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Preface

Hybrid rocket propulsion systems have inherent safety and operational features
that make them attractive choices for a broad range of applications, including
primary propulsion for launch vehicles, upper stage propulsion, tactical and stra-
tegic missile systems, and the emerging field of commercial space transportation.
Though hybrid rocket motors as we know them today have been investigated for
more than six decades, their development and maturation have not been as
actively pursued as that of liquid bi-propellant engines or solid rocket motors. His-
torically, military applications in the United States favored the storability
and launch-readiness capabilities of solid rocket motors, while high specific
impulse and controllability made liquid engines the system of choice for civil
applications. Nevertheless, recent and growing emphasis on greater propulsion
safety, reduced development and recurring costs, insensitive munitions, environ-
mentally-benign propellants, propulsion system robustness and reliability, and a
high degree of operability have heightened interest in hybrid propulsion
systems for commercial space applications and military propulsion programs.
In response, a number of government laboratories, large industrial companies,
academic research institutions, and small businesses have implemented hybrid
rocket research and development efforts that have, within the past decade, led
to significant state-of-the-art advancements in hybrid rocket propulsion.
Equally important is the ongoing international interests in hybrids in France,
Germany, Italy, Israel, Turkey, India, China, Japan, and other countries. It is
also very significant that the recent historic flight of SpaceShipOne, the first
privately-developed manned vehicle to successfully reach the edge of space,
was powered by a hybrid rocket motor with very reasonable cost of development.

While many exceptional researchers have contributed to the hybrid literature
over the years, no major text, devoted solely to hybrid rocket combustion and
propulsion, had been prepared prior to this volume. In 2001, at the AIAA
Hybrid Rocket Technical Committee summer meeting in Salt Lake City, Utah,
during the 37th AIAA/ASME/SAE/ASEE Joint Propulsion Conference, the
need for a professional text to organize and present the fundamentals of hybrid
rocket combustion, as well as to collect and promote more recent advancements,
was identified. During subsequent Joint Propulsion Conferences, the desired
content of the text was established and experts in various aspects of hybrid
rockets were invited to contribute, resulting in the current volume.

Fundamentals of Hybrid Rocket Combustion and Propulsion is designed as a
reference text for industrial designers, propulsion system analysts, test engineers,
academic researchers, and graduate/undergraduate students studying chemical
propulsion. The contents are organized to cover broad aspects of hybrid rocket
combustion, including: theoretical and experimental approaches to solid-fuel
regression rate characterization, both analytic and numerical modeling of
hybrid rocket internal flow fields, transient hybrid combustion phenomena,
various fuels and oxidizers used in hybrid rocket combustion, scaling effects
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relevant to hybrid motors, practical applications, and challenges for continued
advancements in the hybrid rocket field. Fifteen chapters, all peer-reviewed by
experts in this area, comprise this volume. While it is by no means comprehen-
sive, we hope that this text will serve as a useful springboard for future research
and development efforts by industrial, government, and academic scientists and
engineers so that the outstanding features of hybrid rockets will be fully realized.

Martin J. Chiaverini
Kenneth K. Kuo
December 2006
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Guy Lengellé, ONERA, Châtillon, France

Nomenclature. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

Condensed-Phase Behavior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

Ablation Rate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

Ablation of Various Solid Fuels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

xi



Chapter 4. Solid-Fuel Pyrolysis Phenomena and Regression

Rate, Part 2: Measurement Techniques . . . . . . . . . . . . . . . . . . . 167
Franck Cauty, ONERA, Office National d’Études et de Recherches Aérospatiales,
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Chapter 1

Overview and History of Hybrid Rocket Propulsion

David Altman∗
Space Propulsion Group, Inc., Menlo Park, California 94025

and

Allen Holzman∗∗
Cupertino, California 95014

I. Introduction

A HYBRID rocket uses both a liquid and a solid as propellants. In the typical
classical hybrid, the fuel is a solid and the oxidizer is a liquid (Fig. 1).Although

there are many components that are common to the liquid and the solid rocket, the
operation of a hybrid is distinctly different. In the solid rocket, the oxidizer and
fuel are intimately mixed in the single solid phase and combustion occurs when
the exposed surface is heated by the combustion flame to the ignition temperature.
In the liquid rocket, both oxidizer and fuel are intimately mixed in the vicinity of
the injector to form a combustible mixture. In both cases, therefore, everywhere
in the combustion chamber there is a uniform mixture of both oxidizer and fuel.
The hybrid, however, burns as a macroscopic turbulent diffusion flame where the
oxidizer-to-fuel ratio (O/F) varies down the length of the chamber, ending at a
composition that determines the motor performance.

Why has the hybrid provided an attractive alternative to the conventional liquid
or solid rockets? Although the liquid rocket is an efficient high-performance sys-
tem, it is quite complex and costly with all of the required plumbing. The solid
motor avoids this problem by premixing the fuel and oxidizer in a solid form
that is dense and compact. The major disadvantages, however, are the explosive
danger and the lack of thrust control or termination. Although the propulsion sys-
tem per se may be cheaper, these latter disadvantages translate to a more costly
vehicle design to accommodate such requirements as acceleration, atmospheric
heating, and shutdown. The hybrid rocket, with half the plumbing of the liquid

∗Chairman.
∗∗Aerospace Consultant.
Copyright © 2007 by the American Institute of Aeronautics and Astronautics, Inc. All rights reserved.
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Fig. 1 Hybrid rocket schematic.

but retaining its operational flexibility and avoiding the explosiveness of the solid,
therefore, provides an attractive alternative option. Because of its simplicity of
operation, safety, nonexplosiveness, and low cost, the hybrid motor has been the
favorite for amateur academic groups.

A. Classifications

There are many classifications of hybrid combustion systems. The classical
system combines a solid fuel with a liquid or gaseous oxidizer. The classical system
has been the most evaluated type, and all of the other concepts are variations on
this design. The advantage of the classical concept is that there are many solid
fuels such as hydrocarbons (rubbers and plastics) and metals and a wide variety of
liquid oxidizers such as oxygen, F2/O2 (FLOX), hydrogen peroxide, nitric acid,
nitrogen tetroxide, and nitrous oxide.

In the 1950s, reverse hybrids were evaluated. This concept uses a solid oxidizer
and liquid fuel. It was not as practical as the classical system, because the solid
oxidizer was difficult to fabricate and had to be mixed either with an inert filler or
with a small percentage of fuel to press or mold the grains. The inert filler reduced
the attainable performance, and the small amount of fuel mixed with the solid
oxidizer produced a potentially hazardous mixture.

There is another variation in the hybrid combustion concept that utilizes
bipropellant combustion with a third component such as a metallized fuel. This
configuration, called a tribrid, uses an oxygen/hydrogen central core within either
a cast beryllium-loaded polybutadiene (PB) fuel grain or pressed Be powder mixed
with a small amount of Teflon as a binder. That propellant system has the highest
known specific impulse together with a very high combustion temperature, over
5000 K. The tribrid is a convenient way of getting Be in the combustion zone, thus
avoiding the problems of a slurry with liquid hydrogen.

There is also the solid-fuel ramjet that employs a solid fuel and ram air as the
oxidizer. In contrast to the classical liquid-fuel ramjet, it has no liquid piping,
but the fuel has a low burn rate due to the dilution of the oxygen in the air. This
deficiency can, of course, be lessened by the addition of a solid oxidizer to the fuel.
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A further version of the hybrid ramjet is the ducted rocket where a fuel rich solid
propellant is burned to produce a flame that then flows through a nozzle and mixes
with ram air to generate a roughly stoichiometric flame of optimum performance.

B. Advantages and Disadvantages

The fundamental difference between a classical hybrid and the liquid or solid
rocket leads to a number of distinguishing characteristics. The advantages are as
follows:

1) Safety. The fuel is inert and can be manufactured, transported, and han-
dled safely in accordance with standard commercial practice. The system is
nonexplosive because an intimate mixture of oxidizer and fuel is not possible.

2) Simplified throttling and shutdown. The engine can be throttled by modu-
lating the liquid flow rate, which is simpler than in a liquid rocket where two flow
rates must be synchronized while being modulated. In the hybrid rocket, the fuel
flow rate, which results from vaporization from the solid surface, automatically
adjusts to the change in oxidizer flow rate. Consequently, thrust termination is
simply accomplished by turning off the liquid flow rate, a feature of considerable
significance in an abort procedure.

3) Grain Robustness. Unlike solid rockets, fuel-grain cracks are not catastrophic
because burning only occurs down the port where it encounters the oxidizer flow.

4) Propellant versatility. The selection of propellants is much greater than with
either liquids or solids. In contrast to liquids, solid constituents, such as dense
energetic metals, can be added to the fuel to enhance both performance and density
without resorting to slurries. Also, in contrast to solids, the liquid oxidizers provide
much higher energy levels.

5) Temperature Sensitivity. Because the temperature effect on burn rate is small
(as in liquids), ambient launch temperature variations have little effect on operating
chamber pressure. Thus, the concern in solid rockets in designing for a maximum
expected operating pressure (MEOP) is greatly reduced.

6) Low Cost. The total operational cost for hybrid systems benefits greatly from
the safety features and inert propellant. Manufacture of the fuel can be done in a
commercial facility that does not require the large acreage and many buildings for
solid-propellant manufacture. As a consequence, the fuel plant can be located at or
near the launch site. Furthermore, the system can tolerate larger design margins,
resulting in a lower fabrication cost.

These advantages, however, are not enjoyed without some disadvantages,
such as:

1) Low Regression rate. The small resulting fuel web means that most
combustion chambers over a foot in diameter require multiple ports to provide
adequate burning surface to meet the required thrust. This characteristic, however,
is desirable for long-duration applications with a low-thrust requirement such as
target drones, hovering vehicles, and gas generators.

2) Low bulk density. A consequence of the low regression rate is that a large
grain surface area must be provided to supply the required thrust. This is generally
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done with multiple ports that lead to a relatively low volumetric fuel loading or
bulk density. The number of sharp corners in a multiport dual grain also leads to a
moderate amount of unburned fuel slivers. However, recent efforts to increase the
regression rate have reduced this disadvantage.

3) Combustion efficiency. The nature of the large diffusion flame results in a
lower degree of mixing and, hence, a lower impulse efficiency. This loss is generally
1–2% greater than in either liquids or solids. In comparison with solids, however,
the delivered vehicle performance is greater because of the higher theoretical Isp.

4) O/F shift. The opening of the port during burning causes an O/F shift with
burning time, which can lower theoretical performance. However, with proper
design of the initial O/F, this loss is usually minimal, and ballistic calculations
show that it can be held to less than 1% for a typical hybrid.

5) Slower transients. The ignition transient is slower, as well as the thrust
response to throttling. In most practical applications, where reproducibility is more
important than speed of response, this aspect is not very significant.

C. Potential Applications

The hybrid rocket can be used in practically all of the applications where rockets
are employed. This is because of the versatility of propellants available, the large
range of performance capability, and the thrust flexibility including shutdown.
There are certain applications, however, where the hybrid is superior. The following
listing shows examples of applications:

1) Sounding Rockets. The high-altitude, or sounding rocket, represents one of
the most extensive uses to date. Because of its low cost, safety of operation, and
wide range of easily available propellants, it continues to be a favorite for amateurs
and academics.

2) Auxiliary Power Units. These units are gas generators for various applica-
tions such as powering turbines, hot-gas generation (which can be either fuel- or
oxidizer-rich), torches, etc.

3) Tactical Rockets. If a compact envelope is not too restrictive, the hybrid
is ideal because its throttling (energy management) capability is a significant
advantage. Throttling involving boost and sustain capability on demand are
desirable features not easily attainable with solid motors.

4) Space Engines. The hybrid features of throttling and stop/restart are partic-
ularly desirable to provide either a coasting phase or thrust termination for exact
final velocity in orbit insertion. This allows the hybrid to perform the dual function
for both velocity increment and orbit insertion.

5) Thrust Augmentation. This is an ideal application for the hybrid because the
throttling feature can be used to shape the exoatmospheric trajectory for maximum
performance. It also allows for the possibility for steering by differential throttling
of side-mounted thrusters.

6) Large Launch Boosters. The largest hybrid engine that has been test fired
to date is in the 110-kN (250,000-lb) thrust class. This was done by two orga-
nizations, by American Company Rocket (AMROC) in the early 1990s and by
the Lockheed, Chemical Systems Division (CSD), and Thiokol (ATK) consortium
during 2000–2002. These engines used liquid oxygen (LOX) hydroxy-terminated
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polybutadiene (HTPB) as propellants. The incentive for this development was to
provide a throttling and thrust termination capability for both vehicle performance
improvement and abort capability in the event of a system failure. This interest
was partially stimulated by the Space Shuttle Challenger failure in 1986.

II. Early History, 1933–1960

The early history of hybrid rocket development dates back to the early 1930s,
during which time the initial developments of both liquid and solid rockets
occurred. Actually, solid motors were first used because of the early gunpowder
history several centuries earlier. The solid rockets, which were investigated by
such well-known figures as Robert Goddard, fell into early disrepute because of
their explosive hazard. Germany’s professor, Hermann Oberth, one of the pioneers
in rocketry, warned experimenters, “Powder believes it must explode all at once;
from the old use in shells and guns, it is too well-trained always to destroy.” Within
a few years of this ominous dictum, there occurred in 1933 a tragic demonstra-
tion of it. The early rocket engineer, Reinhold Tiling, and three of his assistants
were killed in a detonation of 40 lb of powder fuel. Meanwhile, Goddard, who
had started his work with powder fuels, decided to avoid the explosive hazard of
a large quantity of solid fuel in one container by injecting small quantities of the
powder into a small combustion chamber. His objectives were to control burning
rate, achieve stop and restart, and to avoid exposing the complete fuel to the heat
of combustion. Because of the complexity of feeding powder into the combus-
tion chamber, Goddard eventually turned to liquid propulsion. It took him nearly
22 years of propulsion research, until 1935, before he was able to achieve his most
successful flight of a liquid rocket, which attained an altitude of 1.9 km.

The first recorded effort, as a forerunner to the hybrid rocket, was reported by
Sergei P. Korolev and Mikhail K. Tikhonravov within the scope of the Russian
GIRD.† A flight was made of the GIRD-09 on 17 August 1933. It was approxi-
mately 7 in. in diameter by 8 ft long, had a thrust of 500 N for 15 s and attained an
altitude of 1500 m. The propellants were gasoline/collophonium (gelled gasoline)
suspended on a metal mesh and LOX under its own pressure. Although this is not
a hybrid as we currently classify it, the literature listed as such.

Shortly afterward in 1937, serious efforts to experiment with hybrid motors
were initiated. These included motor tests conducted at I. G. Farben by Leonid
Andrussow, O. Lutz, and W. Noeggerath. They tested a 10-kN hybrid motor using
coal and gaseous nitrous oxide. These tests shared the same unsuccessful results
as Oberth’s experiments with LOX and graphite. Their lack of success was due to
carbon’s very high heat of sublimation, which results in a negligible burning rate.

The earliest significant effort of a flightworthy hybrid rocket was conducted in
the mid-1940s by the Pacific Rocket Society that employed LOX in conjunction
with such fuels as wood (Douglas fir), a wax loaded with carbon black, and, finally,
a rubber-based fuel [1, 2]. The Douglas fir rockets that were tested in 1947 were
designated as experimental Douglas fir (XDF-#). The initial recorded configuration

†Data available on-line at http://www.hybridracketen.de/Homepage/Old/Antares/Hybridracketen/
history.htm.
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(XDF-3) used a nozzle made out of Douglas fir, which was soaked in a solution
of zinc and ammonium chlorides, apparently based on a notion that this would
provide a heat-resistant quality. The XDF-3 nozzle design was quickly eliminated
when only 15 s of low-pressure combustion effectively demolished the nozzle. The
next experiment, XDF-4, was essentially the same general configuration, but the
wood nozzle now contained a thick molded lining of calcium sulfate. An accurate
evaluation of the design could not be made because, after 2 s of firing time, the static
test motor broke away from the test stand (because the motor reached a thrust of
40–60 lb, which was in excess of the design capability of the stand) and flew over
the heads of the observers landing under a Jeep parked nearby. The Society went
through 19 more designs before finally arriving at XDF-23, which used a more
practical configuration, containing a LOX rubber-base fuel and an aluminum alloy
nozzle. It successfully flew in June 1951, reaching an altitude estimated to be about
30,000 ft.

Although the Society apparently did not report any ballistic analyses, they
did have an accurate concept of hybrid burning as evidenced by the following
statement: “The chamber pressure of a solid–liquid rocket engine is proportional
to oxidizer flow and not to the internal surface area exposed to the flame. Thus,
there is no danger of explosions due to cracks and fissures in the charge as with
solid propellant rockets commonly used for boosters” [3].

The first analytical investigation of the combustion process of a solid-fuel ramjet
with laboratory tests was done by H. Bartel and W. Rannie in 1946 at the Jet Propul-
sion Laboratory (JPL). The propellants were graphite and air, and the purpose was
to investigate its performance as a solid-fuel ramjet. Solid-fuel ramjets are hybrids
where the air is the oxidizer that is scooped up by inlets from the atmosphere. This
effort was abandoned when it was realized that because of the high sublimation
heat of carbon, combustion would be extremely slow leading to impractical low-
thrust levels. While at JPL, Rannie approached me (Altman) at that time regarding
his inability to get any useful thrust from his ramjet. (He jokingly referred to this
simple concept as the witches’ means of flight on a broomstick.) I was following
the controversy on the proper heat of sublimation of carbon in that period, which
ranged from values of 124 kcal/mol (Pauling) to over 200. The settled value from
spectroscopy was 173 kcal/mol (Brewer, Gilles and Jenkins), and this high value
explained the lack of success in using carbon as a hybrid fuel.

An early analytical and experimental investigation in hybrids was made by
George Moore and Kurt Berman at General Electric Company in Schenectady,
New York, initiated in the late 1940s and continued to 1956. Their engine was
based on the use of a hypergolic hybrid rocket propulsion system using 90%
hydrogen peroxide as the oxidizer and polyethylene as the fuel [4]. The peroxide
was decomposed in a silver screen catalyst bed, and the fuel grain was composed of
a tubular or rod and tube configuration as shown in Fig. 2. The early motivation for
this approach was to augment the performance of peroxide as a monopropellant.
They observed that when a relatively small amount of fuel was added, about 15% of
the propellant weight, the Isp increased 70% from 136 to 230 s. This was accom-
plished by a relatively small extension of the combustion chamber between the
catalyst bed and the nozzle. Over 300 tests were made, 100 of which were made
with the rod and tube configuration. In this early work, the authors concluded
that 1) longitudinal uniformity of burning was remarkable, 2) grain cracks had no
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Fig. 2 H2O2-polyethylene hybrid rocket (General Electric).

effect on combustion, 3) hard starts were never observed, 4) combustion was sta-
ble because the fuel surface acted as its own flameholder, 5) throttling was easily
accomplished by a single valve, and 6) a high liquid-to-solid ratio was desirable
to simplify uniform burning in the combustion chamber. On the negative side, the
investigators noted that the inherent thermal instability of peroxide was a problem
and that it was very difficult to vary the burning rate by more than a factor of two.
The authors’observations and conclusions were largely substantiated in later years.

In 1952, William Avery and coworkers at the Applied Physics Laboratory of
John Hopkins University conducted burning tests with a reverse hybrid rocket
propellant system [4]. The propellants tested were benzene and jet propellant (JP)
fuel, with potassium perchlorate, ammonium nitrate, and ammonium perchlorate
as oxidizers. They concentrated on JP ammonium nitrate because it represented
perhaps the lowest cost propellants available, which was the primary motivation
for the investigation. Unfortunately, this propellant combination was difficult to
burn. The major problems encountered in their work were rough burning and
rather poor performance. Note that the liquid-to-solid ratio (F/O) of this propellant
combination is in the range of 0.035, which is about 200 times smaller than that
used by Moore and Berman.

Other versions of the reverse hybrid were studied by both Thiokol and
United Technology Center (UTC) (renamed CSD ∼1974) in the mid-1960s using
hydrazine-based liquid fuels and such solid oxidizers as ammonium perchlorate,
hydrazinium diperchlorate, and nitronium perchlorate. These solid charges were
pressed, usually with a non-reactive fluorocarbon as a binder. Efforts were
abandoned because of poor combustion behavior and insufficient performance
improvement to justify the difficulties experienced in compressing the charges.

III. Typical Fuels and Oxidizers

Because of the characteristics of a hybrid rocket, the fuels and oxidizers that have
been tested far exceeds those used in liquid and solid rockets combined. The vista
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of available propellants is greatly expanded because two phases are available. The
classical hybrid containing an inert solid fuel and liquid oxidizer has the largest
inventory of propellants, whereas the reverse hybrid is more restricted. This is
because suitable solid oxidizers are limited in number, are usually crystalline,
and are difficult to cast in moderate-to-large sizes because of mechanical property
limitations.

Aside from the natural rubbers, the largest class of suitable fuels, based on
performance and mechanical properties, is the polymeric synthetic rubbers based
on the polybutadiene monomer, (PB with the formula C4H6). Typical polymers
based on PB PB–acrylonitrile (PBAN), PB–acrylic acid (PBAA), HTPB, and
carbon-terminated PB (CTPB). The most popular of this group, based on cost
and commercial availability, is HTPB. As with all of these polymers, they require
curatives to polymerize, the favorite ones being the diisocyanates (DI) such as
TDI, DDI, and IPDI. Thus, each propulsion company has its own version of the
polymer based on its purity specification to the supplier, the selected curative,
and other additives to impart special properties. A good working composition for
the PBs is C4H6O0.1. Other hydrocarbons that have been used, mostly in smaller
motors to date, are the paraffin waxes, polyethylene (a higher molecular weight
version of paraffin), Plexiglas (Lucite), metatoluene diamine/nylon, and, in earlier
small-scale testing, the common fuels, coal and wood.

The formulated fuels, PB polymers, and paraffin waxes, have the virtue of
allowing performance additives. A partial list of these additives include Al, AlH3,
Li, LiH, LiAlH4, Li3AlH6, B, B10H14, LiBH4, aromatic amines, anthracene, etc.
These additives can enhance either motor performance through Isp improvement
or vehicle performance through increased density and, hence, mass fraction. In
some cases, as with Al, for instance, optimum performance results in a shift to a
lower O/F that can be beneficial in reducing the gas corrosivity. Other additives,
such as amine compounds, have been added to impart hypergolicity when used
with HNO3 or N2O4.

Another class of fuels is the cryogenic solids, including pentane, methane, CO,
O2, and H2. The original stimulus for this research was to obtain hybrid-propellant
combinations that are competitive with the high-performance liquid cryogenic
propellants. Despite these virtues, the expense, insulating weight penalty, and
inconvenience of handling these cryogens in the solid state overshadow the
advantages.

The hybrid liquid oxidizers and those used in the liquid rocket engines are
essentially the same. These include O2, N2O, N2O4, HNO3, inhibited red fuming
nitric acid (IRFNA), FLOX ( 2

3 F2 + 1
3 O2), H2O2, CTF (ClF3) and hydroxyl amine

nitrate (HAN). Of this group, the most energetic are O2 and FLOX. Although F2
is very energetic, it has not reached operational status because of its toxicity and
corrosivity. FLOX, on the other hand, is much less corrosive, can be used with
conventional carbonaceous fuels, and is much less hazardous to use.

Table 1 shows a list of some propellant combinations, nearly all of which
have been tested at some time or other. The high-performing solid cryogenic
propellants have Isp values only slightly less than the noncryogenic liquid coun-
terparts because the heat of fusion is small relative to the combustion heat.
The reverse hybrids are low performing except for nitronium perchlorate (NP),
which, however, is thermally sensitive and potentially explosive. The combination
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Table 1 Performance of hybrid propellants, Pc = 500 psia and Pe = 14.7 psia

Sea level
Fuel Oxidizer Optimum O/F Isp, s c∗, ft/s

HTPB LOX 1.9 280 5972
PMM(C5H8O2) LOX 1.5 259 5449
HTPB N2O 7.1 247 5264
HTPB N2O4 3.5 258 5456
HTPB RFNA 4.3 247 5219
HTPB FLOX(OF2) 3.3 314 6701
Li/LiH/HTPB FLOX(OF2) 2.8 326 6950
PE LOX 2.5 279 5877
PE N2O 8.0 247 5248
Paraffin LOX 2.5 281 5920
Paraffin N2O 8.0 248 5268
Paraffin N2O4 4.0 259 5469
HTPB/Al(40%) LOX 1.1 274 5766
HTPB/Al(40%) N2O 3.5 252 5370
HTPB/Al(40%) N2O4 1.7 261 5509
HTPB/Al(60%) FLOX(OF2) 2.5 312 6582
Cellulose (C6H10O5) GOX 1.0 247 5159
Carbon Air 11.3 184 4017
Carbon LOX 1.9 249 5245
Carbon N2O 6.3 236 4992

Cryogenic hybrids
Pentane(s) LOX 2.7 279 5870
CH4(s) LOX 3.0 291 6140
CH4(s)/Be(36%) LOX 1.3 306 6292
NH3(s)/Be(26%) LOX 0.47 307 6452

Reverse hybrids
JP-4 AN 17.0 216 4651
JP-4 AP 9.1 235 5007
JP-4 NP 3.6 259 5476

that most closely resembles the LOX/JP-4 (or kerosene) liquid propellant is the
LOX/paraffin hybrid followed closely by LOX/HTPB. Wood, which is approx-
imated by cellulose, shows a fair performance with gaseous oxygen (GOX). As
expected, the lowest-performing combination is carbon/air due to the dilution of
the oxygen by nitrogen.

A. High-Energy Combinations

In the mid-1960s, a series of NASA-sponsored studies was begun at UTC
devoted to high-energy space engines. One concept was based on the use of the
very energetic reaction between lithium and hydrogen with fluorine, elements at
opposite ends of the Mendeleev periodic table. With the use of the fundamental
versatility of the hybrid, the lithium was incorporated in an HTPB binder and
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the fluorine was mixed with oxygen to create FLOX, a fluorine/oxygen mixture
containing about 70% fluorine. This solution optimizes the performance of a typical
hydrocarbon system because it allows most of the oxygen to combine with the
carbon to form CO, whereas the fluorine combines both with the hydrogen and
lithium. To satisfy conductivity restrictions of the binder and avoid melting of the
lithium, a combination of lithium and lithium hydride was finally developed for
the propulsion system [5]. The motor diameter was 35 in. (1.07 m) and had an 11
port wagon-wheel grain configuration. The propellant was hypergolic, even on a
refire six days later. This throttleable system burned smoothly and exhibited high
performance with an Isp efficiency of 93%, corresponding to a delivered vacuum
impulse of about 380 s at an area ratio of 40/1. This firing is shown in Fig. 3 as it
appeared on the cover of the 26 January 1970 issue of Aviation Week and Space
Technology.

Another approach to high-performance space engines, also under a NASA
contract, was based on the beryllium/oxygen/hydrogen system. The concept is
analogous to the nuclear rocket where an intense energy source is used to heat H2,
a low molecular weight gas. The specific heat of combustion of beryllium is more
than 40% greater than aluminum, a common energetic additive. As a consequence,
this combination yields the highest calculated performance in a chemical rocket
with readily available chemically stable ingredients. The plan was to incorporate
beryllium into a binder that would act as the structure for a low-conductivity fuel

Fig. 3 High energy upper stage hybrid-fuel: Li/LiH/PBAN oxidizer: F2/O2.
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Fig. 4 Be/H2/HTPB-O2 tribrid.

grain, a requirement for satisfactory hybrid operation. Calculated Isp values for
80% Be in HTPB are shown in Fig. 4, where a 65-s improvement over H2/O2 is
observed. This investigation was initiated with aluminum for testing convenience,
but the project was later abandoned because of the anticipated toxicity problems
that would be associated with the handling and development testing of Be.

IV. Flight Programs

A. Target Drones

In the mid-1960s, a requirement arose for target drones that could fly at high
altitudes for durations up to 5 min. The unit was to be launched at an altitude of
about 12 km and accelerated to 30 km at Mach values between 2 and 4 attaining
a range up to 90 km. This clearly called for a boost and low-thrust sustain unit
that the hybrid motor could easily satisfy. UTC and Beech Aircraft began work on
the Sandpiper, using a storable propellant combination composed of mixed oxides
of nitrogen (MON-25) as an oxidizer (25% NO, 75% N2O4) and a polymethyl
methacrylate (PMM)/Mg fuel. The first of six flights occurred in January 1968
at the Eglin Air Force Base missile range, 18 months after start of the program.
Throttleability over a range of 8:1 was required after launch at about 40,000 ft to
attain speeds up to Mach 4 at an altitude of 100,000 ft. The flight duration was in
excess of 300 s.

Two more drone programs followed the Sandpiper (Table 2). A second U.S. Air
Force program, which required a heavier payload, was the High Altitude Super-
sonic Target (HAST). In contrast to the Sandpiper, the thrust chamber diameter
was increased from 10 to 13 in., the propellant changed to IRFNA/PB/PMM
(PB/plexiglass), and the oxidizer was pressurized by a ram air turbine instead of
N2. The thrust range on command was controlled by a throttle valve providing
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Table 2 Hybrid drone programs

Program Description

Sandpiper NO/N2O4 oxidizer, PMM/Mg fuel
13-in. outside case diameter
6 flights in 1968
Burn times to 300 s
Throttleable over 8:1 range

HAST IRFNA oxidizer, PMM/PB fuel
13-in. outside case diameter
38 built in 1970s
Ram-air pressurization of oxidizer
Recoverable
Throttleable over 10:1 range

Firebolt 40 built, early 1980s
Launch at 40,000 ft, M = 1.5
Ram-air pressurization
Cruise at 100,000 ft, M = 4.0
Recoverable
Throttleable over 10:1 range

a 10/1 range. The grain configuration was also changed from a single cylindri-
cal port to a cruciform using four liquid injectors. Unlike the Sandpiper, which
was expendable, the HAST was recoverable by use of an onboard drogue chute
and retrieved in midair by helicopter. A later version of this target missile was
initiated in 1980 with CSD and Teledyne Ryan Aircraft as the airframe contrac-
tor. The propulsion configuration and performance was the same as for HAST.
In this program, 48 thrust chamber assemblies were delivered. The program was
successfully completed in the mid-1980s. These drones were the only hybrid flight
programs built to military specifications.

B. High-Altitude Sounding Rockets

During the 1960s, two European countries engaged in hybrid studies leading to
flight tests of sounding rockets. The organizations were ONERA [in conjunction
with SNECMA and Société Européenne de Propulsion (SEP)] in France andVolvo-
Flygmotor in Sweden. The ONERA development [7] was centered on a hypergolic
propellant combination based on nitric acid (or RFNA) and an amine fuel consisting
of metatoluene diamine/nylon. It constituted the Lithergol experimental (LEX)
series. The motor was throttleable over a 5/1 range to optimize flight performance.
The first flight of this vehicle occurred in April 1964, followed by three flights in
June 1965, and four flights of an improved version in November 1967. All eight
flights were successful, reaching altitudes in excess of 100 km, which was a record
for that time period. They then embarked on a larger, more complicated version,
the LEX 04, and conducted 12 successful ground tests. No flights, however, were
conducted with this motor.
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The Swedish program was initiated by Volvo Flygmotor in 1962 and was also
based on a hypergolic combination using nitric acid and Tagaform (PB plus an
aromatic amine). This propellant was used in the HR-3 hybrid vehicles, which
had a diameter of 125 mm, a length of 2.86 m, a propellant mass of 5.6 kg, and
an average thrust at 35 bar of 2.3 kN. There were two successful flight trials with
the HR-3 rocket probe using this fuel, one on 30 September 1965 and the other
1 October 1965. Because of the softening point of 65◦C of the fuel, no further
testing occurred. An improved version of this fuel was later developed (Sagaform
A) with better physical properties, such as a softening point of 143◦C, a specific
gravity of 1.18, and an ignition delay of 8 ms. Two sounding rockets were planned
using Sagaform A, the SR-1 and SR-2. The SR-1 design listed a payload of 25 kg, a
launch weight of 361 kg, a propellant weight of 264 kg, and a calculated altitude of
200 km, whereas the SR-2 design called for a capability about four times greater.
These vehicles were scheduled for flight in the early 1970s but there does not
appear to be any published record that this took place (private communication
from G. Broman, 7 October 1970, and S. Bjornholt, March 1971 included plans
for flights in the 1971–1975 time period).

Note that these early European hybrid programs utilized hypergolic propel-
lants based on nitric acid and a solid amine-containing fuel. It appears probable
that this choice was based on the German experiments during the early 1940s
on hypergolic liquid propellants based on nitric acid and hydrazine. These exper-
iments also influenced the choice of the hypergolic nitric acid/aniline/furfuryl
alcohol propellant subsequently employed by the Jet Propulsion Laboratory (JPL)
in the Corporal vehicle in the late 1940s. It was natural, therefore, that the
early hybrid propellants chosen used a solid amine compound with nitric acid
as propellants.

There were two significant sounding rocket programs after 1995 in the United
States. One was the Hyperion Sounding Rocket by the Environmental Aeroscience
Corp (eAc) using N2O and HTPB as propellants ([7] and private communication
with K. Kline of eAc). They employed a single-port slotted grain to provide an
increased burning surface area. The vehicle height was 18 ft 8 in. (5.7 m) with a
6 in. (152 mm) diameter. The propellant mass fraction was 50% and the delivered
Isp was 205 s. Four rail-launched flights took place, two on 18 November 1996
(within 90 min of each other), the third on 8 January 1997, and the fourth on
25 April 1997. The first two flights were planned for low altitude of ∼25,000 ft,
which was achieved by off-loading the oxidizer and adding ballast. The next two
flights carried the full propellant load of 103 lb and achieved altitudes of 36.5
and 33.8 km, respectively. These flights represent the first time a self-pressurized
oxidizer was successfully employed in flight.

A few years later on 18 December 2002, the Lockheed Martin Corporation
flew a larger hybrid rocket based on LOX and HTPB [8]. This was a multiport
motor with a height of 57 ft (17.4 m) and a diameter of 2 ft (61 cm). It had an
initial thrust of 60,000 lb (267 kN) and achieved an altitude of 44 miles (∼71 km).
Although the altitude was somewhat less than the predicted 62 miles, this flight
represented the largest hybrid sounding rocket successfully flown to that date.
The two previous attempts at larger sounding rockets by Starstruck and AMROC
failed to complete their missions due to stuck oxidizer valves (cf., later section on
large-scale hybrids).
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V. Fundamental Studies

In the decade of the 1960s, there was a great increase of interest in hybrid
propulsion in the United States. Among the U.S. Army, Navy, Air Force, and
Advanced Research Projects Agency (ARPA), there were over 40 sponsored stud-
ies covering a wide area of activities [9]. In addition, several industries pursued
research with their own funds. The U.S. companies involved at that time included
UTC, Aerojet, Marquardt, Rocketdyne, Thiokol, Atlantic Research, and several of
the government agencies including the U.S. Naval Ordnance Test Station (NOTS).
Of this group, a major contributor was UTC, and a summary of its activities follows.

In late 1959, shortly after UTC was formed, Altman began assembling a tech-
nical group to investigate the fundamentals of hybrid rockets and their potential as
alternates to both solids and liquids. (UTC developed the large solid boosters for
the Titan vehicle, and as a consequence of its success, many of its design elements
were subsequently used in the shuttle and the Ariane 5.) This group contained
over 12 professionals exploring the fundamental science of ballistic behavior and
engineering development. Within the decade of the 1960s, in addition to basic bal-
listic studies, they experimented with a wide variety of fuels and oxidizers. These
included IRFNA, N2O4, MON, FLOX, O2, and air as oxidizers and the various
PBs with such additives as Al, Mg, Li, AP, and AN.

A. Hybrid Demonstrator

A rather simple device that accelerated the analytical and experimental analysis
of hybrids was the hybrid demonstrator [10] (Fig. 5). This small combustor used
several types of igniters including a short pulse of propane or butane with a high-
voltage spark plug in parallel with the oxygen flow to ignite the fuel grain.Also used
was an electrically heated steel wool in an oxygen flow. This device proved to be
safe, inexpensive, and an excellent laboratory tool for investigating interior ballistic

Fig. 5 Hybrid demonstrator.
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behavior. It was used to obtain the schlieren photographs of the hybrid combustion
process that formed the basis for developing the hybrid regression rate equations by
Marxman and Gilbert [11]. One specific example of its application occurred in the
study of oxygen dilution effects where it was found that, with a proper flameholding
device, operation was successful with an 80% N2 dilution. This observation, made
by Holzman in 1962, subsequently led to the development of the solid-fuel ramjet.
Because of the smooth and reliable burning of the demonstrator unit, a lunar lander
module was designed using it. Figure 6 shows this system operating in 1969 at the
Alabama Space and Rocket Museum in Huntsville as witnessed by Werner Von
Braun and E. Buckbee, the Museum Director. Over a period of more than 10 years,
over 10,000 tests were performed with dozens of fuels and many oxidizers such
as oxygen, 90% hydrogen peroxide, and dilutions of oxygen with nitrogen, argon,
and helium.

By 1962, a considerable amount of work had been accomplished, a good portion
with the help of the subscale testing [12].A listing of some of the concepts divulged
during that period is as follows:

1) Justification was found for the practical use of a simplified space average
regression rate expression, that is, ṙ = a Gon Lm, where Go is the oxidizer flux, L
the port length, and a, n, and m are determined empirically.

