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Preface

This book is for college-level students who are attending accompanying lectures on data
structures and algorithms. Except for the introduction, exercises, and notes for each
chapter, page breaks have been put in manually and the format corresponds to a lecture
style with ideas presented in "digestible” page-size quantities.

It is assumed that the reader's background includes some basic mathematics and
computer programming. Algorithms are presented with "pseudo-code”, not programs
from a specific language. It works well to complement a course based on this book with a
programming "lab" that uses a manual for a specific programming language and assigns
projects relating to the material being taught.

Chapters 1 through 4 go at a slower pace than the remainder of the book, and include
sample exercises with solutions; some of the sections in these chapters are starred to
indicate that it may be appropriate to skip them on a first reading. A first course on data
structures and algorithms for undergraduates may be based on Chapters 1 through 4
(skipping most of the starred sections), along with portions of Chapter 5 (algorithm
design), the first half of Chapter 6 (hashing), the first half of Chapter 12 (graphs), and
possibly an overview of Chapter 13 (parallel models of computation). Although Chapters
1 through 4 cover more elementary material, and at a slower pace, the concise style of
this book makes it important that the instructor provide motivation, discuss sample
exercises, and assign homework to complement lectures. For upper class undergraduates
or first-year graduate students who have already had a course on elementary data
structures, Chapters 1 through 4 can be quickly reviewed and the course can essentially
start with the algorithm design techniques of Chapter 5.

There is no chapter on sorting. Instead, sorting is used in many examples, which include
bubble sort, merge sort, tree sort, heap sort, quick sort, and several parallel sorting
algorithms. Lower bounds on sorting by comparisons are included in the chapter on
heaps, in the context of lower bounds for comparison based structures. There is no
chapter on NP-completeness (although a section of the chapter on graph algorithms does
overview the notion). Formal treatment of complexity issues like this is left to a course on
the theory of computation.

Although traditional serial algorithms are taught, the last chapter presents the PRAM
model for parallel computation, discusses PRAM simulation, considers how the EREW
PRAM, HC/CCC/Butterfly, and mesh models can be used for PRAM simulation, and
concludes with a discussion of hardware area-time tradeoffs as a way of comparing the
relative merits of simulation models. Although it is not clear what parallel computing
models will prevail in practice in the future, the basic concepts presented in the chapter
can provide a foundation for further study on specific practical architectures. Also, from
the point of view of studying algorithms, it is instructive to see how basic principles
taught in the previous chapters can be adapted to other models.
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1. RAM Model

Introduction

Efficient data structures and algorithms can be the key to designing practical programs.
Most of this book addresses the traditional model of a computer as pictured below; some
memory together with a single processor that can perform basic arithmetic operations
(e.g., add, subtract, multiply, divide), make logical tests (e.g., test if a value is less than
zero), and follow flow of control accordingly (e.g., goto instructions). The processor may
include a few special registers that can be manipulated faster than normal memory, but
the bulk of memory is uniform in the sense that access to all locations of memory is
equally fast, from which comes the name Random Access Memory (RAM). Of course,
computers in practice are much more complicated, with cache memory, secondary
storage, multiple processors, etc. However, design methodology based on the RAM
model has traditionally served well in more complex models.

random
access
memor

A key simplifying assumption is that operations are unit-cost. Each basic instruction
takes one "unit" of time, and we count the number of basic instructions executed to
measure time. Furthermore, the size of a number in an operation is not taken into account.
For example, it is one time unit to add two numbers, independent of their size. Although
these assumptions are not true in practice, if we do not "abuse" the unit-cost RAM model,
our designs will be sound and provide the basis for practical algorithms on a variety of
architectures. For example, if we have enough memory in practice to store n integers,
then it is reasonable to assume that basic machine instructions can manipulate integers in
the range 0 to n.

On the other hand, consider the following program that repeatedly multiplies by 10:
1. Set the variable x equal to 10.
2. Repeat for n steps the operation of multiplying x by 10.

Since each multiplication adds another digit to x, this program computes a value with
over n digits. When 7 is large, it may not be realistic to assume that numbers of n digits
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can be stored in a single machine register and multiplied with a single machine
instruction. A more "dramatic" example repeatedly squares a value:

1. Set the variable x equal to 10.

2. Repeat for n steps the operation of multiplying the variable x times itself.

Since each multiplication in this program about doubles the number of base 10 digits to
represent x (i.e., x is a 1 followed by a number of 0's that doubles with each
multiplication), this program computes a value with roughly 2" digits. For example, even
when 7 is only 25, this is more than 30 million digits.

It is possible to strengthen the RAM model by charging a cost per operation that depends
on the size of the numbers involved. However, the extra complication is really not
necessary if we are willing to exercise good judgement to understand when it would not
be practical to manipulate in a fixed time unit numbers that are involved in an algorithm.

