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Preface

Thistext is designed for an introductory quarter or semester course in algorithms and data structures for
students in engineering and computer science. It will also serve as areference text for programmersin
C++. The book presents algorithms and data structures with heavy emphasis on C++. Every C++
program presented is a stand-alone program. Except as noted, al of the programsin the book have been
compiled and executed on multiple platforms.

When used in a course, the students should have access to C++ reference manuals for their particular
programming environment. The instructor of the course should strive to describe to the students every
line of each program. The prerequisite knowledge for this course should be a minimal understanding of
digital logic. A high-level programming language is desirable but not required for more advanced
students.

The study of algorithmsisamassive field and no single text can do justice to every intricacy or
application. The philosophy in this text isto choose an appropriate subset which exercises the unique and
more modern aspects of the C++ programming language while providing a stimulating introduction to
realistic problems.

| close with special thanks to my friend and colleague, Jeffrey H. Kulick, for his contributions to this
manuscript.

Alan Parker
Huntsville, AL
1993

Dedication

to
Valerie Anne Parker
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Chapter 1
Data Representations

This chapter introduces the various formats used by computers for the representation of integers, floating
point numbers, and characters. Extensive examples of these representations within the C++ programming
language are provided.

1.1 Integer Representations

The tremendous growth in computersis partly due to the fact that physical devices can be built
inexpensively which distinguish and manipulate two states at very high speeds. Since computers are
devices which primarily act on two states (0 and 1), binary, octal, and hex representations are commonly
used for the representation of computer data. The representation for each of these basesis shown in Table
1.1

Table 1.1Number Systems

Binary Octal Hexadecimal Decimal
0 0 0 0

1 1 1 1

10 2 2 2

11 3 3 3

100 4 4 4

101 5 5 5

110 6 6 6

111 7 7 7
1000 10 8 8
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1001 11 9 9
1010 12 A 10
1011 13 B 11
1100 14 C 12
1101 15 D 13
1110 16 E 14
1111 17 F 15
10000 20 10 16

Operations in each of these bases is analogous to base 10. In base 10, for example, the decimal number

743.57 is calculated as

74357 = TxX100+4%10' +3%x10°+5% 10" +7x10™°

(1.1)

In amore precise form, if anumber, X, has n digitsin front of the decimal and m digits past the decimal

X=a, a,  _,.a0a,.b

Its base 10 value would be

-1 -1
Xx=Ya10+¥ b, , 100 0<a,b59
j=0 k=0

For hexadecimal,

n-1 m=-1
X=Yal6+Y b, 16
Jj=10 k=10

For octal,

n-1 m= |
x=Yasg+Y b, 8
k=0

j=0

In general for baser

.

0<a,b,<F

(1.2)

(1.3)

(1.4)

(1.3)
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H—1 "=

1
X = 2”1";"' Ebm_l_tf" 0<a,b,<r-1 (1.6)
j=0 k=0

When using a theoretical representation to model an entity one can introduce a tremendous amount of
bias into the thought process associated with the implementation of the entity. As an example, consider
Eqg. 1.6 which givesthe value of anumber in baser. Inlooking at Eg. 1.6, if a system to perform the
calculation of the value is built, the natural approach is to subdivide the task into two subtasks. a subtask
to calculate the integer portion and a subtask to calculate the fractional portion; however, thisbiasis
introduced by the theoretical model. Consider, for instance, an equally valid model for the value of a
number in base r. The number X is represented as

X =0 0 ey a8 (1.7)

n=1 0
where the decimal point appears after the kth element. X then has the value:

A~1
Xmy' Za}f’ (1.8)

j=0

Based on this model a different implementation might be chosen. While theoretical models are nice, they
can often lead one astray.

Asafirst C++ programming example let's compute the representation of some numbersin decimal,
octal, and hexadecimal for the integer type. A program demonstrating integer representations in decimal,
octal, and hex isshown in Code List 1.1.

CodelList 1.1 Integer Example

| poer—r——
e e T

v ol ] Tl 4 e

In this sample program there are a couple of C++ constructs. The #include <iostream.h> includes the
header files which allow the use of cout, afunction used for output. The second line of the program
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declares an array of integers. Since thelist isinitialized the size need not be provided. This declaration is
equivalent to

int 8 7]; — declaring an array of seven integers 0-6
a[0]=45; — initializing each entry

a[1]=245;

a[2]=567;

a[3]=1014;

a[4]=-45,

a[5]=-1,

a[6]=256;

The void main() declaration declares that the main program will not return a value. The sizeof operator
used in the loop for i returns the size of the array a in bytes. For this case

sizeof(a)=28
sizeof(int)=4

The cout statement in C++ is used to output the data. It is analogous to the printf statement in C but
without some of the overhead. The dec, hex, and oct keywords in the cout statement set the output to
decimal, hexadecimal, and octal respectively. The default for cout isin decimal.

At this point, the output of the program should not be surprising except for the representation of negative
numbers. The computer uses a 2's complement representation for numbers which is discussed in Section
1.1.3onpage?.

CodelList 1.2 Program Output of Code List 1.1

.|r

Previous | Table of Contents Next
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1.1.1 Unsigned Notation

Unsigned notation is used to represent nonnegative integers. The unsigned notation does not support
negative numbers or floating point numbers. An n-bit number, A, in unsigned notation is represented as

A=a, .a, ,..d, (1.9)
with avalue of
n=-1
A=Y a2  ae {01} (1.10)
k=0

Negative numbers are not representable in unsigned format. The range of numbersin an n-bit unsigned
notation is

DZALT -] (1.11)

Zero isuniquely represented in unsigned notation. The following types are used in the C++ programming
language to indicate unsigned notation:

unsigned char (8 bits)

unsigned short (16 bits)

unsigned int (native machine size)
unsigned long (machine dependent)

The number of bits for each type can be compiler dependent.

1.1.2 Signed-Magnitude Notation

file://IN|//CRC%20Press%20-%20Algorithms%20and...ata%20Structures%20in%20C++/ch01/005-011.html (1 of 7) [6/22/2003 10:12:17 PM]



Algorithms and Data Structures in C++:Data Representations

Signed-magnitude numbers are used to represent positive and negative integers. Signed-magnitude
notation does not support floating-point numbers. An n-bit number, A, in signed-magnitude notation is
represented as

A=a _,a _,...4, (1.12)
with avalue of
n-2
A= (=) Za,_,f a.e {0,1} (1.13)
=0

A number, A, isnegativeif and only if a,_; = 1. The range of numbersin an n-bit signed magnitude
notation is

B ey (1.14)

n

-(2

Therange is symmetrical and zero is not uniquely represented. Computers do not use signed-magnitude
notation for integers because of the hardware complexity induced by the representation to support
addition.

1.1.3 2’'s Complement Notation

2's complement notation is used by ailmost all computers to represent positive and negative integers. An
n-bit number, A, in 2's complement notation is represented as

A=a . ad. _5...8 (1.15)
with a value of
n—12
A=Y a2 |-a,_,27"  ae {01} (1.16)
k=0

A number, A, isnegativeif and only if a,_; = 1. From Eq. 1.16, the negative of A, -A, isgiven as
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n=2
-1
A=Y -a2|+a, 2" (1.17)
=0
which can be written as
=21
= n=1
A =1+ Z{ak}z -a,_,2 (1.18)
k=0
where x isdefined as the unary complement:
e ,ifx=0 (1.19)
0,ifx=1

The one's complement of anumber, A, denoted by 4, is defined as

A= a,_,a,_,...4a, (1.20)

From Eq. 1.18 it can be shown that

-A=1+A (1.21)

To see this note that

n—-2
A=-a,_2"'+Y a2 (1.22)
k=10

and

n=-2

n—2
E k
2.:52 % 2.-::,:2
k=0 k=0
n=12 n=2

=Y (g +a)2' =Y 2=2"""-1

k= 1) k=D

(1.23)
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Thisyields
n—2 n—-2
Tl n=-1 k
Ya2=2""-1-Ya2
k=0 k=0

Inserting Eq. 1.24 into Eq. 1.22 yields

n=-2
A+l=-a,_2" ' +2"7 -1-Y g2"+1
k=0
which gives
n=2
A+l= (1-a,_)2" '—Zakz"
k=0
By noting
1 -an—l o= ﬂ.':—l
one obtains
n=2
A+l=a, 2" - Y a2
k=0

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

which is-A. So whether A is positive or negative the two’'s complement of A isequivalent to -A.

0000 0001 = +1
11111 11-::1| (8-bit 1's complement)
+

1111 1111 = -1 (8-bit 2’s complement)

Note that in thiscaseit isasimpler way to generate the representation of -1. Otherwise you would have

to note that
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—1284+64+32+16+8+4+2+1 = =1 (1.29)
Similarly

1111 1111==1
0000 Dﬂﬂ? (8-bit 1's complement)
+

(000 0001= 1 (8-bit 2's complement)

However, it isuseful to know the representation in terms of the weighted bits. For instance, -5, can be
generated from the representation of -1 by eliminating the contribution of 4 in -1:

/ weight of 4
=1 = 1111 1111 8-bit 2’s complement
=5=1111 1011

Similarly, -21, can be realized from -5 by eliminating the positive contribution of 16 from its
representation.

weight of 16

=5 =1111 1011 -bit 2’
=21=1110 1011

The operations can be done in hex aswell as binary. For 8-bit 2's complement one has
-1 = FF (1.30)

l1=FF+1=00+1 =01 (1.31)
with all the operations performed in hex. After alittle familiarity, hex numbers are generaly easier to

manipulate. To take the one’' s complement one handles each hex digit at atime. If wisahex digit then
the 1's complement of w, w, isgiven as

w=F-w (1.32)

A=F-A=35 (1.33)

The range of numbersin an n-bit 2's complement notation is
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S AR (1.34)

n

=2
The range is not symmetric but the number zero is uniquely represented.

The representation in 2's complement arithmetic is similar to an odometer in acar. If the car odometer is
reading zero and the car is driven one milein reverse (-1) then the odometer reads 999999. Thisis
illustrated in Table 1.2.

Table 1.22's Complement Odometer Analogy

8-Bit 2’s Complement

Binary Value Odometer
11111110 -2 999998
11111111 -1 999999
00000000 0 000000
00000001 1 000001
00000010 2 000002

Typically, 2's complement representations are used in the C++ programming language with the
following declarations:

* char (8 hits)

« short (16 bits)

* int (16,32, or 64 hits)
* long (32 bits)

The number of bits for each type can be compiler dependent. An 8-bit example of the three basic integer
representations is shown in Table 1.3.

Table 1.38-Bit Representations

8-Bit Representations

Signed 2's
Number Unsigned Magnitude |Complement
-128 NRT NR 10000000
-127 NR 11111111 10000001
-2 NR 10000010 11111110
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-1 NR 10000001 11111111

0 00000000 00000000 00000000
10000000

1 00000001 00000001 00000001

127 01111111 01111111 01111111

128 10000000 NR NR

255 11111111 NR NR

T.Not representable in 8-bit format.

Table 1.4Ranges for 2's Complement and Unsigned Notations

#Bits |2’sComplement Unsigned
8 -128<A<127 0<A<255
16 -32768<A<32767 0<A<65535
32 -2147483648<A<2147483647 0<A<4294967295
n -2n-1<A<on-1-1 O<A<2n-1

Therangesfor 8-, 16-, and 32-bit representations for 2's complement and unsigned representations are
shownin Table 1.4.

Previous | Table of Contents |Next
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1.1.4 Sign Extension

This section investigates the conversion from an n-bit number to an m-bit number for signed-magnitude,
unsigned, and 2's complement. It is assumed that m>n. This problem is important due to the fact that
many processors use different sizes for their operands. As aresult, to move data from one processor to
another requires a conversion. A typical problem might be to convert 32-bit formats to 64-bit formats.

Given A as
A=a _a,_,...a, (1.35)
and B as
Beb, . b ...b (1.36)
the objective is to determine b, such that B = A.

1.1.4.1 Signed-Magnitude

For signed-magnitude the b, are assigned with

a, 0Osksn-2
b, = 0, n<k<m-2 (1.37)
k= m-1

JI;Ilm-l’

1.1.4.2 Unsigned

The conversion for unsigned resultsin
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b£= {“v 0<k<n-1
D, n<k<m

1.1.4.3 2's Complement

(1.38)

For 2's complement there are two cases depending on the sign of the number:

(@ (a,.1=0) For this case, A reducesto

=2

A=Y a2

k=0
Itistrivial to see that the assignment of b, with
b, = a, 0sksn-2
satisfies this case.

(b) (a,.1=1) For thiscase
n=-2
A=Y a2 -2
=1

By noting that

z Elt _zm'-l =_2n-l

=n-1
The assignment of b, with

k< n-—
bk= {ak, 0£ksn-2
I, n-1<k<m

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

file://IN|//CRC%20Press%20-%20Algorithms%20and...ata%20Structures%20in%20C++/ch01/011-016.html (2 of 5) [6/22/2003 10:12:18 PM]



Algorithms and Data Structures in C++:Data Representations

satisfies the condition. The two cases can be combined into one assignment with b, as

<k<n-—
b = { a, 0<ksn-2 (149
a

a_pp N-1Sk<m

Thesign, a,,. 1, of Aissimply extended into the higher order bits of B. Thisis known as sign-extension.
Sign extension isillustrated from 8-bit 2's complement to 32-bit 2's complement in Table 1.5.

Table 1.52's Complement Sign Extension

8-Bit 32-Bit
Oxff Oxffffffff
OxOf 0x0000000f
Ox01 0x00000001
0x80 Oxffffff80
Oxb0 OxffffffbO

1.1.5 C++ Program Example

This section demonstrates the handling of 16-bit and 32-bit data by two different processors. A simple
C++ source program is shown in Code List 1.3. The assembly code generated for the C++ program is
demonstrated for the Intel 80286 and the Motorola 68030 in Code List 1.4. A line-by-line description
follows:

» Line# 1. The 68030 executes a movew instruction moving the constant 1 to the address where
the variablei is stored. The movew—move word—instruction indicates the operation is 16 hits.

The 80286 executes a mov instruction. The mov instruction is used for 16-bit operations.

* Line# 2: Same as Line # 1 with different constants being moved.
e Line# 3: The 68030 moves| into register dO with the movew instruction. The addw instruction
performs aword (16-bit) addition storing the result at the address of the variablei.

The 80286 executes an add instruction storing the result at the address of the variablei. The
instruction does not involve the variable j. The compiler uses the immediate data, 2, since the
assignment of | to 2 was made on the previous instruction. Thisis a good example of optimization
performed by a compiler. An unoptimizing compiler would execute
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mov ax, WORD PTR [bp-4]
add WORD PTR [bp-2], ax

similar to the 68030 example.

» Line# 4: The 68030 executes a moveg—quick move—of the immediate data 3 to register d0. A
long move, movel, is performed moving the value to the address of the variable k. The long move
performs a 32-bit move.

The 80286 executes two immediate moves. The 32-bit data is moved to the address of the variable
k in two steps. Each step consists of a 16-bit move. The least significant word, 3, is moved first
followed by the most significant word,0.

e Line#5: Same as Line # 4 with different constants being moved.
* Line# 6: The 68030 performs an add long instruction, addl, placing the result at the address of
the variable k.

The 80286 performs the 32-bit operation in two 16-bit instructions. The first part consists of an add
instruction, add, followed by an add with carry instruction, adc.

CodeList 1.3 Assembly Language Example

I-b-llﬂu

veml

PR [ -
e W | e SR TR P ]

e iy Al | i s T P T

ety

—— e W T, i}

el L R | e TR TR P
———— e e U Pt
sl L LD | e ETRDTR P B
] s | o T e

| o WA FTH et B

This example demonstrates that each processor handles different data types with different instructions.
Thisis one of the reasons that the high level language requires the declaration of specific types.
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1.2 Floating Point Representation

1.2.1 IEEE 754 Standard Floating Point Representations

Floating point is the computer’s binary equivalent of scientific notation. A floating point number has
both a fraction value or mantissa and an exponent value. In high level languages floating point is used for
calculations involving real numbers. Floating point operation is desirable because it €liminates the need
for careful problem scaling. IEEE Standard 754 binary floating point has become the most widely used
standard. The standard specifies a 32-bit, a 64-bit, and an 80-bit format.
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1.2.1.1 IEEE 32-Bit Standard

The |EEE 32-bit standard is often referred to as single precision format. It consists of a 23-bit fraction or
mantissa, f, an 8-bit biased exponent, e, and a sign bit, s. Results are normalized after each operation.
This means that the most significant bit of the fraction is forced to be a one by adjusting the exponent.
Since thisbit must be oneit is not stored as part of the number. Thisis called the implicit bit. A number
then becomes

0 el g (1.45)

The number zero, however, cannot be scaled to begin with a one. For this case the standard indicates that
32-bits of zerosis used to represent the number zero.

1.2.1.2 IEEE 64-bit Standard

The |IEEE 64-bit standard is often referred to as double precision format. It consists of a 52-bit fraction or
mantissa, f, an 11-bit biased exponent, e, and asign bit, s. Asin single precision format the results are
normalized after each operation. A number then becomes

enlap2 = (1.46)

The number zero, however, cannot be scaled to begin with aone. For this case the standard indicates that
64-bits of zerosis used to represent the number zero.