Fig. 6 Hybrid demonstrator as lunar lander model.
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2) Engine design studies were conducted. Equations were developed for the
thrust and O/F shift with time, port L/D based on Go and regression rate, stoi-
chiometric length, and thrust-time decay for circular ports. These relations were
later used in the design of the drone vehicles.

3) Pressure effect on regression rate was determined. Theoretical studies of
hybrid combustion indicate that the regression rates should be independent of
pressure except for the case where radiation is significant or where combus-
tion kinetics is dominant. These effects were initially evaluated with PMM and
later with PBAN showing little variation for pressures over 90 psia with PMM
or between 40 and 715 psia for PBAN. However, for 45% metallized PBAN, a
regression rate increase with pressure was noted.

4) Impact of aft chamber L∗ and mixers on combustion, c∗, efficiency were
determined. For the PMM/O2 system, c∗ was measured for various aft chamber
lengths. Data using aft end chamber L∗ exhibit a humpback curve when c∗ effi-
ciency is plotted vs L∗. This behavior results from the competing effects of
additional length to increase residence time but also increases heat loss. In exper-
iments using a perforated mixer plate at the aft chamber entrance, the efficiency
was considerably improved. Adding L∗ in this case led to a decrease in c∗ due
to heat loss. The mixer concept was scaled up and tested in a 12-in.-diam hybrid
motor using a 45% aluminized grain. The delivered Isp achieved a respectable 92%
of theoretical,

5) Use of a plug nozzle for c∗ enhancement was investigated. It was found that
this restriction upstream of the throat can create a recirculation region where mixing
of the oxygen-rich core and the fuel-rich annulus is improved before entering the
nozzle. This configuration increased c∗ from 85% efficiency in conical nozzles to
95% in a plug nozzle. (Note that the reentrant nozzle partially accomplishes the
same purpose.)

6) Temperature sensitivity of regression rate was explored. An expression for
the variation of regression rate with ambient temperature was derived, and it was
shown to be many times smaller than for typical solid propellants. Experiments
validated this conclusion, which means that, in contrast to solid motors, the concern
over MEOP in hybrid motor design is insignificant.

7) Efforts were made to increase regression rate. Techniques investigated were
solid oxidizer added to the fuel, aluminum addition, and surface roughening by
use of screens. These techniques will be discussed further in the section on high
regression rate fuels.

8) Oxidizer flooding was studied. The main liquid oxidizer used during this
period was N2O4. It was found that with a given injector, there was a given
maximum value above which flooding occurred in the upstream region of the
port. The flooding could be reduced by improved atomization and provision of
a heat source in the vicinity of the injector, such as use of a hypergolic agent.
To quote the report [12], “This situation is attributable to insufficient heat being
generated by the reaction at the point of principal contact to effectively vapor-
ize the liquid.” This observation has been confirmed years later where the large
motor developments using LOX (AMROC and HPDP programs) were plagued by
instabilities.
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B. Regression Rate Modeling

A significant accomplishment during that period was the development of a
regression rate model by Marxman and coworkers [mainly Muzzy and Wooldridge
(see Bibliography)]. It was more complete and versatile than any proposed at
that time (cf., Green, Price, and Smoot in the Bibliography). With the schlieren
photographs taken by Muzzy as a guide (Fig. 7), a combustion model was estab-
lished (Fig. 8). The treatment employed turbulent boundary-layer theory showing
both a combustion and a momentum layer. It is interesting that the concept of
a combustion zone standing off from the fuel surface was successfully treated
10 years earlier by Godsave [at the National Gas-Turbine Establishment (NGTE)
in the United Kingdom] to explain droplet burning in a turbine combustion cham-
ber. That expression was also used by Altman at JPL in the late 1940s to calculate
the L∗ of the Corporal liquid motor assuming that the vaporization time lag was
longer than the gas-phase combustion kinetics. The application of this model to
hybrid burning was more complex, of course, because it had to consider burning in
a high-velocity turbulent flowfield with boundary-layer growth and heat-transfer
blockage from the issuing fuel vapor. The first of several papers [11] during this
period by Marxman and Gilbert on the boundary-layer combustion was deliv-
ered in 1962. (Additional references are listed in the Bibliography.) The resulting
regression rate expression took into account the two boundary layers (combustion
and momentum), the impact of blowing on reducing the heat flux, the use of a
total effective heat of vaporization to account for various thermal reactions at the

Fig. 7 Hybrid combustion boundary layer Schlieren photographs.
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Fig. 8 Hybrid combustion boundary layer.

surface, and the contribution of radiation when coupled with convection. It is still
widely used today.

An interesting set of laboratory experiments was conducted by Houser and
Peck [13] during this period on the PMM/O2 system in which they measured
the regression rate down the port as a function of the axial length. The grain
consisted of a stacked series of cubical blocks, 5 cm on a side, with cylindrical
holes 2.5 cm in diameter. There were 12 of these stacked to form a 60-cm-long
grain. At two different oxygen flow rates, they measured the weight loss every
15 s for a duration of 180 s. From these measurements, they calculated the port
diameters and regression rates as a function both of time and of axial distance. The
diameter–time plots were quite smooth, and they fell on the curve predicted by the
regression rate expression

ṙ = aGn/xm

where G = Go+ Gf(x). In particular, although not mentioned by the authors, it
may be observed that the measurements further showed the minimum in ṙ vs x as
predicted in the preceding equation (discussed by Ordahl and Altman [10]). That
was the first time such detailed measurements were reported.

Fundamental programs continued for the remainder of the decade at a slower
pace, where major attention was paid to motor development. The basic studies
included 1) further refinement of the regression rate equations including better
understanding of the blowing phenomenon, radiation effects, and its coupling with
conductive heat transfer; 2) startup and throttling transients in motors; 3) deep
throttling (used in the drone programs) and associated performance loss due to the
O/F change, 4) studies on hypergolic fuels that can be used with either N2O4 or
IRFNA; and 5) studies on propellants to yield high performance (Li, LiH, Be, as
fuel additives with LOX and FLOX as oxidizers).
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VI. Large-Scale Hybrids

It has always been envisioned that a major advantage for hybrids can potentially
be realized in large boosters due to their inherent operational safety, potentially
lower cost, throttleability, and shutdown capability. These are features that the
solid cannot claim, and although the liquid can, it does so at greater complexity
and cost. The challenge has been to demonstrate acceptable grain fabrication and
efficient motor operation as the motor dimensions increased. The low regression
rate required multiport designs to provide sufficient burning surface for the neces-
sary fuel flow. The further problem had to do with efficient mixing of oxidizer and
fuel, which is scale dependent because it results from a macroscopic diffusion pro-
cess. These problems were addressed by several organizations over a three decade
period as discussed next.

The prospect of scaling the hybrid motor to large boosters was first investigated
by UTC in the mid-1960s with the hybrid test motor (HTM) series. Under U.S. Air
Force sponsorship, the HTM-38 motor (38 in. diam) was built using N2O4 as oxi-
dizer and aluminized PB as the fuel. Because of the low regression rate, a 12-port
wagon-wheel grain was designed and tested at a thrust level of 40,000 lb. Ignition
was provided by a hydrazine injection, which is hypergolic with the oxidizer. The
uniformity of burning was quite remarkable, an important observation confirming
the practicality of multiport fuel grains as shown in Figs. 9a and 9b [15]. Encour-
aged by these results, CSD researchers subsequently proposed very large motor
designs in which the fuel could be separately cast in convenient segments and
bonded together in the motor at the launch site. This manufacturing method was
believed to be possible with the hybrid because of the insensitivity of operation

Fig. 9 a) 38 in. dia hybrid fuel grain—as cast. b) 38 in. dia hybrid fuel grain—after
test firing.
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to internal cracks. This approach, however, was not pursued because it required
regression rates much higher than those available at that time.

In the mid-1980s, there were two situations that created a stimulus for reviving
interest in the large hybrid rocket. One was the recognition of the growing business
worldwide in commercial satellites, which stimulated many industrialized nations
to build their own versions of a space vehicle capable of placing communication
satellites in orbit. This caused a price competition and a search for a low-cost
approach to launch space vehicles. Although many of these vehicle programs
were government supported, private ventures, principally in the United States, led
to a search for a low-cost space vehicle that could be profitable in the growing
commercial market. Both liquid rockets, and more particularly solid rockets based
on assembling existing developed units in Tinkertoy fashion, became candidates.
An alternative to this approach was made by two companies in the 1980s employing
hybrid motors.

The company STARSTRUCK was created in March 1981 to develop a large
50-ft-long sounding rocket (the Dolphin) weighing 16,500 lbs. The propellants
were LOX and a PB fuel developing a thrust of 35,000 lb in a 42-in.-diam motor.
After six full-scale static tests, a sea launch of this vehicle was attempted on
3 August 1984 off the coast of San Clemente Island in the Pacific Ocean. The
flight was a partial success where at 3 s into the flight, a thrust vector LOX valve
froze in the closed position causing a pitch over and a subsequent command ter-
mination [16]. Except for the component failure, the motor performance was as
predicted for the initial period and was the largest hybrid vehicle flown, despite its
short duration.

The company was subsequently reorganized in 1985 and renamed AMROC
under a new sponsor. The company was founded on the belief that a nonexplo-
sive, throttleable and low-cost manufacturing system could translate to a profitable,
competitive commercial launch vehicle. With private funding, AMROC proceeded
to build a series of motors at vacuum thrust levels between 5000 lb and 260,000 lb
based on LOX/HTPB propellants. During the period 1985–1992, 124 static test fir-
ings were made at various subscale levels. There were more than a dozen successful
firings with the 75,000-lb thrust motor, which represented the largest hybrid motor
fired to that time. Scaling the motor to this size presented few problems because
the grain configuration was patterned after the UTC HTM-38 motor fired some
20 years earlier. Based on these successful firings, a 51-in.-diam sounding rocket
was built that was a factor of two greater than the Dolphin vehicle. The 75,000-lb
thrust motor was incorporated in the single engine test (SET-1) Koopman Express
sounding rocket. (Koopman was the president ofAMROC at that time.)A flight was
attempted from the Pacific coast in 1989. It unfortunately suffered a fate similar
the Dolphin in that a LOX valve froze in a partially open position resulting in
insufficient thrust for liftoff. Undaunted, the company proceeded with its plan to
use this motor as a subscale version of a 250,000 lbf (1.1 MN) 6-ft-diam motor to
become the basic booster in a three- or four-stage AQUILA vehicle for satellite
missions. The individual motor is shown in Fig. 10. Many versions of the AQUILA
vehicle were studied in which the first two stages were the basic 1.1-MN motor.
Four firings of this motor took place between 22 January 1993 and 24 March 1993.
Figure 11 shows the second firing on 17 February 1993, which developed a thrust
of 272,000 lb during a 10-s burn time.
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Fig. 10 AMROC DM-01 motor assembly-250 Klb thrust.

Fig. 11 AMROC 250 Klb thrust firing.
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To prove its flightworthiness, the HyFlyer sounding rocket program was
initiated with a mission of carrying a 1420-lb payload into a high altitude of
about 295 n miles (545 km), which would provide a 10-min, gravity-free trajec-
tory. Because AMROC had insufficient funding to pursue this program on their
own, a new group was formed, with the partial support from NASA, to participate
in the development of the vehicle. The project was renamed the Hybrid Technology
Option Project (HyTOP) program and included the companies AMROC, Martin
Marietta, and CSD as the dominant participants. Static tests of the basic large
motor occurred during 1993 and 1994. After a short period of stable burning, the
tests encountered a period of low-frequency instability. Resolution of the problem
in this large motor with proposed fixes was very expensive, and in 1995, AMROC
lost its sponsor. Because of the continued interest of the remaining members of
the group, a new program was generated, called the Hybrid Propulsion Demon-
stration Program (HPDP) with a new member (Thiokol) replacing AMROC in the
consortium. The objective of a flight vehicle was abandoned, and the focus was
placed on the motor development itself. This motor design continued from the
AMROC design with several improvements. The principal changes were in the
grain design, where the 15-port wagon-wheel grain with a blocked centerport was
replaced with a thicker web 7-port grain and an active center circular port. Several
11-in.-subscale motor tests were made to obtain regression rate data followed by
24-in.-subscale tests with a single quadrilateral fuel port of the same size as those
planned in the full-scale motor [16]. Four tests were conducted at NASA Stennis
Space Center of the 250,000-lb-thrust hybrid rocket motor. The internal configura-
tion of this motor is shown in Fig. 12.A firing of the third test of motor 2 is shown in
Fig. 13. A major problem appeared in both the subscale and full-scale tests using
LOX. The vaporization of the LOX did not happen fast enough in the precom-
bustion chamber, with the result that liquid droplets of oxygen entered the eight
ports. As a consequence, relatively low-frequency, high-amplitude pressure oscil-
lations appeared as the oxidizer flow tried to balance out in the eight ports between
the upstream and downstream plenums. In the earlier UTC HTM-38 motor tests,
these oscillations were not a problem because each of the fuel-grain ports had its
own oxidizer injector, which inhibited any backflow. In summary, the experience

Fig. 12 HPDP 250 Klb motor component schematic.
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Fig. 13 HPDP 250 Klb motor firing.

of over 10 years of testing large LOX hybrid motors, at two organizations, has
emphasized the need to provide adequate head end heating to vaporize the LOX
before entrance into the fuel ports.

VII. High Regression Rates

A major deficiency of the hybrid when scaled to larger units is the low regression
rate. This defect was brought home after the Challenger disaster when NASA-
sponsored studies for a hybrid replacement of the solid booster strapons. Many
companies participated in this effort with basically two design approaches. One
involved the use of a low-grade solid propellant that required liquid oxidizer to
sustain burning. The oxidizer was fed into the thrust chamber either at the head
end or aft of the grain to achieve a roughly stoichometric proportion for maxi-
mum Isp. The regression rate now had a modest dependence on pressure because it
basically was a gas-generator-type solid propellant. This design showed good per-
formance and was throttleable. However, it suffered from two basic uncertainties:
1) Because of the oxidizer addition, the fuel would be classified as a low-grade
solid propellant, that is, potentially explosive, which would add costly restrictions
on manufacture, assembly, and shipping. 2) The shutoff requirement of the new
motor could not confidently be demonstrated in a large booster. In small motors,
shutting off the oxidizer flow would terminate combustion if the additive were
below a critical concentration. However, this process follows the similar prin-
ciple as dp/dt extinguishment in solid propellants, where a rapid pressure drop
causes flame blowoff. In a given motor configuration, each oxidizing additive has
a critical concentration above which sustained burning will persist. This critical
concentration, which is scale dependent, posed a rather uncomfortable uncertainty
in large-scale applications.

The second approach involved the use of a conventional hybrid that retains the
advantage of low cost; safety in manufacture, shipping, and assembly; is throt-
tleable; and can be shut off with no uncertainty. However, the design suffered from
the low burning rate that now required a grain design with many ports. One design
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showed 32 ports arranged in two rings around a centerport. This design posed the
disadvantage of requiring web supports that would degrade the volumetric load-
ing efficiency of the grain and, therefore, performance. The web supports plus the
remaining slivers would now add considerably to the inert weight of the motor. This
design emphasized the basic deficiency that had been recognized for many years,
namely, the low regression rate and its impact on grain design, motor envelope,
and performance.

A. Energetic Fuel Additives

Early efforts to increase regression rates started in the 1960s when both
NH4ClO4 [ammonium perchlorate (AP)] and NH4NO3 [ammonium nitrate (AN)]
were employed as fuel additives. In an earlier period, these systems were described
as liquid-augmented solid propellants, where the incentive was to improve the per-
formance and impart throttleability. As discussed in the preceding section, each
additive has a critical concentration above which the fuel performs as a low-grade
gas generator and shutoff is not possible. This critical concentration is also motor
size dependent because of extinguishment requirements in solid rockets. Various
other energetic additives such as nitroorganic compounds, RDX (CH2N2O2)3 and
HMX (CH2N2O2)4 have been added to conventional PB fuels to lower the heat
of vaporization effectively by generating an exothermic reaction in the vicinity of
the propellant surface. The regression rates of these propellants are typically both
pressure and mass flux dependent. Although this approach is effective, its main
deterrent is that manufacturing, handling, and shipping costs can be increased due
to an increased hazard classification.

B. Turbulence Generators

Another favorite approach has been designs that generate a high degree of tur-
bulence at the burning surface, thereby increasing the heat-transfer coefficient.
An early design, tested at UTC, was based on inserting wire screens periodi-
cally in the grain normal to the axis. During burning, the ragged edges of the
screens acted as turbulence trippers, and an increased overall burn rate was indeed
observed (Fig. 14). The burned surface showed periodic troughs just downstream
of the screens due to the localized turbulence. The approach was not pursued at that
time due to the perceived increased cost in fabrication. The principle of increasing
the local heat-transfer coefficient has also been explored with other techniques. One
is by adding an easily vaporized component that on vaporization creates vacuoles
to roughen the surface. This technique can be enhanced by the use of crystalline
additives to further roughen the exposed surface [17].

Another technique found to be highly effective is the generation of a vortex in a
circular fuel port, driven by the tangential injection of oxidizer [18]. The oxidizer
is injected at the aft end and travels forward to the head end where a smaller
counterflowing coaxial vortex travels aft through the nozzle. With conventional
polymeric substances, such as HTPB and PMMA, substantial regression rates
averaging about a fourfold increase over a standard injection pattern were observed.
In this approach, the magnification of the local mass flux is sufficient to override
the inhibiting blowing effect of the classical hybrid. The challenge in using this



“ch01” — 2007/3/20 — page 25 — #25

OVERVIEW AND HISTORY OF HYBRID ROCKET PROPULSION 25

Fig. 14 Metal screen turbulence generators.

technique is the scaling to larger sizes and the maintenance of consistent vortex
intensity during burning for practical thicker webs.

C. Entrainment

In U.S.Air Force investigation of solid pentane as a hybrid fuel with GOX, it was
found that the regression rates were 3–5 times higher than with a conventional fuel.
This increase could not be accounted for with the regression rate equation [20].
In an analysis made at Stanford University [21], it was conjectured that fuels
that develop a melt layer of low viscosity could entrain liquid droplets under
the influence of the shear stress of the gas flow in the port. It has been shown
that if the melt layer is sufficiently fluid, that is, with low viscosity and surface
tension, then under a high gas flux environment, an instability is created in the
liquid layer, resulting in the formation of liquid droplets that are expelled from
the surface. This behavior is typical of cryogenic compounds that crystallize on
solidification and exhibit high fluidity on melting. Also included are a class of
non-polymerizable fuels, such as the alkanes, whose melt layers are quite fluid.
When liquid entrainment occurs, the resulting propellant flow from the surface is
composed of a mixture of vapor and liquid droplets. This occurrence can have a
profound effect on the regression rate, increasing it by many factors. There are two
reasons for this effectiveness:

1) The droplets that are formed do not require a heat of vaporization, but only
a heat of fusion, which is generally several times less than vaporization.
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2) Because the gas flow from the surface is reduced, the blowing term B is
diminished, resulting in a reduced blocking of the convective heat transfer.

The effect of blowing on heat transfer when entrainment occurs is shown graph-
ically in Fig. 15. The range for classical polymeric hybrid fuels (5 < B < 20)
shows a heat-transfer reduction by a factor of about 3–6, whereas, with entrain-
ment, the value of B is estimated to be <2, showing a much reduced heat-transfer
blockage. This effect explains the effectiveness of porous wall cooling in combus-
tion chambers, where, on the other hand, blocking is desired. The higher alkanes,
including many of the paraffins, can also form liquid layers of sufficiently low
viscosity to exhibit entrainment of liquid droplets. A similar result was obtained at
ORBITEC [22] in studies to produce high-performance with solid O2, CH4, C2H2,
and H2. The results showed even higher regression rates approaching a factor of
20 over HTPB for solid H2. A concern with liquid entrainment has been whether
the droplets have sufficient residence time for complete burning. This concern
has been addressed by providing an aft combustion chamber, typically one-half
diameter in length to provide enhanced mixing.

To test the entrainment concept with a noncryogenic fuel that satisfies the
viscosity and surface tension requirement in the liquid phase, the Space Propulsion
Group and Stanford University developed a paraffin-based fuel suitably modified to
satisfy the structural requirements for motor testing. Some 200 tests were initially
conducted in a laboratory burner at a thrust level of 230 N. These tests verified
that the increased burning rate observed with pentane was obtained with GOX
after calibrating the equipment with a standard fuel [20]. As a consequence, under
support from both the Defense Advanced Research Projects Agency (DARPA) and
NASA, scaled-up tests were performed at thrust levels between 4 and 9 kN with

Fig. 15 Blowing effect as a function of entrainment.
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Fig. 16 Single port paraffin at four facilities.

three different oxidizers (GOX, N2O, and LOX). All tests indicated a regression
rate amplification of 200–300% for the given oxidizer. Figure 16 shows a group
of firings of a single-port, paraffin-based fuel with three different oxidizers and
four different facilities. The significant conclusion from these scaled tests is that
larger motors in the 100–1000 kN class can be designed with simple one- or two-
port grain configurations. This capability with its reduced grain complexity would
greatly enhance the acceptability of hybrids in the larger motor class such as space
engines, thrust augmenters, and boosters.
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VIII. Survey of University Work

It was natural for universities to select the hybrid rocket for both fundamental
ballistic studies and flight projects because of the inherent safety with the use of
hybrid propellants and the ability to use common fuels and oxidizers in a laboratory
environment. Many schools have done regression rate and configuration evalua-
tions with minimal safety problems outside of those associated with pressurized
systems and high-temperature exhaust flames.

Some of the colleges and universities that have generated technical papers
on hybrids include the University of Alabama, University of Arizona, Univer-
sity of Arkansas, the U.S. Air Force Academy in Colorado Springs, John Hopkins
University, Pennsylvania State University, University of New Orleans, Purdue
University, Stanford University, and Utah State University. These are some of
the facilities using the hybrid rocket concept as a teaching, research, static test-
ing, and flight-testing tool. Hybrid rocket activities are also being conducted in
Germany, The Netherlands, India, Japan, Korea, Italy, Sweden, Israel, and Russia
at a minimum.

A. Universities

1. John Hopkins University

The earliest university hybrid studies occurred in 1952 where burning tests with
a reverse hybrid rocket propellant system were conducted at the Applied Physics
Laboratory of John Hopkins University.The propellants tested were benzene and JP
fuel as liquids with potassium perchlorate,AN, andAP. Because of the significance
of this research in opening the door to reverse hybrids, it was discussed in more
detail earlier in Sec. II, “Early History.”

2. University of Alabama in Huntsville

The University of Alabama in Huntsville (UAH) Propulsion Research Center in
Huntsville, Alabama, has been doing hybrid work since the late 1980s. They have
worked closely with NASA Marshall Space Flight Center (MSFC) and industry
on a laboratory-scale hybrid rocket motor on combustion stability, ballistics of
mixed-oxidizer propellants, water-tunnel studies of head end flowfields design
and testing of microporous LOX injectors, test-facility design, and uncertainty
analysis of burning rates and thrust.

3. University of Arizona/Arizona State University

Both schools have done significant research on hybrid fuels and regression
rate determination. The University of Arizona has done work with HAN and AN
mixtures. They have also worked with metallized fuels in addition to PMM, the
standard initial tool of most investigators. At Arizona State University, testing was
done in such areas as swirl injector design and its effects on increasing regression
rate and combustion stability.

4. University of Arkansas/Hendrix College

The test facilities used are located at the University of Arkansas at Little Rock
(UALR) Hybrid Rocket Facility. There is some collaboration with Hendrix College
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at Conway, Arkansas. Early test work was done on glycidyl azide polymer added
to HTPB for increased performance and regression rate. Many of their published
papers involve optical evaluation on the test stand. These included spectral studies,
plume flicker, opacity studies, and UV spectroscopic monitoring of the combustion
process.

5. Pennsylvania State University

At Pennsylvania State University, the activities included regression rate studies
of the standard GOX/HTPB hybrid and pyrolysis and combustion of solid fuels in
oxidizing atmospheres. They have also done performance comparisons of HTPB-
based solid fuels containing nanosized energetic powders, principally aluminum,
and scaleup studies of hybrid rocket motors.

6. University of New Orleans

At the University of New Orleans, they have done the mathematical modeling
of regression rate of ablating hybrid solid fuels and the study of flame propagation
in hybrid rocket motors.

7. University of Tennessee Space Institute

The published papers from Tullahoma, Tennessee, are on inviscid modeling of
classical and vortex injection hybrids.

8. Purdue University

Much of Purdue University’s hybrid activities have involved the use of 85%
hydrogen peroxide as the oxidizer of choice with PE and PMM. They have also
evaluated higher strength peroxide and high-energy additives. Additional studies
were made on the basic combustion phenomena in hybrids.

9. Stanford University

The Aeronautics and Astronautics Department has been involved with ballistic
studies where they developed the theory for high regression rate fuels by way of
liquid entrainment. The principal fuel is paraffin based with stabilizing additives.
Three flight tests were conducted at Black Rock in Nevada in October 1999 with
both a cellulose fuel and a paraffin fuel using N2O as the oxidizer. The motor
hardware was a commercial purchase from Aerotech RMS/Hybrid 54 that nor-
mally comes with a cellulose fuel. It was 45.5 in. long with a diameter of 2 1

4 in.
The cellulose-fueled rocket achieved an altitude of 5360 ft, whereas the first paraf-
fin flight flew to 5800 ft. The third paraffin flight had a damaged fuselage from
a previous recovery and achieved a lower altitude of 4460 ft. The difference in
altitudes of the cellulose- and paraffin-fueled rockets can be largely explained by
the difference in Isp values as seen in Table 1.

10. Hybrid Rocket Activities at Utah Universities

In 1991–1992, R. Gilbert Moore of Utah State University initiated the Unity IV
university hybrid rocket program. The name was derived from the four universities
involved: Brigham Young University, University of Utah, Utah State University,
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and Weber State University. The goal was to collaboratively build and launch
a hybrid rocket to an altitude over 100,000 ft and carry an atmospheric density
measuring instrument. The initial rocket used GOX and HTPB in a 50-in.-long
aluminum motor. After several launch attempts, a successful flight was achieved
in November 1995 at the Utah Test and Training Range reaching an altitude of
approximately 3800 ft. The second-generation rocket was based on the use of
liquid nitrous oxide for the oxidizer due to its relative safety as compared to other
oxidizers. This vehicle had an 8-in.-diam motor with a 2-in. nozzle throat devel-
oping 2500 lb of initial thrust. This vehicle had a successful launch in December
2003 reaching an altitude of 4100 ft.

B. International Universities

1. Germany

A discussion of the early work on the BARBARELLA rocket in the 1970
time period at the Technical University of Munich was given at the beginning
of this section. In the subsequent period, from 1974 to 1987, storable hybrid
propellants were experimentally investigated at DLR German Aerospace Center
Lampolshausen. The purpose was to demonstrate the technical feasibility of
storable hybrid motors for missile propulsion and fuel-rich gas generators for
ram rockets. The effects of different fuel additives on fuel regression rate were
determined, and most of the experiments were done with RFNA and N2O4, some
with hydrogen peroxide as oxidizer. Investigations on a hybrid gas generator with
metal- (Mg, Al, B) containing fuels at low O/F mixture ratios producing a fuel-
rich exhaust. A suitable concept for manufacturing fuels with up to 80% of boron
was developed. These compositions were analytically shown to be suitable for ram
rocket applications in the late 1970s.

2. Institute of Space Propulsion Technology at Technical University of Munich

Somewhat later between 1968 and 1974, a group of students of the Institute
developed a hybrid rocket, the BARBARELLA [23]. It used HNO3 and a mixture
of toluidine and aminophenole as the fuel. The rocket had a length of 1.6 m and
diameter of 10 cm, with an initial mass of 10.6 kg. It had a thrust of 370 N and
burned for 22 s. A flight took place in 1974 off the coast of the Baltic Sea.

3. The Netherlands

The TNO Prins Maurits Laboratory at Rijswijk, The Netherlands, has been
involved in hybrid studies for a number of years. They have developed system
analysis models of complete hybrid systems with optimized grain designs with the
associated liquid components.

4. Indian Efforts

Hybrid rocket research has taken place mostly in the academic institutions:
Gorakhpur University, Birla Institute of Technology, Indian Institute of Science,
and Indian Institute of Technology Madras. The first two institutions initiated
studies to establish regression rate equations. At the Indian Institute of Science,
the study was mainly devoted to understand the combustion mechanism in hybrid
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rockets. The Indian Institute of Technology Madras focused on the issue of finding
methods to enhance fuel regression rates.

Rastogi and his coworkers at the Gorakhpur University studied experimen-
tally the regression rates of different kinds of polymers (polystyrene, polystyrene
containing B–O and B–C linkage, and oxygen styrene copolymers) with GOX at
atmospheric pressure. They measured the regression rates at different GOX mass
fluxes by two methods: 1) from the loss of fuel mass and 2) from the measurements
of the port diameters at the grain ends for a known burn time.

Paul et al. at the Indian Institute of Science conducted experiments on
rubber/oxygen/nitrogen system and explored the effect of the mass transfer num-
ber B on regression rate. He found it to be more sensitive than predicted by the
theoretical expression given by Marxman and coworkers. They further experimen-
tally obtained the fuel regression rates in a hypergolic combination (difurfurylidene
cyclo-hexanone plus RFNA) for different mass fluxes and found them to be
pressure independent.

George et al. at the Indian Institute of Technology Madras conducted a sys-
tematic experimental investigation on the methods of enhancing the regression
rate in GOX/HTPB hybrid rocket motor. They showed that the addition of AP
or aluminum in the fuel, and the reduction of grain port diameter enhanced the
regression rate.

IX. Space Tourism

It has always been the dream of amateur rocketeers to fly into space commer-
cially. Inspired by the Lindbergh transatlantic solo flight in the Spirit of St. Louis
aircraft in 1927, a group of space enthusiasts led by Peter Diamandis, founder
of the X Prize Foundation, proposed a new Spirit of St. Louis in 1996. The goal
was for a commercially sponsored flight to transport three people safely to an alti-
tude of 100 km and to repeat this feat within two weeks. It was envisioned that,
because the Orteig Prize in 1927 stimulated the commercial aviation industry we
have today, a similar stimulus might have a corresponding result for rocket travel in
space. The New Spirit of St. Louis organization met in May 1996 to announce the X
Prize contest. In attendance were Lindbergh’s two grandsons, NASA administrator
Dan Goldin, Richard Fleming, astronaut Buzz Aldrin, and Burt Rutan, president
of Scaled Composites. This group was able to attract several million dollars of
support, and in May 2004, the Ansari family contributed the additional funds to
create the $10 million Ansari X Prize.

This challenge attracted 26 teams from 7 countries. A leading contender and
eventual winner was Burt Rutan, who received his financial support largely from
retired Microsoft executive Paul Allen. He had a running start because his own
personal goal had been to show the feasibility of privately developed manned space
flight. In this pursuit, his group had developed several safety related concepts. His
approach was to use an aircraft to carry a rocket ship to an altitude of 46,000 ft
(14 km), at which point the rocket would be launched from a horizontal position.
While in a descending glide to clear the mother ship, the rocket engine is fired using
the ship’s wings to reorient to a near-vertical trajectory. The rocket thrust would
then provide the velocity to achieve the apogee of 100 km. He actually realized
this goal in a publicly attended flight on 21 June 2004. After this successful flight,
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Fig. 17 SpaceShipOne vehicle.

he set out to fly the heavier payload of the X Prize requiring two flights within
two weeks. Rutan officially accomplished this feat on 29 September 2004 and
on 4 October 2004, ahead of all other competitors, thus claiming the $10 million
reward. The second flight reached an altitude of 112 km exceeding the goal by
12 km [24–27]. The SpaceShipOne vehicle is shown in Fig. 17.

After the evaluation of the various types of rocket motors for the second por-
tion of the flight, it is significant that Rutan chose a hybrid motor. The important
considerations were safety of operation, good performance, system cost, quick
turnaround, and thrust termination. The propellant system selected was nitrous
oxide (N2O) and HTPB, a PB fuel. To satisfy their required burning time of 80 s
with the relatively low burn rate, the grain design contained four longitudinal ports
to increase the burning surface area. The N2O with its ambient vapor pressure in
the 600–700 psi range allowed self-pressurization, a weight-saving feature.

The success of the Rutan flight has inspired other more ambitious contests
including the X Prize Cup and Bigelow’s $50 million America’s X Prize with a
goal to launch a crew of five to an altitude of 400 km. This must be accomplished
twice before 10 January 2010. The ultimate goal, of course, is to provide a satellite
capability so tourists can view the entire planet for indefinite periods of time
[27]. This would require an energy of 5–10 times that of the X Prize involving a
multistage rocket vehicle probably in the meganewton thrust class.

X. Highlights in Perspective

When viewed in perspective, some of the highlighted events retained their sig-
nificance in later years. The following events were chosen because either they
were the first in which significant experiments were conducted, they divulged a
new concept, or they provided an expanded insight into a useful technology.

A. Pacific Rocket Society Experiments

This activity, which covered an early period from the mid-1940s to the 1950s
involved both static and flight tests. In contrast to earlier work, investigations
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were conducted of a wide variety of fuels and ended with practical propellants,
such as LOX and rubber, which are common to this day. A successful flight was
accomplished in June 1951 reaching an altitude of 30,000 ft (9100 m).

B. 180-Kilonewton Thrust Motor, Tested by UTC in 1967

This early version of a multiport grain paved the way to the later developments
by STARSTRUCK, AMROC, and the HPDP consortium two decades later. The
wagon-wheel grain design was used as the basis for these subsequent motors.

C. Drone Programs Sponsored by U.S. Air Force

These vehicles, which used UTC hybrids, lasted for 15 years. They demon-
strated the practicality of the hybrid motor in a mission requiring a wide 8/1
throttling ratio. Several versions of the hybrid motors were employed, including
two oxidizers, three fuels, and a stacked disk approach to fuel fabrication. No
hybrid flight program has ever persisted for such a long period of time and satis-
fied military specifications. It also demonstrated the versatility of the hybrid in that
several system concepts were employed with different propellants, all performing
successfully.

D. Burning Rate Expression Developed by Marxman and Coworkers

In the early 1960s, this was the most complete treatment up to that time and is
a basic relation used to this day. The expression incorporates the effect of blowing
on heat transfer, the two boundary layers of momentum and combustion, and the
radiation correction, taking into account coupling with convection. Because of its
versatility, it has served as a starting point for interpreting various burning rate
concepts, such as entrainment, and provided the basis for engine design.

E. Large Boosters in >1 Meganewton Thrust Motor Class

Using the principles learned in earlier scaling programs, AMROC, and subse-
quently the HPDP consortium, were able to design and test large hybrid engines
in the meganewton thrust class. Although these motors did not reach operational
status, they elucidated the problems facing large booster development, such as
grain fabrication, fuel utilization, and combustion stability.

F. SpaceShipOne Suborbital Manned Flight by Scaled Composites

This privately funded event in 2004 opened the door to space tourism in sub-
orbital flights with the future potential for tourist flights into orbit. It has also
stimulated venture capitalists to sponsor future space flights.

XI. Conclusions

In viewing the past history of hybrid motor development in perspective, it is
clear that most, but not all, of the claimed advantages have been realized. Most
important, the units are safe and there has never been a reported chemical explo-
sion. The failures that have occurred have been relatively few and benign in nature,
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resulting in occasional damage to the motor but nothing significant to the test facil-
ity. Throttling and shutoff capability have been demonstrated, features that are of
importance in manned flight applications. Because of the safety and reduced man-
ufacturing tolerances, the hybrid motor has been the rocket of choice by both
universities and amateur rocket enthusiasts. Furthermore, the versatility of propel-
lant selection has been amply demonstrated in that it has outstripped the available
candidates in both solid- and liquid-propulsion systems.

