIQUE (note that we may 

assume k ~ IVI w.l.o.g), VC, DHC, UHK, PCS and ~ TSP (note that all 

edges have length one or two in the problem instances constructed in 
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the NP-completeness of ~ TSP Strongly NP-complete problems do not 

have pseudo-polynomial algorithms provided that P * NP. 

Theorem 2: If a strongly NP-complete problems has a pseudo-polynomial 
algorithm then P = NP. 

Proof: If integers are coded in unary then number(I) ~ size(I) for all 

instances I. Hence a pseudo-polynomial algorithm is a polynomial algor-

ithm is the usual sense. c 

SAT, 30M and CLIQUE are not very interesting strongly NP-complete prob­

lems because numbers do not playa crucial role in these problems. A 

more interesting example is provided by: 

Name: 

Input: 

3-Partition. 

Integers c 1, ••• ,c3n such that B/4 < c i < B/2 for all i, where 

B = (c 1 + ••• + c 3n)/n. 

Question: Is there a partition T1, ••• ,Tn of {1, ••• ,3n} such that 

L c. B for all i. c 
JET. J 

~ 

Theorem 3: 3-Partition is strongly NP-complete. 

Proof: The proof is by a lengthy reduction from 30M and can be found 

in M.R. Garey/D.S. Johnson: Complexity Results for Multiprocessor 

Scheduling under Resource Constraints, SICOMP 4 (1975), 397-341. c 

Note that in any solution for the 3-Partition problem all sets Ti must 

have cardinality exactly three. Hence asking a solution to Scheduling 

Independent Tasks with 3n jobs of time requirements c 1, ••• ,c3n ' dead­

line T = 3 and m = n machines is equivalent to 3-Partition. Thus SIT 

is strongly NP-complete. 

VI. 6.2 Branch and Bound 

Branch and Bound is another variant of exhaustive search. The branch 

step corresponds to exhaustive search. However, the feasible solutions 

generated in the branch step are not searched in an arbitrary ,}rder. 

Rather, easily computable bounds on the cost of an optimal solution are 
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used to direct the search for an optimal solution. More concretely, let 

I be an instance of a minimization problem. In a branch step we generate 
o 

from Io simpler instances 1 1 , ••• ,Ik of the same problem such that: 

1) Every feasible solution L of Ii' 1 ~ i ~ k, corresponds to a fea­

sible solution g. (L) of I and {g. (L); 1 ~ i ~ k and L is feasible so-
~ 0 ~ 

lution of I.} is the set of all feasible solutions of I • The g. 's are 
~ 0 ~ 

very often the identity function. The branch step splits problem Io 

into subproblems 1 1 , ••• I k • 

2) For every Ii' ~ i ~ k, one computes a lower bound Ci on the cost 

of solutions g. (L) of I ... There L is a feasible solution of I. (bound). 
~ 0 ~ 

Then the cost of an optimal solution of Io is at least max {Ci ; 1 ~ i ~ k}. 

The next branch step is applied to the node with the least C-value. 

Branch and Bound steps are iterated until an instance I is obtained 

such that the feasible solutions for I can be computed directly in 

little time and such that I has a feasible solution L for which the 

cost of g(L) is no larger than the C-values of all unexpanded subprob­

lems. Then L is an optimal solution. Branch and Bound has a strong sim­

ilarity to finding least cost paths in directed graphs. This relation 

is worked out in exercise 17. 

For a concrete example we take the Traveling Salesman problem. We need 

a lower bound on the cost of an optimal tour first. Since every city 

has to entered and left on an optimal tour 

n-1 
L (min dist(i,j) + min dist(j,i))/2 

i=O j*i j*i 

is a lower bound on the cost of an optimal tour. Consider the following 

instance on four cities A,B,C,D. Function dist is given by matrix 

A B C D 

A co 3 2 7 

I B 4 co 3 6 
0 

C 1 co 3 

D 6 6 co 
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City A has to left somehow. It is either left on the road to C (the 
city closest to A) or it is not left on the road to C. We can thus gen­

erate the following subproblems 11 and 12 from Io. In 11 we make sure 
that road AC is taken by setting AB - AD - ~. Since C cannot be entered 

twice on an optimal tour we can also change BC and BD to infinity. In 

12 we make sure that road AC is not taken by changing its length to ~. 
We obtain 

= = 2 = = 3 = 7 

4 = = 6 4 = 3 6 
11 = 1 = 3 12 1 = 3 

6 = = 6 6 = 

bound = (2+4+1+1+1+1+2+3)/2 = 7.5 bound (3+3+1+1+1+1+3+3) 8 

Subproblem 11 has the smaller bound. Thus 11 is branched in the next 

step. We can continue from city C to either B or to another city. This 

generates subproblem 13 where we make sure that CB is taken (and hence 

CD, AB and DB cannot be taken) and 14 where we make sure that CB is not 
taken. 

= = 2 = = = 2 = 
= = = 6 4 = 3 6 

13 = m = 13 = = = 3 

= = = 6 6 m 

bound (2+6+1+1+1+12+6)/2 10 bound (2+3+3+1+1+6+2+3)/2 =10.5 

At this point we know that all solutions of 13 (I 4) have length at 
least 10(10.5) and hence all solutions of I1 have length at least 10. 

Thus I2 is branched in the next step. Continuing in this way we genera~ 

the following tree of subproblems. The edge labels in this tree indi­

cate the edge which was either chosen or excluded and the node labels 

indicate the bound (cf. figure on next page). 

Subproblems I7 and I3 allow only one tour each, namely A~~B~~A and 

A~B~~~A of cost 10 each. All feasible solution of the other subprob­

lem have cost larger than 10. Thus the two tours given above are the 

only optimal tours. 
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1 4 (10.5) 1 5 (11.5) 

Our simple branch and bound algorithm can be improved in at least two 

ways. 

a) Better lower bounds focus the direction of the search more directly 

towards optimal solutions. We only used the fact so far, that every 

city has to entered and left at least once. The additional requirement 

that every city is entered and left exactly once improves the lower 

bound considerably in many cases. A solution to that problem (called 

weighted matching) can be found in polynomial time (cf. VI.7.3.); it 

consists of a set of cycles in the graph. 

b) Improving the branch step. So far we included or excluded an arbi­

trary edge in the branch step. The improved lower bound suggests an im­

proved strategy. Take a cycle of minimum length in the solution to the 

matching problem and generate subproblems by excluding one of the 

edges of the cycle. 

Branch and bound techniques are very often a dramatic improvement over 

pure exhaustive search. Nevertheless, it is easy to show than our sim~ 

approach still has exponential running time (exercise 18). 

Even branching by itself can sometimes yield reasonable algorithms. 
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Theorem 4: Let G = (V,E) be an undirected graph and let sopt be the 

size of an optimal vertex cover. Then a vertex cover of size sopt can 

be found in time O(2sopt lEI). 

Proof: Note first that at least one of the two endpoints of any edge is 

in any optimal cover. This suggest the following simple algorithm. Take 

any edge (v,w) of G and generate two subproblems. In the first subprob­

lem node v is added to the cover and all edges incident to v are de­

leted from the graph; in the second subproblem node w is added to the 

cover and all edges incident to ware deleted from the graph. Generate 

the tree of subproblems bradth-first. Then a tree of depth sopt with 

2sopt nodes is generated. In every node we spend time at most O(IEI). 

Theorem 4 describes an algorithm whose running time is polynomial in 

problem size and exponential only in the size of the solution. Hence 

such an algorithm is very useful if we know in advance that the prob­

lem instance at hand has a small solution. A similar phenomenon holds 

true for cycle cover (exercise 19). 

VI. 7. Approximation Algorithms 

Many NP-complete problems are naturally formulated as optimization 

problems. In fact, the Traveling Salesman problem had to be artifi­

cially formulated as a language recognition problem. Similarly, Sched­

uling Independent Tasks can be formulated as an optimization problem 

in even two ways. Given a set t 1 , .•. ,tn of time requirements of n jobs 

we can either fix the number m of machines and ask for the minimal 

deadline or we can fix the deadline and ask for the minimal number of 

machines. The latter problem is usually called bin packing. In the 

preceding section we studied dynamic programming and branch-and-bound 

algorithms for finding optimal solutions. Although these algorithms 

were more efficient than pure exhaustive search their running time is 

still exponential. It is then natural to ask for approximation algor­

ithms which yield nearly optimal solutions in little time. In section 

111.4. we described linear time algorithms for finding nearly optimal 

binary search trees; in contrast, the best known algorithm for opti­

mum trees had quadratic running time. The savings are even more sub­

stantial in the case of NP-complete problems. 
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We describe approximation algorithms for various NP-complete problems. 

A first example is the Traveling Salesman problem with triangle in­

equality (~ TSP). A very simple algorithm always produces a tour of 

length at most twice the length of the optimum tour. It has running 

time O(n2). An improved algorithm with running time O(n4) always finds 

a tour of length at most 3/2 the length of the optimum tour. No better 

approximation algorithm for ~ TSP is known. It is useful to introduce 

some additional terminology at this point. 

Definition: Let (Q,C) be a polynomially bounded minimization problem, 

in particular Q c r* x r* and c: r* x r* ~ N (cf. VI.2.). An algorithm 

A, which computes a mapping fA: r* ~ r* from problem instances to 

feasible solutions, is a g-approximate algorithm if 

C(I,fA(I))-C(I,foPt(I)) 
c(I,f t(I)) s g(C(I,fopt(I))) 

op 

for every problem instance I. Here f : r* ~ r* maps instances to op­opt 
timal solutions and g: IN ~ IR is some function. 0 

In this terminology, we described an g(x) = 2/x approximate algorithm 

for optimum search trees in section 111.4. and will describe an 

g(x) = 0.5 approximate algorithm for ~ TSP in VI.7.1 •• 

The situation is even better for Scheduling Independent Tasks when we 

ask to minimize the deadline. We describe an 1/3-approxirnate algorithm 

with running time O(n log n) first and then improve it to an £-approxi­

mate algorithm for any £ > o. The running time of the £-approximate 
algorithm is O(n log n + m(m-1)/£), a polynomial in n for any fixed £. 

o 

Definition: A polynomial time approximation scheme for a minimization 

problem (Q,c) takes problem instances I and performance guarantees 

£ > 0 and returns £-approximate solutions. For any fixed £ > 0 the 

running time is bounded by a polynomial in instance size. o 

The algorithm referred to above is a polynomial time approximation 

scheme for SIT(m), Scheduling Independent Tasks on m machines. Unfortu­

nately, the complexity of the algorithm is not so good as a function of 
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1/E. In 7.3. we describe an algorithm for the weighted KNAPSACK problem 

whose running time is polynomial in instance size and 1/E, a full poly­

nomial approximation scheme. 

