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Preface

Functional data analysis has been a popular statistical research topic for the
past three decades. Functional data are often obtained by observing a num-
ber of subjects over time, space, or other continua densely. They are fre-
quently collected from various research areas, including audiology, biology,
children’s growth studies, ergonomics, environmentology, meteorology, and
women’s health studies among others in the form of curves, surfaces, or other
complex objects. Statistical inference for functional data generally refers to
estimation and hypothesis testing about functional data. There are at least
two monographs available in the literature that are devoted to estimation
and classification of functional data. This book mainly focuses on hypothe-
sis testing problems about functional data, with topics including reconstruc-
tion of functional observations, functional ANOVA, functional linear models
with functional responses, ill-conditioned functional linear models, diagnostics
of functional observations, heteroscedastic ANOVA for functional data, and
testing equality of covariance functions, among others. Although the method-
ologies proposed and studied in this book are designed for curve data only, it
is straightforward to extend them to the analysis of surface data.

The main purpose of this book is to provide the reader with a number of
simple methodologies for functional hypothesis testing. Pointwise, L2-norm
based, F-type, and bootstrap tests are discussed. The key ideas of these
methodologies are stated at a relatively low technical level. The book is self-
contained and assumes only a basic knowledge of statistics, calculus, and ma-
trix algebra. Real data examples from the aforementioned research areas are
provided to motivate and illustrate the methodologies. Some bibliographical
notes and exercises are provided at the end of each chapter. A supporting web-
site is provided where most of the real data sets analyzed in this book may
be downloaded. Some related MATLAB® codes for analyzing these real data
examples are also available and will be updated whenever necessary. Statisti-
cal researchers or practitioners analyzing functional data may find this book
useful.

Chapter 1 provides a brief overview of the book, and in particular, it
presents real functional data examples from various research areas that have
motivated various models and methodologies for statistical inferences about
functional data. Chapters 2 and 3 review four popular nonparametric smooth-
ing techniques for reconstructing or interpolating a single curve or a group of
curves in a functional data set. Chapters 4-8 present the core contents of this

xxi



xxii PREFACE

book. Chapters 9 and 10 are devoted to heteroscedastic ANOVA and tests of
equality of covariance functions.

Most of the contents of this book should be comprehensible to readers with
some basic statistical training. Advanced mathematics and technical skills are
not necessary for understanding the key ideas of the methodologies and for
applying them to real data analysis. The materials in Chapters 1-8 may be
used in a lower- or medium-level graduate course in statistics or biostatistics.
Chapters 9 and 10 may be used in a higher-level graduate course or as reference
materials for those who intend to do research in this field.

I have tried my best to acknowledge the work of the many investigators
who have contributed to the development of the models and methodologies for
hypothesis testing in the context of analysis of variance for functional data.
However, it is beyond the scope of this book to prepare an exhaustive review
of the vast literature in this active research field, and I regret any oversight
or omissions of particular authors or publications.

I am grateful to Rob Calver, Rachel Holt, Jennifer Ahringer, Karen Simon,
and Mimi Williams at Chapman and Hall who have made great efforts in co-
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like to thank my colleagues, collaborators, and friends, Mingyen Cheng, Jeng-
min Chiou, Jianqging Fan, James S. Marron, Heng Peng, Naisyin Wang, and
Chongqi Zhang, for their help and encouragement. Special thanks go to Pro-
fessor Wenyang Zhang, Department of Mathematics, the University of York,
United Kingdom and Professor Jeff Goldsmith, Department of Biostatistics,
Columbia University, New York and an anonymous reviewer who went through
the first draft of the book and made some insightful comments and suggestions
which helped improve the book substantially. Thanks also go to some of my
PhD students, including Xuehua Liang, Xuefeng Liu, and Shengning Xiao,
for their reading some chapters of the book. I thank my family who provided
strong support and encouragement during the writing process of this book.
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Chapter 1

Introduction

This chapter aims to give an introduction to the book. We first introduce the
concept of functional data in Section 1.1. We then present several motivat-
ing real functional data sets in Section 1.2. The difference between classical
multivariate data analysis and functional data analysis is briefly discussed in
Section 1.3. Section 1.4 gives an overview of the book. The implementation of
the methodologies, the options for reading this book, and some bibliographical
notes are given in Sections 1.5, 1.6, and 1.7, respectively.

1.1 Functional Data

Functional data are a natural generalization of multivariate data from finite
dimensional to infinite dimensional. To get some feeling about functional data,
Figure 1.1(a) displays a functional data set, consisting of twenty curves, and
Figure 1.1(b) displays one of the curves. These curves were simulated without
adding measurement errors and they look smooth and continuous.

In practice, functional data are obtained by observing a number of subjects
over time, space, or other continua. The resulting functional data can be
curves, surfaces, or other complex objects; see next section for several real
curve data sets and see Zhang (1999) for some surface data sets. One may note
that real functional data can be accurately observed so that the measurement
errors can be ignored, or can be observed subject to substantial measurement
errors. For example, measurements of the heights of children over a wide range
of ages in the Berkeley growth data presented in Figure 1.4 in Section 1.2.2
have an error level so small as to be ignorable. However, the progesterone data
presented in Figures 1.2 and 1.3 in Section 1.2.1 and the daily records of the
Canadian temperature data at a weather station presented in Figures 1.6 and
1.7 in Section 1.2.4 are very noisy.

1.2 Motivating Functional Data

Functional data arise naturally in many research areas. Classical examples
are provided by growth curves in longitudinal studies. Other examples can
be found in Rice and Silverman (1991), Kneip (1994), Faraway (1997), Zhang
(1999), Shen and Faraway (2004), Ramsay and Silverman (2002, 2005), Fer-

1



2 INTRODUCTION

Figure 1.1 A simulated functional data set with (a) twenty simulated curves and (b)
one of the simulated curves.

raty and Vieu (2006), and references therein. In this section, we present
a number of curve data examples. For surface data examples, see Zhang
(1999). These curve data sets are from various research areas, including
audiology, biology, children’s growth studies, ergonomics, environmentology,
meteorology, and women’s health studies, among others. They will be used
throughout this book for motivating and illustrating the functional hypoth-
esis testing techniques described in this book. Although these functional
data examples are from only a few research areas, the proposed method-
ologies in this book are also applicable to functional data collected from
other scientific fields. All these curve data sets and the computer codes
for the corresponding analysis in this book are accessible at the website:
http:/ /www.stat.nus.edu.sqg/~zhangjt/books/Chapman/FANOVA.htm.

1.2.1  Progesterone Data

The progesterone data were collected in a study of early pregnancy loss con-
ducted by the Institute for Toxicology and Environmental Health at the Re-
productive Epidemiology Section of the California Department of Health Ser-
vices, Berkeley. Each observation shows the levels of urinary metabolite pro-
gesterone over the course of the women’s menstrual cycles (in days). The ob-
servations came from patients with healthy reproductive function enrolled in
an artificial insemination clinic where insemination attempts were well-timed
for each menstrual cycle. The data had been aligned by the day of ovulation
(Day 0), determined by serum luteinizing hormone, and truncated at each end
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to present curves of equal length. Measurements were recorded once per day
per cycle from eight days before the day of ovulation and until fifteen days
after the ovulation. A woman may have one or several cycles. The length of
the observation period was twenty-four days. Some measurements from some
subjects are missing due to various reasons. For more details about the pro-
gesterone data, see Munro et al. (1991), Yen and Jaffe (1991), Brumback and
Rice (1998), and Fan and Zhang (2000), among others.

The data set consisted of two groups: nonconceptive progesterone curves
(sixty-nine menstrual cycles) and conceptive progesterone curves (twenty-two
menstrual cycles), as displayed in Figures 1.2 (a) and (b), respectively. The
nonconceptive and conceptive progesterone curves came from those women
without or with viable zygotes formed. From Figures 1.2 (a) and (b), it is
seen that the raw progesterone data are rather noisy, showing that some non-
parametric smoothing techniques may be needed to remove some amount of
measurement errors and to reconstruct the progesterone curves. Figure 1.3
displays four individual nonconceptive progesterone curves. It is seen that
some outlying measurements appear in the progesterone curves 10 and 20. To
reduce the effects of these outliers, some robust smoothing techniques may
be desirable. To this end, four major nonparametric smoothing techniques for
a single curve and for all the curves in a functional data set will be briefly
reviewed in Chapters 2 and 3, respectively.

From Figure 1.2 (a), it is also seen that the nonconceptive progesterone
curves are quite flat before the ovulation day. A question arises naturally. Is
the mean nonconceptive curve a constant before the ovulation day? This is a
one-sample problem for functional data. It will be handled in Chapter 4. The
statement “the mean conceptive curve is a constant before the ovulation day”
can be tested similarly.

Other questions also arise. For example, is there a conception effect? That
is, is there a significant difference between the nonconceptive and conceptive
mean progesterone curves? Over what period? These are two-sample problems
for functional data and will be handled in Chapter 5.

The progesterone data have been used for illustrations of nonparametric
regression methods by several authors. Brumback and Rice (1998) used them
to illustrate a smoothing spline modeling technique for estimating both mean
and individual functions; Fan and Zhang (2000) used them to illustrate their
two-step method for estimating the underlying mean function for functional
data; and Wu and Zhang (2002) used them to illustrate a local polynomial
mixed-effects modeling approach.

1.2.2  Berkeley Growth Curve Data

The Berkeley growth curve data were collected in the Berkeley growth study
(Tuddenham and Snyder 1954). The heights of thirty-nine boys and fifty-four
girls were recorded at thirty-one not equally spaced ages from Year 1 to Year
18. The growth curves of girls and boys are displayed in Figures 1.4 (a) and
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Log(Progesterone)

Log(Progesterone)

Figure 1.2 The raw progesterone data with (a) nonconceptive progesterone curves
and (b) conceptive progesterone curves. The progesterone curves are the levels of
urinary metabolite progesterone over the course of the women’s menstrual cycles (in
days). They are rather noisy so that some smoothing may be needed.
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Figure 1.3 Four individual nonconceptive progesterone curves. Outlying measure-
ments appear in the progesterone curves 10 and 20.
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£ 140

Figure 1.4 The Berkeley growth curve data with (a) growth curves for fifty-four girls
and (b) growth curves for thirty-nine boys. The growth curves are the heights of
the children recorded at thirty-one not equally spaced ages from Year 1 to Year 18.
The measurement errors of the heights of the children are rather small and may be
ignored for many purposes.

(b), respectively. It is seen that these growth curves are rather smooth, indi-
cating that the measurement errors of the heights are rather small and may be
ignored for many purposes. However, to evaluate the individual growth curves
at a desired resolution, these growth curves may be interpolated or smoothed
using some nonparametric smoothing techniques reviewed in Chapter 2.

It is of interest to check if gender difference has some impact on the growth
process of a child. That is, one may want to test if there is any significant
difference between the mean growth curves of girls and boys. This is a two-
sample problem for functional data. It can be handled using the methods
developed in Chapter 5. Another question also arises naturally. Is there any
significant difference between the covariance functions of girls and boys? This
problem will be handled in an exercise problem in Chapter 10. Then comes
a related question. How to test if there is any significant difference between
the mean growth curves of girls and boys when there is no knowledge about if
the covariance functions of girls and boys are equal. This latter problem may
be referred to as a two-sample Behrens-Fisher problem that can be handled
using the methodologies developed in Chapter 9.

The Berkeley growth curve data have been used by several authors. Ram-
say and Li (1998) and Ramsay and Silverman (2005) used it to illustrate
their curve registration techniques. Chiou and Li (2007) used it to illustrate
their k-centers functional clustering approach. Zhang, Liang, and Xiao (2010)
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used it to motivate and illustrate their testing approaches for a two-sample
Behrens-Fisher problem for functional data.

1.2.3 Nitrogen Oxide Emission Level Data

Nitrogen oxides (NOx) are known to be among the most important pollutants,
precursors of ozone formation, and contributors to global warming (Febrero,
Galeano, and Gonzalez-Manteiga 2008). NOx is primarily caused by combus-
tion processes in sources that burn fuels such as motor vehicles, electric utili-
ties, and industries among others. Figures 1.5 (a) and (b) show NOx emission
levels for seventy-six working days and thirty-nine non-working days, respec-
tively, measured by an environmental control station close to an industrial
area in Poblenou, Barcelona, Spain. The control station measured NOx emis-
sion levels in pg/m? every hour per day from February 23 to June 26 in 2005.
The hourly measurements in a day (twenty-four hours) form a natural NOx
emission level curve of the day. It is seen that within a day, the NOx levels
increase in morning, attain their extreme values around 8 a.m., then decrease
until 2 p.m. and increase again in evening. The influence of traffic on the NOx
emission levels is not ignorable as the control station is located at the city cen-
ter. It is not difficult to notice that the NOx emission levels of working days
are generally higher than those of non-working days. This is why these NOx
emission level curves were divided into two groups as pointed out by Febrero,
Galeano, and Gonzalez-Manteiga (2008). In both the upper and lower panels,
we highlighted one NOx emission level curve, respectively, to emphasize that
they have very large NOx emission levels compared with the remaining curves
in each group. It is important to identify these and other curves whose NOx
emission levels are significantly large and try to figure out the sources that
produced these abnormally large NOx emissions. This task will be handled in
Chapter 8.

The NOx emission level data were kindly provided by the authors of
Febrero, Galeano, and Gonzalez-Manteiga (2008) who used these data to il-
lustrate their functional outlier detection methods.

1.2.4  Canadian Temperature Data

The Canadian temperature data (Canadian Climate Program 1982) were
downloaded from “ftp://ego.psych.mcgill.ca/pub/ramsay/FDAfuns/Matlab/”
at the book website of Ramsay and Silverman (2002, 2005). The data are the
daily temperature records of thirty-five Canadian weather stations over a year
(365 days), among which fifteen are in Eastern, another fifteen in Western, and
the remaining five in Northern Canada. Panels (a), (b), and (c) of Figure 1.6
present the raw Canadian temperature curves for these thirty-five weather
stations.

From these figures, we see that at least at the middle of the year, the tem-
peratures at the Eastern weather stations are comparable with those at the
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Figure 1.5 The NOz emission level data for (a) seventy-siz working days and (b)
thirty-nine non-working days, measured by an environmental control station close to
an industrial area in Poblenou, Barcelona, Spain. Each of the NOz emission level
curve consists of the hourly measurements in a day (24 hours). In each panel, an
unusual NOz emission level curve is highlighted.

Western weather stations, but they are generally higher than those temper-
atures at the Northern weather stations. This observation seems reasonable
as the Eastern and Western weather stations are located at about the same
latitudes while the Northern weather stations are located at higher latitudes.
Statistically, we can ask the following question. Is there a location effect among
the mean temperature curves of the Eastern, Western, and Northern weather
stations? This is a three-sample or one-way ANOVA problem for functional
data. This problem will be treated in Chapters 5 and 9, respectively, when
the three samples of the temperature curves are assumed to have the same
and different covariance functions.

The figures in Figure 1.6 may indicate that the covariance functions of the
temperature curves of the Eastern, Western, and Northern weather stations
are different. In fact, we can see that at the beginning or at the end of the
year, the temperatures at the Eastern weather stations are less variable than
those at the Western weather stations, but they are generally more variable
than those temperatures at the Northern weather stations. To statistically
verify if the covariance functions of the temperature curves of the Eastern,
Western, and Northern weather stations are the same, we will develop some
tests about the equality of the covariance functions in Chapter 10.

Four individual temperature curves are presented in Figure 1.7. It is seen
that these temperature curves are quite similar in shape and the temperature
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Temperature

Figure 1.6 The Canadian temperature data for (a) fifteen FEastern weather stations,
(b) fifteen Western weather stations, and (c) five Northern weather stations. It is
seen that at least at the middle of the year, the temperatures recorded at the Eastern
weather stations are comparable with those recorded at the Western weather sta-
tions, but they are generally higher than those temperatures recorded at the Northern
weather stations.
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Figure 1.7 Four individual Canadian temperature curves. They are similar in shape.
It seems that the temperature records have large measurement errors.
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records are with large measurement errors. To remove some of these measure-
ment errors, some smoothing techniques may be needed. As mentioned earlier,
we will introduce four major smoothing techniques for a single curve and for
all the curves in a functional data set in Chapters 2 and 3, respectively.

The Canadian temperature data have been analyzed in a number of papers
and books in the literature, including Ramsay and Silverman (2002, 2005),
Zhang and Chen (2007), and Zhang and Liang (2013) among others.

1.2.5 Audible Noise Data

The audible noise data were collected in a study to reduce audible noise levels
of alternators, as reported in Nair et al. (2002). When an alternator rotates,
it generates some amount of audible noise. With advances in technology, the
engine noise can be reduced greatly so that the alternator noise levels be-
come more remarkable, leading to an increasing quality concern. A robust
design study conducted by an engineering team aiming to investigate the ef-
fects of seven process assembly factors and their potential for reducing noise
levels. The seven factors under consideration are “Through Bolt Torque,” “Ro-
tor Balance,” “Stator Varnish,” “Air Gap Variation,” “Stator Orientation,”
“Housing Stator Slip Fit,” and “Shaft Radial Alignment.” For simplicity, these
seven factors are represented by A, B, C, D, E, F, and G respectively. In these
seven factors, D is the noise factor while the others are control factors. Each
factor has only two levels: low and high, denoted as “—1” and “+1,” respec-
tively.

The study adopted a 23‘_,2 design, supplemented by four additional replica-
tions at the high levels of all factors, resulting in an experiment with thirty-six
runs. Nair et al. (2002) pointed out that the fractional factorial design was a
combined array, allowing estimation of the main effects of the noise and con-
trol factors and all two-factor control-by-noise interactions by assuming that
all three factors and higher-order interactions are negligible. For each run, au-
dible noise levels were measured over a range of rotating speeds. The audible
sound was recorded by the microphones located at several positions near the
alternator. The response was a transformed pressure measurement, known as
sound pressure level. For each response curve, forty-three measurements of
sound pressure levels (in decibels) were recorded with rotating speeds ranging
from 1,000 to 2,500 revolutions per minute.

Figure 1.8 displays the thirty-six response curves of the audible noise data.
It appears that the sound pressure levels were accurately measured with the
measurement errors ignorable as shown by the four individual curves of the
audible noise data presented in Figure 1.9. Nevertheless, Figure 1.8 indicates
that these response curves are rather noisy although the measurement errors
are rather small.

It is of interest to test if the main effects and the control-by-noise inter-
action effects of the seven factors on the response curves are significant. This
problem will be handled in Chapter 7.
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Figure 1.8 The audible noise data with thirty-siz sound pressure level curves. FEach
curve has forty-three measurements of sound pressure levels (in decibels), recorded
with rotating speeds ranging from 1,000 to 2,500 revolutions per minute. These sound
pressure level curves are rather noisy although the measurement errors of each curve
are rather small.
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Figure 1.9 Four individual curves of the audible noise data. It appears that the sound
pressure levels were accurately measured with the measurement errors ignorable.
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The audible noise data have been analyzed by Nair et al. (2002) who
computed the pointwise estimators of the main effects and control-by-noise
interaction-effects, and constructed the pointwise confident intervals with
standard errors estimated by the four additional replications at the high lev-
els of all factors. They were also analyzed by Shen and Xu (2007) using their
diagnostic methodologies.

1.2.6 Left-Cingulum Data

The cingulum is a collection of white-matter fibers projecting from the cingu-
late gyrus to the entorhinal cortex in the brain, allowing for communication
between components of the limbic system. It is a prominent white-matter fiber
track in the brain that is involved in emotion, attention, and memory, among
many other functions. To study if the Radial Diffusibility (RD) in the left-
cingulumn is affected by age and family of a child, the left-cingulum data were
collected for thirty-nine children from 9 to 19 years old over arc length from
—60 to 60. The response variable is “RD” while the covariates include “GHR”
and “AGE” where GHR stands for Genetic High Risk and AGE is the age of
a child in the study. The GHR variable is a categorical variable, taking two
values. When GHR = 1, it means that the child is from a family with at least
1 direct relative with schizophrenia disease and when GHR = 0, the child is
from a normal family. The AGE variable is a continuous variable. Figure 1.10
displays the thirty-nine left-cingulum curves over arc length. For each curve,
there are 119 measurements. It is seen that the left-cingulum curves are very
noisy and an outlying left-cingulum curve is also seen. Figure 1.11 displays
two individual left-cingulum curves, showing that the left-cingulum curve was
measured with very small measurement errors. The main variations of the
left-cingulum curves come from the between-curve variations.

In Chapter 5, the left-cingulum data will be used to motivate and illus-
trate unbalanced two-way ANOVA models for functional data by transform-
ing the AGE variable into a categorical variable with two levels: children with

AGE < 15 and children with AGE > 15.

The left-cingulum data were kindly provided by Dr. Hongbin Gu, De-
partment of Psychiatry, School of Medicine, University of North Carolina at
Chapel Hill during email discussions.

1.2.7 Orthosis Data

An orthotic is an orthopedic device applied externally to limb or body to pro-
vide support, stability, prevention of deformity from getting worse, or replace-
ment of lost function. Depending on the diagnosis and physical needs of the
individual, a large variety of orthosis is available. According to Abramovich,
Antoniadis, Sapatinas, and Vidakovic (2004), the orthosis data were acquired
and computed in an experiment by Dr. Amarantini David and Dr. Martin
Luc (Laboratoire Sport et Performance Motrice, EA 597, UFRAPS, Grenoble
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Figure 1.10 The left-cingulumn data for thirty-nine children from 9 to 19 years
old. Each curve has 119 measurements of the Radial Diffusibility (RD) in the left-
cingulum of a child, recorded over arc length from —60 to 60.
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Figure 1.11 Two left-cingulum curves. It appears that the measurements of the left-
cingulum curve were measured with very small measurement errors.
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University, France). The aim of the experiment was to analyze how muscle
copes with an external perturbation.

The experiment recruited seven young male volunteers. They wore a
spring-loaded orthosis of adjustable stiffness under four experimental con-
ditions: a control condition (without orthosis), an orthosis condition (with
the orthosis only), and two spring conditions (spring 1, spring 2) in which
stepping-in-place was perturbed by fitting a spring-loaded orthosis onto the
right knee joint. All the seven subjects tried all the four conditions ten times
for twenty seconds each while only the central ten seconds were used in the
study in order to avoid possible perturbations in the initial and final parts of
the experiment. The resultant moment of force at the knee is derived by means
of body segment kinematics recorded with a sampling frequency of 200 Hz.
For each stepping-in-place replication, the resultant moment was computed at
256 time points equally spaced and scaled so that a time interval corresponds
to an individual gait cycle. A typical observation is a curve over time t € [0, 1].
Therefore, the orthosis data set consists of

7 (Subjects) x 4 (Treatments) x 10 (Replications) = 280 (Curves).

Figure 1.12 presents the 280 raw orthosis curves with each panel displaying
ten of them.

The orthosis data have been previously studied by a number of authors,
including Abramovich et al. (2004), Abramovich and Angelini (2006), Anto-
niadis and Sapatinas (2007), and Cuesta-Albertos and Febrero-Bande (2010),
among others. In this book, this data set will be used to motivate and illustrate
a heteroscedastic two-way ANOVA model for functional data in Chapter 9.
It will also be used to motivate and illustrate multi-sample equal-covariance
function testing problems in Chapter 10. The orthosis data were kindly pro-
vided by Dr. Brani Vidakovic by email communication.

1.2.8 Ergonomics Data

To study the motion of drivers of automobiles, the researchers at the Center
for Ergonomics at the University of Michigan collected data on the motion
of an automobile driver to twenty locations within a test car. Among other
measures, the researchers measured three times the angle formed at the right
elbow between the upper and lower arms of the driver. The data recorded for
each motion were observed on an equally spaced grid of points over a period of
time, which were rescaled to [0, 1] for convenience, but the number of such time
points varies from observation to observation. See Faraway (1997) and Shen
and Faraway (2004) for detailed descriptions of the data. Figure 1.13 displays
the right elbow angle curves of the ergonomics data downloaded from the
website of the second author of Shen and Faraway (2004). These right elbow
angle curves have been smoothed so that no further smoothing is needed but
some interpolation or smoothing may be needed if one wants to evaluate these
curves at a desired level of resolution.
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Figure 1.12 The orthosis data. The row panels are associated with the seven subjects
and the column panels are associated with the four treatment conditions. There are
ten orthosis curves displayed in each panel. An orthosis curve has 256 measurements
of the resultant moment of force at the knee, recorded over a period of time (ten
seconds), scaled to [0,1].
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Angle

Figure 1.13 The ergonomics data collected on the motion of an automobile driver
to twenty locations within a test car, measured three times. The measurements of a
curve are the angles formed at the right elbow between the upper and lower arms of
the driver. The measurements for each motion were recorded on an equally spaced
grid of points over a period of time, rescaled to [0, 1] for convenience.

There are totally sixty right elbow angle curves. They can be classified
into a number of groups according to “location” and “area,” where “location”
stores the locations of the targets, taking twenty values while “area” stores the
areas of the targets, taking four values. The categorical variables “location”
and “area” are highly correlated as they are different only in the ways for
grouping the locations of the targets.

One can also find a functional regression model to predict the right elbow
angle curve y(t),t € [0, 1] using the coordinates (a,b, c) of a target, where a
represents the coordinate in the left-to-right direction, b represents the coordi-
nate in the close-to-far direction, and ¢ represents the coordinate in the down-
to-up direction. Shen and Faraway (2004) found that the following quadratic
model is adequate to fit the data:

yil®) = Polt) + aiBi(t) + biBa(t) + cifla(t) + aZBa(t)
+07B5(t) + 386 () + aibifr(t) + aiciBs(t) (1.1)
+biciBo(t) +vi(t),i=1,---,60,

where y;(t) and v;(t) denote the ith response and location-effect curves over
time, respectively, (a;,b;,c;) denotes the coordinates of the target associated
with the ith angle curve, and S,(¢t),r = 0,1,---,9 are unknown coefficient
functions.

Some questions then arise naturally. Is each of the coefficient functions
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significant? Can the quadratic model (1.1) be further reduced? These two
questions and other similar questions can be answered easily after we study
Chapter 6 where this ergonomics data set will be used to motivate and illus-
trate linear models for functional data with functional responses.

1.3 Why Is Functional Data Analysis Needed?

In many situations curve or surface data can be treated as multivariate data so
that classical multivariate data analysis (MDA) tools (for example, Anderson
2003) can be applied directly. This treatment, however, ignores the fact that
the underlying object of the measurements of a subject is a curve or a surface
or any continuum as indicated by the real functional data sets presented in
Section 1.2. In addition, direct MDA treatment may encounter difficulties in
many other situations, including

e The sampling time points of the observed functional data are not the
same across various subjects. For example, the nonconceptive and con-
ceptive progesterone curves have different numbers of measurements
for different curves.

e The sampling time points are not equally spaced. For example, the
sampling time points of the Berkeley growth curve data are not
equally spaced.

e The number of sampling time points is larger than the number of
subjects in a sample of functional data. For example, the number of
sampling time points for a Canadian temperature curve is 365 while
the total number of the Canadian temperature curves is only fifteen.

In the first situation, direct MDA treatment may not be possible or rea-
sonable; in the second situation, MDA inferences may be applied directly to
the data but wether the observed data really represent the underlying curves
or surfaces may be questionable; and in the third situation, standard MDA
treatment fails as the associated sample covariance matrix is degenerated so
that most of the inference tools in MDA, for example, the Hotelling T2-test or
the Lawley-Hotelling trace test (Anderson 2003), will not be well-defined. A
remedy is to reduce the dimension of the functional data using some dimen-
sion reduction techniques. These dimension reduction techniques often work
well. However, in many situations, dimension reduction techniques may also
fail to reduce the dimension of the data sufficiently without loss of too much
information.

Therefore, in these situations, functional data analysis (FDA) is more nat-
ural. In fact, Ramsay and Silverman (2002, 2005) provide many nice FDA
tools to solve the aforementioned problems. In Chapters 2 and 3 of this book,
we also provide some tools to overcome difficulties encountered in the first two
situations while other chapters of the book provide methodologies to overcome
difficulties encountered in the third situation.
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1.4 Overview of the Book

In this book, we aim to conduct a thorough survey on the topics of hypothesis
testing in the context of analysis of variance for functional data and give a
systematic treatment of the methodologies. For this purpose, the remaining
chapters are arranged as follows.

With science and technology development, functional data can be observed
densely. However, they are still discrete observations. Fortunately, continuous
versions of functional data can be reconstructed from discrete functional data
by some smoothing techniques. For this purpose, we review four major non-
parametric smoothing techniques for a single curve in Chapter 2 and present
the methods for reconstructing a whole functional data set in Chapter 3.

In classical MDA, inferences are often conducted based on normal distri-
bution and Mahalanobis distance. In FDA, the Mahalanobis distance often
cannot be well-defined as the sample covariance matrices of discretized func-
tional data are often degenerated. Instead we have to use the L2-norm distance
(and its modifications). In fact, the Gaussian process and the L?-norm dis-
tance in FDA play the roles of normal distribution and Mahalanobis distance
in classical MDA. Thus, we shall discuss the properties of the L?-norm of a
Gaussian process in Chapter 4. We also discuss the properties of Wishart pro-
cesses (a natural extension of Wishart matrices), chi-squared mixtures, and
F-type mixtures there. These properties are very important for this book and
will be used in successive chapters.

ANOVA models for functional data are handled in Chapter 5, including
two-sample problems, one-way ANOVA, and two-way ANOVA for functional
data. Chapters 6 and 7 study functional linear models with functional re-
sponses when the design matrices are full rank and ill-conditioned, respec-
tively. Chapter 8 studies how to detect unusual functions. In all these chap-
ters, different groups are assumed to have the same covariance function. When
this assumption is not satisfied, we deal with the heteroscedastic ANOVA for
functional data in Chapter 9. The last chapter (Chapter 10) is devoted to test-
ing the equality of the covariance functions. Examples are provided in each
chapter. Technical proofs and exercises are given in almost every chapter.

1.5 Implementation of Methodologies

Most methodologies introduced in this book can be implemented using
existing software such as S-PLUS, SAS, and MATLAB®, among oth-
ers. We shall publish our MATLAB codes for most of the methodologies
proposed in this book and the data analysis examples on our website:
http://www.stat.nus.edu.sq/~zhangjt /books /Chapman/FANOVA.htm. We will
keep updating the codes when necessary. We shall also make the data sets used
in this book available through our website. The reader may try to apply the
methodologies to the related data sets. We thank all the people who kindly
provided us with these functional data sets.


http://www.stat.nus.edu.sg/
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1.6 Options for Reading This Book

Readers who are particularly interested in one or two of nonparametric
smoothing techniques for functional data analysis may read Chapters 2 and 3.
For a lower-level graduate course, Chapters 4-8 are recommended. If students
already have some background in nonparametric smoothing techniques, Chap-
ters 2 and 3 may be briefly reviewed or even skipped. Chapters 9 and 10 may
be included in a higher-level graduate course or can be used as individual
research materials for those who want to do research in a related field.

1.7 Bibliographical Notes

There are two major monographs about FDA methodologies currently avail-
able. One is by Ramsay and Silverman (2005). This book mainly focuses on
description statistics in FDA, with topics such as curve registration, princi-
pal components analysis, canonical correlation analysis, pointwise t-test and
F-test, fitting functional linear models, among others. Another book is by
Ferraty and Vieu (2006). This book mainly focuses on nonparametric kernel
estimation, functional prediction, and classification of functional observations.
There are another three books, accompanying the above two books, by Ram-
say and Silverman (2002), Ramsay et al. (2009), and Ferraty and Romain
(2011), respectively.

In recent years, there has been a prosperous period in the development
of functional hypothesis testing procedures. In terms of test statistics con-
structed, these testing procedures include the L?-norm-based tests (Faraway
1997, Zhang and Chen 2007, Zhang, Peng, and Zhang 2010, Zhang, Liang,
and Xiao 2010, etc.), F-type tests (Shen and Faraway 2004, Zhang 2011a,
Zhang and Liang 2013, etc.), basis-based tests (Zhang 1999), thresholding
tests (Fan and Lin 1998, Yang and Nie 2008), bootstrap tests (Faraway 1997,
Cuevas, Febrero, and Fraiman 2004, Zhang, Peng, and Zhang 2010, Zhang
and Sun 2010, etc.), penalized tests (Mas 2007), among others. In terms of
the regression models considered, these testing procedures study the mod-
els including one-sample problems (Mas 2007), two-sample problems (Zhang,
Peng, and Zhang 2010), one-way ANOVA (Cuevas, Febrero, and Fraiman
2004), functional linear models with functional responses (Faraway 1997, Shen
and Faraway 2004, Zhang and Chen 2007, Zhang 2011a), two-sample Behrens-
Fisher problems for functional data (Zhang, Peng, and Zhang 2010, Zhang,
Liang, and Xiao 2010), k-sample Behrens-Fisher problems (Cuevas, Febrero,
and Fraiman 2004), analysis of surface data (Zhang 1999), among others.
However, all these important results and recent developments in this area are
spread out in various statistical journals. This book aims to conduct a sys-
tematic survey of these results, to develop a common framework for the newly
developed models and methods, and to provide a comprehensive guideline for
applied statisticians to use the methods. However, the book is not intended to
and is actually impossible to cover all the statistical inference methodologies
available in the literature.



Chapter 2

Nonparametric Smoothers for a Single
Curve

2.1 Introduction

In the main body of this book, we aim to survey various hypothesis test-
ing methodologies for functional data analysis. In the development of these
methodologies, we essentially assume that continuous functional data are
available or can be evaluated at any desired resolution. In practice, however,
the observed functional data are discrete, probably with large measurement
errors as indicated by the curve data sets presented in the previous chapter.
To overcome this difficulty, in this chapter, we briefly review four well-known
nonparametric smoothing techniques for a single curve. These smoothing tech-
niques may allow us to achieve the following goals:

e To reconstruct the individual functions in a real functional data set
so that any reconstructed individual function can be evaluated at any
desired resolution.

e To remove measurement errors as much as possible so that the vari-
ations of the reconstructed functional data mainly come from the
between-subject variations.

e To improve the power of a proposed hypothesis testing procedure by
the removal of measurement errors.

In Chapter 3, we focus on how to apply these smoothing techniques to
reconstruct the functions in a functional data set so that the reconstructed
functional data can be used directly by the methodologies surveyed in this
book and study the effects of the substitution of the underlying individual
functions with the reconstructed individual functions in a functional data set.

In this chapter, we focus on smoothing an individual function in a func-
tional data set. For convenience, we generally denote the observed data of an
individual function in a functional data set as

(ti7yi)7 7;:1,2,"',717 (21)

where t;,7 = 1,2,---,n denote the design time points, and y;,7 = 1,2,---,n
are the responses at the design time points. The design time points may be

19
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equally spaced in an interval of interest, or be regarded as a random sample
from a continuous design density, namely, (¢). For simplicity, let us denote
the interval of interest or the support of 7(t) as 7, which can be a finite
interval [a, b] or the whole real line (—oo, 00). The responses y;,i =1,2,---,n
are often observed with measurement errors. For the observed data (2.1), a
standard nonparametric regression model is usually written as

Yi :f(ti)+€i, i=1,---,n, (22)

where f(t) models the underlying regression function and €;,i = 1,2,--+,n
denote the measurement errors that cannot be explained by the regression
function f(¢). Mathematically, f(t) is the conditional expectation of y;, given
t; = t. That is,

For an individual function in a functional data set, the regression function
f(¢) is the associated underlying individual function.

There are a number of existing smoothing techniques that can be used
to smooth the regression function f(¢) in (2.2). Different smoothing tech-
niques have different strengths in one aspect or another. For example, smooth-
ing splines may be good for handling sparse data, while local polynomial
smoothers may be computationally advantageous for handling dense designs.
In this chapter, as mentioned previously, we review four well-known smooth-
ing techniques, including local polynomial kernel smoothing (Wand and Jones
1995, Fan and Gijbels 1996), regression splines (Eubank 1999), smoothing
splines (Wahba 1990, Green and Silverman 1994), and P-splines (Ruppert,
Wand and Carroll 2003), respectively, in Sections 2.2, 2.3, 2.4, and 2.5. We
conclude this chapter with some bibliographical notes in Section 2.6.

2.2 Local Polynomial Kernel Smoothing
2.2.1 Construction of an LPK Smoother

The main idea of local polynomial kernel (LPK) smoothing is to locally ap-
proximate the underlying function f(¢) in (2.2) by a polynomial of some de-
gree. Its foundation is Taylor expansion, which states that any smooth function
can be locally approximated by a polynomial of some degree.

Specifically, let ¢y be an arbitrary fixed time point where the function f(t)
in (2.2) will be estimated. Assume f(t) has a (p + 1)st continuous deriva-
tive for some integer p > 0 at tyo. By Taylor expansion, f(t) can be locally
approximated by a polynomial of degree p. That is,

F@t) & fto)+(t—t0) f D (to) /11+(t—10) F P (to) /214 - -+ (t—t0)* F P (t0) /P,

in a neighborhood of ¢y that allows the above expansion where f(") (to) denotes
the rth derivative of f(¢) at ¢o.
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Set B, = f)(to)/r!, r =0,---,p. Let B,,r =0,1,2,---,p be the minimiz-
ers of the following weighted least squares (WLS) criterion:

Z {yi — [Bo + (ti — t0) By + -+ + (ti — to)PBp)}> Kn(t; — to), (2.3)

where K,(-) = K(-/h)/h, obtained by rescaling a kernel function K (-) with a
constant h > 0, called the bandwidth or smoothing parameter. The bandwidth
h is mainly used to specify the size of the local neighborhood, namely,

I}L(to) = [to — h,to + h], (24)

where the local fit is conducted. The kernel function, K(-), determines how
observations within [ty — h,to + h] contribute to the fit at t.

Remark 2.1 The kernel function K(-) is usually a probability density func-
tion. For example, the uniform density K(t) = 1/2,t € [-1,1] and the stan-
dard normal density K(t) = exp(—t2/2)/v2m,t € (—00,00) are two well-
known kernels, namely, the uniform kernel and the Gaussian kernel. Other
useful kernels can be found in Gasser, Miller, and Mammitzsch (1985), Mar-
ron and Nolan (1988), and Zhang and Fan (2000), among others.

Denote the estimate of the rth derivative f(")(ty) as f;:,)(to). Then

fg‘)(to) = T!BT,T = 07 17' D

In particular, the resulting pth degree LPK estimator of f(tg) is fh(tg) = 30.

An explicit expression for fﬁf) (to) is useful and can be made by matrix
notation. Let
1 (ti—to) - (t—to)?
X=|: o
1 (th—to) -+ (tn—to)?
and
W = diag(Kh(tl - to), Ty Kh(tn — to)),

be the design matrix and the weight matrix for the LPK fit around ¢y. Then
the WLS criterion (2.3) can be re-expressed as

(y = XB)"W(y - XB), (2.5)
where y = (y1,--+,yn)T and 8= (8,51, -, B,)". It follows that

A(r) _
frn (to) = r!erT+1,p+1Sn1TnY7

where e,11 11 denotes a (p+1)-dimensional unit vector whose (r+1)st entry
is 1 and the other entries are 0, and

S, =X"WX, T,=X"W.
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When ty runs over the whole support 7 of the design time points, a whole
range estimation of f(")(¢) is obtained. The derivative estimator fém(t),t €
T is usually called the LPK smoother of the underlying derivative function
fU)(t). The derivative smoother f;r)(to) is usually calculated on a grid of ¢’s
inT.

In this section, we only focus on the LPK curve smoother

Falto) = el 1S, ' Tuy = Z Ky (ti — to)yi, (2.6)
=1

where K}'(t; — to) = e{p_,_lS;lTnei’n with K™(t) known as the empirical
equivalent kernel for the p-order LPK; see Fan and Gijbels (1996). From (2.6),
it is seen that for any t € 7,

Falt) = Z Kp(ti =ty =at) "y, (2.7)

where a(t) = [K]'(t1 —t), K} (ta —t), -+, K} (t, — t)]7, which can be obtained
from TZ'S; Le; 1 after replacing ¢y with ¢. This general formula allows us to
evaluate fh(t) at any resolution. Set §; = f,(t;) as the fitted value of f(t;).
Let ¥, = [, -+, 9,]T denote the fitted values at all the design time points.
Then y,, can be expressed as

yh = A}Lyv (28)

where
Ay = (a(th), - a(t,)" (2.9)

is known as the smoother matrix of the LPK smoother.

Remark 2.2 As Aj does not depend on the response vector y, the LPK
smoother f,(t) is known as a linear smoother, which is a linear combina-
tion of the responses. The regression spline, smoothing spline, and P-spline
smoothers introduced in the next three sections are also linear smoothers.

2.2.2 Two Special LPK Smoothers

Local constant and linear smoothers are the two simplest and most useful LPK
smoothers. The local constant smoother is known as the Nadaraya-Watson
estimator (Nadaraya 1964, Watson 1964). This smoother results from the
LPK smoother fh(to) (2.6) by simply taking p = 0:

P _ Z?:1 Kh(ti - tO)yi

Fa(to) = ST Kt —to) (2.10)
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Within a local neighborhood I, (tg), it fits the data with a constant. That is,
it is the minimizer 3 of the following WLS criterion:

n

> (i — Bo)* Kn(t: — to).

=1

The Nadaraya-Watson estimator is simple to understand and easy to compute.
Let 14(t) denote the indicator function of some set A.

Remark 2.3 When the kernel function K is the uniform kernel K(t) =
1/2,t € [-1,1], the Nadaraya-Watson estimator (2.10) is exactly the local
average of y;’s that are within the local neighborhood Iy (ty) (2.4):

i1 Iy o) (ti)

Iulto) == )

= Z Yi ¢ /ma(to),

ti€ln(to)

where my(tg) denotes the number of the observations falling into the local
neighborhood Iy (tg).

Remark 2.4 When tg is a boundary point of T, fewer design points are within
the neighborhood I, (to) so that f, (to) has a slower convergence rate than the
case when to is an interior point of T. For a detailed explanation of this
boundary effect, the reader is referred to Muiller (1991, 1993), Fan and Gijbels
(1996), Cheng, Fan, and Marron (1997), and Miller and Stadtmuller (1999),
among others.

The local linear smoother (Stone 1984, Fan 1992, 1993) is obtained by
fitting a data set locally with a linear function. Let (8, ;) minimize the
following WLS criterion:

Z[yz — Bo = (ti — to) 31> Kn(t; — to).

i=1

Then the local linear smoother is f n(to) = /30. It can be easily obtained from
the LPK smoother f,(t9) (2.6) by simply taking p = 1.

Remark 2.5 The local linear smoother is known as a smoother with a free
boundary effect (Cheng, Fan, and Marron 1997). That is, it has the same
convergence rate at any point in T . It also exhibits many good properties that
the other linear smoothers may lack. Good discussions on these properties can
be found in Fan (1992, 1993), Hastie and Loader (1993), and Fan and Gijbels
(1996, Chapter 2), among others.

A local linear smoother can be simply expressed as

; iy [sa(to) — s1(to)(ts — to)] Kn(ti — to)yi
Falto) = 52(t0)so(to) — $2(t0) :

(2.11)
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where

sp(to) = Y Kn(t: —to)(t; —to)" , 7 =0,1,2.
i=1

Remark 2.6 The choice of the degree of the local polynomial used in LPK
smoothing, p, is usually not as important as the choice of the bandwidth, h.
A local constant (p = 0) or a local linear (p = 1) smoother is often good
enough for most applications if the kernel function K and the bandwidth h are
properly determined.

Remark 2.7 Fan and Gijbels (1996, Chapter 3) pointed out that for curve
estimation (not valid for derivative estimation), an odd p is preferable. This
is true as an LPK fit with p = 2q+ 1 introduces an extra parameter compared
to an LPK fit with p = 2q, but does not increase the variance of the associ-
ated LPK estimator. However, the associated bias may be significantly reduced
especially in the boundary regions (Fan 1992, 1993; Hastie and Loader 1995;
Fan and Gijbels 1996; Cheng, Fan, and Marron 1997).

Thus, the local linear smoother is strongly recommended for most non-
parametric smoothing problems in practice. For fast computation of the local
linear smoother, the reader is referred to Fan and Marron (1994).

2.2.3 Selecting a Good Bandwidth

In most applications, the kernel function K (+) can be simply chosen as the uni-
form kernel or the Gaussian kernel. It is more crucial to choose the bandwidth
h (Fan and Gijbels 1996).

Example 2.1 We now employ the LPK smoother (2.6) to smooth the first
nonconceptive progesterone curve by the LPK method with p =2 and K(t) =
exp(—t2/2)/v/2m. That is, we employ the local quadratic kernel smoother with
the Gaussian kernel. The data are shown as circles in Figure 2.1, which are the
same as those circles presented in the left upper panel of Figure 1.3. Three dif-
ferent bandwidths h* /4, h*, 4h* are used to show the effect of different choices
of bandwidth, where h* = 1.3 is the optimal bandwidth selected by the GCV
rule defined below in (2.12). It is seen that the three different local quadratic
kernel fits are very different from each other, as shown in Figure 2.1. The dot-
dashed curve is associated with h = h*/4 = 0.32 and it is rather rough and
almost interpolates the data. Therefore, when the bandwidth h is too small,
the fitting bias is small; but as only a few data points are involved in the local
fit, the associated fitting variance is large. The dashed curve is associated with
h = 4h* = 5.22 and is rather smooth but it does not fit the data adequately.
Therefore, when the bandwidth h is too large, the fitting variance is small; but
as the local neighborhood is large, the associated fitting bias is also large. A
good fit will be obtained with a bandwidth that is not too small or too large.
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Figure 2.1 Fitting the first nonconceptive progesterone curve by the LPK method
with p = 2. The circles represent the data. The dot-dashed curve, obtained using
a small bandwidth h = 0.32, nearly interpolates the data while the dashed curve,
obtained using a large bandwidth h = 5.22, does not provide an adequate fit to the
data. The solid curve, obtained using a bandwidth h = 1.3 selected by the GCV rule
(2.12), provides a nice fit to the data.

The solid curve is associated with h = h* = 1.3 [logy(1.3) = 0.1139], which is
not too small or too large according to the GCV rule described below and the
solid curve is indeed a nice fit to the data.

Thus, for a given p and a fixed kernel function K(-), a good bandwidth
h should be chosen to trade off between the goodness of fit and the model
complexity of the LPK fit (2.8). Here, better goodness of fit often means
less bias while smaller model complexity usually means less rough or smaller
variance. To better choose the bandwidth i in LPK smoothing, we can use
the following generalized cross-validation (GCV) rule (Wu and Zhang 2006,
Chapter 3):

ly = ¥all?

GCV(h) = (= tr(An)/n)2" (2.12)
where the fitted response vector ¥, and the LPK smoother matrix Ay are de-
fined in (2.8) and (2.9), respectively. In the literature, many other bandwidth
selectors are available. Famous bandwidth selectors can be found in Fan and
Gijbels (1992), Herrmann, Gasser, and Kneip (1992), and Ruppert, Sheather,
and Wand (1995), among others.

Remark 2.8 With h increasing, the goodness of fit of the LPK fit measured
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Figure 2.2 Plot of GCV score against bandwidth h (in log,,-scale) for fitting the first
nonconceptive progesterone curve. The optimal bandwidth that minimizes the GCV
rule (2.12) is obtained as h* = 1.3.

by the usual squared L?-norm ||y —¥,|1? is usually increasing while the model
complexity of the LPK fit measured by the trace tr(Ay) is usually decreasing
so that a good choice of h will give a nice trade off between the goodness of
fit and the model complexity of the LPK fit. The optimal h is then obtained
by minimizing the right-hand side of (2.12) with respect to a grid of possible
values for h.

Example 2.2 Figure 2.2 displays the GCV curve versus bandwidth h in log -
scale for selecting a good bandwidth for the local quadratic kernel fit of the first
nonconceptive progesterone curve with the Gaussian kernel. The associated
optimal bandwidth is h* = 1.3, associated with logio(h*) = 0.1139.

2.2.4 Robust LPK Smoothing

It is well known that the LPK smoother is not robust in the presence of
outliers. To show this, we provide the following example.

Example 2.3 Figure 2.3 presents the usual local quadratic kernel fit of the
twentieth nonconceptive progesterone curve as a dot-dashed curve. It was ob-
tained with the Gaussian kernel and with the bandwidth chosen by the GCV
rule (2.12). The data are presented as circles. It is seen that there is an outlier
near Day 10. The usual local quadratic kernel fit is strongly dragged away from
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Figure 2.3 Fitting the twentieth nonconceptive progesterone curve by the robust LPK
method with p = 2. The usual LPK fit, first-iteration fit, second-iteration fit, and
third-iteration fit are shown as dot-dashed, dashed, dotted, and solid curves, respec-
tively. The data are shown as circles. It seems that the robust LPK smoothing algo-
rithm converges rather quickly.

the majority of the data around the neighborhood of the outlier, showing that
the usual LPK smoother is indeed not robust against the presence of outliers.

To overcome the aforementioned problem, Cleveland (1979) proposed a
robust locally weighted linear smoother that generally works well. For LPK
smoothing, we can use the following robust LPK smoothing algorithm:

Step 0. Set y? = y;,i =1,2,---,n.

Step 1. Compute the LPK fit to the data (¢;,49),i = 1,2,---,n. Record
the fitted responses g}?,i = 1,2,---,n and the associated residuals ¢; =
Yi _§?7Z = 1,2,"',71.

Step 2. Compute the standard deviation, &, of the residuals é;,i =
1,2,---,n.

Step 3. Set 42 = y; when |&] < 26 and set 39 = 72 when |¢| > 25.

Step 4. Repeat Steps 1, 2, and 3 until convergence.

Remark 2.9 Step 3 is used to identify the potential outliers using the 20
rule (the 30 rule may also be used) and to reduce the impact of the outliers
on the LPK fit by replacing the values of the outlying responses y9 with their
fitted values i/,?, which are usually closer to the true response values than those
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outlying responses y;. Usually, a few iterations are sufficient to make the robust
LPK smoothing algorithm converge.

Remark 2.10 In the above robust LPK smoothing algorithm, the residuals
computed in Step 1 assure that in Step 3, only the response wvalues of the
outliers identified in Step 3 will be changed.

Remark 2.11 The standard deviation & of the residuals computed in Step 2
is rather crude. Other sophistical approaches may be employed to improve the
algorithm.

Example 2.4 Figure 2.3 shows an application of the robust LPK smoothing
algorithm to fit the twentieth nonconceptive progesterone curve. It is seen that
the first-iteration LPK fit (dashed curve) is indeed closer to the majority of
the data than the usual LPK fit (dot-dashed curve). One more iteration leads
to the second-iteration LPK fit (dotted curve). The second-iteration LPK fit
is indeed better than the first-iteration LPK fit. As the third-iteration LPK
fit (solid curve) is very close to the second-iteration LPK fit (dotted curve),
no further iterations are needed. The robust LPK smoothing algorithm is then
terminated at the third iteration. It is seen that the impact of the outliers to
the second- and third-iteration LPK fits are very small.

2.3 Regression Splines

It is well-known that polynomials are not flexible in their ability to model data
over a large range of the design time points. However, this is not the case when
the range is small enough or when the big range is divided into some small
subintervals or local neighborhoods. For LPK smoothing presented in the pre-
vious section, the local neighborhood is specified by a bandwidth and a fitting
location. In regression spline smoothing, however, the local neighborhoods are
specified by a group of locations, say,

T0,T1,72, " s TK, TK+1, (213)

in the range of interest, say, an interval [a,b] where a = 79 < 71 < -++ <
Tk < Tik+1 = b. These locations are known as knots, and 7,.,7 = 1,2,--- | K
are called interior knots or simply knots. These knots divide the interval of
interest, [a,b], into K subintervals: [7,.,7,41), r=0,1,---, K, so that within
any two neighboring knots, a Taylor expansion up to some degree is valid.
Mathematically, a regression spline is defined as a piecewise polynomial that
is a polynomial of some degree within any two neighboring knots 7, and 7,41
forr=20,1,---, K and is joined together at knots properly but allows discon-
tinuous derivatives at the knots.
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2.8.1 Truncated Power Basis

A regression spline can be constructed using the following so-called kth degree
truncated power basis with K interior knots 71,79, -, Tk

Lty ot (=), (= Tr)E, (2.14)

where w¥ = [w]* denotes the power k of the positive part of w with wy =
max(0, w).

Remark 2.12 [t is seen that the first (k+ 1) basis functions of the truncated
power basis (2.14) are polynomials of degree up to k, and the others are all
the truncated power functions of degree k.

Remark 2.13 When K = 0, there are no interior knots involved. In this
case, the truncated power basis reduces to a usual polynomial basis of degree
k. Therefore, a kth degree truncated power basis is a generalization of a kth
degree polynomial basis.

Conventionally, the truncated power basis of degree “k = 1,2, or 3” is
called the “linear, quadratic,” or “cubic” truncated power basis, respectively.

Using the truncated power basis (2.14), a regression spline can be expressed
as

k K
FO) =D B+ Brpr(t — 1)k, (2.15)

s=0 r=1
where o, 81, - -, Br+x are the associated coefficients. For convenience, it may
be called a regression spline of degree k with knots 7, 7o, - - -, 7). The regres-

sion splines (2.15) associated with & = 1,2, and 3 are usually called linear,
quadratic, and cubic regression splines, respectively.

We can see that within any subinterval or local neighborhood [7,., ;- 11),
we have

k r
FE) =" But*+ Y Bt — )",
s=0 =1

which is a kth degree polynomial. However, for r = 1,2, ---, K, we have

r—1 T

(=) = KB + Y Brrr), and [P (r4) = KBk + Y Bra)-

=1 =1

It follows that f*)(7,+) — f*)(7,—) = k!B, That is, f*)(¢) jumps at the
knot 7, with amount k!Gy, for r =1,2,--- K.

Remark 2.14 In other words, a regression spline of degree k with knots
T1, -+, Tk has continuous derivatives up to (k — 1) times everywhere, and
has a discontinuous k-times derivative at the knots; the coefficient By, of the
rth truncated power basis function measures how large the jump is (up to a
constant multiplicity of k!).
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2.8.2  Regression Spline Smoother

For convenience, it is often useful to denote the truncated power basis (2.14)
as a basis vector:

®,(t) =Lt " (t—m)h, - (t—Tr)E]T, (2.16)

where p = K + k + 1 denotes the number of the basis functions involved.
Similarly, we can collect the associated coefficients into a coefficient vector:
B = [Bos B> Brrts - Prrr]T. Then the regression spline (2.15) can be
re-expressed as f(t) = ®,(t)T 3, so that the model (2.2) can be approximately
expressed as

y=XB+e, (2.17)

where y = (yh t ayn)Tv X = ({pp(tl)a Tty {)p(tn))Tv and € = (611 Tty en)T‘
As ®,(t) is a basis vector, X is of full rank, and hence XTX is invertible
whenever n > p. A natural estimator of 3, which solves the approximation
linear model (2.17) by the ordinary least squares method, is

B=X"X)"'XTy. (2.18)
It follows that the regression spline fit of the function f(t) in (2.2) is
fo) =@,0)"(X"X)"' X"y =a(t)y, (2.19)

which is often called a regression spline smoother of f(¢) and obviously a(t) =
X(XTX)"1®,(t). In particular, the values of fp(t) evaluated at the design
time points t;,i = 1,2,---,n are collected in the following fitted response
vector

¥, =XX"X)"'X"y = Ay, (2.20)

where yp = (glv o 'agn)T with gz = fp(tl)7l = la 27 e, N, and Ap =
X(XTX)~1XT is called the regression spline smoother matrix.

Remark 2.15 The regression spline smoother matric A, is an idempotent
matriz, satisfying AZ; = Ap,A?D = A, and tr(A,) = p. The trace of the
smoother matriz A, is often called the degrees of freedom of the regression
spline smoother. It measures the complexity of the fitted regression spline
model.

2.8.8 Knot Locating and Knot Number Selection

Good performance of the regression spline smoother (2.19) strongly depends
on good knot location, 71,79, - - -, Tic, and good choice of the number of knots,
K. The degree of the regression spline basis (2.14), k, is usually less crucial,
and it is often taken as 1,2, or 3 for computational convenience. In this sub-
section, we first introduce two widely used methods for locating the knots and
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then mention briefly how to select the number of knots.

Uniform Knot Spacing Method. This method takes K equally spaced
points in the range of interest, say, [a,b], as knots. That is, the K knots are
defined as

m=a+b—a)y/(K+1),r=1,2--- K.

Remark 2.16 The uniform knot placing method is independent of the design
time points. It is usually employed when the design time points are believed to
be uniformly scattered in the range of interest.

Quantiles as Knots Method. This method uses equally spaced sample
quantiles of the design time points ¢;,7 = 1,2,---,n as knots. Let t(1), -+, ()
be the order statistics of the design time points. Then the K knots are defined
as

Tr = g/ (k4] T = 1,2, K

where [a] denotes the integer part of a.

Remark 2.17 This quantiles as knots method is design adaptive. It locates
more knots where more design time points are scattered. When the design time
points are uniformly scattered, it is approximately equivalent to the uniform
knot spacing method.

After a knot placing method is specified, the number of knots, K, can be
chosen by the following GCV rule:
Iy = ¥,

RN (e WG

(2.21)
where p = K +k+1,tr(A,) = p, and y and y,, are the response vector (2.17)
and the fitted response vector (2.20), respectively.

Remark 2.18 The GCV rule (2.21) is essentially the same as the GCV rule
(2.12) for the LPK smoother. It is used to trade off between the goodness of fit
of the regression spline smoother, measured by the squared L*-norm HyfypHZ,
and the model complexity, measured by p, the trace of A,. The optimal K is
the one that minimizes the right-hand side of (2.21) with respect to a sequence
of possible values of K.

Example 2.5 We now apply the regression spline method to fit the fifth non-
conceptive progesterone curve. We use the regression spline basis (2.14) with
k = 2. The individual measurements are shown as circles in Figure 2.4. The
quadratic regression spline fit is shown as a solid curve. It is obtained with
K =5 interior knots. The number of knots K =5 is chosen by the GCV rule
(2.21) as shown in Figure 2.5. It seems that the resulting quadratic regression
spline fit is indeed adequate for the data.
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Figure 2.4 Fitting the fifth nonconceptive progesterone curve by the regression spline
method using the truncated power basis (2.14) with k = 2. The K =5 interior knots
are used. The resulting regression spline fit (solid curve) is indeed adequate for the
data (circles).
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Figure 2.5 Plot of GCV score (in log,,-scale) against number of knots K for fitting
the fifth nonconceptive progesterone curve by the regression spline method using the
truncated power basis (2.14) with k = 2. The optimal number of knots that minimizes
the GCV rule (2.21) is obtained as K = 5.
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Figure 2.6 Fitting the fifth Canadian temperature curve by the regression spline

method using the truncated power basis (2.14) with k = 2. The K = 48 interior

knots are used. The resulting regression spline fit (solid curve) is indeed adequate for
the data (dots).
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Figure 2.7 Plot of GCV score (in log,,-scale) against number of knots K for fitting
the fifth Canadian temperature curve by the regression spline method using the trun-
cated power basis (2.14) with k = 2. The optimal number of knots which minimizes
the GCV rule (2.21) is obtained as K = 48. It seems that the GCV rule favors a
large number of interior knots in this regression spline fit.
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Figure 2.8 Fitting the twentieth nonconceptive progesterone curve by the robust re-
gression spline method using the truncated power basis (2.14) with k = 2. The usual
regression spline fit, first-iteration fit, second -iteration fit, and third-iteration fit are
shown as the dot-dashed, dashed, dotted, and solid curves, respectively. The data are
shown as circles. The robust regression spline smoothing algorithm also converges
rather quickly.

Remark 2.19 When the number of the observations for an underlying indi-
vidual curve is large, a large number of interior knots are often needed to fit
the data adequately.

Example 2.6 We now apply the regression spline method to fit the fifth Cana-
dian temperature curve. We continue to use the regression spline basis (2.14)
with k = 2. For each of the Canadian temperature curves, there are 365 mea-
surements. These individual measurements are presented as dots in Figure 2.6.
Figure 2.7 shows the GCV curve for such a quadratic regression spline fit. It
is seen that the GCV rule favors a large number of interior knots in this re-
gression spline fit and suggests that the optimal number of knots is K = 48.
The MATLAB® code “rsfit.m” limits the large number of interior knots to 50;
otherwise, a larger number of interior knots is also possible. Figure 2.6 shows
the quadratic regression spline fit as a solid curve. It is seen that the quadratic
regression spline fit with 48 interior knots is indeed adequate for the data.

2.3./ Robust Regression Splines

Like the LPK smoother, the regression spline smoother is also not robust.
It can be made robust by modifying the robust LPK smoothing algorithm
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presented in Section 2.2.4 by replacing the LPK smoother with the regression
spline smoother (2.20).

Example 2.7 Figure 2.8 shows an application of a robust regression spline
smoothing algorithm to fit the twentieth nonconceptive progesterone curve. The
measurements are shown as circles, and the standard regression spline fit, the
first-, second-, and third-iteration regression spline fits are shown as the dot-
dashed, dashed, dotted, and solid curves, respectively. It is seen that the usual
regression spline fit is indeed affected by the outlier, the first-iteration regres-
sion spline fit improves the usual regression spline fit and it is improved by the
second-iteration regression spline fit. The second- and third-iteration regres-
sion spline fits are close to each other. The robust regression spline smoothing
algorithm is then terminated at the third iteration.

2.4 Smoothing Splines
2.4.1 Smoothing Spline Smoothers

In this section, we introduce the smoothing spline smoother. As mentioned in
the previous section, for the regression spline smoother, when the knot locating
method is specified, the remaining task is to choose the number of knots, K.
In general, K is smaller than the number of the measurements. As K must be
an integer, choices for K are limited. Alternatively, we can use all the distinct
design time points as knots. This may result in undersmoothing when there
are too many distinct design time points. The resulting fit is usually quite
rough. To overcome this problem, we then introduce a penalty to control the
roughness of the fitted curve.

To be specific, without loss of generality, let us again assume that the range
of interest of f(t) in (2.2) is a finite interval, say, [a, b] for some finite numbers
a and b. The roughness of f(t) is usually defined as the integral of its squared

k-times derivative .
2
/ (9w} du (2.22)

for some k > 1. This quantity is large when the function f(-) is rough. The
smoothing spline smoother of the function f(¢) in (2.2) is defined as the min-
imizer f,(t) of the following penalized least squares (PLS) criterion:

n b 2

Sl - @ 3 [ {0w) a (223)

i=1

over the following kth order Sobolev space W4 |a, b]:

b
{f : £ absolute continuous for 0 < r < k — 1, / {f® )2 dt < oo}7

where A > 0 is a smoothing parameter controlling the size of the roughness
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penalty, and it is usually used to trade off the goodness of fit, represented
by the first term in (2.23), and the roughness of the resulting curve. The
f A (t) is known as a natural smoothing spline of degree (2k — 1). In particular,
when k = 2, the associated f,(t) is a natural cubic smoothing spline. For
a detailed description of smoothing splines, see for example, Eubank (1999),
Wahba (1990), Green and Silverman (1994), and Gu (2002), among others.

2.4.2  Cubic Smoothing Splines

To minimize the PLS criterion (2.23), we need to compute the integral that
defines the roughness. This is a challenging issue for computing a smoothing
spline. When k = 2, however, the associated cubic smoothing spline is less
computationally challenging. Actually, there is a way to compute the rough-
ness term quickly, as stated in Green and Silverman (1994). It is one of the
reasons why cubic smoothing splines are popular in statistical applications.
Let

Ty, " TK, (224)

be all the distinct design time points and be sorted in increasing order. They
are all the knots of the cubic smoothing spline f, () that minimizes (2.23)
when k = 2. Let f = (f1,---, fx)?, where f. = f(r.),r = 1,2,---, K. Then
by Green and Silverman (1994), it is known that the roughness (2.22) of f(t)
for k = 2 can be expressed as

/b[f”(t)]th = ' Gf, (2.25)

where the matrix G : K x K is known as a roughness matrix of the cubic
smoothing spline smoother. Given the K distinct knots (2.24), a detailed
method for computing G can be found in Green and Silverman (1994, p.
12-13). It follows that the PLS criterion (2.23) can be written as

ly — Xf|? + MTGf, (2.26)
where X = (z;.) is an n x K incidence matrix with ;. = 1 if t; = 7.
and 0 otherwise, and || - || denotes the usual L2-norm. Therefore, an explicit

expression for the cubic smoothing spline f £, evaluated at the knots (2.24), is
as follows: A

£y = (XTX +2G)" ' XTy. (2.27)
For any given t € 7, a general formula for computing f(t) is available (Green
and Silverman 1994) and it can be written as

fr) =at)’y, (2.28)

but the expression of a(t) is rather involved. In general, for any fixed ¢, the
value of f A (t) can be interpolated based on the fitted response vector at the
design time points which is

95 = Any, (2.29)
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where
Ay, =X(XTX +2G)IXT (2.30)

is known as the cubic smoothing spline smoother matrix. When all the design
time points are distinct, y, = £\ = (I, + AG)"ly, as X = I,,, an identity
matrix of size n. For more details about cubic smoothing splines, see Green
and Silverman (1994), among others.

2.4.8 Smoothing Parameter Selection

For regression spline smoothing, we need to locate the knots and select the
number of the knots to get a better regression spline fit to the data. Similarly,
we need to select the smoothing parameter A, which plays an important role
in the smoothing spline smoother (2.27). It trades off between the goodness
of fit (the first term in (2.23)) and the roughness of the smoothing spline
smoother fy (2.27). For this purpose, we can again use the GCV rule (Craven
and Wahba 1979) defined as

ly = 9,
= . 2.31
GCV () (1= t(Ax)/1)? (2.31)
The optimal X is chosen to minimize the right-hand side of (2.31) with respect
to a grid of possible values for .

Remark 2.20 It is not difficult to notice that the GCV rule (2.81) for
smoothing spline smoothing is essentially the same as the one defined in (2.21)
for regression spline smoothing, and the one defined in (2.12) for LPK smooth-
mng.

Example 2.8 We now apply the cubic smoothing spline smoother to fit the
fifth audible noise curve. As mentioned in Section 1.2.5 of Chapter 1, the mea-
surement errors of the audible noise data are very small so that an individual
audible noise curve can be smoothly fitted with very small bias. The individual
data are presented as circles in Figure 2.9. Figure 2.10 shows the GC'V curve
for such a cubic smoothing spline fit. It suggests that among the specified val-
ues of smoothing parameter, the smallest one is optimal, suggesting that the
fitting bias is very small. Figure 2.9 displays the cubic smoothing spline fit
(solid curve) which is indeed adequate for the data.

Remark 2.21 When the measurement errors are small, like other smoothers,
the cubic smoothing spline smoother favors a small smoothing parameter. This
property can be used to interpolate the individual curve. From Section 1.2,
we can see that the measurement errors of the Berkeley growth curves are
rather small; in this case, the cubic smoothing spline smoother will favor small
smoothing parameter and the resulting cubic smoothing spline fit will interpo-
late the data. This is actually true, as shown in Figures 2.12 and 2.11.
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Figure 2.9 Fitting the fifth audible noise curve by the cubic smoothing spline method.

The smoothing parameter A\ = 12,088.13 is used. The resulting cubic smoothing
spline fit (solid curve) looks adequate for the data (circles).
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Figure 2.10 Plot of GCV score against smoothing parameter X (in log,,-scale) for
fitting the fifth audible noise curve by the cubic smoothing spline method. The
optimal smoothing parameter that minimizes the GCV rule (2.31) is obtained as
A =12,088.13. The GCV rule favors the smallest smoothing parameter in this cubic
smoothing spline fit.
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Figure 2.11 Fitting the fifth Berkeley growth curve by the cubic smoothing spline
method. The smoothing parameter A\ = 0.01 is used. The resulting cubic smoothing
spline fit (solid curve) nearly interpolates the data (circles).
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Figure 2.12 Plot of GCV score against smoothing parameter A (in log,,-scale) for
fitting the fifth Berkeley growth curve by the cubic smoothing spline method. The
optimal smoothing parameter that minimizes the GCV rule (2.31) is obtained as
A = 0.01. The GCV rule favors the smallest smoothing parameter in this cubic
smoothing spline fit due to the fact that the Berkeley growth curves were recorded
with very small measurement errors.
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Remark 2.22 Like the LPK and regression spline smoothers, the cubic
smoothing spline smoother is also not robust. It can be made robust by mod-
ifying the robust LPK smoothing algorithm presented in Section 2.2.4 by re-
placing the LPK smoother with the cubic smoothing spline smoother (2.27).

2.5 P-Splines
2.5.1 P-Spline Smoothers

Consider the penalized least squares criterion (2.23) for smoothing splines.
When k # 2, it is difficult to compute the integral that defines the roughness
of the underlying function f(t). To overcome this difficulty, one can apply
a basis vector ®,(t) to compute the integral and the associated roughness
matrix. Instead of using a basis vector ®,(¢) and computing the associated
roughness matrix directly, a penalized spline (P-spline) is obtained using a
special basis, for example, the truncated power basis (2.14) and a special
matrix in place of the associated roughness matrix. Specifically, let ®,(¢) be
the truncated power basis vector (2.16) of degree k with K interior knots
T1,T2, -, Tk Then the underlying function f(¢) in (2.2) can be first written
as a regression spline ®, ()7 3, where 8 = [89, 1, -, Br+x|” is the associated
coefficient vector. Let G be a p x p diagonal matrix with its first k41 diagonal
entries being 0 and other diagonal entries 1. That is,

G- ( g ;’K ) (2.32)

Then a P-spline smoother of the function f(t) in (2.2) is defined as f(t) =
@p(t)T,B, where 3 is the minimizer of the following PLS criterion:

> (wi (t)78)° + A8"GB. (2.33)

i=1
Remark 2.23 We have
TGIB Zﬁk+r7

and B+ s the coefficient of the rth truncated power basis function (t—n)’jr n
the basis vector ®,(t). The coefficient By, measures the jump of the k-times
deriative of f(t) at the knot 7,.. It follows that the penalty in (2.83) is imposed
just for the derivative jumps of the resulting P-spline at the knots. Therefore,
the larger the coefficients Biir,v = 1,--+, K, the rougher the resulting P-
spline. Thus, the term ,BTG,G is a measure of the roughness of the resulting
P-spline.

For convenience, we call G the P-spline roughness matrix.
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Minimizing (2.33) with respect to 3 leads to

B=(X"X +Q) Xy,

where X = [®,(t1), -+, ®,(t,)]T and 'y = [y1,---,yn]T. It follows that the
P-spline smoother f,(t) can be expressed as

Fr) = ®,() " (XTX + AG)" X Ty = a(t)y, (2.34)

where a(t) = X(XTX + \G) "1, (t).
Based on (2.34), the fitted response vector at the design time points is

¥ =AYy, (2.35)
where the smoother matrix is
A, = X(XTX +\G)1XT. (2.36)

Therefore, a P-spline is also a linear smoother as mentioned in Remark 2.2.

2.5.2  Smoothing Parameter Selection

Choice of the knots for P-splines is not so crucial as long as the number of
knots K is large enough so that when A\ = 0, the P-spline smoother (2.34) is
undersmoothing. One can use the uniform knot placing method or the quan-
tiles as knots method to locate the knots as described in Section 2.3. The
number of knots K may be prespecified subjectively, for example, taken as
a third or a quarter of the total number of distinct design time points. Like
the smoothing spline smoother, however, it is crucial to select the smooth-
ing parameter A\ that plays a similar role in the P-spline smoother (2.34) as
the one played by the smoothing parameter A in the cubic smoothing spline
smoother (2.27). The smoothing parameter A trades off between the goodness
of fit (the first term in (2.33)) and the roughness of the P-spline smoother f
(2.34). Fortunately, we can again choose A using the GCV rule (2.31) with y,
and A given in (2.35) and (2.36), respectively. The optimal X is chosen to
minimize the resulting GCV rule with respect to a grid of possible values of

A

Example 2.9 We now apply the P-spline smoother to fit the fifth left-
cingulum curve. The measurement errors of the left-cingulum data are very
small so that an individual left-cingulum curve can be smoothly fitted with
small bias. The individual measurements are presented as circles in Fig-
ure 2.13. Figure 2.14 shows the GCV curve for such a P-spline fit. We take
K =59 and use the quadratic truncated power basis. It is seen that the GC'V
rule favors the smallest smoothing parameter due to small measurement errors
and a large number of observations. Figure 2.13 displays the P-spline fit (solid
curve) that obviously fits the data well.
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Figure 2.13 Fitting the fifth left-cingulum curve by the P-spline method. The K =
59 interior knots and the truncated power basis (2.14) with k = 2 are used. The
smoothing parameter A = 0.050897 selected by the GCV rule is used. The resulting
P-spline fit (solid curve) is adequate for the data (circles).
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Figure 2.14 Plot of GCV score against smoothing parameter A (in log,,-scale) for
fitting the fifth left-cingulum curve by the P-spline method. The optimal smoothing
parameter that minimizes the associated GCV rule is obtained as A = 0.050897. The
GCV rule favors the smallest smoothing parameter in this P-spline fit due to the fact
that the left-cingulum curves were recorded with very small measurement errors.
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Figure 2.15 Fitting the fifth ergonomics curve by the P-spline method. The K =
18 interior knots and the truncated power basis (2.14) with k = 2 are used. The
smoothing parameter A = 0.000171 selected by the GCV rule is used. The resulting
P-spline fit (solid curve) actually interpolates the data (circles).
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Figure 2.16 Plot of GCV score against smoothing parameter A (in log,,-scale) for
fitting the fifth ergonomics curve by the P-spline method. The optimal smoothing
parameter that minimizes the associated GCV rule is obtained as A = 0.000171. The
GCYV rule favors the smallest smoothing parameter in this P-spline fit due to the fact
that the ergonomics curves are already very smooth.
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Example 2.10 The ergonomics data presented in Figure 1.13 are already
very smooth. No further smoothing is actually needed, but, as mentioned in
Remark 2.21, we can use the P-spline smoother to interpolate the ergonomics
curves if desired. Figure 2.16 displays the GCV curve for fitting the fifth er-
gonomics curve by the P-spline method with K = 18 interior knots and the
quadratic truncated power basis, showing that the GC'V rule favors the smallest
value of the smoothing parameter. Figure 2.15 displays the associated P-spline
fit which actually interpolates the data.

Remark 2.24 Like the LPK, regression spline, and smoothing spline
smoothers, the P-spline smoother is also not robust. It can be made robust
by modifying the robust LPK smoothing algorithm presented in Section 2.2.4
by replacing the LPK smoother with the P-spline smoother given in (2.34).

2.6 Concluding Remarks and Bibliographical Notes

In this chapter, we briefly reviewed the four most popular linear smoothers: the
local polynomial, regression spline, smoothing spline, and P-spline smoothers.
We mainly focused on how they are constructed, and how the associated
smoothing parameters are selected. These four linear smoothers are known to
perform well for uncorrelated data, and we shall use them as tools to recon-
struct the individual functions of a functional data set in the next chapter.

Good surveys on local polynomial smoothing include Eubank (1999),
Hardle (1990), Wand and Jones (1995), Fan and Gijbels (1996), and Simonoff
(1996), among others. Good surveys for smoothing splines include Eubank
(1999), Wahba (1990), Green and Silverman (1994), and Gu (2002), among
others. Eubank (1999) also provided a nice account of regression splines. A
survey on P-splines was given by Ruppert, Wand, and Carroll (2003).

There are some other linear and nonlinear smoothers well developed in the
statistical literature, and also widely used. For example, the Gasser-Miiller
smoother (Gasser and Miiller 1979) was popular in the early statistical lit-
erature of nonparametric smoothing. For comparison of this smoother to the
local constant and linear smoothers, see Fan (1992, 1993), and Fan and Gij-
bels (1996), among others. The B-spline bases (de Boor 1978, Eilers and Marx
1996) are very popular in spline smoothing as they have many good statisti-
cal properties that the truncated power bases discussed in this chapter do not
admit.

Linear smoothers are simple to construct and easy to implement. They
also have some disadvantages. For example, linear smoothers are usually not
robust against unusual observations/outliers. This is a result of being weighted
least-squares (WLS) based smoothers. Nonlinear smoothers were then intro-
duced to overcome this drawback, paying a price for more computational
efforts when unusual observations are present in the data set. An example
of nonlinear smoothers is provided by Cleveland (1979). He used a locally
WLS estimate to fit a nonparametric regression function in a re-weighting
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manner. The robust LPK smoothing, regression spline, smoothing spline, and
P-spline algorithms provided in this chapter are simple to implement and gen-
erally work reasonably well. Wavelet-based thresholding smoothers (Donoho
and Johnstone 1994, Fan 1996) are also examples of nonlinear smoothers.
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Chapter 3

Reconstruction of Functional Data

3.1 Introduction

In the previous chapter, we reviewed four well-known smoothing techniques
that can be used to smooth or interpolate the individual functions of a func-
tional data set. In this chapter, we aim to reconstruct the whole functional
data set using one of the four techniques.

Following Zhang and Chen (2007), we model a functional data set as in-
dependent realizations of an underlying stochastic process:

yi(t) =n(t) +vi(t) +e(t), i=1,2,---,n, (3.1)

where 7(t) models the population mean function of the stochastic process;
v;(t) the ith individual variation (subject-effect) from 7(t); €;(¢) the ith mea-
surement error process; and y;(t) the ith response process. Without loss of
generality, throughout this chapter we assume that the stochastic process has
a finite support 7 = [a,b], —o0 < a < b < co. Moreover, we assume that
v;(t) and ¢;(t) are independent, and are independent copies of v(t) ~ SP(0,~)
and €(t) ~ SP(0,7c),7e(s,t) = 02(t)1 (5=}, respectively, where SP(,7) de-
notes a stochastic process with mean function 7)(t) and covariance function
v(s,t). It follows that the underlying individual functions (trajectories),

fit) = E{yi(®)vi()} = n(t) +vi(t), i =1,2,---,n, (32)
are i.i.d. copies of the underlying stochastic process f(t) = n(t) + v(t) ~
SP(n,7).

In practice, functional data are observed discretely. Let ¢;;,7 =1,2,---,n;

be the design time points of the ith subject. Then by (3.1), we have
yi(tiy) = n(tiy) +viltiy) +€i(ti), 5 =1,2,---,ni5i=1,2,---,n. (3.3)

Set yi; = yi(tij), €5 = €i(tij), and f;(t) = n(t) + v;(t); then the above model
can be written as

For any fixed 4, the model (3.4) reduces to the standard regression model de-
fined in (2.2), which can be smoothed by one of the four smoothing techniques
described in Chapter 2.

47
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The reconstruction of a functional data set aims to recover the individual
functions f;(t),i =1,2,---,n with the following main goals in mind:

e A reconstructed individual function can be evaluated at any resolu-
tion.

e The reconstructed individual functions of a functional data set are
nearly i.i.d. (identically and independently distributed).

e The reconstructed individual functions are asymptotically equivalent
to the underlying individual functions of a functional data set so that
the latter can be replaced with the former with very little loss.

The key is how to apply the smoothers presented in Chapter 2 and how
to properly choose one or two smoothing parameters for reconstructing or
smoothing all the individual functions in a functional data set simultaneously
so that the above requirements can be approximately satisfied.

Reconstructing functional data properly is a first step for the method of
“smoothing first, then estimation or inference” for functional data, adopted
in this book. The key steps of this method include

e Reconstruct the individual functions in a functional data set by
smoothing or interpolation using one of the four smoothing techniques
discussed in Chapter 2. Denote the reconstructed individual functions
as fi(t),i =1,2,---,n.

e Construct the estimators 7(t), (s, t) and °(t) of the functional pa-
rameters 7(t),v(s, ) and o2(t) in the model (3.1) based on f,;(t),i =
1,2,---,n.

e Conduct further statistical inferences, principal component analysis or
hypothesis testing, among others, based on the estimators 7(t), 5(s, t),
and 62(t) or based on f,(t),i =1,2,---,n directly.

The “smoothing first, then estimation or inference” method is generally
used in Ramsay and Silverman (2002, 2005) and the references therein. The
main theoretical results of this chapter come from Zhang and Chen (2007),
where the effect of the substitution of the underlying individual functions
fi(t),i=1,2,--- n by their local polynomial kernel (LPK) reconstructions for
functional data analysis (FDA) is investigated. They show that under some
mild conditions, the effect of the substitution is asymptotically ignorable. In
particular, they show that under some mild conditions, 7j(t) and §(s, t) are y/n-
consistent and asymptotically Gaussian; the y/n-consistence of 7(t) will not
be affected by better choice of the bandwidth than the bandwidth selected by
a GCV rule; the convergence rate of 62 (t) is affected by the convergence rate
of the LPK reconstructions; and the LPK reconstructions-based estimators
are usually more efficient than those estimators involving no smoothing.

The chapter is organized as follows. Section 3.2 presents the nonparametric
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reconstruction methods based on the four well-known smoothers described in
the previous chapter. In Section 3.3, the accuracy of the LPK reconstructions
is investigated theoretically and by a simulation study. The accuracy of the
LPK reconstructions in functional linear models is discussed in Section 3.4.
Technical proofs of some asymptotical results are outlined in Section 3.5. The
chapter concludes with some remarks and bibliographical notes in Section 3.6
and some exercises in Section 3.7.

3.2 Reconstruction Methods
3.2.1 Individual Function Estimators

As mentioned earlier, based on the model (3.4), for any given i, one of the
four smoothing techniques described in Chapter 2 can be used. The associated
estimators of the individual functions in a functional data set can be expressed
as X

fit)=a;(t)Tys,i=1,2,---,n, (3.5)

where y; = [yi1, Y2, Yin;] | denotes the response vector for the ith individ-
ual function observed at the design time points

tiry tizy o s tings (3.6)

the vectors a,(t) depends on the design time points (3.6) and the smoothing
technique used. For example, for the LPK smoother, a;(¢) defined in (2.7)
depends on the kernel function K (t), the bandwidth h, the degree of the local
polynomial used in the LPK smoother, and the design time points (3.6) for the
ith individual function. For the regression spline, cubic smoothing spline, and
P-spline smoothers, a;(t) is defined in (2.19), (2.28), and (2.34), respectively,
after replacing t1,ta,- -, t, there with the design time points (3.6) here for
the ith individual function. More details about a;(t), i = 1,2,---,n will be
given in Sections 3.2.3 through 3.2.6 of this chapter. Notice that (3.5) allows
us to evaluate or interpolate fl(t) at any desired resolution. For example,
one can use (3.5) to evaluate or interpolate all the individual functions at a
prespecified grid of locations in 7.

For estimating the ith individual function f;(t), the smoother matrix can
be expressed as

A; = [a;(tin), ai(tin), -, ai(tin,)] i = 1,2, n, (3.7)

so that
vi=Ajyi,i=1,2,--n, (3.8)

where y, is the fitted response vector of the ith individual function at the
design time points (3.6). The respective expressions for A; for the LPK, re-
gression spline, cubic smoothing spline, and P-spline smoothers are given in
(2.9), (2.20), (2.30), and (2.36) after replacing t1,to,---,t, there with the
design time points (3.6) here for the ith individual function.
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3.2.2  Smoothing Parameter Selection

Let § denote the smoothing parameter used in the individual function recon-
structions fi(t),i =1,2,---,n. It is understood that for different smoothing
techniques, § has different meaning. For the LPK, regression spline, cubic
smoothing spline, and P-spline smoothers, § denotes h, K, A, and A, respec-
tively. For a single individual function reconstruction, the smoothing parame-
ter ¢ can be selected by the GCV rule defined in (2.12), (2.21), and (2.31) for
the LPK, regression spline, cubic smoothing spline, and P-spline smoothers.
Let GCV;(d) denote the associate GCV rule for the ith individual function
estimation. Using (3.7) and (3.8), the GCV;(d) can be expressed in a unified
manner as | "
Yi — Y

GO = T wa) (3
where again || - || denotes the usual L2-norm and tr(A) denotes the trace of
the matrix A. It is understood that for different 7, the smoothing parameter §
selected by using GCV;(d) can be different. It is often desired that a common
smoothing parameter § should be used for all the individual functions gen-
erated by a common underlying stochastic process so that the reconstructed
individual functions are nearly independently and identically distributed. For
this purpose, Zhang and Chen (2007) proposed the use of the following GCV
rule for fitting a functional data set:

GCV(8) = n~! Zn: GCV; (). (3.10)

The above GCV rule allows us to select an appropriate smoothing parameter
for all the individual functions in a functional data set. In practice, the opti-
mal smoothing parameter 6* can be obtained by minimizing GCV(d) over a
number of prespecified smoothing parameter candidates.

3.2.8 LPK Reconstruction

In the LPK reconstruction of the individual functions, the same kernel K and
the same bandwidth h should be used for all the individual curves. This is
because the individual functions in a functional data set often admit similar
smoothness property and sometimes similar shape, it is then rather reasonable
to use a common kernel and a common bandwidth for all of them. The advan-
tages for using a common kernel and a common bandwidth at least include: it
reduces the computational effort for bandwidth selection; the resulting LPK
reconstructions are nearly i.i.d.; and it simplifies the asymptotic results of the
LPK estimators. A brief description of the LPK reconstruction of a functional
data set is as follows.

Based on the model (3.4), for any fixed time point ¢, assume f;(¢) has a
(p+1)st continuous derivative in a neighborhood of ¢ for some positive integer
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p. Then by Taylor expansion, f;(¢;;) can be locally approximated by a p-order
polynomial

Filtiy) = fit) + (tiy = ) F 0 + - + (1 — )P £ (1) /! = 218,

in the neighborhood of ¢, where 3; = [Bi0, Bi1, - - -, Bip]* with B = ffr)( t)/r!,

and z;; = [1,t;; —t,-- -, (t” —t)P]”. Then the p-order LPK reconstructions of

1i(t) are defined as f,(t) = 510 e; pHﬁZ, where and throughout e, ; denotes
the s-dimensional unit vector whose rth component is 1 and others are 0, and

3, are the minimizers of the following weighted least squares criterion:

no ng n

S v —2i8 |* Kty —t) = D (vi— ZiB) Kin(y: — Z:8,), (3.11)

i=1 j=1 i=1

where y; = [y, '7yini]T7Zi = [z, '7Zini]T and K, = diag(Kp(ta —
t), -, Kn(tin, — 1)), with Kp(-) = K(-/h)/h, obtained by rescaling a kernel
function K (-) with bandwidth 2 > 0 that controls the size of the associ-
ated neighborhood. Minimizing (3.11) with respect to 3,,i = 1,2,---,n is
equivalent to respectively minimizing the ith term in the summation of the
right-hand side of (3.11) with respect to 3, for each i = 1,2, -+, n. It follows
that the p-order LPK reconstructions can be expressed as

fit) = e1T,£+1(ZZKihZi)_121TK¢hyi
= DL Kyt — )y, i=1,2,--,n

where K™i(t) are known as the empirical equivalent kernels for the p-order
LPK, as defined in (2.7). Thus, for the expression (3.5), we have

(3.12)

a;(t) = [Kff’ (ta - )K"’( iz =), K (i, — )],

—1.2om. (3.13)

Based on a;(t), i =1,2,---,n, we can define the LPK smoother matrix (3.7)
and use the GCV rule (3.10) to select the optimal bandwidth A for the LPK
reconstructions of a functional data set. Therefore, we have the following re-
mark.

Remark 3.1 For local polynomial smoothing, reconstructing a whole func-
tional data set using the same kernel and the same bandwidth is equivalent to
reconstructing each of the individual functions using the same kernel and the
same bandwidth separately.

Example 3.1 We now apply the LPK reconstruction method to reconstruct
the progesterone data introduced in Section 1.2.1 of Chapter 1. In this data
set, there are about 8.3% missing data. In this example, for simplicity, we
impute the missing values by the pointwise means at the distinct design time
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Figure 3.1 Plot of GC'V score against bandwidth h (inlog,,-scale ) for reconstructing
the progesterone data by the LPK reconstruction method with p = 2. The optimal
bandwidth that minimizes the GCV rule (3.10) is obtained as h* = 1.40.

Log(Progesterone)

Log(Progesterone)

Figure 3.2 Reconstructed progesterone curves with (a) nonconceptive and (b) concep-
tive by the LPK reconstruction method with p = 2. The optimal bandwidth h* = 1.40
selected by the GCV rule (3.10) is used for reconstructing the whole functional data
set.
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Figure 3.3 Four reconstructed nonconceptive progesterone curves (solid) with the as-
sociated data (circles). The effects of the outliers in the two lower panels are spotted.

points and hope that the effect of the imputation is ignorable. Figure 3.1 dis-
plays the associated GCV curve computed using (3.10). It is seen that when
the bandwidth is too small or too large, the associated GCV scores are large.
The optimal bandwidth is found to be h* = 1.40 [logy((1.40) = 0.147] and
the associated GCV score is 0.277. The reconstructed nonconceptive and con-
ceptive progesterone curves with this optimal bandwidth are displayed in the
upper and lower panels of Figure 3.2, respectively. Notice that one can also fit
the nonconceptive progesterone curves and the conceptive progesterone curves
separately using different optimal bandwidths, especially when one believes that
the nonconceptive progesterone curves and the conceptive progesterone curves
have very different covariance structures. To see how well the individual pro-
gesterone curves were fitted, Figure 3.3 displays the four reconstructed individ-
ual nonconceptive progesterone curves with the associated raw data presented
as circles. These raw data were also displayed in Figure 1.3 in Chapter 1. It is
seen that the reconstructed individual curves fit the associated data reasonably
well although the same optimal bandwidth is used to fit all the nonconceptive
and conceptive progesterone curves. However, the effects of the outliers in the
two lower panels are also spotted.

To reduce the effects of the outliers, we apply the robust LPK smoother
proposed in Section 2.2.4 of Chapter 2 to fit the progesterone data again.
The optimal bandwidth is now found to be h* 1.87, which is larger than
the one for usual LPK reconstructions. The associated GCV score is 0.119
which is smaller than the one for usual LPK reconstructions. The smaller
GCYV score is due to the fact that the effects of the outliers are excluded in
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Figure 3.4 Four robustly reconstructed nonconceptive progesterone curves (solid)
with the associated data (circles). The effects of the outliers are largely reduced.

the computation of the GCV scores. The four robustly reconstructed individual
curves are presented in Figure 3.4. It is seen that the robustly reconstructed
individual curves indeed fit the associated data much better than those usual
LPK reconstructed individual curves presented in Figure 3.3.

3.2.4  Regression Spline Reconstruction

We here give some details for the regression spline reconstruction of a func-
tional data set. The two knot locating methods presented in Section 2.3.3 of
Chapter 2 can still be used to select a common sequence of knots

T1,72,° 5, TK, (314)

for the regression spline reconstructions of a functional data set, but we would
like to emphasize that this common sequence of knots (3.14) should be based
on the pooled design time points for all the individual functions:

tij, 7=1,2,---,m;0=1,2,--- n. (3.15)

Using the knots (3.14), we can construct the kth-order truncated power

basis vector ®,(t) using (2.14) where p = K + k + 1. Set X; =

[®,(ti1), ®p(tia), +, ®p(tin,)]T, i =1,2,---,n. Then we have
fz(t) - ‘I’p(t)TBi = 'I'p(t)T(XzTXz‘)ilX?yn i=1,2,--m, (3.16)

where Bi,i = 1,2,---,n are the fitted coefficient vectors of the individual
functions. We then have the following remark.
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Figure 3.5 Plot of GCV score against number of knots K for reconstructing the
Canadian temperature data by the regression spline method. It seems that in this
example the GCV rule (3.10) favors the largest number of knots.

