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Preface

The first edition of this book was published 25 years ago as of this writing. As an assistant
professor of mechanical engineering at Texas A&M University, I was not satisfied with the
existing books on fracture mechanics, so I embarked on a 14-month effort to create a work
that I would be happy to use in graduate and undergraduate courses. At the time, I did not
know if my personal preferences would resonate with the larger technical community, but
I was pleasantly surprised by the response to the first three editions of Fracture Mechanics:
Fundamentals and Applications. This title has consistently been the top selling book on frac-
ture mechanics over the past 25 years, and I deeply appreciate the endorsement by both
engineering faculty and practicing engineers.

While the overwhelming response to the earlier editions has been positive, I have
received a number of constructive criticisms over the years. I have tried to improve the
text with each edition by incorporating the various feedback that I have received. I hope
the fourth edition meets with the approval of readers who are acquainted with the prior
editions, as well as those who are seeing this text for the first time.

The third edition, which was published in 2005, incorporated substantial changes
throughout, including a new chapter on environmental cracking. With the fourth edition,
there was less need to overhaul the earlier chapters that cover the fundamental concepts,
but the later chapters that focus on applications, particularly Chapters 7, 9, 10, and 12, con-
tain a significant amount of new material. For the first time, Chapter 12 includes several color
illustrations. Chapter 13 has been updated with new practice problems. In keeping with
the modern world, this book now has a companion website (www.FractureMechanics.com),
which contains a library of electronic files that students and faculty may find helpful.

This book provides a comprehensive treatment of fracture mechanics that should appeal
to a relatively wide audience. Theoretical background and practical applications are both
covered in detail. This book is suitable as a graduate text, as well as a reference for engi-
neers and researchers. Selected portions of this book would also be appropriate for an
undergraduate course in fracture mechanics.

The basic organization and the underlying philosophy of this book have been consis-
tent for all editions. The book is intended to be readable without being superficial. The
fundamental concepts are first described qualitatively, with a minimum of higher level
mathematics. This enables a student with a reasonable grasp of undergraduate calculus to
gain physical insight into the subject. For the more advanced reader, appendices at the end
of certain chapters give the detailed mathematical background.

In outlining the basic principles and applications of fracture mechanics, I have attempted
to integrate materials science and solid mechanics to a much greater extent than in other
fracture mechanics texts. Although continuum theory has proved to be a very powerful
tool in fracture mechanics, one cannot ignore microstructural aspects. Continuum theory
can predict the stresses and strains near a crack tip, but it is the microstructure of a mate-
rial that determines the critical conditions for fracture.

Chapter 1 introduces the subject of fracture mechanics and provides an overview; this
chapter includes a review of dimensional analysis, which proves to be a useful tool in
later chapters. Chapters 2 and 3 describe the fundamental concepts of linear elastic and
elastic—plastic fracture mechanics, respectively. One of the most important and most often
misunderstood concepts in fracture mechanics is the single-parameter assumption, which
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enables the prediction of structural behavior from small-scale laboratory tests. When a
single parameter uniquely describes the crack tip conditions, fracture toughness, which
is a critical value of this parameter, is independent of specimen size. When the single-
parameter assumption breaks down, fracture toughness becomes size dependent, and
a small-scale fracture toughness test may not be indicative of the structural behavior.
Chapters 2 and 3 describe the basis of the single-parameter assumption in detail, and out-
line the requirements for its validity. Chapter 3 includes the results of recent research that
extends fracture mechanics beyond the limits of single-parameter theory. The main bodies
of Chapters 2 and 3 are written in such a way as to be accessible to the beginning student.
Appendices 2 and 3, which follow Chapters 2 and 3, respectively, give the mathematical
derivations of several important relationships in linear elastic and elastic—plastic fracture
mechanics. Most of the material in these appendices requires a graduate-level background
in solid mechanics.

Chapter 4 introduces dynamic and time-dependent fracture mechanics. The section on
dynamic fracture includes a brief discussion of rapid loading of a stationary crack, as well
as rapid crack propagation and arrest. The C*% C(t), and C, parameters for characterizing
creep crack growth are introduced, together with analogous quantities that characterize
fracture in viscoelastic materials.

Chapter 5 outlines the micromechanisms of fracture in metals and alloys, while Chapter
6 describes the fracture mechanisms in polymers, ceramics, composites, and concrete.
These chapters emphasize the importance of microstructure and material properties on
the fracture behavior.

The applications portion of this book begins with Chapter 7, which gives practical advice
on fracture toughness testing in metals. Chapter 8 describes fracture testing of nonme-
tallic materials. Chapter 9 outlines the available methods for applying fracture mechan-
ics to structures, including both linear elastic and elastic—plastic approaches. Chapter 10
describes the fracture mechanics approach to fatigue crack propagation, and discusses
some of the critical issues in this area, including crack closure and the behavior of short
cracks. Chapter 11, which covers environmental cracking, first appeared in the third edi-
tion. Chapter 12 outlines some of the most recent developments in computational fracture
mechanics. Chapter 13 contains a series of practice problems that correspond to the mate-
rial in Chapters 1 through 12.

If this book is used as a college text, it is unlikely that all of the material can be covered
in a single semester. Thus the instructor should select the portions of the book that suit
the needs and background of the students. The first three chapters, excluding appendices,
should form the foundation of any course. In addition, I strongly recommend the inclu-
sion of at least one of the materials chapters (5 or 6), regardless of whether or not materials
science is the students” major field of study. A course that is oriented toward applications
could include Chapters 7 through 11, in addition to the earlier chapters. A graduate level
course in a solid mechanics curriculum might include Appendices 2 and 3, Chapter 4,
Appendix 4, and Chapter 12.

Many friends and colleagues have contributed to this text over the past quarter century
by providing photographs and literature references, by reviewing draft chapters, and by
supporting me in other ways. Please consult the Preface to the third edition for a list of
individuals to whom I am eternally grateful. Instead of repeating the list here, I want to
acknowledge my dear friend and former PhD student David Crane, who passed away on
January 18, 2016. He was one of the most brilliant people that I have ever met. Despite the
formal student-teacher relationship, I definitely learned more from David than the other
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way around. David had a very kind heart, and freely shared both his time and his insight
with anyone who needed help. On a technical note, David’s PhD dissertation constitutes
a significant contribution to the field of fracture mechanics, but unfortunately it has gone
largely unnoticed. I have summarized David’s ground-breaking work in Section 3.6.4 in
Chapter 3. I hope that faculty and students of applied mechanics will study David’s work
and build upon it.

Ted L. Anderson
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1

History and Overview

Fracture is a problem that society has faced for as long as there have been man-made
structures. The problem may actually be worse today than in previous centuries, because
more can go wrong in our complex technological society. Major airline crashes, for instance,
would not be possible without modern aerospace technology.

Fortunately, advances in the field of fracture mechanics have helped to offset some of
the potential dangers posed by increasing technological complexity. Our understanding
of how materials fail and our ability to prevent such failures has increased considerably
since World War II. Much remains to be learned, however, and the existing knowledge of
fracture mechanics is not always applied when appropriate.

While catastrophic failures provide income for attorneys and consulting engineers, such
events are detrimental to the economy as a whole. An economic study [1] estimated the
annual cost of fracture in the United States in 1978 at $119 billion (in 1982 dollars), about 4%
of the gross national product. Furthermore, this study estimated that the annual cost could
be reduced by $35 billion if current technology were applied, and that further fracture
mechanics research could reduce this figure by an additional $28 billion.

1.1 Why Structures Fail

The cause of most structural failures generally falls into one of the following categories:

1. Negligence during design, construction, or operation of the structure.

2. Application of a new design or material, which produces an unexpected (and
undesirable) result.

In the first instance, the existing procedures are sufficient to avoid failure, but are not
followed by one or more of the parties involved, due to human error, ignorance, or willful
misconduct. Poor workmanship, inappropriate or substandard materials, errors in stress
analysis, and operator error are examples of where appropriate technology and experience
are available, but not applied.

The second type of failure is much more difficult to prevent. When an “improved” design
is introduced, there are invariably factors that the designer does not anticipate. New mate-
rials can offer tremendous advantages, but also have potential problems. Consequently,
a new design or material should be placed into service only after extensive testing and
analysis. Such an approach will reduce the frequency of failures, but not eliminate them
entirely; there may be important factors that are overlooked during testing and analysis.

One of the most famous Type 2 failures is the brittle fracture of the World War II Liberty
ships (see Section 1.2.2). These ships, which were the first to have an all-welded hull, could
be fabricated much faster and cheaper than earlier riveted designs, but a significant num-
ber of these vessels sustained serious fractures as a result of the design change. Today,

3
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virtually all steel ships are welded, but sufficient knowledge was gained from the Liberty
ship failures to avoid similar problems in present structures.

However, knowledge must be applied in order to be useful. Figure 1.1 shows an example
of a Type 1 failure, where poor workmanship in a seemingly inconsequential structural
detail caused a more recent fracture in a welded ship. In 1979, the Kurdistan oil tanker
broke completely into two while sailing in the North Atlantic (Garwood, S.J., private com-
munication, 1990). The combination of warm oil in the tanker with cold water in contact
with the outer hull produced substantial thermal stresses. The fracture initiated from a
bilge keel that was improperly welded. The weld failed to penetrate the structural detail,
resulting in a severe stress concentration. Although the hull steel had adequate toughness
to prevent fracture initiation, it failed to stop the propagating crack.

Polymers, which are becoming more common in structural applications, provide a num-
ber of advantages over metals, but also have the potential for causing Type 2 failures. For
example, polyethylene (PE) is currently the material of choice in natural gas transporta-
tion systems in the United States. One advantage of PE piping is that maintenance can be
performed on a small branch of the line without shutting down the entire system; a local
area is shut down by applying a clamping tool to the PE pipe and stopping the flow of gas.
The practice of pinch clamping has undoubtedly saved vast sums of money, but has also
led to an unexpected problem.

In 1983 a section of 4 in. diameter PE pipe developed a major leak. The gas collected
beneath a residence where it ignited, resulting in severe damage to the house. Maintenance
records and a visual inspection of the pipe indicated that it had been pinch clamped 6
years earlier in the region where the leak developed. A failure investigation [2] concluded
that the pinch clamping operation was responsible for the failure. Microscopic examina-
tion of the pipe has revealed that a small flaw apparently initiated on the inner surface of
the pipe and grew through the wall. Figure 1.2 shows a low magnification photograph of
the fracture surface. Laboratory tests simulated the pinch clamping operation on sections
of the PE pipe; small thumbnail-shaped flaws (Figure 1.3) formed on the inner wall of the
pipes, as a result of the severe strains that were applied. Fracture mechanics tests and
analyses [2,3] have indicated that stresses in the pressurized pipe were sufficient to cause
the observed time-dependent crack growth; that is, growth from a small thumbnail flaw
to a through-thickness crack over a period of 6 years.

The introduction of flaws in PE pipe by pinch clamping represents a Type 2 failure.
The pinch clamping process was presumably tested thoroughly before it was applied in

FIGURE 1.1

The MSV Kurdistan oil tanker, which sustained a brittle fracture while sailing in the North Atlantic in 1979: (a)
Fractured vessel in dry dock, and (b) bilge keel from which the fracture initiated. (Photographs provided by
S.J. Garwood.)
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FIGURE 1.2
Fracture surface of a PE pipe that sustained time-dependent crack growth as a result of pinch clamping. (From
Jones, R.E. and Bradley, W.L., Forensic Eng., 1, 47-59, 1987)) (Photograph provided by R.E. Jones Jr.)

FIGURE 1.3
Thumbnail crack produced in a PE pipe after pinch clamping for 72 h. (Photograph provided by R.E. Jones Jr.)

service, but no one anticipated that the procedure would introduce damage in the material
that could lead to failure after several years in service. Although specific data are not avail-
able, pinch clamping has undoubtedly led to a significant number of gas leaks. The prac-
tice of pinch clamping is still widespread in the natural gas industry, but many companies
and some states now require that a sleeve be fitted to the affected region in order to relieve
the stresses locally. In addition, newer grades of PE pipe material have lower density and
are less susceptible to damage by pinch clamping.