1.2.1.3 C++ Example for IEEE Floating point
A C++ source program which demonstrates the | EEE floating point format is shown in Code List 1.5.

CodelList 1.5 C++ Source Program
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The output of the program is shown in Code List 1.6. The union operator allows a specific memory
location to be treated with different types. For this case the memory location holds 32 bits. It can be
treated as along integer (an integer of 32 bits) or afloating point number. The union operator is
necessary for this program because bit operatorsin C and C++ do not operate on floating point numbers.
The float_point_32(float in=float(0.0)) {fp =in} function demonstrates the use of a constructor in C++.
When avariable is declared to be of type float_point_32 thisfunction is called. If a parameter is not
specified in the declaration then the default value, for this case 0.0, is assigned. A declaration of
float_point_32 x(0.1),y; therefore, would initialize x.fp to 0.1 and y.fp to 0.0.
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Code List 1.6 Output of Programin Code List 1.5

The union float_point_64 declaration alows 64 bits in memory to be thought of as one 64-bit floating
point number(double) or 2 32-bit long integers. The void float_number _32::fraction() demonstrates
scoping in C++. For this case the function fraction() is associated with the class float_number_32. Since
fraction was declared in the public section of the class float_-number 32 the function has accessto al of
the public and private functions and data associated with the class float_number_32. These functions and
data need not be declared in the function. Notice for this examplef.li is used in the function and only
mask and i are declared locally. The setw() used in the cout call in float_number 64 sets the precision of
the output. The program uses a number of bit operatorsin C++ which are described in the next section.

1.2.2 Bit Operators in C++

C++ has bitwise operators &, , |, and ~. The operators &, *, and | are binary operators while the operator
~iSsaunary operator.

~, 1's complement

&, bitwise and

A bitwise exclusive or
|, bitwise or

The behavior of each operator is shownin Table 1.6.

Table 1.6Bit Operatorsin C++
a b a&b a*b alb ~a

R R Ol O
R Ol r| O
L Ol ol o
o Rl kR o
R R R O
o O,

To test out the derivation for calculating the 2's complement of a number derived in Section 1.1.3 a
program to calcul ate the negative of a number is shown in Code List 1.7. The output of the program is
shown in Code List 1.8. Problem 1.11 investigates the output of the program.
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Code List 1.7 Testing the Binary Operatorsin C++

Covn el il
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N e i 8
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Code List 1.8 Output of Programin Code List 1.7

T vl il 107
TSR SRS P N ——

sz v o s = 10
Tl vl ool el i et o 2 8, B0

Fior rubae il & 0l
T vl ol T et of § 0 0

Ty voabsa 50w o - Rk
Tha! vl ool Wl ' et 0 5 b - 5O

Tt s ol & o i T
T radir il i 3 s vwplemesd ol § i 15540

A program demonstrating one of the most important uses of the OR operator, |, is shown in Code List
1.9. The output of the program is shown in Code List 1.10. Figure 1.1 demonstrates the value of x for the
program. The eight attributes are packed into one character. The character field can hold 256 = 28
combinations handling all combinations of each attribute taking on the value ON or OFF. Thisisthe
most common use of the OR operators. For a more detailed example consider the file operation
command for opening afile. The file definitions are defined in <iostream.h> by BORLAND C++ as
shownin Table 1.7.

cimm
Sy
1 e ATy s v
| armemmom - arresaas
el AT

Figure 1.1 Packing Attributesinto One Character

CodeList 1.9 Bit Operators
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Table 1.7Fieldsfor File Operationsin C++

Sour ce

enum open_mode {

in = 0x01, // open for reading

out = 0x02, // open for writing

ate = 0x04, // seek to eof upon original open

app = 0x08, // append mode: all additions at eof
trunc = 0x10, // truncate file if already exists
nocreate = 0x20, // open failsif file doesn't exist
noreplace= 0x40, // open failsif file already exists
binary = 0x80 // binary (not text) file

};

A program illustrating another use is shown in Code List 1.11. If the program executes correctly the
output file, test.dat, is created with the string, “ Thisisatest”, placed init. Thefile, test.dat, is opened for
writing with ios::out and for truncation with ios::trunc. The two modes are presented together to the
ofstream constructor with the use of the or function.

CodelList 1.11 Simple Filel/O
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1.2.3 Examples

This section presents examples of IEEE 32-bit and 64-bit floating point representations. Converting
100.5 to |IEEE 32-bit notation is demonstrated in Example 1.1.

Determining the value of an |EEE 64-bit number is shown in Example 1.2. In many cases for problems
asin Example 1.1 the difficulty liesin the actual conversion from decimal to binary. The next section
presents a simple methodology for such a conversion.

1.2.4 Conversion from Decimal to Binary

This section presents a simple methodology to convert a decimal number, A, to its corresponding binary
representation. For the sake of simplicity, it is assumed the number satisfies

0<A<I1 (1.47)
in which case we are seeking the a, such that
A=Y al (1.48)
k=1

Example 1.1 1EEE 32-Bit Format
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The simple procedureisillustrated in Code Li st 1. 12. The C Code performing the decimal to
binary conversion is shown in Code List 1.13. The output of the program is shown in Code List 1.14.
This program illustrates the use of the default value. When avariable isdeclared aszisby data z, zis
assigned 0.0 and precision is assigned 32. This can be seen asin the program z.prec() is never called and
the output resultsin 32 bits of precision. The paper conversion for 0.4 isillustrated in Example 1.3.

1.3 Character Formats—ASCI|I

To represent keyboard characters, a standard has been adopted to ensure compatibility across many
different machines. The most widely used standard is the ASCII (American Standard Code for
Information Interchange) character set. This set has a one byte format and is shown in Table 1.8. It
allows for 256 distinct characters and specifies the first 128. The lower ASCII characters are control
characters which were derived from their common use in earlier machines.Although the ASCII standard
Iswidely used, different operating systems use different file formats to represent data, even when the
datafiles contain only characters. Two of the most popular systems, DOS and Unix differ in their file
format. For example, the text file shown in Table 1.9 has a DOS format shown in Table 1.10 and a Unix
format shown in Table 1.11. Notice that the DOS file use a carriage return, cr, followed by anew line, nl,
while the Unix file uses only anew line. Asaresult Unix text fileswill be smaller than DOS text files. In
the DOS and Unix tables, underneath each character isits ASCII representation in hex. The numbering
on the left of each table is the offset in octal of thelinein thefile.

e s g L A, S

=

Example 1.3 Converting 0.4 from Decimal to Binary

CodeList 1.12 Decimal to Binary Conversion
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CodelList 1.13 Decimal to Conversion C++ Program

e EmmE

o S

L

CodelList 1.14 Output of Program in Code List 1.13

[ oLl
ity e = Y Y Y |

Dioriml sl mil |

s oot A0 e (el it e e e

ool vl m
By rybegt = - OO RN OO LU Y RN -

Table 1.8ASCII Listing

ASCII Listing
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oo nul 01 soh 02 stx 03 etx 04 eot 05 eng 06 ack 07 bel
08 bs 09 ht Oanl Ob vt Oc np Od cr Oe so Of s
10dle 11dcl 12 dc2 13 dc3 14 dc4 15 nak 16 syn 17 etb
18 can 19em lasub 1b esc Icfs 1d gs lers 1f us
20 sp 21! 22" 23 # 24°% 25 % 26 & 27"
28 ( 29) 2a* 2b + 2c, 2d - 2e. 2f /
300 311 322 333 344 355 366 377
388 399 3a: 3b; 3c< 3d= 3e> 3f?
40 @ 41 A 42 B 43C 44D 45 E 46 F 47 G
48 H 491 dald 4b K 4c L 4d M 4eN 4f O
50 P 51Q 52 R 53S 54T 55U 56 V 57 W
58 X 59Y 5aZ 50] 5c\ 5d] 5en 5f
60 61 a 62b 63 C 64 d 65e 66 f 67 g
68 h 69 i 6aj 6b k 6C | 6d m 6en 6f o
70p 71q 721 73s 74t Su 6V 77w
78 X 79y 7az 7b { 7c| 7d} Te~ 7f del

Table 1.9Text File

Test File

Thisisatest file
We will look at thisfile under Unix and DOS
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1.4 Putting it All Together

This section presents an example combining ASCII, floating point, and integer types using one final C++
program. The program is shown in Code List 1.15 and the output is shown in Code List 1.16.

The program utilizes a common memory location to store 8 bytes of data. The datawill be treated as
double, float, char, int, or long. A particular memory implementation for this program is shown in Figure
1.2.

Table 1.10DOS File Format

Table 1.11Unix File Format (1SO)

e e Pl B S,

Figure 1.2 Memory Implementation for Variablet
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Figure 1.3 Mapping of each Union Entry

The organization of each union entry is shown in Figure 1.3. For the union declaration t there are only
eight bytes stored in memory. These eight bytes can be interpreted as eight individual characters or two
longs or two doubles, etc. For instance by looking at Table 1.8 one sees the value of ch[0] which is0x41
which isthe letter A. Similarly, the value of ch[1] is 0x42 which isthe letter B. When interpreted as an

integer the value of i[ Q] is 0x41424344 which isin 2’'s complement format. Converting to decimal one
has i[ 0] with the value of

i[0] = 68+ 67(256) +ﬁ{'r{'25'|5]] +65 I{Eﬂﬁj} = 1094861636 (1.49)

If one wereto interpret 0x41424344 as an |EEE 32-bit floating point number its value would be 12.1414.
If one wereto interpret 0x45464748 as an |EEE 32-bit floating point number its value would be 3172.46.

Code List 1.15 Data Representations

There are only one's and zero’ s stored in memory and collections of bits can be interpreted to be

characters or integers or floating point numbers. To determine which kind of operations to perform the
compiler must be able to determine the type of each operation.
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1.5 Problems

(1.1) Represent the following decimal numbers when possible in the format specified. 125, -
1000, 267, 45, 0, 2500. Generate al answersin HEX!

a) 8-bit 2's complement—2 hex digits
b) 16-bit 2's complement—4 hex digits
C) 32-bit 2's complement—38 hex digits
d) 64-bit 2's complement—16 hex digits

(1.2) Convert the 12-bit 2's complement numbers that follows to 32-bit 2's complement numbers.
Present your answer with 8 hex digits.

a) OxFA4
b) Ox802
c) 0x400
d) OXOFF

(1.3) Represent decimal 0.35 in IEEE 32-bit format and |EEE 64-bit format.

(1.4) Represent the decimal fraction 4/7 in binary.

(1.5) Represent the decimal fraction 0.3 in octal.

(1.6) Represent the decimal fraction 0.85 in hex.

(1.7) Cdculate the floating point number represented by the |IEEE 32-bit representation
F8080000.

(1.8) Cadculate the floating point number represented by the |EEE 64-bit representation
F808000000000000.

(1.9) Write down the ASCII representation for the string “Hello, how are you?’. Stringsin C++
are terminated with a00 in hex (anull character). Terminate your string with the null character.
Do not represent the quotesin your string. The quotes in C++ are used to indicate the enclosure is
astring.

(1.10) Write a C++ program that outputs “Hello World”.

(1.11) InCode List 1.8 the twos complement of the largest representable negative integer, -
32768, is the same number. Explain this result. I's the theory developed incorrect?

(1.12) In Section 1.1.4 theissue of conversion is assessed for signed-magnitude, unsigned, and
2's complement numbers. Is there a simple algorithm to convert an | EEE 32-bit floating point
number to |EEE 64-bit floating point number?
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Chapter 2
Algorithms

This chapter presents the fundamental concepts for the analysis of algorithms.

2.1 Order

N denotes the set of natural numbers, {1, 2, 3, 4,5, .. .}.
Definition 2.1

A sequence, X, over the real numbersis afunction from the natural numbers into the real numbers:

x:N—=R

X, 1S used to denote the first element of the sequence, x(1) In general,

bt o (1 P o TR ) [,

and will be written as
X = Xy Xy eeny Xy oen (2.1)

O

Unless otherwise noted, when x is a sequence and f is afunction of one variable, f(x), is the sequence
obtained by applying the function f to each of the elements of x. If
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y =f(x)

then
1 T f(*rk)
For example,
A = s s o [
ix = 3.1:1, 3,1:2, - 3.1:",
Definition 2.2

If x and y are sequences, then x is of order at most y, written x (1 O (y), if there exists a positive integer N
and a positive number k such that

x <ky, for all n>N (2.2)

O

Definition 2.3

If x and y are sequences then x is of order exactly y, written, x [0 © (y), if x 1 © (y) and y LJO (X).

O

Definition 2.4

If x and y are sequences then x is of order at least y, written, x 1 Q (y), if y O O (X).

O

Definition 2.5
The time complexity of an algorithm is the sequence

f EE
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where t, is the number of time steps required for solution of a problem of size k.

Example 2.1 Time Complexity

The calculation of the time complexity for addition isillustrated in Example 2.1. A comparison of the
order of severa classical functionsis shown in Table 2.1. The time required for a variety of operations on
a 100 Megaflop machineisillustrated in Table 2.2. As can be seen from Table 2.1 if aproblem istruly of
exponential order then it isunlikely that a solution will ever be rendered for the case of n=100. It isthis
fact that has led to the use of heuristicsin order to find a*“good solution” or in some cases “a solution”
for problems thought to be of exponential order. An example of Order is shown in Example 2.2. through

Example 2.4.

Function
log(n)
nlog (n)

Table 2.10rder Comparison

n=1 n=10 n=100 n=1000 n=10000

0 3.32 6.64 9.97 13.3

0 33.2 664 9.97x108 1.33x10°

1 100 10000 1x106 1x108

1 1x10° 1x1010 1x10%5 1x1020

2.72 2.2x104 2.69x1043 1.97x10434 8.81x104342
1 3.63x106 9.33x10157  |4.02x102567 2.85x1(35659

Table 2.2Calculations for a 100 MFL OP machine

Time # of Operations
1 second 108

1 minute 6% 10°

1 hour 3.6x 1011

1 day 8.64x 1012
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1year 3.1536x 1015
1 century 3.1536% 1017
100 trillion years 3.1536% 10%°

2.1.1 Justification of Using Order as a Complexity Measure

One of the magjor motivations for using Order as a complexity measure isto get a handle on the inductive
growth of an agorithm. One must be extremely careful however to understand that the definition of
Order is“in the limit.” For example, consider the time complexity functions f; and f, defined in Example
2.6. For these functions the asymptotic behavior is exhibited when n > 10%0. Although f; 0 © (") it hasa
value of 1 for n < 10%0, In a pragmatic sense it would be desirable to have a problem with time
complexity f; rather than f,. Typically, however, this phenomenon will not appear and generally one

might assume that it is better to have an algorithm which is © (1) rather than © (€"). One should always
remember that the constants of order can be significant in real problems.

B Bl vy 8 Bl i
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Example 2.3 Order
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2.2 Induction
Simple induction is atwo step process.

o Establish theresult forthecaseN=1
* Show that if istrue for the case N = nthen it istrue for the case N = n+1

Thiswill establish theresult for al n> 1.

Induction can be established for any set which iswell ordered. A well-ordered set, S has the property
that if

X, yE S
then elther
° X<y

o X>YyOr
. X:y

Example 2.4 Order

Additionally, if S isanonempty subset of S
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then S has aleast element. An example of simple induction is shown in Example 2.5.
The well-ordering property is required for the inductive property to work. For example consider the

method of infinite descent which uses an inductive type approach. In this method it is required to
demonstrate that a specific property cannot hold for a positive integer. The approach is as follows:

Example 2.5 Induction

1. Let P (k) = TRUE denote that a property holds for the value of k. Also assume that P(0) does
not hold so P(0) = FALSE.

Let Sbe the set that
§ = {k: P(k)= TRUE} k=123 .. (2.3)

From the well-ordering principleit istrue that if Sisnot empty then Shas a smallest member. Let
| be such amember:

j = min (P (k) = TRUE) (2.4)
k

2. Provethat P(j) implies P(j-1) and thiswill lead to a contradiction since P(0) is FALSE and j
was assumed to be minimal so that Smust be empty. Thisimplies the property does not hold for
any positive integer k. See Problem 2.1 for a demonstration of infinite descent.

2.3 Recursion

Recursion is a powerful technique for defining an algorithm.
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Definition 2.6

A procedureisrecursiveif it is, whether directly or indirectly, defined in terms of itself.
M

2.3.1 Factorial

One of the simplest examples of recursion is the factorial function f(n) = nl. This function can be defined
recursively as

J(0) =1 (2.5)
f(n) = nf(n-1) n>0 (2.6)

A simple C++ program implementing the factorial function recursively is shown in Code List 2.1. The
output of the program is shown in Code List 2.2.

CodelList 2.1 Factoria

[T I Ep - -
ol | Sowtie 8

== 1 v o

i it Tl =0 R

1
L TR R R e S TR |

Code List 2.2 Output of Programin Code List 2.1

#”FE

[
=

T

40320
362880
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2.3.2 Fibonacci Numbers

The Fibonacci sequence, F(n), is defined recursively by the recurrence relation
F(n) =F(n-1)+F(n-2) (2.7)
F(0) =0 F(l) =1 (2.8)

A simple program which implements the Fibonacci sequence recursively is shown in Code List 2.3. The
output of the program is shown in Code List 2.4.

