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PREFACE

I have taught different aspects of applied functional analysis some-
what periodically since teaching my first graduate course in the Division
of Applied Mathematics at Brown University in 1968. The material in
this presentation is the result of lecture notes from courses in applied
functional analysis that I have given at the University of Southern Cal-
ifornia and North Carolina State University beginning in the late 1980s
and continuing to the present. The choices of topics covered here are
not comprehensive, and maybe even border on the eclectic in some
parts. They represent personal choices of interest to me, and repre-
sent a body of material that I want my current students and postdocs
to know. There are some standard topics, results and examples from
a typical functional analysis presentation which I hope many readers
may have seen in more traditional first courses in analysis. The notes
also reflect my own interests in results that are not readily available
in functional analysis books/lecture notes. As such these notes do not
constitute suitable material for a first course in functional analysis.

Thus some nontrivial background is desired: a first or elementary
course in analysis/functional analysis with introductory topics includ-
ing linear spaces (Banach and Hilbert), linear operators, usual example
spaces Ly(a,b), C(a,b), etc., such as found in early chapters of clas-
sical standard texts such as [GP, LiuSob, Luen69] or the more recent
introductory text [Ped].

In these lectures, we shall present functional analysis as a basis of
modern partial and delay differential equation techniques. This is in
contrast to classical PDE techniques such as separation of variables,
Fourier transforms, Sturm-Liouville problems, etc. It is also somewhat
different from the emphasis in usual functional analysis courses where
one learns functional analysis as a subdiscipline in its own right. Here
we treat functional analysis as a tool to be used in understanding and
treating distributed parameter systems. We shall also motivate our
discussions with numerous application examples from biology, electro-
magnetics, and materials/mechanics.

Our main thrust consists of those parts and topics of functional
analysis that are fundamental to rigorous discussions of partial dif-
ferential equations and delay systems (both infinite dimensional state
space systems) as they arise in diverse applications and in control and
estimation. As in standard functional analysis treatments, we will give

ix



X A Functional Analysis Framework

some proofs when we feel the urge or when we feel the arguments will
have some particular instructive value. But often we simply state the
results and refer readers to one of the many fine standard functional
analysis texts currently available.

The presentation contains a diverse selection of applications: some
are classical but some are more recent to illustrate the role that func-
tional analysis (an old subject) continues to play in the rigorous for-
mulation of modern applied areas. These applications are by no means
inclusive. Moreover, we offer application examples far from uniform in
the details given; some are more common (thermal diffusion, transport
in tissue, beam vibration) and for these we offer little detail; others
that are not traditional in partial differential equations, delay systems
or not in the traditional functional analysis literature are given in much
more detail. For example, in discussing HIV models, uncertainty in
non-cooperative games, population models with aggregate data and/or
dynamics, electromagnetics in materials, delay systems and partial dif-
ferential equations in control and inverse problems, we have tried to
err on the side of added detail. In some cases we also discuss computa-
tional aspects of the problems/applications because ultimately (again
a personal belief) most serious applications result in significant com-
putational (finite elements, spectral methods) questions.

I owe great thanks to my former and current students, postdocs,
and colleagues for questions, feedback, and much proofreading. Special
thanks are due to Zack Kenz and Clay Thompson for very careful
readings and suggested corrections/revisions of final versions of the
book. However, any errors in judgment, content, grammar, or typos in
the material presented are mine!!

HTB
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1 Introduction to Functional Analysis
in Applications

Before presenting a survey of preliminary but necessary foundation
topics, we give one of several examples that will be used throughout
our presentation, often in a motivating and illustrative spirit.

1.1 Example 1: The Heat Equation

We begin with a classical equation from thermal as well as sub-
stance transport which is based on random movement transport by
Brownian mechanisms in particles or individuals. We describe this
in terms of heat flow which is ubiquitous in engineering modeling
[BBi2, BBCFUVW, BCCW, BCCW2, BDGJ, BDCI, BKol, BKo2,
BKoW, BT, KLB, CJ, IncropDewitt]. The basic equation for heat
flow in a rod (a derivation from first principles can be found in [BT,
Chapter 5]) is

0y

a8 = ( (5) 2 (1,6)+£(t€) 0<&<il, t>0 (L1

23 23

where y(t, &) denotes the temperature in the rod at time ¢ and position
¢ and f(t,€) is the input from a source, e.g., heat lamp, laser, etc.
Example Boundary Conditions (BC) are

£E=0: y(t,0) =0 Dirichlet BC: This indicates
temperature is held constant;
E=1: D(l)g—?(t, )=0 Neumann BC: This indicates an

insulated end and results in heat
flux being zero.
Here j(t, &) = D(f)g—g(t,ﬁ) is called the heat flux.

The required Initial Conditions (IC) are

y(0,6) =®(¢) 0<E<l

Here ® denotes the initial temperature distribution in the rod. The
chosen boundary conditions (one constant temperature end, one insu-
lated end) are only one combination of boundary conditions that arise
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in practical applications. The Dirichlet boundary conditions are called
essential boundary conditions and must be imposed on elements in our
solution spaces, while the Neumann conditions are natural boundary
conditions and as we shall see they need not be imposed on the solu-
tion elements in weak or variational formulations of our system (see
Chapter 11).

This example is typical, albeit one of the simplest, of the type of
system dynamics that are of interest in our discussions in this book.
Along with delay differential equations, such partial differential equa-
tion systems are rather ubiquitous in the infinite dimensional systems
encountered in many practical applications in science and engineering.
Our goal here is to present a functional analytic framework in which to
treat modeling, parameter estimation or inverse problems and control
(including feedback control) for these systems. In the research liter-
ature one finds a core of methodology for finite dimensional versions
of these problems if one can write the underlying system dynamics in
terms of a linear system

(20 = s i

Much of the partial differential and delay differential methodology de-
veloped for estimation and control theory over the past 30 years has
been in the context of infinite dimensional systems of the form (1.2)
written in an appropriate Hilbert or Banach space. Abstract represen-
tations and approximations leading to computationally feasible meth-
ods of such systems are a major focus of this book. These can be
pursued in several related ways including abstract semigroup represen-
tations and/or weak/variational form representations, both of which
we treat in this book.

Transforming the Initial Boundary Value Problem

If we can transform the initial boundary value problem (IBVP) for
equation (1.1) into something of the form (1.2), then conceptually it
could be an easier conceptual problem to treat. That is, formally it
then looks like an ordinary differential equation problem for which et
is a solution operator.

To rigorously make this transformation and develop a corresponding
conceptual framework, we need to undertake several tasks:
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1. Find a space X of functions and an operator A: D(A) C X — X
such that the IBVP can be written in the form of equation (1.2)
in the space X. We may find X = Ls(0,1), C(0,1), H*(0,1) or
some other appropriate space (all of these are defined precisely
below). But we should expect this to vary from one example to
the next.

Whatever the space, we want a solution z(t) = y(¢,-) to (1.2),
but in what mathematical sense - mild, weak, strong, classical
(all terms that will be explained in detail in this treatment)?
This will answer questions about regularity (i.e., smoothness) of
solutions as well as suggest appropriate approximation schemes.
But further questions are obvious:

2. We also want solution operators or “semigroups” T'(t) which play
the role of e, i.e., behave like e which is written T'(t) ~ et
But what does ¢ e’ ” mean in this case? If (t) = Az(t) +
F(t), x(0) = g, is a vector system in R™ so that A € R" x R" is
a constant matrix, then

e 212
A (At A=t
n=0

where the series has nice convergence properties. In this case, by
the “variation of constants” or “variation of parameters” repre-
sentations, we can then write

t
z(t) = ey —I—/ A= P (s)ds.
0

We want a similar variation of constants representation in X with
operators T(t) € £(X) = L(X, X) such that T(t) ~ e, so that

x(t) = T(t)zo + /0 T(t — s)F(s)ds (1.3)

holds, represents the PDE solutions in some appropriate sense,
and can be used for qualitative (stability, asymptotic behavior,
control) and quantitative (approximation and numerics) analyses.

We note that e’ has what are known as semigroup properties:
eAltts) = eAteAs 04D — T 5o that solutions z(t) = e?*xg of the homo-
geneous equation (F' =0 in (1.2)) also have this translation invariance
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property characteristic of autonomous dynamical systems. It is pre-
cisely this property that we abstract in a theory of linear dynamic
operators T'(t) in the context of linear semigroups in abstract Hilbert
and Banach spaces. Before we present this theory in the next chapter,
we summarize some needed notation and also present several other ex-
amples arising in applications that will be used throughout this book
to illustrate ideas and results.

1.2 Some Preliminaries: Hilbert, Banach, and Other
Spaces Useful in Operator Theory

Before proceeding, we recall some standard definitions and results from
analysis and elementary functional analysis found in numerous refer-
ences such as [Adams, CH, D, DS, E, HeSt, K, Kreyszig, NS, Ped, RN,
Rul, Ru2, Sh, W, Y].

Normed Linear Spaces and Linear Operators

A normed linear space X over a scalar field F (in all our examples F is
either the real R! or complex C number system) is a linear space (closed
under addition of elements and multiplication by scalars with a norm
| - | (in many references the notation || - || is also used) which is a map
from the space to the nonnegative numbers satisfying (i) |cx| = |c||z],
(positive homogeneity or positive scalability), (ii) |21 + 22| < |x1]+ |22
(triangle inequality or subadditivity), and (iii) If || = 0, then z is the
zero vector (separates points). In a normed linear space any sequence
{z,,} that satisfies |z, — x| — 0 as n,m — oo is called a Cauchy
sequence. A normed linear space is called a complete normed linear
space or a Banach space if for any Cauchy sequence {z,} in X there
exists £ € X such that lim,_, T, = .

A Hilbert space is a Banach space with scalar field F which also
has an inner product (-,-) : X x X — F satisfying (i) (z,y) = (y,z)
(conjugate symmetry which in case F = R! yields symmetry), (ii)
(cz1,x2) = c(z1,22), (T1 + T2, 23) = (x1,23) + (w2, x3) (linearity in
the first argument), (iii) (x,z) > 0 with equality holding only for x = 0
(positive-definiteness). We observe that conjugate symmetry implies
that (x,x) is real for all z, since one has (z,z) = (x,z).

A bounded linear operator is a linear transformation 1" between
normed vector spaces X and Y for which the ratio of the norm of
T(x) to that of x is bounded by the same number, over all non-zero
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vectors x in X. In other words, there exists some M > 0 such that
|Tzly < Mlz|x for all x in X. The smallest such M is called the
operator norm |T'| of T' (see below).

A bounded linear operator is generally not a bounded function; the
latter would require that the |T'(z)| be bounded for all x, which is
possible only if Y = {0}, i.e., Y is the zero vector space.

A standard exercise in elementary functional analysis is to argue
that a linear operator is bounded if and only if it is continuous.

Let X,Y be normed linear spaces. Then

L(X,Y)={T: X — Y| T is bounded, linear}

is also a normed linear space with norm given by

Tx Y
T|zx,yy = sup |[Tx|ly = sup I Tz] :
lz|x=1 x#£0 |$’X

Note that the notation B(X,Y) is also frequently used in the literature.
When Y = X one often writes £(X) or B(X) for £(X, X) or B(X, X).
When Y is chosen as the scalar field F for X, we define the linear
dual space of X by XP = L(X,F), the normed linear space of all
continuous linear functionals (transformations of functions with range
in the scalar field) on X. While the linear dual space of a space X is
sometimes denoted by X, we shall throughout this book reserve this
notation for what is sometimes called the anti-dual or conjugate dual
space.

We define conjugate linear functionals or anti-linear functionals as
functionals T : X — F satisfying T(ax + By) = aT(z) + BT (y) for
all z,y € X and «a, 3 € F. Note that if F = R' then conjugate linear
and linear are the same. For a normed linear space X we define X*,
called the conjugate dual space or adjoint space, as the linear space
of continuous conjugate linear or anti-linear functionals on X. It is
readily established that X* is a Banach space whenever X is a normed
linear space and the scalar field is complete. The elements of X™* will be

denoted by z* and the norm |- |, in X* is given by |z*|, = sup |z*(z)].
lz|<1

In this book we shall have little use for X but will heavily use X*
and simply call it the dual space throughout. The heavy use of this
adjoint or dual space X* is not unusual (see [K, p.11], [W, p.165], [Sh,
p.5,9]) when treating partial differential equations in the context of
sesquilinear or semi-linear forms as we shall do in this book.
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Exercise: Show that £(X,Y) is complete if Y is complete.

We shall also need throughout our examples some specific spaces
found in the literature [Adams, DS|. For the usual Lebesgue and
Sobolev spaces we use the notation L,(a,b) or Ly(a,b;Y) and H(a,b)
(typically p = 1 or p = 2 for our discussions in this book). For the
space of continuous functions with supremum norm we use C(a,b). In
general, WEP(a,b) = {p € Lyl¢',¢", ..., ") € L,}. If p = 2, we write
WF2(a,b) = H*(a,b), k = 1,2, ... Finally, AC(a,b) = {¢ € La(a,b)|p
is absolutely continuous (AC') on [a, b]}.

Differentiation in Normed Linear Spaces

Again these are standard definitions that can be found in numerous
references including [HP].
Suppose f: X — Y is a (nonlinear) transformation (mapping).

Definition 1.1 If lim__,y+ M exists, we say f has a direc-
tional or Gateaur derivative at xg in the direction z. This is denoted
0f(zo; 2), and is called the Gateauz differential at xo in the direction
z.

If the limit exists for any direction z, we say f is Gateaux differ-
entiable at z¢ and z — 0 f(xo; 2) is the Gateauzr derivative. Note that
z — 0f(xo; 2) is not necessarily linear, however it is homogeneous of
degree one (i.e., 0f(xo; N\z) = Adf(xo;z) for scalars \). Moreover, it
need not be continuous in z.

The following definition of o(|z|) will be useful in defining the
Fréchet derivative:

Definition 1.2 The function g(z) is o(|z|) if % —0asz—0.

Definition 1.3 If there exists df (zo;-) € L£(X,Y) such that |f(xo +
2)—f(xo)—df (xo; 2)|y = o(|z|x), then df (xo;-) is the Fréchet derivative
of f at zg. Equivalently, lime_ﬂ)w = df (zp; 2z) for every
z € X with z — df (zg;2) € L(X,Y). We write df (zo; 2) = f'(x0)z.

Summary Results

(These also could be taken as exercises by industrious readers!)
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1. If f has a Fréchet derivative, it is unique.

2. If f has a Fréchet derivative at xg, then it also has a Gateaux
derivative at x¢ and they are the same.

3. Let D be an open subset of X. If f: D C X — Y has a Fréchet
derivative at xg € D, then f is continuous at xg.

Examples

1. X =R", Y =R™ and f : X — Y such that each component
of f has partial derivatives at xg in the form gg]:; (zo). Then the

Fréchet derivative can be represented as a matrix of partials

i) = (5t

(o) = (G =

and hence

2. Now we consider the case where X = R” and Y = R!'. Then
df (zo; 2) = V f(wo) - 2.
3. We also consider the case where X =Y = R!. Here,

df (wo; 2) = f'(w0)z.

Normally z = 1 because that is the only direction in R'. Then
f'(xo) is called the derivative, but in actuality z — f'(x¢)z is
the derivative. Note that f/(zo) € L(R!,R!), but the elements of
L(RY,RY) are just numbers.

Homework Exercises

e Ex. 1: Consider f:R? — R!.

xle .
f(xl,l‘g) = x%+£é7 1f$7é0

Show that f is Gateaux differentiable at z = (z1,22) = 0, but f
is not continuous at z = 0, (and hence cannot be Fréchet differ-
entiable).
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1.3 Return to Example 1: Heat Equation

To begin the process of writing the system of Example 1 in the form of
equation (1.2), take X = Ly(0,1) and define

D(A) = {p € H*(0,1)|(0) = 0,¢'(I) = 0}

to be the domain of A. (Assume D is smooth for now, e.g., D is at
least H'.) Then we can define A : D(A) C X — X by

Ap(§) = (D(E)¢'(€))"- (1.4)

Homework Exercises

e Ex. 2 : Show that A : D(A) C X — X of the heat example
(Example 1) is not a bounded operator from X — X.

e Ex. 3: Give an example when X is a Hilbert space, but £(X) is
not a Hilbert space.

e BEx. 4 : Consider H'(a,b) = W2(a,b), W (a,b) and AC(a,b).
Find the relationships for each pair of spaces in terms of C. That
is, establish X C Y or X C Y, etc.

Before beginning our presentation on linear semigroups, we give a
number of other motivating examples to be used in the sequel along
with the heat equation example above.

1.4 Example 2: General Transport Equation
Problems in Which the Transport Equation Is Used

After the heat or diffusion equation of Example 1, probably the
most widely encountered system in applications is the so-called trans-
port equation which embodies both diffusive as well as convective
movement of species, particles, or individuals. Included in a diverse
range of applications are insect dispersion involving random move-
ment (Brownian motion or “diffusion”) as well as some type of di-
rected (convective, advective) movement [BKa, BK, BDK, BKL, BKZ]
that often is a function of external stimulatory signals. These equa-
tions also arise (as backward Kolomogorov equations) in population
growth models in which some randomness or stochasticity is present
[Allen, Gard, GRD-FP, GRD-FP2, Murray, Okubo]. They are also a
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basis for models in many “flow” problems (convective/diffusive trans-
port) in ecology and physiology (e.g., see the “cat brain problem”
[BKa, BK] which involves in vivo labeled transport to investigate
pure diffusion vs. diffusion plus convected transport in brain tissue
in anesthetized cats). Such equations also arise in distributed mod-
els for mixing mechanisms in lake and sea sediment cores [BR1, BR2]
as well as in other more recent label transport and decay models
[BSTBRSM, BST2, BCDST]. Transport equations with source/sink,
advection, and diffusion terms provide analogs for modeling differ-
ent components of continent-scale population dynamics in Holocene
changes in beech pollen percentages [DBW] and suggest that changes
in beech populations reflect spatial shifts in the multifactorial environ-
mental conditions that are most favorable for the growth of beech trees.
The basic ideas and concepts underlying these myriad applications are
easy to describe in the setting of one-dimensional equations.

Description of Various Fluxes

In these models there are several characteristic components that con-
tribute to the “flux” or movement. These can be described by terms
such as (here the quantity y(t,§) is the population or amount of a
substance at location £ at time ¢ in the habitat)

e j1(t,&) is the flux due to dispersion (random foraging or moments;
random molecular collisions) where

0y

jl(tag) = D(g)aif(tvf)

e jo(t,&) is the advective/convective/directed bulk movement
where

jQ(tv é) = V(f)y(t, g)

e j3(t,&) is the net loss due to birth/death, immigration/emigration,
label decay, where

J3(t, &) = u(§)y(t,§)



10 A Functional Analysis Framework

General Transport Equation for a 1-Dimensional Habitat

The general transport equation is readily derived from mass balance
first principles (see [BT, Chapter 4]) and is given by

PO+ G O0E) = FDOFE) - n(Eu )
0<é<l, t>0 (1.5)
B.C.
£E=0: y(t,0) =0 (essential)
§=1: DG~ v(©u(t )] _ =0 (natural

LC., y(0,8) = ®(¢)

In preparation to later write this example in operator form (1.2),
we let X = Ly(0,1) be the usual complex Hilbert space of square in-
tegrable functions, and the domain of A be defined by D(A) = {p €
H?(0,1)|p(0) = 0,[Dy’ — v¢] (I) = 0} where

Ap(§) = (D(&)#'(€))" = ((©)¢(&)) — mp(S). (1.6)

Note: We will assume D and v are smooth for now.

1.5 Example 3: Delay Systems—Insect/Insecticide
Models

Delay systems have been of interest for the past 70 or more years, aris-
ing in applications ranging from aerospace engineering to biology (bio-
chemical pathways, etc.), population models, ecology, HIV and other
disease progression models to viscoelastic and smart hysteretic materi-
als, as well as network models [BBH, BBJ, BBPP, BKurW1, BKurW2,
BRS, Hutch, KP, Ma, Vis, Warga72, Wright]. We describe here one
arising in insect/insecticide investigations [BBJ].

Mathematical models that are suitable for field data with mixed
populations should consider reproductive effects and should also ac-
count for multiple generations, containing neonates (juveniles) and
adults and their interconnectedness. This suggests the need at the
minimum for a coupled system of equations describing two separate
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age classes. Additionally, due to individual differences within the in-
sect population, it is biologically unrealistic to assume that all neonate
aphids born on the same day reach the adult age class at the same time.
In fact, the age at which the insects reach adulthood varies from as few
as five to as many as seven days. Hence one must include a term in any
model to account for this variability, leading one to develop a coupled
delay differential equation model for the insect population dynamics.
We consider the delay between birth and adulthood for neonate pea
aphids and present a first mathematical model that treats this delay
as a random variable. For a careful derivation of models with similar
structure in HIV progression at the cellular level, see [BBH].

Let a(t) and n(t) denote the number of adults and neonates, re-
spectively, in the population at time ¢t. We lump the mortality due to
insecticide into one parameter p, for the adults, p,, for the neonates, and
denote by d, and d,, the background or natural mortalities for adults
and neonates, respectively. We let b be the rate at which neonates are
born into the population.

We suppose that there is a time delay for maturation of a neonate to
the adult life stage. We further assume that this time delay varies across
the insect population according to a probability distribution P(7) for
T € [-T,,0] with corresponding density k(7) = dl;(TT). Here we tacitly
assume an upper bound on 7;, for the maturation period of neonates
into adults. Thus, we have that k(7), 7 < 0, is the probability per
unit time that a neonate who has been in the population —7 time
units becomes an adult. Then the rate at which such neonates become
adults is n(t + 7)k(7). Summing over all such 7’s, we obtain that the
rate at which neonates become adults is fETn n(t + 7)k(r)dr. Using
the biological knowledge that the maturation process varies between
five and seven days (i.e., k vanishes outside [—7,—5]), we obtain the
functional differential equation (FDE) system

-5

B0 = [ nles k)i~ (ot ) olt)
-5

dng) = ba(t)—(dn+pn)n(t)—/7 n(t + 7)k(r)dr (1.7)
a(®) = (), n)=T0), 0¢c[-7,0)
a(0) = a°, n(0) = n?,

where k is now a probability density kernel ( f:75 k(7)dT = 1) which we
have assumed has the property k(7) > 0 for 7 € [-7, —5] and k(7) =0
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for 7 € [T, —7) U (—5,0].

The system of functional differential equations described in (1.7)
can be written in terms of an equation of the form (1.2) [BBul, BBu2,
BKapl1] as follows.

Let

and
z2i(r)=z2(t+71),-7T<71<0. (1.8)

We define the Hilbert space X = R? x Lg(—7,0;R?) with norm (and
obvious corresponding inner product)

1/2

ol = (i + [ je0ras) . oorex.

and let x(t) = (2(t),z;) € X. Then our system (1.7) can be written as

(t) )L( zt) for 0 <t <T, (1.9)

(:(0).20) = (n9) € X, (1.9) € B2 x Lo(~T,0:R?),
where T < oo and for (,¢) € R? x Lo(—7,0;R?),

—dg — Pa 0

e I PR A e

(1.10)
We now define a linear operator A : D(A) C X — X with domain

D(A) = {(¢(0),9) € X | € H'(-T7,0;R?)} (1.11)
by
A(p(0),¢) = (L(¢), ¢) - (1.12)
Then the delay system (1.7) can be formulated as
z(t) = Az(t)
0 — = (1.13)

where zg = (0, ©0) = ((ao,nO)T, ((I>,\I/)T).

As we shall see in subsequent sections of this book, FDE systems
[JKH1, JKH2, JKH3] are of widespread interest for many years dating
back at least to Minorsky [Minorsky].
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1.6 Example 4: Probability Measure Dependent
Systems — Maxwell’s Equations

The equations and ideas underlying the theory of electricity and mag-
netism in materials (where these concepts are most important) are quite
complex. They are frequently described in engineering and physics with
a rigor and preciseness that is less than satisfactory for mathematicians.
Therefore we will give a somewhat more detailed presentation to these
models and applications than in our earlier examples for thermal and
transport processes. We consider Maxwell’s equations in a complex,
heterogeneous material (see [BBL]| and the extensive electromagnetics
references therein including [Balanis, Cheng, Jackson, Elliot, RMC] for
details):

_OB
vxE = 22
x ot
oD
vxH = 2247
X ot
v-D = »p
v-B = 0

where FE is the electric field (force), H is the magnetic field (force), D is
the electric flux density (also called the electric displacement), B is the
magnetic flux density, and p is the density of charges in the medium.

To complete this system, we need constitutive (material dependent)
relations:

D = eE+P
B = pH+ M
J = J.+Js

where P is electric polarization, M is magnetization, J. is the conduc-
tion current density, J, is the source current density, €g is the dielectric
permittivity, and pg is the magnetic permeability in free space.

General polarization (a constitutive law) is given by:

P(t,z) = [g* E](t,T) = /0 g(t —s,2)E(s,T)ds

Here, g is the polarization susceptibility kernel, or dielectric response
function (DRF).
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Two Widely Used Examples of Polarization:

e Debye Model for Polarization
This describes reasonably well a polar material. This is also called
dipolar or orientational polarization. The DRF is defined by

gt —5,2) = g(t — s,T) + €p(€co — 1)0(t — 9) (1.14)

where ¢ is the Dirac delta function and
—(t—s) —
gt —s,5)=e 7 (M> . (1.15)
T
This corresponds to P = €y(ess — 1)E + P where P satisfies

B 1 ~
P+ —P =¢p(es — €x0) E.
T

It is important to note that P represents macroscopic polariza-
tion, as opposed to microscopic polarization p (introduced below)
which describes polarization at the molecular level.

e Lorentz Polarization
This is also called electronic polarization or the electronic cloud
model. The DRF is again given by (1.14) but now with g defined
by

_ 60(&)% —(t—s) .
g(t —s,z) = ——e 2 sin(yp(t —s)). (1.16)
0

This corresponds to P = €y(€x — 1)E + P where P satisfies

P+

S =

P + wgﬁ = EOW§E

_ _ /. 2 1
and wy, = wov/€s — €0 and vy = /Wi — =g

For complex composite materials, the standard Debye or Lorentz
polarization model is not adequate, e.g., we need multiple relaxation
times 7’s in some kind of distribution [BBo, BG1, BG2]. As an example
the multiple Debye model becomes

P(t,z; F) = /Tp(t,x;f)dF(T),
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where 7 is a set of possible relaxation parameters 7,
F € F(T)={F : T — RYF is a probability distribution on T},

and p is the microscopic polarization given by

t
pt.ai) = [ 4(t— s.37) Bl )i
0

Thus,
P(t5: F) — / / _ s, 7)E(s, 2)dsdF(7)
_ /0 [ /T it — 5,7 7)AF(7)| B(s, 7)ds
_ /OtG(t—s,E;F)E(s,:E)ds

Assuming p = 0, M = 0 (no fixed charges, nonmagnetic materials), we
find this system becomes

0
o t
Vx H = at[eOE—f—/G(t—s,az;F)E(s,x)ds +J
0
v.D = 0 (1.17)
vV-H = 0

where F' € F(T) and J = J.+Js. Note: J. is usually also a convolution
on F although Ohm’s law uses J. = o0 F where ¢ is the conductivity of
the material. In general, one should treat J. as a convolution, e.g.,

Jo=0.%FE = /ac s,%)E(s,T)ds.

For the measure dependent system (1.17), existence and uniqueness
via a semigroup formulation have not been established. Comparisons
of solutions via semigroups versus via weak solutions have not been
done. Little has yet been done in two or three dimensions [BaBar|. For
the one-dimensional case only, existence, uniqueness, and continuous
dependence have been established via a weak formulation (see [BG1]).
For continuous dependence of solutions on F', a metric is needed on
F(T). More generally, we may need to treat other material parameters
q = (T, €5, €00,0), where ¢ € Q C R* and we look for F € F(Q).
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e Special Case

We can consider a physically meaningful special case of the Maxwell
system in a dielectric material which has a general polarization convo-
lution relationship. Detailed derivations given in Section 2.3 of [BBL)]
lead to a one-dimensional version we next present and will use for an ex-
ample in our subsequent discussions. Among the assumptions are some
homogeneity in the medium (in planes parallel to that of an interro-
gating polarized planar wave) and a polarized sheet antenna source Js.
The resulting model leads to only nontrivial F fields in the = direc-
tion, and H fields in the y direction, each depending only on ¢ and z.
Assuming Ohm’s law for J,., we find the system reduces to

o8 _ _ oH
9. M
OH oD

D = ¢E+P
or in second-order form for E(t, z):

B 0P 0B OB _ 0l
HooTg T O THOT g T e T TRy

or
0’°E N 1 0?°P Lo OE  L,0*°E  —10Js
2,270 997 292 7Y
ot2 e Ot2 ¢ Ot 022 e Ot

where ¢? = ﬁ Typical boundary conditions (say on 2 = [0,1]) are

10F E
[ 0 g ] =0 (absorbing B.C. at z = 0)
z=0

cot 0z
and El..1 = 0 (supraconductive B.C. at z = 1).

We assume a general polarization relationship
¢ ¢ .

P(t,z) = / g(t —s,2)E(s,2)ds = / g(t — s,2)E(s,z)ds + BE(t, z),
0 0

where ¢ is absolutely continuous and B contains coefficients for any
Dirac components of g, and initial conditions
0E(0, 2)

E(0,z) = ®(2), a0 = U(z).
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Then it can be argued [BBL, Section 2.3] that the system becomes

Sz T TOE+ [ G8)E(t+s)ds — 55 =T (),

O*E OF /0 O’E
ot oo 022

(for theoretical considerations and without loss of generality, we may
take ¢g = 1, B = 0 and assume ¢ independent of z) where 3,7, J are
defined as in [BBL, p. 21] and we have tacitly assumed E(¢,z) = 0
for t < 0. Here g is defined by g(s) = g(—s). If we approximate the
“memory” term by assuming only a finite past history is significant, we
obtain the integro-partial differential equation

0’E ~ OF /0 82E:j(t)' (1.19)

52 + Tor + BE + 5 G(s)E(t + s)ds — 5.2

As with the first three examples, this example can also be written as
% = Az + F in an appropriate function space setting. In this direction
we define an operator A in appropriate state spaces. In this example
one might choose the electric field F and the magnetic field (H in
(1.18)) as “natural” states along with some type of hysteresis state to
account for the memory in (1.19). However, in second-order (in time)
systems, it is also sometimes natural to choose the state E and velocity
%—}f as states. We do that in this example. We first define an auxiliary

variable w(t) in a weighted Lo space W = Lo(—r,0; g; L2(£2)) by
w(t)(0) = E(t) — E(t+0), —r<6<0.
We note that for each ¢t and 6, w(t)(0) is itself a function in Ls(2), i.e.,

a function of z given by w(t)(0,z) = E(t,z) — E(t+0, z). For the inner
product in W, we choose the weighted inner product

0
(n,w)w = / 3(60)(n(6), w(0)) (00

-

and then (1.19) can be written as

0’E  0E 0 ,02F
W+7§+(6+g11)E— 7Tg(s)w(t)(s)ds—c 5.

= J(t), (1.20)

where g11 = fET g(s)ds and w(t)(s) = E(t) — E(t+s), —r < s < 0. For
a semigroup formulation we consider the state space

X =V xHxW =Hj(Q) x La(Q) x Lo(—r,0;; H)
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(here HL(Q) = {¢ € H'|¢(1) = 0}) with states

@ = (B0, 250 w0)) = (50, 252 B0 - B0+,

We note that the magnetic field H defined above is no longer a part of
the model and hence no confusion should result if we use H to denote
the space Lo(€2).

To define what we will later see is an infinitesimal generator of a
Cy semigroup, we first define several component operators. Let A e
L(V,V*) be formally defined by

Ap=c2¢" — (B + g11)b + 2 (0)d, (1.21)

where d¢ is the Dirac operator dprp = 9(0) and the precise meaning
for ¢" in this case for ¢ € HL(2) will be given later (see for example
(3.20) in Section 3.6.4). Here V* is the dual space of V' (i.e., the space
of continuous linear functionals on V). We also define B € L(V,V*)
and K € L(W, H) by

B¢ = —y¢ — cp(0)do

and, for n € W,

R 0
(K (2) = / GO0, 2)do, 2.

-r

Moreover, we introduce the operator C' : D(C) C W — W defined on
D(C) = {n € H'(~r,0; L2(Q)) | n(0) = 0}

by
0

We then define the operator A on

Cn(0) 0).

D(A) = {(¢,9,n) € X|¢ € Vin € D(C),Ap + By € H}

by

)

0

A~

K
C

~ g~

A= A
0
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That is, ) )
A® = (¢, Ap + By + Kn, ¢ + Cn)

for & = (¢,v,n) € D(A).

Thus the equation (1.20) can be formally written as
x(t) = Ax(t) + F(t),
where z(t) = (E(t), E(t),w(t)) and F = (0, 7,0).

1.7 Example 5: Structured Population Models

We consider the special case of “transport” models or Example 2 with
D = 0 but with so-called renewal or recruitment boundary conditions.
The “spatial” variable £ is actually “size” in place of spatial location
(see [BT]) and such models have been effectively used to model ma-
rine populations such as mosquitofish [BBKW, BF, BFPZ] and, more
recently, shrimp [GRD-FP, BDEHAD, GRD-FP2]. Such models have
also been the basis of labeled cell proliferation models in which & rep-
resents label intensity [BSTBRSM, BST2]. The early versions of these
size structured population models were first proposed by Sinko and
Streifer [SS] in 1967. Cell population versions were proposed by Bell
and Anderson [BA] almost simultaneously. Other versions of these
models called “age structured models,” where age can be “physiologi-
cal age” as well as chronological age, are discussed in [MetzD].

The Sinko-Streifer model (SS) for size-structured mosquitofish pop-
ulations is given by

ov 0

aﬂhaﬁf(gv) = —mw, &<E<&, t>0 (1.22)
0(0.6) = (&)
&1
ot Eou(t.G) = / K (t, s)o(t, s)ds
o
g(taél) = 0.

Here v(t,&) represents number density (given in numbers per unit
length) or population density, where ¢ represents time and £ repre-
sents the length of the mosquitofish. The growth rate of individual
mosquitofish is assumed given by g(¢, &), where

¢

o = 9(t,9 (123
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for each individual (all mosquitofish of a given size have the same
growth rate).

In the SS model u(t, ) represents the mortality rate of mosquitofish,
and the function ® (&) represents the initial size density of the popula-
tion, while K represents the fecundity kernel. The boundary condition
at & = & is recruitment, or birth rate, while the boundary condition
at &€ = & = &nax ensures the maximum size of the mosquitofish is
&1. The SS model cannot be used as formulated above to model the
mosquitofish population because it does not predict dispersion or bi-
furcation of the population in time under biologically reasonable as-
sumptions [BBKW, BF, BFPZ|. As we shall see, we will subsequently
replace the growth rate g by a family G of growth rates and recon-
sider the model with a probability distribution P on this family. The
population density is then given by summing “cohorts” of subpopula-
tions where individuals belong to the same subpopulation if they have
the same growth rate [BD, BDTR, GRD-FP, BDEHAD, GRD-FP2].
Thus, in the so-called Growth Rate Distribution (GRD) model, the
population density u(t,&; P), first discussed in [BBKW] and developed
in [BF], is actually given by

ult, & P) = /g o(t,€: 9)dP(g), (1.24)

where G is a collection of admissible growth rates, P is a probability
measure on G, and v(t,§;¢g) is the solution of the (SS) with growth
rate g. This model assumes the population is made up of collections of
subpopulations with individuals in the same subpopulation having the
same size dependent growth rate. This example can also be formulated
in terms of semigroups [BKa, BKW1, BKW2], but the details are some-
what more difficult than those for the first three examples. In some
cases it is advantageous to use a weak formulation (to be developed
later) instead of a semigroup formulation.



2 Semigroups and Infinitesimal Generators

Having introduced several examples of concrete distributed parameter
systems in the previous chapter, we turn to a discussion of semigroups
and their properties.

2.1 Basic Principles of Semigroups
Here we summarize results that are readily found (and proved) in other

texts including [HP, Pa, Sh, T].

Definition 2.1 A semigroup is a one parameter set of operators
{T(t) : T(t) € L(X)}, where X is a Banach or Hilbert space, such
that T'(t) satisfies

1. T(t+s)=T(t)T(s) (semigroup or Markov or translation
property)

2. T(0)=1. (identity property)

Classification of Semigroups by Continuity
e T'(t) is uniformly continuous if lim |T'(t) —I| = 0.
t—0+

This is not of interest to us, because T'(¢) is uniformly continuous
if and only if T'(t) = e where A is a bounded linear operator.

e T'(t) is strongly continuous, denoted Cy, if for each x € X, t —
T'(t)z is continuous on [0, §] for some positive 0.

Note 1: All continuity statements are in terms of continuity from
the right at zero. For fixed ¢

Tt+h) =Tt = T[T -T0)]

and
Tt)—T(t—¢€) =T(t—e)[T(e) — I

so that continuity from the right at zero is equivalent to continuity at
any t for operators that are uniformly bounded on compact intervals.

Note 2: T'(t) uniformly continuous implies T'(¢) strongly continu-
ous (|T(t)x — x| <|T(t) — I| |z|), but not conversely.

21
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2.2 Infinitesimal Generators

Definition 2.2 Assume {T'(t) € £(X);0 <t < oo} is a Cp semigroup
in X or on X, then the infinitesimal generator A of the semigroup T'()
is defined by

T(t)x —
D(A)={z € X : lim (D) exists in X}
t—0+
and T
Ag = Jim LWz -2
t—0+ t

with A: D(A) C X — X.

Theorem 2.1 Let T(t) be a Cy semigroup in X. Then there exist con-
stants w > 0 and M > 1 such that

IT(t)] < Me**t t>0.

See [Pa]: Theorem 2.2.

Outline of proof: We want to show there exists n > 0 and M > 0
such that |T'(t)| < M on [0,n]. If not, then there exists t,, — 07 such
that |T'(¢,)| > n, which implies |T'(¢,,)z| is unbounded for some z € X
(by the uniform boundedness principle). This contradicts the fact that
for some positive d, ¢ — T'(t)z is continuous on [0, ] for each z € X.
We thus may define w = %ln(M). Then et = M*'/" for any t > 0.

Let t = 0 + kn for some integer k and § € [0,n]. Then |T(t)| =
| T(8)T(n)k| < MM* < MMY" = Mevt.

Notation: Write A € G(M,w). For M =1 and w = 0,4 € G(1,0)
is the infinitesimal generator of the contraction semigroup: |T'(t)x —
T(t)y| < |z —yl.

Theorem 2.2 Let T(t) be a Cy semigroup and let A be its infinitesimal
generator. Then

1. Forxz e X,
t+h
lim — T(s)xds =T(t)z.
Lim - t (s)xds (t)x
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2. Forx e X,
t t
/ T(s)xds € D(A) and A </ T(S)l‘dS) =T(t)x — .
0 0
3. If € D(A), then T(t)x € D(A) and

d
Tz = AT(t)e = T(t)Az.

In other words, D(A) is invariant under 7'(¢), and on D(A) at
z(t) = Ax(t)

least, T'(t)xo is a solution of { 20) = .

4. For xz € D(A),
T(t)e — T(s)z = / T(r) Awdr — / AT(7)wdr.

See [Pa]: Theorem 2.4.

Corollary 2.1 A € G(M,w) = D(A) is dense in X and A is a closed
linear operator.

See [Pa]: Corollary 2.5.

Recall: By definition, a linear operator A is closed if and only if A
has a closed graph in X x X. That is, Gr(A) = {(z,y) € X x X|z €
D(A),y = Az} is closed or for any (zn,yn) € Gr(A), if x,, — = and
Yn — Yy, then z € D(A) and y = Ax.

Question: Does there exist a one-to-one relationship between a semi-
group and its infinitesimal generator?

Theorem 2.3 Let T'(t) and S(t) be Cy semigroups on X with infinites-
imal generators A and B, respectively. If A = B, then T(t) = S(t),
i.e., the infinitesimal generator uniquely determines the semigroup on
all of X.

See [Pa]: Theorem 2.6.
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3 Generators

3.1 Introduction to Generation Theorems

How do we tell when an operator A, derived from a PDE (recall Exam-
ple 1: the heat equation), is actually a generator of a Cj semigroup?
This is important, because it leads to the idea of well-posedness and
continuous dependence of solutions for an IBVPDE.

Well-posedness of a PDE is equivalent to saying that a unique so-
lution exists in some sense and is continuous with respect to data. In
other words,

{ i(t) = Ax(t)+ F(t)
$(O) = o,

is satisfied in some sense and the corresponding semigroup generated
solution z(t) = T'(t)xo + fg T(t — s)F(s)ds, yields the map (zg, F') —
x(;xo, F'), that is then continuous in some sense (depending on the
spaces used).

Probably the best-known generation theorem is the Hille-Yosida
theorem. First, however, we review resolvents. In the study of Cp-
semigroups, one frequently encounters the operators AI — A, for A € C
(also denoted by A — A), and their inverse Ry(A) = (A — A)~!. Here
C is the field of complex scalars. For a linear operator A in X, we
denote the resolvent set by p(A) = {A € C|\ — A has range R(A — A)
dense in X and A — A has a continuous inverse on R(A — A)}. We
recall that any continuous densely defined linear operator in X can
be extended continuously to all of X. For A € p(A), we denote the
resolvent operator in £(X) by Ry(A) = (A— A)~L. The spectrum o(A)
of a linear operator A is the complement in C of the resolvent set p(A).

3.2 H:ille-Yosida Theorems

We discuss first what are probably the most well-known and perhaps
most basic generation theorems that can be found in numerous other
texts including [HP, Pa, Sh, T].

Theorem 3.1 (Hille-Yosida) For M > 1,w € R, we have A €
G(M,w) if and only if

1. A is closed and densely defined (i.e., A closed and D(A) = X).

25
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2. For real A > w, we have X € p(A) and R)(A) satisfies

M

|R>\(A)n| < mv

n=12,....

Note: The equivalent version of Hille-Yosida in [Pa] is stated dif-
ferently:
Theorem 3.2 (Hille - Yosida) A € G(1,0) <—

1. A is closed and densely defined.

2. R* C p(A) and for every A > 0, |R\(A)| < 5.
See [Pa, Theorem 3.1]

Homework Exercises

e Ex. 5:

a) Study the proof of Theorem 3.1 in [Pa] and read Section 1.3
carefully.

b) Show that the version of Hille-Yosida in [Pa] is completely
equivalent to the version stated previously. (Hint: This is
not an exercise in proving Hille- Yosida. It is an exercise in
comparing A € G(M,w) and A € G(1,0) with regard to
exponential rates and norms.)

3.3 Results from the Hille- Yosida Proof
Results from the Necessity Portion of the Proof

Out of the necessity portion of the proof of Hille-Yosida we find the
representation:

oo

Ry(A)x = R\, A)z = / e MT(t)zdt forze X, A>w
0

This says that the Laplace transform of the semigroup is the resolvent

operator.

We might ask the question: can we recover the semigroup 7'(t) from
the resolvent Ry (A) through some kind of inverse Laplace transform?
The answer is yes! (see [Pa, p. 29-32],[DS, p. 646]) although we will
not need or present these interesting results in this book.
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Homework Exercises

e Ex. 6 : Show that the heat equation operator of Example 1 gen-
erates a Cp semigroup in X = Ly(0,1).
(That is, show that Ap = (D(§)¢'(§)) on D(A) = {p €
H?(0,1)|¢(0) = 0,¢'(I) = 0} is the infinitesimal generator of a
Cy semigroup in X.)
Note: If you want to, you can take D(§) = D constant for this
exercise.

Results from the Sufficiency Portion of the Proof

In the sufficiency proof of Hille-Yosida, we encounter the Yosida ap-
proximation:
For A > w,

Ay = MR (A) = MR\ (A) — AL

From this definition, we can see that Ay is bounded and defined on all
of X. To see the above relationship, note that

AR (A) = A[(A — M)Ry(A) + ARy (A))].

We also find that for A satisfying the hypothesis of Hille- Yosida, we
have
Alim Ayz = Ax for all x € D(A).
—00

This says that for large A, A) acts like A. Moreover, under this hy-
pothesis, Ay is the infinitesimal generator of the uniformly continuous
semigroup of contraction operators : e!4x. Then we can argue that
T(t)x = AlLHOlO etrg, for all z € X, is the desired semigroup that A

generates. (The proof is constructive.) See Corollary 3.5 in [Pa].

3.4 Corollaries to Hille-Yosida

Corollary 3.1 Let A be the infinitesimal generator of a Cy semigroup
in X, and Ay be the Yosida approximation, then

T(t)z = lim ez forallz € X.

A—00
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Corollary 3.2 If A is the infinitesimal generator of a Cy semigroup
in X, then we actually have {\ € C|ReX > w} C p(A) and for such A

M

‘RA(A)H| < m~

Corollary 3.3 A € G(M,w) implies D(A) is dense in X, and more-
o0

over, we find (| D(A™) is also dense in X.
n=1

3.5 Lumer-Phillips and Dissipative Operators

While the Hille-Yosida results above are classical and well known, in
numerous applications there are other generation theorems and subse-
quent corollaries that are more easily used. These require the underly-
ing system be described by a dissipative operator.

Definition 3.1 Let X be a Hilbert space. Then a linear operator
A:D(A) C X — X is dissipative if

Re (Az,xz) <0 for all z € D(A).

Theorem 3.3 A linear operator A is dissipative if and only if (A —
A)z| > Az| for all x € D(A) and XA > 0.

This result yields that for dissipative operators we have Al — A
is continuously invertible on R(A — A) when A > 0. Thus, A >
0 implies A € p(A) whenever R(A — A) is dense in X.

Theorem 3.4 (Lumer-Phillips) Suppose A is a linear operator in a
Hilbert space X.

1. If A is densely defined, A— wl is dissipative for some real w, and
RN — A) = X for some Ao with Re Ao > w, then A € G(1,w).

2. If A € G(1,w), then A is densely defined, A — wl is dissipative
and R(Ag — A) = X for all \g with Re \g > w.
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Proof of Theorem 3.3

A is dissipative means Re (Az,z) <0 for all x € D(A). This implies
Re(—Axz,z) > 0. So we have:

(A= Azllz] = (A= A)z,z)|
> Re((A—A)z,z)
> Nz, z)
= Az

Conversely, suppose |(A — A)x| > A|z| for all x € D(A) and A > 0. Let
x € D(A). Define yy = (A — A)z and z) = é—;' Then we have |z)| =1
and

Alz|

IN

(A — A)z]

(A= Az, z))

ARe(z, z)) — Re(Ax, z)) (3.1)
Alz[|za] — Re(Awz, z5)

Az| — Re(Azx, zy).