The only data structure that we consider to be part of the basic RAM model is the
standard one dimensional array, or equivalently the ability to perform indirect addressing.
For a fixed integer x, not only are there machine instructions to read or write to memory
location x, but we can also read or write to memory location y, where y is the value stored
in memory location x. Indirect addressing corresponds exactly to the notion of a one
dimensional array. For example, setting a variable x to the value of A[i] does not place the
contents of the memory location i into x, but rather, it copies the contents of a memory
location that is determined by the value of i. In fact, we shall see how indirect addressing
can be used to implement arrays of any dimension.

In practice, one generally avoids the complexity and tedium of programs written directly
with machine instructions and relies on compilers to translate higher level programming
languages into "assembly language" that can be more or less directly mapped to the
actual machine instructions encoded with O's and 1's. Since we are concerned here only
with basic data structures and algorithm design, and not with all of the "messy stuff" that
is needed in practice (input-output, graphics, systems calls, file storage, etc.), we express
algorithms with simple "pseudo-code" using a mixture of English and constructs that are
available, in some form, in most languages (if-then-else, etc.). Hopefully, the syntax of
pseudo-code used in this book is self-explanatory to anyone who has had some
programming background.

The first example of this chapter computes the factorial function; that is, n! is the product
of the integers 1 through n (define n!=1 for n<1). Factorial makes a nice first example of
a program because it employs no data structures and simply performs a sequence of n
multiplications. However, like the computation of n multiplications of a number by itself,
this is a good example of a program for which the unit-cost model of arithmetic
operations is not realistic; the value of n! gets very large very quickly (although not as
extreme as repeatedly squaring a value — see the sample exercises). The first program
for n! is pseudo-code that sets a variable to 1 and then successively multiplies it by the
values 2 through n. The second program shows what n! might look like in assembly

2 CHAPTER 1



language. In fact, the assembly language code has been commented to follow the flow of
control of the pseudo-code (if a compiler made the translation from the first program, it
probably would not look this neat, but would work equivalently); this is just "pseudo-
assembly" language for a very simple single register machine (all computations are
performed with respect to a single register called the accumulator). We will not use
assembly language again, but it is always important to have in mind the basic RAM
model, and an understanding of what can be done in a fixed amount of time.

Central to this chapter is the O notation that will be used to measure the asymptotic time
and space complexity of algorithms. We will not attempt to pin down how fast an
algorithm runs on a particular machine on an input of a particular size. Rather, we
consider a machine independent notion of how, using the RAM model, the time or space
used by the algorithm increases as a function of the input size. So for example, for a
given problem of size n (e.g., given n bank account files, compute their monthly interest),
an algorithm that executes a number of basic steps that is proportional to n will be
considered better than one that uses a number of steps that is proportional to n’, even if
the constant of proportionality for the n® algorithm is much lower. It is the large inputs
that concern us most, and as n gets large, an extra factor of n dominates the savings
derived from a smaller constant of proportionality.

Unless otherwise stated, we measure the worst case time or space used by an algorithm;
that is, as a function of n the most time or space that can be used for an input of size n.
Occasionally we consider the expected time or space used. That is, under some
assumption about the probability distribution of the inputs of size n (e.g., all inputs are
equally likely) or about the expected effect of randomized decisions made by the
algorithm, we will be able to analyze the average time or space used over all inputs
(which is sometimes better than the worst case).

In practice, presentation of a clean description (e.g., pseudo-code) of an algorithm that
performs well for large inputs is only the first step in what may be a substantial
development process that leads to a practical computer program (or possibly computer
hardware). This chapter ends by listing a host of other issues that may arise, but are
outside of the basic data structures and algorithm design that are the subject of this book.
In addition, because a problem is not complex in the sense that it does not require much
time to be executed does not mean that it is not a difficult one to program in practice.
Many complex operations in practice use only a small fixed amount of time, and are
trivial from a theoretical point of view, but require complicated programming that may
not be easily described with pseudo-code. Data structures and algorithm design is a
valuable tool for what is often a much larger task.

The examples presented in this chapter do not employ any data structures besides
standard 1-dimensional arrays. In later chapters, we will be able to design algorithms for
more complex and varied applications by using appropriate data structures.
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Pseudo-Code

Idea: Express algorithms with reasonably self-explanatory "pseudo-code" that mixes
English with syntax that is equivalent to instructions available in most programming
languages. We assume that all conditions and expressions are evaluated from left to right.

