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Preface to the First Edition
In the wide and longitudinal transmission circuits, long transmission lines are com-

mon features for transporting electrical power from generating stations to the load

centers and there 220 and 400 kV lines are most common. Stability of these transmis-

sion systems is thus a major concern and it has been observed that there were black-

outs because of small signal oscillations in the power systems. The utility companies

encounter the problem of voltage stability and small signal stability, particularly dur-

ing heavy loading periods. If this problem is not resolved properly, it may cause

instability. Damping of these oscillations can be enhanced by eliminating the non-

linear loads in the distribution system. Installation of HVDC line between two

regional EHV grids in addition to EHV AC link can eliminate the problem of

low-frequency oscillations provided the line power flows in AC and DC links are

carefully monitored during heavy loading periods. This book is aimed at exploring

the issue of this small signal stability problem in SingleMachine Infinite Bus (SMIB)

power systems and in multimachine power systems and its mitigation applying

power system controllers.

Traditional and efficient ways to mitigate these problems are to derive additional

signals for the generator excitation systems and compensate the fluctuations of

power flow through the transmission networks. Power System Stabilizer (PSS)

and Flexible Alternating Current Transmission System (FACTS) devices have

remarkable capability to perform these tasks. The objective of this book is to present

a detailed study, simulation and analysis of the small signal stability problem, and its

mitigation applying PSS and FACTS (SVC, STATCOM, and TCSC) controllers.

The simulation results have been presented employing eigenvalue and time domain

analysis in MATLAB.

The book started with fundamental discussions on small signal stability problems

and their common features. Basic models of the synchronous machine are over-

viewed. The small signal models of different power system components relevant

to the text and their installation in power system are described. The modeling of

FACTS controllers, and their installation in an SMIB power system and in multima-

chine systems, is the major thrust area of this book. The effectiveness and perfor-

mance of the FACTS controllers (SVC, TCSC, and STATCOM) are investigated

and compared; in particular superiority of these FACTS controllers over traditional

PSS has been shown in face of commonly occurring power system disturbances. The

methods of designing optimal FACTS controllers and finding their best location in a

multimachine power system are also important aspects of this book.

This book does not claim to be a detailed study of general electric power system,

power system dynamics, synchronous machine, and all types of problems related to

the small signal oscillations.
xvii



xviii Preface to the First Edition
The salient features of this book are:

(i) Easy understanding of power system small signal stability problem and its dif-

ferent ways of mitigation. (ii) Detailed derivation of multimachine two-axis model

for evaluation of system matrix and eigenvalue. (iii) Model of supplementary damp-

ing controllers for PSS and advanced FACTS devices. (iv) Multimachine model with

PSS in order to mitigate small signal stability problem. (v) A new and simple method

of finding optimal location of PSS in a multimachine power system. (vi) Multima-

chine small signal model with FACTS controllers (SVC, TCSC, and VSC-based

FACTS device (STATCOM)). (vii) Knowledge of design and application of optimal

FACTS controllers applying soft computation techniques (Genetic Algorithm, Par-

ticle Swarm Optimization) andH1 optimization method. (viii) Chapterwise illustra-

tions/solved problems and exercises.

The book has been written utilizing the long experience of the authors in teaching

Control System and Electrical Engineering. The contents of this book will be useful

for all levels of students (UG, PG) and professors of Electrical Engineering for the

study and analysis of power system small signal stability problem and its control in

particular will be a ready reference for post graduate and doctoral students in Elec-

trical and allied branches of Engineering. This book will also be a good resource for

the practicing engineers, research scholars, or fellows of power system.

Debasish Mondal
Abhijit Chakrabarti
Aparajita Sengupta



Preface to the Second Edition
 CHAPTER
Since the publication of the first edition of this book authors have received many

emails and letters regarding the effective use of the contents of this book from the

post graduate students, researchers, and research scholars, who are working in

the area of power system stability. Numerous requests have been received from

the readers for the full text of this book and the simulation programming for different

case studies presented in illustrations. With the aid of all these information authors

have decided to revise this book. The most specific changes in this second edition are

the following:

� The simulation program for different case study and illustrations in different

chapters

� The method of design of H1 FACTS controller based on heuristic optimization

in Chapter 8

� The addition of new Chapter 9, which is on the impact of the distributed energy

resources

� The addition of new Appendix C, which contains main simulation program for

multimachine case study

Since many of the readers of this book are the under graduate and post graduate

students of Electrical Engineering and its allied fields, authors have included simu-

lation programs in different chapters with the existing mathematical derivations and

example case study. Therefore, students and beginners of this field can follow and

validate results for different case studies. This book will aid in boosting their con-

fidence by solving the exercises given in the book.

The popularity of the application of heuristic optimization methods and the

design of robust controller is growing day by day in different fields and thus authors

included this part additionally in a new section in Chapter 8 and its reference research

article is also included.

It is purely down to the fact that the growing research and impact of renewable

energy resources become relevant for the audience doing research and working in the

area of power system stability. In view of this, the authors have considered the inclu-

sion of a new Chapter 9, which describes briefly different distribution energy

resources (DERs) and the method of study of its impact on power system stability.

The most salient feature of this new edition is the introduction of Appendix C,

where MATLAB-based simulation program is provided for the multimachine case

study which is the most sought-after area for research scholars and PG students.

Based on this there is a good chance for the students, audience, and practice engi-

neers to develop and design their own simulation programs for new study cases

and test systems.
xix



xx Preface to the Second Edition
Besides that, some essential references in few chapters have been updated. The

authors have checked minutely the spelling and grammatical errors and also cor-

rected typo errors in equations and equation numbers in the text.

Debasish Mondal
Abhijit Chakrabarti
Aparajita Sengupta



CHAPTER
Concepts of Small-Signal
Stability
 1

1.1 INTRODUCTION
Small-signal (or small disturbance) stability is the ability of the power system to

maintain synchronism under small disturbances such as small variations in loads

and generations. Physically power system stability can be broadly classified into

two main categories – angle stability or rotor angle stability and voltage stability [1].
Angle stability or rotor angle stability can be defined as “the ability of intercon-

nected synchronous machines of a power system to remain in synchronism.” This

stability problem involves the study of electromechanical oscillations inherent in

power systems. A fundamental issue here is the manner in which the power output

of synchronous machines varies as their rotors oscillate.

Voltage stability can be broadly defined as “the ability of a system to maintain

steady acceptable voltages at all buses following a system contingency or distur-

bance.” A system enters into a state of voltage instability when a disturbance,

increase in load demand, or change in system condition causes a progressive and

uncontrollable drop in voltage. The main factor causing instability is the inability

of the power system to meet the demand for active and reactive power flow through

the transmission network. A power system, at a given operating state, is small dis-
turbance voltage stable if, following any small disturbance, voltages near the loads

do not change or remain close to the predisturbance values. The concept of small

disturbance voltage stability is related to the steady-state stability and can be ana-

lyzed using the small-signal (linearized) model of the system.

The category of angle stability can be considered in terms of two main

subcategories:

1. Steady-state/dynamic: This form of instability results from the inability to

maintain synchronism and/or dampen out system transients and oscillations

caused by small system changes, such as continual changes in load and/or

generation.

2. Transient: This form of instability results from the inability to maintain

synchronism after large disturbances such as system faults and/or equipment

outages.

The aim of transient stability studies being to determine if the machines in a sys-

tem will return to a steady synchronized state following a large disturbance.
Power System Small Signal Stability Analysis and Control. https://doi.org/10.1016/B978-0-12-817768-6.00001-9
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2 CHAPTER 1 Concepts of Small-Signal Stability
The literature of this book will focus in particular on the steady-state/dynamic

stability subcategory and on the techniques that can be used to analyze and control

the dynamic stability of a power system following a small disturbance.
1.2 SWING EQUATION
This equation bears the dynamics of oscillations of rotor of a synchronous generator.

Consider a generating unit consisting of a three-phase synchronous generator and

prime mover, as shown in Figure 1.1.

The motion of the synchronous generator’s rotor is determined by Newton’s sec-

ond law, which is given as [2]

Jam tð Þ¼ Tm tð Þ�Te tð Þ¼ Ta tð Þ ð1:1Þ
where J is the total moment of inertia of the rotating masses (prime mover and gen-

erator) (kg m2), am is the rotor angular acceleration (rad/s2), Tm is the mechanical tor-

que supplied by the prime mover minus the retarding torque due to mechanical losses

(e.g., friction) (N m), Te is the electrical torque, accounting for the total three-phase

power output and losses (N m), and Ta is the net accelerating torque (N m).

The machine and electrical torques, Tm and Te, are positive for generator

operation.

The rotor angular acceleration is given by

am tð Þ¼ dom

dt
¼ d2ym tð Þ

dt2
ð1:2Þ

om tð Þ¼ dym
dt

ð1:3Þ
Speed
control
system

Excitation
system

Generator

Turbine

Steam
valve

Steam

iF

FIGURE 1.1

Generating unit.



31.2 Swing Equation
where om is the rotor angular velocity (rad/s) and ym is the rotor angular position

with respect to a stationary axis (rad).

In steady-state conditions, the mechanical torque equals the electrical torque and

the accelerating torque is zero. There is no acceleration and the rotor speed is con-

stant at the synchronous velocity. When the mechanical torque is more than the elec-

trical torque, then the acceleration torque is positive and the speed of the rotor

increases. When the mechanical torque is less than the electrical torque, then the

acceleration torque is negative and the speed of the rotor decreases. Since we are

interested in the rotor speed relative to the synchronous speed, it is convenient to

measure the rotor angular position with respect to a synchronously rotating axis

instead of a stationary one.

We therefore define

ym tð Þ¼omsyntþdm tð Þ ð1:4Þ
where omsyn is the synchronous angular velocity of the rotor (rad/s) and dm is the

rotor angular position with respect to a synchronously rotating reference.

To understand the concept of the synchronously rotating reference axis, consider

the diagram in Figure 1.2. In this example, the rotor is rotating at half the synchro-

nous speed, omsyn/2, such that in the time it takes for the reference axis to rotate 45�,
the rotor only rotates 22.5� and the rotor angular position with reference to the rotat-
ing axis changes from �45� to �67.5�.

Using Equations (1.2) and (1.4) in Equation (1.1), we have

Jam tð Þ¼ J
d2ym tð Þ
dt2

¼ J
d2dm tð Þ
dt2

¼ Tm tð Þ�Te tð Þ¼ Ta tð Þ ð1:5Þ

Being that we are analyzing a power system, we are interested in values of power

more than we are in values of torque. It is therefore more convenient to work with

expressions of power. Furthermore, it is convenient to consider this power in per unit

rather than actual units.
Rotating
reference axis

Rotor
position

wmsyn

wmsyn/2 Rotor
position

d = –67.5�

d = –45�

FIGURE 1.2

Synchronously rotating reference axis.



4 CHAPTER 1 Concepts of Small-Signal Stability
Power is equal to the angular velocity times the torque and per-unit power can be

obtained by dividing by Srated, so that

Jom

Srated

d2dm tð Þ
dt2

¼omTm tð Þ�omTe tð Þ
Srated

¼Pm tð Þ�Pe tð Þ
Srated

¼Pmpu tð Þ�Pepu tð Þ ð1:6Þ

Pmpu is the mechanical power supplied by the prime mover minus mechanical losses

(per unit), Pepu is the electrical power output of generator plus electrical losses

(per unit), and Srated is the generator volt-ampere rating.

We here define a constant value known as the normalized inertia constant, or

“H” constant:

H¼ stored kinetic energy at synchronous speed

generator volt-ampere rating

¼
1
2
Jo2

msyn

Srated
J=VA or per-unit secondsð Þ

Equation (1.6) becomes

2H
om tð Þ
o2

msyn

d2dm tð Þ
dt2

¼Pmpu tð Þ�Pepu tð Þ¼Papu tð Þ ð1:7Þ

where Papu is the accelerating power.

We define per-unit rotor angular velocity as

opu tð Þ¼om tð Þ
omsyn

ð1:8Þ

Equation (1.7) becomes

2Hopu tð Þ
omsyn

d2dm tð Þ
dt2

¼Pmpu tð Þ�Pepu tð Þ¼Papu tð Þ ð1:9Þ

When a synchronous generator has P poles, the synchronous electrical angular

velocity,osyn, known more correctly as the synchronous electrical radian frequency,

can be related to the synchronous mechanical angular velocity by the following

relationship:

osyn ¼P

2
omsyn ð1:10Þ

To understand how this relationship arises, consider that the number of mechanical

radians in one full revolution of the rotor is 2p. If, for instance, a generator has four
poles (two pairs) and there are 2p electrical radians between poles in a pair, then the

electrical waveform will go through 2�2p¼4p electrical radians within the same

revolution of the rotor. In general, the number of electrical radians in one revolution

is the number of mechanical radians times the number of pole pairs (the number of

poles divided by two).



51.3 Nature of Oscillations
The relationship shown in Equation (1.10) also holds for the electrical angular

acceleration a(t), the electrical radian frequencyor(t), and the electrical power angle
d(t) values:

a tð Þ¼P

2
am tð Þ

or tð Þ¼P

2
om tð Þ

d tð Þ¼P

2
dm tð Þ ð1:11Þ

From Equation (1.8), we have

opu tð Þ¼om tð Þ
omsyn

¼
2
Por tð Þ
2
Posyn

¼or tð Þ
osyn

ð1:12Þ

Therefore, Equation (1.9) can be written in electrical terms rather than mechanical:

2H

osyn

opu tð Þd
2d tð Þ
dt2

¼Pmpu tð Þ�Pepu tð Þ¼Papu tð Þ ð1:13Þ

Equation (1.13) represents the equation of motion of synchronous machine. It is

commonly referred to as the “swing equation” because it represents swing in rotor

angle d during disturbances and it is the fundamental equation in determining

rotor dynamics in transient stability studies.

The swing equation is nonlinear because Pepu(t) is a nonlinear function of rotor

angle d and because of the opu(t) term. The rotor speed, however, does not vary a

great deal from the synchronous speed during transients, and a value of opu(t)�
1.0 is often used in hand calculations. DefiningM¼ 2H

osyn

, the equation in the preced-

ing text becomes

M
d2d tð Þ
dt2

¼ Tm�Te ð1:14Þ

It is often desirable to include a component of damping torque, not accounted for in

the calculation of Te, separately. This is accomplished by introducing a term propor-

tional to speed deviation in the preceding equation. The equation of motion consid-

ering damping torque has been shown later in Equation (1.22).
1.3 NATURE OF OSCILLATIONS
Oscillations in the power system have the following properties:

1. Oscillations are due to natural modes of the system and therefore cannot be

completely eliminated.
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2. With increase in complexity of the power system, the frequency and damping of

oscillations may increase and new ones may be added.

3. Automatic voltage regulator (AVR) control is the primary source of introducing

negative damping torque in the power system. With increase in the number of

controls, negative damping may further increase.

4. Inter-area oscillations are associated with weak transmission lines and larger line

loadings.

5. Inter-area oscillations may involve with more than one utility or area. These

oscillations are also called tie-line oscillations.

Damping of the system is to be enhanced to control these oscillations.
1.4 MODES OF OSCILLATIONS AND ITS STUDY PROCEDURE
The disturbance is considered to be small, and therefore, the equations that describe

the resulting response of the system can be linearized. The electromechanical oscil-

lations are of two types [3]:

(i) Local mode oscillations, which are associated with the swing of units at a

generating station with respect to the rest of the power systems. Typical

range of frequency of oscillations is 1-3 Hz. The term local is used because the

oscillations are localized at one station or a small part of the power system.

(ii) Inter-area mode oscillations, which are associated with the swing of many

machines in one part of the system against the machines in other parts or areas.

Typical range of frequency of these types of oscillations is less than 1 Hz. They

are caused by two or more groups of closely coupled machines being

interconnected by weak ties.

There are two methods of analysis that are available in literature to study the afore-

mentioned electromechanical oscillations:

(a) A linearized single-machine infinite-bus system case that investigates only local

oscillations.

(b) Amultimachine linearized analysis that computes the eigenvalues and also finds

those machines that contribute to a particular eigenvalue; both local and inter-

area modes can be studied in such framework.

The modes of oscillation referred to earlier are electromechanical in nature. There

are another two types of oscillation modes that are also analyzed for a synchronous

machine – (i) control mode or exciter mode and (ii) torsional oscillation mode.
Control modes are associated with generator or the exciter units and other control

equipments. Poorly tuned exciters, speed governors, HVDC converters, and static

Var compensators are the usual causes of instability of these modes. The frequency

of the control mode is close to 3 Hz.

Torsional oscillation modes are associated with the turbine-generator shaft rota-

tional system. Instability of these types of modes is generally caused by interaction

among control equipments and interaction between exciter control, speed governors,
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HVDC controls, and series-compensated line, etc. The frequency of this mode of

oscillation is usually in the range of 10-50 Hz.

Voltage stability or dynamic voltage stability is analyzed by monitoring the eigen-

values of the linearized power system with progressive loading. Instability occurs

when a pair of complex conjugate eigenvalue crosses the right half of s-plane. This is
referred to as dynamic voltage instability. Mathematically, this phenomenon is called

Hopf bifurcation. As real power is related to rotor angle instability, similarly reactive

power is central to voltage instability analyses. Deficit or excess reactive power leads

to voltage instability either locally or globally, and any increase in loading may lead to

voltage collapse. The analysis of voltage stability normally requires simulation of the

power system modeled by nonlinear differential algebraic equations.

Since small-signal stability is based on a linearized model of the system around

its equilibrium operating points, formulation of the problem is very important. The

formulation of the state equations for small-signal stability analysis involves the

development of linearized equations about an operating point and elimination of

all variables other than the state variables. The small-signal models of different

power system components are described in Chapter 3, and they are used in successive

chapters for small-signal stability analysis.
1.5 SYNCHRONIZING TORQUE AND DAMPING TORQUE
The nature of the system response to small disturbances depends on a number of fac-

tors such as the initial conditions, the transmission system strength, and the type of

generator excitation control and largely on the value of electrical torque. In electrical

power systems, the change in electrical torque of a synchronous machine following a

perturbation due to disturbance can be resolved into two components [4]:

DTe ¼ TsDdþTDDo ð1:15Þ
Here, TsDd and TDDo are, respectively, the component of electrical torque change in

phase with the rotor angle deviation (Dd) and speed deviation (Do). TsDd and TDDo
are referred to as the synchronizing torque component and damping torque compo-

nent; Ts and TD are, respectively, denoted as the synchronizing torque coefficient and

damping torque coefficient.

System stability depends on the existence of both components of torque for the

synchronous machines. A lack of sufficient synchronizing torque results in instabil-

ity through an aperodic drift in rotor angle. On the other hand, lack of sufficient

damping torque results in oscillatory instability.
For a generator connected radially to a large power system and continuously act-

ing as AVR, the instability happens because of insufficient damping torque, whereas

in the absence of AVR, the instability is due to lack of sufficient synchronizing tor-

que. Figure 1.3a shows the synchronous machine stable operation in the presence or

in the absence of AVR. Instability is normally through oscillations of increasing

amplitude. Figure 1.3b and c illustrates the nature of small-signal instability response

of generators acting with and without an AVR, respectively.
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FIGURE 1.3

(a) Stable operation with or without AVR: positive synchronizing torque (Ts) and positive

damping torque (TD). (b) Oscillatory instability with AVR: positive synchronizing torque (Ts)

and negative damping torque (TD). (c) Aperiodic drift without AVR: negative synchronizing

torque (Ts) and positive torque (TD).
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1.6 SMALL-SIGNAL OSCILLATIONS IN A SYNCHRONOUS
GENERATOR CONNECTED TO AN INFINITE BUS
A synchronous generator connected to an infinite-bus bar of voltage Vb∠0� through
a reactance Xe is given in Figure 1.4. Here, armature and line resistances are

neglected for the purpose of analysis. The generator is represented by the classical

model, in which the voltage E0 behind the transient reactance Xd
0 remains constant at



E�∠0 � Vb∠−d �

jX�d jX �e
I

FIGURE 1.4

Single-machine infinite-bus system.
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the predisturbance value. Let E0 lead the bus voltage by angle ∠d�, which keeps

changing as the machine undergoes small oscillations following the disturbance.

If we take E0 as the reference phasor, then [5]

I¼E0∠0� �Vb∠�d�

j X0
dþXe

� � ¼E0∠0� �Vb∠�d�

jXT

ð1:16Þ

where XT¼Xd
0 þXe. The complex power behind Xd

0 is given by

S¼E0I� ¼E0Vb sind
XT

þ j
E0 E0 �Vb cosdð Þ

XT

ð1:17Þ

Since all resistances are neglected, the air gap power is equal to the terminal power

and, in per unit, equal to the air gap torque. We have

Te ¼P¼E0Vb sind
XT

ð1:18Þ

For small increments, linearizing equation (1.18) around the operating condition

represented by d¼do results in

DTe ¼DP¼E0Vb cosdo
XT

Dd ð1:19Þ

Writing osys¼oo, the rotor equation of motion (1.14) is given by

2H

oo

d2d
dt2

¼ Tm�Te ð1:20Þ

Equation (1.20) is linearized to represent small-signal oscillations and is given by

2H

oo

d2Dd
dt2

¼DTm�DTe ð1:21Þ

If we add now damping torque (DTD¼DDo) and assume that governor action Tm
(mechanical torque) remains constant and DTm¼0, Equation (1.21) becomes

2H

oo

d2Dd
dt2

¼�E0Vb cosdo
XT

Dd�DDo ð1:22Þ
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If d is the angular position of the rotor in electrical radians with respect to a synchro-
nously rotating reference and do is its value at t¼0,

d¼ort�osyntþdo ð1:23Þ
Taking the time derivative, we have

dd
dt

¼or�osyn ð1:24Þ

Linearizing equation (1.24), we have

dDd
dt

¼Dor ð1:25Þ

Again, Do¼ Dor

oo

¼ 1

oo

dDd
dt
.

Substituting in Equation (1.22) gives

2H

oo

d2Dd
dt2

þ D

oo

dDd
dt

þE0Vb cosdo
XT

Dd¼ 0 ð1:26Þ

The term
E0Vb cosdo

XT

is the synchronizing torque coefficient Ts. If the steady-state air

gap power Po prior to the disturbance is

Po ¼E0Vb sindo
XT

and Ts ¼E0Vb cosdo
XT

then it follows that
Po

Ts
¼ tando or

Ts ¼Pcotdo ð1:27Þ
Equation (1.27) provides an approximate value of the synchronizing torque coeffi-

cient in per unit. If the steady-state power (Po) of a synchronous generator connected

to an infinite-bus bar is 0.8 pu and E0∠0� leads the bus voltage by do∠30�, then the
per-unit value of synchronizing torque coefficient is Ts¼1.3856pu.

If we replace the
d

dt
operator by s in Equation (1.26), then for undamped (D¼0)

equation of motion is

2H

oo

s2DdþTsDd¼ 0

or

2H

oo

s2DdþTsDd¼ 0 ð1:28Þ

s¼�j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ts

2H=oo

s
¼�j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ooE0Vb cosdo

2HXT

s
rad=s ð1:29Þ
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For a case when Po¼0.8, do¼30�, Ts¼1.3856pu, and H¼6 s, the frequency of

oscillations of a 50 Hz system is

s¼�j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:3856�314

2�6

r
; on ¼ 2pfo ¼ 6:02rad=s

Again from Equation (1.25), we have

d2Dd
dt2

þ D

2H

dDd
dt

þooTs
2H

Dd¼ 0 ð1:30Þ

Therefore, the characteristic equation is given by

s2þ D

2H
sþooTs

2H
¼ 0 ð1:31Þ

that can be written in general form

s2þ2xonsþo2
n ¼ 0 ð1:32Þ

Therefore, the undamped natural frequency is given by on ¼
ffiffiffiffiffiffiffiffi
ooTs
2H

r
rad=s and the

damping ratio (x) is given by

x¼ 1

2

D

2Hon

� �
¼ 1

2

Dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2HooTs

p
� �

It is very clear that DTe will not yield any imaginary term since all resistances and

control actions have been neglected and damping will not be represented by this sim-

plified synchronous machine model. In fact, it was suspected that the damping of

oscillations in synchronous machine originates in winding resistances due to copper

loss by oscillating current and in the damping controllers (such as power system

stabilizers) that introduce phase shift. The introduction of damper windings was

based on this perception, and the damper bars were made of brass in order to offer

relatively large resistance to cause large dissipations of power.
1.7 AN ILLUSTRATION
A generator supplies power in steady state to an infinite-bus 50 Hz system shown in

Figure 1.5. Assuming there are some contingencies and transmission line #2 gets

outage, find out the following: (i) undamped natural frequency of oscillations, (ii)

damping ratios, and (iii) damped frequency of oscillations for three different damp-

ing coefficients 0, 5, and �5. The pu values of the system parameters on a

1500 MVA, 25 kV base, are given as follows [6]:

P¼ 1pu; Q¼ 0:3pu; V¼ 1∠17�, Vb ¼ 0:99∠0�; jXL1 j ¼ jXL2 j ¼ 0:5; jXtrj
¼ 0:2; jX0

dj ¼ 0:25; H¼ 3MWs=MVA

All voltage magnitudes and reactances are expressed in pu.
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FIGURE 1.5

Schematic diagram of a generator connected to infinite-bus system.
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Solution
The generator bus voltage is taken as reference phasor. Generator output current (Ig)
is obtained as

Ig ¼ Pþ jQð Þ�
V∗

¼ 1� j0:3

1:0
¼ 1� j0:3ð Þpu

¼ 1:044∠�16:7�pu

Voltage behind transient reactance (X0
d) is obtained as

E0 ¼ Vþ jX0
dIg ¼ 1þ j0ð Þþ j0:25 1� j0:3ð Þ

¼ 1:075þ j0:25ð Þpu¼ 1:104∠13:09�pu

Hence, the angle by which E0 leads Vb is (17
�þ13.09�)¼30.09�(do).

The total reactance of the system is given by |X |¼ |XL |þ |Xtr |þ |Xd
0 |, taking one

line in the system. Therefore, |X|¼0.5þ0.2þ0.25¼0.95pu.

∴ The synchronizing torque coefficient (Ts) is given by

Ts ¼E0Vb cosdo
XT

¼ 1:104�0:99� cos30:09

0:95
¼ 0:995pu
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(i) Undamped natural frequency of oscillation is obtained as

on ¼
ffiffiffiffiffiffiffiffiffiffi
ooTs
2H

s
rad=s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:995�2p�50

2�3

s
¼ 7:22 rad=s

fn ¼ 1:15Hz

∴ The undamped natural frequency on (¼7.22 rad/s) is independent of

damping coefficient and hence will remain the same for all the three given

damping coefficients in the question.

1 D

0
@

1
A
(ii) x¼

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2HooTs

p

For D¼ 0; x¼ 0

For D¼ 5; x¼ 1

2

5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�3�2p�50�0:995

p
0
@

1
A¼ 0:058

For D¼�5; x¼ 1

2

5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�3�2p�50�0:995

p
0
@

1
A¼�0:058

(iii) The damped frequency (od) can be obtained from the following formula:

od ¼on

ffiffiffiffiffiffiffiffiffiffiffiffi
1�x2

p
For D¼ 0, od ¼on

ffiffiffiffiffiffiffiffiffiffiffiffi
1�x2

p
¼ 7:22

ffiffiffiffiffiffiffiffiffiffi
1�0

p ¼ 7:22 rad=s¼ 1:15Hz

D¼ 5, od ¼ 7:22

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 0:058ð Þ2

q
¼ 7:208 rad=s¼ 1:148Hz

D¼�5, od ¼ 7:22

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �0:058ð Þ2

q
rad=s¼ 1:148Hz

Thus, the magnitude of damped frequency (od) is the same for positive and neg-

ative values of damping coefficient.
EXERCISES
1.1 What is small-signal stability problem? Explain different categories of

small-signal stability problem. Explain the effect of synchronizing torque

and the damping torque on dynamic stability of a synchronous machine with

and without AVR.
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1.2 For a three-phase synchronous generator and prime mover unit, derive the

analytic expression of swing equation

2H

osyn

opu tð Þd
2d tð Þ
dt2

¼Pmpu tð Þ�Pepu tð Þ¼Papu tð Þ

where H is the normalized inertia constant (s), osyn is the synchronous elec-

trical angular velocity of the rotor (rad/s), opu is the per-unit rotor angular

velocity, Pmpu is the mechanical power supplied by the prime mover minus

mechanical losses (pu), Pepu is the electrical power output of generator plus

electrical losses (pu), and Papu is the accelerating power (pu).

1.3 Write down different properties of small-signal oscillations. What do you

mean by “local oscillations” and “inter-area oscillations” of synchronous

machine? What are the different procedures of analysis of these oscillations?

1.4 A two-pole, 50 Hz, 11 kV turbo-alternator has a rating 100 MW, power factor

0.85 lagging. The rotor has a moment of inertia of a 10,000 kg m2. Calculate

H and M.

1.5 Find the expression for undamped natural frequency of power system

oscillation and the damping ratio for a synchronous generator connected to

an infinite-bus system.
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CHAPTER
Fundamental Models of
Synchronous Machine
 2

2.1 INTRODUCTION
Synchronous machine is the heart of the power system network. Its models have dif-

ferent variations in the literature. These variations are mainly in sign conventions and

in the representation of damping windings. Among these versions, the model based

on Park’s reference frame is most popular. The Park’s transformation is originated

from Blondel’s two-reaction theorem [1]. The main problem in synchronous

machine modeling is the analysis of transient voltage and current as inductances

of the coils are functions of rotor positions.

In an alternator (Figure 2.1), the transient voltage and current relationship of the

stator coils ‘a’, ‘b’, and ‘c’ and the field coil “f” can be represented by the following

equations:

Va ¼Raiaþ d

dt
Laiað Þþ d

dt
Mabibð Þþ d

dt
Macicð Þþ d

dt
Mbf ifð Þ ð2:1Þ

Vb ¼Rbibþ d

dt
Lbibð Þþ d

dt
Mbaiað Þþ d

dt
Mbcicð Þþ d

dt
Mbf ifð Þ ð2:2Þ

Vc ¼Rcicþ d

dt
Lcicð Þþ d

dt
Mcaiað Þþ d

dt
Mcbibð Þþ d

dt
Mcf ifð Þ ð2:3Þ

Vf ¼Rf if þ d

dt
Lf ifð Þþ d

dt
Mfaiað Þþ d

dt
Mfbibð Þþ d

dt
Mfcicð Þ ð2:4Þ

Here, L stands for self-inductance of a coil and M stands for the mutual inductance.

Mab is the mutual inductance between the a-phase and the b-phase windings in the

stator.Mca is the mutual inductance between the c-phase and the a-phase windings in

the stator, and similarly, other symbols have usual significances.

Equations (2.1)–(2.4) are extremely difficult to solve since the stator and the rotor

coils are in relative motion. These equations are derived on the basis of measuring the

voltages and currents in each coil at its respective terminals. In other words, the

“observer” is stationary with respect to the coil. The observer shifts from the station-

ary stator coils to the rotating field coil “f” in order to measure the applied and

induced voltages in the same coil. Instead of fixing the observer’s reference to each
Power System Small Signal Stability Analysis and Control. https://doi.org/10.1016/B978-0-12-817768-6.00002-0
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c

f

q

FIGURE 2.1

Schematic of a three-phase synchronous machine.

16 CHAPTER 2 Fundamental Models of Synchronous Machine
of the coils in the machines and then computing the voltages, inductances, and cur-

rents, the net combined effects of these coils in terms of the mmf and the fluxes that

they produced may be viewed. An advantage of this is that the three-phase currents

circulating through the three-phase winding of the armature produce a sinusoidal

mmf wave form of constant amplitude that rotates at synchronous speed. The field

winding carrying a direct current and rotating at synchronous speed also gives rise to

a sinusoidal mmf wave. The two mmf waves rotating synchronously are obviously

stationary with respect to each other.

For a cylindrical rotor machine, the fluxes produced by these mmf’s are almost

similar in shape. In the case of salient pole machines, however, the flux waves get

distorted, especially along the interpolar gaps, as shown in Figure 2.2. The air gap in
Armature
mmf 

d-axis
mmf

q-axis
mmf

d-axis q-axis

jd

jq

FIGURE 2.2

Air gap flux wave forms.
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Phasor diagram of a synchronous generator.
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this space is larger and the reluctance offered to magnetic fluxes along this path is

also larger. Self-inductance, which is (number of turns)2/reluctance, is, therefore,

less when the flux wave along the interpolar axis, that is, the quadrature axis or

q-axis, was considered. The vector diagram for a salient pole synchronous generator,

connected to the infinite bus, based on well-known “Blondel’s two-reaction theory,”
is given in Figure 2.3, which represents the steady-state performance of synchronous

generator.

The steady-state equations that may be derived from the vector diagram are repre-

sented along two axes, the direct axis (d-axis) that coincides with the pole axis and

the quadrature axis (q-axis) that is the interpolar axis.

The steady-state voltage equations are

Vd ¼Vb sind¼�RsIdþXqIq ð2:5Þ

Vq ¼Vb cosd¼�RsIq�XdIdþEfd ð2:6Þ
where Efd is the steady-state-induced emf or open-circuit voltage, Vb is the generator

terminal voltage or the infinite bus voltage (line impedance¼0), d is the load volt-

age, Id and Iq are the steady-state current components along the d-axis and q-axis,
respectively, Vd and Vq are the steady-state applied voltage components along the

d-axis and q-axis, respectively, Xd is the synchronous reactance along the direct axis

(d-axis), Xq is the synchronous reactance along the quadrature axis (q-axis), and Rs is

the armature resistance.

All voltages, currents, and impedances are expressed in per unit (pu).
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2.2 SYNCHRONOUS MACHINE DYNAMIC MODEL
IN THE a–b–c REFERENCE FRAME
The two-axis (d-axis and q-axis) model of the synchronous machine is widely used

in the literatures [2,4]. It has three-phase windings on the rotor, a field winding on

the direct axis of the rotor, and a damper winding in the quadrature axis of the rotor.

Consider a two-pole machine shown in Figure 2.4. It has been assumed that stator

has three coils in a balanced symmetrical configuration centered 120 electrical

degree apart. Rotor has four coils in a balanced symmetrical configuration located

in pairs 90 electrical degree apart. The relationship between the flux linkages

and the currents must reflect a conservative coupling field. It is a multiport device

with five ports on the electric side and one port on the mechanical side

(Figure 2.4c). The fundamental KVL equations for the electric side using the motor

convention and the Newton’s laws for mechanical equations at the shaft are

obtained as follows [2]:

• Electrical Equation

va ¼ iarsþdla
dt

ð2:7Þ

vb ¼ ibrsþdlb
dt

ð2:8Þ

vc ¼ icrsþdlc
dt

ð2:9Þ

vfd ¼ ifdrfdþdlfd
dt

ð2:10Þ

v1q ¼ i1qr1qþdl1q
dt

ð2:11Þ
where l is the flux linkage and r is the winding resistance. All other symbols have

their usual significances.

• Mechanical equations

dy¼o ð2:12Þ

dt

J
do
dt

¼ Tm�Te�TD ð2:13Þ
where J is the inertia constant, Tm is the mechanical power, Te is the torque of electric
origin, and TD is the damping or friction windage torque.
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Assuming machine flux linkages are linear function of currents, the relationships

between the flux linkages and the currents are given by

labc ¼ Lss yshaftð ÞiabcþLsr yshaftð Þirotor ð2:14Þ

lrotor ¼ Lrs yshaftð ÞiabcþLrr yshaftð Þirotor ð2:15Þ
or

la
lb
lc
lfd
l1q

2
6666664

3
7777775
¼ Lss yð Þ Lsr yð Þ

LTsr yð Þ Lrr yð Þ
� �

ia

ib

ic

ifd

i1q

2
6666664

3
7777775

ð2:16Þ

where Lss(y) is given by the following expressions:

LlsþLA�LB cos2y �1

2
LA�LB cos 2y�2p

3

� �
�1

2
LA�LB cos 2yþ2p

3

� �

�1

2
LA�LB cos 2y�2p

3

� �
LlsþLA�LB cos2yþ2p

3

� �
�1

2
LA�LB cos2y

�1

2
LA�LB cos 2yþ2p

3

� �
�1

2
LA�LB cos2y LlsþLA�LB cos2y�2p

3

� �

2
666666664

3
777777775

ð2:17Þ

Lsr yð Þ¼ LTsr ¼

Lsfd siny Lsq cosy

Lsfd sin y�2p
3

� �
Lsq cos y�2p

3

� �

Lsfd sin yþ2p
3

� �
Lsq cos yþ2p

3

� �

2
6666664

3
7777775

ð2:18Þ

Lrr yð Þ¼ Lfd 0

0 Lqq

� �
ð2:19Þ

Equations (2.7)–(2.13) are the differential equations together with the l� i constitu-
tive algebraic (2.16). A straightforward substitution of Equation (2.16) in Equa-

tions (2.7)–(2.11) would give rise to time-varying differential equations, since y is

a function of t. Such equations are not amenable to analysis. This difficulty is avoided

through a transformation called “Park’s transformation.”
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2.3 PARK’S TRANSFORMATION AND DYNAMIC MODEL
IN THE d–q–o REFERENCE FRAME
In Park’s transformation, the time-varying differential equations (2.7)–(2.13) are

converted into time-invariant differential equations. The transformation converts

the a–b–c variables to a new set of variables called the d–q–o variables, and the trans-
formation is given by

vd
vq
vo

2
4

3
5¼ P½ �

va
vb
vc

2
4

3
5 ð2:20Þ

ld
lq
lo

2
4

3
5¼ P½ �

la
lb
lc

2
4

3
5 ð2:21Þ

id
iq
io

2
4

3
5¼ P½ �

ia
ib
ic

2
4
3
5 ð2:22Þ

where

P≜
2

3

siny sin y�2p
3

� �
sin yþ2p

3

� �

cosy cos y�2p
3

� �
cos yþ2p

3

� �
1

2

1

2

1

2

2
66666664

3
77777775

ð2:23Þ

and

P�1 ¼

siny sin y�2p
3

� �
sin yþ2p

3

� �

cosy cos y�2p
3

� �
cos yþ2p

3

� �
1

2

1

2

1

2

2
66666664

3
77777775

ð2:24Þ

Though this transformation is not a power-invariant transformation, it is widely used

in the industry. The stator equations (2.7)–(2.9) can be rewritten as

va

vb

vc

2
64

3
75¼

rs 0 0

0 rs 0

0 0 rs

2
64

3
75

ia

ib

ic

2
64
3
75þ d

dt

la 0 0

0 lb 0

0 0 lc

2
64

3
75 ð2:25Þ
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Multiplying both sides of (2.25) by P, we get

P
va
vb
vc

2
4

3
5¼P

rs 0 0

0 rs 0

0 0 rs

2
4

3
5P�1P

ia
ib
ic

2
4
3
5þP

d

dt
P�1P
� � la

lb
lc

2
4

3
5 ð2:26Þ

Thus, using the transformation in Equation (2.22), Equation (2.26) becomes

vd
vq
vo

2
4

3
5¼

rs 0 0

0 rs 0

0 0 rs

2
4

3
5 id

iq
io

2
4
3
5þP

d

dt
P�1

ld
lq
lo

2
4

3
5

2
4

3
5 ð2:27Þ

¼
rs 0 0

0 rs 0

0 0 rs

2
64

3
75

id

iq

io

2
64
3
75þ

0 �o 0

o 0 0

0 0 0

2
64

3
75

ld
lq
lo

2
64

3
75þ

dld
dt
dlq
dt
dlo
dt

2
6666664

3
7777775

ð2:28Þ

It is to be noted that the second term in Equation (2.28) is a speed-dependent term.

The rotor equations (2.10) and (2.11) are

vfd

v1q

� �
¼ rfd 0

0 r1q

� �
ifd

i1q

� �
þ

dlfd
dt
dl1q
dt

2
664

3
775 ð2:29Þ

The mechanical equation is given by

J
d2d
dt2

¼ Tm�Te�TD ð2:30Þ
where Tm is the mechanical torque, Te ¼�3

2
ldiq�lqid
� �

is the electrical torque, and

TD is the damping or torque. Defining the rotor angle of the machine from the syn-

chronous frame of reference as d¼y�ost, the mechanical equations in the state

space form with d and o¼ dd
dt as state variables are

dd
dt

¼o�os ð2:31Þ

J
do
dt

¼ Tm�Te�TD ð2:32Þ
With this, the complete set of state space equations for the machine in the d–q–o
coordinates combining (2.28), (2.29), (2.31), and (2.32) is

dld
dt

¼�rsidþolqþ vd ð2:33Þ

dlq
dt

¼�rsiq�oldþ vq ð2:34Þ
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dlo
dt

¼�rsioþ vo ð2:35Þ

dlfd
dt

¼�rfdifdþ vfd ð2:36Þ

dl1q
dt

¼�r1qi1qþ v1q ð2:37Þ

dd
dt

¼o�os ð2:38Þ

J
do
dt

¼ Tmþ3

2
ldiq�lqid
� ��TD ð2:39Þ

The fictitious positions of the two coils d and q after the transformation are shown in

Figure 2.5. Applying Park’s transformation to the a–b–c variables, the flux linkages
in d–q–o variables are derived as follows:

Consider Equation (2.16)

la
lb
lc
lfd
l1q

2
66664

3
77775¼ Lss yð Þ Lsr yð Þ

LTsr yð Þ Lrr yð Þ
� � ia

ib
ic
ifd
i1q

2
66664

3
77775 ð2:40Þ
D

d

q

Q

v1q

vq

vd

vfd

ifd

i1q

iq

id

+

+

+

+

–

–

–

–

FIGURE 2.5

The stator and rotor coils after Park’s transformation.
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The transformation is only for the a–b–c variables, and, hence, it is written as

ld
lq
lo
lfd
l1q

2
66664

3
77775¼ P 0

0 I

� � la
lb
lc
lfd
l1q

2
66664

3
77775 ð2:41Þ

where I is the 2�2 matrix. Therefore, Equation (2.40) becomes

ld
lq
lo
lfd
l1q

2
66664

3
77775¼

P 0

0 I

� �
Lss yð Þ Lsr yð Þ
LTsr yð Þ Lrr yð Þ
� �

P�1 0

0 I

� �
P 0

0 I

� � ia
ib
ic
ifd
i1q

2
66664

3
77775

¼ P 0

0 I

� �
Lss yð Þ Lsr yð Þ
LTsr yð Þ Lrr yð Þ
� �

P�1 0

0 I

� � id
iq
io
ifd
i1q

2
66664

3
77775

¼ Ldqo Ldqo�r

Lr�dqo Lrr

� � id
iq
io
ifd
i1q

2
66664

3
77775 ð2:42Þ

In Equation (2.31), the various submatrices are given by

Ldqo ¼
LlsþLmd 0 0

0 LlsþLmq 0

0 0 Lls

2
4

3
5, Ldqo�r ¼

Lsfd 0 0

0 Lsq 0

0 0 0

2
4

3
5,

Lr�dqo ¼

3

2
Lsfd 0 0

0
3

2
Lsq 0

0 0 0

2
6664

3
7775, Lrr ¼ Lfd 0

0 Lqq

� �
,

where Lmd ¼ 3

2
LAþLBð Þ and Lmq ¼ 3

2
LA�LBð Þ.

2.4 PER UNIT (PU) REPRESENTATION AND SCALING [2]
It is customary to scale the synchronous machine equations using the traditional con-

cept of pu. This scaling process is presented here as a change of variables and a

change of parameters and also converts model to “generator” notation. To conform

to the usual generator convention, we reverse the signs of ia, ib, and ic as �ia, �ib,
and �ic, which makes the d–q–o currents as �id, �iq, and �io, in Equation (2.22).

The new per unitized variables are as follows:
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(i) cd, cq, and co replacing ld, lq, and lo
(ii) Vd, Vq, and Vo replacing vd, vq, and vo
(iii) �Id, �Iq, and �Io replacing �id, �iq, and �io
(iv) Vfd, V1q, Ifd, I1q, cfd, c1q, Rs, Rfd, and R1q replacing vfd, v1q, ifd, i1q, lfd, l1q, rs,

rfd, and r1q, respectively
(v) The inertia constant H¼ 1

2

Jo2
s

Base volt-amps

With this change of new variables, Equations (2.33)–(2.39) become as follows:

• Electrical Equation

1

os

dcd

dt
¼RsIdþ o

os

cqþVd ð2:43Þ

1

os

dcq

dt
¼RsIq� o

os

cdþVq ð2:44Þ

1

os

dco

dt
¼RsIoþVo ð2:45Þ

1

os

dcfd

dt
¼�RfdIfdþVfd ð2:46Þ

1

os

dc1q

dt
¼�RqI1qþV1q ð2:47Þ

• Rotor mechanical equations

dd
dt

¼o�os ð2:48Þ
2H

os

do
dt

¼ Tm� cdIq�cqId
� ��TD ð2:49Þ

The flux, current, and voltage variables as well as Tm and TD are all in pu. d is in

radians and o is in radians/s. M¼ 2H
os

is also used commonly in the literature. The

unit of H is s, while M has the units of (s)2. The pu speed can also be expressed

as n¼ o
os
. Therefore, Equations (2.48) and (2.49) become

dd
dt

¼os n�1ð Þ

2H
dn
dt

¼ TM� cdIq�cqId
� ��TD ð2:50Þ
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The flux–current relations (2.42) become, after per unitization and scaling,

cd

cd

co

cfd

c1q

2
66664

3
77775¼

Xd 0 0 Xmd 0

0 Xq 0 0 Xmq

0 0 Xls 0 0

Xmd 0 0 Xfd 0

0 Xmq 0 0 X1q

2
66664

3
77775

�Id
�Iq
�Io
Ifd
I1q

2
66664

3
77775 ð2:51Þ

where the reactances are defined as Xd¼XlsþXmd and Xq¼XlsþXmq. It is conve-

nient to define leakage reactance on the rotor windings as Xlfd¼Xfd�Xmd and

Xl1q¼X1q�Xmq.
2.5 PHYSICAL SIGNIFICANCE OF PU SYSTEM
Equation (2.51) can be interpreted as follows. The zero sequence quantities are

completely decoupled and, therefore, can be ignored. The direct and quadrature axis

flux–current relationships given the by first two equations in (2.51) can be repre-

sented by the circuit diagram as shown in Figure 2.6.

• Direct axis (d-axis) transient reactance (X0
d)
+ +

− −

YfdYd

Xls

Xmd

(a)

Xlfd

Id

Ifd

+ +

− −

YlqYq

Xls

Xmq

(b)

Xllq

Iq

Ilq

FIGURE 2.6

Equivalent circuit of flux–current relationships. (a) Direct axis flux-current relationship,

(b) Quadrature axis flux-current relationship.
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This reactance is seen from the direct axis terminals with field winding short-

circuited in Figure 2.6:

X0
d ¼Xlsþ XmdXlfd

XmdþXlfd

¼XlsþXmdXlfd

Xfd

¼XdþXmdXlfd

Xfd

�Xmd

¼XdþXmdXlfd

Xfd

�Xmd XmdþXlfdð Þ
Xfd

ð2:52Þ

X0
d ¼Xd�X2

md

Xfd

ð2:53Þ

• Quadrature axis (q-axis) transient reactance (X0
d)

This is the transient reactance seen from the quadrate (q) axis terminals with

damper windings short-circuited in Figure 2.6. Similarly,

X0
q ¼Xq�

X2
mq

X1q
ð2:54Þ

• Time constants

The following time constants are defined for the field and damper windings,

respectively:

T0
do ¼

Xfd

osRfd

, T0
qo ¼

X1q

osR1q
ð2:55Þ

We define new variables as

T0
do ¼

Xmd

Xfd

cfd, Efd ¼Xmd

Rfd

Vfd,

E0
q ¼

Xmd

Xfd

cfd, E0
d ¼�Xmq

X1q
c1q

ð2:56Þ

where E0
q is proportional to the rotor field flux in the direct axis, whereas E0

d is pro-

portional to the damper winding flux in the quadrature axis. With these definitions,

we first transform the flux–current relationships (2.51) and then the rotor equa-

tions (2.48) and (2.49) as follows:
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2.6 STATOR FLUX–CURRENT RELATIONSHIPS
From Equations (2.51) and (2.53), we obtain

cd ¼�XdIdþXmdIfd

¼� X0
dþ

X2
md

Xfd

� �
IdþXmdIfd

¼�X0
dIdþ

Xmd

Xfd

�XmdIdþXfdIfdð Þ ð2:57Þ

cd ¼�X0
dIdþ

Xmd

Xfd

cfd ð2:58Þ
Using Equation (2.56), we get

cd ¼�X0
dIdþE0

q ð2:59Þ
Similarly, from Equations (2.51) and (2.54), we have

cq ¼�XqIqþXmqI1q

¼� X0
qþ

X2
mq

X1q

 !
IqþXmqI1q

¼�X0
qIqþ

Xmq

X1q
�XmqIqþX1qI1q
� �

¼�X0
qIqþ

Xmq

X1q
c1q ð2:60Þ

Using Equation (2.56), we get

cq ¼�X0
qIq�E0

d ð2:61Þ
2.7 ROTOR DYNAMIC EQUATIONS
Considering Equations (2.46) and (2.47),

1

os

dcfd

dt
¼�RfdIfdþVfd ð2:62Þ

1

os

dc1q

dt
¼�R1qI1qþV1q ð2:63Þ

Multiplying Equation (2.62) by
Xmd

Rfd

and using Equations (2.55) and (2.56),
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Xfd

osRfd

Xmd

Xfd

dcfd

dt
¼�Rfd

Xmd

Rfd

IfdþXmd

Rfd

Vfd

T0
do

dE0
q

dt
¼�XmdIfdþEfd ð2:64Þ

Now, from Equations (2.51), (2.53), and (2.56), we get

�XmdIfd ¼�Xmd cfdþXmdIdð Þ=Xfd

¼�E0
q�

X2
md

Xfd

Id ¼�E0
qþ X0

d�Xd

� �
Id

¼�E0
q� Xd�X0

d

� �
Id ð2:65Þ

After substitution of Equation (2.65) in Equation (2.64), we get

T0
do

dE0
q

dt
¼�E0

q� Xd�X0
d

� �
IdþEfd ð2:66Þ

Since the rotor q-axis winding is short-circuited, V1q¼0. Therefore, Equa-

tion (2.63) becomes

1

os

dc1q

dt
¼�R1qI1q ð2:67Þ

Equation (2.67) is written by multiplying it by
�Xmq

R1q
as

X1q

osR1q

�Xmq

X1q

� �
dc1q

dt
¼XmqI1q ð2:68Þ

Since
X1q

osR1q
¼ T0

qo, from Equation (2.55) and using the definition of E0
d in Equa-

tion (2.56), we get

T0
q

dE0
d

dt
¼XmqI1q

From Equation (2.51), I1q is expressed in terms of c1q and Iq. Then, using the def-

inition of Ed
0 in Equation (2.56) and Xq

0 in Equation (2.53), we get

T0
q

dE0
d

dt
¼Xmq c1qþXmqIq

� �
X1q

¼�E0
dþ

X2
mq

X1q
Iq

¼�E0
dþ Xq�X0

q

� 	
Iq ð2:69Þ

This completes the conversion of the differential equation for cfd and c1q in terms of

the new variables.
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2.8 REDUCED ORDER MODEL
The reduced order model of synchronous machine can be obtained neglecting stator

transients. Now, writing Equations (2.43), (2.44), (2.66), (2.69), (2.48), and (2.49)

collectively, we have

1

os

dcd

dt
¼RsIdþ o

os

cqþVd ð2:70Þ

1

os

dcq

dt
¼RsIq� o

os

cdþVq ð2:71Þ

T0
do

dE0
q

dt
¼�E0

q� Xd�X0
d

� �
IdþEfd ð2:72Þ

T0
qo

dE0
d

dt
¼�E0

dþ Xq�X0
q

� 	
Iq ð2:73Þ

dd
dt

¼o�os ð2:74Þ

2H

os

do
dt

¼ Tm� cdIq�cqId
� ��TD ð2:75Þ

In order to make dynamic analysis of a multimachine system, the following assump-

tions are made:

(i) The stator transients are neglected. It means the equivalent “transformer”

voltages
1

os

dcd

dt
and

1

os

dcq

dt
in Equations (2.70) and (2.71) are neglected. This

assumption is based on singular perturbation technique.

(ii) Speed deviations are small compared toos, that is,o�os.This results in the pu

electromagnetic torque being equal to the pu active power Pm.

(iii) The damping torque is assumed to be equal to D(o�os). With

these assumptions, Equations (2.70)–(2.75) mentioned earlier are rewritten as

0¼RsIdþcqþVd ð2:76Þ

0¼RsIq�cdþVq ð2:77Þ

T0
do

dE0
q

dt
¼�E0

q� Xd�X0
d

� �
IdþEfd ð2:78Þ
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T 0
qo

dE0
d ¼�E0

dþ Xq�X0
q

� 	
Iq ð2:79Þ
dt

dd
dt

¼o�os ð2:80Þ

2H

os

do
dt

¼ Tm� cdIq�cqId
� ��TD

¼Pm�Pei�TD

ð2:81Þ

Equations (2.76) and (2.77) are referred to as the stator algebraic equations.
Using Equation (2.59) for cd and Equation (2.61) for cq, we can express Equa-

tions (2.76) and (2.77) in terms of voltages and currents only as follows:

0¼RsId�X0
qIq�E0

dþVd

0¼RsIqþX0
d�E0

qþVq

that is,

Vd ¼�RsIdþX0
qIqþE0

d ð2:82Þ

Vq ¼�RsIq�X0
dIdþE0

q ð2:83Þ

Equations (2.76) and (2.77) are the most popular version of stator algebraic

equations.

Considering Equation (2.81), substituting cd and cq from Equations (2.76) and

(2.77), and neglecting stator resistance Rs, the electric power is given by

Pei ¼cdIq�cqId ¼VqIqþVdId

¼ �X0
dIdIqþE0

qIq

� 	
þ X0

qIdIqþE0
dId

� 	
¼ E0

dIdþE0
qIq

� 	
� X0

d�X0
q

� 	
IdIq

ð2:84Þ

Therefore, Equation (2.81) becomes

2H

os

do
dt

¼Pm� E0
dIdþE0

qIq

� 	
� X0

d�X0
q

� 	
IdIq

h i
�TD ð2:85Þ
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2.9 EQUIVALENT CIRCUIT OF THE STATOR ALGEBRAIC
EQUATIONS
In a transmission network when different synchronous machines are interconnected

together, all variables are expressed in a common reference frame, which is

called synchronously rotating reference frame. This rotating reference frame is also

known as D, Q, and O. Thus, for each machine, the transformation in the new

variables is

VD

VQ

VO

2
64

3
75¼Ps

Va

Vb

Vc

2
64

3
75¼PsP

�1

Vd

Vq

Vo

2
64

3
75 ð2:86Þ

where

Ps ¼ 2

3

cosost cos ost�2p
3

� �
cos ostþ2p

3

� �

�sinost �sin ost�2p
3

� �
�sin ostþ2p

3

� �
1

2

1

2

1

2

2
66666664

3
77777775

ð2:87Þ

It can be proved that

PsP
�1 ¼ 2

3

sind cosd 0

�cosd sind 0

0 0 1

2
64

3
75 ð2:88Þ

and

PP�1
s ¼

sind �cosd 0

cosd sind 0

0 0 1

2
64

3
75 ð2:89Þ

This transformation gives

VDþ jVQ

� �¼ Vdþ jVq

� �
e j d�p=2ð Þ ð2:90Þ

The same transformation applies to the current variables, so that

IDþ jIQ
� �¼ Idþ jIq

� �
e j d�p=2ð Þ ð2:91Þ

The stator algebraic equations (2.82) and (2.83) can be combined into a single equa-

tion and also can be expressed in a single common reference frame. The synchronous

frame of reference is denoted by theD-andQ-axes, which are orthogonal as shown in
Figure 2.7. The d- and q-axes of the machine are also represented in Figure 2.7. The

angle between D- and q-axes is denoted by d and the angle between D and d-axes is
denoted by p

2
�d

� �
. This is consistent with Equations (2.90) and (2.91).
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qI

FIGURE 2.7

Relationship between synchronous frame of reference and synchronous machine.
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The currents in these two reference frames are related by

ID ¼ Id sindþ Iq cosd ð2:92Þ

IQ ¼�Id sindþ Iq cosd ð2:93Þ
Writing Equations (2.92) and (2.93) in matrix form,

ID

IQ

" #
¼ sind cosd

�cosd sind

" #
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

T dð Þ

Id

Iq

" #
ð2:94Þ

T(d) is the rotation matrix, which is nonsingular and orthogonal. It is trivial to

verify that

Id
Iq

� �
¼ T�1 dð Þ� � ID

IQ

� �
ð2:95Þ

Id

Iq

" #
¼ sind �cosd

cosd sind

" #
ID

IQ

" #
ð2:96Þ

The voltage variables can also be expressed by the same relationship. The stator alge-

braic equations (2.82) and (2.83) are converted as follows:

VD

VQ

" #
¼

�Rs X0
q

�X0
d �Rs

" #
Id

Iq

" #
þ

E0
d

E0
q

" #
ð2:97Þ

VD

VQ

" #
¼ T½ �

Vd

Vq

" #
ð2:98Þ
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(Id  + jIq)e
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π

Vt e j q=

+

RsjX�d

(X�q − X�d)Iq + (E�d + jE�q)]e[

E

)
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π

j(d− 2
π

)

)

FIGURE 2.8

Synchronous machine stator equivalent circuit.
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VD

VQ

" #
¼ T½ �

�Rs X0
q

�X0
d �Rs

" #
T½ ��1

Id

Iq

" #
þ T½ �

E0
d

E0
q

" #
ð2:99Þ

Equation (2.99) can be expressed as

VDþ jVQ

� �þ Rsþ jX0
d

� �
IDþ jIQ
� �¼ E0

dþ jE0
q

� 	
þ X0

q�X0
d

� 	
Iq

h i
ej d�p=2ð Þ

ð2:100Þ
Denoting VDþ jVQ ¼Ve jyV and IDþ jIQ ¼ Ie jyI , the relationships between the cur-

rents and the voltages in the two reference frames given by Equations (2.94) and

(2.96), it can be verified that

Ve jyV ¼ Vdþ jVq

� �
e j d�p=2ð Þ ð2:101Þ

and

Ie jyI ¼ Idþ jIq
� �

e j d�p=2ð Þ

Vdþ jVq

� �¼Ve j yV�dþp=2ð Þ

¼V sin d�yVð Þþ jV cos d�yVð Þ ð2:102Þ

and

Idþ jIq ¼ I sin d�yIð Þþ jIcos d�yIð Þ ð2:103Þ
Thus, the synchronous machine equivalent circuit satisfying Equation (2.100) is pre-

sented in Figure 2.8.
2.10 SYNCHRONOUS MACHINE EXCITER
2.10.1 IEEE Type I exciter
The exciter provides the mechanism for controlling the synchronous machine termi-

nal voltage magnitude. The basic elements that form different excitation systems are

dc exciters (self-excited or separately excited), ac exciters, rectifiers (controlled or
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noncontrolled), magnetic or rotating or electronic amplifiers, excitation system sta-

bilization feedback circuits, and signal sensing or processing circuits. We describe

here models [3] for individual elements and finally present complete models for

IEEE Type I excitation system. Figure 2.9 shows the basic excitation system with

its stabilizing circuit. The models for individual components are described as

follows:
• Self-excited dc circuit
The scaled model of a self-excited dc generator main exciter is

TE
dEfd

dt
¼� KEþSE Efdð Þð ÞEfdþVR ð2:104Þ

where KE ¼ rf
Kg

is the self-excited constant. rf is the field resistance. Kg is the self-

excited constant. TE ¼ Lf
Rg

is the exciter time constant. Lf is the unsaturated field

inductance. SE(Efd) is the saturation function, dependent on Efd, and can be expressed

conveniently as SE Efdð Þ¼Aexe
BexEfd . The typical values of the constants Aex and Bex

are 0.09826 and 0.5527, respectively. VR is the scaled output of the amplifier (pilot

exciter), which is applied to the field of the main exciter. Figure 2.10 shows the block

diagram representation of the main exciter using Equation (2.104).
• Amplifiers
In order to automatically control the terminal voltage of the synchronous

machine, a transducer voltage must be compared to a reference voltage and ampli-

fied to produce the exciter input signal VR. The amplifier may be characterized by a
Armature

Amplifier

Exciter

Stabilizing
transformer

Field

VR

V1

i1

i2 ≈ 0
V2

Vin = Verr−V2

Efd

Verr

+

+

−

+

−

−

FIGURE 2.9

Excitation system.
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FIGURE 2.10

Main exciter model.
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gain and with a time constant and can be modeled by the following first-order

equation:

TA
dVR

dt
¼�VRþKAVin ð2:105Þ

Vmin
R �VR �Vmax

R

where Vin is the amplifier input, TA is the amplifier time constant, and KA is the

amplifier gain.

The equation mentioned earlier can be represented by the following block dia-

gram as shown in Figure 2.11.

• Stabilizer circuit
In standard excitation systems, to achieve the desirable dynamic performance and to

shape the regulator response, a stabilizing circuit is used. This may be accomplished

by a series transformer whose input is connected to the output of the exciter and

whose output voltage is subtracted from the amplifier input (Figure 2.9). As the sec-

ondary circuit of the transformer is connected to a high-impedance circuit, neglecting

i2, we have

V1 ¼ R1þ sL1ð Þi1 ð2:106Þ
VR
max

KA
VRVin

VR
min

1+sTA

FIGURE 2.11

Amplifier model.
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Stabilizer model.
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V2 ¼ sMi1 ð2:107Þ

Thus,

V1

V2

¼ sM

R1þ sL1
ð2:108Þ

Here, V1¼Efd and V2¼RF are the scaled outputs of the transformer (stabilizer feed-

back variables). Therefore, Equation (2.108) can further be expressed as

RF

Efd

¼ sKF

1þ sTF
ð2:109Þ

where KF ¼M

R1

and TF ¼ L

R1

; R, L, and M denote resistance, leakage inductance, and

mutual inductance of the transformer, respectively. The block diagram representa-

tion of the stabilizer model is shown in Figure 2.12.

Combining models for individual components, the complete block diagram of the

IEEE Type I exciter can be obtained as shown in Figure 2.13 [4].

Writing Equations (2.104), (2.105), and (2.109) together and replacing the

expression for Vin, the complete dynamic equations for the IEEE Type I exciter are

TE
dEfd

dt
¼� KEþSE Efdð Þð ÞEfdþVR ð2:110Þ
V

+ + KA

+

(1 + sTF)

(KE + sTE)(1 + sTA)

sKF

SE (Efd)

VR

RF

1

_ 

_ Efd

_ 

Vref Vin

FIGURE 2.13

IEEE Type I exciter model.



38 CHAPTER 2 Fundamental Models of Synchronous Machine
TA
dVR

dt
¼�VRþKARF�KAKF

TF
EfdþKA Vref �VþVsð Þ ð2:111Þ

TF
dRF

dt
¼�RFþKF

TF
Efd ð2:112Þ

where Vs is the supplementary signal derived from the power system stabilizers

(PSSs) or flexible alternating current transmission system (FACTS) controllers. Lin-

earizing equations (2.110)–(2.112), excluding supplementary signal (Vs), the state

space representation of the exciter model for an m-machine system (i¼1, 2,

3, . . .,m) can be obtained as

D _Efdi

D _VRi

D _RFi

2
664

3
775¼

fsi Efdið Þ 1

TEi

0

�KAi
KFi

TAi
TFi

� 1

TAi

KAi

TAi

KFi

T2
Fi

0 � 1

TFi

2
666666664

3
777777775

DEfdi

DVRi

DRFi

2
64

3
75

þ
0

�KAi

TAi

0

2
6664

3
7775DVi ð2:113Þ

DEfdi ¼ 1 0 0½ �
DEfdi

DVRi

DRFi

2
4

3
5 ð2:114Þ

where

fsi Efdið Þ¼�KEi
þEfdi@SE Efdið ÞþSE Efdið Þ

TEi

with SEi
Efdið Þ¼ 0:039exp 1:55Efdið Þ.

The multimachine model with IEEE Type I exciter can be obtained including

Equations (2.113) and (2.114) with synchronous machine differential algebraic

equations given by Equations (2.78)–(2.81).
2.10.2 Static exciter
The block diagram representation of the static exciter is shown in Figure 2.14. The

differential equation for the static exciter is given by



KA

1 + sTA

Vref

Vt

ΔEfd+ 

–

Vs

FIGURE 2.14

Static exciter or high-gain exciter.
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TA
dEfd

dt
¼�EfdþKA Vref �VþVsð Þ ð2:115Þ

The supplementary signal Vs corresponding to the additional signal derived from the

PSSs or FACTS controllers, which is introduced to damp rotor oscillations of the

synchronous machine.
EXERCISES

2.1 Derive the synchronous machine dynamic model in the a–b–c reference frame.

Using Park’s transformation, convert this model in the d–q–o reference frame.

2.2 Construct the block diagram model of an IEEE Type I excitation system with

inputs Vref and Vt and output Efd. Obtain the linearized state space model of the

IEEE Type I excitation system.

2.3 For aWSCC type 3machine, 9-bus system exciter parameters of the generators

are given in Appendix A. Derive the transfer function of each exciter with Vt as

input and Efd as output.

2.4 Using the exciter model (2.110)–(2.112) with KE¼1.0, SE¼0, and TE¼0.5 s,

compute the response of Efd for a constant input of VR¼1.0. Use an initial

value of Efd¼0. All are in pu.

2.5 Express with per unitization and scaling the electric equations and rotor

mechanical equations of the synchronous machine. What is the physical

interpretation of per unitization?

2.6 Obtain the equivalent circuit representation of the stator algebraic equations of

a synchronous machine in the synchronously rotating reference frame

represented by D, Q, and O.
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CHAPTER
3
Models of Power Network
and Relevant Power
Equipments
3.1 INTRODUCTION
The stability of power systems is governed by its configuration and the characteris-

tics of the different power system components having significant contribution in the

power network. The synchronous machine, exciter, power system stabilizer (PSS),

transmission lines, and the power electronic-based devices—flexible alternating cur-

rent transmission system (FACTS)—are major power system components that play a

large role in the generation, transmission, and distribution of power. These devices,

under certain operating conditions, maintain synchronism with the rest of the inter-

connected power networks. Therefore, the examination of their characteristics and

the accurate modeling of their dynamic performance are of fundamental importance

to study power system stability. In this chapter, small-signal simulation models of the

earlier mentioned devices have been described. These models are used in the succes-

sive chapters to study the dynamic behavior and investigate small-signal stability of

power systems.
3.2 SIMPLE MODEL OF A SYNCHRONOUS GENERATOR
A synchronous generator can be modeled for the purpose of both steady state and

dynamic state of operation. In steady state, at its basic form, a synchronous generator

can be modeled as a voltage source delivering the required quantity of electrical

power to the system. Since the excitation system of an alternator controls the mag-

nitude of the terminal voltage, hence, it is customary to specify the magnitude of the

terminal voltage and amount of real power required to be supplied to the system (i.e.,

V and P are specified) in the load flow studies. Since an alternator also supplies the

reactive power to the system, hence, the reactive power limit also needs to be spec-

ified. A generator is required to supply power into a power network, and hence, pos-

itive P and Q quantities conventionally represent lagging current supplied to the

system.

In transient stability studies, the synchronous machine can be represented by a

constant E0∠d � behind the d-axis transient reactance (xd
0 ). The machine is assumed

to operate under balanced three-phase positive sequence condition and E0 is held
constant. E0 is the excitation voltage of the alternator and V is the terminal voltage.
Power System Small Signal Stability Analysis and Control. https://doi.org/10.1016/B978-0-12-817768-6.00003-2
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FIGURE 3.1

Classical representation of synchronous generator.

42 CHAPTER 3 Models of Power Network and Relevant Power Equipments
In phasor equation, we then have V¼E0 � j(xd
0 I), where I is the current delivered by

the machine during the transient condition (Figure 3.1):

V¼ jVj∠0�; E0 ¼ jE0j∠d�; I¼ Ij j∠�’ assuming lagging loadsð Þ
Also, the total power is

Sg ¼VI� ¼Pgþ jQg ð3:1Þ
3.3 STEADY-STATE MODELING OF SYNCHRONOUS MACHINE
(ANALYTICAL ASPECTS) [1]
A synchronous machine has two essential elements: the field and the armature. Nor-

mally, the field is on the rotor and the armature is on the stator. The field windings

induce alternating voltages in the three-phase armature windings of the stator. The

frequency of the stator electrical quantities is thus synchronized with the rotor

mechanical speed, hence the designation “synchronous machine.”

The synchronous machine under consideration is assumed to have three stator

windings, one field winding, and two amortisseur or damper windings. These six

windings are magnetically coupled. The magnetic coupling between the windings

is a function of the rotor position.

In developing equations of a synchronous machine, the following assumptions

are made:

(i) Three stator coils are in a balanced symmetrical configuration cantered 120

electrical degrees apart.

(ii) Rotor has four coils in a balanced symmetrical configuration located in pairs 90

electrical degrees apart.

(iii) The relationship between the flux linkages and the currents must be

independent of yshaft when expressed in the dqo coordinate system.

(iv) Magnetic hysteresis and saturation effects are negligible.

Following these assumptions, the performance of the synchronous machine under

balanced steady-state conditions may be analyzed by applying the per unit equations

resulting from the dynamic model.
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It is clear that under steady state, all time derivative terms drop out from the

dynamic machine equations, and we must have constant speed o and constant rotor

angle d, thus requiring o¼os, and, therefore,

Vd ¼�RsId�cq ð3:2Þ

Vq ¼�RsIqþcd ð3:3Þ

Assuming a balanced three-phase operation and damper winding currents are zero,

the other algebraic equations can be solved in steady-state operation, which are as

follows:

0¼�E0
q� Xd�X0

d

� �
IdþEfd ð3:4Þ

0¼�c1dþE0
q� X0

d�Xls

� �
Id ð3:5Þ

0¼�E0
d� Xq�X0

q

� �
Iq ð3:6Þ

0¼�c2q�E0
d� X0

q�Xls

� �
Iq ð3:7Þ

0¼ TM� cdIq�cqId
� ��TFW ð3:8Þ

cd ¼E0
q�X0

dId ð3:9Þ

cq ¼�E0
d�X0

qIq ð3:10Þ

Except for Equations (3.9) and (3.10), these are all linear equations that can easily be

solved for various steady-state representations. Substitution of Equations (3.9) and

(3.10) in Equations (3.2) and (3.3) gives

Vd ¼�RsIdþE0
dþX0

qIq ð3:11Þ

Vq ¼�RsIqþE0
q�X0

dId ð3:12Þ

These two real algebraic equations can be written as one complex equation of the form

Vdþ jVq

� �
e j d�p=2ð Þ ¼� Rsþ jXq

� �
Idþ jIq
� �

e j d�p=2ð Þ þE ð3:13Þ

Therefore, the relation between load voltage and internal voltage is

V¼� Rsþ jXq

� �
I∗þE ð3:14Þ
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The steady-state model of the synchronous machine mentioned earlier can be repre-

sented by the following circuit diagram (Figure 3.2).

Again, E¼ E0
d� Xq�X0

q

� �
Iqþ j E0

qþ Xq�X0
d

� �
Id

� �� i
ej d�p=2ð Þ

h
¼ j Xq�X0

d

� �
IdþE0

q

h i
e d�p=2ð Þ ð3:15Þ

The internal voltage E can be further simplified, using Equation (3.4), as

E¼ j Xq�Xd

� �
IdþEfd

� �
ej d�p=2ð Þ

E¼ Xq�Xd

� �
IdþEfd

� �
ejd ð3:16Þ

Here, d¼angle on E. Also, the relation between the field current (Ifd) and the mag-

netizing reactance (Xmd) is

Ifd ¼ Efd

Xmd

ð3:17Þ
The electrical torque is

TElec ¼cdIq�cqId ¼VdIdþVqIqþRs I2d þ I2q

� �
ð3:18Þ

The torque is precisely the “real power” delivered by the controlled source of

Figure 3.2. Therefore,

POut ¼Real VI∗
� �¼Real Vdþ jVq

� �
e�j d�p=2ð Þ Id� jIq

� �
ej d�p=2ð Þ

� �
¼Real Vdþ jVq

� �
Id� jIq
� �� �

¼cdIq�cqId ð3:19Þ
Also,

QOut ¼ Imag VI∗
� �¼ Imag Vdþ jVq

� �
e�j d�p=2ð Þ Id� jIq

� �
ej d�p=2ð Þ

� �
¼ Imag Vdþ jVq

� �
Id� jIq
� �� �

¼cdIqþcqId ð3:20Þ
 + 

-E

RsjX�d (Id  +  jIq)e
j(d-p )

2

+

-

(Vd  +  jVq)e
j(d-p )

2 = Vt e
jq

[(Xq - X�d )Iq  +  jE�q]e
j(di -

p )
2

FIGURE 3.2

Synchronous machine steady-state circuit.
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3.4 GOVERNOR MODEL [2]
If the load increases, the speed of the synchronous generator reduces slightly. The

governor of any thermal unit reacts to this speed variation and permits the entry

of some more steam from the boiler to the turbine that, in turn, increases the speed.

The increased steam flow reduces the boiler pressure, which reinstates the increase of

an adequate fuel, air, and water flow to release the steam pressure. Fortunately, the

large thermal inertia of most boiler systems enables the load frequency performance

of the turbine, generator, and load to be decoupled from that of the boiler, so that, for

short duration of load change, the boiler pressure may be regarded as constant. The

generator mainly determines the short-term response of the system to the load

fluctuations.

Many forms of the governor system have been devised, all of which include, in

some way or the other, the variation of the turbine-generator shaft speed as the basis

on which the change of the position of the turbine working fluid control valve actu-

ates. Typical speed droop characteristics for most governors range between 5% and

10%. The latest trend in the turbine governor design is to provide an electronic con-

troller. A block diagram representation of the speed governor system is shown in

Figure 3.3.

The speed-governing system of hydroturbine is more complicated. An additional

feedback loop provides temporary droop compensation to prevent instability. This is
necessitated by the large inertia of the penstock gate, which regulates the rate of

water input to the turbine.

Here, Dxe ¼ KSG

1þ sTSG
DPC� 1

R
Do

� 	
ð3:21Þ

Equation (3.21) plays an important role in modeling the governor operation. Let

us consider a simple example. Assuming an increment DPC¼1.0 at t¼0, for a
R
1

Δw (s) ≡ ΔF(s) (change in frequency) 

KSG

1 + sTSG
Δxe

(Opening of steam
valve)

PC(s)

(Command change in
power)

+ 

−

R = Speed regulation of the governor 
KSG = Gain of the speed governor 
TSG = Time constant of the speed governor 

FIGURE 3.3

Block diagram representation of the speed governor system.
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Speed governor response curve.
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speed-governing system under test (i.e., operating on open loop resulting Do¼0),

the increment in steam valve opening Dxe is obtained from Equation (3.21) as

Dxe ¼ KSG

s 1þ sTSGð Þ , using Laplace transformation of DPC

¼
KSG

TSG

s sþ 1
TSG

� � ð3:22Þ

Mathematical manipulation yields

Dxe ¼KSG

s
� KSG

sþ 1
TSG

ð3:23Þ

which on inverse Laplace transform yields

Dxe tð Þ¼KSG 1� e�t=TSG
� �

for t� 0 ð3:24Þ
The response curve has been plotted in Figure 3.4. Thus, the governor action has been

modeled utilizing the concept of transfer functions.
3.5 TURBINE MODEL [2]
Turbine dynamics are of prime importance as they also affect the overall response of

the generating plant to load changes. The actual dynamics of course greatly depends

on the type of turbine used. A nonreheat type of steam turbine has been shown in

Figure 3.5.
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FIGURE 3.5

Block diagram of nonreheat-type turbine.
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After passing the control valve, the high-pressure steam enters the turbine via the

steam chest that introduces the delay TT (in the order of 0.2–0.5 s) in the steam flow

resulting in the transfer function:

GT ¼DPt sð Þ
Dxe sð Þ ¼

1

1þ sTT
ð3:25Þ

The turbine governor block diagram has been shown in Figure 3.6.

Assuming the command increment to be DPC, at steady state,

DPt ¼KSGKTDPC ð3:26Þ
It insists to choose a scale factor so that DPt¼DPC. This is equivalent to picking

KSGKT¼1. This gives the model as shown in Figure 3.7.
R

1

Δw (s)

KSG

1 + sTSG

ΔxeΔPC (s) +

−

KT

1 + sTT

ΔPt (s)

Speed governing
system

Turbine

FIGURE 3.6

Turbine governor block diagram.
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FIGURE 3.7

Block diagram for turbine governor modeling.
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3.6 POWER NETWORK MODEL
The power networks interconnect the synchronous machine with transmission

and distribution nodes along with rest of the power system components. The equiv-

alent circuit of the power system networks together with stator networks of the

synchronous machines and the real and reactive power loads is presented in

Figure 3.8. The network equations for an n-bus system can be written in complex

form [1].

The network equations for the generator buses are given by

Vie
jyi Idi � Iqi
� �

e�j di�p=2ð Þ þPLi Við Þ þ jQLi
Við Þ¼

Xn
k¼1

ViVkYike
j yi�yk�aikð Þ ð3:27Þ

for i¼1, 2, 3, . . ., m (number of generator buses).

The network equation for the load buses is

PLi Við Þ þ jQLi
Við Þ¼

Xn
k¼1

ViVkYike
j yi�yk�aikð Þ ð3:28Þ

for i¼mþ1, mþ2, mþ3, . . ., n (number of load buses).

Here, Vie
jyi Idi � Iqi
� �

e�j di�p=2ð Þ ¼PGi
þ jQGi

is the complex power “injected” into

bus i due to the generator, and Yike
jaik is the ik th entry of the network bus admittance

matrix. This matrix is formed using admittance of all of the branches of the form

Yik ¼Gikþ jBik.

The network equations for the generator buses (3.27) are separated into real and

imaginary parts and are represented in power balance form as

IdiVi sin di�yið Þþ IqiVi cos di�yið ÞþPLi
Við Þ

�
Xn
k¼1

ViVkYik cos yi�yk�aikð Þ¼ 0 ð3:29Þ
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FIGURE 3.8

Synchronous machine dynamic circuit with power networks.
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IdiVi cos di�yið Þ� IqiVi sin di�yið ÞþQLi
Við Þ

�
Xn
k¼1

ViVkYik sin yi�yk�aikð Þ¼ 0
ð3:30Þ

where i¼1, 2, 3, . . ., m for generator buses.

Similarly, the power balance forms of the network equations for the load buses

are

PLi
Við Þ�

Xn
k¼1

ViVkYik cos yi�yk�aikð Þ¼ 0 ð3:31Þ

QLi
Við Þ�

Xn
k¼1

ViVkYik sin yi�yk�aikð Þ¼ 0 ð3:32Þ

where i¼mþ1, mþ2, mþ3, . . ., n for load buses.

These nonlinear network equations are linearized to include with the multima-

chine dynamic model for small-signal stability analysis.
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Linearization of the network equations (3.29) and (3.30) pertaining to generator
buses (PV buses) gives

0¼ IdiVi cos di�yið Þ�IqiVi sin di�yið Þ� �
DdiþVi sin di�yið ÞDIdiþVi cos di�yið ÞDIqi

þ Idi sin di�yið Þþ Iqi cos di�yið Þ�
Xn
k¼1

VkYik cos yi�yk�aikð Þ
" #

þ@PLi
Við Þ

@Vi

 !
DVi

þ �IdiVi cos di�yið Þþ IqiVi sin di�yið Þþ Vi

Xn
k¼1
6¼i

VkYik sin yi�yk�aikð Þ

2
64

3
75

0
B@

1
CADyi

�Vi

Xn
k¼1

Yik cos yi�yk�aikð Þ½ �DVk�Vi

Xn
k¼1
6¼i

VkYik sin yi�yk�aikð Þ½ �Dyk

ð3:33Þ

0¼ �IdiVi sin di�yið Þ�IqiVi cos di�yið Þ� �
DdiþVi cos di�yið ÞDIdi�Vi sin di�yið ÞDIqi

þ Idi cos di�yið Þ� Iqi sin di�yið Þ�
Xn
k¼1

VkYik sin yi�yk�aikð Þ
" #

þ@QLi
Við Þ

@Vi

 !
DV

þ IdiVi sin di�yið Þþ IqiVi cos di�yið Þ� Vi

Xn
k¼1
6¼i

VkYik cos yi�yk�aikð Þ

2
64

3
75

0
B@

1
CADyi

�Vi

Xn
k¼1

Yik sin yi�yk�aikð Þ½ �DVkþVi

Xn
k¼1
6¼i

VkYik cos yi�yk�aikð Þ½ �Dyk

ð3:34Þ
for i¼1, 2, 3, . . ., m (for the generator buses).

Linearization of the network equations (3.31) and (3.32) pertaining to load buses
(PQ buses) results in

0¼ @PLi
Við Þ

@Vi
DVi�

Xn
k¼1

VkYik cos yi�yk�aikð Þ
" #

DVi

þ
Xn
k¼1
6¼i

ViVkYik sin yi�yk�aikð Þ

2
64

3
75Dyi�Vi

Xn
k¼1

Yik cos yi�yk�aikð Þ½ �DVk

�Vi

Xn
k¼1
6¼i

VkYik sin yi�yk�aikð Þ½ �Dyk ð3:35Þ
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0¼ @QLi
Við Þ

@Vi
DVi�

Xn
k¼1

VkYik sin yi�yk�aikð Þ
" #

DVi

�
Xn
k¼1
6¼i

ViVkYik cos yi�yk�aikð Þ

2
64

3
75Dyi

�Vi

Xn
k¼1

Yik sin yi�yk�aikð Þ½ �DVkþVi

Xn
k¼1
6¼i

VkYik cos yi�yk�aikð Þ½ �Dyk ð3:36Þ

for i¼mþ1, mþ2, . . ., n (for the load buses).