IAN I

This implies
Re(Az, zy) <0. (3.2)

We always have the relationship

—Re(Ax, z)) < |Az|. (3.3)

Combining equations (3.1) and (3.3), we obtain

A z| ARe(z, z)) — Re(Ax, z))

<
< ARe(z, z)) + |Az|. (3.4)
Rearranging equation (3.4), we have

ARe(x, z)) > A|z| — |Az]

or

1
Re(x, z)) > |z| — X|Aac| (3.5)
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Observe that we have |z)] = 1 for A > 0. As we shall see below in
Chapter 4, this implies that for some subsequence {z, } and some {2}
with |Z| < 1, we have (z),,z) — (Z,z) as A, — oo for all z € X.
This is called weak convergence and is denoted by z), — Z. (Note:
The norm is weakly lower semi-continuous; therefore, z), — Z implies
1Z| = ]vveakliinzm < lim|zy,| = 1. This is discussed in detail in

Section 4.2.)
Taking the limit of equation (3.2), we obtain

Re(Az,z) < 0. (3.6)
Similarly, taking the limit of equation (3.5), we have

Re(z, z) > |z|. (3.7)

Thus because |Z| < 1 we can make the arguments

Re(x, 2)
|(z, )]
|z||2]
||.

||

VA VAR VANRVAN

Therefore, we actually have the equality

Re(z,2) = [(z,2)| = (z, 2) = |«]. (3-8)
Define # = Z|z|; then (2,%) = |z[* by (3.8) as (z,2) =
|z| implies (z, Z|x|) = |z|(x, Z) = |z|?. From equation (3.6),
Re(Az,2) < 0
which implies
Re(Az, Z|z|) <0
or
Re(Az,z) <0. (3.9)
We also have |Z| < |z| because |Z| = |Z||z| < |z|.
We claim that £ = z. If this is true, then (3.9) would imply

Re(Az,z) < 0 forall z € D(A) and we are finished. We need the
following lemma to prove this.
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Lemma 3.1 (Duality Set Lemma) Let x € X be arbitrary in a Hilbert
space X and ¥ € X such that (¥,z) = |z|? and |%| < |z|; then ¥ = .

Proof

(x —Z,x — )

‘$|2 - (.f,],‘> - <ja:1:> + |i’2
|z|* = |z|* = |z|* + |=|?

0

Therefore, |z — | = 0 and x = 7; i.e., in a Hilbert space, F'(z) = {z},
where for x € X, the duality set F\(x) C X* is given by F(z) = {z* €
X|(w,2%) = |al? = |2*[2}.

As we shall see below, for a general Banach space X, the duality set
is a subset of the dual space X*. Because Hilbert spaces are self-dual,
in a Hilbert space X the concept reduces to one involving subsets of
the Hilbert space X itself.

A 1IN

Definition 3.2 Let X be a Hilbert space with A : D(A) C X —» X
with D(A) dense in X. Then the adjoint of A, denoted A*, is defined
by

D(A*) = {y e X| there exists w € X satisfying (Ax,y)
= (z,w) for all z € D(A)}

and
A%y = w.

Corollary 3.4 (to Lumer-Phillips) Let X be a Hilbert space and A :
D(A) C X — X with D(A) dense and A closed in X. If both A and A*
are dissipative, then A is an infinitesimal generator of a Cy semigroup
of contractions on X.

Proof By Lumer-Phillips, it suffices to argue that R(A — A) = X for
some A\ > 0.
Take A =1:

Recall that in a Hilbert space we have

(Az,y) = (z, A%y) for x € D(A),y € D(A").
But by assumption A is dissipative and closed, which means

{(z, Az)|x € D(A)} is closed in X x X.
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Therefore, R(I — A) is a closed subspace of X.

Claim: R(I — A) = X.
Suppose R(I — A) # X. Then by the Hahn-Banach theorem in a
Hilbert space, there exists £ € X, & # 0, such that

(Z,(I —A)x)=0.
In other words

(Z,z) = (T, Az) for all x € D(A).

Therefore
T € D(A*) and (A%, x) = (T, x),

or

(x —A*Z,z) =0 for all x € D(A).
However, D(A) is dense, which implies

- A7 =0or 7= A" (3.10)

By assumption, A* is also dissipative. Therefore

|(I — A")Z| > |Z| for all z € D(A"). (3.11)
Combining (3.10) and (3.11) we have

@ < @A
@ < e
1Z < o

This is a contradiction since & # 0. Therefore, R( — A) = X.

Theorem 3.5 In a Hilbert space X, if A is dissipative and R(A—A) =
X for some X\ > 0, then A is densely defined.

See [Pa, Theorem 4.6].
Note: This also holds in a reflexive Banach space (more on this later).
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Important Practical Results:

1. In a Hilbert space, we only need A to be dissipative and
R(M —A) = X for some A > 0 in order to use the Lumer-Phillips

theorem.

2. In a real Hilbert space (such as real Ly(0,[)), we can get by with
(Az,z) < 0.

Lemma 3.2 (A Practical Lemma) Let X be a complex Hilbert space
and suppose that for u € D(A), Au is real whenever u is real (for
example, an operator A coming from a PDE defined by real coefficients),
then A is dissipative, i.e.,

Re(Az,x) <0 for all x € D(A)
if and only if
(Au,uy <0  for all real valued u € D(A).

Proof:
We have for x = u + iv, with u, v, real:

(Az,z) = (A(u+1iv),u+iv)
= (Au,u) + (Av,v) + i[(Av,u) — (Au,v)).

We want to argue that (Av,u) — (Au,v) is real; however, for any com-
plex Hilbert space we have the polarization identity (GP, p. 168]
1 2., 2 ;12 2
(u,v) = Z{\u +vl* +ilu+ | —iu —iv]* — |u—v|“}.
But if v and v are real-valued we have |u + iv| = |u — iv| and hence
1 2 2
{u,0) = J{lu+ 0" = lu—vl"}

(note that this is the polarization identity in a real Hilbert space) which
is real valued. Since u and v are real, then by assumption Au and Av

are real. Therefore, (Av,u) — (Au,v) is real-valued and hence

Re (Az,z) = (Au,u) + (Av,v).



34 A Functional Analysis Framework

Thus to have Re (Az,x) <0, it suffices to argue
(Au,u) <0 for all real valued u in D(A).

Remark: Any Banach space is a Hilbert space if and only if the
parallelogram law

2 +y|* + |z — y|* = 2Jz* + 2[y[?

holds. If this holds in a Banach space, the polarization identity can be
used to define a norm compatible inner product.

To illustrate the use of the Lumer-Phillips theorem, we return to
some of the previous examples.

3.6 Examples Using Lumer-Phillips Theorem

3.6.1 Return to Example 1: The Heat Equation

We return to the heat diffusion example where we found the PDE

D9 = 5 (DO ) + 0.0

dy
¢

gave rise to an operator A in X = L9(0,1) given by

y(t,0) =0, D()==(t,1)=0

D(A) = {p € H*(0,1)|(D¢') € L2(0,1),0(0) = 0, (1) = 0},
and
Ap = (D).

Remark: Notice that if D is smooth, we have
D(A) = {» € H*(0,1)](0) = 0,'(1) = 0}.

In view of the remarks following the Lumer-Phillips theorem, to
show that A generates a Cj semigroup in X, it suffices to show that A
is dissipative and that R(A — A) = X; i.e. (A—A)D(A) = X for some
A > 0.
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We have for ¢ € D(A), ¢ real-valued:

(Ap,0) = ((D¢'), )
Jo(De'Y'

= —(D¢,¢) + D¢y}
_fol D(SO,)Q

0

IA I

for D > 0 (a natural assumption since D is the coefficient of thermal
diffusion).

To argue that R(A — A) = L2(0,1) for some A > 0, we note that
this is equivalent to arguing that for some A > 0, the boundary value
problem

Ap— (D) =y, 0<z<l,

@(0) =0, SO/U) =0,
has a solution ¢ € H?(0,1) for any 1 € L2(0,1). But one can answer
this latter question in the affirmative (assuming D > 0 is sufficiently
regular, e.g., D € W) using classical Sturm-Liouville theory. (See

[BR, CH, D, S].) Thus, we readily see that A is a densely-defined

generator of a Cjy solution semigroup for the system above.

Homework Exercises

e Ex. 7 : Consider the general transport example, Example 2, and
show that it generates a C{ semigroup.

3.6.2 Return to Example 2: The General Transport
Equation

We next reconsider the population model given by

9y 0 0 Ay
W06+ 5 (1.6 - g(ms) 10 5)) (L, 6)
y(t,0) = 0, [D(g) D9 - <fs>y<t,5>} _o.
¢=l

The corresponding operator equation in X = Ly(0,1) is in terms of the
operator A given by

D(A) =
{p € H*(0,1) [(D¢') — (vp)' € L2(0,1),(0) = 0, [Dy’ — vep] (1)

=0}
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Ap = (D¢') = (vp) — pep.

Again we show that A is dissipative in Ly(0,1) (actually we shall argue
that a translation of A is dissipative). For real valued ¢ € D(A), we
have

(Ap, ) = (D' —vp), ) — (up, @),
= —((D¢' —vp), ¢y + (D' —vo)elh — (p, ),

= —(D¢',¢') — (up, ) + (v, ¢').

Hence, using ab = \/%a\/ib < 4%&2 + eb?, we find
(Ap,0) < —(D¢',¢') — (o, 0) + £lvel + el¢'|?
1/2
= ((=D+e)¢,¢) +((—p+L)e, )

< Ey)?

for e sufficiently small so that D(§) > e and k chosen so that —4ep +
v2(€) < k. Thus, we have that A — (ﬁ)] is dissipative in L2(0,1).

The range statement R(A+ 4% —A) = X again reduces to a question
for Sturm-Liouville problems. For any ¢ € Ly(0,1), we seek an Ly(0,1)
solution of

k
A+ -+ e+ ve) = (DY) = v, 0<E<,

p(0) =0, [D¢' —ve](l) =0.
For sufficiently large A, the Sturm-Liouville theory guarantees existence
of solutions. Thus A— ﬁ is the generator of a Cy-semigroup S(t) so that

T(t) = eic!S (t) is the solution semigroup generated by A (this follows
from the translation properties of differential equation solutions and
Theorem 2.2.

3.6.3 Return to Example 3: Delay Systems

We return to the delay system equation of Example 3 which is a special
case of more general vector delay systems. We consider the Cauchy
problem
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2(t) = L(zt), (2(0),20) = (no, ¢o), (3.12)
where 2z:(§) = 2(t + &), £ € [-,0] and
m 0
L(z) =Y At —m) + [ K(€)z(t+§)d,
i=0 -r
where 0 = 719 < 74 < ... < 7, = r, and A; and K(§) are n X n

matrices. For general functions ¢ € C(—r,0;R"), the mapping L(-) :
C(—7r,0;R™) — R™ has the form

m 0
L(¢) = Aip(-mi) + [ K(&)(&)de. (3.13)
i=0 -
We note that L is only defined for functions ¢ for which point-
wise evaluation is meaningful, for example, for ¢ € C(—r,0;R") C
Lo(—r,0;R™), even though we will consider solutions in the Hilbert
space R"™ x Lo(—r,0; R™).
Let 2(t) = (2(t), 2¢) € X, X = R"x Ly(—r,0; R™), where the Hilbert
space X has the inner product

0
<0:0).(C8) mxm<nCore [ <) e de. (314)
Define A : D(A) € X — X, where D(A) = {¢ = (6(0),¢) €

X|¢ € H'(—r,0;R")}, which is dense in X. Then A¢p = A(¢(0), ¢) =

(L(¢), ') for ¢ = (¢(0),¢) € D(A). We use Lumer-Phillips to show

that A4 is an infinitesimal generator of the Cy semigroup S(t) where

S(t)(n,¢) = (2(t), z) for solutions of (3.12). We do this in a space X,

that is topologically equivalent to X, so that we have the semigroup

on X as well as on Xj.

First, we show that A is dissipative in a space topologically equiv-
alent to X. Renorm X by the weighting function g defined on [—r, 0],
where g(§) = j for € € [—=Tm—jt+1, —Tm—j), J = 1,2,...,m. Define the
Hilbert space Xy = R™ x La(—r,0; g; R™) to be the elements of X with
this new inner product

0

< (16), (C,9) >x,=< 1, >ro + / < B(E), () >pn g(E)de.
(3.15)
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This gives rise to an equivalent topology to that of X as long as
g(&) > O forall & € [-,0] (see [BBu2, p. 186], [BKapl, Webb] for
more details). Then A is dissipative if

< Az,z >x, < wlzly, (3.16)
for all x € D(A) where x = (¢(0), ). To show this, we argue
<A3§‘,l‘> = ( (¢) ¢/)7(¢( )>¢)>
= ( );(0) >rn + < ¢, >1,(—r0,g:R7)
0

= < ZAM)(*T@') + [ K(§o(§)dE, ¢(0) >rn(3.17)
i=0

T

0
+ / < $(€).$(6) >rn 9(E)dE

0

= <2Ai¢(—n)+ | K(§)P(8)de, $(0) >rr(3.18)

—Tm—j

+Z/ £), (&) >rn g(§)dE.  (3.19)

Tm—j+1

Consider the last term and denote ¢y,—; = ¢(—Tpm—;)

NE

[ <0000 2 g6

1Y —
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1 , 1 2 1.0
= §m\¢0’ 3 21 |pm—j]° — §|¢m|
‘7:
1 1 m—1
= imWo’Q —3 > bmjl?
=0

1
T |2—f2|¢m i

Returning to (3.19), we have for =z = (¢(0), ¢),

0

<Az,z>x, < Z\Ai\r¢ir\¢or+< | K(©)0(€)dg, (0) >n
S LS
7=0
"1
< 3 (uiiont + W)H K(€)0(6)de]|6(0)]
i=0 -
+m“1¢o|2—f2\¢m_j|2
7=0
1 & 1 & 0
= 2 lAlPI6ol® + 5 > 1P +1 | K (€)o(€)de]|(0)]
i=0 i=0 -r
T Lol = 23 1omsl?
j=0
1 & 1 1
< (221&\2 mx )W 5 K2, 1617, + 510(0)
1=0
1 & m+1 1 1
< (2;;’Ai‘2+2+2+2|K‘L2> |1:’X
< wlzlk
< wlalk,,

using the definition of the inner product and the parallelogram identity;
therefore choosing
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IS o m Lo
W= 2;VM +5+1+§|K’L2»

we have that A is dissipative in X,.

To use Lumer-Phillips, it only remains to be shown that for some
A > 0, given any ¢ = ((0),¢) € X, (A — A)¢ = v, can be solved
for some ¢ = (¢(0),¢) € D(A). This is equivalent to solving A¢(0) —
L(¢) = 9(0) and A\¢p — ¢/ =9 on [—r,0). But this follows immediately
from [BBu2, Lemma 3.3, p. 178].

3.6.4 Return to Example 4: Maxwell’s Equations

We return to the Maxwell’s equation in Example 4; specifically we con-
sider the special case of (1.20). For our abstract operator formulation,
we considered (1.20) in the state space X =V x H x W = HL(Q2) x
Ly(Q) x Lo(—7,0;g; H) with states (¢,,n) = (E(t), E(t),w(t)) =
(E(t),E(t), E(t) — E(t +-)). To define an infinitesimal generator, we
began by defining a fundamental set of component operators. First we
formally defined A € L(V,V*) by (see (1.21))

Ap=c2¢" — (B+ g11)¢ + ¢ (0)dg (3.20)
where Jg is the Dirac operator dp1p = 1(0). More precisely, this means

(—Ag, Py = (=Ad) () = (¢, )y + (B + g11)d, ¥)n  (3.21)

so that it is readily seen that 61 : V x V +— C defined by

61(¢,1) = (—=Ad, )= v (3.22)

is symmetric, V' continuous (there is a v such that |o(¢,v)| < v|é||v];

this will be discussed in more detail later in Section 5), and satisfies

61(¢, ) > c1]9|3 — Xo|p|%; for constants Ag and ¢; > 0 (as we shall see

below this is the defining property of V-coercive sesquilinear forms).
We also defined operators B € £(V,V*) and K e L(W, H) by

B¢ = —v¢ — c$(0)do, (3.23)

so that
(=B¢,Y)yv=v = (v¢,¢)m + cp(0)y(0) (3.24)
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and, for n € W = L%(—r,0;3; H),

Kn(z) = / 0 GomE, z)de  for zeQ. (3.25)
We introduced another operator
C:DC)CW—W
defined on D(C) = {n € H*(—r,0; H)|n(0) = 0} by

Cn(o) = (o).

We then obtained the first-order system for x(t) given by

z(t) = Az(t) + F(t), (3.26)
where A is given by
0 I 0
A=| A B K
0o I C

and
D(A) = {(¢.1,m) € X|v: € Vi € D(C), A+ By € H |,

that is, A® = (¢, A¢ + By + Kn,vp + Cn) for ® = (¢,4,n). The
forcing function F in (3.26) is given by F = (0,7,0). To argue that A4
is the infinitesimal generator of a Cy-semigroup, we actually consider
the system (3.26) in an equivalent space X1 = Vi x H x W, where V;
is the space V with equivalent inner product (¢1, ¢2)v, = 61(p1, d2),
where 61 is the sesquilinear form given in (3.22). Observe that o1
is symmetric, V' continuous and V' coercive so that it is topologically
equivalent to the V inner product.

To carry out the proof that A is a generator of a Cy semigroup,
we again use the Lumer-Phillips theorem. To make the arguments we
need some minimal assumptions on the kernels g. In particular, we
assume that § > 0 and § > 0. We note that since j(s) = §(—s), we
have that the Debye polarization model (1.15), for example, satisfies
the positivity assumption on g as well as the monotonicity assumption
g=>0.
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Since X, is a Hilbert space, it suffices to argue that for some g,
A—MNoI is dissipative in X; and R(A —.A) = X for some A > 0, where
R(M — A) is the range of \I — A. We first argue dissipativeness.

Let ® = (¢,¢,n) € D(A). Then

(AD,®)x, = (¥, O, + (Ap+ By + Kn, ¥)u + (¥ + Cn,n)w

= (), ), + (Ad+ By, )y v + (K0, ) + (¥ + Cn,n)w
= 61(¢,¢) — 61(¢, %) + (B, ) + (K, ) g + (% + Oy nw

—(7, b — el (0)* + (Kn ) + (¥ + Cnmhw
< ool + [{Kn, ) | + 14 + Cnpymhw |-

We consider estimates for the last two terms in (3.27) separately.
From (3.25) we have

0

(B o)l = ' [ 30)00). ymas

-r

IN

0
/ 3(0)0(60)| 1| 10

T

IN

0
3 GO )+ 10l ao

ki |nlly + kolv|F-

IN

Moreover,

0
W mhw| < / 3(0)| (. 17(0)) |0

-r

IN

[ a0 {51t + 3o}

-r

k|3 + kalnliy-

IN

Finally, since § > 0,§ > 0, and n € D(C) requires 7(0) = 0, we may

(3.27)
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argue

0
Cnmyw = / 3(0)(Cn(0), n(0))

0
= 9(0)5nO)F = a(=r)5 (=)l - 2/ 9(0)In(0)[7do
< 0.

By combining these estimates with (3.27), we obtain

(AP, @)x, < |Ylool¥F + (k1 + ka)[nlfy + (k2 + ks)||%
< )\O‘q)lg(lv

for ® € D(.A) and this yields the desired dissipativeness in Xj.

We next consider the range statement for which we must argue
there exists some A > 0 such that for any given ¥ = (u,v,§) in X,
there exists ® in D(.A) satisfying

M—-A)P =T
Given the definition of A, this is equivalent to the system
A -t =
—Ap+(A—=B)y—Kn = v, (3.28)
—p+A=C)n = ¢
for (¢,¢,n) € D(A), (u,v,&) € X =V x H x W. The first equation
is the same as ¥ = A¢ — p while the third can be written as n =
A=C)"HE+v) = (A=C)"H(€+Ap—p). These two equations can be
substituted in the second to obtain an equation for ¢. If this equation

can be solved for ¢ € V, then the first and third can be solved for 1)
and 7, respectively. The equation for ¢ that must be solved is given by

—Ap+A=B)Ap—p) = KA =C) €+ A —p) = v

MN_AB-A-KMA-0)" "\ ¢=N-Bu+v+KAN-C)"He—p).
(3.29)



44 A Functional Analysis Framework

If we can invert (3.29) for ¢ € V, then ¢y = \¢p — p is in V, n =
A= C)Hé+ Ap — ] is in D(C) C W, and

Ap+Byp = Nop—I—v—KA—C)"H e+ p—p)
= M) —v—Knp

is in H so that (¢,,n) is in D(A) and solves (3.28).

Thus the range statement reduces to solving (3.29) for ¢ € V. This
in turn reduces to invertibility of the operator \> — A\B — A-K (A —
)~

g We first observe that (A—C)~! = (1—e*?) /A since (A\—C)(1—e??) =
A while n(0) = %[5—1—)@—#] satisfies 7(0) = 0 and hence is in D(C).
Thus, for ¢ € H, K(A — C) 1\ satisfies

0
RA-Moohn = [ 3000 -)(0,0)uds

T

ks |83

IN

and

(A =AB)¢, d)vy = (A2 + A7)¢ + Ach(0)do, p)v+,v
= (N4 A)¢, &) + Acp(0)[?
ke|p|3; for A sufficiently large.

Y

Hence for X sufficiently large we have

(A =AB—A- A(A C) N, B)ve v

(A2 = AB)$, ¢)v+v + 61(¢,0) — (K(A — D)\, p)
ke|dl3; + 1o} — XololF; — ksl

CWV (kG_/\O_k5)‘¢|H

v

Thus if we define the sesquilinear form (this will be explained carefully
in Section 5.4 below but we shall go ahead and complete the arguments
here and refer readers to Sections 5.4-5.6)

oA(,9) = (A2 =AB—A— K\ —C)"'\)¢, )y v,

we see that for A sufficiently large, oy is V coercive and hence, by
the Lax-Milgram lemma (see [W] as well as Sections 5.5 and 5.6), it
is invertible. It follows immediately that (3.29) is invertible for ¢ €
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V. This completes the arguments to prove that A is the infinitesimal
generator of a Cy semigroup.

Let S(t) denote the semigroup generated by A so that solutions to
(3.26) are given by

x(t) = S(t)xo + /Ot S(t — s)F(s)ds. (3.30)

We note that solutions are clearly continuously dependent on initial
data xg and the nonhomogeneous perturbation F (this will be of inter-
est in later discussions). The first component of z(t) is a solution E(t)
of (1.20).
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4 Adjoint Operators and Dual Spaces

4.1 Adjoint Operators

Recall that A* : D(A*) C X — X is defined in Definition 3.2 and we
required that A be densely defined in X. We argue that this defines
A* uniquely if D(A) is dense in X. To show this, suppose there exist
wy and wsy such that

(Az,y) = (z,w1) for all z € D(A)
and

(Az,y) = (z,we)  for all x € D(A).
Then,

(x,w; —we) =0 for all z € D(A).

If D(A) is dense in X, then w; — wy must equal zero. (To see this
take {z,,} in D(A) such that x,, — w; — wy and then take the limit in
(T, w1 —wz) = 0 to obtain |w; — we| = 0.) Therefore, w; = ws, and
the adjoint of A is uniquely defined.

4.1.1 Computation of A*: An Example from the
Heat Equation

The computation of A* can be easy or impossible. Let X = Ls(0,1),
then the operator A from the heat equation is defined by

Ap = (D¢')
D(A) = {p € H*(0,1) | (D¢')' € Ly(0,1), ©(0) = ¢'(I) = 0}.

Note that this makes more precise the statement “D is smooth” in
Section 1.3. For ¢ € D(A), D real, and ¢ € Ly(0,1) = X, we have

(Ap,¥) = [I(D)y

= — LD + DYl
It (DY — oDy + D'l
(0, (DY')) — D' |l + D'
= (p,w) forall p € D(A)

47
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if and only if ¢/(1) = 0 and ¢(0) = 0. (We must, of course, have
Y € H?(0,1) and (Dy')" € Lo(0,1) to carry out the operations.) Hence

D(A*) = {¢ € H*(0,1) | (DY')" € L2(0,1), 9(0) = ¢'(1) = 0}.

and

A*'l/} — (Dw/)/
Therefore A = A*, D(A) = D(A*), and hence A is a self-adjoint oper-
ator.

Further examples involving computation of adjoints will be give in
Section 4.6 below.

4.1.2 Self-Adjoint Operators and Dissipativeness
For self-adjoint linear operators, if ¢ € D(A) = D(A*), we have

Re (Ap, @) = Re (p, A"p) = Re (A%, p).

Therefore, whenever A is self-adjoint, A is dissipative if and only if
A* is dissipative. Thus, for any closed, densely-defined, dissipative
self-adjoint operator in X, both A and A* are infinitesimal genera-
tors (see Corollary 5 to the Lumer-Phillips theorem) of Cy semigroups
T(t) ~ e and S(t) ~ eA"t. From a fundamental Hilbert space result,
given below, we know that S(t) = T(¢)*.

Theorem 4.1 If A is an infinitesimal generator of a Cy semigroup

T(t) on a Hilbert space X, then T(t)* = S(t) is a Cy semigroup on X
with infinitesimal generator A*.

Homework Exercise

e Ex. 8 (Project 1): Consider D(A*) in a Hilbert space X where A
is densely defined in X.

— (a) What can you say about D(A*) with respect to closed,
dense, nonempty, all in X, relationship between A~! and
(A*)~! when they exist, and symmetric versus self-adjoint
for the operator A?

— (b) Reconsider all the same questions in a Banach space
X (Note: In a Banach space D(A*) C X*) after studying
Sections 4.4 and 4.5 below.
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Give complete examples and counter examples. Also, give com-
plete references.

For relevant material, see [DS, HP, K, RN, Y].

4.2 Dual Spaces and Strong, Weak, and Weak* Topolo-
gies

Before discussing dissipative operators in a Banach space X, we must
discuss topological dual spaces X*. We talk about strong, weak, and
weak*® topologies in a Banach space X. For relevant material, see
DS, K, Y].

Let X be a Banach space. Then recall that X*, called the dual space
or “topological” dual space, is a Banach space whenever X is a normed
linear space and the scalar field is complete. It was defined as the
Banach space of continuous conjugate or anti-linear functionals on X,
where a conjugate linear functional satisfies f(axz+8y) = af(z)+5f(y)
for all x,y € X and scalars «, 8. Again recall that elements of X* are

denoted by x* where |z*|, = sup |z*(x)|, with | - |« denoting the norm
|lz|<1
in X*. This of course gives rise to a strong or normed topology of X*.
If X is a complex Hilbert space, then we have the Riesz theorem.

Theorem 4.2 (Riesz theorem)[K, p.253],[Sh, p.16] If X is a Hilbert
space, then for every f € X*, there is a corresponding f € X such that

fla) = ([, )
and

flax + By) = (f,azx + By) = a(f, =) + B(f,y)
forallx € X.

One can use this theorem to prove that X =2 X*. The reader
should compare this version of the Riesz theorem with the more usual
version of the Riesz theorem when X* is defined as linear (as opposed
to conjugate linear or anti-linear) continuous functionals (e.g., see [Y,
p.90],[NS, p.345]). Of course, if the scalar field F is the real numbers
R, then these are exactly the same.
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Definition 4.1 Weak convergence of a sequence {z,} C X, z,, — z,
is defined by

xn — x if and only if 2*(x,) — z*(x) for all 2" € X*.
We write r = wlim z,,.

Definition 4.2 X is said to be weakly sequentially complete if and
only if every weakly Cauchy sequence ({x,} such that =, —z,, — 0 as
n,m — o) in X converges weakly to an element x € X.

Result 4.1 There are a number of useful results related to weak con-
vergence.

1. Weak limits are unique.

To see this, suppose x, — x and x, — y, then x*(z) = z*(y),
i.e, o*(x —y) = 0 for all x* € X*. However, the Hahn-Banach
theorem says if z # 0, then there exists an z* € X* such that
x*(z) # 0. Therefore, x = y.

2. (a) x, — x implies T, — x, but the converse is not true.

(b) x, — x implies {x,} is bounded in X and |w lim x,| =
|z| < lim inf |z,|. Note: This says that the norm |- | in X
is weakly lower semi-continuous. Recall if f is continuous,
then |f(x) — f(xo)] < € or f(xg) —e < f(x) < f(zo) + €
for x mear xo . Lower semi-continuous means we just have
f(zo) — € < f(x) for x sufficiently near xo or equivalently
liminf, ., f(z) > (x0). This has important applications in
optimization (see the remark below).

(c) xn, — x if and only if x*(xy,) converges uniformly for |x*|, <
1.

Remark: Application of Semi-continuity in Optimization
Weak lower semi-continuity plays a fundamental role in many op-
timization settings. Suppose we are in a Hilbert space X and we
want to minimize a function J(z) over K C X. Further suppose we
have a minimizing sequence {x,} such that J(x,) l}g[f{ J(x) and

{z,,} is bounded, i.e., |x,| < M. As we shall see below, bounded
sequences possess weakly convergent subsequences. Therefore we can
choose a subsequence converging weakly, i.e., z,, — z. If J is weakly
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lower semi-continuous, then we have J(wlim z,,) < lim inf J(z,,)
or J(z) < in}f{ J(x). Whenever K is weakly sequentially closed, this
re

yields existence of a minimum (not just an infimum) when minimiz-
ing a weakly lower semi-continuous J. These facts are often used in
constructive arguments to develop computational algorithms.

Definition 4.3 Weak convergence generates a topology in X (one can
use generalized sequences or nets to generate this topology) called the
weak topology of X or X* topology of X.

Note: Weakly closed implies strongly closed, but not conversely in
general. However, we do have an important case for which weak and
strong closure are equivalent.

Theorem 4.3 (Mazur - 1933) A conver set E C X is X* closed if
and only if X is closed.

Thus, for convex sets, a set is weakly closed if and only if it is strongly
closed. See [DS] for relevant information.

Definition 4.4 Since X* is a Banach space, we can define its dual,
X**. There is a natural embedding X < X** defined by J : X — X**
where

J(z)(z") = 2" (z)
for all z* € X*.

In general, J(X) C X*, but J(X) # X**.

Definition 4.5 If J(X) = X**, then X is called a reflezive Banach
space.

Result 4.2 The following elementary results can be arqued (again see

[DS, K, T] for details and proofs).
1. Hilbert spaces are reflexive.

2. X s a reflevive Banach space implies X s weakly sequentially
complete.

3. X is a reflexive Banach space if and only if {x € X||z| < 1} is
compact in the weak topology. Therefore, in a reflexive Banach
space, bounded sets are weakly, sequentially pre-compact.
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4. Bounded sets in a Hilbert space are weakly, sequentially pre-
compact. (We have this from Results 1 and 3.)

5. Let X be a Hilbert space. Then
Tp — x and |z,| — |z| implies x, — x.
Conversely,
Tp — x and x, — x implies |z,| — |z|.
Therefore,

Tp — x implies x, — x if and only if |x,| — |z|.

This is easy to see by using

|z, — x|2 = (¢, —z,2y — ) = |:1:n|2 —(zp, ) — (x,20) + |x|2

Definition 4.6 For any Banach space X, X* is itself a Banach space
with norm |- |,; therefore, the weak topology of X* can be defined and
is called the X™** topology.

We can now consider weak convergence in X* which can be character-
ized by

x; — 2" € X* if and only if ™ (z},) — 2™ (¢*) for all z** € X™*.

Definition 4.7 We can put an even weaker topology on X*. We can

define a weak* convergence of {x} C X*, denoted as 2% > z*, by

x ﬁx*zx;(x)%x*(:):) for all x € X.

*
n
(i.e., the pointwise convergence of conjugate linear functionals.) Note
that this is in general a weaker convergence than weak convergence

since J(X) C X** with J(X) # X** in general.

Result 4.3 We have the following results.

wW* . .

1.z} — x* implies |z} | < M.

2.z} — x* in X* implies x}, — x* in X* (i.e., strong convergence
implies weak™ convergence).

The converse does not hold.
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3. If X is a Banach space, then X* is weak* sequentially complete
and the norm |- |, is weak™ lower semi-continuous. In other words,

|w* lim x|, < liminf |z},|«.

. . . w* . .
4. xf — x* in X* implies x}, — x* in X* (i.e., weak convergence
implies weak™ convergence).

The weak™ convergence in X* can be used to define a topology for
X*, called the X topology of X*. In general, the X topology of X* is
weaker than the X™** topology of X*. In other words, in X* we have

strong convergence = weak convergence = weak™ convergence.

However, the converses do not hold.

4.2.1 Summary of Topologies on X and X*

| X | X |
strong strong
weak weak
( X* topology of X) || ( X** topology of X*)
weak *
( X topology of X*)

Important Summary Note:

For any Banach space Y, we can talk about weak convergence,
but we can only talk about weak* convergence in the case that
Y = X* = the dual of some space X !!

A very important theorem can be found in [DS, p. 424], [Royden,
p. 202].

Theorem 4.4 (Alaoglu’s theorem) Let X be a Banach space. Then the
unit ball (closed unit sphere) in X* is compact in the weak™® topology
(i.e., the X topology of X*).

Corollary 4.1 Norm (] -|«) bounded sets in X* are weak* sequentially
compact (i.e., every sequence in the set has a subsequence weak™® con-
verging to a point in X*).
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Result 4.4 We can summarize additional findings that are conse-
quences of the above results.

1. Let J : X — X™** be the natural embedding so that for a reflex-

4.3

ive Banach space, J(X) = X**. Hence we have that the weak
and weak* topologies of X* are the same. To see this we argue

x*(xk) = J(x)(z}) = x(x) and hence

1s weak sense convergence with
™ (z%) = J(2)(2") = 27 ().

Since x} (x) — x*(x) is weak™ convergence, these are thus equiv-
alent.

Conversely, if X is not reflexive, then J(X) # X** and the X
topology of X* is weaker than the X** topology of X*. Thus in a
reflexive Banach space (which includes Hilbert spaces), bounded
sets are weakly sequentially compact. (This is a special case of
Alaoglu’s theorem.)

A Banach space is reflexive if and only if the closed unit ball is
compact in weak topology.

Examples of Spaces and Their Duals

We first consider Ly(0,1) and recall [Royden, p. 130-132]

L;(0,1) = Lyg(0,1), 1<p<oo, 1—1—1:1.

p q
In other words, L is the dual of a space, L] = Lo; however,
we do not have a satisfactory representation for the dual L} of
Lso. In other words, we cannot write L1 as the dual of Ly, or
any other known space. As a result, we can consider the weak™*
topology in L, for 1 < p < oo, but we cannot talk about the
weak* topology in L.

L,(0,T; X) are important spaces because they are very useful in
studying the system #(t) = Az(t) + F(t), 0 <t <T, in X. We
have (to be discussed later—see Chapter 7 and Theorem 7.1)

Ly(0,T; X)* = L,(0,T; X*), 1<p< oc.
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See [E] for relevant details on Banach space valued functions of
time on intervals (0, 7).

e The Banach space of (bounded) continuous functions on [a, b] is
denoted by Cfa, b]. It has a norm defined by |p| = sup |¢(&)] for
£€la.b]
¢ € Cla,b]. A similar definition holds for C(Q) for @) a general
metric space (see [DS, p. 261]) where the notation Cp(Q) is
sometimes used for the bounded continuous functions (if @ is
compact then of course any continuous function is bounded).

e The Banach space of regular bounded additive set functions is
denoted by rbala, b]. Suppose p is a regular set function on Borel
subsets of [a,b]. Then by definition of regular, given a set F' C
[a,b] and € > 0, there exists a closed set E and an open set O
such that E C F C O and u(O — E) < e. Additive means that
for any two Borel subsets A and B contained in [a,b] such that
AN B = (), we have u(AU B) = pu(A) + u(B). Again we note
that one can extend this definition to define rba(Q) for a metric
space @-see [DS, p. 261].

e The Banach space of normalized functions of bounded variation
on an interval [a, b] is denoted by NBV][a, b]. The space BV|a, b]
has a norm |f| = |f(a™)|+ var(f) where var(f) is the total vari-
ation

var(f) = sup Z|f () — fxi1)],
obb]Z 1

where 7[a,b] denotes the partitions of [a,b] and f(at) =
limg, ,q25q) f(¥). Note that var(f) provides a semi-norm
(var(f) = 0 does not imply f = 0) on BV. Moreover BV can
be written as BV, & N where BV, = {f € BV|f(a®™) =0} and N
is the 1-D space of constant functions.

NBV]a, b] is normalized by making f right-continuous at the in-
terior points and f(at) = 0 with |f| = var(f).

Then we have the following theorem from [DS, Chapter IV,
p. 262,337].

Theorem 4.5 The following equivalences hold:
C*[a, b] = rbala,b] = NBV]a, b
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where NBV]a,b] stands for normalized bounded variation func-
tions and rbala,b] stands for regular bounded additive set func-
tions. More generally, C5(Q) =2 rba(Q) for a metric space Q.

Therefore we can consider the weak* topology for NBV|a, b]; how-
ever, C[a,b] is not the dual of another space, and specifically
NBV{a, b]* # Cla,b] (i.e., we do not have satisfactory characteri-
zations: there is no known space X such Cla,b] = X*). Thus we
cannot talk about the weak™ topology in Cla,b] (and of course
Cla, b] is not a reflexive Banach space).

Discussion of NBV|a, b]:

Suppose f € NBV]a,b]; then we can write [Rul, p. 101], [Ru2,
p. 163]

f(@) = fla)+psx) —ng(z)
v(@) = pp() +ng(z),

where pr, ny and v are nondecreasing monotone functions defined
by

pr(x) = sup 3 (f(ai) = flai))*

np(@) = sup » [(f(2i) = f(zi1)) 7|, and

where (1)t and (-)~ are the positive and negative parts of (-),
respectively.  Using the monotone functions py and nyf, one
can generate (positive) Lebesgue-Stieltjes measures p, ; and fin,
[DS, Hal, HeSt, McS, Rul, Ru2, Smir| and subsequently a signed
measure

Hf = Hpp — Bng,

where 5 is regular. From the above theorem we have C*[a, b]
rba(a, b), which means there is a one-to-one correspondence

>~

e,
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given by

a*(p) = / pdp.
We also have C*[a,b] = NBV]a, b], which means we have

" K,

z*(p) = /wduf = /wdf,

where the integrals are Lebesgue-Stieltjes integrals.

given by

e We also need to consider Sobolev spaces, W*P(Q). We note that
WHP(Q) is reflexive for 1 < p < oo and, moreover, H¥(Q) =
WF2(Q) is a Hilbert space. We can define Wéz’p(ﬂ) as Sobolev
spaces with compact support (“functions vanish at the bound-
ary”), or we can think of I/VéC P(Q) as the closure of C§°(Q2) in
WP, We can consider their dual spaces and find

WEPQ) =W FP(Q) 1<p<oo l—i- Lo 1
0 poq
where the negative indices indicate generalized derivatives (for
relevant material, see [Adams, DS]).

4.4 Return to Dissipativeness for General
Banach Spaces

Definition 4.8 Let X be a Banach space and X* be its conjugate
dual. Then

.’L'*(iL') - <x*7x>X*,X
is called the duality product. This is sometimes written as simply (x*, x)
since it is a generalization of the inner product in a Hilbert space.

Indeed, if X is a Hilbert space with X* = X, then (z*, ) x+~ x reduces
to the inner product (z*,z)x in X.

Definition 4.9 For each z in a Banach space X, we define the duality
set F(xz) C X* by

F(z) = {z" € X*| (a*,2) = |2 = [«"[%-}.
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We know F'(x) # ) for each x € X by the Hahn-Banach theorem.

Result 4.5 If X is a Hilbert space, one can show F(x) = {x} under
the usual isomorphism X ~ X*. (This is the Duality Set Lemma,
Lemma 3.1, page 31.)

Definition 4.10 Let A: D(A) C X — X for a Banach space X. Then
A is called dissipative if for every x € D(A) there exists some x* € F(x)
such that S

Re(z*, Ax) <0.

Result 4.6 The theorems stated previously for Hilbert spaces
are still true in a Banach space with the definition of dissipa-
tiveness given above. For discussions of the Lumer-Phillips charac-
terizations, and related results in a Banach space, see [Pa, p. 13-16].
We shall not present these important results here since we do not use
them in subsequent discussions in this book.

4.5 More on Adjoint Operators

We recall that for T € £(X,Y) where X,Y are normed linear spaces,
then 7% € L(Y™, X*) is defined by T*(y*)(x) = y*(T'z) for all z €
X. In general, we do not need to have T' € L(X,Y) for T* to be
defined; however, if we do have T' € L(X,Y), then T* € L(Y*, X™).
We generalize our concept of adjoint operators in a Hilbert space (see
Definition 3.2) to unbounded operators between normed linear spaces.

Let X and Y be normed linear spaces with X* and Y* as their
conjugate duals, respectively. For D(A) dense in X, suppose we have
the operator A : D(A) C X — Y. Then we can define the adjoint
operator A* : D(A*) C Y* — X* with

D(A*) ={y* € Y*| z — y*(Azx) is continuous on D(A)}.

Given y* € Y*, we see that y* € D(A*) if and only if there exists
x* € X* such that y*(Az) = z*(x) for all z € D(A). Therefore, we
define A* by

In other words,
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4.5.1 Adjoint Operator in a Hilbert Space
In a Hilbert space, X* ~ X and Y* ~ Y’; therefore,

<AJ:‘, y>Y = <x7 A*y>X-

4.5.2 Special Case

Theorem 4.6 Let X and Y be reflexive Banach spaces. If T is a
closed linear operator T : X — Y with D(T') dense in X, then D(T™)
is dense in Y*(~Y) and T** =T.

Note: This does not say anything about the relationship between D(T")
and D(T™). As an exercise, the reader should return to Exercise 8(b)
of Section 4.1 and reconsider the questions posed there in the context
of adjoint operators and their domains in Banach spaces.

4.6 Examples of Computing Adjoints

In this series of examples, we illustrate how the domain, and in partic-
ular, boundary conditions, can affect the definition of an operator. In
this case we study operators which are all essentially the operations of
second-order differentiation, i.e., Ap = ", arising in the heat equation
operator of Example 1. As we shall see, the boundary conditions affect
dramatically the nature of the adjoint A*.

We define H2(0,1) = { € H2(0,1)[(0) = ¢(1) = #'(0) = /(1) =
0}.

1. Let H = Ly(0,1) and V = HZ(0,1). We define the operator A
by
A:DA)=VCH-—H
by
Ap =",
In order to define the adjoint operator A*, we need to find, for
each v, an element w such that

(Ap,¥) = (p,w)  forall p € Hg(O, 1).
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Therefore, we may carry out the calculations

(Ap, ) = [} i
= oV el
= [y " — ¥ |E+ 0l

= fol(p¢//+0+0

= <907 ¢II>
which hold if and only if ¢ € H?.
Therefore

D(A*) = H*(0,1)
with

w = A*¢ — ¢/1.
Observe that D(A*) # D(A); therefore, A is not self-adjoint.
However, A* = A on their common domain Hg. Thus we see

that there are boundary conditions which immediately render the
heat operator non-self-adjoint.

. Let H = Ly(0,1), V = HZ(0,1) and recall that V* = H2(0,1) =

{¢|z — [ J5 ¥(t)dtds is in L(0,1)} (see [Adams]). We define
the operator A by

A:H-V*

by }
(Ap) = (o, ") i = (@, ") L,

for ¢ € H and ¢ € V. We claim that A € £(H,V*) and this
shows that differentiation can be bounded (continuous) if the
spaces are chosen in a certain way (it is a standard exercise that
differentiation from Ls — Lo is not bounded). To verify our claim
(since A is clearly linear), we show |Ap|y+ < k|¢|r. We have

[(Ap)(@)] = [, v")]
< elr2[d"| L2
< lelalylv.

Therefore ‘(N )l
Ap) (¢
7\1/1\‘/ <ol
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However -
ol — sup (AW
20 |[Ylv
Thus
| Aply- < |eln

which implies that A € L(H, V*). From this we know A* e
L(V,H). Next we seek to find A* by using the definition

(A*) () = (Ap) () = (p,9")
for ¢ € H. Thus A* is defined on all of V by
A =",
As in the previous example, A is not self-adjoint.

3. Let H = Ly(0,1), V = Hj(0,1) = {p € H'(0,1)]¢(0) = (1) =
0} and define the operator A; by

A :DA)CH—H
where
D(Ay) = H?(0,1) N Hy(0,1)
with
Arp =",

We can argue Ay ¢ L(H) as in a previous assignment (see Ex. 2,
Section 1.3). In order to find the adjoint operator A}, we want
for each 9 to find a w such that

(A19,9) = (p,w) for all ¢ € D(Ay).
However

(A1, ) = foi "
= Jo v — oW + @y}
= Jo o0 +0+ 'Yl

_ fOl 801/)”
if and only if ¢ € H? N H&. Hence

o=
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with

D(A}) = H*(0,1) N Hy (0, 1) = D(Ay).
Thus A; is self-adjoint; however, it is not a bounded linear oper-
ator on H.

4. Let V. = Hj(0,1). Then V* = H~'(0,1). We can define the
operator A; by

Al V=V
with }
(A1) () = —(¢, ¢ ) L,

We argue A; € L(V,V*). The operator is clearly linear so that
to see this we must establish |[Ajp|y+ < k|p|y for some k. We

find -
[(Arp)()] = [{¢', )]
< @2 [Y| 2
< lelvldlv,
and hence for all 1
(0%
However -
|A1$0|V* = sup ’(ANP)W)’
o0 |[Ylv
Therefore B
|[Arplv+ < |l

which yields that A, € £(V,V*). We know that A, € L(V,V*).
Next we would like to find A] which must satisfy
(A7) (p) = (Aip) () = — (¢, )
for ¢ € D(A1). Hence A" is defined on all of V by
(A7) = (¢, 0).

Thus we find that A; is a bounded self-adjoint linear operator.
Remark 1 We summarize the calculations above by noting that we
see that the choice of boundary conditions and the spaces in which the
operators are defined determine the properties of the associated operator

formulation. We shall see further evidence of this in Sections 6.1 and
6.2.



5 Gelfand Triple, Sesquilinear Forms,
and Lax-Milgram

We recall in our use of the Lumer-Phillips generation theorem (The-
orem 3.4) with several examples a major task was verifying the
range statement which is equivalent to solving equations of the form
(M — A)p = 9 for any given ¢ € X. In this section we introduce
and discuss fundamental mathematical concepts, sesquilinear forms,
that will provide an important tool in treating succinctly such range
statements. We then will discuss several forms of the celebrated Lax-
Milgram theorem that readily yield the desired range results needed
in the Lumer-Phillips generation theorem for numerous examples. To
motivate and illustrate our discussions, we introduce another example
which is ubiquitous in structural applications and is also ideal for use
in illustrating our weak formulations (as opposed to the semigroup for-
mulations) of equations that follow in subsequent sections of this book.

5.1 Example 6: The Cantilever Beam

We consider the beam equation given by

2 2

Vo T + M = £(8.) (5.1)
where the term ’y% represents the external damping (the air or viscous
damping), M is the internal moment, p is the mass density, and f is the
external force applied. For a development of this equation from basic
principles, see [BSW, BT]|. Before discussing the equation further, we
discuss boundary and initial conditions.

Boundary Conditions We consider a beam with one end fixed and one
end free. The general boundary conditions for such a structural con-
figuration are given by

Fixed end:
(t,0) = 0 for zero displacement,
g—g t,0) = 0 for zero slope.
Free end:
M(t,l) = 0 for zero moment,
aa—]\g( ,I) = 0 for zero shear.

63
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We observe that the shear force is represented by S(t,§) = —%—]\g{(t, £).