Remark 3.2 For regression spline smoothing, reconstructing a whole func-
tional data set using a common sequence of knots is equivalent to reconstruct-
ing each of the individual functions using the common sequence of knots sep-
arately.

It is seen that in the expression (3.5) for the regression spline constructions
of a functional data set, we have

a;(t) = X, (X7 X) ', (t), i =1,2,- -, n. (3.17)

We generally choose the order of the truncated power basis, k, to be a small
integer such as 1,2,3, or 4 and we use one of the two knot locating methods
described in Section 2.3.3 of Chapter 2 based on the pooled design time points
(3.15). The number of knots, K, can then be chosen by minimizing the GCV
rule (3.10).

Remark 3.3 When p, the number of basis function in ®,(t), is small, one
can conduct some classical statistical inferences using some multivariate test
statistics based on the estimated coefficient vectors, ,@i, 1=1,2,---,n. How-
ever, when the number of knots, K, is large, the dimension p of the estimated
coefficient vectors can also be large, and even much larger than the number
of the individual functions in a functional data set so that the classical mul-
tivariate statistical inferences which use the inverse of the sample covariance
matriz, for example, the well-known Hotelling T?-test (Anderson 2003), will
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Figure 3.6 Reconstructed Canadian temperature curves for (a) fifteen Eastern
weather stations, (b) fifteen Western weather stations, and (c) five Northern weather
stations by the regression spline method. The regression spline basis (2.14) with k = 2
is used. The knot sequence (3.14) is located by the “quantiles as knots” method based
on all the design time points for the Canadian temperature data. The number of
knots, K* = 50, selected by the GCV rule (3.10), is used for all thirty-five tempera-
ture curves.

no longer work. We now use the Canadian temperature data to illustrate such
a situation.

Example 3.2 Figure 1.6 displays the raw Canadian temperature curves for
fifteen Eastern weather stations, fifteen Western weather stations, and five
Northern weather stations. The temperature records involve large measurement
errors. In order to remove some of these measurement errors, we now apply
the regression spline method to fit these thirty-five temperature curves. We
use the quadratic regression spline basis (2.14) with the knots located by the
“quantiles as knots” method. For each Canadian temperature curve, there are
365 measurements. This implies that a lot of knots can be located to trade off
between the goodness of fit and the model complexity of the regression spline
reconstructions. Figure 3.5 displays the associated GCV curve. It is seen that
in this example, the GCV rule (3.10) favors the largest number of knots, K* =
50. Thus, p* = K*+k+1=504 2+ 1 =53, which is much larger than, 35,
the number of the Canadian temperature curves. In this case, some classical
multivariate statistical inferences such as the well-known Hotelling T?-test
cannot be conducted.

The reconstructed Canadian temperature curves with K* = 50 are dis-
played in Figure 3.6. These thirty-five temperature curves are reconstructed
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Figure 3.7 Two reconstructed Canadian temperature curves by the regression spline
method described in Figure 3.6. It appears that the reconstructed temperature curves
(solid) fit the data (dots) reasonably well although a common sequence of knots is
used for all thirty-five temperature curves.

using a common sequence of knots (3.14) based on the design time points
(8.15) for all thirty-five temperature curves. Figure 3.7 displays two recon-
structed temperature curves. The raw data are presented as dots. It is seen
that the reconstructed temperature curves fit the data reasonably well although
a common sequence of knots is used for all thirty-five temperature curves.

If desired, we can also reconstruct the Canadian temperature curves for
the Fastern, Western, and Northern weather stations separately using possibly
different numbers of knots selected by the GCV rule (3.10).

3.2.5 Smoothing Spline Reconstruction

Assume that the support of all the design time points is 7 = [a, b] with —co <
a < b < co. The smoothing spline reconstructions of the individual functions
fi(t),i =1,2,---,n are defined as the minimizers f}(t),i =1,2,---,n of the
following penalized least squares criterion:

no ng n

b i 2
33 - fltPAY [ [#00)] (318)

i=1j=1 i=1

over the following Sobolev space W4|a, b]:

{f S f(@), -, fF) () abs. continu., /b{f(k')(t)}2 dt < oo} , (3.19)
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where A > 0 is a common smoothing parameter for all the individual functions.
The smoothing parameter A controls the size of the roughness penalty and is
usually used to trade off the goodness of fit, represented by the first term in
(3.18), and the roughness of the resulting curves. The fl (t),i=1,2,---,n are
known as natural smoothing splines of degree (2k — 1) whose knots are all
the distinct design times of the pooled design time points (3.15). Denote the
knots of these natural smoothing splines as

T1, 72, TK - (320)

Let f; = [fi(11), fi(72),- -+, fi(7x)]T denote the vector containing the values
of fi(t) evaluated at all the knots. For i =1,2,---,n, set X; = (z;,) : n; x K
to be the incidence matrix for the ith individual function where

- 1 iftyj=r,r=12,--- K;j=1,2,---,n,,
wr 0  otherwise.

Then we can re-express (3.18) as

n n

Z{ llyi _Xifi||2+Af?Gfi}, (3.21)
1

i=1  j=

where G is the common roughness matrix for all the individual functions
depending on the knots (3.20). We then have the following remark.

Remark 3.4 For smoothing spline smoothing, reconstructing a whole func-
tional data set using a common sequence of knots and a common smooth-
ing parameter is equivalent to reconstructing each of the individual functions
using the common sequence of knots and the common smoothing parameter
separately.

For the given K knots (3.20), when k& = 2, the roughness matrix G can
be easily calculated using the method given in Green and Silverman (1994, p.
12-13). It is easily seen from the criterion (3.21) that the natural smoothing
spline reconstructions of the individual functions can be expressed as

fi=(XI'X; +\G) ' XTy;, i =1,2,---,n. (3.22)

Therefore, the fitted response curves can be expressed as

v, =X (XX, + \G) Xy, i =1,2,--- n. (3.23)

The well-known representer lemma of Wahba (1990) indicates that for any
t € T, for some a;(t),i =1,2,---,n, we have

fit)y=a;(t)yi, i=1,2,,n, (3.24)

which allows us to evaluate the smoothing spline reconstructions fz (t), 1 =
1,2,---,n in any desired resolution. The common smoothing parameter A can
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Figure 3.8 Two reconstructed left-cingulum curves obtained by the cubic smoothing
spline method. The optimal smoothing parameter \* = 0.25, selected by the GCV
rule (8.10), is used. It appears that the reconstructed left-cingulum curves (solid)
nearly interpolate the associated data (dots).

be chosen by minimizing the GCV rule (3.10) with respect to A. To eval-
uate the smoothing spline reconstructions fi(t),i = 1,2,---,n at any de-
sired resolution, alternatively we may use interpolation based on the values of
fi@),i=1,2,--- n.

Example 3.3 The left-cingulum data are presented in Section 1.2.6 of Chap-
ter 1. For each left-cingulum curve, there are 119 measurements. We now ap-
ply the cubic smoothing spline reconstruction method to the left-cingulum data
set. The optimal smoothing parameter that minimizes the GCV rule (3.10) is
found to be \* = 0.25. To show how well the individual left-cingulum curves
are fitted, Figure 3.8 displays the two reconstructed left-cingulum curves. The
raw data are presented as dots. It is seen that the reconstructed left-cingulum
curves (solid) nearly interpolate the associated data (dots).

3.2.6 P-Spline Reconstruction

For the P-spline reconstruction of a functional data set, we first need to specify
a common sequence of knots. To this end, the two knot locating methods pre-
sented in Section 2.3.3 of Chapter 2 can be used to select a common sequence
of knots 71,72, -+, Tk based on the pooled design time points (3.15) for all
the individual functions where K should not be too small or too large. When
K is too small, the reconstructions will be over-smoothed and when K is too
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large, the computation is expensive. Using these knots, we can construct the
kth-order truncated power basis vector ®,(t) using (2.14) where p = K +k+1.
Set X; = [®,(ti1), ®p(tia), -+, ®p(tin,)]T, i = 1,2,---,n. Then the P-spline
reconstructions of the individual functions f;(t),7 = 1,2,---,n are defined as

fz(t) = (pp(t)T/@iv 1= 1727' s, N,

where Bi,i = 1,2,--+,n are the minimizers of the following penalized least
squares criterion:

n

S (Sl - xim2 87 s} 325)

i=1  j=1

where A is the common smoothing parameter and G is the common roughness
matrix for all the individual functions, specified as

0 0
G= ( 0 Igx ) ’
so that the coefficients of the truncated power basis functions (¢ — 7,.)%,r =

1,2,---, K are penalized while the coefficients of the polynomial basis func-
tions 1,t,¢%,---,t* are not penalized. It is easy to find that

B, = (XIX; +\G)"XTy,, i=1,2,---,n.

It follows that the P-spline reconstructions of the individual functions can be
expressed as

Fit) = @,()" (XTX; +2G) ' X]ys = ai(t)yi, i = 1,2,---,m, (3.26)
so that in the expression (3.5), we have
a;(t) = Xi(XTX; + A\G) 1@, (1), i = 1,2,- -, n. (3.27)
Therefore, the fitted response curves can be expressed as
Vi =X (XI'X; + \G) ' XTy;, i=1,2,---,n.

The common smoothing parameter A can be chosen by minimizing the GCV
rule (3.10) with respect to A. Therefore, we have the following remark.

Remark 3.5 For P-spline smoothing, reconstructing a whole functional data
set using the same basis vector ®,(t), the same roughness matriz G, and
the same smoothing parameter X is equivalent to reconstructing each of the
individual functions using the same basis vector ®,(t), the same roughness
matriz G, and the same smoothing parameter X\ separately.
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Figure 3.9 Four reconstructed audible noise curves obtained by the P-spline recon-
struction method. It is seen that the reconstructed audible noise curves (solid) nearly
interpolate the data (circles). This is possibly due to the fact that the measurement
errors of the audible noise data are very small.

Example 3.4 We now apply the P-spline reconstruction method to fit the
audible noise data set presented in Section 1.2.5 of Chapter 1. We use the
quadratic truncated power basis and use all the distinct design time points for
all the subjects as knots. That is, K = 43. The optimal smoothing parameter
selected by GCV is \* = 939. Figure 3.9 displays four reconstructed audible
noise curves obtained by the P-spline reconstruction method. The data are pre-
sented as circles. It is seen that the reconstructed audible noise curves nearly
interpolate the data. This is possibly due to the fact that the measuremnt errors
of the audible noise data are very small.

3.3 Accuracy of LPK Reconstructions

From the previous section, it is seen that the reconstructions of a functional
data set generally fit the data of the individual functions well. In this section,
we aim to theoretically investigate how accurate the reconstructions are. That
is, we want to know what would happen if we substitute the underlying indi-
vidual functions with their reconstructions based on the data. As an example,
we study the accuracy of the LPK reconstructions (3.12). For convenience, we
define the following widely used functionals of a kernel K:

B.(K)= [K(t)t"dt, V(K)= [K?(t)dt,

KWV(t) = [ K(s)K(s +t)ds. (3.28)
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For estimating a function instead of its derivatives, Fan and Gijbels (1996)
pointed out that even orders are not appealing. Therefore, we assume p is an
odd integer; moreover, we denote v (s, t) as the (k,)-times partial derivative
of v(s,t) as
I Hly(s, )

Oksolt
and use D = {t;;,7 = 1,2,---,n;;¢ = 1,2,---,n} to collect all the design
time points for all the individual functions. Moreover, we use Oy p(1) (resp.
oyp(1)) to denote “bounded (resp. tends to 0) in probability uniformly for
any ¢ within the interior of the bounded support 7 = [a, b] of the design time
points for all the individual functions and all i = 1,2,---,n.” Finally, the
following regularity conditions are imposed.

Vie,i(s,t) =

Condition A

1. The design time points #;;,j = 1,2,---,n4¢ = 1,2,---,n, are
i.i.d. with the probability density function (pdf) = (t),t € 7. For
any given ¢ within the interior of 7, 7/ (¢) exists and is continuous

over 7.
2. Let s and ¢ be any two interior time points of 7. The individ-
ual functions f;(t),i =1,2,---,n, and their mean function 7(t)

have up to (p+1)-times continuous derivatives. Their covariance
function (s, t) has up to (p+1)-times continuous derivatives for
both s and ¢. The variance function of the measurement errors,
a2(t), is continuous at t.

3. The kernel K is a bounded symmetrical pdf with a bounded
support [—1,1].

4. There are two positive constants C' and § such that n; > Cn?,
for all i =1,2,---,n. Asn — oo, we have h — 0 and n®h — oco.

The first three conditions in Condition A are regular for LPK smooth-
ing. The last condition requires that the numbers of measurements of all the
individual functions be slightly larger than the number of the individual func-
tions. This condition is usually satisfied for functional data with dense designs.
Let K* be the equivalent kernel of the p-order LPK reconstruction (Fan and
Gijbels 1996, p. 64). We have the following result.

Theorem 3.1 Under Condition A, the average mean squared error (MSE) of
the p-order LPK reconstructions f;(t),i =1,2,---,n is

S B{ 1) - £i@PID | = { XIS an)

2 T (0 1) ()2
+Bz>+1(K )(n (p+(?i)))!2+71)+1,1‘+1(t¢t)] h2(p+1) [1 + OP(l)L

(3.29)

where m = (n= 13" n; )7L
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Remark 3.6 It is seen that the quantity m represents an average of the num-
bers of the measurements, n;,i = 1,2,---.n, of some kind. Theorem 3.1 in-
dicates that the average MSE of the LPK reconstructions fz (t),i1=1,2,---,n
tends to 0 provided that h — 0 and mh — oco. Minimizing the average MSE
with respect to h shows that the associated optimal bandwidth is

h* = Op(mfl/(2p+3)) - Op(nfé/(2p+3))' (3.30)

Theorem 3.2 Under Condition A, for the p-order LPK reconstructions
fi@),i=1,2,--- n with the optimal bandwidth h* = O(n=%/(?»*3)) we have

FiO) = Fi(t) + = @O O (1) = 1,2, m.

Remark 3.7 Theorem 3.2 implies that the LPK reconstructions fz(t) are
asymptotically uniformly little different from the underlying individual func-
tions f;(t) provided that the number of measurements of each individual func-
tion tends to infinity at some reasonable rate with the number of individual
functions. We expect that this is true not only for the LPK reconstructions, but
also for other three type reconstructions of functional data; see Kraft (2010)
for an example.

3.8.1 Mean and Covariance Function Estimation

It is then natural to estimate the mean function 7(¢) and covariance function
~(s,t) by the sample mean and sample covariance functions of the p-order
LPK reconstructions f,(t),i =1,2,---,n:

i) = 'Y fi(t)»

$t) = -0 S {Ae -} {fo-aw). BV

The asymptotic conditional bias, covariance, and variance functions for 7(t)
are given below.

Theorem 3.3 Under Condition A, as n — oo, the asymptotic conditional
bias, covariance, and variance functions of 7(t) are

) . ) “\p(P+1) (¢
Bias {i(t)|D} = ZetEXL O prti[1 4 oy p(1)],

Cov{i(s),(1)|D} = { (s, 1)/n + ELMEE) (i)

(%)

+Bp+1(K*)[“rp+(1p,o+(f)7f)+70,p+1(s,t)] =P 1+ oy p(1)),

Var (#(®D} = {7(t,6)/n + "5 (i) =1

(t)

Bpin (K)bips 1.0 (t0) +70.p 11 (11)] )
(K +(;i(lt)!t)ﬂo ()], 1hp+1}[1+0UP(1)]~
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By Theorem 3.3, we have

MSE{7(t)|D} = ~(t,t)/n + Oy p(R2P*Y 4 (ninh) ™t + n~thP+h).

We then always have MSE{7(¢)|D} = ~(t,t)/n+ oyp(1/n), implying a root-n
consistency of 7(t), provided

mh — oo, nh?®+) — 0. (3.32)

Remark 3.8 Condition (3.32) is satisfied by any bandwidth h = O(n=?")
where 1/[2(p + 1)] < 6* < 0. In particular, provided 6 > 1+ 1/[2(p + 1)],
it is satisfied by h* = O(n=%/P+3) the optimal bandwidth (3.30) for the
p-order LPK reconstructions fi(t),i =1,2,---,n. That is to say, in this case,
the p-order LPK reconstruction optimal bandwidth h* is sufficiently small to
guarantee the ~/n-consistency of N(t). Condition (3.32) is also satisfied by
h* = O(n~=(1+90/Cr+3)) the optimal bandwidth for i(t) when 1+1/[2(p+1)] <
§<1+1/(p+1), and by h* = O(n=%P+2) the optimal bandwidth for 7i(t)
when § > 1+1/(p+1). Both the bandwidths will not affect the \/n-consistency
of N(t).

By pretending all the underlying individual functions f;(t) were observed,
the “ideal” estimators of 7(t) and ~y(s,t) are

at) = n il fill),
Bst) = (- D S () - A L -y G5

Let GP(n,~) denote a Gaussian process with mean function 7(t) and covari-
ance function (s, t); see some detailed discussions about Gaussian processes
in Chapter 4. Let vy (t) denote the subject-effect of the first individual func-

tion f1(t) as defined in (3.1). In addition, throughout this book, we let «dy
denote “convergence in distribution.”

Theorem 3.4 Assume the optimal bandwidth h* = O(n=%2P+3)) is used for
the p-order LPK reconstructions f;(t),i = 1,2,--+,n. Then under Condition
A, as n — oo, we have

. ~ _(p+1)§ N
n(t) =0(t) +n" 2% Opp(l), (s,t) =
In addition, assume that § > 1+ 1/[2(p+1

Vi) —nt)} % GP0,7), va{A(s,t) —(s,t)} % GP0,w), (3.35)

where

- _ (p+1)6
’}/(S,t) +n 2p+3 OUP(].). (334)
)

|. Then as n — oo, we have

w{(s1,t1), (s2,t2)} = E{vi(s1)vi(t1)vi(s2)vi(ta)}

—v(s1,t1)7(s2,t2). (3.36)

When the subject-effect process v1(t) is Gaussian,

w {(s1.t1), (52, t2)} = y(s1,t2)y(s2, 1) + v(51, 52)7(t1, t2).
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Remark 3.9 Theorem 3.4 indicates that under some mild conditions, the
LPK-reconstructions based estimators (3.31) are asymptotically identical to
the “ideal” estimators (3.33). The required key condition isd > 1+1/[2(p+1)].
It follows that, to make the measurement errors ignorable by the LPK recon-
struction, we need the numbers of measurements, n;,i = 1,2,---,n, for all
the individual functions, to tend to infinity slightly faster than the number of
the individual functions, n. This condition is approximately satisfied by many
functional data sets, for example, the audible noise data, the Canadian tem-
perature data, and the left-cingulum data introduced in Section 1.2 of Chapter
1.

8.8.2  Noise Variance Function Estimation

The noise variance function o2(¢) measures the variation of the measurement
errors €;; of the model (3.3). Following Fan and Yao (1998), we can construct
the p-order LPK estimator of o%(t) based on the p-order LPK residuals é;; =
Yij — fl(tw) although the setting here is more complicated. As expected, the
resulting p-order LPK estimator of 2 (t) will be consistent but its convergence
rate will be affected by that of the p-order LPK reconstructions fz (t),i =
1,2,--- n.

As an illustration, let us consider the simplest LPK estimator. That is, we
consider the following kernel estimator for o(t) based on &;;:

Sy ol Hy(tiy — 1)é;
Dy gy Hy(tyy —t)

where Hp(-) = H(-/b)/b with the kernel function H and the bandwidth b.
Denote N = Y"1 | n; to be the total number of the measurements for all the
subjects.

Pretending é;; = ¢€;;, by standard kernel estimation theory (Wand and
Jones 1995, Fan and Gijbels 1996, among others), the optimal bandwidth
of 62(t) is b = Op(N~'/%) and the associated convergence rate of G%(t) is
Op(N—2/5). However, this convergence rate will be affected by the conver-

63 (t) = (3.37)

gence rate of the p-order LPK reconstructions fi(t),i =1,2,---,n as un-
der Condition A and by Theorem 3.2, we actually only have é; = ¢; +
n~ TV P Opp(1). Let vy (t) = E[e2(t)] = o(t) and va(t) = Var[e2(1)].

Theorem 3.5 Assume Condition A is satisfied and the p-order LPK recon-
structions f,;(t) use a bandwidth h = O(n=%/P+3)) " In addition, assume v/ (t)
and Vy(t) exist and are continuous at t € T, and the kernel estimator &°(t)
uses a bandwidth b = O(N~/5). Then we have

62(t) = o*(t) + Oup <n72(1+5)/5 + nf(pﬂ)‘s/@p*‘g)) . (3.38)

Remark 3.10 By the above theorem, it is seen that when 6 < 2(2p+3)/(p —
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1), the second term in Oyp(-) dominates the first term; and in particular,
when p = 1, we have 6°(t) = o%(t) + Oyp(n=2%/%). In this case, the optimal
convergence rate of 62(15) is not attainable. It is attainable only when § >
2(2p + 3)/(p — 1) so that the first term in Oyp(-) in (3.38) dominates the
second term. This is the case only when p > 3. When p =3, § > 9 is required;
and when p =2k +1 — 0o, § > 4 is required. Therefore, it is usually difficult
to make the convergence rate of 62(t) unaffected by the convergence rate of
the p-order LPK reconstructions f7 (t).

3.3.8  FEffect of LPK Smoothing

Suppose that we can “observe” the sample curves y;(t),i = 1,2,---,n at any
time point ¢. It is then natural to estimate n(t) and (s, t) by the sample mean
and sample covariance functions of y;(t),i =1,2,---,n:

yt) = n~! Z;L=1 yi(t),
Jols,t) = (n—1)7 300 {wils) —g(s)Hus(t) —u(t)},

without involving any smoothing. Notice that E[y;(t)] = n(¢) and
Covlyi(s),yi(t)] = yo(s,t) = v(s,t) + 0?(t)1{s—¢, containing the variation
of the measurement errors, we have Egy(t) = n(t) and E9y(s,t) = o(s,t).
Moreover, by the central limit theorems for i.i.d. stochastic processes, Theo-
rems 4.12 and 4.13 in Chapter 4, we have

Theorem 3.6 As n — oo, we have /n{y(t) —n(t)} A GP(0,79), and
Vi (o(s:1) = (s, 1)} % GP(0, o), where

@o {(s1,11), (s2,t2)} = E{01(s1)01(t1)01(s2)01(t2)} — Y0(s1,t1)70(82, 22),
with B1(£) = v1 (£) + 1 (1).

Remark 3.11 We can now discuss the effect of LPK smoothing by comparing
the estimators 7(t) and 4(s,t) (with LPK smoothing) against the estimators
y(t) and Yo(s,t) (with no smoothing) using Theorems 3.5 and 3.6. First of
all, we notice that 7)(t) is asymptotically more efficient than y(t) because we
always have v(s,t) < vo(s,t). Second, we notice that 4(s,t) is asymptotically
less biased than 44(s,t) in the sense of estimating v(s,t). These results are
reasonable as the estimators N(t) and 4(s,t) use more information than the
estimators y(t) and 4y (s,t). Of course, we should keep in mind that the effect
of LPK smoothing is second order because under some mild conditions, all the
estimators are /n-consistent.

3.3.4 A Simulation Study

In this subsection we aim to investigate the effect of the bandwidth selected
by the GCV rule (3.10) on the average MSE (3.29) of the p-order LPK recon-



ACCURACY OF LPK RECONSTRUCTIONS 67

structions fi(t)J =1,2,---,n and the MSE of the mean function estimator
7(t) by a simulation study.
We generated simulation samples from the following model:

yi(t) = n(t) +vit) +e(t),
n(t) = ao+ardi(t) +axa(t),
vi(t) = bio + birrhi(t) + bioa(t),
bi = [bio,bi1,bi2]” ~ N[0, diag(c?, 0%, 03)],

e(t) ~ N[0,62(1+1t)], i=1,2,---,n,

where n is the number of subjects, and b; and ¢;(t) are independent. The
scheduled design time points are ¢; = j/(m + 1), = 1,2,---,m. To ob-
tain an imbalanced design that is more realistic, we randomly removed some
responses on a subject at a rate r,,;ss so that on average there are about
m(1 — rpss) Mmeasurements on a subject, and nm(1 — r,,;ss) measurements in
a whole simulated sample. For simplicity, in this simulation, the parameters
we actually used were [ag,a1,as] = [1,3.2,4.5],[03,0%,03,0%] = [1,2,4,.1],
¢1(t) = 1/)1(15) = COS(2TI't),¢2(t) = ’lﬂQ(f) = Sin(2’ﬂ't),7’mi55 = 10%, m = 100,
and n = 20, 30, and 40.

For a simulated sample, the p-order LPK reconstructions f1 (t) were ob-
tained using a local linear smoother (Fan 1992) with the well-known Gaus-
sian kernel K(t) = exp(—%)/ V27, We considered five bandwidth choices:
0.5h*,0.75h*, h*,1.25h*, and 1.5h*, where h* is the bandwidth selected by
the GCV rule (3.10). For a simulated sample, the average MSE for f,(¢) and
the MSE for the mean function estimator 7)(t) were computed respectively as

MSE; = (M), M {filr) — filr)),
MSE, = M1 {i(r) —n(m)}2,

where 71, -+, 7ar are M time points equally spaced in [0, 1], for some M large.
In this simulation study, we took M = m = 100 for simplicity.
Figure 3.10 presents the simulation results for n = 20. The boxplots were
based on 1,000 simulated samples. From top to bottom, panels are respec-
tively for GCV, MSE; and MSE,,. In each of the panels, the first 5 boxplots are
associated with the 5 bandwidth choices: .5h*,.75h* h*, 1.25h* and 1.5h™ re-
spectively. The sixth boxplot in the MSE,; panel is associated with the “ideal”
estimator 7(t); see (3.33) for its definition. From Figure 3.10, we may conclude
that
e Overall, the GCV rule (3.10) performed well in the sense of choosing
the right bandwidths to minimize the average MSE (3.29).

e Moderately smaller or larger bandwidths than hA* do not affect the
MSE,, too much.

e The MSE, based on 7(t) and those based on the “ideal” estimator
7(t) are nearly the same.
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Figure 3.10 Simulation results about the LPK reconstruction for functional data
(n = 20). From top to bottom, panels are respectively for GCV, MSE; and MSE,.
In each of the panels, the first 5 boxplots are associated with the 5 bandwidth choices:
0.5h*,0.75h", h*,1.25h™, and 1.5h™, where h* is the GCV bandwidth. The sixth boz-
plot in the MSE, panel is associated with the “ideal” estimator 7j(t).

The same conclusions can be made by checking the simulation results for
n = 30 and 40 (not shown). They are consistent with the results stated in
Theorems 3.1, 3.2, and 3.3.

3.4 Accuracy of LPK Reconstruction in FLMs

In the model (3.1), the only covariate for the mean function 7(t) is time.
In many applications, n(t) may also depend on some time-independent co-
variates and can be written as 7(¢t;x) = x? 3(¢), where the covariate vector
x = [z1, -,74T and the unknown but smooth coefficient function vector
B() = [B1(t), -, Bo(B)]T- A xeplacement of 5(t) by n(t;x;) = x7B(t) in (3.1)
leads to the following so-called functional linear model (FLM):

yi(t) =xIB(t) +vi(t) +eilt), i=1,2,---,n, (3.39)

where y;(t), v;(t), and €;(¢) are the same as those defined in (3.1). In many
applications, we may have 21 = 1 so that the first coefficient function §;(¢) in
B(t) represents an intercept function.

The ignorability of the substitution effect is also applicable to the LPK
reconstructions f;(t) of the individual functions f;(t) = x73(t) + v;(t) of the
above FLM (3.39). Based on this, in this section, we construct the estimators
B(t) and (s, t) and investigate their asymptotics; in particular, we show that
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B(t) is v/n-consistent and asymptotically Gaussian. In addition, as an illustra-
tive example, we study the effect of the LPK reconstruction on a global test
statistic T},, which is a L?-norm-based test, to test a general linear hypothe-
sis testing (GLHT) problem about the covariate effects B(t). Its asymptotic
random expression is derived.

3.4.1 Coefficient Function Estimation

Notice that Theorem 3.2 is also applicable to the p-order LPK reconstruc-
tions f,(t) of the underlying individual functions fi(t) = xI B(t) + vi(t),i =
1,2,---,n of the FLM (3.39). Let £(t) = [f,(¢),---,f,®)]T and X =
[X1,--+,%n]T. Here, we assume X has full rank. Then the least-squares es-
timator of B(t) is

B(t) = {ixixf} le = (XTX)"'XTE(t), (3.40)

which minimizes Q(8) =n~' Y, T[f:(t) —x7B(t)]?dt. Tt follows that the
subject-effects v;(t) can be estimated by 9;(t) = f,;(t) — x7B(t) and their
covariance function v(s,t) can be estimated by

A(s,t) -1 Z 0; (n—q) % (s)T¥(t), (3.41)

where V(t) = [01(t), 02(t), -+, 0, (1)) = £(t) — X(XTX)1XTE(t) = (I, —
P,)f(t), and P, = X(X TX) IXT is a projection matrix with PL =
Py, P2 = Py, and tr(Px) = q.

Pretending that f;(¢),i =1,2,---,n were known, the “ideal” estimators of
B(t) and ~(s,t) are

B(t) = (XTX)TIXTE(t), A(s,t) = (n—q)"¥(s)T¥ (D), (3.42)

where £(t) = [f1(t),- -, fu(t)]" and v(t) = (I, — Px)f(t). It is easy to show
that EG(t) = B(t) and EA(s,t) = (s, t). For further investigation, we impose
the following conditions:

Condition B

1. The covariate vectors x;,i = 1,2,---,n are i.i.d. with finite and
invertible second moment Ex;x7 = Q. Moreover, they are uniformly
bounded in probability. That is, x; = Oy p(1).

2. The subject-effects v; () are uniformly bounded in probability. That
is, vi(t) = Oup(1).

Theorem 3.7 Assume Conditions A and B are satisfied, and the p-order
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LPK reconstructions f,(t) use a bandwidth h = O(n=%/2P3)) Then as n —
oo, we have

~ p+1)5 (p+1)8

Bt) = B(t) + 0~ 5555 Opp(1), 4(s,0) = 7(s,1) +n” 5 Opp(1). (3.43)

In addition, assume § > 1+ 1/[2(p+ 1)]. Then as n — oo, we have

Vi {B(t) - Bt} 4 GP,(0,7), (3.44)

where (s, t) = v(s,t)Q"" and GP,(n,v) denotes a g-dimensional Gaussian
process with mean function n(t) and covariance function y(s,t).

Remark 3.12 Theorem 3.7 implies that under the given conditions, the pro-
posed estimators B(t) and (s, t) are asymptotically identical to the “ideal”
estimators B(t) and (s, t) respectively. Therefore, in FDA, it seems reason-
able to directly assume the underlying individual functions are “observed” as
done in Ramsay and Silverman (2002, 2005). Alternatively speaking, statis-
tical inferences for functional data can be based on the reconstructions of the
observed functional data without loss of too much information. In this book,
this strategy will be used from the mext chapter onward.

3.4.2  Significance Tests of Covariate Effects
Consider the following GLHT problem:

Hy: CB(t) =c(t), versus H;:CB(t) #c(t) for somet €T, (3.45)

where 7 = Ja,b], C is a given k x ¢ full rank matrix, and c(t) =
[er (), -+, cx()]T a given vector of functions, often specified as 0. The above
GLHT problem is very general. For example, in order to check the significance
of the rth covariate effect, one takes C = erq and c(t) = 0; in order to check
if the first two coefficient functions are the same, say, 31 (t) = $2(t), one takes
C=(e1,—e2,)7T and c(t) = 0.

It is natural to estimate CB(t) by CB(t). By Theorem 3.7, as n — co, we
have .

ValCB(t) — e(t)] —mo(t) * GP(0.7¢), (3.46)
where n,(t) = vn[CB(t) — c(t)] and vo(s,t) = v(s,£)CQ~ICT. Based on the
above result, pointwise ¢- and F-tests can be easily conducted. We here aim
to study the effect of the LPK reconstructions on the so-called L?-norm-based
test (Zhang and Chen 2007) based on the following global test statistic:

b
Tn = / [CA(1) — (1) "[C(XTX) " CT] T CB(t) — c(t)]dt. (3.47)

Let T, be the “ideal” global test statistic, obtained by replacing B(t) by the

“ideal” estimator 3(t) as defined in (3.42).
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To derive the asymptotic random expression of T}, we assume v(s,t) has

a finite trace. That is, we assume that tr(y) = f; ~(t,t)dt < oo so that it has
the following singular value decomposition:

v(s,t) = Z Ar@r(8)9r(t), st €T, (3.48)

where Ay > Ay > --- > A\,;; > 0 are all the positive eigenvalues for some m < oo
and ¢1(t), d2(t), -+, dm(t) are the associated orthonormal eigenfunctions of

~v(s,t). Let X 2 Y denote that the random variables X and Y have the same
distribution, x2 denote a x2-distribution with r degrees of freedom, and || - ||
the usual L2-norm.

Theorem 3.8 Under Conditions A, B, and the null hypothesis, as n — oo,
we have

T, = Ty + n/2= 000/ Cr+3) 0 (1), (3.49)

In addition, assume 6 > 1+ 1/[2(p+ 1)] and v(s,t) has a finite trace so that
it has a singular value decomposition (3.48). Then as n — oo, we have

m
T 53 N4, AR (3.50)

r=1

Remark 3.13 Theorem 3.8 suggests that the distribution of T,, is asymptot-
ically the same as that of a x*-type mizture. Methods for approzimating the
distribution of a x2-type mizture will be discussed in Section 4.3 of Chapter 4.
Some of those methods are due to Zhang and Chen (2007) and are strongly
related to Buckley and Eagleson (1988) and Zhang (2005).

In fact, Zhang and Chen (2007) proposed three methods to approximate
the null distribution of 7},: y2?-approximation, direct simulation, and non-
parametric bootstrapping. In the first two methods, the null distribution of
T, is approximated by that of the y*-type mixture S = Y7 A, A,, where
A, ~ x2 and A, are the eigenvalues of 4(s,t). In the y2-approximation
method, the distribution of S is approximated by that of a random vari-
able R = ax? + B by matching the first three cumulants of R and S
to determine the unknown parameters «,d, and 3 (Buckley and Eagleson
1988, Zhang 2005). In the direct simulation method, the sampling distri-
bution of S is computed based on a sample of S obtained by repeatedly
generating (Ay, A, -+, A,). The nonparametric bootstrapping method is
slightly more complicated. In the nonparametric bootstrapping method, a
sample of subject-effects v} (t),i = 1,2,---,n are generated from the esti-
mated subject-effects 0;(¢),7 = 1,2,---,n and then construct a bootstrapping

sample: f7(t) = xTB(t)+vi(t),i=1,2,---,n. Let B*(t) be the bootstrapping
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estimator of 3(¢) based on the above bootstrapping sample. We then use it
to compute

b
7; = 15 - Bl CTIOX"X) T ClB 1) - Aot

Then the bootstrapping null distribution of 7T;, is obtained by the sampling
distribution of T)F by B replications of the above bootstrapping process for
some B large, say, B = 10,000.

3.4.8 A Real Data Example

Example 3.5 The real functional data set we used here is the progesterone
data set introduced in some detail in Section 1.2.1 of Chapter 1. We modeled
the progesterone data set by the FLM (3.39) with the covariates
[1,0]7, if curve i is monconceptive,
x; = - ; ! : =1,2,---,91,
[0,1]F, if curve i is conceptive,

and the coefficient function vector B(t) = [B1(t), B2(t)]T, where B1(t) and B2 (t)
are the nonconceptive and conceptive covariate effect (group mean) functions,
respectively.

The progesterone curves were first reconstructed by the LPK reconstruction
method discussed in Section 3.2.3 using local linear smoothing with the well-
known Gaussian kernel and the bandwidth h* = 1.40 selected by the GC'V rule
(5.10); see Figure 3.1 for the GCV score against log,q(h). Figure 3.2 presents
the nonconceptive (upper panel) and conceptive (lower panel) progesterone
curves. Figure 3.11 displays the estimated nonconceptive (solid) and conceptive
(dashed) covariate effect functions with their 95% pointwise confidence bands
(nonconceptive, solid; conceptive, dashed).

From Figure 3.2, it is seen that before Day 8, the nonconceptive and con-
ceptive curves behaved similarly but they then moved in different directions; so
did their mean functions as indicated in Figure 3.11. Based on the 95% point-
wise confidence bands, we can conclude that the nonconceptive and conceptive
mean function differences over the intervals [a,b] = [—8,15], [-8,8], [0,8],
or [8,15] will be “significant,” “not significant,” “not significant,” and “highly
significant.” These conclusions can be made more clear by testing the hypoth-
esis testing problem (3.45) with C = [1,—1], ¢(t) = [0,0]T, and t € T = [a, b]
using the test statistic Ty, (3.47).

Table 3.1 shows the results of the above significance tests for the pro-
gesterone data. For each choice of the interval [a,b], we used three different
bandwidth choices: h* /2, h*, and 1.5h*, where h* = 1.40 was selected by the
GCV rule (3.10). For each bandwidth choice, the associated test statistics T,
were computed using (3.47) with each curve evaluated at 1,000 locations that
are equally spaced over [—8,15]. For each T,, we computed its P-value us-
ing the x%-approzimation, direct simulation, and nonparametric bootstrapping
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Figure 3.11 Estimated nonconceptive (solid) and conceptive (dashed) mean functions
with 95% pointwise confidence bands (nonconceptive, solid; conceptive, dashed). It
appears that the mean function of the nonconceptive progesterone curves is compara-
ble with that of the conceptive progesterone curves before Day 8 but they are different
from each other after Day 8.
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Figure 3.12 Null distribution approzimations (XQ—appTo:L’imation, solid; direct sim-
ulation, dashed; nonparametric bootstrapping, dotted) of Ty, (3.47) when h = h* =
1.40 over various periods: (a) [a,b] = [-8,15], (b) [a,b] = [-8,8], (¢) [a,b] = [0, 8],

and (d) [a,b] = [8,15].
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Table 3.1 Test results for comparing the two group mean functions of the proges-
terone data where h* = 1.40 was selected by the GCV rule (3.10) and the direct
simulation and bootstrapping P-values were computed based on 50,000 and 10,000
replications, respectively.

P-Value

[a, b] h T, x?-Approx. Direct Sim. Nonpara. Boots.
[-8,15]  h*/2 2.077ed 0.0138 0.0136 0.0126
h*  2.033e4 0.0133 0.0147 0.0117
1.5h*  2.057e4 0.0116 0.0117 0.0103
-8, 8] h*/2  3.066e3 0.3041 0.3067 0.2991
h*  2.670e3 0.3257 0.3267 0.3313
1.5h*  2.355e3 0.3503 0.3519 0.3539
[0,8] h*/2  7.656e2 0.5084 0.5167 0.5138
h*  5.768¢e2 0.5497 0.5594 0.5590
1.5h*  3.873e2 0.6201 0.6244 0.6309
[8,15] h*/2  1.770e4 0.0001 0.0001 0.0001
h*  1.766e4 0.0000 0.0001 0.0000
1.5h* 1.822e4 0.0000 0.0000 0.0000

methods that were described briefly in Section 3.4.2. Figure 3.12 displays the
null probability density function (pdf) approzimations obtained using the three
methods. It seems that all three approximations perform reasonably well except
at the left boundary where the x?-approzimations seem problematic. Neverthe-
less, from this table, we can conclude that the mean function differences over
the intervals [a,b] = [—8,15], [-8,8], [0,8] and [8,15] are, respectively, “very
significant(P-value < 0.015),” “not significant (P-value > 0.29),” “not signif-
icant (P-value > 0.50),” and “highly significant (P-value < 0.0001).” Notice
that the test over [—8,15] is less significant (in the sense of P-value) than
the test over [8,15]. This is reasonable because the test over [—8,8| is not
significant, which reduces the significance of the test over [—8,15].

3.5 Technical Proofs

In this section, we outline the technical proofs of some of the asymptotic results
presented in this chapter. For applied statisticians, these technical details may
be skipped.

Before we proceed, we list some useful lemmas. Proof of Lemma 3.1 can be
found in Fan and Gijbels (1996, p. 64). Notice that under Condition A 4,“n —
oo” implies that “n; — oo”.

Lemma 3.1 Under Condition A, as n — oo, we have

1
Tll‘ﬂ'(t)

Kty —t) = Ky (ti; —t)[1 +op(1)],
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where K*(+) is the LPK equivalent kernel (Fan and Gijbels 1996, p. 64).

Lemma 3.2 We always have
Mg

) . 1, whenr =0,
>t = 0t - = { |

otherwise.
j=1

In addition, under Condition A, as n — oo, we have

ZK’“ 1)ty — P = %[Hozv(m,

Z gty = 0F = 8D a1 op(1),

“(1) (g

where B,.(-) and V(-) are defined in (3.28).

Let ri(t) = f,(t) — f;(t),i = 1,2,---,n, where f,(t) are the p-order LPK
reconstructions of f;(¢) given in Section 3.2.3. Let 7(t) = n~! 37" | r;(t) and
f@t)=n"13"" | fi(t). Using Lemmas 3.1 and 3.2, we can show the following
useful lemma.

Lemma 3.3 Under Condition A, as n — oo, we have

( )
E{ri(t)|D} = ZeetlIEm 2@ ot (1 4 (1)),

Coutra(s), (01D} = {*=G2 ns)
p 1 (K)vpt1,p41 (80t
B 00240 L1 4 (1),

Cov{ri(s), fi(t)| D} = LetlE ol pptify 4 op(1)].

Proof of Lemma 3.3 By (3.12) and Lemma 3.1, we have

n; N4

Ti(t) ZKm 61]""2[(7“ Z]_ {fl( 1]) fz(t)}

Jj=1

It follows that

ZK” i — 1) {n(ti;) —n(t)}.
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Applying Taylor expansion and Lemmas 3.1 and 3.2, we have

Eri(OID) = X Ki(ts — 0 { 0 n0 et
+ol(ti; — )P} (3.51)
B, K*)pp+1)
st 2 W L+ op (1)),

Similarly, by the independence of f;(t) and €;(¢), we have

Cov(ri(s), ri(D)]D) = T3, K7t (1 — 5) K3 (1 — 1)0%(15)
+ 200 2t K (b — s) Ky (ta — 1)
XAy (tij, ta) — v(tij, t) — v(s,tu) +v(s,t)}

. < 2 -
{EDUBIM ) )1 . Ban 00 2 )

x[1 + op(1)].

In particular, letting s = ¢, we obtain
Var(r(p) = { R )

2 *
+BP+1(K(17)lT)r!12’p+l(t7t) h2(p+1)}[1 +op(1)],

(3.52)

as desired. Lemma 3.3 is proved.
Direct application of Lemma 3.3 leads to Lemma 3.4.

Lemma 3.4 Under Condition A, as n — oo, we have

_ ) ) (PF1)
E((t)|D) = ZestEn W prti[1 4 op(1)],

Cou(i(s), 7(t)|D) = n*I{W(mhrl
2 * s
+ BT’H(K(ZZPS!EP“( ) p2(+1) 14 op(1)],

Cou(r(s), [(1)|D) = PeorEsetln = b1 [1 4 op(1)],

where i = (n~' 2" n; ')~ as defined in Theorem 3.2.

Proof of Theorem 3.1 For each i = 1,2,---,n, by (3.51) and (3.52), we
have

B{lf.0) - £.()2D} = B{r}()D}
Var(r;(t)|D E(r;(¢)|D)
{ V(g(*)oz(t) 2n+h){1 } (3.53)

w(t)

2 [ (P ()2
+Bp+1(K )(n (pii)))!2+“/p+1,p+1(t¢)] h?(p+1)} [1+ op(1)].

Theorem 3.1 then follows directly.
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Proof of Theorem 3.2 Under Condition A, the coefficients of h2(P*1) and
(n;h)~! in expression (3.53) are uniformly bounded over the finite interval 7 =
[a,b]. Moreover, as n; > Cn® and h = O(n=%r*3)) we have O(h?®P+1) =
O((nih)™1) = O(n=2w+1)9/Cp+3)) — p=2(+1)0/(2p+3) (1), Thus, by (3.51)
and (3.52), we have

E{r{(t)|D} = E*(r;(t)| D) + Var(r;(t)| D)
= Opp[h?P*Y + (n;h)~1] = n =2t/ CrH3) O p(1).

Therefore, f;(t) = fi(t)+n~@TD/(2+3) Oy, p(1). Theorem 3.2 is then proved.
Proof of Theorem 3.3 First of all, notice that f(t) = n='>""

f) + 7(t). It follows that Bias(ij(t)|D) = E(7(t)|D), Cov(ﬁ(s) 77
Cov(f(s), f(t)) + Cov(f(s),7(t)) + Cov(F(s), f(t)) + Cov(7(s),7(t)).

sults of Theorem 3.3 follow directly from Lemma 3.4.

fit
t)|D) =
The re-

Proof of Theorem 3.4 As #(t) = f(t) + 7(t) = 7(t) + #(t), in or-
der to show the first expression in (3.34), it is sufficient to prove that
E{f(t)|D} = n=2w+D8/Cr+3)0yp(1). This result follows directly from
E{7%(t)|D} = {E(7(t)|D)}? + Var(#(t)|D) and Lemma 3.4. To show the sec-
ond expression in (3.34), notice that the covariance estimator 4(s,¢) can be
expressed as

2 D)~ FO ) o)

A(s,t)
+ Z{fz )} {ra(t) — (1)}
+EZ{Ti(S)_f(S)} {f:(t) = f(t)}

+- Z{Tz ()} {ri(t) — (1)}

= ’y(,s,t) + I + I + I3,

where r;(t) = fz(t) — fi(t),i=1,2,---,n are independent, and asymptotically
have the same variance. By the law of large numbers and by Lemma 3.3, we
have

L

£ {n‘l > E[(fi(s) = Fs))(ratt) = 7(2))| )] } Op(1)
E{Cov(fi(s),m1(t)|D)} Op(1)

n*(p+1)5/(2p+3)OUP(1).

Similarly, we can show that

I =n P/ 0, (1), and I3 = n—2(p+1)5/(2p+3)0UP(1).
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The second expression in (3.34) then follows. When § > 1+ 1/[2(p + 1)], we
have

02 (i(t) = (0} = oup(), 12 {3(s.8) = 4(s,0)} = oup(1).

By the definition of 7(t) and (s, t), we have
i(t) = n(t) +o(t), F(s:t) =n"" Y wils)vi(t) — v(s)o(t).
i=1

By he central limit theorem for i.i.d. stochastic processes (see Theorems 4.12
and 4.13 in Chapter 4), it is easy to show that as n — oo, we have

a2 L) — ()} S GP(0,7), 22 {A(s,t) — (s, 1)} L GP(0,w),

where

w {(817t1)7 (82, tg)} = Cov {’Ul (sl)vl(tl), ’U1(82)U1 (tg)}
=E{vi(s1)vi(t)vi(s2)vi(ta)} — y(s1,t1)v(s2, t2).

In particular, when v(t) is a Gaussian process, we have

E{vi(si)vi(t)vi(s2)vi(te)} = v(s1,t1)v(s2,t2)
+y(s1,t2)y(s2,t1) +v(51, 82)¥(t1, t2).

Thus, @ {(s1,t1), (s2,t2)} = y(s1,t2)7(s2, t1) +7(s1, 52)7(t1, 2). The proof of
Theorem 3.4 is finished.

Proof of Theorem 3.5 Under Condition A and by Theorem 3.2, we have
fi(tij) = filti;) +n= @D/ CrE3)Opp(1). Tt follows that

R 2 2
e = {yij _ fi(tij)} _ {Q’j 4 n*(p+1)5/(2p+3)OUp(1))}
- EZZj + 2n_(p+1)6/(2p+3)5ijOUP(1) + n 21/ O (1),

Plugging this into (3.37) with b = O(N~/5), we have 62(t) = I, + I + I3,
where under the given conditions and by standard kernel estimation theory,

D1 2oy Hu(ti — t)e; a5
ho= i”l ij"i H,,(Z,,,t)J = o(t) + N=*/°0up(1),
i=122j=1 i

o 2im1 2o Hi(tiy — ¢ n” WP e Opp (1)

L =
it 2oy Hy(ti; — t)
— n*(17+1)5/(217+3)OUP(l)7
Lo Sy oGy Hy(tiy — tyn =208/ CrE8) Oy p (1)
, =

Doy 2oy Hy(tiy — t)

n =2/ P30y p(1).
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Under Condition A4, n; > Cn®. This implies that N = Soring > Cntto,
Thus N~2/5 = O(n=2(149)/5) Tt follows that 67 (t) = o%(t)+Oyp(n=20+9/54
n‘<p+1)5/(2p+3)), as desired. The proof of the theorem is completed.

Proof of Theorem 3.6 The theorem follows from Theorems 4.12 and 4.13
of Chapter 4. See also Laha and Rohatgi (1979, p. 474) and van der Vaart
and Wellner (1996, p. 50-51).

Proof of Theorem 3.7 Under the conditions of Theorem 3.2, we have
lri(t)] = |f.(t) = f:(t)] < n~@HDI/EPIC for some C > 0 for all i and
t. Let A(t) = [A(t), -+, A,)]T = (XTX)"'XT(f(t) — £(t)). Then for
r=1,2,---,q, we have

n
A0 = In7t) e, 1ZXJ “hxer(t)]
i=1
n
Tty el (nt ZXjX]-T)*lxz-llm(t)l
i=1 j=1

< Cn—(P+1)6/(2p+3)E‘erqQ—1xl|[1_i_op(l)]'

It follows that A(t) = n~(P+1/PH3)0p;p(1). The first expression in (3.43)
follows directly from the fact that B(t) — B(t) = A(t).

To show the second expression in (3.43), notice that 9;(t) = 0;(t) +ri(t) +
xT[B(t) — B(t)] = ;(t) + n~ @D/ 2p+3) Oy p(1) because under the given
conditions, we have x; = Oy p(1), ri(t) = n=®+D8/Cr+3) 0y 5(1), and B(t) —
B(t) = n~ Pt/ +3) Oy p(1). Further, by Condition B, we have v;(t) =
Oy p(1); therefore ;(s)0;(t) = ;(s)0;(t)+n~ P/ 3 Oy p(1). The second
expression in (3.43) follows immediately.

When 6 > 1+ 1/[2(p + 1)], we have (p + 1)§/(2p + 3) > 1/2. There-
fore, \/n[B(t) — B(t)] = n/>~ (p+1)5/(2p+3)OUp( ) = oyp(1). Moreover, it is
easy to show that as n — oo, we have /n[B(t) — B(t)] < GP,(0,v3), where
Y5(s,t) = y(s,t)Q"". The result in (3.44) follows immediately. The proof of
the theorem is completed.

Proof of Theorem 3.8 Let w(t) = [C(XTX —1CT)=1/2[CB(t) — c(t)] and
V~V(t) is similarly defined but now using B(t) instead of B(t). Then T, =
f I (t)]|2dt and Tnff I (¢)]]2dt.

Let A(t) = Ww(t) - w(t) = [CX"X)"'CT]72CB(t) — B(1)).
Then under the given conditions and by Theorem 3.7, we can show
that A(t) = n'/2-@+D5/Cr30, (1), Tt follows that vi/(t) = w(t) +

1/2_(1""1)5/(21’+3)OUp(1) and hence T, = T, + 2f OTA)dt +
f |A®)||2dt = T, 4+ n'/2=E+D3/@rE3) 0 (1) as desired.
When § > 1+ 1/[2(p + 1)], we have T}, = T, + op(1) as n — oo. Thus, to
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show (3.50), it is sufficient to show that as n — oo, we have T, 4, S ANAL
Using (3.46), under the null hypothesis, it is easy to show that n — oo, we
have W(t) <5 GPj(0,73), where y(s,t) = (s, )Ix. It follows that the k
components of w(t) are independent of each other, and as n — oo, the lth

component w;(t) A GP(0,7). As y(s,t) has the singular value decomposition
(3.48), we have w;(t) = >.", &r¢,(t) where as n — oo, we have

b
& :/ @), (H)dt 5 N, \), r=1,2,--,m. (3.54)

It follows that T, = [ [W(t)|2dt = S5, [P @ ()t = S5, S0, € be-
cause the eigenfunctions ¢, (t) are orthonormal over 7 = [a, b]. By (3.54), we
have ZL £ 4 A+ A, where A, ~ x37. It follows that as n — oo, we have
T 4, S A A, as desired. The proof of the theorem is completed.

3.6 Concluding Remarks and Bibliographical Notes

In this chapter, we studied reconstruction of functional data by the four
smoothing techniques described in Chapter 2. The GCV rule of Zhang and
Chen (2007) is adopted for bandwidth or smoothing parameter selection. It
is noticed that by properly choosing the reconstruction setup, reconstructing
a functional data set is equivalent to reconstructing the individual functions
separately in a similar manner. It is shown that under some mild conditions,
the effect of replacing the underlying individual functions with their LPK re-
constructions is asymptotically ignorable. This result is also true for smooth-
ing spline reconstructions of functional data as shown by Krafty (2010). We
believe that this is also valid for regression spline and P-spline reconstruc-
tions of functional data. Therefore, we can use the reconstructed individual
functions as “observed” continuous functions to conduct statistical inferences
about functional data without loss of much information provided that the min-
imum number of measurements per subject tends to oo slightly faster than
the number of subjects. This allows the “smoothing first, then estimation or
inference” method adopted in this book.

Reconstruction of a functional data set is also known as “presmoothing
functional data” (Martinez-Calvo 2008). As mentioned in this chapter, pres-
moothing functional data aims to reconstruct the individual functions, to re-
move as much measurement errors as possible, and to allow evaluating the
individual functions at any prespecified resolution. It has wide applications
and has caught more and more attentions recently. For example, Hitchcock,
Casella, and Booth (2006) and Hitchcock, Booth, and Casella (2007) showed
by theoretical analysis and intensive simulations that presmoothing helps to
produce more accurate clustering for functional data. Most recently, Ferraty,
Gonzélez-Manteiga, Martnez-Calvo, and Vieu (2012) studied the properties of
presmoothing in functional linear regression models with scalar responses and
functional covariates. More studies in this area are expected and warranted.
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3.7

1.

Exercises

Assume that all the subjects in a functional data set have the same
design time points:

tij:tj,j:1727---,m;i:1,2,---,n. (355)

(a) Show that a;(t) = ai(t),i = 2,---,n, where a;(t),i =
1,2,--+,n are defined in (3.13).

(b) Show that 7(t) = a; (t)7y, where 7(t) is defined in (3.31) and
y=n"t>0"yi with yi = [y, vz, Yim) " -

. Under the assumption (3.55) and Condition A, show that for the local

linear kernel reconstructions fi(t)J =1,2,---,n, we have

COV(ﬁ(S)a ﬁ(t”tlv lo, - 7tm) = 7(8’ t)/n + OUP(l/n)a

provided that mh — oo and nh* — 0 as n — oo.

. Under the assumption (3.55), do the following problems.

(a) Show that a;(t) = aji(t),i = 2,---,n, where a;(t),i =
1,2,--+,n are defined in (3.27).

(b) Show that 7(t) = a;(t)Ty, where ¥ is defined in Exercise 1
and 7)(t) is the sample mean function of the P-spline recon-
structions fi(t),i =1,2,---,n.

(¢) Comment if the same property holds for the regression spline
reconstruction method.

Under the assumption (3.55), let 20 and 3 be the sample covariance
matrix of y;,7 = 1,2,---,n and the sample covariance matrix of the
cubic smoothing spline reconstructions y,,7 = 1,2,---,n as defined
in (3.23). Show that 3 = CX(CT where C is some constant matrix,
depending on the smoothing parameter A and the roughness matrix
G only.

. Show that the optimal bandwidth A* (3.30) for all the individual func-

tion reconstructions is generally larger than the optimal bandwidth
for the estimator 7j(¢) of the population mean function 7(t). Explain
intuitively why this is reasonable.
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Chapter 4

Stochastic Processes

4.1 Introduction

In the previous chapter, we studied how to reconstruct the individual func-
tions from observed discrete functional data so that the reconstructed individ-
ual functions of a functional data set can be approximately modeled as i.i.d
realizations of an underlying stochastic process. In this chapter, we introduce
two important stochastic processes, namely, Gaussian process and Wishart
process. These two processes play a central role in this book. Some of their
important properties are investigated in Section 4.2 where we show that the
squared L?-norm of a Gaussian process is a x>-type mixture, and the trace of a
Wishart process is also a x?-type mixture. In Section 4.3, methods for approx-
imating the distribution of a x2-type mixture are introduced. The ratio of two
independent x2-type mixtures is called an F-type mixture. Some methods for
approximating the distribution of an F-type mixture are given in Section 4.4.
These methods are useful for statistical inferences about functional data. As
applications of these methods, a one-sample problem for functional data is
introduced in Section 4.5 where some basic inference techniques for functional
data are introduced. Some remarks and bibliographical notes are given in Sec-
tion 4.7. The chapter concludes with technical proofs of some main results in
Section 4.6 and some exercises in Section 4.8.

4.2 Stochastic Processes

Throughout this book, let 7 be a finite interval and we use || f|| to denote the
L2-norm of a function f(t),t € T:

111 = | [ o -

If ||f]| < oo, we say that f(t),t € T is a squared integrable function. In this
case, we write f(t) € £2(T), where £2(T) denotes the Hilbert space formed by
all the squared integrable functions over 7 and the associated inner-product
is defined as

< fig>= / [ #0atvie. 10).90) € £2(D).

83
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A stochastic process or random process may be defined as a sequence of
random variables or random vectors over time or space. A stochastic process
over time is usually known as a time series. Gaussian processes and Wishart
processes are two very useful stochastic processes that we will introduce below.

Let y(t),t € T be a stochastic process having mean function 7(t),t € 7
and covariance function «(s,t),s,t € 7, where 7 is a compact support of t.
We write y(t) ~ SP(n,v) for simplicity. When ~(s,t) has finite trace: tr(y) =
J7 At t)dt < oo, it has the following singular value decomposition (SVD)
(Wahba 1990, p. 3):

m

’Y(S,t) = ZAT¢T(S)¢T(t)ﬂ (4'1)

where A1, Ao, -+, A\, are all the decreasingly ordered positive eigenvalues of
Y(s,t), P1(t), d2(t), -+, dm(t) are the associated orthonormal eigenfunctions
of v(s,t) such that

2 _ _
/Tm(t)dt —1, /Taﬁr(t)@(t)dt — 0, r £,

and m is the smallest integer such that when r > m, A\, = 0. Notice that
m = oo when all the eigenvalues are positive. Then y(t) has the following
Karhunen-Loéve expansion:

y(t) =n(t) +)_&6r (D), (4.2)
r=1

where &, =< y, ¢, >, = 1,2,---,m are uncorrelated, E¢,. = 0, and E€2 = )\,..
The SVD of a covariance function and the Karhunen-Loéve expansion of a
random function play a central role in FDA.

To investigate the properties of v(s,t), we define the product of two bi-
variate functions f1(s,t) and fa(s,t) as

(fr® f2)(s.1) = / [ 5.0 ol ),

and generally define the product of k bivariate functions f;(s,t),i =1,2,--- k
as

(@5 fi)(s.1) = /T<®f;f ) (5 10) i (s ), (4.3)
When fi(s,t),i = 1,2,---,k are all equal to f(s,t), the kth power of f(s,t)

can then be expressed as

k = S, U7 Uy, uUz) - - Uk—1 Uy - AUk —1. .
7© <s7t>f/7 /Tﬂ, VF(ur, ) - flupr, Oduy - dug_y. (44)

In particular, the product of any two bivariate functions f(s,t) and g(s,t) and
the square of f(s,t) are

(f@g)(st) J7 f(s,w)g(u,t)du, (45)
[22(s,t) = [ f(s,u)f(u,t)du. :
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As the covariance function 7(s,t) is symmetric with respect to s and ¢, we
have tr(y®?) = [7 [77*(s,t)dsdt. By the SVD (4.1) of (s, t), we can show
that

m

tr(y) = Z A, tr(y®%) = Z M2, (4.6)

r=1

The above two expressions are very useful. In fact, we have a more general
result as stated below.

Theorem 4.1 If tr(y) < oo, then for any finite integer k = 1,2, -, we have
tr(y®k) =S AF where A7 = 1,2, -, m are all the m positive eigenvalues
of v(s,1).

When y(t) ~ SP(n, ) with n(t) € £3(T) and tr(y) < oo, it is easy to show
that the squared L2-norm of y(t) is a random variable with

Ellyl* = [nll* + tr(v) < co. (4.7)

For a general stochastic process y(t) ~ SP(n,7), it is not easy to find the
variance of ||y||%.

The methodologies for estimating the eigenvalues and eigenfunctions of the
underlying covariance function of a functional data set are known as principal
components analysis (PCA) of functional data. Ramsay (1982) and Besse and
Ramsay (1986) first addressed this problem for functional data. Further work
includes Ramsay and Dalzell (1991), Rice and Silverman (1991), Silverman
(1995, 1996), Huang, Shen, and Buja (2008), among others. Properties of
functional PCA are established in Hall and Hosseini-Nasab (2006) and Hall,
Miiller, and Wang (2006). A comprehensive account of PCA for functional
data can be found in Ramsay and Silverman (2005, Chapters 8-10). Because
we use the eigenvalues and eigenfunctions of a covariance function indirectly
throughout this book, we decided not to further discuss this topic in this book.

4.2.1 Gaussian Processes

Gaussian processes are special stochastic processes. In multivariate data anal-
ysis (MDA), Gaussian distributions play a central role. In FDA, Gaussian
processes play a similar role as Gaussian distributions in MDA.

A process y(t),t € 7 is Gaussian with mean function 7n(t),t € 7 and
covariance function (s, ), s,t € 7, denoted as GP(,~), if and only if for any
p time points, ¢;,j = 1,2,---,p, the random vector [y(t1), - -,y(t,)]T follows
a multivariate normal distribution N, (n,T), where n = [n(t1),---,n(t,)]" and

T = (v(ti,t;)) : p x p. Throughout this book, X 2Y denotes that X and Y
have the same distribution, and f(¢) = 0,t € 7 denotes f(t) =0forallt € 7.
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Theorem 4.2 If y(t) ~ GP(n,7),t € T with n(t) € L*(T) and tr(y) < oo,
then the squared L?-norm of y(t) can be expressed as

m o0
llyI? 4 Z A A+ Z 62, Ay ~ xT (A 162) independent, (4.8)
r=1 r=m-+1
where \.,7 = 1,2,--- 00 are the decreasing-ordered eigenvalues of
v(s,t), &.(t),r = 1,2,---,00 are the associated eigenfunctions, 0, =

J n(t)pr(t)dt,r = 1,2, 00, and m is the number of all the positive eigen-
values so that A\, > 0 and A\, = 0,7 > m. In particular, when n(t) = 0, we

have 6, = 0,r =1,2,---,00 so that we have
d ii.d
Iyl = > MAy, ARG, (4.9)
r=1

which is a central x*-type mizture.

Theorem 4.2 plays an import role in this book. It says that the squared L>-
norm of a Gaussian process is a XQ—type mixture plus a constant. Therefore,
its distribution can be approximated properly using the methods presented
in Section 4.3. We will apply this theorem frequently in later chapters. In
particular, by Theorem 4.2, when y(t) ~ GP(n,v), we have

m

Ellyl® = lInl* + te(v), Var(|ly|®) = 2tr(7%%) +43 A6, (4.10)

r=1

The following theorem is useful in Chapter 10 on tests of equality of sev-
eral covariance functions. It gives a simple formula for computing the fourth
moments of a Gaussian process.

Theorem 4.3 If y(t) ~ GP(0,v),t € T with tr(y) < oo, then for
any ti,ta,ts, ta € T, we have Ely(t1)y(t)y(ts)y(ts)] = v(t1,t2)y(ts,ts) +
Y(t1,t3)v(t2, ta) +(t1, ta)v(t2, t3)-

4.2.2  Wishart Processes

Wishart processes are natural generalizations of Wishart random matrices.
Throughout, we use WP(n,v) to denote a Wishart process with n degrees of
freedom and a covariance function (s, t). A general Wishart process W (s, t) ~
WP(n,v) can be written as

n

W(s,t) =Y Wi(s,t) = Z v (s)vi (1), (4.11)

=1

where W;(s,t) = v;(s)v;(t),i = 1,2,-~-7n,i'fi@d' WP(1,v) and v;(t),i =

1,2,---,n, i GP(0, 7). By the definition, we have the following obvious but
useful result.
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Theorem 4.4 Let W;(s,t) ~ WP(n;,v), i =1,2,---, k. Then we have

Wi(s,t) + Wa(s,t) + - Wi(s,t) ~ WP(ny +ng + - +ng, 7).

The above theorem says that the sum of several independent Wishart
processes with a common covariance function is also a Wishart process with
the degree of freedom being the sum of the degrees of freedom of the individual
Wishart processes and the covariance function being unchanged. This property
is a natural extension of the property of “the sum of several independent >
random variables is also a x? random variable” and it is useful in analysis of
variance for functional data.

Notice that when ~(s,¢) has finite trace, it has the SVD (4.1). By (4.2),
the v;(t)’s in (4.11) have the Karhunen-Loéve expansions:

vi(t) =D Ende(t)i=1,-n, (4.12)
r=1

where &, =< v;, ¢ >= f’f v;(t) ¢, (t)dt are independent, &;. ~ N (0, \,.), and
Ar, &r-(t) are the rth eigenvalue and eigenfunction of (s, t). Using (4.12), we
have the following useful theorem.

Theorem 4.5 Assume W(s,t) ~ WP(n,v) with tr(y) < co. Then we have
(a) EW(s,t) = ny(s,t);
(b) tr(W) L0 A A, A2
(¢c) Etr(W) = ntr(y), Etr*(W) = 2ntr(v%?) + n?tr*(y), & Var(tr(W)) =
2ntr(y©?);
(d) Etr(W®?) = n(n+ D)tr(y2?) + ntr?(y).

Part (a) of Theorem 4.5 gives the mean function of a Wishart process.
Part (b) shows that the trace of a Wishart process is a x2-type mixture. This
result will be used frequently in this book. Part (c) gives the first, second
moments and variance of the trace of a Wishart process. Direct application of
Theorem 4.5 leads to the following useful result about the unbiased estimators
of (s, t), tr(7), tr2(), and tr(y®2). This result will be used frequently in later
chapters.

Theorem 4.6 Assume W (s,t) ~ WP(n,v) with n > 1 and tr(y) < co. Set
A(s,t) = W(s,t)/n. Then (s,t) and tr(¥) are the unbiased estimators of
v(s,t) and tr(y), respectively. Moreover, the unbiased estimators of tr(y®?)
and tr*(7), respectively, are

7@_{;(”“) [tr(?y®2) - %trz(?y)} and

n(n+1 ~ ~R®2
(n—(l)(n-&)-Z) [”2(7) - L“"('V )} .
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Remark 4.1 It is seen from Theorem 4.6 that tr%(5) and tr(3%?) are biased
estimates of t2(7y) and tr(y®?), respectively, but they are asymptotically un-
biased provided that tr(y) < oco. This latter condition is assumed throughout
the book.

4.2.8  Linear Forms of Stochastic Processes

Let y1(t),ya(t), -, yn(t) € L*(T) be stochastic processes. Then y(t) =
[y1(t), y2(t), -+, yn(t)]T is an n-dimensional stochastic process. We shall en-
counter such a multidimensional stochastic process frequently in this book.
When y;(t) ~ SP(n;,7i),4 = 1,2,- -+, n are independent, then throughout this
book, we write

Y(t) ~ SPn(%F),
77(?5) = [771(1‘)7 I nn(t)]T’ F(3>t) = diag(’Yl (87 t)772(3>t)a o 7777:(5’ t))

In particular, when yy (¢), -, yn(t) g SP(n,~), we have

y(t) ~ SPn(n,T), n(t) = n(t)1n, T(s,t) = (s, )In,

where again 1,, is the n-dimensional vector of ones and I, is the identity matrix
of size n x n. In this case, for simplicity, we can write y(¢) ~ SP,(n1,,v1L,).
Similarly, throughout this book, we write GP,(n,T") for an n-dimensional
Gaussian process.

Let C: g x n be a constant matrix. Then Cy(¢) is called a linear form of
y(t). It is easy to show that

e When y(t) ~ SP,(n,T), we have Cy(t) ~ SP,(Cn, CT'CT).

e When y(t) ~ GP,(n,T), we have Cy(t) ~ GP,(Cn,CT'CT).
In particular, when T'(s,t) = ~(s,t)I,, we have CT(s,t)CT = ~(s,t)CCT.
Furthermore, let ¢(t),t € 7 be a squared integrable function. Let y(t) ~
SP(n,~) with n(t) € £*(T) and tr(y) < co. Set £ =< ¢,y >= [ c(t)y(t)dt.
Then

pe = B¢ = / t)dt, o? = Var(€) / / c(t)dsdt.

Moreover, when y(t) ~ GP,(n,~1,), we have £ ~ N (ue, ag).

4.2.4  Quadratic Forms of Stochastic Processes

Let y(t) be an n-dimensional stochastic process and A be a symmetrical real
matrix of size n x n. We define the following quadratic form of y(t) as

a(s,t) =y(s)" Ay(t), s,t € T.
Notice that A has the following SVD:
A =UDU7, (4.13)
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where U = [uj,ug,---,u,] is an orthonormal matrix with columns being
the eigenvectors of A and D = diag(dy,ds, - -,d,) is a diagonal matrix with
diagonal entries being the eigenvalues of A. Then when y(t) ~ SP,(n,71,),
we have

a(s,t) L 2

5)"'Daz(t) Z dizi(s)z(t (4.14)
where z(t) = UTy(t) ~ SP,(n.,71,) with n,(t) = UTn(t). Notice that the
entries of z(t) are uncorrelated. In particular, when y(¢) is a multidimensional
Gaussian process whose components are independent, we have the following
important result.

Theorem 4.7 Assumey(t) ~ GP,(n,v1,) and A : nxn is a symmetric real
matriz, having the SVD (4.13). Then the quadratic form q(s,t) = y(s)T Ay(t)
has the following random expression:

t) < > dizi(s)z(t). (4.15)

where z1(t),-- -, z,(t) are the entries of z(t) = Uly(t) ~ GP,(UTn,11,).
In particular, when n(t) =0, q(s,t) is a Wishart mixture. We then have the
following random expression:

LN dwils, 1), (4.16)
=1

where Wi(s,t),i =1,2,---,n b WP(1,~).

The above theorem says that “a quadratic form of a multidimensional
Gaussian process is a mixture of a few Wishart processes.” An application
of Theorem 4.5 leads to the fact that the trace of a quadratic form of a
multidimensional Gaussian process is a x?-type mixture. This result will be
implicitly used frequently in this book.

When A is an idempotent matrix of rank & such that the SVD (4.13) can
be further written as

_ I. O T
A-U( 0 O)U’ (4.17)
we have the following useful result.

Theorem 4.8 Assume y(t) ~ GP,(n,v1,) and A : n x n is an idempotent
matriz of rank k, having the SVD (4.17). Then the quadratic form q(s,t) =
y(s)TAy(t) has the following random expression:

a(s,) 23" zi(s)zi(t), (4.18)

i=1
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where 21 (1), -, 2, (t) are the entries of z(t) = Uly(t) ~ GP,(UTn,~1,). In
particular, when n(t) =0,

q(s,t) ~ WP(k,~). (4.19)

The above theorem says that “a quadratic form of a multidimensional
Gaussian process with an idempotent matrix is a Wishart process.” This prop-
erty may be regarded as an extension of the property that “a quadratic form
of a multidimensional normal random variable with an idempotent matrix is
a x? random variable.” The following theorem states the sufficient and neces-
sary conditions when a few quadratic forms of a multidimensional Gaussian
process are independent. This theorem can be regarded as an extension of
the well-known Cochran’s theorem for quadratic forms in multivariate data
analysis.

Theorem 4.9 Assume y(t) ~ GP,(n,71,) and A; :nxn,i=1,2,--- k are
symmetric real matrices. Then the quadratic forms q;(s,t) = y(s)T Ay (t),i =
1,2,---,k are independent of each other if and only if A;A; =0,1 <7< j<
k.

The following theorem gives the random expression of the trace of a
quadratic form of a multidimensional Gaussian process whose components
have a common covariance function. This theorem plays a central role in this
book for studying various tests for functional data analysis. It will be used
frequently in later chapters.

Theorem 4.10 Lety(t),t € T ~ GPn(n,~L,) with n(t) = [n1(t),- -, n. ()T
and 1 (t),---,nn(t) € L2T) and tr(y) < oo. Set T = tr(q), where q(s,t) =
y(8)TAy(t) is a quadratic form of y(t) and A is an idempotent matriz of rank
k, having the SVD (4.17). Then we have

T £ [rlw®)|?dt =5, [rwi(t)dt

S A A+ 62, (4.20)

Ar ~ X3 (A\162)  independent,

e s

where w(t) = [wy(t), -, wi(t)]" ~ GPr(n,,VIk) with n,(t) = L, 0]U n(t),
Ay = 1,2,-++ 00 are the eigenvalues of y(s,t) with only the first m eigen-
values being positive, ¢, (t),r = 1,2,---,00 are the associated eigenfunctions,
and 62 = || [7 0, () pr(t)dt||*,r = 1,2, c0. In particular, when n(t) =0,
we have 02 = 0,7 = 1,2,---,00 so that we have

TENNAL A KNG (4.21)

r=1

When the components in a multidimensional Gaussian process do not have
the same covariance function, the above theorem is no longer valid. However,
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we still can derive the mean and variance of the trace of a quadratic form of
a multidimensional Gaussian process whose components have different covari-
ance functions, as stated in the following theorem. This theorem is useful in
Chapter 9 when we study a k-sample Behrens-Fisher problem for functional
data.

Theorem 4.11 Let y;(t),i = 1,2,---,n be independent Gaussian processes
with y;(t) ~ GP(0,v;) and tr( ;) <00,i=1,2,---,n. Let A = (a;;) : nxn be
a symmetric matriz and q(s,t) = y(s )TAy( ) be a quadratic form of y(t) =
[a(t), -+ yn(O)]T. Set T = tr(q). Then

Za“tr vi), and Var(T fQZZa”tr Y ® Vi),

i=1 =1 j=1

where (v; @ ;)(s,t) = [ vi(s, u)v;(u, t)du.

By the above theorem, when v (s,t) = va(s,t) = -+ = yu(s,t) = 7(s,1),
we have E(T) = tr(A)tr(y) and Var(T) = 2tr(A?)tr(y%2).

4.2.5 Central Limit Theorems for Stochastic Processes

Let R? denote the p-dimensional Euclidean space and let 7 C RP be a finite
compact interval. Let y;(t),i = 1,2, -, n denote n realizations of a stochastic
process y(t) defined on 7.

Theorem 4.12 If y1(t),y2(t), -, yn(t) i SP(n,7) such that E||y1]|*> < oo
where t € T, then as n — oo, we have

¢mmw—mwrﬂcﬂaw,

where y =n! Zl 1 Yi(t) is the usual sample mean function of y;(t),i =
1,2,

Theorem 4.12 is the central limit theorem for stochastic processes (ran-
dom elements taking values in a Hilbert space); see Laha and Rohatgi (1979,
p. 474). Tt is also a direct result of a theorem given by van der Vaart and
Wellner (1996, p. 50-51). Notice that as E||y1||?> = [|n]|? + tr(y), the condition
E||y1]]? < oo if and only if 5(t) € £*(7) and tr(y) < co. A direct application
of Theorem 4.12 leads to the following result.

Theorem 4.13 Suppose that yi(t),y2(t), -, yn(t) g SP(0,7v) such that
Elly1]|* < co. Set q(s,t) =n=t3"" qi(s,t), where q;(s,t) = yi(s)yi(t),s,t €
T,i=1,2,---,n. Then as n — oo, we have

Vila(s,t) —(s,t)] % GP(0, ),
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where

@ [(s1,t1), (52, t2)] = Cov(q1(s1,t1), q1(52,12))
= By1(s1)y1(t1)y1(s2)y1(t2) — v(s1,t1)7(s2,t2).

Notice that the above theorem is the central limit theorem of the quadratic
forms q;(s,t) = yi(s)yi(t),i = 1,2,---,n. Thus, it requires much stronger
condition E[jy;||* < oo than that required by Theorem 4.12. Notice also that
the above theorem is important to study the asymptotic property of sample
covariance functions. It will be used frequently in later chapters.

4.3 x?-Type Mixtures

From the previous section, it is seen that when y(t) ~ GP(0,7), |ly||? is a
x2-type mixture. In addition, when W(s,t) ~ WP(n,7), tr(W) is a x2-type
mixture. In this section, we shall study how to approximate the distribution
of a x2-type mixture. A general y?-type mixture can be defined as

q
T= Z crAr, Ay ~ x5 (u?)  independent, (4.22)

r=1
where ¢, = 1,2,---,¢q, are nonzero real coefficients, and u2,7 = 1,2,---,q,
the noncentral parameters of the y2-variates A,,r = 1,2,---,q. When all the

u2 =0, T is called a central x2-type mixture; otherwise noncentral.

Example 4.1 We here define a central x*-type mizture and a noncentral x2-
type mizture that will be used to illustrate the methodologies described in this
section. The central x2-type mizture is defined as

T, = 1.39A4; +7.0945 +41.6A3 + 21.09A44 + 4.5A45

+11.41A6 + 1.55A7 4+ 10.13Ag + 21.86 A9 + 27.99A4, (4.23)

where Ap,r =1,2,---,10 are independent and
Ay, Ay, Ay, Ag ~ X3, while Az, As, Az, As, Ag, Ao ~ X5.
The noncentral x*-type mizture with a few negative coefficients is defined as

T, = 2.73A;+5.9045 —7.39A43 + 5.79A4, — 8.85A5 (4 24)
+4.5A6 +2.47A7 — 2.73Ag — 1.7T1 A9 — 19.75A1, ’

where A,.,r =1,2,---,10 are independent and

A~ x3(.62), Az ~x3(.31), Az ~x3(.2),
Ay ~\2(1.87), As ~x3(1.59), Ag ~ x3(1.11),
Ar ~X3(54),  As~3(85),  Ag ~ x3(L11), Ay ~ x3(L74).
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As mentioned earlier, in this section, we aim to describe various meth-
ods for approximating the distribution of a x?-type mixture. Note that the
distribution of a y2-type mixture is of interest not only in the current con-
text of analysis of variances for functional data, but also in nonparametric
goodness-of-fit tests as discussed in Zhang (2005) and in the classical analysis
of variance (Satterthwaite 1946) among other areas of statistics. However, ex-
cept for a few special cases, the exact distribution of a y?-type mixture (4.22)
is in general not tractable, especially when ¢ is large, say ¢ > 100.

4.8.1  Cumulants

To develop some methods for approximating the distribution of a x2-type
mixture, we need the concept of cumulants of a random variable. Let X be a
random variable and its characteristic function is denoted as 1 x (t). Assume
log(¥x (t)) has the following expansion:

log(¢x () = Z/cl

The constants KC;(X),l = 1,2, - - are known as the cumulants of X (Muirhead
1982, p. 40). In particular, the first four cumulants are

K1 (X) = E(X), Ko (X) = Var(X),

K3(X) =E(X —EX)?, K4X)=E(X —EX)* - 3Var’(X). (4.25)
Using these, the skewness and kurtosis of X can be expressed as
sk(T) = Ka(X)/K3(X), ku(T) = Ka(X)/K5(X),  (4.26)

respectively. When the distribution of X is hard to obtain, we can approximate
the distribution of X using that of another random variable R by matching
the first two or three cumulants of X and R when X and R have very similar
distributions in shape and when the distribution of R can be easily obtained.
The approximation distribution of X is then easily obtained as

P(X <z)~ P(R<u2).

Simple algebra yields that the cumulants of the y2-type mixture 7' (4.22)
are given by

/C(T)—2“z—1izq:c dr +1u?), 1=1,2,--. (4.27)
r=1
See Zhang (2005) for details. In particular, the first 4 cumulants of 7" are
KiT) = S0 e(d, +u2),
Ko(T) = QZT 1 T(d + 2u? 2), (4.28)

(1)
KalT) = 830, chd, +3ud),
( ) = 482[ 1 1"( +4U )
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Example 4.2 Using the above formulas, for the central x?-type mixture T,
defined in (4.23), we have

Ki(T,) = 25.624,  Ko(T,) = 13724,
Ks(T,) = 1.7778¢6,  K4(T,) = 3.7983¢8,

where and throughout, we use 1.7778e6 and 1.7778¢ —8 to denote 1.7778 x 108
and 1.7778 x 1078, respectively. Using (4.26), the associated skewness and
kurtosis of T, are sk(T,) = 1.1059 and ku(T,) = 2.017, indicating that T,
is not normally distributed. For the noncentral x*-type mizture T, defined in
(4.24), we have

K1(Ty) = —79.885,  Ko(Tp) = 6272.7,
ICg(Tb) = —4.699465, K4(Tb) = 6.9195e7.

The associated skewness and kurtosis of Ty are sk(Ty) = 0.9459 and ku(T,) =
1.7586, indicating that Ty is also not normally distributed.

4.8.2  Distribution Approzimation

In general, the exact distribution of the y2-type mixture T (4.22) is not
tractable. However, various approximation methods described below can be
used to approximate the distribution of 7.

Direct Simulation This is the most direct method to approximate the dis-
tribution of T' by simulation. For a given large number, N = 10,000, say, we
first generate A ~ x7 (u2),r =1,2,---,qfori=1,2,---, N. We then obtain
a sample of T as

q
T;=) ¢;Api=1,2,---,N.
r=1

Based on this sample, it is easy to approximately compute the critical values of
T or to approximately compute the P-value of T'. To see how the distribution
of T looks, one can draw the histogram of T" based on the above sample.
In addition, one can also estimate the probability density function (pdf) of
T using a nonparametric method, for example, the kernel density estimator
(KDE) described in Wand and Jones (1995).

Example 4.3 Figure 4.1 displays the histograms of the x?-type miztures T,
(upper panel) and Ty, (lower panel) superimposed by their associated KDEs
multiplied by proper constants. The direct simulation method with the number
of replicates N = 10,000 is used. The required constant for superimposing
a KDE on a histogram is the product of the sample size, N, and the bar
width between any two neighboring bars of the histogram. It is seen that the
distributions of T, and T}, are skewed to the right and to the left, respectively,
and that the KDEs of T,, and Ty work well in approzimating the underlying pdfs
of T, and Ty,. Therefore, we can use the KDEs of T, and Ty as the benchmarks
for comparing various methods.
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Figure 4.1 Histograms of the central x*-type mizture To (upper panel) and the non-
central x*-type mizture Ty (lower panel), superimposed by their associated KDEs
multiplied by proper constants. The direct simulation method with the number of
replicates N = 10,000 s used. The required constant for superimposing a KDE on
a histogram is the product of the sample size, N, and the bar width between any two
neighboring bars of the histogram. It appears that the KDEs of Ty, and T, work well
in approximating the underlying pdfs of T, and Ty.

Remark 4.2 The direct simulation method is simple to understand and easy
to implement. However, like any simulation-based approaches, the direct sim-
ulation method is time consuming, especially when q is large. Moreover, ils
accuracy is limited by Op(N_l/Z). This motivates the development of other
methods.

Normal Approximation We now consider the normal approrimation
method, which uses the fact that under some conditions, the distribution of
the x2-type mizture T (4.22) is asymptotically normal. In practice, when the
skewness and kurtosis of T are close to 0, the distribution of T can be well
approzimated by that of R ~ N(u,0?) by matching the first two cumulants or
moments of T and R. The resulting parameters are

p=Ki(T), 0 = Ko(T).

Remark 4.3 As the distribution of a x*-type mizture is generally skewed
while the normal pdfs are always symmetrical, the normal approximation
method will in general not work well.

Example 4.4 Consider the normal approzimation of the distributions of T,
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Figure 4.2 Estimated pdfs (dashed curves) of T, (upper panel) and Ty, (lower panel)
by the normal approzimation method. The superimposed curves (solid) are the KDEs
of To (upper panel) and Ty, (lower panel). It appears that the normal approzimation
method does not work well in approzimating the distributions of Ta and Ty.

and Ty. Using the cumulants given in Example 4.2 for Ty, the values of p
and o are 25.624 and 13,724, respectively; and for Ty, they are —79.885 and
6,272.7, respectively. Based on these values, we computed and displayed the
approzimate normal pdfs (dashed curves) of T, (upper panel) and Ty, (lower
panel) in Figure 4.2, superimposed by their associated KDEs (solid curves). It
is observed that the normal approximation method indeed does not work well
in approzimating the distributions of T, and Ty.

Two-Cumulant Matched y?-Approximation This method dates back to
Satterthwaite (1946) and Welch (1947). It is often referred to as the Welch-
Satterthwaite y2-approximation. As the distribution of the x2-type mixture
T (4.22) is usually skewed, it is natural to approximate its distribution using
that of a random variable of form R ~ 5)(37 whose distribution is known to be
skewed. From this point of view, the two-cumulant matched y2-approximation
should be generally better than the normal approximation described above
for a x2-type mixture with positive coefficients. The parameters 3 and d are
determined by matching the first two-cumulants or moments of T"and R. As R
is a special x?-type mixture, by (4.27) we have K1 (R) = 8d and K2(R) = 242%d.
Matching the first two-cumulants of 7" and R leads to

Ko(T)

- ~ 2K3(T)
S 2K(T)

B Ko(T)

. d

(4.29)
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Figure 4.3 Estimated pdfs (dashed curves) of T, (upper panel) and Ty, (lower panel)
obtained by the two-cumulant matched x*-approzimation method. The superimposed
curves (solid) are the KDEs of Ty, (upper panel) and T, (lower panel). It appears that
the two-cumulant matched x?-approzimation works well for T, but does not work for
Ty.

Remark 4.4 When the coefficients of a x?-type mizture are all positive, the
two-cumulant matched x2-approximation method will generally work well, es-
pecially when d is reasonably large. When some of the coefficients of the x2-
type mizture T (4.22) are negative, however, it no longer works well. This is
because in this case, the values of T can be positive or negative, while R ~ Bx?
can only take on positive (when 3> 0) or negative (when 5 < 0) values.

Example 4.5 For the x%-type mizture T, (4.23), applying the formulas in
(4.29) leads to = 26.777 and d = 9.5693. The associated pdf of R ~
26.777x2 5693 is depicted as a dashed curve in the upper panel of Figure 4.3,
superimposed by the KDE of T, (solid curve). It is seen that the two pdfs are
close to each other, showing that the two-cumulant matched x?-approzimation
method indeed works well in this case. However, for the x*-type mizture
Ty (4.24), applying (4.29) leads to f = —39.261 and d = 2.0347 so that
R ~ —39.261x3 o347 takes only negative values. In this case, the two-cumulant
matched x?-approzimation method does not work well, as shown in the lower
panel of Figure 4.3 where the pdf of R is depicted as a dashed curve while the
KDE of Ty is depicted as a solid curve.

Three-Cumulant Matched y?-Approximation To overcome the above
problem and to get a better approximation of the pdf of T' (4.22), Zhang
(2005) proposed to approximate the distribution of 7' by that of a random
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Figure 4.4 Estimated pdfs (dashed curves) of T, (upper panel) and Ty, (lower panel)
obtained by the three-cumulant matched x*-approzimation method. The superimposed
curves (solid) are the KDFEs of T, (upper panel) and Ty (lower panel). It appears
that the three-cumulant matched x*-approzimation method works for both T, and Ty,.

variable of form R ~ ﬂxfl + Bo, by matching the first three cumulants of T
and R, generalizing the work of Buckley and Eagleson (1988). It is easy to see
that

Ki(R) = Bd+ By, Ki(R)=2"11-1)8d, 1=23,---. (4.30)
Matching the first three cumulants of 7" and R leads to
Ks(T) 8K5(T) 21C5(T)
— . d= =K(T) — . 4.31

Remark 4.5 Itis easy to show that the estimated d in (4.29) [and in (4.31) as
well] is positive. However, it is often not an integer, so that the Xﬁ-distribution
is actually a gamma distribution with shape parameter d/2 and scale parameter
1/2. Nevertheless, the distribution of Xﬁ can be easily evaluated in popular
statistical software such as MATLAB®, R, and S-PLUS, among others.

Example 4.6 For the x%-type mizture T,, the resulting parameters are 3 =
32.388,d = 6.5412, and [y = 44.386. While for the x2-type mizture Ty, the
resulting parameters are § = —18.729, d = 8.9408, and By = 87.571. Figure 4.4
displays the estimated pdfs (dashed curves) of T, and Ty in the upper panel
and the lower panel, respectively, obtained by the three-cumulant matched x?-
approximation method. Again, the superimposed solid curves are the associated
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Figure 4.5 Estimated pdfs of T (upper panel) and Ty, (lower panel) by the di-
rect simulation (solid), normal approzimation (dot-dashed), two-cumulant matched
X2 -approzimation (dashed), and three-cumulant matched X3 -approzimation methods
(thick dashed). It appears that for T, the two-cumulant matched X2 -approzimation
method slightly outperforms the three-cumulant matched x*-approzimation method
while for Ty, the two-cumulant matched x?-approzimation method does not work but
the three-cumulant matched x*-approzimation method works very well.

KDEs of T, (upper panel) and Ty, (lower panel). It is seen that for both cases,
the three-cumulant matched x?-approzimation method works rather well.

Example 4.7 To give an overall comparison of the four methods, we super-
impose the estimated pdfs of T, and Ty, in the upper and lower panels of Fig-
ure 4.5. It is observed that for Ty, the two-cumulant matched x2-approzimation
method (dashed curve) slightly outperforms the three-cumulant matched x2-
approzimation method (thick dashed curve) while the normal approximation
method (dot-dashed curve) performs worse than the other two methods. For T,
which has a few negative coefficients, however, the two-cumulant matched x>2-
approzimation method (dashed curve) performs much worse than the normal
approzimation method (dot-dashed curve) while the three-cumulant matched
X2-approzimation method (thick dashed curve) performs best.

Remark 4.6 Some comments on the above approximation methods may be
worthwhile. When q is relatively small, the direct simulation method can be
used, and when q is very large, especially in simulation studies where thousands
of replicates are conducted, this method can be very time consuming. When
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the x2-type mizture T (4.22) is approzimately normally distributed, the nor-
mal approximation is advantageous as normal distributions have many good
properties and are widely used. When all the coefficients c,.,r = 1,2,---.q, of
T are nonnegative, the two-cumulant matched x?-approzimation method is a
nice choice as it can be simply conducted using the usual x2-distribution with
acceptable accuracy. This method will be used frequently in this book due to
its simplicity and accuracy. When some of the coefficients c¢.,r = 1,2,---,q
are negative, the three-cumulant matched x?-approzimation method is advan-
tageous as in this case the two-cumulant matched x?-approximation method
may not work. Zhang (2005), theoretically and by simulations, showed that
the three-cumulant matched x?-approximation method generally outperforms
the normal approzimation method. Zhang (2005) also noted that the three-
cumulant matched x*-approzimation method does not perform at the left
(right) boundary region as well as at the right (left) boundary region when
the estimated 3 >0 (<0).

