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Preface

In Volume 2 a variety of models for qualitative data are explored; these go
beyond the hierarchical log-linear models and logit models of Volume 1.

Chapter 6 discusses multinomial response models appropriate for the complete
factorial tables considered in Volume 1. These models are generalizations of the
hierarchical log-linear models of Chapters 2—4 and of the logit models of Chap-
ter 5. As in the case of logit models, the models of Chapter 6 can be used to
exploit ordered categories and can be used with continuous predicting variables.

Chapter 7 examines log-linear models for incomplete factorial tables. The
chapter emphasizes for incomplete two-way tables quasi-independence models
which have been the subject of much early work on log—linear models. Hierar-
chical log-linear models for incomplete multi-way tables and multinomial re-
sponse models for incomplete tables are also studied. Both iterative proportional
fitting and Newton-Raphson algorithms are developed.

In Chapter 8 models are considered for contingency tables in which several
variables have the same categories. Symmetry models, quasi-symmetry models,
marginal-homogeneity models, and distance models are introduced and related to
quasi-independence models and to parametrizations developed for hierarchical
log-linear models. Again, both iterative proportional fitting and the Newton—
Raphson algorithm are used for numerical work.

In Chapter 9 adjustment of data is studied through numerical methods de-
veloped in earlier chapters for use with log—linear models. The methods of Dem-
ing and Stephan for adjustment of marginal totals are related to the iterative
proportional fitting algorithm for hierarchical log-linear models. Alternative
methods of adjustment of data are also studied. In contrast with most earlier
treatments of adjustment of data, emphasis is given to estimation of standard de-
viations of estimates.
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viii PREFACE

Chapter 10 develops a general theory of latent-class analysis in terms of log-
linear models. Although latent-class analysis had been considered as early as
1950 by Guttman (1950) and Lazarsfeld (1950a,b), use of latent-class models
has become much easier in recent years due to Goodman’s (1974a,b) develop-
ment of an iterative proportional fitting algorithm for a general collection of
latent-class models. This chapter discusses Goodman’s iterative proportional fit-
ting algorithm and a scoring algorithm similar in structure to the Newton—
Raphson algorithm for log-linear models.

The Appendix provides computer programs for log-linear models and latent-
class models.

This volume may serve as a sequel to Volume 1 in a two-quarter or two-
semester course. The two volumes together provide a thorough introduction to
log-linear models and to latent-class analysis.

Work on the book has benefited from partial support from National Science
Foundation Grants Nos. SOC72-05228 A04 and MCS72-04364 A04 and Na-
tional Institutes of Health Grant No. G722648. Comments by Professors Leo
Goodman, William Mason, and Clifford Clogg have contributed to the prepara-
tion of Volume 2, just as they aided in the preparation of Volume 1. The Na-
tional Opinion Research Center of the University of Chicago has been a source
of much of the data used in this volume. Thanks are also due Dr. L. Srole for
permission to use Table 6.1.
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6 Multinomial Response Models

Multinomial response models, or multinomial logit models, are generaliza-
tions of logit models in which one or more independent variables are used to
predict one or more polytomous dependent variables. Multinomial response
models have a much more limited literature than do logit models. The
literature does not appear to go back prior to Mantel (1966). Bock (1970,
1975, pp. 520-538), Bock and Yates (1973), Nerlove and Press (1973),
Press (1972, pp. 268-272), Theil (1969, 1970), and Haberman (1974a, pp. 351~
373) are among those who have discussed these models.

As in the case of logit models, a special version of the Newton-Raphson
algorithm can be employed with multinomial response models to produce
simpler computations than those required in the Newton—Raphson algorithm
of Chapters 1-3. This version of the Newton-Raphson algorithm also
simplifies computation of estimated asymptotic variances of the parameters
in the multinomial response model. Gains achieved are not without cost. If a
parameter appears in a log-linear model formulation but not in an equivalent
multinomial response formulation, then the parameter estimate and its
EASD are not obtained through the version of the Newton-Raphson al-
gorithm in this chapter.

The Newton—Raphson algorithm for multinomial response models forms
the basis for the MULTIQUAL program of Bock and Yates (1973) and for
the FREQ program in the appendix. The algorithm is algebraically equivalent
to the algorithm for logit models when there is a simple dichotomous de-
pendent variable. The algorithm reduces to the algorithm of Chapters 1-3 in
the trivial case in which it assumed that there is a single independent variable
with one category.
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370 6 MULTINOMIAL RESPONSE MODELS

Since any log-linear model can be regarded as a multinomial response
model, the family of multinomial response models is very large. Numerous
cases deserve special attention. The possibilities can be distinguished in terms
of the nature of the dependent variable or variables:

(D1) There is a single dichotomous dependent variable.

(D2) Thereis asingle polytomous dependent variable in which scores are
not assigned to categories.

(D3) There is a single polytomous dependent variable, and scores are
assigned to categories.

(D4) There are several dichotomous or polytomous dependent variables,
and scores are not assigned to categories.

(D5) There are several dichotomous or polytomous dependent variables,
and scores are assigned to categories.

Several possibilities can be distinguished in terms of the independent variables.
The first distinction involves the number of independent variables:

(M1) One independent variable is present.
(M2) More than one independent variable is present.

The second distinction involves the nature of the independent variables.

(I1) The independent variables are dichotomous or polytomous, and
scores are not assigned to categories.

(I2) All independent variables are dichotomous or polytomous, at least
one independent variable is polytomous, and scores are assigned to categories
of the polytomous variables.

(I3) At least one independent variable is continuous.

If the dependent variable is dichotomous, as in (D1), then the multinomial
response model is a logit model. Since logit models have been studied in
Chapter 5, no special attention need be given to this case. However, it should
be emphasized that the methods of this chapter do apply to logit models.

Even excluding logit models, 24 combinations of conditions remain. The
simplest four cases involve a single polytomous dependent variable and a
single dichotomous or polytomous independent variable. These four cases
are examined in Section 6.1. One of these cases, the combination of (D2),
(M1), and (I1), involves the type of models for two-way tables examined in
Chapter 2. The remaining cases provide a basic introduction to the multi-
nomial response version of the Newton-Raphson algorithm.

Section 6.2 considers the 12 cases in which at least three variables are
involved but no independent variable is continuous. The four cases in which
dependent variables satisfy (D2) or (D4) and independent variables satisfy
(I1) reduce to the hierarchical models of Chapters 3 and 4. The new Newton-
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Raphson algorithm introduced in this chapter is useful for computations even
for the models in which iterative proportional fitting is available, especially
if estimates of asymptotic variances are needed and closed-form maximum
likelihood estimates do not exist. In other cases in this section, useful com-
petitors for the Newton-Raphson algorithm are not available. This section
considers a huge family of models. Just as in Chapters 3 and 4, model selection
is a major problem. Methods used here will be similar to those of earlier
chapters. Thus standardized values, adjusted residuals, and partitions of the
likelithood-ratio chi-square receive emphasis.

Section 6.3 considers the remaining eight cases in which at least one inde-
pendent variable is continuous. As in the case of logit models, problems arise
in use of residual analysis and chi-square statistics, although maximum like-
lihood estimates retain ordinary large-sample properties. Added problems of
computational cost also appear present.

6.1 Multinomial Response Models for Two-Way Tables

Multinomial response models for two-way tables may be used to illustrate
many of the general principles of multinomial response models. In the case of
two-way tables, interpretation in terms of simultaneous logit models is
attractive. In some respects, multinomial response models are related to logit
models just as multivariate regression models are related to ordinary
univariate regression models.

The relationship of logit models to multinomial response models also
extends to the Newton-Raphson algorithm of this section. This algorithm is a
generalization of the Newton—Raphson algorithm for logit analysis, although
the equations used to define the new algorithm are somewhat different from
those in Chapter 5. Despite differences in appearance, it is still possible to
interpret the algorithm in terms of a series of weighted regression analyses.

To define a multinomial response model for an r x s contingency table, let
polytomous variables 4, and B,, 1 < h < N, be observed such that each A4,
can take values from 1 to r and each B, can take values from 1 to s. Assume
that given the B,, the A4, are independently distributed with probability
pii? > Othat 4, = igiventhat B, = j. Let n,;; be the number of observations h
with 4, = i and B, = j. Then given that nf observations have B, = j, n;; has
expected valuem;; = n?p{!;¥ andeachcolumnn,;,1 < i < r,hasamultinomial
distribution with sample size n} and probabilities p;®, 1 < i <r.

A multinomial response model may be defined in terms of a series of
related logit models. For each value j of B,, let g independent variables ¢,

1 < k < g, be given. The basic requirement in a multinomial response model
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is that for categoriesiand of 4, the logit 18 = log(pdP/pfF) = log(m;im; ;)
be a linear function of the independent variables. Thus for some unknown
M and g, 1 < k < g,

g
15}53 =y + kz Siinbjuc- 6.1
=1

(If ¢ =0, then 7% = n;;.) Since for 1 <j<s, 1 <i<r, 1 <i'<r, and
1 <i”" <,

$8=0 6.2)

i

and

= B B (6.3)

i i

one may assume without loss of generality that

Ny =0, (6.4)
i = i + Nivirs (6.5)
Eax =0, (6.6)
and
Cin=Cin + &rie 1Sk <gq (6.7)

Other linear constraints may also be imposed on the 5;; and ¢;;,. Several
examples will appear in this section.

Special Cases

Several special multinomial response models have already been considered.
If » = 2, the logit model of Chapter 5 is equivalient to the multinomial re-
sponse model of (6.1), because (5.2) and (6.1) are equivalent if w; = {35, 5 =
Mnaz.and B =&, 1 Sk < g

If g =0, then the column homogeneity model and the multinomial
response model are equivalent. Verification of the claim is straightforward. If
the column homogeneity model holds, then (6.1) holds when ¢ = 0 and
niw = 5. On the other hand, if ¢ = 0, then (6.1) implies that the cross-
product ratio

AB _ ,A'B AB _ . .
T(li')(lj')—rli"l _Tli'.j'—r]“'_nl,"—o, ZSI Sr, 2<]’<S.
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As shown in Section 2.6, this condition on the cross-product ratio implies the
additive log-linear model.

where
Y=Y =0.

This additive log-linear model is equivalent to the column homogeneity
model under the column multinomial sampling procedure of this section.
The n-parameters and A-parameters are related by the equations

1
M = A — A8 and A= , Z URE
The saturated model of Chapter 2 is equivalent to the multinomial
response model
h=ne + iy (6.8)
in which

Y nb; =0 (6.9)
J

Equation (6.8) can be converted into the form used in (6.1) if, as in Chapter 2,
x3 is defined for 1 < j' <s— 1as

x?j,zl, j:j,’
=0, j#j’a j<S,
= —1, j==s

Then (6.8) is equivalent to

s—1
A'B _ B _B
Tivj = M + Z Hiij Xjj -
i=1

Equation (6.8) imposes no restrictions on the 45, for given any 15, the
n-parameters may be defined by the equations

1 )
i = Z Tﬁ'-’j (6.10)
S
and

’75'1' = Tf}";" - Y- (6.11)
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In terms of the parametrization

logm =4+ A"+ A} + Af?

ij o

LW WHLED W

J

one has
WE= (A - AN + (A58 - D,
so that
M = A = A (6.12)
and
nh; = A48 — A% (6.13)
Similarly,
1
Al =X i (6.14)
and l
1
M = ; Z nk;. (6.15)

Thus the multinomial response models include the models employed so far in
this book for analysis of r x s contingency tables with column multinomial
sampling.

Mental Health Status and Parental Socioeconomic Status

To illustrate use of multinomial response models, Table 6.1, which also
appears in Haberman (1974b), may be considered. These data originally ap-
pear in a study by Srole, Langner, Opler, and Rennie (1962) which attempted
to examine relationships between mental illness and socioeconomic status.
Subjects were obtained from a probability sample of the resident midtown
Manhattan population living at home. The survey was conducted in 1954, Of
1911 persons contacted, 1660 permitted themselves to be interviewed.

Details of the classification of subjects by mental health category and
parental socioeconomic status are described by Srole et al. In this section, the
task is to describe the relationship between the variables reported in the table.
Questions of rating biases, sampling biases, and causation are all important,
but they are not considered here.

Models for Table 6.1 will assume that mental health category A4, is the
dependent variable and parental socioeconomic status B, is the independent
variable. Thus n,; = 64, n,, = 94, etc.
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Tuble 6.1

Subjects Cross-Classified by Mental Health Status and Parental
Socioeconomic Status*

Parental socioeconomic status stratum
Mental health

category A B C D E F Total
Well 64 57 57 72 36 21 307
Mild symptom
formation 94 94 105 141 97 71 602
Moderate symptom
formation 58 54 65 77 54 54 363
Impaired 46 40 60 94 78 71 389
Total 262 245 287 384 265 217 1660

“Srole, Langner, Michael, Opler, and Rennie (1962, p. 213).

Column homogeneity The two multinomial response models from Chapter
2 that may be applied to these data are the column homogeneity model and
the saturated model. The column homogeneity model is unsatisfactory, for
the Pearson chi-square is 46.0, the likelihood-ratio chi-square is 47.4, and
there are (4-1) (6-1) = 15 degrees of freedom.

The saturated model Obviously, the saturated model does fit the data.
Examination of estimated n®-parameters can be used to suggest multinomial

response models simpler than the saturated model but less restrictive than the

column homogeneity model. Since 7;i% has maximum likelihood estimate

n:.
2A-B __ iy
T = lOg(T)

i'j

under the saturated model, n; has maximum likelihood estimate

1 y
i = — > 10g<h)
S5 i'j
and nf}.; has maximum likelihood estimate
n.: S n..
i = 10g<_”) — iy = Z Cij log(”),
’ irj =7 iy
where
cp=1—=1/s,  j=],
S N Y
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The estimated asymptotic variance of A5 is

. | 1 2\/1 1
(r’” ]) = lelejr(Zj' + n”) = Sz(ﬁii') + (1 - S) (;U + Z),

1 1
Sz(ﬁii') = 2?( n, | ng )

i'j

where

Results are summarized in Table 6.2. The choices of i and i’ used in the table
suffice to specify all #7,; since for i < 7,

i'—1

AB AB
Ny = Z Mg+ 1)
k=i

The general pattern exhibited by the estimates 47, ; is a tendency to decrease as
Jj increases. The pattern is quite clear for i = 1 and i’ = 2 and fairly clear for
i =3 and i’ = 4. The pattern is less evident for i = 2 and i’ = 3.

The simultaneous linear logit model A possible model suggested by Table

6.2 assumes that each logit t{{% is a linear function of the parental socio-

Tuble 6.2

Estimated w®-Parameiers for the Saturated
Model for Tuble 6.1

i i J fi s s(Afs
1 2 1 0.345 0.152
2 0.229 0.156
3 0.119 0.154
4 0.057 0.140
5 -0.262 0.176
6 —0.489 0.216
2 3 1 -0.014 0.152
2 0.057 0.155
3 —0.017 0.145
4 0.108 0.134
5 0.089 0.154
6 —-0.223 0.162
3 4 1 0.270 0.178
2 0.338 0.186
3 0.118 0.164
4 —0.161 0.146
5 -0.330 0.163
6 -0.236 0.165
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economic status score t;, where t; = 2j — 7, so that t;, = -5, t, = -3,
ty=—~1,1,=1,ts =31, = 5 and ) t; = 0. Thus

= e + Lty (6.16)
As usual,

ni =0, Hize = Wi + Ny ¢i =0, Siir = i + Cipm.
The model appears in Simon (1974).

An equivalent log-linear representation To compute maximum likelihood
estimates, the model is expressed in terms of the log m;;. A series of weighted
regression analyses are then performed using techniques from analysis of
covariance. Since in the decomposition (6.8),

'75'}' = Cil),
(6.14) and (6.15) imply that
1 r
= ; Z Hiir

111:—1 i'—1

- = Z Z’?k(kﬂ)'*‘ Z Z'?k(kﬂ)

i'=1k=i i'=i+1 k=i
1 i—1 1r-!
= - Z ki s 1y + = Z(r — KM+ 1) (6.17)
=y T =i
and
4B 1 r B 1 r 1 i—1 1 r—1
Aij ; Z Niyrj = ;tj Z 5:’:" = - ‘tjz kék(kﬂ) + *tj Z (r - k)ék(k+1)'
=1 =1 r k=1 L=
(6.18)
Thus

logmy; = A+ A + 2% + A5°
(r 1) 2(r— 1)
= /1 + AB + Z ﬂkxljk - O( + Z ﬁkx:]k’ (619)

whereaf =4 + A%, 1 <j<sandforl <k<r-—1,

B = Mk +1)» Bisr—1 = Bk(k+1)’

k k
e =1--, i<k, Xijk+r—1) = tj(l - —), i<k,

¥

=
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The x;, 1 < k < 6, for Table 6.1 are shown in Table 6.3. Arguments similar
to those in Section 2.6 may be used to show that the maximum likelihood
estimates #i1;; of the means m;; satisfy the equations

W =nf  1<j<s, (6.20)
and
Z xl'jkﬁ’lij = szijknij’ l S k S 2(r - 1)‘ (6'21)
P i j

Asisevident from Bock (1975, p. 524) and Press (1972, p. 270), these equations
are well known. For a derivation, see Exercise 6.8.

Tuhle 6.3

Coefficients x;y, for the Simultaneous Logit Model
for Table 6.1

! 7 Xijt Xij2 Nij3 Nija Xijs Xijo
1 1 3 1 1 1s N __5
4 2 4 4 —2 I3
2 1 1 L 3 _3 _5
4 2 1 4 2 4
3 _1 1 1 3 3 s
R a 2 3 a 2 a
i 1 3 5 s 15
4 4 2 —a S 3 ES
3 1 1 9 3 3
1 2 4 2 a —a 2 —4
1 1 t 3 3 3
2 T4 2 4 a 2 a4
3 1 1 1 3 3 _3
J 4 2 3 4 2 4
1 1 3 3 3 9
4 —a —2 —4 4 2 4
3 1 1 3 1 _1
1 3 4 3 4 —4 -2 4
1 1 1 1 1 1
2 —4 2 4 4 —2 —a
1 1 1 1 1 1
3 T4 2 4 4 2 4
L 1 3 1 1 3
4 —4 2 4 4 2 4
3 1 1 3 1 1
1 4 4 2 4 4 2 4
1 1 1 i 1 1
2 T4 2 4 a4 2 4
1 L 1 ! 1 L
3 —a —2 4 3 2 4
1 1 3 1! 1 _3
4 —a -2 —4 4 2 4
3 1 1 9 3 3
1 5 a 2 4 4 2 a
) 1 1 i 3 3 3
4 2 4 4 2 4
3 it 1 1 3 3 3
4 2 4 4 2 a
1 1 3 3 3 9
4 —a ] —a 4 —2 —a
3 1 i 15 5 5
1 6 4 2 4 4 2 S
2 1 1 1 5 5 5
4 2 4 4 2 q
3 _1 1 1 _3 _s s
B 4 2 3 4 2 4
4 -1 1 3 s _s s
4 2 4 4 2 E
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The Newton-Raphson algorithm for multinomial response models relies
on the fact that if m} = n? and if

2(r— 1)
Vi = Z /)’kxijk’
k=1
then
mf = Z m;; = exp(a}) Z exp v; = n},
i I
so that

2 = log(nf/z exp v,-j).

Thus, given the constraint m? = n¥, 1 < j < s, the f, 1 < k < g, determine
the af, 1 <j < s. Consequently, the algorithm can concentrate on com-
putation of the f8,. Algorithms of the type used in this section are found in the
appendix and in Bock and Yates (1973).

As usual, the algorithm requires initial estimates m;;, of the n;;. The choice

used here is m;;o = n;; + §.

From these estimates, empirical logarithms
Yijo = log M;jo

are obtained. Then estimates f3,, are obtained as in the weighted regression
problem

Vijo = %5 + 2 BuXup + &y = A+ A7+ Y Bxip +
k i
B _
where the ¢;; are independent random variables with respective means 0 and
variances m;q .

This regression problem corresponds to one-way analysis of covariance. It
is well known that the 5, satisfy the simultaneous equations

;Sk,o Bio = Wio = Z‘(lek — O50)YijoMijo- (6.22)
where
Do = Z‘ Xiji mijo/lz Mo (6.23)
and

Sko = ZZ(Xijk - ()jkO)(xijl - ()jlo)mijO' (6.24)
LA
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In matrix terminology,

Bo = So 'wo. (6.25)
Given the f5,, one may let
Vijo = ;ﬁkoxiﬂ‘ (6.26)
and
djo = nf/z exp vijo, (6.27)
so that
Mij1 = Yo €XP Vij0 (6.28)
satisfies the condition
m¥ = n?.

At iteration v > 1, weighted regression analysis is based on the working
logarithms

Vijy = log my, + (n;; — my;)/my;,. (6.29)
The weighted regression model

Vi = @ + 2 BiXig + &
k

is used to find the f,,, where the ¢;; are independent random variables with
respective means 0 and variances m;;. Thus the f,, satisfy the simultaneous
equations

;Suvﬁzv = Wy, (6.30)
where
Oy = ;xijkm,»jv/zi: mg;, = (n¥)~! zi:x,-jkmijv, 6.31)
Wi, = lzg(xijk = 0p)yijuMijy (6.32)
and

Sy = Z Z (xijk - ijv)(xijlv - Ojlv)mijv‘ (6.33)
i
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Given the fy,, a new estimate m,,, 1, of /iy; is found from the equations

= Z Biv Xijis (6.34)
X
Gy = 1] / 2 exp vy, (6.35)
and
Mijiv+ 1) = Gjv €XP Vyjy- (6.36)

Normally, m,;, approaches r; and f,, approaches f3; as v becomes large. To
simplify calculations, one may use the observation that if

a, = Z (xijk - Ojkv)(nij - M) = Z XijkNij — Z XijkMijys (6.37)

and if the §;,, | <k < 2(r — 1), are defined by the simultaneous equations

;Sk,vé,v = Qg » (6.38)
then
B = Brw—1) + Oy (6.39)
In matrix terms,
B,=8,-, + S, 'a,. (6.40)

Calculations are summarized in Table 6.4. The program in the appendix
performs these computations, while Bock and Yates (1973) proceed in a
similar manner. Convergence is clearly very rapid in this example.

Chi-square statistics The chi-square statistics

=y y (= 1)

;) (6.41)

U

and

L2=2% Y n, 1og(rf"f ) (6.42)
J mi;

havers —s —2(r — 1) =(r — 1)(s — 2) = (4 — 1)(6 — 2) = 12 degrees of
freedom, for there are rs counts n;;, s parameters of, and 2(r — 1) parameters
By In thisexample, X = 6.29 and L? = 6.28, so the simultaneous linear logit
model fits the data very well.

Adjusted residuals Further confirmation that the model is consistent with
the data may be obtained through the adjusted residuals

rij = ( n;; — ”)/61/2’ (6'43)
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Tuble 6.4
Computation of Maximwn Likelihood Estimates for the Simultaneous Linear
Laogit Maodel of Tuble 6.1 Using the Newton-Raphson Algorithm
! j Myjo Yijo Uijo mjy ijy Mij2
1 ! 64.5 4,1667 0.09171 68.42 0.09511 68.56
2 94.5 4.5486 043737 96.67 0.44121 96.42
3 58.5 4.0690 —0.11400 55.70 —0.11264 55.70
4 46.5 3.8395 —0.41509 41.22 —0.42368 40.81
| 2 575 40518 --0.05902 55.71 —0.05871 55.68
2 94.5 4.5486 042814 90.68 0.43246 91.00
3 54.5 3.9982 ~0.10352 53.29 —0.10304 53.27
4 40.5 3.7013 --0.26560 45.31 --0.27071 45.05
1 3 57.5 40518 —0.20976 56.31 ~0.21253 56.11
2 105.5 4.6587 0.41891 105.58 0.42371 106.01
3 65.5 4.1821 —0.09305 63.28 —0,09344 63.20
4 60.5 4.1026 —0.11611 61.83 —0.11773 61.69
1 4 725 4.2836 --0.36049 64.39 —0.36636 63.95
2 141.5 49523 0.40968 139.10 0.41496 139.68
3 71.5 4.3503 --0.08257 85.03 --0.08385 84.82
4 94,5 4.5486 0.03338 95.48 0.03524 95.55
1 5 36.5 3.5973 —0.51123 37.63 --0.52018 37.23
2 97.5 4.5799 0.40045 93.65 0.40621 94.02
3 54.5 3.9982 —0.07210 58.38 —0.07425 58.15
4 78.5 4.3631 0.18287 75.34 0.18822 75.60
| 6 21.5 3.0681 --0.66196 2586 --0.67400 25.47
2 71.5 4.2697 0.39122 74.13 0.39746 74.37
3 54.5 39982 ~0.06162 47.13 —0.06466 46.85
4 7t.5 4.2697 0.33236 69.89 0.34119 70.30
k Wi Skio Sk20 Sk30 Sia0 Siso Sen Bro
1 -95.29 248.70 135.70 68.33 —171.75  —7098 1209 —0.69942
2 100.34 135.70 408.38 20920 —70.98 0.50 73.48 0.50211
3 34.13 68.33 209.20 29495 1209 248883 13745  —0.04644
4 —158117 17175 --7098  —12.09 248883  1370.63 670.73  —0.07075
5 --239.67 —70.98 0.50 7348  1370.63  4211.95 212461 --0.00985
6 --2438] - 12.09 73.48 137.45 670.73  2124.61  3084.37  —0.06951
k iy Skti1 Skt Sean Suat Sisi Sk
1 —1.32 247.51 135.4%8 68.24 --162.81 -61.40 =712
2 0.87 135.48 406.37 208.05 —61.40 11.31 77.60
3 0.07 68.24 208.05 293.22 ~7.12 77.60 137.42
4 --4.04 --162.81 —61.40 -712 2610.02 1408.79 694.43
S —373 —61.40 11.31 77.60 1408.79 4167.21 2119.35
6 --5.03 --7.12 77.60 137.42 694.43 2119.35 2990.72
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Table 6.4  {(continued)

k 1 B

I —000936  —0.70878
2 0.00588 0.50798
3 000096  —0.04740
4 —000178  —0.07254
5 0.00068  —0.00917
6  —-000218  —0.07169

The estimated asymptotic variance ¢;; of n;; — ;; is given by the formula

Cij = mij[l - mij/"f - % ;(xijk - éjk)(xijl - sz)gk[:l, (6.44)

where
Ojk = z Xijkmijk/z Wiy = ("5’3)71 Z ST (6.45)
Skl = Z Z (xijk - éjk)(xijl - Ojl)mij’ (6.46)
i

and S¥, 1 <k <2(r — 1), 1 <1< 2(r — 1), are the elements of S~ !, the
inverse of the matrix S with elements S, 1 < k < 2(r — 1), 1 << 2(r — 1).

The right-hand side of (6.44) is the variance of my;R;;, where R;; is the
residual

L%}

R;=Y,;—af -y bx;, (6.47)
k

in a weighted regression model

Yy=af + ) BiXi + & (6.48)
P

in which the Y; are hypothetical responses and each ¢;; is an independent
random variable with mean 0 and variance y; '. The weighted-least-squares
estimate of of is a}, while f3, has weighted-least-squares estimate b,.

Results are summarized in Table 6.5. As should be expected given the low
values of the chi-square statistics, the adjusted residuals are quite modest in
size and show little pattern.

Parameter estimates The large-sample properties of the vector B of
maximum likelihood estimates B, | < k < 2(r — 1), are approximately the
same as those of the vector b of weighted-least-squares estimates b,, 1 < k <
2(r — 1), in a weighted regression model in which (6.48) holds for errors ¢;;
which are independently distributed with N(0, m;; ') distributions. The vector
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Table 6.5

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the
Simultuneous Linear Logit Model for Table 6.1°

Parental socioeconomic status stratum

Mental health

category A B C D E F

Well 64 57 57 72 36 21
68.57 55.68 56.11 63.94 37.23 25.47
-1.00 0.24 0.15 1.30 -0.26 -1.20

Mild symptom 94 94 105 141 97 71
formation 96.92 91.00 106.01 139.68 94.02 74.37
—0.55 0.46 -0.14 0.16 0.46 —0.65

Moderate symptom 58 54 65 77 54 54
formation 55.70 53.27 63.20 84.82 58.15 46.85
0.50 0.13 0.28 —1.12 -0.74 1.59

Impaired 46 40 60 94 78 71
40.81 45.05 61.68 95.55 75.60 70.30
1.22 —-0.98 -0.27 -0.21 0.39 0.14

“ First line is observed count, second line is estimated expected count, and third
line is adjusted residual.

b is equal to S~ 'w, where S ! is the inverse of S, Sisa 2(r — 1) by 2(r — 1)
matrix with coordinates
Sy = ;;(x,-jk — 0,0 — 0;0my;, (6.49)
Op = (n))~! Zx,-jkmij, (6.50)
and w is a vector with coordinates
wy = ;%:(x,-jk — 0,)Y;m;;.

Let p have coordinates f§,, 1 < k < 2(r — 1). Then the weighted-least-squares
estimate b has an N(B, S ") distribution. Similarly, the maximum likelihood
estimate B of B has an approximate N(B, S~ ') distribution with the ap-
proximation becoming increasingly accurate as the column totals n} become
large. To estimate $~ !, one may use $™ !, where S is defined as in (6.46). Thus
B, has EASD s(f,) = (§%)!/2, and an approximate 95 percent confidence
interval for f, has lower bound

Bk - 1~96S(Bk)
and upper bound
B + 1.965(By).
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Table 6.6

Parameter Estimates for the Simultaneous Linear Logit Model
Jor Table 6.1

Approximate 95 percent
confidence interval

Parameter Estimate = EASD Lower bound Upper bound

By =1, -0.709 0.072 ~0.850 —0.568
By =123 0.508 0.067 0.378 0.638
B3 = 1aa —-0.048 0074 ~0.192 0.097
Ba =<1, -0.073 0.022 —-0.116 —0.029
Bs = &5 ~0.009 0.021 —0.050 0.032

6 = &34 ~-0.072 0.023 —0.117 —0.026
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Parameter estimates, estimated asymptotic standard deviations, and
confidence intervals are summarized in Table 6.6. The estimates #,,, #,3,
and #5, are quite variable; however, &, ,, &,5, and &, are similar, especially
in the case of &,, and &,,. These results suggest that a log-linear model
should be considered in which &,, = &,5 = &, = &, so that &, = &' — ).

Linear-by-Linear Interaction and Parallel Logits

Analysis for a multinomial response model of the form

AB __

T = M+ y + S0 — D

is quite similar to analysis for the simultaneous linear logit model. Since

”g’j = LI’ — iy,

the A-parameter A{}® is equal to

%Zé(i' — iy, = —5(:’ — H; l)tj = fut;.

In Table 6.1, u; = 3, u, = §,u; = —3,and u, = —3. Thus

logm; =4+ At + A7 + A?

= A+ A7+ Y Bxip=of + Y Bexije,
K=1 K=1

where of = A + A7, 4, 1 < k <r — 1, is defined as in (6.19); x5, 1

r — 1, is defined as in Table 6.3;
B, =¢ and x

i = Ut

(6.51)

<k<
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Since the interaction 47 is a multiple of a product of a linear score u; for the
categories i of 4, and a linear score ¢ for the categories of B, (6.51) is called a
model of linear-by-linear interaction. Haberman (1974b) and Nelder and
Wedderburn (1972) have used this model.

The Newton-Raphson algorithm for this multinomial response model is
very similar to the algorithm for the simultaneous linear logit model, so
computation of maximum likelihood estimates and residuals is left as an
exercise (Exercise 6.1). Results are summarized in Tables 6.7 and 6.8. This
model also fits the data quite well, as indicated by the modest size of the

Tuable 6.7

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the
Log- Linear Model of Linear-by-Linear Interaction, as Applied to Data in Table 6.1¢

Parental socioeconomic status stratum

Mental health

category A B C D E F
Well 64 57 57 71 36 21
65.29 54.21 55.91 65.28 38.96 2135
—0.23 0.49 0.18 1.05 —0.58 —1.50
Mild symptom 94 94 105 141 97 71
formation 104.42 94.94 107.20 137.04 89.56 68.84
—1.47 —0.14 -0.30 0.48 1.06 0.35
Moderate symptom 58 54 65 77 54 54
formation 50.24 49.92 61.72 86.39 61.82 52.02
1.36 0.70 0.52 —1.32 -1.25 0.34
Impaired 46 40 60 94 78 71
42.14 45.93 62.18 95.29 74.66 68.80
0.81 —1.10 -0.35 -0.18 0.53 0.40

“ First line is observed count, second line is estimated expected count. and third line
is adjust residual.

Tuble 6.8

Parameter Estimates for the Log- Linear Model of Linear-by-Linear
Interaction for Tuble 6.1

Approximate 95 percent
confidence interval

Parameter Estimate EASD Lower bound Upper bound

By = —0.696 0.071 -0.835 ~0.558
Ba = 12 0.507 0.067 0.376 0.637
By = fsa ~0.053 0.073 -0.197 0.091

Ba

¢ —0.0453 0.0075 —-0.0600 —0.0306
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adjusted residuals and by the Pearson chi-square of 9.73 and the likelihood-
ratio chi-square of 9.90. Since there are rs cells in the table, s parameters
of, and r parameters f§,, there are rs — r — s = 24 — 4 — 6 = 14 degrees of
freedom. Thus the chi-square statistics are quite small. The difference in
likelihood-ratio chi-square statistics between the simultaneous linear logit
model and the linear-by-linear model is 3.61, while the difference in degrees of
freedom is 2. Thus the change in likelihood-ratio chi-square is not large
enough to indicate inadequacy in the linear-by-linear model.

The parameter estimate of greatest interest is £, for 2¢& estimates the change
in the log odds 73;3 ,, ; associated with a change of parental socioeconomic
statusj of 1. It is estimated that the corresponding odds g% ,,; = exp 143 1,
is decreased by 100(1 — ¢!~ %9453y — 8 66 percent when j is increased by 1.
This change in odds between adjacent categories is modest; however, the
estimate £ corresponds to quite substantial contrasts between subjects with
parental socioeconomic status stratum A and those with parental socio-
economic status stratum F. For example, given the model, the maximum like-
lihood estimate 41,2, = 1, /iy, is 1.55. In contrast, §{.8, = 1, ¢/fiye 15 0.40.
The first ratio provides an estimate that given parental socioeconomic status
stratum A, a subject is 1.55 times as likely to have mental health category well
as the subject is likely to have mental health category impaired. The second
ratio provides an estimate that given parental socioeconomic status stratum
F, a subject is 0.40 times as likely to have mental health category well as the
subject is likely to have mental health category impaired.

The contrast chosen i1s the most extreme available; nevertheless, it does
serve to point out an apparent strong relationship between mental health and
parental socioeconomic status. As noted earlier, the reality of the relationship
depends on methodological questions that cannot be inferred from the table.

A Model for Known Row Scores and Unknown Column Scores

So far, the scores ¢ for the categories j of the independent variable have been
assumed known, and the interaction term A/}® has been equal to v;¢; for some
unknown scores v;, | < i < r, for the dependent variable such that ) v; = 0.
In the simultaneous linear logit model.,

i'—1
S =ti— vy = Y &urnp <,
k=i

so that &;;, ,, provides a measure of distance v;, ; — v; between categories i
and i + 1. In the linear-by-linear log-linear model,
v; — vy = & =), i<,

so that the distance v;, ; — v; between categories i and i + 1 is a constant £.
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Cases can arise in which scores u;, 1 < i < r are given for the categories of
the independent variable, but scores w; for the categories of the dependent
variable are unknown. It is assumed that

where

If {; = w; — w;, then

-1

C] = Z Ck(k+1)’ j<j/a
K=j

so that (. ;, provides a measure of distance between adjacent categories j
and j + 1 of the independent variable. If the linear-by-linear model

A?B = éu,tl
of this section holds, then
ij' = (tj' - tj) = 26(1'/ _])

To estimate the (. 1,, observe that

A é NG
u s
=5 b
u; il
=3 [ Z klw+ 1y + Z (s — k)Ck(k+1):|'
Therefore,

i—1

i T Z k'lk(kﬂ) + - Z(" k)’1k(k+1)

j~1

" Z kw1 + Z(S K)C i+ 1)

r+s—2

(Z]B + z kaijk' (652)
k=1
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Xij7 Xij8

j>k
j<k
Xijo

i >k,
i <k

ék(kwL 1)
Xijs

Xija

Table 6.9

—u;k/s,
= ui(s - k)/sa

(r — k)/r,
The x;;, 1 < k < 8, for Table 6.1 are shown in Table 6.9.

M+ 1)»
—k/r,
Xij3

Br+k—1
ijr+k-1 =

B
Xijk
Xij2

X

Coefficients in the Model of Unknown Column Scores for Table 6.1
Xijt
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Forl<k<r-—1,
Forl<k<s—1,
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The Newton-Raphson algorithm for this model is very similar to the
Newton—Raphson algorithm for the other models in this section. Using this
algorithm, the maximum likelihood estimates and adjusted residuals in
Tables 6.10 and 6.11 are found. As should be expected given the good fit pro-
vided by the linear-by-linear model, the new model fits the data quite well.
Adjusted residuals are modest, and the chi-square statistics are relatively

6 MULTINOMIAL RESPONSE MODELS

Table 6.10

Observed Counts, Estimated Expected Counts, und Adjusted Residuals for the

Model of Unknown Column Scores for Table 6.1¢

Mental health

Parental socioeconomic status stratum

category A B C D E F

Well 64 57 57 72 36 21
60.15 57.36 56.44 69.86 38.52 24.78
0.89 —-0.06 0.13 0.44 —-0.63 —1.10

Mild symptom 94 94 105 141 97 71
formation 102.54 96.31 107.58 140.38 89.22 65.98
—-1.23 —-0.34 -0.37 0.08 1.22 0.92

Moderate symptom 58 54 65 77 54 54
formation 52.54 48.61 61.54 84.65 62.02 52.72
0.98 0.98 0.57 —-1.11 —1.30 0.22

Impaired 46 40 60 94 78 1!
46.84 42.82 61.45 89.10 75.25 73.53
-0.23 —-0.79 —-037 1.11 0.71 -0.70

“ First line is observed count, second line is estimated expected count, and third line

is adjusted residual.

Table 6.11

Estimated Parameters for the Model of
Unknown Column Scores for Table 6.1

Coefficient Estimate EASD
By =1 -0.703 0.071
B2 =1, 0.501 0.069
B3 = N34 —-0.056 0.074
Ba=1{4, —-0.013 0.087
Bs = (23 0.125 0.085
Be = (3a 0.053 0.075
By = {45 0.142 0.077
Bs = {se 0.139 0.088
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small. The Pearson chi-square is 6.78, the likelihood ratio chi-square is 6.83,
and there are

rs—s—(r+s—-2=0-2)s—-1)=10

degrees of freedom. Since the decrease in L.? from the linear-by-linear model is
only 3.07, and the decrease in degrees of freedom is s — 2 = 4, the new
model does not represent a clear improvement over the old one. This con-
clusion is supported by the limited variation observed in the estimates ;. .

If neither row nor column scores are assigned in advance, then these scores
can be estimated simultaneously. The analysis is somewhat more complex
than others considered in this paper since the model used is not a log-linear
model. Andersen (1979) has considered this problem.

Scoring Systems

Each model considered in this section is based on assignment of one or
more scores to each category of each variable. In each model, category i of
variable A, receivesr’ < r — 1scoresqji,1 < i’ < r,andcategoryjofvariable
B, receives ' < s — 1 scores qu,, 1 <j < ¢ The scores are chosen so that
the sums

Y gt l1<i<r, and Y g%, 1<j<ys,
i J

are all 0. Scores for each variable are independent. Thus no constants
¢, 1 < <7, exist such that some ¢! is not 0 and such that

Yefgh =0, 1<i<r
c

Similarly, no cﬁ, 1 <j <, exist such that some ij} is not 0 and such that
Ycigh =0, 1<j<s
&
In (6.19) and (6.51) one may let the dependent variable have r' = r — 1
scores
av=1~—i/fr, i<i,
= —ifr, P>
while the independent variable has the s' = [ score
qf, =1;.

Then (6.19) can be written as

log m;; = off + Y vql + Y vl i, (6.53)
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where yf = ;44 qy and y#F = &4y In (6.51), each y#f has a common
value y4% = ¢, so that

lOg mu - (X + Z yl qu + ,})AB<Z qu )qu" (654)

On the other hand, in (6.52), one may set
qi =1—1ir, i<i,
= —i/r, i>1,
forl <i"<r—1and
ay =1—jls,  j<]J,
= —Jj/s, J>s

for 1 <j <s—11If 9/ =npp+y) and p4% = {54y, then (6.51) can be
written as

J i

Orthogonal-polynomial scores Many other choices of scores can be used
to obtain the same models. For example, orthogonal-polynomial scores may
be applied to each variable to describe nonlinear effects associated with
variables 4, and B,. For variable A,, there scores are chosen so that for
1 <i <r—1,4q4 is a polynomial of degree i’ in u;, and so that for i < i’ <
i” < r — 1, the orthogonality condition

Z qu qu -

is satisfied. Similarly, for 1 < j < s — 1, ¢%; is a polynomial of degree j in ¢},
andforl <j <j " <s -1,

Z qu qu -

One choice of orthogonal-polynomial scores for Table 6.1 is listed in
Table 6.12.

To illustrate the nature of these scores, consider g} and g5. The ortho-
gonality condition holds since

244 = (=3 + (=D(=D + (D= + G) (1) = 0.

The score ¢} is a polynomial of degree 1 in the u;, for

4y = —2u;.
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Table 6.12
Orthogonal-Polynomial Scores for Table 6.1
qf iy
i i’ J J
1 2 3 1 2 3 4 5
1 -3 { -1 1 -5 5 -5 1 —1
2 -1 -1 3 2 -3 1 7 -3 S
3 1 -1 -1 3 -1 -4 4 2 -10
4 3 1 3 4 1 -4 -4 2 10
S 3 —1 -7 -3 -5
6 5 5 S 1 1

The score g7, is a polynomial of degree 2 in the u,, since
ah = uf - 3.

For tables of orthogonal-polynomial scores, see Fisher and Yates (1963,
pp. 98-108), DeLury (1960), and Pearson and Hartley (1966, pp. 236-245).
These tables apply if u; — u;,; isconstantfor I <i <r — lorift; —t;,,1s
constant for 1 <j < s — 1. For a general procedure for calculation of
orthogonal-polynomial scores, see Wishart and Metakides (1953). For some
applications of these scores to statistical data, see Fisher (1921) and Bock
(1975), among many others.

As noted by Haberman (1974b), among others, the A-parameters can be
described in terms of orthogonal-polynomial scores in a simple manner. The
J-parameters A can be written as

Zv. ‘gt

where
i = Tifatiwt and w3 ()
Similarly,
M= JZ vy a4y
where

Y¢j’ = Z Z A'ABqu q}j /(W?WJB’) and W;B’ = z (qu’)z
i j
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If orthogonal-polynomial scores are used, then (6.19) is equivalent to the
log-linear model

logmy; = o + 3 7aft + X vitaiaf (6.56)
Here l
¥ Z Mg /w [Z(r i+ 1 g5 — i:lZilin,»(m)qﬁ]/w{*'
Thus
i = —(1/20)(3n15 + 4123 + 3n34),
2 = 4112 — M3a)s
and
73 = ~(1720)(n12 — 2123 + N3a)-
Similarly,
yi = —(120)(3¢,, + 4855 + 3E34),
v = 1(&ia — E3a),
and

73 = —(1/20)(&15 — 2855 + E34)-
In the case of (6.51), an equivalent model is
log m;; = of + Zy af + vivaiidh (6.57)
Here the y# are defined as in (6.56), and
Pt = — (1200385 + 4855 + 3854) = —(1/2)E

In the case of (6.52), the equivalent model is
lOg mu - O( + Z yl qu + Z yl] qth” (658)

The saturated model has the form
lOg m - a + Z '))z qu + Z Z ‘yf'j/qﬁ'quj/ (659)
i

Maximum likelihood estimates under these parametrizations are shown in
Table 6.13. Computations require no special comment, except for the
saturated model.



6.1 MULTINOMIAL RESPONSE MODELS FOR TWO-WAY TABLES 395

Table 6.13

Maximum Likelihood Estimates for Orthogonal-Polynomial Parameters
for Models for Table 6.1

Model

Simultaneous Unknown column
Saturated linear logit Linear-by-linear scores

Param-
eter Estimate EASD  Estimate EASD  Estimate EASD  Estimate EASD

4 0.0158  0.0127 0.0118  0.0123 0.0110  0.0121 0.0136 0.0123
4 -0.1728  0.0265 —0.1654 00258 -—-0.1609 0.0255 —0.1620 0.0256
73 0.0881  0.0109 0.0886  0.0107 0.0881  0.0107 0.0880  0.0107

18 0.0249  0.0040 0.0235  0.0038 0.0227  0.0038 0.0232  0.0038
v48 00032 0.0083 —0.0002 0.0080 - _ _ _
a8 0.0063  0.0034 0.0063  0.0033 - — — _
743 0.0059  0.0035 - - — — 0.0050  0.0032
¥48 00051 0.0072 — - - - - -
¥i8 00014  0.0029 - - _ _ _
¥4 _00004  0.0024 - : — — —0.0006  0.0022
+48 00052  0.0049 - - » - -
y48  _00018  0.0020 . . N
v 0.0023  0.0058 : - — 0.0021  0.0056
448 0.0034  0.0121 - - . _ _ _
¥4 00022 0.0050 - — .~ _ —
+48 _00013  0.0018 - —~0.0012  0.0017
38 0.0010  0.0037 . , _ _ _
p38 0.0001  0.0016 — — _

As Haberman (1974b) notes,

i =2 D qiv log my/(swih) (6.60)
i
and
V= 2 2 i djy log my/(wiw?), (6.61)
LI
so that the estimates 9{' and 9/} satisfy the equations
7t =22 gii log nyf(swi), (6.62)
P
297 = |:Z Y (QF}’)Z/”.-,‘]/(SW?)Z, (6.63)
P

)’}IA_[B = Z Z ‘li/,!"lfj’ log ”ij/("".ﬂ""j3 N (6.64)
i
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and

0 = | S8 el i | oty (665)

In each model, 94, 4, and 94 are the only estimates which differ from 0 by

at least twice their EASD, and each of the corresponding standardized values
54/5(99), 94/s(9%), and $78/s($18) is at least 6 in absolute value. Thus no
indication exists that a model is needed that is more complex than the model
of linear-by-linear interaction, and no useful simplification of this model
appears possible.

Regression Coefficients, Correlation Coefficients, and the Model
of Linear-by-Linear Interaction

The model of linear-by-linear interaction leads to maximum likelihood
equations that may be interpreted in terms of linear prediction. For subject h,
let X, = t;if B, = j,and let Y, = u; if A, = i. The sum of squares

Y. (Y, —a~bX,)?
h
for linear prediction of Y, from X, is minimized if
b= 30~ DY/ - X7
h h

and

where
In terms of the counts n;;,

b= ZZu,-(tj — X)n,-j/z (t; — X)*nf,

J
Y 1 B kv 1 A
X=N2tjnj, and Y=N2u,-n,-.
Given the X, 1 < h < N, b has expected value

B=7% 2 ult;~ Y)m.-,-/Z (t; — X)*n?



6.1 MULTINOMIAL RESPONSE MODELS FOR TWO-WAY TABLES 397

and a has expected value

1 —

Under the parametrization of the linear-by-lincar model in terms of or-
thogonal polynomials, it follows that

i j i

and

Yumf =3 Y um; =YY wn; = wnf.

i i i i
Therefore, the maximum likelthood estimate

B=Y 2 ul;— Y)ﬁl.-,-/‘; (t; — X)*n}
] j

of the expected value B is equal to the regression coefficient b, and the
maximum likelihood estimate

&:%Z:imf—ﬁx

of the expected value « is equal to the intercept a of the estimated regression
line.

The estimate b also appears in residual analysis for the model of column
homogeneity as -

b=73 > utfn;— n{‘nf/N)/Z (t; — X)nj.
i i
The corresponding adjusted residual is

b N2 gt fng; — nin¥/N)

[ = = L £ —
el [ (e — Y)?nft Y (e; — X)*nf}2”

where
1 _ —
¢ = NZ(ui - Y)Zn{'/z (t; — X)*n¥.
i j

Thus ¢/N'/? is the sample correlation coefficient for the pairs (X,, Y,),
1 < h < N. As noted by Yates (1948) and Armitage (1955), among others, ¢
has an approximate standard normal distribution if the column homogeneity
model holds.
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Other Techniques

Alternative approaches to ordered tables exist which do not involve
log-linear models. Interested readers may consult Grizzle and Williams
(1972), Simon (1974), and Bock (1975, pp. 541-559) for some recent treat-
ments of the subject. Older discussions of interest include Kendall and Stuart
(1967, pp. 562-578), Mantel (1963), and Williams (1952). The subject has
been treated by methods involving correlation analyses since Yule (1900) and
Pearson and Lee (1901). Thus the general problem of ordered classifications
has a long history in the statistical literature.

6.2 Multinomial Response Models for Multi-Way Tables

Multinomial response models for three or more dichotomous or poly-
tomous variables are direct generalizations of multinomial response models
for one polytomous dependent variable and one polytomous independent
variable. Since the number of models and the number of parameters to
consider increases as the number of variables increases, analysis is more
complex in the multi-way case than in the two-way case; however, the basic
principles involved are unchanged. Possible multinomial response models
will be illustrated in this section by a reanalysis of Table 6.14 (Table 4.6 of
Volume 1) using models based on orthogonal scoring systems. The models
considered here are of the same kind previously considered in Bock and Yates
(1973), Bock (1970, 1975, pp. 528-538), and Haberman (1974a, pp. 213-214).
As in Section 6.1, they include hierarchical log-linear models and logit
models as special cases. The Newton-Raphson algorithm used in this section
is very similar to the algorithm of Section 6.1. A special case has already been
used in Section 3.4 of Volume 1. The program in the appendix can be used to
implement this algorithm, although it lacks Bock and Yates® (1973) so-
phisticated procedures for automatic generation of models.

Scoring Systems and A-Parameters

In hierarchical models, a set of A-parameters with a common superscript is
either set to 0 or completely unrestricted. Such a procedure does not permit
any consideration of ordering of categories. Scoring systems for categories
can eliminate this difficulty since they may be used to decompose all A-
parameters with a common superscript into components based on scores.
Models can then be considered in which only selected components of these
J-parameters are set to 0.
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Table 6.14

Attitudes toward Nontherapeutic Abortions among White, Christian Subjects
in the 1972--1974 General Social Surveys®

Attitudes*
Education

Year Religion” in years Positive Mixed Negative Total
1972 North. Prot. <8 9 16 41 66
912 85 52 105 242

=13 77 30 38 145

South. Prot. <8 8 8 46 62

9-12 35 29 54 118

>13 37 15 22 74

Catholic <8 11 14 38 63

9-12 47 35 115 197

>13 25 21 42 88

1973 North. Prot. <8 17 17 42 76
9 12 102 38 84 224

>13 88 15 31 134

South. Prot. <8 14 11 34 59

9-12 61 30 59 150

>13 49 11 19 79

Catholic <8 6 16 26 48

9-12 60 29 108 197

>13 31 18 50 99

1974 North. Prot. <8 23 13 32 68
9 12 106 50 88 244

>13 79 21 31 131

South. Prot. <8 5 15 37 57

9-12 38 39 54 131

>13 52 12 32 96

Catholic <8 8 10 24 42

9-12 65 39 89 193

>13 37 18 43 98

“ Data tapes from 1972, 1973, and 1974 General Social Surveys, National Opinion
Research Center, University of Chicago.

? Southern Protestants are Protestant respondents living in Alabama, Arkansas,
Delaware, Florida, Georgia, Kentucky, Louisiana, Maryland, Mississippi, North
Carolina, Oklahoma, South Carolina, Tennessee, Texas, Virginia, Washington, D.C.,
or West Virginia.

“ Responses to three questions are used to determine this variable. Subjects are
asked, **Please tell me whether or not you think it should be possible for a pregnant
woman to obtain a legal abortion if . . ..;” and six conditions are given. The following
three are used in the table:

*B. If she is married and does not want any more children.

D. If the family has a very low income and cannot afford any more children.

F. If she is not married and does not want to marry the man.”

Further details on these questions may be found in National Opinion Research Center
(1974, p. 53). The attitude toward abortion is said to be positive if the subject answers
“yes” to all three questions, the attitude is judged negative if the subject answers
“no ™ to all three questions, and the attitude is said to be mixed if the subject answers
“yes” to at least one question and “no ™ to at least one question. Subjects are excluded
from tabulation if they do not answer “yes” or “no™ to all three questions.
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Table 6.15
Scores for Table 6.14

First score Second score

Variable Category Name Value Name Value
Year 1972 qt, -1 qts 1
1973 g3, 0 43, -2
1974 431 1 432 1
Religion North. Prot. 4%, 1 4%, 1
South. Prot. 45, 1 45, -1
Cath. 45, -2 432 0
Education <8 4%, —1 q%, 1
in years 912 45, 0 q5, -2
=13 451 1 45, 1
Attitudes Positive q°, 1 q°, 1
Mixed q%, 0 5, -2
Negative 43 -1 3, 1

As an illustration, consider the scores shown in Table 6.15. All four pairs of
scores are orthogonal because

Yahah =) dhdh =Y dadi = Y qhdap = 0.
i J k H

The scores for year, education, and attitudes are orthogonal-polynomial
scores. For example, if t{ = —1,t4 = 0,and t5 = 1, then

gy =t}
and
g5 = 3(tf)* — 2.