These linearized network equations (3.33)–(3.36) are to be included with the syn-

chronous machine differential algebraic equations (DAEs) to obtain the multima-

chine small-signal simulation model considering all network bus dynamics.
3.7 MODELING OF LOAD
A load model expresses the characteristics of the load at any instant of time as alge-

braic function of the bus voltage magnitude or the frequency at that instant. The

active power component PL and the reactive power component QL are considered

separately. Appropriate voltage-dependent load can be incorporated into the network

equations (3.35) and (3.36) of the dynamic model of the multimachine system by

specifying the load functions. Traditionally, the voltage dependency of the load char-

acteristics at any bus ‘i’ has been represented by the exponential model [3]:

PLi
¼PLio

Vi

Vio

� 	npi

ð3:37Þ

QLi
¼QLio

Vi

Vio

� 	nqi

ð3:38Þ

where i¼mþ1, mþ2, . . ., n (number of PQ buses). Here, PLio
and QLio

are the

nominal power and reactive power, respectively, at bus i, with corresponding nom-

inal voltage magnitude Vio. PLi
and QLi

are active and reactive power components of

load when the bus voltage magnitude is Vi. npi and nqi are the load indices. There are
three types of static load models that can be configured based on the value of these

indices:

� Constant power type (np¼nq¼0)

� Constant current type (np¼nq¼1)

� Constant impedance type (np¼nq¼2)

Therefore, for constant power-type load, Equations (3.37) and (3.38) become

PLi
¼PLio

ð3:39Þ
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QLi
¼QLio

ð3:40Þ
For constant current-type load, we have

PLi
¼PLio

Vi

Vio

� 	
ð3:41Þ

QLi
¼QLio

Vi

Vio

� 	
ð3:42Þ

Again, for constant impedance-type characteristics, Equations (3.37) and (3.38) can

be written as

PLi
¼PLio

Vi

Vio

� 	2

ð3:43Þ

QLi
¼QLio

Vi

Vio

� 	2

ð3:44Þ

For composite load, values of npi and nqi depend on the aggregate characteristics of

load components, and the exponential load model becomes then a polynomial load

model. Therefore, the polynomial load model for real power is

PLi
¼PLio

þPLio

Vi

Vio

� 	
þPLio

Vi

Vio

� 	2

ð3:45Þ

and for reactive power is

QLi
¼QLio

þQLio

Vi

Vio

� 	
þQLio

Vi

Vio

� 	2

ð3:46Þ

for i¼mþ1, mþ2, . . ., n (number of PQ buses).

Linearizing Equations (3.45) and (3.46), for constant power-type load, we have

DPLi
¼ 0 ð3:47Þ

DQLi
¼ 0 ð3:48Þ

and for constant current-type characteristics,

DPLi
¼PLio

Vio
DVi ð3:49Þ

DQLi
¼QLio

Vio
DVi ð3:50Þ

and when load is considered constant impedance type,
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DPLi
¼ 2

PLio

Vioð Þ2ViDVi ð3:51Þ

DQLi
¼ 2

QLio

Vioð Þ2ViDVi ð3:52Þ

In order to study the effect of different types of load on small-signal stability, these

linearized load models given by Equations (3.47)–(3.52) are to be incorporated into

the linearized network equations of the dynamic model of the multimachine power

system.
3.8 POWER SYSTEM STABILIZER
The basic function of a PSS is to add damping to the generator rotor oscillations by

controlling its excitation using auxiliary stabilizing signal such as machine speed,

terminal frequency, or power. The stabilizing signals are processed through the

PSS and its control acts on the power system through the exciter, i.e., without exciter,

the PSSs have no effect of the power system. To improve the small-signal oscilla-

tions, the PSS must produce a component of electrical torque (damping torque) in

phase with the rotor speed deviations. In Figure 3.9, the PSS with speed input

(Dn) to the torque-angle loop has been shown through a block diagram.

The functional relationship between the generator speed and the torque (DTPSS) is
given by

DTPSS
Dn

¼GEP sð ÞGPSS sð Þ ð3:53Þ
2K

doTsK

K
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−
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Vref

VsΔ
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FIGURE 3.9

Power system stabilizer with speed as input.
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where Dn¼Do
os

is the normalized speed deviation signal. The transfer function

GEP(s) represents the characteristics of the generator GT(s), the excitation system

GA(s), and the power system. Therefore, the transfer function of the PSS, utilizing

shaft speed as input, is such that it must compensate for the phase lags introduced

by the GEP(s) between the exciter input and the electrical torque to produce a com-

ponent of torque in phase with speed changes so as to increase damping of the

rotor oscillations. An ideal stabilizer characteristic would therefore be inversely

proportional to GEP(s) [4,5], i.e.,

Ideal GPSS sð Þ¼ DPSS

GEP sð Þ ð3:54Þ

where DPSS represents the desired damping contribution of the stabilizer. Such a

stabilizer characteristic is impractical since perfect compensation for the lags of

GEP(s) requires pure differentiation with its associated high gain at high frequencies.
A practical speed stabilizer therefore must utilize lead-lag stages set to compensate

for the phase lags in GEP(s), over the frequency range of interest. The gain must be

attenuated at high frequencies to limit the impact of noise and minimize torsional

interaction with PSS, and consequently, low-pass and possibly band-reject filters

are required. A washout stage may be included to prevent steady-state voltage offset

as system frequency changes. Therefore, a practical PSS with two-stages of phase

compensation blocks is represented as

G sð Þ¼KPSS

1þ sT1ð Þ
1þ sT2ð Þ :

1þ sT3ð Þ
1þ sT4ð Þ

sTw

1þ sTw

ð3:55Þ

The time constants T1, T2 and T3, T4 should be set to provide damping over the range

of frequencies at which oscillations are likely to occur. Typical values of these

parameters are the following:

KPSS (gain of PSS): 0.1-50 s

T1 ¼ T3 (lead time constant): 0.2-1.5 s

T2 ¼ T4 (lag time constant): 0.02-0.15 s

Tw (washout time): �10 s

Figure 3.10 represents a practical single-stage PSS connected with exciter.

Neglecting washout stage block, the dynamic equation of the PSS can be obtained as

D _Vs ¼� 1

T2
DVsþKPSS

T2
DnþKPSST1

T2
D _n

� 	
ð3:56Þ

In case of multimachine application, Equation (3.56) can be written as

D _Vsi ¼� 1

T2
DVsi þ

KPSS

T2
DniþKPSST1

T2
D _ni ð3:57Þ

where i¼machine number where PSS is to be installed. As Dni ¼Doi

os
, Equa-

tion (3.57) becomes

D _Vsi ¼� 1

T2
DVsiþKPSS

T2

Doi

os

þKPSST1
T2

D _oi

os

ð3:58Þ
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A practical power system stabilizer.
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The expression of D _oi has been described later in Chapter 5, Section 5.2.2, and can

be substituted in Equation (3.58).
3.9 MODEL OF FACTS DEVICES
FACTS is an acronym for flexible alternating current transmission system. The phi-

losophy of FACTS is to use power electronic-controlled devices to control power

flows in a transmission network, thereby allowing transmission line plant to be

loaded to its full capability. Power electronic-controlled devices, such as static

VAR compensators, have been used in transmission networks for many years; how-

ever, the concept of FACTS as a total network control philosophy was introduced in

1988 by Dr. N. Hingorani from the Electric Power Research Institute in the United

States.

FACTS is defined by the IEEE as “A power electronic based system and other

static equipment that provide control of one or more ac transmission system

parameters to enhance controllability and increase power transfer capability.”

FACTS controllers are capable of controlling the network conditions in a very fast

manner, and this feature of FACTS can be exploited to solve many power system

problems, to improve power system stability, to enhance system controllability, to

increase power transfer capability, to mitigate subsynchronous resonance, etc. In this

section, model and principle of operation of the most prominent FACTS controllers

and their main steady-state characteristics relevant for power system stability anal-

ysis are briefly discussed.
3.9.1 Static Var compensator
Static Var compensator (SVC) is a type of FACTS device, used for shunt compen-

sation to maintain bus voltage magnitude. SVC regulates bus voltage to compensate

continuously the change of reactive power loading. The most popular configuration

of this type of shunt-connected device is a combination of fixed capacitor C and a
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thyristor-controlled reactor (TCR) as shown in Figure 3.11. The thyristor valves are

fired symmetrically in an angle a, ranging from 90� to 180�.
The variable SVC equivalent susceptance Bsvc at fundamental frequency can be

obtained as follows [6]:

Let the source voltage (bus voltage) be expressed as Vn(t)¼V sin ot, where V is

the peak value of the applied voltage and o is the angular frequency of the supply

voltage. The TCR current is then given by the following differential equation:

L
di

dt
�Vn tð Þ¼ 0 ð3:59Þ

where L is the inductance of the TCR. Integrating Equation (3.59), we get

i tð Þ¼ 1

L

ð
Vn tð ÞdtþCn ð3:60Þ

where Cn is the constant.

Alternatively,

i tð Þ¼� V

oL
cosotþCn ð3:61Þ

For the boundary condition i(ot¼a)¼0,

i tð Þ¼ V

oL
cosa� cosotð Þ ð3:62Þ

where a is the the firing angle measured from positive to zero crossing of the applied

voltage. To derive the fundamental component of the TCR current I(a), Fourier anal-
ysis is used, which in general is given as

I1 að Þ¼ a1 cosotþb1 sinot ð3:63Þ
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where b1¼0 because of the odd-wave symmetry, that is, f(t)¼ f(�t). Also, no even

harmonics are generated because of the half-wave symmetry, i.e., f(tþT/2)¼� f(t).
The coefficient a1 is given by

a1 ¼ 4

T

ðT=2
0

f tð Þcos 2pt=Tð Þdt ð3:64Þ
Solving for I(a),

I1 að Þ¼ V

oL
1�2a

p
� 1

p
sin 2a

� 	
ð3:65Þ

Expressing Equation (3.65) in terms of the conduction angle s, the fundamental

component of TCR current is given by

I1 að Þ¼V
s� sins
pXL

� 	
ð3:66Þ

where conduction angle s is related by the equation, aþs
2
¼ p, and XL is the reac-

tance of the inductor. Equation (3.66) can be written as

I1 að Þ¼VBTCR sð Þ ð3:67Þ
where BTCR(s) is the adjustable fundamental frequency susceptance controlled by

the conduction angle to the law

BTCR sð Þ¼ s� sins
pXL

ð3:68Þ

The maximum value of BTCR(s) is
1
XL

, obtained with s¼p or 180�, i.e., full conduc-

tion angle in the thyristor controller. The minimum value is zero, obtained with s¼0

(a¼180�).
From Equation (3.68), the TCR equivalent reactance XTCR can be written as

XTCR ¼ pXL

s� sins
ð3:69Þ

The total effective reactance of the SVC, including the TCR and capacitive reac-

tance, is determined by the parallel combination of both components:

XSVC ¼ XCXTCR

XCþXTCR

ð3:70Þ

Expressing capacitive reactance and inductive reactance in complex notation,

Equation (3.70) becomes

XSVC ¼
�jXC

pjXL

s� sins
�jXCþ pjXL

s� sins

ð3:71Þ
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XSVC ¼ pXCXL

�jXC s� sinsð Þþ jpXL

ð3:72Þ

XSVC ¼ XCXL

jXL� jXC
p s� sinsð Þ

ð3:73Þ

Writing conduction angle in more convenient formwith s¼2(p�a), the SVC equiv-

alent susceptance BSVC is given by

Bsvc ¼
�XL�XC

p
2 p�að Þþ sin 2að Þð Þ
XCXL

∵XSVC ¼� 1

jBsvc


 �
ð3:74Þ

while its profile, as a function of firing angle corresponding to a capacitive reactance

of XC¼1.1708pu and a variable inductive reactance of XL¼0.4925pu, is shown in

Figure 3.12. The linearized equivalent susceptance obtained from Equation (3.74) is

given by

DBsvc ¼ 2 cos 2að Þ�1ð Þ
XL

Da ð3:75Þ
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MATLAB Program 1

% SVC IMPEDANCE AND RESONANCE CONDITION %

%************************************************************%

% Input data firing angle

Input beta_in = [0 to 180] ;

beta=(beta_in*pi)/180 ; % In radian %

% XL inductive reactance; XC capacitive reactance%

XL=1.4925; XC=1.7708;

omega=2*pi*50;

BSVC=-(pi*XL-XC*(2*(pi-beta)+sin(2*beta)))/(pi*XC*XL);

for m=1:30

BSVC(m)=(pi*XL-XC*(2*(pi-beta(m))+sin(2*beta(m))))/

(pi*XC*XL);

end

plot(beta_in,BSVC)

% beta || BSVC

%----------------------------------------------------

for m = 1:30;

fprintf(’ %5g’, beta_in(m)); fprintf(’ %3.5f’, BSVC(m));

fprintf(’\n’)

end

� SVC controller

The block diagram of a basic SVC with an auxiliary controller is shown in

Figure 3.13. The voltage input, DVsvc, of the controller is measured from the SVC

bus. The firing angle of the thyristors that determines the value of susceptance is

included in the network. This firing angle is regulated by a proportional-integral

(PI) controller, which maintained the bus voltage at the reference (Vref) value.

The auxiliary controller with input signal, Dn (¼Do/os), explicitly increases the sys-

tem damping in addition to the SVC.
s

KI
KP +

1 + sTsvc

1

(1 + sT2)

Ksvc (1 + sT1)
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regulator

SVC internal
delay
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++
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−

FIGURE 3.13

SVC block diagram with auxiliary controller.



60 CHAPTER 3 Models of Power Network and Relevant Power Equipments
Setting KP to zero, the linearized state-space equations of the SVC controller can

be represented as

D _V0 ¼� 1

T2
DV0þKsvc

os

1

T2

� 	
DoþKsvc

os

T1
T2

� 	
D _o ð3:76Þ

D _a¼�KIDV0þKIDVsvc�KIDVref ð3:77Þ

D _Bsvc ¼� 1

Tsvc
Da� 1

Tsvc
DBsvc ð3:78Þ

where Tsvc is the internal time delay of the SVCmodule. Ksvc, T1, and T2 are the gain,
lead, and lag time constants of the auxiliary controller, respectively. DBsvc is the lin-

earized susceptance of the SVC.

The SVC linearized reactive power injection at the bus n can be derived from the

following equation:

DQn ¼ @Qn

@yn
Dynþ@Qn

@Vn
DVnþ@Qn

@a
Da ð3:79Þ

where Qn¼�BsvcVn
2

which gives

DQn ¼ 0 �2VnBsvc 2V2
n 1� cos2að Þ=XL

� � Dyn
DVn

Da

2
4

3
5

Therefore, SVC linearized power flow equation corresponding to the nth bus where

SVC has been installed is

DPn

DQn


 �
¼ 0 0 0

0 �2VnBsvc 2V2
n 1� cos2að Þ=XL


 � Dyn
DVn

Da

2
4

3
5 ð3:80Þ

Installation of an SVC controller in a multimachine power system results in the addi-

tion of state variables, Dxsvc ¼ DV0 Da DBsvc½ �T, in the machine differential alge-

braic equations and the addition of SVC linearized power flow equations (3.80) in the

nth bus network equations, respectively.
3.9.2 Static synchronous compensator
Static synchronous compensator (STATCOM) is a shunt-connected FACTS device.

It is like the static counterpart of the rotating synchronous condenser, but it generates/

absorbs reactive power at faster rate because no moving parts are involved. It is oper-

ated as a static Var compensator whose capacitive or inductive output currents are

controlled to control the bus voltage with which it is connected. In principle, it per-

forms the same voltage regulation as the SVC but in a more robust manner because

unlike the SVC, its operation is not impaired by the presence of low voltages. It goes
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on well with advanced energy storage facilities, which opens the door for a number of

new applications, such as energy deregulations and network security.

STATCOM operation is based on the principle of voltage source or current source

converter [7].TheschematicofaSTATCOMisshown inFigure3.14aandb.Whenused

with voltage source converter, its ac output voltage is controlled such that the required

reactive power flow can be controlled at the generator/load bus with which it is con-

nected.Due to the presenceofdcvoltage source in the capacitor, the voltage source con-

verter converts its voltage to ac voltage source and controls the bus voltage. The

exchange of reactive power between the converter and the ac system can be controlled

byvarying the amplitudeof the three-phaseoutput voltage,Vsc, of the converter, as illus-

trated in Figure 3.15. That is, if the amplitude of the output voltage is increased above

that of the utility bus (j) voltage, then a current flows through the reactance from the

converter to the ac system and the converter generates capacitive-reactive power for

the ac system. If the amplitude of the output voltage is decreased below the utility

bus voltage, then the current flows from the ac system to the converter and the converter

absorbs inductive-reactive power from the ac system. If the output voltage equals the ac
+-

Vsc ∠dsc

Isc

Xsc

j

Bus

FIGURE 3.15

Equivalent circuit of shunt-operated STATCOM.
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system voltage, the reactive power exchange becomes zero, in which case, the STAT-

COM is said to be in a floating state. Adjusting the phase shift between the converter-

output voltage and the ac system voltage can similarly control real power exchange

between the converter and the ac system. In other words, the converter can supply real

power to the ac systemfromits dc energy storage if the converter-output voltage ismade

to lead the ac system voltage. On the other hand, it can absorb real power from the ac

system for the dc system if its voltage lags behind the ac system voltage.

The reactive power of a STATCOM is produced by means of power electronic

equipment of the voltage source converter (VSC). The VSC may be a two-level or

three-level type, depending on the required output power and voltage. A number of

VSCs are combined in a multipulse connection to form the STATCOM. In the steady

state, the VSCs operate with fundamental frequency switching to minimize converter

losses. However, during transient conditions caused by line faults, a pulse width-

modulated mode is used to prevent the fault current from entering the VSCs. In this

way, the STATCOM is able to withstand transients on the ac side without blocking.

The STATCOM can also be designed to act as an active filter to reduce system har-

monics and frequently includes the facility of having active power control.

� Power flow model of STATCOM

Let Vj∠yj be the utility bus voltage at bus j, Vsc∠dsc be the inverted voltage (ac)
at the output of STATCOM, referred to as jth bus side, Xsc be the reactance of the line

between the jth bus and the STATCOM, and Qsc be the reactive power exchange for

the STATCOM with the bus.

Obviously,

Qsc ¼ jVjj2
Xsc

� VjjjVsc

�� ��
Xsc

cos yj�dsc
� �

¼ Vjj2�jVjjjVsc

�� ��
Xsc

, ifyj ¼ dsc for a loss less STATCOMð Þ ð3:81Þ

Thus, if |Vj|< |Vsc|, Qsc becomes negative and the STATCOM generates reactive

power. On the other hand, if |Vj|> |Vsc|, Qsc becomes positive and the STATCOM

absorbs reactive power.

Also, Vsc ¼ jVscj cosdscþ jsindscð Þ ð3:82Þ
The maximum and minimum limits of |Vsc| will be governed by the STATCOM

capacitor rating. dsc may have any value between 0� and 180�. Let us now draw

the equivalent circuit of STATCOM in Figure 3.15.

Here, Isc¼Ysc(Vsc�Vj)

where Ysc ¼ 1
Zsc

¼Gscþ jBsc.

∴ Ssc complex power flowð Þ¼VscI
�
sc ¼VscY

�
sc V�

sc�V�
j

� �
ð3:83Þ

However, Vsc¼ |Vsc|(cos dscþ j sin dsc) (Equation 3.82).
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Substitution of Vsc in the expression of Ssc leads to the following equations:

Psc ¼ jVscj2Gsc�jVscjjVjj Gsc cos dsc�yj
� �þBsc sin dsc�yj

� �� � ð3:84Þ

Qsc ¼�jVscj2Bsc�jVscjjVjj Gsc sin dsc�yj
� ��Bsc cos dsc�yj

� �� � ð3:85Þ
To simplify these equations, let us assume the STATCOM is lossless (thus, Gsc¼0)

and there is no capability of the STATCOM for active power flow (thus, Psc¼0).

Also, dscffiyj.

∴Qsc ¼�jVscj2BscþjVscjjVjjBsc ð3:86Þ
The power mismatch equation can be written now as

DPj

DQsc


 �
¼

@Pj

@dj

@Pj

@jVscj
@Qsc

@dj

@Qsc

@jVscj

2
664

3
775 Dyj

DjVscj

 �

ð3:87Þ

At the end of iteration p, the variable voltage |Vsc| can be corrected as

jVscj pþ1ð Þ ¼ jVscj pð Þ þDjVscj pð Þ ð3:88Þ

� STATCOM controller

The STATCOM controller model used as a voltage controller is shown in

Figure 3.16. Among the shunt controllers, the STATCOM performs better than

SVC because of its better characteristics in the low-voltage region. The main func-

tion of an STATCOM, as with the conventional SVC, is to regulate the transmission

line voltage at the point of connection. It has been observed for IEEE first bench

mark system that the STATCOM equipped with only a voltage controller is not

sufficient to damp all the oscillatory modes of the system. Thus, a need exists for

an additional control signal along with the STATCOM voltage controller. The prin-

cipal strategy in controlling small-signal oscillations using STATCOM damping

controller is to use simple auxiliary stabilizing signals. It is known that the generator
Kω
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FIGURE 3.16

STATCOM voltage controller for damping small-signal oscillations.
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speed contains components of all the oscillatory modes; consequently, if the gener-

ator speed is used to control an STATCOM, all the oscillatory modes including

swing modes and torsional modes will be affected. Therefore, the auxiliary signal

employed is the generator speed deviation. The control system can be designed to

maintain the magnitude of the bus voltage constant by controlling the magnitude

and/or phase shift of the VSC output voltage.

The block diagram given in Figure 3.16 can be represented by the following state

variable equations:

DXs1 ¼
Ko

1þ sT

� 	
Do ð3:89Þ

DXs3 ¼ KPþKI

s

� 	
DXs2 ð3:90Þ

DVsc ¼ 1þ sT1
1þ sT2

� 	
DXs3 ð3:91Þ

Equating Equations (3.89)–(3.91), the linearized state-space model of a STATCOM

controller is obtained as

D _Xs2 ¼� 1

Tm
DXs2 þ

Ko

Tm
Do� 1

Tm
DVmeas ð3:92Þ

D _Xs3 ¼ �KP

Tm
þKI

� 	
DXs2 þ

KPKo

Tm
Do�KP

Tm
DVmeas ð3:93Þ

D _Vsc ¼� 1

T2
DVscþ 1

T2
DXs3 þ

T1
T2

�KP

Tm
þKI

� 	
DXs2

þT1KPKo

T2Tm
Do�T1KP

T2Tm
DVmeas ð3:94Þ

The multimachine model with STATCOM controller can be formulated by adding

the state variables DXSTATCOM ¼ DXs2 DXs3 DVsc½ �T with the differential algebraic

equations and the STATCOM linearized power flow equation (3.87) with the

network equations of the multimachine system, respectively.

The STATCOM controller model used as a voltage controller (Figure 3.16) has

three gains: the proportional gain, KP; the integral gain, KI; and the speed deviation

feedback gain, Ko. The objective is to damp all the swing modes at all series-

compensation levels. Eigenvalue analysis is used to obtain the range of KP, KI,

and Ko for which the system is stable. It is found that the system is stable for typical
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values of STATCOM controller parameters as 6.0
KP
0.1, 132
KI
0, and

4
Ko
11. These ranges of KP, KI, and Ko, are used to select final gain parameters

of the STATCOM controller by carrying out a step-response test on the system and

ensuring the system settling time and a low generator speed overshoot.
3.9.3 Thyristor-controlled series compensator
The basic Thyristor-controlled series compensator (TCSC) configuration consists of

a fixed series capacitor bank C in parallel with a TCR as shown in Figure 3.17. This

simple model utilizes the concept of a variable series reactance. The series reactance

is adjusted through appropriate variation of the firing angle (a), to allow specified

amount of active power flow across the series-compensated line. The steady-state

relationship between the firing angle a and the TCSC reactance XTCSC at fundamen-

tal frequency can be derived as follows [8]:

The simplified TCSC equivalent circuit is shown in Figure 3.18. The transmis-

sion line current is assumed to be the independent input variable and is modeled as an

external current source, iline (t).
C

L

Rst

t

Xst

ΔPst
S

FIGURE 3.17

TCSC module.

L

C

iTCR

icap

iline = coswt

FIGURE 3.18

Equivalent circuit of a TCSC module.
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Asymmetrical thyristor current.
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It has been assumed that a loop current is trapped in the reactor-capacitor circuit

and that the power system can be represented by an ideal, sinusoidal current source.

Under these assumptions, the TCSC steady-state voltage and current equations that

can be obtained from the analysis of a parallel LC circuit with a variable inductance

are shown in Figure 3.18, and the asymmetrical current pulses through the TCSC

thyristors are shown schematically in Figure 3.19. However, the analysis presented

in the following text may be erroneous to the extent that the line current deviates

from a purely sinusoidal nature. The original time reference (OR) is taken to be

the positive going zero crossing of the voltage across the TCSC inductance. Also,

an auxiliary time reference (AR) is taken at a time when the thyristor starts to

conduct.

The line current is

iline ¼ cosot

or, in the AR plane,

iline ¼ cos ot�sað Þ¼ cosot cossaþ sinot sinsa

Applying Kirchhoff current law (KCL) to the circuit shown in Figure 3.18,

iline ¼ iTCRþ icap ð3:95Þ
During the conduction period, the voltage across the TCSC inductive reactance and

capacitive reactance coincides:

L
diTCR
dt

¼ 1

C

ð
icapdtþVþ

cap ð3:96Þ
where Vcap

þ is the voltage across the capacitor when the thyristor turns on. Taking

Laplace transformation of Equations (3.95) and (3.96),

Iline ¼ cossa
s

s2þo2
þ sinsa

o
s2þo2

ð3:97Þ

Iline ¼ ITCRþ Icap ð3:98Þ
Icap ¼ s2LCITCR�CVþ

cap ð3:99Þ
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Substituting Equations (3.97) and (3.99) into Equation (3.98) and solving for ITCR,

ITCR ¼o2
0 cossa

s

s2þo2
0

� �
s2þo2ð Þþo2

0osinsa
1

s2þo2
0

� �
s2þo2ð Þþ

o2
0CV

þ
cap

s2þo2
0

ð3:100Þ
where o2

0 ¼ 1
LC. Expressing Equation (3.100) in the time domain leads to

iTCR ¼Acos ot�sað Þ�Acossa coso0t

�Bsinsa sino0tþDVþ
cap sino0t ð3:101Þ

where A¼ o2
0

o2
0�o2

, B¼ o0o
o2

0�o2
, and D¼o0C.

To express Equation (3.101) within the range [�sa, sa2], it is only necessary to

shift the equation to the original time reference by adding
sa
o

to the time variable.

Hence, substituting tþsa
o

in place of t,

iTCR ¼Acos o tþsa
o

� �
�sa

� �
�Acossa coso0 tþsa

o

� �
�Bsinsa sino0 tþsa

o

� �
þDVþ

cap sino0 tþsa
o

� �
Writing o¼o0

o ,

iTCR ¼Acosotþ �Acossa cosˆsa�Bsinsa sinˆsaþDVþ
cap sinˆsa

� �
coso0t

þ Acossa sinˆsa�Bsinsa cosˆsaþDVþ
cap cosˆsa

� �
sino0t ð3:102Þ

The TCSC capacitor voltage Vcap
þ is obtained, making the coefficient of sin o0t zero,

i:e:, Acossa sinˆsa�Bsinsa cosˆsaþDVþ
cap cosˆsa

� �
¼ 0

or Vþ
cap ¼

B

D
sinsa� A

D
cossa tan ˆsað Þ ð3:103Þ

Substituting Equation (3.102) into Equation (3.103), the steady-state thyristor

current is obtained as

iTCR ¼Acosotþ �Acossa cosˆsa�Bsinsa sinˆsað

þD
B

D
sinsa� A

D
cossa tan ˆsað Þ

� 	
sinˆsa

	
coso0t

¼Acosot�Acossa
cos ˆotð Þ
cos ˆsað Þ ð3:104Þ

where sa¼p�a. Equation (3.104) is symmetric and it is valid in the interval ot2
[�sa,sa] and ot2 [2p�sa, 2pþsa]. Since the thyristor current has even and
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quarterly symmetry, its fundamental frequency component may be obtained by

applying Fourier analysis of Equation (3.104):

ITCR ¼ 4

p

ðsa
0

Acosot�Acossa
cos ˆotð Þ
cos ˆsað Þ

� 	
cos otð Þd otð Þ ð3:105Þ

Let ot¼y:

¼ 2A

p

ðsa
0

2cos2y
� �

dy� 4Acossa
pcos ˆsað Þ

ðsa
0

cos ˆyð Þ cosyð Þdy ð3:106Þ

Solving Equation (3.106) results in

ITCR ¼A

p
2saþ sin 2sað Þð Þ

�4Acos2sa
ˆ2�1ð Þ

ˆ tan ˆsað Þ� tan sað Þ
p


 �
ð3:107Þ

The TCSC fundamental impedance is

ZTCSC ¼RTCSCþ jXTCSC ¼VTCSC

Iline
ð3:108Þ

The voltage VTCSC is equal to the voltage across the TCSC capacitor and Equa-

tion (3.108) can be written as

ZTCSC ¼�jXCIcap
Iline

If the external power network is represented by an idealized current source, as seen

from the TCSC terminals, this current source is equal to the sum of the currents

flowing through the TCSC capacitor and inductor. The TCSC impedance can then

be expressed as

ZTCSC ¼�jXC Iline� ITCRð Þ
Iline

Substituting the expression for ITCR from Equation (3.107) and assuming

Iline¼1 cos ot,

ZTCSC ¼�jXCþ �jXC

1cosot
A

p
2saþ sin 2sað Þð Þ




�4Acos2sa
ˆ2�1ð Þ

ˆ tan ˆsað Þ� tan sað Þ
p


 ��
ð3:109Þ

Let U1 ¼ �jXC

1cosot
A

p
2saþ sin 2sað Þð Þ


 �
and U2 ¼ 4AXC cos

2sa
ˆ2�1ð Þ1cosot

ˆ tan ˆsað Þ� tan sað Þ
p


 �
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Therefore,

ZTCSC ¼�jXCþU1þU2 ð3:110Þ
Using the expression for A¼ o2
0

o2
0
�o2, o

2
0 ¼ 1

LC, and sa¼p�a,

U1 ¼ XC

poC
1

oC�oL

� 	 2 p�að Þþ sin 2 p�að Þð Þ½ �, ∵ cosotjmax ¼ 1½ �

¼XCþXLC

p
2 p�að Þþ sin 2 p�að Þð Þ½ �

¼C1 2 p�að Þþ sin 2 p�að Þð Þð Þ ð3:111Þ

where C1 ¼XCþXLC

p and XLC ¼ XCXL

XC�XL
.

Again,

U2 ¼ 4AXC cos
2sa

ˆ2�1ð Þ1cosot
ˆ tan ˆsað Þ� tan sað Þ

p


 �

Replacing the expression for A¼ o2
0

o2
0
�o2 and sa¼p�a,

¼ 4XCo2
0 cos

2 p�að Þ
o2

0�o2
� �

ˆ2�1ð Þ
ˆ tan ˆ p�að Þð Þ� tan p�að Þ

p


 �

∵ cosotjmax ¼ 1,∵ˆ¼o0

o
,o2

0 ¼
1

LC


 �

¼ 4X2
LC cos

2 p�að Þ
pXL

ˆ tan ˆ p�að Þð Þ� tan p�að Þ½ �
¼C2 cos

2 p�að Þ ˆ tan ˆ p�að Þð Þ� tan p�að Þ½ � ð3:112Þ

where XLC ¼ XLXC

XC�XLð Þ and C2 ¼
4X2

LC

pXL
.

Combining Equations (3.111) and (3.112) with Equation (3.110), the TCSC fun-

damental impedance can be obtained as

ZTCSC ¼ j �XCþC1 2 p�að Þþ sin2 p�að Þð Þð
�C2 cos

2 p�að Þ ˆ tan ˆ p�að Þð Þ� tan p�að Þð ÞÞ ð3:113Þ
Therefore, the TCSC equivalent reactance, as a function of the TCSC firing angle (a),
which can be expressed from Equation (3.113), is

XTCSC ¼�XCþC1 2 p�að Þþ sin 2 p�að Þð Þð Þ
�C2 cos

2 p�að Þ o tan o p�að Þð Þ� tan p�að Þð Þ ð3:114Þ
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Variation of TCSC reactance (XTCSC) with firing angle (a).
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The TCSC linearized equivalent reactance, which can then be obtained from

Equation (3.114), is

DXTCSC ¼


�2C1 1þ cos 2að Þð ÞþC2 sin 2að Þ ˆ tan ˆ p�að Þð Þ� tanað Þ

þC2 ˆ2 cos2 p�að Þ
cos2 ˆ p�að Þð Þ�1

� 	�
Da ð3:115Þ

For a TCSC designed with XC¼5.7XLO at a base frequency of 50 Hz, its equivalent

reactance (XTCSC) as a function of the firing angle (a) has been plotted in

Figure 3.20.

MATLAB Program 2

% TCSC EQUIVALENT REACTANCE AND RESONANCE CONDITION

%***************************************************************

% Input data firing angle

Input beta_in = [0 to 180] ;

beta¼(beta_in*pi)/180 ; % In radian %

del=pi-beta ; % Conduction angle %

omega=2*pi*50 ;

% XL inductive reactance; XC capacitive reactance%

XL1=2.6; XC1=15.0 ; % Assumed values %
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L=XL1/omega ;

C¼1/(omega*XC1) ;

omega_zero¼sqrt(1/(L*C)) ;

omega_bar=omega_zero/omega ;

XL=XL1/529.02 ; % Expressed in pu , where base impedance¼529.02 %

XC=XC1/529.02 ; % Expressed in pu , where base impedance¼529.02 %

XLC¼XC*XL/(XC-XL) ;

C_1¼(XC+XLC)/pi ;

C_2¼(4*XLC*XLC)/(XL*pi) ;

for m¼1:30

XTCSC(m)¼-XC+C_1*(2*(del(m))+sin(2*(del(m))))-

C_2*(cos(del(m))) 2̂*(omega_bar*tan(omega_bar*(del(m)))-

tan(del(m)))

% Expression for equivalent reactance

end

plot(beta_in, XTCSC)
% beta || XTCSC

%----------------------------------------------------

for m = 1:30;

fprintf(’ %5g’, beta_in(m)); fprintf(’ %3.5f’, XTCSC(m));

fprintf(’\n’)

end

� TCSC damping controller

The transfer function model of a TCSC controller has been shown in Figure 3.21.

The auxiliary input signal, Dn (¼Do/os), is the normalized speed deviation, and out-

put signal is the deviation in thyristor conduction angle (Ds). It is composed of a gain

block, a signal washout block, and a phase compensator block [9].

The signal washout block is a high-pass filter that prevents the steady changes in

the speed with changes of frequency and has less importance in small-signal stability

analysis. During steady-state conditions, Ds¼0 and the effective line impedance
1 + sT1

1 + sTw

sTw

1 + sT2
KTCSC

Washout Lead-Lag 
stage 

TCSC internal
delay

Gain
s0

Δn
ΔXTCSC

+

Δσ

Max

Min

1 + sTTCSC

1

RE 3.21

nsfer function model of a TCSC controller.
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Zst¼Rstþ j(Xst�XTCSC(a0)). In dynamic conditions, Zst¼Rstþ j(Xst�XTCSC(a)),
where s¼s0þDs and a, a0, and s0 being initial values of firing angle and conduc-

tion angle, respectively. Rst and Xst are the resistance and reactance of the transmis-

sion line that connect a TCSC between the nodes ‘s’ and ‘t’ (Figure 3.17). Neglecting

washout stage, the proposed TCSC controller model can be represented by the fol-

lowing state equations:

D _a¼� 1

T2
Da�KTCSC

os

1

T2

� 	
Do�KTCSC

os

T1
T2

� 	
D _o ð3:116Þ

D _XTCSC ¼� 1

TTCSC
Da� 1

TTCSC
DXTCSC ð3:117Þ

When a TCSC controller is installed in a power system, the state variables

corresponding to the TCSC controller Dxtcsc ¼ Da DXTCSC½ �T are added with the

generator state equations, and also, the TCSC power flow equations are included

in the network equation. The TCSC linearized power flow equations, when it is

controlling power flow in a branch between the nodes ‘s’ and ‘t,’ can be derived

as follows:

The TCSC power flow from node ‘s’ to node ‘t’ is given by

Sst ¼VsI∗st ¼VsY∗
st V∗

s �V∗
t

� � ð3:118Þ
with network admittance

Y∗
st ¼

1

Rstþ j Xst�XTCSCð Þ¼
Rst� j Xst�XTCSCð Þ
R2
stþ Xst�XTCSCð Þ2

¼ gst� jbst ð3:119Þ

and Vs V∗
s �V∗

tð Þ¼V2
s �VsVte

jyst ; yst¼ys�yt
Therefore,

Sst ¼V2
s gst� jbstð Þ�VsVt gst� jbstð Þ cosystþ jsinystð Þ ð3:120Þ

Separating real and imaginary parts of Equation (3.120) gives

Pst ¼V2
s gst�VsVt gst cosystþbst sinystð Þ ð3:121Þ

Qst ¼�V2
s bst�VsVt gst sinyst�bst cosystð Þ ð3:122Þ

Here, Pst and Qst are the active power flow and reactive power flow between

nodes ‘s’ and ‘t’ where TCSC has been installed. The active power and reactive

power injected at sending end bus (s) and receiving end bus (t) of the TCSC are

obtained as

Ps ¼V2
s gss�VsVt gst cosystþbst sinystð Þ ð3:123Þ
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Qs ¼�V2
s bss�VsVt gst sinyst�bst cosystð Þ ð3:124Þ

Also,

Pt ¼V2
t gtt�VtVs gts cosytsþbts sinytsð Þ ð3:125Þ

Qt ¼�V2
t btt�VtVs gts sinyts�bts cosytsð Þ ð3:126Þ

Therefore, the TCSC linearized power flow equations at the node ‘s’ and at the node

‘t’ are computed following Equations (3.121)–(3.126) and are given by

0¼

@Ps

@ys

@Ps

@Vs

@Ps

@a
@Qs

@ys

@Qs

@Vs

@Qs

@a
@Pst

@ys

@Pst

@Vs

@Pst

@a

2
666664

3
777775

Dys
DVs

Da

2
4

3
5 ð3:127Þ

0¼

@Pt

@yt

@Pt

@Vt

@Pt

@a
@Qt

@yt

@Qt

@Vt

@Qs

@a
@Pst

@yt

@Pst

@Vt

@Pst

@a

2
666664

3
777775

Dyt
DVt

Da

2
4

3
5 ð3:128Þ

The TCSC linearized real power flow equations with respect to the firing angle (a)
can be computed as

@Ps

@a
¼�@Pst

@a

¼�V2
s

@gst
@a

þVsVt cosyst
@gst
@a

þ sinyst
@bst
@a

� 	
ð3:129Þ

Also,
@Pst

@ys
¼�@Ps

@ys
and

@Pst

@Vs
¼�@Ps

@Vs
are true for the branch between nodes ‘s’ and

‘t’ where TCSC is installed. The linearized reactive power flow equations with

respect to the firing angle ‘a’ can be derived in a similar way from Equations (3.122),

(3.124), and (3.126).

The expression for
@gst
@a and

@bst
@a is obtained from (3.119) as

@gst
@a ¼G

@XTCSC

@a ,

where G¼ �2Rst Xst�XTCSCð Þ
R2
stþ Xst�XTCSCð Þ2ð Þ2.

Similarly,
@bst
@a ¼B

@XTCSC

@a , where B¼ �R2
stþ Xst�XTCSCð Þ2

R2
stþ Xst�XTCSCð Þ2ð Þ2.
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The values of
@gst
@a and

@bst
@a are used in Equation (3.129) to obtain elements

@Ps

@a

and
@Pst

@a of Equations (3.127) and (3.128). This model of TCSC controller has been

used in Chapters 7 and 8 for small-signal stability analysis of SMIB as well as in

multimachine power systems.
3.9.4 Static synchronous series compensator
The static synchronous series compensator (SSSC) is a series-connected FACTS

controller based on VSC and can be viewed as an advanced type of controlled series

compensation, just as a STATCOM is an advanced SVC. An SSSC has several

advantages over a TCSC, such as (a) elimination of bulky passive components,

capacitors and reactors; (b) improved technical characteristics; (c) symmetric capa-

bility in both inductive and capacitive operating modes; and (d) possibility of con-

necting an energy source on the dc side to exchange real power with the ac network.

The major objective of SSSC is to control or regulate the power flow in the line in

which it is connected, while a STATCOM is used to regulate the voltage at the bus

where it is connected.

The schematic of an SSSC is shown in Figure 3.22a. The equivalent circuit of the

SSSC is shown in Figure 3.22b. The magnitude of VC can be controlled to regulate

power flow. The winding resistance and leakage reactance of the connecting trans-

former appear is series with the voltage source VC. If there is no energy source on the

dc side, neglecting losses in the converter and dc capacitor, the power balance in

steady state leads to

Re VCI
�½ � ¼ 0 ð3:130Þ

The equation mentioned earlier shows that VC is in quadrature with I. If VC lags I by
90 �, the operating mode is capacitive and the current (magnitude) in the line is
VSC 

(a)

I

C

+ 

∠gVC

I

XR

(b)

FIGURE 3.22

Static synchronous series compensator (SSSC). (a) Schematic of SSSC. (b) Equivalent circuit.
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increased with resultant increase in power flow. On the other hand, if VC leads I by
90 �, the operating mode is inductive, and the line current is decreased. Note that we

are assuming the injected voltage is sinusoidal (neglecting harmonics).

Since the losses are always present, the phase shift between I and VC is less than

90 � (in steady state). In general, we can write

V̂C ¼VC cosg� jsingð Þe j’ ð3:131Þ

¼ VCp� jVCr

� �
e j’ ð3:132Þ

where ’ is the phase angle of the line current and g is the angle by which V̂C lags the

current. VCp and VCr are the inphase and quadrature components of the injected volt-

age (with reference to the line current). We can also term them as active (or real) and

reactive components. The real component is required to meet the losses in the con-

verter and the dc capacitor. Since the losses are expected to be small (typically below

1%), the magnitude of VCp is very small and may be neglected to simplify the anal-

ysis. VCp will vary during a transient to increase or decrease the voltage across the dc

capacitor.

The influence of injecting a reactive voltage on the power flow can be analyzed

by considering a simple system with a transmission line (with the compensator) con-

nected to constant voltage sources at the two ends (Figure 3.23). The transmission

line is represented only by a series reactance.
+

P

(a)

-

-

QRQS

I

VR ∠ - d/2VS ∠ d/2
VC   ∠ g

VS

VR

I 

(b)

d /2 

d /2 

FIGURE 3.23

Representation of SSSC in a transmission line. (a) Single line diagram. (b) Phasor diagram.
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If the magnitudes of VS and VR are equal to V, the voltage drop across the line (see
phasor diagram) is given by [10]

IX�VC ¼ 2V sin
d
2

ð3:133Þ
The magnitude of the current is obtained as

I¼VC

X
þ
2V sin

d
2

X
ð3:134Þ

The power flow (P) in the line is given by

P¼VIcos
d
2
¼VVC

X
cos

d
2
þV2 sind

X
ð3:135Þ

The reactive power (Q) supplied at the two ends of the line is equal. The expression
for Q is given by

Q¼VI sin
d
2
¼VCV

X
sin

d
2
þV2

X
1� cosdð Þ ð3:136Þ

From Equation (3.134), it is observed that I varies linearly with VC for a specified

value of d. If VC is negative (inductive), it is possible to reverse the line current pha-

sor that leads to power reversal in the line. The property of reversal of power is not

feasible with variable series compensation as shown later.

The expression (3.135) can be compared with that in the case of series compen-

sation, given by

P¼V2 sind
XL 1�Kseð Þ ð3:137Þ

where Kse is the degree of series compensation.

It is observed that for small values of d, the increase in the power flow introduced

by SSSC is constant and nearly independent d. On the other hand, the power flow

increased by series compensation is a percentage of the power flow in the uncom-

pensated line. Thus, at d¼0, the series compensation has no effect on the

power flow.

The linearized power flow equations of an SSSC can be obtained from Equa-

tions (3.135) and (3.136) as

DP
DQ
DPSR

2
4

3
5¼

@P

@d
@P

@VC

@P

@V
@Q

@d
@Q

@VC

@Q

@V
@PSR

@d
@PSR

@VC

@PSR

@V

2
666664

3
777775

Dd
DVC

DV

2
4

3
5 ð3:138Þ

Therefore, installations of an SSSC controller in a multimachine system combine the

linearized power flow equations (3.138) with the network equations between the

nodes denoted by ‘S’ and ‘R.’
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� SSSC damping controller

The structure of SSSC controller, to modulate the SSSC-injected voltage VC, is

shown in Figure 3.24. The input signal of the proposed controller is the speed devi-

ation (Do), and the output signal is the injected voltage VC. The structure consists

of a gain block with gain KS, a signal washout block, and two stage phase compen-

sation blocks [11]. The signal washout block serves as a high-pass filter, with the

time constant Tw, high enough to allow signals associated with oscillations in input

signal to pass unchanged. From the viewpoint of the washout function, the value

of Tw is not critical and may be in the range of 1 to 20 seconds. The phase com-

pensation block with time constants T1, T2, T3, and T4 provides the appropriate

phase-lead characteristics to compensate for the phase lag between the input and

the output. VCref represents the reference-injected voltage as desired by the

steady-state power flow control loop. The steady-state power flow loop acts quite

slowly in practice, and hence, in the present study, VCref is assumed to be constant

during large disturbance transient period. The desired value of compensation is

obtained according to the change in the SSSC-injected voltageDVC, which is added

to VCref. During steady-state conditions, DVC and VCref are constant. During

dynamic conditions, the series-injected voltage VC is modulated to damp system

oscillations. The effective VC in dynamic conditions is

VC ¼VCref þDVC ð3:139Þ
The block diagram model of the SSSC-based damping controller depicted in

Figure 3.24 can be represented by the following equations:

D _xc1 ¼� 1

Tw
Dxc1 þKSD _o ð3:140Þ

D _xc2 ¼� 1

T2
Dxc2 þ

1

T2
Dxc1 þ

T1
T2

D _xc1 ð3:141Þ

D _VC ¼� 1

T4
DVCþ 1

T4
Dxc2 þ

T3
T4

D _xc2 ð3:142Þ
VCref

ΔVCΔw 1 + sT3

1 + sT4

1 + sT1

1 + sT21 + sTw

sTw

min
CV

max
CV

Two-stage  
lead-lag block 

Washout 
block 

Output
KS

+
+

Gain 
block 

Input 
VC

Δxc1
Δxc2

FIGURE 3.24

Structure of SSSC-based damping controller.



78 CHAPTER 3 Models of Power Network and Relevant Power Equipments
Further simplification of Equations (3.140)–(3.142) gives

D _xc1 ¼� 1

Tw
Dxc1 þKSD _o ð3:143Þ

D _xc2 ¼
Tw�T1
TwT2

� 	
Dxc1 �

1

T2
Dxc2 þ

KST1
T2

D _o ð3:144Þ

D _VC ¼� 1

T4
DVCþ T3

T2T4

Tw�T1
Tw

� 	
Dxc1

þ T2�T3
T2T4

� 	
D _xc2 þ

KST1T3
T2T4

D _o ð3:145Þ

where the term D _o in the right-hand side of the equations mentioned earlier can be

replaced using Equation (5.20) (Chapter 5, Section 5.2.2).

The small-signal model of a multimachine system with SSSC controller can be

obtained by including additional Equations (3.143)–(3.145) with the DAEs of the

multimachine system and the SSSC linearized power flow equations given by

Equation (3.138).
3.9.5 Unified power flow controller
Unified power flow controller (UPFC) is one of the most advanced FACTS devices

and is a combination of STATCOM and a SSSC. UPFC may be seen to consist of

two VSCs sharing a common capacitor on their dc side and a unified control system.

The two devices are coupled through the dc link and the combination allows bidirec-

tional flow of real power between the series output of SSSC and the shunt output of

STATCOM. This controller (UPFC) has the facility to provide concurrent real and

reactive series line compensation without any external electric energy source. UPFC

can have angularly controlled series voltage injection for transmission voltage control

in addition to line impedance and power angle control. Thus, UPFC is able to control

real power flow, reactive power flow in a line, and the voltage magnitude at the UPFC

terminals and may also be used as independently for shunt reactive compensation. The

controller may be set to control one or more of these parameters in any combination.

Figure 3.25 represents the schematic of a UPFC that contains a STATCOM with

an SSSC. The active power flow for the series unit (SSSC) is obtained from the line

itself through the shunt unit (STATCOM). STATCOM is employed for voltage (or

reactive power) control, while SSSC is utilized for real power control. UPFC is a

complete FACTS controller for both real and reactive power flow controls in a line.

The active power required for the series converter is drawn by the shunt converter from

the ac bus (i) and supplied to bus j by the dc link. The inverted ac voltage (Vser) at the

output of series converter is added to the sending end node voltage Vi at line side to

boost the nodal voltage at the jth bus. It may be noted here that the voltage magnitude

of the output voltage |Vser| provides voltage regulation, while the phase angle dser
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FIGURE 3.25

Schematic of a UPFC.
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determines the mode of power flow control. Additional storage device (viz., a super-

conductingmagnet connected to the dc link) through an electronic interface would pro-

vide the enhancement in capability of UPFC in real power flow control.

In addition to providing a supporting role in the active power exchange that takes

place between the series converter and the ac system, the shunt converter may also

generate or absorb reactive power in order to provide independent voltage regulation

at its point of connection with the ac system.

The UPFC equivalent circuit shown in Figure 3.26 consists of a shunt-connected

voltage source and a series-connected voltage source. The active power constraint

equation links the two voltage sources. The two voltage sources are connected to

the ac system through inductive reactance representing the VSC transformers.

The expressions for the two voltage sources and the constraint equation would be

Vshr ¼ jVshrj cosdshrþ jsindshrð Þ
Vser ¼ jVserj cosdserþ jsindserð Þ

Re �VshrI
�
shrþVserI

�
j

n o
¼ 0

Here,Vshr and dshr are the controllablemagnitude and phase of the voltage source repre-

senting the shunt converter. The magnitude Vser and phase angle dser of the voltage

source represent the series converter. Similar to the shunt and series voltage sources

used to represent the STATCOM and the SSSC, respectively, the voltage sources used

in the UPFC application would also have control limits, i.e., Vshrmin
Vshr
Vshrmax,

0
dshr
2p and Vsermin
Vser
Vsermax, 0
dser
2p, respectively.
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i 
Ii

VserZser
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Zshr

∠dser

Vshr ∠dshr

FIGURE 3.26

Equivalent circuit of a UPFC between two buses i and j.
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The phase angle of the series-injected voltage determines the mode of power flow

control. The following conditions are important in understanding UPFC operation

with reference to its equivalent circuit (Figure 3.26):

� If dser is in phase with node voltage angle di, the UPFC regulates the terminal

voltage and no active power flow takes place between ith and jth buses.

Reactive power flow can be controlled by varying |Vser|.

� If dser is in quadrature with di, active power flow can be controlled between

ith and jth buses by controlling dser and acting as a phase shifter. No reactive

power flow will occur between ith and jth buses.

� If dser is in quadrature with line current angle, then it can also control active

power flow, acting as a variable series compensator.

� If dser is in between 0� and 90�, it can control both real power flow and

reactive power flow in the line. The magnitude of the series-injected voltage

determines the amount of power flow to be controlled.

� UPFC power flow modeling [2]

Based on equivalent circuit as shown in Figure 3.26, we have

Ii ¼ Vi�Vj�Vser

� �
Yserþ Vi�Vshrð ÞYshr

¼Vi YserþYshrð Þ�VjYser�VserYser�VshrYshr

and Ij ¼ �ViþVjþVser

� �
Yser 2 3
i:e:,
Ii

Ij

" #
¼ YserþYshrð Þ �Yser �Yser �Yshr

�Yser Yser Yser 0

" # Vi

Vj

Vser

Vshr

66664
77775
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Also,
Si
Sj


 �
¼ Vi 0

0 Vj


 �
I�i
I�j


 �

¼ Vi 0

0 Vj

" #
YserþYshrð Þ� �Y�

ser �Y�
ser �Y�

shr

�Y�
ser Y�

ser Y�
ser 0

" # V�
i

V�
j

V�
ser

V�
shr

2
66664

3
77775
or
Piþ jQi

Pjþ jQj

" #
¼

Vi 0

0 Vj

" #
Gii� jBiið Þ Gij� jBij

� �
Gij� jBij

� �
Gi0� jBi0ð Þ

Gji� jBji

� �
Gjj� jBjj

� �
Gjj� jBjj

� �
0

" # V�
i

V�
j

V�
ser

V�
shr

2
66664

3
77775

ð3:146Þ

∴Pi ¼ jVij2GiiþjVijjVjj Gij cos di�dj
� �þBij sin di�dj

� �� �
þjVijjVserj Gij cos di�dserð ÞþBij sin di�dserð Þ� �
þjVjjVshrj Gi0 cos di�dshrð ÞþBi0 sin di�dshrð Þf g ð3:147aÞ

Qi ¼�jVij2BiiþjVijjVjj Gij sin di�dj
� ��Bij cos di�dj

� �� �
þjVjjVserj Gij sin di�dserð Þ�Bij cos di�dserð Þ� �
þjVijjVshrj Gi0 sin di�dshrð Þ�Bi0 cos di�dshrð Þf g ð3:147bÞ

Pj ¼ jVjj2GjjþjVjjjVij Gji cos dj�di
� �þBji sin dj�di

� �� �
þjVjjjVserj Gjj cos dj�dser

� �þBjj sin dj�dser
� �� � ð3:148aÞ

Qj ¼�jVjj2BjjþjVjjjVij Gji sin dj�di
� ��Bji cos dj�di

� �� �
þjVjjjVserj Gjj sin dj�dser

� ��Bjj cos dj�dser
� �� � ð3:148bÞ

The active power and reactive power of the series converter (SSSC) are as follows:

Sser ¼Pserþ jQser ¼VserI
�
j ¼Vser Y�

jiV
�
i þY�

jjV
�
j þY�

jjV
�
ser

h i

∴Pser ¼ jVserj2GjjþjVserjjVij Gji cos dser�dið ÞþBji sin dser�dið Þ� �
þjVserjjVjj Gjj cos dser�dj

� �þBjj sin dser�dj
� �� � ð3:149aÞ

Qser ¼�jVserj2BjjþjVserjjVij Gji sin dser�dið Þ�Bji cos dser�dið Þ� �
þjVserjjVjj Gjj sin dser�dj

� ��Bjj cos dser�dj
� �� � ð3:149bÞ
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The active power and reactive power for the shunt controller (STATCOM) are

obtained as

Sshr ¼Pshrþ jQshr ¼VshrI
�
shr ¼�VshrY

�
shr V

�
shr�V�

i

� �
∴Pshr ¼�jVshrj2Gi0þjVshrjjVij Gi0 cos dshr�dið ÞþBi0 sin dshr�dið Þf g ð3:150aÞ

Qshr ¼ jVshrj2Bi0þjVshrjjVij Gi0 sin dshr�dið Þ�Bi0 cos dshr�dið Þf g ð3:150bÞ
Since we assume lossless converters, the UPFC neither absorbs nor injects active

power with respect to the ac system, that is, active power supplied to the shunt con-

verter, Pshr, equals the active power demand by the series converter, Pser. Hence, the

constraint equation is

PshrþPser ¼ 0 ð3:151Þ

Furthermore, if the coupling transformers are assumed to contain no resistance, then

the active power at bus i matches the active power at bus j. Accordingly,

PshrþPser ¼PiþPj

The UPFC power equations, in linearized form, are combined with those of the ac

network. In order to get the linearized model of the system using power mismatch

form, let us assume UPFC is connected to node i and the power system is connected

to node j. UPFC is required to control voltage at the shunt converter terminal, node i,
and active power flows from node j to node i. Assuming reactive power is injected at

node j, the linearized system equations are as follows:
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It has been assumed that node j is the PQ node, whileDP is the powermismatch given

by the constraint equation (3.151). If voltage control at bus i is deactivated, the third
column of Equation (3.152) is replaced by partial derivatives of the bus and UPFC

mismatch powers with respect to the bus voltage magnitude Vi. Moreover, the volt-

age magnitude increment of the shunt source, DVshr, is replaced by the voltage mag-

nitude increment at bus i,DVi. Extensive algorithm is needed for the solution of these

power flow equations of UPFC. Good starting conditions for all the UPFC state vari-

ables are also an important requirement to ensure convergence.
� UPFC damping controllers

The block diagram structure of UPFC damping controller is shown in

Figure 3.27, where u can be Vshr and dshr, which are the controllable magnitude

and phase of the voltage source representing the shunt converter. In order to maintain

the power balance between the series and the shunt converters, a dc voltage regulator

must be incorporated. The dc voltage is controlled through modulating the phase

angle of the shunt transformer voltage, dshr. The dc voltage regulator is a PI control-
ler. The other blocks of the controllers are gain block, washout block, and the lead-

lag controller block. Tupfc represents the UPFC internal delay [12].

The functions of these blocks are already familiarized during discussions on other

FACTS controllers. The linearized state-space model of the UPFC damping control-

ler can be derived algebraically from the presented block diagram, which can be

combined with the differential algebraic model of the multimachine system in order

to study the small-signal stability problem.
s
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EXERCISES

3.1. Draw the synchronous machine steady-state equivalent circuit, and hence,

obtain its steady-state model in dqo coordinate system.

3.2. Consider a synchronous machine serving a load without saturation and with

V¼ 1∠10�pu and I¼ 0:5∠�20�pu. The parameters of the machines are given

as Xd¼1.2, Xq¼1.0, Xmd¼1.1, Xd
0 ¼ 0.232, and Rs¼0.0 (all in pu). Find the

following steady-state variables of the machine:
(i) d and dT
(ii) Id, Iq, Vd, and Vq

(iii) cd, cq, and Eq,
(iv) Efd and Ifd

(all are in pu except angle in degree)
3.3. Derive the expression of fundamental component of SVC equivalent

susceptance as
Bsvc ¼�
XL�XC

p
2 p�að Þþ sin 2að Þð Þ

XCXL

where XL is the equivalent reactance of the TCR, XC is the equivalent reactance

of the fixed capacitor connected across with the TCR circuit, and a is the firing
angle. Obtain its linearized version for application in small-signal stability

analysis of a power system.

3.4. A TCSC is connected between the nodes ‘s’ and ‘t.’ The power flow between

the nodes ‘s’ and ‘t’ is given by the equation
Sst ¼V2
s gst� jbstð Þ�VsVt gst� jbstð Þ cosystþ jsinystð Þ

Obtain the linearized power flow equations of the TCSC. Vs and Vt are the volt-

ages at the nodes ‘s’ and ‘t.’ Yst
∗ ¼gst� jbst is the network admittance between

the nodes where TCSC is being connected.

3.5. Show that the TCSC equivalent reactance, as a function of firing angle (a), can
be expressed by the following equation:

XTCSC ¼�XCþC1 2 p�að Þþ sin 2 p�að Þð Þð Þ
�C2 cos

2 p�að Þ o tan o p�að Þð Þ� tan p�að Þð Þ

where C1 ¼XCþXLC

p
, C2 ¼ 4X2

LC

pXL

, and XLC ¼ XCXL

XC�XL

.

3.6. The block diagram of a UPFC damping controller is given in Figure 3.27.

Derive a linearized state-space model of the controller, while the controller

is modulating the phase angle dshr of the shunt VSC.
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CHAPTER
4
Small-Signal Stability
Analysis in SMIB Power
System
4.1 INTRODUCTION
Small-signal oscillations in a synchronous generator, particularly when it is con-

nected to the power system through a long transmission line, are a matter of concern

since before. As long transmission lines interconnect geographically vast areas, it is

becoming difficult to maintain synchronism between different parts of the power

system. Moreover, long lines reduce load ability of the power system and make

the system weak, which is associated with interarea oscillations during heavy load-

ing. The phenomenon of small signal or small disturbance stability of a synchronous

machine connected to an infinite bus through external reactance has been studied in

[1,2] by means of block diagrams and frequency response analysis. The objective of
this analysis is to develop insights into the effects of excitation systems, voltage reg-

ulator gain, and stabilizing functions derived from generator speed and working

through the voltage reference of the voltage regulator. The analysis based on linear-

ization technique is ideally suitable for investigating problems associated with the

small-signal oscillations. In this technique, the characteristics of a power system

can be determined through a specific operating point and the stability of the system

is clearly examined by the system eigenvalues. This chapter describes the linearized

model of a single-machine infinite bus (SMIB) system given by Heffron and Philips
that investigates the local mode of oscillations in the range of frequency 1-3 Hz.

Voltage stability or dynamic voltage stability can be analyzed by monitoring the

eigenvalues of the linearized power system with progressive loading. Instability

occurs when a pair of complex conjugate eigenvalues crosses the right half of

s-plane. This is referred to as dynamic voltage instability, and mathematically, this

phenomenon is called Hopf bifurcation.

The following steps have been adopted sequentially to analyze the small-signal

stability performance of an SMIB system:

1. The differential equations of the flux-decay model of the synchronous machine

are linearized and a state-space model is constructed considering exciter output

Efd as input.

2. From the resulting linearized model, certain constants known as the K constants

(K1–K6) are derived. They are evaluated by small-perturbation analysis on the

fundamental synchronous machine equations and hence are functions of machine

and system impedances and operating point.
Power System Small Signal Stability Analysis and Control. https://doi.org/10.1016/B978-0-12-817768-6.00004-4

Copyright © 2020 Elsevier Inc. All rights reserved.
87
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3. The model so obtained is put in a block diagram form and a fast-acting exciter

between terminal voltage DVt and exciter output DEfd is introduced in the block

diagram.

4. The state-space model is then used to examine the eigenvalues and to design

supplementary controllers to ensure adequate damping of the dominant modes.

The real parts of the electromechanical modes are associated with the damping
torque and the imaginary parts contribute to the synchronizing torque.
4.2 HEFFRON–PHILIPS MODEL OF SMIB POWER SYSTEM
The Heffron–Phillips model for small-signal oscillations in synchronous machines

connected to an infinite bus was first presented in 1952. For small-signal stability

studies of an SMIB power system, the linear model of Heffron–Phillips has been used

for many years, providing reliable results [3,4]. This section presents the small-signal

model for a single machine connected to a large system through a transmission line

(infinite bus) to analyze the local mode of oscillations in the range of frequency

1-3 Hz. A schematic representation of this system is shown in Figure 4.1.

The flux-decay model (Figure 4.2) of the equivalent circuit of the synchronous

machine has been considered for the analysis.

The said model is known as the classical model of the synchronous machine. The

following assumptions are generally made to analyze the small-signal stability prob-

lem in an SMIB power system:

(i) The mechanical power input remains constant during the period of transient.

(ii) Damping or asynchronous power is negligible.

(iii) Stator resistance is equal to zero.

(iv) The synchronous machine can be represented by a constant voltage source

(electrically) behind the transient reactance.

(v) The mechanical angle of the synchronous machine rotor coincides with the

electric phase angle of the voltage behind transient reactance.
Re Xe

Vt∠q ° V�∠0°
G

(Id + Iq)e
j(d−p / 2)

FIGURE 4.1

Single-machine infinite bus (SMIB) system. Here, Vt∠y�, the terminal voltage of the

synchronous machine; V1∠0�, the voltage of the infinite bus, which is used as reference; Re,

Xe, the external equivalent resistance and reactance; and y¼ d� p
2
, the angle by which Vt

leads the infinite bus voltage V1.



+
_

_

+

(Id  + jIq)e
j(d− 2

πRsjX�d
)

(Vd  + jVq)e Vte j q=

[(Xq − X�d)Iq +  jE�q]e

j(d− 2
π

j(d− 2
π

)

)

FIGURE 4.2

Dynamic circuit for the flux-decay model of the machine.

KA

1+ sTA

ΔVref

VtΔ

ΔEfd+

–

FIGURE 4.3

Fast (static) exciter model.
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(vi) No local load is assumed at the generator bus; if a local load is fed at the

terminal of the machine, it is to be represented by constant impedance (or

admittance).
4.2.1 Fundamental equations
The differential algebraic equations of the synchronous machine of the flux-decay

model with fast exciter (Figure 4.3) can be represented as follows:

� Differential equations

dE0
q

dt
¼� 1

T0
do

E0
qþ Xd�X0

d

� �
Id�Efd

� �
ð4:1Þ

dd
dt

¼o�os ð4:2Þ

do
dt

¼ os

2H
TM� E0

qIqþ Xq�X0
d

� �
IdIqþD o�osð Þ

� �h i
ð4:3Þ

dEfd

dt
¼�Efd

TA
þKA

TA
Vref �Vtð Þ ð4:4Þ
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� Stator algebraic equations

Vt sin d�yð ÞþRsId�XqIq ¼ 0 ð4:5Þ

E0
q�Vt cos d�yð Þ�RsIq�X0

dId ¼ 0 ð4:6Þ

As it is assumed stator resistance Rs¼0 and Vt denote the magnitude of the generator

terminal voltage, the earlier-mentioned equations are reduced to

XqIq�Vt sin d�yð Þ¼ 0 ð4:7Þ

E0
q�Vt cos d�yð Þ�X0

dId ¼ 0 ð4:8Þ

Now, Vdþ jVq

� �
e d� p

2ð Þ ¼Vte
jy

Hence,

Vdþ jVq ¼Vte
jye�j d� p

2ð Þ ð4:9Þ
Expansion of the right-hand side results in

Vdþ jVq ¼Vt sin d�yð Þþ jVt cos d�yð Þ
Therefore, Vd¼Vt sin(d�y) and Vq¼Vt cos(d�y).

Substitution of Vd and Vq in Equations (4.5) and (4.6) gives

XqIq�Vd ¼ 0 ð4:10Þ

E0
q�Vq�X0

dId ¼ 0 ð4:11Þ
� Network equations

The network equation assuming zero phase angle at the infinite bus:

Idþ jIq
� �

ej d� p
2ð Þ ¼Vt∠y� �V1∠0�

Reþ jXe

ð4:12Þ

Idþ jIq
� �

ej d� p
2ð Þ ¼ Vdþ jVq

� �
ej d� p

2ð Þ �V1∠0�

Reþ jXe

ð4:13Þ
After cross multiplication when real and imaginary parts are separated,

Equation (4.13) becomes

IdReþ jIqReþ jIdXe� IqXe ¼ Vdþ jVq

� ��V1e�j d� p
2ð Þ ð4:14Þ

or

ReId�XeIq
� �þ j ReIqþXeId

� �¼ Vdþ jVq

� �� V1 cos d�p
2

� �
� jV1 sin d�p

2

� �� �
ð4:15Þ
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ReId�XeIq
� �þ j ReIqþXeId

� �¼ Vd�V1 sindð Þþ j Vq�V1 cosd
� � ð4:16Þ

;ReId�XeIq ¼Vd�V1 sind ð4:17Þ

ReIqþXeId ¼Vq�V1 cosd ð4:18Þ
4.2.2 Linearization process and state-space model
Step I: The linearization of the stator algebraic equations (4.10) and (4.11) gives

XqDIq�DVd ¼ 0 ð4:19Þ

DE0
q�DVq�X0

dDId ¼ 0 ð4:20Þ
Rearranging Equations (4.19) and (4.20) gives

DVd ¼XqDIq ð4:21Þ

DVq ¼�X0
dDIdþDE0

q ð4:22Þ
Writing Equations (4.21) and (4.22) in matrix form gives

DVd

DVq

� �
¼ 0 Xq

�X0
d 0

� �
DId
DIq

� �
þ 0

DE0
q

� �
ð4:23Þ

Step II: The linearization of the load-flow equations (4.17) and (4.18) results in

ReDId�XeDIq ¼DVd�V1 cosdDd ð4:24Þ

ReDIqþXeDId ¼DVqþV1 sindDd ð4:25Þ
Rearranging Equations (4.24) and (4.25) gives

DVd ¼ReDId�XeDIqþV1 cosdDd ð4:26Þ

DVq ¼XeDIdþReDIq�V1 sindDd ð4:27Þ
Writing Equations (4.26) and (4.27) in matrix form gives

DVd

DVq

� �
¼ Re �Xe

Xe Re

� �
DId
DIq

� �
þ V1 cosd

�V1 sind

� �
Dd ð4:28Þ

Step III: Equating the right-hand side of Equations (4.23) and (4.28) gives

Re �Xe

Xe Re

� �
DId
DIq

� �
þ V1 cosd

�V1 sind

� �
Dd¼ 0 Xq

�X0
d 0

� �
DId
DIq

� �
þ 0

DE0
q

� �
ð4:29Þ
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or
Re �Xe

Xe Re

� �
� 0 Xq

�X0
d 0

� �� 	
DId
DIq

� �
¼ 0

DE0
q

� �
þ �V1 cosd

V1 sind

� �
Dd ð4:30Þ

or

Re � XeþXq

� �
XeþX0

d

� �
Re

� �
DId
DIq

� �
¼ 0

DE0
q

� �
þ �V1 cosd

V1 sind

� �
Dd ð4:31Þ

Now,

Re � XeþXq

� �
XeþX0

d

� �
Re

� ��1

¼ 1

De

Re XeþXq

� �
� XeþX0

d

� �
Re

� �

where De¼Re
2þ (XeþXq)(XeþX0

d).

Solving for DId and DIq from Equation (4.31) results in

DId
DIq

� �
¼ 0

DE0
q

� �
Re � XeþXq

� �
XeþX0

d

� �
Re

� ��1

þ �V1 cosd
V1 sind

� �
Dd� Re � XeþXq

� �
XeþX0

d

� �
Re

� ��1

ð4:32Þ

DId
DIq

� �
¼ 1

De

0

DE0
q

" #
Re XeþXq

� �
� XeþX0

d

� �
Re

" #

þ 1

De

�V1 cosd

V1 sind

� �
Dd

Re XeþXq

� �
� XeþX0

d

� �
Re

" # ð4:33Þ

i.e.,

DId

DIq

" #
¼ 1

De

XeþXq

� �
DE0

q

ReDE0
q

" #

þ 1

De

�ReV1 cosdþV1 sind XeþXq

� �
ReV1 sindþV1 cosd XeþX0

d

� �
" #

Dd

ð4:34Þ
Therefore,

DId

DIq

" #
¼ 1

De

XeþXq

� � �ReV1 cosdþV1 sind XeþXq

� �
Re ReV1 sindþV1 cosd XeþX0

d

� �
" #

DE0
q

Dd

" #
ð4:35Þ

Step IV: The linearizations of the differential equations (4.1)–(4.4) are as follows.
Here, the frequency is normalized as n¼ o

os
throughout our study:

D _E
0
q ¼� 1

T0
do

DE0
q�

1

T0
do

Xd�X0
d

� �
DIdþ 1

T 0
do

DEfd ð4:36Þ
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D _d¼osDn ð4:37Þ

D _n¼ 1

2H
DTM� 1

2H
DE0

qIq�
1

2H
E0
qDIq�

Xq�X0
d

� �
2H

DIdIq

� Xq�X0
d

� �
2H

IdDIq�Dos

2H
Dn ð4:38Þ

TAD _Efd ¼�DEfdþKA DVref �DVtð Þ ð4:39Þ
Writing Equations (4.36)–(4.39) in matrix form, the state-space model of the

SMIB system without exciter is

D _E
0
q

D _d

D _n

2
66664

3
77775¼

� 1

T0
do

0 0

0 0 os

� Iq
2H

0 �Dos

2H

2
666666664

3
777777775

DE0
q

Dd

Dn

2
6664

3
7775þ

� Xd�X0
d

� �
T0
do

0

0 0

Iq X0
d�Xq

� �
2H

X0
d�Xq

� �
2H

� E0
q

2H

2
6666666664

3
7777777775

DId

DIq

" #

þ

1

T0
do

0

0 0

0
1

2H

2
666666664

3
777777775

DEfd

DTM

" #

ð4:40Þ

Step V: Obtain the linearized equations in terms of the K constants.

The expressions for DId and DIq obtained from Equation (4.35) are

DId ¼ 1

De

XeþXq

� �
DE0

qþ �ReV1 cosdþ XeþXq

� �
V1 sind


 �
Dd

h i
ð4:41Þ

and

DIq ¼ 1

De

ReDE0
qþ ReV1 sindþ XeþX0

d

� �
V1 cosd


 �
Dd

h i
ð4:42Þ

On substitution of DId and DIq in Equation (4.40), the resultant equations

relating the constants K1, K2, K3, and K4 can be expressed as

D _E
0
q ¼� 1

K3T0
do

DE0
q�

K4

T 0
do

Ddþ 1

T0
do

DEfd ð4:43Þ
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D _d¼osDn ð4:44Þ

D _n¼�K2

2H
DE0

q�
K1

2H
Dd�Dos

2H
Dnþ 1

2H
DTM ð4:45Þ

Step VI: The linearization of generator terminal voltage is as follows:

The magnitude of the generator terminal voltage is

Vt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vd

2þVq
2

q
;Vt

2 ¼Vd
2þVq

2 ð4:46Þ
The linearization of Equation (4.46) gives

2VtDVt ¼ 2VdDVdþ2VqDVq ð4:47Þ
Therefore,

DVt ¼Vd

Vt

DVdþVq

Vt

DVq ð4:48Þ

Now, substituting Equation (4.35) into Equation (4.23),

DVd

DVq

� �
¼ 1

De

0 Xq

�X0
d 0

� �

XeþXq

� � �ReV1 cosdþV1 sind XeþXq

� �
Re ReV1 sindþV1 cosd XeþX0

d

� �
" #

DE0
q

Dd

" #
þ

0

DE0
q

" #
ð4:49Þ

or

DVd

DVq

" #
¼ 1

De

ReXq Xq ReV1 sindþV1 X0
dþXe

� �
cosd

� �
�X0

d XeþXq

� � �X0
d �ReV1 cosdþV1 XeþXq

� �
sind

� �
" #

DE0
q

Dd

" #

þ
0

DE0
q

" #

Therefore,

DVd ¼ 1

De

ReXqDE0
qþXqReV1 sindþV1Xq X0

dþXe

� �
cosdDd

h i
ð4:50Þ

and

DVq ¼ 1

De

�X0
d XeþXq

� �
DE0

qþ X0
dReV1 cosd�V1X0

d XeþXq

� �
sindDd

� 
þDE0
q

h
ð4:51Þ
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Replacing DVd and DVq from Equations (4.50) and (4.51) in Equation (4.48)

results in

DVt ¼K5DdþK6DE0
q ð4:52Þ
4.2.3 Derivation of K constants: K1, K2, K3, K4, K5, and K6
From Equation (4.36), the expression of D _E

0
q on substitution of DId is

D _E
0
q ¼� 1

T 0
do

DE0
q�

1

T0
do

Xd�X0
d

� � 1

De

XeþXq

� �
DE0

qþ �ReV1 cosdf
h

þ XeþXq

� �
V1 sindgDd

i!
þ 1

T0
do

DEfd ð4:53Þ

D _E
0
q ¼� 1

T0
do

1þ Xd�X0
d

� �
XeþXq

� �
De

2
4

3
5DE0

q

� 1

T0
do

V1 Xd�X0
d

� �
De

XeþXq

� �
sind�Re cosd


 �
Ddþ 1

T0
do

DEfd ð4:54Þ

;D _E
0
q ¼� 1

K3T0
do

DE0
q�

K4

T 0
do

Ddþ 1

T0
do

DEfd ð4:55Þ

where

1

K3

¼ 1þ Xd�X0
d

� �
XqþXe

� �
De

ð4:56Þ

K4 ¼
V1 Xd�X0

d

� �
De

XqþXe

� �
sind�Re cosd

� 
 ð4:57Þ

Again from Equation (4.38), the expression of D _n on substitution of DId and DIq is

D _n¼� 1

2H
DE0

qIq�
Xq�X0

d

� �
Iq

2H

1

De

XeþXq

� �
DE0

qþ �ReV1 cosdf
h

þ XeþXq

� �
V1 sindgDd

i

þ X0
d�Xq

� �
2H

Id� 1

2H
E0
q

0
@

1
A 1

De

ReDE0
qþ ReV1 sindf

h

þ XeþX0
d

� �
V1 cosdgDd

i
�Dos

2H
Dnþ 1

2H
DTM ð4:58Þ
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D _n¼� 1

2H

1

De

IqDe� Iq X0
d�Xq

� �
XeþXq

� ��ReId X0
d�Xq

� �þReE
0
q

h i
DE0

q

þ V1Iq
2HDe

X0
d�Xq

� �
XeþXq

� �
sind�Re cosd

� 

Dd

þV1
De

Id X0
d�Xq

� ��E0
q

n on
XeþX0

d

� �
cosdþRe sind

oh i

�Dos

2H
Dnþ 1

2H
DTM

ð4:59Þ

This can be written in terms of K constants as

D _n¼�K2

2H
DE0

q�
K1

2H
Dd�Dos

2H
Dnþ 1

2H
DTM ð4:60Þ

where

K2 ¼ 1

De

IqDe� Iq X0
d�Xq

� �
XqþXe

� ��Re X0
d�Xq

� �
IdþReE

0
q

h i
ð4:61Þ

and

K1 ¼� 1

De

h
IqV1 X0

d�Xq

� �
XqþXe

� �
sind�Re cosd


 �
þV1 X0

d�Xq

� �
Id�E0

q

n on
X0
dþXe

� �
cosdþRe sind

oi
ð4:62Þ

On substitution of DVd and DVq in Equation (4.46), it reduces to

DVt ¼Vd

Vt

1

De

ReXqDE0
qþXqReV1 sindþV1Xq X0

dþXe

� �
cosdDd

n o2
4

3
5

þVq

Vt

1

De

�X0
d XeþXq

� �
DE0

q

n2
4

þ�X0
dReV1 cosd�V1X0

d XeþXq

� �
sindDd

o
þDE0

q

#

or

DVt ¼ 1

De

Vd

Vt

ReXq�Vd

Vt

X0
d XqþXe

� �8<
:

9=
;þVd

Vt

2
4

3
5DE0

q

þ 1

De

Vd

Vt

Xq ReV1 sindþV1 cosd X0
dþXe

� �� �8<
:

2
4

þVq

Vt

X0
d ReV1 cosd�V1 XeþXq

� �
sind

� �)#
Dd ð4:63Þ
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Therefore, Equation (4.63) can be written in terms of K constants as

DVt ¼K5DdþK6DE0
q ð4:64Þ

where

K5 ¼ 1

De

Vd

Vt

Xq ReV1 sindþV1 cosd X0
dþXe

� �
 �2
4

þVq

Vt

X0
d ReV1 cosd�V1 XeþXq

� �
sind


 �# ð4:65Þ

K6 ¼ 1

De

Vd

Vt

ReXq�Vd

Vt

X0
d XqþXe

� �� �
þVd

Vt

ð4:66Þ

Now, the overall linearized machine differential equations (4.43)–(4.45) and the lin-

earized exciter equation (4.39) together can be put in a block diagram shown in

Figure 4.4. In this representation, the dynamic characteristics of the system can

be expressed in terms of the K constants. These constants (K1–K6) and the block dia-

gram representation were developed first by Heffron–Phillips in Ref. [5] and later by

de Mello in Ref. [2] to study the synchronous machine stability as affected by local

low-frequency oscillations and its control through excitation system.
2Hs

1
+

– 

–
s
1

D 

K1

K2

K4

K6

K5

K3

1 + K3T �dos

KA

1 + sTA +

ΔE �q

ΔEfd

+– –

ΔVref

Δn Δw
ws

ΔdΔTe

ΔTM

+

+ 
ΔVt

– 

FIGURE 4.4

Block diagram representation of the synchronous machine flux-decay model.
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The K constants presented in the block diagram (Figure 4.4) are defined as

follows:

K1 ¼DTe
Dd

���
E0
q

change in electric torque for a change in rotor angle with

constant flux linkages in the d-axis

K2 ¼ DTe
DE0

q

���
d
change in electric torque for a change in d-axis flux linkages

withconstant rotor angle

K3 ¼X0
dþXe

XdþXe

for the case where the external impedance is a pure reactance Xe

K4 ¼ 1

K3

DE0
q

Dd
demagnetizing effect of a change in rotor angle

K5 ¼DVt

Dd

���
E0
q

change in terminal voltage with change in rotor angle for

constant E0
q

K6 ¼ DVt

DE0
q

���
d
change in terminal voltage with change in E0

q for constant rotor angle

It is evident that theK constants are dependent on various system parameters such

as system loading and the external network resistance (Re) and reactance (Xe). Gen-

erally, the value of the K constants is greater than zero (>0), but under heavy loading

condition (high generator output) and for high value of external system reactance, K5

might be negative, contributing to negative damping and causing system instability.

This phenomenon has been discussed in the following sections based on state-

space model.
4.3 SMALL-SIGNAL STABILITY ANALYSIS USING
STATE-SPACE MODEL AND BLOCK DIAGRAM
The state-space representation of the synchronous machine can be obtained when

Equations (4.43)–(4.45) and (4.52) are written together in matrix form. Assuming

DTM¼0, the state-space model of the SMIB system without exciter is therefore

DE0
q

D _d

D _n

2
664

3
775¼

� 1

K3T0
do

� K4

T0
do

0

0 0 os

�K2

2H
�K1

2H
�Dos

2H

2
66666664

3
77777775

DE0
q

Dd

Dn

2
664

3
775þ

1

T0
do

0

0

2
66664

3
77775DEfd ð4:67Þ
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DVt ¼ K6 K5 0½ �
DE0

q

Dd

Dn

2
64

3
75 ð4:68Þ

Here, the inputDEfd is the perturbed field voltagewithout excitation, i.e., themachine is

said to be operating under manual control action. It has been found that the previously

mentioned systemmatrix has a pair of complex conjugate eigenvalues and a stable real

eigenvalue. The complex eigenvalues are associated with the electromechanical mode

(1-3 Hz range) and the real eigenvalue corresponds to the flux-decay mode.

From the block diagram (Figure 4.4), it has been observed that, without the exciter

(i.e., KA¼0), there are three loops in the system. The above two loops are termed as

torque-angle loops corresponding to the complex pair of eigenvalues and the bottom

loop due to DE0
q via K4 is for the real eigenvalue. Without damping (i.e., D¼0), the

torque-angle loop is purely oscillatory. However, the positive feedback introduced

by the bottom loop tends to push the torque-angle loop eigenvalues to the left half

of s-plane and the negative real eigenvalue to the right. Thus, with constant field

(i.e., DEfd¼0) without excitation, there is an inherent damping in the system.

But with high gain, the real pole maymove to the right half of the s-plane, pushing
the system toward monotonically unstable situation. For such an operating point, sta-

ble operation can only be achieved by superimposing the effects of excitation control

without deteriorating damping that can cancel out the unstable monotonic compo-

nent. Operation in this region under automatic voltage regulator has been referred

to as operation with dynamic stability or conditional stability.

To study the effect of excitation system, the exciter is now added with the state-

space model (4.67) and (4.68). In this case, the state-space equations will be modified

by making DEfd as a state variable. Equation (4.39) for DEfd is given by

TAD _Efd ¼�DEfdþKA DVref �DVtð Þ ð4:69Þ
Replacing DVt from Equation (4.52) results in

D _Efd ¼� 1

TA
DEfd�KAK5

TA
Dd�KAK6

TA
DE0

qþ
KA

TA
DVref ð4:70Þ

Therefore, the overall state-space model for Figure 4.4 becomes

D _E
0
q

D _d

D _n

D _Efd

2
666664

3
777775¼

� 1

K3T 0
do

� K4

T0
do

0
1

T0
do

0 0 os 0

�K2

2H
�K1

2H
�Dos

2H
0

�KAK6

TA
�KAK5

TA
0 � 1

TA

2
66666666666664

3
77777777777775

DE0
q

Dd

Dn

DEfd

2
666664

3
777775þ

0

0

0

KA

TA

2
66666664

3
77777775
DVref ð4:71Þ



100 CHAPTER 4 Small-Signal Stability Analysis in SMIB Power System
The exciter introduces an additional negative real eigenvalue to the system. Ignoring

the dynamics of the exciter for the moment (i.e., assuming TA¼0), if K5<0 and KA

are sufficiently large, then the gain through T 0
do is �(K4þKAK5)K3 (approximately)

and may become positive, which introduces negative feedback to the torque-angle

loop. As a result, the complex pair of eigenvalues moves to the right half of s-plane
and the real eigenvalues to the left, which pushes the system toward instability. This

critical situation is now being analyzed through an illustration for the following two

test systems.
4.4 AN ILLUSTRATION
For the following two test systems whose K1–K6 constants and other parameters are

given, find the eigenvalues for KA¼50. Plot the root locus to study the system sta-

bility for varyingKA. Notice that in system 1, the value ofK5>0 and, in the system 2,

K5<0.