Code List 2.3 Fibonacci Sequence Generation

ermE——

Code List 2.4 Output of Programin Code List 2.3

T n Cuaipari

| The vadse for Tis 13
Tt widhie Sif B 11 21
Tz wader for 9 in 14
The waldse for 10 i 53
T wilse: Fof 11 15 B9
s wibat Foor |2 b |84
Thee wadeer for 15 i 233
That wildee foor 14 b 37T
Tt wadhes for 15 i 610
T wdbger foor 16 ks 9ET
T wadast for |7 & 1357
The walkess four 18 5 2554
Thhar wadue fior 19 i 411K

The recursive implementation need not be the only solution. For instance in looking for a closed solution
to the relation if one assumes the form F (n) = A" one has

n-2

AR (2.9)
which assuming A # 0
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T T (2.10)

The solution via the quadratic formulayields

by

(2.11)

-
]
ol

Because Eqg. 2.7 islinear it admits solutions of the form

1+J§)’“+B(1_J§]”

2 y:

F(n) = A( (2.12)

To satisfy the boundary conditions in Eq. 2.8 one obtains the matrix form

T3 -

=
1
1

1 1 3]
Al _ |0
AP

2 2

multiplying both sides by the 2 x 2 matrix inverse

i -5 _
Al -1 2 o
[ =i (2.14)
B J5| 1445 s
b 2 2
which yields
A= J?E (2.15)
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Js

B=-— 2.16
5 (2.16)

resulting in the closed form solution

rw - 2|(5E)-(55)]  am

35 2 2

A nonrecursive implementation of the Fibonacci seriesis shown in Code List 2.5. The output of the
program is the same as the recursive program given in Code List 2.4,

Code List 2.5 Fibonacci Program — Non Recursive Solution

e e —
= w1
R R P

2.3.3 General Recurrence Relations

This section presents the methodology to handle general 2nd order recurrence relations. The recurrence
relation given by

aR(n) = bR(n—-1) +cR(n-2) (2.18)
with initial conditions:
R(O)=d R(l) =e (2.19)
can be solved by assuming a solution of the form R (n) = An. Thisyields
a)l-br-c =0 (2.20)

If the equation has two distinct roots, A;,A,, then the solution is of the form
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where the constants, C,, C,, are chosen to enforce Eq. 2.19. If the roots, however, are not distinct then an
alternate solution is sought:

R(n) = C;nA"+C,\" (2.22)

where A isthe double root of the equation. To see that the term C,nA" satisfies the recurrence relation one
should note that for the multiple root Eq. 2.18 can be written in the form

R(n) = 2AR(n-1) =A’R(n-2) (2.23)

Substituting C,;nA" into Eq. 2.23 and simplifying verifies the solution.

Previous | Table of Contents |Next
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2.3.4 Tower of Hanoi

The Tower of Hanoi problem isillustrated in Figure 2.1. The problem isto move n discs (in this case,
three) from the first peg, A, to the third peg, C. The middle peg, B, may be used to store discs during the
transfer. The discs have to be moved under the following condition: at no time may a disc on a peg have
awider disc above it on the same peg. Aslong as the condition is met all three pegs may be used to
complete the transfer. For example the problem may be solved for the case of three by the following
move sequence:

(A4,0), (A,B), (C,B), (A4,(), (B,A), (B,C), (A, C) (2.24)

where the ordered pair, (X, y), indicates to take a disk from peg x and place it on peg y.

ulmi

Figure 2.1 Tower of Hanoi Problem

The problem admits a nice recursive solution. The problem is solved in terms of n by noting that to move
n discs from A to C one can moven - 1 discs from A to B move the remaining disc from A to C and then
movethen - 1 discsfrom B to C. Thisresultsin the relation for the number of steps, S(n), required for
sizenas

S(n) =25(n-1) +1 (2.25)
with the boundary conditions
S(1) =1 §(2) =3 (2.26)

Eq. 2.25 admits a solution of the form
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S(n) = A2 +B (2.27)

and matching the boundary conditionsin Eq. 2.26 one obtains

S(n) =2"-1 (2.28)

A growing field of interest is the visualization of algorithms. For instance, one might want to animate the
solution to the Tower of Hanoi problem. Each disc move resultsin a new picture in the animation. If one
IS to incorporate the pictures into a document then a suitable language for its representation is
PostScript.1 This format is supported by almost all word processors and as a result is encountered
frequently. A program to create the PostScript® description of the Tower of Hanoi is shown in Code List
2.6 The program creates an encapsulated postscript file shown in Code List 2.7. The word processor used
to generate this book took the output of the program in Code List 2.7 and imported it to yield Figure 2.1!
This program illustrates many features of C++.

1PostScript® is atrademark of Adobe Systems Inc.

The program utilizes only a small set of the PostScript® language. This primitive subset is described in
Table 2.3.

Table 2.3PostScript®—Primitive Subset

Command Description

X setgray set the gray level to x.x = 1iswhiteand x = 0 is black. Thiswill affect
the fill operation.

Xy scale scale the X dimension by x and scalethe'Y dimension by y.

X setlinewidth set the linewidth to x.

X'y moveto start a subpath and move to location x y on the page.

xyrlineto draw aline from current location (Xy, y;) to (X, + X, y; +Y). Make the
endpoint the current location. Appends the line to the subpath.

fill close the subpath and fill the area enclosed.

newpath create anew path with no current point.

showpage displays the page to the output device.

The program uses a number of classesin C++ which are derived from one another. Thisis one of the
most powerful concepts in object-oriented programming. The class structureisillustrated in Figure 2.2.
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In the figure there exists a high-level base class called the graphic context. In atypical application a
number of subclasses might be derived from it. In this case the graphics context specifies the line width,
gray scale, and scale for its subsidiary objects. A derived class from the graphics context is the object
class. This class contains information about the position of the object. This attribute is common to objects
whether they are rectangles, circles, etc. A derived class from the object classis the rectangle class. For
this class, specific information about the object is kept which identifiesit with arectangle, namely the
width and the height. The draw routine overrides the virtual draw function for the object. The draw
function in the object classis void even though for more complex examples it might have a number of
operations. The RECTANGLE classinherits al the functions from the GRAPHICS CONTEXT class
and the OBJECT class.

In the program, the rectangle class instantiates the discs, the base, and the pegs. Notice in Figure 2.1 that
the base and pegs are drawn in a different gray scale than the discs. Thisis accomplished by the two calls
in main():

* peg.set_gray(0.6)
» base.set_gray(0.6)

Any object of type RECTANGLE defaultsto aset_gray of 0.8 as defined in the constructor function for
the rectangle. Notice that peg is declared asa RECTANGLE and has access to the set_gray function of
the GRAPHICS CONTEXT. The valid operations on peg are:

» peg.set_line width(), from the GRAPHICS CONTEXT class
» peg.set_scalg(), from the GRAPHICS CONTEXT class

» peg.set_gray(), from the GRAPHICS CONTEXT class

* peg.location(), from the OBJECT class

 peg.set_location(), from the RECTANGLE class
 peg.set_width(), from the RECTANGLE class

» peg.set_height(), from the RECTANGLE class

 peg.draw(), from the RECTANGLE class

The virtual function draw in the OBJECT classis hidden from peg but it can be accessed in C++ using
the scoping operator with the following call:

* peg.object::draw(), uses draw from the OBJECT class

Previous | Table of Contents Next
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Hence, in the program, all the functions are available to each instance of the rectangle created. This
avallability arises because the functions are declared as public in each class and each derived classis aso
declared public. Without the public declarations C++ will hide the functions of the base class from the
derived class. Similarly, the data the functions access are declared as protected which makes the data
visible to the functions of the derived classes.

Thefirst peg in the program is created with rectangle peg(80,0,40,180). The gray scale for thispeg is
changed from the default of 0.8 to 0.6 with peg.set_gray(0.6). The peg is drawn to the file with
peg.draw(file). This draw operation resultsin the following lines placed in thefile:

newpath

1 setlinewidth
0.6 setgray

80 0 moveto
0 180 rlineto
40 O rlineto
0- 180rlineto
fill

The PostScript® action taken by the operation is summarized in Figure 2.3. Note that the rectangle in the
figure is not drawn to scale. The drawing of the base and the discs follows in an analogous fashion.

Code List 2.6 Program to Display Tower of Hanoi

o —
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2.3.5 Boolean Function Implementation

This section presents a recursive solution to providing an upper bound to the number of 2-input NAND
gates required to implement a boolean function of n boolean variables. The recursion is obtained by
noticing that a function, f(x;,X,,...,X,) of n variables can be written as

Flx,Xx,..,x) =xeg(x,..,x _,)+xh(x,..x _,) (2.29)
for some functions g and h of n - 1 boolean variables. The implementation isillustrated in Figure 2.4.

The number of NAND gates thus required as afunction of n, C (n), can be written recursively as.
C(n) =2C(n-1) +4 (2.30)

The solution to the simple recurrence relation yields, assuming a general form of C(n) = A" followed by a
constant to obtain the particular solution
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C(n) = A2 +B (2.31)

Applying the boundary condition C (1) = 1 and C (2) = 6 one obtains

Figure 2.4 Recursive Model for Boolean Function Evaluation

C(n) =5(2") -4 (2.32)
2.4 Graphs and Trees
This section presents some fundamental definitions and properties of graphs.
Definition 2.7
A graphisacollection of vertices, V, and associated edges, E, given by the pair
G = (V,E) (2.33)

O

A simple graph is shown in Figure 2.5.
In the figure the graph shown has

V= {v,v,v} (2.34)

E={ ':Vp Vg}m (v Vg): (v v)} (2.35)

ot
'
!

. hy
At
-

Figure2.5 A Simple Graph
Definition 2.8

The size of agraph is the number of edgesin the graph
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size (G) = |E| (2.36)
m

Definition 2.9
The order of agraph G isthe number of verticesin agraph

order (G) = |V| (2.37)
m

For the graph in Figure 2.5 one has

size(G) = 2 order(G) =3 (2.38)
Definition 2.10

The degree of avertex (also referred to as anode), in agraph, isthe number of edges containing the
vertex.

O

Definition 2.11
Inagraph, G = (V, E), two vertices, v, and v,, are neighbors if
(vy,vo) O Eor (vq,v) OE

O

In the graph in Figure 2.5 v, and v, are neighbors but v; and v; are not neighbors.
Definition 2.12
If G = (Vy, Ey) isagraph, then H = (V,, E,) is asubgraph of G written & if & and &.

O
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A subgraph of the graph in Figure 2.5 is shown in Figure 2.6.

b
—

]
e
ot

Figure 2.6 Subgraph of Graphin Figure 2.5
The subgraph is generated from the original graph by the deletion of asingle edge (v, v3).
Definition 2.13

A path isacollection of neighboring vertices.

O

For the graph in Figure 2.5 avalid path is

path = (v, v, ;) (2.39)
Definition 2.14
A graphis connected if for each vertex pair (v;,v;) thereis apath fromv; tov;.
|
The graph in Figure 2.5 is connected while the graph in Figure 2.6 is disconnected.
Definition 2.15

A directed graph is a graph with vertices and edges where each edge has a specific direction relative to
each of the vertices.

O

An example of adirected graph is shown in Figure 2.7.

Figure2.7 A Directed Graph
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The graph in the figure has G = (V, E) with
V= {v,v, v} (2.40)
E : {{vp pz]'l [“2! "'Ij}:r {vg'l PE}'I [PIPHI}} {2"1}
In adirected graph the edge (v;, V) is not the same as the edge (v;, v;) when i # j. The same terminology G
= (V, E) will be used for directed and undirected graphs, however, it will always be stated whether the

graph isto be interpreted as a directed or undirected graph.

The definition of path applies to a directed graph also. As shown in Figure 2.8 there is a path from v, to
v, but there is no path from v, to v,

o
w

Figure 2.8 Pathsin aDirected Graph

A number of paths exist from v, to v,, namely

Previous | Table of Contents |Next
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Definition 2.16

A cycleisapath from avertex to itself which does not repeat any vertices except the first and the last.

O

A graph containing no cyclesis said to be acyclic. An example of cyclic and acyclic graphs is shown in
Figure 2.9.

Figure2.9 Cyclic and Acyclic Graphs

Notice for the directed cyclic graph in Figure 2.9 that the double arrow notations between nodes v, and v,
indicate the presence of two edges (v,, v,) and (v,, V,). In this caseit is these edges which form the cycle.

Definition 2.17

A treeisan acyclic connected graph.

O

Examples of trees are shown in Figure 2.10.

Definition 2.18

An edge, e, in aconnected graph, G = (V, E), isabridgeif G' = (V, E') is disconnected where
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E'=E-e (2.43)

Figure 2.10 Trees
|

If the edge, €, isremoved, the graph, G, is divided into two separate connected graphs. Notice that every
edgein atreeisabridge.

Definition 2.19
A planar graph is agraph that can be drawn in the plane without any edges intersecting.

O

An example of aplanar graph is shown in Figure 2.11. Notice that it is possible to draw the graph in the
plane with edges that cross although it is till planar.

Definition 2.20

The transitive closure of adirected graph, G = (Vy, E;) isagraph, H = (V,, E,), such that,

V, =V, (2.44)
:.--"“: ;gjj}xt

Figure2.11 Planar Graph
E, =f{V1,E|} (2.45)
where f returns a set of edges. The set of edgesis asfollows:
(v, vy) € f(V,E|) if there is a path from v, to v, (2.46)
M
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Thusin Eq. 2.45, =2 Transitive closure isillustrated in Fi gure 2.12.

f?ﬁ“
s i

—

o
i

I 'C‘-

Figure 2.12 Transitive Closure of a Graph

2.5 Parallel Algorithms

This section presents some fundamental properties and definitions used in parallel processing.
2.5.1 Speedup and Amdahls Law

Definition 2.21

The speedup of an algorithm executed using n parallel processorsisthe ratio of the time for execution on
a sequential machine, T, to the time on the parallel machine, Tppg!

Tssa

Speedup (n) = (2.47)

TFAR
m

If an algorithm can be completely decomposed into n parallelizable units without loss of efficiency then
the Speedup obtained is

Teeo

Speedup (n) = =N (2.48)

SEQ

f

If however, only afraction, f, of the algorithm is parallelizable then the speedup obtained is

T.E‘EE 1

Speedup (n) = = (2.49)
( f]+fJ ssg 1-f+'£

n

which yields
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lim (Speedup (n)) = i_]_f {2.50)

Thisis known as Amdahl's Law. The ratio shows that even with an infinite amount of computing power
an algorithm with a sequential component can only achieve the speedup in Eq. 2.50. If an algorithm is
50% sequential then the maximum speedup achievable is 2. While this may be a strong argument against
the merits of parallel processing there are many important problems which have ailmost no sequential
components.

Definition 2.22

The efficiency of an algorithm executing on n processorsis defined as the ratio of the speedup to the
number of processors.

Efficiency (n) = > e L (2.51)
n
|
Using Amdahl's law
1
Efficiency (n) = 2.52
y (n) T (2.52)
with
lim (Efficiency (n)) = 0 when f# 1 (2.53)

i

2.5.2 Pipelining

Pipelining is a means to achieve speedup for an algorithm by dividing the algorithm into stages. Each
stage isto be executed in the same amount of time. The flow isdivided into k distinct stages. The output
of the jth stage becomes the input to the (j + 1) th stage. Pipelining isillustrated in Figure 2.13. As seen
in the figure the first output is ready after four time steps Each subsequent output is ready after one
additional time step. Pipelining becomes efficient when more than one output is required. For many
algorithms it may not be possible to subdivide the task into k equal stages to create the pipeline. When
thisis the case a performance hit will be taken in generating the first output as illustrated in Figure 2.14.
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Figure 2.14 Pipelining

In the figure T is the time for the algorithm to execute sequentially. Tpgisthe time for each pipeline
stage to execute. Tp,pe is the time to flow through the pipe. The calculation of the time complexity
sequence to process n inputs yields

TSEQ{H) = nTSEQ (2.54)
Topg (0} = KToc+ (n—1) T, (2.55)
for ak-stage pipe. It follows that T pg (N) < T (N) When

T..(k-1)
PR (2.56)
TSEE-TFS

The speedup for pipelining is

Tggp(n) Tseo

Toppe(n) B (k=1) Tpg
TPS-

S(n) =

(2.57)

n

L et
ﬁ_{ nat
J arid

rild { ma®
I.'"

[P

Example 2.6 Order

which yields
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T..
lim §(n) = —=2 (2.58)

A e PS

In some applications it may not be possible to keep the pipeline full at al times. This can occur when
there are dependencies on the output. Thisisillustrated in Example 2.7. For this case let us assume that
the addition/subtraction operation has been set up as a pipeline. The first statement in the pseudo-code
will cause the inputs x and 3 to be input to the pipeline for subtraction. After the first stage of the pipeline
Is complete, however, the next operation is unknown. In this case, the result of the first statement must be
established. To determine the next operation the first operation must be allowed to proceed through the
pipe. After its completion the next operation will be determined. This process is referred to flushing the
pipe. The speedup obtained with flushing is demonstrated in Example 2.8.

Example 2.7 Output Dependency PseudoCode

Example 2.8 Pipelining

2.5.3 Parallel Processing and Processor Topologies

There are a number of common topologies used in parallel processing. Algorithms are increasingly being
developed for the parallel processing environment. Many of these topologies are widely used and have
been studied in great detail. The topologies presented here are

Full Crossbar
Rectangular Mesh
Hypercube
Cube-Connected Cycles

Previous | Table of Contents /Next
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2.5.3.1 Full Crossbar

A full crossbar topology provides connections between any two processors. Thisisthe most complex
connection topology and requires (n (n- 1) / 2 connections. A full crossbar is shown in Figure 2.15.