In each case, the first score measures linear effects of the variable, and the
second score measures quadratic effects. The scores for the remaining variable
religion are termed Helmert contrasts by Bock (1975, pp. 258-260, 466). The
scores ¢%, compare all Protestants to Catholics, while the 4% compare Nor-
thern and Southern Protestants without regard to Catholics. For a more
complete discussion of scoring systems, see Bock and Yates (1973).

Use of these scores depends on the expression of A-parameters for multi-
way tables in terms of scores. A AS-parameter can be expressed in terms of a
sum of products of scores for variables represented by S. For example, for
some unique y? and 5,

A =yiah + yiab,
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and for some unique y$?, y52, 742, and 752,

A = ¥11dkdn + ¥310dn + 124040 + Y524k 9t
Similar results apply to other A-parameters. The key feature is that a y-
parameter exists for each possible product of scores. The scores are helpful
if A-parameters can be expressed in terms of a limited number of y-parameters,
for fewer independent parameters need to estimated and interpretation of
results may be simplified. The following examples illustrate some possible
models for Table 4.6.

Model 1. The Additive Simultaneous Logit Model with Ordering
Ignored

In this model, the conditional log odds 7.3 is assumed additive in terms

of the year A, = i, the religion B, = j of the respondent, and the education
C, = k of the respondent, where [ and I’ are possible values of the attitude
variable D,,. Thus for some parameters n,,., #ji.;, 11y ;, and 54,

TB"-/?ﬁC = N + i + ’Tﬁ'j + ks (6.66)

where
Z it = Z ’73'1 = Z Mk = 0.
i J k
In terms of A-parameters, the log odds /{5 satisfies the equation

D-ABC __
Tl = 10g myy — log my

=@ = )+ (G8° - AP + (3P - AP

jl

+ (7 — AP + (G0 - 245D + QA - Ak

+ (A" — 57 + QG0 — AGED). (6.67)
Thus for (6.66) to hold, it must be the case that

e = A — A, i = A" — 447

mr; = A0 = A0, M= A — A

and
490 = 24P = AP = AP0 = 0,
The equivalent log-linear model to (6.66) is the hierarchical model
logmy, = A+ A+ A7 + A0 + AP + A58 + A5€
+ A+ ABE + AP+ AP+ A
= o fC + AP+ 40 + A5 + Al (6.68)
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In terms of y-parameters, (6.68) becomes

log myjy = o€ + Y ylan + 3. Y viPqfiqn
I il

2L M+ L ) N e di
T T

14
= af}fc + Zﬁcxijkzc

c=1

(6.69)

where E}) = Vll)’ B;DZ Vlz)’ Bs ;)“/f?a Bas :CDV';?a Bs = ‘7'/14?’ Be = Vgg» B, = Vﬂ),
Bs = 721> Bo = 12> Bro = V22> By = ¥i1> P12 = y(ill)’ﬂl3 = V?g,ﬁm = Vglz)’

_ D _ D _ AD _ A_D
Xijkr1 = 4115 Xijkiz = 125 Xijkiz = 4i1411- Xijkia = di24115 etc.

To use the Newton-Raphson algorithm of Section 6.1, the table of counts

n;;; may be transformed into a 3 x 27 table of counts nj;, where

N = i *=1 F=i+30-1D+9%%K+1).

Table 6.16

Parameter Estimates for Simultaneous Logit Models for Table 6.14

Model 1 Model 2 Model 3
Parameter Estimate EASD Estimate EASD Estimate EASD
WP —0.184 0.025 -0.179 0.025 -0.178 0.025
V2 0.209 0.017 0.207 0.017 0.207 0.017
i 0.090 0.026 0.093 0.026 0.093 0.026
4D -0.033 0.014 —0.034 0.015 -0.034 0.014
D 0008 0018 0007 0017 0007 0018
y40 -0.026 0.011 -0.027 0.011 —-0.026 0.011
P 0.109 0.015 0.096 0.019 0.097 0.018
78D 0083 0026 0098 0030 0083 0026
752 0.004 0.011 0.012 0.012 0.012 0.012
y52 0.018 0.019 0.010 0.021 0.020 0.019
¥§? 0.404 0.034 0.393 0.035 0.389 0.035
$5P —0025 0015 ~0024 0015 0023 0015
2 0.077 0.023 0.076 0.024 0.073 0.023
y§% —0.005 0.010 -0.004 0.010 -0.006 0.010
JBCP . — 0090 0026 0088 0026
yB¢D — - —0.041 0.042 - —
JBCD - — 0006 0011 0006 0011
756D — 0.012 0.018 - —
SBCD - 0004 0017  —0006 0017
25D - — -0.007 0.029 —
wBCD — - 0.0198 0.0074 0.0186 0.0074

7355 - - —00204 0013 —~
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Thus n¥, =9, n¥, = 16, n¥, = 41, n¥, = 85, n¥, = 8, etc. If for i* = [ and
JF=i+3(G—-1)+9%% - 1),

B* ABC *
Op = Uk, m]

ixjr =

£ _
Mk, and Xixpre = Xijkics

then the mean m} . of n} . satisfies the log-linear model
log mh = o + Z BeXhjne. (6.70)
c=1

Using (6.70), the parameter estimates and estimated asymptotic standard
deviations in Table 6.16 are found. The Pearson chi-square statistic X? is
57.6, while the likelihood-ratio chi-square L? is 57.7. There are (3 — 1)
x 27 — 14 = 40 degrees of freedom, so both chi-square statistics are signi-
ficant at the 5 percent level. This lack of fit is not surprising since the A%¢P-
parameters have been assumed 0, even though they have been shown in
Section 4.2 of Volume 1 not to be 0. Thus a model is needed which does not set
the 455° to 0.

Model 2. The Simultaneous Logit Model with an Interaction
between Religion and Education

Here (6.66) is generalized to include an interaction of religion and educa-
tion, so that

AR = M i+ My M+ T (6.71)
where the constraints on the j};, n7};, and 5, still apply and where

Z'huk Z’huk:O

The equivalent log;linear model is the hierarchical model
log m, = A+ A% + /lj?+,1f+,1" + A58+ A5° + AF°
+ A5+ AP+ AL+ A+ AP
= oPC 4 AP+ A+ A AP+ AP
f,f( + Z Yeah + Z Z ViPg g

+ Y YV alan + Y Y e dn + X 2 Y v q  die -
X 2. L o x
' (6.72)

Maximum likelihood estimates may be computed in the same way as in
Model 1 through a transformation of the counts n;;, into a 3 x 27 table of
counts nf ;. Maximum likelihood estimates are shown in Table 6.16. Since
22 y-parameters appear in the model, there are (3 — 1) x 27 — 22 = 32
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degrees of freedom. The chi-square statistics are X2 = 29.2 and L% = 29.5,
so the fit is quite satisfactory. This result is quite predictable since this model
is less restrictive than the model

logmy, =2+ A1 + A2 + A0 + AP + A4P + A5C + ABP + A0 + A5P
(6.73)

considered in Section 4.2 of Volume 1. This latter model fits the data quite
well, for X2 here is 45.9, L? is 45.7, and there are 48 degrees of freedom. The
difference in L? between the models specified by (6.72) and (6.73) is only 16.2,
while the difference in degrees of freedom is 16. Thus (6.72) does not provide
any obvious improvement over (6.73).

Model 3. A Simultaneous Logit Model without Interactions of
Education with Type of Protestant

The interactions nﬁﬁk of religion and education observed in the simultan-
eous logit model (6.71) appear to involve contrasts between Protestants and
Catholics rather than between Northern and Southern Protestants. Under
(6.72), the log cross-product ratio

BD-AC D-ABC D-ABC

Tazaryie = Ttk — Twrizk
= log m; iy — log m;yy — log myyy + 10g My,
= 2y300an — af) + 2938(aD — ar2)
= (M1 — Miv2) + O = Mirae)

= 2y30qn — aty) + 295%(qDh — ar>)

+ 2950a%. (@l — afy) + 2v35045.(al — afy)

+ 235241 (anz — 4r2) + 2v2524dk2(an: — 4r2)-
Controlling for year i and education k, this log cross-product ratio measures
the difference between Northern and Southern Protestant respondents in
the log odds that the attitude is I rather than /. This cross-product ratio is

independent of year i and education j if Y57 = y550 = y5%% = 7555 = 0.

The estimates of 552, y557, y5¢%, and y55% from Model 2 are relatively small
compared to their respective estimated asymptotic standard deviations.

Consequently, it is plausible that #3%, = 7%, and
log myp = ol + Y vqu + X 2 viPdirdw + X X virdiy
4 i jr

+ Y Y verdedn + 2 Y Vvt dhdae an- (6.74)
k' k' U
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Under (6.74), one obtains the parameter estimates in the last two columns of
Table 6.16. The new value of X2 is 33.5, L? is now 34.0, and there are 36
degrees of freedom. Thus the fit remains satisfactory. This change in L? from
Model 2 is 45.1, and the change in degrees of freedom is 4, so Model 3 appears
to fit the data quite well relative to Model 2.

Model 4. Both (6.73) and (6.74) Hold

Since both (6.73) and (6.74) specify models which fit Table 6.14, it is
plausible that the log-linear model in which both (6.73) and (6.74) hold may
fit the table. Since (6.73) implies that

log my = of + 3974y + X v dae + X vPqi
J’ k' g
+ Z,Z vivaiai + X ; Vi diy Qo + 2 2 Va5
i joK T
+ 2% verdaedr + X 2 Y iR af de i (6.75)
ke R T

where o = A + A, and (6.74) assumes that y5¢2 =0, 1 <k’ <2, 1<
I' < 2, the desired log-linear model has the form

log mu, = of + Y yra% + Y vedae + 3 vPan
c Z .
+ Y. Y yilatah + XY viv b de
o L £
+ 3 Y yialah + XY Whdiean + X X vt ah daeair-
i kv kI

(6.76)

Equation (6.76) differs from similar equations for Models 1, 2, and 3 in the
a-parameter. Earlier models have a term o}y which corresponds to the
independent variables A4,, B,, and C,. The y-parameters in these earlier
models always include a superscript D corresponding to the dependent
variable D,. The term «; in (6.76) corresponds to the single independent
variable 4,. The variables B,, C,, and D, can be regarded as dependent vari-
ables, i.e., the observed religion B,, education C,, and attitudes D, of respon-
dent depend on the year A, of the survey. In keeping with this new division
into independent and dependent variables, all y-parameters in (6.76) include
a superscript B, C, or D.

On way to use the Newton-Raphson algorithm of Section 6.1 with (6.76)
involves transformation of the counts n;, into a 27 x 3 table of counts
ni, where

nhie = Mg, F=9G—-D+3k—1+1 j* =i
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Thus n¥, = 9, n¥, = 16, n¥, = 85, n¥, = 17, n¥, = 17, etc. In terms of the
mean m};. of n¥,., the model may be written

26
logm¥ = ab + Y PuxEjme, (6.77)

k*=1
where the f. and x} ;4. are defined as in Table 6.17. Using this model, the
parameter estimates in Table 6.18 are found. The Pearson chi-square is
50.4, the likelihood-ratio chi-square is 50.2, and there are (27 — 1)(3) —

26 = 52 degrees of freedom, so that the fit is quite good.

The reduction in L? from the conditional independence model of (6.73)
is 4.53, while the change in degrees of freedom is 4. The reduction in L? from

Table 6.17

Coefficients and Parameters for Model 4 for Tuble 6.14°

y-parameter
k* equal to . Xy XE XY XE e X4 XE i
1 »B 1 1 1 1 1 1
2 +8 I l 1 I 1 1
3 9 —1 -1 -1 0 0 0
4 ¥ 1 1 1 -2 -2 -2
5 y? 1 0 -1 1 0 -1
6 b 1 -2 1 I -2 1
7 viP -1 0 1 -1 0 !
8 vsP 1 0 -1 l 0 —1
9 y4D —1 2 —1 —1 2 —1
10 y’z‘f 1 -2 1 1 -2 1
11 P -1 -1 -1 0 0 0
12 yg‘l: -1 -1 -1 0 0 0
13 y?g 1 1 1 -2 -2 -2
14 y5¢ 1 1 I -2 -2 -2
15 yBP 1 0 -1 ! 0 -1
16 50 [ 0 -1 ! 0 -1
17 A0 1 -2 1 1 -2 1
18 35 1 -2 1 1 -2 |
19 At -1 0 1 0 0 0
20 V5P 1 0 -1 -2 0 2
21 v§y -1 2 -1 0 0 0
22 755 1 -2 1 -2 4 —2
23 yHD -1 0 1 0 0 0
24 yBD 1 0 -1 =2 0 2
25 yB§2 -1 2 -1 0 0 0
26 y52 1 -2 1 —2 4 -2

“ Space requirements limit presentation of the x% s 10 x¥ 0, X% 140, X314,
L% * *
Xaturs X5kt Xe 1kt
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Table 6.18

Estimated y-Parameters for Model 4 for Table 6.14

Maximum likelihood Estimated asymptotic Standardized
Parameter estimate standard deviation value
vB 0.025 0.016 1.54
8 0.203 0.025 8.02
»¢ 0.287 0.031 9.30
¥$ -0.307 0.014 —22.69
¥P -0.179 0.025 -7.02
30 0.207 0017 12.13
N 0.091 0.025 3.70
4D —0.028 0014 —1.99
yib 0.007 0.018 0.40
4P —-0.025 0.011 —-232
»B¢ —0.031 0.022 —1.40
B¢ 0.054 0.034 1.60
8¢ 0018 0.010 1.89
B¢ —0.041 0.015 271
28D 0.098 0.018 5.30
yEp 0.079 0.026 3.07
et 0.012 0.012 1.01
ey 0018 0.019 0.98
¥{P 0.389 0.035 11.21
¥§P -0.024 0.015 - 1.61
P 0.072 0.023 3.11
74P —0.007 0.010 —-0.64
peb 0.084 0.026 3.26
LBeD 0.006 0.011 0.60
S CD ~0.007 0017 ~042
yBD 0.086 0.0074 2.52

the model of (6.74) is 16.3, while there is a decrease of 16 in degrees of freedom.
Thus no evidence exists that (6.76) fits the data worse than (6.73) or (6.74).

Other Models

Inspection of Table 6.18 shows that y5, 7, ¥5, 7, ¥3, y11. 750> Y30 ¥50s

¥$2, and y¥¢? all have corresponding standardized values at least 3 in magni-
tude. The standardized values for 457, 142, 425, and 1252 have magnitudes of
at least 1.99.

Thus a substantial fraction of the y-parameters in Table 6.7 are clearly not

0. Nonetheless, modest simplifications appear possible. For example, one
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can consider a model in which

2 2
log m;j, = aff + Z V;qu Z Yod + Z yoar
k=1

=1 =1

2
Z fPaian + Yllqjlq“ + Vllqjlqu

HMN

+ Vgll)‘ﬁzqm + yllqqull + V124k1‘I12 + Vll;?l)Qfqul‘Iu

This model leads to a Pearson chi-square statistic X? = 73.1 and a likeli-
hood-ratio chi-square statistic L? = 73.5. There are 327 — 1) — 16 = 62
degrees of freedom, so that these statistics have significance levels of about
15 percent. Thus this model does not provide a bad overall fit, although it is
noticeably less successful than Model 4. A decrease in L? of 23.3 has been
accompanied by a decrease in 10 in the degrees of freedom. This decrease is
significant at approximately the 0.01 level. An alternate model which fares
better assumes that

2 2
log myjy = af + Z Yhay + Y vede + Y. yPab
=1 k=1 I'=1

2
Z vitahan + viidhas, + Yisdhal, + viiahan

|1MN

+ y30ahaty + vi5qhat + Z Z Vb Qi dir
=1 r=1
+ Y‘ff?ﬁﬂfﬂﬂ + Y'fglz)qj‘lqkquz-
Here X? = 60.2, L2 = 60.1, and the degrees of freedom are 57. The change in
L? from Model 4 is now 9.92, while the change in degrees of freedom is 5.
This change in L? is now only significant at the 0.08 level.

Interpretation of y-Parameters

To illustrate interpretation of y-parameters, consider the parameters
y“ and y%{? in Model 4. Since the scores gi., 1 < I' < 2, and the scores
gh,1 < I <2, are orthogonal, one may write

1
12 = (53573) SE L S afah ok

Formulas of this type may be found in Good (1958), among others. Here the
product 2 -2 - 3 - 3 arises since variables B, and C,, each have three categories
and since

Y @) =(—1)2+0"+12=2
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and
Yy =1*+0"+ (-1 =2
i
Note that for fixed j and k,
Z z qfqn log My = —log myy + log myyy + log my 34, — log my sy,
i1

__ +AD-BC
= T(31)13)jk-

Thus 471D is the average log cross-product ratio

T 3k
for1 <j < 3,1 < k < 3. Under the model under study, 13} %75, ; is constant
for each j and k. This statement holds since t(§7)7{3). ; is constant under the
hierarchical model with generating class AD and BCD. The present model is
more restrictive than this hierarchical model, so T4} %3, 4 is surely inde-
pendent of j and k. Given that orthogonal scores are present, the result will
hold if y{82 =0, 1 <j <2, yf8 =0, 1 <k’ <2, and y{557 =0, 1<K
< 2,1 <1 <2, even if other y-parameters are not 0.
The maximum likelihood estimate

#42 = 0.091 and s(51P) = 0.025.
It can be shown that

1 n’“’n’“’) 1/ 1 l 1 1
AAD 317%13 2(8AD
7 = log and 597y = +—mt T )

so that 917 corresponds to —3%(13,3) % in Table 4.11. Consequently, 4917
measures the change in the relative log odds of favorable and unfavorable
attitudes toward nontherapeutic abortions from 1972 to 1974. The estimated
percentage increase in the odds is

100(exp 4912 — 1) = 44.1percent.

This increase is the same under the model for all religious and educational
groups.
In the case of y2{¥, one may write

1
M= a3 L L2 g il og m

i

Here, the 6 in the denominator corresponds to

@ =1+ 1+ (=) =6
J
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the next two 2’s correspond to
Y@= (- +0*+12=2  and Y (gh) =2
k i

and the 3 corresponds to the number of categories in variable A,. A relatively
straightforward argument shows that
_ 1 1 BCD-A BCD-A
Yitr =3 Z 57 (TG nasy T T23)diyasd
3524
: BCD-A P BCD-A : . BCD : 1 +:
Since 7(13)31)13y: and T33y31)a 3y are independent of i, y777 1S 77 times the
constant sum
BCD-A BCD-A

Ta33Hadi T T23E113)4-

Since y5$? is assumed 0, it also follows that

0= ﬁf? z Z Z Z ‘1,2‘11«1‘111 log m;j,

__ BCD-A
gz Tan3 a3y
i

where 1854113, Is independent of i. Since

CD-A _ _CDAB CD-AB
T(xz)mms)z T(31><13),1 T(31)(13yi2>

the log cross-product ratios

D-ABC _D-ABC
CD-AB -1 Pi.ij3 P3-ij1
T3y = 108l ~ 5 4B¢ b ABC

3-ij3 Py “ij3

for education and attitudes given year and religion are constant for all years
i and for both Protestant groups (j = 1 or 2). In addition, y5¢? is {; times the
constant difference

BCD-A T CD-AB CD-AB
TG naare = T3y — T3113)43

in log cross-product ratios of education and attitudes given year and religion
between Protestant groups (j = 1 or 2) and Catholics. Since $%Y = 0.084
and s($3¢?) = 0.026, the difference in log cross-product ratios appears to be

substantial, because
f(‘,}gﬁ;‘l)(m»-i = 12???1) = 1.01
and
S(f(ngﬁSAl)(uH) = 125(577}) = 0.31.

Thus whether a respondent is Protestant or Catholic has a substantial effect
on the interaction between education and attitudes when the comparison
involves the lowest and highest educational groups and the least and most
favorable attitudes toward abortion. The proposed model claims that this
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interaction is not affected by whether the respondent is a Northern or South-
ern Protestant.

For other examples of relationships between y-parameters and z-param-
eters, see Exercise 6.6.

This section illustrates use of orthogonal scores with contingency tables
involving at least three variables. Such scores may be used in hierarchical
log-linear models such as Models 1 and 2 where the model itself does not
exploit the structure of the categories of variables under study, in simul-
taneous logit models such as Model 3 in which the structure of the categories
of the independent variables is used to simplify the model, or in models such
as Model 4, in which the structure of the categories of the dependent variables
is used to simplify the model. There may be three independent variables, as
in Models 1, 2, and 3, or one independent variable, as in Model 4. As in
Models 1, 2, and 3, there may be one dependent variable, however, as in
Model 4, there may be three dependent variables. Thus orthogonal scores
may be employed in a very large variety of circumstances.

6.3 Multinomial Response Models for One or More Continuous
Independent Variables

If one or more independent variables are continuous, then multinomial
response models may still be employed ; however, chi-square approximations
for test statistics and normal approximations for residuals only apply in
limited circumstances. The problems here are very similar to those in logit
analysis. The limited literature concerning this case includes Haberman
(1974a, pp. 352-373) and Nerlove and Press (1973), among other references.
This section provides two methods of analysis to illustrate procedures
appropriate for the sparse tables which result from the presence of at least one
continuous independent variable. Both examples explore the relationship of
attitudes toward women’s roles to the sex and education of the respondent.
One example describes attitudes by a scale with values from —2 to 2, while
the other example describes attitudes in terms of four dichotomous dependent
variables. Both analyses apply to Table 6.19. In this six-way table, 1330
subjects in the 1975 General Social Survey are classified by sex, education,
and responses to four questions concerning women'’s roles. Responses are
arranged so that a label of “ + ™ corresponds to response more favorable to a
public role for women.

This table is difficult to analyze due to its size and its sparseness, for there
are 672 cells for only 1330 observations. Two approaches to this problem are
considered in this section. In the first approach, a summary statistic is con-
structed for the four dichotomous responses, and a multinomial response
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Table 6.19

Questions on Women's Roles— Classification by Education and Sex”

cial Survey to Four

Responses of Subjects in 1975 General So

Response

Years of
education

- —+4+ —=+- ———+ ——-— Total

b — -

B T ae T S

T b e TS

completed

Sex

Male

13
16
16
44

23

32
47

[t}

10

16
60
17
20

177

12

19

20

27

12
13
14
15
16
17
18
19
20

49

45

18
65

42

590

47

14 35

29

55

15

15

57

73

215

Total:
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model is constructed for the summary statistic. This approach reduces the
size of the table to be examined; however, some information may be lost
concerning the relationship between the independent and dependent vari-
ables. Residual analysis may be used to detect such losses of information.

In the second approach, models based on orthogonal scores are developed
as in Section 6.2. Standardized parameter estimates are used to simplify
models. Results of model simplification are judged in terms of the reduction
achieved in the likelihood-ratio chi-square statistic. This method of analysis
is expensive in terms of computer time; however, this approach does have the
virtue of great generality.

Analysis by Number of Positive Responses

A simple summary statistic for the responses in Table 6.19 is the number of
positive responses. Using this statistic, Table 6.20 is obtained. Observe that

Tuable 6.20

Responses of Subjects in 1975 General Social Survey to Four Ques-
tions on Women's Roles--Classification by Number of Positive
Responses, Education, and Sex*

Number of positive responses
Years of education

Sex completed 0 1 2 3 4
Male 0 1 0 0 2 0
1 0 1 0 0 0
2 0 2 1 0 0
3 0 1 0 1 1
4 0 0 0 0 3
5 1 2 5 5 0
6 3 S 2 3 3
7 5 4 1 4 2
8 9 1t 12 7 5
9 3 5 6 2 7
10 3 5 7 6 11
11 S 4 9 13 16
12 12 17 36 52 60
13 2 5 7 18 17
14 1 6 S 13 20
15 0 1 5 4 8
16 2 0 9 12 42
17 0 0 1 2 4
18 0 0 0 2 9
19 0 0 0 4 3
20 0 0 1 2 4
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Tahle 6.20 (continued)

Number of positive responses

Years of education

Sex completed 0 1 2 3 4
Female 0 3 1 0 0 0
1 0 1 0 0 0
2 0 0 0 0 0
3 1 I 1 0 0
4 2 0 1 0 0
5 2 1 3 0 4
6 4 2 1 0 0
7 7 6 2 3 5
8 13 16 12 8 9
9 5 2 8 7 11
10 7 12 7 13 19
11 3 11 12 17 17
12 13 45 47 70 97
13 3 4 1 15 30
14 4 3 3 17 23
15 0 0 2 2 10
16 1 4 5 7 42
17 0 1 4 0 it
18 0 0 0 2 8
19 0 0 0 0 2
20 0 1 0 1 2

“ Computed from Table 6.19.

four positive responses in Table 6.20 correspond to the classification
“+4+ + + + 7 in Table 6.19, while three positive responses correspond to the
classifications “+ ++—." “++—+," “+~-++."and “—+++" in
Table 6.19.

To construct a multinomial response model for Table 6.19, let subject h,
1 < h < N = 1330 have Y, years of education, sex S, (1 for male and 2 for
female), and K, — 1 positive responses. Thus 1 < §, < 2,0 < Y, < 20, and
1 <K,<5

Assume that the probability P¥, > 0 that K, = k depends only on sex S,
and the education Y, of subject h. One simple multinomial response model for
these data is a generalization of the linear-by-linear model of Section 6.1. Let
T,; = 3 — 28, be a sex score for subject i, and let T,, = Y, — 10 be an educa-
tion score. These scores are chosen so that their range is symmetric about 0.
In the case of T;;, T,, = 1 for males and T;; = — 1 for females. In the case of
T,., T,, ranges from — 10 in the case of no completed years of schooling to
10 in the case of 20 years of schooling. Assume that the log odds

Ql’c(k'-h = log(PIIc(-h/Pllc(“h)
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for K, = k rather than K, = k' is a linear function
Qn = e + Eer Tot + w2 Tha (6.78)

of the sex score T, and the education score T,,. As in Section 6.1, assume that
for some &, and ¢&,,

S = (K — k)¢, (6.79)
and
Sz = (K — k)¢, (6.80)
To describe this model in the terms generally considered with log-linear
models, form a 5 x N table of counts Nf,, 1 <k < 5,1 < h < N, so that
N& =1, K, =k,
=0, K, # k.
Then each column N§,, 1 < k < 5, corresponding to an individual subject h
has an independent multinomial distribution with sample size 1 and prob-

abilities P{,, 1 < k < 5. The mean of N§, is PX,. As in Section 6.1, an equiv-
alent version of (6.78), (6.79), and (6.80) is the log-linear model

lk—l 1 4
log Pllc(-h = “hK 3 Z l’71(1+1) + 5 Z(S - l)’11(1+1)
=1 =k

+ &3 - T, + &3 — KT,

6
= ahK + Z ﬂlX:hl' (6.81)
=1
Here B, = my+ 1y, 1 <1 <4, 85 =&, B = &,, and
XKk, =1—k/5, k<l<a4,
= —k/5, | <k <35,

=B -0, =5
=3 -k, I[=6

Computation of Maximum Likelihood Estimates

Maximum likelihood estimates may be obtained by the same Newton-
Raphson algorithm used in the rest of this chapter. The algorithm may be
applied to the counts NF,, just as for any two-way table; however, two
complications do arise. The first difficulty involves cost of computations.
There are 6950 probabilities Pf,, 6950 counts N, and 41,700 variables
X¥.,. Consequently, computation is expensive, both in terms of computer
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time and in terms of computer storage requirements. The second difficulty
involves starting the algorithm with an initial approximation P¥,, for
P{,.. The usual procedure for selection of starting values leads to

Pllc(-hO:%a Khzks
L K,#k

A starting value of this sort is acceptable, however, convergence is slower than
when the algorithm is applied to tables in which cell counts are large.

In this example, computations are much less expensive if based on the table
of counts n,,. Here there are ng, subjects h with sex S, = s, education
Y, = y, and response K, = k. The probability is py3¥ that K, = kif S, = s

and Y, = y. Thus pfSY = PE, if S, = s and Y, = y. The mean of ni}X is

nSXK = nSYpE3Y, where nf) subjects have sex S, = s and education Y, = y. If

nyy > 0, then

6
log mgy® = a3} + 3 BixSias (6.82)
=1

where the f, are defined as in (6.81) and

x5k =1~ k/5, k<l<a,
= —k/5, l<k<s,
=3 — k)3 ~ 2s), =35,
=3 - k)(y — 10), I=6.
Using (6.82), we obtain the results shown in Tables 6.21 and 6.22.

Table 6.21

Parameter Estimates for Linear-by-
Linear Log-Linear Model
Jfor Table 6.20.

Parameter Estimate EASD

By =112 —0472 0.121
By = 12 ~0.101 0.101
By =1y —0.203 0.090
Ba = flas —0.221 0.076
Bs = ¢, ~0.010 0.023

Be = &, —0.1031 00082
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Table 6.22

Observed and Estimated Expected Average Number of Responses for Linear-by~Linear Model
Jor Table 6.20

Male Female
Estimated Estimated

Education Observed expected Adjusted Observed expected Adjusted
in years average average residual average average residual

0-8 1.90 1.80 0.96 1.45 1.65 -2.11

9 248 2.36 0.41 2.55 2.31 0.99

10 2.53 245 0.36 2.43 2.41 0.12

11 2.66 2.63 0.16 2.57 2.60 —-0.18

12 2.74 2.80 -0.77 2.71 2.7 —0.96

13 2.88 295 -0.46 323 2.92 1.92

14 3.00 3.09 —0.56 3.04 3.06 —0.15

15 3.06 3.21 —0.64 3.57 3.19 1.38

16 342 3.31 0.91 344 3.29 1.22

17-20 3.56 3.51 0.39 3.47 3.45 0.14

Parameter Estimates

If the model holds, then the parameter estimates j, are approximately
normally distributed with respective asymptotic variances S”, where the
S¥ 1 <1<6,1<T < 6,arethe elements of the inverse S~ ' of the matrix S
with coordinates

Su =2 % (Xfa — OMXE — Of)PE,
k h

= Z Z ; (xfykl fy};K)(xsykl - gsyl )mzjk’ (6.83)
where e
O = Z X Pin (6.84)
and
5" = Z Xoyu Mgy /1y (6.85)

(The definition of 65}% can be arbitrary if n§, = 0.) The estimated asymptotic

covariance matrix S ! is the inverse of S, where
Z Z khl ®hl)(thl - ®kl )Pk “h
k

Z Z Z (x — OSIOCE — O3, (6.86)

=Y Xiu Pl (6.87)

k
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and
SYK SYK », SYK
syl Z xsykl msyk (688)

(Again, the definition of 03!X can be arbitrary if n3) = 0). As shown in
Haberman (1974a, pp. 358-367), these large-sample approximations should
become increasingly accurate as the total sample size N becomes large. The
essential condition required is that the S" all become small as N becomes
large.

The major observation in Table 6.21 is that a strong education effect is
present, but effects of sex are not evident. Were response independent of sex
and education, the model would hold with &, = &, = 0. Since.&,/s(¢,) =
12.50, the presence of an education effect is clear. A relationship of response
to sex has not been shown since &,/s(¢,) = 0.46.

To interpret £,, observe that the log odds of response K, = k rather than
k + 1is estimated to increase by 0.1031 if education ¥, increases by one year
and sex S, remains the same. The corresponding odds ratio is increased by

100(e%1931 — 1) = 10.86

percent.
The effects of education are also quite clear if Table 6.22 is examined. This
table considers the average number

2 (k= D&y
k

of the positive responses for subjects of sex s with y years of education,
1<s<2,9<yx<l16

Since sample sizes are modest for the lowest and highest educational levels,
the table also includes the average number

8 8
T (k — 1St / S sy
y=0 k y=0

of positive responses of subjects of sex s and with no more than eight years
of education and the average number

20 20
S Y (k ~ sk / S sy
y=17 k y=17

of positive responses of subjects of sex s with at least 17 years of education. To
find estimated expected averages, n3,~ is replaced by . For males, ob-
served averages rise steadily from 1.90 to 3.56, while estimated expected
averages rise from 1.80 to 3.51. For females, the observed patterns is more

irregular, but a rise from 1.45 to a high of 3.57 is observed. The estimated
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averages rise from 1.65 to 3.45. Effects of sex are much smaller, as can be seen
by comparison of observed or estimated expected averages for males and

females for the same educational level.

Adjusted Residuals

As in logit analysis with ungrouped data, adjusted residuals for multi-
nomial response models for ungrouped data must be based on selected linear
combinations of the data. For example, in Table 6.22, the observed average

for males with nine years of education is
22 Y dandy® =Y Y DinNy,
s y k k h
where
dow = (k = D/nis,  s=1, y=9,
=0, otherwise,
and
Dy, = (k — 1)/nfs, Sy=1 Y=9
=0, otherwise.
The estimated expected average is
Z Z Z dsykmfyykx = Z Z thﬁlfh
s vy k k h
and the adjusted residual is

t= (z Z Z dsyknfy};ck - Z Z Z dsykm;?;;l()/él/z
s y k s y k
= (Z Z Dy Niw — Z Y Dk;.pfh)/é”z,
k h k

2
I N ) (z dm) / R
s y k sy k ‘

and

SYK HSYK\,»SYK
Z dsyk(xsykl - gsyl My
k

= Z Z DX — @)}Ifl)ﬁl’c(h
X n

(6.89)

(6.90)

(691)
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Here ¢ is the variance of the linear combination
Y. Y. D PR
k h
of the residuals
Ry = Y — ap — ;bIXIIc(hI

from a weighted regression model in which hypothetical dependent variables
Y, satisfy the equation

Yo = 0 + O by Xow + €
7

for independent errors &, with respective means 0 and variances (P¥,)~ 1.
The g, and b, are the weighted-least-squares estimates of o, and f;, respec-
tively. The adjusted residual ¢ has an approximate standard normal distribu-
tion if the model holds and if each D,, is small relative to é!/2,

The adjusted residuals in Table 6.22 are quite small for males, although
the signs do exhibit some pattern. On the other hand, one adjusted residual
for females exceeds 2 in magnitude and another is 1.92. As in Section 6.3,
there is some suggestion that larger than usual changes occur between years
8 and 9 and between years 12 and 13. Nonetheless, the number of large resi-
duals is certainly not unusual in Table 6.22. '

Chi-square statistics The usual chi-square statistics
Xk =2 Z ; (35— M) gy (6.92)
and Y
Livi = 21 2 2 mi log(nly i (6.93)
s v

are difficult to use in Table 6.20 since the large number of cells with small
counts make the chi-square approximation too inaccurate to be useful.
Problems are even more severe when the ungrouped statistics

X12<u = Z Z (Nkh - pilfh)z/PlIc(-h (6~94)
k h
and

L, = =233 Nylog PE, (6.95)
k k

are used. Nonetheless, the statistics Lyx and L, are useful for comparison
of models. As in the case of logit models, differences in likelihood-ratio chi-
square statistics have approximate chi-square distributions under quite
general conditions. For a proof, see Haberman (1974a, pp. 372-373).
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To illustrate behavior of chi-square statistics, Table 6.2 lists chi-square
statistics X3y, and Ly for the following five models based on (6.81):

4
(1) log Pfy=af + Zﬁlem,
=1

4
(2) log Py =af + ZBleIc(hl + Be Xise-
=1
4
(3) log P, =of +
1=

4
(4) log Pi,=af + Y B XK+ BsXEis + Bs Xioe + B7 Xbia,
=1

1

BiXfu + BsXhis + Bs Xine-

1

4
(5) log Py =ah + Y BiXiu + Bs XEs + Bs XFis-
I=1
Here
XI{(IH = (3 - k)Thlnz
and

Xing = [~ k)* = 2]T,,.

Model 1 assumes that response is independent of sex and education. Model 3
is just (6.81), while Model 2 sets the sex-effect parameter 5 to 0 in Model 3.
Model 4 includes an interaction of sex and education. Under this model,
Qllc(k"h = nkk‘ + ékk’l’l;ll + ékk’Z T;IZ + ékk'3 7—;!3
= M + Sue1) + Gz + Sawra) Tz Sy=1,
= (M~ Cuer) + Gz — Swe3) Thzs Sy =2,

where Sy = (k — k)Bs, Sz = (k' ~ k)Bs, and oz = (K" — k)B,. Thus
for each sex, there is a distinct linear relationship between the logits Qf.., and
the education scores T;,,. In Model 5, the logit Qf . 1, is a linear function

K _
Qe+ 1yn = Mo+ 1) + Se+ 12 Tz

of the education score Tj,,; however, in contrast to Model 2,

ék(k+l)2 = (BG + Sﬂs) - 2.38k

is a linear function of k. This model provides a test of the claim in Model 2
that &, 41y, 1s constant for 1 < k < 4.

The values of X2,x and L2, are quite different in Table 6.22, so that
individual Pearson or likelihood-ratio chi-square statistics are not very
useful. A further problem with the Pearson statistic X 2y is the possibility, as
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Table 6.23

Chi-Square Statistics for Models for Table 6.20

Decrease in

Decrease in degrees of
Livk freedom

Degrees of compared compared

freedom Model to reference to reference
Model Xk Livk of X% and L? compared model model

1 39292 395.15 160 — — —

2 22294 198.32 159 1 1 196.84
3 220.72 198.10 158 2 1 022
4 214.90 192.92 157 3 1 5.18
S 223.28 197.72 158 2 1 0.60

in Models 2 and 5, that X2y, may increase as the model becomes more
restrictive.

To find the degrees of freedom in Table 6.23, observe that there are 41
n3) which are positive. If there are g f-parameters in the model, then there are
(5 - 1)(@41) — g = 164 — g degrees of freedom.

Comparison of likelihood-ratio chi-square statistics for Models 1 and 2
provides overwhelming evidence that f, is not 0, so that response is not
independent of education. Some indication of a relationship of response to
sex also exists. Although the comparison between Models 2 and 3 provides no
indication that 5 is not 0, the comparison of Models 3 and 4 yields a change
in Ly, significant at the 3 percent level. Thus there is an indication that the
strength of the relationship between education and response is influenced by
the sex of the respondent. Comparison of Models 2 and 5 provides no evidence
that fg is not 0, so that the assumption that all &, ;,, parameters are equal
has not been disproven. In summary, residual paralysis, examination of
parameter estimates, and chi-square statistics provide overwhelming evi-
dence that response is related to education and provide ambiguous evidence
that sex may affect the relationship of education and response.

Sufficiency of the Summary Statistic

The summary statistic K, may be regarded as providing all information
concerning the relationship of responses to sex and education if the condi-
tional distribution of responses given in K, is independent of the sex and
education of the respondent. Otherwise, some information is lost by confining
attention to the summary statistic rather than to the individual responses.

To describe the problem of information loss more formally, let E, be
defined as in Table 6.24. Observe that any possible combination of responses
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Table 6.24
Definition of E, in Table 6.19

Response K, E, Response K, E,
++++ 5 1 —+ 4+ 4 4
+++ - 4 1 -+ + - 3 4
++ -+ 4 2 -+ -+ 3 5
++ - - 3 1 -4 -~ 2 2
+ -+ 4 3 —— 4+ 3 6
+ 4 - 3 2 -t 2 3
+—-—+ 3 3 -———+ 2 4
+ - —= 2 1 - —— 1 i

to questions A, B, C, and D correspond to a unique pair (E,, K,). Let PEX, >
0 be the probability that E, = e and K, = k, let v(k), 1 < k < 5, be the num-
ber of possible values of E, if K, = k, and let

Pl = P&Y/PRA, l<e<uk), 1<k<S5,
be the conditional probability that E, = e given that K, = k. If responses

are conditionally independent of sex and education given the summary
statistic, then for some pEX, 1 <e < v(k),1 <k <5,

PES = pEE,
so that
Pek h ™ pe -k P

Thus the distribution of responses (E,, K ;) depends on sex S, and education
Y, only to the extent that the distribution of the summary statistic K, depends
on S,and Y,.

Since Table 6.19 has so many small counts, conditional independence is
best tested by use of conditional log-linear models such as the simultaneous
conditional logit model

Qee kh = IOg(Pe o/ Pe kh) = 'Ieek + gee 1wl + gee 2 Thz> K, = k. (6.96)

Equivalently,

3q(k)

log Poh = wiX + Z Bu X cknt» (6.97)

1=1
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where q(k) = (k) — 1,
G = log Pl
Bu = va(k), e=1 1<1<qk),
= Comu e =1—q(k), qk) +1<1<2q(k), 1<1<2q(k),
= &K ks e=1—=2qk), 2qk) +1<1<3q(k), 1<1<3q(k),
X = thr, e =1 1<1<qk),
=t T, € =1~gqk), qtk)+1=<1<2qk),
=t T, e =1-2q(k), 2qk)+ 1 <1< 3q(k),
and

=0, e#e.
If k is 1 or 5, then (6.97) is just the trivial model
log P¥X = afK,

Under conditional independence, &X.,, = &%.,, = 0. Thus conditional
independence can be tested by comparing the likelihood-ratio chi-square
statistic for (6.96) to the likelihood-ratio chi-square statistic for the model

q(k)

log PLS = ok + Zﬁlk ekhls K, =k (6.98)

An alternate model also examined in this section ignores the sex effects
X .« but not the education effects ¢X,.,,. Thus

q(k) 3q(k)
log PEf = oiX + Zﬁlk an 2 BuXom K, =k (699
1=2q00+1

Computation of maximum likelihood estimates. Maximum likelihood esti-
mates for (6.67)-(6.99) may be computed separately for each k, 1 < k < 5,
from the 2 x 21 x v(k) table of counts ni;*, 1<s<2, 0<y<20,
1 < e < v(k), where n3);X subjects h have sex S, = s, education ¥, = y, and
response pair (E,, K,) = (e, k). For example, n%f’l‘ =0 and niti& = 2.
Let pE3iK > 0 be the conditional probability PEK that E, = e if S, = e,
Y, = y, and K,, = k. Then given ni}X, n§}EX has conditional expected value

nirik = n3iKpESYK and (6.97) is equivalent to the log-linear model

3q(k)
SYEK SYK SYEK SYK
lOg msyek - asyk + Z ﬁlkxsyek H syk > 0 (6100)
=1
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where
Xekt = thers €=1 1<1<qk),

=tee, € =1—qk), qlk)+1<1<2q(k),

=NE., e =1-2qk), 2qk)+1<1<3qk), (6.101)
1} = —15 = 1, and 1 = y — 10. Equation (6.98) is equivalent to

SYEK SYK @

IOg msyek - asyk + Zﬂlkxftgfxa ?yl;(K > 0 (6102)

while (6.99) is equivalent to
3q(k)
log mgee® = ogu + Z Buxsert + Y BuxSes il > 0. (6.103)
I=2qk)+1

Computations are routine, except that iterative calculations are unnecessary
whenever k is 1 or 5. In such cases, A5 f% = nd)eX. Parameter estimates and

estimated symptotic standard deviations are summarized in Table 6.25.

Likelihood-ratio chi-squares The likelihood-ratio chi-square statistics
for (6.100)-(6.103) may be found from the equations

=y L2 (6.104)
k
and
L =233 3 mya™ log(niyi /M), (6.105)
s y e
Since for k equal 1 or 5, ASfAX = n3iK L} = L} = 0, so that

L*=13+ L3+ L}

Given the n)X, the L} statistics are independently distributed. There are
[d(k) — f]q(k) degrees of freedom associated with each LZ, where d(k) is the
number of positive niX, 1 <s<2,0<y <20, and fis | in (6.103), 2 in
(6.102), and 3 in (6.100). In this expression for degrees of freedom, fg(k) is
the number of 8, parameters that are not assumed 0. From the formula for
degrees of freedom of the L2, it follows that L? has

; Ld(k) — flatk) = 3[d(2) — f1 + 5[d(3) — f] + 3[d(4) — 1]

associated degrees of freedom. The difference in degrees of freedom between
the L2 statistics for (6.103) and (6.100) is then 22, while the difference for
(6.103) and (6.102) is 11. Under conditional independence, both differences
have approximate chi-square distributions. As is evident from Table 6.26, the
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Tuble 6.25

Maximum Likelihood Estimates for the Conditional Log Linear Models of
(8.100), (6.102). and (6.103)

Defining cquation

(6.100) (6.102) (6.103)

Parameter Estimate EASD Estimate EASD Estimate EASD
Bia=n5 0.736 0.716 0.620 0.681 0.228 0.540
Baz = 054s 3076 0.604 2.964 0.566 2.552 0.424
Byz = n¥as 3.262 0.601 3.153 0.564 2,697 0.422
Baz = 5., 0.367 0.595 - —
Bsz = fans 0.341 0479 - —
Bez = él;Alz 0.328 0472
Bz = ias 0.477 0.180 0.459 0.177 - —
Buy = as 0.403 0.126 0.387 0.123 -
Bor = Xina 0.302 0.120 0.287 0.117 -
By =n%es -0.255 0.337 —0.242 0.331 0.223 0.274
Bas = n¥es 0.305 0.277 0.304 0.274 0.337 0.265
By = n5s —0.900 0.399 - 0.883 0.391 —0.780 0.364
Bay = #es 1.411 0.234 1.397 0231 1.513 0.225
Bsy = s —1.337 0.469 —1.338 0.463 —1.232 0.430
Bos = Kors —0.366 0.287 - - .
By = is ~0.326 0.271 - —
By = 855013 0.096 0.378 _
Boy = X015 -0.178 0.232 — —
Baos = ’:?ma —0.318 0.437 - - -
Bana = ez 0.373 0.105 0.366 0.105
Bazs = Keis 0.157 0.094 0.154 0.094 - -
Buss = Keas 0.173 0.130 0.179 0.132 -
Buaas = Chers 0.190 0.020 0.190 0.080 -
Buasia = <50as ~0.136 0.111 —0.135 0.140 - —
Bia = ea 1.710 0.262 1.924 0.258 2.281 0.198
Baa = n50a —1.494 0.523 —1.570 0.522 —0.767 0.336
Boa =150 §.413 0.254 1.447 0.260 1.263 0.214
Bas = n541a —0.639 0.204 - -
Bsa = Hiaia —0.120 0.351 _
Bea = n8e1a 0.054 0.216
Boa = 1504 0.207 0.090 0.176 0.094
Bea = N5ara 0.302 0.145 0.335 0.147
Bos = 1¥i0a —0.126 0.088 —0.149 0.096 - -
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Tuble 6.26

Likelihood-Ratio Chi-Square Statistics for the Conditional
Log- Linear Models of (6.100), (6.102), and (6.103)

Decrease
Decrease in degrees
Defining Degrees of in L? of freedom
equation L? freedom from (6.103) from (6.103)
(6.103) 41593 319
(6.102) 344.19 308 71.74 11
(6.100) 305.92 297 110.01 22

large differences between the L? statistics for the models specified by (6.103)
and the other two L? statistics provides clear evidence that conditional inde-
pendence does not hold. Therefore, the relationship between the response
variables and the predictors sex and education cannot be entirely described
if the number of positive responses is used as a summary statistic.

Models for Multiple Responses

Instead of seeking a summary statistic to describe the relationship of responses
to sex and education, the relationship of all responses to the predictors may
be simultaneously considered. Analyses of this type for ungrouped data have
been explored by Nerlove and Press (1973). They are based on a decompo-
sition of individual response probabilities analogous to the decomposition
of log means into A-parameters.

For example, in Table 6.19, let P, > O be the probability that 4, = a,
B,=b, C, = ¢, and D, = d, where A4,, B,, C,, and D, are the respective
responses to items A, B, C, and D. The indexes a, b, ¢,and d can each be 1 or 2,
with [ corresponding to the responses scored as positive in Table 6.19. One
can write

108 Puyean = An + Al + Afy + AG + AGy + Al
+ AL+ ALl + ARG+ Abh + AGR + AR
+ Adan + Nocar, + N + Adear (6.106)
where
ZAbh_ ZAbh = ZAch_ ZAzli)h

= Z Aabh = Z Aabh == Z Afbﬁ?&? = Z /\fb‘fﬁ."

b
—_ ABCD ABCD
- Z Aabcdh - Z Aabcdh =


file:///ABCD
file:///ABCD
file:///ABCD
file:///ABCD
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Models based on (6.106) assume that some of the A-parameters are linear
functions of the predicting variables, some of the A-parameters are indepen-
dent of the predictors, and some of the A-parameters are 0.

For example, consider a model in which all two-factor and three-factor
interactions are constant, all four-factor interactions are 0, and all main
effects are linear functions of the sex score T,,;, the education score T,,, and
the sex-by-education interaction score T,; = T,; T,,. Thus for all k,

Aabh - lab s Aach - 'Ll;lcca adh A’ad ’
bch = A’bc > bdh Abd ’ Acdh = '1 Z‘b‘if A’;‘be("
ah - lA + palnl + pa2 7;12 + pa3 7;:3’
Ag =25 + pii Ty + P52 Toa + 013 Tha,
AG = A + P65 Ty + pS Ty + PG T,
Ady =48 + p2iTiy + p22 Tz + p2s Ths,
where the A-parameters satisfy the usual constraints and the p-parameters

satisfy constraints corresponding to the A-parameters with the same super-
scripts. For example,

Z%‘=Zpﬁl =Zpé‘z=292‘3=0
and

Zlﬁ’=zp.’i’1 =ZP:?2:ZP:?3=O-
d d

d d

Thus
log Papean = Ay + A0+ AF + 25 + A0 + 2482 + A2 + 22D + ABC 4 )BP
2+ e+ A + Aaa” + e

abc

3
+ Y (pag + pby + P + 02 Thg

g=1
26
= o, + 2 By Xapeanss (6.107)
=1

where the 8, and X ;.4 are defined as in Table 6.27.

This model can be interpreted in terms of a collection of four simultaneous
logit models. Let PESP denote the marginal probability that B, = b, C,, = ¢,
and D, = d, and let
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Tuble 6.27
Coefficients and Parameters in the Model Defined by (6.107)"

Corresponding
A-parameter

/ or p-parameter Xu,,‘.d,,f Xyyabedf

1 At 4a 4o

2 Af qy I

3 Ay q. 4.

4 1‘1) du 44

5 AfY s dudls

6 At e a4

7 AP 4a44 4uda

8 A% e 4v4.

9 A9 4pqa qr4q

10 AW 4.4 4ela

1 AT 4u4n9e Gadpde

12 AR 9u4p4a dalpda

13 AT 9u9cYa 9udeqa

14 A 9p4eda 4594

15 Pt 4. T 4.3 — 2s)

16 P’l‘z gy Tz gy — 10)

17 P 4o Thi Tz 4.3 — 2s) (v ~ 10)
18 /”1’1 45 Ty 4p(3 — 25)

19 P2 4 Tz gp(v — 10)
20 ot 4e T Tz gu(3 — 2s)(y — 10)
21 4% 4. Ty, 4.3 - 2)
22 P12 q. T, q.y ~ 10)
23 /’(1‘3 4. T Ty g3 = 2s)(y — 10)
24 p‘l’l 4a T 443 ~ 25)
25 /’ll)z 4sTh2 qqy — 10)
26 VII)3 4a Ty Tz 443 — 2s)(y — 10)

“ Note that ¢, = land ¢, = —1.

denote the conditional probability that 4, = a, given that B, = b, C, = ¢,
and D, = d. Let

A-BCD Pli{lﬁcd}ll) Plbcd‘h
QlZ-bcdh = IOg pABCD = lOg
2-bedh 2bcd-h

denote the log odds that A, is 1 rather than 2 given that B, = b, C;, = ¢, and
Dh = d. Let

P .
augcn lg(—)

aled-h

28— og(p2),

PabZd-h
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and
P,...
Q??ﬁﬁtzlog(gﬂﬂl),

abc2:h

be defined in an analogous manner. Then (6.107) holds if and only if the
following logit models are all satisfied:

Qfean = 204 + Ay + MC + M7 + M5 + A0 + M

+ 23 pt, Ty
g

Q50 = 208 + AP + A5 + A5 + AEC + AP + A%
+23 0%, T,
g
Qo = 2027 + AE + 00 + A5 + A% + 2850 + A7
+23 05Ty
g

and
Qe = 2040 + 420 + 30 + A0 + A8 + AP + RSP

+2% p% T,
g

Computation of maximum likelihood estimates Computation of maximum
likelihood estimates for (6.107) is unusually tedious. If grouping is completely
ignored, computations may be based on the 2 x 2 x 2 x 2 x N tables of
counts N .4 in Which

Nabcdh = 1, Ah = da, Bh = b, Ch =, Dh = d,
=0, otherwise.

Each table N, | <a <2, 1 <b<2, 1<¢<2,1<d<2, has an
independent multinomial distribution with means P, | <a <2,
1<b<2, 1<c<2 1<d<2 The usual Newton-Raphson algorithm
can be applied to (6.107).

In practice, it is more efficient to use the 2 x 21 x 2 x 2 x 2 x 2 table
of counts ny .y, 1 <5<2,0<y<20,1<a<2,1<b<2,1<c<2,
1 <d < 2, in which ny,,,, is the number of subjects h with S, = 5, Y, = y,
Ay=a,B,=b,C, = ¢, and D, = d. Let pi2":5 be the conditional proba-
bility that A, = a, B, = b, C, = ¢,and D, = d given that §, = sand Y, = .
Then given the nd), nyu. has conditional mean mgy,,., = ni) pirgos"
and the log-linear model

26
lOg msyabcd = afyy + Z /gfxsyabcdf’ nfyy > 09 (6108)

=1
holds, where the x,,.4, are defined as in Table 6.25. Results are summarized
in Table 6.27. For some further details on derivation of Table 6.27, see
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Exercise 6.7. The computational technique is essentially the same as in
Section 6.2.