4.4 F-Type Mixtures

In statistical inferences for functional data, one may encounter the ratio of
two independent x2-type mixtures (Shen and Faraway 2004, Zhang 2011a),
which is known as an F-type mixture. In this section we consider how to
approximate the distribution of a general F-type mixture, which is defined as

N A,
FoZm Ot g ), Boead (), (43
s=1""ss

where A,, By are all independent of each other; the coefficients h, of the de-
nominator are usually assumed to be nonnegative; the degrees of freedom a,., b

are all positive integers; and the noncentral parameters u2, v2 are nonnegative.
In practice, the denominator’s noncentral parameters vs,s = 1,2,---,¢qo are

often taken as 0. For simplicity, here and throughout, we denote the numerator
and the denominator of F' as A and B, respectively. That is,

A= qzl ¢ A, B= qzz hBs. (4.33)
r=1 s=1

Example 4.8 We here define two F-type mixtures. The first one is the fol-
lowing central F'-type mixture:

F, = [65A1 + 4.81A5 + 5.95A35 + 9.26 A4 + 483145} /Ba7
B, = 6.05B1+1.31B3+9.72B3 4+ 9.62B4 4+ 6.97B5 (4.34)
+7.21Bg + 2.21B7 + 5.80Bg + 4.26 By + 5.35B19,

where A, Bg,r =1,2,---,5:8=1,2,---,10 are independent and

Az, As, Ay, As ~ X3, Ay ~ X3,
Bs, B7, Bs ~ x1, Bs ~ X3,
Bs, By, Bs, By ~ X3, Bio ~ xi, B1 ~ x3.
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The second one is the following noncentral F-type mizture:

F, = [8.4141 +3.93A45 + 7.53A3 + 10.884,4 + 10.87145] /Bb7
+0.08Bg + .39B7 4+ 1.72Bg + 8.97Bg + 9.4B1,

where A, Bg,r =1,2,---,5;5=1,2,---,10 are independent and

Ay ~x3(9.44), Ay ~ x3(8.95), Az ~x3(.03), A4~ x3(6.68),
As ~x3(9.12), Bz ~xi, By, Big ~ X3, Bs, By~ X3,
B4,B7NX421, Bﬁ NX§7 BlaB5 NX%O

The two F-type mixtures defined in Example 4.8 will be used to illus-
trate various methods described below for approximating the distribution of
a general F-type mixture.

4.4.1 Distribution Approzimation

In general, the exact distribution of the F-type mixture F (4.32) is not
tractable. However, the following approximation methods may be used to
approximate the distribution of F. They are associated with the four meth-
ods for approximating the distribution of a y2-type mixture presented in the
previous subsection.

Direct Simulation The key idea of this method is along the same lines as
those of the direct simulation method for approximating the distribution of a
Y2-type mixture. That is, for a given large number, N = 10, 000, say, we first
generate A;. ~ x2 (uz),r =1,2,---,q1 and Bis ~ xj (v2),s = 1,2, , gy for
1 =1,2,---, N. We then obtain a sample of F' (4.32) as

q1
r=1 crAir

Fy = r=1 Orlin
q2 ’
s=1 hsBis

=1,2,---,N.

Based on this sample, we can approximately compute the critical values of F'
or the P-value of F'. To see how the distribution of F' looks, we can construct
the histogram of F' based on the above sample. Alternatively, we can estimate
the pdf of F' using KDE (Wand and Jones 1995).

Example 4.9 Using the above direct simulation method with the number of
replicates N = 10,000, we now approzimate the distributions of the F-lype
miztures F, (4.34) and Fy (4.35) defined in Example 4.8. Figure 4.6 displays
the histograms of Fy, (upper panel) and Fy, (lower panel) superimposed on their
associated KDEs multiplied by proper constants. It is seen that the KDFEs of
F, and Fy, work reasonably well in approximating the underlying pdfs of F,
and Fy,. Therefore, we can use the KDFEs of F, and F, as the benchmarks for
comparisons.
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Figure 4.6 Histograms of the central F-type mizture F, (upper panel) and the non-
central F-type mizture Fy, (lower panel) superimposed by their associated KDEs mul-
tiplied by proper constants. The direct simulation method with the number of repli-
cates N = 10,000 is used. It appears that the KDFEs of F, and Fy work reasonably
well in approzimating the underlying pdfs of F, and Fy, respectively.

Remark 4.7 Although the direct simulation method is simple to implement, it
is time consuming, especially when q1,q2, and N are large. Like all simulation-
based approaches, the accuracy of the direct simulation is limited by the order
O,(N~1/2),

Normal Approximation The normal approximation method is applied
when the numerator A and the denominator B of F' = A/B are asymptotically
normal. In this case, F' is also asymptotically normal. Then the distribution of
F' can be approximated by the normal distribution with mean and variance,
respectively, as

_ 2 _ KI(A) [Ka(4) | Ka(B)
Ku(B) "7 K(B) LKT(4) © Ki(B)

Example 4.10 For the F-type mizture F, (4.34), the associated pp and U%
are 0.265 and 0.027. For the F-type mizture Fy(4.35), the associated pp and
0% are 3.22 and 2.08. These quantities allow us to obtain the approzimate
pdfs of F, and Fy by the normal approximation method. Figure 4.7 displays
the estimated pdfs (dashed curves) of F, (upper panel) and F, (lower panel)
by the normal approximation method, superimposed by their associated KDFEs
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Figure 4.7 Estimated pdfs (dashed curves) of F, (upper panel) and Fy, (lower panel)
obtained by the normal approzimation method. The superimposed curves (solid) are
the KDEs of F, (upper panel) and Fy, (lower panel). It appears that the normal
approximation method does not work very well for approzimating the distributions
of Fy and F.

(solid curves). It is seen that the normal approximation method does not work
very well for approximating the distributions of F, and F.

Two-Cumulant Matched F-Approximation Note that FF = A/B, with
A and B being the x2-type mixtures. In the previous section we showed that
when the coefficients of a y2-type mixture are all positive, the two-cumulant
matched y2-approximation method works well for approximating its distribu-
tion. As the coefficients of A and B are usually assumed to be nonnegative,
their distributions can be well approximated by the two-cumulant matched
Y2-approximation method. When we approximate the distributions of A and
B by the two-cumulant matched y2-approximation method, we approximate A
and B by 59&1 and 62)(52, respectively. By (4.29), the associated parameters
are

- Ky 4 2K
o= ko M T (4.36)
g, = fm 4 _2Kie ’
P 2Ky P K
In this way, we have
d
F~ %Fdh@ approximately. (4.37)
22

In particular, when A and B have the same expectation, that is, E(A) = E(B),
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Figure 4.8 FEstimated pdfs (dashed curves) of F, (upper panel) and Fy, (lower panel)
obtained by the two-cumulant matched F-approzimation method. The superimposed
curves (solid) are the KDEs of F, (upper panel) and Fy (lower panel). It appears
that the two-cumulant matched F-approrimation method works rather well in ap-
proximating the distributions of F, and Fp.

we have $1d; = (ads. This leads to F' ~ Fy, 4, approximately. In this case,
there is no need to compute 3; and (2 as in (4.36). The above method is
similar to the one investigated by Cleveland and Devlin (1988) in the context
of nonparametric goodness of fit tests.

Example 4.11 We now consider applying the above method to the central F'-
type mixture Fy (4.34) and the noncentral F-type mizture Fy, (4.35). Applying
(4.36) to F, leads to 31 = 6.637,d; = 6.681, 8 = 7.207,ds = 23.215. The
estimated pdf of F, by the two-cumulant matched F-approzimation method
is depicted as a dashed curve in the upper panel of Figure 4.8, superimposed
by the KDE of F, (solid curve). Similarly, applying (4.36) to Fy leads to
(1 = 16.759,dy = 21.337, B3 = 5.966, do = 18.632. The estimated pdf of Fy by
the two-cumulant matched F-approximation method is depicted as a dashed
curve in the lower panel of Figure 4.8, superimposed by the KDE of Fy, (solid
curve). It is seen that in both cases, the estimated pdfs of F, and F, match
the associated KDEs rather well, indicating that the two-cumulant matched
F-approximation method indeed works rather well.

Three-Cumulant Matched F-Approximation The basic idea of this
method is similar to that of the above two-cumulant matched F-
approximation method but now we approximate A and B by the three-
cumulant matched y2-approximation method. That is, we approximate A and
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Figure 4.9 FEstimated pdfs (dashed curves) of F, (upper panel) and Fy, (lower panel)
obtained by the three-cumulant matched F-approximation method. The superimposed
curves (solid) are the KDEs of F, (upper panel) and Fy, (lower panel). It appears
that the three-cumulant matched F-approrimation method works rather well in ap-
proximating the distributions of F, and Fp.

B by ﬁlell + (10 and ﬂgxi + 20 by matching the first three cumulants. By
(4.31), the resulting parameters are

g = Kt g s g ke (a) - 2Ka)

e Ka) Ks(a)
b= 4%2((2’ dz = 81?23((15]3))’ a0 = K1(B) — QI’éz(g)'
Then we have ,
Brxg, ¥ 00 imately. (4.38)

BaxZ, + Bao
The distribution of F' can then be simulated.

Example 4.12 Applying the above method to F, leads to 1 = 6.973,d;
6.053, G109 = 2.136, 02 = 7.778,dy = 19.930, and (o0 = 12.289. A sample of
size N = 10,000 was then simulated from (4.38). The associated KDE of
F, by the three-cumulant matched F-approximation method is depicted as a
dashed curve in the upper panel of Figure 4.9, superimposed by the KDE (solid
curve) yielded from the direct simulation method. Similarly, the estimated pdf
of Fy by the three-cumulant matched F-approximation method is depicted as
a dashed curve in the lower panel of Figure 4.9, superimposed by the KDFE
(solid curve) yielded from the direct simulation method.
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Figure 4.10 FEstimated pdfs of F, (upper panel) and F, (lower panel) by the di-
rect simulation (solid), normal approzimation (dot-dashed), two-cumulant matched
F-approzimation (dashed), and three-cumulant matched F-approzimation (thick
dashed) methods. It appears that the direct simulation, two-cumulant matched F-
approximation, and three-cumulant matched F-approzimation methods for both
Fa,and Fy, are comparable and they outperform the normal approximation method.

Example 4.13 To give an overall comparison of the four methods, we su-
perimpose the estimated pdfs of F, and Fy in the upper and lower pan-
els of Figure 4.10. It is observed that the direct simulation (solid), two-
cumulant matched F-approzimation (dashed), and three-cumulant matched
F-approzimation (thick dashed) methods for both Fyand F, are comparable
and perform better than the normal approzimation (dotted) method. This is
not a surprise from the definitions of F, and F, given in (4.34) and (4.35).

Remark 4.8 We now provide some comments on the four methods for ap-
proximating the distribution of an F-type mizture. Keep in mind that all the
coefficients of the denominator B are assumed to be nonnegative. When ¢
and qo are relatively small, the direct simulation method may be used. This
method is relatively time consuming when both ¢, and qo are very large. When
F' is asymptotically normally distributed, the normal approzimation method is
advantageous. When all the coefficients c.,r = 1,2,--- q1 of A are nonnega-
tive, the two-cumulant matched F-approzimation method is a nice choice as it
can be simply conducted using the usual F'-distribution with good accuracy and
without using simulation. This method will be used frequently in this book due
to its simplicity and accuracy. When some of the coefficients c,.,r = 1,2,---, 1
are negative, the three-cumulant matched F'-approximation method is advan-
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tageous as in this case it is more accurate than the two-cumumlant matched
F-approzximation method.

4.5 One-Sample Problem for Functional Data

To illustrate the methods described in the previous sections for statistical in-
ference for functional data, in this section, we introduce a one-sample problem
for functional data. Some basic inference techniques such as pointwise, L>-
norm-based, F-type, and bootstrap tests, based on the concepts of stochastic
processes, x2-type mixtures, and F-type mixtures among others, are intro-
duced for the one-sample problem for functional data. Almost all inference
techniques for more complicated designs and functional linear models with
functional responses developed in later chapters can be regarded as general-
izations of these basic inference techniques.

Example 4.14 Figure 4.11 (a) displays the reconstructed functions of the
conceptive progesterone data introduced in Section 1.2.1 of Chapter 1. Their
sample mean and covariance functions were computed using the formulas
(4.42) given below and are displayed in panels (b) and (c), respectively. From
panel (b), it is observed that before the ovulation day (Day 0), the sample
mean function of the logarithm of the conceptive progesterone data is near
a constant —0.50. But after the ovulation day, the sample mean function is
no longer a constant; it increases over time. It is then of interest to test the
following one-sample problem:

Hy :n(t)=-0.50, t € [a,b],

versus Hy :n(t) #-0.50, for somet € [a,b], (4.39)

where [a,b] is any time period of interest. When [a,b] = [—8,0],[0,15] and
[—8,15], we are interested in testing if the underlying mean function of the
logarithm of the conceptive progesterone data is a constant —0.50 before the
ovulation day, after the ovulation day, and over the whole observation period,
respectively.

A general one-sample problem for functional data can be described as
follows. Suppose we have a functional sample

i.i.d.
yi(t), - yn(t) "X SP(n, ), (4.40)
and we wish to test the following hypothesis testing problem:
Ho:n(t)=no(t), t €T, versus Hy:n(t) # no(t), for some t € T, (4.41)

where 19(t) is some known function that is prespecified based on related physi-
cal theories, past experiences, or past experimental results. In many situations,
No(t) is specified as 0 to test if the sample is purely noise or if there is some
time-effect over 7.
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Figure 4.11 The conceptive progesterone data example with (a) reconstructive indi-
vidual curves, (b) sample mean function with its 95% pointwise confidence bands,
and (c) sample covariance function.

Based on the sample (4.40), the unbiased estimators of n(t) and (s, ),
that is, the sample mean and covariance functions, are respectively

0t = y@) —n‘l S wilt),
As,t) = (=17 [wils) — ()] lwa(0) — (). (4.42)

To describe various testing procedures for the one-sample problem (4.41), we
need to investigate the properties of 7(t) and (s, t). To this end, we list the
following assumptions:

One-Sample Problem Assumptions (OS)

1. The functional sample (4.40) is with 5(t) € £2(7) and tr(y) < occ.

2. The functional sample (4.40) is Gaussian.

3. The subject-effect function vy (t) satisfies E|jvy |* = E [ [7 v} (t dt]
0.

4. The maximum variance p = max, 7 (t,t) < oo.

5. The expectation E[v?(s)v?(t)] is uniformly bounded. That is, for any
(s,t) € T2, we have E[v}(s)v?(t)] < C < oo, where C' is some con-
stant independent of any (s,t) € T2

Assumptions OS1 and OS2 are regular. We impose Assumptions OS3 and
0S4 for easily investigating the asymptotical properties of (s, t) for non-
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Gaussian data. Assumptions OS2 and OS4 imply Assumption OS5. Assump-
tion OS5 is satisfied when vy (¢) is uniformly bounded in probability over 7
which is a finite interval. We first of all have the following simple result.

Theorem 4.14 Under Assumptions OS1 and OS2, we have

Vi di(t) =n(t)} ~ GP0,7), (n—1)4(s,t) ~ WP(n —1,7).

The above theorem indicates that under the Gaussian assumption, the
sample mean function is a Gaussian process and a sample covariance function
is proportional to a Wishart process. This result will be used for constructing
various tests for the one-sample problem (4.41) when the Gaussian assumption
OS2 is satisfied. When the functional sample (4.40) is not Gaussian but the
sample size n is large, by the central limit theorem of i.i.d. stochastic processes,
Theorem 4.12, we have the following two theorems. They show that both the
sample mean and covariance functions are asymptotically Gaussian. These two
theorems will be used to construct various tests for the one-sample problem
(4.41) when the functional data are not Gaussian but have a large sample size.

Theorem 4.15 Under Assumption OS1, as n — oo, we have
Vi) = n(t)} > GP(0,7),
where and throughout, «% 7 denotes “convergence in distribution.”
Theorem 4.16 Under Assumptions OS1, OS3, and 0S4, asn — oo, we have
Vi {3(s.0) = y(s. 1)} % GP(0,),
where

@ {(s1,t1), (s52,t2)} = E{v1(s1)vi(t1)vi(s2)vi(ta)} — v(s1,t1)7v(s2, t2).

To test (4.41), set A(t) = /n[f(t) — no(t)] as the pivotal test function.

4.5.1 Pointwise Tests

Pointwise tests aim to test the null hypothesis in the one-sample problem
(4.41) at each time point ¢ € 7. For any fixed ¢, the sub-problem is

Hop :n(t) =no(t), versus Hiyy:n(t) # no(t). (4.43)

Based on the estimators (4.42), the pivotal test statistic for the above local
hypothesis testing problem is

2(t) = - . (4.44)
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When the functional sample (4.40) is Gaussian, by Theorem 4.14, for each
t € T, we have
2(t) ~ ooy (4.45)

The pointwise ¢-test is conducted by rejecting Ho: whenever |z(¢)] > t,—1(1—
a/2), where t,_1(1 — a/2) denotes the 100(1 — «/2) percentile of the ¢-
distribution with n — 1 degrees of freedom. Alternatively, we can construct
the 100(1 — )% pointwise confidence bands as

G(t) £ tn1(1— a/2)\/AE D)/, t€T. (4.46)

The pointwise t-test aims to conduct a ¢-test for (4.41) at each time point ¢
based on the distribution (4.45). When the Gaussian assumption is not valid,
for large samples, one can use the pointwise z-test. Notice that for any fixed
t €T, as n — oo, by Theorem 4.15, we have

2(t) 5 N(0,1),t € T. (4.47)

The pointwise z-test is conducted by rejecting Ho, whenever |z(t)| > 21_q /2,
where z;_, /2 denotes the 100(1 — a/2)-percentile. Alternatively, one can con-
struct the 100(1 — a)% asymptotic pointwise confidence bands as

g(t) £ 2102V At 1) /0, t€T. (4.48)

When the functional sample (4.40) is not Gaussian and n is small, then

a nonparametric bootstrap approach can be used to bootstrap the critical
values. Let

yi(t),i=1,2,---,n, (4.49)

be a bootstrap sample randomly generated from (4.40). Then we can construct
the sample mean and covariance functions as §*(t) and 4™ (s, t), computed as
in (4.42) but based on the bootstrap sample. The bootstrap test statistic z*(t)
is calculated as in (4.44) but we replace y(t),5(¢,t), and no(t) by §*(¢), 5" (¢, ),
and g(t), respectively. This is because the bootstrap sample has the known
mean function g(t). Repeat the above bootstrapping process a large number
of times, calculate its 100(1 — «/2)-percentile, and then conduct the pointwise
test or construct the pointwise bootstrap confidence bands accordingly.

Remark 4.9 The significance level o for the pointwise tests considered in this
book is the usual significance level of a pointwise test restricted at a given time
point t € T. That is, for simplicity, the associated P-values of these pointwise
t- and z-tests were not corrected using some multiple comparison methods (for
example, Cox and Lee 2008).

Example 4.15 Figure 4.12 shows the pointwise t-test, z-test, and bootstrap
test for the conceptive progesterone data. Panel (a) displays the case when
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Figure 4.12 Pointwise t-test, z-test, and bootstrap test for the conceptive proges-
terone data: (a) pivotal test statistic function (solid) with t-test (dashed), z-test
(dot-dashed), and bootstrap test (dotted) critical lines; and (b) P-values of the point-
wise t-test (dashed), z-test(dot-dashed), and bootstrap test (dotted) with the 5% sig-
nificance level line (solid).

the pivotal test function (solid) is used, together with the 5% upper and lower
critical lines of the pointwise t-test (dashed), z-test (dot-dashed), and boot-
strap test (dotted). It is seen that the critical lines of the three pointwise tests
are comparable and the pivotal test function crosses the critical lines at some
day near the ovulation day (Day 0), showing that the pointwise tests are not
significant before that day but they are significant after that day. Panel (b)
displays the case when the P-values of the pointwise t-test (dashed), z-test
(dot-dashed), and bootstrap test (dotted) are used, together with the 5% signif-
icance level line (solid). It is seen that the P-values of the three pointwise tests
are comparable and the P-values of all the three pointwise tests are larger than
5% at some day near the ovulation day and they are much less than 5% in
the remaining days, showing that the pointwise tests are not significant before
that day and they are significant after that day.

4.5.2 L?-Norm-Based Test

In the previous subsection, we presented some pointwise tests. In practice, one
may prefer some global tests as a global test will give one a single summary
of the evidence about the null hypothesis based on the given sample. In this
subsection, we study the L2-norm-based test which is based on the squared
L2?-mnorm of the pivotal test function A(t) defined in the previous subsection.
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Under Hy, when the Gaussian assumption is valid, by Theorem 4.14, the
pivotal test function A(t) ~ GP(0,v) and when the Gaussian assumption is

not valid but n is large, by Theorem 4.15, we have A(t) < GP(0,7). The
L?-norm-based test uses the squared L2-norm of A(t) as its test statistic:

ﬂfﬂAW=néﬁ@*mﬁwﬁ~ (4.50)

It is easy to see that T, will be small under the null hypothesis and it will be
large under the alternatives. By Theorem 4.2 and under Hy,

m
d i.i.d.
T, = § )\rAra A'r RN X%,

r=1

which is valid when the Gaussian assumption holds or is asymptotically valid
when n is large.

The null distribution of 7T,, can then be approximated using the meth-
ods described in Section 4.3. For example, by the Welch-Satterthwaite x2-
approximation, we have

tr(v?)
tr(7y)

Ld=r=

T, ~ Bx5 approximately, where 3 = (4.51)

Remark 4.10 The parameters 8 and k depend on the underlying covariance
function (s, t) only. They not only depend on the variances v(t,t),t € T
via tr(vy), but also depend on the covariances y(s,t), s # t, s,t € T by
tr(y®2). In this sense, the L>-norm-based test and the F-type test defined in
the next subsection do partially take into account the dependence of functional
data. The parameter B is proportional to the scale of the functional data while
the parameter k is scale invariant. Later in this book we shall see that the
approzimate degrees of freedom of many test statistics for functional data are
proportional to k. That is why Shen and Faraway (2004) called k the degrees
of freedom adjustment factor.

In practice, the parameters § and x must be estimated based on the func-
tional data (4.40). A natural way to do this is to replace (s, t) in tr(y), tr2(7y)
and tr(y®?) with its unbiased estimator 9(s,t) so that

wGE®) L w)
tr(%) tr(’y®2) '

B = (4.52)
where 4(s,t) is given in (4.42) based on the sample (4.40). In this case, we
have .

T, ~ ﬁxfj approximately. (4.53)

The above method is usually known as the naive method (Zhang 2011a), which
often works well but is biased as both tr?(§) and tr(9%?) are biased for tr?(~)
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Table 4.1 Testing (4.39) for the conceptive progesterone data by the L*-norm-based
test.

Method la, b] Ty 8 d=~k P-value

Naive [—8,0] 29.96 235.26 1.13 0.769
[0,15] 40,767  369.85 1.26 0
[—8,15] 40,797  458.72 1.59 0

Bias-reduced  [—8,0] 29.96  213.38 1.15 0.763
[0,15] 40,767  333.32 1.30 0
[—8,15] 40,797  406.36 1.71 0

Note: The resolution number of an individual function is M = 1,000. The P-values by the

natve method are nearly the same as those by the bias-reduced method.

and tr(y®?). By Theorem 4.6, we can obtain the unbiased estimators of tr%(7y)
and tr(y®2), respectively, as

— _ ) ot (4®2
w0) = Gl o) - 2YD s
— n—1)2 R t1r2(4 :
0(v®?) = e [tr(V@) - %} :

Replacing tr?(y) and tr(7®2) in (4.51) by their unbiased estimator defined
above results in the so-called bias-reduced method for estimating the param-
eters 4 and d:

— —

5 tr(v®?) L P tr*()
B= e d= T@@z)' (4.55)

Throughout this book “27 denotes “convergence in probability.” We can show
that with the sample size n growing to infinity, the estimators 3 and & are
consistent in the sense of the following theorem.

Theorem 4.17 Under Assumptions OS1 and OS3 through 0S5, as n — oo,
we have tr(3) 2 tr(y) and tr(3%%) B tr(v®2). Furthermore, as n — oo, we

5 P ) N ) . .
have 8 = (3 and k — k, where 3 and k are the naive or bias-reduced estimators

of B and k.

The one-sample test (4.41) can then be conducted as follows. We reject the
null hypothesis in (4.41) whenever T,, > ﬂxiz(l — «) for a given significance

level o where B and d = # are obtained with either the naive method or
the bias-reduced method. Alternatively, the one-sample test (4.41) can be
conducted by computing the P-value P(X(Qi >T,/0).

Example 4.16 Table 4.1 displays the L*>-norm-based test for the one-sample
problem (4.39) with the conceptive progesterone data. The functions were dis-
cretized with the resolution number M = 1,000 as described in Section 4.5.5.
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That is, each function is evaluated at 1,000 design time points uniformly scat-
tered over the whole data range [—8,15], and the quantities T, 3, and d are nu-
merically computed as in Section 4.5.5 but ignoring the constant term v(7T) /M
in both the approzimate expressions of T,, and ﬁ for ease computation. It is
seen that both the naive and bias-reduced methods produced very similar re-
sults, and the null hypothesis (4.39) is not significant before ovulation day,
suggesting that the average of the logarithm of the conceptive progesterone
data is very likely a constant —0.50 before ovulation day while after ovulation
day, the test results indicate that it is unlikely to be the constant —0.50.

4.5.3 F-Type Test

In the previous subsection we presented the L?-norm-based test, which does
not take the variation of the sample covariance function 9(s,t) into account
but works even when the normality assumption is not valid. Under the Gaus-
sian assumption, we can take this into account partially by the so-called F-
type test defined below. The F-type test has two advantages. First of all, it is
scale invariant. That is, the F-type test is invariant when the functional data
are multiplied by a nonzero real number. Second, the null distribution of the
F-type test can be well approximated by a usual F-distribution with degrees
of freedom proportional to the degrees of freedom adjustment factor x defined
in (4.51) that depends on the covariance function only. This allows easy and
fast implementation of the F-type test provided k is properly estimated.

For the one-sample problem (4.41), recall that the L2-norm-based test
is based on ||Al|? with the pivotal test function A(t) = /7 [y(t) — n0(t)].
Under Hy and the Gaussian assumption, A(t) ~ GP(0,v) and (n—1)4(s,t) ~
WP(n —1,v) are independent. In addition,

E[[A|? = tr(v), Etr(9) = tr(y). (4.56)
Then it is natural to test (4.41) using the following test statistic:

A2 n frlat) —no(t)]dt
Co(y) tr(%) : (4.57)

When the variation of tr(%) is not taken into account, the above test statis-
tic F, is equivalent to the LZnorm-based test statistic T, defined in (4.50).
Therefore, the F-type test is distinguished from the L?-norm-based test in

that the variation of tr(%) is taken into account by a way described below. By
Theorem 4.2 and under Hy,

n

m
d i.4.d.
”A”2 = Z)\rAra A, "R X%v
r=1
d = i.1.d
tr(;y) = Z A By, By hR X?L*l’
r=1
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Table 4.2: Testing (4.39) for the conceptive progesterone data by the F-type test.

Method la, b] F, R (n—1)& P-value
Naive [—8,0] 0.113  1.13 23.78 0.771
0, 15] 101 1.26 26.43 2.24e — 11

—8,15]  64.3 1.59 33.51 3.19¢ — 11
—8,0] 0.113 1.15 24.22 0.776
0, 15] 101 1.30 27.33 1.09¢ — 11

[
[
Bias-reduced |
[
[—8,15] 64.3 1.71 35.83 7.54e — 12

Note: The resolution number of an individual function is M = 1,000. The P-values by the
F-type test are comparable with those by the L?-norm-based test as presented in Table 4.1.

where A,, E, are all independent. Therefore, under Hy, F,, is an F-type mix-
ture. That is, the null distribution of F;, can be approximated using the meth-
ods described in Section 4.4. In particular, by (4.56) and the two-cumulant
matched F-approximation approach, we have

F, ~ Fy (n—1)s approximately,

where # is defined in (4.52) or (4.55) with 4(s,t) given in (4.42) based on
the sample (4.40). The null hypothesis in (4.41) is rejected when F, >
Fi (n—1)2(1 — a) for a given significance level a.

Remark 4.11 By Theorem 4.17, when (n — 1)k is very large, tr(%) will tend
to tr(y) in probability quickly so that the test result by the F-type test will
be asymptotically the same as that by the L*-norm-based test discussed in the
previous subsection.

Example 4.17 Table 4.2 displays the F-type test for the one-sample problem
(4.39) with the conceptive progesterone data. The P-values are about the same
as those presented in Table 4.1 for the L?-norm-based test. This is obviously
due to the fact that the approzimate degrees of freedom (n — 1)k of the de-
nominator of F, are rather large so that tr(%) converges to tr(v) rather fast.
Again, the naive method and the bias-reduced method produced quite similar
results.

4.5.4 Bootstrap Test

When the sample (4.40) is not Gaussian and n is small, the null distributions
of the L?-norm-based test and the F-type test are generally not tractable. In
these cases, we may use some nonparametric bootstrap approach to bootstrap
the critical values of the L?-norm-based test and the F-type test described in
the previous two subsections, resulting in the L2-norm-based bootstrap test
and the F-type bootstrap test respectively.

Based on the bootstrap sample (4.49) randomly generated from (4.40), we
can construct the sample mean and sample covariance functions as g*(¢) and
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Table 4.3 Testing (4.39) for the conceptive progesterone data by the L*-norm-based
and F-type bootstrap tests.
L%-norm-based bootstrap test F-type bootstrap test

la, b] Ty P-value F, P-value
[—8,0] 29.96 0.823 0.113 0.834
[0,15] 40,767 0 01 0
[—8,15] 40,797 0 64.3 0

Note: The number of bootstrap replicates is N = 5,000. The resolution number of an in-
dividual function is M = 1,000. Note that for the one-sample problem (4.39) over the
time period [—8,0], the bootstrapped P-values are slightly larger than those P-values ob-
tained using the two-cumulant matched x>-approzimation and the two-cumulant matched

F-approximation presented in Tables 4.1 and 4.2, respectively.

4*(s,t), computed as in (4.42). The L?-norm-based bootstrap test computes
the bootstrap test statistic T;F = ||A*|| with the bootstrapped pivotal test
function A*(t) = /n[y*(t) — y(t)]. Repeat this process a large number of
times so that one can obtain a bootstrap sample of T¢ that can be used to
estimate the 100(1 — «)-percentile of T,,. Similarly, the F-type bootstrap test
computes the bootstrap test statistic F,; = tllr?f;ll)
number of times so that one can obtain a bootstrap sample of F)' that allows
to estimate the 100(1 — «a)-percentile of F,,.

. Repeat this process a large

Remark 4.12 The bootstrap tests are easy to understand and implement but
they are time consuming. They can be used when the sample size is small.

Example 4.18 Tuable 4.3 displays two bootstrap tests for the one-sample prob-
lem (4.39) with the conceptive progesterone data. The statistics T,, and F,, of
the L?-norm-based test and the F-type test were used. The associated boot-
strapped P-values are displayed. It is seen that the bootstrap test results are
consistent with those from the L?>-norm-based test and the F-type test pre-
sented in Tables 4.1 and 4.2, respectively. Notice that for the one-sample
problem (4.39) within the time period [—8,0], the bootstrapped P-values are
slightly larger than those P-values obtained using the two-cumulant matched
X2-approzimation and the two-cumulant matched F-approzimation.

4.5.5  Numerical Implementation

In practice, we have to discretize the continuous functions A(t) and (s, t)
in the computation of || A%, tr(5) and tr(3%?). Let the resolution number be
M, a large number, say, M = 1,000, and let t1,to,---,tas be M resolution
time points that are equally spaced in 7. Then the functional sample (4.40)
is discretized accordingly as

vi = [yi(t), vi(ta), - yi(tan)] ", i =1,2,- - n, (4.58)
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and the one-sample problem (4.41) is discretized as
Hy:n=my, versus Hy:m#mn,, (4.59)

where n = [n(t1),- -, n(ta)]* and ng = [no(t1), -, no(tar)]* denote the vec-
tors consisting of the values of n(t) and ng(t) evaluated at the resolution time
points, respectively. Let

ﬁ(tl) ’:Y(t1,t1) e ?(tlth)
A= (:tQ) . and T'= 7(t2:, f) ) V(tzth) ,(4.60)
A(tM) W(tz\;ﬂh) . ’A)/(tM.7 tar)

consist of the evaluated values of A(t) and 4(s,t) at the M resolution time
points. Then we have

T, = IIAII2 JTA%(1) T ~ U S A%t (4.61)
= A= “’w,
where v(7) denotes the volume of 7 and T = ||A||? denotes the usual squared

L?-norm of A. When 7 = [a, b], one has v(7) = b — a. Similarly, we have

i) = [ a0

In addition, we have

o(T) .
Atists) = = r(D). (4.62)

2y M 2 9
tr(ﬁ/®2) = /T2 ’?2(37t)d5dt ~ U(T2) Z ’?Q(ti’tj) - Ug\j;)tr(f‘ )

When 7 = [a, b], which is often the case, one has v(T?) = v*(T) = (b—a)?. In
this case, the estimated parameters 3 and & defined in (4.52) for the Welch-
Satterthwaite y2-approximation can be approximately expressed as

tr?(T)
(1)

2
s o) te(T)  w(7T) 4o .
[~ i = Mﬁ, and R~

tr(I)

=Y,

0
where 3 and &° denote the estimated /3 and x when the Welch-Satterthwaite
x2-approximation is applied to the discretized one-sample problem (4.59)
based on the discretized one sample (4.58). It follows that

P (Tn > Bxﬁ) ~ P (%TS > %Boxiu) =P (TS > Boxio) :

We then have the following remark.
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Remark 4.13 When we conduct the L?-norm-based test, the constant factor

%T) in T, and ﬁ can be omitted at the same time in computation. This will
not affect the test result.

The above remark is also true for the F-type test. In fact, by (4.61) and
(4.62), the F-type test statistic (4.57) can be approximately expressed as
AN Y

tr(§) ()

where F0 denotes the test statistic for the F-type test applied to the dis-
cretized one-sample problem (4.59) based on the discretized one sample (4.58)
so that

F, = (4.63)

n7

P(F, > Fy (n-1)z) ® P(F)) > Fro (n_1)20)-

In FDA, the resolution M should be large enough to represent an individ-
ual function well. We feel that M = 1,000 is often sufficient to this end as
indicated by the examples presented in next subsection.

Remark 4.14 From the above, it is seen that in practice, we have to dis-
cretize the functional data so that the wvarious tests described in this sec-
tion are actually applied to the discretized sample (4.58) by computing

TY, F°, tr(f‘), tr(f‘z),ﬁo, &0, etc. Therefore, when the functional data are very
noisy and cannot be reconstructed by the methods proposed in Chapter 3 but
they can be observed simultaneously over a common grid of time points so that
a sample of vectors like (4.58) can be obtained, then the various tests described
in this section can be applied directly to the observed functional data. This is
true for all the methodologies investigated in this book.

Remark 4.15 When M is large and n is relatively small, we can simplify the
computation using the following technique. Note that

A(s,t) = (n—1)~ Zvl 8)0;(t) = (n — 1) 71 (s)T¥(t),
where V(t) = [01(t), -, 0, ()]T with 9;(t) = y;(t) — §(t),5 = 1,2,---,n being
the estimated subject-effect functions. It follows that

= (n— l)fl\A/'\AfT7

where V = [V(t1),V(ta), -, v(ta)]T : M x n. Thus
w(l) = (n—1)—1tr(\7\7T — (n—1)"'n(S),

I = (n— 1)*2#[(\7\7 )2} = (n—1)"2tr(S?),
where S = VTV is an m X n matriz so that the needed operations for com-

puting tr(T) and tr(f‘2) are O(n) and O(n?) instead of O(M) and O(M?),
respectively. This saves a lot of computation.
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Figure 4.13 Plots of P-value of the F-type test for testing (4.39) with the concep-
tive progesterone data against resolution number M for (a) [a,b] = [-8,0], (b)
[a,b] = 0,15], and (c) [a,b] = [—8,15]. It appears that for these three examples,
with increasing M, the P-values are increasing up to their limit values. For small
M, the associated P-values are far away from their limit values while for M = 1,000,
the P-values are very close to their limit values.

4.5.6  Effect of Resolution Number

In this subsection, we investigate the effect of the resolution number M by
examples. The basic conclusion is that the resolution number M should not be
too small; otherwise, the vector obtained by discretizing an individual func-
tion cannot represent the function properly, possibly resulting in misleading
results. Figure 4.13 shows such examples where the P-values of the F-type
test against M = 10, 20, 30, - - -, 180, 190, 200, 300, 400, - - -, 900, 1, 000 for test-
ing (4.39) with the conceptive progesterone data are depicted. For these three
examples, with increasing M, the P-values are increasing up to their limit
values. For other cases, the P-values may be decreasing down to their limit
values. Note that for small M, the associated P-values are far away from their
limit values. According to our experience, we feel that when M = 1,000, the
P-values will be very close to their true values. That is why we use M = 1,000
throughout this book.

4.6 Technical Proofs

In this section, we outline the proofs of some main results described in the
previous sections.
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Proof of Theorem 4.1 Without loss of generality, we show the case for
k = 3. For other values of k, the proofs are along the same lines. By (4.4) and
(4.1), when m is a finite fixed number, we have

tr(y®3) = /’2'3 ~(ug, ur )y (ug, ug)y(ug, us)duy dugdus

/ 5 {Z )\r1¢n U3)¢r1 Uy } {Z >‘T2¢T2 u3)¢)rz (ul)}

r1=1 ro=1

x { Z /\7“3¢T3 (u3)¢r3 (Ul)} duldUQdU3

rg=1

)SDIP PR

ri=1ro=1rz=1

x /TS Gry (U3)Pr, (ur)Pry (U3) Dry (ur) Pry (u3) dry (ur)dus dugdus

- Z Z Z Ay A Ars /T Gy (u1)Dry (u1)duiy

ri=1ro=1rz=1

< o) [ ) )i

By the orthonormality of the eigenfunctions over 7, the nonzero terms in
the above expression are associated with vy = ro = r3 = r only. That is,
tr(v®3) = >, A2, as desired.

When m = oo, it is more involved and the proof involves
the well-known dominated convergence theorem. Set gnr(uy,us,us) =

o (g, un)yar (ur, uz)ar (uz, us), where yar(s,t) = Yooty Apr(s)n(t) for
some M > 0. By the Cauchy-Schwarz inequality, we have

SO D SR VIO S 0]

(3200 Ad2(s) 502, Ad2(1)] 2 = [ho(s)ho (D)2

IN

where ho(s) = Y02 | A¢2(s). It follows that

lgas (ur, uzyus)| < [ho(us)ho(ur)ho(ur)ho (uz)ho(uz)ho(us)])
= ho(ul)ho(UQ)ho(u;g) = h(u17U27U3)

In addition,

3
/’2'3 h(uy, ug, ug)duy dugdug = {/’T ho(u)du} = tr¥(y) < o0.
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Then by Lebesgue’s dominated convergence theorem, we have

tr(v93) = [7s limas oo gar (u1, u2, us)dus dugdus

= limy—oo f,]—s g (ug, us, ug)dug dusdusg

= limy_e Zi\/lf,rz,rg,:l )‘7”1 >‘T2 )‘Ts fT ¢T3 (u1)¢T1 (ul)dul
I én (52)%2 (uz)duz [1 br,(us)dry (us)dus

= Zfil )"r'

The theorem is proved.

Proof of Theorem 4.2 Under the given conditions, y(t) has the
Karhunen-Loéve expansion (4.2). When m is a finite fixed number, we have

lyl? = /7 dt+225r/ dt+/ Zwr
= |\71||2+QZ§7-5T+Z€3

m

= > (&+6,) Z 52
r=1

r=m-+1

= Z)\ A+ Z 82,
r=m-+1
where A, = (& + 6,)%/A ~ x3(A\7162),r = 1,2,---,m are independent as
(& +6.)/VAr ~ N(6,/v/Ar,1). The expression (4.8) follows. When m = oo,
applying Parseval’s theorem, we have

lyll> = (& +6,) ZA Ay,
r=1

where again A, ~ x3(A\7162),r = 1,2,---,00. Set n(t) = 0, the expression
(4.9) follows. The theorem is proved.

Proof of Theorem 4.3 The theorem follows immediately from Isserlis’ theo-
rem or Wicks theorem for computing high-order moments of the multivariate
normal distribution in terms of its covariance matrix.

Proof of Theorem 4.4 By the definition (4.11), for each i = 1,2,---, k, we

can set W;(s,t) = Z?;l ;5 (8)vi;(t), where v;; S GP(0,7),5 = 1,2, g

As W;(s,t) are independent, we have

Wi(s,t) + Wa(s,t) + -+ Wi(s,t) ZZU” $)vi;(t

i=1 j=1
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where v;; "X GP(0,7),j = 1,2,---,n5i = 1,2,-- k. By the definition
(4.11), we have

Wl(svt) =+ WQ(Svt) +oe Wk(sat) ~ WP(TL1 +ng+---+ nkaf}/)a

as desired. The theorem is proved.

Proof of Theorem 4.5 Let W;(s,t) = v;(s)v;(t),s = 1,2,---,n, where
vi(t),i = 1,2,---,n,"%" GP(0,7). Then W(s,t) = S Wi(s,t) and
Wi(s,t) gt WP(1,7). As EWq(s,t) = (s, t), (a) follows. By (4.12), we have

(W) = /va(t) Z ZA Air, (4.64)
r=1
where Ai = €2/ "X x2 for all i and r. As tr(W) = Y7, te(W;), (b)

follows from the fact that A, = Z?Zl A it d X%’ The expressions in (c)
follow directly from (b). Noticing that Etr(W®?) = [72 EW?(s, t)dsdt and

EW?2(s,t) = Var(W(s,t)) 4+ E*(W(s,t)) = nVar(Wy(s,t)) +n?+2(s,t)
= nEW?Z2(s,t) — nE* (W (s, 1)) + n’y%(s, t)
= nEoi(s)oi(t) + n(n — 1)7*(s, 1),

we have

Etr(W®?) = nE </T v%(t)dt)2 +n(n — Dtr(7®?)

= nBEtr2(Wy) + n(n — tr(v%?)
= n(n+1)tr(y%?) + ntr?(y),

as desired, where we use the result Etr?(W;) = 2tr(v®2) + tr?(y) from Part
(¢). The proof is completed.

Proof of Theorem 4.6 It follows directly from Theorem 4.5.

Proof of Theorem 4.7 Under the given conditions, set z(t) = UZy(¢), where
U is the orthonormal matrix given in (4.13). Then z(t) ~ GP(U”n,~L,). That
is, the components z1(t),- -, z,(t) are independent Gaussian processes with
2i(t) ~ GP(124,7), where 1,;(t) is the ith component of 1, (t) = UTn(t). The
expression (4.15) follows immediately. When n(t) = 0, UTn(t) = 0 so that
z(t) ~ GP(0,71,). It follows that W;(s,t) = z;(s)zi(t),i = 1,2,---,n bhd
WP(1,7). Then by (4.14), the expression (4.16) follows immediately as de-
sired.

Proof of Theorem 4.8 Under the given conditions, A has the SVD (4.17).
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The theorem follows directly from Theorem 4.7.

Proof of Theorem 4.9 Let A; have rank r; so that it has the Cholesky
decomposition A; = SiTSi7 where S; : r; X n is a lower triangular matrix with
strictly positive diagonal entries. Set z;(t) = S;y(t),i = 1,2,---, k. We first
show the “if 7 part by assuming A;A; =0,1<i<j <k AsB;= S;ST.i=
1,2,---,k are positive definite matrices, A;A; = SfSiSij =0,1<1<75<
k implies that SZ-S]T =0for1<i<j<k. It follows that

Cov(zi(s),z,(t)) = Cov(Siy(s),Sjy(lt)) (4.65)

Set z(t) = [z1(t)", 22(t)", - -, 21 (t)"]" = Sy(t), where S = [ST,S7, -, S{]".
Then we have

Cov(z(s),z(t)) = v(s,t)diag(B1,Ba, - - -, Bg).

Asy(t) ~ GP(n,~1,), we have that z;(¢),i = 1,2, - - -, k are also Gaussian pro-
cesses and are independent of each other. It follows that the quadratic forms
qi(s,t) = z;(5)Tz;(t) = y(s)TA;y(t),i = 1,2,---, k are independent of each
other. We now prove the “only if 7 part by assuming ¢;(s,t) = z;(s)Tz;(t) =
y(8)TAsy(t),i = 1,2,--- k are independent of each other. It follows that
qi(t,t) = z;(t)Tz;(t),5 = 1,2,-- -, k are independent of each other. This shows
that z;(t),s = 1,2,---,k are independent of each other. By (4.65), we then
have SiSjT =0,1<i<j<kas~y(st)is not always 0. This implies that
A;A; =S[8,8TS; =0,1<i<j<k. The theorem is proved.

Proof of Theorem 4.10 Set ¢(s,t) = y(s)T Ay(t). By Theorem 4.8, we have
q(t,t) = [w(t)|*, w(t) = L, 0]UTy(t) ~ GPx(n,,, vLt),
where 1,,(t) = [T, 0]UT(¢). Write w(t) = [wn(t),- -, wi (D)7 and n,,(t) =

M1 @)y, Nk (t)]T. Then w;(t),i = 1,2, - - -, k are independent Gaussian pro-
cesses. It follows that

k
7= tlg) = [ IwiolPae =" [ wio

By Theorem 4.2, we have
m o0
/ wi(t)dt = AAi+ > 02,
T r=1 r=m-+1

where Ag ~ XxT(A167.), 7 = 1,2, ,m, and 6ir = [ 10 (t) (1) dE, =
1,2,--+, with A\,,r =1,2,---, and ¢,(t),r = 1,2, - - being the eigenvalues and
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eigenfunctions of y(s,t) and m the number of all the positive eigenvalues of
v(s,t). As w;(t),i =1,2,--- k are independent, we have

Sy
—z@mwz6}

=1 r=m-+1

m

S5 I 3 oL

r=m+11i=1

:ZAA+Z§

r=m-+1

where A, = Y1 Ay ~ x3(A7102) and 02 = T, 02 = | [ n,, (D), (1)t ]2,

The theorem is proved.

Proof of Theorem 4.11 First notice that T = tr(q) = Z?:l aiizii +
> s @ijZij, Where z;; = J yi()y;(t)dt = tr(gi;), where qi;(s,t) = yi(s)y;(t).
As yi(t), -+, yn(t) are mutually independent with y;(t) ~ GP(0,7;) and
tr(7;) < oo, we have Ez;; = 0 for ¢ # j and ¢;;(s,t) ~ WP(1,~;). By The-
orem 4.5, we have E(z;;) = tr(y;) and Var(z;) = 2tr(y2?). It follows that
E(T) = X2, aitr(y:). Now T — E(T) = 30, aiilzi — Blzii)] + 32, aij2ij.
In addition, when 7 # j, we have E{[z;; — Ez;;]z;;} = 0. Therefore,

Var(T Z a”Var Zii) + Z Z a;;003E(zij20p).

i#j a#B

When there is at least one pair of i,j,« and 3 are not equal, we have
E(zijza3) = 0. By the fact that a;; = aj;, when o = i, = j or when
a = 7,0 =1, we have

01300 (2ij205) = a4F /T / [ u(s) (0 <) () asa
= a?-/ / Yi S,t’y-s,tdsdt:a?»tr’yi(@’y-.
i e (7 © ;)

Therefore, we have

Var(T —QZantr +22tr Vi ® ;) fQZZa”tr Vi @ Yj)-

i#£j i=1 j=1

The theorem is proved.
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Proof of Theorem 4.12 See Laha and Rohatgi (1979, p. 474) or van der
Vaart and Wellner (1996, p. 50-51).

Proof of Theorem 4.13 First of all, we have

Elq:|? = B /T /T (s, t)dsdt = B /T /T V2 (s)y3(t)dsdt = Ellyy||* < oo,

Then the theorem follows directly from Theorem 4.12 by noticing that
qi(s,t) = yi(s)yi(t),i = 1,2, -, n are i.i.d. with Eqy(s,t) = v(s,t) and

COV(Ql(shtl)a q1(s2, t2)) =Eqi(s1,t1)q1(s2,t2) — Eqi(s1,t1)Eqi(s2,t2)
= Ey1(s1)y1(t1)y1(s2)y1(t2) — v(s1,t1)v(s2, t2).

Proof of Theorem 4.14 Under the given conditions, the functional sample
(4.40) is Gaussian. The first assertion follows from the fact that Enj(t) = n(t)
and Cov(7j(s),N(t)) = ~(s,t)/n. To show the second assertion, let y(t) =
[yl (t)7 Y2 (t)7 e 7yn(t)}T' Then Y(t) ~ GPn(nlna ’YIn)' We have

(n=1)3(s,) = y(s)" (L = Ju/n)y (1) = v(s)" (L, = Tu/n)v (1),

where J,, = 1,17 is an n x n matrix of ones and v(t) = y(t) — n(t)1,, ~
GP,(0,71,,). Notice that I,, — J,/n is an idempotent matrix of rank n — 1.
The second assertion then follows from Theorem 4.8 immediately.

Proof of Theorem 4.15 Under the given conditions, we have E|y;
In]|? + tr(y) < oo and the functional sample (4.40) is i.i.d. The assertion fol-
lows from Theorem 4.12 immediately.

HQ _

Proof of Theorem 4.16 Let y(t) = [yi(t), -, yn(t)]T. Then y(t) ~
SP,(n1,,~1,). Set v(t) = y(t) — n(t)1,. Then v(t) ~ SP,(0,7L,). Set
J, =1,17. Then

Als,t) = (n—=1)""y(s)" (L, = In/n)y(t)
= (n=1)"v(s)" (T, = In/n)v(t)
= (n=1)7' 30, z(st) — 250(s)u(),
where 0(t) = n=! 307 vi(t) and zi(s,t) = vi(s)vi(t),i = 1,2,---,n are i.i.d.

with E(z1(s,t)) = v(s,t) and

@[(s1,t1), (s2,t2)] = cov(z1(s1,t1), 21(s2,12))
E [v1(s1)v1(t1)vi(s2)vi(t2)] — v(s1,t1)7(s2, t2).

By the central limit theorem of i.i.d. stochastic processes, Theorem 4.12, as
n — 00, we have

Vi |[n Y m(s,0) = (s, )| S GP(0,w),
i=1
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as by Assumption OS3, we have

Epﬂ?_E/;wﬁ@m@nmaﬁ_ﬁﬂj;ﬁ@m42_Emﬂ4<ux

It remains to show that ©(t) = oyp(l), that is, #(t) converges to 0 in
probability uniformly over 7. This is actually true as Ev(t) = 0 and
Cov(v(s),v(t)) = v(s,t)/n < ~4(t,t)/n < p/n. Thus under Assumption 0S4,
we have 9(t) = oyp(1). The theorem is then proved.

Proof of Theorem 4.17 Under the given conditions, by Theorem 4.16, as
n — oo, we have E[§(s,t) — (s, 1)]? = M[l + o(1)]. By Assumptions
0S4 and OS5, we have

lw[(s,1), (5,1)]] < E[v?(s)v?(t)] +2(s,t) < C + p, for all (s,t) € T2,

Thus, we have 4(s,t) = v(s,t) + Oyp(n=/?), (s,t) € T?, where Oy p means
“uniformly bounded in probability.” It follows that 4(s,t) 2 (s, ) uniformly
over T?2. Therefore,

n—o0 n—00
lim tr(3%?) = // lim 4°(s, t)dsdt

/T /T 72 (s, t)dsdt = tr(y®?).

It follows from (4.52) and (4.54) that as n — oo, # 2 3 and & 2 k. The
theorem is proved.

lmwm::/IM%MW:AMmW:mw

4.7 Concluding Remarks and Bibliographical Notes

It is quite natural to regard functional data as realizations of an underlying
stochastic process. Not all stochastic processes can be modeled by Gaussian or
Wishart processes. However, for a large functional data set, the distribution
of its sample mean function can be well approximated by a Gaussian process.
The sample covariance function of a Gaussian process is a Wishart process.
The Gaussian process and the Wishart process play roles in functional data
analysis similar to the roles played by the multi-normal distribution and the
Wishart distribution in multivariate data analysis.

Both the squared L2-norm of a Gaussian process and the trace of a Wishart
process are x2-type mixtures. The ratio of any two independent x2-type mix-
tures is an F-type mixture. The two-cumulant matched x2-approximation is
known as the Welch-Satterthwaite y2-approximation. It at least dates back to
Welch (1947) and Satterthwaite (1941, 1946), among others. It is also known
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as Box’s yZ-approximation (Box 1954a,b). The two-cumulant matched x>2-
approximation plays a central role in Welch’s approximate degrees of free-
dom test for the multi-sample Behrens-Fisher problem. The three-cumulant
matched y2-approximation for y2-type mixtures with positive coefficients and
central y2-variables was studied by Solomon and Stephens (1977) and Buck-
ley and Eagleson (1988). It was extended for general y2-type mixtures with
possible negative coefficients and noncentral y2-variables by Zhang (2005),
where he gave a theoretical error bound for the approximation. The distribu-
tion of a general y2-type mixture with both positive and negative coefficients
can be well approximated by the three-cumulant matched x2-approximation.
However, the two-cumulant matched y2-approximation fails to give a good
approximation in this case.

The one-sample problem for functional data was studied by Mas (2007)
using a penalization approach. The L?-norm-based test for comparing two
nested functional linear models was first proposed by Faraway (1997). He
approximated the associated null distribution by a nonparametric bootstrap
method. The L?-norm-based test for a general linear hypothesis testing prob-
lem is investigated in Zhang and Chen (2007). The F-type test for comparing
two nested functional linear models was proposed and studied by Shen and
Faraway (2004). It was extended for a general linear hypothesis testing prob-
lem by Zhang (2011a), where some theoretical results were derived. Further
results will be presented in later chapters.

4.8 Exercises

1. Assume the SVD (4.1) holds. Derive the two formulas in (4.6).

2. Simulate a large sample from the x2-type mixture T}, as defined in
(4.23). Compute the associated first four cumulants, skewness, and
kurtosis of T}, based on the generated sample. Compare these quanti-
ties with their theoretical values computed using (4.28).

3. Show that tr?(%) and tr(3®?) are biased for tr*(v) and tr(y®2), respec-
tively. When tr(y) < oo, however, they are asymptotically unbiased.

4. Simulate a large sample from the F-type mixture F, as defined in
(4.34). Plot the histogram of the generated sample. Compute the as-
sociated first four cumulants, skewness and kurtosis of Fj,.

5. For the nonconceptive progesterone data introduced in Section 1.2.1
of Chapter 1, it is of interest to test the following one-sample testing
problem:

Hy :n(t)=-0.90,t € [a,b], (4.66)
versus Hy :n(t) # —0.90, for some ¢ € [a,b], '
where [a,b] = [-8,0],[0,15], or [—8,15]. Apply the pointwise ¢-test,
z-test, and bootstrap test to test (4.66).
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6. Apply the L2-norm-based test and the F-type test to test (4.66)
for the nonconceptive progesterone data. Comment if the conclusions
made here are similar to those obtained from Exercise 5.



Chapter 5

ANOVA for Functional Data

5.1 Introduction

At the end of Chapter 4, we studied the one-sample problem for functional
data where we described some basic hypothesis tests for functional data, in-
cluding the pointwise, L2-norm-based, F-type, and bootstrap tests. In this
chapter, we show how to extend these tests to more complicated designs where
two or more functional samples are involved. We start with the two-sample
problem for functional data. It is the simplest multi-sample problem. It allows
us to understand hypothesis testing problems for functional data with more
insight. Studies about one-way ANOVA and two-way ANOVA are then de-
scribed in Sections 5.3 through 5.4. Technical proofs of the main results are
outlined in Section 5.5. Some concluding remarks and bibliographical notes
are given in Section 5.6. Section 5.7 is devoted to some exercise problems
related to this chapter.

Throughout this chapter, we assume that all the samples involved have
a common covariance function. Analysis of variance for heteroscedastic func-
tional data will be discussed in Chapter 9.

5.2 Two-Sample Problem

We use the following example to motivate the two-sample problem for func-
tional data.

Example 5.1 Figure 5.1 displays the reconstructed individual curves of the
progesterone data: (a) nonconceptive and (b) conceptive, obtained by the lo-
cal linear reconstruction method described in Section 3.2.3 of Chapter 3 with
bandwidth h* = 1.40 selected by the GCV rule (3.10). The progesterone data
were introduced in Section 1.2.1 of Chapter 1. The nonconceptive progesterone
curves were from the women who were not pregnant after the ovulation day
(Day 0) when they discharged their ova, while the conceptive progesterone
curves were from those women who were pregnant. The horizontal axis shows
the days before and after the ovulation day. Of interest is to know if there is
a significant difference between the mean functions of the nonconceptive and
conceptive progesterone curves before or after the ovulation day or over the

129
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Log(Progesterone)

Log(Progesterone)

Figure 5.1 Reconstructed indiwidual curves of the progesterone data: (a) nonconcep-
tive and (b) conceptive, obtained by the local linear reconstruction method described
in Section 3.2.3 of Chapter 3 with bandwidth h* = 1.40 selected by the GCV rule
(3.10).

whole experimental period. This knowledge may be used to detect if a woman
is pregnant after the ovulation day.

A general two-sample problem for functional data with a common covari-
ance function can be formulated as follows. Suppose we have two functional
samples

i.4.d. i.4.d.
Yii(t), - yin, (1)~ SP(1,7), yar(t), -+, yan, (t) "~ SP(n2,7), (5.1)

where 7, (¢) and 72(¢) are the unknown mean functions of the two samples,
and (s, t) is their common covariance function, which is usually unknown.
We wish to test the following hypotheses:

HQ Zﬁl(t)Eng(t),teT,

versus Hy :m(t) # na(t), for somet e T, (5-2)

where 7 is the time period of interest, often a finite interval [a,b] say with
—oo < a<b<oo.

Based on the two functional samples (5.1), the unbiased estimators of the
mean functions 7y (t), n2(t) and the common covariance functions (s, t) are
given by

M) = G(t) =n; 0 (), i = 1,2, (53)
As,t) = (n=1D7 XL M (i (s) — 5i9)] [y () — 3:()], '
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Figure 5.2 Sample mean functions (solid) of the progesterone data: (a) nonconceptive
and (b) conceptive, together with their 95% pointwise confidence bands (dashed). It
appears that the two sample mean functions are very similar within eight days before
and after the ovulation day (Day 0) but they are very different after the eighth day
following the ovulation day.

which are known as the sample mean and pooled sample covariance functions
of the two samples, respectively, where and throughout this section, n = n; +
ng denotes the total sample size of the two samples.

Example 5.2 Figure 5.2 shows the sample mean functions of the proges-
terone data: (a) nonconceptive and (b) conceptive, together with their 95%
pointwise confidence bands. It is seen that the two sample mean functions are
very similar within eight days before and after the ovulation day but they are
very different after the eighth day following the ovulation day. A formal test
is needed to verify if these are true statistically.

Remark 5.1 In the two samples (5.1), we assume that the two samples have a
common covariance function. This equal-covariance function assumption may
not be always satisfied. If it is not satisfied, the two-sample problem (5.2) is
known as the two-sample Behrens-Fisher problem for functional data (Zhang,
Liang, and Xiao 2010). This problem will be discussed in Chapter 9.

Example 5.3 For the progesterone data, the equal-covariance function as-
sumption may be approximately satisfied. Figure 5.3 shows the sample covari-
ance functions of the mnonconceptive progesterone curves and the conceptive
progesterone curves, respectively, in panels (a) and (b). It is seen that the two
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(a)

covanance

covariance

Figure 5.3 Sample covariance functions of the progesterone data: (a) nonconceptive
and (b) conceptive. It appears that the two sample covariance functions are similar
in shape.

Table 5.1 Traces of the sample covariance functions 4,(s,t) and Y,(s,t) and their
cross-square functions 452 (s, t) and 457 (s,t) calculated with resolution M = 1,000
over various periods.

la, b] [—8,0] -8, 8] [—8,15]

7 1 2 1 2 1 2

tr(4;) 251 264 512 536 728 760

tr(3%%) 51,076 62,308 191,475 191,688 368,392 361,410

sample covariance functions look quite similar in shape. This similarity may
be further verified by some numerical results as displayed in Table 5.1. It is
seen that tr(5,) =~ tr(¥,) and tr(3%?) =~ tr(3$?), where tr(f) = J f(t,t)dt
denotes the trace of a bivariate function f(s,t) as defined in the previous
chapter. Table 5.2 displays the traces of the pooled sample covariance function
5(s,t) (5.3) and its cross-square function %2(s,t) over various periods. By
a comparison of Tables 5.1 and 5.2, it is seen that tr(%), tr(¥,), and tr(y,)

Table 5.2 Traces of the pooled sample covariance function ¥(s,t) and its cross-square
function %% (s, t) calculated with resolution M = 1,000 over various periods.
[a7b] [_87 0] [_87 8] [_87 15]
tr(3) 255 518 736
tr(4%2) 53,577 190,990 365,544
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are approzimately equal and tr(32%), tr(37?), and tr(35?) are approzimately
equal. Nevertheless, a formal test for the equal-covariance function assumption
should also be conducted. This formal test will be discussed in Chapter 10.

5.2.1 Pwotal Test Function

To test the two-sample problem (5.2) based on the two samples (5.1), a natural
pivotal test function is

A®) = Vina/n[51(1) - Ba(0)], (5.4)

which is the scaled mean function difference of the two samples. When the null

hypothesis is valid, this quantity will be small and it will be large otherwise.

Therefore, it is appropriate to use A(t) as a pivotal test function for the two-

sample problem (5.2). Notice that A(¢) has its mean and covariance functions
as

na(t) = EA(t) = y/muna/n[m () = n2(0)], and

Cov [A(s), A(t)] = 7(s,1).
Under the null hypothesis of (5.2), we have EA(t) =0,t € 7.
Before we can study any procedures for testing (5.2), we need to study the

properties of A(t). Let £2(7) denote the set of all integrable functions on 7.
For easy reference, we list the following assumptions:

(5.5)

Two-Sample Problem Assumptions (TS)

. The two samples (5.1) are with 7, (t),72(t) € £2(7) and tr(y) < co.
. The two samples (5.1) are Gaussian.
As n — oo, the sample sizes satisfy ni/n — 7 such that 7 € (0, 1).

= W N =

. The subject-effect functions v;;(t) = y;;(t) —n;(t),j = 1,2, -+, ns;i =
1,2 are i.i.d..
5. The subject-effect function vy;(t) satisfies

2
Elvi1|* = E {/T U%l(t)dt:| < 0.

6. The maximum variance p = max, 7 v(t,t) < oo.

7. The expectation E[v}, (s)v? (¢)] is uniformly bounded. That is, for
any (s,t) € T2, we have E[v};(s)v?,(t)] < C' < oo, where C' is some
constant independent of (s,t) € 77

Assumptions TS1 and TS2 are regular while Assumption T'S3 requires that
the two sample sizes n1,ns tend to oo proportionally. Assumptions TS3, TS4,
and TS5 are convenient conditions imposed for investigating the asymptotical
properties of 7, (t),N5(t), and (s, t) for non-Gaussian functional data. In fact,
Assumption TS3 guarantees that as n — oo, both the sample mean functions
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71(t) and 2 (t) will converge to Gaussian processes weakly. Assumptions T'S2
and TS5 imply Assumption TS6. Assumption TS6 is also satisfied when v11(t)
is uniformly bounded in probability over 7', which is a finite interval. First of
all, we have the following useful result.

Theorem 5.1 Under Assumptions TS1 and TS2, we have
A(t) ~ GP(na,7), and (n—2)4(s,t) ~ WP(n —2,7). (5.6)

Theorem 5.1 shows that under the Gaussian assumption TS2, A(t) is a
Gaussian process and (n — 2)75(s,t) is a Wishart process. It is the key for
constructing various tests for (5.2) when the two samples (5.1) are Gaussian.
In fact, under Hy and the Gaussian assumption TS2, by Theorem 5.1, it is
easy to see that

Vning/n [gl(t) - gjz(t)} ~ GP(0,7). (5.7)

Based on this, we can easily construct various tests for (5.2). Theorem 5.1
holds for finite functional samples but requires that the Gaussian assumption
TS2 be satisfied. In practice, this Gaussian assumption TS2 is not always
valid. When Assumptions T'S3 and TS4 are satisfied, however, by the central
limit theorem for i.i.d. random functions, Theorem 4.12 of Chapter 4, we can
show that A(¢) is asymptotically a Gaussian process.

Theorem 5.2 Under Assumptions TS1, TS3, and TS}, as n — oo, we have
A(t) = na(t) > GP(0,7),
where Na(t) is as defined in (5.5).

The above theorem can be used for constructing various tests for (5.2)
when the two samples (5.1) are not Gaussian but with large sample sizes. To
study the asymptotic distribution of 4(s,t), we need Assumptions TS5 and
TS6. The following theorem shows that the pooled sample covariance function
(s, t) is asymptotically Gaussian and y/n-consistent. This knowledge will be
used in Theorem 5.4 stated in next subsection.

Theorem 5.3 Under Assumptions TS1 and TS3 through TS6, as n — oo,
we have

Vi {A(s,t) = (s, 1)} % GP(0, ),
where w {(s1,t1), (s2,t2)} = E{vi1(s1)vi1(t1)vi1(s2)vi1(t2) = (s1, t1)7(s2, t2).

5.2.2  Methods for Two-Sample Problems

In this subsection, we describe various tests for the two-sample problem (5.2).
They are the natural generalizations of those tests for the one-sample problem
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(4.41) described in Chapter 4.

Pointwise Tests We here describe pointwise -, z-, and bootstrap tests for
the two-sample problem (5.2) under various conditions. The key idea of a

pointwise test is to test the null hypothesis at each time point ¢t € 7. For any
fixed t € 7, the sub-problem is

Hop iy (t) = ma(t), versus  Hyy:ni(t) # na(t). (5.8)

Based on the sample mean functions and the pooled sample covariance func-
tion given in (5.3), the pivotal test statistic for (5.8) is

) e ) —p®] Al
(t) VA + )it ) AL (5.9)

where A(t) is the pivotal test function defined in (5.4).

In many situations, the two samples (5.1) may be approximately Gaussian.
That is, Assumption TS2 is approximately satisfied. By Theorem 5.1 and
under Hy;, we have

2(t) ~tp—o, t€T. (5.10)

Then, we can conduct the pointwise t-test by rejecting Hy, whenever |z(t)| >
tn—2(1—a/2) or by reporting the pointwise P-values computed based on the ¢-
distribution (5.10). Alternatively, we can construct the 100(1 — «)% pointwise
confidence bands for the mean function difference 7 (t) — n2(t) as

() = G2(B)] & taa(1 = @/2)V/(1/m + 1/n2) 5t 1), t€ T, (5.11)

where t,_2(1 — «/2) denotes the 100(1 — «/2)-percentile of the t-distribution
with n — 2 degrees of freedom. The pointwise t-test aims to conduct t-test
at each time point ¢t € 7 based on the ¢-distribution (5.10). The Gaussian
assumption is required to be approximately satisfied.

When the Gaussian assumption is not satisfied, for large samples, one may
use the pointwise z-test instead. As ni,ne — 0o, by Theorem 5.2, we have

z(t) < N(0,1), for any fixed t € 7. (5.12)

Thus, one can conduct the pointwise z-test by rejecting Ho; whenever |z(t)| >
Z1_q/2 Or computing the pointwise P-values using (5.12). Alternatively, one
can construct the 100(1 — «)% asymptotic pointwise confidence bands for
11 (t) — n2(¢) obtained from (5.11) by replacing the t-distribution critical value
tn—2(1 — /2) by z1_4/9, the 100(1 — a/2)-percentile of the standard normal
distribution.

When the two samples (5.1) are not Gaussian while both n; and no are
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small, the above pointwise t- and z-tests are not preferred. In this case, one
may resort to a pointwise bootstrap test. Let U;‘j(t),j =1,2,---,n;1=1,2,
be bootstrapped from the estimated subject-effect functions 9;;(t) = y;;(t) —
0;(t), 5 =1,2,--+,ng;i=1,2. Set

y;‘j(t) =n,(t)+ v;«*j(t),j =1,2,---,n;;1=1,2. (5.13)

Then we can compute the sample mean functions and the pooled sample
covariance function g7 (t),7 = 1,2, and (s, t) as in (5.3) but now based on
the two bootstrapped samples (5.13). For the pointwise bootstrap test, we
compute
ey~ (O = 0]~ () ~ (o)
(o + )7 (1)

ny no

Notice that it is important to subtract the original sample mean function
difference 7 (t) — 72(t) from the bootstrap sample mean function difference
75 (t) =5 (t) in computation of z*(¢) so that the distribution of z*(¢) can mimic
the null distribution of z(¢) well. Repeat the above bootstrapping process a
large number of times, calculate its 100(1 — «/2)-percentile, and then conduct
the pointwise bootstrap test or construct the pointwise bootstrap confidence
bands accordingly.

Example 5.4 Figure 5.4 (a) displays the pivotal test function (solid) with the
5% upper and lower critical lines of the pointwise t-test (dashed), the pointwise
z-test (dot-dashed), and the bootstrap test (dotted). It is seen that the critical
lines are close to each other, implying that the three pointwise tests largely give
similar test results. It is also seen that the pivotal test function runs within the
upper and lower critical lines before Day 11, implying that the mean functions
(in log-scale) of the nonconceptive and conceptive progesterone curves have
very small differences before Day 11. However, after Day 11, the pivotal test
function moves away from the lower critical lines, implying that the mean
function differences of the nonconceptive and conceptive progesterone curves
are significant as then.

Example 5.5 Alternatively, we can conduct the above pointwise tests using
the pointwise P-values. Figure 5.4 (b) displays the pointwise P-values of the
pointwise t-test (dashed), the pointwise z-test (dot-dashed), and the pointwise
bootstrap test (dotted), together with the 5% significance level line (solid). It
is seen that these pointwise P-values are close to each other at each t, in-
dicating that the three pointwise testing procedures produced similar test re-
sults. It is seen that these pointwise P-values are smaller than 5% only after
Day 11, implying that the mean functions of the nonconceptive and conceptive
progesterone curves have very small differences before Day 11 and they are
significantly different as then.
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Figure 5.4 Pointwise t-, z-, and bootstrap tests for the two-sample problem (5.2) for
the progesterone data: (a) using the pivotal test function (solid), together with the
5% upper and lower critical lines of the pointwise t-test (dashed), the pointwise z-test
(dot-dashed), and the pointwise bootstrap test (dotted); and (b) using the pointwise
P-values of the pointwise t-test (dashed), the pointwise z-test (dot-dashed), and the
pointwise bootstrap test (dotted), together with the 5% significance level line (solid).
Both figures indicate that the mean function differences of the nonconceptive and
conceptive progesterone curves are significant after Day 11.

One can also conduct the pointwise tests by constructing the pointwise
confidence intervals (5.11). Similar conclusions can be made. We leave this to
the reader as an exercise.

L?-Norm-Based Test For the two-sample problem (5.2), the L?-norm-based
test uses the squared L?-norm of the pivotal test function A(t) (5.4) as the
test statistic:

Ting

= /T %Dt = /T["Jl (1) — ga(1))dt. (5.14)

n

Under the null hypothesis in (5.2), when the two functional samples (5.1)
are Gaussian, by Theorem 5.1, we have A(t) ~ GP(0,~) and when the two
samples (5.1) are large and satisfy Assumptions TS1, TS3, and TS4, then
by Theorem 5.2, we have A(t) ~ GP(0,v) asymptotically. Therefore, under
the conditions of Theorem 5.1 or under the conditions of Theorem 5.2, by
Theorem 4.2 of Chapter 4 and under the null hypothesis in (5.2), we have or
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approximately have

Tn g Z A”‘14"”7 A'f‘ ,LEVd X%?
r=1
where A1, Ao, -+ -, A, are all the positive eigenvalues of the common covariance
function (s, t). It follows that the null distribution of 7;, can be approximated
using the methods described in Section 4.3 of Chapter 4. In fact, by the Welch-
Satterthwaite y2-approximation method described there, we have

tr(v¥%) . tr*(7)
TR d= (5.15)

- tr(y®2)

Again, we emphasize that the parameter § is usually referred to the scale
parameter as it is related to the scale of the test statistic 7}, of the L?-norm-
based test while the parameter k is referred to as the degree of freedom ad-
justment factor (Shen and Faraway 2004), which depends on the common
covariance function 7(s,t) only. In practice, the parameters § and k must
be estimated based on the two samples (5.1). A natural way to do this is to
replace tr(7),tr?(y) and tr(y®2) with their estimators so that

L wGT) o w()
= tr(%) 4= C (35%?)

where (s, t) is the pooled sample covariance function given in (5.3). In this
case, we have

T, ~ Bx% approximately, where 3 =

(5.16)

T, ~ BXZ? approximately. (5.17)

The above method is usually known as the naive method, which often works
well for highly correlated data but it is biased as both tr?(5) and tr(3%?) are
biased for tr?(y) and tr(y®2?). When the functional samples (5.1) are Gaussian,
by Theorem 4.6 of Chapter 4, we can obtain the unbiased estimators of tr?(vy)
and tr(y%2) as

(n—2)(n—1) N 2tr(4%?)
(,'1/273)” |:tr2(")/) — niiyl s and

n—2)*2 A tr’(j
((nfg))n |:tr(,y®2) - ifg)} ?

(5.18)

respectively, as by Theorem 5.1, we have (n — 2)5(s,t) ~ WP(n — 2,7v). Re-
placing tr?(7) and tr(y®2) in (5.15) by their unbiased estimator defined above
results in the so-called bias-reduced method for estimating the parameters g
and d. The resulting estimators are

n—2)2 ~ tr? (g
st iy

~ (n—3)n

@®
Il

tr(y) ’

~A®2
(n—1) trz(,s/)72t1;£:)/l ) (519)

(n—2) [tr@@z)*%} .

d = /%:
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When n; and ng are large, the estimators B and d obtained by the bias-reduced
method are approximately equal to those by the naive method. Furthermore,
we can show that with the sample sizes nq,ny growing to infinity, the estima-
tors B and k are consistent in the sense of the following theorem. This result
is expected.

Theorem 5.4 Under Assumptions TS1 and TS3 through TS7, as n — oo,
we have tr(3) 2 tr(y) and tr(3%%) 2 tr(y®2). Furthermore, as n — oo, we
have A

BB, Rk,
where B and k are the naive or bias-reduced estimators of 5 and k, respectively.

The L2?-norm-based test can then be conducted by rejecting the null hy-
pothesis in (5.2) whenever T}, > Bxfi(l — «) for any given significance level «

where 3 and d are given in (5.16) or in (5.19). Alternatively, the two-sample
test can be conducted by computing the P-value P(XZ? >T,/0).

Example 5.6 Table 5.8 displays the L?-norm-based test for the two-sample
problem (5.2) for the progesterone data over various periods. The functions
were discretized with resolution M = 1,000 as described in Section 4.5.5 of
Chapter 4. The quantities T, ﬁ, and & are numerically computed as there but
we can ignore the constant term v(T)/M in both the approzimate expressions
of T, and ﬁ for ease computation. The values ofB and K can be computed
using the values of tr(y) and tr(3%?) given in Table 5.2. For example, over the
time period [—8,0], from Table 5.2 we have tr(7) = 255 and tr(3%?) = 53, 577.
By the naive method, we have

N t 2 ®2

5 = U0 53 5777955 — 210,
tr(%)
72 ~

Bo= 2 (;2) — 9552/53,577 = 1.214.
tr(97)

Using the formulas (5.18) we can also compute the unbiased estimators of
tr?(y) and tr(y®2%). From these, we can compute the bias-reduced estimators
of B and k.

It is seen from Table 5.3 that both the naive and bias-reduced methods
produced very similar results and the null hypothesis (5.2) is not significant
before Day 8, suggesting that the mean functions (in log-scale) of the noncon-
ceptive progesterone curves and the conceptive progesterone curves are very
likely to be the same before Day 8 while over the whole experimental period
from Day —8 to Day 15, they are significantly different from each other. Us-
ing the L?-norm-based test, one can also verify that the two mean functions
have no significant differences before Day 10. This is a good exercise left to
the reader.
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Table 5.3 The L?-norm-based test for the two-sample problem (5.2) for the proges-
terone data with resolution M = 1,000.
Method a, b] Tn i d=# P-value
Naive | 4074 2104 1.21 0.208
] 513.2 368.6 1.41 0.347
5] 3,751  496.7 1.48 0.012

407.4  205.2 1.22 0.203
513.2  358.9 1.42 0.343

Bias-reduced |
]
5] 3,751 483.2 1.50 0.011

Note: The P-values by the naive method are generally comparable with those by the bias-

reduced method although the latter are generally smaller than the former.

F-Type Test Notice that the L?-norm-based test discussed earlier does not
take into account the variation of the pooled sample covariance function (s, t)
as defined in (5.3) but it works well even when the Gaussian assumption is
not satisfied but the sample sizes n; and ny are sufficiently large. When the
two samples (5.1) are Gaussian, we can partially take the variations of 4(s,t)
into account by the so-called F-type test described below.

For the two-sample problem (5.2), recall that the L?-norm-based test is
based on the squared L?-norm ||A|? of the pivotal test function A(t) =
V2 (771 (t) = 2(t)). Under the null hypothesis and the Gaussian assumption,
Theorem 5.1 states that A(t) ~ GP(0,v) and (n — 2)%(s,t) ~ WP(n — 2,7)
and they are independent. In addition, we have

E|A|? = tr(y), and Etr(y) = tr(y). (5.20)
Therefore, it is natural to test (5.2) using the following F-type test statistic:

AP _ e frln(®) — (@)t

=) = ()

When the variation of tr(%) is not taken into account, the distribution of F,
is essentially the same as that of the L2-norm-based test statistic 7}, defined
in (5.14). To take this variation into account, the Gaussian assumption is
sufficient. In fact, under the Gaussian assumption and the null hypothesis, by
Theorem 4.2, we have

(5.21)

d m 7.1.d.
A7 £S5 A A ARG 522)
tr(3) £ (X7 ME ) /(0 —2), By 53,

where A, E, are all independent and Ai, Aa, - - -, A, are all the positive eigen-
values of (s, t). Equivalently, we can write

d Z:;l Ar Ay
e ArEr/(n—2)

It follows that under the Gaussian assumption and the null hypothesis in

F,
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Table 5.4 The F-type test for the two-sample problem (5.2) for the progesterone data
with resolution M = 1,000.

Method la, b] Fn A (n—2)& P-value

Naive [—8,0] 1.60 1.21 108 0.211
-8, 8] 0.99 1.41 125 0.349
[—8,15] 5.10 1.48 132 0.014

Biasreduced  |=8,0]  1.60 1.22 108 0.211
[-8,8] 0.99 1.42 126 0.350
[-8,15] 5.10 1.50 134 0.014

Note: The P-values by the naive method are generally comparable with those by the bias-

reduced method.

(5.2), F,, is an F-type mixture as discussed in Section 4.4 in Chapter 4.
Therefore, the null distribution of F,, can be approximated using the meth-
ods described there. In particular, by (5.20) and the two-cumulant matched
F-approximation method described there, we have

F,, ~ F,; (n—2)x approximately,

where Kk = ttrr2 gz) as defined in (5.15) for the L2-norm-based test. In addition,
(v®?)

by the naive method, % is given in (5.16) and by the bias-reduced method,
it is given in (5.19). The F-type test is then conducted by rejecting the null
hypothesis for the two-sample problem (5.2) whenever Fy, > Fj; 2y (1 — @)
for any given significance level a. Notice that when (n — 2)& tends to oo, the
test result by the F-type test will be the same as that by the L2-norm-based
test described earlier.

Example 5.7 Table 5./ displays the F-type test for the two-sample problem
(5.2) for the progesterone data. The P-values are about the same as those
presented in Table 5.3 for the L*>-norm-based test. This is obviously due to
the fact that the approximate degrees of freedom (n — 2)i of the denominator
of F,, are rather large. Also, the naive method and the bias-reduced method
produced quite similar results.

Bootstrap Tests When the two samples (5.1) are not Gaussian and when
the sample sizes n; and ny are small, the distributions of the L?-norm-based
test and the F-type test are in general not tractable. In this case, we may
bootstrap their critical values, resulting in the L2-norm-based bootstrap test
and the F-type bootstrap test. Based on the two bootstrapped samples (5.13),
we can compute the two sample mean functions i (t), 74 (¢), and the pooled
sample covariance function (s, t) as in (5.3) but based on the bootstrapped
two samples (5.13).

For the L2?-norm-based bootstrap test, we compute the bootstrap test
statistic 77" = ||A*||? with the pivotal test function
nin2

A*(t) =

[(F1(1) = 92(8)) = (1(8) = G2(8)] -

n
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Table 5.5 The bootstrap tests for the two-sample problem (5.2) for the progesterone
data with resolution M = 1,000.
L?-norm-based bootstrap test F-type bootstrap test

la, b] Ty P-value F, P-value
[£8,0] 4074 0.203 1.60 0.214
-8, 8] 513.2 0.340 0.99 0.344
[—8,15] 3,751 0.014 5.10 0.016

)

Note: The number of bootstrap replicates is N = 10,000. The P-values by the bootstrap
method are generally comparable with those by the L?-norm-based test and by the F-type
test, which are presented in Tables 5.3 and 5.4, respectively.

The above bootstrap test statistic is defined in that way as given the original
two samples (5.1), the bootstrapped two samples (5.13) have the mean func-
tions 71 (t) and ga(t), respectively. Repeat the above bootstrap process a large
number of times so that one can obtain a bootstrap sample of T)' that can
be used to estimate the 100(1 — «)-percentile of T,, = [|A||?. Similarly, for the
F-type bootstrap test, we compute the bootstrap test statistic F); = %.
Repeat this process a large number of times so that one can obtain a boot-
strap sample of F¥ that allows one to estimate the 100(1 — a)-percentile of F},.

Example 5.8 Table 5.5 displays the L?-norm-based and F-type bootstrap
tests for the two-sample problem (5.2) for the progesterone data with reso-
lution M = 1,000. The number of bootstrap replicates is N = 10,000. The
associated bootstrapped P-values are displayed. It is seen that the bootstrap
test results are consistent with those by the L?>-norm-based test and by the
F'-type test presented in Tables 5.3 and 5.4, respectively.

5.3 One-Way ANOVA

In classical linear models, one-way analysis of variance (ANOVA) is a tech-
nique used to compare means of three or more samples or groups. The samples
or groups are grouped according to a categorical variable, known as a factor.
The number of different values taken by the factor is called the level of the
factor. In this section, we aim to extend this technique for functional data
analysis.

Example 5.9 We use the Canadian temperature data (Canadian Climate
Program 1982), introduced in Section 1.2.4 of Chapter 1, to motivate the one-
way ANOVA model. The Canadian temperature data are the daily tempera-
ture records of thirty-five Canadian weather stations over a year (365 days),
among which, fifteen are in Fastern, another fifteen in Western and the re-
maining five in Northern Canada. Figure 5.5 presents their reconstructed in-
dividual curves, obtained by applying the local linear kernel smoother with the
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Temperature

Figure 5.5 Reconstructed Canadian temperature curves for (a) fifteen Eastern
weather stations, (b) fifteen Western weather stations, and (¢) five Northern weather
stations. The local linear kernel smoother with the well-known Gaussian kernel is ap-
plied. The optimal bandwidth h* = 2.79 selected by the GCV rule (3.10) is used for
all thirty-five temperature curves.

well-known Gaussian kernel to the individual temperature records of each of
the thirty-five weather stations, respectively, but with a common bandwidth
h* = 2.79, selected by the GCV rule (3.10) of Chapter 3. It can be seen that
at least at the middle of the year, the temperatures at the Eastern weather
stations are comparable with those at the Western weather stations, but they
are generally higher than those temperatures at the Northern weather sta-
tions. This observation seems reasonable as the Fastern and Western weather
stations are located at about the same latitudes while the Northern weather
stations are located at higher latitudes. Of interest is to test if the mean tem-
perature curves of the Eastern, Western, and Northern weather stations are
the same. Alternatively speaking, we want to test if the mean temperatures
of the weather stations over a year are strongly affected by the locations of
these weather stations. This motivates a one-way ANOVA problem for func-
tional data, a natural extension of the two-sample problem for functional data
discussed in the previous section.

We can define the one-way ANOVA problem for functional data as follows.
Suppose we have k independent samples:
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These k samples satisfy

i.d.
Yij (1) = ni(t) + iz (), viz(¢) "~ SP(0,7), (5.24)
j: 17277’”‘1’2: 1727"'7k7
where 71 (t), n2(t), - - -, ni(t) are the unknown group mean functions of the k
samples, v;(t),j = 1,---,n;;4 = 1,2,---, k are the subject-effect functions,

and (s, t) is the common covariance function. We wish to test the following
one-way ANOVA testing problem:

Hy : m1(t) = na(t) =ne(t), teT, (5.25)

where again 7 is some time period of interest, often specified as [a,b] with
—00 < a < b < oo. The above one-way ANOVA problem is also known as the
k-sample problem for functional data, extending the two-sample problem for
functional data discussed in the previous section.

The one-way ANOVA testing problem (5.25) often aims to check if the
effect of a factor or a treatment is statistically significant. This factor or treat-
ment is usually used to group the individual functions into several samples,
groups or categories. If the factor or treatment has serious impact on the
functional data, the one-way ANOVA problem (5.25) will be statistically sig-
nificant.

Example 5.10 In the Canadian temperature data, the factor is “the location
of a weather station” that may affect the temperature of the weather station.
The number, k, of samples or categories in which a functional data set is
grouped is the number of levels of the factor. For the Canadian temperature
data, the number of levels is k = 3.

For the one-way ANOVA problem, we are interested in the following three
major kinds of tests:

Main-Effect Test Set ;(t) = n(t)+«a;(t),i = 1,2, -, k, where n(t) is known
as the overall mean function of the k samples and «;(¢) is the ith main-effect
function for ¢ = 1,2,---, k. Then the model (5.24) can be further written as
the following standard one-way ANOVA model for functional data:

y”(t) = T](t) +Oél(t) +Uij(t), j = 1,2, RN 17 ’L = 1,2, . ',k’. (526)

In this formulation, the null hypothesis (5.25) can be equivalently expressed
as
at)=at)=---=ar(t) =0,t €T, (5.27)

that is, to test if the main-effect functions are the same and are equal to 0.

Post Hoc Test When the test (5.27) is accepted, the one-way ANOVA model
(5.26) is not significant. When it is rejected, further investigation is often
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required. For example, one may want to know if any two main-effect functions
a;(t) and o;(t) are the same, where 7 and j are any two integers such that
1 <4 < j < k. This test can be written as

Hy Oéz‘(t) Eaj(t)ﬂfET

versus Hi o oy(t) # «a;(t), for some t € T. (5.28)

The above test is known as a post hoc test. Obviously, it can be equivalently
written as

Hy : ni(t) =n;t),teT

versus Hy : ni(t) # n;(t), for some t € 7. (5.29)

Contrast Test The post hoc tests are special cases of contrast tests. Let
ay,--+,ax be k constants such that they add up to 0, that is, Zle a; =

aT1; = 0, where a = [al, -,a]T and 1; is a column vector of k ones. A
contrast is defined as Z _,a;;(t) = ala(t), a linear combination of the
main-effect functions a;(t),i = 1,2,---,k, where a(t) = [ai(t), -, ap(t)]”

consists of all the main-effect functions. A simple contrast is the difference of
two main-effect functions, for example, a1 (t) —as(t). Another simple example
of contrast is a;(t) — 3as(t) + 2as(t) when k > 5. For a given a € R” such
that a”1;, = 0, a contrast test is defined as

Hy:ala(t)=0,teT versus H:ala(t)#0, forsomet e 7. (5.30)
As aT1,, = 0, the above test can be equivalently written as
Hy:a'n(t)=0,t €T versus Hy:a'n(t)#0, for somet € T, (5.31)

where n(t) = [n1(t), n2(t), - - -, me ()]

5.3.1 Estimation of Group Mean and Covariance Functions

Based on the k samples (5.23), the group mean functions 7;(t),i = 1,2,k
and the common covariance function (s, t) can be unbiasedly estimated as

() = ?]i_(t)_n 12] 1%(75), i—1,2,"'71€,
Vst) = LS Y (i (s) = G (9)] i (£) — 4. (8)],
where and throughout this section n = Zle n; denotes the total sample size.

The estimated covariance function %(s,t) is also known as the pooled sample
covariance function. Note that 7,;(¢),7i = 1,2, -, k are independent and

(5.32)

Bily(t) = mi(t), cov[ii(s),7:(8)] = A(s.8)/misi = 1,2, k.

Set A(t) = [ (1)

e (), -+, 7, (8)]T. Tt is an unbiased estimator of n(t).
Then we have E7(t) =

n(t) and Cov{ﬁ(s),f](t)} = 7(s,t)D, where D =
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diag(1/n1,1/ng,---,1/ny) is a diagonal matrix with diagonal entries 1/n;,i =
1,2,---,k. That is, f(t) ~ SPx(n,7D), where SPy(n,I') denotes a k-
dimensional stochastic process having the vector of mean functions n(t) and
the matrix of covariance functions I'(s,t).

To study some procedures for the main-effect, post hoc, and contrast tests,
we need to investigate the properties of 7)(¢) and 4(s, ) under various condi-
tions. For this purpose, we list the following assumptions:

One-Way ANOVA Assumptions (KS)

1. The k samples (5.23) are with ny(t),na(t),---,m(t) € L£*(T) and
tr(y) < oo.

2. The k samples (5.23) are Gaussian.

3. As n — oo, the k sample sizes satisfy n;/n — 7, i = 1,2,k such
that 71,72, -, 7% € (0,1).

4. The subject-effect functions v;;(t) = y;;(t) —n:(t),j =1,2,- -+, n;;1 =
1,2,--- Kk are i.i.d..

5. The subject-effect function vy (t) satisfies Eljvyy[|* < co.

6. The maximum variance p = max, .7 (¢, t) < oo.

7. The expectation E[v?, (s)v?,(t)] is uniformly bounded.

The above assumptions are natural extensions of those assumptions for the
two-sample problem presented in the previous section. In particular, Assump-
tion KS3 requires that the k sample sizes nq,no,---,ni tend to oo propor-
tionally and Assumptions KS3, KS4, and KS5 are imposed for investigating
the asymptotical properties of 7,(t) = ;. (t),i = 1,2,---,k and 4(s,t) for
non-Gaussian functional data. Assumption KS3 guarantees that as n — oo,
the sample mean functions g; (¢),i = 1,2,---,k will converge to Gaussian
processes weakly, and Assumption KS7 is satisfied when wv11(¢) is uniformly
bounded in probability over the finite interval 7.

Theorem 5.5 Under Assumptions KS1 and KS2, we have

D_1/2 ['fl(t) - n(t)} ~ GPk(Ov'yIk)v and

(n —k)A(s,t) ~ WP(n — k,7). (5.33)

Theorem 5.5 shows that under the Gaussian assumption KS2, f(t) is a
k-dimensional Gaussian process and (n — k)4(s,t) is a Wishart process. It is
easy to see that Theorem 5.5 is a natural extension of Theorem 5.1 and is
the key for constructing various tests for (5.25) when the k samples (5.23) are
Gaussian. We would like to emphasize that under the Gaussian assumption
KS2, Theorem 5.5 holds even when the sample sizes ny,ns, - - -, ng are finite.