In the graphical representation the crossbar has the set, V, and E with

Figure 2.15 Full Crossbar Topology

v

{pp0=i<n} (2.59)

E

{{pl..pj],ﬂsi:n,ﬂﬂjf:n} (2.60)
Because of the large number of edges the topology isimpractical in design for large n.

2.5.3.2 Rectangular Mesh
A rectangular mesh topology isillustrated in Figure 2.16. From an implementation aspect the topology is
easily scalable. The degree of each node in arectangular mesh is at most four. A processor on the interior
of the mesh has neighbors to the north, east, south, and west. There are several ways to implement the

exterior nodesiif it is desired to maintain that all nodes have the same degree. For an example of the
external edge connection see Problem 2.5.

2.5.3.3 Hypercube

A hypercube topology is shown in Figure 2.17. If the number of nodes, n, in the hypercube satisfiesn =
2d then the degree of each nodeisd or log (n). As aresult, as n becomes large the number of edges of
each node increases. The magnitude of the increase is clearly more manageable than that of the full
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crossbar but it can still be a significant problem with hypercube architectures containing 64K nodes. Asa
result the cube-connected cycles, described in the next section, becomes more attractive due to its fixed
degree.

The vertices of an n dimensional hypercube are readily described by the binary ordered pair

(Xgp Xy <y X4_¢) X; € {0, 1} (2.61)

h
-

*u _*v ;.- o
*-Z} “:- 3

"-\_
&y
¥

Figure 2.16 Rectangular Mesh

With this description two nodes are neighbors if they differ in their representation in one location only.
For example for an 8 node hypercube with nodes enumerated

(0,0, 0) (0,0,1) (0, 1,0) (0,1, 1)

2.
(1,0,0) (1,0,1) (1, 1,0) (1,1, 1) e

processor (0, 1, 0) has three neighbors:

(0,1, 1) (0,0,0) (1,1,0)

Figure 2.17 Hypercube Topology
2.5.3.4 Cube-Connected Cycles

A cube-connected cycles topology is shown in Figure 2.18. Thistopology is easily formed from the
hypercube topology by replacing each hypercube node with a cycle of nodes. As aresult, the new
topology has nodes, each of which, has degree 3. This has the look and feel of a hypercube yet without
the high degree. The cube-connected cycles topology has nlog n nodes.

file://IN|//CRC%20Press%20-%20Algorithms%20and...ata%20Structures%20in%20C++/ch02/074-080.html (2 of 5) [6/22/2003 10:12:28 PM]


javascript:displayWindow('images/02-37.jpg',446,206)
javascript:displayWindow('images/02-37.jpg',446,206)
javascript:displayWindow('images/02-38.jpg',446,266)
javascript:displayWindow('images/02-38.jpg',446,266)
javascript:displayWindow('images/02-39.jpg',447,315)

Algorithms and Data Structures in C++:Algorithms

Figure 2.18 Cube-Connected Cycles

2.6 The Hypercube Topology

This section presents algorithms and issues related to the hypercube topology. The hypercubeis
important due to its flexibility to efficiently simulate topologies of asimilar size.

2.6.1 Definitions

Processors in a hypercube are numbered 0, ..., n- 1. Thedimension, d, of ahypercube, isgiven as
d = logn (2.63)

where at this point it is assumed that n is a power of 2. A processor, X, in a hypercube has a
representation of

X = (XgXpsaeen Xy o) X; € {0, 1} (2.64)

For a simple example of the enumeration scheme see Section 2.5.3.3 on page 75. The distance, d (X, y),
between two nodes x and y in ahypercubeis given as

d=1

d(xy) = Y |x-y] (2.65)
k=0

The distance between two nodes is the length of the shortest path connecting the nodes. Two processors,
x andy are neighborsif d (x, y) = 1. The hypercubes of dimension two and three are shown in Figure
2.19.

2.6.2 Message Passing

A common requirement of a parallel processing topology is the ability to support broadcast and message
passing algorithms between processors. A broadcast operation is an operation which supports asingle
processor communicating information to al other processors. A message passing algorithm supports a
single message transfer from one processor to the next. In all cases the messages are required to traverse
the edges of the topology.

To illustrate message passing consider the case of determining the path to send a message from processor
0 to processor 7 in a 3-dimensional hypercube as shown in Figure 2.19. If the message isto traverse a
path which is of minimal length, that isd (0, 7), then it should travel over three edges. For this case there
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are six possible paths:

Figure 2.19 Hypercube Architecture

000 - 001 -011-111
000 - 001 - 101 =111
000 -010-011-111
000 -010-110-111
000 - 100 - 101 =111

000-100-110-111

In general, in a hypercube of dimension d, a message travelling from processor x to processor y has d (X,
y) ! distinct paths (see Problem 2.11). One simple agorithm is to compute the exclusive-or of the source
and destination processors and traverse the edge corresponding to complementing the first bit that is set.
Thisisillustrated in Table 2.4 for left to right complementing and in Table 2.5 for right to left

complementing.

Table 2.4Calculating the M essage Path —L eft to Right

Processor Source Processor Destination  |[Exclusive-Or Next Processor
000 111 111 100
100 111 011 110
110 111 001 111

Table 2.5Cal culating the Message Path —Right to L eft

Processor Source Processor Destination Exclusive-Or Next Processor
000 111 111 001
001 111 110 011
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011 111 100 111

The message passing algorithm still works under certain circumstances even when the hypercube has
nodes that are faulty. Thisis discussed in the next section.

2.6.3 Efficient Hypercubes

This section presents the analysis of the class of hypercubes for which the message passing routines of
the previous section are valid. Examples are presented in detail for an 8-node hypercube.

2.6.3.1 Transitive Closure
Definition 2.23

The adjacency matrix, A, of agraph, G, isthe matrix with elements a; such that &; = 1 impliesthereisan
edgefromi toj. If thereis no edge then g; = 0.

O

The adjacency matrix, A, of the transitive closure of the 8-node hypercube is simply the matrix

-

(2.66)

e e e e e R
e e e e e R S
e e e e e e s
e e e (e e e
i i s I—'-I

T T
— e e e e s s s
= o e e S e

-

For a hypercube with all functional nodes every processor is reachable.
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2.6.3.2 Least-Weighted Path-Length
Definition 2.24

The least-weighted path-length graph is the directed graph where the weights of each edge correspond to
the shortest path-length between the nodes.

O

The associated weighted matrix consists of the path-length between the nodes. The path-length between a
processor and itself is defined to be zero. The associated weighted matrix for an 8-node hypercube with
all functional nodesis

lor112122
1021213
1201231
Ao 22110322
122301 1
2132102
2312120
3221211

(2.67)

S o= B = BN W

a; is the distance between nodesi and j. If nodesi and j are not connected via any path then a; = co.

2.6.3.3 Hypercubes with Failed Nodes

This section introduces the scenario of failed processors. It is assumed if a processors or node fails then
all edgesincident on the processor are removed from the graph. The remaining processors will attempt to
function as a working subset while still using the message passing algorithms of the previous sections.
Thiswill lead to a characterization of subcubes of a hypercube which support message passing. Consider
the scenario illustrated in Figure 2.20. In the figure there are three scenarios with failed processors.
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In Figure 2.20b a single processor has failed. The remaining processors can communicate with each other
using a simple modification of the algorithm which traverses the first existing edge encountered.

Similarly, in Figure 2.20c communication is still supported via the modified algorithm. Thisisillustrated
in Table 2.6. Notice that in Table 2.6 the next processor after 000 was 001. For the topology in the figure
the processor did not exist so the algorithm proceeded to the next bit from right to left which gave 010.
Since this processor existed the message was sent along the path.

Figure 2.20 Hypercube with Failed Nodes

Table 2.6Calculating the Message Path —Right to Left for Figure 2.20c

Processor Source Processor Destination |Exclusive-Or Next Processor
000 111 111 010
010 111 101 011
011 111 100 111

The scenario in Figure 2.20d is quite different. Thisisillustrated in Table 2.7.

In this case, the first processor considered to is 001 but it is not functional. Processor 010 is considered
next but it is not functional. For this case the modified algorithm has failed to route the message from
processor 000 to 011. There exists a path from 000 to 011 one of whichis

000-100-101-111-011

Notice that the distance between the processors has increased as a result of the two processors failures.
This attribute is the motivation for the characterization of efficient hypercubes in the next section.

Table 2.7Calculating the Message Path —Right to Left for Figure 2.20d

Processor Source Processor Destination |Exclusive-Or Next Processor
000 011 011 ?
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2.6.3.4 Efficiency
Definition 2.25

A subcube of ahypercubeis efficient if the distance between any two functional processorsin the
subcube is the same as the distance in the hypercube.

O

A subcube with this property isreferred to as an efficient hypercube. Thisis equivalent to saying that if A
represents the least-weighted path-length matrix of the hypercube and B represents the |east-weighted
path-length matrix of the efficient subcube then if i and j are functional processors in the subcube then by;

= a;. Thiselegant result is proven in Problem 2.20. The |east-weighted path-length matrix for efficient
hypercubes place c in column i and row i if processor i isfailed.

The cubes in Figure 2.20b and c are efficient while the cube in Figure 2.20d is not efficient. If the cubeis
efficient then the modified message passing algorithm in the previous section works. The next section
implements the procedure for hypercubes with failed nodes.

2.6.3.5 Message Passing in Efficient Hypercubes

The code to ssimulate message passing in an efficient hypercube is shown in Code List 2.8. The output of
the program is shown in Code List 2.9. The path for communicating from O to 63 is given as 0-1-3-7-15-
31-63 as shown in Code List 2.9. Subsequently processor 31 is deactivated and a new path is calculated
as 0-1-3-7-15-47-63 which avoids processor 31 and traverses remaining edges in the cube. The program
continues to remove nodes from the cube and still calculates the path. All the subcubes created result in
an efficient subcube.

CodeList 2.8 Message Passing in an Efficient Hypercube

file://IN|//CRC%20Press%20-%20Algorithms%20and...ata%20Structures%20in%20C++/ch02/081-097.html (3 of 8) [6/22/2003 10:12:30 PM]


javascript:displayWindow('images/02-42.jpg',425,784)

Algorithms and Data Structures in C++:Algorithms

TR

=

2.6.4 Visualizing the Hypercube: A C++ Example

This section presents a C++ program to visualize the hypercube. A program to visualize the cubeis
shown in Code List 2.10. The program was used to generate the PostScript image in Figure 2.21 for a 64
node hypercube. The program uses a class structure similar to the program to visualize the Tower of
Hanoi in Code List 2.6.

The program introduces a new PostScript construct to draw and fill acircle

x y radius anglel angle2 arc
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The program uses the scale operator to force the image to fill a specified area. To illustrate this, notice
that the program generated both Figure 2.21 and Figure 2.22. The nodesin Figure 2.22 are enlarged via
the scale operator while the nodesin Figure 2.21 are reduced accordingly.

The strategy in drawing the hypercube is such that only at most two processors appear in any fixed
horizontal or vertical line. The cube is grown by replications to the right and downward.

Figure2.21 A 64-Node Hypercube

CodelList 2.10 C++ Code to Visualize the Hypercube

-

Figure2.22 An 8-Node Hypercube
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Code List 2.11 Output of Program in Code List 2.10
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2.7 Problems

(2.1) [Infinite Descent — Difficult] Prove, using infinite descent, that there are no solutionsin the
positive integersto

4 4 4
X +y =z

(2.2) [Recuffence] Find the closed form solution to the recursion relation

F(0) = a

F(l)y =b
Finy = F(n-1)-F(n-2)

and write a C++ program to calculate the series via the closed form solution and print out the first
twenty terms of the seriesfor

a=> b = -5

(2.3) [Tower of Hanoi] Write a C++ Program to solve the Tower of Hanoi problem for arbitrary
n. This program should output the move sequence for a specific solution.

(2.4) [Tower of Hanoi] I'sthe minimal solution to the Tower of Hanoi problem unique? Prove or
disprove your answer.

(2.5) [Rectangular Mesh] Given an 8x8 rectangular mesh with no additional edge connections
calculate the largest distance between two processors, where the distance is defined as the
minimum number of edges to traverse in a path connecting the two processors.

(2.6) [Rectangular Mesh] For arectangular mesh with no additional edge connections formally
describe the topology in terms of vertices and edges.

(2.7) [Rectangular Mesh] Write a C++ program to generate a PostScript image file of the
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rectangular mesh for 1 < n < 20 without additional external edge connections. To draw aline from
the current point to (X, y) use the primitive

x vy lineto
followed by

gsave
stroke
grestore

to actually draw theline. Test the output by sending the output to a PostScript printer.

(2.8) [Cube-Connected Cycles] Calculate the number of edgesin a cube connected cycles
topology with nlog n nodes.
(2.9) [Tree Structure] For agraph G, which isatree, prove that

order (G) = size(G) +1

(2.10) [Cube-Connected Cycles] For a cube-connected cycles topology formally describe the
topology in terms of vertices and edges.

(2.11) [Hypercube] Given two arbitrary nodes in a hypercube of dimension n calculate the
number of distinct shortest paths which connect two distinct nodes, A and B, as a function of the
two nodes. Use a binary representation for each of the nodes:

A = {amﬂl""‘an—l} B = {b:]‘bl""’bﬂ—]}
a,b;e {0,1}

(2.12) [Hypercube] Given a hypercube graph of dimension n and two processors A and B what is
the minimum number of edges that can be removed such that there is no path from A to B.

(2.13) Isevery edgein atree abridge?

(2.14) Devise abroadcast algorithm for a hypercube of arbitrary dimension. Write a C++
program to simulate this broadcast operation on an 8-dimensional hypercube.

(2.15) Devise amessage passing algorithm for a hypercube of arbitrary dimension. Write a C++
program to simulate this algorithm and demonstrate it for a 12-dimensiona hypercube.

(2.16) Write a C++ program to visualize a complete binary tree. Y our program should scale the
node sizes to fit on the page as afunction of the dimension in asimilar fashion to Code List 2.10.
(2.17) Describein detail the function of each procedure in the code to visualize the hypercube in
Code List 2.10. Present a high-level description of the procedures render _cube and init_cube.
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(2.18) Write a C++ program to display the modified adjacency matrix of an n-dimensional
hypercube similar to the matrix presented in Eq. 2.67.

(2.19) Write a C++ program to visualize a 64-node hypercube which supports message passing.
Y our program should use a separate gray level to draw the source and destination processors and
should draw the edges which form the path in a different gray scale also.

(2.20) [Difficult] Prove that the modified message passing agorithm works for any two
functional processorsin an efficient hypercube.

(2.21) Write a C++ program to determine if a hypercube with failed nodesis efficient.

(2.22) Calculate the least-weighted path-length matrix for each of the subcubesin Figure 2.20.
(2.23) Given a hypercube of dimension d calculate the probability that a subcube is efficient
where the subcube is formed by the random failure of two processors.

(2.24) Modify the C++ program in Code List 2.10 to change the line width relative to the node
size. Test out the program for small and high dimensions.

(2.25) Rewrite Code List 2.10 to build the hypercube using a recursive function.

(2.26) The programin Code List 2.10 uses a simple algorithm to draw aline from each processor
node to its neighbors. As aresult, the edges are drawn multiple times within in the file. Rewrite
the program to draw each line only once.
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Chapter 3
Data Structures and Searching

This chapter introduces data structures and presents algorithms for searching and sorting.

3.1 Pointers and Dynamic Memory Allocation

This section investigates pointers and dynamic memory allocation in C++. As afirst example consider
the C++ source code in Code List 3.1.

Code List 3.1 Integer Pointer Example

R
rmean

At the beginning of the program there are two variables that are allocated. Thefirst variableisavariable
p which is declared as a pointer to an integer. The second variable, k, is declared as an integer. The
variable p is stored at address Al. The address A1 will contain an address of a variable which will be
interpreted as an integer. Initially this addressis not assigned. The variable k is stored at address A3.
Note that the addresses of p and k do not change during the execution of the program. These addresses
are allocated initially and belong to the program for its execution life.

The statement p=new int in the program allocates room for an integer in memory and makes the pointer p
point to that location. It does not assign a value to the location that p points to. In this case p now
contains the address A4. The memory location at address A4 will contain an integer. The new operator is
arequest for memory allocation. It returns a pointer to the memory type requested. In this example room
IS requested for an integer.
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The statement *p=7 assigns the integer 7 to the location that p pointsto. In this case the address A4 will
now containa.

The statement k=3 assigns 3 to the address where k is located. In this case the address A3 will contain the
integer 3.

The statement delete p now requests to deallocate the memory granted to p with the new operator. In this
case p will still point to the location but the data at the location is subject to change. It can be the case
that *p isno longer 7. Note that once the memory is freed the program no longer may have aright to
access the data. The memory location A4 is free to be assigned to any other program which requests
memory space.

The statement p=&k assigns the address of k to p. The address of kis A3. For thiscase, p, located at A1
will now contain the address A3.

The statement * p=4 now assigns the integer 4 to the address that p points to. For this case the data at
address A3 will now contain 4.