Initial Conditions We consider a beam with initial displacement and
velocity given by ® and W, respectively.

y(0,§) = @(¢)
9(0,§) = V()

We observe that we have an equation (5.1) given with two un-
knowns; however we couple these with a constitutive relationship given

by

M = M(y). (5.2)

Using Hooke’s law (o0 = Fe where o is the stress, € is the strain, and
E is the Young’s modulus), we obtain (using basic principles [BT]) for
linear purely elastic material systems the relationship
2

M(y) = Efag;, (5.3)
where I represents the moment of inertia of the cross-sectional area.
We remark that either F and/or I may be a function of €, i.e., E = E(¢)
and/or I = I(§).

We note that the derivations underlying the above formulations use
the assumptions of linear elasticity and small displacements. Without
small displacement assumptions, M could be a nonlinear function of
y (for further discussions see [BSW, BT]). Moreover, materials with
no internal damping do not exist and thus (5.3) is not an adequate
model. We always have internal damping and this must be included
in the constitutive relationship (5.2). While there are other forms of
internal damping (e.g., spatial hysteresis damping [Baln] as discussed
in Chapter 9), we will assume Kelvin-Voigt damping so that M = M(y)
is given by 2, ;
12 epl 5 it

0¢? 020t

Combining equations (5.1) and (5.4), we have the beam equation
given by

M(y)=FE (5.4)

Py by (0 9y
P+ Vo o ( Ia§2+CDIag2at> = /(t:9),
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with the appropriate boundary conditions

(E18£2+CD18§2&> e = 0,

0%y
[ (EI gZJrcDIagQat)Ll I

5.2 The Beam Equation in the Form © = Az + F

We wish to write the beam equation in the form & = Ax + F' for an
appropriately defined space X. Let x be represented by

()= i) )

and take as the state space X = H7(0,1) x L2(0,1) where

H7(0,1) = {p € H*(0,1)] ¢(0) = 0,¢'(0) = 0}.

Thus for elements in H?2(0,1), the function and its derivative both van-
ish at the left boundary. We rewrite the equation using the abbreviation

d= a@ = %, and have
L1 . o1
i= [—0*(E10%y) — 0*(cpl8*)] — %y o

We rewrite this in first-order vector form as

(5)=(5 5+ (5)

0 I
()

where we define A; and Ay by

Let

Aip = SP(EIP9)
A2p = 50 (cpld®9) + 19
Then we have the form & = Ax + F in X where

D(A) = {(0,¥) € X| ¥ € HL(0,1), Avp + Axpp € Ly(0,1),
[EIO%p + cpld*y); = 0, [0(EI9%*p 4 cpld®))]; = 0}.
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5.2.1 A as an Infinitesimal Generator

We claim that A is an infinitesimal generator of a Cjy semigroup in Xg
where X¢ is an associated energy space. Specifically, we define X¢ as
X with the “energy” inner product

(o1, 01), (2, 02))e = [y EI%p10%02d€ + [ pornfade

= [y EI0%010%p2d€ + (pihr, a).

If we assume 0 < p; < p(§) < p2 < 00, then (pi1,1)92) is equivalent to
the norm in Ly(0,1). The norm for H?(0,1) is defined by

el = lolt, + 1¢17, + 19", (5.5)

An equivalent norm (this is given as an exercise below) is

2 = le(a)® + ' ®)* + 1¢"|L, (5.6)

where a,b are any values in [0,{]. In particular, we have a type of
Poincaré Lemma that implies that on H% we can take the equivalent

norm |2 = [(0)* + &' (0)* + |¢"[2, = |¢"[Z,-

Lemma 5.1 In H?(0,1) by choosing a =b =0 in (5.6), we have that
|| L, and |¢o|p2 are equivalent norms. In particular for some constant
¢ we have

| lmz < eI,

With the corresponding inner product, this can be used to define a
Hilbert space X¢ which is topologically equivalent to X so that we
thus have that if A generates a Cy semigroup in X¢, the semigroup is
also a Cy semigroup in X. Before proceeding, we state for the sake of
completeness an inequality attributed to Poincaré [Adams, p. 159].
Poincaré’s (First) Inequality Suppose there exists a set Q which
is a bounded subset of R™. Then there exists a constant ¢ = ¢(Q2), such

that for all ¢ € Wég’z(ﬂ) = H}(Q), one has

el <@ Y [ 10%F

|s|=F

where s = (81,...,8n).
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Homework Exercise

Ex. 9: Use the representation

& r¢
@@)z@@ﬂ%f-@d@%+/‘évamﬂc (5.7)

for ¢ € H?(0,1) and a,b arbitrary in [0,1] to argue that | - |z2 and
| - |~ defined in (5.5) and (5.6), respectively, are equivalent norms on
H?2(0,1).

5.2.2 Dissipativeness of A

We argue that A is dissipative in Xg under the reasonable physical
assumptions that cplI(€) > 0,v(£) > 0. Recalling that M = EI10%p +
cpl9*y, we have on D(A)

l l
(A, ), (0, ))e = /O BT + /O (02 (E10% + cpld®) — o] v
l l l
= / EI9*)pd*p — / O*(EI10*p + cpld* ) — / y1p?)
0 0 0

l l
- / EIO*)o%p — / ((BI®%p + cpld*h) 0% + v?)
0 0
— OMYly + Moyl

l [
:—/ cDI\aW—/ A2
0 0

<0.

Here fé = fé d¢ and we have integrated by parts twice and used the fact
that (p, 1) € D(A) so that ¥ (0) = 9¢(0) =0 and M(t,1) = OM(t, 1) =
0.

5.2.3 R —A) =X for some A

To verify the range statement of Lumer-Phillips, we need to show for
some real A that
A, ¥) — Alp¥) = (g, h) (5.8)
can be solved for (p,) for a given (g, h) € X. However, (5.8) reduces
to finding, for any (g,h) € X = H? x Lo, a solution (¢,1) in D(A)
that satisfies
—p+Ap=g (5.9)
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Ao+ Asp + MY = h. (5.10)
We can rewrite (5.9) to obtain
Y =Ap—y. (5.11)

By substituting (5.11) into (5.10), we can reduce the above question to
one of solving

N+ A1+ Nop = h+ A\g + Aog (5.12)

for ¢, given any (g,h) in HZ(0,1) x La(0,1). After solving for ¢, we
can then obtain v using (5.11). If we obtain (¢, 1) € D(A), then we
have proven the range statement of Lumer-Phillips. To complete the
argument we will use the concepts and results for sesquilinear forms to
be discussed below (see Sections 6.3, 8.3, and 8.4).

An easy way to solve the above problem is to use the Lax-Milgram
theorem; however, we first introduce Gelfand triples. For relevant ma-
terial, see also [Sh, T, W].

5.3 Gelfand Triples

The usual notation for a Gelfand triple is “V «— H < V* with pivot
space H.” (See the subsection below for more details.) This notation
stands for V, H, complex Hilbert spaces, such that V' C H and V is
densely and continuously embedded in H. That is, V is a dense subset
of H and

g < klvly

for all v € V and some constant k. Therefore, one can identify elements
in V with elements in H with an injection operator, the identity ¢, where
i is continuous and (V') is a dense subset of H.

As explained earlier, we denote by V* the conjugate dual of V.
That is, V* consists of all conjugate linear continuous functionals on
V. (Recall the discussions from Section 1.2.)

For h € H, we define p(h) € V* by

p(h)(v) = (h,v)u

for v € V. We claim that ¢ : H — @(H) C V* is continuous, linear,
one-to-one and onto. Moreover, ¢(H ) is dense in V* in the V* topology.
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By the Riesz theorem (Theorem 4.2), every h* € H* can be repre-
sented by R
h*(h) =(h*,h)y heH

for some h* € H. Hence, it is readily argued that H* is isomorphic to
H, denoted by H* ~ H. That is, we may identify H* with H through
@©(H) = H ~ H* and write h(v) = (h,v)y for h € H = H*.

This construction is commonly written as V <— H ~ H* — V* for
the pivot space H.
5.3.1 Duality Pairing

With a Gelfand triple, one frequently utilizes the duality pairing de-
noted by (-,-)y=y given by the extension by continuity of the H inner
product from H x V to V* x V. That is, for v* € V*,

v*(v) = (V¥ v)y+ v = lim(h,, v) g

where h,, € H, h, — v* in V*. Note that we have (h,v)y+y = (h,v)H
if h € V* also satisfies h € H. Thus we have in effect extended the H
inner product from H x V to V* x V. (The reader should compare this
with the idea of duality product of Definition 4.8.)

5.4 Sesquilinear Forms

Definition 5.1 Let H; and Hs be two complex Hilbert spaces, and
let 0 : H x Hy — C. Then we call o a sesquilinear form if it satisfies

1. o is linear/conjugate linear (i.e., linear in the first argument, con-
jugate linear in the second);

2. o is continuous. More precisely, there exists v > 0 such that
(@, 9)| < Al [y,
for x € Hy and y € Ho.
Definition 5.2 The norm of a sesquilinear form o is defined by

o 0@yl
o| = sup
y0 ||, [y B,

for x € Hy and y € Ho.
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5.4.1 Representations

We consider two different representations:

1. For y € Hy, x — o(x,y) is continuous and linear on H;. There-
fore, by the Riesz theorem, there exists a unique z € Hj such
that

o(z,y) = (€, 2)m; -

Thus there exists a mapping B € L(Hz, H;) defined by By = z.
Therefore,

o(z,y) = (z,2)m, = (z, By)u,.
We find that |o| = |B|z(p,,m,)- To see this we argue as follows.

For x in Hj and y in Ha, suppressing notation and using |- |1, | |2
for the norms in Hj, Hs, respectively, we have

o] = sup lo@vl _ gup @By |
cypo T2 g Tyl
< sup |lzl1|Byly _ sup |Byl1
- z[1]yl2 ol
z,y#0 #0
= |Blem 1)

Therefore, we have |o| < |B|z(p, m,)- Thus we need only argue
that |0 > |B|(#,,1,)- To this end, we have

= lo(zy)l _ Kz.By)my |
ol = sup iyl = SUYP Tyl
x,y#0 z,y#0
By,B B
y#0 y#0
= |Ble(ty,my)-
Hence we have |o| = ’B|£(H2,H1)-

2. For x € Hy, y — o(z,y) is continuous and conjugate linear on
H,, ie., o(z,-) € H;. Therefore, by the Riesz theorem, there
exists a unique z € Hs such that

U(.%', y) = <Z7 y>H2'



Gelfand Triple, Sesquilinear Forms, and Lax-Milgram 71

Thus there exists a mapping A € L(H1, H2) defined by Az = z.
Therefore,
o(z,y) = (2, y) 1y = (A2, Y) i,

with |A| = |o|. Define 6(y,z) = o(z,y), and interchange the
roles of Hy and Hj in the above arguments to argue |A| = |o].

We wish to use our Gelfand triple and sesquilinear form formula-
tions to consider elliptic equations of the form Ax = f. This gives rise
to range statements such as given f, solve for z in (A —A)z = f. First,
we begin by discussing operators of the form A : H; — Hs such that
A is bounded and continuous. This is very useful in integral equations.
However, we will need to modify this formulation to account for the
unbounded nature of operators arising in PDE’s. We can think of our
equation Az = f in the form o(z,y) = (f,y)m for all y in H where o
is equivalent to A. In other words, (Az — f,y)y = 0 for all y in H.
The useful results are given in the famous Lax-Milgram theorems, in
bounded and unbounded formulations.

5.5 Lax-Milgram—bounded form

Theorem 5.1 (Lax-Milgram theorem-bounded form) Suppose o : H X
H — C is continuous and linear/conjugate linear, i.e., it is a sesquilin-
ear form with

lo(z,y)| < ~lz|alyla

for all z and y in H, and o is strictly positive, i.e.,

jo(z, )| > o]/
for all x in H where v and § are positive constants. Then there exists
A:H — H,Aec L(H) defined by

o(z,y) = (Az,y)

with |A| = |o| < for all x and y in H. Moreover, A~' € L(H) exists
and
o(A7 e, y) = (z,y)

with |[A7Y < 3 for all z and y in H.
Proof

By the Riesz theorem, we know there exists A € £L(H) such that |A| =
|o| <~ where o(z,y) = (Az,y) g for all x and y in H.
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We claim that A is one-to-one. For this we need to show that
Az = 0 implies x = 0. Suppose Az = 0. Then, by the definition of A
and the assumptions given, we have

which implies |z| = 0, and hence = 0. In other words, A is one-to-one.
Since A is one-to-one, we know that A~! exists on R(A) C H.

We next claim that A~! is bounded on R(A). By the proposition
that o was strictly positive and the definition of A, we have

o[’ |o(z, )| = [(Az, 2)|

<
< |Aalal

Therefore, |Az| > §|z| for all z in H. In particular, for x = A~ 1y, we
have
[yl > 8]A71yl.

Therefore,
1
A Nyl < =
A7yl < 5yl

for all y in R(A). In other words, A~! is bounded. Finally all we
have to show is that R(A) = H. By assumption, we know that A is a
continuous operator and we have argued that A~! is bounded on R(A).
Therefore, R(A) is a closed subspace of H. Now suppose R(A) # H.
This implies, by orthogonal decomposition results for closed subspaces
in Hilbert spaces, there exists z # 0 such that z L R(A). In other
words,
(Az,z) =0

for all  in H. In particular, choosing x = z, we have
0= (Az,2) = o(z,2) > d|z]%.

This implies z = 0; therefore, we have a contradiction. So, R(A) = H.

5.5.1 Discussion of Ax = f with A bounded

The bounded form of Lax-Milgram, while not very useful in studying
partial differential equations, is very useful in linear integral equations.
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The Fredholm integral equations with kernel k € La([a,b] X [a,b]) are
given by

b
/ FCOR©dE = F(Q)  Celab  (frst kind)

b
o(0) / COp©de = F(Q) Celabl  (second kind).

These can be written as operator equations in H = L?(a, b),

Ap = f
p—Ap = f

to be solved for ¢, given f, where A is a bounded linear operator
(discussed below) in H. It also has applications in scattering theory
(acoustic and electromagnetic radiation), far field radiation, and single
and double layer potential theory. For relevant material, see also [K,
CK1, CK2].

As we have noted, the bounded form of Lax-Milgram is adequate
if one wants to solve Az = f in H where A is bounded. Consider
k € La(Q) with Q = [0,1] x [0,1] with H = L2(0,1). Then define
A:H — H by

1
(Ap)(C) = /0 B(C.€)p(€)de.

We can see that this operator is bounded, i.e.,

/01 (/01 ’“Qf)ﬂf)df)Qdc <7 /0 (e

Therefore, there is a sesquilinear form ¢ such that A corresponds with
o as in the Lax-Milgram above with

oo = Jy (fo K(COR()dE) w(C)dC

= <A807¢>L2(0,1)'

We can show that all the requirements of the Lax-Milgram theorem
(bounded form) are met with this operator A; therefore, the Lax-
Milgram theorem (bounded form) is applicable.
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5.5.2 Example-The Steady State Heat Equation in H}(Q2)
Let Q =[0,1] x [0,1]. Then the heat equation is given by

ou

— =V.(DV

L=V (DY) + 1
where V = 8%12 + 8%25 with (£1,&2) € Q. We assume boundary condi-

tions that require u € Hg (). Then the steady state equation is given
by

V- (DVu) = f (5.13)
o 0 0 0 15
u u
- (%(Da& + %(Dﬁfg)> = f(&1,&2).

In the weak or variational form, we have (by integration by parts and
use of the boundary conditions)

<DVU, VSO>L2 = <f7 90>L2 (5'14)

for a test function ¢ € H} (). We define o on H} x H} by o(¢, ) =
(DVY, V), with |D|sx < 7, i.e., D is bounded. Then o is not con-
tinuous on H = Ly(£2). On the other hand, for ¢, € H}

N

lo(¥, o)l < YIVY|L,|Velr,

A

< ’Y|¢|H(§‘¢’H(}

implies o is continuous on V = H(Q).
Moreover, we do have some type of positivity. If |[D(&1,&2)] > 4,

then
lo(p, )| = KDV, Vp)L,|

Y

3IVel?, = dlel )

In other words, in the V = HE () norm, we would have both continuity
and strict positivity of the sesquilinear form. But we do not have
continuity and strict positivity in the H = Lo(f2) sense. Thus if we
choose our H space to be H}(Q), we would be guaranteed a unique
solution of (Au — f,¢)y1 = 0. That is, u = A71f in the H} sense
(and of course u € H} since A™! is bounded from H} to H{). This
also requires the input function f to be in Hg () which is a strong
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requirement for f. Therefore, it would not be useful in some cases to
choose our H space to be HZ () in the Lax-Milgram theorem. Instead,
we need an extension of Lax-Milgram to treat the heat equation in a
more reasonable manner.

5.6 Lax-Milgram—unbounded form

Let V. — H — V* be a Gelfand triple.

Definition 5.3 A sesquilinear form o : V' x V — C is said to be V-
continuous if

o (e, ) < lelvidly
for all ¢ and ¢ in V.

Consequences of V-continuity

For a fixed ¢ in V, we consider the mapping v — o(p,) for a V-
continuous o. This mapping is continuous by the definition of con-
tinuity above, and it is a conjugate linear mapping into C. There-
fore, v — o(p,9) is in V*. This implies there exists an operator
A€ L(V,V*) such that o(¢,v) = (Ap, )y« v.

Conversely, if A € L(V,V*), we can define o : V x V — C by
o(p, 1) = (Ap)1 so that o is V-continuous and linear/conjugate linear.

In other words, if we have a V-continuous sesquilinear form o, there
is a one-to-one correspondence between o and A € L(V,V*). While
the operator is not bounded on V, it will be useful in considering the
equation Au = f in V*. (Note the weak requirements on f for example
in the case V = H} and V* = H~1))

Definition 5.4 A sesquilinear form o is V-coercive if there exists a
constant § > 0 such that

o (0, 0)| 2 dlelt
for p e V.

Theorem 5.2 (Lax-Milgram theorem-unbounded form) Let V <
H <= V* be a Gelfand triple. Let 0 : V x V — C be a V-continuous,
V -coercive sesquilinear form. Then A:V — V* given by

a(p, ) = (Ap,Y)v=v
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is a linear (topological) isomorphism between V and V*. Moreover,
A~ is continuous from V* to V with

|

’A_1|L(V*,V) <

Proof
Let R : V* — V be a Riesz isomorphism, so that for v* € V* we

have
v (v) = (V¥ )y vy = (R, v)y. (5.15)

Then R~ : V — V* is continuous.

Let 0 : V xV — C be a V-continuous, V-coercive sesquilinear
form. Then ) — o(¢, %) in V* implies there exists a z in V' such that
o(p,1) = (z,¢¥)y. From the bounded version of Lax-Milgram, this
implies there exists A € £(V') such that

o(p,¥) = (Ap, ¥)v (5.16)

for all p and ¢ in V, with A one-to-one, A onto, |Aly) < 7 and
|A_1]£(V) < %. In other words, A is an isomorphism V — V.

We have that R~! : V — V* is also an isomorphism; therefore,
R'A:V — V*is an isomorphism. The claim is that 4 = R~'A. By
(5.15) we have for all p,¢p € V

<R71A907 1/}>V*,V = <A90) 1/)>V
However, by (5.16), this implies
<R_1A907 ¢>V*,V = 0-(907 ?l))

Therefore, by definition of A : V' — V*, A must be given by A = R1A.
So, we have
(Ap, V)v=y = a(p,¥) <vlelvvly (5.17)
and
(Ap, 0)v=y 2 8ol (5.18)
Note that supjs_q [(Ap,¥)v=v| = |Ap|y~. Letting ¢ = A9 in
(5.18) and combining this with (5.17) and (5.18), we have

Sy < [Aplye < vlelv. (5.19)

Therefore, we have
\Alzevvey <7

and
1

e < =
AT v vy < 3
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Implications of Lax-Milgram (unbounded form)

For A as in the Lax-Milgram theorem 5.2 and f € V*, we consider
Au = fin V*. Then Lax-Milgram implies there exists a unique solution
uw=A"1fin V that depends continuously on f. More precisely,

_ 1
luly = |A 1f\v < gmv*-

We revisit the steady-state heat equation (5.13) in the example above
with D € Loo(2) and V = HE(Q). This, of course, allows discontinuous
coefficients. Then for any f in V* = H~ () there exists a unique
u € V satisfying Au = f. That is, (Au — f,@)v+v = o(u,p) —
(foo)v=v = (DVu, Vo), — (f,)v+=yv = 0 for all ¢ € V. Thus we
say u € V satisfies Au = f in the sense of V*. Hence (5.13) holds in
the V* sense which is precisely (5.14) with (f,¢) in the more general
form (f, p)v+y which permits f in the weaker sense f € V* = H~1 .
This is also sometimes referred to as u satisfying (5.13) in the sense of
distributions.

5.6.1 The Concept of Dy

We assume that we have a Gelfand triple V< H — V* and a sesquilin-
ear form o : V x V — C. As usual, f(v) = (f, )y defines, for f € H,
an element f € V*. Considering (Ap)(y)) = a(p, ) for ¢ and ¢ in V,
we define

Dyo={peV|Ap e H}.

That is, D4 is the set of ¢ € V such that Ay € V* has the represen-
tation (Ap)(v) = (@,v¥)H, for 1 in V and for some ¢ in H.

We denote this element ¢ by —Ap = @, i.e., A is linear from Dy C
V into H and given by

o(p, ) = (=Ap,¥)u

for ¢ in V and ¢ in Dy.

We note that the above can be interpreted as: ¢ € D4 C V if and
only if p € V and Ap € H* = H so that (Ap)(v)) = (p,¥) g, for all
in V, and for some ¢ € H. Alternatively, we may write

Da={p e VI[(Ap)()| = lo(e, )| < klpla, ¢ € VY

for some k. Moreover, we could write

Doa={p eV — o(p,v)isin H*, ie., continuous on H}.



78 A Functional Analysis Framework

Note that we also have

o(e,¥) = (Ap)(¥) = (Ap, )v-v

for all ¢ and ¥ in V. If we restrict ¢ € D4 then this also equals

Theorem 5.3 If o is a V-continuous V -coercive sesquilinear form on
V', then D4 is dense in 'V and, hence, dense in H.

Proof Define 6(p,9) = o(v,¢) (called the “adjoint” sesquilinear
form).

If o is V-coercive and V-continuous, then & is also V-coercive and
V-continuous. In other words, there exists an operator A : V — V*
such that A € L£(V,V*) with

(e, ¥) = (Ap, )y v = (Ap)(¥)

for all p and ¢ in V. Hence, R(A) = V* by the Lax-Milgram theorem.

Next we need to show that D, is dense in V. It suffices to show
that if f € V* and f(v) =0 for all v € Dy, then f =0. Let f € V* be
such that f(v) =0 for all v € D4. Since f € V* and R(A) = V*, then
there exists ¢ € V such that f = Ap.

For v € D4, we have

(=Av)(p) = (Av)(p) = o(v, )

= &(Qpa U) = <“Zt90a U>V*,V

= <f7U>V*,V = f(v)
= 0.

Therefore, (Av)(p) =0 for all v € D 4. But, we know R(A|p,) = H =
H*. Then, for every h € H*, h(p) = 0 . However, as H* is dense in
V*, then this implies ¢ = 0. Moreover, Ap = f implies f = 0.

Thus we find that any V-continuous V-coercive sesquilinear form
on V gives rise to a densely defined operator A on D(A) = D4 with

U(‘Pﬂﬁ) = <"4§0’ ¢>V*,V QO,Q/) eV
= <_A<P,¢>H RS DA7¢ eV
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5.6.2 V-elliptic

Definition 5.5 A sesquilinear form o on V is V-elliptic if there exists
a constant > 0 such that

Re a(p,¢) > 8|l peV.

Discussion of V-elliptic

We note that o is V-elliptic implies ¢ is V-coercive. Of course, if we
are working in real spaces, Re 0 = ¢ and V-elliptic is equivalent to V-
coercive. We also remark that the terminology among various authors
is not standard. Some authors (e.g., Wloka in [W]) use our definition
for V-coercive as the definition of V-elliptic and then use

lo(p,0) + ko3| > 6lel peV,6>0

as the definition of V-coercive.
Some of the terminology and usage of sesquilinear forms derives
directly from that for PDE’s of the form

oy 0 n
t‘%:agz“”ag +Zb] t>0,6€GCR"™

Definition 5.6 In classical PDE’s, an “operator” {a;;} is said to be
strongly elliptic on G if there exists 6 > 0 such that for £ € G

Re § a;ij(§)qiq; > 6 E |g;|?
,J {
for all g € C™.

An associated sesquilinear form on V = H!(G) can be defined by

_ 3@ 6’w

)

Discussion of Strongly Elliptic

It is a standard result [Sh, p.65] that {a;;} strongly elliptic implies
there exists § > 0 such that for A sufficiently large

Re a(p,¢) + Aolh > dlely, ¢ e V.
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Hence if {a;;} is strongly elliptic, then for some A sufficiently large,

&(S07 ¢) = U((pa ¢) + )\0<907 w>H

is V-elliptic and hence V-coercive.

A most useful result (Theorems 6.1 and 6.2) is that continuous V-
elliptic forms give rise to operators that are infinitesimal generators of
Cy (actually analytic) semigroups.

5.7 Summary Remarks and Motivation

We used the beam equation of Sections 5.1-5.2 and in particular the
need to solve range equations such as (5.8)—(5.12) in semigroup gener-
ation theorems (Lumer-Phillips) to motivate development of the Lax-
Milgram lemmas in the context of sesquilinear forms. We will use these
results in the study of general second-order systems in Chapter 8. Be-
fore turning to these results we present in the next chapter results on
stronger semigroup generation theorems (also applicable to the beam
equation). For the motivating beam equation we shall see the strength
of damping in the equation will determine which of the generation the-
orems (and hence regularity of the generated semigroup) can be used
to guarantee results for the beam equation (specifically in Sections 8.2—
8.4—see also the discussions of damping operators in Section 9.2).



6 Analytic Semigroups

To this point we have discussed strongly continuous (Cp) semigroups
and associated generation theorems. For some examples we have al-
ready discussed one actually obtains a stronger regularity (analyticity)
than continuity and this will prove most useful in our discussion of infi-
nite dimensional control theory later (Chapter 16). We digress slightly
to discuss results that will enable one to guarantee this stronger regu-
larity in semigroups.

Definition 6.1 A semigroup 7'(t) on H is called an analytic semigroup
if t — T(t)p is analytic for each ¢ in H.

Theorem 6.1 Let V', H be complex Hilbert spaces with V — H — V*
and suppose that o : V x V — C is V-continuous and V -elliptic; i.e.

lo(e, V) <Alelvivly e, v eV,
and

Re o(p,9) 2 8lplir 6>0,p€V.
Define A: D(A) CV — H by

D(A) = {p € V| there exists K, > 0 such that
\U(SOWH < K@|¢’H,w S V}

and
o(p, ) = (—Ap, V), @€ D(A),peV.

Then D(A) is dense in H and A is the infinitesimal generator of a
contraction semigroup in H that actually is an analytic semigroup.

The proof of this theorem can be found in [Sh, Thm 6.A, p. 99],
while the next result is an immediate consequence of this theorem.
Note that by the remarks in Section 5.6.1, the D(A) in this theorem is
the same as D4 defined there even though each definition and notation
is found in the literature.

Theorem 6.2 Suppose all the assumptions of Theorem 6.1 hold except
that the V -ellipticity condition for o is replaced by

Re o, ) + Nolel% > dll?

81
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for some Xg,0 > 0,0 € V. Then defining A as in Theorem 6.1, we
have that A is densely defined and is the infinitesimal generator of an
analytic semigroup in H.

6.1 Example 1: The Heat Equation (again)
The system is given by

oy 0 oy
ot = o (P03
y(t,0) = 0, Lt =0

y(0,€) = 2(¢).

We choose the state space X = H = L9(0,1) as before. To obtain
the weak variational form and the space V, we work backwards by
multiplying the equation by a “test” function ¢ and integrating. This
yields
l . l
Jove = Jo(Dy)e
l
= [y =Dy’ + Dy'y|}

Therefore we have

{y(t), ) + (DY (t).¢') = Dy ()elo = 0 (6.1)

where (-, ) is the usual inner product in Ly. However, (6.1) is equivalent
to

(H(t), o) + (Dy'(t),¢") =0

if p € H;(0,1) = {p € H(0,1)|(0) = 0} and Dy'(t,1) = 0 (the right
boundary condition at £ =1) .
Defining V = H}(0,1) and o0 on V x V by

o(p,¥) = (D¢',9'),
we may write the equation in weak form as: find y(t) € V satisfying
(W), o) +o(yt),p) =0

for all ¢ € V. This equation is equivalent to the original system when-
ever y(t) € V() H?(0,1) by using the reverse of the above arguments.
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That is, a weak form solution will also be a solution of the original
(classical or strong form) equation if it has sufficient smoothness and
satisfies the flux boundary conditions at £ = [.

To complete verification of this equivalence, we next consider the
flux boundary condition of the original problem. Suppose y(t) is a weak
solution, i.e.,

(Y(t), o) +o(y(t),p) =0 forallpeV

y(0) = @(&)
and y in H2(0,1). Then

l
(), @) + /0 Dy =0.

Integrating by parts, we find that the above equation is equivalent to

l
/0 (4 — (DY) ) + Dy (¢ D)p(l) = 0 (6.2)

for all p € Hi However, H} C Hi; therefore,

!
/0 (4 — (DY) ) =0 (6.3)

for all ¢ € H}. Since H} is dense in Ly(0,1), this implies ¢ — (Dy') =
0. However, if we choose ¢ € H} such that ¢(I) # 0, then (6.2)
implies Dy/(t,1) = 0, i.e., the flux boundary condition is satisfied for
weak solutions with additional smoothness. A relationship between
this concept of weak solution and semigroup solutions will be given in
a subsequent section (see Chapter 7).

The above discussions motivate the following formulation using
sesquilinear forms. Define the V-inner product as

1
<%WVZA¢W’

and recall H = X = L(0,1); then we readily see V — H — V*. Note
that the V norm is equivalent to the usual H! norm on Hj (0,1) by the
Poincaré type result of Lemma 5.1. Furthermore, we have

o, )l = (D&, 4]

< | Dloole| 2|9,

[ Dloslsplv ¢y
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Also,
Re a(p,¢) = Re (Dy',¢') > 6|¢'[7, = 8|l

so that ¢ is V-continuous and V-elliptic.
We can define A : V — V* by

<‘ASD’ 1/}>V*,V = 0-(907 ¢) = (D(p/7 1/}/>

Note that Ap € H — V* if and only if (D¢’ ¢)') = (w, ) for some
w € H and for all ¢» € V. However, integrating by parts we have

Jo DW= = [o(Dg)+ D'y
= (=(D¢"),¥)m + D) (D(1)
= (DY), ¥)u
if ¢'(1) =0 and (D¢') € Ly(0,1). Thus we may define
Ap = (Dy¢')

on

D(A) = {p € HL(0,)|(D¢)" € La(0,1),'(1) = 0}

and obtain Ap = —Ag € H exactly whenever ¢ € D(A).

The above results hence guarantee that A generates a Cy-semigroup
(actually an analytic semigroup—Theorem 6.1) T(t) on H = X =
L(0,1).

6.2 Example 2: The Transport Equation (again)

We consider again the transport equation given by

%{Jrgg((vy; = 5(DF) —ny
y(t,0) = 0
6.4
(DX — vyl = 0 (64
y(0,8) = (8.

We can rewrite the transport equation as

ye = (DY —vy) — py.
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Multiplying by a test function and integrating from 0 to [, we have
l
(o) = Jo (DY —vy)'e — pyep) dé

= —(Dy —vy, &)+ (DY —vy)elh — (uy, ¢).

If we choose H = X = Ly(0,1) and V = H}(0,1) as in Example 1
above, with the same V inner product, we have

(ye, ) = —(Dy' — vy, ') — (uy, ©).

As before, we have V. — H < V*. Then we can define the sesquilinear
formo:V xV — C by

o(p,¥) = (D' — v, ') + (e, ).

Therefore, we have the equation

(1, 0) +0(y,») =0. (6.5)

We digress briefly to discuss the various other possibilities for
boundary conditions and the effects on the choice of V in this transport
equation example. If we had a no flux boundary condition at £ = 0 and
y(t,1) = 0, we would choose V = HL(0,1) = {¢ € H*(0,1) | (1) = 0}.
On the other hand, if we had essential boundary conditions at both
boundaries, i.e., y = 0 at £ = 0 and £ = [, we would need to choose
V = H}(0,1). A third possibility is if we had the no flux boundary
conditions at both boundaries, £ = 0 and £ = [. In that case, as both
boundary conditions were natural, we would choose V = H'(0,1).

Returning to equations (6.4) and (6.5), we can establish V-
continuity of o by arguing

lo(p, )l < |Dlool@|al¥' |1 + [V]ool@la || + loolel a1
< |Dlslelvivly +vlsklelvIvly + |ulock?lolv|i]v

= (IDloc + k[vlos + k|uloo) lolv [¥]v-

As o is V-continuous, we have

o(p, ) = (Ap,P)v=y peV
= <_AS07¢>H @ S D(A)a
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where D(A) is defined by
D(A) = {p € H*(0,)|(0) = 0, (D¢'~v) € H'(0,1), (D¢’ ~vi)(l) = 0}.

Note that V carries the essential boundary conditions, while the natural
boundary conditions are found in D(A).

To show that o is V-elliptic (or actually a shift or translation of o
is V-elliptic), we assume D > ¢; > 0 and {(up, ¢) > —|ploo|@l?; then
we have

4

2
Re a(p,0) > calelf — G2l — elely — |ulolel?

2
= (1= )plE — (M= 1 |uloo) el
C1

Hence, setting € = 5, we have

C1
Re o(p, @) > §|<P|%/ — Xolel

for N = % ¢ |tt|oo- Thus we see that ¢ given by

— 2a

5—(907 w) = U(QO, ¢) + )\0<()01 77/}>
Ap, ¥) + olp, 1)
(A - )\0)@7 ¢>

is V-elliptic (indeed it is V' coercive). We thus find (Theorem 6.1 again
or Theorem 6.2) that A — )\g, and hence A, is the generator of an
analytic semigroup in H = X = L2(0,1).

<_
<_

6.3 Example 6: The Beam Equation (again)

We return to the beam equation. Recall the system is given by
Py + Y+ M = 0<E<U,

with oy

87§(t’ 0)

M(t,l) =0=0M(t,1),

where M(t,&) = EIO*y + cpld®y;. We choose as our basic space
H = L5(0,1) with the weighted inner product (¢, ¥)n = (09, V) 1,(0,1)-
Then the weak form becomes

y(t,0) =0=

ET cpl 1
(e + v p) it + (=07, 0 + (D=0 o) = (f. o)
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for all ¢ € V.= H#(0,1). We choose the weighted inner product for V/

given by (@, )y = fé EIo"Y" (compare the energy inner product of
Section 5.2.1).
We define the sesquilinear forms o1 and o2 on V x V — C by

EI !
711 = (S 0 = /0 By
020, ) = <cD£so",w”>H + Qo

The weak form of the equation is then

(Yt PY i + 01y, 0) + 02yt ) = (=, P)m

for ¢ € V. To write this in first-order vector form, we use the vector
state space Xgp = H =V x H with the space V =V x V| noting that
Ve H<—V*and V — H < V* form types of Gelfand triples, where
V* =V x V*. Of course, for vector functions (p;,¥;) € H, i=1,2, we

have ((¢1,%1), (2, ¥2))n = (1, 2)v + (Y1, Y2) 1.

Homework Exercise

e Ex. 10 : Explain why we have V* =V x V* in the Gelfand triple
type formulation instead of V* = V* x V*. (Hint: One cannot

make the identification V' ~ V* when formulating the triple for
V and H since we have already used VG H ~ H* G V*.)

We define the sesquilinear form o : V x V — C by (for x =
(¢, 9),¢ =(g;h) n V)

J(X: C) = 0'((()0’ 77/})? (gv h)) = —W,g)\/ + 0—1(907 h) =+ 02(77/)7 h)

Using the state variable z(t) = (y(t,-),%(t,-)) in Xp = H, we can
rewrite the equation as

(@(t), x)n + o (x(t), x) = (F(t), ) (6.6)

for x € V, where F(t) = (0, %f(t)).
We readily argue that o is bounded (continuous) and V-elliptic
(actually, o — Ag| - |§(E is V-elliptic). Consider first the boundedness
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argument:

lo(x; Q)

lo((p, ), (9, M) = | = (&, g)v + 01(p, h) + o2(, h)]

[Vlvlglv +ilelv|hly +20¢v]hlv
IxIv[Cly +mlxlvICly +velxlviCly

IAIA

(1471 +72)xIvICly

for x,¢ € V. The arguments for V-ellipticity are also simple: for x =
(p,9) € V we find

Reo(x,x) = Re{=(¥,0)v +o1(0,¥) + o2, )}

= Re {—(p, )y +{p,¥)v +o2(,9)}
— Re oa(t),1))

> Slyl

= Sallely + [0)) — balel}

> Sa(leli + W) — o210l + [¥[F)

= Golxl% — d2lxl3-

We thus find that o(x,¢) = (Ay, ¢)v,v+ gives rise to the infinites-
imal generator A of a Cy (indeed, analytic-Theorem 6.2) semigroup
on Xp = H. It is readily argued that o(x,() = (—Ax, () for
x € DA) = {x = (p,) € H]p € V = H2(0,1), A1p + Astp €
H,(BEIY" + epIv")(1) = 0, (EI¢" + epI"Y (1) = 0} where

0o I
()

with Ajp = 62(%824,0) and Agp = 82(%62@).
Thus, the equation (6.6) is the same as
(@), ) + (Az(t), X)n = (F (1), x\)n
which is the appropriate weak sense of
z(t) = Az(t) + F(t).

This should be compared with the formal formulation in Section 5.2.
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Homework Exercises

e Ex. 11 : Some books define D(A) by

D(A) = (H*0,1) N H2(0,1)) x (H*(0,1) N H2(0,1))

plus boundary conditions. We know A|p(4) is an infinitesimal
generator of a Cy semigroup which, in turn, implies Alpy) is a
closed operator. You can show A|ﬁ( A) is not closed. Therefore,
we claim that D(A) # D(A). Is this true? Look at both the
damped and undamped cases.

6.4 Summary of Results on Analytic Semigroup
Generation by Sesquilinear Forms

We summarize results available for the special cases of analytic semi-
group generation. For further details the reader can consult [BI, T].

Let V and H be complex Hilbert spaces with the Gelfand triple
Ve H — V*. Let (-, -)y+ v be the duality product, and o : VxV — C
be a sesquilinear form such that o is

1. V-continuous, i.e., |o(p,¥)| < v|elv|¢|v.

2. V-elliptic, i.e., Re o(p, p) > 6|p|3,. (We can, if necessary, replace
this by a shift: Re o(p, p) + Aolel% > dlel?.)

As before, let A € L(V,V*) (note that this is —A in our old nota-
tion) and A : Dy C H — H be defined such that (see Section 5.6.1)

olp, ) = (—Ap,Y)y-y forallp,g €V
= (—Ap,Y)u p€EDy,peV.

Then from the Lax-Milgram (unbounded form-Theorem 5.2) and the

A

definition of Dy discussed in Section 5.6.1, we have R(A) = V*,

R(A) = H, 0 € p(A), and 0 € p(A). Indeed we can argue using
Theorem 5.2 that R(A — A) = H for all A > 0. We can also note

Re o(p, ) = Re (—Ap, @)y« v > dlpld.

for all ¢ € V. In other words, Re(Ap,p) < —d|p|? < 0. Similarly,
for ¢ € Da, Re (Ap,p)g < 0 which implies A is dissipative. By
Lumer-Phillips A is the infinitesimal generator of a Cy semigroup of
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contractions S(t) on H. Indeed, by Theorem 6.1 we have that S(¢) is
an analytic semigroup on H.

We recall the definition (Definition 4.10) of dissipativeness in a Ba-
nach space X. An operator B € D C X — X is dissipative if for each
x € D(B) there exists 2* € F(x) C X* such that Re(z*, Bz)x» x <0
where F'(z) is the duality set. We apply this definition to X = V*,
which is a reflexive Banach space in its own right (V' is a complex
Hilbert space and thus is reflexive and hence so is V*), with the operator
B=A, A:V cV* = V*. We have A being dissipative in the Banach
space V* means for x € V there exists 2* € F(X) C X* =V* =V
such that Re(z*, Az)yy+ < 0 or Re(Az,2*)y-y < 0. However, we
have this holding for every z* € V C V*. (In particular, we can find
such a z* in the duality set.) Therefore, A : V = D(A) ¢ V* — V*
is dissipative. Using Lumer-Phillips again we have A is an infinites-
imal generator of a C semigroup of contractions S’(t) on V* where
S(t)lx = S(0). A

We thus have that A suitably restricted is a generator for semi-
groups in V* and H. As we point out in a more detailed remark below,
it is of interest in control theory that a suitable restriction of Ajis also a
generator of a semigroup in V. Thus it is of practical as well as intellec-
tual interest in having these semigroups (or their suitable restrictions)
defined on V, H and V*. Recall Dy = {z € V|Az € H}. We define

Dy = {x € V|Az € V} and define the operator A = Alp, in V. We

can argue that R(A) = V and moreover the range statement needed for
Lumer-Phillips holds for A. However, for A to be dissipative in V, we
must have for each € D4 C V there exists z* € F(x r) C V* such that

Re(z*, Aa:)v* v < 0. We do not directly have that A is dissipative in
V. To pursue this further, we need to consider the Tanabe estimates.

6.5 Tanabe Estimates (on “Regular
Dissipative Operators”)

Suppose a sesquilinear form o (with associated operator /1) is V-
continuous and V-elliptic. Then for ReA > 0 and A # 0,R)(A) =
(M — A"t e L(V*,V), and

1. \RA(f:l) ly < for ¢ € V*.  (In other words,
A

Helvs
|RA(A)|vev) < §.)
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2. |[Rx(A)ply < %W‘H for ¢ € H where My = 1+ %. (In other
words, |R>\(A)|£(H) < %)

3. |Ra(A)ply- < %WW* for ¢ € V*. (In other words,
|RA(A)| g < ]‘Wfﬂ)

These estimates are discussed more fully in [BI, T]. We only give the
arguments for estimate 4, since it is a very strong and useful estimate.
Consider the dual or adjoint operator A* € L£(V,V*) as defined in
Section 4.5. Then we have A* : V** ~ V — V* is given by A*w(go) =
w(flgo) for p e V* ~V, o € V. Then

W) = (—A", vy = —A%P(p) = Y(—Ap)
= <w7 _A(P>V,V* = U((pv ¢)

Thus ¢* is V-continuous and V-elliptic (since o is) and therefore, A*
also satisfies the estimates 1-3 above. Applying 3 to A* we have for Re
A>0,AN#0,p,p €V

(BA(A)p, V)| = (@, RA(A*)®)vv+|

< plv|Ra(A%)ly-

IN

(ol A -
Therefore, |R)\(A)90|V < %"PW-

We can use the Hille-Yosida theorems to show that the Cy semi-
groups from above are actually analytic. The theorem below gives a
useful condition for analyticity.

Theorem 6.3 Let T'(t) be a Cy semigroup on a Hilbert space X with
infinitesimal generator A, with 0 € p(A). Then a semigroup is analytic
on X if there exists a constant ¢ such that

C
|Ryvir(A)|£x) <

7]

for p> 0,7 #0 where A = p+it.
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See [P, Theorem I1.5.2(b)].

From the Tanabe estimates, we have |Rx(A4)|zx) < I—f\l = \/ﬁ <

ﬁ for X chosen as V, H, or V*. Therefore, our estimates suffice to
provide analyticity of the associated semigroups. Thus we have the
following theorem [BI2].

Theorem 6.4 Let V — H — V* be a Gelfand triple. Assume the

sesquilinear form o is V' continuous and V -elliptic. Let fl, A, and ;1 be
defined as above. Then

o Aisan infinitesimal generator of an analytic semigroup S(t) of
contractions on V*.

e A is an infinitesimal generator of an analytic semigroup S(t) of
contractions on H.

o A is an infinitesimal generator of an analytic semigroup S’(t) of
contractions on V.

We also have

[ ] Dv*(A) = V.
e Dy(A) =Dy ={z e V|Az € H}.

o Dy(A) =Dy = {xeV]|dz eV}

This is usually stated as A or A generate an analytic semigroup of
contractions on V,H, V*.

Remark: The results of this section will be of fundamental impor-
tance in subsequent discussion on feedback control problems for infinite
dimensional systems such as parabolic and strongly damped hyperbolic
partial differential equations as well as functional differential equations.
These problems can be conveniently and profitably formulated in an
abstract setting with the systems defined in terms of Gelfand triples
and where the associated algebraic Riccati equations for the feedback
gains are formulated in an appropriately defined space V' requiring more
smoothness than in H. In later sections we will discuss some of the
results as developed in [BKcontrol, BI, BI2] and summarized partially
in [BSW]. We also remark that in some of these control applications we
will have control terms F'(¢t) = Bu(t) in V* and hence to use the vari-
ation of constants representation (1.3) one needs to have the solution
semigroup acting in V, H and V*.
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6.6 Infinitesimal Generators in a General Banach Space

Recall that if A is an infinitesimal generator of a Cy semigroup 7'(¢)
in a Hilbert space X, then S(t) = T*(¢) is a Cj semigroup in X with
infinitesimal generator A*. We have, since A is an infinitesimal gen-
erator, D(A) is dense in X. Thus, if A* is an infinitesimal generator,
D(A*) is also dense in X. We can generalize this result in a general
Banach space [Pa, Chapter 1].

Theorem 6.5 If X is a reflexive Banach space and A is an infinitesi-
mal generator of a Cy semigroup T'(t) in X, then A* is an infinitesimal
generator of a Cy semigroup S(t) in X* and S(t) = T*(t) = (T'(t))*.
In other words, (eA"t on X*)* = et on X.

Corollary 6.1 Iffl s an infinitesimal generator of a Cy semigroup on
V*, then A* is an infinitesimal generator on V** =V for any reflexive
Banach space V.

In the formulations of the previous sections, we know A € LV, V*)
and A* € L(V**,V*) = L(V,V*) are infinitesimal generators of Cy
semigroups of contractions on V*. In other words, S*(t) =eA'lis a
Cp semigroup of contractions on V*. Applying the previous corollary,
we have (S*(t) on V*)* = S(t) on V. However, S$*(t) € L(V*,V*)
implies (S*(t))* € L(V**,V**) = L(V, V). Since V is a reflexive Hilbert

is the

space, S(t) defined previously is exactly S(t)|y (here A = A B,
infinitesimal generator of S(t) in V).

The sesquilinear form ideas used in this section to treat first-
order (in time) differential equations (recall we converted the second-
order beam equation to a first-order vector system before applying the
sesquilinear form formulation) can be readily generalized/extended to
treat second-order systems directly. We will develop a general second-
order theory in subsequent sections. Before doing this, we first discuss
the relationship between semigroup solutions and the “weak” solution
formulated in terms of sesquilinear formulations for first-order systems.
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7 Abstract Cauchy Problems

It is of great practical as well as theoretical interest to know when, and
in what sense, solutions of the abstract equations

o(t) = Ax(t)+ f(t)
(7.1)
z(0) = =

exist. Moreover, representations of such solutions in terms of a varia-
tion of parameters formula and the semigroup generated by A will play
a fundamental role in control and estimation formulations. We begin
by summarizing results available in the standard literature on linear
semigroups and abstract Cauchy problems.