When the Gaussian assumption KS2 is not valid, we need more assump-
tions to derive the asymptotic distribution of 7(t), including that the sample
sizes my, Mg, - -+, ng should be proportionally large. That is, Assumption KS3
should be satisfied.
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Theorem 5.6 Under Assumptions KS1, KS3, and KS/, as n — oo, we have

D2 [i(t) — n(t)] % GPL(0,1).

Assumptions KS3 and KS4 for Theorem 5.6 are sufficient to guarantee
that as n — oo, each of the sample mean functions 7, (t) = ;. (t),i = 1,2,--- | k
converges to a Gaussian process weakly. However, when Assumption KS3 is
not satisfied, the matrix nD may not be invertible when n is large and hence
the above theorem may not hold. Therefore, Assumption KS3 is also a neces-
sary condition.

With some further assumptions, we can show that the pooled sample co-
variance function 4(s,t) is asymptotically Gaussian. This result also shows
that 4(s,t) is root-n consistent.

Theorem 5.7 Under Assumptions KS1, KS3, KS/, KS5, and KS6, as n —
oo, we have

VA {i(s,t) = A(s, 1)} 5 GP(0, ), (5:34)

where @ {(s1,t1), (s2,t2)} = E{vi1(s1)vi1(t1)vii(s2)vir(te)}—v(s1,t1)7(s2,t2).
For the main-effect, post hoc, or contrast tests, we do not need to iden-
tify the main-effect functions «;(t),i = 1,2,---,k defined in (5.26). In fact,

they are not identifiable unless some constraint is imposed. If we do want to
estimate these main-effect functions, the most commonly used constraint is

k
Zniai(t) =0, (5.35)

involving the k sample sizes. Under this constraint, it is easy to show that the
unbiased estimators of the main-effect functions are

é’z(t) :gz(t) 73}(75)7 1= 172,"'7k7 (536)

where

y -t Zzyw -t an% (537)

i=1 j=1

is the usual sample grand mean function. Under the constraint (5.35), 4. (¢)
is an unbiased estimator of the grand mean function 7n(t) defined in (5.26).
Let
SSH,(t) = Xy milf(t) — 0.(O], and (5:38)
SSE”(t) Zl 1 Zj 1[y13 ) ’~(t)]27 .

denote the pointwise between-subject and within-subject variations, respec-
tively, where g; (), = 1,2,---,k are the group sample mean functions as
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defined in (5.32) and g _(t) is the sample grand mean function as defined in
(5.37). Under the constraint (5.35), it is easy to see that

k
SSH,(t) = > miai(t), (5.39)
i=1
where &;(t),i =1,2,-- -,k are the estimated main-effect functions as given in

(5.36). It is seen that when the null hypothesis (5.25) is valid, SSH,,(¢) should
be small and otherwise it is large. From (5.32), we can see that

SSE,(t) = (n — k)%(t,t). (5.40)
We have the following results.

Theorem 5.8 Suppose Assumptions KS1 and KS2 hold. Then under the null
hypothesis (5.25), we have

J7 SSH,(t)dt 2 S IAA A, R
d m iid.
[r SSE.(tydt = ST NE., B RN 2
where A, E.,7 = 1,2,---,m are independent of each other, and M1, -+, A\

are all the positive eigenvalues of (s, t).

Theorem 5.9 Suppose Assumptions KS1, KS3, and KSj hold. Then under
the null hypothesis (5.25), as n — oo, we have

/7 SSH,()dt % 3"\ A A K
i=1

where A1, -+, A are all the positive eigenvalues of (s, t).

Theorem 5.8 shows that under the Gaussian assumption KS2 and the null
hypothesis, the integrated SSH and SSE are y?-type mixtures. Theorem 5.9
shows that when the sample sizes are proportionally tending to infinity and
under the null hypothesis, the integrated SSH is asymptotically a x2-type
mixture even when the Gaussian assumption KS2 is not valid. These two
results will be used to construct various tests for the main-effect test of the
one-way ANOVA problem as described in the next subsection.

5.8.2 Main-Effect Test
We are now ready to describe various tests for the main-effect testing problem

(5.25).

Pointwise Tests We consider the pointwise F-test, the pointwise y2-test,
and the pointwise bootstrap test. The pointwise F-test for (5.25) was adopted
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by Ramsay and Silverman (2005, Section 13.2.2., Chapter 13), naturally ex-

tending the classical F-test to the context of functional data analysis. The
pointwise F-test is conducted for (5.25) at each ¢ € 7 using the following
pointwise F' statistic:

Fo(t) = (5.41)

From the classical linear model theory, it is easy to see that when the k samples
(5.23) are Gaussian, under the null hypothesis (5.25), we have

Fn(t) ~ Fk—l,n—kht eT. (542)

The pointwise F-test is then conducted by rejecting (5.25) at each t € T
whenever F,(t) > Fr_1,-1(1 — «) for any given significance level o or by
computing the pointwise P-values at each ¢ € 7 based on the pointwise F-
distribution (5.42).

When the k-samples are not Gaussian, for large samples, one may use the
pointwise x2-test. It is easy to see that as np, = minf:1 n; — 00, asymptot-
ically we have

F,(t) ~Xxi_1/(k—=1), teT. (5.43)

This is because as Ny, — 00, the denominator SSE, (t)/(n — k) = 4(t,t)
of F,(t) tends to v(t,t) almost surely while the numerator SSH,,(t)/(k — 1)
tends to y(t,t)x%_,/(k — 1). The pointwise x2-test is conducted by rejecting
(5.25) at any given t whenever F,(t) > x7_,(1 — a)/(k — 1) or by computing
the pointwise P-values of F,,(t) at any given ¢ based on the distribution (5.43).

When the k& samples (5.23) are not Gaussian and the sample sizes
ni,n9, --,ny are small, the above pointwise F- and x2-tests are not pre-
ferred. In this case, one may resort to a pointwise bootstrap test that can be
briefly described as follows. Let

v (), = 1,2, mizi = 1,2, k, (5.44)

be k bootstrap samples randomly generated from the estimated subject-effect
functions f)ij (t) = Yij (t) - TA](tZ])7] = 1, 2, ctcy TLZ],’L = 1, 2, ctey k. We first
compute
L% kE  n;
Ut =0t Y o), v =nTt Y Y i)
j=1 i=1 j=1

We then compute the following bootstrapped SSH,, (¢) and SSE,,(¢) as

SSH; (1) = Zk L ni[uf (t) — v (1)]?, and

SSEL(f) = S, > [ ()~ @ (1)) (5:45)
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Figure 5.6 Pointwise tests for the main-effect testing problem (5.25) with the Cana-
dian temperature data with (a) pointwise F-test and (b) pointwise x*-test. It appears
that the P-values of the pointwise F-test are generally larger than those of the point-
wise x2-test.

To mimic the pointwise F-test statistic F,(¢) (5.41), the pointwise boot-
strapped test statistic is computed as

gy = SSHA(D/(k ~ 1)
"= SSE; (6)/(n— )’

Repeat the above bootstrapping process a large number of times and calculate
the 100(1 — «)-percentile of F}(t), which is used to estimate the 100(1 — «)-
percentile of F},(t). The pointwise bootstrap test is then conducted accord-

ingly.

Example 5.11 Figure 5.6 displays the pointwise F- and x*-tests for the
main-effect testing problem (5.25) with the Canadian temperature data. It is
seen that both tests suggest to reject the null hypothesis (5.25) at each point
with strong evidence. The P-value of the pointwise F-test is less than 0.004
while the P-value of the pointwise x>-test is less than 0.0015. As the sample
sizes n1 = 15,ny = 15,n3 = 5 are not large, the P-values of the pointwise
F-test are more trustful if the Canadian temperature data are Gaussian.

L?-Norm-Based Test The L?-norm-based test for the two-sample problem
(5.2) can now be extended for the main-effect testing problem (5.25). The



ONE-WAY ANOVA 151

associated test statistic is defined as the integral of the pointwise between-
subject variations:

k
_ _ . = 5 2
H—A%mwﬁ—;zAMU)%@Mt (5.46)

Under the null hypothesis (5.25) and under the conditions of Theorem 5.8 or
under the conditions of Theorem 5.9, we have or approximately have

To=3 A ARG,
r=1
where \.,r = 1,2,---,m are all the positive eigenvalues of ~(s,t). It fol-

lows that we can approximate the null distribution of T,, by the Welch-
Satterthwaite y2-approximation method described in Section 4.3 of Chapter
4. By that method, we obtain
) : tr(7%?) tr?(y)

T, ~ 6X(k71)n approximately, where (= t(y) K= IR
As mentioned before, the parameter (3 is usually referred to as the scale pa-
rameter as it is related to the scale of the test statistic T,, while the parameter
k is referred to as the degrees of freedom adjustment factor (Shen and Far-
away 2004). In practice, these two parameters must be estimated based on
the functional data (5.23). As usual, there are two methods that can be used
for this purpose. One is called the naive method and the other is called the
bias-reduced method. With the unbiased estimator 4(s, ) given in (5.32), by
the naive method, we have

(5.47)

L tr(3®2 R tr2(4
p=8G ) (QQ) : (5.48)
tr(%) tr(5%%)
and by the bias-reduced method, we have
~ t /52 tE\
p= 0% w @) (5.49)
tr(9) tr(y®2)
with
SN (n—k)(n—k+1) N 2tr(4%?)
tr?(y) = etk () - TR, (5.50)
) n—k)? A tr3 (4 '
tr(792) = 7(7171@(71)27“2) [tr(,y®2) _ ifz),} _

Notice that the unbiased estimators (5.50) of tr?(y) and tr(7®2) can be ob-
tained when the Gaussian assumption is valid as under the Gaussian assump-
tion KS2, by Theorem 5.5, we have (n — k)y(s,t) ~ WP(n — k,v). Then
applying Theorem 4.6 result in (5.50).

Again, we can show that with the sample sizes ni,no,---,n; growing to
infinity proportionally, the estimators [‘3 and & are consistent.
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Figure 5.7 Sample group mean functions of the Canadian temperature data with their
95% pointwise confidence bands for Eastern (solid), Western (dashed), and Northern
(dot-dashed) weather stations. It appears that the mean temperature differences over
time between the Eastern and the Western weather stations are much smaller than
those between the Eastern (or the Western) and the Northern weather stations.

Theorem 5.10 Under Assumptions KS1 and KS3 through KS7, as n — oo,
we have tr(3) 2 tr(y) and tr(3%%) 2 tr(v®2). Furthermore, as n — oo, we
have

BLB, &5k,

where ﬁA and k are the naive or bias-reduced estimators of 5 and k.

The L2-norm-based test for (5.25) is then conducted by rejecting the null
hypothesis of (5.25) whenever T,, > Bx%kfl) +(1—a) for any given significance
level . Alternatively, the main-effect test (5.25) can be conducted by com-
puting the P-value P(X(2k—1 L 2> Tn/fi) It is worthwhile to notice that here
there is a need to distinguish between k and x and for easy presentation, we
sometimes use d = (k — 1)k and d = (k — 1)& to denote the approximate
degrees of freedom of T,, and its estimator.

Example 5.12 Figure 5.7 superimposes the sample group mean temperature
functions of the Eastern (solid), Western (dashed), and Northern (dot-dashed)
weather stations, together with their 95% pointwise confidence bands. Based on
the 95% pointwise confidence bands, some informal conclusions can be made.
First of all, over the whole year ([a,b] = [1,365]), the differences in the mean
temperature functions of the Fastern and the Western weather stations are
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Table 5.6 Traces of the pooled sample covariance functions 4(s,t) and its cross-
square function 5%%(s,t) of the Canadian temperature data, calculated with resolu-
tion M = 1,000 over various seasons.

Spring Summer Fall Winter Whole year
[a,b] (60, 151] [152,243]  [244,334]  [335, 365]&][1,59] [1,365]
tr(9) 2,481 859 1,342 4,572 9,255
tr(4%2) 5,081,346 686,818 1,519,203 20,318,974 58,152,749

much less significant than the differences of the mean temperature functions
of the Eastern and the Northern weather stations, or of the Western and the
Northern weather stations. This is because the 95% pointwise confidence band
of the Eastern weather station temperature curves cover (before Day 151) or
stay close (after Day 151) to the mean temperature function of the Western
weather stations; however, the 95% pointwise confidence bands of the Eastern
and Western weather station temperature curves stay far away from the mean
temperature function of the Northern weather stations. Second, the significance
of the differences of the mean temperature functions of the Fastern and the
Western weather stations for different seasons are different. In the Spring
(usually defined as the months of March, April and May or [a,b] = [60,151];
see Table 5.6), the mean temperature functions are nearly the same, but this
is not the case in the Summer (June, July and August or [a,b] = [152,243])
or in the Autumn (September, October, and November or [a,b] = [244, 334]).
These conclusions can be made more clear by testing the hypothesis testing
problem (5.25) with t € T = [a,b] using the L?-norm-based test statistic T,
(5.46) and with a,b properly specified.

Table 5.6 displays the traces of the pooled sample covariance function %(s,t)
(5.32) and its cross-squared function 4%2(s,t) over various time periods or
seasons (Spring, Summer, Fall, Winter, and Whole Year). These quantities
allow one to compute the approzimate null distributions of the L?-norm-based
test using the naive method or the bias-reduced method described in (5.48) and
(5.49), respectively. For example, for the Spring season, we have tr(y) = 2,481
and tr(5%%) = 5,081,346. In addition, we have k = 3 and n = ny +no +ng =
35. Then by the naive method described in (5.48), we have

B =5,081,346/2,481 = 2,048, & = 2,4812/5,081,346 = 1.2114.  (5.51)

This implies that d = (k — 1)& = 2 x 1.2114 = 2.4228 and hence T,, ~
2,048X3 4905 approzimately. To use the bias-reduced method for computing 3,
K, and d, we first use (5.50) to compute

—

#2(F) = %[2 4812 — 2 x 5,081,346/(35 — 3+ 1)]
= 5.8585¢6,
@2y (35—3)2
(3% = oeroe—say 5,081,346 — 2,481%/(35 — 3)]

4.7498¢€6.
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Table 5.7 The L*-norm-based test for the one-way ANOVA problem (5.25) for the
Canadian temperature data with resolution M = 1,000.

Method Time period Ty B d P-value

Naive Spring 8.58¢4  2.05e3 2.42 1.67e—9
Summer 1.87e4 7.99¢2 2.15 1.0le—5
Fall 7.60e4 1.13e3 237 5.44e—15
Winter 1.22e5 4.44e3 2.06 1.25e—6
Whole year 3.02e5 6.28¢3 2.95 1.86e — 10

Bias-reduced  Spring 8.58¢4  1.91e3 247 4.24e—10
Summer 1.87e4  7.50e2 2.17 4.86e — 6
Fall 7.60e4  1.06e3 2.41 5.55e — 16
Winter 1.22e5 4.18e3 2.06 5.29¢ —7

Whole year 3.02e5 5.82e3 3.05 3.43e—11

Note: The P-values by the naive method are generally comparable with those by the bias-

reduced method although the former are generally larger than the latter.

Then
B = 4.7498¢6/2,481 = 1,914, k = 5.8585¢6/4.7498¢6 = 1.2334, (5.52)

so that d = (k — 1)k = 2 x 1.2334 = 2.4668 and hence by the bias-reduced
method, Ty, ~ 1,914x2 4565 approzimately.

Table 5.7 displays the test results of the L?-norm-based test for the one-way
ANOVA problem (5.25) for the Canadian temperature data with resolution
M = 1,000 over various seasons. The parameters 3,k, and d are estimated
by the naive method and the bias-reduced method. It is seen that all the tests
are highly significant, as expected. It is also seen that the test results based on
the naive method and the bias-reduced method are consistent although their
P-values are not exactly the same.

F-Type Test When the k samples (5.23) are Gaussian, we can conduct an
F-type test for the main-effect test (5.25). The F-type test statistic is defined

as
_ JrSSHL(t)dt/(k —1)
" [7SSE,(t)dt/(n— k)
Under the null hypothesis (5.25) and by Theorems 5.8, we have

i Z:«n:l )\TAT/(k' — l)
Z:rlzl >\7‘E’l‘/(n - k)’

F, (5.53)

where A, gt X2 1, Er gt x2_, and they are all independent; Ay, Aa, -+, A

are all the positive eigenvalues of (s, t). It follows that the null distribution
of F,, can be approximated by the two-cumulant matched F-approximation
method described in Section 4.4 of Chapter 4. By that method, we have

Fy ~ Fi—1)#,(n—k)i approximately, (5.54)



ONE-WAY ANOVA 155

Table 5.8 The F-type test for the one-way ANOVA problem (5.25) for the Canadian
temperature data with resolution M = 1,000.

Method Time period Fy dq do P-value
Naive Spring 17.30 242 38.76 3.09¢ — 4
Summer 1091 2.15 34.41 5.12e — 3
Fall 28.30 2.37 37.99 1.29¢ — 6
Winter 13.31 2.06 3291 1.39¢ — 3
Whole year 16.33  2.95 47.13 9.15¢ — 4
Bias-reduced  Spring 17.30 247 39.46 3.27e — 4
Summer 10.91  2.17  34.65 5.2le — 3
Fall 28.30 2.41 38.61 1.37e — 6
Winter 13.31 2.06 30.01 1.40e — 3

Whole year 16.33 3.05 48.85 10.29¢ —4

Note: The P-values by the naive method are generally comparable with those by the bias-

reduced method.

where by the naive method, & is given in (5.48) and by the bias-reduced
method, & is given in (5.49). For simplicity, we sometimes use d; = (k —
Dk,dy = (n—k)k and dy = (k—1)&,dy = (n—k)# to denote the approximate
degrees of freedom of F;, and their estimators.

The null hypothesis for the main-effect test (5.25) is rejected whenever

F,>F dd (1 — «) for any given significance level «. Notice that unlike the
1,W2

L?-norm-based test, the F-type test takes into account the variation of the
pooled sample covariance function 4(s,t) partially so that in terms of size
controlling, it is expected that the F-type test will outperform the L?-norm-
based test when the Gaussian assumption is satisfied.

Notice that for the F-type test, we only need to compute F,, and & to get
the approximate null distribution.

Example 5.13 Consider the one-way ANOVA for the Canadian temperature
data for the Spring season. We already obtained iz = 1.2114 [see (5.51)] by the
natve method and i = 1.2334 [see(5.52)] by the bias-reduced method. Then for
the F-type test, by the naive method, we have

di = (k—1)k=2x12114 = 2.4228,
dy = (n—k)i=(35—3)x1.2114 = 38.7648,

and by the bias-reduced method, we have

dy = (k—1)k=2x 1.2334 = 2.4668,
dy = (n—k)i=(35—3)x1.2334 = 39.4688.

1t follows that by the naive method, Fy, ~ F5 4228 387648 approzimalely, and by
the bias-reduced method, F,, ~ F» 4668,39.4688 approvimately.
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Example 5.14 Table 5.8 displays the test results of the F-type test for the
one-way ANOVA of the Canadian temperature data with resolution M =
1,000 over various seasons. The parameter k is estimated by the naive method
and the bias-reduced method. It is seen that all the tests are highly significant,
as expected. It is also seen that the test results based on the naive method and
the bias-reduced method are comparable. Notice that the P-values of the F-type
test listed in Table 5.8 are much larger than those of the L?>-norm-based test
listed in Table 5.7.

Bootstrap Tests When the k samples (5.23) are not Gaussian, the F-type
test described earlier may not be applicable. In this case, some parametric or
nonparametric bootstrap methods may be used.

When the sample sizes nq,no,---,ni are large, one can apply some para-
metric bootstrap (PB) methods for testing the main-effect test (5.27). From
(5.146) in the proof of Theorem 5.9, we can see that under the null hypothesis,
as n — 00, we have

k—1
Tn:/ SSH,, (t)dt % /wftdt,
. (t) ;T (t)

where w;(t),i = 1,2,---,k — 1 are the k — 1 components of w(t) ~
GP_1(0,415_1). That is, w;(t),i = 1,- -, k—1 “%* GP(0,~) which are known
except v(s,t). The unbiased estimator 4(s, t) of (s, t) is given in (5.32). In this
case, we can adopt the PB method of Cuevas, Febrero, and Fraiman (2004) to
obtain an approximate critical value of T;, for any given significance level a.
Its key idea is to re-sample the Gaussian processes w;(t),i = 1,---,k—1 from
GP(0,%) a large number of times so that a large sample of T;, under the null
hypothesis can be obtained. The associated PB algorithm can be described as
follows:

PB Algorithm for One-Way ANOVA (I)

1. Compute 4(s,t) using (5.32) based on the k samples (5.23).

2. Re-sample the Gaussian processes wj(t),i = 1,2,---,k — 1 from
GP(0,%).

3. Compute T, = ¢! Jlw; (8))?de.

4. Repeat Steps 2 and 3 a large number of times to obtain a sequence
of T}, whose sample percentiles can be used to approximate the per-
centiles of T,,.

It is obvious that the above PB method is time consuming as it needs
to re-sample Gaussian processes a large number of times. By Theorem 5.9,
the asymptotic random expression of T;, under the null hypothesis (5.27) is a
Y2-type mixture:

m
T =" NAn ARG
r=1
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It is seen that the distribution of 7™ is known except for the unknown eigen-
values A\, = 1,2,---,m of v(s,t). These unknown eigenvalues can be esti-
mated by the eigenvalues /A\T, r=1,2,---,m of §(s,t), where 7 is the num-
ber of the positive eigenvalues of §(s,t). Then the PB method proposed in
Zhang and Chen (2007) can be adopted here to generate a large sample of
T = Ef;l MNA-, A, bt X7_,. The associated PB algorithm can be de-
scribed as follows:

PB Algorithm for One-Way ANOVA (II)
. Compute 4(s,t) using (5.32) based on the k samples (5.23).
. Compute the positive eigenvalues A\,,r = 1,2, - - -, of (s, t).
. Re-sample A,,i =1,2,---,k — 1 from xi_l.
. Compute T = 221 AA,.
. Repeat Steps 3 and 4 a large number of times to obtain a sequence

of T whose sample percentiles can be used to approximate the per-
centiles of T,.

T = W NN =

This PB method is less intensive than the PB method described earlier as
no Gaussian processes need to be re-sampled. It generally works well but is
still time consuming as it needs to estimate the eigenvalues of 4(s,t) and to
re-sample A,,r =1,2,---,m, from X%—l a large number of times.

Alternatively, Cuevas, Febrero, and Fraiman (2004) proposed a PB method
for the main-effect test (5.27) that can be described as follows. They pro-
posed to use the L2-norm-based test statistic 7}, (5.46) for testing the one-way
ANOVA problem (5.25). But for easy treatment, they used the following test
statistic instead:

D S N ACE AT (5.55)

1<i<j<k

They imposed Assumption KS3, that is, as n — oo,
ni .
— —>7€(0,1),i=1,2,--- k. (5.56)
n

Under the above condition and under the null hypothesis (5.25), they showed
that

Vn i’ Z /T[wz(t) — Ti/Tjwj(t)]2dt, (557)

where w;(t),i = 1,2,--,k oS GP(0,7). Cuevas, Febrero, and Fraiman
(2004) computed the P-value or the empirical critical value of V,, by re-
sampling w;(t),i = 1,2,---,k from GP(0,4) a large number of times, where
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4(s,t) is the pooled sample covariance function given in (5.32). In summary,
their PB algorithm can be described as follows:

PB Algorithm for One-Way ANOVA (III)

1. Compute 4(s,t) using (5.32) based on the k samples (5.23).

2. Re-sample the Gaussian processes wj (t),i = 1,2, -+, k from GP(0, 7).

3. Compute Vi = 37, i ey Jlwy (t) — Ti/Tjw;(t)Pdt, where 7; =
ni/nyi=1,2,-- k.

4. Repeat Steps 2 and 3 a large number of times to obtain a sequence

of V3 whose sample percentiles can be used to approximate the per-
centiles of V,,.

The idea of the above PB test can also be applied to the case when the k
samples (5.23) actually have different covariance functions. But this PB test
is very time consuming, as noticed by Cuevas, Febrero, and Fraiman (2004).

The above PB test can also be applied to T,, (5.46) directly. In fact, for
any t € 7, we have

SSH.(t) = Zf:l g (1) — 7. (4)]?dt
= nt Zl§i<j§k nn;ly;. (t) — Qj_(t)]Q. (5.58)

It follows that we can write
T, = n_1 Z nin; /’]’[gl(t) — gj,(t)}zdt. (559)

Under the condition (5.56) and under the null hypothesis (5.25), by Theo-
rem 5.6, we can show that

7,4 3 / [rwilt) — rw; (6)] dt, (5.60)

1<ici<k’ T
where w;(t),s = 1,---,k e GP(0,7). Then the P-value or the empirical
critical value of T}, can then be computed similarly using the PB algorithm
described above.

Remark 5.2 The above PB methods for the one-way ANOVA problem are
generally not recommended. This is because they require large samples. When
this is the case, the L?-norm-based test works reasonably well for Gaussian
and non-Gaussian data while requiring much less computational effort.
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Table 5.9 The L*-norm-based and F-type bootstrap tests for the one-way ANOVA
problem (5.25) with the Canadian temperature data with resolution M = 1,000.
L?-norm-based bootstrap test F-type bootstrap test

Time period Tn P-value Fy P-value
Spring 85,815 0 17.30 3e—4
Summer 18,748 0 10.91 2.93e — 2
Fall 76,007 0 2830 O

Winter 121,670 0 13.31 6e—14
Whole year 302,240 0 16.33 0

Note: The number of bootstrap replicates is N = 10,000. The effect of the number of
bootstrap replicates N = 10,000 on the P-values of the L?-norm-based and F-type bootstrap

tests is noted.

When the k samples (5.23) are not Gaussian and when the sample sizes
ni,---,ny are small, the L?-norm-based test, the F-type test, and the above
PB methods are not preferred. In this case, a nonparametric bootstrap ap-
proach can be used to bootstrap the critical values of T, or F,, resulting in
an L?-norm-based bootstrap test and an F-type bootstrap test respectively.

Let vj;(t),j = 1,2,---,n;51 = 1,---,k, be k bootstrap samples ran-
domly generated from the estimated subject-effect functions v;;(t) = v;;(t) —
;). 5 =1,2,-- ny39=1,2,---, k. Set

Then we can compute the k sample group mean functions g7 (¢),- - -,y (t), the
sample grand mean function *(¢), and the pooled sample covariance function
4*(s,t) as in (5.32) but based on the k bootstrap samples (5.61). Then we can
compute

SSH(t) = b ni{[7(t) — ° ()] — [7.(t) — 7.},
SSE; (t) (n— k)" (L,1).

For the L?-norm-based bootstrap test or the F-type bootstrap test, we com-

pute
S SSH; (1)t /(k — 1)
T = SSH (t)dt, or i = .
" /7 w0}t or B = S8 (Ot ) (n = k)

Repeat this process a large number of times to obtain a bootstrap sample of
T or F) that can be used to estimate the 100(1 — «)-percentile of T;, or F,.
The L?-norm-based bootstrap test or the F-type bootstrap test can then be
conducted accordingly.

Example 5.15 Table 5.9 displays the test results of the L?-norm-based and
F-type bootstrap tests for the one-way ANOVA problem (5.25) for the Cana-
dian temperature data with resolution M = 1,000 over various seasons. To
save time, the number of bootstrap replicates is only 10,000. Recall that the
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P-values of the L?-norm-based test as listed in Table 5.7 are much smaller
than those of the F-type test as listed in Table 5.8. Interestingly, from Ta-
ble 5.9, it is seen that the P-values of the L?-norm-based bootstrap test are all
0, which are much smaller than those P-values of the F-type bootstrap test. It
seems that the structures of the test statistics of the L?-norm-based and F-type
bootstrap tests may affect the test results. Further study is warranted.

5.3.8  Tests of Linear Hypotheses

In the previous subsection we presented some methods for the main-effect test
(5.27). In this subsection, we study how to test the post hoc test (5.28) and
the contrast test (5.30) in a unified framework. That is, given the k samples
(5.23), we want to test the following general linear hypothesis testing (GLHT)
problem:

Hy: Cn(t)=c(t), t€T, versus H;: Cn(t)#c(t),teT, (5.62)

where C : ¢ x k is a known coefficient matrix with rank(C) = ¢, and c(¢) : ¢x 1
is a known constant function, often specified as 0. In fact, the post hoc test
(5.29) and the contrast test (5.31) can be written in the form of the GLHT
problem (5.62) if we set c(t) = 0, and set C = e;, — e;; and C = a,
respectively, where again e, denotes a k-dimensional unit vector whose rth
entry is 1 and others 0. In addition, the main-effect test (5.25) can also be
written into the form of the GLHT problem (5.62) by setting c(t) = 0 and
C=Tp_1,—1p1].

Remark 5.3 The matriz C is often a contrast matriz with rows summing
up to 0, that is, each row being a contrast. It is well known that for a hy-
pothesis testing problem that can be written in the form of the GLHT prob-
lem (5.62), the associated contrast matriz C is not unique. For example,
C=(- lk_l,Ik_l) s also a contrast matriz for the main-effect testing

problem (5.25). It is known from Kshirsagar (1972, Chapter 5, Section 4)
that for any two contrast matrices C and C for the same null hypothesis,
there is a nonsingular matriz P such that

C=PC. (5.63)
On the other hand, it is easy to show that for any nonsingular matriz P, PC
is also a contrast matriz as long as C is a contrast matriz. For easy reference,

we call (5.63) a contrast transformation.

Notice that we have E[Cn(t) — c(¢)] = Cn(t) — ¢(t) and

Cov [Cﬁ(s) —c(s), Cij(t) — c(t)] = 4(s,1)CDCT,
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where D = diag(n—l17 %27 e rle) as defined earlier. As CDC7” is a square
matrix of full rank, we then arrive at the following pivotal test function:
2(t) = (cDCT) " /? [Cf;(t) - c(t)] . (5.64)
It is easy to see that
z(t) ~ SPq(n.,7Ly), (5.65)
where
n.(t) = (CDCT) ™2 [Cn(t) - c(t)]. (5.60)

Under the null hypothesis in (5.62), n,(t) = 0, € 7. The squared L?-norm
|lz(t)]|? of z(t) at t € T can then be used as the pointwise sum of squares due
to hypothesis:

SSH.(1) = [CA(1) —e(0)] " (cpen) ™! [Cat) — e)]. (5.67)

which, together with SSE,, () = (n — k)¥(t,t), the pointwise sum of squares
due to errors, will be used to define various tests for the GLHT problem (5.62).

Remark 5.4 The pivotal test function z(t) (5.64) is constructed in a way
such that each component of z(t) is a process with the same covariance function
v(s,t) as indicated in (5.65). In addition, it is easy to check that the squared
L2-norm SSH,(t) (5.67) of z(t) is invariant when C and c(t) are replaced,
respectively, with

C=PC, and ¢&(t)=Pc(t), (5.68)

where P is a full-rank matriz of size ¢ X q such as the one defined in (5.63).
This property is important for the GLHT problem (5.62) as for a hypothesis
testing problem that can be written in the form of (5.62), the associated C and
c(t) are not uniquely defined as indicated by Remark 5.5.

Theorem 5.11 Under Assumptions KS1 and KS2 and the null hypothesis in
(5.62), we have

/T SSHy(t)dt £ 37\, A, /T SSE,(t)dt £ Y N\ E,,
r=1 r=1

i.4.d.

where Ap,r =1,2,---.m '~ x§ and Er.,mr=1,2,---'m gt X2 _, are inde-
pendent, and A1, -+, Ay, are all the positive eigenvalues of v(s,t).

In the above theorem, it is shown that under the Gaussian assumption and
the null hypothesis, both the integrated SSH and SSE are x2-type mixtures.
Notice that the random expression of [ SSE,,(t)dt was given in Theorem 5.8.
The purpose for including it in the above theorem is to emphasize the fact that
A.,r=1,2,--- mand E,.,r =1,2,---,m are independent. This fact is needed
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for conveniently introducing the F-type test for the GLHT problem (5.62).
When the Gaussian assumption KS2 is not satisfied, as expected, we can
show that under some mild conditions, the integrated SSH is asymptotically
a y2-type mixture, as shown by the following theorem.

Theorem 5.12 Under Assumptions KS1, KS3, KS/, and the null hypothesis
in (5.62), as n — oo, we have

where A.,r =1,2,---,m i xﬁ and A\, -+, A\ are all the positive eigenval-

ues of y(s,t).
We are now ready to describe various tests for the GLHT problem (5.62).

These tests are essentially the same as those for the main-effect testing prob-
lem presented earlier.

Pointwise Tests We describe a pointwise F-test and a pointwise y2-test

here. The test statistic of the pointwise F-test is defined as

_ SSH,,(t)/q
SSE,(t)/(n — k)

When the k samples (5.23) are Gaussian, under the null hypothesis in (5.62),

we have

Fo(t) (5.69)

Fn(t) ~Fyn_n,te 7.
The pointwise F-test can be conducted accordingly. When the Gaussian as-
sumption is not valid, for large samples, one may use the pointwise x2-test.
For large samples, that is, under Assumptions KS3 and KS4, it is standard to
show that

Fo(t) 5 x;/a, teT.
The pointwise x2-test can be conducted accordingly.

When the k samples (5.23) are not Gaussian and nq,---,ny are small,

the above pointwise F' and y?-tests are not preferred. In this case, one may
resort to some bootstrap approaches as described at the end of this subsection.

L?-Norm-Based Test For the GLHT problem (5.62), the L?-norm-based
test uses the following test statistic

T, = / SSH,, (t)dt.
T

Under the null hypothesis in (5.62) and under the conditions of Theorem 5.11
or under the conditions of Theorem 5.12, we have or approximately have

T LY MAn, ARG,

r=1



ONE-WAY ANOVA 163

where Aj, A2, -+, Ay, are all the positive eigenvalues of 7(s,t). Then the
null distribution of 7}, can be approximated by the Welch-Satterthwaite y2-
approximation method using the methods described in Section 4.3 of Chapter
4. In fact, by this method, we have

T, ~ Bx2; approximately

where by the naive method, ,@ and & are given in (5.48) and by the bias-
reduced method, they are given in (5.49). The L?-norm-based test can then
be conducted accordingly.

F-Type Test As for the main-effect testing problem (5.25), for Gaussian
data, we can also conduct an F-type test for the GLHT problem (5.62) using
the following F-type test statistic:

_ J7SSH,(t)dt/q
" J7SSE.(t)dt/(n — k)
By Theorem 5.11 and under the null hypothesis in (5.62), we have

a Z:L:l ArAr/q
St ArEr/(n— k)’
ii.d. ii.d.

where A,,r = 1,---,m "~" xZ and E.,r = 1,---,m "7 x2_, are inde-
pendent, and A, Ag,---, Ay, are all the positive eigenvalues of (s, t). That
is, under the null hypothesis, F, is an F-type mixture. It follows that the
null distribution of F),, can be approximated by the two-cumulant matched
F-approximation method described in Section 4.4 of Chapter 4. In fact, by
that method, we have

F;

F,

Fy ~ Fyi (n—k)i approximately,

where by the naive method, & is given in (5.48) and by the bias-reduced
method, & is given in (5.49). The F-type test can then be conducted accord-
ingly.

Bootstrap Tests When the k samples (5.23) are not Gaussian and ny, - - -, ng
are small, then some bootstrap tests may be preferred. Here we describe a
pointwise bootstrap test, an L?-norm-based bootstrap test, and an F-type
bootstrap test.

Let U;}'(t),j =1,2,---,ng;1 = 1,2,--- k, be k bootstrap samples ran-
domly generated from the estimated subject-effect functions v;;(t) = v;;(t) —
1,2,---,n;;1=1,2,---, k. Then we can compute the sample mean functions,
and the pooled sample covariance function as 7; (t) = g} (¢),4 = 1,2,---, k and

o

4*(s,t) based on the above k bootstrap samples. We then compute

SSH; (1) = [77(t) — #(1)]" CT (CDCT) ™" C[7*(t) — (1)),
SSES () = (n — k)3 (t,t),
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where 7)"(t) = [ (t), -, i (D))"
For the pointwise bootstrap test, the L2-norm-based bootstrap test, or the
F-type bootstrap test, we compute

w1y — _SSH (/g . _ .
o
P J SSH, (tydt/q

- J7 SSE;(tydt/(n—k)"

Repeat the above bootstrapping process a large number of times, calculate
the 100(1 — «)-percentile of F}(¢), 1) or F}', and then conduct the pointwise

bootstrap test, the L?-norm-based bootstrap test, or the F-type bootstrap
test accordingly.

5.4 Two-Way ANOVA

In the previous section, we studied one-way ANOVA for functional data, in-
volving one categorical variable or factor. In many situations, functional data
may involve two or more factors (categorical variables), each with several lev-
els (categories). In this section, we study two-way ANOVA for functional data.
A two-way ANOVA model for functional data involves two factors. We use
the following example to motivate a two-way ANOVA model for functional
data.

Example 5.16 We use the left-cingulum data introduced in Section 1.2.6 of
Chapter 1 as a motivating and illustrating example. The data set was collected
for thirty-nine children from 9 to 19 years old over arc length from —60 to
60, aiming to study if the Radial Diffusibility (RD) in the left-cingulum is
affected by age and family of a child. Figure 1.10 of Chapter 1 displays the
thirty-nine left-cingulum curves over the arc length. An outlying left-cingulum
curve is spotted in the figure and is removed for the data analysis conducted
in this section. In the left-cingulum data, the response variable is “RD” while
the covariates include “GHR” and “AGE,” where GHR stands for Genetic
High Risk and AGE is the age of a child in the study. The GHR wvariable is
a categorical variable, taking two values. When GHR = 1, it means that the
child is from a family with at least 1 direct relative with schizophrenia disease
and when GHR = 0, the child is from a normal family. The AGE variable is
a continuous variable. In this section, the AGE wvariable is transformed into
a categorical variable with two levels: children with AGE < 15 and children
with AGE > 15 so that the resulting left-cingulum data can be modeled by
an unbalanced two-way ANOVA model:

Yiji(t) = no(t) + ci(t) + B;(t) + 055(t) + viji(t), t € [—60,60], (5.70)

k:1727"'7nij7i:1727j:1727 '
where no(t) denotes the overall mean function; «;(t),7 = 1,2 denotes the main-
effect functions of GHR; (B;(t),j = 1,2, the main-effect functions of AGE;
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0;;(t),i = 1,2,j5 = 1,2, the interaction-effect functions between GHR and
AGE; and [n11,m12,n21,n920] = [15,10,7,6]. We want to know if the main-
effects of GHR, AGE, and their interaction-effects are statistically significant.
That is, is the variable RD affected by the categorical variables GHR and
AGE? Equivalently, we want to test the following null hypotheses:

Hi : on(t)=as(t) =0, t € [-60,60],
Hp : Bi(t) = Ba(t) = 0, t € [—60, 60], (5.71)
Hap 911(t) =0 ( ) = 921(23) = 922(23) =0,te [—60760]

In general, a two-way ANOVA model can be defined as follows. Let a two-
way experiment have two factors A and B, with a and b levels, respectively.
There are a total of ab factorial combinations or cells. Suppose at the (4, j)th
cell that we have a random functional sample:

Yir(t),t € T,k =1,2,- -+ nyj, (5.72)
satisfying the following cell model:
Yije(t) = i (t) + o), t € T, k=1, nj, (5.73)

where 7 is the support of ¢, and 7;;(t) is the cell mean function of the random
sample at the (4, j)th cell. All these ab samples are assumed to be independent
of each other and all the subject-effect functions

’Uijk(t)v k = 1a 2: e 7nw7l = 17 2: Tt a;j = 17 27 ) b l}\Jd SP(O’ ’Y)ﬂ (574)
where (s, t) is the common covariance function for all the samples.

For a two-way ANOVA model, the cell mean functions 7;;(t) will decom-
pose into the form

1i () = 1o (t) +az( )+ B;(t) +055(t), t € T,

7":1727 CL_]—l,Q,"',b, (575)

where 79(t) is the grand mean function; a;(t) and §;(t) are the ith and jth
main-effect functions of factors A and B, respectively; and 6,;(¢) is the (7, 7)th
interaction effect function between factors A and B so that the model (5.73)
can be further written as the following two-way ANOVA model:

Yigk(t) = no(t) +oi(t) + B (t) + 05;(t) +vir(t), t € T,

k=12, ny;i=1,2,,a;5=1,2,---,b, (5.76)

where the subject-effect functions v;x(¢),k = 1,2,---,n;;;0 =1,2,---,a;j =
1,2, -, b satisfy (5.74). For this model, we are interested in the following null
hypotheses:

HOA ai(t)EO7Z:1727' 'Jl,tGT,

HOAB Oéi(t)507221727"',a,t67—7
ﬁj(t)EO,]ZI,Z,'-'7b7tET, (577)

Hor QZj(t)EO7Z:1727 a?]*1327 :b; teT
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The first null hypothesis aims to test if the main-effects of Factor A are sig-
nificant. A test of the main-effects of Factor B can be similarly handled. The
second null hypothesis aims to test if the main-effects of the two factors are
simultaneously 0. The latter one aims to test if there is an interaction-effect
between the two factors.

5.4.1 FEstimation of Cell Mean and Covariance Functions

For two-way ANOVA, the cell mean functions 7;;(t),i =1,---,a;j=1,---,b
are estimable, that is, they can be well defined provided n;; > 1,i =
1,--+,a;5 =1,---,b (see Section 5.4.5 for the case when all n;; = 1). Their
unbiased estimators are given by the following sample cell mean functions of
the ab cell samples (5.73):

MNij

A (1) = Gij. () = nj; Zymk i=1,2,a§=1,2--,b (578

Based on this, we can also estimate the common covariance function unbias-
edly by the following pooled sample covariance function

Nij

A(s,t) = (n —ab)~ Z Z Z Yijk(s) — Yij.()|[Wize(t) — 935.(1)],  (5.79)

i=1 j=1 k=1
b
where and throughout, n = Y7, > j—1 Mij-

Example 5.17 Figure 5.8 displays the sample cell mean functions of the left-
cingulum data with their 95% pointwise confidence bands. A comparison of
the sample cell mean functions in the left panels and those in the right panels
may hint that the main-effect of AGE may be quite significant. Similarly, a
comparison of the sample cell mean functions in the upper panels and those
in the lower panels may suggest that the main-effect of GHR may be less
significant.

Figure 5.9 presents the sample covariance function of the left-cingulum
data. It appears that the left-cingulum data are less correlated because the
sample variances §(t,t),t € T are much larger than the sample covariances
A(s,t), 8 # t. For further discussion, with resolution M = 1,000, we list the
traces of the sample covariance function and its squared function as follows:

tr(3) = 274.72, tr(5%%) = 15, 305. (5.80)
Put all the cell mean functions into a vector as

”I(t) = [7711(15)7 e 7771b(t)7 s Tal (t)7 e 777ab(t)]T'

Then its unbiased estimator is

'f](t) = [ﬁll(ﬂ? o 7771b(t)7 T ﬁal(t)v ) ﬁab(t)]T'
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Figure 5.8 Sample cell mean functions of the left-cingulum data with their 95% point-
wise confidence bands. A comparison of the sample cell mean functions in the left
panels and those in the right panels may hint that the main-effect of AGE may be

quite significant.

covariance function

Figure 5.9 Pooled sample covariance function of the left-cingulum data. It appears
that the left-cingulum data are less correlated because the pooled sample variances
Y(t,t),t € T are much larger than the pooled sample covariances 4(s,t), s # t.
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As all the ab cell samples are independent and have the common covariance
function (s, t), we have

7(t) ~ SP(n,7D), where

. 5.81
D:dlag(l/nlla"'71/n1b>"'al/nala"'71/nab)- ( )

To study various procedures for testing the main-effect and interaction-
effect tests as listed in (5.77), we need to investigate the properties of 7(t)
and 4(s, t) under various conditions. To this end, we list the following assump-
tions for two-way ANOVA:

Two-Way ANOVA Assumptions (TW)

1. The ab samples (5.72) are with 7;;(t) € £L*(T),i = 1,---,a;j =
1,---,b, and tr(y) < oo.

2. The ab samples (5.72) are Gaussian.

3. As n — oo, the ab sample sizes satisfy n;;/n — 7;, i =1,---,a;j =
1,---,bsuch that 7;; € (0,1)i=1,---,a;5=1,---,b.

4. The subject-effect functions v (t), k = 1,2, -+, n;5i =1,2,---,a;j =
1,---,bareiid..

5. The subject-effect function, vy (t) satisfies E||vi11[|* < oo.

6. The maximum variance p = max, 7 v(t,t) < oo.

7. The expectation E[v?, (s)v$;(t)] is uniformly bounded.

The above assumptions are natural generalizations of those assumptions
listed for the one-way ANOVA problem presented in the previous section.
Based on these assumptions, we can dig out some useful properties of 7(t)
and (s, t).

Theorem 5.13 Under Assumptions TWI1 and TW2, we have

D12 [ip(t) — n(t)] ~ GPay(0,71wp), and
(n — ab)y(s,t) ~ WP(n — ab,).

It is easy to see that Theorem 5.13 is a natural extension of Theorem 5.5.
It says that when the Gaussian assumption TW2 is valid, 7)(¢) is an (ab)-
dimensional Gaussian process while (n —ab)7(s, t) is a Wishart process. They
are the keys for constructing various tests for the various testing problems
given in (5.77) when the ab samples (5.72) are Gaussian.

As before, for non-Gaussian functional data, more assumptions are needed.
The following two theorems show that under some proper conditions, both 7(t)
and 9(s,t) are asymptotically Gaussian.

Theorem 5.14 Under Assumptions TW1, TWS, and TW/, as n — oo, we
have .,
D=2 [i(t) = n(t)] = GPap(0,71as).-
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Theorem 5.15 Under Assumptions TW1 and TWS3 through TWG6, as n —
oo, we have

Vi {3(s,1) = 3(s,8)} 5 GP(0, ),
where w {(Sl,tl), (Sg,tg)} = E{'Uu(sl)l)u(tl)vu(Sg)Uu(tz)}—"y(Sl,tl)’y(SQ,tg).

In Theorem 5.14, Assumption TW3 is needed to guarantee that as n — oo,
each of the sample cell mean functions 7),;(t) = gi;.(t),i = 1,---,a;5 = 1,---,b
converges to a Gaussian process weakly. While in Theorem 5.15, Assumptions
TW5 and TWG6 are imposed so that 4(s, t) is asymptotically a bivariate Gaus-
sian process.

5.4.2  Main and Interaction Effect Functions

Notice that the two-way ANOVA model (5.76) is not identifiable as the func-
tional parameters no(t), a;(t), 5;(t), and 6,;(t) are not uniquely defined. To
overcome this difficulty, we have to impose some side constraints. Given a
sequence of positive weights w;j;,7 = 1,2,---,a;j = 1,2,---,b, the following
side constraints may be imposed:

Y wiei(t) =0, 30 w;Bi(t) =0
Z?:l wijﬁij(t) = 07 j = 1,2, e ,b — 1,

Z?ZI wljglj(t) :07 1= 1727"'7&_ 17 (582)
a b
>ie1 Zj:l w;;0;5(t) =0,
where w;. = Z?Zl wi; and w; = Y7 wij.
When the weights can be written as

such that g; > 0, >%_, g; = Land h; > 0, Z?‘:l hj =1, we can easily identify
the parameters 7o(t), a;(t), 5;(t), and 6;;(t) as

mo(t) = Zz 1 Z] 19ihgmii(t),  ou(t) = 23:1 hjnij(t) — mo(t),
Bi(t) = 3Tiy gimiy(t) —mo(t),  O3(t) = ni(t) — ci(t) — B;(t) — mo(t).
Letg = [g1, -, 94)7 and h = [hy,-- -, hy]T. Denote again a p-dimensional unit

vector whose rth component is 1 and others are 0 as e, ,. Then we further
have

m(t) = [g" ®@h]n(t), ai(t) = [(eia — g)" ®@h']n(t),
Bi(t) =lg" @ (ejp —)TIn(t), 0i;(t) =[(eia —8)" @ (ej,bb— h)Tn(t),
i:]-a 7"',(1;j: 1527"'7 )

where ® denotes the usual Kronecker product operation. Set

at) = |a(t), Oéa(t)]Ta f@( )= [Ba(t), -+, BT,
[911(t) S 0(t), -+, 0a1 (1), -+, 0 (1)),

)
—~
~+
~—
|
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and set
Aa = (Ia - 1agT) ® th
A, =gT ® (I, — 1,hT), (5.84)
Ay = (Ia — 1agT) X (Ib — 1th).

Notice that the matrices A,, Ay, and A,y are not full-rank matrices, having

ranks (a—1), (b—1), and (a—1)(b—1), respectively. Then in matrix notation,
we can further write

a(t) = Aan(t), B(t) = Am(t), () = Awn(t). (5.85)

Based on the estimators of the cell mean functions given in (5.78), the esti-
mated effect functions are then given by

alt) = Aun(t), B(t) = Awi(t), 8(t) = Awi(t). (5.86)

It is worthwhile to mention the following remarks.

Remark 5.5 The estimated effect functions é&(t), B(t), and O(t) depend on
the weights w;;,1 = 1,---,a;5 = 1,---,b. For different weights, their values
may be different.

Remark 5.6 The estimators of the effect functions in (5.86) and the estima-
tor of the grand mean function fiy(t) = [g ® h]TA(t) can also be obtained by
minimizing the following weighted least squares criterion:

Nngj

a b
DT [ k(6 =m0~ ut) = 5y6) 0o

i=1 j=1k=1

subject to the side conditions (5.82) and that the weights have the structure
(5.853).

Remark 5.7 There are a few methods that can be used to specify the weights
wij,t = 1,2,---,a;5 = 1,2,---,b. For classical two-way ANOVA, see some
examples by Fujikoshi (1993). In this section we use the following two simple
methods: the equal-weight method and the size-adapted-weight method. Both
the methods specify the weights as w;; = gihj, ¢ = 1,2,---,a;5 = 1,2,---,b
with the equal-weight method specifying g and h with

gi:1/a7hj:1/b7i:1a25"'7a';j:1727"'7b5 (587)

while the size-adapted-weight method specifies g and h with

b a
gi:Znij/n,i: 1,2,---,a; hj :Znij/n7j:1,27...7b. (5.88)
j=1 i=1

When the two-way ANOVA design is balanced, that is, when all the cell sizes
nij,t=1,2,---,a;j =1,2,---,b are the same, the size-adapted-weight method
reduces to the equal-weight method.
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5.4.3 Tests of Linear Hypotheses

Notice that under the side constraints (5.82), the three null hypotheses in
(5.77) can be equivalently written as

Hoya : o(t)=0,teT,
Hoap : (t) =0, Hbﬂ( ) =0,te”T, (589)
Hor : (t) =0,teT,

where

H, — (Ia_l, —1a_1)7Hb - (Ib_l, 711,_1), and H; = H, ® Hj,.
Notice that the null hypothesis Hyap can be further written as

Hoap : Hyp[a(t)™,8t)T)" = 0,t € T, where Hyy, = diag(H,, Hy).

The coefficient matrices H,, H,,, and H; are contrast matrices with each row
summing up to 0. They are full-rank matrices, having ranks (a — 1), (a — 1) +
(b —1), and (a — 1)(b — 1), respectively. By (5.85), it is seen that each of
the testing problems associated with the three null hypotheses given in (5.89)
can be equivalently expressed in the form of the GLHT problem as defined in
(5.91) with C, respectively, being

C.=H,A,, C, =H,[AL Al1", C;,=H;Au. (5.90)

For the two-way ANOVA model (5.76), the GLHT problem can be ex-
pressed as:

Hy : Cn(t)=c(t), teT,

versus Hy, : Cn(t) #c(t), forsometeT, (5.91)

where C : ¢ x (ab) is a known coefficient matrix of full rank with rank(C) = g,
and c(t) : ¢ x 1 is a vector of known constant functions that is often specified
as 0.

Remark 5.8 The matriz C in (5.91) can often be written as CoQ, where
Cy is a contrast matrixz and Q is some proper real matrixz. For example, the
matrices Cq, Cap, and C; defined in (5.90) are in such a form. As mentioned
in Remark 5.3, by Kshirsagar (1972, Chapter 5, Section 4), there is a non-
singular matriz P such that Cy=PCy. It follows that we have

C=CyQ=PCyQ =PC. (5.92)

As before, to construct some proper test statistic for the GLHT problem
(5.91), we first need to find a proper pivotal test function. To this end, notice
that we have E[C7(t) — c(t)] = Cn(t) — c(t) and

Cov [Ci(s) — c(s), Ca(t) — ()] = 7(s,)CDCT,
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where D is the diagonal matrix defined in (5.81). As CDCT is a square matrix
of full rank, we then arrive at the following pivotal test function:

2(t) = (cDCT) " /? [Cit) - c(t)]. (5.93)
It is seen that we have
z(t) ~ SPy(n.,71y), (5.94)
where
n.(t) = (CDCT) " 2[Cn(t) - e(t)] . (5.95)

Under the null hypothesis in (5.91), n,(¢) = 0, € 7. The squared L?-norm
|z(t)]|? of z(t) can then be used as the pointwise sum of squared errors due
to hypothesis (SSH):

T _
SSH,, (1) = [Cﬁ(t) - c(t)] (cpc”)™ [Cﬁ(t) - c(t)], (5.96)
which, together with the pointwise sum of squared errors
a b Mij
SSEn(t) = Y > > (i) — 4. ()] = (n — ab)i(t, 1), (5.97)
i=1 j=1k=1

will be used to define various tests for the GLHT problem (5.91). Notice that
the above relationship is useful as it allows us to compute [7SSE,,(t)dt by
the trace of the pooled sample covariance function. In fact, we have

/7_ SSE,, (t)dt = (n — ab)tr(¥). (5.98)

Remark 5.9 The pivotal test function z(t) (5.93) is constructed in a way
such that each component of z(t) is a process with the same covariance function
v(s,t) as indicated in (5.94). In addition, it is easy to check that the squared
L2-norm SSH,(t) (5.96) of z(t) is invariant when C and c(t) are replaced,
respectively, with

C=PC and &(t) =Pc(t), (5.99)

where P is a full-rank matriz of size ¢ X q such as the one defined in (5.92).
This property is important for the GLHT problem (5.91) as for a hypothesis
testing problem that can be written in the form of the GLHT problem (5.91),
the associated C and c(t) are not uniquely defined, as indicated by Remark 5.8.

Example 5.18 For the left-cingulum data, we have n = 39— 1 = 38 after the

outlying left-cingulum curve is removed and a = 2,b = 2. By (5.80), we have
tr(y) = 265.48. Then using formula (5.98), we have

/T SSE, (t)dt = (38 — 4) x 274.72 = 9, 340.5. (5.100)
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Remark 5.10 The GLHT problem (5.91) for the two-way ANOVA model
(5.76) is rather similar to the GLHT problem (5.62) for the one-way ANOVA
model (5.26). Therefore, the key ideas of the pointwise tests, the L?-norm-
based test, the F-type test, and the bootstrap test for the GLHT problem
(5.91) are almost the same as those of their counterparts for the GLHT prob-
lem (5.62). Those readers who have read the GLHT problem for the one-way
ANOVA model in the previous section can skip what follows in this subsection.

Let A1, Aa, -+, Ay, be all the positive eigenvalues of (s, t). As expected,
it is easy to show that under the Gaussian assumption TW2 and the null
hypothesis, both the integrated SSH and SSE are x2-type mixtures.

Theorem 5.16 Under Assumptions TW1 and TW2 and the null hypothesis
in (5.91), we have

/ SSH,(t)dt £ 3"\ A,, / SSE,(t)dt £ M\ E;,
T r=1 T r=1

i.4.d.

ii.d. )
3 are independent of En.,r = 1,2,--- 'm '~

where Ayp,r = 1,---,m "~y
2
Xn—ab*

When the Gaussian assumption is not satisfied, the above theorem is of
course not valid. However, as expected, when the cell sizes are sufficiently
large, then by the central limit theorem for i.i.d. stochastic processes, Theo-
rem 4.12 of Chapter 4, we can easily show that the integrated SSH is asymp-
totically a y?-type mixture.

Theorem 5.17 Under Assumptions TW1, TWS3, and TW/ and the null hy-
pothesis in (5.91), as n — oo, we have

/T SSH, (t)dt > STNA,
r=1

i.4.d

1.4.
where Ay, =1, m, "~ x2.

Based on the above two theorems, we are now ready to describe various
tests for the GLHT problem (5.91).

Pointwise Tests We state the pointwise F-test and the pointwise y2-test.
The test statistic of the pointwise F-test is defined as

SSH,,(t)/q

Eal) = 5550 /n — ab)

(5.101)
When the ab samples (5.72) are Gaussian, under the null hypothesis in (5.91),
we have F,(t) ~ Fyn—qp,t € 7. The pointwise F-test can be conducted
accordingly.
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When the Gaussian assumption is not valid, for large samples, one can use
the pointwise y2-test. For large samples, that is, as min; ; n;; — 00, we have

F,.(t) LA x§ /q, t € T. The pointwise x2-test can be conducted accordingly.

(@)

P-value
— — — 5%line

0.5 4

Are length

Figure 5.10 Two-way ANOVA for the left-cingulum data by the pointwise F'-test for
(a) GHR, (b) AGE, and (¢) GHRxAGE. The pointwise P-values were computed
based on the null distribution Fi3s4. In each panel, the 5% significance level line
(dashed) is shown.

Example 5.19 Figure 5.10 displays the two-way ANOVA for the left-
cingulum data by the pointwise F-test. The pointwise P-values for testing the
main-effects of GHR and AGE and their interaction-effects are shown in the
upper, middle, and lower panels, respectively. These pointwise P-values were
computed based on the null distribution F z4. It is seen that

1. The main-effect of GHR is significant only over three small subinter-
vals at the left end of the arc length support.

2. The main-effect of AGE is significant over a number medium-size
subintervals on the arc length support.

3. The interaction-effect between GHR and AGE is significant only over
three very small subintervals on the arc length support.

L?-Norm-Based Test For the GLHT problem (5.91), the L?-norm-based
test uses the test statistic

T, = /T SSH,, (t)dt. (5.102)
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Under the null hypothesis in (5.91) and under the conditions of Theorem 5.16
or the conditions of Theorem 5.17, we have or approximately have

m
d ii.d.
Tn - g )\rAra Ar Z’Z\’ X3>

r=1

where A1, = 1,2,---,m are all the positive eigenvalues of v(s,t). Then the
null distribution of T}, can be approximated by the Welch-Satterthwaite x2-
approximation method described in Section 4.3 of Chapter 4. In fact, by that
method, we have

(%) _ ()
tr(y) tr(y®2)’

As mentioned in the previous sections, the parameters 8 and k can be esti-
mated by a naive method and a bias-reduced method based on the functional
data (5.72). With the pooled sample covariance function 4(s, t) given in (5.79),
by the naive method,

T, ~ ﬁxgm approximately, where 3 = (5.103)

o~ tr(3®? tr?(4
p=8G ) ffgg, (5.104)
tr(%) tr(5%°)
and by the bias-reduced method,
~ t /52 t/2\
po 0™ L wh) (5.105)
tr(9) tr(y®2)
with
YN _ n—ab)(n—ab+1 o 2tI‘(A®2)
tiw = Glanmeary |0~ S| (5.106)

_ (n—ab)® @2y _ ()
tr(ﬁy®2) —  (n—ab—1)(n—ab+2) {tr(’y ) T n—ab |-
The above unbiased estimators of tr?(v) and tr(y®2) are obtained by applying
Theorem 5.13 and Theorem 4.6 of Chapter 4. The consistency of 8 and & is
given in the following theorem.

Theorem 5.18 Under Assumptions TW1 and TW3 through TW7, as n —
00, we have tr(3) 2 tr(y) and tr(3%?) L tr(y®2). Furthermore, as n — o,
we have

BB, &R,

where B and k& are the naive or bias-reduced estimators of f and k.

The L2—norm—basedA test is conducted by rejecting the null hypothesis in
(5.91) whenever T,, > Bx2; (1 — a) for a given significance level a.
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Table 5.10 Two-way ANOVA for the left-cingulum data by the L*-norm-based test
with resolution M = 1,000.

Weighting method Effect Tn  P-value

Equal-weight GHR 7.5906  0.1747
AGE 15.5160  0.0079
GHRxAGE 2.5733  0.7575

Size-adapted-weight ~GHR 7.4279  0.1849
AGE 16.326  0.0057

GHRxAGE 2.5733  0.7575

Note: The null distributions were approximated by the naive method with B =055.71 andd =
k= 4.931. The P-values with the equal-weight method are generally comparable with those
with the size-adapted-weight method and the P-value of the interaction-effect is independent

of the weighting method.

Example 5.20 For the left-cingulum data, by (5.80), we have tr(§) = 274.72
and tr(3%?) = 15,305. Then by the naive method using (5.104), we have

tr(ﬁ/®2) — 15305 __ 55.71

j - B
y) 274.72

dep — ) _omare® _ g9y (5.107)
tr(y*?) 15305

Table 5.10 presents the two-way ANOVA results for the left-cingulum data
by the L%-norm-based test with resolution M = 1,000. The equal-weight and
size-adapted-weight methods were considered. It is seen that under both the
weighting methods, the L?-norm-based test results suggest that the main-effect
of GHR and the interaction-effect between GHR and AGE are not significant,
while the main-effect of AGE is highly significant. These conclusions are con-
sistent with those observed from the pointwise F'-test presented in Figure 5.10.
In addition, these results can be explained biologically. It is known that the ra-
dial diffusibility grows with brain development.

F-Type Test As before, under the Gaussian assumption, the F-type test for
the GLHT problem (5.91) uses the following test statistic:

s,
" [ SSE,(t)dt/(n — ab)’

(5.108)

Under the null hypothesis in (5.91) and by Theorem 5.16, we have

F 4 2:11 A Ar/q
XL NE/(n— ab)’

where A, b Xg,ET Xi—ab and they are all independent, and

AL, A2, -+, Ay, are all the positive eigenvalues of ~(s,t). It follows that the
null distribution of F, can be approximated by the two-cumulant matched

i.d.d.
~
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Table 5.11 Two-way ANOVA for the left-cingulum data by the F-type test with res-
olution M = 1,000.

Weighting method Effect F,  P-value

Equal-weight GHR 1.5393 0.1811
AGE 3.1464  0.0099
GHRxAGE 05219 0.7571

Size-adapted-weight ~GHR 1.5063 0.1912
AGE 3.3107  0.0073

GHRxAGE 0.5219 0.7571

Note: The null distributions were approrimated by the naive method with di = & = 4.9312
and dy = (n — ab)ik = 167.66. The P-values by the F-type test are generally comparable
with those by the L?-norm-based test as presented in Table 5.10.

F-approximation method described in Section 4.4 of Chapter 4. In fact, by
that method, we have

Fy, ~ Fyz (n—ap)s approximately,

where by the naive method, & is given in (5.104) and by the bias-reduced
method, & is given in (5.105). We reject the null hypothesis in (5.91) when-
ever Fy, > Fyi (n—ap)n(1 — a) for any given significance level a. Notice that
when (n — ab)i are large, the conclusion by the F-type test will be about the
same as that by the L2-norm-based test discussed earlier.

Example 5.21 For the left-cingulum data, we have n = 38,a = b = 2. By
(5.107), we have i = 4.931 by the naive method so that di = & = 4.931 and
dy = (n—ab)i = 34x4.931 = 167.66. Table 5.11 presents the two-way ANOVA
results for the left-cingulum data by the F-type test with resolution M = 1,000.
The equal-weight and size-adapted-weight methods were considered. It is seen
that under both weighting methods, the F-type test results suggest that the
main-effect of GHR and the interaction-effect between GHR and AGE are not
significant while the main-effect of AGE is highly significant. These conclu-
sions are consistent with those obtained by the L?-norm-based test presented
in Table 5.10.

Bootstrap Tests When the ab samples (5.72) are not Gaussian, the two-
cumulant matched F-approximation method may not be applicable for ap-
proximating the null distribution of the F-type test. When the ab samples
(5.72) are not Gaussian and the sample sizes n;;,1 =1,2,---,a;j =1,2,---,b
are too small, the Welch-Satterthwaite y2-approximation method may not be
applicable for approximating the null distribution of the L?-norm-based test.
In these cases, we can use some nonparametric bootstrap approaches to boot-
strap the critical values of the pointwise test, the L?-norm-based test, and
the F-type test for the GLHT problem (5.91), resulting in the so-called the
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pointwise bootstrap test, the L?-norm-based bootstrap test, and the F-type
bootstrap test, respectively.

Let U;*jk(t), k=1,---,ng;i=1,---,a;j =1,---,bbe ab bootstrap samples
randomly generated from the estimated subject-effect functions:
Set yi;(t) = 1y (t) +vjj (), k=1, ny3i =1,---,a,5 = 1,---,b. We can
then compute the sample cell mean functions and the pooled sample covari-
ance function as 7;;(t) = g (t),i = 1,2,---,a;5 = 1,2,---,b and 4" (s, 1)
based on the ab bootstrap samples. We then compute

SSH; (1) = [77(t) — (1) CT (CDCT) ™" C[7*(t) — (1)),
SSE;(t) = (n — ab)y*(t,t),

where 7" (t) = [, (t), - - 71 (8), -, g1 (t), -+ 715 ()] Then for the point-
wise bootstrap test, the L2-norm-based bootstrap test, or the F-type boot-
strap test, we compute, respectively,

. SSH:. . \
F(t) = gopr (t)/(fi/fab)v T = [7 SSH(t)dt, or
P J SSH; (tydt/q

- f’]’ SSE’ (t)dt/(n—ab)

Repeat the above bootstrapping process a large number of times, calculate
the 100(1 — «)-percentile for Fy(t), T, or F,f, and then conduct the pointwise

bootstrap test, the L?-norm-based bootstrap test, or the F-type bootstrap
test accordingly.

5.4.4  Balanced Two-Way ANOVA with Interaction

In some situations, the two-way ANOVA model (5.76) is balanced in the sense
that the cell sizes n;; = cforall i =1,---,a;j = 1,---,b. In this subsection,
keep in mind that we focus on the case when n;; = ¢ > 1 so that n = abc,
and study how to test the null hypotheses listed in (5.77). The methodologies
discussed in the previous subsections are applicable for such balanced two-way
ANOVA models. In this subsection, we aim to simplify those methodologies
for such balanced two-way ANOVA models.

Notice that for balanced two-way ANOVA models, both the equal-weight
method and the size-adapted-weight method lead to the same side constraints:

Y eu(t) =0, YU, Bi(t) =0,
Z?Zleij(t) =0,i=1,---,a—1,
Z?:leij(t)EQ j=1,-,b—1,
Yim Z?:l 0;;(t) = 0.

Under the above side constraints, the usual least squares estimators of the

(5.109)
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functional parameters no(t), o;(t), 8;(t), and 6;;(t) are given by

Mo(t) = 5.(1),
Gi(t) = 5i.(t)—9.(t), i=1,-q,
Bit) = 5i(t)=y.(t), j=1,--.0,
el](t) gzg(t) 7@1..@) 7'!74j.(t) +17(t),
i=1,---,a, j=1,---.,b,
where
B ) = Tpov®fe i=1o @i =1,
gz(t) = Z]‘: ZC: yt]k(t)/( )7 ’L:l’ tya,
B = S S )/ ac) 5= 1 (-110)
g.(t) = i 121 1 2=t Yigk(t)/ (abe).

Define vy;.(t), 9;..(t), v.5.(t), and ©_(t) similarly. Then we can further express

flo(t), di(t )7B](t) and 9”( ) as

No(t) = no(t) +0..(t),
C}Z(t) = al(t)—i—’l_)l(t)_@(t)? 1= 1,"',@,
p t) = Bit)+v,@t) —0v.(t), j=1,---,b, (5.111)
0;5(t) 0i(t) + 0i5.(t) — v;. () — 0. (t) +v..(¢),
1=1,---,a, 7=1,---,b.
In addition, we have
Vijk(t) = yir(t) = Fi.(t) = vig(t) — 0i5.(1), (5.112)

i:]-a"'va;j:17"'7b;k:17"'ac

For any fixed t € 7, let SST,,(¢) denote the pointwise total sum of squares; let
SSA,,(t),SSB,(t), SSL,(t) denote the pointwise sum of squares due to factor
A, factor B, and their interaction, respectively; and let SSE, (¢) denote the
pointwise sum of squares due to errors. Then, by the classical balanced two-
way ANOVA, we have the following decomposition:

SST,,(t) = SSA(t) + SSB,.(t) + SSL, () + SSE, (1),

SSTy(t) = Zl 12] IZk [yije(t) — 9.

SSAL(t) = beXl, [5i(t) — 7)) -

SSB(t) = acy!_ 1 0.(6) - 7.0 =acy!_| B

SSI.(t) = CZZ 123 1 [ylj (t) = 7a..(t) — 7.5 t)+§_.,(t)]2
= 021::1 Zj:l ij()a

SSEn(t) = iy Yioy Yoy wign(t) — i ()

It is seen that SSA,, (t), SSA,, (t)+SSB,,(t), and SSI, (t) are natural pivotal test
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functions for testing the null hypotheses Hya, Hoap, and Hp;, respectively.
By (5.111), we further have

SSAL(t) = beXi ou(t) + 5 (t) — 7. ()7,
SSBu(t) = acXoj, [8;(1) +0,(0) — 0 (1))
SSIn(t) = e30iy Xj [035(t) + 0 (1) (5.114)
~0i () = 0.8 + 0. 07, ,
SSE.(t) = >io; Zj:l ke i () — 75 (1)]°
Let vi(t) = [vij1(t),vij2(t), -, vije(t)]T denote the vector of the subject-
effect functions at the (4, j)th cell, and let

V(t) = [Vll(t)T7 Tty Vlb(t)T7 5 Val (t)T7 T avab(t)T}T-
Then we have

SSE, () = V()" |1 & T, (T - 29)] v(o) (5.115)

where I,. denotes the identity matrix of size r x r and J,. denotes the r x r
matrix of ones. In addition, we have the following results. Under Hg 4, we have

SSAL (1) = ()T [(Ia - %‘1) 2 % ® ”H v(t). (5.116)
Under Hyap, we have
SSA,(t) = v(O)T [I.—2o)® 2 ® L] v(t),
a © 5.117
SSBo(t) = v(t)T [ e (T, — %) @ L] v(r). (5.117)
Under Hoyy, we have
SSL, (1) = v(t)T | (L, — %) ® (I, — %) ® J? v(t). (5.118)

The matrices

I®Ib®( —L) @-T)elel

Lo@-# ek L-2el-iel,
are idempotent with ranks ab(c — 1), (e — 1),(b — 1), and (a — 1)(b — 1), re-
spectively.
Set
2(t) = Velorn(8), -, 0. (8), -+ Bar. (1), -+ Bar. ()] (5.119)

Then we further have the following results:
Under Hoa or Hoap, SSA,(t) = z(t)" [(I, — 2=) @ 2] z(t),

Under Hoag, SSB,(t) = z(t)T [2+ ® (I, — JT’)} z(t), (5.120)
Under Hor, SSL,(t) = z(t)7 [(Io — 22) ® (I, — 22)] =(¢).
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The matrices

(I~ %), (1= ), and, (L~ 2 (5~ ) (5.121)
are idempotent with ranks (a — 1), (b — 1), and (a — 1)(b — 1), respectively.
As usual, we first derive the random expressions of the integrals of
SSA,,(t),SSB,.(t),SSL,(t), and SSE,,(t) over 7 when the samples are Gaussian
and non-Gaussian. The following two theorems show that these random inte-
grals are x2-type mixtures when the Gaussian assumption is valid or asymp-
totically so when the Gaussian assumption is not valid.

Theorem 5.19 Under Assumptions TW1 and TW2 with n;; = ¢ > 1, we
have

=
s

Under Hoa,  [7 SSA,(t)dt 4 S MAL A ~E X%a—l)’

Under Hoap, |7 SSBa(t)dt = 57, \By, B, "< X1y

Under Hor, [ 8SL,(H)dt £ Y7 A C,, Oy "KE X{a1)(0—1)»
1 SSE.(H)dt £ S ME,, B R

where A, B.,Cy,E.,r = 1,2,---.m are independent of each other, and
AL,y A are all the positive eigenvalues of (s, t).

Theorem 5.20 Under Assumptions TW1 and TW4 with n;; = ¢ > 1, as
¢ — 00, we have

Under Hoa,  [7 SSA,(H)dt 5 ST A\ A,, A
Under Hoag, [7 SSBu(t)dt %™ A\,B,, B, Xy
Under Hor, [ SSL,(t)dt % ST A.Cp,  C

<8

2.7,
~

r X%a—l)(b—l)’

where A, B,,C.,v = 1,2,---,m are independent of each other, and
AL,y Am are all the positive eigenvalues of (s, t).

In the above two theorems, attention should be paid to the degrees of free-
dom in the y2-type mixtures. Based on the above two theorems, we are now
ready to describe various tests for the null hypotheses listed in (5.77).

Pointwise Tests We describe the pointwise F-test and the pointwise x2-test.
The pointwise F-test for Hya, Hyap, and Hyy, respectively, uses the following
test statistics:

SSA.,.(t)/(a=1)

A == ~m e
Fn (t) - SSE,L(t)/[ab(c—l)] 9

AB = [SSAn(t)+SSBn(t)]/(a+b,2)
FRE() = SSE.. (t)/[ab(c—1)] ) (5.122)
Flg) = SSLty/la-be-1)

SSE.. (t)/lab(c—1)] ~
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When the ab samples (5.72) with n;; = ¢ > 1 are Gaussian, we have

Under Hoa,  F(t) ~ Fla1).ab(e—1), teT,
Under Hoap, FP(t) ~ Flatb-2).ab(c—1), tE€T,

Under Hor,  F(t) ~ Fla—1yp—1),ab(c-1), t€7T.

n

The pointwise F-test can be conducted using the above distributions.

When the Gaussian assumption is not valid, for large samples, one can use
the pointwise x2-test. In fact, for large samples, that is, as ¢ — 0o, we have

Under Hox, FA1) % x2_,/(a—1), teT,
Under Hoap, F;;‘B(t) ﬁxg+b72/(a+b72), teT,
Under Hor,  FL(t) 5 X3,y p_p/lla—D(b—1)], teT.

The pointwise y2-test can be conducted using the above asymptotical x2-
distributions.

L?-Norm-Based Test The L?-norm-based test for Hoa, Hoap, and Hoy;,
respectively, uses the following test statistics:

T? = [7SSA,(t)dt,
T8 = [7[SSA,(t) + SSB,(t)] dt, (5.123)
Tl = [7SSL(t)dt.

By Theorems 5.19 and 5.20, the null distributions of T4, A8 and T
can be approximated by the Welch-Satterthwaite y2-approximation method
described in Section 4.3 of Chapter 4. In fact, we have

Tf ~ @X%aA)g approximately,
TAB ~ @X%a h2)k approximately,
T, ~ ﬂx?a—n(b_n,a approximately,

where by the naive method, B and & are given in (5.104) and by the bias-
reduced method, § and # are given in (5.105) but with n;; = ¢ > 1 for all
i=1,2,---,a;j = 1,2,---,b. The null hypotheses Hya, Hoap, and Hy; can
then be tested based on the above approximate distributions.

F-Type Test Suppose the ab samples (5.72) are Gaussian with n;; = ¢ > 1.
Then, we have

V(t) ~ GPabC(vayIabc)-

Then the F-type tests for Hoa, Hyap, and Hg; can, respectively, use the
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following test statistics:

fT SSA, (t)dt/(a—1)

A _
F ~ J7 SSE.(vdt/lab(c-1))
ap_ J7ISSAL1)+SSB.@)]dt/(at+b-2)
By - fT SSE.. (t)dt/[ab(c—1)] ’ (5.124)
FI B fT SSL, (t)dt/[(a—1)(b—1)]
n 7 SSE.@at/labe-1)]
By Theorem 5.19, we have
A d ;n: ArAy/(a—1)
Under Hoa, By = s s e )
AB 4 Do Mr[Ar+B.]/(a+b-2)
Under Hoap,  F'™ = =55 S5 Tabtemn]
7 d Z:I: ArCr/[(a=1)(b=1)]
Under Hor, By = S ante )
Where A,r ’Lz.vd 3_17B,,, ’L/’L\/d Xgil’cr Z/’L\Jd X?a_l)(b_ly and Er Z,Z\/d Xib(c_l)
are independent of each other; and A1, Ag, -+, A\, are all the positive eigen-

values of (s, t). It follows that the null distributions of FA, FAB and F!
can be approximated by the two-cumulant matched F-approximation method
described in Section 4.4 of Chapter 4. We then have

Under Hya, F;f‘ ~ Fla—1)#,Jab(c—1)]A approximately,
Under Hopap, F;L“B ~ Flatb—2)# [ab(c—1)]4 approximately,
Under Hyy, FI'~ Fl(a—1)(b-1))#,[ab(c—1))z  approximately,

where by the naive method, & is given in (5.104) and by the bias-reduced
method, £ is given in (5.105) but with n;; =¢ > 1foralli=1,---,a;j =
1,---,b. The F-type tests for Hya, Hyap, and Hy; can then be conducted
accordingly.

Bootstrap Tests When the ab samples (5.72) with n;; = ¢ are not Gaussian
and c is small, nonparametric bootstrap approaches can be used to conduct the
pointwise tests, the L2-norm-based tests, and the F-type tests for Hya, Hoan
and Hyy, resulting in the pointwise bootstrap test, the L?-norm-based boot-
strap test, and the F-type bootstrap test, respectively.

Let v;‘jk(t),k = 1,2,---,¢;1 = 1,2,---,a;5 = 1,2,---,b be the
ab bootstrap samples randomly generated from v;5(t) = vir(t) —
Ui (), = 1,---,¢5i = 1,---,a;5 = 1,---,b, respectively. Set
vii(t) = [vfjl(t),~--,v;‘jc(t)]T,i =1,---,a;5 = 1,---,b and set v*(t) =
Vii@®T, v T, viE ()T, v (H)T]T. Then we can compute

Ja J Je
SSAL() = v |- T e e Vi),
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ssBi() = v [Zem- e *L} ),
L0 = VO |- T8 m - P e v
SSE,(t) = v*(®)T _Ia @I ® (I - %)} v (t).

For the pointwise bootstrap test for Hoa, Hyap, and Hgr, one respectively
computes the following test statistics:
* SSA; (1)/(a—1)
FAM) = =
(0 SSE (6)/[ab(ce—1)]”
[SSA’, (1)+SSB;, (1)]/(a+b—2)
SSE7, (t)/[ab(c—1)] ’

«1 _ SSL, (t)/[(a—1) (b—1)]
Ey(t) - SSE? (t)/lab(c—1)] ~

FAB(t) =

Repeat this process a large number of times so that one can obtain bootstrap
samples of FA(t), F4B(t), and F}!(t) that can be used to estimate the
100(1 — a)-percentiles of FA(t), FAB(t), and F!(t), respectively.

For the L2-norm-based bootstrap test for Hga, Hyap, and Hyy, one re-
spectively computes the following test statistics:

T4 = [7SSA;(t)dt,
T*AB = [7[SSA;(t) + SSB; (t)] dt,
T*f = [7SSL;(t)dt

Repeat this process a large number of times so that one can obtain bootstrap
samples of T4 T*48 and T*! that can be used to estimate the 100(1 — a)-
percentiles of T4, TA8 and T,{, respectively.

Similarly, for the F-type bootstrap test for Hyoa, Hoap, and Hgy, one re-
spectively computes the following test statistics:

fT SSA? (t)dt/(a—1)

FrA =
" fT SSE; (t)dt/[ab(c—1)]’
F*AB J7[SSAS 0)+SSB] ()]dt/(a+b-2)
! J7 SSE;, (#)dt/[ab(c—1)] d
Frl — fT SSI (t)dt/[(a—1)(b—1)]

fTSSE:(t)dt/[ab(cA)] ’

Repeat this process a large number of times so that one can obtain bootstrap
samples of F4, F*A8 and F that can be used to estimate the 100(1 — «)-
percentiles of F4, FAB  and FI respectively.

5.4.5 Balanced Two-Way ANOVA without Interaction

In some situations, the two-way ANOVA model (5.76) is balanced with n;; =1
forall i = 1,---,a;5 = 1,---,b. That is, there is only one observed function
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per cell. In this case, no interaction between factors A and B can be modeled,
resulting in the so-called balanced two-way ANOVA model without interac-
tion:

Yii(t) = mo(t) + ai(t) + B;(t) + vy (1),

i (1) " SP(0,y), i =1,-+-,a3j =1,---,b.
In this case, the interaction-effect between factors A and B is assumed to be
ignorable. For this model, interesting are the following two null hypotheses:

(5.125)

Hoa : ag(t)=a(t) = =a.(t)=0,teT,
Hoap : a1(t) = az(t) = =au(t) =0, (5.126)
Bit) =a(t) = =6(t) =0, t € 7.

To identify the functional parameters in (5.125), the side constraints are
imposed as

a b
> ait)=0, Y Bi(t)=0,teT. (5.127)

Under the above side constraints, the usual least squares estimators of the
functional parameters 19(t), o;(t), and 3;(t) are given by

ﬁo(t) = g.(t)a
&i(t) = () —p.(t),i=1--",q,
Bi(t) = 5,;t)=y.(t), j=1,---.b
where
gi.(t) = Z?zlyij(t)/b, i=1,---,a,
75 = Yiivit)/a, j=1,--.b, (5.128)

g.(t) = X3 vi(t)/(ab).

Define ©;.(t),v,,(t) and ©_(t) similarly. Then we can further express

Mo(t) = mo(t) +0.(¢),
ait) = o(t) +oi(t) —0.(t), i=1,,a, (5.129)
ﬁj(t) = ﬁj(t)+6j(t)_ﬁ~(t)7j: )t 7b
In addition, we have
(1) = yas(t) = No(t) — au(t) — B;(t)
= Uy (t) — Uz(t) — ’U'j(t) + ’U”(t)7 (5130)
i=1,,a,5=1,-,b
It follows that P P
V(1) = (L~ ) @ I~ ?”) v(t), (5.131)

where
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Therefore, under (5.125), the common covariance function (s, ) can be un-
biasedly estimated as

As,t) = Sy X0y ()05 (8)/[(a — 1)(b— 1)]
= v(s)T [(Ia — %) @ (I — -Lz)] v(t)/[(a—1)(b—1)]. (5.132)

For any fixed t € 7, let SST),,(¢) denote the pointwise total sum of squares,
SSA,,(t) and SSB,,(t) denote the pointwise sum of squares due to factor A and
factor B respectively, and SSE,, (t) denotes the pointwise sum of squares due to
errors. Then, by the classical balanced two-way ANOVA without interaction,
we have the following decomposition:

SST,.(t) = SSA,(t) + SSB,(t) + SSE, (1),

where
SSTn(t) = Siy Yooy lwii(t) —u.(0)]°,
SSAL(t) = bYi [7i(t) — 7. (t)] = b3 al(t), (5139
SSBu(t) = aX i [7,(t)— 7.7 =aXl_, B;(1), '
SSEn(t) = S0y S0y i (1) — i (t) — 55(t) + 5..(D)]°

It is seen that SSA,, (t) and SSA,, (t)+SSB,, (t) are natural pivotal test functions
for testing the null hypotheses Hys and Hgap respectively. By (5.129), we
further have

SSA(H) = iy [0a(t) +7(1) 0.0
SSB,(t) ay_ 1[@() () v.(1), (5.134)
SSE.(t) = i, Y- 1[%() vz.(t)—@.j(t)—@..(t)]2~

Then we have

SSE, (1) = v(£)T | (I, - %) (1, — 22| v(1), (5.135)

In addition, we have the following results:

Under Hoa, SSA,(t) =v(t)T [I. — =) ® 2] v(t),

(5.136)
Under Hop, SSB,(t) =v(t)’ [2 o, - J—b”)] v(t).

The matrices (I, — 2¢) ® Jb”, Lo (1, - —”) and (I, — 22) ® (I, — —b) are

idempotent with ranks (@ —1),(b—1) and (a — 1)(b — 1) respectively. To

describe various tests for the null hypotheses Hpa and Hgap, we may impose

the following Gaussian assumption:

v(t) ~ GPup(0,71ap). (5.137)
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Under this Gaussian assumption, for any ¢t € 7, we have

Under Hoa SSA,(t) ~ ~(t,1)x2_4,
Under Hoap SSBn(t) ~ ~(t.t)xi |, (5.138)
SSEn(t) ~ vt X 1yp1)-

Furthermore, SSA,,(t),SSB,,(t) and SSE, (¢) are independent of each other.
In addition, we have the following theorem showing that the integrals of
SSA,.(t),SSB,.(t) and SSE, (t) are x2-type mixtures.

Theorem 5.21 Under the Gaussian assumption (5.137), we have
Under Hoa, — [7 SSA(t)dt £ 51 A Ay, Ay "R N2
Under Hoap, [7SSBu(t)dt <™ AB,, B, "~ \2

f’]’ SSE,(t)dt = Z:anﬂ ME, B, s X%a,—l)(bfl)’

where Ay, B.,E.,r = 1,2,---,m are independent of each other, and
AL,y Am are all the positive eigenvalues of (s, t).

Based on the above theorem, we are now ready to describe various tests
for the two hypothesis testing problems listed in (5.126).

Pointwise Tests The pointwise F-test for Hys and Hyap respectively uses
the following test statistics:

A _ SSA, (t)/(a—1)
o = SSE.. (t)/[(a-1)(b-1)])’
[SSA..(1)+SSB..(1)]/(a+b—2)
SSE.(6)/[(a—1)(b—1)]

(5.139)

FE(t) =
Under the Gaussian assumption (5.137) and by (5.138), we have

Under HOA, FnA t) ~ Fafl,(afl)(bfl)a te T,
Under Hypap, FfB(t) ~ Faip—2,a-1)0b-1), lE 7.

The pointwise F-test can be conducted using the above distributions.

L?-Norm-Based Test The L?-norm-based test for Hys and Hyap respec-
tively uses the following test statistics:

T = /T SSA,,(t)dt, TP = /7 [SSA,,(t) 4 SSB,,(t)] dt. (5.140)

By Theorem 5.21, we have

TAENTNA,, TAP LN N (4, + B,).
r=1 r=1
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It follows that under the Gaussian assumption (5.137), the null distribu-
tions of T/ and T8 can be approximated by the Welch-Satterthwaite x?2-
approximation method described in Section 4.3 of Chapter 4:

T}~ ﬂx?a,l) . approximately,

’ _ (5.141)
TAB  ~ ﬂx%a_'_b_z)k approximately,
where by the naive method,
o tr(A®? tr2(4
4= T3 ), = rf;g , (5.142)
tr(%) tr(5%°)
and by the bias-reduced method,
. tr(r®2 tr2(~
po 0™ w0 (5.143)
tr() tr(v®2)
with m = (a — 1)(b — 1),
20 — 4) _ 2t
tr2(y) = deElse?(d) - B,
_ . 1)(:1 ) tmf(f) (5.144)
— m ~®2 T
tr(7®2) - (m—1)(m+2) [tr(’y ) - 'm’y :| :

The above unbiased estimators of tr?(y) and tr(y®?) are obtained by The-
orem 4.6 of Chapter 4 and using the fact m4(s,t) ~ WP(m,~). In all the
above, the pooled sample covariance function 4(s, ) is given in (5.132).

F-Type Test Under the Gaussian assumption (5.137), the F-type test for
Hopa and Hyap respectively uses the following test statistics:

J7 SSA.()dt/(a—1)
fT SSE.. (t)dt/[(a—1)(b—1)]’
fT[SSAn(t)JrSSBn(t)]dt /(a+b—2)
J7 SSE.(at/[(a-1)0-1)]

FA =

AB
F'n. -

As v(t) ~ GPu(0,791), by (5.136) and (5.138), we have that
SSA,,(t),SSB,(t), and SSE,,(t) are independent of each other. In addition,
for fixed ¢, their degrees of freedom are (a — 1),(b — 1), and (a — 1)(b — 1),
respectively. Then by Theorem 5.21, we have

m

4 d " ArAr/(a—1)
Under Hoa, F; = E:;lATIET/[(a—l)(b—l)]’

4 Z:~n:1 Ar[Ar+B]/(a+b—2)
T N E/l@ )1

Under Hyoap, FAP

where A, “&* X1, B, S Xz_, are independent of E, i X%afl)(bfl)’ and
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A1, A2, -+, Ay, are all the positive eigenvalues of ~(s,t). It follows that the
null distribution of F* and FAP can be approximated by the two-cumulant
matched F-approximation method using the methods described in Section 4.4
of Chapter 4. In fact, we have

Under HQA, FT’? ~ F(a—l)k,[(a—l)(b—l)]k approximately,
Under Hoyp, F,fB ~ Flatb-2)#,[(a—1)(b—-1))z  approximately,

where by the naive method, & is given in (5.142) and by the bias-reduced
method, % is given in (5.143). The F-type tests for Hyy and Hypap can then
be conducted accordingly.

Bootstrap Tests When the Gaussian assumption (5.137) is not valid, non-
parametric bootstrap approaches can be used to conduct the pointwise test,
the L2-norm-based test, and the F-type test for Hos and Hyap, resulting in
the so-called the pointwise bootstrap test, the L2-norm-based bootstrap test,
and the F-type bootstrap test, respectively.

Let v;(t),i =1,2,--+,a;j = 1,2,---,b be the bootstrap samples randomly
generated from 0;;(t), ¢ = 1,---,a,j = 1,---,b as defined in (5.130). Set

VH(t) = [V (1), vt (8), vk (), -+ vl (8)]T. Then we can compute
AL = VT |- e v,
SSBL) = V)T [0 - 3] v
SSEx(t) = v*(t)" _(Ia - %’) @ (I, — %)} v (t)

For the pointwise bootstrap tests for Hqpa and Hpap, one respectively
computes the following test statistics:

A _ SSA; (1)/(a—1)
A = SSE; (t)/[(a—1)(b-1)]"
FrAB(y) [SSA’, (1)+SSB;, ()] /(a+b—2)

SSE; (t)/[(a—1)(b—1)]

Repeat this process a large number of times so that one can obtain bootstrap
samples of F;*4(t) and F4B(t) that can be used to estimate the 100(1 — a)-
percentiles of F/A(t) and FAP(t), respectively.

For the L?-norm-based bootstrap test for Hy4 and Hyap, one respectively
computes the following test statistics:

A = / SSAZ(t)dt, TP = / [SSA’ (t) + SSB: (t)] dt.
T T
Repeat this process a large number of times so that one can obtain boot-

strap samples of T4 and T*4% that can be used to estimate the 100(1 — «)-
percentiles of T and TAP | respectively.
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Similarly, for the F-type bootstrap test for Hy4 and Hpap, one respectively

computes the following test statistics:
J SSA; (hdt/(a—1)
J7 SSE;, #)dt/[(a—1)(6-1)]

*A
Fn

.[T [SSA’, (1)+SSB;, (1)]dt/(a+b-2)
J7 SSEL@dt/[(a-D)(0-1)]

*AB
Fn

Repeat this process a large number of times so that one can obtain boot-
strap samples of F*4 and F4P that can be used to estimate the 100(1 — a)-
percentiles of FA4 and FAP, respectively.