Examples:
a:=>b
Assignment statement that sets a to the value of .
if condition then statement 1 else statement 2
If condition is true then do statement 1, otherwise do statement 2.

for i := a to b do statement
Repeatedly seti:=a, i :=a+1,i:=a+2, ... i:= b and perform the statement.
for i := a to b by ¢ do statement
Repeatedly set i :=a, i := a+c, i := a+2c, ... and perform the statement until i>b.
for i := a downto b do statement
Repeatedly set i :=a, i := a-1, i := a-2, ... i := b and perform the statement.
for 1 <i <n do statement

Execute the statement for all values of i in this range, the order does not matter; e.g.,
this is equivalent to: for i := 1 to n do statement

while condition do statement
Repeatedly test condition and perform the statement until condition is false.

repeat statements until condition
Repeatedly perform the statements and test condition until condition is true.

begin statement ... statement end
Group these statements together so they can be placed anywhere that you would
normally place a single statement.

function NAME(arguments)

end

Statements inside a function are performed when it is called. Arguments are
evaluated left to right and the result stored in a temporary location so that when a
function returns, original values of the arguments are not affected (although an array
name can be passed and its contents modified). A function is a procedure when it
does not return a value (it may still modify global variables or an array whose name
was passed as an argument). The statement return value immediately exits the

function and returns the value. For a procedure, return exits immediately (without a
return statement, the procedure returns when its end is reached).

Array Arguments: When passing arguments to functions, we sometimes use the
expression A[i]...A[j] as notation to mean the three parameters i, j, the location in memory
of A; so only space for three variables is used to specify this portion of A.
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Example: n! — Pseudo-Code Versus Machine Code

Recall that for an integer n > 1, n! denotes the product of the integers from 1 through n
(define n!'=1forn <1).

Idea: The pseudo-code below initializes a variable to 1 and then successively multiplies
it by the integers 2 through n (or does nothing if n < 1). "Higher-level" languages are
typically translated into a "low-level” language that corresponds closely to the basic
instructions on the machine being used. The "assembly language" code presented here
uses instructions of a generic type that would be available (in some equivalent syntax) on
most any computer today. The accumulator refers to a special register used by the
processor to perform computations; in practice machines may have a number of registers.

Pseudo-code for n!:
read n
x:=1
fori:=2 ton dox:=x*1i
write x

Assembly type code for n! on a single register machine: We follow the flow of the
pseudo-code, where n, x, and i are stored in memory locations 1, 2, and 3.

read read the input n into the accumulator
store 1 store accumulator into memory location 1 (save the value of n)
load =1 load the constant 1 into the accumulator
store 2 store accumulator into memory location 2 (initialize x=1)
store 3 store accumulator into memory location 3 (initialize i=1)
loop: load 3 load memory location 3 into accumulator (load value of i)
subtract 1 subtract memory location 1 from accumulator (subtract n)
goto(20) done g0 to done if the accumulator is 20 (done if i > n)
load 3 load memory location 3 into accumulator (load the value of i)
add =1 add the constant 1 to the accumulator (compute i+1)
store 3 store accumulator in memory location 3 (save the value of i)
multiply 2 multiply accumulator by memory location 2 (compute x*i)
store 2 store accumulator in memory location 2 (save new value of x)
goto loop repeat the main loop
done: load 2 place memory location 2 in accumulator (load value of x)
write write contents of accumulator to output device (write x)

We will not directly consider assembly language again in this book, but when considering
the complexity of an algorithm that is expressed with pseudo-code, it will always be
important to have a basic understanding of the underlying RAM model and what
operations are or are not realistic in a fixed amount of time.
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Motivation for Asymptotic Time Complexity

Problem: How can we make a meaningful statement about the complexity of a task,
especially for large inputs, that is reasonably machine independent? Consider the basic
sorting problem of arranging a list of integers into increasing order:
Sorting 100 integers can be done quickly.
What do you mean by quickly?

Sorting 100 integers can be done in 100 seconds.
On what computer?

Sorting 100 integers can be done in 100 seconds on Brand X computer.
What about sorting 200 integers?

Sorting n integers can be done in 10n* seconds on Brand X computer.
What about a different computer?

Sorting n integers can be done in time proportional to n* on any computer.
What do you mean by any computer?

Sorting n integers can be done in time proportional to n* on any computer of the
standard random access type built today.

What do you mean by time; if there is a slowdown because the disk drive needs to
be powered up, does this count?

Sorting n integers can be done in a number of basic steps proportional to n* on any
computer of the standard random access type built today.

Although this statement is somewhat vague about the definition of basic steps and
the definition of a computer, at least it is machine independent.

A typical way to show that such a statement is true is to exhibit a particular
computer program.

There are still many unanswered questions, such as whether it is possible to do
better than n’.

Note: This discussion assumes that the n data items can fit into memory; see the
chapter notes for references about sorting large data files in secondary memory such
as a disk or tape drive. Assuming that the data does fit into memory, we shall see a
number of practical ways to sort n integers in time proportional to nlog(n).