Test system 1

K1¼3.7585, K2¼3.6816, K3¼0.2162, K4¼2.6582, K5¼0.0544, K6¼0.3616,

T 0
do¼5 s, H¼6 s, TA¼0.2 s, and D¼0.

Test system 2
K1¼0.9831,K2¼1.0923,K3¼0.3864,K4¼1.4746,K5¼�0.1103,K6¼0.4477,

T 0
do¼5 s, H¼6 s, TA¼0.2 s, and D¼0.

Solution
The system matrix with exciter dynamics is

Asys ¼

� 1

K3T0
do

� K4

T0
do

0
1

T0
do

0 0 os 0

�K2

2H
�K1

2H
�Dos

2H
0

�KAK6

TA
�KAK5

TA
0 � 1

TA

2
6666666666664

3
7777777777775

For the system 1,

Asys ¼

�0:9250 �0:5316 0 0:2

0 0 377 0

�0:3068 �0:3132 0 0

�90:4 �13:6 0 �5:0

2
66664

3
77775
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The eigenvalues of the systems are calculated in MATLAB.

The eigenvalues of test system 1 are

l1 ¼�0:3527þ j10:9457; l2 ¼�0:3527� j10:9457

l3 ¼�2:6098þ j3:2180; l4 ¼�2:6098� j3:2180

and of test system 2 are

l1 ¼�3:1194þ j4:6197; l2 ¼�3:1194� j4:6197

l3 ¼ 0:3603þ j5:3995; l4 ¼ 0:3603� j5:3995

It is clear from these results that system 2 is unstable at the exciter gain KA¼50. This

is due to the fact that under heavy loading or a high value of transmission line reac-

tance when K5 becomes negative pushes one pair of eigenvalues to the right half of

the s-plane.

� Stability analysis by root-locus method

Consider the exciter transfer function as GA sð Þ¼ KA

1þ0:2s
.

The general block diagram of SMIB system (Figure 4.4) can be reduced to

Figure 4.5. Here, all machine dynamics except that of the exciter are included in

the feedback transfer function *B(s). The closed-loop characteristic equation of

the system is given by 1þGA(s)B(s)¼0.
Where B(s) can be obtained as

B sð Þ¼
K3K6

2H

os

s2þDsþK1

� 	
�K2K3K5

1þK3T0
dos

� � 2H

os

s2þDsþK1

� 	
�K2K3K4
B(s) 

KA

1 + sTA

ΔVref

ΔVt

ΔEfd
+

–

FIGURE 4.5

Small-signal model represented as a feedback system.
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Putting different values of system parameters for system 1,

B sð Þ¼
0:2162�0:3616ð Þ 2�6

377
s2þ0þ3:7585

0
@

1
A�0:2162�3:6816�0:0544

1þ0:2162�5� sð Þ 2�6

377
s2þ0þ3:7585

0
@

1
A�0:2162�3:6816�2:6582

¼ 0:002488s2þ0:25050

0:03437s3þ0:0318s2þ4:0629sþ1:64268

;B sð Þ¼ 0:0699s2þ7:2883

s3þ0:9271s2þ118:48sþ47:79

and for system 2,

B sð Þ¼
0:3864�0:4477ð Þ 2�6

377
s2þ0þ0:9831

0
@

1
A�1:0923�0:3864� �0:1103ð Þ

1þ0:3864�5� sð Þ 2�6

377
s2þ0þ0:9831

0
@

1
A�1:0923�0:3864�1:4746

¼ 0:005506s2þ0:216616

0:06143s3þ0:03183s2þ1:8993sþ0:36073

;B sð Þ¼ 0:0896s2þ3:5262

s3þ0:5181s2þ30:918sþ5:872

The loop transfer function GA(s)B(s) for system 1 is

GA sð ÞB sð Þ¼ 50

1þ0:2s
� 0:0699s2þ7:2883

s3þ0:9271s2þ118:48sþ47:79

¼ 3:495s2þ364:415

0:2s4þ1:1854s3þ24:6681s2þ128:058sþ47:89

and for system 2,

GA sð ÞB sð Þ¼ 50

1þ0:2s
� 0:0896s2þ3:5262

s3þ0:5181s2þ30:918sþ5:872

¼ 4:475s2þ176:385

0:2s4þ1:10358s3þ6:7039s2þ32:1052sþ5:876
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The root-locus plot of GA(s)B(s) is shown in Figure 4.6a and b for systems 1 and 2,

respectively. The plots are interpreted as that system 1 is stable at exciter gain

KA¼50 and that system 2 becomes unstable with marginal enhancement of gain

at KA¼22.108.
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FIGURE 4.6

Root-locus analysis (a) test system 1 and (b) test system 2.
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*Computation of B(s) through block diagram reduction approach

Step 1: Removing exciter block from Figure 4.4, it becomes

2Hs
1

– 
– 

– s
1

D 

K1

K2

K4

K6

K5

K3

1 + K3T �dos

ΔE�q

ΔEfd

+–

Δn Δw
ws

ΔdΔTe

ΔTM

+

+

+

ΔVt

FIGURE (I)

Step 2:

Reduction of the torque-angle loop

K1

ΔTe
– 

–

–

2Hs

1

D 

Δn Δw
ws

Δd
s
1

FIGURE (II)
K1

s
1

– 
– ΔTe ws

2Hs + Dws

Δd

FIGURE (III)
2H

−1ΔTe Δd

ws

s2 + Ds + K1

FIGURE (IV)
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Step 3:
Overall reduced block diagram

K4

K6

K2

K3 K52H

−1

+ +
ws

s2 Ds K11 + K3T �dos

ΔEfd

+

+

+

– ΔE�q ΔVt

FIGURE (V)
Let K ¼ K3 and K ¼ K2

G

1þK3T0
dos

T 2H

os

s2þDsþK1

Step 4:

K4
K5

K6

KG KTK5
+

+

+

–
–

ΔE�q ΔVtΔEfd

FIGURE (VI)
Step 5:

Signal-flow graph of Figure (vi)

K4
K5

K6

KTK5–

–

KG
ΔVtΔEfd 1

FIGURE (VII)
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(i) There are two nos. of forward paths in Figure (vii) with path gain;

P1=�KGKTK5 and P2=KGK6

(ii) one no. individual loop of loop gain =KGKTK4

(iii) D=1�KGKTK4.

Applying Masson’s gain rule

B sð Þ¼ DVt

DEfd

¼ 1

D

X2
k¼1

PkDk

where k is the no. of forward paths. As there is no non-touching loops with the kth
forward path, D1=D2=1.

; B sð Þ¼P1D1þP2D2

D
¼KGK6�KGKTK5

1�KGKTK4

:

Replacing the expression for KG and KT

B sð Þ¼
K3K6

2H

os
s2þDsþK1

� 	
�K2K3K5

1þK3T
0
dosÞ

2H

os
s2þDsþK1

� 	
�K2K3K4

�

4.5 EFFECT OF GENERATOR FIELD
From the block diagram shown in Figure 4.4, it is clear that the change of air gap

torque (DTe) can be expressed as a function of Dd and DE0
q. The variation of field

flux DE0
q is determined from the field circuit dynamic equation

D _E
0
q ¼� 1

K3T
0
do

DE0
q�

K4

T0
do

Ddþ 1

T0
do

DEfd ð4:72Þ

Therefore, with constant field voltage (DEfd=0), the field flux variation is caused

only by feedback ofDd through the coefficientK4. This represents the demagnetizing

effect of the armature reaction. The change of air-gap torque due to field flux linkage

variation by rotor angle change is given by

DTe

Dd

���� due to DE0
q ¼�K2 DE0

q

;DTe ¼� K2K3K4

1þK3T
0
dos

Dd ð4:73Þ
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The constants K2, K3, and K4 are usually positive. The contribution of DE0
q to syn-

chronizing and damping torque components depends on the oscillating frequency as

discussed below.

In the steady state or at very low frequency (s=jo=0). Therefore

DTejdue to DE0
q ¼�K2K3K4Dd ð4:74Þ

Thus the field flux variation due to feedback Dd (i.e., due to armature reaction) intro-

duces a negative synchronizing torque component.

At oscillating frequency much higher than
1

K3T
0
do

DTe ��K2K3K4

joK3T
0
do

Dd

¼K2K4

oT0
do

jDd ð4:75Þ

Thus the component of air gap torque due to DE0
q is 90

� ahead of Dd or in phase

with Do. Hence DE0
q results in a positive damping torque component.

At a typical machine oscillating frequency of about 1 Hz (2p rad/s), DE0
q results

in a positive damping torque component and a negative synchronizing torque com-

ponent (Figure 4.7). The net effect is to reduce slightly the synchronizing torque

component and increase the damping torque component.

� Special situation with K4 negative

The coefficient K4 is normally positive. As long as it is positive, the effect of field

flux variation due to armature reaction is to introduce a positive damping torque

component. However, there can be situations where K4 is negative (when

{(XqþXe)sin d�Re cos d}<0) due to the fact that a hydraulic generator without
Δw

ΔTD

ΔTs Δd

ΔTe

FIGURE 4.7

Positive damping torque and negative synchronizing torque due to field flux variation.
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damper winding is operating at light load and is connected by a transmission line of

relatively high resistance to reactance ratio to a large system.

Also, K4 can be negative when a machine is connected to a large local load,

supplied by the generator and partly by the remote large system [6]. Under such

conditions, the torque produced by the induced current in the field due to

armature reaction has components out of phase with Do and produces negative

damping.
EXAMPLE 4.1
This example illustrates the effects of the generator field circuit dynamics on the

small-signal stability performance at low frequency and at rotor oscillation fre-

quency of a system. Themachine parameters andK constants are given as follows:

K1 ¼ 0:7643, K2 ¼ 0:8644, K3 ¼ 0:3230, K4 ¼ 1:4187, H¼ 3:5s, T0
do ¼ 7:32s, and D¼ 0

Determine the following:

(i) The elements of the state matrix “A” representing the small-signal perfor-

mance of the system

(ii) The eigenvalues of “A” and the corresponding eigenvectors and participation
matrix

(iii) Steady-state synchronizing torque coefficient

(iv) The damping and synchronizing torque coefficient at the rotor oscillation

frequency

Solution
(i) The state matrix is

A¼

� 1

K3T0
do

� K4

T0
do

0

0 0 os

�K2

2H
�K1

2H
�Dos

2H

2
66666664

3
77777775

¼
�0:4228 �0:1938 0

0 0 377

�0:1234 �0:1092 0

2
664

3
775

(ii) l1¼�0.204; l2,l3¼�0.1094	 j6.41.
The right eigenvectors are given by

A�lpI
� �

f¼ 0
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Therefore,
�0:4228�lp 0:1938 0

0 �lp 377

�0:1234 �0:1092 �lp

2
6664

3
7775

f1p

f2p

f3p

2
66664

3
77775¼ 0

�0:4228�lp
� �

f1pþ0:1938f2p ¼ 0

�lpf2pþ377f3p ¼ 0

�0:1234f1p�0:1092f2p�lpf3p ¼ 0

Solving this homogeneous equations for p¼1, 2, 3 for the eigenvalues l1, l2,
l3, respectively, the right eigenvectors,

f¼
0:6631 �0:0015þ j0:0302 �0:0015� j0:0302

�0:7485 0:9994 0:9994

0:0004 �0:0003þ j0:0170 �0:0003� j0:0170

2
64

3
75

The left eigenvectors normalized so that fc¼ I and are given by

c¼f�1 ¼ adj fð Þ
fj j

c¼
1:5114 0:0015 �2:679

0:5660þ j0:0084 0:5008� j0:0085 �1:0035� j29:3922

0:5660� j0:0084 0:5008þ j0:0085 �1:0035þ j29:3922

2
64

3
75

Therefore, the participation matrix is

P¼
f11c11 f12c21 f13c31

f21c12 f22c22 f23c32

f31c13 f32c23 f33c33

2
64

3
75

i.e.,

P¼
1:0022 �0:0011þ j0:0171 �0:0011� j0:0171

�0:0011 0:5005� j0:0085 0:5005þ j0:0085

�0:0011 0:5005� j0:0085 0:5005þ j0:0085

2
64

3
75
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Taking only the magnitudes,

P¼
1:0022 0:0171 0:0171

0:0011 0:5006 0:5006

0:0011 0:5006 0:5006

2
64

3
75
DE0

q

Dd

Dn
l1 l2 l3

From the participation matrix, it is found that Dd and Dn have high

participation in the oscillatory modes corresponding to the eigenvalues l2
and l3. The field flux linkage DE0

q has a high participation in the

nonoscillatory mode l1.
(iii) The steady-state synchronizing torque coefficient due to field flux linkage

DE0
q at very low frequency (refer Equation 4.74) is

�K2K3K4 ¼�0:8644�0:3230�1:4187
¼�0:3961

The total steady-state synchronizing torque coefficient is

Ks ¼K1þ �K2K3K4ð Þ
¼ 0:7643þ �0:3961ð Þ
¼ 0:3679 pu torque=rad

:

(iv) The computation of damping torque and synchronizing torque components at

rotor oscillation frequency is as follows. Referring to Equation (4.75)

DTe
Dd

��� due to DE0
q ¼� K2K3K4

1þK3T
0
dos

. Let K3T
0
do¼T3

;
DTe
Dd

���
DE0

q

¼�K2K3K4 1� sT3ð Þ
1� s2T2

3

Therefore,

DTejDE0
q
¼�K2K3K4

1� s2T2
3

DdþK2K3K4T3
1� s2T2

3

sDd

As sDd¼D _d)Do¼osDn

DTejDE0
q
¼�K2K3K4

1� s2T2
3

DdþK2K3K4T3
1� s2T2

3

osDn

this can be written as

DTejDE0
q
¼KS DE0

q

� �
DdþKD DE0

q

� �
Dn

where KS DE0
q

� �
¼�K2K3K4

1� s2T2
3

, the synchronizing torque coefficient and

KD DE0
q

� �
¼K2K3K4T3os

1� s2T2
3

, the damping torque coefficient.
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The eigenvalues l2,l3¼�0.1094	 j6.41 denote the complex frequency of

rotor oscillations. Since the real part is much smaller than the imaginary part, KS

andKD can be evaluated by setting s¼ j6.41without loss ofmuch accuracy. Therefore,

KS DE0
q

� �
¼�K2K3K4

1� s2T2
3

¼�0:8644�0:3230�1:4187

1� j6:41ð Þ2 2:365ð Þ2
¼�0:00172 pu torque=rad

∵T3 ¼ 0:3230�7:32¼ 2:365½ �
and

KD DE0
q

� �
¼K2K3K4T3os

1� s2T2
3

¼ 0:3963�0:3230�1:4187�2:365�377

1� j6:41ð Þ2 2:365ð Þ2
¼ 1:53 pu torque=pu speed change

Thus, the effect of field flux variation reduces the synchronizing torque component

slightly and adds a damping torque component.

The net synchronizing torque component is

KS ¼K1þKS DE0
q

� �
¼ 0:7643þ �0:00172ð Þ

¼ 0:7626 pu torque=rad

Here, the only source of damping is the damping produced by the field flux variation.

Hence, the net damping torque coefficient is

KD ¼KD DE0
q

� �
¼ 1:53 pu torque=pu speed change
4.6 EFFECT OF EXCITATION SYSTEM
In this section, the effect of excitation system on the small-signal stability perfor-

mance of the SMIB system is examined in frequency domain [3]. For simplicity,

let us assume that the exciter is simply a high constant gain KA, i.e., TA¼0.

Now from Equation (4.70), TADEfd¼�DEfd�KAK5Dd�KAK6DE0
qþKADVref

with TA¼0 and DVref¼0 gives

0¼�DEfd�KAK5Dd�KAK6DE0
q ð4:76Þ

;DEfd ¼�KAK5Dd�KAK6DE0
q ð4:77Þ

Again, from the block diagram (Figure 4.4),

DE0
q ¼

K3

1þK3T0
doS

DEfd�K4Dd½ � ð4:78Þ
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or

DE0
q ¼

K3

1þK3T0
dos

�KAK5Dd�KAK6DE0
q�K4Dd

h i
ð4:79Þ

DE0
q ¼

K3

1þK3T0
dos

� KAK5þK4ð ÞDd�KAK6DE0
q

h i
ð4:80Þ

or

DE0
q 1þ K3KAK6

1þK3T0
dos

� �
¼�K3 K4þKAK5ð Þ

1þK3T0
dos

Dd ð4:81Þ

;
DE0

q

Dd
¼ �K3 K4þKAK5ð Þ
1þK3KAK6þ sK3T0

do

ð4:82Þ

The effect of the feedback around T0
do is to reduce the time constant. If K5>0, the

overall situation does not differ qualitatively from the case without the exciter, i.e.,

the system has three open-loop poles, with one of them being complex and having a

positive feedback. Thus, the real pole tends to move into the right-half plane. If

K5<0 and, consequently, K4þKAK5<0, the feedback from Dd to DTe changes from
positive to negative, and with a large enough gain KA, the electromechanical modes

may move to the right-half plane and the real eigenvalue to the left on the real axis.

Thus, a fast-acting exciter is bad for damping, but it has beneficial effects also. It

minimizes voltage fluctuations, increases the synchronizing torque, and improves

transient stability.

Taking the exciter dynamics into account, i.e., with TA 6¼0 and DVref¼0,

Equation (4.70) becomes

TADEfd ¼�DEfd�KAK5Dd�KAK6DE0
q ð4:83Þ

or

DEfd 1þ sTAð Þ¼�KAK5Dd�KAK6DE0
q ð4:84Þ

or

DEfd ¼�KAK5

1þ sTA
Dd� KAK6

1þ sTA
DE0

q ð4:85Þ

Using the block diagram (Figure 4.4), the expression for DE0
q is

DE0
q ¼

K3

1þK3T0
dos

DEfd�K4Dd½ � ð4:86Þ

DE0
q ¼

K3

1þK3T0
dos

�KAK5

1þ sTA

Dd� KAK6

1þ sTA

DE0
q�K4Dd

� �
ð4:87Þ
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Or

DE0
q 1þ K3KAK6

1þK3T0
dos

� �
1þ sTAð Þ

" #
¼�K3 K4 1þ sTAð ÞþKAK5f g

1þK3T0
dos

� �
1þ sTAð Þ �Dd

;
DE0

q

Dd
¼ �K3 K4 1þ sTAð ÞþKAK5f g
K3KAK6þ 1þK3T0

dos
� �

1þ sTAð Þ ð4:88Þ

The contribution of this expression to the torque-angle loop is given by

DTe sð Þ
Dd sð Þ ¼K2

DE0
q

Dd
¼ �K2K3 K4 1þ sTAð ÞþKAK5f g
K3KAK6þ 1þK3T0

dos
� �

1þ sTAð Þ ð4:89Þ

Therefore, considering exciter system dynamics, the change of air-gap torque due to

field flux variation by rotor angle change is given by

H sð Þ¼DTe sð Þ
Dd sð Þ ¼ �K2K3 K4 1þ sTAð ÞþKAK5f g

K3KAK6þ 1þK3T0
dos

� �
1þ sTAð Þ ð4:90Þ
4.6.1 Effect of excitation system in torque-angle loop
Assuming DTM¼0, the torque-angle loop is given by Figure (ii). The undamped nat-

ural frequency of the torque-angle loop (D
0) is given by the roots of the charac-

teristic equation:

2H sð Þ
os

s2þK1 ¼ 0 ð4:91Þ
from which we get

s1 ¼þj

ffiffiffiffiffiffiffiffiffiffiffiffi
K1os

2H sð Þ

s
rad=s; s2 ¼�j

ffiffiffiffiffiffiffiffiffiffiffiffi
K1os

2H sð Þ

s
rad=s

With a higher synchronizing torque coefficient K1 and lower H(s), s1 and s2 will be
high. The complicated expression for K1 involving loading conditions and external

reactance is obtained from Equation (4.62). The synchronizing and damping torque

component due to field flux linkage (DE0
q) with exciter dynamics will now be

computed in the following section.

By separating the torque-angle loop, in the block diagram of Figure 4.4, the

reduced block diagram can be shown as in Figure 4.8. The characteristic equation

of the closed-loop transfer function is obtained as

2H sð Þ
os

s2DdþK1DdþH sð ÞDd¼ 0 ð4:92Þ

as
DTe sð Þ
Dd sð Þ ¼H sð Þ.



2H

1

K1s2 +

H(s)

Δd
ΔTM = 0

ΔTe

−
ws

FIGURE 4.8

Block diagram representation of torque-angle loop.

114 CHAPTER 4 Small-Signal Stability Analysis in SMIB Power System
Therefore, DTe(s)| due to DE0
q¼H(s)Dd gives the contribution to both the

synchronizing torque and the damping torque. At oscillation frequency of 1-3 Hz.

ranges, it can be shown that the constant K4 has negligible effect on system

performance.

Therefore, Equation (4.90) becomes

H sð Þ¼ �K2KAK5

1

K3

þKAK6þ s
TA
K3

þT0
do

� �
þ s2T0

doTA
ð4:93Þ

Putting s¼ jo,

H joð Þ¼ �K2KAK5

1

K3

þKAK6þ jo TA
K3

þT0
do

� �
þ joð Þ2T0

doTA
ð4:94Þ

H joð Þ¼ �K2KAK5

1

K3

þKAK6�o2T0
doTA

� �
þ jo TA

K3

þT0
do

� � ð4:95Þ

Let x¼ 1

K3

þKAK6�o2T0
doTA and y¼o TA

K3

þT 0
do

� �
.

;H joð Þ¼�K2KAK5 x� jyð Þ
x2þ y2

ð4:96Þ
Therefore,

DTe ¼�K2KAK5x

x2þ y2
DdþK2KAK5y

x2þ y2
jDdð Þ ð4:97Þ

From Equation (4.97), it is clear that, at oscillation frequency, Re[H(jo)] represents
the synchronizing torque component and Im[H(jo)] is the damping torque

component.



1154.6 Effect of Excitation System
If Im[H(jo)]>0, positive damping is implied, i.e., the roots move to the left half

of s-plane. If Im[H(jo)]<0, there is a negative damping torque component, which

tends to make the system unstable.

Thus,

the synchronizing torque component¼�K2KAK5x

x2þ y2
ð4:98Þ

and

the damping torque component¼þK2KAK5y

x2þ y2
ð4:99Þ
4.6.2 Calculation of steady-state synchronizing and
damping torque
The steady-state synchronizing torque component is calculated at a very low oscil-

lation frequency (setting o�0).

Thus,

Re H joð Þ½ � ¼ �K2KAK5

1

K3

þKAK6

ð4:100Þ

The total synchronizing torque coefficient is

KS ¼K1þ �K2KAK5

1

K3

þKAK6

0
@

1
A> 0 ð4:101Þ

As K1 is usually high, so even with K5>0 for the case of low to medium external

impedance and low to medium loading, the term K1� K2KAK5
1

K3

þKAK6

is positive. With

K5<0 for moderate to high external impedance and heavy loading, the synchro-

nizing torque component KS is enhanced positively.

The steady-state damping torque coefficient at this very low oscillation frequency

(ω ≈ 0) is zero.

4.6.3 Synchronizing and damping torque at rotor oscillation
frequency
The synchronizing torque coefficient at rotor oscillation frequency (1-3 Hz) is

Re H joð Þ½ � ¼�K2KAK5x

x2þ y2
ð4:102Þ

The net synchronizing torque coefficient is

KS ¼K1þ �K2KAK5x

x2þ y2

� 	
pu torque=rad ð4:103Þ
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The damping torque coefficient is

KD ¼ Im H joð Þ½ � ¼
K2KAK5

TA
K3

þT0
do

� �
o

x2þ y2
ð4:104Þ

The expression (4.104) contributes to positive damping for K5>0 but negative

damping for K5<0, which is a cause of concern. Further, with K5<0, a higher value

of exciter gain KA makes the system unstable as shown in Figure 4.6b.
4.7 AN ILLUSTRATION
In this illustration, the synchronizing torque coefficient and damping torque coeffi-

cient for test systems 1 and 2 are to be computed by considering the specific case

illustrated in this section. The exciter gain KA¼50 and the system parameters are

taken as given in Section 4.4.

Solution
It is assumed that the rotor oscillation frequency is 10 rad/s (1.6 Hz) with

s¼ jo¼ j10.
At s¼ jo, considering Equation (4.96),

H joð Þ¼�K2KAK5 x� jyð Þ
x2þ y2

where x¼ 1

K3

þKAK6�o2T0
doTA and y¼o TA

K3

þT0
do

� �
.

For system 1,

x¼ 1

0:2162
þ50�0:3616� 10ð Þ2�5�0:2

¼ 4:6253þ18:08�100¼�77:294

and y¼ 10
0:2

0:2162
þ5

� 	
¼ 59:250.

Therefore,

x2þ y2 ¼ �77:294ð Þ2þ 59:250ð Þ2
¼ 5974:362þ3510:562¼ 9484:924

Now, the synchronizing torque coefficient is
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Re H joð Þ½ � ¼�K2KAK5x

x2þ y2

¼�3:6816�50�0:0544� �77:294ð Þ
9484:924

¼ 0:0816 pu torque=rad

; Net the synchronizing torque component as

KS ¼K1þRe H joð Þ½ � ¼ 3:7585þ0:0816
¼ 3:8401pu torque=rad

The damping torque coefficient is

KD ¼
K2KAK5

TA
K3

þT0
do

� 	
o

x2þ y2

¼ 3:6816�50�0:0544�59:250

9484:924

¼ 0:0625 pu torque=pu speed change

For system 2,

x¼ 1

0:3864
þ50�0:4477� 10ð Þ2�5�0:2¼ 2:5879þ22:385�100

¼�75:0271

and y¼ 10
0:2

0:3864

� 	
þ5¼ 55:1759.

Therefore,

x2þ y2 ¼ �75:0271ð Þ2þ 55:1759ð Þ2
¼ 5629:065þ3044:3891¼ 8673:454

Now, the synchronizing torque coefficient is equivalent to

�1:0923�50��0:1103� �75:0271ð Þ
8673:454

¼�0:0521 pu torque=rad

; Net the synchronizing torque component as

KS ¼ 0:9831þ �0:521ð Þ¼ 0:931 pu torque=rad
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and the damping torque component as

KD ¼ 1:0923�50� �0:1103ð Þ�55:1759

8673:454

¼�0:0383 pu torque=pu speed change

Therefore, it is readily clear that when K5 is negative, the damping torque com-

ponent due to DE0
q would be opposite in sign to the value when K5 is positive.

For the systems under consideration, Table 4.1 summarizes the effect of exci-

tation on KS and KD at o¼10rad/s for different values of gain KA. It is observed

from the table that except in very high value of exciter gain as the exciter gain

increases, the stability of system 1 (K5>0) increases, and, for system 2 (K5<0),

stability decreases. It has been further observed that for test system 1, with an

increase of exciter gain up to a certain value (KA¼400), the stability of the system
Table 4.1 Effect of Exciter Gain on Synchronizing Torque and Damping Torque on

Systems 1 and 2

Exciter
Gain (KA)

Synchronizing Torque
Due to DE0

q

Net Synchronizing
Torque (KS)

Damping
Torque (KD)

System 1

0 0 3.7585 0

10 0.0154 3.7739 0.0099

15 0.0233 3.7818 0.0153

25 0.0394 3.7979 0.0271

50 0.0816 3.8401 0.0625

100 0.1690 3.9275 0.1691

200 0.2285 3.9870 0.5871

400 �0.6647 3.0938 0.7994

1000 �0.7168 3.0417 0.1595

System 2

0 0 0.9831 0

10 �0.0096 0.9735 �0.0057

15 �0.0145 0.9686 �0.0088

25 �0.0248 0.9583 �0.0159

50 �0.0521 0.9310 �0.0383

100 �0.1091 0.8740 �0.1143

200 �0.0611 0.9220 �0.4280

400 0.4052 1.3883 �0.2737

1000 0.3356 1.3187 �0.0529
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increases because of improvement of damping torque (TD). With a further increase

of exciter gain, both the torques start decreasing and become negative with a very

high gain, resulting in instability in the system, whereas for test system 2, the

results are the opposite, with an increase of exciter gain, and it has been found that

for high values of external system reactance and high generator output, when K5

is negative, a high gain exciter introduces positive damping but decreasing

synchronizing torque.
MATLAB Program
%CALCULATION OF SYNCHRONIZING TORQUE AND DAMPING TORQUE

%***************************************************************

SYSTEM_NO=input (‘ENTER THE SYSTEM NO. :’)

KA=input (‘ENTER EXCITER GAIN KA :’)

if (SYSTEM_NO < 2)

%PARAMETERS OF THE SYSTEM 1:

%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

K1=3.7585; K2=3.6816; K3=0.2162; K4=2.6582; K6=0.3616; Td=5; H=6;

TA=0.2; DX=0; WS=377; K5=0.0544;

%K5=2.89; %GIVE TESTED VALUE OF K5%

Else

%PARAMETERS OF THE SYSTEM 2:

%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

K1=0.9831; K2=1.0923; K3=0.3864; K4=1.4746; K6=0.4477; Td=5; H=6;

TA=0.2; DX=0; WS=377; K5=-0.1103;

%K5=-0.3103; %GIVE TESTED VALUE OF K5%

End

% SYSTEM MATRIX ‘M’ WITHOUT EXCITER

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
M11=-1/ (K3*Td); M12=-K4/Td; M13=0; M14=0;

M21=0; M22=0; M23=WS; M24=0;

M31= -K2/ (2*H); M32=-K1/ (2*H); M33=-DX*WS/2*H; M34=0;

M41=-K6/ (K3*Td); M42=-(K6*K4)/Td; M43=K5*WS; M44=0;

M=[M11 M12 M13 M14; M21 M22 M23 M24; M31 M32 M33 M34;

M41 M42 M43 M44];

N11 =1/Td; N21=0; N31=0; N41=K6/Td;

% O= [K6 K5 0];

O= [0 0 1];

P=0;

%INPUT ‘N’, OUYPUT ‘O’ AND TRANSITION MATRIX ‘P’ WITHOUT EXCITER

N= [N11; N21; N31; N41]; O= [0 0 1]; P=0;

%TRANSFER FUNCTION WITHOUT EXCITER H1(S) =NUM1/DEN1

%***************************************************************

[NUM1, DEN1]=ss2tf (M, N, O, P);

% prints (NUM1, DEN1);
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% SYSTEM MATRIX ’A’ WITH EXCITER

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
A11= (-1)/ (K3*Td); A12= (-K4)/Td; A13=0; A14=1/Td;

A21=0; A22=0; A23=WS; A24=0;

A31= (-K2)/ (2*H); A32= (-K1)/ (2*H); A33=-DX*WS/2*H; A34=0;

A41=-(KA*K6)/TA; A42=-(KA*K5)/TA; A43=0; A44= (-1)/TA;

A= [A11 A12 A13 A14; A21 A22 A23 A24; A31 A32 A33 A34; A41 A42 A43 A44];

B11=0; B21=0; B31=0; B41=KA/TA;

C= [0 0 1];

D=0;

% EIGEN VALUES OF A

(‘EIGEN VALUES OF THE SYSTEM WITH EXCITER=’)

eig (A)

% INPUT, OUTPUT & TRANSITION MATRIX ‘A’, ‘B’, ‘C’, ‘D’ WITH EXCITER

B= [B11; B21; B31; B41]; C= [0 0 0 1]; D=0;

% CLOSED LOOP TF OF THE SYSTEM WITH EXCITER

%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

[NUM2, DEN2]=ss2tf (A, B, C, D);

%step(NUM2,DEN2);

%printsys(NUM2,DEN2)

% ROOTS OF THE CHARACTERISTIC EQN. OF THE SYSTEM 1 WITH EXCITER

LAMDA_1=roots (DEN2);

%EXCITER TRANSFER FUNCTION KA/ (0.2S+1)

% ROOT LOCUS OF OPEN LOOP TF "G(S)*H1(S)" OF THE SYSTEM 1 AND SYSTEM 2

WITH EXCITER

ONUM2= KA*[NUM1];

poly1= [0.2 1]; poly2=DEN1;

ODEN2= conv(poly1, poly2);

%OPEN LOOP TF “G(S)*H1(S)” OF THE SYSTEM AND SYSTEM 2

%printsys (ONUM2, ODEN2);

% rlocus(NUM2,DEN2)

%rlocus (ONUM2, ODEN2)

%FREQUENCY DOMAIN ANALYSIS (WITH TA NOT= 0, VREF=0)

%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

% SYTEM MATRIX ‘Q’IN FREQUENCY DOMAIN ANALYSIS

Q11=-1/ (K3*Td); Q12 = 1/Td; Q21=-(KA*K6)/TA; Q22=-1/TA;

Q= [Q11 Q12; Q21 Q22];

% INPUT, OUTPUT & TRANSITION MATRIX ‘R’, ‘S’, ‘T’ IN FREQUENCY DOMAIN

ANALYSIS

R11=-K4/Td; R21=-KA*K5/TA;

R= [R11; R21]; S= [1 0]; T= 0;
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% delta Eq’(S)/delta d(S)) TF IN FREQUENCY DOMAIN ANALYSIS (WITH TA

NOT= 0, VREF=0)

[NUM3, DEN3]=ss2tf (Q, R, S, T);

%PRINTSYS (NUM3, DEN3);

%FREQUENCY DOMAIN ANALYSIS (WITH TA = 0, VREF=0)

%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

U=-(K3*KA*K6+1)/ (K3*Td); V=-(K4+KA*K5)/Td; W=1; X=0;

% DELTA (Eq’(S)/d(S)) TF IN FREQUENCY DOMAIN ANALYSIS (WITH TA = 0,

VREF=0)

[NUM4, DEN4]=ss2tf (U, V, W, X);

%printsys (NUM4, DEN4);

% IMPORTANT CONCLUSIONS FROM FREQUENCY DOMAIN ANALYSIS

%***************************************************************

%rlocus (NUM1, DEN1)

%ROOTS OF THE CHARACTERISTICS EQUATION WITHOUT EXCITER

roots (DEN1);

%ROOTS OF THE CHAR. EQ. IN FREQUENCY DOMAIN ANALYSIS (WITH TA = 0,

VREF=0)

roots (DEN4);

%ROOTS OF THE CHAR. EQ. IN FREQUENCY DOMAIN ANALYSIS (WITH TA NOT= 0,

VREF=0)

% rlocus (NUM3, DEN3);

roots (DEN3);

eig (M); eig (Q); eig (U);

% TORQUE ANGLE LOOP TF IN FREQUENCY DOMAIN ANALYSIS: delta d(s)/

delta Te(s)

%----------------------------------------------------

% SYSTEM MATRIX ‘a’, ‘b’, ‘c’, ‘d’

a11=0; a12=WS; a21=-K1/(2*H); a22=-(DX*WS)/(2*H);

a=[a11 a12;a21 a22]; b11=0; b21=1/(2*H); c11=1; c12=0; d=0;

% INPUT, OUTPUT & TRANSITION MATRIX ’b’, ‘c’ , d’

b=[b11;b21]; c=[c11 c12]; d=0;

[NUM5,DEN5]=ss2tf(a,b,c,d);

roots(DEN5);

% TORQUE ANGLE LOOP TF IN FREQUENCY DOMAIN ANALYSIS

% WITH ALL DYNAMICS delta Te(s)/delta d(s)=K2*(delta Eq’(S)/delta d

(s))= H2(s)

NUM6=-(K2*KA*K5);

DEN6=DEN3;

%printsys(NUM6,DEN6);

% COMPUTATION OF REAL PART AND IMAGINATY PART OF H2(S)

% CONTRIBUTION TO THE DAMPING TORQUE RANGE OF W IS 1 TO 3 HZ

%----------------------------------------------------

W=10; % FREQUENCY
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H2S=-(K2*KA*K5)/((1/K3 + KA*K6 -W*W*Td*TA)+i*W*(TA/K3+Td));

REAL_PART = real(H2S) ; % SYNCHRONIZING TORQUE COMPONENT

IMAG_PART = imag(H2S) ; % DAMPING TORQUE COMPONENT

%X = 1/K3 + KA*K6 -W*W*Td*TA; %Y= W*(TA/K3 + Td); %Z= X*X + Y*Y;

%ReH2S = -(K2*KA*K5*X)/Z %ImH2S = (K2*KA*K5*Y)/Z

% TOTAL SYNCHRONIZING AND DAMPING TORQUE FOR DIFFERENT EXCITER GAINS

%�������������������������������������������������
EXCITER_GAIN = KA

SYNC_TORQUE_WITHOUT_PSS = REAL_PART

DAMPING_TORQUE_WITHOUT_PSS = IMAG_PART

if (IMAG_PART > 0)

(‘POSITIVE DAMPING IMPLIED AND TENDS TO MAKE THE SYSTEM IS STABLE’)

else

(‘NEGATIVE DAMPING IMPLIED AND TENDS TO MAKE THE SYSTEM IS

UNSTABLE’)

end

TOTAL_SYNCTORQUE_WITHOUT_PSS = K1+SYNC_TORQUE_WITHOUT_PSS

Thus, the situation is conflicting with regard to exciter response, and there is a

requirement of optimum setting of the exciter gain so that it results in sufficient

synchronizing and damping torque components in the expected range of operating

conditions. This may not be always possible. Again, it may be necessary to use a

high-response exciter to provide the required synchronizing torque and transient

stability performance. In this situation, the introduction of additional damping to

the system has been achieved by installing power system stabilizer (PSS) with

the machine. The input stabilizing signal of the PSS may be derived from the

system as speed change (Dn) or change in electric accelerating power (DPacc) or

a combination of both.

The small-signal stability performance of an SMIB power system and of a multi-

machine power system employing speed input PSS has been described in Chapter 6.
EXERCISES

4.1 A synchronous machine is connected to an infinite bus. Draw the equivalent

circuit diagram of the machine considering flux-decay model. Derive the

state-space model of the system with and without exciter dynamics in terms

of K constants.

4.2 Draw block diagram representation of the synchronous machine flux-decay

model. Define different K constants presented in the block diagram. Explain

the effects of K4 and K5 constants on synchronous machine stability.
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4.3 For an SMIB system, considering exciter system dynamics with exciter gain

KA and time constant TA, show that the change of air-gap torque DTe due to

field flux variation by rotor angle change Dd is given by

H sð Þ¼DTe sð Þ
Dd sð Þ ¼ �K2K3 K4 1þ sTAð ÞþKAK5f g

K3KAK6þ 1þK3T0
dos

� �
1þ sTAð Þ
4.4 In Figure 4.1, assume that Re¼0, Xe¼0.5 pu, Vt∠y� ¼1∠15� pu, and

V1∠y� ¼1.05∠0� pu. The machine data are H¼3.2 s, T 0
do¼9.6 s,

KA¼400, TA¼0.2 s, Rs¼0.0 pu, Xq¼2.1 pu, Xd¼2.5 pu, X0
d¼0.39 pu, and

D¼0. Using flux-decay model, find the following:
(a) The initial values of state and algebraic variables

(b) K1–K6 constants
4.5 Consider a single machine connected to an infinite bus. Assume that

Vt∠y� ¼1.02∠19� and V1∠y� ¼1∠0�. The parameters are as follows:
Transmission line: Re¼0pu and Xe¼0.5pu

Generator: Rs¼0.0pu, Xd¼1.6pu, and Xq¼1.55pu, X0
d¼0.32pu, D¼0,

H¼3.0 s, and T0
do¼6.0 s

Exciter: KA¼50 and TA¼0.05 s
(a)
(b)
Compute the eigenvalues of the system.

Obtain the K1–K6 constants of the system.
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CHAPTER
5
Small-Signal Stability
Analysis in Multimachine
System
5.1 INTRODUCTION
Because of the rapid growth of power systems and the continual reduction in inherent

stability margins, increased reliance is being placed on analysis of system dynamic

performance. The utilization of excitation control for improved steady-state or

dynamic stability of multimachine power systems has received much attention since

decades ago and will become much more significant in view of the increasing size

and complexity of today’s modern power systems. In practical power systems, there

exist a number of poorly damped electromechanical modes of oscillations, and these

oscillations between interconnected synchronous generators are inherent. The stabil-

ity of these oscillations is of vital concern for secure system operation. The eigen-

value analysis techniques are widely applied in the literatures [1–4] to the

analysis of dynamic or small-signal performance of power systems.

The formulation of state equations for small-signal stability analysis in a multi-

generator system involves the development of linearized equations about any oper-

ating point and eliminating all variables other than the desired state variables. The

general procedure is similar to that used for a single-machine infinite-bus system

in Chapter 4. However, the need to allow for the representation of the extensive trans-

mission networks, loads, excitation systems, prime movers, etc., makes the system

very complex.

In this chapter, the two-axis multimachine model with IEEE Type I exciter con-
sidering all network bus dynamics is taken for small-signal stability analysis [1]. A

detailed description of the method of multimachine simulations and case studies are

illustrated as follows.
5.2 MULTIMACHINE SMALL-SIGNAL MODEL
To formulate multimachine small-signal model, the following assumptions are made

without loss of generality:

(i) The stator and the network transient are neglected.

(ii) The turbine governor dynamics are neglected resulting in constant mechanical

torque T
Mi

(i¼no. of machines).
Power System Small Signal Stability Analysis and Control. https://doi.org/10.1016/B978-0-12-817768-6.00005-6
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(iii) The limit constraints on AVR output VRi
ð Þ are deleted as the focus of interest is

on modeling and simulation.

(iv) The damping torque TFi ¼Di oi�osð Þ is assumed linear.
5.2.1 Two-axis model of multimachine system
� The differential-algebraic equations

ddi
dt

¼oi�os ð5:1Þ

doi

dt
¼ TMi

Mi
�

E0
qi
�X0

di
Idi

h i
Iqi

Mi
�

E0
di
þX0

qi
Iqi

h i
Idi

Mi

�Di oi�osð Þ
Mi

ð5:2Þ

dE0
qi

dt
¼� E0

qi

T0
doi

�
Xdi �X0

di

� �
Idi

T0
doi

þEfdi

T 0
doi

ð5:3Þ

dE0
di

dt
¼� E0

di

T0
qoi

þ Iqi
T0
qoi

Xqi �X0
qi

� �
ð5:4Þ

dEfdi

dt
¼�KEi

þSEi
Efdið Þ

TEi

Efdi þ
VRi

TEi

ð5:5Þ

dVRi

dt
¼�VRi

TAi

þKAi

TAi

RFi �
KAi

KFi

TAi
TFi

Efdi þ
KAi

TAi

Vrefi�Vi
ð Þ ð5:6Þ

dRFi

dt
¼�RFi

TFi
þ KFi

TFið Þ2Efdi ð5:7Þ

for i¼1, 2, 3, . . .,m.
Equation (5.2) has dimensions of torque in pu. When the stator transients are

neglected, the electric torque becomes equal to the per unit power associated with

the internal voltage source.

� Algebraic equations

The algebraic equations consist of the stator algebraic equations and the network

equations. The stator algebraic equations directly follow from the synchronous



 + 

-

+

R si
jX�di

[(X�qi 
- X�di

)Iqi 
+ jE�qi

]e

(Idi 
+ jIqi

) e

j(di -p / 2)

-

j (di -p /2)

(Vdi 
+ jVqi

)e
j(di -p /2)

= Vi e
jqi

FIGURE 5.1

Dynamic circuit synchronous machine two-axis model (i¼1, 2, 3, . . .,m).
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machine dynamic equivalent circuit (Figure 5.1). The application of KVL yields the

stator algebraic equations:

(i) Stator algebraic equations

0¼Vie
jyi þ Rsi þ jX0

di

� �
Idi þ jIqi
� �

e j di�p=2ð Þ

� E0
di
þ X0

qi
�X0

di

� �
Iqi þ jE0

qi

h i
e j di�p=2ð Þ ð5:8Þ

for i¼1, 2, 3, . . .,m.
The stator algebraic equations in polar form then are

E0
di
�Vi sin di�yið Þ�Rsi Iqi þX0

qi
Iqi ¼ 0 ð5:9Þ

E0
qi
�Vi cos di�yið Þ�Rsi Idi �X0

di
Idi ¼ 0 ð5:10Þ
(ii) Network equations

The dynamic circuit together with the stator networks and the loads is given in

Figure 3.8, Chapter 3. The network equations for an n-bus system can be written in

complex form.

The network equations for the generator buses are

Vie
jyi þ Idi � Iqi

� �
e�j di�p=2ð Þ þPLi

Við Þþ jQLi
Við Þ¼

Xn
k¼1

ViVkYike
j yi�yk�aikð Þ

for i¼ 1, 2, 3, . . . , m: ð5:11Þ
The network equations for the load buses are

PLi
Við Þþ jQLi

Við Þ¼
Xn
k¼1

ViVkYike
j yi�yk�aikð Þ for i¼mþ1, mþ2, mþ3, . . . , n:

ð5:12Þ
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Again, Vie
jyi þ Idi � Iqi

� �
e�j di�p=2ð Þ ¼PGi

þ jQGi
is the complex power “injected”

into bus i due to the generator. Thus, Equations (5.11) and (5.12) are only the real

and reactive power-balance equation at all the n buses.

Equations (5.11) and (5.12) can be written further in the power-balance

form as

IdiVi sin di�yið Þþ IqiVi cos di�yið ÞþPLi
Við Þ�

Xn
k¼1

ViVkYik cos yi�yk�aikð Þ¼ 0

ð5:13Þ

IdiVi cos di�yið Þ� IqiVi sin di�yið ÞþQLi
Við Þ�

Xn
k¼1

ViVkYik sin yi�yk�aikð Þ¼ 0

ð5:14Þ
where i¼1, 2, 3, . . ., m for generator buses and

PLi
Við Þ�

Xn
k¼1

ViVkYik cos yi�yk�aikð Þ¼ 0 ð5:15Þ

QLi
Við Þ�

Xn
k¼1

ViVkYik sin yi�yk�aikð Þ¼ 0 ð5:16Þ

where i¼mþ1, mþ2, mþ3, . . ., n for load buses.

Thus, there are

(i) seven differential equations for each machine, i.e., 7m differential

equations (5.1)–(5.7);

(ii) two real equations of stator for each machine, i.e., 2m real equations (5.9) and

(5.10);

(iii) two real equations for each generator bus and two real equations for each load

bus, i.e., 2n real equations from (5.13) to (5.16).

Therefore, Equations (5.1)–(5.16) constitute 7mþ2mþ2n equations with X¼
XT
1 XT

2 . . . XT
m

� �T
as the state vector where Xi ¼ di oi E0

qi
E0
di

Efdi VRi
RFi

� �T
represent the state vectors for each machine.

Y¼ ITd�q VT yT
h iT

is the set of algebraic variables, where Id�q ¼
Id1 Iq1 Id2 Iq2 . . . Idm Iqm½ �T, V¼ V1 V2 . . . Vn½ �T, and y¼ y1 y2 . . . yn½ �T.

Therefore, the differential equations, together with the stator algebraic equa-

tions and the network equations, form a set of differential-algebraic equations

(DAEs) as

_X¼ f X, Y,Uð Þ ð5:17Þ

0¼ g X, Yð Þ ð5:18Þ
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where U¼ UT
1 UT

2 . . . UT
m

� �T
with Ui ¼ os TMi

Vrefi½ �T as the input vectors for

each machine. Equation (5.17) is the dimension of 7m and Equation (5.18) is of

dimension 2(mþn).
5.2.2 Linearization process and multimachine state-space model
Linearization of the DAEs (5.1)–(5.7) about any operating point yields

D _di ¼Doi ð5:19Þ

D _oi ¼ 1

Mi
DTMi

�E0
qi

Mi
DIqi þ

X0
di
Idi

Mi
DIqi þ

X0
di
Iqi

Mi
DIdi

� Iqi
Mi

DE0
qi
�E0

di

Mi
DIdi �

Idi
Mi

DE0
di
�X0

qi
Idi

Mi
DIqi

�X0
qi
Iqi

Mi
DIdi �

Di

Mi
Doi ð5:20Þ

D _E
0
qi
¼�DE0

qi

T 0
di

�
Xdi �X0

di

� �
DIdi

T0
di

þDEfdi

T0
di

ð5:21Þ

D _E0
di ¼�DE0

di

T0
qi

�
Xqi �X0

qi

� �
DIqi

T0
qi

ð5:22Þ

D _Efdi ¼ fsi Efdið ÞDEfdi þ
DVRi

TEi

ð5:23Þ

D _VRi
¼�DV

Ri

T
Ai

þKAi

TAi

DRFi �
KAi

KFi

TAi
TFi

DEfdi

�KAi

TAi

DViþKAi

TAi

DVrefi

ð5:24Þ

D _RFi ¼�DRFi

TFi
þ KFi

TFið Þ2DEfdi ð5:25Þ

for i¼1, 2, 3, . . ., m (no. of machines).

Here, fsi Efdið Þ¼�KEi
þEfdi@SE Efdið ÞþSE Efdið Þ

TEi
, where the symbol @ stands for

partial derivative.
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Writing Equations (5.19)–(5.25) together in matrix form,

D _di

D _oi

D _E
0
qi

D _E
0
di

D _Efdi

D _VRi

D _RFi

2
66666666666664

3
77777777777775
¼

0 1 0 0 0 0 0

0 �Di

Mi
� Iqi
Mi

� Idi
Mi

0 0 0

0 0 � 1

T0
doi

0
1

T0
do

0 0

0 0 0 � 1

T0
qoi

0 0 0

0 0 0 0 fsi Efdið Þ 1

TEi

0

0 0 0 0 �KAi
KFi

TAi
TFi

� 1

TAi

KAi

TAi

0 0 0 0
KFi

TFið Þ2 0 � 1

TFi

2
66666666666666666666666664

3
77777777777777777777777775

Ddi

Doi

DE0
qi

DE0
di

DEfdi

DVRi

DRFi

2
6666666666664

3
7777777777775

þ

0 0

Iqi X0
di
�X0

qi

� �
�E0

di

Mi

Idi X0
di
�X0

qi

� �
�E0

qi

Mi

�
Xdi �X0

di

� �
T0
doi

0

0
Xqi �X0

qi

� �
T0
qoi

0 0

0 0

0 0

2
66666666666666666666664

3
77777777777777777777775

DIdi
DIqi

" #

þ

0 0

0 0

0 0

0 0

0 0

0 �KAi

TAi

0 0

2
66666666666664

3
77777777777775

Dyi

DVi

" #
þ

0 0

1

Mi
0

0 0

0 0

0 0

0 �KAi

TAi

0 0

2
6666666666666664

3
7777777777777775

DTMi

DVrefi

" #
ð5:26Þ

for i¼1, 2, 3, . . ., m (no. of machines). Here, Mi ¼ 2Hi

osi
.
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Denoting DIdi DIqi½ �T ¼DIgi , and DTMi
DVrefi½ �T ¼DUi, Equation (5.26) can be

written as

D _Xi ¼A1iDXiþB1iDIgi þB2iDVgi þE1iDUi ð5:27Þ

i.e., for the m-machine system,

D _X¼A1DXþB1DIgþB2DVgþE1DU ð5:28Þ

where [A1]7m�7m, [B1]7m�2m, [B2]7m�2m, and [E1]7m�2m are the block-diagonal

matrices of the form as represented by

A1 ¼

A11 0 0 � � � 0

0 A12 0 : : : 0

0 0 A13 : : : 0

: : : : :

: : : : :

: : : : :

0 0 0 : : : A1m

2
6666666666666664

3
7777777777777775

7m�7m

B1 ¼

B21 0 0 � � � 0

0 B22 0 : : : 0

0 0 B23 : : : 0

: : : : :

: : : : :

: : : : :

0 0 0 : : : B2m

2
6666666666666664

3
7777777777777775

7m�2m

B2 ¼

B11 0 0 � � � 0

0 B12 0 : : : 0

0 0 B13 : : : 0

: : : : :

: : : : :

: : : : :

0 0 0 : : : B1m

2
6666666666666664

3
7777777777777775

7m�2m

E1 ¼

E11 0 0 � � � 0

0 E12 0 : : : 0

0 0 E13 : : : 0

: : : : :

: : : : :

: : : : :

0 0 0 : : : E1m

2
6666666666666664

3
7777777777777775

7m�2m

Linearization of the stator algebraic equations (5.9) and (5.10) gives

DE0
di
� sin di�yið ÞDVi�Vicos di�yið ÞDdiþVicos

di�yið ÞDyi�RsiDIdi þX0
qi
DIqi ¼ 0

ð5:29Þ

DE0
qi
� cos di�yið ÞDViþVisin di�yið ÞDdi�Visin di�yið ÞDyi

�RsiDIqi �X0
di
DIdi ¼ 0

ð5:30Þ
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Writing Equations (5.29) and (5.30) in matrix notation,

�Vicos di�yið Þ 0 0 1 0 0 0

Visin di�yið Þ 0 1 0 0 0 0

" #
Ddi
Doi

DE0
qi

DE0
di

DEfdi

DVRi

DRFi

2
6666666666664

3
7777777777775

þ
�Rsi X0

qi

�X0
di

�Rsi

" #
DIdi
DIqi

" #

þ Vicos di�yið Þ � sin di�yið Þ
�Visin di�yið Þ � cos di�yið Þ

" #
Dyi
DVi

" #
¼ 0

ð5:31Þ

for i¼1, 2, 3, . . .,m, which can be further represented as

0¼C1iDXiþD1iDIgi þD2iDVgi ð5:32Þ

i.e., for the m-machine system Equation (5.32) can be written as

0¼C1DXþD1DIgþD2DVg ð5:33Þ
where [C1](2m)�(7m), [D1](2m)�(2m), and [D2](2m)�(2m) are block-diagonal matrices of

the form as shown:

C1 ¼

C11 0 0 � � � 0

0 C12 0 : : : 0

0 0 C13 : : : 0

: : : : :

: : : : :

: : : : :

0 0 0 : : : C1m

2
666666666664

3
777777777775

2m�7m

D1 ¼

D11 0 0 � � � 0

0 D12 0 : : : 0

0 0 D13 : : : 0

: : : : :

: : : : :

: : : : :

0 0 0 : : : D1m

2
666666666664

3
777777777775

2m�2m

and D2 ¼

D21 0 0 � � � 0

0 D22 0 : : : 0

0 0 D23 : : : 0

: : : : :

: : : : :

: : : : :

0 0 0 : : : D2m

2
66666666664

3
77777777775

2m�2m
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Linearization of the network equations that pertain to generator buses (PV buses)

gives

0¼ IdiVicos di�yið Þ� IqiVisin di�yið Þ� �
Ddi

þVisin di�yið ÞDIdi þVicos di�yið ÞDIqi

þ Idisin di�yið Þþ Iqicos di�yið Þ�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" #

þ@PLi
Við Þ

@Vi

!
DVi

 

þ �IdiVicos di�yið Þþ IqiVisin di�yið Þþ Vi

Xn
k¼1
6¼i

VkYiksin yi�yk�aikð Þ

2
64

3
75

0
B@

1
CADyi

�Vi

Xn
k¼1

Yikcos yi�yk�aikð Þ½ �DVk�Vi

Xn
k¼1
6¼i

VkYiksin yi�yk�aikð Þ½ �Dyk ð5:34Þ

¼ �IdiVisin di�yið Þ� IqiVicos di�yið Þ� �
DdiþVicos di�yið ÞDIdi�Visin di�yið ÞDIqi

þ Idicos di�yið Þ�Iqisin di�yið Þ�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #

þ@QLi
Við Þ

@Vi

 !
DVi

þ IdiVisin di�yið Þþ IqiVicos di�yið Þ� Vi

Xn
k¼1
6¼i

VkYikcos yi�yk�aikð Þ

2
64

3
75

0
B@

1
CADyi

�Vi

Xn
k¼1

Yiksin yi�yk�aikð Þ½ �DVkþVi

Xn
k¼1
6¼i

VkYikcos yi�yk�aikð Þ½ �Dyk

ð5:35Þ
for i¼1, 2, 3, . . .,m (for the generator buses). Here, the load is treated as constant

power type. Combining Equations (5.34) and (5.35) in matrix form gives

IdiVicos di�yið Þ� IqiVisin di�yið Þ� 	
0 0 0 0 0 0

�IdiVisin di�yið Þ� IqiVicos di�yið Þ� 	
0 0 0 0 0 0

" #
Ddi

Doi

DE0
qi

DE0
di

DEfdi

DVRi

DRFi

2
66666666666664

3
77777777777775

þ Visin di�yið Þ �Vicos di�yið Þ
Vicos di�yið Þ �Visin di�yið Þ

" #
DIdi

DIqi

" #

þD4 i, kð ÞDVgi þD5 i, kð ÞDVli ¼ 0 ð5:36Þ
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where in D4(i,k), k¼1, 2, . . .,m (for generator buses) and in D5(i,k), k¼mþ1,

mþ2, . . .,n (for non generator buses).

As Dyi DVi½ �T ¼DVgi , where in DVgi , i¼1, 2, . . .,m (for generator buses) and

Dyi DVi½ �T ¼DVli , where in DVli , i¼mþ1, mþ2, . . .,n (for nongenerator buses),

Equation (5.36) can further be represented as

0¼C2iDXiþD3iDIgi þD4 i, kð ÞDVgi þD5 i, kð ÞDVli ð5:37Þ

This for m-machine system now becomes

0¼C2DXþD3DIgþD4DVgþD5DVl ð5:38Þ

Here, [C2]2m�7m and [D3]2m�2m are block-diagonal matrices and [D4]2m�2m

and [D5]2m�2n are full matrices. Therefore, Equation (5.38) in matrix form can be

written as

0¼

C21 0 0 � � � 0

0 C22 0 : : : 0

0 0 C23 : : : 0

: : : : :

: : : : :

: : : : :

0 0 0 : : : C2m

2
66666666666664

3
77777777777775

DX1

DX2

:

:

:

:

DXm

2
66666666666664

3
77777777777775
þ

D31 0 0 � � � 0

0 D32 0 : : : 0

0 0 D33 : : : 0

: : : : :

: : : : :

: : : : :

0 0 0 : : : D3m

2
66666666666664

3
77777777777775

DIg
1

DIg2
:

:

:

:

DIgm

2
66666666666664

3
77777777777775

þ

D41,1 D41,2 : � � � D41,m

D42,1 D42,2 : : : : D42,m

: : : : :

: : : : :

: : : : :

: : : : :

D4m,1 D4m,2 : : : : D4m,m

2
66666666666664

3
77777777777775

DVg1

DVg2

:

:

:

:

DVgm

2
66666666666664

3
77777777777775

þ

D51,mþ1 D51,mþ2 : � � � D51,n

D52,mþ1 D52,mþ2 : : : : D52,n

: : : : :

: : : : :

: : : : :

: : : : :

D5m,mþ1 D5m,mþ2 : : : : D5m,n

2
66666666666664

3
77777777777775

DVlmþ1

DVlmþ2

:

:

:

:

DVln

2
66666666666664

3
77777777777775

ð5:39Þ
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� The submatrices of D4 and D5 can be derived as follows:

To obtain the submatrices of the full matrices D4 and D5 from Equations (5.34)

and (5.35), the terms involving the variables Dyi, DVi, Dyk, and DVk are only con-

sidered. Here, i¼1, 2, . . .,m (for generator buses) and k¼mþ1,mþ2, . . .n (for non-
generator buses).

For i¼1, Equation (5.34) gives
V1
0¼ �� �þ �IdiVicos di�yið Þþ IqiVisin di�yið Þþ Vi

Xn
k¼1
6¼i

VkYiksin yi�yk�aikð Þ

2
64

3
75

0
B@

1
CADy1

þ Idisin di�yið Þþ Iqicos di�yið Þ�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" #

þ@PLi
Við Þ

@Vi

 !
D

�ViYikcos yi�yk�aikð ÞDV1� � ��ViYikcos yi�yk�aikð ÞDVm

�ViYikcos yi�yk�aikð ÞDVmþ1� � ��ViYikcos yi�yk�aikð ÞDVn

�ViVkYiksin yi�yk�aikð ÞDy2�ViVkYiksin yi�yk�aikð ÞDy3� � �
�ViVkYiksin yi�yk�aikð ÞDym�ViVkYiksin yi�yk�aikð ÞDymþ1� � �
�ViVkYiksin yi�yk�aikð ÞDyn

ð5:40Þ
Rearranging the terms containing the variables DVg1 . . .DVgm and DVgmþ1

. . .DVgn ,

Equation (5.40) can be written as

0¼ �� �þ �IdiVicos di�yið Þþ IqiVisin di�yið Þþ Vi

Xn
k¼1
6¼i

VkYiksin yi�yk�aikð Þ

2
64

3
75

2
64

Idisin di�yið Þþ Iqicos di�yið Þ�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" #

�ViYikcos yi�yk�aikð Þþ@PLi
Við Þ

@Vi



Dy1
DV1

� 


þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ � Dy2
DV2

� 

þ�� �

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ � Dym
DVm

� 

þ

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ � Dymþ1

DVmþ1

� 

þ�� �

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ � Dyn
DVn

� 

ð5:41Þ
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Similarly, for i¼1, Equation (5.35) gives

0¼�� �þ IdiVisin di�yið Þþ IqiVicos di�yið Þ� Vi

Xn
k¼1
6¼i

VkYikcos yi�yk�aikð Þ

2
64

3
75

0
B@

1
CADy1

þ Idicos di�yið Þ� Iqisin di�yið Þ�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #

þ@QLi
Við Þ

@Vi

 !
DV1

�ViYiksin yi�yk�aikð ÞDV1� � ��ViYiksin yi�yk�aikð ÞDVm

�ViYiksin yi�yk�aikð ÞDVmþ1� � ��ViYiksin yi�yk�aikð ÞDVn

þViVkYikcos yi�yk�aikð ÞDy2þViVkYikcos yi�yk�aikð ÞDy3þ�� �
þViVkYikcos yi�yk�aikð ÞDymþViVkYikcos yi�yk�aikð ÞDymþ1þ�� �
þViVkYikcos yi�yk�aikð ÞDyn

ð5:42Þ
Rearranging the terms containing the variables DVg1 . . .DVgm and DVgmþ1

. . .DVgn ,

Equation (5.42) can be written as

0¼ �� �þ IdiVisin di�yið Þþ IqiVicos di�yið Þ� Vi

Xn
k¼1
6¼i

VkYikcos yi�yk�aikð Þ

2
64

3
75

2
64

Idicos di�yið Þ� Iqisin di�yið Þ�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #

�ViYiksin yi�yk�aikð Þþ@QLi
Við Þ

@Vi


 Dy1

DV1

" #

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dy2

DV2

" #
þ�� �

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dym

DVm

" #

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dymþ1

DVmþ1

" #
þ�� �

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dyn

DVn

" #

ð5:43Þ
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Combining Equations (5.41) and (5.43) together in matrix form for i¼1 results in

0¼ �� �þ

�IdiVicos di�yið Þþ IqiVisin di�yið Þþ Vi

Xn
k¼1
6¼i

VkYiksin yi�yk�aikð Þ

2
64

3
75

IdiVisin di�yið Þþ IqiVicos di�yið Þ� Vi

Xn
k¼1
6¼i

VkYikcos yi�yk�aikð Þ

2
64

3
75

2
66666666664

Idisin di�yið Þþ Iqicos di�yið Þ�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" #

�ViYikcos yi�yk�aikð Þþ@PLi
Við Þ

@Vi

Idicos di�yið Þ� Iqisin di�yið Þ�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #

�ViYiksin yi�yk�aikð Þþ@QLi
Við Þ

@Vi

3
7777777777777777775

Dy1

DV1

2
4

3
5

þ
�ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ

ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

2
4

3
5 Dy2

DV2

2
4

3
5

þ
�ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ

ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

2
4

3
5 Dym

DVm

2
4

3
5

þ
�ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ

ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

2
4

3
5 Dymþ1

DVmþ1

2
4

3
5þ�� �

þ
�ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ

ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

2
4

3
5 Dyn

DVn

2
4

3
5

ð5:44Þ
Therefore, for i¼1 and k¼1, 2, . . .,m, the submatrix of the first row of theD4 matrix

can be obtained from Equation (5.44). Similarly, for i¼1 and k¼mþ1,mþ2, . . .,n,
another submatrix of the first row of the D5 matrix can also be derived from

Equation (5.44).
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For i¼m, Equation (5.34) gives

0¼ �� �þ �IdiVicos di�yið Þþ IqiVisin di�yið Þþ Vi

Xn
k¼1
6¼i

VkYiksin yi�yk�aikð Þ

2
64

3
75

0
B@

1
CADym

þ Idisin di�yið Þþ Iqicos di�yið Þ�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" #

þ@PLi
Við Þ

@Vi

 !
DVm

�ViYikcos yi�yk�aikð ÞDV1�ViYikcos yi�yk�aikð ÞDV2��� �

�ViYikcos yi�yk�aikð ÞDVm�ViYikcos yi�yk�aikð ÞDVmþ1��� �

�ViYikcos yi�yk�aikð ÞDVn�ViVkYiksin yi�yk�aikð ÞDy1
�ViVkYiksin yi�yk�aikð ÞDy2� � ��ViVkYiksin yi�yk�aikð ÞDym�1

�ViVkYiksin yi�yk�aikð ÞDymþ1� � ��ViVkYiksin yi�yk�aikð ÞDyn
ð5:45Þ

Rearranging the terms according to the variables DVg1 . . .DVgm and DVgmþ1
. . .DVgn ,

Equation (5.45) can be written as

0¼ �� �þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dy1

DV1

" #

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dy2

DV2

" #
þ�� �

þ �IdiVicos di�yið ÞþIqiVisin di�yið Þþ Vi

Xn
k¼1
6¼i

VkYiksin yi�yk�aikð Þ

2
64

3
75

2
64

Idisin di�yið Þþ Iqicos di�yið Þ�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" #

�ViYikcos yi�yk�aikð Þþ@PLi
Við Þ

@Vi


 Dym

DVm

" #
þ

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dymþ1

DVmþ1

" #
þ�� �

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dyn

DVn

" #

ð5:46Þ
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Similarly, for i¼m, Equation (5.35) gives

0¼ �� �þ IdiVisin di�yið Þþ IqiVicos di�yið Þ� Vi

Xn
k¼1
6¼i

VkYikcos yi�yk�aikð Þ

2
64

3
75

0
B@

1
CADym

þ Idicos di�yið Þ� Iqisin di�yið Þ�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #

þ@QLi
Við Þ

@Vi

 !
DV

�ViYiksin yi�yk�aikð ÞDV1�ViYiksin yi�yk�aikð ÞDV2��� �
�ViYiksin yi�yk�aikð ÞDVm�ViYiksin yi�yk�aikð ÞDVmþ1��� �
�ViYiksin yi�yk�aikð ÞDVnþViVkYikcos yi�yk�aikð ÞDy1
þViVkYikcos yi�yk�aikð ÞDy2þ�� �þViVkYikcos yi�yk�aikð ÞDym�1

þViVkYikcos yi�yk�aikð ÞDymþ1þ�� �þViVkYikcos yi�yk�aikð ÞDyn
ð5:47Þ

Rearranging the terms associated with the variables DVg1 . . .DVgm and

DVgmþ1
. . .DVgn , Equation (5.47) can be written as

0¼ �� �þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dy1

DV1

" #
þ

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dy2

DV2

" #
þ�� �

þ IdiVisin di�yið Þþ IqiVicos di�yið Þ� Vi

Xn
k¼1
6¼i

VkYikcos yi�yk�aikð Þ

2
64

3
75

2
64

Idicos di�yið Þ� Iqisin di�yið Þ�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #

�ViYiksin yi�yk�aikð Þþ@QLi
Við Þ

@Vi


 Dym

DVm

" #

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dymþ1

DVmþ1

" #
þ�� �

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dyn

DVn

" #
ð5:48Þ
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Combining Equations (5.46) and (5.48) together in matrix form for i¼m results in

0¼ �� �þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ
ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

� 

Dy1
DV1

� 


þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ
ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

� 

Dy2
DV2

� 

þ�� �

þ

�IdiVicos di�yið Þþ IqiVisin di�yið Þþ Vi

Xn
k¼1
6¼i

VkYiksin yi�yk�aikð Þ

2
64

3
75

IdiVisin di�yið Þþ IqiVicos di�yið Þ� Vi

Xn
k¼1
6¼i

VkYikcos yi�yk�aikð Þ

2
64

3
75

2
6666666664

Idisin di�yið Þþ Iqicos di�yið Þ�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" #

�ViYikcos yi�yk�aikð Þþ@PLi
Við Þ

@Vi

Idicos di�yið Þ� Iqisin di�yið Þ�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #

�ViYiksin yi�yk�aikð Þþ@QLi
Við Þ

@Vi

3
777777777777775

Dym
DVm

� 


þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ
ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

� 

Dymþ1

DVmþ1

� 

þ�� �

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ
ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

� 

Dyn
DVn

� 

ð5:49Þ

Thus, for i¼m and k¼1, 2, . . .,m, the submatrix of the last row of the D4 matrix can

be obtained from the equation. Again, for i¼m and k¼mþ1,mþ2, . . .,n, other sub-
matrix of the last row of the D5 matrix can also be computed from Equation (5.49).

The submatrices of D4 and D5 for the intermediate rows corresponding to

i¼2, . . ., (m�1) can be determined by the similar procedure.

Linearization of the network equations that pertain to load buses (PQ buses)

results in

0¼ @Pli Við Þ
@Vi

DVi�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" #

DVi

þ
Xn
k¼1
6¼i

ViVkYiksin yi�yk�aikð Þ

2
64

3
75Dyi�Vi

Xn
k¼1

Yikcos yi�yk�aikð Þ½ �DVk

�Vi

Xn
k¼1
6¼i

VkYiksin yi�yk�aikð Þ½ �Dyk ð5:50Þ
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0¼ @Qli Við Þ
@Vi

DVi�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #

DVi

�
Xn
k¼1
6¼i

ViVkYikcos yi�yk�aikð Þ

2
64

3
75Dyi�Vi

Xn
k¼1

Yiksin yi�yk�aikð Þ½ �DVk

þVi

Xn
k¼1
6¼i

VkYikcos yi�yk�aikð Þ½ �Dyk

ð5:51Þ
for i¼mþ1, mþ2, . . .,n (for the load buses). Equations (5.50) and (5.51) together

can be represented as

0¼D6 i, kð ÞDVgi þD7 i, kð ÞDVli ð5:52Þ
where in D6(i,k), k¼1, 2, . . .,m (for generator buses) and in D7(i,k), k¼mþ1,

mþ2, . . .,n (for load buses), i.e., in matrix form,

0¼D6DVgþD7DVl ð5:53Þ
Here, [D6]2n�2m and [D7]2n�2n are full matrices of the form as given by

0¼

D6mþ1,1 Dmþ1,2 : � � � Dmþ1,m

D6mþ2,1 Dmþ2,2 : : : : Dmþ2,m

: : : : :

: : : : :

: : : : :

: : : : :

D6n,1 D6n,2 : : : : D6n,m

2
666666666666664

3
777777777777775

DVg1

DVg2

:

:

:

:

DVgm

2
666666666666664

3
777777777777775

þ

D7mþ1,mþ1 D7mþ1,mþ2 : � � � D7mþ1,n

D7mþ2,mþ1 D7mþ2,mþ2 : : : : D7mþ2,n

: : : : :

: : : : :

: : : : :

: : : : :

D7n,mþ1 D7n,mþ2 : : : : D7n,n

2
666666666666664

3
777777777777775

DVlmþ1

DVlmþ2

:

:

:

:

DVln

2
666666666666664

3
777777777777775

ð5:54Þ

� The submatrices of D6 and D7 can be derived as follows:

To obtain the submatrices ofD6 andD7, Equations (5.50) and (5.51) are explored

for i¼mþ1, mþ2, . . .,n (for the load buses).
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For i¼mþ1, Equation (5.50) gives

0¼
Xn
k¼1
6¼i

ViVkYiksin yi�yk�aikð Þ

2
64

3
75Dymþ1

þ @PLi
Við Þ

@Vi
�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" # !

DVmþ1

�ViYikcos yi�yk�aikð ÞDV1�ViYikcos yi�yk�aikð ÞDV2��� �
�ViYikcos yi�yk�aikð ÞDVm�ViYikcos yi�yk�aikð ÞDVmþ1��� �
�ViYikcos yi�yk�aikð ÞDVn�ViVkYiksin yi�yk�aikð ÞDy1
�ViVkYiksin yi�yk�aikð ÞDy2��� ��ViVkYiksin yi�yk�aikð ÞDym
�ViVkYiksin yi�yk�aikð ÞDymþ2��� ��ViVkYiksin yi�yk�aikð ÞDyn ð5:55Þ

Rearranging the terms containing the variables DVg1 . . .DVgm and DVlmþ1
. . .DVln ,

Equation (5.55) can be written as

0¼ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dy1

DV1

" #

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dy2

DV2

" #

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dym

DVm

" #

þ
Xn
k¼1
6¼i

ViVkYiksin yi�yk�aikð Þ @PLi
Við Þ

@Vi
�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" #2

4

�V1Yikcos yi�yk�aikð Þ�
Dymþ1

DVmþ1

" #

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dymþ2

DVmþ2

" #
þ�� �

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dyn

DVn

" #

ð5:56Þ
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Similarly, for i¼mþ1, Equation (5.51) becomes
0¼�Vi

Xn
k¼1
6¼i

VkYikcos yi�yk�aikð ÞDymþ1

þ @QLi
Við Þ

@Vi
�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #

DVmþ1

�ViYiksin yi�yk�aikð ÞDV1�ViYiksin yi�yk�aikð ÞDV2��� �

�ViYiksin yi�yk�aikð ÞDVm�ViYiksin yi�yk�aikð ÞDVmþ1��� �

�ViYiksin yi�yk�aikð ÞDVnþViVkYikcos yi�yk�aikð ÞDy1

þViVkYikcos yi�yk�aikð ÞDy2þ�� �þViVkYikcos yi�yk�aikð ÞDym
þViVkYikcos yi�yk�aikð ÞDymþ2þ�� �þViVkYikcos yi�yk�aikð ÞDyn ð5:57Þ

Rearranging the terms containing the variables DVg1 . . .DVgm and DVlmþ1
. . .DVln ,

Equation (5.57) can be written as

0¼ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dy1

DV1

" #

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dy2

DV2

" #
þ�� �

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dym

DVm

" #

þ � Vi

Xn
k¼1
6¼i

VkYikcos yi�yk�aikð Þ

2
64

3
75 @QLi

Við Þ
@Vi

�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #2

64

�ViYiksin yi�yk�aikð Þ�
Dymþ1

DVmþ1

" #

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dymþ2

DVmþ2

" #
þ�� �

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ �
Dyn

DVn

" #

ð5:58Þ
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Combining Equations (5.56) and (5.58) together in matrix form for i¼mþ1

results in

0¼ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ
ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

� 

Dy1
DV1

� 


þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ
ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

� 

Dy2
DV2

� 

þ�� �

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ
ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

� 

Dym
DVm

� 


þ

Xn
k¼1
6¼i

ViVkYiksin yi�yk�aikð Þ

2
64

3
75

Xn
k¼1
6¼i

ViVkYikcos yi�yk�aikð Þ

2
64

3
75

2
666666664
@PLi

Við Þ
@Vi

�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" #

�ViYikcos yi�yk�aikð Þ

@QLi
Við Þ

@Vi
�
Xn
k¼1

VkYiksin yi�yk�aikð Þ�
" #

�ViYiksin yi�yk�aikð Þ

3
777775

Dymþ1

DVmþ1

� 

þ�� �

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ
ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

� 

Dyn
DVn

� 

ð5:59Þ

Therefore, for i¼mþ1 and k¼1, 2, . . .,m, the submatrix of the first row of the D6

matrix can be obtained from Equation (5.59). Again, for i¼mþ1 and k¼mþ1,

mþ2, . . .,n, other submatrices of the first row of the D7 matrix can be calculated

from Equation (5.59).

For i¼n, Equation (5.50) gives
0¼
Xn
k¼1
6¼i

ViVkYiksin yi�yk�aikð Þ

2
64

3
75Dyn

þ @PLn
Vnð Þ

@Vn
�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" # !

DVn

�ViYikcos yi�yk�aikð ÞDV1�ViYikcos yi�yk�aikð ÞDV2��� �
�ViYikcos yi�yk�aikð ÞDVm�ViYikcos yi�yk�aikð ÞDVmþ1��� �
�ViYikcos yi�yk�aikð ÞDVn�ViVkYiksin yi�yk�aikð ÞDy1
�ViVkYiksin yi�yk�aikð ÞDy2��� ��ViVkYiksin yi�yk�aikð ÞDym
�ViVkYiksin yi�yk�aikð ÞDymþ1��� ��ViVkYiksin yi�yk�aikð ÞDyn�1 ð5:60Þ
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Rearranging the terms containing the variables DVg1 . . .DVgm and DVlmþ1
. . .DVln ,

Equation (5.60) can be written as

0¼ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dy1

DV1

" #

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dy2

DV2

" #
þ�� �

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dym

DVm

" #

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ½ �
Dymþ1

DVmþ1

" #
þ�� �

þ
Xn
k¼1
6¼i

ViVkYiksin yi�yk�aikð Þ

2
64

@QLi
Við Þ

@Vi
�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" #

�V1Yikcos yi�yk�aikð Þ�
Dyn

DVn

" #

ð5:61Þ

Similarly, for i¼n, Equation (5.51) becomes

0¼�
Xn
k¼1
6¼i

ViVkYikcos yi�yk�aikð ÞDyn

þ @QLn
Vnð Þ

@Vn
�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #

DVn

�ViYiksin yi�yk�aikð ÞDV1�ViYiksin yi�yk�aikð ÞDV2��� �
�ViYiksin yi�yk�aikð ÞDVm�ViYiksin yi�yk�aikð ÞDVmþ1��� �
�ViYiksin yi�yk�aikð ÞDVnþViVkYikcos yi�yk�aikð ÞDy1
þViVkYikcos yi�yk�aikð ÞDy2þ�� �þViVkYikcos yi�yk�aikð ÞDym
þViVkYikcos yi�yk�aikð ÞDymþ1þ�� �þViVkYikcos yi�yk�aikð ÞDyn�1

ð5:62Þ
Rearranging the terms containing the variables DVg1 . . .DVgm and DVlmþ1

. . .DVln ,

Equation (5.62) can be written as
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0¼ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ � Dy1
DV1

" #

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ � Dy2
DV2

" #
þ�� �

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ � Dym
DVm

" #

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ � Dymþ1

DVmþ1

" #
þ���

þ ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ½ � Dymþ2

DVmþ2

" #
þ���

þ � Vi

Xn
k¼1
6¼i

VkYikcos yi�yk�aikð Þ

2
64

3
75

2
64

@QLi
Við Þ

@Vi
�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #

�ViYiksin yi�yk�aikð Þ� Dyn
DVn

" #
ð5:63Þ

Combining Equations (5.61) and (5.63) in matrix form for i¼n results in

0¼ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ
ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

� 

Dy1
DV1

� 


þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ
ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

� 

Dy2
DV2

� 

þ���

þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ
ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

� 

Dym
DVm

� 


þ �ViVkYiksin yi�yk�aikð Þ �ViYikcos yi�yk�aikð Þ
ViVkYikcos yi�yk�aikð Þ �ViYiksin yi�yk�aikð Þ

� 

Dymþ1

DVmþ1

� 


þ

Xn
k¼1
6¼i

ViVkYiksin yi�yk�aikð Þ

2
64

3
75

�
Xn
k¼1
6¼i

ViVkYikcos yi�yk�aikð Þ

2
64

3
75

2
666666664

@PLi
Við Þ

@Vi
�
Xn
k¼1

VkYikcos yi�yk�aikð Þ
" #

�ViYikcos yi�yk�aikð Þ

@QLi
Við Þ

@Vi
�
Xn
k¼1

VkYiksin yi�yk�aikð Þ
" #

�ViYiksin yi�yk�aikð Þ

3
777775

Dyn
DVn

� 


ð5:64Þ
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Therefore, for i¼n and k¼1, 2, . . .,m, the submatrix of the last row of the D6 matrix

can be obtained from Equation (5.64). For i¼n and k¼mþ1,mþ2, . . .,n, other sub-
matrices of the last row of the D7 matrix can also be obtained from Equation (5.64).

The submatrices of D6 and D7 for the intermediate rows corresponding to

i¼mþ2, . . ., (n�1) can also be determined by the similar method.

Rewriting Equations (5.28), (5.33), (5.38), and (5.53) together,

D _X¼A1DXþB1DIgþB2DVgþE1DU ð5:65Þ

0¼C1DXþD1DIgþD2DVg ð5:66Þ

0¼C2DXþD3DIgþD4DVgþD5DVl ð5:67Þ

0¼D6DVgþD7DVl ð5:68Þ

where X¼ XT
1 XT

2 . . . XT
m

� �T
, Xi ¼ di oi E0

qi
E0
di

Efdi VRi
RFi

� �T
,

Ig ¼ Id1 Iq1 Id2 Iq2 . . . Idm Iqm½ �T, Vg ¼ y1 V1 y2 V2 . . . ym Vm½ �T,
Vl ¼ ymþ1 Vmþ1 ymþ2 Vmþ2 . . . yn Vn½ �T, U¼ UT

1 UT
2 . . . UT

m

� �T
, and

Ui ¼ TMi
Vrefi½ �T:

This is the linearized differential-algebraic model for the multimachine system.

This model is quite general and can easily be expanded to include frequency or volt-

age dependence at the load buses. The power system stabilizers (PSSs) and FACTS

controllers can also be included easily.