Consider the abstract Cauchy problem (ACP) given by (7.1) where
A is the infinitesimal generator of a Cpy-semigroup T'(t) in a Hilbert
space H. We define a mild solution x,, of (7.1) as a function in H
given by

Tm(t) =T (t)xo + /0 T(t—s)f(s)ds (7.2)

whenever this entity is well defined (i.e., f is sufficiently smooth).

We say that = : [0,7] — H is a strong solution of (ACP) if z €
C([0,T),H)NCY((0,T), H), z(t) € D(A) for t € (0,T], and x satisfies
(7.1) on [0, T].

We have the following series of results from the literature [Li, Pa,

W],

Theorem 7.1 If f € L1((0,T),H) and xo € H, there is at most one
strong solution of (7.1). If a strong solution exists, it is given by (7.2).

Theorem 7.2 If xg € D(A) and f € C*([0,T), H), then z,, given by
(7.2) provides the unique strong solution of (7.1).

Theorem 7.3 If xyp € D(A), f € C([0,T],H), f(t) € D(A) for each
t€[0,7] and Af € C([0,T], H), then (7.2) provides the unique strong
solution of (7.1).

Theorem 7.4 Suppose A is the infinitesimal generator of an analytic
semigroup T'(t) on H. Then if xo € H and f is Holder continuous (i.e.,
|f(t)— f(s)] < k|t —s|Y for some v < 1), then xp, of (7.2) provides the
unique strong solution of (7.1).

95
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Unfortunately, all of these powerful results are too restrictive for use
in many applications, including control theory, where typically f(t) =
Bu(t) is not continuous, let alone Holder continuous or C'. For this
reason, a weaker formulation is more appropriate. For this, we follow
the presentations of Lions [Li], Wolka [W], and Tanabe [T] which are
developed in the context of sesquilinear forms and Gelfand triples, V' <
H — V* where V, H,V* are Hilbert spaces.

We define the solution space W(0,T') by

WO,T) = {9 € Lo((0,7), V) : % € L((0,7), V*)}

with scalar product

T T
a.mw = [ ot nO)vde+ [ G0, G-

Then it can be shown (a nice exercise for industrious readers or consult
[Li, W]) that W(0,T) is a Hilbert space which embeds continuously
into C([0,T], H).

Assume o : V x V — C satisfies for ¢, € V

Re o (i, ) > cilol3 — Molpl3 1 >0, g real, for all ¢ €V,

lo(e, ) <Alelvldly  forall g,y € V.

Then, as already discussed, we have A € L(V,V*) such that o(p, 1) =
(Ap,)v=yv = (—Ap,)g where A is the densely defined restriction
of —A to the set Dy = {p € V| Ap € H}. We have moreover, that A
is the infinitesimal generator of an analytic semigroup 7'(¢) on H. In
fact, from Theorem 6.4 we have that —.A4 is the generator of an analytic
semigroup 7 (¢) in V, H and V* and 7 (t) agrees with T'(¢) on V and
H.

We may consider solutions of (7.1) in the sense of V*, i.e., in the
sense

(1), )y v + U(x(tg(?é; i i](:.(t)an*,v for €V, (7.3)

By a strong solution of (7.1) in the V* sense (also quite frequently
called a weak or variational—see Chapter 11 for a discussion of the
origin of this terminology) or distributional solution), we shall mean
a function x = xye € L2((0,T),V) such that & € Ly((0,7),V*) and
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(7.3) (or equivalently @(t) + Az(t) = f(t)) holds almost everywhere on
(0, 7). Similarly, mild solutions x,, € V* are given by the (in general,
weaker) analogue of (7.2)

() = T(E)z0 + /0 T(t— 8)f(s)ds. (7.4)

We note that this is a generalization of the solutions (7.2) in H to solu-
tions in V* which of course reduces to (7.2) whenever xy and f(s) are
in H since T (t) agrees with T'(t) on H. We then have the fundamental
existence and uniqueness theorem. (Note that continuous dependence
of Zyqr will follow readily from the representation (7.4).)

Theorem 7.5 Suppose ©o € H and f € La((0,T),V*). Then (7.3)
has a unique strong solution in the V* or variational sense and this is
given by the mild solution (7.4).

Proof We give the arguments which are of interest since they are typ-
ical in many finite element method discussions (e.g., see Chapter 12).
Let {¢i}3° C V be a linearly independent total subset (i.e., a basis)

k
of V. We define the “Galerkin” approximations by zx(t) = > w;(t)p;
i=1
where the coefficients {w;} are chosen so that
(r(t), 05)m + o(zk(t), 05) = (f(t), pj)v=v (7.5)

for j =1,...,k, satisfying the initial condition

xk(o) = Tk

where
k
Tho = E Wiy Y5 — To
=1

in H as k — co. Equivalently, (7.5) can be written as

sz SDZa‘Pj +sz 4)02’90]) F(t)

where Fj(t) = (f(t),¢j)v=v for j = 1,... k. Therefore, wy,...,ws
are unique solutions to a vector ordinary differential equation system.



98 A Functional Analysis Framework

Multiplying (7.5) by w; and summing over j = 1,...,k, we obtain

(@), zi(t) b + o (zk(t), 2 (1) = (f (1), 2e(E)) v+ v
with z(0) = x, — xo in H. Therefore

1d

5 g7 [T O + o (ax(t), 2r (1)) = (F(B), 20 () v v (7.6)

Integrating (7.6), we obtain

o) = 5l + [ otaro).ans)ds = [ (7). a(@)e vis

Using the fact that o is V-elliptic, we have

t
gl +er [ ln(olds < Gl + [ 176 vids

1 b1
< SO+ [ (SR +elan(s) s

Therefore,

1 t 1 b1
sl [ folbas < G+ [ LIf-ds (1)

or

1 t 1 1
Sler®lf+ (=9 /O [r()lfds < SlarO)i + 1| oa.ve)-

This implies we have {zj} bounded in C((0,7),H) and in
Ly((0,T),V). Since Ly((0,7),V) is a Hilbert space, we can choose
{zg, |zK, = T € L2((0,T),V)} to be a convergent subsequence of x.
Without loss of generality, we reindex and denote xj, by xj. Then the
limit Z is our candidate for a solution where z;, — & in Lo((0,7),V).

Let x(t) € C1(0,T) with x(T) = 0 and x(0) = 0 and define ¥;(¢,)
by U;(t,-) = x(t)p;. Multiplying (7.5) by x(¢) and integrating, we
have

T
/0 (@ (1), ) mx(t) + o(zk(t), ;)X () — (f(1), pj)v=vx(t))dt = 0.
(7.8)
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Integrating by parts, we find that (7.8) becomes

-/ "t a0 /

We can now let k¥ — oo and pass the limit through term by term
to obtain (this uses the boundedness and continuity properties noted
above)

T

T
o (L), o)x(H)— /0 ), 01 v ()t = 0.

T T T
| =0 epiar [ o eonwa- [ G0 =0
(7.9)
holding for all ¢; € V. Recall that {¢;} is a total subset of V'
and observe that the set of all y such as chosen above (i.e., x €
C3(0,T)) are dense in L2(0,7). Thus we have (7.9) holding for all
U = px in Lo((0,7),V). We can rewrite o(Z(t), ¢)x(t) as AZ(t)¥ and

foT<f(t)780>V*,VX(t)dt as f().
Therefore, (7.9) becomes

d
<%a~:, Wyy«y + (A — f)U =0

where U € L((0,7),V), or & satisfies % + Az — f = 0 in the
Ly((0,7T),V)* sense. However, we have the following needed theorem
(details can be found in [E]).

Theorem 7.6 Let X be a reflexive Banach space. Then
LP((07 T)7 X)* = Lq((07 T): X*)
1 1 _
where;+a—1,1<p<oo.

Returning to our arguments we thus have that the solution to the
equation exists in the Lo((0,7"), V)* = L2((0,T"), V*) sense and is given
by . To obtain Z(0) = zp, we may use the same arguments with
arbitrary x € C1(0,T), x(T) = 0, but x(0) # 0.

To prove uniqueness of the solution, it suffices to argue that the
solution corresponding to x¢g = 0, f = 0 is identically zero. With these
specific values for f and xg, (7.3) can be written as

<'j7(t)7 90>V*,V + J(%(t), 80) = O> (7'10)

x(0) = 0.
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Let ¢ = z(t). Then (7.10) becomes

Integrating by parts and using the V-ellipticity of o, we obtain

1 t
i\x(t)\%{ +/ c1\$(s)]%/ds <0.
0

Therefore, z(t) = 0 and thus the solution is unique.
To establish continuous dependence of the solution, define

x('Sanf> : ($0>f) € H x L2((07T)>V*) —
xz € Ly((0,7),V) [ C((0,T), H).

Therefore, © € Ly((0,T"), V*). Taking the limits in (7.7) and using the
property that the norms are weakly lower semi-continuous, we obtain
the following relation:

1 t 1 I
S+ (=0 [ la(e)bds < Slaoliy+ oo [ 1FR-ds
0 €Jo

and hence

1 2 T 2 1 2 17 2
sup le(t)ff + (c1 = o) [ Ja()fvds < Sleoliy + - [ 1F(9)Rds.
t€[0,T] 0 € Jo

Since the map (zo, f) — « is a linear map (it is readily seen that
solutions of the linear system (7.3) are linear in the initial data and
nonhomogeneous forcing function) on H x Ls((0,7"),V*), we have im-
mediately that z is continuous on H x Lo((0,7T),V*) into C((0,T), H),
Ly((0,7),V*) and Lo((0,7),V).

Finally, we need to prove the equivalence between this solution
and the mild solution given by (7.4). From (7.4) we have that the
map (zg, f) — z(-,x0, f) is continuous from H x Lo((0,7),V*) to
Ls((0,7),V*). We have just argued that the variational solution
Zyar(y o, f) 18 continuous in the same sense. Thus z,e and z,
are both continuous in the above sense. Recall that if two continu-
ous functions agree on a dense subset of some set, then the solutions
must agree on the entire set. Therefore, if there is a dense subset of
H x L2((0,T),V*) on which 4 and z,, agree, then they will agree
on the entire set.
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Choose zg € Dy and f € C'((0,T), H). Then Theorem 7.2 guar-
antees that x,, is the unique solution in the H sense. However, if
Ty 1S a strong solution in the H sense, then it must also be a vari-
ational solution (i.e., a strong solution in the V* sense). However,
the mild solution being unique means x,,(-, g, f) = Zyar(+, o, f) for
(w0, f) € Da x CY(0,T),H). But Da x C*((0,T),H) is dense in
H x Ly((0,T),V*). Hence, we have the equivalence between the solu-
tions corresponding to data (zg, f) in H x Lo((0,7T), V*).

We close these discussions on Cauchy problems by remarking that
the various types of solutions discussed here and their representations
and regularities in V|, H or V* will play an important role in our subse-
quent discussions of inverse problems as well as in those for the control
problems formulated in the latter part of this book.



This page intentionally left blank



8 General Second-Order Systems

8.1 Introduction to Second-Order Systems

The ideas in Section 6.3 for Example 6 can be used to treat more
general second-order systems. As we shall see in this chapter, the
strength of the damping plays a direct role in the regularity properties
for the associated semigroup and consequently, the solutions of related
equations. Consider the general abstract second-order system

§(t) + A2y (t) + Ary(t) = f(1)

or, in variational form

(@), p)vev +o1(y(t), ») + o2(y(t), ) = (f(t), p)v=v (8.1)

where H is a given complex Hilbert space. As usual, we assume that o
and o9 are sesquilinear forms on V' where V < H — V* is a Gelfand
triple. We also assume that o; is continuous, V-elliptic, and symmetric

(o1(p,0) = o1(1, ). We assume that o is continuous and satisfies a
weakened ellipticity condition which we formally call H-semiellipticity.

Definition 8.1 A sesquilinear form o on V' is H-semielliptic if there
is a constant b > 0 such that

Re a(p, p) > blel3 forallv e V.
Note that b = 0 is allowed in this definition.

Since o1 and o9 are continuous, we have that there exists A; €
L(V,V*),i=1,2, such that

Uz(¢7¢) = <Ai%¢>V*,V for all %%Z) € VYa 1= ]-32

Following the ideas in Section 6.3 for Example 6, we define spaces
Y=V xV and H =V x H and rewrite our second-order system as a
first-order vector system. Defining, for x = (¢, %), = (g,h) € V, the
sesquilinear form

o(x; Q) = a((¢:¥), (9, h)) = =(¢, 9)v + o1(p, h) + 0a(, h),

103
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we can write our system for xz(t) = (y(t),y(t)) as
(@), x)n +o(2(t),x) = (Ft),x)n x €V
where F'(t) = (0, f(¢)). This is formally equivalent to the system
z(t) = Ax(t) + F(t)
where A is given by

D(A) ={z = (p,¢) e H[Y € V and Ay + Aptp € H} (8.2)

A= ( Y ) (8.3)

We first note that o is V continuous. To see this, we observe that
o1 and o2 being V' continuous implies

and

o1(e, h) < mlelv|hly

and
o2(p, h) < yelYlvihly.

We also have |x|%, = |¢|% + |¢[} and ¢} = |g[3 + |h[3. Putting all of
this together, we have from standard arguments given in the previous
chapter

lo((0, %), (g,h))] [viglv +mlelv by +y2ldlv]hly
IxIvICly +7lxvICly + v2lxIvi¢ly

(1471 +2)IxIvI¢lv-

I IAIA

This indeed implies that ¢ is V continuous.

As o is V-continuous, A is the negative of the restriction to D(A)
of the operator A € £L(V,V*) defined by o(x,¢) = (Ax, )y« so that
o(x,¢) = (=Ax, )y for x € D(A),( € V (recall the formulations of
Section 5.2).

8.2 Results for o, V-elliptic

If both o1 and o9 are V-elliptic and o7 is the same as the V inner
product, then we have exactly the case of Kelvin-Voigt damping in Ex-
ample 6. We proved with these assumptions, o is V-elliptic. (Actually,
we proved o(-,-) + Ao(, )y is V-elliptic.) Therefore, we have A is the
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infinitesimal generator of an analytic semigroup (not of contractions
since Ao > 0) on H.

Even if the V inner product and o are not the same, this result
is true. Since oy is continuous, we have |o1(¢,¢)| < y1lp|? while

o1 is symmetric (i.e., o1(¢,¥) = o01(¥,¢)) implies Re o1(p,p) =
o1(p, ¢). Thus, o1 being V-elliptic is equivalent to o being V-coercive:
o1(p, ) > 0lp|?. Hence, o1 and the inner product are topologically
equivalent. We may thus define V; as the space V with ¢} as inner prod-
uct, obtaining a space that is setwise equal and topologically equivalent
to V. In the space H1 = V} x H the operator A is now associated with
the Vy-elliptic (where Vi = Vi x V1) form oM (y, ¢) = (= Ay, (), that
(as we argued in Section 6.3) satisfies the conditions of our Theorem
6.2. Hence, A generates an analytic semigroup in #; and hence an
analytic semigroup in the equivalent space H. Thus we have

Theorem 8.1 Let V — H — V* and suppose that o1 and o9 of (8.1)
are V -continuous and V -elliptic sesquilinear forms on V and that o1
is symmetric. Then the operator A defined in (8.2) and (8.3) is the
infinitesimal generator of an analytic semigroup in H =V x H.

Remark 2 By the results of Section 6.4, we actually have under the
assumptions above that A generates an analytic semigroup onV, H and

V*.

8.3 Results for 0o H-semielliptic

If o2 is not V-elliptic, then we will not, in general, obtain an analytic
solution semigroup for our system. We will obtain a Cy semigroup,
but must work a little more to obtain such. So assume that o3 is only
H-semielliptic. Then we have A defined in (8.2) and (8.3) is dissipative
in H; since

Re (Az,z)%, = Re{o1(¥,p) —o1(p, ) — oa(¥,9)}
= Re {o1(p,¥) — a1(0,¥) — o2(2h,9)}
= —Re o2(¢, 7))

< byl <o.
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To argue that A is a generator, we use the Lumer-Phillips theorem; thus

we need to argue that for some A > 0, the range of AT — A is H;. Given

¢ = (g,h) € Hi, we wish to solve (A — A)x = ( for x = (¢,v) € D(A).
So we consider the equation

(A—=A)(p,¥) = (g,h) for (g,h) € V1 x H.
This is equivalent to
Ap—t = g
A4
{A@D-{—Al(p-f—Agw = h. (8.4)
If we formally solve the first equation for v» = Ay — g and substitute
this into the second equation, we obtain
N =g+ Aip+ As(Ap —g) =h
or
N+ A1 4+ Mo = h+ \g + Aag. (8.5)

This equation must be solved for ¢ € V; (and then v defined by ¢ =
Ap — g will also be in V7).

These formal calculations suggest that we define for A > 0 the
associated sesquilinear form on V x V — C

0—)\(@7 Qb) = A2<g07 ¢>H + 0_1(()07 ¢) + )\0—2(907 w)
Since o1 is V-elliptic and o9 is H-semielliptic we have

Re oz(p0, ) = Aol% 4+ Re o1(p,9) + A Re 02(p, ¢)
> Aol + aleld + Ablel3;
= AA+Dd)|elF +alely

> Cl’@ﬁ/

for A = A(A+b) > 0. Hence oy is V-elliptic and (8.5) is solvable for ¢ €
V by Lax-Milgram. It follows that (8.4) is solvable for (y,1)) € D(A),
ie., R(A—.A) = H;. Thus we have that A generates a contraction
semigroup in ‘H; and a Cjy semigroup in H.

Theorem 8.2 Let V — H — V* and suppose that o1 and o2 of (8.1)
satisfy: o1 is V-elliptic, V' continuous and symmetric, oo is V' contin-
uous and H-semielliptic. Then A defined by (8.2) and (8.3) generates
a Cy semigroup in H.
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8.4 Stronger Assumptions for o,

If we strengthen the assumption on the damping form, we can obtain
a stronger result.

Theorem 8.3 Suppose o1 is V-elliptic, V continuous, and symmetric
and oo is H-elliptic, V' continuous, and symmetric. Then A is the
infinitesimal generator of a Cy semigroup T(t) in H =V x H that is
exponentially stable, i.e., |T(t)x|y < Me % x|y for some w > 0.

To motivate the arguments used to establish this result, we consider
for w > 0 the change of dependent variable y(t) = e “!r(t) in the
equation

i+ Agy(t) + Ary(t) = 0. (8.6)
Upon substitution, we obtain

() + Agr(t) + Arr(t) = 0 (8.7)
where .

A = A —wAs+ w21

AQ = A2—2wl.

This suggests that we define the sesquilinear forms

&1(90) 1/]) = 0'1(@, w) - waz(% ¢) + w2<90’ 1/]>H

oo, ) = oY) = 2w(e, ¥)m

so that ;(p,¥) = (Am,@b}v*,v,i = 1,2, and the transformed varia-
tional form of (8.6) is

<7x(t)7 @)V*,V + a—l(r(t)7 SO) + &Z(T"(t)a 90) =0
for p € V.
We observe that 61,69 are continuous and &1 is symmetric since
both o1 and o9 are. Since o9 is symmetric (hence o2(yp, ¢) is real) and
continuous with a2(p, ¢) < k2|¢|}, we have for p € V

a1(p, @)

o1(p, p) —woa(p, ) + w?|elF
ciloly — wrlely + w?lely

(c1 — wy2) gl

Re 61(¢p, ¢)

AVAAVAI
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Hence g1 is V-elliptic if w > 0 is chosen so that w < £
Moreover, we find that &9 is H-semielliptic if w is chosen properly
since

Re 62(p, @) = Re 0a(ip, ) — 2wlip|7; > (b — 2w)|p|%.

Therefore, 69 is H-semielliptic if w < 12’

Thus, if we choose w > 0 as w =  min {b 2L}, we find that 67 and
6 satisfy the assumptions of Theorem 8.2. By the arguments preceding
that theorem, we see that

. 0 I
A=( % )

(see (8.2) and (8.3)) generates a contraction semigroup T(t) on Hy =
V1 x H where V1 is V taken with &; as the inner product (V; is topo-
logically equivalent to V).

Now let T'(t) be the Cp-semigroup generated by A (see (8.2),
(8.3) and Theorem 8.2). If z(t) = ( zgg ) and w( ( rgtg )
are solutions of (8.6) and (8.7) respectively, we have z(t) = T(t)z

where g = < 3)0 ) and w(t) = T(t)wp. Since y(t) = e*“’tr(t) and
0

y(t) = —we™tr(t) + er(t), we see that x(t) = e“'T'w(t) where

1 0
I'= < —w 1 )
and wy = I''xg. It follows since |T(15)|H1 <

IT(t)zoly, < e TT(H)I aoly,

< M€7Wt|x0‘?:[l .
Since Hy and H = V x H are norm equivalent, we thus find that the
semigroup T'(t) is exponentially stable in H.

We note again that results such as these (exponential stability of
the underlying semigroup) will play a fundamental role in our control
theory discussions of Chapters 16 and 17.



9 Weak Formulations for Second-Order
Systems

Our focus on dynamical systems in this book to this point has involved
semigroup related solutions and representations. We also introduced
sesquilinear forms in the context of semigroup generation and certain
weak forms of differential equations. In numerous applications (some
of which are discussed below) the coefficients in the dynamical systems
are dependent on time. The semigroup approach of earlier chapters
is not directly useful in such problems. Even though there are gen-
eralizations of semigroups involving the theory of evolution operators
[Amann, DaPrato, Goldstein, Krefn, Martin] to which one could ap-
peal, we will not discuss that in this book. However, generalizations of
the sesquilinear form approach discussed earlier can be made to include
time dependent systems. We present such an approach in this chapter.

9.1 Model Formulation

We return to the general second-order systems (8.1) of Chapter 8 to
illustrate well-posedness ideas in the context of the abstract hyperbolic
model with time dependent stiffness and damping given by

<y(t)a ¢>V*,V + d(t; y(t)a @ZJ) + a(t; y(t)v ¢) = <f(t)a ¢>V*,V

where V C Vp C H C V5 C V* are Hilbert spaces with continuous and
dense injections, where H is identified with its dual and (-,-) denotes
the associated duality product. We first show under reasonable assump-
tions on the time-dependent sesquilinear forms a(t;-,-) : V. x V. — C
and d(t;-,-) : Vp x Vp — C that this model possesses a unique solution
and that the solution depends continuously on the data of the problem.
We also consider well-posedness as well as finite element type approxi-
mations in associated inverse problems. We treat a weak formulation in
abstract differential operator form that includes plate, beam, and shell
equations with several important kinds of damping [BSW]. A quick
remark on notation in this chapter: we will use the notation involving
d(t;-,-) on Vp x Vp in place of o3(-,-) on V' x V. We do this to allow
a separate space Vp for damping (which permits weaker damping) to
emphasize the similar, but separate roles that V and Vp play, espe-
cially in the time dependent case for damping d(¢;-,-) which may in
some cases actually be defined on H x H.

109
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Applications for such systems are abundant and range from sys-
tems with periodic or structured pattern time dependences that occur
for example in thermally dependent systems orbiting in space (periodic
exposure to sunlight) to earth bound structures (bridges, buildings) and
aircraft /space structure components with extreme temperature expo-
sures (winter vs. summer). On a longer time scale, such systems are
important in time dependent health of elastic structures where long
term (slowly varying) time dependence of parameters may be used in
detecting aging/fatiguing as represented by changes in stiffness and/or
damping. Moreover, applications may be found in modern “smart ma-
terial structures” [BSW, RCS] where one “controls” damping and/or
elasticity via piezoceramic patches, electrically active polymers, etc.

As before let V and H be complex Hilbert spaces forming a Gelfand
triple V. C H = H* C V* with duality product (-, )y« . The injections
are assumed to be dense and continuous and the spaces are assumed
to be separable. Moreover, we assume that there exists a Hilbert space
Vp (the damping space), such that V.C Vp ¢ H = H* C V};, C V¥,
allowing for a wide class of damping models. Thus the duality products
(-, )v=v and (-, -)vs v, are the natural extensions by continuity of the
inner product (-,-) in H to V* x V and V}5 x Vp, respectively. The
H-norm is denoted by |- | or |- | for clarity if needed and the V" and
Vp-norms are denoted | - [y and | - |v,, respectively. We denote 0y
by ¥, where y = y(t) is considered as a function of time taking values
in one of the occurring Hilbert spaces, that is, y(t,£) = y(t)(§) where
y(t) € H, for example.

Our goal is to investigate the system

g(t) + D)y(t) + At)y(t) = f(t), V", te€(0,T),  (9.1)
with 5(0) =y € V and (0) = y* € H which is equivalent to

(), )y + (DI By, + (ADYE), ) vy = <f<t>,w>v(*,v,)
9.2
for all 1 € V and t € (0,7, with y(0) =4° € V and %(0) = y' € H.
Following standard terminology we will call a function y €
Ly(0,T;V), with §y € L2(0,T;H) and § € L2(0,T;V*) a weak solu-
tion of the initial-value problem (9.1) if it solves the equation (9.2) in
the strong V* sense of Chapter 7, or, equivalently, solves the equation
(9.11) below, with y(0) = y° € V and 3(0) = y* € H given.
We will assume that the operators A and D arise (as defined pre-
cisely in (9.8)-(9.9) below) from time-dependent sesquilinear forms a
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and d satisfying the following natural ellipticity, coercivity, and differ-
entiability conditions.
First, we assume hermitian symmetry, that is

(H1) a(t, é, %) = alt, d, 6) for all 6, € V.
(H2) |a(t; ¢,v)| < c1|dlv|vlv, ¢,1 € V where ¢; is independent of t.

We assume, further, that

(H3) a(t;¢,v) for ¢,¢b € V fixed is continuously differentiable with
respect to ¢ for ¢ € [0, 7] (T finite) and

|a(t; ¢, ¥)| < ea|plv|¢ply, forall t € [0,T], (9-3)

with ¢ once again independent of t.

We also assume that the sesquilinear form a(t; ¢,v) is V-elliptic, so
that

(H4) There exists a constant a > 0 such that

la(t; ¢, ¢)| > a|p|?, for all t € [0,T] and for all p € V. (9.4)

For the sesquilinear form d we assume similarly

(H5) |d(t;0,v)| < esldlvy|¥lvy, ¢,¢ € Vp where ¢z is independent
of ¢.

We assume, further, that

(H6) d(t;¢,v) for ¢, € Vp fixed is continuously differentiable with
respect to ¢ for t € [0,7T] (T finite) and

|d(t; 6, 9)| < caldlvp|¥lvy, forall t€[0,T),  (9.5)
¢4 once again independent of ¢.

Then t — d(t; ¢,1) and t — a(t; ¢, ) are C1[0, T] for all ¢,+ € Vp, and
¢, € V, respectively, which implies that d(¢; ¢,v) and a(t; ¢,v) are
sufficiently well-behaved in order to have existence for (9.1) or (9.2).

We also assume that the sesquilinear form d(t; ¢,) is Vp-coercive.
That is,
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(H7) There exist constants Ay and ag > 0, such that

Red(t; ¢, ¢)+Aald|> > aqlolt, for all t € [0,T] and for all ¢ € Vp.
(9.6)

We know then from our earlier considerations (Chapter 8) that
there exist representation operators A(t) and D(t)

A(t): V= V*  D(t):Vp — Vp, (9.7)
which for each fixed t are continuous and linear, with

a(t7 ¢a 77/)) = <A(t)¢> ¢>V*,V, for all ¢7 ¢ € ‘/a (98)

and
d(tv ¢7¢) = <D(t)¢> w>VB,VDa for all ¢7 ¢ € VD- (99)

We will now consider the following problem: Given finite T and
f € Ly(0,T;V}) along with initial conditions

W eV, y eH,
we wish to find a function y € Ly(0,7;V),y € L2(0,7;Vp) such that
in V* we have

{y(t) +D()j(t) + Alt)y(t) = f(t), t€(0,T), (9.10)

y(0) =4, 9(0) =y
That is, for f € Ly(0,T;V})

(), )y +d(E (0, 0) +alt (1), ) = (1), v for all € V.
(9.11)
We remark that (9.11) is meaningful since f(t) € V5 C V*.

This formulation covers linear beam (i.e., Example 6 discussed ear-
lier), plate and shell models with numerous damping models (Kelvin-
Voigt, viscous, square-root, structural, and spatial hysteresis) fre-
quently studied in the literature. The formulation above is non-
standard in the sense that the damping sesquilinear form is incorpo-
rated in the variational model and is time-dependent. The problem
without damping (d = 0) and f € L2(0,7T; H) was treated by Lions in
[Li], and subsequently in [W]. The less general case without damping
and V = H}(Q) is treated for example in [Ev]. The model above with
d : Vp — C independent of time is treated in [BSW]. The following
theorem is a time-dependent extension of the previous results.
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Theorem 9.1 Assume (f,y°,y') € La(0,T;V}) x V x H and that
conditions (H1)-(H7) hold. Then there exists a unique solution y to
(9.11) with (y,9y) € L2(0,T;V) x Lo(0,T;Vp), and the mapping

(£° 9" = (v.9), (9.12)

is continuous and linear on
Ly(0,T;V)) x V. x H— Ly(0,T;V) x Lo(0,T; Vp). (9.13)

As we will see, Theorem 9.1 can then be extended to stronger
smoothness results on solutions.

Theorem 9.2 Assume that (f,y°,y') € La(0,T; V) xV x H and that
conditions (H1)-(HT7) hold. Then there exists (perhaps after modifi-

cations on a set of measure zero) a unique solution y to (9.11) with
(y,9) € C(0,T;V) x (C(0,T; H) N L2(0,T;Vp)), and the mapping

(F% 9 = (.9), (9.14)

1s continuous and linear on
Ly (0, T, VH)xVxH — C(0,T;V)x(C(0,T; HINL2(0,T;Vp)). (9.15)

We shall present arguments for these results below, after some re-
marks and discussion of possible underlying models.

Remark: If we only have that the inequality (9.6) for the damping
sesquilinear form d is satisfied with ag = 0, the results are still true
with modifications. Then it will be necessary that f € Lo(0,7; H) and
one obtains only that y € Lo(0,T; H); that is, we have the same results
as if there was no damping. (See, e.g., [Li].) As an added comment, we
note that J. L. Lions was one of the early and most prolific contributors
to functional analytic formulations of partial differential equations and
control theory. His many contributions include the seminal texts [Li,
LiMag].

9.2 Discussion of the Model

It is well known from the literature that the strong form of the oper-
ator formulation (9.1) of the problem in general causes computational
problems due to irregularities stemming from non-smooth terms typ-
ically in the force/moment terms in, for example, elasticity problems.
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The weak formulation has proven advantageous both for theoretical
and practical purposes, specifically in the effort to estimate parameters
or for control purposes [BSW]. To give a particular example illustrat-
ing and motivating our discussions here, we consider a version of the
beam of Example 6 but with both ends fixed. For an Euler-Bernoulli
beam of length [, width b, thickness h, and linear density p, where the
parameters b, h, p may be functions that depend on time and/or spatial
position £ along the beam, the equation for transverse displacements
y =y(t,€) (in strong form [BSW]) is given by

823/ 62 o 33 __ 32
with fixed end boundary conditions
y dy
y(t,0) = B¢ (t 0) =yl(t,l) = B¢ (t )= (9.17)

Here we assume Kelvin-Voigt structural damping with damping coeffi-
cient Cpl = CpI(t,€) and the possibly time and spatially dependent
stiffness coefficient given by El = EI (t,£). For simplicity we assume
p is constant and scale the system by taking p = 1. One can readily
compute that EI = Eh3b/12,Cpl = Cph3b/12, where the Young’s
modulus F, the damping coefficient Cp, and the geometric parameters
h,b may in general all be time and/or spatially dependent. As we have
seen, in weak form this can be written

0%y(t) | = %y(t) 0%

+ EI

<3'/'(75),¢>V*,v + <® 852 852 ’ 352

v = (f(t), V)v v,

(9.18)
for all ¢» € V, where H = Ly(0,1) and V = Vp = H3(0,1) with

HE(0,1) = {y € H*(0,1)[9(0) = ¥'(0) = ¢() =¢'(1) = 0}.  (9.19)

Here we have adopted the usual notation 1)’ = g—?.

This has the form (9.2) or (9.11) with
b
a(t; ,¢) = (A)¢, Y)v=v :/o EI(t,§)¢"(§)v"(§)dE  (9.20)

l —_—
d(t;¢,¢)=<D(t)¢,¢>V*,v=/O Cpl(t,§)¢"(§)v"(€)de.  (9.21)
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Models such as this can be generalized to higher dimensions (in R”
for n = 2,3) to treat more general beams, plates, shells, and solid bodies
[BSW, RCS]. Of great interest are a number of useful damping models
that can be readily used with these equations and treated using the
abstract formulation developed here. We discuss briefly some of these
damping models without going into much detail, as the purpose of this
section is to establish well-posedness and approximation properties of
the abstract model. We consider briefly several damping models of
interest in practice [BFW88, BFW89, BFWIC, Baln, BaPed, BSW,
BWIC].

Time-dependent Kelvin-Voigt damping: Let w C [0,1], with 1, de-
noting the characteristic function of w. Let v, > 0 denote material
parameters and let ¢ — k(t) denote a sufficiently smooth function.
Then a time-dependent damping sesquilinear form is given by

l
d(t; 6, ) = /O (7 + Sk 1, (€) 6" (©0"(©)de,  (9.22)

for 9,9 € Vp = V = HZ(0,1). This gives a model for a mechani-
cal structure damped by a time-varying actuator, localized somewhere
inside the structure. This could be piezoceramic actuators or other
“smart” devices, with the possibility of them varying in time.

Time-dependent viscous damping: This is a velocity-proportional
damping, given (with the notation from above) by the sesquilinear form

[
d(t; 6, 4) = /0 k(1 ©)B(E)(E)de, (9.23)

with k € C(0,T; Loo(0,1)) denoting the damping coefficient. One can
take Vp = Lo(0,1) here.

Time-dependent spatial hysteresis damping: This model, without
time-dependence, is discussed in [DLR], and, as noted in [BSW], it has
been shown to be appropriate for composite material models where
graphite fibers are embedded in an epoxy matrix. The time-dependent
sesquilinear form that we consider here can now be constructed with
the following compact operator K (t) on La(0,1):

l

(K()$)(€) = /0 k(1. €,0)6(C)dC, (9.24)
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where the nonnegative integral kernel k belongs to C1(0,T; Loo(0,1) x
L (0,1)). Letting

!
v(€) = /0 R(E,C)dc (9.25)

denote some material property, we can define

l
d(t; 6, ) = /O (w(€) — K ()¢ (€1 (€)de, (9.26)
with Vp = HY(0,1).

9.3 Theorems 9.1 and 9.2: Proofs

As with the first-order systems investigated earlier in Chapter 7, we
will follow a standard Galerkin approximation method (see for example
[BSW, LiMag, W]) with necessary, non-trivial modifications as given
in [BaPed] due to the presence of the time-dependent forms. Therefore
let {w;}7° denote a basis (i.e., a linearly independent total set) in V
that is also a basis in H. This is possible since V is dense in H. For a
fixed m we denote by V,, the finite dimensional subspace spanned by
{w;}7, and we let y9, and y., be chosen in Vj,, such that

W —y® iV, yh =yl in H, for m — 0. (9.27)

We next define the approximate solution y,,(t) of order m of our
problem in the following way:

Ym(t) =D gjm (t)wy, (9.28)
Jj=1

where the g, (t) are determined uniquely from the m-dimensional lin-
ear system (recall that (-,-)y«y reduces to (-,-) = (-,-)y when the
arguments are in H):

<Z-/‘m(t), wj> + d(t; ym(t)7wj) + a(t; ym(t)7wj) = <f(t), wj>V*,V7
7=12,..,m;

with ¢, (0) = 49, and g, (0) = 3, Multiplying (9.29) with g,,,,(t) and
summing over j yields

<ym(t)’ ym(t)>+d(t; ym(t)7 ym(t))+a(t; ym(t)7 ym<t)) = <f(t)7 ym(t)>V*,V~
(9.29)
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Now, since

@ (059 (0), 9 (1) = 2Re(t 90, (1)) + 05 (1) (1),
(9.30)
we see that

%{!?Jm(t)!Q + a(t; ym(t), ym (1))} + 2Red(t; Ym (1), ym () =
d(tQ ym(t)v ym(t)) +2 Re<f(t)7 ym(t»V*,V‘

By integrating this equality we find
¢
|9 ()7 + a(t; Ym (), ym (1)) + /0 2Red(t; Ym(s), Ym(s))ds =
¢
O 00395 + [ s n(5) n(5)) s

- "2 Re(f(5), () - ds.

Using the coercivity conditions for a and d, together with the inequality
(recall that f(s) € V)

[(F(8), gm(8))v=v| < %E\f(S)I%/g, +elgm(s)IT, (9-31)

we obtain, for all € > 0

t
(O + alum(®F + [ 200 = i) ds < W + el +
0

t t t
) 1
02/ Iym(s)I%ds+2Ad/ Iym(s)l2d8+/ 21 (5)
0 0 0 <€

2
vy ds.

Since y9, — y* in V, yl, — y* in H and f € Ly(0,T; V}), we have that,
for € > 0 fixed and m large, there exists a constant C' > 0, such that

t
1
2+ el + [ Sl < (9.2

hence
t
|9 () |* + atlym ()7 + / 2(ag — €)[gm(s)[7,ds <
0

t t
C’—l—cz/ |ym(s)|%/ds—f—2)\d/ \ym(s)|2ds.
0 0
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Then, in particular
G (D + alym ()]} <

t t
Ot e / on(5) s + 20 / (m(5) 2. (9.33)
0 0

By Gronwall’s inequality we then see that the sequence {¥,, } is bounded
in C(0,7;H) and that the sequence {y,,} is bounded in C(0,7;V).
From this fact together with the inequality (9.33) we conclude that
{Um} is also bounded in L2(0,T;Vp). Then it is possible to extract
a subsequence {ym, } C {ym} and functions y € Ly(0,7;V) and § €
Ly(0,T;Vp), such that y,,, — y, weakly in Ly(0,7;V) and 9, — ¥,
weakly in L9(0,7;Vp). But for 0 < ¢ < T we have in V', hence in Vp
and H, that

e (£) = Yrm (0) + / s (5)d5. (9.34)

But ym,(0) — 3% in V and hence in Vp, while, for t fixed,
f(f Um, (8)ds — fg y(s)ds, weakly in Vp. So, by taking the weak limit
in Vp in (9.34), we obtain in Vp the equality

y(t) = y° + /0 j(s)ds, (9.35)

from which we conclude that y(¢) is in Vp a.e., with § = g and y(0) =
y.

We need now to show that y is actually a solution to the problem
(9.11), with 5(0) = y'. To see this, take a function ¢ € C([0,T]),
satisfying ¢(T") = 0, and define, for j < m, the function ¢; by ¢;(t) =
o(t)wj, where {w;}7" was the basis spanning V;,,. Now, for a fixed
Jj < m, we multiply (9.29) with $(¢) and integrate to obtain

T
/0 (@ (s), j(5))+d(s;9m(s), 0j(5)) + als; ym(s), ¢;(s)) yds =

T
/0 (f(s), @j(s»vﬂdes.

Observing that, for each ¢, we have d(t; -, ¢;(t)) € V}, and a(t; -, p;(t)) €
V*, we find, using the weak convergence above, that for m = my — oo



Weak Formulations for Second-Order Systems 119

and integration by parts in the first term, that
T
| 06025 9) + i) 05 0)) + s ). (5) s =

T
/0 (F(): 05())vs vds + (51 05(0)), (9.36)

for every j. Now further restrict ¢ to also satisfy ¢ € C§°(0,T") and
write (9.36) as

T.
/0 B() (—i(s),wy) +

T
/0 B(){d(5:5(5),w5) + a5 (), w5) — (£(5), ;). }ds = O,
(9.37)

for each j. But by (9.37), we have

%@(t), wj) +d(t;y(1), wy) + alt; y(t), wy) = (), wj)vs v, (9:38)

for all w;. By density of UpSV;, in V' we conclude that § € L2(0,7; V™)
and that for all ¢p € V'

(@(t), )vey +d(t;y(t), ) + alt;y(t), ) = (F{), V)vy vy, (9-39)

which was (9.11). Hence the y we have constructed is indeed a solution
to the equation and by (9.35) we have that 3(0) = y°. In order to verify
that ¢(0) = y!' we integrate by parts in (9.36), and by application of
(9.38) we find that, for all j:

—(9(5), 0 ()IEZT = (¥, 9;(0)), (9.40)

or, equivalently
(§(0),w;)2(0) = (y",w;)B(0). (9.41)

Hence 3(0) = y'.

In order to prove uniqueness, let y be a solution of our problem
(9.11) corresponding to (y°,y', f) = (0,0,0), and define for a fixed
t1 € (0,T) (arbitrarily chosen) the function v by

t1
— |-t y(s)ds  for t < ti,
t) = t 9.42
vt {0 for t > tq, ( )
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so ¥(T') = 0. Obviously 1(t) € V for all ¢, so we can take 1(t) = v in
(9.11) which yields

(@), b @) v+ v +dt; 9(t), ¥ (1)) + alt; y(t), ¥ (t) = (f (1), @D(t)hz*,v- |
9.43
Because v(t) = y(t) for t < t; (a.e), we have that

/0 B0 B0+ ), Y0y )t =

| Gt wlepv v o (9.44)

due to 9(t;) = 0 and the initial conditions. Using this and by integra-
tion of (9.43) we find

/0 )y — dlt 58, 0(8)) — alt: y(2), b(2))dt = 0; (9.45)
hence

/0 1 %(‘y(tﬂQ —a(t;(t),¥(t)))dt =

2/0 (@t 0(8), (1) + Red(t; §(8), (1)) )dt. (9.46)
Because 9(t1) = 0 and 5(0) = 3° = 0 this yields
ly(t1) > +a(0;9(0), 9(0)) = 2/0 (@t w(e), w(t) +Red(t y(t), w(t) )t

(9.47)
From the assumptions on a and a we arrive at

ly(t1)|* + alp(0)]F < 2/0 1(62!1/1(t)\2v + Red(t;9(t),¢(t)))dt. (9.48)
Now notice that

A 30, 9(0) = 5 ({0, 0(0)) — dltsy(6), 6(0) — dltsy(e) (o),
(9.49)
so (from the initial conditions)

/0 (e (), (1))t = /0 (s (1), (1)) — d(t; y(E), y(t))) .
(9.50)
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Because
—Red(t; y(t),y(t)) < Aply(t)]* — aaly(t) |5, (9.51)
we have that
ly(t1)]> + al(0) <
t1 .
2/0 (cal ()5 + Aply(t)* — aaly(t)[3;, + Red(t; y(t), (1)) dt.
(9.52)

Now we introduce the function w(t) = fot y(s)ds and use
W) = w(t) —wt)l} < 2@ + 2w(t)l} (9.53)
to obtain
ly(t) [ + (o — deatr)|w(t) 5 <
2 /Ot1 (2c2lw(®)} + Aply(D) — aaly(®)[}, +Red(t;y(t), ¥ (t)))dt.
(9.54)

Finally we use the differentiability of the damping sesquilinear form d:

|d(t;y(1), (1))l

IN

caly(®)vp [Y () vy

Syl + - 0)

Cy 2 2
5 (@i, + 2O, + ~lw(t)f,)

IN

IN

for all € > 0. We now have an inequality

264t1

ly(t) + (o — deatr)|w(ty) p — w(t)l, <

2 [ eaw®)ff + Aol = aalu(®l, + 5 (el + lol0)ff )i
(9.55)

and using here that

(a — deaty)w(ty)[F > (% — 200ty (lw(t1) [} + lw(t1)[},,),  (9.56)
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we finally arrive at the formidable inequality

2C4t1

« «
ly(t)]* + (5 — 2eaty)|w(ta) [ + (5 — 2coty —

Cy€

t1
2A ealw(®)f} + Aoly®) + (55

oty <
—aa)ly(O)y, + b))t

Now fix € > 0 such that (¢ — aq) < 0 and fix t; = g such that

(0]
2 (ca+4)
(% — 2cot; — 241) = & Then also ($ — 2cot1) > 0 and the inequality
above implies that for some constant M > 0,

1

ly(t)? + lw(t)[F + lw(t)lF, < M/O (IyOF +lw®) + wt) [, )dt.

(9.57)
From Gronwall’s inequality we see that y = 0 in the interval [0, #].
Since the length of ¢; is independent of the choice of origin, we con-
clude that y = 0 on [t1,2t1], etc. Hence y = 0 and uniqueness is
proved. That the solution depends continuously on the data is obvious
from the inequalities used to show existence; indeed, from (9.32) and
(9.33) and the weak lower semicontinuity of norms we conclude that
the constructed solution satisfies

@O + R +5 [ 1o, <
0

t
KO%@+WPﬁAU@

QVBds> (9.58)

for some positive constants § and K. Integrating from 0 to T yields
the desired result (since (y°,y', f) — (v, %) is linear). This completes
the proof of Theorem 9.1.

The proof of Theorem 9.2 follows from the inequality (9.57) and the
original proof in the case d = 0 from [LiMag, p. 275-279], because we
do not gain any additional regularity from the form of d in this case.



10 Inverse or Parameter Estimation Problems

In the generic abstract parameter estimation problem, we consider a
dynamic model of the form (9.1) where the operators A and D and pos-
sibly the input f depend on some unknown (i.e., to be estimated) func-
tional parameters ¢ in an admissible family @ C C1(0,T; Loo(; Q))
of parameters. Here 2 is the underlying set on which the functions of
H,V,Vp are defined (e.g., the spatial set Q = (0,1) in the heat, trans-
port, and beam examples). We assume that the time dependence of the
operators A and D are through the time dependence of the parameters
q(t) € Loo(92; Q) where Q C RP is a given constraint set for the values
of the parameters. That is, A(t) = Ai(q(t)), D(t) = A2(q(t)) so that
we have

i(t) + A2(q(t))y(t) + Ar(q(@))y(t) = f(t,q) in V"

10.1
y0) = 4%, §0) =" Ho-D
Thus we introduce the sesquilinear forms o1, o9 by

a(t; ¢7 ¢) = Gl(‘](ﬂ)(¢? Qb) = <A1(Q(t))¢7 ¢>V*,V7 (102)
d(t; ) = 02(q(t)) (9, ¥) = (A2(q(t))d, V)vs, v - (10.3)

It will be convenient in subsequent arguments to use the notation

d

5:(0)(6, ) = 2:0i(0)(6, ) (10.4)

which in the event that o; is linear in ¢ becomes &;(q)(¢,v) =
0i(4)(¢,v). For example, in the Euler-Bernoulli example of (9.18),
we would have

L
o1 (1)) (6, 1) = /0 BI(t,€)8" ()0 (€)de (10.5)

l —_—
o2 (q()) (6, ) = /0 CpI(t,€)6"(€)0" (€)de (10.6)

where ¢ = (ﬁ, CTDJI) € C1(0,T; L>(0,1; R%)). Note that in this case
we do have &i(q)(¢, V) = 04(q)(8, V).