Large-Sample Properties of Estimates

As is the case with the marginal multinomial response models and the con-
ditional logit-linear models of this section, maximum likelihood estimates of
f-parameters are approximately normally distributed. If the model holds, then
B + has asymptotic mean fi, and asymptotic variance (B ) = S7/, where the
SH 1 < f<26,1 <f’ <26, are the elements of the inverse of the matrix S
with elements

Sff - Z Z Z Z Z Z (xsyabcdf fyyf)(xsyabcdf - Bssyyf’)msyabcd

s y a
= ; Z Z Z Z (Xabcdhf - th)(Xabcdhf' - Ohf’)PabctHl' (6109)
syf Z Z Z Z Xsyabedf msyabcd/ nsy (6.110)
and |
=222 Xavcans Pavean- (6.111)
a b ¢ d

In the analogous weighted regression model,

Yabean = % + Z By X apeany + Eavean
!

where the ¢, are independent N(0, P_L;.,) variables and the Topean are
hypothetical dependent variables, the weighted-least-squares estimate f3 s of
Byhasan N(B;, 0 2(ﬂ,)) distribution. If the model holds and §, = 0, then the
standardized value j f/s(ﬂ 1) has an approximate N(0, 1) distribution. Such
standardized values are found in Table 6.28.

Table 6.28 suggests that quite a few parameters can be eliminated from the
model without much effect. The only standardized values greater than 2 in
magnitude correspond to A% A§, A2, A48 245, 4¢P, A%, ACY, pt,, and pf,.
Thus one might consider the model

108 Pupean = An + 48 + AL+ A5+ A0 + 45% + 24€
+ M+ M+ A+ 0 Ty + 5 T (6.112)

Here A7 has been added due to the hierarchy principle for multi-way tables.
This model can also be written as
8
1Og msyabcd = afyy + Z fosyabcdf + Bloxsyabcd(lo)
f=1

+ B16Xsyavcaci6) T B1o Xsyabed(19)- (6.113)
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Table 6.28
Estimated Parameters in the Model Defined by (6.107)

Standardized

Parameter Estimate EASD value
At -0.004 0.059 -0.06
15 0.155 0.057 2.70
A 0.717 0.058 12.35
A —-0.414 0.057 —17.32
e 0.250 0.053 4.68
A< 0.360 0.057 6.33
Pidd 0.597 0.057 10.43
B¢ 0.174 0.052 332
50 ~0.031 0.057 -0.55
PALe 0.353 0.054 6.49
A48¢ 0.025 0.049 0.50
A48D -0.032 0.043 -0.73
A%D 0.012 0.056 0.22
Ao 0.045 0.056 0.81
ot —0.004 0.044 —0.09
oty 0.091 0.014 6.55
oy -0.019 0.014 -1.39
P2, -0.040 0.036 -1.09
o3, 0.104 0.012 8.49
2, -0.007 0.012 -0.58
254 0.027 0.041 0.65
05, 0.026 0.013 1.93
55 0.006 0.012 0.46
P2, 0.075 0.041 1.84
o, 0.000 0.012 0.02

7, —0.015 0.011 —132

Under this model, the maximum likelihood estimates in Table 6.29 are ob-
tained. The reduction in the number of parameters estimated both simplifies
computations and reduces estimated asymptotic standard deviations. The
latter effect is evident in a comparison of Tables 6.28 and 6.29.

Comparison of (6.107) and (6.112) The likelihood-ratio chi-square
statistic for grouped data for Table 6.19 is

L2 = 2 Z Z Z Z Z Z nsyabcd Iog(nsyabcd/msyabcd)* (61 14)
s y a b ¢ d
while the Pearson chi-square is

X2 = Z Z Z Z Z Z (nsyabcd - msyabcd)z/msyabcd- (6115)
s y a b ¢ d
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As usual with sparse tables, these statistics by themselves are of little use. A
clear indication of the problem is provided by the discrepancy between L?
and X? in (6.107) and (6.112). If (6.107) is used with Table 6.19, then L? =
514.5 and X% = 799.6. The nominal degrees of freedom are 41 x 15 — 26
= 589. (Since no woman surveyed has 2 years of education, only 41 combina-
tions of sex and years of education are present.) The corresponding values of
L? and X2 for (6.112) are 532.8 and 847.3, respectively. There are now 604
degrees of freedom. Thus the two chi-square statistics are dissimilar in value,
and X? appears to be quite unstable.

On the other hand, the difference in L? statistics does have an approximate
chi-square distribution on 26 — 11 = 604 — 589 = 15 degrees of freedom
if (6.112) holds. Since the observed difference in L? is 18.32, little evidence
exists that the more complete model of (6.107) provides a better fit than does
(6.112).

Comparison of (6.112) to simultaneous conditional logit models 1f (6.112)
holds, then the simultaneous conditional logit model (6.96) holds with

Sevtrk = 0, Il <e<qk), 2<k<A4,

55(422 - 512(623 = 513(623 = f’f424 = 512(434 = 2Pf2,
fa2a = 2pty — PTo),
&e23 = 2(pt; + p12)
3422 = 5623 = 2015,

and

K —
3422 — 0.

For example,

2221k

P . .
QLK = log(l—“ﬂ) = 2A% — 24D — 2442 — 224S + 22§ + 204, T;s,

so that &%,,, = 2p1,. This comparison of models suggests that (6.112) is not
fully satisfactory as (6.112) implies (6.102). As can be seen from Table 6.26,
the difference in L2 statistics between (6.102) and (6.100) is 38.27 while the
difference in degrees of freedom is 11. Thus the difference in L? statistics is
highly significant. Consequently, a fully satisfactory model for the data must
take some account of the effects of sex of respondent. Unfortunately, it is not
very clear from Table 6.28 how best to accomplish this task. Consequently,
attention will be given now to interpretation of (6.112).

Interpretation of parameter estimates for (6.112) Use of (6.112) to obtain
a relatively satisfactory model for Table 6.19 suggests that the influence of
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sex on response has not been demonstrated in these data but that a relation-
ship between education and responses to A and B is clearly present. This
latter relationship is suggested by the significant deviations from 0 of p{,
and p&,.

To assess the importance of the relationship of education Y, to responses
A, and B,, consider the logit equations

Qfean = 2001 + A8 + 20 + AP + pl, Thn)
and
QP10 = 2007 + A48 + A%¢ + pE, Ty

Given the same responses to questions B, C, and D, a change of one year in
education corresponds to a change in 2p, in the log odds of disagreement
rather than agreement with a statement that women should take care of
running their homes rather than the country. The estimate of 2p%, is 257,
= 0.196. As can be seen in Table 6.29, the estimate is moderately well deter-
mined. Its value is about eight times as large as its EASD. The estimate 0.196
corresponds to multiplication of the odds ratio for disagreement rather than
agreement by e%'°° = 1.22 if education is increased by a year and multipli-
cation of the ratio by e'°¢ = 7.10 if education is increased by 10 years.
Results for the second question, which deals with married women working,
are similar. Here p%, has an estimate 0f 0.212, ¢%-?12 = 1.24,and e?'!% = 8.33.
A link between education and the other responses has not been demonstrated.

The responses themselves are related, even given education. This result is
shown by the large ratios between estimates for A1%, 14¢, 412, A%¢ and AP

Table 6.29

Estimated Parameters in the Model
Defined by (6.112)

Parameter Estimate EASD
At -0.016 0.053
18 0.172 0.041
A4 0.761 0.049
A2 —0.428 0.054
AiB 0.260 0.037
A4 0.380 0.047
pied 0.593 0.040
8¢ 0.158 0.040
it 0.364 0.053
i, 0.098 0.012

o8, 0.106 0.012
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and the corresponding estimated asymptotic standard deviations. The log
odds Q{:5¢D, is dependent on the responses to B, C, and D, with the log odds
increasing whenever a response to B, C, or D is scored “ + ” rather than “ —.”
The strongest relationship appears to be between items 4 and D. The log
cross-product ratio

A-BCD AD
Q(lZ)(lZ)bch = QIZ lcdh QlZ *2cdh — 41'11

has an estimate of 2.37, which corresponds to a cross-product ratio of 10.7.
Note that A refers to women’s role in the home and D refers to women’s
relative emotion suitability for politics. The log odds Q¥;1€D, appears to have
links with responses 4 and C, as can be seen from the estimates 1% and 15¢
Other relationships can be observed between C and D.

In summary, the model suggests that the four responses to questions
concerning women are related, even taking into account education and sex.
The model implies that given education, sex and the four responses are
unrelated and that education is related to responses to A and B. These
detailed conclusions can be reached with models for multiple responses.
They are not available with marginal models.

The various models of this section illustrate some of the available methods
for the analysis of one or more polytomous responses when at least one pre-
dictor is continuous or has many categories. The methods used are similar to
those used with multi-way contingency tables in which cell counts are not
large, except that special caution is required in residual analysis and in use of
chi-square tests. Some difficulty also arises since computations are relatively
expensive due to the large tables involved and due to the lack of accurate
initial estimates of maximum likelihood estimates.

EXERCISES

6.1 Derive Tables 6.7 and 6.8.

Solution

Details are omitted due to the length of the computations. Calculations of
estimates are similar to those in Table 6.4. The program in the appendix may
be used to obtain Tables 6.7 and 6.8.

6.2 Derive Tables 6.10 and 6.11.

Solution
The approach here is similar to that in Exercise 6.1. Table 6.9 is helpful in
using the program in the appendix.
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6.3 Compare the linear-by-linear model, the model of unknown column
scores, and the model of unknown row scores using Table 6.30 (Table 2.7 of

Volume 1). Let u; =1, u, = —1L, u;=0,u, =0, us=0,¢, =3, t, =1,
t; = —1,and t, = —3 in the linear-by-linear model.
Table 6.30

Cross-Classification of Respondents in 1972-1975 General
Social Surveys by Attitude to Treatment of Criminals by
Courts and by Year of Survey*?

Year of survey

Response 1972 1973 1974 1975 Total
Too harshly 105 68 42 61 276
Not harshly enough 1066 1092 580 1174 3912
About right 265 196 72 144 677
Don’t know 173 138 51 104 466
No answer 4 10 8 7 29
Total 1613 1504 753 1490 5360

“ National Opinion Research Center (1972, p. 29; 1973, p. 58;
1974, p. 55; 1975, p. 58).

® The question asked is, “In general, do you think the courts in
this area deal too harshly or not harshly enough with criminals?”
The reduced 1974 sample results from an experimental change in
the question used with half the sample.

Solution

Results are summarized in Tables 6.31-6.33. The chi-square statistics for
the linear-by-linear model are X2 = 31.0 and L, = 30.1. The degrees of
freedom are 11, so that the model does not appear to fit the data. The signi-
ficance level is about 0.001. The model of unknown column scores yields an
X? of 28.6 and an L? of 28.3 on 9 degrees of freedom, so this model is not
satisfactory. The model of unknown row scores yields X? = 14.0 and L?
= 13.9. The degrees of freedom are 8, so these chi-square statistics have
significance levels of about 8 percent. Thus there is reason to question this
model, although it is far more successful than the other two. Examination of
residuals suggest some difficulty with the response “no answer.”

6.4 In the memory example of Chapter 1 of Volume 1, subjects may be
divided into those that remember exactly one event and those that remember
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Table 6.31
Coefficients for Models for Table 6.30°

Linear- Unknown Unknown
by- column scores row scores
linear
L xi Xy XGy o Xl Xijs Xijs  Xije  Xij7 Xijs  Xijg  Xij7 X8
11 1 0 0 0 3 1 0 0 3 0 0 0
2 1 0 1 0 0 -3 -1 0 0 0 3 0 0
3 1 0 0 1 0 0 0 0 0 0 0 3 0
4 1 0 0 0 1 0 0 0 0 0 0 0 3
5 + -1 -1 -1 -1 0 0 0 0 -3 =3 =3 -3
1 2 1 0 0 0 1 0 1 0 1 0 0 0
2 2 0 1 0 0 -1 0 -1 0 0 | 0 0
3 2 0 0 1 0 0 0 0 0 0 0 1 0
4 2 0 0 0 1 0 0 0 0 0 0 0 1
5 2 -1 -1 -1 -1 0 0 0 0 -1 -1 -1 -1
I 3 1 0 0 0 -1 0 0 1 -1 0 0 0
2 3 0 1 0 0 1 0 0 -1 0 -1 0 0
3 3 0 0 I 0 0 0 0 0 0 0 -1 0
4 3 0 0 0 1 0 0 0 0 0 0 0 -1
5 3 -1 -1 -1 -1 0 0 0 0 1 1 1 1
1 4 1 0 0 0 -3 -1 -1 -1 -3 0 0 0
2 4 0 1 0 0 3 1 1 1 0 -3 0 0
3 4 0 0 1 0 0 0 0 0 0 0 -3 0
4 4 0 0 0 1 0 0 0 0 0 0 0 -3
s 4 -1 -1 -1 -1 0 0 0 0 3 3 3 3

“ Note that x;

ij1» Xij2» and x;;5 are the same for all three models.

more than one event. The data used in Table 1.14 may then be reclassified to
produce Table 6.34. Test the hypothesis that

log m;; = of + Bi.
In your analysis, consider the alternate model
log m;; = of + B;i.

Solution
In the first model, one has

_ B
log m;; = aj + x4,
where

Xij1 = b
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Table 6.33
Estimated Parameters for Models for Table 6.30

Model
Unknown column Unknown row
Linear-by-linear scores scores

Parameter Estimate EASD Estimate EASD Estimate EASD

IR -0.413 0.063 -0.415 0.064 -0.370 0.063
B, 2.317 0.043 2.318 0.044 2.311 0.043
fis 0.540 0.051 0.540 0.051 0.509 0.052
Ba 0.166 0.054 0.167 0.055 0.147 0.056
fs 0.078 0.011 0.267 0.059 0.041 0.027
Be 0.025 0.042 —0.055 0.018
# —0.086 0.055 0.069 0.022
fs 0.052 0.023
Table 6.34

Distribution by Number of Events Recalled and Months Prior to
Interview of Stressful Events Reported by Subjects®

Number of Number of
Months i subjects reporting subjects reporting
before interview one event more than one event

1 15 34

2 11 44

3 14 28

4 17 26

5 5 30

6 11 24

7 10 32

8 4 27

9 8 29

10 10 11

11 7 28

12 9 31

13 11 18

14 3 19

15 6 23

16 1 11

17 1 14

18 4 11
Total 147 440

“One event randomly selected for each subject reporting events
from one of 18 months prior to interview.
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while in the second model
log m;; = O‘f + leijx + ﬂzxijz,

where x;; = i, j = k, x;3 = 0, j # k. Neither model is very successful. For
the first model, X2 = 49.3, L? = 53.0, and there are 33 degrees of freedom,
while in the second model, X% = 48.0, L*> = 50.5, and there are 32 degrees of
freedom.

It is difficult to find in Table 6.35 much pattern to departures from the two
models by examining adjusted residuals, although much of the problem

involves the interval from 10 to 13 months ago. This result is not inconsistent
with difficulties noted in Table 1.14.

6.5 Derive Table 6.29 by means of the computer program in the Appendix.

Solution
The work is straightforward given Table 6.17, although the tedium in-
volved in construction of the x; ;. can be greatly reduced by some relatively
simple programming,
Table 6.35
Estimated Cell Means and Adjusted Residuals for Table 6.34°

Subjects reporting Subjects reporting
one event more than one event
Months i First Second First Second
before interview model model model model

1 13.1(0.57) 15.2(—0.05) 39.1(—0.92) 37.2(—-0.60)

2 12.3(~-0.39) 14.0(—0.89) 36.8(1.30) 35.2(1.65)

3 11.6(0.75) 12.8(0.36) 34.6(—1.21) 334(-1.01)

4 10.9(1.94) 11.8(1.61) 326(—122)  31.6(—1.06)

S 10.2(-1.70) 10.9(— 1.86) 30.6(—0.12) 30.0(0.01)

6 9.6(0.46) 10.0(0.34) 28.8(—0.93) 28.4(—0.86)

7 9.1(0.32) 9.2(0.28) 27.1(0.97) 26.9(1.02)

8 8.5(—1.59) 8.4( —1.58) 25.5(0.31) 25.5(0.31)

9 8.0(—0.00) 7.8(0.09) 24.0(1.06) 24.2(1.01)
10 7.5(0.92) 7.1(1.11) 22.6(—-2.51) 22.9(—2.56)
11 7.1(—0.03) 6.6(0.18) 21.2(1.52) 21.7(1.40)
12 6.7(0.93) 6.0(1.26) 20.0(2.56) 20.6(2.40)
13 6.3(1.94) 5.6(2.42) 18.8(-0.19) 19.5(—0.35)
14 5.9(—1.22) 51(=098)  17.7(0.33) 18.5(0.13)
15 5.6(0.20) 4.7(0.64) 16.6(1.65) 17.5(1.40)
16 5.2(~1.90) 43(—1.70)  156(—124)  16.6(—147)
17 4.9(—1.82) 40(—1.60)  147(—0.19)  15.7(—0.46)
18 4.6(-0.30) 3.7(0.20) 13.8(—0.81) 14.9(—- 1.10)

¢ Adjusted residuals are in parentheses.



442 6 MULTINOMIAL RESPONSE MODELS

A virtue of the Bock and Yates (1973) program is its ability to perform the
tedious construction of the x; ;- automatically.

6.6 Interpret the parameters 732 and y$? of Table 6.18 in terms of log odds
or cross-product ratios.

Solution

In the case of y57,

ViL = (;73733 Z Z Z Z ahqp log M iy

i j ok

l 1
= § Z Z E (Tfing)?l(a),k + T(32)(13)1k)

1
=12 (T(lz)us) + 7(32)(13))

for 4, and (B,, C,,) are conditionally independent given D,,.
In the case of y5?2,

Véll) = y Z Z Z Z ‘hfzqg log Mk
3 3 i j k1

AB
Z Z (Tuz)usm + T3ar3yi)
i

el |

CD-B
13)~j + 7(31)(13)',')-

NJ'—

"3 Tn

6.7 Derive Table 6.28 and Table 6.29.

w J

Solution

The MULTIQUAL program of Bock and Yates (1973) or the program in
the Appendix can be used. Both programs require expanded storage capacity
for this problem. Given Table 6.27, implementation is straightforward. The
key observation is that the counts ngy,.4 can be transformed toa 16 by 42 array
of counts n », with the 16 corresponding to all values of a, b, ¢, and d and the 42
corresponding to all values of s and y. For example, one can let n¥. = Nsyabed
ifj*=21(s— ) +vyvand i*=8ua—1)+4b—1)+2(c— 1)+ d. In Table
6.29, only 11 of the Xy, in Table 6.27 are required, while in Table 6.28, all
the x, 4.4, are needed.

6.8 Show that (6.20) and (6.21) hold.
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Solution
Observe that in (6.19),

s~ 1 2(r—1)
log mij =1 + Z lﬁxﬁ, + Z kaijk’
k=1

i=1

where x%.is 1 for j = j,0forj # j,j < s,and —1 for j = s. Thus
mf — il =3 Y xfohy =3 Y xfony = nf — n}
i J i
and (6.21) holds. Since
S b= N =Y nt
j

j

it follows that (6.20) must hold.



7 Incomplete Tables

Incomplete contingency tables are those in which some cells are ignored.
The cells may be ignored because they are unobserved, because they pertain
to events that cannot occur, or because they are unusual in other respects.

A large fraction of current literature on incomplete tables has been devoted
to two-way tables with excluded cells. In this literature, an additive log-
linear model has been used which is based on the one used in Chapter 2 of
Volume 1 with complete tables. The resulting models, called quasi-inde-
pendence models, have been discussed by Caussinus (1965), Goodman
(1968), Bishop and Fienberg (1969), and Bishop, Fienberg, and Holland
(1975, pp. 177-210), among many others. Two examples of use of these
models are provided in Sections 7.1 and 7.2.

A limited literature exists concerning incomplete three-way or higher-way
tables. In this literature, models are based on the hierarchical log-linear
models of Chapters 3 and 4. Fienberg (1972a, b), Haberman (1974a, pp. 228-
302), and Bishop, Fienberg, and Holland (1975, pp. 210-228) have examined
such models. Section 7.3 illustrates use of these models.

Incomplete tables can also arise in multinomial response problems. Bock
(1975, pp. 538-541) and Bock and Yates (1973) consider this possibility.
Section 7.4 provides an example involving an ordered classification.

7.1 Incomplete Two-Way Tables and Migration

Table 7.1 provides a simple example of an r x s contingency table in
which log-linear models for incomplete tables can aid in analysis. The
observations compare current residence and residence at age 16 for subjects

144
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in the 1974 General Social Survey who were residing in the United States at
age 16. Variables such as age or sex which may affect responses in this table
will be investigated in Section 7.4.

The row and column variables are obviously dependent, but much of this
dependence follows from the fact that 82 percent of the subjects interviewed
still live in the region in which they were living at age 16. A more subtle issue
to investigate is the relationship between residence at age 16 and current
residence, given that the two are different. For assessment of this relationship,
a table of migrants may be formed, as in Table 7.2.

To construct a model for Table 7.2 to express lack of relationship between
former and current residence, given that they differ, let A, denote the region
of residence of subject h, 1 < h < N = 1430, at age 16 and let B, denote the
current regton of residence. Let 4, = 1 if the former residence is the Northeast,
let A, = 2 if the former residence is the South, etc. Let B, be defined in a
similar manner, so that B, = 1 if the current residence is the Northeast,
B, = 2 if the current residence is the South, etc. For i # j, let n;; be the

Tuble 7.1

Subjects in 1974 General Social Survey Cross-Classified by Residence at Age
16 and Current Residence, Excluding Subjects Resident in Foreign Countries
at Age 16%*

Current residence

Residence
at age 16 Northeast South North Central West  Total
Northeast 263 22 14 13 312
South 26 399 36 30 491
North

Central 10 41 368 46 465
West 1 8 5 148 162
Total 300 470 423 237 1430

“ Data tape from the 1974 General Social Survey of the National Opinion
Research Center, University of Chicago.

b Regions are defined so that the Northeast includes New England and the
Middle Atlantic States, New York, New Jersey, and Pennsylvania. The South
includes the District of Columbia, the South Atlantic states Delaware,
Maryland, West Virginia, Virginia, North and South Carolina, Georgia, and
Florida, and the South Central states Kentucky, Tennessee, Alabama,
Mississippi. Arkansas, Oklahoma, Louisiana, and Texas. The North Central
region includes Wisconsin, Illinois, Indiana, Michigan, Ohio, Minnesota,
Iowa, Missouri, North and South Dakota, Nebraska, and Kansas. The West
includes the Mountain states Montana, Idaho, Wyoming, Nevada, Utah,
Colorado, Arizona, and New Mexico and the Pacific states Washington,
Oregon, California, Alaska, and Hawaii.
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Table 7.2

Subjects in 1974 General Social Survey Resident in the United States at Age
16 in a Different Region Than Their Current Residence

Current Residence

Residence
at age 16 Northeast South North Central West  Total
Northeast - 22 14 13 49
South 26 - 36 30 92
North

Central 10 41 — 46 97
West 1 8 5 -- 14
Total 37 71 55 89 252

number of subjects h with A, = i and B, = j. Let n;; = 0. Assume that given
the B,, 1 <h < N = 1430, the A, are independently distributed with
probability p#;® that A, = i if B, = j. For i # j, assume p{;® > 0.

Independence of residence at age 16 and current residence implies that
p? is independent of j. Although independence does not hold, one con-
sequence of independence should be noted. Let m;; be the expected value of
n;;, given that n? subjects have current residence B, = j different from former
residence 4,. Then

m;; = nfpf-i}B/(l - Pﬁ}B)a i #
=0, i=].
Note in this formula that given that B, = j, 1 — p/? is the probability that

A, #j and for i # j, pAP/(1 — ptF) is the conditional probability that
A, = i given that 4, # j. Under independence,

PAENL — piPy = pfPiL — pid),

so that
logm;=A+ A+ A%, i#], (7.1)
for some 4, A/, and A? such that
YA =Y =0 (7.2

Indeed, one may let
A =5 log pit + 3 ) log[nj/(1 — pi)],

7

A= pt¥ — ) log ptt,

A5 = log[nf/(1 — p$)] — & Y log[n}/(1 — pi'i")]

7
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Equations (7.1) and (7.2) may hold without independence holding. All
that is implied is that

P?}B = ¢/(1 — Cj)3 [ #],
where the ¢, are positive numbers such that

Zci = 1.

Under independence, ¢; = p#&. More generally, it is easily shown that
€, = explit)| Y explt)

(see Exercise 7.1). The model defined by (7.1) and (7.2) has been used by
Savage and Deutsch (1960) and Goodman (1963, 1964) in analysis of trans-
action flows and by Goodman (1965, 1968, 1969) in analysis of social-
mobility tables.

The model is an example of a quasi-independence model for an r x s
contingency table. In such a model, counts n;, 1 <i<r, 1 <j<s, are
observed. The counts n;; are 0 for (i, j) not in I and have respective means
m;; for (i, j) in I. It is assumed that

logmy = A+ A% + A% (i,j)in I, (1.3)
for some 4, A, and 1% such that

SH=Y1E=0 (714

The counts n;; may be independent Poisson variables, they may form a table
with a multinomial distribution, each row of counts n;;, 1 < j < s, may have
an independent multinomial distribution, or each column of counts n;;,
1 < i < r, may have an independent multinomial distribution. If I includes
all pairs (i, j), | <i<r, 1<j<s, then the quasi-independence model
reduces to the independence model of Chapter 2. If r = s = 4 and I contains
the pairs (i, j), | <i < 4,1 <j < 4,i # j, then one obtains the model of (7.1)
and (7.2).

Maximum Likelihood Equations

In a quasi-independence model, the row marginal totals ;! for the table of
estimated means Ay, are equal to the observed row marginal totals nf* of the
table and the column marginal totals ¥ for the table of estimated means are
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equal to the observed column marginal totals n?. More formally,
mi = nf, 1<i<r, (7.5)
m¥ = n?, 1<j<s, (7.6)
;= 0, (i, jynotin I, (1.7)
logy; =4+ +2%  (,jinl, (7.8)
Yi=Yi¥=o (7.9)

The arguments used in Section 2.6 of Volume 1 to derive maximum likelihood
equations for the independence model require only minor changes to lead to
these maximum likelihood equations. In the case of (7.1) and (7.2), one finds
that

I’f’l,{izni, 1Si$4,
~B B .

i = nj, 1<j<4,
my; = 0, 1<i<4,

IOgmij:j-"}'ziA'sz, [ #J; sz=ZZf=O.
i J

These formulas are equivalent to formulas derived by Savage and Deutsch
(1960) and Goodman (1963, 1964) in connection with transaction flow
analysis. Equivalent formulas are obtained by Watson (1956) in the case in
which I consists of all (i, j) such that i > 1 orj > 1.

Kastenbaum (1958) obtains an equivalent formula in the case in which
r# 2,cis4,and I contains all pairs (i, j), | <i <2,1 <j <4, except(l, 1)
and (2, 2). Detailed discussion of these formulas for general quasi-indepen-
dence models appear in Caussinus (1965) and Goodman (1968), both of
whom provide further references to earlier literature.

Iterative Proportional Fitting

Unlike the independence model, the quasi-independence model generally
does not have maximum likelihood estimates expressed in closed form. In
particular, maximum likelihood estimates for the proposed model for Table
7.2 cannot be found without iterative computations. Two general approaches
are commonly used. The simplest is a version of iterative proportional
fitting first applied to quasi-independence models by Goodman (1964). As
in Chapters 3 and 4 of Volume 1, iterative proportional fitting does not help
in computation of asymptotic variances, but it is easily implemented with
common computer packages such as those described by Haberman (1972,
1973b) and Fay and Goodman (1975). Brown (1977) is also of interest.
Convergence proofs may be found in Darroch and Ratcliff (1972) and
Haberman (1974a, pp. 65-66).
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Table

7.3

Use of lterative Proportional Fitting to Obtain Maximum Likelihood Estimates

Jor the Quusi-Independence Model for Table 7.2

i Mo Mizg M3 Migo mi nf
i 0 1 I 1 3 49
2 1 0 1 [ 3 92
3 1 I 0 1 3 97
4 I I 1 0 3 14
Total: 3 3 3 3 12 252
Corresponding
n? 37 71 55 89
i iy LOPR M3z M4y mi n
| 0 16.333 16.333 16.333 49.000 49
2 30.667 0 30.667 30.667 92.000 92
3 32.333 32.333 0 32.333 97.000 97
4 4.667 4.667 4.667 0 14.000 14
Total: 67.667 53.333 51.667 79.333  252.000 252
Corresponding
n? 37 71 55 89
i Mizz Mz LUEY Migs mf nf
1 0 21.744  17.387 18.324 57.454 49
2 16.768 0 32.645  34.403 83.817 92
3 17.680 43.044 0 36.273 96.997 97
4 2.552 6.212 4,968 0 13.732 14
Total: 37.000  71.000 S55.000 §9.000 252.000 252
Corresponding
n? 37 71 S5 89
] Moy 2010y M3y Mgy mﬁlo; nt
1 0 19.397 14.310 15.295 49.000 49
2 17.929 0 35.789 38.253 92.000 92
3 16.616 44,959 0 35.451 97.000 97
4 2.456 6.644 4.902 0 14.000 14
Total: 37.004 70.952 55.037 89.007 0 252
Corresponding
n? 37 71 55 89

!

449
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For a review of earlier proofs, which are either less general or less rigorous,
see Fienberg (1970). Various algebraically equivalent approaches are found
in the literature. A reasonable approach found in Caussinus (1965) lets

PN A/ A
mij() = 1’ (1741) n 15 mij(x+ 1y = mij,n,- /ml',, t even,
= 0’ (ls J) nOt In Iﬂ = mijl nf/mﬁq t Odd.

A summary of computations for Table 7.2 is provided in Table 7.3.

The Newton—Raphson Algorithm

The Newton-Raphson algorithm is easily adapted for use with quasi-
independence models. For 1 < k < r, let

Xijk =

Note that
logm; =o; + > BrXijks
h=1
wherea; = A + AJand B, = A1, 1 <k <r — 1. Let
Yijo = lOg(nij + %), (i, )in I,
=0, (i.j)notin I,
Mo = Ny + 3 (i, H)in I,
= 0, (i, ) notin I.
zi; =1, (i, Hin I
0, (i, j)ynotin I.

Consider the regression model
r—1

Yio =+ Y Bux + gy (L) in
k=1
=0, (i, j) notin I,

where the ¢,;; are independent and have respective means 0 and variances
m;o. The estimates f,, of B, 1 < k < r — 1, obtained from the model are
given by the equations

ZSkIOﬁIO = Wio> l<k<r-—1,
I
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where
Wro = Z Z (Xijx = Oiko)yijomijos
i

Spo = Z z (i — Bjko)(xijl - szo)mijo,

i
and
Oio = Z xijkmijo/z Mijo .
; f
Given o, 1 < k <r — 1, one may let

vijo = 2. BroXij = Bio- i<,

k
r—1

:_Zﬁko, i=r,
k=1

Gjo = n3/Y;z;;€Xp v;j0, and m;; = z;;9;0 €Xp v;jo- Similarly to the Newton-
Raphson algorithm of Chapter 6, the next iteration produces new approxi-
mations f§,, of ;. 1 <k <r — 1, where i, = Pro + k1>

Y Sudy = ay, 1<k<r—1,
1

Ay

Zi:;xijk("u — my),

St = ng:(xijk — 05 )X — O50)my;4,
and |

O = ;.xijknzijl/; mg, = (nd)~! ;x‘-jkmm.
Given f,, 1 <k <r — 1,

Uiji = z ﬁklxijk = Bt i<r,
k
r—1

_ZBkh I =,

k=1

gp = nf/z Zij CXP Uijrs and Mz = Z;j9 ;1 €XP Vjj1-

As is evident from Table 7.4, further iterations are unnecessary. Thus con-
vergence is much more rapid than in the case of iterative proportional
fitting.

The algorithm described here may be implemented by use of the program
in the appendix or by use of Bock and Yates (1973). Thus a large number of
programs are available for computation of maximum likelihood estimates
under quasi-independence.
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Tests of Fit

The Pearson and likelihood-ratio chi-square statistics are readily applied
to quasi-independence models. The only complication that may sometimes
arise involves degrees of freedom. If

i
1s used to denote summation over pairs (i, j) in I, then

A \2
X2=3%% (n;’Am—”) and L*=2Y3"ny; log<@).
i m; ] m;
Normally, if I has g elements, then the degrees of freedomareq — r — s + 1.
For example, in Table 7.2, I has 12 elements and r = s = 4, so that the
degrees of freedom are 12 —4 — 4 + | = 5. In Table 7.2, X* = 13.4 and
L? = 13.5, so that the observed significance level is about 2 percent under
either chi-square statistic. Thus the quasi-independence model does not
appear adequate.
Unfortunately, this normal formula for degrees of freedom is not always

correct. The formula only holds if the following conditions hold:

(a) Each row i contains some cell (i, j) in 1.

(b) Each column j contains some cell (i, j) in 1.

(c) The table is inseparable [see Goodman (1968)]. That is, for each
distinct (i, j) and (k, [} in I, a series of elements (i,, j,), | <t < u, of I exist such
thati, =i,j, = j,i,=k.j,=Landforl <t <u— 1,i,=i,,00j,=j -

If these conditions are satisfied, one may then say that (i, j) and (k, [) are
connected [See Fienberg (1972b) or Bishop, Fienberg, and Holland (1975,
p. 182) for discussion of origins of this term].

All these conditions are satisfied in Table 7.2. Conditions (a) and (b) are
obvious. It is easily shown that condition (¢) may be verified by choosing a
fixed (i, j) in I and showing that for any other (k, I) in I, (i, j) and (k, [) are
connected. For instance, in Table 7.2, one may let (i, ) = (2, 1). If (k,[) = (2, 3),
then (i, j;) = (2, 1), (i,, j;) = (2, 3) is a suitable sequence connecting (2, 1)
and (2, 3), while if (k, [} = (4, 3), then (i}, j;) = (2, 1), (i3, /,) = (2, 3), (i3, J3)
= (4, 3) 1s suitable. The diagram in Table 7.5 may be helpful. Note that if
the table is viewed as part of a chessboard, then inseparability holds if a rook
can move from (i, j) to (k, [) by always stopping at spaces in . For further
examples and discussion of degrees of freedom in incomplete two-way
tables, see Goodman (1968), Haberman (1974a, pp. 245-264), and Bishop,
Fienberg, and Holland (1975, pp. 182-185, 187-188) and Exercises 7.2 to 7.4.
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Table 7.5
Verification That Table 7.2 Is Inseparable’

J
i ! 2 3 4
1 X *
2 X
3 X
4 X

“ If one can travel from one dot at (i, j) to another at (k, )
along a connected sequence of lines, then (i, j) and (k, /) are
connected. Note that a move from one line to another can
only occur at a dot. Thus one may travel from (2, 1) to (3, 3)
but not from (2, 1) to (3. 2) by way of (2, 2). The table is
inseparable if one can go from any dot to any other dot along
a sequence of lines.

Use of Adjusted Residuals and Linear Contrasts

Adjusted residuals for Table 7.2 are shown in Table 7.6. They are obtained
from the formula

Fij = (”ij - mij)/éilj/z, i #J,

where

¢ = mijl:l - ﬁ’ij/"? - ;zl:(xijk - gjk)(xijl - ()ﬂ)g"’:l’

()jk = (”f)_l Z xijkrhij,

Skl = ZZ(xijk — O)(xi5 — Dj!)mijv
toJ
and S, 1 <k <r— 1,1 <! <r — 1, are the elements of the inverse of the
matrix § with elements §,,, | <k <r— L1 <l<r—1.

Four adjusted residuals are large. They are associated with a residence
at age 16 in the South or North Central region and a current residence in
the Northeast or West. The suggestion from the pattern of signs of r,;, ry,
24, and rj, is that residents of the Northeast are relatively more likely to
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Table 7.6

Adjusted Residuals for the Quasi-Independence Model for Table 7.2

Current residence

Residence

at age 16 Northeast South North Central West
Northeast - 093 —0.12 —0.80
South 3.07 - 0.07 —2.57
North Central -2.51 —1.35 3.22
West —1.06 0.77 0.06 —

come from the South rather than the North Central region than are residents
of the West. Consider the log cross-product ratio

log(ny; + %) — log(ny, + %) — log(n,s + 3) + log(nys + 3),

My [Myy . .
log(—/—=%) = 133, — 133%.
My, [ M4

This estimate is 1.35, and the corresponding EASD

which estimates

1 1 1 1 vz
1 + 1 + 1 + 1
hyyt2 N3y +3 Ryt 3 Nyt
is 0.43. Thus the standardized value of the cross-product ratio is 1.35/0.43 =
3.11. Even given the problem of post hoc examination of data, this contrast
appears important. Thus failure of the quasi-independence model appears
to largely involve this interaction between origin in the South or North

Central region and current residence in the Northeast or West. Exercise 7.7
may be instructive in this regard.

7.2 Quasi-Independence, Age at First Marriage and Current
Age

The 1974 General Social Survey asked ever-married respondents for age
at first marriage and current age. Obviously, these variables are not in-
dependent, for age at first marriage cannot exceed current age. Nonetheless,
the question still remains whether age at first marriage has any further
relationship to current age. To help investigate this situation, consider
Table 7.7, in which responses of ever-married women are tabulated. A similar
analysis for men is developed in Exercise 7.8.
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Table 7.7

7 INCOMPLETE TABLES

Ever-Married Women in 1974 General Social Survey, Cross-Classified by Age at First
Mauarriage and Current Age

Age at Current age
first

marriage <20 21-25 26-30 3140 41-50 51-60 61-70 =7l Total
<20 9 43 51 103 68 65 39 22 400
21-25 - 20 40 53 45 43 24 26 251
26-30 - - 3 4 5 7 12 7 38
>31 — — 1 3 9 4 4 21
Total: 9 63 94 161 121 124 79 59 710

Let A, denote the age group at marriage of ever-married woman h,
I < h < 710, and let B, denote the current age group of woman A, so that if
her age at marriage is between 21 and 25 and she is currently between 41 and
50, then A4, =2 and B, = 5. Let p#;® denote the conditional probability
that A, = i given that B, = j. Let n;; be the number of women with age group
at marriage 4, = i and current age group B, = j, so that n,, = 45. Assume
that the pairs (A4,, B,) are independent and identically distributed, so that the
table of counts n;; has a multinomial distribution. Let m;; be the expected
value of n;;.

A simple quasi-independence model for these data assumes that

so that for i and j less than or equal to k, the log odds
1k = log(pfif/piiP) = log(my/my) = At — 4}

does not depend on k.

For example, it is assumed that for each group k of women who are at
least 26, the relative log odds 4.8, of marriage by 20 rather than marriage
between 21 and 25 is constant. This assumption might in principle lead to
problems for women who married when more than 30 since the older the
respondent the more years exist after age 30 in which a first marriage is
conceivable. Nonetheless, the practical problem is actually negligible; only
two women in the sample married for the first time after they were 40.

Closed-Form Estimation

As in Section 7.1, one can use the Newton—Raphson or iterative pro-
portional fitting algorithm with Table 7.7; but, it is possible to obtain exact
maximum likelihood estimates for the quasi-independence model of Table
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7.7 in a finite number of steps. This table is one of many incomplete tables such
that maximum likelihood estimates under quasi-independence can be
expressed in closed form. Among the many authors who have developed
such closed-form expressions are Waite (1915), Watson (1956), Kastenbaum
(1958), Caussinus (1965), Asano (1965), Goodman (1968), Bishop and
Fienberg (1969), Haberman (1974a, pp. 266-282), and Bishop, Fienberg,
and Holland (1975, pp. 192-206). Exercises 7.9, 7.10, and 7.11 provide some
examples of such closed-form expressions of maximum-likelihood estimates.

To obtain maximum likelihood estimates for Table 7.7, it is only necessary
to consider the n;; for i < j. For such i and j, let

mij] = n
2 2 8
1}2 - Zmul> Zmi'jl)/ z Zmi'j’l’ !23’ .]st
i=3 =1 i'=1 j=3
= my;y, otherwise,
3 8
my = Z m;; Z m; )/ Z Z Mo, i>4, j<3
=4 =1 =1 j=4
=my,, otherwise,
8 4 4 8
Mmyja = | 2 m,-,-»;)( > ’"u‘u's)/ Y XMy, P25,
i=5 =1 =1 j=5
= my;;, otherwise.

Then the maximum likelihood estimate #;; of m;; is m;;,. Results are sum-
marized in Table 7.8. The chi-square statistics for testing goodness of fit are

min(j— 1.4)

Z z (nij - m,‘j)z/mij = 293

and

8 min(j—1,4)

L*=2Y Y. nylog(ng/my) = 279.
j= =1

As noted by Caussinus (1965), among others, the general formula for degrees
of freedomis ¢ — a — b + s, where g is the number of elements in the index
set 1, a is the number of rows i such that some (i, j) is in I, b is the number
of columns j such that some (i, j) is in I, and s is the largest number of cells
(i;,J.), 1 <t < s, such that (i, j,) and (i,, j,) are not connected for ¢ # t'.

The set I in this example includes the pairs (i, j), 1 <i <j <8 and
1 <i<4,sothatqis22,ais4,bis 7, and s is 1. Thus there are 12 degrees
of freedom. Note that s = 1 if the table is inseparable. The chi-square



458

Table 7.8

7 INCOMPLETE TABLES

Computation of Maximum Likelihood Estimates for Table 7.7 under Quasi-Independence®

Age at Current age
first

marriage [teration <20 21 25 26 30 31-40 41 50 51-60 61-70 =71
<20 1 4300 51.00 103.00 6800 6500 3900 22.00
2 4300 5469 9376 6792 6491 3787 28.85
3 - 43.00 5469 8973 6618 6449 4206 30.84
4 43.00 5469 8973 6431 6591 4199 3136
21-25 1 - 4000 53.00 4500 4300 2400 26.00
2 - - 3631 6224 4508 43.09 2513 19.15
3 - - 3631 5956 4393 4281 2792 2047
4 — — 36.31 5956 4269 4375 2787 2082
26 30 1 — - 4.00 5.00 7.00  12.00 7.00
2 — - 4.00 5.00 7.00  12.00 7.00
3 - 10.71 7.90 7.70 5.02 3.68
4 - - 10.71 7.67 7.86 5.01 3.74
>3l 1 — — 3.00 9.00 4.00 4.00
2 — 3.00 9.00 4.00 4.00
3 3.00 9.00 4.00 4.00
4 6.32 6.48 413 3.08

“ Entries arc values my,,.

statistics are significant at about the 0.005 level, so there appears to be sub-

stantial evidence against the quasi-independence model.

To examine the model failure more closely, consider the adjusted residuals
in Table 7.9. These adjusted residuals can be obtained through an adaptation
of a formula in Haberman (1973a) for triangular tables or by use of general
formulas in Section 7.1. The only new point if the formulas in Section 7.1
are used is that only indices j between 2 and 8 need ever be considered in
computations, for there is no index (i, 1) in /. Note that the adjusted residual

Table 7.9

Adjusted Residuals for the Quasi-Independence Model for Table 7.7

Age at Current age
first
marriage <20 21 25 26-30  31-40 41-50 5160 61 70 >71
<20 - —0.86 2.46 0.75 —0.18 —0.72 —2.57
21-25 0.86 —1.25 0.49 —0.16 -097 1.48
26- 30 — - —2.55 —1.13 —0.36 349 1.84
>31 - — —1.64 1.24 —0.07 0.58
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r, is undefined since 77, is always equal to n,,. Several of the adjusted
residuals are rather large in magnitude. The overall pattern provides some
suggestion that age at marriage tends to decrease as respondents become
younger. This possibility is considered in more detail in Section 7.4.

The two examples of quasi-independence models presented in this section
and in Section 7.1 should be regarded as only a limited introduction. In these
sections, a plausible quasi-independence model is given in advance. Other
problems can arise in which quasi-independence is thought to be helpful
but the choice of the set I is unclear. Such problems have been treated in
various ways by Goodman (1965, 1969, 1971) and Fienberg (1969), among
many others.

7.3 Hierarchical Models for Incomplete Multi-Way Tables

Analysis of incomplete multi-way tables by hierarchical models is quite
similar to analysis of complete multi-way tables by hierarchical models.
Occasional new complications involves difficulties in determination of
degrees of freedom for chi-square statistics and in estimation of A-parameters.

The literature to date is somewhat less extensive than is the literature for
quasi-independence models for incomplete two-way tables. Available
references include Fienberg (1972a,b), Bishop, Fienberg, and Holland (1975,
pp. 210-256), Goodman (1975), Haberman (1974a, pp. 228-302), and
Duncan (1975). All these references consider the iterative proportional
fitting algorithm used in this section. Very little literature appears to deal
with the Newton—-Raphson algorithm for incomplete tables explored in this
section, although the algorithm of Bock and Yates (1973) can be used with
incomplete tables.

As an example of a hierarchical model for an incomplete table, consider
the log-linear model

logmy =A+ A+ A2+ 3+ A8+ 285+ 25, i<y,
ZA;‘:ZJ?:?AS =Y =Y
i J t J

SY A=Y =T =TT =0,
i k J k
for Table 7.10.

Here m;; is the expected value of n;;, and n;;, is the observed number of
ever-married subjects h with age group A, = 1 at first marriage, current
age group B, =j, and sex S, = k. Note that n;,, = 24 and that n;; =0
fori > j.



460

Table 7.10

7 INCOMPLETE TABLES

Ever-Married Subjects in 1974 General Social Survey, Cross-Classified by Age at First

Marriage, Current Age. and by Sex

Age at Current age
first

Sex marriage <20 21-25 26-30 31-40 41-50 51-60 61-70 =71  Total
Female <20 9 43 51 103 68 65 39 22 400
21-25 - 20 40 53 45 43 24 26 251
26-30 - 3 4 S 7 12 7 38
>31 - ! 3 9 4 4 21
Total: 9 63 94 161 121 124 79 59 710
Male <20 2 24 21 30 22 19 16 11 145
21-25 — 23 34 62 49 50 38 19 275
26-30 — 3 10 20 27 23 19 102
>31 — — — 4 10 15 17 11 57
Total: 2 47 58 106 101 111 94 60 579
Total <20 11 67 72 133 90 84 55 33 545
2125 — 43 74 115 94 93 62 45 526
26-30 — - 6 14 25 34 35 26 140
>31 5 13 24 21 15 78
Total: 11 110 152 267 222 235 173 119 1289

To help interpret this model, consider age groups at first marriage i and i'.
Let j be a current age group such that i < jand i < j. Let pf;?° be the con-
ditional probability that subject h was first married at age A, = i given
k. The log

that the current age is B, = j and that the subject is of sex S, =
odds of first marriage at age i rather than i’ is

B = log(pti2/pt:

BSy _

- jk

log(muk/mx _}k) - IOg muk -

log m; 4.

The variation in this log odds resulting from a change from sex §, =1

tosex S, =21s

A-BS

AS'B -
Tiin2yj = Tijn —
= log mijl

which is equal to A%

A-BS
i’ j2

— log m;.

— AT - A5+ A8

— log m;;, + log m;;,,

. . ot . AS'B
.Thus for i < jand i’ < j, 132y

is independent of current age j. Thus the interaction between sex and age
at first marriage is independent of current age.
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Maximum Likelihood Estimation

As usual, the first step in examination of the proposed log—linear model is
computation of maximum likelihood estimates ##;; . Two possible methods,
iterative proportional fitting and the Newton-Raphson algorithm, are
available.

Iterative Proportional Fitting

Except for the choice of starting value, iterative proportional fitting
proceeds just as in a model for a complete three-way table in which there is
no three-factor interaction. One may let

Mo = 1, i <j,
=0, i>],

My = Myjro nf}”/m{}‘g,

Mijua = mijklngcs/m;'fls

Mijks = My nﬁks/mﬁ(SZS

Mija = Mijks n{}B/mf}g,
etc.

Results are summarized in Table 7.11. Standard computer algorithms for
iterative proportional fitting can perform these calculations with little
difficulty. The general rule is that iterative proportional fitting for a hierar-
chical model for an incomplete multi-way table is the same as iterative
proportional fitting for a complete table, except that the initial values for
cell means are 1 if the cell mean is not assumed 0 and O if the cell mean is
assumed 0.

Unfortunately, currently available algorithms using iterative propor-
tional fitting do not provide parameter estimates and do not necessarily
yield the correct degrees of freedom for chi-square tests. Thus these algorithms
are less useful than in the case of complete factorial tables.

The Newton—Raphson Algorithm

Due to problems of identifiability of parameters, use of the Newton-
Raphson algorithm requires care. The simplest approach involves use of
sex S, as a response variable and ages 4, and B, as predictor variables. Thus

11

_ AB .

log m;; = ofi® + Zﬁ,xijk,, i <j.
=1



Table 7.11

Results of Iterative Proportional Fitting with the Quasi-Independence Model of Table 7.10°

Age at Current age
first
Sex marriage Iteration <20 21-25 26-30 31 40 41-50 51-60 61-70 =>7I
Female <20 0 1.00 100  1.00 100 100 100 100 1.00
1 5.50 3350 3600 6650 4500 4200 2750 16.50
2 807 49.17 5284 9761 6606 6165 4037 2422
3 9.00 4445 5533 9970 6595 6280 3747 2516
9 9.00 4541 5462 99.18 6603 6242 3854 2478
21-25 0 0.00 100 100 100 100 100 100 1.00
1 0.00 2150 3700 5750 47.00 4650 31.00 2250
2 0.00 2052 3531 5488 4486 4438 29.59 2147
3 0.00 1855 3697 5605 4478 4521 2746 2231
9 0.00 1759 3759 5644 4468 4532 2700 2239
26-30 0 000 000 100 100 1[.00 1.00 100 1.00
1 000 000 300 700 1250 17.00 17.50 13.00
2 000 000 163 380 679 9623 950 7.06
3 000 000 171 388 677 940 882 7.33
9 000 000 179 397 677 954 842 7.51
>31 0 000 000 000 100 100 100 1.00 1.00
1 000 000 000 250 650 1200 10.50 7.50
2 000 000 000 135 350 646  5.65 4.04
3 000 000 000 137 349 658 525 4.20
9 000 000 000 1.41 3.51 6.71 5.04 432
Male <20 0 1.00 1.00  1.00 100 100 1.00 100 1.00
1 5.50 3350 36.00 6650 4500 4200 2750 16.50
2 293 1783 19.16 3539 2394 2235 1463 8.78
3 200 2079 17.86 3430 2399 2190 15.65 8.47
9 200 21.58 17.39 3383 2397 2159 1642 8.23
2125 0 000 100 100 100 100 100 100 1.00
1 000 2150 37.00 5750 4700 4650 31.00 2250
2 0.00 2248 3869 60.12 49.14 4862 3241 2353
3 0.00 2621 3607 5827 4924 4764 3467 22.69
9 000 2542 3640 5855 4932 4768 3500 2261
26-30 0 000 000 100 100 100 100 1.00 1.00
1 000 000 300 700 1250 1700 17.50 13.00
2 000 000 437 1020 1821 2477 2550 1894
3 000 000 408 989 1825 2427 2727 1827
9 000 000 421 1003 1823 2446 2660 1848
>31 0 000 000 000 100 100 100 100 1.00
I 000 000 000 250 650 1200 10.50 7.50
2 000 000 000 365 9350 1754 1535 1096
3 000 000 000 354 952 17.19 1641 1057
9 000 000 000 359 949 1728 1597 10.68

“ Entries are values of m;j,.

462
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Here
aff = A+ A+ A2+ A55
B =A%, I=1,
=A%, 2<1<4
=285 4 S<i<1l.
Forl=1,
Xijklz 1, k=1,
= —1, k=2
For2 <1l<4,
X = 1, i=1l—1 and k=1 or i=4 and k=2,
= 0, l:/:I_l, 1339

= -1, i=4 and k=1 or i=[l—-1 and k=2

For5 <1< 11,
X = 1, j=1—4 and k=1 or j=8 and k=2,
=—1, j=8 and k=1 or j=I1—-4 and k=2

[
L

Results are summarized in Table 7.12 and in Table 7.13. Computations may
be accomplished by use of the program in the Appendix or by use of Bock
and Yates (1973). As described in Exercise 7.12, some rearrangement of
subscripts is required for these programs. Since sex has only two values,
algorithms for logit analysis may also be employed.

Goodness of Fit

The Pearson chi-square statistic X2 and the likelihood-ratio chi-square
statistic L? are readily calculated given approximations for 7, #- One finds
that X2 = 13.6 and L? = 13.3.

There are 52 cells of the table in which m; is not necessarily 0. These are
26 coefficients off® and 11 coefficients f,, so there are 52 — 26 — 11 = 15
degrees of freedom. Thus the observed fit is quite satisfactory. This appear-
ance is also supported by the adjusted residuals in Table 7.12. These residuals
are all modest in size, and no obvious patterns are present other than the
algebraic identities r;;; = —r;j, and ryy = —ryy = —ryy) = ri2;.

