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Preface

Reliability and maintenance coupled with quality represent the three ma-
jor columns of today’s modern technology and life. The impact of these
factors on the success and survival of companies and organisations is more
important than ever before. Although these disciplines may be viewed as
non-profitable, experience has shown that neglecting or omitting them can
lead to severe consequences. This is underlined by the dramatically in-
creasing number of callbacks. In fact, over the last fifteen years the num-
ber of callbacks has tripled.

Just recently a huge recall in the toy industry occurred due to lead con-
taminated toys. In the automotive industry callbacks arise regularly for
several varying reasons. Since products are becoming ever more complex
and the available time for development is continuously decreasing, the
necessity for and influence of the three pillars: reliability, maintenance and
quality, will only continue to increase in the future. Considering one clas-
sic example of a complex product, the passenger car, while bearing the
callback statistics in mind, it is not surprising that the attributes “reliabil-
ity” and “quality” are the two most important considerations for customers
buying a new car.

This trend has been observed and confirmed over several years. The in-
creasing demand on reliability methods combined with the importance of
studying and understanding them led me to the decision to compose a book
about reliability and maintenance. Originally, this book was only published
in German, but requests from colleagues and companies all over Europe
and the USA induced me to bring out the English translation as well. This
book considers the basics of reliability and maintenance along with further
improvements and enhancements which were found by extensive research
work. In the following chapters, fundamentals are combined with practical
experiences and exercises, thus allowing the reader to gain a more detailed
overview of these crucial subjects.

The present book could not have originated without the help of the fol-
lowing persons, to whom | wish to express my appreciation. First of all,
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VI  Preface

many thanks to Prof. Gisbert Lechner, who was initiator of the German
edition. |1 am grateful to Mrs. Alicia Schauz und Mr. Karsten Pickard for
the translation from German into English. Through their editorial and or-
ganisational work accompanied by their dedication and commitment they
together enabled and formed this book. I also would like to thank Ms. An-
drea Dieter for editing and overworking the illustrations. My exceptional
thanks goes to Mr. G.J. McNulty for his useful editorial suggestions. Fi-
nally, 1 would like to thank the publishing company Springer for their
helpful and professional cooperation.

Stuttgart, Autumn 2007 Prof. Dr. B. Bertsche
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1 Introduction

,.Itis impossible to avoid all faults*
,,Of cause it remains our task to avoid
faults if possible**

Sir Karl R. Popper

Today, the term reliability is part of our everyday language, especially
when speaking about the functionality of a product. A very reliable prod-
uct is a product that fulfils its function at all times and under all operating
conditions. The technical definition for reliability differs only slightly by
expanding this common definition by probability: reliability is the prob-
ability that a product does not fail under given functional und environ-
mental conditions during a defined period of time (VDI guidelines 4001).
The term probability takes into consideration, that various failure events
can be caused by coincidental, stochastic distributed causes and that the
probability can only be described quantitatively. Thus, reliability includes
the failure behaviour of a product and is therefore an important criterion
for product evaluation. Due to this, evaluating the reliability of a product
goes beyond the pure evaluation of a product’s functional attributes.

According to customers interviewed on the significance of product at-
tributes, reliability ranks in first place as the most significant attribute, see
Figure 1.1. Only costs are sometimes considered to play a more important
role. Reliability, however, remains in first or second place. Because reli-
ability is such an important topic for new products, however it does not
maintain the highest priority in current development.

Reliability iﬂ
Fuel Consumption |
Price
Design |
Standart Equipment
Repair-/Maintanence Costs ]

Resale Value

Assessment Scale
from 1 (very important)
to 4 (unimportant)

Service Network ] 2.1
Delivery Time | ) 2.1

Prestige ] . : : : 25

Good Price by Trade-in [; : : : : 126

0 05 1 15 2 25 3 35 4

Figure 1.1. Car purchase criteria (DAT-Report 2007)

B. Bertsche, Reliability in Automotive and Mechanical Engineering. VDI-Buch,
doi: 10.1007/978-3-540-34282-3_1, © Springer-Verlag Berlin Heidelberg 2008
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2 1 Introduction

Surveys show that customers desire reliable products. How does prod-
uct development reflect this desire in reality? Understandably, companies
protect themselves with statements concerning their product reliability. No
one wants to be confronted with a lack of reliability in their product. Often,
these kinds of statements are kept under strict secrecy. An interesting sta-
tistic can be found at the German Federal Bureau of Motor Vehicles and
Drivers (Kraftfahrt-Bundesamt) in regards to the number of callbacks due
to critical safety defects in the automotive industry: in the last ten years the
amount of callbacks has tripled (55 in 1998 to 167 in 2006), see Figure 1.2.
The related costs have risen by the factor of eight! It is also well known,
that guarantee and warranty costs can be in the range of a company’s profit
(in some cases even higher) and thus make up 8 to 12 percent of their turn-
over. The important triangle in product development of cost, time and
quality is thus no longer in equilibrium. Cost reductions on a product, the
development process and the shortened development time go hand in hand
with reduced reliability.

170
160 167(]
150 i
140 -
130 137 i
120 23] ]
110 e 1 1N
100 5 H H M
90
80
70
60
50 11
40 11
30 11
201

o H A H M H B H B¢

0

Amount of callbacks

1998 1999 2000 2001 2002 2003 2004 2005 2006
Figure 1.2. Development of callbacks in automotive industry

Today’s development of modern products is confronted with rising
functional requirements, higher complexity, integration of hardware, soft-
ware and sensor technology and with reduced product and development
costs. These, along with other influential factors on the reliability, are
shown in Figure 1.3.
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1 Introduction

3

Minimization of
Failure costs
Shorter
Development Time

System / Product

with mechanics / materials,
elektronics, sensors und software
in macro or microtechnology

A

Higher
Complexity
Higher
Functionality

Figure 1.3. Factors which influence reliability

To achieve a high customer’s satisfaction, system reliability must be ex-
amined during the complete product development cycle from the view-
point of the customer, who treats reliability as a major topic. In order to
achieve this, adequate organizational and subject related measures must be
taken. It is advantageous that all departments along the development chain
are integrated, since failures can occur in each development stage. Meth-
odological reliability tools, both quantitative and qualitative, already exist
in abundance and when necessary, can be corrected for a specific situation.
A choice in the methods suitable to the situation along the product life
cycle, to adjust them respectively to one another and to implement them

consequently, see Figure 1.4, is efficacious.

Reduced Increased
Development Costs Increased Product Liabilit
ostomer Requirements

()

S _ -Qualitiy - Field Data - Recycling
= - ABC- Analysis Management| | Collection Potential
S i LR - Design Review - Audit - Early -
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S |d m i ;
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(@4 time S
. . . .\ Field .
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= - Boolean Theory R | -
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Figure 1.4. Reliability methods in the product life cycle
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4 1 Introduction

A number of companies have proven, even nowadays, that it is possible
to achieve very high system reliability by utilizing such methods.

The earlier reliability analyses are applied, the greater the profit. The
well-known “Rule of Ten” shows this quite distinctly, see Figure 1.5. In
looking at the relation between failure costs and product life phase, one
concludes that it is necessary to move away from reaction constraint in
later phases (e.g. callbacks) and to move towards preventive measures
taken in earlier stages.

Failure Preventiob Failure Detection
Chance to Act Need to React

100.00

V7

10.00

O&e—l&/
Design Production Field

Costs per Failure

Figure 1.5. Relation between failure costs and product life phase

The easiest way to determine the reliability of a product is in hindsight,
when failures have already been detected. However, this information is
used for future reliability design planning. As mentioned earlier, however,
the most sufficient and ever more required solution is to determine the
expected reliability in the development phase. With the help of an appro-
priate reliability analysis, it is possible to forecast the product reliability, to
identify weak spots and, if needed, comparative tests can be carried out,
see Figure 1.6.

For the reliability analysis quantitative or qualitative methods can be
used. The quantitative methods use terms and procedures from statistics
and probability theory. In Chapter 2 the most important fundamental terms
of statistics and probability theory are discussed. Furthermore, the most
common lifetime distributions will be presented and explained. The
Weibull distribution, which is mainly and commonly used in mechanical
engineering, will be explained in detail.
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1 Introduction

System Reliability Assurance

Constructive:

techniques and -methods

Optimal construction prozess
with sophisticated construction

Analytical:

optimization

Determination and/or reliability prediction
by reliability techniques and afterwards

Target: - reliability prediction
- detection of weaknesses
- realization of comparative trial

 exact and complete
specifications

« assured calculation
with exact collected
load collectives

« established
construction guidelines

« early and broad
tesing

guantitative /\ gualitative

« calculation of the
predictable reliability

« failure rate

« probabalistic
reliability analysis

« systematical analysis
of effects of faults
and failures

« failure analysis

methods:
- FMEA/FMECA
-FTA
- event sequence
analysis

- checklists

Figure 1.6. Securing of system reliability

Chapter 3 illustrates an example of a complete reliability analysis for a
simple gear transmission. The described procedure is based on the funda-
mentals and methods described in the previous chapter.

The most well-known qualitative reliability method is the FMEA (Fail-
ure Mode and Effects Analysis). The essential contents, according to the
current standard in the automotive industry (VDA 4.2), are shown in Chap-
ter 4.

The fault tree analysis, described in Chapter 5, can be used either as a
qualitative or as a quantitative reliability method.

One main focus of this book is the analysis of lifetime tests and damage
statistics, which will be dealt with in Chapter 6. With these analyses gen-
eral valid statements concerning failure behaviour can be made. In order to
describe the lifetime distribution the Weibull distribution is used, which is
the most common distribution in mechanical engineering. Next to the
graphical analyses of failure times, analytical analyses and their theoretical
basics will be discussed. The important terms "order statistic" and "confi-
dence range" will be explained in detail.

There is little collected and edited information pertaining the failure be-
haviour of mechanical components. However, the knowledge of the failure
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6 1 Introduction

behaviour of a component is necessary, in order to be able to predict the
expected reliability under similar application conditions. With the help of
system theory it is also possible to calculate the expected failure behaviour
of a system. In Chapter 7 results from a reliability data base for the ma-
chine components gear wheels, axles and roller bearings will be presented.
In many cases the indicated Weibull parameters can prove to serve as a
first orientation.

To prove reliabilities before the start of production, it is obligatory to
carry out the appropriate tests. Here, the amount of test specimens, the
required test period length and the achievable confidence level may be of
interest. In Chapter 8 the planning of reliability tests will be described.

Each quantitative reliability method portrays a kind of enhanced fatigue
strength calculation. The basic principles of a lifetime calculation for ma-
chine components are summarized in Chapter 9.

The reliability and the availability of systems, which include repairable
elements, can be determined by various calculation models. Chapter 10
describes methods in their differing complexity and their assessment for
repairable elements.

In order to achieve high system reliability, an integrated process treat-
ment is compulsory. For this, a reliability safety program has been devel-
oped. This program will be described with its basic elements in Chapter
11. In conclusion, this chapter offers a complete overview on an optimal
reliability process.

For all the chapters there are problems at the end of each one and the so-
lutions can be found at the end of chapter 11.
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2 Fundamentals of Statistics and Probability
Theory

A qualitative reliability analysis provides a conceptual basis for the de-
gree of confidence placed on a particular component or system and should
be capable in the incipient stages of design for alteration of these compo-
nents. A quantitative reliability prognosis gives a probability assessment of
the component based on well founded statistical techniques. This chapter
therefore, outlines the various methods of both qualitative and quantitative
methods shown in Figure 2.1.

Reliability in the
Design Phase

Goals: - Prognosis of the expected reliability
- Recognition and elimination of weak points
- Execution of comparative studies

qUantitatiz/ \Talitative

/calculation of the expectied ) /systematical evaluation of the )
reliability effects of faults and failures
failure rate analysis failure type analysis

probability based
reliability prognisis

Methoden:
Method: * FMEA/FMECA
* Boole * FTA
* Markoff « result action analysis
« FTA  check lists
" J N /

Figure 2.1. Options for reliability analysis

The results of the Wohler tests in Figure 2.2 and Figure 2.3 show this.
Despite identical conditions and loads, strongly differing down times re-
sulted [2.15]. Out of these results it is not possible to assign a bearable
cycles-to-failure to a component. The cycles-to-failure n.c or the lifetime t

B. Bertsche, Reliability in Automotive and Mechanical Engineering. VDI-Buch,
doi: 10.1007/978-3-540-34282-3_2, © Springer-Verlag Berlin Heidelberg 2008
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8 2 Fundamentals of Statistics and Probability Theory

can be seen as random variables, which are subject to a certain statistical
spread [2.1, 2.5, 2.23, 2.29, 2.33]. When looking at reliability, the desig-
nated range of dispersion between nic min @and Nic max as well as which
down times occur more often are of interest. For this it is necessary to
know how the lifetime values are distributed.

1000

N vrs

mm? | B

\,,’ Wohler curve

o 640 comap
o 600 -
8 QDm0
n \
(@] @00 O
c
£ 400 \
c
(]
)
S,
o
x

200 +————r — —

5 10 50 100 500

Load Cycles n, -10°

Figure 2.2. Tooth failure — Wohler test [2.15] with the statistical spread of down
times

50 -
1 1 1 | | |
1 1 1 | | |
O I .
" | 1 1 |
3 30 | L :
= 1 1 |
< 1
$ 20 - : . :
I
. l
10 nLC, min ! rlLC, max
0 T T T T
200 250 300 350 400 450
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Figure 2.3. Histogram for the frequency of the load ¢ = 640 N/mm? from Figure
2.2
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2.1 Fundamentals in Statistics and Probability Theory 9

Terms and procedures from statistics and probability theory can be used
for down times observed as random events. Therefore, the most important
terms and fundamentals from statistics and probability theory will be dealt
with in Section 2.1.

An introduction and explanations of generally used lifetime distributions
is presented in Section 2.2. In this section the Weibull distribution, one of
the most adopted in mechanical engineering will be explained.

Section 2.3 combines component reliability with system reliability with
the help of Boolean theory. The Boolean theory can be understood as the
fundamental system theory. Other system theories can be found in Chapter
10.

2.1 Fundamentals in Statistics and Probability Theory

The failure behaviour of components and systems can be represented
graphically with various statistical procedures and functions. How this is
done will be described in this chapter. Furthermore, “values” will be dealt
with, with which the complete failure behaviour can be reduced to individ-
ual characteristic key figures. The result is a very compressed but also
simplified description of the failure behaviour.

2.1.1 Statistical Description and Representation of the Failure
Behaviour

In the following sections the four different functions for representing
failure behaviour will be introduced. The individual functions stem from
the observed failure times and can be carried over to one another. With
each function certain statements can be made concerning the failure behav-
iour. The use of a certain function therefore depends on a specific question
posed.

2.1.1.1 Histogram and Density Function

The simplest possibility to display failure behaviour graphically is with
the histogram of the failure frequency, see Figure 2.4.

The failure times in Figure 2.4a occur at random within a certain time
period. The representation in Figure 2.4b is the result after sorting the
strewed failure times.
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Figure 2.4. Failure times and histogram of the failure frequencies for a stress of
& = 640 N/mm? from Figure 2.2: a) collected failure times in trials; b) sorted fail-
ure times; c) histogram of the failure frequencies with empirical density func-
tion (t)

The denser the data lay together in Figure 2.4b, the more “frequently”
the failure times occur in that certain period. In order to show this graphi-
cally, a histogram of the failure frequencies is created, Figure 2.4c.

Therefore, the abscissa is divided into intervals of time which are de-
noted as classes. The quantity of failures is determined for each class. If a
failure falls directly between two classes, then it is counted to both classes
as half a failure. However, by assigning the intervals carefully, this can
normally be avoided. The quantity of failures in each class is represented
by beams with various respecting heights.

For the height or y-coordinate of each beam, the absolute frequency
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2.1 Fundamentals in Statistics and Probability Theory 11

h,ps = number of failuresin one class=n, (2.1)

or the more common, relative frequency

number of failuresin oneclass na
total number of failures n

rel = (22)
can be used. In Figure 2.4c the beam heights are determined using the rela-
tive frequency, as can be seen on the percent scale for the ordinate.

The division of the time axis into classes and the assignment of failure
times to the individual classes is called classification. In this process in-
formation is lost, since a certain amount of failures is assigned to one fre-
quency independent of the exact failure time in the interval. Through the
classification, each failure within a certain class is assigned the value of
that class’s mean. However, a loss of information is compensated by a win
in overview.

The amount of classes is not always simple to determine. If the classes
are chosen to be too large, then too much information is lost. In an extreme
case, there is only one beam, which of course offers little overview. If the
classes are chosen to be too small, small breaks can occur along the time
axis. Such breaks interrupt the continuity of the failure behaviour and are
thus unfit for a correct description.

The following Equation (2.3) can be used for a rough approximation or
first estimate for the amount of classes [2.30]:

Amount of classes ~ ,/Total number of failures or experimental values

n.=n. (2.3)

Alternative approaches to calculate the amount of classes and the class
size are given in [2.30]:

n.~1+332-logn, (2.4)
n, ~2-¥n, (2.5)
n.~5-logn. (2.6)

Up to a test specimen size of n =50 the results are comparable, but the
results differ strongly for larger test specimen sizes. A rule of thumb for
estimating the class size b of a frequency distributions is based on the
range R and the test specimen size n:
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12 2 Fundamentals of Statistics and Probability Theory

R

br ——M .
1+3,32-logn 7

The range R is the difference between the largest and smallest value
within the test specimen.
R= Nic max — Nic, min - (28)

Instead of in a histogram, the failure behaviour can also be described
with the often used “empirical density function f “(t), see Figure 2.5.

50

Empirical Density Function f*(t)

% /

30 \

20 - \\
N

10 r]LC, min

Failures

\ nLC, max

0

!
200 250 300 350 400 450
Load Cycles n,.-10?

Figure 2.5. Histogram of failure frequencies and the empirical density func-
tion f "(t)

In the density function the midpoints of the beams in the histogram are
connected with straight lines. In this way a function between the failure
time and failure frequency is represented. The term *“empirical” for the
density function implies, that the density function is determined based on a
test specimen or a limited number of failures.

The actual “ideal” density function is reached when the amount n of
tested components is increased. The amount of classes can then be raised
according to the simple Equation (2.3). This means that the class size be-
comes continually smaller while the y-coordinate of the resulting frequen-
cies remains relatively unchanged. For the limit n — oo the contour of the
histogram becomes an ever smoother and continuous curve, see Figure 2.6.
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Figure 2.6. Histogram of failure frequencies and density function f(t) (amount of
failures n — o0)

This limit curve represents the actual density function f(t). Figure 2.6
has an altered ordinate scale in comparison to Figure 2.5, since the de-
creased class size results in fewer failures per class.

The limit n — oo means that all parts of a large total quantity were tested
and the exact failure behaviour was determined. Thus, it is possible to shift
from the experimentally determined frequencies to the theoretical prob-
abilities. The fundamentals for this transition can be explained by the Ber-
noulli law for large numbers. These theoretical coherences will be de-
scribed in more detail in Section 2.1.3.

The empirical density function f () experiences large variations, espe-
cially for a small sample and varies considerably from the ideal density
functions f(t). The latter is determined from information extracted from
f(t), as explained in Chapter 6.

The area under the density function f(t) is equal to 1 if the relative fre-
quencies are used for the y-coordinates.

The histogram of frequencies as well as the density function describes
the amount of failures as a function of time. Thus, they offer the clearest
and most simple possibility to represent the failure behaviour. Along with
the range of dispersion of failure times one is able to recognize in which
interval the most failures occur.
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Wohler curve

log (Failure Rate)
&

Figure 2.7. Three dimensional Wohler curve (or SN-curve) for the tests in Figure
2.2

With the density function f(t) the Wohler curve in Figure 2.2, also re-
ferred to as the SN-curve, can be illustrated as a three dimensional “moun-
tain range”, see Figure 2.7. A failure frequency is shown for each load and
corresponding time.

Figure 2.8 shows an example of a density function for a commercial ve-
hicle transmission. Here, 2115 damaging events are observed, divided into
82 classes [2.28].
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Figure 2.8. Failure density f(t) of a 6 gear commercial vehicle transmission

The distribution is symmetrical on the left side. This indicates that the
failures are mainly early failures. Such failures could be traced back to
material or assembly failures, which are common for complex systems.

A further example of a density function is shown in Figure 2.9. Here,
one sees the amount of deaths as a function of age at death. First, one is
able to see a span of child deaths, then a second area with very few deaths
between 15 and 40 years of age, followed by an increasing number of
deaths with increasing age. For men, the most deaths occur at an age of 80,
whereas for women, the most deaths occur at a later age.

50 : [} [ [
I I
' ! ! Women ,
]
R e e A
= : | | N
o 30 _________i _________ :__________: _______ I_
G |
e 1
z |
> 20 ---------#--- - - e Y AN i it el W
[ |
% |
Q 10 Ar--------f--mmmmme AR @ Minaah b e R b
i
)
]
0 ' I
0 20 40 60 80 years 100

Age of Death
Figure 2.9. Density function f(t) of human deaths
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16 2 Fundamentals of Statistics and Probability Theory

2.1.1.2 Distribution Function or Failure Probability

In many cases, the number of failures at a specific point in time or in a
specific interval is not of interest but rather, how many components in total
have failed up to a time or until a certain interval is reached. This question
can be answered with a histogram of the cumulative frequency. The ob-
served failures, see Figure 2.10a, are added together with each progressive
interval. The result is the histogram of the cumulative frequency shown in
Figure 2.10b.

The cumulative frequency H(m) for class m can be calculated as:

m
H(m)=> hy (i), i number of class. (2.9)
i=1
The sum of failures can be represented as a function just as the density
function in Section 2.1.1.1. This function is called the “empirical distribu-
tion function F “(t)”, see Figure 2.10b.

a) 50
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333
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n [ ]
0 o e s
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Figure 2.10. Cumulative frequency and distribution function: a) histogram of
frequencies; b) histogram of the cumulative frequency and empirical distribution
function F(t)
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2.1 Fundamentals in Statistics and Probability Theory 17

The actual distribution function F(t) is determined by increasing the
number of experimental values. Thus, the class size decreases continuously
and the contour of the histogram becomes a smooth curve for the limit
n — oo. The result is the distribution function F(t), see Figure 2.11.

The distribution function always begins with F(t) =0 and increases
monotonically, since for each time or interval a positive value is added —
the observed failure frequency. The function always ends with F(t) =1
after all components have failed.
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Figure 2.11. Histogram of the cumulative frequency and distribution function F(t)
(number of failures n — oo)

The limit of Equation (2.9) results in a distribution function as the inte-
gral of the density function:

F(t) = j f (t)dt. (2.10)
Thus, the density function is the derivative of the distribution function:
dF(t)
ft)=——-. 2.11
(t) ot (2.11)

In reliability theory the distribution function F(t) is called the “failure
probability F(t)” (F for failure). This term is adequate, since the function
F(t) describes the probability, with which failures occur at the time t.
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18 2 Fundamentals of Statistics and Probability Theory

Although the failure probability is visually less clear than the density
function, it can be used to evaluate trials. Therefore, the failure probability
is the function used most often in Chapter 6.

Here again, the 6 gear commercial vehicle transmission serves as an ex-
ample of failure probability in reality, Figure 2.12. Due to the standardised
lifetime it is again only possible to make a qualitative statement. It is
shown that, for example, the B,, value corresponding to F(t) = 10 % equals
0.2. This means that 10% of the transmissions are defective when the life-
time 0,2 - T has been reached.

100
TR PO SRR o S ——
804--------- LA

704--------- r
60---------
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404----- /-
304----f---- :
20 {--f----- et R |
10- A ------ b dmmm e
0 I I

R R I E—

Failure Probability F(t) in %

0 1 2 3 4 5
Standardised Lifetime - Variable (t/T)

Figure 2.12. Failure probability F(t) of a 6 gear commercial vehicle transmission

Figure 2.13 shows the concrete failure probability F(t) corresponding to
the example of human death. With this function for F(t), for example, 20%
of a generation has passed away by their 60™ birthday.
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Figure 2.13. Failure probability F(t) for human deaths

2.1.1.3 Survival Probability or Reliability

The failure probability in Section 2.1.1.2 described the sum of failures
as a function of time. However, for many applications the sum of compo-
nent parts or machines that are still intact is of interest.

This sum of functional units can be displayed with a histogram of the
survival frequency, see Figure 2.14. This histogram results when the num-
ber of defect units is subtracted from the total number of components or
machines. The empirical survival probability R “(t) is shown in Figure
2.14, which results by connecting the beam midpoints with straight lines.

The sum of failures and the sum of the intact units in each class i or at
any point in time t always add up to 100%. The survival probability R(t) is
thus the complement to the failure probability F(t).

R(t)=1- F(t). (2.12)

With Equation (2.12) the histogram in Figure 2.14 can also be deter-
mined by reflecting the histogram in Figure 2.10 over the 50% axis. The
survival probability R(t) always begins with R(t) = 100%, since no failures
have occurred at t = 0. The function R(t) decreases monotonically and ends
with R(t) = 0% after all units have failed.
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Figure 2.14. Representation of the failure behaviour from Figure 2.10 with the
histogram of the survival probability or the empirical survival probability R "(t)
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Figure 2.15. Survival probability R(t) as a complement to the failure probabil-
ity F(t)
Figure 2.15 shows a visual representation of the Equation (2.12) for the
failure time t, with the help of the density function and the Equation (2.10).
In reliability theory the survival probability is called “reliability R(t)”.
The function R(t) corresponds to the term reliability as defined in [2.2, 2.3,
2.36, 2.38]:
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2.1 Fundamentals in Statistics and Probability Theory 21

RELIABILITY is the probability that a product does not fail during
a defined period of time under given functional and surrounding
conditions.

Thus, reliability is the time dependent probability R(t) for non-failure. It
should be noticed, that in order to make a statement about the reliability of
a product, not only the considered time period is important but also the
exact functional and surrounding conditions are especially required.

For the commercial vehicle transmission, Figure 2.16, a standardised
lifetime of 0.2 results in a survival probability of R(t) = 90%, which corre-
sponds to a failure probability of F(t) = 10%, see Equation (2.12). Thus,
90% of the transmissions survive a lifetime of 0.2.T.
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Figure 2.16. Survival probability R(t) of a 6 gear commercial vehicle transmission

For the survival probability of men, see Figure 2.17, is R(t) = 80% for an
age of death of 60. This in turn corresponds to a failure probability of
F(t) = 20%, see Figure 2.13.
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Figure 2.17. Survival probability R(t) for human beings

2.1.1.4 Failure Rate

To describe the failure behaviour with the failure rate A(t), the failures at
the point in time t or in a class i are not divided by the sum of total failures,
as for the relative frequency in Section 2.1.1.1, but rather are divided by
the sum of units still intact:

() = Failures (at the point in time t or in class i)

sum of units still intact (at the point in time t or in class i)

(2.13)

Figure 2.18 shows the histogram of the failure rates and the function of
the empirical failure rate A “(t) for the trial run in Figure 2.4. It can be seen,
that the failure rate in the last class unavoidably approaches oo, since there
are no longer any intact units. Thus, the denominator in Equation (2.13)
approaches zero.
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Figure 2.18. Histogram of the failure rate and the empirical failure rate A “(t) for
the trial run in Figure 2.4

The density function f(t) describes the number of failures and the sur-
vival probability R(t) describes the number of units still intact. Therefore,
the failure rate A(t) can be calculated as the quotient of these two functions:

%(t)=%- (2.14)
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e

t Failure Time t

Figure 2.19. Determination of the failure rate out of the density function and sur-
vival probability
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Figure 2.19 shows a graphical representation of Equation (2.14) for the
failure time t,

The failure rate at time t can be interpreted as a measurement for the risk
that a part will fail, with the prerequisite that the component has already
survived up to this point in time t. The failure rate at a point in time speci-
fies how many of the still intact parts will fail in the next unit of time.

The failure rate A(t) is used very often not only to describe wearout fail-
ures as in Figure 2.18, and also early and random failures. The goal is to
collect the complete failure behaviour of a part or a machine. The result is
always a similar and typical characteristic of the curve, see Figure 2.20.

This curve is called the “bathtub curve” based on its shape [2.29, 2.34].
The bathtub curve can be divided into three distinct sections: section 1 for
early failures, section 2 for random failures, and section 3 for wearout fail-
ures.

A T T
Early Failures || Random Failures |! Wearout
(Region 1) I (Region 2) I Failures
e.g. faulty assembly, : e.g. caused by : (Region 3)
e production failure, operational failure, e.g. fatigue failures,
< wrong material, T dirt particles, ! aging, pittings
© clear design flaw ' maintenance failures !
S | | 7
e [ [
= | |
T | |
L | |
| |
| |
| |
| |
T T
-
Lifetime t
I
Actions
practical trials, correct operation
pilot-run series, and maintenance, calculations,
production and correct use and practical trials
quality controlling application

Figure 2.20. The “bathtub curve”
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Section 1 is characterized by a decreasing failure rate. The risk that a
part will fail decreases with increasing time. Such early failures are mainly
caused by failures in the assembly, production, material or by a definite
design flaw.

The failure rate is constant in section 2. Thus, the failure risk remains
the same. Most of the time, this risk is also relatively low. Such failures are
provoked for example by operating or maintenance failures or by dirt par-
ticles. Normally, such failures are difficult to pre-estimate.

The failure rate increases rapidly in the section for wearout failures (sec-
tion 3). The risk that a part will fail increases rapidly with time. Wearout
failures are caused by fatigue failures, aging, pittings, etc.

Each of the three sections corresponds to different failure causes. Ac-
cordingly, different actions must be taken for an improvement in reliability
in each respective section, see Figure 2.20. For section 1 many trials and
pilot-run series are recommended. The production and quality of the parts
should also be controlled. In section 2, correct operation and maintenance
should be considered and the established use and application of the product
must be ensured. Section 3 requires either very exact calculations for com-
ponents or corresponding practical trials.

The actions taken in sections 1 and 2 must be ensured by appropriate
steps taken early on in the design process. The improvements in section 3,
however, take place in the stage of constructive dimensioning. Thus, the
designer can have a strong influence on this section. In addition to repre-
senting the most decisive section for reliability, section 3 is the only sec-
tion which can be calculated. Thus, a prognosis of the expected system
reliability is often limited to just this section.

These three sections can also be clearly seen in the example of man’s
life expectancy, see Figure 2.21. Section 1 with its decreasing failure rate
is the section for child deaths. The older a child becomes, the less the risk
it has to die of a children’s disease. Section 2 for coincidental deaths is not
distinctively formed. Deaths here can be seen as random events such as
accidents for example. Section 3 shows clearly the increasing age depend-
ent death rate with its drastically increasing failure rate.
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Figure 2.21. Failure rate A(t) for man’s life expectancy
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Figure 2.22. Failure rate A(t) of a 6 gear commercial vehicle transmission

The example of the 6 gear commercial vehicle transmission, Figure
2.22, shows that the bathtub curve is not typical for all technical systems.
It is more common when only individual sections of the bathtub curve

occur.

The failure behaviour for complex systems is thus not characterized
alone by the bathtub curve, but much more by differing failure distribu-

tions exemplifying various behaviours in certain individual sections.
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The failure behaviour “A” in Figure 2.23 shows a typical bathtub curve
with its three sections — early failure, random failures, and wearout fail-
ures. No early failures are recognizable in “B”; the failure probability re-
mains the same until wearout failures occur in section 3. The failure be-
haviour “C” is characterized by a continuously increasing failure
probability; wearout failures cannot be distinguished. A system with a
failure behaviour as in “D” has a low failure probability at the start of op-
eration, followed by a strong increase in failures up to a constant level. A
mechanism according to “E” has a constant failure probability over the
entire period of time (random failure). The failure behaviour in “F” is
characterized by a high failure rate in the first section for early failures
(burn in) and then decreases to a constant value for the rest of the lifetime.

Failure behaviour General .
o Typical examples
characteristics

A abnormal curve old steam engine (late 18"
" A \—Jt to early 19" century)
O
5 % simple devices car water pump
T / complex machines with bad shoelace
he B ‘ t design (one single dominat- 1974 Vega engine
3 ing type of failure)
S
8 2 structures car bodies
= C /t wearout element airplane and automobile

. tires

X complex machines with high pressure relief valves

Yl high-stress trials after start
n|D t ;
o e — of operation
5
T N well designed complex gyro compass
“E t machines multiple sealing high
g ‘ pressure centrifugal pump
'g A electronic components computer “mother boards”
© = N— t complex components after programmable controls
corrective maintenance

Figure 2.23. Various failure behaviours with examples [2.32]

The frequency at which these characterized failure behaviour curves oc-

cur is examined and summarized in [2.32], see Figure 2.24.
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Figure 2.24. Percent fractions according to various lifetime studies [2.32]

Studies done by civil aviation (1968 UAL) show that only 4% of all fail-
ures have a trend as in example “A”, 2% have a trend as in example “B”,
5% as in example “C”, 7% as in example “D”, 14% as in example “E” and
68% as in example “F”. A constant failure behaviour trend as in example
“E” should be strived for in the design phase.

2.1.2 Statistical Values

The failure behaviour can be described in detail by the functions dis-
cussed in Section 2.1.1.1 to 2.1.1.4. This requires, however, a time con-
suming determination and representation of the desired function. In many
cases it is sufficient when the approximate “middle” of the failure function
is known as well as in how much the failure times “deviate” from this
mean. Here, “measures of central tendency and statistical spread” can be
applied, which can easily be calculated from the failure times. The charac-
terization of the failure behaviour with such values results in a simplified
description, where it is possible that information is lost.

The most fundamental statistical values are the mean and the variance or
standard deviation. These will be dealt with first.

Mean

The empirical mathematical mean, commonly just called mean, is calcu-
lated as follows for the failure times ty, t,, ... , t;:
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n

t, +t, +... +t 1
t :#:_zti . (2.15)
n )

The mean describes the location parameter where the middle of the fail-
ure times approximately lies. By viewing the represented failure times in
Figure 2.4b as points of mass, the mean t,, is the centre of mass of these
points. For the example in Figure 2.4 the mean is t, = 31200 load cycles.
The mathematical mean is sensitive to “outliers”, i.e. for extremely short
or long failure times, the mean can be significantly affected.

Variance

The empirical variance s describes the average quadratic deviation from
the mathematical mean and is thus a measurement for the statistical spread
of the failure times about the mean t,:

s ‘n_lé(" tm) (2.16)

For the calculation of the variance, the differences from the failure times
to the mean are determined and the squares are summed. It is necessary to
square the differences; otherwise, the positive and negative deviations
would compensate each other.

Standard Deviation
The empirical standard deviation s is the square root of the variance;

s=+/s2. (2.17)

The advantage of the standard deviation in comparison to the variance
is, that it has the same dimension as the failure times t;. Further important
statistical values are the median and the mode.

Median

The median is the failure time which is located exactly in the middle of
all failures. Therefore, the median can be most easily determined by the
failure probability F(t):

F (tmedian ) =05. (2.18)

If the failure behaviour is represented with the density function f(t), then
the median divides the area underneath the function f(t) into two equal
sections according to Equation (2.10).
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One great advantage of the median in comparison to the mean ty, is that
it is insensitive to extreme values. A short or long failure time can not shift
the median.

Mode

The mode describes the failure time that occurs the most. Therefore, the
mode tmoge Can be calculated using the density function f(t): tyn.ge COrre-
sponds to the failure time of the density function maximum.

f*(tmodal) =0. (2.19)

For example, in Figure 2.9 the mode is tmoge = 78 years for men. The
mode plays a very important role in probability theory. If a trial is done, it
is to be expected that most parts fail at the mode value. The measures of
central tendency mean, median and mode are not equal to one another in
the common asymmetrical distributions, see Figure 2.25.

c
il
3]
c
=]
LL
2
‘«
c
(O]
o
t/ | Nt Failure Time t
mode t m
median

Figure 2.25. Mean, median and mode for a left symmetrical distribution

The three values are only identical when the density function possesses
a perfectly symmetrical trend. This is the case for the normal distribution
to be explained in Section 2.2.1.

2.1.3 Reliability Parameters

Next to the statistical values described in Section 2.1.2, further values
are used in the realm of reliability engineering to characterize reliability
data.

e MTTF (mean time to failure),
o MTTFF (mean time to first failure) and
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MTBF (mean time between failure),
o failure rate A und failure quota q,
e percent (%), per mill (%o), parts per million (ppm) and
o By lifetime

These variables are often used for further description of the failure or for
reliability characteristics.

MTTF

There are various possibilities to specify the lifetime of a non-repairable
system. The mean for the time without failures for an observed period of
time is the expected value for the lifetime t, normally called (Mean Time
To Failure). The MTTF can be calculated with integration as in Equation
2.20, see Figure 2.26.

MTTF = E(r):Tt-f(t)dtzTR(t)dt (2.20)
0 0

What happens to the components after failure is irrelevant for the
MTTF.

The mathematical mean can serve as a good estimate for the MTTF,
whereby t; to t, are independent realizations (observations) of failure free
time periods for statistically identical observation units [2.2].

MTTFF and MTBF

For the description of the lifetime of repairable components, the MTTFF
can be used, which describes the mean lifetime of a repairable component
until its first failure, see Figure 2.26.

MTTFF = Mean Time To First Failure, (2.21)

Thus, MTTFF corresponds to the MTTF for non-repairable components.
Further definition of the lifetime after the first failure of a component

can be described by the MTBF, which determines the mean lifetime of a

component until its next failure and thus until repair maintenance.

MTBF = Mean Time Between Failure (2.22)

Under the assumption that the element is as good as new after mainte-
nance, then the next mean time to failure (MTBF) is the same as the previ-
ous mean time to first failure MTTFF after the end of maintenance.
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Figure 2.26. Explanation of MTTF, MTTFF and MTBF on behalf of an example

Failure Rate 4 and Failure Quota q

The failure rate A describes the risk that a part will fail, if it has already
survived up to this point. The failure rate is determined by dividing the
number of failures per time period by the sum of units still intact.

The failure quota g can serve as an estimation of the failure rate A. In
contrast to the failure rate, the failure quota specifies the relative change in
an observed time interval.

failuresin a time interval

4= initial quantity - interval size (2.23)

If, for example, 5 units fail out of a test specimen size of 50 units within
one hour, then the failure quota is

g= 0,1% (“10% per hour™) [2.8].

Percent, Per Mill and PPM

In the realm of reliability engineering many circumstances are repre-
sented proportionally, such as the failure density, the failure probability or
the reliability. The representation of these values is most commonly given
in:
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e percent: quantity out of 1 hundred, i.e. 1 out of 100 =1 %,

e per mill: quantity out of 1 thousand, i.e. 1 out of 1,000 = 1 %o and
e ppm: quantity out of 1 million, i.e. 1 out of 1.000.000 = 1 ppm
B, lifetime

The By lifetime describes the point in time at which x % of all parts have
already failed. This means that a Byq lifetime determines the point in time
at which 10% of the parts have failed, see Figure 2.27. In practice, By, Bg
and Bsp lifetime values serve as a measurement for the reliability of a
product.

% Distributions Curve
. . e.g. Weibull, exponential
Sum of intact units distribution

S .
L » 50

[
Y Y o
58 20 Sum of failed units
28
o5
as | T
O
= O
ZE
S

100,000 250,000 700,000 1,200,000 mileage [km]
Bs Bio B, Bs, B, Lifetime

Figure 2.27. By lifetime

2.1.4 Definition of Probability

As described in the previous sections, the failure times of components
and systems can be seen as random variables. The terms and laws of
mathematical probability theory can be applied to these random events.
The term probability is of particular importance and will be described in
various ways in the following.

Classical Definition of Probability (Laplace 1812)

The first contemplations concerning probability were made by gamblers
interested in possible odds and where it is optimal to gamble at high
stakes. To answer the question “how probable” it is that a certain event A
occurs in a game of gambling, Laplace and Pascal determined the follow-
ing definition:
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Probability P( A) = number of cases fav?rableto A . (2.24)
number of all possible cases

Thus, for example, the probability of rolling a 6 with a die (event A) is:
P(toroll a6) = %z 0,167,

This means that after rolling a die several times, 16.7% of the rolls
would result in 6. However, the definition in Equation (2.24) is not univer-
sally valid. This equation is only applicable when it is not possible for an
infinite amount of events to occur and when every possible result is
equally likely. In general, this is adequate for gambling. In technical real-
ity, however, the failure possibilities normally occur in varying amounts.

Statistical Definition of Probability (von Mises 1931)

For a random test specimen with the size n, where all elements are
loaded equally in one trial, the failure of m elements is recorded.
The relative failure frequency is (compare with Section 2.1.1.1):

relative frequency h, =%. (2.25)

If it is possible to conduct trials independently of one another with dif-
fering random test specimens, then different relative frequencies will re-
sult. For an increasing random test specimen size n it has been observed,
that hy, is scattered less and less from a constant value hy, see Figure
2.28.
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o e ® h,=P(A)
= °®
T
E .
04 -

Random sample size n
Figure 2.28. Dependency of the relative frequency to random test specimen size

Therefore, it is a good proximate to define the limit of the relative fre-
quencies as the probability for the failure A:
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lim ™ = p(A). (2.26)
n—o N
The exact theoretical observations can be seen in the weak and strong
law of large numbers as well as in the Bernoulli law of large numbers
[2.18, 2.25, 2.27].
Unfortunately, the definition of probability according to Equation (2.26)
is likewise not universal because it deals with an estimation and not with a
definition. Trying to develop an all inclusive probability theory on the
basis of Equation (2.26) resulted in degrees of acceptance and mathemati-
cal difficulties which could not be solved.
However, for basic reliability observations and for the scope of this
book, the definition out of Equation (2.26) is sufficient. This equation will
be used in the following because of its clarity.