Worst case vs. expected case: Unless otherwise stated, we address the worst case
performance of an algorithm; that is, the most amount of time that can be spent on any
input of a given size. Occasionally we also consider how fast the algorithm runs on the
average under some assumption about the probability distribution of possible inputs.
Usually, the assumption is that all inputs are equally likely.
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Analyzing Algorithms with Asymptotic Notation

Idea: Without limiting ourselves to a particular machine or programming language it is
difficult to bound the precise constants in an expression denoting the time (or space) used
by an algorithm. However, we can at least get a crude measure of asymptotically how
much time or space an algorithm uses by identifying how the time or space it uses grows
as a function of some parameter n, which usually denotes the size of the input (but
sometimes, as in the case of n!, may be the value of the input or some natural parameter
associated with it). We define a precise notion of when, ignoring constant factors, one
function f(n) is "smaller" (grows no faster) than another function g(n). Typically, fin) will
denote the time or space used by a particular algorithm and g(rn) will be a "well-behaved"
function (n, nlog(n), n’, n’, etc.), but the definition itself simply relates mathematically
two functions fand g.

The O Notation
Let fand g be two functions from the non-negative integers to the non-negative integers:
O: A function f(n) is O(g(n)) if there exists real numbers a,b > 0 such that for all
integers n 2 a, fin) < b*g(n).
£2: A function f{n) is £2(g(n)) if there exists a real number ¢>0 such that for infinitely
many integers n, fin) =c*g(n).
©: A function fin) is 68(g(n)) if it is both O(g(n)) and A(g(n)).

Intuition: If constants are ignored, O is like < between two functions, Q2 is like >
between two functions, and 6 is like = between two functions. Saying that f{n) is O(1)
says that f{n) is bounded above by a constant. Saying that f{n) is £(1) does not really say
anything (unless functions that can have values less than one — see the exercises).

Examples of asymptotic relationships (see the sample exercises):
A. 100 is &(1)
B. 2n is ©&(n)
C. n is O(n*) but not Q(n?)
D. n*2 — n/2 is O@n?).
E. n/n is O(n?) but not 2(n?)
F. n* is £(1000r) but not O(1000n)
G. n* +n+/n +25n+100 is (n?)

Note: In practice, when the running time of an algorithm is &(f(n)), we will talk about the
algorithm being O(fn)) in discussing its efficiency and Q(fn)) in discussing its
limitations. We use the © notation occasionally when it is appropriate to emphasize that
the stated asymptotic running time is "tight". The definition of £ is intentionally not
symmetric with that of O; see the sample exercises.
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Example: Bubble Sort

Problem: Rearrange the array elements A[1] ... A[n] into increasing order.

Idea: Repeatedly "percolate” the next largest element up to its correct position.

Bubble sort algorithm:

for i := n-1 downto 1 do
forj:=1toido
if A[j]>A[j+1] then exchange A[j] and A[j+1]

Time: Bubble sort is very slow when n is large. It makes the same number of
comparisons no matter what the ordering of the input. For all inputs of length n the if
statement is executed exactly the same number of times (once for every iteration of the
inner loop) and consumes O(1) time. That is, it always does the work of testing if
A[j]>A[j+1] even if an exchange is not necessary. Hence, the same time analysis can be
used for both O and Q. Since the inner loop goes from 1 to i, and i is going from n-1
down to 1 with each iteration of the outer loop, the number of times the if statement is
executed is:

=(n-)+(n-2)+--+1
=1+2+3+---+(n-1)

= (number of terms)(average value of a term)

= (number of ¢ erms)( smallest term 2+ largest term)

n®—4n

Since this expression is less than n’ for all n, it follows that it is O(n*). We also saw in the
example on the previous page that it is Q(n*), where the mathematics is shown in the
sample exercises. Hence it is ©(n?).

Space: Although the time is poor, bubble sort uses only O(1) space in addition to the

O(n) space used by the input array A.

Note: We will see faster ways to sort in later chapters.
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Example: Run-Length Codes

Idea: Given a string that has many runs (blocks of repeated characters), it may take less
space to represent by the lengths of each run. We limit our attention to binary strings (see
the exercises for generalization to larger alphabets). For example, the binary string 0 1 1
11001110000010101 1couldbeencodedas1423511112.

Implementation issues: Assume that the string starts with O (if not, begin by encoding a
run of zero 0's) and that the encoder and decoder have agreed in advance on the number
of bits k to be used to represent each integer in the encoding. Since k bits represent the
integers O through 2'~1, when 2°~1 is received by the decoder, it expects that the next run
will be more of the same bit; in particular, when the count is exactly 2*~1 (or some
multiple of it), it is followed by a zero count for the same bit (unless it is the last count).
See the exercises for practical improvements in compression over what is presented here.

Binary run-length encoding algorithm:
MaxCount := 2*-1
count :=0
PrevBit :="0"
while input remains do begin
CurBit := the next input bit
if PrevBit=CurBit and count<MaxCount then count := count+1
else begin
Output count using k bits.
if count=MaxCount and PrevBit#CurBit then Output 0 using k bits.

count :=1
end
PrevBit .= CurBit
end

Output count using k bits.