In the aforementioned model, DIg is not of interest and hence is eliminated from

Equations (5.65) and (5.67) using Equation (5.66). Thus, from Equation (5.66),

DIg ¼�D�1
1 C1DX�D�1

1 D2DVg ð5:69Þ
Substituting Equation (5.69) into Equation (5.65),

D _X¼A1DXþB1 �D�1
1 C1DX�D�1

1 D2DVg

� 	þB2DVgþE1DU ð5:70Þ
which after rearranging gives

D _X¼ A1�B1D1
�1C1

� �
DXþ B2�B1D1

�1D2

� �
DVgþE1DU

Again, substitution for DIg in Equation (5.67) results in

0¼C2DXþD3 �D�1
1 C1DX�D�1

1 D2DVg

� �þD4DVgþD5DVl ð5:71Þ
or

0¼ C2�D3D
�1
1 C1

� �
DXþ D4�D3D

�1
1 D2

� �
DVgþD5DVl ð5:72Þ

∴ 0¼K2DXþK1DVgþD5DVl ð5:73Þ
where K1 ¼ D4�D3D1

�1D2

� �
and K2 ¼ C2�D3D1

�1C1

� �
.
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Thus, the new overall differential-algebraic model becomes

D _X¼ A1�B1D1
�1C1

� �
DXþ B2�B1D1

�1D2

� �
DVgþE1DU ð5:74Þ

0¼K2DXþK1DVgþD5DVl ð5:75Þ

0¼D6DVgþD7DVl ð5:76Þ
Writing Equations (5.74)–(5.76) in state-space representation,

D _X

0

0

2
64

3
75¼

A1�B1D1
�1C1 B2�B1D1

�1D2 0

K2 K1 D5

0 D6 D7

2
64

3
75

DX

DVg

DVl

2
64

3
75þ

E1

0

0

2
64

3
75DU ð5:77Þ

which in more compact form can be written as

D _X

0

" #
¼ A0 B0

C0 D0

� 

DX

DVN

� 

þ E1

0

� 

DU ð5:78Þ

where A0 ¼A1�B1D1
�1C1, B0 ¼ B2�B1D

�1
1 D2 0

� �
, C0 ¼ K2

0

� 

, D0 ¼ K1 D5

D6 D7

� 

,

and DVN ¼ DVg

DVl

� 

. Defining DVP ¼ DYT

C DYT
B

� �
,

¼ Dy1 DV1 . . . DVm
..
.
Dy2 . . . Dyn DVmþ1 . . . DVn

h iT
where DYB is the set of load-flow variables and DYC is the set of other algebraic

variables in the network equations; the differential-algebraic model can further be

written as

D _X

0

0

2
64

3
75¼

A0 B0
1 B0

2

C0
1 D0

11 D0
12

C0
2 D0

21 D0
22

2
64

3
75

DX

DYC
DYB

2
64

3
75þ

E1

0

0

2
64

3
75DU ð5:79Þ

Now, D0
22 is the load-flow Jacobian (JLF) modified by the load representation and

D0
11 D0

12

D0
21 D0

22

� 

¼ J0AE is the network algebraic Jacobian. For voltage-dependent loads,

only the appropriate diagonal elements of D0
11 and D0

22 will be affected. Now,

the system matrix Asys obtained from Equation (5.79) is

D _X¼AsysDXþEDU ð5:80Þ

where Asys

� �
7m�7m

¼ A0½ �� B0
1 B0

2½ � J0AE
� ��1 C0

1

C0
2

� 


This model can be used to examine the effect of small-signal disturbance on the

eigenvalues of the multimachine power system. When a PSS or any FACTS
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controllers are installed at any machine, the extra state variables corresponding to

these controllers will be added with the system matrix.

5.2.3 Reduced-order flux-decay model
This model is widely used in eigenvalue analysis and PSS design. If the damper-

winding constants are very small, then we can set them to zero, and from Equa-

tion (5.4), we have

0¼�E0
di
þ Xqi �X0

qi

� �
Iqi , i¼ 1, 2, . . . ,m ð5:81Þ

Using Equation (5.81), we can eliminate E0
di
from Equations (5.2) and (5.8), and the

synchronous machine dynamic circuit will be modified as in Figure 5.2. In flux-

decay model, generally, a simplified exciter with one gain and one time constant

is considered, which is shown in Figure 5.3.

� The DAEs of generator with static exciter:

ddi ¼oi�os ð5:82Þ

dt

doi

dt
¼ TMi

Mi
�E0

qi
Iqi

Mi
�

X0
qi
�X0

di

� �
Idi Iqi

Mi
ð5:83Þ
 + 

-

+

-

Rsi
jX�di (Idi  

+ jIqi
)e

j(di -p / 2)

(Vdi 
+ jVqi

)e
j(d i -p / 2)

= Vi e
jqi

[(X�qi 
- X�di

)Iqi 
+ jE�qi

]e
j (d i -p / 2)

FIGURE 5.2

Dynamic circuit synchronous machine flux-decay model (i¼1, 2, 3, . . .,m).

KA

1 + sTA

Vrefi

Vi

Efdi+

-

FIGURE 5.3

One-gain and one-time constant static exciter (i¼1, 2, 3, . . .,m).
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dE0
qi

dt
¼� E0

qi

T0
doi

�
Xdi �X0

di

� �
Idi

T0
doi

þEfdi

T 0
doi

ð5:84Þ

dEfdi

dt
¼�Efdi

TAi

þKAi

TAi

Vrefi�Vi
ð Þ ð5:85Þ

for i¼1, 2, 3, . . .,m.

� Stator algebraic equations:

Assuming Rs¼0, and substituting for E0
di
from Equation (5.81), we obtain the

stator algebraic equations in polar form as

Visin di�yið Þ�Xqi Iqi ¼ 0 ð5:86Þ

Vicos di�yið ÞþX0
di
Idi �E0

qi
¼ 0 ð5:87Þ

� Network equations:

The network equations for an n-bus system can be written in the same form as

described for multimachine two-axis model represented by Equations (5.13)–(5.16).
5.3 COMPUTATION OF INITIAL CONDITIONS OF
THE STATE VARIABLES
The initial conditions of the state variables for the model are computed systemati-

cally by solving the standard load-flow equations of the network, first, and then com-

puting the other algebraic and state variables. The load-flow equations are part of the

network equations, as shown in the succeeding text.

� Load-flow formulation:

The standard load flow is computed on the basis of constant PQ loads and has

been the traditional mechanism for computing a proposed steady-state

operating point.

The net power injected at a bus is defined as

Pi di, Idi , Iqi , Vi, yi
� �þ jQiðdi,Idi ,Iqi ,Vi,yi ¼

PGi
þPLi

Við Þð Þþ j QGi
þQLi

Við Þð Þ, for i¼ 1, 2, . . . ,m: ð5:88Þ
Thus, the real and reactive power-balance equations at the buses 1, 2, . . .,n are

Pi di, Idi , Iqi , Vi, yi
� �¼Xn

k¼1

ViVkYikcos yi�yk�aikð Þ¼ 0, i¼ 1, 2, . . . ,m ð5:89Þ
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PLi
Við Þ¼

Xn
k¼1

ViVkYikcos yi�yk�aikð Þ, i¼mþ1, mþ2, . . . , n ð5:90Þ

Qi di, Idi , Iqi , Vi, yi
� �¼Xn

k¼1

ViVkYiksin yi�yk�aikð Þ¼ 0, i¼ 1, 2, . . . , m: ð5:91Þ

QLi
Við Þ¼

Xn
k¼1

ViVkYiksin yi�yk�aikð Þ, i¼mþ1, mþ2, . . . , n ð5:92Þ

The standard load-flow equations result from Equations (5.89) to (5.92) and the

chosen criterion:

1. Specify bus voltage magnitudes numbered 1 to m.
2. Specify bus voltage angle at bus number 1 (slack bus).

3. Specify net real power Pi injected at buses numbered 2 to m.
4. Specify load power PLi

and QLi
at buses numbered mþ1 to n.

Thus, we have

0¼�Piþ
Xn
k¼1

ViVkYikcos yi�yk�aikð Þ i¼ 2, . . . , m: PV buses ð5:93Þ

0¼�PLi
þ
Xn
k¼1

ViVkYikcos yi�yk�aikð Þ i¼mþ1, . . . , m: PQ buses ð5:94Þ

0¼�Qiþ
Xn
k¼1

ViVkYiksin yi�yk�aikð Þ i¼ 1,2, . . . , m: PV buses ð5:95Þ

0¼�QLi
þ
Xn
k¼1

ViVkYiksin yi�yk�aikð Þ i¼mþ1, . . . , n: PQ buses ð5:96Þ

where Pi (i¼2, . . .,m), Vi (i¼2, . . .,m), PLi
(i¼mþ1, . . .,n), QLi

(i¼mþ1, . . .,n),
and y1 are specified numbers. The standard load-flow program solves Equa-

tions (5.93)–(5.96) for y2 . . .yn and Vmþ1 . . .Vn. After the load-flow solution, the

net power injected at the slack bus and the generator buses are computed.

The generator powers are given byPGi
¼Pi�PLi

andQGi
¼Qi�QLi

(i¼1, . . .,m).
Again, from the synchronous machine dynamic circuit given in Figure 5.4, we have

PGi
þ jQGi

¼ViI
∗
Gi
¼Vie

jyi Idi � Iqi
� �

e�j di�p=2ð Þ

¼Vi cosyiþ jsinyið Þ Idi � jIqi
� �

sindiþ jcosdið Þ ð5:97Þ

Now, equating real and imaginary parts of Equation (5.97) gives

PGi
¼ IdiVisin di�yið Þþ IqiVicos di�yið Þ ð5:98Þ



 + 

-

+

-

Rsi

PLi
(Vi)

+ jQLi
(Vi)

jX�di

IGi
= (Idi 

+ jIqi
)e

j(di -p / 2)

j(di -p / 2)

[E�di 
+ (X�qi 

- X�di
)Iqi

+ jE�qi
]e

Vi e
jqi

FIGURE 5.4

Dynamic circuit of synchronous machine.
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QGi
¼ IdiVicos di�yið Þ� IqiVisin di�yið Þ ð5:99Þ

and

IGi
¼ IGi

ejgi ¼ Idi þ Iqi
� �

ej di�p=2ð Þ ð5:100Þ
is the generator current injected at the generator bus.

In power system dynamic analysis, the initial values of all dynamic states and the

fixed inputs TMi
and Vrefi (i¼1, 2, . . .,m) are found from the base case load-flow solu-

tion. To see how this is done, let us assume that a load-flow solution of Equa-

tions (5.93)–(5.96) has been found, and then, the first step in computing the initial

conditions is to calculate the generator current from Equation (5.100):

� Step 1
IGi
¼ IGi

ejgi ¼ PGi
� jQGi

ð Þ
V∗
i

Since PGi
¼Pi�PLi

and QGi
¼Qi�QLi

,

IGi
ejgi ¼ Pi�PLi

ð Þ� j Qi�QLi
ð Þð Þ

Vie�jyi
, i¼ 1, 2, . . . , m ð5:101Þ

This current is in the network reference frame and is equal to Idi þ Iqi
� �

ej di�p=2ð Þ

In steady state, all the derivatives are zero in the differential equations (5.1)–(5.7).

The first step is to calculate the rotor angle di at all the machines.

From Equation (5.4), setting _E
0
di
¼ 0,

E0
di
¼ Xqi �X0

qi

� �
Iqi , i¼ 1, 2, . . . , m: ð5:102Þ

Substituting Equation (5.102) into the complex stator algebraic equation (5.8), we

have

0¼Vie
jyi þRsi Idi þ jIqi

� �
ej di�p=2ð Þ þ jX0

di
Idie

j di�p=2ð Þ�Xqi Iqie
j di�p=2ð Þ � jE0

qi
ej di�p=2ð Þ

ð5:103Þ
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Adding and subtracting jXqi Idi e
j di�p=2ð Þ from left-hand side of Equation (5.103),

0¼Vie
jyi þ Rsi þ jX0

qi

� �
Idi þ jIqi
� �

ej di�p=2ð Þ

�j Xqi �X0
di

� �
Idi þE0

qi

h i
ej di�p=2ð Þ

ð5:104Þ

Vie
jyi þ Rsi þ jX0

qi

� �
IGi

ejgi ¼ Xqi �X0
di

� �
Idi þE0

qi

h i
ejdi , i¼ 1, 2, . . . , m: ð5:105Þ

The right-hand side of Equation (5.105) is a voltage behind the impedance

Rsi þ jX0
qi

� �
and has a magnitude Xqi �X0

di

� �
Idi þE0

qi

h i
and an angle

di ¼ angle of Vie
jyi þ Rsi þ jX0

qi

� �
IGi

ejgi
� �

.

� Step 2

di is computed as di ¼ angle of Vie
jyi þ Rsi þ jX0

qi

� �
IGi

ejgi
� �

.

� Step 3

Computation of Idi , Iqi , Vdi , and Vqi for each machine from the equations is

Idi þ jIqi ¼ IGi
ej gi�diþp=2ð Þ, i¼ 1, 2, . . . , m: ð5:106Þ

Vdi þ jVqi ¼Vie
j yi�diþp=2ð Þ, i¼ 1, 2, . . . , m: ð5:107Þ
� Step 4

Computation of E0
di
from Equation (5.9) is

E0
di
¼Vdi þRsi Iqi �X0

qi
Iqi

¼ Xq1 �X0
q1

� �
Iq1 , i¼ 1, 2, . . . , m: ð5:108Þ
� Step 5

Computation of E0
qi
from Equation (5.10) is

E0
qi
¼Vqi þRsi Iqi þX0

di
Idi , i¼ 1, 2, . . . , m ð5:109Þ

� Step 6

Computation of Efdi from Equation (5.3) after setting derivative equal to

zero is

Efdi ¼E0
qi
þ Xdi �X0

di

� �
Idi , i¼ 1, 2, . . . , m: ð5:110Þ
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� Step 7

With the known field voltage Efdi , the other variables RFi , VRi
, and Vrefi can be

found from Equations (5.5) to (5.7) after setting the derivatives equal to zero:

VRi
¼ KEi

þSEi
Efdið Þð ÞEfdi ð5:111Þ

RFi ¼
KFi

TFi
Efdi ð5:112Þ

Vrefi ¼Viþ VRi

KAi

� 

, for i¼ 1, 2, 3, . . . ,m: ð5:113Þ

� Step 8

The mechanical states oi and TMi
are found from Equations (5.1) and (5.2) after

setting the derivative equal to zero:

oi ¼os

TMi
¼E0

di
Idi þE0

qi
Iqi þ X0

qi
�X0

di

� �
Iqi Idi ð5:114Þ

This completes the computation of all dynamic-state initial conditions and fixed

inputs.
5.3.1 An illustration
The initial conditions or the steady-state variables of all the three machines of the test

system given in Figure 5.5 are computed here based on the solved load-flow data.

The machine data, exciter data, and the load-flow results are given in Section B.2

of Appendix B. All results are in pu.

Machine 1

� Step 1

IG1
ejg1 ¼ PG1

� jQG1
ð Þ

V∗
1

¼ 0:719� j0:546ð Þ
1:04∠0�

¼ 0:6913� j0:5250

¼ 0:8681∠�37:231�



163 MW 85 MW

Gen2 
18.0 kV 
1.025 Pu 

Gen3
13.8 kV
1.025 Pu

Gen1 
16.0 kV 
1.04 pu 

Gen1 
230 kV 

Gen2 
230 kV 

Station B
230 kV

Station A 
230 kV 

100 MW 
35 MVAR 

125 MW 
50 MVAR 

90 MW 
30 MVAR 

Tap = 16.5/230 
Z = 0.0 + j0.0576 
Y = 0.0 + j0.0 

Tap = 18.0 /230 
Z = 0.0 + j0.0625 
Y = 0.0 + j0.0 

Tap = 13.8 /230 
Z = 0.0 + j0.0586 
Y = 0.0 + j0.0 

Z = 0.01 + j0.085

Y = 0.0 + j 0.088 

Z = 0.0085 + j0.072 

Y = 0.0 + j0.0745

Z = 0.0119 + j0.1008 

Y = 0.0 + j0.1045 

Z = 0.017 + j0.092

Y = 0.0 + j0.079 

Z
=

0.032 +
 j0.161

Y
=

0.0 +
 j 0.153 

Z
 =

 0.039 +
 j0.17

Y
 =

 0.0 +
 j0.179 

Station C
230 kV 

Gen3
230 kV

Slack bus

4

5 6

8 9 3 2 7

1

FIGURE 5.5

WSCC type 3-machine, 9-bus system; the value of Y is half the line charging.

1555.3 Computation of Initial Conditions of the State Variables
� Step 2

The machine rotor angle is

d1 ¼Angle of V1e
jy1 þ Rs1 þ jX0

q1

� �
IG1

ejg1
n o

¼Angle of 1:04∠0� þ 0:089þ j0:0969ð Þ�0:8681∠�37:231�f g

¼Angle of 1:04þ 0:089þ j0:0969ð Þ�0:8681� cos37:231� � jsin37:231�ð Þf g
¼Angle of 1:04þ 0:089þ j0:0969ð Þ� 0:6913� j0:5250ð Þf g

¼ 1:0080�
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� Step 3

Id1 þ jIq1 ¼ IG1
ej g1�d1þp=2ð Þ

¼ 0:8681� ej �37:231��1:0080�þ90�ð Þ

¼ 0:8681� e51:761
�

¼ 0:8681� cos51:761� þ sin51:761�ð Þ
¼ 0:5376þ j0:6816

∴ Id1 ¼ 0:5376 and Iq1 ¼ 0:6816

Vd1 þ jVq1 ¼V1e
j y1�d1þp=2ð Þ

¼ 1:04� ej 0
��1:0080�þ90�ð Þ

¼ 1:04� cos88:992� þ jsin88:992�ð Þ
¼ 0:0191þ j1:0398

∴Vd1 ¼ 0:0191 and Vq1 ¼ 0:0398

� Step 4

E0
d1
¼ Xq1 �X0

q1

� �
Iq1

¼ 0:0969�0:0969ð Þ�0:6816

¼ 0

� Step 5

E0
q1
¼Vq1 þRs1Iq1 þX0

d1
Id1

¼ 0:398þ0:089�0:6816þ0:0608�0:5376

¼ 1:1332

� Step 6

Efd1 ¼E0
q1
þ Xd1 �X0

d1

� �
Id1

¼ 1:1332þ 0:269�0:0608ð Þ�0:5376

¼ 1:2451

� Step 7

VR1
¼ KE1

þSE1
Efd1ð Þð ÞEfd1

¼ KE1
þ0:0039e1:555Efd1

� �
Efd1

¼ 1:0þ0:0039� e 1:555�1:2451ð Þ� 	�1:2451

¼ 1:2788
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RF1 ¼
KF1

TF1
Efd1 ¼

0:063

0:35
�1:2451¼ 0:2241

Vref1 ¼V1þ VR1

KA1

� 

¼ 1:04þ1:2788

35
¼ 1:0765

TM1
¼E0

d1
Id1 þE0

q1
Iq1 þ X0

q1
�X0

d1

� �
Iq1Id1

¼ 0�0:5376þ1:1332�0:6816þ 0:0969�0:0608ð Þ�0:6816�0:5376

¼ 0:7856

Machine 2

� Step 1

IG2
ejg2 ¼ PG2

� jQG2
ð Þ

V∗
2

¼ 1:63� j0:304

1:025∠9:48�

¼ 1:6174� j0:00308

¼ 1:6177∠�1:0898�

� Step 2

The machine rotor angle

d2 ¼Angle of V2e
jy2 þ Rs2 þ jX0

q2

� �
IG2e

jg2
n o

¼Angle of 1:025∠9:48� þ 0:089þ j0:8645ð Þ�1:6177∠�1:0898�f g
¼Angle of 1:0110� j0:1687ð Þþ 0:089þ j0:8645ð Þ� 1:6174� j0:0308ð Þf g
¼Angle of 1:1815þ j1:2267

¼ 46:098�

� Step 3

Id2 þ jIq2 ¼ IG2
ej g2�d2þp=2ð Þ

¼ 1:6177� ej �1:0898��46:098�þ90�ð Þ

¼ 1:6177� e42:813
�

¼ 1:6177� cos42:813� þ sin42:813�ð Þ
¼ 1:1871þ j1:0989

∴ Id2 ¼ 1:1871 and Iq2 ¼ 1:0989
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Vd2 þ jVq2 ¼V2e
j y2�d2þp=2ð Þ

¼ 1:025� ej 9:48
��46:098�þ90�ð Þ

¼ 1:025� cos53:382� þ jsin53:382�ð Þ
¼ 0:8457þ j0:5792

∴Vd2 ¼ 0:8457 and Vq2 ¼ 0:5792

� Step 4

E0
d2
¼ Xq2 �X0

q2

� �
Iq2

¼ 0:8645�0:8645ð Þ�1:0989¼ 0

� Step 5

E0
q2
¼Vq2 þRs2 Iq2 þX0

d2
Id2

¼ 0:5792þ0:089�1:0989þ0:1198�1:1871

¼ 0:8192

� Step 6

Efd2 ¼E0
q2
þ Xd2 �X0

d2

� �
Id2

¼ 0:8192þ 0:8958�0:1198ð Þ�1:1871

¼ 1:7404

� Step 7

VR2
¼ KE2

þSE2
Efd2ð Þð ÞEfd2

¼ 1:0þ0:0039� e 1:555�1:7404ð Þ� 	�1:7404

¼ 1:8420

RF2 ¼
KF2

TF2
Efd2 ¼

0:063

0:35
�1:7404¼ 0:3133

Vref2 ¼V2þ VR2

KA2

� 

¼ 1:025þ1:8420

35
¼ 1:0776

TM2
¼E0

d2
Id2 þE0

q2
Iq2 þ X0

q2
�X0

d2

� �
Iq2 Id2

¼ 0�1:1871þ0:8192�1:0989þ 0:8645�0:1198ð Þ�1:0989�1:1871

¼ 1:8717
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Machine 3

� Step 1

IG3
ejg2 ¼ PG3

� jQG3
ð Þ

V∗
3

¼ 0:85� j0:142

1:025∠4:77�

¼ 0:8379� j0:0691

¼ 0:8408∠�4:7190�

� Step 2

The machine rotor angle

d3 ¼Angle of V3e
jy3 þ Rs3 þ jX0

q3

� �
IG3

ejg3
n o

¼Angle of 1:025∠4:77� þ 0:089þ j1:2578ð Þ�0:8408∠�4:7190�f g
¼Angle of 1:0215� j0:0852ð Þþ 0:089þ j1:2578ð Þ� 0:8379� j0:0691ð Þf g
¼Angle of 1:1830þ j0:9626

¼ 39:154�

� Step 3

Id3 þ jIq3 ¼ IG3
ej g3�d3þp=2ð Þ

¼ 0:8408� ej �4:7190��39:154�þ90�ð Þ

¼ 0:8408� e46:127
�

¼ 0:5830þ j0:6058

∴ Id3 ¼ 0:5830 and Iq3 ¼ 0:6058

Vd3 þ jVq3 ¼V3e
j y3�d3þp=2ð Þ

¼ 1:025� ej 4:77
��39:154�þ90�ð Þ

¼ 0:7114þ j0:7380

∴Vd3 ¼ 0:7114 and Vq3 ¼ 0:7380

� Step 4

E0
d3
¼ Xq3 �X0

q3

� �
Iq3 ¼ 1:2578�1:2578ð Þ�0:6058¼ 0

� Step 5

E0
q3
¼Vq3 þRs3Iq3 þX0

d3
Id3

¼ 0:7380þ0:089�0:6058þ0:1813�0:5830

¼ 0:8976
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� Step 6

Efd3 ¼E0
q3
þ Xd3 �X0

d3

� �
Id3

¼ 0:8976þ 1:998�0:1813ð Þ�0:5830¼ 1:9566

� Step 7

VR3
¼ KE3

þSE3
Efd3ð Þð ÞEfd3

¼ 1:0þ0:0039� e 1:555�1:9566ð Þ� 	�1:9566¼ 2:1166

RF3 ¼
KF3

TF3
Efd3 ¼

0:063

0:35
�1:9566¼ 0:3522

Vref3 ¼V3þ VR3

KA3

� 

¼ 1:025þ2:1166

35
¼ 1:0855

TM3
¼E0

d3
Id3 þE0

q3
Iq3 þ X0

q3
�X0

d3

� �
Iq3 Id3

¼ 0�0:5830þ0:8976�0:6058þ 1:2578�0:1813ð Þ�0:5830�0:6058

¼ 0:9240
% MATLAB Program for Illustration 5.3.1

% COMPUTATION OF INITIAL CONDITIONS %

%**************************************************************%

% MACHINE DATA%

Input PG; QG; Rs; Xd; X_d; T_d; Xq; X_q; T_q; H; D; Ws

%EXCITATION SYSTEM DATA%

Input KA; TA; KE ; TE; KF ; TF ;

%LOAD FLOW DATA %

Input Voltage (V) ; THETA (y) ;

****************************************************************

for mm=1:3; % For 3-Machine system

VV(mm) =V(mm)*exp(-i*THETA(mm)) ;

IG(mm)=(PG(mm)-i*QG(mm))/VV(mm) ;

%step1

DELTA(mm)=angle(VV(mm) + (Rs(mm)+i*Xq(mm))*IG(mm)) ;

%step2

Idq(mm)=IG(mm)*exp(-i*(DELTA(mm) - pi/2)) ;

Id(mm)=real(Idq(mm)) ;

Iq(mm)=imag(Idq(mm)) ;

Vdq(mm)=VV(mm)*exp(-i*(DELTA(mm) - pi/2)) ;

Vd(mm)=real(Vdq(mm)) ;
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Vq(mm)=imag(Vdq(mm)) ;

%step3

E_d(mm) = (Xq(mm)-X_q(mm))*Iq(mm) ;

%step4

E_q(mm) = Vq(mm)+Rs(mm)*Iq(mm)+X_d(mm)*Id(mm) ;

%step5

Efd(mm) = E_q(mm)+(Xd(mm)-X_d(mm))*Id(mm) ;

%step6

VR(mm)=(KE(mm)+0.0039*exp(1.555*Efd(mm)))*Efd(mm) ;

RF(mm)=(KF(mm)/TF(mm))*Efd(mm) ;

Vref(mm)=V(mm)+VR(mm)/KA(mm) ;

TM(mm)=E_d(mm)*Id(mm)+E_q(mm)*Iq(mm)+(X_q(mm)-X_d(mm))*Id(mm)*

Iq(mm) ;

end
5.4 IDENTIFICATION OF ELECTROMECHANICAL
SWING MODES
5.4.1 Participation factor analysis
Participation factor is a tool for identifying the state variables that have significant

participation in a selected mode among many modes in a multigenerator power sys-

tem [5]. It is natural to say that the significant state variables for an eigenvalue lp are
those that correspond to large entries in the corresponding eigenvector fp. But the

problem of using right and left eigenvector entries individually for identifying the

relationship between the states and the modes is that the elements of the eigenvectors

are dependent on dimension and scaling associated with the state variables. As a

solution of this problem, a matrix called the participation matrix (P) is suggested
in which the right and left eigenvectors entries are combined, and it is used as a mea-

sure of the association between the state variables and the modes:

P¼ P1 P2 . . . Pr½ �
with

Pp ¼

P1p

P2p

..

.

Prp

2
6664

3
7775¼

f1pcp1

f2pcp2

..

.

frpcpr

2
6664

3
7775 ð5:115Þ

where fkp is the element on the kth row and pth column of the modal matrix, F is

the kth entry of the right eigenvector fp, cpk is the element on the pth row and

kth column of the modal matrix, and C is the kth entry of the left eigenvector cp.
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The element Pkp¼fkpcpk is termed the participation factor. It is a measure

of the relative participation of the kth state variable in the pth mode, and

vice versa.

Since fkp measures the activity of the variable Xk in the pth mode, and cpk

weighs the contribution of this activity to the mode, the product Pkp measures

the net participation. The effect of multiplying the elements of the left and right

eigenvectors makes the Pkp dimensionless. In view of the eigenvector normali-

zation, the sum of the participation factors associated with any mode
P

p¼1
r Pkp

or with any state variable
Pr

k¼1Pkp
� �

is equal to 1. For a given autonomous linear

system

D _X¼AsysDX ð5:116Þ

the participation factor is actually a measurement of sensitivity of the eigenvalue lp
to the diagonal element akk of the state matrix A. This is defined as

Pkp ¼ @lp
@akk

, k¼ 1, 2, . . . , r ð5:117Þ

The participation factor may also be defined by

Pkp ¼
ckpfkp

cT
pfp

ð5:118Þ

where ckp and fkp are the kth entries in the left and right eigenvector associated

with the pth eigenvalue.
EXAMPLE 5.1
Compute eigenvalues and the participation matrix (P) of the following system

matrix:

A¼
�0:4 0 �0:01

1 0 0

�1:4 9:8 �0:02

2
64

3
75

Solution
Eigenvalues are l1¼�0.6565; l2,l3¼0.1183� j0.3678

The right eigenvectors are given by

A�lpI
� �

f¼ 0
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Therefore,

�0:4�lp 0 �0:01

1 �lp 0

�1:4 9:8 �0:02�lp

2
664

3
775

f1p

f2p

f3p

2
664

3
775¼ 0

�0:4�lp
� �

f1p�0:01f3p ¼ 0

f1p�lpf2p ¼ 0

�1:4f1pþ9:8f2pþ �0:02�lp
� �

f3p ¼ 0

Solving this homogeneous equations for p¼1, 2, 3 for the eigenvalues l1, l2, and l3,
respectively, the right eigenvectors are

f¼
�0:0389 �0:0128þ j0:0091 �0:0128� j0:0091

0:0592 0:0123þ j0:0388 0:0123� j0:0388

�0:9975 �0:9990 �0:9990

2
64

3
75

The left eigenvectors are normalized so that fc¼ I and are given by

c¼f�1 ¼ adj fð Þ
fj j

∴c¼
�14:6095 �7:2933� j13:4578 �7:2933þ j13:4578

3:4262 1:7104� j9:7317 1:7104þ j9:7317

�0:2295 0:3859� j0:0532 0:3859þ j0:0532

2
64

3
75

Therefore, the participation matrix is

P¼
f11c11 f12c21 f13c31

f21c12 f22c22 f23c32

f31c13 f32c23 f33c33

2
64

3
75

i.e.,

P¼
0:5681 0:2159þ j0:01062 0:2159þ j0:01062

0:2029 0:3985� j0:0530 0:3985þ j0:0530

0:2289 0:3855� j0:0532 0:3855þ j0:0532

2
64

3
75

Taking only the magnitudes,

P¼
0:5681 0:2406 0:2406

0:2029 0:4020 0:4020

0:2289 0:3892 0:3892

2
64

3
75
x1

x2

x3
l1 l2 l3
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5.4.2 Swing mode and participation ratio
The swingmode of a power system can be identified by the criterion proposed here as

follows. Where authors used a swing mode identification index is called the swing-

loop participation ratio [6]. The participation ratio was originally introduced based

on the concept of participation factor. The characteristics of the swing modes are that

they are closely related to the electromechanical swing-loops associated with the rel-

evant state variables like rotor angle (Dd) and machine speed (Do). The swing-loop
participation ratio (r) for the pth mode is defined by

rp ¼
X‘

k¼1
PkpXr

k¼‘þ1
Pkp

������
������ ð5:119Þ

where Pkp is the participation factor of the kth state variable for the pth electrome-

chanical mode. Here, “‘” represents the number of relevant states belonging to the

state variable set [Dd,Do], and “r” is the total number of states (relevant and non-

relevant) belonging and not belonging to the state variable set [Dd,Do]. As the sum
of the participation factor for a particular mode corresponding to all relevant and

nonrelevant states is equal to 1, Equation (5.119) can also be written as

rp ¼
X‘

k¼1
Pkp

1�
X‘

k¼1
Pkp

������
������ ð5:120Þ

The proposed criterion states that for the swing modes, the oscillation frequency is in

the range of 0.2-2.5 Hz. and its swing-loop participation ratio (r)	1.
5.5 AN ILLUSTRATION: A TEST CASE
The small-signal stability of a power system may be analyzed using any of the

methods applicable to linear systems. However, the modal analysis approach using

eigenvalue and swing-mode computation techniques is a very fundamental tool. The

poorly damped electromechanical oscillations have negative impact on the power

transfer capability in a power system, and in some cases, it induces stress in the

mechanical shaft. In this section, eigenvalues and swing modes of a multimachine

system have been computed prior to application of PSS, and the critical swing mode

is identified from them. In the following chapters, the improvement of damping of

this critical mode has been observed with the application of PSS and FACTS devices.

� Calculation of eigenvalue and swing mode:

AWSCC type 3-machine, 9-bus system (Figure 5.5) has been considered as a test

system. The base is 100 MVA, and system frequency is 50 Hz. The machine #1 is

treated as slack bus. Uniform damping has been assumed in all three machines.

The converged load-flow data are obtained by running the standard load-flow pro-

gram given in Table B.2 (Appendix B). The constant power loads are treated as



Table 5.1 Eigenvalues and Swing Modes of the Study System

# Eigenvalue (l)
Frequency
(f) (Hz)

Damping
Ratio (z)

Swing-Loop
Participation
Ratio (|r|)

1 �2.4892� j10.8650 1.7290 0.2233 10.1575

2 �5.1617� j11.2755 1.7943 0.4162 12.4678

3 �5.3063� j10.3299 1.6438 0.4569 0.0406

4 �5.6837� j10.3601 1.6486 0.4810 0.2146

5 �5.5957� j10.3330 1.6443 0.4762 0.0102

6 �2.5226 0 1.0000 2.1054

7 0.0000 0 1.0000 1
8 �0.4087� j0.8293 0.1320 0.4421 0.0625

9 �0.4759� j0.5616 0.0894 0.6465 0.0933

10 �0.4164� j0.6618i 0.1053 0.5325 0.0536

11 �3.2258 0 1.0000 0

12 �1.8692 0 1.0000 0

13 �1.6667 0 1.0000 0

1655.5 An Illustration: A Test Case
injected into the buses. Steady-state variables and initial conditions are obtained by

the procedure described in Section 5.3. A MATLAB program has been developed to

obtain the system matrix (Asys) and the eigenvalues and the electromechanical

modes. The eigenvalues and the electromechanical modes of the system are listed

in Table 5.1 [7]. The frequencies (f) and damping ratios (z) of the electromechanical

modes are calculated by assuming that l¼dþ jod and z¼ sffiffiffiffiffiffiffiffiffiffiffiffi
s2þod

2
p , where od¼2pf

(rad/s).

It has been observed from the Table 5.1 that among 21 eigenvalues, one has zero

magnitude, 4 are real, and the rest (16) are complex conjugate. The real parts con-

tribute damping, and the imaginary part is responsible for electromechanical oscil-

lation to the system. It is found from the 4th column of the Table 5.1 that the damping

ratio (z) of the electromechanical mode #1 (l1) is the smallest and therefore the

behavior of this mode is important to study the small-signal stability of the system.

This mode has been referred to as the critical swing mode. The mode frequency and

the participation factor analysis suggest that the nature of this critical mode is a local

mode and is strongly associated with the machine 2 and the system states (Dd,Do).
The swing-loop participation ratios for each electromechanical mode have

been shown in column 5 of Table 5.1, which interprets that the mode #1 and mode

#2 are satisfying the criterion for the swing modes (Section 5.4.2) and among which,

mode #1 is the most critical swing mode.
Hence, the PSS should be placed at an optimum location, so that it can yield max-

imum damping to the electromechanical oscillation of the critical swing mode (#1).
The application of PSS and its optimum location have been discussed in the follow-

ing chapters.
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EXERCISES

5.1 Write down the (i) DAEs and the (ii) stator algebraic equations of a synchro-

nous machine for two-axis (d–q) model. Obtain the linearized state-space

equations from them.

5.2 In a multimachine system, write down the network equations pertaining to the

generator (P–V) buses and the load (P–Q) bus in power-balance and in current
balance forms. Formulate the load-flow equations in real power and reactive

power-balance form.

5.3 Explain the participation factor and participation ratio. Explain how swing

modes of any multimachine system can be identified applying participation

ratio analysis.

5.4 Find the participation factors of the eigenvalues for the following system

matrices, where _x¼AxþBu� 

FIGU

Two-
(a) A¼ 3 7

2 4
:

(b) A¼
2 1 1

0 3 1

0 4 �1

2
4

3
5

5.5 The single-line diagram of two-area multimachine power system is given in

Figure 5.6. The system comprises four generators, 15 transmission lines,

and 6 numbers of load buses. Using two-axis model for the generator and con-

stant power load representation, obtain
(a) the initial conditions of the state variables of the system,

(b) eigenvalues and the swing modes of the system.
1

2

3

4

5
6 789 10

RE 5.6

area power system.
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The transmission line data, machine data, excitation system data, and load-

flow data are given in Section B.3 of Appendix B.

5.6 Repeat the problem given in 5.5 for 15% load increase in bus 9 and for one

tie-line outage between buses 9 and 10.

References
[1] P.W. Sauer,M.A. Pai, Power SystemDynamics and Stability, Pearson Education Pte. Ltd.,

Singapore, 1998.

[2] M.A. Pai, D.P. Sengupta, K.R. Padiyar, Small Signal Analysis of Power Systems, Narosa

Publishing House, India, 2004.

[3] Y. Obata, S. Takeda, H. Suzuki, An efficient eigenvalue estimation technique for multi-

machine power system dynamic stability analysis, IEEE Trans. Power Apparatus Syst.

PAS-100 (1) (1981) 259–263.

[4] N.Martins, Efficient eigenvalue and frequency response methods applied to power system

small-signal stability studies, IEEE Trans. Power Syst. PWRS-1 (1) (1986) 217–224.

[5] C.L. Chen, Y.Y. Hu, An efficient algorithm for design of decentralized output feedback

power system stabilizer, IEEE Trans. Power Syst. 3 (3) (1988) 999–1004.

[6] E.Z. Zhou, O.P. Malik, G.S. Hope, A reduced-order iterative method for swing mode com-

putation, IEEE Trans. Power Syst. 6 (3) (1991) 1224–1230.

[7] D. Mondal, A. Chakrabarti, A. Sengupta, Selection of optimum location of power system

stabilizer in a multimachine power system, J. Electr. Electron. Eng. Res. 2 (1) (2010) 1–13,

http://www.academicjournals.org.

http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0010
http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0010
http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0015
http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0015
http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0020
http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0020
http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0020
http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0025
http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0025
http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0030
http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0030
http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0035
http://refhub.elsevier.com/B978-0-12-817768-6.00005-6/rf0035
http://www.academicjournals.org


CHAPTER
6
Mitigation of Small-Signal
Stability Problem Employing
Power System Stabilizer
6.1 INTRODUCTION
In Chapter 4, it has been discussed the need of installing a power system stabilizer

(PSS) in a power system in order to introduce additional damping to the rotor oscil-

lations of the synchronous machine. The enhancement of damping in power systems

by means of a PSS has been a subject of great attention in the past three decades

[1–4]. It is much more significant today when many large and complex power sys-

tems frequently operate close to their stability limits.

In this chapter, the problem of small-signal stability has been investigated by

applying the conventional PSS. A speed input single-stage PSS has been applied

in the linearized model of a SMIB power system, and then, the application of

PSS has been extended in a multimachine network. In both cases, investigation is

carried out by studying the behavior of the critical eigenvalue or the critical

swing mode.

A PSS is a lead-lag compensator; it uses any auxiliary stabilizing signal, like the

machine speed, as input and compensates the phase lag introduced by the machine

and excitation system and must produce a component of electric torque in phase with

the rotor speed change so as to increase the damping of the rotor oscillations. Though

there is a common perception that the application of PSS is almost a mandatory

requirement on all generators in modern multimachine power network, but in devel-

oping countries, where power networks are mostly longitudinal in nature, with con-

strained economic limits, the use of a costly PSS with each and every generator is not

done. In view of this requirement, this chapter also discussed the method of selection

of optimal location of a PSS in a multimachine power system. There are several

methods of PSS location selection that are available in the literatures [5–9], among

which participation factor (PF) analysis, sensitivity of PSS effect (SPE), and the opti-

mum PSS location index (OPLI) are discussed. A WSCC type 3-machine, 9-bus test

system has been taken as a test case.
6.2 THE APPLICATION OF PSS IN AN SMIB SYSTEM
A simple single-machine infinite bus (SMIB) system has been shown in Figure 6.1. It

is assumed that the machine is equipped with a fast exciter. In order to improve

small-signal oscillations, a PSS is incorporated in this system.
Power System Small Signal Stability Analysis and Control. https://doi.org/10.1016/B978-0-12-817768-6.00006-8
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FIGURE 6.1

Single-machine infinite bus system with PSS.
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6.2.1 Combined model of SMIB system with PSS [10]
A PSS is a lead-lag compensator, which produces a component of electric torque to

damp generator rotor oscillations by controlling its excitation. The basic block dia-

gram of a speed input single-stage PSS, which acts through excitation system, is

depicted in Figure 6.2.

Neglecting washout stage, the linearized Heffron–Phillips model of the SMIB

system, including PSS dynamics, can be represented by the following state-space

equations:

D _E
0
q ¼� 1

K3T0
do

DE0
q�

K4

T0
do

Ddþ 1

T0
do

DEfd ð6:1Þ

D _d¼osDn ð6:2Þ

D _n¼�K2

2H
DE0

q�
K1

2H
Dd�Dos

2H
Dnþ 1

2H
DTM ð6:3Þ

D _Efd ¼� 1

TA
DEfd�KAK5

TA
Dd�KAK6

TA
DE0

qþ
KA

TA
DVref ð6:4Þ
(1+ sT2)

KPSS(1+sT1) KA

1 + sTA

Δn

ΔVref

ΔVt

ΔVs +

+ –

sTW

1 + sTW

Washout Phase
compensation 

Exciter

PSS

FIGURE 6.2

Exciter with PSS.
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D _Vs ¼� 1

T2
DVs�KPSST1

T2

K2

2H
DE0

q�
KPSST1
T2

K1

2H
Dd

þ KPSS

T2
�KPSST1

T2

Dos

2H

� �
Dn ð6:5Þ

where K2 ¼ @Pe

@E0
q
and K1 ¼ @Pe

@d . Assuming the stator resistance Rs¼0, the electric

power Pe ¼
E0
qV1
XT

sind, where XT¼Xd
0 þXe.

Here, Equation (6.5) is added to the general equations (6.1)–(6.4) of the SMIB

system because of the installation of a PSS. The system matrix (A_PSS) of this com-

bined model has been presented in Equation (6.6). The system matrix without PSS

can be easily obtained by excluding the PSS output state (Vs):

A_PSS¼

� 1

K3T0
do

� K4

T 0
do

0
1

T0
do

0

0 0 os 0 0

�K2

2H
�K1

2H
�Dos

2H
0 0

�KAK6

TA
�KAK5

TA
0 � 1

TA

KA

TA

�K2T1
T2

KPSS

2H

� �
�K1T1

T2

KPSS

2H

� �
KPSS

T2
�KPSST1

T2

Dos

2H

� �
0 � 1

T2

2
6666666666666664

3
7777777777777775

ð6:6Þ
The washout filter stage is neglected here, since its objective is to offset the dc steady-

state error and not have any effect onphase shift or gain at the oscillating frequency.The

application of washout stage is not a critical task. Its dynamics can be included easily

with suitablechoiceof theparameterTW.ThevalueofTWisgenerally setwithin10-20 s.

6.2.2 Results and discussion
� Eigenvalue analysis

In this section, eigenvalues and the electromechanical swing modes of a SMIB

system are computed in MATLAB from the system matrix, A_PSS, presented in

Equation (6.6). Themachine and exciter data are given in Section B.1 of Appendix B.

The eigenvalues of the system without and with PSS are listed in Table 6.1. It is evi-

dent that the damping ratio of the electromechanical swing mode #2 (second row,

third column) is small compared to the other mode; therefore, the behavior of this

mode is more important to study the small-signal stability problem of this system

and this mode has been referred to as the critical mode. When a PSS is installed

in the system, the damping ratio of this critical mode #2 is enhanced significantly.

The value of the damping ratio with PSS has been shown in the second row, column

six of Table 6.1.



Table 6.1 Eigenvalues Without and With PSS

#

Before Application of PSS

PSS
Parameters

After Application of PSS

Eigenvalue
Damping
Ratio Eigenvalue

Damping
Ratio

1 �2.6626 � j15.136 0.1733 KPSS¼1.0
T1¼0.5 s
T2¼0.1 s

�2.0541 � j15.3253 0.1328

2 �0.05265 � j7.3428 0.0072 �0.4116 � j7.1110 0.0578

3 – – �10.4989 1.0
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� Time domain analysis

The small-signal stability response of this system has been examined further by

plotting the rotor angle deviation under different values of the PSS gain (KPSS) for a

unit change in mechanical step power input (DTM) with a reasonable simulation

time of 600 s. It has been observed that the application of PSS introduces significant

improvement in damping on the rotor angle oscillations and is shown in Figure 6.3a.

It has been further observed that the better enhancement of damping and settling time

can be achieved with the increase of the PSS gain and the corresponding plot is pre-

sented in Figure 6.3b. Thus, it may be reasonable to remark that the installation of

PSS in a SMIB system not only damps the rotor angle oscillations effectively but also

enhances its performance with increasing PSS gain.

MATLAB Program

% APPLICATION OF PSS IN SMIB SYSTEM

%****************************************************************%

% PARAMETERS OF THE SYSTEM 1:

%-------------------------------------------------------

Input Td; H; TA; D; os; KA; Xq; Xd; X_d; Re; Xe; Vinf; Rs;

Xeff=Xe; XT=X_d+Xeff

THETA1= (pi*THETA)/180; % Voltage angle in radian

THETA2=(pi*0)/180 ; % Voltage angle in radian

Vi=1.172; Vinf=1.0;

V1=Vi*exp(i*THETA1); V2=Vinf*exp(i*THETA2); IG=(V1-V2)/(Re+i*Xeff);

% COMPUTATION OF INITIAL CONDITIONS %

%¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼¼%
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%step1

Mag=abs(IG); ANG= (180*angle(IG))/3.14;

%step2

E = abs(V1 + (Rs+i*Xq)*IG); delta= (180*angle(V1 + (Rs+i*Xq)*IG))/3.14;

%step3

Idq=IG*exp(-i*(3.14*delta/180 - 3.14/2));

Id=real(Idq); Iq=imag(Idq);

Vdq=V1*exp(-i*(3.14*delta/180 - 3.14/2));

Vd=real(Vdq); Vq=imag(Vdq);

%step4

E_q = Vq+Rs*Iq+X_d*Id;

%step5

Efd = E_q+(Xd-X_d)*Id;

%step6

Vref=Vi+Efd/KA;

TM=E_q*Iq+(Xq-X_d)*Id*Iq;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% CALCULATION OF K-CONSTANTS %

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

DEL =Re*Re+(Xeff+Xq)*(Xeff+X_d);

K3_1=1+(Xd-X_d)*(Xq+Xeff)/DEL;

K3=1/K3_1;

K4=(Vinf*(Xd-X_d)/DEL)*((Xq+Xeff)*sin(3.14*delta/180)-Re*cos

(3.14*delta/180));

K2=(1/DEL)*(Iq*DEL-Iq*(X_d-Xq)*(Xq+Xeff)-Re*(X_d-Xq)*Id+Re*E_q);

K1=(-1/DEL)*(Iq*Vinf*(X_d-Xq)*((Xq+Xeff)*sin(3.14*delta/180)-

Re*cos(3.14*delta/180))+Vinf*((X_d-Xq)*Id-

E_q)*((X_d+Xeff)*cos(3.14*delta/180)+Re*sin(3.14*delta/180)));

K5=(1/DEL)*(((Vd*Xq/Vi)*(Re*Vinf*sin(3.14*delta/180)+Vinf*cos

(3.14*delta/180)*(X_d+Xeff))+(Vq/Vi)*(X_d*(Re*Vinf*cos(3.14*delta/

180)-Vinf*(Xq+Xeff)*sin(3.14*delta/180)))));

K6=(1/DEL)*((Vd*Xq*Re)/Vi-(Vq*X_d*(Xq+Xeff))/Vi)+Vq/Vi;
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% SYSTEM MATRIX ’A’ WITHOUT PSS

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
A=[ -1/(K3*Td) -K4/Td 0 1/Td ; 0 0 Ws 0 ; (-Vinf*sin(3.14*delta/180))/

(2*H*XT) (-E_q*Vinf*cos(3.14*delta/180))/(2*H*XT) -DX*Ws/(2*H) 0 ;

-KA*K6/TA -KA*K5/TA 0 -1/TA ];

(’EIGEN VALUES OF THE SYSTEM WITHOUT PSS=’)

eig_val1=eig(A)

% INPUT MATRIX ’B’; OUTPUT MATRIX ’C’; TRANSITION MATRIX ’D’ WITHOUT PSS

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
B=[0 0; 0 0; 1/(2*H) 0 ; 0 KA/TA ]; C=[0 0 1 0 ]; D=[0 0];

% CLOSED LOOP TRANSFER FUNCTION OF THE SYSTEM WITHOUT PSS

%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

[NUM1,DEN1]=ss2tf(A,B,C,D,1);

T=0:0.01:10; % Simulation Time

r=step(NUM1,DEN1,T);

plot(r,’-’);

hold

% SYSTEM MATRIX ’A’ WITH PSS

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
KP= 1.0; % PSS gain%

T1=0.50 ; T2= 0.1; % Time constants of PSS

A_pss =[ -1/(K3*Td) -K4/Td 0 1/Td 0 ; 0 0 Ws 0 0 ; (-Vinf*sin(3.14*delta/

180))/(2*H*XT) (-E_q*Vinf*cos(3.14*delta/180))/(2*H*XT) -DX*Ws/(2*H) 0

0; (-KA*K6)/TA (-KA*K5)/TA 0 -1/TA KA/TA ;

(-KP*T1*Vinf*sin(3.14*delta/180))/(2*H*T2*XT) (-KP*T1*E_q*Vinf*cos

(3.14*delta/180))/(2*H*T2*XT) (KP/T2)-(KP*T1*DX*Ws)/2*H*T2 0 (-1/T2)];

%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++%

% INPUT MATRIX ’B’; OUTPUT MATRIX ’C’; TRANSITION MATRIX ’D’ WITH PSS %

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^%
B_pss=[0 0; 0 0; 1/(2*H) 0 ; 0 KA/TA; KP*T1/(2*H*T2) 0]; C_pss=[0 0 1 0 0 ];

D_pss=[0 0];

% CLOSED LOOP TRANSFER FUNCTION OF THE SYSTEM WITH PSS

%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

[NUM2,DEN2]=ss2tf(A_pss,B_pss,C_pss,D_pss,1);

sys=ss(A_pss,B_pss,C_pss,D_pss);

[Ys,T]=step(sys);

T=0:0.01:10; % Simulation Time

s=step (NUM2, DEN2, T);

plot(s,’–’)

hold

eig_val=eig(A_pss) ; % ’EIGEN VALUES OF THE SYSTEM WITH PSS //

SIGMA= abs(real(eig_val)) ; % REAL PART OF THE DOMINANT EIGEN VALUE //

Z= abs(eig_val); % Magnitude of eigenvalue //

ZAI = (SIGMA./Z ) % DAMPING FACTOR FOR DOMINANT EIGEN VALUE //
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FIGURE 6.3

Response of rotor angle deviation with different PSS gain (a) with KPSS¼1 and (b) with

KPSS¼4.

1756.3 Multimachine Small-Signal Stability Improvement
6.3 MULTIMACHINE SMALL-SIGNAL STABILITY
IMPROVEMENT
The small-signal model of a multimachine system with IEEE Type I exciter has been

described in Chapter 5 (Section 5.2.1). All equations relating to the performance of

the machine with exciter and network power flow were linearized around the
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nominal operating condition to obtain the dynamic model of the system for eigen-

value analysis and are represented by the following state-space equations:

D _X¼A1DXþB1DIgþB2DVgþE1DU ð6:7Þ

0¼C1DXþD1DIgþD2DVg ð6:8Þ

0¼C2DXþD3DIgþD4DVgþD5DVl ð6:9Þ

0¼D6DVgþD7DVl ð6:10Þ
6.3.1 Multimachine model with PSS
Themultimachine model with a PSS has been formulated by adding the state variable

(Vs) associated with the PSS in Equations (6.7)–(6.9). Therefore, the order of the sys-

tem matrix and the number of eigenvalues of the system will be increased by one.

The added state equation corresponding to the PSS can be obtained from

Chapter 3, Section 3.8 as

D _Vsi ¼� 1

T2
DVsi þ

KPSS

T2

Doi

os

þKPSST1
T2

D _oi

os

ð6:11Þ

Substituting the expression of D _oi from Equation (5.21) (Chapter 5), the previously

mentioned Equation (6.11) becomes

D _Vsi ¼� 1

T2
DVsi þ

KPSS

T2os

�KPSST1Di

T2osMi

� �
Doi

þ �KPSST1E
0
qi

T2osMi
þKPSST1X

0
di
Idi

T2osMi
�KPSST1X

0
qi
Idi

T2osMi

� �
DIqi

þ �KPSST1E
0
di

T2osMi
þKPSST1X

0
di
Iqi

T2osMi
�KPSST1X

0
qi
Iqi

T2osMi

� �
DIdi

�KPSST1Iqi
T2osMi

DE0
qi
�KPSST1Idi

T2osMi
DE0

di
þ KPSST1
T2osMi

DTMi

ð6:12Þ

The state variables are then modified as

DX¼ DXT
1 DXT

2 . . . DXT
m

� �T
where

DXi ¼ Ddi Doi DE0
qi

DE0
di

DEfdi DVRi
DRFi DVsi

� �T
DIg ¼ DId1 DIq1 DId2 DIq2 . . . DIdm DIqm½ �T
DVg ¼ Dy1 DV1 Dy2 DV2 . . . Dym DVm½ �T
DVl ¼ Dymþ1 DVmþ1 Dymþ2 DVmþ2 . . . Dyn DVn½ �T
DU¼ DUT

1 DUT
2 . . . DUT

m

� �T
DUi ¼ DTMi

DVrefi½ �T
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for i¼1, 2, . . .,m (the number of PV buses) and i¼mþ1,mþ2, . . .,n (the number of

PQ buses). Here, in DXi, the state variable of the PSS DVsi is included.

Eliminating DIg from the respective equations (6.7)–(6.9), the overall state-space

model is

D _X
0

� �
¼ A0 B0

C0 D0

� �
DX
DVN

� �
þ E1

0

� �
DU ð6:13Þ

whereDVN¼ DVg DVl½ �T;A0 ¼ [A1�B1D1
�1C1];B

0¼ B2�B1D
�1
1 D2 0

� �
;C0¼ K2

0

� �
;

and D0 ¼ K1 D5

D6 D7

� �
with K1 ¼ D4�D3D1

�1D2

� �
and K2 ¼ C2�D3D1

�1C1

� �
.

Therefore, the system matrix A _PSS for a multimachine system with a PSS can

be obtained as
A_PSS½ � 7mþ1ð Þ� 7mþ1ð Þ ¼ A0½ �� B0½ � D0½ ��1

C0½ � ð6:14Þ
This model has been used in the following section to study the effect of small-signal

disturbance on the eigenvalues of a multimachine power system and their improve-

ment with the application of a PSS. The system matrix without PSS can be obtained

excluding the state-space variable DVsi .

6.3.2 An illustration-computation of eigenvalues and swing modes
In Chapter 5, the computation of system matrix (Asys) and the electromechanical

swing modes without PSS has been illustrated for a WSCC type 3-machine, 9-bus

test system and results are presented in Table 5.1. In this section, the PSS has been

applied to this proposed test system in order to improve the damping ratio of the crit-

ical swing mode #1. The parameters of the PSS are assumed as KPSS¼20, T1¼0.15,

and T2¼0.11. Even though the critical swing mode has a 22% damping without PSS,

further enhancement of the system stability is achieved by the application of PSS via

shifting the critical swing mode to a more desirable position in the s-plane. The PSS
is installed with each machine separately and the eigenvalues, frequency, and its

damping ratios are listed in Tables 6.2, 6.3, and 6.4, respectively.

It can be seen that the swing modes get affected with the installation of the PSS at

any of the three machines. However, with the response of the critical swing mode

being of prime concern, it has been observed that the improvement in the critical

swing mode is of highest degree (Table 6.3) if the PSS is installed in machine 2.

The value of damping ratio (z) for the installation of PSS in machines 1, 2, and 3

are, respectively, obtained as z¼0.2262, 0.3120, and 0.2224.

A study of root locus of the critical swing mode with variation of PSS gain has

also been investigated. The root-locus plots for the installation of PSS at three

machines are shown in Figure 6.4a, b, and c, respectively.

In these figures, the real axis and the imaginary axis represent the real part (�s)
and the imaginary part (þjo) of the critical swing mode (at different values of the

PSS gain KPSS), respectively. The negative imaginary part (�jo) can be obtained

from symmetry. It has been found that with the installation of a PSS in machine 2,



Table 6.2 Eigenvalue, Frequency, and Corresponding Damping Ratio with PSS

Installed at Machine 1

Mode # Eigenvalue (l) Frequency (f) (Hz) Damping Ratio (z)

1 �2.5291 � j10.8920 1.7333 0.2262

2 �9.1046 0 1.0000

3 �5.1630 � j11.3145 1.8005 0.4151

4 �5.2715 � j10.2838 1.6365 0.4562

5 �5.6843 � j10.3443 1.6461 0.4816

6 �5.5913 � j10.3325i 1.6443 0.4759

7 �2.5070 0 1.0000

8 0.0000 0 1.0000

9 �0.5562 � j0.5387 0.0857 0.7183

10 �0.3346 � j0.7015 0.1116 0.4306

11 �0.4086 � j0.6217 0.0989 0.5493

12 �3.2258 0 1.0000

13 �1.8692 0 1.0000

14 �1.6667 0 1.0000

Table 6.3 Eigenvalue, Frequency, and Corresponding Damping Ratio with PSS

Installed at Machine 2

Mode # Eigenvalue (l) Frequency (f) (Hz) Damping Ratio (z)

1 �3.5586 � j10.8354 1.7243 0.3120

2 �9.2182 0 1.0000

3 �4.9144 � j 11.2478i 1.7899 0.4004

4 �4.7038 � j 10.3468i 1.6465 0.4139

5 �5.6886 � j 10.3285i 1.6436 0.4824

6 �5.3437 � j 10.2399i 1.6295 0.4626

7 �2.5030 0 1.0000

8 0.0000 0 1.0000

9 �0.4198 � j 0.8407i 0.1338 0.4467

10 �0.5257 � j 0.5070i 0.0807 0.7198

11 �0.3291 � j 0.5646i 0.0898 0.5036

12 �3.2258 0 1.0000

13 �1.8692 0 1.0000

14 �1.6667 0 1.0000
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the damping of the critical swing mode increases and simultaneously oscillation

decreases, unlike the case for machine 1 where with the increase of PSS gain, damp-

ing improves, but oscillation also increases. In the application of PSS in machine 3,

the critical modemoves towards instability with marginal increase in the gain of PSS.

In view of this result, it may be concluded that machine 2 should be the possible

choice of installation of the PSS.



Table 6.4 Eigenvalue, Frequency, and Corresponding Damping Ratio with PSS

Installed at Machine 3

Mode # Eigenvalue (l) Frequency (f) (Hz) Damping Ratio (z)

1 �2.4834 � j 10.8865 1.7324 0.2224

2 �5.4393 � j 12.4858i 1.9869 0.3994

3 �9.2964 0 1.0000

4 �5.3085 � j 8.9013i 1.4165 0.5122

5 �5.3364 � j 10.3270i 1.6434 0.4591

6 �5.5996 � j 10.3330i 1.6443 0.4765

7 �2.5030 0 1.0000

8 0.0000 0 1.0000

9 �0.4160 � j 0.8356i 0.1330 0.4457

10 �0.4609 � j 0.4637i 0.0738 0.7050

11 �0.4005 � j 0.6596i 0.1050 0.5189

12 �3.2258 0 1.0000

13 �1.8692 0 1.0000

14 �1.6667 0 1.0000

1796.4 Development of a Location Selection Indicator of PSS
6.4 DEVELOPMENT OF A LOCATION SELECTION
INDICATOR OF PSS
During the application of PSS to a multimachine power system to achieve the larg-

est improvement in damping, first, the best location of PSS must be identified

among a number of interconnected machines. Study reveals that the PSS displaces

the swing mode from its critical position to a more desirable position, changing the

response of the excitation system. Based on the change of the exciter transfer

function, a simple and easy indicator called OPLI [9] has been introduced in

Section 6.4.3 to identify the best location of the PSS in a multimachine system.

The results of OPLI method have also been compared with the existing SPEmethod

and the PF analysis method. The special emphasis has been given on the compar-

ison between OPLI and SPE methods as it has been reported in [8] that SPE method

is more accurate than PF analysis method. It appears that the proposed OPLI

method gives identical prediction with the existing methods (SPE and PF) on

the selection of optimum location of PSS. It has been further observed that both

OPLI and SPE bear almost similar characteristics with variation of PSS gain.

The computation of OPLI and its comparison with SPE have been illustrated for

a 3-machine, 9-bus test system, and its validity has also been tested in an IEEE type

14-bus test system.
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FIGURE 6.4

Root locus of the critical swing mode when PSS is installed at (a) machine 1, (b) machine 2,

and (c) machine 3.
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6.4.1 Participation factor
The concept of PF has been discussed in Chapter 5, Section 5.4. Here, this PF anal-

ysis method has been applied to find the best location of a PSS in a multimachine

power system. The PF is a quantitative measure of how a particular mode (eigen-

value) is affected by the various state variables in the system. In a multimachine sys-

tem, the PF (PFi) for the ith machine considering speed deviation (Doi) as the

respective state variable is defined by

PFi ¼fj,Doi
cj,Doi

ð6:15Þ
where fj,Doi

is the right-eigenvector entry and cj,Doi
is the left-eigenvector entry of

the jth electromechanical swing mode corresponding to the state variable Doi of the

ith machine. The machine having the highest PF for the most poorly damped swing

mode signifies the most effective location of stabilizer application.
6.4.2 Sensitivity of PSS effect
The PSS installed on a machine in a power system is a closed-loop controller. If a

machine is selected for installation of PSS, for best effect, first, the amplitude of PSS

input that is measured by the right eigenvector corresponding to speed change Do
should be relatively large, and second, the control effect of PSS measured by the

coefficient Sji should be strong.

The control effect of PSS on the system (by the PSS output state DVsi and the sys-

tem mode lj) can be calculated by Sji¼cj,DEfdi
, where cj,DEfdi

is the left-eigenvector

entry of the jthmode (lj) corresponding to the state variableDEfdi of the ithmachine. In

order to take into consideration the effect of both the PSS input and the PSS control in

selecting the PSS location, SPE for the ith machine has been considered as

SPEi ¼fj,Doi
cj,DEfdi

ð6:16Þ
for i¼1, 2, . . .,m (the number of machines) where fj,Doi

is the right-eigenvector

entry and cj,DEfdi
is the left-eigenvector entry of the jth mode corresponding to

the state Doi and DEfdi of the ith machine. SPE measures both the activity of PSS

input (Doi) participating in a certain oscillatory mode and the control effect of

PSS, on this mode. The larger the magnitude of the SPE, the better is the overall per-

formance of the PSS. In a multimachine power system, there may be several swing

modes that are of interest, and for each mode, a set {SPEi, i¼1, 2, . . .,m} can be cal-
culated by Equation (6.16). The SPE with the largest magnitude of any ith machine

identifies the best location of PSS.

Algorithms of calculation of SPE

1. Compute the initial conditions of the state variables.

2. Install the PSS at any ith machine and obtain the system matrix [Asys] and

eigenvalues.

3. Identify the critical swing mode.

4. Derive the right-eigenvector matrix [f] and a left-eigenvector matrix [c].
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5. The right-eigenvector entry fj,Doi
corresponding to the state variable Doi (PSS

input) and the left-eigenvector entrycj,DEfdi
corresponding to the state variableDEfdi

(PSS control effect) are noted for the jth critical swing mode for the ith machine.

6. Calculate |SPEi| for the ith machine using Equation (6.16).

7. Repeat steps 1-6 for each machine.
6.4.3 Optimum PSS location index
The newly proposed concept of OPLI is based on the change of exciter transfer

function with respect to the PSS transfer function in a certain swing mode. The

PSS on a machine is a closed-loop controller and that considers usually the machine

speed or power as its input and introduces a damping so that the systemmoves from

a less stable region to a more stable region. As the PSS acts through the excitation

system, the effect of displacement of swing modes due to the installation of PSS

will change the response of the excitation system. The response of the excitation

system at a swing mode l0 can be obtained by replacing l0 for “s” in its transfer

function Gex(s).
The change of response of the excitation system with respect to the PSS

response for a swing mode l0 is determined by the proposed index OPLI and is

defined by

jOPLIij ¼ Gexi l
0ð Þ�Gexi l

�ð Þð Þj j
GPSS l0ð Þj j ð6:17Þ

for i¼1, 2, . . .,m (the number of machines).

Here, l� and l0 are the critical swing modes before and after the installation of

PSS, respectively. The magnitude of OPLI measures the effect of PSS on the exciter

response in a swing mode l0 of interest. The larger the value of the OPLI, the larger is
the control effect of PSS on the exciter and the better is the overall performance of

PSS in the power system.

Algorithms of calculation of OPLI

1. Derive the transfer function of the excitation system Gex(s).
2. Calculate the Gex(l�); here, l� is the most critical swing mode, before the

application of PSS.

3. Install the PSS at any machine. Here, GPSS sð Þ¼KPSS sT1þ1ð Þ
sT2þ1ð Þ .

4. Compute the system matrix A _PSS and eigenvalues after the application of PSS.
5. Note the critical swing mode l0 to obtain Gex(l0) and GPSS(l0).
6. Calculate the OPLI applying Equation (6.17).

7. Repeat steps 1-6 for each machine.

The transfer function of the exciter for the ith machine Gexi sð Þ¼DEfdi
sð Þ

DVsi
sð Þ can be

obtained following Equations (2.113) and (2.114) (Chapter 2).
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6.4.4 An illustration
The PSS location selection indicators PF, SPE, and OPLI are calculated using Equa-

tions (6.15)–(6.17) for aWSCC type 3-machine, 9-bus test system. The machine data

and exciter data are taken from Appendix B. The magnitudes of OPLI, SPE, and PF

are listed in Tables 6.5, 6.6, and 6.7, respectively.

In Table 6.5, for the critical swing mode #1 (j¼1), the right-eigenvector entry

fj,Doi
and the left-eigenvector entry cj,Doi

corresponding to the state Doi for the

installation of PSS in the ith machine are computed from the right-eigenvector matrix

[f] and the left-eigenvector matrix [c], and |PFi| are calculated correspondingly.

In Table 6.6, for the critical swing mode #1 (j¼1), the right-eigenvector entry

f1,Doi
corresponding to the state Doi and the left-eigenvector entry c1,DEfdi

corre-

sponding to the state DEfdi after the installation of PSS in the ith machine are
Table 6.7 OPLI When PSS is Installed in Individual Machine

Swing Mode (l�)
Before Installation
of PSS

PSS
Installed in

Swing Mode (l0)
After Installation
of PSS jOPLIj ¼ Gex l0ð Þ�Gex l�ð Þð Þj j

GPSS l0ð Þj j

�2.4892� j10.8650 Machine #1 �2.5291� j10.8920 0.00215

Machine #2 �3.5586þ j10.8354 0.05174

Machine #3 �2.4834� j10.8865 0.00096

Table 6.6 SPE When PSS is Installed in Individual Machine

PSS
Installed in

Right Eigenvector
of Critical Swing

Mode #1 f1;Doi

� 	

 


Left -Eigenvector of
Critical Swing

Mode #1 c1;DEfdi

� �


 


 |(SPEi)|
(i¼1, 2, 3)

Machine #1 0.15345 0.07926 0.01216

Machine #2 0.26739 1.8630 0.49814

Machine #3 0.15627 0.0270 0.00421

Table 6.5 PF When PSS is Installed in Individual Machine

PSS
Installed
in

Right Eigenvector of
Critical Swing Mode
#1 f1;Doi

� 	

 


Left Eigenvector of
Critical Swing Mode #1
c1;Doi

� 	

 

 |(PFi)|
(i¼1, 2, 3)

Machine #1 0.15345 0.6269 0.0962

Machine #2 0.26739 3.3132 0.8856

Machine #3 0.15627 0.0525 0.0084
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computed from the right-eigenvector matrix [f] and the left-eigenvector matrix [c],
and |SPEi| are calculated for each machine for i¼1, 2, 3.

Therefore, Gexi sð Þ for i¼1, 2, 3 for the study system are computed in MATLAB

and are obtained as

Gex1 ¼
318:4713sþ909:9181

s3þ11:2452s2þ98:2312sþ48:4012

Gex2 ¼
318:4713sþ909:9181

s3þ11:9388s2þ103:6805sþ58:309

and

Gex3 ¼
318:4713sþ909:9181

s3þ11:4333s2þ99:709sþ51:088

respectively.

Calculation of OPLI for application of PSS at machine 1

The critical swing mode l0 ¼�2.5291þ j10.8920.

GPSS l0ð Þ ¼ 20 0:15l0 þ1ð Þ
0:11l0 þ1ð Þ

Gex1 l�ð Þ ¼ 318:4713l� þ909:9181ð Þ
l�3þ11:2452l�2þ98:2312l� þ48:4012

and

Gex1 l0ð Þ ¼ 318:4713l0 þ909:9181ð Þ
l03þ11:2452l02þ98:2312l0 þ48:4012

jOPLI1j ¼ Gex1 l0ð Þ�Gex1 l�ð Þð Þj j
GPSS l0ð Þj j ¼ 0:00215:

Calculation of OPLI for application of PSS at machine 2

The critical swing mode l0 ¼�3.5586þ j10.8354.

jOPLI2j ¼ Gex2 l0ð Þ�Gex2 l�ð Þð Þj j
GPSS l0ð Þj j ¼ 0:05174:

Calculation of OPLI for application of PSS at machine 3

The critical swing mode l0 ¼�2.4834þ j10.8865.

jOPLI3j ¼ Gex3 l0ð Þ�Gex3 l�ð Þð Þj j
GPSS l0ð Þj j ¼ 0:00096:
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It has been observed from these tables (fourth column, second row) that the values of

OPLI, SPE, and PF are large for the installation of PSS in machine 2 compared to the

values for the other two locations. In view of root locus of the critical swing mode and
the magnitudes of these three indicators, it is possible to conclude that machine 2
should be the best location of PSS.

6.4.5 Implication of PSS gain in SPE and OPLI characteristics
The characteristics of OPLI with variation of PSS gain have been described and it is

compared with the characteristics of SPE. With PSS installed in machines 1 and 2,

both the SPE and OPLI characteristics show increment with increase in PSS gain. For

machine 3, both of these sensitivity parameters exhibit decrement with increasing

PSS gain (Figures 6.5c and 6.6c). It has been further observed that the slopes of

the profile of SPE and OPLI both are high for the optimum location of the PSS

(Figures 6.5b and 6.6b). Thus, it appears that the proposed index OPLI bears similar

characteristics as SPE and can be effectively used instead of SPE to predict the opti-

mum location of PSS.

The validation of the OPLI characteristics has also been tested separately in an

IEEE type 14-bus test system where there are 2 generators and 3 synchronous com-

pensators. This bus system is also suitable for small-signal stability analysis [11]. In

our study, the investigation has been made on generator 1. The magnitudes of SPE

and OPLI for the installation of PSS in generator 1 are, respectively, plotted in

Figure 6.7a and b with increasing PSS gain. These plots also interpret that the

SPE and OPLI bear almost similar characteristics and are applicable to indentify

the best location of PSS in this system.
6.5 EFFECT OF LOAD
The nonlinear equations of different types of load and its linearized model have been

described in Chapter 3, Section 3.7, which is represented here for the purpose of

small-signal stability analysis.

For constant power-type load, we have

DPLi
¼ 0 ð6:18Þ

DQLi
¼ 0 ð6:19Þ

and for constant current-type characteristics, we have

DPLi
¼PLio

Vio
DVi ð6:20Þ

DQLi
¼QLio

Vio
DVi ð6:21Þ
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FIGURE 6.5

SPE versus PSS gain when PSS is installed in (a) machine 1, (b) machine 2, and (c)

machine 3.
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and when load is considered a constant impedance type, we have

DPLi
¼ 2

PLio

Vioð Þ2ViDVi ð6:22Þ

DQLi
¼ 2

QLio

Vioð Þ2ViDVi ð6:23Þ
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In order to study the effect of the different types of load on small-signal stability,

Equations (6.18)–(6.23) are to be incorporated into the linearized network equa-

tions (6.9)–(6.10) of the dynamic model of the multimachine power system. It is

to be noted that the small-signal stability problem of the 3-machine, 9-bus test system

has been studied in Section 6.3.2, based on eigenvalue analysis, and their assumed

load is of the constant power type. In this section, this issue has been investigated

further in the said multimachine system when load is being of the constant current

and constant impedance type.
6.5.1 Effect of type of load
� Constant power-type load at buses 5, 6, and 8

In this case, loads in buses 5, 6, and 8 are treated as constant power type. There-

fore, Equations (6.18) and (6.19) are incorporated into the linearized network equa-

tions for the corresponding buses 5, 6, and 8, and the eigenvalues of the study system

are computed from the system matrix.

� Constant current-type load at buses 5, 6, and 8

In this study, loads in buses 5, 6, and 8 are assumed of the constant current type.

Therefore, Equations (6.20) and (6.21) are incorporated into the linearized network

equations of the corresponding buses 5, 6, and 8, and the eigenvalues of the study

system are computed from the system matrix.

� Constant Impedance Type Load at Buses 5, 6, and 8

Here, the linearized load model given by Equations (6.22) and (6.23) for the con-

stant impedance-type load is included in the linearized network equations of the mul-

timachine system for the respective buses 5, 6, and 8.

The eigenvalues for various kinds of load are shown in Tables 6.8 and 6.9. It is

evident from this table that for a nominal load (PL5,QL5¼1.25,0.5pu; PL6,

QL6¼0.9,0.3pu; and PL8,QL8¼1.00,0.35pu) at buses 5, 6, and 8, the system is sta-

ble for all types of load and it has been observed that the damping ratio of the critical

swing mode #1 is comparatively greater for the case of the constant impedance-type

load than the constant current- and constant power-type load.

In case of constant power-type load, it has been further observed that an increase

of load at bus 5 (PL5,QL5¼4.5, 0.5pu), one of the eigenvalue moves to the right half

of the s-plane, which makes the system dynamically unstable, whereas for the other

two types of loads, all the eigenvalues are stable.

Thus, in view of these results, it is possible to conclude that the proposed multi-

machine system is relatively more stable in constant impedance-type load rather than

in constant current- and constant power-type load. It can be further concluded that the

system is suitable for mixed loading only at nominal load because in this situation,

the system is stable for all kinds of load andwith the increase of load, the small-signal



Table 6.8 Eigenvalues for Different Types of Load at Buses 5, 6, and 8 When PL5,QL5¼1.25,0.5pu; PL6,QL6¼0.9,0.3pu;

and PL8,QL8¼1.00,0.35pu

Constant Power Constant Current Constant Impedance

Eigenvalue (l)
Damping
Ratio (z) Eigenvalue (l)

Damping
Ratio (z) Eigenvalue (l)

Damping
Ratio (z)

�2.4892� j10.8650 0.2233 �1.1236� j7.6409 0.1454 �2.8153� j11.072 0.24642

�5.1617� j11.2755 0.4162 �7.4798� j10.262 0.5890 �7.3738� j10.242 0.58429

�5.3063� j10.3299 0.4569 �5.1195� j10.174 0.4495 �4.6961� j10.464 0.40945

�5.6837� j10.3601 0.4810 �5.7054� j10.319 0.4838 �5.6739� j10.332 0.48135

�5.5957� j10.3330 0.4762 �3.1812� j11.630 0.2638 �2.9029� j5.9838 0.43647

�2.5226 1.0000 �0.6811� j1.7112 0.3698 �8.1798 1

�0.0000 1.0000 0.000 1 0.000 1

�0.4087� j 0.8293 0.4421 �0.4099� j0.9254 0.4050 �1.3574� j1.5898 0.64934

�0.4759� j 0.5616 0.6465 �0.4667� j0.5912 0.6196 �0.3973� j0.9244 0.39489

�0.4164� j 0.6618 0.5325 �2.7557 1 �0.4582� j0.5823 0.61839

�3.2258 1.0000 �3.2258 1 �3.2258 1

�1.8692 1.0000 �1.870 1 �1.8692 1

�1.6667 1.0000 �1.666 1 �1.6667 1
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Table 6.9 Eigenvalues for Different Types of Load at Buses 5, 6, and 8 When PL5,QL5¼4.5,0.5pu; PL6,QL6¼0.9,0.3pu;

and PL8,QL8¼1.00,0.35pu

Constant Power Constant Current Constant Impedance

Eigenvalue (l)
Damping
Ratio (z) Eigenvalue (l)

Damping
Ratio (z) Eigenvalue (l)

Damping
Ratio (z)

�2.1644� j5.3949 0.3723 �1.8474� j7.5445 0.2378 �1.8166� j7.6093 0.2322

�13.881� j10.913 0.7861 �12.226� j8.7109 0.8144 �12.217� j8.6820 0.8151

�5.8667� j10.212 0.4981 �7.4156� j10.487 0.5773 �7.3793� j10.4490 0.5768

�3.1500� j10.424 0.2892 �3.4284� j10.576 0.3083 �3.4298� j10.5870 0.3082

�9.4512� j 9.889 0.6909 �5.526� j10.369 0.4703 �5.5003� j10.3590 0.4689

3.7189 1 �1.2701� j0.5462 0.9186 �1.317 1

0.000 1 0.0000 1 0.000 1

�3.1906� j0.9831 0.9556 �0.3993� j0.8301 0.4334 �0.35857� j0.8503 0.3885

�0.4632� j0.8270 0.4886 �0.2787� j0.2040 0.8069 �0.92432� j0.4193 0.9106

�0.6504� j0.1968 0.9571 �0.8469 1 �0.4407� j0.4273 0.7178

�3.2258 1 �3.2258 1 �3.2258 1

�1.8692 1 �1.8692 1 �1.8692 1

�1.6667 1 �1.6667 1 �1.6667 1
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stability of the system deteriorates because of the effect of constant power-type com-

ponent and finally becomes unstable at very high magnitude of load.

The method of load modeling and the effect of various kinds of load presented in

this section can be applied to any multimachine system suitable for small-signal sta-

bility analysis.
6.5.2 Effect of load on critical swing mode
The real or reactive load (constant power type) at a particular bus is increased in the

steps for the said 3-machine, 9-bus test system.

Case 1: The real load PL is increased at load bus 5 (heaviest load bus) from a base

load of 1.25 to 3.5 pu, at constant reactive load QL¼0.5pu.

Case 2: The reactive load QL is increased at load bus 5 (heaviest load bus) from a

base load of 0.5 to 1.5 pu, at constant real load PL¼1.25pu.

For each step, the execution of load flow program followed by the computation

of initial conditions of the state variables is carried out to get the system matrix and

eigenvalues. The critical eigenvalue is noted for each case without and with instal-

lation of PSS, and when PSS is installed at the optimum location, i.e., machine 2,

the obtained eigenvalues and corresponding damping ratios are presented in

Table 6.10. This table illustrates that with an increase of load (real or reactive)

without PSS, the damping ratio of the critical swing mode decreases, and with

the installation of PSS, the damping ratio of this mode improves significantly. It

has also been confirmed in this study that the relative improvement of stability

at the selected optimum location of PSS is more in comparison to the other two

locations (machines 1 and 3).
6.5.3 Effect on PSS location indicators
The effect of load on SPE and OPLI has also been investigated in this section. The

magnitudes of SPE and OPLI for the previously mentioned load variations are com-

puted in Table 6.11 employing algorithms given in the previous sections. It has been

observed that even with increasing load, both the sensitivity parameters are reason-

ably accurate. The present study also reveals that the proposed index, OPLI, is suit-

able for the application of PSS even during heavy loading condition and till the

system approaches its critical operating limit.



Table 6.10 Effect of Load on Critical Swing Mode

#

Real
Load
(PL) (pu)

Reactive
Load (QL)
(pu)

Critical Swing Mode (l�)
Before the Installation
of PSS

Damping
Ratio

Critical Swing Mode (l0)
for Optimum Location
of PSS (Machine #2)

Damping
Ratio

Base load 1.25 0.5 �2.4892� j10.8650 0.2233 �3.5586� j10.8354 0.3120

Case #1 1.5 0.5 �2.4745� j10.9692 0.2201 �3.3502� j10.9232 0.3932

2.5 0.5 �2.4031� j11.3400 0.2073 �3.0547� j11.3793 0.2593

3.5 0.5 �2.3074� j11.6323 0.1946 �2.7576� j11.6532 0.2303

Case #2 1.25 1.0 �2.4468� j10.6290 0.2243 �3.4368� j10.4549 0.3123

1.25 1.5 �2.4210� j10.8862 0.2171 �3.2897� j10.8578 0.3030
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Table 6.11 Effect of Load on PSS Location Indicators

#

Real
Load (PL)
(pu)

Reactive
Load (QL)
(pu)

SPE at Optimum
Location of PSS

OPLI at
Optimum
Location of PSS

Base load 1.25 0.5 0.4981 0.0517

Case #1 1.5 0.5 0.3258 0.0395

2.5 0.5 0.2076 0.0239

3.5 0.5 0.1334 0.0145

Case #2 1.25 1.0 0.4176 0.0537

1.25 1.5 0.3198 0.0395
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EXERCISES

5.1. Write down the Heffron–Philips state-space model of a SMIB power system

without and with PSS. Obtain the system matrix with and without PSS.

5.2. In a SMIB system, the machine and exciter parameters are given as follows:

Re ¼ 0, Xe ¼ 0:5pu, Vt∠y� ¼ 1∠15�pu, V1∠y� ¼ 1:05∠0�pu,
H¼ 3:2s, T 0

do ¼ 9:6s, KA ¼ 400, TA ¼ 0:2s, Rs ¼ 0:0pu,
Xq ¼ 2:1pu, Xd ¼ 2:5pu, X0

d ¼ 0:39pu, D¼ 0, and os ¼ 314rad=s:
(i) Calculate the system matrix and eigenvalues of the system without and

with PSS.

(ii) Identify the critical swing mode and explain the effect of PSS on improv-

ing small-signal stability of this system.
Assume the PSS parameters are KPSS¼10; T1¼1.0; and T2¼0.5.

5.3. Discuss the methods and algorithms for the calculation of the following PSS

location selection indicators:

(i) SPE and (ii) OPLI. Explain their significance.

5.4. The transfer function of a multistage PSS is given by the equation

GPSS ¼KPSS

sTW
1þ sTWð Þ

1þ sT1
1þ sT2

� �n

where KPSS is the PSS gain, TW is the washout time constant, and T1 and T2 are
the lead-lag time constants. For n¼2, derive the state-space equation of the

PSS for application in a multimachine power system.

5.5. Themachine data and exciter data of an IEEE type 14-bus test system are given

in Appendix B. Find the optimal location of PSS applying the method of SPE.
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Controller
 7

7.1 INTRODUCTION
The potential benefits of using PSS to damp low-frequency electromechanical oscil-

lations for enhancing power system stability are discussed in Chapter 6. In recent

times, the development of power electronics devices, like FACTS [1], has generated

rapid interest from the researchers to mitigate various problems in the operation and

control of modern power systems. In addition to the small-signal stability problem,

they have various roles such as scheduling power flow, reducing net loss, providing

voltage support, limiting short-circuit currents, and mitigating subsynchronous res-

onance. FACTS controllers are capable of controlling network conditions in a fast

manner, and this feature of FACTS can be exploited to improve several power sys-

tem problems [2,3]. Though PSS associated with generators are mandatory require-

ments for damping of oscillations in the power system, the performance of the power

network still gets affected by changes in network configurations, load variations,

etc., and is liable to cause small-signal oscillations. Hence, the installation of FACTS

device has been suggested in several literatures [4,5] to achieve appreciable damping

of system oscillations.