Axiomatic Definition of Probability (Kolmogoroff 1933)

In axiomatic definition “probability” is not defined in a strict sense. In
modern theory, “probability” is seen much more as a basic principle that
fulfils certain axioms.

The axioms of probability proposed by Kolmogoroff are as follows:

1. Each random event A is assigned to a real number P(A) for
0<P(A) <1, which is called the probability for A. (This axiom is simi-
lar to the characteristics of the relative frequency, see previous section)

2. The probability for a certain event is:

P(E) = 1 (Standardization Axiom)

3. If Ay, Ay, As,... are random events, which are incompatible with one an-

other, i.e. A N AJ- =0for i# j, then:

P(ALUA, UAJU.)=P(A)+P(A) +P(Ag) +...
(Addition Axiom).
These axioms are based upon an event space for elementary events,

which is also known as the Boolean quantum field or the Boolean o-field.
The entire probability theory can be derived from the axioms 1 to 3.

2.2 Lifetime Distributions for Reliability Description

Section 2.1 showed how failure behaviour can be represented graphi-
cally with various functions. What is of interest in this section is, which
curve these functions exactly have for a specific case and how to describe
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them mathematically. The necessary “lifetime distributions” will be dealt
with in this section. The normal distribution is the most widely accepted.
However, it is seldom used in reliability engineering. The exponential dis-
tribution is often used in electrical engineering, while the Weibull distribu-
tion is the most common lifetime distribution used in mechanical engineer-
ing. The Weibull distribution will be dealt with in detail in this book. The
log normal distribution is occasionally used in materials science and in
mechanical engineering.

2.2.1 Normal Distribution

The normal distribution features the familiar bell-curve as its density
function f(t), which is perfectly symmetric about the mean p=t,, see
Figure 2.29. Due to the symmetry of the density function the mean t,, me-
dian tmegian and mode tyoqe are congruent.

The normal distribution includes both parameters t,, (location parameter)
and o (scale parameter), see Table 2.1. The standard deviation ¢ is a meas-
urement for the statistical spread of the failure times and for the form of
the failure functions. A low standard deviation results in a narrow, high
bell-curve and a high standard deviation corresponds to a shallow curve for
the density function, see Figure 2.29.

The principle slope of the curve of the failure functions can not be al-
tered by the standard deviation. Most of the failures must occur around the
mean and from there decrease perfectly symmetrical. Thus, it is only pos-
sible to describe one type of failure behaviour. This is the main disadvan-
tage of the normal distribution.

In general, the normal distribution begins at t = -co. Since failure times
can only have positive values, the normal distribution can only be used if
the definition of failures for negative times is negligible, see Table 2.1.

The integral in Equations (2.28), (2.29) and (2.31) can not be elemen-
tary solved for the normal distribution. Thus, tables are used for the deter-
mination of the failure probability F(t) and survival probability R(t).
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Figure 2.29. Failure function curves of the normal (Gaussian) distribution
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Table 2.1. Equations for the normal (Gaussian) distribution

Density Function f(t)= ; e 20 (2.27)
(e} - TU
L t (pf
Failure Probability Ft)= : j e 2 gr (2.28)
( ) ocv2-m 0
.= _(wf
Survival Probability R(t)= ~je 206 gr (2.29)
( ) oN2:T "
f(t
Failure Rate ML) = % (2.30)
Parameters:
t: Statistical variables (load time, load cycle, number of operations, ...) > 0
L Location parameter p = ty = tmedian = tmode
G scale measurement >0

2.2.2 Exponential Distribution

The density function of the exponential distribution decreases mono-
tonically from its starting point as an inverse exponential function, see
Figure 2.30. Here, failure behaviour is described starting with a high fail-
ure frequency and from there, decreases continuously.

The equations for the exponential distribution in Table 2.2 show the
simple mathematical structure of this distribution. The exponential distri-
bution has only one parameter: the failure rate A. This failure rate A is the
inverse of the mean ty,:

A=—. (2.31)

tm

Out of Equations (2.33) and (2.34) the mean of the reliability is
R(tm) = 36,8% and for the failure probability, F(t,) = 63,2%.

www. Enagi neer i ngEbooksPdf . conr



2.2 Lifetime Distributions for Reliability Description 39

[

§e]

©

c

>

L

>

‘0

c

[&]

e

T 0.8

>

o g
=)
T2
o

X

>
£3

EQ

5 e
0o

8 /7»:2
= 2

9

nc::51.5-

v /kzl
2 A

T =0.5
£ o5 £

o—m—m—" T
0 1 2 3 4 5
Lifetime t

Figure 2.30. Failure functions of the exponential distribution
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The constant factor A for the failure rate is a significant characteristic of
the exponential distribution. It should be observed that X has the same
value and is independent of time. The exponential distribution is used for
random failures, one salient feature is that the same proportion of parts fail
relative to the number of parts remaining.

Similar to the normal distribution, the exponential distribution is only
suitable for the description of one certain type of failure behaviour. Such a
failure behaviour begins with a high failure frequency and then becomes
continuously less, which actually can only be found in mechanical engi-
neering.

Table 2.2. Equations for the exponential distribution

Density Function f(t)=n-e™ (2.32)
Failure Probability Flt)=1-e™ (2.33)
Reliability R(t)=e™ (2.34)
Failure Rate A(t)=const. (2.35)
Parameters:

t: Statistical variables (load time, load cycle, number of operations, ...) > 0
A Location and shape parameter ) = N 0

m

2.2.3 Weibull Distribution

2.2.3.1 Fundamental Terms and Equations

With the Weibull distribution many different failure behaviours can be
described. The density functions for the Weibull distribution illustrate this,
see Figure 2.31a. The density function varies in dependency upon one
parameter for the distribution — the shape parameter b. For low b values (b
< 1), the failure behaviour can be described similar as in the exponential
distribution, i.e. the behaviour begins with a very high failure frequency
and from there decreases continuously. An exact exponential distribution
results for b = 1. For b > 1, the density function always begins at f(t) =0,
reaches a maximum with increasing lifetime and decreases slowly again.
The maximum of the density function shifts to the right for increasing b
values. The normal distribution can be approximately reproduced for a
shape parameter of b = 3.5.
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The Weibull distribution can be divided into a two parametric and a
three parametric distribution, see Table 2.3.

The two parametric Weibull distribution exhibits the characteristic life-
time T (scale parameter) and the shape parameter b. The characteristic
lifetime is an estimate of the mean and shows the location of the distribu-
tion. The shape parameter b is a measurement for the statistical spread of
the failure times and, as mentioned earlier, for the shape of the failure den-
sity, see Figure 2.31a. A two parametric Weibull distribution always de-
scribes failures starting from time t = 0.

Next to the parameters T and b the three parametric Weibull distribution
exhibits an additional parameter for a failure free time t, location parame-
ter. With this third parameter, failures can be described that only begin to
occur after a certain time to. The three parametric Weibull distribution can
be derived from the two parametric distribution with a time transformation,
where the failure time t and the characteristic lifetime T are substituted
with t-t, and T-to (t—>t-t,, T—T-1ty). The detailed equations are
given in Table 2.3.

The reliability R(t) of the Weibull distribution corresponds to an inverse
exponential function. For the two parametric Weibull distribution, the ex-
ponent for this exponential function is defined as the quotient (t / T), which
again can be varied by the exponent b. The equations of the remaining
failure functions are listed in Table 2.3.

In this context it should be noted that for the three parametric Weibull
distribution variables, different versions are known internationally. For
these equations the commonly accepted scale parameter 6 or n in the de-
nominator is represented by the term (T - tg). In this book the German or
European version of the three parametric Weibull distribution with (T - to)
is used. The advantage of this approach is that along with the knowledge
of failure free time to, a direct visualization is achieved of the scale pa-
rameter T. The scale parameter T represents the characteristic lifetime
starting from the origin, unlike 6 or n which originates from the time t,, see
Figure 2.31.
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Table 2.

3. Equations and variables of the Weibull distribution

Two parametric Weibull Distribution:

Survival  Probability or (1Y
Reliability R(t)=e (Tj (2:36)
Failure Probabilit {&) 237

ailure Probability F(t):l—e T (2.37)

b
b1 [t
Density Function )= dF (t) :R(Lj o (Tj (2.38)
dt T AT
b-1
Failure Rate ap)-t_b(t (2:39)
Rt) T \T

Three parametric Weibull Distribution:
Survival  Probability  or ,(ﬂ]

Reliability R(t)=¢ \T® (2.40)
Failure Probabilit (H" ]b 2.41
ilure Pr ili 172 .
ailure Probability Flt)=1-e "0 (2.41)

b-1 [
Density Function £(t)= dF(t)_ b (-t e [T—toj (2.42)
d  T-t, (T-t,
b-1
Failure Rate AMt)= f)__b [(t-t (2.43)
Rt) T-t, \T—t,

Parameters:

t: Statistical variable (load time, load cycles, ...) >0

T Characteristic lifetime, “scale parameter”. For t=T, F(t) =63,2% or

R(t) =36,8%.T >t

b: Shape parameter or failure slope. Determines the shape of the curve. >0
to: Failure free time — location parameter. The parameter t, determines the

point in time from which failures begin to occur. It corresponds to a
shifting of the failure behaviour along the time axis. If t; >0 then t > t,.
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Figure 2.31a. Density function f(t) of the Weibull distribution for various shape
parameters b (characteristic lifetime T = 1, failure free time t,=0)
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Figure 2.31b. Failure probability F(t) of the Weibull distribution for various
shape parameters b (characteristic lifetime T = 1, failure free time to= 0)
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Figure 2.31c. Survival probability R(t) of the Weibull distribution for various
shape parameters b (characteristic lifetime T = 1, failure free time ty= 0)
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Figure 2.31d. Failure rate A(t) of the Weibull distribution for various shape pa-
rameters b (characteristic lifetime T = 1, failure free time t,= 0)
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The various failure rates for the Weibull distribution as in Figure 2.31d
can be divided into three sections, which are identical to the three sections
of the bathtub curve in Section 2.1.1.4:

b <1: Failure rates decrease with increasing lifetime: description of
early failures;

b =1: Failure rate is constant. The shape parameter b = 1 is suitable
for the description of random failures in the constant failures of
the bathtub curve;

b>1: Failure rates increase drastically with increasing lifetime.
Wearout failures can be described with b values greater than 1.

The equations for the Weibull distribution include the statistical variable
t in relative form t/T or (t-ty) /(T - ty). Thus, for the time t = T this quo-
tient is equal to 1 and the failure probability can be calculated as follows:

F(T)=1-e"'=0.632. (2.44)

Therefore, the characteristic lifetime T is assigned a failure probability
of F(t) =63,2% which corresponds to the survival probability of
R(t) = 36,8%. Similar to the median, for which F(t) = 50%, the characteris-
tic lifetime T can be interpreted as a special mean, Figure 2.32.

Ar=

63.2 % T

R(t) = 36.8 %

Density Function f(t)

>

T Failure time t

Figure 2.32. Characteristic lifetime T as “mean”
The mean t,, of the Weibull distribution can only be calculated with the
help of the gamma function:

%:TT@+3 (2.45)
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ornnz(T-woyr(1+%)+¢o. (2.46)

The function values for the gamma function are listed for example in
[2.4].

2.2.3.2 Weibull Probability Paper

The failure probabilities F(t) in Figure 2.31b possess an s-shaped curve.
With a special “probability paper” it is possible to plot the functions F(t) of
the two parametric Weibull distribution as a straight line, see Figure 2.33.
Thus, the failure behaviour can be portrayed in a simple graphical way.
This can prove to be useful in the evaluation of trials, since it can be found
best to fit line for the entered trial data, see Chapter 6.
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Figure 2.33. Weibull probability paper with various failure probabilities F(t)

Here again, the example of the commercial vehicle transmission already
introduced in Section 2.1.1.2 can be used to exemplify the use of Weibull
probability paper. It is easy to recognize that the once s-shaped curve in
Figure 2.12 is now displayed as a straight line.
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Figure 2.34. Failure probability of a 6 gear commercial vehicle transmission rep-
resented in Weibull probability paper

The transformation of the curves into straight lines is achieved with a
unique scaling of the abscissa and ordinate. The abscissa is logarithmic,
while the ordinate has a double logarithmic scale:

x=Int, (2.47)
y =In(=In(L—F(t))) ory = In(~In(R(t))). (2.48)

The special axis scaling based on a two parametric Weibull distribution
results from the following equation:

Fﬁ):l—e(;f, (2.49)

1—F@)=e{;f, (2.50)
b

IO 25

1-F(t)

Taking the logarithm twice results to:

In@an%Eijzb-m[%J, (2.52)
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In(~InL-F(t))=b-Int—b-InT . (2.53)
The Equation (2.53) corresponds to a linear equation in the form
y=a-Xx+¢ (2.54)
with the variables

a=b (slope), (2.55)
c=-b-InT (axis intersection), (2.56)

X =Int (abscissa scaling), (2.57)

y =In(-In(1-F(t))) (ordinate scaling). (2.58)

Thus, every two parametric Weibull distribution can be represented as a
straight line in the Weibull probability chart, see Figure 2.33. The slope of
the straight lines in the Weibull probability chart is a direct measurement
for the shape parameter b. The shape parameter b can be read off the right
ordinate in Figure 2.35 by shifting the straight lines parallel through the
pole P.

The location of this pole and the scaling of the linear ordinate for the
shape parameter b can be determined with Equations (2.55), (2.57) and
(2.58):

b= A _ In(-In(L—F,(t,))- In(-In(— Ay (%))
AX Int, —Int;

(2.59)
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Figure 2.35. Weibull probability paper

Example:

A two parametric Weibull distribution with the shape parameter b = 1.7
and the characteristic lifetime T = 80,000 load cycles is to be drawn in
Weibull probability paper. The desired function out of the given data is:

F(t) 1 ef[so,oot) |_W]L7 .
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First, an assisting straight line is sketched with slope b = 1.7 in the prob-
ability paper, see Figure 2.36. This straight line begins at the pole P and
ends on the right ordinate at b = 1.7. Thus, the slope of the desired Weibull
straight line is already established. The assisting straight line must then be
shifted parallel until it intersects F(t) = 63% for a characteristic lifetime of
T = 80,000 load cycles. In conclusion, the Weibull straight line in Figure
2.36 corresponds with the desired failure probability F(t).

99.9 : 4.0
%
90.0 / 35
/
3.2
50.0 /“ 3.0
300 / o
~ 20,0 / 258
= 100 / £
g \X, 208
\ ©
8 5.0 /~ b= ]I_I{ [a
& 30 / CAeg
2.0 N IS
g / QQ*/ <
2 1.0 / S 1.0
T / &
L 05 4 (o
0.3 / ( 05
0.2 =8
NIl [Pole
0.1 / L iwle 0.1
0.1 100

o 10
Lifetime t-10%

Figure 2.36. Weibull probability paper with the Weibull straight line from the
above example

A three parametric Weibull distribution in Weibull probability paper is
not a straight line but rather a convex curve, see Figure 2.37. Nevertheless,
a three parametric Weibull distribution can also be portrayed as a straight
line, if the abscissa scaling for ty is corrected with the failure times (t - to).
With this transformation a three parametric Weibull distribution can be
traced back to a two parametric Weibull distribution, see Figure 2.38.

www. Enagi neer i ngEbooksPdf . conr



2.2 Lifetime Distributions for Reliability Description

51

99.9 — 4.0
% 4
90.0 / 35
63.2
0.0 // 3.0
£30.0 / ,5
320'0 i .
;:5 10.0 20 g
250 S
a 3.0 15 &
) 2.0 [J)
2 1.0 10 &
=L 03
L 05 o
0.3 0.5
2
g L 0l 1) Pole o1
1 100

. 10
Lifetime t-103

Figure 2.37. Original values of a three parametric Weibull distribution in Weibull
probability paper
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Figure 2.39. Bathtub curve realized in Weibull probability paper

As already mentioned in Section 2.1.1.4, the entire failure behaviour of
components or systems with the failure rate A(t) can be represented in the
shape of the bathtub curve. The three sections of the bathtub curve, which
describe different failure causes, can also be realized in Weibull probabil-
ity paper, see Figure 2.39. Each section is then described with its own
Weibull distribution and corresponding shape parameter b in the Weibull
probability paper.

2.2.3.3 History of the Weibull Distribution

From 1930 to 1950 W. Weibull conducted various fatigue trials, where
he realized that he could not describe the resulting failure behaviour with
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the common distributions known up to his time. Therefore, he himself
attempted to develop a universal distribution, which he published in detail
in 1951 [2.40].

W. Weibull assumed that every distribution function can be described in
the form:

F(t)=1-e 0 (2.60)
He also set the following minimal conditions for the function ¢(t):

o (1) is positive and increases monotonically (thus, the principle re-
quirement for a continuous, monotone increasing distribution function is
fulfilled),

o tyexists a lower limit for which ¢(t) =0, so that a minimum lifetime or
failure free time can be considered.

The simplest function that fulfils these conditions is:

b
(p(t):(t ;foj . (2.61)

Before the time t,, the argument in Equation (2.61) is negative. Thus,
the function is undefined before the time to. Starting from to, ¢(t) increases
monotonically.

If a value (T-ty) is substituted for the reference value T, then
F(t) = 63,2% for all t = T. Thus, all conditions are fulfilled, and it becomes
simpler to handle the function in calculations.

The Weibull distribution in three parametric form results by inserting
Equation (2.61) in Equation (2.60):

b
_[mj (2.62)
Flt)=1-e \"™0/ '
It could not be explained by any probability theory, why W. Weibull’s
postulate for exactly this function is suitable for the description of lifetime
trials. W. Weibull derived the function purely empirically.

2.2.3.4 Probability Theory Justification for the Weibull
Distribution

The Weibull distribution is characterized as an “asymptotical extre-
mum distribution” in probability theory. Such a distribution had already
been fundamentally researched early on by Fischer and Tippett [2.10] as
well as by Gnedenko [2.14]. After W. Weibull empirically developed and
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introduced the distribution, it was examined further under probability the-
ory aspects by Freudenthal and Gumbel [2.11, 2.16, 2.17] and most re-
cently by Galambos [2.13]. All of these sources include for the most part
the following definition:

The Weibull distribution corresponds to an asymptotical extremum
distribution of the lowest (first) order statistic for a test specimen
with the size n, for large values for n (n — ).

In order to understand this definition it is first necessary to understand
the terms order statistic and order statistic distribution. If these terms are
not familiar to the reader, then Section 6.2 should be dealt with first, where
order statistics and their distributions are described in more detail.

Imagine a component separated into n parts:

| | | | | - component
| | | | |
[} | [} [} |
| | | | |

T/~

n parts

By designating the lifetimes for the n parts as ty, t,, ... t, the lifetime of
the complete component is teomponent = MiN (i1, to, ... t,). The component
fails with the failure of the weakest link. Thus, the failure time teomponent
corresponds to the shortest failure time in the “random test specimen” of
size n. The shortest failure time is designated as the first order statistic in
the random test specimen. For another, similar component with an identi-
cal “random test specimen size” n, the teomponent OF the lowest order statistic
will be somewhat different. Consequently, a distribution can be assigned to
this order statistic. Since the first order statistic (or also the n order statis-
tic) represents an extreme order, it is designated as an extremum and its
distribution as an extremum distribution. For the limit n — oo, the lifetime
of a component is then Weibull distributed [2.13, 2.18].

The failure of a component through its weakest part corresponds to the
principle of a chain’s weakest link. Only for the case that a real failure
cause is based on this principle, it is theoretically possible for the Weibull
distribution to describe the occurrence of failures exactly. However, due to
the distribution’s universality, see Figure 2.31, the Weibull distribution is
used in practice mainly due to purely pragmatic reasons.
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2.2.4 Logarithmic Normal Distribution

The logarithmic normal distribution, commonly called log normal dis-
tribution for short, is based on the normal distribution from Section 2.2.1.
The random variable t is substituted with the logarithmized form log t in
Equations (2.27) to (2.30). This results that the logarithmized failure times
follow the pattern of a normal distribution. The equations for the log nor-
mal distribution are summarized in Table 2.4.

Here, it must be noted that the equations of the log normal distribution
can have either the logarithm to the base of 10 (Ig) or the normal log (In) in
the numerator of the exponent.

Table 2.4. Equations for the log normal distribution

1 _(igt-py
Density Function flt)e—— . 20° (2.63)
( ) t-ov2-m
t (g -p)?
Failure Probability F(t) = I e 2% dr  (2.64)
51O 2.7
Survival Probability R(t)=1-F(t) (2.65)
_ f(t)
Failure Rat AMt)=—= 2.
ailure Rate (t) R() (2.66)
Parameters:
t: Statistical variable (load time, load cycle, number of operations, ...) >0

u scale parameter. The exact mean of the log normal distribution is

tmedian, Lv = 10",

c: “shape parameter”, statistical spread >0

Contrary to the normal distribution, it is possible to produce strongly
varying density functions with the log normal distribution. Therefore, simi-
lar to the Weibull distribution, it is possible to describe many different
failure behaviours with the log normal distribution.

The application of the log normal distribution is simplified by the fact
that the procedure of the normal distribution, the most thoroughly re-
searched and developed distribution, can be easily carried over for the log
normal distribution. Similar to the normal distribution, the disadvantage of
the log normal distribution is that the density function can only be represented
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with limitations, and that the other failure functions can only be deter-
mined with either laborious integration or with tables and charts.

The log normal distribution’s failure rate increases with increasing life-
time and then decreases after reaching a maximum. The failure rate ap-
proaches zero for very low lifetimes. Thus, the monotonically increasing
failure rate for wearout failures can only be represented by the log normal
distribution with restrictions. On the other hand, the log normal distribu-
tion describes failure behaviours well that begin with a rapidly increasing
failure rate followed by many robust and resistant components which can
endure a long load period.

While many random factors work together in generating a normal distri-
bution, these random factors are multiplicatively combined for the log
normal distribution. Thus, the individual random factors are proportionally
related to one another. This may be shown in wearout failures. Here it is
required that the fracture caused by the load gradually occurs and spreads,
and that a very large number of crack extensions form before final fracture.
The crack growth in each gradual level can be regarded as a random vari-
able, which is proportional to the average crack length that can be reached.
With the central limit theorem [2.18, 2.25, 2.27] the log normal distribu-
tion can be used as a model for the description of wearout failures [2.24].

There is also probability paper for the log normal distribution in which
the failure probability F(t) can be shown as a straight line and is therefore
suitable for the evaluation of trials, see Figure 2.40.

The probability network has an abscissa with a log base ten scaling and
an ordinate scaled according to the normal distribution [2.18]. The median
tmedian = 10" corresponds to the intersection with the 50% failure probability
line.

The standard deviation c is:

czlgtBﬂ orczlg%ﬂ. (2.67)
50% Y6%

Figure 2.40 shows a few examples of failure probabilities.
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Figure 2.40. Log normal probability paper with different failure probabilities F(t)

Similar to the Weibull distribution, the log normal distribution also has a
three parametric version with a failure free time t, as a third parameter
[2.18]. However, this three parametric log normal distribution is applied in
only very few cases.

2.2.5 Further Distributions

The distributions introduced in the following sections are seldom ap-
plied in practice. However, they offer certain advantages for individual
cases and thus are mentioned here for the sake of completeness.

2.2.5.1 Gamma Distribution

Just as the Weibull distribution, the gamma distribution exists in a two
and three parametric form. A generalized gamma distribution can even
contain four parameters. However, the statistical analysis of data with such
a flexible model can lead to such a high complexity, that this form with
four parameters is not accounted here [2.19].

The gamma distribution’s density for a two parametric form is
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bib-1_-at
at e
flt)=———— 2.
0=""15) (2.68)
and for a three parametric form
b
F(t)=——(t—to P te 20, (2.69)

r(b)

whereby a is a scale parameter (a # 0), b a shape parameter (b > 0) and tya
location parameter. Furthermore, the complete function is, see Table A.5,

r(b)= [x" e dx (2.70)

and the incomplete gamma function is

at
T(b,at)= ij‘le‘xdx (2.71)
0
which, for example, is tabulated in Bronstein [2.4].

The probability distribution of a random variable with a two parametric
gamma distribution can only be described as an integral

t

F(t)=——[u""e™du, (2.72)

0

out of which the survival probability can be derived:
b t
a
R(t)=1-—=—[u""e®du. (2.73)
ol

The failure rate of the gamma distribution cannot be determined in com-
plete form; however, it can be described by the following general equation:

Alt) f(t)

T1-F()

. (2.74)

The expected value and the variance of a two parametric gamma distri-
bution are as follows:

E(t)=g (2.75)
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and

Var(t) = a%' (2.76)

As already mentioned, the three parametric gamma distribution also has
an additional location parameter t, besides the parameters a and b. As in
the exponential and Weibull distribution, failures can be described with
this parameter that first occur after a time t,, i.e. failures that possess a
failure free time.

The expected value for a three parametric gamma distribution is

E(t)=t, +g (2.77)

and the variance can be calculated with Equation (2.76), which means that
the variance has the same value in both the two parametric and three para-
metric form and is thus independent from t,.

The gamma distribution can describe various failure behaviours, just as
the Weibull distribution. This may be observed especially on the density
function of the gamma distribution, see Figure 2.41. The density function
changes considerably in dependency upon one parameter — the shape pa-
rameter b. The gamma distribution corresponds exactly to the exponential
distribution for b = 1, see Figure 2.30.
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Figure 2.41. Failure functions of a two parametric gamma distribution witha =1
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If the shape parameter b has a positive whole number (b =1, 2, ...), then
the gamma distribution turns into the Erlang distribution, described in
2.2.5.2 below.

The density function always begins at f(t) = 0 for b > 1, reaches a maxi-
mum with increasing lifetime and from there decreases continuously. The
maximum of the density function shifts to the right with an increasing
shape parameter, see Figure 2.41.

Figure 2.41 showed the failure probability and the survival probability
for the gamma distribution. As seen in Figure 2.41, the failure rate for the
gamma distribution is suitable for the description of failure behaviours
with increasing, decreasing, and constant failure rates, as in the Weibull
distribution. The failure rate converges to the scale parameter a with in-
creasing t. The gamma function distinguishes itself from the Weibull dis-
tribution by the fact that the failure rate has an exponential factor of (b - 1)
and thus changes more rapidly for increasing t [2.19].

2.2.5.2 Erlang Distribution

The Erlang distribution is a special case of the gamma distribution. It
can be derived directly from the gamma distribution for shape parameters
b with positive whole values. Thus, all described characteristics for the
gamma distribution are applicable to the Erlang distribution. In particular,
the advantage of this distribution is its simplicity and relationship to the
exponential distribution for the parameter b = 1.

The relationship to the exponential distribution is the actual importance
of the Erlang distribution. The Erlang distribution corresponds to the sum
of n statistically independent random values ti, ..., t,, which possess the
exact same exponential distribution. This can prove to be very practical for
example when describing failures which occur in phases and the last fail-
ure occurs at the end of the phase b.

The density function for the Erlang distribution is:

f(t)zw

2.78
(b-1)! (2.78)
The failure probability is calculated by integrating the density function:

(2.79)

The equation for the survival probability is:
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b-1 e—at (at)r

R(t)=>" (2.80)
e r!
and for the failure rate;
a(at)P™*
)-—2
(at) (2.81)

(b—1)!

|
r=0 r:

The equations according to [2.12] for the expected value and variance of
the Erlang distribution are as follows:

b
E(t)=g, (2.82)
Var(t):%. (2.83)

Figure 2.42 shows the graphical representation of the functions of the
Equations (2.78) to (2.81). Here, it is shown that various density functions
can be realized (left symmetrical, symmetrical, decreasing). As already
mentioned, the characteristics are identical to those of the gamma distribu-
tion.

The failure rate for the Erlang distribution increases monotone, and it is
imperative that A(0) =0, as well as:

Iim/i(t):a. (2.84)

t—wo

This means that the failure rates for the Erlang and the gamma distribu-
tion converge for, t—, towards a limiting value. In contrast, the
Weibull distribution approaches infinity for b values greater than one.
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Figure 2.42. Failure functions of the Erlang distribution
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2.2.5.3 Hjorth Distribution

The Hjorth distribution stems from research done by U. Hjorth [2.21]
concerning the relationship between failure estimation and probability
modelling.

Similar to the gamma and Weibull distributions, the Hjorth distribution
can describe various types of failure behaviour well. Then entire bathtub
curve can be described with this distribution, which means that increasing,
decreasing, constant and bathtub shaped failure behaviours can be repre-
sented. The Hjorth distribution has three parameters: the scale parameter f3,
and two shape parameters 6 and 6. Thus, in some situations the failure
behaviour can be better described than by the Weibull distribution, for
example, if the failure behaviour changes or the entire bathtub curve
should be described with only one distribution [2.21].

The density function for the Hjorth distribution is:

f@)zﬁﬁiﬁf%iﬁgﬁ;_
@+pt)s

In this equation, & # 0 and 3 # 0. The respective failure probability can
be calculated with integration:

(2.85)

a2
e 2
F(t)=1- 5 (2.86)
(@L+pt)s
The survival probability is written as:
ot
e 2
R(t)= 3 (2.87)
(L+Bt)s
The resulting failure rate is:
0
Alt)=0ot + .
(t) Tohi (2.88)

The expected value and variance of the Hjorth distribution can only be
calculated numerically. For this, the following integral must be defined:
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at2

(ab)= (2.89)

O'—.S

With Equation (2.89) the expected value can be calculated:

E(t):é(l(ﬁ%,%—l]— I(B%%J] (2.90)

and the variance:

2 ) 9 2 ) 1 .0 6
V —1 “1l-—=Il| —=,— |- —=,—|. 2.91
arlt) = (B B J 2 (BZ BJ B2 (BZ B] (299

The graphic curves of the Hjorth distribution are shown in Figure 2.43.

A further advantage of the Hjorth distribution over the Weibull distribu-
tion can be seen by comparing the failure rate of the Hjorth distribution
with that of the Weibull distribution. The Weibull failure rate reaches in-
finity for b <1 and low t values, while the Hjorth failure rate reaches a
shape parameter 0 for these conditions, see Figure 2.43.

The Equation (2.88) can also be interpreted as the sum of an increasing

and a decreasing term, where 6t is the increasing part and % the de-
+

creasing part. This is advantageous because it is then possible to character-
ize, for example, two different failure modes.
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Figure 2.43. Failure functions for the Hjorth distribution
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2.2.5.4 Sine Distribution

The sine distribution is derived from the arcsin+/P transformation. P is

the probability of fracture. The arcsiny/P transformation is a simple pro-
cedure for graphical and calculative evaluation of dynamic fatigue trials.
This method, which can be traced back to R. A. Fisher, has proven itself
over extensive testing to be a simple, robust and reliable evaluation
method for dynamic fatigue trials, especially in cases where the economi-
cal aspects of a trial must be kept comparably low [2.6].

The main advantage of this method is that the variance of the transfor-
mation variable z =arcsin</P reaches a constant asymptote for increasing
z or for increasing test specimen size n, and is thus independent from n.

As already mentioned, this distribution is mainly used for the estimation
of endurance strength in transition periods as well as for the estimation of
the minimal lifetime in the fatigue strength zone. The coordinate (o, z) is
made up of a straight line according to the operation laws for regression
calculation, in which the transformation variable z=arcsin~/P for the
observed failures pro test specimen size can be read from tables.

The coefficients in the equation 6 =a +bz of the best fit straight lines
are determined by using regression calculation.

Networks for arcsiny/P are available for graphical evaluation, which
are examined in more detail in [2.6, 2.7, 2.9].

According to [2.26], the statistical probability distribution for this trans-
formation is:

F(P)=a+barcsin\/37 (2.92)

where P stands for the probability of fracture.
The following failure probability is found by solving the above equation
for P:

F(t)=1-R(t)= sinz(—t ;aj : (2.93)
The density function is found by deriving the equation by time.

sin(t_aj cos(t_a)
f (t) _9 b b (2.94)

b

The resulting failure rate is as follows:
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)2 sin(t;aj cos(t;aj

%F—sm(t;afJ | o

In the sine distribution, the density function, the failure probability, as
well as the survival probability are only defined for certain periods of time.
Otherwise, the next sine period would begin. Furthermore, density func-
tions can only be symmetrical, thus making this distribution impractical for
general mechanical engineering applications.

2.2.5.5 Logit Distribution

The logit function from research methodology of biology from J. Berk-
son is described by the following failure probability according to [2.9]:

F(t)=1—R(t)=EﬁmfT (2.96)

The corresponding density function is:

1+e”

Bef(aJrBt)
f ==
(t) ( (a+m)f (2.97)

and the failure rate:

At)=

Be_(a+Bt)

(1+ e((“Bt))z(l—1 _1(a+[3t)j | (2:99)
+e

For these equations it is important to remember that § # 0.The logit
function can also be used for an approximation of a dynamic fatigue trial
and can thus be easily compared with the arcsinx/B transformation.
This was done for example by Dorff in [2.9].

In this comparison, Equation (2.96) is transformed into a linear equation
just as in the arcsin\/B transformation.

This transformation according to [2.9] for the logit transformation is:

|mnF:m%=a+m, (2.99)
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whose parameters are again determined by regression. The term logit F
serves as a determining characteristic of the logit distribution.

The density functions of the logit distribution show a distinct symmetri-
cal behaviour, thus making the logit distribution an unsuitable description
of failure behaviours for mechanical products.

2.2.5.6 Shifted Pareto Distribution

The Pareto distribution is used for example in aviation for the estimation
of the minimal lifetime of components or in the field of reinsurance for the
modelling of major damages.

According to [2.20, 2.22], the density function of the Pareto distribution
is:

£(t)= 1(1+ E]{éﬂj (2.100)

1
o a

where o stands for a dimensioning parameter which sets the initial value of
the density function for t=0, and & stands for a shape parameter which
describes the failure slope. It is required that oo > 0 and § > 0.

Through integration the failure probability can be calculated as

1

F(t):l—(1+§j 3 (2.101)
a
resulting in the survival probability:
1
R(t)= (1&} : (2102)
(04
and the failure rate:
At) = —
oc(l—i— & ) (2.103)
a

According to [2.20], the expected value is:

E(t)= 1L = const. (2.104)
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and the variance is:

(1 1
Var(t)= %(m - WJ = const. (2.105)

2.2.5.7 Sg Johnson Distribution

With its 4 parameters, the Sg Johnson distribution is able to represent
the failure behaviour of a component or system over the entire lifetime
with early, random and wearout failures. Thus, this distribution is able to
recreate the complete “bathtub characteristic” of the failure rate.

The density function for the Sg Johnson distribution according to [2.37]

f(t)=—0. 0 e

[_;[yﬂ]-ln( St_tiajf] (2.106)
e (t_g).(5—t+s) .

Here, ¢ is the limit from the left side, o is the dimensioning parameter
and thus € + & is the limit from the right side of the random variable. The
parameters n and y are shape parameters. In general, the parameters must
thereby fulfil the following conditions:

e<x<eg+6,nN>0,—-0<y<w, §>0,

The failure probability as well as the survival probability, failure rate,
expected value and variance of the Sg Johnson distribution can only be
calculated numerically.

2.3 Calculation of System Reliability with the Boolean
Theory

Based on the components’ failure behaviour it is possible to calculate
the failure behaviour of a complete system using Boolean system theory
[2.2, 2.33, 2.35, 2.36, 2.39]. Here, the failure behaviour for each individual
component can be represented as described in Section 2.1 e.g. with a
Weibull distribution with the parameters b, T and t,.

A few important prerequisites are given for application of the Boolean
theory:
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e The system must be non-repairable, that is, the first system failure ends
the system’s lifetime. Thus, for repairable systems it is only possible to
calculate the reliability up to the first system failure.

e The system elements must be either in a “functional” or “failed” state of
condition.

e The system elements are “independent”, that is, the failure behaviour of
a component is not influenced by the failure behaviour of another com-
ponent.

Under these conditions it is possible to deal with numerous mechanical
engineering products using Boolean theory.

Furthermore, it is possible to build “reliability schematic diagrams” out
of the system elements, out of which it is possible to recognize the reliabil-
ity structure of a system. The reliability schematic diagram shows the ef-
fect of the failure of one component on the complete system. The connec-
tions between input | and output O in the diagrams in

Figure 2.44 and Figure 2.45 represent the possibilities for the functional-
ity of the system.

The system is then functional, if there is at least one connection in the
reliability schematic diagram between input and output, in which all com-
ponents along the connection are intact. For a serial structure,

Figure 2.44a, the failure of one arbitrary component leads to the failure
of the complete system. For a parallel structure,

Figure 2.44b, the system does not fail until all components have failed.

Figure 2.44¢ shows a combination of a serial and parallel structure.
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a)
| O— component [ component |[________| component — 00
1 2 n
b) component
1
component
| 2 o
:L__ component __i
n
c)
component
2/1
| O component 10
1
component
2/2

Figure 2.44. Basic structures of reliability schematic diagrams:
a) Serial structure

b) Parallel structure
c) Combination of serial and parallel structures

matic diagram.

Figure 2.45a and b.
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It should be noted, that the structure of the reliability schematic diagram
does not necessarily correspond to the mechanical setup of a design. It is
possible that a component appears more than once in the reliability sche-

Figure 2.45 shows an example for the creation of a reliability schematic
diagram. The example system “free wheel clutch” consists of three shafts
(S1, S2, S3), which are connected by 2 free wheel clutches (F1, F2),
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a)

b)

d)

e)

interlock

free wheel

-
I S1 F1| S2 %g s3 |0
l'o— F1 |U F2 |uF©0o0

F1 |C

F1 (C
F1 |C
F1 |C

Figure 2.45. Creation of a reliability schematic diagram:

a) Drawing of the example system “free wheel clutch”

b) Principle sketch of the free wheel clutch system

c) Serial structure for the failure cause “interruption”

d) Parallel structure for the failure cause “clamping”

e) Complete reliability structure for the system free wheel clutch

The system input is indicated by I and the system output with O. The

function of the system consists of transferring torque in one rotational di-
rection and interrupting the connection between I and O in the other rota-
tional direction through a response of the free wheel clutch, so that no fur-
ther torque transfer is allowed.

The failure cause to be dealt with here for the free wheel clutch is either

interruption or clamping. Interruption results in a blocking of torque trans-
fer in both rotational directions, while clamping results in a rotational
movement of the shaft in both directions. Figure 2.45¢ shows the reliability
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74 2 Fundamentals of Statistics and Probability Theory

schematic scheme for interruption, a serial structure, since after the inter-
ruption of one free-wheel clutch, the system function is no longer fulfilled.
In the case of clamping, Figure 2.45d, the reliability schematic diagram
describes a parallel structure, due to the fact that when one free-wheel
clutch clamps, the second free wheel clutch allows further functionality of
the system. The complete block diagram, Figure 2.45e, results in a serial
circuit made up of both partial structures in Figure 2.45¢ and Figure 2.45d.

Most mechanical products possess a serial reliability structure, since the
introduction of redundancies is elaborate. This is the case especially for
repetition and high volume parts. For critical components a larger dimen-
sioning with a relatively high safety is carried out instead of a redundancy.
Thus, the failure behaviour is improved in a simpler manner.

The calculation of the reliability for a serial system is calculated by the
product of all survival probabilities:

Rs (t)=Res(t)- Res(t)- . Reo(t) or R(t) HRC| (2.107)

With a definite reliability of each component (Rc(t) < 1), a value results
for the system reliability that is less that the reliability of the weakest ele-
ment. The system reliability becomes less with each additional component.
For numerous components, the system has a low reliability, despite high
individual component reliabilities, Figure 2.46.

If the component failure behaviour can be described by a three paramet-
ric Weibull distribution, then the following equation can be used for the
calculation of the component reliability:

R ()= e{i‘j‘;j | (2.108)
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Figure 2.46. Decrease in the system reliability with an increasing amount of com-
ponents with varying component reliabilities R¢(t)

The system reliability can be calculated with Equation (2.107):

) ) )
RS (t)=e Ti—toy e To—tp, e Ta—tos or

by b, by
—InRS(t)z(t_th +[t_t°2J +[t_t°3j . (2.100)
Tl - t01 T2 _tOZ T3 _t03

The time t corresponding to a certain system reliability Rs(t) can only be
determined iteratively, except for a few exceptions. For Rg(t) =0,9 it is
possible to determine the commonly used Bigs lifetime of the system.

In special cases, the function Rs(t) resulting from the component reli-
abilities represents an exact Weibull distribution. However, due to the uni-
versality of the Weibull distribution, the system reliability can be estimated
nearly precisely with a certain Weibull distribution.

The reliability of a parallel system is calculated by the following equa-
tion:

R(t)=1-(1—Ry(t))@-R,(t))....(1-R,(t)) or (2.110)
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Ro(1)=1-] [0~ Ry () (2.111)

Here, n stands for the redundancy grade of the system.

2.4 Exercises to Lifetime Distributions

Problem 2.1

Maennig conducted dynamic fatigue trials on slightly notched shafts. The
shafts were loaded with sinusoidal, pure cyclic stress-strain oscillations
[2.31].

A

Y 8 fyg
< /
Y -
(Co ) D I D I i I I P .. 1.
— —]
= % )

A 96

- >

Figure 2.47. Notched shafts for dynamic fatigue trials

The following failure times resulted for a trial with n = 20 shafts with a
deflection stress of 380 N/mm?:

100,000 load cycles, 90,000 load cycles, 59,000 load cycles,

117,000 load cycles, 177,000 load cycles, 98,000 load cycles,

125,000 load cycles, 118,000 load cycles, 99,000 load cycles,

132,000 load cycles, 97,000 load cycles, 87,000 load cycles,

126,000 load cycles, 107,000 load cycles, 66,000 load cycles,

186,000 load cycles, 158,000 load cycles, 80,000 load cycles,

69,000 load cycles, 109,000 load cycles,
a) Classify the results and create the histograms and the empirical func-
tions,

b) the failure density,
c) the failure probability,
d) the survival probability and
e) the failure rate.