Binary run-length decoding algorithm:

MaxCount := 2%-1

parity :=0

while input remains do begin
Read & bits from the input stream to get the integer x.
if parity=0 then output x "0" bits else output x "1" bits
if xxMaxCount then parity := 1 — parity
end

Complexity: Space is O(1) for both encoding and decoding. Assuming that input or
output of k bits is O(k) time, for a string of » bits, encoding and decoding is O(kn) in the
worst case (e.g., an alternating sequence of 0's and 1's), which is O(n) assuming that & is
constant with respect to n.

CHAPTER 1 9



Example: Horner’s Method for Polynomial Evaluation

Problem: Given the n > 1 coefficients A[{0] ... A[n—1], evaluate:
Aln-11x"" + A[n=2]x"7 + ... + A[1]x + A[0]

"Brute force" solution: Multiply x times itself i times to compute x', multiply x' times
Ali], and add this to a running total, working from i=(n—1) down to i=0 (where the last
step adds A[O]).
input x
value :=0
for i := (n—1) downto 0 do begin
temp =1
for j :=1to i do temp := temp*x
value := value + A[i] *temp
end
output value

Time: Since the body of the outer for loop is O(1) time excluding the time used by
the inner for loop, the time is proportional to the total number of multiplications
performed by the inner loop, which is always:

=(n-D+(n-2)+---+1+0

This is exactly the same expression we had for bubble sort, and it follows that the
algorithm is &(n?).

Space: O(1) space in addition to the O(n) space used by the input array A.

Horner's method: We again work from i=(n—1) down to i=0, but by multiplying the
entire running total by x, and then adding A[]:

compute A[n-1]

compute A[n—1]x + A[n-2]

compute (A[n—1]x + A[n-2])x + A[n-3]

compute (A[n—1]x + A[n-2])x + A[n-3])x + A[n—4]

and soon ...

The algorithm is now a single loop rather than a nest pair of loops:
input x
value :=0
for i := (n—1) downto O do value := value*x + Al[i]
output value

Time: O(n), since the loop body is O(1) and the loop is executed n times.

Space: O(1) space in addition to the O(n) space used by the input array A.
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Example: Matrix Multiplication

Definition: The product of two "square" n by n matrices is defined as:

AlL1] - A[Ln])f B[L1] -+ B[ln] a1y - Cl,na]

Aln,1] -+ Aln,n])\ B[n,1] --- B[n,n] Cln,1] -+ Cln,n]
Cli, j]1 = (row i of A)(column j of B)
= A, 1]1BIL, j1+ Ali, 2]B(2, j]+ -+ + Ali, n] Bn, j]

1 25 6 (1*5+2*7 1*6+2*8)_ 19 22
3 407 8) \3x5+4%7 3x6+4%8) |43 50

For example:

This definition generalizes naturally to multiplying a m by w matrix A with a w by n
matrix B to form a n by m matrix C. That is, computing an entry of C by multiplying
a row of A by a column of B is well defined as long as the length of a row in A is the
same as the height of a column in B. The multiplication of a row by a column is
called a dot product or an inner product; in general, for 1 <i <nand 1 <j <m:

Cli, j1= AL, 1B, j1+ AL, 21B(2, j1+ -+ Ali, w]Blw, j]

For example:

p—

2 1¥1+2*2 5
411 3*¥1+4%*2 11
6(2)= 5*1+46%*2 - 17
8 T*¥14+8*2 21

~N L W

Standard matrix multiplication algorithm:

for 1 <i<m, 1 <j<n dobegin

Clijl1:=0
for k=1 to w do Cl[i,j] =Cli,j] +A[i,k]1B[k,j]
end

Time: The inner for loop is O(w), and it is executed by the outer for loop for all mn
possible values of i,j, for a total of O(mwn) time. For the case of square matrices where

m=w=n, the time is O(n’).

Space: O(1) in addition to the space used by A, B, and C.
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Example: Pascal's Triangle of Binomial Coefficients

The number of different ways to choose m items out of a total of n items (without
repetitions), n 2 1 and 0 <m <, is given by the binomial coefficient:

(") n!
m - (n—=m)!m!

That is, there are n ways to choose the first item, n—1 ways to choose the second, etc. This
is like n! except we do not want the terms below n—m (giving n!/(n-m)!); in addition, we
must divide by the m! different ways to reorder the m elements chosen.

Pascal's triangle: The infinite table of all binomial coefficients is "Pascal's triangle".
Below are rows 0 through 5. The triangle has one row for each value of n, where each
row shows from left to right the values of the binomial coefficients going from m=0 to
m=n. On the right is the equivalent rectangular array.

n=0: 1 1 0 0 0 0 O
n=1: 1 1 1 1.0 0 0 O
n=2: 1 2 1 1 21 0 0 O
n=3: 1 3 3 1 1 33 1 0 0
n=4: 1 4 6 4 1 1 4 6 4 1 0
n=>5: 1 5 10 10 5 1 1 5 10105 1

Straightforward computation: For the row n=i, first compute a table of the values of j
factorial, 0 <j < i, and then compute each term of the row with three arithmetic
operations, for a total of O(k’) multiplications to compute rows n=0 through n=k.