Some catastrophic events include elements both of Types 1 and 2 failures. On January
28, 1986, the Challenger Space Shuttle exploded because an O-ring seal in one of the main
boosters did not respond well to cold weather. The Shuttle represents relatively new tech-
nology, where service experience is limited (Type 2), but engineers from the booster manu-
facturer suspected a potential problem with the O-ring seals and recommended that the
launch be delayed (Type 1). Unfortunately, these engineers had little or no data to support
their position and were unable to convince their managers or NASA officials. The tragic
results of the decision to launch are well known.

On February 1, 2003, almost exactly 17 years after the Challenger accident, the Space
Shuttle Columbia was destroyed during reentry. The apparent cause of the incident was
foam insulation from the external tank striking the left wing during launch. This debris
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damaged insulation tiles on the underside of the wing, making the Orbiter vulnerable to
reentry temperatures that can reach 3000°F. The Columbia Accident Investigation Board
(CAIB) was highly critical of NASA management for cultural traits and organizational
practices that, according to the Board, were detrimental to safety.

Over the past few decades, the field of fracture mechanics has undoubtedly prevented
a substantial number of structural failures. We will never know how many lives have
been saved or how much property damage has been avoided by applying this technol-
ogy, because it is impossible to quantify disasters that do not happen. When applied cor-
rectly, fracture mechanics not only helps to prevent Type 1 failures but also reduces the
frequency of failures of the second type, because designers can rely on rational analysis
rather than on trial and error.

1.2 Historical Perspective

Designing structures to avoid fracture is not a new idea. The fact that many structures
commissioned by the Pharaohs of ancient Egypt and the Caesars of Rome are still stand-
ing is a testimony to the ability of early architects and engineers. In Europe, numerous
buildings and bridges constructed during the Renaissance Period are still used for their
intended purpose.

The ancient structures that are still standing today obviously represent successful
designs. There were undoubtedly many more unsuccessful designs that endured a much
shorter life span. Since mankind’s knowledge of mechanics was limited prior to the time
of Isaac Newton, workable designs were probably achieved largely by trial and error. The
Romans supposedly tested each new bridge by requiring the design engineer to stand
underneath while chariots drove over it. Such a practice would not only provide an incen-
tive for developing good designs, but would also result in a Darwinian natural selection,
where the worst engineers are removed from the profession.

The durability of ancient structures is particularly amazing when one considers that the
choice of building materials prior to the Industrial Revolution was rather limited. Metals
could not be produced in sufficient quantity to be formed into load-bearing members for
buildings and bridges. The primary construction materials prior to the nineteenth century
were timber, stone, brick and mortar; only the latter three materials were usually practical
for large structures such as cathedrals, because trees of sufficient size for support beams
were rare.

Stone, brick, and mortar are relatively brittle and are unreliable for carrying tensile loads.
Consequently, pre-Industrial Revolution structures were usually designed to be loaded in
compression. Figure 1.4 schematically illustrates a Roman bridge design. The arch shape
causes compressive rather than tensile stresses to be transmitted through the structure.

The arch is the predominate shape in pre-Industrial Revolution architecture. Windows
and roof spans were arched in order to maintain compressive loading. For example,
Figure 1.5 shows two windows and a portion of the ceiling in Kings College Chapel in
Cambridge, England. Although these shapes are aesthetically pleasing, their primary
purpose is more pragmatic.

Compressively loaded structures are obviously stable, since some have lasted for many
centuries. The pyramids in Egypt are the epitome of a stable design.



History and Overview 7

FIGURE 1.4
Schematic of Roman bridge design. The arch shape of the bridge causes loads to be transmitted through the
structure as compressive stresses.

FIGURE 1.5
Kings College Chapel in Cambridge, England. This structure was completed in 1515.

With the Industrial Revolution came mass production of iron and steel. (Or, conversely,
one might argue that mass production of iron and steel fueled the Industrial Revolution.)
The availability of relatively ductile construction materials removed the earlier restrictions
on design. It was finally feasible to build structures that carried tensile stresses. Note the
difference between the design of the Tower Bridge in London (Figure 1.6) and the earlier
bridge design (Figure 1.4).

The change from structures loaded in compression to steel structures in tension brought
problems, however. Occasionally, a steel structure would fail unexpectedly at stresses well
below the anticipated tensile strength. One of the most famous of these failures was the
rupture of a molasses tank in Boston in January 1919 [4]. More than 2 million gallons of
molasses was spilled, resulting in 12 deaths, 40 injuries, massive property damage, and
several drowned horses.

The cause of failures as the molasses tank was largely a mystery at the time. In the first
edition of his elasticity text published in 1892, Love [5] remarked that “the conditions
of rupture are but vaguely understood.” Designers typically applied safety factors of
10 or more (based on the tensile strength) in an effort to avoid these seemingly random
failures.
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FIGURE 1.6
The Tower Bridge in London, completed in 1894. Note the modern beam design, made possible by the avail-
ability of steel support girders.

1.2.1 Early Fracture Research

Experiments performed by Leonardo da Vinci several centuries earlier provided some
clues as to the root cause of fracture. He measured the strength of iron wires and found
that the strength varied inversely with wire length. These results implied that flaws in the
material controlled the strength; a longer wire corresponded to a larger sample volume
and a higher probability of sampling a region containing a flaw. These results were only
qualitative, however.

A quantitative connection between fracture stress and flaw size came from the work of
Griffith, which was published in 1920 [6]. He applied a stress analysis of an elliptical hole
(performed by Inglis [7] 7 years earlier) to the unstable propagation of a crack. Griffith
invoked the first law of thermodynamics to formulate a fracture theory based on a sim-
ple energy balance. According to this theory, a flaw becomes unstable, and thus fracture
occurs, when the strain energy change that results from an increment of crack growth is
sufficient to overcome the surface energy of the material (see Section 2.3). Griffith’s model
correctly predicted the relationship between strength and flaw size in glass specimens.
Subsequent efforts to apply the Griffith model to metals were unsuccessful. Since this
model assumes that the work of fracture comes exclusively from the surface energy of
the material, the Griffith approach only applies to ideally brittle solids. A modification to
Griffith’s model that made it applicable to metals did not come until 1948.

1.2.2 The Liberty Ships

The mechanics of fracture progressed from being a scientific curiosity to an engineer-
ing discipline, primarily because of what happened to the Liberty ships during World
War II [8].

In the early days of World War 1I, the United States was supplying ships and planes to
Great Britain under the Lend-Lease Act. Britain’s greatest need at the time was for cargo
ships to carry supplies. The German Navy was sinking cargo ships at three times the rate
at which they could be replaced with existing shipbuilding procedures.

Under the guidance of Henry Kaiser, a famous construction engineer whose previous
projects included the Hoover Dam, the United States developed a revolutionary procedure
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for fabricating ships quickly. These new vessels, which became known as the Liberty ships,
had an all-welded hull, as opposed to the riveted construction of traditional ship designs.

The Liberty Ship Program was a resounding success until one day in 1943, when
one of the vessels broke completely into two while sailing between Siberia and Alaska.
Subsequent fractures occurred in other Liberty ships. Of the roughly 2700 Liberty ships
built during World War 1II, approximately 400 sustained fractures, of which 90 were con-
sidered serious. In 20 ships the failure was essentially total, and about half of these broke
completely into two.

Investigations have revealed that the Liberty ship failures were caused by a combination
of three factors:

¢ The welds, which were produced by a semi-skilled work force, contained crack-
like flaws.

* Most of the fractures initiated on the deck at square hatch corners, where there
was a local stress concentration.

® The steel from which the Liberty ships were made had poor toughness, as mea-
sured by Charpy impact tests.

The steel in question had always been adequate for riveted ships because fracture could
not propagate across panels that were joined by rivets. A welded structure, however, is
essentially a single piece of metal; propagating cracks in the Liberty ships encountered no
significant barriers, and were sometimes able to traverse the entire hull.

Once the causes of failure were identified, the remaining Liberty ships were retrofitted
with rounded reinforcements at the hatch corners. In addition, high toughness steel crack-
arrester plates were riveted to the deck at strategic locations. These corrections prevented
further serious fractures.

In the longer term, structural steels were developed with vastly improved toughness,
and weld quality control standards were developed. Besides, a group of researchers at the
Naval Research Laboratory in Washington DC studied the fracture problem in detail. The
field we now know as fracture mechanics was born in this laboratory during the decade
following the War.

1.2.3 Postwar Fracture Mechanics Research

The fracture mechanics research group at the Naval Research Laboratory was led by Dr.
George R. Irwin.! After studying the early work of Inglis, Griffith, and others, Irwin con-
cluded that the basic tools needed to analyze fracture were already available. Irwin’s first
major contribution was to extend the Griffith approach to metals by including the energy
dissipated by local plastic flow [9]. Orowan independently proposed a similar modification
to the Griffith theory [10]. During this same period, Mott [11] extended the Griffith theory
to a rapidly propagating crack.

In 1956, Irwin [12] developed the energy release rate concept, which was derived from
the Griffith theory but is in a form that is more useful for solving engineering prob-
lems. Shortly afterward, several of Irwin’s colleagues brought to his attention a paper by

! For an excellent summary of early fracture mechanics research, refer to Fracture Mechanics Retrospective:
Early Classic Papers (1913-1965), John M. Barsom, ed., American Society of Testing and Materials (RPS 1),
Philadelphia, 1987. This volume contains reprints of 17 classic papers, as well as a complete bibliography of
fracture mechanics papers published up to 1965.
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Westergaard [13] that was published in 1938. Westergaard had developed a semi-inverse
technique for analyzing stresses and displacements ahead of a sharp crack. Irwin [14]
used the Westergaard approach to show that the stresses and displacements near the crack
tip could be described by a single constant that was related to the energy release rate.
This crack tip characterizing parameter later became known as the stress intensity factor.
During this same period of time, Williams [15] applied a somewhat different technique to
derive crack tip solutions that were essentially identical to Irwin’s results.

A number of successful early applications of fracture mechanics bolstered the standing
of this new field in the engineering community. In 1956, Wells [16] used fracture mechan-
ics to show that the fuselage failures in several Comet jet aircraft resulted from fatigue
cracks reaching a critical size. These cracks initiated at windows and were caused by
insufficient reinforcement locally, combined with square corners which produced a severe
stress concentration. (Recall the unfortunate hatch design in the Liberty ships.) A second
early application of fracture mechanics occurred at General Electric in 1957. Winne and
Wundt [17] applied Irwin’s energy release rate approach to the failure of large rotors from
steam turbines. They were able to predict the bursting behavior of large disks extracted
from rotor forgings, and applied this knowledge to the prevention of fracture in actual
rotors.

It seems that all great ideas encounter stiff opposition initially, and fracture mechanics
is no exception. Although the U.S. military and the electric power generating industry
were very supportive of the early work in this field, such was not the case in all provinces
of government and industry. Several government agencies openly discouraged research
in this area.

In 1960, Paris and his coworkers [18] failed to find a receptive audience for their ideas on
applying fracture mechanics principles to fatigue crack growth. Although Paris et al. pro-
vided convincing experimental and theoretical arguments for their approach, it seems that
the design engineers were not yet ready to abandon their S-N curves in favor of a more
rigorous approach to fatigue design. The resistance to this work was so intense that Paris
and his colleagues were unable to find a peer-reviewed technical journal that was willing
to publish their manuscript. They finally opted to publish their work in a University of
Washington periodical titled The Trend in Engineering.

1.2.4 Fracture Mechanics from 1960 through 1980

The World War II obviously separates two distinct eras in the history of fracture mechan-
ics. There is, however, some ambiguity as to how the period between the end of the War
and the present should be divided. One possible historical boundary occurs around 1960,
when the fundamentals of linear elastic fracture mechanics (LEFM) were fairly well estab-
lished, and researchers turned their attention to crack tip plasticity.

LEFM ceases to be valid when significant plastic deformation precedes failure. During a
relatively short time period (1960-1961) several researchers developed analyses to correct
for yielding at the crack tip, including Irwin [19], Dugdale [20], Barenblatt [21], and Wells
[22]. The Irwin plastic zone correction [19] was a relatively simple extension of LEFM, while
Dugdale [20] and Barenblatt [21] each developed somewhat more elaborate models based
on a narrow strip of yielded material at the crack tip.