5.5 Technical Proofs

In this section, we outline the proofs of the main results described in this
chapter.

Proof of Theorem 5.1 Under the Gaussian assumption, the first asser-
tion is obvious. To show the second assertion, notice that (n — 2)3(s,t) =
(n1 — 1)91(s,t) + (n2 — 1)35(s,t), where 41(s,t) and 94(s,t) are the sam-
ple covariance functions of the two functional samples (5.1), respectively.
By Theorem 4.14 in Chapter 4, we have (ny — 1)9,(s,t) ~ WP(n; — 1,7),
(na — 1)Y5(s,t) ~ WP(ng — 1,7) and they are independent. By Theorem 4.4,
we have (n — 2)5(s,t) ~ WP(n — 2,7). The theorem is proved.

Proof of Theorem 5.2 Notice that

A(t) = nalt) = Vna/ny/ny [ (8) — m )] + vna/ny/ng [5(t) = 12(2)]

Under Assumptions TS1, TS3, and TS4, as n — oo, we have n/n —
T,n2/n — 1 — 7 and by Theorem 4.15 in Chapter 4, we have

Vi [ (8) = m ()] % GP(0,7), v/nz [ia(t) — n2(t)] % GP(0, 7).

The theorem is then proved.

Proof of Theorem 5.3 Notice that
Vili(s,t) = (s, )] = anv/na [31(s,t) = (s, )] + buy/n2 [12(s,t) — (s, 1)],

where 44 (s,t) and 44(s,t) are the sample covariance functions of the two
functional samples (5.1), respectively, and a, = [v/n(n1 — 1)]/[y/ni(n — 2)]
and b, = [y/n(ny — 1)]/[y/n2(n — 2)]. As n — oo, we have a,, — /7 and
b, — /1 — 7. In addition, under the given conditions, by Theorem 4.16 in
Chapter 4, we have

Vit (s,t) = (s, 8)] 5 GP(0,®), VmalAa(s,t) — 7(s,1)] > GP(0,w),
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where @ {(s1,t1), (s2,t2)} = Evi1(s1)vi1(t1)vi1(s2)vin(t2) — v(s1, 1) (s2, t2).
The theorem is then proved.

Proof of Theorem 5.4 Under the given conditions, by Theorem 5.3, as
n — oo, we have E[§(s,t) — (s, t)]? = M[l + o(1)]. By Assumptions
TS6 and TS7, we have

w[(s,2), (5, )] < E[ofy (s)oiy (1)] +7°(s,8) < C + p, for all (s,t) € T°.

It follows that, as n — oo, we have 4(s,t) = v(s,t) +Opp(n~?), (s,t) € T2,
where Oy p means “uniformly bounded in probability.” Thus, as n — oo, we
have 4(s, t) 2 ~(s, t) uniformly over 72, Therefore, as n — oo, we have

n—oo n—oo
lim tr(3%%) = // lim 4°(s, t)dsdt

= // t)dsdt = tr(y*?),

in probability. It follows from (5.16) and (5.19) that as n — oo, 3 & 3 and
# % k. The theorem is proved.

lim tr(%) = / lim 4(t,t)dt = /T ~(t, t)dt = tr(y),

Proof of Theorem 5.5 Notice that D~1/2[5)(t)—n(t)] = [21(t), 22(t), - - -, 2 (£)] 7,
where z;(t) = /nh;(t) — mi(t)],i = 1,2,---,k are independent and by
Theorem 4.14, we have z;(t) ~ GP(0,7),s = 1,2,---,k. It follows that
D~ 2[f(t)—n(t)] ~ GPL(0,1};) as desired. To show the second assertion, no-
tice that (n—k)4(s,t) = Ele(nt —1)4,(s,t), where 4,(s,t),i =1,2,---, k are
the sample covariance functions of the k functional samples (5.23). By Theo-
rem 4.14, we have (n; —1)9,(s,t) ~ WP(n; —1,7),i = 1,2,---, k and they are
independent. Then by Theorem 4.4, we have (n — k)%(s,t) ~ WP(n — k,~v).
The theorem is proved.

Proof of Theorem 5.6 Notice that D=/2[f(t)—n(t)] = [21(t), z2(t), - - -, 21 (t)] T,
where z(t) = /ni[f;(t) — n:(t)],i = 1,2,---,k are independent. Under

the given conditions and by Theorem 4.15, as n — oo, we have z;(t) 4,

GP(0,7),i = 1,2, -+, k. Tt follows that D~Y2[f(t) — n(t)] > GP,(0,71) as
desired. The theorem is then proved.

Proof of Theorem 5.7 Notice that
VA (s, t) — Zal Vi B (s, t) — (s, )],

where 9,(s,t),i = 1,2,---,k are the sample covariance functions of the k
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functional samples (5.23) respectively, and a; = [v/n(n; —1)]/[/ni(n—k)],i =
1,2,---,k. Asn — oo, we have a; — /7; and Zle a? — 1. In addition, under
the given conditions, by Theorem 4.16, we have

m[&v(sat) _W(Svt)] i’ GP(07W)7 = 1727 o '7k7

where @((s1,t1), (s2,t2)) = BEvii(si)vir(tr)vii(s2)vin(t2) — v(s1,t1)7(s2, t2).
The theorem is then proved.

Proof of Theorem 5.8 Under the one-way ANOVA model (5.26) and the
null hypothesis (5.25), we can further express

k
SSH (1) = > mife. (1) = 2. (O] = 20 (1) (T — buby /m)zn(1).  (5.145)

where ©; (t) = n;' it vig(t) and o (t) = n7t K (), b, =
[n}m, né/g, e 71116/2]T7 and z,(t) = [n}/zﬂl_(t), e 7n,lc/ZT)k_(t)]T. On the one
hand, under Assumption KS2, the k samples (5.23) are Gaussian, we have
2z (t) ~ GP¢(0,71x). On the other hand, it is easy to verify that I — b, bZ /n
is an idempotent matrix of rank k — 1. The first assertion of the theorem
follows immediately from Theorem 4.10 of Chapter 4.

To show the second assertion of the theorem, notice that by (5.40), we
have [7SSE,(t)dt = (n — k)tr(y) and by Theorem 5.5, we have (n
k)A(s,t) ~ WP(n — k,7). By Theorem 4.5(b), we have [ SSE,(t)dt
St MNE., B, g X2_,. Notice that ,(t),i = 1,2,---,k and 4(s,t) are
independent. So are A,,r =1,2,---,m and E,,r = 1,2,---,m. The theorem
is proved.

4

Proof of Theorem 5.9 By (5.145), we have SSH, (t) = z,(t)T(Ix —
b, bl /n)z,(t), where z,(t) and b,, are as defined in the proof of Theorem 5.8.
It is easy to see that as n — oo, we have

I — b,bl/n — I — bb”,

where b = lim,_.b,/v/n = [711/27721/27 . ,T;/Q}T. It is obvious that
I, — bb” is an idempotent matrix of rank & — 1 and has the singular value
decomposition

I, — bb? = Udiag(I;_,,0)UT,

where U is an orthonormal matrix. In addition, under the given conditions,
by Theorem 5.6, and under the null hypothesis (5.25), as n — oo, we have

zp(t) LN GP(0,741). It follows that we have

SSH,, () % z(t) (I, — bbT)z(t) £ w(t) w(t), (5.146)
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where w(t) ~ GPy_1(0,7Ix_1), consisting of the first (k — 1) component of
U”z(t) ~ GP4(0,7I;). The theorem then follows immediately from Theo-
rem 4.10 of Chapter 4.

Proof of Theorem 5.10 The proof is along the same lines as those for the
proof of Theorem 5.4 except now we need to apply Theorem 5.7 to show that
4(s,t) converges to (s, t) in probability uniformly over 72 and to use (5.48)
and (5.49) to show that B2 B and & 2 k. The theorem is proved.

Proof of Theorem 5.11 By (5.64) and (5.67), we have [ SSH,(t)dt =
J7 ||lz(t)||?dt. When the k samples (5.23) are Gaussian and under the null
hypothesis in (5.62), we have z(t) ~ GP,(0,~1I,). The first assertion of the
theorem then follows from Theorem 4.10 of Chapter 4. The second asser-
tion of the theorem is proved in Theorem 5.8. The independence between
Ap,r=1,2,---,mand E.,r = 1,2,---,m is due to the fact that n(t) and
4(s,t) are independent. The theorem is proved.

Proof of Theorem 5.12 Under the given conditions, by Theorem 5.6 and

under the null hypothesis in (5.62), as n — oo, we have z(t) A GP,(0,~1,),
where z(t) is given in (5.64). The theorem then follows immediately from
(5.64) and Theorem 4.10 of Chapter 4.

Proof of Theorem 5.13 Notice that
D2 [{(t) —n(t)] = [z11(8), -+ 215(8), -+ 2at (8) .5 za (8)]

where 2;;(t) = \/mij0;;(t) — ni;(1)],7 = 1,2,---,a,j = 1,2,---,b are inde-
pendent and by Theorem 4.14, we have z;;(t) ~ GP(0,7),i = 1,2,---,a,j =
1,2,---,b. It follows that D='/2[(t) — n(t)] ~ GP4(0,~1,), as desired. To
show the second assertion, notice that (n — ab)y(s,t) = >¢ Z§:1(nij —
1)%;;(s,t), where 4,;(s,t),i =1,2,---,a,j = 1,2,---,b are the sample covari-
ance functions of the ab functional samples (5.72). By Theorem 4.14 we have
(nij — 1)%;5(s,t) ~ WP(n;; — 1,7),i=1,2,--+,a,j = 1,2,---,b and they are
independent. Then by Theorem 4.4, we have (n — ab)¥(s,t) ~ WP(n — ab,v).
The theorem is proved.

Proof of Theorem 5.14 Notice that

Dil/z[ﬁ(t) - 77(75)] = [le(t)7 Ty Zla(t)v Ty Zal(t)v T Zab(t)}Tv
where z;;(t) = \/ni;[0;(t) — mi(t)],i = 1,2,---,a;5 = 1,2,---,b are in-
dependent. Under the given conditions and by Theorem 4.15, as n — o0,

we have z;;(t) 4, GP(0,v),i = 1,2,---,a,j = 1,2,---,b. It follows that
D12[f(t) — n(t)] 5 GP44(0,714), as desired. The theorem is then proved.
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Proof of Theorem 5.15 Notice that

a b
\/ﬁ[’?(s»t) - ’V(svt)] = Zzhm Nij ['Ayij(svt) - W(Svtﬂ )

i=1 j=1

where 4,,(s,t),i = 1,2,---,a,j = 1,2,---,b are the sample covariance func-
tions of the ab functional samples (5.72), respectively, and h;; = [v/n(n;; —
)/[/mij(n — ab)],i = 1,2,---,a,5 = 1,2,---,b. As n — oo, we have,
hij — /Ti; and > 5, Z?zl hfj — 1. In addition, under the given conditions,
by Theorem 4.16, we have

\/nijﬁ/ij(&t) 7’7(5775)] i GP(07w)7 i = 1527'“7a7j = 1727"'71)7

where w((s1,t1), (52, t2)) = Evi11(s1)v111(t1)v111(s2)vi11 (b2) = (81, 1) v(s2, t2).
The theorem is then proved.

Proof of Theorem 5.16 By (5.93) and (5.96), we have [7 SSH,(t)dt =
J7 ||z(t)|[*dt. When the ab samples (5.72) are Gaussian, under the null hy-
pothesis in (5.91), we have z(t) ~ GP,(0,~1I,). The assertions of the theorem
follow immediately from Theorem 4.10 in Chapter 4.

Proof of Theorem 5.17 Under the given conditions, as n — oo, by The-

orem 5.14, we have z(t) <, GP,(0,~1,), where z(t) is given in (5.93). This
allows the assertions of the theorem to follow immediately from (5.93) and
Theorem 4.10 in Chapter 4.

Proof of Theorem 5.18 The proof is along the same lines as those for the
proof of Theorem 5.4 except now we need to apply Theorem 5.15 to show that
4(s,t) converges to (s, t) in probability uniformly over 72 and to use (5.104)
and (5.105) to show that B2 B and & 2 k. The theorem is proved.

Proof of Theorem 5.19 When the ab samples (5.72) are Gaussian with
n;; = c¢ > 1, we have z(t) ~ GP (0, v1,5), where z(¢) is given in (5.119). The
assertions of the theorem follow immediately from the expressions in (5.115)
and (5.120) and from Theorems 4.9 and 4.10 in Chapter 4.

Proof of Theorem 5.20 Under the given conditions, as ¢ — oo, by Theo-

rem 5.14, we have z(t) <, GPa(0,71,,) where z(t) is given in (5.119). This
allows the assertions of the theorem follow immediately from the expressions
in (5.120) and from Theorems 4.9 and 4.10 in Chapter 4.

Proof of Theorem 5.21 As v(t) ~ GP4;(0,71,), the assertions of the the-
orem follow immediately from the expressions in (5.135) and (5.136) and from
Theorems 4.9 and 4.10 of Chapter 4.
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5.6 Concluding Remarks and Bibliographical Notes

In this chapter we reviewed various ANOVA models for functional data. The
pointwise, L2-norm-based, F-type, and bootstrap tests were described for the
two-sample problem, one-way ANOVA, and two-way ANOVA, respectively.
The pointwise tests are essentially the classical tests for various ANOVA mod-
els for scalar variables. For simplicity, we adopted the Welch-Satterthwaite x2-
approximation for approximating the null distribution of the L?-norm-based
test and the two-cumulant matched F-approximation for approximating the
null distribution of the F-type test. Other approaches described in Sections 4.3
and 4.4 in Chapter 4 for approximating the distribution of a x?-type mixture
or an F-type mixture can also be applied here. The bootstrap tests are rec-
ommended only when the functional data are not Gaussian and the sample
sizes are small as they are generally time consuming.

The pointwise F-test was first adopted in Ramsay and Silverman (2005,
Section 13.2.2, Chapter 13) for functional linear regression models with func-
tional responses. The L?-norm-based test was first studied by Faraway (1997),
who proposed a bootstrap approach to approximate the null distribution.
Zhang and Chen (2007) extended the L2-norm-based test for a general linear
hypothesis testing problem in the framework of functional linear models with
noisy observed functional data. Some further work on the L?-norm-based test
can be found in Zhang, Peng, and Zhang (2010), and Zhang, Liang, and Xiao
(2010), among others. The F-type test was first studied by Shen and Faraway
(2004). The theoretical properties of the F-type test for functional linear mod-
els with functional responses are given in Zhang (2011a), who showed that the
F-type test is root-n consistent. The bootstrap tests are investigated in Far-
away (1997), Cuevas, Febrero, and Fraiman (2004), Zhang, Peng, and Zhang
(2010), and Zhang and Sun (2010), among others. For curve data from station-
ary Gaussian processes, Fan and Lin (1998) developed an adaptive Neyman
test.

Studies on the two-sample problems for functional data include James
and Sood (2006), Hall and Van Keilegom (2007), and Zhang, Peng, and Zhang
(2010), among others. A two-sample test is developed in Berkes et al. (2009) for
detecting changes in the mean function of functional data. One-way ANOVA
for functional data has been investigated in Cuevas, Febrero, and Fraiman
(2004) by a parametric bootstrap method and in Zhang and Liang (2013)
by a globalizing pointwise F-test. Munk et al. (2008) discussed a one- and
multi-sample problem for functional data with application to projective shape
analysis. Some important work about two-way ANOVA for functional data
can be found in Abramovich et al. (2004), Abramovich and Angelini (2006),
Antoniadis and Sapatinas (2007), Yang and Nie (2008), and Cuesta-Albertos
and Febrero-Bande (2010), among others. Most recently, Crainiceanu, Staicu,
Ray, and Punjabi (2012) proposed bootstrap-based inference methods on the
mean difference between two correlated functional processes, and Gromenko
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and Kokoszka (2012) developed a significance test for evaluating the equality
of the mean functions in two samples of spatially indexed functional data.

5.7

1.

Exercises

For the hypothesis testing problem (5.8), conduct the pointwise ¢, z or
bootstrap tests for the progesterone data by constructing the point-
wise confidence intervals (5.11). Comment if the conclusions obtained
here are similar to those obtained from the pointwise t, z or bootstrap
tests using the P-values presented in Figure 5.4 (b).

. For the progesterone data, test (5.2) over [a,b] = [—8,10] using the
L?-norm-based test presented in Section 5.2.2.
Let 45,5 = 1,2,---,n4¢ = 1,2,---,k be real numbers. Define z; =
n; ! Z;L’zl z;jand T =n"t Zle Z?’:l xi;, where n = Zle n;.
(a) Show that z. = n~! Zle n;%;. = n~'blz, where b, =
n}/27né/2, . n,lg/2]T andz = [nimih né/Q:ng, e n,lc/za?kA]T.

(b) Show that 3 | ny(z; — )% = 27 (I — b,bT /n)z and I, —
b, bl /n is an idempotent matrix of rank (k — 1).
(c) Show that 3% ni(Z: — )% = n™' Y ;o ning (T, —
.ij')z.
For the left-cingulum data, based on the information presented in
Tables 5.10 and 5.11, approximate the null distributions of the L2-
norm-based test and the F-type test using the bias-reduced method
and then construct Tables 5.10 and 5.11 accordingly. Compare the
new results with those presented in Tables 5.10 and 5.11.



Chapter 6

Linear Models with Functional
Responses

6.1 Introduction

In the previous chapter, we reviewed various ANOVA models for functional
data. We described the pointwise, L?-norm-based, F-type, and bootstrap tests
for various ANOVA models. These ANOVA models can be regarded as special
functional linear models (FLMs) with functional responses and one or several
categorical covariates. In this chapter, we show how these statistical tests can
be extended to linear models with functional responses and some continuous
covariates. Theses covariates can be time independent or dependent. When
the covariates are time independent, that is, the covariates do not change over
time, the associated FLMs are less involved. We deal with this case in Sec-
tion 6.2 for Gaussian and non-Gaussian data. In many situations, however, the
covariates can also depend on time so that the study of the associated FLMs
is more involved. This case is dealt with in Section 6.3 for Gaussian data only.
Technical proofs of the main results are given in Section 6.4. Some concluding
remarks and bibliographical notes are given in Section 6.5. Exercises for this
chapter are given in Section 6.6.

6.2 Linear Models with Time-Independent Covariates

Example 6.1 To illustrate FLMs, Faraway (1997), Shen and Faraway
(2004), and Zhang (2011a) used the ergonomics data introduced in Sec-
tion 1.2.8 of Chapter 1. The data were collected for a study of motion of
an automobile driver to reach some fized targets in a test car. The angles
formed at the right elbow between the upper and lower arms of the driver were
measured on an equally spaced grid of points over a period of time, rescaled to
the unit interval [0,1] for convenience. The number of the design time points
varies from one angle curve to another. Within the test car, there are twenty
locations where the motion of the automobile driver wanted to reach. At each
location, three replicates were taken. Totally, there were sizty angle response
curves recorded over time.

Figure 6.1 displays siz of the reconstructed right elbow angle curves ob-
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Figure 6.1 Siz selected angle curves from the ergonomics data. Note that Curve 37
is different from others in shape.

tained using the regression spline method introduced in Chapter 3. These angle
curves were fitted using a quadratic regression spline with seven equally spaced
knots. The number of knots was selected by the GCV rule (3.10) as described
in Section 3.2.2 of Chapter 3. For illustration purposes, these angle curves
were evaluated at a grid of M = 1,000 equally spaced time points over [0,1].
From this figure, it is seen that Curve 37 has quite a different shape from
the remaining curves. It is suspected to be an unusual curve; see also Fig-
ure 6.2 where all the ergonomics curves are displayed. For this reason, Curve
37 is removed from the ergonomics data used in this chapter. For techniques
of detecting unusual functions, the reader is referred to Chapter 8.

The angle curves over time are the response functions associated with the
coordinates of the twenty locations of the targets in the test car. We use
(€, ¢y, ) to denote the coordinates of the target locations where, x repre-
sents the left-to-right direction, y represents the close-to-far direction, and z
the down-to-up direction. To model the association between the angle curves
and the coordinates of the target locations, Faraway (1997) and Shen and Far-
away (2004) suggested the following quadratic FLM:

y(t) = olt) + cabr(t) + ¢0a(t) + c2Ba(t) + A + B (1) g 4
+c§66(t) + cpey B7(t) + cpe:Bs(t) + cyc.Po(t) + v(2), ’

where y(t) and v(t) denote the response function (angle curve) and the subject-
effect function, which is not explained by the predictor (coordinates of the
target locations). Some questions arise naturally. Is the overall regression sig-
nificant? Is a coefficient function significant? How to select a proper model?
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170

= = = Curve 37
Others

Figure 6.2 The smoothed right elbow angle curves of the ergonomics data. Curve 37
is highlighted as a wide dashed curve as it has a different shape from the remaining
curves.

How to detect the unusual curves? In this chapter, we focus on the first three
problems. We discuss the last problem in Chapter 8.

Let x; = [1, 21, -+, 2ip)T,i = 1,2,--+,n be the time independent (p + 1)-
dimensional covariates (predictors) and y;(t),7 = 1,2,---,n be the response
functions. A general functional data set for an FLM can be expressed as

X u()], i=1,2,-,n. (6.2)

Then a general FLM with functional responses and time-independent covari-
ates can be defined as

yilt) = x] B() + vi(0), vilt) "KUSP(0,9),t €T, i =1.2,---m,  (6.3)
where B(t) = [Bo(t), B1(t), -, B,(t)]T is the (p + 1)-dimensional vector of
coefficient functions; v;(t),7 = 1,2, - - -, n, are the subject-effect functions; 7 =
[a,b],—00 < a < b < oo is the support of the design time points; and as
before, SP(n,~) denotes a stochastic process with mean function 7(t) and
covariance function (s, t). Notice that the coefficient function £y(t) is the
intercept function of (6.3).

Remark 6.1 Compared with the FLM (6.3), the FLM (3.39) in Section 3.4 of
Chapter 3 has an extra term €;(t) that models the measurement error process.
This term can be ignored when the functional data used are the reconstructed
functions obtained by the smoothing methods described in Chapter 3 and when
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the required conditions as stated in Chapter 3 are approximately satisfied. Oth-
erwise, the term €;(t) in (3.39) can be regarded as absorbed into the term v;(t)
in the FLM (6.3). The methodologies described in this book continue to work
in this case as we do not assume any particular structure for the covariance
function y(s,t) in the statistical inferences discussed in this book.

In matrix form, (6.3) can be written as
y(t) =XB(t) +v(t), t € T, v(t) ~SP,(0,~7L,), (6.4)

where y(t) = [yl (t)7 T 7yn(t)}T7 X = [X17 o axn]T7 and V(t) =
[v1(t),---,vn(t)]T. Notice that y(t), X and v(t) are the vector of response
functions, the design matrix, and the vector of subject-effect functions, re-
spectively, and SP,,(n,T') denotes an n-dimensional stochastic process with
vector of mean functions 7(¢) and matrix of covariance functions I'(s,t).

6.2.1 Coefficient Function Estimation

Throughout this section, we assume that X has full rank. The FLMs with a
non-full-rank design matrix will be discussed in Chapter 7. Then the pointwise
least squares estimator of 3(¢) under (6.4) is

B(t) = [(XTX] ' XTy(t), te T. (6.5)

Set Py = X[XTX]1X7. Then it is well known that P is a projection matrix
so that PxX = X and X7P, = X7, and Py is an idempotent matrix of rank
(p+ 1), having p + 1 eigenvalues being 1 and others being 0.

Notice that for any ¢ € 7, the cross-product

[y (t) = XB®)]"[XB(t) - XB(1)] = 0. (6.6)

This implies that the pointwise least squares estimator ﬁ(t) minimizes globally
the following integrated squared error:

Q) = [ vt - Xa(o)at (6.7
where again || - || denotes the usual L2-norm. In fact, by (6.6), we have

Q(8) [y (1) = XB(®)] + [XB(t) — XB(0)] | dt

[l Il
TS
o

(t) — XB(t)|%dt + /T IXB() — XB(1)|2dt

Q(B) + /T[Bu) — BT XTX][B(t) — B(t)]dt
Q(B),

Y
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Figure 6.3 Four fitted coefficient functions (solid) of the ergonomics data with 95%
pointwise confidence bands (dashed). The coefficient Bs(t) may be less significant as
its 95% pointwise confidence bands cover the zero horizontal line (dot-dashed) most
of time, and the other three coefficient functions are likely to be highly significant.

with the equality holding if and only if when B(t) = B(t),t € T due to the
fact that X”7X is a positive definite matrix.
The vector of fitted response functions can be expressed as

y(t) = [gl(t)v:QQ(t)v T 7gn(t)}T = XB(t) = PXY(t)v (68)
and the vector of fitted subject-effect functions is
(t) =y(t) —y(t) = (L, = Px)y(t) = (I, — Px)v(?). (6.9)

We have E( (1) = O and COV( v(s),v(t)) = v(s,t)(I, —Px). This implies that
Ev(s = tr [B(V )T)] = [n—p—1]v(s,t). Therefore, the covariance
functlon ’y( t) can be unblasedly estimated by

<>

n

Ao, ) = —p =17 [yi(s) = 9a(s)] [a(t) = 9;(1)] - (6.10)

i=1

Example 6.2 For the ergonomics data, the FLM (6.1) was fitted using (6.5).
To see what the fitted coefficient functions look like, in Figure 6.3 we display
four estimated coefficient functions (solid) with their 95% pointwise confidence
bands (dashed). The pointwise confidence bands were computed based on The-
orems 6.1 and 6.2 of the next subsection and using the estimated covariance
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Figure 6.4 The estimated covariance function of the ergonomics data. It appears that
the large variations appear in the middle when the driver tried to reach his target.

function (6.10). It is seen that the coefficients Bo(t), B2(t), and B5(t) are highly
significant, while the coefficient function Bs(t) is less significant. This indicates
that the close-to-far direction plays an important role in the angle curves of
the ergonomics data.

The estimated covariance function of the ergonomics data is displayed in
Figure 6.4. It is seen that the big variations appear in the middle when the
driver tried to reach his target. For further inference, based on resolution M =
1,000, we list the traces of the estimated covariance function and its cross-
square function as follows:

tr(5) = 14.352, and tr(3%?) = 117.57. (6.11)

These two quantities will be useful later for statistical inferences for the er-
gonomics data based on the quadratic FLM (6.1).

6.2.2 Properties of the Estimators

In order to describe various statistical inference procedures for testing the
FLM (6.3), we first need to investigate the properties of 3(¢) and (s, t) un-
der various conditions. For this purpose, we list the following assumptions:

Linear Model Assumptions (LMA)

1. The coefficient functions are L?-integrable and the covariance function
v(s,t) has finite trace. That is, Bo(t), B2(t), -, Bp(t) € L*(T) and
tr(y) < oo.
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2. The subject-effect functions vy (t),---,v,(t) are i.i.d. Gaussian.

3. The covariates xi,---,x, are i.i.d. so that as n — oo, n 1 XTX —
Q = E(x;x}) almost surely, where € is invertible.

The subject-effect functions vy (t),- -, v, (t) are i.i.d..
The subject-effect function vy (t) satisfies E|jv1[|* < oo.

The maximum variance p = max, 7 ¥(t,t) < co.

o o e

The expectation E[v?(s)v?(¢)] is uniformly bounded. That is,
E[v#(s)vi(t)] < C < oo for all (s,t) € T2, where C is some real
constant.

The above assumptions are listed for studying the properties of ,@(t) and
A(s,t) for Gaussian and non-Gaussian functional data. First of all, under the
Gaussian assumption LMAZ2, it is easy to show that given the design matrix
X, B(t) is a (p + 1)-dimensional Gaussian process and (n —p — 1)3(s,t) is a
Wishart process.

Theorem 6.1 Under Assumptions LMA1 and LMA2, we have
B)X ~ GPpi1 (B,Ts), and (n—p—1)4(s,t) ~ WP(n—p—1,7),
where Ts(s,t) = v(s,1)(XTX) 1.

When the Gaussian assumption is not satisfied, the above theorem is no
longer valid. However, when the sample size n is large enough and under
some further assumptions, we can show that [3(15) is asymptotically a (p + 1)-
dimensional Gaussian process and 4(s,t) is asymptotically a bivariate Gaus-
sian process.

Theorem 6.2 Under Assumptions LMA1, LMAS3, and LMA4, as n — oo,
we have

Vi [B) = B1)] % GPr (09971,

Theorem 6.3 Under Assumptions LMA1 and LMAS through LMAG, asn —
oo, we have

Vi {A(s,t) = y(s,0)} 4 GPO0, @), (6.12)

where

@ [(s1,t1), (s2,t2)] = E{vi(s1)vi(tr)vi(s2)vi(t2)} — v(s1,t1)v(s2, t2).

The above three theorems are useful for constructing various tests about
the coefficient functions Go(t), 51(t),- -, Bp(t) and the covariance function

(s, 1).
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6.2.3 Multiple Correlation Coefficient

In classical linear models, the multiple correlation coefficient is used to assess
the quality of the prediction of the response variable by the predictors. It
can be interpreted as the proportion of the variation of the response variable
explained by the predictors. In this subsection, we extend this concept to the
context of FLMs. We define the pointwise multiple correlation coefficient of
an FLM as the multiple correlation coefficient of the FLM at any given time
point. It can be used to assess the quality of the prediction of the response
functions by the predictors at any given time point and to be interpreted as
the proportion of the variations of the response functions explained by the
predictors at any design time point.

Notice that for any fixed t € 7, the FLM (6.4) is a classical linear model
with the response vector y(t), the design matrix X, and the random error term
v(t). Let SST,,(t), SSR,,(t), and SSE,,(¢) denote the pointwise total variations,
the pointwise variations explained by the FLM, and the pointwise variations
unexplained by the FLM, respectively. Then we have

SSTu(t) = Yialyi(t) =g =y ()" (L — Ju/n)y (1),
SSR(t) = Y0 y[5:(t) —g(t)]> = y(t)" (Px — n/n)Y(t% (6.13)
SSE.(t) = i) — 50 =y®)" T, — Px)y(t),

where J,, = 1n1£ is an n X n matrix of ones. Then the pointwise multiple
correlation coefficient is defined as

SSR,(t)

Ri(t) = SSTM’

teT. (6.14)
Notice that the degrees of freedom of SST,(t),SSR,(t), and SSE,(t) are

n — 1,p and n — p — 1, respectively, so that the pointwise adjusted multi-
ple correlation coefficient can be expressed as

_ 1 _ SSE.(®)/(n—p-1)
Rrag® =1 SST..(1)/(n=1) (6.15)

= 1- 1—R2()),teT.

npl

To define a global measure for assessing the quality of the prediction of
the response function, we notice that the following integrated squares,

/ SST,,(t)4d, / SSR,, (1), / SSE, (1)dt,
T T T

can be used to measure the total variations, the variations explained by the
FLM and the variations not explained by the FLM. Based on this viewpoint,
we define the global multiple correlation coefficient as

R J7 SSRy(t)dt

n = m (6.16)



LINEAR MODELS WITH TIME-INDEPENDENT COVARIATES 205

o
©

o
™

Mult. corr. coef.
o
~

o
o

o
o
T

~

; ()

n,ad]
;

o
~

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 6.5 Plots of R2(t) (solid) and R2 ,4:(t) (dashed) of the quadratic FLM (6.1)

n,adj
for the ergonomics data. It seems that a large proportion of the pointwise variations
are explained by the quadratic FLM (6.1).

It is easy to see that R2 € [0, 1] and it is a weighted average of the pointwise
multiple correlation coefficients R, (t),t € 7

where wy,(t) = SST,,(t)/ [7 SST,(s)ds,t € T is a nonnegative weight func-
tion. To take the degrees of freedom into account, we can define the adjusted
multiple correlation coefficient as

n—1

2 _ 2

Example 6.3 Figure 6.5 displays the plots of R2(t) (solid) and Ri,adj(t)
(dashed) of the quadratic FLM (6.1) for the ergonomics data. It is seen that
R2(t) € [0.5,0.91] while Ri’adj(t) € [0.40,0.90], showing that a large propor-
tion of the pointwise variations can be explained by the quadratic FLM (6.1).

With resolution M = 1,000, we obtained
/’T SSR,(t)dt = 4,056.2, and /’T SST,(t)dt = 4,759.46. (6.18)

By (6.16) and (6.17), we then have

R? =85.22%, and R2 ., = 82.51%. (6.19)

n,adj

Thus, the FLM (6.1) explains about 85.22% wvariations of the angle curves of
the ergonomics data.

6.2.4 Comparing Two Nested FLMs

The concept of nested FLMs is a natural generalization from classical nested
linear models. Two FLMs are nested if both contain the same predictors, with



206 LINEAR MODELS WITH FUNCTIONAL RESPONSES

one having at least one additional predictor. For example, the following two
FLMs are nested:

Model 1: y(t) = Xi8,()+ v(t), (6.20)
Model 2: y(t) = XB(t)+v(t), ’
where B(t) = [B,(1)T, Bo(H)T]T, X = [X1,X3] : n x (1 +p) with Xy :nx (1+

—q), X5 : nx ¢ so that XB(t) = X108, () +X2085(t). The first model in (6.20)
usually contains the intercept function and is nested within the second model.
Alternatively, the first model is called the reduced FLLM and the second model
is called the full FLM.

A question arises naturally. How can we know if the more complex full
FLM contributes additional information about the association between the
response function y(t) and the predictors in the design matrix X? Answering
this question is equivalent to testing the following two nested FLM comparison
problem:

HO ( ) Xlﬁl( ) (t)7t€T7 (6 21)
Versus Hy, :y(t)=XpB(t)+v(t),teT, ‘
or equivalently, we can write:
Hy:B5()=0,t €T, versus Hp: By(t) #0, for somet e 7.

Faraway (1997) and Shen and Faraway (2004) investigated the above problem
by proposing a bootstrap test and an F-type test, respectively. For further
description, let

SSEn(t) = y(t) ( n P ) (t)7 (622)
SSHn(t) = SSEno(t) — SSEa(t) =y (1) (Px — Px,)y(t),

denote the pointwise SSE (sum of squares due to errors) under the reduced
FLM, the full FLM, and the pointwise SSH (sum of squares due to hypothesis),
that is, the extra variations in y(¢) explained by the extra predictors in the
full FLM. It is easy to show that SSH,,(t) is always nonnegative due to the
fact that Px — Py, is an idempotent matrix of rank ¢. Under the Gaussian
assumption LMA2, by Theorem 6.1, it is easy to show that the integrated
SSH and SSE are y2-type mixtures.

Theorem 6.4 Assume that Assumptions LMA1 and LMAZ2 and the null hy-
pothesis in (6.21) hold. Given X, we have
d ii.d.
J7 SSH.(t)dt =3 MA,, AR

7 SSE.(H)dt £ T ABy, By R

n—p—17

where A, B.,r = 1,2,---,m are independent of each other, and \i,---, A\,
are all the positive eigenvalues of (s, t).
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When the Gaussian assumption LMAZ2 is not satisfied, the above theorem
is no longer valid. However, under some further assumptions, we can show
that the integrated SSH is asymptotically a y2-type mixture.

Theorem 6.5 Assume that Assumptions LMA1, LMAS, and LMA/ and the
null hypothesis (6.21) hold. Given X, as n — oo, we have

/T SSH,(t)dt 53 A Ay, AR N2
r=1

where A1, -+, Ay, are all the positive eigenvalues of (s, t).

Based on the above two theorems, we are now ready to state various tests
for the two nested FLM comparison problem (6.21).

Pointwise Tests We shall describe a pointwise F-test and a pointwise y2-
test. We first discuss the pointwise F-test. For any fixed t € 7, the two nested
FLM comparison problem (6.21) reduces to the classical two nested model
comparison problem so that they can be tested using the classical F-test at
each time point ¢ € 7. The pointwise F-test uses the following test statistic:

[SSEno(t) — SSE#(D)l/q _ SSH,(t)/q

Fo(t) = SSE.(t)/(n—p—1)  SSE.(t)/(n—p—1)

teT.  (6.23)

It is well known that under the Gaussian assumption LMA2, for any fixed
t € T, F(t) ~ Fyn_p—1 so that it is easy to conduct the pointwise F-
test at each t € 7. In practice, one conducts the pointwise F-test for the
two nested FLM comparison problem (6.21) at a grid of preselected time
points. If the pointwise F-test leads to rejecting Hy, then at least one of
the additional predictors in the full FLM contributes information about the
response function.

When the Gaussian assumption is not valid, as n — oo, it is standard

to show that F,(t) 4, Xg/q so that the pointwise y2-test can be conducted
accordingly.

L?-Norm-Based Test As usual, the L2-norm-based test for (6.21) uses the
following test statistic

T, = /7 SSH,, (#)dt — /T y()T (Py — Py )y (1)dL. (6.24)

Let w(t) = (Px — Px,)y(t). Then we can write T,, = [7 ||w(t)||*dt, where
|w(#)|| denotes the usual L2norm of w(t). It is clear that under the null
hypothesis in (6.21), T, will be small; otherwise, it will be large. Therefore, it
is natural to use T}, as a reasonable test statistic for testing (6.21).

By Theorems 6.4 and 6.5, we can approximate the null distribution of T,
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using the methods described in Section 4.3 of Chapter 4. The simplest method
is the Welch-Satterthwaite y2-approximation method, by which we obtain

T, ~ (Bx% approximately, where

_tre® Lty (6.25)
B=Tam o B = ey 4= 05

In practice, the parameters (3, k, and d must be estimated based on the func-
tional data (6.2). As usual, we here give two methods, a naive method and a
bias-reduced method. The key idea of the naive method is to replace ~(s,t)
with its unbiased estimator 4(s,¢) given in (6.10) so that

. tr(A®? tr2 (4 .
3= f(VA )7 i rA(gg . d=qr, (6.26)
tr(%) tr(5°7)
and hence .
T, ~ ﬂxz approximately. (6.27)

The naive method often works well but both tr?(§) and tr(3%?) are biased for
tr2() and tr(y®?). To overcome this problem, we can use the bias-reduced
method. When the response functions y;(t),i = 1,2,---,n are Gaussian, by
Theorem 4.6, we can obtain the unbiased estimators of tr?(y) and tr(y%2) as

_ o
wO) = i -5
—_— 12 R t 2,2 N
6(®) = Gy [ -

respectively, as by Theorem 6.1, we have (n —p—1)4(s,t) ~ WP(n—p—1,7).
Replacing tr2(y) and tr(y®?) in (6.25) by their unbiased estimators defined
above results in the so-called bias-reduced estimators of 3, x, and d:

— —

() L) s
@) Kitr(fy?@ﬂ)’ d = qk. (6.29)

B =

The null hypothesis of (6.21) is rejected whenever T, > Bxfi(l — a) for any

given significance level «, where ff and d are obtained by either the naive
method or the bias-reduced method. Alternatively, the L2—n0rrp—baAsed test
for (6.21) can be conducted by computing the P-value P(xfz > T, /B) where

T, is the value of T}, computed based on the functional data (6.2).

Notice that with increasing the sample size n, the estimators 8 and & are
consistent, as shown in the following theorem.

Theorem 6.6 Under Assumptions LMA1 and LMAS through LMA7, as n —
00, we have tr(y) 2 tr(y) and tr(3%?) L tr(y®2). Furthermore, as n — oo,
we have

BL8, &Sk,

where ﬁ and k are the naive or bias-reduced estimators of 5 and k.
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Example 6.4 For the ergonomics data, it is easy to compute the naive esti-
mators of 3 and k using the values of tr(%) and tr(3%?) given in (6.18). In
fact, we have

3 =11757/14.352 = 8.192, and & = 14.3522/117.57 = 1.752.  (6.30)

Therefore, for the two nested FLM comparison problem (6.21) for the er-
gonomics data, by the naive method, we always have the following null distri-
bution:

T, ~ 8.192)(%752(1 approzimately, (6.31)

where q is the number of extra covariates in the full FLM. For the bias-reduced
method, notice that n = 60 — 1 = 59 after an outlying curve is removed from
the ergonomics data and p =9. By (6.28), we first obtain

—

_  49x%50 2x117.57\
tr’(y) = 455;51(143522 — BT = 201.44, (6.32)
tr(v8?) = 2= (117.57 — 14.352%/49) = 111.19.

Then the bias-reduced estimators of 3 and k are

£ =111.19/14.352 = 7.7474, and & =201.44/111.19 =1.8117. (6.33)

Therefore, for the two nested FLM comparison problem (6.21) for the er-
gonomics data, by the bias-reduced method, we always have the following null
distribution:

T, ~ 7.7474)(%8117!1 approzimately. (6.34)

F-Type Test When the response functions y;(t),7 = 1,2, - - -, n are Gaussian,
we can conduct an F-type test for (6.21). As usual, the F-type test statistic

is defined as f SSH, (1)t
_ T n t)dt q
Fn = f’T SSE, (t)dt/(n —p—1)" (6.35)

Under the null hypothesis in (6.21), by Theorem 6.4, we have

d ZT:1 /\TAT/Q
Sore s A Br/(n—p—1)’

where A,., B.,r = 1,2,---,m are independent and A1, Ao, -+, \,,, are all the
positive eigenvalues of v(s,t). It follows that the null distribution of F}, can
be estimated using the methods described in Section 4.4 of Chapter 4. In fact,
by the two-cumulant matched F-approximation method described there, we
have

iid. o iid. o
Ay R Xq» B, "~ Xn—p—1>

F,

Fy ~ Fy (n—p—1)x approximately,

where k = ttrr(igg) as defined in (6.25) for the L?-norm-based test. Again, the

naive method and the bias-reduced method described earlier for the L2-norm-
based test can be used to obtain the estimator of k, namely k. In fact, the
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naive estimator of k is given in (6.26) and its bias-reduced estimator is given
in (6.29). Therefore, we have

F ~ Fyi (n—p—1)i approximately. (6.36)

The null hypothesis in (6.21) is rejected whenever Fy, > Fyi (n—p—1)a(1 — @)
for any given significance level .. Notice that when n —p— 1 is very large, the
F-type test will tend to the L?-norm-based test.

One advantage of the F-type test is that it takes into account the variation
of the pooled sample covariance function 4(s,¢) partially so that in terms of
size controlling, the F-type test should outperform the L?-norm-based test
when the Gaussian assumption LMA2 is satisfied.

Example 6.5 For the ergonomics data, the naive estimator of k is k = 1.752
as given in (6.30). Then by the F-type test and under the null hypothesis, we
always have

Fy ~ F1752¢,1.752(n—p—1) approzimately, (6.37)

where n = 59 and p = 9 under the quadratic FLM (6.1). The bias-reduced
estimator of k is ik = 1.8117 as given in (6.30). Then by the F-type test and
under the null hypothesis, we always have

Fp ~ F18117¢,1.8117(n—p—1) approzimately. (6.38)

Bootstrap Tests When the functional data are not Gaussian, it is not rec-
ommended to use the two-cumulant matched F-approximation method for
the null distribution approximation of the F-type test; and when the sam-
ple size n is small and the Gaussian assumption is not valid, it is also not
recommended to use the Welch-Satterthwaite y2-approximation method for
the null distribution approximation of the L?-norm-based test. In these cases,
we can use nonparametric bootstrap tests. We briefly describe them as fol-
lows. Let v} (t),i = 1,2,---,n be the bootstrap sample randomly generated
from the estimated subject-effect functions 0;(t),i = 1,2,---,n as defined
n (6.9). Set v*(t) = [vi(t), -+, v(t)]T. Then we can compute SSH}(t) =
v¥(t)T(Px — Px,)v*(t) and SSE} (t) = v*(t)T(I,, — Px)v*(¢). The pointwise
bootstrap test statistic F;¥(t), the L?-norm-based bootstrap test statistic Ty,
or the F-type bootstrap test statistic F,; can then be respectively calculated
as

¥ SSH’, " «
Ei(h) = SSE;(t)/((;),/:,,l)v Ty = |7 SSH; (t)dt, or
= fT SSH? (t)dt/q

» = JrSSEL(hdt/(n—p-1)’

Repeat the above bootstrapping process a large number of times, calculate its
100(1 — a)-percentile, and then conduct the pointwise F-test, the L2-norm-
based test, or the F-type test accordingly. The above nonparametric tests are
simple to implement but they are generally time consuming.
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6.2.5 Significance of All the Non-Intercept Coefficient Functions

After fitting the FLM (6.3), one often wants to know if the FLM (6.3) is
significant. This is equivalent to testing if all the non-intercept coefficient
functions are 0:

H() : ﬁl (t) = ﬂg(t)

versus Hy, : Hy is false.

S =6,()=0,teT, (6.39)

This test is usually referred to as the overall test for the FLM (6.3). It can be
written in the form of the two nested FLM comparison problem (6.21) as

HO : y(t) = 1n60(t) + V(t)7t € T»
versus Hy :yt)=XB(t)+v(t), teT.

That is, the reduced FLM is the intercept model with X; = 1,,. Therefore,
when applying the various tests described in the previous subsection for the
overall testing problem (6.39), we should keep in mind that ¢ = (p+1)—1=1p
and

SSH, (1) = y(t)T (Px — J./n)y(t) = _Z [9,(t) — 5(t)]* =SSR (t),

where J,, = 1,17 is the n x n matrix of ones, and SSR,,(¢) denotes the point-
wise SSR (sum of squares due to regression). Then the various tests for (6.39)
can be conducted as follows:

1. For the pointwise F-test, one uses F,(t) = SSR,(t)/SSE,(t) ~
Fyn—p—1,t € T. For the pointwise y>-test, one uses F,,(t) ~ X%/pﬂf €
7.

2. For the L?-norm-based test, one uses T, = f’T SSR,, (t)dt ~
Bxf”% approximately, where 3 and & are given in (6.26) or in (6.29).
fT SSRn(t)dt/p

3. For the F-type test, one uses F),

J7 SSE.0)dt/(n—p-1)
Foi (n—p—1) approximately, where & are given in (6.26) or in (6.29).

Example 6.6 For the ergonomics data, consider conducting the L*-norm-
based test for the overall testing problem (6.39) based on the quadratic FLM
(6.1). By (6.18), we have T,, = 4,056.2. By the naive method and by (6.31),
under the null hypothesis, we have T,, ~ 8.192x3; 165 approzimately. Based
on this approzimate null distribution, the associated 95% critical value is
8.192x 35 +65(-95) = 212.95. Therefore, the quadratic FLM (6.1) is highly sig-
nificant for the ergonomics data. Similarly, we can conduct the F-type test
for the overall testing problem (6.39) based on the quadratic FLM (6.1). The
conclusion is ezxactly the same.
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Notice that the overall testing problem (6.39) is equivalent to testing if the
underlying pointwise multiple correlation coefficient function R2(t) is zero:

Hy:R*(t)=0,t €T, wversus Hj:R*(t)#0, forsome t€ 7T, (6.40)
or test if the underlying global multiple correlation coefficient R? is zero:
Hy:R?*=0, versus H,:R2#0.

The above problem can be tested using the global multiple correlation coeffi-
cient

5 J7 SSR,(t)dt F,

" [ SSTa(t)dt  Fut(n—p—1)/p°

Let ]%i be the value of R2 based on the functional data (6.2). Then

P(R=E) = P (gl > )

_p (F > Ri/) .
(1-R,)/(n—p-1)

Therefore, the problem (6.40) can be tested using the approximated null dis-
tribution of the F-type test.

6.2.6  Significance of a Single Coefficient Function

When fitting the FLM (6.3), it is often of interest to know which covariates are
crucial to be included. This is equivalent to testing if a particular coefficient
function, for example, 8;(t) for some j =0,1,---,p, is significant:

Ho:pi(t)=0,t €7, versus Hy:B(t)#0, forsome t€7. (6.41)

To test the above problem, one can apply the various tests for the two nested
FLM comparison problem (6.21) by fitting the full FLM and the reduced
FLM, including all the covariates except the covariate associated with the
coefficient function f3;(¢). It is very tedious to repeat this process for each of
the coefficient functions. Fortunately, this can be avoided by a simple trick as
described below.

Let X(=7) be the design matrix obtained from the original design matrix X
by excluding the column associated with (3;(¢). Then according to the classical
linear regression model theory, we have
G0

(XTX)

SSH(t) = y(1)" (Px — Py )y (1) = =%

(6.42)
where 33- (t) is the estimator of (;(t) based on the full FLM and (XTX)j_j1
denotes the jth diagonal entry of (X7 X)~!. Recall that SSE,, (¢) is the point-
wise SSE of the full FLM. The various tests for (6.41) can be conducted as
follows:
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1. For the pointwise F-test, one uses

B()/(XTX)7!

Fi®) =S85, () —p - 1)

~ Fl,nfpfht €T.

For the pointwise x?-test, one uses F,;(t) ~ x%,t € 7, when the
sample size n is large.
2. For the L?-norm-based test, one uses

16,117

T, =
J (XTX);Jl

~ Bxi approximately, (6.43)

where \|ﬁj\|2 = |7 3]2 (t)dt is the usual squared L2-norm of the esti-

mated coefficient function Bj (t), and the estimated parameters 3 and
k are given in (6.26) or in (6.29), obtained by the naive method or
the bias-reduced method.

3. For the F-type test, one uses

18,12/ (X7 x);)
fr]— SSEW,(t)dt/(nfpfl) (644)
~  F} (n—p-1)7 approximately,

Fy;j

where & are given in (6.26) or in (6.29).

Example 6.7 Table 6.1 presents the individual coefficient tests of the
quadratic FLM (6.1) for the ergonomics data with resolution M = 1,000.

Table 6.1 Individual coefficient tests of the quadratic FLM (6.1) for the ergonomics
data with resolution M = 1,000.

L?-norm-based test F-type test
8.192)(%752(.95) = 45.07 F1,752,g5‘35(.95) =3.25
Coefficient function T,  P-value n  P-value

Bo(t) 31,257 0 2,177.80 0

B1(t) 181.34  1.05e — 5 12.64 3.67e—5
B2(t) 356.78  2.17¢ — 10 24.86 1.47e —8
B3(t) 106.77  1.06e — 3 7.44  1.69¢ — 3
Ba(t) 104.78  1.20e — 3 7.30 1.88¢—3
Bs(t) 152.57  6.22¢ — 5 10.63  1.54e —4
Be(t) 48.43 4.04e —2 3.37  4.49e —2
Br(t) 116.05 5.95e¢ — 4 8.09 1.03e—3
Bs(t) 20.85 2.35e—1 1.45 2.39e — 1
Bo(t) 70.02  1.04e — 2 4.88 1.29¢ —2

Note: The null distributions of the L?-norm-based test and the F-type test were obtained
using the naive method. The estimated parameters B =8.192 and i = 1.752 are given in
(6.30).
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B0

Time

Figure 6.6 Four fitted coefficient functions (solid) of the ergonomics data with 95%
pointwise confidence bands (dashed). The coefficient Bs(t) may be less significant as
its 95% pointwise confidence bands cover the zero horizontal line (wide dot-dashed)
most of time, and the other three coefficient functions are likely to be highly signifi-
cant.

The null distributions of the L?-norm-based test and the F-type test were
obtained using the naive method. The estimated parameters B = 8.192 and
k= 1.752 are given in (6.30). It is seen that the coefficient function Ps(t)
is not significant, the coefficient function (g(t) is at the margin of the 5%
level of significance, and all other coefficient functions are highly significant
at the 5% level of significance. These results are in agreement with Figure 6.6
where the estimated coefficient functions 3, (t), B¢(t), Bs(t), and Bo(t) (solid)
are presented with their 95% confidence bounds (dashed). For example, the
95% pointwise confidence bands of Bs(t) contain the zero horizontal line (wide
dot-dashed line) most of the time, showing that Bs(t) may be not significant.

6.2.7 Tests of Linear Hypotheses

In the previous three subsections, we described the two nested model com-
parison problem and its two special cases. This two nested FLM comparison
problem can be further extended to the following GLHT problem:

Hy :CB(t)=c(t), teT,

versus H, :Cp(t) #c(t), forsometeT, (6.45)

where C is a given g x (p + 1) full rank matrix, and c(t) = [c1(t), - -, cq(£)]T

a vector of given functions. Zhang and Chen (2007) studied the above GLHT
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problem by proposing an L?-norm-based test and Zhang (2011a) studied an
F-type test.

First of all, we have E [C[ﬂ(t) — c(t)} = Cp(t) — c(t) and
Cov [Cﬁ(s) —¢(s),CA(t) — c(t)] — (s, £)C(XTX)"1CT.

As C(XTX)~1CT is a full rank matrix of size ¢ x ¢, the pivotal test function
for the GLHT problem (6.45) can be specified as:

2(t) = [C(XTX)~'cT]? [cza(t) - c(t)] 7 (6.46)

with the mean function vector and the covariance function matrix as

n.(t) = [CXTX) 1T "2 CA() — e()], |
T.(s,t) = 7(s, t)L,. (6.47)

Theorem 6.7 Under Assumptions LMA1 and LMA2, we have

—1/2

2(t) —7.(t) ~ GP,(0.91,). (6.48)

Theorem 6.7 indicates that under the Gaussian assumption LMA2, the
components of z(t) are independent Gaussian processes and have the common
covariance function 7(s,t). This is also asymptotically true even when the
response functions y;(t),7 = 1,2,---,n are not Gaussian with the sample size
n diverging.

Theorem 6.8 Assume that Assumptions LMA1, LMAS, and LMAJ hold.
Given X, as n — 0o, we have

d
2(t) = m.(t) = GPy(0,71,)- (6.49)
To describe various tests for the GLHT problem (6.45), set
SSH,,(t) = ||z(t)|*

. T _ . 6.50
—[cBw) -~ cw)] [cxTx)1cT] ™ [CBw) - e)] . (6.50)
Remark 6.2 The pivotal test function z(t) (6.46) is constructed in a way
such that each component of z(t) is a process with the same covariance (s, t)
as indicated in (6.47). In addition, it is easy to check that the squared L?-norm
SSH,(t) (6.50) of z(t) is invariant when C and c(t) are replaced, respectively,
with B

C =PC, ¢(t) =Pc(t), (6.51)
where P is a full-rank matriz of size g x q. This property is important for the

GLHT problem (6.45) as for a hypothesis testing problem that can be written
in the form of (6.45), the associated C and c(t) are not uniquely defined.
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It is easy to show that under the Gaussian assumption LMA2, the inte-
grated SSH is a y2-type mixture.

Theorem 6.9 Under Assumptions LMA1 and LMAZ2 and the null hypothesis
in (6.45), we have

/T SSHy(H)dt £ N A,, Ay "R N2

where A1, -+, A\ are all the positive eigenvalues of (s, t).

Under some further assumptions, we can show that the integrated SSH is
asymptotically a x2-type mixture even when the Gaussian assumption LMA2
is not satisfied.

Theorem 6.10 Assume that Assumptions LMA1, LMAS3, and LMAJ hold.
Given X and under the null hypothesis in (6.45), as n — oo, we have

/T SSHy(t)dt % 3" A Ap, Ay K2,

r=1
where A1, -+, A\ are all the positive eigenvalues of (s, t).

Based on the above two theorems, we are now ready to present various
tests for the GLHT problem (6.45) that are along the same lines as those
given in Section 6.2.4 for the two nested FLM comparison problem.

Pointwise Tests We describe a pointwise F-test and a pointwise y2-test for

the GLHT problem (6.45). The pointwise F-test uses the test statistic F,(t) =

g%gg; ,t € T, where SSE,,(t) is the pointwise sum of squared errors defined

in (6.22). When the response functions y;(t),i = 1,2,---,n are Gaussian,
under the null hypothesis in (6.45), we have

Fn(t) ~ FqJL_p_l,t eT.
The pointwise F-test is then conducted accordingly.

When the response functions y; (), = 1,2, -+, n are non-Gaussian, under
some mild conditions, as n — oo, asymptotically we have

d
F,(t) — Xg/q7 teT.
The pointwise x2-test is then conducted accordingly.

L?-Norm-Based Test The L%-norm-based test for (6.45) uses the test statis-
tic

T, = / SSH,, (t)dt.
T
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By Theorems 6.9 and 6.10, we can approximate the null distribution of T}, by
the Welch-Satterthwaite y2-approximation method and obtain

T, ~ @Xg;% approximately, (6.52)

where 3 and & are given in (6.26) or in (6.29). The L?-norm-based test for
(6.45) can then be conducted accordingly.

Remark 6.3 For the ergonomics data, the approximate null distributions of
T,, by the naive method and the bias-reduced method are already given in (6.31)
and (6.34) respectively, having nothing to do with the constant matriz C and
the constant function c(t).

F-Type Test When the response functions y;(t),7 = 1,2, ---,n are Gaussian,
we can conduct the F-type test for (6.45). The F-type test statistic is defined

as
o J7 SSH,(t)dt/q
" JrSSEa(t)dt/(n—p—1)
Under the null hypothesis (6.45) and by Theorems 6.1, 6.9, and 4.5, we have

4 Z:n:l A Ar/q
Z;n:1 AvBr/(n—p— 1)7

F,

where A, & Xz, B, Xp_p—1 and they are all independent, and

A1, A2, 0+, Ay are all the positive eigenvalues of ~y(s,t). It follows that the
null distribution of F), can be approximated by the two-cumulant matched
F-approximation method described in Section 4.4 of Chapter 4. We then have

i.4.d.
~

Fy ~ Fyi (n—p—1)# approximately,

where & is given in (6.26) or in (6.29). The F-type test for (6.45) is then
conducted accordingly.

Remark 6.4 Again, for the ergonomics data, the approximate null distribu-
tions of F,, by the naive method and the bias-reduced method were already
given in (6.37) and (6.38), respectively.

Bootstrap Tests As for the two-model comparison problem, when the
functional data are not Gaussian and the sample size n is small, we will
use nonparametric bootstrap tests. This is because when the Gaussian as-
sumption is not valid, it is not recommended to use the two-cumulant
matched F-approximation method for the null distribution approximation
of the F-type test; and when the sample size n is small and the Gaus-
sian assumption is not valid, it is also not recommended to use the Welch-
Satterthwaite y2-approximation method for the null distribution approxi-
mation of the L?-norm-based test. We briefly describe the nonparametric
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bootstrap tests as follows. Let v} (t),i = 1,2,---,n, be the bootstrap sam-
ple randomly generated from the estimated subject-effect functions o;(t),i =
1,2,---,n as defined in (6.9). Set v*(¢t) = [vi(t),---,v:(t)]". Compute
y*(t) = XB(t) + v*(t) and B (t) = (XTX)"!XTy*(t). Then we com-
~ % N T ¥ “
pute SSH; (1) = [87(1) - 8] CTICXTX)~'CT)'C[B7(1) - B(t)] and
SSE! (t) = y*(t)* (I, — Px)y*(t). The pointwise bootstrap test statistic F*(t),
the L?-norm-based bootstrap test statistic, or the F-type bootstrap test statis-
tic can then be computed as

SSH, (t)/q

Er(t) = B )/ (1)’ Ty = [ SSH;,(t)dt, or
= J SSH; (tydt/q

n = J7 SSE; 9)dt/(n—p-1)"

Repeat the above bootstrapping process a large number of times, calculate its
100(1 — «)-percentile, and then conduct the pointwise bootstrap F-test, the
L?-norm-based bootstrap test, or the F-type bootstrap test accordingly.

6.2.8 Variable Selection

From Table 6.1, we can see that the coefficient function Gs(t) is not significant.
Should we remove it from the quadratic FLM (6.1)? Or generally speaking,
should we delete those insignificant coefficient functions in an FLM? Unfor-
tunately, there is no simple answer. Some believe that, for a FLM, it makes
more sense to keep all or none of a set of terms of the same order, while others
believe that one should delete those insignificant coefficient functions and just
retain the significant coefficient functions to yield a parsimonious and efficient
model in order to improve the prediction performance of the predictors and
to obtain a better understanding of the underlying process that generates the
functional data. Although this problem warrants further study, we show how
to do variable selection in FLMs in this subsection.

Various variable selection methods, for example, forward selection, back-
ward elimination, and stepwise procedures in classical linear models can be
naturally adopted for FLMs by replacing the classical F-test with the L2-
norm-based test or the F-type test described in the previous subsections and,
in particular, in Section 6.2.6 for covariate selection. As in classical linear
models, the simplest model is the intercept FLM, which does not include any
covariates at all, and the most complicated model is the full FLM, which in-
cludes all the covariates under consideration. The key idea of these procedures
is to select those “significant” covariates into the FLM. As in classical linear
models, the significance of a covariate is usually with respect to the signifi-
cance level prespecified for covariate selection. Let «;, and g, specify the
significance levels for adding a covariate to or deleting a covariate from the
current FLM. The three procedures can then be briefly described as follows:
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e Forward Selection The forward selection procedure starts with the
intercept FLM. Test the addition of each covariate using one of the
methods described in Section 6.2.6 by either the L?-norm-based test
(6.43) or the F-type test (6.44), add the covariate that improves the
FLM the most and is “significant” with respect to «;,. Repeat this
process until no further covariate candidates can be added.

e Backward Elimination The backward elimination procedure starts
with the full FLM, test the deletion of each covariate using one of the
methods described in Section 6.2.6 by either the L?-norm-based test
(6.43) or the F-type test (6.44), delete the covariate that improves the
FLM the most by being deleted and is not “significant” with respect
t0 Qout. Repeat this process until no further covariates can be deleted.

e Stepwise The stepwise procedure is a combination of the above two
procedures with «;, and au,:. It starts with adding those covariates
that are significant with respect to a;, until no further covariates can
be added. It then moves to delete those covariates that are insignifi-
cant with respect to ,y; until no further covariates can be deleted.
This process is then repeated until no further covariates can be added
or deleted.

Remark 6.5 As in classical linear models, in order to get an FLM with better
prediction power using the forward selection procedure, we can take o, = 15%
or 25%, which is usually much larger than 5%, the usual significance level
specified for hypothesis testing. We can treat auyy similarly for the backward
elimination procedure. For the stepwise method, as in variable selection in
classical linear models, it is often helpful to require that oy, > oy SO that a
larger model is selected before the backward elimination procedure starts.

Example 6.8 Consider the variable selection for the ergonomics data by the
forward selection method using o, = 25%. The bias-reduced F-type test is
used and the resolution number is M = 1,000. Table 6.2 shows the P-values
of the selected coefficient functions in each step. The second column shows the
P-values of the coefficient functions added in Step 1, showing that the term b;
(the coefficient function B2(t)) in the quadratic FLM (6.1) is introduced. The
P-values in Columns 3 through 9 for Steps 2 through 8 show the introduction of
the coefficient functions B5(t), B7(t), B1(t), Ba(t), Bo(t), Bs(t) one by one until
no further coefficient functions with their P-values less than oy, = 25% can be
introduced. The last two rows of Table 6.2 show the values of R2 and Ri‘adj for
each step, allowing to see how these values are varying during the introduction
of the coefficient functions. Notice that the coefficient function Bs(t) was never
introduced in the first eight steps.

Example 6.9 Consider now the variable selection for the ergonomics data by
the backward elimination method using qour = 25%. Again, the bias-reduced
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Table 6.2: Functional variable selection for the ergonomics data.

P-values for step
Coef. func. 1 2 3 4 5 6 7 8

Bo(t) 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
B1(t) 0.001 | 0.000 | 0.000 | 0.000
Ba(t) 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
Bs(t) 0.001 | 0.000 | 0.000 | 0.004 | 0.004
Ba(t) 0.025 | 0.017 | 0.006
Bs5(t) 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.001
Be(t) 0.086
B7(t) 0.000 | 0.000 | 0.001 | 0.007 | 0.004 | 0.004
Bs(t)
Bo(t) 0.162 | 0.023

R% 0.605 | 0.694 | 0.759 | 0.791 | 0.819 | 0.833 | 0.839 | 0.848
Rfmdj 0.598 | 0.683 | 0.746 | 0.776 | 0.802 | 0.813 | 0.817 | 0.824

Note: The forward selection method with a;, = 25% and the bias-reduced F-type test are
used. The resolution number for the ergonomics data is M = 1,000. Note that the coefficient

function Bg(t) is never introduced into any of the FLMs before the procedure is terminated.

Table 6.3: Functional variable selection for the ergonomics data.

P-values for step
Coef. func. 1 2

Bo(t) 0.000 | 0.000
By (t) 0.000 | 0.000
Ba(t) 0.000 | 0.000
Bs(t) 0.002 | 0.004
Ba(t) 0.003 | 0.006
Bs(t) 0.000 | 0.001
Be(t) 0.057 | 0.086
B (t) 0.001 | 0.004
Bs(t) 0.285
Bol(t) 0.017 | 0.023

R? 0.852 | 0.848
R} .4 0.825 | 0.824

Note: The backward elimination method with a;, = 25% and the bias-reduced F-type test
are used. The resolution number for the ergonomics data is M = 1,000. Note that the
coefficient function (Bg(t) is first removed from the full FLM and the procedure is then

terminated.



LINEAR MODELS WITH TIME-DEPENDENT COVARIATES 221

F-type test is used and the resolution number is M = 1,000. Table 6.3 shows
the P-values of the remaining coefficient functions in each step. The second
column shows the P-values of the coefficient functions in Step 1, showing that
the coefficient function Bs(t) in the quadratic FLM (6.1) should be deleted
as its P-value is larger than oy = 25%. The third column shows the P-
values for Step 2, showing that there are no coefficient functions with their
P-values larger than oy and hence the backward elimination process stops
at this step. The final model is the same as one obtained in Ezample 6.8
by the forward selection method although, in general, the final model by the
backward elimination method may be different from the one obtained by the
forward selection method. Notice that the coefficient function Ps(t) was the
first coefficient function deleted.

6.3 Linear Models with Time-Dependent Covariates

In many situations, the covariates are time dependent. That is, they are vary-
ing over time. In this case, let x;(t) = [1, 21 (¢), -, xp(¢)]T,i =1,2,- -+, n be
the covariate functions and y;(t),i = 1,2, ---,n be the response functions. We
can then denote the associated functional data as follows:

xi(t)",yi(t),i=1,2,-- . (6.53)

To model the above functional data, we can use the following FLM with time-
dependent covariates:

yilt) = xi()TB(E) + vi(t), vi(t) "X SP(0,4),t € T,i = 1,2,--,n, (6.54)

where all the variables, except the time-dependent covariates x;(t),i =
1,2,---,n, are the same as those defined in the FLM with time-independent
covariates (6.3). In matrix form, (6.54) can be rewritten as

v(t)=X@®)BE) +v(t), teT, (6.55)
where X (t) = [x1(t), --,%,(t)]7 and other variables are the same as those

defined in (6.4).

6.3.1 FEstimation of the Coefficient Functions

Throughout this section, we assume that X(¢) has full rank for each t € 7 of
interest. Then the pointwise least squares estimator of 3(¢) under (6.55) is

Bt) = [XO)TX®] ' X)Ty(t), t e T. (6.56)

Set Pypy = X()[X(¢)"X ()] X (¢)”. Then it is well known that Py is an
idempotent matrix of rank (p + 1). For any ¢ € 7, the cross-product

[y (t) = X()B®)]"[X(6)B(t) — X(6)B(1)] =0,
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which shows that the pointwise least squares estimator B(¢) minimizes the
following integrated squared error:

Q(B) = /T Iy (t) - X(0)B()|Pdt

globally.
The vector of fitted response functions can be expressed as
Y1) = [01(8), 52(1), -+ 9, (D] = X(DB(1) = Prryy (1), (6.57)
and the vector of fitted subject-effect functions is
‘A/(t) = Y(t) - y(t) = (In - Px(t))Y(t) = (In - Px(t))v(t)- (6‘58)

Then we have
E((t)) = 0 and Cov(¥v(s),v(t)) = v(s,t) (In — Py, — Px(t)) .

Thus, E[¥(s)TV(t)] = v(s,t) {n — 2(p+ 1) + tr[Px(5Px(1)] }. An unbiased es-

timator of the covariance function (s, ) is then given by

iz [yi(s) = 9:(3)] [i()) — 9:(0)]
n— 2(]7 + 1) + tr[Px(s)Px(t)}

Y(s,t) = (6.59)

When X (t) = X, that is, the covariates are time independent, (6.59) reduces
to (6.10) as expected.

6.3.2 Compare Two Nested FLMs

Consider comparing the following two nested FLMs:

Hy :y(t)=Xi(t)B,(t) +v(t),te T

versus  Hy :y(t) =X(1)B(t) +v(t),t €T, (6.60)

where X(8)8(t) = X1 ()8 (t) + Xa(t)B5(t) and Xo(t) is a full rank matrix of
size n x ¢. For this purpose, set

SSEno(t) = y(t)"(In — Px,»)¥(t),
SSEn(t) = y(t)T(In = Px)y (1), (6.61)
SSHn(t) = SSEnO(t) — SSE, (t) = Y(t)T(Px(t) - le(t))Y(t):

which denote the pointwise SSE under the reduced FLM, the full FLM, and
the extra variations in y(t) explained by the extra predictors in the full FLM.

Pointwise Tests We shall consider a pointwise F-test and a pointwise y2-
test. The pointwise F-test uses the following test statistic:

B SSHx(t)/q
B SSEn(t)/(n i 1)7

F,(t) teT.
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Under the Gaussian assumption, that is, the response functions y;(t),i =
1,2,---,n are Gaussian, for any fixed t € T, F,,(t) ~ Fyn—p—1 so that it is
easy to conduct the pointwise F-test at each t € 7. When the Gaussian as-
sumption is not valid, as n — oo, it is standard to show that for any ¢t € 7, we

have F),(t) <, X(21 /q so that we can conduct the pointwise x2-test accordingly.

L?-Norm-Based Test The test statistic of the L?-norm-based test for (6.60)
is usually constructed as
T = [ SSH,,(t)dt
= JT Y1) (Px() — Px,)y()dt = [7y(t) H(t)y(t)dt,
where H(t) = Py(;)—Px, (¢). Unfortunately, for the FLM with time-dependent
covariates (6.54), it is rather challenging to derive the null distribution of 7.

To overcome this difficulty, let us evaluate the covariate and response functions
(6.53) at the following equally spaced design time points:

tj,j=1,2,--- M. (6.62)

When M is large, we have

7 U ) )y ) = T

where v(7") denotes the volume of 7, and

M
T, =Y y(t;)"H(t;)y(t;). (6.63)
j=1
Set
y(t1) H(n) 0 0
y— y'(f?) H= (:) H(:tQ) ? . (6.64)
y(tM) O 0 H(t]u)

That is, y is an (nM) x 1 vector, obtained by stacking y(¢;),7 = 1,2,---, M
one by one and H is an (nM) x (nM) block diagonal matrix with block
matrices H(¢;),j = 1,2,---, M being its block diagonal entries. Then we can
further express 7T,, as a quadratic form of y:

T, =y  Hy. (6.65)
It is standard to show that Cov(y) = I'y; ® I,. That is,
vttt y(tnt)Le o (st

Y(ta, t)I At t2)L, oo (b, tar)In

Cov(y) = (666

Yttty vt to)L, oo (s ta)In
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where T'ps is an M x M matrix whose (4, j)th entry is v(t;,t;) for i,j =

1,2,--+, M. It is standard to show that T = lim ., “TVT,. For large M,
it is then natural to use T}, as the test statistic of the L?-norm-based test for

(6.60).

Remark 6.6 In practice, we may not be able to reconstruct x;(t),i =1,---,n
and y;(t),i = 1,---,n from the observed functional data. In this case, if all
the covariate and response functions (6.53) are observed at the same grid of
the distinct design time points (6.62) (may not be equally spaced), we still can
use T, for (6.60) but the relationship between T,, and T,? is not clear.

In order to describe various statistical inference procedures for the FLM
with time-dependent covariates (6.54), we need impose the following strong
assumptions:

Linear Model Assumptions (LMB)

1. The coefficient functions are L?-integrable and the covariance function
(s, t) has finite trace. That is, Bo(t), Ba(t),-- -, Bp(t) € L*(T) and
tr(y) < oc.

2. The subject-effect functions vy (t),---,v,(t) are i.i.d. Gaussian.

Remark 6.7 It is clear that we impose stronger assumptions for the FLMs
with time-dependent covariates than those imposed for the FLMs with time-
independent covariates studied in the previous section. This is because the
FLMs with time-dependent covariates are much more complicated than the
FLMs with time-independent covariates.

Under the Gaussian assumption and the null hypothesis, we can show
that 7T}, is a x2-type mixture whose distribution can be well approximated by
the Welch-Satterthwaite x2-approximation method described in Section 4.3 of
Chapter 4.

Theorem 6.11 Assume that Assumptions LMBI and LMB2 and the null
hypothesis in (6.60) hold. Given H, we have

nM
d j : v.1.d.
T’rL - )\TAT? ATZL X%v
r=1

where A1, A2, -+, Apas are the eigenvalues of W = (I‘]l\//[2 ® In)H(l"}\//I2 ®1I,).

Based on the above theorem, under the null hypothesis in (6.60) and by
the Welch-Satterthwaite y2-approximation method described in Section 4.3 of
Chapter 4, we have

T, ~ Bx% approximately, (6.67)
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where ,
5= SN ()2 (6.68)
S A REEPY
It is very time consuming to directly compute [ and d using the expressions
(6.68) with the eigenvalues A1, -, Apar of W due to the big size of W. For
example, when n = 30 and M = 1,000, which are not uncommon in FDA, W
has 900 million entries. In this case, it needs a lot of memory and time to find

the eigenvalues of W.
Fortunately, it is standard to show that 32" A, = tr(W) and "M A2 =
tr(W?) so that we can avoid finding the eigenvalues of W by computing

_ tr(W?) _ tr*(W)
= tr(W) ' tr(W?2)

In addition, applying the property tr(AB) = tr(BA), we have
tr(W) =tr (HTy ®1L,)), tr(W?) =tr (H(Ty ®@L,)]%).
In this case, we can further express 8 and d as

C(HTy eL)P?) |, t?(HTy oL,)
' tr(H(Ty ®1,)) d= T([HTy @ L)) (6.69)

By (6.64), (6.66), and some simple algebra, we can express H(T'y; ® I,) as

H(t1)y(t,t1)  H(t)y(tt2) - H(t)y(t, ta)
H(t2)y(t2,t1)  H(ta)v(t2,t2) -+ H(t2)y(t2 tm)
H(ta)y(tartt) Bt y(tarte) - H(tan)y (b tar)

Noticing that tr[H(¢;)] = ¢ and ~y(t;,t;) = v(t;,t;), we have

w(HTy ©L)) = Yo HEN (G 4)] = 02,5 (1),
tr([H(I‘M ® In)]2) = Zﬁl ng?1 tr [H(ti)'Y(ti»tj)H(tj)W(tjati)] (6-70)
= ity 2y tr[H(E)H(t)] vt )
By the above expressions, the naive estimators of § and d are given by
S Yo ETHE)HE)Y (tty)
q Zﬁl At 5t5) ’

a0, .t
S Yo EHE)HE)Y (tty)

8 =
(6.71)
i =

where 4(s,t) is given in (6.59). We then have

T, ~ ﬁxz approximately. (6.72)
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The L2-norm-based test for (6.60) can then be conducted accordingly.

F-Type Test As usual, the F-type test for (6.60) uses the following test
statistic:

o JTSSHaWdtfe _  Jry(O)"H@)y(®)dt/g
" T SSEdt/(n—p—1)  [ry®)TG(t)y(t)dt/(n—p—1)’

where G(t) = I, —Py(;) and H(t) and y(t) are the same as those defined earlier
for the L?-norm-based test. Again, it is difficult to find the null distribution of
F?. Similar to the treatment of the L?-norm-based test described earlier, we
can evaluate the covariate and response functions (6.53) at the equally spaced
design time points (6.62). When M is large, we have

70 o oLy y () TH(t)y(t)/q _F

T yt)TG )y () (n—p—1)

where F;, can be further written as

y'Hy/q
y'Gy/(n—p—1)’

with y, H defined earlier for the L?-norm-based test and

Fn:

(6.73)

G = diag(G(t1), G(t2), -, G(tar))-

A new challenge is that the distribution of F),, cannot be approximated us-
ing the two-cumulant matched F-approximation method described in Sec-
tion 4.4 of Chapter 4 as the numerator and the denominator of F, are
not independent even under the Gaussian assumption. This is because
Cov(Hy,Gy) = HCov(y)G = H(I'y ® I,)G # 0, which can be verified
by writing H(T'j; ® 1,,)G as

H(t1)G(t)y(t,t) - H(t)G{Em)v(t,tm)
H(tQ)G(tl)’)/(tgﬂfl) H(tg)G(tM)’Y(t27t]\4)
H(tM)G(tll)'Y(tM’ t1) - N H(tM)G(tJ\TI)'Y(tMy tar)

To overcome this difficulty, let F',, denote the value of F, computed based on
the functional data (6.53) and we write

y"Hy/q S\
y'Gy/(n—p—1) ZF”) =P(S,20),  (6.74)

P(F, > F,) :P(

where S, = y'(H — pG)y and p = an;jl. We have the following theorem
about the null distribution of .S,,.
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Theorem 6.12 Assume that As§umptions LMB1 and LMB2 and the null
hypothesis in (6.60) hold. Given F,,,H, and G, we have

S, —ZA A, A, TR
r=1
where A1, Aa, -+, Auas are the eigenvalues of W = (I‘}V/IQ@In)(H—pG)( Mz@)
1,).

Theorem 6.12 is due to Xu, Shen, Yang, and Shoptaw (2011). Notice that
not all the eigenvalues of W are positive or negative. According to Section 4.3
of Chapter 4, it is not proper to approximate the null distribution of S,, by
the Welch-Satterwaithe y2-approximation approach; rather, we should use the
three-cumulant matched y2-approximation method (Zhang 2005) described
there to approximate the null distribution of S,,. That is,

Sy, ~ BX3 + Bo approximately,

where the parameters 3, d and [y are obtained as

nM nM nM nM
SN IS N P Y

nM ’ - nM ’ ﬁO - Z - nM
ST o g Py
by matching the first three cumulants of S,, and R ~ ﬁxfi + Bo; see Section 4.3
in Chapter 4 for more details.

As E:fl A = tr(W!) = k;,1 = 1,2,3, we can re-express the parameters

08,d, and By as

B =

)

8= tr(W?) _ kg _trtow?) s
tr(w2) = a2 Tt (we) T e

t w2 K

50 - tI‘(W) - trr((vvz)) = R1 — ﬁ

By some simple algebra, we have r; = tr([(H — pG)(Ty ® 1)), 1 = 1,2,3.
Set D(t) = H(t) — pG(t). Then the naive estimators of x;,l = 1,2,3 are

fo= S 1 00 [D(t:)] 3, ) = q(1—Fo) Yo At t),
Ro = z?ﬂ L tr DD ()4 (tisty).
fs = YiL 1ZJ L sy tr [D(E)D () (tx)] 5 (ki )5 (g, 1 )3 (e, 1),

where 4(s,t) is given in (6.59). It follows that .S, ~ ﬂAxZA + ﬁo approximately,

where
G i=f g " (6.75)
— — =k, — —. .
K2 % 0 ! K}3

Therefore, we can compute the P-value of the F-type test as P(F,, > ﬁ'n) =
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P(S,>0)~ P(Bxi2 + B, > 0), where

X 2 730/5 ) when ﬁA > Oa

P(BX2+B()ZO) =

QN QN

P
Px%< —ﬁo/ﬁ . when § < 0.

The key idea of the above F-type test is the same as that of the quasi F-test
proposed by Xu et al. (2011). But the estimated covariance function used in
Xu et al. (2011) is not unbiased and they did not discuss how to compute (3, d,
and [, when the resolution M is large.

Bootstrap Tests When the functional data are not Gaussian, it is very chal-
lenging to derive the null distributions of T,, and F,,. In this case, we can
use nonparametric bootstrap tests. Let v} (¢),i = 1,2,---,n, be the boot-
strap sample randomly generated from the estimated subject-effect functions
0;(t),i=1,2,---,n as defined in (6.58). Set v*(t) = [v(t),---, v} (¢)]T. Then
we can compute

SSH;, (t) = v (1) (Px(t) = Px,(n))V"(t), SSE;,(8) = v (1) (In — Py V¥ (D).

The pointwise bootstrap test statistic F(¢), the L?>-norm-based bootstrap
test statistic T}, or the F-type bootstrap test statistic can be respectively
calculated as
SSH: (¢ X *
= W&Z—n T = J7 SSH;, (t)dt,
o= fT SSHn(t)dt/q .
n fT SSE’ (t)dt/(n—p—1)

(1)

Repeat the above bootstrapping process a large number of times, calculate its
100(1 — «)-percentile, and then conduct the pointwise test, the L2-norm-based
test, or the F-type test accordingly.

6.3.3 Tests of Linear Hypotheses

Based on the FLM with time-dependent covariates (6.5
is still the one defined in (6.45). We still have E[C3(¢)
but

5), the GLHT problem
—c(t)] = CB(t) —c(t)

Cov [CB(s) - e(s), CAIE) — elt)| = (s, 1)So(s 1),

where Sy(s,t) = C[X(s)TX(s)] 71X (s)TX(#)[X(#)TX(#)]'CT is also time
dependent. Set

S(t) = So(t,1) = C [X(1)"X ()] "' CT. (6.76)
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As S(t) is a full rank matrix of size ¢ x ¢, the pivotal test function for the
GLHT problem (6.45) can be specified as

2(t) = S(1)~ /2 [c[a(t) - c(t)] . (6.77)

Simple calculation gives the vector of mean functions and the matrix of co-
variance functions of z(t) as

n.(t) = S(t)"?[CB(t) - c(t)],
L.(s,t) = 'y(s,t)S(s)_l/zso(s,t)S(t)_l/Q.

Notice that for defining various tests for the GLHT problem (6.45), the point-
wise sum of squared errors, SSE,, (¢), is still the one defined in (6.61) while the
pointwise sum of squared errors due to hypothesis, SSH,,(¢), can be defined
as the usual squared L?-norm of the pivotal test function z(¢) in (6.77):

N T N
SSHa(t) = [2(0)]1* = [CBW) — c(®)] S [CB®) ~e(®)] . (6.78)

Remark 6.8 The pivotal test function z(t) (6.77) is constructed in a way
such that the squared L*-norm SSH, (t) (6.78) of z(t) is invariant when C
and c(t) are replaced respectively with C and &(t) as defined in (6.51). This
property is important for the GLHT problem (6.45) under the FLM with time-

dependent covariates (6.54).

We are now ready to present various tests for the GLHT problem (6.45)
under the FLMs with time-dependent covariates.

Pointwise Tests Again we can consider a pointwise F-test and a point-
wise x2-test for the GLHT problem (6.45). The pointwise F-test is defined

as F,(t) = ggg:é:g When the functional data are Gaussian, under the

null hypothesis in (6.45), we have F,(t) ~ F,,_p—1,t € 7. The point-
wise F-test is conducted accordingly. When the functional data are not
Gaussian, under some mild conditions, as n — oo, asymptotically we have

F,(t) 4, Xi /q, t € T.Then we can conduct the pointwise y?-test accordingly.

L?-Norm-Based Test As before, the L2-norm-based test for (6.45) uses the
test statistic

T,?:/ SSH,, (t)dt.
T

Again, it is rather challenging to derive the null distribution of 7. To over-
come this difficulty, we evaluate the covariate and response functions (6.53)
at the equally spaced design time points (6.62) so that when M is large, we
have

M
0., v(T) N u(T)
T~ ;SSHn(tj)— o T
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where again v(7) denotes the volume of 7, and

M

M
In = Z SSH,(t;) = D [CB(t;) — (t;)]"S(t;) " [CB(t;) — c(t;)).  (6.79)

=1

Under the null hypothesis in (6.45), we have C3(t) = c(t) so that
CA(t) — cft) = C [B(1) - BM)] = C[XHTX(1)] " X(OTv(r).

It follows that under the null hypothesis in (6.45), we have

T, =Y v(t;)"H(t;)v(t;) = v/ Hv, (6.80)

j=1

where H(t) = X()[X®)TX(@)]1CTSEH)ICIXH)TXH)] 1 XH)T, v =
V)T, -, v(ty)T)T and H = diag[H(t1), H(t2), -, H(ta)]. Under the
Gaussian assumption, it is easy to see that

Vo~ NTLM(07 1—‘M & In)a (681)

where again T'p; is an M x M matrix whose (Z,7)th entry is ~(¢;,t;) for

i,j=1,2,---, M. As M — oo, it is easy to see that U(];ZRTn — T9. Therefore,
for large M, we can use T}, as the test statistic of the L2-norm-based test for
(6.45). Notice that Remark 6.6 is still applicable for the L?-norm-based test
for the GLHT problem (6.45) and Theorem 6.11 is applicable for the current
test statistic 7, with the matrix H defined above. Therefore, the null distri-
bution of T}, can be approximated using the method described in the previous
subsection for comparing two nested models using the L2-norm-based test so
that the L2-norm-based test for the GLHT problem (6.45) can be conducted

accordingly.

F-Type Test As before, the F-type test for (6.45) uses the test statistic

0 f’T SSH, (t)dt/q

I = T SSEL Ot/ —p— 1)

Again, it is difficult to find the null distribution of F0. Similar to the treatment
of the L?-norm-based test described earlier, we can evaluate the covariate and
response functions (6.53) at the equally spaced design time points (6.62).
When M is large, we have

o Y11 SSHa(t)/q
"M SSE,(t)/(n—p— 1)

Again, the distribution of F;, cannot be approximated using the two-cumulant
matched F-approximation method described in Section 4.4 of Chapter 4 as

F,.
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the numerator anc} the denominator of F,, are not independent. To overcome
this difficulty, let F',, denote the value of F;, computed based on the functional
data (6.53) and we write

S SSHL (5)/q
S SSE,(t;)/(n—p— 1)

P(Fnzﬁ‘n):P( ZFn):P(SnZO)u

where S,, = Zjvil SSH,, (t;) — ijVil SSE, (t;) and p = nq_lijl. Under the
null hypothesis in (6.45) and by (6.79) and (6.80), we have Z;\il SSH,,(t;) =
vI'Hv, where v, H are defined in (6.80). From the development of the F-
type test for the two nested model comparison (6.60), we already have
YL, SSEL(t;) = vIGv where G = diag(G(t1),--+, G(ty)) and G(t) =
I, — Py, as defined before. It follows that

S, =vI(H - pG)v,

where v has the normal distribution (6.81). Theorem 6.12 holds for S,, defined
here for the GLHT problem (6.45) based on the FLM with time-dependent
covariates (6.54) with the matrix H— pG defined here. The method described
there for approximating the null distribution of the F-type test for the two
nested FLM comparison (6.60) can also be used to approximate the null distri-
bution of the S,, defined here. The F-type test is then conducted accordingly.

Bootstrap Tests When the functional data are not Gaussian, then
nonparametric bootstrap tests should be conducted. Let v} (t),i =
1,2,---,n, be the bootstrap sample randomly generated from the esti-
mated subject-effect functions 0,(¢),i = 1,2,---,n as defined in (6.58).

Set y*(t) = X()B(t) + v*(t), where v*(t) = [vi(t),---,v:(t)]T. Then

N

we can compute B*(t) = [XOTX(#)] X (t)Ty*(t) and SSHL(t) =

Ak N T ~k N
') - Bw] cTswTIC B (1) - B and SSELN) = ¥y (07X, -
Py ))y*(t), where S(t) is the one as defined in (6.76). The bootstrap test
statistic F*(t), the L?>-norm-based bootstrap test statistic, or the F-type boot-
strap test statistic can then be computed as

w(y _ _ SSH:(t)/q . .
Fr(t) = SSEF () inp 1) Ty = [7 SSH;,(t)dt, or

e fT SSH (t)dt/q
n fT SSE; (t)dt/(n—p—1) "

Repeat the above bootstrapping process a large number of times, calculate its
100(1 — a)-percentile, and then conduct the pointwise test, the L2-norm-based
test, or the F-type test accordingly.



232 LINEAR MODELS WITH FUNCTIONAL RESPONSES
6.4 Technical Proofs

In this section, we outline the proofs of the main results described in this
chapter.

Lemma 6.1 Ify ~ N,(0,X) and A : p X p is a symmetric matriz, then

p
d
yTAy = Z)\TAT‘ﬂ Ay~ X?a

r=1
where Ay, r =1,2,---.p are the eigenvalues of W = s2ARt/?,

Proof of Lemma 6.1 The proof of the lemma can be found in Box
(1954a,b). It does no harm to present a simple proof here. Under the as-
sumptions, we have y 4 2127, where z ~ Ny(0,I,). W = s12Axt/?
is a nonnegative matrix and it has the singular value decomposition W =
Udiag(A1, Mg, -+, Ap)UT, where Ag,---,\, are the eigenvalues of W, and
the columns of U are the orthonormal eigenvectors of W. It follows that

UTz L7~ N,(0,1,) and hence

yT Ay zTUdiag(A1, -+, A\p)UTz
zldiag( A1, -+, A\p)z

S A,

eSS

where A, = 22 ~ x3,7 = 1,2,---,p with 2. being the rth entry of z. The
lemma is proved.

Proof of Theorem 6.1 Notice that under the Gaussian assumption LMA2,
we have v(t) ~ GP,,(0,71,). It follows that 3(¢) = B(¢) + (XTX) 1 XTv(t) ~
GPP+1(67 I‘fﬂ)v where

T's(s,1) = Cov(B(s), B(t)) = v(s, t)(X"X) 7",
as desired. By (6.9), we have
(TL I 2 1)’3’(‘9’ t) = {’(S)T‘A/(t) = V(S)T(In - Px)v(t)v

where v(t) ~ GP,(0,71,) and I,, — Px is an idempotent matrix of rank
n — p — 1. By Theorem 4.8 of Chapter 4, we have (n — p — 1)5(s,t) ~
WP(n — p—1,7). The theorem is proved.

Proof of Theorem 6.2 Notice that B(t) = (XTX)"'XTy(t) = B(t) +
(XTX)~*XTv(t). Under Assumption LMA3, we have (X7X)"! =n~1Q ' +
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0p(1) so that B(t) — B(t) = n= S0, Q7 x;v,(t) + 0p(1). Tt follows that for
any constant vector a € RP™, we have

vial [B(t) = 8] =123 zi(t) + 0,(1),

i=1

where z;(t) = al’Q 'x;v;(t). Under Assumptions LMA1, LMA3, and LMA4,
we have E[z;(t)] = 0 and

E|z|? = E/T 2(t)dt = aT Q atr(y) < oc.
In addition, we have

Cov(z1(s),z1(t)) = E [aTﬂ_lxlvl(s)aTQ_lxlvl(t)] =alQ 'ay(s,t).

By the central limit theorem for i.i.d. stochastic processes, Theorem 4.12 of
Chapter 4, as n — oo, we have

P d _
Vna® [B(t) - ()| * GP(0,a7Q "a).
The theorem then follows immediately.

Proof of Theorem 6.3 Notice that

A(s,t) = (n—p—1)""y(s)" (I, — Px)y(t)
= (nfpfl)‘l‘f(é;l)T( - Px)v(t)
= (n—p—17" 30 vi(s)vi(t) — (n—p—l) 'v(s)TPxv(t)
= (n—p—-17"30" zi(s,t) = (n—p—1)""w(s,t),

where w(s, t) =v(s)TPxv(t), and z;(s,t) = v;(s)v;(t),i = 1,2,---,n are i.i.d.
with E(z1(s,t)) = v(s,t) and

@[(s1,t1), (s2,t2)] = Cov(zi(s1,t1),21(s2,12))
= Elvi(s1)vi(t1)vi(s2)vi(t2)] — v(s1,t1)v(s2,t2).