Simpler computation: Rows n=0 through n=k can be computed in O(n”) time with one
addition for each internal entry. An entry is 1 if m=0 or m=n, and in general:

ny n!
m| (n—m)!m!

_ m(n—1)! +(n—m)(n—1)!

(n—m)!m! (n—-m)!m!

_ (n-1! . (n-1)!
(n=-D-(m-DH)!(m-1)! (n-m-1)'m!

Compute each row from entries of the previous row:
for n:=0to k do
for m :=0ton do
if m=0 or m=n then A[i,j] := 1 else A[n,m] := A[n—1,m—-1]+A[n-1,m]
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Binomial Sums
The classic binomial sum is the expansion of the expression (a+b)".

Theorem:
" (n
+b n = n-mbm
(a+b) 2()a

Proof: If we consider the process of computing (a+b)" = (a+b)(a+b)...(a+b) as forming
the 2" products that result from the n choices of selecting an a or b from each of the n
clauses (a+b), then each of these 2" products is one of the n+1 values an_mbm, 0<m<n.

The number of copies of a""'b" is the number of ways of selecting which m of the n

choices are b (the remaining choices must be a). Hence, the coefficient of the term a" "™
is the corresponding binomial coefficient.

Corollary: Since the binomial sum is symmetric, we also have:

wror =3[

m=0

When both a and b are 1: It is interesting to note that when a=b=1, 2" is just a sum of
binomial coefficients. For example, for n=5:

3()

m=0

QOBHO0

TS0 410 3120 2131 1141 015!
1/8! /4! 1/ N /1 1700
_(SUs) | (St (513D | (s2Y) | (S | (50D

0! I! 2! 3! 4! 5!
% k4 k k4 kQk
=1+5+5 4+5 4 3+5 4*3%2
2 3%7 4%3%2
=1+5+10+10+5+1
=32

Note: Another way to see that the case a = b =1 yields powers of 2 is to examine the
figure on the preceding page that shows Pascal's triangle; the sum of the i row is 2.
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(*) Example: Solving Sets of Linear Equations

Problem: For 1 <i <n, determine values for X that satisfy all n equations of the form:
ALLLX(D] + A[L2]X[2] + -+ + Ali,n]X[n] = Ali,n+1]

Idea: Subtract multiples of one equation from another to put them in "triangular form",
and then work "backwards" (there are faster methods — see the chapter notes).

Example: Suppose n=4, denote X[1]...X[4] by w, x, y, and z, and denote the four rows of
A by a, b, ¢, and d, where:

a: w +x  +2y +2z = 17
b: 2w +x +y +3z = 19
c: w  +3x +y +2z = 18
d: 3w +x +y +z = 12

Phase 1, Put the equations in triangular form:
Clear the first column by subtracting a multiple of row a from rows b, ¢, and d:

a: w +x  +2y +2z = 17

b: -x 3y -Z = =15 (b:=b-2a)

c 2x -y +0z = 1 (c:=c-a)

d: -2x -5y -5z = -39 (d:=d-3a)
Clear the second column by subtracting a multiple of row b from rows c and d:

a: w +x  +2y +27 = 17

b: -x =3y -z = -15

c: =Ty -2z = =29 (c:=c-(2)b)

d: y -3z = -9 (d:=d-2b)
Clear the third column by subtracting a multiple of row ¢ from row d:

a: w +x  +2y +2z = 17

b: -x =3y -2 = -15

c: =Ty -2z = =29

d: -23/Mz = 9217 (d:=d-(-1/T))

Phase 2, Back-substitute:
Substitute z = (-92/7)/(-23/7) = 92/23 = 4:

a: w +x  +2y = 9

b: -x 3y = -1l

c Ty = =21
Substitute y = (-21)/(-7) = 3:

a: w +x = 3

b: -x = =2
Substitute x = (-2)/(-1) = 2:

a: w = 1
Substitute w = (1)/(1) = 1.

The final solution is: w=1,x=2,y=3,z=4
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Back-Substitution Algorithm

In Phase 1 for i=1 to n—1 subtract multiples of row i from higher numbered rows so the
only remaining values of A that can be non-zero are:

A[L1IX[1] + A[L,2]1X[2] + A[L31X[3] +--+ A[llLr]lX[n] = AllLn+1]
A[2,2]1X[2] + A[2,3]1X[3] +---+ A[2,n]X[n] = A[2,n+]]

A[3,3]1X[3] +:--+ A[3,n]X[n] = A[3,n+l]]

Aln,n]X[n] = Alnn+l1]

Once the equations are in this "triangular form", in Phase 2 "back-substitute” to
determine the values for X; that is, we know X[n]=A[n,n+1]/A[n,n], and once we know
X[n], we can determine X[n—1], and once we know X[n—1] and X[n-2] we can determine
X[n-3], and so on. In Phase 1 rearrange the equations at the k" step so that A[k,k]#0 and
Phase 2 will not divide by zero (the equations do not have a unique solution if they
cannot be so arranged — see the exercises); if A[k k]=0, exchange this equation with a
higher numbered equation that has a non-zero value in the ¥* column (for simplicity,
instead of exchanging, add the higher numbered equation to the k* one).