Wells [22] proposed the displacement of the crack faces as an alternative fracture crite-
rion when significant plasticity precedes failure. Previously, Wells had worked with Irwin
while on sabbatical at the Naval Research Laboratory. When Wells returned to his post
at the British Welding Research Association, he attempted to apply LEFM to low- and
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medium-strength structural steels. These materials were too ductile for LEFM to apply,
but Wells noticed that the crack faces moved apart with plastic deformation. This obser-
vation led to the development of the parameter now known as the crack tip opening dis-
placement (CTOD).

In 1968, Rice [23] developed another parameter to characterize nonlinear material behav-
ior ahead of a crack. By idealizing plastic deformation as nonlinear elastic, Rice was able
to generalize the energy release rate to nonlinear materials. He showed that this nonlin-
ear energy release rate can be expressed as a line integral, which he called the | integral,
evaluated along an arbitrary contour around the crack. At the time his work was being
published, Rice discovered that Eshelby [24] had previously published several so-called
conservation integrals, one of which was equivalent to Rice’s | integral. Eshelby, however,
did not apply his integrals to crack problems.

That same year, Hutchinson [25] and Rice and Rosengren [26] related the | integral to
crack tip stress fields in nonlinear materials. These analyses have shown that | can be
viewed as a nonlinear stress intensity parameter as well as an energy release rate.

Rice’s work might have been relegated to obscurity had it not been for the active research
effort by the nuclear power industry in the United States in the early 1970s. Due to legiti-
mate concerns for safety, as well as due to political and public relations considerations, the
nuclear power industry endeavored to apply state-of-the-art technology, including frac-
ture mechanics, to the design and construction of nuclear power plants. The difficulty with
applying fracture mechanics in this instance was that most nuclear pressure vessel steels
were too tough to be characterized with LEFM without resorting to enormous laboratory
specimens. In 1971, Begley and Landes [27], who were research engineers at Westinghouse,
came across Rice’s article and decided, despite skepticism from their coworkers, to charac-
terize fracture toughness of these steels with the | integral. Their experiments were very
successful and led to the publication of a standard procedure for | testing of metals 10
years later [28].

Material toughness characterization is only one aspect of fracture mechanics. To apply
fracture mechanics concepts to design, one must have a mathematical relationship between
toughness, stress, and flaw size. Although these relationships were well established for
linear elastic problems, a fracture design analysis based on the | integral was not available
until Shih and Hutchinson [29] provided the theoretical framework for such an approach
in 1976. A few years later, the Electric Power Research Institute (EPRI) published a fracture
design handbook [30] based on the Shih and Hutchinson methodology.

In the United Kingdom, Well’s CTOD parameter was applied extensively to fracture
analysis of welded structures, beginning in the late 1960s. While fracture research in the
United States was driven primarily by the nuclear power industry during the 1970s, frac-
ture research in the United Kingdom was motivated largely by the development of oil
resources in the North Sea. In 1971, Burdekin and Dawes [31] applied several ideas pro-
posed by Wells [32] several years earlier and developed the CTOD design curve, a semiem-
pirical fracture mechanics methodology for welded steel structures. The nuclear power
industry in the United Kingdom developed their own fracture design analysis [33], based
on the strip yield model of Dugdale [20] and Barenblatt [21].

Shih [34] demonstrated a relationship between the | integral and CTOD, implying that
both parameters are equally valid for characterizing fracture. The /-based material testing
and structural design approaches developed in the United States and the British CTOD
methodology have begun to merge in recent years, with positive aspects of each approach
combined to yield improved analyses. Both parameters are currently applied throughout
the world to a range of materials.
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Much of the theoretical foundation of dynamic fracture mechanics was developed in
the period between 1960 and 1980. Significant contributions were made by a number of
researchers, as discussed in Chapter 4.

1.2.5 Fracture Mechanics from 1980 to the Present

The field of fracture mechanics matured in the last two decades of the twentieth century.
Current research tends to result in incremental advances rather than major gains. The
application of this technology to practical problems is so pervasive that fracture mechanics
is now considered an established engineering discipline.

More sophisticated models for material behavior are being incorporated into fracture
mechanics analyses. While plasticity was the important concern in 1960, more recent work
has gone a step further, incorporating time-dependent nonlinear material behavior such
as viscoplasticity and viscoelasticity. The former is motivated by the need for tough, creep-
resistant high-temperature materials, while the latter reflects the increasing proportion of
plastics in structural applications. Fracture mechanics has also been used (and sometimes
abused) in the characterization of composite materials.

Another trend in recent research is the development of microstuctural models for frac-
ture and models to relate local and global fracture behavior of materials. A related topic is
the efforts to characterize and predict geometry dependence of fracture toughness. Such
approaches are necessary when traditional, so-called single-parameter fracture mechanics
breaks down.

The continuing explosion in computer technology has aided both the development and
application of fracture mechanics technology. For example, an ordinary desktop computer
or laptop is capable of performing complex three-dimensional (3D) finite element analyses
of structural components that contain cracks. As of this writing, finite element analysis is
not typically performed with tablet computers and smartphones, but that situation will
likely change before the next edition of this book is published.

Computer technology has also spawned entirely new areas of fracture mechan-
ics research. Problems encountered in the microelectronics industry have led to active
research in interface fracture and nanoscale fracture.

1.3 The Fracture Mechanics Approach to Design

Figure 1.7 contrasts the fracture mechanics approach with the traditional approach to
structural design and material selection. In the latter case, the anticipated design stress
is compared with the flow properties of candidate materials; a material is assumed to be
adequate if its strength is greater than the expected applied stress. Such an approach may
attempt to guard against brittle fracture by imposing a safety factor on stress, combined
with minimum tensile elongation requirements on the material. The fracture mechan-
ics approach (Figure 1.7b) has three important variables, rather than two as shown in
Figure 1.7a. The additional structural variable is flaw size, and fracture toughness replaces
strength as the critical material property. Fracture mechanics quantifies the critical combi-
nations of these three variables.
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FIGURE 1.7
Comparison of the fracture mechanics approach to design with the traditional strength of materials approach:
(a) the strength of materials approach and (b) the fracture mechanics approach.

There are two alternative approaches to fracture analysis: the energy criterion and the
stress intensity approach. These two approaches are equivalent in certain circumstances.
Both are discussed briefly below.

1.3.1 The Energy Criterion

The energy approach states that crack extension (i.e,, fracture) occurs when the energy
available for crack growth is sufficient to overcome the resistance of the material. The
material resistance may include the surface energy, plastic work, or other type of energy
dissipation associated with a propagating crack.

Griffith [6] was the first to propose the energy criterion for fracture, but Irwin [12] is pri-
marily responsible for developing the present version of this approach: the energy release
rate, ¢, which is defined as the rate of change in potential energy with crack area for a
linear elastic material. At the moment of fracture, @ = @, the critical energy release rate,
which is a measure of fracture toughness.

For a crack of length 24 in an infinite plate subject to a remote tensile stress (Figure 1.8),
the energy release rate is given by

2

o a
G=" (1.1)

where E is Young’s modulus, ¢ the remotely applied stress, and a is the half crack length.
At fracture, @ = G, and Equation 1.1 describes the critical combinations of stress and crack
size for failure:

oA,

! (1.2)

G =

Note that for a constant G, value, failure stress, 6, varies with 1/ \Ja. The energy release
rate, G, is the driving force for fracture, while @, is the material’s resistance to fracture. To
draw an analogy to the strength of materials approach of Figure 1.7a, the applied stress
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FIGURE 1.8
Through-thickness crack in an infinite plate subject to a remote tensile stress. In practical terms, “infinite”
means that the width of the plate is >2a.

can be viewed as the driving force for plastic deformation, while the yield strength is a
measure of the material’s resistance to deformation.

The tensile stress analogy is also useful for illustrating the concept of similitude. A yield
strength value measured with a laboratory specimen should be applicable to a large struc-
ture; yield strength does not depend on specimen size, provided the material is reasonably
homogeneous. One of the fundamental assumptions of fracture mechanics is that fracture
toughness (G, in this case) is independent of the size and geometry of the cracked body; a
fracture toughness measurement on a laboratory specimen should be applicable to a struc-
ture. As long as this assumption is valid, all configuration effects are taken into account by
the driving force, @. The similitude assumption is valid as long as the material behavior is
predominantly linear elastic.

1.3.2 The Stress Intensity Approach

Figure 1.9 schematically shows an element near the tip of a crack in an elastic material,
together with the in-plane stresses on this element. Note that each stress component is
proportional to a single constant, K;. If this constant is known, the entire stress distribu-
tion at the crack tip can be computed with the equations in Figure 1.9. This constant, which
is called the stress intensity factor, completely characterizes the crack tip conditions in a
linear elastic material. (The meaning of the subscript on K is explained in Chapter 2.) If
one assumes that the material fails locally at some critical combination of stress and strain,
then it follows that fracture must occur at a critical value of stress intensity, K;.. Thus K, is
an alternate measure of fracture toughness.
For the plate illustrated in Figure 1.8, the stress intensity factor is given by

K; =oma (1.3)
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FIGURE 1.9
Stresses near the tip of a crack in an elastic material.

Failure occurs when K; = K. In this case, K; is the driving force for fracture and K, is a
measure of material resistance. As with G, the property of similitude should apply to K.
That is, K|, is assumed to be a size-independent material property.

Comparing Equations 1.1 and 1.3 results in a relationship between K; and G:

_Ki

. (14)

G

This same relationship obviously holds for ¢. and K,.. Thus the energy and stress inten-
sity approaches to fracture mechanics are essentially equivalent for linear elastic materials.

1.3.3 Time-Dependent Crack Growth and Damage Tolerance

Fracture mechanics often plays a role in life prediction of components that are subject to
time-dependent crack growth mechanisms such as fatigue or stress corrosion cracking.
The rate of cracking can be correlated with fracture mechanics parameters such as the
stress intensity factor, and the critical crack size for failure can be computed if the fracture
toughness is known. For example, the fatigue crack growth rate in metals can usually be
described by the following empirical relationship:

da m
v C(AK) (1.5)

where da/dN is the crack growth per cycle, AK the stress intensity range, and C and m are
the material constants.

Damage tolerance, as its name suggests, entails allowing subcritical flaws to remain in
a structure. Repairing flawed material or scrapping a flawed structure is expensive and
is often unnecessary. Fracture mechanics provides a rational basis for establishing flaw
tolerance limits.

Consider a flaw in a structure that grows with time (e.g., a fatigue crack or a stress cor-
rosion crack) as illustrated schematically in Figure 1.10. The initial crack size is inferred
from nondestructive examination (NDE), and the critical crack size is computed from the
applied stress and fracture toughness. Normally, an allowable flaw size would be defined
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FIGURE 1.10
The damage tolerance approach to design.

by dividing the critical size by a safety factor. The predicted service life of the structure
can then be inferred by calculating the time required for the flaw to grow from its initial
size to the maximum allowable size.

1.4 Effect of Material Properties on Fracture

Figure 1.11 shows a simplified family tree for the field of fracture mechanics. Most early
work was applicable only to linear elastic materials under quasistatic conditions, while
subsequent advances in fracture research incorporated other types of material behavior.
Elastic—plastic fracture mechanics considers plastic deformation under quasistatic condi-
tions, while dynamic, viscoelastic, and viscoplastic fracture mechanics include time as a
variable. A dashed line is drawn between linear elastic and dynamic fracture mechanics
because some early research considered dynamic linear elastic behavior. The chapters that

. . Linear
Linear elastic . ;
fracture time-independent
. materials
mechanics
(Chapter 2)
/ i
/ - - Nonlinear
y Elastic—plastic time-independent
fracture materials
/ mechanics (Chapter 3)
) l
Dynamic Viscoelastic Viscoplastic Tlme—depgr;dent
fracture fracture fracture g:terla Z
mechanics mechanics mechanics (Chapter 4)

FIGURE 1.11
Simplified family tree of fracture mechanics.
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FIGURE 1.12
Effect of fracture toughness on the governing failure mechanism.

describe the various types of fracture behavior are shown in Figure 1.11. Elastic—plastic,
viscoelastic, and viscoplastic fracture behavior are sometimes included in the more gen-
eral heading of nonlinear fracture mechanics. The branch of fracture mechanics one should
apply to a particular problem obviously depends on the material behavior. Table 1.1 lists
the typical fracture behavior of various engineering materials.