In terms of parameter dependent sesquilinear forms we thus will
write (10.1) as

(#i(t), 0) + o2(q()) (5 (1), 0) + o1(q(t)) (y (1), @) = (f (£, q), d)

y(0) =o' §(0) =y (10)

123
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for all ¢ € V. Asin (9.2), (-,-) denotes the duality product (-, )y« y. In
some problems the initial data y°, y' may also depend on parameters §
to be estimated, i.e., ° = y°(¢),y' = y*(§). We shall not discuss such
problems here, although the ideas we present can be used to effectively
treat such problems. We instead refer readers to [BK] for discussions
of general estimation problems where not only the initial data but even
the underlying spaces V and H themselves may depend on unknown
parameters.

It is assumed that the parameter-dependent sesquilinear forms
01(q),02(q) of (10.7) satisfy the continuity and ellipticity conditions
(H2)-(H7) of Section 9.1 uniformly in ¢ € Q; that is, the constants
1,2, @, €3, C4y Ag, g of (H2)-(HT) can be found independently of ¢ € Q.

In general inverse problems, one must estimate the functional pa-
rameters ¢ from dynamic observations of the system (10.1) or (10.7). A
fundamental consideration in problem formulation involves what will
be measured in the dynamic experiments producing the observations.
To discuss these measurements in a specific setting, we consider the
transverse vibrations (for example, equation (9.18)) of our beam ex-
ample where y(t) = y(t,-). Measurements, of course, depend on the
sensors available. If one considers a truly smart material structure as
in [BSW, RCS], it contains both sensors and actuators which may or
may not rely on the same physical device or material. In usual me-
chanical experiments, there are several popular measurement devices
[BSW, BT], some of which could possibly be used in a smart mate-
rial configuration. If one uses an accelerometer placed at the point
€ € (0,¢) along the beam, then one obtains observations §(t,&) of
beam acceleration. A laser vibrometer will yield data of velocity y(t, &)
while proximity probes including displacement solenoids produce mea-
surements of displacement y(t,€). In the case of a beam (or structure)
with piezoceramic patches, the patches may be used as sensors as well
as actuators. In this case one obtains observations of voltages which
are proportional to the accumulated strain; this is discussed fully in
[BSW, RCS].

Whatever the measuring devices, the resulting observations can be
used in a maximum likelihood or some type of least squares formula-
tion of the parameter estimation problem, depending on assumptions
about the statistical model [BDSS, BT] for errors in the observation
process. In the least squares formulations, the problems are stated in
terms of finding parameters which minimize the sum-of-squares dis-
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tance between the parameter-dependent solutions of the partial differ-
ential equation and dynamic system response data collected after var-
ious excitations, while the maximum likelihood estimator results from
maximizing a given (assumed) likelihood function for the parameters,
given the data.

In the beam example, the parameters to be estimated include
the stiffness coefficient EI(t,&), the Kelvin-Voigt damping parameter
cD/\? (t,€), and any control related parameters that arise in the actua-
tor input f. Details regarding the estimation of these parameters in
the time independent case for an experimental beam are given in Sec-
tion 5.4 of [BSW], while similar experimental results for a plate are
summarized in Section 5.5 of the same reference.

The general ordinary least squares parameter estimation problem
can be formulated as follows. For a given discrete set of measured
observations 2z = {z}2*, corresponding to model observations z(t;)
at times ¢; as obtained in most practical cases, we consider the problem
of minimizing over ¢ € Q the least squares output functional

Ta.2) = | & { Gttt 50— (=3 )] (10.8)

where {y(t;,-;q)} are the parameter dependent solutions of (10.1) or
(10.7) evaluated at each time ¢;,¢ = 1,2,...,N; and |- | is an ap-
propriately chosen Euclidean norm. Here the operators C; and Cy are
observation operators that depend on the type of observed or measured
data available. The operator C; may have several forms depending on
the type of sensors being used. When the collected data z; consists of
time domain displacement, velocity, or acceleration values at a point &
on the beam as discussed above, the functional takes the form

Nt ayy _ 2
Ju(qv Z) = Z ot (tlvgv Q) — Zi| (109)
=1

(2

for v = 0,1, 2, respectively. In this case the operator C) involves differ-
entiation (either v = 0,1 or 2 times, respectively) with respect to time
followed by pointwise evaluation in ¢ and . We shall in our presen-
tation of the next section adopt the ordinary least squares functional
(10.8) to formulate and develop our results.
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10.1 Approximation and Convergence

In this section we present a corrected version (Theorem 5.2 of [BSW]
contains errors in statement and proof) and extension (to treat time de-
pendent coefficients) of arguments for approximation and convergence
in inverse problems found in Section 5.2 of [BSW]. For more details on
general inverse problem methodology in the context of abstract struc-
tural systems, the reader may consult [BSW]. The Banks-Kunisch
book [BK] contains a general treatment of inverse problems for partial
differential equations in a functional analytic setting.

The minimization in our general abstract parameter estimation
problems for (10.8) involves an infinite dimensional state space H and
an infinite dimensional admissible parameter set Q (of functions). To
obtain computationally tractable methods, we thus consider Galerkin
type approximations in the context of the variational formulation
(10.7). Let HY be a sequence of finite dimensional subspaces of H,
and QM be a sequence of finite dimensional sets approximating the
parameter set Q. We denote by P the orthogonal projections of H
onto HY. Then a family of approximating estimation problems with
finite dimensional state spaces and parameter sets can be formulated
by seeking ¢ € QM which minimizes

IV (q,2) = ‘C’g {CH{yN(ti,-;q)} - {zi}}r, (10.10)

where yV(t;q) € HY is the solution to the finite dimensional approxi-
mation of (10.7) given by

(G (1), 9) + o2(a(0) (@GN (1), ¢) + o1 (a(®) (Y™ (8), ¢) = (f (¢, 0), &)
yN(0) = PNy, N (0) = PNy,
(10.11)

for ¢ € HV . For the parameter sets Q and Q™ , and state spaces H" , we
make the following hypotheses which detail approximation conditions
with respect to the M (parameter set) and N (state space) indices.

(A1M) The sets Q and OM lie in a metric space Q with metric d. It is
assumed that Q and QM are compact in this metric and there
is a mapping M Q9 — OM g0 that QM = iM(Q). Further-
more, for each ¢ € Q, i™(q) — ¢ in Q with the convergence
uniform in ¢ € Q.
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(A2N) The finite dimensional subspaces H satisfy HY C V as well
as the approximation properties of the next two statements.

(A3N) For each ¢ € V, |¢p — PNy|yy — 0 as N — oo.

(A4N) For each ¢ € Vp, | — PNy, — 0 as N — oo.

The reader is referred to Chapter 4 of [BSW] for a complete discus-
sion motivating the spaces HV and Vp.

We also need some regularity with respect to the parameters ¢ in the
parameter dependent sesquilinear forms o1, 2. In addition to (uniform
in Q) ellipticity /coercivity and continuity conditions (H2)-(HT7), the
sesquilinear forms o1 = 01(q), 02 = 02(q) and &1 = 61(q) are assumed
to be defined on Q and satisfy the continuity-with-respect-to-parameter
conditions

(H8) [01(q)(¢, %) — 01(q)(¢, )| < md(q, @)|o|v ||y, for ¢4 €V
(Hg) ‘01(Q)(¢,¢) - Ul(q~)(¢7w>‘ < 73d(Q7(j)’¢‘V‘w‘Va for ¢7"¢ ev
(H]'O) “72(61)(5,77) - (72(5)(5777) S 72d(q7 d)’g‘VD‘n‘va for é.a n S VD

for q,G € Q where the constants 71, 2,3 depend only on Q.

Solving the approximate estimation problems involving (10.10),(10.11),
we obtain a sequence of parameter estimates {(jN M }+. It is of paramount
importance to establish conditions under which {g""} (or some sub-
sequence) converges to a solution for the original infinite dimensional
estimation problem involving (10.7),(10.8). Toward this goal we have

the following results.

Theorem 10.1 To obtain convergence of at least a subsequence of
{@VM} to a solution q for the problem of minimizing (10.8) subject
to (10.7), it suffices, under assumption (A1M), to argue that for arbi-
trary sequences {qN’M} in QM with qN’M — q in Q, we have

CoCry™ (t; VM) = CoChry(t; q). (10.12)

Proof Under the assumptions (A1M), let {z"*} be solutions mini-
mizing (10.10) subject to the finite dimensional system (10.11) and let
¢VM ¢ Q be such that iM (¢NVM) = g™, From the compactness of Q,
we may select subsequences, again denoted by {¢V'™} and {g"V"M}, so
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that ¢VM — g€ Q and g™ — § (the latter follows the last statement
of (A1M)). The optimality of {g""M} guarantees that for every ¢ € Q

JN@G@M 2y < IV (M (q), 2). (10.13)

Using (10.12), the last statement of (A1M) and taking the limit as
N, M — oo in the inequality (10.13), we obtain J(q,z) < J(g,z) for
every ¢ € Q, or that ¢ is a solution of the problem for (10.7),(10.8).
We note that under uniqueness assumptions on the problems (a situ-
ation that we hasten to add is not often realized in practice), one can
actually guarantee convergence of the entire sequence {g"""} in place
of subsequential convergence to solutions.

We note that the essential aspects in the arguments given above
involve compactness assumptions on the sets Q™ and Q. Such com-
pactness ideas play a fundamental role in other theoretical and com-
putational aspects of these problems. For example, one can formulate
distinct concepts of problem stability and method stability as in [BK]
involving some type of continuous dependence of solutions on the ob-
servations z, and use conditions similar to those of (10.12) and (A1M),
with compactness again playing a critical role, to guarantee stability.
We illustrate with a simple form of method stability (other stronger
forms are also amenable to this approach—see [BK]).

We might say that an approzimation method, such as that formu-
lated above involving QM HV and (10.10), is stable if

dist(@¥M(2%), G(z*)) = 0

as N, M,k — oo for any 2F — 2* (in this case in the appropriate Eu-
clidean space), where G(z) denotes the set of all solutions of the problem
for (10.8) and V"M (2) denotes the set of all solutions of the problem
for (10.10). Here “dist” represents the usual set distance function. Un-
der (10.12) and (A1M), one can use arguments very similar to those
sketched above to establish that one has this method stability. If the
sets QM are not defined through a mapping i* as supposed above, one
can still obtain this method stability if one replaces the last statement
of (A1IM) by the assumptions:

(i) If {¢M} is any sequence with ¢ € QM then there exist ¢* in Q
and subsequence {¢*} with ¢™* — ¢* in the Q topology.

(ii) For any q € Q, there exists a sequence {¢™} with ¢ € QM such
that ¢™ — ¢ in Q.
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Similar ideas may be employed to discuss the question of problem
stability for the problem of minimizing (10.8) over Q (i.e., the original
problem) and again compactness of the admissible parameter set plays
a critical role.

Compactness of parameter sets also plays an important role in com-
putational considerations. In certain problems, the formulation out-
lined above (involving QM = i (Q)) results in a computational frame-
work wherein the QM and Q all lie in some uniform set possessing
compactness properties. The compactness criteria can then be reduced
to uniform constraints on the derivatives of the admissible parame-
ter functions. There are numerical examples (for example, see [BI86])
which demonstrate that imposition of these constraints is necessary
(and sufficient) for convergence of the resulting algorithms. (This of-
fers a possible explanation for some of the numerical failures [YY] of
such methods reported in the engineering literature.)

Thus we have that compactness of admissible parameter sets plays
a fundamental role in a number of aspects, both theoretical and compu-
tational, in parameter estimation problems. This compactness may be
assumed (and imposed) explicitly as we have outlined here, or it may be
included implicitly in the problem formulation through Tikhonov regu-
larization as discussed for example by Kravaris and Seinfeld [KS], Vogel
[Vog|, and widely by many others. In the regularization approach one
restricts consideration to a subset Q7 of parameters which has compact
embedding in @ and modifies the least-squares criterion to include a
term which insures that minimizing sequences will be @1 bounded and
hence compact in the original parameter set Q.

After this short digression on general inverse problem concepts, we
return to the condition (10.12). To demonstrate that this condition
can be readily established in many problems of interest to us here, we
give the following general convergence results. We remark that this is
a restated and corrected version of Theorem 5.2 of [BSW].

Theorem 10.2 Suppose that HY satisfies (A2N),(A3N),(A4N) and
assume that the sesquilinear forms o1(q),d1(q) and o2(q) satisfy
(H8),(H9),(H10), respectively, as well as (H1)-(H7) of Section 9.1 (uni-
formly in q € Q). Furthermore, assume that

q — f(-;q) is continuous from Q to Lo(0,T; V). (10.14)

Let ¢V be arbitrary in Q such that ¢ — q in Q. Then if in addition
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y € Ly(0,T;V), we have as N — oo,

yN(t:¢™) = y(t;q)  in V norm for each t > 0
g (t:q™) = g(tiq) in La(0,T:Vp) N C(0,T; H),

where (yN,y™) are the solutions to (10.11) and (y,9) are the solutions
to (10.7).

Proof From Theorem 9.2 above we find that the solution of (10.7)
satisfies y(t) € V for each ¢, y(t) € Vp for almost every ¢ > 0. Because

N (™) —yE v < lyV (5 dY) =Pyt o)y + 1PV y(t q) —y(ta)lv,

and (A3N) implies (recall that P is the orthogonal projection of H
onto HV of (A2N)-(A4N)) that the second term on the right side con-
verges to 0 as N — oo, it suffices for the first convergence statement
to show that

N (t;¢Y) — PVy(t;q)ly = 0 as N — oo.

Similarly, we note that this same inequality with y”,y replaced
by ¢V,9 and the V-norm replaced by the Vp-norm along with (A4N)
permits us to claim that the convergence

|yN(t§qN) - PNy(t;q)|vD —0 as N — oo,

is sufficient to establish the second convergence statement of the theo-
rem. We shall, in fact, establish the convergence of g — PNy in the
stronger V norm.

Let g™ = yN(t;¢™),y = y(t;q), and AN = AN(t) = yN(t;¢V) -
PNy(t;q). Then

A . d . .

and )

d

—~_pN

a2’ Y

because § € La((0,T),Vp),y € La2((0,T),V*). We suppress the depen-
dence on t in the arguments below when no confusion will result. From

AN — 5N _
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(10.7) and (10.11), we have for ¢» € HY

. 2
BN vy = Y i~ PN u ey
= (F(@"), v vy — o2(d™) G, 0) — o1 (™) (N, )
- <f(q) ¢>V5,VD + JQ(q) (y7 ¢) + o1 (q)(y7 w)
. d?
+ (4 — dtQP Y v
This can be written as

(AN pYye v + o1 (™) (AN, )
2

= (i TPy ey — (1)~ S, v
+ 02(@™) (5 = PN, 0) + 02(@) @, ¥) — oa(gV) (g, ) (1019
+ 01y — PNy, ¢) + a1(q)(y, ) — 01(¢™) (y,%)
_ 02( N

gV (AN ).

Choosing AV as the test function v in (10.15) and employing the equal-
ity (AN ANYy.y = 2dt]AN|H (this follows using definitions of the
duality mapping — see [BKW1] and the hypothesis (A2N)), and using
the symmetry of o1, we have

=Re{ (j - %P%, ANy = {F() ~ 1), A v,
+02(g™) (G — PNy, AN) + 03(q) (3, AY)
— a2(¢™) (5, AN) + o1(¢™) (y — PNy, AV)
+ 01(0) (9 AY) = 01(aV)(y, AY) — 0a(gV) (AN, AV
+ o1y (AN, aM)}.
(10.16)

We observe that (y—%PNy, AN>V*7V = 0 because PV is an orthogonal
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projection. Thus, we find

1d
2 dt

T d
= Re{~Tf +02(¢™)(5 — Py, AV) + T + Z(o1(a™)(y = PNy, V)

CAIAYR + (™) (A, aN) |

01 g™) (o~ PNy), AY) 1 (V) — PNy, AY)
+ 1 + 02" AN, AY) + 61 (gV) (AN, AN |

(10.17)

where
TN = Aoy (y, AN) = 01(q) (y, AV) — 01(¢") (y, AV)
Ty = Aoy (5, AN) = 0a(q) (i, AY) = o2(¢™) (5, AV) (10.18)
T3 = (AN AN ) v vy = (f(@) = F(@Y), AN vz vy

Note that here we have used that y € L9(0,7;V). Integrating the
terms in (10.17) from 0 to ¢ and using the initial conditions

AM(0) = ™ (0) = PYy(0) =y (0) = Py" =0

AR (0) = §(0) = PM(0) = 4™ (0) — PMy' =0,
we obtain (here we do include arguments (¢) and (s) in our calculations
and estimates to avoid confusion)

AN + o (0)(AN (1), AN ()

= [{Refoa(a (5)365) — P¥(). 35

~ 1@ () ()~ PV3(s), AN () ~ 14" (5)) ((5) ~ PV(s), AN (5))
e N A £ 0
P (5) + T (8) + n(a™ (9))(AY (), AV () }ds

+Re{o1(a@)(u(t) — PYy(), AV(@) . (1019)

We consider the TiN terms in this equation. We have

d . .
T = — Aol (y, AN) = Aoy (3, AN) — Ao (y, AV)
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so that
/0 TN (s)ds = Ao (y(1), AV (1))

_ /Ot{Aa{V(y(s),AN(s)) _ Aé—{v(y(s)’AN(S))}d&

Using (H8),(H9) we thus obtain

t 2
Re [ 1Y (ds < e PO} + AV 0
! ’Y% N 2 2 N\ 2
+ [ Pk + ¥R

0 €

7§ N N2 2 N2
+ 22d(q™ aPly()IF + AN () fds. (10.20)
Similarly, using (H10) we find

Re [ (13'(5) + T ())ds <

2

t . 1
[ {Gaa i + 22" ), + A (9 Jas. (1021

These can then be used in (10.19) to obtain the estimate
LAN 2 N (py2 L AN 2
SAY OB +alAY @ + [ adlAY () ds
t . 62 . . .
< [{rad¥ @+ Llito - Pitolk, + 34V,
A, N2 . G N 2 Ny 2
+519(s) = PRy(s)ly + S ly(s) = PTy(s)[y + (1 + e+ )| A7 (s)ly
NN 2 > W oN 2 2 VN 2 2
A DY+ dla @)y + dla @) 19(s)r

1 02 72
FIAPY )R Yas + Dyt~ PV + 21 A0 + Ldta™, 003
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This finally reduces to
1 . t .
FIAY DI + (a = 20| AN (O] + /0 (aa — 36)| AN (s)[7;, ds

< [ AN @+ 0+ e+ el AV s
2 2

C tC 62
(0 = Py + [ { i) = PV, + i) = PYio) }ds

7 (t)
’Y% N 2 2 ‘r1 N 2 C% N 2
= —I|A = - P
i@ 0 + [ { AP OR + Fluto) - Pyl fas
85 (t)
t’Y%N2 27§N2 27%N22
+ [ {3t a2l + e 0P lu(e) + e aPlio)+ .
53 (1)

Therefore, under the assumptions we have as N — oo and ¢V — ¢

sup [5{\7(1‘) + 5év(t) + (5;];,V(t)] — 0.
te(0,T)

Applying Gronwall’s inequality, we find that

AN - 0in C(0,T; H)
AN - 0in C(0,T;V)
AN = 0in Ly(0,T; Vp),

and hence the convergence statement of the theorem holds.

Remark: The condition “y € Ls(0,7;V)” routinely occurs if the
structure under investigation has sufficiently strong damping so that
Vp is equivalent to V.

10.2 Some Further Remarks

We have provided sufficient conditions and detailed arguments for
existence and uniqueness of solutions to abstract second-order non-
autonomous hyperbolic systems such as those with time dependent
“stiffness,” “damping,” and input parameters. In addition, we have
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considered a class of corresponding inverse problems for these systems
and argued convergence results for approximating problems that yield a
type of method stability as well as a framework for finite element com-
putational techniques. The efficacy of such methods has been demon-
strated for autonomous systems in earlier efforts; see [BSW] and the
references therein. The approaches developed here can readily be ex-
tended (albeit with considerable tedium) for higher dimensional spatial
systems such as plates, shells, etc.
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11 “Weak” or “Variational Form”

We consider the origin of the terms “weak or variational form” of Chap-
ters 7 and 9 as opposed to strong or closed form of PDE’s. We use the
beam equation to illustrate ideas.

Recall Example 6, the cantilever beam. This example, given in
classical form (which can be derived in a straightforward manner using
force and moment balance-see [BT]) is
0%y oy  0? < 0%y 3y

—= 99 (pre?d I
p8t2+ +8£2 8£2+CD

):f@@ (1L.1)

with boundary conditions

t,O) =0
9 11.2
S0 = 0 2
3
(Elg€§’ + Cpfa(zQ% ) ‘gzl = 0 (11 3)
[<EIB§2 + CD16§28t } ‘521 = 0

and initial conditions

y(0,§) = (¢
%0,6) = V(&)

To facilitate our discussions, we consider an undamped and
unforced version (i.e., v = ¢pI = 0, f = 0) of the above system. Rather
than force and moment balance, we consider energy formulations for
the beam. For a segment of the beam in [¢, £ + A£], one can argue that
the kinetic energy (at a given time t) is given by

1

§+AE
KB =70 = 5 [ ol

and hence the kinetic energy of the entire beam is given by

l
7(0) =3 | o (e.e)as

Similarly, the potential (or strain) energy U of the beam (see Section
5.2.1) at any given time ¢ is given by

0%y

l
PE(t)=U(t) = /0 El(a—g)ng

2
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A fundamental tenet of the mechanics of rigid or elastic bodies
is Hamilton’s “Principle of Stationary Action” (often, in a misnomer,
referred to as Hamilton’s principle of “least action”) which postulates
that any system undergoing motion during a period [to, t1] will exhibit
motion y(¢,€) that provides the “least action” for the system with a
stationary value. The “Action” is defined by

A = [[(KE- PE)dt

= [MT(t) — U(t)]dt.

to

For the beam of Example 6, this means that the motion or vibrations
y(t, &) must provide a stationary value to the action

_ h : 1 -2 1 11\2
A= [ [ et - SE1 g

integrated over any time interval [to,¢;]. Through the calculus of varia-
tions (a field of mathematics that was the precursor to modern control
theory), this leads to an equation of motion for the vibrations y that
the beam motion must satisfy.

To further explore this, we consider y(¢,£) as the motion of the
beam and consider a family of variations y(t, &) + en(t,&) where 7 is
chosen so that y + en is an “admissible variation,” i.e., y + en must
satisfy the essential boundary conditions (11.2).

We define V= HZ2(0,1) = {¢ € H?(0,1)|¢(0) = ¢/(0) = 0}. Let
¥ € C(to, t1) with ¢(to) = ¢(t1) = 0. Then n € N = {nln = vy, p €
V} satisfies  is C? in ¢, H? in ¢ with n(to,€) = n(t1,€) = 0 and
n(t,0) = 7'(¢,0) = 0. Then by Hamilton’s principle, we must have that
Aly + en] for € > 0, € N, possesses a stationary value at e = 0. That

is,

d
ALy + enl]eo = 0. (11.4)

Since
A _ h ll . -2_1EI " //de
[y +en) = t 0[2p(y+6n) 5 BI" + en”)7|dedt,
0

we find from (11.4) the weak (in time ¢ and space &) form of the un-
damped, unforced version of equation (11.1) given by

t1 1
0= [ [[lovi— By g (11.5)
to 0
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for all n € NV.
To explore further, we formally integrate by parts in the first term
(with respect to t) to obtain

I .. Lo boi —
ft? s pymdédt = — ttol Jo pmdédt + [ pyndﬁlizﬁ
t1 L ..
= = [ Jo pyndéadt

since n(to, &) = n(t1,€) = 0. Since n has the form 7 = ¢, equation
(11.5) has the form

t1 !
[ [[vie + e paca =o (11.6)
to 0

for all ¢ € C?[to, 1] with 1 (tg) = ¥ (t1) = 0, and all ¢ € V. Since this
holds for arbitrary v, we must have in the La(to,?1) sense

l
/ [pijp + EIy"¢"|d¢ =0 for all p € V.
0

In our former notation of Gelfand triples with V = H?(0,1) and H =
L5(0,1), this may be written

(pij, )v+v + (EIY",¢"Y\y =0 forallp eV

in the La(tg, t1) sense, which is exactly the “weak” or “variational” form
of the beam equation similar to those we have encountered previously
in Chapter 8. Note that in fact the true variational form was given in
(11.5); that is,

31
| iy (B it =0
0
for all ¢ € V and v € C?[to,t1] with ¥ (tg) = ¥(t1) = 0. (See the
proofs and our remarks concerning solutions in the Lo(tg,t1;V)* =
Lo (to,t1; V") sense in the well-posedness (existence) results for second-
order systems discussed earlier in Chapter 9).

We note that if the variational solution y has additional smoothness
so that y € V() H*(0,1) (more precisely Ely" € H?(0,1)), then we can
integrate by parts twice (with respect to §) in the second term of (11.6)
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to obtain in place of (11.6):

t1 l t1
/t /0 piio + (ETy"Y' gludedt + / (BT [t
0

to

t1 _
+ / (ETy") oleZgtpdt = 0

to

for o € V, 1 € C?[tg, t1] with 1 (tg) = ¢(t1) = 0. This can be written

t1 l
/ {/0 [piip + (EIy")"]d€ + EIy”gollgzz + (EIy")'golgzl wdt =0
to

for arbitrary ¢ € V. We note once again that this results in the strong
or classical form of the equations

0%y 02 0%y
I Y (prZdy =

with the essential boundary conditions
y(t,0) =4/(t,0) =0
as well as the natural boundary conditions

0%y 0 0%y
FI—(tl) = =(FlI=—=)(,1) =0
S = e (BIE D)
holding.

We remark on an additional perspective of the weak or variational
or energy formulation of dynamical systems such as the beam equation.
The weak or variational form may be thought of as Fuler’s equations in
the calculus of variations. If one wishes to minimize a cost functional

30) = [ Pty it = Al
then the condition of stationarity

d
&J(y +en)e=o=0

implies

/(Fyn + Fyn)dt =0



“Weak” or “Variational Form” 141

which is the “true” Euler’s equation. We may then invoke the duBois-
Reymond lemma [Adams, Berkovitz, Ewing, Sagan]| stated below to
obtain

OF _ doF
dy  dt dy
in a distributional sense. Specifically, we have

Lemma 11.1 (duBois-Reymond Lemma)
If
/(Gm +Gan) =0

for all n, then
d
$G2 =G

in a weak sense. In other words, Gy is the distributional derivative of
Ga.

If we assume enough smoothness and integrate by parts, we obtain
the strong form of Euler’s equation:

d . .
_ﬁFy(ta y7y) + Fy(tayay) =0.

In the derivation above, we considered the undamped and unforced
version of the equation. In the case of the forced beam, we can add a
conservative force term W = fy in our derivation, and we will obtain
the desired (f, ) term in our result. However, there is no known way
to derive the weak form with damping. In other words, Hamilton’s
principle is essentially valid for comservative forces, but it does not
conveniently handle nonconservative (dissipative) forces (damping).
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12 Finite Element Approximations and the
Trotter-Kato Theorems

12.1 Finite Elements

We will now consider finite element approximations or Galerkin approx-
imations for general first-order systems for which parabolic systems are
special cases. Consider

{ ©(t)=Ax+ F in V* (H if possible) (12.1)

z(0) = xg

where V — H < V* is the usual Gelfand triple. We can write the
above system in the weak or variational form (i.e., in V* ) as

{ (@(t), p)v=v +o(x(t), ) = (F(t), p)v=v
z(0) = xo

for ¢ € V. If o is V continuous and V-elliptic, and S(t) ~ e (i.e., A
is the infinitesimal generator of a Cjy semigroup S(t)), we can write

#(t) = S(t)zo + /O S(t - €)F(€)de (12.2)

where x € Lo(0,T; V)N C(0,T; H) and & € Ly(0,T;V*). We can use
this formulation to give a nice treatment of finite element approxima-
tions of Galerkin type.

In general, this is an infinite dimensional space; therefore, we want
to project the system into a finite dimensional space in which we can
compute. Let HY = span{BV,BY, ..., B]]\\;} C V be the approximation
of H. Typical choices for the BJN are piecewise linear or piecewise cubic
splines (e.g., see [BK]). The idea is to replace (12.1) by

eN(t) = ANzN(@t) + FN(t)  in HY
{ oo

or equivalently, replace (12.2) by
t
o) = Ve + [ sV griie

where SN (t) = eAVt e, AN is the generator of SN(t).
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One of the key constructs we need is P : H — H” which is called
the orthogonal projection of H onto HN. In other words, PY is defined
by

(PNo — )y =0 forallyp € HY

or
PN —¢lg = inf | —o|m.
peHN

We would like F¥ — F and z — z¢, so we take 2}/ = PNz and
FN(t) = PNF(t). We also want AV € £L(H"V) and AN ~ A. However,
we have defined SV (t) = €A™ and S(t) ~ e'; therefore, if we had
SN (t) — S(t), then we would be able to argue 2™V (t) — x(¢). This is
considered in the Trotter-Kato theorem which will be discussed in the
next chapter.

Now to relate this to the computational aspects of finite elements,
we first restrict the equations

((t), ) + o1(x(t), ) = (F(t),p) foral peV (12.3)

to HN x HN. In other words, let

be a trial solution with
N
N N BN
j=1

Substituting this into (12.3), we have

N N

O _w BN, ) + a1 (D wi (B, 0) = (F(t), ) (12.4)
j=1 j=1
for ¢ € HY. Successively choose p = B, BY ..BY in (12.4). From
this we obtain an N x N vector system for w? () = (w{ (y), .., wi (¢))T
given by

N N
STy BY, BNy + 3wl t)e(BY, BN = (F(1),BY)  (12.5)
Jj=1 j=1
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fori=1,2,...,N.
Using standard engineering and applied mathematics terminology,

we define the mass matrix MY = ((BY ,BJN )), the stiffness matrix
KN = (O'(BZN,BJN)), and the column vector FN(t) = ((F(t), BV)).
Then (12.5) can be written
MNN () + KNwN (t) = FN(t)
N (0) = wl (12.6)

or
{ N(t) = ( MTEENwN () + (MY)TLEN (1)
N(0) = wy'.
Considering w(’, we have % (0) = PNzy which implies (PNxg —

zo, BN =0 for i = 1,..., N. However, z{\ = ZN é\JfBJN Therefore,

N
) wgiBY —20,B)) =0

for i = 1,..., N which gives
Zwoj (BN, BN) = (z0, BY).

Defining w{’ = col(wd, ..., wdly), we have
= (MM Leol((zg, BM)).
From this, our system for w becomes
{ W™ () = —(MN) KN wN (1) + (MY) LN (1)
w¥ = (MN)"Leol({zg, BNY).

However, we normally do not solve the system in this form. If
(Bi,Bj) = 0 for i # j, then MY is diagonal and the system of the
form (12.6) is an easier system with which to work. More generally,
the (finite element) system is solved in the form

MY () = —KNwN () + FN()
MNw) = col((x, BY)),

rather than inverting the matrix M” which is, if not diagonal, usually a
banded matrix (tri-banded for piecewise linear splines, seven banded for
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cubic splines, etc.—see [BK, StrangFix]), lending itself to fast algebraic
solvers (e.g., those based on LU decompositions).

Convergence of finite element approximations for partial differential
equations is often carried out in the context of weak formulations while
corresponding arguments for delay systems use an operator approach.
Both of these rely on versions of the Trotter-Kato theorems which we
give in the next section.

12.2 Trotter-Kato Approximation Theorem

The Trotter-Kato Approximation Theorem is the functional analysis
operator version of the Lax Equivalence Principle used in finite element
and finite difference approximations for PDE’s which dates back to
the 1960s. The fundamental ideas underlying the Lax Equivalence
Principle are that “consistency” and “stability” are achieved if and
only if we have “convergence” of our system. If we have a first-order
PDE (we could also motivate with a second-order in time PDE)

yr = Ay

and approximations
N N, N
yp =A%y,

then consistency refers to AN — A in some sense. Stability refers to
|eA™t| < Met, and convergence means et ! — eA? in some sense. For
relevant and much more detailed discussions, see [RM].

There are two different versions of the Trotter-Kato theorem which
we will discuss here. We will first consider the operator convergence

form of the Trotter-Kato theorem.

Theorem 12.1 Let X and XV be Hilbert spaces such that X~ C X.
Let PN : X — XN be an orthogonal projection of X onto XN. Assume
PNy — 2 as N — oo for all z € X. Let AN, A be infinitesimal gener-
ators of Co semigroups SN (t), S(t) on XV, X respectively satisfying

(i) there exists M,w such that |SN(t)] < Me“! for each N

(i) there exists D dense in X such that for some \, (\I — A)D is
dense in X and ANPNx — Ax for all x € D.

Then for each x € X, SN (t) PNz — S(t)x uniformly in t on compact
intervals [0, T).
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The arguments for this result are given in [Pa, Chapter 3, Theorem
4.5 ]. We next will examine the resolvent convergence version of the
Trotter-Kato theorem. This form is a modification of the previous
version.

Theorem 12.2 Replace (ii) in the above theorem by (ii) defined as

(ii) There exists X € p(A) () p(AN) with Re(\) > w so that
N=1
Ry(ANYPNz — Ry(A)x for each x € X .

Then under this and the remaining conditions in the above theorem,
the conclusions also hold.

For proofs, see [Pa, Chap. 3, Theorems 4.2, 4.3, 4.4]. See also [BK,
Theorem 1.14]. Convergence rates are given in [BK, Theorem 1.16].

We can also formulate a version (Theorem 12.4 below) of the
Trotter-Kato theorem that is readily applied in the setting of sesquilin-
ear forms and Gelfand triples V. — H <— V* with approximating
subspaces HY < V. This will be useful in certain problems since it
is not necessary for HY C D(A) where D(A) carries both the essen-
tial and natural boundary conditions. We may need to only choose
an appropriate approximation HY such that HY C V which carries
just the essential boundary conditions. If we restrict ourselves to first-
order systems in the context of the Gelfand triple V — H — V* with
HN approximating V as N — oo, then we have a special case of the
Trotter-Kato approximation theorem for such first-order systems.

Let the condition (C1) be given by

(C1) For each z € V, there exists 2V € HY such that [z — 2|y — 0
as N — oo.

Suppose o is V-elliptic, i.e., Re o(p,¢) > 8¢l for § > 0. Also
assume o is V continuous, i.e., |o(¢, )| < ¥|¢|v|v|y. Let PN : H —
H" be an orthogonal projection. Then

PNz — 2| = inf{|2N — 2| | 2 € HN}.

Under (C1), we have |PNz — z|g < |2V — z|lg < |2V — 2|y — 0 as
N — oco. Therefore, under (C1), PNz — 2 for z € H.

Next we define AY. We have o(p,¢) = (—Ap, )y for ¢ €
(D)(A) = {¢ € V|[AY € H},¢p € V where A is an infinitesimal
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generator of a Cj semigroup of contractions on H, i.e., |e?t| < 1.
We define AV through the restriction of o to HY x HN. Therefore,
AN . gN 5 HN is defined by
U<90N7¢N) = <_ANSDN7wN>H SONawN € HN
= (=AM )y v

By V-ellipticity, we obtain AV is an infinitesimal generator of a con-
traction semigroup (see Theorem 6.1) on HY, i.e., |eANt| <1.

Theorem 12.3 If o is V-elliptic, V' continuous, and (C1) holds, then
RA(AMPNz = Ry(A)z

in the V norm for z € H and A = 0.

Proof

Let 2 € H and take A = 0. Now define w" = Ry(AY)PYz and
w = R\(A)z where o(p,v) = (—Ap,Y)u,o € D(A),y € V. By
definition, we have w € D(A).

By (C1), there exists w" € HY such that &V — w|y — 0 as
N — 0. Let 2V = w" — @Y. We need to show 2" — 0in V.

Since Ry(A) = (M — A)™1, we have

o(w,zN) = (~AR\(A)z,zV)n

= <ZvZN>
while
o(wV,2N) = (=ANR\(AN)z, M)y
= (z2Y),
and hence these are equal. Thus
§12N12 < oV, 2N)
= o(wV, V) — oV, 2N)
= o(w,2V) — oV, V)
= o(w—wV, )
< w - @y [Ny

Therefore, we have 6|2V |y < v|w — @™ |y. However, [&" — w|y — 0
implies |2V|yy — 0 and thus |w—w |y < |[w—N |y + 0N —w™ |y — 0.
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Remark: Theorem 2.2 of [BI] is a parameter dependent version of
this, i.e., A = A(q), AN = AN(¢M),q,¢" € Q, which can be used in
inverse problems. See [BI] for additional discussions.

Theorem 12.4 Suppose o is V-elliptic, V' continuous, and (C1)
holds. Then SN (t)PNz — S(t)z in the V norm for each z € H uni-
formly in t on compact intervals.

Proof The arguments involve using Tanabe-type estimates (Chapter 6)
after considering an appropriate setting and using the Trotter-Kato
theorem, first in H and then in V. Let X = H, XV = AN PN . H —
HY be an orthogonal projection. Then PNz — z forall z € H by (C1).
Convergence in the H norm follows immediately from application of
the Trotter-Kato theorem in H. To obtain V' convergence is somewhat
more work and more delicate; for these details we refer the reader to
[BI, Theorem 2.3].
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13 Delay Systems: Linear and Nonlinear

The study of delay equations has a long history in fields as disparate
as economics [FrischHolme] and ecology [Hutch|, with some early ap-
plications in engineering found in research concerning the stability of
naval vessels [Minorsky]. Furthermore, there has also been extensive
use of delay equations in modeling biological systems and indeed both
May’s and Murray’s classic texts ([May] and [Murray], respectively)
have significant sections devoted to delay equations. For the interested
reader, there are solid introductory texts [BellmanCooke, Driver| (in-
cluding those that focus heavily on applications to biological systems
[Cushing, Kuang]) and thorough (if somewhat theoretical) advanced
texts [Diekmannetal, Goreckietal, JKH3].

Since delay systems, like partial differential equations, are infinite
dimensional state systems, the development of underlying theory and
computational ideas has depended heavily on functional analytic for-
mulations. In particular, semigroups have played a fundamental role in
both conceptual and computational contributions. To illustrate some
of these, we turn to two examples of delayed systems which can be
written in abstract form so that the semigroup and general finite ap-
proximation ideas of the previous sections are directly applicable. For
the first example, we return to Example 3 on delayed lethal effects of
pesticides to motivate formulation of approximation methods for gen-
eral linear delay systems. We then present in some detail cellular level
HIV models illustrating nonlinear delay systems as well as systems with
cumulative delays, i.e., a continuum of distributed delays represented
by a hysteretic kernel. These represent what are commonly called func-
tional differential equations (FDE).

13.1 Linear Delay Systems and Approximation

We return to Example 3 where the dynamics were given by the delay
system
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%(t) - / n(t + 7)k(T)dT — (do + pa) a(t)
-7

-5
dn(t) = ba(t) — (dn + pu)nlt) / n(t+)k(r)dr  (13.1)

a(@) = @), nO)=V(0), 0c[-7,0)
a(0) = d° n(0) = n?,

where k is a probability density kernel which we assumed has the prop-
erty k(1) > 0 for 7 € [-7,—5] and k(1) = 0 for 7 € (—o0, =7) U (-5, 0].

Here a(t) and n(t) denote the number of adults and neonates, re-
spectively, in the population at time ¢. We lumped the mortality due
to insecticide into one parameter p, for the adults, p,, for the neonates,
and denoted by d, and d, the background or natural mortalities for
adults and neonates, respectively. The parameter b is the rate at which
neonates are born into the population.

We found in Section 3.6.3 that this system was a special case (for
n = 2) of the general system

Z(t) = L(Zt)7 (Z(O)a ZO) - (777 ¢)7 (132)
where z:(§) = 2(t + &), £ € [—r,0] and
m 0
L(z) =) At —7) + | K(&)z(t +&)de,
i=0 -r
where 0 = 79 < 71 < ... < Ty, = 1, and A; and K(§) are n x n

matrices. For general functions ¢ € C(—r,0;R™), the mapping L(-) :
C(—r,0;R™) — R™ has the form

0

L(¢) =Y Aip(-m) + | K(&(&)de. (13.3)
1=0

-Tr

Letting x(t) = (2(¢),2t) € X, X = R™ X La(—7,0; R™), where the
Hilbert space X has the inner product

0

(1, 8), (¢ 9))x = (m, O + / (6(6), (€))mnd, (13.4)

-
we found that equation (13.2) can be formulated as

i(t) = Ax(t)

20 = o, (13.5)
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where zgp = (n,¢) is the initial condition. Here the linear operator
A:D(A) C X — X with domain

D(A) = {((0),¢) € X | € H'(~r,0;R")} (13.6)

is given by
A(p(0),¢0) = (L(#), ¢') - (13.7)

The system of functional differential or delay equations described
in (13.2) can be simulated using an algorithm first developed by Banks
and Kappel for linear systems [BKapl]. To use this algorithm, one
must first convert the system to an abstract evolution equation (AEE)
(as described above and in Section 3.6.3) with corresponding solution
semigroup S(t) : X — X and then approximate the solutions in a space
spanned by piecewise linear splines. Thus one can numerically calculate
the generalized Fourier coefficients of the approximate solution in the
spline basis representation and recover an approximation to the solution
of (13.2).

Define XV to be an approximating subspace [BKapl, BK] of X.
In particular, we choose X" = X{V to be the piecewise linear spline
subspaces of X discussed in detail in [BKapl]. We briefly outline the
results for the piecewise linear subspaces X3 (see Section 4 of [BKap1])
given by

XN = {(#(0),¢)| ¢ is a continuous first-order spline function
with knots at t) = —jr/N,j=0,1,...,N}.

Let PN be the orthogonal projection of X onto X%, and A" as
the approximating operator for A given by AY = PNYAPN. Then
the problem given in (13.5) is approximated by the finite dimensional
problem

Nty = AN2N(t), t>0,

#N(0) = PN (13.8)

We fix the basis X fv for a special case of XV corresponding to the
partition té-v = —j(r/N) for j =0,...,N. Then the basis is defined by

BN = (ﬁN(O), BN) where gV = (eév, e{v, cel 6%) ®1,, (13.9)
and the eév ’s are piecewise linear splines defined by

eéy(tfv)zéij fori,j =0,1,...,N.
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When AV is restricted to va , we have a matrix representation
AN of AN, Define w™(t) so that ™ (t) = fNw™ (¢). Then solving for
2N (t) in the finite dimensional system (13.8) is equivalent to solving
for w™ (t) in the linear vector system

wN(t) = ANwN(t)

wN(0) = wl, (13.10)

where BNwéV = PNx. We note that having obtained w” (t), the prod-
uct SNwN (t) converges uniformly in ¢ to the solution z(t) = (2(¢), z)
of (13.5) if we can argue the convergence xV(t) — z(t). To do this we
use the Trotter-Kato theorem.

We follow the mathematical theory first given in [BKapl] for proofs
which use the operator convergence form of the Trotter-Kato theorem,
Theorem 12.1. This theory guarantees that the solutions of (13.8)
converge to the solution of (13.5) as the number N of evenly supported
elements in [—7r,0] goes to infinity. The convergence arguments can
be carried equivalently in either X or X% since they are topologically
equivalent.

First, for the linear splines with corresponding projections P :
X, — XN = X} we have that PNz — z for all x € X. This follows
from standard spline estimates [BKapl, BK, Schultz]. Next we use the
fact that X and X, (see Section 3.6.3) are topologically equivalent and
the arguments of Section 3.6.3 to argue

(ANz, T)x, = (PNAPN z, T)x,
< (APNz, PNz)x, < w| PNz |_2Xg (13.11)
~ 2
S w | €z |Xg7
where @ is independent of N. It then follows from the range arguments
in Section 3.6.3 plus the Lumer-Phillips theorem that AY € G(1,&) in
X, and hence AV € G(M,®) in X where M is independent of N.
Thus condition (i) of Theorem 12.1 is satisfied. To obtain the desired

convergence we only need argue that condition {ii} of Theorem 12.1 is
satisfied. But the arguments in [BKap1] reveal that for

D={¢=1(¢(0),9) € X | p € C[-7,0],¢(0) = L(9)}
one finds that both D and, for some A > 0, (A — AI)D are dense in X
and X,. Moreover, the arguments in [BKap1] (based on PNz — x and
continuity of L) also yield AN PNz — Az for all z € D. Thus by the
operator convergence form of the Trotter-Kato Theorem 12.1, we have
o (t) — () uniformly on compact intervals [0, T7.
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13.2 Modeling of Viral Delays in HIV
Infection Dynamics

We next consider classes of functional or delay differential equation
models which arise in attempts to describe temporal delays in HIV
pathogenesis. In particular, we consider models for incorporating arbi-
trary variability (i.e., general probability distributions) for these delays
into systems that cannot readily be reduced to a finite number of cou-
pled ordinary differential equations (as is done in the method of stages
discussed below). Based on the derivations in [BBH], we introduce
several classes of nonlinear models (including discrete and distributed
delays), and present some functional analysis based discussions of the-
oretical and computational approaches. The models we discuss have
been used and validated with experimental data in successful inverse
problem efforts. This has been confirmed by statistical significance
tests for the presence of delays and the importance of including de-
lays [BBH]. We also found that the models are quite sensitive to the
mean of the distribution which describes the delay in viral production,
whereas the variance of this distribution has relatively little impact.

We discuss in some detail the underlying biology since this is ger-
mane to the functional form of the equations and hence the functional
analytic approach required to treat the resulting systems. Viruses are
obligate intra-cellular parasites with a multitude of pathways for in-
fecting and reproducing within their target hosts. The human immu-
nodeficiency virus (HIV) is a lentivirus that is the etiological agent for
the slow, progressive, and fatal acquired immunodeficiency syndrome
(AIDS) for which there is currently no known cure.

For HIV, the core of the virus is composed of single-stranded viral
RNA and protein components. As depicted in Figure 13.1, when an
HIV virion comes into contact with an uninfected target cell, the viral
envelope glycoproteins fuse to the cell’s lipid bilayer at a CD4 recep-
tor site and the viral core is injected into the cell. Once inside, the
protein components enable transcription and integration of the viral
RNA into viral DNA and then incorporation into the cellular DNA
(provirus). With its altered cellular DNA, the cell produces capsids
and protein envelopes and transcribes multiple copies of viral RNA.
The cell assembles a virion by then encasing the viral RNA in a capsid
followed by a protein envelope. The new HIV virion pushes out through
the cell membrane budding off in chains of virions (though sometimes
single virions do float away into the plasma). Clearly the time from
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Figure 13.1: HIV infection pathway.

viral infection to viral production (sometimes called the eclipse phase
[NelsonMittlerPerelson]) is not instantaneous, and (as indicated in the
figure) it is estimated that the first viral release occurs approximately
24 hours after the initial infection [MitSulNeumPerel].

Within the HIV modeling community, there is considerable debate
upon the proper compartment definitions. The multi-compartment
model introduced and employed in [BBH]| describes pathways from the
moment a virion contacts the appropriate receptor site as the begin-
ning of acute infection. If the acutely infected cell survives through its
first viral release, roughly 3 hours later the physiological characteris-
tics of the cell change and it is subsequently classified as a chronically
infected cell. Note that in the chronic stage, it is possible for the cells
to continue to divide and to produce virions, albeit at a much slower
rate than acutely infected or non-infected cells.