Problem 2.2

For further evaluation of the trial results in Problem 2.1 calculate the fol-
lowing:

a) the measures of central tendency (mean, median and mode) and

b) the statistical spread values (variance and standard deviation).
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Problem 2.3

Draw the respective diagrams (linear scaling) for the following parameters

of a Weibull distribution:

a) Weibull density functions:
b=10 T=20 t=10
b=15 T=20 t,=10
b=35 T=20 tp,=1.0

b) Weibull failure probabilities:
b=1.0 T=20 tp=1.0
b=15 T=20 tp=1.0
b=35 T=20 th=1.0

Problem 2.4
The following density is given for a rectangular distribution:

1
f(t) _ foraStSb.

=1b-a )

0 otherwise
Calculate the failure probability F(t), the survival probability R(t) and the
failure rate A(t) and show the results graphically.

Problem 2.5
The reliability of a technical component is given by the equation:

R(t)= exp(— (ﬂ,-t)z) for t>0

Calculate the failure density, the failure probability and the failure rate.
Show the results graphically.

Problem 2.6

The lifetime of a component can be described by a normal distribution
with p =5,850 h and ¢ = 715 h.

a) Plot the distribution in a normal distribution chart.

b) What is the probability that a component does not fail before the point
in time t; = 4,500 h?

¢) What is the probability that a component fails before the point in time
t, = 6,200 h?

d) What is the probability that a component fails between the times
p+o?

e) How long, t3, can a component survive with a safety of 90%?
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Problem 2.7

The failure behaviour of a pump can be well described with a log normal
distribution with pn =10.1 hand 6 = 0.8 h.

a) Plot the distribution in a log normal chart.

b) What is the probability that the pump does not fail before the time
t; = 10,000 h?

c) What is the probability that the pump fails before the time
t, = 35,000 h?

d) What is the probability that the pump fails between the times t; and t,?

e) How long, t3, can the pump survive with a safety of 90%?

Problem 2.8

The lifetime (in hours) of an electrical component can be described by the
exponential distribution f (t) =A-exp(~A-t) t>0; A =1/(500h).

a) What is the probability that the component does not fail before the
time t; = 200 h?

b) What is the probability that the component fails before t, = 100 h?

c) What is the probability that the component fails between the times
t3 =200 h and t, = 300 h?

d) How long, ts, can the component survive with exactly 90% safety and
which range of time can the component survive with at least 90%
safety?

e) What value must the parameter A have for a lifetime distribution where
the probability is 90% so that the lifetime of a component is at least 50
h?

Problem 2.9

Most failure behaviours in mechanical engineering are described by the
Weibull distribution. Calculate the expected value (also called the MTBF
value or the MTTF value) for a two parametric and three parametric
Weibull distribution. List the actual values for the expected value for the
follow parameter combinations:

a)b=1; T=1000h; to=0h; b)b=0.8, T=1,000h; to=0h;
c)b=4.2; T=1,000h; t,=100h; d)b=0.75; T=1,000h; t; =200 h;

Note: Use the tabulated gamma function

F(x)zje‘t-tx‘l-dt.
0
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Problem 2.10

The failure behaviour of grooved ball bearings can be described very well
with the Weibull distribution. The following is given: shape parameter b =
1.11, factor fig =to/B1o=0.25 and the Bsg lifetime Bsy = 6,000,000 load
cycles.

a) What is the By lifetime?

b) Determine the Weibull parameters T and t, of the failure distribution.

c) What is the probability that a component fails between
t; = 2,000,000 load cycles and t, = 9,000,000 load cycles?

d) How long, t3, can a component survive with a safety of 99%?

e) For which shape parameter b (with constant T and ty) does a lifetime
distribution result with a probability of 50% that a component survives
at least 5,000,000 load cycles?

Problem 2.11

Calculate the mode t., of a three parametric Weibull distribution for b > 1.
Check the result graphically for the following parameters: b =1.8;
T =1,000 h; t, =500 h.

Tip: df(ty,)/dt=0.

Problem 2.12

The following information is known about the failure behaviour of an en-
gine: The failure behaviour is described by a two parametric Weibull dis-
tribution. At time t; the failure probability is x;, at time t, the failure prob-
ability is x,. Conditions: t; < t; and x; < X,. Calculate b and T for the failure
distribution.

2.5 Exercises to System Calculations

Problem 2.13

Determine the system reliability function Rs(t) for the system shown below
as a function of the respective component reliabilities Ri(t):
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Figure 2.48. Block diagram of Problem 2.13

Problem 2.14

Describe the general relationships between the failure probability, failure
density and failure rate of a serial system.

Problem 2.15
The reliability block diagram of an ABS system is given:

X1 |—| Xa1 |—| Xa1 |—| Xs1 |—| Xe1

X22 |—| Xz2 |—| Xaz |—| Xsz |—| Xe2

Figure 2.49. Reliability block diagram of Problem 2.15

The failure behaviour of all 11 components is described by the exponential
distribution. The time independent failure rates corresponding to one year
are listed in the following table:

Table 2.1. Failure rates for the system components in Problem 2.15

components:  part: failure rate:

X4 supply Mm=4-10%at

Xo1, X2 cables M1 =Ap=T- 103 a_l
Xa1, X32 relay hai = g =5-10%a?
Xat, Xaz sensors M1 = A =0,2-10% a7
Xs1, Xsp electronics g = A5 = 1,5-10°% a7t
Xo1, Xo2 control valves Ag = Ag, =0,3- 10° a*

a) Determine the equation for the system reliability Rs(t) as a function of
the component reliabilities R;(t).

b) What is the survival probability of a useful life of 10 years? How
many ABS systems out of 100 have failed after this time?

c) Determine the MTBF value (= expected value) of the system.
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d) Determine the equation for the iterative calculation of the Byq lifetime
of the system. Estimate a suitable initial value.

e) No system failure has occurred up the point in time t; =5 years. With
this information (condition), what is the probability for a useful life of
10 years?

Problem 2.16
The following reliability block diagram is given for a system. The failure

behaviour of all parts is described by the exponential distribution. The
failure rates are given as:

M =22-10°h?

A =A3=4-10°h'
A=3.6-10%h?

Figure 2.50. Block diagram for Problem 2.16

a) What is the system reliability after 100 h of operation?

b) How many systems out of 250 will fail in a time period of 100 h?

c) What is the MTBF value of the system?

d) Determine the equation for the iterative calculation of the By lifetime
of the system and estimate a suitable initial value for the calculation.

Problem 2.17

Lifetime trials are carried out for a system consisting of n =9 identical
gears in serial connection. The failure behaviour of one gear is described
by a three parametric Weibull distribution. What is the reliability function
for the system? The By, lifetime of the system is Bios = 100,000 load cy-
cles. It is assumed that each gearwheel has a shape parameter of b =1.8
and a factor of fg = 0.85 (failure due to tooth failure). What is the charac-
teristic lifetime T of one gear?

www. Enagi neer i ngEbooksPdf . conr



82 2 Fundamentals of Statistics and Probability Theory

References

[2.1] Anderson T. Theorie der Lebensdauerpriifung. Kugellagerzeitschrift 217

[2.2] Birolini A (2004) Reliability Engineering: theory and practice. Springer,
Berlin, Heidelberg

[2.3] Bitter P etal (1986) Technische Zuverlassigkeit. Herausgegeben von der
Messerschmitt-Bolkow-Blohm GmbH, Springer, Miinchen

[2.4] Bronstein I N, Semendjajew K A (2000) Taschenbuch der Mathematik — 5.,
uberarb. und erw. Aufl. Verlag Harri Deutsch, Thun, Frankfurt am Main.

[2.5] Buxbaum O (1986) Betriebsfestigkeit. Verlag Stahleisen, Dusseldorf

[2.6] Dengel D (1975) Die arcsin+/P -Transformation — ein einfaches Verfahren
zur graphischen und rechnerischen Auswertung geplanter Wohlerversuche.
Zeitschrift fur Werkstofftechnik, 6. Jahrgang, Heft 8, S 253-258

[2.7] Dengel D (1989) Empfehlungen fiir die statistische Absicherung des Zeit-
und Dauerfestigkeitsverhaltens von Stahl. Materialwissenschaft und Werk-
stofftechnik 20, S 73-81

[2.8] Deutsche Gesellschaft fir Qualitat (1979) Begriffe und Formelzeichen im
Bereich der Qualitatssicherung. Beuth, Berlin

[2.9] Dorff D (1966) Vergleich verschiedener statistischer Transformationsver-
fahren auf ihre Anwendbarkeit zur Ermittlung der Dauerschwingfestigkeit.
Dissertation, TU-Berlin

[2.10] Fisher R A, Tippett L H C (1928) Limiting forms of the frequency distribu-
tion of the largest or smallest members of a sample. Proc. Cambridge Phil.
Soc. 24, p 180

[2.11] Freudenthal A M, Gumbel E J (1954) Maximum Life in Fatigue. American
Statistical Association Journal, Sept, pp 575-597

[2.12] Gade KW (1977) Zuverl&ssigkeit — Mathematische Methoden. Hanser-
Verlag, Miinchen

[2.13] GalambosJ (1978) The Asymptotic Theory of Extreme Order Statistic.
John Wiley & Sons Inc., New York

[2.14] Gnedenko B V (1943) Sur la distribution limite du terme maximum d’une
série aléatoire. Ann. Math., 44, S 423ff

[2.15] GrolR H R W (1975) Beitrag zur Lebensdauerabschdtzung von Stirnradern
bei Zahnkraftkollektiven mit geringem Volligkeitsgrad. Dissertation

[2.16] Gumbel E J (1956) Statistische Theorie der Ermidungserscheinungen bei
Metallen. Mitteilungsblatt fiir mathematische Statistik, Jahrg 8, 13. Mittbl.,
S 97-129

[2.17] Gumbel E J (1958) Statistics of Extremes. Columbia University Press

[2.18] Hartler G (1983) Statistische Methoden flr die Zuverlassigkeitsanalyse.
Springer Wien New York

[2.19] Hartler G (1983) Statistische Methoden flr die Zuverldssigkeitsanalyse.
VEB Verlag Technik, Berlin

[2.20] Hipp C. Skriptum Risikotheorie 1. TH Karlsruhe
http://www.quantlet.de/scripts/riskt/html/rt1htmIframe28.html

www. Enagi neer i ngEbooksPdf . conr



References 83

[2.21] Hjorth U (1980) A reliability distribution with increasing, decreasing, con-
stant and bathtub-shaped failure rates. Technometrics 22, S 99-10

[2.22] Jeannel D, Souris G (2001) Estimating Extremely Remote Values Of Oc-
currence Propability — Application To Turbojet Rotating Parts. In: Procee-
dings of ESREL, pp 709-716

[2.23] Joachim FJ (1982) Streuungen der Grubchentragféhigkeit. Antriebstech-
nik 21, Nr 4, S 156-159

[2.24] Kao H K (1965) Statistical models in mechanical reliability. 11. Nat.
Symp. Rel. & QC, p 240-246

[2.25] Kapur K C, Lamberson L R (1977) Reliability in Engineering Design. John
Wiley & Sons Inc., New York

[2.26] Klubberg F (1999) Ermiidungsversuche statistisch auswerten. Materialpri-
fung 4, Heft 9

[2.27] Kreyszig E (1982) Statistische Methoden und ihre Anwendungen. Vanden-
hoeck & Ruprecht, Géttingen

[2.28] Lechner G, Hirschmann K H (1979) Fragen der Zuverl&ssigkeit von Fahr-
zeuggetrieben. Konstruktion 31, Heft 1, S 19-26

[2.29] Lieblein J, Zelen M (1956) Statistical Investigations of the Fatigue Life of
Deep-Groove Ball Bearings. Journal of Research of the National Bureau of
Standards vol 57, No 5, Nov, pp 273-316 (Research Paper 2719).

[2.30] Lienert G (1994) Testaufbau und Testanalyse - 5., vollig neubearb. und
erw. Aufl. Beltz, Psychologie-Verl.-Union, Weinheim

[2.31] Maennig W-W (1967) Untersuchungen zur Planung und Auswertung von
Dauerschwingversuchen an Stahl in den Bereichen der Zeit- und der Dau-
erfestigkeit. VVDI-Fortschrittberichte, Nr 5, August

[2.32] Mercier W A (2001) Implementing RCM in a Mature Maintenance Pro-
gram. Proceedings of the 2001 Annual Reliability and Maintainability
Symposium (RAMS)

[2.33] Messerschmitt-Bolkow-Blohm GmbH (Hrsg.) (1971) Technische Zuverlés-
sigkeit. Springer, Berlin

[2.34] O'Connor PD T (2001) Practical Reliability Engineering. John Wiley &
Sons

[2.35] Reinschke K (1973) Zuverlassigkeit von Systemen mit endlich vielen Zu-
stdnden. Bd 1: Systeme mit endlich vielen Zustdnden, VEB Verlag Tech-
nik, Berlin

[2.36] Rosemann H (1981) Zuverlassigkeit und Verfugbarkeit technischer Anla-
gen und Gerdéte. Springer, Berlin Heidelberg New York

[2.37] SAS/QC User’s Guide
http://www.rz.tu-clausthal.de/sashtml/qc/chap4/sect10.htm

[2.38] Verein Deutscher Ingenieure (1986) VDI 4001 Blatt 2 Grundbegriffe zum
VDI-Handbuch Technische Zuverlassigkeit. VDI, Dusseldorf

[2.39] Verein Deutscher Ingenieure (1998) VDI 4008 Blatt 2 Boolesches Model.
VDI, Dusseldorf

[2.40] Weibull W (1951) A Statistical Distribution Function of Wide Applica-
bility. Journal of Applied Mechanics, September, pp 293-297

www. Enagi neer i ngEbooksPdf . conr



3 Reliability Analysis of a Transmission

The main target of work in reliability is to identify or to forecast the ex-
pected failure behaviour of a product as early as possible. By this, weak
points in design can be determined and eliminated in early stages. In order
to avoid extensive and time consuming trials one strives for calculation
methods, which are based on the statistic and probabilistic basics described
earlier. An unerring prognosis can only be achieved, if the failure behav-
iour of the components is relatively well known.

The early and random failures in sections 1 and 2 of the bathtub curve
are difficult to pre-estimate, as already mentioned in Section 2.2.1.4. They
are conditionally useful for probabilistic calculation methods. The follow-
ing executed reliability determination is therefore limited to wearout fail-
ures (section 3 of the bathtub curve), which is, in most cases, the most
dominant failure cause. The developed procedure is based on the described
calculations methods mentioned in [3.2, 3.3, 3.4, 3.5, 3.6, 3.7, 3.9].

The system used for this example is a single-stage transmission, which
is shown in Figure 3.1. On the input shaft (IS) of the transmission is the
small transmission input gear. The power is transmitted by the larger gear
onto the transmission output shaft (OS). Besides the bearings for the
shafts, the transmission consists of a transmission housing with a housing
cover and different small bearing covers, which are sealed by sealing com-
pounds or radial seal rings. The transmission example is therefore a man-
ageable system due to its simple input and output devices and transmission
elements.

To determine the expected system reliability it is useful to refer to the
flowchart shown in Figure 3.2. The main focus of the system analysis is, to
determine the components which are relevant to the reliability and to set
up a reliability structure of the system. Afterwards, the system elements
are considered separately and their reliability is determined. The analysis is
concluded with a reliability calculation for the complete system. In the
following sections, these three sequential steps will be shown in detail.

B. Bertsche, Reliability in Automotive and Mechanical Engineering. VDI-Buch,
doi: 10.1007/978-3-540-34282-3_3, © Springer-Verlag Berlin Heidelberg 2008
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85

Figure 3.1. Example system “single-stage transmission”

analysis of a system

i

determination of the
reliability for each system element

{

calculation of the
system reliability

Figure 3.2. Flowchart for the determination of system reliabilities
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86 3 Reliability Analysis of a Transmission

3.1 System Analysis

3.1.1 Determination of System Components

At the beginning of the analysis, it is useful to identify all system com-
ponents in order to study an overview of system, see Figure 3.3. Compo-
nents and/or interfaces of components can be regarded as components.

In Figure 3.4 all components of the example system “transmission” are
listed. This small and manageable system already consists of 27 compo-
nents. Shrink fits, welded joints, etc. are interfaces of components.

Besides the components, these interfaces can also be critical elements
for the system reliability. All components of the system are illustrated in
the function block diagram, see Figure 3.5
4 I

determine the constructional elements of a system
(constructional element = constructional part or constructional interface)
g J

L 2
e A

choose the system elements to be calculated
(system element = constructional element per type of damage)

L 2

classify system elements
(ABC division of FMEA / FMECA analysis)

L 2

-
.

/
create a reliability structure (Boolean serial system)
with the A and B system elements
L (option: use of flow of outputs) )

Figure 3.3. Flowchart of the system analysis

housing roll bearing 1 bearing cover 3
housing cover roll bearing 2 bearing cover 4
housing bolts roll bearing 3 bearing cover sealing 1
housing cover sealing roll bearing 4 bearing cover sealing 2
input shaft locking washer 1 bearing cover sealing 3
output shaft locking washer 2 bearing cover sealing 4
gearwheel 1 spacer ring shaft seal 1

gearwheel 2 bearing cover 1 shaft seal 2

fitting key connection bearing cover 2 hex bolt 1-12

Figure 3.4. Components of the example system “transmission”
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housing cover

}@-| housing cover sealing

housing
_@ bearing cover @ @ @
sealin i ( ) bearing cover
- b::\iglrg @ bearing seagiing (::)
hex bolt roll roll cover
@ bearing bearing hex bolt
shaft ! 2
seal
[ input shaft
o _@_ bearing cover _@_ o
£ ; £
g bearing sealing 2
< @ bearing cover @ roll roll cover hex bolt £
sealing bearing bearing spacer bearing locking
cover rin .@ .@ washer
hex bolt 3 g 4
shaft
seal
i output shaft !
housing
Verwendete Bezeichnungen: AC: connection in the axial direction S: sealing SH: shaft-hub connection CC: circumferential connection
1 formed connection 1 static 1 centering 1 positive connection
TC: tooth contact 2 frictional connection 2 dynamic 2 bearing seat 2 frictional connection

BC: bolt connection 3 material connection

Figure 3.5. Function block diagram of the example transmission
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88 3 Reliability Analysis of a Transmission

3.1.2 Determination of System Elements

Some of the components can fail for several reasons. A gear, for exam-
ple, can lose its functionality by tooth failure, pittings or scuffing. For the
later calculation it is recommended that consideration to the damage poten-
tial peculiar to a specific element. Therefore, system elements are defined,
which divide the components according to their kind of damage. For the
example above, the system is expanded to 28 elements. The two compo-
nents gear 1 and gear 2 were thereby subdivided further into two kinds of
damages: “tooth failure” and “pittings”.

3.1.3 Classification of System Elements

The diverse system elements fulfil quite different functions and thereby
contribute differently to the reliability of the system. Therefore, it is not
reasonable and/or permitted to consider all system elements equally. A
classification of the system elements will thus be executed. The elements
are classified in reliability, relevant and neutral parts. Furthermore, it is
necessary to differ whether the parts underlie a defined load or if their
stress can only be collected inexactly. A developed ABC analysis of the
system elements, which takes these aspects into account, is shown in
Figure 3.6. It is possible to calculate the failure behaviour of A system
elements whereas for B system elements one depends on experience and
trials. The reliability neutral C system elements are not taken into account
in any further calculation.

A parts (prone to risk) B parts (prone to risk) C parts (neutral to risk)
e.g.
e loaded by defined static stress; || e loaded many by friction, e randomly loaded by impacts,
load profile is given; abrasion, extreme friction, abrasion, etc

power transmitting temperatures; dirt and

- . corrosion e calculational dimensioning only
e lifetime calculations are

) o lifetime calculations are not provisorily necessary or
possible and correspond to ) !
) possible or do not correspond irrelevant
reality ;
to reality
o failure behaviour is given by o failure behaviour must be e only random and early failures;
Wohler experiments; estimated or determined by shape paramenter 0 <b <1.0
shape parameter b > 1.0 experiments;

shape parameter b = 1.0

Figure 3.6. ABC classification of system elements
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3.1 System Analysis 89

The developed ABC classification is suited for small and manageable
systems. For new and complex systems, the elements which pose critical
influences upon the reliability should be determined by a complete FMEA
analysis (see Chapter 4).

A parts B parts C parts

input shaft shaft seal 1 housing

ouput shaft shaft seal 2 housing cover

gear 1 breakage housing bolts

gear 2 breakage housing cover sealing

gear 1/2 pittings locking washer 1

fitting key connection locking washer 2

roll bearing 1 spacer ring

roll bearing 2 bearing cover 1

roll bearing 3 bearing cover 2

roll bearing 4 bearing cover 3
bearing cover 4
bearing cover sealing 1
bearing cover sealing 2
bearing cover sealing 3
bearing cover sealing 4
hex bolt 1-12

Figure 3.7. ABC classification of the system elements for the example system

With pre-calculations, experience from similar transmissions and techni-
cal discussions, the classification of the system example “transmission” are
shown in Figure 3.7.

The complete system, which includes 28 system elements, was reduced
to 12 elements that are relevant for the reliability study. The relevant ele-
ments are, apart from the radial seal rings, the power transmitting parts:
input and output shafts, gears, fitting key connection and bearings.

3.1.4 Determination of the Reliability Structure

After the classification, the next step of the analysis is the structure de-
termination of the system, see Figure 3.3. To set up the reliability sche-
matic, it is advisable to use function block diagrams or the schematic of
the power flow. Both types of diagrams show how the system elements are
stressed and how their failures affect the rest of the system. Starting off
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90 3 Reliability Analysis of a Transmission

with one of these diagrams, the reliability block schematic can be created
quite easily.

If one examines the function block diagram of the transmission, see Figure
3.5, it can be seen, that all system elements are necessary for a correct
system function. Thus, the reliability block schematic is a pure serial struc-
ture, see Figure 3.8.

0—| input shaft |—| ouput shaft |—| gear 1, breakage |—| gear 2, breakage
roll bearing 1 |—| roll bearing 2 |—| fitting key |—| gear 1/2 pittings
roll bearing 3 |—| roll bearing 4 |—| shaft seal 1 |—| shaft seal 2 |—‘

Figure 3.8. Reliability block schematic of the transmission (Boolean serial struc-
ture)

The system reliability Rs can be calculated for a Boolean serial system
structure according to Section 2.3, which is the product of the reliability
for all the system elements Re:

Rsystem = RIS : ROS ! Rgearl,tooth failure Rgearz,tooth failure
: Rgearl/ 2, pittings Rfitting key Rbearingl ! RbearingZ ' RbearingS (31)
: Rbearing4 : RRSRl : RRSRZ'
The system Equation (3.1) describes the reliability relevant system ele-

ments and their functional dependencies. Therefore, it represents the actual
result of the system analysis.

3.2 Determination of the Reliability of System Elements

After the analysis of the system, it is still necessary to determine the un-
known failure behaviour of the reliability critical system elements, see
Figure 3.9.

www. Enagi neer i ngEbooksPdf . conr



3.2 Determination of the Reliability of System Elements 91

A system elements B system elements

determine load collect material data
(load profile, , temp., ...) (Wahler curve, ...)

\/

carry out service strength (operational stability)

calculations (i.e. damage accumulation...) failure behaviour of system elements:
Result:  lifetime, time, etc. for a certain failure « collect values from similar cases
probability (most often the B, lifetime) « make reasonable assumptions
results in the 1st parameter of the Weibull * guess
distribution (location parameter, B, or t)) « experiments

(b und t;) of the Weibull distribution (calculate,

determine 2nd and, if needed, 3rd parameter
estimate, ...)

\

Result: complete failure behaviour A
for each system element:

7[ t—to; ]h
—e Ti—toi

Relement,i

Figure 3.9. Schematic of the determination of the reliabilities of the system ele-
ments

For the A system elements relatively accurate load spectrums and
Wohler curves (SN-curves) already exist. With these data it is possible to
execute operating fatigue strength calculations, with which the lifetime of
the system elements can be determined. In most cases, the calculated life-
time corresponds to the B, or B; lifetime and is therefore related to a cer-
tain failure probability. The conversion of the By, and/or B; lifetime into
the characteristic lifetime T is given in the Equations (7.1) and (7.2). In the
probability net, one can determine one point and/or one parameter of the
distribution: the scale parameter. With the knowledge of the remaining
parameters of the distribution — shape parameter b and, if necessary, the
failure free time t, (location parameter) — one yields the complete failure
behaviour of the element.

The determination of failure behaviour for B system elements is facili-
tated by experience, or if not, the failure behaviour should be estimated.
Trials for B system elements can prove efficacious in determination of the
reliability.

Apart from the radial seal ring, all elements in the example “transmis-
sion” are A system elements, for which the failure behaviours can be cal-
culated. With an assumed input load spectrum the important stress factors
such as root bending stresses, Herzian stresses, bearing stresses, etc. were
calculated for the A system elements.
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92 3 Reliability Analysis of a Transmission

The stresses, together with the Wohler curves (SN-curves) and the bear-
ings data, lead to the summarized lifetimes, see Figure 3.10.

input shaft fatigue resistant

output shaft fatigue resistant

gear 1 breakage 70,000 revolutions IS (B,)
gear 2 breakage 120,000 revolutions IS (B,)
gear 1/2 pittings 500,000 revolutions IS (B,)
fitting key connection fatigue resistant

roll bearing 1 1,500,000 revolutions IS (B,,)
roll bearing 2 fatigue resistant

roll bearing 3 fatigue resistant

roll bearing 4 2,500,000 revolutions IS (B,,)

Figure 3.10. Calculated B; and By lifetimes of the system elements

According to the definition, the B; and By, lifetimes are related to a fail-
ure probability of F(t) = 1% and/or F(t) = 10%. The B; and By, lifetimes
can be transferred into the characteristic lifetime T with the Equations (7.1)
and (7.2). The result: one parameter of the failure distribution is known:
the scale parameter. The two other parameters of the distribution — the
shape parameter b and, if necessary, the failure free time to — have been
chosen according to the values given in Chapter 7. All Weibull parameters
of the non endurable A system elements are given in Table 3.1.

For the two B system elements, the radial seal rings 1 and 2, the failure
behaviour cannot be calculated. For those two elements, however, failure
statistics of comparable transmissions are known and it can be said that
such seals fail exclusively at random. Therefore, the shape parameter b = 1
is assigned to both system elements. For the characteristic lifetime the
values of failure statistics from comparable transmissions have also been
taken, see Table 3.2. It was not possible to identify a failure free time t, for
typical random failures out of the failure statistics.

With the values given in Table 3.1 and Table 3.2 the complete failure
behaviour of the system elements can be displayed, see Figure 3.11.

Table 3.1. Weibull parameters for A system elements

b T to fis
gear 1 tooth failure 1.4 106,600 68,600 0.9
gear 2 tooth failure 1.8 185,000 114,500 0.85
gear 1/2 pittings 1.3 2,147,300 450,700 0.6
bearing 1 111 9,400,000 300,000 0.2
bearing 4 1.11 15,700,000 500,000 0.2
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Table 3.2. Weibull parameters for B system elements

b T to  f
RSR 1 1.0 66,000,000 0 O
RSR 2 1.0 66,0000000 0 O

99 !
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Figure 3.11. Failure behaviour of the system elements and of the system (System:
dashed; Big-system = 76,000 rotations of the input shaft)

3.3 Calculation of the System Reliability

The calculation of the system reliability is the final step in the calcula-
tion. Here, the assigned reliabilities of the system elements are inserted in
the system Equation (3.1), see Figure 3.12.

The complete system behaviour can be displayed graphically, if a curve
is put through several pairs of variants Rs(ts). The system failure curve
runs left of the element failure curves, see Figure 3.12. In many cases the
complete system failure behaviour is not of interest, but rather which sys-
tem lifetime can be achieved for a certain system reliability or which sys-
tem reliability will be reached for a given system lifetime. These values
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94 3 Reliability Analysis of a Transmission

can be determined out of the system equation by iteration and/or an ana-
Iytical solution, see Figure 3.12.

The failure behaviour of the system is calculated
out of the indivdual system reliabilities:

Rq(t) = ei[%J .ei[%]

N\
Desired: system lifetime for the best Desired: system reliability for the best
system reliability system lifetime
L (ex.: t,=? for R (t) = 90%) N (ex.: R(t) = ? att = 100.000 LC)
(o . A :
iterative solution: ( Wtical solution: A
vary t,in the system equation until analytical solution: )
the desired R_(t) results substitute t_ in the system equation R (t)
X . ;
\(ignore components for which t, > ts) ) L (ignore components for which ty > ts)

After determining several coordinates FELR

for R (t,) the curves for the system
failure behaviour can be realized.

Figure 3.12. Schematic of the calculation of the system reliability

For the calculation of the system reliability, one must differentiate be-
tween the system elements with a two-parametric and with a three-
parametric Weibull distribution. System elements, described by a two-
parametric Weibull distribution, must always be considered in the calcula-
tion of the system reliability. Their reliability already reaches values less
than 1 at the lifetime of t = 0. Each additional system element with a two-
parametric Weibull distribution therefore decreases the system reliability
directly. The statement, that further parts unavoidably decline the system
reliability, is thus proven for two-parametric system elements.

System elements with a three-parametric Weibull distribution do not al-
ways have to be taken into account for the calculation of the system reli-
ability. Only those three-parametric system elements can cause failures,
whose failure free time to is smaller than the regarded lifetime t. Thus,
three-parametric system elements only have an influence on the system
lifetime t,s (or Bys) if:

ty <tys- (3.2)
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3.3 Calculation of the System Reliability 95

If a system is enhanced by further three-parametric system elements,
whose failure free time ty is greater than, for example, the Bigs lifetime,
then these elements have no effect on the Bygs reliability of the system. A
direct relationship between the amount of parts and system reliability is not
given in these cases.

It should be noted, that for a system with two-parametric and three-
parametric system elements, the system has a two-parametric distribution.
This means that already at t = 0 failures of two-parametric system elements
can occur.

The example system “transmission” has mainly three-parametric system
elements. Only the two radial seal rings RSR 1 and RSR 2 have a two-
parametric Weibull distribution. For the calculation of the system reliabil-
ity of the example transmission, the failure behaviour is defined by the
four system elements “gear 1 tooth failure”, “gear 2 tooth failure”, “RSR
1” and “RSR 2”. The system equation in this case is:

R

system = Rgearl,tooth failure RgearZ,tooth failure RRSRl ’ RRSRZ ' (33)

With the help of an iterative solution, the Bygs system lifetime of the in-
put shaft is 76,000 rotations, see Figure 3.11.

A predominant amount of the failures is caused by the system element
“gear 1 tooth failure”. This system element with this type of damage repre-
sents a weak point in the system. Together with the system elements “gear
2 tooth failure”, “RSR 1” and “RSR 2”, the complete reliability of the
transmission is defined. The remaining parts are well dimensioned and
their failure is only expected to occur at a later point in time.

The four determined reliability relevant system elements are a typical
example for such so called weak points of a system that constitute mainly
or almost exclusively the failure behaviour. With a partial or complete
description of the component failure behaviour in a three-parametric
Weibull distribution, an extensive reliability analysis consequently leads to
the identification of weak points [3.1].

An updated procedure can be found in [3.8, 3.10]. An overview of the
modified methodology is shown in Figure 3.13.
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Figure 3.13. Updated procedure for the calculation of system reliability
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4 FMEA - Failure Mode and Effects Analysis

FMEA can be understood as the most commonly used and well known
qualitative reliability method in the area of reliability methodology. It is a
dynamic preventive reliability method used in the modification of systems
and accompanies the design cycle for modification of components. The
overall aim is to analyse and modify components in the light of experience
to achieve an optimum criterion of reliability assessment. One significant
criterion is the risk priority number (RPN) which will be discussed in the
chapter.

FMEA was developed in the mid sixties in the USA by NASA (National
Aeronautics and Space Administration) for the Apollo project. Afterwards,
this method generally applied procedure in aerospace and aeronautical
engineering. Most literary resources concerning this method stem from the
American Military Standard MIL-STD-1629A [4.1], and is required as an
approval standard for all parts in aerospace and aeronautical engineering.
The FMEA method is elaborately detailed and involves a clearly defined
procedure. Further use of the FMEA method continued in nuclear technol-
ogy and in the automotive industry. The Ford Company in America was
the first automotive company to integrate this method into its quality as-
surance concept, see Figure 4.1.

B. Bertsche, Reliability in Automotive and Mechanical Engineering. VDI-Buch,
doi: 10.1007/978-3-540-34282-3_4, © Springer-Verlag Berlin Heidelberg 2008
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4 FMEA - Failure Mode and Effects Analysis 99

g

1963 NASA (Apollo project) =~

ﬁ

1965 aerospace & aeronautics (MIL-STD 1629A%)
1975 nuclear technology @
1978 automotive industry (Ford)
1980 standardization in Germany <@
1986 further application in the

automotive industry N —wos!
1990 application in electronics and

software development
1996 enhancement of the System FMEA

Figure 4.1. Origin of FMEA

Due to the continually increasing quality requirements made by custom-
ers, new legal restraints (production liability laws [4.5]) and norms
(DIN ISO 9000 ff [4.2]), increasing product complexity, increasing cost
demands, requirement for shorter development periods and lastly due to an
increasing environmental awareness, FMEA has become a solid compo-
nent in today’s quality assurance. The FMEA procedure specified by the
German Association of the Automotive Industry (VDA - Verband der
Automobilindustrie) [4.7] is the prevailing standard for methodical appli-
cation of an FMEA analysis in Germany.

In the following text the basic principles as well as general fundamentals
concerning the FMEA methodology and the procedure of a Form FMEA
according to VDA 86 will be discussed. Emphasis is put on the FMEA
according to VDA 4.2, which is summarized in Section 4.4. The FMEA
procedure according to VDA 4.2 is the most extensive and commonly used
procedure, especially in the automotive industry, in Germany and in
Europe.
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100 4 FMEA - Failure Mode and Effects Analysis

4.1 Basic Principles and General Fundamentals of FMEA
Methodology

The abbreviation FMEA stands for “Failure Mode and Effects Analysis”,
see Figure 4.2. The FMEA method is specified under this name in the
DIN 25 448 [4.3] since 1980.

EMEA?

e Failure Mode and Effects Analysis
e Failure Effects Analysis (DIN 25 488)

e Behaviour analysis

e Analysis of failure modes, failure effects and failure causes

Figure 4.2. Definition of the term FMEA

FMEA is a systematical method. Its fundamental idea is the determina-
tion of all possible failure modes for arbitrary systems, subsystems, or
components. At the same time the possible failure effects and failure
causes are presented. The procedure is concluded with a risk assessment
and specification for optimization actions, see Figure 4.3. The aim of the
method is to recognize the risks and weak points of a product as early as
possible in order to enable execution improvements in a timely manner.

FMEA is a method to discover

e potential failure modes
e potential failure effects
e potential failure causes

for components or system parts; the risk is assessed and actions for
optimization are determined.

Figure 4.3. Fundamental idea of FMEA

FMEA deals with a risk assessment integrated into the development and
process planning of new products. It is an important factor in quality as-
surance before a new production cycle takes place. FMEA belongs to reli-
ability analysis and must be carried out systematically, without interrup-
tion, preemptively and team-oriented.

One version of FMEA is the FMECA (Failure Mode, Effects and Criti-
cality Analysis), which enhances the original FMEA with a separate risk
characterization.
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4.1 Basic Principles and General Fundamentals of FMEA Methodology 101

FMEA is made up of various procedures according to the type and com-
plexity of the system to be assessed or according to the desired results. An
overview of the various FMEA procedures used most often is shown in
Figure 4.4.

complete system (vehicle)

—

subsystem

(transmission)
/ System Function

FMEA FMEA

constructional
element

‘M'L‘*,‘ (gearwheel)

Design FMEA Process FMEA

Figure 4.4. Types of FMEA

The execution of an FMEA is carried out in interdisciplinary groups, the
FMEA teams. It is reasonable to execute an FMEA in teams, since is it
only then possible to incorporate all operational areas affected by the
analysis. In practice it has been proven to be beneficial to execute an
FMEA under the direction of an FMEA moderator, who is familiar with
the methodical procedure. In this way, time consuming discussions con-
cerning the method can be avoided.

In general, the FMEA team consists of a moderator, who offers me-
thodical knowledge, and the FMEA team, which offers technical knowl-
edge concerning the product or process to be analyzed. The moderator,
who also may possess a marginal know-how concerning the product or
process, certifies that the team members acquire a basic knowledge of the
FMEA methodology. A brief training at the beginning of an FMEA as-
signment is useful. The team for a Design FMEA should be made up of
experts from various fields, see Figure 4.5, whereupon at least the fields
marked with an X, design and production planning, should be covered.
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D
design

P
production-
planning

P
production

L
logistics
supply

Figure 4.5. The FMEA team

The distinction between technical knowledge in various fields and the
methodology of an FMEA execution offers the advantage that the experts
from the respective fields only offer their technical knowledge free of any
methodical considerations. Thus, merely a basic knowledge of FMEA is
adequate for the team of experts.

The team size ranges ideally between 4 — 6 members. If less than 3 — 4
team members participate in the FMEA, one runs the risk that important
sub areas will be forgotten or dealt with inadequately. On the other hand, if
the team consists of more than 7 — 8 members, then the dynamical group
effect is significantly weakened, which could lead to team members, who
do not feel integrated into the discussions, which in turn leads to an inevi-
table upset in FMEA meetings.

The following points are crucial for a successful FMEA:

e Supervisors who support the FMEA actions definitely and visibly

e A moderator supplying good methodical and moderating knowledge

e A small, success-oriented team consisting out of involved members
closely associated with the product

A further suggestion for the organization of an FMEA is shown in

Figure 4.6.
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D: Department
(initiator) head project leader

_ R: Person responsible for the FMEA project
N (designer, planer, draftsman, business)
E: Experts
(designer, draftsman, testing engineer, planer,

@) manufacturer, laboratory assistant, resource
0 planner, testing planer, master craftsman, machine
0 operator, further knowledge carriers
oo o
M: Method specialist in FMEA

(may also be the same as one of the experts or
responsible persons)

Figure 4.6. The FMEA team according to VDA 4.2

4.2 FMEA according to VDA 86 (Form FMEA)

The original FMEA procedure was carried out with the help of a form
sheet. The workflow is oriented on given columns, which are filled out
successively from left to right. The FMEA procedure can be divided into
Design FMEA and Process FMEA. The first columns of the form sheet are
reserved for the description of the components and their function. The next
section of the form sheet deals with the risk analysis, which requires the
most work out of all the sections of the form sheet. This is followed by a
risk assessment in order to rank the numerous failure causes. The last step
is a concept optimization derived from the analysis of the risk assessment,
see Figure 4.7.

www. Enagi neer i ngEbooksPdf . conr



104 4 FMEA - Failure Mode and Effects Analysis

EMEA Number: 1
System Page:
Type/Model/Fabrication/Load: Item Code: Responsible: K
System Structure State: Company: Created:15.12.2004|
FMEA/System Element: [tem Code: Responsible: Created:15.12.2004]
System Element State: Company: Modified:15.12.2004

Potential
Effects

Funct- I;‘:ottlential C |Potential|Current state Reo%m[-i Resp- 'I(;argetI ﬁction Results

: ailure urrent menae ihility Complet{ Actions

lon odes causes ol © | S | © [RPNacions [onsibityjc Dglt_e Taken O‘S P FPN
System Element: System Element

System
Elemen

Risk
Analysis

Risk

/- .

Constructional Assessment

Element, Concept Optimization
(Function

Figure 4.7. FMEA form sheet according to VDA 86

The progression of the individual sections is shown in Figure 4.8.

The fundamental step of an FMEA is the search for all conceivable fail-
ure modes (column 4). This step should be executed most carefully. Each
failure mode not found can lead to dangerous failure effects and thus, later
on, to drastic reliability problems.

Options available to discover failure modes are shown in Figure 4.9. An
imperative principle is the observation of former arisen failures in similar
cases. With the help of the experience of the FMEA participants all further
failure modes can be derived. This takes place in team meetings, which are
led by the FMEA moderator. Positive dynamic group effects should be
taken into consideration. Very often, supplemental check lists are used in
searching for failure modes. In particular dangerous cases it is helpful to
use creative means to discover all failure modes. One very systematical
approach is the examination of all functions along with their failure func-
tions and failure trees.
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Type/Model/Fabrication/Load:
System Structure

FMEA/Svstem Element:
System Element

Function | Potential | Potential | C
Failure |Effects

Modes

Potential

Current stat

Causes  [Cyrent
Controls

System Element: System Element

System
Element

1st 2nd 3rd
column|columnjcolumn

51h
column|

6th
column

Design FMEA:

= enter the constructional element and its function(s)

Process FMEA:

> enter the process steps and their functions

Advantages:

 no component/process is left out
> precise search for failure modes

o bottom-up method

Potential Failure Mode:
> search for all possible/potential failure modes (prognosis

= most important and most difficult step in an FME

Potential Failure Effects:
= search for all possible/potential failure effects

Potential Failure Causes:
= search for all possible/potential failure causes

Current Controls:

> Definition/determination of all current controls

Figure 4.8. Procedure in an FMEA form sheet

trees)

e Damage statistics
e Experience of the FMEA participants

e Check lists (failure mode lists)

e Creativity methods (Brainstorming, 635, Delphi, ...)

e Systematic analysis over functions or failure functions (failure

Figure 4.9. Possibilities for the determination of failure modes
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106 4 FMEA - Failure Mode and Effects Analysis

The completed form sheet represents a “tree structure”, see Figure 4.10.
A certain component has one or more functions and normally several fail-
ure modes. Each failure mode has again various failure effects and differ-
ent failure causes.