Definition: A polynomial time approximation scheme is full if its 

running time is bounded by p(n,1/E), a polynomial in input size nand 

performance guarantee E. o 

VI. 7. 1 Approx ima tion Algor i thms for the Travelling Salesman Problem 

We start with a simple and efficient 1-approximate algorithm for the 

Travelling Salesman problem with triangle inequality, the once-around­

a-least-cost-spanning-tree algorithm. 

Let dist: [O ••• n-1]2 ~ lRbe an instance of 6TSP, i.e. dist(i,j) 

= dist(j,i) and dist(i,j) + dist(j,k) ~ dist(i,k) for all i,j and k. 

We use C t to denote the length of an optimal Travelling Salesman tour. op 
We can define a network N = (V,E,c) from dist in a natural way: 

V = {O ••• n-l}, E = V x V and c(i,j) = dist(i,j) for all i,j. Let (V,T) 

be a least cost spanning tree of N; it can be found by the methods of 

section IV.S •• Tree (V,T) gives rise to a tour (not necessarily a 

Example: Network N below has an optimal Travelling -Salesman tour of cost 
Copt = 6. It is shown wiggled. A minimum cost spanning tree has cost 4. 

B 
A 

N 3 

D 

It gives rise to a tour (once around the tree) A,B,A,C,D,C,A of length S 

A~B 

3L-.J2 
D 1 C 

which can be shortened to a Travelling 

Salesman Tour A,B,C,D,A of length 7. 

o 
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Travelling Salesman tour) which uses every edge of T twice. We only have 

to run around the tree once. This tour can be shortened to a Travelling 
Salesman Tour by introducing shortcuts. The shortcuts do not increase 

cost because of the triangle inequality. The details are as follows. 

Lemma 1: Let dist be an instance of ~ TSP, let N = (V,E,c) be the asso­

ciated network, and let (V,T) be a least cost spanning tree of N. Then 

C (T) r 
eET 

c(e) ~ C opt 

where Copt is the length of an optimal Travelling Salesman Tour. 

Proof: An optimal Travelling Salesman tour minus any edge is a spanning 

tree and has therefore cost at least C(T). 0 

A sequence S = vo,v1, ..• ,vm_1'vo is a tour of N if (vi ,vi +1) E E for 

all i and V = {v,v1, ..• ,v 1}' i.e. every node is visited. Its cost is 
m 0 m-

C(S) = r c(v"v('+1) d ). It is a Travelling Salesman tour if m = IVI. 
i=o ~ ~ mo m -

Let (V,T) be a spanning tree of N. The once-around-the-tree-tour S is 

defined as follows. Let rEV be arbitrary. If V = {r} then S consists 

of node r only. If IVI > 1 then let r 1, ••• ,rk be the neighbours of r in 

(V,T) and let Si be the once-around-the-tree-tours of the subtrees 

rooted at rio Then S = r S1 r S2 r •.• r Sk r. It is easy to see that 

S can be constructed in time O(n) from (V,T) by depth first search. 

Lemma 2: Let (V,T) be a least cost spanning tree of N and let S be the 

once-around-the-tree-tour of T. Then C(S) ~ 2 Copt 

Proof: C(S) ~ 2 C(T) since every edge of T is used twice in S; 

C(T) ~ C by lemma 1. 
opt 

o 

Lemma 3: Let S be a tour of N. Then there is a Travelling Salesman Tour 

of N of cost at most C(S). 

Proof: Let S = vo,v1, ••• ,vm_1'vo. If m = IVI then there is nothing to 

show. Otherwise there must be a least j, say jo' such that there is an 

i < j with vi 
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We have 

since dist and hence c satisfies the triangle inequality. Thus S' has 

cost at most C(S) and one less node than S. Iterating the construction 
produces a Travelling Salesman tour. D 

We summarize: 

Theorem 1: There is a 1-approximate O(n2) algorithm for t:. TSP; here n 

is the number of cities. 

Proof: A least cost spanning tree can be found in time O(n2) by the 

results of section IV.S •• The remainder of the construction takes time 
O(n) • 

In the Euclidian case we can do even better. The Euclidian Travelling 

Salesman problem is as follows. Given are n cities in the plane 

D 

(in IR2). The distance between two cities is the Euclidian distance. We 

will see in chapter VII that Euclidian least cost spanning trees can be 
found in time O(n log n). 

Theorem 2: There is an 1-approximate O(n log n) algorithm for the 
Euclidian TSP. 

Proof: Immediate from the discussion above. D 

Can we improve upon theorem 1. Lemma 2 is at the heart of the construc­
tion above. It also suggests an improvement. There is another way of 
visualizing the once-around-the-tree-tour. Let (V,T) be a least cost 

spanning tree. If one draws every edge of T twice then we obtain a 

Eulerian graph, i.e. a graph where every node has even degree. Such a 

graph has a Eulerian tour, i.e. a tour which uses every edge (of the 

expanded graph) exactly once; cf. exercise 14. Eulerian tours in 
Eulerian graphs can be constructed in linear time. We turned (V,T) into 

a Eulerian graph by doubling every edge and thus doubling the cost. 

Hence we will obtain a better approximation algorithm for ~ TSP if we 

find a cheaper way of turning (V,T) into a Eulerian graph. Let Vodd be 
the set of nodes of odd degree in (V,T). A solution is to give exactly 

the nodes in Vodd an additional edge. This is always possible, since 



the cardinality of Vodd is even. Therefore a least cost matching of 

Vodd will turn (V,T) into a Eulerian graph. 
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Example: In our previous example, Vodd = {B,D}. Adding edge (B,D) turns 

the spanning tree into a Eulerian graph. It gives rise to a tour A,B, 

D,C,A of cost 6, the optimum. c 

Definition: Let N = (V,E,c) be an undirected network. A complete match­

ing is a set M ~ E of edges such that IMI = IVI/2 and no two edges in 

M share a common endpoint. The cost of ~1 is C (M) = L c (e) • c 
eEH 

Lemma 4: Let dist be an instance of 6 TSP and let N = (V,E,c) be the 

associated network. Let (V,T) be a least cost spanning tree of Nand 

let Vodd be the set of nodes of odd degree in (V,T). 

a) I Nodd I is even 

b) The subnetwork of N induced by Vodd has a complete matching M of 

cost Copt/2. 

Proof: a) Let degT(v) be the degree of v in (V,'!'). Then 

21TI 

Thus L {degT(v); v E Vodd} is even and hence I Vodd I must be even 

b) Let vo 'v1 , ••• ,vn- 1 ,vo be a Travelling Salesman Tour of cost Copt. let 

vi,vi2,···,vi2k be the nodes in Vodd ; 1Voddl = 2k and i1< i2 < •.• < i 2k• 

Then M1 {(i2j_1,i2j); 1 :::; j :::; k} and M2 = {(i2j,i2j+1); 
1 :::; j < k} U {(i2k ,i1)} are two complete matchings of Vodd • Also 

2k-1 
L 

j=1 
c(v. ,v. ) + c(v. ,v.) 

~j ~j+1 ~2k ~1 

C opt. 

The inequality follows from the triangle inequality. Note that 
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c(v. ,v. )!> c(v. ,v. +1) + ••• +c(v. 1'v. ) by the triangle in-
~j ~j+1 ~j ~j ~j+1- ~j+1 

equality. Hence min(C(M1),C(M2)) !> Copt/2. a 

Theorem 2: There is an 0.5-approximate 0(n3) algorithm for ~ TSP; n is 

the number of cities. 

Proof: A least cost spanning tree (V,T) can be found in time 0(n2). 

Clearly Vodd can then be extracted time O(n). A least cost matching M 

of Vodd can be found in time 0(n3) (cf. E. Lawler: Combinatorial Opti­

mization: Networks and Matroids). Then (V,T U M) is a Eulerian graph 

with C(T) + C(M) !> 3 Copt/2. Next we construct a Eulerian tour of 

(V, TUM) and shorten it to a Travelling Salesman tour as described in 

lemma 3. Altogether, we obtained a tour of length at most 3 Copt/2. a 

The performance bounds given for the once-around-the-tree-algorithm and 

the 0.5-approximate algorithm are best possible in the following sense. 

One can find a class of problem instances (exercise 21) where the ap­

proximation algorithm produce tours with length almost (1+£)Copt ; here 

£ = 1 or £ = 0.5 respectively. 

Can we find an £-approximate algorithm (with polynomial running time 

and some £ > 0) for every NP-complete problem or are there NP-complete 

problems which resist even approximate solutions provided that P * NP. 
Unfortunately, the second alternative is true and TSP without triangle 

inequality provides us with an example. 

Theorem 3: Let £ > 0 be arbitrary. If there is an algorithm A with the 

following properties 

a) A's running time is polynomially bounded, 

b) for every symmetric distance matrix dist: [0 •.• n-11 2 ~IN, A con­

structs a Travelling Salesman tour of length at most (1+£)Copt ' where 

Copt is the length of the optimal Travelling Salesman tour, 

then P = NP. 

Proof: Assume that A exists. Let p be a polynomial which bounds the 

running time of A. We will show that UHC (undirected Hamiltonian cycle) 

is in P. Since UHC is NP-complete this implies P = NP. 