This statement has changed the value of k. The flow for the memory is shown in Figure 3.1.

There are anumber of pitfalls to be concerned with pointers. The declaration int * p does not allocate
room for the integer. It simply allocates room for a variable p which will point to an integer in memory.
As aresult the following code segment isinvalid:

int *p;
* p:7;

For this code segment the address that p contains is not valid. Unfortunately depending on the platform
you are using to develop your programs this might not generate an error on compilation and in some
operating systems even on execution.

i
| |J|:
t & |
_i|

[

T Tl

|
l . !:.' . |
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Figure3.1 Memory Layout for C++ Program

The following code segment is acceptable

For this code segment, p points to the address of k which has been allocated memory for an integer.
The code shown in Code List 3.2 isalso valid. The output for the program is shown in Code List 3.3.

Code List 3.2 Pointer Example

CodeList 3.3 Output of Program in Code List 3.2

The style of the output will change dramatically depending on the operating system and platform used to
develop the code. It is sufficient to note that for the code in Code List 3.2 p contains an address that
points to a location that contains an address that points to alocation that contains an integer.
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3.1.1 A Double Pointer Example

Consider the simple program which prints out the runtime, arguments provided by the user. The program
source is shown in Code List 3.4. The output of the program is shown in Code List 3.5. The program is
executed by typing in the command

ARGV1argl arg2

Code List 3.4 Double Pointer Example

S I S = -

Code List 3.5 Output of Program in Code List 3.4

Coe D

Argmrea 0 i3 ATV EXCE
M 1 s aag |
Al 1 b agl

[Pm——TAY T
il | b il

Ry |} oopegd

g U ARUVERE

Arganrm § i oyl

Rrpamd 1 b e

Lo il il R0 =g 1[0 el

{ari i, § "y

Laris o, il | "y 1 i il T o

v b b g A e 17 7

i bk ol w10 0] oo

Toltecohdl Bt (et et i = g bl

The name of the program is ARGV 1.EXE. The arguments passed to the program are argl and arg2. The
main procedure receives two variables, argc and argv. For this case argc will be the integer 3 since there
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are 2 arguments passed to the program. It is 3 instead of 2 because argv will also hold the program name
in addition to the arguments passed as can be seen in the program output. In the program argv is a pointer
to a pointer to a character. The organization is shown in Figure 3.2. Looking at the figure one notes a
rather complex organization. In the figure argv is stored at memory location Al. Its value is the address
A2. The address A2 contains the address A5 which contains a contiguous set of characters. The first
character at address AS isthe letter A (in hex 41, using ASCII). The character at address A5+1 isthe
letter R (in hex 52). The set of charactersisterminated with aNULL character, (in hex 00). The null
character indicates the end of the string. It is used by programs which are passed the address A5 to print
the character. These programs print each consecutive character until they reachaNULL. A failureto
place aNULL character at the end of astring will result in many string operation failures in addition to
printing improperly. Remember in C/C++ astring is merely a collection of contiguous characters
terminated inaNULL.

C and C++ can treat pointers as arrays. Thisisavery powerful and sometimes dangerous feature. For
this example one can interpret

Figure 3.2 Program Organization in Memory

argv[0] = AS
argv|l]| = A6
argv[2] = A7

argv[3] = undefined,
There are only two arguments + the program name.
Remember that argv is a pointer to a char to a char, written as char **.

argv[0] isachar * or apointer to achar.
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When the io function cout receives achar * it will interpret the characters at the location asa string. In
this case during the first print loop argv[0] pointsto A5 where the string representing the name of the
program resides (technically, the command line argument invoking the program).

Going to the location A5 cout proceeds to print out ARGV .EXE and stops printing characters because of
the NULL character reached.

C and C++ aso support pointer arithmetic. This can lead to complex expressions. For this example
argv+1 is synonymous with &argv[1] which in this case one has

argv+] = A3
argv+2 = Ad
argv+0 = A2
argv[0] = A5
argvl1] = Ab
argv|2] = A7
&argv[0] = A2
&argv[l] = A3
&argv[2] = Ad
argv = A2

argv = &argv[(]
In C and C++ when you name an array like x[10] then x with no brackets refers to the address of x[0]:
x = &x[0]

One can traverse the pointers using * or [] that isthe following isidentical

*x = x[0]
*(x+1) =x[1])
*[K+2] = ?‘.[2]

Notice that
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argv[0] = A5
argv[0][0] = A’
argv[0][1] = "R’
argv[1]]0]) =&’
argv[1][1]="r

Make sure you understand all the outputs of the program. If you are going to spend alot of time

programming in C or C++ then you should review this chapter frequently until you are completely
comfortable with the concepts.

3.1.2 Dynamic Memory Allocation with New and Delete

C++ hasintroduced memory allocation operators new and delete to deal with requesting and freeing
memory. An example of the use of new and delete areillustrated in Code List 3.6. The output of the
program is shown in Code List 3.7. There are some important features of new and C++ illustrated in this
program.

Code List 3.6 Dynamic Memory Allocation in C++

baa

Code List 3.7 Output of Program in Code List 3.6
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C++ Duipiul

Constmsctor fumciion called

AR Podmd |

Construstor fuscisen called
Constructor fumction called
LU [umcibom called
Constructor Tumcien called
Af Poing 2

AL Mung ¥

Dhestrocior function called
Desiraciorn funclios callad
Dz e recior Funciioa called
Deestrecior funciica callad

Al Pasni 4

_Cos Quiput
AL Pasini §

Dt b Turschions calles]

The program declares a class called test. Two variables k and j are declared as pointers to objects of type
test. Upon declaration room is stored in memory for the pointersk and j.

A variable w of type test is created with the statement test w;. This statement illustrates the use of
constructor functionsin C++. When w is created the constructor function test() is called which resultsin
“Constructor function called” being printed.

The statement j=new test[ 4] ; requests memory for an array of size four for the classtest. As aresult of
using new the constructor function is called four times. After the statement | will point to the first
element.

The statement k = (test *) malloc(4* sizeof(test)); requests memory for an array of size 4 for the class test.
Using malloc, however, will not call the constructor function for the class k. As aresult nothing is printed
at this point of the program.

The statement delete[] j; gives back the memory requested by the new operator earlier. The brackets|[]
are used when new is used to declare an array. At this point the destructor function ~test() is called for
each element in the array.

The statement free(k) gives back the memory allocated by the malloc request. As with malloc, free will
not call the destructor function.

Before the program terminates the variable local to main w will first lose its scope and as aresult the
destructor function will be called for w.

In C++ new and delete should be used in lieu of malloc and free to ensure the proper calling of
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constructor and destructor functions for the classes allocated. Notice that new also avoids the use of the
sizeof operator which simplifiesits use,
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3.1.3 Arrays

Sequential arrays stored in memory also rely on pointers for index calculations. The array examplein
Code List 3.8 demonstrates the differences between pointers and arrays for the case of the
multidimensional array. The output of the program is shown for two different platforms. Code List 3.9
shows the output of the program for a DOS system while Code List 3.10 shows the output of the program
on a Unix system. For this program two different methodologies are used for implementing the storage of
four integers. The memory allocation isillustrated in Figure 3.3. The key difference between the
implementation of the pointers and the multidimensional array isthat the array a[ 2][2] isnot avariable.
Asaresult, operations such asa=a+1 areinvalid.

Figure 3.3 Memory Organization for Code List 3.8

Someone dlightly familiar with C or C++ might be surprised to see that the output indicates that the
valuesof &4a, a, and *a are all equal. While thislooks unusual it is correct. The declaration int a[2][2] in
C and C++ declares a to be an array of arrays. In this case there are two arrays each containing two
integers. Thefirst array islocated at address A4 while the second array islocated at the address AS.

 a- returnsthe starting address of the array of arrays which is given as A4 in Figure 3.3.

» *a - returns the starting address of thefirst array in the list whichisalso A4 in Figure 3.3

» &a - returns the starting address of the array awhich is A4. This does not return the address of
the element (if there is one) that actually pointsto a. When you declare an array viaint a[ 2] [ 2]
there is no variable which points to the beginning of the array that the programmer can change.
The compiler basically ignores the ampersand when the variable is declared as an array.
Remember, thisis the difference between pointers and arrays. The location where a points to
cannot change during the program.
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The output for b follows directly the addressing as illustrated in Figure 3.3

CodeList 3.8 Array Example

o B B
il A

T e e, okt alete e ki

Tha walm a1 8
T s o i " e e o el
Fos il 50 B 3o a0 il
Tia caie aa bvita o1 ok
T SR —_——
ot ot o | s = o i |
| T L ——
Thamalies o 0 ] ™ 5 P 4l

Wi g i i & © o =il

T

T s i o " v o il

Code List 3.9 Output of Codein CodeList 3.8

The siaw of ind 15 7

The sl of a i 8
Thie sl of b ds 3

Thié value of & is 0niTee
The value of *a) s (aifins
The value of B is Dxifes
The value of **5 i |

The value of &= s DA
The value of ®xs 15w (I
The value of **{a+1)is %
The value of *afl] k3
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Cas Qe (DerS]

Thee value of (s} 1] &2
The walue of b M lNE
The valus of &b i Dalle
The valus of b+ w0
The walue of =(b) s O 1700
The walue of *(h+1 ) is O 1 108
The waliie ol **(ha 0} 0w 3
The valus of **b i I

The valug ol {*h}i] 2
The value of *5{1] ik )
Thee il ol b1 0] = 3

CodeList 3.10 Output of Codein Code List 3.8

S ORpas (UHIX]
Thee e ool sl e ol

The wise of 4= H

The sies of B4

The viler of a i ST MEED
he vaber of "ial m UnF ' IHEBE
T vadker of da b TR
The vabes of *%a is |

The vidkae of i+ wi S TTRES
The vaidher of ®{ws ] is G T:ER
I'he vadher of **1a4 ko }

The vaher of "afi]=n )

T valiar of ("adl] = 2

Tt bl ol e i O [ bl

The valior oof &b b DT R TG

T vt oof Wi I i 106 B biell
The walisr of ®ihi i O | chshil
They waliog of ®jbe | jm i | giol]

G Chumpar! (IRIX)

Tt vl o **qb+ 1) bs 5
Thee value of "
Ther vl ol %85| | 12
The valer of "B 1] = J
The walea ol HIH & )

3.1.4 Overloading in C++

An example of overloading in C++ isshown in Code List 3.11. The output of the program is shown in
Code List 3.12. This program overloads the operator () which is used to index into a set of charactersfor
aspecific data bit. The packing isillustrated in Figure 3.4 for the variable e declared in the program.

......
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Figure 3.4 Packing Bitsin Memory

Code List 3.11 Operator Overloading Example

N i Bt i -

3.2 Arrays

This section demonstrates the creation of an array classin C++ using templates. The goal of the program
IS to demonstrate the implementation of afeature of C++ which is aready built in; therefore, the code is
for instructive purposes only. The code for a program to create an array classisillustrated in Code List
3.13, The output of the program is shown in Code List 3.14. The array class is declared in the program as
ageneric classwith atype T which is specified later when an array variable is declared. As seenin the
main function three arrays are declared: a, b, and c. The array a consists of ten integers. The array b
consists of five doubles. The array ¢ consists of 3 characters. The constructor function for the array
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initializes all the elements of the array to zero. The function set_data isused to assign avalueto a
specific element in the array. The function print_data is used to print a specific element in the array.

Code List 3.13 Creating an Array Classin C++

LR ]

e e e e e
- i

—— L

RN
kil

|

2 pn, i B =

e e g

mpm e U e

o ol v 11 s v

¥ = L=

L.

o= e

e Lt = e sl o

Code List 3.14 Output from Code List 3.13

C++ output
a[3]=0
b[4] =0
a[3]=10
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C++ output
b[4] =4.7
c[2l=n

3.3 Stacks

A stack is a data structure used to store and retrieve data. The stack supports two operations push and
pop. The push operation places data on the stack and the pop operation retrieves the data from the stack.
The order in which datais retrieved from the stack determines the classification of the stack.

A FIFO (First In First Out) stack retrieves data placed on the stack first. A LIFO (Last In First Out) stack
retrieves data placed on the stack last. A LI1FO stack push and pop operation isillustrated in Figure 3.5.

i
I

-

[ L |
L [clclslelTRTE
SULIE R

L]

E - -
!r_r|

Figure 3.5 Push and Pop in aLIFO Stack

The source code to implement a L1FO stack classis shown in Code List 3.15. The output of the program

isshown in Code List 3.16. Notice that templates are used again so the type used for the stack is defined
at alater point.

CodelList 3.15 LIFO Stack Class
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CodeList 3.16 Output of Program in Code List 3.15

073

Flimcal &} oo v
Fopmet dd b e e i
Cawed py-data sl sy
Pl el "ok v sl

Flan! M mmek

Flaml 51 o i

Fuprancl 1 P semrhi
Pl 75 e viiah
Flaomd 4.4 o sl
Pl 3.7 a0 mak

L amimd g lefin, ik Fal
Tgepansd 1 7 oo sl
Prgpd 4.9 b s
Cammn g s web sy

Flasd o on smi

Flaord | o il

amr pan e waw Mal

oo et 1 e L

Frpped 0 B ascs

| i i ¢ B ' 1 N g e ol
L i Bk il

3.4 Linked Lists

This section presents the linked list data structures. Thisis one of the most common structures in
program design.
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3.4.1 Singly Linked Lists

A linked list with four entriesis shown in Figure 3.6. As seen in the figure, there is a pointer which
points to the head of the list. Each object in the list has associated data and a pointer to the next element
in the list. The figure is shown with four objects. The final element containsaNULL pointer. Thisis
common practice to indicate the end of the list. The datain the linked list can be asingle element or a
large collection of data.

A C++ program to demonstrate the linked list is shown in Code List 3.17. program creates alinked lists
of classes. The classtemplate is declared as

tenpl ate <cl ass T>

class list {

private:
list <T> * next;
friend class start |ist<T>;
friend class iterator<T>;
public:
T dat a;
}

In this declaration next is declared as a pointer to the next element in the list. Two classes are declared as
friendsto the class, start_list and iterator. As aresult these classes will have access to the functions and
data of the class list. data is declared as public in the class. The datatype T is declared later in the
program.
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The next class declared in the program is start_list which is defined as

class start |i st

{

| i st<T> *start;

friend clas iterator<T>;
publi c:

start _list(void) { start=0;}
~start _list(void);

void add(T t);

int i sMenber(T t);

}

For this class, a pointer to the start of alist is declared. The constructor function start_list() initializes
start to zero when an item of class start_list isdeclared. The function start_list() isdeclared inline. The
function add is used to add elements to the list. The destructor function ~start_list() is called when data
of type start_list lose their scope. The function ~start list() is not declared inline. The function isMember
Is used to determine if a data element matches an element in any of the members of the linked list. Notice
that in the program, start_list isused to instantiate a class of type list. The add function is declared next
in the program This function creates an element of type list and appendsiit to the current list. If thelistis
empty then the function assigns start to the beginning of the new list.

TheisMember function is declared next in the program. The isMember function searches the list and tries
to find a match to the datat that is passed. If a match isfound the function returns | else the function
returns O.

The destructor function for the class, ~start_list, is defined next. The destructor function begins at the
start of the list and deletes the lists that are formed making up the entire linked list. The destructor
function in turn assigns start to null. This function will be called in the program when any data of type
start_list loses scope. Thisisavery powerful technique of C++. Typically the constructor functions are
used to acquire memory upon the creation of a variable and the memory is freed up viathe destructor
function.

The next class defined is the iterator class. The iterator classisused to traverse the linked list. The

file://IN]J/CRC%20Press%20-%20Algorithms%20and...ata%20Structures%20in%20C++/ch03/126-134.html (2 of 6) [6/22/2003 10:12:34 PM]



Algorithms and Data Structures in C++:Data Structures and Searching

iterator class contains a pointer to the start of alist and a cursor to traverse the list. The class contains a
function reset which sets the cursor back to the start of the list. The constructor function for the class
accepts a parameter which is a pointer to a class of type start_list. The constructor function calls reset to
initialize cursor. The function next is used to iterate the list. The function assigns the pointer p to cursor
and cursor to cursor->next if cursor is not null.

The program then initiates a number of typedefs which create lists and pointersto list for the data types
of string, double, int, char.

The main() routine creates a number of lists. Thefirst list created, number, is declared with list_double
number. Thislist will contain alist of data elements of type double. Upon the declaration of list_double
room for the data has not been allocated and the list pointers have been set to null. The first time room
for datais alocated is during the call number.add(4.5). This adds 4.5 to the list. Subsequent callsto
number.add() append the data to the list. To access the numbersin the newly formed list a

list_double iterator isdeclared with list_-double iterator x(& number). Thelist_double ptr p accessthe
datavia calsto theiterator function x.next(). The output for the program is shown in Code List 3.18.

Codelist 3.17 Linked List Source

s 0
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Code List 3.18 Output from Code List 3.17
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3.4.2 Circular Lists

A circular list with two entriesis shown in Figure 3.7. A circular list contains a pointer from the last
object in the list to the first. In a sense, the new list has no beginning or end. The circular list is common
in use for storing the most recent data when limited to finite storage. A common technique isto allocate a
fixed amount of storage for a particular database and after it fills up to write over the old data by |ooping
back around to the beginning. Obviously, the application is limited to cases where data loss is not critical.
An example might be a database used to store the last 20 issues of The Wall Street Journal.