FMEA
System
i
Type/Model/Fabrication/Load: Iltem Code:
System Structure State:
FMEA/System Element: Item Code:
System Element State:
Function | Potential | Potential | C | Potential | Current state
Failure Effects Causes |Current | O| S| D| RPN
Modes Controls
System Element: System Element
System
Element
¥ o o A[A[A] o
° ST el-e—lala|a| e
\ NI @ ® A A Al o
o Srei—e A AL 4
1 , o0 A AA o
( ] () Al Al Al O
o—0 | ol o lA|A|A| @
— @ ® Al A A o

Figure 4.10. “Tree Structure” in an FMEA form sheet

A risk assessment follows the risk analysis, where out of the large
amount of failure causes found, the crucial risks are determined by estab-
lishing a ranking order. The assessment is carried out under 3 criteria.
With the assessment value O (= Occurrence) one can estimate how prob-
able the occurrence of the failure cause is. This deals with the question of
whether the failure is hypothetical or has already occurred often in the
field. The assessment value S (= Severity) describes the severity of a fail-
ure effect. For example, if people are put into danger, the severity is evalu-
ated higher, whereas a minimal limitation of comfort would receive a re-
spectively lower value. With the assessment value D (=Detection) it is
determined how successful the detection of the failure cause is before de-
livery to the customer. The ultimate measure here is the customer. How-
ever, the failure has already caused additional costs, but the customer does
not receive an unreliable product. The three individual assessments are
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4.2 FMEA according to VDA 86 (Form FMEA) 107

brought together in a total assessment: RPN (Risk Priority Number), which
is equal to the product of O, S and D, see Figure 4.11. With the RPN a
ranking of the identified failure causes and their failure connection to the
failure effect can be done, i.e. a priorisation of the failure causes is enabled
by the RPN.

) Current state
Risk Assessment:
Current O |S | D |RPN
Controls

How probable is the occurrence of the failure cause?

How severe is the failure effect?

e>>D>

Figure 4.11. Risk assessment

The value scale for the assessment normally ranges from 1 to 10 in
whole numbers. A value of 1 (very seldom occurrence, minimal severity,
optimal detection) is assigned when the estimations are positive towards a
reliable product. A value of 10 is assigned when the assessment tends to be
extremely negative. Tables and charts are often used as helpful resources
when assigning assessment values (see for example VDA tables in Section
4.4.4). The risk priority number can range from 1 (1*1*1) to 1,000
(10*10*10). The average RPN is normally 125 (5*5*5), see Figure 4.12,
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108 4 FMEA - Failure Mode and Effects Analysis

Risk Assessment — Value Scale:

e Value scale from 1 to 10
positive, opportune
negative, poor

1
10

e Assessment values assigned with the help of tables (VDA etc.)

e Product of the individual assessment values = Risk Priority
Number RPN:
Risk of the ascertained potential failure cause

Figure 4.12. Value scale for risk assessment

The last phase of the FMEA is the optimization phase, which takes place
after the risk assessment. First, the calculated Risk Priority Numbers are
ordered according to their values. The optimization begins with the failure
causes possessing the highest RPN value and ends, depending on the com-
plexity of the analysis, either at a certain lower limit or according to the
Pareto principle, after 20 — 30% of the RPN’s have been optimized. The
high individual assessment values must also be considered along with the
RPN’s. A value of O > 8 means that the failure occurs most often. Natu-
rally, this must be optimized. A severity value of S > 8 points to grave
functional damages as well as security risks. Such cases must also be
looked at more closely. Failures can hardly be detected for values of D > 8.
Thus, the danger arises that these cases are not dealt with before the prod-
uct is delivered to the customers, see Figure 4.13.

e Ranking of failure causes according to their RPN value

e Concept optimization beginning with the failure causes with the
highest RPN
o until a set limit RPN
(e.g. RPN = 125) or
o until a certain amount of failure causes
(common according to the Pareto principle: ca. 20 -
30 %)

e Failure causes with 0>8
S>8
D >8 observed separately

e FMEA Result observed separately

Figure 4.13. Procedure for concept optimization
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4.3 Example of a Design FMEA according to VDA 86 109

The new optimization actions are entered on the right side of the form
sheet for the optimized failure causes and the responsibility is recorded.
An improved RPN is calculated for the improved state using the new as-
sessment values assigned to D, O, and S, see Figure 4.14.

Item Code: Responsible: Created: 15.12.2004

State: Company: Modified: 15.12.2004
Recom- |Responsi Target | Action Results

o | s | b |rpn|mended |bility Comple- [actions |0 | s | D [RPN
Actions tion Date | 151en

solutions, result,
actions assessment

Figure 4.14. Concept optimization in a form sheet

4.3 Example of a Design FMEA according to VDA 86

With this example the procedure of a classical FMEA should be clari-
fied. Actual occurred damage on an automatic transmission was chosen as
an example for the analysis. Only this failure mode is considered and thus,
the effectiveness of the FMEA is represented. A diagram of a five gear
automatic transmission is shown in Figure 4.15.

Br3 BrS
}:1 : |:/ c2 Fé —

Figure 4.15. FMEA example — automatic transmission [4.4]
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110 4 FMEA - Failure Mode and Effects Analysis

It is sufficient for the analysis of this particular damage case to consider
a small section of the transmission: the front axial bearing, see Figure 4.16.

This bearing supports an outer rotating clutch plate carrier located
across from a fixed stator shaft. The raceway of the axial bearing runs a-
long this stator shaft. The other raceway is implemented with a running
disc. The spacer also belongs to the axial bearing, in order to equalize any
occurring axial play in the transmission.

The particular damage case, that is, the observed failure mode, is the in-
terchange between the running disc and the spacer. The “interchange of
components” is a standard failure mode included in every simple checklist.
In the case of an automatic transmission the interchanging can lead to the
destruction of the bearing and thus, to transmission breakdown. Further, a
function test in the factory was completed without results reason to objec-
tion. The function test was carried out with a relatively small load, which
the 0.1 mm wide and untempered spacer is able to endure. The spacer only
undergoes a strong deformation under higher loads and longer running
periods, thus blocking the axial bearing and the entire transmission. Thus,
a relatively minimal cause can bring forth severe damage.

external disc carrier

J[ e axial bearing
— running disc
e /_L\___ space
Il o =
N TR

Figure 4.16. Detail of a 5-gear automatic transmission
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4.3 Example of a Design FMEA according to VDA 86 111

With the FMEA the failure would be analyzed as follows. The occur-
rence probability of the failure would receive a 3 to a 6 (manual assembly,
conceivable failure). The severity of the potential effects is rated as very
critical with a value of 9 to 10, since it would mean that the vehicle comes
to a standstill. The detection of the potential cause is very improbable and
thus is assigned the value of 10. Out of the product of the three individual
values a risk priority number is produced between 300 and 600. These
values require optimization see Figure 4.17.
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FMEA Number: 1
System Page:
Type/Model/Fabrication/Load: Item Code: Responsible: Created: 15.12.2004
System Structure State: Company:
FMEA/System Element: Item Code: Responsible: Created: 15.12.2004
System Element State: Company: Modified: 17.12.2004
Function |Potential |Potential |Potential |Current state Recom- |Responsi-|Target Action Results
Failure Effects Causes [current O | s | D | RPN |menden (bility Comple- |Actions o|s |D|RPN
Modes Controls Actions tion Date |Taken
System Element: spacer
adjust spacer [transmis- [ [produc- P: visual 6 | 10| 10| 600 (P: Smith 01.02.2005 3 110 5 | (150)
axial play |swapped |sion] dest- |tion] false |inspection
with run-  fruction of | manual as- [ 5. ¢ nction
ning disk  |bearing -> | sembly test
blockes
bearing ->
blocked
tansmission
Figure 4.17. FMEA form sheet for an automatic transmission
wwWw. Enagi neeri ngEbooksPdf . conr

4’

sisjeuy/ 198443 pue 8o ainjied — 3N ¥



4.4 FMEA according to VDA 4.2 113

4.4 FMEA according to VDA 4.2

In the following section the procedure for an FMEA will be dealt with
according to the VDA Guidelines 4.2 [4.7].

The previously existing FMEA has been considerably enhanced. The
reason for this was the increased application of the FMEA and the aware-
ness of a few deficiencies in the existing procedure. A new, superior term
is defined as:

System FMEA.

Considerable influential factors for the increased application of FMEA
are:
e increasing quality demands from customers,
e cost optimization for products and

e compulsory liability required of the producer
The aims pursued by the system FMEA are:

e increase in the function security and reliability of products,
e reduction in guarantee and warranty costs,

o shorter development processes,

e new production start ups with fewer disturbances,

o improved fulfilment of deadlines,

e economical manufacturing,

e improved services and

e improved internal communication.

Because the System FMEA is a preventive reliability method, the deci-
sion to implement the method should be made as early as possible in the
product design cycle. If the application of the FMEA methodology can not
be applied in the technical specification phase, then it should be executed
at the latest in the development of the first design; or afterwards, a System
FMEA should be executed. The execution of an FMEA accompanies the

design cycle, which means that it must be continually conformed to the
design process and may not be treated as a static document.
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114 4 FMEA - Failure Mode and Effects Analysis

The following reasons led to the further enhancement of FMEA.

o |n the Design FMEA a failure analysis is mainly carried out on the com-
ponent level, which means that functional interactions between the ob-
served components are not included.

¢ In the existing Process FMEA the failure analysis is carried out for indi-
vidual process steps. The entire production process is not thoroughly
analyzed, for example the layout of necessary tools and machines is not
considered.

e The Design and Process FMEA involve the creation of the FMEA with
the help of a form sheet, which means that no structured description is
made of the function relationships as well as possible failure function
relationships within the systems.

The new approach involves using the structure of the system to be ana-
lyzed as a starting point for a System FMEA. This led to the development
of a System FMEA Product and a System FMEA Process. The old form
sheet of the VDA 86 was improved and a new form sheet VDA 4.2 in
1996 was introduced, see Figure 4.18.

FMEA Number: 1
System Page:
Tvné/ModeI/Fabrication/Load: liem Code: Responsible: Created: 15.12.2004
System Structure State: Py Company:
FMEA/System Element: ftem Coi Responsible: Created: 15.12.2004
System Element s\ Company: Modified:15.12.2004

Funct- [Potential Potentia[ Potentia cufedst2d PP\~ | Recom-|Respon-[larget [Action Results

- Failure mended| iy Comple- :
on Modes | - ects | Causesiyferk 0.‘ ° ‘D ‘RPN Actions [Sibilty  fion Date| £SUONS O‘ S ‘ D ‘RPN
System Element: System Element
System
gewen | | [ [T 1 [ 1 [ [[[]
FMEA Number: 1
System Page:
gyp;e/MoSdteI/liabrication/Load: g?gge(_.ode: ggm@lfﬂ Created: 15.12.2004]
ystem Structure : :
Responsible: Created:

FMEA/System Element: ftem Coder ted: 15.12.2004]
System Element Stateg Company: Modified:17.12.2004
Potential Effects ‘ S ‘Potential F{ilumé Acet%ns ve ‘ o ‘Egtti%%téon ‘ D ‘Rpl\{(lggfnp&n%ibility

System Element: _spacer AN A 4
Function: adjust axial play b

Initial State: 15.12.2004

[

Responsible?
Date?

State: 15.12.2004

Figure 4.18. Comparison of the FMEA form sheets VDA 86 and VDA 4.2
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4.4 FMEA according to VDA 4.2 115

Additional system and function observations are necessary for the new
procedure. This means in detail:

to structure the product to be analyzed as a system with system elements
and to identify the functional relationships between these elements,

to derive the conceivable failure functions (possible failures) of a system
element and its described functions and

to derive the logical connections between the failure functions of differ-
ent system elements belonging together, in order to be able to describe
the potential effects, failure modes and causes in the System FMEA,
which could possibly be analyzed.

It would now be helpful to take a closer look at the definition of the

term “‘system”: Each technical entity (equipment, machine, device, assem-
bly, etc.) can be described as a system. A system

excludes itself from its surroundings; thus, it possesses a system bound-
ary; the interfaces with the system boundaries are input and output vari-
ables;

can be divided into either partial systems or system elements;
can be broken down into various hierarchical levels;

can be divided into different types of systems depending on the purpose
of the analysis (e.g. in assembly, in function groups, etc.),

is an abstract product description.
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116 4 FMEA - Failure Mode and Effects Analysis

i

System “clutch” a...h System elements (examples); i...| connection
elements; S entire system; S, subsystem “elastic connection”; S,
subsystem “separating clutch”; | Inputs; O Outputs.

Figure 4.19. “Clutch” system according to [4.6]

A clarification of the term “system” is shown in Figure 4.19. Here, a
sectional view is transferred into a system view and thus, into another ab-
stract level, which is profitable for the FMEA methodology.

The second important term related to the System FMEA is “function”.
A function describes the general and specific connection between input
and output variables for technical entities, systems, etc. The image of a
“black box” allows for the task description of abstract and neutral solution
levels, see Figure 4.20.

Idea: |“Black Box"

Function

Input Output

Figure 4.20. Definition of the term ““function™
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Examples of functions in technical systems:

transmission
electric engine

pressure relief valve

9
9

9

RAM (Read Access Memory) ->

to convert torque / speed;

to convert electrical energy into
mechanical energy;

to limit pressure;

to save signals;

System \
Eload Edeformation
test sample ==>ffor stress and strain|__ _E test SAMPIe o maon
f .
S ——-— L Sme _ Functions
(top,
4 . main &
E . »| Transform __ | measure _ auxiliary
energy into Ir stress F ; )
load and | unctions)
S+——» distance I _ | measure s
: Ir strain a
|Oad test Edeformation
test sample N ~~ sample :’I/>test Sample ;.. maion

Figure 4.21. Main function of a testing machine, approximate structure

[4.6]

In Figure 4.21 the procedure is elaborated by examining a testing ma-
chine. The complete system is divided step-by-step. In the first step the
complete function is divided into main and auxiliary functions.

In the next step a detailed structure with further main and auxiliary func-
tions is created, see Figure 4.22.
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Eaid / - v \
St e | variance [* | 'ncrease

[
> ( _ |
Al ef comparisonf«—| Measuré- i« 4 measure ||, o
I_______T(]ents ™  stress F
|1
E —4| transform . |
load energie into b-(adjust energy |l '— measure s
S --p L |measurement|l - strain o
load and I
distance I
|
l i : > Eloss
Y |
hold test >lload test > E o iomation

test sampleﬁ sample ——f sample 7t35t sample ., - aion

Figure 4.22. Main function of a testing machine, fine structure [4.6]

System FMEA Product (overview)

Failure functions as well as failure modes for products (machines, de-
vices, apparatus, etc.) are analyzed in the System FMEA Product. The
analysis is carried out in various hierarchical system levels all the way to
the failure on the component level.

The failure functions of a component are defined as physical failure
modes such as fracture, wearout, jams, clamps, etc.

The term ““failure function” in general stands for a failure mode, failure
type or a failure. The contents of the FMEA according to VDA Guidelines
86 can be fully integrated in the new FMEA form for VDA 4.2, see Figure
4.23. Figure 4.24 shows an example of the layout of a system structure for
a System FMEA Product.
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EMEA Number: 1
System Page:
Type/Model/Fabrication/Load: Item Code: Responsible: Created: 15.12.2004
transmission State: Company:
FMEA/Svstem Element: Item Code: Responsible: Created: 15.12.2004
input shaft system element (SE) |State: Company: Modified:15.12.2004
Funct- |PotentialPotential _ |Potential Current state Recom-|Respon-{Target [Action Results
ion F%‘g‘ég Effects |C|Causes|current| 0| S | D RPN mendedsibilty  Comple-| Actions| O | S | D [RPN
F(M) FE FC Controls Actions ion Datel Taken
System Element: System Element
(bearing ans- )
input ~ imission
shaftis [ffunction
womn  Jis
hindred,
does
not
Tfnction
failure  |failure failure
function [function| |function
incon- |in design
structi- |trans- (eg.
onal mission | |dimens-
element ioning,
(physical surface,
failure hard-
mode) ness,
material

Figure 4.23. Design FMEA for a transmission according to the previous
procedure (VDA 86)

< body
structure i
chassis

vehicle motor

input shaft
drive train transmission
gear

clutch

Figure 4.24. System structure of a “Complete Vehicle System” [4.7]

System FMEA Process (overview)

With the System FMEA Process all possible failure functions of a pro-
duction process (manufacturing, assembly, logic, transportation, etc.) are
observed. The process is structured according to a system description,

www. Enagi neer i ngEbooksPdf . conr



120 4 FMEA - Failure Mode and Effects Analysis

where the last structure level is composed of the “4M’s” (man, machine,
material, method) and “environment”, see Figure 4.25.

sub process 1.1
process 1
(structure) sub process 1.2
complete

process sub process 2.1
(vehicle)
machlne
process 2 sub process 2.2 _
(drive train) materlal

method

sub process 2.3

enwronment

Figure 4.25. Example of a system structure for a complete process [4.7]

The procedure for the creation of a System FMEA according to VDA 4.2
is made up of 5 main steps, see Figure 4.26. These 5 steps will be dealt
with in detail in the following sections.

1%t step 2" step 3 step 4™ step 5t step
Svstem El ; Functions
ystem Elements and Failure Risk o
and (T Analysis (Y Optimization
System Structure Sfurctire

Figure 4.26. The 5 steps of the System FMEA

4.4.1 Step 1: System Elements and System Structure

The first step of an FMEA is divided into the following partial stages:

1. Definition of the system to be analyzed, see Figure 4.27. First, it must
be established, how complex the system is, which should be analyzed
with the help of an FMEA. This includes:

o the definition of interfaces to the design (for System FMEA Prod-
uct) or

o the definition of the process interfaces (for System FMEA Proc-
ess).
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4.4 FMEA according to VDA 4.2 121

Figure 4.27. Limiting the system to be observed

2. Dividing the system into its individual system elements (SE); this parti-
tion can be carried out in:
e assembly (subsystems)
e function groups (subsystems)
e components
3. Ordering the system elements hierarchically in a system element struc-
ture (structure tree), see Figure 4.28.

i SE 11
1 SE 1.2
SE2.1
SE22.1
system SE 2 SE 20 <
SE 2.2.2
SE 2.3
SE 3
SE3.1
SE 3.2

Figure 4.28. System and System Structure [4.7]

The system structure arranges the individual system elements into vari-
ous hierarchical levels, beginning with the top element. Further subsystems
can be arranged after each system element with a varying amount of levels.
In principle, the way the system structure is set up is arbitrary. For the

www. Enagi neer i ngEbooksPdf . conr



122 4 FMEA - Failure Mode and Effects Analysis

FMEA product an arrangement according to assembly is common, which
can be seen for example in Figure 4.29.

When creating a system structure, the following points should be taken
into consideration:

o the number of hierarchical levels is arbitrary,

o each system element may appear only once (uniqueness),

o for a better overview individual system elements may be used simply
for the matter of structuring (so-called “dummy system elements”);
these elements are not significant for the analysis later.

A few helpful resource tools for creating the system structure are shown
in Figure 4.30. An example can be found in Section 4.5.1.

1. Creating a Structure ) )

Definition of the system to be 2. FunctionS>3" Fallure 4. Risk 5. Optimzation
analyzed / Division of systems Analysis ~ Assessment

into assembly groups

L » Define product sturcture and system elements

I—» complete product + assembly groups + components

onal

- . 1.1 subsystem 1 \(ellg\?e'ﬁlgna
Division of the system into: possible)
—subsystems 1.2 subsystem 2

—components

|l.3 subsystem 3 |

1.4.1 component 1

1.4.2 component 2

1 complete system

|1.4 subsystem 4 | 1.4.3 component 3

1.4.4 component n-1

1.4.5 component n

n-1 subsysem n-1

n subsystem n

Figure 4.29. Step 1 — Creation of the Structure
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e

Design: - drawings X TS
- parts lists 1x rivet 2 g
. . 2x door —
design engineer 4x wheel @
Process: - process schedule (I
- process management
- production \
P o

- quality management ! | i A

Figure 4.30. Helpful resources for creating a system structure

4.4.2 Step 2: Functions and Function Structure

The arrangement of the system elements (SE) and the set up of the sys-
tem structure (structure tree) are the basis for determining the particular
functions and failure functions.

The following possibilities can be used for determining the functions:

1. Creation of the functions in “top down” form, that is, the functions
(functions contributing to the subordinated system elements) are created
by beginning with the top function of the system, see Figure 4.31.

2. Creation of the individual functions for each system element. Here, a
good know-how is required for the application conditions, e.g. with
specification information such as load, hotness, coldness, dust, spray
water, salt, ice, vibration, electrical malfunction, etc.
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|assemb|y group 1 | | individual part 2 |
| function 1 | | assembly group 2 | | individual part 3 |
| assembly group 3 |
|system| | function 2 |

function 3

functions of the system = top function
functions of the function groups

functions of the assembly groups

functions of the constructional elements

The fulfilment of the top functions leads to the functions in
the various hierarchical levels

Figure 4.31. Function analysis in FMEA

Suitable helpful resource tools for both cases are:

o the “black box” observation, see Figure 4.32,

o the general “guidelines” from the design methodology, see Figure 4.33.
A guideline is a search or suggestion list with higher ranking terms. It
makes sure that nothing important is forgotten. Thus, it is ensured that
the derived functions are complete.

Black Box
Input T Output
P I functions | P

speed
hydraulics - gggssfgggdtorque transformed speed ransmission
pressure } gﬂgggg gggrrs transformed torque
signals g another gear
S|gnal. . - link signals light display
electricity - produce light
specification of : . fulfils the top
the top function special functions function general

Figure 4.32. Black Box as a helpful resource for the determination of

functions
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Geometry
Kinematics
Forces

Energy

Material
Signal

Safety
Ergonomics
Manufacturing
Control
Assembly

Transportation

Usage
Maintenance

Recycling
Costs
Schedule

main categories
/ g

dimensions, height, width, length, diameter, required space, quantity, alignment,
connection, extensions and expansion

extension and expansion

movement type, movement direction, speed, acceleration, size of force,

direction of force, frequency of force, weight, load, strain, stiffness, spring

spring characteristics, stability, resonances

power, degree of efficiency, loss, friction, ventilation, state variables e.g. pressure,
temperature, humidity, heating, cooling, connection energy, storage, work intake,
transformation of energy

physical and chemical characteristics of the input and output product, auxiliary
materials, required materials (law of nourishment), material flow and transportation
input and output signals, display mode, operation and monitoring equipment, type of
signal

direct safety technology, protective systems operation, work and environment safety
Man-Machine relationship, operation, type of operation, lucidity, lighting, design
confinement through production plants, largest producible dimensions, preferred
production

process, workshop facilities, possible quality and tolerances

measuring and control options, specific regulations (TUV, ASME, DIN, 1SO)

specific assembly regulations, assembly, installation, construction site assembly,
foundation

limitation through lifting gear, path profile, route of transport according to size and
weight, type of dispatch

low noise level, wear rate, application / distribution area, place of installation (tropics, ..)
maintenance-free and/or amount and time required for maintenance, inspection,
replacement and repair, painting, cleaning

reuse, recycle, waste management, waste disposal, disposal

max. allowable production costs, tool costs, investment and amortization

end of development, network plan for intermediate steps, time of delivery

according to Pahl/Beitz

Figure 4.33. Guidelines for specification lists according to [4.6]

The function structure refers to the cooperation of functions from several
system elements for one individual, waning function. The combination of
the functions to a function network or function structure is possible. Top
functions are determined for the complete system function, which are es-
sential for the fulfilment of the product goals, such as quality characteris-

tics, design

specifications or information from previous FMEA’s. The top

function is divided into partial system functions and subsystem functions

all the way

to the component functions, see Figure 4.34. An example is

given in Section 4.5.2
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3. Failure 4. Risk
Analysis Assessment

1. Creating a

5. Optimzatio
structure

2. Functions

|—> functions for the system elements
L > complete system functions + partial system functions + subsystem functions

(Product goals:
- quality features
- product specifications
- FMEA specifications

1.1 partial system 1

1.2 partial system 2

1 complete system

top function 1
top function 2 subsystem

top function 3 1.3 partial system 3 sub function 1
partial system function 1 -

i B . sub function n-1
top function n partial system function 2 <ub function n

1.4

Figure 4.34. Functions of the system elements

4.43 Step 3: Failure Analysis

A failure analysis is carried out for each system element. However, for
each individual case it must be decided for which system elements it is
reasonable to carry out a failure analysis. Failure analysis means the de-
termination of all potential failure functions. This means that the failure
that leads to an unfulfilment or a limitation of a function is considered.

For abstract functions a failure function list can be created on behalf of
the possibilities shown in Figure 4.35.

Creation of failure often just a negation

function lists : of the function

several failure functions

: for one function

: consider all operating

conditions

Figure 4.35. Determination of failure functions
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The failure functions on the component level are physical failure modes.
Table 4.1. Typical potential failure modes

o fracture e blocked

e crack e  overstretched

e abrasion e hent, sagging

e rejected e distorted, deformed, dented
e  chips away o relaxed, loose, wobbles

e wear (also bedding-in, pittings,...) e clamps, sluggish

o insufficient time characteristics e friction is too high of too low
e rotted, decomposed (prematurely) e  too much expanded

e  damaged, prematurely wornout e  part is missing

e  vibrates ° Wrong part (not a safely usable
. constr.)
e swings .
* wrong osition (no constr. meas-
e  resonances uremen
e unpleasant sound e constr. inverted assembly possible
e  too loud e interchanged (no constr. measure-
ment

e  congested

e  contaminated
o leaky

e  busted

e  depressurized
o false pressure

e location to reverse side is false
e false configuration

e entry of dirt and water

o false speed

o false acceleration

o false spring characteristics

e  corroded .

e overheated o false weight N

e bumnt e poor dggree of eff|C|en(_:y
e charred e too maintenance intensive

e poorly replaceable
e not further useable

Table 4.1 is a list of typical failure modes which can be used to ensure
the integrity of the fault analysis. These failure functions are classic failure
modes for FMEA on the component level.

Failure functions in a structure tree are shown in Figure 4.36.
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I
1. Creating a ) 3. Failure 4. Risk Optimizati
g . imization
structure >2' Func@ Analysis Assessment P
I

|—»determine failure functions for the system elements

l—»complete system functions +partial system functions +subsystems functions

1 complete system

top function 1

top system failure 1
top function 2

top system failure 2

1.3 parital system 3
partial system function 1
partial system failure 1

partial system function ...

1.3.1 Subsystem
Sub function 1
sub system failure 1
Sub function 2
sub system failure 2

partial system failure sub function 3
not fulfilled sub function not fulfilled
partial system failure sub function partly fulfilled
partly fulfilled sub function n-1

sub function n

fé'p function n
top system failure n

potential failure effects  potential failure modes potential failure causes
FE F(FM) FC

Figure 4.36. Failure functions (FE, FM, FC)

The top system failures or the top failure functions are derived from the
top functions. The depth of the failure analysis is limited by the depth of
the structuring levels of the system structure. If necessary, the system
structure can be expanded for the determination of potential failure causes.
The determination of the potential failure modes (FM) can be supported by
the following methods:

damage statistics,

experience of the FMEA team members,

check lists (e.g. failure modes from Table 4.1)

creativity procedures (Brainstorming, 635, Delphi, etc.)
systematically with the functions or failures functions / fault trees.

Check lists have proven to be very helpful in searching for failures.
The following relationships arise from the failure analysis in Step 3:
e Potential failure modes (FM) for the observed SE are failure functions

derived from and described by the determined functions, e.g. failure fails
to fulfil the function or limited function.
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e The potential failure causes (FC) are the conceivable failure functions of
the subordinated SE’s in the system structure and the SE’s assigned
by the interfaces.

e The potential failure effects (FE) are the failure functions for the higher
ranking SE’s in the system structure and the SE’s assigned by the inter-
faces.

The relationship between the different failures should be more closely
observed on behalf of the following example.

o potential failure mode: sudden pressure loss in a car tire

o potential failure cause: sharp object (e.g. a nail) on the street

o potential failure effect: vehicle loses control - accident, vehicle is
incapable of driving

Table 4.2 shows some typical potential failure causes (FC) on the com-
ponent level. Often, it is reasonable to create company specific lists to be
used again in future FMEA’s.

Table 4.2. Typical potential failure causes on the component level

e dimensioning failure (geometry, |e false tolerance choice (tolerance
stability, stiffness, ...) field, form & position tolerance)

o false material (material characteris- | e tolerance chains were not considered
tics: magnetic, inhomogeneous,....)

e surface is falsely defined (hard- |e confusingly constructed
ness, form, waviness, true-running,
surface roughness,...)

e false machining process defined o false heat treatment defined

The execution of the failure analysis can be carried out in various man-
ners:

1. Definition of the function all the way to the component level, from the
component functions: — component failure functions = failure modes;
Question: “Which failure modes are conceivable for the observed com-
ponent function?” (sleeve example, Figure 4.55).

2. Definition of the functions all the way to the assembly or the function
group levels (component function = “dummy” function); from the
failure functions of the assembly and function groups: — component
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failure function = physical failure modes; Question: “Which failure
modes are necessary to produces the observed assembly or func-
tion group failure functions?” (seal example, Figure 4.55).

The determined failure functions are joined together into failure trees /
failure function trees or failure networks, see Figure 4.37.

I
1. Creating a 2 Funct 3. Failure 4, Risk 5. Optimization
structure ' Analysis Assessment > “P
I

ions
L’ combine failure functions together in a failure
network / failure tree

subsystem failure 1

1 a
\'eat\\'\g orkl -
%a'\\\“e nre;\g top system || partial system subsystem failure 2
E:fa'\\\“e v failure 1 failure 1 subsystem function

not fulfiled

subsystem function 2

art!
Pulfilgd

Failure Effects®
Failure Modes

Failure Causes
Figure 4.37. Failure network

Figure 4.38 shows another example of a failures networks for the frac-
ture of a sleeve. Here, the relationship between potential failure causes
(FC), potential failure modes (FM or F) and potential failure effects (FE) is
clarified.

| wrong choice of material |

axial displacement of the unforeseen / unallowable
P <—|breakage | +—
consturctional elements stress

false assembly
(reversed installed)

Figure 4.38. Failure network for the fracture of a sleeve

The failure function structure for a transmission is shown in Figure 4.39.
In this example the System FMEA Product’s of the purchased items of
supplies is also included.
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[transmission housing]
seals the oil tank
from the surrounding environment

[transmission housing — bearing cover
(on input side)] <
does not hold shaft seal functionally or

without leakage
[race - shaft seall] é
worn race

[ZB input shaft] [race - shaft seal]
does not ensure the building up

[transmission] does not seal ot ¢
does not ensure opposite to the of an oil film on the shaft seal
environmentally safe shaft seal functionally [connection (*)]

and functional operation produces oscillation

[ZB input shaft]
does not seal opposite to shaft [race S.haﬂ Seal] ’
. transfers oil to the surrounding
seal without leakage e
énvironment

[shaft sealing ring (*)]
does not seal the oil tank from the surrounding
environment either statically or dynamically

(*) System FMEA Product (vendor parts)

Figure 4.39. “Transmission” failure function structure [4.7]

Depending on the level chosen, the contents of the failure function
structures are carried over into the FMEA form sheet according to VDA
4.2 as

e “potential failure effect” FE,
e “potential failure mode” FM and
e “potential failure cause” FC.

The FMEA’s carried out on different levels overlap each other. The po-
tential failure mode of the upper level is carried over as the potential fail-
ure effect for the FMEA of the next lower level. A potential failure cause
in an upper level can be carried over as a potential failure mode in the next
lower level. The overlappings are shown in Figure 4.40 and Figure 4.41.
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drive line
FE F FC
does not ensure | does not ensure | does not ensure
failure-free and | driving of the environmentally
economical vehicle safe and
operation functional
according to the operation
product specs
: !
transmission N
FE Y F_ Y FC

does not ensure
driving of the

does not ensure
environmentally

does not seal
opposite to the

Design FMEA

(System FMEA on the
level for constructional

components)

System FMEA

the building up
of an olil film on
the shaft seal

vehicle safe and shaft seal Product
functional functionally
A operation A
- T i
AS input shaft
. o
FE Y FE_ 7 FC
does not ensure | does not seal does not ensure
environmentally |opposite to the |the building up
safe and shaft seal of an oil film on
functional functionally the shaft seal
operation
, :
race - shaft seal
EE Y E_ Y EC
does not seal does not ensure |worn race
opposite to the the building up
shaft seal of an olil film on
functionally éthe shaft seal 4
properties of the race - shaft seal
FEY FY FC
does not ensure |worn race alse dimensioning

of the diameter
false Rz
insufficient
hardness
grinding problem

system FMEA Process

Figure 4.40. Overlapping according to [4.7]
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overlappings between
SE product / process
FE F FC System FMEA Product, level 1
FE F FC System FMEA Product, level 2
System FMEA Product, level 3
FE F FC (Design FMEA)
FE = FC System FMEA Process, level 1
System FMEA Process, level 2
FE F FC (Process FMEA)

FE: failure effect F: failures FC: failure cause

Figure 4.41. Overlapping in System FMEA Product and Process according
to [4.7]

4.4.4 Step 4: Risk Assessment

The risk assessment is carried out under three evaluation criteria. These
are:

o S: Severity of the potential failure effect
o O: probability for the occurrence of the failure cause and
o D: probability for the detection of the occurred failure cause.

A representation of the risk analysis in a form sheet is shown in Figure
4.42.
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1. Creatin

ga )
strukture> 2. FU”%

4. Risk
Assessmen

3. Failure
Analysis

formulation of preventive

actions \

t> 5. Opim%

|—> search for actions + assessment

formulation of d

etection

actions /

08.12.2004

08.12.2004
15.12.2004

Failure
Cause

Failure S Failure
Mode

erted |
is<5Nm

Subsystem failur
Subsystem failur

Subsystem functionT
not fulfiled
2

Subsystem functj
partly f‘ulfiled

™~

/

assessment of the

severity S for the

failure effects
effects

assessment of the _
occurrence probability detection probability D Calculation
O for the failure

assessment o

for the failure

Figure 4.42. Risk assessment in a form sheet

The evaluation values range from 1 to 10 in whole numbers. The tables
from VDA, see Figure 4.43 or company specific tables can be used as a
guideline for the evaluation. Company specific tables can be created with

the help of previous FMEA'’s.

Severity S

The evaluation value S evaluates the severity of the failure effect for the
complete system. The assessment is always carried out from the standpoint
of the final user of the product (external customer). A value of 1 stands for
an extremely low severity; while a value of 10 stands for an extremely

f the

effects of the RPN

high severity (e.g. people are put into danger). Generally, similar potential
failure effects should be assigned by similar values, see Figure 4.43.

www. Enagi neer i ngEbooksPdf . conr



4.4 FMEA according to VDA 4.2 135

assessment value for assessment value for the y dedicated assessment value for the y reliability
the severity S occurrence O 1 fraction detection D 1 of testing

: defective in : procedure

y PPm 1

1 1

very high: very high: 1 improbable / very low 1
10 | Significant failure 10 | failure cause will 1 500,000 10 | Detection of the ! 90%

9 | that causes total 9 | occur very often, : 100,000 9 | occurred failure :

inoperability of the inoperative, i cause is i

system and unsuitable 1 improbable; 1

possible malfunc- design principle 1 reliability of the 1

tion of the safety 1 constructive 1

mechanisms or 1 dimensioning !

non-fulfilment of : was not or can :

legal requirements I not be proven.

1 Proof procedure 1

! is uncertain, no !

! tests. !

high: high: ) low: )
8 | Operability of the 8 | This design is 1 50,000 8 | Detection of the 1 98%

7 | system is strongly 7 | only slightly 1 10,000 7 | occurred failure 1

limited, immediate different ! cause is not !

maintenance is from earlier : likely, there are :

obligatory, proven designs probably failure

limitation of which 1 causes that are 1

functionality of caused prob- 1 not detected, 1

important sub lems. Failure ! uncertain !

systems. Safety cause occurs : testing. :

mechanisms of repeatedly. 7 7

the system 1 1

are not impaired. ! !

moderate: moderate: ! moderate: !
6 | Functionality of 6 | Failure cause 5,000 6 | Detection of the 99,7%

5 | the system is 5 | occurs from time 1,000 5 | occurred failure

4 | limited is limited, 4 | to time, design 1 500 4 | cause is 1

immediate less accurate. ! probable, !

maintenance not : testing is :

necessarily ' relatively certain

required, limitation 1 1

of functionality of 1 1

important opera- ! !

tion and comfort : :

systems. Cus- ' '

tomer notices the 1 1

malfunctioning of 1 1

the system. ! !

low: low: ' probable: '
3 | Low limitation of 3 | Occurrence of 100 3 | Detection of | 99,9%

2 | system functional- 2 | the failure cause 1 50 2 | the occurred ]

ity, removal at the is low, designis ! failure cause is !

next regular correct : very probable, :

maintenance, | testing is |

limitation of | certain, e.g. |

functionality of ] several tests 1

important opera- ! independent of !

tion and comfort : one another. :

systems N N

very low: very low: 1 very probable: 1
1 | Very low limitation 1 | Itis improbable 1 1 1 | Occurred 1 99,99%

of functionality, for this failure to ' failure cause !

can only be occur. : will assuredly :

discovered by f be detected. f

expert staff. ] ]

Customer is not ! !

likely to notice ! !

failure. : :

Figure 4.43. Criteria for the assessment values for the System FMEA
Product according to [4.7]
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Preventive Actions and Occurrence O

The assessment of the occurrence O is carried out according to the effi-
ciency of the preventive actions taken for the respective potential failure
causes. The more detailed the failure analysis is carried out in the System
FMEA for the failure causes, the more differentiated the O assessment can
be conducted. In a System FMEA for higher ranking systems values based
on previous experience can be helpful for the O assessment of failure
causes (e.g. reliability rates).

If familiar subsystems are integrated into another system, the assessment
values should be re-evaluated due to the altered application conditions.

Preventive actions are all actions (most of the time preventive), which
confine or avoid the occurrence of a potential failure cause. Such an ac-
tion could be for example, calculations during the development phase, see
Figure 4.44.

Formulation of Prevention Actions
are actions, which reduce the occurrence of failure causes —]

A few examples:

system specific: redundancies (influence the meaning grade)
experience with comparable systems

constructive: principle experiments, simulations, calculations,
matured construction, qualified. choice of materials, use of specs

production specific: process regulations, testing regulations, etc.

Figure 4.44. Preventive actions

The assessment of the probability for the occurrence of a potential failure
cause is carried out under consideration of all listed preventive actions, see
Figure 4.44. A value of 10 is assigned, if it is likely that the potential fail-
ure cause will occur. A value of 1 is assigned for a very improbable poten-
tial failure cause. Thus, the O assessment makes a statement concerning
the quantity of defective components remaining in an entire batch of a
certain product.
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Detection Actions and Detection D

The assessment of the detection D is carried out according to the effi-
ciency of the detection actions taken for the respective potential failure
causes. The more detailed the failure analysis is carried out in the System
FMEA for the failure causes, the more differentiated the D assessment can
be conducted. In a System FMEA for higher ranking systems values based
on previous experience can be helpful for the D assessment of failure
causes.

If familiar subsystems are integrated into another system, the assessment
values should be re-evaluated due to the altered application conditions.

For the detection actions one differentiates between two separate cases:

1. Detection actions in development and production:
detection actions that are carried out during the development and pro-
duction phases and allow for the visualization of possible potential fail-
ure causes in a concept or product already during development and pro-
duction.

2. Detection action in operation / in the field:
detection possibilities that the product (system) shows during its opera-
tion or that are recognized by the operator (customer). These detection
actions indicate potential failures or potential failure causes that have
occurred during operation and should prevent any further potential fail-
ure effects.

,,,,,,,

Formulation of Detection Actions

are actions used to detect a failure,
before the part reaches the customer (processor). —

It is assumed that the failure cause has occurred and all testing actions for the
detection of the failure are listed.

A few examples:

Endurance testing (engine test branch), drawing examination, laboratory tests,
test drive, ect.

Figure 4.45. Detection actions
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The assessment of the probability for detection is carried out under con-
sideration of all detection actions listed. Detection actions that do not di-
rectly identify the potential failure cause but rather the resulting potential
failure cause are taken into consideration, see Figure 4.45. A value of 10 is
assigned, if no detection actions are mentioned whatsoever. A value of 1 is
assigned, if the probability for the detection of the failure before the deliv-
ery to the customer is very high. Thus, the D assessment makes a statement
concerning the quantity of undetected, defect components in an entire
batch of a certain product.

Risk Priority Number RPN

The risk priority number RPN is calculated by multiplying the assess-
ment values together, see Figure 4.46. The risk priority number represents
the entire risk for the system user and serves as a decision criteria for the
introduction of optimization actions.

Fo =] FMEA Number: 1.1
. =1 System Page:

U3d
Type’/ModeI/Fabrica{ion/Load: Item Code: Responsible: Created:  08.12.2004
System Structure State: Company:
FMEA/System Element: Item Coge: Responsible: Created:  08.12.2004
Pre-assembly of spacer State: Company: Modified:  15.12.2004
i Potential Failure[Potential Preventive Detection Responsibility |
Potential Effects ‘ S‘Modﬁ Causes Actions ‘O ‘Aci o ‘ D‘RPN‘ Dates

System Element: Pre-assembly of spacer
Function: Insert parts into spacer housing

[Drive adaption 8 | part is falsley wrong disk chosen
asse_mbly] Ifn-se-ned / wrong disk inserted
scuffing of gears / friction torque

automobile is >10 Nm 2 discs in 1 differe-

ntial bevel gear
ball disc falsely
inserted in differe-
ntial bevel gear

does not drive

[Drive adaption 6 |part is falsley

assembly] inserted /

loud whistling friction torque

sounds is<5Nm

Function: Pin and screw in spacer housing

[Drive adaption 8 |part is falsley

assembly] inserted /

scuffing of gears / friction torque

automobiledoes is > 10 Nm d -

not drive /
S x O x D = RPN

1..10 1..10 1..10 1..1000

Figure 4.46. Calculation of the Risk Priority Number RPN
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As a matter of principle:

e The larger the RPN is, the greater the priority that the risk is lowered
with the help of design and quality assuring actions, see Figure 4.47;

o Likewise, individual values for S, O, and D that are greater than 8
should be more closely observed;

e The product O - D gives information concerning the remaining probabil-
ity that defect, undetected parts will reach the hands of the customer.