Let G = (V,E) be an instance of UHC with V 
2 dist: [0 ••. n-1] -0 IN by 

dist(i,j) 

otherwise 
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= {V, ... ,V 1). Define o n-

Matrix dist is clearly symmetric. Furthermore, if G has a Hamiltonian 

cycle then dist has a Travelling Salesman tour of length n and if G does 

not have a Hamiltonian cycle then every Travellina Salesman tour has 

length at least (n-1) + r£n' + 2 > (1+£)n with respect to dist. What 

does algorithm A do on instance dist? It constructs a tour of length C. 

We distinguish two cases. 

Case 1: C > (1+£)n. Since C ~ (1+£)C t by assumption b) on A, we con­op 
c1ude Copt> n. Thus G does not have a Hamiltonian cycle. 

Case 2: C ~ (1+£)n. Then C = n by the discussion above. Thus G has a 

Hamiltonian cycle. 

This shows that we can use algorithm A to solve UHC. Matrix dist re­

quires 0(n2 10g( n+2» = 0(n2 log n) bits to write down. Since A's 

running time is bounded by polynomial p, we conclude that UHC can be 

solved in time 0(p(n2 log n». Hence UHC E P and therefore P = NP. c 

Theorem 3 shows that NP-complete problems can behave dramatically dif­

ferent with respect to approximation. We will see more of this in sec­
tions to come. It is not known whether 6 TSP has an £-approximate algor­

ithm for some E < 1/2. It is also not known whether the existence of 

such an algorithm is excluded by the assumption P * NP. 

VI. 7.2 Approximation Schemes 

The situation is better with respect to the Scheduling Independent 

Tasks (SIT) optimization problem. We are given the time requirements 

t 1 , ••• ,tn of a set of n jobs and a number m of machines and are asked 

to find a schedule S: [1 ••• n] -0 [1 ••• m] which minimizes the finishing 

time T = max r {t.,S(i) = j}. Throughout this section we use T t to 
j ~ op 

denote the finishing time of an optimal schedule. We describe an 1/3 
approximate algorithm first and then improve it to an approximation 
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scheme for SIT(m). In SIT(m) the number of machines is not an input to 

the algorithm but fixed in advance. 

The 1/3-approximate algorithm is based on a very simple idea: Schedule 

long jobs first and always schedule a job on a machine which was used 

least so far. The details are as follows. 

Assume w.l.o.g. that t1 ~ t2 ~ ..• ~ tn. In fact, reordering the jobs 

takes time O(n log n) and is the most time consuming part of the algor­

ithm Construct S: [1 ••. n] [1 ••• m] by 

(T1, ••• ,Tm) - (0, ••. ,0); Tj time units are used up 

on machine j so far 

for i from 1 to n 

do 

od 

let j be such that T. 
J 

Sri] - j; 

T. 
J 

We refer to the schedule constructed by this algorithm as the longest 

processing time (LPT) schedule SLPT. Its finishing time is denoted by 

TLPT • If the Ti's are kept in a heap then one iteration of the loop 

takes time O(log m), for a total running time of O(n log m). 

Theorem 4: The LPT algorithm is an 1/3-1/3m approximate algorithm for 

Scheduling Independent Tasks. 

Proof: (Indirect) Assume otherwise. Let I be an instance of SIT with 

a minimal number of jobs such that (TLPT(I)-Topt(I»/Topt(I) > 1/3-1/(3m)~ 
Here Topt(I) is the finishing time of an optimal schedule Sopt: 

[l ••• n] ~ [l ••• m]and TLPT(I) is the finishing time of the LPT schedule 

SLPT· 

Lemma 1: If SLPT(n) = j then r {ti ; SLPT(i) 

finishes at time TLPT(I). 

j} TLPT(I) , i.e. job n 

Proof: Assume otherwise. Then the LPT algorithm also constructs a 

schedule of length TLPT(I) for jobs t 1, ... ,tn_1 . Denote the problem in­

stance with time requirements t 1, .•• ,tn- 1 by I'. Then TLPT(I') = 
TLPT(I). Also Topt(I') ~ Topt(I) since I' is a "subinstance" of 1. Hence 
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> [1/3 - 1/(3m)] Topt(I) 

~ [1/3 - 1/(3m)] Topt(I') 

Thus I' is a counterexample with one fewer job than I, a contradiction 

to the choice of I. C 

We will next show that the LPT algorithm constructs a bad schedule only 

if Topt(I) is small. 

Lemma 2: Topt(I) < 3 tn. 
Consider the state (T1 , ••. ,Trn) of the LPT algorithm just prior to 

scheduling job tn. Let Tk = min(T1, ••• ,Tm). Then tn is scheduled on 

machine k and Tk + tn = TLPT(I) by lemma 1. Hence t1 + .•• + t n- 1 ~ 

m(TLPT(I) - t n ) or 

Next note that Topt(I) ~ (t1 + ••• + tn)/m, since every job has to ex­

ecuted on some machine and hence 

The last inequality follows from the fact that I is a counterexample. 

Thus 3tn > Topt(I). C 

In lemma 3 we finish off the contradiction and show that the LPT algor­

ithm indeed constructs optimal schedules if Topt(I) is small. 

Proof: If Sopt = SLPT then there is nothing to show. Assume otherwise. 

Since t1 ~ t2 ~ ••• ~ tn there can be no more than two jobs scheduled 

on any machine. Hence n ~ 2m. We may assume n = 2m by adding jobs 

n + 1, ••• ,2m with time requirements tn+1 = ••• = t2m = O. The LPT al­
gorithm schedules jobs j and 2m + - j on machine j, 1 ~ j ~ m. Let j 

be maximal such that TLPT(I) = tj + t 2m+1- j • Construct a graph G with 
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nodes V = [1 ••• n] as follows. Draw a red edge (i,k) if S t(i) = S t(k) op op 
and draw a green edge (i,k) if SLPTCi) = SLPT(k), Le. if i + k = 2m + 1. 

Since every node has degree exactly two in graph G (recall that exactly 

two jobs are scheduled on any machine by Sopt and SLPT)' the connected 
components of G are simple cycles. Consider the component containing 

node j. It contains nodes j 1 ' ••• , j R.' 2m + 1 - j 1 ' ••• ,2m + 1 - j JI. for some 

j1, ••• ,jR. E [1 ••• m]. Since the red edges also form a matching on these 

nodes there must be a red edge (i,k) such that i ~ j and k ~ 2m + 1 - j. 

Hence Topt(I) ~ ti + tk ~ tj + t 2m+1- j = LLPT(I). C 

Lemmas 1, 2 and 3 imply that I does not exist. C 

In exercise 25 it is shown that the worst case performance of the LPT 

algorithm is indeed 1/3-1/(3m). The LPT algorithm processes long jobs 

first. This principle works quite well for a number of problems; cf. 

exercise 22 on bin packing and exercise 26 on the KNAPSACK problem. 

This suggests that we can do even better if we are very careful with 

the longest jobs, say if we schedule the longest k jobs optimally. This 

leads to the LPT(k)-algorithm: Schedule the k longest jobs optimally 

(in time mk by branch and bound), then continue with LPT. 

Theorem 5: The LPT(k) algorithm always produces an (m-1)/(k+1)-approx­

imate schedule. 

Proof: Let t1 ~ t2 ~ ••. ~ tn be the time requirements of a set of n 

jobs and let TLPT(k) (Topt ) be the finishing time of the LPT(k) (optimal) 

schedule. We have to show that 

TLPT(k) - Topt ~ «m-1)/(k+1)) Topt 

Let t be the length of an optimal schedule for jobs 1, ••• ,k. If 

TLPT(k) = t then the claim is obviously true. So assume otherwise. Let 

j > k be a job with finishing time TLPT(k). Then all processors are 

busy up to time TLPT(k) - tj and hence (t1 + ••• + t j _ 1)/m ~ 

TLPT(k) - t j • Also Topt ~ (t1 + ••• + tj)/m and hence 

TLPT(k) - Topt ~ «m-1)/m) tj ~ «m-1)/m) t k+1 

~ (1-1/m)(m/(k+1)) Topt ~ «m-1)/(k+1) Topt 
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The next to last inequality follows from Topt ~ (t1 + ••• + t k+1)/m ~ 
IJ 

At this point we almost arrived at an approximation scheme for SIT(m), 

Scheduling Independent Tasks on m machines. Let E > 0 be arbitrary. 

Choose k such that (m-1)/(k+1) ~ E: k = L(m-1)/E J will certainly do. 

Then use the LPT(k) algorithm to construct an E-approximate schedule. 

The running time of LPT(k) is o(mk ) for finding an optimal schedule for 

the k longest jobs plus O(ll log n) for sorting and scheduling the n-k 

rema~n~ng jobs. Thus total running time is O(n log n + mk) 
O(n log n + mm/E). This is polynomial in n for every fixed E. 

Theorem 6: There is a polynomial approximation scheme for SIT(m) which 
constructs E-approximate solutions in time O(n log n + mm/E) for any 

E > o. 

Proof: By preceding discussion. IJ 

Can we always turn an E-approximate algorithm for some E into a polyno­

mial approximation scheme as we did for SIT(m)? Note that ~ TSP is not 

a counterexample: there we just do not know how to do better that 0.5 

approximate solutions. There is no reason to believe that 0.5 is a 

boundary which stands up forever. However, our second NP-complete sched­

uling problem is an example. 

Theorem 7: a) There is a 1-approximate linear time algorithm for 

Precedence Constrained Scheduling (PCS). 

b) If there is an 1/4-approximate polynomial time algorithm for PCS 

then P = NP. 

Proof: a) Consider any instance of PCS. Let n be the number of jobs, m 

the number of machines and R be the precedence relation on jobs. Let 

Topt be the finishing time of an optimal schedule. For any job 

i € [1 ••• n] define its depth by depth(i) = 1 + max{depth(j): (j,i) € R}. 
As always, the maximum of the empty set is defined to be zero. Then 

Topt ~ LB : = max (r n/m" maxdepth) where maxdepth = max {depth (i) :1 ~ i ~n}. 