3.4.3 Doubly Linked Lists

A doubly linked list with two elementsis shown in Figure 3.8. Doubly linked lists are used to provide
bidirectional accessto the datain the list. For many searching techniques it might be useful to traverse
datafrom both sides of the list. A good example of thisis quicksort which is discussed in Section 3.8.

Moo | [T mas |
| =_1
| m | ™ L

Figure 3.7 Circular List
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: | .

—_— |
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Figure 3.8 Doubly Linked List
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3.5 Operations on Linked Lists

There are anumber of operations on linked lists that are useful. These operations might be assigned to a
class from which different types of linked lists are derived. Some common operations might be

» add_object — to add an object to the linked list

destroy object — to destroy an object of the linked list

find_Object — to find an object in the list

find_member — to search the whole list for a specific member

find_last-member — finds the last object in the list which matches the specific member

A number operations including sorting might also be defined for the linked list.
3.5.1 A Linked List Example

This section presents a complete example in C++ which demonstrates the use of linked lists to search for
the solution to a particular coffee-house game. The purpose of the game isto eliminate as many pegs as
possible on atriangular board by jumping individual pegs. The board used for this example consists of
ten slots and nine pegs. The board is numbered and initialized as shown in Figure 3.9. Initially, the nine
pegs occupy slots one through nine and slot zero is unoccupied. A peg may jump an adjacent peg
(horizontally, or diagonally) into an unoccupied slot. The peg that is jumped is removed from the board.
Thisis similar to capturing a piece by jumping in the game of checkers.

A valid move sequence produced by the program in Code List 3.19 isillustrated in Figure 3.9. The first
move in the gameis for peg number five to jump over peg number two landing in the empty slot zero.
Peg number two is removed from the board and the game continues. The next move isto move peg
number seven, jumping over peg number four, and landing in the unoccupied slot two. Peg number four
is then removed from the board. The game continuesin asimilar fashion until there are no more possible
moves. At the end of the game in Figure 3.9 three pieces remain on the board: piece number five, piece
number six, and piece number eight.
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The output of the program is shown in Code List 3.20. The output presents an X if thereisapeg
remaining at a specific position and a0 if thereis no peg. As seen in the output file at the stage the search
is printed out there are three pegs left for each combination. The output is the exhaustive list of all
combinations which result in three pegs remaining after six moves. In all cases there are no more
additional valid moves. The paths are printed for each solution. Multiple paths give rise to the same final
peg distribution for instance

[(5.0),(7.2).(0.5).(9,7).(6.8),(1,6)]
and

[(5.0).(7,2),(9,7),(6,8),(1,6), (0,5)]
both result in 00000X X0XO.

One of the problems with the program is the massive amount of data required to store al valid paths
which lead to afixed peg configuration. Consider the problem of expanding the game to the “real” coffee
house game which really consists of 14 pegs initialy placed on atriangle. If the program is modified to
support the new triangle then it requires too much memory to run on most workstations. As aresult if the
desired problem isto find one path that is optimal a different approach described in the next section must
be taken.
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Figure 3.9 A Particular Game Sequence

3.5.1.1 Bounding a Search Space

In order to minimize the arbitrary expansion of paths for the coffee house game of size 15 the program
can be modified to remove any entriesin the linked list which duplicate a configuration obtainable via
another path. If this approach is taken then only one path will be saved at each point in the iteration for a
given intermediate position. Thiswill bound the search space at each iteration and will result in a
workable solution. Using a rather unsophisticated argument it is easy to see that the amount of memory is
reduced significantly and is realistically bounded. Since each position is represented as a sequence of 15
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0'sand X’ s the maximum number of positions under consideration at any time is 215. For each position
only one path is stored instead of the myriad of paths which result in the same position. This approach is
used in Problem 3.6 to find a solution for the coffee house game.

Code List 3.19 Source Code for Game Simulation
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Code List 3.20 Output of Program in Code List 3.19
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3.6 Linear Search
A linear search is a search which proceedsin alinear fashion through alist.

The C++ code to perform alinear search on stringsis shown in Code List 3.21. The output of the
program is shown in Code List 3.22

Code List 3.21 Linear Search Code for Strings
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Code List 3.22 Output of Program in Code List 3.21
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3.7 Binary Search

The binary search is used in a sorted array to search for an element. The search consists of comparing
against the middle of the list and proceeding to search the higher or lower sublist in arecursive fashion.

A binary search is shown in C++ in Code List 3.23. The output is shown in Code List 3.24. A binary
search for stringsisillustrated in Code List 3.25. The output of the program is shown in Code List 3.25.

Code List 3.23 Binary Search for Integers

Ty T Ll
il <l
il =L
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CodeList 3.24 Output of Program in Code List 3.23

C++ Output

B0 is in list

B1is not in list
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3.8 QuickSort

The quick sort algorithm is asimple yet quick algorithm to sort alist. The algorithm is comprised of a
number of stages. At each stage akey is chosen.

Code List 3.25 Binary Search for Strings

r
e

The algorithm starts at the left of the list until an element is found which is greater than the key. Starting
from the right, an element is searched for which is less than the key. When both the elements are found
they are exchanged. After anumber of iterationsthe list will be divided into two lists. One list will have
all its elements less than or equal to the key and the other list will have all its elements greater than or
equal to the key. The two lists created are then each sorted by the same algorithm.

Code List 3.26 Output of Program in Code List 3.25
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Theinternal details of a quicksort algorithm are shown in the C++ program in Code List 3.27. The output
of the program is shown in Code List 3.28.

A number of different approaches can be used to determine the key. The quicksort algorithm in this
section uses the median of three approach. In this approach akey is chosen for each search segment.

The key is given as the median of three on the bounds of the segment. For instance, in Code List 3.28,
theinitial segment to sort contains 18 elements, indexed 0-17. Thefirst key is determined by the
calculation

key = [.r{l]]+.r|3]+1[l?]]J
' ; (3.1)
=l{3ﬂ1+4355+12}J=IEJ = 255
3

After the comparisons two lists are formed. In this case the lists are 0-8 and 9-17. Every element in the
first list will be less than or equal to the key 255 and everything in the second list will be greater than or
equal to 255. The two new lists can be sorted in parallel. This exampleis sequential code so that the
second list 9-17 is dealt with first.

The comparisons occurring within the first list isillustrated in Code List 3.29. Two comparisons can be
donein parallel. Starting from the left a search is made for the first element greater than 255. In this case
the first element satisfies that criteria

Starting from the right a search is made for the first element that is less than 255. In thiscase it is the last
element. At this point the two elements are exchanged in the list which resultsin the second list in Code
List 3.29. Continuing in this manner proceeding from the left the next element in the list is searched for
which is greater than 255. In this case it isthe third element in the list, 415. Proceeding from the right the
first element less than 255 found is 100. Again, 100 and 415 are exchanged resulting in the third list.
Eventually the two left and right pointers overlap indicating that the list has been successfully sorted
about the key.

C++ also provides a quicksort operator which performs the median of three sort. Thisisillustrated for
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stringsisillustrated in Code List 3.34. The output of the program is shown in Code List 3.35 A quicksort
C++ program for doublesis shown in Code List 3.30 The output is shown in Code List 3.31. A quicksort
program for integersis shown in Code List 3.32. The output is shown in Code List 3.33.

Code List 3.27 QuickSort C++ Program

e
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CodeList 3.31 Output for Program in Code List 3.30
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C++ Output
12

25.5

C++ Output
29

37

37

41.1

45

Code List 3.32 QuickSort Program for Integers

Code List 3.33 Output for Program in Code List 3.32

C++ Output
4

7

14
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I C++ Output

23

26
34

43

Code List 3.34 QuickSort Program

Code List 3.35 Output of Program in Code List 3.34

C++ Output
Gaede

Jones
Nichols
Wells

3.9 Binary Trees
A binary tree is a common data structure used in algorithms. A typical class supporting abinary treeis

cl ass tree

{
publ i c:

i nt key;
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tree * left;
tree * right;
}

A binary treeisbalanced if for every node in the tree the height of the left and right subtrees are within
one.

3.9.1 Traversing the Tree

There are anumber of algorithmsfor traversing a binary tree given a pointer to the root of the tree. The
most common strategies are preorder, inorder, and postorder. The preorder strategy visits the root prior
to visiting the left and right subtrees. The inorder strategy visits the left subtree, the root, and the right
subtree. The postorder strategy visits the left subtree, the right subtree, followed by the root. These
strategies are recursively invoked.

3.10 Hashing

Hashing is atechnique in searching which is commonly used by a compiler to keep track of variable
names, however, there are many other useful applications which use this approach. Theideaisto usea
hash function, h (E) , on elements, E , to assist in locating an element. For instance a dictionary might be
defined using an array of twenty six pointers, D [26] . Each pointer pointsto alinked list of datafor the
specific letter of the alphabet. The hashing function on the string simply returns the number of the letter
of the alphabet minus one of the first characters in the string:

h{ace) = 0 h(zebra) = 25 (3.2)
There are two major operations which need to be supported for the hash table created:

e search for an element
e search for an element and insert the element if not found
e indicateif the hash table isfull

The idea of hashing isto simplify the search process so the hashing function should be ssmple to
calculate. Additionally, there should be a simple way to locate the data, referred to as resolving
collisions, once the hash function is evaluated.

3.11 Simulated Annealing

The ssmulated annealing algorithm isillustrated in Figure 3.10. The goal of simulated annealing isto
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attempt to find an optimum to alarge-scale problem which typically cannot be found by conventional
means. The solution is sought by iterating and evaluating a cost at each stage. The algorithm maintains a
concept of atemperature. When the temperature is high the algorithm will be likely to accept a higher
cost solution. When the temperature is very low the algorithm will almost always only accept solutions
of lower cost. The temperature begins high and is cooled until an equilibrium is reached. By allowing the
initial temperature to be high the algorithm will be allowed to “climb hills’ to seek a global optimum.
Without thisfeature it is possible to be trapped in alocal minimum. Thisisillustrated in Figure 3.12. By
allowing the function to move to a higher value it is able to climb over the hill and find the global
minimum.

Simulated annealing is applied to the square packing problem described in the next section. This
illustrates the difficulty and complexity of searching in general problems.

Previous | Table of Contents Next
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3.11.1 The Square Packing Problem
The square packing problem is as follows:

Given a list of squares (integer sides) determine the smallest square which includes the list of
squares in a nonoverlapping manner.

A given instance for the square packing problem is shown in Figure 3.11. For thisfigure the list of
squares provided have sides

1,1,1,1,1,2,3,3,3,3,6

An optimal solution as shown in the figure packs the squares into a 9x9 square. A C++ source program
implementing the simulated annealing algorithm for the square packing problem is shown in Code List
3.36. The output of the program is shown in Code List 3.37.

3.11.1.1 Program Description

This section describes the program. The description begins with the start of the file and proceeds
forward.

The program includes a number of files to support the functions in the program. Of importance hereis
the inclusion of <sys/time.h>. Thisis machine dependent. This program may have to be modified to run
on different platforms. At issue is the conformance to drand48() and associated functions as well asthe
time structure format.

The function drand48() returns a double random number satisfying

0<drandd8 <1 (3.3)

srand48() is used to seed the random number generator. The defined constants are shown in Table 3.1.
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Constant
NO SQUARES
SQUARE-SIZE-LIMIT

INITIAL_TEMPERATURE
R

NO_ITERATIONS

NO_STEPS

PLUS

TIMES

TEST

Table 3.1Program Constants

Meaning

The number of squaresin the problem

The maximum size of the square. The squares that are
generated will have sidesfrom 1 to SQUARE_SIZE LIMIT.

Thisisused when theinitial linked list is generated with
random square sides.

Theinitial temperature in the simulated annealing process.

The temperature cooling ratio. The temperature is cooled by
this factor each time NO_STEPS have been performed.

The number of timesto cool. Thisisthe number of timesthe
temperature is reduced by afactor of R.

Thisisthe number of stepsin the algorithm to perform at the
fixed temperature.

Thisisthe representation for the PLUS operator which is
used to represent when blocks are placed on top of each
other.

Thisisthe representation for the TIMES operator which is
used to represent when blocks are placed next to each other.

When this is defined the test data, for which the optimal
solution is known, is used.

The representation used in the program for placing the squaresis a stacked base approach. Squares
placed on top of each other are noted with a+. Squares placed next to each other are noted with a*.

The notation 1 2 * means square 2 to the right of 1. The notation 1 2 + means square 1 on top of 2. The
notation is unraveled in a stack base manner so to evaluate the meaningof 012 3*4 +* + you push
each of the elements on the stack and when you encounter an operation you remove two elements from
the stack and replace it with the modified element. The array resultsin the operation in Table 3.2:

Table 3.2Interpreting Representation

Representation Meaning

0123*4+* + Original Array

0154+* + Block 5 created which is composed of block 2 next to 3
016* + Block 6 created which is composed of block 5 on top of 4
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07 + Block 7 created which is block 1 next to 6
8 Block 8 created which is block 0 on top of 7

A possible notation, for instance, for Figure 3.11, is

o122 +|* |5 |+ 6 + 8,9 *|10|* |+ /|34 * |7 |+ |*

Thiswould represent the square packed into the 9x9 sgquare. Notice that each of the blocks above contain
anumber or an operation. The program elects to define the + operation as the number NO_SQUARES
and the TIMES operation asthe NO_SQUARES+1. As aresult the valid representations will be the
numbers 0-12.

Two stacks are defined in the program, one to store the current x width of abox and the current y width.
Thisis needed because when you combine sguares of different sizes you end up with arectangle. If you
combine a 1x1 with a2x2 you will end up with a 3x2 or a 2x3.

Thetest dataisinitially stored as

Previous | Table of Contents | Next
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The program starts with the array and perturbs it by replacing it with a neighboring array and evaluating
the cost of the string. The calculate cost() function calculates the cost of agiven array.

To calculate a neighboring array the algorithm selects a random strategy. Thisis arequired aspect to
simulated annealing. The neighboring strategy must be random. The strategy is described in Table 3.3.

Table 3.3Neighbor Solution Strategy

Operation Description
A op_to_op_A() Swap an operation with an element. For instance replace 10 +
with + 10.
op_A to A op() Swap an operation with an element. For instance replace + 10
with 10 +.
AB to BA Exchange two elements. For instancereplace45+to 54 +.
switch_op() switch two operators in the sequence. For instance replace 4
5* +with45+*,
ABC _op_to AB op_C() replace a sequence of three elements followed by an

operation to two elements followed by the operation followed
by the last element. For instance replace24 35 + 6 with 24
3+56.

Noticethisissimilar to A_op_to_op A().

There are certain representations which are not valid that are handled by the program. For instance
34*5+
cannot be replaced with

3*45+
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because you need two elements for each operation you run into. In general at any point in the array the
number of elements to that point must exceed the number of operations to that point by 1. The program
ensures that only valid perturbations are considered.

The output of the program is shown in Code List 3.37. The program found an optimal solution. Since the
program is arandom program it may not find the optimal solution each time. The program also doesn’t
output the square number but rather the size of the size. This increases the readability of the solution. The
solution to the problem is not unique.

Code List 3.36 Simulated Annealing
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Code List 3.37 Output of Program in Code LIST 3.36

Figure 3.12 Hill Climbing Analogy

3.12 Problems

(3.1) [Pointers, Dynamic Memory Allocation] Write a C++ program to invert a 30 matrix with
floating point elements. Y our program should only declare triple pointersin main(). Every
declaration in main() must be of the form: type* * * variable. This also applies to any loop
variables needed. No other variables outside of main() should be declared (you can use classes
outside of main()). Any memory allocated with new should be removed with delete. Input the
matrix using the cin operator and output the results using the cout operator. If the matrix is not
invertible you should print “Matrix not Invertible”.

(3.2) [Dynamic Memory Allocation, FIFO] Write a C++ program to implement a FIFO stack
which allocates space dynamically. The size of the stack should increase dynamically (via new)
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with each push operation and decrease (via delete) with each pop operation. Support an operation
to print the data presently on the stack.

(3.3) [Linked Lists] Write a C++ program to maintain alinked lists of strings. The program
should support an operation to count the number of entriesin the linked list which match a
specific string.

(3.4) [Linked Lists, Sorting] Write an operation for the program in Problem 3.3 which will sort
the linked list in alphabetical order.

(3.5) [Linked Lists] Write agenera linked list C++ program which supports operations to

» Combinetwo lists
» Copy alist.
o Split alist at a specific location into two lists

Make sure you handle all the special cases associated with the start and end of alist.

(3.6) [Bounding] Modify the coffee house game program to find a solution where the triangle
dimension is 15. The program should use a bounding technique which results in unique
intermediate peg locations at each iteration.

(3.7) [Merging Sorted Linked Lists] Write a C++ program to merge two separate sorted lists into
one sorted list. Calculate the order of your algorithm in terms of the size of the input list, n.

(3.8) [Binary Trees| Write a C++ program which is passed a pointer to a binary tree and prints
out the keys traversed via preorder, postorder and inorder strategies. Assume your tree classis
defined as

class tree

{

public:

i nt key;

tree * |eft;
tree * right;

}

(3.9) [Balanced Trees|] Write a C++ program which inserts an element anywhere into a balanced
tree and results in atree structure which is still balanced. Assume your tree classisthe one
defined in Problem 3.8.