The risk assessment is conducted for actions, which have already been
implemented. In order to lower the risk even more, additional actions are
mostly required.

250

Initial State
200

150

100

Number of Assessments

50

50 150 250 350 450 550 650 750 850 950
Risk Priority Number (RPN)

Figure 4.47. Risk assessment: RPN distribution

Analysis of the Risk Priority Numbers

The observation of the absolute value of the risk priority number (the
product S - O - D) is not always sufficient in many cases to find the starting
points for optimization actions. Likewise, it is not reasonable to define a
“fixed RPN” as a companywide action limit (e.g. optimization conducted
for all RPN > 250), since the circumstances of the assessment standards
may differ for each FMEA and the observation of smaller risk priority
numbers could be neglected. The following example illustrates the situa-
tion and shows that by all means, the observation of smaller RPN’s can
prove to be a reasonable approach.
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Table 4.3. Assessment examples

Example S value O value D value RPN
1 10 2 10 200
2 5 10 2 100
3 3 10 5 150
4 1 1 1 1

By analyzing the factors individually, the following results are yielded:

Example 1:

Example 2:

Example 3:

Example 4:

An isolated potential failure cause, which has occurred, will
in no way be detected after its occurrence and leads to ex-
tremely severe failure effects in the hands of the customer.
Here, there is a need for a call for action, despite the relatively
low absolute value for the risk priority number.

A potential failure cause occurring very often leads to a rela-
tively severe failure effect from the customer’s point of view.
The occurred failure cause is not always discovered and thus,
reaches the hands of the customer from time to time. Here, it
is appropriate to introduce failure preventive actions, and
when appropriate, these preventive actions can replace the
suggested detection actions.

A potential failure cause, which occurs very often, is often not
detected and leads to a relatively insignificant failure in the
hands of the customer. However, such a condition can often
lead to customer claims and should be improved with appro-
priate optimization actions.

A highly improbable potential failure cause, would lead to an
insignificant failure effect in the hands of the customer, if it
were to occur. However, this could be easily prevented with
effective detection actions. In the case of such an assessment,
it is reasonable to verify the planned detection actions, and if
necessary to reduce them if they are too expensive.

The (fictitious) examples mentioned above show that a “top down”
analysis of the RPN’s is reasonable, no matter what the absolute value of
an RPN may be. At a closer look even very low risk priority numbers
could offer starting points for concept optimization.

445 Step 5: Optimization

Optimization actions are to be taken for high RPN’s and high individual
assessment values. Firstly, the calculated risk priority numbers are ranked
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according to their values, see Figure 4.48. The optimization begins with
the failure cause with the greatest RPN and should be ended either at a
certain lower limit (e.g. RPN = 125) or according to the Pareto principle,
after 20 — 30 % of the RPN’s, depending on the scope of the analysis.
High individual assessment values must also be observed along with the
RPN. A value of O > 8 means that a failure occurs most of the time. Natu-
rally, this must be remedied. A severity value of S > 8 points to serious
function impairment or to a serious safety risk. These cases must also be
looked at more closely. Failures can be very difficulty detected for values
of D > 8. For this reason the danger is increased that these can reach the
hands of the customer.

e Ranking of failure causes according to their RPN values

e Concept Optimization beginning with the failure causes with the
greatest RPN
o until a set RPN limit
(e.g. RPN =125) or
o until a certain amount of failure causes
(common according to the Pareto principle ca. 20 -
30 %)

e Failure causes with 0>8
S>8
D >8 observed separately

FMEA result observed separately

Figure 4.48. Concept optimization procedure

Optimization actions are additional or new preventive and/or detection
actions introduced based on the FMEA results.
These can be:

e actions that prevent the potential failure cause or reduce the occurrence
of potential failures. Such actions are only possible by altering the de-
sign or the process.

e actions, which reduce the severity of a failure. This is attainable
through conceptual alterations on the product (e.g. redundancy, error
signals, etc.).

e actions taken to raise the probability of detection. Such actions could be
changes in the testing procedures and/or in the design and/or in the proc-
ess.
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Optimization actions should be ranked according to following priority:

1. Change of concept,
in order to eliminate the potential failure cause or to reduce the severity,

2. Increase in the concept reliability
in order to minimize the occurrence of a failure cause.

3. Effective detection actions.
Such actions should make up the last means of optimization, since they
are generally very expensive and offer no improvement in the quality.

The optimization actions are entered into the form sheet in a revision
state including the renewed assessment of O and D (so-called prognosis),
responsibility (R) and deadline (D), see Figure 4.49 and Figure 4.50. For a
change of concept, all 5 steps of the FMEA must be possibly repeated after
the optimization, see Figure 4.50.

Suggestions for optimized actions taken
« (P)reventive
« (E)ffect limited

. (D)etective

\ 4

Determining who is responsible

¥

setting deadlines

\ 4

Assessment of the newly introduced actions to be taken

« Severity “S”
« Occurrence “O”

. Detection “D ”

Figure 4.49. Risk minimization
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1. Creating a . 3. Failure 4. Risk Lo
structure 2. Functions Analysis ~Assessment 5. Optimization
|
Establishing the optimized Establishing the optimized  Calculation of the optimized
preventive actions detection actions RPN

FMEA Number 11
System Page:

Created: 08.12.2004

Created: 08.12.2004
Motifed 15.12.2004
Preventive “Actions ‘ o ‘Delec\mnl-\c\mns ‘ D ‘RPN ‘Responsnbm\yltelge\

S | Potential Failure Modes | Potential Causes
Completion Date

loud whisting

Figure 4.50. Optimization

After establishing the new preventive and/or detection actions, these ac-
tions are newly assessed. This assessment represents a prognosis concern-
ing the improvement potential to be expected. The final assessment is car-
ried out after the new actions are implemented and tested.

A graph, such as the one shown in Figure 4.51, can be used to compare
the initial and revision states by displaying both states together.
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O Initial State
m Last Revision State

200 1

1501

100

Number of Assessments

50 1

50 150 250 350 450 550 650 750 850 950
Risk Priority Number (RPN)

Figure 4.51. Graph of initial and revision states

4.5 Example of a System FMEA Product according to
VDA 4.2

Now, the product “adapting transmission” will be closely observed as an
example in the following text.

The pinion gear (component 1.2) sits on the input shaft (component 1.1).
The power is transferred through the gear (component 2.2) onto the output
shaft (component 2.1). The transmission consists of bearings for the shafts
and gear housing with a housing cover and various small bearing covers
that are sealed with either gaskets or radial seal rings.

45.1 Step 1: System Elements and System Structure of the
Adapting Transmission

For the first step of creating a system structure it is reasonable to consult
technical documents as well as section drawings inasmuch as they are
available. These can be useful in the creation of a system structure. A con-
ventional section drawing and the transmission scheme is shown in Figure
4.52.
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1.2 /
14 3.7
11 — 1.3
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roller bearing A ﬂ roller bearing B
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roller bearing C

Figure 4.52. Section drawing and transmission scheme of the adapting

transmission
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146 4 FMEA - Failure Mode and Effects Analysis

The accompanying parts list is divided into three different assemblies,
which are taken from the functionality of the adapting transmission, see
Table 4.4.

Table 4.4. Assembly and part lists of the adapting transmission

Assembly  Component Quantity Component Designation
No.
1.1 1 input shaft IS
12 1 Pinion gear P
1 13 2 roll bearing RB1
14 1 radial seal ring RSR1
Input 15 1 fitting key for pinion FK1
gear
1.6 1 fitting key for con- FK2
nection
1.7 1 sleeve / spacer S1
2.1 1 output shaft 0S
2 2.2 1 gear G
2.3 2 roll bearing RB2
Output 2.4 1 radial seal ring RSR2
25 1 fitting key FK3
2.6 1 sleeve / spacer S2
3.1 1 housing left HL
3.2 1 housing right HR
3.3 1 bearing cover BC1
3.4 1 bearing cover BC2
35 1 bearing cover BC3
3 3.6 1 bearing cover BC4
3.7 16 bolt bearing cover BB
Housing 3.8 8 bolt housing BH
3.9 2 dowel pin DP
3.10 1 oil drain plug ODP
311 1 seal for 3.10 S1
3.12 1 sight glass SG
3.13 1 seal for 3.12 S2
3.14 1 exhauster E
3.15 1 seal for 3.14 S3
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The resulting system structure for the adapting transmission is shown in

Figure 4.53.

Ut shaft| <

pinion
roller bearing| <
radial shaft seal |<

[fitting key for pinion|<
[fitting key for clutch| <
[sleeveHH—failure causes]<

output shaft|<
gear|<

ollr bearingl<
adial shaft seall <

fitting key|<
sleeve |[<

casing lefl]<
casing right}<

[static sealing[H—failure causes|<
bearing cover 1]<

bearing cover 2}<

Figure 4.53. System structure of the adapting transmission

transmission driven side

www. Enagi neer i ngEbooksPdf . conr



148 4 FMEA - Failure Mode and Effects Analysis

4.5.2 Step 2: Functions and Function Structure of the
Adapting Transmission

The Black Box consideration and the guidelines for the specification lists
according to [4.6] are used for the creation of the functions and function
structure. Starting with the top element, the root element, the functions are
determined for the individual assemblies and components. An extract of
the resulting function structure of the “adapting transmission” is shown in
Figure 4.54.

input shaft
u

nction
inion
pfunction <
roller bearing
unction

radial shaft seal <

function

—
=

drive
- ransmit
torque

drive

|fitting_key for pinion |<

function

|fitting_ key for clutch K

function
sleeve failure causes
axial friction function

output shaft <

function

— ear
transmission

'ttorfqnus? t driven side roller bearing =
-ensure | -transmit function

environmental torque on ;
. : radial shaft seal
compatibility driven side function
fitting key

function

function

casing left
function

casing right
function

static sealing failure causes
sealing device function

bearing cover 1
function

bearing cover 2 <

function

@
)
@
<
0]

casing
-ensure
_sealing

Figure 4.54. Function structure of the adapting transmission
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4.5.3 Step 3: Failure Functions and Failure Function Structure
of the Adapting Transmission

By negating the functions and with the determination of further failure
functions under consideration of all operation conditions, the top failure
functions (potential failure effects) are determined on the top level. For
determining the potential failure modes the check list for physical failure
modes is consulted. Likewise, for the potential failure causes the check
lists mentioned in Section 2.5.3 are utilized. The acquired failure functions
are represented in Figure 4.55.

function

input shaft K

inion
pfunction <

drive

- transmit torque
drive
- not transmitted
- partly transmitted

roller bearin
function g <

radial shaft seal <

function

transmission
- transmit torque

ensured

capability

- torque not transmitted

- torque limited transmitted

- environmental capability not [—

- no environmental capabilit
- limited environmental

fitting key for pinion <
function
sleeve failure causes
- axial fixation sub function
: \II)vrgzr?]kage - wrong choice of
material
driven side - unforeseen...
- transmit torque on - false assembly
driven side <
casing left
functign <
casing right
_ funct%n g <
casing

- ensure sealing

- completely faulty
sealing

static sealing
- function static
- sealing

- faulty sealing
mechanism

bearing cover 1
functio%J <

Figure 4.55. Failure functions of the adapting transmission

failure causes
sub function
- unfitting seal...
- dynamic stress
- relative
movemenl

45.4 Step 4: Risk Assessment of the Adapting Transmission

An extract of the risk assessment on the adapting transmission is shown

in Figure 4.56.
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System: transmission

Code:

Team: FMEA Team Transmission

Iltem

Code:

Created: 20.08.05

Potential S|Potential | Potential | Preventive [OQ|Detection|D|RPN|Responsibility /
Effects Failure [Causes Actions Actions Target
Modes Completion Date
System Function: axial fixation
Elements:
sleeve
. wrong Initial State:
axial 6 [breakage choice of | 20.08.05
movement material -
of the [sleeve] calculations |2|material |4| 48 | Smith
construc- test
tional unforeseen/| Initial State:
element unallowable| 20.08.05
[trans- stress calculations |2 |function [6[ 72 [ Smith
mission] [sleeve] | test | | |
false Initial State:
assembly | 20.08.05
(inverted)  I=roraiiction none B
ertsche
[sleeve] guidelines |7| |1(1420|
i wrong Initial State:
mc_reased 3|worn choice of 20.08.05
axial play material 7 ; ;
[trans- | experience |2 [material 71 42 | Smith
mission] [sleeve] from rig test
testing
unforeseen/| Initial State:
unallowable| 20.08.05
stress . - -
experience function
[sleeve] from rig 3 test 7| 63 Smith
testing

risk assessment

Figure 4.56. Risk assessment of the adapting transmission

risk analysis

After the risk assessment the results of the resulting RPN’s are analyzed.
For this, a frequency analysis is created and the most critical 30% of the
worst RPN’s (according to the Pareto principle) are determined. Addition-
ally, all individual assessment values greater than 8 are extracted. The
results are summarized in the “highlights”. The “highlights” concerning
RPN and the very high individual values of the entire FMEA are com-
pressed and represented in Figure 4.57. The *highlights” also serve as
management information.
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stress

1.4 radial shaft seal, 540
2.4 no or false flow effect
1.7
sleeve, breakage 420
2.6
1.3 } radial shaft seal, 180
2.3 worn
1.4 radial shaft seal, 9
2.4 no or false flow effect
1.7 sleeve, breakage 7
1.1 input shaft / output shaft
' } overload breakage / 9
fatigue breakage
false layout 10
unforeseen, unallowable 10

Figure 4.57. Extract from the “highlights” for the adapting transmission

455 Step 5: Optimization of the Adapting Transmission

In this step further preventive and/or detection actions are defined for the
points identified to be critical in order to minimize the risk of the potential
failure causes. These actions are documented in the form sheet and un-

dergo a renewed risk assessment.
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System: transmission

Code:

Team: FMEA Team Transmission

Iltem

opitmization

Code:
Created: 20.08.
Modified: 10.0507

Potential S|Potential | Potential | Preventive |O|Detection|D|RPN|Responéibility /
Effects Failure |Causes Actions Actions Targe;
Modes Completion Date
System Function: axial fixation
Elements:
sleeve
. wrong Initial State:
axial ) 6 |breakage] choice of | 20.08.05 /
movemen material - ol -
of the [sleeve] | calculations |2 material M48 | Smith
construc- test
tional unforeseen/| Initial State:
element unallowable| 20.08.05
[trans- stress calculations | 2[functign  [6] 72 | Smith
mission] [sleeve] | test/‘{ | | |
false Initial State:
assembly | 20.08.05
(inverted) =0 ciiction none 420] B
ertsche
[sleeve] guidelines J7| |1(1 |
State:
10.05.07
sleeve with [ 2 [visual 6| 72 | Bertsche
double side inspection
inner chamfer /
i 3 |worn wrong Initial State:
g])graelapslgg choice of 20.08.05
[trans- material experience/ |2 |material/ 7] 42 | Smith
et [sleeve] from ri test
mission] nrig
testing
unforeseen/| Initial Sthte:
unallowable| 20.08.
stress -
[sleeve] / 3 [funtion 7| 63 | Smith
from/ig ept
testing

/

/
opitmized risk assessment

Figure 4.58. Optimization of the adapting transmission

4.6 Example of a System FMEA Process according to
VDA 4.2

The process for the manufacturing of the output shaft from the adapting
transmission will be observed as an example in the following section, since
this process has been identified to be a critical process. This can be deter-

mined under the consideration of the following main focus points:

e new material,

e partly new machining procedures or processes,

¢ high torque to be transferred.
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4.6.1 Step 1: System Elements and System Structure for the
Manufacturing Process of the Output Shaft

For the creation of the system structure the component drawing, see
Figure 4.59, and the process flow chart, see Figure 4.60, are used. In the
process flow chart all production steps and their cycle order are listed.

shrink fit for shaft seal
gear \ run way

\

C

\ N
\

bearing seat bearing seat

Figure 4.59. Component drawing of the output shaft

Adaptation Transmission

Description: ggta’;#laﬁgﬁf%ransmission Item Code: A 130.246.1
AVO | KST | Work Process Means of Production Comments
Machining before heat treatment
10 | xxx| cross-cutting and centering %?Css-cutting and centering
20 | XXX E%w%)%nd milling lathe machine outer contour and relief grooves
30 | XXX|wash and dry cycle washing machine
40 | XXX| stacking in crates crate stacking unit
Heat treatment
50 | XXX|case hardening continuous furnace
60 | XXX|straighten straightening machine
70 | XXX|annealing annealing furnace
80 | XXX|wash and dry cycle washing machine
90 | XXX|stacking in crates crate stacking unit
Machining after heat treatment
90 | xxx hard turning of output shaft | vertical lathe machine uninterrupted cut, reception
pivots single spindle between centers and driver
100 | XXX gggﬁéﬁ?—rgé?%gﬁg §§§f S: outer grinding machine a?ﬁ,%eﬁgﬁ é)ljettg\{l?esr%gf?rgﬁ/r& and
110 | XXX|wash and dry cycle washing machine
120 | XXX|final inspection inspection post mSgiﬂ{‘é,L“e”nﬁtsi“(?arﬁ(',%‘,%dsampm)
130 | XXX| stacking in crates crate stacking unit

Figure 4.60. Production cycle plan for the manufacturing of the output
shaft
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154 4 FMEA - Failure Mode and Effects Analysis

With these resources and with the help of the expertise and know-how of
the participating FMEA team members a system structure for the failure
functions of the transmission output shaft is set up, see Figure 4.61.

machining before heat <
treatment — output shaft

logistic to hard turning| {man

% machine |
hard turning of output Y [\ 5rerial
output shaft | |heat treatment — < shaft pivots
production output shaft method

logistics to grinding|

grinding of bearing
seats, seal surface
(shaft seal), shrink
fit (gear)

machining after
heat treatment
— output shaft

logistics to wash
and dry

wash and dry

logistics to final
inspection

final inspection

logistics to stacking
shafts in crates

\ stacking in crates |

Figure 4.61. System structure for the manufacturing of the output shaft

The system structure is enhanced with the respective logic steps between
the producing, testing and measuring production steps.

4.6.2 Step 2: Functions and Function Structure for the
Manufacturing Process of the Output Shaft

The determination of the functions is carried out with the help of the
Black Box methodology and the knowledge of the participating team
members. The result is shown in the production cycle plan in Figure 4.60.
An extract of the function structure is shown in Figure 4.62.
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machining before
heat treatment
- output shaft

output shaft production
- functionality
- comfort requrements

heat treatment

- output shaft

- machiningaccording to operation procedure

machining after
heat treatment

- output shaft

[logistic to hard turning|

hard turning of
output shaft pivots
- take output shaft
out of crate with manipulator...

- alignment and clamping
of output shaft (holding fixture)

- hard turning of output
shaft pivots (circumference)

- hard turning of output shaft
pivots (shaft seal surface)

- measuring (post process
measurement - circumference)

- securing of output
shaft in‘manipulator and...

- place output shaft in

machine
- take output shaft out of
crate with manipulator...
- alignment and clan&ping,
of output shaft (holding fixture)
- hard turning of output shaft
pivots (circumference)

- hard turning of output shaft
pivots (shaft seal surface)
- measuring (post process
measurement - circumference)
- securing of output shaft
in manipulator and...
- place output shaft in
crate with manipulator

crate with manipulator

logistics to grinding|

grinding of bearing seats,
seal surface (shaft seal),
shrink fit (gear)

method
- alignment and clamping of
output shaft (holding fixture)
- hard turning of output shaft
ﬂlvots (circumference)
- hard turnln% of output shaft
pivots (shaft seal surface)

logistics to wash and dry |

wash and dry

Ylogistics to final inspection|

final inspection

environment
- alignment and clamping of
output shaft (holding fixture)
- measuring (post process
measurement - circumference)

|logistics to stacking shafts in crates|

‘|stacking in crates|

Figure 4.62. Function structure for the manufacturing process (extract)
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156 4 FMEA - Failure Mode and Effects Analysis

4.6.3 Step 3: Failure Functions and Failure Function Structure
for the Manufacturing Process of the Output Shaft

By negating the functions including specifications and with the determi-
nation of further failure functions under consideration of all operation con-
ditions, the top failure functions (potential failure effects) and failure
modes of the respective process steps are determined for the creation of the
failure functions and the failure function structure. The failure function
structure is shown in Figure 4.63.

4.6.4 Step 4: Risk Assessment of the Manufacturing Process
of the Output Shaft

The is-state of the process with the preventive and detection actions al-
ready integrated into the manufacturing process are documented for the
manufacturing process of the output shaft. The assessment of the occur-
rence and detection is carried out with the help of the assessment criteria
according to VDA 4.2, see Section 4.4.4, and with knowledge about the
current and comparable previous processes. An extract of the risk assess-
ment is shown in Figure 4.64 along with the respective optimization state.

4.6.5 Step 5: Optimization of the Manufacturing Process of
the Output Shaft

In this step further preventive and/or detection actions are defined for the
points identified to be critical in order to minimize the risk of the potential
failure causes. These actions are documented in the form sheet and un-
dergo a renewed risk assessment, see Figure 4.64.
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machining before
heat treatment
— output shaft

output shaft
production

- functionality
- [10] unsafe
- [9] fall out

- comfort

requirements

- [8] low noise
operation is not
ensured...

- machining
according to
operation
procedure
- [8] machining ...

procedure is'hot

| _|heat treatment

— output shaft

logistic to hard turning |

hard turning of output shaft pivots
- take output shaft out of
crate with manipulator...
« output shaft is damaged / defect
 output shaft falls out
- alignment and clamping
of output shaft (hold...
« concentricity/cylindricity error in
output shaft...
« output shaft is damaged / defect
« output shaft not aligned correctly
« output shaft not clamped correctly

- hard turning of output shaft
pivots (circumference)
« tool breakage (tip)
« circumference exceeds tolerance
range — too large

- hard turning of output shaft
pivots (shaft seal surface)

- measuring (post process
measurement - circumference)

- securing of output shaft in manipulator

- place output shaft in crate with
manipulator

[logistics to grinding]

grinding of bearing seats,seal
surface (shaft seal), shrink fit (gear)

man

machine

- take output shaft out
of crate with manipulator...

- alignment and clamping of output shaft

« defect transmitter on alignment stop
< worn clamping mimic from drive annulus

- hard turning of output shaft pivots (circum...)
< unallowable tool wear
« defect NC transmitter

- hard turning of output shaft pivots

- measuring (post process measurement )

- securing of output shaft in manipulator

- place output shaft in crate with manipulator

material

method

- alignment and clamping of
oufput shaft (hold...

- hard turning of output shaft
pivots (circumference)
« high shock load on tip due to...

- hard turning of output shaft pivots

logistics to wash and dry|

wash and dry

machining after
heat treatment
— output shaft

logistics to final inspection |

final inspection

logistics to stacking shafts in crates|

stacking in crates

environment
- alignment and clamping of output shaft
- chips and/or contamination on tips and/or on...
- chips and/or contamination on alignment stop
- chips and/or contamination on clamping device
- measuring (post process
measurement — circum...)

Figure 4.63. Failure function structure for the manufacturing process (extract)
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158 4 FMEA - Failure Mode and Effects Analysis
Potential S |Potential  [Potential |Preven- |O|Detec- |D[RPN[Respons-
Effects Failure Cause tive tion ibility
Mode Action Action Comple-
tion
Date
[assembly - g | output shaft is [[environment] |Initial State: 20.12.2004
output shaft] ma- not correctly  [chips and/or I -
chining according| | clamped contamination Cfe?nsmg 2 operatlor 6| 96
to operation on clamping  [Of clam- contro
procedure is not device ing device isual
ensured efore visual
renewed inspection
Failure effect: cla_mplng
ossible tool [machine] [Initial State: 20.12.2004
reckage worn Setning fcopperation 3 work 4] 96
; samplin
drive annulus [sypplier (1/Ia§’/er)g
worn-
reduced,
enclosed
mimik
Function: Hard turning of output shaft pivots (circumference, chamfer)
[assembly - 8 Eoolttbreatlke)\ge [rﬂetrllold] gigh Initial State: 20.12.2004
output shaft cutting ti shock load on - —
maghining ] g tip tiP due to non- qeterrfnlna- 6 |principle  [4]192
according to stop cutting of [tion o | experi-
opera&ion ) har%ene? 8%'8;25 ments
rocedure is matheria e
Rot ensured parameters ﬁg}{?gf’“”a
use of cutting
cxcle problem special cut- forces
change of repia- ting tip and
ce holder / tool cufting tip
holder holder
State: 15.01.2004
grinding 2|determina- | 4 g4 | Smith
rocess tion of
Mstead of cutting 01.08.2004
hard turning| |forces revised
process principle
experi-
ments
[assembly - g | circumference | [machine Initial State: 20.12.2004
output shaft] exceeds unallowable [enclosed post
machining tolerance tool wear waterproof 3 process 2| 48
according to range — too unit mea-
operation large surments
procedure is not - —
ensure [machine Initial State: 20.12.2004
subsequent work gefect [}'t enclosed, T [principle  [5[ 35
part e L work, ransmitter|\vaterproof experi-
reentered into the| unit ments
assembly line protected error
cabeling message
agitation equipment
resistant mal-
encapsul- functional
ation

Figure 4.64. Risk assessment and optimization (extract)
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5 Fault Tree Analysis, FTA

The Fault Tree Analysis (FTA) is a structured procedure for the identifi-
cation of internal and external causes, which if they occur on their own or
in combination, can lead to a defined product state (mostly a fault state)
[5.8]. Thereby the FTA defines the system behaviour in regards to a cer-
tain event (and/or fault).

The FTA was developed in 1962 by H. A. Watson (Bell Laboratories) by
order of the U.S. Air Force. Boeing was the first commercial company that
saw the benefits of the method and started to use the FTA for the devel-
opment of commercial aircrafts (1966). In the seventies the method was
used in particular in the area of nuclear power techniques, whereupon the
FTA started to spread out worldwide in the eighties. Nowadays the method
is used worldwide in many different areas e.g. in the automotive industry,
for communication systems and in the last couple of years in the field of
robotics [5.1, 5.4].

The FTA is used to display the functionalities of a system and to quan-
tify the system reliability. The method can be applied as a diagnosis and
development tool and is especially helpful in early design stages. Thus,
potential system faults can be identified and design alternatives can be
evaluated. One of the major advantages of FTA is that the method provides
both qualitative and quantitative results.

The FTA can be used for each kind of reliability system analysis includ-
ing analysis with common mode and human failures. In these cases, the
FTA provides complete results, which means that by consequent execu-
tion, all failure modes and/or failure causes are discovered because of the
deductive procedure. Thus, the method is limited by both the system
knowledge and the operational benefits defined by the user.

The FTA is based on Boolean algebra and probability theory and thus
with a couple of simple rules and symbols it is possible to analyze complex
system and complex dependencies e.g. between hardware, software and
people. Due to the existing stress of competition, product design cycle with
its cost optimization potentials plays an important role. Costs of failures
increase with progression in the product design cycle, so that early failure
detection offers the potential for massive cost reduction.

B. Bertsche, Reliability in Automotive and Mechanical Engineering. VDI-Buch,
doi: 10.1007/978-3-540-34282-3_5, © Springer-Verlag Berlin Heidelberg 2008
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5.1 General Procedure of the FTA 161

In this relation the usage of the FTA as preventive quality assurance in
early design stages has proven to be quite beneficial. With the execution of
an FTA in the concept phase the system concept could be confirmed or
fundamental failures could be found. With these analyses new require-
ments and adequate failure preventive actions can be introduced after the
specifications are complete, see Figure 5.1.

rough choice model |[|begin of || series market
concept| |of model|| decision || series || release [lintroduction

decision || market || |specifica-||| design begin of
on project|| needs tions decision|||pilot series

I |
initial concepth\ design Ssglf)spdmee_nt start-up X\ use of
phase phase phase bhase phase product
FTA/
FMEA

Figure 5.1. Placement in the product design cycle (car)

job nr.1

5.1 General Procedure of the FTA

The successful application of a Fault Tree Analysis requires a system
analysis. Here, the system is subdivided exemplary into sub-systems and
components.

In order to determine the failure behaviour of the system or of the system
components and its interfaces, the undesired system events must first be
defined. In the next step it will be examined which possible failures on the
next lower system level could be expected and how they can be linked to
the superior failures. This step is repeated until the lowest system level is
reached on which the component failure mode is defined, so that the result
of the complete failure behaviour is found.

5.1.1 Failure Modes

DIN 25424 distinguishes between three failure modes: primary, secon-
dary and command failure, see Figure 5.2. A primary failure is a compo-
nent failure under permitted conditions, whereas a secondary failure is a
consecutive fault which is caused by incorrect operation conditions for a
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162 5 Fault Tree Analysis, FTA

component. A command failure is caused by a wrong and missing induce-
ment or the failure of an auxiliary source, despite the fact that the compo-
nent is perfectly functional [5.3]

primary failure secondary failure command failure

Reona)

-t
INe
component failure component failure failure despite functional
due to its own weakness due to respective components, due to a
surrounding conditions wrong or missing
or incorrect operation inducement

conditions (only for
open systems)

Figure 5.2. System failure modes according to DIN 25424

5.1.2 Symbolism

In order to describe a system systematically in a fault tree, the individual
inputs are networked together in different ways. Diverse symbols are used
to visualize these networks. The following list describes the most common
symbols illustrated in Figure 5.3:

e Standard input: this symbol stands for a primary fault of a function-
related element. It describes a failure cause without any further condi-
tions. Parameters for the primary failure are assigned to the graphical
symbol.

o Transfer input and output: with this symbol the fault tree is interrupted
or continued at a different place.

e Commentary: these symbols are used for the description of input and
output in between the network symbols.

e For AND-operations the event at the output only occurs if all events at
the input occur

o For OR-operations only one event at the input has to occur for the event
at the output to occur.
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e The NOT-operations stands for the case of negation. Thus, for the event
at the output to occur, the event at the input must occur.

C) standard input
AV input and output transfer

Symbols for the Fault Tree Analysis according to DIN 25424:

AND OR NOT
operation operation operation

y y y
-
X1 Xz X1 Xz X

Other symbols for the Fault Tree Analysis according to Meyna [5.9]:

AND OR NOT
operation operation operation
(conjunction) (disjunction) (negation)

Xl Xl o—
y ol y X y
X2 XZ

Figure 5.3. Symbolism of the Fault Tree Analysis

5.2 Qualitative Fault Tree Analysis

5.2.1 Qualitative Objectives

The qualitative fault tree analysis deals with the unwanted events, which
could occur in a system. Such events (also called TOP events) are unde-
sired system states, which can be traced back to failed single components
(DOWN cause). The fault tree is a model that graphically illustrates and
logically networks all combinations of undesired system states. Thereby
the objectives of the FTA are:
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o Systematic identification of all possible failures as well as all failure
combinations and their causes, which could lead to an undesired event,
the main event.

o [llustration of especially critical events and/or event combinations (e.g.
failure functions that lead to an undesired event).

e To gain objective evaluation criteria of system concepts.

o A clear documentation of the failure mechanism and their functional
relations.

5.2.2 Basic Procedure

In order to determine the failure behaviour (failure function, type of fail-
ure) of a system and/or of the system elements (assembly, components)
together with their connections, the undesired system event (TOP-event) is
firstly defined. Because of the deductive procedure (TOP-DOWN
method), in the next step possible failures to be expected on the next lower
system level and how they could be connected to the superior failure are
analyzed. This step is repeated until the lowest system level is reached.
The lowest system level corresponds to the possible failure modes, thus
determining the complete failure behaviour of a system, see Figure 5.4.

undesired result, system failure
(TOP)

failure of the partial system

v
failure of the assembly group
failure of the component
failure modes
primary, secondary, command

component characteristic, design flaw
(DOWN)

Figure 5.4. Basic procedure for the structure of a fault tree

In the standard DIN 25424 the following systematic procedure for the
structure of a fault tree is described [5.3]:
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1. The undesired event is determined.

2. If this event is already a failure mode of a component the procedure will
be continued with step 4. Otherwise, all failures are determined which
could lead to the undesired event.

3. The failures are inscribed in commentary rectangles and are logically
connected with the fault tree symbols. If the failures are failures modes,
then the procedure skips to step 4. Otherwise, step 2-3 are repeated.

4. In most cases the single failures are linked with OR connections, since
each input event leads to the event at the output. These entries are
thereby allocated among primary, secondary and command failures. Pri-
mary failures cannot be further analyzed with the fault tree analysis and
thus mark a standard entry to the system; whereas, secondary and com-
mand failures do not necessarily have to be present. If, however, these
are present, the failure is not a failure of a functional element and thus is
partitioned further. The procedure begins again with step 2.

An example for such a qualitative fault tree is shown in Figure 5.5.
Here, the TOP event, the failure of the transmission, is firstly divided into
the single assembly groups whose failure could cause the failure of the
complete transmission and are thereby linked with an OR connection. Af-
terwards, the failure of the assembly “output” is further analyzed and the
elements are detected which could lead to a failure of the assembly groups
on the next highest level. In this way the individual elements, in this ex-
ample in particular the failure of the gear, are further partitioned in the
failure modes of the components, to which tooth failure of the gear is also
included. The tooth failure can possess different causes so that the failure
mode must be further divided until the level of component characteristic
and/or the development failure is reached. In this case, overload or incor-
rect calculation can lead to tooth failure of the gear. Those two failures,
however, still do not represent standard inputs and therefore have to be
analyzed further. The incorrect operation represents a standard input and
cannot be further subdivided. Thus, the fault tree is finished at this point.
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| transmission failure |

system
=1

—_— - e —

failure of the | output failure | failure of the

bearing housing assemb|y group
A 21 A
| failure of the failure of failure of
synchronisation| | gear 1 gear 2 component / element

failure modes for each
component

|fretting | |brea

component characteristic,

overload false incorrect design flaw
calculations operation

Figure 5.5. Fault tree for the example transmission

5.2.3 Comparison between FMEA and FTA

In comparison to FTA, failure combinations are not part of an FMEA.
Therefore, the use of an FMEA as a basis for an FTA is limited. FMEA
deals more with the evaluation of failure modes for a system und their
effects on the system [5.11] thus making FMEA a good source and/or sys-
tematic catalogue of possible failure modes for the FTA. The major differ-
ence between the two methods is that the FMEA is an inductive method
and the FTA is a deductive method. This means that FMEA examines the
effects for a failure cause of a component on the device whereas FTA
traces the failure of the device back to the failure cause of the component.
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FMEA: FTA:
Fault Modes and Effects Analysis Fault Tree Analysis
VDA volume 4 DIN IEC 1025
IEC 812 DIN 25 424
DIN 25 448
inductive deductive
effect on a certain unit effect on a certain unit
failure cause in component failure cause in component
from individual to the from the complete system
complete system to the individual

Figure 5.6. Comparison of FMEA and FTA

In comparing the two methods, the FMEA can be characterized by the

following features:

FMEA combines the two questions “What is the cause?” and “What are
the effects of the failure?”,

is not as systematic as the FTA,

assesses the risk of a failure by the combination of the two questions
and defines preventive actions depending on the risk potential.

The FTA can be characterized by the following features:

Systematic search of causes for an event and/or failure
ETA (Event Tree Analysis) searches the effects of a failure.

Recapitulating the comparison of the two methods one determines:
FMEA and FTA are different methods with a similar subject matter.

The determination of failures in the FTA can be eased with precognition
of FMEA.
FMEA examines single failures and skips levels.

e FTA is more systematic

FTA uses the combinations AND, OR, NOT, Maintenance / Repair.
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5.3 Quantitative Fault Tree Analysis

5.3.1 Quantitative Objectives

With the help of a fault tree analysis a system can not only be describe
qualitatively but also provides the possibility to make a quantitative state-
ment concerning the failure behaviour of the system. The reliability pa-
rameters (e.g. entry probability of the undesired event or system
availability) can be calculated with the system structure with help of the
Boolean model if the failure probabilities of the single components are
known. Thus, factors which influence the system reliability the most se-
verely can be analyzed, such as changes for the improvement of the system
reliability factors.

5.3.2 Boolean Modelling

5.3.2.1 Basic Connections of the Boolean Modelling

For the determination of the system reliability the Boolean modelling
(see. Chapter 2) can be used [5.12]. Here, the symbols of the fault tree are
transferred into numerical values with the help of a few simple calculation
rules.

Negation

If a Boolean variable has the value of 1, than the negated variable has the
value 0 and vice versa, see Table 5.1.

y=X. (5.1)

Disjunction

The disjunction stands for the Boolean function OR and its appliance can
be found in many cases in which it is sufficient if only one event of two or
more must occur at the entry in order to cause the event at the output [5.9].
For example, for two binary variables a disjunction is given if x; or x;
equals 1 as well as if x; and x, equal 1. For these cases the output results to
y = 1 and one speaks of an inclusive or (lat. vel).

Only when x; and x, equal 0 does y = 0, see Table 5.1.
y=XVX. (5.2)

Out of this these equations follows that
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Xxvl=1l, XvXx=X,
- (5.3)
XvO0=xXx; xvx=1

as well as
XV Xy =Xy V Xy (commutative law) (5.4)

are valid condition for the disjunction of two variables. Thus, for a disjunc-
tion of n independent variables

n {0 forx, =0

=\/X with y= .
Y=V V=11 otherwise (5:5)

i=1

Conjunction

The conjunction stands for the Boolean function AND. All events at the
input must be present in order for the event at the output to occur. A con-
junction of two binary variables results if x; and x, equal 1. Only in this
case does the result yield y = 1, see Table 5.1.

Table 5.1. Overview of the basic connections

name |synonym  Boolean  operator function symbol
equation table
X1 Xy DIN 25424 acc. [5.9]
NOT, y=X X
S negator, X LY ‘))(—D")’/
< |inverter, 0 -1
[<5] —
=  |phase i y=Xx J=X
turner 1 0
S OR Y =X VX, v 0 0 O |y
.g = Xl + X2 + O 1 1 >1 Xlo—i_z
:% 1 0 1 1 X%
a) 1 1 1 Xy Xp
5 AND Y=X% AXp A 0 0 O y
= = XX & 10 0 X2
S =% &X; 11 1 e

With the help of Venn diagrams the described Boolean basic connections
can be graphically illustrated. Thereby, all possibilities of Q are displayed
in a rectangle and the possibilities which actually occur are displayed in a
hatched area, see Figure 5.7.
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negation disjunction conjunction
Q Q) (®)

: AN

y=x Y =X VX, Y= X AX,

Figure 5.7. Venn diagrams of the basic connections [5.13]

5.3.2.2 Axioms and Boolean Algebra

With the help of the axioms and Boolean algebra, introduced in the fol-
lowing section, it is possible to change and/or simplify Boolean terms
mathematically [5.6].

Commutative law

Xg A Xy =Xy AXy, (5.6)
X;V Xy =X, VX (5.7)

Associative law
XV (X vV Xg) = (X V X5) V Xg, (5.8)
Xp A (Xy AXg) = (X AXy) A Xg, (5.9)

Distributive law
Xp V(X AXg) = (X VX)) A (X VX)), (5.10)
X A (X v Xg) = (X AXy) Vv (X AXg), (5.11)

These three laws are already well known from common algebra, so that
in Boolean algebra, in order to simplify the terms, the parentheses can also
be multiplied by other terms.

Postulates
Existence of 0 and 1 elements

Xv0=x, (5.12)
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XAl=X, (5.13)
Existence of a complement

XAX=0, (5.14)
xvx=1, (5.15)

Idempotent law
XV X=X, (5.16)
XAX=X, (5.17)

Absorption law
X V(X AXy) =X, (5.18)
X, A X VX)) =X, (5.19)

De Morgan law
X,V X, = X A X, , (5.20)
xl/\xzzx_lvx_z, (5.21)

Furthermore:

X=X, (5.22)
xvl=1, (5.23)
XxA0=0. (5.24)

In reliability theory the De Morgan law as well as the idempotent and
absorption law are of high importance for the conversion between fault
tree and function tree.

Fault tree and function tree

Principally, the method of the function tree in based on the same proce-
dure as the FTA. In this method, instead of defining a failure mode as the
main event, one defines a desired and/or a preferable event. All intermedi-
ate events as well as primary events, which secure the occurrence of the
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main event, are found deductively. If the logical counterpart of the top
event of a fault tree is used as a main event for the function tree, the func-
tion tree can be gained as logical complement to the fault tree due to the
Boolean structure. A fault tree can thus be transferred into a function tree
and vice versa with the help of the negation operator. The only difference
is that the function tree produces the system reliability as a result instead of
the failure probability, see Figure 5.8.

The same can be achieved if the existing correlation
Fs(t) =1-Rs(t) (5.25)

between failure probability and reliability is considered.