We first show that as n — oo, we have

n

vn |:n_1 Z zi(s,t) — ’y(s,t)} <, GP(0,w).

i=1

This actually follows directly from the central limit theorem for i.i.d. stochastic
processes, Theorem 4.12, as by Assumption LMA5, we have

Bz 2 = E/T2 o1 (s)or (£)]2dsdt = B [/7 vf(t)dt} C B < oo,
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It remains to show that w(s,t) = Oyp(1), that is, w(s,t) is bounded in
probability uniformly. By the Cauchy-Schwarz inequality, we have E|w(s, t)] <
Ew(s, s)Ew(t,t); and under Assumption LMAG, we have

Ew(t,t) = Bv(t) Pxv(t) = tr(Pxy(t,1) = (p+ 1)y(t,1) < (p+ 1)p.

It follows that E|w(s,t)| < (p + 1)p < oo. Therefore, w(s,t) = Oyp(1). The
theorem is proved based on the above results.

Proof of Theorem 6.4 Under the given assumptions, we have
SSH,,(t) = v(t)T (Px — Px,)v(t), SSE,(t) = v(t)T (I, — Px)v(t),

where v(t) ~ GP,(0,~1,). The theorem follows from Theorems 4.9 and 4.10
of Chapter 4 as Px — Py, and I,, — Py are idempotent matrices of rank ¢ and
n —p — 1, respectively, and [Px — Py, ][I, — Px] = 0.

Proof of Theorem 6.5 Notice that SSH,, (t) = z(t)”z(t), where z(t) = (Px—
Py, )y(t) = XB(t) — X1 8, (t). Under the given assumptions, by Theorem 6.2,
we have that both B(t) and 3, (t) are asymptotically Gaussian. Then given
X, we have that z(¢) is also asymptotically Gaussian. In addition, under the
null hypothesis, we have

E[z(t)] = 0, Cov(z(s),z(t)) = Ez(s)z(t)" = ~(s,t) [Px — Px,].

Thus, when n is sufficiently large, we can write z(t) ~ GP,, (0,7[Px — Px,])
approximately. Let the idempotent matrix Px — P, have the singular value

deCOmpOSi iOn
P - P U q U
X X1 — 0 0 )

where U is the orthonormal matrix whose columns are the eigenvectors of
Px — Py, . Set w(t) = UTz(t) = [w(t), wa(t),--,w,(t)]T. Then when n is
sufficiently large, we can write

w(t) ~ GP, {0@( I(;Z g )} approximately.

It follows that we have wo(t) = [wy(t), -, wy(t)]T ~ GP,(0,71,) approxi-
mately when n is sufficiently large. Thus, as n — oo, we have

= Z TZ i W TW .
/T SSH,, (t)dt — /T ()T 2(t)dt /T o ()" wo(t)dt

The theorem follows from the continuous mapping theorem for random el-
ements taking values in a Hilbert space (Billingsley, 1968, p. 34; Cuevas,
Febrero, and Fraiman 2004) and Theorem 4.10 of Chapter 4.
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Proof of Theorem 6.6 Under the given conditions, by Theorem 6.3, as
n — oo, we have E[§(s,t) — (s, t)]? = M[l + o(1)]. By Assumptions
LMAG6 and LMAT, we have

lw(s, 1), (5,8)]] < E[?(s)vi(t)] +~2(s,t) < C +p, forall (s,t) € T°.
Therefore, as n — oo, we have 4(s,t) = v(s,t) + Oyp(n=1/?), (s,t) € T>. Tt
follows that 4(s, ) 2 ~(s,t) uniformly over T2, Tt follows that

lim tr(%) = / hnolo A(t, t)dt = /’T ~(t, t)dt = tr(y),

n— oo

lim tr(5%%) = / / lim 4% (s, t)dsdt
2 ®2
= v (s, t)dsdt = tr(v¢?),
/T/T (5:1)

in probability. It follows from (6.26) and (6.29) that as n — oo, 3 % 3 and
% 2 k. The theorem is proved.

Proof of Theorem 6.7 The proof is obvious.

Proof of Theorem 6.8 Under the given assumptions and by Theorem 6.2, we
have B(t) is asymptotically a (p + 1)-dimensional Gaussian process. It follows
that z(t) is also asymptotically a Gaussian process. The theorem is proved by
noting that Ez(t) = 0 and Cov [z(s),z(t)] = (s, t)I,.

Proof of Theorem 6.9 Under the given assumptions and by Theorem 6.7,
we have

/T SSH,, (1)dt — /Tz(t)Tz(t)dt, where z() ~ GP,(0,11,).
The theorem follows from Theorem 4.10 of Chapter 4 immediately.

Proof of Theorem 6.10 Under the given assumptions and by Theorem 6.8
and the continuous mapping theorem for random elements taking values in a
Hilbert space (Billingsley, 1968, p. 34; Cuevas, Febrero, and Fraiman 2004),
we have

/’T SSH,, (t)dt < /Tz(t)Tz(t)dt, where z(t) ~ GP,(0,71,).
The theorem follows immediately from Theorem 4.10 of Chapter 4.

Proof of Theorem 6.11 Under the null hypothesis in (6.60), we have y(t) =
X1(t)B;(t) + v(t) so that we can further express T}, as

= 3 vt H()v(ty) = VT,
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where v = [v(t1)",v(t2)", -, v(tp)T]". Under Assumptions LMB1 and
LMB2, we have v ~ N, (0,3 ® I,,). The theorem follows immediately
from Lemma 6.1.

Proof of Theorem 6.12 The proof is along the same lines as those for the
proof of Theorem 6.11 after replacing the matrix H in the proof of Theo-
rem 6.11 with the matrix H — pG.

6.5 Concluding Remarks and Bibliographical Notes

In this chapter, we discuss various tests for linear models with functional
responses. The covariates can be time independent or time dependent. We re-
viewed the pointwise, L?-norm-based, F-type, and bootstrap tests. For FLMs
with time independent covariates, the approximate null distributions of the
L?-norm-based and F-type tests are simple. They mainly depend on the un-
derlying covariance function. For FLMs with time-dependent covariates, the
approximate null distributions of the L2-norm-based and F-type tests are
much more involved. That is why we just studied the L?-norm-based and F-
type tests under the Gaussian assumption. Further study in this direction is
interesting and warranted.

The pointwise F-test for FLMs was discussed in Ramsay and Silverman
(2005, Section 13.2.2, Chapter 13). The L?-norm-based test for comparing two
nested FLMs with time independent covariates was first proposed by Faraway
(1997), who approximated the null distribution of the L?-norm-based test by
a bootstrap approach. Zhang and Chen (2007) extended the L?-norm-based
test for the GLHT problem (6.45). They proposed several approaches for ap-
proximating the associated null distributions. Some of these techniques are de-
scribed in Section 4.3 of Chapter 4. The F-type test for comparing two nested
FLMs was proposed by Shen and Faraway (2004). They approximated the
associated null distribution by the two-cumulant matched F-approximation
method as described in Section 4.4 of Chapter 4. An application of the F-type
test in longitudinal data analysis is given in Yang, Shen, Xu, and Shoptaw
(2007). Zhang (2011a) further extended and studied this F-type test for the
GLHT problem (6.45). He showed that the F-type test is root-n consistent.
Recently, Xu, Shen, Yang, and Shoptaw (2011) proposed a so-called quasi F-
test for comparing two nested FLMs with time-dependent covariates. This test
is essentially the same as the F-type test described in Section 6.3. Some fur-
ther investigation about FLMs with time-dependent covariates can be founded
in Zhang (2013a).

The FLMs considered in this chapter belong to a type of FLM that es-
tablishes a regression relationship between a functional response and one or
several scalar covariates. In the literature, other types of FLMs, generalized
FLMs, and nonparametric functional regression models, among others, have
also caught much attention for the past decade.
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The FLMs with scalar responses (Ramsay and Silverman 2005, Chapter
15) are usually referred to FLMs with a scalar response and one functional
predictor. A coefficient function is introduced to measure the effect of the
functional predictor on the scalar response. Various methods for estimating
this coefficient function have been proposed, including the functional PCA
method (Cardot, Ferraty, and Sarda 1999), the B-spline method (Cardot,
Ferraty, and Sarda 2003), the smoothing spline method (Crambes, Kneip, and
Sarda 2009), and the wavelet-based LASSO method (Zhao, Ogden, and Reiss
2012), among others. James, Wang, and Zhu (2009) proposed a technique to
estimate the coefficient function flexibly so that it is exactly zero over some
region. This allows us to obtain interpretable, flexible, and accurate estimators
for the coefficient function. Some interesting theoretical work has also been
done. Cai and Hall (2006) and Li and Hsing (2007) investigated the rate
of convergence of the estimated coefficient function. Cardot, Mas, and Sarda
(2007) derived a central limit theory for some linear functions of the estimated
coefficient function under mild conditions. It is often of interest to check if
the coefficient function is actually zero everywhere. This problem is often
referred to as the no-effect test. This has been done by a number of authors,
including Cardot, Ferraty, Mas, and Sarda (2003) and Cardot, Goia, and Sarda
(2004), among others. Most recently, Swihart, Goldsmith, and Crainiceanu
(2012) provided a transparent, robust, and computationally feasible statistical
approach for testing the necessity of functional effects against standard linear
models. Horvath, Kokoszka, and Reimherr (2009) investigated a two-sample
testing procedure.

Much attention has also foucused on the FLMs with a functional response
and a functional predictor (Ramsay and Silverman 2005, Chapter 16). A co-
efficient function is used to model the effect of the functional predictor on
the functional response. Various methods for estimating this coefficient func-
tion have also been proposed, for example, by Cuevas, Febrero, and Fraiman
(2002), Chiou, Miiller, and Wang (2004), Yao, Miiller, and Wang (2005), Aguil-
era, Ocana, and Valderrama (2008), and Antoch, Prchal, Rosa, and Sarda
(2008), among others. For such FLMs, Kokoszka, Maslova, Sojka, and Zhu
(2008) proposed a simple no-effect test and Febrero, Galeano, and Gonzalez-
Manteiga (2008) studied how to identify influential curves.

When FLMs are not appropriate for establishing the relationship between
a scalar/functional response and a scalar/functional predictor, generalized
FLMs are natural alternatives, extending the classical generalized linear mod-
els (Nelder and Wedderburn 1972, McCullagh and Nelder 1989). James (2002)
proposed a technique to deal with linear, logistic, and censored regression
models with functional predictors. He particularly focused on dealing with
the problem when only fragments of each curve have been observed. Other
work includes Miiller and Stadtmuller (2005), Zhu and Cox (2009), Goldsmith,
Bobb, Crainiceanu, Caffo, and Reich (2011), and Aguilera-Morillo, Aguilera,
Escabias, and Valderrama (2012), among others. A quadratic regression model
for functional data is proposed in Yao and Miiller (2010). Quantile regression
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with functional covariates are investigated by Cardot, Crambes, and Sarda
(2005), and Chen and Miiller (2012), among others. Fast fitting methods for
generalized FLMs were proposed by Goldsmith, Bobb, Crainiceanu, Caffo,
and Reich (2011).

When parametric models are not appropriate for establishing the relation-
ship between a scalar/functional response and a functional predictor, some
nonparametric regression models may be used. Ferraty and Vieu (2002), Fer-
raty, Goia, and Vieu (2007), and Ferraty, Van Keilegom, and Vieu (2012)
studied a kernel method. Benhenni, Ferraty, Rachdi, and Vieu (2007) and
Amparo and Aurea (2009) proposed local linear methods. Burba, Ferraty,
and Vieu (2009) investigated a k-nearest neighbor method.

As pointed out by Zhao, Marron, and Wells (2004), longitudinal data can
be viewed as a type of functional data that are sparse. This functional view-
point is not typical for most analysts of longitudinal data, but provides a route
for powerful new insights. An interesting comparison between functional data
and longitudinal data can be found in Rice (2004). Functional PCA for longi-
tudinal data is investigated by James, Hastie, and Sugar (2000) and Kayano
and Konishi (2010), among others. Various FLMs for longitudinal data analy-
sis have been proposed. Yao, Miiller, and Wang (2005a,b) proposed nonpara-
metric methods for FLMs with sparse longitudinal data. Sentiirk and Miiller
(2010), Miller and Yang (2010), and Wu, Fan, and Miiller (2010) investi-
gated functional varying coefficient models for longitudinal data. Chiou and
Li (2007) proposed a functional k-center clustering method for longitudinal
data. A review on FDA tools in longitudinal data analysis can be found in
Miiller (2005). An application of the F-type test in longitudinal data analysis
can be found in Yang, Shen, Xu, and Shoptaw (2007).

FLMs have also been extended to other research areas. Miiller, Sen, and
Stadtmuller (2011) discussed some interesting applications of FLMs in finance
while Malfait and Ramsay (2003) discussed a useful historical FLM. Mas and
Pumo (2009) considered an FLM, taking into account the first-order derivative
of the data.

6.6 Exercises

1. For the ergonomics data, the global multiple correlation coefficient
of the quadratic FLM (6.1) is R? = 85.22% as given in (6.19). Test
(6.39) using the approximate null distribution of the F-type test as
given in (6.37) or in (6.38).

2. Under the FLM with time independent covariates (6.4), for some C
and c(t),t € 7, the GLHT problem (6.45) is equivalent to the single
coefficient function testing problem (6.41).

(a) Identify C and c(t),t € 7.
(b) Without using the pointwise relationship (6.42), show that

the test statistic of the L?-norm-based test, T, for (6.41)
can be expressed as (6.43).
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(c¢) Explain why one can give the significance of all the coefficient
functions simultaneously, provided that the full FLM (6.4) is
fitted.

3. For the ergonomics data, let the full FLM be the quadratic FLM (6.1).
Of interest is to test the following null hypothesis;

Ho : 56(t) = ﬁg(t) = 07t eT. (682)

By some simple calculation, we have [7 SSH,(t)dt = 61.926 and
J7 SSE, ()dt = 703.26.

(a) Conduct an L2mnorm-based test for (6.82) using the naive
method.

(b) Conduct an F-type test for (6.82) using the bias-reduced
method.

(c) Are the conclusions by the L2-norm-based test and the F-
type test consistent?

4. Table 6.1 presents the significance of all the individual coefficient
functions of the quadratic FLM (6.1) for the ergonomics data. The
approximate null distributions of the L?-norm-based test and the F-
type tests were obtained using the naive method. Can you construct a
similar table using the bias-reduced method based on the information
presented in this chapter?

5. Under the FLM with time-dependent covariates (6.55), for some C
and c(t),t € 7, the GLHT problem (6.45) is equivalent to the single
coefficient function testing problem (6.41).

(a) Identify C and c(t),t € 7.

(b) Show that the test statistic of the L%-norm-based test, T},
for (6.41) can be expressed as

2
T — ﬁ/[: 53‘ (t)
S X)X ()]
where [X(t;)TX(t;)
(X(t)"X(t)] 7"
(¢) Show that for the single coefficient function testing problem
(6.41), the matrix H(t) defined in (6.80) can be expressed as
H(t) = {GH)GH)"} /X)X,
where G(t) = X(#)[X(t)TX ()] tej11,p+1 and as usual, e, ,
denotes the g-dimensional vector whose rth entry is 1 and
others 0.
(d) Show that the approximate null distributions of 7;, given in
(6.71) are different for different j = 0,1,---,p unless X(t) =
X, that is, X(¢) is time independent.

]j_jl denotes the jth diagonal entry of
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Chapter 7

[1I-Conditioned Functional Linear
Models

7.1 Introduction

In Chapter 6 we have studied the functional linear model (FLM) (6.4) under
the assumption that the time-independent design matrix X is a full-rank ma-
trix. In that chapter, under some mild regularity conditions, various pointwise,
L2-norm-based, F-type, and bootstrap tests for the FLM (6.4) were discussed.
As in classical linear models, in many situations, however, the design matrix X
in an FLM may be ill-conditioned, that is, it is non-full-rank. The associated
FLM is called an ill-conditioned or non-full-rank FLM, which can be defined
as follows:

y(t) =XB(t) +v(t), v(t) ~SPn(0,7L,), t €T, (7.1)

where y(t) : n x 1 is a vector of response functions, X : n x (p + 1) is an
ill-conditioned time-independent design matrix with rank & < (p+ 1) < n,
v(t) : n x 1 is a vector of subject-effect functions, and B(t) : (p+ 1) x 1
is a vector of coefficient functions. When the first column of X is 1,,, an n-
dimensional vector of ones, the first component of 3(¢) models the intercept
function of the non-full-rank FLM (7.1). In this chapter, we aim to extend
the methodologies developed for the full-rank FLM (6.4) in Chapter 6 for the
above non-full-rank FLM (7.1).

Remark 7.1 As the design matriz X is ill-conditioned, those methodologies
developed for the full-rank FLM (6.4) in Chapter 6 are not directly applicable.
In fact, unlike in Chapter 6, the vector of coefficient functions, B(t), of the
non-full-rank FLM (7.1) is not estimable. That is, it does not have an unbiased
estimator that is a linear function of y(t).

Remark 7.2 All the functional ANOVA models studied in Chapter 5 can be
expressed in the form of the non-full-rank FLM (7.1) with the design matriz X
being non-full-rank. As an illustrative example, we can re-express the one-way
functional ANOVA model (5.26) of Chapter 5 in the form of (7.1).

241
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Example 7.1 For easy reference, we rewrite the one-way functional ANOVA
model (5.26) below:

i.4.d.
Yij (t) = n(t) + ai(t) +vi(t), vi(t) "~ SP(0,7), (7.2)
j: 1727"'7ni;i:1727""7a7

where n(t) is the grand mean function, and o;(t),i =1,2,---,a are the main-
effect functions. Set

Y(t) = [yll(t)v"'7y1n1(t)7y21(t)7"'7y2n2(t)7"'7ya1(t)7"'7yana(t)}T7
v(t) = [oi(t), v (), v20(8), - 20, (), - var (8, - Van, ()]
ﬁ(t) = [77(15)»041(15)’ T 7O‘a(t)}T’ and
1,, 1,, O 0
1,, O 1,, 0
X=1. : : S ' (7.3)
1., 0 0 .. 1,

where 0 denotes a zero vector of some length, and 1,, a vector of ones of
length n;. Then the one-way functional ANOVA model (7.2) is expressed into
the form of the non-full-rank FLM (7.1) with rank(X) =a < a + 1.

Therefore, this chapter also provides alternative methods for all the func-
tional ANOVA models discussed in Chapter 5 in a unified manner, while in
Chapter 5, the methodologies for one-way and two-way functional ANOVA
models are discussed in separate sections.

Remark 7.3 The functional ANOVA models discussed in Chapter 5 cannot
accommodate many factors with more than two levels as it requires that each
cell or combination of the factor levels has at least one functional observation.
In practice, it is very expensive and time consuming. For example, suppose we
have seven factors (which is not uncommon), each having three levels. Then
the total number of cells is 37 = 2,187 and hence the total number of runs in
the experiment is at least 2,187 when there is at least one run at each cell.
This is really very expensive and time consuming if one wants to conduct all
these runs of experiments.

Remark 7.4 In modern experimental designs, when several factors are in-
volved, a fractional factorial design is often more favorable. In a fractional
factorial design, each factor is allowed to have 2 levels, usually denoted as
“4-17 for high level and “—17 for low level, and it assigns experimental runs
only at a fractional part of cells with each cell having one run. For example,
a fractional factorial design 272 involves seven factors, each factor having
two levels, but only 25% = 272 of the cells having one experimental run, with
total thirty-two runs in the experiment. Therefore, the methodologies studied
in Chapter 5 may not be directly applicable for functional data based on a
fractional factorial design.



243

INTRODUCTION

=

=
—H OO A1 OO0 T O =" 100" 1T A0~ OO0 ™ mrdOO ™™ —
O 1T OO0 4" O 100 " 100 —" 400 —" 00O 00 ——000 oo
OO0 O A 100 " "4 440000 " A —400 A 40000~~~ — -
SO A A "A OO0 "4 T OO0 " OO0~ OO0 A ™m0 00O oOO0o
O —H O 4T O 41 O 41040 40 410 10410 A0 V010 10 A0 O - -
O O 4T O 4T 0O 40O 4T 04O 40404040 —0O0 0O —0O—0O—0O000O0
OO "1 4100 " 100 AT OO0 A "0 "0 A "0 A OO =~ — — —
OO A 400 A 100 A 4100 A 410044100 A 410000000 O0o
OC OO O A" 41 OO0 0O " "1 OO0 O0CO OO OO r—rrd-r~- ™ —
A A A OO OO A" " 10000 A" " 10000 A "0 00O
OO OO OO OO """ rdrd - OO0 OO ™~ rdrdrdr ™ ™ r~ ™~ —~
A A A A A A A OO OO0 OO A " A A" "0 00000000
OO OO oo oo oo oc oo oo oo oo A A A A A~ A~~~ —~ o ~ — —~ ~ —~ —~ —
A A A A A A A A A A A A A A A O OO OO OO OO ODOD OO0 OO
o o o = o o o o o o o o o

G, respectively, in which D is the noise factor while the others are control

Chapter 1. There are seven factors, represented by A, B, C, D, E, F, and
factors. Each factor has only two levels: low and high, denoted as “—17 and

Example 7.2 Consider the audible noise data introduced in Section 1.2.5 of

2 design, supplemented

A%
by four additional replications at the high levels of all factors, resulting in an

T—

“+17 respectively. The associated study adopted a 2

experiment with thirty-six runs. For each run, audible noise levels were mea-
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sured over a range of rotating speeds. The audible sound was recorded by the
microphones located at several positions near the alternator. The response was
a transformed pressure measurement, known as sound pressure level (SPL).
For each response curve, forty-three measurements of sound pressure levels (in
decibels) were recorded with rotating speeds ranging from 1,000 to 2,500 rev-
olutions per minute. Figure 1.8 in Chapter 1 displays the resulting thirty-siz
response curves. To model this audible noise data set using the non-full-rank
FLM (7.1), we let

y1(t) v (t) n(t)

Yya(t) va(t) a11(1)

IEIE

4 t V4 t 21 t
yO) = | ) | vo=| win | 80=| o |-

yss.(t) 035.(75) 0(71'(15)

y36(t) v36(t) ara(t)

denote, respectively, the vectors of response functions, subject-effects func-
tions, and coefficient functions. The vector of coefficient functions consists
of the grand mean function n(t) and the main-effect functions

ai(t),j =12 i=1,2,--.7,

of the seven factors A, B, C, D, E, F, and G with each having two levels. The
associated design matriz X is given by (7.4), where except in the first column,
0 and 1 represent levels “—1” and “+17, respectively. Notice that X is of size
36 x 15 and we found that rank(X) = 8 < 15 < 36. Therefore, the resulting
FLM (7.1) is indeed non-full-rank or ill-conditioned. The methodologies de-
veloped in Chapters 5 and 6 cannot be directly applied to the analysis of this
data set.

In this chapter we study how to conduct statistical inferences for the non-
full-rank FLM (7.1). The key is how to address the problems caused by the
singularity of the non-full-rank design matrix X. The main problem is that
not all the linear functions of the vector of the coefficient function 3(t) are
estimable as indicated in Remark 7.1. The related problems include: (a) How
to identify the estimable linear functions of 3(¢), (b) how to estimate these es-
timable linear functions, and (c¢) how to test these estimable linear functions.
To solve these problems, in this chapter, we mainly discuss three methods,
namely, the generalized inverse method, the reparameterization method, and
the side-condition method. They are studied in Sections 7.2, 7.3, and 7.4,
respectively. These three methods are essentially equivalent but are devel-
oped from three different views for conducting statistical inferences about the
non-full-rank FLM (7.1). In fact, the generalized inverse method uses the gen-
eralized inverses of an ill-conditioned design matrix, the reparameterization
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method reparameterizes the non-full-rank FLM (7.1) into a full-rank FLM
in the form of (6.4) that can be solved using the methodologies developed in
Chapter 6, while the side-condition method solves the non-full-rank FLM (7.1)
by adding some extra side conditions so that the solution to (7.1) is unique.
Technical proofs of the main results are given in Section 7.5. Some concluding
remarks and bibliographical notes are given in Section 7.6. Exercises for this
chapter are listed in Section 7.7.

7.2 Generalized Inverse Method
7.2.1 Estimability of Regression Coefficient Functions

To solve the non-full-rank FLM (7.1), we use the ordinary pointwise least
squares approach. The pointwise least squares approach aims to find 3(¢) to
minimize the following integrated squared error:

QB) = [ lv(t) - XB()|Par (75)
This leads to solving the following normal equation system:
XTXB(t) = XTy(t), t € T. (7.6)

As X :nx (p+1) has rank k < (p+1) < n, it has the following singular value
decomposition (SVD):

- D, 0 T
X_U< o O>V, (7.7)

where U : nxn is the orthonormal matrix with columns being the eigenvectors
of XXT V : (p+1)x(p+1) is the orthonormal matrix with columns being the
eigenvectors of X”7X, and Dy, is a real diagonal matrix with diagonal entries
being the square roots of the non-zero eigenvalues of XX7 and X7 X. In fact,
we have
T D? 0 T T D? 0 T

XX —U( 0 0)U,XX—V( 0 O)V. (7.8)
To solve the normal equation system (7.6), we here introduce the concept of
“generalized inverse of a real matrix.” In mathematics, when a real matrix is
non-full-rank, for example, the aforementioned X, it is not invertible but we
can define its generalized inverses. A real matrix X~ is called a generalized
inverse of X if and only if it satisfies the following two equations:

XX X=X, X XX =X". (7.9)

Remark 7.5 Based on the SVD (7.7), it is easy to show that X~ can be
expressed as

_ D;! Dy, T
X =V ki u’, 7.10
( Dy; Do (7.10)
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where D12, Doy, and Doy can be any real matrices of proper sizes. It is easy
to show that X~ defined in (7.10) satisfies (7.9). A real matriz has many
generalized inverses unless it is a full-rank matriz, which has only one inverse.

Let (XTX)~ denote any generalized inverse of XTX. Then by (7.8) and
(7.10), we have

-2
(XTX)" =V D" Siz v, (7.11)
Sa1 S22

where the matrices S12,So1, and Soo are any real matrices of proper sizes. Set
Px = X(XTX)~XT. Then by (7.7) and (7.11), we have

Py =XX"X)"X"=U ( I(;“ g ) u”. (7.12)
This shows that Py is invariant to the choice of (X7X)~ and it is an idem-
potent matrix of rank k. Simple algebra then shows that

P, X=X, X'p, =XT, (7.13)
indicating that Py is a projection matrix of X. It follows that
XTX(XTX) "X y(t) = XTPxy(t) = X y(t),

showing that (XTX)~XTy(t) is a solution to the normal equation system
(7.6). That is to say that the normal equation system (7.6) is consistent, that
is, it has solutions. Denote any one of the solutions to (7.6) as

B(t) = (X"X)"XTy(1). (7.14)

Let C: g x (p+ 1) be a constant matrix. With respect to the non-full-
rank FLM (7.1), a linear function of 3(t), CB(t), is said to be estimable if
C3(t) has an unbiased estimator that is a linear function of y(¢). That is,
when there is a constant matrix A : ¢ x n such that E[Ay(¢)] = CB(t), then
CQ3(t) is estimable. Notice that not all linear functions of 3(t) are estimable.
This shows that the non-full-rank FLM (7.1) is very different from the full-
rank FLM (6.4) discussed in Chapter 6. In fact, B(t) itself is not estimable,
as shown by the following theorem.

Theorem 7.1 Under the non-full-rank FLM (7.1), we have (a) B(t) is a lin-
ear function of y(t), (b) B(t) is biased for B(t), and (c¢) B(t) is not estimable.

The above theorem claims that under the non-full-rank FLM (7.1), there
are no unbiased estimators for B(t). However, we will show that some of its
linear functions are actually estimable, and we will describe some methods to
find them in next subsection.



GENERALIZED INVERSE METHOD 247
7.2.2  Methods for Finding Estimable Linear Functions

A question then arises naturally. What kind of linear functions of B(t) are
estimable? The following theorem answers this question.

Theorem 7.2 Let C be a constant matriz of size ¢ X (p+1). Under the non-
full-rank FLM (7.1), CB(t) is estimable if and only if there exists a constant
matriz A : ¢ X n such that C = AX.

Theorem 7.2 says that C3(t) is estimable if and only if the rows of C are
linear combinations of the rows of X. In particular, X3(t) is estimable. As
rank(X) = k, there are k rows of X that are linearly independent. Notice that

m real column vectors ai,as,---,a,, are linearly independent if and only if
the matrix [a;,ag, -, a,,] has rank m. Denote any k linearly independent
rows of X as
x1=1,2, k. (7.15)
They form a linear basis for the linear space
L(X)={a"XlaeR"}, (7.16)

spanned by the rows of X, where R" denotes the usual n-dimensional Eu-
clidean linear space. Set

R:[xil,xi2,»-«,xik]T:k>< (p+1). (7.17)

Then R is a full-rank matrix with rank k, L(R) = £(X), and RB(¢) is es-
timable. As before, let e, ,, denote an m-dimensional column vector whose
rth entry is 1 and others 0.

Remark 7.6 Let E = [e;, n,€iym, - ,eik,n]T. Then by (7.17), we have R =
EX.

In practice, the k linearly independent rows (7.15) of X can be obtained
by the following simple method. Notice that X has no rows whose entries are
all 0; otherwise, just remove those rows. We first set the first row of X as ng.
We then check if the second row of X is linearly independent with xg;. If it
is a “yes,” we set the second row as Xg;; otherwise, we try the next row of
X. Continue this process until all the rows of X have been checked. We then
have the k linearly independent rows of X as listed in (7.15). In this way we

actually obtain the first & linearly independent rows of X.

Remark 7.7 The design matriz X can be expressed as a linear function of
R as the rows of R span the same linear space (7.16) as the rows of X. That
is, there is a real matrix Z : n X k such that

X =ZR. (7.18)
In fact, as RRT : k x k is full-rank, we have XRT = ZRRT. This gives that
Z =XRY(RR") L (7.19)
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By Theorem 7.2, we have the following theorem.

Theorem 7.3 Let C be a constant matriz of size ¢ X (p+1). Under the non-
full-rank FLM (7.1), CB(t) is estimable if and only if there exists a constant
matriz B : ¢ x k such that C = BR, where R is given in (7.17). In addition,
when CB(t) is estimable, we have

B = CRT(RR")!, (7.20)
and when CB(t) is nonestimable, CRT(RRT)™'R # C.

Theorem 7.3 is important as it can be used to check if a given linear
function CB(t) is estimable by checking if CS is equal or not equal to C
where

S = RT(RR")7'R, (7.21)

a projection matrix based on RT.

Example 7.3 Consider the one-way functional ANOVA model (7.2). From
the design matriz X given in (7.3), it is easy to see that rank(X) = a and the
first a linearly independent rows of X form

R =[1,1,]. (7.22)
Therefore,

#(t) = RB(t) = [n(t) + aa(t),n(t) + aa(t), -, n(t) + aa(t)]

is estimable. That is, n(t) + «;(t),i = 1,2, -+, a are all estimable.

We now show that all the main-effect contrast functions of the one-way
functional ANOVA model (7.2) are also estimable. To this end, let a(t) =
[r(t), -, aq(t)]T be the vector of the main-effect functions. The linear func-
tion cTa(t) is called a main-effect contrast function if c : a x 1 is a real vector
such that cT1, = 0. For example, ay(t) — az(t), az(t) — 204(t) + aqa(t), and
2a1(t) — 3as(t) + as(t) are all main-effect contrast functions. We claim “any
main-effect contrast function cTa(t) is estimable” as by (7.22), ¢¥'1, = 0
implies that [0,cT] = [0,cT|R.. That is,

cla(t) = [0,c"1B(t) = [0,cTIRB(t) = [0,cT]p(t),

r (7.23)

which is estimable.

However, we can show that the grand mean function n(t) and the main-
effect functions «;(t),i = 1,2,---,a, are nonestimable. To this end, we first
obtain that RRT = I, +J, and (I, + J,)"' = I, — (a + 1)"J,, where
Jo, = lalf, the a x a matriz of ones. We then have

T
“ L, . (7.24)

T T\—1p1p _ -1
S=RIRR)“R=(a+1)"" 4 L)L, -1,



GENERALIZED INVERSE METHOD 249
It follows that ef ,,,S = (a + 1)"'a, 1] # ef .1, implying that n(t) =

e{ ,18(t) is nonestimable, and el .S = (a + 1)1, (a + 1)ef, —
10] # el 1 ay1, implying that o;(t) = €]y, ,,1B(t) is nonestimable for
i=1,2,-,a.

Sometimes it is very challenging to find R manually, especially when the
design matrix has a complicated structure. In this case, a calculator or a
computer may be helpful for finding R, Z, S, or B, among others.

Example 7.4 For the audible noise data, the non-full-rank design matriz
X :36x15 is given in (7.4). By some calculation, we have rank(X) = 8. In ad-
dition, the matriz R (7.17) formed by the first 8 linearly independent rows of
X is given by (7.25). Then the associated matriz Z computed using (7.19) such
that X = ZR is found to be given by (7.27). To check if the grand mean func-
tion n(t) and the main-effect functions a;j(t),i =1,2,---,7,7 = 1,2 of Factors
A, B, C, D, E, F, and G and the associated main-effect contrast functions are
estimable, we compute the matriz S = RT(RRT)™'R. (7.21), which is given by
(7.29). We first notice that the grand mean function n(t) and the main-effect
functions o (t),1 =1,2,---,7;j = 1,2, are nonestimable because by (7.29), it
is easy to check that erwS #* 9215: r=1,2,---,15. We now check if the main-
effect contrast functions of the seven factors are estimable. To this end, set C
as given in (7.28). Then each row of C can be used to specify the main-effect
contrast functions of a factor. For example, any main-effect contrast func-
tion of Factor C can be expressed as c|0,0,0,0,0,1,-1,0,0,0,0,0,0,0,0]3(t),
where ¢ is any nonzero real number. By some calculation, we will find that
we do have C = CS. Therefore, all the main-effect contrast functions of the
seven factors are estimable. In fact, the matrizr B = CRT(RRT)™! such that
C =BR is given by (7.26).

1 1010101010010 1
1101010100710 7110
1101010011010 10
11010100101 1001

R= 1101001101010 01 (7.25)
110100101 1007110
11001101010710T10
101 1010101010710

0 12 -1 1 -1 0 -2
0 12 -1 1 -1 =2 0
1 01 0 -1 -1 0 0
B=1/2 0 10 -1 1 -1 0 0 (7.26)
1 =11 -1 0 0 0 0
-1 01 0 1 -1 0 0
-1 11 -1 0 0 0 0
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(7.27)

00 00
00 00
00 00
00 00
1 0 0 0
1 0 0 0
01 0 0
01 0 0

0
0
0
1
0
0
0
1
0
1

0
0
1
0
0
0

0
0

0 0 1
1

0
—1

0 0

01 10

0

-1 -1

0

0 0 0 0 1

1
1

0
-1
1

0 0 01
1

-1 1 0 1
01 01
01 01

-1

0
1
1

-2

1

01 0

1
1

-1 —

—1
—1
—1

0
0
0

-1

-2 2
-2

2 11

-1
-1
-1
-1
-1

-2 1

—1
-1
-1
-1
-1
-1

0
0
0
0
0
0

-3 2

2

-3 2

-3 2

2 11

-1 2 1 1

-3 2

-3 2

(7.28)

(Ch C2)7

C =
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with C; and Cs being

o - O O
_I_.OOO
— O O O
o o oo
o o oo
oS o oo
o O OO
S O OO

and

SO OO

S o o

0

—1

0 0 1

0

(7.29)

1
—(S4,S
8( 1,52),

S =

with S; and S, being

10 -8

2

-8

10

1

-8

10

10
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and
2 2 2 2 2 2 2
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
—8 1 1 1 1 1 1
10 1 1 1 1 1 1
1 10 -8 1 1 1 1
1 -8 10 1 1 1 1
1 1 1 10 -8 1 1
1 1 1 -8 10 1 1
1 1 1 1 1 10 -8
1 1 1 1 1 -8 10

7.2.8  Estimation of Estimable Linear Functions

By Theorem 7.2, we know that X3(¢) and all its linear functions AX3(t) are
estimable; all other linear functions of B(t) are nonestimable. Now another
question arises. If C3(t) is estimable, how do we find its unbiased estimator?
We have the following theorem.

Theorem 7.4 Let B(t) be as defined in (7.14) and C : ¢ x (p+ 1) be a full-
rank matriz with rank(C) = q < k <p+1 < n such that CB(t) is estimable.
Then under the non-full-rank FLM (7.1), we have: (a) CB(t) is an unbiased

linear estimator of CB(t) with E [C,@(t)} = Cg(t) and Cov [C,@(s)7 Cﬁ(t)} =
v(s,t)C(XTX)~CT; (b) CBA(t) and C(XTX)~CT are invariant to the choice
of (XTX)~; and (c) C(XTX)~CT is a full-rank matriz of rank q.

The above theorem indicates that provided C3(¢) is estimable, it is very
easy to obtain its unbiased estimator, which is C3(t). As X3(¢) is estimable,
by the above theorem, its unbiased estimator is X3(t) = Pxy(t), which is the

vector of the fitted response functions. It follows that the vector of the fitted
subject-effect functions is

V(1) = y(t) = XB(t) = y(1) = Pxy(t) = (I, — Px)y(t), (7.30)

which is invariant to the choice of B3(t). Set W (s, t) = ot 0i(s)0;(t). Then
by (7.13), we have

W(s,t) = ¥(s)"v(t) = y(5)" (I = Px)y(t) = v(s)" (L, — Px) v(1).

It follows that E{W (s,t)} = (n—k)~(s,t) as Px is an idempotent matrix with
rank k; see (7.12). It follows that the unbiased estimator of the covariance
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function ~(s,t) is

n

As,t) = (n= k)71 Y 0i(s)0i(t) = (n = k) "ty ()" (Lo — Px) y(t). (7.31)

i=1

Obviously, 4(s,t) is invariant to the choice of ,@(t)

7.2.4  Tests of Testable Linear Hypotheses

Under the non-full-rank FLM (7.1) with rank(X) = k < (p+ 1) < n, consider
the following GLHT problem:

Hy :CB(t)=c(t),teT,

Versus Hy :CpB(t) #c(t), forsomete T, (7.32)

where c(t) = [c1(t), -+, ¢g(t)]T is a vector of given functions and C is a given
g% (p+1) full-rank matrix with rank ¢ < k < p+1 < n and C3(¢) is estimable.
We would like to emphasize that in the above GLHT problem, it is required
that CB(t) be estimable. As C3(t) is estimable, the GLHT problem (7.32) is
testable.

Remark 7.8 For a testable hypothesis testing problem that can be written in
the form of the GLHT problem (7.32), the matriz C and the known function
c(t) are not unique. In fact, the GLHT problem, obtained by replacing the
matriz C and the function c(t) in the GLHT problem (7.32) with

C =PC, and &(t) = Pc(t), (7.33)

where P is a full-rank matriz of size q X q, is also testable and is equivalent
to the original GLHT problem (7.32).

We now describe how to construct a proper test statistic for the GLHT
problem (7.32). First of all, by Theorem 7.4, we have E [C,@(t) - c(t)} =
C3(t) — c(t) and

Cov [CB(S) —c(s),CA(t) — c(t)] = (5, )C(XTX)~CT.

By Theorem 7.4 again, C(XTX)~C7 is a full-rank matrix of size ¢ x ¢. Thus,
we have the pivotal test function for the GLHT problem (7.32) as

2(t) = [C(XTX)~CT]/? [Cfa(t) - c(t)} . (7.34)

Simple calculation gives the vector of mean functions and the matrix of co-
variance functions of z(t) as

n.(t) = [C(XTX)~C"] " [CA() - e(t)],
T.(s,t) = (s, t)I,. (7.35)



254 ILL-CONDITIONED FUNCTIONAL LINEAR MODELS

That is, the components of z(t) are uncorrelated. Under the Gaussian assump-
tion, the components of z(t) are independent and have the common covariance
function (s, t). In addition, (n — k)5(s,t) is a Wishart process with n — k de-
grees of freedom and covariance function ~(s,t). Notice that the degree of
freedom of (n — k)5(s,t) depends on the rank of the non-full-rank design
matrix X. We summarize these results as the following theorem.

Theorem 7.5 Assume that in the non-full-rank FLM (7.1), v(t) ~
GP,(0,71L,) and tr(y) < co. Then we have

z(t) ~ GPll(nz7'VIq)7 (n—k)y(s,t) ~ WP(n — k7). (7.36)

Based on the above theorem, we can describe various tests for the GLHT
problem (7.32). For this purpose, we define the following pointwise SSH (sum
of squares due to hypothesis) and SSE (sum of squares due to errors) as

[CB1O -], (737

1

SSH, (1) = [CB() —e(n)] [CXTX)~CT]”
SSEn(t) = (TL - k)’?(t, t) = Y(t)T(In - Px)y(t)'

Remark 7.9 The pivotal test function z(t) (7.34) is constructed in a way
such that each component of z(t) is a process with the same covariance function
v(s,t) as indicated in (7.35). In addition, the squared L?-norm SSH,,(t) (7.87)
of z(t) is invariant under the transformation (7.33). This is a nice property
for the GLHT problem (7.32) as for a testable hypothesis testing problem that
can be written in the form of (7.32), the associated C and c(t) are not unique,
as mentioned in Remark 7.8.

Under the Gaussian assumption, we can show that the integrated SSH and
SSE are y2-type mixtures, as stated in the following theorem. Notice that the
degree of freedom of the x2-variates in the random expression of the integrated
SSE depends on the rank of the non-full-rank design matrix X.

Theorem 7.6 Assume that in the non-full-rank FLM (7.1), v(t) ~
GP,(0,71,) and tr(y) < co. Under the null hypothesis in (7.32), we have

Jg 8SHA(B)dt £ S A A, A TR 2,
J7 SSE,(ydt £ YT NE,, E RN N2
where A1, -+, A are all the positive eigenvalues of (s, t).

Using SSH,,(¢) and SSE,,(t), we are now ready to present various tests for
the GLHT problem (7.32).

Pointwise F-Test The pointwise F-test for the testable GLHT problem
(7.32) is conducted using the test statistic F,(t) = gg%"ég,t € 7. Under

the Gaussian assumption and the null hypothesis in (7.32), we have

Fn(t) ~ Fq,n_k,t eT.
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The pointwise F-test can then be conducted accordingly.

L?-Norm-Based Test As usual, the L2-norm-based test for (7.32) uses the
test statistic

T, = /T SSH,, (£)dt. (7.38)

By Theorem 7.6, we can approximate the null distribution of 7T;, by the Welch-
Satterthwaite y2-approximation method described in Section 4.3 of Chapter
4 and obtain

tr(v*?) tr?(y)
K =

tr(y) 7 tr(y%?)

As in the previous chapters, the parameters 3 and s can be estimated by a

naive method and a bias-reduced method. By the naive method, we replace
~(s,t) in (7.39) with its unbiased estimator 4(s,t) given in (7.31) so that

T, ~ Bx5 approximately, where 3 = , d=gqr. (7.39)

. tr(3®2 tr2(4 .
3= r(VA )7 i rA(gg . d=qr, (7.40)
tr(9) tr(5°%)
and hence
T, ~ ﬂxZA approximately. (7.41)

By the bias-reduced method, we replace tr?(y) and tr(vy®2) in (7.39) with
their unbiased estimators to obtain 8 and k. By Theorems 4.6 and 7.5 we can
obtain the unbiased estimators of tr?(y) and tr(y%2) as

2y (n—k)(n—k+1) . 2tr(H%?)
) e [ e =} {WQ(V) -
) (7.42)
) n—k)? A tr3 (4
tr(v¥2) = (nfk(fl)(kn)fk+2) [tr(Vm) - ifz)} .
The L2-norm-based test for (7.32) can then be conducted accordingly.
F-Type Test As usual, the F-type test statistic is defined as
SSH,, (t)dt
F, — __J7 SSH(t)dt/q (7.43)

fT SSE, (t)dt/(n — k)’
Under the Gaussian assumption and the null hypothesis in (7.32), by Theo-

rem 7.6, we have
4 Z;n:l ATAT/Q
Y M E/(n— k)
ii.d.

where A, o ng E, "~ x2_,, and they are all independent; A, Aa, -, A
are all the positive eigenvalues of (s, t). It follows that the null distribution

F,
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Figure 7.1 Estimated main-effect contrast functions &i1(t) — duz(t),s = 1,2,---,7

(solid) of Factors A, B, C, D, E, F, and G of the audible noise data with their 95%
pointwise confidence bands (dashed). The main-effect functions of Factors B, E, and
F may be not significant or less significant as their 95% pointwise confidence bands
cover the zero horizontal line (dotted) most of time while the other four main-effect
functions are likely to be highly significant.

of F,, can be approximated by the two-cumulant matched F-approximation
method described in Section 4.4 of Chapter 4. We then have

Fy ~ Fyi (n—k)i approximately,

where & is obtained by the naive method or the bias-reduced method as de-
scribed above for the L2-norm-based test. The F-type test for (7.32) is then
conducted accordingly.

Bootstrap Tests Under the Gaussian assumption, we can use the point-
wise F-test, the L2-norm-based test, and the F-type test described pre-
viously for the GLHT problem (7.32). When the Gaussian assumption is
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not valid, we can use some nonparametric bootstrap tests instead. Let
vi(t),i = 1,2,---,n, be a bootstrap sample randomly generated from the
estimated subject-effect functions 0;(t),7 = 1,2,---,n, the n-components
of ¥(t),t € T as defined in (7.30). Set v*(t) = [vi(t), --,v%(t)]T. Com-
pute y*(t) = XB(t) + v*(t) and B*(t) = (XTX)=XTy*(t). Then we com-
A ¥ N T A ¥ ~
pute SSH; (1) = [B7(1) — B(H)] CTICXTX)~CT|IC |B7(1) - B(t)| and
SSE!(t) = y*(t)T(L, — Px)y*(t). Notice that the values of SSH} (t) and
SSE? (t) are invariant to the choice of (X7 X)~. The pointwise bootstrap test
statistic, the L?-norm-based bootstrap test statistic, and the F-type bootstrap
test statistic can then be computed as
Fa(t) = SSE; (t)/(n—k) 7SSTIZLI_ J7 SSH;,(t)dt, or
d
f JT H, (dr/a
n fT SSE; (t)dt/(n—k)

Repeat the above bootstrapping process a large number of times, calculate its
100(1 — «)-percentile, and then conduct the pointwise bootstrap F-test, the
L?-norm-based bootstrap test, or the F-type bootstrap test accordingly.

Example 7.5 For the audible noise data, we showed that all the main-effect
contrast functions of the seven factors are estimable in Example 7.4. There-
fore, the following problem about the main-effect contrast function of Factor i
15 testable:

HO : Oéil(t) — Ozig(t) = 0,

versus  Hi :aii(t) — aua(t) #0 for somet €T, (7.44)

where i = 1,2,---,6 or 7. This problem can be written in the form of the
testable GLHT problem (7.32) by setting C being the ith row cI' of the ma-
triz C as defined in (7.28) and c(t) = 0. For example, when i = 3, we
have ¢! =10,0,0,0,0,1,-1,0,0,0,0,0,0,0,0]. The unbiased estimators of the
main-effect contrast functions are

cI'Bt),i=1,2,-,7.

These estimated main-effect contrast functions with their 95% pointwise con-
fidence bands are depicted in Figure 7.1 as solid and dashed curves, respec-
tively. One can use the raw audible noise data where each curve has forty-three
measurement records while in this example, the audible noise data were pre-
smoothed using the regression spline method described in Chapter 3 and the
resolution number M = 1,000. It is seen that (a) the main-effect contrast
functions of Factors B and E may not be significant as their 95% pointwise
confidence bands contain the zero horizontal line (dashed) all the times; (b) the
main-effect contrast functions of Factors D and G must be highly significant
as their 95% pointwise confidence bands do not contain the zero horizontal line
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Table 7.1 L%-norm-based test for the audible noise data with resolution M = 1,000.

Naive Bias-reduced
Factor Tj/ 104 P-value P-value
A 3.0665 0.0330 0.0221
B 1.4291 0.3168 0.3071
C 3.9031 0.0092 0.0049
D 7.3724 0.0000 0.0000
E 1.5365 0.2774 0.2643
F 1.2732 0.3818 0.3784
G 9.7866 0.0000 0.0000

Note: For the naive method, B = 2,745.6, d =& = 4.4095 and for the bias-reduced method,
B=2,239.0,d = & = 5.3359, as gwen in (7.46) and (7.47), respectively. It is seen that the

P-values by the bias-reduced method are generally smaller than those by the naive method.

(dashed) over a big range; and (c) the main-effect contrast functions of Fac-
tors A, C and F may be significant or not significant as their 95% pointwise
confidence bands contain the zero horizontal line (dashed) only over a small
range. The pointwise F'-test for this data set resulted in similar conclusions.

To apply the aforementioned L?-norm-based test for (7.44), we first com-
puted the sample covariance function of the audible noise data using (7.31).
We then obtained the following two important quantities:

tr(3) = 1.2107e4, tr(4%2) = 3.3242¢7, (7.45)

where and throughout 1.2107e4 means 1.2107 x 10%. By the naive method, we
obtained

B=2,745.6, d = i = 4.4095. (7.46)

By the bias-reduced method, we obtained

3=2,239.0, d = & = 5.3359. (7.47)

Then applying the L?>-norm-based test for (7.44) for the seven factors re-
sulted in Table 7.1. It is seen that (a) the main-effect contrast functions of
Factors B, E, and F are not significant; (b) the main-effect contrast functions
of Factors D and G are highly significant; and (c) the main-effect contrast
functions of Factors A and C are significant at nominal levels 5% and 1%,
respectively. Applying the F-type test resulted in similar results. These results
are also consistent with those obtained by Shen and Xu (2007). We also notice
that the significance of the main-effect contrast function of Factor F over a
small range (see Figure 7.1) is not detected by the L?-norm-based and F-type
tests. This is probably due to the fact that the P-values of the pointwise F-test
used here were not corrected using some multiple comparison methods (for ex-
ample, Cox and Lee 2008), or the L?-norm-based test and the F-type test are
not very powerful in such situations.
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7.3 Reparameterization Method
7.3.1  The Methodology

The key idea of the reparameterization method is to transform the non-full-
rank FLM (7.1) into a full-rank FLM with a vector of new coefficient functions
so that the methodologies developed in Chapter 6 may be applicable. Recall
that X is a non-full-rank design matrix of size n x (p 4+ 1) with rank k <
p+ 1 < n. Assume that we can write

X = ZR, (7.48)

where Z : n x k and R : k x (p + 1) are full-rank matrices with rank k.
For convenience, we can call Z and R the reparameterization matrices. See
(7.18) for such a decomposition of X. Set ¢(t) = RB(t) be the vector of new
coefficient functions that are estimable. Then the non-full-rank FLM (7.1) is
transformed into the following full-rank FLM:

y(t) = Z¢(t) +v(t), v(t) ~SPn(0,71,). (7.49)

It is often easy to specify the matrix R based on the relationship ¢(t) = RG(t).
Then by (7.19), we can easily obtain Z = XRT(RRT) L.

As (7.49) is a full-rank FLM, the methodologies developed in Chapter 6
can be applied. In particular, we have

#(t) (2'Z)"'Zy (1),
A(s,t) = (n—k)"ly(®)T (L — P2)y(t),

where P, = Z(ZTZ)71Z" is the usual projection matrix based on Z.

7.3.2  Determining the Reparameterization Matrices

We now describe how to determine the reparameterization matrices R and
Z for (7.48). Sometimes, R can be determined easily by the given reparam-
eterization transformation ¢(t) = RB(t), which is estimable. In this case,
Z = XRT(RRT)~! (7.19) can also be computed easily. When the reparam-
eterization transformation ¢(¢t) = RB(t) is not obvious, we can determine
R by finding the k linearly independent rows of X as in Section 7.2.2. See
(7.17) and (7.19) for the associated R and Z so that X = ZR is the desired
decomposition of X.

When n and p are large, it may be difficult to find the k linearly indepen-
dent rows of X. In this case, we may choose R and Z using the SVD (7.7). In
fact, based on (7.7), we can write X = ZR with

1/2
Z:U(DS ):nxl@ R:(D}jz,u)vT:kx(pH), (7.50)

where U:n xnand V: (p+1) x (p+ 1) are the orthonormal matrices, and
Dy : k x k is the diagonal matrix of rank k as defined in (7.7).
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Example 7.6 For the one-way functional ANOVA model (7.2), ¢(t)
n(t) + ar(t),n(t) + aa(t), -, n(t) + aa(t)]T is estimable as shown in Evam-
ple 7.3. As B(t) = [n(t),a1(t), -, aq.(t)]T, ¢(t) = RB(t) implies that R =
[14,14] as given in (7.22). From the design matriz X given in (7.3), by some
simple linear algebra, we have Z = XRT(RRT)™! = diag(1,,, 1ny, 5 1n,).
Alternatively, we can identify the matrix R from the design matriz X di-
rectly. In fact, from (7.3), we have that rank(X) = a and the a linearly in-
dependent rows of X forms R = [14,1,] and hence Z = XRT(RRT)™! =
diag(]-rn ) 1n2a ) ]-na)'

Example 7.7 For the audible noise data, the matriz R formed by the first 8
linearly independent rows of X is given by (7.25) and the associated matriz Z
is given in (7.27).

7.3.8  Invariance of the Reparameterization

It is obvious that the decomposition X = ZR is not unique as we can always
write X = (ZQ)(Q 'R), where Q : k x k is any full-rank real matrix. A
question arises naturally. Are the statistical inferences based on the reparam-
eterization invariant to the choice of the decompositions of X? To answer this
question, we need to establish a relationship between any two decompositions
of X in the form of (7.48).

Theorem 7.7 Let X = ZR = ZR be two different decompositions of X such
that Z : nxk,R: kx(p+1),Z : nxk, and R : kx (p+1) are full-rank matrices
with rank k < p+1 <n. Then, (a) there is a unique full-rank matriz Q : kx k
such that Z = ZQ and R = Q 'R; and (b) P, = Px = X(XTX)~XT.

Let CB(t) be estimable. Then by Theorem 7.2, there is a real matrix A
such that C = AX. It follows that

CA(t) = AXp(t)=AZ¢(t) = AXRT(RR") '¢(t)

— CRT(RRT) '¢(t) = Bo(1), (7.51)

where B = CRT(RRT)~!. Notice that (7.51) holds for any full-rank R such
that the decomposition (7.48) is valid. The matrix R mentioned in Theo-

rem 7.3 is a special case. Let C3(t) denote the estimator of C3(t) obtained
by the relationship (7.51):

CB(t) = Bo(t) = CRT(RRY)"1(272) 127y (1). (7.52)

Then we have the following theorem to identify the mean and covariance
functions of CA3(t).

Theorem 7.8 Let C: g x (p+ 1) be a full-rank matriz with rank(C) = q <
k < p+1 < n such that CB(t) is estimable. Let CB(t) be as defined in (7.52).
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Then under the non-full-rank FLM (7.1) and with B = CRT(RRT) we
have: (a) Cﬂ( ) is an unbiased estimator of CB(t) with Cov [C,B( ), CB(t )} =

v(s,t)B(ZTZ)"'BT; and (b) CTBYt) and B(Z"Z)"'BT are invariant to the
choice of the decompositions of X as defined in (7.48).

7.3.4  Tests of Testable Linear Hypotheses
Consider the testable GLHT problem (7.32). By (7.51), it can be expressed as

Hy:Bo(t) =c(t), versus H;:Bgp(t) # c(t), for somet € T, (7.53)

where B = CRT(RRT)~!. The above problem can be tested using the
methodologies developed in Chapter 6 based on the full-rank FLM (7.49).

Notice that by Theorem 7.8, CB(t) = Bé(t) and P, = Py =
X(XTX)~XT are invariant to the choice of the reparameterization (7.48).
It follows that

SSH,(t) = [Bo(t) - } [B(z"2)'B"] " [Bo(t) - c(t)]
SSEq(t) (n— k)ﬁ(t t)=y(t)" (I, — Pz)y(t),

are also invariant. Therefore, the test results will be invariant to the choice of
the reparameterization specified by (7.48).

An application of the reparameterization method to the audible noise data
resulted in exactly the same results as those shown in Example 7.5.

7.4 Side-Condition Method
7.4.1 The Methodology

Under the non-full-rank FLM (7.1), the side-condition method aims to impose
some side-conditions on B(t) so that the normal equation system (7.6) has a
unique solution. Those side-conditions must be nonestimable functions of 3(t).

Under the non-full-rank FLM (7.1), the design matrix X : n x (p + 1) is
ill-conditioned with rank k < p+ 1 < n. Therefore, the deficiency in the rank
of X'is (p+1—k). In order to make the solution to the normal equation system
(7.6) unique, we must define the side-conditions that make up this deficiency
in rank. Accordingly, we define the following side-conditions:

W§(t) =0, (7.54)

where W = [wy, wo, -, Wpi1-x)7 1 (p+1—Fk) x (p+1) is a full- rank matrix
such that each of wl' 3(t),i =1,2,---,p+ 1 — k is nonestimable.

Theorem 7.9 Under the non-full-rank FLM (7.1) and the side-condition

(7.54), the normal equation system (7.6) has a unique solution B, (t) =
(XTX + WIW) 1 XTy(t).
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Based on ,@W(t), the vector of the fitted subject-effect functions is given
by

‘A’w(t) = Y(t) - Xaw(t) = Y(t) - Px\wY(t) = (In - Px\w)Y(t)v (7'55)

where
Pyjw = X(XTX + WIW) !XT, (7.56)

Theorem 7.10 Under the non-full-rank FLM (7.1), we have Pyjw = Px =
X(XTX)"X”.

Theorem 7.10 says that Py|w is a rank-k projection matrix of X and it
is invariant to the choice of W. From the proof of Theorem 7.10, we see that
3w(t) essentially specifies a particular solution to the normal equation system
(7.6) by imposing the side-condition (7.54). Theorem 7.10 also indicates that
the vector of the fitted subject-effect functions (7.55) is invariant to the choice
of W. Therefore,

{’W(S)T‘A’W(t) = Y(S)T (In - Px|w) Y(t)
= y(5)" (I = Px)y(t) = v(s)" (I, — Px) v(t).

It follows that the unbiased estimator of the covariance function (s, t) is given
by

A (8:t) = (n—E) " Nw(s)Tvw(t) = (n—k) " ty(s)T (In — Px|w) y(t), (7.57)

which is invariant to the choice of W.

7.4.2  Methods for Specifying the Side-Conditions

We now describe some methods for specifying the side-condition (7.54). When
there are more than (p + 1 — k) components of B(t) : (p+ 1) x 1 that are
not estimable, we can find (p + 1 — k) nonestimable linearly independent
components from B(t) directly to form W3(t) and to determine W.

When it is not easy to see which components of 3(¢) are nonestimable,
we can determine W by using the & linearly independent rows (7.15) of X or
equivalently using the matrix R (7.17). Let the k linearly independent rows
of X be xI",---,xI as given in (7.15). Find

W17W2,"',Wp+1,k (758)

from RP™ so that Xiy sty Xy, W1, 0+, Wpp1—p are linearly independent. Set
W = [wyi, W, -, Wpi1—k)T. Then WS(t) = 0 is the desired side-condition.
In practice, the [(p 4+ 1) — k] linearly independent vectors (7.58) of R '
can be obtained using a simple method similar to the one for finding the k
linearly independent rows of X as described in Section 7.2. We can use the
rows of the identity matrix I, that form a natural linear basis of the (p+1)-
dimensional Euclidean space R¥T'. We first check if the first row of I, is



SIDE-CONDITION METHOD 263

linearly independent with X“, z;,- . Xﬁ. If it is a “yes,” we set it as w7 ;

otherwise, we try the next row of I,,; ;. We continue this process until we find
[(p+1) — k] rows of I,4; to obtain (7.58).

We can also use the SVD (7.7) of X to specify W. Based on (7.7), we can
write X = ZR with Z and R as defined in (7.50) so that R3(t) is estimable.
Set W = (0,I,41-) VT : [(p+1) —k] x (p+ 1), where V: (p+1) x (p+1)
is the orthonormal matrix defined in (7.7). Then

(B)-(%F W)
w 0 Ip+1—k

is a full-rank matrix. It follows that each component of W/3(t) is nonestimable
and hence W3(t) = 0 gives a desired side-condition.

X

Example 7.8 For the one-way functional ANOVA model (7.2), each of the
components of B(t) = [n(t),a1(t), -, aq()]T : (a + 1) x 1 is nonestimable
as shown in Ezample 7.3 and we have rank(X) = a. In this case, by the first
method mentioned above, we only need to find the (a+1)—a = 1 nonestimable
component from B(t). When we take W3(t) = n(t), we have W = e, ,, and
when we take WB(t) = a;(t) for 1 <i < a, we have W = e, ...

Example 7.9 For the audible noise data, based on the matriz R given in
(7.25), by the second method mentioned above, the side-condition matric W
is found to be

1000O0O0OO0OOCOOOOGOOOQ
0100O0OO0OOO0OOCOO0OGOCOTO OO
00010O0O0OO0OO0OCOO0OGOO0OO0OOQO0

W = 000O0O0OT1TO0O0OO0OO0OO0OGO0OO0OTO0OO®O0 (7.59)
0000O0OO0OO0OT1TO0OO0OO0OGO0OO0OTO0OO®O0
0 0o00O0OO0OO0OO0OO0ODT1TO0O0OO0OO0OOQO0
0000O0OO0OO0OO0OO0ODO0OO0OT1TO0OO OO

Then a desired side-condition is given by WB(t) = 0.

7.4.8 Invariance of the Side-Condition Method

It is obvious that ﬁw(t) depends on the choice of W. However, it is not so
obvious if CB, (t) depends on the choice of W when C3(t) is estimable. The
following theorem gives an answer.

Theorem 7.11 Let C: ¢ x (p+1) be a full-rank matric with rank(C) = ¢ <
k < p+1 < n such that C,B(t) 1s estimable. Then under the non-full-rank FLM
(7.1), we have that (a) CPBy, (t) is an unbiased linear estimator of CB(t) with
Cov |CBy (5), CBy (1] = (s, )C(XTX + WIW)TICT; and (b) CBy (1)
and C(XTX + WTW)~1CT are invariant to the choice of W.
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Theorem 7.11 says that provided CB(t) is estimable, C3,, (t) will be the
same for different choices of W. This invariance property is important for
the side-condition method as different ways can be used to specify the side-
condition (7.54) as shown in the previous subsection, and the final inference
results will not be affected by different choices of the side-condition.

7.4.4 Tests of Testable Linear Hypotheses

Under the non-full-rank FLM (7.1) with rank(X) = k < (p+ 1) < n, consider
the testable GLHT problem (7.32) by the side-condition method. From The-
orem 7.9, we have B, (t) = (XTX + WIW)~1XTy(t). By Theorem 7.11, we

have E [Cﬁw(t) — c(t)} = Cp(t) — c(t) and
Cov [CBW(S) —c(s), CBy (1) — c(t)] = 7(s,)C(XTX + WTW)~1CT.

By Theorem 7.11 again, C(XTX + WTW)~1CT is a full-rank matrix of rank
q. Thus, we can set the following pivotal test function for (7.32):

2w (t) = [C(XTX + WTW)~1cT]/? [C,@W(t) - c(t)] . (7.60)

The mean function vector and the covariance function matrix of z (t) are
given by
M.pw(t) = [CXTX + WTW)~LcT]/?

(CB() — c(t)],
T, w(s,t) = (s, t)I,. (7.61)

It says that the components of zy (t) are uncorrelated. Under the Gaussian
assumption, we have the following result.

Theorem 7.12 Assume that in the non-full-rank FLM (7.1), v(t) ~
GP,(0,7L,) and tr(y) < co. Then we have

Zw (1) ~ GPq(nz\wﬂfqu)a (n —k)yw(s,t) ~ WP(n —k,7).

Based on the above theorem, we can describe various tests for the testable
GLHT problem (7.32). Based on B, (), we define the following pointwise SSH
and SSE as

SSHowl(t) = [lzw()]? = [CRL (1) ()]
< [C(XTX + WIW)~1CT] [caw (1) = e(t)]
SSEnw(t) = (n—k)Aw(t,t) = [[Vw(t )H2 =y(t)" (@0 — Pxjw)y (1)
We have the following theorem stating that the associated integrated SSH and
SSE are x2-type mixtures.
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Theorem 7.13 Assume that in the non-full-rank FLM (7.1), v(t) ~
GP,(0,71,) and tr(y) < co. Under the null hypothesis in (7.32), we have

S SSHuw(B)dt 2 ST N A, AR,
[ SSEnw(t)dt £ S NE,, B, K2
where A1, -+, Ay, are all the positive eigenvalues of (s, t).

Using SSH,,w (t) and SSE, (), we can now present various tests for the
testable GLHT problem (7.32). They are nearly the same as those presented
in Section 7.2.4.

Pointwise F-Test The pointwise F-test for (7.32) is conducted using the
test statistic Fiw(t) = %%%,t € 7. Under the Gaussian assumption and
n'W

the null hypothesis in (7.32), we have
an(t) ~ qu_k,t eT.

The pointwise F-test can then be conducted accordingly.

L?-Norm-Based Test The L2-norm-based test for (7.32) uses the test statis-
tic

Thw = / SSHyu (t)dt.
T

Under the Gaussian assumption and the null hypothesis in (7.32), by The-
orem 7.13, we can approximate the null distribution of T, by the Welch-
Satterthwaite y2-approximation method described in Section 4.3 of Chapter
4 and obtain

(¥ _ ()
tr(y) tr(y®?)

The parameters § and k can be estimated using the naive method or the
bias-reduced method as described in Section 7.2.4 but replacing §(s, t) in the
expressions in (7.40) and (7.42) by 4 (s,t) given in (7.57). The L2-norm-
based test for (7.32) can then be conducted accordingly.

Thw ~ X5 approximately, where 3 = . d=qk.

F-Type Test The F-type test statistic is now defined as

_ J7SSH,uw(t)dt/q
[T SSE.w(t)dt/(n— k)

Under the Gaussian assumption and the null hypothesis in (7.32) and by
Theorem 7.13, we have

Fow

L ST A
Yot M Er/(n— k)’

Frow
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where A, b Xg, E. g kak, and they are all independent, and

AL, A2, -+, Ay, are all the positive eigenvalues of (s, t). It follows that the null
distribution of Fjw can be approximated by the two-cumulant matched F-
approximation method described in Section 4.4 of Chapter 4. By that method,
we have

Fow ~ Fyi (n—k)s approximately,

where & is obtained by the naive method or the bias-reduced method as de-
scribed above for the L2-norm-based test. The F-type test for (7.32) is then
conducted accordingly.

Bootstrap Tests As for the generalized inverse method, when the Gaus-
sian assumption is not valid, we can use some nonparametric bootstrap tests,
which are briefly described as follows. Let v}, (t),i = 1,2,---,n, be a boot-
strap sample randomly generated from the estimated subject-effect func-
tions D;w(t),7 = 1,2,---,n, the n-components of v (t),t € 7 as defined in
(7.55). Set viy (1) = [t (1), vy (1)) Compute y3, (f) = XBy, (1) +v3, (1
and B (t) = (XTX + WITW)~1XTy% (t). Then compute SSH . (t) =
~k N T Ak N
But) = Bu(®)] CTICXTX + WIW)ICT|LC B, (1) — By (1) and
SSE;w (1) = vy (6) (I, — Pyw)yi (t). Notice that the values of SSH,, (t)
and SSE; ., (t) are invariant to the choice of W. The pointwise bootstrap test

statistic, the L?-norm-based bootstrap test statistic, or the F-type bootstrap
test statistic can then be computed as

SSH. w (1)/g

Frw(t) = Ew(t)/(n—k)’ Trw = J7 SSH; (t)dt, or
y IT SSH?  (t)dt/q

"W T SSELw (dt/ (k)

Repeat the above bootstrapping process a large number of times, calculate
its 100(1 — «)-percentile, and then conduct the pointwise bootstrap test, the
L?-norm-based bootstrap test, or the F-type bootstrap test accordingly.

An application of the side-condition method to the audible noise data
resulted in exactly the same results as those presented in Example 7.5.

7.5 Technical Proofs

In this section, we outline the proofs of the main results described in this
chapter.

Proof of Theorem 7.1 Assertion (a) is obvious. Assertion (b) follows from
EB(1) = (X"X)"X"E[y(t)] = (X"X)"X"XB(1),

which depends on (X7X)~ and is not equal to B(t). We now show Assertion
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(c). Suppose we have a linear function Ay(¢) that estimates (3(¢) unbiasedly.
Then we have

B(t) = E[Ay(1)] = E[AXB(1) + Av(1)] = AXB(1).

As this must hold for all possible B(t), we must have I,1; = AX. Then
p+ 1 =rank(I,;1) = rank(AX) < rank(X) = k < p+ 1. This contradiction
implies that there does not exist A such that E[Ay(¢)] = B(t). Therefore,
B(t) is not estimable. The theorem is proved.

Proof of Theorem 7.2 If there exists a constant matrix A such that
C = AX, then E[Ay(t)] = AXB(t) = CB(t), showing that CB(t) is es-
timable. Conversely, if C3(t) is estimable, then there is a constant matrix
A : g x n such that E[Ay(t)] = CB(t). Under the non-full-rank FLM (7.1),
we have E[Ay(t)] = AX3(t). It follows that C3(t) = AX3(¢) holds for any
B(t) so that C = AX.

Proof of Theorem 7.3 For the first assertion, the “if” part is obvious.
We now prove its “only if” part. By Theorem 7.2, if C3(t) is estimable,
there exists a constant matrix A such that C = AX. As X = ZR, we
have C = AZR = BR as desired where B = AZ. To show the remaining
assertions, notice that when CB(t) is estimable, we have CR” = BRR".
The expression (7.20) follows immediately. However, when CB(t) is non-
estimable, we must have C # CRT(RRT)™!R, as otherwise, by setting
B = CRT(RRT)™!, we have C = BR which implies that C3(t) is estimable.
This contradicts the assumption that C3(t) is nonestimable. The theorem is
proved.

Proof of Theorem 7.4 By Theorem 7.2, if C3(t) is estimable, there exists
a constant matrix A such that C = AX. By (7.13), we have

E[CBW)] = CXTX)"XTXB(t) = APLXB(1)
S = axsm=cao),
Cov [C,@(s),Cﬁ(t)} = (s, )C(XTX)"XTX(XTX)~CT
— (s, ) AX(XTX)"XTX(XTX)"XTAT

t)
= (s, ) AX(XTX)"XTAT
= (s, t)C(XTX)~CT.

This proves (a). To show (b), let G; and Gy be any two generalized inverses
of XTX and set B;(t) = G;XTy(t) and B4(t) = GoXTy(t). Then by (7.12),
we have XG1 X7 = XG,XT = Py. It follows that we have

CB,(t) — CBy(t) = C(G1 — Go)XTy(t) = A(XG1 X" — XG, X )y (t) =0,
CG,CT — CG,CT = C(G — Gy)CT = A(XG,XT — XG,XT)AT = 0.

This shows (b). We now show (c). As C = AX and PxX = X, we have C =
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C(XTX)~XTX. Using the fact that rank(S;Ss) < min [rank(S;), rank(S»)],
we have
rank(C) < rank [(CX”"X)~X"] < rank(C),

implying that rank [C(X*X)~X”] = rank(C). Using the fact that rank(S) =
rank(SST), we have

g = rank(C) = rank(C(XTX)~XT)
= rank [C(XTX)"XTX(X"X)~CT]
= rank [APxA”] = rank [C(XTX)~CT].

This shows (c). The whole theorem is proved.

Proof of Theorem 7.5 It is easy to show that CA(t) = CB(t) +
C(XTX)"XTv(t). As v(t) ~ GP,(0,71,), we have C[3(t) — B(t)] ~
GP,(0,7C(XTX)~CT). We then have z(t) ~ GP,(n,,7I,). By (7.31), we
have (n—k)y(s,t) = v(s)T (I, —Px)v(t). As I, — Px is an idempotent matrix
with rank n — k, by Theorem 4.8, we have (n — k)3(s,t) ~ WP(n —k,~). The
theorem is proved.

Proof of Theorem 7.6 Under the given conditions and by Theorem 7.5,
we have z(t) ~ GP,(0,~1,) and (n — k)5(s,t) ~ WP(n — k,7). Then by
Theorem 4.10 we have

/ SSH"(t)dt:/ lz(t)]2dt £ 3N A, A K2
T T r=1

where A, 7 = 1,2, ---,m are all the positive eigenvalues of (s, t). Similarly, by
Theorem 4.5, we have [ SSE, (t)dt = tr[(n—k)A] 4 S MELE, kg X2,

as desired. The theorem is proved.

Proof of Theorem 7.7 As X = ZR = ZR with Z : n x k, R : kx (p+1),%Z :
nxkand R : kx (p+1) are full-rank matrices with rank k, we have that RR’
is a full-rank matrix and ZRRT = ZRRT. It follows that Z = ZQ where

Q= RRT(RRT)_l is unique and full-rank. We then have ZR = ZQR and
hence ZTZR = ZTZQR. As ZTZ is a full-rank matrix, we have R = Q 'R.
Assertion (a) is proved.

To show (b), let Z* and R* denote the matrices Z and R defined in (7.50)
obtained using the SVD (7.7). For this particular decomposition, by (7.12)
and (7.50), it is straightforward to show that

P, =222z =U < I(;“ g > Ut =p,. (7.62)

Let X = ZR be any decomposition of X such that Z : nxkand R : kx (p+1)
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are full-rank matrices with rank k < p+1 < n. By (a), there is a unique full-
rank matrix Q : k x k such that Z = Z*Q and R = Q 'R*. It follows
that

P, = Z(Z'2)'7Z" =7°Q[(Z'Q)7(z°'Q)] ' (z'Q)”
Z*(z*Tz*)flz*T — Pz* — Px'

The theorem is proved.

Proof of Theorem 7.8 First of all, we have E¢(t) = ¢(t) and
Cov(p(s), d(t)) = (s, t)(ZTZ)~ . Tt follows from (7.52) that
_ ECB(l) = Bo(t) =CA(),
Cov [c (s),Cﬁ(t)} = (s,t)B(27Z)" BT,

where B = CRT(RRT)~!. Assertion (a) is proved. To show (b), let Z* and
R* be as defined in the proof of Theorem 7.7. Then by Theorem 7.7, there
exists a unique full-rank matrix Q : kxk such that Z = Z*Q and R = Q" 'R*.
It follows that

RT(RRT)fl(ZTz)flzT — R*T(R*R*T)71(Z*TZ*)ilz*T7
B = CRT(RRT)71 — CR*T(R*R*T)—l — B*Q7

Therefore,
CB(t) = CRY(RRT)N(Z"Z)"'Z"y(t)
= CRT(RRT)"YZ7TZ*) 2 Ty(t),
B(z"Z)"'BT = B*Q(QTZ*7Z*Q)"'(B*Q)T

— B*(Z*TZ*)le*T.
The theorem is proved.

Proof of Theorem 7.9 As each of w!'B(¢),i = 1,2,---,p+ 1 — k is nones-
timable, the rows of W and the rows of X must be linearly independent be-
cause otherwise, there exists one w; such that w! = al X for some a; : n x 1,
meaning that w? B3(t) is estimable. It follows that the matrix

(éﬁ,):(pﬂ)xmwﬂ—k)

is a full-rank matrix with rank p + 1. Therefore,

T
X X —e T
(W> (W)_XX+WW

is a full-rank matrix with rank p + 1 and hence is nonsingular. As WW7T :
(p+1—k)x (p+1—k) is full-rtank, WB(¢) = 0 if and only if W' Wg(t) = 0.
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It follows that under the side-condition (7.54), the normal equation system
(7.6) is equivalent to the following equation system:

(XTX + WIW)B(t) = XTy(t),

which has a unique solution 3, (t) = (XTX+WTW)~1XTy(t). The theorem
is proved.

Proof of Theorem 7.10 By (7.14), any solution to the normal equation sys-
tem (7.6) can be expressed as GXTy(t), where G denotes any one of the gener-
alized inverses of X”X. By Theorem 7.9, B, (t) = (XX +WTW)~1XTy(t)
is one of the solutions to the normal equation system (7.6), which also satisfies
the side-condition (7.54). Therefore, there must exist a particular generalized
inverse of X7X, namely Gy, such that

Bw(t) = (XTX + WTW)_IXTY(t) - GWXTY(t)v
which holds for any y(¢). It follows that we must have (XTX+WTW)~1XT =
GwX”. We then have Py = X(XTX + WIW)1XT = XGyX” = Py

due to the fact that Px = X(X7X)~ X" = XGX is invariant to the choice
of any generalized inverse G of XTX. The theorem is proved.

Proof of Theorem 7.11 By Theorem 7.2, if C3(t) is estimable, there exists
a constant matrix A such that C = AX. Then by Theorem 7.10, we have

CBy (1) = AX(XTX + WTW) X y(t)

= APx|wY(t) = APXY(t) = Cﬁ(t), (7.63)
CXTX +WITW)~ICT = AX(XTX + WITW) IXTAT

= AP, wA = AP AT = C(XTX)~C7T,

where B(t) = X(XTX)"XTy(t) as defined in (7.14). It follows from (7.63)
and Theorem 7.4 that (a) B [CBW(t)} =E [CB(t)} = CA(t) and

Cov [CBW(S), c[sw(t)} = Cov [cfa(s), c[a(t)}
=7(s,t)C(XTX)~CT = 7(5,t)C(XTX + WI'W)~'CT;

and (b) CBy (t) and C(XTX + WTW)~'CT are invariant to the choice of
W. The theorem is proved.

Proof of Theorem 7.12 From the proof of Theorem 7.11, we have CBW(t) =
CB(t) + C(XTX + WITW)~1XTv(t). As v(t) ~ GP,(0,7L,), we have
ClBw(t) — B(t)] ~ GP,(0,7C(XTX + WTW)~LCT). We then have zy (t) ~
GPy(n.w>7Lg)- By (7.57), we have (n— k)3, (s, ) = v(s)" (I, — Px)v(t). As
I, — P is an idempotent matrix with rank (n — k), by Theorem 4.8, we have
(n — k)yw(s,t) ~ WP(n — k,v). The theorem is proved.
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Proof of Theorem 7.13 Under the given conditions and by Theorem 7.12,
we have zy (t) ~ GP4(0,7L,) and (n — k)y (s,t) ~ WP(n — k,7). Then by
Theorem 4.10, we have

/TSSHnW(t)dt:/T|\zw(t)|\2dtiZ/\TAT, A4, 2

r=1

where \.,r = 1,2,---,m are all the positive eigenvalues of 7(s,t). Similarly,
by Theorem 4.5, we have [ SSEpw (t)dt = tr[(n—k)3] 4 > ANE B, i

X?% i as desired. The theorem is proved.

7.6 Concluding Remarks and Bibliographical Notes

In this chapter, we discussed the generalized inverse, reparameterization, and
side-condition methods for ill-conditioned functional linear models. These
methods can be used to handle the functional ANOVA problems discussed
in Chapter 5 in a unified manner provided that the non-full-rank design ma-
trix can be efficiently specified.

The non-full-rank FLM (7.1) may be handled by deleting some columns of
the design matrix so that it becomes a full-rank FLM. This method is similar
to the side-condition method in spirit by setting some coefficient functions
to be 0. When the functional data were collected from a fractional factorial
design with each factor having two levels, one can just delete all the columns
in the design matrix that are associated with the second levels of the factors.
Nair et al. (2002) adopted this method when they analyzed the audible noise
data using a pointwise F-test. Shen and Xu (2007) adopted this method when
they analyzed the audible noise data using an F-type test.

7.7 Exercises

1. Consider the non-full-rank FLM y(t) = X3(t) + v(t), where

11010 n(t)
1100 1 on(t)

Bi(t)
101 0 1 Ba(t)

(a) Show that rank(X) = 3 and find three linearly independent
rows of X.

(b) Show that a4 (t) — as(t) and B1(t) — Fa(t) are estimable.
(¢) Show that n(t), ay(t), as(t), F1(t) and F2(t) are nonestimable.
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2. Consider the following one-way functional ANOVA model:

yij(t) = ’I](t) + Oéi(t) + Uij(t)7t S T,j =1,2;0=1,2. (764)

Set y(t) = [y11(t), yr2(t), y21 (£), y22()]", B(t) = [n(t), ar(t), aa ()],
and V(t) = [’Ull(t), V12 (t), V21 (t), V22 (t)]T
(a) Identify the design matrix X such that the one-way functional
ANOVA model (7.64) can be written as y(t) = X3(t) +v(t).
(b) Show that X has rank 2 and hence it is a non-full-rank matrix.
(¢) Find two linearly independent rows of X to form the matrix
R and then determine the matrix Z so that X = ZR.
(d) Determine the reparameterization matrix R for the reparam-
eterization transformation ¢(t) = [n(t)+a1(t), n(t)+aa(t)] =
RA(t) and then determine Z such that X = ZR.

3. Consider the non-full-rank FLM defined in Exercise 1.

(a) Given n(t) = 0, find B, (t) and [0,1,—1,0,0]8y(t).
(b) Given oy (t) = 0, find B, (t) and [0,1,—1,0,0]3, (¢).
(¢) Given By (t) =0, find B, (t) and [0,1, —1,0,0]3,, (£).

4. Consider the one-way functional ANOVA model defined in Exercise 2.

(a) Given n(t) =0, find By (¢) and [0,1,—1]B, (t).

(b) Given oy (t) =0, find By, (t) and [0, 1, —1]@w(t).

(¢) Given az(t) =0, find By, (t) and [0,1,—1]Bw(t). )

(d) Given aq(t) + as(t) =0, find By, (t) and [0,1, —1]B8, (t).

5. For the one-way functional ANOVA model (7.2), we have R = [1,,1,].
Find W such that W3(t) = 0 is a desired side-condition.

6. For the audible noise data, consider conducting the F-type test for
the main-effect contrast functions of the seven factors using only the
data information presented in this chapter.

(a) Compute the test statistics F, (7.43) for the testing problem
(7.44) with i = 1,2,---,7, respectively.

(b) Compute the associate approximate degrees of freedom by
the naive method and the bias-reduced method.

(¢) Compute the associate P-values using computer software, for
example, S-PLUS, R, or MATLAB®.

(d) Compare the results with those listed in Example 7.5.



Chapter 8

Diagnostics of Functional Observations

8.1 Introduction

Suppose we have a functional data set with n cases:

xIyi(t), t€eT,i=1,2,---,n, (8.1)
where x;,4 = 1,2,---,n denote the observed (p + 1)-dimensional covariates
or predictors, and y;(t),7 = 1,2,---,n are the associated response functions

over 7, a compact support of t. As in Chapter 6, in many situations, the
relationship between the response functions and the covariates can be modeled
using the following functional linear model (FLM):

“EESP(0,4),t € T, (8.2)

yi(t) = x; B(t) + vi(t), vi(?)
where the vector of coefficient functions B(t) = [Bo(t), B1(t), - -, B,(t)]T mod-
els the effects of covariates and v;(t),7 = 1,2,---,n denote the subject-effect
functions that are not explained by the linear term x7 3(t). In the studies of
Chapter 6, we made an implicit assumption that each case [x7,y;(¢)] in (8.1)
follows the FLM (8.2) well. In practice, however, this assumption may be not
satisfied by all the cases in (8.1); rather, there are some unusual cases in (8.1)
that do not follow the FLM (8.2) closely.

Example 8.1 Figure 8.1 displays n = 60 reconstructed right elbow angle
curves of the ergonomics data introduced in Section 1.2.8 of Chapter 1 and
analyzed in Chapter 6 using the FLM (6.1) with p+1 = 10 covariates formed
by the coordinates of the targets that the mobile driver wanted to reach. Curve
37 is highlighted as a wide dashed curve as it is quite different from other
curves in shape. It is suspected to be an unusual curve that does not follow the
FLM (6.1) well. Figure 8.2 displays the first four fitted coefficient functions
and their 95% confidence bands, computed using all the data (solid) or with
Curve 37 excluded (dashed). The effects of deleting Curve 37 are easily spot-
ted, especially when t takes values around 0.5. That is why in the statistical
analysis conducted in Chapter 6, Curve 37 was removed to guarantee that the
associated inferences are reliable.

273
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170

= = = Curve 37
Other curves

Figure 8.1 Reconstructed right elbow angle curves of the ergonomics data. Curve 37

is highlighted as a wide dashed curve as it is very different from other curves in
shape.

(@) B0 (b) B0
150 0.1
Curve 37 included

— — — Curve 37 excluded 0.08

140 0.06

0.04

0 0.2 0.4 0.6 0.8 1

Figure 8.2 First four fitted coefficient functions with their 95% confidence bands,
computed using all the ergonomics data (solid) or with Curve 37 excluded (dashed).

The effects of deleting Curve 37 are easily spotted, especially when the time t takes
values around 0.5.
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As in the above example, analysis with unusual cases may lead to mislead-
ing conclusions. In this chapter, we aim to develop some diagnostics method-
ologies to detect and examine these unusual cases.

For further discussion, we write the FLM (8.2) in matrix notation as fol-
lows:

y(t) = XB(t) + v(t), v(t) ~SP,(0,71,),t €T, (8.3)
where
yt) = [y(t),y2(t), - 7yn(t)]T7
V(t) = [Ul (t)a U2 (t)a T 7vn(t)]Ta
X = [X1;X27"’,XH]T’

are known as the vector of response functions, the vector of subject-effect
functions, and the design matrix, respectively. For simplicity, throughout this
chapter, we assume that the design matrix X : n x (p+1) is full rank and time
independent. It would be straightforward to extend the methodologies studied
in this chapter to the cases when X is non-full rank and time dependent. See
Chapter 6 for FLMs with time-dependent design matrices and Chapter 7 for
FLMs with non-full-rank design matrices.

As in classical linear regression models, unusual cases in a functional data
set (8.1) for the FLM (8.3) may be classified as high-leverage, outlying, or
influential cases. A high-leverage case is a case [x7,y;(t)] with high leverage,
that is, whose covariates take extreme values. The leverages of the cases in
(8.1) are defined as the diagonal entries

hiiai:1:2a"'7na (84)
of the hat or projection matrix
H = (h;) = Px = X(XTX)"!'X7, (8.5)

associated with the FLM (8.3). Thus, as in classical linear regression models,
high-leverage cases are usually related to the design matrix X only. They can
be easily identified by a scatterplot of the leverages (8.4). Furthermore, the
high-leverage problem can be avoided by properly designing the associated
experiment or the functional observation collection process for the functional
data set (8.1). Thus, in this chapter, we do not discuss how to detect high-
leverage cases for the FLM (8.3).

An outlying case in a functional data set (8.1), on the other hand, is a
case [x!,y;(t)] that does not follow the FLM (8.2) well. The associated re-
sponse function y;(t) may take extreme values over 7 or may be very different
from other response functions in shape or in other geometrical structures. For
example, in the ergonomics data set, the case associated with Curve 37 (see
Figure 8.1) looks like an outlying case as Curve 37 is very different from other
curves in shape. The response function of an outlying case is also known as a
functional outlier or simply an outlier. Notice that on the one hand, functional
outliers may be functions with gross errors resulting from recording or typing
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mistakes. These gross errors should be identified and corrected whenever pos-
sible. They, on the other hand, may be “true” functions in the sense that they
are not due to gross errors but are somehow suspicious or surprising as they
look like they do not to follow the same FLM (8.2) as the rest of functions.
For this kind of functional outlier, some further analysis is needed to discover
what source generates these so-called outliers.

A case in a functional data set (8.1) is considered an influential case if its
deletion will cause a big change in the fit to the FLM (8.3). Later we will know,
as in classical linear regression models, that an influential case [x7,y;(t)] in a
functional data set (8.1) can be a high-leverage case (when x; is an outlier),
an outlying case (when y;(t) is an outlier), or both (when both x; and y;(t) are
outliers). As in classical linear regression models, when we fit the FLM (8.3),
we should avoid situations where the fit to the FLM (8.3) is overly determined
by one or a few influential cases.

In this chapter, we study how to identify outlying and influential cases
in the functional data set (8.1) with respect to the FLM (8.3). We first de-
scribe three different kinds of residual functions in Section 8.2. In Section 8.3,
we discuss several methods for functional outlier detection, including a stan-
dardized residual-based method, a jackknife residual-based method, and some
functional depth-based methods. Influential case detection is studied in Sec-
tion 8.4. How to obtain the robust estimators of the coefficient and covariance
functions for the FLM (8.3) is briefly discussed in Section 8.5. Technical
proofs of two main results are given in Section 8.7. Some concluding remarks
and bibliographical notes are given in Section 8.8. Exercises for this chapter
are listed in Section 8.9.

8.2 Residual Functions

In this section, we introduce three kinds of residual functions with respect to
the FLM (8.3) and the functional data set (8.1). These residual functions will
be used to construct various measures for detecting if there are some unusual
cases in the functional data set (8.1). Notice that, throughout this chapter,
when we say “under the FLM (8.3),” we mean that “there are no unusual
cases in the functional data set (8.1) with respect to the FLM (8.3).”

8.2.1 Raw Residual Functions

By Chapter 6, the vector of fitted response functions for the FLM (8.3) can
be expressed as

y(t) = XB(t) = Pxy(t), (8.6)

where Py is the associated projection matrix as defined in (8.5). It follows
that the vector of raw residual functions can be expressed as

(1)
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These raw residual functions measure how close the FLM (8.3) fits the func-
tional data set (8.1). It is easy to see that under the FLM (8.3), we have
Ev(t) =0 and

Cov [v(s),v(t)] = (I, — Px)7(s, ). (8.8)
That is, under the above assumption, for ¢ = 1,2,---,n, we have Ed;(t) = 0
and

Cov (0i(s), 0i(t)) = (1 = hii)v(s,1), (8.9)

where h;; denotes the ith leverage as given in (8.4). It is seen that for
i=1,2,---,n, the ith raw residual function 0;(s) follows SP(0, (1 — hs)7), a
stochastic process with mean function 0 and covariance function (1—h;;)v(s,t)
that depends on the design matrix X through the ith leverage. As usual, the
unbiased estimator of (s, t) is given by

Mot) = (n—p—1)"L X b))
= (n—p— 1)y (T, - Py)y(t). (8.10)

8.2.2 Standardized Residual Functions

It is not a good idea to use the raw residual functions v;(t),i = 1,2,---,n
directly to construct measures for detecting unusual cases as these raw residual
functions have different distributions. To overcome this difficulty, we define the
following standardized residual functions:

Zi(t):@i(t)/\/l—h,‘i7i=1,2,“',%, (811)

so that these standardized residual functions have the same mean and covari-
ance functions. In particular, under the FLM (8.3) and the Gaussian assump-

tion:
ii.d

U1 (t)v U2(t)7 T Un(t) ~ GP(07 ’7)7 (812)

we have
zi(t) ~ GP(0,v),i=1,2,---,n. (8.13)
Notice that even under the Gaussian assumption (8.12), z;(¢),7i = 1,2,---,n

are not mutually independent. In the next section we will use these standard-
ized residual functions to define various measures for detecting outlying and
influential cases in the functional data set (8.1).