One classical approach to numerically simulating these systems
with delays is sometimes referred to as the method of stages and
is described in [CoxMiller, Jensen, Lloyd, Lloyd2, MitSulNeumPerel,
NelsonPerelson]. All of these papers which include delays in their mod-
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els represent them using a gamma distribution (or Erlang distribution
[Jensen|) to describe a distribution of delays, and thus can reduce the
resulting system of integro-differential equations to a system of (non-
delayed) ordinary differential equations [Murray] (we shall return to
this in more detail later). This non-delayed system can easily be sim-
ulated using standard numerical integration techniques (e.g., Runge-
Kutta) in standard mathematical software. An alternative method (a
discussion of which is presented in Section 13.1 for linear systems)
that first converts a delay system into an abstract evolution equa-
tion (before numerical simulation) is discussed in Section 3.6.3 and
[Banks82, BBu2, BKapl]. This approach allows for simulation of sys-
tems with general delay kernels describing the delay distributions, and
does not require that the model be reduced to a system of non-delayed
ODEs (it is only approximated by ODEs).

In the course of developing our model, we employ a delay to mathe-
matically represent the temporal lag between the initial viral infection
and the first release of new virions. We concentrate on the mathemat-
ical modeling of viral dynamics, focusing in particular on the mathe-
matical aspects and biological nature of the delays in primary infection.
The models are extensions of previous modeling work on HIV infection
dynamics for in wvitro laboratory experiments from the (continuous)
delay differential equations developed in [Bortz, et al.], which in turn
were based on a discrete dynamical system from [HolteEmerman]. We
used this model elsewhere [BBH] along with the in vitro data (see Fig-
ure 13.2) from [RogelWuEmerman)] to illustrate the methods we discuss
for both forward and inverse problems. Our primary interest here is to
illustrate the functional equations and functional analytical method-
ology required when treating cellular level data containing significant
variability.

We begin with a modification of the system of ordinary differential
equations developed in [Bortz, et al.] given by

V(t) = —cV(t) +naA(t) +ncC(t) —pV(H)T(t)

At) = (ro—da—v—0X(t)A(t) +PV( )T(t) (13.12)
cit) = (ro —dc — 0X(¢))C(t) + At ) '
T(t) = (ru—0u—0X(t) —pV(t)T(t) +

for 0 < t < ty with ¢y finite, where the parameters and the com-
partments are described in Tables 13.1 and 13.2, respectively, and ¢ is
the continuous independent time variable. In the first equation, the
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Table 13.1: in vitro model parameters

Notation Description

c Infectious viral clearance rate

na Infectious viral production rate for acutely
infected cells

ne Infectious viral production rate for chronically
infected cells

¥ Rate at which acutely infected cells become
chronically infected

Ty Birth-rate for virally infected cells

Ty Birth-rate for uninfected cells

oA Death-rate for acutely infected cells

o Death-rate for chronically infected cells

Ou Death-rate for uninfected cells

0 Density dependent overall cell death-rate

P Rate of infection

S Constant rate of target cell replacement

—pV (¢)T'(t) term is designed to account for the biological fact that
upon infecting a cell, a virion is unable to infect additional target cells.
Models possessing this term are inherently different from many in vivo
models in which the (large) number of target cells is assumed to be
constant. If over the time scale of interest, the 1" variable were a con-
stant Tp (such as in [MitSulNeumPerel, NelsonMurrayPerelson]), the
equation would be

V(t) = —(c+ pTo)V (t) + naA(t) + ncC(t)

and we could define a new coefficient ¢’ = ¢ + pTy for the V(¢) term.
For our in vitro model, we do not have this situation, as the target cell
population is not replenished and thus not held constant in the exper-
iment. In computational results (reported in [BBH]), we omitted the
—pV (¢)T(t) term from the first equation of (13.12) and were also able
to attain reasonable fits for our limited data set (albeit with different
parameters in the models) along with statistically significant results
analogous to those reported in [BBH].

We call attention in (13.12) to the terms describing the rates of
change in the population of virions, acutely infected cells, chronically
infected cells, and uninfected cells (V(t), A(t), C(t), and T'(t), respec-
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Table 13.2: in vitro Model Compartments

Notation Description

Infectious viral population
Acutely infected cells
Chronically infected cells
Uninfected or target cells

Total cell population (infected and uninfected)
(A+C+T)

MHAQe<

Total Cells vs. Time
108 — . . . .

107 VRN 4

106 s

Number of Cells
AN
A

105 L . : : .
0 5 10 15 20 25
Days

Figure 13.2: Log plot of experimental data (10 observations) from
[Rogel WuEmerman).

tively, in (13.12)). In particular, we should comment on the form of
the nonlinear terms (e.g., pV (¢t)T'(t)). Terms such as pV (¢)T'(t) are ob-
viously only first approximations to the density dependent (on V' and
T') component of the rate of new infections. A more realistic model
requires that this term, dependent on both V' (t) and T'(¢), be bounded
in the limit, i.e., saturation should be modeled in the nonlinear term so
that in the limit it is (at least) affine in V or T'. For well-posedness con-
siderations, the term pV'T" is more appropriately replaced by a function
p(V,T) where x — p(z), x = (V,T) is globally Lipschitz (see [Banks82]
for the standard form of this assumption). This will be described in
more detail later; however, for our initial purposes in modeling discus-
sions, the simpler term will suffice.

As mentioned earlier, it is known that there exist temporal delays
between viral infection and viral production and between productive
acute infection and chronic infection.
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A central focus of the modeling effort in [BBH| was on attempt-
ing to obtain reasonable mathematical representations of these delays.
The problem of how to mathematically represent these phenomena is
decidedly nontrivial and includes issues such as how to account for in-
tra-individual variability (e.g., intercellular variability arising within a
single infected individual or laboratory assay) and/or inter-individual
variability arising between individual subjects or data from multiple
assays. Here we do not specifically address or distinguish these differ-
ent sources of variability, although the model is sufficiently flexible to
account for either type. These issues are highly significant and dealing
with the levels of variability and the resulting mathematical ramifica-
tions is of primary interest.

Let the delay in the first equation in (13.12) be modeled by treating
the delay time 7 between acute infection and viral production as a
probabilistic quantity (i.e., a random variable) with distribution P;(7)
so that the first equation in (13.12) is replaced by (see below for a more
detailed discussion of the foundations underlying such an equation)

V(t) = —cV(t)+na /_0 A(t+7)dPi(T)+ncC(t)—pV ()T (t). (13.13)

Likewise, let the delay between acute infectivity and chronic infectivity
(with distribution P(7)) be represented in altered forms of the second
and third equations of (13.12) by

0
A(t) = (ro— 84— 6X()A(L) — / At + 7)dPy(r)

—00

+ pV(DT(t) (13.14)

Ct) = (ry—dc —0X(1)C(t) +»y/0 A(t+7)dPy(r).  (13.15)

Note that assuming Dirac distributions d, with atoms a at a1 = —711 <
0and ao = —11 — o < —71 < 0, respectively, for P;, P, reduces the
System to

V() = —cV(t) + naA(t — 1) + ncC(t) — pV ()T (t)

Alt) = (ro =04 —0X(1))A(t) —vA(t — 11 — 72) + pV (D) T(¢)

Ct) = (ry —6c — X (1))C(t) + YAt — 71 — ™)

T(t) = (ru —0u = 0X(t) = pV())T(t) + 5

(13.16)
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for 0 <t <ty where t; is finite. Moreover it becomes the special case

V() = —cV(t)+na LOOO A(t + 7)k1(T)dT + ncC(t) — pV () T'(t)
A(t) = (1 — 84— 0XE)A(L) = [° At + 7)ka(7)dT + pV ()T (1)
Ct) = (ro — ¢ — 6X (£)C(t) +~ [° At + T)ka(7)dr

@) = (ru — 60 — 6X(t) —pV(£))T(t) + S,

(13.17)
whenever P;, P, possess probability densities k1, ko, respectively. In the
discussions in [BBH], all numerical simulations for each of the systems
of functional differential equations (FDE) given above were performed
using the linear spline based methods described below. There it was
found, not surprisingly, the presence of nonzero delays has a dramatic
effect upon the simulations. Issues relating to the exact nature of 7 and
whether or not it should be modeled as a fixed value for each cell or
distributed across cells and how this distribution can be represented,
are the focus of discussions below. Further evidence of the statistical
significance of the presence of the delay is given in [BBH].

13.3 Nonlinear Delay Systems

In order to approximate solutions to the systems described in (13.16)
and (13.17), one may first convert them to an AEE and then approx-
imate in a space spanned by piecewise linear (or even higher order)
splines (i.e., in a Galerkin approach, which is equivalent to a linear
finite element approximation in partial differential equations). One is
then able to numerically calculate the generalized Fourier coefficients
of approximate solutions relative to the splines, and with these coeffi-
cients, recover an approximation to the solutions of (13.16) or (13.17).

We turn to the mathematical aspects of these nonlinear FDE sys-
tems and present an outline of the necessary mathematical and nu-
merical analysis foundations. First we describe the conversion of the
nonlinear FDE system to an abstract evolution equation (AEE) sys-
tem as well as provide existence and uniqueness results for a solution
to the FDE. We then provide a fundamental approximation framework
including convergence results.

For nonlinear delay systems such as those discussed above, approx-
imation in the context of a linear semigroup framework as presented so
far is not direct, but one can use the ideas of that theory as a basis for
a wide class of nonlinear delay system approximations. Details in this
direction can be found in the early work [Banks79, Banks82, Kappel82]
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which is a direct extension of the results in [BBul, BBu2, BKapl] to
nonlinear delay systems.

We summarize an extension of well-developed theory given in
[Banks79, Banks82] most pertinent to our efforts here. We do this
in the context of the motivating HIV models of the previous section.
Note that when we consider the discrete delay system (13.16) using
Dirac distributions as P; and P», we take the delays 7, 70 > 0 and
without loss of generality assume r > 7 4+ 75 > 0 is finite throughout.

Let

z(t) = (Zl (t) ) %2 (t) » 23 (t> ) %4 (t>)T =V (t) A (t) ,C (1), T (t))T
and
2(0)=z(t+0),—r<0<0,recR".
Our system, as described in (13.16) or (13.17), can then be written as

2(t) = L(z(t),z)+ fi(z(t)+ f2(t) for 0 <t <ty

(2(0),20) = (®(0),®) e X, ®ec?(—r0;R?
(13.18)
where ¢y is finite and for (n,¢) € R* x ¢ (—r,0;R*) C X = R* x
Ly (—r,0;RY),

—c 0 no 0
B 0 7r,—04 0 0
L (777 gb) - O O Ty — 50 0 7]
0 0 0 Ty — 6u

0
+ na [6(172)](474) - ¢ (0)dPy(0)

0
+7 ([5(3,2)] (4,4) [02.2)] (474)> /T ¢ (0)dP (0) ,

[ —pIna
- (Z?ZQ m) n2 + pina
fl (77) = -5 (2?22 nz) n3 5
| (Z?:z m) =P |
foa(t) = 1[0,0,0,8]" ,0<t<t;.

Here [5(i7j)](4 5 denotes a 4 by 4 matrix with a one in the (i,7)th
element and zeros elsewhere. Moreover, ® is the initial time history of
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the system on [—7,0], {P1, P>} are probability distributions, and X is
the state space, a Hilbert space with the usual inner product

0
(m:0), (Gulx =n'C+ [ o (0)" ¥ (0)do,

for (n,¢), (¢,v) € X. The presentation in [Banks79, BBH] can be fol-
lowed to obtain local existence and uniqueness of a solution to (13.18).
As noted earlier, the nonlinearities exemplified by terms such as
pz124 are biologically unrealistic. However, these nonlinear terms in f;
can be replaced by standard saturation limited nonlinearities such as

pz124 by pi1(21) 2
and 0z;z; by 6 (%)z; (fori,j=2,3,4),

where
0 1 <0
P1 (Zl) = pz1 0< 21 <2 (1319)
pz1 Z1 <21,
and
0 2z <0
0; (Zz) = 0z, 0< 2z <z (13.20)

0z Zi <z,
(for finite upper bounds z; € RT,i = 1,2,3,4), and where f; can be
replaced by
—p1 (1) 74
— () 62 (m2) + p1 () ma
fulm = - (Z?:z m) d3 (13)
- (Z?:z 771) 04 (n4) — p1 (M) 74

Note that p; and ¢; are globally bounded functions satisfying p; (21)
pz1 and 0; (z;) < 0z;. Indeed they are differentiable, satisfying p) (21)
p and ¢] (z;) < 6.

One can establish the global existence and uniqueness of a solution

,m € R (13.21)

<
<

to

t)=L(2(t),2)+ fr(x(t) + f2(2) for 0 <t <ty,

(13.22)
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with ¢y finite, in a number of ways including Picard iterates or
fixed point arguments (uniform contraction principle, Schauder Fixed
Point—see [JKH4]). To pursue this, we first define ' = L+ f; on X by

Given that all pertinent components of the equation (13.22) are differ-
entiable, we can conclude that the function F' is differentiable and thus
have

Lemma 13.1 The function F = L + f1 : X — R? is differentiable.

Lemma 13.2 For all (n,¢), (¢,v) € X the function F = L + f1 sat-
isfies a global Lipschitz condition

[F'(n,¢) = F (G, ¥)| < Kp{ln— ¢l + o — oI} (13.23)

for some fized constant Ky, > 0.

A rather complete treatment of the mathematical aspects of the as-
sociated approximate inverse problems (including a convergence anal-
ysis) can be found in [BanksBortzIP]. Stability analysis related to the
approximations for delay systems can be found in [BBu2, BKap1], while
for general stability results for delay systems, see [BellmanCooke].

Remark 13.1 Well-posedness and approximation results for the sys-
tems above can actually be obtained from the arguments for nonau-
tonomous nonlinear delay systems in [Banks79]. In that approach, one
requires all discrete delays to appear in the linear part of the system
dynamics while continuously distributed delays may appear in the non-
linear part. One then writes the system dynamics as an autonomous
linear part plus a nonlinear perturbation. The linear part generates a
linear semigroup as in [BBul, BBu2, BKapl] and as discussed ear-
lier in this text. One then uses the linear semigroup in a variation
of parameters implicit representation of the solution to the nonlinear
system. Mathematical tools used then are Picard iterates for existence,
and the Trotter-Kato convergence theorem (for the linear semigroups)
plus a Gronwall inequality. An alternative (and more general) approach
given in [Banks82] and generalized in the next section eschews use of
the Trotter-Kato theorem in treating general nonautonomous nonlinear
delay systems which allows discrete delays in the nonlinear components
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of the system. As we shall see below, the main mathematical tools are
dissipative properties of the general nonlinear operator A representing
the system and direct approzimation AN (t) — A(t) (no Trotter-Kato!)
along with a Gronwall inequality. Finally, in another alternative, a
nonlinear semigroup (with dissipative generators) approach along with
a corresponding nonlinear Trotter-Kato convergence results are given by
Kappel in [Kappel82]. With these results one can treat directly general
autonomous nonlinear delay systems in the spirit of the linear semi-
group approach given in this text.

13.4 State Approximation and Convergence
for Nonlinear Delay Systems

We consider the general system

2(t) = f(t,2(t), ze, 2(t = 71), ..y 2(t — ) + fa(t), 0<t<T,
(13.24)

Z0:¢7

where f = f(t,n,%,y1,...,ym) : [0,T] x X x R" — R". Here X =
R"x Lo(—7,0;R™),0 <1 < ...< Ty =7, 2 denotes the usual function
2(0) = 2(t+0), —r <0 <0, and ¢ € H'(—r,0). We shall make use of
the following hypotheses throughout our presentation.

(H1f) The function f satisfies a global Lipschitz condition:

’f(t’TI?w?yl""?ym) - f(t7£’112;7w1""7wr?)|
< K (In— €+ 16—l + T s — wil)

for some fixed constant K and all (1,0, y1, - .., ym), (&, 0, w1, . . .,
W) in X x R™ uniformly in ¢.

(H2f) The function f :[0,7] x X x R" — R" is differentiable.

Remark 13.2 If we define the function F : [0, T]xR"xC(—r,0; R™) C
X — R" given by

F(t’ :E) = F(t7777w) = f(tﬁna @ijdj(_'rl)a RS w(_Tm)) (1325)

we observe that even though f satisfies (H1f), F will not satisfy a
continuity hypothesis on its domain in the X norm.



166 A Functional Analysis Framework

We define the nonlinear operator A(t) : D(A) C X — X by
D(A) = {(4(0),¥) | ¥ € H'(-7,0)}
At)(1(0),) = (F(t,4(0),%),¢).

Theorem 13.1 Assume that (H1f) holds and let x(t; ¢, fo) =

(z(t; ¢, f2), 2e(b, f2)), where z is the solution of (13.24) corresponding
to g € H', fo € La. Then for ¢ = (6(0),9), z(t; ¢, f2) is the unique
solution on [0,T] of

z(t) =¢ +/0 [A(o)x(o) + (f2(0),0)]do. (13.26)

Furthermore, fo — x(t; ¢, f2) is weakly sequentially continuous from
Lo (with weak topology) to X (with strong topology).

Again these results can be established in one of several ways includ-
ing fixed point theorem arguments or Picard iteration arguments. Ei-
ther of these approaches can be used to establish existence, uniqueness
and continuous dependence of the solution of (13.26). For existence,
uniqueness and continuous dependence of the solution of (13.24), we
note that our condition (H1f) is a global version of the hypothesis of
Kappel and Schappacher in [KapSch], so that in the autonomous case
their results also yield immediately the desired result for (13.24).

The uniqueness of solutions to (13.26) follows in the usual manner
once we establish that A satisfies a dissipative inequality. Indeed, defin-
ing a weighting function g exactly as in [BKap1, p. 500] and in Section
3.6.3 and the corresponding weighted inner product (, )x, = (, )4 on
X, one can show without difficulty that (H1f) implies the dissipative
inequality (see [Barbu, p. 71]) for the nonlinear operator A(t)

(At)z — A(t)w,z —w)y; < w(x —w,z — w), (13.27)

for all z,w € D(A) and all t.

Turning next to the approximation of (13.24) through approxima-
tion of (13.26), we let X~ = X be the linear spline subspaces of X
discussed in detail in [BKapl] and in Section 13.1. A careful study of
the arguments behind our presentation reveals that the approximation
results given here hold for general spline approximations. For exam-
ple, if one were to treat cubic spline approximations (X2 of [BKapl]),
one would use the appropriate approximation analogues of Theorem
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2.5 of [Schultz] and Theorem 21 of [SchuVarg] (e.g., see Theorem 4.5 of
[Schultz]). Hereafter, when we write X'V, the reader should understand
that we mean X{" of [BKapl] and Section 13.1.

Let PN = PgN be the orthogonal projection (in (, ),) of X onto XV
so that as we have already discussed it immediately follows that PNz —
x for all x € X. Similar to the approach in [BKapl] as extended in
[Banks82], we define the approximating operator AN (t) = PN A(t) PN
and consider the approximating equations in X* given by

2N (t) = PN¢ + /0 t[AN(U)xN(U) + PN(fy(0),0)]do (13.28)

which, because X ¥ is finite-dimensional, are equivalent to
iV (t) = AN ()N (t) + PV (f2(1),0), 2™ (0) = PN¢. (13.29)

From (13.27) and the definition of A" in terms of the self-adjoint pro-
jections PV, we have at once that under (H1f) the sequence {AN}
satisfies on X a uniform dissipative inequality

(AN () — AN ()w, 2 — w)y < wlr —w, —w), (13.30)

Uniqueness of solutions of (13.28) then follows immediately from this
inequality. Upon recognition that (13.29) is equivalent to a nonlinear
ordinary differential equation in Euclidean space with the right-hand
side satisfying a global Lipschitz condition, one can easily argue exis-
tence of solutions for (13.29) and hence for (13.28) on any finite interval
[0,7]. Our main result to be discussed here, which insures that solu-
tions of (13.29) converge to those of (13.26), can now be stated.

Theorem 13.2 Assume (H1f), (H2f). Let ¢ = (¢(0),9), ¢ € H!
and fy € Ly(0,T) be given, with x¥ and x the corresponding solutions
on [0,T) of (13.29) and (13.26), respectively. Then z™(t) — z(t) =
(z(t; @, f2), ze(@, f2)), as N — oo, uniformly in t on [0,T].

Remark 13.3 One can actually obtain slightly stronger results than
those given in Theorem 13.2. One can consider solutions of (13.26)
and (13.29) corresponding to initial data (2(0),20) = (n,¢) = ¢ with
n € R ¢ e Ly (ie., ( € X) and argue that the results of Theorem
13.2 hold also in this case.
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To indicate briefly our arguments for Theorem 13.2, we consider for
given initial data ( and perturbation fo the corresponding solutions x
and 2V of (13.26) and (13.28). Defining AN (t) = 2V (¢t) — z(t) and
F5(t) = (f2(t),0), we obtain immediately that

t
AN(t) = (PN—I)C—I—/O [.AN(O')CL'N(O') — A(o)z(0) + (PN — I)F5(0)] do.

(13.31)
We next use a rather standard technique for analysis of differential
equations (see [Barbu]), the foundations of which we state as a lemma
since we shall refer to it again.

Lemma 13.3 If X is a Hilbert space and x : [a,b] — X is given by

then

2 (®)]* = |z(a)* + 2/0 (x(0),y(0))do.

This lemma is essentially a restatement of the well-known result
[Barbu, p. 100] that in a Hilbert space

4 (31008 ) = (0,200,
Applying Lemma 13.3 to (13.31), we obtain
AV = |(PY ~ 1)C + 2 f{ (AN ()2 (0)
~A(o)z(o) + (PN — I)Fy(0), AN (0))do
= (PN — DG 4+ 2 JUAY () (0) — AY (0)a(0), AV (o) dor

+2 [ {(AN(0) = A(0))2(0) + (PN — I) F3(0), AN (0))do.
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If we use (13.30) on the first integral term in this last expression, we
then have

AN@)[2 < (PN = 1) + 2 fy wAN (o) Pdo

+2 [{{(AY (0) = A(0))a(o) + (PN — ) Fy(0), AN (0))do

IN

(PN = 1)¢2 +2 fy w| AN (o) 2do

+2 [y {31(AN(0) = A(0))z(0) 2 + 3|AN (o)
PV = DE (o) + 3 AN ()]} do

= [PV = 1) + [y [(AN(0) — A(0))a(0)|" do

—|—f0}PN IFs(o ‘ do+2(w+1) fo AN (0)|?do.
An application of Gronwall’s inequality to this then yields the estimate
AV < [ (N) + e2(N) + e5(N)]exp 2w+ 1), (13.32)

where

el(N) = |(PY — I)¢P?,

T
() = [ (4% (0) = Al)a(o) | do

T
63(N):/0 |(PY — )Py (o \da

Since PV — I strongly in X and the convergence |(PYN —I)Fy(c)| — 0
in €3 is dominated, to prove Theorem 13.2 it suffices to argue that
e2(N) — 0 as N — oo. To that end, we state the following sequence of
lemmas.

Lemma 13.4 Assume (H1f) and let X = {x = (¢(0),¢) | ¢ € H?}.
Then for each t, AN (t)xz — A(t)xr as N — oo for each x € X.

Lemma 13.5 Let C = {((, f2) € D(A) x Ly(0,T) | ¢ € H?, fy € H,
with $(0) = F(C) + f2(0) where ¢ = (6(0),¢)}. Assume that (HIf),
(H2f) hold. Then for (C, f2) € C the corresponding solution o — x(c) =
(2(0),25) of (13.26) (z is the solution of (13.24)) satisfies x(o) € X
for each o € [0,T].
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Lemma 13.6 Assume (H1f), (H2f) and let ((, f2) € C with =N and x
the corresponding solutions of (13.28) and (13.26). Then x™(t) — z(t)
uniformly in t on [0,T].

Lemma 13.7 Assume (HI1f). Then the solutions of (13.26) and
(13.28) depend continuously (in the X x Lo topology) on (C, f2) €
D(A) x Lo, uniformly in t on [0,T].

Lemma 13.8 The set C defined in Lemma 13.5 is dense in X X Ls.

We obtain the convergence of Theorem 13.2 by combining Lemmas
13.6, 13.7, and 13.8. The proof of Lemma 13.7 employs Lemma 13.3
along with Gronwall’s inequality in much the same way as above in
deriving (13.32) from (13.31). We note that Lemma 13.5 requires hy-
pothesis (H2f) (this is the only place in which it is used) in order to
obtain enough smoothness of solutions = of (13.26) so that z(c) € X
for each o.

In developing the estimates to establish Lemma 13.6 (which, by our
above remarks, requires only that we argue e3(IN) — 0), we use heavily
the standard spline estimates found in [Schultz] and [SchuVarg]. Lem-
mas 13.4 and 13.5 yield that AV (0)x(0) — A(c)z(c) for each o so
that to prove Lemma 13.6 one only need show that this convergence
is dominated, thereby guaranteeing eo(N) — 0. In making the argu-
ments for Lemma 13.6, one obtains at the same time error estimates
on the convergence in Theorem 13.2. For example, one readily finds
the following: for ¢ € H?, f satisfying (H1f), (H2f), ¢(0) = F(¢(0), ¢)
and f = 0, the convergence x (t) — x(t) is O(1/N). For higher-order
splines and higher-order convergence estimates (e.g., cubic splines with
convergence O(1/N?)), one of course needs additional smoothness (be-
yond (H2f)) on f.

The convergence given in Theorem 13.2 yields state approximation
techniques for nonlinear FDE systems based on the spline methods
developed in [BKapl]. These results can be applied directly to con-
trol and identification problems, the latter of which are discussed in
[Banks82].

13.5 Fixed Delays versus Distributed Delays

We return to the cellular level HIV models discussed earlier in this
chapter. If we assume that the delays 71, ™ are fixed for each cell,
then we can precisely describe the capacity of each member of the
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population (of infected cells) to produce virions as a function of time.
In other words, exactly 71 units of time after a cell becomes infected, it
begins producing virus. Exactly 7o units of time later, that same cell
then becomes chronically infected (assuming it lives to this stage).
Such a system can be obtained from (13.13)-(13.15) along with the
equation for T' by assuming Heaviside measures (vielding Dirac distri-
butions) Pj, Py with unit jumps at —7; < 0 and —73 — 72 < 0. This
corresponds to Dirac delta “densities” and results in the system

V(t) = —cV(t)+na [’ A{t+7)6_p (1) dr +n0C () —pV (1) T (1)
A (t) = (Tv - 5A —0X (t)) A (t) - Wfi]oo A (t + 7—) 5—7’1—72 (T) dr
+ pV ()T ()

Q-
—~
~
~—

|

() = (ro—bc = 0X (1)) C () +7 [° o A(t+T)b-r—r, (7) dr
T{t) = (ru—0,—0X({t)—pV ()T (t)+ S,

(13.33)
which is exactly the system (13.16).

In order to overcome the (biologically untenable) assumption that
each cell begins producing virus at a fixed time after infection, a num-
ber of authors have used a gamma function (just one example of a
number of distributions which could be used to model this process) as
the distribution for the time to viral production of infected cells. In
particular, the use of the scaled gamma function

gnfl

kr(&;b,n) = CEE

(13.34)

as the distribution of the times to viral production (for infected cells)
is a particularly popular modeling choice. The advantage to using
this gamma distribution is that with a clever change of variables, the
distributed delay system can be rewritten as a non-delayed system of
ODEs (and thus easily simulated using standard software packages,
e.g., MATLAB®). This transformation is known as the method of
stages, and a full derivation of the equivalent system of ODEs (where
just the viral production delay is modeled with a gamma distribution)
is presented in [MitSulNeumPerel] (for a treatment of the method of
stages for delay systems, also see [Murray]). These dynamics are easily
illustrated in terms of the V equation. By introducing the internal
variables y = (y1,...,yn)’, the first equation of (13.17) reduces to the
equivalent system



172 A Functional Analysis Framework

V(t) = —cV(t) +ncC(t) +nayn(t) — pV ()T (1)
vi(t) = (A(t) —w(t)) /b
12(t) = (yi(t) —ya(t)) /b (13.35)

() = (gno1(t) = ya(t)) Jb.

If we write the vector version of ¢ , we find that

Alt)
0
y(t) = (Bi+Ba)yh)+3 | .
0
= (Bi+B2)yt) + F(t) ,
where
0 v «ov oo 0
1/b
By =diag (-b7'), Ba=| o
0 0 1/b 0

Note that if we were to use this method, an analogous system of equa-
tions is needed to represent the delays in (13.14) and (13.15). Fur-
thermore, while this kernel does generate equations which are sim-
ple to simulate on a computer (an unnecessary simplification, given
the well-developed numerical methods for delay systems developed in
[BBul, BKapl] and described in Section 13.1, Remark 13.1, and Sec-
tion 13.4), the resulting model is equivalent to a model with completely
identical deterministic internal dynamics with constant parameters b
and n for each subpopulation of cells. That is, the choice of the gamma
kernel to describe the delay distribution yields a system that is equiv-
alent to a completely deterministic system.

A primary advantage of the models such as (13.17) and the nu-
merical schemes illustrated here lies in the fact that for systems that
are linear in the delay term, we can consider arbitrary kernels and not
just ones based upon the gamma function. Moreover, for distributions
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parameterized by their mean p and variance o2, this flexibility will al-
low one to (in theory) independently identify 4 and o2 (a feature not
readily available with the gamma — see remarks below).

In order to use the method of stages (MOS) to simulate a system like
(13.17), it is required that the distribution for any delay be represented
by a gamma function, i.e., the use of the MOS is impossible without
this assumption. Moreover, for the gamma function, the mean p and
the variance o2 are parameterized by b and n (1 = nb and o2 = nb?),
where b is a real and n is a positive integer. In the MOS implementa-
tion, n then corresponds to the order of the system of approximating
ODEs (see equation (13.35)), while b is a coefficient in the system. In
other words, in order to use the MOS to identify p (using the given
data in a nonlinear least squares (NLS) parameter identification frame-
work), it is necessary to identify the number of equations to be used in
the approximation. This is a most challenging problem, since the NLS
optimization would thus be trying to identify two real numbers using
a real number and an integer. Moreover, in any iterative procedure,
the order of the underlying system could change with each iteration.
In summary, while the gamma distribution may well be an attractive
choice in forward simulations since it leads to a simple ordinary dif-
ferential equations formulation, its use in inverse problems where the
estimation of the means and variances are of primary interest, is clearly
not advantageous as other computational issues arise (see [Bortz02]).
A treatment for more general distributions is given in [BBH].

13.5.1 First Principles Modeling of Distributed Delays

Finally in this section we present a brief derivation from first princi-
ples (with assumptions based on the biology) that supports the math-
ematical form in treating the delays as stochastic or random variables.
Readers not interested may skip to the next section. However, the ideas
are relevant in many other population (particles, cells, individuals) and
disease progression models.

Let us first consider the delay between initial acute infection and
initial chronic infection of a cell. It is biologically unrealistic to expect
an entire population of cells to simultaneously change infection charac-
teristics fig (fiz > 0) hours after initial viral infection. Therefore, sup-
pose that the delay between initial acute infection and chronic infection
varies across the cell population (thus mathematically characterizing
the intercellular variability) according to a probabilistic distribution
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Py with density k2. We denote by C(t;7) the subpopulation consisting
of chronically infected cells that either maintained their acute infection
characteristics for 7 time units or are the progeny of those same cells.
In other words, for some 7 > 0, there exists a subpopulation C(¢;7)
of the chronically infected cells which either spent 7 hours as acutely
infected cells (before converting to chronically infected cells) or are de-
scendants of cells that spent exactly 7 hours as acutely infected cells.
Thus, the rate of change in this subpopulation of cells is governed by

Ctir) = (ro—0c—06X(1)C(LT)+7yA(t—T),

where

X(t) = A(t) + C(t) + T(¢)

and the expected value of the population of chronic cells is given by
integrating with respect to the distribution P», over admissible delays,
obtaining

Ct) = &CHT] = [FC@H:)kR(r)dr. (13.36)

Therefore, the rate of change in the total population of chronic cells is
governed by

G = &ICE)
= (ry —0c—0X (t))C (1) +7f0wA(t—T)E2(T)dT
c) = Co,

(13.37)
where Cj is the initial condition for the total chronically infected cell
population.

Next, we consider the delay between viral infection and viral pro-
duction for the acutely infected cells A (t). Again, it is unreasonable
to expect the entire population of acutely infected cells to simultane-
ously commence viral production fi; (f1; > 0) hours after infection. We
suppose that the delay between infection and production (for acutely
infected cells A(t)) varies across the population with probability distri-
bution P; and corresponding density k;. We also partition the expected
total viral population V into those virions V4 produced by acutely in-
fected cells and those virions Vo produced by chronically infected cells
so that

V=Vi+Veo.
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We then denote by V4(t; 7) the subpopulation of virus which are pro-
duced by an acutely infected cell 7 hours after being infected. Thus,
the rate of change in this subgroup of virions is governed by

Valt;7) = —cVa(t;7) +naA(t — 1) — pVa(t; )T (t) .

To obtain the (expected) number of virus at time ¢ that have been
produced by acutely infected cells, we must integrate with respect to
the distribution P;, over all admissible delays

Va(t) = E4[Va(ti7)] = / Vit )k (r)dr
0
which yields the governing equation for this larger subpopulation of
virions
Valt) = &[Va(t;r)]
— V() +ma / At — 7Y (7)dr — pVa(O)T (1)
0

To account for the chronically infected cells as a source of virions, we
denote by Vi the subpopulation of virions produced by chronically

infected cells. Thus the equation describing the rate of change in the
size of this subpopulation is

Vo) = —cVo(t) +ncC(t) — pVe(t)T(t),

where the expected value C' of the total population of chronically in-
fected cells is defined in (13.36). Therefore, the governing equations for
the total population of virus are

V(t) = &Valtir)+ Ve(t)]
= —c(Va(t) + Ve(t)) + na /OOO A(t — 1)k (T)dT + ncC(t)
— p(Va(t) + Ve(t)T'(t)
— V()4 na /0 T Al — D ()dr + neC(t) — pV(BT(R)
V() = W,

where Vj is the initial condition for the total virion population.
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Moreover, we assume that the A and T subclasses have no subpop-
ulation structures, and are therefore governed by

A(t) = (rv—dA—éX(t))A(t)—'y/O At —1)Fo (7 dr
oV T () (13.38)

A0) = Ay

T@t) = (ru—0,—0X () —pV ()T (t)+ S

T0) = T,

with initial conditions Ag and Tp. Note that in (13.38), the rate term
with the delay (representing the delayed conversion of A to C) is simply
the negative of the delay rate term in (13.37).

Finally, we make the change of variables k;(¢) = k;(—¢) so that the
densities are now defined on (—o0,0) instead of (0,00) (we do this to
be consistent with the notation of Section 1.5 which is standard in the
FDE literature), and obtain the system

0
V() = —cV(t)—H”LA/ A+ 1)k (1)dr +ncC (t) —pV () T (t)

—oo )

At) = (rv—éA—éX(t))A(t)—fy/ A+ 71)ke (T)dr +pV (t) T (1)
0

ct) = (rv—éc—éX(t))C(t)—l—v/ A(t+71)ke(7)dr

—00

T(t) = (ra—06u—38X(t)=pV ()T (t)+S5,

which is identical to (13.17).



14 Weak* Convergence and the Prohorov
Metric in Inverse Problems

We turn next to discuss functional analysis concepts (in particular the
concept of weak* convergence introduced in Section 4.2) that are in-
tegral to several types of inverse problems. These problems entail pa-
rameter estimation using output observations where the parameters to
be estimated are probability distributions. Such problems can be read-
ily found in certain areas of applications [BBi, BBH, BBKW, BBPP,
BD, BDTR, GRD-FP, BDEHAD, GRD-FP2, BF, BFPZ, BG1, BG2,
BGIT]. Here we consider two types of measure dependent problems:
individual dynamics and aggregate dynamics.

Many inverse problems involve individual dynamics and individual
data. For example, in Example 5 of Section 1.7 if one had individual
longitudinal data d;; corresponding to the structured population den-
sity v(t;,&;;9), where v is the solution to (1.22)-(1.23), corresponding
to an (individual) cohort of fish all with the same individual growth
rate % = ¢(t,&), one could then formulate a standard ordinary least
squares (OLS) problem for estimation of g. This would entail finding

* = argmin J(g) = argmin dii — v(ts, &5 9)%, 14.1
9 ggeg (9) ggeglzj:| ij (ti &3 9)| ( )

where G is a family of admissible growth rates for a given population
of mosquitofish. However for such problems tracking of individuals
is usually impossible. Thus we turn to methods where one can use
aggregate data.

14.1 Populations with Aggregate Data, Uncertainty,
and PBM

14.1.1 Type I: Individual Dynamics/Aggregate
Data Inverse Problems

Recall from Example 5 that the expected size density u(t,&; P) =
E[v(t,&; )| P] is described by a general probability distribution P and
is given by

ult, & P) = /g o(t,€ 9)dP(g),

177
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where the density v(t,&;g) satisfies, for a given g, the Sinko-Streifer
system (1.22)-(1.23).

In these problems, even though one has individual dynamics (the
v(t,&; g) for a given cohort of fish with growth rate g), one has only
aggregate or population level longitudinal data available. This is com-
mon in marine, insect, etc., catch and release experiments [BK] where
one samples at different times from the same population but cannot
be guaranteed of observing the same set of individuals at each sample
time. This type of data is also typical in experiments where the organ-
ism or population member being studied is sacrificed in the process of
making a single observation (e.g., certain physiologically based pharma-
cokinetic (PBPK) modeling [BPo, Po] and whole organism transport
models [BK]). In these cases one may still have dynamic (i.e., time
course) models for individuals as in the mosquitofish, but no individ-
ual data is available.

Since we must use aggregate population data d;; to estimate P itself
in the corresponding typical inverse problems, we are therefore required
to understand the qualitative properties (continuity, sensitivity, etc.)
of u(t,&; P) as a function of P. The data for parameter estimation
problems are d;;, which observations for u(t;,{;; P). The corresponding
OLS inverse problem consists of minimizing

J(P) = Z \dij — u(t;, &; P)J? (14.2)

over P € P(G), the set of probability distributions on G, or over some
suitably chosen subset of P(G).

14.1.2 Type II: Aggregate Dynamics/Aggregate
Data Inverse Problems

The second class of problems which we call Type II problems involves
dynamics which depend explicitly on the probability distribution P
itself. In this case one only has dynamics (aggregate dynamics) for
the expected value of the population state variable. No dynamics are
available for individual trajectories z(t,q) for a given ¢ € Q. The
electromagnetic example of Example 4 of Section 1.6 is precisely this
situation. Such problems also arise in viscoelasticity as well as biology
(the HIV cellular models of Banks, Bortz and Holte [BBH]) — see also
[BBPP, BG1, BG2, BPi].
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To illustrate this second type of inverse problem we return to the
electromagnetics example of Example 4 which entails polarization of
inhomogeneous dielectric materials. In this case, individual (particle
or molecular) dynamics are not available. Instead, the dynamics (1.17)
(in second-order form for either E or H) themselves depend on a prob-
ability measure F, e.g.,

0w 0%u

Er + 02 f(u, F),
where for example the electromagnetic field © = E depends on sum-
ming with a probability distribution the effects of multiple mechanisms
of polarizations across all particles in the material. To be a little more
specific, we consider multiple relaxation mechanisms in a dielectric
material.

To describe the behavior of the electric polarization P, we begin
with the general formulation of Example 4 of Section 1.6 and Chapter
2 of [BBL] by employing a polarization kernel g in the convolution
expression

P(t,z) = /0 g(t — s,2z;7)E(s, z)ds. (14.3)

As explained in Section 1.6, this general formulation includes as spe-
cial cases (at the particle level) the well known orientational or Debye
polarization model, the electronic or Lorentz polarization model, and
linear combinations thereof, as well as other higher order models de-
pending on relaxation parameters 7. However, use of these kernels
presupposes that the material may be sufficiently defined by a single
relaxation parameter 7, which is generally not the case. In order to
account for multiple relaxation parameters in the polarization mech-
anisms, we allow for a distribution of relaxation parameters which is
conveniently described in terms of a probability measure F' on a set of
possible relaxation values 7. Thus, we define our polarization model
in terms of a convolution operator

P(t,z) = /Ot G(t — s,z; F)E(s, z)ds

where G is determined by various polarization mechanisms each de-
scribed by a different parameter 7, and therefore is given by

Gt % F) = /T ot 2 7)dF ()

where T C [71, T2].
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To obtain the macroscopic polarization, we sum over all the param-
eters. We cannot separate dynamics for the electric and magnetic fields
to obtain individual or particle dynamics. Therefore we have (1.17) in
Section 1.6 as an example where the dynamics for the £ and H fields
depend explicitly on the probability measure F € P(T).

For inverse problems, data is given in terms of field measurements
d;j for E(t;, zj; F'). In ordinary least square problems, we have

J(F) = ) |dij — E(ti, 2j; ), (14.4)

to be minimized over F' € P(T) (or over some subset of P(T)).We
note that while (14.4) and (14.2) may appear similar, this appearance
is somewhat misleading. In (14.2) we sum with the probability measure
over a family of “individual” dynamics, while in (14.4), the equation
for the observable depends explicitly on the probability distribution of
interest.

Thus, to carry out analysis of the minimization problems using
(14.2) or (14.4), we must have a concept of regularity (in the topological
or metric sense) in probability spaces.

More fundamentally for Type II systems, the “well-posedness of
systems,” including existence and continuous dependence of solutions
on “parameters,” depends on the concept of E(t,z; F1) and E(t, z; F»)
being close whenever F; and Fy are close, i.e., continuity of F +—»
E(t,z; F).

¢

14.2 A Prohorov Metric Framework for Inverse
Problems

We consider formulation and approximation methods (we shall call this
the Prohorov Metric Framework (PMF)) for estimation or inverse
problems where the quantity of interest is a probability distribution P
defined on a metric space (). To simply illustrate ideas we assume we
have a Type I problem with a parameter (¢ € @, @ a metric space)
dependent system with model responses or system dynamics y(t,q)
describing the population of interest. For data or observations, we are
given a set of data values {d;} for the expected values

Elu(q)|P) = /Q u(g)dP(q)
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of the model solutions y;(q) = y(t;,q) with respect to an unknown
probability distribution P describing the distribution of parameters g
over a population. We wish to use this data to choose from a given
family P(Q) the distribution P* that gives a best fit of the underlying
model to data. In our presentation here we will, to simplify discussions,
choose P(Q) as the set of probability distributions on a metric space
@ although one could use the same formulation if one restricts the
problem to a properly chosen subset of P(Q).

To describe these problems and methodology, we formulate ordinary
least squares (OLS) problems; this is not essential as one could equally
well use a weighted least squares (WLS), a generalized least squares
(GLS), a maximum likelihood estimator (MLE), etc., approach [BDSS].
In a fundamental OLS problem, one seeks to minimize

J(P) =" [Ely(@)|P] - dif? (14.5)
l

over P € P(Q).

Even for simple dynamics with evaluations {y;(¢)}, this is an infinite
dimensional optimization problem, so that one needs approximations
that lead to computationally tractable schemes. That is, it is useful to
formulate methods to yield finite dimensional sets P (Q) over which
to minimize J(P). Of course, we wish to choose these methods so that
“PM(Q) ~ P(Q)” in some sense. In this case we shall use the Prohorov
metric [BBPP, BBi] of weak* convergence of measures to obtain the
desired approximation results. This metric, along with others, will be
defined and discussed in some detail in the next section.

A general theoretical framework developed during the past several
decades is outlined in [BBPP] with specific results on the approxima-
tions we use here given in [BBi, BPi|. Briefly, ideas for the underlying
theory are as follows:

1. One argues continuity of P — J(P) on P(Q) with the Prohorov
metric;

2. If the metric space @ is compact then P(Q) is a compact metric
space when taken with Prohorov metric;

3. Approximation families PM (Q) are chosen so that elements PM ¢
PM(Q) can be found to approximate elements P € P(Q) in the
Prohorov metric;
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4. Well-posedness (existence, continuous dependence of estimates on
data, etc.) is obtained along with feasible computational methods.

The data {d;} and dynamics available (individual or aggregate, ei-
ther of which, in general, will involve longitudinal or time evolution
data) determines the nature (Type I or Type II) of the inverse prob-
lem. While the approximations we discuss below are applicable to both
types of problems, we shall illustrate the computational results in the
context of size-structured marine populations (mosquitofish, shrimp)
where the inverse problems are of Type I. Finally, we note that in the
problems considered here, one cannot sample directly from the proba-
bility distribution being estimated and this is somewhat different from
the usual case treated in some of the statistical literature, e.g., see
[Wahbal, Wahba2] and the references cited therein.

Before continuing our discussions, we first digress briefly to discuss
possible metrics on sets or spaces P(Q) of probability measures or
distributions on complete metric spaces Q.

14.3 Metrics on Probability Spaces

We consider P(Q) as the space of probability measures or distributions
on a separable complete metric space Q). Let P; and P> be probability
distributions. If working on the real line (—o0,00) or (0,00) we will
sometimes not distinguish between the probability measure P and its
cumulative distribution function F'.

We need to understand the concept of a metric or distance p(Py, P3)
between P, and P». Moreover, in view of the discussions in the pre-
vious section, we will be interested in compactness with respect to
these metrics on P(Q). We recall (see Section 4.3, Theorem 4.5) that
rba(Q) = C%(Q) and hence one can consider P(Q) C rba(Q) as a
subset of C'5(Q) and consider the corresponding weak* topology on
P(Q). There are several metrics that metrize (i.e., generate an equiv-
alent topology for) the weak* topology on P(Q) C C5(Q) including

i) The Levy metric, denoted here by pr(Py, P),
ii) The Prohorov metric, denoted by p(Pi, P2) = ppr(P1, P2),
iii) The bounded Lipschitz metric, denoted by ppr(Pi, P»).
Others that do not metrize the weak* topology on P(Q) include
iv) The total variation metric, denoted by pry (P1, P2),
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v) The Kolmogorov metric, denoted by pr (Pi, P2).

We discuss each of these here; for relevant material, see [B, H, P].

14.3.1 The Prohorov Metric

Previous developments in probability theory provide helpful results in
the pursuit of a possible complete computational methodology (i.e., a
computationally tractable approximation framework). One of the most
important tools in probability theory is the Prohorov metric, which we
will now formally define. Let ) be a complete separable metric space
with metric d. Given a closed subset A of ), define the e-neighborhood
of A as
A = {qe@:d(G,q) <efor some e A}

= {¢e@: lnfd( q) < €}

We define the Prohorov metric p = ppg : P(Q) X P(Q) — R* by
p(P1, Py) =inf{e > 0: Pi(A) < P(A%) +¢€, A closed C Q}.

This can be shown to be a metric on P(Q) and has many properties
including

(a.) If @ is a complete separable metric space, then (P(Q),p) is a
complete separable metric space;

(b.) If Q is compact, then (P(Q), p) is a compact metric space.