Fault Tree - Function Tree
X, 0— - X, 0—
: y : y
: —o0 : —o0
% o] X o] =

The following can then be determined:

System Failure System Reliability
Probability
Fs = Fs(Fl """ Fn) Rs = Rs(Rl """ Rn)

Figure 5.8. Correlation between fault tree and function tree

5.3.2.3 Transition to Probabilities

The failure behaviour of each component can be described by failure
and/or reliability probabilities. By the transition of Boolean expressions to
the description using probabilities, the failure and/or reliability probability
for the whole system can be generated with the usage of simple transfor-
mations [5.9]. Here, the Boolean function can firstly be transferred into a
term of real variables x;, if only the real numbers 0 and 1 are used and all
occurring variables are linear. Thus, the system behaviour can be described
as a discrete zero-one distribution. In the second step, these discrete vari-
ables can be merged into continuous probability functions for the failure
and/or survival of a component. For the most important connections, the
transition from the logical to the mathematical notation can be carried out
according to Table 5.2.
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Table 5.2. Transition to probabilities

logical mathematical
. _ Rs(t) = F (t) =1- R (1)
negation y =X counterproductive for reliabil-
ity techniques
n
y= i\=/l X n
disjunction Rs(®)=1-[ Ja-R®)
n h
Rs (1) =Ri(®) v Ry() V... = v Ri(t) Petd
i=
n
y= Al X n
conjunction . Rs(t) = H Ri(t)
i=1

Rs ()= RO AR, ) 7= AR D)

5.3.3 Application to Systems

5.3.3.1 Series and Parallel Configuration

If it is possible to assign the two states “functional” and “failed” to a sys-
tem and its components, a technical system can be described with the help
of Boolean algebra subject to the states of its components. The positive
logic forms the basis of the definition of the term system function. Here,
the system reliability is determined by the reliabilities of the single com-
ponents. In the application of the FTA, the rules of the negation logic are
used, generally in order to determine the failure behaviour and thus the
failure probability. The following tables (Table 5.3 and Table 5.4) show
several typical basic structures und their formation for the system function
(positive and negative logic).
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Table 5.3. Positive logic

System structure

Serial configuration

Parallel configuration

Block diagram

_>. X1 y

Function tree

X1
| Z®_g
Xn

Boolean function

y:Xl/\Xz /\.../\Xn

AN

System reliability

Rs@ =T JRi®

i=1

Rs(t) =1-[ J@-Ri®)

i=1

Table 5.4. Negative

logic

System structure

Serial configuration

Parallel configuration

Block diagram

>riihy
o— —O0

Function tree

Boolean function

System failure
probability

Fs®=1-]]C-FR®)
i=1l

FO=]]RO

i=1
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5.3.3.2 Bridge Configuration

In a bridge configuration, see Figure 5.9, the reliability cannot be calcu-
lated by the elementary equations for serial und parallel systems. For sys-
tems with a small number of elements it is still possible to use the
disjunctive normal form [5.5]. If the system consists of n elements, the
effort remarkably increases, since each system equation exists of 2" terms.
To determine the reliability and/or failure probability of a system in such a
case with low effort, the following methods can be applied:

minimal cut sets,
minimal path sets and
solve by separation

Figure 5.9. Bridge configuration

Method of Minimal Cut Sets

In the method of minimal cut sets all combinations of the components,
whose failure could lead to the failure of the system, are searched for by all
possible cuts in the structure. All components are negated and are con-
nected inside of the cut sets by and operators and on the outside by or op-
erators, resulting in a negative output — the failure probability, see Figure
5.10.
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Cut Sets:
Cl = {il' )?2} Cz = {)?3, )?4}
C,={X,x,X} C,={Xx,X, X 3 Fault Tree: 3
3{145}4{235} )Elo—
System Function: X, o
Y= GAVRATV %o .
(RAKATRIVRATAR) X0 =V
X, o] /
X4 o
X5 o]
X, o
X, o
X,

Figure 5.10. Method of minimal cut sets

The system failed if all components in one of the minimal cuts failed.
Therewith, the Boolean function for the system failure can be determined
as

C, ={X1, X} Cp ={X3, %4},

o o (5.26)
Cs ={X1,%X4,%X5},Cy ={X,,%3,%5},

V=K A%V (Xg AXy)V (X ARy AX5)V (Xy AXg AXs).  (5:27)

Method of Minimal Path Sets

In the method of minimal path sets all combinations of the components,
whose operation ensures the function of the system, are determined by
theoretical paths in the structure. All components are determined to be
positive and are connected inside of the path sets by and operators and at
the outside by or operators, resulting in a positive output — the system reli-
ability, see Figure 5.11.
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Path Sets:
P, ={x, %} P, ={X, X} Function Tree:
P, ={X, X, X} P, ={X,, X, X} X, o
. X3 b
System Function:
X, o
Y = (X AX)V(XAX, )V X, o_>—|— y
(X AX AXV (X AXAX) X, o j"’
X, o
X5 o
X2 o
X3 O
X o

Figure 5.11. Method of minimal path sets

The system is considered to be operational if at least one path is opera-
tional. The Boolean function of the operability for the system can be de-
termined as:

Pr={x1, X3, } Py ={X2, X4} Py ={X1, X4, X5} P4 ={X3, X3, X5},  (5.28)
Y=(X{ AX3)V(Xg AXg)V (Xg AXg AX5)V (X9 AXg AX5). (5.29)

The transition to the probabilities in these two methods can be carried
out with the help of the Poincaré algorithm or the top down algorithm,
which are described more detailed in [5.9].

Method of the relevant system component (Separation)

Since the system component Xxs is operational in both directions, this
component plays a key role in this bridge configuration and can thus be
separated, see Figure 5.12.
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X, continuously operational

Bridge Configuration Y, = XALXAX) V(X AX, )V

] (X, AX)V(X,AX,)
Separation

of X, +

X, continuously failed

Yy = XALXAX)V(X,AX)]

Path Sets

Figure 5.12. Method of the relevant system component (Separation)

Path Sets

For the component xs, the two states “continuously operational” and
“continuously failed” are regarded separately and afterwards reconnected
with each other. In the first case, where xs is operational at all times, the
component Xs is determined to be positive, connected with the single suc-

cess paths and connected by AND operators:
Yy =Xs Al A X))V (% A X, )V (X, A Xg) v (X A X))
Using the distributive law
Yy =X Al A (X v X)) v (X A (X5 v X,))]
and the commutative law
Y =Xs Af((x5 v X ) A X))V (X5 v x4 ) A X, )]
as well as substituting (x; v x, ) with x”

Y, =Xs /\[(x* A xl)v (x* A X, )]
and reapplying the distributive law, one yields

y, = XSA[X*/\(xlvxz)]
= X5 A[(Xg v X, ) A (v %, )]
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With the transition to the probabilities the first case reliability results to
Ry =Rs '[(1_(1_ Rs)' (1_ R4))‘ (1_ (1_ Rl)' (1_ R, ))] . (5.35)

The same will be done for the second case in which xs fails at all times.
In doing so, it is possible to jump directly to the reliability:

Yu :X_5/\[(X1AX3)V(X2 SAF (5.36)
Ry 2(1_ Rs)'[(l_(l_Rle)'(l_ R2R4))]- (5.37)
The two probabilities can be connected because of their independence
upon the events and the theorem of total probability [5.2], so that the fol-
lowing system reliability is yielded:
Y = %5 A0 A% )V (g A %)V (% A X5 )V (% A % )]V
Xs AL A X))V (%5 A%, )],
R=Rs [1-0-Ry)-0-R,))-L-(-R,)-1-R,))
+(1-Rs) [0-0-RR; ) 0-R,R, ))].

(5.38)

(5.39)

5.4 Reliability Graph

A further possibility to describe systems clearly is the reliability graph.
Reliability graphs are used in particular to describe reliabilities of net-
works [5.7]. They consist of knots and (connection) edges. The edges are
distinguished by component edges and « edges. One component is imaged
by a maximum of one component edge. Thus, repeated edges are not al-
lowed. The failure of components is illustrated by the interruption of the
edge. The oo edges and the knots do not fail. The modelled system is re-
garded as operational as long as at least one path with non failed edges
leads from one “source knot” to a “drain knot”, see Figure 5.13.
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source

Figure 5.13. Example of a reliability graph

5.5 Examples

5.5.1 Tooth Flank Crack

The first example shows a fault tree of a tooth flank crack caused by a
material failure. In the process of the analysis the causes for the occurring
tooth flank crack are determined step by step. First of all, it is considered,
that the gear was used under incorrect operational conditions and the crack
was caused, for example, by an incorrect high operational stress. Neverthe-
less, a further cause for the failure behaviour could also be a damaged
tooth flank, see Figure 5.14. Therefore, there are three further failure
causes on one system level lower: a production failure while producing the
tooth flank, a constructive failure or a material failure. If the analysis for
the material failure is continued, it is possible that in principle, the wrong
material was chosen, which means that it is not suitable for this kind of
usage. Another possibility is an incorrect structure out of fitting material,
which also represents an incorrect material.
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tooth flank crack

incorrect operational damaged
conditions tooth flank
A
I |
material constructive production
failure failure failure

A A
| |

incorrect mat- wrong
erial structure material
>1 >1

mismatching | [mix-up of the| [false alloy
of materials materials
inclusions | |coarse grain formation | |segregat|0n| [ hollow spaces |

oo

|s|ag| | contamlnants| crystalline smkholes
cracks

O

Figure 5.14. Fault tree of a tooth flank crack for a material failure

Another cause related to the usage of wrong material besides a false al-
loy could also be a mix-up of the materials or a mismatching of materials.
Each of these three causes stands for a standard input in the fault tree. On
the other hand, an incorrect material structure could be caused by segrega-
tion, coarse grain formation, inclusions or hollow spaces. Inclusions can be
caused either by slag or by contaminants. Hollow spaces can be caused by
sinkholes or by the formation of crystalline cracks. Because each of these
points is a standard input to the fault tree, the branch of the incorrect
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material is completed and the fault tree analysis can be continued for

further branches.

Whereas in the previous example a material failure was assumed for the
tooth flank crack, the fault tree analysis shown in Figure 5.15 is continued
under the assumption of a constructive failure.

[ tooth flank crack |

>1
| |
incorrect operational damaged
conditions tooth flank
A 1
I |
material constructive production
failure failure failure

A 1 A

false wrong wrong
dimensioning tooth profile backslash

O O

incorrect mistakes in the
calculation technical drawings
>1 >1
I |
mistake in wrong calc- false incorrect or
the calculation ulation model dimensions inexact illustration

O o1 O O

calculation model calculation model
unsuitable inexact

O O

Figure 5.15. Fault tree for a tooth flank crack with a constructive failure
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Here, the causes that could lead to the tooth flank crack caused by a con-
structive failure are determined: false dimensioning, wrong tooth profile
and/or wrong backlash. The two latter failures are standard inputs to the
fault tree and therefore do not have to be further considered, so that the
upcoming considerations only have to be made for false dimensioning.
Reasons for false dimensioning of the teeth could be incorrect calculation
or mistakes in the technical drawings, which are the basics for the produc-
tion of the tooth flank. Failures in the technical drawings could be false
dimensions or an incorrect and/or an inexact illustration. If the incorrect
dimensioning is caused by incorrect calculation, it is either possible that
this is caused by a mistake in the calculation or by a wrong calculation
model was used for the calculation. The calculation model used may be
inexact or in principle unsuitable for this kind of calculation.

Since all inputs are now standard inputs to the fault tree, the determina-
tion of the constructive failures is finished. The fault tree analysis of the
tooth flank crack is continued with either a production failure, which could
lead to an incorrect tooth flank, or the determination of incorrect opera-
tional stresses.

5.5.2 Fault Tree Analysis of a Radial Seal Ring

This example [5.10] refers in particular to the design phase. The design
of the radial seal ring is a packing box, see Figure 5.16, and is used for the
sealing of air leakage of the cooling air under high pressure of a big gen-
erator coupled with a bulb turbine.

The pressure difference is 1.5 bar and the dimensions are substantial.
The packing box runs against a “thermal protection core”. The assembly is
analyzed in regards to possible failure behaviours.
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Figure 5.16. Radial seal ring of a big generator for locking cooling air [5.10]

The overall function is the “locking of cooling air”. To start the analysis
it is useful to determine the sub-functions, which are fulfilled by the indi-
vidual components. If, for example, no function structure is given, then
this can be done best with the help of a table, see Table 5.5. For the func-
tion “locking” the following sub-functions are essential:

¢ to apply contact force,
o to seal sliding and
o to dissipate frictional heat.
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5.5 Examples 185

Table 5.5. Analysis of the components according to Figure 5.16 to identify func-
tions assumed [5.10]

Nr. | part function
1 shaft transmit torque, carry core, dissipate frictional
heat
2, 2a | core (2 parts, provide contact and sealing surface, protect
screwed) shaft, transmit frictional heat
3 package ring seal sliding medium, accept contact force and
apply sealing pressure
4 wiper ring protect from splash oil
packing box accept package ring, accept and transmit contact
force
6 base frame carry part 4 and 5
7 o-seal seal between p; and pg
8 tension spring provide contact force
9 spring seat transmit spring force
10 tension ring transmit contact force, carry tension spring
11 screw pre-stress springs adjustable

In the following process of the analysis, the sub-functions are negated
and at the same time, possible causes for the failure behaviour are deter-
mined, see Figure 5.17.

The result of the fault tree primarily points the failure behaviour of the
thermal protection core 2, due to heat instable behaviour: the arising fric-
tion heat on the hydroplane can practically only flow to the shaft by using
the core. Thus, the core becomes warm and expands. However, if the
warming continues, the friction increases and starts to lift off of the shaft.
This leads to an additional leakage and damages the shaft surface by incor-
rect sliding of the core on the shaft. This configuration is unsuitable and
requires principal constructive improvements: Either the package box is
blocked with the shaft and rotates together with the shaft and the thermal
protection core is left out (heat dissipation by housing 5) or usage of a
radial seal ring with radial sealing surface. Further corrective actions are
necessary if the configuration is retained:

e The support of housing against the base frame is unsuitable, because
with pre-stressed package, the housing can be twisted with the shaft.
If the sealing 7 is on the inside, the provided contact force of the pres-
sure difference is too low to accept the friction torque by force transmis-
sion by friction. Remedy: place seal 7 at the outer diameter of housing
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186 5 Fault Tree Analysis, FTA

5. Even better would be a secure form fit for the transmission of the fric-
tion torque.

o In the illustrated position the spring 8 cannot be retightened. Remedy:
provide sufficient instep way.

e Due to operational safety and to simplify the configuration, it is more
favourable to use a pressure spring than a tension spring.

Basically, it is possible that the improved constructive design requires a
look at other fields such as production, assembling and operation (usage
and maintenance) besides the constructive action. If necessary, the corre-
sponding test protocols must be requested, see Figure 5.17.

cooling are is not

locked
>1
I I
contact force is not system is not sealed frictional heat is
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package rings

Figure 5.17. Fault tree of a radial seal ring [5.10]

Recapitulating, the following procedure for the search of failures and
disturbance can be given:
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5.6 Exercise Problems to the Fault Tree Analysis 187

e |dentify the functions and negated them.

e Search for the reasons for the non-fulfilment of the functions (out of the
unclear function structure, non-ideal active principle, non-ideal configu-
ration).

5.6 Exercise Problems to the Fault Tree Analysis

Problem 5.1

Calculate the reliability of the given function tree, see Figure 5.18. Also,
create the fault tree.

X, ©
X,

o

Figure 5.18. Function tree to Problem 5.1

X, o—

X o—(g

Exercise 5.2

Create the fault and function trees for the given block diagrams, see Figure
5.19. Determine the failure probability F, of the given systems as a func-
tion of the respective component reliabilities R;.

a) II d)
'O |o
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b) 1 3
A leiiirainls
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| o

Figure 5.19. Block diagrams to Problem 5.2
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188 5 Fault Tree Analysis, FTA

Problem 5.3

The principle drawing of a jumbo jet is given below, see Figure 5.20. The
system “undercarriage” fails, if the undercarriage at the front OR at the
back on the right side AND on the back left side OR the wing undercar-
riage on the right OR on the left side fails. An undercarriage fails, if not a
single wheel is available.

—————

/‘ BLILINES FE TSI
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(OXO)

TR1 mTR3
TR2™® ™14

HR1mim wim HR3

] ' 3 L
v2 HL1 i wia HL3
HL2™™ ™ HL4

TL2™™ ™74

Figure 5.20. Drawing of the undercarriage of a Boeing 747

a) Create the fault tree.

b) Determine the Boolean system function for the failure of the system
“undercarriage”

c) Determine the system equation for the failure probability Fs

d) Determine the Boolean system function for the operability of the sys-
tem “undercarriage”.

e) Determine the system equation for the reliability Rs and create the
corresponding block diagram.

Problem 5.4

In order to ensure the reliability of security device a system is built up with
redundancies.

It consists in three generators (in the block diagram termed with Xy, Xz, X3)
and two engines (x4, Xs ), see figure.
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5.6 Exercise Problems to the Fault Tree Analysis 189

Figure 5.21. Block diagram of a security device

Determine the Reliability of the security device by separation of x,.

Problem 5.5

A part of a fault tree for an ABS control unit is given.

a) Determine the Boolean system function for the failure of the control
unit.

b) Calculate the failure probability of the system

c) Determine the system function fort he operability of the control unit.

d) Create the block diagram.

voltage regulator cannot shut off over the

X O ventil release

X, (O—{ VR short-circuits for the mass

X, (O— FSAL short-circuits for the mass

X O— FSA2 short-circuits for the mass

x. (O— contact is welded on the vetile release _\, »

X O— processor error on the series interface

=

x, (O— software error micro-controller 1

=
N>

Xg software error micro-controller 2

%, (O— FSA2 short-circuits for the mass

x,, (O— software error micro-controller 2

Figure 5.22. Part of a fault tree of an ABS control unit

www. Enagi neer i ngEbooksPdf . conr



190

5 Fault Tree Analysis, FTA

References

[5.1] Barlow R E, Fussel J B, SingpurwallaN D (1975) Reliability and Fault
Tree Analysis. Society for Industrial and Applied Mathematics, Philadel-
phia

[5.2] Bronstein I N, Semendjajew K A (2000) Taschenbuch der Mathematik — 5.,
Uberarb. und erw. Aufl. Thun, Frankfurt am Main

[5.3] Deutsches Institut fir Normung (1981) DIN 25424 Teil 1-2 Fehlerbaum-
analyse. Beuth, Berlin

[5.4] Ericson C (1999) Fault Tree Analysis — A History from the Proceeding of
the 17" International System Safety Conference

[6.5] Gaede KW (1977) Zuverlassigkeit Mathematischer Modelle. Hanser,
Minchen Wien

[5.6] Grimms T (2001) Grundlagen Qualitats- und Risikomanagement. Vieweg

[5.7] Malhotra M, Trivedi K S (1994) Power-Hierarchy of Dependability Model
Types. In: IEEE Transactions on Reliability, Vol. 43, No. 3, September
1994, pp 493-502

[5.8] Masing W (1994) Deutsche Gesellschaft fir Qualitait DGQ-Schrift 11-19
Einflhrung in die Qualitatslehre. DGQ, Frankfurt am Main

[5.9] Meyna A (1994) Zuverlassigkeitshewertung zukunftsorientierter Techno-

logien. Vieweg, Wiesbaden

[5.10] Pahl G, Beitz W (2003) Konstruktionslehre: Grundlagen erfolgreicher Pro-

duktentwicklung; Methoden und Anwendung. Springer, Heidelberg Berlin

[5.11] Schlick GH (2001) Sicherheit, Zuverlassigkeit und Verfligbarkeit von

Maschinen, Geréten und Anlagen mit Ventilen. Expert Verlag.

[5.12] Verein Deutscher Ingenieure (1998) VDI 4008 Blatt 2 Boolesches Model.

VDI, Disseldorf

[5.13] Vesely W E, Goldberg F F, Roberts N H, Haasl D F (1981) Fault tree hand-

book. United States Nuclear Regulatory Commission, Washington DC

www. Enagi neer i ngEbooksPdf . conr



6 Assessment of Lifetime Tests and Failure
Statistics

In this chapter, the planning of lifetime tests and various assessment
strategies will be dealt. Here, the most important fundamental principles
for such procedures will be introduced.

The emphasis of this chapter is the assessment of failure times so that
the failure behaviour of components and systems can be described. For
this, the unknown distribution parameters are determined through various
graphical and analytical methods. The Weibull distribution will be used as
it is the most widely adopted in the area of mechanical engineering.

The most important “confidence levels” for the assessment will be de-
scribed in detail. This is necessary since normally it is not possible to
gather the lifetimes of several different parts (statistically spoken: the
population or universe). Generally, it is only possible to determine the
failure times of a small number of components. In statistics, this limited
number of components taken as a test specimen signifies the population,
see Figure 6.1. Therefore, only a statement can be made from the assess-
ment concerning the test specimen. However, a statement concerning the
entire population is desired! The failure behaviour resulting from an as-
sessment of the test specimen can sometimes strongly deviate from the
actual failure behaviour of the population itself, especially if only a few
components have been tested. Here, the statistics offers a further help
through the “confidence levels”, with which it is possible to specify the
veracity of the test specimen results. Thus, it is possible to estimate the
failure behaviour of the population.

B. Bertsche, Reliability in Automotive and Mechanical Engineering. VDI-Buch,
doi: 10.1007/978-3-540-34282-3_6, © Springer-Verlag Berlin Heidelberg 2008
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Figure 6.1. Conclusion drawn from the test specimen concerning the entire popu-
lation

6.1 Planning Lifetime Tests

Planning lifetime tests can be divided into experimental-technical meas-
urement planning and statistical test planning.

Experimental-Technical Measurement Planning

Here, the common fundamental principles for correct execution of an ex-
periment apply. The most important of these principles are as listed:

e The boundary conditions and limits must be exactly defined and kept.
For lifetime tests this is especially important for the load spectrum.
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6.1 Planning Lifetime Tests 193

e The technical measurement process for the registration and control of
the boundary conditions must be established along with their accuracy.
Here, depending upon the resources, more information is acquired at the
test stand than actually needed.

o |If longer testing times are expected, then the use of automated and/or
computer controlled measured value gathering and control equipment
should be strived for.

e For a determination of the lifetime, the exact specification of a limit
value is necessary, at which the nominal function is no longer fulfilled.
If the damage is a continuously changing value, as for example a leak
volume for a seal.

e The control equipment must be built up in such a way that the primary
failure cause can even be determined after the failure effect. This is im-
portant since each failure mode is assigned its own characteristic reli-
ability parameters.

Statistical Test Planning

In statistical test planning the first step involves determining the size of
the inspection lot. The inspection lot size is in close connection with the
confidence levels and the statistical spread of the measured values, see
Sections 6.2 and 6.3.2. If fewer components are tested, then the result of
the statistical assessment becomes more uncertain. For an accurate result it
is necessary that a sufficient quantity of components is tested. This can
increase the time and effort involved in a test immensely.

In statistical test planning, it must also be determined how the choice of
components to be tested should be made — test specimen extraction. The
test specimen should represent an actual random test specimen, which
means that the components to be tested are chosen at random. Only then is
the fundamental condition for a representative test specimen fulfilled.

Another important point in statistical test planning involves establishing
a suitable test strategy. Possible strategies include:

e complete tests,
e incomplete (censored) tests and
o strategies for shortening test times.

The best statistical option is a complete test, in which all components of
a test specimen are subjected to a lifetime test. This means that the test is
run until the last element has failed. Thus, failure times for all elements are
available for further assessment.

In order to reduce the time and effort involved in a test stand, it is rea-
sonable to carry out incomplete tests, also known as censored tests. Here
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194 6 Assessment of Lifetime Tests and Failure Statistics

the test only is carried out until a certain predetermined lifetime or until a
certain number of failed components has been reached. Such tests are not
as meaningful as complete tests, but are often connected with a considera-
bly lower time and effort at the test stand.

Another option for a considerably shorter test time is the Sudden Death
Test and tests with an increased load. A detailed description of procedures
for test planning can be found in Chapter 8.

In the following text, the fundamental assessment of complete tests will
be discussed.

6.2 Order Statistics and their Distributions

The assessment of failure times, which will be dealt with in the follow-
ing sections, has to do with the distribution of order statistics. In order to
understand the procedure of an assessment, it is very necessary to obtain a
basic knowledge of the origin and meaning of order statistic distributions.
However, the derivation of order statistic distributions is quite complicated
concerning probability theory. Thus, this section is for those who are inter-
ested in understanding the exact relationships of these distributions. How-
ever, this section can be skipped if the reader is only interested in the as-
sessment of failure times.

Determining F(t) of the Failed Components

The failure times of components or systems can be acquired out of life-
time tests or damage statistics. For an assessment with a probability graph,
only the abscissa values of the individual failures with these failure times
are available but not the ordinate values. Therefore, each failure must be
assigned a certain failure probability F(t). The following example should
illustrate this more clearly:

A test specimen was tested with n = 30 components:

component1f |component2| ........... component 30

The test resulted in 30 different lifetime values t;, which were ordered
according to their respective value:

ty, ©, B3, ... fog, t30; T < i
for example:

t; = 100,000 load cycles, ... ts = 400,000 load cy-
cles, ... t3 = 3,000,000 load cycles.

www. Enagi neer i ngEbooksPdf . conr



6.2 Order Statistics and their Distributions 195

These ordered values are called order statistics. The index corresponds
to the rank.

After the failure of the first order statistic, 1/30 of the test specimen has
failed, with the second order statistic, 2/30, etc. From this point of view it
is possible to assign the first order statistic a failure probability of
F(t) = 1/30 = 3.3%, the second order statistic, F(t) = 6.7%, etc. With this
method, the failure behaviour of the tested components can be represented
in the form of a summation frequency or of an empirical distribution func-
tion, see Figure 2.10.

Here, it should be noted that the failure times of only one test specimen
are taken into consideration. Of course, another test specimen of the same
size returns somewhat varying result values,

for example: t; = 120,000 load cycles, ... ts = 350,000 load cycles, ...
t30 = 2,500,000 load cycles.

The matrix structure in Figure 6.2 is the result of m test specimens.

o(t)
P « . _
byt sty 1" test specimen of size n
R S -
f(t)<—>:_t_l’.g sibay s sty | 2" test specimen of size n
ST
- [
: 1 |
: [
. 1 i | .
t . 1 "1 <t - th . .
1m = 12ml - =lhym  m test specimen of size n
order statistic T T T
rank i=1 =2 i=n

Figure 6.2. Order statistics for m test specimens of the size n

The failure time of an order statistic (any one column in Figure 6.2) var-
ies within a certain range. An order statistic can thus be understood as a
random variable, to which a distribution can be assigned. As opposed to
the lifetime distributions, the density function for order statistics is signi-
fied by o(t;).

The mathematical derivation of the order statistic distribution leads to
a multinomial distribution (trinomial distribution), which represents an
enhanced binomial distribution [6.2, 6.6, 6.7, 6.8]. The order statistic
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196 6 Assessment of Lifetime Tests and Failure Statistics

distribution can be theoretically developed similar to the development of
the binomial distribution. The initial step in the derivation is the population
of components with the known failure functions f(t) or F(t). A test speci-
men made up of n components is chosen out of this population. The order
statistic i is observed, which lies in section 2 at the time t; in Figure 6.3.
The probability that the failure time falls in section 2 for one component is
f(t;)dt, F(t;-0,5dt) for section 1 and (1-F(tj+0,5dt)) for section 3. After all
test specimen trials have run, the order statistic i lies in section 2, while
(i-1) failures can be found in section 1 and (n-i) in section 3. Thus, for all
test specimen trials of this one test specimen, the probability that a certain
component fails during section 2 in Figure 6.3 is:

ot) =F ()™ f(t)-L-F)I". (6.1)
R
ain\gel Rajrlgez Rajnge3
N \l/ \ l/ N,
E oA i
I: :f_l_ A =i
0 -~ G \ ©
t - 0.5 dt t +0.5 dt

Figure 6.3. Division of the time axis into three sections for the derivation of the
multinomial distribution

The limit of Equation (6.1) for dt — 0 gives the density function of the
order statistics. Since it is possible that each component can land in any of
the three sections, several combinations must be taken into consideration.

o) = FE) ) - F)]™ (6.2)

n!

(- (n—i)
As already mentioned, f(t;) and F(t;) are the density function and failure

probability of the original distribution at the point t; respectively.

Figure 6.4 shows the graphical representation of Equation (6.2) on be-
half of an example. A two parametric Weibull distribution with the pa-
rameters b = 1.5 and T = 1 was used as the original distribution. In Figure
6.4 it is observed that the order statistics’ failure times deviate within a
certain time period with various probabilities. For example, the 5" order
statistic ranges between 0.1 and 0.7, where the failure time 0.3 (median)
occurs the most. The extreme values 0.1 and 0.7, however, only occur with
a relatively low probability. Since the Weibull distribution with b=1.5

www. Enagi neer i ngEbooksPdf . conr



6.2 Order Statistics and their Distributions 197

assumes lower values with increasing time, the density function o(t;) be-
comes less steep with an increasing rank.

5

density function @, (t)

[ |
0 0.5 1.0 15 2.0 2.5
failure time t

Figure 6.4. Density functions for order statistic i in a test specimen of the size n =
30 (original distribution: two parametric Weibull distribution withb =15and T =
1)

For the previous considerations, the distribution of the failure times
must be known. Normally, however, this is not the case in most assess-
ments, but rather the failure functions of the failure times must first be
determined. The desired failure probabilities for the failure times assume
values between 0 and 1. None of the order statistics should be favoured so
that they are uniformly assigned failure probabilities from 0 to 1. Carrying
out a transformation has been efficacious:

F(t;)=F(u)=u, O<u<l, (6.3)
f(u)=1, O<u<1. (6.4)

The Equations (6.3) and (6.4) describe a rectangular distribution, which
fulfils the conditions listed: The distribution function is defined within the
range of 0...1 and the order statistics can be regarded equally in the con-
stant density function. Therefore, the order statistics are distributed equally
within the interval 0...1,
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By substituting Equations (6.3) and (6.4) into Equation (6.2), the desired

density function for the failure probabilities of orders is acquired:
0p (W) =y g™, (65)
" (i-D!(n—i)! '

The Equation (6.5) corresponds to a beta distribution with the beta vari-
able u and parameters a and b, where a =i and b = n-i+1[6.6, 6.7].

The expressions in Equation (6.5) can be seen graphically in Figure 6.5.
Figure 6.5 shows the density function with the beta variable u in a Weibull
probability chart for the case represented in Figure 6.4. Because of Equa-
tion (6.3), the beta variable u can be interpreted as the failure probability
F(t;). Figure 6.5 shows very clearly that the failure probability F(t;) as-
signed to the order statistic i deviates within a certain range with this
range’s given density. The 25" order statistic, for example, must be as-
signed a failure probability of about 60% to 98%. In most cases, the mode,
75%, would be an adequate value, whereas the extreme values would only
be suitable for the 25™ failure time in very seldom cases.

. i=5

density function @(u)

Figure 6.5. Density functions with the beta variable u for the case shown in Figure
6.4

For the analysis of failure times it is often attempted to assign a failure
probability to each failure time and then to draw a straight line through the
coordinates entered into the Weibull probability chart. Thus, it is necessary
to choose the most adequate value from the range of dispersion for the
failure probability. One of the three averages: mean, median or mode,
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prove to be suitable estimate values. The value of these averages can be
determined from the density function ¢(u) or the beta distribution:

mean: u =—; 6.6
m n+1 (66)
. i-0.3
median: median = m ; (67)
mode: u _1 (6.8)
. mode n-1 .

The median possesses no close-ended solution. Thus, Equation (6.7) is
an approximation. More exact values for the median can be found in the
appendix in Table A.2.

Now, the question is which of the three means should be taken as an es-
timate for the failure probability F(t;)). However, on closer examination it
can be discovered that none of the three values has an advantage in com-
parison to the others. The values do not differ substantially for large values
of n, nor for order statistics i next to 1 or n.

In practice, the median Unegian IS USed the most often. In some cases the
simplest option, the mean uy, is also used. Thus, failure probabilities can
be assigned to the failure times t;.

F(t) = o (mean) or (6.9)

n+1
i-0.3
F(t)—— i .
(t) o4 (median) (6.10)

For example, for i = 25, the median is F(t;s) = 81.3%, see Figure 6.6. It
can be expected in 50% of the cases that the actual assigned failure prob-
ability is larger than 81.3%. For all other cases the values lie under 81.3%.

The ideal case is present when a straight line can be drawn through the
coordinates (t;, F(t;)), also known as the Weibull line, see Figure 6.6.
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density function @(u)

Figure 6.6. Density functions for order statistic failure probabilities with the me-
dian values and the Weibull line

Confidence Intervals

The assignment of failure times to an exact average is often not com-
pletely satisfying, since the failure probabilities of the order statistics can
deviate within a certain range. The Weibull line is thus only one possibility
to describe experimental results. If the median is used to determine F(t;),
then the Weibull line represents the line for which 50% of the cases, the
experimental results, lie above this line and 50% of the experimental re-
sults lie below the Weibull line. If it is necessary to know within which
range the actual line can be expected to lie, that is, how much the Weibull
line can be trusted, then it is necessary to determine the so-called confi-
dence interval for the Weibull line. A confidence interval is characterized
as the probability that a random value lies within a certain range. For ex-
ample, a 90% confidence interval implies that in 90 out of 100 cases, the
observed value falls within this certain interval. Figure 6.7 shows such
90% confidence intervals for the order statistics.
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density function @(u)
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Figure 6.7. Density functions of the order statistic failure probabilities and their
90% confidence intervals

The limiting values of the confidence intervals can be calculated from
the integral of the density function in Equation (6.5). An approximation
equation for these limiting values can be found in [6.10]. Normally, tables
are used in order to draw in the coordinates for the confidence limits in a
graph. Tables A.1 and A.3 in the appendix give the values for the 5% and
95% confidence limits. The range between these confidence limits corre-
sponds to a 90% confidence interval.

For the example shown in Figure 6.7, the limit failure probabilities are
F(t25)5% =68.1% and F(t25)95% =90.9% for i = 25.

By joining the limit points of the various order statistics, the limit curves
of the confidence interval over the entire failure time can be acquired, see
Figure 6.7.

Figure 6.8 shows the representation in Weibull probability graph paper.
The Weibull line of the median values and the confidence intervals can be
interpreted as follows: Over an observation of several test specimens, the
Weibull line drawn in Figure 6.8 is the most probable in the middle. The
line in the middle represents the population mean — observed over several
test specimens — thus 50% of the cases lie above and 50% lie below this
line.
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Figure 6.8. Weibull probability graph paper for the example in Figure 6.7

However, for a certain test specimen it is possible that the line assumes
an arbitrary position within the confidence interval, see Figure 6.9. The
probability that the failure results lie outside of the confidence intervals is
only 10%. This means that the confidence interval is unreliable in only one
out of ten cases.

Observing the confidence intervals is especially significant for small test
specimen sizes, since then the confidence intervals can cover a very large
range. With an increasing test specimen size n, the range covered by the
confidence intervals becomes thinner and in certain circumstances can be
completely neglected for n > 50...100.
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Figure 6.9. Weibull probability paper with Weibull lines for various test specimen
sizes within the 90% confidence interval

6.3 Graphical Analysis of Failure Times

Explained parallel to an example the individual graphical analysis steps
can be more clearly explained and the procedure can be transferred to a
concrete practical example.

Gear wheel pitting or dimpling observed within the realms of a research
project will serve as an example for this section [6.5]. A total of n=10
gear wheels were tested under a stress of oy = 1528 N/mm?. The failure
times for the gear wheels are given in one million load cycles in the fol-
lowing order of occurrence:

15.1; 12.2; 17.3; 14.3; 7.9; 18.2; 24.6; 13.5; 10.0; 30.5.

Knowledge concerning the order statistics and their distributions, see
Section 6.2, can be useful for the graphical analysis and is helpful for an
exact understanding of this analysis. The analysis steps given in the fol-
lowing sections however are setup and explained in such a way that the
analysis can be carried out without exact knowledge of the order statistics.
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204 6 Assessment of Lifetime Tests and Failure Statistics

6.3.1 Determination of the Weibull Lines (two parametric
Weibull Distribution)

Step 1.1: Order the failure times according to increasing value
h<t..<t, or fti<ty; i=1.n. (6.11)

By ordering the failure times, an overview is won over the timely pro-
gression of the failure times. In addition, the ordered failure times are re-
quired in the next analysis step and are referred to as order statistics. Their
index corresponds to their rank.

The following order statistics resulted from the test run (in one million
load cycles):

t,=7.9,; t,=10.0; t=122; t,=135, t;=14.3;
ts = 15.1; t; =17.3; tg = 18.2; tg = 24.6; t10 = 30.5.

Step 1.2: Determine the failure probability F(t;) of the individual
order statistics:

i—0.3
F(t)~ : 6.12
(t) n+0.4 (6.12)
It is also possible to use the exacter values from Table A.2 (see appen-

dix).

The order statistics t; from step 1.1 are thus assigned to the failure prob-
abilities F(t;). Since order statistics are seen as random variables, they pos-
sess a certain distribution. Equation (6.12) corresponds to the median of
this distribution, see Section 6.2.

The calculated failure probabilities for this example are listed in the
chart below:

F(t) =6.7%; F(t) = 16.3%; F(t) =25.9%; F(ty) = 35.6%; F(ts) = 45.2%;
F(t) = 54.8%; F(t;) = 64.4%; F(tg) = 74.1%:; F(t)) = 83.7%; F(tig) = 93.3%.

Step 1.3: Enter the coordinates (t;, F(t;)) in the Weibull probability
chart.

The failure time t; corresponds to the x-coordinate value and the respec-
tive failure probability F(t;) corresponds to the y-coordinate value to be
entered into the probability chart.

Figure 6.10 shows the coordinates for this example drawn in Weibull
probability chart.
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Figure 6.10. Failed gear wheels (coordinates (t;, F(t;))) depicted in Weibull prob-
ability chart

Step 1.4: Approximately sketch the best fit straight line through the
entered points and determine the Weibull parameters T and
b.

Characteristic Intersection of the 63.2% line with the best fit
lifetime T: straight line.

Shape parameter b: Shift the best fit straight line parallel through the
pole P and read the shape parameter b from the right
ordinate in the Weibull probability chart.
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Figure 6.11. Best fit line and determination of the parameters T and b

The best fit line and the determination of the parameters T and b are de-
picted in Figure 6.11. The failure behaviour of the gear wheels can thus be
most suitably described with the following Weibull distribution:

t
F(t) :1_6[18-106 LW] ' (6.13)
In certain cases, the failure behaviour must be described with two or
three approximation lines, see Figure 6.12. For such a mixed distribution a
separate Weibull distribution must be determined for each line. The total
failure behaviour is then given as a combination of the individual damage
types [6.11].
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Figure 6.12. Mix distribution of a failed clutch (2 damage types: burnt clutch /
worn down clutch)

6.3.2 Consideration of Confidence Intervals

If it is possible to test several test specimens of the same size from one
machine element series, then the order statistic i will always be somewhat
different. Thus, the order statistic must be seen as a random variable,
which possesses a distribution, see Section 6.2.

Therefore, the Weibull line determined in Section 6.3.1 represents an
“average” Weibull line, which in most cases is a mean approximation for
the failure behaviour. Due to the deviating behaviour of the order statistics,
it is possible that the position of the Weibull line for various test specimens
can alter within a certain interval. This deviating behaviour can be taken
into account with so-called “confidence intervals”, see Section 6.2. With
these confidence intervals it is possible to gain information concerning the
entire population from just one test specimen, see Figure 6.1.

A confidence interval is characterized by the probability that a random
variable lies within a certain interval. A 90% confidence interval, for ex-
ample, indicates that 90 out of 100 cases observed lie within this interval.
A 90% confidence interval is limited by a 5% and 95% confidence limit.

www. Enagi neer i ngEbooksPdf . conr



208 6 Assessment of Lifetime Tests and Failure Statistics

The determination of confidence limits and the confidence interval is
shown in the next analysis step.

Step 2: Determine failure probabilities F(ti)se, and F(t)ese, With
Tables A.1 and A.3 in the appendix and enter the coordi-
nates into the Weibull probability chart. Draw in the lines
through all F(t)se and F(t)eses coordinates respectively.
The best fit lines represent the 5% and the 95% confidence
limits. The region between the confidence limits is the
90% confidence interval.

The following values resulted out of the gear wheel test:

Table 6.1. Median values and confidence intervals

[ {; F(t)s0 F(t)so% F(t)os
(median)
1 7.9 0.5% 6.7 % 259 %
2 10.0 3.7% 16.3 % 39.4 %
3 12.2 8.7% 25.9% 50.7 %
4 13.5 15.0% 35.6 % 60.8 %
5 14.3 22.2% 452 % 69.7 %
6 151 304 % 54.8 % 77.8%
7 17.3 39.3% 64.4 % 85.0 %
8 18.2 49.3% 741 % 91.3%
9 24.6 60.6 % 83.7% 96.3 %
10 30.5 741 % 93.3% 99.5%

The confidence interval can either be determined by the median distri-
bution Weibull line or directly from the individual coordinates, so that the
confidence interval is respectively either a curved-based or a coordinate-
based interval.

In Figure 6.13, F(t)se and F(t)gs00 are drawn in the Weibull probability
chart as circles determined by the coordinates. By connecting all the cir-
cles for the different order statistics with an approximation curve, it is pos-
sible to acquire the limit curves of the confidence limits for the total failure
time. The region between these confidence limits is the 90% confidence
interval.
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Figure 6.14. Confidence interval with minimal and maximal values for T and b
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The Weibull line of the median values and the confidence interval can
be interpreted as follows: When observed for several test specimens, the
Weibull line drawn in Figure 6.13 in the middle is the mean result or esti-
mation. 50% of the cases lie above this line and 50% lie below the Weibull
line. However, it is possible that for an arbitrary test specimen, the position
of the Weibull line lies within the confidence interval but not along the
median values. The probability that the failure results lie outside of the
confidence interval is only 10%. This means that in only one out of ten
cases the confidence interval cannot be trusted. The minimal and maximal
values for the parameters T and b for a 90% confidence interval are shown
in Figure 6.14. A graphical analysis of the test results produces the follow-
ing parameters for the two parametric Weibull distribution:

Tmin=15-10°l0ad  Tregian = 18 - 10° load ~ Tpax = 23 - 10°load
cycles; cycles; cycles;
bmin = 1-5; bmedian = 2-7; bmax = 3-7;
Confidence Interval: 90%

The range of dispersion for the characteristic lifetime and the shape pa-
rameter can also be calculated with simple approximation equations [6.10].
In this way, the second analysis step can be omitted.