Inspection of the standardized values in Table 7.13 suggests that it may
be possible to obtain a model consistent with the data in which the A55-
parameters are assumed 0. On the other hand, the standardized values for
A5 and A4% are so large that removal of all A*5-parameters is not feasible.
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Table 7.12

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the Model of No
Three-Factor Interaction for Table 7.10¢

Age at Current age
first
Sex marriage <20 21 25 26-30 31-40 41-50 S51-60 61-70 >71
Male <20 9.00 4300 51.00 10300 6800 6500 3900 2200
900 4542 5462 99.18 6604 6242 3856 2478
- —-1.04 —138 1.16 0.65 0.86 017 —134
21-25 — 2000 4000 53.00 4500 43.00 2400 26.00

— 17.58  37.60 5644 4468 4532 2699 2239
— 1.04 090 -—-1.03 010 -073 —1.08 1.52

26--30 — — 3.00 4.00 5.00 7.00 12.00 7.00
— — 1.79 397 6.78 9.54 8.41 7.51
— — 1.14 002 -094 —-120 .77 —0.28

>3l — — — 1.00 3.00 9.00 4.00 4.00
- - — 1.41 3.51 6.72 5.03 432
— — - —-043 -0.36 132 —-064 —-022

Female <20 200 2400 2100 3000 2200 19.00 16.00 11.00
200 2158 17.38 3382 2397  21.58 16.44 8.22
1.04 138 —116 —-065 —-08 —0.17 1.34

21-25 -- 2300 3400 6200 4900 5000  38.00 19.00
— 2542 3640 5856 4932 4768 3501 2261
- —-1.04 -090 .03 -0.10 0.73 108 —1.52

26-30 — — 3.00 1000 2000 27.00 23.00 19.00
— 421 10.03 1822 2446 2659 18.49
— —1.14 -0.02 0.94 120 —1.77 0.28

=31 — — — 4.00 10.00 15.00 17.00 11.00
— — 3.59 9.49 17.28 15.97 10.68
— — 0.43 036 —1.32 0.64 0.22

“ First line is observed count, second line is estimated expected counts, and third line is
adjusted residual.

Lack of estimates of A4-, 18-, and A4B-parameters may appear to result
from the particular implementation of the Newton-Raphson algorithm
that was employed; however, a much deeper problem is actually involved.
These parameters are not uniquely defined by the log means log m;;, i < j.
The basic problem is that the 26 parameters o’ = A + Af + A} + A4°
cannot simultaneously determine the 32 independent parameters 4, A7,

1<i<3, A 1<j<7andAff1<i<31<j<T
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Table 7.13

Estimated Parameters for the Model of No
Three-Factor Interaction for Table 7.10

Standardized

Parameter Estimate EASD value
yH —0.109 0.065 —1.67
A3 0.640 0.057 11.14
P 0.084 0.054 1.55
A48 —0.361 0.081 —4.48
ABS 0.221 .0.345 0.64
A8S —0.159 0.104 —1.53
A5 0.041 0.095 0.44
A5 0.007 0.080 0.08
A8 —-0.024 0.084 —0.29
B3 —0.000 0.083 0.00
ABY —0.105 0.092 —1.15

Despite the difficulty in estimating A45-parameters, it is not difficult to
use results of Section 7.2 and Exercise 7.8 to show that the A;® parameters

and the A/?° parameters cannot all be 0. If all such parameters were O,

then one would have

log myp = (A+ &) + A + 435 + (A + 2, i<
The results of Section 7.2 imply that

logmy = A+ 4D+ A+ A5 + A7 + 2%, i<,

is not a viable model for the observations n,;,, i < j. Similarly, Exercise 7.8
implies that

logmj, = (A + A + A + A5 + (A2 + 1), i<j,

is not a viable model for the observations n,;,, i < j. Therefore, the more
general model proposed for the n;,, i <j, 1 <k <2, cannot be used.
Thus no hierarchical log-linear model can be expected to hold in which the
A4B_parameters are set to 0.

A Simpler Hierarchical Model

The only possibly viable hierarchical model simpler than the model of no
three-factor interaction assumes that

logmu =A+ A+ 23+ + 88+ 435, i<
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This model implies that given age A, at marriage, current age B, and sex
S,are independent. It is easily verified that the maximum likelihood estimates
i, for this model satisfy the equation

W = niPngSind.
(Note that nf{® = 0for i > j, so that iz, = 0 fori > j.)
As with hierarchical models for complete tables, it suffices to show that

for some 4, A4, 22, 13, A8, and 445,

lOg’;’ijk=Z+lf+Z’?+is+igB /{lk,

~AB _ _AB AS
mii =G, Hge = ":k s

i =% 4= ZP ZA Zzu Zz,k_gzguo.
i J J

To show that s, has the required form, note that

ABpaS 1, AB AB
Z nonge/ng = ni, Z n; ngnd = ng®,
B
and
* %
My Mg
]og< e )= 0,
mu kmuk
where
_ L AB_AS; A L
mf = ning’/nd, 1<,
_ AS; 4 L
= nj>/nf, i>]

As in Chapter 3 of Volume 1, it follows that for all i, j, and k, unique 4,
A8, 7828, 718 and 445 exist such that the required constraints on J-parameters
hold and
logmt, = 4 + A + A8 + 73 + 247 + A5,

Restriction to the case i < j leads to the conclusion that 7 satisfies all
maximum likelihood equations. Note, however, that the choice of parameters
A, 24, 3% and 1#¥ remains somewhat arbitrary. Many choices of mf%, are
possible.

Results for this model are summarized in Table 7.14 and Table 7.15. In
Table 7.14, it is helpful to note that the adjusted residual

s Mo = 1 o5 i<
T LS — P = 1 T

just as in the corresponding model for a complete three-way table. In Table
7.15, note that parameter estimates may be computed by use of the equation

log(rit;g 1 f1iti55) = 2@? ) = lOg(” /”




Tuble 7.14

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the Model of No
Interaction of Sex and Current Age for Tuble 7.10

Age at Current age
first
Sex marriage <20 21-25 26-30 31 40 41-50 51-60 61-70 >71

Female <20 900 4300 5100 10300 6800 6500 3900 2200
807 49.17 5284 9762 6606 61.65 4037 2422

064 —182 —-053 1.22 0.51 090 —-044 —-090

2125 2000 4000  53.00 4500 4300 2400 26.00

20,52 3531 5488 4486 4438 2959 2147
—0.16 .18 —040 003 -032 -—151 1.41

26-30 - -- 3.00 4.00 5.00 7.00 12.00 7.00

- 1.63 3.80 6.79 9.23 9.50 7.06

1.29 013 —-089 —-099 10 -0.03

>31 - 1.00 3.00 9.00 4.00 4.00

- — — 1.35 3.50 6.46 5.65 4.04

- -— — —-036 —-0.34 140 —-095 -0.02

Male <20 2.00 2400 21.00 3000 2200 19.00 16.00 11.00

293 17.83 19.16 3538 2394 2235 14.63 8.78
—0.64 1.82 053 —-122 —-051 -090 0.44 0.90

21-25 - 2300 3400 6200 49.00 50.00  38.00 19.00
- 2248  38.69  60.12  49.14 4862 324l 23.53
0.16 —1.18 0.40 —-003 032 1L.51  —1.41

26-30 - - 3.00 10.00  20.00 27.00  23.00 19.00
4.37 10.20 18.21 2477 2550 18.94
- -129 013 0.89 099 —1.10 0.03

>31 — - 4.00 10.00 15.00 17.00 11.00
- - 3.65 9.50 17.54 15.35 10.96
0.36 034 —140 0.95 0.02

Table 7.15

Estimated Parameters for the Model
of No Interaction of Sex and Current
Age for Table 7.10

Parameter Estimate EASD

P —0.133 0.043
pre 0.640 0.055
148 0.087 0.053
ER ~0.361 0.080
A8 —0.366 0.100

467
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Since the sum Y ; 4% = 0, it follows that

L& (nfs
A= 3 ‘Z 1og<n_—;s).

Since log(nA’/nfS) has estimated asymptotic variance (1/nfS + 1/n%5), 13
has estimated asymptotic variance

2% Li a1
V64 o \nfS T )

Given the formula for 13, it follows that

R 1 n{is R 1 4 nAS
’1;‘45 =5 log(,_l) - /{S =39 i’ 10g< )’
L) nfs 8 ,-; a

where ¢, is 3 if i = i’ and c;; is — 1 otherwise. Thus

4 1
Cl
; (11 nfg)
4 1 1/1 1

Since X2 =179, L*> = 17.6, and there are 22 degrees of freedom, the fit
remains quite satisfactory. Note that removal of the 7 independent param-
eters 277, 1 <j <7, has resulted in an increase of L? of only 4.30. It also
should be noted that the 1#° decrease in a fairly regular fashion as i increases.
Possible exploitation of thls fact is considered in the next section.

To interpret the estimates 145, note that the log cross-product ratio

2(}»

1
T 64,
1

T 64

AS-B A-BS
Tuina2rj = g1 — Uing2

= log m;;; — log m;.;; — log m;;, + log m; i,
— A = A S

measures the difference between the relative log odds of first marriage of
females at age i rather i’ given current age j and the corresponding log odds
for males of current age j. This difference is independent of j and is estimated
to be rather substantial. Note that in the most extreme case, for j > 4,

f(Ais‘t)(lz), = 2(415 — 145) = 2.013.

This estimate corresponds to multiplication of the odds ratio by e
7.49. The overall pattern suggested by the decreasing values of 145 is that
for all current ages, men tend to have their first marriage later than women.
Some check on the regularity of this phenomenon is made in the next section
where the hypothesis is tested that the A4’ are linear in i.

2-013
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Degrees of Freedom for Hierarchical Models for Incomplete
Multi-Way Tables

The reader should note that the correct degrees of freedom for chi-square
statistics are often far from obvious when hierarchical models for multi-way
tables are employed. Haberman (1974a, pp. 235-244) considers this problem
in detail. If all A-parameters in a hierarchical model are uniquely defined
by those cell means which are positive, then the degrees of freedom are the
degrees of freedom for the corresponding hierarchical model for a complete
table minus the number of cells with means of 0. For example, the complete
4 x 4 table corresponding to Table 7.2 has (4 — 1) x (4 — 1) = 9 degrees
of freedom under the additive model

logm; =21+ A + A%,

YAt =Y P =0,

There are 4 means set to 0, so there are 9 — 4 = 5 degrees of freedom. The
rule used here is essentially the only rule used in Haberman (1973b) to
compute degrees of freedom. Unfortunately, it is not uncommon for this
rule to be inadequate. Indeed, there are failures encountered in Sections 7.2
and 7.3. For example, in Section 7.3, the model of no three-factor interaction
has (4 — 1)(8 — 1)(2 — 1) = 21 degrees of freedom when applied to a
complete table. There are 12 cells with means of 0, so the degrees of freedom
should be 21 — 12 = 9. However, the correct figure is 15.

Simple improvements on the procedure’ of subtracting the number of
empty cells can be made. For example, one can infer the 15 degrees of
freedom in the model of no three-factor interaction by adding 6, the number
of m{i? equal 0, to the difference 21 — 12 = 9. Goodman (1968) and Bishop,
Fienberg, and Holland (1975, pp. 115-116, 218-219) provide some rules for
computation of degrees of freedom. Unfortunately, no simple rules for
degrees of freedom appear to be entirely adequate when the generating class
of the hierarchical model has at least three members. The only procedures
that will always work are based on algorithms for efficient solution of
simultaneous linear equations. They are far beyond the scope of this book.
Haberman (1974a) does describe a numerical technique that will always
work. The program in the Appendix does have provisions to provide correct
degrees of freedom; however, it is not completely immune from rounding
erTors.

It should also be noted that if the A-parameters are not uniquely determined
by the cell means which are positive, then interpretation of parameters
may become quite complex. Treatments such as in Haberman (1974a,
pp. 296-302) are far beyond the level of this book. Thus more caution should
be exercised in treatment of incomplete tables by hierarchical models than
is needed with complete tables.
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7.4 Models for Incomplete Tables with Ordered Categories

Models for complete tables with ordered categories are readily adapted
for use with incomplete tables with ordered categories. As an example,
constder a model for Table 7.10 of the form

logmyy = A4+ A+ 23+ 8 + A% +yldia., i<,

where g = 2i — 5 and g§ = 2k — 3 are scores for the categories of A4,
and S,. Thus the categories corresponding to age at first marriage have
respective scores —3, —1, 1, and 3. Thus the scoring is linear. In the case of
sex, males receive a score of 1 and females a score of — 1. The model proposed
simplifies the A*-parameters in the hierarchical model

logmg = A+ A+ A8+ 4 + 4% + 255

for

A = vSqta,

so that 245(q" — ¢7}) is the difference
AS‘B — ~ABS A-BS
Tainr2y; = Tij1 — Tiij2
= log m;;; — log m;;; — log m;;, + log m;,

in the log odds of first marriage at age i rather than i’ for females of current
age j,j > i, j = I, and the corresponding log odds for males of age j. Thus
this difference is a linear function of the difference i — i’ between ranks of
age groups. The Newton-Raphson algorithm is readily applied, especially
if one writes

log miu = of® + Alqf + yifafaql, i<,

so that off® = 2 + A# + A% + 14", The MULTIQUAL program of Bock
and Yates (1973) has provisions for ordered classifications in incomplete
multi-way tables. The program in the Appendix can also be used, although
more effort is perhaps involved.

Results are summarized in Tables 7.16 and 7.17. Considered without
respect to previous models, this model fits fairly well, for the Pearson chi-
square statistic is 30.3, and the likelihood-ratio chi-square is 28.5, and there
are 24 degrees of freedom. However, the model is not fully satisfactory.
Note the large adjusted residuals for the combination of age of at least 31
at first marriage and current age of 51 to 60. Also note that a substantial
increase in the likelihood ratio chi-square has resulted from the restriction
made on the A45-parameters. Without this restriction, the likelihood-ratio
chi-square was 17.6 and there were 22 degrees of freedom. The change of
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Table 7.16

471

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for Table 7.10 under the
Maodel of Section 7.4

Age of Current age
first
Sex marriage <20  21-25 26-30 31-40 41-50 S51-60 61-70 =71
Female <20 900 4300 S1.00 103.00 68.00 6500 3900 2200
781 4760 5715 9448 6394 5967 3907 2344
080 —130 -—-0.04 1.82 1.01 .37 —-002 -057
21-25 — 2000 4000  53.00 4500 4300 2400 26.00
— 2190 3769 5857 4787 4736 31.58 2292
- —0.59 056 —110 -062 095 —198 0.94
26-30 — — 3.00 4.00 5.00 700 12,00 7.00
— — 1.83 427 7.63 10.38 10.68 7.93
- — .04 -016 —-118 —132 051 —041
>31 — — 1.00 3.00 9.00 4.00 4.00
— - 0.78 2.04 3.76 3.29 2.35
- — 0.27 0.76 3.1 0.45 1.21
Male <20 2.00 24.00 21.00 30.00 22.00 19.00 16.00 11.00
319 19.40 20.85 38.52 26.06 2433 15.93 9.56
—0.80 1.30 004 -—-182 -101 -137 0.02 0.57
21-25 - 23.00 3400 6200 4900 5000 3800 19.00
- 2110 3631 5643 46,13 4564 3042 2208
- 059 —056 1.10 0.62 0.95 198 —094
26- 30 - 300 1000 2000 27.00 2300 19.00
— 4.17 973 1737 2362 2432 1807
— —1.04 0.16 1.18 132 —0.51 041
>3l - — 4.00 10.00 15.00 17.00 11.00
— 4.22 10.96 20.24 17.71 12.65
- -027 -076 311 -045 —121
Table 7.17

Estimated Parameters for the Model

of Section 7.4

Paramcter Estimate EASD
AS -0.196 0.041
yAs 0.215 0019
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28.5 — 17.6 = 10.9 in the likelihood-ratio chi-square involves 24 — 22 = 2
degrees of freedom, so it is significant at about the 0.004 level. Thus {38 ,).;
does not appear to be a linear function of i — i. Nonetheless, results of
Section 7.3 yield no indication that 1% 5, ; depends on j, provided j is as
great as the maximum of i and 7'.

EXERCISES

7.1. 1In Section 7.1, show that (7.1) and (7.2) imply that

PP = pEBy =/l —¢p), i #]
where
¢, = exp(if) / 5 exp(if).
Solution
Let
by = exp(Af)
and
d; = exp(A + AP),
so that
Ci == bl/z bi'
and
m,-j=C,-dj, l;/:j,
=0, i=j.
Since

it follows that

and

Pff/(l - P}‘-}B) = mij/n? = bi/.z b, i # ]
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Since
Z bi' - Z bi' - b},
i"#j i

it follows that

P = pif) = e/l ~ ¢))
7.2. Verify that an r x s table is connected if for some (i, ) in I, (i, ) is
connected to every other (k, ) in 1.
Solution

Consider (k,, I,) in I and (k,, l,) in I. There exist (i, j,), ]| <t <u,inl
such that (i, j;) = (i, )), (u,J.) = (ky, 11), and for 1 <t <u — 1, either
i, = i,,;0orj, = j,, - Therealsoexist (i;,j;), 1 <t < «',inIsuchthat(i},j)) =
WP,y juw) =(ky, l3),andfor 1 <t <u' — 1,i; = ij,, Or j; = ji4. Let

(l?{’_’t*) = (iu—l+lsjuft+l), 1 S t < u,
= (i;'u’j;-u)a u<t<u+u.

Then (i*, j*), 1 <t < u + u*, is a suitable sequence for connection of (k,, /)
and (k;, I;). Note that each (i, j¥) is in I, G, 1) = (ky, 1), Gfvus Jivw) =
(k;, 1), and either i¥ = i¥, ,orj¥ =jf forl <t <u+u.

7.3. Show that Table 7.18 is separable (not inseparable). Here an X indicates
that (i, j) is not in [.

Table 7.18

A Separable Table

J
i 1 2 3 4
1 X ni, X Ny
2 My X ny3 X
3 X n3, X N34
4 N4y X M43 X

Solution

Consider the following diagram of cells connected to (2, 1) (Table 7.19).
Note that (1, 2), (1, 4), (3, 2), and (3, 4) are not connected to (2, 1).
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Table 7.19
Cells in Table 7.18 Connected to (2, 1)°

J

i 1 1 3 4
X X
2 e Mx ’ X
300X X
4 & [yl P

“ Note: a similar separable table is described in Harris
(1910) and later in Goodman (1968).

7.4. Show that Table 7.20 is inseparable. As in Exercise 7.3, an X indicates
that (4, j) is not in I.

Table 7.20

An Inseparable Table

i

X fly2 X Mg

|

2 1y 1y, ny3 X
3 X H3; X R34
4 i X M43 X

Solution
Consider Table 7.21. Note that all cells are connected to (2, 1).

7.5. Find the degrees of freedom in a quasi-independence model for Table
7.21.

Solution

Here g = 8,a = 4, b = 4, and s = 2. Note that the table has two parts.
The cells (2, 1), (2, 3), (4, 1), and (4, 3) are mutually connected, as are the cells
(1, 2), (1, 4), (3, 2), and (3, 4). No cell in the first part is connected to a cell
in the second part. Thus there are 8 — 4 — 4 + 2 = 2 degrees of freedom.
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Table 7.21
Cells in Table 7.20 Connected to (2, 1)

i

i | 2 3 4
I X My 1

2 e X
30 |x X .
4 . x 1 ¢ X

7.6. Show that under a quasi-independence model, Table 7.22 has one
degree of freedom.

Table 7.22

A Table with Empty Rows
and Columns

J

i 1 2 3 4
l X X
2 X X
3 X X X X
4 X X X
5 X X

Solution

Here ¢ =7, a =4, b = 3, and s = 1. Note that (5, 1) is connected to
(5,2),(2,2),(1,2),(4,1),(2,3),and (3, 3). Thus thereis 7 —4 -3+ 1 =1
degree of freedom.

7.7. Consider a model for Table 7.2 in which
log my; = o; + Bixij1 + Baxija + Baxijz + BaXijas
where the x;;, 1 < k < 3, are defined as in Table 7.4 and
Xija = 1, i=2andj=1 or i=3andj=4,
= —1, i=2andj=4 or i=3andj=1,
0, otherwise.
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In this model
AB _ _AB AB  _
T23)14) = 1231 — 1234 = 4B,

so that the apparently nonzero interaction noted in Section 7.1 can be
accounted for. Find the Pearson chi-square, likelihood-ratio chi-square,
degrees of freedom, maximum-likelihood estimates z;;, and adjusted
residuals r;; for this model.

Solution.

Results are summarized in Table 7.23. One has X? = 1.44 and L? = 1.61,
and there are 4 degrees of freedom. Thus the fit is rather satisfactory.

Table 7.23

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for
the Model of Exercise 7.7¢

Current residence

Residence at

age 16 Northeast South North Central West
Northeast - 22 14 13
20.75 13.25 15.00
045 0.30 —0.70
South 26 — 36 30
25.62 37.15 29.23
0.28 -043 0.44
North Central 10 41 -- 46
9.17 43.06 44.77
0.64 -0.72 0.64
West 1 8 5 —
220 7.20 4.60
-0.92 0.46 0.24

“ First line is observed value, second line is fitted value, and third line is
adjusted residual.

7.8. Test the quasi-independence model
using the data in Table 7.24.

Solution

Results are summarized in Table 7.25. Since X2 = 249, L? = 27.0, and
there are 12 degrees of freedom, substantial evidence exists that quasi-
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Table 7.24

477

Ever-Married Men in 1974 General Social Survey, Cross-Classified by Age of Marriage and
Current Age

Age at Current age
first
marriage <20 21 25 26-30 31-40 41-50 51-60 61-70 =71 Total
<20 2 24 21 30 22 19 16 11 145
21-25 23 34 62 49 50 38 19 275
26-30 — — 3 10 20 27 23 19 102
>31 — — — 4 10 15 17 11 57
Total: 2 47 58 106 101 I 94 60 579
Tuable 7.25
Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the
Quasi-Independence Model of Table 7.24¢
Age at Current age
first
marriage <20 21-25 26-30 31-40 41-50 51-60 61-70 >71
<20 — 24 21 30 32 19 16 11
— 24.00 17.64 2491 21.10 23.18 19.63 12.53
— — 1.05 1.32 0.24 —-1.09 —-1.01 —-0.52
21-25 - 34 62 49 50 31 19
— 37.36 52.76 44.67 49.10 41.58 26.54
- —1.05 2.08 097 020 —082 —2.09
26-30 — - 10 20 27 23 19
— - 24.33 20.60 22.64 19.18 12.24
- - - —383 —0.17 1.17 1.09 2.32
>3l — - - — 10 15 17 11
— - — 14.63 16.07 13.61 8.69
-- - — —1.54 -0.35 1.15 0.93

“ First line is observed
adjusted residual.

count, second line is estimated expected counts, and third line is

independence does not hold. Much of the lack of fit appears to result from
the unexpected small number of men currently 31-40 who were married
between ages 26 and 30. If the quasi-independence model is

@) # (3,9,
then X? = 10.0, L? = 10.1, and there are 11 degrees of freedom.

logm;; =4+ Af + 27, i <],

7.9. Use the iterative proportional fitting algorithm to find the maximum
likelihood estimates listed in Table 7.8. Note that the m;;, need not equal the



478

Table 7.26
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Results of Iterative Proportional Fitting in the Quasi-Independence Model for Table 7.7

Current age

Age at Iter- Total Total
marriage  ation <20 21-25 26-30 31-40 41-50 S51-60 61-70 >7I mj nt
<20 1 0 1 1 | 1 1 1 1 7 391
2 0 5586 5586 5586 5586 5586 5586 5586 391.00
3 0 4300 5387 5817 6355 6512 4149 3099 386.19
21-25 { 0 0 1 | I i t 1 6 231
2 0 0 3850 3850 3850 3850 3850 3850 231.00
3 0 0 37.13 6078 4380 4489 2860 2136 23655
26-30 1 0 0 0 1 | 1 1 I 5 35
2 0 0 0 7 7 7 7 7 35.00
3 0 0 0 11.05 7.96 8.16 5.20 388 3620
>31 1 0 0 0 0 1 1 1 1 4 20
2 0 0 0 0 5.00 5.00 5.00 500 2000
3 0 0 0 0 5.69 5.83 3.71 2.77 18.01
Total m? 1 0 1 2 3 4 4 4 4 22.00
2 0 5586 9436 101.36 10636 10634 10636 10636 6770
3 0 4300 9100 160.00 121.00 12400 79.00 59.00 677.00
Total n? 0 43 91 160 121 124 79 59 677

maximum likelihood estimates 77;; (see Haberman (1974a, pp. 295-296)
for a similar result).

Solution

The three results m;;,, m;;;, and m;;, are listed in Table 7.26. Note that one

may let

mio = 1,
=0,

_ A A
mgi = Myt /mig,

Here n;; has been set to 0 if i < j.

_ B
My = M hj/m

i <j,

i>],

B
e

etc.

7.10. Let a contingency table be defined as in Table 7.27. Consider the
quasi-independence model

logm; =4+ A + A%,

Show thatifnf! > 0,1 <i<4,n?>0,1<j<4, and E > 0, then

A

.

ij

Il

Enfn?/(CD),

n

n'

0,

n;/C,

1
1
3
3

i<2 or j<2

<i

IA

1

IA A

<

IA

i<4,
i <4,

2, 1<j<2,
2, 3<j<4,

1<j<2
3<j<4,
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Table 7.27
The Contingency Table of
Exercise 7.10
J
i 1 2 3 4
1 My nys ny3 Mg
2 My Na3 M3 Maa
3 31 My, —
4 My Rya — —
where
C=nt+ni, D=n?+nd
and
E=ny + 0+ 0y + 0y,
Solution
Note that
wf = (E/O)nf + [(C — B)/CIn =nf, 1<i<2
= n(D/D) = nf, 3<i<d,
m? = (E/D)nf + [(D — E)/DInf =n?, 1<j<2,
= (C/C)nf = nf, 3<j<a
Let

4 4
=13 lognt+4 ¥ logn? —}log C —}logD,

4
i =logn! — % Y lognf + a(i)(3log E — 3 log C),
=1

4
B =logn? —1 ) logn? + a(j)(3log E — }log D),
i=1
where a(i) = 1for 1 <i <2anda(i) = —1for 3 <i < 4. Note that

SH =Y =0

J
and

=2+ +15 i<2 or j<2

479



480 7 INCOMPLETE TABLES

Thus r;; satisfies all requirements of a maximum likelihood estimate. Note
that similar examples are fairly common in the literature. For instance, see
Goodman (1968).

7.11. Consider the contingency table defined in Table 7.28. Show that under
the quasi-independence model

logm; =4+ A + A}, i<l and j<2
or i>3 and j=2,
mij = n?n?/ca i< 2’J < 1,
A A . .
=nf(ng, + my)f(nf +n%), i<2, j=2,
=ni(ny, + ng)f(nf +n3), =3, j=2
= n{'n}/D, iz3, j=3,
=0, otherwise,
where
C=nf+nd, D=n§+ni
Table 7.28
The Contingency Table of
Exercise 7.11
J

i 1 2 3 4

1 Ry ny2 -

2 Ny Ny, — —

3 - N3z N33 N34

4 - N42 N3 Naq

Solution

The argument is very similar to that in Exercise 7.11.

7.12. Derive Table 7.12 and Table 7.13 by use of the Newton-Raphson
algorithm.

Solution

Details require too much space to be described here. One may use the
logit model

11
_ S AB _ .
w; =150 =28 + Y, 281X, 1<,
1=2
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as in Chapter 5 or the multinomial response form
log mj; = o + Zﬁ,x;f,-r,, 1<i<2 1<j <26

Here the observed table n; .. is defined so that

Rijr = Ny, =k, j=a()),
all, 1) =i+ 1, 1<i<?,
a(i,3) =i+ 3, 1<i<3

a(i, ) =i+ 6+4(—1), 1<i<4 4<j<8

The expected value mj. ;. is m;; and xi.; is x4 if i’ = k and j' = a(i, j).

7.13. White Chrlstlan subjects in the 1972, 1973, and 1974 General Social
Surveys are classified in Table 7.29 by their responses to three questions on
abortion. Let n;, be the number of subjects h who in year Y, = [ give
responses B, = jto question B, D, = j to question D, and F, = k to question
F, so that n;,,; = 334, n,,,, = 34, etc. Consider the following quasi-
independence model for subjects with mixed responses:

logmg, =A+ AP+ A0+ A4 + A, i#j or i#k,
ZP ZP M= A=0
k 1

What does this model imply? Does it fit the data? Find approximate 95
percent confidence limits for A%, A?, and Af. Interpret these limits.

Solution

Either the Newton-Raphson algorithm or iterative proportional fitting
may be used to obtain maximum likelihood estimates m;;,. In the case of
iterative proportional fitting, set n;;, to 0 if i = j =k, let m;y0 = 0if i =
j = k, and let m;;,, = 1, otherwise. Let

_ B B _.D D
Mk = 1 mijklO/miO’ Mg = Ny mijkll/mjl’
S F Y Y
M3 = ”kmijkzz/mkz, Mijxia = Ny mijkls/mts, etc.
In the case of the Newton—Raphson algorithm, consider the model
B D F . - -
log m;, = o + Aig; + Alq; + A14n, i#j or i#k,

where g, = 1 and q, = —1. The Newton-Raphson algorithm has the
advantage that it can be used to obtain adjusted residuals, estimates A%,
AP and A%, and estimated asymptotic standard deviations.

Results are summarized in Table 7.30 and Table 7.31. Since X2 = 6.91,
L? = 6.84, and there are 12 degrees of freedom, the model fits quite well.
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Table 7.29

White Christian Subjects in the 1972 to 1974 General Social Surveys,
Cross-Classified by Year of Survey and Responses to Three Questions
on Abortion Attitudes*®

Response Response Response
Year to B toD to F Observed count
1972 Yes Yes Yes 334
Yes Yes No 34
Yes No Yes 12
Yes No No 15
No Yes Yes 53
No Yes No 63
No No Yes 43
No No No 501
1973 Yes Yes Yes 428
Yes Yes No 29
Yes No Yes 13
Yes No No 17
No Yes Yes 42
No Yes No 53
No No Yes 31
No No No 453
1974 Yes Yes Yes 413
Yes Yes No 29
Yes No Yes 16
Yes No No 18
No Yes Yes 60
No Yes No 57
No No Yes 37
No No No 430

“ Datatapesfor 1972, 1973, and 1974 Gencral Social Surveys, National
Opinion Research Center, University of Chicago.

 For questions used, sec Table 6.14. Subjects are only included here if
included in that table.

The model implies first that, given that not all responses are the same,
responses are independent of year of survey. The model also implies that
the log odds

T = log(pTRT" /P RY) = 247
of response B, = 1 rather than B, = 2 given D, =j, F, =k, and Y, =/

is independent of year ! and is the same for j =1 and k =2 as for j = 2
and k = 1. Similar conclusions apply to 17:°5) = 247 and «f 2]/
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Table 7.30

Observed Counts, Estimated Expected Counts, und Adjusted Residuals for Table 7.29 under
Quasi-Independence

Estimated
Response Response Response Observed expected Adjusted
Year to B toD to F count count residual
1972 Yes Yes Yes — — —
Yes Yes No 34 29.27 1.06
Yes No Yes 12 16.64 —1.28
Yes No No 15 18.82 —1.00
No Yes Yes 53 55.96 —0.54
No Yes No 63 63.32 —0.06
No No Yes 43 3599 146
No No No - —
1973 Yes Yes Yes - - —
Yes Yes No 29 24.61 1.05
Yes No Yes 13 13.99 -0.29
Yes No No 17 15.83 0.33
No Yes Yes 42 47.06 —0.97
No Yes No 53 53.25 —0.05
No No Yes 31 30.26 0.16
No No No — - —
1974 Yes Yes Yes - - -
Yes Yes No 29 28.77 0.03
Yes No Yes 16 16.41 —0.11
Yes No No 18 18.57 —0.15
No Yes Yes 60 55.20 0.88
No Yes No 57 62.46 —-0.96
No No Yes 37 35.49 0.31
No No No — — —
Table 7.31

Estimated Parameters under the Quasi-Independence Model for Tuble 7.29

Lower limit Upper limit
of 95 percent of 95 percent
confidence confidence
Parameter Estimate EASD interval interval
ke —0.386 0.052 —0.488 —0.284
AP 0.221 0.051 0.184 0.321

¥ —0.062 0.048 —0.156 0.032
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To aid in interpretation of confidence limits for A2, 12, and A, note that
corresponding confidence limits for the odds ratios

B-DFY _ BDFY, B-DFY .
dy2-jkt = Projut /P2t j#k,

arc
exp[2(—0.488)] = 0377  and  exp[2(—0.284)] = 0.567.

Similar confidence limits for Y25}, i # k, are 1.445 and 1.900. Limits for

gt 2Py, i # j,are 0.732 and 1.04. Thus the odds ratio for B, which involves a
married woman who does not want more children, is somewhat less than
1, so that respondents are likely to oppose abortion for this grounds, given
that they are divided on the other two questions. On the other hand, re-
spondents tend to favor abortion due to economic hardships (D) given
that responses to B and F differ. No preponderance in one direction or the
other has been established in the case of F, which deals with an unmarried
woman who does not want to marry the man.

7.14. An alternate analysis of Table 7.29 may be based on redefinition of
variables. For related examples, see Bishop, Fienberg, and Holland (1975,
pp- 225-228, 281-309), Bloomfield (1974), and Duncan (1975).

Let W,be7 — B, — D, — F,,and let X, be B, — D, + 2. One then obtains
the incomplete table shown in Table 7.32. Note that W, provides an overall

Table 7.32
Table 7.29 Rearranged

Number of Relationship of responses to items B and D
positive
responses Response to B Response to B
to items positive and Responses negative and
B, D,and F response to the same response to D
Year (W, — 1) D negative (X, = 1) (X,=2) positive (X, = 3)
1972 0 501 —
1 15 43 63
2 12 34 53
3 - 334 —
1973 0 — 453 —
1 17 31 53
2 13 29 42
3 482 —
1974 0 — 430 _
1 18 37 57
2 16 29 60
3 — 413 —
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measure of favorable attitudes toward legalized abortion and X, reflects
relative preference for abortions due to a desire of a married woman not to
have more children rather than abortions due to economic hardship. Let
n;; be the number of subjects with W, = i, X,, = j,and ¥, = k.

Test the following quasi-independence models:

Model 1: logm; = A+ A¥ + AF + A, 2<i<3 or j=2,
Model 2: logm, =4+ AY + AF + 4 + AT,

2<i<3 or j=2,
Model 3: logmy, = 4 + AY + AF + 4 + A4,

2<i<3 or j=2,
Model 4: logm; = A + A¥ + A + AF + %%,

2<i<3 or j=2

Based on results from these models, construct models with fewer independent
parameters using scores

gh=qh=i-2, 1<i<3,
g =2i -5, 1 <i<4,
b= 1, i=1 or 4,
= —1, 2<i<3,
gt = —1, i=1,
= 3 i=2,
-3, i=3,
= 1, i=4
Table 7.33
Chi-Square Statistics for Models for Table 7.32
Model Degrees of
number x? L? freedom J L2/d
l 26.48 26.71 16 1.67
2 3.42 348 10 0.35
3 22.21 22.39 12 1.87
4 26.16 2645 12 2.20
S 12.81 12.80 15 0.85
6 17.33 17.18 17 1.01
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Tuable 7.34

Parameter Estimates for Model 6 for Table 7.32

Standardized

Parameter Estimate EASD value
N —0.0287 0.0065 —439
T 1.313 0.025 53.38
7t 0.606 0.054 11.30
X e 0.0299 0.0080 3.72

Solution

Some results are summarized in Tables 7.33 and 7.34. Note that iterative
proportional fitting or the Newton-Raphson algorithm may be used in
computations for the four hierarchical models presented. As an example of
models which use ordering of categories, consider

Model 5: logmy = A+ AV + A7 + 4 + v¥qYai,

3 2
oo+ Y ytar + Y viay + el ai

i'=1 =1
2<i<3 or j=2,

and

2
Model 6: log my; = o + Y vFai + vigh + v at g

i'=1
2<i<3 or j=2.

Note that the only relationship between variables which is clearly present is
between year of survey Y, and number of positive responses W, — 1, as is
evident by comparison of likelihood-ratio chi-square statistics for Model 1
and Model 2. Although Model 5 and Model 6 both fit the data rather well,
they do not yield the remarkably low chi-square statistic of Model 2.

Examination of parameter estimates from Model 6 shows that further
simplification is not practical.



8 Symmetrical Tables

Multi-way contingency tables often arise in which two or more of the
cross-classified variables have the same categories. In such cases, it may be
helpful to consider models that assume various kinds of symmetrical
relationships between variables. An assortment of such models are examined
in this chapter. Section 8.1 considers symmetry, quasi-symmetry and
marginal-homogeneity models for two-way tables, and Section 8.2 considers
distance models for two-way tables. In Section 8.3, applications to higher-way
tables are explored.

8.1 Symmetry, Quasi-Symmetry, and Marginal Homogeneity
for Two-Way Tables

To illustrate use of symmetry models in two-way tables, consider Table
8.1.Forsubjecth,1 < h < N = 1055, let A, denote husband’s highest degree,
let B, denote wife’s highest degree, and let n;; denote the number of subjects
h with 4, = i and B, = j, so that n,, = 259, n,, = 82, etc. Assume that the
N = 1055 pairs (4,, B,) are independently distributed with probability
pi;j > 0 that A, =i and B, = j. This assumption is approximate given the
complex sampling method used, but it is probably adequate for most analysis.

Even a casual inspection of Table 8.1 indicates that degrees of husbands
and wives are related. Formal tests of independence yield X? = 505.3 and
L? = 473.4. Since there are 9 degrees of freedom, the evidence of dependence
is overwhelmingly strong.

487
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Table 8.1

Married Respondents in 1974 General Social Survey, Cross-Classified by Highest Degrees
Attained™?

Wife’s highest degree

High school
Husband’s Less than diploma or
highest high school junior college Bachelor’s Graduate
degree diploma degree degree degree Total
Less than 259 123 2 0 384
high school
diploma
High school 82 370 30 7 489
diploma or
junior college
degree
Bachelor’s 5 59 34 4 102
degree
Graduate 2 41 29 8 80
degree
Total: 348 593 95 19 1055

¢ Data tape from 1974 General Social Survey of the National Opinion Research Center,
University of Chicago.

* No cross-classification available on 10 respondents, and 419 respondents in survey not
married.

Further casual inspection also shows that the table is not symmetric, in
other words, it is not true that the cell means m;; = Np;; satisfy the equations

m;; = mg

for all i and j. The hypothesis of symmetry corresponds to the general log-
linear model for r x r tables in which it is assumed that the cell means m;
satisfy the equation

log m;; = logm;; = « i<j.

ije —=
In terms of the parametrization

logm; =24+ A + A% + 455,
where

YA = A= S A = YA

! 7
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the symmetry model assumes that
AM=28 i<i<r,

and
AB __ 1AB : :
Such a model can be used if the table of counts n;;, 1 <i<r,1 <j<rhas
a multinomial distribution or if the counts have independent Poisson
distributions.
Under this symmetry model, the maximum likelihood estimates #; of

m;; satisfy the equations
rhij+mji=nij+nji, lS],
as is readily verified given results of Section 2.6. Thus
mij = %(nij + nji)'
After some manipulation, the statistics X2 and L? can be written

r

X*=Y

=2 = (ny + ny)

i-1 2
(n; — ny;

and

r r 2 .
L2 =2% Zn,ﬂog( M )

i=1j=1 ng; + ny

r i-1

2 Z Z {nij log n;; + ny log ng — (nij + nji) 108[%(”1'1' + nji)]}-

i=2j=1

It

Since there are r? cells in the table and r(r + 1)/2 parameters «;;, the number
of degrees of freedom for these statistics is r*> — r(r + 1)/2 = r(r — 1)/2.
Since r in this example is 4, this number is 6. In the example under study,
X? = 64.0 and L? = 70.0. Thus the symmetry hypothesis is not tenable.
The material presented here concerning symmetry models is rather old.
McNemar (1947) obtained the formula for X2 in the case in which r is 2.
For general r, the formulas for A,; and X? are due to Bowker (1948). Keats
(1957) obtained the formula for L? in the case in which r is 2. The general
formula for L? is found in Kullback (1968[1959], pp. 177-180). For some
further details concerning the symmetry model, see Exercises 8.1 and 8.2.
The most obvious area in which the symmetry hypothesis fails is that of
graduate degrees. Far more husbands than wives have graduate degrees.
The adjusted residual r;; for i # j is readily shown to satisfy the equation

ri = (n; — np)/(ny; + ni)''2.
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In this example, r,, = 491 and r,; = 4.35. The symmetry model also has
failings when neither husband nor wife has a graduate degree. Note that
ry; = —2.86and ry, = 3.7.

Quasi-Symmetry

A more limited hypothesis can still be tried. In this model, it is only assumed
that in the decomposition

logm; =4+ A + A% + AP

ij
YA = zzﬂ T =Y A
i J

one has

148 — 4B

for all i and j. This model is termed a quasi-symmetry model by Caussinus
(1965). It contrasts with the symmetry model in that the symmetry model
assumes both that

M = a4
and that
At =B

The quasi-symmetry model has been used by Berger and Snell (1957) in
a study of the theory of social mobility, but they do not consider formal
estimation and testing procedures. The treatment here is derived from
Caussinus (1965).

Under the quasi-symmetry model, maximum likelihood estimates ;
are determined by the equations

logmy; =4+ At + A% + 4P

ij »
SH=TE=TH =T
i

7AB AB AAd _ A ~B _ B
A —/1,,, mi = nf, m; =n

and
my; + my; = n; + ny.

The last equation implies that
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As usual, ni! is the observed number of subjects with A4, = i, and nf is the
observed number of subjects with B, = j. Corresponding definitions apply
to M and M. Verification of these equations is a bit tricky. For some details,
see Exercise 8.3 or Caussinus (1965).

Iterative Proportional Fitting

A simple iterative algorithm due to Caussinus (1965) may be used to find
the ;. In this algorithm, which corresponds to the iterative proportional
fitting algorithm of Chapters 3 and 4 of Volume 1 and Chapter 7 of this
volume,

Miy = Ny

it
for each cycle t > 0, at the start of cycle 0O,
Mo = 1, I #
and for v > O and i # j, cycles 3v to 3v + 2 are defined by
Mij3p+2y = mij(3:;+1)(n? - njj)/(mﬁ3v+1) — nyj)
Mijze42) = mij(svﬂ)("f - njj)/(m_ﬁSer n — Rk
Mij3o+3) = Mijizes (i + M)/ (Mijiae e 2y + Mo+ 2)-

It follows from general results of Darroch and Ratcliff (1972) or Haberman
(1974a, pp. 65-68) that m,;, converges to 1;; whenever #y,; exists. If the algo-
rithm is used with Table 8.1, the results of Table 8.2 are obtained. The esti-
mates m;; ) are quite adequate approximation to the ;.

As Bishop, Fienberg, and Holland (1975, p. 290) note, standard computer
packages for iterative proportional fitting can be applied to the Caussinus
algorithm by rewriting the table under study as an incomplete table. In one
approach, a table of counts nj,, 1 <i<r 1 <j<rl<k<rl1<I<r,
is defined so that

Rijgr = Mijs k = min(i,j), | = max(,j), i#}j,
=0, otherwise.

Thus n},; = 259, n%,,, = 82, n,,, = 123, etc. The quasi-symmetry model
holds if and only if the mean m;y, of n, satisfies the model

log miy, = A + A4 + A% + 45 + 4P + 4%, k = min(i, j),

I = max(i,j), i#}J,
where

S =Y AR =Y =Y AP =T AP =Y 4P = 0.
k 1
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Table 8.2

Computation of Maximum Likelihood Estimates of
Expected Cell Counts under the Quasi-Symmetry
Model for Table 8.1

t i m;y, M2, m;s, Mg,
0 1 259 1 1 1
2 1 370 1 1
3 1 1 34 1
4 i 1 1 8
1 1 259 41.67 41.67 41.67
2 39.67 370 39.67 39.67
3 22.67 22.67 34 22.67
4 24.00 24.00 24.00 8
2 1 259 105.19 24.13 441
2 40.98 370 2297 4.20
3 23.37 57.22 34 2.40
4 24.74 60.59 13.90 8
3 1 259 147.61 3.56 0.30
2 57.38 370 25.49 301
3 344 63.51 34 4.85
4 1.70 44.89 28.15 8
6 1 259 120.94 3.10 0.30
2 84.06 370 31.70 517
3 390 57.30 34 5.91
4 1.70 42.83 27.09 8
12 1 259 121.67 3.05 0.28
2 83.33 370 30.80 4.89
3 3.95 58.20 34 5.83
4 1.72 43.11 27.17 8

The iterative proportional fitting algorithm for this incomplete table cor-
responds to the Caussinus algorithm if

‘

m;'jklO = 17 k= mln(i,j), l= max(Lj)» i# j’
=0, otherwise,
’ — 1Ay A
M = Mijao Ny /mig,
’ — By 1B
M2 = Myjgs B /mjl

’ — /CD ;. ,'/CD
Mz = Mg Mg /Mig2 etc.
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As usual, 0/0 is taken to be 0. Note that nj* = nf, n}® = n?, and n{® =

n;; + nj; if k < I One has

i

I’
Mgy = My

if k = min(i, j), | = max(i, j), and i # j.

The chi-square statistics X? and L? have respective values 2.75 and 3.02.
To find degrees of freedom, note as in Exercise 8.3 that in an r x r table,
there are r? cells, a parameter A, r — 1 independent parameters A7,
1<i<r—1, r—1 independent parameters A%, 1 <j<r—1, and

r(r — 1)/2 independent parameters 4;;, 1 <i < j < r — 1. Thus there are

21— -D—-@—-1D)—rr—D2=0~-1(-2)2

degrees of freedom. If r = 4, there are 3 degrees of freedom. Thus the quasi-
symmetry model does fit Table 8.1 quite well.

The Newton-Raphson Algorithm

A number of possible implementations are available for the Newton-
Raphson algorithm. The choice depends somewhat on the parameters of
interest. If all A-parameters except A are to be considered, then one may let

r—1

lOg mij = l + Z quil Z A'Bqu + Z Z lAB(qu q“ + qu q]l )9

i'=1 i'=1j=1

whereforl <i<r, Il <i=r -1,

This parametrization also appears in Exercise 8.3. Implementation of the
Newton-Raphson algorithm for Table 8.1 is straightforward.

In the usual fashion, adjusted residuals and estimated asymptotic standard
deviations are obtained, just as in Tables 8.3 and 8.4. Note that since #1; = n;;,
the adjusted residual r; is undefined. Also note that r;; = —r for i #j.
Details are left as an exercise for the reader (Exercise 8.4). The reader should
note that the method presented here for derivation of Table 8.3 is not the most
efficient one for this purpose since 12 simultaneous equations must be solved.
An alternate parametrization presented in Exercise 8.5 involves only 3
simultaneous equations but does not lead immediately to the parameter
estimates of Table 8.4. As is evident from the relatively small values of X2
and L2, and from the lack of large adjusted residuals, the quasi-symmetry
model appears quite adequate. The sample size for women with graduate
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Table 8.3

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the
Quasi-Symmetry Model for Table 8.1°

Wife's highest degree

High school
Husband’s Less than diploma or
highest high school junior college Bachelor’s Graduate
degree diploma degree degree degree
Less than 259 123 2 0
high school 259.00 121.67 3.05 0.28
diploma — 1.01 —0.84 -0.59
High school 82 370 30 7
diploma or 83.33 370.00 30.78 4.89
junior —1.01 - -043 1.44
college
degree
Bachelor’s 5 59 34 4
degree 3.95 58.22 34.00 5.83
—0.84 043 — -1.25
Graduate 2 41 29 8
degree 1.72 43.11 27.17 8.00
0.58 —1.44 1.25 -

“ First line is observed count, second line is estimated expected count, and third
line is adjusted residual.

Table 8.4

Parameter Estimates for the
Quasi-Symmetry Model for
Tuble 8.1

Parameter Estimate EASD

A —0.320 0.131
a4 0.964 0.125
i —0.192 0.136
AB 0.100 0.135
8 1.762 0.125
A% —0.310 0.139
4B 1.452 0.154
A48 0.486 0.121
148 0.157 0.068
i —1.408 0.258
A48 —0.380 0.133

A48 0.438 0.105
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degrees is rather small, so that some questions can be raised about accuracy
of asymptotic approximations. Nonetheless, there seems no reason to believe
the model does not fit the data.

The Meaning of Quasi-Symmetry

Interpretation of the quasi-symmetry model requires some care. The key
observation to keep in mind is that quasi-symmetry holds if and only if for
all integers i, j, k, and [ between 1 and r,

M My _ M 1

4B Mgy
Qipwn =
mymy M ;

_ ,AB
= Qi)

The necessity of the condition follows since under quasi-symmetry,

My M AB AB AB AB
log( = A'ik - 'lil - Ajk + /1,1
mmg

_ 1A4B AB AB AB
= A — M — A + A

{2
My My
Sufficiency follows since if

AB AB AB AB _ 14B AB AB AB
Ak — A — A v AT = A AR A+ Ai s

then .,
rr Y N AgE - aE = A+ AP =A% = 88

=1 j=1

Observe that g4 = m,/m, is the odds that a husband with degree i has
a wife with degree k, given that the wife has degree k or I. The corresponding
odds ratio for a husband with degree j is g¢./' = m;/m; . The cross-product
ratio
aéh k) = D
(@) ( mmj,
is the ratio of these two sets of odds. The ratio g% = my;/m,; is the odds
that a wife with degree i has a husband with degree k, given that the husband
has degree k or . The corresponding odds ratio for a wife with degree j is
qei% = my;/my;. The cross-product ratio
Tityip = P

my; my ;
is the ratio of these two sets of odds.
For example, the maximum likelihood estimate of

ap - M21M32
d2na2) =
my,msy,
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is 3.32. Thus given that a wife has less than a bachelor’s degree, it is estimated
that the odds that she has less than a high school diploma are 3.32 times as
great given that her husband has a high school diploma or junior college
degree as they are given that her husband has a bachelor’s degree.

Given that a husband has less than a bachelor’s degree, it is also estimated
that the odds that he has less than a high school diploma are 3.32 times as
great given that his wife has a high school diploma or junior college degree
as they are given that his wife has a bachelor’s degree. Thus the model implies
a type of symmetry in the relationship between degrees of husbands and
wives.

To use the parameter estimates ;i%, note that 4% = 148 is both the average

1
AB
2 22 T
k1
of all log cross-product ratios
AB — AB
Tliagn = 108 qlin

and the average

1

2 ; g T(Ajg«k)

of all log cross-product ratios t{if -
: AB AB 2748 ;
Since 1 = Tangy = 0, [r/(r — 1)]°A5" is the average

1 2 B
( ) Z Z Tf}k)(il)

r—1 kEil#j

r

of the nontrivial log cross-product ratios (i, k # i, | # j. Thus

X #ZAAB
KPINF1) M

is the geometric mean of the cross-product ratios
aGdaw = divun, Kk # i 1#].
For example, consider A{%. The estimated value of 1% is 1.452, and an
approximate 95 percent confidence interval for A{¥ has bounds
1.452 — 1.96(0.154) = 1.150

and
1.452 + 1.96(0.154) = 1.763.

The corresponding estimate
exp[($)*417
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is 13.21, and 95 percent confidence bounds for exp[($)?A{f] are approxi-
mately

exp[($)?1.150] = 7.72
and
exp[($)21.753] = 22.57.

Thus there is a very clear tendency for coefficients q(i%,1; = q51/a%d =
g1 /a8, k > 1,1 > 1, to exceed 1. This coefficient corresponds to a strong
tendency for individuals with less than a high school diploma to have spouses
with less than a high school diploma. The positive coefficients estimates
A48 and 145 have similar meanings.

Quasi-Symmetry and Quasi-Independence

The quasi-independence model in which diagonal cells are ignored
implies the quasi-symmetry model. If

log m; = k + kf + «}, i#j,

Yri=Yk¥=0

then
logm;; =1+ A4 + A7 + A%,
Zl‘,-“ = Z/lf = Z,lfj." = ZAUB= 0
AAB _ /1;4'8, l ’
where

—1 1
A= (r )x + r‘ZZlog my;,

r—1 1 1
A= 44 7 - =31
: ( ; )K, + log my rzizogm,.,

~
L]
li

r—1 1
¥ ( . )Kf+ log my; 2Zlogm,-r,-,,

1 1 1 1 . .
;(K+K{‘ + k%) —;logm,-,- —;logmjj+r7i210gm,-,,~, i#j,

r—1 2
—( )(K+K;‘+Kf)+<1——)logm“+ Zlogm i=j.

r
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In Table 8.1, the quasi-independence model does not apply, for the Pearson
chi-square X? = 122.5, the likelihood-ratio chi-square L? = 91.2, and there
are 5 degrees of freedom. Thus quasi-symmetry provides a far better model
than quasi-independence.

Quasi-Symmetry and Ovrdered Categories
In Section 6.1, models for tables such as Table 8.1 are considered in which
AP =9"ut,. where  Yu,=)1=0.

If u; = t;, then this model implies the quasi-symmetry model. Unfortunately,
this model for ordered categories is not promising in Table 8.1. With u, = ¢,
=3, u,=t,=1,u3 =t3=—1,and u, =t, = —3, one finds a Pearson
chi-square of 104.0, a likelihood-ratio chi-square of 70.3, and 8 degrees of
freedom. Thus the previously introduced method to exploit ordered categories
is not very helpful here. Other methods for ordered categories with symmetric
tables are considered in Section 8.2.