Consider a cracked plate (Figure 1.8) that is loaded to failure. Figure 1.12 is a schematic
plot of failure stress versus fracture toughness (K;). For low toughness materials, brittle
fracture is the governing failure mechanism, and critical stress varies linearly with K, as
predicted by Equation 1.3. At very high toughness values, LEFM is no longer valid, and
failure is governed by the flow properties of the material. At intermediate toughness lev-
els, there is a transition between brittle fracture under linear elastic conditions and ductile
overload. Nonlinear fracture mechanics bridges the gap between LEFM and collapse. If
toughness is low, LEFM is applicable to the problem, but if toughness is sufficiently high,
fracture mechanics ceases to be relevant to the problem because failure stress is insensitive
to toughness; a simple limit load analysis is all that is required to predict failure stress in
a material with very high fracture toughness.

1.5 A Brief Review of Dimensional Analysis

At first glance, a section on dimensional analysis may seem out of place in the introduc-
tory chapter of a book on fracture mechanics. However, dimensional analysis is an impor-
tant tool for developing mathematical models of physical phenomena, and it can help us
understand the existing models. Many difficult concepts in fracture mechanics become
relatively transparent when one considers the relevant dimensions of the problem. For
example, dimensional analysis gives us a clue as to when a particular model, such as
LEFM, is no longer valid.
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Let us review the fundamental theorem of dimensional analysis and then look at a few
simple applications to fracture mechanics.

1.5.1 The Buckingham II-Theorem

The first step in building a mathematical model of a physical phenomenon is to identify all
of the parameters that may influence the phenomenon. Assume that a problem, or at least
an idealized version of it, can be described by the following set of scalar quantities: {u, W,
W,, ..., W,}. The dimensions of all quantities in this set are denoted by {[u], [WV,], [W,], ...,
[W,]}. Now suppose that we wish to express the first variable, 1, as a function of the remain-
ing parameters:

uzf(Wl,Wz,...,W,,) (16)

Thus the process of modeling the problem is reduced to finding a mathematical relation-
ship that represents f as best as possible. We might accomplish this by performing a set of
experiments in which we measure u while varying each W, independently. The number
of experiments can be greatly reduced, and the modeling processes simplified through
dimensional analysis. The first step is to identify all of the fundamental dimensional units
(fdu’s) in the problem: {L,, L,, ..., L,}. For example, a typical mechanics problem may have
{L, =length, L, =mass, L; = time}]. We can express the dimensions of each quantity in our
problem as the product of powers of the fdu’s; that is, for any quantity X, we have

[X]= L1715 - L 17)

The quantity X is dimensionless if [X] = 1.

In the set of Ws, we can identify m primary quantities that contain all of the fdu’s in the
problem. The remaining variables are secondary quantities, and their dimensions can be
expressed in terms of the primary quantities:

Wil = W0 [W, " (j=1,2,...,n—m) (1.8)

Thus, we can define a set of new quantities, m; that are dimensionless:

Wm+j
Am+j(1) Am+j(m)
W,

;= (19)

Similarly, the dimensions of # can be expressed in terms of the dimensions of the pri-
mary quantities:

[u] =[Wa]™ - [W, ]™ (1.10)

Thus, we can form the following dimensionless quantity:

u
T = W (111)
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According to the Buckingham Il-theorem, © depends only on the other dimensionless
groups:

n= F(nlr To,.. -/Tcn—m) (112)

This new function, F, is independent of the system of measurement units. Note that the
number of quantities in F has been reduced from the old function by m, the number of
fdu’s. Thus dimensional analysis has reduced the degrees of freedom in our model, and we
need to vary only #n — m quantities in our experiments or computer simulations.

The Buckingham II-theorem gives guidance on how to scale a problem to different sizes
or to other systems of measurement units. Each dimensionless group (i) must be scaled
in order to obtain equivalent conditions at two different scales. Suppose, for example, that
we wish to perform wind tunnel tests on a model of a new airplane design. Dimensional
analysis tells us that we should reduce all length dimensions in the same proportion; thus
we would build a “scale” model of the airplane. The length dimensions of the plane are
not the only important quantities in the problem, however. To model the aerodynamic
behavior accurately, we would need to scale the wind velocity and the viscosity of the air
in accordance with the reduced size of the airplane model. Modifying the viscosity of air
is not practical in most cases. In real wind tunnel tests, the size of the model is usually
close enough to full scale that the errors introduced by the nonscaling viscosity are minor.

1.5.2 Dimensional Analysis in Fracture Mechanics

Dimensional analysis proves to be a very useful tool in fracture mechanics. The later
chapters describe how dimensional arguments play a key role in developing mathemati-
cal descriptions for important phenomena. For now, let us explore a few simple examples.

Consider a series of cracked plates under a remote tensile stress, 6=, as illustrated in
Figure 1.13. Assume that each to be a two-dimensional (2D) problem; that is, the thickness
dimension does not enter into the problem. The first case, Figure 1.13a, is an edge crack of
length a in an elastic, semi-infinite plate. In this case infinite means that the plate width
is much larger than the crack size. Suppose that we wish to know how one of the stress

@ (b) (©

FIGURE 1.13
Edge-cracked plates subject to a remote tensile stress: (a) edge crack in a wide elastic plate, (b) edge crack in a
finite width elastic plate, and (c) edge crack with a plastic zone at the crack tip.
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TABLE 1.1

Typical Fracture Behavior of Selected Materials

Material

Typical Fracture Behavior

High-strength steel

Low- and medium-strength steel
Austenitic stainless steel
Precipitation-hardened aluminum
Metals at high temperatures
Metals at high strain rates

Linear elastic
Elastic—plastic/fully plastic
Fully plastic

Linear elastic

Viscoplastic
Dynamic-viscoplastic

Polymers (below Tg)a Linear elastic/viscoelastic
Polymers (above T,)* Viscoelastic

Monolithic ceramics Linear elastic
Ceramic composites Linear elastic

Ceramics at high temperatures Viscoplastic

Note: Temperature is ambient unless otherwise specified.
@ T,—Glass transition temperature.

components, 6, varies with position. We will adopt a polar coordinate system with the

origin at the crack tip, as illustrated in Figure 1.9. A generalized functional relationship
can be written as

Gij = fl(GM,E,V,le,sk],a, rre) (113)

where v is Poisson’s ratio, o;; represents the other stress components, and g represents all
nonzero components of the strain tensor. We can eliminate o;; and g, from f, by noting that
for a linear elastic problem, strain is uniquely defined by stress through Hooke’s law and
the stress components at a point increase in proportion to one another. Let 6= and a be the
primary quantities. Invoking the Buckingham I1-theorem gives

% _g (’i,r,v,e) (1.14)
(¢) a

When the plate width is finite (Figure 1.13b), an additional dimension is required to
describe the problem:

,W,v,ej (115)

Thus, one might expect Equation 1.14 to give erroneous results when the crack extends
across a significant fraction of the plate width. Consider a large plate and a small plate
made of the same material (same E and v), with the same a/W ratio, loaded to the same
remote stress. The local stress at an angle 6 from the crack plane in each plate would
depend only on the /a ratio, as long as both plates remained elastic.

When a plastic zone forms ahead of the crack tip (Figure 1.13c), the problem is compli-
cated further. If we assume that the material does not strain harden, the yield strength is
sufficient to define the flow properties. The stress field is given by
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“:F3(,//IIV19) (116)

The first two functions, F, and F,, correspond to LEFM, while F; is an elastic—plastic
relationship. Thus, dimensional analysis tells us that LEFM is valid only when r, <4 and
0~ <K Oyg. In Chapter 2, the same conclusion is reached through a somewhat more compli-
cated argument.
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2

Linear Elastic Fracture Mechanics

The concepts of fracture mechanics that were derived prior to 1960 are applicable only to
materials that obey Hooke’s law. Although corrections for small-scale plasticity were pro-
posed as early as 1948, these analyses are restricted to structures whose global behavior is
linear elastic.

Since 1960, fracture mechanics theories have been developed to account for various
types of nonlinear material behavior (i.e., plasticity, viscoplasticity) as well as dynamic
effects. All of these more recent results, however, are extensions of linear elastic fracture
mechanics (LEFM). Thus, a solid background in the fundamentals of LEFM is essential to
an understanding of more advanced concepts in fracture mechanics.

This chapter describes the energy and stress intensity approaches to linear fracture
mechanics. The early work of Inglis and Griffith is summarized, followed by an intro-
duction to the energy release rate and stress intensity parameters. The appendix at the
end of this chapter includes mathematical derivations of several important results in
LEFM.

Subsequent chapters also address LEFM. Chapters 7 and 8 discuss laboratory testing of
linear elastic materials; Chapter 9 addresses application of LEFM to structures; Chapters
10 and 11 apply LEFM to fatigue crack propagation and environmental cracking, respec-
tively. Chapter 12 outlines the numerical methods for computing stress intensity factor
and energy release rate.

2.1 An Atomic View of Fracture

A material fractures when sufficient stress and work are applied on the atomic level to
break the bonds that hold atoms together. The bond strength is supplied by the attractive
forces between atoms.

Figure 2.1 shows the schematic plots of the potential energy and force versus separation
distance between atoms. The equilibrium spacing occurs where the potential energy is at
a minimum. A tensile force is required to increase the separation distance from the equi-
librium value; this force must exceed the cohesive force to sever the bond completely. The
bond energy is given by

E, = Jde @1)

Xo

where x, is the equilibrium spacing and P the applied force.

25
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FIGURE 2.1
Potential energy and force as a function of atomic separation. At the equilibrium separation, x, the potential
energy is minimized, and the attractive and repelling forces are balanced.

It is possible to estimate the cohesive strength at the atomic level by idealizing the inter-
atomic force—displacement relationship as one-half the period of a sine wave:

P=P. sin(T;iC) 2.2)

where the distance A is as defined in Figure 2.1. For the sake of simplicity, the origin is
defined at x,. For small displacements, the force—displacement relationship is linear:
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o
p_pc(x) 2.3)

and the bond stiffness (i.e., the spring constant) is given by

k=P (2.4)

>|a

Multiplying both sides of this equation by the number of bonds per unit area and the
gage length, x,, converts k to Young’s modulus, E, and P, to the cohesive stress, G,. Solving
for o, gives

EL
O, = .
- (2.5)
or
6.~ E 2.6)
T
if A is assumed to be approximately equal to the atomic spacing.
The surface energy can be estimated as follows:
1] A
X
s=—|o.sin| — |dx=0,.— 2.7
Y 2! in( ™ =02 @7)

The surface energy per unit area, v, is equal to one-half the fracture energy per area
because two surfaces are created when a material fractures. Substituting Equation 2.5 into
Equation 2.7 and solving for o, gives

Ey;
o, =, [— 2.8
. 28)

2.2 Stress Concentration Effect of Flaws

The derivation in the previous section has shown that the theoretical cohesive strength of a
material is approximately E/r, but experimental fracture strengths for brittle materials are
typically 3 or 4 orders of magnitude below this value. As discussed in Chapter 1, experi-
ments by Leonardo da Vinci, Griffith, and others indicated that the discrepancy between
the actual strengths of brittle materials and theoretical estimates was due to flaws in these
materials. Fracture cannot occur unless the stress at the atomic level exceeds the cohesive
strength of the material. Thus, the flaws must lower the global strength by magnifying the
stress locally.
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The first quantitative evidence for the stress concentration effect of flaws was provided
by Inglis [1], who analyzed elliptical holes in flat plates. His analyses included an ellipti-
cal hole 2a long by 2b wide with an applied stress perpendicular to the major axis of the
ellipse (see Figure 2.2). He assumed that the hole is not influenced by the plate boundary;
that is, the plate width >2a and the plate height >>2b. The stress at the tip of the major axis
(point A) is given by

2a

(O :G(1+b) (29)

The ratio 6,/0 is defined as the stress concentration factor, k,. When a =1, the hole is
circular and k, = 3.0, a well-known result that can be found in most strength-of-materials
textbooks.

As the major axis, 4, increases relative to b, the elliptical hole begins to take on the appear-
ance of a sharp crack. For this case, Inglis found it more convenient to express Equation 2.9
in terms of the radius of curvature, p:

6A=(5[1+2\/Ej (2.10)
p

where

p=" 2.11)
a

FIGURE 2.2
Elliptical hole in a flat plate.
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When a > b, Equation 2.10 becomes

Gy = 20\/5 (2.12)

Inglis showed that Equation 2.12 gives a good approximation for the stress concentration
due to a notch that is not elliptical except at the tip.