Problems have arisen, however, in the development of motors whose diameters
are roughly in excess of 1 m. This approximate diameter limitation, due to the
low regression rate of the classical hybrid, has led to multiport grain designs
that have partially compromised motor mass fractions and created an uncertainty
in grain behavior at burnout, particularly in flight. Some of the current efforts on
investigating burning rate increase appear promising and need further verification
for larger size motors.An additional area of considerable importance is combustion
instability, particularly with LOX as an oxidizer. In contrast to both liquids and
solids, the hybrid does not exhibit severe high-frequency acoustic modes. However,
it does experience a low-frequency chugging-type behavior that can be aggravated
by inadequate vaporization of a liquid oxidizer in the precombustion chamber.
This is not a fundamental objection because all rocket and airbreathing engines
have experienced instability at some time in their development, but it does need
more research for acceptable resolution. In contrast to the solid and liquid rocket
development programs, the hybrid has received only a fraction of the investment
made with the other engines. It is reasonable to expect that, with a more substantial
funding, the hybrid motor can play a significant role in major space applications
envisioned today.
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Chapter 2

Review of Solid-Fuel Regression Rate Behavior in
Classical and Nonclassical Hybrid Rocket Motors

Martin Chiaverini∗
Orbital Technologies Corporation, Madison, Wisconsin 53717

Nomenclature
A =Arrhenius preexponential constant, mm/s
B = blowing parameter, ρf r/(Gcf /2)
Bmod = modified blowing parameter, B exp(q′′r /q′′c )
cs = fuel specific heat, J/kg · K
cf = skin-friction coefficient
cp = gas isobaric specific heat, J/kg · K
C∗ = characteristic exhaust velocity, m/s
D = diameter, cm
D = mass diffusivity, m2/s
Da = Damköhler number
Dh = hydraulic diameter, cm
Ea = activation energy, kcal/mole
G = local, bulk mass flux, kg/m2 · s
h = enthalpy, J/kg; port height, mm
Isp = specific impulse, s
k = absorption coefficient, kinetic rate constant
K = concentration
L = length of fuel slab, cm
Le = Lewis number
Np = particle number density
Nu = Nusselt number
O/F = oxidizer to fuel mass mixture ratio
Pr = Prandtl number
p = pressure, atm or MPa
q′′ = heat flux, W/m2

∗Principal Propulsion Engineer. AIAA Senior Member.
Copyright © 2007 by the American Institute of Aeronautics and Astronautics, Inc. All rights reserved.
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Re = Reynolds number
Ru = universal gas constant, kcal/kg · K
r = regression rate, mm/s
Sc = Schmidt number
Sg = geometric swirl number defined in Eq. (69)
St = Stanton number
Sw = swirl number
T = temperature, K
t = time, s
u = streamwise velocity component, m/s
w = fuel web thickness, mm
X = mole fraction
x = axial location, cm
Y = mass fraction
α = absorptivity
αp = particle weight fraction
ΔHo

f = heat of formation, J/kg
ΔHr = heat of reaction per unit mass reactants, J/kg
ΔHv = heat of vaporization, J/kg
ε = emissivity, or turbulence dissipation rate, m2/s3

κ = thermal conductivity
μ = viscosity, N · s/m2

ρ = density, g/cm3

ρf = fuel density, g/cm3

σ = Stefan–Boltzmann constant
θ = temperature ratio, Tfl,av/Ts
λ = weight fraction of gas in decomposed fuel products at

fuel surface

Subscripts

av = average
c = convective
d = hydraulic diameter
e = boundary layer edge
eff = effective
f = fuel
fl = flame
g = gas phase
i = initial
o = oxidizer, or reference
rad= radiant
s = surface or soot
sw = swirl
t = turbulent
tot = total
v = vortex
w = wall
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x = local, axial
+= just above fuel surface
−= just below fuel surface

I. Introduction

LIKE liquid- or gelled-bipropellant propulsion systems, monopropellant
thrusters, and solid rocket motors, hybrid rocket propulsion systems use energy

liberated from the combustion of fuel and oxidizer to generate thrust. In hybrid
rockets, however, the propellants are both physically separated and stored in dif-
ferent phases. For example, conventional (sometimes called classical or typical)
hybrid motors use a solid-fuel grain and a liquid oxidizer. The liquid oxidizer is
injected into the head end of the solid-fuel grain, sometimes first through a pre-
combustion chamber that serves to vaporize the oxidizer and allows it to enter
the combustion port in a nonpreferential manner. The pyrolyzed gaseous fuel and
oxidizer mix and react along the length of the fuel grain and undergo final mixing
in the aft combustion chamber. The hot product gases are then expelled out the
nozzle to generate thrust. Figure 1 illustrates the main features of a classical hybrid
rocket propulsion system.

The key parameter influencing the design of hybrid fuel grains, and, therefore,
the overall hybrid-motor design, is the solid-fuel regression rate. The regression
rate, a velocity, is defined as the rate at which the solid-phase fuel is converted to a
gas. Though the term burning rate is sometimes used to describe hybrid solid-fuel
regression, this term is more appropriately applied to solid propellants, which typ-
ically undergo combustion reactions on the propellant surface. In hybrid motors,
combustion usually occurs in the boundary layer above the fuel surface rather than
at the fuel surface itself. Sometimes, the terms erosion rate or ablation rate are also
used and are essentially equivalent to the more favored regression rate. Two other
terms of interest in the literature are the pyrolysis rate and sublimation rate of the
fuel. The term sublimation is used in the usual sense of phase change from a solid
to gas without first passing through the liquid phase. The term pyrolysis refers to a
solid-to-gas phase change that is accompanied by a chemical change, such as the
polymer chain breaking, cyclization, and re-organization that occurs in the in-depth
near-surface region when polymer-based fuels degrade and regress. However, note
that some specialized fuels, such as solid cryogens (for example, frozen methane)
and paraffin waxes, appear to regress. Solid cryogens seem to melt or sublimate
without a chemical change, whereas paraffins have been proposed to melt and
form wavelets on the fuel melt-layer surface that spray droplets into the gas flow.
However, these fuels are exceptions to the general behavior and are discussed later.

Fig. 1 Typical classical hybrid propulsion system.
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The main objective of this chapter is to survey broadly some of the more
significant theories and analyses that have been developed to explain the solid-
fuel regression rate behavior of various types of hybrid motors and solid fuels
under different operation conditions. Both classical and nonclassical hybrid motor
configurations, as well as traditional and nontraditional fuels, will be examined. In
Sec. II, a brief introduction to hybrid motors is provided and particular advantages,
disadvantages, and performance characteristics compared to liquid-bipropellant
rocket engines and solid-propellant motors, are discussed. In Sec. III, physical
processes involved in hybrid solid-fuel regression are described and a review of
relevant literature is presented. This review focuses primarily on theoretical and
semi-empirical approaches to developing regression rate laws. The effects of turbu-
lent heat transfer, radiant heat transfer, gas-phase kinetics, heterogeneous reactions
on the solid-fuel surface via oxidizer attack, oxidizer injector design, and fuel addi-
tives are described and discussed. A few investigations of scaling and geometry
effects are also discussed. In Sec. IV, regression rate characteristics of nonclassical
hybrid motor configurations are discussed, including swirl-injected hybrids, vortex
hybrids, and end-burning hybrids, as well as regression rate behavior of nontradi-
tional fuels such as paraffins and cryogenic solid fuels. Other types of nonclassical
hybrid concepts are also briefly reviewed and discussed. Conclusions and recom-
mendations for future research are also presented. The reader is referred to Chapters
3 and 4 for additional discussions of regression rate mechanisms and measurement
techniques, Chapter 10 for solid fuel characteristics, and Chapter 12 for scaling
effects.We will not here address the very important subject of transients or unsteady
combustion in hybrid rocket motor as this subject is discussed in Chapter 9.

II. Hybrid Motor Characteristics

Because they store fuel and oxidizer in separate phases, conventional hybrid
systems offer several important advantages over their liquid and solid rocket
counterparts that potentially make them attractive for a variety of applications.
Characteristic hybrid benefits include those listed in the following paragraphs:

1) Safety—Enhanced safety compared to liquid bipropellant and all-solid sys-
tems often represents the most desirable and distinguishing characteristic of
conventional hybrid-propulsion systems. Because the fuel and oxidizer are sepa-
rated by distance and phase, hybrids have almost no explosion hazard and very few
failure modes. Moreover, solid fuels are not hazardous for storage and transporta-
tion, unlike solid propellants and volatile liquid fuels such as hydrogen, methane,
and kerosene.

2) Insensitivity—Unlike solid-propellant grains where the fuel and oxidizer are
intimately mixed, hybrid-fuel grains are insensitive to cracks and imperfections
because they are inert. In conventional hybrids, heterogeneous reactions due to
oxidizer attacking the fuel surface generally do not come into play because the
diffusion flame zone shields the fuel surface from the oxidizer-rich core flow.
Therefore, potential cracks and fuel imperfections that may increase the fuel sur-
face area do not have a significant effect on the internal ballistics of the fuel grain.
The inert solid-fuel grain is ideally suited for tactical systems that require “wooden
round” insensitivity to small arms fire and case penetration. Solid-propellant
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cracks, on the other hand, can have a catastrophic effect on the motor because
they increase the burning surface area, which in turn increases the motor pres-
sure beyond the design conditions. Finally, solid-fuel regression rates are typically
not sensitive to ambient temperature effects, providing for reliable and consistent
motor operations over a broad range of conditions. Solid-propellant motors, how-
ever, must incorporate design margins to allow for chamber pressure variations
that result from burning rate temperature sensitivity.

3) Reliability—Because only the oxidizer is stored in liquid form, hybrid rock-
ets require only half as much feed-system hardware as liquid-propellant rockets.
This arrangement provides advantages in terms of improved reliability, lower feed
system weight, and less complex mechanical design.

4) Energy management—Hybrid rockets can be throttled for thrust control,
maneuvering, motor shutdown, and restart by adjusting only the oxidizer flow rate
while avoiding the necessity of matching hydraulic characteristics with the fuel,
as must be done for liquid-propellant rockets. Throttling is attractive for various
tactical applications such as missile-intercept and air-to-air missions. Hybrid rocket
designs can also include a non-destructive mission abort mode.

5) Fuel versatility—The solid-phase fuel provides a convenient matrix for
introducing a variety of additives for purposes such as plume signature tailoring
for military applications, metal particles for high-energy missions, and simulating
solid-propellant exhaust products or other chemically reacting flows for research
purposes.

6) Design flexibility—Though most hybrid developmental efforts have focused
on large boosters or upper stages using the conventional configuration, additional
concepts described later in this chapter have been proposed for a variety of missions
including in-space propulsion, satellite maneuvering, orbit maintenance, waste
generators, and even an underwater welding torch. In Chapter 14, the historic
flight of Space Ship One, the first privately developed spacecraft, which used
an N2O/hydroxyl-terminated polybutadiene (HTPB) hybrid motor, is described.
Hybrids are also a very safe and effective educational tool for demonstrating rocket
propulsion concepts to a broad audience. Overall, hybrids possess a great range of
design flexibility to meet a wide variety of missions.

7) Environmental friendliness—Hybrid rockets using typical propellants such
as liquid oxygen (LOX) and rubber-based fuel such as HTPB, have environmen-
tally clean exhaust without hydrogen chloride or aluminum oxide, which can be
ecologically damaging.

8) Low cost—Hybrid rockets pose almost no explosion hazard during manufac-
ture, transport, ground test, and storage because the fuel and oxidizer are separated
both physically and by phase. This arrangement also allows for easier and safer
clean up in the event of an oxidizer spill. Hybrids should be very economical to
both manufacture and launch because of their inherent safety and minimal failure
modes.

Classical hybrid rockets also display several disadvantages with respect to other
chemical-propulsion systems, including the following:

1) Slow regression rate—Polymeric hybrid fuels, such HTPB, regress rather
slowly, generally at least an order of magnitude slower than solid propellants.
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To produce the necessary mass flow rate of pyrolyzed vapor from the fuel grain
consistent with a desired thrust level, multiport grains with large wetted surface
areas must often be employed. Such grains require proportionally large pressure
cases and can display poor volumetric loading. Also note that low regression rates
are also a disadvantage when small grain L/D ratios may be desirable, such
as for upper stages. Fuel-rich gas-generator grains with some oxidizer content,
such as glycyl azide polymer (GAP) or HTPB with small amounts of ammonium
perchlorate (AP), can be used to increase regression rates, but are not as insensi-
tive as pure fuels. However, as described later, advanced solid fuels and innovative
injection methods have recently shown great promise for overcoming the design
difficulties associated with low fuel regression rates.

2) Low volumetric loading—In addition to slow regression rates leading to
poor volumetric loading, the use of aft combustion chambers downstream of the
fuel grain to complete the mixing and combustion of fuel and oxidizer further
exacerbates the mass fraction disadvantage compared to liquid and solid sys-
tems. Conventional hybrid propulsion systems therefore, typically require a larger
installation envelope.

3) Fuel residuals—Conventional hybrids with multiple ports cannot be burned
to completion because portions of the fuel web between the ports would dislodge
from the host grain and potentially block the nozzle. Therefore, a few percent of
the fuel must be left intact at the end of the mission. These so-called fuel slivers
subtract from the overall propulsion system mass fraction.

4) Mixture ratio shift—Because of the strong coupling between the oxidizer
flow through the fuel port and the grain ballistic behavior, the overall mixture ratio
during the burn displays a time variation due to the increase in the port size. As
will be discussed in detail later in this chapter, the increase in port cross section
increases the fuel burning surface area but decreases the fuel regression rate. These
two effects are in general not balanced, leading to a change (usually a decrease) in
the overall fuel production rate. This variation in turn affects the propulsion system
performance. However, use of secondary oxidizer injectors and innovative grain
designs can offset or eliminate the mixture ratio shift.

5) Mixing/combustion inefficiencies—Hybrids have fundamentally different
mixing and combustion processes than either liquid-bipropellants or all-solid sys-
tems. In liquid engines, propellant mixing occurs on a droplet-size scale, whereas
in solids the fuel and oxidizer are intimately mixed during the grain casting process.
In hybrids, however, propellant mixing and combustion occur in a macroscopic
diffusion (nonpremixed) flame zone that has a length scale of the same order as
the fuel grain length. This mode of mixing and combustion may result in slightly
lower overall combustion efficiency than competing chemical systems.

Whereas this chapter primarily addresses solid-fuel regression rate behavior
in both classical and nonclassical hybrid motor configurations, it is worthwhile
reviewing some of the basic performance characteristics and applications of hybrid
motors to place the importance of the regression rate in proper context. The early
days of hybrid combustion research and development often saw use of wood,
wax, and carbon for fuels. Though polymethylmethacrylate (PMM) and polyethy-
lene (PE) are sometimes used for laboratory experiments, the most commonly
employed modern solid fuels for hybrid motor propulsion are the butadiene-based
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fuels, such as HTPB. HTPB is safe and easy to formulate using a two-part polymer
mixture of resin and curing agent. Additives may include cross-linking agents
for enhanced mechanical strength, densifying agents such as polycyclopentadi-
ene, carbon powder to opacify the grain to thermal radiation penetration, and
metal powders for increased energy density. In Chapter 10 hybrid solid fuels are
discussed in much more detail.

When combined with various oxidizers, HTPB-powered hybrids typically dis-
play specific impulse greater than that of solid propellants, such as AP/HTPB
heterogeneous solids, but lower than that of high-energy liquid-bipropellant combi-
nations such as hydrogen–oxygen systems. However, HTPB/LOX is quite similar
in performance to kerosene/LOX. On the other hand, HTPB hybrids have higher
density impulse than liquid-bipropellants, but lower than that of solid propellants.
Figure 2 shows the theoretical specific impulse and density impulse performance
of HTPB as a function of mixture ratio for several oxidizers at a chamber pressure
of 1000 psia and a nozzle area expansion ratio of 10:1. Notice that LOX provides
the highest specific impulse because of high oxidation potential, whereas hydrogen
peroxide (H2O2) provides the larger density impulse due to its high mass density. In
Chapter 9, hybrid oxidizers, especially the use of hydrogen peroxide, are discussed
in more detail. Figure 3 provides additional comparisons of the performance of
various hybrid-, solid-, and liquid-bipropellant systems.

The fuel mass for a given mission may be determined from an analysis of
the specific impulse for the selected propellant combination. However, the shape
of the fuel grain and design of the combustion port(s) depends on the internal
ballistic characteristics of the motor, which in turn are set by the fuel regression
rate behavior. Therefore, a thorough understanding of the physical processes that
govern solid-fuel regression under various conditions is essential for optimizing the
design of high-performance hybrid motors. In the next section, we turn our attention
to the main focus of this chapter, a review and discussion of the fundamental
processes governing solid-fuel regression phenomena in various types of hybrid
motors. To set the stage, the salient features of boundary-layer combustion and
solid-fuel regression in hybrid motors are presented.

Figure 4 shows in a qualitative manner, many of the physical processes involved
in hybrid combustion. Shortly after ignition, a chemically reacting boundary layer
develops over the solid-fuel surface due to the injection of oxidizer at the head
end of the motor. Though the oxidizer could be introduced in either gaseous
or liquid form, liquid droplet and spray physics are not represented in Fig. 4
for clarity. In addition, the boundary layer is assumed to be turbulent due to the
typically high injection Reynolds numbers for hybrid motors; however, laminar
and transition flow regimes could also be present near the leading edge of the
fuel grain under some circumstances. The turbulent boundary layer is character-
ized by strong velocity, temperature, and species gradients normal to the surface,
and mass, momentum, and energy transport are dominated by the turbulent flow
processes.

Shortly after ignition, a diffusion flame region forms in the boundary layer.
According to Marxman and Gilbert [2], the flame resides at a location approxi-
mately 10–20% of the boundary-layer thickness above the surface. Heat from the
flame is convected and radiated to the fuel surface. This energy flux causes the solid
fuel to pyrolyze (undergo a physical change accompanied by chemical changes).
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Fig. 2 Specific impulse vs mixture ratio for several oxidizers with HTPB at
Pc = 1000 psia and 10:1 nozzle expansion area ratio: a) vacuum Isp and b) density
Isp.

The pyrolyzed fuel vapor is then transported to the flame zone by convection and
diffusion, where it mixes with the gaseous oxidizer, which has been transported
through the boundary layer from the core flow region via turbulent diffusion. The
two components react in the diffusion flame, a process that provides heat to sustain
further fuel pyrolysis. The fuel mass flux due to pyrolysis, however, blocks some
of the heat transfer to the surface, which causes a decrease in the regression rate
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Fig. 3 Theoretical Isp for various solid, liquid, and hybrid rocket propellants [1].

and corresponding strength of the wall blowing effect and, in turn, a weakening
of the blocking action, which in turns means that more heat can reach the surface,
and so on. This tendency toward a self-regulating interaction between heat flux,
mass blowing, and heat flux blockage is a distinguishing characteristic of hybrid
combustion.

The hybrid boundary layer is also characterized by several different spatial
zones normal to the fuel surface. A fuel-rich region exists below the diffusion
flame and an oxidizer-rich region resides above the flame. Under some conditions,
oxidizer gas may be able to pass through the flame zone and participate in hetero-
geneous reactions with the fuel on the pyrolyzing surface. The importance of this
phenomena was the subject of much investigation during the 1960s and 1970s and
will be discussed further in Sec. III.

Additional fuel surface phenomena include polymer degradation and frag-
ment desorption (for polymeric fuels) as discussed by Arisawa and Brill [3, 4],
surface roughness effects that can affect heat transfer, mechanical deformation
of the solid fuel by chamber pressure excursions, and the effects of solid-fuel
additives, such as metal particles, on modifying (usually lowering) the bulk
fuel enthalpy of gasification and the heat-transfer blocking effect. A liquid-
melt layer may also form on the fuel surface in the absence of sufficient heat
flux to cause direct gasification of the solid fuel. As discussed later in the
chapter, Karabeyoglu [5–7] have proposed that cryogenic solid fuels, for exam-
ple, frozen methane, and certain paraffin fuels regress quickly compared to
conventional fuels because, in addition to gasification, they also undergo a sur-
face melt-layer/fuel droplet entrainment process that does not contribute to the
blocking effect. These fuels will be discussed later in this chapter as well as in
Chapter 10.
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In all practical hybrid rocket fuel grains, the gas-phase flow is confined between
the fuel surfaces. Thus, a true freestream does not really exist, and the flow is more
similar to an internal pipe flow than the flat plate-type flow shown in Fig. 4. The
core flow may, therefore, undergo axial acceleration along the fuel grain, caused by
accumulation of fuel mass and combustion enthalpy in the downstream direction,
as well as by boundary-layer growth. Axial temperature, enthalpy, pressure, and
mixture ratio gradients can also affect the character of the boundary layer above the
solid-fuel surface. In addition, the boundary layers may grow to the point where
they merge at some location along the fuel port.

The interfacial energy, species, and overall mass flux balances are also shown in
Fig. 4, for a surface fixed in space. With respect to the fuel surface, one may imagine
the solid fuel feeding into the pyrolyzing surface at the regression velocity r. The
energy balance is the most complex boundary condition and consists of conductive,
radiative, and enthalpy changes across the interface. Term 1 represents the heat
flux convected from the flame to the fuel surface, whereas term 2 is the heat lost by
conduction into the solid fuel. The analogous radiant fluxes are given by terms 3
and 4. Term 3 represents the net radiant flux to the surface from the flame and
possible soot particles. The fuel-rich gases between the flame and surface may
absorb some portion of the radiation, and reradiation from the surface to the gas
phase is also possible. For fuels containing metal additives, such as aluminum,
an additional term must be included in the energy flux balance to account for
the radiant flux due to metallic particles. Terms 5 and 7 represent the chemical
enthalpy and sensible enthalpy, respectively, delivered to the pyrolyzing surface
by fuel regression. Notice that these terms both contain the solid-fuel regression
rate as a variable. Term 6 indicates the chemical enthalpy carried away from the
surface by the pyrolyzed species via bulk motion and diffusion, and term 8 accounts
for the corresponding sensible enthalpy flux. This energy flux balance can serves
as a useful starting point for an analytic regression rate approach based on heat
transfer from the flame to the fuel surface and is given by

Qtot = ρf r

[(
n∑
i

Yi+ΔHo
f ,i

)
−ΔHo

f ,HTPB

]
+ ρf r

n∑
i

Yi+
[∫ Ts

Tref

cp,i dT

]

The Appendix provides the derivation for this equation. The chemical species
mass flux boundary condition represents a balance between species generated on
the surface by decomposition reactions and species carried away from the surface
by bulk motion and diffusion. Here, terms due to subsurface diffusion and species
accumulation on the surface are assumed negligible. The overall mass flux balance
has been used to show that the pyrolyzed-fuel mass flux must equal the product of
solid-fuel density and regression rate.

At this point, note that most empirical, semi-empirical, or theoretical inves-
tigations have shown that the fuel regression rate depends very strongly on the
local mass flux along the fuel port. However, the “normal” regression rate regime
of practical interest is bound between two extreme mass flux regimes: the upper
limit, often called the “flooding” limit, and the lower limit, referred to here as the
“cooking” limit. Flooding corresponds to a situation wherein the oxidizer flux is
high enough to prevent burning in the fuel port, or is increased to the point where
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the flame is extinguished, presumably due to finite reaction rates that can not keep
pace with fluid dynamic mixing rates at high flux levels or to the development
of very oxidizer-rich conditions in the fuel port. Flooding has not received much
attention in the open literature, although Muzzy [8] has described it briefly.Accord-
ing to him, in the transition region between steady-state combustion and the onset
of flooding, the combustion process appears to be controlled by kinetics and not
by diffusion. Flooding limits also appear to depend on the specific fuel/oxidizer
combination and the motor pressure. Highly reactive fuels and oxidizers, such as
lithium hydride and fluorinated oxidizers, have higher flooding limits, that is, can
operate in classical hybrid mode at a relatively high Go threshold, than less reactive
propellants, such as hydrocarbon fuels with N2O. Establishing particular flooding
limits may be important for some volume-limited, high-energy applications, such
as tactical systems.

On the other hand, at very low mass fluxes, the convective heat-transfer rates to
the fuel surface, and, therefore, the fuel regression rates, are low and the thermal
wave penetrates deep into the solid-fuel grain. Depending on the specific type
of fuel, this situation can lead to melting or charring and subsurface cooking
reactions that may cause the virgin fuel to undergo depolymerization reactions
well below the surface. According to Marxman et al. [9] this situation may lead
to undesirable modifications to the fuel properties, poor combustion efficiency,
and unreliable operation. For Plexiglas/oxygen, Marxman et al. [9] showed that
the minimum regression rate before these phenomena become important is about
0.1 mm/s, which is probably lower than any practical application of interest. For
the remainder of this chapter, we will concern ourselves with systems that operate
between these two extrema of flooding and cooking.

This brief, qualitative description of some hybrid rocket combustion phenomena
serves as an appropriate point of departure for a review of the relevant literature.
Probably the most influential theory so far for explaining regression rate behavior
was developed by Marxman and Gilbert [2], Marxman et al. [9], and Marxman [10,
11]. They based their approach on turbulent combustion over a flat-fuel surface.
According to their study, the solid-fuel regression rate is governed primarily by
convective heat transfer from the flame to the fuel surface. The local mass flux G
is the primary operating parameter governing regression rate in this theory. Both
Marxman and Paul et al. [12] later attempted to modify Marxman and Gilbert’s
original approach to account for density variations across the boundary layer.
Marxman et al. [9] and Marxman [10, 11] also made allowances for radiant heat
flux due to gas-phase combustion products, but concluded that only a strong source
of thermal radiation would significantly alter the regression rate behavior.

Several more recent investigations have furthered the study of thermal radia-
tion effects in hybrid combustion. Estey et al. [13] found that including a term
to account for thermal radiation improved empirical correlations for metal-loaded
fuels, whereas convective heat-transfer theory worked best for pure hydrocarbon
fuels. Strand et al. [14] measured the total radiant heat flux to the fuel surface in
a slab-geometry, laboratory-scale motor. In contrast to Estey’s findings and the
earlier conclusions of Marxman, they found that radiation from soot may signifi-
cantly influence the regression rate of pure HTPB, especially at lower O/F ratios.
They also suggested that future experiments consider the variations in thermal
radiation with motor pressure and O/F ratio. Chiaverini et al. [15, 16] drew on
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Strand’s work [14] to semi-empirically characterize radiant heat fluxes from both
gas-phase combustion products and soot for a large amount of hot-fire data under
practical operating conditions for oxygen and HTPB.

At about the same time Marxman and his coworkers performed their work,
Smoot and Price [17–19] conducted a large number of experiments which indi-
cated that, at relatively low pressures and high mass fluxes, the solid-fuel regression
rates in hybrids employing fluorinated oxidizers displayed a strong dependency
on chamber pressure, but only a weak dependence on mass flux. After an exten-
sive investigation, they concluded that oxidizer transport to the fuel surface and
subsequent first-order heterogeneous reactions were responsible for the observed
pressure dependence. Their correlation predicted the experimental regression
rates to within ±40%. However, both Kosdon and Williams [20] and Muzzy [8]
attributed the pressure dependence to finite-rate gas-phase chemical kinetics,
whereas Rastogi and Deepak [21] suggested that heterogeneous reactions at the
fuel surface could be responsible for this phenomenon. Citing a mismatch between
pyrolysis data obtained in a hybrid motor and from various thermal pyrolysis
studies, Kumar and Stickler [22] also considered the possibility of fuel surface
attack by unburnt oxidizer passing through the boundary layer. Miller [23] derived
an expression, based on both chemical kinetic and gasdynamic variables, that
successfully correlated Smoot and Price’s data to within the accuracy of their exper-
iments. However, Wooldridge et al. [24] and Kosdon and Williams [20] pointed
out potentially significant limitations of Miller’s approach. Chiaverini et al. [16]
did not find any significant effects of chamber pressure on regression rate and con-
cluded that, under typical hybrid motor conditions for oxygen and HTPB, neither
gas-phase chemical kinetics nor heterogeneous surface reactions play a signifi-
cant role in regression rate behavior. In support of this result, they subsequently
conducted thermal pyrolysis experiments at atmospheric pressure in an inert envi-
ronment and showed that the resulting pyrolysis law matched their motor firing
data to within the accuracy of the experimental measurement [25]. These various
works, as well as those of others, will be examined in more detail later.

The results for the classical hybrid configuration provide a strong basis for
the analysis of non-classical hybrids, which include swirl-injected hybrids, vortex
hybrids, end-burning hybrids, radial-flow hybrids, and hybrids employing cryo-
genic solid fuels or paraffin-based solid fuels. These concepts will be reviewed in
Sec. IV.

III. Regression Rate Behavior of Classical Hybrids

Here, we will examine regression rate characteristics of classical hybrid con-
figurations in the following manner: First, a few early investigations that laid the
groundwork for future efforts are discussed. This section is followed by a more
thorough discussion of the very important classical diffusion-limited theory, as
developed by Marxman and his coworkers in the early 1960s. The accuracy of
heat-transfer diffusion-limited theory has largely been borne out in the intervening
years since Marxman’s original work, especially for modern fuels such as HTPB
and HTPB-based fuel blends. Modifications to classical diffusion-limited theory
to account for the effects of thermal radiation and variable fluid and transport prop-
erties across the boundary layer are also presented. This section is followed by a
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discussion of the effects of chemical kinetics on regression rate behavior. It should
be stated from the outset that the role of chemical kinetics, whether for gas-phase
reactions in the boundary layer, heterogeneous reactions due to oxidizer attacking
the fuel surface, or polymer degradation in the condensed phase, appears to have
been the most controversial aspect of hybrid regression rate analyses and exper-
imentation during the 1960s and early part of the 1970s. For an example of this,
the interested reader is invited to review the Comments section at the end of [11]
where Marxman responds to various inquiries from other hybrid researchers such
as F. A. Williams, L. D. Smoot, and R. J. Muzzy.

A. Early Investigations

Early investigations into hybrid solid-fuel regression rate behavior were con-
ducted by Bartel and Rannie [26], Emmons [27], and Houser and Peck [28]. Green
[29] presented an early summary of hybrid research that included work by addi-
tional investigators. Bartel and Rannie considered the one-dimensional axial flow
of air through a tube of carbon. The turbulent airstream entered the tube of diameter
D with assumed known inlet velocity, density, pressure, and total temperature.
Bartel and Rannie theorized that the diffusion of oxygen to the fuel surface con-
trolled the fuel regression process. They also assumed that the mass addition due
to fuel burning was negligible in comparison to the air mass flux down the tube
length and that fuel and air were completely mixed at each station along the tube.
By examining the rate of heat added to the gas flowing through an elemental cross
sectional area, they obtained the following expression:

ρf r = 1

2
cf Gfm exp(−2cf x/D) (1)

where ρf r is the mass burning rate of fuel per unit area, cf the friction coeffi-
cient on the fuel surface, G the average mass flux down the tube, fm the fuel/air
ratio of the reaction, x the distance along the tube from the entrance, and D the
tube inner diameter. According to this expression, the fuel burning rate decreases
exponentially with axial position along the tube. Bartel and Rannie also used the
well-known pipe flow correlation of friction coefficient with Reynolds number,
cf = 0.046Re−0.2

D . When this expression is substituted into Eq. (1), a G0.8 depen-
dency is obtained because ReD can be written as GD/μ. Although Bartel and
Rannie correctly obtained the classical G0.8 dependence for the regression rate,
the exponential decay of the regression rate with respect to length has not been
empirically verified. In fact, most empirical results show an increase in regression
rate with respect to increasing distance from the head end of the fuel grain, a behav-
ior that is usually attributed to accumulation of fuel and corresponding increase in
turbulence intensity and heat transfer in the downstream direction.

Emmons [27] also obtained a solution for the boundary-layer combustion of
a gaseous oxidizer flowing over a fuel surface, although he did not necessarily
have in mind hybrid rocket propulsion as an application of the problem. Emmons
assumed a laminar flame zone of finite thickness in the boundary layer and then
transformed the energy, momentum, and species equations into Blasius-type equa-
tions by assuming unity Prandtl, Lewis, and Schmidt numbers. His exact numerical
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solution was

ρf r = ρeueY(B)/Re1/2
x (2)

where Y(B) is a function of the blowing number B (which Emmons calls the heat
ratio). The blowing number is a very important parameter for hybrid regression
rate investigations and can be defined as the ratio of the thermal energy per unit
mass of the core flow to the thermal energy required at the surface to gasify a unit
mass of fuel

B = [(KOe − KOs)(H/nO)+ cp(Te − Ts)]
[ΔHv + cs(Ts − Ti)] (3)

In Eq. (3) KO is the oxidizer concentration, H the heat of reaction per mass of fuel,
and nO the O/F ratio. Subscript e indicates the outer edge of the boundary layer,
and subscripts s and i represent the surface and initial conditions, respectively. For
the range of 0.5 < B < 5, Emmons found

ρf r = ρeue[0.18+ log10(B+ 0.7)]/Re1/2
x (4)

where ρeue = G. Notice from this expression that ρf r is proportional to G0.5 due
to the assumed laminar nature of the flow. The boundary layer involved in practical
hybrid systems is probably mostly turbulent due to the destabilizing influence of
mass injection at the solid surface, as well as the high Reynolds number of the
oxidizer flow. However, the significance of Emmons work is the inclusion of the
boundary layer-blowing parameter B, which later investigators have found central
to hybrid regression analysis.

Houser and Peck made a useful contribution to the hybrid literature with their
measurement of quasi-real-time regression rate of a cylindrical hybrid-fuel grain of
several polymeric fuels burning with gaseous oxygen [28]. They burned cylindrical
blocks of varying total length having an initial inner diameter of 1 in. Most tests
were conducted with polymethylmethacrylate (PMMA) as the solid fuel. They also
used embedded chromel–alumel thermocouples of either 25 or 15 μm diameter to
measure the fuel surface temperature. The regression rates were deduced at several
axial positions at various flow rates, using an interrupted burning technique wherein
the combustion is stopped, fuel thickness measured, and the test restarted. The main
disadvantage of this method is that it is difficult to estimate the cumulative error
generated by the startup and shutdown transients. Houser and Peck found that
the inner radius of the combustion port followed a power-law function of time of
the form

rad(t) = A+ Bt0.8 + Ct0.3 (5)

so that the instantaneous regression rate r at a particular axial location can be found
by taking the time derivative of Eq. (5),

r(t) = 0.8B/t0.2 + 0.3C/t0.7 (6)

where A, B, and C are empirical constants. Houser and Peck did not provide
any theoretical significance for this equation. Notice that the best-fit equation
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given by Eq. (6) does not apply at time zero, where the regression rate goes to
infinity. In addition, Houser and Peck were unable to obtain accurate data for
times less than 10 s after ignition. Despite these shortcomings, they were possibly
the first to recognize the importance of obtaining the regression rates as a function
of both axial position and time. Houser and Peck also showed experimentally
that the regression rate decreases with time due to an increase in port area (and
corresponding decrease in port mass flux) and increases with axial distance due to
an increase in mass flux from fuel addition. (Note that this experimental finding
contradicted Bartel and Rannie’s earlier theoretical treatment [26].) Furthermore,
Houser and Peck showed that the measured fuel surface temperatures were the
same for both translucent fuel grains and opaque fuel grains processed with carbon
black. Chiaverini et al. [14, 15] drew upon their method to determine instantaneous
regression rates from x-ray radiography videos of hybrid rocket fuel ports and
found similar qualitative results concerning the time and spatial dependence of the
solid-fuel regression rates.

B. Marxman’s Diffusion-Limited Analysis

The most influential heat-transfer-limited theory of hybrid combustion was
developed by Marxman, Gilbert, Wooldridge, and Muzzy at the United Technology
Center in Sunnyvale, California during the early-to-mid 1960s. Marxman and
Gilbert [2] and Marxman et al. [9] discuss their initial analysis and experiments in
detail.According to their theory, a flame sheet separates the boundary layer into two
zones: one zone above the flame, where the temperature and velocity gradients are
opposite in direction, and one zone below the flame, where the gradients are in the
same direction, as shown in Fig. 4. The upper zone is oxidizer rich, while the lower
zone is fuel rich. The flame occurs at a position where the concentrations of each
are sufficient for combustion to occur [2], but not necessarily at a stoichiometric
condition, according to their analysis. In as much as Marxman and Gilbert [2]
conjectured that heat transfer from the flame to the fuel surface was the controlling
mechanism of hybrid combustion, they applied a simplified energy flux balance at
the fuel surface to obtain an expression for the fuel regression rate, as follows:

ρf rΔHv,eff = Qtot (7)

where ρf is the solid-fuel density, r the regression rate, Qtot the heat transfer
per unit area to the fuel surface (which may include both convective and radiant
components), and ΔHv,eff the total energy required to heat a unit mass of the solid
fuel from its initial temperature to the surface temperature and then to vaporize
it. Physically, Eq. (7) states that the enthalpy delivered to the fuel surface via
solid-fuel regression equals the total heat flux incident on the fuel surface.

To derive a useful equation for the regression rate from Eq. (7), Marxman and
Gilbert assumed that the boundary-layer flow was turbulent over the entire fuel
slab length due to the destabilizing effect of fuel injection at the surface. Second,
they reasoned that the Reynolds analogy (which states that the transport of energy
and momentum in a boundary layer are similar) and unity Lewis and Prandtl num-
bers hold in both the upper and lower boundary-layer zones, but not necessarily in
the flame sheet itself. Third, they assumed that the velocity profile in the bound-
ary layer is unaffected or only slightly affected by the presence of wall blowing
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and combustion, so that the standard friction coefficient for a turbulent boundary
layer remains valid. (Note that later numerical and semi-empirical analyzes by
Venketeswaran et al. and Chiaverini et al. have found that the hot, low-density
reaction zone in the boundary layer may actually have a quite significant effect on
the velocity profile. These analyses and effects are discussed later in this chapter
and in Chapter 8.) By employing these assumptions, Marxman and Gilbert [2]
developed an equation for the local solid-fuel regression rate given by

ρf r = CGRe−0.2
x (St/Sto)(ue/ufl)[(hfl − hw)/ΔHv,eff ] (8)

where C is a function of the mainstream Mach number (about 0.03 for the low
Mach numbers encountered in hybrids), G the local mass flux due to both oxidizer
injection and all upstream fuel addition, St the Stanton number, Sto the Stanton
number in the absence of blowing for turbulent flow over a flat plate, ue the velocity
at the edge of the boundary layer, uc the velocity at the flame, hfl the stagnation
enthalpy at the flame temperature, hw the enthalpy at the wall in the gas phase, and
ΔHv,eff the total heat of gasification, as in Eq. (7). The ratio of Stanton numbers,
St/Sto, represents the fraction of heat transferred to the surface by convection when
compared to the case with no wall blowing. According to Marxman and Gilbert,
this ratio may be lower than 0.2 for typical hybrid combustion conditions [2]. The
velocity ratio ue/ufl is determined by the flame position in the boundary layer
through an analysis discussed in [9]. If radiant heat transfer is also important, as
may be the case with metallized or sooty fuels [9], an additional term is added to
the right side of Eq. (8),

ρf rrad = σεw(εgT4
fl − αgT4

w)/ΔHv,eff (9)

where σ is the Stefan–Boltzmann constant, εw the emissivity of the wall, εg the
emissivity of the gas at the flame temperature Tfl, and αg the absorptivity of the
gas at the wall temperature Tw.