It remains to be shown that we can always schedule all jobs in 2·LB time 

units. For d, 1 ~ d ~ maxdepth let Ld = {i: depth (i) = d} be the jobs 

of depth d. We schedule the jobs in Ld for time units 
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1: r I L . I /m' + 1, ••• , 
j<d J 

1: r I L . I /m' ::; 
j::;maxdepth J 

1: r I L. I /m' • 
j::;d J 

1: (IL.I/m+1) 
j J 

Then the maximal time unit used is 

= n/m + maxdepth ::; 2 LB 

b) Recall the NP-completeness proof of PCS (theorem VI.5.7.). The in­

stances of PCS constructed in the reduction CLIQUE ::; PCS had either 

finishing time three or four. More precisely, they had finishing time 

three iff we start with a graph which does have a clique and finishing 

time four otherwise. Suppose now that we have an 1/4-approximate algor­

ithm for PCS. Then we can use it to solve CLIQUE because the approxi­

mation algorithm must be an exact algorithm on the instances con-

structed by the reduction. a 

VI. 7.3 Full Approximation Schemes 

We will now turn to the ultimate in approximation algorithms: full 

approximation schemes. We will also get to know a very important tech­

nique for approximation algorithms: scaling. Scaling is applicable to 

many problems: it is particularly appropriate when we have a pseudo­

polynomial algorithm around. 

In section VI.6.1. we described a pseudo-polynomial algorithm for the 

KNAPSACK problem. This was extended to the weighted KNAPSACK problem in 
exercise 15. Let c 1, ••• ,cn ,w1, ••• ,Wn,K be an instance I of the weighted 

KNAPSACK problem. Exercise 15 shows how to compute C t(I) = 
op 2 

max{1: cixi : xi € {O,1}, 1: xi wi ::; K} in time O(n Copt) = O(n max c i ). 
i 

Let S be any integer. We scale the costs by S and obtain a scaled in­

stance IS = ( c 1/S , ••• , cn/S ,w1, ••• ,wn ,K). What does scaling do for 

us? First of all, the scaled instance can be solved by our pseudo­

polynomial algorithm in time O(n Copt(IS» = O(n CoDt(I)/S), which can 
be made arbitrarily small by choosing S large enough. Secondly the op­

timal solution for the scaled instance is a very good solution of the 

original problem. More precisely, let (x1, ••• ,xn ) € (O,1}n be such that 
n C t(IS) = 1: x. c./S and 1: x.w. ::; K and let (Y1""'Yn) € {O,1} be 

op i l. L l. J i l. l. 

such that Copt (I) = 1: y iCi and 1: y iWi ::; K. Then 

Copt(I) 1: Yici 
~ 1: xici , since ~1"",yn) is optimal for I 



S r XiC/S 

~ S r xi LC/SJ 

~ S r YiLci/SJ ,since (x1' ••• ,Xn) is optimal for 

~ S r Y (c. /S-1) 
i 1. 

~ Copt(I) - nS 

Thus (CoPt(I) - r x.c.)/C t(I) ~ nS/C t(I). We summarize in 
1. 1. op op 

Lemma 1: Let S be any integer. Then in time O(n Copt(I)/S) we can 

compute an nS/Copt(I)-approximate solution, namely r xic i where 

(x 1 ' ••• ,xn) is the optimal solution vector for the scaled problem. 

229 

IS 

It remains to choose S appropriately. Let E > 0 be arbitrary. Setting 

S = E C (I)/n gives us an E-approximate algorithm with running time 
opt 

O(n2/E). There is a catch, however; we do not know Copt(I). After all 

the purpose of the algorithm is to approximate Copt(I). The way out is 

to use a reasonable approximation for C t(I) in the definition of S. op 

A first attempt is to use S = LE max c./nJ ~ E C t(I)/n. Then we ob-
1. op 

tain an E-approximate algorithm with running time O(n C t(I)/S) = 
2 3 op 

O(n (max ci)/S) = O(n /E) which is much worse than what we would get 

with the optimal choice of S. The reason is of course that we used only 

very weak bounds on Copt(I), namely max c i ~ Copt (I) ~ n max c i • A much 
better bound is provided by exercise 26. There it is shown that C with 

Copt(!) ~ C ~ Copt (!)/2 can be computed in time O(n log n). Setting 
S = LE C/nJ we obtain an E-approximate algorithm with running time 

O(n Copt/S) = O(n2/E). 

Theorem 8: The weighted KNAPSACK problem has a full polynomial approxi­

mation scheme; more precisely, an E-approximate solution can be comput­

ed in time O(n2/E) for any E > O. 

Proof: By the discussion above. c 

The technique described above is not only applicable to the weiqhted 
KNAPSACK problem. We can rather state quite generally: Scaling + 
Pseudo-polynomial algorithm. good approximation algorithm (cf. exer-
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cises 27 and 28). In fact, the connection between pseudo-polynomial 

algorithms and full approximation schemes is even stronger. The exist­
ence of a full approximation scheme implies the existence of a pseudo­

polynomial algorithm. 

Theorem 9: Let (Q,C) be a polynomially bounded minimization problem. 

For instance x let optval(x) be the cost of an optimal solution for x. 

If (Q,c) has a full polynomial approximation scheme and optval(x) is 

polynomially bounded in the size(x) of x and the largest integer num­

ber(x) appearing in x then (Q,c) has a pseudo-polynomial algorithm. 

Proof: Let A be a full approximation scheme for (Q,c). Choose £ = 
1/(p(size(x), number(x)) + 1) where polynomial p is such that optval(x) 

~ p(size(x), number(x)) for all instances x. Let y be the solution 

produced by A on jjnputs x and £. Then 

o ~ c(x,y) - optval(x) 

~ £.optval(x) 

< 

,by definition of optval(x) 

,since A is an approximation scheme 

,by definition of £. 

Thus c(x,y) = optval(x), y is an optimal solution for x. Furthermore, 

the running time of A on inputs x and £ is bounded by a polynomial in 

size(x) and 1/£ which in turn is a polynomial in size(x) and number (x) . 

So (Q,c) has a pseudo-polynomial algorithm. 

Theorem 9 has strong implications for strongly NP-complete problems. 

They cannot have a full polynomial approximation scheme. 

Theorem 10: SIT does not have a full polynomial approximation scheme 

(provided that P * NP). 

o 

Proof: SIT satisfies the assumption of theorem 9. Note that the total 

time requirement of all jobs is certainly an upper bound for the finish­

ing time. Also SIT is strongly NP-complete (theorem VI.6.3.) and there­

fore does not have a pseudo-polynomial algorithm (provided that P * NP, 

theorem IV.6.2.). 0 
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VI.S. The Landscape of Complexity Classes 

The main concern of this chapter were NP-complete problems and how to 

cope with them. In this section we go beyond NP-completeness and relate 

the complexity classes P and NP to various other classes. Moreover, we 

list a number of problems and give their status with respect to these 

classes. 

The following diagram shows a relevant part of the landscape of 

complexity classes. 

RP ~ NP = L1 ~ L2 ::: L3 ::: r 4 ~ 
~ ~ " ~ 

P c LVP RP n co - RP BPP 

" 
~ 

~ ~ 

co - RP ::: co - NP "" fl1 = fl2 
c fl3 ~ fl4 ~ -

PSPACE 

The classes P and NP were defined above. The class PSPACE is the set 

of languages which can be recognized by polynomially space bounded 

Turing machines. For class PSPACE it is irrelevant whether deterministic 

or nondeterministic machines are considered (Savitch (70». 

The classes L1, L2 , L3, and fl 1 , fl 2 , fl 3, '" form the polynomial 

hierarchy (Stockmeyer/Meyer (73». These classes are defined as 

follows: 

* L {L; L c r 
~ 

for some finite alphabet r and there is some poly-

nomial time computable predicate P(x'Y1'···'Y.) and a 
* ~ polynomial q such that for all x E r : 

x E L iff 3Y1 "IY2 3Y3 ( I Y 1 I :5 q (I xl) and 

I y i I :5 q ( I x I) and p (x, y 1 ' ••. , Y i) ) } 

* where co - C = {r - L; L E C and r a finite alphabet} for any class C 

of languages. The languages in Li are defined by formulae with i 

alternations of quantifiers starting with an existential quantifier. 

The quantifiers range over all strings whose length is polynomially 

bounded in the length of x. Similarly, the languages in fli are defined 

by formulae with i alternations of quantifiers starting with an univer­

sal quantifier. In theorem 1 of section 2 we proved NP = L 1 • 
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The inclusions r i = r i +1 ' r i = ni +1 ' n i = Li +1 ' and r i = PSPACE for 

for all i are obvious. It is not known whether the polynomial hierarchy 

is infinite or collapses at some finite level. 

The remaining classes are defined by probabilistic machines (cf. section 

1. 2) • 

We have 

* BPP {L; L c r for some finite alphabet r and there is a polynomial 

computable predicate p{x,y) and a polynomial q such that 

x E L .. I {y i I y I q ( I x I) and p ( x, y)} I ;:: 3/4 I r I q ( I x I ) 

x¢L-I{Yi Iyl q{lxl) and 'P{x,y)}l;:: 3/4 Irlq{lxl)} 

Thus a language is in BPP (gounded probability of error) if it can be 

recognized by a probabilistic machine whose worst-case running time is 

polynomially bounded and whose answers are reliable with probability 

3/4. Algorithms in this class are also referred to as polynomially 

bounded Monte Carlo algorithms. In the definition of RP (Eandom P) we 

allow only one-sided error. 