Note that the definition of p is not intuitive. For example, we do not
necessarily know what P, — P in p means. We have the following
important and useful characterizations [B]. Given Py, P € P(Q), the
following convergence statements are equivalent:

1. p(Py, P) — 0;
2. fQ fdPy(q) — fQ fdP(q) for all bounded, continuous f : @ — R;
3. Py[A] — P[A] for all Borel sets A C @ with P[0A] = 0.

Thus, we immediately obtain the following results:

e Convergence in the p metric is equivalent to convergence in distri-
bution or so-called “weak” convergence of measures encountered
in probability theory.
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e Let C'5(Q) denote the topological dual of Cg(Q), where Cr(Q)
is the usual space of bounded continuous functions on ) with the
supremum norm (see Section 4.3). If we view P(Q) C Cx(Q),
convergence in the p topology is equivalent to weak™ convergence
in P(Q). Note the misnomer “weak convergence of measures”
used by probabilists is actually weak™ convergence in the func-
tional analysis sense defined here and in almost all standard texts.

More importantly,
p(Pg, P) — 0 is equivalent to / y(tisq)dPy(q) — / y(ti; q)dP(q),
Q Q

for any continuous functions ¢ — y(¢;; ¢). Thus P, — P in the p metric
is equivalent to

Ely(ts @) Pe] — Ely(ti; q)| P
or “convergence in expectation.” This yields that

n

P — J(P) = Z Ely(tiz )| P] — dif?
i=1

is continuous in the p topology. Continuity of P — J(P) allows us to
assert the existence of a solution to min J(P) over P € P(Q) defined
in (14.5) whenever @, and hence P(Q), is compact.

These considerations allow us to state the following theorem [B,
p. 238].

Theorem 14.1 The Prohorov metric metrizes the weak* topology of

P(Q).

Now we may consider whether there are other (equivalent) metrics
that metrize the weak™ topology on P(Q). But first we point out an
application in statistics where the need for metrics on distributions
arises.

14.3.2 Robust Statistics

Prohorov (also sometimes found as Prokhorov in translations) was
interested in finding a useful metric for the frequently used “conver-
gence in distribution” or “convergence in measure” in probability the-
ory. Later theoretical statisticians became interested in (and concerned
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with) the underlying foundations for statistical testing and in partic-
ular inference procedures [H|. Specifically, attention was given to the
“stability” of assumptions under which statistical asymptotic theories
may be valid. This led to “robustness” (insensitivity to small devia-
tions in underlying assumptions) or Robust Statistics. These ideas focus
on “distributional robustness” as embodied in insensitivity to “small”
deviations in distributions (often from the normal or Gaussian distri-
bution assumptions found in many formulations) and also how lack of
this robustness might affect the validity of statistical tests. This led to
a renewed interest in the use of distributional metrics such as that of
Prohorov. As formulated by Prohorov this led to attempts to find a
metric for the “weak” topology on P(Q) defined as the weakest topol-
ogy on P(Q) such that for every bounded continuous ¢ (¢ € Cp(Q))

the map
P — / YdP
Q

is continuous, i.e., consider P(Q) C C5(Q).

To describe the various metrics that have found use by statisticians
and probabilitists, it is desirable to recall the concept of a Polish space
which is defined as a complete, separable, metrizable topological space.
We turn to a brief summary of other metrics of interest.

14.3.3 The Levy Metric

The Levy metric is defined in the special case for Q@ = R! and is the
Prohorov metric restricted to this case, where one usually does not
distinguish between the probability measure or distribution P; and its
cumulative distribution function (cdf) Fy. The metric is given by

pr(P1, Py) = inf{¢| for all z, Pi(z —€) — e < Py(x) < Pi(x +€) + €}.

One can argue that this is a symmetric function and indeed defines a
metric.
Remarks

e V2p1(Py, Py) is the maximum distance between graphs of Py, Py
measured along the 45° direction. It follows from results for the
Prohorov metric that the Levy metric metrizes the weak* topol-
ogy of P(R1).
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e The Prohorov metric is more difficult to visualize but is appli-
cable when @ is any complete separable metric space (Polish
space), not just the real line (Levy case). For example, when
@ is a function space such as growth rates or mortality rates in
Sinko-Streifer (mosquito fish problem), the Prohorov metric is
applicable whereas the Levy metric is not.

We have already noted that both the Levy and Prohorov metrics
metrize the weak™ topology on P(Q), the former only when Q = R!.
Moreover, as noted above, we can argue that for () a complete separable
metric space, then (P(Q), ppr) is a complete separable metric space.

Recall separability implies the existence of a subset Q¢ that is a
countable dense subset of (). One can then obtain a countable dense
subset of P by defining (see also Theorem 14.3 below)

Po = {measures with finite support in @)y with rational masses}
= {P= Z Pidq, |pi rational, {¢;} C Qo, Xp; =1}
finite

14.3.4 The Bounded Lipschitz Metric

Assume without loss of generality that distance function d on @ is
bounded by 1. (If necessary, one can replace the metric by an equivalent

metric d(q1, g2) = qu)).) Then define
pBL(P1, ) = sup

1+d(q1,92
/ vdP; — / pdP,
el |JQ Q

where ¥ = {¢ € Cp(Q) : [¥(q1) — ¢¥(g2)| < d(q1,q2)}

A fundamental result [H, p.33] of practical importance is

Theorem 14.2 For all Py, P, € P(Q),
ppr(Pr, P2)? < ppr(P1, Py) < 2ppr(Pr, Py).

Thus, ppr and pp; define the same topology and hence ppr also
metrizes the weak* topology on P(Q). This knowledge about ppp
versus ppr can be quite useful. We have that

\ [ st - [ w<q>dP<q>\

pL(Py, P)
2ppR(Pk, P)

Ay,

IAIA
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Therefore, if we know P, — P in ppg, it may be useful in direct
estimates for error rates and convergence analyses with the Prohorov
metric since A — 0 bounds the square of the Prohorov metric if

¢J€ C&;«Q)

14.3.5 Other Metrics

Other metrics of interest can be found in the literature [H]. These
include

e Total variation metric:

prv (P, P2) = sup |Pi(A) — P2(A)],
AcB

where B are the Borel subsets of @), and

e Kolmogorov metric: (Q = R!)

pi (P1, P2) = sup |Pi(z) — Py(x)|.
zeR?

These metrics do not metrize the weak™ topology, but do satisfy

pr < ppr < prv
L < px < prv.

14.4 Example 5: The Growth Rate Distribution Model
and Inverse Problem in Marine Populations

Continuing with our motivating application (one could also use the
electromagnetics models of Example 4, e.g., see [BG1, BG2]), we find
that the problem entails estimation of growth rate distributions for size-
structured mosquitofish populations. Mosquitofish are used in place of
pesticides to control mosquito populations in rice fields. Marine biolo-
gists desire to correctly predict growth and decline of the mosquitofish
populations in order to determine the optimal densities of mosquitofish
to use to control mosquito populations. A mathematical model that
accurately describes the mosquitofish population would be beneficial
in this application, as well as in other problems involving population
dynamics and age/size-structured data.

Based on data (Figure 14.1) collected from rice fields, a qualita-
tively reasonable mathematical model must predict two key features
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that are exhibited in the data: dispersion and bifurcation (i.e., a uni-
modal density becomes a bimodal density) of the population density
over time [BBKW, BF, BFPZ]. As mentioned above in Section 1.7, the
Sinko-Streifer model does not exhibit either of these under reasonable
biological assumptions. However, the Growth Rate Distribution (GRD)
model, developed in [BBKW] and [BF], captures both of these features
in its solutions.

The model is a modification of the Sinko-Streifer model (used for
modeling age/size-structured populations) which allows individuals to
have different characteristics or behaviors with respect to growth.

Size-Structured Population Density, 10 July Size-Structured Population Density, 23 July
250 250
200 200
g 150 g 150
€ £
E} 5
Z 100 Z 100
50 50
0 0 || 1
Size Size
Size-Structured Population Density, 06 August Size-Structured Population Density, 25 August
250 250
200 200
5150 150
£ €
E} 5
Z 100 Z 100
50 50 I II I I I
0 - 0
Size Size
Size-Structured Population Density, 03 September Size-Structured Population Density, 11 September
250 250
200 200
g 150 g 150
€ E
5 E
Z 100 Z 100
50 I I I I I 50
0 0
Size Size

Figure 14.1: Mosquitofish data (number vs. size) for the days July 10,
23, August 6, 25, and September 3, 11.

Recall that the Sinko-Streifer model (SS) for size-structured
mosquitofish populations is given by equation (1.22), which for con-
venience we repeat as
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= —uv, & <E<E, t>0 (14.6)

&1

= / K(t,s)v(t,s)ds
€o

= 0.

Recall also that v(t, &) represents size or population density (given in
numbers per unit length), where t represents time and & represents
length of mosquitofish. The growth rate of an individual mosquitofish
is given by g¢(t,&) so that

® 1.0 (14.7)
for each individual (all mosquitofish of a given size have the same
growth rate).

As we have noted, the SS model cannot be used in its usual form
to model the mosquitofish population because it does not predict dis-
persion or bifurcation of the population in time under biologically rea-
sonable assumptions [BBKW, BF]. But by modifying the SS model
so that the individual growth rates of the mosquitofish vary across the
population (instead of being the same for all individuals in the popula-
tion), one obtains a model, the GRD model, which does in fact exhibit
both dispersal in time and development of a bimodal density from a
unimodal density (see [BF, BFPZ]).

As noted earlier in discussions of Example 5, in the GRD model,
the population density u(t,&; P) is actually given by

u(t, & P) = [; o(t, € 9)dP(g), (148)

where G is a collection of admissible growth rates, P is a probability
measure on G, and v(t,&; g) is the solution of the (SS) equation (14.6)
with g. This model assumes that the population is made up of collec-
tions of subpopulations—individuals in the same subpopulation have
the same growth rate. As demonstrated in [BF], solutions to the GRD
model exhibit both dispersion and bifurcation of the population density
in time.
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To illustrate ideas further, we assume that the admissible growth
rates g have the form

9(&;6,7) = b(y = §)

for £y < € <« and zero otherwise, where b is the intrinsic growth rate
of the mosquitofish and v = &; is the maximum size. This choice is
based on work in [BBKW], where other ideas of properties related to
the growth rates varying among the mosquitofish are discussed.

Under the assumption of varying intrinsic growth rates and maxi-
mum sizes, we assume that b and v are random variables taking values
in the compact sets B and I', respectively. A reasonable assumption is
that both are bounded closed intervals. Thus we take

so that G is also compact in, for example, C[¢p, &1] where £ = max(T").
Then P(G) is compact in the Prohorov metric and we are in the frame-
work outlined above. To further simplify our example, one may choose
growth rate functions parameterized by the intrinsic growth rate b with
v = 1, leading to a one parameter family of varying growth rates g
among the individuals in the population. We may also assume that
@ =0 and K =0 in order to focus on only the distribution of growth
rates; however, distributions could just as well be placed on p and K.

Next we introduce two different approaches that can be used in
inverse problems for estimation of distributions of growth rates in the
mosquitofish example.

The first approach, which has been discussed and used in [BF] and
[BFPZ], involves the use of finite convex combinations of Dirac delta
distributions. We assume that probability distributions PM placed
on growth rates are discrete corresponding to a collection GM with
the form GM = {gx})L, where g(§) = br(1 — &), for k = 1,..., M,
where the {by} are a discretization of B. For each subpopulation k
with growth rate gi, there is a corresponding probability p; that an
individual is in subpopulation k. The population density u(t,&; P) in
(14.8) is then approximated by

M
ult, & {pk}) = Y v(t, & g,
k=1

where v(t, &; gi) is the subpopulation density from equation (14.6) with
growth rate gp. We denote this delta function approximation method
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as DEL(M), where M is number of elements used in this approxima-
tion. Theoretical results for these approximations are embodied in the
following result [BBi]:

Let @ be a complete, separable metric space, B the class of all Borel
subsets of @ and P(Q) the space of probability measures on (Q,B).
Let Qg = {qj}]o-‘;l be a countable, dense subset of Q. Then the set of
P € P(Q) such that P has finite support in )y and rational masses is
dense in P(Q) in the Prohorov metric.

Theorem 14.3 That is,

Po(Q) = {P e P@Q Zp]Aq,ke/W

7j=1

k
q; € Qo, pj rational, ij = 1}
j=1

is dense in P(Q) taken with the Prohorov metric, where Ay, is the
Dirac measure with atom at gq;.

It is rather easy to use the ideas and results associated with this
theorem to develop computationally efficient schemes. Given Qg =
UM =1 Qu with Qar = {qJM jj\il (a “partition” of Q) chosen so that Qg
is dense in @), define

PM( Q)={PePQ): Zp]A M, q] € Qwm, pj rational, Zp] =
Jj=1 7j=1
(14.9)
Then we find

Lemma 14.1 Let P(Q) be the metric space of probability measures on
Q taken with the Prohorov metric p and let PM(Q) be defined as in
(14.9). Then we have

(i) PM(Q) is a compact subset of P(Q) in the p metric,
(i1) PM(Q) ¢ PM+L(Q) whenever Qur11 is a refinement of Qur,

(iii) “PM(Q) — P(Q)” in the p topology; that is, for M sufficiently
large, elements in P(Q) can be approrimated in the p metric by
elements of PM(Q).

1.
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While it has been shown [BBi, BD] that DEL(M) provides a reason-
able approximation to (14.8), another (and perhaps better?) approach
might involve techniques that will provide a smoother approximation of
(14.8) in the case of continuous probability distributions on the growth
rates. Thus, as a second approach, we might choose to use an ap-
proximation scheme based on piecewise linear splines. In this case we
assume that P is a continuous (actually absolutely continuous) prob-
ability distribution on the intrinsic growth rates. We approximate the
density P’ = % = p(b) using piecewise linear splines, which leads to
the following approximation for u(t,&; P) in (14.8):

M
ut, & {ar}) ~ kzk /B o(t, € (€ b))l (b)db,

where ¢g(§;0) = b(1 — &), pr(b) = agli(b) is the probability density
for an individual in subpopulation k£ and the [; are piecewise linear
spline functions. This spline based approximation method is denoted
by SPL(M,N), where M is the number of basis elements used to ap-
proximate the growth rate probability distribution and N is the number
of quadrature nodes used to approximate the integral in the formula
above. A theoretical approximation result [BPi] provides a rigorous
foundation for this approach.

Theorem 14.4 Let F be a weakly compact subset of L2(Q), Q compact
and let Pr(Q) ={P € P(Q) : P' =p, p € F}. Then Pr(Q) is compact
in P(Q) in the Prohorov metric. Moreover, if we define {4\4} to be the

linear splines on Q) corresponding to the partition Qnr, where |J,, Qm
1s dense @, define

PM = (pM . pM = Z b;-wﬁé\/[, ijw rational }
J

and if
Pru = {Py € P(Q) : Py = p™, pM e PM},

we have |Jy; Prum is dense in Pr(Q) taken with the Prohorov metric.

A computational study comparing the relative strengths and weak-
nesses of these two classes of approximation schemes in the context of
inverse problems for estimating probability measures is given in [BD].
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One can use the approximation methods DEL(M) and SPL(M,N) in
the inverse problem for the estimation of the growth rate distributions.
The least squares inverse problem to be solved is

PE%I}V?(Q) J(P), (14.10)
where
J(P) = ) (ulti,&; P) — ;) (14.11)
i,
= > (u(ti, &3 P))* — 2u(ti, &; P)i; + (i)?,
2

in which {a;;} is the data and P*(G) is the finite dimensional approx-
imation to P(G). When using DEL(M), the finite dimensional approx-
imation PM(G) to the probability measure space P(G) is given by

PY(G) = {P eP@) P = plg > pi = 1} ,
k k

where Ay, is the delta distribution with an atom at g;. When using
SPL(M,N), the finite dimensional approximation P (G) is given by

PM(G) = {P e PG)| P = Zaklk(b), Zak/ 11(b)db = 1} :
k k B

Furthermore, we note that these least squares inverse problems
(14.10)-(14.11) become quadratic programming problems [BD, BF,
BFPZ], for which highly efficient computational routines exist. Let-
ting p be the vector that contains pg, 1 < k < M, when using DEL(M)
or ag,1 < k < M, when using SPL(M,N), we let A be the matrix with
entries given by

Apm =Y 0(ti, &3 g0 (tir &5 gm),
1,J

let b the vector with entries given by

Zuz] laf]agk
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and
c=> (i;)?
1]
where 1 < k,m < M. In the place of (14.11), we now minimize
F(p)=p Ap+2p'b+c (14.12)

over PM(G). We note when using DEL(M) we also have to include the
constraint
Zpk =1,
k

while when using SPL(M,N) we have to include the constraint

Ek:ak/Blk(b)db: 1.

However, in both cases, one is able to include these constraints along
with nonnegativity constraints on the {py} and {ax} in the program-
ming of these two inverse problems. Again, the reader may consult
[BD] for comparative results.

Other Size-Structured Population Models

The Sinko-Streifer (SS) model [SS] and its variations have been widely
used to describe numerous age and size-structured populations (see
[BBDS1, BBDS2, BBKW, BF, BFPZ, BA, Kot, MetzD] for example).

One recent example involves the shrimp growth models developed
and employed in [BaBoHetalShrimp, BDEHAD]. Dispersion in size
in experimental data for early growth of shrimp has been observed in
different raceways at the Shrimp Mariculture Research Facility, Texas
Agricultural Experiment Station in Corpus Christi, TX. Initial sizes
were very similar but variability is observed in aggregate type longi-
tudinal data. A reasonable model for these populations must account
for variability in size distribution data which perhaps is a result of
variability in individual growth rates across populations.

In summary, the GRD model (14.8) represents one approach to
accounting for variability in growth rates by imposing a probability
distribution on the growth rates in the SS model (1.22) or (14.6). In-
dividuals in the population grow according to a deterministic growth
model (14.7), but different individuals in the population may have dif-
ferent parameter dependent growth rates in the GRD model. The
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population is assumed to consist of subpopulations with individuals in
the same subpopulation having the same growth rate. The growth un-
certainty of individuals in the population is the result of variability in
growth rates among the subpopulations. This modeling approach, which
entails a stationary probabilistic structure on a family of deterministic
dynamic systems, may be most appropriate when the growth of in-
dividuals is assumed to be the result of genetic variability or varying
levels of chronic disease or infection.

Another approach to models with variability in size involves the
use of stochastic differential equations where the growth process it-
self is assumed stochastic. The resulting models lead to Fokker-
Planck or Forward Kolmogorov partial differential equations for the
associated probability densities in time and size. Recent efforts
[GRD-FP, GRD-FP2, BHu] have discussed the relationship and cer-
tain equivalences between the two distinct approaches.
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15 The Prohorov Metric in Optimization and
Optimal Design Problems

Before proceeding to discuss functional analytic formulations of control
problems as promised earlier, in a brief digression we return to problems
with uncertainty in which the Prohorov metric of weak* convergence
of Chapter 14 plays a significant role. In particular we mention some
older areas (relaxed controls, hysteresis in materials) along with some
more recent applications in two person min-max games and optimal
design.

15.1 Two Player Min-Max Games with Uncertainty

We consider electromagnetic evasion-interrogation games wherein the
evader can use ferroelectric material coatings to attempt to avoid detec-
tion while the interrogator can manipulate the interrogating frequencies
(wave numbers) and angles of incidence of the interrogating inputs to
enhance detection and identification. The resulting problems are for-
mulated as two player games in which one player wishes to minimize
the reflected signal while the other wishes to maximize it. Simple de-
terministic strategies are easily defeated and hence the players must
introduce uncertainty to disguise their intentions and confuse their op-
ponent. Mathematically, the resulting game is carried out over spaces
of probability measures which in many cases are appropriately metrized
using the Prohorov metric. Details of the results discussed in this sec-
tion can be found in [BGIT].

In [BIKT] the authors demonstrated that it is possible to design fer-
roelectric materials with appropriate dielectric permittivity and mag-
netic permeability to significantly attenuate reflections of electromag-
netic interrogation signals from highly conductive targets such as air-
foils and missiles. This was done under assumptions that the interro-
gating input signal is uniformly likely to come from a sector of interro-
gating angles o € [, a1] (v = § — ¢ where ¢ is the angle of incidence
of the input signal) but that the evader has knowledge of the inter-
rogator’s input frequency or frequencies (denoted in the presentations
below as the interrogator design frequencies Ip). These results were
further sharpened and illustrated in [BIT] where a series of different
material designs were considered to minimize over a given set of input
design frequencies Ip the maximum reflected field from input signals.

197
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In addition, a second critical finding was obtained in that it was shown
that if the evader employed a simple counter interrogation design based
on a fixed set (assumed known) of interrogating frequencies Ip, then
by a rather simple counter-counter interrogation strategy (use an in-
terrogating frequency little more than 10% different from the assumed
design frequencies), the interrogator can easily defeat the evader’s ma-
terial coatings counter interrogation strategy to obtain strong reflected
signals.

From the combined results of [BIKT, BIT] it is thus rather easily
concluded that the evader and the interrogator must each try to con-
fuse the other by introducing significant uncertainty in their design and
interrogating strategies, respectively. This concept, which we refer to
as mized strategies in recognition of previous contributions to the liter-
ature on games (von Neumann'’s finite mized strategies to be explained
below), leads to two player non-cooperative games with probabilistic
strategy formulations. These can be mathematically formulated as two
sided optimization problems over spaces of probability measures, i.e.,
min-max games over sets of probability measures.

15.1.1 Problem Formulation

We consider electromagnetic interrogation of objects in the context
of min-max evader-interrogator games where each player has uncer-
tain information about the adversary’s capabilities. The min-max cost
functional is based on reflected fields from an object such as an airfoil
or missile and can be computed in one of several ways [BIKT, BIT].
The simplest computational method employs the reflection coeffi-
cient based on a simple planar geometry (e.g., see Figure 15.1) using
Fresnel’s formula for a perfectly conducting half plane which has a
coating layer of thickness d with dielectric permittivity € and magnetic
permeability . A normally incident (¢ = 0) electromagnetic wave
with the frequency f is assumed to impinge the half plane. Then the
corresponding wavelength A in air is A = ¢/ f, where the speed of light
is ¢ = 0.3 x 10%. The reflection coefficient R for the wave is given by

a-+b
R 0tb 15.1
1+ab’ e
where
_ESNVE o dimyefd)e (15.2)
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Figure 15.1: Interrogating high frequency wave impinging (angle of
incidence ¢) on coated (thickness d) perfectly conducting surface.

This expression can be derived directly from Maxwell’s equation by
considering the ratio of reflected to incident wave for example in the
case of parallel polarized (T'E,) incident wave (see [BIKT, Jackson]).

An alternative and much more computationally intensive approach
(which may be necessitated by some target geometries) employs the
far field pattern for reflected waves computed directly using Maxwell’s
equations (see Example 4). In two dimensions, for a reflecting body
Q) with coating layer 2y and computational domain IT with an interro-
gating plane wave E(®, the scattered field E(®) satisfies the Helmholtz
equation [CK1, CK2]

v (lVE(S)) + ew’E®) = -V (EVE(i)> —ew?EWD  in 11\ Q
o

7]

EG) — _p® on 99
Eg—ﬂ _[E]=0 on 90, \ 90

OE(®) i O2E®)
—ikE® — =0 on A1
0 2k 0Os?
(s)
ag:s - z’k;E(s) =0 at C,

(15.3)
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where the Silver-Miiller radiation condition has been approximated by
a second-order absorbing boundary condition on OII as described in
[BJR, HKNT, HRT]. The vectors n and s denote the normal and
tangential directions on the boundary JII, respectively, and C' is the
set of the corner points of II. Here [-] denotes the jumps at interfaces.
The incident field in air is given by

i) _ _tk(x1 cosa+txa sina
E@) — gik(z 2sina)

where « is the interrogation angle (a = § — ¢) and k = 2rf/c = w/c
is the interrogation wave number corresponding to the interrogating
frequency f. The corresponding far field pattern is given by [BIKT,
CK1, CK2]

Fa(a+7r;€vu)avf) =
le <\/ 8kr e kT4 B) (1 cos(o + 1), rsin(a 4 7); €, g, o, f)) ,
(15.4)

where E(5) (21, x2; €, u, v, f) is the scattered electromagnetic field. This
can be used as a measure of the reflected field intensity instead of the
reflection coefficient R of (15.1)—(15.2).

The evader and the interrogator are each subject to uncertainties as
to the actions of the other. The evader wants to choose a best coating
design (i.e., best €’s and p’s ) while the interrogator wants to choose
best angles of interrogation o and interrogating frequencies f. Each
player must act in the presence of incomplete information about the
other’s action. Partial information regarding capabilities and tenden-
cies of the adversary can be embodied in probability distributions for
the choices to be made. That is, we may formalize this by assuming
the evader may choose (with an as yet to be determined set of proba-
bilities) dielectric permittivity and magnetic permeability parameters
(e, u) from admissible sets £ x M while the interrogator chooses angles
of interrogation and interrogating frequencies («, f) from sets A x F.
The formulation here is based on the mized strategies proposals of von
Neumann [Aubin, VN, VNM] and the ideas can be summarized as fol-
lows. The evader does not choose a single coating, but rather has a set
of possibilities available for choice. He only chooses the probabilities
with which he will employ the materials on a target. This, in effect,
disguises his intentions from his adversary. By choosing his coatings
randomly (according to a best strategy to be determined in, for exam-
ple, a min-max game), he prevents adversaries from discovering which
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coating he will use—indeed, even he does not know which coating will
be chosen for a given target. The interrogator, in a similar approach,
determines best probabilities for choices of frequency and angle in the
interrogating signals. Note that such a formulation tacitly assumes that
the adversarial relationship persists with multiple attempts at evasion
and detection.

The associated min-max problem consists of the evader choosing
distributions P, (e, p) over £ x M to minimize the reflected field (one
can use either (15.1), in which case a = 7 is fixed, or (15.4); here we use
(15.4) to illustrate ideas) while the interrogator chooses distributions
Pi(a, f) over A x F to maximize the reflected field. If Br(e, u,a, f)
is the chosen measure of reflected field and P. = P(€ x M) and P; =
P(A x F) are the corresponding sets of probability distributions or
measures over £ X M and A x F, respectively, then the cost functional
involving (15.4) for the min-max problem can be defined by

J(P.,P,) — / / Brle, o, f)2dPu(e, p)dPi(ar f). (15.5)
ExM JAXF

The problems thus formulated are special cases of classical static
zero—sum two player non-cooperative games [Aubin, Basar| where the
evader minimizes over P, € P, and the interrogator maximizes over
P, € P;. In such games one defines upper and lower values for the
game by

J = inf sup J(P.,P;

PeePe Pie%- ( ¢ Z)

and

J = sup inf J(P., F;).

T2 5 gl e )
The first represents a security level (worst case scenario) for the evader
while the latter is a security level for the interrogator. It is readily
argued that J < J and if the equality J* = J = J holds, then J* is
called the value of the game. Moreover, if there exist P € P. and
P’ € 'P; such that

T = J(BLP) = min J(PPY) = max J(PLP).

then (P, P}) is a saddle point solution or non-cooperative equilibrium
of the game.
To investigate theoretical, computational, and approximation is-

sues for these problems, it is necessary to put a topology on the



202 A Functional Analysis Framework

space of probability measures: a natural choice for both P, and
P; is the Prohorov metric topology. Using its properties and ar-
guments similar to those discussed earlier in Chapter 14 (see also
[BBi, BG1, BG2, BK, BPi]), one can develop well-posedness and ap-
proximation results for the min-max problems defined above. Efficient
computational methods that correspond to von Neumann’s finite mized
strategies [Aubin] can readily be presented in this context. These can
be based on several approximation theories that have been discussed
above. In particular, either the DEL(M) or SPL(M,N) methods dis-
cussed in the context of Theorems 14.3 and 14.4 of Chapter 14 can be
used.

15.1.2 Theoretical Results

To establish existence of a saddle point solution for the evasion-
interrogation problems formulated above, one can employ a fundamen-
tal result of von Neumann [VN, VNM] as stated by Aubin (see [Aubin,
p. 126)).

Theorem 15.1 (von Neumann) Suppose Xo,Yy are compact, convex
subsets of metric linear spaces X,Y, respectively. Further suppose that

(i) for ally € Yo,z — f(x,y) is conver and lower semi-continuous;

(ii) forallx € Xo,y — f(x,y) is concave and upper semi-continuous.
Then there exists a saddle point (z*,y*) such that
o w\ _ : ‘
f@*y") —rgfrr%Xf(x,y) ngrr)gglf(w,y)

A straightforward application of these results to the problems under
discussion (where J of (15.5) is linear in P, and P;) leads immediately
to desired well-posedness results.

Theorem 15.2 Suppose £, M, A, F are compact and the spaces Xy =
PE x M), Yo = P(A x F) are taken with the Prohorov metric.
Then Xo,Yy are compact, conver subsets of X = Cj(E x M) and
Y = Cj(A x F), respectively. Moreover, there exists (Pf,P}) €
P(E x M) x P(Ax F) such that

J(P;,P’)= min max J(P.,P)= max min J(P.,DP).
P(EXM) P(AXF) P(AXF) P(ExM)
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For computations, we may use the “delta” approximations DEL(M)
based on Theorem 14.3 and Lemma 14.1 and obtain

Pe(enu) ~ ZP@A(EJ-,M)(QM),
Pia,f) = Y plAq (e f),

or

dPe(e, 1) = ijdej,uj €, p)dedys,
dPi(a, f) = > plda,.s(a, fdodf.

As noted above, a convergence theory can be found in [BBi].
This formulation corresponds precisely to von Neumann’s finite mixed
strategies framework for protection by disguising intentions from op-
ponents, i.e., by introducing uncertainty in the players’ choices.

To illustrate the computational framework based on the delta mea-
sure approximations, we take

Mz

dPM (e, 1) Zp] (M M dedu and dPN (o, f) = s 5 NJéV)dOédf,

k=1

which can be represented respectively by

M
_ M _
M=)} e P = (peRY [p; >0, p=1}  (156)

Jj=1
and

N

—{d o, € Q¥ ={aeRY ¢ >0 Y q=1}. (157
k=1

We note that in this case the p?/[ ,q,]cv are the probabilities associated
with the use of the material parameters (eé\/f ) ué\/l ) and interrogating

parameters (o, f2V) in the mixed strategies of the evader and inter-
rogator, respectively.



204 A Functional Analysis Framework

Then J(PM, PYN) reduces to

7

N M
M -N M M M _N ¢N\|2 N
T, => > " p¥|Brle), 1l o, )] @f
k=1 j=1

where Bp is a measure of the reflected field (either the reflection coeffi-
cient or the far field scattering intensity). Since PM, Q" are compact,
convex subsets of RM RN | respectively, we have the following theorem.

Theorem 15.3 For fized M, N there exists (p,q) in PM x QN such
that
* M _Ny _ : =M =N
J = Jba) _ﬁwﬁlﬁwﬁ%%j(p 7))
_ . M N
T gNeQy piep T
Assume further that (e, u,a, f) — Br(€, u, o, f) is continuous on
EXMxAXF which is assumed compact. Then there exists a sequence
(M, GN) of elements from PM x QN respectively, with corresponding
(PM PNY in P(E€ x M) x P(Ax F) converging in the Prohorov metric

to (P}, PF) which is a saddle point for the original min-max problem.

We give the arguments for these results since they are in some sense
representative of the use of functional analysis in such problems. The
hypothesis that the map (e, u, o, f) — Br(€, i, a, f) be continuous on
E x M x A x F implies continuity of the map (P., P;) — J(P,, P;) on
XoxYy — RL, where Xg = P(€ x M) and Yy = P(Ax F) are compact
convex subsets of X = C5(€ x M) and Y = Cj(A x F), respectively.
This is due to the compactness of £ x M and A x F, and properties
of the Prohorov metric.

Let PM QN be defined as in (15.6),(15.7), and observe that these
are compact convex subsets of RM RN respectively. Now let P, € X
and P; € Yy be arbitrary. Then by Theorem 14.3 and (iii) of Lemma
14.1 above (see also [BBi]), there exists a sequence p™, g € PM QN
with associated measures PeM , PiN , respectively, such that

PM 5 P, in Xgas M — oo and P — P;in Yy as N — oc.

Let PM~*, PiN * (guaranteed to exist by continuity, compactness,

and the von Neumann theorem) with coordinates pM, g, respectively,
satisfy
J(PM* PY) < J(PM PY) < J(PM, PYY) (15.8)



The Prohorov Metric in Optimization and Optimal Design 205

for all (PM, PN) in X x Yy with coordinate representations in PM Q¥
respectively. Now X X Yy compact implies that there exists a subse-
quence (PMk*, PZ-N’“*) and (P., P;) in Xg x Y; such that (PMk*, RNk*) —
(P,, P;) in Xy x Y.

Consider (15.8) for indices M}, Ny, so that

J(PM, Py < (M, P < J (P, P,
Then given the continuity of J and taking the limit we find
J(P.,P) < J(P.,P) < J(P,., P).

Since P,, P; are arbitrary in X, Yy, respectively, we have (]56, p,) isa
saddle point for the original min-max problem.

Further note that since these arguments hold for any subsequence
of (PM* PN*) then

J(PM*, PNy < J(PM* PY*) < J(PM, PI™)

and PM* — P, as well as PZN * — P,. That is, any subsequence of
(PMx, PN *) has a convergent subsequence to (P, P;) so that the se-

quence 1tself must converge to (P, P;).

15.2 Optimal Design Techniques

If the parameters (diffusion, transport, growth/birth/death rates, di-
electric permittivity and magnetic permeability, Young’s modulus,
damping coefficients, etc.) in the mathematical models discussed
throughout this presentation are known, the models can be used for
simulation, prediction, control design, etc. However, typically one does
not have accurate values for the parameters. Instead, one must estimate
the parameters using experimental data. This leads to parameter esti-
mation or inverse problems that have already been discussed in some
detail in this book. A major question that both experimentalists and
inverse problem investigators often face is how to best collect the data
to enable one to efficiently and accurately estimate model parameters.
This is the well-known and widely studied optimal design problem.
Traditional optimal design methods (D-optimal, E-optimal, c-
optimal) [AD, BW, Fed, FedHac| use information from the model
to find the sampling distribution or mesh for the observation times
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(and/or locations in spatially distributed problems) that minimizes a
design criterion, quite often a function of the Fisher Information Matrix
(FIM). Experimental data taken on this optimal mesh is then expected
to result in more accurate parameter estimates.

One may formulate the optimal design problem in the context of
general optimization problems over distributions of sampling times.
A number of optimal design techniques are available; here we illus-
trate how three of these can be readily formulated in terms of a Pro-
horov metric optimization framework that guarantees well-posedness
and leads to viable computational approaches. The optimal design
methods examined are SFE-optimal, D-optimal, and E-optimal design.
S E-optimal design (standard error optimal design) was introduced in
[BDEK] and subsequently investigated in [BHK]. The goal of SE-
optimal design is to find the observation times 7 = {t;} that minimize
the sum of squared normalized standard errors of the estimated pa-
rameters as defined by asymptotic distribution results from statistical
theories [BDSS, BHR, DG, SeWi]. D-optimal and E-optimal design
methods minimize functions of the covariance in the parameter esti-
mates [AD, BW, FedHac]. In D-optimal design one seeks to find the
mesh that minimizes the volume of the confidence interval ellipsoid of
the asymptotic covariance matrix, while in F-optimal design the goal
is to minimize the largest principal axis of the confidence interval ellip-
soid of the asymptotic covariance matrix. One approach to comparing
these design criteria [BHK] involves comparison of the resulting stan-
dard errors for the estimated parameters. In this case one expects that
S E-optimal design will result in smaller standard errors compared with
the other optimal design methods since SFE-optimal design optimizes
directly on the standard errors themselves while the D-optimal and
FE-optimal methods minimize other functions related to the standard
errors. This is true to some extent but other considerations as discussed
in [BHK] are pertinent.

15.2.1 Optimal Design Formulations

Following [BDEK, BHK], we may introduce a formulation of ideal in-
verse problems in which continuous in time observations are available;
while not practical, the associated considerations provide valuable in-
sight. A major question in this context is how to choose sampling
distributions in an intelligent manner. Indeed, this is the fundamental
question treated in the optimal design literature and methodology.
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Underlying our considerations is a mathematical model (which here
we describe in the context of general nonlinear differential equations
although other dynamical systems, e.g., partial or delay differential
equations, could easily be employed)

w(t) =g(t, w(t),q),
w(0) =wy, (15.9)
f(t,0) =C(w(t,0)), te]l0,T],

) =
) =

where w(t) € R™ is the vector of state variables of the system,
f(t,0) € R™ is the vector of observable or measurable outputs, ¢ € R"
are the system parameters, 0 = (¢, wo) € RP,p = r + n is the vector of
system parameters plus initial conditions wg, while g and C are map-
pings R1T7+" — R™ and R™ — R™, respectively. To consider measures
of uncertainty in estimated parameters, one also requires a statisti-
cal model [BDSS]. Our statistical model is given by the stochastic
process

Y (t) = f(t,00) + E(t). (15.10)

Here £ is a noisy random process representing measurement errors and,
as usual in statistical formulations [BDSS, BDEK, DG, SeWi|, 6, is a
hypothesized “true” value of the unknown parameters. We make the
following standard assumptions on the random variable £(%):

EE®) = 0, telo,7T],
Var€(t) = o(t)?I, tel0,T],
Cov(EM)E(s)) = o(t)?I6(t —s), t,s€0,T],

where §(s) =1 for s = 0 and 0(s) = 0 for s # 0. A realization of the
observation process is given by

y(t) = f(tve()) +5(t)a te [OvT]a

where the measurement error £(t) is a realization of £(t).

We introduce a generalized weighted least squares criterion

T 1 9
J(y,@):/o Sl = reo)f ape) (15.11)
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where P is a general measure on [0,7]. We seek the parameter esti-
mate 6 by minimizing J (y,0) for 6. Since P represents a weighting of
the difference between data and model output, we may assume, as in
the treatment of non-cooperative min-max games above, that P is a
bounded measure on [0, 7.

If, for points 7 = {t;}, t1 < --- < tps in [0, T], we take

M
Pr=> Ay, (15.12)

where we recall that A, denotes the Dirac delta distribution with atom
at {a}, we obtain

M

Ja(y,0) = U(;)Q\y(ti) — [t 0], (15.13)

i=1

which is the weighted least squares cost functional for the case where we
take a finite number of measurements in [0, 7] (note that if we want to
obtain probability measures, we should use ﬁPT in the formulations).
Of course, the introduction of the measure P allows us to change the
weights in (15.13) or the weighting function in (15.11). For instance, if
P is absolutely continuous with density p(-) the error functional (15.11)
is just the weighted Lo-norm of y(-) — f(-,0) with weight p(-)/o(-)2.

To facilitate our discussions we introduce the Generalized Fisher
Information Matriz (GFIM)

T
F(P,6y) = /0 (T;@vgf(s, 00)Vof(s,00)dP(s), (15.14)

where Vj is a row vector given by (Jp,,...,0p,) and hence Vyf is an
m X p matrix. It follows that the usual discrete FIM corresponding to
P; as in (15.12) is given by

M
F(T) PT790 Z

Jj=1

" ng (t,00)TVof(t;,00).  (15.15)

g

Subsequently we simplify notation and use 7 = {t;} to represent the
dependence of P = P; on 7 when it has the form (15.12). When one
chooses P as simple Lebesgue measure then the GFIM reduces to the
continuous FIM
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F —/Tlv F(5,00) TV (5, 00) ds (15.16)
o= | g2gs) Yol (s:00) Vol(s, bo) ds. :

The major question in optimal design of experiments is how to best
choose P in some family P(0,T) of observation distributions.

The introduction of the measure P above allows for a unified frame-
work for optimal design criteria which incorporates the three design cri-
teria mentioned above. As already noted, the GFIM F (P, #) introduced
in (15.14) depends critically on the measure P. We also remark that we
can, without loss of generality, further restrict ourselves to probability
measures on [0,7]. Thus, let P(0,7") denote the set of all probability
measures on [0, 7] and assume that a functional 7 : RP*? — RT of the
GFIM is given. The optimal design problem associated with J is one
of finding a probability measure P € P(0,T) such that

T(EPL.00) = min T (F(P.00)). (15.17)
A general theoretical framework for existence and approximation in the
context of P(0,T") taken with the Prohorov metric is given for these
problems in [BDEK, BHK] using the ideas discussed in Chapter 14. In
particular, this theory permits development of computational methods
using weighted discrete measures (i.e., weighted versions of (15.12)).

15.2.2 Theoretical Summary

To summarize and further develop the theoretical considerations that
are the basis of our considerations here, we first recall from our presen-
tation above that (P(0,T),p) is a complete, compact, and separable
metric space. (We will in this section just denote this space by P(0,7")
since the p will be understood.)

A first observation is that the GFIM as defined in (15.14) is p
continuous on P(0,7") for problems in which the observation functions
f(-,0) are continuously differentiable on [0,7]. Thus, whenever J :
RP*P — R* is continuous we have that P — J(F(P,0)) is continuous
from P(0,T) to R*. Since P(0,T) is p compact, we obtain immediately
the existence of solutions for the optimization problems

Py =arg Pergng) J(F(P,6p)). (15.18)

A second observation follows from Theorem 14.3 above; we found

in particular the density in P(0,T) of finite convex combinations over
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rational coefficients of Dirac measures A, with atoms at a. Specifically,
we have for 7o = {t;}32, a given countable, dense subset of [0, T, that
the set

k
Po(0,T) = {P = P(O,T)(P =Y Ay, keNT, 1€ To, p; >0,
7j=1

k
pj rational, ij = 1}
j=1

is dense in P(0,7) in the Prohorov metric p. In short, the set of

P € P(0,T) with finite support in 7y and rational masses is dense in

P(0,T). This leads, for a given choice J, to approximation schemes

for P7 as defined in (15.18). To implement these for a given choice

of J (examples are discussed below) would require approximation by

PY =330 pjAy, in the GFIM (15.14) and then optimization over
J"]

appropriate sets of {p;,¢;} in (15.18) with P replaced by P{J‘;L’tj}. For a
fixed M, existence of minima in these problems follows from the theory
outlined previously. In standard optimal designs these problems are
approximated even further by fixing the weights or masses p; as p; = %
(which then becomes simply a scale factor in the sum) and searching
over the {t;}. This, of course, is equivalent to replacing the Pé{j )
by Pr of (15.12) in (15.14) and searching over the 7 = {t;} for a fixed
number M of grid points. This embodies the tacit assumption of equal
value of the observations at each of the times {¢;}. We observe that
weighting of information at each of the observation times is carried out
in the inverse problems via the weights o(¢;) for observation variances
in (15.13). We further observe that the weights {p;} in P%,tj} are
related to the value of the observations as a function of the model
sensitivities Vg f(t;,6p) in the FIM while the weights ﬁ are related
to the reliability in the data measurement processes. We note that
all of our remarks on theory related to existence above in the general

probability measure case also hold for this discrete minimization case.

15.2.3 Design Strategy Examples

As we have already noted, the formulation (15.18) incorporates all
strategies for optimal design which try to optimize a functional depend-
ing continuously on the elements of the Fisher information matrix. In
case of the traditional design criteria mentioned in the introduction, J
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is the determinant (D-optimal), the smallest eigenvalue (E-optimal),
or a quadratic form (c-optimal) of the inverse of the Fisher informa-
tion matrix. Specifically, this includes the optimal design methods we
discuss here: SE-optimal design, D-optimal design, and F-optimal de-
sign. The design cost functional for the SFE-optimal design method is
given by (see [BDEK, BHK])

M*@

jSE o u, (1519)

2
i=1 90,@

where F' = F(7) is the FIM, defined above in (15.15), 6y is the true
parameter vector, and p is the number of parameters to be estimated.
Note that both inversion and taking the trace of a matrix are continuous
operations. We observe that F,' = SE;(6)?. Therefore, SE-optimal
design minimizes the sum of squared normalized standard errors.

D-optimal design minimizes the volume of the confidence interval
ellipsoid for the covariance matrix (337 = F~1). The design cost func-
tional for D-optimal design is given by (see [BW, FedHac|)

JIp(F) = det(F1). (15.20)

Again we note that taking the determinant is a continuous operation
on matrices so that Jp is continuous in F' as required by the theory.
FE-optimal design minimizes the principal axis of the confidence in-
terval ellipsoid of the covariance matrix (defined in the asymptotic the-
ory summarized in [BDSS]). The design cost functional for E-optimal
design is given by (see [AD, BW])
1

Je(F) = max

— 15.21
ax 5 (15.21)

where )\;, @ = 1...p are the eigenvalues of F' (which are continuous
functions of F'). Therefore )\%, 1 =1...p, corresponds to the eigenval-

ues of the asymptotic covariance matrix Z(])” =F1

15.3 Generalized Curves and Relaxed Controls
of Variational Theory

The weak* topology (as characterized by the Prohorov metric) on mea-
sures when they are embedded in the topological dual of the space
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of continuous functions (P(Q) C C%(Q)) has played a fundamen-
tal role in the calculus of variations dating to the early contribu-
tions on generalized curves by L.C. Young [Young37, Young38| and
E.J. McShane [McShane40-1, McShane40-2, McShane67]. With the
emergence of control theory (roughly a reformulation of the calculus
of variations wherein the constraints are explicit dynamical systems)
in the 1960s, similar topologies were used in the study of “sliding
regimes” by A.F. Filippov [Filippov62] and “relaxed controls” by J.
Warga [Warga62, Warga67, Warga72|. The underlying ideas in both
settings resulted from a lack of closure of trajectories in ordinary func-
tion spaces, e.g., think of Sobolev spaces and distributions (Schwartz)
employed in treating “weak” solutions of partial differential equations.
To circumvent the difficulties due to lack of closure, one extends the
concept of “function” to allow for curves or solutions in a more gen-
eral sense. To be a little more precise, consider the curves depicted in
Figure 15.2 where one has a curve whose derivative is piecewise con-
stant approximating the smoother curve over a fixed control interval
[0,7]. In the case of control input to a dynamical system, the first
curve corresponds to a differential equation with piecewise changing
constant inputs. As one increases the frequency of change in the piece-
wise constant input or control, one has a very high frequency in control
switches, hence the introduction of the concept of “chattering controls”
in the control field.

Figure 15.2: Relaxed or generalized curves.

This can be succinctly described in terms of the dynamical system
(the constraints) in control problems. Consider a control system

w(t) = g(t,w(t),u(t)) (15.22)

with a control input ¢ — u(t) having values in a given control constraint
set U with piecewise constant controls switching very often over a pe-
riod of time. The corresponding trajectory can be represented by a
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weighted convex combination of trajectories satisfying

w(t) =Y pig(t,w(t),u;). (15.23)

In the limit as the number of switches increases, the derivatives
approach generalized limits of convex combinations of delta functions
that can be represented by

w(t) =lm > pig(t,w(t),u;). (15.24)

This becomes, in light of the approximation of Theorem 14.3,

i(t) =tim S pig(tw(t),u;) ~ /U gt w(t), w)dp(t, u)15.25)
= Mlg(t,w(t),);t] (15.26)

where M[-;t] is an averaging operator over U. The function M[-;t] is
essentially a time dependent probability measure which can be identi-
fied with elements in C* by

M[;t] <= u(t,-) in C*(U),

through
Mo();t] = /U b(u)dpu(t, u)

for € C(U), p(t,-) € P(U) C C*(U), where P(U) is the set of prob-
ability measures on U.