Depending on the power electronic devices used in the control, the FACTS con-

trollers can be categorized as (a) variable impedance type (b) voltage source con-

verter (VSC) type.

The variable impedance-type controllers include the followings:

(i) Static Var compensator (SVC) (shunt-connected)

(ii) Thyristor-controlled series capacitor or compensator (TCSC) (series-connected)

(iii) Thyristor-controlled phase shifting transformer (combined shunt and series)

The VSC-based FACTS controllers are as follows:

(i) Static synchronous compensator (STATCOM) (shunt-connected)

(ii) Static synchronous series compensator (series-connected)

(iii) Unified power flow controller (combined shunt and series)

Among the variable impedance-type FACTS devices, SVC and TCSC are proven

to be robust and effective in mitigating power system operation problems. In this

chapter, these two prominent FACTS devices along with one VSC-based FACTS

device (STATCOM) are simulated for application in single-machine infinite-bus
Power System Small Signal Stability Analysis and Control. https://doi.org/10.1016/B978-0-12-817768-6.00007-X
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198 CHAPTER 7 Application of FACTS Controller
power (SMIB) as well as in multimachine power systems. The performance of SVC,

TCSC, and STATCOM controllers is compared with the performance of PSS.

It has been revealed that these FACTS controllers are more effective than PSS in

mitigating small-signal oscillations. It has been further revealed that the performance

of both STATCOM and TCSC controllers is reasonably better than the SVC

controller.

Finally, in this chapter, the small-signal stability problem of a regional longitu-

dinal power system (24-machine, 203-bus system) has been investigated in the face

of three major types of power system contingencies, e.g., load increase, generation

drop, and transmission line outage.
7.2 FACTS TECHNOLOGY [6]
The FACTS controller is defined as “a power electronic based system and other static

equipment that provide control of one or more ac transmission system parameters.”

FACTS could be connected in series with the power systems (series compensation)
and in shunt with the power systems (shunt compensation) or both in series and shunt
with the power systems.
7.2.1 Series compensation
In series compensation, the FACTS devices are connected in series with the power

system transmission line and work as a controllable voltage source. In long transmis-

sion lines, series inductance occurs that causes a large voltage drop when a large cur-

rent flows through it. To compensate it, series capacitors (XC) are connected in

transmission network (Figure 7.1a), which modify line reactance (X) by decreasing

its value so as to increase the transmittable active power. However, more reactive
Vs
Vr

X

j XI 

I 

VrVs

j XI

d

FIGURE 7.1a

Transmission network and phasor diagram.
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power must be provided. The expression for active and reactive power flow through

the transmission line is given by

P¼ V2

X�XC

sind ð7:1Þ
or

P¼ V2

X 1�Kcð Þ sind ð7:2Þ

where Kc ¼XC

X
; 0�Kc�1 is the degree of compensation of the transmission line

reactance. It is to be noted that sending end voltage (Vs)¼ receiving end voltage

(Vr)¼V (say) for or a loss less line.

The reactive power supplied by the series capacitor is given by Qc¼ I2Xc. From

the phasor diagram (Figure 7.1b), the expression for line current is

I¼ 2V sin d
2

X 1�Kcð Þ ð7:3Þ

Therefore,

Qc ¼ I2Xc ¼ 4V2 sin2d
2

X2 1�Kcð Þ2KcX ð7:4Þ

After simplification, this gives

Qc ¼ 2V2

X

Kc

1�Kcð Þ2 1� cosdð Þ ð7:5Þ

As the series capacitor is used to cancel part of the reactance of the line, it increases

the maximum power, reduces the transmission angle at a given level of power trans-

fer, and increases the virtual natural load. Since effective line reactance is reduced,
X

j XI 
I

δ
Vr

Vr

Vs

Vs

j (X–XC) I 

XC

j XI
–j XCI

–j XC I 

FIGURE 7.1b

Series compensation.



200 CHAPTER 7 Application of FACTS Controller
it absorbs less of the line-charging reactive power, so shunt reactors may be needed.

A line with 100% series compensation would have a resonant frequency equal to the

power frequency, and since the damping in power systems is low, such a system

would be hypersensitive to small changes. For this reason, the degree of series com-

pensation is limited in practice to about 80%.

7.2.2 Shunt compensation
In shunt compensation, FACTS are connected in parallel with the power system trans-

mission line. It works as a controllable current source. A reactive current is injected

into the line to maintain constant voltage magnitude by varying shunt impedance.

Therefore, the transmittable active power is increased but at the expense of increasing

the reactive power demand. There are two methods of shunt compensations:

(i) Shunt capacitive compensation.
This method is used improve the power factor. Whenever an inductive load is

connected to the transmission line, power factor lags because of lagging load

current. To compensate it, a shunt capacitor is connected, which draws current

leading to the source voltage. The net result is improvement in power factor.

(ii) Shunt inductive compensation.
This method is used either when charging the transmission line or when there

is very low load at the receiving end. Due to very low or no load, a very low

current flows through the transmission line. Shunt capacitance in the transmission

line causes voltage amplification (Ferranti effect). The receiving end voltage (Vr)

may become double the sending end voltage (Vs) (generally in case of very long

transmission lines). To compensate it, shunt inductors are connected across the

transmission line.

Figure 7.2a and b show the arrangement of the ideal midpoint shunt compensator,

which maintains a voltage, Vc, equal to the bus bar voltage such that Vs¼Vr¼Vc¼V.
Each half of the line is represented by a p equivalent circuit. The synchronous

machines at the ends are assumed to supply or absorb the reactive power for the left-

most and rightmost half sections, leaving the compensator to supply or absorb only

the reactive power for the central half of the line. It can be seen that the compensator

does not consume real power since the compensator voltage, Vc and its current, Ic,
are in quadrature. If the compensator can vary its admittance continuously in such a

way as to maintain midpoint voltage Vc¼V, then in the steady state, the line is sec-

tioned into two independent halves. The power (P) transferred from the sending end

to the midpoint is equal to the power transferred from the midpoint to the receiving

end and is given by

P¼V2 sin d
2

X=2
¼ 2

V2

X
sin

d
2

ð7:6Þ

The maximum transmissible power is
2V2

X
, twice the steady-state limit of the uncom-

pensated line. It is reached when d/2¼p/2, that is, with a transmission angle d or 90�



Vs
Vr

X/2
I

Vr
Vs

X/2

Vc

Ic

Vc

Vs = Vc = Vr = V

d /2 d /2

(a) (b)

Vs
Vr

X/2 Icr

Vr
Vs

X/2

Vc

Ic

Vc

Vs = Vc = Vr = V

Isc

Isc
Icr

Ic

scI
X

j
2

crI
X

j
2

d /4d /4

FIGURE 7.2

Shunt compensation (a) Voltage phasor, (b) Voltage and current phasor.
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across each half of the line and a total transmission angle of 180� across the whole
line. The reactive power generated by the compensator, (Qp), is generally given by

the relation Qp¼ IcVc¼ IcV. From the phasor diagram, Ic can be expressed in terms

of Isc and d:

Ic ¼ 2Isc sin
d
4

ð7:7Þ
Therefore,

Qp ¼ IcVc ¼ 2
2V sin d

4

X=2
sin

d
4
V ð7:8Þ

This can be rearranged as

Qp ¼ 4V2

X
1� cos

d
2

� �
ð7:9Þ
7.3 APPLICATION OF SVC IN SMALL-SIGNAL STABILITY
IMPROVEMENT
SVC is a FACTS device, used for shunt compensation, to maintain bus voltage mag-

nitude and hence power system stability. SVC regulates the bus voltage to compensate

continuously the change of reactive power loading. The configuration of the basic SVC

module and the block diagram of an SVC controller were shown in figures 3.11 and

3.13, respectively, in Chapter 3. The machine speed,Dn(¼Do/os), is taken as the con-

trol input to the auxiliary controller.DV0 is the output signal generated by the auxiliary

controller. The firing angle (a) of the thyristor determines the value of susceptance

(DBsvc) to be included in the network in order to maintain bus voltage magnitude.
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7.3.1 Model of SMIB system with SVC
For small-signal stability studies of an SMIB power system, the linear model of

Heffron-Phillips has been used for many years, providing reliable results. The gen-

eral Heffron-Phillips model of the SMIB system is given in Section 4.2 (Chapter 4).

The inclusion of an SVC controller in this system results in an addition of state vari-

ables, Dxsvc ¼ DV0 Da DBsvc½ �T corresponding to the SVC controller. Therefore,

state-space equations of the SMIB system are modified with additional state-space

equations of the SVC controller. The single line diagram of an SMIB system with an

SVC controller is shown in Figure. 7.3.

The combined state-space representation of an SMIB system with an SVC con-

troller is then given by

D _E
0
q ¼� 1

K3T0
do

DE0
q�

K4

T0
do

Ddþ 1

T0
do

DEfd ð7:10Þ
D _d¼osDn ð7:11Þ

D _n¼�K2
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FIGURE 7.3

Single line diagram of an SMIB system with SVC.
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D _Bsvc ¼� 1

Tsvc
Da� 1

Tsvc
DBsvc ð7:16Þ

Here, Equations (7.14)–(7.16) are added due to the installation of SVC in the

Heffron-Phillips model. Assuming stator resistance Rs¼0, the electrical power

Pe ¼
E0
qV1 sind

XT

, where XT¼X0
dþXeff and Xeff¼XeþXsvc(a). K2, K1, and Ka

are obtained from the following equations: K2 ¼ @Pe

@E0
q

¼V1 sind
XT

,

K1 ¼ @Pe

@d
¼E0

qV1 cosd

XT

, and Ka ¼ @Pe

@a
¼E0

qV1 sind
@Bsvc

@a
.

The system matrix (A_SVC) of this model has been presented in Equation (7.17).

7.3.2 An illustration: Simulation result
In this section, the systemmatrix and the eigenvalues of the SMIB power systemwith

the SVC controller have been computed using Equation (7.17) and then compared

the performance of the SVC controller with that of the PSS.

A_SVC¼

� 1

K3T0
do

� K4

T0
do

0
1

T0
do

0 0 0

0 0 os 0 0 0 0

�K2

2H
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0 0

Ka

2H
0

�KAK6

TA
�KAK5
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� �
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2H

� �
KSVC

T2
�KSVCT1
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Dos

2H

� �
0 � 1

T2
�KSVCT1Ka

2HT2
0

0 0 0 0 KI 0 0

0 0 0 0 0 � 1

TSVC
� 1

TSVC

2
6666666666666666666666666664

3
7777777777777777777777777775

ð7:17Þ

The parameters of the SMIB system and SVC are given in Sections B.1 and B.1.1

of Appendix B, respectively. Simulation studies of the two cases are carried out in

MATLAB: SMIB system without SVC and with SVC. The computed eigenvalues

are shown in Table 7.1. It is observed that the electromechanical mode #2 is the critical
mode. The damping ratio of this mode is enhanced substantially (more than 78%) with

the application of an SVC controller compared to the PSS. The time domain analysis



Table 7.1 Eigenvalues Without and with the Application of PSS and SVC

#
Eigenvalues
Without Controller

Damping
Ratio

Eigenvalues with
PSS Damping Ratio Eigenvalues with SVC Damping Ratio

1 �2.6626 � j15.136 0.1733 �2.0541 � j15.325 0.1328 �2.2268 � j16.949 0.1303

2 �0.05265 � j7.3428 0.0072 �0.4116 � j7.1110 0.0578 �1.4422 � j13.887 0.1033

3 – – �10.498 1.0 �0.9531 1.0

4 – – – – �5.6543 1.0

5 – – – – �50.063 1.0
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FIGURE 7.4

Rotor angle response (a) with and without PSS control and (b) with and without SVC control.
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presented in Figure 7.4 also reveals that the application of SVC imparts significantly

better settling time (less than 50%) compared to the PSS.

MATLAB Program
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% APPLICATION OF SVC IN SMIB SYSTEM %

%**************************************************************%

% DETERMINATION OF SVC REACTANCE AT A PARTICULAR VALUE OF FIRING ANGLE %
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%**************************************************************%

beta_in= 150 ; % Firing angle typical value

beta=(beta_in*pi)/180 ; % In radian %

%XL & XC SVC INDUCTIVE AND CAPACITIVE REACTANCE

XL=0.225; XC=0.3708

omega=2*pi*50;

BSVC=(pi*XL-XC*(2*(pi-beta)+sin(2*beta)))/(pi*XC*XL)

% Computation of SVC susceptance

dBSVC=-2*(cos(2*beta)-1)/XL ;

% INPUT SVC CONTROLLER PARAMETERS

Input KSVC; KI; T1; T2; Tsvc;

%PARAMETERS OF THE SYSTEM 1:

%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

Input Td; H; TA; D; os; KA; Xq; Xd; X_d; Re; Xe; Vinf; Rs;

%Xeff=Xe; XT=X_d+Xeff ; %WITHOUT SVC %

XSVC=1/BSVC

Xeff=Xe+XSVC; % WITH SVC %

XT=X_d+Xe ; YT=1/XT;

Yeff=YT+BSVC

THETA1= (pi*THETA)/180; THETA2=(pi*0)/180 ;

Vi=1.172; Vinf=1.0;

V1= 1.172*exp(i*THETA1); V2= 1.0*exp(i*THETA2);

IG=(V1-V2)/(Re+i*Xeff);

% CALCULATE INTIAL CONDITIONS AND K-CONSTANT WITH SVC %

% As described in Chapter 6 %

%----------------------------------------------------%

% SYSTEM MATRIX ’A’ WITH SVC

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
A_svc=[ -1/(K3*Td) -K4/Td 0 1/Td 0 0 0; 0 0 Ws 0 0 0 0; (-Vinf

*Yeff*sin(pi*delta/180))/(2*H) (-E_q*Vinf*Yeff*cos(pi*delta/180))/

(2*H) -D*Ws/(2*H) 0 0 0 (-E_q*Vinf*sin(pi*delta/180))/(2*H) ; -KA*

K6/TA -KA*K5/TA 0 -1/TA 0 0 0; (-KSVC*T1*Vinf*Yeff*sin(pi*delta/

180))/(2*H*T2) (KSVC*T1*E_q*Vinf*Yeff*cos(pi*delta/180))/

(2*H*T2) (KSVC/T2)-(KSVC*T1*D*Ws)/(2*H*T2) 0 (-1/T2) 0 (-KSVC*

T1*E_q*Vinf*sin(pi*delta/180))/(2*H*T2); 0 0 0 0 -KI 0 0; 0 0 0 0 0

-1/Tsvc -1/Tsvc];

eig_val=eig(A_svc) % ’EIGEN VALUES OF THE SYSTEM WITH SVC //

SIGMA= abs(real(eig_val)) ; % REAL PART OF THE DOMINANT EIGEN VALUE //

Z= abs(eig_val) ; % Magnitude of eigenvalue //

ZAI=(SIGMA./Z) % DAMPINGFACTORFORDOMINANTEIGENVALUE//
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%INPUT MATRIX ’B’ ; OUTPUT MATRIX ’C’; TRANSITION MATRIX ’D’

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
B_svc =[0 0 0; 0 0 0; 1/(2*H) 0 0; 0 KA/TA 0; KSVC*T1/(2*H*T2) 0 0; 0 0 0;

0 0 0];

C_svc=[0 0 1 0 0 0 0]; D_svc=[0 0 0];

% CLOSED LOOP TRANSFER FUNCTION OF THE SYSTEM WITH SVC

%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

[NUM2,DEN2]=ss2tf(A_svc, B_svc, C_svc, D_svc, 1);

T=0:0.01:10; % Simulation Period

r=step(NUM2,DEN2,T);

plot(r,’*’)

hold

% CALCULATE INTIAL CONDITIONS AND K-CONSTANT WITHOUT CONTROLLER %

% As described in Chapter 6 %

%----------------------------------------------------%

% SYSTEM MATRIX ’A’ WITHOUT CONTROLLER

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
A=[ -1/(K3*Td) -K4/Td 0 1/Td ; 0 0 Ws 0 ; (-Vinf*sin(3.14*delta/

180))/(2*H*XT) (-E_q*Vinf*cos(3.14*delta/180))/(2*H*XT) -DX*Ws/

(2*H) 0 ; -KA*K6/TA -KA*K5/TA 0 -1/TA ];

(’EIGEN VALUES OF THE SYSTEM WITHOUT SVC=’)

eig_val1=eig(A)

%INPUT MATRIX ’B’ ; OUTPUT MATRIX ’C’; TRANSITION MATRIX ’D’

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
B=[0 0; 0 0; 1/(2*H) 0 ; 0 KA/TA ]; C=[0 0 1 0 ]; D=[0 0];

% CLOSED LOOP TRANSFER FUNCTION OF THE SYSTEM WITH CONTROLLER

%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

[NUM1,DEN1]=ss2tf(A,B,C,D,1);

T=0:0.01:5;

r=step(NUM1,DEN1,T);

plot(r,’o’)

hold
7.4 APPLICATION OF A TCSC CONTROLLER IN AN
SMIB SYSTEM
This section describes the application of a TCSC controller in an SMIB system in

order to improve small-signal stability through series compensation. Simulation

results established the superiority of the TCSC controller over PSS and SVC control-

lers. With changes in the firing angle of the thyristors, the TCSC can change its

apparent reactance smoothly and rapidly. Because of its rapid and flexible regulation
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ability, it can improve transient stability and dynamic performance and is capable of

providing positive damping effect to the electromechanical oscillation modes of the

power systems.
7.4.1 Model of an SMIB system with a TCSC controller [7]
A simple SMIB system with TCSC controller has been shown in Figure 7.5. The

small-signal model of the TCSC controller has been described in Section 3.9.3

(Chapter 3).

The state-space model of SMIB systemwith a TCSC controller can be formulated

by adding the state variables Dxtcsc ¼ Da DXTCSC½ �T corresponding to the TCSC

controller in the general Heffron-Phillips model of SMIB system. Therefore,

combined state-space model of the SMIB system with a TCSC controller can be

represented by the following equations:
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FIGURE 7.5

SMIB system with TCSC.
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D _a¼KTCSCT1
T2

K2

2H
DE0

qþ
KTCSCT1

T2

K1

2H
Dd

þ �KTCSC

T2
þKTCSCT1

T2

Dos

2H

� �
Dn

þ � 1

T2
þ �KTCSCT1Ka

2HT2

� �� �
Da�KTCSCT1

2HT2
DTM ð7:22Þ

D _XTCSC ¼� 1

TTCSC
Da� 1

TTCSC
DXTCSC ð7:23Þ

Equations (7.22) and (7.23) are added due to the installation of the TCSC. Here,

K2 ¼ @Pe

@E0
q
, K1 ¼ @Pe

@d , and Ka ¼ @Pe

@a . The electrical power (Pe) assuming the stator

resistance Rs¼0 is Pe ¼
E0
qV1
XT

sind, where XT¼X0
dþXeff and Xeff¼Xe�XTCSC(a).

“a” is the firing angle of the thyristors. The system matrix (A_TCSC) of the corre-
sponding model can be obtained as

A_TCSC¼

� 1

K3T 0
do

� K4

T0
do

0
1

T0
do

0 0

0 0 os 0 0 0

�K2

2H
�K1

2H
�Dos

2H

Ka

2H
0 0

�KAK6
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�KAK5

TA
0 � 1

TA

KA
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K2T1
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KTCSC
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� �
K1T1
T2

KTCSC

2H

� �
�KTCSC
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þKTCSCT1

T2

Dos

2H

� �
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þ �KTCSCT1Ka

2HT2

� �
0

0 0 0 0 � 1

TTCSC
� 1

TTCSC

2
666666666666666666666664

3
777777777777777777777775

ð7:24Þ
7.4.2 An illustration: Eigenvalue computation
and performance analysis
The system matrix of an SMIB system with a TCSC controller is simulated in

MATLAB following Equation (7.24). The eigenvalues of the system are computed

without and with the TCSC and PSS. It is found that the damping ratio of the critical

mode #2 (Table 7.2, second row and third column) is improved satisfactorily with the

application of both the PSS and the TCSC controllers, but the improvement is rea-

sonably more with the application of the latter one.

A comparison between the performances of thePSS and the TCSCcontrollers is also

madeby increasing insteps theTCSCconductionangle (s¼p�a) fordifferentvaluesof
the line compensations (Table7.3).TheTCSChasbeendesignedwith resonanceat firing



Table 7.2 Eigenvalues Without and with PSS and TCSC

#
Eigenvalues Without
Controller

Damping
Ratio

Eigenvalues with
PSS

Damping
Ratio

Eigenvalues with
TCSC

Damping
Ratio

1 �2.6626 � j15.136 0.1733 �2.0541 � j15.325 0.1328 �2.9411 � j10.655 0.2661

2 �0.05265 � j7.3428 0.0072 �0.4116 � j7.1110 0.0578 �1.6463 � j5.9836 0.2653

3 – – �10.498 1.0 �40.0000 1.0

4 – – – – �24.2581 1.0
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Table 7.3 Comparison of the Performance of PSS and TCSC Controllers

PSS and TCSC
Controller Gain

Critical Eigenvalues
with PSS

Damping
Ratio

TCSC Conduction
Angle (s) and % of Line
Compensation

Critical Eigenvalues
with TCSC Damping Ratio

0.5 �0.2401 � j7.2342 0.0332 5� (8.93%) �0.1139 � j7.4245 0.0153

1.0 �0.4116 � j7.1110 0.0578 10� (14.16%) �0.1922 � j7.4334 0.0258

2.0 �0.7008 � j6.8372 0.1020 15� (20.27%) �0.3968 � j7.3285 0.0541

3.0 �0.9205 � j6.5510 0.1391 20� (28.26%) �0.7851 � j6.9840 0.1117

4.0 �1.0820 � j6.2719 0.1725 25� (40.75%) �1.4200 � j5.6944 0.2420

5.0 �1.1991 � j6.0096 0.1957 30� (67.30%) �1.3046 � j2.7470 0.4290
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angle (ar¼140�).Thegain for thePSSand theTCSCcontrollers iskept identical for each

step. The operating region of the TCSC has been kept in the capacitive zone. It has been

observed from Table 7.3 that with the variation of conduction angle up to s¼20�, away
from the resonant point, damping effect of the TCSC controller is less compared to the

PSS. It has been further observed that with conduction angle near the resonant point

(s�25�), enhancementofdampingof thecritical swingmodeisappreciablewith respect

to the damping introducedwith PSS (Table 7.3, row fifth and row sixth). This establishes

that it is possible to achieve better enhancement of damping with TCSC controller com-

pared to the PSS when operating region of the TCSC is kept near its resonant point.

The small-signal behavior of the system is next examined in time domain when it

is being subjected to a change of unit mechanical step power input (DTM). The time

response analysis program is simulated in MATLAB.

The rotor angle deviations without and with TCSC controller are plotted in

Figure 7.6a and b for line compensations around 40% and 67%, respectively. It

has been found that the oscillations damp faster with the application of TCSC con-

troller compared to that of the PSS (Figure 7.2a). Another important observation is

that the impact of TCSC is relatively better with higher value of line compensation.

In view of these results, it may be reasonable to conclude that TCSC is a more effec-

tive controller than PSS in mitigating small-signal oscillations.

Figure 7.6a and b employing TCSC with different line compensations is also

compared with Figure 7.4b, which was obtained with the application of an SVC con-

troller (Section 7.3.2). It is evident that the TCSC controller can provide better set-

tling time and damping in rotor angle oscillations compared to an SVC controller.

MATLAB Program
%**************************************************************%

% APPLICATION OF TCSC IN SMIB SYSTEM %

%**************************************************************%

% DETERMINATION OF TCSC REACTANCE AT A PARTICULAR VALUE OF FIRING

ANGLE %

%**************************************************************%

beta_in= 145 % initial value of firing angle

beta=(beta_in*pi)/180 ; % In radian %

del=pi-beta ; % Conduction angle %

omega=2*pi*50;

%XL & XC TCSC INDUCTIVE AND CAPACITIVE REACTANCE

XL1=2.6; XC1=10.0; % Assumed typical value %

L=XL1/omega ;

C=1/(omega*XC1);

omega_zero=sqrt(1/(L*C));

omega_bar=omega_zero/omega;

XL=XL1/529.02 ; XC=XC1/529.02; % Expressed in pu , where base

impedance =529.02 %

XLC=XC*XL/(XC-XL); C_1=(XC+XLC)/pi; C_2=(4*XLC*XLC)/XL*pi;
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% CACULATION TCSC EQUIVALENT REACTANCE XTCSC

XTCSC=-XC+C_1*(2*(del)+ sin(2*(del)))-C_2*(cos(del)) 2̂*

(omega_bar*tan(omega_bar*(del))-tan(del))

% CACULATION of delta(YTCSC)

part1= -2*C_1*(1+cos(2*beta))+ C_2*sin(2*beta)*(omega_bar*

tan(omega_bar*(pi-beta))-tan(beta));

part2= (((omega_bar) 2̂)*((cos(pi-beta)) 2̂))/((cos(omega_bar*

(pi-beta))) 2̂) ;

dXTCSC= part1+C_2*(part2-1) ;

%---------- -----------------------------------------%

% : PARAMETERS OF THE SYSTEM 1: %

%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++%

Input Td; H; TA; D; os; KA; Xq; Xd; X_d; Re; Xe; Vinf; Rs;

Xeff=Xe+XTCSC; XT=X_d+Xeff ; % WITH TCSC %

THETA1= (pi*THETA)/180; THETA2=(pi*0)/180 ;

Vi=1.172; Vinf=1.0;

V1= 1.172*exp(i*THETA1); V2= 1.0*exp(i*THETA2); IG=(V1-V2)/

(Re+i*Xeff);

%-------- -------------------------------------------%

% CALCULATE INTIAL CONDITIONS AND K-CONSTANT WITH TCSC %

% As described in Chapter 6 %

%----------------------------------------------------%

% TCSC CONTROLLER PARAMETRS

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
Input KP; T1; T2; TCSC;

% SYSTEM MATRIX ’A’ WITH TCSC

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
A_tcsc=[ -1/(K3*Td) -K4/Td 0 1/Td 0 0; 0 0 Ws 0 0 0; (-Vinf*

sin(3.14*delta/180))/(2*H*XT) (-E_q*Vinf*cos(3.14*delta/180))/

(2*H*XT) -DX*Ws/(2*H) 0 (E_q*Vinf*dXTCSC*sin(3.14*delta/180))/

(2*H*XT*XT) 0; -KA*K6/TA -KA*K5/TA 0 -1/TA 0 0;

(KP*T1*Vinf*sin(3.14*delta/180))/(2*H*T2*XT) (KP*T1*E_q*Vinf*cos

(3.14*delta/180))/(2*H*T2*XT) (-KP/T2)+(KP*T1*DX*Ws)/(2*H*T2) 0

(-1/T2)+(-KP*T1*E_q*Vinf*dXTCSC*sin(3.14*delta/180))/(2*H*T2*XT*XT)

0; 0 0 0 0 -1/TCSC -1/TCSC];

%++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

(’EIGEN VALUES OF THE SYSTEM WITH TCSC=’)

eig(A_tcsc)

%INPUT MATRIX ’B’ ; OUTPUT MATRIX ’C’; TRANSITION MATRIX ’D’ WITH TCSC

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
B_tcsc=[0 0; 0 0; 1/(2*H) 0; 0 KA/TA; -KP*T1/(2*H*T2) 0; 0 0]; C_tcsc=

[0 0 1 0 0 0]; D_tcsc=[0 0];
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% CLOSED LOOP TRANSFER FUNCTION OF THE SYSTEM WITH TCSC

%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

[NUM2,DEN2]=ss2tf(A_tcsc,B_tcsc,C_tcsc,D_tcsc,1);

T=0:0.01:10;

q=step(NUM2,DEN2,T);

plot(q,’o’)

hold

eig_val=eig(A_tcsc) ; % ’EIGEN VALUES OF THE SYSTEM WITH TCSC //

SIGMA= abs(real(eig_val)) ; % REAL PART OF THE DOMINANT EIGEN VALUE //

Z= abs(eig_val); % Magnitude of eigenvalue //

ZAI = min(SIGMA./Z ) % DAMPING FACTOR FOR DOMINANTEIGENVALUE //
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7.5 MULTIMACHINE APPLICATION OF SVC
7.5.1 Multimachine model with SVC
An SVC is here included in a multimachine system. The linearized small-signal

model of a general multimachine system combining exciter, PSS, and network equa-

tions has been described in Section 6.3 (Chapter 6). This model has been used

here for the installation of an SVC, and respective equations are rewritten for

convenience:

D _X¼A1DXþB1DIgþB2DVgþE1DU ð7:25Þ

0¼C1DXþD1DIgþD2DVg ð7:26Þ

0¼C2DXþD3DIgþD4DVgþD5DVl ð7:27Þ

0¼D6DVgþD7DVl ð7:28Þ
The installation of an SVC in this model results in an addition of state

variables, Dxsvc ¼ DV0 Da DBsvc½ �T, corresponding to the SVC controller in

Equations (7.25)–(7.27) and the SVC power flow equations in the network

Equation (7.28).

Referring to equation (3.80) from Chapter 3, the linearized SVC power flow

equations at bus n are given by

DPn

DQn

� �
¼

0 0 0

0 �2VnBsvc

2V2
n 1� cos2að Þ

XL

" # Dyn
DVn

Da

2
4

3
5 ð7:29Þ

Therefore, state variables of the general multimachine model with PSS and SVC

controllers are modified as follows:

DX¼ DX1
T DX2

T � � � DXm
T

� �T
,

where DXi ¼ Ddi Doi DE0
qi

DE0
di

DEfdi DVRi
DRFi DVsi DV0i Dai DBSVCi

� �T
for the ith generator at which SVC control unit is connected and

DXi ¼ Ddi Doi DE0
qi

DE0
di

DEfdi DVRi
DRFi DVsi

� �T
for the remaining i¼1,

2, 3, . . ., (m�1) generators. DVsi is the state variable of the PSS.

Eliminating DIg from the respective Equations (7.25)–(7.27), the overall modi-

fied m-machine system matrix with SVC controller can be obtained as

A_SVC½ � 8mþ3ð Þ	 8mþ3ð Þ ¼ A0½ �� B0½ � D0½ ��1
C0½ � ð7:30Þ

The structures of matrices [A0], [B0], [C0], and [D0] without controller are described in
Section 5.2.2 (Chapter 5). Dimensions and elements of these matrices will be mod-

ified correspondingly in addition to SVC equations.

In the following section, this model has been used for eigenvalue computation

and small-signal stability analysis.
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7.5.2 An illustration
The WSCC-type 3-machine, 9-bus system described in Chapter 6 has been recon-

sidered here as a test system (Figure 7.7). For each generator, a speed-input PSS is

equipped, and the SVC is installed in load bus 8. It is to be noted that the location of

the SVC is not selected optimally; instead, it is placed arbitrarily at bus 8 in order to

study the small-signal performance and to compare it with that of the PSS. The

voltage input to the SVC is taken from bus 8 where it is connected. The size as

well as the parameters of the SVC controller is mentioned in Section B.2.1 of

Appendix B, following literatures [8]. During simulation, the initial value of the

firing angle of the SVC is assigned in the capacitive zone (a¼136�). The initial

value of the firing angle is generally set within �10�15� of the resonant point

where the susceptance variation of the SVC with firing angle is sharp. The choice
1

2

3

4

5 6

7 8 9

163 MW 85 MW 
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Z = 0.0 + j0.0576 
Y = 0.0 + j0.0 
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Tap = 13.8 /230
Z = 0.0 + j0.0586 
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 j0.17

Y
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 j0.179
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SVC
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Δa
SVC

FIGURE 7.7

3-Machine, 9-bus system with PSS and SVC controllers.
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of firing angle determines the amount of susceptance to be included with the SVC

bus. The eigenvalues of the system with PSS and SVC controllers are computed

using Equation (7.30) in MATLAB.

There are 21 eigenvalues of the system (refer to table 5.1, Chapter 5) excluding

the PSS and SVC dynamics, among which 8 are complex conjugate eigenvalues that

are separately listed in Table 7.4. There are two numbers of electromechanical modes

of this multimachine system, which are mode #1 and mode #2, respectively. The

electromechanical mode #1 is identified as the critical swing mode following swing

mode identification criterion [9], which is stated in Section 5.4 of Chapter 5. The

study of this mode is of our prime interest in mitigating small-signal oscillations.

As this mode is found strongly associated with machine 2, the auxiliary control input

(Do) should be selected here from this machine. After application of an SVC, it may

be observed from the first row of Table 7.4 that though the PSS introduces adequate

damping to this critical swing mode #1, additional improvement can be achieved

with the installation of the SVC controller. The improvement of another swing mode,

i.e., mode #2, is also found satisfactory.

In the following section, the small-signal performance of the said multimachine

system has been investigated further applying a TCSC controller. The purpose is

to study the impact of TCSC controller in comparison with SVC when it is installed

in addition to PSS in amultimachine system. The combinedmodel of a multimachine

system with PSS and TCSC controller and eigenvalue analysis is described as

follows.
7.6 APPLICATION OF TCSC IN A MULTIMACHINE
POWER SYSTEM
The linearized model of a multimachine system referred in the previous article has

been taken further here for the installation of a TCSC. A schematic block-diagram

representation of a power system with PSS and TCSC controllers is depicted in

Figure 7.8. The TCSC controller comprises the basic building blocks of a damping

controller (controller gain, lead-lag time constants, and washout stage) and the TCSC

internal delay. Therefore, the structure of the TCSC controller can be considered

similar to the PSS except for the TCSC delay. The model of a TCSC controller is

described in Section 3.9.3 of Chapter 3.

7.6.1 Multimachine model with TCSC
The installation of a TCSC results in an addition of state variables corresponding to

the TCSC controller (Dxtcsc ¼ Da DXTCSC½ �T) in Equations (7.25)–(7.27) and the

TCSC power flow equations in the network Equation (7.28). Therefore, the modified

state variables with PSS and TCSC controllers are obtained as

DX¼ DX1
T DX2

T � � � DXm
T

� �T
,



Table 7.4 Eigenvalue and Damping Ratio Without and with PSS and SVC

#
Eigenvalue Without
Control

Damping
Ratio

Eigenvalue with PSS
Only

Damping
Ratio

Eigenvalue with PSS
and SVC

Damping
Ratio

1 �2.4892 � j10.8650 0.2233 �2.829 � j6.7010 0.38894 �3.1655 � j6.6907 0.42767

2 �5.1617 � j11.2755 0.4162 �5.0991 � j9.9843 0.45483 �5.1139 � j9.8357 0.46131

3 �5.3063 � j10.3299 0.4569 �5.0464 � j8.2216 0.52312 �4.8477 � j8.1447 0.51146

4 �5.6837 � j10.3601 0.4810 �5.2357 � j7.7298 0.5608 �5.2384 � j7.7716 0.55893

5 �5.5957 � j10.3330 0.4762 �4.8846 � j6.7741 0.58487 �4.9226 � j6.9043 0.58053

6 �0.4087 � j0.8293 0.4421 �0.5069 � j1.3179 0.35898 �0.43508 � j1.1899 0.3434

7 �0.4759 � j0.5616 0.6465 �0.50382 � j0.6433 0.61654 �0.44368 � j0.5984 0.59556

8 �0.4164 � j0.6618 0.5325 �0.46775 � j0.8376 0.48755 �0.41218 � j0.7784 0.46796
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FIGURE 7.8

Block diagram: Power system with PSS and TCSC controller.

2197.6 Application of TCSC in a Multimachine Power System
where DXi ¼ Ddi Doi DE0
qi

DE0
di

DEfdi DVRi
DRFi DVsi Dai DXTCSCi

� �T
for

the ith generator from which TCSC control unit receives auxiliary input signal

(Dn) andDXi ¼ Ddi Doi DE0
qi

DE0
di

DEfdi DVRi
DRFi DVsi

� �T
for the remaining

i¼1, 2, 3, . . ., (m�1) generators.

It is to be noted that inDXi, the state variableDVsi is corresponding to the PSS,Dai
and DXTCSCi are the state variables of the TCSC controller, and the other variables

are already described in general multimachine model (Section 5.2.2, Chapter 5).

The linearized TCSC power flow equations at nodes ‘s’ and ‘t’ (figure 3.17,

Chapter 3) are obtained referring to equations (3.127) and (3.128) (Chapter 3) and

are given by

0¼

@Ps

@ys

@Ps

@Vs

@Ps

@a

@Qs

@ys

@Qs

@Vs

@Qs

@a

@Pst

@ys

@Pst

@Vs

@Pst

@a

2
66666664

3
77777775

Dys

DVs

Da

2
664

3
775 ð7:31Þ

0¼

@Pt

@yt

@Pt

@Vt

@Pt

@a

@Qt

@yt

@Qt

@Vt

@Qs

@a

@Pst

@yt

@Pst

@Vt

@Pst

@a

2
66666664

3
77777775

Dyt

DVt

Da

2
664

3
775 ð7:32Þ

where

Pst ¼V2
s gst�VsVt gst cosystþbst sinystð Þ ð7:33Þ
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Qst ¼�V2
s bst�VsVt gst sinyst�bst cosystð Þ ð7:34Þ

with

Y∗
st ¼

1

Rstþ j Xst�XTCSCð Þ¼
Rst� j Xst�XTCSCð Þ
R2
stþ Xst�XTCSCð Þ2

¼ gst� jbst ð7:35Þ
where Rst and Xst are the resistance and reactance of the transmission line, which

connect a TCSC between nodes s and t.

These linearized TCSC power flow equations are incorporated in the network

Equation (7.28). Therefore, the overall system matrix with a PSS and a TCSC for

an m-machine system can be obtained as

ATCSC½ � 8mþ2ð Þ	 8mþ2ð Þ ¼ A0½ �� B0½ � D0½ ��1
C0½ � ð7:36Þ

where dimensions and elements of thematrices [A0], [B0], [C0], and [D0]will bemodified

corresponding to the equations of the TCSC controller. The systemmatrixwithout PSS

andonlywithTCSCcontroller canbeobtainedexcluding thestateof thePSS(DVsi
) from

the state variablematrixDXi. In the following section, thismodelwill be used for eigen-

value computation and small-signal stability analysis of the said test system.
7.6.2 An illustration: Study of small-signal stability
In order to study the small-signal performance of the said 3-machine, 9-bus test system

with TCSC controller, the TCSC module has been placed in branch 5-7 (Figure 7.9)

associated with the highest load bus 5, and for each generator, a speed-input PSS has

been equipped mandatorily. The size of the TCSC module and the parameters of the

TCSC controller are given in Section B.2.2 of Appendix B. The initial value of the

TCSC firing angle has been set at a¼146.5� with capacitive compensation around

60%. It is already mentioned that (Section 7.5.2) the initial value of the firing angle

is generally set within �10�15� of the resonant point. Any particular value of the

firing angle within this range can be decided depending upon the series compensation

needed. The eigenvalues of the systemwith PSS and TCSC controllers are computed in

MATLAB using Equation (7.36) and are listed in Table 7.5.

It has been found from the first row of Table 7.5 that the damping ratio of the

critical swing mode #1 is enhanced substantially in the presence of the TCSC con-

troller in this multimachine system. The small-signal performance of the system has

been once again investigated in the time domain. The mode frequency and right

eigenvector analysis suggests that this critical swing mode is a local mode and

strongly involved with the generator 2. Therefore, analysis of angular speed devi-

ation response of generator 2 is particularly important in this study. The angular

speed deviation response of generator 2 has been plotted in Figures 7.10 and

7.11 for different modes of control with simulation time of 10 s. It appears that
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3-Machine, 9-bus system with PSS and TCSC.

2217.6 Application of TCSC in a Multimachine Power System
the installation of the SVC controller in addition to PSS introduces better damping

in rotor speed deviation response compared to that of the PSS only. Again, plots of

Figure 7.11 confirm that the installation of TCSC not only reduces peak overshoot

but also introduces better settling time compared to the installation of SVC

and PSS.

Thus, in this study, it has been established that TCSC in addition to PSS helps to

damp out transient oscillations faster compared to the SVC with PSS in this multi-

machine system.



Table 7.5 Eigenvalue Analysis Without and with PSS and TCSC

#
Eigenvalue Without
Control

Damping
Ratio

Eigenvalue with PSS
Only

Damping
Ratio

Eigenvalue with PSS
and TCSC

Damping
Ratio

1 �2.4892 � j10.8650 0.2233 �2.829 � j6.7010 0.38894 �2.9357 � j4.9231 0.51216

2 �5.1617 � j11.2755 0.4162 �5.0991 � j9.9843 0.45483 �5.5884 � j10.427 0.47238

3 �5.3063 � j10.3299 0.4569 �5.0464 � j8.2216 0.52312 �5.5244 � j8.4601 0.54675

4 �5.6837 � j10.3601 0.4810 �5.2357 � j7.7298 0.5608 �5.2931 � j7.9360 0.55488

5 �5.5957 � j10.3330 0.4762 �4.8846 � j6.7741 0.58487 �5.3071 � j6.7796 0.61641

6 �0.4087 � j0.8293 0.4421 �0.5069 � j1.3179 0.35898 �0.40502 � j0.8956 0.41205

7 �0.4759 � j0.5616 0.6465 �0.50382 � j0.6433 0.61654 �0.5184 � j0.5893 0.66044

8 �0.4164 � j0.6618 0.5325 �0.46775 � j0.8376 0.48755 �0.54097 � 0.9696 0.48722
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Angular speed response without and with PSS and SVC for generator 2.
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7.7 VOLTAGE SOURCE CONVERTER-BASED FACTS
DEVICE (STATCOM)
The STATCOM resembles in many respects a synchronous compensator but without

the inertia. The basic electronic block of a STATCOM is the VSC, which in general

converts an input dc voltage into a three-phase output voltage at fundamental fre-

quency, with rapidly controllable amplitude and phase angle. In addition to this, the

controller has a coupling transformer and a dc capacitor (Figure 3.14, Chapter 3).

The control system can be designed to maintain the magnitude of the bus voltage con-

stant by controlling the magnitude and/or phase shift of the VSC output voltage.

The STATCOM is modeled here using the model described in [9], which is a fun-

damental frequency model of the controller that accurately represents the active and

reactive power flows from and to the VSC. Themodel is basically a controllable volt-

age source behind impedance with the representation of the charging and discharging

dynamics, of the dc capacitor, as well as the STATCOM ac and dc losses.
7.7.1 SMIB system with the STATCOM controller
Figure 7.12 is a SMIB system installed with a STATCOM. A voltage control strategy

is assumed for control of the STATCOM bus voltage, and additional control block

and signals are added for oscillation damping, given in Figure 3.16 (Chapter 3). The

linearized state-space model of an SMIB system with the STATCOM controller can

be formulated by the following equations:

D _E
0
q ¼� 1

K3T0
do

DE0
q�

K4

T0
do

Ddþ 1

T0
do

DEfd ð7:37Þ
V∞∠0�Vt∠q �

G xe1
xe2

j 

ΔVsc

STATCOM
CONTROLLER 

C 

Δw

IS

STATCOM

FIGURE 7.12

SMIB system with STATCOM.
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D _d¼osDn ð7:38Þ

D _n¼�K2

2H
DE0

q�
K1

2H
Dd�KVsc

2H
DVsc�Dos

2H
Dnþ 1

2H
DTM ð7:39Þ

D _Efd ¼� 1

TA
DEfd�KAK5

TA
Dd�KAK6

TA
DE0

qþ
KA

TA
DVref ð7:40Þ

D _Xs2 ¼� 1

Tm
DXs2 þ

Ko

Tm
Do� 1

Tm
DVmeas ð7:41Þ

D _Xs3 ¼ �KP

Tm
þKI

� �
DXs2 þ

KPKo

Tm
Do�KP

Tm
DVmeas ð7:42Þ

D _Vsc ¼� 1

T2
DVscþ 1

T2
DXs3 þ

T1
T2

�KP

Tm
þKI

� �
DXs2 þ

T1KPKo

T2Tm
Do�T1KP

T2Tm
DVmeas

ð7:43Þ
where Equations (7.37)–(7.40) correspond to the SMIB power system and additional

Equations (7.41)–(7.43) are included for the STATCOM controller.

The coefficients K1, K2, and KVsc
can be derived from the following relations:

K1 ¼ @Pe

@d
, K2 ¼ @Pe

@E0
q

, and KVsc
¼ @Pe

@Vsc

, where Pe is the generator power and Vsc is

the STATCOM bus voltage. The generator power (Pe) and the STATCOM bus volt-

age (Vsc) are related by the following equations [10]:

Pe ¼
xe1 þ x0d
� 	

xe2E
0
qV1Is sind

xe1 þ xe2 þ x0d
� 	

G1

þ E0
qV1 sind

xe1 þ xe2 þ x0d
� 	 ð7:44Þ

Vsc ¼ G1

xe1 þ xe2 þ x0d
þ xe1 þ x0d
� 	

xe2
xe1 þ xe2 þ x0d

Is ð7:45Þ

where

G1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xe2E

0
q

� �2

þ xe1 þ x0d
� 	

V1
� 	2þ2 xe1 þ x0d

� 	
xe2E

0
qV1 cosd

r
Eliminating STATCOMcurrent Is from Equation (7.44), the equation forPe becomes

Pe ¼
E0
qV1Vsc sind

G1

ð7:46Þ
The system matrix (A_STATCOM) of the corresponding model can be obtained as
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A_STATCOM¼

� 1

K3T0
do

� K4

T0
do

0 � 1

T0
do

0 0 0

0 0 1 0 0 0 0

�K2os

2H
�K1os

2H
�Dos

2H
0 0 0 �KVsc

os

2H

�KAK6

TA
�KAK5

TA
0 � 1

TA
0 0 0

0 0
Ko

Tm
0 � 1

Tm
0 0

0 0
KP Ko

Tm
0 �KP

Tm
þKI

� �
0 0

0 0
T1KP Ko

T2Tm
0

T1
T2

�KP

Tm
þKI

� �
1

T2
� 1

T2

2
666666666666666666666664

3
777777777777777777777775

ð7:47Þ
7.7.2 An illustration
The eigenvalues of an SMIB power systemwith the STATCOM controller have been

computed in Table 7.6. The performance of this controller in comparison with SVC

has also been illustrated. It has been observed that the damping of the critical swing
mode #2 is enhanced more than 98% with the application of the STATCOM control-

ler compared to the SVC controller. The deviation of generator speed response is also

demonstrated in Figure 7.13 for the three cases: (i) without control, (ii) with SVC

control, and (iii) STATCOM control. It is found that both SVC and STATCOM con-

trollers provide satisfactory settling time for a step change in input with simulation

time of 300 s, but the contribution of the latter is significantly better. Thus, it is pos-

sible to conclude that STATCOM is a superior controller than SVC in mitigating

small-signal oscillations problem.
Table 7.6 Eigenvalues Without and with SVC and STATCOM

#
Eigenvalues
with SVC

Damping
Ratio

STATCOM
Controller
Parameters

Eigenvalues with
STATCOM

Damping
Ratio

1 0.1733 KP¼0.8
KI¼0.0
T1¼0.2 s
T2¼0.1 s
Ko¼10
Tm¼0.1

�6.5881 � j19.275 0.3234

2 �1.4422 � j13.887 0.1033 �3.0243 � j14.422 0.2052

3 �0.9531 1.0 �9.0279 � j4.7604 0.8845

4 �5.6543 1.0 0.00 —

5 �50.063 1.0 — —
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Generator speed response: (i) without control, (ii) with SVC, and (iii) STATCOM control.
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MATLAB Program
%**************************************************************%

% APPLICATION OF STATCOM IN SMIB SYSTEM

%**************************************************************%

% PARAMETERS OF THE SYSTEM 1:

%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

Input Td; H; TA; D; os; KA; Xq; Xd; X_d; Re; Xe; Vinf; Rs; Vsc; THETA

Xe1=Xe/2 ; Xe2=Xe/2 ; %WITH STATCOM %

THETA1= (pi*THETA)/180; THETA2=(pi*0)/180 ;

Vi=1.172; Vinf=1.0;

V1= 1.172*exp(i*THETA1); V2= 1.0*exp(i*THETA2); IG=(V1-V2)/(Re

+i*Xe);

%--------------------------------------------------- %

% CALCULATE INTIAL CONDITIONS AND K-CONSTANT WITH STATCOM %

% As described in Chapter 6 %

%----------------------------------------------------%

% STATCOM CONTROLLER PARAMETRS

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
Input KP; T1; T2; KI; Kw; Tm ;
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% SYSTEM MATRIX ’A’ WITH STATCOM

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
A_STATCOM=[ -1/(K3*T_d) -K4/T_d 0 1/T_d 0 0 0; 0 0 Ws 0 0 0 0; -K2/

2*H -K1/2*H -D/2*H 0 0 0 -KVsc/2*H; -KA*K6/TA -KA*K5/TA 0 -1/

TA 0 0 0; 0 0 Kw/Tm 0 -1/Tm 0 0;0 0 KP*Kw/Tm 0 ((-KP/Tm)+KI) 0 0; 0 0

(T1*KP*Kw)/T2*Tm 0 (T1/T2)*((-KP/Tm)+KI) 1/T2 -1/T2 ]

%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

(’EIGEN VALUES OF THE SYSTEM WITH STATCOM=’)

eig(A_STATCOM)

% INPUT MATRIX ’B’ , OUTPUT MATRIX ’C’, TRANSITION MATRIX ’D’ WITH

STATCOM

%^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
B_STATCOM=[0 ;0; 0; 0; -1/Tm; -KP/Tm; -KP*T1/(Tm*T2)]; C_STATCOM=[0 0

1 0 0 0 0]; D_STATCOM=[0];

% CLOSED LOOP TRANSFER FUNCTION OF THE SYSTEM WITH STATCOM

%+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

[NUM2,DEN2]=ss2tf(A_STATCOM,B_STATCOM,C_STATCOM,D_STATCOM,1);

T=0:0.01:10;

sys=tf(NUM2,DEN2)

q=step(sys,T);

plot(q,’r–’)

hold on

eig_val=eig(A_STATCOM) ; % ’EIGEN VALUESOF THE SYSTEMWITHPSS //

SIGMA= abs(real(eig_val)) ; % REALPARTOFTHEDOMINANTEIGENVALUE//

Z= abs(eig_val); % Magnitude of eigenvalue //

ZAI=(SIGMA./Z )

ZAIm = min(SIGMA./Z ) % DAMPING FACTOR FOR DOMINANT EIGEN VALUE //
7.7.3 Multimachine model with STATCOM
The linearized model of a multimachine system combining basic power system

components, has been reconsidered here for installation of an STATCOM controller.

The installation of a STATCOM in a multimachine system results in an addition of

state variables of the STATCOM controller, DXSTATCOM ¼ DXs2 DXs3 DVsc½ �T,
with the machine DAE equations and the STATCOM power flow equations in

the network equation. The state variables of a multimachine system with PSS and

STATCOM are now then modified as follows:

DX¼ DX1
T DX2

T � � � DXm
T

� �T
,

where DXi ¼ Ddi Doi DE0
qi

DE0
di

DEfdi DVRi
DRFi DVsi DXs2 DXs3 DVsc

� �T
for the ith generator from which the STATCOM controller receives auxiliary

input signal (Do) and the state variable

DXi ¼ Ddi Doi DE0
qi

DE0
di

DEfdi DVRi
DRFi DVsi

� �T
for the remaining i¼1,

2, 3, . . ., (m�1) generators.
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It is assumed that the STATCOM is connected to any jth load bus, the

power flow equations of a STATCOM can then be obtained as (refer to

Section 3.9.2, Chapter 3)

Psc ¼ Vscj j2Gsc� Vscj j Vj



 

 Gsc cos dsc�yj
� 	þBsc sin dsc�yj

� 	� � ð7:48Þ
Qsc ¼� Vscj j2Bsc� Vscj j Vj



 

 Gsc sin dsc�yj
� 	�Bsc cos dsc�yj

� 	� � ð7:49Þ

where Vsc∠dsc is the inverted voltage (ac) at the output of STATCOM and

Ysc¼Gscþ jBsc. Gsc and Bsc are the conductance and susceptance of the line between

the jth load bus and the STATCOM.Therefore, linearized real and reactive power flow

equations of the jth load bus can be represented by the Equation (7.50). Here, voltage
magnitude Vsc and phase angle dsc are taken to be the state variables. The power flow
equations for the other i¼mþ1, mþ2, . . ., (n�1) load buses remain unaffected:

DPj

DQj

DPsc

DQsc

2
6664

3
7775¼

@Pj

@yj

@Pj

@Vj

@Pj

@dsc

@Pj

@Vsc

@Qj

@yj

@Qj

@Vj

@Qj

@dsc

@Pj

@Vsc

@Psc

@yj

@Psc

@Vj

@Psc

@dsc

@Psc

@Vsc

@Qsc

@yj

@Qsc

@yj

@Qsc

@dsc

@Qsc

@Vsc

2
6666666666664

3
7777777777775

Dyj
DVj

Ddsc
DVsc

2
6664

3
7775 ð7:50Þ

The systemmatrix with the STATCOM controller for anm-machine system can then

be obtained as

A_STATCOM½ � 8mþ3ð Þ	 8mþ3ð Þ ¼ A0½ �� B0½ � D0½ ��1
C0½ � ð7:51Þ

Dimensions and elements of these matrices will be modified with the addition of the

state variables corresponding to the STATCOM controller and the STATCOM power

flow equations. In the following section, this model will be employed for eigenvalue

computation and small-signal stability analysis in a multimachine power system.
7.7.4 Small-signal performance analysis
The performance of theWSCC-type 3-machine, 9-bus systemwill be investigated here

with the installation of a STATCOM controller. For each generator, a speed-input PSS

is equipped, and the STATCOM is installed with the load bus 5 (Figure 7.14). The

STATCOM is placed arbitrarily at load bus 5 in order to study the small-signal per-

formance of the system and to compare it with the performance of the SVC. The power

flow result indicates that the STATCOM generates 43.8 MVAR in order to keep the

nodal voltage magnitude at 1.00 p.u. The STATCOM parameters associated with this

reactive power generation are Vsc¼1.025pu and dsc¼�20.5�. Gsc¼0.0253pu and

Bsc¼5.0250pu are, respectively, the conductance and susceptance of the line between
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3-Machine, 9-bus system with PSS and STATCOM.
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the jth load bus and the STATCOM. The eigenvalues of the system with PSS and

STATCOM controllers are computed using Equation (7.51).

It has already been described in Chapter 5 that the multimachine system under

consideration has 21 eigenvalues (refer to table 5.1, Chapter 5) at nominal operating

conditions. There are two numbers of electromechanical swing modes. The electro-

mechanical mode #1 is identified as the critical swing mode, which is of our prime

interest in mitigating small-signal oscillations. As this mode is found strongly asso-

ciated with machine 2, the auxiliary control input (Do) for STATCOM is selected

from machine 2. In the presence of PSS and STATCOM controllers in this system

results in 27 eigenvalues, among which 16 are complex conjugate, 9 are real, and 2

are zero magnitude. Only complex conjugate eigenvalues are listed in Table 7.7, and



Table 7.7 Eigenvalue Analysis Without and with SVC and STATCOM

#
Eigenvalue Without
Control

Damping
Ratio

Eigenvalue with PSS
and SVC

Damping
Ratio

Eigenvalue with PSS and
STATCOM

Damping
Ratio

1 �2.4892 � j10.8650 0.2233 �3.1655 � j6.6907 0.4276 �4.9697 � j7.9606 0.5296

2 �5.1617 � j11.2755 0.4162 �5.1139 � j9.8357 0.4613 �5.2673 � j9.4063 0.4886

3 �5.3063 � j10.3299 0.4569 �4.8477 � j8.1447 0.5114 �5.6035� j7.2264 0.6128

4 �5.6837 � j10.3601 0.4810 �5.2384 � j7.7716 0.5589 �2.3273� j7.0746 0.3125

5 �5.5957 � j10.3330 0.4762 �4.9226 � j6.9043 0.5805 �10.841� j2.3575 0.9772

6 �0.4087 � j0.8293 0.4421 �0.43508 � j1.1899 0.3434 �0.35903� j1.3694 0.2536

7 �0.4759 � j0.5616 0.6465 �0.44368 � j0.5984 0.5955 �0.54119� j0.57209 0.6872

8 �0.4164 � j0.6618 0.5325 �0.41218 � j0.7784 0.4679 �3.6922� j0.7971 0.9775
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Table 7.8 Comparison Among PSS, SVC, STATCOM, and TCSC

Mode of Control Critical Swing Mode Damping Ratio

Without control �2.4892 � j10.8650 0.22330

With PSS only �2.8290 � j6.7010 0.38894

With PSS and SVC controllers �3.1655 � j6.6907 0.42767

With PSS and TCSC controllers �2.9357 � j4.9231 0.51216

With PSS and STATCOM �4.9697 � j7.9606 0.5296
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the effect of STATCOM on swing modes #1 and 2 is highlighted. A comparison with

SVC and STATCOM is also simultaneously presented. It may be observed from the

first row of Table 7.7 that though the PSS with SVC introduces adequate damping to

this critical swing mode #1, additional improvement around 24% more can be

achieved with the installation of a STATCOM controller, improvement of another

electromechanical swing mode, that is, mode #2, is also found satisfactory. Follow-

ing these results, it is possible to conclude that STATCOM is a more effective con-

troller than SVC in mitigating power system small-signal stability problem.

The effect of different control modes on the WSCC-type 3-machine, 9-bus system

is separately illustrated in Table 7.8. It is clear that by applying STATCOMor TCSC in

addition to PSS, it is possible to achieve higher level of damping compared to the appli-

cation of SVC with PSS or application of PSS only in this multimachine system.
7.8 APPLICATION OF TCSC IN A LONGITUDINAL
POWER SYSTEM
Small-signal stability of power systems using a TCSC controller has been studied in

literatures mostly on standard test systems or sample systems only rather than on real

power systems. Furthermore, simulations have been carried out using reduced-order

models considering generator buses only. In this section, a real longitudinal multi-

machine power system has been taken as a test case, and simulations are carried out

considering the full-order linearized model including all types of network buses. In

addition to this, based on critical eigenvalue variations, a new indicator being termed

as small-signal stability rank (SSSR) is proposed in Section 7.8.3 for the assessment

of effectiveness of the TCSC controller in three commonly occurring contingencies,

e.g., load increase, generation drop, and transmission line outage.
7.8.1 Description of the test system and base case study
The power system under consideration is one of the largest power networks of East-

ern India. The whole power network has been configured as a 14-area, 24-machine

system which consisting of 203 buses with 266 branches. It has 108 numbers 132 kV

lines, 30 numbers 220 kV lines, 15 numbers 400 kV lines, and 6 numbers 66 kV
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lines. The whole network includes 35 numbers 3-winding line transformers and 37

numbers 2-winding load transformers. The actual tap positions of the transformers

are included during simulation. Bus 1 is treated as a slack bus. There are 6 generators

(1, 2, 3, 5, 17, and 20) having high capacity (540-600 MW), while 8 generators (4, 6,

7, 10, 11, 12, 13, and 19) have medium capacity (150-380 MW), and the rest (10

generators) are of low capacity (20-90 MW). All machines are assumed to be

equipped with the IEEE Type I excitation system. For each machine, a speed-input

power system stabilizer has been incorporated to ensure adequate damping of its

local modes. The nodal voltage magnitudes and angles were solved by the conven-

tional N-R load flow, while a separate subprogram was solved at the end of each

iteration to update the state variables for the FACTS in order to meet the specified

line-flow criteria.

The eigenvalues of this system are calculated following multimachine model

with TCSC controller. The proposed system has a total of 168 eigenvalues for the

base case. Among which 23 are identified as swing modes and are listed in

Table 7.9. The frequency and damping ratio corresponding to each swing mode

are also given in this table. It is evident that the damping ratio of the swing mode

#16 is smallest compared to other swing modes and is referred to as the critical swing
mode (l). Therefore, the behavior of this mode is of prime concern for the study of

small-signal oscillation problem in this system. The mode frequency and right eigen-

vector analysis suggests that the mode #16 is an interarea mode involved with almost

all machines and in particular it has a strong association with machine 20. The part of

the study system associated with the machine 20 is shown in Figure 7.15.

The network branches associated with the machine 20 (lines 15, 16, 21, 167, 168,

239, and 240) between two load buses (Figure 7.15) are selected for probable instal-

ling locations of the TCSCmodule. The TCSC has been placed in network branch 16.

The compensations (XTCSC/Xline) of the each selected lines were kept to be around

60%, and therefore, XL, XC, and a for the TCSC are chosen according to the reactance

of the selected lines. The initial value of the firing angle (a) of the TCSC is kept

within capacitive compensating zone. The size of the TCSC module for branch

16 is specified in Section B.5.1 of Appendix B.
7.8.2 Impact of TCSC in the face of power system disturbances
In order to analyze the impact of TCSC in the face of power system disturbances, a

MATLAB program is developed for the said 203-bus test system, and a simulation is

carried out for three independent types of disturbances: (i) load increase at a partic-

ular bus, (ii) outage of transmission line, and (iii) reduction of real and reactive power

generation. It is worthwhile to mention that PSS is attached here to all the machines

in the network and the TCSC is placed at the line 16, i.e., between buses 152 and 154

(Figure 7.15). The PSS and TCSC controller parameters are set as per Section B.5.1

of Appendix B following literatures [8,9,11–14]. The performance with PSS only

and the combined effect of PSS and TCSC controllers are investigated with variation

of TCSC firing angle from a0¼145� to a0¼160�. It is to be noted that this range of



Table 7.9 Base Case Swing Modes Without PSS and TCSC

# Swing Modes
Frequency
(f)

Damping
Ratio (z) Remarks

1 �3.0845 � j12.882 2.0503 0.23286 Swing modes #1–15

2 �3.0668 � j12.151 1.9339 0.24471

3 �3.0733þ j11.660 1.8558 0.25487

4 �3.1172 � j10.963 1.7449 0.27348

5 �3.3891 � j8.1479 1.2968 0.38405

6 �3.0920 � j8.1006 1.2892 0.35661

7 �3.3347 � j7.9905 1.2717 0.38514

8 �3.1006 � j7.7754 1.2375 0.37040

9 �3.1915 � j7.7091 1.2269 0.38251

10 �3.1702 � j7.4950 1.1929 0.38956

11 �3.1783 � j6.8383 1.0883 0.42148

12 �3.2243 � j6.7030 1.0668 0.43348

13 �3.0431 � j6.0689 0.9659 0.44823

14 �3.3906 � j5.8905 0.9375 0.49886

15 �3.3215 � j5.7429 0.9140 0.50066

16 �1.0363 � j4.3800 0.6971 0.23023 Critical swingmode #16

17 �3.4131 � j5.0370 0.8016 0.56095 Swing modes #17–23

18 �3.2044 � j4.9464 0.7872 0.54370

19 �3.8535 � j4.0865 0.6503 0.68607

20 �3.2680 � j4.5548 0.7249 0.58296

21 �3.3024 � j4.3813 0.6973 0.60191

22 �3.3031 � j4.4201 0.7034 0.59860

23 �2.9858 � j2.5168 0.4005 0.76460

167 15

Gen.20

232 21

239

# 172 # 139

# 152
# 156

# 20

# 154

240

168

# 173

# 151# 121

16

TCSC

FIGURE 7.15

Part of the 14-area, 24-machine, 203-bus system with TCSC.
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firing angle is set within �(10��15�) around the resonant point where TCSC sen-

sitivity is high, i.e., small variation of firing angle results in sharp variation in TCSC

reactance.

Case I: Load increase

In this case, small-signal performance of the proposed system has been investi-

gated when real and reactive loads of bus 154 are increased from its nominal value

(PL¼0.75pu and QL¼1.85pu) to (PL¼0.90pu and QL¼2.159pu) and

(PL¼1.15pu and QL¼2.459pu). It has been observed that the damping ratio of

the critical swing mode decreases with increasing load but recovers reasonably with

the installation of PSS. It has been further observed that the application of both TCSC

and PSS controllers enhances the damping ratio significantly over that with PSS

alone and this effect is again different for different values (a0¼145-160�) of the
TCSC firing angle.

Case II: Generation drop

The effect of a generation drop on small-signal stability of the system has been

investigated here by reducing the total generation (15% and 20%) of three machines

(generators 2, 3, and 5) of medium capacity and one machine (generator 20) of higher

capacity. It has been found that the damping ratio reduces with the generation drop

and improves substantially after application of PSS. Further enhancement of this has

been achieved with simultaneous application of PSS and the TCSC controllers, but

the impact of TCSC controller is different for different values of TCSC firing angle.

Case III: Transmission line outage

The study of small-signal stability of the proposed test system has been extended

further when the system is subjected to a contingency like outage of transmission

lines 121-152 and 145-149 with ratings 220 kV and 400 kV, respectively. The supe-

riority of TCSC and PSS control over only PSS control is also experienced here. An

appreciable enhancement of damping has been observed with variations of TCSC

firing angle.

The profile of damping ratio of the critical swing mode with load increase, gen-

eration drop, and transmission line outage has been, respectively, plotted in

Figure 7.16a–c. It is evident from these plots that the TCSC in addition to the

PSS is an effective means for damping small-signal oscillations against all the three

cases of power system disturbances. It can be further noticed from these plots that the

damping effect of the TCSC controller on the critical swing mode is reasonably bet-

ter near its resonance point (ar¼150�).


 Time domain study

A comparative study of the time response analysis of the systemwith PSS only and

with PSS and TCSC controllers has been shown here by finding the angular speed var-

iations of machine 20 inducing different types of disturbances. The deviation of the

angular speed response with and without control has been plotted in Figure 7.17a–c
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FIGURE 7.16

Profile of damping ratio of the critical swing mode with variation of firing angle with

(a) load increase, (b) generation drop, and
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Zone 1: Line outage #121-152;
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FIGURE 7.16, cont’d (c) transmission line outage.
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FIGURE 7.17, cont’d (b) generation drop, and (c) transmission line outage.
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for a simulation time of 10 s for all three cases of disturbances. It is evident from these

figures that the TCSC controller is an effective FACTS device in mitigating the con-

tingency of transmission line outage in addition to load variation and generation drop.

At this stage, therefore, it may be useful to identify cases of contingency for

which the installation of TCSC in addition to PSS is comparatively more effective
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in mitigating small-signal oscillations. In order to investigate this issue, an indicator

being termed as Small Signal Stability Rank (SSSR) has been proposed in [15]. The

concept of SSSR is described as follows.
7.8.3 Small-signal stability rank
The SSSR is an index based on the change of the real part of the critical swing mode

at a certain contingency with and without control considering the base case as a ref-

erence. The TCSC in a power network is a closed-loop controller that considers usu-

ally the machine speed or power as its input and introduces a damping so that the

critical swing mode moves from a less stable region to a more stable region. The

SSSR for a certain contingency is therefore defined by

SSSRj j ¼ Real l0ð Þj j� Real l�ð Þj jð Þ
Real lð Þj j ð7:52Þ

where l0 and l� are the critical swing modes with and without TCSC control and l is
the critical swing mode for the base case. The magnitude of SSSRmeasures the effect

of TCSC on the critical swing mode. A higher value of the SSSR implies more effec-

tive control to a contingency. The SSSR values for different cases of contingencies

can be computed following Equation (7.52). The values of SSSR for the said 24-

machine, 203-bus system are given in Table 7.10. This result interpreted that PSS

and TCSC controllers are more effective in mitigating contingencies like load var-

iation and generation drop compared to that for the outage of transmission line in this

multimachine system.

It is also to be noted that the SSSR conceived in this work is based on a change

of the real part of the critical swing mode instead of a change of imaginary part,

though the imaginary part of the critical swing mode also decides the value of the

damping ratio. This is because the system settling time is decided particularly by

the real part than the imaginary part. Hence, the structure of SSSR considers the

real part of critical swing mode only.
Table 7.10 SSSR Values with PSS and TCSC Controllers

TCSC Firing
Angle

Magnitudes of SSSR

Load Increase
(PL¼0.90, QL¼2.15)

Generation
Drop (15%)

Line Outage
(121-152)

145� 1.8715 1.4773 0.9212

147� 1.8856 1.4561 0.9039

150� 1.9620 2.1117 1.2124

152� 1.8362 1.9995 1.0447

155� 2.0434 2.0816 0.9394

160� 1.7698 2.0208 0.9220
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 Computation of SSSR

(i) For a¼145�, base case without control l¼�1.0363� j4.380.
Load increase (PL¼0.90; QL¼2.15):

Without TCSC, l�¼�1.0145� j4.402; with TCSC, l0 ¼�2.954� j5.0804.
Following Equation (7.52),

SSSRj j ¼ 2:954�1:0145ð Þ
1:0363

¼ 1:8715
Generation drop (15%):

Without TCSC, l�¼�0.7175� j4.5671; with TCSC,

l0 ¼�2.2485� j4.6177.

SSSRj j ¼ 2:2485�0:7175ð Þ
1:0363

¼ 1:4773
Line outage (121-152):

Without TCSC, l�¼�0.0554� j4.2337; with TCSC,

l0 ¼�1.0102� j3.2614.

SSSRj j ¼ 1:0102�0:05549ð Þ
1:0363

¼ 0:9212

(ii) For a¼147�, base case without control l¼�1.0363� j4.380.
Load increase (PL¼0.90; QL¼2.15):

Without TCSC, l� ¼�1.0145� j4.402; with TCSC, l0 ¼�2.9686� j5.0778.
Following Equation (7.52),

SSSRj j ¼ 2:9686�1:0145ð Þ
1:0363

¼ 1:8856
Generation drop (15%):

Without TCSC, l�¼�0.7175� j4.5671; with TCSC,

l0 ¼�2.2265� j4.3810.

SSSRj j ¼ 2:2265�0:7175ð Þ
1:0363

¼ 1:4561
Line outage (121-152):

Without TCSC, l�¼�0.0554� j4.2337; with TCSC,

l0 ¼�0.99229� j3.1765.

SSSRj j ¼ 0:99229�0:05549ð Þ
1:0363

¼ 0:90398
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EXERCISE

7.1. Classify types of different FACTS devices. Explain how FACTS devices can

modulate power flow in a lossless transmission line through series and shunt

compensation.

7.2. Derive the Heffron-Philips state-space model of an SMIB power system with

SVC and TCSC controllers. Obtain the system matrix and eigenvalues in each

case. The machine and exciter parameters are given as follows:

Re¼0, Xe¼0.7pu, Vt∠y�¼1∠15� pu, and V1∠y� ¼1.05∠0� pu.
H¼3.7 s, T0do¼8.5 s, KA¼350, TA¼0.3 s, Rs¼0.0pu, Xq¼2.5pu,

Xd¼2.8pu, X0
d¼0.40pu, D¼0, and os¼314rad./s.

Where SVC and TCSC parameters are considered as
XL (pu) XC (pu) a (�) Internal delay (ms)

SVC 0.275 0.4708 155 TSVC¼17

TCSC 0.0069 0.0289 148 TTCSC¼20
Comment upon the results.

7.3. Formulate the state-space equations of an SMIB power system with a STAT-

COM damping controller. Obtain the system matrix and eigenvalues. The

parameters of the STATCOM controllers are given by KP¼2.25, KI¼50,

and Ko¼6. Assume time constants of the lead-lag block are T1¼1.2 s and

T2¼0.12 s, respectively.

7.4. The data of an IEEE type 14 bus system are given as in Section B.4 of Appendix

B. Assume that a single-stage PSS is equipped with generator 1 and generator 2.

Install a TCSC in series with the transmission line between bus 6 and bus 7.

Study small-signal stability of the system for the following cases:
(i) without the application of any controller,

(ii) with the application of PSS only, and

(iii) with the installation of PSS and a TCSC controller together.
For PSS, KPSS¼15.48, T1¼2.0 s, and T2¼0.0342 s. For TCSC, KTCSC¼5.57,
T1¼2.0 s, and T2¼0.01 s.
7.5. For the system given in problem 7.4, install an SVC in bus 10. Investigate the

small-signal performance of the system for two independent disturbances:
(i) real and reactive load increased by 15% of nominal value at bus 9 and

(ii) the outage of a transmission line (4-13).
Assume SVC controller parameters are Ksvc¼20.0, T1¼1.0 s, and T2¼0.15 s.
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CHAPTER
Optimal and Robust Control
 8

8.1 INTRODUCTION
It has been explored in the previous chapters that controllers such as PSS and FACTS

are effective means for mitigating small-signal oscillations in single machine and in

multimachine power systems. However, the performances of these controllers highly

depend upon the parameters and their suitable placement in any power network.

Several methods are reported in literatures to find these parameters and locations

in a power network. This chapter employs heuristic optimization methods to select

the optimal location and setting optimal parameters of the FACTS controllers. The

conventional optimization techniques are time-consuming, require heavy computa-

tional burden, and have slow convergence rates. Many heuristic search methods such

as artificial neural network, simulated annealing, fuzzy logic, and particle swarm

optimization (PSO) [1–4] have gradually been used for handling power system opti-

mization problems. Each one has its own advantages and drawbacks. They need less

computational efforts and have faster convergence characteristics and good accu-

racy. This chapter gives an overview of the GA and the PSO; they have been used

then for parameter optimization and finding optimal location of a TCSC controller

for application in a multimachine power system.

It should be pointed out that in reality, a control system without any robustness

cannot perform normally because the outputs will be out of their permissible region

with the effect of unavoidable disturbances. If the output of a stable closed-loop sys-

tem is not sensitive to disturbance inputs of the system, in other words, if the influ-

ence of disturbance inputs to the outputs of a system is small enough, then we say that

this system has enough robustness to disturbances. If under the action of a control, a

stable closed-loop system can sufficiently reduce the influence of disturbance inputs

to outputs of the system, then we say this control is a robust control. This chapter

addresses this issue and a multi-input, single-output (MISO) (four-input, single-

output) mixed-sensitivity-based H1 robust controller based on LMI (linear matrix

inequality) approach with pole placement constraint has been designed for a TCSC

in order to achieve robust damping of interarea oscillations in a multimachine power

system. In our arrangement, first, the background and general concept of H1 control

theory have been described, and then, it is employed to design a FACTS (TCSC)

controller. Finally, the performance of this controller has been examined for different

operating scenarios of a multimachine power system.
Power System Small Signal Stability Analysis and Control. https://doi.org/10.1016/B978-0-12-817768-6.00008-1
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8.2 GENETIC ALGORITHM-BASED OPTIMIZATION
Genetic algorithms (GAs) [5] are essentially global search algorithms based on the

mechanics of nature (e.g., natural selection, survival of the fittest) and natural genet-

ics. GAs have been used for the optimization of the parameters of control system that

are complex and difficult to solve by conventional optimization methods. Particu-

larly, GAs are practical algorithm and easy to implement in the power system anal-

ysis. GAs are considered to be robust method because no restrictions on the solution

space are made during the process. The power of this algorithm comes from its ability

to exploit historical information structures from previous solution and attempt to

increase performance of future solution structures. GA maintains a population of

individuals that represent the candidate solutions. Each individual is evaluated to

give some measure of its fitness to the problem from the objective function. In each

generation, a new population is formed by selecting the more fit individuals based on

particular selection strategy. Two commonly used genetic operators are crossover

and mutation. Crossover is a mixing operator that combines genetic material from

selected parents. Mutation acts as a background operator and is used to search the

unexplored search space by randomly changing the values at one or more positions

of the selected chromosome. Following sections describe an overview and applica-

tions of GA based optimization method.
8.2.1 Overview of GA
GA starts with a random generation of initial population, and then, the “selection”,

“crossover”, and “mutation” are preceded until the maximum generation is reached.

Important steps of GA are described as follows.

� Selection

The selection of parents to produce successive generations plays an important role

in GA. The goal allows the fittest individuals to be more often selected to reproduce.

A group of selection methods are available in the literature [6]: “stochastic universal

sampling”, “uniform”, “ranking” and “tournament” etc. “Stochastic universal sam-
pling” selection is employed in this book from “Genetic Algorithm and Direct Search

Toolbox” inMATLAB. In this selection, parents are created using “roulettewheel” and

“uniform sampling”, based on expectation and number of parents.

� Crossover

Crossover is an important operator of the GA. It is responsible for the structure

recombination (information exchange between mating chromosomes) and the con-

vergence speed of the GA, and it is usually applied with high probability (0.6-0.9).

After selection operation, simple crossover proceeds. The main objective of cross-

over is to reorganize the information of two different individuals and produce a

new one. The function “crossover scattered” is used in this chapter from “Genetic

Algorithm and Direct Search Toolbox” in MATLAB. It is a position-independent

crossover function that creates crossover children of the given population.
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� Mutation

Mutation is a background operator, which produces spontaneous changes in var-

ious chromosomes. In artificial genetic systems, the mutation operator protects

against some irrecoverable loss. It is an occasional random alteration of the value

in the string position. Mutation is needed because even though reproduction and

crossover effectively search and recombine extent notions, occasionally, they may

lose some potentially useful genetic material. In this book uniform multipoint muta-

tion function, “mutation uniform” is employed in MATLAB toolbox. Mutated genes

are uniformly distributed over the range of the gene.

8.2.2 Parameter optimization applying GA
� Optimization problem

The problem here is on finding the optimal location and setting the optimal

parameter of the SVC and the TCSC controller using GA. This results in the mini-

mization of the critical damping index (CDI), which is defined by

CDI¼ J¼ 1� zið Þ ð8:1Þ
Here, zi ¼�si= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

si2þoi
2

p is the damping ratio of the ith critical swing mode. The

objective of the optimization is to maximize the damping ratio (z) as much as pos-

sible. There are four tuning parameters of the SVC and the TCSC controllers,

namely, the controllers gain (K), lead and lag time constants (T1 and T2), and the

location number (Nloc). These parameters are to be optimized by minimizing the

desired objective function “J” given in Equation (8.1). With a change of parameters

of PSS and TCSC controllers, the damping ratio (z) as well as J varies. The problem
constraints are the bounds on the possible locations and controller parameters. The

optimization problem can then be formulated as follows:

Minimize J as in 8:1ð Þð Þ
Subject to

Kmin �K�Kmax ð8:2Þ

T1
min � T1 � T1

max ð8:3Þ

T2
min � T2 � T2

max ð8:4Þ

Nmin
loc �Nloc �Nmax

loc ð8:5Þ
The objective is to find the optimal locations and parameters for the SVC and TCSC

controllers within the inequality constraints given in Equations (8.2)–(8.5). Each

“individual” in GA is encoded by four parameters: the controllers gain (K), lead
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and lag time constants (T1 and T2), and the location number (Nloc). The initial “pop-
ulation” is generated randomly for each particle and is kept within a typical range.

The minimum and maximum values of the SVC and the TCSC controller parameters

along with their location number are depicted in the configurations of the individuals.

The entire initial population of size Nind has been calculated by repeating the indi-

viduals for Nind times as shown in Figure 8.1a and b corresponding to the SVC and

the TCSC controllers, respectively.
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FIGURE 8.1

Configurations of individuals and entire population: (a) SVC controller; (b) TCSC controller.
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14-bus test system with application of SVC and TCSC.

2478.2 Genetic Algorithm-Based Optimization
The possible locations of the SVC and the TCSC controllers are selected here

from the test system given in Figure 8.2. In this system, there are nine load buses

(buses 6, 7, 8, 9, 10, 11, 12, 13, and 14) and nine transmission lines or branches (lines

12, 13, 14, 15, 16, 17, 18, 19, and 20) between two load buses. As the SVCs are shunt-

connected FACTS devices, the optimal location of the SVC controller is identified

among the load buses. Again, TCSCs are series-connected FACTS devices, and

therefore, the optimal location of the TCSC controller is identified among the trans-

mission lines between two load buses.

Thus, for the configuration of “individuals” in GA of the SVC controller, all the

nine load buses of the test system are proposed to find optimal location of the SVC.

Among these nine load buses, the minimum bus number, bus 6, and the maximum

bus number, bus 14, are considered asNloc
min andNloc

max, respectively; as a consequence,

other seven buses remain within this minimum range and maximum range

(Figure 8.1a).
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Similarly, for individual configuration of the TCSC controller, the network

branches between two load buses are chosen for locations of the TCSC, and in this

case, the minimum line number, line 12, and the maximum line number, line 20, are

assigned for Nloc
min and Nloc

max, respectively, so that other seven branches remain within

this minimum and maximum line number (Figure 8.1b).

In the following section, first, the algorithm of the implemented GA is explained,

and then, the application of this method has been shown in the proposed test system.

� Algorithm of implementation of the GA

The “Genetic Algorithm and Direct Search Toolbox” consists of a main program

associated with a bunch of useful subprograms and routines that are utilized as per

requirements. In this work, the main program “ga.m” has been implemented for the

said optimization problem. In the main function (“ga”), the first argument is the “Fit-
nessfcn” followed by the “GenomeLength” and “Options”. To find the optimal value

of the objective function (J), and the optimal parameters of the controllers, this main

program uses the user-defined fitness computation program, say, “gasvc.m” and

“gatcsc.m” for SVC and TCSC, respectively, as a subprograms. “GenomeLength”
sets the dimensions of the design variables that are to be optimized. Several steps

of GA starting from “population creation” to final GA “output” can be controlled

by the “options” structure created in “gaoptimset”. In the structure of “gaoptimset”,

suitable subroutines for the computation of steps such as “selection”, “crossover”,

and “mutation” are declared. A default routine “PlotFcns.m” is used by the GA to

plot the best value of the fitness function for the specified generation limit. Optimal

controller parameters, location, and associated minimized output of the fitness func-

tion are evaluated by the following function in “Genetic Algorithm and Direct Search

Toolbox” in MATLAB:
function [X, fval, Output, Population, Scores]¼ga (Fitnessfcn, GenomeLength, Options)
X, fval
 Returns the value of the fitness function “Fitnessfcn” at the solution X
Output
 Returns a structure OUTPUT with the following information: <Total
generations> <Total function evaluations> <GA termination
message>
Population
 Returns the final POPULATION at GA termination
Scores
 Returns the SCORES of the final POPULATION
Fitnessfcn
 String of MATLAB function to be run for parameter optimization (gasvc.
m and gatcsc.m)
GenomeLength
 Dimension of inputs to the function (here, number of inputs¼4; K, T1,
T2, and Nloc)
Options
 Each of the GA steps (population generation> fitness> scaling>
selection> crossover> mutation> scoring> output) is controlled by
the options structure configured by ‘gaoptimset’
Some important parameter and constant settings in ‘gaoptimset’ are given in

Table 8.1.



Table 8.1 Parameter Settings in ‘gaoptimset’

GA Parameters Value

Population type Double vector

Maximum generations 200

Number of variables 4

Population size 15

Elite count 2

Population creation Uniform

Stall generation limit 50

2498.2 Genetic Algorithm-Based Optimization
The implemented GA-based algorithm is described here by following steps:

Step 1: Specify parameters for GA: population size, generation limit, number of

variables, etc.

Step 2: Generate initial population for the SVC and the TCSC controller

parameters: K, T1, T2, and Nloc.

Step 3: Run small-signal stability analysis program for the proposed test system.