(3.10) [Balanced Trees] Write a C++ program which deletes an element with a specific key from
a balanced tree and results in atree structure which is still balanced. Assume your tree classisthe
one defined in Problem 3.8.

(3.11) [Balanced Trees] Write a C++ program which maintains a sorted key list in a balanced
binary tree. Y ou should Support insertion and deletion of elementsin the tree. For this problem
the definition of sorted means that at each node in the tree every element in the left subtreeisless
than or equal to the root key of the subtree and every element in the right subtree is greater than or
equal to the root key of the subtree. After insertions and del etions the tree should be balanced.
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Assume your tree classis the one defined in Problem 3.8.

(3.12) [Order] Calculate the number of operationsin terms of the size of the tree for the
performance of the algorithm in Problem 3.10.

(3.13) [Hashing — Difficult] Consider alinked list structure which supports the concept of an
element with a number of friends:

cl ass el ement

{

publ i c:

char data[ 100];
el enent * f1;
el enent * f2;
el enent * f3;

}

Consider a number of strings, say 2000, to be placed in classes of this nature. Develop a hashing
algorithm which will use the fact that an element has three friends to determine the location of the
string given only a pointer to aroot element. Support the hashing functions to search and insert
strings into the table. Try to characterize your data which would make your hashing algorithm
optimal.

(3.14) [QuickSort] Investigate different key selection strategies for the quicksort algorithm. Test
out at least five different strategies and use large lists of random data as your performance
benchmark. Compare each strategy and rate the strategies in terms of their performance.

(3.15) [Smulated Annealing] Modify Code List 3.36 to use ssimulated annealing to pack a
number of rectangles into arectangle with smallest area. Support the option to pack rectangles
Into a square with smallest area.
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Chapter 4
Algorithms for Computer Arithmetic

4.1 2's Complement Addition

This section presents the principles of addition, multiplication and division for fixed point 2's
complement numbers. Examples are provided for a selection of important fixed point algorithms.

Two's complement addition generates the sum, S for the addition of two n-bit numbers A and B with

r‘!:ﬂ"_l -y
B=0b,_,..b
S=35_,...5

A C++ program simulating 8-bit two’s complement addition is shown in Code List 4.1. The output of the
program is shown in Code List 4.2

CodeList 4.1 2’s Complement Addition
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The programs do not check for overflow but simply simulate the additon as performed by hardware.
4.1.1 Full and Half Adder

In order to develop some fast algorithms for multiplication and addition it is necessary to analyze the
process of addition and multiplication at the bit level. Full and half adders are bit-level building blocks
that are used to perform addition.

A half adder is a module which inputs two signals, a and b;, and generates a sum, s, and a carry-out c;. A
half adder does not support a carry-in. The outputs are asin Table 4.1.

Table4.1Half Adder Truth Table

Input Output
a; b; S G
0 0 0 0
0 1 1 0
1 0 1 0
1 1 0 1
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A full adder has a carry-in input, c¢,. A full adder isshown in Table 4.2.

Table 4.2Full Adder Truth Table

| nput Output

a; b; Ci1 S Gi
0 0 0 0 0
0 0 1 1 0
0 1 0 1 0
0 1 1 0 1
1 0 0 1 0
1 0 1 0 1
1 1 0 0 1
1 1 1 1 1

The full adder and half adder modules are shown in Figure 4.1. The boolean equation for the output of
the full adder is

s; = abc,_+abc, +abgc, +abg,_, (4.3)
¢, = apgc, t‘abe, tabce, tabe. (4.2)
The boolean equation for the output of the half adder is
s;=ab+ab, =a @b, (4.3)
where [ denotes the exclusive-or operation.
c; = ab, (4.4)

The output delay of each module can be expressed in terms of the gate delay, A, of the technology used
to implement the boolean expression. The sum, s, for the full adder can be implemented asin Eq. 4.1
using four 3-input NAND gates in parallel followed by a 4-input NAND gate. The gate delay of a k-input
NAND gateisA so the sumiscalculated in 2A. Thisisillustrated in Figure 4.2. For the half-adder the

sum is calculated within | A and the carry is generated within I A.The Output Delay for the Half Adder is
shownin Figure 4.2.
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Figure4.1 Full and Half Adder Modules

4.1.2 Ripple Carry Addition

2's complement addition of n-bit numbers can be performed by cascading Full Adder modules and a Half
Adder module together as shown with a 4-bit example in Figure 4.3. The carry-out of each moduleis
passed to the carry-in of the subsequent module. The output delay for an n-bit ripple-carry adder using a
Half Adder module in thefirst stageis

Output Delay = (Zn—-1)A
For many applications this delay is unacceptable and can be improved dramatically.

A C++ program to perform ripple carry addition is shown in Code List 4.3. The output of the programis
shown in Code List 4.4. The program demonstrates the addition of 1 + (-1). As can be seen in the output
the carry ripples through the result at each simulation until it has passed over N hits.

Figure 4.2 Output Delay Calculation for a Full Adder

Cy

"  k -
11 | 1 |

|.I_L |_'_L] ..1_']. A F
_l.

S B

Figure 4.3 2's Complement 4-Bit Adder

Figure 4.4 Output Delay Calculation for a Half Adder

Code List 4.3 Ripple Carry Addition
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Code List 4.4 Output of Program in Code List 4.3
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4.1.2.1 Overflow

The addition of two numbers may result in an overflow. There are four cases for the generation of
overflow in 2's complement addition:

Positive Number + Positive Number (result may be too large)
Positive Number + Negative Number

Negative Number + Positive Number

Negative Number + Negative Number (result may be too negative)

Overflow is not possible when adding numbers with opposite signs. Overflow occursif two operands are
positive and the sum is negative or two operands are negative and the sum is positive. Thisresultsin the
boolean expression

+a b .5 {4.5)

A=1"nr=1"r-1

Overflow = a_ b .%

=1¥r=1"R=1
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The calculation of overflow for ripple-carry addition can be simplified by analyzing the carry-in and
carry-out to the final stage of the addition. Thisis demonstrated in Table 4.3. An overflow occurs when

Table 4.3Carry Analysis for Overflow Detection

8.1 b4 Sh-1 Ch-1 Ch-2 Overflow
0 0 0 0 0 0
0 0 1 0 1 1
1 1 0 1 0 1
1 1 1 1 1 0
Ciog B (4.6)

which results in the boolean expression
Overflow=—c,_,®c,_, (4.7)
4.1.3 Carry Lookahead Addition

In order to improve on the performance of the ripple-carry adder the carry-in to each stageis predicted in
advance rather than waiting for the carry-in to propagate from the previous stages. The carry-out of each
stage can be simplified from Eq. 4.2 to

¢, =ab +ac,_ +bg,_, (4.8)
or
(4.9)

¢, = ab + (a,+ byec;_q
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which is written as

with

p,=a;+b,

Theinterpretation of Eq. 4.10 isthat at stage i acarry may be generated by the stage, (g, = 1) , or acarry
may be propagated from a previous stage, (p, = 1). When g; = 1 stage i will aways have a carry-out
regardless of the carry-in. When g; = 0 stage i will have a carry when the carry-inis 1 and p; = 1, thusit is
said to have propagated the carry. The time required to produce the generate, g;, and the propagate, p;, is
1A. For the afour-bit adder asin Figure 4.3 one has

o = &0 (4.11)
¢, = & tpc, (4.12)
Cy = 83FP¢) = 8, T P,8,+P,P 8 (4.13)
€3 = 834 P3C; = B+ P8y P3P28 +P3PoP, 8, (4.14)

Theinterpretation of Eq. 4.14 isthat a carry-out will occur from stage 3 of the 4-bit adder if itis

generated in stage 3

generated in stage 2 and propagated through stage 3

generated in stage 1 and propagated through stage 2 and stage 3

generated in stage 0 and propagated through stage 1 and stage 2 and stage 3

The carry of the final stage, c3, can be generated in 2A as shown in Figure 4.5. Similarly, the other
carries can be calculated in 2A or less.

Once the carries are known the sum can be generated within 2A. Thus for the four bit adder the sum can
be generated in atotal of 5A with

» 1A to calculate the generates and propagates
» 2/ to calculate the carries
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e 2A to calculate the sums

Figure 4.5 Delay Calculation

Using ripple-carry the four bit adder would require 7A to form the result. With the CLA adder the carries
are thus generated by separate hardware. Asis common, speed is thus achieved at the cost of additional
hardware. The 4-bit CLA adder module is shown in Figure 4.3.

The CLA approach can be extended to n-bits yielding the following equation for the carry bits

c, = le';['l'l p,,]g,. (4.15)

-;+]

with the product term evaluating to one when the indices are inconsistent. The calculation of the carries
in Eq. 4.15 can be accomplished in 2A once the generates and propagates are known; however, thereisa
hardware requirement to be met. For each carry of the stage the implementation in 2A requires that the
gates have afan-in (number of inputs, to the gate) of i + 1. For an n-bit CLA adder realized in this
manner a gate with afan-in of nisrequired. This can be seen in Figure 4.5 where for a4-bit CLA adder
the carry inputs are calculated using a 4-input NAND gate. While thisis practical for a4-bit adder it is
not practical for a64-bit adder. As aresult of this an inductive approach is needed to limit the fan-in
requirements of the gates to implement the circuit. The timing of the 4-bit CLA adder module is shown
in Figure 4.7.

TS

[ T T e

Figure4.6 2's Complement 4-Bit CLA Adder Module

When an inductive approach is taken the module shown in Figure 4.3 will need to input a carry in to the
lowest stage. As aresult the basic building block will be as shown in Figure 4.3. The module will be
depicted as shown in Figure 4.8. The module serves as a basic building block for a 16-bit CLA adder as
shown in Figure 4. 10. For this case there are four groups of CLA-4 building blocks. The carry lookahead
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hardware module CLM (15 - 0) provides the carry input to each of the groups. Thiscarry is predicted in
an analogous fashion to before. Group O will generate a carry if it is generated by one of the four
individual full adders within the group. One can define group generate, gg,, as

B8p = ByF P18, T PP18 | T PP By (4.16)

Figure4.7 4-Bit CLA Adder Module Timing

ek By o e B By
[
s e L]

'
= |
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.

Figure 4.8 2's Complement 4-Bit Modul e Representation

Figure4.9 2's Complement 4-Bit CLA Adder Module

and group propagate, gpo, as

8Py = PaP2P 1Py (8.17)
Similarly,
88, = 877 P85 T P1Ps8s T P7PePs84 (4.18)
8P, = P:PePsP, (4.19)
88 = 81t Pt P1iP1o8s + P11P1oPe8% (4.20)
883 = 815 TP 158141 P1sP 14813+ P1sP1aP 13812 (4.21)
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EPy = P1sP14P13P 12 (4.22)

Figr;JreI4.16 1I6I3—Bit CLA Adder with Group Lookahead
From these equations one can derive the group carries as gc,, the carry out of group O,
8Cy = 88p» (4.23)
gc,, the carry out of group 1,
8¢, = 88, *+8P,88¢> (4.24)
gc,, the carry out of group 2,
8¢, = g8, tBP,88, T 8P,8P 88, (4.25)
gcs, the carry out of group 3,

8Cy = B8, Y 8P 88, T EP,8P, 88, EP,8P,8P 8Py (4.26)

The group carries become the carry-in to each of the CLA-4 modules. Each CLA-4 module can calculate
theindividual carries within 2A after the group carries are known.

CodelList 4.5 CLA Addition

-
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Code List 4.6 Output of Program in Code List 4.5
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4.2 A Simple Hardware Simulator in C++

This section starts the implementation of a simple hardware ssmulator in C++. The simulator will be used
to simulate the hardware required to implement the algorithms in the previous sections.

Previous | Table of Contents |Next
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A simple boolean logic ssmulator is shown in Code List 4.7. The output of the program is shown in Code
List 4.8. The program simulates the interconnection of gates and is used to demonstrate the behavior of a
clocked D flip-flop.

The program simulates the behavior of the circuit by calculating new values in the ssmulation in terms of
the old values. The old values are then updated and the processis performed again. The process
continues until the new and old values are identical or until aterminal count has been reached. For this
program aterminal count of 50 is used but it is never reached in this example.

The circuit that isimplemented is shown in Figure 4.11. The program allows each net to have one of
threevalues: 0, 1, or 2. The values are as follows:

* 0: Logica O
e 1. Logica 1
2. Cannot be determined, printed out as X

All the valuesin the NET structure are initialized to the unknown state 2. Asthe inputs, clock, and data
propagate through the circuit the values are changed as they become determined.

The behavior of each gate is modelled by its associated function within the program. The gates input one
of the three states. The output is determined according to the logical function. Thisisillustrated in Table
4.4 for the 2-input NAND gate for al nine possibilities of the inputs.

Table 4.42-Input NAND behavior.

NAND behavior
X y f(x.y)
0
0 1
X 1
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X| X| X| | | k=
X| =l O X| | O
X| X| | X| O b

The output data is shown in the timing diagram in Figure 4.13. As can be seen in the figure the circuit
behaves as expected. The Q and QBAR outputs remain unknown until the first rising edge of the clock
and at that point the output Q reflects the value of DATA at the clock edge. Only subsequent rising edges
of the clock cause the outputs to change. It isimportant to note that this specific test does not
demonstrate the validity of the device asaD flip-flop. In the absence of atheoretical proof a
considerable amount of additional testing is necessary.

There is another interesting point about the simulation which can cause problemsin circuit design. By

looking at the last clock rise in Code List 4.8 one notes that QBAR makes a zero to one transition one

gate delay quicker than Q making the corresponding one to zero transition. Thisisillustrated in Figure
4.12. Asaresult, it isimportant to let the data stabilize prior to its use.

Figure4.11 D Flip-Flop Circuit for Simulation

Figure4.12 Transition Timing

4.3 2’s Complement Multiplication

The goal of this section is to investigate algorithms for fast multiplication of two n-bit numbersto form a
product. If two’'s complement notation is used
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Figure4.13 Timing Diagram for Simulation

Code List 4.7 Boolean Logic Simulator
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Code List 4.8 Output of Program in Code List 4.7

Dheeh = @ gap = 0
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ek O i (IR 5
AL R R

Ol =l g = 1
s 0 ey | (i EAM 5
Ceschs, 0 ey | i fFERM 5
ElaEL AR R AR
Dl = 0 Dot = B
Chonlh, 0 Do 00 8 I BAH 5
Chens. O [ogos O]y w fFEAE 5
e
Clafis blhas=i
Chonly, 0 [ | 0 o (HIAH 5

o Duipad
Clock 0D | 13 LBAR 3

Choih o= § Data = i

Clock | Dus | QafiBak s
Chooke | Duw 100 1 JBAR »
Tk | D 160 EBAR ©
.................................
Rk = b [eda =6

Ak | B B0 § QRESE D

|||||||||||
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L kech 08 Chria 501 | CHEAK @

ok [ Chta 53 | CFEAK O
..................................
Lo = | s =

Lok | Do 3 0 | QEAR T

Chock I Dums 3 1 AR 1
Lok 1 Drms 3 OOEAR I

then when multiplying two numbers, A and B,
A=a, .4 _,..4, (4.27)

B=b,_b _,.b, (4.28)

a=1
In order to store the result one needs to cal cul ate the number of bits required to represent the product in

2's complement form. By noting the range of 2's complement from Table 1.4 on page 11 one obtains that
2n bits are required in 2's complement form. The product is formed as

P =Py \Pyp_2---Py (4.29)
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Since 2n bits are stored in the hardware for the product then overflow isnot an issue.

4.3.1 Shift-Add Addition

The shift-add technique is the simple grade school technique for multiplication. In this scenario a partial

product is formed by adding as appropriate repeated shifts of the multiplicand. The core statement in
CodeList4.9is

if(b&0x01) prod+=a; b=b>>1;a*=2;

This statement forms the product by repeatedly evaluating the Isb of the multiplier and if it is set by

adding the shifted multiplicand. At each iteration the multiplier is shifted right to investigate the next bit
and the multiplicand is shifted |eft.

Code List 4.9 Shift Add Technique

=T
P T -
i L

uuuuuuuu

= rm R

s e

]

CodeList 4.10 Output of Code List 4.9
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C++ Qutput
A=40B=5
Prodluct= 200

A= -20B= 57
Product= —-1140

A= 30 B= 40

C++ Output
Product= 12200

A==] B==d
Product= 4

4.3.2 Booth Algorithm

The Booth algorithm is a recoding technique which attempts to recode the multiplier to speedup the
scenario where there are sequences of 1's. As an example consider the multiplication in base 10 of
9999* 7. One can evaluate the result rather quickly by performing (10000-1)* 7=69993. This can be done
without the assistance of a computing device. The algorithm used is to recode the sequence of 9's and
results in an operation which is much ssimpler. The technique can also be applied in binary. Instead of
sequences of 9's however, oneisinterested in sequencesof 1's.