Phase 1, put the equations in triangular form:
for k:=1ton-1do
if A[k,k]=0 then begin (add a higher numbered equation with non-zero first term)
x:=k
while x <n and A[x,k]=0do x := x+1
if x>n then ERROR — equations do not have a unique solution
else for y := k to n+1do A[k,y] := A[ky] + A[x,y]
end
for i := (k+1)ton do
for j:=kton+1do
- .. [ Alik] :
Ali, j1= Ali, j1-| —— |Al%,
i, j1= Ali, j] [A[k,kJ L)
Phase 2, back-substitute to compute X[1]..X[n]:

for i := n downto 1 do begin
it = 2
Ali,1]

for j := (i-1) downto 1 do A[j,n+1] := A[j,n+1] - A[j,i]X[i]
end

Complexity: The time is dominated by three nested loops ranging over at most n values,
for a total of O(n*) time. O(1) space is used in addition to the space used for A.
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(*) Example: Lagrange Interpolation of Polynomials

Y5 Y2 ’

Y4

?

1
. x5 X4 X3 XQ XI X

Idea: If y, y,, ..., ¥, denote the values of a function at distinct points x, x,, ..., x,, then a
unique polynomial of degree at most (n—1)" passes through these points (exactly degree
n—1 unless there is a lower order dependence among the values — see the exercises). It
can be used to "predict" the value of the function at a new point x. The figure shows the
points equally spaced in sequential order with x to the right; in general they may be in
any order with arbitrary spacing, as long as they are distinct.

Solution by formulation as a set of linear equations: The solution to a set of k linear
equations gives the coefficients of the corresponding (n—1)" degree polynomial.

Example: If (x,,y,)=(1,15), (x,,y,)=(2,32), and (x;,y;)=(3,57), then the three equations
al)’  +b(1) +c = 15

a2y’ +b2) +c = 32

a3 +b(3) +c = 57
simplify to:
a +b +c = 15
4a +2b +c = 32
9a +3b +c = 57
Subtracting 4 times the 1" row from the 2" and 9 times the 1" from the 3™ gives:
a +b +c = 15
-2b -3¢ = -28
-6b -8 = -78
Finally, subtracting 3 times the 2" row from the 3" gives
a +b +c = 15
-2b -3¢ = -28
c = 6

from which ¢=6 follows, and then back-substituting ¢=6 into the second equation gives
b=5, and finally back-substituting b=35, c=6 into the first equation gives a=4. Hence, the
polynomial that passes through the three (x,y) coordinates (1,15), (2,32), and (3,57) is
P(x) = 4x*+5x+6.
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The Lagrange Interpolation Formula

Although we could solve a set of linear equations each time we needed to compute the n
coefficients of a polynomial given its values at n distinct points x,...x,, the polynomial can
always be expressed in the following regular form:

o2y

1sisn| | i#j \X; T X

Since a unique polynomial of degree at most n—1 passes through n distinct points,
correctness of the Lagrange interpolation formula follows by observing:

* P(x) a polynomial of degree at most n—1.

* Suppose that x=x; for some 1 < i < n. For the fraction multiplying y;, the numerator
(top portion) is the same as the denominator (bottom portion), and hence y; is
multiplied by 1. On the other hand for j#i, the product in the numerator contains
the term (x—x;) = (x—x;) = 0, and hence this term is 0. Thus, for any of the points
x;, 1 <i<n, P(x)=y,

Complexity: Each of the n terms can be computed in O(n) time, for a total of O(n?) time.
This improves upon the O(n”) time used by solving a set of linear equations.
Examples:
n=2: P(x)= (x=x,) + (x=x)
(%, = x;) (%, —x)

(x—x,)(x—x,) N (x—x)(x—-x;) N (x=x)x-x,)

2

n=3: P(x)= | 2 3
(x1 — X, )()Cl - x3) (-xz - X )(X2 _-x3) (-x3 =X )(X3 - xz)
(=) —x)(x—x,) (x=x )x—x)(x—x,)
P(X) = 1 2
e (= 2,)(x; = x3 0%, — x,) (x5 = x,)(xy = x3)(x, — %)

(x=x)(x=x,)(x—x,) N (x=x ) (x=x,)(x—x5)
(3 = X )(x5 = %, )(x3 — x,) ? (x4 =%, )(xy = X, )%y — x3)

4

Note: Stability of these expressions in the presence of round-off errors can be a concern
in practice; see the chapter notes.
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Linear Time Lagrange Interpolation for Unit Spacing

Idea: Sample n points of an unknown function so that a polynomial P(x) can be
constructed to predict the value of the function at new points. Often, the choice of sample
points is arbitrary, and so we can choose them to be equally spaced by 1 unit apart. By
convention we assume that they are listed from right to left.