Step 4: Evaluate objective function (J) and hence fitness value for each individual
in the current population.

Step 5: Determine and store best individual that minimizes the objective function.

Step 6: Check whether the generation exceeds maximum limit/stall

generation limit.

Step 7: If generation<maximum limit, update population for next generation by

“crossover” and “mutation” and repeat from step 3.

Step 8: If generation > maximum limit, stop the program and produce output.
8.2.3 An illustration: GA-based TCSC controller
The validity of the proposed GA-based algorithm has been tested here on the study

system given in Figure 8.2. The small-signal models of the multimachine system

with SVC and with TCSC controllers described in Chapter 7 (Sections 7.5 and

7.6) are used for eigenvalue computation and small-signal stability analysis. It is

to be noted here that the performances of the SVC and the TCSC controller are exam-

ined without application of PSS. Therefore, simulation is performed by excluding the

state variable of the PSS (DVs) from the said models. The performance of the system

has been carried out for two independent disturbances: (i) real and reactive load

increased by 15% of nominal value at bus 9 and (ii) outage of a transmission line

4-13. The swing modes of the study system before installation of SVC and TCSC

controllers are listed in Table 8.2. It may be observed from Table 8.2 that mode

#4 is the critical one as the damping ratio of this mode is smallest compare to other

modes. Therefore, parameters of SVC and TCSC controllers and their locations are

to be selected in such a way that it can yield maximum damping to this critical swing

mode #4.



Table 8.2 Swing Modes Without SVC and TCSC

#

Nominal Load (PL¼0.295 pu,
QL¼0.166 pu)

Load Increased at Bus 9
(PL¼0.339 pu, QL¼0.190 pu) Transmission Line (4-13) Outage

Swing Modes Damping Ratio Swing Modes Damping Ratio Swing Modes Damping Ratio

1 �1.6071� j7.5211 0.20896 �1.5446� j7.5274 0.2010 �1.5482� j7.5222 0.2015

2 �1.4987� j6.5328 0.2236 �1.4244� j6.5313 0.2130 �1.4291� j6.5339 0.2136

3 �1.2074� j6.1633 0.19225 �1.1590� j6.1460 0.1853 �1.1501� j6.1659 0.1833

4 �0.9461� j5.8552 0.15953 �0.8831� j5.8324 0.1497 �0.8845� j5.8336 0.1499
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Table 8.3 GA-Based Controller Parameters and Location

GA-Based SVC
Parameter SVC Location

GA-Based TCSC
Parameter

TCSC
Location

Ksvc¼11.972 Bus 9 Ktcsc¼9.986 Branch 17

T1¼0.8892 T1¼0.9967

T2¼0.014 T2¼0.1118

2518.3 Particle Swarm Optimization
GA algorithms generate the best set of parameters as well as the best location of

the SVC and TCSC controllers (Table 8.3) by minimizing the desired objective

function J (8.1). The transmission line compensation (XTCSC/Xline) is kept to be

around 60% for each of the selected line, and therefore, values of XL, XC, and a
for the TCSC are chosen according to the line reactances (Xline). The initial value

of the firing angle (a) of the TCSC is kept within capacitive zone. The maximum

iteration number is adopted to be 200 to stop the simulated evolution. The con-

vergence rate of the objective function J toward best solutions with population

size 15 and number of generations 200 has been shown in Figure 8.3a and b.

The convergence is guaranteed by observing the value of J, which remains

unchanged up to eight decimal places. The GA-based SVC and TCSC controllers

are installed at their optimal location, and the corresponding values of the damping

ratio of the critical swing mode #4 with SVC and TCSC controllers are presented in

Table 8.4.

It has been found from Table 8.3 that GA produces optimal location of the SVC

controller, which is bus 9, and optimal location of the TCSC controller, which is

branch 17. It has been further found from Table 8.4 that installation of GA-based

TCSC controllers at their optimal location introduces substantially more damping

to the critical swing mode #4 compared to the installation of GA-based SVC

controllers.
8.3 PARTICLE SWARM OPTIMIZATION
Particle swarm optimization (PSO) was developed in 1995 by Eberhart and

Kennedy [7] rooted on the notion of swarm intelligence of insects, birds, etc.

PSO begins with a random population of individuals, here termed as “swarm of

particles”. Each particle in the swarm is a different possible set of unknown param-

eters that are to be optimized. The parameters that characterize each particle can be

real-valued or may be encoded depending on the particular circumstances. The

objective is to efficiently search the solution space by swarming the particles

toward the “best-fit solution” with the intention of encountering better solutions

through the course of the iteration process and eventually converging on a single

best-fit solution. Following sections describe an overview of PSO and its applica-

tion in power system small-signal stability problem.
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FIGURE 8.3

Convergence rate of the objective function employing GA (a) with SVC; (b) with TCSC.

Table 8.4 Application of GA-Based Controller

Applied
Disturbances

With GA-Based SVC With GA-Based TCSC

Critical Swing
Mode #4

Damping
Ratio

Critical Swing
Mode #4

Damping
Ratio

Load increased
(15%)

�0.88107� j5.6195 0.1549 �0.9764� j5.7114 0.1685

Line outage
(4-13)

�0.88313� j5.6140 0.1554 �0.9247� j5.7731 0.1581
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8.3.1 Overview of PSO
The PSO algorithm begins by initializing a random swarm of “M” particles, each

having “R” unknown parameters to be optimized. At each iteration, the fitness of

each particle is evaluated according to a selected “fitness function”. The algorithm

stores and progressively replaces the most-fit parameters of each particle (“pbesti”,
i¼1, 2, 3,. . ., M) as well as a single most-fit particle (gbest) as better-fit parameters

are encountered. The parameters of each particle (pi) in the swarm are updated in

each iteration (n) according to the following equations [8]:

veli nð Þ¼w∗veli n�1ð Þþ acc1∗rand1∗ gbest�pi n�1ð Þð Þ
þ acc2∗rand2∗ pbesti�pi n�1ð Þð Þ ð8:6Þ

pi nð Þ¼ pi n�1ð Þþveli nð Þ ð8:7Þ
where veli(n) is the velocity vector of particle i, normally set to 10-20% of the

dynamic range of the variables on each dimension. Velocity changes in Equa-

tion (8.6) comprise three parts, that is, the momentum part, the cognitive part, and

the social part. This combination provides a velocity getting closer to pbest and
gbest. Every particle’s current position is then evolved according to (8.7), which pro-
duces a better position in the solution space.

acc1 and acc2 are acceleration coefficients that pull each particle toward gbest
and pbesti positions, respectively, and are often set in the range 2 (0,2). Low values

of these constants allow particle to roam far from the target regions before being

tugged back. On the other hand, high values result in abrupt movement toward or

past the target region. rand1 and rand2 are two uniformly distributed random num-

bers in the ranges 2 (0,1). w is the inertia weight of values 2 (0,1). Suitable selection

of the inertia weight provides a balance between global and local explorations, thus

requiring less iteration on an average to find a sufficiently optimal solution. As orig-

inally developed,w is often decreased linearly, the purpose being to improve the con-

vergence of the swarm by reducing the inertia weight from an initial value of 0.9 to

0.1 during run. In general inertia, weight w is set according to the equation [9]:

w¼wmax �wmax �wmin
Itermax

� Iter ð8:8Þ
where wmax is the final weight and wmin is the initial weight. Itermax is maximum

iteration number (generations), and Iter is the current iteration number.

� PSO parameters

The performance of the PSO is affected by the selection of its parameters. There-

fore, a way to find a suitable set of parameters has to be chosen. The selection of the

PSO parameters follows the strategy of considering different values for each partic-

ular parameter and evaluating its effect on the PSO performance. In this work, dif-

ferent values for the PSO parameters are selected from “PSO toolbox” in MATLAB

[10] during implementation of PSO algorithm.
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� Particle

The “particle” is defined as a vector that contains the desired variables to be opti-

mized. There is a trade-off between the number of particles and the number of iter-

ations of the swarm, and the fitness value of each particle has to be evaluated using a

user-defined function at each iteration. Thus, the number of particles should not be

large because computational effort could increase dramatically. Swarms of 5-20

particles are normally chosen as appropriate population sizes.

� Fitness function

The PSO fitness function used to evaluate the performance of each particle cor-

responds to a user-defined objective function.
8.3.2 Optimal placement and parameter setting of SVC
and TCSC using PSO
This section describes the method of selection of optimal location and parameters

of SVC and TCSC controllers using PSO. The small-signal performance of the

PSO-based SVC and the TCSC controllers is studied by applying two commonly

occurring contingencies, for example, load increase and transmission line outage

in a multimachine power system. The behavior of the critical swing mode as well

as transient response reveals that the PSO-based TCSC and the SVC controllers

are more effective in mitigating small-signal stability problem than their GA-based

design even during higher loading.

� Optimization problem

The optimization problem presented in Section 8.2.2 has been reconsidered here

with the same objective function [CDI¼J¼ (1�zi)] and with finding four tuning

parameters of the SVC and TCSC controllers (K, T1, T2, and Nloc). These parameters

are to be optimized byminimizing the objective function J through PSO. Any change
of location and parameters of the controllers changes the damping ratio (z) and hence
J. The constraints of optimization and the optimization problem have been formu-

lated as follows:

Minimize J as in 8:1ð Þð Þ ð8:9Þ
Subject to

Kmin �K�Kmax ð8:10Þ

Tmin
1 � T1 � Tmax

1 ð8:11Þ

Tmin
2 � T2 � Tmax

2 ð8:12Þ

Nmin
loc �Nloc �Nmax

loc ð8:13Þ
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� Particle configuration

The “particle” defined by the vector in Equation (8.14) contains the SVC and the

TCSC controller parameters and is given in

Particle : K T1 T2 Nloc½ � ð8:14Þ
Here, K stands for the respective gains of the SVC and the TCSC controllers and is

termed Ksvc and Ktcsc, respectively. The initial population is generated randomly for

each particle and is kept within a typical range. The minimum and maximum values

of the SVC and the TCSC controller parameters along with their location number are

given in the particle configurations. The particle configuration corresponding to the

SVC and TCSC controllers is presented in Figure 8.4a and b, respectively.

The possible locations of the SVC and the TCSC controllers are selected from the

test system given in Figure 8.2. The minimum range (Nloc
min) and maximum range

(Nloc
max) are as described in Section 8.2.2 for individual configuration in GA. Thus,

for particle configuration of the SVC controller, bus 6 and bus 14 are considered

as Nloc
min and Nloc

max, respectively, in Figure 8.4a. Similarly, for particle configuration

of the TCSC controller, line 12 and line 20 are assigned for Nloc
min and Nloc

max, respec-

tively, in Figure 8.4b.

� Implementation of PSO algorithm

The implementation of the PSO algorithm has been described here along with its

flowchart in Figure 8.5. To optimize Equation (8.9), MATLAB routines from PSO
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FIGURE 8.4

Particle configurations: (a) SVC controller, (b) TCSC controller.
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Flowchart of the implemented PSO algorithm.
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toolbox [10] are used. The “PSO toolbox” consists of a main program that is asso-

ciated with some subprograms and routines that are utilized as per requirements. In

this work, the main program “pso_Trelea_vectorized.m” has been implemented for

“Common”-type PSO as a generic particle swarm optimizer. To find the optimal

value of the objective function (J), this main program uses the user-defined eigen-

value computation program “psosvc.m” or “psotcsc.m” as a subprogram for SVC and

TCSC, respectively. A default plotting routine “goplotpso.m” is used by the PSO

algorithm to plot the best value of the objective function gbest for the specified
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generation (epochs) limit. Optimal inputs and associated minimized output of the

objective function are evaluated by the following function in PSO toolbox

environments:

[OUT, tr, te]¼pso_Trelea_vectorized (functname, D, mv, VarRange, minmax,

PSOparams, plotfcn)

where
OUT
Table 8.5 Para

PSO Parameter

Swarm size

Dimension of inp

Maximum genera
(epoch)

Number of partic

Minimum error
gradient terminat
run
Output of the particle swarm optimizer containing optimal TCSC controller
parameters and the best value of the objective function
tr, te
 Optional outputs, gbest at every iteration and epochs to train, returned
as a vector
functname
 String of user-defined MATLAB function (say psosvc.m or psotcsc.m)
D
 Dimension of inputs to the function (number of inputs¼4; K, T1, T2,
and Nloc)
mv
 Maximum particle velocity (default¼4)
VarRange
 Matrix of ranges for each input variable
minmax
 0, function-minimized (default set¼0)
PSOparams
 PSO parameters to select (Table 8.5)
plotfcn
 Optional name of plotting function, default “goplotpso.m”
The PSO parameters required to be specified in the PSO algorithm are given in

Table 8.5. Choice of these parameters affects the performance and the speed of

convergence of the algorithm. The PSO algorithm generates the best set of par-

ameters as well as the best location (Table 8.6) corresponding to both the SVC

and the TCSC controllers by minimizing the objective function “J”. The conver-
gence rate of the objective function “J” toward gbest with the number of particles

15 and generations 200 has been shown in Figure 8.6a and b. The effectiveness of

the design is demonstrated through the simulation of the problem carried out in the

next section.
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Table 8.6 PSO-Based Controller Parameters and Location

PSO-Based SVC
Parameter

SVC
Location

PSO-Based TCSC
Parameter

TCSC
Location

Ksvc¼20.0 Bus 10 Ktcsc¼16.809 Branch 16

T1¼1.0 T1¼1.0

T2¼0.15 T2¼0.2264
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FIGURE 8.6

Convergence rate of the objective function employing PSO (a) with SVC; (b) with TCSC.
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Table 8.7 Application of PSO-Based Controllers

Applied
Disturbances

With PSO-Based SVC With PSO-Based TCSC

Critical Swing
Mode #4

Damping
Ratio

Critical Swing
Mode #4

Damping
Ratio

Load increased
(15%)

�0.98121� j6.0070 0.16121 �1.0611� j5.7341 0.1819

Line outage
(4-13)

�0.98224� j6.0568 0.16008 �1.0602� j5.7519 0.1812

2598.4 Implication of SVC and TCSC Controllers on Critical Loading
8.3.3 Performance Study of PSO-based SVC and TCSC
The validity of the proposed PSO algorithms has been tested on the study system

(Figure 8.2). The performance of this system has been investigated further, apply-

ing PSO-based SVC and TCSC for two said disturbances: (i) real and reactive load

increased by 15% of nominal value at bus 9 and (ii) outage of a transmission

line (4-13). The damping ratio of the critical swing mode with the application

of PSO-based SVC and the PSO-based TCSC controllers has been presented

in Table 8.7. Comparing this result with the results (without controller) given

in Table 8.2, it is found that both the controllers substantially improve damping

of the critical swing mode for both types of disturbances. It has been further

observed that the TCSC controller adds more damping in the system with respect

to the SVC controller.
8.4 IMPLICATION OF SVC AND TCSC CONTROLLERS
ON CRITICAL LOADING
In order to study the effect of critical loading on system stability, the real power

load (PL) at bus 9 is increased from its nominal value PL¼0.295 pu and

QL¼0.166 pu in steps up to the point of critical loading, keeping reactive

power load (QL) constant. In each case, the eigenvalues of the system matrix

are checked for stability. It has been found that without any controller, at load

PL¼2.60 pu and QL¼0.166 pu, Hopf bifurcation [11] takes place for the critical

swing mode #4 that moves toward right half of the s-plane and thus leads to

low-frequency oscillatory instability of the system. When the SVC and the TCSC

controllers are installed individually at their optimal locations, it has been observed

that there is no Hopf bifurcation and stable operating condition is restored in

the system. The swing modes of the system without and with SVC and TCSC

controllers are presented in Tables 8.8 and 8.9, respectively. This implies that

inclusion of SVC and TCSC can put off the Hopf bifurcation until further increase

of load levels.



Table 8.8 Application of PSO- and GA-Based SVC with Hopf Bifurcation Load

Hopf Bifurcation Load (PL¼2.60 pu, QL¼0.166 pu)

Without Control With PSO-Based SVC With GA-Based SVC

# Swing Modes Damping Ratio Swing Modes Damping Ratio Swing Modes Damping Ratio

1 �1.1190� j7.7098 0.14363 �1.2337� j7.5753 0.16074 �1.1871� j7.7211 0.15196

2 �1.6357� j5.9069 0.26687 �1.4921� j6.0160 0.24072 �1.5778� j6.059 0.25201

3 �0.9230� j2.5144 0.34461 �1.776� j2.7131 0.54768 �0.77007� j2.6005 0.28393

4 0.0072� j4.6175 �0.00156 �0.9712� j3.4139 0.27363 �0.20113� j4.7623 0.04219
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Table 8.9 Application of PSO- and GA-Based TCSC with Hopf Bifurcation Load

Hopf Bifurcation Load (PL¼2.60 pu, QL¼0.166 pu)

Without Control With PSO-Based TCSC With GA-Based TCSC

# Swing Modes Damping Ratio Swing Modes Damping Ratio Swing Modes Damping Ratio

1 �1.1190� j7.7098 0.14363 �1.1172� j7.6664 0.1442 �1.0970� j7.6775 0.1414

2 �1.6357� j5.9069 0.26687 �1.5937� j5.7222 0.2683 �1.5572� j5.6456 0.2658

3 �0.9230� j2.5144 0.34461 �3.194� j2.4392 0.7947 �2.6778� j2.5202 0.7282

4 0.0072� j4.6175 �0.00156 �1.1218� j3.6820 0.2914 �1.0959� j3.7960 0.2773
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8.5 COMPARISON BETWEEN PSO- AND GA-BASED DESIGNS
The performance comparisons between PSO- and GA-based designs have been

illustrated here on the basis of the results obtained in Tables 8.4 and 8.7. It is evi-

dent that both PSO and GA can efficiently handle the proposed optimization prob-

lem and generate satisfactory results. But the PSO-based SVC and TCSC

controllers introduce more damping to the critical swing mode #4 compared to

the GA-based SVC and TCSC controllers even during critical loading

(Tables 8.10 and 8.11). This implies that PSO-based SVC and TCSC controllers

can mitigate small-signal oscillations more efficiently than the corresponding

GA-based controllers. Again, the plots of convergence rate of the objective func-

tion (Figures 8.3 and 8.6) indicate that PSO method has more fast and stable con-

vergence characteristics than GA. The time response plots (Figure 8.7a–c) of rotor

speed deviation of the machine #1 also interpret that the PSO-based controllers

introduce reasonably more damping compared to the GA-based controllers in case

of both types of disturbances. Summarizing the results mentioned earlier, it is

possible to conclude that the PSO-based optimization method is superior to the

GA-based one.
8.6 H1 OPTIMAL CONTROL
The linear quadratic regulator, Kalman filter, and linear quadratic Gaussian problems

can all be posed as 2-norm optimization problems [12]. These optimization problems

can be alternatively posed using the systemH1 norm as a cost function. TheH1 norm
Table 8.10 Comparison Between PSO- and GA-Based SVCs

Controllers

Damping Ratio of Critical Swing Mode #4

Load at Bus #9 (15%
More than Nominal)

Line Outage
(#4-13)

Critical Load at
Bus #9

PSO-based SVC 0.16121 0.16008 0.27363

GA-based SVC 0.15490 0.15540 0.04219

Table 8.11 Comparison Between PSO- and GA-Based TCSCs

Controllers

Damping Ratio of Critical Swing Mode #4

Load at Bus 9 (15%
More than Nominal)

Line Outage
(4-13)

Critical Load
at Bus 9

PSO-based TCSC 0.18196 0.1812 0.2914

GA-based TCSC 0.16852 0.1581 0.2773
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FIGURE 8.7

Rotor speed deviation response of machine #1. (a) Load increase at bus 9 (15% more than

nominal); (b) line outage 4-13; (c) Hopf bifurcation load at bus 9.
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is the worst-case gain of the system and therefore provides a goodmatch to engineering

specifications, which are typically given in terms of bounds on errors and controls.
8.6.1 Background
The terms H1 norm and H1 control are not terms that convey a lot of engineering

significance. When we talk about H1, we are talking about a design method that

aims to minimize the peak value of one or more selected transfer functions. The

H1 norm of a stable scalar transfer function F(s) is the peak value of |F(jo)| as a
function of frequency (o), that is,

F sð Þk k1¼D max
o

F joð Þj j ð8:15Þ
Strictly speaking, “max” (the maximum value) should be replaced by “sup” (supre-

mum, the least upper bound) because the maximum may only be approached as

o!1 and may therefore not actually be achieved.

The symbol1 comes from the fact that the maximummagnitude over frequency

may be written as

max
o

F joð Þj j ¼ lim
n!1

ð1
�1

F joð Þj jndo
0
@

1
A

1=n

ð8:16Þ

Essentially, by rising |F(jo)| to an infinite power, we pick out its peak value. H1 is

the set of transfer functions with bounded 1 norm, which is the set of stable and

proper transfer functions.

8.6.2 Algorithms for H1 control theory
Given a proper continuous time, linear time-invariant (LTI) plant P(s) maps exog-

enous inputs “d” and control inputs “u” to controlled outputs “z” and measured out-

puts “y” (Figure 8.8). That is,

z sð Þ
y sð Þ

� �
¼P sð Þ d sð Þ

u sð Þ
� �

ð8:17Þ
P(s)

K(s)

d z 

u y 

FIGURE 8.8

General LTI design setup.
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and given some dynamic output feedback control law such that

u¼K sð Þy¼ Ak Bk

Ck Dk

� �
y ð8:18Þ

specified in the state space through the parameter matrices (Ak, Bk, Ck, and Dk) of

the controller K(s) and with the partitioning

P sð Þ¼ P11 sð Þ P12 sð Þ
P21 sð Þ P22 sð Þ

� �
ð8:19Þ

then, the closed-loop transfer function from disturbance d to controlled output z is

S P, Kð Þ¼P11þP12K I�P22Kð Þ�1P21 ð8:20Þ
The overall control objective is to minimize the H1 norm of the transfer function

from d to z. This is done by finding a controller K that, based on the information

in y, generates a control signal u that counteracts the influence of d on z, thereby
minimizing the closed-loop norm of the transfer function from d to z.

Thus, intension is to minimize

S P,Kð Þk k1 ¼ A B
C D

� �����
����
1

over all K that stabilizes P, which renders A stable.

In practice, we calculate the suboptimal solution rather than optimal solution. The

suboptimal H1 control problem of parameter g consists of finding a controller K(s)
such that [13]

� the closed-loop system is internally stable;

� the H1 norm of S(P, K) (the maximum gain from d to z) is strictly less than g,
where g>0 is some prescribed performance level.

Therefore, the problem can be reformulated as follows: try to find a controller

K(s) such that

Kstabilizes P and achieves jjS P, Kð Þjj1 < 1

This condition reads in state space as

C sI�Að Þ�1BþD
�� ��

1 < 1 ð8:21Þ
We shall now introduce some minimal realization of the plant P as is usual in state-

space approaches to H1 control:

P sð Þ¼ D11 D12

D21 D22

� �
þ C1

C2

� �
sI�Að Þ�1 B1 B2ð Þ ð8:22Þ

This realization corresponds to the state-space equations:

_x¼AxþB1dþB2u ð8:23Þ

z¼C1xþD11dþD12u ð8:24Þ
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y¼C2xþD21dþD22u ð8:25Þ

The problem dimensions are summarized by

A2Rn�n;D11 2Rl1�m1 ;D22 2Rl2�m2

A set of standard well-posed constraints is imposed on the setup:

� For output feedback stabilizability, the pair (A, B2) and (C2, A) must be,

respectively, stabilizable and detectable.

� For nonsingularity, D21 must be right invertible (full measurement noise), D12

must be left invertible (full control penalty), and matrices

A� sI B2

C1 D12

� �
,
A� sI B1

C2 D21

� �

must be, respectively, left and right invertible for all s.
� D22¼0. Note that the assumption thatD22¼0 is a temporary assumption leading

to a simplified form of solution that can always be reversed.

However, in contrast with the case of H2 optimization, basic H-infinity algo-

rithms solve a suboptimal controller design problem, formulated as that of finding

whether, for a given g>0, a controller achieving the closed-loop L2 gain ||Tzd||1<g
exists and, in case the answer is affirmative, calculating one such controller.

It might be noticed here that the term “suboptimal” is used rather than “optimal”.

The reason for that is that it is often not necessary and sometimes even undesirable to

design an optimal controller. One of the most compelling reasons is that the optimal

closed-loop transfer matrix Tzd can be shown to have a constant largest singular num-

ber over the complete frequency range. In particular, this means that the optimal con-

troller is not strictly proper, and the optimal frequency response to the cost output

does not roll off at high frequencies. A suboptimal controller may also have nice

properties (e.g., lower bandwidth) over the optimal ones. However, knowing the

achievable optimal (minimum) H1 norm may be useful theoretically since it sets

a limit on what can be achieved.
8.6.3 Mixed-sensitivity-based H1 controller: An LMI approach
The principal aim of this robust controller design is to minimize interarea oscillations

in power systems that may occur due to various reasons, for example, variation of

load demand, generation drop, and transmission line outage. The design objective

is to find an internally stabilizing damping controller that satisfies an infinity norm

constraint while ensuring that the closed-loop poles lie in specific locations in the

complex plane.

The configuration of the closed-loop system together with the H1 controller

is proposed in Figure 8.9. Here, G(s) is the open-loop plant, K(s) is the controller
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FIGURE 8.9

The closed-loop system along with the H1 controller K(s).
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to be designed, and W1(s) and W2(s) are frequency-dependent weights for shap-

ing the characteristics of the closed-loop plant. The input to the controller is the

normalized speed deviation (Dn), and the output signal is the deviation in

thyristor conduction angle (Ds). The problem is to minimize the weighted sen-

sitivity transfer function S(s)[¼(I�G(s)K(s))�1], which ensures disturbance

rejection and complementary sensitivity transfer function K(s)S(s)[¼K(s)
(I�G(s)K(s))�1] that ensures robustness in design and minimizes the control

effort.

The state-space description of the augmented plant is given in [14]

_xp ¼ApxpþBp1dþBp2u ð8:26Þ

z¼Cp1xpþDp11dþDp12u ð8:27Þ

y¼Cp2xpþDp21dþDp22u ð8:28Þ
where xp is the state vector of the augmented plant, u is the plant input, y is the

measured signal modulated by the disturbance input d, and z is the controlled

output.

The controller K(s) can be realized by the following state-space equations:

_̂x¼Akx̂þBky ð8:29Þ

u¼Ckx̂þDky ð8:30Þ
The state-space representation of the closed-loop plant is then given in

_w¼AclwþBcld ð8:31Þ

z¼CclwþDcld ð8:32Þ
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where _w¼
_xp

_̂x

" #
, Acl ¼

ApþBp2DkCp2 Bp2Ck

BkCp2 Ak

" #
, Bcl ¼

Bp1þBp2DkDp21

BkDp21

" #
,

Ccl ¼ Cp1þDp12DkCp2 Dp12Ck½ �, and Dcl¼Dp11þDp12DkDp21

Without loss of generality, Dp22 can be set to zero to make the derivation simpler

and the plant becomes strictly proper. The transfer function from “d” to “z” can be

found as

Tzd ¼
W1 sð ÞS sð Þ

W2 sð ÞK sð ÞS sð Þ

" #
¼Ccl sI�Aclð Þ�1BclþDcl ð8:33Þ

The objective of the mixed-sensitivity problem is to find an internally stabilizing

controller K(s) that minimizes the transfer function from “d” to “z” and meets the

following requirement [15]:

Tzdk k1 < g ð8:34Þ
where g is a designable parameter and S(s) is the sensitivity transfer function. In an

LMI formulation, the objective (8.34) can be achieved in a suboptimal sense if there

exists a solution Xcl¼Xcl
T>0 such that the bounded real lemma [16] given in

AT
clXclþXclAcl Bcl XclC

T
cl

BT
cl �I DT

cl

CclXcl Dcl �g2I

2
664

3
775< 0 ð8:35Þ

is satisfied and then the resulting design problem reduces to an LMI problem.

It is well known that satisfactory transient response of a system can be

achieved by placing all the closed-loop poles of the system in a specific region

of the s-plane. In an LMI framework, such a class of convex region of the complex

plane is called an “LMI region” and can be assigned by clustering all the closed-

loop poles inside a conic sector (Figure 8.10), which ensures that the damping ratio

of poles lying in this sector is at least z¼ cos y
2
. The problem therefore reduces to
s

jw

q

FIGURE 8.10

Conic sector LMI region of closed-loop poles.
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minimization of g (8.34) under LMI-based H1 control with pole placement

constraints.

Pole clustering in LMI regions can be formulated as an LMI optimization pro-

blem. It is shown in [17] that the system matrix, Acl of the closed-loop system

(8.31)–(8.32), has all its poles inside the conical sector if and only if there exists

a solution Xc¼Xc
T>0 such that

sin
y
2

AclXcþXcA
T
cl

� 	
cos

y
2

AclXc�XcA
T
cl

� 	
cos

y
2

XcA
T
cl�AclXc

� 	
sin

y
2

AclXcþXcA
T
cl

� 	
2
664

3
775< 0 ð8:36Þ

or equivalently, this can be expressed in Kronecker product form given in

�� AclXcþ�T � XcA
T
cl


 �
< 0 ð8:37Þ

where �¼
sin

y
2

cos
y
2

�cos
y
2

sin
y
2

2
664

3
775

The inequalities in Equations (8.35) and (8.37) are not jointly convex as the

respective solutions of these equations Xcl 6¼Xc. The convexity can be accomplished

by seeking a common solution, Xcl¼Xc¼Xd. It is to be noted that the inequalities in

(8.35) and (8.37) contain nonlinear terms AclXd, and CclXd where Acl and Ccl contain

unknown matrices of the controller given in Equations (8.29) and (8.30) and the

resulting problem therefore cannot be handled by LMI optimization directly. To

convert the problem into a linear one, a change of controller variables is necessary

and the transformation [17,18] gives the following simplified LMIs in terms of new

controller variables:

Q I
I S

� �
> 0 ð8:38Þ

P11 PT
21

P21 P22

� �
< 0 ð8:39Þ

��Cþ�T �CT

 �

< 0 ð8:40Þ
The matrix variables P11, P21, P22, and c are given in

P11 ¼
ApQþQAT

p þBp2Ĉþ Ĉ
T
BT
p2 Bp1þBp2D̂Dp21

Bp1þBp2D̂Dp21

� 	T �gI

2
4

3
5,

P21 ¼
Âþ ApþBp2D̂Cp2

� 	T
SBp1þ B̂Dp21

Cp1QþDp12Ĉ Dp11þDp12D̂Dp21

" #
,
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P22 ¼
AT
pSþSApþ B̂Cp2þCT

p2B̂
T

Cp1þDp21D̂Cp2

� 	T
Cp1þDp12D̂Cp2 �gI

2
4

3
5,

C¼ ApQþBp2Ĉ ApþBp2D̂Cp2

Â SApþ B̂Cp2

" #

The new controller variables are then defined as

Â¼NAkM
TþNBkCp2QþSBp2CkM

TþS ApþpBp2DkCp2

� 

Q ð8:41Þ

B̂¼NBkþSBp2Dk ð8:42Þ

Ĉ¼CkM
TþDkC2Q ð8:43Þ

D̂¼Dk ð8:44Þ
where Q, S,M, and N are submatrices of Xd. The LMIs in Equations (8.38)–(8.40) are

solved for Â, B̂, Ĉ, and D̂ employing interior-point optimization methods [19]. Once

Â, B̂, Ĉ, and D̂ are obtained, the controller variablesAk,Bk,Ck, andDk are recovered by

solving (8.41)–(8.44). Moreover, if M and N are square and invertible matrices, then

Ak, Bk, Ck, and Dk are unique. For full-order controller design, one can always assume

thatM and N have full row rank. Hence, the controller variables Ak, Bk, Ck, and Dk can

always be replaced with Â, B̂, Ĉ, and D̂, without loss of generality. The derivation of

LMIs (8.38)–(8.40) can be obtained as follows.

Considering inequalities (8.35) and (8.37), let common solutions Xd and Xd
�1

partitioned as

Xd ¼
Q M

MT U

� �
and X�1

d ¼ S N

NT V

� �
ð8:45Þ

where Q and S are n�n symmetric matrices. The matrices M and N have full row

rank with dimension (n�k). n and k are the order of the system (Ap) and the order

of the controllerK(s), respectively. Here, expressionsU and V are not relevant for the

present purpose.

The identity XdXd
�1¼ I together with (8.38) gives MNT¼ I�QS. Thus, M and N

have full row rank and square invertible when I�QS is invertible. Let Xd>0 and

K(s) be the solutions of inequalities (8.35) and (8.37) and partition Xd as in

Equation (8.45). It is readily verified that Xd satisfies the identity XdO2¼O1 with

O1 :¼
Q I

MT 0

� �
and O2 :¼

I S

0 NT

� �
ð8:46Þ
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AsM andNmatrices have full row rank that makesO2 a full column rank matrix with

pre- and postmultiplying the inequality Xd>0 by O2
T and O2, respectively. Using

Equation (8.46) and O2 full column rank, this yields OT
2O¼ Q I

I S

� �
> 0 that gives

the LMI condition (8.38).

Next, pre- and postmultiplying the inequality (8.35) by the diag (O2
T,I,I) and diag

(O2,I,I), respectively; carrying out the matrix product; and performing the change of

controller variables (8.41)–(8.44) evaluate the LMI condition (8.39).

Similarly, the LMI condition (8.40) is derived from Equation (8.37) by pre- and

postmultiplying the block diagonal matrices diag (O2
T, . . .,O2

T) and diag (O2, . . .,O2),

respectively, and carrying out the matrix product with change of controller variable

Equations (8.41)–(8.44).
8.6.4 Design of an H1 TCSC controller
The LMI formulations described in the foregoing section are now applied here to

design a robust TCSC damping controller for application in a multibus test system.

The block diagram of a MISO, TCSC controller model is shown in Figure 8.11. This

controller is assumed to be designed based on H1 control theory in an LMI frame-

work. The input signal is the speed deviation (Do), and the output signal is the devi-
ation in thyristor conduction angle (Ds). This model utilizes the concept of a variable

series reactance (DXTCSC), which can be modulated through appropriate variation of

the firing angle (a).
Following the standard guidelines of mixed-sensitivity design, weightsW1(s) and

W2(s) are chosen as low- and high-pass filters, respectively. The weights W1(s) and
W2(s) are worked out to be

W1 sð Þ¼ 2

sþ1:5
; W2 sð Þ¼ 0:5sþ1

0:25sþ1

The multiobjective H1 synthesis program for disturbance rejection and control

effort optimization features of LMI was accessed by suitably chosen arguments of

the function hinfmix of the LMI Toolbox in MATLAB [20]. The pole placement
TCSC
controller 1+sTTCSC

1

MISO
s0

Δw1

+

Δs

Max

Min

Δwn

ΔXTCSC

TCSC delay

To power
system

FIGURE 8.11

TCSC controller model.
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objective in the LMI (8.37) has been achieved by defining the conical sector with
y
2
¼ 67:5	, which provides a desired minimum damping z¼0.39 for all the closed-

loop poles. The order of the controller obtained from the LMI solution was equal

to the reduced plant order plus the order of the weights, which was quite high

(18th order), posing difficulty in practical implementation. Therefore, the controller

was reduced to a seventh-order one by the “balanced truncation” without signifi-

cantly affecting the frequency response. This reduced-order controller has been

tested on the full-order system against varying generation, load power change,

and transmission line outage.

� Controller design steps

Step 1: Derive full-order system matrix ([Asys]197�197) of the 24-machine,

203-bus study system in MATLAB.

Step 2: Obtain reduced 10th-order model [Asys]10�10 of the full-order system

applying “balanced truncation” method in MATLAB (using function “balmr”
setting desired arguments).

Step 3: Pack system matrices into “TREE” variable using function “mksys” in
Robust Control Toolbox.

Step 4: Work out frequency-dependent weighting functions W1(s) and W2(s).

Step 5: Create augmented plant using MATLAB function “augtf” with

reduced-order state-space system and weighting functions W1(s) and W2(s) for

H1 control system design.

Step 6: Obtain standard LTI state-space realization P(s) of the augmented

plant by the function “ltisys”.
Step 7: Implement multiobjective H1 synthesis problem with pole placement

design in LMI Control Toolbox following function [gopt, h2opt, K, Q, S]¼
hinfmix (P, r, obj, region)
where

� P is the system matrix of the LTI plant P(s);
� r is a three-entry vector listing the lengths of z, y, and u;
� obj¼ [g0, n0, a, b] is a four-entry vector specifying the H1 constraints and

criterion. obj¼ [0 0 1 0] has been set for H1 control design;

� region specifies the LMI region for pole placement. “lmireg” has been used

to interactively generate the matrix region (conical sector with y
2
¼ 67:5	).

The outputs gopt and h2opt are the guaranteed H1 performances, K is the con-

troller system matrix, and Q and S are the optimal values of the variables Q and S
equation (8.38).

Step 8: Extract controller system matrices using function “ltiss”.
Step 9: Obtain reduced seventh-order model of the controller by “balanced

truncation” method using function “balmr” setting desired arguments.

The state variable representation of the four-input, single-output controller for the

TCSC is obtained as
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AKtcsc
¼

�0:24504 �1854:6 �0:02038 0:01947 �0:29701 0:10962 0:04966

1836:20 �2429:8 �2:2824 1:79380 �29:793 11:0130 4:98410

�0:01863 1:1139 �0:00620 0:03802 �0:16872 0:06247 0:02840

�0:01692 1:0728 �0:03760 �0:00604 0:19162 �0:07132 �0:03225

0:08566 1:24420 0:00195 0:03433 �24:094 18:1920 8:44730

�0:04555 �8:1658 �0:00913 0:00526 �0:8256 �6:7779 �5:9537

�0:04074 0:22424 �0:02213 �0:01573 �2:1844 �0:05223 �3:8335

2
6666666666664

3
7777777777775

CKtcsc
¼ �16:897 �1668:7 �0:7532 0:6376 �10:229 3:7765 1:7115½ �

DKtcsc
¼ 9:6252 7:0393 14:664 13:799½ �

BKtcsc
¼

11:886 9:1837 7:5342 1:7663

249:64 �201:2 �734:31 �1463:8

0:4711 0:2125 0:5264 0:1518

0:1889 0:3467 0:4495 0:2202

1:160 �9:6148 3:2768 0:3184

2:0539 1:5970 �1:0910 �2:5106

1:6676 0:1484 0:2874 0:2088

2
66666666666664

3
77777777777775

It has been computed in Section 7.8.1 (Chapter 7) that the full-order system without

controller has a total of 23 electromechanical swing modes at base case including 11

numbers having a frequency range 0.2-1.0 Hz, which are identified as interarea

modes of the system and are listed here separately in Table 8.12. It is evident that

the damping ratio of the interarea mode #4 is smallest among these 11 interarea

modes and is referred to as the critical interarea mode. It is to be noted that the crit-
ical swing mode #16 in table 7.9 (Chapter 7) is redefined here as critical interarea

mode #4 in Table 8.12. The right eigenvector and participation factor analysis con-

firms that this mode is involved primarily with machines 4, 13, 24, and 20; in par-

ticular, it has strong association with machine 20. These machines are belonging to

four different areas as illustrated in Figure 8.12. Therefore, the measuring zone of

control input signals is chosen from these four areas. The TCSC module has been

placed in branches 152-154. The values of XL and XC considered for the design of

TCSC are given in Section B.5.1 of Appendix B. The initial value of the firing angle

(a) of the TCSC is kept within the capacitive zone with compensation of the TCSC

being 56%.



Table 8.12 Interarea Modes with Frequency (0.2-1.0 Hz) at Nominal

Operating Condition

# Swing Modes Frequency (f) Damping Ratio (z)

1 �3.0431� j6.0689 0.9659 0.4482

2 �3.3906� j5.8905 0.9375 0.4988

3 �3.3215� j5.7429 0.9140 0.5006

4 �1.0363� j4.3800 0.6971 0.2302

5 �3.4131� j5.0370 0.8016 0.5609

6 �3.2044� j4.9464 0.7872 0.5437

7 �3.8535� j4.0865 0.6503 0.6860

8 �3.2680� j4.5548 0.7249 0.5829

9 �3.3024� j4.3813 0.6973 0.6019

10 �3.3031� j4.4201 0.7034 0.5986

11 �2.9858� j2.5168 0.4005 0.7646
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FIGURE 8.12

Part of the 14-area, 24-machine, and 203-bus study system with TCSC controller.
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In the following section, the behavior of this interarea mode #4 and the small-

signal performance of the proposed closed-loop system have been investigated

applying the reduced-order LMI-based TCSC controller in the full-order plant.
8.6.5 Performance of the closed-loop H1 control
To examine the performance of the robust TCSC controller, the dynamic behavior of

the system has been investigated inducing interarea oscillations for three commonly

occurring power system disturbances, that is, load increase, generation drop, and

transmission line outage for their small and wide variations. In each case, the eigen-

value as well as time domain analysis of the system has been carried out. The results

of simulations are illustrated as follows [21]:

� Small disturbance performance

At first, the real and reactive loads of bus 154 are increased in small steps from its

nominal value (PL¼0.75pu andQL¼1.85pu). With increase in load, there is a dete-

rioration of the damping ratio of the critical swing mode that has been observed.

However, substantial improvement is found with the installation of the controller.

Second, the effect of generation drop on interarea oscillations has been investigated,

and it is found that the stability of the system improves adequately in the presence of

the controller. The performance of the controller is further verified using a contin-

gency like the outage of tie lines 145-149 and 118-122 separately. The outage of the

tie line 145-149 shifted the interarea mode toward a more critical position, but the

incorporation of the robust TCSC controller shows noticeable enhancement of damp-

ing. The damping action of the controller is also found to be satisfactory with respect

to the outage of the line 118-122. Table 8.13 contains the results of both without and

with control conditions.

The performance robustness of the controller is now demonstrated by computing

the angular speed response of machine 20. The deviation of angular speed response

of machine 20 with and without control has been plotted in Figure 8.13a–c for a sim-

ulation time of 10 s. It appears that the controller exhibits superior damping charac-

teristics for the case of generation drop and transmission line outage compared to the

case of increase of load power demand.

� Large disturbance performance

The robust performance of the closed-loop system is evaluated again in the face

of large variations of system disturbances that include real and reactive load increase

(40% more than nominal) in selected buses, drop in real power generations (total

40%) in some designated generators buses, and simultaneous tripping of three trans-

mission lines (42-53, 118-122, and 145-149). The TCSC controller provides very

good damping characteristics in all these contingencies. The damping effect on

the critical interarea mode without and with control action has been presented in

Table 8.14. It has been observed that simultaneous occurrence of three-tie-line out-

age pushes the critical mode to the right half of the s-plane, resulting in the instability



Table 8.13 Critical Interarea Mode Without and with Robust TCSC Controller for Small Disturbance

Power System Disturbances

Without Control With Robust TCSC Controller

Critical Interarea Mode Damping Ratio Critical Interarea Mode Damping Ratio

Load increase PL¼0.90,
QL¼2.15

�1.0145� j4.4020 0.22458 �2.8832� j6.2856 0.41693

PL¼1.15,
QL¼2.45

�0.9983� j4.4352 0.21961 �2.8577� j6.3978 0.40784

Generation drop Total 15% �0.7175� j4.5671 0.15520 �2.8392� j6.3784 0.40666

Total 20% �0.6118� j4.6395 0.13076 �2.8404� j6.3768 0.40689

Line outage 145-149 �0.2040� j3.9457 0.05164 �2.9385� j6.3567 0.41961

118-122 �1.0140� j4.2986 0.22960 �3.1808� j6.7737 0.42505
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FIGURE 8.13

Small disturbance dynamic response. (a) Load increase; (b) generation drop; (c) line outage.



Table 8.14 Critical Interarea Mode Without and with Robust TCSC Controller

for Large Disturbance

Power System
Disturbances

Without Control With Robust TCSC Control

Critical Interarea
Mode

Damping
Ratio

Critical Interarea
Mode

Damping
Ratio

Load
increase

40%more
than
nominal
value

�0.75328� j4.9973 0.14905 �2.7942� j6.6364 0.38805

Genera-
tion drop

Total 40%
(gen 2, 3,
5, and 20)

�0.16153� j4.9112 0.03287 �2.9344� j8.2818 0.33398

Line
outage

42-53,
118-122,
145-149

0.00605� j3.9016 �0.00155 �3.0273� j7.1389 0.39041
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of the system. In this situation, installation of the TCSC controller shows significant

improvement of damping and brings back the system under stable operating condi-

tion, establishing the need for the robust controller.

The dynamic behavior of the system with respect to generator speed has also been

investigated exciting the interarea oscillations following these large disturbances. It

is evident that the behavior of the system is sufficiently oscillatory for all three cases.

The angular speed responses of generator 20 with different power system distur-

bances have been plotted in Figure 8.14a–c. It is visible that LMI-based TCSC con-

troller introduces adequate improvement on system oscillations and provides a

reasonable settling time (2-3 s). A view of Figure 8.14c shows that the controller

achieves a higher level of damping for the tie-line outage oscillations compared

to the case of load increase and generation drop.

The results mentioned earlier reported one important conclusion that the in-

terarea oscillations can be damped effectively when TCSC has been placed in

the branch associated with a particular machine participating strongly to the inter-

area mode. The need of robust TCSC controller for control of interarea oscillations

in the face of large variations of power system disturbances has also been

established.
8.6.6 H1 Controller through PSO
In the previous section (Section 8.6.2) it has been discussed that the criterion for H1
optimization is to minimize the H1 norm of the closed-loop transfer function

‖Tzd‖1 < g , where g > 0 is a designable parameter and hence ‘g’ is based on

well-known small-gain theorem which signifies the effect of disturbance input ‘d’
on to the performance output “z” is minimum. The parameter “g” scales
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1
g Tzdk k1
� �

< 1
� 


the closed-loop system matrices; Acl, Bcl, Ccl, andDcl, which con-

tain unknown parameters of the controller TCSC controller in order to give guaran-

teed stability margin and no poles on the imaginary (jo) axis of the system. Thus, a

fixed structure H1 controller for a TCSC can be designed through minimization of

the H1-norm specifications which can ensures satisfactory damping of the critical

swing mode following possible power system disturbances (e.g., change in load
2
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Large disturbance dynamic response. (a) Load increase; (b) generation drop;
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FIGURE 8.15

Block-diagram model of lead-lag compensator-based TCSC controller.
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or transmission line outage) in a power system [22]. The structure of the TCSC con-

troller is considered as a basic lead-lag compensator (Figure 8.15) whose parameters

can be optimized using PSO via minimization of the H1-norm of the closed-loop

transfer function of the power system.

There are five tuning parameters of the TCSC controller; the controller gain

(KTCSC), lead-lag time constants (T1, T2, T3, and T4). These parameters are to be opti-

mized applying PSO-based technique by minimizing the desired objective function

‖Tzd‖1 < g. It may be appreciated at this point that an analytical solution to this

optimization problem is difficult to obtain. This numerical method produces solu-

tion more efficiently. The washout stage of the controller is set with TW =10 s. The

problem constraints are the bounds on the possible parameters of the TCSC

controller.
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Thus the optimization problem can be set as:

Minimize J¼ Tzdk k1 < g; g> 0 ð8:47Þ
Subject to:

Kmin
TCSC �K�Kmax

TCSC; T
min
1 � T1 � Tmax

1 ; Tmin
2 � T2 �max

2 ; Tmin
3 � T3 � Tmax

3 ;

Tmin
4 � T4 � Tmax

4

The weightsW1(s) andW2(s) are worked out to be:W1 sð Þ¼ 2
sþ1:5;W2 sð Þ¼ 0:5sþ10

0:25sþ1
. The

H1-norm of the closed-loop transfer function ‖Tzd‖1 is computed in MATLAB for

proposed 14-bus multimachine system (Figure 8.2). The PSO algorithm generates

the optimal values of the TCSC controller parameters by minimizing the objective

function “J” (Equation 8.47) and the output results are presented in Table 8.15. The

convergence rate of objective function “J” for gbest with the number of generations

for 200 has been shown in Figure 8.16. The convergence is guaranteed by observing

the value of “J”, which remains unchanged up to 8 decimal places.

The performance of the PSO-based H1 TCSC controller has been studied for the

14-bus power system (Figure 8.2) in the face of two commonly occurring power sys-

tem disturbances; that include real and reactive load increase (15% more than nom-

inal (PL = 0.339 pu,QL = 0.190 pu) in an arbitrary selected bus #9 and the outage of a

transmission lines (#10). The TCSC controller is installed in a particular branch #16.

The damping ratio of the swing modes without any controller of this test system is

presented in the Table 8.2 (Section 8.2.3). It has been found that damping ratio of the

critical swing mode #4 is improved substantially with application of the PSO-based

H1 TCSC controller in case of both type of disturbances. The performance of the

controller is further demonstrated by computing the angular speed response of

machine #1 for the case of 15% load increase in bus #9. The deviation of angular

speed response with and without control has been plotted in Figure 8.17 for simula-

tion time 14 s. It has been observed that the performance of the controller is quite

satisfactory. In view of these results it is reasonable to conclude that the PSO-based

H1 TCSC controller exhibits good damping characteristics and is effective in mit-

igating small signal oscillations (Table 8.16).
Table 8.15 PSO-Based H1 TCSC Controller Parameters

TCSC Parameters PSO-Based Value Attainable Minimum Value of “J”

KTCSC 0.52714

1.333T1, T2 0.27309, 0.02002

T3, T4 0.09762, 0.96707
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Table 8.16 Impact on Critical Swing Mode #4 Without and With TCSC Controller

Application
of Controller Without H1 TCSC Controller

With PSO-Based H1
TCSC Controller

Power system
disturbances

Load
increased at
bus # 9

Transmission
line outage

Load
increased at
bus # 9

Transmission
line outage

Critical swing
mode #4

�0.8831 �
j5.8324

�0.8845 �
j5.8336

�1.2276 �
j6.8783

�1.1642 �
j6.0791

Damping ratio 0.1497 0.1499 0.1757 0.1880
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8.7 MULTIAREA CLOSED-LOOP CONTROL
Once the design and simulations have been performed, the next credible step would

be to implement the closed-loop control, and for this requirement, a simple feedback

control scheme has been proposed here. The proposed possible schematic diagram

has been depicted in a block diagram in Figure 8.18. The rotor speed is detected by

the digital proximity pickup (Figure 8.19), which can usually measure speed up to
Power system:
14 area 24 machine

203 bus system PS
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FIGURE 8.18

Configuration of remote feedback control scheme.
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15000 rpm. The frequency of the pulses delivered through the proximity sensor will

depend upon the number of teeth of the rotor and its speed of rotation.

Here, the objective is to realize a closed-loop control system using TCSC con-

troller in a multiarea power system. To accomplish this task, the power system needs

to install required numbers of measuring equipments at remote nodes for collections

of auxiliary control input (rotor speed, Do); data corresponding to the generators

have high participation in interarea oscillations. These machines may be located

in different areas or substations. Generator speed signals measured by the proximity

sensor (PS) are modulated first for transmission through the wide-area communica-

tion network. The Ethernet or high-speed fiber-optic link may be suitable for this

purpose. In the receiving end of the centralize control station, transmitted signals

can be demodulated and filtered out to receive input signals to the controller.

One of the important concerns in multiarea measurement-based control is the sig-

nal transmission delay. The value of delay is generally considered as 0.05-1.0 s [23],

which can vary depending on the distance of the controller site from the sensor loca-

tion and the mechanism of data acquisition. The delays for the remote signals can be

modeled by a first-order filter [24] in the feedback path where the equivalent time

constant t is representing the delay. Denoting delayed speed signal by Dot corre-

sponding to the original signal Do, the state-space formulations of the transportation

delay blocks can be obtained as

D _ot ¼AtDotþBtDo ð8:48Þ
Dyt ¼CtDot ð8:49Þ

where Dot ¼ Do1t Do2t 
 
 
 Domt½ �T, At¼diag(�2/t1,�2/t2, . . .,�2/tm),
Bt¼diag(2/t1,2/t2, . . ., 2/tm), and Ct is the identity matrix. m denotes the numbers

of measured signals. For the given study system, m¼4 for four numbers of selected

input signals of the controller. The speed input signals measured by the PS are trans-

mitted via wide-area communication network to the controller. The controller pro-

duces output control action signal and thyristor conduction angle (Ds), which
introduces additional damping to the interarea mode executing TCSC reactance in

phase with the speed deviations of the generators.
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EXERCISE

8.1. Explain the different steps of particle swarm optimization (PSO) and GA for

application in parameter optimization of a power system damping controllers.

What are the advantages of PSO over GA?

8.2. Explain the terms, H1 norm and H1 control. Discuss the mixed-sensitivity

H1 control theory based on LMI approach. What is the significance of the

LMI region?

8.3. In a single-machine infinite bus system, the machine and exciter parameters

are given as follows:

Re¼0, Xe¼0.5pu, Vt∠y	¼1∠15	 pu, and V1∠y	 ¼1.05∠0	 pu.
H¼3.2 s, T0do¼9.6 s, KA¼400, TA¼0.2 s, Rs¼0.0 pu, Xq¼2.1pu,

Xd¼2.5pu, X0
d¼0.39pu, D¼0, and os¼314 rad/s

(i) Design an LMI-based H1 TCSC controller for this system and

ensure that all the closed-loop poles of the system are lying in a feasible

LMI region. (ii) Repeat the problem (i) for the design of an LMI-based H1
SVC controller.

8.4. Consider a WSCC-type 3-machine, 9-bus system. Find the optimal location

and parameters of the TCSC controller applying PSO- and GA-based

optimization method separately. Investigate the characteristics of the critical

swing mode of the system for both the optimization methods.

8.5. What is Hopf bifurcation? For the system given in problem 8.4, investigate

the point of Hopf bifurcation load. It is assumed that real power load (PL)

is increased in steps at load bus. 5.

(i) Show that installation of an SVC at load bus 8 can put off Hopf bifurcation.

(ii) Repeat the problem (i) when a TCSC is installed in line 5-7.
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CHAPTER
Impact of Distributed Energy
Resources
 9

9.1 INTRODUCTION
Distributed energy resources (DERs) are any electricity-producing resources that are

directly connected or connected to a host facility with the local distribution systems

and are not otherwise included in the formal bulk electric generation systems [1, 2].

Technological advancements, climate change policies, greenhouse effect, and grow-

ing consumer opportunities in deregulated power market are leading to a global

increase of generation and use of the electricity through DERs. DERs can include

photo voltaic (PV) solar panels, wind power, hydroelectric power, nuclear energy,

geothermal energy, tidal power, electricity storage, small natural-gas-fueled gener-

ators, biomass energy cell, electric vehicles and controllable loads, such as HVAC

systems, etc. All these power generation techniques can be described as renewable

since they are not depleting any resources to create the energy. Renewable sources of

energy are the ones which can be generated continuously in nature and are inexhaust-

ible. Renewable sources of energy are now an essential part of an overall strategy of

sustainable development. They not only reduce dependence of conventional energy

imports but also thereby ensure a sustainable supply and climate protection. These

resources are typically smaller in scale (typically in the range of 3 kW to 10,000 kW)

than the traditional generation facilities and may or may not be connected with the

existing energy management and storage systems.

The interconnections of distributed energy sources to the bulk power network

require an analysis of the following major features [3]:

� Analyzing the possibilities, variants, conditions for system integration in the

location involving a delimitation of the area and verifying the operating

conditions in steady state as well as in dynamic conditions.

� Analyzing the operating conditions of the network after connecting the new

renewable sources involving the study of network area where the new sources are

connected.

� Assuring the adequacy in case of high bandwidth variation of the generated

power, from zero to maximum power with respect to forecasted values on short

time intervals.

� The impact of congestions in the transmission system occurring during periods of

high power injected by the renewable energy sources.
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Among all the distributed energy sources, the photovoltaic (PV) system and the

wind energy generations are increasingly growing worldwide. Due to the potential

benefits of the PV systems, such as quietness, nonpolluting, safety, and low main-

tenance cost, it is becoming competitive with the conventional generating units.

In addition, wind energy is also popular because of easy capturing of the potential

energy of the wind above the sea and the tides within the sea where a major part

of the earth’s surface has been covered with oceans and seas. This chapter describes

first the fundamentals of some popular distributed energy sources and then describes

the method of investigation power system stability with integration of distributed

energy resources.
9.2 FUNDAMENTALS OF DISTRIBUTED ENERGY
RESOURCES (DERs)
There are various types of DER; a list of selected DER types and their respective

definitions and functions are provided as follows, which gives a comprehensive dis-

cussion and fundamentals for investigation forward with an improved understanding

of the role of DER in the power system network.
9.2.1 Solar photovoltaic (PV) system
The basic elements of a solar PV system are the solar cell. The typical PV standalone

system consists of PV panels of solar cells or modules, batteries, maximum power

point tracker (MPPT), inverters, and charge controllers. The solar cells generate a dc

current, which is converted into ac current to 60 Hz or 50 Hz by power electronics

inverter control. Solar energy is not available continuously, so an energy storage

medium, battery, is needed to store solar energy during day or sunny periods. Battery

is charged from the PV modules by the charge controller. The charge controller

ensures that the maximum output of the solar panels or array is directed to charge

the batteries without overcharging or damaging them. Power is supplied to the

ac load by the storage battery through inverter operation during night or cloudy

periods.

The basic construction of a PV solar panel has been shown in the Figure 9.1.

The PV cell consists of the P-N junction type layer of semiconductor material.

The semiconductor materials like arsenide, cadmium, indium, silicon, selenium,

and gallium are generally used for making the PV cells. However, silicon and

selenium are most commonly used commercially for making the solar cell.

The semiconductor material upon absorption of solar light starts emitting elec-

trons from the material and produces flow of current, thus converting the light

energy into electric energy. The electric current is coming out from the solar

panel through the metallic electrodes connected with the semiconductor materials

of the PV modules.
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FIGURE 9.1

Schematic of photo voltaic (PV) cell, PV module, and solar panel.
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The power output of a solar panel or array can be computed as [4].

Pp ¼m�Pmod Wð Þ (9.1)

where m ¼ number of modules in an array or a panel. The power output (W) per

module is given by Pmod ¼ n � Pc, where n ¼ number of solar cells, in a module,

Pc ¼ power per solar cell (W). Voltage developed across the panel, Vp ¼ Pp

Ip
, where

Ip ¼
ffiffiffiffi
Pp

R

q
is the current delivered by the panel.

The magnitude of the output voltage and the current obtained from a single-unit

PV cell is very less. The practical output voltage of a solar cell is around 0.5–0.6 V,

and that of the current is approximately 0.8A. Thus, different combinations of cells in

series or in parallel are used for increasing the output efficiency of the system.

The performance of a PV power plant is often determined by a metric called the

capacity utilization factor (CUF) in the range 18%–20% or higher under ideal and

prevailing technologies. The CUF is defined as the ratio of the actual output from

a solar plant over the year to the maximum possible output from it for a year under

ideal conditions. Efficiency of a solar PV power plant depends on the amount of solar

radiation available. Solar thermal systems can achieve efficiency up to 20%. Overall

efficiency of a PV power generation can be computed from the efficiency of the

equipment, that is, and efficiency of the solar collector, efficiency of the inverter,

and also on the battery efficiency.

The block diagram of a grid connected solar PV system is shown in Figure 9.2. It

is obvious that PV generators do not have any rotating mechanical parts and the

dynamics of such systems are dominated by power electronics inverter and converter

controllers. The solar PV system has been designed depending on the loads to be

connected or drawn from the system and the economical installation is estimated

accordingly. Here, the converter current control strategy effectively decouples the

PV system from the rest of the distribution network and the loads, from the viewpoint

of system dynamics [5].
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Block diagram of a grid-connected PV system.
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There are many advantages of a PV system: some include high reliability, low

maintenance, low upkeep cost, systems are eco-friendly as there is no waste or

byproducts, and easy expansion by using multiple solar panels and batteries. The

disadvantages include high initial investment, especially for the photovoltaic panels

and deep cycle lead acid batteries, reliance on the sun, low efficiency, and the pos-

sible danger from battery acid and fumes associated with most forms of renewable

energy.

All the systems components have to be checked and cleaned on a regular basis to

ensure the system is functioning optimally. Like many other offgrid systems, PV sys-

tems require basic electrical and electronics knowledge in order to install and main-

tain in an effective manner and to troubleshoot the system.
9.2.2 Wind energy system
Wind energy is a renewable source of energy obtained by converting the kinetic

energy of wind by wind turbines into useful form of mechanical power or electricity.

It is also a clean energy source that operates without producing carbon dioxide, sulfur

dioxide, particulates, or any other type of air pollution. As a result, the popularity of

wind energy is growing exponentially. This trend makes it possible to build larger

wind farm and generate more power.

Wind-energy-generating stations are generally installed on the ocean or on the

seashore depending on the feasibility to connect with the bulk power system network

and the availability of wind speed. At any given site, the wind speed can vary from

zero to high gusts, so wind speed is important because the amount of electricity that

wind turbines can generate is determined by the winds actual speed or velocity. Wind

turbines are installed in high tower to capture good wind speed and are often grouped

together into a single wind power plant, and generate bulk electrical power, which is

fed into a utility grid and distributed to customers.
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Wind power is measured inW determined by the size of the rotor blades, the wind

velocity, and the air density. The theoretical power in moving air is the flow rate of

kinetic energy per second by a wind turbine and is given by the equation [4]:

P¼ 0:5�r�A�V3�Cp (9.2)

where P is the wind power, r (rho) is the air density in kg/m3, A is the circular area in

m2 swept by the rotors, V is the air velocity in m/s or mph, and Cp is the power coef-

ficient (efficiency), which is the percentage of power in the wind that is converted

into mechanical energy, typically 0.35–0.45, (35%–45%). It is evident from

Equation (9.2) that the “available wind energy is proportional to the cube of the wind

speed” or wind velocity, and thus it is very important fact that a small change in wind

speed makes a big change in the power contained within it.

General block diagram of basic components of wind energy conversion systems

is presented in Figure 9.3.

The wind turbines with rotating blades convert the kinetic energy of wind into

useful power. Two basic categories of wind turbines exist: horizontal-axis wind tur-

bines (HAWT) and vertical-axis wind turbines (VAWT) depending on the orienta-

tion of the rotor axis of rotation with respect to the direction of wind [6]. These

turbines require pitch control and yaw controls for proper operation. The

horizontal-axis wind turbines are most commonly used and are mounted on towers

to capture more wind energy as shown in Figure 9.4A. The advantages of the HAWT

are that they have higher efficiency and lower cost-to-power ratio. The disadvantages

are that generator and gearbox should be mounted on a tower; thus, there are diffi-

culties in servicing and maintenance and more complex design is required due to the

need for yaw control.

The vertical-axis wind turbines consist of ground-mounted generator and gearbox

as shown in Figure 9.4B. The advantages of the VAWT are easy maintenance as they
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General components of a wind energy generation system.
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are ground mounted and low cost of fabrication. They can receive wind from any

direction; thus, no yaw control is required. However, disadvantages of vertical-axis

wind turbines are that they are not self-starting and thus require generator to run in

motor mode at starting. They have lower efficiency because the blades lose energy as

they turn out of the wind.

The mechanical interface of the wind turbines consists of a step-up gear coupled

with electric generator to transmit rotary mechanical energy to the generator. Differ-

ent types of generators are used with wind turbines. The most common types of AC

generators are Squirrel-Cage rotor Induction Generator (SCIG), Wound-Rotor

Induction Generator (WRIG), and Doubly-Fed Induction Generator (DFIG). The

AC output of the generator is connected to the consumer load or utility grid as

per demand and requirement. For DC application, suitable controllable rectifier

and converters are incorporated with the system. The controller serves the purpose

of sensing and control of multiple variables, which are required to maintain and pro-

tection of the system. It measures the wind velocity, wind direction, and the shaft

speed and torques of the mechanical system. It also monitors the temperature and

vibration of the turbine-generators systems. Appropriate control action is taken by

the controller to synchronize the electric output of the generator to the wind energy

input to the turbine.

The advantage of wind power generation is that it is free of fuel cost, environment

friendly, and quite reliable. It is possible to supply electric power to the remote and

inaccessible areas through wind generation system. The power generation capacity

can be enhanced through wind firm, which can be competitive with the bulk power

generation systems.

The disadvantage is that wind energy is unsteady and may be irregular and

require battery storage during wind intermittency. Wind energy system requires high

capital investment cost per kWh and needs government support. Design, analysis,
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and troubleshooting of wind energy generation system require good technical expert.

The installation of wind firm highly depends on geographical locations: on ocean or

seashore. Large wind firm creates sound noise and poses threat to wildlife, like

birds, etc.
9.2.3 Hydropower
Hydroelectric power comes from water at stored potential energy or water in motion.

It can be seen as another form of solar energy, as the sun powers the hydrologic cycle,

which gives the earth its water. A hydraulic turbine converts the potential energy of

water into mechanical energy, which is utilized to run an electric generator to get

electricity. Hydropower is the most established, mature renewable resource for elec-

tricity generation. Depending on the capacities, these plants are classified as micro

(less than 100 kW), mini (100 kW–1 MW), small (1 MW–25 MW), and large scale

(above 25 MW) [5]. The major difference between small and large hydro plants is

that the former is designed for local or small organization and not connected to

the grid, whereas large hydro projects are connected to the regional grid and require

a tailormade design in each particular scheme. The simple layout of a hydropower

generation system and its basic control loop are depicted in Figure 9.5A and B. The
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Surge tank or forebay is a temporary storage of water to be finally utilized for energy

generation. Penstock control and delivers the water flow to the turbine. A suitable

turbine is used to get mechanical power at the turbine-generator shaft from flowing

stream of water. The generator coupled with the turbine gives electrical output to the

power house, which in turn step-up/step-down to supply or connect with the utility

grid. The frequency and voltage output of the generator depends on the shaft speed.

The draft tube conduit reduces the velocity of the discharged water, which connects

the flow exit to the tailrace where the water is being finally discharged from the tur-

bine. The important aspects for selection of site for a hydroelectric plant are avail-

ability of water, water storage and water head, type of land of site and its

accessibility, distance from load center, etc.

The theoretical power available from the falling water is proportional to the prod-

uct of head and flow rate. The general formula for hydro power output can be com-

puted as [7]:

Ph ¼ ��r�g�Q�H (9.3)

where Ph is the mechanical power produced at the turbine shaft (W), � is the overall

hydraulic efficiency of the turbine, r is the density of water (1000 kg/m3), g is the

acceleration due to gravity (9.81 m/s2),Q is the volume flow rate passing through the

turbine (m3/s), H is the effective pressure head of water across the turbine (m). The

hydraulic efficiencies of the turbines can be in the range 80%–90%, depending on the

size and capacities of the plant.

There are many advantages of hydroelectric generations. It is nonpolluting—no

heat, smoke, or noxious gases are released. A hydropower plant is more reliable than

wind or solar power. The hydroelectric energy technology is a proven technology

that offers low maintenance cost. The operation cost of the plant is also low as there

are no fuel charges. In addition to power generation, these plants are also used for

flood control and irrigation purpose.

The disadvantages of the hydropower generations are that initial investment is

relatively high and takes considerable long time for the erection of such plants. Small

hydro plants are usually located in remote places or hilly regions and are difficult to

connect with the grid or load center and therefore transmission of surplus power to

the other places requires long transmission lines; subsequently, the cost of transmis-

sion lines and losses will be more. Large-scale hydropower plant requires construc-

tion of dams or reservoir. Dam creates migratory barrier of water species, which

affect the free movement of fish and their reproduction cycle.
9.2.4 Geothermal energy
Geothermal energy is the heat present in the Earth and is found a few miles beneath

the Earth’s surface from shallow ground to down even deeper to the extremely high

temperatures of molten rock called magma. Geothermal energy is clean, sustainable,

and renewable resources of energy because the Earth’s heat is available 24 h a day,

365 days a year and the heat emanating from the interior of the Earth is essentially
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limitless. Solar and wind energy sources, in contrast, are dependent upon a number of

factors, including daily and seasonal fluctuations and weather variations. For these

reasons, electricity from geothermal energy is more consistently reliable. The heat

continuously flowing from the Earth’s interior is estimated to be equivalent to 42

million megawatts of power [8]. One megawatt can meet the power needs of about

1000 homes. The world’s largest geothermal power installation is “The Geysers” in

California, with a rated capacity of 750 MW.

The geothermal energy sources were classified generally into three types: liquid-

dominant plant, thermal energy, enhanced geothermal. Liquid-dominant plants or
reservoirs have temperature of about 200�C; these sources are found close to the vol-
canoes or in rift areas. These plants do not require pumps. The steam is isolated

through the cyclone separators and the liquid stays in the reservoir for recycle again.

Thermal energy plants are the lower-temperature sources of generated energy with

temperature 30–150�C. This energy can be availed directly for the purpose of indus-
trial heating and domestic use without converting into electricity. In enhanced geo-
thermal systems, two deep wells are drilled on the earth surface. One well injects

water into the ground to provide water resource to the underneath. The hot rocks heat

the injected water to produce steam. The steam that shoots back up the other hole(s)

is purified and is used to drive turbines, which powers electric generators. The oper-

ational schematic of an enhanced geothermal energy plant has been presented in

Figure 9.6.

The energy obtained from geothermal source depends on the transportation of

heat from a geothermal reservoir to the surface via a hot fluid or brine as shown

in Figure 9.6. The net amount of energy produced by a single well can be described

by the following equation [9]:
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Operational schematic of an enhanced geothermal energy plant.
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EW ¼Cp�F�DT���P (9.4)

where Cp is the specific heat of the geothermal fluid; F is the flow rate of fluid from

the production well; DT is the sensible heat that can be extracted from the fluid pro-

duced by the production well. DT depends on the temperature of the reservoir

(TReservoir) and the rejection temperature (TRejection) of the energy conversion system.

Thus,DT ¼ (TReservoir � TRejection); � is the efficiency with which the heat energy can
be used, and P is the parasitic losses due to pumping of the fluid from extraction well

and then injected back into the reservoir via injection wells. The minimum amount of

net energy produced by a well in a geothermal power system is generally around

4 MW. The specific heat will be more or less constant for all resource types. The

DT will be in the order of 50–150�C.
The future of geothermal energy is very massive and it depends upon the supply,

demand, and utility. Geothermal power has the advantage that it is not variable, like

most of the other renewable sources. This plant can be installed in a small area. It is a

nonpolluting and environment-friendly source of energy and does not generate any

wastage of byproduct. The energy produced by the geothermal plant can be availed

directly. The cost of maintenance and also the operational costs are low for the geo-

thermal plants.

There are also some disadvantages of the geothermal energy. It is highly depen-

dent on the geographical areas and the locations of geothermal plants are generally

far away from the load center. The amount of power obtained by these plants is com-

paratively lower than the other sources. In geothermal plant, there was always a prob-

ability of releasing few dangerous and hazardous gasses from under well and also has

the chance of eruption of the volcano.
9.2.5 Energy from fuel cells
Fuel cells (FCs) are the static electrochemical device that converts the chemical

energy of a conventional fuel into electrical energy. The fuel cells normally generate

low voltage and direct current (DC) electricity. The basic physical structure of a fuel

cell consists of two porous electrodes: anode and cathode and an electrolyte layer in

the middle of the electrodes. The electrolyte layer is a good conductor for positive

and negative charged ions, but not for electrons. The electrolyte can either be solid,

liquid, polymer, or chemical. Depending upon the type of the electrolyte use, fuel

cells may be classified as solid oxide fuel cells (SOFC), liquid or molten carbonate

fuel cells (MCFC), polymer electrolytic membrane fuel cell (PEMFC), phosphoric

acid fuel cell (PAFC), and alkaline fuel cell (AFC). Among different types of fuel

cells, SOFC, PEMFC, and MCFC are most likely to be used for distributed gener-

ation applications [10]. The type and chemical properties of the electrolyte used

in fuel cells are very important to their operating characteristics. Themost commonly

used fuel for fuel cells is hydrogen and the oxidant is usually oxygen or air. Never-

theless, theoretically, any substance capable of chemical oxidation that can be
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supplied continuously (as a fluid) can be used as fuel at the anode of a fuel cell. Sim-

ilarly, the oxidant can be any fluid that can be reduced at a sufficient rate. The polar-

ity of an ion and its transport direction can differ for different fuel cells. The site of

water production and removal from the cell depends on the direction of transporta-

tion of ions. The electrochemical reactions take place at the electrodes to convert

chemical energy into electricity. The anode (negative) is the electrode from which

electrons leave and cathode (positive) is the electrode to which the electrons come.

Electrodes should be conductive and not reactive with the electrolyte to prevent cor-

rosion. Electrodes also act as a catalyst to convert hydrogen and oxygen molecules

into their ions.

Compared with conventional power plants, this fuel-cell-based distributed gen-

eration systems have many advantages such as high efficiency, zero or low emission

(of pollutant gases), and flexible modular structure. In the following section, an over-

view is given on the operating principles of the liquid or molten carbonate fuel cells

(MCFC).

� Liquid or molten carbonate fuel cells (MCFCs)

These types of fuel cells are currently being popular for electrical utility, indus-

trial, and military applications. MCFCs are the high-temperature fuel cells and

operating temperature is around 650�C. The electrolyte of MCFCs is composed

of a molten carbonate salt mixture, which is suspended in a porous, chemically inert

ceramic lithium aluminum oxide matrix. As they operate at high temperatures, non-

precious metals can be used as catalysts at the anode and cathode. MCFCs offer

good efficiency and have significant reduced cost over phosphoric acid fuel cells.

Molten carbonate fuel cells, when coupled with a turbine, can achieve efficiencies

around 65%, which is considerably higher than the 37%–42% efficiencies of a

phosphoric acid fuel cell plant. The efficiency can be over 85% upon capture

and utilization of waste heat. The operation and chemical reactions of a typical

MCFC are described in Figure 9.7. At the fuel electrode or anode, H2 and CO mol-

ecule react separately with CO3
�� ions exist in the cell electrolyte and release two

electrons in each case to the electrode. The anode and cathode reactions are

described as follows:

Anode reactions:

H2þCO3
�� ¼H2OþCO2þ2e� (9.5)

COþCO3
�� ¼ 2CO2þ2e� (9.6)

These released electrons create a load current through the external load and reach the

oxygen electrode or cathode. The CO2 produced at the fuel electrode is circulated

through an external path to the cathode electrode. In the cathode, it combines with

O2 of the supplied air and the returning electrons from the anode produces CO3
��.

These CO3
�� ions are responsible for transportation of charge from cathode to anode

within the electrolyte inside the cell.
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Schematic and operation of a molten carbonate fuel cells (MCFCs).
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Cathode reactions:

O2þ2CO2þ4e� ¼ 2CO3
�� (9.7)

The overall reaction of the cell can be presented as follows:

H2þCOþO2 ¼H2OþCO2 (9.8)

The theoretical voltage produced for a fuel cell is around 1.0 V; however, true poten-

tial is around 0.6–0.7 V. The voltage actually drops as the current flows an extra

potential is required to proceed with the cathode reaction and also there is a loss

of energy due to the flow of charge carriers through the media.

� Fuel-cell-based power generation system

The schematic diagram of a fuel-cell-based electrical power generation system is

shown in Figure 9.8. The primary fossil fuels are purified and reformed in fuel pro-

cessing unit before input to the fuel cell module. In fuel cell module, fuel energy is

converted electrochemically to DC power using ambient air as oxidant. A number of
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fuel cells can be stacked to form a fuel cell module and by interconnecting several

fuel cell modules form a fuel power generating unit.

The E.M.F. generated in a fuel cell that will create electron flow through the

external load is proportional to the Gibbs Free Energy Change, that is,

E¼�DGf

nF
(9.9)

and the maximum efficiency of the cell is

�max ¼
�nFE

DH
(9.10)

where E ¼ electromotive force. DGf ¼ change in Gibbs free energy (J/mol).

n ¼ number of electrons per mole of fuel, and F ¼ Faraday’s constant (¼96,487 cou-

lombs/mol). DGf depends on the type and material of fuel cell. For hydrogen oxygen

fuel cells, the value of DGf ¼ (�237191)kJ/kg mole and the change in enthalpy

DH ¼ (�285838)kJ/kg mole at 25�C.
The advantages of fuel-cell-based power plants are that it is eco-friendly and

noiseless as they do not have rotating parts. There are wide varieties of choice of

fuels for utilization in fuel cells. The efficiency of a fuel cell plants can be up to

55%–60%, which is comparatively higher than the efficiency (30%–37%) of a

conventional power plant. Fuel cell can be installed in decentralized manner; thus,

transmission and distribution losses are avoided.

The primary disadvantage of current MCFC technology is durability. The high

temperatures at which these cells operate and the corrosive electrolyte used acceler-

ates component breakdown and corrosion, decreasing cell life. Scientists are

currently exploring corrosion-resistant materials for components as well as fuel cell

designs that double cell life from the current 40,000 h (�5 years) without decreasing

performance.
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9.2.6 Biomass energy
The energy obtained from biomass or organic matters is called biomass energy or

bioenergy. Biomass contains stored energy from the sun and it is a renewable source

of energy. Sources of biomass are living materials such as plants, animals, fungi, bac-

teria, etc. grown over land or in water. When biomass is burned, the chemical energy

in biomass is released as heat. Plants and animal matters are used for production of

fibers, chemicals, or heat. The net emission of carbon dioxide will be zero as long as

plants continue to be replenished for biomass energy purposes. Burning of plants or

animal matters causes air and water pollution and also burning of animal dung

destroys essential nitrogen and phosphorus. Therefore, it is more useful to convert

the biomass into biogas or liquid biofuels to generate electricity.

Biogas is a mixture of methane, carbon dioxide, hydrogen, and hydrogen sulfite.

Biogas is produced by anaerobic digestion of animal and plant wastes and other

renewable resources such as corn or other vegetation in the presence of water.

The major constituent here is being methane, which is captured in pipes and later

burned to produce electricity. Advantage of biogas production is that it is a nonpol-

luting, clean, and low-cost fuel, which can be very useful for rural areas for cooking,

lighting, etc. Utilization cycle of major biomass energy sources for production of

heat, steam, fuel, and electricity is presented in Figure 9.9. The selection of
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processing technologies depends on the nature and structure of the biomass feedstock

and the desired project outputs.

Most electricity-generating stations and conventional power stations use fos-

sil fuels in the form of coal as their primary fuel source. Biomass power uses the

heat or steam produced by burning the feedstock to generate electricity. By pre-

mixing the coal with solid biomass feedstock, a new type of fuel can be pro-

duced for burning in existing coal-fired boilers. The mixed fuel can be

processed through the same coal handling and coal-firing systems as before.

The advantage of cofiring of solid biomass reduces the generating plants’ reli-

ance on fossil fuels only, reducing its waste ash content and harmful sulfur and

CO2 emissions.

The amount of biomass materials collected as a primary product and its residues

over a certain region can be estimated using the formula given by the (9.11) [6] that

returns the available tones of biomass per year as animal waste.

Biomassi ¼ Area or cattle dedicatedi � yieldið Þ � rtpið Þ � 1� lossið Þ
� 1� current useið Þ � 1� ecolið Þ � econið Þ (9.11)

Area or cattle dedicated (ha/n� cattle): is the area or n� cattle involved i in the

studied region.

yieldi (t/ha): is the yield of crop or manure by cattle i in the studied region.

rtpi: is the residue-to-product ratio for crop/or manure by cattle i.
lossi (%): losses of residues due to technical issues i.
current_usei (%): current use of residues i.
ecoli (%): fraction of residues that should not be removed due to ecological issues i.
econi (%): fraction of residues that is economically convenient to use for energy

conversion i.

Brazil has one of the largest renewable energy programs in the world, involv-

ing production of ethanol fuel from sugar cane, and ethanol now provides 18%

of the country’s automotive fuel. Ethanol fuel is also widely available in the

USA. Vegetable oil is generated from sunlight, H2O and CO2 by plants. It is

safer to use and store than gasoline or diesel as it has a higher flash point.

Straight vegetable oil or biodiesel works in diesel engines, which burn like nor-

mal diesel.

Advantages of use of biomass energy are that it is always and widely available

and can be produced as a renewable resource. Biomass fuel from agriculture wastes

can be used as a secondary product that adds value to agricultural crop. The use of

waste materials reduces landfill disposal and makes more space for everything else.

Carbon dioxide, which is released when biomass fuel is burned, is taken in by the

plants. Biomass is cheaper compared to the fossil fuels.

The following are the limitations found for utilization of the biomass energy.

Agricultural wastes will not be available if the basic crop is no longer grown. Land

used for biomass energymay be in demand for other purposes, such as farming, hous-

ing, or agricultural use. Some biomass conversion projects are from animal wastes
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and are relatively small and limited. Costs of production of biomass energy are

expensive and the conversion efficiency is low. In some cases, biomass plant is a

major cause of environment pollution.
9.3 POWER SYSTEM STABILITY ANALYSIS WITH
DISTRIBUTION ENERGY RESOURCES (DERs)
The environmental concern and the deregulated electricity market in the power sec-

tor have encouraged utility sectors to use renewable energy resources in the form of

distributed generation.

However, integration of distribution sources with the bulk power generation sys-

tems causes different types of stability concern, which were not faced in the past

decades. The penetration of photovoltaic generator and wind energy system in a

power system is increasing day by day and, therefore, it is necessarily important

to study the influence of these systems on overall power system stability and security.

In this regard, the problem of small signal stability is one of the main issues. In [11]

small signal stability, performance of a renewable-energy-based distribution system

has been examined where the study system consists of static and dynamic loads,

which are supplied by synchronous and induction generators. The existence and

nature of oscillatory modes are investigated to study the small signal stability per-

formance of the system. The effects of penetration of renewable energy resources

in the distribution system are also illustrated by both eigenvalue and time-domain

analyses.
9.3.1 Typical grid-connected system with DERs
The configuration of a distribution system has been presented in Figure 9.10 [11].

The system consists of three radial feeders, which are connected by tie lines. The

total real and reactive power load of the system is 28.7 MW and 17.3 MVAR.

The distribution system is supplied by distributed generators located at different

buses. Assuming that distributed generators are located based on the location of

renewable resources, selection of location has been considered as here random.

The synchronous generator SG2 is connected at Bus 2 operating in voltage control

mode supply 4 MW and it has reactive power limit of 3 MVAR. Another synchro-

nous generator SG1 is connected at Bus 3, supplying 5 MW at unity power factor,

which is assumed to be operated in power factor control mode. Capacitor banks

are located at different buses to maintain voltage stability of the distribution system.