The Booth algorithm isillustrated in Figure 4.14. In the figure the product is formed as the multiplication
of A and B (A=14 and B=6). When the result is done A remains unchanged and the product is formed in
P:B where the : operator indicates register concatenation. Register B no longer containsitsinitial value.
Thisiswritten as

P.B«— AXB (4.30)

The destruction of register B is common because it uses one less register to form the product. The Booth
algorithm considers the lower order bit of register B in conjunction with the added bit which isinitialized
to zero. The bits determine the operation according to Table 4.6.
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An example of booth recoding isillustrated in Table 4.5. In the worst case the Booth algorithm requires
that n operations be performed to compute the product. Thisisillustrated in the last entry in Table 4.5.
As aresult the recoding operation for this operand has not ssmplified the problem. The average number
of operations for a random operand by the algorithm is determined in Problem 4.10. Due to the average
and worst-case complexity of the Booth algorithm a better solution is sought to find the product.

s e )

Figure 4.14 Booth Algorithm

Table 4.5Booth Recoding 8-Bit Example

Original Number Booth Recode
0 0 0 0 0 1 1 1 /0| 0 |0 O 1 0 0 -1
0 0 0 0 1 1 0 O |0 0O |0 0 -1 0 0
0 0 0 1 1 0 1 o |0, 0 |1 O -1 1 -1 0
0 1 0 1 0 1 0 1 1 -1 1| -1 1 -1 1 -1
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Table 4.6Booth Recoding

Bit Pattern |Operation

0 0 |product unchanged

product += a

0 1
1 O |product -=a
1 1

product unchanged

Code List 4.11 Booth Algorithm

[T = = =
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o i L g,

. L =T
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e

4.3.3 Bit-Pair Recoding
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The Bit-Pair recoding technigue is a technique which recodes the bits by considering three bits at atime.
This technique will require n/2 additions or subtractions to compute the product. The recoding is
illustrated in Table 4.7. The bits after recoding are looked at two at a time and the respective operations
are performed. The higher order bit is weighted twice as much as the lower order bit. The C++ program
to perform bit-pair recoding isillustrated in Code List 4.13. The output is shown in Code List 4.14.

The bit pair recoding algorithm is shown in Figure 4.14. The algorithm is analogous to the Booth
recoding except that it investigates three bits at a time while the Booth algorithm looks at two bits at a
time. The bit-pair recoding algorithm needs to have accessto A, -A, 2A, and -2A and as aresult needs
another additional 1-bit register to the left of P which isinitialized to zero.

Table 4.7Bit-Pair Recoding
Bit
Pattern Operation
no operation
1xa prod = prod + a;
2xa-a prod = prod + a
2xa prod = prod + 2a

-2Xa
-2xa+ a
-1xa

prod = prod - 2a

prod = prod - a

prod = prod - a

P P P O O O O
b O O Fr +» O O
- O O PFr O Fr O

no operation

o oo Ml occo oo Yo
ot ] CEFEEET
i =ie1] [eredge] [o]
(] == CEH=3) [+
[TTTTMCNL ML)
[t )

Figure 4.15 Bit Pair Recoding Algorithm

Code List 4.13 Bit-Pair Recoding Program
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Code List 4.14 Output of Program in Code List 4.13

file://IN|//CRC%20Press%20-%20Algorithms%20and...ata%20Structures%20in%20C++/ch04/223-232.html (4 of 5) [6/22/2003 10:12:44 PM]


javascript:displayWindow('images/04-51.jpg',500,824)
javascript:displayWindow('images/04-52.jpg',500,829)
javascript:displayWindow('images/04-53.jpg',500,154)

Algorithms and Data Structures in C++:Algorithms for Computer Arithmetic

C++ Output

A=2B=1
Product = 2

A==20B=57
Product = =1140

A= 30 B=40
Product = 1200

A=—] B=—d4
Produci=4

A=178 B=-178
Product = =3 1684
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4.4 Fixed Point Division

This section presents algorithms for fixed point division. For fixed point division a 2n bit number, the
dividend, is divided by an n bit number, the divisor, to yield an n bit quotient and an n bit remainder.
Overflow can occur in the division process (see Problem 4.7).

4.4.1 Restoring Division

Restoring division is similar to the process of grade school addition. After aligning the bits appropriately
the pseudocode is shown in Table 4.8.

Table 4.8Division PsedudoCode

if divisor < dividend
{
dividend = dividend - divisor
placeal in quotient field
shift dividend over
}

else

{

place a0 in quotient
shift dividend over

}

The pseudocode in Table 4.8 isrepeated until the desired precision is reached. At which point the final
dividend becomes the remainder. When this simple algorithm is executed on a computer in order for it to
test whether divisor < dividend it performs the subtraction
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dividend = dividend — divisor (4.31)

If the result is nonnegative then it placesa 1 in the quotient field. If the result isless than zero then the
subtraction should not have occurred so the computer performs

dividend = dividend +divisor (4.32)

to restore the dividend to the correct result and places a zero in the quotient field. The computer then
shifts the dividend and proceeds. This results in the pseudocode in Table 4.9.

Table 4.9Restoring Division PseudoCode

dividend = dividend - divisor

if dividend >0
{
placealin quotient field
}
else
{

dividend = dividend + divisor
place a0 in the quotient field

}
shift over dividend

Problem 4.3 develops a C++ program to simulate restoring division.
4.4.2 Nonrestoring Division

Nonrestoring division is a technique which avoids the need to restore on each formation of the quotient
bit. In effect, the need to restore is delayed until the final quotient bit is formed. The algorithm avoids
this by noting that if a subtraction occurred that should not have then the next step in the algorithm would
be to restore, then shift, then subtract.

dividend’ = dividend —divisor (4.33)

dividend” = 2% (dividend” + divisor) — divisor (4.34)

so that
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dividend” = 2 xXdividend’' + divisor (4.35)

It can be seen that the (restore, shift,subtract) is equivalent to a (shift,add). Thisis used to avoid the
restore operation and is thus called nonrestoring division. The computer does continuous shift-subtract
operations until the result is negative at which point the next operation becomes a shift-add. If on the
final cycle the result is negative the computer will add the divisor back to restore the dividend (which on
the final cycleisthe remainder).

The program to perform nonrestoring division is shown in Code List 4.15. The output of the programis
shown in Code List 4.16. The program uses a similar register-saving technique to the Booth algorithm.
The program performs the division of a 2n bit number by an n bit number

i (4.36)
B

At the termination of the program the remainder isin R and the quotient isin Q. The program illustrates
the division of 37/14 which yields 2 with aremainder of 9.

The program demonstrates a number of featuresin C++. The program introduces a class called number
which defines the operations for the data. The class includes data and functions:

» number: thisisthe constructor function for the class which is called when a variable of type
number is created

» get value: the get_value function is used to return bit number x of the number. Thisis used to
access the private data of the class which is hidden from the user.

o shift_left: the shift_left function is used to perform alogical left shift on the data. This operation
Is used extensively in the nonrestoring division algorithm.

 print_value: the function print_value is used to print the number and accepts a character string
to be printed before prior to the value.

» ones_complement: the ones_complement function performs the ones_complement which is used
to calculate the negative of a number in the addition process.

 operator>=: this overloads the greater than or equal operator in the program. When comparing
two objects of type number thisfunction is called.

 operator<: this operator overloads the less than operator when comparing objects of type
number.

 operator+: this operator overloads the plus operator when comparing objects of type number.
 operator-: this operator overloads the minus operator when comparing objects of type number.

The + operator is defined first and is used in subsequent definitions of other overloaded operators. The +
operator performs aripple-carry (see Section 4.1.2) addition of the two numbers passed and returns the
result as a number.
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Rather than calculate the algorithm for the - operator it uses the newly overloaded + operator to calculate
the subtraction by noting that x-y = x + (-y) .

The >= operator uses the newly formed - operator to return the differencein x and y as a number and

accesses the most significant bit (the sign) of it to seeif the difference isless than zero. It returns avalue
according to the test.

The < operator performsin asimilar fashion.

The left_shift_add function introduces a feature of C++ not present in C. The first parameter in the
function argument list is declared as number& B. Asaresult B is passed to the function as a pointer and
Is automatically dereferenced on use. See Section 3.1 for amore detailed description of pointersin C++.

Code List 4.15 Nonrestoring Division

EEREC

B s e = ol e

file://IN|//CRC%20Press%20-%20Algorithms%20and...ata%20Structures%20in%20C++/ch04/232-240.html (4 of 6) [6/22/2003 10:12:45 PM]


javascript:displayWindow('images/04-55.jpg',500,697)
javascript:displayWindow('images/04-56.jpg',490,940)

Algorithms and Data Structures in C++:Algorithms for Computer Arithmetic

e i
=
i i,
T .
T e e
-
=11

L

A A . R e B Y

e -l m. e

s e, L
1

PR AL -

1

TR S P pp—" g i—
1

e i i

1 e rmby b 1

1

i e N ] s e
i

S TE S T TS R p—"
1

i

=< e ™t

o

vrm

i e

e BB ki B T il Wil

b e
Lol o™ §
e R
(R
L A

i

o e o e B s

iyt 2
v 1
T T

[
i
S i by BB s
A

i i s
i T b ot

(PRt E P
G ke

Code List 4.16 Output of Program in Code List 4.15
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4.4.3 Shifting over 1's and 0’s

If the divisor is normalized so that it begins with a 1 then the technique of the previous sections can be
improved to skip over 1'sand O0's. Shifting over 0'sis simple to see. If 0.000010101 is divided by
0.10111 It iseasy to see that the first four quotient bits are zero. So rather than performing the
subtraction, the dividend is renormalized each time a string of zero’sis encountered. Similarly, if after
each subtraction the result isastring of 1's, then the 1’ s can be skipped over placing 1'sin the quotient
bit. Thistechniqueis derived in Problem 4.5.

4.4.4 Newton’s Method

In Newton’s method the quotient to be formed is the product A (1 / B). For thiscase, once 1/ Bis
determined a single multiplication cycle generates the desired result. Newton’s method yields the
iteration

fix)
X1 =%~ 3 - (4.37)
F(x;)
which for the function
I
f(x) = -=B (4.38)
X
gives
Xi.q=xAZ—-Bx) (4.39)

i+ 1 :

Under suitable well known conditions x, will converge to the inverse. Hence using Newton’s algorithm

the process of division is achieved via addition and multiplication operations. The C++ source code
illustrating this technique is shown in Code List 4.17. The output of the program is shown in Code List
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4.18.

Code List 4.17 Floating Point Division
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Code List 4.18 Output of Program in Code List 4.17
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4.5 Residue Number System

4.5.1 Representation in the Residue Number System

The residue number systems is a system which uses an alternate way to represent numbers. For integers,
in 2's complement notation, the representation for a number was

AE”n_:“u-z-”ﬂ[} (4.40)
with avalue of
[
k -1
A=Y a2 |-a,_2 ae {0,1} (4.41)
k=0

For this case, anumber A is represented with n binary bits. The value isrelatively easy to calculate via
Eq. 4.41. A natural problem occurred with this representation for the process of addition. When nislarge
the calculation of the carry-in to each stage is the dominating factor with regard to the performance of the
addition operation as noted in Section 4.1.2. Using methodologies in number theory, an alternate
representation can be used which reduces the problems of with regard to the carry-in calculation.

The residue number system uses a set of relatively prime numbers:
M= {mym,...m _} (4.42)
and represents a number A with respect to these moduli by the n-tuple:
A= [Amﬂdmﬂ.ﬂmndm].....Amn{lm”_l} (4.43)
A= {Hwﬂl""’ﬂn—l] (4.44)

Two numbers are relatively primeif their greatest common divisor is one. Using the standard notation
with
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|: X, }1] (4.45)

to denote the greatest common divisor of x and y. The requirement on the set M is that each of the
members be pairwise relatively prime:

(m, mj} = ] 0<ijsn-1 (4.46)
For example, a representation with the moduli
M= 1235711} (4.47)
the number 12 is represented as
(0,0,2,51) =12 (4.48)
and 14 isrepresented as
0,2,4,0,3) = 14 (4.49)

The addition of 12 and 14 can be accomplished by adding the vector representation and performing the
modulus operation:

(0,0,2,5.1) + (0,2,4,0,3) = ((0+0)mod2, (0+2)mod3,...)
= (0,2, 1,5,4)

(4.50)

Notice that the result is the same obtained when representing 26 in the notation.
The Range of the Residue Number Systems

The residue number system can represent N distinct numbers with

n=1

N = Hmf (a.51)
=0

For example, the moduli in Eq. 4.47,

N=2x3x5xTx11 = 2310 (4.52)
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The result stated in Eq. 4.51 is established in Problem 4.15.
4.5.2 Data Conversion — Calculating the Value of a Number
This section derives a method for calculating the value of a number given only its representation in terms

of the moduli. It is necessary to introduce some quantities in number theory. The Euler totient function, ¢
(n) , isdefined for a number, n, as the number of positive integers satisfying

(n, k) =1 1<k<n (4.53)
For example,
o(1) =1
@(2) =1 (4.54)
P(3) =2

If nisaprime number then
¢o(n) =n-1 (4.55)

defining the weights, w;, as

Pim)
N ]
oot il b (4.56)
mﬂ.
The vector W as
W = (wn, Wi, wn_l} (4.57)
and anumber A, as
A= {aﬂ,al, S B, (4.58)

Thevalue of Aisgiven as
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n=1
value (A) = (W-A)modN = zwﬁmr mod N (4.59)

i=0

Thisresult is established in Problem 4.17. Consider the example in Eq. 4.47. For this case:

N N
W, Sl == =11158 (4.60)
m, 2
Similarly, W becomes
W = (1155, 1540, 1386, 330, 210) (4.61)

To calculate the number 26 from its representation in Eg. 4.50 one has

Value (A) = (1155, 1540, 1386, 330, 210) - (0,2,1,5,4)
= (2-1540+ 1386+ 5-330+4- 210) mod 2310 (4.62)
= 6956mod 2310 = 26

4.5.3 C++ Implementation

A program to simulate the Residue Number System is shown in Code List 4.19. The output of the

program is shown in Code List 4.20.

In the program a class data is declared which has the following data and functions:

 unsigned moduli[ N]: this dataitem is used to hold the representation of each of the moduli.

set: this function is used to set the data’ s value.

value: this function calculates the value of the number from its residue representation.

data: thisis the constructor function for data which is called any time avariable is declared.

print: thisfunction is used to print out the moduli and the value by calling the value function.

 operator+: the + operator has been overloaded to perform the required addition in the residue

number system.

» operator*: the* operator has been overloaded to perform multiplication in the residue number

system.

This program is a natural example for the use of the overloading operators in C++. Since the addition of
the two numbers in the residue systems consists of the respective additions of their moduli it is natural to

replace this operator for addition.
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The output supplies al the moduli and prints out the relatively prime numbers at the top. Notice that the
print function takes in an optional char * to print out a small string. If the string is not supplied it defaults
to an empty string.

CodeList 4.19 Residue Number System
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Code List 4.20 Output of Program in Code List 4.19
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Code List 4.22 Output of Program in Code List 4.21

C+ Output

The value for T is 6
The value for 15 is &
The value for 31 15 30
The value for 32 is 16
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4.6 Problems

(4.1) Modify Code List 4.1 to simulate 16, 32, and 64-bit 2's complement addition. Add a
procedure to detect for overflow and indicate via output when overflow has occurred.

(4.2) Modify CodeList 4.5 to simulate a CLA adder with 3 sections each with 3 groups each with
8 1-bit adders.

(4.3) Write a C++ program to simulate restoring division. Y our program should support n bit
inputs. Use the overload operators to perform addition and subtraction of each of the inputs.
(4.4) Modify the Code List 4.13 to support n bit inputs. Use asimilar register structure asthe
examplein Figure 4.14.

(4.5) First by example, then by proof, demonstrate the technique of shifting over 1'sand 0'sin
non-restoring division.

(4.6) Write a C++ program to simulate modify Code List 4.15 to shift over 1'sand O's.

(4.7) Derivethe conditions for overflow in fixed point division.

(4.8) Add all the common logical functionsto Code List 4.7.

(4.9) Rewrite CodeList 4.7 to simulate aJK Flip-Flop.

(4.10) Calculate the average number of operations required in the Booth algorithm for 2's
complement multiplication. How does this compare to the shift-add technique?

(4.11) Modify Code List 4.7 to ssimulate Carry Lookahead Addition at the gate level for an 8-bit
module.

(4.12) [Moderately Difficult] Modify Code List 4.13 to output, to a PostScript file, the timing
diagram for the circuit which is ssmulated. Make rational assumptions about the desired interface.
Use the program to generate a PostScript file for the timing diagram in Figure 4.12.

(4.13) Graphically illustrate Newton’s method described in Eq. 4.37.

(4.14) Theoretically demonstrate that the gcd function in Code List 4.21 doesin fact return the
greatest common divisor of the inputs x and y.

(4.15) [Uniqueness] Show that if aresidue number system is defined with moduli

M = {m“, m,, ...,m”_]}

and A and B are integers such that
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0<A<N 0<B<N N=l_[mf

and if
a, = b, D<i<N
with
a, = Amodm. b, = Bmodm;,
then

"
I
v~

(4.16) If m and m are integers satisfying

O0<i<m-1

{m!,m‘f} = (m,-1)6..+1
g D<jsm-1

with
ﬁ.. = I" EJ'I = J }
i
4 (), otherwise
and
n=
N = Hmf
i=0
prove that if
@m)
()
w, = | —
.
r
then
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w.mod m; = 8”.

(4.17) Provethat Eq. 4.59 istrue.
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fifo 122
lifo 122

Subgraph 64

Time complexity 38
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crossbar 74
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