Marxman et al. [9] present methods to obtain some of the factors comprising the
right side of Eq. (8), which are not known a priori for a given hybrid system. Using
the integral technique of boundary-layer theory, they showed that the velocity ratio
between the combustion zone and boundary-layer edge may be obtained from

ufl

ue
= [O/F(hfl − hw)/ΔH]

Koxe + (O/F + Koxe)[(hfl − hw)/ΔHv,eff ] (10)

where O/F is the oxidizer-to-fuel mass ratio and Koxe is the mass fraction of
oxidizer in the freestream core flow, which, for a hybrid motor using oxygen as
the oxidizer, would equal unity. Marxman et al. assumed that the O/F ratio and
the (hfl − hw)/ΔHv,eff factor are independent of axial location along the fuel port
and constant for a given oxidizer/fuel combination. Marxman approximated the
Stanton number ratio as a function of B as [9]

St/Sto = 1.2B−0.77 (11)

for 5 < B < 100, where

B = ρv|w
ρeue(cf /2)

= ue/ufl[(hfl − hw)/ΔHv,eff ] (12)
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is the mass transfer, or blowing, number. (Altman [30] has recently shown that the
power of −0.77 originally determined by Marxman is actually closer to −0.68.)
When the Prandtl number is equal to unity, indicating similar transfer of momentum
and energy, and the radiation term in Eq. (9) is negligible, the value of B can be
approximated by the last expression given on the right side of Eq. (12), knowing the
velocity ratio from Eq. (11). The blowing number B represents both the similarity
parameter for a boundary layer with wall injection and a thermodynamic parameter
of the system that describes the enthalpy driving force between the flame and
the wall that causes fuel regression. When B = constant and Le = 1, the velocity,
species concentration, and enthalpy profiles are similar everywhere in the turbulent
boundary layer [9].

Combining Equations (8), (11), and (12) yields a useful, simplified regression
rate expression for hybrid combustion with no radiant heat transfer,

ρf r = 0.036GB0.23Re−0.2
x ∝ B0.23G0.8x−0.2 (13a)

or, with Altman’s refit of the data,

ρf r ∝ B0.32G0.8x−0.2 (13b)

Note that specifying the oxidizer/fuel combination essentially fixes B in this
analysis. Marxman noted that because B is raised to a small power, even large
changes in (hfl − hw) or ΔHv,eff produce only minor changes in the regression rate.
This phenomenon reflects the tight coupling between the solid-fuel regression rate
and the aerodynamics of the reacting boundary-layer flow. Increasing (hfl − hw),
for example, tends to increase the regression rate. However, the increase in fuel
mass injection into the boundary layer creates stronger blockage of the convec-
tive heat transfer to the surface, which tends to decrease the regression rate. Paul
et al. [12] later attempted to modify Marxman’s analysis to account for the effect
of the molecular weight of the pyrolyzed species on the blocking effect, which,
according to Paul et al. [11], may explain why hydrocarbon fuels often display
significantly different regression rates under the same operating conditions. This
will be discussed later in more detail.

In Marxman’s analysis, the fuel regression rate depends primarily on G, the
total mass flux. Because G at some location x depends on both the oxidizer flow
entering the combustion port as well as all fuel injected upstream of location x,
the local regression rate depends on the regression rate at all upstream locations.
In addition, G decreases as the port area increases during burning. Therefore,
one expects the regression generally to increase with axial position along the fuel
grain, while decreasing with time, as Houser and Peck [28] showed experimentally.
However, recall from Eq. (13a) that the regression rate also exhibits a weak negative
dependence on axial position x, which reflects the effects of boundary-layer growth
on heat transfer. As the boundary layer increases in the downstream direction,
the boundary-layer temperature and velocity gradients normal to the fuel surface
become less severe, all other things being equal, so that the convective heat flux
decreases. As predicted by Marxman and Gilbert [2], the competing effects of
increasing mass flux and increasing boundary-layer thickness in the downstream
direction suggest that a location of minimum regression rate exists somewhere
along the fuel port.
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Several researchers have reported empirical evidence of this phenomenon,
including Chiaverini et al. [15] and Yuasa et al. [31]. Figure 5 shows typical data
Chiaverini et al. observed during their empirical investigation of hybrid motor
internal ballistics using a real-time x-ray radiography system to interrogate local,
instantaneous regression rates in a slab-geometry hybrid burning gaseous oxygen
(GOX) and HTPB [15]. The lower portion of the graph shows several instanta-
neous regression rate profiles from test 13, with an initial Go of 215 kg/m2 · s, and
from test 15, with an initial Go of 320 kg/m2 · s. For test 13, the x-ray system was
set up to view the upstream portion of the fuel slabs, whereas for test 15, the x-ray
images were taken from the downstream region of the fuel slabs. The instantaneous
profiles are 0.5 s apart for test 13 and 0.4 s apart for test 15.

The test 13 data show that the regression rate is relatively high near the leading
edge of the fuel slabs, but decreases with axial location for a certain interval until
reaching a minimum, beyond which the regression rate increases with increas-
ing axial distance from the leading edge. This point of minimum regression rate
corresponds to the crossover of the two competing effects of boundary-layer
growth, as represented by the local Reynolds number, and increasing local mass

Fig. 5 Internal ballistic behavior in a laboratory-scale, slab-geometry hybrid motor.
(From Chiaverini et al. [15].)
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flux. Near the fuel slab leading edge, the effect of boundary-layer growth (increas-
ing Reynolds number Rex) dominates the solid-fuel regression rate, but farther
downstream, the effect of mass flux becomes more important, thus, causing the
bowl-shaped regression rate profiles shown in Fig. 5. In addition, the location of
the minimum regression rate xrmin moved downstream slightly during the test, as
indicated by the heavy line passing through the locus of minimums. It is believed
that because the regression rate is more sensitive to G than to x, the decrease of
mass flux with time tends to favor the boundary-layer growth effect, thus, causing
the location of minimum regression to move downstream with time. The regres-
sion rates also vary with position in the downstream region, but generally tend to
increase in the downstream direction due to fuel mass accumulation. The nonuni-
form regression behavior of the fuel slabs in the downstream region was assumed
by the researchers [15] to be caused by local increases in turbulence generated by
several embedded thermocouple extension wires.

The upper portion of Fig. 5 shows the variation of the power n on G, that
is, r ∼ Gn, with time-averaged axial Reynolds number (as measured from the
fuel slab leading edge), which has a one-to-one correspondence with the x/L
axis. The deduced value of n, obtained by curve fitting a set of instantaneous
r with the corresponding G values at a given axial station, gives an indication
of the boundary-layer characteristics. In the downstream region (test 15 data),
the particular n at individual axial locations did not vary significantly from the
expected value of 0.8 for fully turbulent flow. In the upstream entrance flow region,
however, the local n varies signficantly. Near the fuel slab leading edge, for x/L
between 0.125 and 0.15, the deduced instantaneous regression rates were found
to be independent of G, that is, n = 0, and also constant with time. Chiaverini
et al. [15] conjectured that this behavior may have been caused by a vortical
recirculation zone, due to the axial GOX injector, standing in the port entrance.
As discussed later in Sec. IIIF, recent results from injector studies suggest that this
type of regression rate behavior may also be related to a similar phenomena of
oxidizer jet impingement.

Downstream of this initial region, the value of n increases approximately lin-
early until reaching the end of the viewing window at x/L = 0.28. This behavior
suggests that entrance effects or recirculating flow structures due to the aerody-
namics of the injector influence the flow behavior in this region. Although it is
tempting to suggest the existence of a laminar flow regime in the vicinity of the
n ∼ 0.5 region, it is difficult to see how a laminar boundary layer could exist in
the aggressive environment present in the hybrid motor, especially considering the
destabilizing influences of wall blowing (fuel pyrolysis) and temperature inver-
sion due to the presence of the flame zone. More likely, this behavior is also a
consequence of entrance effects and the particular GOX injection method.

C. Effects of Thermal Radiation on Convective Heat-Transfer-Limited
Models

For systems wherein radiant heat transfer to the fuel surface may be important,
such as in the case of a solid-fuel grain with a high metal loading or a heavily
sooting fuel, the diffusion-limited analysis must be modified to account for the
additional surface heat flux due to radiation. Marxman et al. [9] showed that the
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regression rate for combined convective and radiant heat transfer can be estimated
from

ρf r = [Qc exp(−Qrad/Qc)+ Qrad]/ΔHv,eff (14)

where

Qc = 0.036GΔHv,eff(Gx/μ)−0.2B0.23 (15)

Qrad = σεw(εgT4
fl − αgT4

w) (16)

whereas B remains as defined earlier. Note that Eq. (14) reduces to Eq. (8) in
the absence of radiant heat transfer. Equation (16) results from a radiation exchange
between the fuel surface and the flame zone. The first term in parentheses represents
the radiant flux emitted by the flame zone to the surface, whereas the second is
the radiant flux absorbed by the flame from the surface. Note that because the
flame temperature typically has a value of about 3000 K or greater for practical
hybrids, while the surface temperature is on the order of 1000 K, the second term
in parentheses is negligible due to the T4 dependence and because the emissivity
and absorptivity of the gas-phase reaction zone are typically of the same order.
Marxman et al. stated that for a Plexiglas/oxygen system, the gas-phase emissiv-
ity is about 0.02 [9]. Their experiments indicated that the radiant transfer to the
solid-fuel surface amounted to about 5–10% of the convective heat transfer for
nonmetallized fuels.

From the preceding analysis, Marxman noted that small amounts of radiant heat
flux should not affect the regression rate to a significant degree because the radiant
flux causes additional mass transfer into the boundary layer, which in turn acts to
block more of the convective heat flux. Marxman et al. [9], and later Muzzy [8],
suggested that only strong radiation sources are likely to significant affect solid-fuel
regression rate behavior in hybrid motors. Marxman’s analysis in [10] indicates
that weak radiant transfer on the order of one-half the convective heat transfer,
results in a small (about 10%) net increase in regression rate.

Several other researchers have constructed heat-transfer models that include the
effects of thermal radiation on regression rate behavior, and it should be noted that
a fair amount of disagreement appears in the literature regarding the importance
this effect.

In a more recent publication, Estey et al. also considered radiant heat
transfer [13]. They employed a radiant flux term of the form

Qrad = σT4
g (1− e−kgpD) (17)

which is similar to that suggested by Muzzy [8]. Here, the parameter kg is the gas-
phase absorption coefficient and the term in parentheses is the emissivity of the
gas phase, which increases as the product of pressure and diameter (or hydraulic
diameter) increases. Note that Eq. (17) is equivalent to Eq. (16) if one ignores
the (small) second term on the right side of Eq. (16). From their correlation of
both small- and large-scale data obtained from other researchers, Estey et al. con-
cluded that the addition of a radiant transfer term for metal-loaded fuels improves
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empirical correlations, whereas for pure hydrocarbon fuels, classical convective
heat-transfer theory worked best [13].

Strand et al. [14] provided a empirical treatment of radiant heat transfer in a
laboratory hybrid slab-burning motor. They used a calorimeter, radiometer, and
infrared thermometer to measure the total heat flux to the fuel surface, radiant
heat flux to the fuel surface, and flame temperature, respectively. The operating
pressure, average regression rate, and average O/F ratio were also measured and
reported. Based on observations of the combustion zone through optical windows
and of the exhaust plume, Strand et al. suggested that the measured radiant heat
flux incident to the fuel surface originated from both combustion product gases,
such as CO2 and H2O, and soot particles [14]. For the gas-phase radiation, Strand
used Eq. (17), but also included an empirical expression for kg as a function of
pressure

kg = 9.33× 10−4 − 6.19× 10−6 p+ 1.79× 10−8p2 (18)

which was obtained from thermal radiation measurements of a high-energy,
nonmetalized solid propellant, where p was measured in pounds per square inch
gauge. They represented the radiant heat flux from soot by

Qr,s = σT4
g (1− e−apNp) (19)

where Np is the particle number density and ap is a constant. Note the similarity to
Eq. (17). The term apNp depends on the weight fraction of the radiating particles
and may be evaluated from [14]

apNp = 0.134[αpp/(1+ O/F − αp)] (20)

where αp is the soot particle weight fraction. Notice that the exponential term in
Eq. (19) depends on the pressure and O/F ratio through Eq. (20). Strand et al.
found a reference particle weight fraction αp by solving Eqs (19) and (20) using
the measured radiant surface heat flux at a test condition of 158 psi and an assumed
O/F ratio of 2.0. They calculated a value of 0.045 for αp at these conditions, but
also suggested that, at higher pressures and higher O/F ratios, αp could decrease
to about 0.01.

Implicit in the Strand et al. development is the assumption that the soot particles
have the same temperature as the flame zone. Because soot particles generally
have sizes in the range of 0.1–0.005 μm, they should come to equilibrium with the
surrounding gas very quickly and emit thermal radiation over the entire infrared
spectrum [32]. In contrast to previous researchers, Strand et al., thus, concluded
that particle radiation from powdery soot was a significant source of energy driving
solid-fuel regression in their experiments. They found that the total radiant heat
flux, from both gas-phase products and soot, often accounted for more than 50% of
the total heat flux, which represents a much larger fraction than that postulated by
earlier researchers. They also emphasized the importance of including variations
in gas radiation with pressure and O/F ratio in future works.

As part of their investigation, Chiaverini et al. [15, 16, 33] used a semi-empirical
approach to investigate radiant heat-transfer phenomena in hybrid motors burning
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Fig. 6 Schematic of Pennsylvania State University slab-geometry motor instrumen-
tation: ultrasonic transducer (UST), pressure tap (P), and thermocouple (TC).

HTPB and GOX. As described earlier, they employed an x-ray radiography system
to interrogate the internal ballistics of a slab-burning hybrid motor as a function
of both time and local position. They also used an ultrasonic pulse–echo system to
verify the regression rate results from the x-ray radiography system [34]. Shown
in Fig. 6, the laboratory-scale hybrid motor had fuel slabs located at the top and
bottom of the motor and reinforced graphite windows to accommodate the x-ray
radiography system along the motor side walls. The motor utilized two opposing
fuel slabs each 58.4 cm long and 7.62 cm wide with a uniform initial web thick-
ness of either 4.28 or 4.45 cm, corresponding to port heights of 1.27 or 0.89 cm,
respectively. The motor operated at pressures of 13.5–68 atm, GOX mass fluxes of
100–530 kg/m2 · s, initial fuel port length-to-hydraulic diameter ratios of 25–37,
and average O/F ratios of 1.6–2.5.

During the early portion of the investigation, Chiaverini et al. found indications
of the potential influence of radiant heat transfer by examining behavior of the
instantaneous regression rate traces vs the total mass flux [15]. As shown in Fig. 7,
the chamber pressure (in terms of megapascal at various locations) seemed to affect
the regression rate in the low-mass-flux regime, with higher pressures causing
higher regression due to larger overall heat flux to the fuel surface. If turbulent
heat transfer alone governed the regression rate the data would tend to follow
a straight line on this log–log plot of r vs G. Notice also that the influence of
radiation tends to decrease the effective slope of the regression rate vs oxidizer mass
flux curve in the low-mass-flux regime. The power n of a simple aGn correlation
would be lower under the influence of radiation than in the absence of radiation
because of the reduced importance of convection (represented by G). Strand et al.
also recognized this effect at low flux levels [35]. In addition, Muzzy presented
regression rate data for polybutadiene/PMMA fuel burning with inhibited red
fuming nitric acid (IRFNA) from the High-Altitude Supersonic Target (HAST) II
program that indicated a similar pressure dependence due to radiation [8], shown
here as Fig. 8. Note the similarity with Fig. 7.

Using the interfacial energy flux balance shown in Fig. 4 and described in the
Appendix, Chiaverini et al. coupled their local, instantaneous regression rate data
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Fig. 7 Effect of pressure via radiant heat flux on regression rate for HTPB/GOX.
(From Chiaverini et al. [15].)

with their empirical fuel pyrolysis law [25] (shown later) to calculate the local total
heat flux to the fuel surface. The total heat flux was assumed to be the sum of the
convective heat flux, the radiant heat flux due to soot particles, and the radiant heat
flux due to gas-phase combustion products. To determine these component heat

Fig. 8 Effect of pressure via radiant heat flux on regression rate for 80% PB/20%
PMMA fuel and IRFNA oxidizer. (From Muzzy [8].)
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fluxes, the Strand et al. data were used to develop an appropriate soot radiation
model. To distinguish the relative amounts of radiation from soot and gas-phase
products in the Strand et al. [14] experiments, Chiaverini et al. employed chemical
equilibrium calculations coupled with Leckner’s method to estimate the heat flux
due to CO2 and H2O and Edward’s exponential wide-band model to calculate
the contribution from CO [32]. The amount of radiation due to these gas-phase
products was then subtracted from the Strand et al. total radiation measurements
to yield the estimated amount of net radiation due to soot particles reaching the
solid-fuel surface. The results of this analysis indicated that radiation from the gas-
phase products actually contributed a relatively small amount to the total radiant
heat flux. Soot was found to account for about 80% of the total radiant heat flux
measured by Strand et al. [14].

The soot absorption coefficient ks was found by assuming that the soot particles
were in thermal equilibrium with the surrounding gas and that the deduced values
of Qr,s at the operating conditions provided by Strand et al. had the following form:

Qr,s = σT4
g (1− e−ks) (21)

where Qr,s is the net radiative heat flux due to soot shown in Table 1 and the
term in parentheses is the effective soot emissivity. The gas temperature Tg was
estimated to be 95% of the equilibrium flame temperature because Strand et al.
provided the measured flame temperature only for one particular case. Chiaverini

Table 1 Empirical data from Strand et al. [14] and estimated quantities from
Chiaverini et al. [16] used to determine radiant characteristics of HTPB/GOX

Case

Quantity 1 2 3 4 5 6 7

Pressure, psia 150 313 158 158 217 320 240
Global O/F 2 3 2 2 2 3 2
G, lbm/in.2 · s 0.125 0.072 0.074 0.080 0.107 0.125 0.087
Tfl,eq, K 3419.2 3614.2 3425.9 3425.9 3468.9 3616.6 3482.9
Total heat flux,

cal/cm2 · s
94 69 80 84 107 111 80

Convective heat flux,
cal/cm2 · s

60 35 35.5 40 60 74 42

Total radial heat flux,
cal/cm2 · s

34 34 44.5 44 47 37 38

Gas radiant heat flux
cal/cm2 · sa

1.78 5.67 1.89 1.89 2.57 5.72 2.85

Gas-phase emissivitya 0.0128 0.0321 0.0134 0.0134 0.0174 0.0326 0.0188
Soot radial heat flux,

cal/cm2 · sa
32.22 28.33 42.61 42.61 44.43 31.28 35.16

Effective soot
emissivitya

0.174 0.123 0.228 0.226 0.227 0.135 0.176

aEstimated quantities from Chiaverini et al. [16].
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et al. [16] noted that use of a reference gas temperature does not imply that all of
the soot particles are at this temperature. In general, the soot in the motor should
have a temperature distribution. Nevertheless, the reference gas temperature Tg
was used to relate the absorption coefficient to the motor operating conditions.
They then correlated the absorption coefficients ks calculated using Eq. (21) with
the experimental chamber pressures and O/F ratios for the different cases given
by Strand et al. Table 1 summarizes the data given by Strand et al. and the quan-
tities estimated by Chiaverini using the procedure described earlier. Notice that
the calculated soot emissivites (∼0.12–0.23) are much larger than the gas-phase
emmisivities (∼0.013–0.033), which include the combined contributions of CO2,
H2O, and CO, especially at the lower O/F ratio. According to the data, ks exhib-
ited no obvious pressure dependence, but depended strongly on the measured O/F
ratio, in a linear fashion, such that

ks = 0.51− 0.113O/F (22)

Though Strand et al. measured average O/F ratios between 2 and 3, Chiaverini
et al. assumed that Eq. (22) remained valid for the mixture ratios in their exper-
iments, which ranged from about 1.5 to 3.5. Equation (22) indicates that higher
O/F ratios lead to lower soot emissivities because more oxidizer is available to
react with the pyrolysis products. With regard to the weak pressure dependency
of the soot emissivity, Glassman [36] stated that the soot concentration should
depend primarily on temperature and only weakly on pressure, which supports the
described finding. Also note that Eq. (22) probably applies only for the combus-
tion of oxygen and HTPB. Other solid-fuel and oxidizer combinations may display
different sooting tendencies.

Chiaverini et al. subsequently used Eqs. (21) and (22) to determine the radi-
ant heat flux due to soot particles and the Lecker and Edwards as given in [31]
correlations to determine the gas-phase radiant heat flux. These quantities were
then subtracted from the total heat flux given by the interfacial energy flux balance
equation given in Sec. II along with the empirical regression rates and pyroly-
sis law (which relates regression rate to surface temperature) to provide the local
convective heat fluxes. As described fully by Chiaverini et al. [16] and Chiaverini
[37] they then developed semi-empirical correlations to relate the regression rate
to heat transfer and fluid dynamic parameters, as follows:

ρf r

G
= aStBθb

{
c

(
Qrad

Qc

)d

+ exp

[
−c

(
Qrad

Qc

)d
]}
= aStBθb

[
F

(
Qrad

Qc

)]
(23)

where a–d are empirical parameters. In Eq. (24), the ratio of heat fluxes in the term
in square brackets represents the ratio of the total radiant heat flux (sum of soot
and gas-phase products) to the convective heat flux. The blowing parameter B and
Stanton number St were defined as

St ≡ Qc/G[ΔHr + (hbulk − hw)] (24)

B ≡ [ΔHr + (hbulk − hw)]/(ΔHv)eff (25)
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The term θ in Eq. (23) represents the ratio of the average flame temperature to the
surface temperature and, as will be discussed further in the following section, was
included to account for the effects of variable fluid and transport properties across
the boundary layer.

Whereas Marxman suggested that c and d were both unity for hybrid sys-
tems with B > 5, Chiaverini et al. allowed these two parameters to vary to fit
the data because the local, instantaneous values of B were sometimes found to
be less than 5. Using a least-squares analysis to minimize error, they found that
a = 0.524, b = 0.6, c = 1.3, and d = 0.75. Figure 9 shows that Eq. (23) predicted
their experimental results to within ±3%, which is about the same as the esti-
mated measurement error [16]. Chiaverini noted that although Eq. (23) does not
have a particularly simple form, each of the factors has a definite physical sig-
nificance: Stanton number St and B account for turbulent heat transfer to the fuel
surface in the presence of wall blowing, the term in brackets accounts for the
additional driving force of thermal radiation, and θ accounts for effects of fluid
and transport property variations in the shear layer below the reaction zone. When
the intricate aerothermodynamics and combustion phenomena in the chemically
reacting boundary-layer flow that govern the solid-fuel regression rate behavior are
considered, the complex nature of Eq. (23) is not surprising. Figure 10 shows the
results of a simple r = aGn Chiaverini et al. developed from their global (time- and
space-averaged) data applied to both their instantaneous and average regression
rate data. The correlation fairly accurately describes the average regression rate
data. However, the local, real-time data does not fit nearly as well and frequently
displays errors up to ±20%.

Fig. 9 Regression rate correlation using Eq. (23) with empirical constants a = 0.524,
b = 0.6, c = 1.3, and d = 0.75 [16].
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Fig. 10 Inadequacy of using power law expression generated from average regression
rates to correlate instantaneous regression rates [16].

Figure 11 shows the behavior of the radiant term in Eq. (23) and the cor-
responding term suggested by Marxman et al. [9] and Marxman [10]. Up to a
radiant-to-convective heat flux ratio of 2.86, the function F(Qrad/Qc) shown in
Eq. (23) is larger than Marxman’s term. When Qrad/Qc = 1.0, F(Qrad/Qc) is
about 15% larger than Marxman’s. Above 2.86, Marxman’s term becomes larger.

Fig. 11 Comparison of the Marxman et al. [9] and Marxman [10] and the Chiaverini
et al. [16] radiation correction terms.
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For the Chiaverini et al. tests, the calculated values of Qrad/Qc were most typically
between 0.5 and 1.0, indicating that the radiant heat flux was generally on the same
order as convective heat flux. As already noted, Strand et al. found similar results
for the combustion of HTPB and GOX. Though Chiaverini [16] and Strand’s [14]
results may represent a reasonable approximation for other butadiene-based fuels
burning with oxygen, they would not necessarily be expected to apply directly to
other fuel/oxidizer combinations. In addition, systems employing fuels containing
metal additives, such as those described in Chapter 10, would most likely behave
in a different manner due to the additional effects of radiant heat flux resulting
from the metallic combustion products.

D. Effects of Variable Fluid Properties

Although not often discussed in the more recent literature, variable fluid prop-
erties across the boundary layer has been found by several researchers to have a
significant effect on the local regression rate. In 1965, Wooldridge and Muzzy [38]
presented the results of a detailed and well-designed set of experiments to under-
stand the structure of reacting, turbulent boundary layers with mass addition
from the sidewalls. To simulate hybrid boundary-layer combustion processes, they
conducted wind-tunnel experiments in an apparatus with sectional porous walls
through which they injected mixtures of hydrogen and nitrogen. They controlled
the blowing parameter B over a wide range of values, 2.2–54, and set the mixture
of H2/N2 to react with the crossflow air at a temperature of about 1000◦C. They
also used a combined pressure, temperature, and gas-sampling probe to interrogate
the boundary-layer profiles. They showed that for B = 2.2, a value representative
of typical hybrid combustion situations, the flame resides at a position about 20%
of the boundary-layer thickness above the fuel surface. This result confirmed the
earlier theoretical work of Marxman and Gilbert [2]. In addition, the tempera-
ture profiles indicated a flame thickness of only about 10% of the boundary-layer
thickness, suggesting that the thin-flame approximation invoked by Marxman and
Gibert [2] and Marxman et al. [9] was valid, at least for this set of test conditions.
Interestingly, gas sampling measurements indicated small, but finite concentra-
tions of oxidizer at the wall surface and of fuel above the flame, indicating that
unburnt reactants can cross the finite-rate reaction zone.

Interestingly, Wooldridge and Muzzy [38] also found a significant static pres-
sure gradient normal to the wall beneath the flame, which they attributed to the
interaction of a strong density gradient and the gradient of the vertical velocity.
Above the flame, they found only a negligible pressure gradient. In addition, no
pressure gradient normal to the wall was detected for noncombusting flow.

Another significant result was that the presence of the flame zone in the boundary
layer distorted the profile of the axial velocity in the direction normal to the wall
(represented in Fig. 4 by the u velocity), causing an inflection near the reaction zone
location. However, similar inflections were also found for the sensible enthalpy and
species concentrations profiles, suggesting that the generalized Reynolds analogy
assumption (equal coefficients for energy, mass, and momentum transfer) is valid,
even in turbulent combusting boundary layers. This result is important because use
of Reynolds analogy greatly simplifies analytic approaches, such as Marxman’s.
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Marxman also analyzed the effects of variable fluid properties across the bound-
ary layer on the mass transfer number B and the regression rate [10]. He reasoned
that, even for low Mach numbers, flows with chemical reactions should be treated
as compressible to account for the effects of large temperature and density gra-
dients on heat transfer. Marxman used a Howarth–Dorodnitsyn transformation to
show that his previous regression rate law

ρf r = (ρv)w = 0.03GRe−0.2
x (St/Sto)B (26)

with

B = (ue/ufl)(hfl − hw)/ΔHv,eff (27)

and derived under incompressible assumptions, becomes

ρf r = 0.036G(ρ̄/ρe)
0.6B0.23Re−0.2

x (28)

for compressible flow situations with 5 ≤ B ≤ 100 where ρ̄ is the average gas
density. In deriving Eq. (28), Marxman assumed that

(Sto/St) = 1.2B−0.77 (29)

again for 5 ≤ B ≤ 100. [However, as already mentioned, Altman [30] has noted
that a more accurate expression over this range of blowing parameters is given
by (Sto/St) = 1.2B−0.68, so that in Eq. (28) B should be raised to the 0.32 power
rather than the 0.23 power originally determined by Marxman.] Marxman then
assumed that the gas density variations are linear both above and below the
flame and showed that the density-ratio term in Eq. (28) can be calculated from
a closed-form but rather complex function of the flame density, gas density at
the wall, gas density at the edge of the boundary-layer, blowing number B, local
Reynolds number, and boundary-layer thickness (see Eq. (16) in [10]). However,
most of these quantities are not conveniently known, and the boundary thickness
must be measured at some reference state. Marxman presented typical values for
PMMA/oxygen systems indicating that the density ratio factor is about 1.38. When
used to predict the variation of local flame height above the fuel surface, the theory
based on Eq. (28) was shown to be in good agreement with schlieren measurements
by Wooldridge and Muzzy [38].

Paul et al. [12] also studied the effects of variable fluid properties on regression
rate behavior of rubber-based fuel/oxygen systems. They discussed discrepancies
between Marxman’s diffusion-limited theory (Marxman and Gilbert [2], Marxman
et al. [9], and Marxman [10]) and experiments by Wooldridge et al. [24] that,
according to Paul et al., reportedly showed significant pressure effects on regression
rate, as well as the inability of Marxman’s theory, even with his density ratio term
shown earlier, to account for the significant differences in regression rates among
different polymeric fuels. Citing earlier literature by Lees [39] on the reduction of
the heat-transfer blocking effect when dense gas is injected from the wall (dense as
compared to the core flow), Paul et al. then developed a modified theory that relies
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on correction factors based on density ratios between the flame and core flow and
the wall and core flow. Their resulting regression rate equation was

ρf r = 0.033GRe−0.2
x (St/Sto)

0.8[B/(1+ B)0.2] (30)

where Reynolds analogy was used to substitute St/Sto for Cf /Cfo. In the Paul et al.
derivation, the evaluation of Cf /Cfo, or equivalently St/Sto, is complicated. There-
fore, they obtained a simplified regression rate expression by empirically curve
fitting Cf /Cfo (or, equivalently, St/Sto) as a function of ρfl/ρe, ρw/ρe, and B to
obtain

ρf r = 0.056GRe−0.2
x (ρfl/ρe)

0.71(ρw/ρe)
0.14B(1+ B)−(0.73−0.002ρw/ρe) (31)

where the densities correspond to those at the flame, ρfl , the wall, ρw, and the core
flow, ρe. Paul et al. do not show the correlation that gives Cf /Cf 0 vs ρfl/ρe and
ρw/ρe in [12], nor do they provide a physical interpretation of the peculiar variable
power on the (1+ B) term. However, they state that Eq. (31) matches Eq. (30) to
within 5% over the range of interest for hybrid motors. Furthermore, they note
that the density variations across the boundary layer are affected by both the gas
temperature and the molecular weight of the injected species, with the molecular
weight having the stronger influence [12]. They note that the molecular weights of
typical pyrolyzed species at the fuel surface are on the order of 100–400 g/mole,
compared to about 24–28 g/mole in the core flow. According to Paul et al., this
large difference can cause a significant reduction in the blocking effect, which is not
accounted for in earlier theories. Consequently, they note that the significantly dif-
ferent regression rates empirically measured for polymeric fuels may be explained
by the different molecular weights of their respective decomposition gases near
the fuel surface. For example, Paul et al. [12] note that PMMA, which gener-
ates near-wall gases with a molecular weight of about 90–100 g/mole, regresses
slowly compared to fuels such as polybutadiene–acrylic acid–acrylonitrile ter-
polymer (PBAN) and polyurethane (PU), whose decomposition gases are roughly
250 g/mole.The heavier decomposition gases of the latter fuels reduce the blocking
effect caused by mass injection into the boundary layer, and, therefore, regress rel-
atively faster than fuels with lower molecular weight decomposition gases because
the fuel surface is subject to a relatively higher heat flux.

Paul et al. also made an interesting, but not conclusive, observation related to the
dependence of regression rates with chamber pressure measured by Wooldridge
et al. (albeit at fairly low pressures of about 50–250 psia) [24], which would
presumably apply to similar results by other researchers.According to their hypoth-
esis, the pressure dependence is due not to chemical kinetics or heterogeneous reac-
tions at the fuel surface, but instead to a variation of core temperature with pressure.
This temperature variation in turn affects the density ratios used in the Paul et al.
regression rate expression. However, note that flame temperatures are typically not
strongly influenced by pressure. For example, chemical equilibrium calculations
show that at a mixture ratio of 2.5 the combustion temperature of HTPB and GOX
increase from about 3450 K at 100 psia to about 3800 K at 1000 psia, an increase
of only about 10% for an order of magnitude increase in pressure. Therefore, the
validity of the Paul et al. hypothesis that pressure effects arise due to gas tempera-
ture variations with pressure is open to question and requires further investigation.
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Further note that the Paul et al. experiments were conducted at fairly low pressure
(75–270 psia) and low mass flux (initial oxidizer flux of 0.045 lbm/in.2 · s) with
an unusual fuel composed of 1 part poly isoprene and 3 parts difurfurylidiene
cyclo hexanone (DFCH) and a mixed oxidizer composed of oxygen and nitrogen.
Although it may be difficult to ascertain the applicability of the Paul et al. results
to other propellant combinations, the potential significance of the boundary-layer
fluid property variations they elucidated should not be overlooked.

Following the property ratio method suggested by Kays and Crawford for flows
with chemical reactions and/or high speeds [40], Chiaverini et al. [16], therefore,
used a temperature factor θ representing the ratio of the flame temperature to the
local surface temperature, to account for the effects of variable fluid properties
across the boundary layer on heat transfer to the fuel surface where

θ(t, x) ≡ T̄fl(t, x)/Ts(t, x) (32)

These particular temperatures were chosen because the reaction zone represents the
effective “boundary” for heat transfer to the fuel surface. (Note that this assumes
that the near-wall gas temperature was in thermal equilibrium with the fuel surface
temperature.) More recent research efforts have employed a similar approach to
account for fluid property variations (personal communication with Greg Zilliac,
NASA/AMES, July 2006). In the Chiaverini et al. semi-empirical analysis, the sur-
face temperature Ts was treated as a local, instantaneous quantity and calculated
by combining the measured local, instantaneous regression rates with an empirical
pyrolysis law that relates r(t, x) to Ts(t, x) [25]. The flame zone temperature was
calculated using a procedure described fully by Chiaverini [37] and summarized
in [16]. Here, it is worth noting that they did not make a thin-flame approxima-
tion, but instead estimated the local, instantaneous flame zone thickness using an
approximate method described in [16]. The Tfl used in Eq. (32) (as well as in the
Chiaverini et al. gas-phase radiant heat flux calculations described earlier) is actu-
ally a local, instantaneous quantity that represents the average temperature across
the finite-thickness reaction zone. However, as noted in [16], these average values
were quite close to 95% of the theoretical adiabatic flame temperature.

The Chiaverini et al. regression rate equation has already been introduced in
Eq. (23), where it was shown that parameterization yielded a value of 0.6 for the
empirical power on θ . For typical values of surface temperature and average flame
temperature in their tests, Chiaverini et al. determined that θ0.6 ranged from 1.7 to
2.0. Note that this correction factor does not explicitly account for effects of gas
molecular weight variations, as do those of Paul et al. [12]. However, according to
the results of the Chiaverini et al. thermal pyrolysis experiments in a gas chromato-
graph mass spectrometer [25] shown in Fig. 12 and listed in Table 2, the molecular
weights of the pyrolysis gases do not vary much with respect to pyrolysis temper-
ature and have typical values of around 60 g/mole. If similar behavior is assumed
in hybrid motor firings, it may be expected that the influence of the pyrolyzed-fuel
gas molecular weight on the blocking effect in the boundary layer may not be read-
ily apparent during a given test, or even from test to test for a given fuel/oxidizer
combination. This result may explain why the Chiaverini et al. data correlated well
with the flame-to-surface temperature ratio: In the absence of significant changes
in pyrolysis gas composition or mixture molecular weight, the gas density effects
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Fig. 12 HTPB pyrolysis product mixture molecular weight vs. temperature.

Table 2 HTPB pyrolysis product mass fraction vs. temperature

Major pyrolysis Mass fractions of pyrolysis products
product at various temperatures, K
species Mi, Heat of formation
chemical formula ΔHo

f , J/g 773 873 973 1073

Ethene, C2H4 1865.69 —— 5.59 3.05 6.58
Propene, C3H6 485.49 —— —— 4.90 10.99
1,3–Butadiene, C4H6 2037.27 77.4 89.06 66.1 41.07
3–Pentene–1–Yne, C5H6 2119.82 —— —— 9.20 10.28
Benzene, C6H6 1062.29 —— —— 10.3 22.02
Toluene, C7H8 542.97 —— —— 6.41 9.06
4-Vinyl–cyclohexene, C8H12 280.78 22.6 5.35 —— ——

represented by the density ratios in Eq. (31) are due primarily to variations in
gas temperature. However, the role of potential boundary-layer pressure gradients
below the flame, such as those measured by Wooldridge and Muzzy [38], must
also be considered because these can also affect the boundary-layer density pro-
files. Our understanding of fuel regression rate and boundary-layer combustion
processes would benefit from a more thorough treatment of these various effects
in future investigations.