The approximation equations for the characteristic lifetimes T, and
Tmax are as follows:

1 1 _3/bmedian
Tmin = T5% ~ Tmedian . [1—9—n+1645 9—nJ ’ (614)
-3 bme ian
Tiax = Tos96 = Tredian ° 1_i_1'6451’i - (6.15)
9n 9n

(Trmedian: COrresponds to the characteristic lifetime T determined in Figure
6.11.)

The range of dispersion for the shape parameter can be approximately
determined by the following equations:

b

median ,
L % (6.16)

Prmax =boss ~ Prmegian - [1+ ‘,%j (617)

(bmegian: COrresponds to the shape parameter b determined in Figure 6.11).

Brin = bso, =
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Observing the confidence interval is especially significant for small test
specimen sizes, since then the confidence intervals can cover a very large
range. For cases with only few test results, the confidence interval can be
seen as a measurement for the desired parameters. With an increasing test
specimen size n, the range covered by the confidence intervals becomes
thinner and can only be completely neglected for n > 50...100.

6.3.3 Consideration of the Failure Free Time t, (three
parametric Weibull Distribution)

If a failure free time t, exists, then the test yields coordinates that no
longer lie along a straight line in the Weibull probability paper but rather
along a bent convex curve, see Section 2.3.3.

Step 3.1: Check whether the coordinates in the Weibull probability
paper can be better approximated linearly (best fit straight
line) or nonlinearly (approximation curve). An approxima-
tion curve indicates a three parametric Weibull distribution
with a failure free time t,. The failure free time t; can ei-
ther be determined with the graphical procedure described
in the following section or more exactly with the analytical
methods in Section 6.6.

Figure 6.15 shows the example that an approximation curve is a good
estimation for a function describing the test result coordinates. Therefore, a
three parametric Weibull distribution should be determined.

The occurrence of a failure free time t, can have several causes [6.1].
The most important causes are:

e Principally, no failure can occur before the time to. For example, before
damage can occur on a brake disk, the brake lining must be worn down.

e A time shift occurs between production, delivery and operation of a
product.

e The development and expansion of damage requires a certain amount of
time, for example, the development of pittings or dimpling during a gear
wheel test first occurs after cracks begin to form and spread.

An approximate determination of the failure free time t, can be acquired
graphically. A simple estimation of t, is determined by extending the ap-
proximation curve to the x-axis as seen in Figure 6.15. The failure free
time to can be taken within a certain range in front of the point of intersec-
tion of the approximation curve with the abscissa, see Figure 6.15. The
best approximation for the parameter t, has been won when the corrected
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failure times tj =t; —ty display a straight line in the Weibull probability
paper.
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Figure 6.15. Approximation curve or a three parametric Weibull distribution
through the test result coordinates (compare with Figure 6.10 and Figure 6.11)

Step 3.2: Transform the approximation curve into a Weibull line.
For this it is necessary to transform the failure times:
ti =t; —ty. The best approximation for t, is obtained if a

straight Weibull line can be laid through the coordinates
(t. F ).

The most suitable failure free time ty can only be determined iteratively.
It is necessary to try out various values for t,. The best value in the gear
wheel test comes out to t, = 6 million load cycles, see Figure 6.16.

The parameters of the Weibull line in Figure 6.16 can be determined
with step 1.3. The characteristic lifetime comes to T = 18 million load cy-
cles and the shape parameter to b = 1.6, see Figure 6.16. (The shape pa-
rameter b differs for a two parametric or a three parametric assessment, see
Chapter 7).
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Figure 6.16. “Weibull line” for the failure times corrected with t,

The failure behaviour of gear wheels can thus be described by the fol-
lowing three parametric Weibull distribution:

[ t-6-10° LW '
F(t)=1-e (18-6)-10° LW (6-18)
The failure free time t, can also be approximately calculated with a pro-
cedure from Dubey [6.3]. This procedure is relatively simple and can be
applied with little time. It can be described as follows:

e An approximation curve is drawn through the test results in the Weibull
probability paper, see Figure 6.17.

e The ordinate (y-axis) is divided into two equal portions A and the corre-
sponding lifetimes t;, t, and t; are determined.

e The failure times t;, t, and t;, determined in Figure 6.17, determine the
failure free time ty as follows:

(t;—t5)-(t, -t) '
(t3-t)—(t, -t)

to =1 - (6.19)
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Figure 6.17. Determination of the failure free time according to Dubey [6.3]

Step 3.3: Determine the confidence intervals for the three parametric
Weibull distribution for the corrected Weibull line as in
step 2 (see Figure 6.16).

Figure 6.18 shows the 90% confidence interval for this example. The
following values for the parameters result for the three parametric Weibull
distribution:

Tmin=13-10°l0ad  Tpegian = 18 - 10° load ~ Tpayx = 25 - 10° load
cycles; cycles; cycles;

bmin = 0-8; bmedian = 1-6; bmax = 2-5;

to = 6 million load cycles;

Confidence interval:; 90%.

www. Enagi neer i ngEbooksPdf . conr



6.4 Assessment of Incomplete (Censored) Data 215

99.9 - 4.0

% .

90.0 7 35

63.2 e W%

50.0 £ /i 3.0
— 300 //A/Ak! / E
E 200 —F E/:/ (. 25 2
h=] ! Q
—_ 1 ) .h_';
5 10.0 7% : 20 2
S 50— / i 5
o 30 /ARRE : L5 o
s 20 TR o g
8 1.0 . 5 / 1.0 ®

0.5 ; : Pt

0.3 : /{ /Av/ 0.5

0.2 e 7

0.1 ; ‘9/ 0.1

1 v 10 h 100
T -+t T -t

min_ 0 max_ 0

lifetime (t-t )-10° LC

Figure 6.18. Confidence interval for the “Weibull line” and the distribution pa-
rameters

Due to the small test specimen size of the example test chosen, n = 10,
no definite decision can be made between a two or a three parametric
Weibull distribution. Both distribution types could present a possible solu-
tion after analysis is carried out. A three parametric Weibull distribution
should only be used if it is known or assumed that a failure free time ex-
ists. For all other cases the failure behaviour description should be limited
to a two parametric Weibull distribution since it offers a more conservative
description.

6.4 Assessment of Incomplete (Censored) Data

As described in Section 6.1, the time and effort involved in testing can
be significantly reduced by incomplete tests or by strategies for test run
duration reduction. Several such often used procedures and methods will
be introduced in this section. An overview of the procedures for the as-
sessment of incomplete (censored) data can be found in Table 6.1.
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Table 6.2. Overview of procedures for the assessment of incomplete (censored)
data

Type of | Type of Description Procedure see Sec-
Data Censore tion
Clof[“' Median Procedure
plete No censor- . . o
Data ing All units have failed F = i—0.3 Vi =1(D)n 6.3
r=n n+0.4
Lifetime characteristics
_ (e.g. run times) of all | Median Procedure
Censoring | intact units are larger 03 6.4.1
Type lor | than the lifetime char- | F ~ ——Vi=1(0)r
Type Il acteristics of the unit r n+0.4
which failed last
Lifetime characteristics
. . n Death
Incom- of intact units are Sudden Deat 6.4.3
plete unknown Test
Data Procedure for the Con-
r<n i i _
Lifetime characteristics mde:jatlon of Unac
: of intact units are cured Events (assess- 6.4.3.2
Multiple Known ment under variable =
Censoring conditions) — Johnson
or VDA Procedure
Information about
intact units available in ;rdoecrzctii%rﬁ cf)cf)rUt:gé_ion—
the form of an “opera- q £ th 6.4.3.3
tional performance cured Events out of the
distribution* Test Route

Variables:

r = number of failures
n = test specimen size
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6.4.1 Censoring Type |l and Type ll

If, for example, a test stand trial is interrupted before all n test units have
failed, then an “incomplete test specimen size” is produced. If the interrup-
tion (trial stop) occurs after a given time, then one is dealing with censor-
ing of type I, see Figure 6.19 where “x” indicates a failure. Object numbers
4 and 5 endure until the end of the trial without failure. Thus, only the
failure times for r <n test units are known in this case. The only thing
known concerning the remaining n - r “survivors” is that they are still in-
tact after interruption of the trial. The amount r of failures is a random
variable, which is unknown before the trial begins.

| —
| ——

PN WA OO

test unit no.

time (or lifetime attribute)
Figure 6.19. Schematic of type | censoring

If a trial is interrupted after a given amount of test units r has failed,
then one is dealing with censoring of type Il, see Figure 6.20. The trial is
stopped after 4 failures. The object numbers 3 and 4 endure until the end of
the trial without failure. In this case, the point in time at which the failure r
occurs is a random variable, thus leaving the entire trial time length open
until the end of the trial.

6 r ¢

. 5 X
§4 | ——
< 3 | —
*gzﬂ

time (or. lifetime attribute)
Figure 6.20. Schematic of type Il censoring

In both of these cases (censoring of type I and I1) it is impossible to
carry through an evaluation as described in the previous Section 6.3.
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There the cumulative frequencies were calculated according to an ap-
proximation equation in order to enter the failure behaviour in Weibull
probability chart:

i—0.3

F(t.)~ fori=1,2,..,r.
t) n+0.4

The fact that n - r test units have not failed is taken into account by substi-
tuting r for n in the denominator of the approximation equation.

For the evaluation of test runs with type | or Il censoring it is often nec-
essary to estimate the characteristic lifetime T in the Weibull chart by ex-
trapolating the best fit line beyond the point in time of the last failure. This
is generally problematic as long as further failure mechanisms cannot be
neglected. In case of doubt, a statistical statement concerning the failure
behaviour can only be made based on the shortest and longest observed
lifetime (see the following proof).

Proof for Extrapolation in the Weibull Chart

The following proof can be generalized to the following statement:
Complete as well as incomplete test specimens allow for the evaluation of
information about the failure behaviour in Weibull chart, as long as the
information is limited between the lowest and highest value of the lifetime
characteristic.

As soon as no more information is available below the lowest value or
above the highest value, it is generally problematic to extrapolate the en-
tered coordinates (neither above nor below).

Example: Censoring of Type |l or Type ll

Population: n==6

Number of failures: r=4 r—n(t)

Failure Probability: F—F(t)~ =23 vi—10)r
n+0.4

Rank i 1 2 3 4 5 6

Order Statistic t; 900 1300 1900 2300 ?0?

Failure Prob. F; 10.94% 26.26% 42.19% 57.81%
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Graphic (Weibull chart):
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Figure 6.21. Example for extrapolating in Weibull chart

6.4.2 Multiple Censored Data

In lifetime tests it is often the case that the test objects must be removed
from the trial before failure. Contrary to type | censoring, where the sur-
viving test units are all removed from the trial at the same (predetermined)
point in time, it is possible that the “removal” can occur at varying (ran-
dom) points in time (multiple censored data), see Figure 6.22 where “X”
indicates a failure. The arrow implies that the object remained intact ac-
cording to the failure mechanism observed up until the point of its removal
from the trial.

Such a case is especially common if products should be tested under the
failure mode A (e.g. failure of an electronic component), but the failure
occurs because of the failure mode B (e.g. due to a mechanical defect).
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Figure 6.22. Schematic for the visualization of multiple censored data

6.4.3 Sudden Death Test

In a Sudden Death Test, a test specimen is divided into m inspection lots
of the same size, Figure 6.23. For example, if a test specimen consists of n
= 30 components it is possible to divide it into m = 6 inspection lots of the
same size, each consisting of k = 5 components:

test specimen: -1 L&]..........

1
inspection ot 1:
inspection lot 2: @ @
inspection lot 3: (failure time t._,)
inspection lot 4: (failure time t._)
inspection lot 5:
inspection lot 6: (failure time t )

Figure 6.23. Breakdown of the test specimen into inspection lots in a Sudden
Death Test

(failure time t,)

(failure time t,)

N -
= El El [ F

(failure time t_,,)

The components of each inspection lot are tested simultaneously until
the first component fails. In order to achieve this, several trial stands are
necessary (as in example 5) or the trials must be carried out in intervals
(e.g. each component is tested for x hours). After one test component has
failed, the remaining components of the inspection lot are not tested
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further. Thus, the result is the running time of the first failed component
for each inspection lot, Figure 6.23, right.
Afterwards, the failure times are ordered in increasing value:

trg <lrpy <tryq <trp <lyyg <trps OF (6.20)
f<t, <t <t, <t <ty (6.21)

The following assessment can be executed in two ways. In the first pro-
cedure, each determined failure time is assigned a hypothetical rank, which
considers the undamaged components. The shortest failure time trg in
Equation (6.20) also corresponds to the shortest failure time in the total test
specimen. However, the second shortest failure time try; is not necessarily
the second shortest failure time in the total test specimen. It is quite possi-
ble that in the inspection lot 2 that after the failure time trg the next com-
ponent fails after a time that is shorter than tr,7. The determined hypotheti-
cal rank takes such a phenomenon into consideration. The corrected
average rank can be calculated as follows:

The average rank j(t;) is equal to the previous rank j(t-1) plus the incre-
mental growth N(t;):

i) =it )+ N(E);  j(0)=0. (6.22)
The incremental growth N(t) is:
N(t;) = n 1)) (6.23)

1+ (number of remaining parts)

The number of remaining parts refers to the number of still remaining
test units including the currently regarded failed unit. Thus, N(t;) can also
be determined as:

n+1-j(t,,)

1+ (n-number of previous parts)

(6.24)

Seen on the basis of an example:

=i+ Ny Jo=0;  Ny= >~ =2-=10
S "7 1+30-0 31
j1=0+1.0=10
. . 30+1-10 _ 30

=ji+ Ny j1=10; Np= == =115
2=J1+tNoy o 2= 1 30-5 26

2=10+115=215
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_30+1-215 _ 28.85

js=j2+ Ng; j2=2.15; Ng= = =137
ol R T 1430-10 0 21
jo=2.15+1.37 = 352

etc.

The calculation of the failure probability is carried out with the knowl-
edge from Equation (6.10) for the median of the order statistics:

it;))-0.3
n+0.4

The further procedure for the assessment of the failure times reflects a
normal assessment in Weibull probability chart.

A second assessment procedure can be carried out directly with the help
from the Weibull chart. As in the previous procedure, the lifetime values
are ordered according to increasing value, Equation (6.21), and are entered
in Weibull probability paper. Each of the first failures is assigned the me-
dian of the order statistics, Figure 6.24, where m is the number of inspec-
tion lots.

F(t,) = (6.25)

i—-0.3
m+0.4

A straight line results in the probability paper for the failures. The the-
ory tells us that the slope of a line, that is the shape parameter b in a
Weibull function, is the same for a part of a test specimen as for the total
test specimen. This implies that the slope of the first failures also corre-
sponds to the shape parameter of the total distribution, and can thus be
determined in this way. For an exact representation of the failure behav-
iour, the line must be shifted to the right. The dimension of this shift is
won from the fact that the first failure of an inspection lot can be assigned
a failure probability of F1* = 0.7/ (k + 0.4) and that a representative value
for the first failure is taken to be the median (50% value) of the determined
first failures. A vertical line is drawn from the intersection of the 50% line
with the straight line of the first failures, whose intersection with the F;*
line of the first failure represents a point on the straight line for the total
distribution. The straight line of the first failures must now only be shifted
parallel through this point, Figure 6.24. In the example above, with k =5,
Fi* =12,9%.

F(t)=~

(6.26)
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Figure 6.24. Graphical assessment of a Sudden Death Test

6.4.3.1 Application of “Sudden Death Testing” in field tests,
when no information is given concerning intact parts

The Sudden Death Test assessment can also be applied in field tests, by
dividing all delivered machines into equally large inspection lots [6.4,
6.12, 6.14]. The number of inspection lots is determined out of the sum of
failures plus one. This ensures that the faultless units with run times
shorter than the first failure are taken into account. The size of the inspec-
tion lot is determined as follows:

n—n;

o +1+1- (6.27)
Here, k is the size of the inspection lot, n is the number of all delivered
machines at the observed point in time and n; is the number of machines
which have failed. The assessment can be carried out as given above.
In the following example, the Sudden Death Test assessment will be
shown on behalf of an example.
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Given:

n =4800 parts in one production month that have been delivered to
customers

n, = 16 failed parts with their respective lengths of run time
which are:
te, = 1,500 km with (cumulative frequency: 4.2% from Table A.2 for
n = 16)
ti, =2,300km t;; =2,800km t;, =3,400km t;; =3,900 km
tig =4,200km t;, =4,800km t;; =5,000km t;y =5,300 km
tio =9500km t;, =6,200km t;, =7,000km t;, =7,600 km
ti, =8000Kkm t. =9,000 km
t¢s = 11,000 km (cumulative frequency: 95.8% from Table A.2 for
n=16)

The component set k (the inspection lot size) is calculated as

k= n=n +1
= il (6.28)
Note: The simpler equation k = 1 is also sufficient and leads ap-
proximately to the same result. For example above this yields:
-A800-16 4784 1 281441 = k~282.
16+1 17

Thus, there are 281 intact components between each failure, that is, be-
fore the first failure, between the first and second, second and third ... and
after the 16™ failure. The number of undamaged components:

Do ng(t)=m- (k1) with m=17 and k =282,
= > n(t)=4777,

in comparison to the exact values: 4800 — 16 = 4784.
The total population is estimated at:

n=m-(k-1)+n; =m-k with m=17 and
k =282,
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= n = 4793
or exactly: 4800.

At the same time it is assumed that nothing is known about the 281
components until the first failure, so that undetermined cases must be as-
sumed.

As done in the previous section, here each first failure is represented by

1_(()).:j, :100% =0.25% for k =282in the total popula-
+0.

tion of n = 4800 parts.

The line for the total failure distribution for the 4800 components can be
determined by drawing a vertical line from the intersection of the 50% line
with the “straight line for the first failures”. From the intersection of the
0.25% line with the vertical line a new line is drawn parallel to the
“straight line of the first failures”. The result is the straight line for the total
failure distribution sought for, see Figure 6.25.

the median rank
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Figure 6.25. Total failure behaviour for the Sudden Death Testing
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226 6 Assessment of Lifetime Tests and Failure Statistics

6.4.3.2 Individually Known Data of Damaged and Undamaged
Components — Test Specimen

Principally, the procedure described in Section 6.4 can also be used for
cases with variable conditions, if it is not possible to build equally large
inspection lots which are tested under similar conditions [6.13]. For this
assessment procedure the value of the lifetime characteristic must be
known for the undamaged components.

The following example describes the calculation of the failure distribu-
tion for the case that the lifetime characteristic of the undamaged compo-
nents is known.

The assessment below shows the calculation of the failure distribution

for the case that the lifetime characteristics of damaged and undamaged
components are known [6.13].

The following data is given:
n =50 test specimen size with
n; =12 damaged and

n, =38 undamaged components.

The corresponding run times [km - 10%] for the damaged components f
and undamaged components s are sorted according to increasing value:

t, =40; tg, =5% t; =54, t; =55 t; =58 t; =59 t; =59
ty, =60; t,, =60, ty, =61 t, =62 ty =63; ty =65 t, =66;
ty, =66; t, =67; tr =70; ty =70; tg =70; ty, =70; ty =70;
try =78 g, =72 ty =72 ty =72 t =72 t =72 t, =73
ts,, =73 ts,, =73 t522 =74 tg, =75 t5, =77, t5,, =78 t;, =78
t,, =79 ts,, =80; t;, =81 t, =8L t, =82 t, =82 t, =83
tfll =84; 15, =85 t534 86; t,, =86, t, =88 ty, =91 ty =92
oy = 92

The pre-sorted run time values are sequentially assigned to one an-
other, the undamaged component run times are assigned to the damaged
run times, Table 6.3. The procedure is to note the value of an undamaged
component in the line of the next highest value for a damaged component
if its value is less. If the value of the undamaged component is the same as
the damaged component then they are noted in the same line. The same
also applies for several undamaged components.

After this sub step of allocation, a final overview is prepared in a table
of the damaged and undamaged components, Table 6.3.
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Table 6.3. Sub step for the allocation (grouping the run time values) [6.13]

Lifetime charac-

Ordinal U _
Number  teristics inincreas- Number of previ-
; ing order damaged undamaged  ous components
J t [km - 107]
40 X
51 X
1 54 X 2
2 55 X 3
58 X
59 X
59 X
3 60 X 7
60 X
4 61 X 9
62 X
> 63 X 11
etc. etc. etc.

The undamaged component values ts3; and tgg can not be assigned to
damaged components because corresponding similar or larger values of
damaged components do not exist. However, these values are taken into
account by calculating with n = 50 and not () with n = 48.

The next steps encompass the calculation of the average ordinal number
and thus that of the median rank. Here, the calculation procedure is only
discussed for the first steps. The complete calculation can be carried out
analogue to the steps in the previous sections.
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Calculation of the Average Ordinal Number j(t;)

The average ordinal number j(t;) is equal to the previous ordinal number
j(tj-1) plus the number of failures n¢(t;) times the growth N(t;)

J(t5) = () +Ing (&) - N(E)I, (6.29)

n+1-j(t;,)
1+ number of remaining components

N(t;) = (6.30)

The number of remaining parts is the difference between the test speci-
men size and the number of all previous components including the compo-
nent currently regarded, see also Table 6.3:

n+1-j(t; )
1+ (n— previouscomponents)

N(t;) = (6.31)

For the example — where coincidentally n(t;) is always equal to 1 — one
can find:
jo=0
50+1-0 51

j1 =Jg+ Ny with Nyj=————=—=
h=Jor 'T14+(50-2) 49

1.04. (6.32)

J,=0+1.04=1.04
50+1-1.04 49.95

i, = j, + N, with N, = - ~1.04
o= 27 1+(50-3) 48

j, =1.04+1.04=2.08

=i N, with N, =0 F1=208_4892

1+(50-7) 44
j;=2.08+1.11=3.19
etc. Jy---Jin-

Calculation of the Median Ranks F(t;) [%]

For the calculation of the median ranks the approximation equation is
used:

j(t)-0.3
I:median (tj) ~ m -100% . (633)
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The numerical values for this example are:

j-03 1.04-0.3
Focai ~L 2 100% = ————2.100% =1.47%
median (tl) n+ 0'4 50 N 0.4
Foedian (t2) = J2 =03 10096 = 224703 10096 = 3.53%
n+0.4 50+0.4
j;-03 . _319-03

Fo. (i)~ 100% -100% =5.73%
medlan( 3) n+04 0 50404 0=2.1570

etc. I:median (t4 ) I:median (tlz )

The following table includes several calculated values.
Table 6.4. Assessment results [6.13]

Calculation
Ordi- | Lifetime | Number | Number | Num- | Growth | Mean | Median

nal | character- | of dam- of un- ber of ordinal | rank [%]
Np. _ istics !n aged parts | damaged | previ- | Nt i) number F redian (t,-)

| increasing | n (t;) parts ous i)

order ng(t;) parts
[km -10%]
b

1 54 1 2 2 1.04 1.04 1.47

2 55 1 3 1.04 2.08 3.53

3 60 1 3 7 1.11 3.19 5.73
4 61 1 1 9 1.14 4.33 7.99

5 63 1 1 11 1.16 5.49 10.31

6 65 1 12 1.17 6.66 12.62

7 67 1 2 15 1.23 7.89 15.07

8 70 1 16 1.23 9.12 17.51

9 71 1 4 21 1.40 10.52 20.28
10 75 1 9 31 2.02 12.54 24.30
11 84 1 10 42 4.28 16.82 32.77
12 91 1 4 47 8.54 25.36 49.73

>91 2
n; (t) =12 |ng(t) =38
n=>50
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The calculated median ranks Fpegian(tj) together with the lifetime values
tj build the coordinates of the points in the lifetime network according to
Weibull. The Weibull best fit line represents the lifetime line, Figure 6.26.
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Figure 6.26. Weibull diagram with individually known data for damaged and
undamaged components

The parameters for this example are:

e Shape parameter b=6.4
e Characteristic lifetime T=92-10%km
o Average lifetime MTTF =91 - 108 km.

It has become clear that with a relatively small test specimen size
(n<50) of damaged and undamaged components, the same result can be
calculated as with a large test specimen size (n=360) of only damaged
components. Thus, a remarkable shortening in testing time is achieved for
collecting data, which in turn results to less time required for the calcula-
tion and assessment of this data.

For larger test specimens with n>50 (damaged and undamaged com-
ponents) it is reasonable to classify the collected data. The calculation of
the ordinal numbers and median ranks is carried out as described above.
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6.4.3.3 Calculation of the Failure Behaviour with Undamaged
Parts from the Test Drive Distribution

The procedure for this calculation will be described in this section also
on behalf of an example. Special aspects in the collection and processing
of data are mentioned and possible limitations of this procedure are named
[6.13].

In order to estimate the failure behaviour of components and aggregates
for the time period after the guarantee period, it is necessary to work with
representative test specimens with damaged and undamaged components.
The determination and statistical assignment of individual values accord-
ing to the lifetime characteristic, normally the test run in kilometres, can be
executed without difficulty for undamaged components.

Especially within the warranty period information concerning damaged
components is almost complete. The only problem is information gaps for
undamaged components. If it is possible to close these gaps then it is pos-
sible to predict a trend for long period behaviour for components and ag-
gregates relatively early. If a test run distribution exists for the vehicles in
which the damaged components are assembled then the calculation of the
undamaged components per test run interval is possible.

In the following example information about the damaged components is
complete whereas only a total number of undamaged components is
known. The calculation of the number of undamaged components per test
run interval is based on the test run distribution of the total test specimen
(damaged components plus undamaged components). The individual
groups of undamaged components are won by subtracting the number of
damaged components from the total number per test run.

To make things simpler it is convenient to base the test run distribution
only on the population of undamaged components and then to calculate the
missing values per test run. For this simplification, the number of damaged
vehicles should be significantly smaller than the approved vehicles. This
procedure will now be practically shown with data from the test field for a
heavy duty vehicle component.

Example:

The damage cases from the warranty period are assigned to classes ac-
cording to length of run orders for licensed nay = 3780 automobiles.
(Table 6.5, first column)

Since the length of run class for 20,000...24,000 km does not show any
damages, it can be neglected for the further calculation.

The portion of undamaged components (vehicles with no damaged
components) is calculated into the individual length of run classes out of a
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length of run distribution in logarithmic probability paper (Figure 6.27).
This length of run distribution is assumed to be known.

The upper limit of these length of run classes can be read from the
length of run distribution. The upper limits are the corresponding ordinate
percent values for each class. It is the sum of automobiles, which have
reached an arbitrary length of run until the class upper limit. Here, 80% of
the vehicles have reached a length of run of 40,000 km without any dam-
aged components. This indicates that 20% of the vehicles achieve a length
of run greater than 40,000 km.

The allocation base for the further calculation of the quantity of undam-
aged parts in each individual class is the number of vehicles produced
within a certain manufacture period or the number of licensed vehicles on
the market within a certain time period.

The length of the period of use must be about the same for all vehicles.
If this is not the case then a corrective calculation must be carried out.

To ensure the case that the statistical spread of the vehicle length of runs
at hand is lower than if an additional influence from variously long periods
of use also comes into play. This implies that the probability for the occur-
rence of damage is the same for all vehicles with respect to the length of
run.

In the example, nau = 3780 manufactured and licensed vehicles are
given for the calculation. Out of the 3780 vehicles, n¢(t) = 19 prove to
have a damaged component. Correspondingly, ns(t) = 3761 vehicles do not
have damaged components.

The first length of run class for the ranked damage cases has an upper
limit of 4,000 km. Out of the length of run distribution in Figure
Figure 6.27 a cumulative frequency of about 0.035% can be read off for
4,000 km.
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Figure 6.27. Length of run distribution

The portion of undamaged components in the class up to 4,000 km is
equal to 0.035% of 3761 vehicles without damaged components. This is
equal to about 1 vehicle (ns(ty)). By idealizing the length of run distribu-
tion, a certain inaccuracy occurs in the lower region of the distribution,
which however has no effect on the final total outcome.

The next class upper limit is 8,000 km. The corresponding cumulative
frequency value from the length of run distribution is 1.7% for undamaged
components (vehicles). Since the length of run distribution depicts a cumu-
lative frequency function, whereas in this procedure the percentage por-
tions of the observed class is of interest, it is necessary to subtract the cu-
mulative frequency of the previous class from each extracted value. Thus,
for the class from 4,000 to 8,000 km a percentage portion of 1.7% -
0.035% = 1.665% (ns(t,)).

The remaining ny(t) values can be calculated in the same way,
Table 6.5.
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Table 6.5. Determination of ny(t;) values [6.13]

Length of Run Cumulative Single Frequency [%]  Number of
[km] Frequency [%] Undamaged
t; L(tj) |(tj )= L(tj )- L(tj—l) Components
s t;)
... 4,000 0.035 0.035 1
... 8,000 1.7 1.665 63
...12,000 8.6 6.9 260
...16,000 20.0 11.4 429
...20,000 335 13.5 508
...28,000 57.0 23.5 884
...32,000 67.0 10.0 376
...36,000 74.0 7.0 263
...40,000 80.0 6.0 226

The calculation of the failure behaviour according to the median range
procedure is carried out using the ny(t;) values calculated above, see Table

6.6.

Table 6.6. Calculation of the failure behaviour according to the median rank pro-
cedure [6.13]

Calculations
Length | Number of | Number of | Number | Growth: | Mean | Median
of Run Damaged | Undamaged | of pre- | Number | Ordi- | Rank [%)]
[km Compo- Compo- vious | of Dam- | nal NO. | Fyegian(t; )
t; nents nents Compo- | aged i)
n¢ (t;) ns(t;) nents | Compo-
nents
N(t;)
... 4,000 5 1 1 5.00 5.00 0.12
... 8,000 2 63 69 2.03 7.03 0.17
...12,000 2 260 331 2.19 9.22 0.23
...16,000 2 429 762 2.50 11.72 0.30
...20,000 1 508 1,272 1.50 13.22 0.34
...28,000 1 884 2,157 2.32 15.54 0.40
...32,000 2 376 2,534 6.04 21.58 0.56
...36,000 3 263 2,799 11.48 | 33.06 0.86
...40,000 1 226 3,028 4.98 38.04 0.99
> 40,000 751
ne (t) =19 |n (t) =3761

Neyg (1) = 3,780

www. Enagi neer i ngEbooksPdf . conr



6.4 Assessment of Incomplete (Censored) Data 235

The graphical assessment of Table 6.6 in Weibull probability paper
shows that the values represent a mixed distribution, Figure 6.18.
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Figure 6.18. Weibull diagram for a mixed distribution [6.13]
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Figure 6.29. Weibull diagram with realistic long term data [6.13]

The expected long term behaviour caused by wearout is represented in
the second section of the distribution by the straight line 2. This behaviour
has been confirmed by field data at a later point in time with long term
data, Figure 6.29.

By just observing the damaged components during the time of warranty,
a completely different failure behaviour is depicted (Figure 6.18, dotted
line 1), however it does not correctly reflect the field situation.

With this information, the following values result for a calculation with
one damaged component per vehicle. A summary of the required field data
and the calculated median ranks is shown in Table 6.7:

Number of vehicles Nyen = 140
Vehicles with one damaged component Nyer £ (1) 10

130.

Vehicles without any damaged components Nyen s (1)
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Table 6.7. Consideration of long term data in the median range procedure [6.13]

Calculations
Length of | Number of | Number of | Number | Growth: Mean Median
Run [km] | Damaged | Undam- | of Pre- | Number | Ordinal | Rank [%]
t Compo- aged vious | of Dam-| Number | F_ .- (t;)
nents Compo- | Compo- | aged i)
n (t;) nents nents Com-
ns(t;) ponents
N(t;)
36110 1 42 42 1.38 1.38 0.72
45311 1 19 62 1.68 3.06 1.83
53,000 1 22 85 2.24 5.30 3.32
61,125 1 9 95 2.60 7.90 5.05
72,700 2 11 107 6.51 14.41 9.38
75,098 2 2 111 6.83 21.24 13.92
87,000 1 14 127 5.4 26.64 17.51
110,000 1 16 144 17.77 44.41 29.33
>110,000 5
ng(t) =10 | ny(t) =140
ng (t) =150

Comments regarding the application of the described
procedure:

When preparing the warranty data, it must be assured, that the damaged
components considered regard the first case of damage in each individual
vehicle (first original parts). Only if this is the case, then the length of run
and the respective values for the portion of damage have the same value.

If the damage frequency is already too large in the warranty period, so
that more than one case of damage per vehicles occurs (the replacement
part is also damaged), then it must be assured that only the first failures are
taken into account. Furthermore, if possible, then all damaged components
should have arrived.

6.5 Confidence Intervals for Low Summations

When considering short application periods and short lengths of run, for
example 1 year or 15,000 km, or when dealing with electronic and electric
components, then the summation values run very low, mostly lower than
10%.
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For this low range, another procedure has proven to be more adequate
for the determination of the confidence interval. This procedure is based
on the determination of factors [6.13]. In this procedure, single t, values
are specified, which are dependent upon the inspection lot size n. Confi-
dence interval factors V, for P =90% (double-sided) can be taken from
the figures to be found in the appendix. These factors are dependent upon
the test specimen size n and the Weibull shape parameter b. For interim
values of b, V, must be interpolated.

The lower lifetime limit for g percentage failure probability can be cal-
culated as follows:

1
tw =14 -W- (6.34)

The upper lifetime limit for q percentage failure probability can be cal-

culated with the equation below:

to =t Vg (6.35)

By connecting the individual coordinates for upper and lower limits, the
entire confidence level can be determined.

Example:
For a test specimen size of n = 100, trials are executed up until the ordi-

nal number j = 10. According to Table 6.8 t; and F; can be assigned as fol-

lows:

j-03

n+0.4

J -100% . (6.36)

Table 6.8. Assignment of t and F; [6.13]

i 1 2 3 4 5 6 7 8 9 10

t; [cycle] 62 190 288 332 426 560 615 780 842 1,000
Fi [%] 0.70 1.69 269 368 4.68 568 6.67 7.67 8.66 9.66

The individual coordinates are transferred into a Weibull chart. Subse-
quently, a linear smoothing function is laid through the coordinates. A
Weibull distribution with b = 1 is yielded.
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Figure 6.30. Confidence levels for low summations

shape parameter b

The confidence interval factors V, corresponding to b =1 and n =100
are taken from the figures to be found in the appendix for ty, t3, ts and tyo,

see Table 6.9.

Table 6.9. V4 Factors

q [%] ty V, to = ty- Vg tou = te/Vq
1 96 5.0 480 19.2
3 295 26 767 1135
5 500 21 1050 238.1
10 1030 17 1751 606.0

6.6 Analytical Methods for the Assessment of Reliability

Tests

The assessment of failure data can be carried out under various analyti-

cal methods. The most well known methods are:
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o the Moment of Moments,

o the Regression Analysis (Method of the Lowest Failure Squares accord-
ing to GauR) and

e the Maximum Likelihood Method.

These methods will first be explained independent of a distribution.
Their application can be depicted with an example for the Weibull distri-
bution.

6.6.1 Method of Moments

In the Method of Moments the best distribution is determined by com-
paring the test specimen moments with the theoretical distribution mo-
ments. Moments are certain statistical values from a distribution. The most
well know moments are:

e means,
e standard deviation or variance,
e skewness.

One statistical value alone offers very little information about a distribu-
tion. The mean only indicates where about the middle of the distribution
lies. Several moments together offer a exact picture of the distribution, for
which is sought.

With the Method of Moments only complete test specimens can be as-
sessed. The parameter estimation is carried out, by comparing empirical
test specimen moments with the theoretical distribution moments. Empiri-
cal inspection test specimen are the statistical values of a certain test

specimen. If n values t; , i = 1(1)n are given, then the first empirical mo-
ment for the test specimen is the mathematical mean t

o1l

t :ﬁ'zti - (6.37)

The second empirical test specimen moment is either the standard devia-
tion s or the variance s

n n n 2
DBV zljt?—%-[zljti] . 639

i=1

Third empirical moment is referred to as skewness y. The skewness is a
value for the asymmetry of the distribution density:
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U IR B o PAR
y_(n—l)-(n—2) 53%:@, )3, (6.39)

Theoretical distribution moments characterize probability distributions
with continuous random values. The first theoretical distribution moment,
mostly referred to as the expected value E(t), can be determined by the
improper integral of the density function f(t) multiplied with the statistical
variable t:

E@=m; = [t-f()-dt. (6.40)

The general definition for a moment m, to the order k with respect to the
origin is:

m, = jt" Sf@)-dt k=12,... . (6.41)

Along with origin moments, central moments my, also exist, which can
be defined by the following expression:

Mg = [E-m)* - f@)-dt k=12.... (6.42)

The second central moment is called variance Var(t)
Var(t) =m,, =m, —mZ. (6.43)

The skewness Ss(t) is the third theoretical distribution moment, which is
defined by the expression:

Sq(t) = 22

(6.44)
m22

By setting the empirical moments equal to the theoretical moments, a
system of equations results, out of which it is possible to calculate the de-
termining distribution parameters:

E(t) =t
Var(t) = s? and (6.45)
S;(t)=y.
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With these three equations, the three unknown parameters can be calcu-
lated. For a one or two parametric distribution, only the first or the first
two equations are necessary for determining the sought parameters.

Example: Three parametric Weibull distribution

The application of the Method of Moments for a Weibull distribution is
complex. The theoretical moments can only be expressed with the help of
the gamma function T'(x). For a three parametric Weibull distribution the
following relationships are valid for the expected value E(t), variance
Var(t) and skewness Ss(t):

Et)=(T -t,)- r[1+ %j +t, (6.46)

Var(t) =(T —t0)2 -[F(M%} —1"2(1+%ﬂ and (6.47)

e
Bt

For a two parametric distribution, t, = 0 in the equations above. Accord-
ing to Equation (6.39), the skewness is only a function of the shape pa-
rameter b. Since the empirical skewness y is known out of Equation (6.38),
b can be determined iteratively, for example with the Newton Method, with
the assumption that y = S3(t). If b is known, then t, can be determined with
the Equations (6.46) and (6.47), in connection with the mathematical mean
t, Equation (6.37), and the standard deviation s, Equation (6.38) :

to =t - F(H:J s
) i)

The last parameter, the characteristic lifetime T, is calculated out of
Equation (6.46):

S3(t) = (6.48)

(6.49)

t__—t0+t0 .
r[ 1} (6.50)

1+—
b

T=
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6.6.2 Regression Analysis

The Regression Analysis can also be referred to as the Method of the
Lowest Failure Squares. The determination of the distribution is carried
out with a linear smoothing function. The sum of the squares of the inter-
vals between the coordinates (t;, F(t;)) and the linear smoothing function is
minimized. The intervals are calculated to a general form of assumed
straight line functions. These functions are summed together. Following,
the known normal equations can be derived by differentiating.

In contrast to the Method of Moments, incomplete test specimens can be
assessed with the Regression Analysis. If incomplete test specimen r trial
values t;, i = 1(1)r are given for a test specimen size n. The trial values are
ordered according to increasing value so that t; <t, <..<t;<..<t; The
ordered values are now referred to as order statistics and the respective
index i is referred to as the rank. Next, failure probabilities F; are assigned
to the order statistics. An estimation for the failure probability can be de-
fined by various values related to the beta distribution with the help of the
ranks:

Median:  F~1=95  i_ar, (6.51)
n+0.4

Mean: F=—_ i =1()r, (6.52)
n+1
i—1 .

Mode: F=—- i=1)r. (6.53)
n-1

These failure probabilities are then adapted to a line equation in the form
y(x)=m-x+c (6.54)

The probability distributions in a reliability analysis can be transformed
into a straight line equation by respectively reforming the distributions.
After such a transformation, the variable x becomes a function of the life-
time t:

X =X(t). (6.55)

The slope m and the ordinate intersection factor ¢ become functions of
the distribution factor k

v, =10k, (6.56)

which can be summarized together to form a parameter vector:
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V=W Wy W) - (6.57)

Since the straight line is uniquely determined by the slope and ordinate
intersection, it is possible to define maximal two parameters with this ad-
aptation. Equation (6.54) is transformed into the equation below:

y(x(t)) = m(y) - x(t) +c(y) , (6.58)
for which the following applies when using order statistics:
X =x(t) and y(x(t)) =y(x). (6.59)

With this transformation it is necessary to transform the failure prob-
abilities of the order statistics accordingly:

yi =y(F). (6.60)

For the adaptation of the equation, the function value y(x(t;))is sub-

tracted from the transformed failure probabilities y;. The results of this
subtraction are interpreted as the failure r;, Figure 6.. A total of n equations
results in the form

y(Fi)—y(x(t))=yi —m-x —c=r. (6.61)

Ay

y(x(®) = m-x(t)+c
y(x(t))

y(F)

x(t) - X(t)

Figure 6.31. Line of regression

According to GauR, a good estimate for the variables for the lines of re-
gression sought for, m and c, can be achieved, if the failure squares sum

p?is minimized:

n n

p2:Zq2=2(yi—m~xi—c)2—>min. (6.62)
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For the minimization, the first partial derivatives of p2 with respect to
m and c are set equal to zero:

60 :—%:2 (yi —m-x —c):Z(y,—m x; —¢) =0,

(6.63)
—ZZ X, - (y; —m-x —c):Zx (y; —=m-x; —c)=0.

am —

The result is a linear system of equations (normal equations) for the two
unknowns m und c:

i=1

(6.64)

i=1

with which the following solutions can be found considering the mathe-
matical Equation (6.37):

Z(X -X)-(yi—Y)
m=- (6.65)
Z(x %)’
c=y-m-X. (6.66)

Since m and c are functions of the distribution parameters, a maximum
of two parameters can be calculated out of a reverse transformation of the
equations above. To judge the quality of the approximation of the line, the
correlation coefficient K is determined:

D6 =%)-(yi - )
i1

: (6.67)
Jzu—x) S0

i=1

K=

The correlation coefficient is a variable for the strength and direction of
a relationship between coordinates. For a complete linear dependency the
correlation coefficient is K=-1 or K=1, depending upon whether the
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coordinates change in the same direction or in the opposite direction. Such
a case is referred to as a functional dependency. If there is no dependency
between the coordinates, then K = 0. A stochastic dependency is at hand if
the absolute value of the correlation coefficient lies between 0 and 1
(0 <|K| < 1). Figure 6.32 shows the various dependency possibilities.