RP {Li L c r * for some finite alphabete rand there is a polynomial 

time computable predicate p{x,y) and a polynomial q such that 

x E L .. I{Yi Iyl q (I xl) and p{x,y}}1 2: 3/4 Irlq{lxl} 

x ¢ L .. IfYi Iyl q{ I xl) and ,p{x,y)}1 I r I q ( I x I )} 

Thus a language L is in RP if a string x E L is accepted with proba­

bility at least 3/4 and a string outside L is never accepted. In other 

words, there is a probabilistic algorithm whose worst-case running time 

is bounded by a polynomial. Moreover, its "yes-answers" are completely 

reliable but its "no-answers" are not, i.e. there is a possibility 

that x ELand the algorithm outputs no. However, the probability that 

an element x E L is declared to be outside L is at most 1/4. The 

inclusions RP = BPP, co - RP c BPP, RP c NP and co - RP c co - NP are 

obvious. Again it is not known whether any of these inclusions is 

proper. We remark in passing that the quantitiy 3/4 in the definition 

of RP and BPP is not sacred. Any real a with 1/2 < a < 1 could be taken 

instead of 3/4. This follows immediately from the results of 

section 1.2. Also, we might require that only the expected running time 

is bounded by a polynomial without any change in the language classes. 
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Finally, in the definition of class LVP (~as ~egas P) we allow no 

probability of error and require only that the expected running time is 

polynomially bounded. 

* LVP = {L; L c r for some finite alphabet r and the characteristic 

function of L is computed by a Las Vegas algorithm (cf. 

section 1.2) whose running time is bounded by a poly­

nomial} 

The following theorem states the two non-trivial inclusions in the 

diagram above. 

Theorem 1: a) LVP RP n co - RP 

b) BPP c L2 

Proof: a) We show LVP = RP, LVP = co - RP and RP n co - RP = LVP. 

Consider LVP c RP first. If L c LVP then we can recognize L by an 

algorithm A whose expected running time is bounded by a polynomial, 

say q, and whose outputs are completely reliable. Consider the following 

algorithm A': On input x it runs algorithm A for at most 10q(lxl) steps. 

If A has terminated before that time (and this occurs with probability 

exceeding 9/10) then A' outputs whatever A outputs. If A has not 

terminated within 10q(lxl) steps then A' outputs no. In this way the 

yes-answers of A' are completely reliable but the no-answers are not. 

However, the probability of a no- answer for x E L is at most 1/10. Thus 

L E RP and hence LVP c RP. 

A similar argument shows LVP c co - RP. (A' outputs yes if the clock is 

exhausted). 

We turn to the inclusion RP n co - RP = LVP next. Let L E RP n co - RP. 

Then we have probabilistic algorithms Al and A2 such that 

1) the worst-case running time of Al and A2 is bounded by a poly­

nomial, say q, 

2) the yes-answers of Al and the no-answers of A2 are reliable, 

3) the probability that Al gives a wrong answer is at most 1/4 and 

the probability that A2 gives a wrong answer is at most 1/4. 

We show how to recognize L with zero probability of error and polynomial 

average running time. Let x be arbitrary. Consider the following 
experiment. 
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Choose a randan y with Iyl = q( Ixl) and compute A, (x,y) and A2 (X,y). This 

takes time O(q(lxl). If A,(x,y) = yes then x belongs to L and if 

A2 (x,y) no then x does not belong to L (note that A1 (X,y) = yes and 

A2 (X,y) = no simultaneously is impossible). In either case we have 

decided the membership of x with respect to L correctly. The final case 

to consider is A1 (X,y) = no and A2 (X,y) = yes. Then x € L and x t L are 

both conceivable. If x € L then the answer A, (x,y) = no is wrong and 

this event has probability at most '/4 and if x ~ L then the answer 

A2 (x,y) = yes is wrong and this event has probability at most 1/4. 

In either case, we see that the probability that we cannot decide 

the membership of x in L is at most 1/4. Hence the probability that i 

experiments are needed to decide membership is at most '/4i -' and 

hence the expected number of experiments needed is ~ i/4 i - 1 = 0(1). 
i~o 

This proves L € LVP. 

b) A proof can be found in Sipser (83) or Lautemann (84) 

None of the inclusions in the diagram above are known to be proper. 

However, the inclusions are not independent. For example, it is known 

that RP = NP implies ~2 = ~3 = ~4 = ... (Karp/Lipton (80». 

We will now turn to problems and give a list of problems and their 

status with respect to these classes. 

Name: Quantified Boolean Formulae (QBF) 

c 

Input: A quantified boolean formula of the form Q,x, Q2x2 ••• Qmxm 
E(x1, ••• ,xm,y" ••• 'Yn) where E is a boolean expression over 

operators and, or, not,x" ••. ,xm,y" ••• 'Yn are boolean variables, 
and Q. € {3,V} is a quantifier. 

l. 

Output: Yes, if the formula is satisfiable, and no, otherwise. 

Theorem 2 (Stockmeyer/Meyer (73): QBF is PSPACE-complete. 

There are no complete problems known for the classes of the polynomial 

hierarchy, except for classes ~1 (NP-complete) and ~2· 



Name: Uniquely optimal Traveling Salesman Tour (UOTS) 

Input: An instance of the traveling salesman problem 

Output: Yes, if there is a unique optimal tour, and no, otherwise 

Theorem 3 (Papadimitriou (82»: UOTS is L2-complete. 
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Another example of a L2-complete problem is given in Huynh (8'2): the 

inequivalence problem for context-free grammars with one letter termi­

nal alphabet. 

For the probabilistic classes LVP, RP, co - RP, BPP there are no known 

complete problems. In fact, Adleman (78) gives strong reasons that 

these classes cannot contain complete problems. 

Name: PRIMES 

Input: an integer n in binary notation. 

Output: yes, if n is a prime, and no, otherwise. 

Theorem 4 a) PRIMES E co - NP 

b) PRIMES E NP 

c) PRIMES E co - RP 

Proof: a) is trivial, b) can be found in Pratt (75) and c) can be 

found in Solovay/Strassen (77). We give a very brief sketch of part c). 

For integers p and q which are relatively prime the Legendre symbol 

(q/p) is defined by 

(q/p) = { 1 

-1 

if q is a quadratic residue mod p, i.e. 
2 q = x mod p for some x 

otherwise. 

An efficient algorithm for computing the Legendre symbol is well-known; 

it is based on the law of reciprocity, namely (q/p) = -(p/q) if 

p = q = 3 mO.d 4 and (q/p) = (p/q) otherwise. Furthermore, when q > p 

and hence q = mp + r for some r < p then (q/p) = (r/p). These three 

relations immediately suggest a polynomial time algorithm for computing 

the Legendre symbol which is similar to the Euclidian algorithm for 

greatest common divisors. 

The important observation is now that if p is prime then 
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(a/p) = a(p-1)/2 mod p for all a, 1 ~ a ~ p - 1. However, if p is not 

prime then the above relation holds for at most half the a's which are 

relatively prime to p. This follows from the fact that the set of a's 

for which the above relation holds is a proper subgroup of the multi­

plicative group of integers which are relatively prime to p. 

This suggests the following algorithm. In order to check primality of 

p select a random integer a, 1 ~ a < p. If a and p are not relatively 

prime (a gcd calculation) then p is composite. Otherwise we check the 

relation (a/p) = a(p-1)/2 mod Pi note that a(p-1)/2 mod p can be computed 

by repeated squaring (cf. section 1.1). If the inequality does not hold 

then p is composite. If the equality holds then p may be prime or 

composite. However, if p is composite then the equality holds with 

probability at most 1/2. Repeating the experiment for several a's 

reduces the probability of error below 1/4. Hence COMPOSITE E RP or 

PRIMES E co - RP. [J 

Another interesting example of a problem in co - RP is given by 

Name: Checking Polynomial Identities (CPI) 

Input: an identity of the form Q = P where Q and P are expressions 

formed from real variables x 1,x2 , ..• using the operators 

+, -, and' 0 

Output: yes, if the identity is true, and no otherwise. 

Theorem 5 (Schwartz (80)): CPI E co - RP 

We close this section with some problems which were recently shown to 

be in P. 

Name: Linear Programming (LP) 

Input: an integer matrix A and an integer vector b 

Output: yes, if there is a real vector x with Ax ~ b. 

Theorem 6 (Khachiyan (79)): LP E P 

If we require the solution vector to be integer then we arrive at the 

integer programming problem. It is NP-complete as was shown in section 

5. However, for every fixed dimension there is a polynomial algorithm. 



Name: Integer Programming in d-dimensional space (IPd) 

Input: An n by d integer matrix A and an integer vector b. 

Output: yes, if there is a d-dimensional integer vector x with 

Ax ~ b, and no, otherwise. 

Theorem 7 (Lenstra (84)): IPd E P for every fixed d. 
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An improved algorithm for IPd can be found in Kannan (83). Finally, we 

want to mention the graph isomorphism problem. 

Name: Graph Isomorphism (GI) 

Input: Undirected Graphs G1 = (V 1,E 1) and G2 = (V2,E2). 

Output: yes, if G1 and G2 are isomorphic, and no, otherwise. G1 and G2 
are isomorphic if there is a bijection a: V1 ~ V2 with 

(v,w) E E, iff (a(v),a(w)) E E2. 

Clearly, GI E NP. It is not known whether GI is NP-complete. Various 

special cases of GI have been shown to be in P, e.g. graphs of bounded 

valence (Luks (80)), and k-contractible graphs (Miller (83)). 

VI. 9. Exercises 

1) Let L = {w ¢ Vi w,v E {0,1}* and w * v}. Describe deterministic and 
nondeterministic TMs which accept L. Run time? 

2) Show that T(n) 

functions. 

n, T(n) 2 n , T(n) 2n are step 

3) Consider RAMs where the only arithmetic operations are addition and 

subtraction. Show that theorem VI.1.1. is true for unit-cost RAMs. 



4) The CLIQUE optimization problem is to find a largest clique in an 

undirected graph. Prove lemmas 2 and 3 of VI.2. for CLIQUE. 

5) Same as exercise 4) but for the KNAPSACK problem. 