E. Effects of Chemical Kinetics

This section focuses on various theories proposed to explain the regression
rate pressure-sensitivity observed by several researchers, most notably Smoot and
Price in the 1960s, over certain ranges of hybrid operating conditions for vari-
ous fuel/oxidizer combinations. In general, the approaches fall into one of three
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categories: 1) pressure dependence due to gas-phase chemical reaction kinetics,
2) pressure dependence due to heterogeneous reaction kinetics, and 3) theo-
ries where both gas-phase and heterogeneous reaction kinetics play important
roles. After a review of Smoot and Price’s experiments and subsequent analysis
(which focused on heterogeneous reactions at the solid-fuel surface) each of these
categories is discussed.

1. Smoot and Price’s Analysis

Besides Marxman and his associates, several other groups were actively pur-
suing hybrid combustion research during the 1960s. Smoot and Price [17–19]
performed over 150 experiments with a laboratory-scale slab burner at what was
then the Lockheed Propulsion Company in Redlands, California. They initially
developed a theory of solid-fuel regression by extending the work of earlier
researchers to include the effects of condensed-phase species in the near-wall
region. Like previous researchers, Smoot and Price also found that the local
regression rate should theoretically vary with G0.8 such that [17]

ρf r = 0.03GRe−0.2
x {ln[1+ (λB/Pr2/3)]/λ} (33)

for turbulent boundary-layer flow and

ρf r = 0.023GRe−0.2
D {ln[1+ (λB/Pr2/3)]/λ} (34)

for fully developed turbulent flow in circular tubes. In Eqs. (33) and (34), the
Reynolds numbers are defined in the usual way of Rex = Gx/μ and ReD = GD/μ,
so that in both cases the overall regression rate variation with G0.8 is evident. Note
that Eq. (33) is similar to Marxman’s expression given in Eq. (13a) except that
Smoot and Price used a different definition for B and also included the term λ, the
weight fraction of gas in the decomposed fuel grain at the fuel surface, to account
for the possibility of condensed-phase decomposition products that tend to reduce
the heat-transfer blocking effects of wall blowing. Smoot and Price defined B as

B = (hfl − hw)/ΔHv,eff (35)

where the numerator represents the enthalpy difference between the combustion
gases at the theoretical flame temperature and the pyrolyzed fuel gases at the wall
temperature and the denominator is the effective heat of gasification of the solid
fuel.

Smoot and Price performed initial experiments using solid fuels of butyl rubber,
polybutadiene–acrylic acid (PBAA) copolymer, and PU. They varied the oxidizer
composition from 100% fluorine to 100% oxygen. They found that average regres-
sion rates were higher when a larger ratio of fluorine to oxygen was used for the
oxidizer. They also discovered that at low total mass fluxes (G less than about
0.07 lbm/in.2 · s) the average regression rates of the butyl rubber solid-fuel slabs
followed the diffusion-limited G0.8 law. However, at higher G levels the regres-
sion rate became essentially independent of mass flux, but appeared to be strongly
dependent on total operating pressure. The threshold value of G where this occurred
seemed to depend strongly on the oxidize composition and the chamber pressure.
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For the relatively low operating pressures involved (<170 psia), the regression rates
always fell below that predicted by the G0.8 theory, but increases in pressure pushed
the regression rate toward the value predicted by diffusion-limited theory. They
predicted that at 1000 psi the regression rates should reach the diffusion-limited
values predicted by the G0.8 relationship [17].

Smoot and Price defined three regimes of regression rate dependency [17].
In the low-mass-flux regime, the regression rate was controlled entirely by heat
transfer and depended on G0.8. For intermediate mass fluxes, the regression rate
depended on both flux rate and pressure, with higher pressures causing increasing
regression rate for a constant mass flux. In this region, Smoot and Price postulated
an empirical equation of the form

r = (aG0.8bpn)/(aG0.8 + bpn) (36)

where p is the motor pressure and a, b, and n are empirical constants, which were
not determined in the investigation. In the “high-” mass-flux regime, Smoot and
Price suggested that the regression rates depended solely on operating pressure,
such that r = apn, similar to a solid-propellant grain [17].

Smoot and Price also studied the regression rate behavior of solid-fuel grains
loaded with metal particles [17]. They varied the solid-fuel composition from
100% butyl rubber to 90% LiH (lithium hydride) and the oxidizer composition
from 100% fluorine to 100% oxygen. They found that in the low-mass-flux regime
(G < 0.04 lbm/in.2 · s) the average regression rate increased significantly with
respect to %LiH only if the amount of LiH in the grain was greater than about 50%
[17]. This is the same region where they found 100% butyl rubber grains to regress
according to the G0.8 law, as already discussed. At higher mass flux levels, where
the operating pressure was found to influence the regression rate, the solid-fuel
regression rates displayed much more sensitivity to the LiH mass fraction. Smoot
and Price postulated that the observed change in regression rate sensitivity to LiH
mass fraction resulted from the transition from one controlling mechanism to the
other, that is, from a diffusion-controlled to a kinetics-controlled regression rate.
They also found that increasing the percentage of LiH reduced the sensitivity to
pressure in the high-mass-flux region.

Smoot and Price suggested that either gas-phase reactions between the oxidizer
and the pyrolyzed fuel vapor or heterogeneous reactions between oxidizer and
fuel at the fuel surface were responsible for the observed dependence of regression
rate on operating pressure [18]. However, after performing a series of experiments
wherein they varied the fluorine partial pressure independently of the total pressure
by using oxygen and nitrogen as diluents, they found that the solid-fuel regression
rates depended significantly on the partial pressure of fluorine, but not on the total
pressure. Based on these results, they concluded that oxidizer transport to the fuel
surface and subsequent first-order heterogeneous reactions were responsible for
the pressure dependence and derived the following equation:

po∞/ρf r = {33p∞(x/μ)0.2Sc2/3[exp(Bλ)− 1]/G0.8Bλ} + (1/k) (37)

where Po∞ is the partial oxidizer pressure in the freestream (pounds per square
inch absolute), P∞ the total freestream pressure, and k a kinetic rate constant.
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Recall that Wooldridge and Muzzy [38] measured a small but finite concentration
of oxidizer at the porous injection surface in their experiments, a result which tends
to support Smoot and Price’s hypothesis. Equation (37) correlated most of Smoot
and Prices’s data to within about 30–40% error. It is worth emphasizing that the
experiments described in [17–19] were conducted at relatively low pressures of
about 20 to 165 psia. This range may lie below the practical operating pressures of
many applications. Next, we shall discuss various theories presented by different
researchers to explain the phenomena observed by Smoot and Price.

2. Approaches Based on Analysis of Gas-Phase Chemical Reaction Kinetics

The effect of gas-phase kinetics on regression rate has been studied by several
researchers, including Miller [23] and Kosdon and Williams [20]. Miller derived
an analytical expression to describe the solid-fuel regression rate as a function of
both chemical kinetic and gasdynamic parameters. He estimated the thickness of
the reaction zone by considering molecular diffusion of the fuel to the flame and
the rate of chemical reactions within the flame zone and derived the following
expression:

po∞/ρf r = (pB0.8x0.2/aG0.8)O/F|st + (X∗o /K) (38)

which relates regression rate to both gasdynamic and kinetic variables. In Eq. (38),
O/F|st is the stoichiometric propellant mixture ratio, X∗o is the oxidizer mole
function at the flame, and po is the oxidizer partial pressure in the core flow. Miller
used Eq. (38) to correlate Smoot and Price’s data successfully to within the accuracy
of their measurement. Note that Miller’s expression bears some similarities to
Smoot and Price’s in that for both equations the regression rate varies linearly with
oxidizer partial pressure and is proportional to G0.8/x0.2. However, the expressions
differ in the functional dependency on B. Miller does not define B specifically, but
it may be inferred that he used Smoot and Price’s definition from [17] because he
correlates their data from this reference.

Kosdon andWilliams [20], who also attributed the pressure dependence to finite-
rate, gas-phase chemical reactions, noted potential weaknesses in Miller’s analysis
due to limitations of his formula for reaction zone thickness [23]. They suggest that
Miller’s analysis is probably applicable only to weakly pressure-dependent systems
at flow rates that are not “too large.” Kosdon and Williams used a perturbation
analysis to develop a regression rate law valid for small departures from the flux-
dependent, pressure-independent regime. To account for a flame zone of finite
thickness (as opposed to the flame-sheet, infinite-reaction rate approximation of
Marxman), they defined the blowing number as

B = [cp(Te − Tw)+ Q(Yoe − Yow)]/(ΔHv,eff + QYow) (39)

where the term QYow in both the numerator and denominator is absent for the
flame-sheet approximation and Q represents the combustion heat release per unit
mass of oxidizer. As discussed by Kosdon and Williams [20], they derived an
expression for Yow, the mass fraction of oxidizer at the wall, to obtain a closed-
form solution for their regression rate formula, assuming a second-order gas-phase
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combustion reaction,

(ro − r)/ro = [K1G(Q/ΔHv,eff)
−ε]/xp2Y εoe (40)

where the value of ε is either zero or a small positive number compared to unity,
K1 is a constant and ro is the reference regression rate obtained for flame-sheet
approximations, such as that given by Eq. (13a). Therefore, the right side of Eq. (40)
may be interpreted as a correction for the regression rate to account for a finite-
thickness reaction zone for the range of operation where the regression rate is
weakly pressure dependent. In the limit of high pressure, Eq. (40) correctly shows
that r becomes ro. However, Kosdon and Williams point out that their expression
given for Yow in [20] (but not repeated here) may not apply well for hybrid com-
bustion situations. Note also that Eq. (40), due to the assumption of a second-order
reaction, shows that the regression rate depends on p2, whereas Miller, who also
assumed second-order combustion reactions, found that r was dependent on p.
Therefore, as noted by Kosdon and Williams, the results of perturbation analysis
applied to the regression rate’s dependency to finite-rate reactions appear to be
sensitive to the model employed.

Kosdon and Williams compared their regression rate expression to Smoot and
Price’s data for nonmetallized fuels from [17]. Though it is not clear from their
analytic description, they appear to set ε = 0 for this purpose. They also compared
the accuracy of their regression rate law given by Eq. (40) to that of Miller’s. Kosdon
and William’s regression rate expression predicted Smoot and Price’s data for butyl
rubber with oxygen to a reasonable accuracy, but apparently did not correlate the
fluorine oxidizer data to any extent. They concluded that their regression rate
equation and Miller’s give very similar results when applied to predict Smoot and
Price’s nonmetallized regression rate data, though Miller’s correlation was slightly
more accurate.

For the kinetically controlled regime with strong pressure dependence, Kosdon
and Williams showed theoretically that [20]

r ∼ p1/2 (41)

independent of G. An empirical fit of Smoot and Price’s data in [20] to a simple
r = apn correlation indicated a pressure exponent of 0.52 for fluorine and 0.61
for oxygen, empirical values very similar to their theoretical value of 0.5 for the
kinetically controlled Eq. (41).

3. Approaches Based on Analysis of Heterogeneous Surface Reaction Kinetics

Marxman analyzed the role of chemical kinetics by examining the subtle, yet
important, relationship between the gas-phase reaction zone and potential hetero-
geneous reactions on the fuel surface due to oxidizer attack [11]. Based on the
experimental results produced by Smoot and Price [17, 18], Marxman postulated
the existence of a threshold pressure below which the gas-phase chemical reaction
rates become sufficiently slow, in some phase of the overall combustion process, to
approach the rates of mass and heat transfer in the turbulent boundary layer. He then
reasoned as follows to derive regression rate expressions for two limiting cases:
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1) When gas-phase reaction rates are high (fast reactions in the flame zone),
the fraction of mainstream oxidizer gas that (potentially) passes through the flame
zone is small and any heterogeneous reactions that occur are diffusion (transport)
limited.

2) When gas-phase reaction rates are low (slow reaction in the flame zone), a
large portion of the mainstream oxidizer can pass through the flame zone and partic-
ipate in heterogeneous reactions on the fuel surface. In this case, the heterogeneous
reactions will be primarily kinetically limited.

Therefore, Marxman concluded that kinetics are likely to play an important role
in heterogeneous reactions only if the gas-phase reaction rates are slow (on the
order of the turbulent transport rates). On the other hand, if the gas-phase reactions
are fast such that combustion is transport limited, then any heterogeneous reactions
will also be transport limited. For the transport-limited case 1 scenario, Marxman
derived a modified regression rate law using an approach analogous to that for
the radiant heat flux situation, but with Qr replaced by Qh, the heat flux due to
heterogeneous reactions:

ρf r = 0.036G

(
ρ̄

ρe

)0.6

(B′)0.23Re−0.2
x

[
exp

(−Qh

Qc

)(
1+ ΔHr,h

ΔHv,eff

Yo,w

φflB

)]
(42)

where B′ = BPr−0.67, ΔHr,h is the heat of heterogeneous reaction per unit mass,
Yo,w the oxidizer mass fraction that reaches the fuel surface, and φfl = ufl/ue is
the velocity ratio between the gas-phase flame and the freestream velocity. Notice
that Eq. (42) includes Marxman’s density correction factor discussed earlier.

Eq. (42) becomes

ρf r = 0.036G(ρ̄/ρe)
0.6(B′)0.23Re−0.2

x [exp(−Qh/Qc)+ (Qh/Qc)] (43)

because, according to Marxman [11],

Qh

Qc
≈
(

ΔHr,h

ΔHv,eff

Yo,w

φflB

)
exp

(−Qh

Qc

)
(44)

Note the similarity between Eq. (43) and Eq. (14) for radiant heat flux. Notice
also that Eq. (43) does not depend explicitly on the chamber pressure p. Marxman
therefore notes that when gas-phase reactions are high, potential heterogeneous
reactions at the fuel surface do not offer an explanation for pressure dependency.
The bracketed term in Eq. (43) represents a correction factor that accounts for
the additional driving force of heterogeneous reactions on fuel regression, though
Marxman states that this term generally does not differ from unity by more than
about 10%.

With regard to the kinetically-limited case 2, Marxman reasoned that in many
cases only a small fraction of the solid fuel may participate in the heterogeneous
reactions so the heterogeneous reaction rate may often depend on the rate of deliv-
ery of the solid fuel to the reacting surface. He then derived a second set of equations
that did show a pressure dependence to describe the regression rate behavior in this
regime [11]. As noted by Marxman, this equation was not particularly useful in a
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quantitative sense. However, in a later work, Wooldridge and Marxman continued
to analyze kinetic effects by considering the effects of both finite-rate gas-phase
reactions and heterogeneous reactions. Muzzy discussed their analysis in some
detail [8], and the results of these efforts strongly suggested that heterogeneous
reactions alone could not account for the pressure effects observed by Smoot and
Price in their experiments [17]. Wooldridge and Marxman derived a normalized
regression rate law based on a characteristic Damköhler number that describes
the ratio of the reaction time to the mixing time for the turbulent boundary-layer
reaction zone,

r/ro = (2tm/tc)
0.5 {1− (tm/tc)[1− exp(−tc/tm)]}0.5 (45)

where tm and tc are the characteristic mixing and chemical reaction times, respec-
tively. As in Kosdon and William’s analysis, the reference state regression rate in
Eq. (45) corresponds to that of the flux-dependent, pressure-independent regime.
Figure 13 shows the behavior of r/ro vs tc/tm as described by Eq. (45). Equa-
tion (45) predicts that the regression rate will be about 1% lower than the
flux-limited value when the chemical reaction time is about 20 times faster than
the mixing time (Da = 0.05). When Damköhler number Da is unity, indicating
equal reaction and mixing times, the regression rate is about 86% of its flux-limited
value. The regression rates drops to about 50% of the flux-limited value when the
characteristic mixing reaction time is seven times faster than the chemical reaction
time (Da = 7).

For large values of tc/tm, which occur for either low chamber pressures P or
high mass flux G levels, the term in braces in Eq. (45) approaches unity and Eq. (45)
reduces to

r/ro = (2tm/tc)
0.5 (46)
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Fig. 13 Effect of Damköhler number on regression rate from Eq. (45).
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which describes the kinetically controlled regime. Muzzy made some simplifying
assumptions to show that, for a second-order reaction, the value of tc/tm can be
approximated by

tc/tm = C1(G
0.8x−0.2)/p (47)

where the constant C1 includes effects of blowing parameter, gas viscosity,
and flame temperature and will in general be different for each fuel/oxidizer
combination. Combining Eqs. (46) and (47) yields

r/ro = C2( p0.5x0.1/G0.4) (48)

Substituting Eq. (13a) while absorbing the blowing parameter function into C2,
one obtains

r = C3p0.5G0.4x−0.1 (49)

for the kinetically-controlled regime. As expected, Eq. (49) shows a weaker
dependence than does Eq. (13a) on both G and x, which represent convective
transfer parameters, and a significant dependence on the chamber pressure p.
Muzzy suggested that in the transition region between the flux-controlled and the
kinetically-controlled regimes, the power on G would be expected to vary between
0.4 and 0.8 and the power on p would be lower than 0.5. He also points out that
the functional form of Eq. (49) seemed to agree with Smoot and Price’s high G
data for lithium fuels and fluorinated oxidizer. Note that Kosdon and Williams [20]
found similar results in Eq. (41).

Working independently and from a different perspective, Kumar and Stickler
[22] developed a very similar expression to describe the regression rate in the
kinetically controlled region. They suggested that the regression rates of typi-
cal hybrids were too fast to be governed purely by thermal degradation resulting
from heat transfer via convection and radiation. They cited PMMA pyrolysis
data that indicated a mismatch in the regression rate-vs-fuel surface tempera-
ture correlations between 1) laboratory experiments conducted with a hot plate
in an inert environment and 2) hot-fire hybrid motor data. In other words, the
regression rate dependency on fuel surface temperature was different in inert
and noninert environments, according to Kumar and Stickler’s assessment. They
also noted that the r vs Ts correlations for the two data sets in the inert envi-
ronment and the hybrid motor data intersected in the region where pressure
sensitivity begins to appear [22]. Citing data generated by Wooldridge and Muzzy
in their simulated hybrid experiments discussed earlier [38] (wherein a small,
but finite amount of oxidizer was measured in the near-wall region beneath the
diffusion flame), Kumar and Stickler conjectured that either oxidation-driven
polymer degradation or catalytic effects attributed to the oxidizer at the fuel
surface contribute to the regression rate by enhancing depolymerization, lead-
ing to higher regression rates for motor testing compared to inert pyrolysis at the
same surface temperature. They suggested that this depolymerization mechanism
could also explain the observed pressure dependency. They also conducted an
order-of-magnitude analysis of the gas-phase transport mechanisms in a hybrid
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turbulent reacting boundary layer and suggested that gas-phase chemical kinet-
ics are not slow enough to account for the pressure-sensitive regression rate
regime.

Kumar and Stickler [22] then developed a regression rate analysis that con-
sidered the kinetics of polymer fuel degradation by specifying the size of the
vaporized fuel fragments in relation to their particular vapor pressure. They found
that the experimental PMMA regression rates could be correlated by normalizing
the regression rate with the flux-limited value, resulting in the following expression:

r

r∞
· G

n∞
Gn

[
ln(pref/p∞)
ln(pref/p)

]
= f1

[
G

G∞
· p∞

pox

]
(50)

where the reference state denoted by subscript ref was selected to correspond to
the condition at which pressure sensitivity first appears. In Eq. (50), subscript∞
denotes the standard state, pox is the oxidizer partial pressure, G is the total mass
flux, and G∞ is the total mass flux in the standard state. Though Kumar and Stickler
did not provide it, the function form on the right side of Eq. (50) could presumably
be determined using the data in Fig. 6 of [22] or in Fig. 14 here.

When the term (G/G0)(p0/pox) < 1, their analysis indicated that the kinetics
of polymer degradation are rate limiting and the regression rate is only weakly
dependent on pressure. In this regime, the regression rate is limited by polymer
bond breaking and the left side of Eq. (50) equals unity (see Fig. 14).

On the other hand, for values of (G/G∞)(p∞/pox) > 1, the regression rate is
pressure dependent. In this regime, Kumar and Stickler postulated that the regres-
sion rate for a given surface temperature is limited by the turbulent transport of
unburnt oxidizer across the flame zone and to the wall. For these conditions Muzzy
[8] has noted, under the assumption that the oxidizer concentration at the wall does
not change significantly with mass flux G, that the normalized regression rate can

Fig. 14 Kumar and Stickler’s [22] correlation of nonmetallized hybrid data show-
ing departure from diffusion-limited behavior and corresponding kinetic effects for
normalized flow variable >1.
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Fig. 15 Effect of pressure via chemical kinetics on regression rate for 80% PB/20%
PMMA fuel and IRFNA oxidizer. (From Kosdon and Williams [19].)

be expressed by

r/r∞ = [C4( p/G)]0.5 (51)

In which case, for a nonradiating system with no significant effects from variable
fluid properties in the boundary layer, we obtain, again by substitution of Eq. (13a),

r = C5p0.5G0.3x−0.2 (52)

which is very similar to Eq. (49). As shown in Fig. 15, Muzzy then favorably
compared the general trends of Eqs. (49) and (52) to empirical data from the HAST
I program, which employed IRFNA and a fuel consisting of 80% polybutadiene
(PB) and 20% PMMA, that appeared to display a pressure dependency in the upper
G regime [8].

4. Effects of Chemical Kinetics on Regression Rate Behavior of
HTPB-Based Fuels

Although Smoot and Price’s regression rate data and the HAST I regression
rate data do appear to display a pressure dependency over certain ranges, note that
modern hybrid rocket propellants such as HTPB and oxygen have not, in general,
displayed these same trends. Here, we cite the data of several researchers, including
Strand et al. [35], Chiaverini et al. [16], and Boardman et al. [41], none of whom
found any significant pressure dependency for the regression rate of HTPB with
oxygen. Chiaverini et al. and Strand et al. tested HTPB with GOX in laboratory-
scale hybrid motors. Strand et al. conducted hot firings with total mass flux levels
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of up to ∼0.16 lbm/in.2 · s at chamber pressures of between 130 and 185 psia. As
shown in Fig. 4 of [35] both the lower pressure and higher pressure data matched
well over the entire mass flux range to a single regression rate correlation. Strand
et al. stated that “No clear effect of pressure is indicated over the pressure range
tested” [35]. Similarly, Chiaverini tested HTPB/GOX over a range of mass flux
and chamber pressure conditions. No explicit kinetic effects were noted even at the
highest flux/lowest pressure condition of 0.4 lbm/in.2 · s and 270 psia. However,
as already noted, Strand et al. and Chiaverini et al. did find strong evidence sug-
gesting a significant radiant heat flux, which leads to a pressure, but not a kinetic,
dependency.

Boardman et al. [41] tested GOX and UTF-29901, a 40% by weight/60% by
weight blend of HTPB and polycyclopentadiene, in an 11-in. hybrid motor as part
of the Joint Government/Industry Research and Development (JIRAD) hybrid
program. The oxygen flux ranged from 0.14 to 0.80 lbm/in.2 · s, the port diameter
from 3.4 to 6.1 in., the motor pressure from 145 to 790 psig, and the resulting
regression rates from 0.021 to 0.059 in./s. Table 4 in [41] lists the particular data
for each test. At relatively low pressures (about 324 psia), the data showed no
significant pressure effects, even at GOX flux levels of up to 0.67 lbm/in.2 · s
(Note that the total mass flux is even higher due to fuel addition.) In fact, the initial
correlation derived by Boardman et al. [41] indicated a slight negative pressure
dependence, such that

r̄ = 0.064Ḡ0.73
o (D̄p/3)

0.59( p̄/500)−0.08; R2 = 0.99 (53)

where the overbars designate time- and space-averaged quantities. In Eq. (53),
the regression rate is in inches per second, the oxygen flux in pounds mass per
square inch per second, the port diameter in inches, and the pressure in pounds
per square inch gauge. Eliminating the pressure term did not significantly degrade
the accuracy of the correlation, but did increase the resulting dependency on the
chamber diameter,

r̄ = 0.065Ḡ0.77
o (D̄p/3)

0.71; R2 = 0.98 (54)

Eliminating the chamber diameter, however, degraded the accuracy of the fit and
also reduced the empirical power on the oxygen mass flux by a significant degree,

r̄ = 0.070Ḡ0.57
o ; R2 = 0.91 (55)

suggesting that thermal radiation may be an important driver for fuel pyrolysis
in this system. The large power on diameter in Eq. (54) also implies that this
correlation should not be used outside the range of operating conditions for which
it was derived without caution and further investigation.

Chiaverini et al. conducted solid-fuel thermal pyrolysis experiments with HTPB
(and other fuels), compared them to the results of laboratory hybrid motor tests,
and obtained indirect evidence relating to the effects of potential heterogeneous
reactions due to surface oxidizer attack, as well as effects of chamber pressure, on
regression rate [25]. These thermal pyrolysis tests are described fully elsewhere
[25, 37]. Briefly, a solid-fuel strand with embedded 25-μm thermocouples was
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placed in a purge chamber filled with nitrogen gas at atmospheric pressure and
then subjected to direct conductive heating from a copper block. The copper block
was heated to a selected bulk temperature in a tube furnace, then placed on top of
the fuel strand using a pneumatic system. The fuel regression rate was measured
using a video camera and post-test image analysis. The surface temperature and
thermal wave thickness were determined from the embedded microthermocouples.
The results of these tests were also compared to the aforementioned measurements
from a laboratory hybrid motor outfitted with an x-ray radiography imaging system
and fuel with embedded microthermocouples. Arrhenius-type pyrolysis laws were
obtained for each of the fuel formulations tested. Figure 16 shows theArrhenius plot
for HTPB in terms of regression rate (in millimeters per second) vs the reciprocal
surface temperature 1/Ts (in degrees Kelvin). The top axis shows the corresponding
surface temperature [25].

Both atmospheric pressure data from the conductive heating pyrolysis tests
(open circles) and high-pressure (25.5–40.8 atm) data from the hybrid-slab motor
tests (closed circles) were used to deduce the pyrolysis law.At surface temperatures
above 722 K, both sets of data follow the same trend and fit quite well to a single
straight line on the semilog plot represented by the Arrhenius-type expression

r = A exp(−Ea/RuTs) (56)

or

ln(r) = ln(A)− Ea/RuTs (57)
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where Ea = 4.91 kcal/mole and A = 11.04 mm/s represent the empirically deter-
mined Arrhenius parameters and Ru is the universal gas constant. At temperatures
below 722 K, the data follow another trend with Ea = 13.35 kcal/mole and
A = 3.96× 103 mm/s. Note that Eq. (56) is given strictly in the Arrhenius form
instead of the pyrolysis law based on bulk kinetics,

r = A exp(−Epy/2RuTs) (58)

where Epy has twice the value of Ea. The bulk pyrolysis rate usually corresponds to
the activation energy based on Epy instead of Ea.Arisawa and Brill [3, 4] obtained a
relatively low activation energy Epy of 12 kcal/mole for HTPB under high heating
rates (about 600◦C/s) at a pressure of 11 atm and temperature range of 460–600◦C.
They stated that low activation energies (such as those cited here) indicate that the
overall pyrolysis is limited by the physical process of desorption of pyrolyzed
fuel molecules from the solid-fuel surface and not by chemical processes, such as
polymer chain scission and cyclization, in the solid-fuel decomposition zone just
below the surface [3, 4]. The latter are characterized by higher activation energies
Epy on the order of 40–50 kcal/mole and dominate the pyrolysis process at low
heating rates or low temperatures. This difference in mechanisms may explain why
Lengellé et al. obtained a comparitively high Epy of 48.6 kcal/mole at low heating
rates [42].

The very favorable comparison of high-pressure and atmospheric-pressure test
data in Fig. 16 suggests there is no significant effect of pressure on the HTPB
Arrhenius parameters for the surface temperature range tested, which, it should
be stated, covers the expected range of practical operation for hybrid motors.
Furthermore, given that the conductive heating tests were performed in an inert
nitrogen environment and that the two data sets from the independent testing
methods followed the same trend with respect to surface temperature, it appears
that fuel surface attack by unburnt oxidizer, which should tend to increase the
regression rate via catalytic reactions as suggested by Kumar and Stickler [22],
played little role in the fuel pyrolysis processes of the laboratory-scale hybrid
motor. These results contradict the conclusions drawn by Kumar and Stickler
[22] for PMMA solid fuel, which indicated a mismatch in data between hot-fire
and pyrolysis regression rate data. The Chiaverini et al. results for HTPB [25],
on the other hand, showed that their laboratory-scale hybrid motor test results
matched very well with those of the conductive-heating induced thermal pyrolysis
tests, suggesting that heterogeneous surface reactions probably did not play an
important role in the motor firings. This conclusion supports the previous empiri-
cal results of Strand [35], Boardman [41], and Chiaverini [15, 16] that showed
no significant pressure dependence of the regression rates from hybrid motor
testing.

F. Injector Effects

Compared to the effects reviewed in the preceding sections, detailed injector
studies for classical hybrids have in general been somewhat lacking in the hybrid
propulsion literature. However, Boardman et al. [43], Carmicino and Sorge [44],
and Pucci [45] have reported the effects of different types of oxidizer injectors on
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fuel regression rate, combustion efficiency, and combustion instability in various
hybrid motors. Carmicino and Sorge’s laboratory-scale motor burned PE solid-fuel
tubes with GOX injected using either an axial or a radial injector. They found that
the axial injector had several advantages over the radial injector, including stable
combustion, higher average regression rates, lower mass flux dependence, and
higher combustion efficiency. The radial injector, however, was found to contribute
to more uniform regression rate profiles [44].

Based on earlier work in solid-fuel ramjets, Carmicino and Sorge identified
three distinct flow regions associated with their injectors [44]. Zone 1, closest to
the injector, consisted of a recirculation region that extends part of the way into the
fuel port. In zone 2, deeper into the fuel port, the expanding oxidizer jet impinges
on the fuel surface and contributes to heterogeneous reactions. Downstream of
this location, in zone 3, the turbulent boundary layer begins to develop. Carmicino
and Sorge found that their empirical regression rates displayed a small mass-flux
power of about 0.37, presumably due to the effects of the injection methods and
the attendant large, three-dimensional flow structures that prevail in the fuel port
and reduce the dependence on mass flux. However, they were careful to note that
the regression rates were not pressure dependent, even though the mass flux power
of 0.37 is very close to the values of 0.3 and 0.4 discussed by Muzzy [8] and shown
in Eqs. (49) and (52). Recall that Chiaverini et al. found similar effects in their
regression rate data near the leading edge of the fuel slab [15]. Carmicino and Sorge
further note that Boardman et al. [43] tested similar injectors at a much larger scale
and found that the radial injector produced a clockwise rotating vortex ring (for
injected flow from left to right) that did not enter the fuel port from its location in the
precombustion chamber, but the axial injector produced a counterclockwise vortex
that extended into the fuel port. Both Boardman et al. [43] and Carmicino and Sorge
[44] suggested that this second type of vortex zone allows for stable combustion by
providing a flameholder for the diffusion flame at the head end of the fuel grain. In
fact, Boardman et al. noted that any injector configuration or oxidizer plenum that
generates strong recirculation, such that the oxidizer is preheated before entering
the fuel port, produces stable combustion [43]. In addition, Boardman et al. showed
empirically that a secondary heat source at the leading edge of the fuel grain, such
as an oxidizer-rich hydrogen/oxygen torch also produced stable combustion. In
Chapter 9, an additional discussion of hybrid motor combustion instabilities, is
provided.

Drawing on the Boardman et al. earlier work, Pucci [46] conducted laboratory-
scale testing with a 250-lbf thrust N2O/PE motor to study the effects of axial, radial,
and swirl oxidizer injection on combustion instability. Similar to Carmicino and
Sorge, he found that the axial injection method produced stable combustion and the
radial injector produced unstable combustion. However, he also found that weak
swirl produced unstable combustion, whereas strongly swirling injection produced
combustion only slightly less stable than the axial injector, but increased regres-
sion rates by 182% compared to axial injection. He surmised that the combustion
instability resulted from a flameholding instability in all cases of unstable combus-
tion. Note that Knuth’s work on vortex-injection hybrids, discussed in Sec. IV.A.1,
has also indicated that strongly swirling injection produces stable combustion and
high regression rates in hybrid motors.
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G. Effects of Solid-Fuel Additives

As described more fully in Chapter 10 several researchers, including Strand
et al. [46], George et al. [47] and Risha et al. [48] have considered the effects of
fuel additives for enhancing regression rates. Dean [49] investigated the use of
amine-containing additives, such as hexamine and melamine, to HTPB to increase
bulk fuel density and tailor the flux dependence to a power of 0.5 to achieve
neutrally regressing fuel grains with circular ports. Muzzy [8] noted that for a
fuel containing additives, such as powdered aluminum, the presence of the metal
increases the regression rate by reducing the effective heat of gasification of the bulk
fuel because, to regress, the binder must pyrolyze but the additive is only heated
to the fuel surface temperature. Because the surface temperature of regressing
hydrocarbon fuels is on the order of 1000 K, it is clear that metal additives, such as
aluminum with a boiling temperature of 2793 K, will not vaporize on the surface
(though the surface temperature could exceed the melting temperature of 933 K).
In addition, the presence of nonpyrolyzing additives can reduce the blocking effect
of mass blowing because only gasified products will shield the fuel surface from
convective heat transfer. Note that the Karabeyoglu et al. theory of liquifying solid
fuels that regress quickly via a surface melting and droplet entrainment process [5–
7] is qualitatively similar to this phenomenon because the liquid droplets ejected
from the surface melt layer do not contribute to blocking.

Strand et al. [46] tested and analyzed fuels consisting of 40% Al, 30% coal, and
30% HTPB to investigate how a reduction in fuel heat of gasification and addition
of radiating metal combustion products would affect regression rate behavior. The
particulate-loaded fuel of Strand et al. had a higher density of 1.64 g/cm3 and
lower enthalpy of gasification of 166 cal/g compared to pure HTPB (0.92 g/cm3

and 433 cal/g). They found that the metallized-fuel blend regressed about 17%
faster than pure HTPB due to stronger radiation from the aluminum oxide combus-
tion products, potential soot radiation, and the lower enthalpy of vaporization. The
addition of aluminum will also raise the theoretical combustion flame temperature,
which may also increase the regression rate. However, because the flame temper-
ature (or enthalpy) enters the diffusion-limited regression rate equation [such as
Eq. (13a)] through the blowing parameter B, which is raised to a small power, slight
increases in flame temperature probably do not have a very significant effect on
regression rate. Also, metal additives or other fillers that reduce the blocking effect
will only increase the overall motor performance if they burn efficiently. High
fuel regression rates are not attractive if they are accompanied by low combustion
efficiency.

It should be emphasized that the exact nature of a specific binder/additive com-
bination should be investigated before making generalizations about how additives
will modify the effective heat of gasification and, therefore, the regression rate.
It is possible that the sensible energy increase of the additive may be larger than
the binder gasification enthalpy in some cases (as testing of cryogenic solid fuels
loaded with aluminum described in Sec. IV.B.1 have suggested). The binder proper-
ties, additive properties, and mass fraction of additive should be carefully evaluated
in analyzing the test data from such experiments. In addition, the effect of additives
on the mechanical properties of the resulting bulk fuel must be evaluated so that
structurally sound fuel grains can be produced.
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H. Scaling and Geometry Effects

We conclude this section with a discussion of scaling effects and the effects of
fuel port geometry on regression rates. Size scale-up is a very important consid-
eration for the development of large-scale operational hybrid propulsion systems,
especially when larger-scale designs are based on subscale or laboratory-scale
experimental data. Note that empirical scaling (and geometry) effects reported in
the literature often appear to conflict. For example, the Boardman et al. correlations
for the circular-port, 11-in. JIRAD motor [41] in Eqs. (53) and (54) show a signifi-
cant positive power on chamber diameter, indicating a strong increase of regression
rate with port size presumably due to more intense radiation that accompanies
larger gas volumes. On the other hand, George et al. [47] have recently shown that
data from their laboratory-scale testing indicates a decrease of regression rate with
increasing port size possibly due to boundary layer growth and less severe temper-
ature gradients. These results suggest that different combustion phenomena, such
as thermal radiation and boundary-layer growth, may be more or less significant
at different motor scales and that empirical scaling laws may apply only over a
limited range of motor sizes. Furthermore, scaling effects may be highly nonlin-
ear, given the complex phenomena that may influence regression rate behavior.
In Chapter 12, a detailed treatment of this subject is presented; however, we here
review several approaches and results for the sake of completeness.

During the mid-to-late 1990s, Venkateswaran and Merkle conducted an analy-
sis of scaling and geometry effects using a computational fluid dynamics (CFD)
code [50]. Their model employed the three-dimensional, unsteady Navier–Stokes
equations coupled with a solid-fuel pyrolyis model based on Arisawa and Brill’s
results [3], a two-step chemical kinetics model, a κ−ε turbulence model, and a
radiation model based on testing conducted in a parallel experimental effort with
a laboratory-scale, slab-geometry HTPB/GOX motor [15]. Venkateswaran and
Merkle first validated their model against laboratory-scale results. As shown in
Fig. 17, good agreement was obtained between the numerical simulations and
empirical data. They then analyzed geometric effects by simulating the slab-
geometry motor and axisymmetric analogs of this motor for two cases: case A,
where the initial cross-sectional area of the axisymmetric and slab motor fuel ports
were equal, and case B, where the initial diameter of the axisymmetric port had
the same value as the initial gap between the two fuel slabs. All three simulations
used a common value of initial Go at the inlet. The simulations indicated markedly
different regression rate profiles for all three cases, differing by as much as 50%,
prompting the authors to note that classical hybrid theory developed by Marxman
and Gilbert [1], Marxman et al. [8], and Marxman [9, 10], does not account for
differences in port shape and the particulars of internal flow, such as acceleration
along the port and merging boundary layers.