8.2.3 Jackknife Residual Functions

We can also define jackknife residual functions. Let X(=9), y(*i)(t), and
v(*i)(t), respectively, denote the design matrix X, the vector of response
functions y(t), and the vector of subject-effect functions v(¢) in the FLM
(8.3) after the ith rows are deleted. In this case, the FLM (8.3) can be written
as ‘ . )
yOOUE) = XTI + v (1),

VED(t) ~ 8Py (04T, 1)t € T. (8.14)
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Let ﬁ(_i)(t) be the estimator of B(¢) computed under the FLM (8.14):

(=i ) .\ 1 ) )
3 )(t):(x(ﬂ)TX(fz)) X DTy (=) p).

Then the prediction of the ith response function y;(t) using all the cases except
[xF,y;(t)] is given by

(=i ~(—1) i —i)\— i —i
90 =xIB 7 (1) = xF(XEITXED) T IXOTy (C0(p),

The prediction error function is then given by

o0 () = ya(t) — 9. (8.15)

K3

Obviously, we have E [ﬁz(-_i)(t)} = 0. Notice that y;(t) and g(._i)(t) are inde-
pendent as computation of gjg_i)(t) does not involve the ith case [xI, y;(t)]. It
follows that the covariance function between @,E*Z)(s) and @gﬂ)(t) is given by

p(s,t) = Cov [@f“(s),@f”(ﬂ}
[1+ I (XEITXED) "] 5 (s, 8).

(8.16)

Therefore, 5\~ " (t) follows SP(0, p(~?)), a stochastic process having mean func-
tion 0 and the covariance function p(~") (s, ) that depends on the ith case and
the whole design matrix X. Notice that under the FLM (8.14), the unbiased
estimator of y(s,t) is given by

37 (s,t) = (n—p = 2)7 'y () (Tu1 = Py )y 0 (1), (8.17)

obtained using all the data except the ith case [x7,y;(t)].

As for the raw residual functions, it is not a good idea to use the pre-
diction error functions ﬁl(*i)(t),i =1,2,---,n directly to construct measures
for detecting unusual cases as these prediction error functions have different
covariance functions. To overcome this difficulty, using (8.16), we define the

following jackknife residual functions:
_ 3 ()
V14T [XETXE]

L i=1,2,--,n, (8.18)

so that they have the same mean and covariance functions. In particular,
under the FLM (8.3) and the Gaussian assumption (8.12), we have

270(t) ~ GP(0,7),i = 1,2, ,n. (8.19)
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8.3 Functional Outlier Detection

In this section, we introduce several methods for functional outlier detection
based on the standardized and jackknife residual functions defined in the pre-
vious section. As in outlier detection in classical linear regression models,
functional outlier detection depends on an ordering of the response functions
in the functional data set (8.1) with respect to the FLM (8.3). To order these
response functions, we need to introduce some measure for the outlyingness
of these response functions with respect to the FLM (8.3). An outlyingness
measure defines a way to order the response functions in the functional data
set (8.1) from center to outward so that those response functions near the
center have smaller outlyingness measures and those response functions far
from the center have greater outlyingness measures. For the FLM (8.3), an
outlyingness measure determines how well a case [x7,y;(t)] in the functional
data set (8.1) satisfies the FLM (8.3). In other words, for a case [x7,y;(t)],
the center is the conditional expectation of the FLM (8.3), which is given by

E [yi(t)|x:] = x] B(1).

Therefore, measuring how well a case [xI, y;(#)] fits to the FLM (8.3) is equiv-
alent to measuring how close the standardized residual functions

zi(t),1=1,2,--+ n, (8.20)
or the jackknife residual functions
Zz’(ii)(t)7i:1727"'7n: (821)

to a zero function that equals to 0 for any t € 7. In what follows we use these
standardized and jackknife residual functions to construct some outlyingness
measures for functional outlier detection for the FLM (8.3).

8.3.1 Standardized Residual-Based Method

The standardized residual-based method uses the squared L2-norms of the
standardized residual functions (8.20) as the outlyingness measures of the
response functions y;(t),i =1,2,---,n:

S2 = |z — 0|2 = /T 2()dti = 1,2, n. (8.22)

For easy reference, we call (8.22) the standardized residual outlyingness (SRO)
measures.

Remark 8.1 The underlying rationale for using the SRO measures for func-
tional outlier detection is as follows. When y;(t) is a functional outlier, the
case [xI,y;(t)] will not fit the FLM (8.2) well so that the ith standardized
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residual function z;(t) will be very large in absolute values over T, compared
with the majority of the standardized residual functions (8.20). In this case, the
value of S? will be very large, compared with the magority ofo,j =1,2,---,n.
Therefore, we can use the SRO measures (8.22) to assess how well the FLM
(8.2) fits the cases of the functional data set (8.1). The smaller the S? is, the
better the FLM (8.2) fits the case [xT,y;(t)].

A question arises naturally. How large is “large” for SRO measures (8.22)7
As in classical linear regression models, we can solve this problem by drawing
and analyzing the scatterplot of these SRO measures (8.22). Alternatively, we
can find the cutoff values or the P-values of these SRO measures (8.22) to de-
termine if they are “too large” under some criterion. The response functions
associated with “too large” SRO measures may be declared as functional out-
liers. For this purpose, we need to derive the distribution of the SRO measures
(8.22).

Theorem 8.1 Under the FLM (8.3) with tr(y) < oo and the Gaussian as-
sumption (8.12), fori=1,2,---,n, we have

SEEN NA, ARG,

r=1
where Ap,r = 1,2, m are all the positive eigenvalues of (s, t).

Theorem 8.1 shows that under the FLM (8.3) and the Gaussian assumption
(8.12), the SRO measures (8.22) follow a common Y2-type mixture. Thus,
we can approximate their common distribution using the methods described
in Section 4.3 of Chapter 4. In particular, by the Welch-Satterthwaite x2-
approximation method, we have

S% ~ Bx? approximately,i = 1,2,---,n,

where 02 )
t t

T d = 0
tr(7) tr(y%?)

In practice, the parameters  and x may be estimated by the naive method
and the bias-reduced method as described in Section 6.2.4 of Chapter 6. In
fact, the naive and bias-reduced estimators, namely § and &, of § and k are
given in (6.26) and (6.29), respectively, so that we have

8=

SZ ~ ﬁxi approximately,i = 1,2, -+, n. (8.23)

Using the above approximate distribution, for a given nominal significance
level a, the cutoff value for the SRO measures (8.22) is given by

Bxi(1 - a), (8.24)
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where as usual y7(1—a) denotes the 100(1—«) percentile of the x2-distribution
with d degrees of freedom. When a SRO measure in (8.22) is larger than the
cutoff value (8.24), the associated response function may be classified as an
a-outlier.

Remark 8.2 In practice, k may be not an integer. In this case, we can trun-
cate & into its nearest integer when it is very big; otherwise, we treat x2 as
a gamma distribution with scale parameter 1/2 and shape parameter /2 to
compute the cutoff value (8.24).

Remark 8.3 As in classical linear regression models, in the context of outlier
detection, the nominal significance level « is very subjective. It is used to
denote the mazimum false positive rate allowed for classifying a non-outlier
as an outlier. This number should not be too large and it often takes 5%, 1%,
or even 0.1% so that the false positive rate can be well controlled.

Alternatively, we can use the approximate distribution (8.23) to compute
the approximate P-values of the SRO measures (8.22). Let X ~ xZ. Then the
approximate P-values of the SRO measures (8.22) are given by

which can be used to quantify how close the FLM (8.3) fits the cases in the
functional data set (8.1).

In practice, the SRO measures (8.22) may be very large values. To over-
come this difficulty, we can rescale them by tr(%), resulting in the following
rescaled SRO measures:

We use tr(%) in the denominator due to the fact that under the FLM (8.3),
we have E (S?) = tr(y). In this case, the cutoff value for the rescaled SRO
measures (8.26) is now given by

Bxi(1—a)/tr(%), (8.27)

while the P-values of the rescaled SRO measures (8.26) are still given by (8.25).
Admittedly, in the above computation of the cutoff value and the P-values of
the rescaled SRO measures (8.26), the variation of tr(%) has not been taken
into account.

Example 8.2 For the ergonomics data presented in Example 8.1, we obtained
tr(4) = 1.7874e4 and tr(5%%) = 1.9746¢€8. By the bias-reduced method, we ob-
tained B = 1.0488¢e4 and ik = 1.6642. The upper panel of Figure 8.3 displays
the scatterplot of the rescaled SRO measures S'f,z = 1,2,---,n for the er-
gonomics angle curves under the FLM (6.1). The associated cutoff values for
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Figure 8.3 Outlier detection for the ergonomics data using the standardized residual-
based method. Panel (a) shows the scatterplot of SRO measure against curve number.
Panel (b) displays the histogram of the SRO measures. Both panels indicate that
Curve 37 is a functional outlier.

a = 5%,1%, and 0.1%, computed using (8.27), are 3.1233,4.9393, and 7.5692,
respectively. It follows that when o = 5%, there are more than three outliers;
when o = 1%, Curves 7 and 37 are outliers, and when o = 0.1%, only Curve
37 is an outlier. Therefore, the outliers detected based on the cutoff values are
a-dependent and hence is very subjective. In the upper panel of Figure 8.3, we
also labeled the approximate P-values of the three most outlying curves, com-
puted using (8.25). It is seen that these three most outlying curves are very
significant with their approximate P-values being 1.26%,0.80%, and 0.01%,
respectively.

The lower panel of Figure 8.3 displays the histogram of the rescaled SRO

measures 5”371 =1,2,---,n. This histogram seems to suggest that only Curve
37 is an outlier as the rescaled SRO measures of Curves 7 and 29 are much
closer to the majority of the rescaled SRO measures than that of Curve 37. To
further clarify if Curves 7 and 29 are outliers, we redrew all the right elbow
angle curves of the ergonomics data in Figure 8.4 with Curves 37, 7, and
29 highlighted in wide solid, dashed, and dotted curves. It is seen that both
Curves 7 and 29 have very similar shapes as the magjority of the ergonomics
angle curves but Curve 37 is very different from other curves in shape. Shen
and Faraway (2004) pointed out that Curve 37 is an outlier as the mobile
driver changed his mind about the target location in mid-reach. This is in
agreement with our detection.
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Figure 8.4 Reconstructed right elbow angle curves of the ergonomics data. Curves
37, 7, and 29 are highlighted as wide solid, dashed, and dotted curves, respectively.
Note that both Curves 7 and 29 have very similar shapes as the majority of the angle
curves while Curve 37 is very different from other curves in shape.

8.3.2 Jackknife Residual-Based Method

As the standardized residual-based method presented in the previous subsec-
tion, we can use the squared L2-norms Hzf_z) |I%,i =1,2,---,n of the jackknife
residual functions (8.21) as the outlyingness measures of the response func-
tions y;(t),7 = 1,2,---,n. Under the FLM (8.3) and the Gaussian assumption

(8.12), it is easy to show that for any i =1,2,---,n, ||z§_i) ||? follows a common
x2-type mixture as described in Theorem 8.1 for the SRO measures (8.22).
That is, we have

m
—i)y2 d ii.d.

”Zz( )H2 = Z)\TATv Ar ~ Xi (828)

r=1
where A, are the eigenvalues of (s, t). Therefore, the cutoff value (8.24) can
also be used for Hzgﬂ)HQ, and the P-values of ||zi(71)\|2,i =1,2,---,n can
also be computed using the formula (8.25). In other words, the standardized
residual-based method presented in the previous subsection works perfectly if

we replace the standardized residual functions z;(t),7 = 1,2, -+, n there with
the jackknife residual functions 2571)(t),i =1,2,---,n.

The jackknife residual-based method we discuss in this subsection uses the
following jackknife residual outlyingness (JRO) measures:

(=) 2
gm0 e (8.29)

Cou()
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where 47" (s,t) denotes the unbiased sample covariance function (8.17) com-
puted based on the FLM (8.14) after the ith case [xI,y;(t)] is excluded.

Remark 8.4 The underlying rationale for using the JRO measures for func-
tional outlier detection is along the same lines as that for using the SRO
measures (8.22) as stated in Remark 8.1. When y;(t) is a functional outlier,
it will not fit the FLM (8.2) well so that the ith jackknife residual function
zi(ﬂ’)(t) will be very large in absolute values over T, compared with the major-
ity of the jackknife residual functions (8.21). In this case, the value of J? will
be very large, compared with the majority of sz,j =1,2,---,n, too. Therefore,
we can use the JRO measures (8.29) to assess how well the FLM (8.2) fits
the cases of the functional data set (8.1). The smaller the J? is, the better the
FLM (8.2) fits the case [x1,y;(t)].

As for the SRO measures, to detect outlying cases in the functional data set
(8.1) with respect to the FLM (8.3), we can draw and analyze the scatterplot
of the JRO measures (8.29). Alternatively, we can compute the cutoff values
or the P-values of the JRO measures (8.29). The response functions with JRO
measures larger than some cutoff value or with P-values smaller than some
nominal false positive rate a may be declared functional outliers. Theorem 8.2
gives the distribution of the JRO measures (8.22) when the FLM (8.3) fits the
functional data set (8.1) well.

Theorem 8.2 Under the FLM (8.3) with tr(y) < oo and the Gaussian as-
sumption (8.12), we have

LB/ (n—p—2)
where \p,m = 1,2,---,m are all the m positive eigenvalues of v(s,t) and
A, ~ X%, B, ~ X%,p,Q,T =1,2,---,m are independent.

Theorem 8.2 is due to Shen and Xu (2007), although their theorem
is stated in a very different manner from ours. Theorem 8.2 states that
J?i = 1,2,---,n all follow the distribution of an F-type mixture. There-
fore, the distribution of these JRO measures can be approximated using the
methods discussed in Section 4.4 of Chapter 4. By the two-cumulant matched
F-approximation method described there, we have

J? ~ Fy (n—p—2)x approximately, (8.30)
2
where k = ttrr(wﬁgg . In practice, we can estimate the parameter x by the naive
method or the bias-reduced method as described in Section 6.2.4 of Chapter
6. The associated naive and bias-reduced estimators of x are given in (6.26)
and (6.29), respectively, so that we have

J? ~ Fi (n—p—2)x approximately,i =1,2,---,n. (8.31)



FUNCTIONAL OUTLIER DETECTION 285

Using the above approximate distribution, for a given «, the cutoff value for
the JRO measures (8.29) is then given by

Fg,(n_p_g),%(l — CM)7 (832)

where Fy, 4,(1 — ) denotes the 100(1 — «) percentile of the F-distribution
with d; and dy degrees of freedom. When a JRO measure in (8.29) is larger
than the cutoff value (8.32), the associated response function may be classified
as an a-outlier.

Alternatively, we can use the approximate distribution (8.31) to compute
the approximate P-values of the JRO measures (8.29). Let X ~ I (,—p_2)-
Then the approximate P-values of the JRO measures (8.29) are given by

P(X >J3),i=1,2,---,n, (8.33)

which can be used to quantify how close the FLM (8.3) fits the cases in the
functional data set (8.1).

Notice that when n is very large, it is time consuming to compute the JRO
measures J2,i = 1,2,---,n using (8.29) directly as we have to fit the FLM
(8.14) n times, each with one case deleted from the functional data set (8.1).

Fortunately, this can be avoided by a simple trick. By some simple calculation,
Shen and Xu (2007) showed that

~2
o — 92§,
tﬁzgﬁlli—ﬁiyiszunn, (8.34)

(n—p-1)-5;

where 5’? = S2/tr(§),i =1,2,---,n are the rescaled SRO measures (8.26).
An application of the jackknife residual-based method to the ergonomics

data results in the same results as those shown in Example 8.2. We leave this

as an exercise problem at the end of this chapter.

8.3.3 Functional Depth-Based Method

In functional data analysis, depth measures have been introduced by several
authors (Fraiman and Muniz 2001; Cuevas, Febrero, and Fraiman 2006, 2007)
for measuring the centrality of a function with respect to a sample of functions
generated from a stochastic process. These measures provide a way to order
functions in a functional sample from center to outward so that functions near
the center have greater depth measures and functions far from the center have
smaller depth measures. Thus, functional depth measures can be used to detect
outlying functions in a sample of functions. Obviously, the concept of depth
measures introduced here is opposite that of outlying measures introduced
in the previous subsection but they work in a similar manner in detecting
functional outliers by ordering functions in a functional data set properly.

In this subsection, we describe three functional depth measures that can
be used to detect outlying cases in the functional data set (8.1) with respect
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to the FLM (8.2). These three functional depth measures are closely related
to the three functional depths described by Febrero, Galeano, and Gonzalez-
Manteiga (2008) and proposed by Fraiman and Muniz (2001) and Cuevas,
Febrero, and Fraiman (2006, 2007), respectively. Notice that the three func-
tional depth measures described here are based on the standardized residual
functions z;(t),i = 1,2,---,n given in (8.11). The methodologies should work
quite similarly if we replace these standardized residual functions by the jack-
knife residual functions zfﬂ)(t),i =1,2,---,n given in (8.18).

Empirical Distribution-Based Depth This depth was originally proposed
by Fraiman and Muniz (2001) which can be used for detecting outliers from
a sample of functions (Febrero, Galeano, and Gonzalez-Manteiga 2008). It
is defined as the integration of some pointwise depth measures of a sample
of functions over a given range. For the FLM (8.2) based on the functional
data set (8.1), it can be defined based on the standardized residual functions
zi(t),t € T,i=1,2,---,n, which carry almost all the information about how
well the FLM (8.2) fits all the cases in the functional data set (8.1). For
any fixed ¢t € 7, it is well known that the empirical distribution function of
zi(t),i=1,2,---,n is given by

where I{A} is the indicator of a set A. Set
D(z(t)) =1—10.5 - F, (z(t)) |, (8.35)

which is a depth measure for assessing the centrality of z; () among the univari-
ate sample zq(t), z2(t), -, 2, (t). Then the associated pointwise depth mea-
sures for the standardized residual functions are given by

D(z(t)), i=1,2,---,n.

An integration of these pointwise depth measures gives the following empirical
distribution (ED) based depth measures:

Do (25) = /TD(zi(t))dtJ —1,2,m. (8.36)

Notice that in the examples presented in this chapter, the depth defined in
(8.35) for a univariate sample is generally adopted but it can be replaced,
for example, with the halfspace depth (Tukey 1975) HD(x) = min{F,,(x),1 —
F, ()} or the simplicial depth (Liu 1990) SD(z) = 2F,(z)(1 — F,,(z)), among
others, if desired.

Functional KDE-Based Depth This depth was originally proposed by
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Cuevas, Febrero, and Fraiman (2006) and can be used to detect functional
outliers from a sample of functions. Its key idea is to use the probability den-
sity function (pdf) of “a random function” surrounded by the rest of “random
functions” in a functional data set as a depth measure. In practice, this pdf
is unknown and may be replaced by a kernel density estimation (KDE) of the
function. That is why this depth is called a functional KDE-based depth.

For the FLM (8.2) based on the functional data set (8.1), the functional
KDE-based depth measures are defined based on the standardized residual
functions z;(t),t € T,i=1,2,---,n:

Dioe(zi) =n"" Y K (llzj — zll), i =1,2,---,n, (8.37)
j=1

where || - || denotes a functional norm, K, (t) = K(¢t/h)/h with K(t) a kernel
function, and h > 0 being a bandwidth.

Remark 8.5 To use (8.87), a functional norm | - ||, a kernel function
K(t), and a bandwidth h must be chosen. Following Cuevas, Febrero, and
Fraiman (2006), we can use the L?*-norm, the Gaussian kernel K(t) =
exp(—t2/2)/\/7/2,t > 0, and the bandwidth h being taken as the 15th per-
centile of the empirical distribution of {||z; — z;||%,i,j = 1,2, --,n}. Febrero,
Galeano, and Gonzalez-Manteiga (2008) pointed out that the functional KDE
(8.37) is not very sensitive to the choice of the bandwidth and a wide range of
values of h are appropriate with the only requirement that the bandwidth h be
not very small.

Remark 8.6 The Gaussian kernel K (t) = exp(—t2/2)/+/7/2,t > 0 used here
is different from the Gaussian kernel K(t) = exp(—t2/2)/v/2m,t € (—00,00)
used in the local polynomial kernel smoothing technique described in Chapters 2
and 3.

Remark 8.7 The underlying rationale for us to use the functional KDFE-based
depth measures (8.37) for functional outlier detection is that the probability
density of a functional outlier surrounded by the rest of the functions is ex-
pected to be very small compared with those of the majority of the remaining
functions.

Projection-Based Depth Cuevas, Febrero, and Fraiman (2007) proposed a
random projection depth for functional data classification. Febrero, Galeano,
and Gonzalez-Manteiga (2008) adopted this random projection depth for func-
tional outlier detection. The random projection depth measures for a func-
tional data set depend on a sequence of random projection directions gener-
ated from some stochastic process. Use of a sequence of random projection
directions, from a practical point of view, is not very convenient as it may
lead to different conclusions. To overcome this problem, here we propose a
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projection-based depth measure for outlier detection for the functional data
set (8.1) with respect to the FLM (8.2) based on a sequence of fixed projec-
tion directions. The projection-based depth measures are defined based on the
standardized residual functions z;(t),i =1,2,---,n given in (8.11).

Given a sequence of fixed projection directions

or(t),l=1,2,--- L, (8.38)

the projections of the standardized residual functions z;(t),i = 1,2,---,n are
given by the inner product between z;(t) and ¢;(t):

xﬂ:/Tzi(t)@(t)dt,i:1,2,~--,n;z:1,2,---,L.

Forl=1,2,---,L,let D(x;),i =1,2,---,n denote the depth measures of the
univariate sample x;;,7 = 1,2,---,n. Then the projection depth measures of
zi(t),i=1,2,---,n are defined as

L
Dp(z)=L7"Y D(q), i=12--n (8.39)
=1

In practice, the projection directions (8.38) and the univariate depth D must
be chosen. To choose the projection directions (8.38), a simple method is to
take the first L eigenfunctions of the unbiased sample covariance function
A(s,t) given in (8.10) as the sequence of the projection directions for some L,
say, L = n. When the resolution M for computing 4(s, t) is too large, however,
this method may be time consuming as in this case it is not easy to compute
the first L eigenfunctions of 4(s,t). To overcome this difficulty, alternatively
we can take z(t),l = 1,2,---,n as the projection directions and let L = n,
especially when n is much smaller than the resolution M. This method works
reasonably well. As for the univariate depth D, we generally adopt the depth
defined in (8.35) for our examples presented in this chapter but the halfspace
depth (Tukey 1975) HD(z) = min{F,(z),1 — F,, ()}, or the simplicial depth
(Liu 1990) SD(z) = 2F,(x)(1 — F,(x)), among others, can also be used if
desired.

We are now ready to use the above functional depth measures for func-
tional outlier detection for the functional data set (8.1) with respect to the
FLM (8.2). This may be done by drawing and analyzing the scatterplots of the
functional depth measures against the curve number. Those cases [x!,y;(t)]
with functional depth measures much smaller than the majority of the func-
tional depth measures for the whole functional data set (8.1) may be claimed
as outlying cases. Alternatively, one can conduct functional outlier detection
using some cutoff values for a functional depth measure. For any given false
positive rate «, Febrero, Galeano, and Gonzalez-Manteiga (2008) proposed
two bootstrap procedures for determining the cutoff values for a functional
depth measure.
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Figure 8.5 Outlier detection for the ergonomics data using the (a) ED-, (b) func-
tional KDE-, and (c) projection-based functional depth measures. At least visually,
the ED-based functional depth measure does not work very well.

Example 8.3 For the ergonomics data with the FLM (6.1), the above three
functional depth measures were calculated and are presented in Figure 8.5.
Panel (a) presents the ED-based depth measures computed based on the uni-
variate depth (8.35). It is seen that Curve 37 is not very special because its
ED-based depth measure is very close to those of Curves 1 and 59. At the
same time, Curves 7 and 29 are also not very special as their ED-based depth
measures are close to the depth measures of Curves 20 and 26. Thus, compared
with the standardized residual-based outlyingness measure, this ED-based func-
tional depth measure does not work well in detecting functional outliers for the
ergonomics data. This discovery is consistent with that observed from the sim-
ulation studies and real data applications presented in Febrero, Galeano, and
Gonzalez-Manteiga (2008). Panels (b) and (c) present the associated func-
tional KDE- and projection-based depth measures. They suggest that Curve
37 has the smallest depth measures, followed by Curves 7 and 29, and then by
Curves 1, 59, 20, and 35, etc. From these two depth measures, we are sure that
Curve 37 is a functional outlier, and Curves 7 and 29 are suspected functional
outliers. One can also apply the two bootstrap procedures of Febrero, Galeano,
and Gonzalez-Manteiga (2008) to determine the cutoff values of these depth
measures.

Alternatively, we can convert the above three functional depth measures
to the following three functional outlyingness measures for functional outlier
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Figure 8.6 Outlier detection for the ergonomics data based on the ED-, functional
KDE-, and projection-based functional outlyingness measures. Visually, it appears
that the functional KDE- and projection-based functional outlyingness measures work
better than their associated depth measures in detecting functional outliers for the
ergonomics data. The ED-based functional outlyingness measure still does not work
well.

detection:
OED(ZZ) = 1/DED(ZZ)’ 1= 1727 , 1,
OKDE(Zi) = ]-/DKDE(Zi)a 1=1,2,---,n, (8'40)
OP(ZZ) = 1/DP(Z;), 221727"':77'7

which may be called the ED-based, functional KDE-based, and projection-
based outlyingness measures, respectively. They can be used to detect the
functional outliers in the functional data set (8.1) with respect to the FLM
(8.2) by drawing and analyzing the scatterplots of these functional outlying-
ness measures.

Example 8.4 For the ergonomics data with the FLM (6.1), the ED-, func-
tional KDE-, and projection-based outlyingness measures were calculated using
(8.40) and are presented in panels (a), (b), and (c) of Figure 8.6, respectively.
As expected, based on the ED-based outlying measure, it is not easy to detect
Curve 37 as a functional outlier although it does have the largest outlying-
ness. However, based on the functional KDE- and projection-based outlying-
ness measures in panels (b) and (c), we can easily detect that Curve 37 is
a functional outlier, and Curves 7 and 29 are suspected functional outliers.
Compared with Figure 8.5, it seems that the functional KDE- and projection-
based outlying measures outperform the functional KDE- and projection-based
depth measures in functional outlier detection, at least visually.
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8.4 Influential Case Detection

In classical linear regression models, Cook’s distance is a well-known tool for
identifying influential cases. In this section, we study how to identify influential
cases in the functional data set (8.1) with respect to the FLM (8.2). Let 3(t)

and ,@(ﬂ)(t) denote the estimators of 3(t) obtained with and without the ith
case [x7,y;(t)]. If the ith case is influential, the change from 3(t) to ,B(ﬂ)(t)
will be big. Therefore, we can measure the influence of the ith case by the
following generalized Cook’s distance (Shen and Xu 2007):

(- (=)

i, 7 R
0] XTX)[Be) -8 )] at
(v + e (3) |

Notice that for any fixed ¢ € 7, the FLM (8.3) is a classical linear regression
model; it is then natural to define the pointwise Cook’s distance at ¢ for the
ith case [x7,y;(t)] as

I [Bw -5

C; = (8.41)

(=)

EORE: 5"

0] x7x) [ae) - 5
CRSVEION)

It is easy to see that the generalized Cook’s distance (8.41) can be expressed
as a weighting integration of the pointwise Cook’s distance (8.42). That is,

(t)

Ci(t) = (8.42)

C, = /Twos)ci(t)dt,

where w(t) = ;E%J € 7 is a weight function such that [7w(t)dt = 1.
Notice that we can express the generalized Cook’s distance (8.41) in terms of

the L2-distance between y(t) = X3(t) and 3=V (¢) = X,@(ﬂ)(t)7 the vectors

of fitted response functions with and without the ith case. That is,

_ Jrlls(t) =300t
(p+ Dtr(9)

where ||a|| denotes the usual L2-norm of the vector a. Cases with large C; have

C

, (8.43)

a substantial influence on the estimated coefficient functions in B(t) and on
the fitted response functions in y(¢). Thus, deletion of these influential cases
may result in important changes in conclusions.

It is very time consuming to compute the generalized Cook’s distance using
(8.41) as one needs to fit the FLM (8.3) n times, each with a case deleted.
Fortunately, the generalized Cook’s distance (8.41) can be computed directly

from the rescaled SRO measure 5'22 as defined in (8.26) and the leverage h;;
as we can express C; as

Ci : (8.44)

- l—hiip—i—l'
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Figure 8.7 Influential case detection for the ergonomics data using the general-
ized Cook’s distance. Panel (a) shows the scatterplot of generalized Cook’s distance
against curve number. Panel (b) displays the histogram of the generalized Cook’s
distances. Both figures indicate that Curve 37 is highly influential.

It is seen that a highly influential case must have a large leverage h;;, a large

52
rescaled SRO measure S;, or both. That is, an influential case must be a
high-leverage case, an outlying case, or both.

Example 8.5 For the ergonomics data presented in Fxample 8.1, we com-
puted the generalized Cook’s distance for the cases in the ergonomics data
with the FLM (6.1) using (8.44). Figure 8.7 displays the scatterplot (panel
(a)) and histogram (panel (b)) of these generalized Cook’s distances. It is seen
that Case 37 is highly influential while Cases 29 and 7 are suspected to be
influential. This is consistent with what we observed from Figure 8.4 where
Curves 37, 7, and 29 are highlighted.

8.5 Robust Estimation of Coefficient Functions

The functional outlyingness measures or the generalized Cook’s distances can
be used to order the cases [x!,y;(t)] in the functional data set (8.1) for fitting
the FLM (8.3). Let the sorted cases be given by

[X%;)v Y(i) (t)],l =1,2,-- 5 1, (845)

so that [X(TI),y(l)(t)] has the smallest outlyingness measure or the smallest
generalized Cook’s distance, followed by [X(T2>, Y2y ()], [x@>7 Y3)(t)], and so on,
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and finally [X(T;Lyy(n)(t)] has the largest outlyingness measure or the largest
generalized Cook’s distance. Let the first L cases in (8.45) be not outlying or
influential cases. Alternatively, we can determine L using the given nominal
false positive rate a so that L = [(1 — a)n] where [a] denotes the integer
part of a. That is, the last (n — L) cases are deleted from the functional data
set (8.45). We then fit the FLM (8.2) to the first L cases given in (8.45)
so that we can get the robust estimation (when the (n — L) outlying cases
are removed) or a-trimmed estimation (when the last (n — L) most outlying
cases are removed) of the coefficient function vector B(t) and the covariance
function ~y(s,t). See Figure 8.2 for the first four fitted coefficient functions in
the FLM (6.1) based on the ergonomics data with and without the functional
outlying case associated with Curve 37.

8.6 Outlier Detection for a Sample of Functions

Detecting functional outliers from a sample of n functions

y1(t), y2(t), -+ yn(t) “KH SP(n,7), t € T, (8.46)

is equivalent to detecting functional outliers from the following mean function
model:

yi() = n(t) +vi(t), vi(t) "KESP(0,7),t €T, i=1,2,--.n.  (8.47)
This mean function model is a special case of the FLM (8.3) with the design
matrix being 1,,. Therefore, all the methods developed in the previous sections
can be used to detect functional outliers from (8.46), keeping in mind that the
design matrix X = 1,,. For readers’ convenience, in what follows, we briefly
describe all the related terms and methods for detecting functional outliers
from (8.46). For this purpose, we list the following sample mean and covariance
functions:

A(t)

:g(t): 7121 13!2()
A(s,t) = (n— 1)1 (8.48)

D i wi(s) — y(s)][wi(t) — y(t))-
8.6.1 Residual Functions

First of all, the raw residual functions are now given by
bi(t) = yi(t) — G(t),i = 1,2,---,m,

and the leverages are given by h;; = 1/n,i = 1,2,--- n. It follows that the
standardized residual functions are given by

lt) = \/% = = D) — G i = 1,2, n. (8.49)



294 DIAGNOSTICS OF FUNCTIONAL OBSERVATIONS

We have z;(t) ~ SP(0,7),i = 1,2,---,n. When the sample (8.46) is Gaussian,
the standardized residual functions (8.49) are also Gaussian. The raw jackknife
residual functions are given by

n

70 = i) ~ 500 = i) — 90 i =12,

n—1
where 7(~%)(t) denotes the usual sample mean function using all the functions
except function i. In this case, we have x; = 1 and 1+x] [X(-)TX ()]~ 1x; =
n/(n—1). It follows that the associated jackknife residual functions are given
by
) A(—i)
Z(*l) (t) — v; (%)
VT (8.50)

= /n/(n=Dyi(t) — g(t)] = z:(t),i = 1,2, ,n.

Therefore, under the mean function model (8.47), the jackknife residual func-
tions and the standardized residual functions are exactly the same.

8.6.2 Functional Outlier Detection

In this subsection, we outline the three functional outlier detection methods
for the functional sample (8.46).

Standardized Residual-Based Method Under the mean function model
(8.47), the SRO outlyingness measures of the functions y;(t),i = 1,2,--+,n
are now given by

n .
S =llal? = 25 [l - g0Pdti =120 m (851

Under the mean function model (8.47) and the Gaussian assumption (8.12),
Theorem 8.1 is still valid. The approximate distribution given in (8.23) is still
valid with the parameters 3 and & given in (6.26) or (6.29). We can still use
the cutoff value specified in (8.24) and the P-values specified in (8.25) for
functional outlier detection. The rescaled SRO measures (8.26) and their cut-
off values (8.27) can still be used. Please keep in mind, however, that in all
these calculations, the associated sample covariance function (s, t) is given
in (8.48).

Jackknife Residual-Based Method Under the mean function model
(8.47), the JRO outlyingness measures of the functions y;(t),i = 1,2,---,n,
are now given by

[Eniy

2= i=1,2--,n, (8.52)

Coe(EY)

where tr(’y(fi)) is the usual sample covariance function using all the functions
except function ¢. Under the mean function model (8.47) and the Gaussian
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assumption (8.12), Theorem 8.2 is still valid. The approximate distribution
given in (8.31) is still valid with the parameter & given in (6.26) or (6.29).
We can still use the cutoff value specified in (8.32) and the P-values speci-
fied in (8.33) for functional outlier detection. In addition, the JRO measures
J2i = 1,2,---,n can be computed using the relationship (8.34) with the

~2
rescaled SRO measures S;,i = 1,2, ---,n. Again, in all these calculations, the
sample covariance function (s, t) is given in (8.48).

Functional Depth-Based Method The three depth measures described in
Section 8.3.3 were originally proposed for functional outlier detection for a
sample of functions (Fraiman and Muniz 2001; Cuevas, Febrero, and Fraiman
2006, 2007; Febrero, Galeano, and Gonzalez-Manteiga 2008). These depth
measures can now be directly applied to the functions from the functional
sample (8.46).

The ED-based depth measures are now given by

Dy (yi) :/TD(yi(t))dt,z': 1,2,---,n,

where the univariate depth D is the depth defined in (8.35) in our examples
presented in this section but can be replaced with the halfspace depth (Tukey
1975) HD(x) = min{F,(z),1 — F,(z)} or the simplicial depth (Liu 1990)
SD(z) = 2F,(z)(1 — F,,(z)), among others, if desired.

The functional KDE-based depth measures are now given by

Dios(yi) =n > K (lys —wil) . i=1,2,--+,n,
j=1

where we can use the L?-norm for || - ||, the Gaussian kernel K(t) =
exp(—t2/2)/y/7/2,t > 0, and the bandwidth h being taken as the 15th per-
centile of the empirical distribution of {||ly; — y;||?,4,4 = 1,2,---,n} as in
Cuevas, Febrero, and Fraiman (2006) and Febrero, Galeano, and Gonzalez-
Manteiga (2008).

Given a sequence of fixed projection directions (8.38), the projections of
yi(t),i=1,2,---,n are given by the inner product between y;(t) and ¢;(t):

2y = /Tyz-(th(t)dt,z'=1,2,~~~,n;z=1,2,--~,L.

Then the projection depth measures of y;(t),i = 1,2,---,n are given by

L

DP(Z/z) = L_l ZD(xll)v 1= 1727 e, Ny,
=1

where D(z;;),i =1,2,---,n denote the depth measures of the one-dimensional
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projections x;,1 = 1,2,---,n. Again, we can take the first L eigenfunctions
of the unbiased sample covariance function 4(s,t) given in (8.48) or directly
take y;(t),7 = 1,2, -+, n as the projection directions. In addition, we adopt the
depth defined in (8.35) for the univariate depth D for our examples presented
in this section but it can be replaced with the halfspace depth (Tukey 1975)
HD(z) = min{F,(z),1 — F,(z)}, or the simplicial depth (Liu 1990) SD(z) =
2F,(z)(1 — F,(x)), among others, if desired.

Under the mean function model (8.47), it is not difficult to notice that in
all the above calculations, using the standardized residual functions (8.49),
the jackknife residual functions (8.50), or the functions in (8.46) are equiv-
alent. In addition, as in Section 8.3.3, one can directly use the above ED-,
functional KDE-, or projection-based depth measures or use the associated
ED-, functional KDE-, or projection-based outlyingness measures converted
using (8.40) for functional outlier detection from the functional sample (8.46).

Example 8.6 The nitrogen oxides (NOz) emission level data were introduced
in Section 1.2.8 of Chapter 1. In this example, we consider the standardized
residual-based method for detecting the functional outliers in the NOz emission
level curves for n = 76 working days. These curves were depicted in the upper
panel of Figure 1.5. By some calculations, we obtained tr(y) = 4.4377e4 and
tr(5%?) = 6.0163¢8. Based on these quantities and by the bias-reduced method,
we obtained B = 1.2800e4 and i = 3.4404. The upper panel of Figure 8.8

displays the scatterplot of the rescaled SRO measures 5’12,1 =1,2,---,n for
the 76 NOz emission level curves under the FLM (8.47). The associated cutoff
values for o = 5%,1%, and 0.1%, computed using (8.27) are 2.4706, 3.5231,
and 4.9780, respectively. It follows that when o = 5%, there are more than
three outliers; when o = 1%, Curves 14, 16, and 37 are outliers; and when
a = 0.1%, Curves 16 and 37 are outliers. In the upper panel of Figure 8.8,
the approximate P-values of the three most outlying curves, computed using
(8.25), were depicted. It is seen that these three most outlying curves are very
significant with their approzimate P-values being 0.38%,0.01%, and 0.00%,
respectively.

The lower panel of Figure 8.8 displays the histogram of the rescaled SRO

measures S’f,z =1,2,---,n. This histogram seems to suggest that Curves 1/,
16, and 37 are all functional outliers. To further clarify if they are outliers,
we redrew all the NOx emission level curves in Figure 8.9 with Curves 14, 16,
and 37 highlighted in wide dot-dashed, solid, and dashed curves, and we also
identified their associated dates as “16/03/2005, 18/03/2005, 29/04/2005,”
respectively. According to Febrero, Galeano, and Gonzalez-Manteiga (2008),
the day “18/03/2005” was a Friday corresponding with the beginning of the
Eastern vacation in Spain in the year 2005. The day “29/04/2005” was an-
other Friday associated with the beginning of a long weekend. Therefore, the
outliers associated with these two days “18/03/2005” and “29/04/2005” were
related to small vacation periods that produced a large traffic concentration in
specific periods due to the fact that people were hurriedly heading home to cel-
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Figure 8.8 Qutlier detection for the NOz emission level curves for seventy-six work-
ing days using the standardized residual-based method. Panel (a) shows the scatter-
plot of SRO measure against curve number. Panel (b) displays the histogram of the
SRO measures. Both the figures suggest that there are three functional outliers.
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Figure 8.9 NOz emission level curves for seventy-siz working days. Curves 14, 16,
and 37 are detected as functional outliers and they are highlighted in wide dot-
dashed, solid, and dashed curves, respectively. Their associated dates are identified
as “16/03/2005, 18/03/2005, 29/04/2005,” respectively.
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ebrate the holidays. However, it is not clear why the day “16/03/2005” was so
special although it is not difficult to notice that the NOz emission levels before
10 am that day were very high compared with those of other working days.

8.7 Technical Proofs

In this section, we outline the proofs of the two theorems described in this
chapter.

Proof of Theorem 8.1 Under the FLM (8.3) and the Gaussian assumption
(8.12), for i = 1,2, -+, n, by (8.13), we have z;(t) ~ GP(0,7). The theorem is
proved by applying Theorem 4.2 of Chapter 4.

Proof of Theorem 8.2 Under the FLM (8.3) and the Gaussian assumption
(8.12), yi(t)7yA§7i)(t) and 479 (s,t) are independent. It follows that zi(fi)(t)
and tr(3"") are independent. By (8.19) and Theorem 4.2 of Chapter 4, we
have |\zi(7i)||2 4 S ANAL A, i X3, where \,.,r = 1,2,---,m are all the
m positive eigenvalues of v(s,t). In addition, under the FLM (8.3) and the
Gaussian assumption (8.12), we have (n—p—2)3"9(s,t) ~ WP(n—p—2,7).
By Theorem 4.5 of Chapter 4, we have tr(3(™%) < S o ABy/(n—p—

2),B, "~ X7217P72' The theorem is then proved.

8.8 Concluding Remarks and Bibliographical Notes

In this chapter, we reviewed a number of methods for unusual functional
observation detection. The functional outlier detection methods are based on
either functional outlyingness or functional depth measures while functional
influential observation detection is based on the generalized Cook’s distance
proposed by Shen and Xu (2007).

The standardized residual and jackknife residual methods were originally
studied by Shen and Xu (2007) although in a quite different manner. The
empirical distribution-based functional depth was first proposed and studied
by Fraiman and Muniz (2001) for functional outlier detection of a sample of
functions. The functional KDE-based functional depth was studied by Cuevas,
Febrero, and Fraiman (2006), and the random projection depth was investi-
gated by Cuevas, Febrero, and Fraiman (2007). These three functional depths
were reviewed and adopted by Febrero, Galeano, and Gonzalez-Manteiga
(2008), and two bootstrap procedures for cutoff value determination were
proposed.

We now give a brief review of other related literature. Based on resid-
ual process analysis, Chiou and Miiller (2007) proposed a diagnostics method
for functional regression models that relates a functional response to predic-
tor variables that can be multivariate vectors or random functions. Cuesta-
Albertos and Nieto-Reyes (2008) proposed a random depth to approximate
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Figure 8.10 OQutlier detection for the ergonomics data using the jackknife residual-
based method. Panel (a) shows the scatterplot of JRO measure against curve number.
Panel (b) displays the histogram of the JRO measures.

the Tukey depth (Tukey 1974) to overcome the computational difficulty when
it is applied in the context of functional data analysis. Most recently, Gervini
(2012) introduced trimmed estimators for the mean and covariance functions
of general functional data. The estimators are based on a new measure of
“outlyingness” or data depth that is well defined on any metric space, al-
though he focused on Euclidean spaces. He computed the breakdown point
of the estimators and showed that the optimal breakdown point is attainable
for the appropriate choice of tuning parameters. The small-sample behav-
ior of the estimators was studied by simulation, and it was shown to have
better outlier-resistance properties than alternative estimators. Yu, and Zou,
and Wang (2012), on the other hand, proposed a principal component-based
testing procedure for outlier detection in functional data.

8.9 Exercises

1. Consider the jackknife residual-based method for the ergonomics
data presented in Example 8.1. Figure 8.10 displays the scatter-
plot (upper panel) and histogram (lower panel) of the JRO measures
J? i =1,2,---,n of the right elbow angle curves of the ergonomics
data with respect to the FLM (6.1). The approximate P-values of the
three most outlying curves, computed using (8.33), are also depicted.

(a) Using the information given in Example 8.2, find the bias-



300 DIAGNOSTICS OF FUNCTIONAL OBSERVATIONS

(a)
O P-Value=0% !

O P-value=0.01%

O P-value=0.36%

JRO Measure

o e} 7
e} (o) 0] () o o O o e xe) o
o
o oy, © 0 Fofo 0B 05,2 0 009 0 P 0,050
0 10 20 30 40 50 60 70 80

Curve number

(b)
T

Frequency

0 1 2 3 4 5 6 7 8 9 10
JRO Measure

Figure 8.11 Owutlier detection for the NOz emission level data for seventy-six working
days using the jackknife residual-based method. Panel (a) shows the scatterplot of
JRO measure against curve number. Panel (b) displays the histogram of the JRO
measures.

reduced estimator of x and then specify the approximation
distribution of the JRO measures (8.29) using (8.31).

(b) Compute the approximate cutoff values of the JRO measures
(8.29) for o = 5%, 1%, and 0.1%. For these three values of «,
find the associated outliers. Are the results consistent with
those obtained by the standardized residual-based method
presented in Example 8.27

(¢) Compare the approximate P-values of the three most outlying
curves with their approximate P-values depicted in the upper
panel of Figure 8.3.

(d) Based on the histogram showed in the lower panel of Fig-
ure 8.10, can we claim that Curve 37 is an outlier while Curves
7 and 29 are not?

2. Consider the jackknife residual-based method for the NOx emission
level data for seventy-six working days as in Example 8.6. Figure 8.11
displays the scatterplot (upper panel) and histogram (lower panel) of
the JRO measures J2,i = 1,2,---,n of the NOx emission level curves
with respect to the FLM (8.47). The approximate P-values of the
three most outlying curves, computed using (8.33), are also depicted.

(a) Using the information given in Example 8.6, find the bias-
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Figure 8.12 OQutlier detection for the NOz emission level curves for thirty-nine non-
working days using the standardized residual-based method. Panel (a) shows the scat-
terplot of SRO measures against curve number. Panel (b) displays the histogram of
the SRO measures.

reduced estimator of x and then specify the approximation
distribution of the JRO measures (8.52) using (8.31).

(b) Compute the approximate cutoff values of the JRO measures
(8.52) for a = 5%, 1%, and 0.1%. For these three values of «,
find the associated outliers. Are the results consistent with
those obtained by the standardized residual-based method
presented in Example 8.67

(¢) Compare the approximate P-values of the three most outlying
curves with their approximate P-values depicted in the upper
panel of Figure 8.8.

(d) Based on the histogram showed in the lower panel of Fig-
ure 8.11, can we claim that Curves 14, 16, and 37 are func-
tional outliers?

3. Consider the standardized residual-based method for detecting the
functional outliers in the NOx emission level curves for thirty-nine
non-working days. These curves were depicted in the lower panel of
Figure 1.5. By some calculations, we obtained tr(%) = 3.0640e4 and

tr(5%%) = 4.2976e8. The scatterplot of the rescaled SRO measures
S'?,i =1,2,---,n, for the NOx emission level curves for thirty-nine

non-working days under the FLM (8.47) is displayed in the upper
panel of Figure 8.12 where the approximate P-values of the three most
outlying curves, computed using (8.25), are depicted. The histogram
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Figure 8.13 NOx emission level curves of non-working days with the three detected
functional outliers highlighted. Curves 7, 20, and 21 are detected as functional out-
liers and they are highlighted as wide dashed, solid, and dot-dashed curves. Their
associated dates are identified as “19/03/2005, 30/04/2005, 01/05/2005,” respec-

tively.

of the rescaled SRO measures 5'?,1' =1,2,---,n is displayed in the
lower panel of Figure 8.8. The scatterplot suggests that Curves 7, 20,
and 21 possibly are functional outliers. We have identified these dates
as “19/03/2005, 30/04/2005, 01/05/2005” and highlighted them as
wide dashed, solid, and dot-dashed curves in Figure 8.12 where all
the NOx emission level curves for thirty-nine non-working days are
displayed.

(a) Using the bias-reduced method, compute /3’ and /& for the
standardized residual-based method for detecting functional
outliers from the NOx emission level curves for thirty-nine
non-working days. Write down the associated approximation
pdf of the SRO measures (8.51) using (8.23).

(b) Compute the approximate cutoff values of the rescaled SRO
measures 5’?,1 =1,2,---,n for @« = 5%,1%, and 0.1%. For
these three values of «, find the associated functional outliers.

(c) Based on the histogram showed in the lower panel of Fig-
ure 8.11, can we claim that Curves 7, 20, and 21 are functional
outliers?

(d) Based on some comments given in Example 8.6, comment on
why Curves 7, 20, and 21 are so special compared with the
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rest of NOx emission level curves for thirty-nine non-working
days.

4. For the NOx emission level data of thirty-nine non-working days with
the FLM (8.47), the ED-, functional KDE-, and projection-based
functional depth measures are calculated and are presented in Fig-
ure 8.14.

(a) Identify the functional outliers of the NOx emission level
curves for thirty-nine non-working days using the ED-, func-
tional KDE-, and projection-based functional depth mea-
sures, respectively.

(b) Compare the three functional depth measures in terms of
functional outlier detection capability.

0.9—5 T oo T T 5T & o6
2 oo © o
o8- 09 o o o o © o 7
3 0o o
S o7l el © ] o O OoA
£ o © o o o o
a o
Q 06 4
w

° o
05 | | | | | | |
0 5 10 15 20 25 30 35 40
x107° (b)
4 T T

@

8

€ 3r o oo © %00 1

3 [e)

§2 o 00 504 o o ° o 94 o0g50

[ ] o o o 7
S o o ° o 0o
) 10 © o i
o
0 . © | | Q | | |
0 5 10 15 20 25 30 35 40
x107° (©
4 T T T T T

g3l o o 000 © 0°5° E

5 ° 00 o o o

8 o o o o [eX¢}

g2r O o© © oo oSy 4

£ [e) 0] o ° o O
[=]

St o B

o [e)

0 | | | | | | |
0 5 10 15 20 25 30 35 40

Curve number

Figure 8.14 Outlier detection for the NOz emission level data for thirty-nine non-
working days. The scatterplots of ED-, functional KDE-, and projection-based func-
tional depth measures against curve number are displayed in panels (a), (b), and (c),
respectively.

5. For the NOx emission level data for thirty-nine non-working days
with the FLM (8.47), the ED-, functional KDE-, and projection-based
functional outlyingness measures are calculated and are presented in
Figure 8.15.

(a) Identify the functional outliers of the NOx emission level
curves for thirty-nine non-working days using the ED-, func-
tional KDE-, and projection-based functional outlyingness
measures, respectively.
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Figure 8.15 Outlier detection for the NOz emission level data for thirty-nine non-
working days. The scatterplots of ED-, functional KDE-, and projection-based func-
tional outlyingness measures against curve number are displayed in panels (a), (b),
and (c), respectively.

(b) Compare the three functional outlyingness measures in terms
of functional outlier detection capability.

(¢) Compare the three functional outlyingness measures and the
three functional depth measures in terms of functional outlier
detection capability based on Figures 8.14 and 8.15.

6. Notice that for any fixed ¢ € 7, the FLM (8.3) is a classical linear

regression model with the design matrix X and the response vector
y(t). Then, based on the theory of classical linear regression models
(Montgomery 2005, p. 398), we have
1+ xI[XEITXED] 7y, =
o) = wit) 97 (0) = L, te T,

and

(n—p—24"2(t1) = (n—p— DA 1) -

keeping in mind that here (¢, t) is the common variance of y;(t),i =
1,2,---,natteT.

(a) Show that z;(t) = zfﬂ)(t),z' =1,2,---,n. That is, the stan-
dardized residual functions z;(¢),i = 1,2,---,n and the jack-
knife residual functions zl(_l) (t),i=1,2,---,n are exactly the
same.
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(b) Show that (n —p — 2)tr(57)) = (n—p — Dtr(3) — 82, i=
1,2, ,n.

(c) Show that the JRO measures (8.29) satisfy (8.34). That is,
show that for i =1,2,---,n,

(n—p—2)S? B (nfpr)S'?

7 7
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Chapter 9

Heteroscedastic ANOVA for Functional
Data

9.1 Introduction

In Chapter 5 we studied how to conduct various ANOVA inferences for func-
tional data under the assumption that different groups have a common covari-
ance function. In this chapter, this assumption is dropped as in practice, this
assumption may not always be satisfied. From this point of view, the ANOVA
models studied in Chapter 5 can be referred to as homogeneous ANOVA
models while the ANOVA models considered in this chapter are called het-
eroscedastic ANOVA models. When there are only two groups of functions
involved, the associated problem may be referred to as a two-sample Behrens-
Fisher problem for functional data.

As in classical heteroscedastic ANOVA/MANOVA (Behrens 1929, Fisher
1935, Welch 1947, James 1954, Johansen 1980, Kim 1992, Krishnamoorthy
and Yu 2004, Zhang and Xu 2009, Zhang 2011b, etc.), we shall see that the
key for heteroscedastic ANOVA for functional data is how to take into ac-
count the heteroscedasticity of the group covariance functions in constructing
the test statistics and in deriving and approximating the null distributions of
the test statistics. The possible effects of the group covariance function het-
eroscedasticity are as follows. First of all, the methodologies proposed under
the covariance function homogeneity assumption may not be applicable and
the associated results may be misleading when the homogeneity assumption
is seriously violated (Zhang, Liang, and Xiao 2010). Second, the group covari-
ance functions must be estimated separately based on the associated group
sample only so that the convergence rates of the sample covariance functions
are limited by Op(n:nilI{2) which is much slower than the convergence rate
O,(n~1/2) of the pooled sample covariance function constructed under the
covariance function homogeneity assumption where ny;, and n denote the
minimum sample size and the total sample size, respectively. Third, deriv-
ing and approximating the null distributions of the test statistics under het-
eroscedastic ANOVA models are more complicated than under homogeneous
ANOVA models.

The remaining part of this chapter is organized as follows. We start with

307
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NOx level

NOXx level

Figure 9.1 NOz emission level curves for (a) seventy-three working days and (b)
thirty-siz non-working days with outlying curves removed. No smoothing has been
applied to reconstruct these NOz emission level curves. It appears that the NOx
emission level curves of working days are more variable than those of non-working
days.

the two-sample Behrens-Fisher problem for functional data in Section 9.2.
Studies about heteroscedastic one-way ANOVA and two-way ANOVA for
functional data are then described in Sections 9.3 and 9.4. Technical proofs
of the main results are outlined in Section 9.5. Some concluding remarks and
bibliographical notes are given in Section 9.6. Section 9.7 is devoted to some
exercise problems related to this chapter.

9.2 Two-Sample Behrens-Fisher Problems

We use the following example to motivate a two-sample Behrens-Fisher (BF)
problem for functional data. This BF problem was discussed in Zhang, Liang,
and Xiao (2010).

Example 9.1 The nitrogen oxides (NOx) emission level data were introduced
in Section 1.2.3 of Chapter 1. Figure 9.1 displays the NOx emission level
curves for (a) seventy-three working days and (b) thirty-siz non-working days
after sixz outlying curves were removed using one of the methods described in
Chapter 8. The NOz emission levels for each day were evenly recorded twenty-
four times daily, once an hour and the data were not smoothed. It appears that
the NOz emission level curves of working days are more variable than those of
non-working days. The sample covariance functions of the NOx emission level
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(@)

Figure 9.2 Sample covariance functions of NOz emission level curves for (a) seventy-
three working days and (b) thirty-siz non-working days with outlying curves removed.
It appears that there are some differences between these two sample covariance func-
tions.

curves of working days and non-working days displayed in Figure 9.2 seem
to verify this point of view to some degree. Of interest is to test if the mean
NOx emission level curves of working and non-working days are significantly
different without assuming that the covariance functions of the NOz emis-
sion level curves of working and non-working days are equal. This two-sample
problem for functional data cannot be handled directly using those methods for
two-sample problems for functional data described in Section 5.2 of Chapter 5
as those methods assume that the covariance functions of the two functional
samples are equal. This motivates a heteroscedastic two-sample problem for
functional data or a two-sample BF problem for functional data.

A general two-sample BF problem for functional data can be defined as
follows. Suppose we have two functional samples

i..d. i.i.d.
yll(t)7 s Ying (t) ~ SP(nlvalL y21(t)7 Ty Y2n, (t) ~ SP(U2KY2)7 (91)

where 71(t) and 72(t) are two unknown mean functions, and v1(s,t) and
~2(s,t) are two unknown covariance functions that may be unequal. We wish
to test the following hypotheses:

HQ Ul(t)Eng(t), tGT,

Versus Hy  :m(t) # na2(t), for somet e T. (9-2)

When 71 (s,t) = 72(s,t), s,t € T is satisfied, the above problem (9.2) reduces
to the two-sample problem (5.2) discussed in Section 5.2 in Chapter 5. In
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practice, however, the equality of ~;(s,t) and ~2(s,t) may not be satisfied
and is often not easy to check, as indicated in Example 9.1. Therefore, it is
of practical interest to propose some methodologies for testing (9.2) without
assuming the equality of the covariance functions of the two functional samples
(9.1).

9.2.1 Estimation of Mean and Covariance Functions

To test (9.2), we first give the sample mean and covariance functions of the
two samples (9.1) as

0i(t) = g(t) =n; Y0 yi(t), i =1,2,
Fils,t) = (i = 17300 [is(s) — Ga()] [yii () — 7:(8)], (9:3)
i=1,2,

which are the unbiased estimators of 1y (), n2(t) and 71 (s,t),v2(s, ), respec-
tively. Notice that to take the covariance function heteroscedasticity into ac-
count, we have to estimate v;(s,t) and v2(s,t) separately, using the data in
the associated sample only. This shows that the convergence rates of the co-
variance function estimators are limited by Op(n:ﬂilr{ 2)7 much slower than the
convergence rate Op(nfl/ 2) of the pooled sample covariance function

A(s,t) = [(n1 = DA1(s,) + (n2 — 1)¥(s, 1)/ (n — 2), (9.4)

constructed under the equal-covariance function assumption where ny;y, =
min(ny, ne) and n = ny + ng denote the minimum sample size and the total
sample size of the two samples, respectively.

Set A, (t) = \/ninz/n[y1(t) — g2(t)] as the pivotal test function for the
two-sample BF problem (9.2). We have

1a,(t) = BAL() = mma/nln(t) - ma(0) 95

YA, (5,t) = Cov[A,(s), An(t)] = 2271(s,t) + "a(s, 1).

—_~

A natural unbiased estimator of ya,, (s,t) is given by

. na . ni .
T, (5:1) = 233(5,0) + g (s,1), (96)

where 44 (s,t) and Y,(s,t) are given in (9.3).

To study various procedures for testing the two-sample BF problem (9.2),
we need to investigate the properties of A, (t) and 4,(s,t),45(s,t) under var-
ious conditions. For this purpose, we list the following assumptions:

Heteroscedastic Two-Sample Problem Assumptions (HTS)

1. The two samples (9.1) are with 7;(t) € £*(7) and tr(y;) < oo for
i=1,2.
2. The two samples (9.1) are Gaussian.
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3. AS Ny — 00, we have ny/n — 7 > 0.
4. For each i = 1, 2, the subject-effect functions v;; (t) = y;; (t)—n:(t),j =

1,2,--- n,; are i.i.d..
5. For each i = 1,2, the subject-effect function v;; (¢) satisfies E|jv;1]|* <
00.

6. For each i = 1,2, the maximum variance p; = max, 7 7i(t, ) < oc.

7. For each i = 1,2, the expectation E[vZ (s)v? (¢)] is uniformly bounded.

That is, for any (s,t) € T2, we have E[vZ (s)v?(t)] < C; < o0, i =
1,2, where Cy,Cy are two constants independent of (s,t).

The above assumptions are similar to those assumptions for homogeneous
two-sample problems for functional data as listed in Section 5.2 of Chapter 5,
keeping in mind that the two functional samples (9.1) now have different
covariance functions.

First of all, we have the following simple result under the Gaussian as-
sumption. This result holds for the two samples (9.1) with finite sample sizes.

Theorem 9.1 Under Assumptions HTS1, HTS2, and HTS4, we have
An(t) - nAn(t) ~ GP(vayAnL (nl - 1)’3/1'(8775) ~ Wp(nl - 1771')7 1=1,2.

Theorem 9.1 states that under the Gaussian assumption HTS2, A, (¢)
is a Gaussian process while (n; — 1)5,(s,t),i = 1,2 are Wishart processes.
These results are expected. They follow from Theorem 4.14 of Chapter 4
immediately. When the Gaussian assumption HTS2 is not valid, provided
some additional assumptions, we have the following two theorems.

Theorem 9.2 Under Assumptions HTS1, HTSS3, and HTS4, a$ nmin — 00,
we have

An(t) = na, (8) % GP(0,7a),
where with T defined in Assumption HTS3, we have

ya(s,t) = lim  ~va, (s,t) = (1 — 7)y1(s,t) + 7y2(s, t).

Tmin — 00

Theorem 9.3 Under Assumptions HTS1, HTS3 through HTSG6, and HTS7,

as Nmin — 00, we have

Vi (s, 1) = ils,0)} 5 GP(O,0),
where fori=1,2,

@i {(s1,t1), (52, t2)} = E{vir(s1)vi1(t1)vin (s2)vir (t2)} — vi(s1,t1)7i(s2, t2).

In addition, we have ¥;(s,t) = ~i(s,t) + OUp(n;lilf), 1 = 1,2, where, as

before, Oy p means “bounded in probability uniformly.”
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Theorems 9.2 and 9.3 show that A, (), 9 (s,t) and 45(s,t) are all asymp-
totically Gaussian. From Theorem 9.2, we can see that if v1(s,t) = ya(s,t) =
v(s,t),s,t € T, that is, the covariance function homogeneity assumption is
satisfied, we have ya(s,t) = v(s,t). From Theorem 9.3, we can see that the
convergence rates of 4, (s,t),%5(s,t) are limited by OUp(n:niII(Z).

The above three theorems are important for constructing various tests for
the two-sample BF problem (9.2) for Gaussian and non-Gaussian functional
data.

9.2.2  Testing Methods

We are now ready to describe an L2-norm-based test, an F-type test, and two
nonparametric bootstrap tests for (9.2).

L?>-Norm-Based Test The test statistic of the L?-norm-based test for testing
(9.2) is defined as the squared L?-norm of A,,(¢):

T, = 18,07 =22 [ ) = o). 97)

The null distributions of T;, are given below when the two functional samples
(9.1) are Gaussian and non-Gaussian.

Theorem 9.4 Under Assumptions HTS1 and HTS2 and the null hypothesis
in (9.2), we have

m
d i.i.d.
Tn = § )\rAra A'r Z’Z\’ X%,

r=1

where A\, =1,2,--+ m are all the positive eigenvalues of ya, (s,1).

Theorem 9.5 Under Assumptions HTS1, HTS3, HTS4, and HTS5, and the
null hypothesis in (9.2), as Nymin — 00, we have

m
d i.i.d.
T 5> AAr, A K01,

r=1

where \p.,r = 1,2 -+ m are all the positive eigenvalues of ya(s,t) defined in
Theorem 9.2.

Theorem 9.4 shows that under the Gaussian assumption HTS2, the test
statistic 7}, is a x’-type mixture and Theorem 9.5 shows that this is also
asymptotically true under some proper assumptions even when the Gaussian
assumption HTS2 is not valid.

Remark 9.1 In Theorem 9.4, the eigenvalues A, = 1,2,---.m depend on
the sample sizes ny and ny of the two samples (9.1) while in Theorem 9.5, the
etgenvalues A, =1,2,---,m do not depend on the sample sizes n1 and ns.
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By Theorems 9.4 and 9.5, the null distribution of 7,, can be approxi-
mated using the methods described in Section 4.3 of Chapter 4. By the Welch-
Satterthwaite y2-approximation method described there, we have

T, ~ B Xgl approximately, (9.8)
where )
By A3

B 1, b5 (9.9)

In the above expressions, under the conditions of Theorem 9.4, we have

Ay =tr(ya,), Bi=tr(7%?), (9.10)

where ya, (s,t) is given in (9.5) and under the conditions of Theorem 9.5, we
have

Ay =tr(ya), Bi=tr(v3?), (9.11)

where ya(s,t) is given in Theorem 9.2.

Let 31 and cfl be the estimators of 31 and d; based on the two samples
(9.1) under the null hypothesis in (9.2). The approximate null distribution of
T, is then given by

T, ~ le?i approximately. (9.12)
1

The L2-norm-based test is then conducted accordingly.

As usual, we can obtain ﬁl and d; by a naive method and a bias-reduced
method. However, we shall see that deriving the naive method and the bias-
reduced method under the two-sample BF problem (9.2) is more involved than
under the homogeneous two-sample problem (5.2).

First of all, the naive estimators @1 and d; are obtained by replacing
YA, (8,t) in (9.10) or ya(s,t) in (9.11) by their natural estimator 4, (s,t) as
given in (9.6), resulting in the following expressions:

r(3a,) = B tr(1) + 5r(3s), (9.13)
By =tr(Jx2) = m3tr(37?) + mhtr(357) + 22 tr(3, © 4,),

where 4, (s,t) and 4,(s,t) are given in (9.3). It is seen that these formulas
are more complicated than those listed in (5.16) under the homogeneous two-
sample problem (5.2).

Second, it is also more involved to obtain the bias-reduced estimators of 3;
and d; under the two-sample BF problem (9.2) than under the homogeneous
two-sample problem (5.2). We first need to replace Aj, A%, and By in (9.9)
with their unbiased estimators under the Gaussian assumption HTS2. The
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unbiased estimator of A; is already given in (9.13). With some calculations,
we obtain the unbiased estimators of A% and Bj as

-5 n2, 5, n?, 5, nin 2 2
A2 = n—%trQ/(\yl) + n—éztr2L7\2) + 2u2 61 (5 )tr(§y), (9.14)
Bi = Bo(f?) + Ber(h8?) + 2r(y, ©4,),

—

where for each i = 1,2, tr?(7;) and tr(7°?) denote the unbiased estimators
of tr?(7;) and tr(yP?), respectively; and as the two functional samples (9.1)
are independent, tr(§;)tr(y,) and tr(9; ® 45) are unbiased for tr(y;)tr(ys)
and tr(y1 ® 72), respectively. When the two samples (9.1) are Gaussian, by
Theorem 9.1 and Theorem 4.6 of Chapter 4, the unbiased estimators of tr?(v;)

and tr(y®?) are, respectively, given by

—

trz(’%’) = (nE’TQ;(l?z:L_:_l) [tl"2 (’71) - 21]1“(’3/;@2)/7%] ’ = ]-7 27

— e X R ) (9.15)
tr(v%?) = Gl [r(F?) — 02(3,)/(ni = 1)), i = 1,2,
It follows that the bias-reduced estimators of 3; and d; are given by
B, =B1/A,, d =A%/B,. (9.16)

From the above, it is seen that the bias-reduced method is more complicated
than the bias-reduced method described in Section 5.2 of Chapter 5 under the
homogeneous two-sample problem (5.2).

Overall, it is seen that the L?-norm-based test for a two-sample BF prob-
lem is quite similar to that for a homogeneous two-sample problem except now
we need to estimate and use the two covariance functions ~; (s, t),i = 1,2, sep-
arately.

Example 9.2 As an illustrative example, we now apply the L*-norm-based
test for two-sample BF problems to the NOx emission level data for testing if
the mean NOz emission levels of working days and non-working days are the
same over time. The calculated L?-norm-based test statistic is T,, = 6.7128¢5.
To compute the approzimate null distribution, we first obtain the following
quantities:

tr(4,) = 3.4236¢4, tr(4,) = 2.0841e4,
tr(3%) = 2.7298¢8, tr(557) = 1.5896¢8, (9.17)
tr(51)tr(3,) = 7.1350e8,  tr(y; ® 45) = 1.8204e8.

It is seen that there are some differences between 9,(s,t) and 95(s,t) al-
though we are still not sure if the differences between ~1(s,t) and y2(s,t)
are significant. Plugging these quantities into (9.13), il is easy to obtain
A = 2.526564,1‘1? = 6.383168,31 = 3.6322e8. Then the naive estimators of
B1 and dy are given by @1 = 7.188363@1 = 3.5147. The approximate P-value
for the L?-norm-based test is then computed as P(lefi >T,) = P(xX35147 >
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93.8354), which is essentially 0, showing that the mean NOz emission levels
of working days and non-working days over time are unlikely the same.

Remark 9.2 We have also applied the L?-norm-based test for homogeneous
two-sample problems developed in Section 5.2 of Chapter 5 to the NOx emis-
sion level data and the conclusion is the same as that obtained in Example 9.2.
This is expected as the evidence from the observed data is very strong that dif-
ferent testing methods can still produce the same testing result.

F-Type Test To partially take into account the variations of the sample

covariance functions 9,(s,t),i = 1,2, we can consider the so-called F-type

test for the two-sample BF problem (9.2) under the Gaussian assumption.

The Gaussian assumption is an adequate condition for the F-type test to
work. The test statistic of the F-type test is defined as

g Do B2 Tl ) - pa0)d

Sn tr(’?An) '

(9.18)

where A ny no
Sn = tr(Fa,) = ~tr(h1) + (). (9.19)

Remark 9.3 The F-type test statistic (9.18) is constructed in a way such
that we have

B(T,) = tr(1a,) = “2tr(n) + "2 tr(12) = E(S,).

That is, the numerator and demominator of F,, have the same expectation.
This allows, by the two-cumulant matched F-approzimation method described
in Chapter 4, that the null distribution of F,, can be approximated by a usual
F-distribution with degrees of freedom estimated from the data. The F-type
tests for heteroscedastic one-way and two-way ANOVA developed later will be
constructed in a similar way.

To derive the null distribution of F,,, we first need to find out the distribu-
tion of S,,. The following theorem shows that under the Gaussian assumption
HTS2, S, is a x2-type mixture.

Theorem 9.6 Under the Gaussian assumption HTS2, we have

my m2
d na nq
Sp=———— AMpAy, + —m—— Aoy Aoy, 9.20
n(nl—l); 1 1+n(n2—1);2 2 (9.20)
where all Ayyr = 1,2, ,my;i = 1,2 are independent, and for each i =

ii.d. .
1,2, Ajy, Ao, -+ Ain, RS X%i—l and Ai1, Ai2, -+, A\im, are all the m; positive

eigenvalues of v;(s,t). Furthermore, we have

Var(Sy) =2 {%tr(’yfﬁ) + Ltr('ygm)} . (9.21)
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Theorem 9.6 shows that the random expression of S,, = tr(¥, ) is more
complicated than the random expression (5.22) of tr(%) under the homoge-
neous two-sample problem (5.2). This is the effect of the covariance function
heteroscedasticity. Fortunately, the result of Theorem 9.6 also indicates that
S, is a x2-type mixture and hence its distribution can be approximated using
the methods described in Section 4.3 of Chapter 4. Again, by the Welch-
Satterthwaite y2-approximation method described there, we have

Sy~ [32)(52 approximately, (9.22)

where
By = Ba/Ay, dy = A3/Bs, (9.23)

with A; = E(S,,) = E(T},) given in (9.9) and

By = Var(Su)/2 = ——2—r(48) 4 —_ 1
AR ST ey )

n2(n1 _ 1) tr(’}é@z)'

Under the Gaussian assumption HTS2, it is easy to see that T,, and S,, are
independent. In addition, by (9.8) and (9.22) and Remark 9.3, we have (1d; =
Ay = (ods and approximately have

2 2
X X
T~ (Brdi) %, Su o~ (Bada) 72
d; dz
It follows that we have
Th .
F, = 3~ Fy, .4, approximately, (9.24)

n

where dy and ds are defined in (9.9) and (9.23), respectively.

Let ch and CZQ be the estimators of d; and ds based on the two samples
(9.1) and under the null hypothesis in (9.2). Then under the null hypothesis
in (9.2), we have

F, ~ F; 5 approximately. (9.25)
dy.d;

The F-type test is then conducted accordingly.

From (9.25), it is seen that we only need to obtain do as dy is already given
in (9.13) and (9.16) obtained by the naive and bias-reduced methods, respec-
tively. We can also obtain 622 by a naive method or a bias-reduced method.
Again, we shall see that the naive method and the bias-reduced method for
dy are more involved than those under the homogeneous two-sample problem
(5.2).

Based on (9.23), the naive estimators of dy are obtained by replacing
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~1(s,t) and ya(s,t) in (9.23) directly with their estimators 4, (s, t) and 445 (s, t)
given in (9.6):

~ ~2 A
R T(éz = AlA/®B223 Whirfe oo (9.26)
By = iy tt(17) + = r(927),
and A; is given in (9.13).

To obtain the bias-reduced estimator of ds, we replace A? and Bs in the
expression of d in (9.23) with their unbiased estimators under the Gaussian
assumption HTS2. The unbiased estimator of A% is already given (9.16) while
the unbiased estimator of By is given by

SO N S
By=——2 ¢ —1
T e R T R
where tr(7%?) and tr(y5?) are the unbiased estimators of tr(vP?) and tr(v5?)

as given in (9.15). The bias-reduced estimator of ds is then given by
dy = A2/B,. (9.27)

Example 9.3 We now apply the F-type test for two-sample BF problems to
the NOz emission level data for testing if the mean NOx emission levels of
working days and non-working days are the same over time. The calculated
test statistic is F,, = 2.6570. We already obtained 621 = 3.5147 by the naive
method as in Example 9.2 and we now need to compute the naive estimator do
using (9.26). By (9.13) and (9.26), we obtained the naive estimates of A? and

By as Ai = 6.3831e8 and Bg = 1.6495€e3. It follows that the naive estimate

~ ~2
of dg is dy = A /By = 3.8697eb. Therefore, we have F,, ~ F3 5147 3.8697¢5 ap-
proxzimately. The approzimate P-value for the F-type test is then computed as

P(FJ d > F,,) = P(F3.5147,3.8697¢5 > 2.6570), which is essentially 0, showing
1,W2

that the mean NOx emission levels of working days and non-working days over
time are unlikely the same. Notice that do is very large; it is no surprise that
the P-value of the F-type test is the same as the P-value of the L?-norm-based
test.

Bootstrap Tests When the sample sizes n; and ns are small, the Welch-
Satterthwaite y2-approximation for the null distribution of the L2-norm-based
test statistic 7}, is not recommended as in this case, Theorem 9.5 may not
be valid. When the two samples (9.1) are not Gaussian, the two-cumulant
matched F-approximation method for the null distribution of the F-type test
statistic F, is not recommended as in this case, Theorem 9.6 may not be
valid. In these cases, a simple nonparametric bootstrap method can be used
to bootstrap the critical values of the L?-norm-based test statistic or the F-
type test statistic. This nonparametric bootstrap method can be described as
follows.
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Let y;;(t),5 = 1,2,---,n;;4 = 1,2 be two bootstrap samples randomly
generated from the two functional samples in (9.1), respectively. Then we
can construct the two bootstrap sample mean functions as gj(¢), 75 (t) and
the two bootstrap sample covariance functions 97 (s, t),%5(s,t), computed as
in (9.3) but based on the two bootstrap samples. Notice that given the two
original samples (9.1), the two bootstrap samples have the mean functions
71(t), y2(t) and the covariance functions 4, (s, t), %5 (s, t), respectively. We can
then compute A7 (1) = \/ning/n[(77 (1) — 45(t)) — (1(t) — 32(1))] and YA, =
AL, t) + (s, 1)

For the L?-norm-based bootstrap test or the F-type bootstrap test, one
computes
AL

T = ||AX|]? Fr = )
n H n” ) or n tr(’YZ:L)

Repeat the above bootstrapping process a large number of times, calculate
the 100(1 — «)-percentile for T;f or F*, and then conduct the L?-norm-based
bootstrap test or the F-type bootstrap test accordingly. The above nonpara-
metric bootstrap tests do not require the Gaussian assumption or large sample
sizes, but they are generally time consuming.

9.3 Heteroscedastic One-Way ANOVA

One-way functional ANOVA was defined in Section 5.3 of Chapter 5. It aims
to test the equality of the mean functions of several functional samples having
the same covariance function. In practice, these functional samples may have
different covariance functions so that the methods described in Section 5.3 of
Chapter 5 may not be directly applicable. In this section, we study how to
test the equality of the mean functions of several functional samples having
different covariance functions by extending the main ideas of the previous
section developed for two-sample Behrens-Fisher problems. This problem may
be referred to as heteroscedastic one-way ANOVA for functional data. We
use the following example to motivate this heteroscedastic one-way ANOVA
problem for functional data.

Example 9.4 The Canadian temperature data (Canadian Climate Program
1982) were introduced in Section 1.2.4 of Chapter 1. They are the daily temper-
ature records of thirty-five Canadian weather stations over a year (365 days),
among which, fifteen are in Eastern, another fifteen in Western and the re-
maining five in Northern Canada. The reconstructed Canadian temperature
curves were displayed in Figure 5.5 of Chapter 5. In Section 5.3 of Chap-
ter 5, the equality of the mean temperature curves of the Fastern, Western,
and Northern weather stations was tested under the assumption that these
Fastern, Western, and Northern weather stations have a common covariance
function. However, Figure 9.3 seems indicate that the three groups of the tem-
perature curves may have quite different covariance functions. This is also
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partially verified by the quantities presented in Table 9.1. It is then desirable
to drop this equal-covariance function assumption. This gives a motivation for
a heteroscedastic one-way ANOVA problem for functional data.

A heteroscedastic one-way functional ANOVA problem may be defined as
follows. Suppose we have k independent functional samples

ii.d. )
yil(t)v ERE) yim(t) "R SP(%%‘)J =1,k (9’28)
where n;(t),i = 1,2, -, k are unknown group mean functions and ~;(s,t),i =
1,2, .-,k are unknown group covariance functions and are possibly unequal.

We wish to test the following null hypothesis:

Hy :m(t) = na(t)

c=aet), teT. (9.29)

This may be also called a k-sample BF problem for functional data, extend-
ing the two-sample BF problem for functional data discussed in the previous
section.

When the k-sample BF problem (9.29) is rejected, we may also consider
some post hoc or contrast tests as defined in Section 5.3 of Chapter 5 but in
the current setup, that is, with the & functional samples (9.28) possibly having
different covariance functions.

(&)

Figure 9.3 Sample covariance functions of the Canadian temperature data for (a)
fifteen Eastern weather stations, (b) fifteen Western weather stations, and (c) five
Northern weather stations. The resolution number is M = 1,000. The first two
sample covariance functions look quite similar to each other but they are somewhat
different from the third sample covariance function.
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9.3.1 FEstimation of Group Mean and Covariance Functions

The group mean and covariance functions of the k functional samples (9.28)
are given by

ni(t) = wi(t)= ”_1 Zj 1 Yi5 (),
Yils,t) = (m—l) P (i (8) = B () (i (8) — (1), (9.30)
i=1,2,--- k.

In the above, to take the covariance function heteroscedasticity into account,
the covariance functions are estimated separately based on the associated
sample only. Notice that 7,(¢),i = 1,2, - -, k are independent and

En;(t) = ni(t), Cov[i;(s),0; ()] = vi(s, 1) /niyi = 1,2, k.

Based on the above, we can set

z(t) = [21(t), 22(t), - -, 21 (8)] 7,
Zi(t) = m[ﬁz(t) — ’f]i(t)}, 7 :kl’ 2, k. (931)

Then we have
Z(t) ~ SPk(Ov FZ)a FZ(sv t) = dlag [71 (87 t)a ’72(87 t)a e 7’776(57 t)] ’ (932)

where SPy(n,T') denotes a k-dimensional stochastic process with parameters
n(t) and I'(s,t). When the covariance function homogeneity assumption is
satisfied, we will have I',(s,t) = (s, t)I; as in Chapter 5, where (s, t) is the
common covariance function.

To study various procedures for testing the heteroscedastic one-way
Table 9.1 Various quantities of the Canadian temperature data, calculated with res-

olution M = 1,000 over various seasons (1=Eastern weather stations, 2=Western
weather stations, and 3=Northern weather stations).

Spring Summer Fall Winter Whole year

la,b] [60,151]  [152,243] [244,334] [335,365]&][1, 59] [1,365]

tr(%q) 1.1105e3  5.4352e2 7.5718e2 2.2843e3 4.6955e3
tr(%y) 2.9930e3  6.0016e2 1.6832e3 7.9373e3 1.3214e4
tr(’y3) 5.4837e3  2.8722e3 2.2024e3 7.9802e2 1.1356e4
tr(w1 ) 9.7813e5  2.7072e5 5.2033e5 5.1234e6 1.5441e7
tr('y 7.8196e6  3.2025e5 2.5980e6 6.2174e7 1.4505e8
tr(’y% ) 2.9227e7  8.0657¢6  3.8508e6 4.2252e5 9.9106e7
tr(dq)tr(d4)  3.3224e6  3.2620e5 1.2745e6 1.8131e7 6.2045e7
tr(§,)tr(§3)  6.0899¢6  1.5611e6 1.6676e6 1.8229e6 5.3324e7
tr(§9)tr(§3)  1.6413e7  1.7238e6  3.7072e6 6.3341e6 1.5006e8
tr(§1 ® o) 2.5800e6  2.9245e5 1.1170e6 1.7739e7 4.4924e7
tr(§; ® 43) 5.1651e6  1.4670e6 1.3315e6 1.2882¢e6 2.5237e7

tr(§9 ® 43) 1.2691e7  1.6024e6 2.6416e6 4.5688e6 5.4188e7
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ANOVA problem (9.29), we need to establish the properties of z(¢) and
4,;(s,t),i = 1,2, -,k under various conditions. For this purpose, we list the
following assumptions:

Heteroscedastic One-Way ANOVA Assumptions (HKS)

1. The k samples (9.28) are with n;(t) € £*(T) and tr(y;) < oo,i =
1,2, k.

2. The k samples (9.28) are Gaussian.

3. As npin = minf=1 n; — oo, the k sample sizes satisfy n;/n — 7, >

0,i=1,2,---,k where n = Zle n; is the total sample size of the k
samples.

4. For each i = 1,2, -, k, the subject-effect functions v;;(t) = y;;(t) —
ni(t),j =1,2, -, n; are i.i.d..

5. For each ¢ = 1,2,--- k, the subject-effect function v;1(t) satisfies
Elvi1||* < oo.

6. Foreachi=1,2,---, k, the maximum variance p; = max, 7 vi(t,t) <
0.
7. For each i = 1,2,---,k, the expectation E[v? (s)vZ(¢)] is uni-

formly bounded. That is, there is a constant C; < oo such that
E[v7 (s)vfi (1)] < C;.

The above assumptions are comparable with those assumptions for one-
way functional ANOVA listed in Section 5.3 of Chapter 5 but now the k
samples (9.28) have different covariance functions. We first have the follow-
ing theorem stating that under the Gaussian assumption HKS2, z(t) is a k-
dimensional Gaussian process and (n; — 1)5,(s,t),7 = 1,2,---, k are Wishart
processes.

Theorem 9.7 Under Assumptions HKS1 and HKS2, we have z(t) ~
GP(0.T,) and (n, — 1)4;(s,t) ~ WP(n; — 1,v;),i=1,2,--- k.

Theorem 9.7 is a natural extension of Theorem 9.1. It is useful for con-
structing various tests for (9.29) when the k functional samples (9.28) are
Gaussian. Notice that the components of z(t) are independent but are no
longer i.i.d. due to the covariance function heteroscedasticity. When the Gaus-
sian assumption HKS2 is not valid but the sample sizes nq,no,---,n; are
large, by the central limit theorem of i.i.d. stochastic processes, Theorem 4.12
of Chapter 4, we have the following theorem stating that z(¢) is asymptotically
a k-dimensional Gaussian process.

Theorem 9.8 Under Assumptions HKS1, HKS3, and HKS4, as Ny, — 00,
we have z(t) <, GPy(0,T,).
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Notice that we impose Assumptions HKS3 and HKS4 for Theorem 9.8
to guarantee that as nuyi, — 00, each of the sample mean functions #;(t) =
¥i (t),i=1,2,---, k converges to a Gaussian process weakly.

Theorem 9.9 Under Assumptions HKS1, HKS3 through HKS6, and HKS7,
as Npin — 00, we have

Vi {Fi(s,t) — (s, 1)} 5 GP0, @), i=1,2,- -k, (9.33)
where

@i {(s1,t1), (52, t2)} = E{vi1(s1)vi1(t1)vin (s2)vir (t2)} — vi(s1,t1)7i(s2, t2).

In addition, we have
4,(8,8) = 7i(s,8) + Opp(n /), i=1,2,--- k. (9.34)

The above theorem shows that under some proper assumptions, 4, (s, t),i =
1,2, -+, k are asymptotically Gaussian and are consistent uniformly over T2
From Theorem 9.9 we can see that the convergence rates of ¥,(s,t),i =

1,2, -,k are limited by Oy p(n_1/%).

As for the homogeneous one-way ANOVA model, for the main-effect, post
hoc, or contrast tests of the heteroscedastic one-way ANOVA model, we do not
need to identify the main-effect functions defined in (5.26) of Chapter 5. They
are actually not identifiable unless some constraint is imposed. If we do want
to estimate these main-effect functions, the most commonly used constraint
is given in (5.35) of Chapter 5 so that the unbiased main-effect estimators are
given in (5.36) of Chapter 5. From Section 5.3 of Chapter 5, the main-effect,
post hoc, and contrast testing problems can be expressed as (5.25), (5.29), and
(5.31), respectively, in terms of the group mean functions n;(¢),i = 1,2,-- -, k.

9.3.2  Heteroscedastic Main-Effect Test

For the heteroscedastic one-way functional ANOVA problem (9.29), we denote
the pointwise between-subject variations as

k
SSHa () = Z nali. (t) = 7. ()], (9.35)

where §..(t) denotes the sample grand mean function of the &k functional sam-

ples (9.28). That is, g..(t) = n~ ' 30, 320 iy (1) = n ™t S0 nagi (t). Under
the null hypothesis (9.29), it is easy to show that

SSH,(t) = z(t)T A,z(t), A, =1, —b,bl/n, (9.36)
where z(¢) is as defined in (9.31) and b,, = [n}/z, né/2, e ,nllc/Q]T. Notice that
A, : kxkis an idempotent matrix such that A,, = AT A2 = A,,. See (5.145)

n?
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of Chapter 5. It is easy to identify the entries of A,,. In fact, its (4, j)th entry

is
e v 3)
As nyin — 00, we have
1—7, ifi=j,
— /T, i
We now describe three tests for the heteroscedastic one-way ANOVA problem

(9.29). They are an L2-norm-based test, an F-type test, and some nonpara-
metric bootstrap tests.

A, — A = (a;;): k x k, where a;; = { (9.38)

L?-Norm-Based Test The test statistic of the L?-norm-based test for (9.29)
can be defined as

k
T, = /T SSH,, (t)dt = ;n /T[gi,(t) g (D)2t (9.39)

This test statistic T;, is exactly the same as the one defined in Chapter 5 for the
homogeneous one-way main-effect test. However, it is much harder to find the
null distribution of 7}, under the current context than under the homogeneous
one-way ANOVA problem discussed in Chapter 5. In fact, unlike for the two-
sample BF problem (9.2) and for the homogeneous one-way ANOVA problem
(5.25), it is not easy to see if the test statistic T}, is a x2-type mixture. This
difficulty is mainly due to the covariance function heteroscedasticity. Never-
theless, as T, is nonnegative and possibly skewed to the left or right, we can
still approximate the null distribution of 7}, with that of a random variable of
form Ry ~ ﬁlell by matching the means and variances of T}, and R;. As the
mean and variance of R; are known to be

E(Ry) = Bid1, Var(Ry) = 2633dy, (9.40)

what we need to do next is to find the mean and variance of T}, under the null
hypothesis (9.29). The following two theorems give the mean and variance of
T, under the null hypothesis for Gaussian and non-Gaussian functional data.

Theorem 9.10 Under Assumptions HKS1 and HKS2 and the null hypothesis
(9.29), we have

k k k
E(T,) = Z an,iitr(vi), Var(T,) =2 Z Z ai,ij tr(y: ® ;)
P i=1j=1

Theorem 9.11 Under Assumptions HKS1, HKSS3, and HKS4 and the null
hypothesis (9.29), as Nmin — 00, we have

k k
E(T,) = Z¢:1 an},ﬁii tr(le‘C) = Zi:l agitr(y:) +o(1),
Var(T,) = 237, 225 ag;tr(y © ;) + o(1),
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where a;j,1,j = 1,2,k are given in (9.38).

Based on the above two theorems, we are now ready to approximate the
null distribution of T}, using that of Ry = (51 Xchl . By matching the means and
variances of T;, and Ry, we obtain

T, ~ 51)(31 approximately, (9.41)

where
ﬂl = Bl/Al, dl = A%/Bl, A1 = E(Tn) = Zanyiitr(%), (942)

and under Assumptions HKS1 and HKS2, we have

= Var(T,)/2 = Z Zan Gt ®75), (9.43)

i=1 j=1

and under Assumptions HKS1, HKS3 and HKS4, we have

k k
By =Var(T,)/2=> Y altr(v; ®7;) + o(1). (9.44)

i=1 j=1

Let 51 and ch be the estimators of 3; and d; based on the data under the
null hypothesis (9.29). The approximate null distribution of T, is then given
by

T, ~ ﬁlef approximately. (9.45)
1

The L2?-norm-based test is then conducted accordingly.

As before, we can obtain B ; and dy by a naive method and a bias-reduced
method although these two methods are more involved than those for the ho-
mogenous one-way ANOVA problem (5.25) described in Chapter 5. As usual,
the naive estimators Bl and d; are obtained by replacing vi(s,t),i=1,2,---,k
in (9.42) through (9.44) directly with their estimators ,(s,t),i = 1,2,---, k,
given in (9.30):

By = Bl/Ah dy = A /Bl, where
A=Y anate(3), Bi= Y0 Zj:l i (s ®95),

and in (9.44), a;;,%,j = 1,2, -, k are also replaced with a,, ;;,%,5 = 1,2, -- -, k.
To obtain the bias-reduced estimators of 8; and dy, we replace A;, A%, and
By in (9.42) through (9.44) with their unbiased estimators under the Gaussian
assumption. The unbiased estimator of A; is already given in (9.46). By some
calculations, we obtain the unbiased estimators of A% and B as

(9.46)

12 k 2/ N N
Al = Y iiitrQ(%)""Zz;@ n iianjjtr(%)tr(’Yj)a

’ : (9.47)
B, = Zv 10, ntr( ) + Zz;éj n, thr(’Yz ® ’YJ)
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Table 9.2 Heteroscedastic one-way ANOVA of the Canadian temperature data by the
L?-norm-based test, with resolution M = 1,000.

Method Time period Th 54 d1 P-value

Naive Spring 8.58¢4 3.90e3 1.81 1.23e—5
Summer 1.87e4  2.12e3 1.47 6.18e —3
Fall 7.60e4  1.45e3  2.27 6.36e — 12
Winter 1.22e5 4.52e3 144 5.43e—7
Whole year 3.02e5 7.58¢3 2.63 6.50e — 9

Bias-reduced  Spring 8.58¢4 1.96e3 3.06 1.79¢—9
Summer 1.87e4  9.57e2 2.59 1.25e¢—4
Fall 7.60e4 8.22¢2 363 O
Winter 1.22e5 3.68e3 1.66 3.50e — 8

Whole year 3.02e5 4.58¢3 4.05 1.73e—13

Note: The approximate degrees of freedom di by the naive method are generally smaller
than those by the bias-reduced method while the P-values by the naive method are generally

larger than those by the bias-reduced method.