Quasi-Independence, Symmetry, and Marginal Homogeneity

This section has emphasized symmetry and quasi-symmetry models. Other
treatments of square contingency tables also deal with the hypothesis of
marginal homogeneity. Under this hypothesis,

ml =m

B
i i

B orequivalently, p# = pb
In Table 8.1, this model says that the marginal distribution of degrees attained -
by husbands is the same as the marginal distribution of degrees attained by
wives. If r is 2, marginal homogeneity and symmetry are equivalent, for

4 _ — _ B
My =My, + My = + my = m

ifand only if m,, = m,,;. McNemar’s (1947) chi-square test uses this observa-
tion for 2 x 2 tables. The case in which r is 2 is also unusual in that an exact
test of marginal homogeneity or symmetry is available. The essential observa-
tion is that conditional on n,, + n,;, n,;, has a binomial distribution with
sample size n,, + n,, and probability m,,/(m,, + m,,). This observation
can be found in Mosteller (1947). The conditional significance level of X? =
(ny, — ny)*/(n;, + ny,) is then the probability that Y < min(n,,, n,,),
where Y has a binomial distribution with probability 1 and sample size
Ryp + Ay

Cochran (1950) notes that a continuity correction for X? is available in
the form

X = (Inyy — nyy| — 1)2/(’112 + nzq).
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This continuity correction generally improves the normal approximation to
the significance level of the exact test. The approximation is satisfactory for
n,, + ny, greater than 30.

If r exceeds 2, then quasi-symmetry and marginal homogeneity are distinct
hypotheses. As Caussinus (1965) notes, symmetry holds if and only if both
quasi-symmetry and marginal homogeneity hold. To test for marginal
homogeneity, one may then compute the likelihood ratio chi-square statistic
L2 for the hypothesis that quasi-symmetry holds and compute the likelihood-
ratio chi-square statistic L% for the hypothesis that symmetry holds. The
difference L2 — L2 has an approximate chi-square distribution with r — 1
degrees of freedom if the marginal homogeneity hypothesis holds and if the
quasi-independence model is approximately true. In the specific example
under study, r — lis 3and L? — L3 = 70.0 — 3.0 = 67.0. Thus the evidence
against marginal homogeneity is very strong.

The preceding test for marginal homogeneity is most attractive if the
quasi-symmetry model is true or is nearly true. If the quasi-symmetry model
provides a poor fit to the observed data, then other testing procedures are
more attractive. The simplest alternative test procedure is discussed by
Stuart (1955). To implement the Stuart test, let

fi = nft — nk, I<i<r-—1,

andforl <i<r—-—11<j<r—1let

vi; = ni +nf — 2ny, i=j
= —(n;; + n), i #J.
Let the inverse of V = {v;;} be denoted by V' = {4"}. If the m;; become

large and if marginal homogeneity holds, the distribution of

r-1r-1
Q=2 Y hifit!

i=1j=1
is approximated by a chi-square distribution with r — 1 degrees of freedom.
The statistic Q may appear to depend on the way in which categories are
numbered, but such is not the case. In the example under study, Q is 60.6
(see Exercise 8.8), so that the same conclusions may be drawn from this test
as from the use of L? — L3. A slight variation on the statistic Q is proposed
by Bhapkar (1966). Ireland, Ku, and Kullback (1969) note that Bhapkar’s
statistic is equal to Q/(1 — Q/n). Whether the chi-square approximation for
Q is better than the chi-square approximation for Q/(1 — Q/n) appears to
be unknown. Madansky (1963) considers likelihood ratio tests for marginal
homogeneity. Kullback (1968[1959], pp. 177-180) and Ireland, Ku, and
Kullback (1969) treat square contingency tables from the point of view of
information theory. The approach in Ireland, Ku, and Kullback (1969) is
closely related to the methods for survey adjustment of Chapter 9.
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8.2 Distance Models

Distance models are a class of models which are appropriate in square
contingency tables in which the categories of the row and column variables
are ordered. They have been used with social-mobility tables by Goodman
(1972) and Haberman (1974a, pp. 215-227). In this section, a few examples
of such models are applied to Table 8.1.

A very simple distance model assumes that

logm; =4+ A+ /1;"8 —nli —jl,
where

Y I =Y AF=0.

The primes are used to distinguish the A’-parameters from the A-parameters
in the usual parametrization

logm; =4+ A+ A7 + A%
LA =L =Y = Y=o
i i

The A-parameters are related to the A’-parameters and # by the equations
! ’1 s . — ! r’
A=A =YY —jl=V—-(@-Dr+1
75 3r
= aA =S il = 2t = LG = )+ =i+ DO = D]
r5 2r
B= i =AY li=jl =2 = LU0 = D+ =)+ D =]
J
1
AP = —n{li—jl +5 - D+jG- D+ —i+ De—D

1
+(r—j+ D -]+ ;(r - D(r+ 1)}.
Thus as in the quasi-symmetry model, A/i®= A2,
To use the Newton—Raphson algorithm, let «f = 2’ + ;% let
wi = —|i —jl,
andforl <k <r—1,let
X = 1, i=k,
=0, i#k i<r,

=—1, i=r
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Thus the models under study assume that
r—1
logm; = of + 3 Alxiu + nw,;.
k=1

In the fixed-distance model for off-diagonals, the equation is assumed for
i # j. Otherwise, the equation is assumed for all i and j.

Results are summarized in Tables 8.5, 8.6, and 8.7. If diagonal cells are
ignored, then X? = 3.19, L? = 3.48, and there are 4 degrees of freedom.
Thus the fit is quite satisfactory. If all cells are considered, X? = 38.26,
L? = 3597, and there are 8 degrees of freedom, so that the fit is quite un-
satisfactory.

Numerous variations on these two fixed-distance models are explored
by Goodman (1972) and Haberman (1974a). For example, in a variable-
distance model, for some n,, | <k <r — 1,

h—1
logm; =X+ 1"+ 4% - Y n, g =min(,j) < h = max(,j)
k=g

=X+ 4+ 45 i=
As usual, this model may be applied only to off-diagonal cells or it may be

applied to the entire table. Note that in the fixed-distance case, each 1, = 7.

Table 8.5

Definitions of Variables in Fixed-Distance
Models for Table 8.1

t J Xij1 Xij2 Xij3 Wij
1 1 1 0 0 0
2 1 0 1 0 -1
3 1 0 0 1 -2
4 1 -1 -1 -1 -3
1 2 1 0 0 -1
2 2 0 1 0 0
3 2 0 0 1 -1
4 2 -1 -1 -1 -2
1 3 1 0 0 -2
2 3 0 1 0 -1
3 3 0 0 1 0
4 3 -1 -1 -1 -1
1 4 1 0 0 -2
2 4 0 1 0 -2
3 4 0 0 1 -1
4 4 -1 -1 -1 0
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Table 8.6

Estimated Expected Cell Counts and Adjusted Residuals for Fixed-Distance
Models for Table 8.1¢

Wife’s highest degree

High school
Husband’s Less than diploma or
highest high school junior college Bachelor’s Graduate

degree diploma degree degree degree
Less than — 121.92 2.67 0.41
high school - 0.80 -0.52 —-0.67
diploma 250.96 123.86 8.64 0.54
2.10 -0.17 —2.58 -0.76
High school 83.08 - 3113 4.78
diploma or —0.80 —0.60 1.50
Jjunior college 78.96 381.73 26.63 1.67
degree 0.60 C-262 0.89 448
Bachelor’s 3.44 58.76 — 5.80
degree 1.10 0.12 — —1.24
10.92 52.77 36.08 2.26
-2.04 1.41 —0.56 1.27

Graduate 2.48 4233 27.20 -

degree —0.37 -0.70 1.24 —
7.16 34.64 23.67 14.53
-2.15 1.68 1.56 —3.82

“ First line is estimated expected count for fixed-distance model ignoring
diagonal cells, second line is corresponding adjusted residual, third line is estimated
expected count for fixed-distance model for all cells, and fourth line is adjusted
residual for the latter model.

Table 8.7

Parameter Estimates for Fixed-Distance Models for Table 8.1

Ignoring off-diagonals Complete table
Parameter Estimate EASD Estimate EASD
Vs —0.167 0.124 0.250 0.069
5 0.160 0.130 0.235 0.065
5 —0.897 0.130 —0.603 0.084

n 1.689 0.204 1.141 0.059
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A special complication which arises when only off-diagonal cells are
considered involves degrees of freedom. If each 7, and each 4, 4/, and 1?
had a uniquely defined maximum likelihood estimate, then the degrees of
freedom would be

=)= l=(r =D = (=1 = (= D)= (r = 1)(r = 3) — 1
=r—4r + 2,

for there are r(r — 1) off-diagonal cells, 1 parameter A, r — 1 independent
parameters A%, 1 <i <r — 1, r — | independent parameters A?, 1 <j <
r — 1,and r — 1 parameters n;, 1 < k < r — 1. However, the actual degrees
of freedom are

(r=22=r%—4r+4,

as noted in Haberman (1974a, p. 217). If r = 4, then there are 4 degrees of
freedom, just as in the fixed-distance model. In other words, if r = 4 and if
off-diagonal cells are ignored, then the fixed-distance and variable-distance
models coincide. If r > 4, then the models do differ. In use of the variable-
distance model, it is helpful to resolve the lack of identifiability of parameters
by the arbitrary choice n, = #, and 5,_, = 5,_,. Note that in the case of
r=4,n, = n, = ns3,just as for a fixed-distance model.

If all cells are considered, then the variable-distance model does differ
from the fixed-distance model and the parameters are all uniquely defined.
Use of this model is an exercise for the reader (Fxercise 8.9).

8.3 Symmetry Models for Multi-Way Tables

Generalization of symmetry models from two-way to higher-way tables is
straightforward, although the choice of models does increase rapidly. For
some discussion and some helpful references, see Bishop, Fienberg, and
Holland (1975, pp- 303-309). Here, attention will be restricted to some models
for Table 7.29.

To begin consideration of symmetry models for this table, it is helpful to
examine a saturated model and to estimate all interaction terms for this
model. This task is accomplished in the usual fashion discussed in Chapter
4 of Volume 1. Results are summarized in Table 8.8. Note that the saturated
model has the form

logmy =2+ A + 22+ AL + AV + 237 + A5F + AY
+ A5+ AN AR+ ARRE AR + AR + AR + AR
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Table 8.8

Parameter Estimates for the Saturated Model for Table 7.29

Parameter Estimate EASD Standardized value

8 —0.365 0.035 -10.39
P 0277 0.035 7.90
AF —0.038 0.035 1.09
ABD 0.714 0.035 20.35
ABE 0.624 0.035 17.77
ABY —0.080 0.050 ~1.61
A% 0.060 0.050 120
ABY 0.020 0.049 0.41
ADE 0.645 0.035 18.37
DY 0.008 0.050 0.15
APy ~0.004 0.050 —0.08
oY ~0.004 0.049 0.07
AFY —0.032 0.050 —0.65
AFY ~0.023 0.050 —046
AFY 0.056 0.049 1.14
ABDF 0.042 0.035 1.19
ABDY 0.037 0.050 0.74
ABDY 0.019 0.050 0.39
ABDY ~0.056 0.049 ~1.15
ABEY —0.037 0.050 —0.75
ABFY 0.044 0.050 0.87
ABFY ~0.006 0.049 —0.13
ADFY —0.046 0.050 —092
APFY 0.031 0.050 0.62
ADFY 0.015 0.049 0.30
ABDFY —0.014 0.050 —027

ettt 0.022 0.050 0.44

BDFY ~0.008 0.049 —0.17

and that 25 = —28, 10 = —A0; AL = —2F, A80 = 280 = 50 = AP0,

etc. Note that estimates of 2 and A} are excluded since the number of subjects
in a sample in a given year is regarded as fixed.

The only large standardized values observed in Table 8.8 correspond to
A8 AP ABD 2BF and ADE. Thus one may consider the hierarchical model

logmgy = A+ AF + 20 + A7 + A7 + A8° + A%F + A5

Using this model, X2 = 27.6, L? = 27.9, and there are 15 degrees of freedom.
Since the significance level for both chi-square statistics is about 0.02, the
model is somewhat questionable. On the other hand, the model

logmyy =4+ A8+ 22 + A + A + ABP + AFF + A8 + A0 + AV + A
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including all two-factor interactions has X? = 6.83, L? = 6.83, and 9 degrees
of freedom. Thus the fit is quite satisfactory. The improvement over the pre-
vious model is quite substantial. The decrease of L? of 21.0 corresponds to a
decrease of freedom of 6. The significance level is only 0.002.

To proceed further, consider Table 8.9. The estimated interactions
/11 1 ABE and APF are rather similar in value, especially in the case of 22 and
APF Thus one may consider models in which A%} = A8Y = 22 To start,
consider the model (Model 1)

logmyy =A+ A+ AP+ A5 + AV + A8+ 32 + A + AP + AR + A
= oz, + A% 14 + A’lqj + A7 19 + A3 1(‘1:‘1;‘ + 99 + CIﬂk)
111‘1.411 + /112411‘112 /111‘1;‘111 /112‘11‘112
+ Aaealy + Alacdrn,
Y Y Y _ Y _ Y _ Y _
whereaf = A+ 23,4, = LLg, = — 1,91, = 1,43, = 0,93, = — 1,43, =0,
g%, = l,and ¢%, = — 1. This model is implemented by the Newton—-Raphson

algorithm. The resulting value of X2 and L? are 10.12 and 9.98, respectively.
The degrees of freedom are 11, so that the fit appears to be rather satisfactory.
Thus the data are consistent with the symmetry hypothesis that the inter-

actions between questlons are equal, so that /111 =80 = /111 = ABE = 0%
—A‘ = l = 112— _A, AIZ_- _A.
Table 8.9

Parameter Estimates for the Model of Two-Factor
Interactions for Table 7.29

Parameter Estimate EASD Standardized value
A8 —0.356 0.034 —10.50
i 0.286 0.034 8.47
Af -0.017 0.031 —0.55
A8 0.714 0.035 20.45
ABE 0.639 0.032 19.90
ABY —0.084 0.042 —1.98
A5y 0.092 0.042 2.18
A5 -0.008 0.042 —-0.20
APr 0.626 0.032 19.89
Fhed 0.000 0.041 0.01
AP -0.020 0.042 —-0.48
Ay 0.020 0.041 0.47
AFY —-0.033 0.041 —0.80
A5 -0.020 0.042 —0.49

Ay 0.053 0.041 1.29
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Given the pattern of A-parameters involving year of survey which is
encountered in Table 8.9, one may consider the still simpler model (Model 2)

log mygy = A+ A + A2 + A + A5 + 422 + A7 + AR

o + Afq; + /111)%' + Mg + /1?11)((11‘1,' + q:qx + 9;90)

+ AMlgialy + A134:40-

One finds that X? = 13.1 and L? = 12.9, and there are 15 degrees of freedom.
Thus this last model also provides a satisfactory fit. For detailed results, see
Table 8.10 and Table 8.11. At this point, attractive simplifications are not
available.

The last model suggests that there is some change over time in the distribu-
tion of responses to question B, which concerns a married woman who does

Table 8.10

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for Model 2 for Table 7.29

Year Estimated
of Response Response Response Observed expected Adjusted

survey to B to D to F count count residual

1972 Yes Yes Yes 334 340.36 —1.08
Yes Yes No 34 25.44 1.88
Yes No Yes 12 14.34 —-0.67
Yes No No 15 14.85 0.04
No Yes Yes S3 60.00 —1.06
No Yes No 63 62.14 0.13
No No Yes 43 35.04 1.52
No No No 501 502.82 —-0.20

1973 Yes Yes Yes 428 419.64 1.33
Yes Yes No 29 31.36 —0.48
Yes No Yes 13 17.68 —1.22
Yes No No 17 18.31 —-0.34
No Yes Yes 42 52.64 —1.70
No Yes No 53 54.52 —-0.24
No No Yes 31 30.74 0.05
No No No 453 441.11 1.39

1974 Yes Yes Yes 413 410.16 0.46
Yes Yes No 29 30.65 —-0.34
Yes No Yes 16 17.28 —-0.34
Yes No No 18 17.90 0.03
No Yes Yes 60 53.10 .10
No Yes No 57 54.98 0.32
No No Yes 37 31.00 1.21

No No No 430 44492 —1.74
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Table 8.11

Parameter Estimates for Model 2
for Table 7.29

Parameter Estimate EASD

A8 —0.338 0.031
prd 0.269 0.031
AF -0.017 0.030
A8 0.657 0.012
ABY ~0.108 0.026
ABY 0.062 0.025
ABU 0.046 0.025

not want more children. This effect is evident from the marginal totals for
this question. In 1972, 395 of 1055 subjects, or 37.4 percent answered “yes.”
In 1973, the fraction increased to 487 of 1066, or 45.7 percent, while in 1974
the fraction was 476 of 1060 or 44.9 percent. Since the model implies that
given the response to B, year of survey is independent of responses to the
other two questions (no A-parameters include Y and D or F), the estimated
log cross-product ratio 851 x for interaction of year [ and I of survey and
response to “yes” or “no” to B given responses j to D and k to F satisfies the
relationships

A = Aan
= log[(nf/n3l)/(n5/nf%))]
= A -5 -5+ A
=208 - 5.

For example, consider subjects who answer “yes” to questions D and F.
Note that for years 1972 and 1974,

~BY-DF _ Mi11Mo113 _ 34036 X 5310 = —0.309
sy = 10g<m2“1m1113) = log(60.00 x 410.16 dd

so that for such subjects, the odds of a positive response to B are 0.734 =
e~ 9309 times as great in 1972 as they are in 1974. Note that
log[(nB3¥n2N)/(n8Tn8%)] = log[(395 x 584)/(660 x 476)] = —0.309
and
2(ABY — JBYy = 2(—0.108 — 0.046) = —0.309.

(Rounding of numbers for purposes of presentation accounts for the slight
discrepancy in the last equation.)
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According to the model under study, the responses to different questions

are strongly related, and the relationship is symmetrical. This relationship

does not depend on the year of survey. Note that the log odds ratio 82F]

of a response “yes” rather than “no” to B given response i to D, response
j to F, and year of survey ! is

2(1? + A’fiD + A’?jD y
which is independent of year of survey. Similarly,
i = 247 + A” + A5
and
20N = 20A% + AP + A%D).
~B-DFY aD-BFY aF-BDY

The estimates £7,’;;, £7%.;, and }5%;; are strongly dependent on i and j.
For the case, i = j = 1 which corresponds to two positive responses,

$BPEY, = 2(2% + 2250) = 1.95,
tRBEY = 2032 + 2287 = 3.17,
FBDY _ o(JF 4 27BDy = 259,

With mixed responses (i # j) on other questions, one has
PRy, = 24 P5 = 208 = —0.677,
tDBEY = 2D BRY, = 20D = 0.538,
RN = #5805 = 24f = —0.03s.

With negative responses (i = j = 2),
$BDEY = 2038 — 215Dy = 331,
D BEY = 2000 — 2280y = —2.09,
B0t = 2005 — 2150) = —2.66.
The odds of a positive response to B are estimated to be
exp(812P) = 192

times as large if the other responses are positive than if the other responses
are negative. This same ratio applies to questions D and F.

The size of the relationship is fairly well determined. Note that a 95 percent
confidence interval for 122 has bounds

0.657 — 1.96(0.012) = 0.633
and
0.657 + 1.96(0.012) = 0.681.
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Corresponding bounds for exp(84%4%) are
eBO639) — 5§ and MO8 =33

Thus the model of symmetrical interaction has resulted in a simple description
of the relationship of the parameters and in a relatively accurate assessment
of the magnitude of the relationship. This model is no more parsimonious
than Model 6 of Exercise 7.29; however, its symmetry and greater ease of
interpretation are attractive.

EXERCISES

8.1 Show that in the symmetry model of Section 8.1,

r i

X2 =YY ny = m) g + )

i=2 j=1
and
i-1

L*=2 Z Z {n;;log n;; + nj; log nj; — (n;; + ny) lOg[%(nij + n;)1}

i=2 j=1
Solution
. N 1
Since my; = 3(n;; + ny),

X2 =3 3 In;— 3+ n)1/a(ng; + ny)l
i=1j=1
= Z Z (m; — nji)z/("ij + nj).
=1 j=1
Note that
(n; — )2 f(ny; + nyp) = (ny; — nij)z/(nji + 1)
and

(ny; — ny 2/(”:':' + n;) = 0.
Thus X ? has the desired form.
In the case of L2,

r r

L2 =2 ¥ n;log[2n,;/(n; + n})]

i=1 j=1

2Y Yonjlogn; —23% ¥ n;logli(n; + np)l.

i=1 j=1 i=1j=1



510 8 SYMMETRICAL TABLES

Since
n log[3(ny; + ny;)] = ny; log ny;,
it follows that L? has the desired form.
8.2 Show that in the symmetry model of Section 8.1,
rij = (n;; — np)/(ng; + nji)”z’ i #J.
Solution

Note that the estimated variance of n;; — i; = 3(n;; — ny) is

¢ = L1 — my/(my; + my)] = i(n; + np), I #J.
Thus
Py = %(nij - nji)/[%(nij + ”ji)]l/z (ni; — np)/(n; + nji)l/2~

8.3 Verify that under the quasi-symmetry model of Section 8.1,

AA A ~B __ B
mf = nf, W = nj,

and

Solution
Forl1 <i<r—1,let

One now proceeds much as in Section 2.6. Note that it is assumed that
r—1 r—1

logm =i+ z)» i + Z/qu” + Z ZAABQU djj

i'=1 i'=1j=1

=1+ Z Mauw + Z Afa;; + Z Z Mqiwa;; + 47950

i'=1 i'=1j=1

Thus

;;m,,.:zv:;;nw
Z;qii"ﬁu=zz(1uf”u, I<if<r—-1,
i i

Zi:%:qjj'mij:; ;qjj'nija 1<jy<r-—1,

Z Z i @i + Gy 40Pz = Y. Y G djy + ipdidng, 1<j<i<r—L
i i
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As in Section 2.6, the first three equations are equivalent to the equations

it = nd, l1<i<r,

=n? I<j<r

m jo

~

The last equation reduces to

A

m

rj rr

v My = Mg, + M+ My — My, —mp +m

= Ryy — Ny — By + Ay + 0y — Ny — 0 + 1,
I<igsr—1, 1<j<r-—1.
This new equation is implied by the equation
my; + Wy = ng -+ ng.
On the other hand, summation over i’ and j' shows that

A

m n

Summation over j' for a fixed i’ shows that
Wy, + Ay = Ny + Ry, l<i<r-1
It then follows that
My + Mpp =ngp + 0y, 1<V <r—1, 1<j/<r-1
Thus the general equation

rﬁ,-j + ﬁlJl = n,-j + nj,-
must hold.
8.4 Derive Tables 8.3 and 8.4.

Solution
The programm in the Appendix can be used. Note that

12
log m; = o+ Z ﬁkxijk’
k=1

where « = A and the §, and x;; are defined as in Table 8.12.

8.5 Derive Table 8.3 with the Newton-Raphson algorithm, using the
parametrization

log m;; = a;; + %(AiA - /1?) - %(/1}4 - '1,?), i <],
=a; + 34 - A - 34 - A), i
where

;= A+ 5A + AN + 3P+ AN+ AP i<

ij o
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Table 8.12
Coefficients for the Quasi-Symmetry Model for Table 8.1
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Solution

Convert Table 8.1 into a two-way table of counts nj;, 1<i <2,
1 <j <6, as shown in Table 8.13. Let m;; be the expected value of n; ;,
and note that the proposed parametrization is equivalent to the model

3
!
log mi/j' = O(;-' + Z ﬁkxi'j'k,
k=1
where o, = «;; for j’ corresponding to i and j,

b= —A), 1<k<3,

and the x; ;, are defined as in Table 8.13. Given this parametrization, the
program in the Appendix or other related programs are readily used. The
coefficient estimates f, and the corresponding EASD’s s(j,) listed in Table
8.14 also provide a measure of the degree of asymmetry found in the table.
Note the very large standardized value (15 — AB)/s(14 — 25).

8.6 Verify that the quasi-symmetry model of Section 8.1 holds if and only if

my Mg my [(m;my my) = 1.
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Table 8.13

Reparametrization of Table 8.1

’

i J ! J Ry = Mij Xitj1 Xij2 Xirj3
1 1 1 2 123 1 -1 0
2 1 2 1 82 -1 1
1 2 1 3 2 1 0 -1
2 2 3 1 5 -1 0 1
1 3 1 4 0 2 1 i
2 3 4 1 2 -2 -1 -1
1 4 2 3 30 0 1 -1
2 4 3 2 59 0 -1 1
1 S 2 4 7 1 2 1
2 5 4 2 41 -1 -2 -1
1 6 3 4 4 1 1 2
2 6 4 3 29 -1 —1 -2
Table 8.14
Estimates of 3(A# — 1B) in Table 8.1

Parameter Estimate EASD Standardized value

! - 25 —-0.210 0.075 —2.80

L1 - 15 —0.399 0.059 —6.72

g - 15 —0.080 0.077 —1.05

Solution

The observation here is verified in Caussinus (1965). See also Bishop,
Fienberg, and Holland (1975, p. 290). The necessity of the condition follows
since

AB _ oAB
iijykiy = Dekir (i)

under quasi-symmetry. Thus
mm; / My M\ MMMy 1
m;;m; mymg; mg; ny My,

On the other hand,
AB _ LAB AB
9Ghan = Diipw/Danai

and

AB _ AB AB
Qi = donan/dvap-
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If
m;;momy [(mmy my) = 1
for all i, j, and k, then
AB _ . AB
Qijykiy = Ykiriijy-
Thus
AB — AB
dapan = 9@knj
and quasi-symmetry holds.

8.7 Determine whether a quasi-symmetry model provides a satisfactory fit
for Table 7.1.

Solution
Results are summarized in Table 8.15 and Table 8.16. Since X? = 3.86,
L? = 3.84, and there are 3 degrees of freedom, the fit is quite satisfactory.

8.8 Verify that the Stuart @ = 60.6 in Table 8.1.

Table 8.15

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for
Table 7.1 under the Quasi-Symmetry Model®

Current residence

Residence
at age 16 Northeast South North Central West
Northeast 263 22 14 13
263 25.00 11.86 12.13
— —1.52 1.13 0.76
South 26 399 36 30
23.00 399 36.46 32.55
1.52 -0.21 - 1.58
North Central 10 41 368 46
12.14 40.54 368 44.32
—1.13 0.21 1.02
West 1 8 S 148
1.87 5.45 6.68 148
—-0.76 1.58 -1.02

“ The first entry is the observed frequency, the second entry is the
maximum likelihood estimate of the expected frequency, and the third
entry is the adjusted residual.
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Table 8.16
Definitions of Variables in Variable-Distance Model for
Table 8.1
! J Xij1 Xij2 Xij3 Wiji Wij2 Wij3
1 1 1 0 0 0 0 0
2 1 0 1 0 -1 0 0
3 1 0 0 1 -1 -1 0
4 1 -1 -1 -1 -1 -1 -1
1 2 1 0 0 -1 0 0
2 2 0 1 0 0 0 0
3 2 0 0 1 0 -1 0
4 2 -1 -1 -1 0 —1 -1
i 3 1 0 0 -1 -1 0
2 3 0 1 0 0 -1 0
3 3 0 0 1 0 0 0
4 3 -1 —1 -1 0 0 -1
1 4 1 0 0 —1 -1 -1
2 4 0 1 0 0 -1 —1
3 4 0 0 1 0 0 -1
4 4 -1 —1 -1 0 0 0

Solution

Note that f, = 36, f, = —104, f; =7, v;, = 214, vy, = v, = —205,
Uy, = 342, vy =v;3= ~T7, U3, = 0,3 = —89, vy, = 129. Thus v!!' =
0.0176, v?' = v'? = 0.0132, v32 =0.0134, ' =v"* =0.0101, v3? = p?3
= 0.0100, v*3 = 0.0152, and Q0 = 60.60.

8.9 Using the variable-distance model for a complete table with Table 8.1,
obtain parameter estimates and estimated asymptotic standard deviations
for A4, 1 <i<3 and 5, 1 <k <3, find estimated expected counts and
adjusted residuals, and compute X2, L? and the corresponding degrees of
freedom. Does the model fit the data?

Solution
One may write

3 3
logm;; = o; + Z A;chijk + 5 mwii,
k=1 k=1
where of = ' + 2%, x;;, is defined as in Section 8.2, and

wip = — 1, i<k<j or j<k«<i

=0, otherwise.
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Table 8.17

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for
Variable-Distance Model for Table 8.1

Wife’s highest degree

High school

Husband’s Less than diploma or
highest high school junior college Bachelor’s Graduate
degree diploma degree degree degree
Less than 259 123 2 0
high school 259.00 116.00 7.76 1.24
diploma — 2.76 —2.40 —1.20
High school 82 370 30 7
diploma 72.18 386.82 25.86 4.14
Junior college 2.90 —4.02 1.56 1.86
degree
Bachelor’s 5 59 34 4
degree 9.63 51.62 35.13 5.62
- 1.09 1.96 -0.34 - 1.04
Graduate 2 41 29 8
degree 7.20 38.56 26.25 8.00
=215 0.69 0.88 —

Thus x;; and w;,; are defined as in Table 8.16. Using the Newton-Raphson
algorithm, one obtains results shown in Table 8.17 and Table 8.18. Since
X? =186, L? = 23.2, and there are 6 degrees of freedom, the fit is not
unsatisfactory.

8.10 Derive Table 8.10 and Table 8.11.
Solution
The Newton-Raphson algorithm is easily used. Note that
6
log m;j, = o + Z BuXijkins
h=1

where the definitions in Table 8.19 are used and where 8, = 15, B, = A2
By = AL, By = AB% By = ABY and Bs = ABL. The coefficient A5} = — 157 —

18Y_The value of s(4¥%) may be obtained by noting that

R 1 1
A3 = 5 log(nt3 n33) — ¢ 3. log(nii/n3i
I=1

1 1 1
= 3 log(rfY/n8) ~ ¢ log(l/nh) — < log(utl/ntY)
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Table 8.18

Parameter Estimates for
Variable-Distance Model for

Table 8.1

EASD

Estimate

Parameter

0.091
0.081
0.105
0.079

0.447
0410
— 0444

1.241
1.160
0.322

0.114

N2

0.246

M3

Table 8.19

Coefficients for Model 2 for Table 7.29

X k2 Xiiki3 Xijkia Xijkis Xijkie

Xijkiy

6N e e - — R st T e T B I I T R I I R o
[ [ [
o e e e e e e e e e e e e e e e — —

f
e e e e e e e e e v v e — — ——
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(any [1( 1 + 1 )+ 1 ( 1 4 1 + 1 + 1 ):l”2
S = — 53 —_— —t —=v —=v = v
R LV G 1A G I I

N TRV N N B T Ry C
= |9\a76 T 584) T 361395 T 660 T 487 t 579

= 0.025.

Thus

8.11 Consider an r x r x r contingency table with counts n;;, 1 < i <r,

A

1<j<r, 1<k<r Find maximum likelihood estimates s for the
symmetry model m;; = my; = my;. Find degrees of freedom for chi-square
tests. Note that by Feller (1968, p. 38), there are (r + 2)(r + 1)r/6 integers
i,jyandksuchthat 1l <i<j<k <r.

Solution
As noted by Bishop, Fienberg, and Holland (1975, p. 302),

P = 6 + Mg + Mo + Mg + M + ngy).
Note that the corresponding log-linear model is
log mj = o e
where i’ is the minimum of i, j, and k, k' is the maximum of i, j, and k, and j’
is the second smallest (or second largest) of i, j, and k. Thus
log my,3 = logmy 3 = log m 3, = log my,, = logmy, = log my3; = ay,;
and
logm,, =logm,, =logmy;; = ayy;.

It follows that

X N X X N N
My = My = My = Mg = My = My

and
Wi + Wy + Ry + Mg + Ay + gy
= Mg+ A+ Ny + Mg + My + e
Thus 7 has the desired form.
To find degrees of freedom, note that there are (r + 2)r(r — 1)/6 param-
etersa;;, 1 < i <j < k < randr’cells. Thustherearer® — (r + Dr(r — 1)/6

degrees of freedom. Note that the formula in Bishop, Fienberg, and Holland
(1975, p. 302) appears to be in error.



9 Adjustment of Data

Survey data can be used to estimate the joint distribution of several
polytomous variables in the population under study. If the survey data are
supplemented by some information from population censuses concerning
the distribution of these variables, then the joint distribution can be estimated
with increased precision. Section 9.1 examines the approach to this problem
developed by Deming and Stephan (1940) and discussed by Deming (1964
[19437]) and Ireland and Kullback (1968). Section 9.2 considers extensions of
the method of Deming and Stephan (1940) discussed in Haberman (1974a,
pp. 376-386). Section 9.3 provides a brief survey of related applications that
appear in the literature.

Methods developed in this chapter will be illustrated through use of
data on educations of husbands and wives that come from two sources,
the 1972 General Social Survey and the 1970 United States Census. The
object of methods in this chapter is simultaneous use of information from
both sources of data to obtain a better description of the joint distribution
of educations of husbands and wives than can be obtained from either source
separately.

9.1 Adjustment of Marginal Tables

The method of adjustment developed by Deming and Stephan (1940)
applies if a table providing the joint distribution of two or more polytomous
variables has been obtained from a population sample and some tables
of marginal distributions of these variables have been obtained from a popula-
tion census. The joint population distribution of the variables is obtained

519
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through an iterative proportional fitting algorithm. The Deming-Stephan
procedure produces consistent estimates of joint population probabilities
if the sample is a simple random sample. In this case, relatively simple
formulas are also available for estimation of asymptotic standard deviations
of the probability estimates. The Deming-Stephan algorithm also yields
consistent probability estimates if the sample is not random, provided the
interaction structure associated with the sample distribution is the same as
the interaction structure associated with the population distribution. Un-
fortunately, formulas for asymptotic variances are much more complicated
in this case.

The basic operation of the Deming-Stephan method may be seen by an
examination of the two-variable case. Two sources of data are present in
this case. In one case, N independently distributed pairs (4,, B,),1 < h < N,
are observed, where each 4, can assume integral values i from 1 to r and each
B, can assume integral values j from 1 to s. The frequency count n;; is the
number of pairs in which 4, = i and B, = j, and m;; is the expected value
of n;;. As in Chapter 2, the r x s table of counts n;; may be distributed as in a
Poisson sampling model, a simple multinomial sampling model, a row-
multinomial sampling model, or a column-multinomial sampling model.

In the second source of data, N’ other pairs (A4}, B,), | < h < N/, are
present, each A, can assume integral values i from 1 to r, and each B} can
assume integral values j from 1 to s. However, the pairs (4, B,) are not
directly observed, and the number n;; of pairs such that 4, = i and B, = j
is not known. Instead, marginal totals are available. Thus the number
n* of variables 4}, equal to i may be known, the number n/? of variables B;,
equal to j may be known, or both nj*, 1 <i < r,and n}’, 1 <j < s, may be
known. The table of nj; may represent a complete population or it may be
derived from Poisson sampling, simple multinomial sampling, row-multi-
nomial sampling, or column-multinomial sampling. The expected value
of nj; is m;;. (Here m;; = n;; if a complete population is observed.) The
available data are used to estimate the mj; or to estimate functions of the
m;; such as the expected proportion p;; = mi;/N’ of observations with 4} = i
and Bj, = j.

Information from the two separate sources of data can be combined if
the interaction structures of the table of n,; and the table of n;; are sufficiently
similar. As in Chapter 2, the m;; and m;; may be parametrized so that

logm;=A+ A+ A% + 2/? 9.1

ij o
Y=Y A=Y= =0, 9.2)
i J

log mj; = A + A + A + A (9.3)

ij o
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and
YA =T =Y A=Y 4" =0 G4

t J

Deming and Stephan’s (1940) approach applies under the following con-
ditions:

(A) The row totals nj*, 1 <i <r, are known, A} = 1%, 1 <j<s, and
MP=AP1<i<rl<j<s.

(B) The column totals n/®, 1 <j <'s, are known, A = A4}, 1 <i<r,
and AP =A% 1<i<rl1<j<s.

(C) The row totals nj*, 1 < i < r, and the column totals n/%, 1 <j <s,
are both known and A =475 1<i<r 1 <j<s.

In other words, A5 and A5 parameters must be equal if S-marginal totals
for the nj; are unknown.

To illustrate use of the Deming-Stephan algorithm in Cases (A), (B),
and (C), consider Tables 9.1 and 9.2. Both tables have r = 4 rows and s = 4
columns, and both tables measure the joint distribution of years of education
of married couples in the United States. In Table 9.1, which is derived from
the 1972 General Social Survey, A, denotes the educational group of the
husband and B, denotes the educational group of the wife, so that 4, = 2
and B, = 3 if the husband has 12 years of education and the wife has 13 to
15 years of education. The observed count n;;, 1 <i<4,1 <j<4,is the
number of subjects h with A, = i and B, = j. It is assumed that the pairs
(A, B,) are independent and identically distributed with probability p;; > 0
that 4, = i and B, = j. In Table 9.2, which is obtained from the 1970 United

States Census, A, denotes the educational group of the husband and B,

Table 9.1

Distribution of Years of Education of Married Couples in
1972 General Social Survey”

Years of Years of education of wife
education
of husband 0-11 12 13-15 16 + Total
0-11 283 141 25 4 453
12 82 180 43 14 319
13-15 20 104 43 20 187
16 + 4 52 41 69 166
Total: 389 477 152 107 1125

¢ Data tape from the 1972 General Social Survey, National
Opinion Research Center, University of Chicago.
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Table 9.2

Distribution of Y ears of Education of Married Couples in the 1970 United States Census®®

Years of Years of education of wife
education
of husband 0-11 12 13- 15 16+ Total
0-11 13,501,277 5.289,985 838.513 304.007 19,933,782
12 3,399,824 8.157.086 1,258,299 460,704 13,275,913
13-15 802,064 2,547,540 1,319,579 517,813 5,186,966
16+ 348,900 1,865,294 1,685,198 2,301,491 6,200,883

Total: 18,052,065 17,859,905 5,101,589 3.584.015 44,597,774

4 U.S. Bureau of the Census (1972, p. 269).
* Respondents with 1 year of high school have 9 years of education, respondents with
1 year of college have 13 years of education, etc.

denotes the educational group of the wife. The number of husbands with
Ay = iand By = jis nj;. Table 9.2 actually provides an estimate of n;; based
on a very large sample; however, exposition will be simplified and the analys1s
will hardly be affected if the numbers in the table are regarded as the observed
counts n;;.

The Census does provide a cross-classification of educations of husbands
and wives. If such a cross-classification were not available but marginal
totals such as n;* were available, the cross-classification for the 1970 Census
could be estimated by use of the available marginal totals, together with the
cross-classification from the 1972 General Social Survey. Estimation will be
considered in this section under Cases (A), (B), and (C).

Case (A)

In this case, it is assumed that the only data available from the 1970
Census are the marginal totals n}* which specify the distribution of education
among husbands, and it is assumed that 27 = 1}® and A/{® = A;#®. Thus the
conditional logit
log(pu/pu) - 10g(mzj/mu) - (AB - AB) + (AAB - lAB

J}'

is equal to the logit
T = log(niy/ny) = (AF — AP + (4" — 7).

Equivalently, the conditional probability p”"1 = py/p{* that B, = given

that 4, = i is equal to the fraction p}5* = n] /n”‘ of husbands in the Census

in educational group i with wives in educational group j.
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The assumption that p}'/* = p/%“ is actually a questionable one given the

complete version of Table 9.2. The chi-square statistics for this model are
X = Z z (nij - mij)z/mij = 25.3
i

and
L? = 2'2 Z n;; log(n,;/my;) = 25.6,
i

where m;; = n{'p% . Since the corresponding multinomial response model
has the form
log(mij/p;'?l) = af,

where o = log n{, there are (4 — 1)4 = 12 degrees of freedom. Thus X2
and L? have significance levels between 1 and 2 percent. In practice, no
way would normally exist to test the assumption that p7* = p/%4, for the
adjustment procedure would normally be used when p}%* is unknown.
This test of the hypothesis p};* = p/%“ serves to indicate that the assumptions
commonly made in adjustment procedures may well fail to hold. Despite
the questionable nature of the assumption that p?* = p/%4, this case can
still be studied to illustrate procedures appropriate when the assumption is
valid. This case will also be useful as an indication of how the distribution
of education of wives in the 1970 Census would change if the p;%* were the
p3* in the 1972 General Social Survey.

Estimation Equations

The estimate i}; of m;; = nj; is defined in the Deming and Stephan method
by the following equations:

m = nA, 9.5)
i = ni (9.6)
i, = i exp(i + &), 9.7)
and
Y R = 0. (9.8)

Equation (9.5) restrains m? so that it is equal to the known marginal total
n!. Equation (9.6) provides the maximum likelihood estimate of m;; under
the saturated model used in this section for the log m;;. Equations (9.7)
and (9.8) reflect the relationship
logmj; —logm; =@ =)+ A" — A + AP — 2B + A% — A58
=K+« 9.9)

which results if 1/® = A%, 2;#% = 148 k = 2’ — A, and k! = 2" — AL
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Equations (9.5) to (9.8) define maximum likelihood estimates of the
m}; if n}? and n? are not fixed by the sampling procedure. In the case under
study, the n;j; are all fixed, so that these equations provide an approximation
to the maximum likelihood estimates.

These equations are satisfied if

1
k=) log(n/nf), (9.10)
ki = log(n*/nf) — &, (9.11)

and
;= (A nydy; = (0 Infyny;. 9.12)

Thus 1;; is found by a proportionate adjustment of each row of Table 9.1.

Confidence Intervals
Since nj* is fixed, ; has an EASD of
3(@21) = n;AS(”ij/"fq) = ”:'A[nij(”iA - nij)/(nf)sjl/z' (9.13)

The formula for s(n;/n{') may be found in Section 2.1 of Volume 1. An
approximate 95 percent confidence interval for m;; has lower bound

iy — 1.96s(7;

and upper bound
wi; + 1.96s(s;;).

The approximation improves as the m;; become large. Results are summarized
in Table 9.3. The most notable feature of the table is a tendency for the fitted
educational levels of wives to be higher than the levels found in Table 9.2.

Case (B)

This case is very similar to Case (A), except that now the only data available

from the 1970 Census are the marginal totals n” w/hich specify the distribution
of education among wives. It is now assumed that 4/ = A;* and 15 = A%,
so that the conditional probability pf}® = p,;/p} that a wife in the 1972

General Social Survey with education B, = j has a husband with education
A, = i is equal to the corresponding fraction pj%® = nj;/n’? of wives in the
Census in education group j with husbands in educational group i.

The assumption that pf;# = pi4® is even more doubtful than the as-

sumption p¥* = pi%4, for

X2 =3 % (ny; — 1)y = 360
i

i
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Table 9.3

Estimated Distribution of Education of Husbands and Wives in 1970

Based on Table 9.1 and on the Marginal Distribution of Education of

Husbands in Table 9.2°

Education Education in years of wife
in years of
husband 0-11 12 13-15 16+

0-11 12,453,000 6,205,000 1,100,000 176,000
453,000 434,000 214,000 88,000
11,564,000 5,355,000 681,000 4,000
13,342.000 7.054.000 1,519.000 348.000
12 3,413,000 7,491,000 1,790,000 583,000
325.000 369.000 254.000 152,000
2,776,000 6,769,000 1,292,000 284,000
4,049,000 8,214,000 2,287,000 881,000
13-15 555.000 2,885,000 1,193,000 535,000
117,000 188,000 160,000 117,000
325,000 2,515,000 879,000 325,000
785,000 3,254,000 1,506,000 785,000
16+ 149,000 1,942,000 1,532,000 2,577,000
74,000 223,000 208,000 237,000
5,000 1,505,000 1,125,000 2,113,000
294.000 2,380,000 1,938,000 3,042,000

“ First line is estimated cell counts, second line is EASD, and third
and fourth lines are respective approximate lower and upper 95

525

percent confidence bounds for cell count.

and
’ 2 Z Z ‘lij log(”ij/’flij) = 348,
i

where m;; = nipi%®. As in Case (A), there are 12 degrees of freedom, so the

significance levels are less than 0.001. Nonetheless, this case will also be
examined for illustrative purposes.

Estimation Equations

In this case, the Deming-Stephan approach yields the equations

m% = nt, (9.14)
My = Ny, (9.15)
Wi = My exp(R + k%), (9.16)
Y P =0. 9.17)
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Their motivation is similar to motivation of (9.5) to (9.8). They are satisfied if
;= n}P(n;/n?).

The EASD is

s(riy) = nP[nynf — ny)/(nf)*172 = nifs(ng/nf),

and an approximate 95 percent confidence interval has lower bound
w;; — 1.96s(;;

and upper bound
wy; + 1.96s(r;).

Results for this case are summarized in Table 9.4. Note a tendency for the
estimated educational levels of husbands to be lower than the observed
levels in Table 9.2.

Table 9.4

Estimated Distribution of Educations of Husbands and Wives in 1970
Buased on Table 9.1 and on the Marginal Distributions of Educations
of Wives in Table 9.2°

Education Education in years of wife
in years of
husband 0-11 12 13- 15 16+

0- 11 13,133,000 5,279,000 839,000 134,000
408,000 373,000 153,000 65,700
12,334,000 4,548,000 538,000 5,000
13,932,000 6,011,000 1,140,000 253,000
12 3,805,000 6,740,000 1,443,000 469,000
373,000 396,000 186,000 117,000

3,074,000 5,963,000 1,078,000 240,000

4,537,000 7,516,000 1,809,000 698,000

13-15 928,000 3,894,000 1,443,000 670,000
202,000 338,000 186,000 135,000

532,000 3,232,000 1.078,000 405,000

1,324,000 4,556,000 1,809.000 935,000

6+ 186,000 1,947,000 1,376,000 2,311,000
92,000 255,000 184,000 166,000

5,000 1,447,000 1,016,000 1,986,000

367,000 2,447,000 1,736,000 2,636,000

“ The format is the same as in Table 9.4.
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Case (C)

Here the marginal distributions of educations are known from the Census
for both husbands and wives but the joint distribution is unknown. The
assumption is also made that A = A;/%, so that the log cross-product
ratios

m..m. . N

i = log(m:,ml:j) and Tiin = log<ﬁ )
are equal for all i, , j, and j’. As noted in Exercise 9.1, this assumption is
questionable, just as were the assumptions in Cases (A) and (B). As in these
cases, analysis will still proceed to illustrate procedures and to indicate the
effects on the Census of changing the log cross-product ratios 7% ;;,
observed in the Census to the corresponding cross-product ratios encountered
in the 1972 General Social Survey. As in the other cases, the assumption that
A#® = 2;#® cannot be checked in most real examples since the individual
n;; are not known. This example is exceptional in the respect.

Estimation Equations

Here the estimation equations are

mt = nt, (9.18)
mpB = nk, (9.19)
= ng, (9.20)
A = i exp(i + /{8 + kD) (9.21)
Yri=Yir%=o (9.22)

Equations (9.18) and (9.19) reflect the fact that nj* and n}? are known,
(9.20) reflects the lack of any restriction on m,;, and (9.21) and (9.22) are based
on the fact that

logmj; —logm; = (A — )+ QA —AH + AP — 1P
=k + ki + K} (9.23)

whenever A%% = 415,

Iterative Proportional Fitting

These equations cannot generally be solved in closed form; however, the
iterative proportional fitting algorithm of Deming and Stephan (1940)
can be used to solve these equations. As in Section 2.5 of Volume 1, one may
let the starting values m;;, be equal to the observed counts n;; from the General
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Table 9.5

Estimated Distribution of Educations of Husbands and Wives in the
1970 Census Based on Table 9.1 and on Marginal Totals from

Table 9.2¢
Education Education in years of wife
in years of
husband 0-11 12 13-15 16+

0-11 13,285,000 5,598,000 909,000 141,000
288,000 290,000 156,000 68,000
12,720,000 5,031,000 603,000 7,000
13,850,000 6,166,000 1,215,000 275,000
12 3,915,000 7,269,000 1,590,000 501,000
281,000 299,000 183,000 118,000
3,364,000 6,687,000 1,231,000 271,000
4,466,000 7,856,000 1,950,000 733,000
13 15 664,000 2,919,000 1,105,000 498,000
156,000 133,000 140,000 101,000
358,000 2,658,000 830,000 301,000
970,000 3,181,000 1,380,000 695,000
16+ 188,000 2,073,000 1,497,000 2,442,000
91,000 290,000 167,000 144,000
11,000 1,701,000 1,170,000 2,160,000

366,000 2,445,000 1,824,000 2,725,000

“ Format is the same as in Table 9.3 and 9.4.

Social Survey. Proportional adjustments are then made so that for odd v, the
row total mi? is equal to the observed row total ni* and for even v, the
column total m}; is equal to the observed column total n’?. Thus

Mijo = My = nyj,

m;jl = (n;A/m;g)m:'jOa

mi’jz = (n;'B/m}ll;)m;'jla

m;j3 = (n;'A/mglzi)m;jz,
etc. As v becomes large, m;;, approaches ;. Results are shown in Table 9.5.

Standard computer programs for iterative proportional fitting can perform

the necessary calculations with little difficulty. The only complication is that
most programs do not use marginal totals such as nj* and n}? as input.
Instead, a complete table with these marginal totals must be read. For
example, one may set nj; = n;*n/?/N’ for use in programs such as Fay and
Goodman (1975) or Haberman (1972, 1973b).

Estimated Asymptotic Variances

In Case (C), estimation of asymptotic variances is far more complicated
than in Cases (A) and (B). The problem has been studied by Haberman
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(1974a, pp. 381-382). Unlike other formulas for asymptotic variances which
have previously been considered, the formula for s*(s];) does not have any
simple analog in weighted regression analysis. Given known weights
1 <i<r1<j<s, the asymptotic variance s*(d) of the estimate

i g

may be found in a two-stage process.
In the first stage, d is decomposed into a constant term and the variable
term in the following manner. Let y, y{, ¥}, e;;, and f;; be defined so that

l]’

;= e+ Jfijs (9.24)
g i = ; mi; =0, (9.25)
e; =7+ 7 +9% (9.26)
and
Yoyt=Y=0. (9.27)
Let
a=>y>y e;m
and P
- T8 s
so that

=
L,
o)

Then a4 has a constant value a equal to
X0+ ol + iy =y Yy + Yoyt + Z% P
i
=yN' + ) yfn't + Y yinf?
i i
If b has asymptotic mean
XY fym
i
and asymptotic variance ¢%(b), then d has asymptotic mean

d=b+a

and asymptotic variance 02(3)A= o2(b). Thus computation of ¢(d) is
equivalent to computation of ¢2(b).
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The second stage involves computation of o2(b). This step is simple since
Haberman’s (1974a) results show that b has the same asymptotic variance
as

Z Z my; f;; log ny;.
i
Therefore
o*d) = o*(b) = L ¥ [ imi)*/m;. (9.28)
LI

If ¢3(b) > 0, then the distribution of (b — b)/a(b) = (d — d)/o(d) is approx-
imately N(0, 1), with the approximation increasingly accurate as the my;
become large.

To estimate ¢*(d), the quantities &;;, f;, 9, §{, and f;; are defined in an
analogous manner to (9.24) through (9.27). Thus

& =&+ fijs (9.29)
gj;.jm;j = ;ﬁjm;j =0, (9.30)
ey =9+ 9+ 9% (9.31)
and
Lit=x=0 (9:32)
The estimated asymptotic variance is then
s*d) = Z ; [ i) i = Z ; S n;. (9.33)

Solution of (9.25) to (9.28) corresponds to minimization of the weighted
sum of squares

Z Z wifci; — eij)z
v
subject to the constraint that for some 7, y{, and y?,
ey=y+yi+y; and  Yof =) i=0
A solution can be found by letting o} =y + 7%, B, = y&, 1 <k <r — l,and
X = 1, i=k
= —1, i=r,
= 0, i#k, I#r,
so that

€ij = fx? + Z ﬁkxijk.
k
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As in Section 6.1, the weighted sum of squares is minimized if ¢; = é;;,
where

- Bexi. (9.34)

87 = 3 xigthiy/nP, (9.35)

1

and the B,, 1 < k < r — 1, satisfy the simultaneous equations

r—1
S SuB =YY xpeily,  1<k<r—L (9.36)
=1 i
Here
Z Z (Xijk - éjk)(xijl - Gjl)/h;j (9.37)
i
and
éjk = Z xijkm;'j/n;B' (9.38)

To find s°(r#1};), observe that d = ., if

i'j

¢y =1, i=i, j=]j,

=0, i#i or j#]j. (9.39)

Thus (9.34) to (9.39) may be used to obtain the values of s(#;;) shown in
Table 9.5. The approximate 95 percent confidence intervals have bounds

fit;; — 1.96s(;;
and
w;; + 1.96s(r;)).

One indication in Table 9.5 of problems with the assumption that A3® = A;/#

can be seen by comparing the actual value of n’,, in Table 9.2 of 8 157, 086
to the upper limit 7,856,000 of the corresponding confidence interval in Table
9.5. The standardized deviate (n,, — M,,)/s(iM5,) has an approximate
N(O, 1) distribution if A4® = A;'*. Since this deviate is

(8,157,086 — 7,269,000)/299.000 = 3.30,
it has an approximate significance level of 2[1 — ®(3.30)] = 0.00096. Even
adjusting for the presence of 16 estimates #;;, this deviate is still larger than

can be expected under the assumption that Tables 9.1 and 9.2 have the same
two-factor interactions.
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In this section, the basic procedures for adjustment of data using saturated
models have been explored. The Deming-Stephan procedure for estimation
of unobserved counts has been provided, and a procedure has been given
for estimation of EASD’s. Generalizations to higher-way tables are straight-
forward. For examples, see Exercises 9.4 and 9.5. In this next section, a
generalization to unsaturated models is provided.