Equation 2.12 predicts an infinite stress at the tip of an infinitely sharp crack, where
p = 0. This result caused concern when it was first discovered because no material is capa-
ble of withstanding infinite stress. A material that contains a sharp crack theoretically
should fail upon the application of an infinitesimal load. The apparent paradox of a sharp
crack motivated Griffith [2] to develop a fracture theory based on energy rather than local
stress (Section 2.3).

An infinitely sharp crack in a continuum is a mathematical abstraction that is not rel-
evant to real materials, which are made of atoms. Metals, for instance, deform plastically,
which causes an initially sharp crack to blunt. In the absence of plastic deformation, the
minimum radius a crack tip can have is on the order of the atomic radius. By substituting
p = x, into Equation 2.12, we obtain an estimate of the local stress concentration at the tip
of an atomically sharp crack under elastic conditions:

Ga=20 \/E (2.13)

For the moment, let us assume a strength-of-materials model, where fracture occurs
when the stress at the crack tip reaches a critical value. If, for example, it is assumed that
fracture occurs when 6, = 6, Equation 2.13 can be set equal to Equation 2.8, resulting in the
following estimate for the remote stress at failure:

1/2
o= (EY) (2.14)

Equation 2.14 must be viewed as a rough estimate of failure stress, because the con-
tinuum assumption upon which the Inglis analysis is based is not valid at the atomic level
and the strength-of-materials assumption is also questionable as we shall see. However,
Gehlen and Kanninen [3] obtained similar results from a numerical simulation of a crack
in a 2D lattice, where discrete “atoms” were connected by nonlinear springs:

1/2
o= a(%) (2.15)

where o is a constant, on the order of unity, which depends slightly on the assumed atomic
force—displacement law (Equations 2.2 and 2.3).

It turns out that the strength-of-materials assumption, where fracture is controlled by
the stress at the tip of the crack, is not a valid failure model in general. When there is a
significant stress gradient in the structure, failure is generally not governed by a single
high-stress point. For example, consider a beam that is made from a material that does
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not strain harden. If a bending moment is imposed such that the outer fiber stresses reach
yield, the beam still has load capacity because the stress is below yield everywhere except
at the outer fibers. There is a steep stress gradient at a crack, so the stress at the tip does not
govern fracture. Even given the mathematical ideal of a perfectly sharp crack, the infinite
stress occurs only over an infinitesimal distance from the tip, so failure of the structure
under a finite applied load is not inevitable. The next section describes the work of Griffith,
who has shown that fracture requires sufficient energy to propagate a crack.

2.3 The Griffith Energy Balance

According to the First Law of Thermodynamics, when a system goes from a nonequilib-
rium state to equilibrium, there will be a net decrease in energy. In 1920 Griffith applied
this idea to the formation of a crack [2]:

It may be supposed, for the present purpose, that the crack is formed by the sudden
annihilation of the tractions acting on its surface. At the instant following this opera-
tion, the strains, and therefore the potential energy under consideration, have their
original values; but in general, the new state is not one of equilibrium. If it is not a state
of equilibrium, then, by the theorem of minimum potential energy, the potential energy
is reduced by the attainment of equilibrium; if it is a state of equilibrium the energy
does not change.

A crack can form (or an existing crack can grow) only if such a process causes the total
energy to decrease or to remain constant. Thus the critical conditions for fracture can be
defined as the point where crack growth occurs under equilibrium conditions, with no net
change in total energy.

Consider a plate subjected to a constant stress, 6, which contains a crack 2a long
(Figure 2.3). Assume that the plate width >2a and that plane stress conditions prevail.
(Note that the plates in Figures 2.2 and 2.3 are identical when a >> b). In order for this crack
to increase in size, sufficient potential energy must be available in the plate to overcome
the surface energy of the material. The Griffith energy balance for an incremental increase
in the crack area, dA, under equilibrium conditions can be expressed in the following way:

dE _ Al dW. _,, (2.16)
dA~ dA " dA
or
_dIl _ W, (2.17)
dA ~ dA

where E is the total energy; I the potential energy supplied by the internal strain energy
and external forces; and W, is the work required to create new surfaces. For the cracked
plate illustrated in Figure 2.3, Griffith used the stress analysis of Inglis [1] to show that

nc%a’B
E

H = Hn - (218)
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FIGURE 2.3
A through-thickness crack in an infinitely wide plate subjected to a remote tensile stress.

where I1, is the potential energy of an uncracked plate and B is the plate thickness. Since
the formation of a crack requires the creation of two surfaces, W, is given by

W, = 4aBy, (2.19)

where v, is the surface energy of the material. Thus,

2
_dll_ mo'a (220

dA E

and
dw,
S =Dy, 2.21
a2 (2.21)
Equating Equations (2.20) and (2.21) and solving for fracture stress gives
1/2
o, = (2’57) (2.22)
ma

It is important to note the distinction between crack area and surface area. The crack area
is defined as the projected area of the crack (2aB in the present example), but since a crack
includes two matching surfaces, the surface area = 2A.
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FIGURE 2.4
A penny-shaped (circular) crack embedded in a solid subjected to a remote tensile stress.

The Griffith approach can be applied to other crack shapes. For example, the fracture
stress for a penny-shaped flaw embedded in the material (Figure 2.4) is given by

1/2
o= (2(’”53/2) (2.23)

where a is the crack radius and v is Poisson’s ratio.

2.3.1 Comparison with the Critical Stress Criterion

The Griffith model is based on a global energy balance: for fracture to occur, the energy
stored in the structure must be sufficient to overcome the surface energy of the material.
Since fracture involves breaking bonds, the stress on the atomic level must reach or exceed
the cohesive stress. As discussed in the final paragraph in Section 2.2, exceeding the cohe-
sive stress at the crack tip is necessary but not sufficient to cause fracture.

Equations 2.14 and 2.22 have a similar form. Predictions of the global fracture stress
from the Griffith approach and the local stress criterion are of the same order of magnitude
when an atomically sharp crack is assumed in the latter case. The Griffith model does not
explicitly consider crack tip radius, but Equations 2.14 and 2.22 are broadly consistent with
one another.

An apparent contradiction emerges when the crack tip radius is significantly greater
than the atomic spacing. The change in stored energy with crack formation (Equation 2.18)
is insensitive to the notch radius as long as a > b; thus the Griffith model implies that the
fracture stress is insensitive to p. According to the Inglis stress analysis, however, in order
for o, to be attained at the tip of the notch, o, must vary with 1/ \/B .
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FIGURE 2.5
A sharp microcrack at the tip of a macroscopic crack.

Consider a crack with p=5x10°m. Such a crack would appear sharp under a light
microscope, but p would be 4 orders of magnitude larger than the atomic spacing in a
typical crystalline solid. Thus the local stress approach would predict a global fracture
strength 100 times larger than the Griffith equation. The actual material behavior is some-
where between these extremes; fracture stress does depend on notch root radius, but not
to the extent implied by the Inglis stress analysis.

The apparent discrepancy between the critical stress criterion and the energy criterion
based on thermodynamics can be resolved by viewing fracture as a nucleation and growth
process. When the global stress and crack size satisfy the Griffith energy criterion, there
is sufficient thermodynamic driving force to grow the crack, but fracture must first be
nucleated. This situation is analogous to the solidification of liquids. Water, for example,
is in equilibrium with ice at 0°C, but the liquid—solid reaction requires ice crystals to be
nucleated, usually on the surface of another solid (e.g., your car windshield on a January
morning). When nucleation is suppressed, liquid water can be super cooled (at least
momentarily) to as much as 30°C below the equilibrium freezing point.

Nucleation of fracture can come from a number of sources. For example, microscopic
surface roughness at the tip of the flaw could produce sufficient local stress concentration
to nucleate failure. Another possibility, illustrated in Figure 2.5, involves a sharp micro-
crack near the tip of a macroscopic flaw with a finite notch radius. The macroscopic crack
magnifies the stress in the vicinity of the microcrack, which propagates when it satisfies
the Griffith equation. The microcrack links with the large flaw, which then propagates if
the Griffith criterion is satisfied globally. This type of mechanism controls cleavage frac-
ture in ferritic steels, as discussed in Chapter 5.

2.3.2 Modified Griffith Equation

Equation 2.22 is valid only for ideally brittle solids. Griffith obtained a good agreement
between Equation 2.22 and experimental fracture strength of glass, but the Griffith equa-
tion severely underestimates the fracture strength of metals.
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Irwin [4] and Orowan [5] independently modified the Griffith expression to account for
materials that are capable of plastic flow. Given the configuration in Figure 2.3, the revised
expression is given by

1/2
o = (ZEWWJ 2.24)
a

where v, is the plastic work per unit area of surface created and is typically much larger
than v,.

In an ideally brittle solid, a crack can be formed merely by breaking atomic bonds; v,
reflects the total energy of broken bonds pure unit surface area created. When a crack
propagates through a metal, however, dislocation motion occurs in the vicinity of the crack
tip, resulting in additional energy dissipation.

Although Irwin and Orowan originally derived Equation 2.24 for metals, it is possible to
generalize the Griffith model to account for any type of energy dissipation:

1/2
o= (ZE“’f ) (2.25)
a

where wy is the fracture energy, which could include plastic, viscoelastic, or viscoplastic
effects, depending on the material. The fracture energy can also be influenced by crack
meandering and branching, which increase the surface area. Figure 2.6 illustrates various
types of material behavior and the corresponding fracture energy.

A word of caution is necessary when applying Equation 2.25 to materials that exhibit
nonlinear deformation. The Griffith model, in particular Equation 2.18, applies only to
linear elastic material behavior. Thus the global behavior of the structure must be elastic.
Any nonlinear effects, such as plasticity, must be confined to a small region near the crack
tip. In addition, Equation 2.25 assumes that w; is constant; in many ductile materials, the
fracture energy increases with crack growth, as discussed in Section 2.5.

EXAMPLE 2.1

A flat plate made from a brittle material contains a macroscopic through-thickness
crack with half-length a, and notch tip radius p. A sharp penny-shaped microcrack with
radius a, is located near the tip of the larger flaw, as illustrated in Figure 2.5. Estimate
the minimum size of the microcrack to cause failure in the plate when the Griffith equa-
tion is satisfied by the global stress and a;.

Solution

The nominal stress at failure is obtained by substituting a, into Equation 2.22. The stress
in the vicinity of the microcrack can be estimated from Equation 2.12, which is set equal
to the Griffith criterion for the penny-shaped microcrack (Equation 2.23):

/
2B\ o _ (__mEy, v
T P 2(1-v*)a,

Solving for a, gives
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Crack propagation

Plastic deformation
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FIGURE 2.6
Crack propagation in various types of materials, with the corresponding fracture energy: (a) ideally brittle
material, (b) quasi-brittle elastic—plastic material, and (c) brittle material with crack meandering and branching.

_ T
16(1-v?)

a

For v =0.3, 1, = 0.68 p. Thus the nucleating microcrack must be approximately the size
of the macroscopic crack tip radius.

This derivation contains a number of simplifying assumptions. The notch tip stress
computed from Equation 2.12 is assumed to act uniformly ahead of the notch, in the region
of the microcrack; the actual stress would decay away from the notch tip. Moreover, this
derivation neglects free boundary effects from the tip of the macroscopic notch.