Venkateswaran and Merkle then conducted additional simulations on axisym-
metric and geometrically similar laboratory-scale (23-in. fuel grain), intermediate-
scale (100-in. fuel grain), and full-scale (350-in. fuel grain) hybrid motors to
examine scaling issues [50]. All three simulations were conducted at a fixed grain
initial L/D (35), initial GOX mass flux (0.8 lbm/in.2 · s), and chamber pressure
(900 psia). The fuel was HTPB in all cases. The results of the simulations indi-
cated that the regression rates varied significantly among the different scales, with
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Fig. 17 Comparison of experimental [15] and numerical [50] total heat flux profiles
to the fuel surface.

the laboratory-scale motor having the highest regression rate (about 3 mm/s at the
midpoint of the fuel grain) and the full scale the lowest (about 2.2 mm/s at the
same nondimensional location). After investigating the flame zone location and
attendant heat fluxes for all three cases, Venkateswaran and Merkle concluded that
the relative contribution of convective heat flux decreases at larger scales because
the physical height of the flame zone above the fuel surface increases dramati-
cally, causing a more shallow temperature gradient between the flame and fuel
surface and, correspondingly, less convective heating. On the other hand, due to
the increasing gas volume-to-fuel surface area at larger scales, radiant heating
becomes relatively more important as size increases. However, this increase in
radiant heat transfer does not offset the decrease in convective heat transfer, and
the overall regression rate decreases with motor size. They also noted that their
radiation model might overpredict the magnitude of the radiant heat flux at larger
scales [50].

Estey et al. [13] examined scaling effects from an empirical standpoint by using
various regression rate equations to predict experimental regression rates from two
different fuels and two different motor sizes. They developed nine different regres-
sion rate equations that included various combinations of either oxidizer or total
mass flux, chamber length, chamber pressure (to account for chemical kinetic
effects), and combination of chamber diameter and pressure (to account for radia-
tion effects). The regression rate data sets included HTPB/LOX and HTPB/GOX
motors ranging in size from 300 to 73,000 lbf (a thrust scale-up factor of 240)
and data from NASA’s Solid Rocket Combustion Simulator (SRCS) program.
The SRCS motor used a metallized-fuel formulation consisting of HTPB, Al, and
NH4Cl. The SRCS data analyzed by Estey et al. consisted of 43 motors firings
ranging in size from 1.7 to 7.9 in. port diameters [13]. Estey et al. noted that the
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results of the analysis indicated that classical regression rate theory worked best
for the pure HTPB/O2 data, such that

r ∼ G0.75L−0.12 (59)

which is quite close the classical G0.8x−0.2 dependence predicted by Marxman [9].
The metallized SRCS data were best predicted by

r ∼ G0.54
o L−0.04[1− exp(−D/Dref)][1− exp(−p/pref)] (60)

which accounts for radiant effects. As discussed earlier, these additional effects
reduce the dependence on convective heating evidenced by the lower values of the
powers on Go and L.

Estey et al. also found that fairly large errors resulted when extrapolating empiri-
cal regression rate correlations developed using small-scale data to motors of larger
scales [13] suggesting the importance of scaling effects in regression rate predic-
tion. For the HTPB motors, the minimum extrapolation error was about 11%,
whereas for the metallized SRCS motors, the most accurate correlation gave a
17.7% error. Note that Estey et al. made no attempt to develop nondimensional
correlations based on physically meaningful dimensionless parameters. Such an
approach may potentially yield improved results for extrapolating to large scales.

Chiaverini et al. [16] also conducted an empirical investigation of both scaling
and geometry effects by applying their semi-empirical correlation

ρf r/G = 0.524StBθ0.6
{

1.3(Qr/Qc)
0.75 + exp[−1.3(Qr/Qc)

0.75]
}

(61)

to data from the literature. As described fully by Chiaverini et al., they developed
Stanton number correlations from their data and analysis to make Eq. (61) useful.
Similar to Marxman’s approach [9], they defined a modified blowing number to
account for thermal radiation effects,

Brad = B exp(Qr/Qc) (62)

and attempted to correlate the Stanton number ratio St/Sto with Brad to eliminate St
from Eq. (61). However, to develop reasonably accurate St/Sto vs Brad correlations,
they found that it was necessary to distinguish between the data in the upstream
and downstream portions of the motor because the upstream Stanton numbers
were typically higher at the same value of Brad than those in the downstream
region (see Fig. 12 of [15]). They attributed this to differences in convective heat
transfer in the developing and fully developed boundary-layer region which they
defined as the location where the momentum boundary layers were estimated to
merge. (Because the boundary layer in hybrid combustion is subject to continuous
addition of fuel and combustion enthalpy, the term “fully developed” has ques-
tionable meaning. In addition, a distinction should be made between the thermal,
momentum, and species boundary layers in chemically reacting boundary-layer
flow because they may all have different local thickness due to the specific values
of the Prandlt, Lewis, and Schmidt numbers.) They also noted that in both regions
the value of St/Sto, where Sto is the Stanton number for reference turbulent pipe
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flow, exceeded unity for low values of Brad (less than about 3). Chiaverini refer-
enced Venkateswaran and Merkle’s CFD results [50] to suggest that this behavior
resulted from the significant distortion of the local mass flux profile at the reaction
zone caused by the presence of the flame. They then developed separate St/Sto cor-
relations as a function of Brad and Dh, local hydraulic diameter, for the developing
and fully-developed regions of the motor. However, for the developed (supposedly
merged boundary layers) region, Chiaverini found that

St/Sto = 2B−0.73
rad (63)

for values of Brad > 5. It is interesting that the empirical power of−0.73 is mid-way
between that of Marxman’s [11] original empirical constant of−0.77 andAltman’s
[30] correction of−0.68, although these earlier correlations were developed for B
rather than Brad. The results of their empirical heat-transfer calculations, coupled
with both Venkateswaran and Merkle’s [50] and Chiaverini’s [37] earlier semi-
empirical finding that the ratio of the local flame-to-core axial velocity exceeded
unity for their experiments (as opposed to Marxman’s assumption that this velocity
ratio is about 0.5), prompted Chiaverini et al. [16] to suggest that the shear flow
in a practical hybrid motor is quite different than that of flat-plate boundary-layer
flow due to the effects of developing boundary layers, axial acceleration of the
core flow, and variable fluid properties across the boundary layer. Green reached
a similar conclusion in a much earlier work [29]. As with Venkateswaran and
Merkle’s findings, these effects suggest that different regression rates will most
likely result for different scales and port shapes, all other conditions being equal.

To check the applicability of their analysis to independent data of different
scale and geometry, Chiaverini et al. attempted to correlate the empirical results
of Shanks and Hudson [51] and Boardman et al. [41]. Shanks and Hudson pre-
sented a set of results from a series of HTPB/GOX test firings in a tube-geometry,
laboratory-scale hybrid motor. They reported experimental values Go, O/F, p,
D, and L, which Chiaverini et al. used to predict their regression rate with their
semi-empirical model [16]. Boardman et al. [41] presented results from the 11-in.
JIRAD motor that burned a fuel consisting of about 40% HTPB and 60% Escorez
(polycyclopentadiene). Chiaverini et al. used their empirical pyrolysis model for
the JIRAD fuel [25] for analyzing the Boardman et al. data. However, they used
the soot model for pure HTPB, as described in Sec. III.D because no soot data
were available for the JIRAD fuel [16].

The results of the analysis are shown in Fig. 18, and indicated that Eq. (61)
slightly over-predicted the Shanks and Hudson tube-geometry data by +3.9%,
whereas the Boardman et al. data from the larger-scale testing were slightly under-
predicted by−5.7%. For comparison, Chiaverini et al. also developed a simplified
Gn correlation based on their empirical data such that

r = 0.049G0.61 (64)

with r in mm/s and G in kg/m2 · s and used it to also predict Shanks and Hudson’s
tube-burner data, which resulted in a much larger average error of 35%. They did
not attempt to correlate the JIRAD data with Eq. (64) because of the difference
in fuel formulation. Note that whereas both Shanks and Hudson’s motor and the
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Fig. 18 Prediction of literature data using Eq. (61) showing close agreement with
larger-scale and alternate-geometry motors.

Table 3 Example of scaling and geometry effects on regression rate prediction

Case

Parameter 1 2

Reference Shanks and Hudson [51] Boardman et al. [41]
Scale Laboratory-scale Subscale
Fuel port geometry Circular Circular
Propellants HTPB/GOX 40%HTPB+ 60% Escorez/GOX
Average error using Eq. (61) 3.9% −5.7%
Average error using Eq. (64) 35% ——

JIRAD motor used circular ports and Shanks and Hudson’s and Chiaverini’s motor
had a similar scale, the JIRAD motor was approximately five times larger. Thus,
as summarized in Table 3, Eq. (61), obtained using data from a laboratory-scale,
slab-geometry motor, gave quite reasonable results for a circular-port motor of
substantially larger scale, with no explicit changes to the correlation to account
for scaling or geometry effects. Note that these results are qualitatively in contrast
to the previous findings of Estey et al. [13], who found substantial differences
in the regression rate behavior when extrapolating to larger scales. Though pre-
liminary, these results suggest that properly accounting for the salient features
of boundary-layer processes in hybrid motors using physically relevant dimen-
sionless parameters may provide for reasonably accurate extrapolations to larger
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scales and/or alternate geometries (at least for a given fuel/oxidizer combination).
However, note that correlations developed for hydrocarbon fuels, for instance,
would not be expected to apply accurately to highly metallized fuels, and vice
versa, due to the different radiative properties of the combustion gases. For a sim-
ilar reason, we would not expect a correlation such as that given in Eq. (61) to
apply to paraffin fuels (discussed in the next section), which appear to regress via
a surface melt-layer process.

Table 4 summarizes the major regression rate expressions from the investiga-
tions already discussed, and Fig. 19 qualitatively illustrates some of the regression
rate phenomena elucidated by the results of the various research.At “intermediate”
mass fluxes, the regression behavior is be dominated by turbulent heat transfer, and
theoretically follows, for example, Eq. (13a) or Eq. (13b). In this regime, neither
radiation nor kinetics significantly influence the behavior of the regression rate
with respect to mass flux. However, it is possible that such effects are present to
some extent and may influence the overall magnitude of the regression rate.At high
mass fluxes and low pressures conditions, the dependency of heterogeneous and/or
gas-phase reaction rates on chamber pressure could have a significant effect on the
regression rate behavior. When the chamber pressure is lower than a threshold
value determined by the particular mass flux and fuel/oxidizer combination, the
regression rate can be lower than that predicted by classical hybrid boundary layer
theory due to finite-rate kinetic effects (gas-phase reactions, heterogeneous reac-
tions, or polymer decomposition). As pressure or propellant reactivity increases,
the reaction rates increase, and the regression rate approaches the classically-
predicted value. Regression rate expressions given by Smoot and Price [17–19],
Miller [23], Kosdon and Williams [20], Kumar and Stickler [22], and Wooldridge
and Marxman [24], attempted to capture these effects. It is interesting to note that
Marxman [11] suggested that chemical kinetic effects may become important at a
pressure threshold of about 200 psia and lower for many types of propellant com-
binations and port sizes at “typical” flow rates. Though more recent investigations
by researchers such as Strand et al. [14, 35], Boardman et al. [43], and Chiaverini
et al. [16] has not uncovered significant kinetic influences, even in this range or
relatively low-pressure operation, it should be kept in mind that such effects may
be difficult to characterize without careful interpretation of detailed empirical data
from well-designed experiments and test matrices.

The flooding limit is eventually reached as mass flux increases to still higher
values. However, the flooding limit also depends on the pressure and propellant
reactivity of the system. Highly-reactive combinations such as lithium hydride and
fluorine, for example, would therefore be expected to flood at higher mass fluxes
than a less reactive system such as hydrocarbon fuels with nitrous oxide.

Pressure has the opposite effect on the other end of the mass flux spectrum. In the
low mass-flux regime, the effect of thermal radiation becomes important because
the heat flux due to turbulent convection is relatively small. As the product of
pressure and motor inner diameter ( pD) increases, the effect of radiation becomes
more prominent at a given mass flux. The pD term gives a measure of the gas
optical density as described by Incropera and Dewitt [52]. When pD is high, the
gas emits thermal radiation more efficiently and the regression rate increases to
higher values than predicted by classical theory. Marxman [9–11], Estey et al. [13],
Strand et al. [14], and Chiaverini et al. [15, 16] investigated this behavior. Similar
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Fig. 19 Regimes of regression rate dependency.

behavior is expected as the amount of metal loading is increased for metallized
fuels. As mass flux decreases further, the “cooking” limit is reached and steady-
state combustion is no longer sustainable. Here, the fuel is expected to melt, char,
or undergo subsurface decomposition as the thermal wave penetrates deep into
subsurface region.

Finally, as discussed earlier in this chapter, it should be emphasized that the
solid-fuel regression rate behavior in the low, intermediate, and high mass flux
regimes may also be influenced by effects of fuel port size (scaling effects), fuel
port geometry, oxidizer injector design and associated flow structures in the fuel
port, solid fuel additives, and boundary layer fluid property variations.

IV. Regression Rate Behavior in Nonclassical Hybrids

We now turn our attention to the fuel regression rate behavior of various types of
non-classical hybrid motors, including swirl-injected hybrids, vortex hybrids, end-
burning hybrids, radial-flow hybrids, and hybrids employing cryogenic solid fuels
or paraffin-based solid fuels. In most cases, these hybrids have been introduced
fairly recently (circa mid-1990s) with the objective of either increasing fuel regres-
sion rates to improve overall performance and design flexibility or of developing a
unique motor geometry for a particular application. We will first examine various
types of hybrids that employ unique injection methods and grain geometries, such
as swirl-injected hybrids and end-burning hybrids. Afterward, high-regression rate
solid fuels such as paraffin-based fuels and cryogenic solid fuels will be discussed.
For completeness, the regression rate behavior of metallized solid fuels will be
reviewed briefly, although in Chapter 10 this topic is discussed in more detail.

A. Hybrid Motors with Unique Injectors and Fuel Grain Geometries

Several researchers have attempted to enhance fuel regression rates by using
various types of swirl injectors to increase local fuel surface heat flux. Most notably,
these have included efforts by Knuth et al. [53, 54],Yuasa et al. [31], Lee et al. [55],
Rice et al. [56], and Haag et al. [57]. Caravella et al. [58] tested an end-burning
hybrid motor that used radial-flow injectors to burn PE fuel disks with decomposed
hydrogen peroxide, whereas Nagata et al. developed and tested a unique axial-flow
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end-burning hybrid called the “dry towel” configuration [59, 60]. These motors
and investigations are discussed next.

1. Vortex Hybrids

Motivated by the desire to increase fuel regression rates for obtaining volumet-
rically efficient fuel grain designs, Knuth et al. at Orbital Technologies Corporation
[ORBITEC] experimented during the mid-1990s with laboratory-scale vortex
hybrids wherein the swirl oxidizer injector was located at the aft end of the fuel
grain just upstream of the converging portion of the exit nozzle. Figure 20 is a
schematic of one of their test motors. Knuth et al. discovered that this arrangement
generated a pair of coaxial, bidirection vortices in the combustion port. The outer
vortex spiraled toward the head end of the motor across the fuel surface, mixing
and burning with the pyrolyzed fuel. At the head end, the vortex flowed inward
toward the motor axis and formed an inner vortex that spiralled downward and
out the nozzle [53]. Figure 21 shows a velocity vector field in the meridonal plane
generated from numerical simulations of a 500-lbf thrust vortex hybrid burning
GOX and HTPB using the Finite Difference Navier Stokes (FDNS) code [54].
The numerical simulation captured the salient features of the bidirectional vortex
flowfield including the upward-flowing outer vortex and the downward-flowing
inner vortex. Note that the swirl velocity is not apparent in this sectional view of
the grain chamber. Vortex hybrid flowfield characteristics are further discussed in
Chapter 6.

Knuth et al. initially investigated the regression rate behavior of HTPB fuels
burning with gaseous oxygen, then later tested several proprietary fuel blends

Fig. 20 ORBITEC laboratory-scale vortex hybrid motor.
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Fig. 21 Results of numerical simulation of 500-lbf thrust vortex hybrid flowfield.
(From Knuth et al. [54].)

in a vortex hybrid to further increase regression rates. One of these, “Fuel A,”
had regression rates similar to frozen methane (personal communications with
William Knuth at ORBITEC, July 2005). They examined the effects of swirl
injector design and fuel port geometry on regression rate, developed empirical
and semi-empirical regression rate and heat-transfer correlations, and also per-
formed additional numerical simulations of the coaxial vortex flowfield. Similar
to the vortex hybrid schematic shown in Fig. 20, motors up to about 300-lbf thrust
were tested. HTPB solid-fuel regression rates up to 6 times faster than those in
classic hybrids operating at the same mass flux conditions were measured [53]. An
empirical regression rate correlation was developed to describe regression rate as
a function of mass flux,

r = 0.193G0.54 (65)

with r in mm/s and G in kg/m2 · s.
Even at modest mass fluxes of about 100 kg/m2 · s (0.14 lbm/in.2 · s), the vor-

tex hybrid displayed regression rates of about 2.3 mm/s. In contrast, classical
hybrids burning HTPB and GOX have typically been found to regress at about
0.4–0.6 mm/s at this same mass flux. As shown in Fig. 22, uniform regression
rates with respect to axial distribution were also obtained.

Also note that the empirical power of 0.54 on mass flux suggests that vortex
hybrids should produce a nearly neutral burn where the decrease in regression rate
over time is almost balanced by the increase in fuel surface area such that the
overall fuel production rate, and therefore the O/F mixture ratio, remain nearly
constant over the course of the burn. As noted by Knuth et al. [53], the relatively
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Fig. 22 Vortex hybrid recovered fuel grain showing uniform axial regression rate
profile.

low dependence on G also suggests that other factors influence the regression
rate. More detailed empirical correlation development showed that the regression
rate had a significant dependence on injection velocity and fuel port geometry.
Higher injection velocities, which induce stronger swirl in the combustion port
appeared to cause higher regression rates [53]. Employing the Chiaverini et al.
semi-empirical methods [16] and pyrolysis model [25], Knuth et al. developed
semi-empirical regression rate and heat-transfer correlations to show that the highly
swirling flow in the near-wall region was responsible for large increases in the
convective heat transfer rates. They did not find any explicit pressure effects from
either chemical kinetics or radiant heat transfer. Their nondimensional regression
rate correlation was

ρf r/G = 0.082Re−0.33
D (Stsw/Sto)(Stv/Stsw)B, R2 = 0.99 (66)

where the dimensionless regression rate, ρf r/G, is a function of the Reynolds
number based on average port diameter, two Stanton number ratios, and the blowing
parameter B defined as in Eq. (25). This correlation fit the data to within a +/−
10% error band, even though the thrust level varied by a factor of 10 (from 20
to over 200 lbf ). Figure 23 shows the results of the correlation given by Eq. (66).
The power of −0.33 on the Reynolds number implies that the boundary-layer
processes in the vortex hybrid engine differ from those in conventional pipe flow,
as might be expected. The reaction zone in the hybrid boundary layer may cause
the shape of the velocity profile to differ from that of ordinary turbulent flow,
which could lead to the particular Reynolds number dependency indicated by
Eq. (66). Except for the use of two Stanton number ratios, Eq. (66) is similar
in form to Marxman’s original expression given in Eq. (13a). The term Stsw/Sto
accounted for the enhanced local heat transfer due to tangential injection and
was calculated from Dhir and Chang’s analysis of enhanced heat transfer in pipes
using (noncombusting) swirl flow [61]. The ratio of Stv to Stsw accounted for the
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Fig. 23 Vortex hybrid semi-empirical regression rate correlation using
ρf r/G = 0.082Re−0.33

D (Stsw/Sto)(Stv/Stsw)B.

additional effects of wall blowing, combustion, and the presence of the inner vortex
field that were not considered in Dhir and Chang’s swirling pipe flow analysis.

Knuth et al. also developed an empirical heat-transfer correlation for this Stanton
number ratio vs B.As for classical hybrids, the data showed a reciprocal relationship
between B and Stv/Stsw due to the blocking effect, such that

Stv/Stsw = 0.55B−0.97, R2 = 0.868 (67)

Note that Eq. (67) shows a higher dependence on blowing parameter than for clas-
sical hybrids where the power is −0.68, according to Altman [30]. Combining
Eqs. (66) and (67) shows that the vortex hybrid regression rates were approxi-
mately independent of B, at least for the range of blowing parameters tested [53].
Knuth et al. also noted that at smaller values of B, Stanton number ratio Stv/Stsw
exceeded unity by about 15%. This result again suggests that the shear effects in
the hybrid boundary layer differ from the reference case of noncombusting flow
due to the presence of the diffusion flame. As also indicated by the power of−0.33
on the Reynolds number in Eq. (66), the flame zone may alter the velocity profile,
allowing the vortex hybrid to sometimes display larger heat transfer rates than
the reference swirling flow, even in the presence of wall blowing. Venkateswaran
and Merkle found from numerical analysis that the diffusion flame zone caused
a steeper velocity gradient near the fuel surface than would normally occur for
noncombusting turbulent flow [50]. In addition, recall that Chiaverini et al. also
found evidence of this effect in experimental regression rate data obtained in a
large laboratory-scale hybrid engine [16].

The vortex hybrid has been shown to produce high regression rates at relatively
low mass fluxes because the nature of the bidirectional vortex flowfield seems to
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compress the injected oxidizer to a layer near the fuel surface that is relatively thin
compared to the port diameter. Thus, the fuel surface experiences an effectively
high mass flux compared to the overall port size. However, it is not yet known how
the regression rates will behave at even higher mass flux conditions, for example,
in the range of interest to classical hybrids of 500 kg/m2 · s or greater, or at much
larger motor scales. Despite these issues, it appears that the vortex hybrid may
offer a good deal of design flexibility due to its unique injection method.

2. Swirl-Flow Hybrids

Yuasa et al. [31] also experimented with swirl-oxidizer hybrid motors wherein
the swirl injector was located at the head end of the grain case. Using GOX and
PMMA, they obtained regression rate increases about 2.7 times greater than that for
axial flow hybrids (similar to Pucci’s findings discussed earlier [45]), eventually
flying a small (1.8-m, 15.4-kg) rocket using the same method. Yuasa et al. ran
several series of experiments to determine the effects of swirl strength and oxidizer
mass flux on fuel regression rate. Use of various fuel injector designs allowed them
to vary these two effects independently [31]. Swirl injectors with geometric swirl
numbers Sg of 19.4 and 9.7 were employed, where Sg is defined as

Sg = (Rinj − Rport)Rinj/NR2
port (68)

based on conservation of momentum following Beer and Chigier’s convention
[62]. In Eq. (68), Rinj is the radius of the injector exit (into the fuel port), Rport
the individual injection port radii, and N the number of injection ports feeding
the oxidizer into the swirl injector. A no-swirl injector was also used to obtain
a baseline regression rate correlation. The effect of fuel grain length on average
regression rate was also examined using two different fuel grain designs of 150
and 500 mm. Average oxidizer mass fluxes ranged from about 10 to 20 kg/m2 · s
(0.014 to 0.028 lbm/in.2 · s) for the shorter (150-mm) fuel grains and from about
40–60 kg/m2 · s (0.057 to 0.085 lbm/in.2 · s) for the longer (500-mm) fuel grains.

Yuasa et al. [31] correlated the regression rates with the GOX mass flux using
an r = aGn

o expression for the various cases and found the empirical parameters
shown in Fig. 24 and Table 5. When it is kept in mind that the tests with shorter
grain length correspond to a lower Go level and tests with the longer grain length
correspond to a higher Go, several interesting observations follow from these data.
First, notice that for both sets of data the parameter a varies approximately linearly
with the swirl number (Fig. 24) over the range tested, with larger swirl numbers
leading to higher values of a consistent with the observed increases in regression
rate with larger swirl intensity (see Fig. 4 of [31]). However, the empirical con-
stant n does not change significantly with swirl number variations within a given
set of data, suggesting that the strength of swirl in the oxidizer stream does not
fundamentally alter the nature of the heat flux heat transfer in the turbulent, reacting
boundary layer, but mainly affects its magnitude. Also note that the n value for
data set 1 is quite close to the theoretical turbulent value of 0.8 for all three Sg
values, whereas data set 2, the lower mass flux range, displayed corresponding
values closer to 0.6 (Table 5). This finding agrees with earlier results (Figs 7 and
8), which indicated that for lower mass fluxes solid-fuel regression rates are often
influenced by thermal radiation, leading to weaker dependency on turbulent heat
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Fig. 24 Variation in preexponential constant a with Sg for the Yuasa et al. experi-
ments [30].

Table 5 Variation in preexponential constant a with Sg for the Yuasa et al.
experiment [31]

Grain length, mm Go range, kg/m2 · s Sg a n

Data set 1 500 40–60 19.4 0.0345 0.778
500 40–60 9.7 0.0266 0.790
500 40–60 0 0.0145 0.749

Data set 2 150 10–20 19.4 0.0596 0.641
150 10–20 9.7 0.0362 0.587
150 10–20 0 0.0276 0.581

transfer (represented by n ∼ 0.8). However, the data presented byYuasa et al. [31]
do not permit one to separate the effects of grain length and Go level, and so it
is premature to attempt definite conclusions concerning this behavior. Possibly,
the lower n value on data set 2 may also be influenced by other effects such as a
relatively long portion of the grain subject to entrance or injector effects.

Yuasa et al. also investigated how the axial regression rate profiles of the PMMA
tubes were influenced by the different swirl strengths. They noted that, in addi-
tion to increasing the magnitude of the regression rates, the dependency of the
local regression rate on axial location was significantly weakened as a function of
increasing Sg. In other words, the fuel grain tended to regress more uniformly as
swirl intensity was increased. For the no-swirl case, the local regression rates were
high near the forward edge of the grain, then decreased with increasing distance
to a minimum, then began increasing again as a function of axial location. Yuasa
et al. noted the similarity between this result and that of Chiaverini et al. [15]
for HTPB burning with GOX in a slab-geometry hybrid and explained the exis-
tence of a local minimum regression rate as the tradeoff between boundary-layer
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growth in the streamwise direction (which decreases the thermal gradient and cor-
responding convective heat transfer) and fuel mass addition, which increases the
local mass flux, turbulence intensity, and heat transfer. Recall that Knuth et al. [53]
also found that swirl flow in the vortex motor configuration could produce very
uniform regression rate profiles. It appears that swirl momentum in the boundary
layer causes enhanced heat transfer by reducing the boundary-layer thickness and
also retards the growth of the boundary layer in the downstream direction, thus
producing more uniform heat transfer and corresponding fuel regression rates.

Lee et al. have recently described an approach similar to that ofYuasa et al., but
one that employs fore-end swirl injection into a helical fuel grain configuration
[55]. They tested a laboratory-scale hybrid using PMMA and GOX over a mass
flux range of 30–80 kg/m2 · s at about 300 psi. The fuel grains were 200 mm long.
These conditions were very similar to that of Yuasa et al., and as shown by Lee
et al., the regression rate results for the two sets of data for the no-swirl conditions
agreed very well (see Fig. 3 of [55]).

Lee et al. conducted several series of tests to determine how fuel regression
rates were affected by 1) spiral grooves of various pitch cut into the PMMA fuel
tubes, 2) swirl imposed on the injected oxidizer at the fuel port inlet, and 3) various
combinations of spiral grooves and swirl injection. For the spiral groove testing,
pitches of 3, 6, 12, and 18 were examined, where the pitch was defined as the
distance in millimeters between the troughs of adjacent grooves. The pitch depth
was fixed for all of the fuel grain configurations tested and grooves were machined
into only the aft-half of the fuel tubes.Although Lee et al. suggested that this method
allowed for a direct observation of regression rate enhancement by comparing the
fore and aft portions of the fuel grain, it most likely has the benefit of minimizing
entrance effects on regression rate behavior in the grooved portion. Lee et al.
recognized that the presence of the spiral grooves affected both the wetted fuel
surface area (the burning surface area) and the fuel volumetric efficiency [55]. For
the smallest pitch of 3 mm (where the grooves were arranged nearly perpendicular
to the flow direction) the fuel volumetric efficiency was reduced by about 1%, but
the fuel surface area was increased by almost 50% over the baseline case of no
grooves. For the largest pitch of 18 mm, the corresponding values were 0.4 and
112%. Testing indicated that, compared to the baseline fuel grain, the grains with
grooves regressed somewhat faster, with smaller pitch leading to larger increases
of up to 35%. However, the 18-mm pitch appeared to have almost no effect on
regression rate magnitude. Lee et al. surmised that the regression rate increase
resulted from enhanced turbulence in the near-surface region due to the presence
of the grooves and the resistance to axial flow [55].

Lee et al. also conducted additional experiments to examine the behavior of
swirl GOX injection from two types of head-end swirl injectors both with and
without helical grooves. Whereas both types of injectors were designed with the
inlet holes tangential to the inside surface of the injector, and had a geometric
swirl number of 5 as defined by Eq. (68), the inlet holes had different orientations
with respect to the longitudinal axis of the motor. The first design, designated
type I by Lee et al., employed inlet holes aligned tangential to the inner surface
of the injector but perpendicular to the grain axis. The second injector (type II)
was similar, but had inlet holes canted 30 deg in the downstream direction. Lee
et al. found that this second design caused more uniform regression enhancement
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than the first design, which resulted in only localized regression enhancement
near the injector [55]. However, no correlations or regression rate profiles were
provided.

Lee et al. also investigated the combined effects of flow rotation and spi-
ral grooves on regression rate behavior. For this testing, 6- and 100-mm-pitch
helical groove grains were used in conjunction with the type II swirl injector.
The internal surface areas of the two grains were maintained to be the same. As
explained by Lee et al., the motivation for the 100-mm-pitch grain is that it may
induce flow rotation, but does not necessarily enhance turbulence in the near-wall
region to any significant degree, thereby allowing the two effects to be evaluated
independently by comparing the empirical results to the 6-mm-pitch grain. The
results of the testing indicated that the 6-mm-pitch grain regressed slightly faster
when no swirl was imposed on the oxidizer stream, but that the 100-mm-pitch grain
displayed a slightly higher regression rate with a swirl oxidizer injector. These
results imply that an optimum regression behavior for a given application may
be obtained using a proper combination of grooves and swirl strength. However,
note that according to the Lee et al. data [55] swirl oxidizer injection increased the
regression rate by about a factor of two over the baseline axial flow case, whereas
the use of the helical grooves had a much smaller effect on enhancing the regres-
sion rate when used independently of swirl injection. For a given application, the
potential performance benefits of helically grooved fuel grains would need to be
weighed against the increased complexity and cost associated with grain manufac-
ture. In addition, although plastic fuels such as PMMA may be readily machined,
it may not be practical to fabricate helical grooves in the higher regression rate
rubbery fuels such as HTPB. However, it may be possible to use fuel additives to
increase the fuel surface roughness in order to achieve similar results, as noted in
Chapter 1.

3. Swirl-Injection End-Burning Hybrids

Haag et al. [57] also employed tangential oxidizer injection in an end-burning
vortex hybrid configuration for a spacecraft maneuvering application. In the
so-called vortex flow pancake (VFP) configuration, the swirl oxidizer injector was
sandwiched between two fuel disks that end burn in opposite directions during
combustion. The top disk regressed toward the motor face, whereas the lower disk
regressed toward the nozzle backplate. The lower disk also had a central port to
allow the combustion products to escape out the nozzle. Haag et al. tested PMMA
fuel disks with hydrogen peroxide, nitrous oxide, and GOX. They examined the
effects of oxidizer mass flow rate, injection velocity, number of injectors, cham-
ber pressure, and initial fuel grain separation distance. The chamber diameter was
not varied. The motor was 120 mm in diameter and 50 mm tall [57]. Haag et al.
used the fuel mass flow rate as the performance metric of interest rather than the
regression rate, making direct comparisons to other types of hybrid difficult.

As expected, the fuel mass flow rate was found to vary strongly with oxidizer
mass flow rate. In addition, the oxidizer injection velocity had a very significant
effect on fuel flow rate, prompting Haag et al. to note that this behavior provides
additional leverage to optimize the design for a given application [57]. Though
the authors did not provide a fundamental explanation for this result, it seems
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apparent that higher injection velocities would decrease the end-wall boundary-
layer thickness, in turn increasing shear stress and heat transfer across the fuel disk
surface.

Haag et al. found that varying the initial separation distance between the fuel
disks had no noticeable effect on fuel flow rate over the range tested (14–45 mm).
In addition, chamber pressure was not found to have a significant effect, probably
because the high convective heat fluxes associated with the swirling flowfield
completely dominate any radiant heat transfer. Haag et al. also performed cold-
flow experiments to show that swirl oxidizer injection did not impart significant
residual torque to the motor [53]. Though the researchers did not provide a typical
swirl number for their motor, they did note from C∗ calculations that the throat
size did not appear to be significantly affected by swirl flow. Anderson et al. [63]
reached a similar conclusions for vortex chambers applied to liquid and gaseous
rocket engine applications. The reason for this appears to be that, compared to the
swirl injection velocity of the cold oxidizer, the axial velocity through the nozzle
throat is quite high due to the acceleration of the hot combustion products to Mach 1
conditions. The resulting flow streamlines at the throat are, thus, aligned nearly
parallel with the chamber axis, as in conventional rocket engines, with only a very
small twist angle due to the angular momentum of the swirl injection [63].

Rice et al. [56] tested a similar configuration using GOX and HTPB for a plane-
tary ascent vehicle application. Though their end-burning hybrid motor had only a
single fuel disk located at the face plate, they designed conceptual chambers with
two fuel disks arranged in a manner similar to that of Haag et al. [55]. They exper-
imentally investigated the effects of chamber (fuel disk) inner diameter, oxidizer
mass flux, oxidizer injection velocity, and separation distance between the initial
fuel surface and swirl injector on regression rate behavior. Experimental results
demonstrated that the regression rate was sensitive to both injection velocity and
separation distance, but not chamber diameter over the range tested (4–8 in.) [56].

Rice et al. initially tested a 4-in. inner diameter end-burning hybrid to obtain
a baseline regression rate law for GOX and HTPB. This laboratory-scale motor,
designated as the vortex end-burning hybrid (VEBH) by Rice et al., operated at a
chamber pressure of about 50–60 psia with GOX flow rates of about 19–36 g/s.
The resulting oxidizer mass fluxes based on the chamber diameter were quite small,
on the order of 2–4 kg/m2 · s. Based on the results of about a dozen firings, Rice
et al. developed the following empirical regression rate correlation [56]:

r = 0.40 G0.62
o (69)

with r in mm/s and Go in kg/m2 · s. In comparison to conventional hybrid
HTPB/GOX correlations, such as

r = 0.03 G0.68
o (70)

given by Sutton [64], the Rice et al. VEBH motor appears to have regression
rates more than an order of magnitude greater than those of conventional hybrid
motors operating under similar conditions, presumably due very strong boundary-
layer gradients across the fuel surface that result from the strong swirl injection.
However, because conventional hybrids typically operate at much higher mass



“ch02” — 2007/3/20 — page 103 — #67

REVIEW OF SOLID-FUEL REGRESSION 103

fluxes than the range over which Eq. (69) was derived, it is difficult to make direct
comparisons because large extrapolations of regression rate laws, such as that
given by Eq. (70), to lower mass flux regimes would be required. Equation (70)
was developed for a small-scale classical hybrid burning GOX and HTPB over
an oxidizer mass flux range of about 35–280 kg/m2 · s, which is far higher than
that for Eq. (69). However, when Eqs. (69) and (70) are compared over the limited
range of conditions Rice et al. tested, it can be said that to produce the same
regression rate in a classical hybrid as in the end-burning hybrid Go must be on
the order of 30–40 greater in the classical hybrid given the classical definition of
mass flux (which may have little meaning for this particular geometry). As Haag
et al. also noted, this result implies that the vortex end-burning hybrid may provide
a great deal of design flexibility, especially for applications where short length-
to-diameter motors are desirable, such as for upper-stage propulsion systems. The
ability to achieve classical-hybrid-like regression rates in an alternate geometry for
packaging optimization may be the most beneficial aspect of end-burning hybrids
because is not clear at present how the regression rate would behave at the much
higher oxidizer mass flux levels typical of classical hybrids. Like the swirl and
vortex hybrids discussed earlier, the oxidizer injection method in the swirl end-
burner hybrid configuration appears to cause local mass fluxes in the near-surface
region that are effectively much higher than indicated by the standard definition of
G, where G is the port mass flow rate normalized by the port cross-sectional area.
Therefore, regression rates are much higher than those that would be expected from
classical hybrids at the same flux condition. This behavior implies that an alternate
definition of G for swirl-flow hybrids may be useful in developing theoretical and
empirical correlations of the regression rate behavior.