9.2 Adjustment of Marginal Totals Using Unsaturated Models

The adjustment procedures of the preceding section may also be applied
if an unsaturated model is used with the table of n;;. The only requirement is
that the only A-parameters to be restricted must be those assumed equal in
Tables 9.1 and 9.2 to the corresponding A'-parameters. For example, in
Cases (A), (B), and (C) of Section 9.1, one may assume quasi-symmetry,
in which case, 13® = AP, This restriction is permitted since in Cases (A),
(B), and (C), 4% = 7%,

The estimation procedure for the unsaturated case is very similar to the
estimation procedure in the saturated case, except that m;; is now the maxi-
mum likelihood estimate of m;; under the unsaturated model for the n;;.
Computation of estimated asymptotic variances is more complex than in the
cases explored in Section 9.1 since the estimated asymptotic variance of a
linear combination of the log 7y; in an unsaturated model has a relatively
complicated expression compared to the estimated asymptotic variance
of a linear combination of the log n;;.

Computation of r;;

Procedures will be illustrated in the section by an application of quasi-
symmetry to Table 9.1 when the assumptions in Case (C) are made. To begin

analysis, estimates i1; are computed as in Section 8.1 under the quasi-
symmetry model

logmy = A + A + A7 + 255,

SH =M =LA =T =0,

i j
AGE = A48,
Results are shown in Table 9.6. Since there are 3 degrees of freedom, X2 =

3.50, and L? = 3.44, the quasi-symmetry model is consistent with Table 9.1.
Thus the y;; do provide acceptable estimates of the means m;;.
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Table 9.6

Estimated Cell Means in Table 9.1 under the
Quasi-Symmetry Model

Education Education in years of wife
in years of
husband 0-11 12 13-15 16+
0-11 283.00 145.82 21.52 2.67
12 77.18 180.00 48.01 13.81
13-15 23.48 98.99 43.00 21.53
16+ 5.33 52.19 39.47 69.00

Computation of s1;;

Given the 7y, the estimates #;; for Table 9.2 satisfy

At =, (9.40)

P =np (9.41)

;= my; exp(R + K + &5, 9.42)
Yrt=Yir¥t=0 (9.43)

These equations may be solved by iterative proportional fitting as in Section

9.1. The only change is in the starting value #;;,, which is now ;. At sub-
sequent steps,

miy = (i mig)mizo, (9.44)
mijy = (0 /mi)mi,, (9.45)

etc. Results are summarized in Table 9.7.

Estimation of Asymptotic Variances

As in Case (C) of Section 9.1, estimation of the asymptotic variance of a
linear combination of the estimated means j; is a two-stage process. The
first stage is the same as in Section 9.1. The second stage is more complicated
than in Section 9.1 due to the use of an unsaturated model.

As in Section 9.1, it i1s helpful to begin by considering the asymptotic
variance ¢2(d) of a linear combination

d=3 3 cym
J
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Table 9.7

Estimated Distribution of Educations of Husbands and Wives in the
1970 Census Based on the Quasi-Symmetry Model for Table 9.1 and on
the Marginal Totals in Table 9.2¢

Years of Years of education of wife
education

of husband 0-11 12 13-15 16+
0-11 13,304,000 5,760,000 780,000 94,000
288,000 274,000 107,000 35,000
12,740,000 5,218,000 570,000 26,000
13,869,000 6,292,000 990,000 163,000
12 3,716,000 7,276,000 1,783,000 501,000
300,000 141,000 79,000 85,000

3,218,000 6,689,000 1,508,000 334,000

4,214,000 7,863,000 2,059,000 667,000

13-15 781,000 2,764,000 1,103,000 539,000
107,000 108,000 140,000 79,000

571,000 2,552,000 828,000 384,000

991,000 2,975,000 1,378,000 695,000

16+ 251,000 2,065,000 1,435,000 2,449,000
85,000 170,000 136,000 143,000

85,000 1,731,000 1,168,000 2,169,000

418,000 2,399,000 1,701,000 2,730,000

“The format is the same as in Tables 9.3, 9.4, and 9.5

of the estimated means m;;. As in Section 9.1, if 62(d) > 0 and
d= Z Z Ciimy;,
i

then (d — d)/o(d) is approximately a standard normal deviate and ¢2(d)
is the asymptotic variance of

g= Z Z (fz,m:,) log Wli_,‘,
P
where f;; is defined as in (9.24) to (9.27). The only change is in the formula

for the asymptotic variance of §.
Since

where



9.2 ADJUSTMENT OF MARGINAL TOTALS 535

and Af? = 247, (9.25) implies that

ji

g = sz!jmu + Z’IA qumu + ZABqumu + ZZ’IAB mi; fi;
szz,fui’w

= Z ;A5

i=2 j=1
where
u; = mi; fi; + my [ — my fiy — m; f; (9.46)

Thus § has asymptotic variance

6*(d) = Z Z Z Zu,ju,j Vijirss (9.47)

i=2 j=1i=2 j=1

where v, is the asymptotic covariance of 471 and i#%.
To find the v;;;. ; for Table 9.1, observe that

iji'j'
B
log m;; = oj + Z BieXij»
k=1

where the «? = 1 + A} and the f, and x;;, are defined as in Table 9.8. The
asymptotic covariance matrix of the [fk, 1 < k <9, has elements S¥, 1 < k
< 9,1 <! <9, where the §,, are elements of the inverse § ' of the matrix
S with elements

Su = Z Z (xijk - ()jk)(xijl - ojl)mij , (9.48)
i
and where
()J’( - Z xukm,j/mf. (9,49)

Thus v;,,; = §*%, v5,,; = §°, etc.
To compute estimated asymptotic variances s*(d), let f;; be defined as in
Section 9.1 and let

;= g fi; + W fi — g fi — m;;fu (9.50)
Then
r o i—1 r i1
Sz(d) = Z Z Z Z lfl,-jﬁirj/ ﬁiji'j" (9.51)
i=2 j=1i=2 j=1

A

Here D,,5,, = §*4, 03,2, = §°%, 84,5, = S, etc, where S~ is the inverse
of the matrix S with elements

Skl = Z Z (xijk - éjk)(xijl - gjl)mij (9.52)
i
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Table 9.8

Coefficients for the Quasi-Symmetry Model of Table 9.1

k 1 2 3 4 5 6 7 8 9

B A A3 A3 Ao A% A A AL G
Xy 1 0 0 -1 -1 -1 0 0 0
X214 0 1 0 1 0 0 0 0 0
X3y 0 0 1 0 1 0 0 0 0
Xamn -1 -1 -1 0 0 1 0 0 0
X 1 0 0 1 0 0 0 0 0
X22k 0 1 0 —1 0 0 —1 -1 0
X324 0 0 1 0 0 0 1 0 0
X421 -1 —1 —1 0 0 0 0 1 0
X134 1 0 0 0 1 0 0 0 0
X334 0 1 0 0 0 0 1 0 0
X334 0 0 1 0 -1 0 -1 0 -1
X43k -1 —1 -1 0 0 0 0 0 1
X 44 1 0 0 0 0 1 0 0 0
X244 0 1 0 0 0 0 0 1 0
X34n 0 0 1 0 0 0 0 0 1
Xgak -1 -1 -1 0 0 -1 0 -1 -1

and
Op = Xuihy/nt. (9.53)
1

A

Estimates 9,;;; are shown in Table 9.9. Estimates s*(%j;) are shown in
Table 9.7, together with corresponding approximate 95 percent confidence
intervals. Some modest gain is generally achieved compared to Table 9.5
in terms of width of the confidence intervals. This gain is the basic motivation
for use of unsaturated models in the adjustment process.

Table 9.9

Estimates vy ;- for Table 9.1

i j 10009, 10008, 10008, 10008, 10006,,, 10008,

2 1 5.426 ~0.701 10024 —2677 ~0.259 3834
3 1 —0.701 12327 —11.792 —3.339 4750 —0.661
4 1 ~10024  —11.792 50.935 10753 —10269  —10.517
3 2 2677 -3339 10.753 6.875 —3953 ~2912
4 2 —~0.259 4750 —10.269 -3.395 10.344 ~0.586
4 3 3834 —0.661 —10.517 ~2912 ~0.586 10.725
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9.3 Related Applications

The adjustment methods described in this chapter have been used
extensively to describe relationships between discrete variables. An early
example appears in Yule (1912). He considers a 2 x 2 table with counts
n;, 1 <i<2,1<j <2 The relationship between the two cross-classified
dichotomous variables can be described by the cross-product ratio

q = nynayaf/(nyahyy).

Yule notes that a 2 x 2 table of probabilities P,,, P,,, P,;, and P,, exists
with marginal probabilities

Pf=Pi1+Pi2=Pf=Pij+P2j=%
and
P P,/(P1,P31) = q.
In this table,
Py, = Py = 1/[2(1 + ¢'%)]
and
P, =Py =q/[2(1 + ¢')].
Yule’s coefficient of colligation, which was mentioned in Chapter 2, is
Pf:{’—Pf:f:PH/P‘?—P,Z/P‘Z’
=1 —q")/ + q'").

Mosteller (1968) considers a more general standardization in which a
5x5table n;, 1 <i <5 1<j<35, is adjusted to yield a new table of
estimates M;;, 1 <i < 5,1 <j < 5, where for some «, k', and 7,

M{=3%M;=100,1<i<5
Jj

MP=3 M;=100,1<j<5,

log(n;;/M;j) = k + k! + K%,
and

ZK{‘zZKsz.
i J

Computations use the iterative proportional fitting algorithm described in
Section 9.1. The only change is replacement of the nj* and n’? of that section
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by the M{ and M. Similar analyses of a 3 x 3 and an 8 x 3 table appear
in Fienberg (1971).

The material of this chapter is also closely related to a literature on
standardization of rates that dates back at least to Registrar General of
Birth, Deaths, and Marriages in England (1883). Let subjects h, 1 < h < N,
be observed on polytomous variables 4, =i and B, = j. For example,
A, might be an age group and B, might be 1 if the subject dies in a given year
and 2 otherwise. Let p;; > O be the probability that 4, =i and B, = j,
let p{* be the marginal probability that 4, = i, and let p};* be the conditional
probability that B, = j given that 4, = i. Thus the p;! might determine the
age distribution in the population, and the p%# would be age-specific death
rates. Let pf' be an estimate of pf, and let p7;* be an estimate of p%;#. Consider
a reference population with probabilities P;; corresponding to p;;. Let the
marginal totals P{ be known, and assume that P%* = p%. Then the marginal
total P? has the estimate

PP = X AP,

For example, the estimates P? might be an age-adjusted death rate. The
standard population would have an age distribution defined by the P{.

EXERCISES

9.1 Use Tables 9.1 and 9.2 to test the hypothesis

log(m;;/n;;) = x + ki + Kf,
where

Yri=Y«Kl=0.

Solution

The Newton-Raphson algorithm or Deming-Stephan algorithm may be
used. In the latter case,

!
ij»

— Ay A
My = My N, /mig,

Mijo = 1

My = mijlnf/mfl’
etc. The chi-square statistics X = 16.6 and L* = 17.3 have (4 — 1)(4 — 1)
= 9 degrees of freedom, so they have approximate significance levels of

S percent. Thus the model is doubtful. Much of the difficulty appears to
involve diagonal cells, as can be seen in Table 9.10.
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Tahble 9.10

Observed Counts and Estimated Expected Counts for the
Model of Exercise 9.1¢

Years of Years of education of wife
education
of husband 0-11 12 13-15 16+
0- 11 283 41 25 4
286.95 134.75 22.65 8.56
12 82 180 43 14
70.49 202.69 33.16 12.66
13-15 20 104 43 20
24.12 91.82 50.44 20.64
16+ 4 52 41 69

7.45 47.73 45.74 65.13

“ First line is observed count and second line is
estimated expected count.

The model

log(my;/ni;) = Kk + K + K7, I #J,
leads to an X? of 2.96 and an L? of 3.14. The degrees of freedom are 6, so the
fit is quite satisfactory.

9.2 Use the Newton-Raphson algorithm to compute the estimate m;;
in Table 9.5.

Solution

The estimates m;; are found from use of the Newton-Raphson algorithm
for the log-linear model

3
log(m;;/z;;) = 0‘? + Z Bixiji
k=1

where
X = 1, i =k,
= 0, i#k, <4,
= —1, i =4

The z;; are set equal to n;;. The counts n}; corresponding to the m;; are chosen
so that they have the observed marginal totals. For example, one may let
mj; = n;*n’/N’. One may cheat a bit since the nj; are actually known and

use the actual observed values.
9.3 Verify Table 9.5.

9.4 Let polytomous variables 4,, B,, and C, be observed, 1 < h < N.
Assume that the triples (4,, B,, C,) are independently distributed with
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probability p;; > O that A, =i, B,=j,and C, =k, 1 <i<r, 1 <j<y,
and I < k < t. Let n; be the observed number of h such that 4, = i, B, = j,
and C, = k so that n;; has mean m;; = Np;;. Assume that in a population
under study, variables A4;, By, and C,, | < h < N, are distributed so that
pii > 0 is the probability that A=, By=j,and C, =k, 1 <i<r,1<j
<s,and 1 <k <t Let n;; be the number of h such that 4, =i, B, = j,
and C}, = k, and let m;; = N'p}; denote the mean of nj. Let

log myy = A+ A+ A% + A0 + A8% + A5° + A + A€

and
lOg m;'k =1 + l:A + /l;B + /1/ + A/AB + l{lAC + /erC + AIABC.

ijk

Assume that A42¢ = 1’42, where the usual constraints on A- and A’-param-
eters apply. Let the marginal totals n;i®, nj!¢, and n;C be observed. Describe
an iterative proportional fitting procedure for use in estimation of the mean

my = N'piy of n

ijk-

Solution

One may let

7
Mijko = Mijk

’ . 'AB;, /AB
mijkl - Ukonu /m

ijo »

' _ 1AC .1 AC
M2 = uklnzk /mio s
/BC

m:'jkB = mukZ n/k /m_]k07
etc. The limit iy of the 1, is the maximum likelihood estimate of mj,.
9.5 Let Ay, By, Cy, i, N, pijes M, Ay, By, Chy iy, N', pij, and my be

defined as in Exercise 9.4. Assume that the A- and A'-parameters in Exercise

9.4 satisfy A% = 418 A5 ;,fc, and A75¢€ = 43P, and assume that the

observed margmal totals are the ni* and n"“ Fmd an iterative proportional
fitting algorithm for estimation of m;,

Solution
Here
’
Mijo = Mijis
’ A tA
Mgy = M Mo/ Mijkos

'BC
n mz}kl/nukls

’
M;jia
’
Mijs = 1 miij/miZ ,
etc. The m;;,, approach a limit #1;;, which is the maximum likelihood estimate
of mj.

9.6 Derive Table 9.7.
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The latent-class models of this chapter assume that the relationships
between several observed (manifest) discrete variables can be explained by
use of a log-linear model involving both these variables and one or more
unobserved (latent) discrete variables. The usual assumption made in these
models is that the manifest variables are conditionally independent given
the latent variable or variables, so that for any given manifest variable, the
other observed variables provide no information on that given variable
beyond information provided by the latent variable or variables. In this
sense, the latent variables or variables fully account for the observed relation-
ships among the manifest variables. Readers familiar with factor analysis
may find parallels between factor analysis models for continuous data
and latent-class models for discrete data.

The treatment of latent-class analysis in this chapter is most closely related
to work of Goodman (1974a,b) and Haberman (1974c, 1976b, 1977). This
work builds on a substantial earlier literature. The most extensive treatment
of latent-class analysis i1s in Lazarsfeld and Henry (1968). Important earlier
papers include Lazarsfeld (1950a,b), Green (1951, 1952), Anderson (1954,
1959), Gibson (1955), McHugh (1956), and Madansky (1960). Except for
McHugh (1956), this earlier literature emphasizes estimation by deter-
minantal equations. This method is generally cumbersome and inefficient.
The approach of Goodman and Haberman has roots in the gene-counting
method for estimation of gene frequencies. For early discussion of this
algorithm, see Ceppellini, Siniscalco, and Smith (1955) and Smith (1956).
The models of this chapter are related to an extensive literature on
incomplete data. For a very helpful review, see Dempster, Laird, and Rubin
(1977).

541
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Sections 10.1-10.3 of this chapter consider computation of maximum
likelihood estimates, chi-square statistics, and adjusted residuals for the basic
latent-class model in which a single latent variable is present and the only
assumption made is that the manifest variables are conditionally inde-
pendent given the latent variable. Techniques used in these sections parallel
techniques previously used with log-linear models. Maximum likelihood
equations are similar in form, an iterative proportional fitting algorithm is
available, and a variant of the Newton-Raphson algorithm called the
scoring algorithm reduces to a series of weighted regression problems.
As with log-linear models, asymptotic variances can be computed through
analogies to weighted regression problems. Despite these similarities,
analysis is more difficult than in the case of log—linear models. Starting values
for iterative computations are not easily chosen, multiple solutions to the
maximum likelihood equations exist, and iterative computations proceed
more slowly than in the case of comparable log-linear models.

In Sections 10.4 and 10.5, a variety of less traditional latent-structure
models are considered. The general estimation and testing procedures for
these models are quite similar to those for the more traditional model.
Section 10.6 summarizes the general theory of latent-class models used in
this chapter.

10.1 Maximum Likelihood Equations for the Traditional Latent-
Class Model

In the traditional latent-class model, one dichotomous or polytomous
latent variable and more than one dichotomous or polytomous manifest
variables are present. The only assumption made is the local independence
assumption that the manifest variables are conditionally independent given
the latent variable.

To illustrate the traditional model, it will be applied to Table 7.29 under
the condition that the latent variable is dichotomous. For subject 4, let X,
denote the latent variable. As in Chapter 7, let B,, D,, and F, denote the
responses to questions B, D, and F, and let Y, denote the year of survey.
Thus By, D,, F,, and Y, are the manifest variables. In the traditional latent-
class model, B, D,, F,,, and Y, are conditionally independent given X,. Thus
if X, were known, knowledge of the attitude B, toward legal abortions for
married women not desiring more children provides no added information
concerning the attitude D, toward legal abortions for women in families
with low incomes or the attitude F, toward legal abortions for unmarried
women not wishing to marry the father. To describe the appropriate
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log-linear model, assume that given the Y,, 1 < h < N, the responses
(X4, By, Dy, Fi), 1 < h < N, are independently distributed, with pJ22f" > 0
the probability that X, = x, B, = i, D, = j, and F), = k given that ¥, = L
Let n,; , be the number of subjects with X, = x, B, = i, D, = j, F,, = k, and
Y, =1, and let m;, = i [ piii ¥ denote the conditional expected value of
n,; i given the number n) of subjects responding in year I. Then it is assumed
that
log mu = A+ A% + AP+ A7 + A + A
+ AXB+ AP+ AEF + A (10.1)

where

X8 _ XB
= LA = LA

x i ! x i

=Y =Y A =0, (10.2)

1

™
>
X >
Il
-1
N
~
I
Il
g
3;

Since the X, are not observed, the frequencies n,;;, are not known.
Therefore, ordinary methods for analysis of log—linear models cannot be
employed. However, it is still possible to estimate the means m,;;, and the

A-parameters from the observed marginal totals n®PfY. These totals are
g ijkt

known since nfg/ " is the number of subjects h in year Y, = [ with the ob-
served responses B, = i, D, = j, and F, = k. Given the observed marginal
totals n’pf ¥, the following general rule for derivation of maximum likelihood
estimates in latent-structure models may be used. The same maximum
likelihood equations apply as in the ordinary case in which all frequency
counts are directly observed, except that the unobserved counts are replaced
by their estimated conditional expected values given the observed marginal
totals. This rule can be derived from Haberman (1974c).

To illustrate the rule, consider the model defined by (10.1) and (10.2).
Since the model is of hierarchical form and the generating class consists of
XB, XD, XF, and XY, the maximum likelthood equations under direct

observation would be

mXB _ ,XB nXD _ XD
M nxt ’ mxj - nxj s
mXF HXY _ XY
M = nxk > myr = Ny,

log mxl}k 2 + ZB '{D + ZII: + 0+ j'xl s
SE=Ya == A =T =0
XD

Since n)P, nXP, n}f, and n}’ are not observed, these equations cannot be
used in practice. However, given the nP5/”, the conditional expected value
of n,;j, has an estimate

Py BDFY\,.BDFY
nxijkl (mxukl/mukl )nukl
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The maximum likelihood equations can then be written as

HXB __ ;XB ~XD _ ;XB
my = Ny, mxj - nxja
s XF __ SXF AXY __ AXY
M = Mk My = Ny,

Despite the general resemblance between maximum likelihood equations
for latent-class models and maximum likelihood equations for ordinary
log-linear models, many difficulties arise in the latent-class case that are not
encountered in the ordinary case. These problems primarily reflect the lack of
a unique solution to the maximum likelihood equations for latent-class
models. An added problem arises since solutions exist that are not maximum
likelihood estimates. For example the maximum likelihood equations are
satisfied if a; + a, = 1, a; > 0,a, > 0, and

- _ B.D _F._Y/n3.
My = xRN Ny /N?;

however, in general, this estimate for m,;; is a maximum likelihood estimate
not for the latent-class model of interest but for the independence model in
which a, = n¥/N, the proportion of X, equal x, and

In addition, if ,,,, satisfies the maximum likelihood equations, then so
does the estimate
m;ijkl = m(3vx)ijkl

in which the indexes x = 1 and x = 2 are interchanged. In other words, the
data cannot be used to determine which latent class is which. Consequently,
maximum likelihood estimates are not uniquely defined. Given these
problems, some care must be taken to ensure that a solution of the maximum
likelihood equations is indeed a maximum likelihood estimate. The next
two sections consider this issue in terms of two computational procedures
for derivation of the estimates 1.

10.2 Iterative Proportional Fitting and Latent-Class Models

Iterative proportional fitting has been adapted by Goodman (1974a,b)
and Haberman (1976b) for use with latent-class models. The basic concept
used goes back at least to Ceppellini, Siniscalco, and Smith (1955). The
iterative proportional fitting algorithm discussed in this section can be
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applied to any latent-class model based on a hierarchical log-linear model.
The algorithm normally converges to a solution of the maximum likelihood
equations; however, convergence is much slower generally than with directly
observed frequency counts. A precise statement concerning convergence
conditions may be found in Haberman (1976b).

Ordinary routines for iterative proportional fitting of hierarchical log-
linear models can readily be adapted for use with latent-class models.
Computations in this section are performed through the iterative pro-
portional fitting algorithm available in the SNAP system at the University of
Chicago. Several variations of the same basic algorithm are possible. The
version presented here corresponds to that of Goodman (1974a,b), although
the equivalence may not be immediately apparent to many readers.

To begin the algorithm, an initial approximation m,;ue for iy, is
required. This approximation must satisfy the log-linear model under
study. Thus if (10.1) and (10.2) specify the model, some 1, 1%y, 4%, A%, A%,
Mo, AXS, AXR, XK, and A% must exist such that

log Mo = Ao + Ao + Ao + Afo + Ao + Ao + ALG + AT
+ Ao + Ao
and the usual constraints on A-parameters hold. The choice of m; 0 is much
more important than in ordinary iterative proportional fitting. It is especially
important to observe that it is not appropriate to set all m,; ;0 to 1. Deter-
minantal estimates of m,;;, may be used for m,; 3,0, although they are rather

tedious to compute. For details, see Lazarsfeld and Henry (1968). In this
section, the rather crude and arbitrary approach is adopted in which

'1110_'1110—1 0_'1130‘ '10‘1
and
'10 - /‘{XO - '110 - /1]0 - ;LkO - ’1!0 - '1120 -
The remaining A-parameters are determined from these equations and the
given constraints. Thus
logmy = —logmypy =1 —2i —2j — 2k + 7.

This condition links X, = 1 with positive responses to questions concerning
abortion.
Given my; 0, one defines

DFY /., BDFY
nxljklO - mxukIO nuk /muklo s mxukll - mxuklO nxlO/mXIOa
Myijkiz = mxijkllnxjo/mxjh Myijts = Myijri nxkO/mkaa
_ XY /XY BDFY
Myikia = Mxijui3 Mi0/Mxi3 » Rxijkia = Myijkla nzjkl /mukm s

mxtjle - mxukl4 nx14/mxz4’ etc.
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Tuble 10.1

Results of Iterative Proportional Fitting with the Simple Latent-Class Model for Table 7.29

! ij ok "5:‘)1” Mo Moo Mus Maijua Migucay Maijcs mgflfzym
I 1 1t 1 334 7.399  0.135  286.52 0.27  345.58 0.16 345.74
2 34 1.000 1.000  27.09 3.15 25.44 202 27.46

2 1 12 1.000 1.000 15.68 2.08 11.03 1.32 12.35

2 15 0.135 7.389 1.48 24.05 0.81 17.15 17.96

2 1 1 53 1.000 1.000 42,50 594 4191 4.55 46.46

2 63 0.135 7.389 4.02 68.86 3.09 59.10 62.19

2 1 43 0.135 7.389 2.33 45.35 1.34 38.69 40.03

2 50t 0.018 54.598 0.22 52546 0.10 502.72 502.81

2 1 1 1 428 20.086  0.050 387.79 022 41226 0.14  412.39
2 29 2.718 0.368 36.66 2.58 30.35 1.78 3214

2 1 13 2.718 0.368 21.22 1.70 13.16 1.17 14.33

2 17 0.368 2.718 2.01 19.66 0.97 15.18 16.15

2 1 1 42 2718 0.050 57.52 4.86 50.00 4.03 54.02

2 53 0.368 2718 5.44 56.29 3.68 52.32 56.00

2 1 31 0.368 2.718 315 37.07 1.60 34.25 35.84

2 453 0.050 20.086 030 429.54 0.12 44501 445.01

31t 1 413 54.598  0.018 437.29 0.19  416.63 0.13 416.76
2 29 7.389  0.135 41.34 2.24 30.67 1.75 3242

2 1 16 7.389  0.135 23.93 1.48 13.30 1.14 14.45

2 18 1.000 1.000 2.26 17.11 0.98 14.87 15.85

2 1 1 60 7.389  0.135 64.87 4.23 50.53 394 54.47

2 57 1.000 1.000 6.13 48.98 372 51.24 54.96

2 1 37 1.000 1.000 3.55 32.26 1.61 33.54 35.16

2 430 0.135 7.389 0.34 37380 0.12 43582 43594

Convergence is leisurely; one finds that after 24 iterations, results in Table
10.1 are obtained.
To test the model, the chi-square tests statistics

X2 = Z Z Zk: }; (ngﬁ” _ m{;ﬁ”)l/mgf,”
i j
or
L2 =20 3 20 ) nigl™ loglnil™ /il
ij ok

may be used. Since there are 24 counts nfp " and

1+2-DH+2-H+QC-DH+C2C-D+C-D+C2-DHE2-1
+2-NEe2-H+2-HE2-DH+2-1H@B -1 =12

independent A-parameters, there are 12 degrees of freedom. The observed
test statistics X2 = 9.97 and L? = 10.07 suggest that the fit is quite satis-
factory. A more detailed examination of the model is considered in the next
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section, in which the scoring algorithm is used to estimate asymptotic
variances of parameter estimates.

10.3 The Scoring Algorithm

A variant of the Newton-Raphson algorithm called the scoring algorithm
provides an attractive method for computation of m,;;;e in the model
defined by (10.1) and (10.2). Versions of this procedure can be found in Smith
(1956), McHugh (1956), and Haberman (1977). The algorithm applies to
any latent-class model based on a log-linear model.

Just as in the case of the Newton-Raphson algorithm for directly observed
data, computations resemble those in a weighted regression analysis. The
model can be expressed as in Section 6.2 in terms of the independent variable
Y, and the dependent variables X, B,, Dy, a d F,. Thus

log myuu = o + A{q¥ + A3q? + A0q? + Afqf
+ A Pq¥q? + MPq¥qP + Aiq¥ql
+ Miatal + Ayakah,

where
of = A+ A,
ii=-G== == - =qi= -5 =1,
andfor1 <!' < 2,
ql};’ 11 l = ll’
= 0 [#£1, 1+#3,
-1, | =
Thus one may write
q
log Myij = “ly + Z B Uijkins
h=1
where
By = A, By =4, Uxijkly = gz Uxijkiz = qr, etc.

The corresponding weighted regression model has the form

9

T =
L =0 + Y Buthizan + €ijus
K=1
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where

= _ X-BDFY, = _ BDI'Y
Uijkn = Z Dx-ijul  Uxijkth = Z mxijkluxijklh/mijkl
X X

and the ¢;;, are independently distributed errors with means of 0 and
variances of 1/mfg!". Unlike the case of ordinary log-linear models, this
regression model hasindependent variables dependent on the unknown means
M- This dependence will cause special complications in selection of
starting values. Nonetheless, the regression model is otherwise plausible, for

Z (log nxijkl)mxijkl/mggfy

X
has asymptotic mean

oaf + Y Bullijn
h
and asymptotic variance 1/mfp’"
To begin the algorithm, an initial approximation m,;j,o for m,;;, must

be given. Determination of good initial approximations appears tedious.
One possible choice is the value of m,; ;4 in Table 10.1. This approximation

has the useful feature that mfp,” is equal to nPpY, which in turn is an estimate
of mEpf”

At iteration ¢t > 0, a working value

_ BDIFY BDFYy /,, BDFY
L = Z (log mxuklt)mxuklt/muklt + (Mg — Mijke )Mk t >0,

X

B
= Z (log mxijkn)mxijku/mijﬁfy, t=0,

e

is computed, and estimates f3,, of 5, are found as in the regression model

_ Y - A
Zigy = o + Y B Uikt + Eijaes

where the ¢;;, have respective means 0 and variances 1/mE2FY. Thus the
B satisfy the simultaneous equations

Z Sghtﬂht = wgl
h

where
Wo = Z Z Z Z (Wi jrage — 019 (Z ijure — z )mﬁlk)lf !
i j k1
Son = Z z z Z (Wi jrage — O1g0) Bijgne — zm)mgfn b
and

Oy = ZZZ“UM: uklt /mn
i j ok
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Fort > 0,
Bu = Bre—1) + One>

where the J,, satisfy the simultaneous equations

Z Sghtéht = Gg
h

and
— o BDFY BDFY
Ay = z Z Z Z Uijrg(Mijia - — Mg )-
i ok 1
Given the f3,,, a new estimate m,; i + 1, Of 14 is found from the equations

Uyijenn = Z B Uyijkins
h

=[S T 5 exp v
x i j k
and
Myijkta+ 1y = G €XP Uxijae-
Normally, the m,;;, approach #,;;, and the f,, approach B, as t becomes
large.
Calculations are summarized in Tables 10.2 and 10.3. Note that con-
vergence is much more rapid than with iterative proportional fitting. As

an added dividend, the asymptotic covariance matrix of the vector f§ of §,
has an estimate S™', where S has elements

Sgh = Z Z Z Z (aijklg - Olg)(aijklh - ()m)'h?jfl”a
i ok i

- _ 5 ~ BDFY
Uijkn = Z uxijklmxijkl/mijkl s
X
Table 10.2

Results of the Scoring Algorithms as Applied to the Simple Latent-Class
Model of Table 7.29

Parameter h Bro B Bz B s(Br)
¥ 1 —0.042 —0.095 —0.105 —0.106 0.086 |
8 2 —-0.312 —-0.314 —-0.316 —0.316 0.045
A? 3 0.274 0.316 0.327 0.327 0.049
Ay 4 —0.006 0.010 0.012 0.012 0.039
AYE 5 1.249 1.362 1.372 1.372 0.045
AP 6 1.239 1.379 1.396 1.397 0.049
A 7 1.178 1.285 1.293 1.293 0.039
PrH 8 —0.068 —0.105 —0.105 —0.105 0.026
A%y 9 0.048 0.044 0.045 0.045 0.026
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Table 10.3

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the Simple
Latent-Class Model of Table 7.29

Estimated
Response  Response Response Observed expected Adjusted

Year to B toD to F count count residual
1972 Yes Yes Yes 334 345.76 —1.82
No 34 2742 1.54

No Yes 12 12.32 —-0.11

No 15 18.00 —0.90

No Yes Yes 53 46.41 1.20

No 63 62.25 0.12

No Yes 43 40.08 0.60

No 501 502.75 —-0.23

1973 Yes Yes Yes 428 412.46 2.28
No 29 32.09 -0.70

No Yes 13 14.29 —043

No 17 16.19 0.25

No Yes Yes 42 53.96 —2.13

No 53 56.05 --0.52

No Yes 31 35.89 -1.02

No 453 445.07 1.08

1974 Yes Yes Yes 413 416.81 —-0.56
No 29 32.37 —-0.76

No Yes 16 14.41 0.53

No 18 15.88 0.65

No Yes Yes 60 54.40 0.99

No 57 55.01 0.34

No Yes 37 35.20 0.38

No 430 43591 -0.81

and
()u. = Z Z Z “Uuhmﬁﬂ” ml

Adjusted residuals shown in Table 10.3 are based on the formula r;;, =

BDFY 2 BDFY 1/2
(nlﬂ(l - Ukl )/Cukl’ where

A _ 4BDFY ~BDFY /BDFY L
Cijkt = Mg l:l Mija ml — My ZZ(uuklg - ()lq)(uuklh N ]

This formula corresponds to those used in Sections 6.1 and 6.2. The modified
program presented at the end of the Appendix may be used to perform the
necessary computations.
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Given that 24 adjusted residuals are present, none of the observed adjusted
residuals is unusually large. Thus Table 10.3 confirms the satisfactory nature
of the fit.

Table 10.2 suggests a very strong relationship between the latent variable
and each response to an abortion question. Note that an estimate A{? of
1.372 corresponds to an estimated log cross-product ratio

18812, = 4457 = 5489
and an estimated cross-product ratio

(7()(132)(12) = 35‘49 = 242.

Thus the odds are estimated to be 242 times as great that subject & with a
latent attitude X, = | has a favorable attitude toward legal abortions for
married women not wishing more children than are the corresponding odds
if X, = 2. The coefficient A¥8 is also fairly well determined, for an approxi-
mate 95 percent confidence interval for A¥# has bounds

1.372 — 1.96(0.045) = 1.284 and 1.372 + 1.96(0.945) = 1.460.

Similar results apply with the other two questions.

By contrast, the relationship of the latent variable X, to the year Y, of the
survey is much weaker, although X, and Y, are not independent. Note that
XY differs from 0 by about 4 times s(AY}). Nonetheless, the coefficients
AXY) %Y and A¥Y = — %Y — )XY are all of relatively modest size. This
observation is quite consistent with the earlier findings that changes in
abortion attitudes from 1972 to 1974 appear quite modest in size, although
not nonexistant.

As can be seen from the variations in the coefficient estimates %, 12 and A%,
substantial variations exist within each latent class in probabilities of ap-
proval of legal abortions for differing reasons. Given that X, = 1, the
conditional probability of a favorable response to item B is estimated to be

exp(A? + 218

Corresponding estimated conditional probabilities for X, = 1 and items
D and F are 0.969 and 0.932, respectively. In the case of the latent class of
subjects with X, = 2, the estimated conditional probabilities of favorable
responses to items B, D, and F are 0.033, 0.105, and 0.072, respectively. For
example,

exp(4f — A} ~
exp(Af — AP + exp(— 45 + A}B) 0.033.
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Similar formulas apply for the other estimates. The variations in estimated
conditional probabilities depend much more strongly on the latent class than
on the item answered. In addition, it should be noted that for both latent
classes, the estimates suggest that favorable attitudes are most likely for
item D, next most likely for item F, and least likely for item B.

Given year Y, = I, the estimated conditional probability that the latent
variable X, is 1 is m}/m}. From Table 10.1, one finds estimates for 1972,
1973, and 1974 are 0.407, 0.480, and 0.488. Thus a fairly even division into
latent classes exists, although in each year the latent class corresponding to
unfavorable attitudes toward abortion does predominate. It should be
emphasized, however, that the specific abortion situations considered do
affect responses. For an example, see Exercise 10.3.

The last three sections illustrate procedures appropriate for the most
conventional conventional latent-class model. A number of alternate
models can also be used with few changes in technique. Some of these
models based on a single latent variable are discussed in Section 10.4.
Section 10.5 considers models based on several latent variables.

10.4 Alternative Latent-Class Models for Table 7.29

Numerous latent-class models based on one latent variable can be applied
to Table 7.29. A few such examples are presented in this section.

The Model of Constant Interaction

A symmetry model with
B == 2
1s suggested by Table 10.2. To examine this model, note that it is assumed that

lOg mxukl - (11 ’1le A]Q; ilqj 1¢If
+ MPaiq + 4f + a) + Algtan + Ahaian.
The term A]5qX(q? + q7 + qf) arises since the condition A{} = {7 = A{{
implies that

Miakq? + A30q%qP + MTakal = APq¥ (4P + 4F + 4b).

The scoring algorithm is readily applied using for m, the estimates
,;5q in Table 10.1.

Results for this model are summarized in Table 10.4 and 10.5. Since
X? =13.22, L? = 13.17, and there are 14 degrees of freedom, the fit remains
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Table 10.4

553

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the Latent-Class
Model of Constant Interaction, as Applied to Table 7.29

Estimated
Response Response Response Observed expected Adjusted
Year to B to D to F count count residual
1972 Yes Yes Yes 334 345.74 —1.81
No 34 24.74 2.12
No Yes 12 14.07 —0.60
No 15 19.18 -1.07
No Yes Yes 53 47.31 1.00
No 63 64.50 —-0.24
No Yes 43 36.68 1.24
No 501 502.77 —-0.23
1973 Yes Yes Yes 428 412.40 229
No 29 28.82 0.04
No Yes 13 16.39 —-092
No 17 17.24 —0.06
No Yes Yes 42 55.11 —-2.20
No 53 57.96 —0.80
No Yes 31 3296 —0.40
No 453 445.12 1.07
1974 Yes Yes Yes 413 416.90 -0.57
No 29 29.07 —-0.02
No Yes 16 16.53 —-0.14
No 18 16.91 0.29
No Yes Yes 60 55.59 0.74
No 57 56.86 0.02
No Yes 37 3233 0.96
No 430 43581 —0.80
Table 10.5
Parameter Estimates Corresponding to
Table 10.4
Parameter Estimate EASD
¥ —0.093 0.076
A% —0.037 0.040
AP 0.300 0.040
rid 0.018 0.041
AFE = A0 =¥ 1.349 0.023
Ay —0.105 0.026
Yy 0.044 0.026
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quite satisfactory. The increase in L2 from the traditional model is 3.07,
and the corresponding increase in degrees of freedom is 2. Thus the chi-
square statistics do not indicate any problems with the model. The adjusted
residuals exhibit a similar pattern to that seen in Table 10.3. As should be
expected, Table 10.5 and Table 10.2 are quite similar, except that s(A¥5) is
somewhat smaller in Table 10.5. This latter result is quite expected given the
simplifying assumption that Aff = A¥0 = A¥F,

The model of constant interaction has the important property that the
log odds ¥, of a positive response to question G(= B, D, or F) given latent
class x has the form

2045 + XD,

so that each log cross-product ratio t¢%,,, is 4A{7. Thus the conditional
odds of a positive response reflect A%, a measure of the general favorability
in the population of abortions for reason G, and 41X, a measure of the general

attitude of a subject in latent class x toward legal abortions.

Incomplete Latent-Class Models

So far, the models considered permit all possible combinations of the latent
variable X, and the manifest variables B, D, F, and Y,. Since Guttman’s
(1950) early work on scaling models, many latent-class models have been
proposed in which given certain values of X, only a limited number of
combinations (B,, Dy, F;, Y,) are possible. Goodman (1975) provides a
thorough discussion of many such latent-class models. One such model
appropriate for Table 7.29 assumes that the latent variable X, has three
possible classes. Given X, = 1, the subject favors a legal abortion for all of
the reasons B, D, or F. Thus X, = 1 implies B, = D, = F;, = 1. Similarly,
given X, = 3, the subject always opposes a legal abortion for any of the
reasons B, D, or F. Thus X, = 3 implies B, = D, = F, = 2. The inter-
mediate latent class X, corresponds to subjects who do not necessarily
favor or oppose legal abortions for reasons B, D, or F. Given X, = 2, it is
assumed that B,, D,, F,, and Y, are conditionally independent. Thus one
obtains the log-linear model

logmypu=A+ A + A2+ A2+ A+ 4+, zau>0,
Myijr = 0, Zxijkl = 0,

where z,;, s 1lif x =2, ifi=j=k=Il=x=1lLorifi=j=k=1=
x — 1 = 2 and zj, is 0 otherwise. The terms A}%, AXP, and A}{ disappear
since only one value of X, exists under which By, D,, and F, are not fixed.
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The maximum likelihood equations correspond to those for a hierarchical
model with generating class consisting of XY, B, D, and F. Were the counts
N,z observed, the maximum likelihood equations would be

lOg mxijkl = 2 + /’{f + /‘{F + 25) + ZII: + 'j'l lxl s Zxijkl > 0,

My = 0, Zxijkl = 0,
SXY _ XY ~B _ B
My = ny, m; = ny,
~D _ D ~F _ F
mj = nj, m, = ng.

Since not all the n,;, are known, the maximum likelihood equations
become

log Mgpe = A+ A5+ A2+ 2P + 2 + A + 2% Zyiju > 0,

xi s
ﬁlxijkl =0, Zxijel = 0,
gt = g, mi =i = n,
WP = AP = nP, W = Af = uf,
where
Pyijer = 0, Zxijkl = 0,
- (mxxjkl/mgfl’:y)ngflpy’ injkl > 0.
The expression for 7, simplifies if x is 2 and i, j, and k are not all equal,
for then nPPf" = nyju, My = MERY, and Ay = i ©

For an alternate form of these equations which is helpful in computations,
define the counts

Nl = Nijs i#j, i#k or j#k
—0, i=j=k

and let m¥,, denote the expected value of nf;;. Then
Rijrn = Aoijig = ”ilﬁ)/:y, i#ji#k or j#k
Observe that

AXY _ _AXY _ - _ _BDFYz ~ BDFY
my =My =01 = A0 = 0000 Moo /M
so that
~ BDFY DFY
mitu n1111-
Similarly,
~BDFY __ _BDFY
M3221 = N33221-

Subtraction of the equation MEPT} = n¥PfY from the equation #i¥* = n?
yields the equation Mm¥® = n*2. Similar arguments show that

mFB = B, m¥P = p¥P,
m;:F — pkF ml*}’ —

*Y
L n



556 10 LATENT-CLASS MODELS

Furthermore, the estimates m%, satisfy the log-linear model
log ritfy, = log My
=+ AP+ AP+ A, i#), itk or j#Kk
I’?l;kjk,———o, l=j=k,

where 1* = 1+ A3 and A4¥' = A/ + 13} Thus the ¥, are the maximum
likelihood estimates from the quasi-independence model considered in
Exercise 7.13 and A5, Z}’, and AF have the same values as in Exercise 7.13. Chi-
square statistics, estimated asymptotic standard diviations of the 2%, 1%, and
AF, and adjusted residuals are also the same as in Exercise 7.13.

The only new features involve estimation of the parameters 41X and of the
means My yqyy Mayq11ss M22221, and my,,4;,. One approach to this problem
is considered in Exercise-10.5. An alternate approach can be based on the
scoring algorithm for latent-class models for incomplete tables.

The Scoring Algorithm for Incomplete Tables

To apply the scoring algorithm to the three-latent-class model under
study, let

log myju = of + A¥qfy + Mg, + Aiq? + A0q? + g + Af{qfqt;
+ Mlakhah + Miahal + 231 d% a0,

where g7, 47, gi, and gj, are defined as in Section 10.3 and for 1 < x’ < 2,

qfx'z 1; x:x’,
= 0, x#x, x#3,
-1, x=3

For starting values, let

Mo = NoRt s i#j, i#k or j#k x=2
= (), i#j, i#k or j#k x=1
or x=23,
= nSPiin2l 3%, i=j=k=1 x=2,
= nys g nitsl, i=j=k=2 x=2,
= nitii — Mar1i0s x=i=j=k=1,
= n323 — My222005 x=3, i=j=k=2,
= (, i=j=k=2 x=3

17

Il

=0, i=j=k=2 x
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These estimates are based on the following considerations. If i # j, i # k,
and j # k, then n2)/" may be used to estimate m,,;;; = mfa''. Since the
log cross-product ratio

BD-XFY _

Ta2xi2)y21l = log myy11; — log myyyqp — log myyzq + logmyss g,
- BDFY BDFY BDIY
= log myyy1 — logmyi77 " — log m335] + log my3,

=0,

it follows that

__ ...BDFY, BDFY, BDFY
My = My My /Mo

has an estimate n52FYnB0FY/nB0FY A similar argument applies to m,,;,;.
Finally, since
BDFY __ BDFY __
Mty = My + Mo and Ma221 = Mz222 T M32224,

the remaining nonzero estimates follow. Given these initial values, the scoring
algorithm presented in Section 10.3 applies with only two changes. If z,;;,
is 0, then the term log m,;,, in the formula for Z,;,, is set to 0. In addition,
the formulas for g, and m,; ;,, are now

nty/z Z Z Z Zxijkt €XP Uxijuir
x i j k

i

and
Myijkie = GuZxijit ©XP Vxijuis -

Results of computations are summarized in Table 10.6. The principal
gain from the analysis is the information provided on the interactions

AXY between latent response X, and year Y, of survey. The estimates 2%}, 1%},

Table 10.6

Parameter Estimates for the
Three-Latent-Class Model for

Table 7.29
Parameter Estimate EASD
AX 1.005 0.134
A3 —1.702 0.036
i —0.386 0.052
id 0.221 0.051
A —0.062 0.048
AYY -0.162 0.039
A3y 0.069 0.045
A5y 0.111 0.038

A% —-0.107 0.046
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and A%} are also large relative to their estimated asymptotic standard
deviations. Thus a relationship between response and year has been de-
monstrated.

10.5 Models with Several Latent Variables

Goodman (1974a,b) has studied latent-class models with several latent
variables. Such models are also discussed in Haberman (1977). The same
general procedures discussed earlier in this chapter apply to these models;
however, computational procedures for such models often converge quite
slowly and care must be taken to ensure that parameters are identifiable.
The number of possible models employing several latent variables is very
large. This section will consider only a few cases involving two latent
variables.

One model considered by Goodman for tables such as Table 7.29 assumes
that two dichotomous latent variables W, and X, are associated with each
subject. Given the pair (W,, X,), B,, D,, F,, and Y, are independent. It is
assumed that given W,, B, and Y, are independent of X,, and given X,, D,
and F, are independent of W,. It is also assumed that given the Y, the
vectors (W, X,, By, D, F,) are independently distributed with probability
phaibEY > 0 that W, = w, X, = x, B, =i, D, = j, and F, = k given that
Y, = L If n . is the number of subjects h such that W, =w, X, = x,
B, =i,D, = j,F, = k,and Y, = [, then n,,,; 3, has a mean m,,;;, that satisfies
the log-linear model

log My =A+ A0 + A+ 28+ 2+ 2 + A
+ ANE AP+ AN+ AP+ A

This model is a hierarchical log-linear model with generating class consisting
of WX, WB, WY, XD, and XF. Thus the maximum likelihood equations are

X =anX,  wpP =yt myt =g,
WP =P il =
and
108 Myig = A + A + AL + 2B+ 2P + 2F + 1Y
+ WX 4 JWE 4 QWY 4+ 2XP 4 2XF
where

(nBDFY 4 BDFY

wxxjkl T NUCT] )mwxijkl'
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Maximum likelihood estimates can be computed using the scoring
algorithm or using the iterative proportional fitting algorithm. In the iterative
proportional fitting algorithm, an initial estimate m,, ;0 is used such that
log m,, . uo satisfies the log-linear model. At subsequent iterations,

Ryxijkio = (n?jfz”/ mg?tf)y)mwxijklo, Myxijuin = (”‘vvvx)f)/mfvyx)f))mwxijkto,
Myxijuiz = (nffig/mm‘?)mwxuku, Myxijkiz = (n%/m%)mwmm,
Myoxijiia = (ni(j%/m;(;%)mwxijkma Myxijiis = ("f{o/mf{‘t)mwxijkm’

Ryxijkts = (ngley/mgagy)mwxijkls’ Myrijrie = ("vvrxxs/mzxxs)mwxijms’ etc.

This algorithm converges unusually slowly in the case of Table 7.29 and

the scoring algorithm is also difficult to apply, apparently due to very poorly
determined parameters. Goodman’s applications of this model also lead

Table 10.7

‘Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the Asymmetric
Model for Table 7.29

Estimated
Response Response Response Observed expected Adjusted

Year to B toD to F count count residual
1972 Yes Yes Yes 334 341.77 —1.36
No 34 26.76 1.72

No Yes 12 11.93 0.03

No 15 14.54 0.14

No Yes Yes 53 56.12 —0.54

No 63 62.63 0.06

No Yes 43 40.19 0.57

No 501 501.06 —-0.01

1973 Yes Yes Yes 428 421.37 1.10
No 29 3299 —0.90

No Yes 13 14.70 —0.56

No 17 17.93 —-0.28

No Yes Yes 42 49.23 —-1.30

No 53 54.95 -0.33

No Yes 31 35.25 -0.90

No 453 439.57 1.58

1974 Yes Yes Yes 413 411.86 0.19
No 29 32.25 —-0.74

No Yes 16 14.37 0.54

No 18 17.53 0.14

No Yes Yes 60 49.65 1.86

No 57 55.42 0.27

No Yes 37 35.56 0.30

No 430 443.37 —1.57
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to slow convergence, but the scoring algorithm is relatively successful in
his examples.

A model which is more successful assumes that W, = B,, so that pl X50FY
is only positive if w = i. If n; 4, is again used to denote the number of observa-
tions such that X, = x, B, =i, D, =j, F, =k, and Y, = [, then the mean
My Of Ny satisfies the log-linear model

log myua = A + 25 + AP+ A7 + A + 2B+ AXP 4+ AXF 4+ 2By
=aof + Mqi + Mgl + A0qP + Myl + AfPqfqP
+ MPqia} + Miqka + Afiatal, + Atyalals.

This model differs from the traditional model only in substitution of A8Y

for AXY. Thus it will be called an asymmetric model. One obtains results
shown in Tables 10.7 and 10.8. The values of X* = 8.60 and L? = 8.42 are
a little smaller than those for the simple latent-class model, and both models
have 12 degrees of freedom. Coeflicient estimates are quite similar, provided
AZY is regarded as comparable to AXY. Furthermore, the adjusted residuals
in Table 10.8 are never greater in magnitude than 1.86, an improvement over
Table 10.2.

Table 10.8

Parameter Estimates for the
Asymmetric Model for Table 7.29

Parameter Estimate EASD

A ~0.103 0.086
A ~0318 0.045
pLs 0.327 0.049
AF 0011 0.039
Axe 1.372 0.045
Axp 1.397 0.049
i 1.293 0.039
287 —0.108 0.026
by 0.062 0.025

Model Selection

As is apparent from results of this chapter and Chapter 7, a variety of
log-linear and latent-class models fit Table 7.29 about equally well. As is
often the case in the analysis of observational data, many models, not all
of which are mutually consistent, can be used to approximate the observed
joint distribution of variables. One should not assume when a plausible model
fits the data that it is the only model that fits.
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10.6 General Latent-Class Models

In general, any latent-class model can be described in terms of a three-
dimensional array representing a cross-classification of N polytomous
variables (X, A,, B,), 1 < h < N. For example, in most cases in this chapter
X, is dichotomous, 4, in this representation corresponds to the three
responses (By,, D, F,), and B, corresponds to year Y, of survey. Given the
B, the pairs (X, A,), 1 < h < N, are assumed independently distributed
with probability p%#:? > 0 that X, = x and A4, = i given that B, = j, where
l<x<g 1<i<rand 1 <j<s. If ny; is the number of observations
h with X, = x, A, = i, and B, = j, then the conditional mean m,;; of n,;
given the By, is n?p{®%. It is assumed that the marginal table n{}® is observed,
and that

P
log(my;j/z.j) = o + Z Brthiucs Zy; > 0
k=1

for some unknown «; and f,, some known z,;; > 0, and some known u,;;.
The maximum likelihood estimate m,;; satisfies the equations

~B _ B
m; = nj,

P
log ;= &; + Z Bittyijns
k=1

and

where

Unlike regular log-linear models, these equations need not uniquely specify
the r,;; when they exist and may even lead to solutions ri1,;; that are not
maximum likelihood estimates. In practice, it appears unusual to obtain
a solution rh;; such that ,;; is not a maximum likelihood estimate but S
has an inverse, where

Skl = Z z (L?ijk - ejk)(l’?ijl - Gjl)mf}B,
i j
ejk = Z ﬂijkmf}s/n?,
i
and

N _ A AB
Ui = Z uxijkmxij/mij .
X
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Chi-Square Tests

If S has an inverse, where
S =2 2 (Ui — 030 (i — O)miP,
i
ejk = Z aijkmiAjB/"?,
i

and

Uy = Z Uyijk mxij/m$B7
X
then one may test the latent-class model by means of the chi-square statistics
— Z Z(nA AAB)Z/AAB
1
T
and
P=2) Z nfi8 log(nfi®/mgP).
i

These statistics have approximate chi-square distributions with (r — 1)s —
p — k degrees of freedom if the model holds, if the n} are all large, and if k
of the m{? are 0.

Large-sample properties of the f, are complicated often by lack of unique-
ness of the estimates. For example, in the model of Section 10.1, if ¥ is a
maximum likelihood estimate of A¥, then — A% is also a possible maximum
likelihood estimate of A¥. Thus some convention must generally be adopted
to ensure uniqueness. For example, in Section 10.1, all maximum likelihood
estimates are uniquely determined subject to the condition that A¥% > 0.
Given that S is invertible, it is possible to define the Bl <k< p, SO that[}
has an approximate multivariate normal distribution with asymptotic mean
B and asymptotic covariance matrix S~ !. The asymptotic covariance matrix
can be estimated by §~!