2.4 Energy Release Rate

In 1956, Irwin [6] proposed an energy approach for fracture that is essentially equivalent
to the Griffith model, except that Irwin’s approach is in a form that is more convenient for
solving engineering problems. Irwin defined an energy release rate, ¢, which is a measure
of the energy available for an increment of crack extension:

a1l

- (2.26)

¢=

The term rate, as it is used in this context, does not refer to a derivative with respect to
time; § is the rate of change in potential energy with crack area. Since ¢ is obtained from
the derivative of a potential, it is also called the crack extension force or the crack driving force.
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According to Equation 2.20, the energy release rate for a wide plate in plane stress with a
crack of length 2a (Figure 2.3) is given by

G= (2.27)
Referring to the previous section, crack extension occurs when @ reaches a critical value;

that is,

_dWs
dA

G 2w, (2.28)

where @. is a measure of fracture toughness of the material.
The potential energy of an elastic body, I1, is defined as follows:

[I=U-F (2.29)

where U is the strain energy stored in the body and F is the work done by external forces.
Consider a cracked plate that is dead loaded, as illustrated in Figure 2.7. Since the load is
fixed at P, the structure is said to be load controlled. For this case,

F=PA
and
l PA
U= JPdA =—
2
0
’//
A
Load|p & mmm = & s
a AU = (PdA)/2 : N
AN
> “>o \‘\\\\Q\\\
N
s N,
Displacement
FIGURE 2.7

Cracked plate at a fixed load, P.
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Therefore,
[I=-u
and
1(dU P (dA
#=3(a ), "l ), @0
When displacement is fixed (Figure 2.8), the plate is displacement controlled: F =0 and
IM=U. Thus,
1(dU A (dpP
4= ‘é(ﬂ “ﬁ(%l 230

It is convenient at this point to introduce the compliance, which is the inverse of plate
stiffness:

A
C=— 2.32
> e3)

By substituting Equation 2.32 into Equations 2.30 and 2.31, it can be shown that

_P*dC

_ £ ot 2.33
2B da (2.33)

G

';?// Load | o T

—dP

i a+da

Cracked plate at a fixed displacement, A.

Vl
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for both load control and displacement control. Therefore, the energy release rate,
as defined in Equation 2.26, is the same for load control and displacement control.

Moreover,
da ), da J, '

Equation 2.34 is demonstrated graphically in Figures 2.7 and 2.8. In load control, a crack
extension da results in a net increase in strain energy because of the contribution of the
external force P:

@du)p = pdA_@ _ Ppda
2 2

When displacement is fixed, dF = 0 and the strain energy decreases:

dPA
(dU)A = T

where dP is negative. As can be seen from Figures 2.7 and 2.8, the absolute values of these
energies differ by the amount dPdA/2, which is negligible. Thus,

(du)P = _(du)A

for an increment of crack growth at a given P and A.

EXAMPLE 2.2

Determine the energy release rate for a double cantilever beam (DCB) specimen
(Figure 2.9).

Solution

From beam theory,

3 3
= ba where [= Bh”
3EI 12

The elastic compliance is given by

Substituting C into Equation 2.33 gives

_ P’a* _12P%?
BEI B*h’E

G
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Thickness = B

FIGURE 2.9
DCB specimen.

2.5 Instability and the R Curve

Crack extension occurs when § = 2wg; but crack growth may be stable or unstable, depend-
ing on how ¢ and w; vary with crack size. To illustrate stable and unstable behavior, it is
convenient to replace 2w, with R, the material resistance to crack extension. A plot of R
versus crack extension is called a resistance curve or R curve. The corresponding plot of ¢
versus crack size is the driving force curve.

Consider a wide plate with a through crack of initial length 24, (Figure 2.3). At a fixed
remote stress, o, the energy release rate varies linearly with crack size (Equation 2.27).
Figure 2.10 shows schematic driving force/R curves for two types of material behavior.

The first case, Figure 2.10a, shows a flat R curve, where the material resistance is con-
stant with crack growth. When the stress = 6, the crack is stable. Fracture occurs when
the stress reaches 6,, the crack propagation is unstable because the driving force increases
with crack growth, but the material resistance remains constant.

Figure 2.10b illustrates a material with a rising R curve. The crack grows a small amount
when the stress reaches 6,, but cannot grow further unless the stress increases. When the
stress is fixed at o,, the driving force increases at a slower rate than R. Stable crack growth
continues as the stress increases to ;. Finally, when the stress reaches o, the driving force
curve is tangent to the R curve. The plate is unstable with further crack growth because
the rate of change in driving force exceeds the slope of the R curve.

The conditions for stable crack growth can be expressed as follows:

¢=R (2.35)

and

dg _dR

< 2.36
da da ( )



40 Fracture Mechanics: Fundamentals and Applications

@ (b) 5,
Instability o
G.R G.R :
Oy
Q gc _____ %2 R
Unstable
of - - - G |
Stable R | o,
o
|
aO » aO ﬂ‘, >
Crack size Crack size
FIGURE 2.10

Schematic driving force/R curve diagrams: (a) flat R curve and (b) rising R curve.

Unstable crack growth occurs when

dg _ dR

2.37
da da ( )

When the resistance curve is flat, as in Figure 2.10a, one can define a critical value of
energy release rate, ¢, unambiguously. A material with a rising R curve, however, can-
not be uniquely characterized with a single toughness value. According to Equation 2.37
a flawed structure fails when the driving force curve is tangent with the R curve, but this
point of tangency depends on the shape of the driving force curve, which depends on the
configuration of the structure. The driving force curve for the through-crack configuration
is linear, but @ in the DCB specimen (Example 2.2) varies with a2 these two configurations
would have different @, values for a given R curve.

Materials with rising R curves can be characterized by the value of ¢ at the initiation
of crack growth. Although the initiation toughness is usually not sensitive to structural
geometry, there are other problems with this measurement. It is virtually impossible to
determine the precise moment of crack initiation in most materials. An engineering defi-
nition of initiation, analogous to the 0.2% offset yield strength in tensile tests, is usually
required. Another limitation of initiation toughness is that it characterizes only the onset
of crack growth; it provides no information on the shape of the R curve.

2.5.1 Reasons for the R Curve Shape

Some materials exhibit a rising R curve, while the R curve for other materials is flat. The
shape of the R curve depends on the material behavior and, to a lesser extent, on the con-
figuration of the cracked structure.

The R curve for an ideally brittle material is flat because the surface energy is an invari-
ant material property. When nonlinear material behavior accompanies fracture, however,
the R curve can take on a variety of shapes. For example, ductile fracture in metals usually
results in a rising R curve; a plastic zone at the tip of the crack increases in size as the crack
grows. The driving force must increase in such materials to maintain crack growth. If the
cracked body is infinite (i.e., if the plastic zone is small compared with relevant dimensions
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of the body), the plastic zone size and R eventually reach steady-state values, and the R
curve becomes flat with further growth (see Section 3.5.2).

Some materials can display a falling R curve. When a metal fails by cleavage, for exam-
ple, the material resistance is provided by the surface energy and local plastic dissipation,
as illustrated in Figure 2.6b. The R curve would be relatively flat if the crack growth were
stable. However, cleavage propagation is normally unstable; the material near the tip of
the growing crack is subject to very high strain rates, which suppress plastic deformation.
Thus, the resistance of a rapidly growing cleavage crack is less than the initial resistance
at the onset of fracture. This situation is analogous to static friction versus sliding friction,
where it takes more force to move a stationary object from its initial resting position than
is required to maintain sliding motion on a rough surface.

The size and geometry of the cracked structure can exert some influence on the shape
of the R curve. A crack in a thin sheet tends to produce a steeper R curve than a crack in
a thick plate because there is a low degree of stress triaxiality at the crack tip in the thin
sheet, while the material near the tip of the crack in the thick plate may be in plane strain.
The R curve can also be affected if the growing crack approaches a free boundary in the
structure. Thus, a wide plate may exhibit a somewhat different crack growth resistance
behavior than a narrow plate of the same material.

Ideally, the R curve, as well as other measures of fracture toughness, should be a prop-
erty only of the material and not depend on the size or shape of the cracked body. Much of
fracture mechanics is predicated on the assumption that fracture toughness is a material
property. Configurational effects can occur, however. A practitioner of fracture mechanics
should be aware of these effects and their potential influence on the accuracy of an analy-
sis. This issue is explored in detail in Sections 2.10, 3.5, and 3.6.

2.5.2 Load Control versus Displacement Control

According to Equations 2.35 through 2.37, the stability of crack growth depends on the
rate of change in G, that is, the second derivative of potential energy. Although the driving
force (@) is the same for both load control and displacement control, the rate of change of the
driving force curve depends on how the structure is loaded.

Displacement control tends to be more stable than load control. With some configura-
tions, the driving force actually decreases with crack growth in displacement control.
A typical example is illustrated in Figure 2.11.
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FIGURE 2.11
Schematic driving force/R curve diagram which compares load control and displacement control.
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Referring to Figure 2.11 consider a cracked structure subjected to a load P; and a dis-
placement A,. If the structure is load controlled, it is at the point of instability, where the
driving force curve is tangent to the R curve. In displacement control, however, the struc-
ture is stable because the driving force decreases with crack growth; the displacement
must be increased for further crack growth.

When an R curve is determined experimentally, the specimen is usually tested in
displacement control, or as close to pure displacement control as is possible in the test
machine. Since most of the common test specimen geometries exhibit falling driving force
curves in displacement control, it is possible to obtain a significant amount of stable crack
growth. If an instability occurs during the test, the R curve cannot be defined beyond the
point of ultimate failure.

EXAMPLE 2.3

Evaluate the relative stability of a DCB specimen (Figure 2.9) in load control and dis-
placement control.

Solution

From the result derived in Example 2.2, the slope of the driving force curve in load
control is given by

dﬁ) _2P%a_2¢
da), BEI a

To evaluate displacement control, it is necessary to express ¢ in terms of A and a. From
beam theory, load is related to displacement as follows:

P 3AI;II
2a

Substituting the above equation into the expression for energy release rate gives

_ 9A’EI

G= 4Ba*

Thus,

Ba® a

(dﬁj __9NEI __4¢
da ), B

Therefore, the driving force increases with crack growth in load control and decreases
in displacement control. For a flat R curve, crack growth in load control is always unsta-
ble, while displacement control is always stable.

2.5.3 Structures with Finite Compliance

Most real structures are subject to conditions between load control and pure displacement
control. This intermediate situation can be conceptually represented by a spring in series
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A cracked structure with finite compliance, represented schematically by a spring in series.

with the flawed structure (Figure 2.12). The structure is fixed at a constant remote displace-
ment, A;; the spring represents the system compliance, C,,. Pure displacement control cor-
responds to an infinitely stiff spring, where C,, = 0. Load control (dead loading) implies an
infinitely soft spring; that is, C,; = eo.

When the system compliance is finite, the point of fracture instability obviously lies
somewhere between the extremes of pure load control and pure displacement con-
trol. However, determining the precise point of instability requires a rather complex
analysis.

At the moment of instability, the following conditions are satisfied:

¢=R (2.38)

and

dag) _dR
( o jM = (2.39)

The left-hand side of Equation 2.39 is given by [7]

(49) (%) (%) (2) [er(22)]

Equation 240 is derived in Appendix 2A.2.
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2.6 Stress Analysis of Cracks

For certain cracked configurations subjected to external forces, it is possible to derive
closed-form expressions for the stresses in the body, assuming isotropic linear elastic
material behavior. Westergaard [8], Irwin [9], Sneddon [10], and Williams [11] were among
the first to publish such solutions. If we define a polar coordinate axis with the origin at
the crack tip (Figure 2.13), it can be shown that the stress field in any linear elastic cracked
body is given by

oy = (Jk;) fi(6)+ Z Aur™?g57(0) (2.41)

m=0

where o;; is the stress tensor; r and 0 are as defined in Figure 2.13; k a constant; and f; is
a dimensionless function of 8 in the leading term. For the higher-order terms, A, is the
amplitude and g is a dimensionless function of 6 for the mth term. The higher-order
terms depend on the geometry, but the solution for any given configuration contains a
leading term that is proportional to 1/+/r. As r — 0, the leading term approaches infinity,
but the other terms remain finite or approach zero. Thus stress near the crack tip varies
with 1/+/r, regardless of the configuration of the cracked body. It can also be shown that
the displacement near the crack tip varies with /r . Equation 2.41 describes a stress singu-
larity, since stress is asymptotic to = 0. The basis of this relationship is explored in more
detail in Appendix 2A.3. Recall that the Inglis analysis (Section 2.2) predicts a stress sin-
gularity at the tip of a perfectly sharp crack.

There are three types of loading that a crack can experience, as Figure 2.14 illustrates.
Mode I loading, where the principal load is applied normal to the crack plane, tends to
open the crack. Mode II corresponds to in-plane shear loading and tends to slide one crack
face with respect to the other. Mode III refers to out-of-plane shear. A cracked body can be
loaded in any one of these modes, or a combination of two or three modes.