O(n) time algorithm: We already know that P(x;)=y;; so we may assume that x#x;, 1 < i
< n. If we define Q(n,x) to be the product over 1 < i < n of the terms (x—x;), then the
numerator (top portions) of the fraction for y, in the Lagrange interpolation formula is just
Q(n,x)/(x-x;). For the denominators (bottom portions), the i has a product of negative
differences (x—x,)(x—x,)...(x—x, ;) = (=1)"'(i-1)! times a product of positive differences
(=X (X =X140)--. (x~x,) = (n—-0)!, where 0! is defined to be 1. Hence:

Q(n, x) . -1, .
P(x) = ———— . | where Q(n,x) = x=x) and L[n,i]=(-1)"(i-Di(n-1i)!
(x) %ﬂ(qn’i]u_x‘_)y} Q(n.x) H( ) and Lin,il= (=)™ (i~ Di(n i)
A table of the values of i!, 0 <i < n, can be computed in O(n) time, and from it, a table of
the constants L[n,i] can be computed in O(n) time (in practice, we may get these values
from a fixed table that has been computed once for all computations). Given x, Q(n,x) can
be computed in O(n) time with n subtractions and n—1 multiplications, and using Q(n,x)
and the constants L[n,i], P(x) can be computed in O(n) time.

The special case x, = x,+1: If x, = x,+1, then (x~x,)=i, Q(k,x,)=n!, and:

P = 3| — 2 y]

S\ Linil(x-x)""

n!
_én (—1>"*‘<i—1>!<n-i)uyf]

; n!
- (_1)1-1 i
= Mo -i)”

| n n
= (—1)"'( ] y,) — where ( ) is a binomial coefficient
1<isn l !

A practical example is when the next point in a trajectory of equally spaced samples is
approximated locally by a polynomial of the last few sample points (e.g., one of the
coordinates of computer "mouse" as a function of time). The binomial coefficients can be
stored once and for all, and the computation is just a linear combination; for example:

n=2: P(x)) = 2y, -y,

n=3: P(x,) = 3y, - 3y, + y,

n=4: P(x,) = 4y, - 6y, + 4y; -y,

n=5: P(x,) = Sy, — 10y, + 10y, — Sy, + y;
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Logarithms and Exponentials

Idea: For most of what we do, it suffices to know that log,(r) is a real number such that
Liog,(r)] < log,(r) <[log, (1]

and we can simply take the closest integers to log,(r) as definitions of integer valued
functions that share essentially the same properties.

Logarithms with integer values: For a>1 and r > 1 real numbers define:

[log,(r) 1= Starting with 1, the minimum number of times that we must
multiply by a to get an integer > r; for example, |—log2(9)-| =
rlog2(16)_| =4,

Lloga(r)J = Starting with 1, the maximum number of times that we can
multiply by a to get an integer <r; for example, |_log2(8)_] =
Llog,(15)]= 3.

Note: [log,(1)]1=Llog,(1)]=0

Exponentials with integer exponents: For a>1 a real number and i >0 an integer:
a' = a*a*a*a... *a (i times); that is, a’=1 and for i>0, d = a*a"’

Facts about integer logarithms and exponentials (see the exercises):
A. For any real number a>1 and integer i > 0: ’-loga (ai )-‘ = l_loga (ai)J =i

. . log, ()| _ . _ |log,(i)
B. For any real number a>1 and integer i 2 0: aL ot <i< a( o2,0]

C. For any real number a>1 and integers i,j = 0:

l_loga(i)J+Lloga(j)J < Lloga(ij)_] < |_loga(ij)-| < l_loga(j)-|+|_loga(j)-|
leoga(i)_] < {loga(ij” < {loga(ijﬂ < jl_loga(i)-|

D. For any real number a>1 and integer i > 0:

|log, () | [log, (1]

<1 )| < |1 ) | <
flog, (@] = L&) <[] < o 001

E. For any real number a>1 and integers i,j = 0:

a(i+j)

' = (ai)f

=a'a’

J
a‘ij);ta( )exceptwhenj=1 ori=j=2
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*)

Non-Integer Logarithms and Exponentials

Idea: We could generalize to rational exponents (e.g., "’ =¥a' and a™ = 1/a’) and then
for a real number r define 4’ as a limit using successively closer rational numbers to r
(see the exercises). Simple calculus provides another way.

Logarithms and exponentials with real values: Let x>0 be a real number:

For any real number x>0: In(x) = f%dt (the "natural" logarithm of x)
1

e =2.71821828459... = that real number such that In(e)=1 (the "natural" logarithm)
For any real number x, ¢* is the real number such 