The distribution system is fed by the utility grid substation at Bus 1. The grid sub-

station is supposed to supply power at constant power factor and does not propagate

any low-frequency oscillations into the system. Two renewable energy sources wind

generator (WG) and the PV generator systems are connected with the feeder. The

wind generator (WG) of capacity 2 MW is connected at Bus 6 and a 1-MW solar

PV generator system is connected at Bus 7. The wind generator is compensated
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Single-line diagram of a typical distribution system with renewable energy resources.
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by a shunt capacitor supplying reactive power equal to one-third of the active power

generated. As most of the distribution generation (DG) units are pledged for the real

power generations, adequate reactive power network support is to be ensured by the

network service provider in order to maintain network stability.
9.3.2 System modeling for assessment of small signal stability
For stability analysis of any power system, following essential components are gen-

erally taken into considerations for modeling: generators, generator controllers,

power transmission networks, and loads. An overview of the modeling approaches

of these components is presented as follows:

� Modeling of synchronous generators

A renewable-energy-based electricity distribution systemmay comprise different

types of generators, that is, synchronous generators, induction generators, and

inverter-based or static generators. Most of the distribution generation units used

are conventional-type synchronous generators. The reduced order model of a con-

ventional synchronous generator neglecting stator transients, described in

Chapter 2, (Art. 2.8) is represented as follows:

Vd ¼�RsIdþX0
qIqþE0

d (9.12)

Vq ¼�RsIq�X0
dIdþE0

q (9.13)
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T0
do

dE0
q

dt
¼�E0

d� Xd�X0
d

� �
IdþEfd (9.14)

T0
qo

dE0
d

dt
¼�E0

dþ Xq�X0
q

� �
Iq (9.15)

dd
dt

¼o�os (9.16)

2H

os

do
dt

¼Pm�Pei�TD (9.17)

The mechanical power of the generator can be assumed constant as the generators

installed in distribution systems do not participate in frequency mandate. Tradi-

tionally, synchronous generators connected in a distribution system operate as a

constant active power source. However, they can operate at voltage control mode

providing necessary reactive power support to the system. Equations (9.12)–

(9.17) are linearized about an operating point to get the small signal model of

the power system.

� Induction generators

Historically, the induction generators (IGs) are extensively employed in commer-

cial wind power generation units. The rotor angle oscillations of induction generators

have become an important issue with increased penetration in distribution generation

systems. However, the impact of induction generators on power system stability is

different based on their design, i.e., the contributions of the squirrel cage induction
generator (SCIG) and the doubly-fed induction generators (DFIG) on transient sta-

bility are different. The induction generator based on SCIG is very popular because

of its low price, simplicity in design, and resistance against disturbance and

vibration.

A transformer-like per-phase steady state and the transient equivalent circuit dia-

gram of an SCIG are demonstrated in Figure 9.11A and B respectively.

Different variables in Figure 9.11A and B are described follows: Vss: voltage

input at steady state, Iss: total current, Rs: stator resistance, Xs: stator reactance,

Rr: rotor resistance Xr: rotor reactance, Xm: magnetizing reactance, s : (os � or)/

os is the slip.

For stability analysis, SCIG can be modeled by the third-order induction

machines model. Neglecting stator flux dynamics, the dynamic model of an induc-

tion machine can be expressed by the following equations [12]:

de0d
dt

¼� oeRr

XrþXm
e0dþ

X2
m

XmþXr

� �
iqs

� �
þ soee

0
q (9.18)



FIGURE 9.11

(A) Equivalent circuit of an induction generator at steady-state operation. (B) Equivalent

circuit of an induction generator during transient state.
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de0q
dt

¼� oeRr

XrþXm
e0qþ

X2
m

XmþXr

� �
ids

� �
� soee

0
d (9.19)

2H
d

dt

or

ob

� �
¼ Tm�Tem (9.20)

whereoe is the stator angular electrical frequency,ob is the base frequency, andor is

the rotor angular frequency. All are in rad/s. H is the acceleration constant of induc-

tion generator. Tem is the developed electromagnetic torque. Tm is mechanical torque

obtained from wind or from any external force. Similar to the synchronous genera-

tors, the mechanical torque is assumed to be constant during stability study.

In Equations (9.18)–(9.20) e0d and e0q are the d-axis and q-axis back e.m.f., respec-

tively, induced in the induction generator.

e0d ¼
�oe

ob

Xm

XmþXr
cqr (9.21)

e0q ¼
oe

ob

Xm

XmþXr
cdr (9.22)

Here,cdr andcqr represent the rotor fluxes. The stator and the rotor fluxes of the gen-

erator are related to the stator and the rotor currents by the following relationships:

cds ¼ XsþXmð ÞidsþXmidr (9.23)
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cqs ¼ XsþXmð ÞiqsþXmiqr (9.24)

cdr ¼ XrþXmð ÞidrþXmids (9.25)

cqr ¼ XrþXmð ÞiqrþXmiqs (9.26)

For small signal stability analysis, Equations (9.12)–(9.17) and (9.18)–(9.20) are lin-

earized around an operating point to bring the system in standard-state variable form.

� Modeling of solar PV generation system

Photovoltaic electric generation system consists of semiconductor-based solar

cell, solid-state synchronous voltage source converter (VSC), and the power condi-

tioning unit comprises several switching elements under various control schemes. In

a photovoltaic (PV) generator system, the voltage source converter converts the DC

input voltage from PV system into a balanced set of AC sinusoidal output voltage at

fundamental frequency and supply active and reactive power to the grid connected

system.

The schematic of a typical grid connected photovoltaic generator system is shown

in Figure 9.12.

Photovoltaic modules are produced by connecting PV cells in parallel and series,

which is capable of generating power in Watt range. Large-capacity generations

require parallel and series connection of these modules, which is known as photovol-

taic array. The equivalent circuit of a PV module is demonstrated in Figure 9.13. The

cell current Ipv is dependent on the amount of light energy (irradiance) falling on the

PV cell and the cell’s temperature.

The characteristic equation of a photovoltaic array can be formed from the

solar cell equation. The equation of a commercially available solar cell can be

expressed as [13].
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Schematic diagram of grid-connected PV generation system.
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IC ¼ Ipv� Io e
VCþICRSð ÞQ

nKT �1

	 

�VCþ ICRs

Rsh
(9.27)

where Ipv is the cell short circuit current. Io represents the reverse saturation current

of the diode in (A). VC is the cell voltage in volt. K is the Boltzmann constant and T is

the sell temperature. n denotes the linearity factor (for ideal diode n ¼ 1) of the diode.

Rsh and Rse are the shunt and series resistance of the cell, respectively. The series

resistance (Rse), shunt resistance (Rsh) and reverse saturation current (Io) are depen-
dent on the area of the PV cell. Typically Rsh is very high compared to the open cir-

cuit voltage and thus last term can be neglected. Neglecting the term and rearranging

Equation (9.27) gives:

IC ¼ Ipv� Io e
VCþICRseð ÞQ

nKT �1

	 

(9.28)

The equation of a photovoltaic array can then be expressed using (9.27) and (9.28) as

IA ¼ IpvA�NP� Io e
VAþIARseð ÞQ
nNSKT �1

	 

(9.29)

where IA ¼ NPIC is the array current (A). The cell short circuit current, IpvA ¼ NPIpv.
VA is the array voltage in V. Here, NS and NP represent the number of modules con-

nected in series and parallel in the photovoltaic array, respectively.

� Modeling of voltage source converter (VSC) system

DC power generated from the PV array is considered to be the real power

injected into the grid connected network through VSC. The characterization

and modeling of a VSC-based converter considering all switching functions

and nonlinear variables is excessively complex. However, in order to assess sta-

bility, converter can be modeled with reduced-order dynamics. The state-space

representation of a reduced order DC/AC converter can be written by the follow-

ing equations [14]
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Laceo id ¼�RacidþLaciqþ Re Vsð Þ�md

2
vdc (9.30)

Laceo iq ¼�Raciq�Lacidþ Im Vsð Þ�mq

2
vdc (9.31)

Psþ jQs ¼�lPV Re Vsð Þidþ Im Vsð Þiq
� �� jlPV Im Vsð Þid� Re Vsð Þiq

� �
(9.32)

where

Lac and Rac are the inductance and resistance of the DC/AC converter.

id and iq are the d-axis and q-axis of the current flowing from the AC side to the

DC side.

Vs is the converter side bus voltage.

vdc and idc are DC link voltage and current.

Ps and Qs are real and reactive power injecting from solar bus.

lPV ¼ NS � NP is the number of PV modules generators.

md and mq are the d-axis and q-axis duty cycle ratio.eo base angular speed rad/s for a 50-Hz or 60-Hz power system.

The real and reactive power generated and absorbed by the voltage source con-

verter can be monitored by controlling the firing angle a and the duty cycle ratio m
through PWM control method. The block diagrams for real and reactive power con-

troller of voltage source converters are depicted in Figure 9.14A and B.

The active and reactive power transfer equation from PV inverter to the electric

grid can be defined by the following equations:
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(A) Real power controller block diagram. (B) Reactive power controller block diagram.
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Pst ¼VsVt

Xst
sin ds�dtð Þ (9.33)

Qst ¼VsVt

Xst
cos ds�dtð Þ�V2

s

Xst
(9.34)

Here,Vs and ds are the voltagemagnitudes and the phase angle of the PV converter bus

terminal (s), whereas Vt and dt are the voltage and phase angle of the grid connected
bus (t). Xst is the reactance, which includes filter and transformer leakage reactance.

� Modeling of load

The selection of type of load obviously has substantial effect on system stability.

The constant power load can be selected for steady-state stability analysis. However,

in dynamic condition, choice of load depends on the applications and requirements.

The induction motor dynamics are popularly employed for simulation of dynamic

load. In dynamic stability analysis, it is recommended that active power loads should

be modeled by constant current type and reactive power loads should be modeled by

constant impedance type [15]. The composite loads comprising static and dynamic

parts can also be modeled where static loads are represented by ZIP (constant imped-

ance, constant current, constant power) coefficients model and dynamic loads are

represented by induction motor.

The polynomial expressions for active and reactive powers of the ZIP coefficients

model are:

Po ¼Pr Zp
Vi

Vr
þ Ip

Vi

Vr
þPp

� �	 

(9.35)

Qo ¼Qr Zq
Vi

Vr
þ Ip

Vi

Vr
þQq

� �	 

(9.36)

where Po and Qo are the active and reactive powers at operating voltage (Vi). Pr and

Qr are the active and reactive powers at rated voltage (Vr). Zp, Ip, and Pp are ZIP

coefficients for the active power components in the system. Zq, Iq, and Qq are the

ZIP coefficients for the reactive power components in the system.

9.3.3 Study the impact of DERs in small signal stability
The stability analysis of a DER-integrated power system model is a challenging task

to the researcher. Here, the main objective is to determine how the penetration of

DERs and their controllers create impact on the stability and dynamic performance

of the grid. It is well defined that the small signal stability performance of a grid or a

power network is investigated by its linearized model around a desired equilibrium

point. The procedure to obtain the linearized model of the differential and the
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algebraic (DAEs) equations governing the power network is described in***

Chapter 4 in this literature. The nature of electromechanical oscillatory modes

and the dominant eigenvalues of this linearized model at equilibrium give the infor-

mation about the stability characteristics of the system.

In the previous sections, the modeling of each individual components of the grid

(Figure 9.10) comprising DERs are shown by the differential and the algebraic equa-

tions. A unified form for the dynamic model of the entire system (comprising com-

ponents like generator, load, wind generator, PV system, etc.) can be described by the

following set of equations:

_xk ¼ f xk, yk, ukð Þ (9.37)

0¼ g xk, ykð Þ (9.38)

where xk and yk are the vector-containing state variables and the algebraic variables

of the k-th component of the system. uk is the control input of the k-th component.

The differential Equation (9.37) and the algebraic Equation (9.38) upon lineari-

zation around an operating points results in

D _xk ¼ @f

@xk
Dxkþ @f

@yk
Dykþ @f

@uk
Duk (9.39)

0¼ @g

@xk
Dxkþ @g

@yk
Dyk (9.40)

Rearranging these equations gives

DX
0

	 

¼ fxk fyk

gxk gyk

	 

DX
DY

	 

þ fuk

0

	 

DU (9.41)

where fxk ¼ @f
@xk
, fyk ¼ @f

@yk
, gxk ¼ @g

@xk
, gyk ¼ @g

@yk
, and fuk ¼ @f

@uk
. The elements of

Equation (9.41) are computed around the desired operating points. If the matrix

gyk is nonsingular, (9.41) can be represented by the following equation:

D _X¼AsysDXþBsysDU (9.42)

where Asys ¼ [fxk � fykg
�1
yk gxk represents the system matrix of the entire system with

DER units and Bsys ¼ fuk
0

	 

represents the matrix related to all control inputs. It may

be noted that at steady-state condition variation uk can be assumed to be zero without

loss of generality. The eigenvalue and mode frequency analysis of the system matrix

Asys gives the small signal stability characteristics of the system.

The system shown in Figure 9.10 comprise 02 synchronous generators (SGs) of

each 6th-order model and 01 induction generator (IG) of 3rd-order model and 01 PV

source, which is considered to be static as there is no electromechanical phenome-

non. Thus, the whole system is of order 15 and has the system matrix of dimension

[Asys]15�15. There are 15 eigenvalues of the system with DER units. The real parts of
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the eigenvalues contributed damping and the imaginary parts are responsible for

oscillations. If all the eigenvalues are situated in the left half of the s-plane or closed
to the jo axis of the s-plane, then the system is said to be stable or asymptotically

stable and if any one of the eigenvalue is on the right half of the s-plane, then the

system is said to be unstable. Eigenvalue analysis also predicts the impact of pene-

tration of renewable energy resources into the existing grid. The limiting criterion for

acceptable penetration of renewable energy before the loss of system stability can be

estimated either by damping ratio analysis of the electromechanical swing modes of

the system or the analysis of Hopf-bification condition.

In [16], a special class of eigenvalue sensitivity parameter has been reported to

investigate the impact of penetration of distributed generation, where the sensitivity

of real part of eigenvalue with respect to total active power generated by the DERs is

chosen to be sensitivity parameter. This literature also demonstrated the time domain

analysis of rotor oscillations of the synchronous generators subject to different PV and

wind generation penetrations in the system (Figure 9.10). It has been reported here

that with the increase of the wind and solar penetration into the system damping of

the oscillations is improved. However, damping is foundmore pronounced with solar

penetration compared to the wind penetration. This is because of the fact that the out-

put of the PV generation system is constant, whereas the reactive power output of the

wind generator varies depending on the bus voltage and the active power generation.

To counteract the destabilizing effects that may be caused by the deep penetration

of DERs in a power grid local controller like PSS and FACTS, a controller must be

installed with each of the DG units. It is to be noted that not only the level of pen-

etration of DERs into the grid but also their relative locations and installations in the

grid may have significant influence on power system stability. More research works

and investigations are needed to understand the characteristics and modeling of the

power system with DERs that resolve that stability problems of the power grid with

penetration of DERs.
EXERCISE
9.1. What is meant by the distribution energy resource (DER)? What are the

fundamental types of various distribution energy generations? What are the

primary differences between central station generation and distributed

generation?

9.2. Discuss the benefits, challenges, and opportunities of solar PV, wind energy,

and hydropower generation systems. Explain why these energy sources are

called renewable energy resources.

9.3. Illustrate with a schematic block diagram the principle of operation of a grid-

connected solar PV generation system. In a solar PV generation system, NS

numbers of PV modules are connected in series and NP numbers of PV
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FIGURE 9.15

Four-machine two-area grid architecture with DERs.
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modules are connected in parallel. If Rsh and Rs are the shunt and the series

resistance of the cell, find out the expression of photovoltaic array current.

9.4. (i) Classify different types of available fuel cells. Describe briefly the

operation of operation of molten carbonate fuel cells (MCFCs).

(ii) Calculate the e.m.f. generated and the efficiency for a hydrogen-oxygen

fuel cell operating at 25�C at atmospheric pressure. Given for n ¼ 2,

DGf ¼ (�237191)kJ/kg mole and the change in enthalpy DH ¼
(�285838)kJ/kg mole at 25�C, F ¼ 96,487 coulombs/mol.

9.5. Explain the method of investigation of small signal stability performance of a

power network comprising different distribution generation (DG) units.

9.6. The grid-connected architecture for a four-machine two-area power system

with distributed energy resources (DERs) is given in Figure 9.15. Derive

the differential equations and the algebraic equations governing the system

components and hence obtain the linearized model of the system for

investigation of small signal stability.
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Nomenclature
Bsvc SVC-equivalent susceptance at fundamental frequency (pu)
D damping constant (pu)
E0
d d-axis component of voltage behind transient reactance (pu)
E0
q q-axis component of voltage behind transient reactance (pu)
Efd exciter output (pu)
EW geothermal energy (W)
fE(Efd) exciter saturation function (pu)
Gex(s) exciter transfer function
DGf change in Gibbs free energy (J/mol)
Hs machine inertia constant (s)
H
Ç

set of transfer functions with bounded 1 norm
DH change in enthalpy (kJ/kg mol)
IA photovoltaic array current (A)
Id d-axis component of current (pu)
Iq q-axis component of current (pu)
Ipv solar cell short-circuit current (A)
Io reverse saturation current of the diode in (A)
idc dc link current (A)
KA automatic voltage regulator gain
K1 � K2 K-constants of Heffron-Phillips linearized model generator
Ksvc SVC controller gain
KTCSC TCSC controller gain
KE exciter constant (self-excited) (pu)
KF rate feedback stabilizer gain
KPSS power system stabilizer gain
Lac inductance of the DC/AC converter (H)
md d-axis duty cycle ratio of VSC
mq q-axis duty cycle ratio of VSC
Nloc FACTS (SVC, TCSC) location number
Nind GA population size
NS number of PV modules connected in series
NP number of PV modules connected in parallel
Pacc electrical accelerating power
PG real power generation (pu)
PL real power load (pu)
Pst power flow between nodes s and t (pu)

Pp power output of solar panel (W)
Pc power output per solar cell (W)
Ph hydropower output (W)
Ps real power injecting from solar bus (W)
QG reactive power generation (pu)
QL reactive power load (pu)
Qs reactive power injecting from solar bus (W)
Rac resistance of the DC/AC converter (O)
315



316 Nomenclature
Re external equivalent resistance (SMIB system) (pu)
Rs stator resistance (pu)
Rr rotor resistance (pu)
RF rate feedback signal (pu)
Rsh shunt resistance of the PV cell (O)

Rse series resistance of the PV cell (O)

s slip of the Induction generator
TA regulator time constant (s)
TD damping torque (pu)
TE exciter time constant (s)
TF feedback stabilizer time constant (s)
T1 lead-time constant of the PSS (s)
T2 lag-time constant of the PSS (s)
T0
do d-axis open circuit time constant (s)
T0
qo q-axis open circuit time constant (s)
TPSS torque introduced by PSS (pu)
Tsvc SVC internal delay (ms)
TTCSC TCSC internal delay (ms)
TM mechanical starting time constant (s)
Tem developed electromagnetic torque (pu)
Tw washout time constant (s)
Vref ref. input voltage of regulator (pu)
VR output of the regulator (pu)
Vs PSS output (pu)
Vsc STATCOM bus voltage (pu)
V machine terminal voltage (pu)
VA solar array voltage (V)
VC solar cell voltage (V)
V
Ç

infinite bus voltage
V0 output of auxiliary controller in SVC (pu)
vdc dc link voltage (V)
Xd d-axis component of synchronous reactance (pu)
Xq q-axis component of synchronous reactance (pu)
X0
d d-axis component of transient reactance (pu)
X0
q q-axis component of transient reactance (pu)
Xsvc SVC equivalent reactance at fundamental frequency (pu)
Xe external equivalent reactance (SMIB system) (pu)
XC capacitive reactance (pu)
XL inductive reactance (pu)
Xm magnetizing reactance (pu)
XTCSC TCSC reactance at fundamental frequency (pu)
Xst transmission line reactance between nodes s and t (pu)

Xr rotor reactance (pu)
Xs stator reactance (pu)
Yik transmission line admittance between nodes i and k (pu)
cdr d-axis component of rotor fluxes (pu)
cqr q-axis component of rotor fluxes (pu)



317Nomenclature
u bus voltage angle (degrees)
D deviation operator
d torque angle (degrees)
dsc STATCOM bus angle (degrees)
v rotor speed (rad/s)
ve stator angular electrical frequency (rad/s) of IG
vb base frequency (rad/s)
vr rotor angular frequency (rad/s)
vs synchronous speed (rad/s)
a firing angle of thyristor (degrees)
ar firing angle of thyristor at resonance point (degrees)
s conduction angle of thyristor (degrees)
lPV number of PV module generators



APPENDIX
Fundamental Concepts
 A

A.1 GENERALIZED CONCEPT OF STABILITY-BRIEF REVIEW
The stability of a linear system is entirely independent of the input, and the state of a

stable system with zero input will always return to the origin of the state space, inde-

pendent of the finite initial state. In contrast, the stability of a nonlinear system

depends on the type and magnitude of input, and the initial state. These factors have

to be taken into account in defining the stability of a nonlinear system. In control

system theory, the stability of a non linear system is classified into the following cat-

egories, depending on the region of state space in which the state vector ranges;

Local Stability, Finite Stability and Global Stability.
A.1.1 Local Stability
Consider a nonlinear autonomous system described by the following state equations;

_x¼ f x, uð Þ (A.1)

y¼ g x, uð Þ (A.2)

where x is the state vector (n�1); u is the vector (r�1) of inputs to the system and y is
the vector (m�1) of outputs. This nonlinear system is said to be locally stable about
an equilibrium point if, when subjected to small perturbation (Δx, Δu), it remains

within a small region surrounding the equilibrium point.

If, as t increases, the system returns to the original state, it is said to be asymp-
totically stable in-the-small or stability under small disturbances i.e., local stability

conditions can be studied by linearizing the nonlinear system equations about the

desired equilibrium point.
A.1.2 Finite Stability
If the state of a system after perturbation remains within a finite region R, it is said to
be stable within R. If, further the state of the system after perturbation returns to the

original equilibrium point from any initial point x(t0) within R, it is said to be asymp-
totically stable within the finite region R Figure A.1.
319
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FIGURE A.1

Stability in nonlinear system. (a) Local stability or Finite stability. (b) Asymptotic stability
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A.1.3 Global Stability
The system is said to be globally stable or asymptotically stable in-the-large if R
includes the entire finite space and the state of the system after perturbation from

every initial point regardless of how near or far it is from the equilibrium point within

the finite space returns to the original equilibrium point as t! 1.
A.2 ASPECT OF LINEARIZATION
A.2.1 Linearization of a Nonlinear Function
Consider a nonlinear function y¼ f(x) as shown in Figure A.2. Assume that it is nec-

essary to operate in the vicinity of point a on the curve (the operating point) whose

co-ordinates are xa, ya.
For the small perturbations Δx and Δy about the operating point a let

Δx¼ x (A.3)
Approximate linear
relationship

xa

a
y = f(x)

ya

Y

X

Δx

Δy

FIGURE A.2

Linearization of a nonlinear function
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Δy¼ y (A.4)

If the slope at the operating point is
dy

dx

����
a

, then the approximate linear relationship

becomes

Δy¼ dy

dx

����
a

Δx (A.5)

i.e.,

y¼ dy

dx

����
a

x: (A.6)
A.2.2 Linearization of a Dynamic System
The behaviour of a dynamic system, such as power system, may be described in the

following form

_x¼ f x, uð Þ (A.7)

y¼ g x, uð Þ (A.8)

where x is the state vector (n�1); u is the vector (r�1) of inputs to the system and y is
the vector (m�1) of outputs. Here the procedure for linearization of equation (A.7)

and (A.8) has been described. Let x0 be the initial state vector and u0 the input vector
corresponding to the equilibrium point about which the small signal performance is

to be investigated. Since x0 and u0 satisfy equation (A.7), we have

_x0 ¼ f x0, u0ð Þ¼ 0 (A.9)

Let us perturbed the system from the above state, by letting

x¼ x0þΔx u¼ u0þΔu
The state must satisfy equation (A.7). Hence,

_x¼ _x0þΔ _x¼ f x0þΔxð Þ, u0þΔuð Þ½ � (A.10)

As the perturbations are assumed to be small, the nonlinear functions f(x, u) can be

expressed in terms of Taylor’s series expansion. With terms involving second and

higher order of Δx and Δu neglected, we may write

_xi ¼ _xi0þΔ _xi ¼ fi x0þΔxð Þ, u0þΔuð Þ½ �
¼ fi x0, u0ð Þþ @fi

@x1
Δx1þ�� �þ @fi

@xn
Δxnþ @fi

@u1
Δu1þ�� �þ @fi

@ur
Δur

Since _xi0 ¼ fi x0, u0ð Þ, we obtain

Δ _xi ¼ @fi
@x1

Δx1þ�� �þ @fi
@xn

Δxnþ @fi
@u1

Δu1þ�� �þ @fi
@ur

Δur



322 APPENDIX A Fundamental Concepts
with i ¼ 1, 2, 3, . . ., n. In a like manner, from equation (A.8), we have

Δyj ¼ @gj
@x1

Δx1þ�� �þ @gj
@xn

Δxnþ @gj
@u1

Δu1þ�� �þ @gj
@ur

Δur

with i ¼ 1, 2, 3, . . ., m. Therefore, the linearized forms of equations (A.7) and

(A.8) are

Δ _x¼AΔxþBΔu (A.11)

Δy¼CΔxþDΔu (A.12)

Where

A½ �n�n ¼

@f1
@x1

� � � @f1
@xn� � � � � � � � �

@fn
@x1

� � � @fn
@xn

2
6664

3
7775 B½ �n�r ¼

@f1
@u1

� � � @f1
@ur� � � � � � � � �

@fn
@u1

� � � @fn
@ur

2
6664

3
7775

C½ �m�n ¼

@g1
@x1

� � � @g1
@xn� � � � � � � � �

@gm
@x1

� � � @gm
@xn

2
6664

3
7775 D½ �m�r ¼

@g1
@u1

� � � @g1
@ur� � � � � � � � �

@gm
@u1

� � � @gm
@ur

2
6664

3
7775

In equations (A.11) and (A.12), A is the state or plant matrix, B is the control or input

matrix, C is the output matrix and D is the feed-forward matrix. These partial deriv-

atives are evaluated at the equilibrium point about which the small perturbation is

being analyzed.
A.3 SYSTEM MATRIX AND ITS EIGEN PROPERTIES
A.3.1 Eigenvalues and Eigenvectors
The single machine or multimachine linearized dynamic model of a power system

can be written in simple form as

Δ _X tð Þ¼AΔX tð ÞþEΔU tð Þ (A.13)

where ΔX: state vector (r�1), r ¼ total number of states.

A: system matrix (r�r).
E: input matrix.

ΔU: input vector.
The eigenvalues of the matrix A are given by the values of the scalar parameter λ

for which there exist non-trivial solutions (i.e. other than ϕ¼0) to the equation

Aϕ¼ λϕ (A.14)

To find the eigenvalues, equation (A.14) may be written in the form

A� λIð Þϕ¼ 0 (A.15)
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For a non-trivial solution

det A� λIð Þϕ¼ 0 (A.16)

Expansion of this determinant gives the ‘characteristics equation’. The r solutions
of (A.16) λ¼λ1,λ2, . . .,λr are the eigenvalues of A.

For any eigenvalue λp the r-column vector ϕp which satisfies equation (A.14)

is called the right-eigenvector of A associated with the eigenvalue λp.
Thus, we get

Aϕp ¼ λpϕp p¼ 1, 2, . . . , r (A.17)

The right-eigenvector has the form

ϕp ¼ ϕ1p ϕ2p � � � ϕrp

� �T
Similarly, the r-row vector ψp which satisfies the equation

ψpA¼ λpψp, p¼ 1, 2, . . . , r (A.18)

is called the left-eigenvector associated with the eigenvalue λp.
The left-eigenvector has the form

ψp ¼ ψ1p ψ2p : : : ψ rp �
�

The left and right-eigenvectors corresponding to different eigenvalues are orthogo-

nal, i.e.,

ψqϕp ¼ 0 (A.19)

where λp 6¼λq and

ψpϕp ¼ αp (A.20)

where λp¼λq and αp is a non zero constant. It is normal practice to normalized these

vectors so that

ψpϕp ¼ 1 (A.21)
A.3.2 Effect of Right and Left Eigenvectors on System States
Referring to the sate equation (A.13) for the autonomous system (with zero input) the

system equation is given by

Δ _X tð Þ¼AΔX tð Þ (A.22)

In order to avoid cross-coupling between the state variables, consider a new state

vector Z related to the original state vector X by the similarity transformation

ΔX¼ΦZ (A.23)

Where Φ is the modal matrix of A and is defined by Φ¼ ϕ1 ϕ2 � � � ϕr½ � and
Φ�1 ¼Ψ¼ ψT

1 ψT
2 � � � ψT

r

� �T
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The Φ�1AΦ will transform the matrix A into a diagonal matrix Λ with the eigen-

values λ1,λ2, . . .,λr are the diagonal elements. Therefore, after substitution of equa-

tion (A.23) into (A.22) gives

Φ _Z¼AΦZ (A.24)

The new state equation can be written as

_Z¼Φ�1AΦZ (A.25)

this becomes

_Z¼ΛZ (A.26)

where Λ is a diagonal matrix consisting of eigenvalues of matrix A. Equation (A.26)
represents r nos. uncoupled first order equations

_Zp ¼ λpZp, p¼ 1, 2, . . . , r (A.27)

and the solution with respect to time t of this equation is given by

Zp tð Þ¼ Zp 0ð Þeλpt (A.28)

where Zp(0) is the initial value of the state Zp.
The response in terms of original state vector is given by

ΔX¼ΦZ¼ ϕ1 ϕ2 : : : ϕr½ �

Z1 tð Þ
Z2 tð Þ
:
:
:

Zr tð Þ

2
6666664

3
7777775

(A.29)

Using equation (A.28) in equation (A.29) results in

ΔX tð Þ¼
Xr

p¼1

ϕpZp 0ð Þeλpt (A.30)

Again from Equation (A.29), we get

Z tð Þ¼Φ�1ΔX tð Þ (A.31)

Z tð Þ¼ΨΔX tð Þ (A.32)

This implies that

Zp tð Þ¼ψpΔX tð Þ (A.33)

with t ¼ 0, it follows that

Zp 0ð Þ¼ψpΔX 0ð Þ (A.34)

By usingCp to denote the scalar productCp¼ψpΔX(0), this represents the magnitude

of the excitation of the p th mode resulting from the initial condition. Therefore,

equation (A.30) may be written as

ΔX tð Þ¼
Xr

p¼1

ϕpCpe
λpt (A.35)
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In other words, the time response of the p th state variable is given by

ΔXp tð Þ¼ϕ1pC1e
λ1tþϕ2pC2e

λ2tþ�� �þϕrpCre
λr t (A.36)

Equation (A.36) indicates that the right-eigenvector entries ϕκp, (κ ¼1, 2, . . ., r)
measures the relative activity of the state variables participating in the oscillation

of certain mode (λp). For example, the degree of activity of the state variable Xp

in the pth mode is given by the element ϕκp of the right eigenvector ϕp.

Similarly, the effect of left-eigenvector on system state variable can be illustrated

as follows:

The transformed state vector Z is related to the original state vector X by the

equation

ΔX tð Þ¼ΦZ tð Þ
¼ ϕ1 ϕ2 � � � ϕr½ �Z tð Þ (A.37)

and by the equation (A.32)

Z tð Þ¼ΨΔX tð Þ
¼ ψ1

T ψ2
T : : : ψ r

T
� �T

ΔX tð Þ (A.38)

Again from equation (A.27) we get

_Zp ¼ λpZp, p¼ 1, 2, . . . , r

Thus the variables ΔX1,ΔX2, . . .,ΔXr are the original state variables represent the

dynamic performance of the system. The variables Z1,Z2, . . .,Zr are the transformed

state variables such that each variable is associated with only one eigenvalue i.e.,
they are directly related to the electromechanical modes. As seen from equation

(A.38), the left eigenvector ψp identifies which combination of the original state vari-

ables displays only the p th mode. Thus the κ th element of the right-eigenvector ϕp

measures the activity of the variable Xκ in the p th mode, and the κ th element of the

left-eigenvector ψp weighs the contribution of this activity to the pth mode.
A.4 WHAT ARE SEMI-DEFINITE PROGRAMMING (SDP)
PROBLEMS?
Awide variety of problems in systems and control theory can be formulated as a semi-

definite programming problem of the form

minimize CTx subject to F(x)�0

where x2Rm is the variable, F xð Þ¼F0þ
Xm
i¼1

xiFi, the matrices c2Rm and

Fi¼Fi
T2Rn�n, i ¼ 0, 1. . . . ., m are given. The matrix F(x) is positive semi-definite

and the constraint F(x)�0 is called a linear matrix inequality (LMI). SDP problems

are convex programming problems with a linear objective function and LMI

constraints.

Semi-definite programming problems can be recast in the form:

Ax� b
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A.4.1 What is a linear matrix inequality?
A linear matrix inequality (LMI) has the form:

F xð Þ¼F0þ
Xm
i¼1

xiFi > 0 (A.39)

where x2Rm is the variable. x ¼ (x1, x2. . . . ., xm) is a vector of unknown scalars (the
decision or optimization variables) and the symmetric matrices Fi¼Fi

T2Rn�n, i¼ 0,

1. . . . ., m are given. ‘> 0’ stands for “positive definite”, i.e., the largest eigenvalue of

F(x) is positive.
Note that the constraints F(x)>0 and F(x)<G(x) are special case of (A.39), since

they can be rewritten as �F(x)<0 and F(x)�G(x)<0, respectively.

The LMI (A.39) is a convex constraint on x since F(y)>0 and F(z)>0 imply that

F yþz
2

� �
> 0. As a result,

� Its solution set, called the feasible set, is a convex subset of Rm

� Finding a solution x to (A.39), if any, is a convex optimization problem.

Convexity has an important consequence, even though (A.39) has no analytical

solution in general, it can be solved numerically with guarantees of finding a solution

when one exists.

In control systems there are a number of problems which lead to the solution of an

LMI. For example,

� Lyapunov equation: ATPþPA¼�Q

Lyapunov theorem: The linear time-invariant dynamical system described by;

_x tð Þ¼Ax tð Þ
where x2Rn is the variable and the matrix A2Rn�n is stable if and only if given any
positive definite symmetric matrix Q2Rn�n there exists a unique positive definite

symmetric matrix P satisfying the Lyapunov’s equation:

ATPþPA¼�Q< 0 (A.40)

The Lyapunov equation (A.40) is in the form of an LMI. This LMI could be rewritten

in the form of (A.39). Indeed, considering n ¼ 2, and defining:

P¼ x11 x12
x21 x22

� �
; P1 ¼ 1 0

0 0

� �
; P2 ¼ 0 1

1 0

� �
; P3 ¼ 0 0

0 1

� �

we can write with x1¼x11, x2¼x12¼x21, x3¼x22

P ¼ x11
1 0

0 0

" #
þ x12

0 1

1 0

" #
þ x22

0 0

0 1

" #

¼ x1P1þ x2P2þ x3P3
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Therefore,

ATPþPA

¼ x1 ATP1þP1A
� �þ x2 ATP2þP2A

� �þ x3 ATP3þP3A
� �

¼�x1F1� x2F2� x3F3 < 0

where

F0 ¼ 0; �F1 ¼ATP1þP1A; �F2 ¼ATP2þP2A; �F3 ¼ATP3þP3A

Consequently,

x1F1þ x2F2þ x3F3 > 0 (A.41)

This shows that a Lyapunov equation can be written in the form of an LMI.

The LMI (A.41) with A¼ a11 a12
a21 a22

� �
can be written as

�F1 ¼ATP1þP1A¼
a11 a21

a12 a22

" #
1 0

0 0

" #
þ

1 0

0 0

" #
a11 a12

a21 a22

" #

¼
2a11 a12

a12 0

" #

�F2 ¼ATP2þP2A¼
a11 a21

a12 a22

" #
0 1

1 0

" #
þ

0 1

1 0

" #
a11 a12

a21 a22

" #

¼
2a21 a11þa22

a11þa22 2a12

" #

Similarly, �F3 ¼ATP3þP3A¼ 0 a21
a21 2a22

� �

Therefore, �x1F1�x2F2�x3F3<0

gives

a11 a21 0

a12 a11þ a22 a21
0 a12 a22

2
4

3
5 x1

x2
x3

2
4

3
5<

b1
b2
b3

2
4

3
5

which is in the form of semi-definite programming problem

eAex<eb

A.4.2 Interior-Point method
For the LMI

F xð Þ¼F0þ
Xm
i¼1

xiFi > 0 (A.42)
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where x2Rm is the variable, and the symmetric positive definite matrices

Fi¼Fi
T2Rn�n, i ¼ 0, 1. . . . ., m are given, the function

φ xð Þ¼ logdet F�1 xð Þ F xð Þ> 0,

1 otherwise;

	
is finite if and only if F(x)>0 and becomes infinite if x approaches the boundary of

the feasible set: {xjF(x)>0}. It can be shown that φ is strictly convex on the feasible

set so that it has a unique minimizer denoted by x*:

x	 ¼ arg min
x

φ xð Þ
¼ arg max

F xð Þ>0
det F xð Þ

We define here x* as the analytic center of the LMI, F(x)>0. F(x*) has the maximum

determinant among all positive definite matrices of the form F(x).
Newton’s method, with appropriate step length selection, can be used to effi-

ciently compute x*, starting from a feasible initial point. The algorithm to compute

x* is:

xkþ1 :¼ x kð Þ �α kð ÞH x kð Þ

 ��1

g x kð Þ

 �

(A.43)

where α(k) is the damping factor of the k-th iteration, g(x) and H(x) denote the gra-
dient Hessian matrix of φ(x), respectively, at x(k).

The damping factor

φ xð Þ¼ 1 ifδ x kð Þ� �� 1=4,

1= 1þδ x kð Þ� �� �
otherwise;

	
where

δ xð Þ¼Δ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g xð ÞTH xð Þ�1g xð Þ

q
is called the Newton decrement of φ at x.
EXAMPLE: 1
Find the analytic center of

F xð Þ¼ 1 x
x 1

� �
> 0

We have

φ xð Þ¼ logdet F�1 xð Þ¼� log 1�x2
� �

dφ

dx
¼ 2x

1�x2

d2φ

dx2
¼ 2 1þx2ð Þ

1�x2ð Þ2
The feasible set in which φ(x) is defined is: (�1 1), and the minimum, which

occurs at x ¼ 0, is also φ(x*)¼0.
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EXAMPLE: 2
Find the analytic center of

F xð Þ¼ 1�x1 x2
x2 1þx1

� �
> 0

We have

φ xð Þ¼ logdet F�1 xð Þ¼� log 1�x21�x22
� �

dφ

dx1
¼ 2x1
1�x21�x22

,
d2φ

dx21
¼ 2 1þx21�x22

� �
1�x21�x22
� �2 ;

dφ

dx2
¼ 2x2
1�x21�x22

,
d2φ

dx22
¼ 2 1�x21þx22

� �
1�x21�x22
� �2 ;

d2φ

dx1dx2
¼ 4x1x2

1�x21�x22
� �2

φx1x1 φx1x2
φx2x1 φx2x2

����
����¼ 4

1� x21þx22
� �2

1�x21�x22
� �4

The feasible set in which φ(x) is defined is: x1
2þx2

2<1, and the minimizer is

x	 ¼ 0 0½ �T, which is an analytical center of the LMI L(x).
A.5 GUIDELINES FOR SELECTION OF WEIGHTING FUNCTIONS
W1(S) AND W2(S) IN H1 CONTROL THEORY
In H1 control design, one of the key steps is the formulation and selection of the

input and output weighting functions W1(s) and W2(s). They have a strong impact

on the resulting controller design. They are utilized to shape the performance and

robustness characteristics of systems. Limited research has been carried out on find-

ing any reliable methods for selection of these weighting functions. It can be stated

from the guidelines of mixed-sensitivity-based H1 controller design that W1(s) is
related to the sensitivity function S(s), it should be a low-pass filter to reduce the error
sensitivity in the low-frequency range for output disturbance rejection, whereas

W2(s) is related to the complementary sensitivity function T(s), should be a high-pass
filter in order to guarantee the stability of the controlled system under diverse oper-

ating conditions. However, since S(s) and T(s) cannot be minimized together in over-

all frequency ranges, because of inherent design constraints and limitations, weights

are introduced to shape the solution and tune the open- and closed-loop response

characteristics. Normally, input and output weighting functions are set as rational,

stable, and minimum-phase transfer functions, i.e., they have no poles or zeros in



330 APPENDIX A Fundamental Concepts
the right half-plane. They are then incorporated with the plant modelG(s) to form the

generalized augmented plant, P(s), in the H1 control framework.

The weighting function on the sensitivity transfer function S(s) from reference

input to output tracking error W1(s) is selected to reflect the desired time-response

characteristics. In mixed-sensitivity-based controller design, the S(s) should have

low gain at low frequencies for good tracking performance and high gain at high fre-

quencies to limit overshoot. This is accomplished by selecting a weighting function,

such that it reflects the desired shape of the sensitivity function.

A low-pass weight on the sensitivity function with the low-frequency magnitude

set approximately equal to the inverse of the desired steady-state tracking error and

high-frequency gain set to limit overshoot. In general, the larger the magnitude of the

high-frequency gain, the more the overshoot is limited. However, it may be question-

able that limiting the overshoot is accomplished by adding more damping at the

expense of speed of response. Thus, a design tradeoff is considered between over-

shoot and speed of response. It has been suggests that a good high-frequency gain

for the sensitivity weighting is in the range of [0.1, 0.5] to effectively limit overshoot

while allowing for a fast response time. The crossover frequency of the sensitivity

weighting function should be chosen to limit the maximum desired closed-loop time

constant. For example, if a time constant less than or equal to 0.25s is desired, the

sensitivity weighting function should have a crossover frequency of approximately

4 rad/s.

The response of the system to reference inputs and sensor noise inputs is given by

the complementary sensitivity function T(s). It is desirable that |T(s)| will be near

unity for good tracking of the reference input and near zero for noise suppression.

Again a tradeoff for over frequency ranges must be taken into consideration. The

complementary sensitivity function is weighted to achieve stability robustness char-

acteristics (e.g., insensitivity to noise and unmodeled dynamics). Because noise usu-

ally has most of its energy concentrated at high frequencies while reference input

commands occur at low frequencies, a high-pass weight is used on the complemen-

tary sensitivity function. Thus, the weighted complementary sensitivity function has

been kept near unity at low frequencies and low at high frequencies.

The crossover frequency of the complementary sensitivity weighting function

is chosen to limit the closed-loop bandwidth and the high-frequency gain is set

high to provide sensor noise rejection and high-frequency gain attenuation. When

both sensitivity and complementary sensitivity weighting functions are used, it is

important to make sure that the magnitude of these weights at the frequency where

they cross is less than one. This is necessary to prevent violation of the conser-

vation law given by

S sð ÞþT sð Þ¼ I

Typical bode plots of the weighting functions for W1 sð Þ¼ 10

0:5sþ1ð Þ and

W2 sð Þ¼ 10sþ1

0:25sþ10
are shown in Figure A.3.



40

20
W1(s)

W2(s)

0

M
ag

n
it

u
d

e 
(d

B
)

Frequency (rad/sec)

Frequency Response Plots of W1(s) and W2(s)
P

h
as

e 
(d

eg
)

−20

−40

−45

−90
10−3 10−2 10−1 100 101 102 103

90

45

0

FIGURE A.3

Bode plots of the weighting functions for W1(s) and W2(s).
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APPENDIX
Data Used for Relevant
Power System Components
 B

B.1 SMIB SYSTEM
H ¼ 2.37 s; D ¼ 0.0; KA ¼ 400; Rs ¼ 0.0 pu; Re ¼ 0.02 pu; Td ¼ 5.90 s; TA ¼ 0.2 s;

ωs ¼ 314 rad/s; Xd ¼ 1.70 pu; X0
d ¼ 0.245 pu; Xe ¼ 0.7 pu; Xq ¼ 1.64 pu;

Vinf ¼ 1.00 ∠ 0� pu; Vt ¼ 1.72∠19.31� pu.
B.1.1 SVC and TCSC parameters for SMIB system
Table B.1 SVC and TCSC Parameters

Controller
Type

Controller
Parameter

XL

(pu)
XC

(pu) α (�)
Internal
Delay (ms)

SVC KSVC ¼ 5.0
KP ¼ 0
KI ¼ 1.0
T1 ¼ 0.5 s
T2 ¼ 0.15 s

0.225 0.3708 150 Tsvc ¼ 20 s

TCSC KTCSC ¼ 4.0 0.0049 0.0189 145 TTCSC ¼ 25 s

T1 ¼ 0.5 s T2 ¼ 0.1 s
B.2 WSCC TYPE 3 MACHINE, 9 BUS SYSTEM

Table B.2 Load-Flow Data
Bus
#

Bus
Type

Voltage (pu)
V ∠ θ�

PG

(pu)
QG

(pu)
�PL

(pu)
�QL

(pu)

1 Swing 1.04 0.719 0.546 – –

2 PV 1.025 ∠9.48� 1.63 0.304 – –

3 P–V 1.025 ∠4.77� 0.85 0.142 – –

Continued

333



334 APPENDIX B Data Used for Relevant Power System Components
Table B.2 Load-Flow Data—cont’d
Bus
#

Bus
Type

Voltage (pu)
V ∠ θ�

PG

(pu)
QG

(pu)
�PL

(pu)
�QL

(pu)

4 P–Q 1.010 ∠ � 2.26� – – – –

5 P–Q 0.972 ∠ � 4.06� – – 1.25 0.5

6 P–Q 0.989∠ � 3.7� – – 0.9 0.3

7 P–Q 1.011 ∠3.84� – – – –

8 P–Q 0.997 ∠0.78� – – 1.00 0.35

9 P–Q 1.018 ∠2.03� – – – –

Table B.3 Machine Data

Parameters Machine #1 Machine #2 Machine #3

Rs (pu) 0.089 0.089 0.089

H (s) 23.64 6.4 3.01

D (pu) 0.2 0.2 0.2

Xd (pu) 0.269 0.8958 1.998

X 0
d (pu) 0.0608 0.1198 0.1813

Xq(pu) 0.0969 0.8645 1.2578

X 0
q (pu) 0.0969 0.8645 1.2578

T 0
do (s) 8.96 6.0 5.89

T 0
qo (s) 0.31 0.535 0.6

Table B.4 Exciter Data

Parameters Exciter #1 Exciter #2 Exciter #3

KA 20 20 20

TA (s) 0.2 0.2 0.2

KE 1.0 1.0 1.0

TE (s) 0.314 0.314 0.314

KF 0.063 0.063 0.063

TF (s) 0.35 0.35 0.35
SE Efdi

� �¼ 0:0039exp 1:555Efdi

� �
, for i¼ 1,2,3:

B.2.1 PSS and SVC parameters of 3-machine 9-bus system
KPSS ¼ 10; τ1 |PSS ¼ 0.4; τ2 |PSS ¼ 0.15, KSVC ¼ 10.0; KP ¼ 0; KI ¼ 1.0;

T1 |svc ¼ 0.5 s; T2 |svc ¼ 0.15 s, XL ¼ 0.4925 pu; XC ¼ 1.1708 pu; α ¼ 136�;
Tsvc ¼ 20 ms.
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B.2.2 TCSC parameters of 3-machine 9-bus system
KTCSC ¼ 10.0; T1 |TCSC ¼ 0.5 s; T2 |TCSC ¼ 0.15 s; XL ¼ 0.0049 pu; XC ¼ 0.0284 pu;

α ¼ 145.6�; TTCSC ¼ 17 ms.
B.3 TWO-AREA SYSTEM
Table B.5 Transmission Line Data on 100-MVA Base

From Bus
Number

To Bus
Number

Series
Resistance
(Rs) pu

Series
Reactance
(Xs) pu

Shunt
Susceptance
(B) pu

1 5 0.001 0.012 0

2 6 0.001 0.012 0

9 10 0.022 0.22 0.33

9 10 0.022 0.22 0.33

9 10 0.022 0.22 0.33

9 6 0.002 0.02 0.03

9 6 0.002 0.02 0.03

3 7 0.001 0.012 0

4 8 0.001 0.012 0

10 8 0.002 0.02 0.03

10 8 0.002 0.02 0.03

5 6 0.005 0.05 0.075

5 6 0.005 0.05 0.075

7 8 0.005 0.05 0.075

7 8 0.005 0.05 0.075

Table B.6 Machine Data

Variable
Machine at
Bus #1

Machine at
Bus #2

Machine at
Bus #3

Machine at
Bus #4

X1 (pu) 0.022 0.022 0.022 0.022

Rs (pu) 0.00028 0.00028 0.00028 0.00028

Xd (pu) 0.2 0.2 0.2 0.2

X 0
d (pu) 0.033 0.033 0.033 0.033

T 0
do (s) 8 8 8 8

Xq (pu) 0.19 0.19 0.19 0.19

X 0
q (pu) 0.061 0.061 0.061 0.061

T 0
qo (pu) 0.4 0.4 0.4 0.4

H (s) 54 54 63 63

D (pu) 0 0 0 0



Table B.7 Excitation System Data

Variable
Machine at
Bus #1

Machine at
Bus #2

Machine at
Bus #3

Machine at
Bus #4

KA (pu) 200 200 200 200

TA (pu) 0.0001 0.0001 0.0001 0.0001

KE 1 1 1 1

TE (s) 0.314 0.314 0.314 0.314

KF 0.063 0.063 0.063 0.063

TF (s) 0.35 0.35 0.35 0.35

Table B.8 Load-Flow Results for the Two-Area System

Bus
No

Bus
Type

Voltage
Mag.
(pu)

Angle
(�)

Real
Power
Gen.
(pu)

Reactive
Power
Gen.
(pu)

Real
Power
Load
(pu)

Reactive
Power
Load
(pu)

1 PV 1.03 8.2154 7 1.3386 0 0

2 Pv 1.01 �1.504 7 1.592 0 0

3 Swing 1.03 0 7.217 1.4466 0 0

4 PV 1.01 �10.2051 7 1.8083 0 0

5 PQ 1.0108 3.6615 0 0 0 0

6 PQ 0.9875 �6.2433 0 0 0 0

7 PQ 1.0095 �4.6977 0 0 0 0

8 PQ 0.985 �14.9443 0 0 0 0

9 PQ 0.9761 �14.4194 0 0 11.59 2.12

10 PQ 0.9716 �23.2922 0 0 15.75 2.88
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B.3.1 IEEE type 14-bus test system
Table B.9 Machine Data

Parameters
Machine
1

Machine
2

Machine
3

Machine
4

Machine
5

MVA 615 60 60 25 25

RS (pu) 0.0031 0.0031 0.0031 0.0014 0.0014

H (s) 5.148 6.54 6.54 5.06 5.06

D (pu) 0.046 0.046 0.046 0.046 0.046



Xd (pu) 0.8979 1.05 1.05 1.25 1.25

X 0
d (pu) 0.2995 0.1850 0.1850 0.232 0.232

Xq (pu) 0.646 0.98 0.98 1.22 1.22

X 0
q (pu) 0.646 0.36 0.36 0.715 0.715

T 0
do (s) 7.4 6.1 6.1 4.75 4.75

T 0
qo (s) 0.3 0.3 0.3 1.5 1.5

Table B.10 Exciter Data

Parameters Exciter 1 Exciter 2 Exciter 3 Exciter 4 Exciter 5

KA 20 20 20 20 20

TA (s) 0.02 0.02 0.02 0.02 0.02

KE 1.0 1.0 1.0 1.0 1.0

TE (s) 0.19 1.98 1.98 0.70 0.70

KF 0.0012 0.001 0.001 0.001 0.001

TF (s) 1.0 1.0 1.0 1.0 1.0

Table B.11 Base Case Load Flow Data of 14-Bus Test System

Bus
#

Bus voltage
V (pu)

Angle
θ (�)

Injection Generation Load

Pi

(MW)
Qi

(MVAr)
Pg

(MW)
Qg

MVAr
PL

(MW)
QL

MVAr

1 1.06 0 �203.69 107.99 �203.69 107.99 0 0

2 1.045 �4.95 �4.264 15.92 �25.96 3.226 �21.7 �12.7

3 1.01 �12.66 84.07 �46.25 �10.12 �65.25 �94.2 �19

4 1.02 �14.39 31.32 59.73 20.12 52.23 �11.2 �7.5

5 1.08 �13.51 0.00 23.61 0.00 23.61 0 0

6 1.021 �10.31 30.97 �48.00 �16.825 �44.10 �47.8 3.9

7 1.032 �8.921 17.44 �26.70 9.8403 �28.30 �7.6 �1.6

8 1.041 �13.51 0.00 0.00 0.00 0.00 0 0

9 1.017 �15.23 42.76 �8.354 13.261 �24.95 �29.5 �16.6

10 1.01 �15.40 2.793 �10.522 �6.206 �16.32 �9 �5.8

11 1.011 �15.04 0.639 �4.056 �2.86 �5.856 �3.5 �1.8

12 1.005 �15.32 3.721 �5.805 �2.378 �7.405 �6.1 �1.6

13 1.001 �15.43 2.078 �14.33 �11.42 �20.13 �13.5 �5.8

14 0.991 �16.41 5.516 �14.76 �9.3839 �19.763 �14.9 �5
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Table B.12 Transmission Line Data of 14-Bus System on 100-MVA Base

From
Bus
Number

To Bus
Number

Series
Resistance
(Rs)(pu)

Series
Reactance
(Xs)(pu)

Shunt
Susceptance
(B/2)(pu)

Actual
Tap
Ratio

1 2 0.01938 0.05917 0.0264 1

1 7 0.05403 0.22304 0.0246 1

2 3 0.04699 0.19797 0.0219 1

2 6 0.05811 0.17632 0.0187 1

2 7 0.05695 0.17388 0.017 1

3 6 0.06701 0.17103 0.0173 1

4 7 0 0.25202 0 0.932

4 11 0.09498 0.1989 0 1

4 12 0.12291 0.25581 0 1

4 13 0.06615 0.13027 0 1

5 8 0 0.17615 0 1

6 7 0.01335 0.04211 0.0064 1

6 8 0 0.20912 0 0.978

6 9 0 0.55618 0 0.969

8 9 0 0.11001 0 1

9 10 0.03181 0.0845 0 1

9 14 0.12711 0.27038 0 1

10 11 0.08205 0.19207 0 1

12 13 0.22092 0.19988 0 1

13 14 0.17093 0.34802 0 1
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B.3.2 SVC and TCSC for 14-bus system
Table B.13 SVC and TCSC Parameter

Controller XL (pu) XC (pu) αmin (�) αmax (
�) Internal Delay (ms)

SVC 0.4925 1.1708 120 160 Tsvc ¼ 20

TCSC 0.0049 0.0284 145 160 TTCSC ¼ 15



B.4 14-AREA, 24-MACHINE, 203-BUS SYSTEM

Table B.14 Machine Data

Gen.
# PG QG RS Xd Xq X0

d X0
q T0

d T0
q H D

Slack
bus

25.58 1.5113 0.0981 0.6845 0.646 0.2995 0.646 7.4 0.06 5.148 0.2

2 5.4 0.538 0.0981 0.3845 0.646 0.2995 0.646 7.4 0.06 5.148 0.2

3 5.4 �0.785 0.0981 0.5845 0.646 0.2995 0.646 7.4 0.06 5.148 0.2

4 3.8 �0.690 0.031 0.5979 0.646 0.2995 0.646 7.4 0.06 5.148 0.2

5 5.4 �1.026 0.0981 0.3845 0.646 0.2995 0.646 7.4 0.06 5.148 0.2

6 3.8 0.3662 0.031 0.4979 0.646 0.2995 0.646 7.4 0.06 5.148 0.2

7 2.4 �0.617 0.031 0.5979 0.646 0.2995 0.646 7.4 0.06 5.148 0.2

8 0.9 �0.309 0.031 1.05 0.98 0.185 0.36 6.1 0.3 6.54 0.2

9 0.46 0.026 0.041 1.25 1.22 0.232 0.715 4.75 1.5 5.06 0.2

10 1.8 0.2623 0.031 1.05 0.98 0.185 0.36 6.1 0.3 6.54 0.2

11 2 0.3795 0.031 1.05 0.98 0.185 0.36 6.1 0.3 6.54 0.2

12 1.8 0.1241 0.031 1.05 0.98 0.185 0.36 6.1 0.3 6.54 0.2

13 2.7 �1.576 0.041 0.6979 0.646 0.2995 0.646 7.4 0.06 5.148 0.2

14 0.243 0.0109 0.041 1.25 1.22 0.232 0.715 4.75 1.5 5.06 0.2

15 0.108 0.014 0.041 1.25 1.22 0.232 0.715 4.75 1.5 5.06 0.2

16 0.54 0.015 0.041 1.25 1.22 0.232 0.715 4.75 1.5 5.06 0.2

17 6.0 1.84 0.0981 0.4845 0.646 0.2995 0.646 7.4 0.06 5.148 0.2

18 0.5 0.3894 0.041 1.25 1.22 0.232 0.715 4.75 1.5 5.06 0.2

19 1.5 0.6947 0.031 1.05 0.98 0.185 0.36 6.1 0.3 6.54 0.2

20 6.0 � 4.20 0.0981 0.5845 0.646 0.2995 0.646 7.4 0.06 5.148 0.2

21 0.204 0.0297 0.041 1.25 1.22 0.232 0.715 4.75 1.5 5.06 0.2

22 0.225 0.0232 0.041 1.25 1.22 0.232 0.715 4.75 1.5 5.06 0.2

23 0.225 0.02 0.041 1.25 1.22 0.232 0.715 4.75 1.5 5.06 0.2

24 0.4 0.0292 0.041 1.25 1.22 0.232 0.715 4.75 1.5 5.06 0.2
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Table B.15 Exciter Data

Exciter # KA TA KE TE KF TF

1 20 0.02 1 0.19 0.0012 1

2 20 0.02 1 0.19 0.0012 1

3 20 0.02 1 0.19 0.0012 1

4 20 0.02 1 0.19 0.0012 1

5 20 0.02 1 0.19 0.0012 1

6 20 0.02 1 0.19 0.0012 1

7 20 0.02 1 0.19 0.0012 1

8 20 0.02 1 1.98 0.001 1

9 20 0.02 1 0.7 0.001 1

10 20 0.02 1 1.98 0.001 1

11 20 0.02 1 1.98 0.001 1

12 20 0.02 1 1.98 0.001 1

13 20 0.02 1 0.19 0.0012 1

14 20 0.02 1 0.7 0.001 1

15 20 0.02 1 0.7 0.001 1

16 20 0.02 1 0.7 0.001 1

17 20 0.02 1 0.19 0.0012 1

18 20 0.02 1 0.7 0.001 1

19 20 0.02 1 1.98 0.001 1

20 200 0.02 1 0.19 0.0012 1

21 20 0.02 1 0.7 0.001 1

22 20 0.02 1 0.7 0.001 1

23 20 0.02 1 0.7 0.001 1

24 20 0.02 1 0.7 0.001 1

Table B.16 Transmission Line Data of 24-Machine, 203-Bus System on 100-MVA Base

From
Bus
Number

To Bus
Number

Series
Resistance
(Rs)(pu)

Series
Reactance
(Xs)(pu)

Shunt
Susceptance
(B/2)(pu)

Actual Tap
Ratio

44 96 0.0036 0.0071 0.0108 1

44 91 0.0095 0.0189 0.0287 1

45 53 0.0385 0.077 0.0292 1

27 82 0.0116 0.0232 0.0352 1

27 91 0.0071 0.0143 0.0217 1

46 57 0.031 0.0621 0.0235 1

46 26 0.0053 0.0107 0.0162 1
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36 97 0.0178 0.0357 0.0135 1

78 97 0.0185 0.0371 0.0141 1

47 109 0.0407 0.0813 0.0309 1

48 54 0.0134 0.0268 0.0407 1

49 50 0.0125 0.025 0.0379 1

49 26 0.0078 0.0157 0.0238 1

52 32 0.0064 0.0128 0.0195 1

53 42 0.0006 0.0011 0.0004 1

53 76 0.0132 0.0264 0.0401 1

55 30 0.0481 0.0961 0.0365 1

55 85 0.026 0.0519 0.0197 1

56 72 0.0189 0.0377 0.0573 1

96 62 0.0073 0.0146 0.0222 1

96 62 0.0188 0.0377 0.0143 1

96 70 0.0285 0.0571 0.0217 1

96 68 0.0107 0.0214 0.0081 1

96 73 0.0328 0.0656 0.0249 1

96 39 0.0111 0.0221 0.0336 1

96 40 0.0378 0.0756 0.0287 1

96 108 0.0189 0.0378 0.0143 1

58 36 0.0357 0.0713 0.0271 1

58 54 0.0321 0.0642 0.0244 1

59 81 0.0182 0.0364 0.0552 1

59 100 0.0388 0.0776 0.1178 1

60 77 0.0467 0.0934 0.0355 1

60 101 0.0146 0.0292 0.0111 1

61 69 0.009 0.018 0.0274 1

62 26 0.005 0.01 0.0152 1

62 68 0.0093 0.0185 0.007 1

62 84 0.0132 0.0264 0.0401 1

62 92 0.0103 0.0207 0.0314 1

63 74 0.0541 0.1081 0.041 1

63 32 0.0499 0.0999 0.0379 1

31 94 0.0096 0.0193 0.0292 1

30 41 0.0036 0.0071 0.0108 1

30 75 0.0139 0.0278 0.0422 1

30 85 0.0421 0.0842 0.0319 1

30 93 0.0065 0.013 0.0197 1

30 54 0.0185 0.0371 0.0563 1

64 67 0.0435 0.087 0.033 1

65 51 0.0206 0.0412 0.0156 1

65 35 0.0121 0.0243 0.0368 1

51 89 0.0128 0.0257 0.0097 1

Continued
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Table B.16 Transmission Line Data of 24-Machine, 203-Bus System on

100-MVA Base—cont’d

From
Bus
Number

To Bus
Number

Series
Resistance
(Rs)(pu)

Series
Reactance
(Xs)(pu)

Shunt
Susceptance
(B/2)(pu)

Actual Tap
Ratio

32 69 0.0203 0.0407 0.0617 1

32 80 0.0378 0.0756 0.0287 1

32 83 0.0414 0.0827 0.0314 1

32 85 0.0385 0.077 0.0292 1

66 90 0.0143 0.0285 0.0433 1

102 103 0.0043 0.0086 0.0032 1

103 73 0.0043 0.0086 0.0032 1

102 39 0.0078 0.0157 0.006 1

67 36 0.0053 0.0107 0.0162 1

33 73 0.0043 0.0086 0.013 1

33 73 0.0046 0.0093 0.0141 1

26 56 0.0126 0.0251 0.0381 1

51 34 0.0208 0.0417 0.0158 1

51 35 0.0272 0.0545 0.0207 1

34 86 0.009 0.0179 0.0272 1

34 89 0.0087 0.0174 0.0066 1

69 40 0.0155 0.031 0.0471 1

70 40 0.01 0.02 0.0076 1

28 71 0.0012 0.0025 0.0038 1

28 90 0.0089 0.0178 0.0271 1

28 94 0.0104 0.0208 0.0315 1

73 39 0.0136 0.0271 0.0103 1

74 29 0.0021 0.0041 0.0063 1

74 81 0.0556 0.1113 0.0422 1

74 87 0.0349 0.0699 0.0265 1

36 78 0.0285 0.0571 0.0217 1

36 54 0.0678 0.1355 0.0514 1

37 76 0.02 0.0399 0.0606 1

77 101 0.0492 0.0984 0.0374 1

77 43 0.0071 0.0143 0.0054 1

77 98 0.0142 0.0284 0.0108 1

37 98 0.0143 0.0285 0.0108 1

37 88 0.0046 0.0093 0.0141 1

95 79 0.0125 0.025 0.0379 1

87 81 0.0506 0.1013 0.0384 1

85 83 0.0314 0.0628 0.0238 1

40 75 0.0257 0.0514 0.078 1
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98 99 0.0056 0.0113 0.0043 1

98 100 0.0178 0.0357 0.0135 1

99 100 0.0121 0.0243 0.0092 1

77 37 0.0071 0.0143 0.0054 1

43 104 0.0317 0.0635 0.0964 1

104 101 0.0193 0.0385 0.0146 1

38 66 0.0014 0.0029 0.0011 1

38 105 0.0007 0.0014 0.0005 1

66 105 0.0014 0.0029 0.0011 1

39 108 0.0039 0.0078 0.003 1

31 107 0.0061 0.0121 0.0184 1

66 106 0.0018 0.0036 0.0054 1

81 109 0.0407 0.0813 0.0309 1

27 113 0.0082 0.0164 0.0249 1

104 110 0.0521 0.1041 0.0395 1

104 111 0.0214 0.0428 0.0162 1

110 111 0.0428 0.0856 0.0325 1

111 43 0.0642 0.1284 0.0487 1

104 43 0.0663 0.1327 0.0503 1

114 45 0.0143 0.0285 0.0108 1

114 53 0.0514 0.1027 0.039 1

116 122 0.0166 0.058 0.2425 1

122 119 0.0014 0.0049 0.0207 1

116 123 0.0037 0.013 0.2169 1

116 128 0.0046 0.016 0.2673 1

116 131 0.0094 0.0328 0.1372 1

116 140 0.0125 0.0438 0.7335 1

118 122 0.0025 0.0088 0.1477 1

118 124 0.0053 0.0184 0.3083 1

118 132 0.009 0.0315 0.5263 1

123 125 0.0012 0.0041 0.0684 1

122 133 0.0006 0.0022 0.0376 1

122 140 0.0064 0.0225 0.3759 1

125 117 0.0046 0.016 0.2669 1

115 126 0.0038 0.0133 0.2233 1

115 126 0.0076 0.0267 0.1118 1

115 132 0.0051 0.0177 0.297 1

126 127 0.0082 0.0287 0.1201 1

117 130 0.0036 0.0126 0.2109 1

119 134 0.001 0.0036 0.0602 1

122 134 0.0011 0.0038 0.0639 1

136 135 0.0055 0.0192 0.7218 1

138 120 0.0069 0.0243 0.406 1

Continued
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Table B.16 Transmission Line Data of 24-Machine, 203-Bus System on

100-MVA Base—cont’d

From
Bus
Number

To Bus
Number

Series
Resistance
(Rs)(pu)

Series
Reactance
(Xs)(pu)

Shunt
Susceptance
(B/2)(pu)

Actual Tap
Ratio

138 137 0.0076 0.0265 0.4436 1

121 136 0.0053 0.0186 0.312 1

121 137 0.0001 0.0004 0.0075 1

141 134 0.0022 0.0076 0.1278 1

132 144 0.003 0.0106 0.1767 1

143 115 0.0091 0.0319 0.1335 1

127 143 0.0055 0.0193 0.0808 1

146 148 0.004 0.0151 0.9204 1

145 148 0.005 0.0189 1.154 1

146 147 0.002 0.0075 0.4545 1

145 147 0.0042 0.0156 0.9516 1

147 153 0.0056 0.021 1.2783 1

145 149 0.0073 0.0273 1.6618 1

149 150 0.0023 0.0087 2.1163 1

149 151 0.0006 0.0022 0.5255 1

151 154 0.0026 0.0099 2.4145 1

152 154 0.0025 0.0093 2.2725 1

150 157 0.0061 0.0228 1.3919 1

146 157 0.0032 0.0122 2.9685 1

155 149 0.0095 0.0355 2.166 1

155 145 0.0022 0.0083 0.5042 1

152 156 0.0034 0.0128 3.1247 1

158 159 0.0114 0.0128 0.0009 1

159 160 0.1027 0.1155 0.0081 1

160 161 0.1912 0.215 0.0038 1

161 162 0.1096 0.1233 0.0022 1

60 163 0.131 0.1723 0.0065 1

164 163 0.0571 0.0642 0.0011 1

145 115 0 0.0132 0 0.95

146 116 0 0.0132 0 0.95

147 117 0 0.0198 0 1

148 118 0 0.0198 0 1

150 119 0 0.0198 0 1.05

151 120 0 0.0198 0 1

152 121 0 0.0198 0 1

154 139 0 0.0198 0 1

149 142 0 0.0397 0 1
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155 143 0 0.0198 0 1.05

115 26 0 0.0208 0 1

116 27 0 0.0313 0 0.95

117 28 0 0.0625 0 1

120 29 0 0.0667 0 1

122 30 0 0.0208 0 1

123 31 0 0.0313 0 1

124 32 0 0.0313 0 1

125 33 0 0.0625 0 1

125 33 0 0.0333 0 1

126 34 0 0.0333 0 1

126 34 0 0.0625 0 1

127 35 0 0.0313 0 1

128 36 0 0.0313 0 0.95

129 37 0 0.0313 0 1

130 38 0 0.0313 0 1

131 39 0 0.0313 0 1

132 40 0 0.0313 0 1

133 41 0 0.1 0 1

136 42 0 0.1 0 1

137 43 0 0.1 0 1

140 95 0 0.1 0 1

117 28 0 0.0333 0 1

136 42 0 0.2 0 1

134 112 0 0.0313 0 1

144 72 0 0.0313 0 1

111 164 0 0.2 0 1.05

10 96 0 0.0324 0 1

11 96 0 0.02 0 1

7 140 0 0.0179 0 1

8 133 0 0.0769 0 1

12 41 0 0.0314 0 1

24 41 0 0.1143 0 1

2 117 0 0.0135 0 1

3 147 0 0.0169 0 1

4 148 0 0.0253 0 1

1 149 0 0.0112 0 0.95

5 149 0 0.0177 0 0.95

13 135 0 0.0268 0 0.95

9 101 0 0.1333 0 1

21 98 0 0.25 0 1

22 99 0 0.25 0 1

23 100 0 0.25 0 1

Continued
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Table B.16 Transmission Line Data of 24-Machine, 203-Bus System on

100-MVA Base—cont’d

From
Bus
Number

To Bus
Number

Series
Resistance
(Rs)(pu)

Series
Reactance
(Xs)(pu)

Shunt
Susceptance
(B/2)(pu)

Actual Tap
Ratio

14 158 0 0.1571 0 1

15 159 0 0.3125 0 1

16 104 0 0.0889 0 1

53 162 0 0.1333 0 1.05

17 141 0 0.0101 0 1

6 118 0 0.0405 0 1

18 112 0 0.0485 0 1

19 112 0 0.028 0 1

25 157 0 0.0112 0 0.9875

39 194 0 0.0533 0 1.05

36 201 0 0.127 0 1.05

54 195 0 0.08 0 1.05

64 196 0 0.254 0 1.05

64 196 0 0.4 0 1.05

77 197 0 0.127 0 1.05

86 198 0 0.0533 0 1.05

55 199 0 0.16 0 1.05

55 199 0 0.2 0 1.05

92 200 0 0.08 0 1.05

20 156 0 0.0156 0 0.9875

145 165 0 0.3333 0 1

146 166 0 0.3333 0 1

147 167 0 0.5 0 1

148 170 0 0.5 0 1

150 169 0 0.5 0 1

151 171 0 0.5 0 1

152 172 0 0.5 0 1

154 173 0 0.5 0 1

149 168 0 0.5 0 1

155 202 0 0.5 0 1

115 174 0 0.0741 0 1

116 175 0 0.1111 0 1

117 176 0 0.2222 0 1

120 177 0 0.2222 0 1

122 178 0 0.0741 0 1

123 179 0 0.1111 0 1

124 180 0 0.1111 0 1
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125 181 0 0.2222 0 1

125 181 0 0.1111 0 1

126 182 0 0.1111 0 1

126 182 0 0.2222 0 1

127 183 0 0.1111 0 1

128 184 0 0.1111 0 1

129 185 0 0.1111 0 1

130 186 0 0.1111 0 1

131 187 0 0.1111 0 1

132 188 0 0.1111 0 1

133 189 0 0.3333 0 1

136 190 0 0.3333 0 1

137 191 0 0.3333 0 1

140 192 0 0.3333 0 1

117 176 0 0.1111 0 1

136 190 0 0.6667 0 1

134 193 0 0.1111 0 1

144 203 0 0.1111 0 1

Note: Total line ¼ 159 þ 35 (Line transformer � 3windings) þ 37 (Load transformer � 2windings) þ 35
(Load transformer � 3 windings) ¼ 266. But here totally 265 numbers of lines are considered during
analysis, because line 47 has been removed due to its very small impedance. Lines are arranged
according to bus voltage level.

347B.4 14-Area, 24-Machine, 203-Bus System
B.4.1 PSS and TCSC for 203-bus system
KPSS ¼ 10; τ1 |PSS ¼ 0.4 s; τ2 |PSS ¼ 0.15 s; KTCSC ¼ 2.245, T1 |TCSC ¼ 1.5 s,

T2 |TCSC ¼ 0.11 s; XL ¼ 0.000526 pu; XC ¼ 0.00526 pu; αmin (
�) ¼ 145�; αmax (

�) ¼
160�; TTCSC ¼ 17 ms.