6) Show that SAT(2) is in P. (Hint: Let a be a formula with at most 2 

literals per clause. Let x1, ••• ,xn be the variables occuring in a. Con­

struct a directed graph with nodes x1, ••• ,xn ' x1, ••• ,xn as follows. If 

Y1 v Y2 is a clause of a then add directed edges Y1 - Y2 (interpreta­

tion: if Y1 is true then Y2 must be true) and Y2 - Y1. Then a is satis­

fiable iff there is no cycle of the form xi - ••• - xi - ••• - xi. 
Cycles of this form can be detected by determining the strongly con­

nected components of the graph. 

7) Show that the weighted Knapsack problem is NP-complete. 

Name: Weighted Knapsack 
Input: Integers w1, ••• ,wn (the weights), c 1, ••• ,cn (the costs), K,C 

Question: Are there xi E {O,1}, 1 ~ i ~ n, such that ~ wixi ~ K and 

~ cixi ~ C? 

8) Show that partition is NP-complete 

Name: Partition 

Input: Integers a" ••• ,an 
Question: Is there I c [1 ••• n] such that ~ a 1, 

iEI 

9) Show that Chromatic Number is NP-complete 

Name: Chromatic Number 

Input: Undirected graph G = (V,E), integer k 

~ a1,? 
i¢I 

Question: Is there a node coloring with at most k colors, i.e. is there 

a mapping c: V ~ [1 ••• k] such that c(v) * c(w) for all 

(v,w) E E? 

(Hint: Show SAT(3) ~ Chromatic Number) 

10) Show that Planar 3-SAT is NP-complete 

Name: 

Input: 

Planar 3-SAT 
A formula a in CNF such that the following bipartite graph 
(V,E) is planar. V is the set of variables and clauses of a 

and (v,c) E E for variable v and clause c if either v or v 
occurs in c. 



Question: Is a satisfiable? 

11) Show that Bandwidth is NP-complete 

Name: Bandwidth 

Input: Undirected graph G = (V,E), integer K 

Question: Is there a bijection f: V ~ [1 ••• IVI] such that 

If(u) - f(v) I S K for all (u,v) E E. 

12) Show that Cycle Cover is NP-complete 

Name: Cycle Cover 

Input: Undirected graph G = (V,E), integer K 
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Question: Is there a set V' ~ V, IV'I = k, such that every cycle in G 

contains at least one node in V'. 

13) Show that SIT(2) (Scheduling on two machines) is in P. 

(Hint: Schedule by depth in the graph G = (V,E». 

14) Eulerian Cycle is in P 

Name: Eulerian Cycle 

Input: Undirected graph G = (V,E) 

Question: Is there a cycle which uses every edge exactly once, i.e. is 

it possible to order E = {e1 , ••• ,em} such that e i and e i +1 
have a common endpoint, 1 S i < m. 

(Hint: Show that a Eulerian Cycle exists iff every node has even 

degree). Derive a linear time algorithm to construct a 

Eulerian Cycle. 

15) Design a pseudo-polynomial time algorithm for the weighted Knapsack 
optimization 

n 
max {r cix i ; 

i=1 
o S j S n let 

j 

problem, i.e. given w1, •.. ,wn ' c 1, ••• ,Crr K compute Copt 

x. E {O,1} and r w.x. S K}. (Hint: For 0 < C < ~ and 
~ ~ ~ -

F(c, j) = min({~} U {w; there is (x1 ' ••• ,x j ) E {O,1} j such 
j 

that r cixi = c and 
i=1 

r w.x. = w}). Then F(O,O) = 0 and F(c,O) = ~ for 
i=1 ~ ~ 

c > 0 and F(c,j+1) = min{F(c,j), F(C-C j +1) + wj +1}. Show that the re­

levant part of table F, i.e. F(c,j) S K, can be computed in time 

O(n Copt) = O(n2 max c i ). Also, vector (x1 ' ••. ,xn ) can be found in that 
time bound). 
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16) Design a pseudo-polynomial time algorithm for Scheduling Independ­

ent Tasks for fixed number m of machines. (Hint: Let t 1 , •.• ,tn be the 

time requirements of n jobs and let T be the deadline. For i E [O •.• n] 

let f(i) = {(T1 , ..• ,T ); T. STand there is a partial schedule 
m J 

PS: [1 ••• i] ~ [1 ••• m] such that Tj = I {tk ; k S i and PS(k) = j} for 

1 S j S mJ. Then f(O) = (0,0, ..• ,0) and f(i+1) = {(T1, •.. ,T~); there is 

(T1 , .•• ,Tm) E f(i) and k E [l .• ~m] such that Tk = Tk + ti+1 and Tj = Tj 
for j * k}. Derive an 0(nm(T+1) ) algorithm for these observations) • 

17) Let G = (V,E) be a directed graph, let sand t be distinguished 

nodes and let c: E .. lR+ be a non negative cost function on the edges. 

For a node v E V let V(s,v) be the cost of the least cost path from s 

to v. A function g: V .. lR ~o is called an estimator if g(v) S {min c (p); 

p is a path from v to t}. In section IV. 7.2 we treated algorithms for com­
ting V(s,t) using an estimator g. 

a) Formulate Branch and Bound in the terminology of finding least cost 

paths. What is c and g in the case of the branch and bound algorithm 
for the traveling salesman problem discussed in section 6.2. 

b) Are the estimators which arise from the branch and bound algorithms 

consistent in the sense of section IV.7.2, i.e. g(v) + c(v,w) ~ g(w) 

for all edges (v,w) E E ? 

18) Use the branch and Bound algorithm of section VI.S. to solve the 

following problem with n + 6 cities vo,v1,v2,wo,w1,w2,xo,···,xn_l· 

dist(vi ,vi +1 mod 3) 2 i 0,1,2 

dist(vi,wi ) i 0,1 

dist (v2 ,w2) a 
dist(wi,vi ) 2 i 0,1,2 

dist(wi ,wi +1 mod 3) i 0,1,2 
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dist(Wi,X j ) 
~} 

for i = 0,1,2 

dist(xj,wi ) j = 0,1, ••• n-1 

dist(xj,wj ) j = 0,1, .•. n-1 

dist(Xj ,xk) 0 for j,k = 0, ••• ,n-1 

The remaining distances are infinite. Run the algorithm with starting 

points v 1 and v3 respectively and always proceed to the city with 

smallest distance. 

19) Design an O«log sopt)sopt lEI) algorithm for finding an optimal 

cycle cover of an undirected graph (cf. exercise 12). (Hint: Use the 

following graph-theoretic lemma: If G is a graph of minimum degree three 
and if G has p pairwise disjoint cycles then G has a cycle of length 

O(log pl. Also a shortest cycle containing a fixed node v can be found 

in time O(IEI) by breadth-first search). 

20) Repeat the Branch-and-Bound algorithm for TSP using the weighted 

matching problem as a lower bound on cost. 

21) Design a class of examples where the once-around-the-tree algorithm 

for ~TSP actually constructs a tour which has almost twice the length 

of the optimum. Similarly for the 0,5 approximate algorithm. 

22) Bin Packing 

Input: Integers t 1 , ••• ,tn and bound L 

Output: Minimal m such that there is a mapping S: [l ••• n] ~ [l ••• m] 

with ~ {~i; SCi) = j} S L for all j, 1 S j S m 

a) Show that the recognition version (m is additional input) is NP­

complete. 

b) Design approximation algorithms for bin packing. (Hint: the follow­

ing strategies are good: Start with empty bins 1,2,3, •••• Add objects 

one by one. When a new object is added place it into the least numbered 

(first fit) or the fullest (best fit) bin which can still take the ob­

ject. These two rules can either be applied to the objects in any 

order or to the objects in order of decreasing length. First fit and 

best fit use at most (17/10) mOryt + 2 bins and first fit and best fit 

decreasing use at most (11/9) m~Pt + 2 bins. 
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23) Design a l-approximate algorithm for vertex cover (Hint: start with 

graph G = (V,E); take any edge and remove both endpoints and all edges 

adjacent to them from the graph. Repeat). 

24) Design a g(x) = O«log x)2) - approximate algorithm for cycle cover 

(exercise 12 and 19). (Hint: start with graph G = (V,E); search for 

shortest cycle and remove all nodes of the cycle. Repeat). 

25) (Worst case performance of LPT algorithm). Let n = 2m + 1 and t. 1. 
2m - L(i+1)/2J , 1 SiS 2m. t 2m + 1 = m. Construct optimal and LPT 

schedule. 

26) Let w1, ••• ,wn ,c1, ••• ,cn ' K be an instance of the weighted Knapsack 

problem (cf. exercises 7 and 15). Assume w.l.o.g. that c 1/w1 ~ c 2/w2 ~ 

~ cn/wn and wi S K. Consider the following algorithm. 

c .. 0; W" 0 

for i from 1 to n 

do if W + wi S K 

then xi 1 ; C .. C + c. 1. 
else x. 1. 

.. 0 

fi 

od 
c .. max ({C} U (ci ; 1 S i ~ n}) 

Let Calg be the value of C after termination and let 

C t = max{~ c.y.; y. € {0,1} and ~ w.y1.. S K}. Show Co t ~ Calg ~ op . 1. 1. 1. 1. P 
C t/2, i.e~ the algorithm above is 0,5-approximate.(Hint: Let op 
(Y1' ••• 'Yn) be an optimal solution, and let i be minimal such that 

xi +1 = O. Then i ~ 1, w1 + ••• + wi S K < w1 + ••• + wi + wi +1' and 
Calg ~ c 1 + ••• + c i • Also Copt = I: c.y. = I: c j + I: (c./w.)w.(y. - 1) + 

J J j~i jSi J J J J 
I: (c./w.) w.y. S I: c J. + (c.+1/w.+1) (I: w.(y. - 1) + I: w.y.) S 

j>i J J J J jSi 1. 1. jSi J J j~i J J 

Calg + (ci +1/wi +1) (I:J. wJ. y J. - I: wJ.) S Calg + (c i +1/wi +1)(K - I: wJ.) S 
jSi jSi 

Calg + (ci +1/wi +1) wi +1 S Calg + c i +1 S 2Calg). c 

27) Describe a full approximation scheme for the Knapsack problem 
(Hint: Use scaling and the pseudo-polynomial algorithm for Knapsack). 
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28) Describe a full approximation scheme for SIT(m). (Hint: Use scaling, 

the pseudo-polynomial algorithm from exercise 16 and the LPT algorithm 

to get a good initial value of Topt). 
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IX. Algorithmic Paradigms 

There are basically two ways for structuring a book on data structures 

and algorithms: problem or paradigm oriented. We have mostly followed 

the first alternative because it allows for a more concise treatment. 