—

where for each i = 1,2, k, tr(v;) and tr(fyi®2) denote the unbiased esti-
mators of tr?(v;) and tr(y®?), respectively, and as the k functional samples
(9.28) are independent, for i # j, tr(§,;)tr(9;) and tr(§; ® ;) are unbiased
for tr(;)tr(y;) and tr(y; @ v;), respectively. When the k functional samples
(9.28) are Gaussian, by Theorem 9.7 and Theorem 4.6 of Chapter 4, we have

— i —1)n . t 202 )
w0 = G [“2(”) B AL
R i—1 2 ~ trz(/\7) . ’
tr(yz@z) = % [tr(’y‘?z) - T—’yl} y 1= 1,2,-,.7]{.
It follows that the bias-reduced estimators of 3; and d; are given by
B, =Bi/A,, dy=A%/B,. (9.49)

Example 9.5 We now apply the L?-norm-based test to the heteroscedastic
one-way ANOVA of the Canadian temperature data for testing if the mean
temperature functions of the Fastern, Western, and Northern weather stations
are the same over some time periods as specified in Table 9.1. Table 9.2 shows
the test results with the null distributions of T,, approzimated by the naive and
bias-reduced methods. The estimated parameters Bl and dy can be computed
directly using the quantities listed in Table 9.1. Note that the approximate
degrees of freedom dy by the naive method are generally smaller than those by
the bias-reduced methods and the P-values by the naive method are generally
larger than those by the bias-reduced method. These P-values show that there is
strong evidence showing that the mean functions of the Canadian temperature
curves for the Fastern, Western, and Northern weather stations are not the
same.
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Remark 9.4 Table 9.2 is parallel to Table 5.7 which was obtained under the
assumption that the temperature curves of the Fastern, Western, and Northern
weather stations have the same covariance function. Compared with Table 5.7,
the P-values of Table 9.2 are much larger than those of Table 5.7, showing
that the possible effects of the heteroscedasticity of the covariance functions
for different groups. As this heteroscedasticity has been carefully taken into
account, the results of Table 9.2 are more reliable than those of Table 5.7.

F-Type Test Under the Gaussian assumption (HKS2), we can consider the
so-called F-type test to partially take into account the variations of the group
sample covariance functions ¥,(s,t),7 = 1,2,---, k. Again, the Gaussian as-
sumption is an adequate condition for the F-type test. The test statistic of
the F-type test is given by

TTL

:57

where Ty, is the test statistic of the L?-norm-based test as given in (9.39) and
Sy is given by

F, (9.50)

k
S =Y aniitr(§,). (9.51)
i=1

As pointed out in Remark 9.3, the test statistic F}, is constructed in this way
as under the null hypothesis (9.29), we have

k
E(T,) = Z aniitr(vi) = E(S,), (9.52)

so that the denominator and numerator of F),, have the same expectation. This
allows, by the two-cumulant matched F-approximation method as described
below, that the null distribution of F),, can be well approximated by a usual
F-distribution with degrees of freedom estimated from the data. To derive
this null distribution of F;,, we need to find the approximate distribution of
S, as the approximate null distribution of T}, has already been obtained.

Theorem 9.12 Under the Gaussian assumption (HKS2), we have

PRI
5, L Onjiidin 4 .
ZZ oy A (9.53)
i=1r=1
where all Ajyr = 1,2+ my;i = 1,2,--- k are independent and for each

. ii.d.
i =1,2, k, A, Aig, o, A, "X X2,y and N, Niay o+, Aim, are all the
m; positive eigenvalues of v;(s,t). Furthermore, we have

a

k 2
Var(S,) =2 ﬁtr(%@ﬂ). (9.54)
=1t
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By Theorem 9.12, S, is a x2-type mixture that is more complicated in
shape than the denominator of the F-type test statistic F,, (5.53) for the
homogeneous one-way ANOVA problem (5.25). Nevertheless, the distribution
of S, can be well approximated using the methods described in Section 4.3
of Chapter 4. In fact, by the Welch-Satterthwaite y2-approximation method
described there, we have

Sy ~ B XZQ approximately, (9.55)
with

Bo = Ba/A1, dy = A}/By, (9.56)
where A; = E(S,,) = E(T},) is given in (9.43) and

k 2
U id
By = Var(S,)/2 =) ﬁtr('yfw).

i=1

Under the Gaussian assumption HKS2, it is easy to see that T}, and S,, are
independent. In addition, by (9.41), (9.52), and (9.55), we have $1d; = A; =
[B2ds and approximately have

Xa 7
Tn ~ (ﬁldl)dillv Sn ~ (ﬁ2d2)

It follows that we have

Tn :
F, = 5 ~ Fy, 4, approximately, (9.57)

where d; and do are defined in (9.43) and (9.56), respectively.

Let cil and 32 be the estimators of d; and do based on the data. Then
under the null hypothesis (9.29), we have

F, ~F; - approximately. (9.58)
dy.d>

The F-type test is then conducted accordingly.

From (9.58), it is seen that we only need to obtain dy as dy is al-
ready given in (9.46) and (9.49) obtained by the naive and bias-reduced
methods, respectively. We can also obtain d by a naive method or a bias-
reduced method. Based on (9.56), the naive estimator of ds is obtained
by replacing v;(s,t),i = 1,2,---,k in (9.56) directly with their estimators
;(s,t),0=1,2,--- k given in (9.30):

k 2

~ " ~ N as ..
dg = A?/BQ, where BQ = Z%

tr (522 9.59
20, 1r(% )s (9.59)
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Table 9.3 Heteroscedastic one-way ANOVA of the Canadian temperature data by the
F-type test, with resolution M = 1,000.

Method Time period Fy d1 do P-value

Naive Spring 12.18 1.81 230 2.03e — 5
Summer 6.02 1.47 164 7.03e — 3
Fall 23.16 227 376 3.36e — 11
Winter 18.65 1.44 4224  5.67e—7
Whole year 15.14 2.63 535 1.29e — 8

Bias-reduced = Spring 12.18 3.06 492 8.34e — 8
Summer 6.02 2.59 328 1.03e — 3
Fall 23.16  3.63 925 1.11e — 16
Winter 18.65 1.66 6292 1.1le—7

Whole year 15.14 4.05 1350 3.14e —12

Note: The approzimate degrees of freedom da are generally large so that the P-values of the
F-type test are comparable to those of the L?-norm-based test presented in Table 9.2.

and A; is given in (9.46).

To obtain the bias-reduced estimator of ds, we replace A% and By in the
expression of d in (9.56) with their unbiased estimators under the Gaussian
assumption. The unbiased estimator of A? is already given (9.49) while the
unbiased estimator of Bs is given by

2 —

k
A i ®2
= >t :
; n; — 1 r(’}/z )’

where tr(yP?),i = 1,2,---,k are the unbiased estimators of tr(y®?),i =
1,2,---,k as given in (9.48) The bias-reduced estimator of dy is then given
by

= A2/B,. (9.60)

Remark 9.5 Unlike for the homogeneous one-way ANOVA problem (5.25),
the approzimate degrees of freedom dyv and d» of F,, are no longer proportional
to the degrees of freedom adjustment factor &k as in (5.54). This is of course
due to the covariance function heteroscedasticity.

Example 9.6 We now apply the F-type test to the heteroscedastic one-way
ANOVA of the Canadian temperature data. Table 9.3 shows the test results
with the null distributions of F,, approzimated by the naive and bias-reduced
methods. The estimated degrees of freedom dy and d> can be computed directly
using the quantities listed in Table 9.1. Notice that the values of dy are exactly
the same as those listed in Table 9.2. Table 9.3 is parallel to Table 5.8 and
the P-values of the former table are generally larger than those of the latter
table. As Table 5.8 was obtained under the assumption that the temperature
curves of the Fastern, Western, and Northern weather stations have the same
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covariance functions while Table 9.3 was obtained without this assumption,
the conclusions made based on Table 9.3 are more reliable.

Bootstrap Tests As for the two-sample BF problems for functional data,
when nmi, is small, the Welch-Satterthwaite y2-approximation for the null
distribution of the L2-norm-based test statistic T}, is not preferred and when
the k functional samples (9.28) are not Gaussian, the two-cumulant matched
F-approximation method for the null distribution of the F-type test statistic
F,, is also not preferred. In these cases, we can use a nonparametric bootstrap
approach to bootstrap the critical values of the L2-norm-based test statistic
or the F-type test statistic. The details are as follows.

For each i = 1,2,---,k, let y/;(t),j = 1,27~~,ni be a bootstrap sam-

ple randomly generated from y;;(t),j = 1,2,---,n;. Then we can construct
the k bootstrap sample mean functions as gf(t) y2 (t),---,y;.(t), and the k
bootstrap sample covariance function 47 (s, t),¥5(s,t), -+, 9% (s, t), computed

as in (9.30) but based on the k bootstrap samples. Notice that given the
k original samples (9.28), the k bootstrap samples have the mean functions
¥i-(t),i = 1,2,---, k and the covariance functions ¥,(s,t),s = 1,2,---,k, re-
spectively. We then compute z*(t) = [27(t),25(t), -+, 25 (t)]T, with 27 (t) =

For the L?-norm-based bootstrap test or the F-type bootstrap test, one
computes Ty = [7z*(t)T A,z*(t)dt, or F} = ’E with S} = Zle A it (35).
Repeat the above bootstrapping process a large number of times, calculate
the 100(1 — «)-percentile for T;f or F*, and then conduct the L?-norm-based
bootstrap test or the F-type bootstrap test accordingly. The bootstrap tests
are generally time consuming although they are widely applicable.

9.3.3 Tests of Linear Hypotheses under Heteroscedasticity
We now consider the following heteroscedastic GLHT problem:

Hy :Cn(t)=c(t), teT,

versus Hy :Cn(t) #c(t), for some t € T, (9.61)

where n(t) = [n1(t),72(t), -, m:(t)]T, C: ¢ x k is a known coefficient matrix
with rank(C) = ¢, and c(t) : ¢ x 1 is a known constant function.

Remark 9.6 The heteroscedastic GLHT problem (9.61) is very general. It
reduces to the k-sample BF problem (9.29) if we set c¢(t) = 0 and C =
[Ix—1,—1k—1]. In addition, any post hoc and contrast tests about the mean
functions n;(t),i = 1,2, -+ k can be written in the form of the heteroscedastic
GLHT problem (9.61). For example, given the k functional samples (9.28),
to conduct a post hoc test Hy : n;(t) = n;(t), t € T, we set c(t) = 0 and
C = e;  — e where again e, denotes a k-dimensional unit vector whose
rth entry is 1 and others 0; to conduct a contrast test Hy : aTn(t) =0, t € T
where al'1;, = 0, we set c¢(t) =0 and C = aT .
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Notice that for a same hypothesis, the associated C is not unique and the
test results should not be affected by the choice of C. To this end, we define the
pointwise between-subject variations due to hypothesis for the heteroscedastic
GLHT problem (9.61) as

SSH, (1) = [CA(t) - c(t)]" (CD,CT) " [Ci(t) - c(t)], (9.62)

where 7(t) = [H,(t),75(t), -, N (t)]T denotes the vector of the group
sample mean functions of the %k functional samples (9.28) and D, =
diag(1/n1,1/nga, -, 1/ng). It is seen that the expression of the above SSH,, (t)
is exactly the same as that of the SSH,,(¢) for the homogeneous GLHT prob-
lem (5.62) defined in (5.67) of Chapter 5 but the null distribution of SSH,, (t)
is more involved in the current context.

Under the null hypothesis in (9.61), we have Cn(t) = c(¢) so that we have

SSH,, (t) = z(t)T A,z(t), (9.63)
where z(t) is as defined in (9.31) and
A, =DY2CT(CD,CT)"'CDY? = (an.ij) : k x k. (9.64)

It is easy to see that A,, is an idempotent matrix of rank ¢g. Under Assumption
HKS3, as nyin — 0o, we have

A, — A =D"2CcT(cDCT)"'CDY? = (ay;) : k x k, (9.65)

where
D= . lilgoo nD,, = diag(1/m,1/72, -+, 1/m%).

A comparison (9.63) with (9.36) indicates that the L?-norm-based, F-type,
and bootstrap tests for the heteroscedastic one-way ANOVA problem (9.29)
described in the previous section can now be extended straightforwardly for
the heteroscedastic GLHT problem (9.61). Furthermore, Theorems 9.10, 9.11,
and 9.12 are extended nicely in the current context. What we need to keep
in mind is that the null hypothesis is now given in (9.61) and we now have
SSH,,(t), A,,, and A as defined in (9.62), (9.64), and (9.65), respectively.

9.4 Heteroscedastic Two-Way ANOVA

Two-way functional ANOVA was studied in Section 5.4 of Chapter 5. It aims
to test the significance of the main and interaction effect functions of two
factors under the assumption that all the cell covariance functions are equal.
In practice, however, this assumption may be violated so that the methods
described in Section 5.4 of Chapter 5 may not be directly applicable. In this
section, we study how to conduct heteroscedastic two-way ANOVA for func-
tional data by extending the main ideas of the previous two sections. We
use the following example to motivate the heteroscedastic two-way ANOVA
problem for functional data.
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05 35 05 05 g5 05
Figure 9.4 Sample cell covariance functions of the orthosis data. The row panels are
associated with the seven subjects and the column panels are associated with the four

treatment conditions. It appears that the sample cell covariance functions may not
be the same.

Example 9.7 The orthosis data were introduced in Section 1.2.7 of Chap-
ter 1. They are the resultant moments of seven young male volunteers who
wore a spring-loaded orthosis of adjustable stiffness under four erperimen-
tal conditions: a control condition (without orthosis), an orthosis condition
(with the orthosis only), and two spring conditions (spring 1, spring 2), each
ten times, over a period of time (about ten seconds) that was equally divided
into 256 time points. It motivates a functional ANOVA model with two factors
(Subjects: seven young male volunteers and Treatments: four conditions ) with
ten observations per cell. Figure 1.12 in Chapter 1 displays the raw curves of
the orthosis data, each panel of raw curves observed in the cell. To see if the
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i=1 i=2

Figure 9.5 Sample cell covariance functions of the orthosis data for Subject 5 at the
four treatment conditions. It appears that the four sample cell covariance functions
are not the same.

covariance functions at different cells are the same, Figure 9.4 displays all the
sample cell covariance functions. It appears that these twenty-eight sample
cell covariance functions may not be the same. For example, the four sample
cell covariance functions depicted in Row & (associated with Subject 5) are
very different from the four sample cell covariance functions depicted in Row
6 (associated with Subject 6). To see more clearly how different some of the
sample cell covariance functions are, Figure 9.5 displays the four sample cell
covariance functions for Subject 5 at all conditions. Based on this, it is clear
that the four sample cell covariance functions are not the same. Chapter 10
will formally verify if this is the case. Nevertheless, it is desirable to assume
that for this orthosis data, all the cell covariance functions are different for
the two-way functional ANOVA model, resulting in a heteroscedastic two-way
functional ANOVA model.

More generally, consider a two-way experiment with two factors A and B
having a and b levels, respectively, with a total of ab factorial combinations
or cells. For i =1,2,---,a;j = 1,2,---,b, suppose at the (i,7)th cell that we
have a random functional sample:

Yise(t), k= 1,2, ng, (9.66)
satisfying the following cell model:

Yijk(t) = 13 (t) + viji(t), vijr(t) ~ SP(0,7v;), k=1,---,nij, (9.67)
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where n;;(t) and 7;;(s,t) are the associated mean and covariance functions.
The covariance functions v;;(s,t),7 = 1,2,---,a;j = 1,2,---,b are unknown
and may be different across the cells so that the model (9.67) is a heteroscedas-
tic two-way ANOVA model. Notice that the ab functional samples (9.66) are
assumed to be independent of each other.

As in Chapter 5, for a two-way ANOVA model, the cell mean functions
7;5(t) are often decomposed into the form

where 79(t) is the grand mean function; o;(t) and §;(t) are the i¢th and
jth main-effect functions of factors A and B, respectively; and 6;;(t) is the
(4, 7)th interaction-effect function between factors A and B so that the model
(9.67) can be further written as the following heteroscedastic two-way ANOVA
model:

Yigk(t) = mo(t) +ai(t) + B;(t) + 0i5(t) + vijn(t),

vik(t) ~ SP(0,75), k=1, ny; (9.69)

i=1,aj=1--b

For this model, we are interested in the following three null hypotheses:

HOA : Oéi(t)EO,Z‘:172,"'7a7t€T,
HOB : ,Bj(t) EO, j = 1,2,"',(), teT, (970)
HOAB : glj(t)E(LZ:va:7a7]:17277b7t67

The first two null hypotheses aim to test if the main-effect functions of the
two factors are significant, while the last one aims to test if the interaction-
effect function between the two factors is significant.

The model (9.69) is not identifiable as the parameters no(t), o;(t), G;(t)
and, 6;;(t) are not uniquely defined unless further constraints are imposed.
Given a sequence of nonnegative weights w;;,4=1,2,---,a;j =1,2,---,b, as
in Chapter 5, we can impose the following constraints:

Zb(;zl wiai(t) EO, Z;;:l wUGU(t) = 0, j = 1,2,“-,[)— 1,
ijl wﬂﬂj(t) =0, Zj:%wijeij (t) =0, i=12,-,a—-1, (9~71)
Di1 2ojor wighis(t) =0,

b
where w;. = >3, wi; and w.; = Y77 wi;.

Remark 9.7 We can continue to use the equal-weight method and the size-
adapted-weight method described in Section 5.4 of Chapter 5 for homoge-
neous two-way ANOVA for specifying the weights w;j,i = 1,2,---,a;j =
1,2,---,b. Concretely speaking, these two methods specify the weights as
wij = gihj,t = 1,2,---,a;5 = 1,2,---,b with the equal-weight method
specifying g; = 1/a,h; = 1/bji = 1,2,---,a;j = 1,2,---,b, while the
size-adapted-weight method specifying g; = 22:1 nij/n,i = 1,2,---,a and
hj =30 nij/n,j=1,2,---,b, where and throughout, n =% ;_, Z?=1 Nj-
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Set

Q
—

~
~—

[ar(t), -+ aalt )]T7 B(t) = [B1(t), -, By(B)],
[011 (2 ) 91b(t) 3 0ar(t), - ,Hab(t)]T.

Then under constraints (9.71), the three null hypotheses (9.70) can be equiv-
alently written as

)
—~

~
=

Hoya : H,a(t)=0,t €7, where H, = (Ia,l, —la,l),

HOB : Hb,B(t) = O,t S T, where Hb = (Ib—h —11,_1), (972)
Hoap : Habé)(t) =0,t €7, where H,;, = H, ® Hy,

where, as before, I, and 1, denote an identity matrix of size r and a r-
dimensional vector of ones, respectively, and ® denotes the Kronecker product
operation. The coefficient matrices H,, H,, and H,; are full rank contrast
matrices, having ranks (e — 1), (b — 1), and (a — 1)(b — 1), respectively.

When the weights can be written as w;; = gihj,i = 1,2,---,a;5 =
1,2,---,b as suggested in Remark 9.7 such that g; > 0, Z?:l gi = 1 and
hj >0, Z?zl hj =1, we can easily identify the parameters 7y (t), a;(t), 5;(t),
and 0;;(t) as

no(t) = Zz 123 1 9ilmi5(t),

ai(t) = Z?:l hinij (t) = no(t), (9.73)
Bi(t) = iy gimij(t) — mo(t),

0i;(t) = mij(t) — eu(t) = B;(t) = no(t)-

Let g = J[g1,---,947 and h = [hy,---,hy]T collect the weights
for the levels of Factors A and B, respectively, and let n(t) =
1 (t), - (), Ma1(t), - - -, Map(t)]T collect all the cell mean functions.
As before, denote a p-dimensional unit vector whose rth component is 1 and
others are 0 as e, ,. Then we further have

mo(t) = (g ® h']n(t), ai(t) = [(eia —8)" @hT]n(1),
Bi(t) = [&" @ (ejp =) In(t), 0 ( ) =[(eia — )" ® (ej.,bb— h)*n(t),
27...’04;]': 1727...7 .

~.

In matrix notation, we can further write

at) = [(L—1.g") @ h']n(t) = Aun(t),
Bt) = [g" @@ —1L,h")n(t) = Ayn(t), (9.74)
0() = [(L—1.g")® (L, — L,h")n(t) = Awn(t),

where the matrices A,, Ay, and A, are not full rank matrices, having ranks
(a—1),(b—1), and (a — 1)(b — 1), respectively.

Notice that each of the testing problems associated with the three null
hypotheses (9.72) can be equivalently expressed in the form of the following
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heteroscedastic GLHT problem:

Hy : Cn(t)=c(t), teT,

versus Hy : Cn(t) #c(t), for some t € T, (9.75)

where C : ¢ x (ab) is a known coefficient matrix of full rank with rank(C) = ¢
and c(t) : ¢ x 1 is a vector of known constant functions which is often specified
as 0. In fact, it is easy to check that when c(¢) = 0 and C equals one of the
following matrices:

Co=HA, = (Lt ~1o)[l— 1,87 @n"],
C, = HyAy L1, _1b—1) gl o - 1th)}7
Cuw=HupAwy = [(Iafb —1,-1)(Ls — ]-agT)]
®[(T-1,~1p-1)(T — 1,7,

the heteroscedastic GLHT problem (9.75) will reduce to one of the testing
problems associated with the three null hypotheses (9.72).

Remark 9.8 The post hoc and contrast tests about the main-effects of Factor
A or Factor B can also be conducted using the heteroscedastic GLHT problem
(9.75) provided that we specify c(t) and C properly. For example, to test Hy :
a;(t) = a;(t) for1 <i<j<a, wesetc(t)=0 and C = (e, —€jq)Aq; and
to test Hy : B;(t) —36;(t) + 20k(t) =0 for 1 <i < j <k <b, wesetc(t)=0
and C = (ei’b — 3ej7;, + Qek,b)Ab-

9.4.1 FEstimation of Cell Mean and Covariance Functions

To construct the test statistic for the heteroscedastic GLHT problem (9.75),
we denote the usual unbiased estimators of the cell mean and covariance func-
tions of the random samples (9.67) as

Mi t) = (1) = 7]1 22”1 Yij (1),
Yij(5,8) = (niy — ) U e ik (s) = Tig () wige () — Gy ()], (9.76)
1=1,2,--- a;5=1,2,---,b.

They are also known as the sample cell mean functions and the sample cell co-
variance functions respectively. Notice that 7),;(t),i = 1,2,---,a;5 = 1,2---,b
are independent and

Eﬁij(t) =ni;(t), Cov [mj( vﬁ”(t)] = %ij(s, 1) /nij,
i=1,2,--- a;5=1,2,---,b.

Set

[le(t)7 e 721b(t)7 o '7Za1(t)a o '7Zab(t)]T7

N
—~

~
~—

(9.77)
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Then we have

Z(t) ~ SPab(O7 Fz)7

. 9.78
I‘z(57t):dlag[ryll(svt)f“7’711)(8715)7”'77a1(57t)7"'7’7ab(s7t)]' ( )

To study various procedures for testing the heteroscedastic two-way
ANOVA problem (9.70), we need to establish the properties of z(¢) and
Yij(s,1),i = 1,2,---,a;j = 1,2,---,b under various conditions. For this pur-
pose, we list the following assumptions:

Heteroscedastic Two-Way ANOVA Assumptions (HTW)

1. The ab samples (9.66) are with n;;(t) € £L*(T) and tr(y;;) < oo, i =
1,27"',(l;j = 172a"'7b'

2. The ab samples (9.66) are Gaussian.

3. As Nyin = Minj<i<q1<j<p Ny — 00, the ab sample sizes satisfy
n;j/n — 7;; such that 7;; € (0,1) i =1,2,---,a;5 =1,2,---,b.

4. Fori=1,2,---,a;j =1,2,---,b, the subject-effect functions v;;(t) =
y”k(t) — 7]”(15), k= 1, 2, cor, Ny are iid..

5. Fori =1,2,---,a;j = 1,2,---,b, the subject-effect function v;j;(t)
satisfies E||vij1|* < oo.

6. For i« = 1,2,---,a;5 = 1,2,---,b, the maximum variance p;; =
max, 7 ij (t, 1) < o0.

7. Fori=1,2,---,a;5 = 1,2,---,b, the expectation E[vfjl(s)vfjl(t)] is
uniformly bounded. That is, there is a constant C;; < oo such that
E[vZ (s)vZ,(t)] < Ciy.

i1 i1

The above assumptions are comparable with those assumptions for homo-
geneous two-way functional ANOVA listed in Section 5.4 of Chapter 5 but now
the ab samples (9.66) have different covariance functions. We first have the
following theorem stating that under the Gaussian assumption HTW2, z(t) is
an (ab)-dimensional Gaussian process and (n;; —1)%,,(s,t),i = 1,2,---,a;j =
1,2,---,b are Wishart processes.

Theorem 9.13 Under Assumptions HI'WI1 and HTW2, we have z(t) ~
GP(LZ)(07FZ) and (n’L] - 1)’?”(8’15) ~ WP(n’LJ - 1a72])72 = 172a"'7a;j =
1,2,---,b.

Theorem 9.13 is a natural extension of Theorem 9.7. It can be used for
constructing various tests for (9.75) when the ab functional samples (9.66) are
Gaussian. When the Gaussian assumption is not valid but the sample sizes
ni;, 1 = 1,2,---,a;5 = 1,2,---,b are large, by the central limit theorem of
ii.d. stochastic processes, Theorem 4.12 of Chapter 4, we have the follow-
ing theorem stating that z(t) is asymptotically an (ab)-dimensional Gaussian
process.
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Theorem 9.14 Under Assumptions HTW1, HTW3, and HTW/, as Nyin —
o0, we have

z(t) % GP,(0,T.).

The following theorem shows that 4,;(s,t),i = 1,2,---,a;j = 1,2,---,b
are asymptotically Gaussian and are consistent uniformly under some mild
assumptions.

Theorem 9.15 Under Assumptions HTW1, HTWS3 through HTWG, and
HTW?7, as Nmin — 00, we have

Vi (i (s,0) = 78,0} 5 GO, ), (9.79)
where
@ij {(s1,1), (52, 2)} = E{viji(s1)viji (t1)viji (s2)vijn (t2) }—vij (s1, t1) 735 (s2, t2),
fori=1,2--- a;5=1,2,---,b. In addition, we have

Yij(8:1) = i (s, 1) + OUp(n_l/Q)7 i=1,2,--,a;5=1,2,---,b.  (9.80)

min

9.4.2  Tests of Linear Hypotheses under Heteroscedasticity

For the heteroscedastic GLHT problem (9.75), the pointwise between-subject
variations due to hypothesis can be expressed as

SSH,(t) = [CA(t) — c(t)]" (CD,CT) ™" [Ch(t) — c(t)], (9.81)
where
) = 7118, D12 (t)s -5 () - Mt (8 Aan (), -5 Ay ()]
denotes the vector of the sample cell mean functions of the ab functional
samples (9.66) and
Dn - diag(l/nllz 1/”127 Tty 1/n1b7 Y ]-/nal’ 1/”(127 Ty ]-/nab)'

Again, the expression of this SSH,, (t) is exactly the same as that of the SSH,, (t)
for the homogeneous GLHT problem (5.91) defined in (5.96) of Chapter 5.
However, the distribution of SSH,,(¢) for the heteroscedastic GLHT problem
(9.75) is more complicated than that of SSH,,(t) for the homogeneous GLHT
problem (5.91). This is due to the cell covariance function heteroscedasticity.

Under the null hypothesis in (9.75), we have Cn(t) = c(t) so that we have

SSH,,(t) = z(t)T A, z(t), (9.82)
where z(t) is as defined in (9.77) and

A, =D!2¢T(CD,CT)"'CDY/? = (an,ij,kl)  (ab) x (ab),  (9.83)
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where for i,k =1,2,---,a;7,0l =1,2,---,b; and ay,;;,,m denotes the (ij, kl)th
entry of A, whose entries are labeled associated with the entries of z(t) as
defined in (9.77). It is easy to see that A,, is an idempotent matrix of rank g.
Under Assumption HTW3, as nyi, — 0o, we have

A, — A =D'2cT(CcDCT)"'CDY? = (aij,,kl)  (ab) x (ab),  (9.84)
where a;j i = limy,, ; —oo @n,ijk and

D = lim,,, ~cnD,
= diag(1/m1,1/m2, -+, /7w, -+, 1/Ta1, 1/ Ta, - -+, 1/Tap)-

From the above, it is seen that the heteroscedastic GLHT problem (9.75) for
two-way functional ANOVA is similar in shape to the heteroscedastic GLHT
problem (9.61) and the expression (9.81) of SSH,,(¢) under heteroscedastic
two-way ANOVA is nearly the same as the expression (9.62) of SSH,, (t) under
heteroscedastic one-way ANOVA. Therefore, it is expected that the various
tests for the heteroscedastic GLHT problem (9.61) can be extended for the
heteroscedastic GLHT problem (9.75) straightforwardly. We list them below
purely for easy reference.

L?-Norm-Based Test The test statistic of the L?-norm-based test for the
heteroscedastic GLHT problem (9.75) can be expressed as

T, = [z SSH,(t)d

J7[Calt) - ct)" (CD,CT)~ (9.85)

t =
(CA(t) —c(t)] dt.

As T, is nonnegative, we can approximate the distribution of 7;, with that of
a random variable of form R; ~ ﬂlle by matching the means and variances
of T,, and R;. As the mean and variance of R; are given in (9.40), we only
need to find the mean and variance of T}, under the null hypothesis (9.75).
The following two theorems give the mean and variance of T,, for Gaussian
and non-Gaussian functional data.

Theorem 9.16 Under Assumptions HTW1 and HTW2 and the null hypoth-
esis (9.75), we have

a b
ET,) = i ZJ-:lban,ij,ij tr(7ij),
Var(T,) = 230521 225001 0 i (g @ k)

Theorem 9.17 Under Assumptions HTW1, HTW3, HTW/, and the null hy-
pothesis (9.75), as npiyn — 00, we have

a b a b
E(Ta) =221 iy tr(vig) = 2ic1 2oj—1 g tr(vig) + o(1),
Var(Tn) = 2307 1 305121 a3 i tr(vij @ ) + o(1).
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Based on the above two theorems, we are now ready to approximate the
null distribution of T}, using that of R; = (31 X?h' By matching the means and
variances of T;, and Ry, we obtain

T, ~ ﬁ1X31 approximately, (9.86)

where

B1=Bi/Ay, dy = A}/By, Ay =E(T,) = Y anijijtr(yi;);  (9.87)

i=1j=1
and under Assumptions HTW1 and HTW2, by Theorem 9.16, we have

a b
= Var(T,)/2 = Z Z ai,z‘j,mtf(%‘j ® Y1) (9.88)

ik=1j,1=1

and under Assumptions HTW1, HTW3, and HTW4, by Theorem 9.17, we
have

a b
= Var(T,,)/2 = Z Z a?j’kltr(%j ® Yer) + o(1). (9.89)

ik=1j,1=1

Let 61 and czl be the estimators of 3; and d; based on the data under the
null hypothesis (9.75). The approximate null distribution of 7;, is then given
by

T, ~ ﬂlxz approximately. (9.90)
1

The L2?-norm-based test is then conducted accordingly.

As before, we can obtain 3 p and dl by a naive method and a bias-reduced

method. The naive estimators ﬂl and d; are obtained by replacing v;; (s, t),i =
1,2,--,a;5 =1,2,---,bin (9.87) through (9.89) directly with their estimators
’yij(s,t)7 i=1,2,- ~,a;j =1,2,---,b given in (9.76):

= Bl/Al, dAl = Ai/Bl, where
A =30 S anaate(Big), (9.91)
> a b ~ ~
Bi= 30 ey 2 =1 0 i a3 @ i)
and in (9.89), aij ki k = 1,2,---,a;7,0 = 1,2,---,b are also replaced with
an,ij,klvivk = 172,“'7a;j7l = 1727“" 7b'
To obtain the bias-reduced estimators of 3; and dy, we replace A, A? and
By in (9.87) through (9.89) with their unbiased estimators under the Gaussian

assumption. The unbiased estimator of A; is already given in (9.91). By some
calculations, we obtain the unbiased estimators of A% and B; as

— , _
Al = Z?:l Zj:l ai,zj,ijtr2 (ij)

+ Z(ij);é(kl) anﬂ'j,ijarﬁk\l,kltr(%j)tr(%z), (9.92)
. b ) .
B = Yo, dim1 a%,ij,ijtr(’yg )

+ 2 k) Wit (Fig @ i)
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Table 9.4 Heteroscedastic two-way ANOVA for the orthosis data by the L*-norm-
based test.

Method Effect Tn 5 dq1 P-value
Naive Subject 1.08e7 3,599  26.40 0
Treatment 3.46e6 2,859  16.62 0
Subject x Treatment 2.23e6 5,146  55.38 0
Control vs. Orthosis 1.04e5 2,394 6.39 1.43e—7
Springl vs. Spring2 3.12e4 2,988 548 8.29¢ —2
Cont.+Orth. vs. Spr1+Spr2  3.32¢6 2,607 6.07 0
Bias-reduced  Subject 1.08e7 2,901 32.68 0
Treatment 3.46e6 2,509  18.89 0
Subject x Treatment 2.23e6 3,051 93.23 0
Control vs. Orthosis 1.04e5 2,165 7.03  3.59¢ — 8
Springl vs. Spring2 3.12e4 2,751 593 7.56e —2
Cont.4+Orth. vs. Spr1+Spr2  3.32¢6 2,490 6.35 0

Note: The P-values show that the main-effects of subjects and treatments and their inter-

action effects are highly significant.

where for i =1,2,---,a;5 =1,2,---,b; tr? (%]) and tr( 2) denote the unbi-
ased estimators of tr?(7;;) and tr(y ®2) respectively; and as the ab functional
samples (9.66) are independent, for (zj) # (kl), tr(9;;)tr(5) and tr(9,; @95,)
are unbiased for tr(v;;)tr(vx) and tr(v;; ® ki), respectively. When the ab sam-
ples (9.66) are Gaussian, by Theorem 9.13 and Theorem 4.6 of Chapter 4, we

have

T nij—1)ng; . 2tr(yE?)
tr?(vi;) = m 2(%]')_Tjj ;

_ (ni;—1) ®2y (7. (9.93)
0075 = G |05~ St |

i=1,2,-,a;5=1,2,---,b.

It follows that the bias-reduced estimators of 3; and d; are given by

By = Bi/Ar, d = A2/By. (9.94)

Example 9.8 Tuble 9.4 presents the test results of a heteroscedastic two-
way ANOVA of the orthosis data by the L?-norm-based test. The naive and
bias-reduced methods for estimating the approximate null distributions of the
L%-norm-based test were considered. It is seen that the main-effects of subjects
and treatments and their interaction effects are highly significant. Based on
Remark 9.8, we found significant differences between Control and Orthosis and
between Control+Orthosis and Spring 1+ Spring 2; and we also found that the
difference between Spring 1 and Spring 2 is less significant [P-value=0.0829
(naive) and 0.0756 (bias-reduced)]. As each cell has the same number of ob-
servations, the equal-weight and size-adapted-weight methods produced exactly
the same results.
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Remark 9.9 From a homogeneous two-way ANOVA of the orthosis data by
the L?-norm-based test presented in Section 5.4 of Chapter 5, we found that
the main-effects of Subject, Treatment, and their interaction are also highly
significant (P-value=0). We also found significant differences between Control
and Orthosis [P-value=5.10e — 7 (naive) and 3.62e — 7 (bias-reduced)] and be-
tween Control+Orthosis and Spring 1+Spring 2 (P-value=0). The difference
between Spring 1 and Spring 2 is less significant [P-value=0.0652 (naive) and
0.0629 (bias-reduced)]. These results are similar to those obtained in the lit-
erature and under the equal cell covariance function assumption. Abramovich
et al. (2004) and Abramovich and Angelini (2006) found significant differ-
ences between treatments, but not between Control and Orthosis, and not be-
tween Spring 1 and Spring 2 either. Antoniadis and Sapatinas (2007) treated
Subject as a random-effect component and found significant differences be-
tween Control and Orthosis (P-value = 0.001), between Spring 1 and Spring
2 (P-value=0.020), and between Control + Orthosis and Spring 1 + Spring 2
(P-value=0). Cuesta-Albertos and Febrero-Bande (2010) analyzed the orthosis
data by a random projection method and found significant main and interac-
tion effects (P-value=0) and significant differences between Control and Or-
thosis (P-value = 0.0007), between Spring 1 and Spring 2 (P-value = 0.028),
and between Control + Orthosis and Spring 1 + Spring 2 (P-value=0).

F-Type Test Under the Gaussian assumption HTW2, we can consider the
so-called F-type test for (9.75) to partially take into account the variations
of the sample cell covariance functions 4,;(s,t),i = 1,2,---,a;5 = 1,2,---,b.
The associated test statistic is given by

F, =", (9.95)

where T), is the test statistic of the L2-norm-based test given in (9.85) and S,
is given by

a b
Sn = Z Z an,ij,ijtr(”yij). (996)
=1 j=1

It is easy to see that
E(T,) = E(S,) = A1, (9.97)

where A; is given in (9.87). To approximate the null distribution of F,, we
need only to find the distribution of S,, as the null distribution of 7;, has been
given earlier.

Theorem 9.18 Under the Gaussian assumption HTW2, we have

a b Mmij

5,450y My, (9.98)

i=1 j=1r=1

where all Ajjr,r =1,2,--- myj;0=1,2,---,a;j =1,2,---,b are independent
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. . ii.d.
and fOT’ 1= 1a2a"‘7a;] = 1721"'71)7 AijlaAij27"'aAijmij e Xiij—l and

Aij1y Aij2, 05 Nigm,; are all the my; positive eigenvalues of vij(s,t). Further-
more, we have

a b 2
A ijij
Var(S,) =23 Y =37, (9.99)
i=1j=1 "

By Theorem 9.18, S,, is a x?-type mixture that is more complicated in
shape than the denominator of the F-type test statistic F),, for the homo-
geneous two-way ANOVA problem described in Chapter 5. Therefore, the
distribution of S,, can be approximated using the methods described in Sec-
tion 4.3 of Chapter 4. In fact, by the Welch-Satterthwaite y2-approximation
method described there, we have

Sy ~ ﬂgxi‘, approximately, (9.100)

where
By = BaJAy, dy = A3/Bs, (9.101)

where A; = E(S,,) = E(T},) as given in (9.88) and

a b 2
Ay igij
By =Var($,)/2 =3 Y (1),

i=1j=1 "%

Under the Gaussian assumption, it is easy to see that T, and .S,, are indepen-
dent. In addition, by (9.86), (9.97), and (9.100), we have f1dy = Ay = [ada
and approximately have

2 2
X X
Tn ~ (ﬂldl) & 5 Sn ~ (ﬁ2d2) d> .
d1 d2
It follows that we have
o TTL .
F, = 3"~ Fy, 4, approximately, (9.102)

n

where dy and ds are defined in (9.88) and (9.101), respectively.

Let dl and (22 be the estimators of d; and dy based on the data and under
the null hypothesis (9.75). Then under the null hypothesis (9.75), we have

F, ~ F; 5 approximately. (9.103)
dy.d;

The F-type test is then conducted accordingly.

From (9.103), it is seen that we only need to obtain do as d; is already
given in (9.91) and (9.94) obtained by the naive and bias-reduced methods,
respectively. We can also obtain dy by a naive method and a bias-reduced
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Table 9.5 Heteroscedastic two-way ANOVA of the orthosis data by the F-type test.

Method Effect Fy, dq ds P-value
Naive Subject 113.33  26.40 613 0
Treatment 7277  16.62 613 0
Subject x Treatment 7.84 55.38 613 0
Control vs. Orthosis 6.81 6.39 309 1.45e—7
Springl vs. Spring2 1.90 5.48 305  8.29e — 2
Cont.+Orth. vs. Spr14Spr2  209.77 6.07 613 0
Bias-reduced = Subject 113.33  32.68 1.23e5 0
Treatment 72.77 18.89  1.23ed 0
Subject x Treatment 7.84 93.23 1.23e5 0
Control vs. Orthosis 6.81 7.03 6.34e4 3.94e -8
Springl vs. Spring2 1.90 5.93 5.95e4  7.69e —2
Cont.+Orth. vs. Spr14+Spr2  209.77 6.35  1.22e5 0

Note: It appears that the P-values here are comparable with those by the L?-norm-based
test presented in Table 9.4.

method. Based on (9.101), the naive estimators of ds is obtained by replacing
vij(s,t),i=1,2,--+,a;5=1,2,---,bin (9.101) directly with their estimators
Yij(s,t),i=1,2,---,a;5 = 1,2,---,b given in (9.76) so that

a b 2
” ~2 ~ as .. ..
dy = A]/By, where B _—§ E I (392 9.104
’ s e i1 =1 i T 1 r(¥ij), ( )

and A; is given in (9.91).

To obtain the bias-reduced estimator of ds, we replace A% and By in the
expression of dy in (9.101) with their unbiased estimators obtained under the
Gaussian assumption HTW2. The unbiased estimator of A? is already given
(9.94) while the unbiased estimator of Bs is given by

a b 2
. a2
By =3 % (),
o nzg -
i=1j=1
where tr(’y%’%,i =1,2,---,a;5 = 1,2,---,b are the unbiased estimators of

tr(v5%),i = 1,2,---,a;j = 1,2,---,b as given in (9.93). The bias-reduced
estimator of ds is then given by

dy = A2/ B,. (9.105)

Example 9.9 Table 9.5 presents the testing results of a heteroscedastic two-
way ANOVA of the orthosis data by the F-type test with the naive and bias-
reduced methods. The P-values here are comparable with those by the L?-norm-
based test presented in Table 9.4.
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Remark 9.10 A homogeneous two-way ANOVA of the orthosis data by the
F-type test presented in Section 5.4 of Chapter 5 resulted in quite similar
results as those presented in Remark 9.9 except now the P-values for the dif-
ferences between Control and Orthosis and between Spring 1 and Spring 2 are
6.27¢ — 7 (naive), 4.59 — 7 (bias-reduced) and 0.0659 (naive), 0.0639 (bias-
reduced), respectively.

Bootstrap Tests When n,;, is small, Theorem 9.17 may not be valid so that
the Welch-Satterthwaite y2-approximation for the null distribution of the L2-
norm-based test statistic T,, may not be accurate. And when the ab samples
(9.66) are not Gaussian, Theorems 9.16 and 9.18 may not be valid so that
the two-cumulant matched F-approximation method for the null distribution
of the F-type test statistic Fj, may not be accurate. In these cases, some
nonparametric bootstrap approaches may be used to bootstrap the critical
values of the L?-norm-based test statistic or the F-type test statistic. The
bootstrap tests for the GLHT problem (9.75) are briefly described as follows.

For i = 1,2,---,a;5 = 1,2,---,b, let y7;, (t),k = 1,2,---,n;; be a
bootstrap sample randomly generated from y;;x(t),k = 1,2,---,n;;. Then
we can construct the ab bootstrap sample mean functions as zj;‘j_(t), i =
1,2,---,a;5 = 1,2,---.b, and the ab bootstrap sample covariance function
¥ij(s,t), i =1,2,---,a;5 = 1,2,---,b, computed as in (9.76) but based on
the ab bootstrap samples. Notice that given the ab original samples (9.66), the
ab bootstrap samples have the cell mean functions g;;.(¢),i = 1,2,---,a;j =
1,2,---,b and the cell covariance functions &ij(s,t)ﬂ' = 1,2,---,a;) =
1,2,---,b, respectively. We then compute

Z*(t) = [Zikl(t% o '7sz(t)7'.' '7ZZI(t)7 o '7‘?;b(t)]T7
Z;k](t) = \/nij [g;ﬂj(t) 7?1](75)] s 1= 1721' ,ay ) = 1a27"’7b-

For the L?-norm-based bootstrap test or the F-type bootstrap test, one com-
putes
Ty = [rz* ()T Anz*(t)dt, or

T . % b Ak
Fr= g with Sy = 3700, 300 anjastr(95;)-

Repeat the above bootstrapping process a large number of times, calculate the
100(1 — a)-percentile for T or F*, and then conduct the L2-norm-based boot-
strap test or the F-type bootstrap test accordingly. Note that the bootstrap
tests are generally time consuming.

9.5 Technical Proofs

In this section, we outline the proofs of the main results described in this
chapter.

Proof of Theorem 9.1 Under the Gaussian assumption HTS2, the theorem
is obvious.
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Proof of Theorem 9.2 Under the given conditions, as ny,iy, — 0o, by The-
orem 4.15 of Chapter 4, we have

Yl () — ()] > GP(0,y:),i = 1,2.

That is, \/nine/n[yi(t) — n1(t)] N GP(0,(1 — 7)y1) and /ning/n(y(t) —

n2(t)] <, GP(0,772). The theorem then follows from the independence of the
two samples (9.1).

Proof of Theorem 9.3 The theorem is a special case of Theorem 9.9 and
its proof is also a special case of the proof of Theorem 9.9.

Proof of Theorem 9.4 Under the given conditions, the theorem follows im-
mediately from Theorem 9.1 and Theorem 4.2 of Chapter 4.

Proof of Theorem 9.5 Under the given conditions, the theorem follows im-
mediately from Theorem 9.2, the continuous mapping theorem for random
elements taking values in a Hilbert space (Billingsley, 1968, p. 34; Cuevas,
Febrero, and Fraiman 2004), and Theorem 4.2 of Chapter 4.

Proof of Theorem 9.6 Notice that under the Gaussian assumption HTS2,
we have (n; — 1),(s,t) ~ WP(n; — 1,v;),7 = 1,2, and they are independent
with each other. It follows from Theorem 4.5 of Chapter 4 that

tr((ni — 1)%,) < > AirAir, Ait, Ain, -+ Aim, N =12

r=1
The random expression (9.20) follows immediately. To show (9.21), by (9.20)
and noticing that Var(A4;,.) = 2(n; — 1), we have
T 2 m LZ m
Var(S,) = W“’_gz D1 228, (m —21) + 2T Lo 223, (n2 — 1)
2 [y tr (02 + gy tr(0§?)]

as desired. The theorem is proved.

Proof of Theorem 9.7 Under the given conditions, the k functional samples
(9.28) are Gaussian and independent. The theorem follows immediately from
Theorem 4.14 of Chapter 4.

Proof of Theorem 9.8 Notice that the components of z(t), z;(t) =
Vil (t) —n;i(t)],i=1,2,-- - k, are independent. Under the given conditions

and by Theorem 4.15, as Ny, — 00, we have z;(t) 4, GP(0,7;),i =1,2,---, k.
It follows that z(t) LA GP(0,T,), as desired. The theorem is then proved.
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Proof of Theorem 9.9 Under the given conditions, the expression (9.33)
follows from Theorem 4.16 of Chapter 4 immediately. It follows that as nm, —
oo, we have

Wi [(87 t)a (Sa t)}

1 D],i=1,2,--- k.
n; [+0( )]7Z » Sy )

E [’A}/i(svt) - ’Yi(svt)]2 =
The expression (9.34) follows immediately from the fact that
@i [(5,1), (5. )] < BPJ (8)oh (0] + 17 (s, 8) < Ci+ pf i = 1,2, k,

where the constants C;, p;, i = 1,2, -, k are given in Assumptions HKS6 and
HKS7. The theorem is then proved.

Proof of Theorem 9.10 Under the given conditions, the theorem follows
from Theorem 4.11 of Chapter 4 immediately.

Proof of Theorem 9.11 Under the given conditions, by Theorem 9.8, as
Nmin — 00, we have z(t) 4, GP(0,T,). In addition, by (9.38), as nyi, — 00,
we have A,, — A = (a;;). The theorem then follows from the continuous map-
ping theorem for random elements taking values in a Hilbert space (Billingsley,
1968, p. 34; Cuevas, Febrero, and Fraiman 2004) and Theorem 4.11 of Chap-
ter 4 immediately.

Proof of Theorem 9.12 Notice that under the Gaussian assumption, we have
(n; — 1)3;(s,t) ~ WP(n; — 1,v:),4 = 1,2,- -, k, and they are independent of
each other. It follows from Theorem 4.5 of Chapter 4 that

tr (( - 1 Z)‘M’Azra A11>Az27' zm, Z’Z\’d Xn —177' - 1 2 k'
r=1

To show the expression (9.54), by (9.53) and noticing that Var(A;,) = 2(n; —
1), we have

2 my
Var(S, Z(nczn:H) 2312( i — A2 = 22,

as desired. The theorem is proved.

Proof of Theorem 9.13 Under the given conditions, the ab functional sam-
ples (9.66) are Gaussian and independent. The theorem follows immediately
from Theorem 4.14 of Chapter 4.

Proof of Theorem 9.14 Notice that the components of z(t), z;;(t) =
Vg0 () = niz ()], @ = 1,2,-++,a;5 = 1,2,---,b are independent. Under

the given conditions and by Theorem 4.15, as nymin — 00, we have z;;(t) 4,
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GP(0,7ij),i = 1,2,-+,a;j = 1,2,---,b. Tt follows that z(t) > GPu,(0,T.),
as desired. The theorem is then proved.

Proof of Theorem 9.15 Under the given conditions, the expression (9.79)
follows from Theorem 4.16 of Chapter 4 immediately. It follows that as nyi, —
oo, we have

B [3(s,) - vij(s,t)] " = ZualleheDl 4 o)),

1,2, a3 =1,2,---,b.

The expression (9.80) follows immediately from the fact that

@i [(s,1), (5,1)] < ( Jugj (¢ )H%j( t) < Cij + 0,

E[v};
1,2, a;5=1,2,---,D,

where the constants Cjj;, pi5, @ = 1,2,---,a;j = 1,2,---,b are given in As-
sumptions HTW6 and HTW7. The theorem is then proved.

Proof of Theorem 9.16 Under the given conditions, the theorem follows
from Theorem 4.11 of Chapter 4 immediately, keeping in mind that we now
have double-digit subscripts.

Proof of Theorem 9.17 Under the given conditions, by Theorem 9.14, as
Tmin — 00, we have z(t) KA GPu(0,T,). In addition, by (9.84), as nmin — 00,
we have A,, — A = (aj; ). The theorem then follows from the continu-
ous mapping theorem for random elements taking values in a Hilbert space
(Billingsley, 1968, p. 34; Cuevas, Febrero, and Fraiman 2004) and Theo-
rem 4.11 of Chapter 4 immediately.

Proof of Theorem 9.18 Notice that under the Gaussian assumption, by
Theorem 9.13, we have (n;; —1)%,;(s,t) ~ WP(n;; —1,7i5),i = 1,2,--+,a;j =
1,2,---,b, and they are independent of each other. It follows from Theorem 4.5
of Chapter 4 that

d

tr((ni; — 1)) = Z:n”i AijrAijrs
o

Aijl7Aij27"'Aijmij S Xn; —17 1 2 : 70,;_]' = 1727"’ab'

To show the expression (9.99), by (9.98) and noticing that Var(A;;,) = 2(n;;—
1), we have

2
Var(Sn) = S S (S22 ) S 2 - DN,
= 221 1ZJ 1 ;”:ft (’Yij ),

as desired. The theorem is proved.
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9.6 Concluding Remarks and Bibliographical Notes

In this chapter we reviewed some heteroscedastic ANOVA models for func-
tional data. The L?-norm-based, F-type, and bootstrap tests were described
for the two-sample Behrens-Fisher problem, heteroscedastic one-way ANOVA,
and heteroscedastic two-way ANOVA. These methods can be extended
straightforwardly to heteroscedastic multi-way ANOVA for functional data.
As before, the Welch-Satterthwaite y2-approximation was adopted for approx-
imating the null distribution of the L2-norm-based test, and the two-cumulant
matched F-approximation was adopted for approximating the null distribu-
tion of the F-type test. The time consuming bootstrap test is recommended
only when the functional data are not Gaussian and the sample sizes are small.
Two-sample Behrens-Fisher problems for functional data were first dis-
cussed by Zhang, Peng, and Zhang (2010) and Zhang, Liang, and Xiao (2010),
among others, using various testing procedures including the L2-norm-based
and nonparametric bootstrap tests. For heteroscedastic one-way ANOVA for
functional data, Cuevas, Febrero, and Fraiman (2004) proposed a paramet-
ric bootstrap approach that requires one to bootstrap several Gaussian pro-
cesses repeatedly and hence is generally time consuming, especially when
the sample sizes are large. For heteroscedastic two-way ANOVA for func-
tional data, Cuesta-Albertos and Febrero-Bande (2010) proposed a random
projection-based method that is based on the analysis of randomly chosen
one-dimensional projections. The L?-norm-based test and the F-type test de-
scribed in this chapter are mainly due to Zhang and Xiao (2013a, b).

9.7 Exercises

1. Conduct an L2-norm-based test to verify if the mean NOx emission
level curves of working days and non-working days are equal using
the bias-reduced method to approximate the null distribution of the
L?-norm-based test based on the information given in Examples 9.1
and 9.2.

(a) Find the value of the test statistic T,.

(b) Compute the quantities A;, A2, and B.

(c) Compute the bias-reduced estimators ﬁl and dy so that you
can specify the approximate null distribution of 7,.

(d) Find the approximate P-value of the L2-norm-based test and
comment if the conclusion is similar to the one obtained in
Example 9.2.

2. Conduct an F-type test to verify if the mean NOx emission level
curves of working days and non-working days are equal using the
bias-reduced method to approximate the null distribution of the F-
type test based on the information given in Examples 9.1, 9.2, and
9.3.
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(a) Find the value of F},.

) Find the value of ofl.

) Compute the bias-reduced estimator 622.

) Find the approximate P-value of the F-type test and com-
ment if the conclusion is similar to the one obtained in Ex-
ample 9.3.

3. Compute the following quantities which are defined in Section 9.3,
based on the information given in Example 9.4 and Table 9.1.

(a) The naive and bias-reduced estimators of Ay, A2, By, and Bs.
(b) The naive and bias-reduced estimators of (1, dy, 52, and ds.

4. Under the conditions of Theorem 9.9, show that as n — oo, we have

(a) tr(ﬁ/z) & tr(’Y’L)aZ = 17 27 ) k.
(b) tr(38%) B tr(42?),i = 1,2, -, k.
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Chapter 10

Test of Equality of Covariance Functions

10.1 Introduction

In Chapter 5, various ANOVA models were studied under the equal-covariance
function (ECF) assumption. When this ECF assumption is not satisfied, vari-
ous heteroscedastic ANOVA models were studied in Chapter 9. In this chapter,
we study how to test if two or several functional samples have the same covari-
ance function. That is, we aim to test if the ECF assumption is valid for the
functional samples involved in a functional ANOVA model. We start with the
two-sample case (Zhang and Sun 2010) in Section 10.2. The methodologies are
then extended for multi-sample cases (Zhang 2013b) in Section 10.3. Techni-
cal proofs of the main results are outlined in Section 10.4. Some concluding
remarks and bibliographical notes are given in Section 10.5. Section 10.6 is
devoted to some exercise problems related to this chapter.

10.2 Two-Sample Case

We use the following nitrogen oxides (NOx) emission level data example to
motivate the two-sample ECF testing problem.

Example 10.1 The NOx emission level data were introduced in Section 1.2.3
of Chapter 1. Figure 9.1 of Chapter 9 displays the NOx emission level curves
for seventy-three working and thirty-siz non-working days after siz outlying
curves were identified and removed using one of the methods described in
Chapter 8. The NOz emission levels for each day were evenly recorded twenty-
four times daily, once an hour, and the data were not smoothed. The sample
covariance functions of the NOx emission level curves of working days and
non-working days were displayed in Figure 9.2 of Chapter 9. It appears that
the NOzx emission level curves of working days are more variable than those
of non-working days. Of interest is to test if this is the case. That is, we want
to test if the two underlying covariance functions are different. This motivates
a two-sample ECF testing problem for functional data.

351
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A general two-sample ECF testing problem for functional data can be
formulated as follows. Suppose we have two functional samples

i.4.d. i.i.d.
yll(t)a oy Ying (t) ~ SP(WI?VI)? y?l(t)7 sy Y2ns (t) ~ SP(772»72)7 (101)

where 71(t) and 72(t) are two unknown mean functions, and ~v;(s,t) and
v2(s,t) are two unknown covariance functions. We wish to test the follow-
ing hypotheses:

HO :71(8726) EVQ(S,t),S,tGT,

versus  Hy  :71(s,t) # y2(s,t), for some s, t €T, (10.2)

where 7 is a finite time interval of interest, often specified as [a, b] with —oco <
a<b<oo.

Recall that the sample mean and covariance functions of the two functional
samples (10.1) are given by

M) = Git)=n;" Z] 1 i (1),
Fils,t) = (i = D)7 300 [y (s) — Gi(9)] [yis () — 5(0)], (10.3)
1=1,2.

10.2.1 Pivotal Test Function

To test the two-sample ECF testing problem (10.2) based on the two samples
(10.1), a natural pivotal test function is

A(S,t) =V nln?/nﬁ/l(&t) - ’?Z(Svt)]v (104)

where and throughout this section, n = nj + ns denotes the total sample size
of the two samples. Notice that A(s,t) has a mean function

EA(s,t) = /ning/n[y1(s,t) — va(s, t)].

Under the null hypothesis in (10.2), we have EA(s, t) = 0. As before, let £*(T)
denote the set of all integrable functions on 7.

To study some procedures for testing the two-sample ECF testing problem
(10.2), we first establish some properties of A(s,t) under various conditions.
For this purpose, we impose the following assumptions:

Two-Sample ECF Testing Problem Assumptions (TS)
1. The two samples (10.1) are with 7;(t) € £*(7) and tr(y;) < 00,i =
1,2.
2. AS npyin = min(ny, ng) — oo, we have ny/n — 7 such that 7 € (0,1).
3. Foreach i = 1,2, the subject-effect functions v;; (t) = v;;(t)—n:(t),7 =
1,2, n,; are i.i.d..
4. The subject-effect functions v;; (t) satisfies Elv;1||* < 00,7 = 1,2.
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5. The maximum variances p; = max, 7 7i(t,t) < 00,i = 1,2.

6. For cach i = 1,2, the expectation E [v}(s)vZ(t)] is uniformly
bounded. That is, for any (s,t) € 72, we have E [vZ (s)v4(t)] < C; <
00, where C and Cy are two constants independent of any (s,t) € T2

Remark 10.1 Under the null hypothesis in (10.2), the subject-effect func-
tions v;;(t),j = 1,2,---,n;;4 = 1,2, are i.i.d. with mean function 0 and
covariance function (s, t),s,t € T, where v(s,t) denotes the common co-
variance function of the two samples (10.1).

Under proper assumptions, y/nina/n [§;(s,t) — 44(s, )] is asymptotically
a Gaussian process, as shown by the following theorem.

Theorem 10.1 Under Assumptions TS1 through TS4 and the null hypothesis
in (10.2), as npmin — 00, we have

Vinna/nl3(s,t) = Aa(s, )] % GP(0, @), (10.5)

where @ [(s1,t1), (s2,t2)] = E{v11(s1)vi1(t1)vi1(s2)vir(t2)} —v(s1,t1)7(s2, t2)
with y(s,t) being the common covariance function of the two samples (10.1).

Under the null hypothesis in (10.2), the common covariance function (s, t)
of the two samples (10.1) may be estimated by the following pooled sample
covariance function:

A(s,t) = [(m = DA (s, 1) + (n2 — Do (s,1)] /(n = 2), (10.6)

where 4, (s, 1) and 44(s,t) are given in (10.3). By Theorem 10.1 and under the
null hypothesis in (10.2), a natural estimator for @ [(s1, 1), (s2,t2)] can then
be constructed as

, v @ [(s1,t1), (s2,t2)] = (10.7)
nTh YT D 0aj(51)0ig(t1)0ij (52)045(s2) — F(s1, 1) (52, t2),
where

are the estimated subject-effect functions of the two samples.

The following theorem shows that under some assumptions, the pooled
sample covariance function is asymptotically a Gaussian process and it is
uniformly consistent over 72.

Theorem 10.2 Under Assumptions TS and the null hypothesis in (10.2), as
Nmin — 00, we have

Vi {i(s,t) — (s, )} S GP0, =), (10.9)

where @ {(s1,t1), (s2,t2) } = E{vi1(s1)v11(t1)vi1(s2)vin(t2) }—y(s1,t1)7(s2,t2).
In addition, we have (s, t) = v(s,t) + Oyp(n~—'/2) where, as before, Oyp
means “bounded in probability uniformly.”
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The asymptotical expression (10.9) in Theorem 10.2 appeared in Theo-
rem 5.3 of Chapter 5. We restate it here for easy reference in proving Theo-
rem 10.3.

10.2.2  Testing Methods

When the sample sizes are large, based on Theorem 10.1, we propose an L>-
norm-based test for the ECF testing problem (10.2). Otherwise, the L2-norm-
based test may not work well. In that case, we propose a random permutation
test.

L?-Norm-Based Test The L?norm-based test for (10.2) uses the squared
L2-norm of the pivotal test function (10.4) as the test statistic:

_ e Y1 (8, 1) — Ao (s, £)]2dsdt. .
7, =02 [ 5us.0) = 3als ) dsa (10.10

When the sample sizes are large, its asymptotical null random expression is
given in Theorem 10.3 below.

Theorem 10.3 Under Assumptions TS and the null hypothesis in (10.2), as

n — 00, we have
m

d ii.d.
T =) Ardr ARG,
r=1
where X1, Aa, -+, A are all the positive eigenvalues of the covariance function
w [(s1,11), (82,t2)] as defined in Theorem 10.1.

The above theorem indicates that 7, is asymptotically a x?-type mix-
ture. Therefore, the null distribution of 7}, can be approximated using the
methods described in Section 4.3 of Chapter 4. By the Welch-Satterthwaite
x2-approximation method described there, we have

tr(ww®?) tr?(w)
2 . _ _

T, ~ Bxi approximately, where §= () K= e (52) (10.11)
In practice, the parameters 3 and x must be estimated based on the two
samples (10.1). Let § and & be the estimators of § and x. Then we have

T, ~ Bxi approximately. (10.12)

The L2?-norm-based test can then be conducted accordingly.

Remark 10.2 When the two samples (10.1) are Gaussian, by Theorem 4.3
of Chapter 4 we have

@ [(s1,t1), (s2,t2)] = (51, 52)7(t1, 2) + y(s1, t2)7(s2, 1) (10.13)
Then by some simple calculations, we have

tr(w) = tr*(y) + tr(y®?), tr(w®?) = 2t (v®?) + 2tr(y®?). (10.14)
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Remark 10.3 When the two samples (10.1) are Gaussian, by Remark 10.2,
we can estimate w [(s1,1), (s2,t2)] by

@ [(s1,t1), (52, t2)] = Y(s1, 52)7(t1, t2) +A(51,t2)7(s2, 1), (10.15)

where 4(s,t) is the pooled sample covariance function as given by (10.6). Then
the naive estimators of tr(w) and tr(w®?) are given by

tr(@) = 2 (%) + tr(3%?), tr(@®?) = 262 (5%?) + 2tr(5%%). (10.16)

We can also define some bias-reduced estimators of tr(w), tr?(w), and tr(ww®?)
in the following way:

—_—

(@) = 17(3) + 1722, () = [1r(=)]

o T (10.17)
tr(@®?) =2 [1(182)| + 20(4%%),
where
YR _ (n—2)(n— ~ t’f’(’A)/®2)
tﬁ(’y)-%tﬂy—%,
o e == (10.18)

—2)? A ®2 ir’(
t(y82) = E23 [n(522) - L
are the unbiased estimators of tr2(y) and tr(y®2), respectively. Notice that
in expression (10.17), the unbiased estimator of tr(y®*) is not incorporated

as it is quite challenging to obtain a simple and useful unbiased estimator of
tr(y®*).

Remark 10.4 When the two samples (10.1) are Gaussian, from Remark 10.3
we can propose a naive method and a bias-reduced method for obtaining 8 and
k. The naive estimators of 3 and k are obtained by replacing tr(w), tr* (@),
and tr(w®2) in (10.11), respectively, with their naive estimators tr(%), tr? (&)
and tr(w®?):

. (@)
— K= ——%
tr(c) tr(w®?)
where @ [(s1,t1), (s2,t2)] is given in (10.15). Under the Gaussian assump-

tion TS2, the bias-reduced estimators of B and k are obtained by replacing
tr(w), tr(w), and tr(w®?) in (10.11), respectively, with their bias-reduced

(10.19)

_

estimators t@), tr?(w), and tr(w®?) given in (10.17):

5 tr(ww®?) . trz(w)
B = 7“72) , 7 (10.20)

Random Permutation Test When the sample sizes of the two sam-
ples (10.1) are small, Theorem 10.2 is no longer valid so that the Welch-
Satterthwaite y2-approximation for the null distribution of the L2-norm-based
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test statistic is usually not accurate. In this case, we can approximate the crit-
ical values of the L?-norm-based test statistic 7}, by a random permutation
method, resulting in the so-called random permutation test. The key ideas are
described below.

Let 9] (t),l = 1,2,---,n be a random permutation sample generated from
the pooled sample of the estimated subject-effect functions (10.8). That is,
the random permutation sample of size n = nq + ng is obtained by randomly
reordering the n estimated subject-effect functions (10.8). We then use the
first ny functions to form the first permutation sample f)L—(tLj =1,2,---,m
and use the remaining no functions to form the second permutation sample
05;(t),5 = 1,2,---,ng. Given the two original functional samples (10.1), both
the conditional expectations of 47 (s,t) and 45(s,t) are equal to the pooled
sample covariance function (10.6) of the two original functional samples (10.1).
That is, the two permutation samples conditionally satisfy the null hypothesis
(10.2). Therefore, we can use the distribution of the following permutation test

statistic
ninsg N N 2
T = // T(s,t) —A5(s,t)]" dsdt
ol A M CHCUREHEY))

to mimic the null distribution of the test statistic 7}, (10.10), where

2
Ai(s,t) = (ng — 1)1 07;(8)05;(t),i = 1,2.
j=1
Repeat the above process a large number of times to can get a sample of
T and use its sample percentiles to approximate the percentiles of T,,. The
associated random permutation test is then conducted accordingly.

Example 10.2 For the NOx emission level curve data with siz unusual obser-
vation excluded, we first obtained T,, = 1.5981e9. Under the Gaussian assump-
tion, using the relationship (10. 15) and by (10. 19) and (10.20), we obtained
ﬁ = 1.3589¢8, & = 8.1833 by the naive method andﬁ = 1.2959e8, & = 8.4718 by
the bias-reduced method. Using (10.12), the associated naive and bias-reduced
P-values were obtained as 0.1733 and 0.1631, respectively. The approrimated
P-values obtained by the random permutation test with 100,000 replicates
is 0.1631. It appears that the difference between the covariance functions of
working-days and non-working days are not significant.

10.3 Multi-Sample Case

We now consider the ECF testing problem for several samples. This problem
arises naturally in the homogeneous one-way and two-way ANOVA for func-
tional data as discussed in Chapter 5 where we first need to determine if the
covariance functions at all the levels of the one or two categorical variables are
homogeneous; otherwise, it is preferred to use the heteroscedastic one-way or
two-way functional ANOVA discussed in Chapter 9. We use the following two
examples to motivate the ECF testing problem for several functional samples.
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Example 10.3 The Canadian temperature data (Canadian Climate Program
1982) were introduced in Section 1.2.4 of Chapter 1. They are the daily temper-
ature records of thirty-five Canadian weather stations over a year (365 days),
among which, fifteen are in Eastern, another fifteen in Western and the re-
maining five in Northern Canada. The reconstructed Canadian temperature
curves were displayed in Figure 5.5 of Chapter 5. In Section 5.3 of Chapter 5,
the equality of the mean temperature curves of the Fastern, Western, and
Northern weather stations was tested under the assumption that the temper-
ature curves of the Fastern, Western, and Northern weather stations have a
common covariance function. However, Figure 9.3 of Chapter 9 indicates that
the three groups of the temperature curves may have quite different covariance
functions. That is why in Section 9.3 of Chapter 9, the equality of the mean
temperature curves of the FEastern, Western, and Northern weather stations
was re-tested without imposing the ECEF assumption. To statistically verify if
these Eastern, Western, and Northern weather stations have a common co-
variance function, we need to study how to test the equality of the covariance
functions of several functional samples.

Example 10.4 The orthosis data were introduced in Section 1.2.7 of Chap-
ter 1. They are the resultant moments of seven young male volunteers who
wore a spring-loaded orthosis of adjustable stiffness under four experimental
conditions: a control condition (without orthosis), an orthosis condition (with
the orthosis only), and two spring conditions (spring 1, spring 2), each ten
times, over a period of time (about ten seconds), which were equally divided
into 256 time points. Figure 1.12 in Chapter 1 displays the raw curves of
the orthosis data; each panel showing ten raw curves observed in the cell. In
Chapter 9, this functional data set motivated and illustrated a heteroscedastic
functional ANOVA model with two factors (Subjects: seven young male vol-
unteers and Treatments: four conditions). This is because Figures 9.4 and 9.5
of Chapter 9 seem to indicate that the cell covariance functions may be not
the same. This problem may be formally tested using the methods developed
in this section for testing the equality of the covariance functions of several
functional samples.

Formally, we can define the ECF testing problem for several functional
samples as follows. Suppose we have k independent functional samples:

satisfying

() =ni(t) +vi(t), 1=1,2,--,n;,
Yij () = ni(t) z‘Z.]i.(d.) J Tt (10.22)
v (), vi2(t), -+, vin, (t) "~ SP(0,7); i =1,2,- -k,

where 7 (t),1m2(t), - - -, mk(t) are the unknown group mean functions of the k
samples, v;;(t),7 = 1,---,n;;4 = 1,2,---, k are the subject-effect functions,
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and ~;(s,t),i = 1,2,---, k are the covariance functions. We wish to test the
following null hypothesis:

Hy :v1(s,t) = ya(s,t) = -+ = (s, t), for s, teT, (10.23)
where again 7 is some finite time interval of interest, often specified as [a, b]
with —oo < @ < b < co. The above problem is known as the k-sample ECF
testing problem for functional data, extending the two-sample ECF testing
problem for functional data discussed in the previous section. We notice that
the testing methodologies proposed in this section are natural generalizations
of those methodologies proposed in the previous section for the two-sample
ECF testing problem.

10.3.1  Estimation of Group Mean and Covariance Functions

Based on the k samples (10.21), the group mean functions 7;(t),7 = 1,2, k

and the covariance functions ~;(s,t),s = 1,2,---,k can be unbiasedly esti-
mated as
A = () = S (),
Fils,t) = (i = )7 300 [y (s) = G ()] [y (1) — 5a- (8], (10.24)
i=1,2,--- k.

They are the sample mean and covariance functions of the k samples (10.21)

respectively. Note that 4,(s,t),7 =1,2,---, k are independent and EJ;(s,t) =

vi(s,t),i = 1,2,---, k. The estimated subject-effect functions are then given
by

0ij(t) =y () — 9. (1), = 1,2, mzi = 1,2, k. (10.25)

In order to describe some procedures for testing the multi-sample ECF

testing problem (10.23), we first establish the joint distribution of 4, (s, t),i =

1,2,---,k under various conditions. For this purpose, we list the following
assumptions:

K-Sample ECF Testing Problem Assumptions (KS)

1. The k samples (10.21) are with 7;(t) € £*(T) and tr(y;) < co,i =
1,2, k.

2. AS Npin = minf:1 n; — oo, the k sample sizes satisfy n;/n — 7, i =
1,2,k such that 7,72, -+, 7% € (0,1), where and throughout this
section n = Z?Zl n; denotes the total sample size.

3. For each i = 1,2,-- -, k, the subject-effect functions v;;(t) = y;;(t) —
ni(t),7 =1,2,--,n; are i.i.d..

4. For each ¢ = 1,2,--- k, the subject-effect function v;;(¢) satisfies
EHU“||4 < 00.

5. The maximum variances p; = max, .7 7i(t,t) < oo, i =1,2,- -+ k.
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6. The expectations E[vZ (s)v3(t)],i = 1,2,---,k are uniformly
bounded. That is, for any (s,t) € 72, we have E [v4 (s)v4(t)] <
C; < oo, where C,i = 1,2,--- k are constants independent of any
(s,t) € T2

The above assumptions are regularly imposed for studying the properties
of the estimators 4,(s,t),i = 1,2,---, k. First of all, we have the following
theorem stating that the asymptotic joint distribution of 4, (s,t),i = 1,2, k
is a k-dimensional Gaussian process.

Theorem 10.4 Under Assumptions KS1 through KS/, as nmy, — 00, we
have

VAL _1[ ( 7t) _Vl(svt)]

(s
Vo — 1 [FAY (S7t) - 72(3715)]
2 <GP, [0, diag(wy, @s, -, o1)], (10.26)

Vi =T (5,1) — (5, 1)

where w; [(s1,t1), (s2,t2)] = E{vi(s1)vi1 (t1)vir (s2)vin (t2) }—vi(s1,t1) 73 (52, t2),
i=1,2,- k.

Under the null hypothesis (10.23), the common covariance function (s, t)
of the k samples can be estimated by the following pooled sample covariance

function
k

(s,0) =Y _(ni = D)Ai(s,)/(n — k), (10.27)
i=1
where 4,(s,t),i =1,2,---,k are given in (10.24). The following theorem gives
the asymptotic joint distribution of ¥,(s,t),i = 1,2, -,k when the null hy-
pothesis is valid.

Theorem 10.5 Under Assumptions KS1 through KS4 and the null hypothesis
in (10.23), as npin — 00, we have

Vi = T[1(s,t) = (s, 1)

Vi = T (s,t) — (s, 1)]
where @ [(s1,t1), (s2,t2)] = E{vi1(s1)vi1(t1)vi1(s2)vi1(t2) }=v(s1,t1)v(s2, t2).
By Theorem 10.5 and under the null hypothesis (10.23), a natural estima-

tor for @ [(s1,t1), (S2,t2)] can then be constructed as

& g('sl,tl), (s2,12)] = (10.29)

TS 0T B (1) (81) g (52)Bi5 (t2) — F(s1, 81) (2, t2),
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a natural extension of (10.7), keeping in mind that n is now equal to Zle n;.
In the expression (10.29), the pooled sample covariance function (s, t) is given
in (10.27). In the following theorem, we show that the pooled sample covari-
ance function 4(s,t) is asymptotically a Gaussian process and is consistent
uniformly over 72 under some mild assumptions.

Theorem 10.6 Under Assumptions KS and the null hypothesis (10.23), as

Nmin — 00, we have
Vi —k{A(s,t) — 4(s,t)} > GP(0, ), (10.30)

where w {(s1,11), (52, t2)} = E{vi1(s1)vii(t1)vii(s2)vin(t2) }—v(s1,t1)v(s2, t2).
In addition, we have

A(s,) = (5,) + Oup [(n - k)—l/ﬂ . (10.31)

The asymptotical expression (10.30) in Theorem 10.6 is equivalent to the
asymptotical expression (5.34) in Theorem 5.7 of Chapter 5. We restate it
here in a slightly different form for easy reference in proving Theorem 10.7
given below.

Remark 10.5 When the k samples (10.21) are Gaussian, the expressions
(10.13) and (10.14) continue to be valid. In addition, the expressions (10.15),
(10.16), and (10.17) continue to be valid except the expression (10.18) should
now be replaced with

(k) (n—k+1 o 2tr(Y®)
t,rz(r}/)_ (éik—)l()rzn—kJ-)Z) trz(’y)i n—Z+l ’

(10.32)

—

n—=k)? ~ tr* (Y
(v®?) = Gy [t’”(7®2) - #] :

where Y(s,t) is the pooled sample covariance function defined in (10.27).

10.3.2  Testing Methods

We are now ready to describe an L2-norm-based test and a random permuta-
tion test for the k-sample ECF testing problem (10.23). They are extensions of
the L2-norm-based test and the random permutation test for the two-sample
ECF testing problem described in the previous section.

L?-Norm-Based Test The test statistic of the L?-norm-based test for the
k-sample ECF testing problem (10.23) is defined as

k
T,=Y (n;—1) [9;(s,t) — 4(s,t)]?dsdt, (10.33)
Dm0 [ fpten =5
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where 4,(s,t),4 = 1,2,- -, k are the group sample covariance functions as de-
fined in (10.24) and (s, t) is the pooled sample covariance function as defined
in (10.27). On the one hand, when the null hypothesis (10.23) is valid, each of
A,(s,t),i=1,2,-- -,k should be close to their pooled sample covariance func-
tion 4(s, t) so that the test statistic 7}, will be small. On the other hand, when
the null hypothesis (10.23) is not valid, at least one of 4,(s,t),i = 1,2,k
should be very different from their pooled sample covariance function (s, t)
so that the test statistic T}, will be large. Therefore, it is reasonable to use T,
to test the null hypothesis (10.23).

Remark 10.6 According to the definition of 4(s,t) given in (10.27), in the
expression of T,,, we use n; — 1 instead of the usual n;, aiming to simplify the
derivation of the asymptotic distribution of T,. This, however, will not have
any impact on the asymptotic distribution of T,,.

We first show that under some proper assumptions, the test statistic 7}, is
asymptotically a y2-type mixture as stated in the following theorem.

Theorem 10.7 Under Assumptions KS and the null hypothesis (10.23), as

Nmin — 00, we have

m
d i.4.d.
T, — Z)\’V’AT‘7 A, "R Xi—lv

r=1

where A\p,m = 1,2, m are all the positive eigenvalues of w(s,t) as defined
in Theorem 10.5.

By Theorem 10.7, the null distribution of T}, can then be approximated
using the methods described in Section 4.3 of Chapter 4. By the Welch-
Satterthwaite y2-approximation method described there, we have

T, ~ ﬂx%k_l),{ approximately,

tr(w®? tr? (w (1034)
where 3 = t(I'(w))’ K= tr(a(7®2))'

As before, in practice, the parameters 3 and x must be estimated based on
the k samples (10.21). Let § and & be the estimators of § and k. Then we
have

T, ~ Bxfkflm approximately. (10.35)

The L2-norm-based test can then be conducted accordingly.

Remark 10.7 When k = 2, the expressions (10.34) and (10.35) will reduce
to the expressions (10.11) and (10.12).

Remark 10.8 As in Remark 10.4, based on Remark 10.5, we can have a
naive method and a bias-reduced method for obtaining (3 and k. The naive
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estimators of 3 and k are obtained by replacing tr(w), tr(w), and tr(w®?) in
(10.34), respectively, with their naive estimators tr(%), tr? (%), and tr(w®?):

o w@®) P ()
T k= 10.36
ﬁ (w) K tT‘(?AD®2) ( )
where @ [(s1,11), (s2,t2)] is given in (10.29). When the k samples (10.21) are
Gaussian, the bias-reduced estimators of B and k are obtained by replacing
tr(w), tr*(w ), and tr(w®2) in (10 34), respectively, with their bias-reduced

estimators tr( ), trz( ), and tr(w®2) given in (10.17):

s tr(w®? 172 (=
3= M7 pe r@ (10.37)
tr(w) tr(w®2)
Random Permutation Test When the sample sizes n;,i = 1,2, -,k of

the k samples (10.21) are not large, Theorem 10.6 is no longer valid so that
the Welch-Satterthwaite y2-approximation for the null distribution of the L2-
norm-based test statistic T}, is usually not accurate. In this case, we can
approximate the critical values of T}, by a random permutation method, re-
sulting in the so-called random permutation test. The key ideas are along the
same lines as those of the random permutation test for the two-sample ECF
testing problem described in the previous section.

Let 9;(t),l = 1,2,---,n be a random permutation sample obtained by
randomly reordering the pooled estimated subject-effect functions (10.25),
where n = nq +ng + - - - +ng. We then form k permutation samples with sizes
n1,n2, -,y from this permutation sample and record them as 0} ( ),J =
1,2,---,n;i=1,2,---, k. To mimic the L?-norm-based test statlstlc T,, the
random permutation test statistic is then computed as

T = // (35 (s, 1) — 4% (s, 1)) dsdt,

A7 (s,) = (g = 1)7E 0 03 ()0 (8),i = 1,2, K,
A (s,t) = 8 (ns — 1A7 (s, 8)/(n — k>.

Repeat the above process a large number of times so that we can get a sample
of T)r and use its sample percentiles to approximate the percentiles of T},. The
associated random permutation test is then conducted accordingly.

Note that given the k original functional samples (10.21), the conditional
expectations of 47 (s,t),i = 1,2,---, k are equal to the pooled sample covari-
ance function (10.27) of the k original functional samples (10.21). That is,
the k random permutation samples conditionally satisfy the null hypothesis
(10.23). Therefore, we can use the distribution of 7}* to mimic the null distri-
bution of T;,.

where
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Table 10.1 Tests of the equality of the covariance functions for the Canadian tem-
perature data with resolution M = 1,000.

L?-norm, naive L%-norm, bias-reduced Rand. permu.
Time period T, B 2k P-value 8 2k P-value P-value
Spring 7.75e7  9.10e6  2.47 0.023  9.03e6  2.35 0.020 0.063
Summer 1.86e7  1.32¢6  2.15 0.001  1.32¢6 2.03 0.001 0.002
Fall 1.04e7  2.76e6  2.41 0.203  2.74e6  2.29 0.184 0.189
Winter 2.94e8  4.00e7  2.06 0.027 4.0le7 1.94 0.024 0.029
Whole year 7.82e8  9.05¢7  3.18 0.040  8.86e7  3.07 0.034 0.051

Note: The estimated parameters ﬁ and R were obtained using (10.36) and (10.37) by the
naive and bias-reduced methods, respectively. The P-values by the random permutation test

were obtained by 100,000 replicates.

Example 10.5 We now apply the L?>-norm-based test and the random per-
mutation test to check if the covariance functions of the Canadian temperature
curves of the Fastern, Western, and Northern weather stations are the same
over some time periods as specified in Table 9.1. Table 10.1 shows the test
results of the L?-norm-based tests with the null distribution approzimated by
the naive and bias-reduced methods, and the random permutation test. It is
seen that the estimated values of the parameters [ and d = 2k by the naive
and bias-reduced methods are comparable and their associated P-values are
also comparable although the P-values by the bias-reduced method are always
smaller than those by the naive method. The P-values obtained by the ran-
dom permutation test are slightly larger than those by the L?-norm-based test.
These P-values indicate that the covariance functions of the Canadian tem-
perature curves of the Fastern, Western, and Northern weather stations are
close to each other during the Fall season but there is some evidence showing
that they are different during other seasons and the whole year.

Remark 10.9 As the sample sizes (n1 = 15,n9 = 15,n3 = 5) of the Cana-
dian temperature curves of the Eastern, Western, and Northern weather sta-
tions are rather small, the conclusions based on the P-values of the random
permutation test should be more liable.

Example 10.6 Figure 9.4 displays the sample cell covariance functions of the
orthosis data introduced in Example 10.4. We now turn to check if the under-
lying cell covariance functions are the same. We obtain T,, = 1.5661e10 using
(10.33). By the naive method, we obtain tr(c) = 2.9198¢8 and tr(&%?) =
5.1118¢15. Based on these and using (10.36), we have § = 1.7507¢7,d =
450 29. The associated P- value is 0. By the bias-reduced method, we obtain
tr( ) = 2.9051e8 and tr(w®2) = 4.9242e15. Based on these and using (10.537),
we have ﬁ = 1.695067,d = 462.75. The associated P-value is also 0. With
100, 000 replicates, the P-value of T), obtained by the random permutation test
is also 0. These P-values indicate that the underlying cell covariance functions
of the orthosis data are unlikely to be the same.
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10.4 Technical Proofs

In this section we outline the proofs of the main results described in this chap-
ter.

Proof of Theorem 10.1 Under the null hypothesis in (10.2), let v4(s,t) =
v2(s,t) = v(s,t),s,t € 7. Then

Vning /[y, (s,t) = A(s,)] =
an~/m1 [71(s,t) — (87t)]+b \ﬁ[ 2(s,t) = (s, 8)],

where a,, = y/na/n and b, = y/n1/n. Under the given conditions, by Theo-
rem 4.16, we have

Vi (s,t) = (s, 8)] % GP(0, @), Vzl[Fa(s,t) — 7(s,1)] % GP(0, w),

where w {(Sl, tl), (827 tQ)} = E’l}ll(Sl)Ull(tl)Ull(Sg)’Ull(tg) — ’Y(Sl, tl)’y(SQ, tg).
The expression (10.5) follows immediately from the fact that 4, (s,t) and
A4(s,t) are independent and a2 + b2 = 1. The theorem is proved.

Proof of Theorem 10.2 The theorem is a special case of Theorem 10.6 and
its proof is also a special case of the proof of Theorem 10.6.

Proof of Theorem 10.3 Under the given conditions, the theorem follows
immediately from Theorems 10.1 and 10.2, the continuous mapping theorem
for random elements taking values in a Hilbert space (Billingsley, 1968, p. 34;
Cuevas, Febrero, and Fraiman 2004), and Theorem 4.2 of Chapter 4.

Proof of Theorem 10.4 Under the given conditions, by Theorem 4.16 of
Chapter 4, we have

Va3 (s, 1) = 7i(s,8)] 5 GP(0, ), i=1,2,---,k,

where @; {(s1,11), (s2,t2)} = Evit (s1)vi1 (t1)vin (s2)vir (t2) =i (s1, t1)vi(s2, t2),
i=1,2,---, k. The expression (10.26) then follows immediately from the fact
that the k functional samples (10.21) are independent and (n; —1)/n; — 1,7 =
1,2,---,k as nymin — 00. The theorem is proved.

Proof of Theorem 10.5 Under the null hypothesis (10.23), we have v (s, t) =

- = (s, t) = (s, t), for s,t € T, where y(s,t) is the common covariance
function of the k& samples (10.21). Then under the given conditions, by Theo-
rem 10.4, we have

\/E[ﬁz(svt) - W(Sat)] i} GP(O,W), i = 1a2a o '7k7

where @ {(Sl,tl), (82, tQ)} = Evu(sl)vu(tl)vu(SQ)vH(tg) — ’Y(Sh tl)’y(SQ,tQ).
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The expression (10.28) then follows immediately from the fact that the &k func-
tional samples (10.21) are independent and (n; — 1)/n; — 1,4 =1,2,---, k as
Nmin — 00. The theorem is proved.

Proof of Theorem 10.6 Notice that by (10.27), we have

vVn — {'7(5 t S t } Zaz n; — 71 S t) V(Sat)]a

where a; = /(n; —1)/(n —k),i=1,2,---, k. Under the given conditions, the
expression (10.30) follows from Theorem 10.5 and the fact that the k£ samples
(10.21) are independent and ZL La? = 1 immediately. It follows that as

Nmin — 00, we have

@ [(s,1), (5,1)]
k

E[4(s,t) —7(s,1)])* = [1+o(1)].

Under the null hypothesis (10.23), we have ~(s,t) = ~i(s,t) and
w[(s,1), (s,t)] = w; [(s,1), (s,1)]. The expression (10.31) follows immediately
from the fact that

@i [(s,1), (5,8)] < By (s)viy ()] +97(s,8) < Ci 49}, i = 1,2, K,

where the constants C; and p; are given in Assumptions KS6 and KS7. It
follows that

@ [(s,t), (s,t)] < m’élx (Ci +p}) < o0
i=
The theorem is then proved.

Proof of Theorem 10.7 Under the null hypothesis in (10.23), we have

m(s,t) = = (s, t) = ’y(s t) Set z(s,t) = [21(s,1), 2a(s, 1), -, 2 (s, 1)]T
with z;(s, t) Vi — 1[%,(s ~v(s,t)],i =1,2,---, k. Then we have
T, =

Doiq(ng — f fT (s, t) — (s, t)]stdt
L A € M U

where Ij, — b,b?/(n — k) is an idempotent matrix of rank (k — 1) with
b, = [v/ni — 1,v/na — 1,---,y/n — 1]T. Under the given conditions, by Theo-
rem 10.5, as Ny, — 00, we have z(s, t) A GP(0,wl}). The theorem then fol-
lows immediately from the continuous mapping theorem for random elements
taking values in a Hilbert space (Billingsley, 1968, p. 34; Cuevas, Febrero, and
Fraiman 2004) and Theorem 4.10 of Chapter 4. The theorem is proved.
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10.5 Concluding Remarks and Bibliographical Notes

In this chapter, we studied how to test the two-sample and multi-sample ECF
testing problems. For these problems, we described an L?-norm-based test and
a random permutation test. Real data examples were used to motivate and
illustrate the methodologies.

To our knowledge, there is not much work in the literature for ECF testing.
It is partly due to the fact that such kinds of problems are usually very chal-
lenging to deal with, even in the context of multivariate data analysis where
the data dimension is finite and fixed. This chapter was written mainly based
on Zhang and Sun (2010), who studied two-sample ECF testing problems by
proposing an L2-norm-based test and a nonparametric bootstrap test, and
Zhang (2013b) who studied multi-sample ECF testing problems by proposing
an L%-norm-based test and a random permutation test. Further studies in this
area are interesting and warranted.

10.6 Exercises

1. The progesterone data were introduced in Section 1.2.1 of Chapter 1.
There are sixty-nine nonconceptive and twenty-two conceptive pro-
gesterone curves. These curves were reconstructed using the methods
described in Chapter 3. To check if the two groups of progesterone
curves have a common covariance function, we applied the L?-norm-
based test described in Section 10.2 under the Gaussian assumption.
We obtained T, = 1.1107e5 using (10.10). By the naive method, we
found tr(c) = 9.0708¢5 and tr(&®?) = 5.2632¢11.

(a) Find the approximate null distribution of 7}, using the Welch-
Satterthwaite y2-approximation method.

(b) Find the approximate P-value of the two-sample ECF test.

(¢) We also applied the random permutation test and found that
the associated P-value was 0.99. Compare this permutation
P-value with the approximate P-value you obtained in (b).

2. The Berkeley growth curve data were introduced in Section 1.2.2
of Chapter 1. They are the growth curves of thirty-nine boys and
fifty-four girls. To check if the two groups of growth curves have a
common covariance function, we applied the L?-norm-based test de-
scribed in Section 10.2 under the Gaussian assumption. We obtained
T, = 1.3282¢6 using (10.10). By the bias-reduced method, we found

tr(w) = 1.9919¢6 and tr(w®?) = 3.0664¢12.
(a) Find the approximate null distribution of T}, using the Welch-
Satterthwaite y2-approximation method.
(b) Find the P-value of the two-sample ECF test.
(c) We also applied the random permutation test and found that
the associated P-value was 0.47. Compare this permutation
P-value with the P-value you obtained in (b).
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3. For the orthosis data, Figure 9.5 displays the sample cell covariance
functions for Subject 5 at the four treatment conditions. It appears
that these four sample cell covariance functions are not the same. To
verify if this is the case, we applied the L?-norm-based test for this
four-sample ECF testing problem under the Gaussian assumption. We
obtained 7;, = 6.1678¢9 using (10.33). By the naive method, we found
tr(e) = 1.0747e9 and tr(&®?) = 9.2787¢16, and by the bias-reduced

method, we found tr(w) = 1.0374e9 and tr(w®?) = 7.3474¢16. The
approximate null distributions of T,, were obtained by the Welch-
Satterthwaite y2-approximation method.

(a) Find the approximate null distribution of 7,, with the pa-
rameters § and k estimated by the naive method. Find the
associated P-value.

(b) Find the approximate null distribution of 7}, with the param-
eters 0 and k estimated by the bias-reduced method. Find the
associated P-value.

(c¢) Compare the P-values obtained in (a) and (b).
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