APPENDIX
MATLAB Simulation
Program
 C

C.1 PROGRAM FOR ILLUSTRATION IN ARTICLE 5.5

%***************************************************************

% ILUSTRATION 3 -MACHINE, 9 - BUS SYSTEM (3 N0S PV BUS: 6 NOS PQ BUS)

% COMPUTATION OF SYSTEM MARIX EIGENVALUE AND DAMPING RATIO

%----------------------------------------------------

% MACHINE DATA% Input PG; QG; Rs; Xd; X_d; T_d; Xq; X_q;

T_q; H; D; Ws

%EXCITATION SYSTEM DATA% Input KA; TA; KE ; TE; KF ; TF ;

%LOAD FLOW DATA Input Voltage (V) ; THETA (θ)

****************************************************************

% COMPUTATION OF INITIAL CONDITIONS %

for mm¼1:3; % For 3-Machine system

VV(mm)¼V(mm)*exp(-i*THETA(mm)) ; IG(mm)¼(PG(mm)-i*QG(mm))/VV(mm) ;

%step1

DELTA(mm)¼angle(VV(mm) + (Rs(mm)+i*Xq(mm))*IG(mm)) ;

%step2

Idq(mm)¼IG(mm)*exp(-i*(DELTA(mm) - pi/2)) ;

Id(mm)¼real(Idq(mm)) ;

Iq(mm)¼imag(Idq(mm)) ;

Vdq(mm)¼VV(mm)*exp(-i*(DELTA(mm) - pi/2)) ;

Vd(mm)¼real(Vdq(mm)) ;

Vq(mm)¼imag(Vdq(mm)) ;

%step3

E_d(mm) ¼ (Xq(mm)-X_q(mm))*Iq(mm) ;

%step4

E_q(mm) ¼ Vq(mm)+Rs(mm)*Iq(mm)+X_d(mm)*Id(mm) ;

%step5

Efd(mm) ¼ E_q(mm)+(Xd(mm)-X_d(mm))*Id(mm) ;

%step6

VR(mm)¼(KE(mm)+0.0039*exp(1.555*Efd(mm)))*Efd(mm) ;

RF(mm)¼(KF(mm)/TF(mm))*Efd(mm) ;

Vref(mm)¼V(mm)+VR(mm)/KA(mm) ;
349
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TM(mm)¼E_d(mm)*Id(mm)+E_q(mm)*Iq(mm)+(X_q(mm)-X_d(mm))*Id(mm)*Iq

(mm) ;

end

%..............................................................%

% COMPUTATION OF BUS ADMITTANCE MATRIX%

num¼9 ; % For 9-Bus system

line_data ¼ linedatas(num); % Acquire line data

Y_N¼ybusppg ; % Calculate Y-Bus matrix from line data

Yn¼abs(ybusppg) ; ALPHA¼angle(ybusppg) ;

%..............................................................%

% LINEARIZATION OF DIFFERENTIAL ALGEBRAIC EQUATIONS (DAE) %

for m¼1:3

A1i(:,:,m)¼[0 1 0 0 0 0 0 ; 0 -D(m)*Ws(m)/(2*H(m)) (-Iq(m)*Ws(m))/(2*H

(m)) (-Id(m)*Ws(m))/(2*H(m)) 0 0 0 ; 0 0 -1/T1d(m) 0 1/T1d(m) 0 0 ;

0 0 0 -1/T1q(m) 0 0 0 ; 0 0 0 0-(KE(m)+(1+1.555*Efd(m))*0.0039*exp

(1.555*Efd(m)))/TE(m)1/TE(m)0;0000-(KA(m)*KF(m))/(TA(m)*TF(m))-

1/TA(m) KA(m)/TA(m) ; 0 0 0 0 KF(m)/(TF(m)*TF(m)) 0 -1/TF(m)] ;

B1i(:,:,m)¼[00;((Ws(m)*Iq(m)*(X1d(m)-X1q(m)))-(Ws(m)*E1d(m)))/(2*H

(m)) ((Ws(m)*Id(m)*(X1d(m)-X1q(m)))-(Ws(m)*E1q(m)))/(2*H(m)) ; -(Xd

(m)-X1d(m))/(T1d(m)) 0 ; 0 (Xq(m)-X1q(m))/(T1q(m)); 0 0 ; 0 0 ; 0 0];

B2i(:,:,m)¼[0 0; 0 0 ; 0 0; 0 0; 0 0; 0 -KA(m)/TA(m); 0 0];

E1i(:,:,m)¼[0 0 ; Ws(m)/(2*H(m)) 0 ;0 0 ; 0 0; 0 0;0 KA(m)/TA(m); 0 0];

end

% MATRIX A1, B1, B2 , E1 %

A1 ¼ blkdiag(A1i(:,:,1),A1i(:,:,2),A1i(:,:,3)); B1 ¼ blkdiag(B1i

(:,:,1),B1i(:,:,2),B1i(:,:,3));

B2 ¼ blkdiag(B2i(:,:,1),B2i(:,:,2),B2i(:,:,3)); E1 ¼ blkdiag(E1i

(:,:,1),E1i(:,:,2),E1i(:,:,3));

%............................................................%

% LINEARIZATION OF STATOR ALGEBRAIC EQUATIONS %

for m¼1:3;

C1i(:,:,m)¼[-V(m)*(cos(DELTA(m)-THETA(m))) 0 0 1 0 0 0;V(m)*(sin

(DELTA(m)-THETA(m))) 0 1 0 0 0 0];

D1i(:,:,m)¼ [-Rs(m) X1q(m) ; -X1d(m) -Rs(m)];

D2i(:,:,m)¼ [V(m)*(cos(DELTA(m)-THETA(m))) -sin(DELTA(m)-THETA

(m)) ; -V(m)*(sin(DELTA(m) THETA(m))) -cos(DELTA(m)-THETA(m))];

end

% MATRIX C1, D1, D2 %

C1¼ blkdiag(C1i(:,:,1), C1i(:,:,2), C1i(:,:,3)); D1¼ blkdiag(D1i

(:,:,1), D1i(:,:,2), D1i(:,:,3));

D2¼ blkdiag(D2i(:,:,1), D2i(:,:,2), D2i(:,:,3));

%.............................................................%

% LINEARIZATION OF NETWORK EQUATIONS PERTAIN TO GENERATOR BUS%

for m¼1:3;
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C2i(:,:,m)¼ [(Id(m)*V(m)*(cos(DELTA(m)-THETA(m)))-Iq(m)*V(m)*

(sin(DELTA(m)-THETA(m)))) 0 0 0 0 0 0 ; (-Id(m)*V(m)*(sin(DELTA(m)-

THETA(m)))-Iq(m)*V(m)*(cos(DELTA(m)-THETA(m)))) 0 0 0 0 0 0];

D3i(:,:,m)¼ [ V(m)*(sin(DELTA(m)-THETA(m))) V(m)*(cos(DELTA(m)-

THETA(m))); V(m)*(cos(DELTA(m)-THETA(m))) -V(m)*(sin

(DELTA(m)-THETA(m)))];

end

% MATRIX C2, D3 %

C2¼ blkdiag(C2i(:,:,1),C2i(:,:,2),C2i(:,:,3)); D3¼ blkdiag

(D3i(:,:,1),D3i(:,:,2),D3i(:,:,3));

%______________________________________________________________%

% CALCULATION OF DIFFERENT SUMMATION TO GET MATRIX D4 %

for m¼1:3;

for k¼ 1:9;

p(k)¼(V(k)*Yn(m,k)*sin (THETA(m)-THETA(k)

-ALPHA(m,k)));

q(k) ¼(V(k)*Yn(m,k)*cos(THETA(m)-THETA(k)

-ALPHA(m,k)));

r(k) ¼(V(k)*Yn(m,k)*cos(THETA(m)-THETA(k)

-ALPHA(m,k)));

s(k) ¼(V(k)*Yn(m,k)*sin (THETA(m)-THETA(k)

-ALPHA(m,k)));

end

a(m)¼sum(p)-(V(m)*Yn(m,m)*sin(THETA(m)-THETA(m)-ALPHA(m,m)));

b(m)¼sum(q);

c(m)¼sum(r)-(V(m)*Yn(m,m)*cos(THETA(m)-THETA(m)-ALPHA(m,m)));

d(m)¼sum(s);

end

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

% > TO CALCULATE MATRIX D4 >

m¼1;

k¼1;

D41_1¼[-Id(m)*V(m)*(cos(DELTA(m)-THETA(m)))+Iq(m)*V(m)*(sin

(DELTA(m)-THETA(m)))+V(m)*a(m) Id(m)*(sin(DELTA(m)-THETA(m)))+

Iq(m)*(cos(DELTA(m)-THETA(m)))-b(m)-V(m)*Yn(m,k)*(cos(THETA(m)-

THETA(k)-ALPHA(m,k)));

Id(m)*V(m)*(sin(DELTA(m)-THETA(m)))+Iq(m)*V(m)*(cos(DELTA(m)-

THETA(m)))-V(m)*c(m)

Id(m)*(cos(DELTA(m)-THETA(m)))-Iq(m)*(sin(DELTA(m)-THETA(m)))-

d(m)-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼2;

D41_2¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

- V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))
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-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼3;

D41_3¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼2;

k¼1 ;

D42_1¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼2;

D42_2¼[-Id(m)*V(m)*(cos(DELTA(m)-THETA(m)))+Iq(m)*V(m)*

(sin(DELTA(m)-THETA(m)))+V(m)*a(m) Id(m)*(sin(DELTA(m)-

THETA(m)))+Iq(m)*(cos(DELTA(m)-THETA(m)))-b(m)-V(m)*

Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)));

Id(m)*V(m)*(sin(DELTA(m)-THETA(m)))+Iq(m)*V(m)*(cos(DELTA

(m)-THETA(m)))-V(m)*c(m)

Id(m)*(cos(DELTA(m)-THETA(m)))-Iq(m)*(sin(DELTA(m)

-THETA(m)))-d(m)-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)

-ALPHA(m,k)))];

k¼3;

D42_3¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

- V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

m¼3;

k¼1;

D43_1¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼2;

D43_2¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼3;

D43_3¼[-Id(m)*V(m)*(cos(DELTA(m)-THETA(m)))+Iq(m)*V(m)*(sin

(DELTA(m)-THETA(m)))+V(m)*a(m) Id(m)*(sin(DELTA(m)-

THETA(m)))+Iq(m)*(cos(DELTA(m)-THETA(m)))-b(m)-V(m)*

Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)));

Id(m)*V(m)*(sin(DELTA(m)-THETA(m)))+Iq(m)*V(m)*(cos(DELTA(m)-

THETA(m)))-V(m)*c(m)
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Id(m)*(cos(DELTA(m)-THETA(m)))-Iq(m)*(sin(DELTA(m)-THETA(m)))-

d(m)-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

D4¼ [D41_1 D41_2 D41_3 ; D42_1 D42_2 D42_3 ; D43_1 D43_2 D43_3 ];

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

% > TO CALCULATE MATRIX D5 >

m¼1;

for k¼4:9;

D51(:,:,k)¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA

(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,

k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

end

m¼2;

for k¼4:9;

D52(:,:,k)¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,

k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,

k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

end

m¼3;

for k¼4:9;

D53(:,:,k)¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

end

D5 ¼ [D51(:,:,4) D51(:,:,5) D51(:,:,6) D51(:,:,7) D51(:,:,8)

D51(:,:,9) ; D52(:,:,4) D52(:,:,5) D52(:,:,6) D52(:,:,7) D52

(:,:,8) D52(:,:,9); D53(:,:,4) D53(:,:,5) D53(:,:,6) D53

(:,:,7) D53(:,:,8) D53(:,:,9) ];

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

% > TO CALCULATE MATRIX D6 > %

m¼4;

for k¼1:3;

D64(:,:,k)¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

end

m¼5;



354 APPENDIX C MATLAB Simulation Program
for k¼1:3;

D65(:,:,k)¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

end

m¼6;

for k¼1:3;

D66(:,:,k)¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

end

m¼7;

for k¼1:3;

D67(:,:,k)¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

end

m¼8;

for k¼1:3;

D68(:,:,k)¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

end

m¼9;

for k¼1:3;

D69(:,:,k) ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,

k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

end

D6 ¼ [ D64(:,:,1) D64(:,:,2) D64(:,:,3) ; D65(:,:,1) D65(:,:,2)

D65(:,:,3) ; D66(:,:,1) D66(:,:,2) D66(:,:,3) ;

D67(:,:,1) D67(:,:,2) D67(:,:,3); D68(:,:,1) D68(:,:,2)

D68(:,:,3) ; D69(:,:,1) D69(:,:,2) D69(:,:,3) ];

%______________________________________________________________%

% CALCULATION OF DIFFERENT SUMMATION TO GET MATRIX D7 %

for m¼4:9;

for k¼ 1:9;

t(k)¼(V(m)*V(k)*Yn(m,k)*sin(THETA(m)-THETA(k)-ALPHA(m,

k)));

u(k) ¼(V(k)*Yn(m,k)*cos(THETA(m)-THETA(k)-ALPHA(m,k)));

v(k) ¼(V(m)*V(k)*Yn(m,k)*cos(THETA(m)-THETA(k)-ALPHA(m,

k)));

w(k)¼(V(k)*Yn(m,k)*sin(THETA(m)-THETA(k)-ALPHA(m,k)));

end
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e(m)¼sum(t)-(V(m)*V(m)*Yn(m,m)*sin(THETA(m)-THETA(m)-

ALPHA(m,m)));

f(m)¼sum(u);

g(m)¼sum(v)-(V(m)*V(m)*Yn(m,m)*cos(THETA(m)-THETA(m)-

ALPHA(m,m)));

h(m)¼sum(w);

end

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

% >TO CALCULATE MATRIX D7 >

m¼4;

k¼4;

D74_4¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA

(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA

(m,k))))];

k¼5;

D74_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼6;

D74_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼7;

D74_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼8;

D74_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼9;

D74_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼5;

k¼4;

D75_4¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];
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k¼5;

D75_5¼[e(m) -f(m)-((V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,

k)))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA

(m,k))))];

k¼6;

D75_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼7;

D75_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼8;

D75_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼9;

D75_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼6;

k¼4;

D76_4¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

- V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D76_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼6;

D76_6 ¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA

(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA

(m,k))))];

k¼7;

D76_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];
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k¼8;

D76_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼9;

D76_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼7;

k¼4;

D77_4¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D77_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼6;

D77_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼7;

D77_7 ¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k))))];

k¼8;

D77_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼9;

D77_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼8;

k¼4;

D78_4¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];
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k¼5;

D78_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼6;

D78_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼7;

D78_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼8;

D78_8 ¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,

k))))];

k¼9;

D78_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼9;

k¼4;

D79_4¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D79_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼6;

D79_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼7;

D79_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];
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k¼8;

D79_8 ¼ [-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼9;

D79_9 ¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k))))];

D7¼[D74_4 D74_5 D74_6 D74_7 D74_8 D74_9; D75_4 D75_5 D75_6 D75_7

D75_8 D75_9 ; D76_4 D76_5 D76_6 D76_7 D76_8 D76_9 ; D77_4 D77_5

D77_6 D77_7 D77_8 D77_9 ; D78_4 D78_5 D78_6 D78_7 D78_8 D78_9 ;

D79_4 D79_5 D79_6 D79_7 D79_8 D79_9 ];

% CALCULATION OF SYSTEM MATRIX (A-SYS) %

K1¼ D4 - (D3*inv(D1)*D2); K2¼ C2 - (D3*inv(D1)*C1);

A_dot ¼ A1 - (B1*inv(D1)*C1); B1_dot ¼ B2 - (B1*inv(D1)*D2);

B2_dot ¼ zeros([21 ,12]); B_dot ¼ [ B1_dot B2_dot];

C1_dot ¼ K2 ; C2_dot ¼ zeros([12 21]); C_dot ¼ [C1_dot ; C2_dot];

D11_dot ¼ K1; D12_dot ¼ D5; D21_dot ¼ D6; D22_dot ¼ D7;

D_dot ¼ [D11_dot D12_dot ; D21_dot D22_dot ];

JAE ¼ inv(D_dot);

%----------------------------------------------------%

A_sys ¼ A_dot - B_dot * JAE * C_dot; % SYSTEM MATRIX

eig_val ¼eig (A_sys) % EIGEN VALUE

SIGMA¼ abs(real(eig_val)) ; % REAL PART OF THE DOMINANT EIGEN

VALUE%

OMEGA ¼ abs(real(i*eig_val)) ; % IMAGINARY PART OF DOMINANT

EIGEN VALUE%

FREQ ¼ OMEGA/(2*pi) ; % FREQUENCY OF OSCILLATION

Z¼ abs(eig_val);

ZAI¼ SIGMA./Z %DAMPINGFACTORFOR DOMINANT EIGENVALUE%
C.2 PROGRAM FOR ILLUSTRATION IN ARTICLE 7.5.2
%***************************************************************

% ILUSTRATION 3 -MACHINE , 9 - BUS SYSTEM (3 N0S PV BUS: 6 NOS PQ BUS)

%COMPUTATIONOFSYSTEMMARIXEIGENVALUEANDDAMPINGRATIOWITHPSS&SVC

%----------------------------------------------------

% MACHINE DATA% Input PG;QG;Rs;Xd;X_d;T_d;Xq;X_q;T_q;H;D;ωs
%EXCITATION SYSTEM DATA% Input KA; TA; KE ; TE; KF ; TF ;

% LOAD FLOW DATA WITH SVC AT BUS # 8% Input Voltage (V) ; THETA (θ)
%..............................................................%
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% COMPUTATION OF INITIAL CONDITION (As in Program for Article.1) %

%..............................................................%

% DETERMINATION OF SVC SUSCEPTANCE AT A TYPICAL VALUE OF FIRING ANGLE %

%**************************************************************%

beta_in¼ 136 ; % Firing angle selected near Resonace

beta¼(beta_in*pi)/180 ; % In radian %

XL¼0.4925; XC¼1.1708; % SVC INDUCTIVE AND CAPACITIVE

REACTANCE

omega¼2*pi*50;

BSVC¼-(pi*XL-XC*(2*(pi-beta)+sin(2*beta)))/

(pi*XC*XL); % SVC SUSCEPTANCE

dBSVC¼2*(cos(2*beta)-1)/XL ;

% Modification of Y-Bus matrix for SVC connected in Bus # 8

del_Yn¼zeros(9,9);

ii¼8 ; kk¼8 ;

del_Yn(ii,kk)¼dBSVC*i ; delYn¼abs(del_Yn) ; GAMA¼angle(del_Yn) ;

%..............................................................%

% COMPUTATION OF Y-BUS MATRIX WITH SVC %

line_data ¼ linedatassvc; % Acquire line data with SVC

Y_N¼ ybusppgsvc ; % Y-Bus matrix from line data with SVC

Yn¼abs(ybusppgsvc ; ALPHA¼angle(ybusppgsvc) ;

%----------------------------------------------------

% PSS PARAMETERS % Input KPSS; T1; T2;

% SVC PARAMETERS % Input KSVC; KP; KI; T11; T21; Tsvc;

% ..............................................................%

% LINEARIZATION OF DAE WITH PSS AND SVC PARAMETERS %

m¼1 ;

A1i1¼[0 1 0 0 0 0 0 0 ; 0 -D(m)*Ws(m)/(2*H(m)) (-Iq(m)*Ws(m))/(2*H(m))

(-Id(m)*Ws(m))/(2*H(m)) 0 0 0 0 ; 0 0 -1/T_d(m) 0 1/T_d(m) 0 0 0 ;

0 0 0 -1/T_q(m) 0 0 0 0 ;

0 0 0 0 -(KE(m)+(1+1.555*Efd(m))*0.0039*exp(1.555*Efd(m)))/TE(m)

1/TE(m) 0 0 ;

0000 -(KA(m)*KF(m))/(TA(m)*TF(m))-1/TA(m)KA(m)/TA(m) -KA(m)/TA(m);

0 0 0 0 KF(m)/(TF(m)*TF(m)) 0 -1/TF(m) 0; 0 KPSS/(T2*Ws(m))-(D(m)

*KPSS*T1*Ws(m))/(2*H(m)*T2*Ws(m)) (-KPSS*T1*Iq(m)*Ws(m))/

(2*T2*Ws(m)*H(m))

(-KPSS*T1*Id(m)*Ws(m))/(2*T2*Ws(m)*H(m)) 0 0 0 -1/T2];

B1i1 ¼[0 0 ; ((Ws(m)*Iq(m)*(X_d(m)-X_q(m)))-(Ws(m)*E_d(m)))/(2*H

(m)) ((Ws(m)*Id(m)*(X_d(m)-X_q(m)))-(Ws(m)*E_q(m)))/(2*H(m)) ;

-(Xd(m)-X_d(m))/(T_d(m)) 0 ; 0 (Xq(m)-X_q(m))/(T_q(m)); 0 0 ; 0 0 ; 0 0 ;

KPSS*T1*(Ws(m)*Iq(m)*(X_d(m)-X_q(m))-Ws(m)*E_d(m))/(2*T2*Ws(m)*H

(m)) KPSS*T1*(Ws(m)*Id(m)*(X_d(m)-X_q(m))-Ws(m)*E_q(m))/(2*T2*Ws

(m)*H(m))];
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B2i1 ¼[0 0; 0 0 ; 0 0; 0 0; 0 0; 0 -KA(m)/TA(m); 0 0 ; 0 0];

E1i1¼[0 0 ;Ws(m)/(2*H(m)) 0 ;0 0 ; 0 0; 0 0;0 KA(m)/TA(m); 0 0; KPSS*T1/

(2*H(m)*T2) 0 ];

m¼2 ;

A1i_2¼[0 1 0 0 0 0 0 0 0 0 0; 0 -D(m)*Ws(m)/(2*H(m)) (-Iq(m)*Ws(m))/

(2*H(m)) (-Id(m)*Ws(m))/(2*H(m)) 0 0 0 0 0 0 0; 0 0 -1/T_d(m) 0 1/

T_d(m) 0 0 0 0 0 0;

0 0 0 -1/T_q(m) 0 0 0 0 0 0 0; 0 0 0 0 -(KE(m)+(1+1.555*Efd(m))

*0.0039*exp(1.555*Efd(m)))/TE(m) 1/TE(m) 0 0 0 0 0; 0 0 0 0 -(KA(m)*

KF(m))/(TA(m)*TF(m)) -1/TA(m) KA(m)/TA(m) -KA(m)/TA(m) 0 (KA(m)

*dBSVC)/TA(m) 0;

0 0 0 0 KF(m)/(TF(m)*TF(m)) 0 -1/TF(m) 0 0 0 0; 0 KPSS/(T2*Ws(m))-

(D(m)*KPSS*T1*Ws(m))/(2*H(m)*T2*Ws(m)) (-KPSS*T1*Iq(m)*Ws(m))/

(2*T2*Ws(m)*H(m))

(-KPSS*T1*Id(m)*Ws(m))/(2*T2*Ws(m)*H(m)) 0 0 0 -1/T2 0 0 0;

0 (KSVC/(T21*Ws(m))-(D(m)*KSVC*T11*Ws(m))/(2*H(m)*T21*Ws(m)))

-(KSVC*T11*Iq(m)*Ws(m))/(2*T21*Ws(m)*H(m)) -(KSVC*T11*Id(m)*

Ws(m))/(2*T21*Ws(m)*H(m)) 0 0 0 0 -1/T21 0 0 ; 0 0 0 0 0 0 0 0 -

KI 0 0; 0 0 0 0 0 0 0 0 0 -1/Tsvc -1/Tsvc ];

B1i_2 ¼[0 0 ; ((Ws(m)*Iq(m)*(X_d(m)-X_q(m)))-(Ws(m)*E_d(m)))/

(2*H(m)) ((Ws(m)*Id(m)*(X_d(m)-X_q(m)))-(Ws(m)*E_q(m)))/(2*H(m)) ;

-(Xd(m)-X_d(m))/(T_d(m)) 0 ; 0 (Xq(m)-X_q(m))/(T_q(m)); 0 0 ;

0 0 ; 0 0 ; KPSS*T1*(Ws(m)*Iq(m)*(X_d(m)-X_q(m))-Ws(m)*E_d(m))/

(2*T2*Ws(m)*H(m)) KPSS*T1*(Ws(m)*Id(m)*(X_d(m)-X_q(m))-Ws(m)*

E_q(m))/(2*T2*Ws(m)*H(m));

(KSVC*T11*(Ws(m)*Iq(m)*(X_d(m)-X_q(m))-Ws(m)*E_d(m)))/(2*T21*

Ws(m)*H(m))

(KSVC*T11*(Ws(m)*Id(m)*(X_d(m)-X_q(m))-Ws(m)*E_q(m)))/(2*T21*Ws

(m)*H(m)); 0 0; 0 0];

B2i_2 ¼[0 0; 0 0 ; 0 0; 0 0; 0 0; 0 -KA(m)/TA(m); 0 0 ; 0 0; 0 0; 0 0; 0 0];

E1i_2 ¼[0 0 0; Ws(m)/(2*H(m)) 0 0; 0 0 0; 0 0 0; 0 0 0; 0 KA(m)/TA(m) 0;

0 0 0; KPSS*T1/(2*H(m)*T2) 0 0; (KSVC*T11)/(2*H(m)*T21) 0 0;

0 0 -KI; 0 0 0];

m¼3 ;

A1i3¼[0 1 0 0 0 0 0 0 ; 0 -D(m)*Ws(m)/(2*H(m)) (-Iq(m)*Ws(m))/(2*H(m))

(-Id(m)*Ws(m))/(2*H(m)) 0 0 0 0 ; 0 0 -1/T_d(m) 0 1/T_d(m) 0 0 0 ;

0 0 0 -1/T_q(m) 0 0 0 0 ;

0 0 0 0 -(KE(m)+(1+1.555*Efd(m))*0.0039*exp(1.555*Efd(m)))/TE(m) 1/

TE(m) 0 0 ;

0 0 0 0 -(KA(m)*KF(m))/(TA(m)*TF(m)) -1/TA(m) KA(m)/TA(m) -KA(m)/

TA(m) ;

0 0 0 0 KF(m)/(TF(m)*TF(m)) 0 -1/TF(m) 0;

0 KPSS/(T2*Ws(m))-(D(m)*KPSS*T1*Ws(m))/(2*H(m)*T2*Ws(m))

(-KPSS*T1*Iq(m)*Ws(m))/(2*T2*Ws(m)*H(m)) (-KPSS*T1*Id(m)*

Ws(m))/(2*T2*Ws(m)*H(m)) 0 0 0 -1/T2];
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B1i3 ¼[0 0 ; ((Ws(m)*Iq(m)*(X_d(m)-X_q(m)))-(Ws(m)*E_d(m)))/(2*H

(m)) ((Ws(m)*Id(m)*(X_d(m)-X_q(m)))-(Ws(m)*E_q(m)))/(2*H(m)) ;

-(Xd(m)-X_d(m))/(T_d(m)) 0 ; 0 (Xq(m)-X_q(m))/(T_q(m)); 0 0 ;

0 0 ; 0 0 ; KPSS*T1*(Ws(m)*Iq(m)*(X_d(m)-X_q(m))-Ws(m)*E_d(m))/

(2*T2*Ws(m)*H(m)) KPSS*T1*(Ws(m)*Id(m)*(X_d(m)-X_q(m))-Ws(m)

*E_q(m))/(2*T2*Ws(m)*H(m))];

B2i3 ¼[0 0; 0 0 ; 0 0; 0 0; 0 0; 0 -KA(m)/TA(m); 0 0 ; 0 0];

E1i3 ¼[0 0 ;Ws(m)/(2*H(m)) 0 ;0 0 ; 0 0; 0 0;0 KA(m)/TA(m); 0 0;

KPSS*T1/(2*H(m)*T2) 0 ];

A1 ¼ blkdiag(A1i1,A1i_2,A1i3); B1 ¼ blkdiag(B1i1,B1i_2,B1i3);

B2 ¼ blkdiag(B2i1,B2i_2,B2i3); E1 ¼ blkdiag(E1i1,E1i_2,E1i3);

% ..............................................................%

% LINEARIZATION OF STATOR ALGEBRAIC EQUATIONS %

m¼1;

C1i1 ¼ [-V(m)*(cos(DELTA(m)-THETA(m))) 0 0 1 0 0 0 0 ; V(m)*(sin

(DELTA(m)-THETA(m))) 0 1 0 0 0 0 0];

D1i1 ¼ [-Rs(m) X_q(m) ; -X_d(m) -Rs(m)];

D2i1 ¼ [V(m)*(cos(DELTA(m)-THETA(m))) -sin(DELTA(m)-THETA(m)) ;

-V(m)*(sin(DELTA(m)-THETA(m))) -cos(DELTA(m)-THETA(m))];

m¼2;

C1i_2¼ [-V(m)*(cos(DELTA(m)-THETA(m))) 0 0 1 0 0 0 0 0 0 0; V(m)*(sin

(DELTA(m)-THETA(m))) 0 1 0 0 0 0 0 0 0 0];

D1i_2¼ [-Rs(m) X_q(m) ; -X_d(m) -Rs(m) ];

D2i_2¼ [V(m)*(cos(DELTA(m)-THETA(m))) -sin(DELTA(m)-THETA(m)) ;

-V(m)*(sin(DELTA(m)-THETA(m))) -cos(DELTA(m)-THETA(m))];

m¼3;

C1i3¼ [-V(m)*(cos(DELTA(m)-THETA(m))) 0 0 1 0 0 0 0; V(m)*(sin(DELTA

(m)-THETA(m))) 0 1 0 0 0 0 0];

D1i3¼ [-Rs(m) X_q(m) ; -X_d(m) -Rs(m)];

D2i3¼ [V(m)*(cos(DELTA(m)-THETA(m))) -sin(DELTA(m)-THETA(m)) ;

-V(m)*(sin(DELTA(m)-THETA(m))) -cos(DELTA(m)-THETA(m))];

% MATRIX C1, D1, D2 %

C1¼ blkdiag(C1i1, C1i_2, C1i3); D1¼ blkdiag(D1i1, D1i_2, D1i3);

D2¼ blkdiag(D2i1, D2i_2, D2i3);

%.............................................................%

% LINEARIZATION OF NETWORK EQUATIONS PERTAIN TO GENERATOR BUS%

m¼1;

C2i1¼ [(Id(m)*V(m)*(cos(DELTA(m)-THETA(m)))-Iq(m)*V(m)*(sin

(DELTA(m)-THETA(m)))) 0 0 0 0 0 0 0; (-Id(m)*V(m)*(sin(DELTA(m)-

THETA(m)))-Iq(m)*V(m)*(cos(DELTA(m)-THETA(m)))) 0 0 0 0 0 0 0];

D3i1¼ [ V(m)*(sin(DELTA(m)-THETA(m))) V(m)*(cos(DELTA(m)-THETA

(m)));

V(m)*(cos(DELTA(m)-THETA(m))) -V(m)*(sin(DELTA(m)-THETA

(m)))];

m¼2;
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C2i_2¼ [(Id(m)*V(m)*(cos(DELTA(m)-THETA(m)))-Iq(m)*V(m)*(sin

(DELTA(m)-THETA(m)))) 0 0 0 0 0 0 0 0 0 0; (-Id(m)*V(m)*(sin(DELTA(m)-

THETA(m)))-Iq(m)*V(m)*(cos(DELTA(m)-THETA(m)))) 0 0 0 0 0 0 0 0 0 0];

D3i_2¼ [ V(m)*(sin(DELTA(m)-THETA(m))) V(m)*(cos(DELTA(m)-THETA

(m)));

V(m)*(cos(DELTA(m)-THETA(m))) -V(m)*(sin(DELTA(m)-THETA

(m)))];

m¼3;

C2i3¼ [(Id(m)*V(m)*(cos(DELTA(m)-THETA(m)))-Iq(m)*V(m)*(sin

(DELTA(m)-THETA(m)))) 0 0 0 0 0 0 0; (-Id(m)*V(m)*(sin(DELTA(m)-

THETA(m)))-Iq(m)*V(m)*(cos(DELTA(m)-THETA(m)))) 0 0 0 0 0 0 0];

D3i3¼ [ V(m)*(sin(DELTA(m)-THETA(m))) V(m)*(cos(DELTA(m)-THETA

(m)));

V(m)*(cos(DELTA(m)-THETA(m))) -V(m)*(sin(DELTA(m)-THETA

(m)))];

% MATRIX C2, D3 %

C2¼ blkdiag(C2i1,C2i_2,C2i3); D3¼ blkdiag(D3i1,D3i_2,D3i3);

%***************************************************************

% > TO CALCULATE MATRIX D4 (As in Program for Article C.1) >%

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

% > TO CALCULATE MATRIX D5 >

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

m¼1;

k¼4;

D51_4¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D51_5¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼6;

D51_6¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼7;

D51_7¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼8;

D51_8¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) 0;
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V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-GAMA(m,

k)))];

k¼9;

D51_9¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

m¼2;

k¼4;

D52_4¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D52_5¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼6;

D52_6¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼7;

D52_7¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼8;

D52_8¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) 0;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];

k¼9;

D52_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

m¼3;

k¼4;

D53_4¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;
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V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D53_5¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼6;

D53_6¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼7;

D53_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼8;

D53_8¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) 0;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

- V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];

k¼9;

D53_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

D5 ¼[D51_4 D51_5 D51_6 D51_7 D51_8 D51_9 ;

D52_4 D52_5 D52_6 D52_7 D52_8 D52_9;

D53_4 D53_5 D53_6 D53_7 D53_8 D53_9];

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

% > TO CALCULATE MATRIX D6 >

m¼4;

k¼1;

D64_1 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼2;

D64_2 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼3;

D64_3 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;
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V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

m¼5;

k¼1;

D65_1 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼2;

D65_2 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼3;

D65_3 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

m¼6;

k¼1;

D66_1 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼2;

D66_2 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼3;

D66_3 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

m¼7;

k¼1;

D67_1 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼2;

D67_2 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼3;

D67_3 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;
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V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

m¼8;

k¼1;

D68_1 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

0 -2*V(m)*BSVC ];

k¼2;

D68_2 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

0 -2*V(m)*BSVC ];

k¼3;

D68_3 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

0 -2*V(m)*BSVC ];

m¼9;

k¼1;

D69_1 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼2;

D69_2 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼3;

D69_3 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

D6 ¼ [ D64_1 D64_2 D64_3 ; D65_1 D65_2 D65_3 ; D66_1 D66_2 D66_3 ;

D67_1 D67_2 D67_3; D68_1 D68_2 D68_3 ; D69_1 D69_2 D69_3 ];

%______________________________________________________________%

% CALCULATION OF DIFFERENT SUMMATION TO GET MATRIX D7 %

(As in Program for Article C.1)

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

% > TO CALCULATE MATRIX D7 >

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

m¼4;
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k¼4;

D74_4¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k))))];

k¼5;

D74_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼6;

D74_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼7;

D74_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼8;

D74_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) 0;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-GAMA(m,k)))];

k¼9;

D74_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼5;

k¼4;

D75_4¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D75_5 ¼[e(m) -f(m)-((V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k)))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k))))];

k¼6;

D75_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];
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k¼7;

D75_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼8;

D75_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) 0;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-GAMA(m,k)))];

k¼9;

D75_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼6;

k¼4;

D76_4¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D76_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼6;

D76_6 ¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k))))];

k¼7;

D76_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼8;

D76_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) 0;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-GAMA(m,k)))];

k¼9;

D76_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))
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-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼7;

k¼4;

D77_4¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D77_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼6;

D77_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼7;

D77_7 ¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k))))];

k¼8;

D77_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) 0;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-GAMA(m,k)))];

k¼9;

D77_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼8;

k¼4;

D78_4 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

0 -2*V(m)*BSVC ];

k¼5;

D78_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

0 -2*V(m)*BSVC ];

k¼6;

D78_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;
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V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

0 -2*V(m)*BSVC ];

k¼7;

D78_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

0 -2*V(m)*BSVC ];

k¼8;

D78_8 ¼ [e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k)))) 0;

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k))))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k)));

0 -2*V(m)*BSVC -2*V(m)*V(m)*dBSVC ];

k¼9;

D78_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

0 -2*V(m)*BSVC ];

m¼9;

k¼4;

D79_4¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D79_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼6;

D79_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼7;

D79_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼8;

D79_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) 0;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))
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-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))] ;

k¼9;

D79_9 ¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k))))];

D7 ¼[D74_4 D74_5 D74_6 D74_7 D74_8 D74_9 ; D75_4 D75_5 D75_6 D75_7

D75_8 D75_9 ; D76_4 D76_5 D76_6 D76_7 D76_8 D76_9 ;

D77_4 D77_5 D77_6 D77_7 D77_8 D77_9 ; D78_4 D78_5 D78_6

D78_7 D78_8 D78_9 ; D79_4 D79_5 D79_6 D79_7 D79_8 D79_9 ];

% COMPUTATION OF SYSTEM MATRIX & EIGEN VALUES WITH PSS AND SVC %

K1¼ D4 - (D3*inv(D1)*D2); K2¼ C2 - (D3*inv(D1)*C1);

A_dot ¼ A1 - (B1*inv(D1)*C1); B1_dot ¼ B2 - (B1*inv(D1)*D2);

B2_dot ¼ zeros([27 ,13]);

B_dot ¼ [ B1_dot B2_dot];

C1_dot ¼ K2 ; C2_dot ¼ zeros([13 27]); C_dot ¼ [C1_dot ; C2_dot];

D11_dot ¼ K1; D12_dot ¼ D5; D21_dot ¼ D6; D22_dot ¼ D7;

D_dot ¼ [D11_dot D12_dot ; D21_dot D22_dot ];

JAE ¼ inv(D_dot);

% ----------------–----------------------------------%

A_svc ¼ A_dot-B_dot*JAE*C_dot ; % SYSTEM MATRIX

eig_valsvc ¼eig (A_svc) % CALCULATION OF EIGEN VALUE WTH

PSS & SVC

SIGMA¼ abs(real(eig_valsvc)) ; % REAL PART OF THE DOMINANT EIGEN

VALUE%

OMEGA¼ abs(real(i*eig_valsvc)) ; % IMAGINARY PART OF DOMINANT EIGEN

VALUE%

FREQ ¼ OMEGA/(2*pi) ; % FREQUENCY OF OSCILLATION

Z¼ abs(eig_valsvc);

ZAI ¼ SIGMA./Z % DAMPING FACTOR FOR DOMINANT

EIGEN VALUE%

%#############################################################%

% TIME RESPONSE ANALYSIS (INITIAL CONDITION RESPONSE) %

AA¼A_svc; BB¼E1; CC¼eye([27,27]); DD¼zeros([27,7]);

T¼0:0.01:10; % SIMULATION TIME

sys ¼ ss(AA,BB,CC,DD);

X0¼zeros(27,1); % INTIAL CONDITION

X0(10,1)¼1.0; % STEP DISTURBANCE

[Y, T, X]¼ initial(sys, X0,T);

plot(T,X(:,10))

hold on
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C.3 PROGRAM FOR ILLUSTRATION IN ARTICLE 7.6.2
%***************************************************************

% ILUSTRATION 3 -MACHINE , 9 - BUS SYSTEM (3 N0S PV BUS: 6 NOS PQ BUS)

% COMPUTATION OF SYSTEM MARIX EIGENVALUE AND DAMPING RATIO WITH PSS &

TCSC

%----------------------------------------------------

% MACHINE DATA%

%***************************************************************

Input PG; QG; Rs; Xd; X_d; T_d; Xq; X_q; T_q; H; D; ωs
%EXCITATION SYSTEM DATA%

%***************************************************************

Input KA; TA; KE ; TE; KF ; TF ;

% LOAD FLOW DATA WITH SVC AT BUS # 8

***************************************************************

Input Voltage (V) ; THETA (θ)
%..............................................................%

% COMPUTATION OF INITIAL CONDITIONS (As in Program for Article C.1 ) %

%..............................................................%

% DETERMINATION OF TCSC REACTANCE AT A TYPICAL VALUE OF FIRING ANGLE %

%**************************************************************%

% YTCSC(i,k)¼g(i,k)+b(i,k); HERE TCSC IS INCLUDED BETWEEN ii¼5 and

kk¼7

%***************%TCSC installed between LINE #5-7****************

********%

beta_in¼ 145.7 ; % Firing angle selected near Resonace

beta¼(beta_in*pi)/180 ; % In radian

del¼pi-beta ; % Conduction angle

omega¼2*pi*50 ;

% XL inductive reactance; XC capacitive reactance%

XL1¼2.6; XC1¼15.0; % INDUCTIVE AND CAPACITIVE REACTANCE%

L¼XL1/omega ;

C¼1/(omega*XC1) ;

omega_zero¼sqrt(1/(L*C)) ;

omega_bar¼omega_zero/omega;

XL¼XL1/529.02 % Expressed in pu, where base impedance

¼529.02 %

XC¼XC1/529.02 % Expressed in pu, where base impedance

¼529.02 %

XLC¼(XC*XL)/(XC-XL) ;

C_1¼(XC+XLC)/pi ;

C_2¼(4*XLC*XLC)/(XL*pi) ;

XTCSC¼-XC+C_1*(2*(del)+ sin(2*(del)))-C_2*(cos(del)) 2̂*

(omega_bar*tan(omega_bar*(del))-tan(del)) ;
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% CACULATION OF delta (XTCSC) (LINEARIZED REACTANCE OF TCSC)

part1¼ -2*C_1*(1+cos(2*beta))+ C_2*sin(2*beta)*(omega_bar*tan

(omega_bar*(pi-beta))-tan(beta));

part2¼(((omega_bar) 2̂)*((cos(pi-beta)) 2̂))/((cos(omega_bar*

(pi-beta))) 2̂);

dXTCSC¼ part1+C_2*(part2 - 1);

%----------------------------------------------------%

line_data ¼ wscclinedatastcsc; % Acuire line data with TCSC

installed in line #5-7 for the

system.

Y_N¼wsccybusppg ; % Compute Y-Bus matrix from line

data

Yn¼abs(wsccybusppg) ; ALPHA¼angle(wsccybusppg) ;

r ¼ line_data(:,3) ; % Resistance, R........

x ¼ line_data(:,4) ; % Reactance, X........

dg¼zeros(9,9) ;

db¼zeros(9,9) ;

%*******: Modified part of the Y-bus matrix with TCSC in LINE #5-7:

******************%

ii¼5 ; kk¼7 ;

dg(ii,ii)¼(-2*r(6,1)*x(6,1))*dXTCSC/((r(6,1)) 2̂+(x(6,1)) 2̂) 2̂ ;

dg(kk,kk)¼dg(ii,ii); dg(ii,kk)¼-dg(ii,ii); dg(kk,ii)¼-dg(ii,ii) ;

db(ii,ii)¼(r(6,1) 2̂+(x(6,1)) 2̂)*dXTCSC/((r(6,1)) 2̂+(x(6,1)) 2̂) 2̂ ;

db(kk,kk)¼db(ii,ii); db(ii,kk)¼-db(ii,ii); db(kk,ii)¼-db(ii,ii) ;

del_Yn¼zeros(9,9);

del_Yn(ii,kk) ¼(1/((r(6,1)) 2̂+(x(6,1)) 2̂) 2̂)*(-2*r(6,1)*x(6,1)+i*

(-(r(6,1)) 2̂+(x(6,1)) 2̂))*dXTCSC ;

del_Yn(kk,ii) ¼(1/((r(6,1)) 2̂+(x(6,1)) 2̂) 2̂)*(-2*r(6,1)*x(6,1)+i*

(-(r(6,1)) 2̂+(x(6,1)) 2̂))*dXTCSC ;

del_Yn(ii,ii) ¼(1/((r(6,1)) 2̂+(x(6,1)) 2̂) 2̂)*(-2*r(6,1)*x(6,1)+i*

(-(r(6,1)) 2̂+(x(6,1)) 2̂))*dXTCSC ;

del_Yn(kk,kk) ¼(1/((r(6,1)) 2̂+(x(6,1)) 2̂) 2̂)*(-2*r(6,1)*x(6,1)+i*

(-(r(6,1)) 2̂+(x(6,1)) 2̂))*dXTCSC ;

delYn¼abs(del_Yn) ;

GAMA¼angle(del_Yn) ;

% PSS PARAMETERS % Input KPSS; T1; T2;

% TCSC PARAMETERS % Input KTCSC; T11; T12; Ttcsc;

%----------------------------------------------------%

% LINEARIZATION OF DIFFERENTIAL ALGEBRAIC EQUATIONS %

for m¼1:3

A1i(:,:,m)¼[0 1 0 0 0 0 0 0 ; 0 -D(m)*Ws(m)/(2*H(m)) (-Iq(m)*Ws(m))/

(2*H(m))

(-Id(m)*Ws(m))/(2*H(m)) 0 0 0 0 ; 0 0 -1/T_d(m) 0 1/

T_d(m) 0 0 0 ; 0 0 0 -1/T_q(m) 0 0 0 0 ; 0 0 0 0 -(KE(m)
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+(1+1.555*Efd(m))*0.0039*exp(1.555*Efd(m)))/TE(m)

1/TE(m) 0 0 ; 0 0 0 0 -(KA(m)*KF(m))/(TA(m)*TF(m)) -1/

TA(m) KA(m)/TA(m) KA(m)/TA(m) ;

0 0 0 0 KF(m)/(TF(m)*TF(m)) 0 -1/TF(m) 0; 0 KPSS/

(T2*Ws(m))-

(D(m)*KPSS*T1*Ws(m))/(2*H(m)*T2*Ws(m)) (-KPSS*T1*Iq(m)

*Ws(m))/(2*T2*Ws(m)*H(m)) (-KPSS*T1*Id(m)*Ws(m))/

(2*T2*Ws(m)*H(m)) 0 0 0 -1/T2];

B1i(:,:,m) ¼[0 0 ; ((Ws(m)*Iq(m)*(X_d(m)-X_q(m)))-(Ws(m)*E_d

(m)))/(2*H(m))

((Ws(m)*Id(m)*(X_d(m)-X_q(m)))-(Ws(m)*E_q(m)))/

(2*H(m)) ;

-(Xd(m)-X_d(m))/(T_d(m)) 0 ; 0 (Xq(m)-X_q(m))/

(T_q(m)); 0 0 ; 0 0 ; 0 0 ;

KPSS*T1*(Ws(m)*Iq(m)*(X_d(m)-X_q(m))-Ws(m)*E_d

(m))/(2*T2*Ws(m)*H(m))

KPSS*T1*(Ws(m)*Id(m)*(X_d(m)-X_q(m))-Ws(m)*E_q

(m))/(2*T2*Ws(m)*H(m))];

B2i(:,:,m) ¼[0 0; 0 0 ; 0 0; 0 0; 0 0; 0 -KA(m)/TA(m); 0 0 ; 0 0];

E1i(:,:,m) ¼[0 0 ;Ws(m)/(2*H(m)) 0 ;0 0 ; 0 0; 0 0;0 KA(m)/TA(m); 0 0;

KPSS*T1/(2*H(m)*T2) 0 ];

end

m¼2;

A1_i(:,:,m)¼[0 1 0 0 0 0 0 0 0 0; 0 -D(m)*Ws(m)/(2*H(m)) (-Iq(m)*Ws(m))/

(2*H(m)) (-Id(m)*Ws(m))/(2*H(m)) 0 0 0 0 0 0; 0 0 -1/T_d(m) 0 1/T_d

(m) 0 0 0 0 0; 0 0 0 -1/T_q(m) 0 0 0 0 0 0; 0 0 0 0 -

(KE(m)+(1+1.555*Efd(m))*0.0039*exp(1.555*Efd(m)))/TE(m) 1/TE(m)

0 0 0 0; 0 0 0 0

-(KA(m)*KF(m))/(TA(m)*TF(m)) -1/TA(m) KA(m)/TA(m) KA(m)/TA(m)

0 KA(m)/TA(m);

0 0 0 0 KF(m)/(TF(m)*TF(m)) 0 -1/TF(m) 0 0 0; 0 KPSS/(T2*Ws(m))- (D(m)

*KPSS*T1*Ws(m))/(2*H(m)*T2*Ws(m)) (-KPSS*T1*Iq(m)*Ws(m))/

(2*T2*Ws(m)*H(m)) (-KPSS*T1*Id(m)*Ws(m))/(2*T2*Ws(m)*H

(m)) 0 0 0 -1/T2 0 0; 0 (KTCSC/(T12*Ws(m))-(D(m)*KTCSC*T11*Ws(m))/

(2*H(m)*T12*Ws(m))) -(KTCSC*T11*Iq(m)*Ws(m))/(2*T12*Ws(m)*H

(m)) -(KTCSC*T11*Id(m)*Ws(m))/(2*T12*Ws(m)*H(m)) 0 0 0 0 -1/T12 0

; 0 0 0 0 0 0 0 0 1/Ttcsc -1/Ttcsc ];

B1_i(:,:,m) ¼[0 0 ; ((Ws(m)*Iq(m)*(X_d(m)-X_q(m)))-(Ws(m)*E_d

(m)))/(2*H(m)) ((Ws(m)*Id(m)*(X_d(m)-X_q(m)))-(Ws(m)*E_q(m)))/

(2*H(m)) ; -(Xd(m)-X_d(m))/(T_d(m)) 0 ; 0 (Xq(m)-X_q(m))/(T_q(m));

0 0 ; 0 0 ; 0 0 ; KPSS*T1*(Ws(m)*Iq(m)*(X_d(m)-X_q(m))-Ws(m)*E_d

(m))/(2*T2*Ws(m)*H(m)) KPSS*T1*(Ws(m)*Id(m)*(X_d(m)-X_q(m))-

Ws(m)*E_q(m))/(2*T2*Ws(m)*H(m));

(KTCSC*T11*(Ws(m)*Iq(m)*(X_d(m)-X_q(m))-Ws(m)*E_d(m))/(2*T12*

Ws(m)*H(m))) (KTCSC*T11*(Ws(m)*Id(m)*(X_d(m)-X_q(m))-Ws(m)*

E_q(m))/(2*T12*Ws(m)*H(m))); 0 0];
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B2_i(:,:,m) ¼[0 0; 0 0 ; 0 0; 0 0; 0 0; 0 -KA(m)/TA(m); 0 0 ; 0 0; 0 0; 0 0];

E1_i(:,:,m)¼[00; Ws(m)/(2*H(m)) 0; 00; 00;0 0;0 KA(m)/TA(m);00;

KPSS*T1/(2*H(m)*T2) 0; KTCSC*T11/(2*H(m)*T12) 0; 0 0];

% MATRIX A1, B1, B2 , E1 %

A1 ¼ blkdiag(A1i(:,:,1),A1_i(:,:,2),A1i(:,:,3)); B1 ¼ blkdiag(B1i

(:,:,1),B1_i(:,:,2),B1i(:,:,3));

B2 ¼ blkdiag(B2i(:,:,1),B2_i(:,:,2),B2i(:,:,3)); E1 ¼ blkdiag(E1i

(:,:,1),E1_i(:,:,2),E1i(:,:,3));

%..............................................................%

% LINEARIZATION OFSTATORALGEBRAIC EQUATIONS %

for m¼1:3;

C1i(:,:,m) ¼ [-V(m)*(cos(DELTA(m)-THETA(m))) 0 0 1 0 0 0 0 ; V(m)*

(sin(DELTA(m)-THETA(m))) 0 1 0 0 0 0 0 ];

D1i(:,:,m) ¼ [-Rs(m) X_q(m) ; -X_d(m) -Rs(m)];

D2i(:,:,m)¼ [V(m)*(cos(DELTA(m)-THETA(m))) -sin(DELTA(m)-THETA

(m)) ; -V(m)*(sin(DELTA(m)-

THETA(m))) -cos(DELTA(m)-THETA(m))];

end

m¼2;

C1_i(:,:,m)¼ [-V(m)*(cos(DELTA(m)-THETA(m))) 0 0 1 0 0 0 0 0 0; V(m)

*(sin(DELTA(m)-THETA(m))) 0 1 0 0 0 0 0 0 0];

D1_i(:,:,m) ¼ [-Rs(m) X_q(m) ; -X_d(m) -Rs(m)];

D2_i(:,:,m) ¼ [V(m)*(cos(DELTA(m)-THETA(m))) -sin(DELTA(m)-

THETA(m)) ;

-V(m)*(sin(DELTA(m)-THETA(m))) -cos(DELTA(m)-

THETA(m))];

% MATRIX C1, D1, D2 %

C1¼ blkdiag(C1i(:,:,1),C1_i(:,:,2),C1i(:,:,3)); D1¼ blkdiag

(D1i(:,:,1),D1_i(:,:,2),D1i(:,:,3));

D2¼ blkdiag(D2i(:,:,1),D2_i(:,:,2),D2i(:,:,3));

%.............................................................%

% LINEARIZATION OF NETWORK EQUATIONS PERTAIN TO GENERATOR BUS %

for m¼1:3;

C2i(:,:,m)¼ [(Id(m)*V(m)*(cos(DELTA(m)-THETA(m)))-Iq(m)*V(m)*

(sin(DELTA(m)-THETA(m))))0 0 00 00 0; (-Id(m)*V(m)*(sin(DELTA(m)-

THETA(m)))-Iq(m)*V(m)*(cos(DELTA(m)-THETA(m)))) 0 0 0 0 0 0 0 ];

D3i(:,:,m)¼ [ V(m)*(sin(DELTA(m)-THETA(m))) V(m)*(cos(DELTA(m)-

THETA(m)));

V(m)*(cos(DELTA(m)-THETA(m))) -V(m)*(sin(DELTA(m)-

THETA(m)))];

end

m¼2;

C2_i(:,:,m)¼ [(Id(m)*V(m)*(cos(DELTA(m)-THETA(m)))-Iq(m)*V(m)*

(sin(DELTA(m)-THETA(m)))) 0 0 0 0 0 0 0 0 0; (-Id(m)

*V(m)*(sin(DELTA(m)-THETA(m)))-Iq(m)*V(m)*(cos

(DELTA(m)- THETA(m)))) 0 0 0 0 0 0 0 0 0];
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D3_i(:,:,m)¼ [ V(m)*(sin(DELTA(m)-THETA(m))) V(m)*(cos(DELTA(m)-

THETA(m)));

V(m)*(cos(DELTA(m)-THETA(m))) -V(m)*(sin(DELTA(m)-

THETA(m)))];

% MATRIX C2, D3 %

C2¼ blkdiag(C2i(:,:,1),C2_i(:,:,2),C2i(:,:,3)); D3¼ blkdiag

(D3i(:,:,1),D3_i(:,:,2),D3i(:,:,3));

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

% TO CALCULATE MATRIX D4 ( As in Program for Article C.1)%

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

% > TO CALCULATE MATRIX D5 >

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

m¼1;

k¼4;

D51_4 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼5;

D51_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-GAMA(m,

k)))];

k¼6;

D51_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼7;

D51_7¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-

GAMA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];

k¼8;

D51_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];
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k¼9;

D51_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

m¼2;

k¼4;

D52_4 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼5;

D52_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-

GAMA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];

k¼6;

D52_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼7;

D52_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-

GAMA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];

k¼8;

D52_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼9;

D52_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

m¼3;
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k¼4;

D53_4 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼5;

D53_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-

GAMA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];

k¼6;

D53_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼7;

D53_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-

GAMA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];

k¼8;

D53_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

k¼9;

D53_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

D5 ¼[D51_4 D51_5 D51_6 D51_7 D51_8 D51_9 ;

D52_4 D52_5 D52_6 D52_7 D52_8 D52_9;

D53_4 D53_5 D53_6 D53_7 D53_8 D53_9];

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>> %

% > TO CALCULATE MATRIX D6 >

m¼4;

for k¼1:3;

D64(:,:,k) ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;
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V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))];

end

m¼5;

for k¼1:3;

D65(:,:,k) ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,

k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*real(Y_N(m,k))*(sin(THETA(m)-THETA

(k)))-V(m)*V(k)*imag(Y_N(m,k))*(cos(THETA(m)-

THETA(k))) V(m)*(real(Y_N(m,k))*cos(THETA(m)-

THETA(k))+imag(Y_N(m,k))*sin(THETA(m)-THETA(k))) ];

end

m¼6;

for k¼1:3;

D66(:,:,k) ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,

k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,

k))) -V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA

(m,k)))];

end

m¼7;

for k¼1:3;

D67(:,:,k) ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,

k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,

k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*real(Y_N(m,k))*(sin(THETA(m)-THETA

(k)))-V(m)*V(k)*imag(Y_N(m,k))*(cos(THETA(m)-

THETA(k))) V(m)*(real(Y_N(m,k))*cos(THETA(m)-

THETA(k))+imag(Y_N(m,k))*sin(THETA(m)-THETA

(k)))];

end

m¼8;

for k¼1:3;

D68(:,:,k)¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

; V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA

(m,k))) -V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k)))];

end

m¼9;
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for k¼1:3;

D69(:,:,k) ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,

k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,

k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,

k)))];

end

D6 ¼ [ D64(:,:,1) D64(:,:,2) D64(:,:,3) ; D65(:,:,1) D65(:,:,2) D65

(:,:,3) ; D66(:,:,1) D66(:,:,2) D66(:,:,3) ;

D67(:,:,1) D67(:,:,2) D67(:,:,3); D68(:,:,1) D68(:,:,2) D68

(:,:,3) ; D69(:,:,1) D69(:,:,2) D69(:,:,3) ];

%____________________________________________________________%

% CALCULATION OF DIFFERENT SUMMATION TO GET MATRIX D7

for m¼4:9;

for k¼ 1:9;

t(k) ¼(V(m)*V(k)*Yn(m,k)*sin(THETA(m)-THETA(k)-

ALPHA(m,k)));

u(k) ¼(V(k)*Yn(m,k)*cos(THETA(m)-THETA(k)-ALPHA(m,k)));

v(k) ¼(V(m)*V(k)*Yn(m,k)*cos(THETA(m)-THETA(k)-

ALPHA(m,k)));

w(k) ¼(V(k)*Yn(m,k)*sin(THETA(m)-THETA(k)-ALPHA(m,k)));

end

e(m)¼sum(t)-(V(m)*V(m)*Yn(m,m)*sin(THETA(m)-THETA(m)-

ALPHA(m,m)));

f(m)¼sum(u);

g(m)¼sum(v)-(V(m)*V(m)*Yn(m,m)*cos(THETA(m)-THETA(m)-

ALPHA(m,m)));

h(m)¼sum(w);

end

%______________________________________________________________%

% Power Flow Mismatch Equation in Matrix D7 %

m¼5;

for k¼ 1:9;

tc5(k) ¼V(m)*V(k)*(-real(Y_N(m,k))*sin(THETA(m)-THETA(k))

+imag(Y_N(m,k))*cos(THETA(m)-THETA(k)));

uc5(k)¼ -2*V(m)*real(Y_N(m,k))+V(k)*(real(Y_N(m,k))*cos

(THETA(m)-THETA(k))+imag(Y_N(m,k))*sin(THETA(m)-

THETA(k)));

end

ec5(m)¼sum(tc5)-(V(m)*V(m)*(-real(Y_N(m,m))*sin(THETA(m)-

THETA(m))+imag(Y_N(m,m))*cos(THETA(m)-THETA(m))));

fc5(m)¼sum(uc5);

m¼7;

for k¼ 1:9;

tc7(k) ¼V(m)*V(k)*(-real(Y_N(m,k))*sin(THETA(m)-THETA(k))

+imag(Y_N(m,k))*cos(THETA(m)-THETA(k)));
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uc7(k)¼ -2*V(m)*real(Y_N(m,k))+V(k)*(real(Y_N(m,k))*

cos(THETA(m)-

THETA(k))+imag(Y_N(m,k))*sin(THETA(m)-THETA(k)));

end

ec7(m)¼sum(tc7)-(V(m)*V(m)*(-real(Y_N(m,m))*sin(THETA(m)-

THETA(m))+imag(Y_N(m,m))*cos(THETA(m)-THETA(m))));

fc7(m)¼sum(uc7);

% >>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>

% > TO CALCULATE MATRIX D7 >

m¼4;

k¼4;

D74_4 ¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k))))];

k¼5;

D74_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-GAMA(m,

k)))];

k¼6;

D74_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼7;

D74_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];

k¼8;

D74_8¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼9;

D74_9¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼5;
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k¼4;

D75_4 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*real(Y_N(m,k))*(sin(THETA(m)-THETA(k)))-

V(m)*V(k)*imag(Y_N(m,k))*(cos(THETA(m)-THETA(k)))

V(m)*(real(Y_N(m,k))*cos(THETA(m)-THETA(k))+imag(Y_N

(m,k))*sin(THETA(m)-THETA(k))) ];

k¼5;

D75_5 ¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA

(m,k))))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k))) ;

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA

(m,k))))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-GAMA(m,k))) ;

ec5(m) -fc5(m)+V(m)*(real(Y_N(m,k))*cos(THETA(m)-

THETA(k))+imag(Y_N(m,k))*sin(THETA(m)-THETA(k)))

(-V(m) 2̂+V(m)*V(k)*cos(THETA(m)-THETA(k)))*dg(m,k)+V(m)

*V(k)*sin(THETA(m)-THETA(k))*db(m,k) ];

k¼6;

D75_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*real(Y_N(m,k))*(sin(THETA(m)-THETA(k)))-

V(m)*V(k)*imag(Y_N(m,k))*(cos(THETA(m)-THETA(k)))

V(m)*(real(Y_N(m,k))*cos(THETA(m)-THETA(k))+

imag(Y_N(m,k))*sin(THETA(m)-THETA(k)))];

k¼7;

D75_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-GAMA(m,k))) ;

V(m)*V(k)*real(Y_N(m,k))*(sin(THETA(m)-THETA(k)))-V(m)*V(k)*imag

(Y_N(m,k))*(cos(THETA(m)-THETA(k))) V(m)*(real(Y_N(m,k))*cos

(THETA(m)-THETA(k))+imag(Y_N(m,k))*sin(THETA(m)-THETA(k)))

(-V(m) 2̂+V(m)*V(k)*cos(THETA(m)-THETA(k)))*dg(m,k)+V(m)*V(k)*sin

(THETA(m)-THETA(k))*db(m,k)];

k¼8;

D75_8 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*real(Y_N(m,k))*(sin(THETA(m)-THETA(k)))-
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V(m)*V(k)*imag(Y_N(m,k))*(cos(THETA(m)-THETA(k)))

V(m)*(real(Y_N(m,k))*cos(THETA(m)-THETA(k))+imag(Y_N

(m,k))*sin(THETA(m)-THETA(k))];

k¼9;

D75_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*real(Y_N(m,k))*(sin(THETA(m)-THETA(k)))-

V(m)*V(k)*imag(Y_N(m,k))*(cos(THETA(m)-THETA(k)))

V(m)*(real(Y_N(m,k))*cos(THETA(m)-THETA(k))+imag(Y_N

(m,k))*sin(THETA(m)-THETA(k)))];

m¼6;

k¼4;

D76_4 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D76_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];

k¼6;

D76_6 ¼ [e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k))))];

k¼7;

D76_7¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];

k¼8;

D76_8¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼9;

D76_9¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;
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V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼7;

k¼4;

D77_4 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*real(Y_N(m,k))*(sin(THETA(m)-THETA(k)))-

V(m)*V(k)*imag(Y_N(m,k))*(cos(THETA(m)-THETA(k)))

V(m)*(real(Y_N(m,k))*cos(THETA(m)-THETA(k))+imag(Y_N(m,k))

*sin(THETA(m)-THETA(k)))];

k¼5;

D77_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k)));

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-GAMA(m,k))) ;

V(m)*V(k)*real(Y_N(m,k))*(sin(THETA(m)-THETA(k)))-

V(m)*V(k)*imag(Y_N(m,k))*(cos(THETA(m)-THETA(k)))

V(m)*(real(Y_N(m,k))*cos(THETA(m)-THETA(k))+imag(Y_N

(m,k))*sin(THETA(m)-THETA(k))

(-V(m) 2̂+V(m)*V(k)*cos(THETA(m)-THETA(k)))*dg(m,k)+

V(m)*V(k)*sin(THETA(m)-

THETA(k))*db(m,k)];

k¼6;

D77_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*real(Y_N(m,k))*(sin(THETA(m)-THETA(k)))-

V(m)*V(k)*imag(Y_N(m,k))*(cos(THETA(m)-THETA(k)))

V(m)*(real(Y_N(m,k))*cos(THETA(m)-THETA(k))+imag(Y_N

(m,k))*sin(THETA(m)-THETA(k)))];

k¼7;

D77_7 ¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA

(m,k))))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k)));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA

(m,k))))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-GAMA(m,k)));

ec7(m) -fc7(m)+V(m)*(real(Y_N(m,k))*cos(THETA(m)-

THETA(k))+imag(Y_N(m,k))*sin(THETA(m)-THETA(k))) (-V(m)^

2+V(m)*V(k)*cos(THETA(m)-THETA(k)))*dg(m,k)+V(m)*V(k)

*sin(THETA(m)-THETA(k))*db(m,k) ];
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k¼8;

D77_8¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*real(Y_N(m,k))*(sin(THETA(m)-THETA(k)))-

V(m)*V(k)*imag(Y_N(m,k))*(cos(THETA(m)-THETA(k)))

V(m)*(real(Y_N(m,k))*cos(THETA(m)-THETA(k))+

imag(Y_N(m,k))*sin(THETA(m)-THETA(k))) ];

k¼9;

D77_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*real(Y_N(m,k))*(sin(THETA(m)-THETA(k)))-

V(m)*V(k)*imag(Y_N(m,k))*(cos(THETA(m)-THETA(k)))

V(m)*(real(Y_N(m,k))*cos(THETA(m)-THETA(k))+imag(Y_N

(m,k))*sin(THETA(m)-THETA(k))) ];

m¼8;

k¼4;

D78_4 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D78_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];

k¼6;

D78_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼7;

D78_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];
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k¼8;

D78_8 ¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-

ALPHA(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-

ALPHA(m,k))))];

k¼9;

D78_9 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

m¼9;

k¼4;

D79_4 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼5;

D79_5 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-GAMA(m,

k)))];

k¼6;

D79_6 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼7;

D79_7 ¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(cos(THETA(m)-THETA(k)-GAMA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*V(k)*delYn(m,k)*(sin(THETA(m)-THETA(k)-

GAMA(m,k)))];

k¼8;

D79_8¼[-V(m)*V(k)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k))) ;

V(m)*V(k)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA(m,k)))

-V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA(m,k))) ];

k¼9;

D79_9 ¼[e(m) -f(m)-(V(m)*Yn(m,k)*(cos(THETA(m)-THETA(k)-ALPHA

(m,k))));

-g(m) -h(m)-(V(m)*Yn(m,k)*(sin(THETA(m)-THETA(k)-ALPHA

(m,k))))];
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D7 ¼[D74_4 D74_5 D74_6 D74_7 D74_8 D74_9 ; D75_4 D75_5 D75_6

D75_7 D75_8 D75_9 ; D76_4 D76_5 D76_6 D76_7 D76_8 D76_9 ;

D77_4 D77_5 D77_6 D77_7 D77_8 D77_9 ; D78_4 D78_5 D78_6

D78_7 D78_8 D78_9 ; D79_4 D79_5 D79_6 D79_7 D79_8 D79_9 ];

% CALCULATION OF SYSTEM MATRIX (A-SYS) WITH PSS AND TCSC %

K1¼ D4 - (D3*inv(D1)*D2); K2¼ C2 - (D3*inv(D1)*C1); A_dot ¼
A1 - (B1*inv(D1)*C1);

B1_dot ¼ B2 - (B1*inv(D1)*D2); B2_dot ¼ zeros([26 ,14]); B_dot ¼
[ B1_dot B2_dot];

C1_dot ¼ K2 ; C2_dot ¼ zeros([14 26]); C_dot ¼ [C1_dot ; C2_dot];

D11_dot ¼ K1; D12_dot ¼ D5; D21_dot ¼ D6; D22_dot ¼ D7;

D_dot ¼ [D11_dot D12_dot ; D21_dot D22_dot ];

JAE ¼ inv(D_dot);

% -------------- -------------------------------------%

A_tcsc ¼ A_dot-B_dot*JAE*C_dot ; % SYSTEM MATRIX

eig_valtcsc¼eig (A_tcsc) % CALCULATION OF EIGEN VALUE WTH

PSS & TCSC

SIGMA¼ abs(real(eig_valtcsc)) ; % REAL PARTOFTHE DOMINANTEIGEN

VALUE%

OMEGA ¼ abs(real(i*eig_valtcsc)) ; % IMAGINARY PART OF DOMINANT

EIGEN VALUE%

FREQ ¼ OMEGA/(2*pi) ; % FREQUENCY OF OSCILLATION

Z¼ abs(eig_valtcsc);

ZAI ¼ SIGMA./Z % DAMPING FACTOR FOR DOMINANT

EIGEN VALUE%

%------------------ ---------------------------------%

% TIME RESPONSE ANALYSIS (INITIAL CONDITION RESPONSE) %

AA¼A_tcsc; BB¼E1; CC¼eye([26,26]); DD¼zeros([26,6]);

sys ¼ ss(AA,BB,CC,DD);

T¼0:0.01:10; % SIMULATION TIME

X0¼zeros(26,1); % INTIAL CONDITION

X0(10,1)¼1; % STEP DISTURBANCE

[Y,T,X] ¼ initial(sys,X0,T);

plot(T,Y(:,10))

hold on
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with SVC, 216–217, 216f, 218t, 232t

with TCSC, 220–223, 221f, 222t, 223f, 232t

PSO of, 254–259, 255–256f, 257–259t, 258f

of SMIB

with PSS, 171, 172t

with STATCOM, 226, 226t, 227f

with SVC, 203–205, 204t, 208f

with TCSC, 209–214, 210–211t, 214f

of synchronous generator connected to infinite

bus, 11, 13

Damping torque, 7, 8f

of equation of motion, 5

PSS production of, 53–55, 53f, 55f

in SMIB power system, 88
excitation system effects on, 113–115

illustration of, 116–123, 118t

with negative K4, 107–108, 107f

at rotor oscillation frequency, 115–116

steady-state calculation of, 115
Damping torque coefficient (TD), 7

Dc exciters. See Self-excited dc circuit

Delayed speed signal, in multiarea closed-loop

control, 284–285

DERs. See Distributed energy resources (DERs)

DFIG. SeeDoubly-fed induction generators (DFIG)

Differential-algebraic equations (DAEs)

distributed energy resources, 309–310

of multimachine power system, 126
of generator with static exciter, 149

linearization of, 129

reduced-order flux-decay model, 149–150

network equations with, 51

of SMIB power system, 89–91

linearization of, 91–95



391Index
Differential-algebraic model, 148

Differential equations

of multimachine power system, 128–129
reduced-order flux-decay model, 149–150

of SMIB power system, 89

of synchronous machine dynamic model in a–b–c

reference frame, 18, 20

of synchronous machine dynamic model

in d–q–o reference frame, 21

Direct axis, in dynamic synchronous machine

model in a–b–c reference frame, 18

Direct axis transient reactance, 26–27

Distributed energy resources (DERs), 287–288

exercises for, 311–312

four-machine two-area power system, 312, 312f

fundamentals of
biomass energy, 300–302, 300f

fuel cells (FCs), 296–299

geothermal energy, 294–296, 295f

hydroelectric power, 293–294, 293f

solar photovoltaic (PV) system, 288–290,

289–290f

wind energy system, 288, 290–293, 291–292f

power system stability analysis

small signal stability, 303–309

typical grid-connected system, 302–303, 303f

Doubly-fed induction generators (DFIG), 292, 304

d–q–o reference frame, dynamic synchronous

machine model in, 21–24, 23f

Dynamic circuit of synchronous machine, 152f

Dynamic circuit synchronous machine flux-decay

model, 149f

Dynamic circuit synchronous machine two-axis

model, 127f

Dynamic stability, 1, 309

Dynamic synchronous machine models

a–b–c reference frame, 18–20, 19f

d–q–o reference frame, 21–24, 23f

steady-state modeling, 42–44, 44f

Dynamic system, linearization of, 321–322

Dynamic voltage stability, 1, 7, 87

E
Eigenvalues, 322–323

of multimachine power system, 162, 164, 165t

Eigenvectors, 322–323

of multimachine power system, 161, 163

right and left eigenvectors, 323–325

Electrical equation

after per unitization, 25

for dynamic synchronous machine model in a-b-c

reference frame, 18
Electrical torque (Te)

components of, 7, 8f

of synchronous generators, 2–4

Electromechanical oscillations. See Oscillations

Electromechanical swing modes

of multimachine power systems
participation factor analysis for identifying,

161–163

with PSS, 177–178, 178–179t, 180f

swing mode and participation ratio, 164

of SMIB, with PSS, 171, 172t

Enhanced geothermal systems, 295–296, 295f

Equation of motion. See Swing equation

Equipment models. See Power equipment models

Ethanol fuel, 301

Exciter modes. See Control modes

Exciters

fundamental models of
IEEE Type I exciter, 34–38, 35–36f

static exciter, 38–39, 39f

PSS action through, 53–55, 53f, 55f, 170–171,

170f

OPLI and, 182

in SMIB power system, 97f, 99–100, 111–116

illustration of, 116–123, 118t

steady-state synchronizing and damping

torque calculations, 115

synchronizing and damping torque at rotor

oscillation frequency, 115–116

torque-angle loop effects, 97f, 113–115, 114f

F
FACTS controllers. See Flexible alternating current

transmission system (FACTS) controllers

Faraday’s constant, 299

Ferranti effect, 200

Field, of synchronous machines, 42

Field windings

in dynamic synchronous machine model in a–b–c

reference frame, 18

in steady-state modeling of synchronous

machines, 42

time constants for, 27

Finite stability, 319, 320f

Firing angle (a), of TCSC, 65–67, 69–70, 70f,
73–74

Fitness function, in PSO, 254

Flexible alternating current transmission system

(FACTS) controllers, 37–40, 147–149,

197–198, 311

definition of, 55, 198

GA-based optimization for
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Flexible alternating current transmission system

(FACTS) controllers (Continued)
critical loading implications in, 259–261,

260–261t

crossover step in, 244

illustration of, 249–251, 250–252t, 252f

mutation step in, 245

parameter optimization in, 245–249,

246–247f, 249t

PSO compared with, 262, 262t, 263f

selection step in, 244

H1 control theory for, 262–264

algorithms for, 264–266, 264f

background for, 264

LMI approach in, 266–271, 267f

TCSC control design, 271–275, 271f, 274f,

274t

TCSC control performance, 275–278, 276t,

277f, 279–280f, 283t

modeling of, 55

SSSC, 74–78, 74–75f, 77f

STATCOM, 60–65, 61f, 63f

SVC, 55–60, 56f, 58–59f

TCSC, 65–74, 65–66f, 70–71f

UPFC, 78–84, 79–80f, 83f

multiarea closed-loop control and, 283–285,

283–284f

multimachine model with, 215, 216f, 218t, 232t

PSO for, 251

algorithm used in, 253

critical loading implications in, 259–261,

260–261t

fitness function in, 254

GA-based optimization compared with, 262,

262t, 263f

parameter selection in, 253–254

particle definition in, 254

performance study of, 259, 259t

placement and parameter optimization in,

254–258, 255–256f, 257–258t, 258f

SMIB system model with, 202–203, 202f, 204t,

208f

STATCOM in small-signal stability

improvement, 224

multimachine model with, 228–229, 230f,

231–232t

SMIB system with, 224–232, 224f, 226t, 227f

SVC in small-signal stability improvement,

201–207

illustrations of, 203–207, 204t, 208f, 216–217,

216f, 218t

TCSC in longitudinal power system
description of test system and base case study,

232–233, 234t, 234f

generation drop disturbances and, 235,

236–238f

SSSR applied to, 232, 239–241, 239t

time domain study of, 235, 237–238f

transmission line outage disturbances and,

235, 236–238f

TCSC in small-signal stability improvement,

208–209

eigenvalue computation and performance

analysis illustration of, 209–214, 210–211t

multimachine model with, 220–223, 221f,

222t, 223f, 232t

SMIB system model with, 208–209, 208f,

210–211t, 214f

technology of

series compensation, 198–200, 199f

shunt compensation, 200–201

Flux–current relationships

after per unitization, 26–27, 26f

for dynamic synchronous machine model

in a–b–c reference frame, 18, 20

for dynamic synchronous machine model

in d–q–o reference frame, 23–24

stator, 28

Frequency response analysis, 87

Fuel cells (FCs), 296–299

electrical power generation system, 298, 299f

liquid/molten carbonate fuel cells (MCFC),

296–297, 298f, 299

G
Generation drop disturbances

H1 TCSC controller performance with,

275–278, 276t, 277f, 279–280f, 283t

in longitudinal power system with TCSC
SSSR computations for, 240
Generator buses, network equations for, 48–50, 49f

linearization of, 50

in multimachine power system, 127–128,

133–135, 151

Generator notation, conversion to, 24–26

Genetic algorithms (GAs), control optimization

using

algorithm of implementation of, 248

critical loading implications in, 259–261,

260–261t

crossover step in, 244

illustration of, 249–251, 250–252t, 252f

mutation step in, 245

parameter optimization in, 247f, 249t
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PSO compared with, 262, 262t, 263f

selection step in, 244

Geothermal energy, 294–296, 295f

Global stability, 320, 320f

Governor, 45–46, 45–46f

Grid connected photovoltaic generator system, 289,

290f, 306, 306f
H
H constant. See Normalized inertia constant

H1 control, 262–264

algorithms for, 264–266, 264f

background for, 264

LMI approach in, 266–271, 267–268f

PSO, 278–282, 280f, 281t, 282f, 283t

TCSC control design, 271–275, 271f, 274f, 274t

TCSC control performance, 275–278, 276t, 277f,

279–280f, 283t

weighting functions W1(s) and W2(s), selection

of, 329–330, 331f

Heffron–Phillips model, of SMIB power system,

88–98, 88–89f

derivation of K constants, 95–98, 97f

differential algebraic equations, 89–90

linearization process, 91–95

network equations, 90

state-space model, 91–95

stator algebraic equations, 90

Heuristic optimization methods, 243

High-gain exciter. See Static exciter

Hopf bifurcation, 7, 87

GA-based optimization and PSO implications

for, 259–261, 260–261t

Horizontal-axis wind turbines (HAWT), 291,

292f

Hydroelectric power, 293–294, 293f

Hydroturbines, speed governors of, 45
I
IEEE Type I exciter, 34–38, 35f

amplifiers of, 35–36, 36f

combined components of, 37–38, 37f

self-excited dc circuit of, 35, 36f

stabilizer circuit of, 36–38, 37f

Individual, in GA-based optimization, 245–246,

246f

Induction generators (IGs), 304, 310–311

Initial conditions of the state variables, computation

of, 150–161

Inter-area mode, critical

in H1 TCSC controller design, 273, 274t
in H1 TCSC controller performance, 275–278,

276t, 277f, 279–280f, 283t

Inter-area mode oscillations, 6

analysis methods for study of, 6

Interior-point method, 327–329

K
K constants, in SMIB power system, 87

derivation of, 95–98, 97f

small-signal stability analysis with negative K4,

107–108, 107f

L
Left-eigenvector, 323–325

Linearization

of dynamic system, 321–322

of generator bus network equations, 50

of load bus network equations, 50–51

of multimachine power system equations,

129–149

of nonlinear function, 320–321, 320f

of SMIB power system equations, 91–95

Linearized differential-algebraic model for the

multimachine system, 147

Linear matrix inequality (LMI)

in H1 control theory, 266–271, 267–268f

semi-definite programming (SDP) problems,

325–327

Load

modeling of, 51–53, 309

PSS effects of, 185–194
critical swing mode and, 192, 193t

location indicators and, 192–194, 194t

type of load and, 189–192, 190–191t
Load buses, network equations for, 48–51, 49f

linearization of, 50–51

in multimachine power system, 127–128,

140–141, 147

Load-flow equations, of multimachine power

systems, 150

Load-flow formulation, 150

Load increase disturbances

GA-based optimization and PSO implications

for, 259–261, 260–261t

H1 TCSC controller performance with,

275–278, 276t, 277f, 279–280f, 283t

in longitudinal power system with TCSC, 235,

236–238f
SSSR computations for, 240
Local mode oscillations, 6

analysis methods for study of, 6

Local stability, 319, 320f
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Longitudinal power system, TCSC in, 232

description of test system and base case study,

232–233, 234t, 234f

generation drop disturbances and, 235, 236–238f

load increase disturbances and, 235, 236–238f

SSSR applied to, 232, 239–241, 239t

time domain study of, 235, 237–238f

transmission line outage disturbances and, 235,

236–238f

Lyapunov equation, 326

M
Machine rotor angle, 155, 157, 159

Masson’s gain rule, 106

MATLAB program, 59, 70–71, 119–122, 164–165,

172–174, 248, 349–388

MCFC. See Molten carbonate fuel cells (MCFC)

Mechanical equations

after per unitization, 25

for dynamic synchronous machine model

in a–b–c reference frame, 18

in dynamic synchronous machine model

in d–q–o reference frame, 22

Mechanical torque (Tm), of synchronous generators,

2–4

Mixed-sensitivity-based H1 controller, 266–271,

267–268f

Molten carbonate fuel cells (MCFC), 296–297,

298f, 299

Multiarea closed-loop control, 283–285, 283–284f

Multimachine power systems, 125

calculation of initial conditions of state variables

for, 150–161
illustration of, 154–161

electromechanical swing modes, identification of

participation factor analysis, 161–163

swing mode and participation ratio, 164

PSS in, 175–178

combined model, 176–177

eigenvalue and swing mode analysis,

177–178, 178–179t, 180f

location selection of, 179–185, 183t, 186–188f

small-signal model formulation for, 125–150

DAEs, 126

of generator with static exciter, 149

linearization and state-space model, 129–149

reduced-order flux-decay model, 149–150

two-axis model of multimachine system,

126–129

STATCOM in, 228–229

illustration of, 229–232, 230f, 231–232t

SVC in, 215–217
illustration of, 216–217

TCSC in, 217–220, 219f

illustration of, 219f, 220–223, 221f, 222t, 223f,

232t

test case of, 164–167, 165t

Multimachine small-signal model, 125–150

linearization process and multimachine

state-space model, 129–149

reduced-order flux-decay model, 149–150

two-axis model of multimachine system,

126–129

Multimachine state-space model, 129–149

Mutation, in GA-based optimization, 245

N
Net participation, 162

Network equations

for generator buses, 48–49, 49f
linearization of, 50

for load buses, 48–49, 49f

linearization of, 50–51

load modeling and, 51–53

of multimachine power system, 127, 150

linearization of, 133–134, 140–141

of SMIB power system, 90

Network models. See Power network models

Newton decrement, 328–329

Nonlinear function, linearization of, 320–321, 320f

Normalized inertia constant, 4

O
OPLI. See Optimum PSS location index (OPLI)

Optimal control, 243

exercises for, 285b

GA-based optimization for, 244
critical loading implications in, 259–261,

260–261t

crossover step in, 244

illustration of, 249–251, 250–252t, 252f

mutation step in, 245

parameter optimization in, 245–251, 246–247f

PSO compared with, 262, 262t, 263f

selection step in, 244

PSO for, 251

algorithm used in, 253

critical loading implications in, 259–261,

260–261t

fitness function in, 254

GA-based optimization compared with, 262,

262t, 263f

parameter selection in, 253–254

particle definition in, 254
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performance study of, 259, 259t

placement and parameter optimization in,

254–258, 255–256f, 257–258t, 258f
Optimum PSS location index (OPLI)

algorithms of calculation of, 182

illustration of, 183–185, 183t

implication of PSS gain in characteristics of, 185,

186–188f

load effects on, 192–194, 194t

PSS location selection using, 179, 182

Oscillations

analysis methods for study of, 6

H1 TCSC controller damping of, 275–278, 276t,

277f, 279–280f, 283t

modes of, 6–7

nature of, 5–6

PSS damping of, 169
in SMIB power system, 172, 175f

STATCOM damping of

in multimachine power systems, 229–232,

230f, 231–232t

in SMIB power system, 226, 226t, 227f

SVC damping of

in multimachine power systems, 216–217,

216f, 218t

in SMIB power system, 208–209, 208f

of synchronous generators, 2–5, 2–3f

of synchronous generators connected to infinite

bus, 8–11, 9f

illustration of, 11–13, 12f

TCSC damping of

in multimachine power systems, 220–223,

221f, 222t, 223f

in SMIB power system, 212, 214f

Oscillatory instability, 7, 8f
P
Parameter optimization

in GA-based optimization, 245–249, 246–247f,

249t

in PSO, 254–258, 255–256f, 257–258t, 258f

Park’s transformation, 15, 20–24, 23f

Participation factor (PF)

for multimachine power system, 162

PSS location selection using, 181
illustration of, 183–185, 183t
Participation factor analysis, for multimachine

power system, 161–163

Participation matrix (P)

for multimachine power system, 161, 162b, 163

for SMIB power system, 109–110
Participation ratio, for multimachine power

systems, 164

Particles, in PSO, 251, 254

Particle swarm optimization (PSO), control

optimization using, 251

algorithm used in, 253

critical loading implications in, 259–261,

260–261t

fitness function in, 254

GA-based optimization compared with, 262,

262t, 263f

H1 control, 278–282, 280f, 281t, 282f, 283t

parameter selection in, 253–254

particle definition in, 254

performance study of, 259, 259t

placement and parameter optimization in,

254–258, 255–256f, 257–258t, 258f

Penstock gate, 45

Per-unit power, of synchronous generators, 3–4

Per unit representation, of synchronous machine

equations, 24–26

physical significance of, 26–27, 26f

Per-unit rotor angular velocity (opu), 4–5

Phosphoric acid fuel cell (PAFC), 296–297

Photovoltaic (PV) system, 288–290, 289–290f, 306

Polymer electrolytic membrane fuel cell (PEMFC),

296–297

Population, in GA-based optimization, 245–246,

246f

Power equipment models, 41

exercises for, 84b

FACTS devices
SSSC, 74–78, 74–75f, 77f

STATCOM, 60–65, 61f, 63f

SVC, 55–60, 56f, 58–59f

TCSC, 65–74, 65–66f, 70–71f

UPFC, 78–84, 79–80f, 83f

governor, 45–46, 45–46f

load model, 51–53

PSS, 53–55, 53f, 55f

synchronous generator simple model, 41–42,

42f

synchronous machine steady-state model, 42–44,

44f

turbine, 46–47, 47–48f

Power flow models

of STATCOM, 61f, 62

of UPFC, 80, 80f

Power network models, 41, 48–51, 49f

exercises for, 84b

load modeling, 51–53

Power, of synchronous generators, 3–5
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Power system dynamic analysis, 152

Power system stability analysis, with DERs

small signal stability
impact, 309–311

induction generators (IGs), 304

load, modeling of, 309

solar PV generation system, modeling of, 306

synchronous generators, modeling of, 303

voltage source converter (VSC) system, 307

typical grid-connected systemwith, 302–303, 303f

Power system stabilizers (PSSs), 37–40, 147–149,

169, 311

for 14-area, 24-machine, 203-bus system, 347

exercises for, 194b

load effects on, 185–194
critical swing mode and, 192, 193t

location indicators and, 192–194, 194t

type of load and, 189–192, 190–191t

location selection indicators of, 179

illustration of, 183–185, 183t

implication of PSS gain in characteristics of,

185, 186–188f

load effects on, 192–194, 194t

OPLI, 179, 182

participation factor, 181

SPE, 179, 181–182

modeling of, 53–55, 53f, 55f

in multimachine power systems, 175–178

combined model, 176–177

eigenvalue and swing mode analysis,

177–178, 178–179t, 180f

location selection of, 179–185, 183t, 186–188f

in SMIB power system, 122, 169–174, 170f

combined model of SMIB with PSS, 170–171,

170f

eigenvalue analysis, 171, 172t

time domain analysis, 172, 175f

SVC compared with, 203, 204t, 208f

TCSC compared with, 209–214, 210–211t,

214f

WSCC type 3-machine, 9-bus test system,

parameters of, 334

Practical power systems, 125

Proximity sensor (PS), in multiarea closed-loop

control, 283–285, 283–284f

PSSs. See Power system stabilizers (PSSs)
Q
Quadrature axis, in dynamic synchronous machine

model in a–b–c reference frame, 18

Quadrature axis transient reactance, 27
R
Reactive power, 7

of TCSC, 73

of voltage source converters, 308, 308f

Real power, 7

of TCSC, 73

of voltage source converters, 308, 308f

Reduced-order flux-decay model, 149–150

Reduced-order model

of synchronous machines, 30–31

Renewable sources of energy, 287, 302–303

Right-eigenvector, 323–325

Robust control, 243

exercises for, 285b

H1 control theory for, 262–264
algorithms for, 264–266, 264f

background for, 264

LMI approach in, 266–271, 267–268f

TCSC control design, 271–275, 271f, 274f,

274t

TCSC control performance, 275–278, 276t,

277f, 279–280f

multiarea closed-loop control, 283–285,

283–284f

TCSC control performance, 278t

Root-locus method of stability analysis, SMIB

power system illustration of, 101, 101f,

103f

Rotor angle, of multimachine power systems, 155,

157, 159

Rotor angle stability, 1

Rotor angular position (ym), 2–3
Rotor angular velocity (om), 2–5

Rotor dynamic equations, 28–29

Rotor equation of motion. See Swing equation

Rotor equations

after per unitization, 25

in dynamic synchronous machine model in a–b–c

reference frame, 18

in dynamic synchronous machine model

in d–q–o reference frame, 22

Rotor oscillation frequency

damping torque at, 115–116

synchronizing torque at, 115–116

Rotor oscillations. See Oscillations

Rotor synchronous angular velocity (omsyn), 3–5, 3f
S
Salient pole machines, models of, 16–17,

16–17f

Scaling, of synchronous machine equations, 24–26
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SCIG. See Squirrel cage induction generator

(SCIG)

Selection, in GA-based optimization, 244

Self-excited dc circuit, 35, 36f

Semi-definite programming (SDP) problems

interior-point method, 327–329

linear matrix inequality (LMI), 325–327

Sensitivity of PSS effect (SPE)

algorithms of calculation, 181–182

illustration of, 183–185, 183t

implication of PSS gain in characteristics of, 185,

186–188f

load effects on, 192–194, 194t

PSS location selection using, 179, 181–182

Series compensation, FACTS controllers in,

198–200, 199f

SGs. See Synchronous generators (SGs)

Shunt capacitive compensation, 200

Shunt compensation, FACTS controllers in,

200–201

Shunt inductive compensation, 200

Signal transmission delay, in multiarea closed-loop

control, 284–285

Single-machine infinite bus (SMIB) power system,

87–88

block diagram of, 87
reduction approach applied to, 97f, 104–105

small-signal stability analysis using, 97f,

98–100

exciter effects on, 97f, 99–100, 111–116

illustration of, 116–123, 118t

steady-state synchronizing and damping

torque calculations, 115

synchronizing and damping torque at rotor

oscillation frequency, 115–116

torque-angle loop effects, 97f, 113–115, 114f

exercises for, 122–123b

Heffron–Phillips model of, 88–98, 88–89f

derivation of K constants, 95–98, 97f

differential algebraic equations, 89–90

linearization process, 91–95

network equations, 90

state-space model, 91–95

stator algebraic equations, 90

illustration of, 100–106, 101f, 103f

with exciter, 116–123, 118t

with negative K4, 107–108, 107f

PSS in, 122, 169–174, 170f

combined model, 170–171, 170f

eigenvalue and swingmode analysis, 171, 172t

time domain analysis, 172, 175f

STATCOM in, 224–232, 224f
illustration of, 226–228, 226t, 227f

state-space model of, 91–95

small-signal stability analysis using, 97f

SVC in, 202–203, 202f

parameters, 333, 333t

simulation illustration of, 203–207, 204t, 208f

TCSC in, 208–209, 208f

eigenvalue computation and performance

analysis illustration of, 209–214, 210–211t,

214f

parameters, 333, 333t

Small-signal oscillations. See Oscillations

Small-signal stability, 125

concept of, 1–2
analysis of oscillations, 6–7

damping torque, 7, 8f

exercises for, 13–14

modes of oscillations, 6–7

nature of oscillations, 5–6

oscillations in synchronous generators

connected to infinite bus, 8–13, 9f, 12f

swing equation, 2–5, 2–3f

synchronizing torque, 7, 8f

electromechanical swingmodes, identification of

participation factor analysis, 161–163

swing mode and participation ratio, 164

initial conditions of the state variables,

computation of, 150–161

in longitudinal power system with TCSC, 232

description of test system and base case study,

232–233, 234t, 234f

generation drop disturbances and, 235,

236–238f

load increase disturbances and, 235, 236–238f

SSSR applied to, 232, 239–241, 239t

time domain study of, 235, 237–238f

transmission line outage disturbances and,

235, 236–238f

multimachine small-signal model, 125–150

linearization process and multimachine

state-space model, 129–149

reduced-order flux-decay model, 149–150

two-axis model of multimachine system,

126–129

power system stability analysis with DERs

impact of, 309–311

induction generators (IGs), 304

load, modeling of, 309

solar PV generation system, modeling of, 306

synchronous generators, modeling of, 303

voltage source converter (VSC) system, 307

in SMIB power system, 87–88
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Small-signal stability (Continued)
excitation effects on, 97f, 99–100, 111–116,

114f, 118t

exercises for, 122–123b

Heffron–Phillips model of, 88–98, 88–89f, 97f

illustrations of, 100–106, 101f, 103f, 116–123,

118t

with negative K4, 107–108, 107f

state-space model and block diagram analysis

of, 97f, 98–100

STATCOM in, 224

multimachine model with, 228–229, 230f,

231–232t

SMIB system with, 224–232, 224f, 226t, 227f

SVC in, 201–207

illustrations of, 203–207, 204t, 208f, 216–217,

216f, 218t
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