The adjusted residual (nf;® — m{{?)/¢ /%, where

= miP[1 — miB/n? — wiP Z Z(u.,k B0 — 6,087,

has an approximate standard normal distribution if the model holds and the
n? are large. More generally,

Z Z dij(nx{}B A,‘18)/61/2
[
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has an approximate standard normal distribution, where
&= Y (dy — dyPmE® =Y % S fiSY,
i k1
d = Zdu AAB/”J’
and
fk = Z Z dij(l}ijk - ,k)AAB-
[

The scoring algorithm for computation of maximum likelihood estimates
can always be implemented by beginning with an initial approximation
Myijo > 0to ;. Given my,jo, an approximation f, is defined so that

z SxioBro = Wio»
1

where
= = AB
Skio = Z Z (o — Opo)(liji0 — O10)miso,
i j
~ 4 AB
Wro = Z Z (uijkO - gjkO)ZijOmijO’
i
= AB, B
00 = Z ;o Mijo/Mjo »
i
= AB
Uijko = Z Usi ko Mxijo/Mijo »
X
and

ZijO = Z (log my;;o — log inj)mxijo/m{}g-

The usual conventions 0 log 0 = 0 and 0/0 = 0 are used in these formulas.
Then one continues iterations by letting

xuO Z .Bkouxuk’ gJO = n; /Z Z le} exP Uxth’

l
Myij1 = Zxijdjo €XP Uxijo-

Fort > 0,
Z Skltélt = akl = z Z (n{}B - ljt )uljkl’
! i j

where

- AB
uijkt_zuxijkmxijt/mijt’ Z UijpeM u: ,n
x i
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and

S = Z Z (aijkt - Hijkt)(aijlt - Bijlt)ms'?-

i

Then

B = Bre-1) + O Usije = Z Bree i s

= ”?/Z Z Zxij CXP Uxiji
x i

and

Myijc+1) = Zxij9jt €XD Uxijy-

The scoring algorithm generally leads to relatively rapid convergence
whenever S has an inverse. Complications can arise if m,; ;0 is sufficiently
badly chosen or if some estimated asymptotic variances s*(f,) are very large.

For further details concerning results in this section, see Haberman (1974c,
1977) and Sundberg (1972, 1974).

EXERCISES

10.1 Derive Table 10.1 using the algorithm presented. Show that

XD  XF XT /(X \3
Myijkia = x;o Ry j0 Nxko ny0/(nxo)”.

Solution
Note that m,;;,, can be written as a product a,;b, ;¢ d,,. Thus

ot = nfg)(Te) (54

— XB
Mty = bij1CardanNxios

and

for some b, ;, ¢y, and d,;,. Similarly,
_ XB XD
Myijia = Cxr1dxi1Mxio nij/nXO’
_ XB XD  XF /(X \2
M1z = dxi1hxio Bxjo nso/(Mx0)™s
and

_ . XB XD  XF XY ;1. X \3
Myijkia = Nxio Mxjo Nxko 0/ (o).

This last formula is more similar to those of Goodman (1974a).
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Table 10.9

Responses of White Christian Subjects in the 1972 to 1974 General Social
Surveys to Three Questions Concerning Therapeutic Abortions™®

Year Response to A Response to C Response to E Count
1972 Yes Yes Yes 806
No 55
No Yes 7
No 11
No Yes Yes 45
No 43
No Yes 17
No 82
1973 Yes Yes Yes 859
No 72
No Yes 5
No 4
No Yes Yes 49
No 38
No Yes 11
No 50
1974 Yes Yes Yes 869
No 52
No Yes 13
No 3
No Yes Yes 47
No 34
No Yes 11
No 58

“ Data tapes from the 1972 to 1974 General Social Surveys, National
Opinion Research Center, University of Chicago.

" For a list of questions, see Table 4.8 in Volume 1. Only subjects cross-
classified in that Table are included here.

10.2 Verify Tables 10.2 and 10.3.
10.3 Apply the model of Section 10.1 to Table 10.9

Solution

Results are summarized in Table 10.10 and Table 10.11. Note that the fit
is quite satisfactory, with X? = 12.5, L? = 12.3, and 12 degrees of freedom.
In addition, there is only one adjusted residual greater in magnitude than 2.
The interactions between X, and the responses A,, C,, and E, are comparable
to the corresponding interactions in Table 7.29 between X, and B,, D, and
F, and the parameter A¥ is not much changed. However, A$, which involves



Table 10.10

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the Simple
Latent-Class Model for Table 10.9

Estimated
Response Response Response Observed expected Adjusted
Year to A to C to E count count residual
1972 Yes Yes Yes 806 800.93 0.69
No SS 57.62 —-0.43
No Yes 7 8.23 —0.52
No 11 7.47 1.76
No Yes Yes 45 46.96 —0.35
No 43 47.73 —1.08
No Yes 17 16.34 0.23
No 82 80.72 0.28
1973 Yes Yes Yes 859 868.57 —1.27
No 72 60.86 1.82
No Yes 5 8.35 -~1.45
No 4 5.18 —0.62
No Yes Yes 49 47.20 0.33
No 38 32.92 1.23
No Yes 11 11.04 —-0.02
No S0 53.88 —-093
1974 Yes Yes Yes 869 864.43 0.61
No S2 60.67 —142
No Yes 13 8.35 2.00
No 3 5.33 -1.22
No Yes Yes 47 47.20 —~0.04
No 34 3392 0.02
No Yes 11 11.40 -0.15
No 58 55.69 0.55
Table 10.11

Parameter Estimates for the Simple
Latent-Class Model for Table 10.9

Parameter Estimate EASD
¥ —0.165 0.130
at 0.151 0.074
A$ 1.045 0.069
AE 0.271 0.050
A% 1.373 0.072
X 1.335 0.067
ATE 1.080 0.049
xy —0.156 0.039
¥y 0.087 0.043
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abortions for reasons of serious danger to the health of the mother, is much
larger than the corresponding estimated parameters for questions 4 and E in
Table 10.9 or questions B, D, and F in Table 7.29.

10.4 Apply the model of constant interaction to Table 10.9.

Solution

Results are summarized in Tables 10.12 and 10.13. The chi-square
statistics are X? = 27.0 and L* = 27.1, and there are 14 degrees of freedom,
so the fit is not very satisfactory. Note that the decrease in L? from the model
of the preceding exercise is 14.8 on 2 degrees of freedom, which is significant
at the 0.001 level. The problem appears to involve question E, which deals

Table 10.12

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the Model of
Constant Interaction for Table 10.9

Estimated
Response Response Response Observed expected Adjusted
Year to A to C to E count count residual
1972 Yes Yes Yes 806 801.10 0.66
No 55 53.43 0.26
No Yes 7 10.42 —1.16
No 11 10.88 0.04
No Yes Yes 45 48.65 —-0.63
No 43 50.80 —1.63
No Yes 17 9.90 2.52
No 82 80.81 0.26
1973 Yes Yes Yes 859 868.04 —1.19
No 72 55.35 2,17
No Yes S 10.79 —1.94
No 4 7.50 —140
No Yes Yes 49 50.40 —0.24
No 38 35.03 0.69
No Yes 11 6.83 1.74
No 50 54.06 —0.98
1974 Yes Yes Yes 869 864.79 0.56
No 52 55.26 —0.54
No Yes 13 10.77 0.75
No 3 7.67 ~1.85
No Yes 47 50.32 —0.58
No 34 35.82 —0.42
No Yes 11 6.98 1.66

No 58 55.39 0.62
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Table 10.13

Parameter Estimates for the Model of
Constant Interaction for Table 10.9

Parameter Estimate EASD
Af —-0.071 0.096
it 0.217 0.053
i 0.987 0.051
ik 0.170 0.052
A =20 =1 1.245 0.033
Ay -0.156 0.039
X 0.085 0.043

with rape. Note that the estimated interaction 4]+ in Table 10.11 is somewhat
smaller than A¥{ or ¥¢.

10.5 Determine the estimated probabilities pX}¥ for the three-class latent-
variable model of Table 7.29.

Solution
Note that
~ XY 5 - Y BDFY BDFY
my, — My — M0 = W — Ny — 2220,
2 _ »BDFY,sBDFY /.~ BDFY
Wy = W37 M2 /M3310 s
and

Y ;4 BDFY

A S A BDF
Wyz201 = Maa1i Ma121 /3110 -

Table 10.14

Estimated Latent-Class Probabilities
Jfor Table 7.29

Year Class Probability
1972 1 0.292

2 0.272

3 0.436
1973 1 0.381

2 0.226

3 0.393
1974 1 0.366

2 0.267

3 0.368
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Thus
AXY _ Y A A
my =np + My + Mgz —
5 XY o ~XY _ . BDFY
myy —nnu — My my; = n3331 —

Results are summarized in Table 10.14.

DFY
"1111

M322215

BDFY
— N33321,

XY
Dx1 =

569

gt nf.

106 Use an iterative proportional fitting algorithm to derive estimates

xuk

Solution

, for Table 7.29 under the asymmetric model.

Results are summarized in Table 10.15. One possible algorithm has the form

DFY ; BDFY
nxtjklO - mxzjkl()ntjkl /mzjklO ’

Myijniz = mxijkllnxjo/mle’

_ XB, XB
Myijrrr = Myijklo Mio/Mxio >

_ XF ;. XF
Myijuz = mxijklZ Moo/ Mk »

BDFY

mxzjkM- - mxukl3 nﬂO/ij’ nxukl4 - mxukl4 nukl /mukl4 s

Table 10.15

Estimated Means for Table 7.29 under the
Asymmetric Latent-Variable Model

{ ! J k Hyjhe M0
1 1 1 1 341.65 0.12
2 25.15 1.61
2 1 10.87 1.06
2 0.80 13.74
2 ! 1 51.59 4.53
2 3.80 58.84
2 1 1.64 38.55
2 0.12 500.94
2 1 1 1 421.22 0.15
2 31.00 1.99
2 { 13.40 1.30
2 0.99 16.94
2 1 1 45.26 3.97
2 3.33 51.62
2 1 1.44 3381
2 0.11 439.46
3 1 1 1 411.71 0.15
2 30.30 1.95
2 1 13.10 1.27
2 0.96 16.56
2 1 { 45.65 4.01
2 3.36 52.06
2 1 1.45 34.11
2 0.1 443.26

etc.



Appendix Computer Programs for
Computation of Maximum
Likelihood Estimates

The program FREQ presented in this appendix can be used to compute
maximum likelihood estimates for any log-linear model. A modest modifi-
cation of FREQ called LAT may be used for the latent-class models of
Chapter 10. This Appendix provides program descriptions, listings, and a
few examples of input and output. Both programs are written in ASA
Standard Fortran. Output is arranged to facilitate terminal use.

A.1 FREQ

FREQ is a program for analysis of log-linear models. Observations consist
of counts n;;, 1 <i<r,1<j<s Forknownconstants z;; > 0,1 <i <,
1 <j<sandx;,l <i<rl <j<s1<k<p andunknown parameters

,1 <j<s, and B, | <k < p,itis assumed that the expected values m;;

ofn ; satisfy the log-linear model
14
log(m,;/z;;) = «; + Z Bixij, 2i;> 0.
k=1

It is also assumed that conditional on the observed counts

r

B _
”j = Znij,

i=1
the subtables {n;;: 1 < i < r} have independent multinomial distributions
forl <j<s

The program uses the method of maximum likelihood to obtain estimates
B, of the parameters f, and estimated asymptotic standard deviations s(f,)

571
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of the f,. Likelihood-ratio and Pearson chi-square statistics are computed,
and residual analyses are performed.

Control Cards
Cards must appear in the following order.

Card 1. Run description This card contains 9 entries in the following
format:

Column Format Entry

1-4 I The number r of rows. If the entry is not positive, r = 1.

5-8 I The number s of columns. If the entry is not positive, s = 1.

9-12 I The number p of independent variables x;;, 1 < k < p, for each row i
and column j. If the entry 1s not positive, p = 0.

13- 16 I If positive, the z;; are supplied by the user. If not positive, each z;; = 1.

17-20 1 If positive, initial approximations for the /?,(, 1 < k < p, are supplied
by the user. Otherwise, the program generates its own initial value.

21-24 1 If positive, observed values n;;, estimated expected values #;;, and

adjusted residuals (n; — iy ;)/s(n; — ;) are printed, where
s(n;; — ;) is the estimated asymptotic standard deviation of n;; — i, ;.

25-28 1 The number of generalized contrasts to be computed. For each
contrast array d;;, 1 <i<r, 1 <j<y,

0= ZZ dijny, E= ZZ dijmg;,

and (O — E)/s(O — E)is computed, where s(O — E) is the estimated
asymptotic standard deviation of O — E.

29-32 | The maximum number of iterations used in computing the f,. If
blank, 10 is the maximum.
33-36 1 The stopping criterion g. The tolerance is 107¢ if g # 0 and 1072 if

g = 0. If no successive approximations for Z[?kx,-jk, I<i<r,
1 <j <s, differ in magnitude by more than the tolerance, then
iterations stop.

Card 2. Format of data This card is a variable format card describing
the format in which the data are to be read. The card isa FORMAT statement
in which the work FORMAT has been removed and in which the initial
parenthesis is in the first column. The data should be read in F format.

Card 3. Title  Up to 80 columns of alphanumeric title information.

Label Cards

Each 8 columns of each card contains the name of a variable. Thus columns
1-8 of the first label card contains the same of the first variable x;;; columns
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9-16 contain the name of the second variable x;;,, etc. Note that if p < 10,
one label card is needed, if 11 < p < 20, two label cards are needed, etc.

Data Cards

The data are read in standard FORTRAN order according to the format
of card 2. For example, in a 2 x 3 table with n,; = 10, n,; = 11, n,, = 20,
n,, = 25,n,5 = 37, n,3 = 31, one might have a single data card

101120253731
The corresponding Card 2 is

(6F2.0)

Z Cards

If the entry in columns 13-16 of Card 1 is positive, then the coefficients
z;; are read in the same format used for the data. Observations are read in
standard FORTRAN order so thatif r = 2, ¢ = 3, z;; = j, and if Card 2 is

(6F2.0)
then one Z card is required. The card is
010102020303

X Cards

For each k, 1 < k < p, a card or series of cards lists the x
1 < j < s, in the same format used for the data. If p = 2,

o LI <,

Xijp =1, i=1,
=0, i=2,
Xij2 = J i=1,
=0, i=2

and if Card 2 is
(6F2.0)
then the two X cards are

010001000100
010002000300
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Initial Valve Cards

If the entry in columns 17-20 of card 1 is positive, then initial approxima-
tions of the B, are read in F10.5 format. The approximation for [31 is in
columns 1-10 of the first initial value card, the approximation for f, is in
columns 11-20 of this card, etc. If p < 8, one initial value card is needed.
If 9 < p < 16, two such cards are needed, etc.

Contrast Label Cards

For each contrast requested in columns 25-28 of card 1, a contrast label
card and contrast specification cards are required. The contrast label card
contains a contrast label in columns 1-8.

The contrast specification cards specify a contrast array

d 1<i<r, 1 <j<s,

ijs
using the same format used for the data cards. If card 2 is
(6F2.0)
and if
d;= |1, i=1 j=1 or 3

= 0, i=2,

= =2, i=1, j=2
then a contrast label name and contrast name card might be

QUADRAT
0100-2000100

Example 1

Consider the log-linear time trend model of Chapter 1. The expected
number m;; of events n;; reported in month i satisfies a model of the form

logm;; = o + Bi.

The following control cards may be used with this model. Note that r is 18,
while s and p may be taken to be 1. Note that x;; is i and that the three
contrasts requested involve the sums

6 12 18
Znu, Znil’ and Z U
i=1 i=7 i=13
where n;; is the number of events reported in month i.

Following the control cards, some output from a terminal is included.
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Control Cards

18 1 1 0 t 3
(18F2.0)
STRESS EVENTS RECALLED
DECAY

495542433535423137213540292229121515
1 2348567 8 91011121314151461718
EARLY

0000G0O00COOCOOOCT1I 11111
MILDLE

0000001 11111000000
LATE
11111100600000600000

Output
STRESS EVENTS RECALLED
COEFFICIENTS AND STANDARD ERRORS
LECAY

~0,06117
0.00820

LIKELIHOOD RATIO CHI SQUARE

23.68111
23.798469

FEARSON CHI SQUAR =
NUMEER OF DEGREES OF FREEDOM = 16
1 J  OBSERVED COUNT EXPECTED COUNT  ADJUSTED RESIDUAL
1 1 49,000 52,183 -0 511
2 1 83,000 49.087 0.942
3 1 42.000 46,174 0,687
4 1 43,000 43,434 ~Ge 070
) 1 35,000 40.857 ~0. P62
é 1 35.000 ~Q.576
7 1 42,000 1.005
8 1 31,000 34,006 -0,531
? 1 37.000 31.989 ¢.913
10 1 21,000 30.090 -1,710
11 i 35,000 28,305 1.303
12 1 40,000 26,625 2069
13 1 29.000 25.045 p
14 1 22.000 23.55%9
18 1 29.000 22,161
16 1 12,000 20.8446
17 1 15,000 19,609
18 1 15,000 18,445
CONTRAST OESERVED VALUE EXFECTED VALUE ADJUSTEDR RESIDUAL
EARLY 122,000 129,666 -1.235
MIDDLE 206.000 187.167 1.701
LATE 25%9.000 270.167 -1.690
Example 2

In the fixed-distance model for Table 8.1, the following control cards and
output may be used if diagonal cells are ignored.

Control Cards
4 4 4 1 0 1

(16F3.0)
FIXED GISTANCE MODEL FOR TAELE 8.1» NO DIAGONALS
Al A2 A3 ETA
82 S 2123 o9 41 2 30 2 0 7 4
¢ ¢+ ¢ 1t 1 0 1 1t t 1 0 1 1 1 1 O
it 0 ¢0~1t ¢t 0 0-1 1 O O0-~-1 1 O ¢ -1
¢ 1 0-1 0 1 0-1 0 1 0~ O 1 0O -1
¢ 0 1-1 ¢ 0 1~-1 0 0 1-1 0 0 1 -1
6 - 1 ,:) 3 .,.1 4 - 1 . 2 .,Q __.1 4 _.1 ._3 .2 _.1 6
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Output

FIXED DISTANCE MODEL FOR TABLE 8.1, ND DIAGONALS
COEFFICIENTS AND STANDARD ERRORS
Al A2 A3 ETA

~0.16676 0.59926 -0.89647 1.48884
0,12358 0.16048 0.12991 0.20413

LIKELIHOOD RATID CHI SQUARE = 3.47774
FEARSON CHI SQUARE = 3.19373
NUMBER OF DEGREES OF FREEDOM = 4
I J OESERVED COUNT EXFECTED COUNT ADJUSTED RESIDUAL
1 1 0.0 0.0 0.0
2 1 82.000 83,084 ~0.805
3 1 5.000 3.43% 1.110
4 1 2,000 24477 -0.368
1 2 123.000 121.916 0.805
2 2 0.0 0.0 0.0
3 2 59.000 G8.758 0.123
4 2 41.000 42,327 -0.701
1 3 2,000 2.673 -0.314
2 3 30.000 31,130 ~0.604
3 3 0.0 0.0 0.0
4 3 29.000 27,1946 1.236
1 4 0.0 0.411 ~0,672
2 4 7.000 4.785 1.505
3 4 4,000 5,804 -1.,234
4 4 0.0 0.0 0.0

Error Conditions

An error is reported and execution terminates if some z;; is negative or if
space requirements are too large. Space may be adjusted by changing the
region size of the array work in the main program and giving the constant
NW the same value. The space in words needed in WORK is (3 + p)rs +
sp + 4p + p? if all z;; are assumed 1. Otherwise, rs more words is needed.
The appropriate changes are made in lines 31 and 33 of the listing. The current
value of NW is 10,000.

If the independent variables x;;, 1 < k < p, are linearly dependent, the
program ignores the redundant variables. The output will contain estimates
and standard errors of 0 for the corresponding coefficients.

Program Listing

The following listing includes a main program, together with subroutines
CONTIN, CHOL, SOLVE, INVERT, CHISQ, RESID, and GENRES.

THIS PROGKAM FERFORMS MAXIMUM-~LIKELIHOOD ESTIMATION

FOR THE LOG-LINEAR MODEL

LOG(MCTI» ) /72CIv)) = ACH+UCTIyI)» WHERE

UCIrd) = BOLIXKXC(Irdrd) b o  FRINUVIRXCIrJsNV Y,

HERE A TABLE N(I»J) I8 GIVEN WITH NR ROWS AND

NC COLUMNS., THE EXFECTED VALUE OF N(IrJ) I8 M(Is.).
NORMALLY Z(I,J) IS FOSITIVE. IF Z(IrJ) 16 NOT FOSITIVE
THEN CELL N(IyJ) IS IGNORED DURING ANALYSIS THIS
PROVISION IS USEFUL IN ANALYSIS OF INCOMFLETE

TABLES .
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FOR A DESCRIFTION OF CONTROL CARDS, SEE THE FROGRAM
DESCRIFTION.

IN THIS FROGRAMy I1 IS O IF Z(I»J) IS 1 AND FOSITIVE
IF ANY OTHER CHOICE OF Z(IrJ) IS TO RE MADE,

THE FARAMETER IS EQUALS O IF INITIAL AFFROXIMATIONS
B(KyQ)y Vy ARE TO RE FOUND BY THE PROGRAM.

IF THE USER WISHES TO SUFFLY INITIAL

ESTIMATESy THEN IS SHOULD BE FOSITIVE.,

AINJUSTED RESIDUALS ARE SUFFLIED IF IR IS FOSITIVE,
GENERALIZED RESIDUALS ARE SUFFLIED IF IL IS FOSITIVE.
MAX ITERATIONS MAY BE FERFORMEL IF NEEDED. IF

THE USER DEFINES MX TO BE FOSITIVE, THEN MAX IS MX.
IF MX IS NOT POSITIVE: MAX IS 10.

ITERATIONS STOF IF NO CHANGE UCI»JyT)-U(I»JsT-1)
EXCEEDS 10%%IT IN MAGNITUDE. NORMALLY IT IS -3y

BUT THE USER MAY CHANGE THIS CHOICE.

REAL WORK(10000) »FMT(20)»TITLE(20)
LOGICAL ONEsINIT
DATA MXS»TOLS/NW/10,0.001,20000/

READ FARAMETERS.

READC(T»1) NRyNCyNV»I1,IS» IR ICYMXIT
FORMAT(91I4)

IF(NR.LE.O) NR = 1
IF(NC.LE.QO) NC = 1

ONE = .TRUE.

INIT = TRUE.

IF(I1.G6T.0) ONE = ,FALSE.
IF(IS.GT.0) INIT = ,FALSE.
IF(MX.LE.O0) MX = MXS
IFCIT.NE.O) TOL = 10,0%XIT
IF(IT.EQ.0) TOL = TOLS

READ A VARIABLE FORMAT FOR THE DATA.

READ(S,2) FMT

READ A TITLE FOR THE RUN. NOTE THAT UF TO 80 CHARACTERS

ARE AVAILABLE,

REAIN(S,y2) TITLE
FORMAT (20A4)
WRITE(&6y11) TITLE
FORMAT(1H1,20A4)

TO SET UF WORK AREASy FIRST FIND' THE SIZE OF THE TAELE.

NSIZE = NR¥NC
NF IS THE LOCATION IN THE WORK AREA OF THE FITTED
TAELE M OF EXFECTED ValL.UES.
NZ IS THE LOCATION OF THE TARLE Z IF I1-0.

NF = NSIZE+1

IF(ONE) NZ = NF

IF(.NCT.ONE) NZ = NF+NSIZE

NX IS THE LOCATION OF THE TARLE X.
NT 1S THE LOCATION OF THE TAKLE THETA OF AVERAGES.

NX = NZ+NSIZE
NX1 = NX-1
NT = NX+NSIZEXNV
FROVIDE SFACE FOR COVARIANCE MATRIX AT NS,
NS = NTH+NCkNY
FROVIDE SFACE FOR VARIABLE NAMES AT NL.

NL = NSHNUXNY

577
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FLACE RESIDUALS AT NR.

a0on

NRS = NL+NUHNV
NR2 = NRS-1
NEN = NR2HNSIZE

FLACE FARAMETER ESTIMATES AT NE.

ono

NE = NRS+NSIZE
NIl = NE+NV

NI'1 = NI-1

NE = NIH+NU-1

CHECK FOR EXCESSIVE SPACE DEMANDS.

oo

IF(NE.GT.NW) WRITE(4:3)
3 FORMAT(38HOTOO MUCH SFACE REQUESTED FOR ANALYSIS)
IF(NE.GT.NW}) RETURN

READI! IN VARIABLE NAMES,

G0

IF{NV.LE.O) GO 70O 10
KK = NiL
4 Ll = KK+19
IF(LL.GT.NR2) LL = NR2
REAL (5,2) (WORK(I)sI=KKsLL)
KK = LL+1
IFC(LL.LT.NR2) GO TO 4

READ IN TABLE
10 READ(S,FMT) (WORK(I)»I=1,NSIZE)

SEE IF Z IS TO BE REAI. KREAD X.

oo oon

IFC(.NOT.ONEY READCT»FMT) (WORK(I)yI=NZsNX1)
IF(NV.LE.0) GO 70 8
KK = NX
LL = KK+NSIZE-1
D0 5 J=1,NV
READ(S,FMT) (WORK{(I)sI=KKsLL)
KK = KK+NSIZE
tL = LL4NSIZE
S CONTINUE

READ INITIAL VALUES OF R IF DESIRED,

aooco

IF(INIT) GO TO 8

KK = NE
6 LL = NK+7

IFCQLL GELNDD) LL = NDI

READ(S7) (WORK(I)» I=KKsLL)
7 FORMAT(BIF10.,0)

KK = LL ML

ITFCLLLWLTWNIL)Y GO 70 6

C COMPUTE ESTIMATES,

4 Call CONTIN(NRyNCyNVyMXy TOLyWORK (1) »WORK(NF) yWORK(NZ Y »
X WORKONX) y WORK(NT) y WORK (NI » WORK (NI s WORK(NRS) » WORK(NS) »
¥ NIy INITy ONE, IFAULT)

G FRINT RESULTS.

IFCIFAULTWEQ.L)Y WRITE(SHY?)
¢ FORMAT (16HOINFUT 18§ FAULTY)
IFCIFAULTWG6T.0) RETURN
IF(NVLLELO) GO TO &

DO 12 J=1+NV

KRN = NG CI-TIRKINVELY

LL = NOtJ-1

WORK(LL? = SQART(WORK(KK))

CONTINUE

WRITE(S6513)

13 FORMAT(33HOCOEFFICIENTS AND STANDARD ERRORS)

1z
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KK =1
14 LL =
IF(LL.GT.NV)Y (L =
KK1 = NLERK+KK-2

Kté

Lt NL+HLLHLL -1
KK2 = NE+KK-1
LL2 = NE+LL-1
KR3 = ND#KK-1

LL3 = NOtLL-1

WRITE(6,18) (WORK(I),I=KR1sLL1)
1% FORMAT(/1Xy7(2Xs2A4))

WRITE(6y16) (WORK(I) s I=KK2,LL2)
16 FORMAT(1X»7F10,5)

WRITE(6»16) (WORK(I) s I=KK3,LL3)

KK = KK+7

IF(LL.LT.NV) GO TO 14

FRINT INFORMATION ON GOODNESS OF FIT.

27 CALL CHISQ(RATIOsCHISNSIZE,WORK(1)sWORK(NF))
WRITE(6+17) RATIOCHISNDF

17 FORMAT(/32H LIKELIHOOD RATIO CHI SQUARE = »F10.5/
x 32K FEARSON CHI SQUARE = +F10.5/
X 32H NUMBER OF DEGREES OF FREEDOM = »I4)

ORTAIN ADJUSTED RESIDUALS IF DESIREDL.

IF(IR.LE.Q)Y GO TO 22

CALL RESID(NRyNCyNVyWORK (1) s WORK(NF) » WORK(NS) » WORK{NX) »
X WORK(NT) s WORK(NRS) )

WRITE(4218)

18 FORMAT(/11H 1 Jr16H  OBSERVED COUNT.
X 16H EXFECTED COUNT.19H ADJUSTED RESIDUAL)
KK1 = 1
KK2 = NF
KK3 = NR&

D0 20 J=1sNC

0 19 I=1sNR

WRITE(H921) IsJyWORK(KKNL) yWORK(KK2) yWORK(KK3)
21 FORMAT(1X,215,2F16.3,F19,3)

19 CONTINUE
20 CONTINUE

FIND GENERALIZED RESIDUALS IF DESIRED.

22 IF(IC.LE.O0) RETURN
WRITEC(6923)
23 FORMAT(/11H CONTRAST»16H ORSERVED VALUE,
X 16H EXPECTED VALUE»19H ADJUSTED RESIDUAL)
D0 30 K=1,1IC
READ(S»2) NAMEL»NAMEDR
READCSsFMT) (WORK(I)yI=NRSsyNEN)
CALL GENRES(NRsNCyNVyWORK (1) »WORK(NF) s WORK(NX)»
¥ WORK(NT) »WORK (NS) y WORK (NKS) ; WORK (NI » OBS» EXF»RES)
WRITE(4r24) NAME1l,NAME2,0BS,EXF,RES
24 FORMAT(3X»2A4,2F16.3,F19.3)
30 CONTINUE
RETURN
END

SUBROUTINE CONTINC(NRyNCyNUsMX» TOLyTARBLEYFITZyXyTHETA+B2DrUs Sy
X  NOF»INIT-ONE-IFAULT)

THIS SUBRROUTINE COMFUTES MAXIMUM~LIKELIHOOD ESTIMATES

FOR THE FARAMETERS IN A LOG-LINEAR MODEL. THE

MULTINOMIAL VERSION OF THE NEWTON-RAFHSON ALGORITHM IS

USED'. IT IS ASSUMED THAT THE FREQUENCY TABLE UNDER STUDY

IS AN NR RY NC ARRAY. TO EACH CELL OF TABLE(I,»J) CORRESFOND
NU OBSERVATIONS X(I»JyK) AND AN OBSERVATION Z<(I»J).

THE ESTIMATED EXFECTED VALUE FIT(I»J) SATISFIES THE MODEL
FIT(I»J) = Z(Iy DIXEXFACIIHUCTIS))

ANDN UCI»d) = BOIDXX{TIrJdsld+s, #BINVIXX(I»JrNV),
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THE ASYMFTOTIC COVARIANCE MATRIX OF B IS S.

ITERATIONS CONTINUE UNTIL NO CHANGE IN COORDINATES OF

U IS GREATER THAN TOL OR UNTIL MAX ITERATIONS HAVE BEEN
COMPLETED.

THE CHANGE IN B IN THE LAST ITERATION IS D.

IF INIT IS .TRUE., THE INITIAL VALUES OF B ARE FOUND' BY
A WEIGHTED' REGRESSION RASED ON THE LOGS OF O0.5+4TABLEC(I,J)
FOR I BETWEEN 1 AND' NR ANI' J BETWEEN 1 ANDI NC.

IF INIT IS .FALSE.» THEN THE USER SETS INITIAL VALUES.
IFAULT IS RETURNED O UNDER NORMAL OFERATION.

IF NEGATIVE ELEMENTS OF TABRLE OR Z ARE FOUNDy IFAULT IS 1.
IF ONE IS .TRUE.» ALL Z(I»J) ARE ASSUMED 1.

THETA(J,R) IS THE WEIGHTED AVERAGE

(XC1r DrRKOKFITCLy D4e s s dX(NRyJsKORFIT(NR, D)) /C(FIT(L s )0 ue
+HFIT(NRJD)

NOF IS THE NUMBRER OF DEGREES OF FREEDOM FOR CHI-SQUARE
TESTS.

coooooooocoaooaonaoonn

REAL TABLE(NRsNC) »FIT(NRsNC) s Z(NRyNC) rU(NRYNC) s X{NRsNCsNVY»
X THETA(NCsNU) rB(NV) s II{NU) yS(NUsNV)

LOGICAL INIT,INIT1s0ONE

DIOUELE FRECISION SUM,SUM1

INITIALIZE ALGORITHM.

ooo

F = 1.0E30

IFAULT = O

NR1 NR

NC1 NC

NV1 NY

NDF = (NRI-1)%NC1

INIT1 = INIT

IF(NVL.LE.O) INITI = ,FALSE.
IFC.NOTLINITLILANDL.ONE) GO TO &
0 2 J=1,NC1

Howon

SUM = 0.0L0
SUML = 0.000
K =0

IF(ONE) K = 1
g 1 I=1sNR1
IF(TABLE(I»J>LT.0.0) IFAULT = 1
IF(IFAULT.GT.0) RETURN
IFCINITL) FIT(I»Jd) = TABLE(I»J)>40.5
IFCINITL) UCI»J) = ALOG(FIT(I»J))
IF(ONE} GO TO 1
IF(Z(Iv ) LT.0.0) IFAULT = 1
IFC(IFAULT.GT.0) RETURN
IF(Z(I+»J)EQ.0.0) FIT(I»J) = 0.0
IF(Z(I+J).EQ.Q0,0) NDF = NDF-1
IFCINIT1.ANDGZC(I»J).BT.0.0) UCIsd) = UCI»D~ALOG(Z(IrJ))
IF(Z(I+»J).GT.0.0) K = 1

1 CONTINUE
NOF = NDF+1-K
00 101 I=1sNR1
SUM = SUMHFIT(I,J)
SUM1 = SUMI+FIT(I,»DXU(I+S)

101 CONTINUE
IF(SUM.LE.0.CLO) GO TO 2
W = SUM1/SUM
L0 102 I=1sNR1
102 UCI»d) = UCIrJ)-W

2 CONTINUE
IFC(.NOT.INIT1) GO TO S
DO 4 K=1,NV1
B(K) = 0.0
sUM = 0.0D0
0o 3 J=1,NCt
G 3 I=1sNR1

3 SUM = SUMHIFITC(I» HXUCIs XX (IrJrK)
O(K) = SUM

4 CONTINUE

FERFORM AN ITERATION.

[el=Nel

S DO 36 IT=1rMX
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IFCIT.EQ.1.AND, JNOT.INIT1) GO TO 20
oo 10 J=1,sNC1

SuM = 0.0I0

N0 7 I=1»NR1

SUM = SUMHFIT(I»D)

W = SuUM
DO 9 K=1,NV1
SUM = 0.000

0 8 I=1,NR1

SUM = SUMHFITC(I»J3%kX(I+JsK)
IF(W.GT.0.0) THETA(JrK) = SUM/W
IF{W.LE.0.0) THETA(JsK) = 0.0
CONTINUE

CONTINUE

ORTAIN WEIGHTED SUMS OF CROSS-FRODUCTS,

0 1S K=1sNV1
10 14 L=1,K
SUM = 0.000
DO 13 J=1»NC1
DO 12 I=1sNR1

SUM = SUMH(X(IrJrK)-THETACI KIIK(X(IsJrL)-THETACI, L)) XFIT(I» S

CONTINUE
S(KrL) = SUM
CONTINUE
CONTINUE

OBTAIN CHOLESKY DECOMPOSITION OF S.
CALL CHOL(NV1yS,SyIRANK)

SEE IF FURTHER STEFS ARE NEEDEID.
IF(F.LT.TOL) GO TO 37

OBTAIN NEW VALUE OF B.

CALL SOLVE(NV1,S,D,I)
DO 16 K=1,NV{
B(K) = B(K)+DIM(K)

UFDATE U AND FIT AND CHECK FOR CONVERGENCE.

IFCIT.GT.1) F = 0.0
0o 33 J=1,NC1

D0 30 I=1,NK1

SUM = 0.0D0

IF(NV1.LE.O) GO TO 22

00 21 K=1,NVi

SUM = SUM4B(KIXX(I,JsK)

IF(IT.EQ.1) GO TO 22

E = SUM

E = ABS(E-U(I,J))

IFCE.GT.F) F=E

U(IrJ> = SUM

FIT(Isd) = EXF(U(I»J))

IF(ONE) GO TO 30

IF(Z(IyJ).LT.0.0) IFAULT = 1
IF(IFAULT.GT.0) RETURN

FIT(I+d) = Z(I, DKFIT(IsJ)

CONT INUE

SUM = 0,000

W= 0.0

00 31 I=1,NR1
IF¢.NOT.ONE.AND.Z(I,J>.LE.0.0) GO TO 31
W = WHTARLE(I»J)
SUM = SUMHFIT(I,J)
CONTINUE
IF(SUM.GT.0,010) W
IF(SUM.LE.0.0D0) W
[0 32 I=1,NR1
FIT(I,J) = WKFIT(I, D
CONTINUE

IF(NV1,LE.O) RETURN

it
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FREFARE DIFFERENCES RETWEEN FITTED AND DBSERVED LINEAR
COMBINATIONS.

oo

00 35 K=1,NV1
suM = 0.000
00 34 J=1,NC1
L0 34 I=1,NR1
IF(FITC(I»J).6T.0.0) SUM = SUMH(TABLE(I»J)~FITC(Iyr ) )¥X(IvdsK?
34 CONTINUE
D(K) = SUM
35 CONTINUE
34 CONTINUE
37 CaALL INVERT(NV1,S,S)
NDF = NDF- IRANK
RETURN
ENTI

[ 3 o}

SUBROUTINE SOLVE(NsLUsErX)

SOLVE LUX = K GIVEN U(I,»I) NONZERO FOR I = lreessarN,

aao

REAL X(N)sLUCNsNI s B(N)
DOUBLE FRECISION SUM
NN = N

SOLVE LOWER TRIANGLE.

onao

X(1) = B(1)
IF(LUC1,1),LE.0.0) X(1)
IF(NN.EQ.1) GO TO 3

0 2 I=2ysNN

SuM = 0.0D0

I1 = I-1

no 1 J=1,11

SUM = SUM+HLUCI» ) %X(J)
X(I) = B(I)-SUM
IF(LUCL»1).LE.0.0) X(I) = 0.0
CONTINUE

il
<
<

[

r3

SOLVE UFFER TRIANGLE.

aon

3 I = NN
IF(LUCIZI)WGT.0.0) X(I) = X(I)/LUCI»I)
IF(LUCIS»I)WLE.O.0) X(I) = 0.0
IF(NN.EQ.1) RETURN
D0 5 K=2sNN
sSUM = 0.0D0
I1 =1
I =1I-1
IF(LUCI»IDLLE.0.0) X(I) = 0.0
IF(LUCI-I)WLE.0.0) GO TO S
D0 4 J=I1,NN
SUM = SUMHLUCI» 1) KX(J)
X(I) = (XC(I)-SUM/LUCII)
CONTINUE
RETURN
END

L%

oo

SURROUTINE CHISQ(RATIOrCHI/NSIZE,TARLE,FIT)

COMFUTE LIKELIHOOD RATIOCRATIO) AND PEARSON(CHI)

CHI SRUARE STATISTICS. NOTE THAT THE TABLE OF
OESERVATIONS HAS NSIZE ELEMENTS, AS DOES THE TABLE OF
FITTELD CELL MEANS.

oOoooon

INTEGER NSIZE

REAL TAEBLE(NSIZE) FIT(NSIZE)
DOUBLE FRECISION SUM»SUM1
SUM = 0,000

§UM1 = 0.0D0

D0 1 I=1sNSIZE

oo

NOTE THAT FIT(I) = O IMFLIES TABLE(I) = 0.
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C
IF(FITCI)LWLELO.0) GO TO 1
SUM1 = SUMLH(TARLECI)-FITCI)IKK2/FIT(I)
IF(TABLECIY LE.0.0) GO TO 1
SUM = SUMATABLECIYXALOG(TARLECI)/FIT(I))
1 CONTINUE
CHI = suMi
RATIO = 2, 0%5UM
RETURN
END
c
C
SUBROUTINE RESID(NR»NCyNVsTARLESFIT»SyX»THETASR)
C
C RESID COMPUTES ADJUSTED RESIDUALS R FOR THE FITTED
C TAELE FIT» THE ARRAYS X AND THETAs ANDI THE ASYMFTOTIC
cC COVARIANCE MATRIX & OF THE SUBROUTINE CONTIN.
C FARAMETERS ARE DEFINED AS IN CONTIN.
C
REAL TARLE(NRyNCI s FITINRsNC) s SINV/NU) s X(NRsNCyNV) P R(NRyNC)»
¥  THETA(NC,NV)
[0 8 J=1,NC
SUM1 = 0.0
00 10 I=1,NK
10 SUM1 = SUMI+FIT(I,.)
11 D0 7 I=1sNK
suM = 0.0
IF(NV.LE.1> GO TO 3
L0 2 K=2yNV
LL = K-1
00 1 L=1.LL
SUM = SUMHS(KsL)X(X(I»JrRK)~THETA(IsKIIX(X(I» JyL)-THETA(JrL) )
1 CONTINUE
2 CONTINUE
SUM = 2.0%SUM
3 IF(NV.LE.O) GO T0 S
0 4 K=1»NV
SUM = SUMHES(RyKIK(X(IsJsKI~THETACJIK) ) XX2
4 CONTINUE
S SUM = FIT(IryDXCL1.0-FIT(I»J)%SUM)
IF(SUM1.GT. 0.0 SUM = SUM-FIT(I,J)KFITC(I,J)/5UM1
R(I»J} = 0.0
IF(SUM.LE.0.0) GO TO 7
R(Iyd) = (TABLE(IsJ)-FIT(I,J))/SAQRT(SUM)
7 CONTINUE
8 CONTINUE
RETURN
END
C
C
SUBROUTINE INVERT(N>TRIvXINV)
C
C COMFUTE THE INVERSE OF A MATRIX WITH MORNIFIED CHOLESKY
C NECOMFUSITION TRI. QUTFUT IS XINV.
C
REAL TRI(NSN) s XINVINSN)
NOUBLE FRECISION SUM
NN = N
C
C INVERT DIAGONAL ELEMENTS,
c
DO 1 T=1.NN
IFOTRICIYIDLGT.0.0) XINV(ISI) = 1.0/TRICISID)
YFATRICIPI)LELOQ.0) XINV(ILI)Y = 0.0
1 CONTINUE
C
c IF N IS 1, ALL IS FINISHEL.
c
IF(NN.LE.1) RETURN
C
C NOW FOR OFF-DIAGONALS.
c
0 S I=2yNN
I1 = I1I-1
g 4 K=1,I1

SUM = -TRI(I,K)
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IF(K.GE.J1) 60 TO 3
K1 = K+1
Do 2 J=Ki,1t

SUM = SUM-TRICIrJ)XXINV(JPK)
XINV(ISK) = SUM
XINV(KyI) = XINVC(IZKIRXINVUC(IZI)
CONTINUE
CONTINUE
GET FULL INVERSE.
00 9 I=1,NN
I1 = I+1
R0 8 J=1»1I

SUM = XINV(J:I)
IF(I.EQ.NN) GO TO 7
DO &6 K=I1,NN

SUM = SUMEXINV(Ky I)XXINV(JI/K)
XINV(I»J) = SUM
CONTINUE

CONTINUE

RO 10 I=2sNN

I1 = I-1

DO 10 J=1,1I1
XINV(JIyI) = XINV(I,J)
RETURN

END

SUBROUTINE CHOL(NsSYMsTRIyIRANK)

COMPUTE THE MODIFIED CHOLESKY DECOMPOSITION OF THE
N X N MATRIX SYM, WHERE SYM IS NONNEGATIVE DEFINITE,
OUTPUT I8 TRI. IRANK IS THE RANK OF SYM.

DATA TOL/1.0E~-4/
REAL SYM(NsN)»TRI(N»N)
DOUBLE PRECISION SUM

NN = N
IRANK = ¢
DO 6 I=1sNN

X = TOLXSYM(I,I)

TRI(12I) = SYM(I«1)

IF(I.EQ.1) GO TG 4
IF(TRI(151).67.0,0) TRICIs1) = TRICL1,I)/TRI(1,1)
Do 3 J=2,1

IF(TRI(Js ) .LE.0.,0) GO TO 3

sUM = 0.000

K = J-1

DO 2 L=1,K

SUM = SUM+TRICI,LIXTRIC(L»J)
TRICJ»I> = SYM(I»J)-SUM
IFCJ.LT.I) TRICI»D) = TRICJISIX/TRICI YD)
CONTINUE

IF(TRICI»I).GT.X}> IRANK = IRANK+1
IF(TRICI,I).GT.X) GO TO &

D0 S J=1»NN

TRICI»J) = 0.0

TRICJ»I) = 0.0

CONTINUE

CONTINUE

RETURN

END

SUBRROUTINE GENRES(NRsyNCsNVsTABLEsFITeXsTHETA¢S+CrDyOBS,EXFRES)

GENRES COMFUTES GENERALIZED RESIDUALS., NRsNCsNUsTARLE:
FITy X» THETA» AND & ARE DEFINED AS IN CONTIN,

C IS THE ARRAY OF WEIGHTS USED ANI I IS A WORK ARRAY
OF LENGTH NV. OUTFUT CONSISTS OF THE OBSERVED LINEAKR
COMEBINATION OBS, THE ESTIMATED EXPECTELD VALUE EXFr AND
THE ADJUSTED RESIDUAL RES.
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REAL TABLE (NRyNC)»yFIT(NRyNC) » X(NRyNCyNV) » THETANCINV) ySINVINV)»
¥  CU(NR:NC)»II{NV)
DOUBLE FRECISION SUM,SUML»SUM2

INITIALIZE.

ano

NVi
NR1
NC1

NV
NR
NC

oo

OBTAIN ASYMFTOTIC VARIANCE ESTIMATE.

oo

SUM2 = 0.0D0
DO 2 J=1,sNCi
SuM = 0,000
SuUM1 = 0.0L0
DO 1 I=1sNR1
SUM1 = SUMI4FIT(I,J)XC(I,J)
1 SUM = SUMHFIT(I»J)
SUM2 = SUM2+SUM1XSUM1/SUM
CONTINUE
IF(NV1.LE.O) GO TO 14
00 9 K=1sNV1
UM = 0,000
[0 8 J=1sNC1
DO 7 I=1»NR1
SUM = SUMH(X(I»JoK)-THETA(JsKIIXFIT(I» DXCC(Iy)
7 CONTINUE
8 CONTINUE
I(K) = SUM
? CONTINUE
SUM = 0,000
IF(NV1.LE.1) GO TQ 12
g 11 K=2,NVi
LL = K-1
ng 10 L=1rlL
10 SUM = SUMIS(K,L)YXDCKIXIN(L)
11 CONTINUE
SUM = SUM+SUM
12 00 13 K=1,NV1
13, SUM = SUM+S(K,KOXD(K)XII(K)
14 SUML = 0.0D0
Do 16 J=1,NC1
0 15 I=1sNR1
SUM1 = SUMIHFIT(I»JI)XC(I»J)%%2
15 CONTINUE
16 CONTINUE
ST = SUM1-SUM-SUM2

N

OBTAIN OBRSERVED AND ESTIMATED! VALUES,

oaon

RES = 0.0

SuM = 0.0N0

SUML = 0.0D0

IO 18 J=1sNC1

0 17 I=1sNR1

SUM = SUM+TABLEC(I»JIXC(I»J)

SUM1 = SUMI4FIT(I,» IXC(IsJ)
17 CONTINUE
18 CONTINUE

ORS = SUM

EXF = SUM1

OBTAIN ADJUSTED RESIDUAL.,

oon

IF(ST.LE.C.0) RETURN
ST = SQRT(ST)

RES = (OBS-EXF)/ST
RETURN

END
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A2 LAT

The program LAT is written in much the same style as FREQ, except that
LAT is used with latent-class models. The program can be used with a table
of counts n;,, 1 <i<r, 1 <j<s, 1<k <t with corresponding expected
values m; ;. The observations are the marginal totals

r

BC _

N = Znijk-
i=1

For known constants z;3 >0, ] <i<r, 1 <j<s, 1 <k <t and x5,
l<i<r,l<j<s 1 <k<t |l <I]<p, and unknown parameters «a,
Il <k<t and f,, 1 <[l <p, it is assumed that the expected values m,
satisfy the log-linear model

ijk

p
log(m;p/z;3) = o + Z:leijka zip > 0.
I=1
It 1s also assumed that conditional on the observed counts

=% S

i=1 j=t

the subtables {n;3:1 <i<r, 1 <j<s} have independent multinomial
distributions for 1 < k < ¢.

The program uses the method of maximum likelihood to obtain estimates
B, of the parameters 8, and estimated asymptotic standard deviations s(,)
of the f,. Likelihood-ratio and Pearson chi-square statistics are computed,
and residual analyses are performed.

Control Cards
Cards must appear in the following order.

Card 1. Run description This card contains 10 entries in the following
format at the top of page 587.

Card 2. Format of data This card is a variable format card describing
the format in which the data are to be read. The card isa FORMAT statement
in which the work FORMAT has been removed and in which the initial
parenthesis is in the first column. The data should be read in F format.

Card 3. Format of independent variables This card is a variable format
card describing the format in which the independent variables x,;, are to be
read. The card has the same structure as card 2.

Card 4. Title Up to 80 columns of alphanumeric title information.
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Column Format Entry

1-4 1 The number r of rows. If the entry is not positive, r = 1.

5-8 1 The number s of columns. If the entry is not positive, s = 1

9-12 I The number t of blocks. If the entry is not positive, t = 1.

13-16 I The number p of independent variables x;;,, | <! < p, for each row i,
column j, and block ¢. If the entry is not positive, p = 0.

14- 20 1 If positive, the z;;, are supplied by the user. If not positive, each z;;, = 1.

21-24 I If positive, initial approximations for the 5, 1 <! < p, are supplied by
the user. Otherwise, the program generates its own initial values
from estimates of i, supplied by the user.

25 28 I If positive, observed values nf, estimated expected values mf, and
adjusted residuals (nf8 — mj)s(nfl — mES) are printed, where
s(nli — m%) is the estimated asymptotic standard deviation of
nC — i

29-32 I The number of generalized contrasts to be computed. For each contrast
arrayd, . 1 <j<s 1 <k <1,

O=3Y duny E =33 dymj,
and (O — E),5(O — E) is computed, where s(O — E) is the estimated
asymptotic standard deviation of O — E.

33-36 I The maximum number of iterations used in computing the f,. If
blank, 10 is the maximum.

37 40 1 The stopping criterion ¢. The tolerance is 1077 is g # 0 and 1073 if
g = 0. If no successive approximations for Zﬁ,xij,‘,, I<i<r,
1 <j < s, | <k < differ in magnitude by more than the tolerance,
then iterations stop.

Label Cards

Each 8 columns of each card contains the name of a variable. Thus columns
1-8 of the first label card contains the name of the first variable, x;;,, columns
9-16 contain the name of the second variable x;;,, etc. Note that if p < 10,
one label card is needed, if 11 < p < 20, two label cards are needed, etc.

Data Cards

The data are read in standard FORTRAN order according to the format
of card 2. For example, in a 2 x 3 x 2 table with n¥ = 10, n%{ = 11,
n3$ = 20, n¥§ = 25, n8$ = 37, n8$ = 31, one might have a single data card

101120253731

The corresponding card 2 is

(6F2.0)
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Z Cards

If the entry in columns 17-20 of card 1 is positive, then the coefficients
z; are read in the same format used for the independent variables. Observa-
tions are read in standard FORTRAN order so that if r = 2, s = 3,1t = 2,
Z;i = j,and if card 3 is

(12F2.0)
then one Z card is required. The card is

010102020303010102020303

X Cards

For each I, 1 <[ < p, a card or series of cards lists the x;;, | <i <,
Il<j<s, 1 <k<tIfp=2

Xin = 1, i=1, Xijk2 = J, i=1,
=0, i=2, =0, i=2,
and if card 3 is
(12F2.0)
then the two X cards are
010001000100010001000100

010002000300010002000300

Initial Value Cards

If the entry in columns 21-24 of card 1 is positive, then initial approxima-
tions of the B, are read in F10.5 format. The approximation for f3; is in
columns 1-10 of the first initial value card, the approximation for f, is in
columns 11-20 of this card, etc. If p < §, one initial value card is needed.
If 9 < p < 16, two such cards are needed, etc.

Initial Approximation Means Cards

If the entry in columns 21-24 of card 1 is not positive, initial values of
m; ;o are read in the same format used for the independent variables.

Contrast Label Cards

For each contrast requested in columns 29-32 of card 1, a contrast label
card and contrast specification cards are required. The contrast label card
contains a contrast label in columns 1-8.

The following listing contains a main program and a subroutine LATENT.
1 < k < t using the same format used for the data cards. If card 2 is

(6F2.0)
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and if
dp= 1, j=1lor3, k=
0, k=2,
=-2, j=2 k=
then a contrast label name and contrast card might be
QUADRAT.
01-201000000

Example 3. The simple latent-class model for Table 7.29

Control cards and output for a run with this model are shown below. The

contrasts used are n¥! — m¥Y nPY — wPY, and nfY — mfY.