Figure 25 is a photograph of one of the Rice et al. recovered fuel disks [56].
Note the swirl pattern evident on the fuel surface. Rice et al. found that a region
of very high regression rates existed near the center of the fuel disks such that
the recovered fuel samples were bowl-shaped about the chamber axis. In addition,
an intermediate zone of apparent counter-rotation was evident from the recovered
fuel disks. The researchers postulated that this patterning actually resulted from
a corotating, but radial outflow zone of toroidal recirculation about the chamber
axis, as illustrated in the qualitative streamline plot shown in the lower portion
of Fig. 25. Though they considered nonreacting situations, Georgantas et al. [65]
have found that such recirculation zones are likely to exist in confined swirling
flows when the swirl strength exceeds a threshold value of about 0.6, where the
swirl strength is defined as

Sw = ṁswVinjRc

ṁtotV∗R∗
= input · angular ·momentum

exit · linear ·momentum × exit · radius
(71)

In Eq. (71) ṁsw represents the oxidizer flow rate through the swirl injector, ṁtot
is the total flow rate (oxidizer plus fuel) exiting the nozzle, Vinj the swirl oxi-
dizer injection velocity, V∗ the sonic velocity at the throat, Rc the chamber radius
(assumed to be equal to the injector radius) and R∗ the throat radius.

Based on the operating conditions and chamber geometry, the Sw for the Rice
et al. tests correspond to an approximate range of 0.7–1.2, so that recirculation
seems likely. Note the similarity between this phenomena and that suggested by
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Fig. 25 Recovered 8-in. fuel disk (from outer to inner radius): counter clockwise
(CCW) swirl with radial inflow, CCW swirl with radial outflow, and toroidal recircu-
lation zone. Note that inner vortex appears to swirl in a clockwise (CW) direction, but
that this sculpting actually indicates a CCW swirl with radial outflow.

Pucci in his study of swirl-stabilized flows in classical hybrid motors discussed
earlier [45]. The recovered fuel disk profile in Fig. 25 further suggests that, to
reduce fuel residuals and to obtain good volumetric loading, the optimum fuel
shape for this type of motor may be a domed or hemispherical grain. However,
such a configuration may have a variable fuel surface area through the burn so that
a mixture ratio shift would be anticipated. In addition, it should be kept in mind
that use of a lower fuel disk, as in the Haag et al. geometry, may affect the behavior
of the recirculation zone.

Rice et al. also performed a parametric investigation of the VEBH regression
rate behavior as affected by the chamber inner diameter (which is identical to the
fuel disk diameter), the injection velocity, and the initial spacing between the swirl
injectors and the fuel disk surface area [56]. For each diameter size tested (4 to
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8 in.), the Go level and target chamber pressure were held constant at 1.3 kg/m2 · s
and 10 atm, respectively, by controlling both the GOX mass flow rate into the
chamber and the exit nozzle throat diameter. This particular value of Go was
chosen based on the flow-rate limitations of the test facility limitations. A total
of 18 test conditions were examined. Similar to the Haag et al. results [57], Rice
et al. found that the injection velocity had a significant influence on the regression
rates. However, in contrast to the Haag et al. findings, Rice et al. also showed that
the initial separation distance had a significant effect on regression rate. In fact,
statistical analysis showed that, for the conditions tested, the regression rates were
about two times more sensitive to the separation distance than to the injection
velocity. The contrast between these two results may lie in the different motor
geometries: The Haag et al. motor employed upper and lower fuel disks, whereas
the Rice et al. motor used a single fuel disk attached to the face plate. Interestingly,
Rice et al. found that the chamber diameter itself did not affect the regression rate
significantly, suggesting that the vortex end-burning hybrid may scale predictably
with respect to chamber size [56]. As already noted, Haag et al. also reached
this conclusion from their experiments. However, additional work in this area is
needed before further conclusions about scaling effects can be confidently made.
In addition, future vortex end-burning hybrid investigations would benefit from
a theoretical or semi-empirical analysis of the convective heating characteristics
of end-wall boundary layers in swirl chambers, such as that given by Volchkov
et al. [66].

4. Radial-Injection End-Burning Hybrids

With the objective of reducing fuel grain complexity and improving volumetric
efficiency, Caravella et al. tested a unique radial-flow hybrid motor, which used
PE fuel and hydrogen peroxide [58]. They identified several radial-flow hybrid
concepts, as shown in Fig. 1 of [58], but reported experimental results only on their
center-injection/annular nozzle configuration. In this configuration, the oxidizer
was injected through a central port in the top fuel disk, impinged on the lower
disk, and flowed outward between the gap between the two disks, exiting the motor
through a series of nozzles located at equal intervals around the periphery of the
lower fuel disk. This arrangement provided an approximation of an annular nozzle
that would be used in practical applications. Note that the Caravella et al. alternative
annular-flow/conventional nozzle configuration, wherein oxidizer flows from an
annular injector into the gap between the two fuel disks and then out through
a nozzle situated below a central port in the lower disk, is very similar to the
end-burning hybrids tested by Haag et al. and Rice et al. except for the specific
injection method. Both designs are end-burning configurations wherein the normal
direction of the regressing fuel surfaces is oriented parallel to the thrust axis.

Caravella et al. tested a laboratory-scale device that had a fuel disk diameter
of approximately 6 in. and operated at chamber pressures of 118–238 psia. Their
test apparatus precluded measurement of the motor thrust; however, combustion
efficiencies calculated using standard methods ranged from 83 to 95% [58]. Regres-
sion rates were measured across the top and bottom fuel disks at various radial
and circumferential stations using a digital caliper. The hydrogen peroxide was
decomposed in a catalyst bed and flowed into the chamber through a central port
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in the upper fuel disk, then impinged on the lower fuel disk. Tests were conducted
to determine the effects of initial fuel port and grain geometry, mass flux, and
chamber pressure. The initial spacing between the disks ranged from 0.2 to 0.4 in.,
and the oxidizer mass flux ranged from 23 to 67 kg/m2 · s. Test times were on the
order of 5–13 s. Chamber pressure oscillations were on the order of ±5% Pc. The
researchers noted that the radial regression rate profiles across the upper fuel disk
were more uniform than the corresponding lower disk profiles, presumably due
to stagnation point heat transfer near the edge of the impinging oxidizer jet. In
general, higher regression rates were measured for the lower disk. Additionally,
the researchers noted that regression rates showed a much weaker dependence on
radial location than would be expected from classical aGn behavior, which for
this geometry predicts a decrease in regression rate moving outward toward the
disk periphery due to the increase in flow area at larger radii. In fact, some of
the testing indicated increasing regression rates with respect to increasing radial
location. The authors also note that the average regression rates were significantly
larger by about a factor of three than those measured by Wernimont and Heister in
classical hybrids using the same fuel/oxidizer combination [67] at the same con-
ditions. (See Chapter 11 of this text for additional details.) According to Caravella
et al. [58], this behavior suggests that the flow in the channel is strongly influenced
by three-dimensional flow structures that arise due to the unique injection method.
The authors further note that Prata et al. [68] predicted streamline patterns in a
similar geometry and found a region of separated flow and associated recirculation
zone attached to the corner of the upper plate. Though the hybrid rocket situation
differs due to Reynolds number, fuel addition, and time-varying surface geometry
effects, this type of flow structure, along with the radial variation of heat trans-
fer associated with jet flow impinging on a surface, may be responsible for the
regression rate behavior noted in the radial flow hybrid. As already noted, several
other researchers, such as Carmicino and Sorge [44], have encountered unusual
regression rate behavior in the presence of recirculation zones and entrance effects.

The authors did not find any significant regression rate dependence on the initial
disk spacing, and their attempt to investigate pressure effects by isolating the effect
of chamber pressure from mass flux proved inconclusive [58].

Caravella et al. fit the average regression rate data to the average total mass flux
for both the upper and lower disks using a correlation of the form r = aGn, where
a = 0.092 and n = 0.57 for the lower disk and a = 0.10 and n = 0.70 for the upper
disk. For a G value of 0.1 lbm/in.2 · s, representing the approximate upper limit of
the mass flux range tested, these correlations predict that the lower disk regressed
about 25% faster than the upper disk, whereas at the lower end of the mass flux
range represented by 0.04 lbm/in.2 · s, the lower disk regressed about 40% faster.
These significant differences are presumably due to the unusual oxidizer injection
technique and the attendant flow structure that prevails between the fuel disks.

5. Axial-Injection End-Burning Hybrids

Nagata et al. introduced two types of end-burning hybrids that employed axial
oxidizer injection [59, 60, 69]. In the so-called “dry-towel” configuration, the
oxidizer is injected through a cluster of thin fuel tubes. The oxidizer passes through
the tube cluster without burning, exits the downstream end of the tubes, then
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participates in diffusion-flame combustion on the downstream face of the fuel
tube cluster. The fuel tube cluster end burns and regresses from the downstream
toward the upstream face. As with other types of end-burning hybrids, the dry-
towel configuration has the advantage of nearly constant burning surface area and,
therefore, fixed mixture ratio.

Nagata et al. initially tested the combustion characteristics of a single polyethy-
lene tube, either 2-mm i.d. and 4-mm o.d. or 0.5-mm i.d. and 3.1-mm o.d., burning
with GOX over a range of GOX velocities from about 8 to 80 m/s and a range of
ambient pressures [59]. Regression rates ranged from about 0.5 to 10 mm/s, a very
high value for hybrids. Interestingly, the GOX velocity through the tube (in meters
per second, not to be confused with the mass flux) had little effect on the regression
rate, although in some cases the regression rates appeared to decrease slightly with
increasing velocity, possibly due to increasing the flame standoff distance from
the end of the tube. However, the regression rates showed a strong dependence on
ambient pressure and increased significantly at elevated pressures. Nagata et al.
later tested alternate hydrocarbon fuels [60] and developed solid-propellant like
regression rate correlations of the form r = apn. Interestingly, the regression rates
showed no significant dependence on GOX flow rate for these cases. As noted by
Nagata et al., these results imply that the diffusion flame forms immediately above
the fuel surface, as in a heterogeneous solid propellant such as AP/HPTB.

Nagata et al. also identified a range of oxygen flow velocities over which the
dry-towel configuration would burn on the downstream face of the tube. The high
end of this range was bound by what Nagata et al. call the “upper critical velocity”
and corresponds to the blowoff limit. Beyond this velocity, the diffusion flame is
not established. Below the corresponding lower critical velocity, the flame flows
back upstream into the fuel tube and burns like a classical hybrid. The value of these
critical oxygen velocities depend on the ambient pressure, with higher pressures
allowing for both higher upper and lower critical velocities (see Fig. 5 of [60]). As
noted by Nagata et al., the upper critical velocity is probably also highly dependent
on the tube geometry and whether a single or cluster of tubes is used. Furthermore,
at higher pressures, they suggest that it may be possible to prevent flashback into
the fuel tubes by reducing the port diameters so that they are smaller than the
thickness of the diffusion flame, which become thinner as pressure increases [60].
Although this configuration displayed high regression rates during the single-tube
tests presented by Nagata et al. [59, 60], it is not yet clear how the concept can be
scaled to large clusters for practical thrust ranges.

Note that the desired operating range of the Nagata et al. dry-towel fuel grain,
that is, burning on the rearward face rather than in the port itself, may be related
to the classical hybrid motor phenomena of flooding, discussed at the beginning
of this chapter. Flooding corresponds to a situation wherein the oxidizer flux is
high enough to prevent burning in the fuel port, or is increased to the point where
the flame is extinguished, presumably due to finite reaction rates that can not keep
pace with fluid dynamic mixing rates at very high flux levels or to the development
of very oxidizer-rich conditions in the fuel port. For the Nagata et al. dry-towel
concept, it appears that the oxidizer flow along the fuel tubes must be high enough
to prevent burning within the fuel ports.

Nagata et al. also developed a second type of axial flow end-burning hybrid
that consisted of a series of stacked, cylindrical blocks confined in a motor case
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with a small space between each block [69]. Each block had several fuel ports to
allow for combustion gas to pass into the next block in the downstream direction,
although the fuel ports of consecutive blocks were deliberately not aligned. In
this configuration, the fuel regresses on both the block faces and in the fuel ports.
Nagata et al. tested PMMA fuel with GOX and found that the fuel faces regressed
about twice as fast as the ports and that combustion efficiency was about 90%. They
also state that this particular type of hybrid may provide for short L/D motors.
However, it appears from the descriptions given by Nagata et al. [69] that this
configuration may be subject to large fuel slivers and open volumes that reduce
the overall volumetric efficiency of the fuel grain.

B. Motors with High Regression Rate Solid Fuels

Here we review approaches to enhancing regression rate via unique fuel
formulations, including cryogenic solid fuels, paraffin fuels, and metal additives.

1. Cryogenic Solid Fuels

During the early 1990s, several research groups began investigating the regres-
sion rate and combustion characteristics of hybrid motors that employed cryogenic
solid fuels such as solid ethylene and solid methane. The initial motivation for
these studies was to develop a method to stabilize and combust high-energy den-
sity matter (HEDM), such as solid hydrogen (not to be confused with metallic
hydrogen) at 4 K seeded with 8% atomic hydrogen [70]. At the U.S. Air Force
Phillips Laboratory (now U.S. Air Force Research Laboratory) Carrick and Lar-
son developed a laboratory demonstration burner for testing solid ethylene and
solid pentane with GOX to demonstrate the feasibility of this approach. As dis-
cussed by Carrick and Larson [70], they examined several methods to prepare
solid-cryogenic-fuel tubes using liquid nitrogen as a refrigerant. Hot-fire testing
demonstrated that solid pentane and solid ethylene regressed about 3 and 10 times
faster than PMMA, respectively, all other conditions being equal. Later, DeRose
et al. [71], working in the same laboratory, experimented with eight additional cryo-
genic solid hydrocarbons, including quadracyclane, RP-1, acetone, and isopropyl
alcohol. The regression rates for the cryogenic fuels investigated ranged from 2 to
10 times faster than HTPB operating at the same conditions [71]. Though thrust
was not measured directly, the specific impulse efficiency was estimated at about
92–94% for the solid pentane experiments after correcting for heat loss to the
chamber surfaces. The authors did not provide a comprehensive theory or expla-
nation for the relatively high regression rates, but indicated that the energy required
to gasify a unit mass of fuel is much smaller for cryogenic solids than conventional
solid fuels by about a factor of 10–20. Based on this, Carrick and Larson estimated
a thermodynamic blowing parameter of about 85 for ethylene [70].

By assuming a liquid–vapor equilibrium at the vaporizing fuel surface, Carrick
and Larson estimated the fuel surface temperature using the Clausius–Clapeyron
equation and calculated, for example, that the fuel surface temperature for ethylene
in their experiments was about 114–117 K, depending on oxidizer mass flux, and
corresponding values of pentane were about 202–206 K. Based on the significant
differences in regression rates (inferred from chamber pressure measurements) at



“ch02” — 2007/3/20 — page 109 — #73

REVIEW OF SOLID-FUEL REGRESSION 109

these deduced fuel temperatures, they concluded that the cryogenic fuel regression
rates were very sensitive to surface temperature [70].

Motivated to achieve fast regression rates in combination with high specific
impulse propellants, as well as the by the HEDM objective noted earlier, Rice et al.
[72], St. Clair et al. [73], and Gramer and Rice [74] conducted similar research at
Orbital Technologies Corporation (ORBITEC), but on different fuels in a larger
motor. They noted an additional benefit of cryogenic solid fuels in that they tend to
have higher mass density than their liquid counterparts, for example, solid CO has
a density about 20% larger than liquid CO and solid methane is about 15% more
dense than liquid methane [72]. The ORBITEC group conducted several projects
into the early 2000s and tested a large number of cryogenic solid fuels. With
use of a reverse hybrid configuration, solid oxygen (SOX) was also investigated
in combination with gaseous hydrogen for a high-energy upper-stage/in-space
propulsion application [73]. Figure 26a shows the conceptual approach for their
cryogenic solid hybrid test engines and Fig. 26b a photograph of the experimental
apparatus that was used during the 1990s and early 2000s. The combustion chamber
was encased in a vacuum chamber to reduce heat transfer from the environment. A
refrigerant [liquid helium (LHe) or liquid nitrogen (LN2)] filled the cooling jacket
surrounding the combustion chamber. The fuel gas (or oxygen gas), admitted to
the combustion chamber at a pressure below its triple-point pressure, sublimated
on the cold inner wall of the chamber, forming a tube of solid fuel. During firing
operations, the gaseous component of the propellant combination was injected at
the head end of the grain and the igniter torch activated. Because the fuel grains
could not be physically examined or weighed before and after testing, an alternate
method was employed to determine regression rates. A camera was used to make
visual observations of the fuel grain during the freezing process to estimate the
initial fuel port diameter. The flow rate of the gaseous fuel entering the chamber
during the freezing process was also measured and integrated to determine the
fuel grain weight, and the burn time was determined from engine pressure traces
to yield the regression rate.

Early feasibility and engine checkout testing was conducted with cryogenically
frozen paraffin wax and kerosene using LN2 refrigerant in a prototype version of
the chamber shown in Fig. 26 [74]. A portion of this testing focused on how the
regression rate of paraffin fuel was affected by the type of aluminum loaded into
the grain (powder, foam, wool, and platelets) and the amount of aluminum loading
with a selected type of aluminum (powder). Loadings of up to 40% by weight were
successfully ignited and burned.

A significant amount of testing was then conducted using solid methane and
aluminized solid methane burning with GOX. In addition to the effects of GOX
flux, the dependency of the regression rate on fuel grain size, oxidizer injector
geometry, and initial fuel grain temperature (by freezing with LHe vs freezing
with LN2) was investigated. Aluminized solid methane was formulated by loading
tubes of aluminum wool or foam into the combustion chamber, then freezing the
methane from the vapor state into the aluminum matrix. Hot-fire testing demon-
strated very high regression rates on the order of 10–20 times faster than HTPB
under similar conditions. Empirical correlations indicated a power on Go of about
0.8. In addition, the authors stated that lower initial grain temperature (where freez-
ing with LHe rather than LN2 produced methane at 10 K instead of 80 K) caused
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Fig. 26 ORBITEC’s cryogenic solid hybrid a) conceptual schematic and b) hybrid
motor hardware in vacuum chamber.

reductions in regression rates, as did higher percentages of aluminum in the fuel
grain [74]. Both of these conditions imply that the cryogenic fuels with higher
effective heats of vaporization regressed more slowly. Freezing temperature and
aluminum loading were both suggested as a means of controlling mixture ratio.
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Combustion efficiencies of up to 95% were obtained with aluminum loadings of
15% by weight of the total grain [74].

A reverse hybrid configuration using SOX grains and gaseous hydrogen (GH2)
as the injectant was also tested to pave the way for formulating high-energy cryo-
genic oxidizer grains consisting of ozone embedded in a matrix of solid oxygen.
Though this type of oxidizer was never implemented, a significant amount of
testing was conducted with SOX/GH2. In general, solid methane burning with
GOX was found to exhibit more predictable and steadier burning behavior than
did SOX with GH2 [73].

Rice et al. later investigated the regression rate behavior of solid carbon
monoxide (SCO) burning with GOX for a Mars indigenous propellant production
application [72]. An analysis of the SCO regression rates indicated an empirical
mass flux power of 0.38, which, for circular port fuel grains, corresponds to a
progressive burn wherein the overall fuel production rate increases with burn time
[72]. This behavior was consistent with the measured chamber pressures, which
increased with time during the main stage portion of the test. However, it is not
clear what type of phenomena was responsible for this weak dependency on Go
and only a few tests were conducted during the program.

Most of the ORBITEC cryogenic solid hybrid tests were conducted at a rela-
tively low mass flux range of less than 20 kg/m2 · s. However, even at this level, the
methane testing indicated that regression rates of nearly 8 mm/s were achieved.
In addition, the testing demonstrated that the cryogenic fuels can operate at very
low mass flux regimes, where classical hydrocarbon fuels would most likely only
melt and soften, though the usefulness of this trait is not immediately evident.
The range of applications of this technology would appear to be most suited to in-
space propulsion systems because the solid grain and the liquid component must be
maintained in a manner similar to that of cryogenic liquid bi-propellants. It is also
important to recognize that, although the cryogenic solid hybrid concept appears
to offer the high performance of liquid bipropellant engines (depending on the
specific propellant choice) with the safety and operational advantages of classical
hybrids, these desirable traits must be balanced against the potential complications
of cryogenic solid storage. In addition, it is not readily apparent how to scale the
grain formation process to larger sizes.

2. Paraffin Solid Fuels

The cryogenic solid fuel investigations discussed above did not present a model
or theory to explain the governing physics underlying the fast regression rates of
these cryogens. However, Karabeyoglu later developed his regression rate theory
for liquefying solid fuels to explain the cryogenic solid-fuel behavior and the
behavior of some paraffin fuels. For completeness, we briefly review this theory
next. For additional details, the interested reader is referred to the Karabeyoglu
et al. thorough treatment of this subject [5–7, 75].

According to Karabeyoglu et al. the very high regression rates of cryogenic
solid fuels and SOX cannot be explained simply by their characteristically low
heats of vaporization [5]. Recall that in the Marxman et al. classical regression
rate expression [9] the heat of vaporization appears in the blowing parameter
B raised to a power 0.32 [see Eq. (13b)]. Thus, reducing the effective heat of
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vaporization would only cause a modest increase in the regression rate (30–50%)
over conventional systems rather than the observed increases of 300–400% or
more. An alternative mechanism must, therefore, be responsible for the very high
regression rates observed during cryogenic solid-propellant firings.

In addition to the classical gasification process, Karabeyoglu postulated a mass
transfer mechanism involving the entrainment of liquid droplets from the sur-
face melt layer (Karabeyoglu et al. [5] and Karabeyoglu and Cantwell [6]). As
Karabeyoglu demonstrated, droplet formation is due to liquid-layer instabilities,
which result from the high-velocity gas flow in the port. Figure 27 shows a
schematic of the entrainment model. Because of the complex nature of the prob-
lem, the modeling was performed in three stages. Initially, the requirements for
the formation of a melt layer on the fuel grain were investigated. In the second
stage, the linear stability of a thin melt layer under the strong shear of a gas flow
was considered. Later, the linear stability results were linked to the entrainment
of liquid droplets with use of some experimental results and some semi-empirical
relations developed in the nuclear engineering and film cooling literature. In the
final stage, Karabeyoglu extended classical theory to the case of liquid-droplet
entrainment. Karabeyoglu showed that the formation of the liquid-layer instabil-
ities and entrainment of liquid droplets required three major modifications in the
classical hybrid combustion theory:

1) The effective heat of gasification is reduced because the evaporation energy
required for the fuel mass transfer from the surface is partly avoided by the
mechanical entrainment of the liquid. The enthalpy difference between the flame
and the surface is also reduced because some of the reactants are now in the liquid
phase. Karabeyoglu estimated that the reduction in the effective heat of gasification
is more dominant than the change in the enthalpy difference.

2) The blocking factor St/Sto that modifies the convective heat flux to the
surface is also altered due to the presence of the two-phase flow. As a first approx-
imation, the effect of liquid droplets on the momentum and energy transfer can be
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Fig. 27 Karabeyoglu’s schematic of entrainment process in hybrid rocket
combustion.
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ignored. Under this assumption, the blocking factor can be expressed as a function
of an evaporation blowing parameter,

St/Sto = f (Bg) (72)

The evaporation blowing parameter Bg includes only the gas-phase mass trans-
fer from the fuel surface and not the liquid droplets. One can also assume that
evaporation of the droplets released from the liquid surface into the gas stream
does not take place beneath the flame sheet. This assumption is consistent with
the standard flame sheet approximation. Moreover, it is a reasonable approxima-
tion for typical hybrid operating conditions that are characterized by high blowing
rates and, thus, low residence time of droplets between the liquid surface and the
diffusion flame.

3) The ripples formed on the liquid-layer surface increase the surface roughness
and the heat transfer from the flame front to the surface, similar to Lee’s helical
grooves [55]. Karabeyoglu predicted this effect had a smaller influence on the total
regression rate compared to the first two factors.

In general, the total regression rate of a hybrid motor can then be written as a
sum of the evaporation regression rate that is generated by the vaporization of the
liquid into the gas stream (or first thermal decomposition and later volatilization
into the gas stream in the case of supercritical operation) and the entrainment
regression rate, which is related to the fuel mass mechanically extracted from the
liquid surface.

Karabeyoglu used his liquid-layer hybrid combustion theory to formulate var-
ious non-cryogenic paraffin-based fuels that have demonstrated burn rates several
times faster than HTPB at the same operating conditions. A specific formulation,
SP-1a, with the baseline paraffin wax FR 5560 (melting temperature of approxi-
mately 70◦C) was tested extensively with various oxidizers, that is, GOX, LOX,
and N2O, in several different facilities, using motors up to 6000 lbf of nominal
thrust [7]. The regression rates established from the motor test data for the paraffin-
based formulations confirmed the improvement factors of 2.5–3.5 as predicted by
the theory.

The liquid layer combustion theory was refined and expanded by Karabeyoglu
et al. [75] to include the case of supercritical conditions under which most of the
paraffin-based fuel systems operate. To test its accuracy, the enhanced model was
applied to predict the regression rates for the entire homologous series of normal
alkanes (a group of fully saturated, straight-chain hydrocarbons with the chemical
formula CnH2n+2). Each member of the series is identified by the carbon number
n, which ranges from 1 (methane) all of the way up to high-density PE (HDPE)
polymer with carbon numbers in the range of tens of thousands. A large fraction
of the fast-burning liquefying hybrid fuels tested to date are either pure normal
alkanes such as pentane or mixtures of n-alkanes such as paraffin waxes. HDPE
polymer is also commonly used as a hybrid fuel. In general, good agreement
between the theory and the test results over a wide range of carbon numbers was
found. The results of the liquid-layer theory show that, for most applications, the
paraffin waxes have the best properties as hybrid rocket fuels among the series of
n-alkanes due to their fast regression rates at relatively high melting temperatures.
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The theory can also be applied to the other candidate liquefying materials (or other
homologous series such as normal alcohols or normal acids) to establish their burn
rate capability.

3. Metal Additives

Effects of solid-fuel additives have already been discussed briefly in Sec. III.G.
Risha et al. investigated the effects of various metal powders on the regression rate
characteristics of HTPB-based solid fuels [48]. They conducted a large number
of tests in a laboratory-scale classical motor to examine the influence of 10 dif-
ferent solid-fuel formulations, including 3 types of nanoaluminum particles, both
coated (with a fluorine-containing material) and uncoated aluminum flakes, boron
particles, and boron carbide particles. Most of the fuel formulations consisted of
13% by weight metal additive and 87% by weight HTPB. As discussed by Risha
et al. [48], a few of the metal additives had a 6.5% by weight concentration. In
Chapter 10, these results are discussed in detail, and only the main results will be
presented here for completeness.

First, the different types of nanoaluminum powders produced significantly
different results depending on their respective active aluminum content. Not sur-
prisingly, the powder with the highest active aluminum content (84.8% by weight)
produced the largest increase in mass burning rate ρf r of 62% with respect to neat
HTPB. This formulation had an estimated C∗eff of 88–92%. The fuel formulation
containing boron and the fuel formulation containing the coated aluminum flakes
also provided significant mass burning rate increases of about 42%, but only slight
increases in linear regression rate. The uncoated aluminum flakes produced only
about one-half the mass burning rate enhancement as the coated flakes. The authors
attribute this to enhanced aluminum ignition and combustion caused by the fluo-
rine and fluorinated compounds produced from the dissociation of the aluminum
coating. These formulations had lower calculated C∗eff of about 75–83%.

The metallized fuel regression rates may have been influenced by a reduced
blocking effect due to the ejection of metal particulates, an increased blowing
parameter due to a reduction of the effective enthalpy of vaporization from that of
the binder (pure HTPB), and an increase in flame temperature due to metal burning,
and radiant heat flux from metal combustion products. These various influences
would need to be evaluated to obtain a more thorough understanding of the effects
of metal and nano-metal additives on solid-fuel regression rates. It should also be
noted that Evans et al. [76] have recently investigated fuel formulations consisting
of paraffin and nano aluminum. These tests produced very high solid fuel regression
rates up to 7 mm/s in a classical hybrid configuration.

Figure 28 shows a comparison of the regression rate vs Go trends of some
of the nonclassical concepts discussed earlier and Table 6 is a summary of the
correlations. Several correlations for conventional fuels of HTPB and HDPE in
classical motors are also shown for comparison. In general, the nonclassical con-
cepts show significantly higher regression rates at similar operating conditions,
which could provide future benefits for hybrid motor volumetric loading, design
flexibility, operation, and overall performance. However, in most cases, much addi-
tional testing and detailed analysis must be conducted to explore fully the potential
range of operating conditions before practical designs can be developed for specific
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Fig. 28 Empirical r = aGn
o correlations for selected classical and non-classical

hybrid motors and fuels.

Table 6 Summary of empirical r = aGn
o correlations for various nonclassical hybrids

System Solid fuel Motor type a n Ref.

1 Methane Classical 2.91 0.77 74
2 85% Methane+ 15% Al Classical 1.75 0.89 74
3 HTPB Swirl End-Burner 1.62 0.61 56
4 Solid CO Classical 0.72 0.38 72
5 HTPB Vortex 0.67 0.54 53
6 FR5560 Paraffin Classical 0.49 0.62 7
7 87% HTPB+ 13% nano Al Classical 0.24 0.76 48
8 87% FR5560 Paraffin+ 13% nano Al Classical 0.60 0.73 76
9 HTPB Classical 0.14 0.68 64

10 40% HTPB+ 60% Escorez Classical 0.16 0.56 41
11 HDPE Classical 0.13 0.50 77
12 “Fuel A” Vortex 3.51 0.59 —

applications. For example, it would be highly beneficial to test approaches such as
the swirl and vortex hybrids and paraffin fuels to higher mass fluxes to probe for
threshold levels where kinetic effects potentially become important, or flooding
limits are reached, to determine maximum regression rate levels compared to clas-
sical motors. In addition, any of the concepts employing swirl oxidizer injection
discussed in Secs. IV.A.1–IV.A.3 must adequately address the effects of swirl flow
on reducing the effective nozzle throat area, on thrust losses due to non-axial flow
out the nozzle exit, and on residual toque acting on the motor before practical
operation can be realized. High regression rate concepts that use single-port fuel
grains for improved volumetric efficiency will undergo large changes in fuel port
geometry over the course of the burn, so that regression rate correlations must cover
a broad range of operating conditions. Advanced hybrid fuels must be able to meet
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mechanical and thermal property requirements for given applications to ensure
adequate grain strength and integrity. In addition, the nonclassical motors and
fuels discussed here must also be able to produce high specific impulse efficiency
for their advantages to be fully realized.

V. Summary

The main purpose of this chapter has been to provide a review and compari-
son of some of the more significant models that have been developed to explain
various phenomena that can affect solid-fuel regression rates in hybrid motors so
that the rocket designer, industrial engineer, or academic researcher can further the
development of these promising propulsion systems. Toward this end, the inter-
ested reader is strongly encouraged to consult the sources referenced, as well as
additional hybrid rocket literature, as this chapter is by no means exhaustive and no
attempt has been made to capture all of the interesting subtleties of the particular
works.

We have reviewed a number of approaches to regression rate analysis in clas-
sical hybrids, including diffusion- or flux-limited theory, effects of radiation from
gas-phase combustion products and potential soot, effects of both gas-phase and
heterogeneous reaction kinetics, and effects of variable fluid and transport prop-
erties across the turbulent, chemically reacting boundary layer. The influence of
different oxidizer injector designs on classical hybrid regression rate behavior and
combustion instability was also briefly reviewed. Scaling analyses for classical
motors have been introduced and are discussed further by Gany in Chapter 12.

Several nonclassical hybrid configurations, including swirl-injected hybrids,
vortex hybrids, and various types of end-burning hybrids were described. In addi-
tion, high regression rate hybrid fuels, such as paraffins and cryogenic solid fuels
have been discussed. In Chapter 10, a more detailed discussion of hybrid rocket
fuels is presented.

With regard to classical hybrids, diffusion-limited regression rate theory has
in general been quite successful in explaining regression rate behavior, particu-
larly for more modern hydrocarbon fuels, such as HTPB and HTPB-based fules,
that typically have not shown much sensitivity to chemical kinetics. However,
the potential effects of radiation from soot and the effects of variable properties
across the boundary layer should be kept in mind when making detailed analyses
of empirical data, for developing regression rate correlations, and for advanced
theoretical treatments. Radiation from gas-phase reaction products such as CO2,
H2O, and CO do not appear to contribute significantly to the total heat flux incident
on the fuel surface, at least under practical operating conditions.

Future research on classical hybrid regression rate behavior would benefit
from 1) theoretical and semi-empirical investigations of the effects of radiation
for highly metallized fuels; 2) additional measurements and analysis of radiation
effects for nonmetallized fuels; 3) development of detailed chemical kinetic mod-
els to understand the dependence of the gas-phase reaction rates and potential
heterogeneous reaction rates on chamber pressure and fuel/oxidizer combina-
tion ratio to determine threshold operating conditions where kinetic processes
become rate limiting, or at least important; 4) additional analysis of the role of
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pyrolyzed-species molecular weight on the blowing effect to potentially under-
stand the differences in regression rate characteristics among various hydrocarbon
fuels; 5) further investigations to elucidate scaling, port geometry, and injector
effects; and 6) more investigations that combine detailed regression rate and com-
bustion property measurements with companion numerical simulations to obtain
a broader understanding of the complete injection/regression rate/combustion
process in hybrid motors.

The nonclassical hybrid configurations and alternate fuels discussed in this
chapter show potential for improving overall performance for a range of appli-
cations by providing either higher solid-fuel regression rates or greater design
flexibility than classical hybrids. However, except for the paraffin-based fuels and,
to a lesser extent, the vortex and swirl hybrids, most of these concepts have not been
thoroughly investigated or tested beyond the laboratory scale. Theoretical treat-
ments of these concepts have tended toward engineering-type analysis to explain
empirical data. The development and maturation of these motor configurations
would benefit from larger scale development and testing, numerical simulations,
and fundamental analytic approaches similar to those employed during the early
days of classical hybrid motor research.

As noted at the beginning of this chapter, hybrid rockets have not yet enjoyed
the widespread popularity of liquid bi-propellant engines or solid rocket motors.
However, it is clear that hybrids have been investigated by a large number of
excellent researchers, scientists, and engineers over the decades since the 1950s.
And, as evidenced by the historic flight to Space Ship One, hybrids have definitely
moved beyond the laboratory curiosity stage into the full-scale development arena.
While hybrid propulsion systems will continue to benefit from additional research,
the same can be said of almost all areas of chemical rocket propulsion. However,
it can no longer be said that one of the disadvantages of hybrid motors is a lack
of sufficient technology base. Hybrid rockets are a true contender for safe, high-
performance 21st century propulsion systems.

Appendix

The energy flux, species mass flux, and overall mass flux balances on the
gas/solid interface are shown in Fig. 4. The energy flux balance is used to calculate
the total heat flux to the solid-fuel surface and, for a surface fixed in space, can be
written as

ρf rΔHo
f + ·ρf r

∫ T

Ti

csdT · − · κg
∂T

∂y

∣∣∣∣+ + Qrad+

= ρg+
n∑
i

(
vg+ − D

Yi+
∂Yi+
∂z

)
Yi+ΔHo

f ,i · − · κf
∂T

∂z

∣∣∣∣−
+ ·ρg+

n∑
i

(
vg+ − D

Yi+
∂Yi+
∂z

)
Yi+

∫ T

Ti

cp,i dT + Qrad− (A1)

where the terms on the left side of the equation represent the various energy fluxes
entering the pyrolyzing surface and the terms on the right side represent the fluxes
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leaving the surface. The first two terms on the left side of Eq. (A1) represent the
chemical enthalpy and sensible enthalpy, respectively, being fed into the pyrolyzing
surface via the regression process. The third and fourth terms on the left side are
the convective and radiant heat fluxes driving the regression process. The first and
third terms on the right hand side of Eq. (A1) represent the chemical and sensible
enthalpy, respectively, leaving the surface due to bulk flow and diffusion of the
n pyrolyzed species. The second and fourth terms represent energy leaving the
surface due to subsurface conduction and radiation.

Equation (A1) can be rearranged to solve for the total energy flux reaching the
surface due to both convection and radiation,

−κg
∂T

∂z

∣∣∣∣+ + Qrad+ = −κf
∂T

∂z

∣∣∣∣− + Qrad− − ρf r

(
ΔHo

f +
∫ T

Tref

csdT

)

+ ρg+
n∑
i

(
vg+ − D

Yi+
∂Yi+
∂z

)
Yi+

(
ΔHo

f ,i +
∫ T

Tref

cp,i dT

)
(A2)

The first term on the left side of Eq. (A2) represents the heat flux due to convection
from the flame to the pyrolyzing surface, whereas the second term represents the
corresponding radiant heat flux. Because the x component of velocity becomes
zero at the fuel surface, the convective heat flux, which, in the boundary layer is
due to both bulk flow and diffusion, can be written in the gradient form shown in
Eq. (A2). Once the total heat flux is known, one can employ a model to estimate
the radiant heat flux to isolate and solve for the convective heat flux alone, as
described in Sec. III.C. An experimental Stanton number can then be found using
the convective heat flux and other quantities. It is first necessary to analyze the
individual terms on the right side of the equality in Eq. (A2) to make appropriate
substitutions and approximations for the unknown quantities.