However, at certain occassions (e.g. section VIII.4 on the sweep para­

digm in computational geometry) we have also followed the second ap­

proach. In this last chapter of the book we attempt to review the en­

tire book from the paradigm oriented point of view. 

Solving an algorithmic problem means to search for a solution to the 

problem within a set of possible candidates (= search space, state 

space) • 

Exhaustive search, i. e. a complete scan of the state space, is the 

most obvious searching method. Pure exhaustive search is rarely effi­

cient and should only be used for small state spaces. We found several 

ways of improving upon exhaustive search, most notably branch and bound, 

tabulation, and dynamic programming. In the branch and bound approach 

(VI.6.2) to optimization problems one explores the state space in the 

order of decreasing promise, i. e. one has the means of estimating the 

quality of partial solutions and always works on the partial solution 
with maximal promise. The precision of the search depends on the quali­

ty of the estimates. It is usually quite difficult (or even impossible) 

to analyse the complexity of branch and bound algorithms in a satisfying 

way. 

In more structured state spaces one can use dynamic programming and 

tabulation (111.4.1, IV.?3, and VI.6.1). Dynamic programming is par­

ticularly useful when the problem space ist structured by size in a 

natural way and when solutions to larger problems are easily ob~ained 

from solutions to (all, sufficiently many) smaller problems. In this 

situation it is natural to solve all conceivable subproblems in order 

of increasing size in a systematic way. The efficiency of dynamic pro­

gramming is directly related to the size of the state space. \Ole en­

countered a large state space in the application to the travelling 
salesman problem (VI.6.1) and a fairly small state space in the appli­

cation to optimum search trees (111.4.1) and least cost paths (IV.?3). 

In some occassions, e. g. 111.4.1, the search could be restricted to a 

suitably chosen subset of the state space. 
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Tabulation (111.4.1) is a general method of obtaining dynamic program­

ming algorithms from top-down exhaustive search algorithms. The idea is 

to store the solutions to all solved subproblems in a table for latter 

look-up. We have used this idea for converting a backtracking algorithm 

for optimum search trees into the dynamic programming algorithm and for 

simulating 2-way deterministic pushdown automata in linear time on a 

RAM. The latter simulation led to the linear time pattern matching algo­

rithm. 

The divide -and - conquer paradigm is also applied to problem spaces 

which are structured by size. A problem instance is solved by genera­

ting several subproblems (divide), solving the subproblems (conquer), 

and combining the answer to the subproblems to an answer for the origi­

nal problem instance (merge). The efficiency of the method is determined 

by the cost of generating the subproblems, the number and the size of 

the subproblems, and the cost of merging the answers. Divide - and -

conquer algorithms lead to recursive programs and their analysiS leads 

to recursion equations. We discussed recursion equations in sections 

11.1.3 and VII.2.2. The paradigm of divide - and - conquer was used very 

frequently in this book: in sorting and selection algorithms (11.1.2, 

11.1.3, and 11.4), in all data-structures based upon trees (111.3 to 

111.7, VII.2.1 and VII.2.2, and VIII.5.1), in the planar separator theo­

rem and its applications (IV.l0), in the matrix multiplication algo­

rithms (V.4), and in the divide - and conquer algorithms for computa­

tional geometry (VIII.5.2). Finally, the treatment of decomposable 

searching problems and dynamization (VII.l) has a very close relation­

ship to the divide - and - conquer paradigm. In most applications of the 
paradigm a natural structure of the problem instances was used for the 

division step. For example, if the problem instance is a tuple then we 

can split the tuple into its first and its second half (merge sort, bi­

nary search, matrix multiplication, ... ) and if the problem instance is 

a set of objects from an ordered set then we can split the set into its 

lower and its upper half (the linear time selection algorithm, applica­

tions in geometry, ... ). The situation was slightly different in multi­

dimensional divide - and - conquer (VII.2.2). There we frequently solved 

an instance of size n in d-dimensional space by generating two d-dimen­

sional subproblems of size about n/2 and one (d-l)-dimensional subprob­

lem of size n. Another interesting application of the paradigm is to 

planar graphs. We have seen two strategies. The first strategy is given 

by the planar separator theorem of section IV.l0.2. It allows us to 
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split a planar graph of n nodes into two subgraphs of about half the 

size by the removal of only O(/n) nodes. Moreover, the separating set 

can be determined in linear time. We used the planar separator theorem 

in several efficient algorithms on planar graphs, e. g. least cost path, 

chromatic number, •••• The second strategy is given by the fact that a 

planar graph always contains a large set of independent nodes of small 

degree. We used this fact in searching planar subdivisions (VIII.3.2.1) 

and in the hierarchical representation of convex polyhedra (VIII, 

exercise 2). 

Trees are a prime example for the divide - and - conquer paradigm. In 

trees one either organizes the universe (section III.1 on TRIES) or one 

organizes the set to be stored in the tree. The latter approach was 

used in sections III.3 to III.7 and leads to balanced trees. In these 

trees one chooses an element of the set for the root which balances the 

subproblems. In balanced trees for unweighted data balancing is done 

either according to the cardinality of the subproblems (weight - bal­

anced trees) or according to the height of the subtrees (height - bal­

anced trees). In trees for weighted data balancing is done according to 

the probability of the subproblems. We have also seen on two occassions 
(III.G.1 on weighted dynamic trees for multidimensional searching and 

VIII.S.1.3 on segment trees) that search structures for unweighted com­

plex data can sometimes be constructed from trees for simpler but weigh­

ted data. The former approach, i. e. organizing the universe, was used 
in section III.1 on TRIES and in the static version of interval, priori­
ty search, and segment trees (VIII.S.1). The organization of the uni­

verse gives rise to particularly simple tree structures. 

Closely related to trees which organize the universe are key transfor­
mation ( =hashing) and direct access(II.2, III.2 and III.S). In these 

methods one uses the key or a transformed key in order to directly 

access data. This immediately implies small running times. Another 

application of the very same idea is presorting, i. e. transforming a 

problem on an arbitrary set into a problem on a sorted set by sorting. 

It is then often possible to identify the objects with an initial 

segment of the integers which opens up all methods of direct access. We 

used presorting in sections VII.2.2 on multi-dimensional divide - and -

conquer and in section VIII.S on orthogonal objects in computational 
geometry. 
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In graphs we studied two methods for their systematic exploration: 

breadth - first and depth - first search. Breadth - first search is 

particularly useful for distance type problems and was therefore used 

intensively in least cost path computations (IV.7). Depth - first 

search has the important property that components are explored one by 

one and is therefore the natural method of exploration in connectivi­

ty problems. We used DFS to determine biconnected and strongly connec­

ted components and to test planarity. 

Frequently, solutions to problem instances can be found iteratively 

or in a step by step fashion. Examples are the construction of optimal 

merging patterns (11.1.4), network flow and matching problems (IV.9), 

the construction of least cost spanning trees (IV.B), and the construc­

tion of convex hulls (VIII.2). In some of these examples (e. g. least 

cost spanning trees or optimal merging patterns) each step performs an 

action which is locally optimal. This variant of iteration is sometimes 

called the greedy approach. In other applications of this paradigm 

(e. g. network flow) a solution is improved iteratively. Frequently, 

the concept of augmentation applies to these situations. 

In the chapter on algorithmic geometry we discussed the sweep paradigm 

at length (VIII.4, VIII,5.1). Its power stems from the fact that it re­

duces the dimension of geometric problems for the cost of turning static 

into dynamic problems. In particular, two-dimensional static problems 

can often be reduced to one-dimensional dynamic problems which can then 

be solved using some sort of balanced tree. 

The method of reduction also played a major role in other parts of the 

book. The entire chapter on NP - completeness is centered around the 

notion of reduction or transformation. We used reductions to structure 

the world of problems, to define and explore classes of equivalent 

problems (VI.l to VI.5), to transfer algorithms (from network flow to 

matching in IV.9, from matrix product over the integers to matrix pro­

duct over the set of booleans in V.5, from iso - oriented objects to 

general objects in VIII.5.2, and from straight-line to circular objects 

in VIII.6), and to transfer lower bounds (from sorting to element uni­

queness in 11.6, from decision trees to RAMs in 11.3 and from boolean 

matrix product to matrix product over semi-rings of characteristic zero 
inV.7). 
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Balancing is also an important concept. In least cost path computa­

tions (IV.7) we balanced the cost of various priority queue operations 

by a careful choice of the data structure, in multi - dimensional trees 

(VII.2.1) we balanced the power of the coordinates by using them in the 

split fields in cyclic order, and in divide - and - conquer algorithms 

we always tried to balance the size of the subproblems. It is important 

to observe that perfect balancing is usually not required in order to 

obtain efficient solutions; approximate balancing will also do. In fact, 

approximate balancing is called for in order to cope with dynamic behavior. 

A typical example are balanced trees. In BB[a]-trees (VIII.5.1) we do 

not require each node to have root balance in the range [1/3,2/3] al­

though such a tree always exists but leave more leeway and in height­

balanced trees (VIII.5.2) we allow nodes to have between a and b SOns. 

Introducing an amount of freedom beyond the necessary amount often has 

dramatic effects on the (amortized) behavior of these schemes. Again, 

balanced trees are typical examples but so are the dynamization methods 

of VII.1. For example, BB[a]-trees work for a ~ 1-12/2, but a < 1-1!/2 

improves the amortized rebalancing cost dramatically. Similary (a,b)­

trees work for b ~ 2a-1 but choosing b ~ 2a improves the behavior con­

siderably (III.5.2 and III.5.3). 