2.6.1 The Stress Intensity Factor

Each mode of loading produces the 1/4/r singularity at the crack tip, but the proportion-
ality constant, k, and f; depend on the mode. It is convenient at this point to replace k by

G
4 >
Tyy
0
=
r | B
0
Crack -

FIGURE 2.13
Definition of the coordinate axis ahead of a crack tip. The z direction is normal to the page.
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Mode I Mode I Mode III
(opening) (in-plane shear) (out-of-plane shear)

- »

FIGURE 2.14
The three modes of loading that can be applied to a crack.

the stress intensity factor, K, where K=k+/2r. The stress intensity factor is usually given a
subscript to denote the mode of loading; that is, K}, K;;, or Kj;;. Thus the stress fields ahead
of a crack tip in an isotropic linear elastic material can be written as

11 m G(1) _ fz(l) (2.42)
limo — KH g

im o ﬁ () (2.43)
lim o™ = Km m g (2.44)

r—0 2 i

for Modes I, 11, and III, respectively. In a mixed-mode problem (i.e., when more than one
loading mode is present), the individual contributions to a given stress component are
additive:

o = o) + 6" + 61" 245)

Equation 2.45 stems from the principle of linear superposition.

Detailed expressions for the singular stress fields for Modes I and Il are given in Table 2.1,
where the stress tensors are expressed in Cartesian coordinates. Displacement relation-
ships for Modes I and II are listed in Table 2.2. Table 2.3 lists the nonzero stress and dis-
placement components for Mode III.

Consider the Mode I singular field on the crack plane, where 6 = 0. According to Table 2.1,
the stresses in the x and y direction are equal:

K;
Oy =0y = —F7=— 24
W= o (2.46)
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TABLE 2.1

Stress Fields Ahead of a Crack Tip for Modes I and II in a Linear Elastic, Isotropic
Material

Mode I Mode IT

c Ki cos(gj 1—sin(9jsin(ﬁ] _Ku sin(g) 2+cos(gjcos(ﬁ)

" 2nr 2 2 2 271 2 2 2
(¢ Ki cos Q 1+sin Q sin @ Ky Sin(gjcos(gjcos(ﬁ)

" 2nr 2 2 2 \2nr 2 2 2
T K cos(gj sin(g) COS(@] K cos[ @) 1=sin[ & )sin[ 3¢

b vamr A2 2 2 Vo2 2 2
o, 0 (Plane Stress) 0 (Plane Stress)

V(G + 0y, ) (Plane Strain) V(G4 +6,,) (Plane Strain)

T T 0 0

xz/ Vyz

Note: v is Poisson’s ratio.

TABLE 2.2
Crack Tip Displacement Fields for Modes I and II (Linear Elastic, Isotropic Material)
Mode I Mode II
u, K Lcos(gj K —1+2sin’ (gj Kur Lsin(gj K+1+2cos’ (g)
2u \ 2n 2 2 2u '\ 2w 2 2

Uy
& Lsin 9 K+1-2cos’ g —& Lcos g K —1-2sin? g
2u N 2w 2 2 2u \ 2n 2 2

Note:  is the shear modulus; x = 3 — 4v (plane strain); k = (3 — v)/(1 + v) (plane stress).

When 6 =0, the shear stress is zero, which means that the crack plane is a principal

plane for pure Mode I loading. Figure 2.15 is a schematic plot of 6,,, the stress normal to
the crack plane, versus the distance from the crack tip. Equation 2.46 is valid only near
the crack tip, where the 1//r singularity dominates the stress field. Stresses far from the
crack tip are governed by the remote boundary conditions. For example, if the cracked

TABLE 2.3

Nonzero Stress and Displacement Components
in Mode III (Linear Elastic, Isotropic Material)

Ty =— Ky sin(e}
. \2mr 2

Tyz = Km COS(EJ
T rr 2

ZKHI roo. 0
u, = — sin| —
L V2n 2
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Singularity-dominated
zone

FIGURE 2.15
Stress normal to the crack plane in Mode .

structure is subjected to a uniform remote tensile stress, 6,, approaches a constant value,
o~. We can define a singularity-dominated zone as the region where the equations in Tables
2.1 through 2.3 describe the crack tip fields.

The stress intensity factor defines the amplitude of the crack tip singularity. That is,
stresses near the crack tip increase in proportion to K. Moreover, the stress intensity factor
completely defines the crack tip conditions; if K is known, it is possible to solve for all com-
ponents of stress, strain, and displacement as a function of  and 6. This single-parameter
description of crack tip conditions turns out to be one of the most important concepts in
fracture mechanics.

2.6.2 Relationship between K and Global Behavior

In order for the stress intensity factor to be useful, one must be able to determine K from
remote loads and the geometry. Closed-form solutions for K have been derived for a num-
ber of simple configurations. For more complex situations, the stress intensity factor can be
estimated by experiment or numerical analysis (see Chapter 12).

One configuration for which a closed-form solution exists is a through crack in an
infinite plate subjected to remote tensile stress (Figure 2.3). Since the remote stress, o, is
perpendicular to the crack plane, the loading is pure Mode 1. Linear elastic bodies must
undergo proportional stressing; that is, all stress components at all locations increase
in proportion to the remotely applied forces. Thus, the crack tip stresses must be pro-
portional to the remote stress, and K; is proportional to 6. According to Equations 2.42
through 2.44, stress intensity has units of stress /length. Since the only relevant length
scale in Figure 2.3 is the crack size, the relationship between K; and the global conditions
must have the following form:

K, =0(ova) (2.47)

The actual solution, which is derived in Appendix 2A.3, is given by

KI = O~Ta (248)
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FIGURE 2.16
Edge crack in a semi-infinite plate subject to a remote tensile stress.

Thus, the amplitude of the crack tip singularity for this configuration is proportional to
the remote stress and the square root of crack size. The stress intensity factor for Mode II
loading of the plate in Figure 2.3 can be obtained by replacing ¢ in Equation 2.48 by the
remotely applied shear stress (see Figure 2.18 and Equations 2.50 and 2.51).

A related solution is that for a semi-infinite plate with an edge crack (Figure 2.16). Note
that this configuration can be obtained by slicing the plate in Figure 2.3 through the mid-
dle of the crack. The stress intensity factor for the edge crack is given by

K; =1.120+ma (2.49)

which is similar to Equation 2.48. The 12% increase in K| for the edge crack is caused by
different boundary conditions at the free edge. As Figure 2.17 illustrates, the edge crack

Through crack

FIGURE 2.17
Comparison of crack opening displacements for an edge crack and through crack. The edge crack opens wider
at a given stress, resulting in a stress intensity that is 12% higher.
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FIGURE 2.18
Through crack in an infinite plate for the general case where the principal stress is not perpendicular to the
crack plane.

opens more because it is less restrained than the through crack, which forms an elliptical
shape when loaded.

Consider a through crack in an infinite plate where the normal to the crack plane is
oriented at an angle B with the stress axis (Figure 2.18a). If § # 0, the crack experiences
combined Modes I and II loading; K;;; = 0 as long as the stress axis and the crack normal
both lie in the plane of the plate. If we redefine the coordinate axis to coincide with crack
orientation (Figure 2.18b), we see that the applied stress can be resolved into normal and
shear components. The stress normal to the crack plane, 6,,, produces pure Mode I load-
ing, while 1., applies Mode II loading to the crack. The stress intensity factors for the
plate in Figure 2.18 can be inferred by relating 6, and 1., to ¢ and B through Mohr’s
circle:

K =0, M
=6 cos*(B)Wma (2.50)

and

Ky = Tx’y’\/E
= osin(B) cos(B)v/ma (2.51)
Note that Equations 2.50 and 2.51 reduce to pure Mode I solution when B=0. The

maximum Kj; occurs at B = 45° where the shear stress is also at a maximum. Section 2.11
addresses fracture under mixed-mode conditions.
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The penny-shaped crack in an infinite medium (Figure 2.4) is another configuration for
which a closed-form K; solution exists [11]:

K; = gc ma (2.52)
T

where g is the crack radius. Note that Equation 2.52 has the same form as the previous
relationships for a through crack, except that the crack radius is the characteristic length
in the above equation. The more general case of an elliptical or semi-elliptical flaw is
illustrated in Figure 2.19. In this instance, two length dimensions are needed to charac-
terize the crack size: 2c and 24, the major and minor axes of the ellipse, respectively (see
Figure 2.19). Moreover, when a < ¢, the stress intensity factor varies along the crack front,
with the maximum K| at ¢ = 90°. The flaw shape parameter, Q, is obtained from an ellip-
tic integral, as discussed in Appendix 2A 4. Figure 2.19 gives an approximate solution for
Q. The surface correction factor, A, is also an approximation.

Embedded crack Surface crack

A\

277,
e« 3]

2c

K=o \/%7 (@ K =7»s0\/%7f(<p)

@) :{sm%@ +(§] cosz((p)}

A, = [1.13—0‘09[3)}[1+0.1(1—sin 0]

FIGURE 2.19
Mode I stress intensity factors for elliptical and semi-elliptical cracks. These solutions are valid only as long as
the crack is small compared with the plate dimensions and a <c.
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2.6.3 Effect of Finite Size

Most configurations for which there is a closed-form K solution consist of a crack with a
simple shape (e.g., a rectangle or ellipse) in an infinite plate. Stated another way, the crack
dimensions are small compared with the size of the plate; the crack tip conditions are not
influenced by external boundaries. As the crack size increases, or as the plate dimensions
decrease, the outer boundaries begin to exert an influence on the crack tip. In such cases, a
closed-form stress intensity solution is usually not possible.

Consider a cracked plate subjected to remote tensile stress. Figure 2.20 schematically
illustrates the effect of finite width on the crack tip stress distribution, which is repre-
sented by lines of force; the local stress is proportional to the spacing between lines of
force. Since a tensile stress cannot be transmitted through a crack, the lines of force are
diverted around the crack, resulting in a local stress concentration. In the infinite plate,
the line of force at a distance W from the crack centerline has force components in x and y
directions. If the plate width is restricted to 2W, the x force must be zero on the free edge;
this boundary condition causes the lines of force to be compressed, which results in higher
stress intensification at the crack tip.

One technique to approximate the finite width boundary condition is to assume a peri-
odic array of collinear cracks in an infinite plate (Figure 2.21). The Mode I stress intensity
factor for this situation is given by

1/2
K, = o/ma %tan(ﬂ) (2.53)
Ta 2W

The stress intensity approaches the infinite plate value as a/W approaches zero; K; is
asymptotic to a/W = 1.

(@

2W

vv¢¢v¢ VV*VV#
FIGURE 2.20

Stress concentration effects due to a through crack in finite and infinite width plates: (a) infinite plate and (b)
finite plate.
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FIGURE 2.21
Collinear cracks in an infinite plate subjected to remote tension.

More accurate solutions for a through crack in a finite plate have been obtained from
finite element analysis; solutions of this type are usually fit to a polynomial expression.
One such solution [12] is given by

1/2 2 4
K, =oma {sec(%j }{1—0.025(%) +0.06(%) } (2.54)

Figure 2.22 compares the finite-width corrections in Equations 2.53 and 2.54. The secant
term (without the polynomial term) in Equation 2.54 is also plotted. Equation 2.53 agrees
with the finite element solution to within 7% for a/W < 0.6. The secant correction is much
closer to the finite element solution; the error is less than 2% for a/W < 0.9. Thus, the poly-
nomial term in Equation 2.54 contributes little and can be neglected in hand calculations.

Table 2.4 lists the stress intensity solutions for several common configurations. These K|
solutions are plotted in Figure 2.23. Several handbooks devoted solely to stress intensity
solutions have been published [12-14].

Although stress intensity solutions are given in a variety of forms, K can always be
related to the through crack (Figure 2.4) through an appropriate correction factor:

K, i,my = Yoima (2.55)

where o is a characteristic stress, a the characteristic crack dimension, and Y is a dimen-
sionless constant that depends on geometry and mode of loading.

EXAMPLE 2.4

Show that the K; solution for the single-edge notched tensile panel reduces to Equation
249 whena < W.