We recall that Prohorov convergence is equivalent to weak® con-
vergence on P(U) C C{(U). As before, we denote the metric space
(P(U), p) taken with the Porhorov metric simply by P(U). The corre-
sponding generalized control problem becomes:

Minimize

J(w(p), 1)

over

pu(t,) € PU) € Cp(U) or € Loo(0, T; P(U))

subject to

ity = /U g(t,w(t), u)du(t, u)
= Mlg(t,w(t),-);t] (15.27)
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Thus, controls p or M are taken in L (0,7;P(U)) C L1(0,T;Cp(U))*
= Loo(0,T;C5(U)) where, as noted above, one uses the Prohorov or
weak™* topology on P(U) (recall from Section 4.3 that Lo (0,T; X*) =
L1(0,T; X)*); see [Warga72, Warga67, ChapterIV] for details.

The above formulation convexifies and generalizes the original prob-
lem. We obtain closure, and hence existence through the compactness
inherited from the Prohorov metric — see Chapter 14. In this formu-
lation the corresponding trajectories are called relaxed trajectories or
generalized trajectories (in which the family of ordinary trajectories
are embedded densely — again recall Theorem 14.3). This results in
existence (inf = min) of optimal controls in a wider class of functions:
the relaxed controls u(t, ) € P(U). McShane showed that under not
too restrictive assumptions, an infimum for the problem is actually at-
tained by a generalized control that happens to be ordinary, i.e., the
optimal measure is actually equivalent to a discrete (Dirac) measure at
a single atom u(t) € U at each t. With a slightly different outcome,
Warga showed that knowledge of a minimizing generalized curve per-
mits approximation with nearby ordinary curves (again the density in
Theorem 14.3 suggests this!). Of course, these contributors did not
know of the Prohorov metric compactness results or the density results
of Theorem 14.3—we note that the Prohorov metric was introduced
in 1956 (after the early results of Young, McShane) and moreover in
another field of mathematical sciences.

15.4 Preisach Hysteresis in Smart Materials

Another area in which the weak® or Prohorov metric topology on mea-
sures plays an important role is in control of structures using hysteretic
smart materials such as shape memory alloys, piezoelectrics, and mag-
netostrictives [BSW]. The input or control operators are often de-
scribed in terms of Preisach hysteretic inputs. Modeling of Preisach
hysteresis [Preisach35] also plays an important role in modeling of vis-
coelastic materials such as rubber, polymers, living tissues, as well as
in modeling polarization and conductivity in electromagnetics.

As we shall see below, equations for controlled structures can be
written in abstract operator form as

i(t) + D()y(t) + Ab)y(t) = B(uw)(t), nV*, te(0,T); (15.28)

where B(u) is the control input term resulting from, in this case,
a smart material hysteretic actuator. In [BanksKurdila, BKurWl,
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BKurW2], the control term has the form

Bu, £)(t) = By(u, )(t) = /S ps(u, f(3)(Ddu(s)  (15.29)

where B, (u,f) € Lo(0,7;V*) involves a generalized smoothed
Preisach-Krasnoselskii-Pokrovskii [BroSpre, KP, Ma, Vis| hysteretic
control input kernel xz. The properties of compactness in the weak*
or Prohorov topology of the underlying input term play a funda-
mental role in well-posedness of the parameter estimation or in-
verse problems treated in [BanksKurdila, BKurW1, BKurW2]. We
briefly outline the fundamentals of Preisach formulations as given in
[BanksKurdila, BKurW1, BKurW2], where the authors used these hys-
teretic control influence operators representing smart material actua-
tors to treat identification and approximation.

The hysteresis is embodied in the stress-strain laws o = o(g). The
basic Preisach construction [Ma] is the simple ideal relay ks(e,§) as
depicted in Figure 15.3. Here £ is a switching variable that takes on
values in {—1,1}. The fundamental idea due to Preisach is to use
multiple superimposed ideal relays in parallel connection as depicted
in Figure 15.4. In terms of the stress-strain law one would then write

[o(e)](t) =D ajks, (£, €)(1)
J
where 5; = (51, 552).

k§ (67 5)

Figure 15.3: Simple ideal relay with £ € {—1,1}.

While these superimposed relays as well as related Krasnoselskii-
Pokrovskii kernels [KP] are useful conceptually, they lack a smoothness
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Figure 15.4: Superimposed multiple relays.

needed in many applications. In particular, the efforts on inverse prob-
lems involving estimation of measures in control input operators for
well-posedness and approximation, as well as computational methods
pursued in [BanksKurdila, BKurW1, BKurW2]| required a generaliza-
tion of the Preisach-Krasnoselskii-Pokrovskii theories, operators, and
kernels. These authors combined smoothed relays for a continuum of
switch points § = (s1, s2) to obtain the smoothed operators as depicted
in Figure 15.5. The corresponding stress-strain input law can then be
written

(Y

i
_

Figure 15.5: Smoothed relay.

o 00 = [ wle 6 OdG)
where Sa is the Preisach domain depicted in Figure 15.6, p € P(Sa)
and f is a Borel measurable function taking on values in {—1,1}. See
[BKurW1, BKurW2] for details where the Prohorov metric in the form
of weak® convergence plays a fundamental role.
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Figure 15.6: Preisach domain.

15.5 NPML and Mixing Distributions
in Statistical Estimation

The overriding problem in Chapter 14 is the estimation of a probability
distribution P from data which does not involve sampling directly from
the distribution itself. These problems and the underlying mathemati-
cal constructs are very much related to fundamental topics in statistics
and probability theory involving random effects, mixing distributions,
and Nonparametric Maximum Likelihood (NPML) estimation meth-
ods [DG, DavidianGallant, DavidianGallant2, GallantNychka, Mallet,
Mallet2, Lindsay, Lindsay2, Schumitzky] where some of the original
motivating examples involved Physiologically-Based Pharmacokinetic
(PBPK) problems described by ordinary differential equation mod-
els for individual patients. These problems are somewhat different in
nature than those motivating the PMF ideas described above. The
PMF techniques were developed for problems in which only aggregate
data are available to use with either individual dynamics or aggre-
gate dynamics while the primary formulation in hierarchical modeling
and mixing distributions involves individual dynamics and individual
longitudinal data. In particular, one usually assumes in the simplest
formulation that one has N patients with m observations each (con-
trast this with the PMF formulation of Section 14.1 where one has a
total number, say IV, of observations which cannot be identified with
particular individuals. The statistical literature has functional ana-
lytic foundations in both the efforts of Lindsay based on convex ge-
ometry [Lindsay, Lindsay2]| and the efforts of Mallet and colleagues
[Mallet, Mallet2] which involve convex analysis along with optimal
design ideas as outlined above. In particular in [Mallet], the author
develops the connection between maximizing the likelihood function
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and maximizing the determinant of the Fisher Information Matrix.
Thus, Mallet connects the desired maximum likelihood problem to a
D-optimal design problem. In fact, by invoking the design literature,
Mallet is able to show that for a given data set taken from N indi-
viduals, an optimal discrete probability distribution (as developed in
Section 14.1 above) exists that is composed of at most N atoms and
weights, i.e., a combination of one-point designs (Dirac distributions).
This involves a classic theorem of Carathéodory’s on representation of
boundary points of closed convex sets. This is the Nonparametric MLE
(NPML) which, for N sampled individuals, can be realized as a discrete
probability distribution containing M < N points. Mallet also provides
a computational algorithm for approximating this optimal design. We
remark that, as in the PMF, the NPML is capable of the simultaneous
estimation of a statistical structural parameter as well as a distribution
over the dynamic model parameters.

In general it is difficult to compare the PMF and NPML formula-
tions directly even if one assumes m = 1 (sampling without replace-
ment) in a population; nonetheless, one can in some examples com-
pare the NPML formulations and results of Mallet and those of the
combined PMF and optimal designs of Sections 14.1 and 15.2—see
[BKT1, BKT2]. We remark that, in the MLE literature, the parame-
ter ¢ is generally assumed to be in a subset of Euclidean space whereas
in Example 5 of Chapter 14 illustrating the PMF techniques one has
the measures taken over functional families of growth rates G.



16 Control Theory for Distributed
Parameter Systems

16.1 Motivation

Many of the functional analysis ideas and results presented in this book
provide the essential foundations for development of modern control
theory for so-called Distributed Parameter Systems (DPS). Control of
DPS is the engineering terminology used primarily for control of par-
tial differential equations and delay differential equations, examples of
which we have discussed in previous chapters of this book. The re-
search literature contains a plethora of control theory presentations in
a Hilbert space framework which rely in a fundamental way on some
of the topics we have discussed including strongly continuous and an-
alytic semigroups, unbounded operator inputs, weak formulations via
sesquilinear forms, adjoint operators, and finite element approxima-
tions via the Trotter-Kato theorems in Hilbert and Banach spaces. Our
formulations in previous chapters of partial differential and delay differ-
ential equations as abstract infinite dimensional differential equations
in either weak form or with semigroup representations are precisely the
setting for much of this research. As a final application in this book
we summarize some of these control theory results. However, unlike
our earlier presentations, we give only a brief sample of results with no
proofs, with the sole purpose being exposure of readers to another area
of science which relies on applied functional analysis in a fundamental
way.

One of the earliest (and most distinguished) contributors to use
functional analytic techniques to treat control of partial differential
equations was J.L. Lions [Li]. There have been many contributions in
this spirit in subsequent years; a partial list of interesting references in-
cludes [BernHyland, BI2, BaltWa, Curtain84, CurtainSalamon, DaP,
GA90, 1t090, KapSal87, KapSal89, Las92, Las95, LLP95, Sch83]. We
emphasize only one aspect (feedback control) of the many results avail-
able. A feedback control methodology for the second-order infinite di-
mensional systems discussed in Section 5.1 and Chapter 8 is presented
here. These control results are most naturally formulated for first-order
systems, and the abstract Cauchy formulation presented in Chapters 7
and 8 for the PDE models of Chapters 8 and 9 provides such a frame-
work. In this Cauchy form, control and approximation results for the
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finite time and infinite horizon problems can be discussed. All of this
is presented in a functional analytic framework which is not only con-
venient, but, in some aspects, essential for the efficient development of
results.

The focus in our presentation will be on unbounded control input
operators (the nonhomogeneous terms in the earlier discussions in this
book). This is precisely the case, for example, when elements such as
piezoceramic or electrostrictive patches are used as control actuators
[BSW]. For convenience, the abstract first-order system derived in
Section 5.1 and Chapter 8 for structural systems with unbounded input
terms is first summarized in an abstract control setting in Section 16.2.
Throughout our discussions, emphasis will be on constructing operators
and solution semigroups which are compatible with these unbounded
control input terms.

Control results for these problems are discussed below. A complete
theory exists for the unbounded control input problem in which full
state measurements are available. We first present the fundamentals
of this theory in the remainder of this chapter. A complete approxi-
mation framework for the unbounded linear quadratic regulator (LQR)
problem is then summarized in Chapter 17. The theory in both cases
utilizes a formulation of the first-order system in terms of sesquilinear
forms and corresponding linear operators as developed earlier in this
book. The resulting framework provides a rigorous formulation of the
infinite dimensional LQR problem with unbounded input term and a
summary of the associated convergence theory necessary for approxi-
mating the feedback control gains.

As we have noted, results presented here depend upon having
knowledge of the full state in order to calculate control gains. In many
distributed parameter problems, however, only partial state informa-
tion is available, and the state must be estimated or reconstructed
from observations and a dynamic output feedback law (compensator)
developed for controlling the system dynamics. While a theory for
compensator design based on sesquilinear forms has been developed
for the case of unbounded input/bounded output operators, this the-
ory is much more technically involved and will not be pursued here.
Thus our emphasis below is on a careful discussion of infinite dimen-
sional control problems as well as related convergence issues when the
LQR and output feedback problems are approximated.
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16.2 Abstract Formulation

In Chapters 6 and 7 it was demonstrated that the structural models
discussed in Section 6.3 can be written in the weak form

(Gt), o)y +02(3(t), @) + 01(y(t), ») = (Bu(l), )y (16.1)

for all p € V where V is a Hilbert space of test functions with corre-
sponding inner product (-, -);,. Here y denotes displacement in a Hilbert
space H (state space with inner product (-,-),) and B is a control op-
erator with input u. We have the usual Gelfand triple construction
V — H ~ H* < V* on the pivot space H with the duality product
denoted by (-, ->V*,V. The input u is considered in a Hilbert space U.
In a typical application involving the control of structural vibrations
using piezoceramic actuators, u denotes the voltage to an actuator and
B € L(U,V*) is unbounded due to the discontinuous geometry of the
patches which leads to external applied line moments in the structure
(see [BSW] for further details).

As discussed in earlier chapters, o1 incorporates stiffness compo-
nents of the structural model and o9 contains the damping terms (such
as Kelvin-Voigt, viscous, or others) for the model. We restrict our dis-
cussions here only to the case where both the stiffness and damping
forms o1 and oy are defined on the same space V and both are V-
continuous and V-elliptic. The symmetry, continuity, and coercivity
conditions satisfied by the sesquilinear forms are discussed in Chapters
8 and 9, and it was noted that due to the V-continuity (boundedness),
one can define operators Ay, Ay € L(V,V*) by

<Al¢7 77b>V*,V = JZ(¢,?/)) ) i = 172

The weak form (16.1), taken with initial conditions, can then be written
equivalently as the second-order system

§(t) + Agy(t) + Ayy(t) = Bu(t) in V*

(16.2)
y(0) =yo , ¥:(0) =1 .

For consideration of the control problem, it is advantageous to write
the system in first-order form. Recall that to this end, we defined the
product spaces H =V x H and V = V x V with the usual product
space norms

(61, 02)13, = |o1l3 + [62l%
!(¢1,¢2)|$; =|p1|3 + |#2l? .
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We also recall again that V — H ~ H* — V* forms a Gelfand triple
with V* =V x V* (recall the homework exercise of Section 6.3). The
state in ‘H is denoted by x(t) = (y(¢),y(t)) . The stiffness and damping
components are combined in the sesquilinear form o : VxV — C given
by
o(®,¥) = —(p2,91)y + 01(¢1,%2) + 02(P2, P2)

where ® = (¢1,¢2) and ¥ = (¢1,12). Finally, the product space
control input term is given by

5= | gy |-

The weak form of the system equations can, as seen in Chapter 6,
then be written as the first-order equation

(@(t), Uy y + o(2(t), ¥) = (Bu(t), U)y. ), (16.3)

for ¥ € V. As discussed in Chapter 7, this is formally equivalent to the
strong form of the equation in V*

&(t) = Axz(t) + Bu(t) in V*

16.4
x(O)—xo—[Z(l)] (16-4)
where A is given by
D(A) = {(¢1, ¢2) € H|p2 € V, A1¢91 + Aagpp € H}
0 I (16.5)
A= [ S ] .

We recall (see Section 6.3) that A is the negative of the restriction to
D(A) of the operator A € L(V, V*) defined by o(®, ¥) = <.Z<I>, \Il>

so that o(®,¥) = (- AP, ¥),, for & € D(A), ¥ € V.

In Section 8.2, it was demonstrated that when o9 is V-elliptic (which
is the case when a structural model includes strong Kelvin-Voigt damp-
ing), the product space sesquilinear form o is V-elliptic and A generates
an analytic semigroup 7 (t) on V,H and V*. (In this case, the D(A)
defined in (16.5) is actually Dy (A), the domain of A as a generator
in H.) The use of one symbol to denote the semigroups (or general
operators) defined on each of the Gelfand triple spaces is common in
the literature and should not cause ambiguity.
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In weakly damped systems (such as the noise attenuation problem
involving the structural acoustic system of [BSW, Chapter 9] in which
a vibrating structure is coupled with an adjacent, undamped, or lightly
damped acoustic field), however, oo may be only H-semielliptic and o
is not V-elliptic. In this case (see Section 8.3), A generates a semigroup
T (t) on H which is strongly continuous but is not analytic. To define a
solution compatible with the unbounded input terms in {0} x V*, this
semigroup must be extended through extrapolation space techniques
to a space which includes the input terms.

For our control systems discussions it is useful to interpret (16.4)
in the mild form with a solution given by the variation-of-constants
formula

x(t) =T (t)xo + /Ot T(t—s)B(s)ds (16.6)

where Bu € L?(0,T;V*). The necessity of extrapolating the semigroup
to either V* or a space containing V* to accommodate the input Bu is
now readily apparent and motivates the previously mentioned exten-
sions of Chapter 6 when both o1 and o9 are assumed V-elliptic. In
Chapters 7 and 9, the mild solution (16.6) was shown to be equivalent
to the strong and weak solutions when o9 is V-elliptic and Bu is suffi-
ciently smooth. Moreover, the well-posedness of the problem (16.4) or
equivalently (16.2) was established. Indeed, the well-posedness of (16.6)
as a mild solution of (16.4), and equivalence to (16.2), was established
under even weaker assumptions on o (e.g., oo H-semielliptic), but
that will not be of concern to us in control since these results typically
require more regularity on the input.

16.3 Infinite Dimensional LQR Control:
Full State Feedback

We consider the infinite dimensional control problem in the case where
full state (x = (y,y)) information is available for calculation of the
feedback control; this is called the full state feedback case. Whereas only
partial state observations are available in many important distributed
parameter applications, the consideration of the full state feedback case
is a necessary first step in the development of a state estimator and
compensator feedback system. The partial state measurement case
will be discussed only briefly in closing Chapter 17.
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We also consider observations of the state

zop(t) = Cx(t) (16.7)

where C denotes an observation operator mapping into an observation
space Y. When physically implementing the controller, the observation
operator is sometimes unbounded (in fact, not well defined) on the state
space H due to the discrete nature of the measurement devices. In this
case it may be well defined on V, indeed with C € L(V,Y"). However,
the technical details associated with the unbounded operator C tend
to obscure an initial exposition and we will concentrate here on the
continuous or bounded operator measurement case C € L(H,Y). The
reader can find various results in [BI2] or [IT] for analysis extending the
bounded observation operator results to the unbounded case (see also
[Las95]). Again, in all these presentations, functional analysis ideas
such as those given in this book comprise essential tools.

Finally, as already noted we restrict our theoretical discussions to
the case when oy is V-elliptic and hence o is V-elliptic and 7T (t) is an
analytic semigroup. As discussed previously, this includes structural
models that incorporate strong damping (e.g., Kelvin-Voigt damping).
Although the unbounded control input methodology has been numeri-
cally demonstrated as viable and effective for many weakly damped sys-
tems, the theory has not yet been completely extended to these systems.
To guarantee well-defined trajectories in the three spaces V, H, V*, the
following standing assumptions are typically made [BI2, IT, PS].

(A1) The semigroup 7 () is strongly continuous on H and V*.

(A2) For every u(-) € Lo(0,T;U), fo — s)Bu(s)ds € H and
there exists b > 0 such that

T
’/0 T(T - s)Bu(s)ds‘H < blulp, om0 -

(A3) For every ¢ € H and C € L(H,Y), there exists ¢ > 0 such that
|CT(t)¢‘L2(0,T;y) < c|o[y-
for all ¢ € H.

(A4) Consider the Hilbert space W = Dy-(A), the domain of A as
an infinitesimal generator in V*, with the graph norm |v*|%, =
[v*%. + [Av*[}. of A on V*. Then W is continuously and
densely embedded in H; that is, W — H.
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We can summarize the role of these assumptions in our control presen-
tation. First, the existence of a strongly continuous semigroup 7 on H
follows from the symmetry, continuity, and coercivity properties of the
sesquilinear forms o7 and oy. Furthermore, for the oo V-elliptic case
under consideration, the extension to V*, as required in (A1), follows
directly from Theorem 6.4. Moreover, when oy is V-elliptic, (A2) fol-
lows directly from the equivalence and continuous dependence results
of Chapters 7 and 8. For any u € L9(0,7;U) and initial value o € H,
this hypothesis implies that the mild solution z(-) defined in Chapter
7 is continuous on [0, 7] with values in H. In this case, the output can
be expressed as

Zop(t) =CT (t)zo +C /Ot T(t — s)Bu(s)ds (16.8)

with well-defined values in Y. If, on the other hand, xo € V*, then
x may have values in V* and (A3) must be invoked to obtain a well-
defined output by allowing the initial condition component of (16.8) to
be continuously extended from zg € H to x¢g € V* so that the bound
of (A3) holds for all ¢ € V*.

The bound of (A3) also follows from standard estimates obtained
when A is defined by (16.5) and o9 generating As is V-elliptic (see
(3.10) and (6.6) of [BI2]). This property implies that the operator
mapping o € H to CT(-)xp can be extended through continuity to
define an Ly (in time) function CT (-)xo for o € V*. In this manner,
the output given by (16.8) can be expressed as a well-defined function
in Ly(0,7;Y) for xg € V*.

As noted in [PS], the assumption (A4) is not very restrictive and
is satisfied in many systems of interest through correct choices of H
and V*. For the case under consideration in which o9 is V-elliptic, the
domain of A defined on V* satisfies (see (2.9) of [BI2]) Dy«(A) = {¢ €
V|A¢ € V*} =V so that (A4) is readily verified.

16.4 The Finite Horizon Control Problem

For the control problem on a finite time interval [0, T], we consider the
quadratic performance index

T
Irtuzo) = [ {ieaff + RV}t + (o(T).Ga(D)y v
(16.9)
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where G € L(V*,V) is a nonnegative operator which is self-adjoint in
the sense that its restriction to H is self-adjoint. The positive, self-
adjoint operator R € L(U) can be used to weight various components
of the control (in the structural applications of [BSW, Chapter 8], it is
used to weight the controlling voltage to specific piezoceramic patches).
The minimization is performed over u € Ly(0,7;U) subject to x satis-
fying (16.4).

The determination of an optimal control (see [BI2, IT]) is facilitated
by formulating the output solutions x.(t) of (16.8) as

fob(t) = M:L‘U + ju(t)
in Ly(0,7;Y). The operators M : H — L9(0,7;Y) and J
Ly(0,T;U)— L2(0,T;Y) are defined by
(Muo)(t) = CT (t)zo

(Ju)(t) = C/O T(t — s)Bu(s)ds

for t € (0,7). From (A1l)—(A4), it follows that M can be uniquely
extended to V* so as to be compatible with forces and data in applica-
tions. In the spirit of the semigroup operator notation, we will let M
also denote this extension so that M € L(V*, Ly(0,7;Y)). For fixed
terminal time 7' > 0, we also define the operators Jr : Lo(0,T;U) —H
and Mt : V*—H by

T
Jru = 91/2/ T(T — s)Bu(s)ds
0

Moo = G2 T(T)xqg

with G1/2 € £(V*,H) (further details regarding the characterization
G = (G'?)*G'? can be found in Corollary 2.1 of [IT]). In terms of
these operators, the performance index (16.9) can be written as

JT(U, xo) = |./\/le + ju|2L2(O,T;Y)
+ IRVl gy + Moo + Fruldy . (16.10)

The optimal control Ty is then specified in the following theorem which
is Theorem 3.1 in [BI2] or Theorem 2.2 in [IT]; the results also follow
from Theorem 2.7 of [PS]. Proofs and further discussions regarding
this theorem can be found in these three references.
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Theorem 16.1 In addition to (A1)—(A4), assume o is bounded and
V-elliptic and C € L(H,Y) is a bounded observation operator. For
finite T and xo € H, the optimal control wp which minimizes (16.10)
s given by

Ur=—I+T°T + T3+ TIr) " (T*M+ TpMrp) xg

The performance of the optimal control can be specified in terms of the
self-adjoint Riccati operator llp € L(V*,V) defined by

HT—(M*,M%)Qé ?]+ [ 7 } V*’ﬁo_l < Mir )

which satisfies
<HT$0, x0>V,V* = JT(ET, xo) = Hluin JT(U, Io)

(we observe that It is self-adjoint in the sense that its restriction to
H is self-adjoint). Moreover, if we let Ilp(t) = lp_y,t < T, then the
optimal control is given by the feedback law

Tr(t) = —R BTy (t)Z(t)

where Tp(t) satisfies the differential Riccati equation

(thT(t) + .A*HT(t) + HT(t)A — HT(t)BR_lB*HT(t) + C*C> z=0,

for all x € V, and T(t) denotes the corresponding optimal trajectory.

16.5 The Infinite Horizon Control Problem

The finite horizon control problem stated above is the basis of a number
of modern approaches including the so-called receding horizon control
problem discussed in [DTB] and the references therein. Although con-
trol over a specified finite time interval is important in some applica-
tions, it is more usual that the time interval is indefinite in length and
controls applicable for an unbounded or infinite horizon time interval
are sought. For these infinite horizon problems, a control u is sought
which minimizes the quadratic cost functional

J(u, o) = /OOo {\cx(t)@ + |7z1/2u(t)|%,} dt (16.11)
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subject to (16.4). We need several additional concepts to obtain opti-
mal controls for these problems.

Definition (Stab) The pair (A, B) is said to be stabilizable if there
exists an operator K € L(V*,U) such that A — BK generates an ex-
ponentially stable semigroup on V* (i.e., |et(A_B’C)|£(V*) < Me™“t for
M>1,w>0).

Definition (Det) The pair (A, C) is said to be detectable if there exists
an operator F € L(Y,V*) such that A— FC generates an exponentially
stable semigroup on V*.

Under these assumptions and the standing assumptions (Al)—
(A4), one can find the optimal control in feedback form.

Theorem 16.2 In addition to (A1)—(A4), assume that (A, B) is sta-
bilizable and (A,C) is detectable. Then the algebraic Riccati equation

(AT +IA-TIBR'BI+C*C)z=0 forallzeV

has a unique nonmegative solution 11 € L(V*, V), A — BR™B*II
generates an exponentially stable closed loop semigroup S(t) =
e(A=BRTIBIL 4, H,V and V*, and the optimal control that minimizes
(16.11) is given by

u(t) = —R™1B*TIZ(t)

where T(t) = S(t)xo for xo € V*.

Remark 3 The above theorem is essentially Theorem 3.4 in [BI2] or
Theorem 2.3 in [IT], and further discussion and proofs can be found
therein. A full discussion of analysis leading to this theorem can be
found in Theorems 3.3, 3.4 and Remark 3.5 of [PS].

The conditions of stabilizability and detectability are often referred
to as exponential stabilizability and exponential detectability in the
literature. We remark that the stabilizability and detectability of the
system can be defined in terms of operators K € L(H,U) and F €
L(Y,H) leading to the generation of exponentially stable semigroups
on H. One can then use Lemma 3.3 of [BI2] to obtain the desired
exponential stability of the semigroups on V and V*.

The solution to the algebraic Riccati equation is derived as the limit
as T'— oo of solutions to finite-time integral Riccati solutions given in
Theorem 16.1 of Section 16.4.
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In the previous chapter we presented control results for the infinite di-
mensional problem and controls were given in terms of operators and
functions satisfying appropriate smoothness constraints. One cannot of
course implement such operators in practice. Indeed, for these controls
to be implemented, the problem must be discretized and a sequence of
finite dimensional LQR problems considered. As in previous chapters of
this book we consider discretization in the context of Galerkin approx-
imations and approximate solutions are sought in finite dimensional
subspaces VN < V C H. The bases for these subspaces can consist
of modes, splines, or finite elements which satisfy convergence criteria
to be discussed in this section. We point out that the inclusion of VN
in V may be too restrictive for some approximation methods such as
finite differences, and certain spectral and collocation approximations.
In such cases, a relaxation of hypotheses in the manner discussed in
[BKregulator] for the bounded control input analysis can be employed.
We also remark that V!V is not required to be in Dy (A). This is impor-
tant when choosing a basis for VY and permits the use of linear splines
in second-order problems and cubic splines in fourth-order systems (see,
e.g., Chapter 12).

We first assume that the approximation method satisfies the fol-
lowing convergence condition (refer to the conditions (C1) of Chapter
12):

(CN) For any = € V, there exists a sequence ¥ € VYV such that |z —
#N|y—0 as N —oo.

This assumption is standard and is satisfied by most reasonable
approximation methods.

The operator AY : VYV — VN which approximates A is defined by
restricting o to V¥ x VV; hence (again see Chapter 12)

(-AN®, V), =o(®,¥) forall &,¥eV".

For each N, the Cy semigroup on V¥ that is generated by A" is denoted
by TN(t). The control operator B € L(U,V*) is approximated by
BN € £(U,VY) which is defined through duality by

(BNu, W), = (u,B*V),  forallueU, ¥eVV. (17.1)
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The observation operator CV is simply obtained by restricting C to V.
Finally, we let PV denote the usual orthogonal projection of A onto
VN which by definition satisfies

(i) PYoc VN ford e H
(i) (PN® -, W), =0 forall W eVV.

This projection can be extended to PV € £(V*, V) by replacing the
H-inner product (@, ¥),, in the definition (ii) by (@, ¥),,. ), and con-
sidering ® € V*. The approximate problem corresponding to (16.3)
can then be formulated as

d
p (aN(t),¥),, + o™ (1), ) = (Bu(t), V),  forall W e VN
2™ (0) = PN,
(17.2)
with the solution

N (t) = TN PNy + /t TN — 5)BNu(s)ds . (17.3)
0

If (CN) is satisfied,  denotes the solution to (16.3), and e™(t) =
2N (t) — 2(t) denotes the error, then one might expect the convergence

‘eN(t)‘H —0

¢ 2
/ ‘eN(s)’Vds —0
0
as N — oo. Indeed this is true and one can see, for example, Chapter
III in [Li] for arguments for such results.

17.1 The Finite Horizon Problem: Approximate
Control Gains

In a previous section we considered the minimization of the functional
(16.9) to obtain the optimal control over a finite time interval (0, 7).
The corresponding N approximate problem in Vv concerns the min-
imization of the cost functional

T
TN (u, zo) :/0 {]CNxN(t)}QY + ’Rl/Qu(t)‘QU}dt+<ngN(T),xN(T)>H
(17.4)
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subject to
d
2o () = AN @) + BYu(t), 0<t<T
! (17.5)
ZL‘N(O) = PNI‘O .

The symmetric operator GV is defined by gV = pNgpN.

Since the trajectories of (17.5) evolve in V¥, finite dimensional con-
trol theory can be used to determine the optimal control which min-
imizes (17.4). The main question of interest then concerns the con-
vergence of the corresponding finite dimensional Riccati operators and
approximate controls to their infinite dimensional counterparts. The
desired convergence properties of the controls and Riccati operators for
the finite-time problem can be found in [BI2, IT] and are summarized
in the following theorem.

Theorem 17.1 Assume (Al)—(A4) and suppose A is defined by
(16.5) and B € L(U,V*),C € LV,Y), G € L(V*,V) are the previously
discussed control, observation, and terminal weight operators. Consider
an approzimation scheme satisfying (CN) with the corresponding ap-
prozimate operators AN, BN CN,GN. Moreover, let HYJY(t) ,t < T de-
note the solution to the Riccati equation

d

ST (8) + AN (1) + 10 () AY — 117 () BN R BN T (1)

+CN"eN =0
N (1) = PNgpPN =gV

in VN, and let H¥ denote the optimal control for the N** approzimate
problem (17.4)-(17.5). The following convergence is then obtained:

(i) ‘ﬂqj\[ - ET‘LQ(O,T;U)_H) for all xg e H

(i) [O¥ @) PNz—Tp(t ‘H—>0 uniformly in t € [0,T] forall x € H .

The optimal control w uT to the N approxzimate problem is given by
(1) = —RIBN TN (t)aN (¢t) .

Furthermore, if C is bounded (i.e., C € L(H,Y)) and (A3) is satis-

fied, then (ii) can be strengthened to yield convergence in the uniform
operator topology, i.e.,
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(ii") TIN(t) converges to Uy (t) in L(V*,V) uniformly for t in [0, T).

We refer the reader to [BI2], Theorems 4.5 and 4.6 (as well as Remark
3.2(1), Lemma 6.1, and the discussions following the lemma) and [IT],
Theorem 2.4 for further details and proofs.

17.2 The Infinite Horizon Problem: Approximate Con-
trol Gains

We turn next to approximate problems over an indefinite horizon, that
is, T = oco. The optimization problem in this case consists of finding
u € L2(0,00; U) which minimizes

s 2
N (u, x0) :/ {ychN(t)}i + ‘Rl/Zu(t)‘U} dt (17.6)
0
subject to z!V satisfying the evolution equation

d N _ AN, N N
N0 = AN () + BNu(t) . t>0 (17.7)

™ (0) = PNy .

In general, this problem involves the bounded approximate control
operators B which should converge to an unbounded operator B. For
the discussion here, we will again assume that full state measurements
are available so that CV is the restriction of C € L(H,Y) to VN. The
assumption of a bounded observation operator simplifies the presenta-
tion here.

On considering the functional JV of (17.6) we see that two limits are
involved in the convergence process, namely N — oo and T'— co. As
detailed in the proof of Theorem 2.2 of [BKregulator| for the bounded
control operator and Theorem 2.6 of [IT] for an unbounded operator,
convergence arguments typically start with the consideration of the
finite-time minimization problem

T 2
minimize / {‘CNxN(t)‘z, + ‘Rl/Qu(t)‘U} dt
0
subject to (17.7).

The strategy is to then bound the observed trajectory and control as
T increases in a manner which guarantees the existence of nonnegative
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self-adjoint solutions IIV € £(V*,V) to the N approximate algebraic
Riccati equation in VN

AN TV 4TIV AN —TIVBVNRIBN TN 4 ¢V eN =0 (17.8)

for N sufficiently large.

We recall from the discussions above of the corresponding infinite
dimensional problems that the condition of stabilizability of (A, B) was
used to guarantee the existence of a Riccati solution I € L(V*,V) to
the algebraic Riccati equation of Theorem 16.2. The uniqueness of the
solution and exponential stability of the closed loop semigroup were
obtained using the hypothesis of detectability of (A,C). As discussed
in [BI2] and [IT], the analogous concepts of uniform stabilizability of
(AN, BN) and uniform detectability of (AY,CY) can be used to prove
the existence of a unique Riccati solution II'V and exponential stability
of the closed loop semigroup S™V(t). We give the formal definitions
needed.

Definition (UnifStab) The pair (A", BY) is said to be uniformly

stabilizable if there exist constants M; > 1,w; > 0 independent of N

and a sequence of operators K € £L(VN,U) such that sup |KV| < oo
N

and
N_pgNyN
6t(A BN K )PN.T < Mye wlt‘x’

for x € H.
Definition (UnifDet) The pair (A", C%) is said to be uniformly de-

tectable if there exist constants My > 1,wy > 0 independent of N and
a sequence of operators FV € L(Y, V") such that sup |F N | < oo and
N

N N N
et(A —FNC )PN‘TH SMQ@int‘Z'LH

for x € H.

To treat x € V*, the projections can be extended to PN € L(V*, VV)
with norms altered accordingly.

Precisely stated convergence results for the infinite horizon problem
can then be summarized in the following theorem. The proof can be
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obtained from the discussions of Theorem 4.8 and Section 6.1 in [BI2]
or Theorem 2.6 in [IT] along with the observation that for second-
order systems, the operator B has the form B = (0, B)T. To obtain
the desired result, the following assumption is also required (note we
do not have i : V<—#H compact!).

(A5) The injection i : V< H is compact.

Theorem 17.2 Suppose (A1)—(A5) hold. Let the sesquilinear form
o associated with the first-order system (16.3) be V-continuous and V-
elliptic. Assume that the operators A,B,C of (16.4), (16.7) satisfy:
(A, B) is stabilizable and (A,C) is detectable where B € L(U,V*) is
unbounded and C € L(H,Y) is bounded. Assume an approzimation
method which satisfies (CN). Finally, suppose that for fired Ny and
N > Ny, the pair (AN, BN) is uniformly stabilizable and (AN,CVN) is
uniformly detectable.

Then for N sufficiently large, there exists a unique nonnegative self-
adjoint solution TIN € L(V*,V) to the N** approzimate algebraic Ric-
cati equation (17.8) in VN. There also exist constants Mz > 1 and
ws > 0 independent of N such that SN (t) = AN =BYRIBNTIN) gy
isfies

SN ()| n < Mae™3" | >0

or equivalently
et(AN*BNRﬂBN*HN)PNxo’H < Mye st ol o t>0, zp€H.
Additionally, the convergences
¥ PNz Y I iV for every x € V*
BNV pY — B -0,
L(H,U)

as N =00, of the Riccati and control operators are obtained. Moreover,
the feedback system operator A — BR™'BN'TIN generates an exponen-
tially stable analytic semigroup on H and for every xg € H,

J (—BN*HNZL‘('),QJ()) — J(@,x0) < &(N)|zol3

where e(N)—0 as N — 0.
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The final condition of Theorem 17.2 implies that the finite dimen-
sional control yields an exponentially stable semigroup when applied to
the original infinite dimensional system. This is of great practical im-
portance since it represents the case when computed controls are applied
to the actual physical systems of interest.

Theorem 17.2 is the second-order system analog of Theorem 4.8 of
[BI2], which is for first-order systems. To obtain Theorem 17.2 directly
from Theorem 4.8 in [BI2], one would require that the embedding V —
‘H be compact. This is not true for our second-order systems where
Y=V xV and H =V x H. However, one can use arguments similar
to those employed in Theorem 4.8 of [BI2] along with (A5) and the
special structure of our second-order systems written in first-order form
to prove Theorem 17.2.

For the results here, the system is assumed to be strongly damped or
essentially parabolic in nature; hence o4 is V-elliptic and o is V-elliptic.
As discussed in Lemmas 4.2 and 4.3 of [BI2], this leads to resultant esti-
mates for AV and bounds and estimates for the open loop semigroups
T(t) and T*(¢t) in both the H and V norms and hence convergence
of the approzimating and adjoint approzimating semigroups T~ and
TN (see (i)-(iii) of Lemma 4.3 in [BI2]). Moreover, the convergence
results summarized in Lemma 4.4 of [BI2] for M”" and M"" are typ-
ical of the consistency criteria that can be obtained. Conditions such
as the adjoint convergence TN (t)PNa — T*(t)x, as N — 0o, may ap-
pear on first encounter as purely mathematical with little physical rel-
evance to the actual problem. However, as demonstrated by examples
in [BBu2, BKapl, BRI, KapSal87, KapSal89] in which the calculation
of feedback gains for a delay equation are considered, failure of approx-
imation methods to satisfy adjoint convergence can lead to gains which
do not strongly converge.

As a final comment on these results, we note that care must also
be taken when choosing an approximation method to guarantee that
the uniform stabilizability margins are preserved under approximation.
As illustrated in the context of delay equations [BKapl] and weakly
damped PDE systems [BaltWa|, approximation methods which are
quite adequate for open loop simulations and/or parameter estima-
tion (e.g., finite differences and finite elements) may not preserve these
margins. This can slow or even prevent convergence of the feedback
gains and illustrates the care that must be taken when choosing an
approximation methodology that is suitable for control calculations.
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The hypotheses of uniform stabilizability and uniform detectability
of (AN, BN) and (AN, CN), respectively, of Theorem 17.2 yield the de-
sired convergence results. However, these conditions are often difficult
to verify directly, and we now discuss more readily checked assumptions
which yield the uniform stabilizability and detectability conditions.

For general first-order systems, uniform stabilizability is obtained
using the following lemma which is Lemma 4.7 in [BI2] and is the un-
bounded input analogue of the preservation of exponential stabilizablity
(POES) condition first introduced in [BKregulator].

Lemma 17.1 Suppose (A, B) is stabilizable and the injection V — H
is compact. Then there exists a positive integer Ng such that for all
N > Ny, the pair (AN, BY) is uniformly stabilizable.

For truly first-order systems (H = H, V = V, as opposed to
H =V xH,V =V xV), the compact injection condition is quite
often satisfied through natural choices for the state and test function
space (e.g., H = H = L2(Q),V =V = HY(Q)) due to standard Sobolev
embedding theorems [Adams|. In such cases, Lemma 17.1 can be com-
bined with the first-order analogue of Theorem 17.2 to yield the desired
convergence results with hypotheses that can be verified in physical ap-
plications.

On the other hand, in second-order systems that are written in
first-order form through a product space formulation, the embedding
i : V—H is definitely not compact and hence Lemma 17.1 is not useful.
Lemma 17.2 below contains conditions used (along with Theorem 17.2)
to obtain uniform exponential bounds on the approximating semigroups
SN(t) on HN € H =V x H for the second-order systems of interest to
us.

Lemma 17.2 Assume that (AB5) holds. Moreover, suppose that the
damping sesquilinear form can be decomposed as oo = doq1 + G2, for
some & > 0, where the continuous sesquilinear form Go satisfies for
some real constant

. 1)
Re 63(6,0) > =5 |0l — ulely; forallg eV .
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Finally, suppose that the operator Aflgg, where Ay € LV, V*) is de-

fined by <qu5,n>w , = aa2(p,m), is compact on V.

Let T denote theyopen loop semigroup generated by the product space
operator A and let TN be generated by AN. If for some w € R and
M>1

T ()l ey < Me®t , t>0,

then for any € > 0 there exists an integer N such that for N > Ng

TN (PN | gy < MeHot >0

for some constant M >0 independent of N.

This is Lemma 6.2 in [BI2] and the proof can be found there. When
combined with Theorem 17.2, one then obtains convergence of the Ric-
cati and control operators for those special first-order systems corre-
sponding to second-order problems.

To apply the lemma, one must first verify that for the system under
consideration, the operator AIIAQ is compact in V. In considering
this proposition, it can be advantageous to use the property that the
product of a compact linear operator and a bounded linear operator
yields a compact linear operator (see, for example, Lemma 8.3-2 of
[Kreyszig]). For many problems of interest, A is a differential operator
whose inverse is compact, whereas As is quite often bounded. This is
illustrated in the following example in the context of the Euler-Bernoulli
beam model from earlier sections discussed once again in a control
setting.

17.2.1 Example 6 Again!

We consider again the cantilever Euler-Bernoulli beam having length
¢ with fixed end at £ = 0 given in Section 5.1. We assume Kelvin-
Voigt internal damping and viscous or air external damping. Control is
assumed to be applied through a pair of identical piezoceramic patches
as discussed in Chapter 4 of [BSW].

The density, Young’s modulus, moment of inertia, viscous damping,
and Kelvin-Voigt damping coefficients are denoted by p, E, I,~, and
cp, respectively, and are assumed constant. This assumption would be
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reasonable for the case of a homogeneous beam or a beam with piezo-
ceramic patches embedded in a manner so that material properties do
not vary across the region of the patches. We again consider only the
transverse displacement which is denoted by y. An external moment is
applied through an applied voltage u(t) to a pair of embedded piezo-
ceramic patches operated out-of-phase. As discussed in [BSW], the
equation describing the transverse beam motion is

0%y oy o 0?

P g+ g MO = e (CTu(t)e(€)
y(t,0) = ;5 (t,0) =0, Mc(t,0) = gg(Mﬁ)(t 0)=0

) 8;2 are taken in the distributional sense and
the internal moment M is given as in Section 5.1. We note that KCB is
a patch constant while x,e(£) denotes the characteristic function over
the region containing the patch pair.

As before we choose state space H = Ly(0,¢), and the space of test
functions V = H %(0, ?), each taken with their usual inner products. For
these choices, the compact embedding of V' into H follows immediately
from standard Sobolev theory [Adams|. Recall (see Chapter 8) that

the equation of motion can then be written in the weak form

(W), Pyye v o2y (t), ) +01(y(t), ¢) = (Bu(t), o)y forall p eV

where

where the derivatives 2 9€

l
o1(i0, ) = /0 EI¢""dy

l

l
o2(p, ) = / eple"Y"dy + v / pdy
0 0

are continuous, V-elliptic, and symmetric, and Bu(t) is an unbounded
(V* valued) input operator. Thus the results of Chapters 7 and 8
concerning variational solutions and semigroup generation hold for this
example. The first-order form of the equation along with the associated
generator A are precisely defined as in (16.4), (16.5).

For the constant coefficient case under consideration here, the
damping form o9 can be decomposed as o9 = do1 + 62 where ¢ and &9
are given by 6 = 2 and G2(p, ) = 'yf(f ody. Clearly, oo satisfies

- ¥ 1)
Re 62(p, ¢) = ;|<P|%{ > —§|<P|%/
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for all o € V. The operator Ay generated by o9 is given by Ay = ~I and
is therefore bounded. Since the injections i : V «— H, * : H <— V* are
compact, we have that A1_1 € L(V*,V) can be written as an operator
onV — V by Al_1 = Al_1 t*i. Thus Al_1 is compact on V and hence
A;lgg is compact on V.

Finally, the exponential stability of the open loop semigroup 7 ()
generated by A is guaranteed by the following theorem which is dis-
cussed in [BI]:

Theorem 17.3 Suppose o1 is V-elliptic, V -continuous, and symmet-
ric and oy is H-elliptic, continuous, and symmetric. Then A defined
via (16.5) is the infinitesimal generator of a Co-semigroup T (t) in
H =V x H that is exponentially stable (i.e., | T (t)zolp < Me % zg|3).

From Theorem 17.3, it also follows that (A, B) is stabilizable and (A, C)
is detectable for the example under discussion.

The hypotheses for Lemma 17.2 are satisfied for Example 6 and one
therefore obtains uniform bounds on the approximating semigroups.
When combined with the conclusions of Theorem 17.2, this then leads
to the convergence of the Riccati and control operators in this example.
We remark that these arguments are not unique to the Euler-Bernoulli
beam model and other structural models (e.g., the plate models dis-
cussed in Chapters 5 and 8 of [BSW]) can be readily analyzed in a sim-
ilar manner with the functional analytic tools presented in this book.

The convergence of Theorem 17.2 is obtained under the assump-
tion of a bounded observation operator C € L£L(H,Y). As noted previ-
ously, however, the observation operator in many current applications
is unbounded (discontinuous) due to the spatially discrete nature of
commonly used measurement devices (e.g., accelerometers, laser vi-
brometers, proximity sensors, piezoelectric sensors, strain gauges, mi-
crophones). The reader is referred to Sections 5 and 6.2 of [BI2] for an
extension of the theory for Theorem 17.2 to the unbounded observation
operator case, C € L(V,Y). The arguments for this case are somewhat
more technical in that they involve intermediate spaces, but theoret-
ical results quite similar to those outlined above for bounded obser-
vation operators can be obtained for the unbounded observation case.
The theory concerning the form of the observation operator takes on
practical significance when designing an estimator or observer for state
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reconstruction from partial state measurements, and further discussion
concerning this topic can be found in [BSW]. We remark that in this
case one develops an operator theory version of dynamic compensators
or Kalman filters [GA90] and a “separation principle” which allows one
to solve separately an LQR problem (as discussed above) and a dual
“state estimator” problem. Details in a functional analytic setting rely
on many of the tools we have developed here and are summarized in
[BSW].

The analysis outlined in the previous sections was developed in the
context of a sesquilinear functional formulation of the control prob-
lem. This provided a natural framework in which to incorporate the
unbounded input and output operators. Other functional analysis ap-
proaches involving primarily operator-based theory have also been de-
veloped for analysis of infinite dimensional LQR problems with un-
bounded input and output operators, and the reader is referred to
[LLP95] and references therein for development of theory in the con-
text of this latter methodology.
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