Another way of interpreting approximate rebalancing is redundancy, i.e. 

to allow additional freedom in representation. The concept of redundan­

cy can also be applied to storage space. We saw at several occassions, 
most notably range trees (VII.2.2) and dd-trees (VII.2.1), that storing 

objects several times can reduce search time considerably. In dd-trees 
multi-dimensional objects are stored without redundancy; they provide 

us with rootic search time and it was shown in VII.2.3.1. that this is 

optimal. Range trees store data in a hightly redundant fashion: they 
use non-linear storage space and provide us with polylogarithmic 

search time. In fact, the slack parameter of range trees allows us to 

trade between time and space. 

Redundant structures frequently show good amortized behavior because 

rebalancing a node of a redundant structure moves the node away from 

the critical situations. Amortized analysis was used in the sections 

on dynamization and weighting (VII.1), range trees (VII.2.2), (dynamic) 

interval (VIII.5.1.1) and segment trees (VIII.5.1.3), BB[a]-trees 
(III.5.1), (a,b)-trees (III.5.3) and the union-find problem (III.8). 
A general discussion of the bank account paradigm for amortized 
analysis can be found in section III.6.1. 
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Worst case analysis (and amortized analysis which is the worst case 

analysis of sequences of operations) is the dominant method of analysis 

used throughout this book. Expected case analysis was done in only a few 

places; e. g. quicksort (11.3), selection (11.4), TRIES (111.1.1), 

hashing (111.2), interpolation search (111.3.2), weighted trees (111.4), 

self-organizing linear search (111.6.1.1) ,and transitive closure (IV.3). 

Expected case analysis rests upon an a-priori probability distribution 

on problem instances and therefore its predictions should be interpreted 

with care. In particular, it should always be checked whether reality 

conforms with the probability assumptions. Note however, that the ex­

pected running of many algorithms is fairly robust with respect to 

changes in the distribution. For example, a near-optimal search tree 

for distribution B ist also a near-optimal search tree for distribution 

B' provided that Band B' do not differ too much. Furthermore, a care­

ful analysis of algorithms with small expected running time sometimes 

leads to fast algorithms with small wort case running time (e.g. selec­

tion) or to fast probabilistic algorithms (e.g. quicksort and hashing) • 

Self-organization is another important principle. In self-organizing 

data structures the items compete for the good places in the structure 

and high-frequency elements are more likely to be there. This results 

in good expected and sometimes also amortized behavior. 

Generalization was the central theme of chapter V and also section 

VII.l. In chapter V we dealt with path problems over closed semi-rings, 

a generalization of least cost paths, transitive closure, maximal cost 

paths, and many other path problems. In section VII.l we derived gene­
ral methods for dynamizing static data structures for decomposable and 

order decomposable searching problems. Numerous applications of these 

general methods can be found in chapters VII and VIII. 

The last two principles which we are going to discuss are approximation 

algorithms and probabilistic algorithms. These paradigms suggest to 

either change the problem to be solved (solve a simpler problem) or to 

change our notion of computation (use a more powerful computing machine) . 

We observed at several places that a "slight" change in the formulation 

of a problem can have a drastic effect on its complexity: The satis­

fiability problem with three literals per clause is NP-complete but 
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with two literals per clause it becomes fairly simple, the precedence 

constrained scheduling problem is NP-complete but if the precedence re­

lation is a tree or there are only two machines then the problem is in 

P. Similarly, the computation of the convex hull of a point set takes 

time S(n logn) but if the pOints are sorted by x-coordinate then time 

O(n) suffices. For optimization problems there is a standard method 

for simplifying the problem; instead of asking for an optimal solution 

we are content with a nearly optimal solution. This approach is parti­

cularly important when the optimization problem is NP-complete and 

therefore we devoted the entire section V.7 to approximation algorithms 

for NP-complete problems. We saw that some NP-complete problems resist 

even approximate solution but many others have good or even very good 

approximation algorithms. Even inside P approximation algorithms are 

important. A good example are the weighted trees of section 111.4. The 

best algorithm for constructing optimum weighted trees has running time 

s(n2) and there is an O(n) algorithm which constructs nearly optimal 

trees. Already for moderate size n, say n = 104 , the difference between 

n2 and n is substantial. 

Probabilistic algorithms are based on a more flexible notion of compu­

tation, i. e. it is postulated that a oerfect coin is available 

to the machine. (Less than perfect coins will also do for fast 

probabilistic algorithms as we saw in section 1.2). We encountered prob­

abilistic algorithms in many different contexts, e. g. the construction 
of perfect hash functions (111.2.3), universal hashing (111.2.4), prob­

abilistic quicksort (11.1.3), graph connectivity (IV.9.2) and primality 

testing (VI.8). These applications may be grouped into two classes. In 

the first class coin tosses are used to r~ze inputs (probabilistic 

quicksort, universal hashing). Typically, a random transformation is 

applied to the input and then a standard deterministic algorithm with 

small expected running time is used. The expected running time of the 

probabilistic algorithm on a fixed input then matches the expected run­

ning of the deterministic algorithm. The important difference is that 

the randomized algorithm controls the dices but a deterministic algo­

rithm does not; the latter is at the mercy of its user who generates 

the problem instances. In the second class (construction of perfect 

hash functions, graph connectivity, primality testing) coin tosses are 

used to randomize the search for an element of some set with a desirable 

property. Typically, the property is easily checked and the elements 

having the property are abundant. However, no intimate knowledge about 
their location is available. 



251 

The design of an efficient algorithm is particularly satisfying if its 

performance matches a lower bound and hence the algorithm is optimal. 

Unfortunately, only a few algorithms have been shown to be optimal. We 

saw three approaches to proving lower bounds in this book. The first 

approach is the information-theoretic one and the typical argument goes 

as follows: In order to distinguish between N possibilities any algo­

rithm requires log N steps. Of course in order to make this argument 

sound one has to define and study the primitive operations, the set of 

possible outcomes, and how the primitives operate on the set of possible 

outcomes. We used the information-theoretic approach in sections 11.1.6 

and 11.3 on lower bounds for sorting and related problems, in section 

111.4 on searching in weighted sets, and in a modified form also in 

section VII.3.1 on lower bounds for partial match retrieval in minimum 

space. The second approach is by simplification which we used to prove 

the lower bound on the complexity of matrix multiplication (V.7). In 

this approach one designs transformation rules which allow to simplify 

an optimal program without increasing cost. The final product of the 

simplification process is then amenable to direct attack. The third 

approach uses combinatorial methods and was used in the sections on 

dynamization (VII.l.l) and the spanning bound (VII.3.2). In this approach 

one relates the complexity of an algorithm to a combinatorial quantity 

(the spanning complexity of a family of sets in VII.3.2 and various path 

lengths of binary trees in VII.l.l) and then analyses the combinatorial 
quantity. 
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Springer-Verlag 
Berlin 
Heidelberg 
New York 
Tokyo 

W.M.Waite, G.Goos 

Compiler 
Construction 
1984. 196 figures. XIV, 446 pages 
(Texts and Monographs in Computer Science) 
ISBN 3-540-90821-8 

Contents: Introduction and OvelView. - Properties of 
Programming Languages. - Properties of Real and 
Abstract Machines. - Abstract Program Representa­
tions. - Elements of Formal Systems. - Lexical 
Analysis. - Parsing. - Attribute Grammars. -
Semantic Analysis. - Code Generation. - Assembly. -
Error Handling. - Optimization. - Implementing the 
Compiler. - Appendix A: Sample Programming 
Language LAX. - Appendix B: Useful Algorithms for 
Directed Graph. - Bibliography. - Index. 

This text, written by two leaders in the field of 
compiler construction, explains to the reader how 
compilers for programming languages are built. Des­
cribing the necessary tools (and how to create and use 
them), the authors break the task into modules, 
placing equal emphasis on the action and data aspects 
of compilation. Attribute grammars are used exten­
sively to provide a uniform treatment of semantic 
analysis, competent code generation and assembly. 
The authors also show how intermediate representa­
tions can be chosen automatically on the basis of attri­
bute dependence. Thus semantic analysis, code gener­
ation and assembly no longer appear idiosyncratic, but 
are discussed in terms of a uniform model subject to 
automation. This will improve the reader's under­
standing of the compilation process and of the 
decisions that must be made when designing a 
compiler. 



Springer-Verlag 
Berlin 
Heidelberg 
New York 
Tokyo 

G. v.Bochmann 

Concepts for 
Distributed 
Systems Design 
1983. 107 figures. XI, 259 pages. ISBN 3-540-12049-1 

Contents: The nature of distributed systems: Distributed 
systems: examples and definition. Parallelism. Common 
problems. - Distributed system architecture and communi­
cation protocols: Architecture of distributed systems. 
Message transport requirements and data transmission 
networks. Link protocols. Technological developments and 
standards. - Fonnal description techniques: Role of specifi­
cations in the design of distributed systems. A state transi­
tion fonnalism for the description of systems. A fonnal des­
cription technique for distributed systems. - References. 

This book is written for computer programmers, analysts 
and scientists as well as computer science students as an 
introduction to the principles of distributed systems design. 
The emphasis is placed on a clear understanding of the 
concepts, rather than an the details to enable the reader to 
grasp the structure of distributed systems, their problems, 
and approaches to their design and development. The reader 
should have a basic knowledge of computer systems and be 
familiar with modular design principles for software develop­
ment. He should also be aware of present-day remote-access 
and distributed computer applications. 

The book does not give the description of any particular 
distributed computer applications, such as for banking trans­
actions or distributed data bases. The author has given 
extensive references to more detailed descriptions of the 
topics discussed, to complementary articles, and to explana­
tions of certain prerequisite concepts, with which most 
readers will be familiar. 

This book is based largely on the volume" Architecture of 
Distributed Computer Systems" which appeared in the 
series of Lecture Notes in Computer Science. All chapters 
have been revised, and two new chapters on fonnal descrip­
tion techniques have been added. 
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