Control Cards

2 3 14 0 1 3
(24
(3¢ Th /Y 12F 62D
SIMPLE LATEMT-CLASS MODEL FOR TABLE 7,29
X1 2y I Fi XBi1 XIrt1 XF1i1 XY11 XY1i2
334 34 12 1% 53 63 435014028 29 13 17 42 83 31453413 29 16 18 60 57 37430
1. 1. 1. 1. 1, -1 i. =1 1. =1, 1. -1,
1, -1. 1. -1, 1. =1 1. =1 1. -1. 1. -1,
1. 1. 1. -1 1. =d 1. -1 1. =1, 1. -1.
1. -1. 1. -1, 1. =1 i. =1 1. 1. 1. -1
1. 1. 1. i. 1. 1. 1. 1. -1, -1, -1 -1
i, 1. 1. 1. 1. 1. 1. 1. 1, 1. 1. 1.
1. ‘1. 1. 1. -1 -1 “14 -1, 1. i. 1. 1,
1. 1. 1. 1. =1 =1, -1, =1, -1, =1, =1, -1
1. i 1. 1. 1. =1 -1, -1 1. 1. 1. 1.
1. ~1. 1. 1. 1. 1. 1. 1. -1, =1, =1, -1,
1. 1, 1. 1. =1 1 =1 -1, 1. 1. 1. 1.
1. 1. ~1a 1. 1. 1. 1. 1. ~1. -1, -1, ~1.
1. 1. =1, =1 1. 1. =1 ~1. 1. 1. ~1. ~1.
1. 1. =1, “1. 1, 1. ~1, -1. 1. 1. -1, -1
1. 1. -1 1. 1. 1. -1, =1, 1. 1. -1 ~1.
1. 1. -1, -1. 1. 1. -1. -1 1. 1. =1 ~1.
i. -1 1. -1. 1. =1, 1. =1 =1 1. ~1. 1.
-1, 1. -1 1. 1. =1, 1. -1 1. -1. 1. -1.
-1 1. -1 1. =1 1. -1, i. 1. -1, 1. -1
1. 1. 1. e e 1. i 1. -1 1. -1, 1.
1. “1. 1. -1 -1. i. -1, 1. 1. -1, i, -1
=1 1. -1. 1. 1. -1. 1. -1, -1. 1. =1 1.
1. 1 1. -1 -1. 1. 1. 1. 1. -1. 1. ~1.
-1 1. =1 1. 1. =1 1. =1 -1, 1. 1. 1.
1. =1 =1 1. 1. -1, -1. i. 1. ~1. -1, 1.
1. 2 ) ~1 1. 1. -1, =1 1. 1, ~1. -1, 1.
1. 1. -1, 1. 1. ~1. -1. i. 1. -1 -1. i.
1. ~1 ~1. 1o 1. -1, -1 1. 1, -1, -1 1.
1. B 1. 1. 1. -1 1. =1 1. -1 1. -1
1. 1. 1. -1. 0. O 0. 0. 0. 0. 0. 0.
O 0. O 0. 0. 0. Q. 0, =1 1. =1 1.
-1 1. -1, 1. -1 1. =1 1. 1. 1. =1 1.
O 0. (e 0. 0. 0. 0. 0. 0. O, 0. 0.
0. O 0. 0. 1. -1 1. -1 1. -1. 1. =1,
1, i. 1. -1 1, 1 1. ~1. -1, 1. ~1. 1.
1. 1. “1 e 1. =1 1. -1, 1. -1, 1. -1, 1.

327.99 6,01 17,00 17,00 6.00 6.00 0.27 14,73 26.50 26,50 1.13 61.87
.77 42,23 0.17500.83426.94 1.06 25.54 3,46 11.45 1,55 2.03 14.97
Ku.V? .01 6.32 46,68 3.70 27,30 1.12451.88412.86 0.14 28,48 0.52

W29 9.00 9,00 58.92 1,08 28.50 28,50 18.50 18.50 7.73422.27
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Output
SIMFLE LATENT-CLASS MODEL FOR TABLE 7.29
COEFFICIENTS ANDN STANDARD ERRUKS
X1 F1 o1 F1 XE1 1 X111 XF11
~0,10575  ~0.31G98  0.32711  0.01201  1.37164  1.39679  1.29334
0.08644  0.04523  0,04933  0.03909  0.04484  0.04893  0,03876
XY11 XY1i2

-0,10471 0.04453
0.02605 002578

LIKELIHOOD RATIO CHI SQUARE = 10.09669
FEARSON CHI SQUARE = ?.98288
NUMEBER OF DEGREES OF FREEDOM = 12

J K OESERVED COUNT EXFECTED COUNT  ADRJUSTED RESI

1 1 334,000 345,757

2 1 34,000 27.420

3 1 12,000 12.321

4 1 15.000 18.004

N 1 533.000 46,407

b i 63.000 42

7 1 43,000 40,080

8 1 501.000 S02.703

1 2 428,000 459

2 @ 29.000 32,091

3 2 13.000 14,292

4 2 17,000 16,186

] 2 42,000 G3.961

) 2 53,000 U6, 052

7 2 31,000 35.893

8 2 453,000 445,066

1 3 413.000 416.809 -0, 358

2 3 29.000 32,374 ~0.762

3 3 16.000 14,406 0531

4 3 18,000 15.882 0649

bt 3 60,000 54,400 0.994

b 3 G7.000 85.013 0,339

7 3 37,000 35,204 0.377

3 3 430,000 435,907 ~0.,810
CONTRAST OESERVED VALUE EXFECTED VALUE ADJUSTED RESIDUAL
BY11 395.000 403,501 ~1.428
Iyii 484,000 481,836 0.342
FYyii 442,000 444,570 ~0.410

Error Conditions

An error is reported and execution terminates if some z;;, is negative or if
space requirements are too large. Space may be adjusted by changing the
region size of the array work in the main program and giving the constant
NW the same value. The space in words needed in WORK i1s pt(1 + s + rs)
+ st(2 + 3r) + 4p + p? if all z;;, are assumed 1. Otherwise, rst more words
is needed. The appropriate changes are made in lines 35 and 37 of the program.
Currently NW is 10,000.

Program Listing

The following listing contains a main program and a subroutine LATENT.
The subroutines CHOL, SOLVE, INVERT, CHISQ, RESID, and GENRES
listed earlier are also required.
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THIS FROGRAM FERFORMS MAXIMUM-LIRKELIHOOD ESTIMATION
FOR THE LATENT-CLASS MODREL

LOG(M(IyJsRKI/ZCT2JrK)) = A(KIHU(I»JrK)» WHERE
UCTydeRY = BOIDRXCIvdsKeld4, . o #BINVIKX (I JsKyNV),
HERE A TARLE N(JsK) IS GIVEN WITH NR ROWS ANI

NC COLUMNG. THIS TABLE IS A MARGINAL TARLE FOR AN
UNOBSERVEIl NL BY NR RY NC TABLE WITH EXFECTED VALUE
M(I,JpK) IN CELL (IxJdsK).

NORMALLY Z(I,dsK) IS FOSITIVE. IF Z(I»JsK) IS NOT POSITIVE:,
THEN CELL (IrJyK) IS IGNOREDI DURING ANALYSIS. THIS
FROVISION 16 USEFUL IN ANALYSIS OF INCOMFLETE
TABLES.

FOR A DESCRIFTION OF CONTROL CARDS, SEE THE FROGRAM
DESCRIFTION.

IN THIS FROGRAMy I1 IS O IF Z{(IsJ4sK) IS 1 AND POSITIVE
IF ANY OTHER CHOICE OF Z(I,JsK) IS TO BE MADE,

THE FARAMETER IS EQUALS O IF INITIAL APPROXIMATIONS
E(Ly0)y 1<=L<=NVy ARE TO ERE FOUND RBY THE FROGRAM
FROM AN INITIAL AFFRUXIMATION OF M(I»JsK) SUPPLIED
RY THE USER.

IF THE USER WISHES .TO SUFFLY INITIAL

ESTIMATES OF THE E<(L), THEN IS SHOULDF RBE FOSITIVE.
ANJUSTED RESIDUALS ARE SUFFLIEDR' IF IR IS FOSITIVE.
GENERALIZED RESIDUALS ARE SUFFLIED IF IC IS POSITIVE.
MAX ITERATIONS MAY RBE FPERFORMED IF NEEDED. IF

THE USER DEFINES MX TO KE POSITIVE, THEN MAX IS MX.
IF MX IS NOT FOSITIVEy MAX IS 10.

ITERATIONS STOF IF .NO CHANGE UCI»JsKsT)-U(IyJsKsT~1)
EXCEEDS 10%%1IT IN MAGNITUDE. NORMALLY IT 18 -3

BUT THE USER MAY CHANGE THIS CHOICE.

REAL WORK(10000)sFMT(20)»FMT1(20),TITLE(20)
LOGICAL ONE»sINIT
DATA MXS,TOLSsNW/10+0.001,10000/

REAL FARAMETERS.

REAII{Ss1)> NLsNRsNCYNVU,»I1,ISsIRyIC,MXsIT
FORMAT(10I4)
IF(NL.LELO) NL
IF{(NR.LE.0) NR
IF(NC.LE.0) NC
ONE = .TRUE.
INIT = .TRUE.
IF(I1.GT.0) ONE = ,FALSE.
IF{IS.GT.0) INIT = ,FALSE.
IF(MX.LE.0) MX = MXS
IF(IT.NE.0) TOL = 10,0%XIT
IF(IT.EQ.Q) TOL = TOLS

1
1
1

READl A VARIARLE FORMAT FOR THE DATA.
REAIC(S,»2) FMT

READIl A VARIAERLE FORMAT FOR THE MEANS AND INDEFENDENT
VARIABLES,

REAL(S,2) FMTL
REAI! A TITLE FOR THE RUN. NOTE THAT UF TO 80 CHARACTERS
ARE AVAILABLE.

READI(S5,2) TITLE
FORMAT (20A4)
WRITE(6y11) TITLE
FORMAT (1H1»,20A4)

TO SET UF WORK AREAS, FIRST FIND THE SIZE OF THE TAERLE.

NSIZEM = NRXNC
NSIZE = NLXNSEZEM

NF IS THE LOCATION IN THE WORK AREA OF THE FITTED
TABLE M OF EXFECTED VALUES.
NZ IS THE LOCATION OF THE TAELE Z IF I1:0,

591
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NF = NSIZEM+1

NFE = NF+NSIZE-1

IF(ONE) NZ = NF
IF(.NOT.ONE) NZ = NF+NSIZE

NMAR IS THE LOCATION OF THE TAELE MB OF EXFECTED VALUES
OF THE MARGINAL TAERLE N.

NX IS THE LOCATION OF THE TABLE X.

NT IS THE LOCATION OF THE TABLE THETA OF AVERAGES.

NXE IS THE LOCATION OF THE TABRLE XE.

NMAR = NZ+NSIZE
NX = NMAR+NSIZEM
NX1 = NMAR-1
NXE = NX+NSIZEXNV
NT = NXE+NSIZEM¥NV
FROVIDE SPACE FOR COVARIANCE MATRIX AT NS,
NS = NTHNCXNV
FROVILE SFACE FOR VARIABLE NAMES AT NLE.
NLE = NS+NUXNV

FLACE RESIDUALS AT NRS.

NRS = NLE+NV+NV
NR2 = NRS-1
NEN = NR24NSIZEM

FLACE FARAMETER ESTIMATES AT NE.

NE = NRS+NSIZE
ND = NE+NV

ND1 = NIt-1

NE = NI$#NV-1

CHECK FOR EXCESSIVE SPACE DEMANDS.

IF(NE.GT.NW) WRITE(6+3)
FORMAT(38HOTOO MUCH SPACE REQUESTED FOR ANALYSIS)
IF(NE.GT,NW) RETURN

READ' IN VARIAELE NAMES.

IF(NV.LE.O) GO TOD 10

KK = NLE

LL = KK+19

IF(LL.GT.NR2) LL = NR2

READ (5:2) (WORK(I)yI=KKsLL)
KK = LL+1

IFCLL.LT.NR2) GO TO 4

READ DATA.
REAUCGyFMT) (WORKC(I) » I=1,NSIZEM)
GEE IF Z 18 TO BE READ. READ X.

IF(.NOT.ONE) READC(SyFMT1) (WORK(I)»I=NZsNX1)
IF(NV,LE.O) GO TO 8.

KK = NX

LL = KK+NSIZE-1

D0 5 Jd=1.0V

yFMTL) (WORK(I)»I=KKsLL)?

VENSIZE

LL = LL+NSIZE

CONTINUE

READ INITIAL VALUES OF E IF DESIRED..

IFCINIT) REALC(SYFMT1) (WORK(I)»I=NFyNFE)
IFCINIT) GO 7O 8
KK = NE
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& LL = KK+7
TF(LL.GEWNDY LL = ND1
REAT(S»7) (WORK(I)»I=KKsLL)
7 FORMAT(8F10.5)
KK = LL+1
TFLLLWLT.NDL) GO TO 6

COMPUTE ESTIMATES.

8 CALL LATENT(NLsNRyNCyNUyMXyTOL s WORK (1) yWORK (NF) s WORK(NZY »
¥ WORK (NMAR) » WORK(NX) » WORK (NXE) » WORK (NT ) y WURK(NE) y WORK (NI »
*  WORK(NRS) s WORK(NS) yNIFy INITONEy IFAULT)

FRINT RESULTS,

IF(IFAULT.ER.1) WRITE(6s9)
FORMAT (16HOINFUT IS FAULTY)
IF(IFAULT.GT.0) RETURN
IF(NV,LE.0) GO TO 27
DO 12 J=1,NV
KK = NS+(J~1)K(NV+1)
LL = NIttJ-1
WORK(LL) = SART(WORK(KK))
12 CONTINUE
WRITE(6,13)
13 FORMAT(33HOCOEFFICIENTS AND STANDARD ERRORS)
KK = 1
14 LL = KK+6
IF(LL.GT.NV) LL = NV
KK1 = NLEB+KK+KK-2
LL1 = NLE+LL+LL-1
= NB+KK-1
= NE+LL-1
= NIHKK-1
LL3 = ND+LL-1
URITE(4,15) (WORK(I)rI=KK1,LL1)
15 FORMAT(/1Xs7(2Xs244))
WRITE(6y14) (WORK(I)rI=KK2,LL2)
16 FORMAT(1X»7F10.5)
WRITE(6716) (WORK(I)sI=KK3sLL3)
KK = KK+7
IF(LL.LT.NV) GO TO 14

~

FRINT INFORMATION ON GOODNESS OF FIT.

27 CALL CHISQ(RATIO»CHIYNSIZEMyWORK(1)s»WORK(NMAR))
WRITE(6517) RATIOyCHINIF

17 FORMAT(/32H LIKELIHOOD RATIO CHI SQUARE = »F10.5/
x 32H FEARSON CHI SQUARE 1F10.5/
% 32H NUMBER OF DEGREES OF FREEDOM = +14)

OBTAIN ADJUSTED RESIDUALS IF DRESIRED.

IF(IR.LE.O) GO TO 22
CALL RESID(NRsNCyNV>UORK(1) s WORK(NMAR) WORK(NG) s WORK (NXE) »
¥  WORK(NT) »WORK(NRS))
WRITE{(4518)
18 FORMAT(/11H - Jd Kr16H OBSERVEL COUNT,
X EXFECTED COUNT»19H ADJUSTED RESIDUAL)

1
NMAR
NRS
K=1sNC
J=1sNR
WRITE(6521) JrKrWORK(KK1) sWORK (KK2) » WORK (KK3)
21 FORMAT(1X,215,2F16.3,F19.,3)
KK = KK141
KK2 = KK2+1
KK3 = KK3+1
19 CONTINUE
20 CONTINUE

FIND GENERALIZED RESIDUALS IF DESIRED.

22 IF(IC.LE.O) RETURN
WRITE(S723)
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23 FORMAT(/11H CONTRAST»16H OBRSERVED VALUE»
¥ 16H EXPECTED VALUEr19H ADJUSTED RESIDUAL)
[0 30 K=1,IC
REALN(S,2) NAMELyNAMED
READ(SyFMT) (WORK(I)yI=NRSG,NEN)
CALL GENRES(NRyNCyNV>WORK (1) WORK(NMAR) » WORK(NXRE) »
¥ WORK(NT) rWORK(NS) s WORK (NRG) » WORK (NI y ORS » EXFy RES)
WRITE(S,24) NAMELyNAMEZyORS,EXFyRES
24 FORMAT(3Xy284,2F146.3,F1%9.3)
30 CONTINUE
RETURN
END

oo

SUBRQUTINE LATENT(NLsNRyNCYNVsMXyTOLy TABLEYFITyZsFITMs Xy XEy
¥ THETA»E»DsUsSyNIF» INITYONE IFAULT)

THIS SUBROUTINE COMFUTES MAXIMUM-LIKELIHOOD ESTIMATES
FOR THE FARAMETERS IN A LATENT-CLASS MODEL. THE
MULTINOMIAL VERSION OF THE SCORING ALGORITHM IS

USED. IT IS ASSUMED THAT THE OBRSERVED FREQUENCY TARLE
IS AN NR RY NC ARRAY AND THE LATENT TABLE IS AN NL RY NR
RY NC ARRAY. TO CELL (IrJyK) OF THE LATENT TABLE
CORRESFOND NV OBSERVATIONS X(I,»JsKrL)r AN ORSERVATION
Z(IvJsK)s AND AN ESTIMATED MEAN FIT(IsJs»K).

THE ESTIMATED EXFECTED VALUE FIT(I,JyK) SATISFIES THE MODEL
FIT(IyJsK) = ZCI»JyRIKEXFCACKIHUCT P J9K))

ANDN UCT»JrR) = BOLIRXCIrJrKe2 )+, o o HBONVIRX(I S Jr KNV
THE ASYMFTOTIC COVARIANCE MATRIX OF E IS S.

ITERATIONS CONTINUE UNTIL NO CHANGE IN COORDINATES OF

U I5 GREATER THAN TOL OR UNTIL MAX ITERATIONS HAVE BEEN
COMFLETED,

THE CHANGE IN B IN THE LAST ITERATION IS @

IF INIT IS THE INITIAL VALUES DF R AKE FOUND RY
A WEIGHTED RE TON BASEIN ON A WEIGHTED AVERAGE OF THE
LOGS OF THE . MO,y K) FOR T FROM 1 7O NL.

IF INIT O ~+y THEN THE USER SETS INITIAL VALUES.
IFAULT 16 RETURNED O UNDER NORMAL OFERATION.

IF NEGATIVE ELEMENTS OF TABLE OR Z ARE FOUND» IFAULT I8 1.
IF ONE IS JTRUE.» ALL Z(I»JyK) ARE ASSUMED 1.

CcocoocoooooOnoo0oooO 0o

[

C THETA(KyL) I6 THE WEIGHTED AVERAGE
C (XCLy 1o Kyl DXFITCE v KD 40 o o 4 X(NLPNRSKs L)XFIT(NLYNRYK))/
C (FITCLy1oR)4e s o #FIT(NL 2 NRSK) ),
¥ NDF IS THE NUMBER OF DEGREES OF FREEDOM FOR CHI-SQUARE
[ TESTS .
C

REAL TARLE(NRyNC) s FIT(NLyNRsNC) » Z(NL s NRYNC) yFITMINRSNC) »

X UONLyNRyNC) y XCNL s NRyNCoNUD y XECNRYNCYyNV) s THETA(NC s NV) »

X BONVYyDINV) » BONVSNY)

LOGICAL INIT,INIT1,0ONE

NOURLE PRECISION SUMySUML»SUM2ySUM3
C
[ INITIALIZE ALGORITHM,
C

o= 1,.0E30

IFAULT = 0

NL1 = NL

NR1 = NR

NC1 = NC

NV1 NV

NIF = (NKL-1)¥NC1

INITY = INIT

IF(NV1,LE.0) INIT1 = ,FALSE.,
IFC.NOT.INITL.ANILONE) GO TO §
D0 2 Ks1,NC1

L= 0

D0 1 J=1sNR1

IF(TABLECJyK) ,LT.0,0) IFAULT = 1
IFCIFAULT.GT.0) RETURN

M= 0

IFCONE) M = 1

D0 103 I=1sNL1

TFCINITL AND,FIT(IrJsK) \BT.0,0) UCIsJsK) = ALOG(FIT(IrJrK))
IF(ONE) GO TO 103
IFCZ(IyJyK) o LT.0.0) IFAULT = 1
IFC(IFAULT .GT.0) RETURN




COMPUTER PROGRAMS

oo

occo

a0

103

101

104

[0 &1

113

P

w

12
13

14

IF(ZCIydsRKDLEQ.0.0) FIT(I»JsK) = 0.0
IF(CINIT2, ANDLFIT(I»JrK) . LT40.0) IFAULT = 1
IF(IFAULT.GT.0) RETURN

IF(ZCI»JsK) 4 GT.0.0) M = 1

IFCINITLILANDL.ZCT»JsK) eGTo0.0) UCI»JdsK) = UCI»JsR)I-ALOG(Z(I»JsK))

CONTINUE

IF(M.EQ.1) L = 1
IF(M.EQ.0) NDF = NOF-1
CONTINUE

NOF = NDF+1-1

SUM2 = 0,000

SUM3 = 0,000

0o 104 J=1,NR1

SUM = 0,000

SuUM1 = 0.000

D0 101 I=1,NL1

SUM = SUMHFIT(IsJyK)

SUM1 = SUMIFFIT(IyJsKIRUCIYJsK)
CONTINUE .

SUM2 = SUM2+SUM

SUM3 = SUM3+SUM1
IF(SUM.GT.0.0D0) UC1l,yJyK) = SUM1/SUM
FITM(JPK) = SUM

CONTINUE

IF(SUM2.LE.0.0D0) GO TO 2
W = SUM3/SUM2

D0 102 J=1sNR1

Ul,JsK) = U1y dryK)~W
CONTINUE

IFC(.NOTLINIT1) GO 70 §

D0 4 L=1,NV}

B(L)Y = 0.0

SUM = 0.000

0 3 K=1sNC1

DO 3 J=1»NR1

SUM1 = 0.000

0O 113 I=1,NL1

SUML = SUMI+FIT(IsJyRKIXX(IyJrRKyL)
XB(JyKsL) = SUMLI/FITH(J,K)
SUM = SUMHUCLrJsKIXGUML
(L) = SuUM

CONTINUE

FERFORM AN ITERATION.

DO 36 IT=1,MX

IFCITWEQ.L.AND. .NOTLINITL) GO TO 20
[0 10 K=1»NC1

SUM = 0.000

D0 7 J=1sNR1

SUM = SUMFITM(JYK)

W o= SUM

00 2 L=1,NV1

SUM = 0,000

o 8 J=1yNR1

SUM = SUMHFITM(JsKIKXBCIsKyL )
IF(W.GT.0.0) THETA(K,L) = SUM/W
IF(W.LE.O0.0) THETA(K,L) = 0.0
CONTINUE

CONTINUE

OBTAIN WEIGHTED SUMS OF CROSS-FROLUCTS.

D0 15 L=1sNV1
L0 14 M=1,L
SUM = 0.000
D0 13 K=1,sNC1
00 12 J=1sNR1

SUM = SUMH(XBC(JyKyL)-THETACK L) )X (XBCIe Ky M) ~THETA(K, M) YRFITM()sK)

CONTINUE
S(LyM) = SUM
CONTINUE
CONTINUE

OETAIN CHOLESKY DECOMFOSITION OF S.
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CALL CHOL(NV1,S5,S» IRANK)
SEE IF FURTHER STEFS ARE NEEDEL.

aoon

IF(F.LT.TOL> GO TO 37

OBTAI! NEW VALUE OF K,

o0o0

CALL SOLVE(NV1isSsDI»IN
0 16 L=1,NV1
16 RB(L) = B(LI+I(L)

UFDATE U AND FIT AND CHECK FOR CONVERGENCE.

0o

IF(IT.GT.1) F = 0.0
20 D0 33 K=1,NC1
g 30 J=1sNR1
0 30 I=1,NL1
GUM = 0,040
IF(NVLI.LE,0) GO TO 22
L0 21 L=1sNVL
21 SUM = SUMEROLIXX(I»JsKyL)
IFLITWEG.LY G2 TO 22
L SUM
£ = ARS
TF(EGT,
23 UL, 3R = GUM
FITCIydyR) = EXFUCTPJPK))
LF(ONEY GO TO 30
IFCZCTyJyRILLTL0L0) IFAULT = 1
IFCIFAULTGT.0) RETURN
FIT(Iy oK) = ZCI e YyROXRFIT(I P JyK)
30 CONTINUE
SUM = 0,000
W o= 0,0
ng 31 J=1sNR1
W o= WHTABLE (UKD
SUML = 0,0DN0
DO 131 I=1sNL1
IFC.NOT.ONE.ANDLZ(T»JyK)JLELO.0) GO TO 131
GUML = SUMI4FITC(I»JsK)
131 CONTINUE
FITMGIK) = SUM1
SUM = SUMHESUML
J1 CONTINUE
IF(SUM.GT.0.000) W = W/SUM
IF(GUM.LE.O.O00) W = 0.0
00 32 J=1,NR1
FITM(JsK) = WKFITMC(JPK)
DO 32 I=1,NL1
FITCIrJdeK) = WKFIT(I»JdryK)
CONTINUE
IF(NV1.LE.0) RETURN

UCIrdrK))
FrE

.

FREFARE DIFFERENCES BETWEEN FITTED AND OBSERVED LINEAR
COMBINATIONS.

s ReXa ol

g 35 L=1sNV1
SUM = 0,000
00 34 K=1,NC1
0 34 J=1s,NR1
XECJrKsL) = 0.0
SuUML = ¢.0D0
D0 134 I=1,NL1
134 SUML = SUMIHFIT(I»JsKIXX(Is»JrRsL)
IF(FITM(JsN) BT 0.0) XE(JsKsL) = SUMI/FITM(JsK)
IF(FITHC(JIYK) «GT.0,0) SUM = SUM(TABLE(JyK)-FITM(JrK))XXB(J»KsL)
34 CONTINUE
(L) = SuM
3% CONTINUE
36 CONTINUE
37 CALL INVERT(NV1,5,S)
NIOF = NOF~IRANK
RETURN
END!
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Example Index

Abortion attitudes, by religion, education,
and year

Source: Data tapes from 1972, 1973,
and 1974 General Social Surveys,
National Opinion Research Center,
University of Chicago, 262-264,
272-276, 278-284, 290-291, 399-402,
409-411

Abortion attitudes by year
Source: Data tapes from 1972, 1973,
and 1974 General Social Surveys,
National Opinion Research Center,
University of Chicago, 481-486,
504-508, 542, 550554, 557-559,
565-568

Age at first marriage and current age
Source: Data tape from 1974 General
Social Survey, National Opinion
Research Center, University of
Chicago, 455-456, 458, 478

Age at first marriage, current age, and sex
Source: Data tape from 1974 General
Social Survey, National Opinion
Research Center, University of
Chicago, 459-460, 462, 464, 466— 468,
470-471, 477

Attitudes toward courts’ treatment of

criminals, by year of survey
Source: National Opinion Research

*Index for Volumes 1 and 2.

Center (1972, p. 29; 1973, p. 57; 1974, p.
55; 1975, p. 58), 120123, 437, 439
Attitudes toward women in politics, by sex
and education
Source: Data tape from 1975 General
Social Survey, National Opinion
Research Center, University of
Chicago, 351-352
Attitudes toward women'’s roles, by sex and
education
Source: Data tapes from 1974 and 1975
General Social Surveys, National
Opinion Research Center, University of
Chicago, 352-353, 411-415, 418-425,
428, 434-436
Attitudes toward women staying at home,
by sex and education
Source: Data tapes from 1974 and 1975
General Social Surveys, National
Opinion Research Center, University of
Chicago, 183193, 239240, 247- 248,
259-261, 302-303, 310-312, 330-331
Education of husbands and wives in terms
of highest attained degrees
Source: Data tape from 1974 General
Social Survey, National Opinion
Research Center, University of
Chicago, 226-230, 487-490, 493—
498
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Education of husbands and wives by years
of schooling
Source: Data tape from 1972 General
Social Survey, National Opinion
Research Center, University of
Chicago, and U.S. Bureau of the
Census (1972, p. 269) 519, 521-528,
533-534, 539
Ethnicity and women'’s role attitudes
Source: Dowdall (1974), 109, 111-
112
Homicides in U.S. in 1970, by race and sex
of victim and by type of assault
Source: National Center for Health
Statistics (1970, pp. 1-183, 6-17),
162- 168, 179, 224-226, 236
Homicides: monthly distribution in U.S. in
1970
Source: National Center for Health
Statistics (1970, pp. 1-174, 1-175),
82-83
Life stress and memory
Source: Data file used in Uhlenhuth et
al. (1974, 1977), 2-4,7-8, 23, 79-80,
437-438, 440-441
Mental health status and parental socio-
economic status
Source: Srole, Langner, Opler, and
Rennie (1962, p. 31), 374-375, 384, 386,
390
Migration
Source: Data tape from 1974 General
Social Survey, National Opinion

EXAMPLE INDEX

Research Center, University of
Chicago, 444— 446, 454—455, 476, 514
Neurosis and treatment
Source: Hollingshead and Redlich (1967
[1958], p. 260), 154- 156
Political views
Source: National Opinion Research
Center (1975, p. 36), 84-85
Psychoses and treatment
Source: Hollingshead and Redlich (1967
[1958], p. 288), 112-117, 153-154
Social class, by year of survey
Source: National Opinion Research
Center (1972, p. 45; 1973, p. 29; 1974, p.
29; 1975, p. 41), 155- 156
Social class, self-classification by
Source: National Opinion Research
Center (1975, p. 70), 23-25
Suicide distribution, by day of week
Source: Durkheim (1951 [1897], p. 118), 87
Suicide distribution, by region
Source: National Center for Health
Statistics (1970, pp. 1-49, 1-65, 6-28),
53-60
Suicide, monthly distributionin U.S. in
1968, 1969, and 1970
Source: National Center for Health
Statistics (1968, p. 1-132; 1969, p.
1-132; 1970, pp. 1-174, 1-175), 43-52,
125, 128
Traits desired in parents, by sex of child
Source: Lynd and Lynd (1956 {1929], p.
524), 93, 95,99, 106, 151-152



Subject Index

Additive logit model, 293-295, 301
Newton-Raphson algorithm, 295, 299
Additive log—linear model, 102, 133- 136,
157, 469
adjusted residuals, 150
chi-square statistics, 148
equivalence to homogeneity model,
141-142
equivalence to independence model,
139- 141
maximum likelihood equations,
136-138
and multinomial response model, 373
and quasi-independence, 444
use with Poisson data, 124, 126, 131-132
Additive simultaneous logit model, 401
Additivity condition, 101, 225

Adjusted residuals, 78-79, 82-83, 441, 463,

466-467, 470-471, 476, 506, 556, 559,
565, 567, 572, 587
in additive log—linear model, 130-131,
150-151
in equiprobability model, 5-6
in fixed distance model, 502
in hierarchical model, 231, 236, 254,272,
275
in homogeneity model, 121-122, 155, 157,
397

*Index for Volumes [ and 2.

in independence model, 104, 111,
114-115, 156, 228-229

in latent-class model, 542, 550-551, 553,
560, 562, 566

in logit model, 328-330, 342, 351-352

in log—-linear time-trend model, 17-20, 81

for model of conditional independence,
188, 242

in model of constant rates, 4648

in model of linear-by-linear interaction,
386-387, 439

in model of no three-factor interaction for
incomplete table, 464

in model of unknown column scores, 390,
437

in model of unknown row scores, 439

in multinomial response model with
ungrouped data, 420

in quadratic log-linear model, 39

in quasi-independence model, 454-455,
458-459, 477, 481, 483

in quasi-symmetry model, 493-494, 515

rankit plot, 20-21

in simultaneous logit model, 381, 383-384

in symmetry model, 27-28, 489

in variable-distance model, 515-516

Adjustment, 499, 519, 523-524, 532, 536,
537

Analysis of covariance, 215, 379

Analysts of variance, 101, 169, 294

Asymmetry, measure of, 41, 512

605



606

Asymptotic covariance, 535, 562
Asymptotic covariance matrix, 40, 70, 143
estimate of, 40, 132, 143, 217, 301, 340,
418, 549, 562
Asymptotic mean, 22, 40, 70-71, 164,
167-168, 177, 230, 529, 548, 562
Asymptotic standard deviation, 221
estimate of, 22, 41, 71, 89, 100, 106, 164,
212-213, 231-232, 234, 249, 252,254,
266-267, 284, 309, 324, 385, 403, 404,
406, 426, 433, 436, 493-494, 515, 520,
556, 558, 571, 572, 586, 587
estimate for log cross-product ratio,
116-117, 262
estimate for log odds ratio, 96
estimate for odds ratio, 96
Asymptotic variance, 22, 57, 70-71, 164,
168, 212, 221, 230, 242-243, 418, 432,
448, 520, 529, 533-535, 542, 548
estimate of, 22, 57,71, 144, 148, 164, 169,
218, 220, 295, 342343, 345, 376, 383,
468, 481, 528, 530, 532, 533, 535, 547,
564
of estimated log cross-product ratio, 105,
147, 165- 167, 176— 177, 180, 222
of maximum likelihood estimate in
saturated model, 72-74

B

Binomial distribution, 498

Bonferroni simultaneous confidence
intervals, see Simultaneous confidence
intervals.

C

Chi-square approximation, 75, 149, 188,
411, 421, 426, 434, 499, 562
in additive log-linear model, 149
in equiprobability model, §
in independence model, 104, 107,
110111, 115
in logit model, 325-327, 341, 349
in log-linear time-trend model, 15
for model of no three-factor interaction,
223
in symmetry model, 27
Chi-square statistic, chi-square test, 46,
50-52,75, 82,88, 113, 121, 126, 176,
190, 223224, 228, 239, 256, 258,
269-270, 308, 325, 381, 387, 390, 403,

SUBJECT INDEX

404, 421-422, 434, 436, 437, 457-458,
409, 461, 469, 485-486, 493, 498, 504,
518, 523, 538, 542, 546, 554, 556, 562,
567, see also Chi-square approxima-
tion; Degrees of freedom; Likeli-
hood-ratio chi-square statistic; Pear-
son chi-square statistic
Closed-form estimate, 254, 259, 275, 286,
456-457
CoefTicient of association, 105
Coefficient of colligation, 105, 537
Column-multinomial model, 134— 136, 138,
144, 146, 332, 520
Conditional independence, 161, 185- 187,
190, 199-201, 218-219, 221, 226, 243,
245-246, 254, 258-260, 285, 287-288,
406, 423426, 428, 442, 541, 542, 554
adjusted residual, 188, 242
chi-square statistics, 187, 190
maximum likelihood estimates, 187, 190,
194, 200
Conditional log-linear model, 424, 427428
Conditional probability, 98, 100, 106—107,
184, 199, 248, 263, 276-277, 302, 424,
430, 446, 456, 460, 522, 524, 538,
551-552
estimation, 99, 101
Confidence interval, approximate, 71,
82-83, 89, 144, 310, 483484, 496— 497,
508, 524-526, 531, 536
for cross-product ratio, 106, 117- 118,
151- 154, 178—180, 189
for differences in log rates, 57- 58
in latent-class model, 551
for log cross-product ratio, 106, 117- 118,
152-154, 165-167, 177, 179-180, 189
in logit model, 324, 351
in log—linear time-trend model, 22, 80-81
for marginal probability, 97
in multinomial response model, 384—385
in quadratic log—linear model, 41-42
Connected cells, 453, 473-475
Continuity correction, 107— 108, 498—499
Cross-classification, 247, 285, 487, 522, 537,
561
of three variables, 160, 163, 223, 261
of two variables, 91-92, 109, 112, 119
Cross-product ratio, 104, 107, 114, 117,
151-152, 178-179, 184185, 198, 278,
280-281, 373, 404, 436, 442, 455, 495,
496, 527, 551
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D

Degrees of freedom, 46, 149, 228, 406, 408,
441, 463, 468, 470, 476, 485, 493, 498,
501, 503, 504, 505, 506, 514, 525, 532,
538-539, 546, 552, 565, 567

for additive logit model, 301

for additive log—linear model, 126, 149

in additive simultaneous logit model, 403

for comparison of likelihood-ratio
chi-square statistics, 18, 133,
257-258,269, 271, 327, 341, 353, 387,
404, 405, 406, 407, 408, 434, 472, 505,
554

for conditional log-linear model, 426, 428

for hierarchical model, 223-225, 257-258,

286, 289

for hierarchical model for incomplete
multi-way table, 451, 461, 469

for homogeneity model, 121, 123, 155

for independence model, 104, 110, 114,
155, 487

for latent-class model, 560, 562

for logit model, 308, 325-326, 341, 351

for log-linear time-trend model, 15-16

for marginal independence model, 186

for model of conditional independence,
187, 191

for model of constant rates, 50, 54, 56-57,
88-89

for model of linear-by-linear interaction,
387,437

for model of no three-factor interaction,
176, 239

for model of unknown column scores,
391, 437

for model of unknown row scores, 437

for multinomial response model, 423, 434,
523

for quadratic log-linear model, 38

for quasi-independence model, 453, 457,
474475, 476, 477, 481, 498

for simultaneous linear logit model,
381

for simultaneous logit model, 404, 405

for symmetry model, 26—27, 489, 518

for testing marginal homogeneity, 499

for variable-distance model, 515-516

for variance test, 86— 87

Delta (8) method, 95
Deming- Stephan algorithm, 125, 127, 157,
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192, 258, 269, 286, 520, 521, 532, 538,
see also Iterative proportional fitting

Determinantal equations, determinantal
estimates, 541, 545

Discriminant analysis, 337

Distance models, 487, 500

E

Empirical logarithm, 32, 128, 173, 379
Empirical logit, 305, 314, 334
Empirical weight, 305, 314, 334
Equiprobability model, 3-4, 7, 16, 61, 65,
161, 205-206, 254, 259, 287
chi-square test, 4-5
comparison with log—linear time-trend
model, 16— 17
residual analysis, 5-7
Exponential decay model, 7-9
Exponential function, basic properties, 9

F

Factor analysis, 541

Fisher exact test, 107- 108

Fisher variance test, see Variance test

Fixed-distance model, 501-503, 575

Four-way table, 247, 259, 262

F statistics, 16-17, 50, 56, 75-76, 88—89,
223,225,269

G

Gene-counting algorithm, 541

Generating class, 193, 198-199, 201, 203,
205-207, 218, 221, 224-225, 227, 231,
254-255,258-259, 269-270, 272,
285-286, 409, 469, 543, 555, 558

H

Helmert contrast, 400
Hierarchical model, 160-161, 181, 187,
197-198, 217, 225, 231-233, 247-249,
252, 259-260, 268, 271, 293, 370, 398,
403, 409, 411, 444, 459, 461, 465—-466,
469, 470, 486, 504, 543, 545, 555, 558
adjusted residual, 231, 273, 275
chi-square statistics, 223-225
iterative proportional fitting, 217-218, 259
maximum likelihood estimation for,
192-193, 254-255, 270, 285- 286
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Higher-way table, 247, 487, 503, 532
Homogeneity model, 119-123, 141-142,
155, 157, 397
as multinomial response model, 372, 375

1

Incomplete multi-way table, 459, 461, 469,
470
Incomplete table, 444, 457, 470, 491-492,
558
Incomplete three-way table, 444
Incomplete two-way table, 453, 459
Independence model, 101-103, 110, 113,
139, 141-142, 152, 161, 201-203, 205,
254,259-260, 287-288, 446447, 448
adjusted residual, 104, 111
chi-square tests, 103—-104, 110-111,
113-114, 228, 487
compared to homogeneity model,
119-120
maximum likelihood estimate for, 544
maximum likelihood estimation, 103, 110,
113-114
Information theory, 499
Inseparable table, 453—454, 457, 473-474
Interaction, 103, 160, 170, 192, 199-200,
203, 233, 265, 268-270, 276, 279,
282-284, 309-310, 386387, 403-404,
410, 422, 460, 467, 476, 503, 505, 507,
509, 520, 531, 552, 554, 557, 565, 568
Iterative proportional fitting, 126, 139,
192-193, 196, 217-218, 239, 241, 254,
259, 268-269, 286, 448449, 451, 459,
461-462,477-478, 481, 486, 491-492,
520, 527-528, 533, 537, 540, 542,
544- 546, 549, 559, 569, see also
Deming- Stephan algorithm

L

Latent class, latent variable, 541, 542, 544,
551-552, 554, 558
Latent-class model, latent-structure model,
541-542, 552, 554, 557- 558, 560, 561,
566, 568—569, 571, 586
adjusted residuals for, 550, 553, 566
chi-square statistics for,.562
iterative proportional fitting for, 544— 545
maximum likelihood equations for,
543-544

SUBJECT INDEX

maximum likelihood estimate for, 544
scoring algorithm for, 547, 549, 556
Likelihood-ratio chi-square statistic, 86,
149, 406, 408, 414, 463, 470, 476, 486,
498
in additive logit model, 301
in additive simultaneous logit model, 403
comparison with likelihood-ratio
chi-square statistic from a different
model, 16, 76, 79, 221, 257-258, 260,
270-271, 326-327, 341~ 342, 353,
421, 425, 470, 472, 49
in conditional independence, 187
in conditional log-linear model, 426, 428
in equiprobability model, 5, 79-80
for hierarchical model, 224-225, 260
in homogeneity model, 123
in independence model, 104, 110
in latent-class model, 586
in logit model, 326-327, 341, 350
in log-linear model, 572
in log-linear time-trend model, 15-17,
79-80
in marginal independence model, 186
in model of constant rates, 50-51, 54, 57
in model of linear-by-linear interaction,
387
in model of unknown column scores, 391
in multinomial response model, 422, 433
in quadratic log-linear model, 38
in quasi-independence model, 453, 498
in symmetry model, 26
Likelihood ratio test, 499
Linear-by-linear log-linear model, 417-418
Linear combination of residuals, analysis of,
6, 420-421
Linear contrast, 454
Local independence, 542
Logarithm, basic properties of, 8
Log cross-product ratio, 101, 105, 107, 115,
117, 142, 145-147, 151-152, 165, 176,
178—180, 187, 189, 199, 243, 260-261,
276, 278-281, 404, 409-410, 436, 455,
468, 496, 507, 527, 551, 554, 557
Logit, log odds, 292, 318, 321-322, 401, 404,
409, 415, 419, 430, 435-436, 442, 456,
460, 470, 482, 508, 522, 554
estimate, 96, 182, 235-236, 277, 279,
310-311, 324, 330-331
estimated asymptotic standard deviation,
96
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in four-way table, 276-277
in three-way table, 179, 181, 225, 294, 302,
310-311,313, 318
in two-way table, 95, 100, 103
Logit model, 292—-293, 295, 303-305,
309-313, 316, 331-332, 344-347, 350,
352, 411, 420, 463, 480
adjusted residual for, 328, 330
chi-square statistic for, 325-327, 350, 421
as multinomial response model, 369,
371-372
normal approximation for maximum
likelihood estimate, 323-324
Newton- Raphson algorithm for, 305, 317,
319
Log-linear model, 25, 60-61, 69, 75, 89,
143, 149-150, 160, 181, 213, 295, 405,
416, 431, 459, 461, 488, 518, 539, 556,
558, 559, 560, 586
applicability to Poisson data, 43, 61
for conditional independence, 186
for independence, 101, 110, 113
maximum likelihood estimate for, 571
relationship to latent-class model, 541,
542-545, 547-548, 554, 561
relationship to logit model, 292, 313, 316,
332, 346-347
relationship to multinomial response
model, 369-370
representation of model of constant rates
as, 48, 54
for two-way table, 133, 136, 144
Log-linear time-trend model, 7-8, 61, 79,
574
comparison to equiprobability model,
16-17
large-sample distribution of maximum
likelihood estimate, 22
maximum likelihood estimation, 9, 11
residual analysis, 17, 20-21
Log odds, see Logit, log odds

M

Main effects, 102- 103, 160
Manifest variable, 541, 542, 554
Marginal association, 184— 185, 201, 203
Marginal-homogeneity model, 487, 498—
499
Marginal independence, 185, 226
chi-square test, 185- 186
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Marginal probability, 94-95, 140 141, 184,
199, 243, 537-538
estimation of, 95, 97, 103
Marginal table, marginal total, 185,
192-193, 218-219, 230, 248, 251, 270,
447-448, 507, 519-520, 522, 523, 524,
528, 532, 534, 538, 539, 540, 543, 561,
586
Maximum likelihood equations, 48, 62—63,
85, 136- 138, 141, 145, 193, 202, 333,
396, 447- 448, 466, 542, 543-545, 555,
558
solution of, 64, 125-126
Maximum likelihood estimate, 63, 69, 74,
86, 127, 205-207, 407, 409, 416, 431,
466, 476, 477, 480, 495, 503, 524, 532,
540, 559, 563
in additive logit model, 295, 297-299
in additive log-linear model, 124125,
130
calculation by iterative proportional
fitting, 218-219
with closed-form expression, 254, 269
for conditional independence, 187, 190,
194-200
in conditional log- linear model, 425, 427
in hierarchical log-linear model, 270,
285-286
in homogeneity model, 121, 123, 142
in independence model, 103, 110, 113-114
large-sample properties, 69, 143, 323-324,
339, 383-384, 562
in latent-class model, 542, 561, 586
in logit model, 306, 314,317, 319, 351-352
in log-linear model, 571
in log-linear time-trend model, 9- 11
in model of complete independence, 204
in model of constant rates, 45, 49— 50,
54-56
in model of linear-by-linear interaction,
386-387, 397
in model of no three-factor interaction,
169, 172, 179, 192, 195, 213, 225, 234,
236, 271
for model of no three-factor interaction
for incomplete table, 461
in model of unknown column scores, 390
in multinomial response model, 431-433,
436
in quadratic log- linear model, 30— 34
in quantal-response model, 345
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Maximum likelihood estimate (cont)
in quasi-independence model, 451,
456-458, 478, 556
in quasi-symmetry model, 490, 492, 514

in saturated model, 73, 249, 375, 394- 395,

523
in simultaneous linear logit model,
377-378, 382
in simultaneous logit model, 403
in symmetry model, 25, 489, 518
Measure of association, 104— 105, 118-119
Model of constant rates, 45-48, 50, 54-56
Model of linear-by-linear interaction, 386,
396-397, 437, 439-440
Model of no three-factor interaction, 161,
181- 182, 192193, 198, 208-209, 213,
225, 233, 239-240, 293-295
asymptotic variances for, 212, 220, 222,
243-244
chi-square statistics for, 176, 223, 270
estimates of log cross-product ratios, 176
estimation of log odds, 234-235
for incomplete table, 464—465, 469
iterative proportional fitting, 192, 194,
217-219
maximum likelihood estimate, 192, 195,
271
Newton—Raphson algorithm, 169-171,
236-237
standardized residual, 230
Model of two-factor interactions, 505

Model of unknown column scores, 389-390,

437, 439440
Model of unknown row scores, 437,
439440, see Simultaneous logit model
Multinomial logit models, see Multinomial
response model
Multinomial model, multinomial
distribution, 61-63, 124, 134— 135, 138,
143, 145, 184, 197, 263, 346, 416, 431,
447, 456, 489, 520, 571, 586
Multinomial response model, 369-370, 385,
481, 523
adjusted residuals for, 420
for continuous independent variables,
411, 414-415
for multi-way table, 398
Newton-Raphson algorithm for, 379, 386
for ordered classification, 444
for two-way tables, 371-372
Multi-way table, 398, 436, 487, 503

SUBJECT INDEX

N

Newton-Raphson algorithm, 346, 480, 486,
505, 511, 516, 538-539, 542, 547
for additive logit model, 295, 297
for additive log-linear model, 128, 130
for additive simultaneous logit model, 402
for distance model, 500
for incomplete multi-way tables, 459, 470
for logit model, 305, 314, 316, 322, 334
for log-linear model, 65, 6869, 72, 139
for log—linear time-trend model, 1011
for model of no three-factor interaction,
169-170, 173, 207-208, 210- 211,
215-217, 236, 239
for model of no three-factor interaction
for incomplete table, 461, 464
for model of unknown column scores, 390
for multinomial response model, 369-371,
379, 382, 405, 416, 431
for quadratic log-linear model, 31-32
for quasi-independence model, 450-452,
481
for quasi-symmetry model, 493
Normal approximation, 168, 242243, 342,
411, 499, 530, 534
for distribution of adjusted residual, 5-7,
17-18, 48,78, 104, 111, 121, 130-131,
150, 188, 328329, 342343, 421,
562-563
for distribution of estimated log
cross-product ratio, 165- 167
for distribution of estimated log relative
risk, 164
for distribution of maximum likelihood
estimate, 22, 40, 57, 70, 143- 144,
322324, 339-340, 418, 432, 562
for distribution of standardized residual,
230, 275
for distribution of standardized value, 28,
123, 252, 265
Normal equations, 32-33, 128-129

O

Odds, 41, 94, 98, 100, 102, 178- 179,
190— 191, 279, 310, 409, 419, 435, 468,
484, 495-496, 507, 508, 551, 554
estimated asymptotic standard deviation
of, 96
estimate of, 96, 282, 324
One-way table, 1
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Ordered categories, 470, 486, 498, 500

Ordinal variable, 302-303

Orthogonal-polynomial scores, 29,
392-395, 397, 400

Orthogonal scores, 400, 408, 409, 411, 414

P

Paired comparisons, 293

Parameter estimate, 131, 142—-143, 213,
218-219,231-232, 249, 253, 261,
266267, 375-376, 383, 385, 386387,
390, 395, 402403, 405, 406, 407,
417-418, 423, 426, 433, 434435, 440,
459, 461, 465, 467, 471, 483, 486, 494,
496, 502, 504, 505, 507, 515,517, 547,
553, 557, 560, 566— 567, 586

Partial association, partial-association
coefficient, 184— 187, 190- 192, 196,
201, 203, 262, 282, 284

Partition of chi-square statistics, 224, 226

Pearson chi-square statistic, 149, 406, 408,
463, 470, 476, 498

in additive logit model, 301

in additive simultaneous logit model, 403

for conditional independence, 187

in equiprobability model, 4, 79-80

in homogeneity model, 122

in independence model, 103- 104, 110
in latent-class model, 586

in logit model, 326, 341, 348

in log-linear model, 572

in log-linear time-trend model, 25, 79- 80

in marginal independence model, 186
in model of constant rates, 50—51, 54,
56-57

in model of linear-by-linear interaction, 387
in model of unknown column scores, 391

in multinomial response model, 422, 433
in quadratic log—linear model, 38

in quasi-independence model, 453, 498
relationship to variance test, 86

in symmetry model, 26

Poisson distribution, 43-47, 50, 53-54, 62,
64, 86, 124, 134, 138, 143, 145, 163, 197,

293, 447, 489, 520
Probit model, 293, 344345

Q

Quadratic log-linear model, 29-30
Quantal-response model, 344—346
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Quasi-independence model, 444, 447,
455-456, 459, 476-477, 478, 480, 481,
483, 485, 497-498

adjusted residuals for, 455, 483

chi-square statistics for, 453, 457-458, 498

degrees of freedom for, 453, 474- 475, 498

iterative proportional fitting for, 448—449,
462, 477-478, 481

maximum likelihood equations for,
447-448

maximum likelihood estimate for,
456458, 556

Newton-Raphson algorithm for, 450, 452,
481

Quasi-symmetry model, 487, 490, 493495,
497-499, 500, 510, 512-514, 532534,
536

iterative proportional fitting for, 491
maximum likelihood estimate for, 490
Newton- Raphson algorithm for, 493

R

Rankit plot, 20-21

Regression, 10, 13, 17, 21-22, 32, 36, 39,
65-67, 70, 272, 292, 296, 309, 337, 342,
344-345, 396-397, 450, 548, see also
Weighted least squares, weighted
regression

Relative risk, 163—-165, 168

Residual analysis, 77, 397, 414, 423, 436,
572, 586

Row-multinomial model, 134— 138, 143— 144,
146, 520

R*statistic, 17, 50, 56, 76-77, 88-89, 133,

225

S

Saturated model, 72, 75, 144, 148, 161, 198,
218, 232-233, 234-235,248-249,
252-253, 256, 263, 266-267, 373, 375,
503-504, 523, 532

Scaling model, 554

Scores, scoring system, 391, 398, 400, 408,
415, 470, 485

Scoring algorithm, 346, 542, 547, 549, 552,
556-557, 559-560, 563-564

Selection of models, 223, 272

Separable table, 473-474

Simultaneous conditional logit model, 424,
434
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Simultaneous confidence intervals
for cross-product ratio, 152153
for differences in log rates, 58— 60
for log cross-product ratios, 118, 152— 153
Simultaneous linear logit model, 376, 378,
382, 384385
Simultaneous logit model, 371, 402, 403, 429
Social mobility, 447, 490, 500
Standard deviation, of estimated marginal
probability, 95-96
Standardization, 537- 538
Standardized parameter estimate, 231, 414
Standardized residual, 78, 230, 272, 275
Standardized value, 165-167, 169, 181, 232,
252-253, 265268, 282283, 309, 407,
432433, 455, 463, 465, 486, 504, 505,
512,513
for sample mean in symmetry model,
28-29
for testing linear trend in proportions,
123
for testing model of no three-factor
interaction, 180
Stuart test, 499
Sufficient configuration, 193
Symmetry model, 23-25, 27-29, 84, 487,
488-490, 498- 499, 503, 505, 509510,
518,552

SUBJECT INDEX

T

Three-way table, 160, 217, 224, 226, 231, 247

Transaction flow analysis, 447- 448

Two-way table, 91, 134, 151,294,371, 444,
487, 503, 512

\4

Variable-distance model, 501, 503, 515, 517
Variance test, 86

w

Weighted least squares, weighted
regression, 11, 32, 39-40, 65, 69, 128,
143, 173-174, 209, 214-215, 295-297,
305-306, 308, 314-316, 318, 321-323,
328, 329, 334-335, 339, 342-343, 371,
377.379-380, 383, 421, 432, 529, 542,
547, see also Regression

Working logarithm, 12, 14, 33, 128, 174, 216,
380

Working logit, 297, 315, 321, 335, 338

Working weight, 321, 335

Y

Yates algorithm, 220, 232-233