The quality of the approximation of a linearly transformed distribution
function to the coordinates can also be judged by the correlation coeffi-
cient. The closer the absolute value of K is to 1.0, the better the approxima-
tion. For the approximation of a distribution for failure data, a stochastic
dependency always results.

opposite direction ye same direction
e o o
XT - y l ] o X X T —> y T
y y I y y
® ° .¥. ¢ ° ®
° o o ® °
° L) | X o o °
® x ® o X ° X ° X
° > Ye > >
L]
L]

K=-1 -1<K<0 1L e X, 0<K<1 K=1
functional stochastic y stochastic functional
dependency ccoe dependency
- x,

K=0
negative dependency no positive dependency
dependency

Figure 6.32. Forming the dependency between the coordinates (x, y) and the cor-
relation coefficient K

Example: Weibull distribution

The origin of the Regression Analysis is the Weibull chart. Mathemati-
cally, this corresponds to the equation for the line

In(-=In(l- F(t))= b -In(t) —b-In(T),

YR mb) %O o)

assuming the distribution to be a two parametric distribution. The trans-
formed failure probabilities can be found by using the median value, for
example,

(6.68)
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y, = In(— In[l— ;lgiﬂ : (6.69)

By using the Regression Analysis, the following two Weibull parame-
ters b and T can be found with the following equations:

Z(Xi -X)-(yi—Y)

b = -i=L _
Z(Xi - X)?
" La (6.70)
with y; =In(=In(1-F)) J)7=HZIn(—In(1—Fi))
. AN
and x =In(t) ; X= rlgln(tl)
y-b-X
and T :exp[— . j (6.71)

The correlation coefficients can be taken from Equation (6.67). If the
distribution contains a failure free time to as a third parameter, then the
calculation using the Regression Analysis is more complicated, since it
must then be carried out iteratively. The calculation is carried out as for a
two parametric distribution, but the measured values become
X; = In(t; —t,) . This is represented as a straight line in Weibull paper, if t;
is to be sought. The quality of this approximation can again be judged by
the value of the correlation coefficient, Equation (6.67). Thus, with a tar-
geted variation of the parameter t, a maximum for the correlation coeffi-
cient can be determined. The iteration is done with the help the Golden
Section Search algorithm [6.9].

6.6.3 Maximum Likelihood Method

One very good statistical method for the determination of unknown pa-
rameters of a distribution is the Maximum Likelihood Method from R.A.
Fisher. The procedure assumes that the histogram of the failure frequency
depicts the number of failures per interval, Figure 6.33.
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Figure 6.33. Histogram of failure frequency and density function

For larger test specimen sizes n it is possible to derive the density func-
tion out of the histogram and thus to exchange from the frequencies to the
probabilities (law of large numbers). In this way it is possible to state, for
example that during the first interval in Figure 6.33, probably 3% of all
failures will occur. In the second interval it is most likely that 45% of the
failures occur, etc. According to theory, the probability L, that exactly the
test specimen is at hand as given in Figure 6.33, can be found by the prod-
uct of the probabilities of the individual intervals:

L=ft) f(t,) ... f(t,). (6.72)

This function is called the likelihood function. The idea of this proce-
dure is to find a function f, for which the product L is maximized. Here, the
function must possess high values of the density function f in the corre-
sponding regions with several failure times t;. At the same time in regions
with few failures, only low values of f are found. Thus, the actual failure
behaviour is accurately represented. The function f, if determined in this
way, offers the best probability to describe the test specimen.

A test specimen with n observation values t;, i = 1(1)n is given, whose

density function f(t) possesses k unknown parametersy ,, ¢ = 1(1)k. These
parameters are often summarized as ¢ =(yq,..., ¥ ..., Wy ). The likeli-
hood function for such a case is as follows:

n
Lty b s Wi Ve Wi ) = [ [ F G W W) (6.73)
i=1
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Commonly, the likelihood function is logarithmized. Thus the product
equation becomes an addition equation, which greatly simplifies the dif-
ferentiation. Since the natural log is a monotonic function, this step is
mathematically logical. What remains is:

n

INL) = I0(L(tg oty ety 9)) = D In(F (15 9)). (6.74)
i=1

For the estimation of the k parameters , according to the above consid-
erations, those parameters are used for which the likelihood function
reaches its maximum. These parameters can be found by setting the k par-
tial differentiations of the likelihood function with respect to the k parame-
ters equal to zero. The maximum of the logarithmized likelihood function
and thus the statistically optimal parameters v ,can be found out of the

equations:

on(L) ~ 1 of(t;y)
= E . =0, /=10k . .
oy, S ftv) oy @ (©.73)

These equations can be nonlinear in the parameters; therefore it is often
useful to apply appropriate numerical procedures. Figure 6.34 schemati-
cally shows these ratios for a two parametric Weibull distribution.

In(L) = (T,b)

bopt b

Figure 6.34. Schematic representation of the logarithmized likelihood function

Through the Likelihood function value the opportunity is given to esti-
mate the quality of the adaptation of a distribution to the failure data, even
if the calculation is not carried out by means of the Maximum Likelihood
Method. The greater the likelihood function value is, the better the deter-
mined distribution function describes the actual failure behaviour. It often
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seems to be confusing, that negative values result for In(L) through the
logarithmized transformation. A better adaptation can be recognized by
higher absolute values of In(L).

Example: Weibull distribution

In order to carry out the Maximum Likelihood Method, the failure den-
sity will be used in a different form with the parameter n=T —t,. This
results to a density function as seen below:

b

_ t-t

f(t)ZE,[t‘to ]b l,e_(ﬂoj _ (6.76)
n n

The logarithmized likelihood function results to:
In(L(t,,....t;,....t;;bn,t))

n b
=Nn- |n(%}+2!(b_1) . |n('[i _to) _(ti _toj } . (6.77)
n =] n

The partial differentiation with respect to the parameters is as follows:

b
aln(L) _n < G-t ) ). (-t -
s s ol o

a :

ﬂz_nﬁ.zﬂ (t —t,)° =0, (6.79)
an(L) [ 1-b b |
2, _i_l[ti—toJr_n (t —t,) } 0. (6.80)

This system of equations is nonlinear. Therefore it must be solved itera-
tively. First, however, several transformations must take place. The newly
introduced parameter n out of Equation (6.79) is solved for:

(6.81)
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Substituting this equation into Equation (6.80) leads to:

b-1
Zi”"b'w 0. (6.82)

n

n

|t —t

=1 | i 0 b

' Dot —to)
j=1

The following approach has proven to be successful:

[EXY

. Choose tyout of the range 0 <ty <ty

2. Iteratively determine the shape parameter b at the point in time t, with
Equation (6.82).

. With these two values calculate n out of Equation (6.81).

. With these values calculate the value for the likelihood function with
Equation (6.77).

5. Vary tg and repeat from step 2 until the maximum is found.

~w

In order to allow a quick determination of the maximum, the method ac-
cording to Brent [6.9] is applied.

6.7 Exercises to Assessment of Lifetime Tests

Problem 6.1

In a pre-production test components were tested for their lifetime. All
components failed. The corresponding failure times are recorded below:

69,000 km, 29,000 km, 24,000 km, 52,500 km,
128,000 km, 60,000 km, 12,800 km 98,000 km.

a) Calculate the mathematical mean, the standard deviation and the
spread of the failure data.

b) Determine the order statistics and assign them a failure probability.

c) Determine the parameters for the Weibull distribution that describes
the failure behaviour with help of the form sheet (Weibull chart).

d) Determine the By lifetime and the median.

e) With which probability can a component survive t; = 70,000 km?

f) Draw the 90% confidence intervals for the Weibull lines.

g) Calculate the 90% confidence intervals for the parameters b and T.
Determine these confidence intervals graphically.
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Problem 6.2
Complete failure data is given for a mechanical switch:
470; 550; 600; 800; 1,080; 1,150; 1,450; 1,800; 2,520; 3,030 operations.

a) Determine the parameters of the Weibull distribution graphically.
b) Determine the By lifetime and the median.
¢) Draw the 90% confidence intervals of the Weibull function.

Problem 6.3

Lifetime values are given from torsion vibration trials of an uncensored
test specimen of crenated drive shafts out of 41 Cr 4 with a stress ampli-
tude of 200 MPa.

Lifetime values (in 10° load cycles):

264, 208, 222, 434, 382, 198, 380, 166, 435, 242.

Assess this lifetime data using a Weibull chart and determine the 90%
confidence interval.

Problem 6.4

In a test 8 similar components were tested simultaneously on a test stand.
The test was interrupted after the failure of the fifth component. Deter-
mine the failure behaviour of the components in a Weibull distribution,
their 90% confidence interval and the confidence limits of the parameters.

Failure data (in h): 192, 135, 102, 214, 167

Problem 6.5

An incomplete test specimen is given, where the lifetime of planet carrier-
head screws in farm tractors was recorded. A total of 1075 tractors were
involved. After 10 failures due to broken head screws, an assessment
should be carried out with the recorded data. The running time until
breakage of the planet carrier-head screws are given:

99, 200, 260, 300, 340, 430, 499, 512, 654, 760.

The running times of the intact units at the time of the assessment are un-

known.

a) Assess the test specimen graphically with the Sudden Death procedure
(determine the straight line for the first failures and extrapolate the
lifetime distribution for the total test specimen).

b) Calculate the test specimen using the Sudden Death procedure (deter-
mine the hypothetical ranks). Compare the results with part a).
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Problem 6.6

A field study for a reliability analysis of a vehicle clutch was carried out.
20 clutches were available for the analysis. Up until the point of analysis
n; = 8 clutches failed, that means that ny = 12 clutches were still functional.
The following length of runs (in 10° km) of failed and intact clutches are
given in the table below:
Failed components: 7, 24, 29, 53, 60, 69, 100, 148,
Intact components: 5, 6, 19, 32, 39, 40, 65, 70, 76, 85, 157, 160.
a) Determine the lifetime distributions under consideration of the intact
clutches.
b) Determine the 90% confidence interval and the respective confidence
limits of the parameters.

Problem 6.7
Warranty and amiability data of an omnibus transmission should be as-
sessed after one year. A total of n = 178 transmissions were delivered and
r = 7 of them have failed.

Failure data (in km):

18,290; 160,770; 51,450; 89,780; 130,580; 35,200; 51,450.

The length of run distribution for the omnibuses is described by a normal
distribution with u=280,000 km and o =45,000 km. Determine the
Weibull distribution which describes the failure behaviour.

Problem 6.8

Information is given concerning the failure data of an uncensored test

specimen: 42, 66, 87 and 99 h.

a) Use the Regression Analysis to calculate the parameters b and T for
the two parametric Weibull distribution describing the failure behav-
iour.

b) What is the correlation coefficient?

c) Determine the logarithmized likelihood function value.

Problem 6.9

Give a generally valid relationship for the estimation of the failure rate A
and the failure free time t, of a two parametric form of the exponential
distribution with the density

f(t) =L-exp(=A(t —tp))

with known failure data t;, i = 1(1)n
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a) using the Method of Moments,
b) using the Maximum Likelihood Method and
c) using the Regression Analysis.
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7 Weibull Parameters for Specifically Selected
Machine Components

The failure behaviour of some components can be determined accu-
rately by accordant extensive statistical analysis. The analysis can be car-
ried out with results of tests, data for damage statistics or with data given
in literature. Knowledge about the failure behaviour of components en-
ables the forecasting of the expected failure behaviour of elements with
comparable operating conditions. Also, the expected failure behaviour of
systems can then be calculated with system theory. There is a dearth of
published relevant contemporary information pertaining to the failure be-
haviour of mechanical components. As a consequence the Institute of Ma-
chine Components (IMA) has initiated a reliability base [7.1]. In the fol-
lowing text selected results from this data base will be shown for the
machine components: gears, shafts and bearings, for which extensive in-
formation is available.

While beginning to compile this reliability date base it was discovered
that in most cases only very few failure times were available (n =5,...,
10,..., 20). As commonly known for all statistical methods, the significance
of a statistical assessment increases remarkably with the amount of failed
components. It is at least possible to estimate the dimension of the parame-
ter to be determined with a high confidence intervals if numerous results
are at hand.

A further problem in the set-up of the reliability data base is the fact that
the statistical parameters b, T, t, are dependent upon various influential
factors:

(b, T, t)= f(shape, material, machining, stress).

This means that it is possible, that each component requires special pa-
rameters depending on the case of operation. The analyzed tests and dam-
age statistics have shown, however, that the shape parameter b and the
factor fig = to/B1o Of @ component under a certain stress level remain rela-
tively constant for the occurred type of damage. The results available

B. Bertsche, Reliability in Automotive and Mechanical Engineering. VDI-Buch,
doi: 10.1007/978-3-540-34282-3_7, © Springer-Verlag Berlin Heidelberg 2008
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256 7 Weibull Parameters for Specifically Selected Machine Components

indicate that these parameters only depend on operational demands, the
failure mechanism and partly on the stress. Consequently, it is sufficient to
determine the shape parameter and the factor of the failure free time only
once out of a very extensive test or to estimate these parameters from the
results of many tests. Thus, in many cases the parameters introduced in the
following sections can serve as a first orientation.

The statistical analyses of the reliability data base were executed with
the calculation programs WEIBULL and SYSLEB. For the fatigue and
wearout failures examined, a three parametric Weibull distribution was
always used. This assumption is reinforced by new analyses in [7.2, 7.3,
7.5]. The method used for the analysis was the Regression Analysis. The
differences to the Method of Moments and the Maximum Likelihood
Method have proved to be minimal in several comparisons.

7.1 Shape Parameter b

A summary of the determined shape parameters is shown in Figure 7.1.
The spread of the shape parameters represents the confidence intervals of
the statistical analysis and a dependency on the stress level. For gears and
shafts the shape parameter b must be chosen according to the stress. For
these components a higher stress calls for a larger shape parameter.

shafts - breakage —————— 1.1...1.9
bearings - pittings O ball bearing 1.1
O roll bearing 1.35
B pittings C—— 11..15
gears breakage ————— 12 292
0 1 2 3

shape parameter b

Figure 7.1. Determined shape parameters b for the three parametric Weibull dis-
tribution of select machine components (for gears and shafts: higher stress —
larger shape parameter; lower stress — smaller shape parameter)

For the determination of the shape parameter b for shafts (type of dam-
age: crack) two very interesting tests exist: one according to Maennig [7.6]
and another according to Kitschke [7.5]. Maennig calls for tests carried out
on many varying stress levels, where each test consists of n= 20 test
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7.1 Shape Parameterb 257

values. Thus, the dependency between the shape parameter and the stress
can be clearly demonstrated. Maennig began his tests in the fatigue
strength region with loads close to the fatigue strength and then increased
the stress step by step up to the static strength. The shape parameter
thereby increased from b = 1.1 to b =1.9. Kitschke, on the other hand, car-
ried out only a few tests with very many test values (n =99 ... 112). Thus,
the resulting statistical confidence is quite high. Furthermore, Kitschke
was the only one who conducted an extensive statistical analysis, thus of-
fering an excellent example for the determination of reliability parameters.
The shape parameters he determined for medium stress lie between b = 1.5
andb=1.9.

For roll bearings, extensive tests exist with up to n =500 and provide a
notably high statistical confidence. Furthermore, bearings are the only
machine components for which the failure behaviour is documented in
standards: DIN 622 and ISO DIN 281. Here, the shape parameter was de-
termined for a two parametric Weibull distribution due to the fact, that the
failure free time of bearings is relatively small (see Section 7.2). The
analysis with a three parametric Weibull distribution also exhibits only
small variances. According to Bergling [7.1], the shape parameter is inde-
pendent of size, type and stress of the bearing. This simplifies the applica-
tion considerably.

The determined and analyzed tests of gears were carried out for a rela-
tively small amount of tests (n =5 ... 20). The dependency of the shape
parameter upon the stress can be seen here as well. With increasing stress
the shape parameter b also increases. For the type of damage “crack” shape
parameters are yielded similar to the parameters for shafts (type of dam-
age: crack). For pittings, the range of dispersion of the gears is not as large
as for cracks and the values for b are approximately in the same range as
for pittings of roll bearing.

The determined shape parameters range from b~=1 ... 2. With a closer
look at Figure 7.2 one can see, that the failure behaviour of all elements
has a left symmetric distribution. Such a left symmetric distribution seems
to be typical for the failure behaviour of classic machine components
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258 7 Weibull Parameters for Specifically Selected Machine Components

density function f(t)

0 05 1 15 2 25
lifetime t for T=1

Figure 7.2. Density function of the Weibull distribution forb=1.1... 1.9

The shape parameters b yielded for the three parametric Weibull distri-
bution tend to be smaller than those yielded for the two parametric Weibull
distribution. The cause for this discrepancy can be explained by Figure 7.3.

For most tests the histogram of the density function shows a left sym-
metrical shape and the lowest failure time is the time to. The two paramet-
ric Weibull distribution, according to its definition, must begin at t = 0 and
attempts to describe the histogram with these conditions. Thus, this results
in an almost symmetrical curve linearity (b= 2 ... 3).

two parametric

We|bu” d|Str|bUt|On three parametric
. Weibull distribution
= P
O — .
= / Y hlstogram of
S / the experiment
=/
‘n
S /
s |/

/
, —»

lifetime t B —

Figure 7.3. Histogram of a test and density distributions of the two and three
parametric Weibull distributions

The three parametric Weibull distribution may begin with t; and thus of-
fers a better approximation of the histogram. Afterwards, a left symmetric
distribution (b~ 1 ... 2) is yielded, whereas the shape parameter b is by
definition smaller as for symmetric shape parameters.
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7.2 Characteristic Lifetime T 259

7.2 Characteristic Lifetime T

The characteristic lifetime T is the scale parameter of the Weibull distri-
bution and can therefore be regarded as the mean of the distribution. In-
creasing the characteristic lifetime T results in a shift of the complete fail-
ure behaviour to higher failure times.

Whereas the shape parameter b and the factor fig primarily depend upon
the machine component and upon the type of damage, see Sections 7.1 and
7.3, the characteristic lifetime T can be regarded as a function of stress. For
all components, lower stress leads to higher failure times and the charac-
teristic lifetime T increases.

For the prognosis of the failure behaviour the characteristic lifetime T is
generally determined by a lifetime calculation or an operational fatigue
strength calculation. A certain calculation method leads to a lifetime which
is combined with an expected failure probability F(t). For example, for the
calculation of roll bearings one yields by defining the B10 lifetime
(F(t) = 10%) and for the calculation of gears the B1 lifetime (F(t) = 1%).
With these lifetimes one receives one point each on the probability net, see
Figure 7.4. The complete statistical failure behaviour can be determined
with the additional knowledge of the shape parameter b and by the poten-
tial failure free time t,. For components, for which no secured lifetime
calculation exists, one depends on experience (e.g. out of damage and war-
ranty statistics), estimations or tests. Out of the B; and/or By lifetimes the
corresponding characteristic lifetime T (F(t) = 63,2%) can be calculated
with the Equations (7.1) and (7.2)

The characteristic lifetime T for the determined B, lifetime:

Bl — ftB i Blo
=——= =+ f..-B,,
2/~ 1n0.99 8 * P1o (7.1)
B,

whereby B, = .
Y5 01,09
tB In0.9 tB

The characteristic lifetime T for the determined By lifetime:
_ By — fis - B

+ fg B
~imog  ° (7.2)
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Figure 7.4. Calculated B; and By, lifetime in Weibull probability paper (example)

For the case of a By lifetime, the corresponding characteristic lifetime T
is:

_ Bx — ftB'BlO .
Ty et 3)
whereby By, = B,
(L-fe ) InLx) + fig
In(0,9)

(The Equations (7.1) to (7.3) were derived from the general equations of
the Weibull distribution).
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Figure 7.5. Dependency of pitting load-carrying capacity and transmission cost in
relation to the dimension

The meaning and/or sensitivity of an exact determination of the charac-
teristic lifetime T can be shown by the example of the pitting load-carrying
capacity of a gear in Figure 7.5. The slightest incline of the Wohler curve,
expressed by the exponent k = 6.25, leads to an almost doubled lifetime for
an over-dimensioning of only 10%. For the more critical case, an under-
dimensioning of 10%, the gear already fails after half of the standard life-
time. The costs for the gear, however, only change insignificantly. In [7.2]
it is also shown, that a change of the characteristic lifetime T has the most
significant influence on the calculated system reliability. An appropriate
accurate prognosis of the system lifetime can therefore only be achieved
by a secured operational fatigue strength calculation.
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262 7 Weibull Parameters for Specifically Selected Machine Components

7.3 Failure Free Time tg and Factor fig

As already mentioned, the failure behaviour of the components can only
be described accurately with a three parametric Weibull distribution for
most fatigue and wearout failures. Especially for the calculation of the
system lifetime, the initial range of the failure behaviour must be collected
very accurately. This consideration makes the three parametric Weibull
distribution with its third additional parameter — the failure free time t, —
absolutely necessary, see [7.2, 7.3, 7.4, 7.5].

The failure free time to of fatigue and wearout failures implies that a cer-
tain time is required before damage appearance and propagation. Without
this assumption, the failures caused by wearout, fatigue, aging etc. would
have to appear already after short operation times. This, however, contra-
dicts general knowledge and belief.

By executing the analysis of the data base it has proven to be useful not
to specify the failure free time as an absolute value but rather in the form
of the factor fig = to/B1o. With this factor, the values are much better for
comparison. The lifetime By, has been taken as a reference, because it
shows no significant discrepancies between two and three parametric
analysis, and not to mention, it is also in the initial range of the failure
event. The summary of the determined factors fig is shown in Figure 7.6.

breakage
shafts — 0.7...0.9
. pittings
bearings{ [ 0.1...0.3
pittings
L ! 0.4...0.8
gears
C—— (0.8..0.95
breakage |
0 0.2 0.4 0.6 0.8 1

factor f_=t /B

tB 0 10
Figure 7.6. Factors fig = to/B;, for select components

A dependency of the stress level on the factors could not been deter-
mined so far. Thus, for a conservative estimation a smaller factor should
be chosen, whereas for an optimistic estimation a higher factor can be
used.

The failure free time t, was determined in tests according to Mann,
Scheuer and Fertig [7.7]. In this test, a significance level o was calculated
for the period of time 0 <ty < t;. Because t, and the lifetime By, are statistical
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variables, the factor fz was in each case determined with the median values
of both parameters.

With the extensive tests from Kitschke [7.5] for shafts (type of damage:
“crack”) the nearly compulsory statistical proof could be executed, that
there has to be a failure free time to. Interestingly enough, for roll bearings
rather small values were yielded for the factor fi. For gears with pittings as
the type of damage, only large ranges of failure free times could be deter-
mined. In analyzing further tests it should be possible to narrow this range
down. For gears with “crack” as the type of damage, similar values were
yielded as for shafts, with the same type of damage
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8 Methods for Reliability Test Planning

This chapter deals with the main principles and procedures of planning
lifetime tests. Planning lifetime tests can be divided into statistical test
planning and experimental-technical measurement planning, see Chapter 6.
Common principles of correct test execution are valid for the latter of the
two [8.3, 8.4, 8.8, 8.11, 8.12].

The size of the test specimen is the first aspect of statistical test planning
and is closely related to the confidence intervals and the statistical spread
of experimental values, see Section 6.3. The less components are tested,
the greater the confidence interval is and the results of a statistical analysis
become more uncertain. Thus, for a more precise result it is necessary that
enough machine components are tested. This, however, can greatly
increase the time and effort involved in testing.

How and which machine components should be tested, referred to as test
specimen extraction, must also be determined for statistical test planning. The
test specimen should represent a real random test specimen, which implies that
the components tested are determined at random. Only then is the fundamental
condition for a representative random test specimen fulfilled.

Furthermore, a suitable test strategy must be defined for statistical test
planning. One differentiates between the various possibilities of:

e complete tests,
e incomplete (censored) tests and
e strategies for test time shortening.

The best statistical option is the complete test, where all machine
components of a random test specimen are subjected to a lifetime test. The
test is run until the last element has failed. The result is that the failure
times of all elements are available for analysis.

In order to reduce the time and effort of testing, it may prove to be
beneficial to carry out an incomplete test, which is also sometimes called a
censored test. In this case, the test is run until a predetermined lifetime is
reached or until a certain number of elements have failed. This type of test
is not as meaningful and exact as a complete test but is associated with a
considerably lower test effort.

Sudden Death Tests and tests with an increased load offer further
possibilities for a significant shortening of the test time. Section 6.4 deals

B. Bertsche, Reliability in Automotive and Mechanical Engineering. VDI-Buch,
doi: 10.1007/978-3-540-34282-3_8, © Springer-Verlag Berlin Heidelberg 2008
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8.1 Test Planning Based on the Weibull Distribution 265

with the evaluation of incomplete tests and with strategies for shortening
of test time in detail.

The fundamental task of test planning is to certify the achievement of the
required reliability, which is given by the reliability demands of:

o the number of units to be tested (n = ?) and
o the required test duration (tes = ?)

A minimal reliability at a certain lifetime is a common problem
specifications in the practical field, for example, a required reliability of
e.g. R(200,000 km) = 90%, which corresponds to a By lifetime of 200,000
km. Additionally, a confidence level is determined (e.g. 95%, 90% or
80%), with which the reliability requirement can be proven. Often, it is
common that no failure is expected during a test run. This type of test is
called a “success run”. Furthermore, cost and time conditions can be set.

This chapter will deal with life time tests:

e Statistical test planning,

o Measurement planning,

e In statistical planning greater confidence when larger number of tests
considered,

e Discrimination in machine selection for test planning,

e Sudden death tests are considered.

8.1 Test Planning Based on the Weibull Distribution

An example is observed with a product requirement of R(t) = 90% with a
one-sided confidence level of P, = 95%. The conditions are illustrated in a
Weibull chart in Figure 8.1.

Example:

A reliability of R(200,000 km) = 90% is required with a confidence level
of Pa=95%. Out of the 95% confidence level table one searches for the
column which offers a lower failure probability as the previously required
failure probability of F(200,000 km) = 10% for i = 1. This is the case for
n = 29. This situation is shown in a Weibull chart in Figure 8.2.

One can now make the following statement: if n = 29 test units reach a
test time t = 200,000 km without failure, then R(t) = 90% with a certainty /
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266 8 Methods for Reliability Test Planning

probability of 95%. A universal procedure based on the binomial
distribution will now be introduced.
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Figure 8.1. Test planning with the Weibull distribution
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Figure 8.2. Example of test planning with the Weibull distribution

8.2 Test Planning Based on the Binomial Distribution

Here, we would like to begin with the observation of n test units. If the
test units are identical, then they will all exhibit the same reliability R(t),
Figure 8.3.

At the time t, the reliabilities Ry(t), Ra(t), Rs(t), ..., Rn(t) with Ri(t) = R(t)
are valid for each individual test units. For the probability that all n test
units survive until time t, one uses the product law of probabilities R(t)".

1 2 3 | n

NN

n test units with distribution R(t)

Figure 8.3. Starting point for test planning with the binomial distribution

If no failure can be observed while testing a random test specimen of the
size n until the time t, which represents the required lifetime, and if R(t) is
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the survival probability of the tested object, then the probability, that all n
units tests will survive until the time t, is equal to R(t)". In other words, the
probability, that at least one failure can be observed until the point in time
t, is Po = 1-R(t)".

The inversion of this consideration allows one to say, that if no failure
has occurred during a test of a random test specimen of the size n until the
time t, then the minimal reliability of a test unit is equal to R(t) with a
confidence level of P,. This can be seen in the following equation:

1
P, =1-R(t)" orR(t)=(1-P,)". (8.1)

In literature and in the practical field, Equation (8.1) is often referred to
as “success run”.

Example:

The following reliability requirement is given: R(200.000 km) = 90%.
The verification should have a confidence level of P, = 95%. The required
random test specimen size can be attained by reforming the above
equation:

_Int-PR,) _ . In0.05) _
In(R(t)) In(0.9)
Here, it is common to use diagrams. Figure 8.4 shows an example of a

minimal reliability R(t) as a function of the random test specimen size n for

various confidence levels P,, in the case that until the point in time t no
failures have occurred (success run).

1
R(t)=(1-P,)" < n 28.4.
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Figure 8.4. Minimal reliability R(t) as a function of the test specimen size n and
the confidence level P,, if at the point in time t no failure has occurred
(success run)

8.3 Lifetime Ratio

In this section, the effect of increasing or decreasing the test duration of
the required test specimen size is observed. According to Weibull,

R(t)=exp(—(t/T)b). If a test runs until the time teg#t, then
Rt )= exp(—(ttest /T )b). Hence after simplification:
In( R(t[est )) :[t‘[estjb — va’
In(R(t)) t
which results to R(t)" = R(t,y ).

The ratio of the test duration te to the required lifetime t is signified as
the lifetime ratio Ly.

(8.2)

ttest
8.3
: 63)

If a failure free time is present, then

L, =

www. Enagi neer i ngEbooksPdf . conr
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tog —t
L, =0 and thus t., =L, (t—t,)+t,. (8.4)

0
Substituting the lifetime ratio in Equation (8.1) results to:

1

RO =-PyY" e

Therefore, for a constant reliability R(t) and confidence level P,, an
increase in the test duration tys leads to a decrease in the required test
specimen size n and vice versa, see Figure 8.5 and Figure 8.6.

Diagrams and Examples:

P,= 80% b=20 no failures observed

100%
90% F-N= 2
80% |-
70% -
60% [ -
50% |-
40%
300 [ 174> /
20%fF----
10%f---- )

0% <

minimal reliability R

0 0.5 1 15 2 25 3
lifetime ratio L,

Figure 8.5. Reliability as a function of the lifetime ratio and test specimen size
[8.2]
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Figure 8.6. Confidence level as a function of the lifetime ratio and test specimen
size [8.12]

Example 1: Verification of the reliability goal — determination of
test duration and the test specimen size [8.2]

Given:
Budget for a lifetime test of 40,000 km without failure of a product;
assumed shape parameter: b = 2.0.

Problem:

What is the number of test units required for the most effective and
economical type of test execution in order to guarantee a reliability of
R = 80% and a confidence level of P, = 80%?

Solution:

There are two ways to solve this problem: with the given information
b=2.0 and R =80%, the diagram in Figure 8.5 is used and with the
information P, = 80%, the diagram in Figure 8.6 is applied. Both solutions
yield the same result.

Determination of Ly:

Beginning on the y-axis at either R or P, = 80%, one moves towards the
right until intersecting an n-curve. In both diagrams, the value
perpendicular to the abscissa from the intersection point corresponds to the
lifetime ratio Ly.

Result:
The most cost-efficient test is a test with one test unit (one unit, one trial,
one person), thus n=1. The perpendicular on the abscissa to the 80%
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intersection point with the n =1 curve is the corresponding lifetime ratio
Ly=27. For this test (n=1) the test duration is
2.7 - 40,000 km = 108,000 km. The most cost-efficient test for the
achievement of the required reliability goal (R and P, > 80 %) is realized
with one trial (n = 1) over a test duration of 108,000 km.

Example 2: Reliability test [8.2]

The decision for a certain cost-efficient reliability test needs to be
founded.

Given:

Three test specimens

Budget for a test completion at 120,000 km
Required minimal lifetime: 40,000 km
Estimated shape parameter: b =2,0
Required confidence level: P, = 80%.

Problem:
What type of test execution is required:

a) testing one unit for a total of 120,000 km or
b) testing three units each for 40,000 km (a total of 120,000)?

Solution:
Diagram, Figure 8.5 (with b = 2.0 and P, = 80%)

a) Test with one unit (n=1) over 120,000 km; lifetime ratio
Ly = 120,000/ 40,000 = 3. According to Figure 8.5, the reliability is
R=83.6% forLy=3andn=1.

b) Test with three units over 40,000 km; Ly = 1; n = 3; R = 58.5%.

Result:

Since the time and effort involved in total kilometres tested is the same
for both tests, the procedure with the highest minimal reliability is given
preference: execution of the test with one unit (n =1) over 120,000 km.
The achieved reliability is R = 83.6%.

Note:

It is also possible to assume a constant value for the reliability and to
determine the confidence level with Figure 8.6. In this case the higher
confidence level would have been the deciding factor for achieving the set
goal.
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Example 3: Determination of the reliability [8.2]

How to determine the reliability, if one unit is taken out of the test before
reaching the desired lifetime:

Given:

A test is run with the goal to verify a reliability of R=80% and a
confidence level of P,=80%. This test requires that one unit is tested
without failing until 2.7 times the desired lifetime. However, the unit was
taken out of the test after 1.1 times the targeted lifetime. A Weibull shape
parameter of b = 2.0 is assumed.

Problem:
How long does a second unit have to be tested without failure in order to
verify the original reliability requirement of R > 80%?

Solution:

Out of Figure 8.5 (b = 2.0 and P, = 80%) the number of required tests is
found to be n=6 in order to achieve a reliability of R =80% with a
lifetime ratio of Ly =1.1. Since one unit has already been tested with
Ly =1.1, 5 further tests are required for which Ly >1.1. Five tests with
Ly = 1.1 correspond to the reliability statement of one test with Ly = 2.45.

The reliability requirement of R > 80% is fulfilled, if after the first unit is
taken out of the test at Ly = 1.1, a further unit is successfully tested until
2.45 times of the required lifetime are reached.

8.4 Generalization for Failures during a Test

In general, the binomial law is valid for the confidence level:
* (n ) )
Py =1—Z(i]-(1—R(t»'-R(t)“'. (8.6)
i=0

Here, x is the number of failures during a time span t and n is the test
specimen size. If one failure occurs during the test at the point in time t,
then

P, =1-R(t)"—n-1-R(t))-R(t)"™. (8.7)

For this application, the use of diagrams has proved to be helpful. Figure
8.7 shows a Larson nomogram as an example (see for example [8.12]). A
test specimen size of n = 20 elements is entered where x = 2 test units have
failed during the test duration t. In order to determine the achieved
reliability with a confidence level of P, =90%, a line is drawn starting at
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Pa = 0.9 going through the point (n = 20; x = 2) and the reliability can be
read from the diagram at the intersection of this line with the R curves. The
reliability R(t) at the test duration is equal to 75% with a confidence level
of 90%.
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Figure 8.7. Larson nomogram
8.5 Consideration of Prior Information
(Bayesians-Method)

The Bayesian law for the consideration of prior information can be used
for the reduction of the required test specimen size n. Prior information is
considered in the form of the a-priori distribution density with the density
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f(9). For a certain event A, the probability P(A|3) is considered with the
unknown parameter 3. If it is known that 9 is distributed according to the
density f(3), then the a-posteriori distribution density is produced under
consideration of prior information according to Bayesian law:

P(A19)-T(9)

F(9]A) =— .
'[P(A|8)- f(9)-d9

—0

(8.8)

With this density the confidence intervals can be calculated by
integration:

b
P(a<9<b)=[f(9|A)-ds. (8.9)

For a success run, if R is a probability value (by the rectangular
distribution 0 <R <1) available as prior information, then the test
specimen size can be reduced by one test unit (n + 1 instead of n in the
exponent) when using the Bayesian method:

1
jR” -dr
Py =P(Rg <R<1)="2—=1-R™, (8.10)
jR” -dr
0

Further references concerning this topic can be found in [8.6].
The difficulty for further application of the Bayesian method is the
formation of the a-priori distribution.

8.5.1 Procedure from Beyer/Lauster

On practical approach to solve this problem stems from Beyer/Lauster
[8.2]. Prior information concerning the reliability at the time t is regarded
with a value Ry which has confidence level of 63.2%. According to [8.2],
under the consideration of prior information for Weibull distributed failure
behaviours, one yields the following relationship for the confidence level:
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i=0 R

P, —1-R n L8 +1/In(/Ry) ZX:(”+1/(LV In(/R,)) )j{l_R:LeJ | 6.11)

Here, b stands for the Weibull shape parameter and x stands for the
number of failures until the time t. If no failures are allowed (success run),
which implies x = 0, then

nLf + !
P, —1-R MR (8.12)

Solving this equation for the required test specimen size results to:
1 |Inl-P 1
n=—- ( A)— : (8.13)
L [ inR) In@R,)

This means that the required test specimen size can be reduced by
considering the prior information Ry by

!
L n@/Ry)

Here again, the used of nomograms can prove to be helpful, Figure 8.8.

(8.14)

Example:
For the release of an aggregate, a lifetime test should be conducted. A
lifetime of Byo = 20,000 h is required, which is equal to R(20,000 h) = 0.9.
The following knowledge has been gathered from previous comparable
models:

o Ry =0.9 (with 63.2% confidence level) and
o shape parameter b = 2.

The verification should be proceeded with P, = 85% and n =5 test units.
According to Figure 8.8, the lifetime ratio is L, =1.25 and thus the test
duration is tiest = 25,000 h (line @).

The following statements can be made when analyzing the nomogram in
Figure 8.8.

e If no prior information is considered, then n =10 test units must be
tested (with L, = 1.25) (line ®).

o If one aggregate fails, then the test specimen size increases to n= 14
(likewise with L, = 1.25, line ©).
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Figure 8.8. Nomogram from Beyer/Lauster [8.2]

8.5.2 Procedure from Kleyner et al.

A second procedure for the consideration of prior information was
suggested by Kleyner et al. [8.5]. A mixture between a rectangular
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distribution and a beta distribution is used for the a-priori distribution. The
proportion of each distribution is weighted with the “knowledge factor” p.
If little is known regarding R, then many units must be tested in order to be
able to make a reliable statement. In [8.5], field data is used from an older
product in order to estimate a pre-distribution. This is the objective part of
the procedure. The subjective part of the procedure comes into play with
the estimation of the similarity between the new and old product. This is
done by estimating a value for the “knowledge factor” p. No similarity,
which implies no transferability of information from the old product onto
the new product, is indicated by p =0. The larger p becomes, the more
similar the new and old products and the lower the necessary test specimen
size will be. For p = 1, the a-priori distribution corresponds exactly to the
beta distribution without any rectangular distribution influence. This
indicates very good prior information of R and it is understandable that the
necessary test specimen size then becomes relatively small. This subjective
estimation of p is the main objective of the Kleyner method.

In [8.5], the execution of the calculation of this method is given. Under
the assumption that no failures occur during the tests, the a-posteriori
density can be calculated according to [8.5] with the application of the
Bayesian law.

@-p) R op-t _B('/SE)R) :
f(R) = o BA-nB) (8.15)

n+l P B(AB)

By integrating Equation (8.11), the confidence level is found:
1
Pa=[f(R)-dR. (8.16)
R

The estimated “knowledge factor” p must remain within the interval
0<p<1. A and B are parameters for the beta distribution, which can be
determined out of failure data for previous products.

The common density function for the beta distribution is as follows:

MX’H(I—X)H 0<x<1;A>0;B>0
f(x)=4T(A)-T(B) . (8.17)

0 otherwise

Here, T'(..) is the Euler gamma function. The a-priori distribution is
gained with the “knowledge factor” out of the beta and rectangular
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distributions. Under the application of Bayesian law, the a-posteriori
distribution is obtained according to Equation (8.15).
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Figure 8.9. Beta density and distribution function of R with A =25,B =3

Normally, the reliability R and the confidence level P, are already given.
If A and B are known, then the only unknown variable is the test specimen
size n. This can be numerically calculated by the integral or simply read
from the diagram.

Figure 8.9 shows a beta density function with the parameters A = 25 and
B =3 and the corresponding beta distribution function of R. The mean
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(median) of this beta distribution is located at a reliability of
Rmedian = 90.22%.

Example:

Figure 8.10 represents the confidence level P, as a function of the
necessary test specimen size n for various knowledge factors (p =0;
p=01,p=02; p=04; p=0,6; p=0,8; p=1) and for the success run
according to Equation (8.1). The required reliability is R(twest) = 0.9. The
corresponding beta distribution for the a-priori density has the parameters
A =25 and B =3, see Figure 8.9. The parameters were determined from a
previous test. A reduction of n for an increasing p can be clearly seen in
Figure 8.10.
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Figure 8.10. Confidence level P4 as a function of the necessary test specimen size
for various knowledge factor values p with a reliability of R = 90%

Figure 8.11 shows the required number of test units only as a function of
the knowledge factor. The confidence level as well as the reliability was
set at 90%. This corresponds to values which are often prescribed in the
practical field. If 22 test units are required for a success run, then the test
specimen size can be reduced to seven units if the previous information is
assumed to be correct (p = 1). For p =0, the Kleyner et al. method is a pure
rectangular distribution and the test specimen size can be reduced by one
unit.
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Figure 8.11. Necessary test specimen size n as a function of the knowledge factor
p with a confidence level P, of 90 % and a reliability R of 90%

A detailed description of the mathematics involved in this topic can be
found in [8.7].

Another method is introduced in [8.6]. This method describes reliability
information with the beta distribution and is simpler as the procedure from
Kleyner et al. in regards to the difficulty of the calculation required. Prior
informa