Solution
All of the K; expressions in Table 2.4 are of the form

e

where P is the applied force, B the plate thickness, and f(a/W) is a dimensionless func-
tion. The above equation can be expressed in the form of Equation 2.55:
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—s—Equation 2.53
-=— Equation 2.54
—e — Secant term in Equation 2.54

FIGURE 2.22

Comparison of finite-width corrections for a center-cracked plate in tension.
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FIGURE 2.23
Plot of stress intensity solutions from Table 2.4.
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TABLE 2.4

KI Solutions for Common Test Specimens

)

Geometry w

Single-edge notched tension (SENT) \/m 2

- Vf - ( o )Sil
+0.37| 1-sin—

2W
Single-edge notched bend (SE(B)) 3(S/W) m
P/2 = S » P/2 2(1+2(a/W))(1—(a/W))3/2[ :

Y

p sl o))
T

Center-cracked tension (CCT) »
sec| o | 1-0.005( 1
T aw > \aw W

- 2W 2a — + 0.06(“)4}
2%

l 2

Double-edge notched tension (DENT)

2
V““/zw{1.122—0.561(“)—0.205(”)
W W

T I po W
3 4
1 e +0_471(i) +0.190[i]
P C
Compact specimen ’
A %[0.886+4.64(i]—13.32(i)
» (1-(a/W)) W W
0 (i)
+14.72(i) —5,60(i) }
— 125 W

le—— |V ——»
—

@
v

Source: Adapted from Tada, H., Paris, P.C., and Irwin, G.R., The Stress Analysis of Cracks Handbook (2nd ed.), Paris
Productions, Inc., St. Louis, 1985.

K, = ﬁ f (%), where B is the specimen thickness.
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/() = (o) e
where

)

In the limit of a small flaw, the geometry correction factor in Table 2.4 becomes

lim f{i) = [™0.752+0.37]
a/W—0 W W

Thus,

lim Y=1.122
a/W—0

2.6.4 Principle of Superposition

For linear elastic materials, individual components of stress, strain, and displacement are
additive. For example, two normal stresses in the x direction imposed by different external
forces can be added to obtain the total c,,, but a normal stress cannot be summed with a

shear stress. Similarly, stress intensity factors are additive as long as the mode of loading
is consistent. That is,

thotal) — K%A) + K;B) +K§C)

but

Ktotar) # Ki + Kjy + Ky

In many instances, the principle of superposition allows stress intensity solutions for
complex configurations to be built from simple cases for which the solutions are well
established. Consider, for example, an edge-cracked panel (Table 2.4) subject to combined
membrane (axial) loading, P,, and three-point bending, P,. Since both types of loading
impose pure Mode I conditions, the K; values can be added:

K}total) — K}membrar\e) + K;bending)
1 a a
=— | Puful = |+Pf| —
BW[ / (WJ bf”(Wﬂ

where f,, and f, are the geometry correction factors for membrane and bending loading,
respectively, listed in Table 2.4 and plotted in Figure 2.23.

(2.56)



56 Fracture Mechanics: Fundamentals and Applications

(a) (b) (©

%=m+m

FIGURE 2.24
Determination of K| for a semi-elliptical surface crack under internal pressure, p, by means of the principle of
superposition.

EXAMPLE 2.5

Determine the stress intensity factor for a semi-elliptical surface crack subjected to an
internal pressure, p (Figure 2.24a).

Solution

The principle of superposition enables us to construct the solution from known cases.
One relevant case is the semi-elliptical surface flaw under uniform remote tension,
p (Figure 2.24b). If we impose a uniform compressive stress, —p, on the crack surface
(Figure 2.24¢), K; =0 because the crack faces close and the plate behaves as if the crack
were not present. The loading configuration of interest is obtained by subtracting the
stresses in Figure 2.24c from those of Figure 2.24b:

K@ = K;b) _ K;C)

= | ™ f0)=0=Ap [
ﬁJgﬁW ﬁJgﬂm

Example 2.5 is a simple illustration of a more general concept: namely, stresses acting
on the boundary (i.e, tractions) can be replaced with tractions that act on the crack face,
such that the two loading configurations (boundary tractions vs. crack face tractions)
result in the same stress intensity factor. Consider an uncracked body subject to a bound-
ary traction P(x), as illustrated in Figure 2.25. This boundary traction results in a normal
stress distribution p(x) on Plane A-B. To confine the problem to Mode I, let us assume
that no shear stresses act on Plane A-B. (This assumption is made only for the sake of
simplicity; the basic principle can be applied to all three modes of loading.) Now assume
that a crack that forms on Plane A-B and the boundary traction, P(x), remains fixed, as
Figure 2.26a illustrates. If we remove the boundary traction and apply a traction p(x) on the
crack face (Figure 2.26b), the principle of superposition indicates that the applied K; will
be unchanged. That is,

K" =K{P+K{ =K{" (since K{” =0)
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y1—>
X
FIGURE 2.25

Uncracked body subjected to an arbitrary boundary traction P(x), which results in a normal stress distribution
p(x) acting on Plane A-B.

P(x)

px)
) I"

NN N\

2.6.5 Weight Functions

When one performs an analysis to infer a stress intensity factor for a cracked body, the K
value that is computed applies only to one particular set of boundary conditions; different
load cases result in different stress intensity factors for that geometry. It turns out, how-
ever, that the solution to one set of boundary conditions contains sufficient information to
infer K for any other boundary conditions on that same geometry.

Consider two arbitrary loading conditions on an isotropic elastic cracked body in plane
stress or plane strain. For now, we assume that both loadings are symmetric with respect
to the crack plane, such that pure Mode I loading is achieved in each case. Suppose that
we know the stress intensity factor for loading (1) and we wish to solve for K{?, the stress

() (b) (c)
P(x) P(x)

px) —p(x)

W

\ \

FIGURE 2.26
Application of superposition to replace a boundary traction P(x) with a crack face traction p(x) that results in
the same K;.
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intensity factor for the second set of boundary conditions. Rice [15] has shown that KV and
K{? are related as follows:

E’ oul oul
K® = J-T,- L4l + J. E-tdA 2.57
b7 ok ) da J da 2.57)

where I" and A are the perimeter and area of the body, respectively, and u; are the displace-
ments in x and y directions. Since loading systems (1) and (2) are arbitrary, it follows that
K cannot depend on K{" and u{". Therefore, the function
E oul

h(x)= -
(1) 2KV 9a

(2.58)

where x; represents the x and y coordinates, must be independent of the nature of loading
system (1). Bueckner [16] derived a result similar to Equation 2.58 two years before Rice,
and referred to & as a weight function.

Weight functions are first-order tensors that depend only on the geometry of the cracked
body. Given the weight function for a particular configuration, it is possible to compute K;
from Equation 2.57 for any boundary conditions. Moreover, the previous section invoked
the principle of superposition to show that any loading configuration can be represented
by appropriate tractions applied directly to the crack face. Thus, K| for a 2D cracked body
can be inferred from the following expression:

K, = J. p(x)h(x)dx (2.59)

where p(x) is the crack face traction (equal to the normal stress acting on the crack plane
when the body is uncracked) and T, is the perimeter of the crack. The weight function, h(x),
can be interpreted as the stress intensity resulting from a unit force applied to the crack
face at x, and the above integral represents the superposition of the K; values from discrete
opening forces along the crack face.

EXAMPLE 2.6

Derive an expression for K; for an arbitrary traction on the face of a through crack in an
infinite plate.

Solution

We already know K; for this configuration when a uniform tensile stress is applied:

K, =ovma

where g is the half crack length. From Equation 2A.74 and 2A.75, the opening displace-
ment of the crack faces in this case is given by

u, =i§1/x(2a—x)



Linear Elastic Fracture Mechanics 59

where the x—y coordinate axis is defined in Figure 2.27a. Since the crack length is 2a, we
must differentiate u, with respect to 2a rather than a:

ou, _+2£ X
92a) ~ EVN2a-x

Thus, the weight function for this crack geometry is given by

1 / X
h(x):iﬁ 20—x

If we apply a surface traction of *p(x) on the crack faces, the Mode I stress intensity
factor for the two crack tips is as follows:

2a
1 X
Kirmzgy =—— J P(X),/ ——dx
Nma . 20—x
17 2
a—x
Kix=0) = 7J.p(x) dx
Jma ) X

The weight function concept is not restricted to 2D bodies, Mode I loading, or isotropic
elastic materials. In their early work on weight functions, Rice [15] extended the theory to
three dimensions, Bueckner [16] considered combined Mode I/IIloading, and both allowed
for anisotropy in the elastic properties. Subsequent researchers [17-22] have shown that
the theory applies to all linear elastic bodies that contain an arbitrary number of cracks.

For mixed-mode problems, separate weight functions are required for each mode: i, i,
and hy;. Since the stress intensity factors can vary along a 3D crack front, the weight func-
tions also vary along the crack front. That is,

ha = hu(xi/ n) (260)
where 0/(=1,2,3) indicates the mode of loading and n is the crack front position.

(a) (b)

e T

x=0¢ x=2a

FIGURE 2.27
Through-crack configuration analyzed in Example 2.6: (a) Definition of coordinate axes and (b) arbitrary trac-
tion applied to crack faces.
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Given that any loading configuration in a cracked body can be represented by equiva-
lent crack face tractions, the general mixed-mode 3D formulation of the weight function
approach can be expressed in the following form:

Ka(m) = [ T, m)ds @.61)

Se

where T, are the tractions assumed to act on the crack surface, S,.
See Chapter 9 for examples of practical applications of weight functions.

2.7 Relationship between K and ¢

Two parameters that describe the behavior of cracks have been introduced so far: the
energy release rate and the stress intensity factor. The former parameter quantifies the
net change in potential energy that accompanies an increment of crack extension; the lat-
ter quantity characterizes the stresses, strains, and displacements near the crack tip. The
energy release rate describes the global behavior, while K is a local parameter. For linear
elastic materials, K and ¢ are uniquely related.

For a through crack in an infinite plate subject to a uniform tensile stress (Figure 2.3),
G and K; are given by Equations 2.27 and 2.48, respectively. Combining these two equa-
tions leads to the following relationship between ¢ and K; for plane stress:

¢="" (2.62)

For plane strain conditions, E must be replaced by E/(1 —V2). To avoid writing sepa-
rate expressions for plane stress and plane strain, the following notation will be adopted
throughout this book:

E’=E for plane stress (2.63)
and
, E .
E' = 12 for plane strain (2.64)

Thus the ¢ - K relationship for both plane stress and plane strain becomes

_K?

- (2.65)

G

Since Equations 2.27 and 2.48 apply only to a through crack in an infinite plate, we have
yet to prove that Equation 2.65 is a general relationship that applies to all configurations.
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FIGURE 2.28
Application of closure stresses which shorten a crack by Aa.

Irwin [9] performed a crack closure analysis that provides such a proof, which is pre-
sented below.

Consider a crack of initial length a + Aa subject to Mode I loading, as illustrated in
Figure 2.28a. It is convenient in this case to place the origin a distance Az behind the crack
tip. Assume that the plate has unit thickness. Let us now apply a compressive stress field
to the crack faces between x =0 and Aa of sufficient magnitude to close the crack in this
region, as Figure 2.28b illustrates work required to close the crack at the tip is related to
the energy release rate:

G=1lim () (2.66)
fixed load

Here AU is the work of crack closure, which is equal to the sum of contributions to work
from x =0 to Aa:

AU = j U () 2.67)

x=0

and the incremental work at x is equal to the area under the force—displacement curve:

dU(x) = Z%Fy(x)uy(x) =0,,(x)u,(x)dx (2.68)
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The factor of 2 on work is required because both crack faces are displaced an absolute
distance u,(x). The crack opening displacement, u,, for Mode I is obtained from Table 2.2
by setting 6 = m:

- (x+DK;(a+Aa) [Aa—x
Y 2u 2n

(2.69)

Here K(a + Aa) denotes the stress intensity factor at the original crack tip. The normal
stress required to close the crack is related to K, for the shortened crack:

Ki(a)
Gy = ﬁ (2.70)

Combining Equations 2.66 through 2.70 gives

Aa
G = lim (x + DK (a)K;(a+ Aa) J‘ [Aa—x dx
Aa—0 4T[HALZ ) X

_ (k+DK? _ K}
8u E’

.71)

Thus, Equation 2.65 is a general relationship for Mode 1. The above analysis can be
repeated for other modes of loading; the relevant closure stress and displacement for
Mode Ilis 1,, and u, and the corresponding quantities for Mode III are 7, and .. When all
three modes of loading are present, the energy release rate is given by

K} Ki Kj
_ & Ri  Rin

2.72
G=pt )

Contributions to @ from the three modes are additive because energy release rate, like
energy, is a scalar quantity