The first term on the right side of Eq. (A2) is due to thermal energy leaving
the pyrolyzing surface via conduction into the subsurface region of the fuel due
to the solid fuel’s nonzero thermal conductivity. This term can be determined by
considering the energy equation for the solid phase with bulk motion and diffusion
only in the z (regression) direction,

κf
d2T

dz2 − ρf rcs
dT

dz
= 0 (A3)

with boundary conditions

z = 0 : T = Ts (A4)

z = −: T = To (A5)

where Ts is the fuel surface temperature, To the initial fuel temperature deep below
the pyrolyzing surface, and κf the thermal conductivity of the fuel. In Eq. (A3),
it was assumed that the thermal conductivity and specific heat are independent of
temperature. Also, the overall mass flux balance on the solid-fuel surface was used
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to replace ρv with ρf r. Assuming an exponential solution for temperature, such
as T = emz, yields the characteristic equation for Eq. (A3),

m2 − [(ρf cs/κf )r]m = 0 (A6)

which has solutions

m = 0

m = (ρf cs/κf )r (A7)

The general solution for T(z) is, therefore,

T(z) = C1 + C2 exp[(ρf cs/κf )rz] (A8)

Applying Eqs. (A4) and (A5) to Eq. (A8) yields the final expression for the
subsurface temperature profile,

T(z) = To + (Ts − To) exp[(ρf cs/κf )rz] (A9)

Equation (A9) indicates that the subsurface temperature profile varies exponen-
tially with respect to the depth coordinate z.

The first derivative of Eq. (A9) is

dT

dz
= (Ts − To)

ρf cs

κf
r · exp

(
ρf cs

κf
rz

)
(A10)

At the fuel surface, where z = 0, the temperature profile becomes

dT

dz

∣∣∣∣
o
= (Ts − To)

ρf cs

κf
r (A11)

Rearranging Eq. (A11) yields the heat flux leaving the fuel surface via subsurface
conduction,

κf
dT

dz

∣∣∣∣
o
= ρf csr(Ts − To) (A12)

which can readily be determined because both the regression rate and surface
temperature represent known quantities.

The second term on the right side of Eq. (A2) represents the heat flux leaving the
pyrolyzing surface because of thermal radiation absorbed beneath the fuel surface.
This term can typically be assumed negligibly small because most fuels are opaque
to thermal radiation or are manufactured with opacifying agents, such as 1% or so
carbon powder. Radiation reaching the surface should be absorbed on the surface
and not transmitted into the interior region of the fuel slabs.

The third term in Eq. (A2) represents the total enthalpy delivered to the fixed
pyrolyzing surface via the solid-fuel regression process. When an average specific
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heat for the solid fuel across the thin, in-depth thermal wave is assumed, the energy
flux of total enthalpy delivered to the surface by regression becomes

ρf r

(
ΔHo

f +
∫ T

Tref

csdT

)
= ρf r[ΔHo

f + cs(Ts − Tref)] (A13)

where Tref is a reference temperature. The solid-fuel specific heat cs, densityρf , and
enthalpy of formation, ΔHo

f , are 1630 J/kg · K, 920 kg/m3, and −124.32 kJ/kg,
respectively, for HTPB.

The final term on the right side of Eq. (A2) represents the total enthalpy leaving
the surface due to bulk motion and diffusion of the pyrolyzed species. To determine
this term, the identities and mass fractions of the products of pyrolysis must be
known, for example, see Fig. 12 for HTPB pyrolysis data. Assuming that the
diffusion velocities are negligible compared to the bulk velocity above the surface
and again invoking the overall mass flux balance yields

ρg+
n∑
i

(
vg+ − D

Yi+
∂Yi+
∂z

)
Yi+

(
ΔHo

f ,i +
∫ Ts

T ref
cp,i dT

)

≈ ρf r
n∑
i

Yi+
[
ΔHo

f ,i +
∫ Ts

T ref
cp,i dT

]
(A14)

for the last term on the right side of Eq. (A2). A polynomial expression for the
species specific heats can be used in Eq. (A14) and integrated to obtain numerical
values for the total species enthalpy flux.

Equation (A2) can now be reorganized by substituting in Eqs. (A12–A14) and
ignoring in-depth radiation absorption,

Qtot = ρf csr(Ts − To)− ρf r[ΔHo
f ,HTPB + cs(Ts − Tref)]

+ ρf r
n∑
i

Yi+
[
ΔHo

f ,i +
∫ Ts

T ref
cp,i dT

]
(A15)

where the left side represents the total heat flux received by the fuel surface as
a consequence of both convective and radiant heat flux in the boundary layer. If
one assumes that To = Tref = 298 K, then the energy flux leaving the surface by
conduction into the solid phase cancels the sensible enthalpy flux delivered to the
surface by the regression process, and the following simplified form results:

Qtot = ρf r

[(
n∑
i

Yi+ΔHo
f ,i

)
−ΔHo

f ,HTPB

]
+ ρf r

n∑
i

Yi+
[∫ Ts

T ref
cp,i dT

]
(A16)

where the first term on the right side represents the heat of decomposition, or the
heat evolved in converting the solid-phase fuel to the gas-phase pyrolyzed species.
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A pyrolysis law can be used to relate the measured regression rate to the cor-
responding surface temperature to obtain Qtot from Eq. (A16). An Arrhenius-type
expression relates the two quantities,

r = A exp[−(Ea/RuTs)] (A17)

where Ru, the universal gas constant, equals 1.9872× 10−3 kcal/mole. If the
regression rate represents an experimentally measured quantity, Eq. (A17) can
be inverted to solve for the surface temperature for a given regression rate,

Ts = Ea/Ru ln(A/r) (A18)

Together, Eqs. (A16) and (A18) allow one to solve for the total surface heat flux,
knowing the regression rate, Arrhenius parameters, and thermophysical constants.
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Chapter 3

Solid-Fuel Pyrolysis Phenomena and Regression
Rate, Part 1: Mechanisms

Guy Lengellé∗
ONERA, Châtillon, France 92322

Nomenclature
A = preexponential factor
B = transfer coefficient
cf = friction coefficient
dp = thermal diffusivity of the material
E = activation energy
J = nondimensional activation energy
habl = heat of ablation
hD = heat of degradation
m = molar mass, g/mole
n = velocity profile exponent, Eq. (12)
ṙ = regression rate
T = temperature
Y = mass fraction
δ = boundary-layer thickness
δ∗ = boundary-layer displacement thickness
ε = gas/particles emissivity
θ = momentum thickness
λ = thermal conductivity
ρ = specific mass
ρu = specific mass flow rate

Subscript

c = condensed phase or center of channel for flow
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I. Introduction

IN the last 10 years, interest has grown again for hybrid propulsion for space
launchers, small satellites, and missiles, in which a gaseous oxidizer, initially

liquid, flows over a solid fuel and ablates it with the heat flux issuing from the
resulting gases, which react in the main flow with the oxidizer. There are also a
number of missile applications in which air is ingested in a ram rocket and burns
with the pyrolysis gases from a solid fuel lining the chamber walls.

Altman [1] and Calabro [2] present the history of hybrid propulsion, starting
in the 1940s with various liquid oxidizers (HNO3, H2O2, N2O4, etc.) and various
solid fuels (commercial polymers, amines). The work of ONERA, which, for
experimental sounding rockets, was conducted in the early 1970s, is described in
particular by Kuentzmann and Sternfeld [3].

Interest for hybrid propulsion results from the advantages it could offer for
1) reduced cost, 2) safety of utilization, 3) improved reliability, 4) improved perfor-
mances as compared to solid propulsion, 5) tailorability, and 6) reduced impact on
the environment.Arguments about these points may be found elsewhere [3–6]. The
American Rocket Corporation (AMROC), before it disappeared in 1995, devoted
its activity to hybrid propulsion [7], whereas NASA has coordinated a demonstra-
tion program that resulted in firings at the 100 ton (250,000 lbf) thrust level [8].

The present chapter aims to enhance understanding of the combined processes
of the fuel condensed-phase degradation and of its ablation, under the influence of
the diffusion-limited flame between the gaseous oxidizer and fuel pyrolysis gases.

The physical description of the diffusion flame and the resulting heat flux to
the surface of the material was established in the 1960s. An attempt is made to
use it for correlating results obtained on small laboratory motors, in particular at
ONERA (with the use of an ultrasonic technique for measuring the regression
rates), with a very wide range of stream parameter values (specific mass flow rate,
temperature, oxidizer content). The ablation rate results from the coupling with
the condensed-phase process, which is described by an approach proposed in the
early 1970s and which has been used successfully for a number of polymers as
well as various solid propellants. This approach extrapolates the results of bulk
degradation experiments to the regression regime for which temperatures higher
by about 300◦C are reached.

II. Condensed-Phase Behavior

Under the effect of an external heat flux, the solid fuel undergoes a sharp tem-
perature profile and, very close to the surface, decomposes into gases (Fig. 1).
The kinetics and energetics of thermal degradation can be investigated, under
much lower heating rates and under bulk degradation conditions, with various
thermal analysis techniques, such as thermogravimetry (TG) and differential scan-
ning calorimetry (DSC), and the gases produced can be sampled and analyzed.
In particular, these techniques have been applied to hydroxyl-terminated poly-
butadiene (HTPB), a fuel often considered for application to large hybrid motors,
polyethylene (PE), which can be considered as a reference material for laboratory
testing and also can be used for small motors with simple perforations, and gly-
cidyl azide polymer (GAP), a fuel which is of interest because of its potential for
high regression rates due to its exothermic decomposition.
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Fig. 1 Principle of the modeling of the condensed-phase behavior.

Much information has been acquired over the years (for fuels, as well as for
propellants [9–11]) on the validity of extrapolating the test results to the regres-
sion regime. Surface regression, so-called linear pyrolysis, experiments have been
performed by different authors by utilizing the various methods shown in Fig. 2.
From these experiments, measurements of the regression rate and of the surface
temperature Ts are obtained, as well as of the heat of ablation of the material, habl,
under conditions close to those of hybrid propulsion.

A. Pyrolysis Law of Fuels

The temperature profile within the condensed fuel is given by the relation, where
x > 0 is outward into the gas phase (Fig. 1),

(T − T0)/(Ts − T0) = exp(xṙ/dp) (1)

with dp = λp/ρpcp (thermal diffusivity of the material) always close to
1× 10−3 cm2/s. From this law, an estimation of the thickness of the conduc-
tion zone can be extracted (where the temperature T − T0 is 10−2 the value at the
surface)

econd = (dp/ṙ)ln102 (2)

For example, at ṙ = 1 mm/s, a thickness of 0.45 mm, with an associated residence
time of about 1

2 s, is attained.



“ch03” — 2007/3/20 — page 130 — #4

130 G. LENGELLÉ

Fig. 2 Various means for linear pyrolysis experiments.

The superficial degradation zone is described by the conservation of the
nondegraded material (for a first-order reaction)

ρpṙ
dYp

dx
= −ρpYpAc exp

(
− Ec

RT

)
(3)

The thickness of the degradation layer is ruled by the very fast drop in the degra-
dation rate. Conventionally the end of this degradation layer can be considered to
be reached when the temperature drop is such that

exp[−Jc/(1−ΔT/Ts)] = 10−2 exp(−Jc)

with Jc = Ec/RTs. This temperature drop is then

ΔT/Ts = 1/(1+ Jc/ln102)

A typical value (for Ts = 1000 K, Ec = 50 kcal/mole, and Jc ≈ 25) is ΔT ≈
150 K. This temperature drop inserted in Eq. (1) results in an estimate of the
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degradation zone thickness,

ereaction = −(dp/ṙ)ln[1−ΔT/(Ts − T0)] (4)

For the values already taken, ereaction ≈ 25 μm, a thickness through which the
initial material is transformed into gases, with an associated residence time of
25 ms, that is, a temperature rise rate of 6000 K/s. This should be compared to
bulk degradation conditions, such as in DSC, where the temperature rise rate is
more like 0.1 K/s.

The summimg of Eq. (3) through the degradation zone results in

ρpṙ(Yps − Yp0) = −
∫
ρpYpAc exp(−Ec/RT) dx

ṙ ≈ Ac exp(−Ec/RTs)ereaction

where from Eq. (4)

ereaction ≈ econdTs/Jc(Ts − T0)

Finally, with the details of the complete explicit calculation given by Lengellé [9],
the relation between regression rate and surface temperature, which expresses
that as the regression rate increases the surface temperature has to increase and
accelerate the degradation to allow for the complete pyrolysis of the material into
gases, is obtained,

ṙ2 = Ac exp(−Jc)(1/Jc)dpR2 (5)

with

R2 = 1/[−ln(Yps)(1− T0/Ts + hD/cpTs)− hD/cpTs]
It can be seen in Fig. 3 that this expression is a very good approximation of
a complete numerical calculation. In this approach, the mass fraction of the

Fig. 3 Profiles in the condensed phase: numerical calculation R2 = 0.17 and explicit
calculation R2 = 0.173.
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Fig. 4 Pyrolysis law for Teflon, a reference material.

remaining polymer, Yps, is set to 0.01, a sufficiently small quantity for the end
of the degradation. (The rate of a first-order reaction never goes to zero.)

This approach has been applied very successfully to Teflon as a reference mate-
rial (Fig. 4). It is seen that the extrapolated pyrolysis law fits the experimental results
under linear pyrolysis conditions. These experiments, run under either vacuum or
ambient air, show the same trend. This confirms the idea that the condensed-phase
degradation is a thermally induced (nonpressure influenced) irreversible process.

B. Results for PE

The degradation kinetics for PE, (C2H4)n, is reaction order n = 1, Ec =
60 kcal/mole, and Ac = 2× 1016 s−1, as obtained from TG measurements around
650 K (≈400◦C) and using the Coats and Redfern method.
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Fig. 5 Pyrolysis law for polyethylene: •, IR pyrometer measurement and —,
extrapolated law (Ec = 60 kcal/mole, Ac = 2× 1016 s−1).

The averaged physical and thermal characteristics used for PE are ρp =
0.95 g/cm3, cp = 0.3 cal/g · K, λp = 3.7× 10−4 cal/cm · s · K, and dp = 1.3×
10−3 cm2/s.

From these elements, the law relating the ablation rate ṙ to the surface temper-
ature can be obtained from Eq. (5). The result is indicated in Fig. 5 and compared
to the data of Blazowski et al. [12]. [The regression was obtained by exposing the
sample to the heat flux issuing from the flame between the material degradation
gases and an impinging oxygen jet (Fig. 2).] When it is considered that surface
temperature measurements are very imprecise [here with an infrared (IR) pyro-
meter] and that the kinetics is extrapolated from 650 K (for the TG measurements)
to about 950 K (linear pyrolysis measurements), the agreement is thought to be
very good. The extrapolated law will be the one used later for the evaluation of the
ablation of PE.

The heat of ablation of PE can be obtained from experiments [13], in which
samples were exposed in the stagnation point in an arc-heated stream. The value
obtained is (for an estimated Ts ≈ 950 K)

habl = cp(Ts − T0)+ hD ≈ 850 cal/g (6)

resulting in a value of hD ≈ 650 cal/g, the heat of degradation of the material.

C. Results for HTPB

The characteristics of the degradation of HTPB [(C4H6)n cross linked by an
isocyanate agent] as measured from DSC experiments, at temperatures around
450◦C, are reaction order n = 1, EC = 48.6 kcal/mole, and Ac = 2.63× 1012 s−1.

The averaged physical and thermal characteristics used for HTPB are ρp =
0.92 g/cm3, cp = 0.39 cal/g ·K, λp = 3.6× 10−4 cal/cm · s ·K, and dp = 1.0×
10−3 cm2/s.
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The resulting law for ṙ vs Ts, as obtained from Eq. (5) and using degradation
kinetics, is shown in Fig. 6, where it is compared to results measured by IR pyrom-
etry in a hybrid (with gaseous oxygen) slab motor [14]. One measurement with IR
pyrometry is shown in a setup in which the regression of the material is obtained
by exposition to the heat flux of CO2 laser. Results obtained by Cohen et al. [15],
who used a similar technique, are shown with an estimation of the scatter as was
done by Lengellé et al. [11].Also shown are more recent results by Chiaverini [16].
In this work, the HTPB is set as slabs in a laboratory hybrid motor working with
gaseous oxygen. The surface temperature is measured from the profile obtained
by an imbedded small thermocouple (made with 25 μm wires). Examination of
the profiles given by Chiaverini [16] seems to show (and this might be open to
argument) that only the profiles obtained at locations far downstream are “clean”
enough to produce a surface temperature measurement. (More precisely these are
the results at locations farther than 30 cm in Table 5.8 of [16].)

The agreement is quite interesting when it is known that the kinetics is
extrapolated from ≈700 K for DSC to ≈1100 K for linear pyrolysis, with a corre-
sponding vast increase in degradation rate of 0.35× 106. Again this tends to show
that the pyrolysis of the material is conditioned by the initial thermal degradation
of the bonds of the polymer.

The heat of ablation of HTPB was obtained [15] by relating the mass ablated to
the radiation heat flux received by the sample. For a regression rate of 0.4 mm/s
(and, from Fig. 6, Ts ≈ 1060 K),

habl = cp(Ts − To)+ hD = 750 cal/g (7)

Fig. 6 Surface temperature for HTPB: ←→, measurements by Cohen and �,
measurements by Chiaverini.
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was obtained and, thus,

hD = 450 cal/g

It was stated by Lengellé et al. [11] that this value is compatible with the production
of mostly C4H6 as pyrolysis gas. (This conclusion is also found elsewhere [16–
18].) Gas analysis at low temperature reveals a complex set of gases (≈45% in
mass butadiene, ethylene, propene, etc.) resulting from the degradation of HTPB.
If one evaluates the difference in heats of formation between the initial material
and butadiene the following is found:

Δh = h0(C4H6)− h0(HTPB) = 496 cal/g− 5 cal/g ≈ 490 cal/g

sufficiently close to the measured heat of degradation. At high heating rates,
butadiene is probably the major degradation gas.

D. Results for GAP

GAP is a particular material because it has an exothermic heat of degradation
due to its N3 group,

−[−CH2−CH(CH2N3)−O−]n−
Its heat of ablation is then particularly low, as will be seen. Although it has the
characteristics of a polymer fuel, for example, the combustion of 50% in mass GAP
with 50% gaseous O2 will reach 3675 K, a value very close to what is obtained with
HTPB, it can undergo self-sustaining combustion under an inert gas pressure, with
a burning rate rb = 0.13p0.55 (in centimeters per second and p in bar), reaching
1 cm/s at 40 bars. Frankel et al. [19] is an interesting source of information on
GAP.

Once cross linked, the overall elemental composition of GAP is

C3.3H5.6O1.1N2.6

The decomposition of GAP under DSC conditions (at about 250◦C, which is 200◦C
lower than for HTPB or any other inert polymers) has been carried out resulting
in a reaction order n = 1, Ec = 43 kcal/mole, and Ac = 7.5× 1015 s−1.

The averaged physicothermal characteristics of GAP thought to be represen-
tative are ρp = 1.28 g/cm3, cp = 0.45 cal/g · K, λp = 5.8× 10−4 cal/cm · s · K,
and dp ≈ 1.0× 10−3 cm2/s.

As were the preceding materials, the degradation kinetics was extrapolated to
the regression regime (here obtained under self-burning), according to Eq. (5)
(Also taken into account is an earlier measurement of the degradation kinetics.)
The results are shown in Fig. 7, where they are compared to measurements at
ONERA and by Kubota and Sonobe [20], obtained by inserting thermocouples
of a few micrometers. (To follow the sharp temperature rise, the thermal wave
thickness is about 90 μm at rb = 0.5 cm/s.)

Again, in view of the difficulty in measuring the surface temperature (where,
in particular, the abundant carbon residue produced on the surface perturbs the
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Fig. 7 Surface temperature of GAP.

thermocouple reading) and taking into consideration the long extrapolation from
≈520 K for DSC experiments to≈770 K for regression conditions, the agreement
is considered to be reasonable.

From the thermocouple profiles in the regressing GAP samples, by using the
energy balance at the surface, an estimation can be obtained of the heat evolved
near the surface by the degradation into gases of GAP [21]. The result obtained is

hD = −150 cal/g

which is exothermic, as already mentioned. The heat of ablation is then, for example
at ṙ = 0.5 cm/s,

habl = cp(Ts − T0)+ hD = 70 cal/g (8)

an order of magnitude lower than for HTPB.

III. Ablation Rate

The ablation behavior of solid fuels has been investigated at ONERA, in par-
ticular, under small-scale conditions. In most of the experiments, an ultrasonic
technique [22] often used for solid-propellant motors was applied with success.
Results were, thus, obtained on a wide range of specific mass flow rates, of stream
temperature, and of oxygen content. An engineering type of approach, taking into
account the diffusion-controlled flame between oxidizer gas and degradation gases,
will be shown to correlate the results obtained at ONERA as well as the literature
for PE and HTPB. Considerations about the ablation regime and a model for the
regression of GAP are then presented.

A. Laboratory Setups Used at ONERA

Over several years, for various purposes, and within different contexts, some-
times other than that of hybrid propulsion, that is, for the experimentation of
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Fig. 8 Setups with air injection: a) 2-D setup, air from resistance heater
(ρu ≤ 500 kg/m2 · s, P ≤ 1.5 MPa) and b) axisymmetric setup, air from chemical
heater (ρu ≤ 3000 kg/m2 · s, P ≤ 5 MPa).

solid-fuel ramjets, three setups were used (Figs 8 and 9). The first one is a
two-dimensional channel fed with air preheated up to 625 K through an electric
resistance heater. A small methane torch allows the ignition of the polymer slabs.
The firings last a few seconds, and the specific mass flow rates are at most around
500 kg/m2 · s. The ablation rate is obtained on this older device both through
visualization and primarily through dimensional control after firing.

Measurements were performed in the two-dimensional planar setup for the heat
flux received by the surface from the preheated air and compared to estimates based
on a thin boundary-layer approach. Results are given in Fig. 10. The measurements
were made with thin copper fluxmeters with imbedded thermocouples. The esti-
mates of the heat flux coefficient result from the following considerations. The thin
boundary-layer heat-transfer coefficient is

cho = 0.03/(Rex)
0.2

and the exchange coefficient is

ho = ρu|echocg
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Fig. 9 Small-scale hybrid motor: a) experimental application and b) schematic.

Fig. 10 Heat flux coefficient measurement.
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The specific mass flux outside of the boundary layers is obtained from the measured
mass flux after taking into account the displacement thicknesses on the walls (with
x taken as the distance from the beginning of the channel to half-way of the polymer
slab, x = 168 mm),

δ∗ = δ/(n+ 1); δ = 0.4x/(Rex)
0.2

where n = 7 from the classical turbulent profile correlation and the thickness lost
from the boundary layer is about 0.5 mm. The properties of air were evaluated at
an average temperature between the stream and surface with

μ = 4× 10−4(T/1000)0.7 g/cm · s;

cg = 0.28+ 30.7× 10−5(T − 1000) cal/g · K

The good agreement between the evaluation and measurements supports the idea
that the flow in the setup is best described with a boundary-layer approach.

The second setup in Fig. 8 is an axisymmetric channel, again fed with air. The
airstream is heated to high temperatures through the use of combustion between
added oxidizer/fuel flows, with extra oxygen fed to keep the mass fraction of
oxygen at 0.23.

The third setup is shown in Fig. 9, in this case with an H2O2 feed system. The
measurement of the local, instantaneous regression rate is obtained by an ultra-
sonic technique. In this technique, the emitting–receiving transducer, separated
from the ablating material by a coupling element, sends, 5000 times per second, a
mechanical wave that propagates through the material (at a velocity in the vicinity
of 2000 m/s), reflects on the surface, and comes back. An instantaneous material
thickness is, thus, obtained (limited to about 50 mm, due to the strong damping
of the mechanical wave) once the propagation velocity is known. The propaga-
tion velocity is somewhat modified by pressure (requiring a calibration) and by
temperature,

cref/c = [1− kp(p− pref)][1+ kT (T − Tref)]

This technique and others will be described later.
As was seen earlier, the thermal penetration depth in the regressing material is

a few hundreds of micrometers and, thus, of no consequence when compared to
the total thickness.

B. Description of Ablation Behavior

The physical basis for describing the ablation behavior of polymer solid fuels
was established in the 1960s, most notably by Marxman [23] and Marxman and
Wooldridge [24], who contributed a long list of pioneering works. Also worth
mentioning is the, probably little known, work by Williams [25]. Figure 11, from



“ch03” — 2007/3/20 — page 140 — #14

140 G. LENGELLÉ

Fig. 11 Flow development in a hybrid motor; axial and radial scales not the same,
e.g., boundary layers merge roughly 50 port diameters downstream: - - -, qualitative
radial variation of properties indicated.

Williams [25], shows the main features of the hybrid system. The flow from the
oxidizer feeding system should transition rapidly to a fully turbulent configuration.
For illustration, let us assume a small-scale research motor,

L = 400 mm; Φint = 40 mm(≈1.6 in.)

ρu = 200 kg/m2 · s(≈0.3 lb/in.2 · s)

Under typical wall injection conditions, Marxman indicates transition to occur at
Rex ≈ 104, corresponding (for μ = 6× 10−4 g/cm · s, a representative value) to
x transition = 3 mm. The first part of the flow will correspond to thin boundary
layers as compared to the motor internal diameter; indeed, as seen before, the
displacement thickness is at midlength

δ∗ ≈ 0.4x/(n+ 1)(Rex)
0.2 = 0.7 mm

Williams indicates a length approximately 50 times the diameter for the boundary
layers to fill up the channel to obtain fully developed flow. In our example, this is
a length of 2 m.

From these considerations, it appears that small-scale devices can be best treated
by a boundary-layer approach with parameters evolving with x, the length covered
by the flow. This is indeed the approach adopted by Salita [26]. In large motors,
the dimensions should be such that fully developed flow can be reached.

Under the approximation of equal turbulent transport properties (Pr ≈ 1,
Le ≈ 1), the equations of conservation for momentum, chemical species, and
energy, with the boundary-layer approximation (and neglecting the effect of dp/dx,
the longitudinal pressure gradient), reveal the similarity between velocity, mass
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fractions, and temperature profiles,

∂(ρuu)

∂x
+ ∂(ρvu)

∂y
= ∂(μeff∂u/∂y)

∂y

∂(ρuαi)

∂x
+ ∂(ρvαi)

∂y
= ∂(μeff∂αi/∂y)

∂y
− ◦Ω

∂(ρuβ)

∂x
+ ∂(ρvβ)

∂y
= ∂(μeff∂β/∂y)

∂y
+ ◦Ω

with αi = Yi/(ni − n′i)mi, β = cgT/ΔQg, where cg is an average value for the
heat capacity. These relations hold for an overall chemical reaction,

niAi → n′iAi;
◦
Ωi = (ni − n′i)mi

◦
Ω

ΔQg =
∑

h◦i (ni − n′i)mi

in calories per mole, is the heat evolved in the reaction, positive if exothermic,
◦
Ω is

the overall rate of reaction in moles per cubic centimeters per second. A combined
variable,

α = αox + β
obeys the same equation as the u component of the velocity and, thus,

α = βs + (u/ue)(βe − βs + αox,e)

with the assumption that the oxidizer is consumed in the diffusion flame and does
not reach the surface. (It seems that the approximation of an infinitely thin flame
does not have to be made.)

The ablation of the solid fuel is due to the heat flux from the gas phase,

ρpṙhabl = λ∂T

∂y

∣∣∣∣
s
=
(
λ

cg

)
ΔQg∂β

∂y

= μ
(
∂u

∂y

)∣∣∣∣
s

(
1

ue

)[
cg(Te − Ts)+ Yox,e

ΔQg

noxmox

]

resulting in

ρpṙ = (1/2)cf ρeueB (9)

with τs = (1/2)cf ρeu2
e and where

B = [cg(Te − Ts)+ Yox,eΔQg/noxmox]/habl (10)

These relations were developed long ago by Marxman. However, it is worth
underlining the approximations that are used to establish them.
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Fig. 12 Blocking effect; τp = (1/2Cf · ρu2) and B = ṁp/(1/2Cf · ρu): —, cor-
relation law.

In the relation for the ablation rate, the friction coefficient is taken from correla-
tion laws for turbulent boundary-layer flows, modified to account for the blocking
effect of the injected surface flow. From work on the erosive burning of solid
propellants [27, 28], a number of numerical computations of flows with surface
injection were performed and the results were correlated with the relation

cf /cfo = {1+ 0.5[1− exp(−0.05B)]}ln(1+ B)/B (11)

shown in Fig. 12, which can be seen to recover the standard formula for low
values of B. The numerical computations that lead to Eq. (11) take into account
measurements on flows with injection [27].

C. Development of Shearing Flow

In the case of a small-scale motor with L/Φint around 10, the growing boundary-
layer approach yields interesting relationships that reveal the essential features of
hybrid motor operation. As was already shown, because of the similarity of the
momentum, chemical species, and energy equations (under the assumption that
the oxidizer from the core flow is consumed in the diffusion flame with the fuel
pyrolysis gases), an explicit law results for the regression rate: This is Eq. (9).

When the length of the motor increases (L/Φint larger than 10), the boundary
layers thicken and end up merging. At this point, the pure oxidizer core disappears.
The treatment as a boundary layer with an external known state does not apply any
longer.

An integral method that allows the treatment of both regions of the flow (with a
lack of complication in tune with designing methods in which the flow computation
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needs to be repeated many times) has been developed and used. The starting point
is the assumption of a velocity profile

u( y)/uc = η1/n (12)

In zone 1, before merging of the boundary layers, and zone 2 beyond,

η = y/δ

η = y/R

At y = δ u = uc all of the way to the axis for zone 1, and for zone 2 at y = R u = uc,
with uc the velocity at the axis.

Recall now a few results from turbulent inert incompressible flows. It is known
from developed turbulent pipe flow that

τs = ρū20.04(ReD)
−1/4

ReD = ρūD/μ

where ū is the mean velocity in the section of the pipe, with ū/uc ≈ 0.8 (for n = 7
in the velocity profile). Then

τs = 0.0225ρu2
c(ReR)

−1/4 (13)

ReR = ρucR/μ

is obtained. As shown in a textbook approach (such as Schlichting’s) this
relationship can be applied to a surface boundary layer

τs = 0.0225ρu2∞(ρu∞δ/μ)−1/4

with δ the boundary-layer thickness. In a standard boundary-layer approach, the
summed conservation equations through the thickness yield

τs

ρu2∞
= d(u∞θ)

dx

with

δ∗u∞ =
∫
(u∞ − u) dy

with y from 0 to∞, displacement thickness,

θu2∞ =
∫

u(u∞ − u) dy

y from 0 to∞, momentum thickness, and

δ ∗ /δ = 1/(1+ n), θ/δ = n/(1+ n)(2+ n)
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This results in

δ = 0.37x/(Rex)
0.2

Rex = ρu∞x/μ

a relationship used earlier and

τs = 0.03ρu2∞/(Rex)
0.2 (14)

an alternate form of Eq. (13).
As applied to the problem of growing boundary layers in a circular perforation

with a core at oxygen concentration and temperature at entrance conditions in
zone 1, then of fully developed pipe flow in zone 2, the following approach is
used: From the integration of the conservation of mass and momentum through the
boundary layer, the differential equation for the momentum thickness in zone 1 is

dθ

dx
= τs

ρcu2
c
+ ρsvs

ρcuc
(15)

(plus terms related to the longitudinal evolution of uc and p, obtained from the
core flow treatment of the conservation equations)

θ/δ = (ρav/ρ)n/(2+ n)(1+ n)

where ρav is average specific mass. The exchange coefficient is from

cfo/2 = 0.0225(ρcucδ/μav)
−1/4 (16)

τs = ρcu
2
c(cf /cfo)cfo/2 (17)

From the cited work [27, 28] on the erosive burning of solid propellants, a number
of numerical computations of flows with surface injection were performed and the
results were correlated to express the reduction in exchange coefficient as Eq. (11).

In zone 2 after merging of the boundary layers, the conservation equations are
integrated over the radius of the pipe, the velocity profile of Eq. (12) is used, and
the temperature is linearly related to u (due to the similarity of the corresponding
conservation equations), as well as the species profiles. Differential equations result
for ū (or uc), Tav (or Tc), Yox,av (or Yox,c), etc.

The friction coefficient is given by Eqs. (16) and (11) with δ replaced by R in
zone 2, and finally, the fuel regression rate is from

ρpṙ = 1/2cf ρcucB

this relationship applying throughout the fuel perforation.
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D. Results from Simplified Approach

A first illustration of the results obtained from the simplified integral method
is given (in the case of the O2 HTPB system) in Fig. 13. After the entrance region
where the boundary layer is very thin and the flame close to the surface, the
regression rate flattens to around 1 mm/s for the parameter values indicated. Notice
that a rough radiation flux model with ε = 0.1 at T flame is used. (Some elements
will be presented later.) In Fig. 14, a computation is carried out much further to
the point where the oxidizer mass fraction goes down to zero. By the interruption
of the channel at about two-thirds of the maximum length, average values of
Yox,av ≈ 0.11 and Yfuel,av ≈ 0.04 are obtained, or a ratio of ≈3, a proper level
(for O2/HTPB) to enter the postcombustion chamber and combust to maximum
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Fig. 13 Evolution of values for a specific mass flow rate 300 kg/m2 · s Φint = 40 mm:
a) regression rate and b) average values.
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Fig. 14 Evolution of values for a specific mass flow rate 100 kg/m2 · s; Φint = 40 mm,
average values.

efficiency. Thus, it is not useful to extend the length to the point where all of the
oxidizer has disappeared.

The results of the simplified approach are compared to experimental results
from Strand et al. [14] and NASA contract report [29] or from work at ONERA in
Figs. 15 and 16. It is seen that the results for pure HTPB, which always produces
some soot or carbon residues, are represented by taking into account an emissivity

0.1

1

10

10 100 1000 10000

Vreg (mm/s)

Ev=0
Ev=0.1
General Dynamics 
Strand

ρuox (kg/m2s)

Fig. 15 Testing of the modeling of the solid fuel ablation; O2 on HTPB, L = 400 mm,
Φin = 40 mm, regression rate.
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Fig. 16 Regression rate enhancement, specific mass flow rate ρu|ox kg/m2 · s, N2O4
on HTPB: —, ε = 0.02 computation; �, ε = 0.1 computation; �, ε = 0.5 computation;
�, pure HTPB testing; and �, HTPB + 4% carbon black testing.

of 0.1. When adding 4% carbon black in the HTPB, the results are represented
with an emissivity of 0.5.

In Fig. 17, the effect of pressure, that is, no influence according to the model,
is seen. (On this graph, at a given initial diameter of 40 mm and for given initial
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Fig. 17 Influence of pressure.
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Fig. 18 Influence of injection temperature.

mass flow rates, the results are shown of computations following the evolution
for 5 s of regression rate, with ρuox changing slightly due to the opening of the
channel.) Notice that the experimental results of the NASA report [29] (Fig. 15)
were obtained for a range of pressures from 88 to 425 psi (6 to 30 bars), with no
visible impact. In Fig. 18, the effect of the initial temperature, reached in the weak
precombustion that takes place in the forward dome, is also found to be very slight.
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Fig. 19 Effect of scale.
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Fig. 20 Effect of distributed flame kinetics.

Finally, in Fig. 19, at a given specific mass flow rate ρuox, the effect of scale
is shown to be fairly strong. A similar result was found in the full Navier–Stokes
approach [18]. This effect is due to the change in shear-layer thickness, at a given
mass flow rate, as the scale of the setup considered varies.

In Fig. 20, through the use of a two-dimensional approach obtained by
parabolyzing the conservation equations [30], an option reveals the thickening
of the flame due to the effect of turbulent combustion (here by using a simpli-
fied eddy breakup model), whereas taking into account finite chemical kinetics
does not lead to any visible interpenetration of the reactants into each other. In
any case, the fluxes at the surface are not affected by either of these phenomena,
indicating that the simplifying option of a flame totally limited by the diffusion of
the oxidizer and fuel gas is quite sufficient. The transverse profiles for the mass

Fig. 21 Influence of parameters on the regression rate.
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Fig. 22 Regression rate for PE, including at high oxidizer fluxes.

fractions (x/L = 0.5) shown in Fig. 20 lead to two conclusions: 1) The heat flux
at the surface is not affected. 2) The transfer process is the limiting step.

In Fig. 21, tendencies that can be thought to be observed are indicated. At low
mass fluxes, an effect of pressure could be observed via the influence of radiation.
It was seen earlier that the effect of radiation, due essentially to the soot and carbon
residues produced by the pyrolysis of the solid fuel, is taken into account by using
an overall emissivity (which might depend on the nature of the fuel and is affected
by the, frequently used, introduction of carbon black). At high mass flow rates, the
diffusion of species toward each other becomes less limiting, and the kinetics of
the reaction might become in part limiting. This effect would result in an impact
of pressure on the ablation rate and a deviation from the (ρu)0.8

ox trend. Results in
Fig. 22 obtained at very high mass flow rates (in excess of 1000 kg/m2 · s) do not
corroborate that this effect takes place.

IV. Ablation of Various Solid Fuels

A. Application to Polyethylene

PE has been used frequently in laboratory motors to understand the mechanisms
of ablation. It can also be used in small motors. Its condensed-phase properties are
presented in another chapter. Measurements were carried out at ONERA on both
air-fed setups described earlier, as well as in the small hybrid motor. It was seen
that the relation for the ablation rate [Eq. (9)] is obtained with the approximation
of an overall reaction corresponding to full combustion; oxidizer and fuel do not
go through the (possibly not thin) flame. In the case of PE with air, this overall
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reaction is taken to be

C2H4 + 3O2 −→ 2H2O+ 2CO2 (18)

ΔQg = 316× 103 cal/mole of ethylene (or 11.3× 103 cal/g of ethylene).
The first set of experimental results comes from the ONERA two-dimensional

channel (Fig. 8) with air preheated at 625 K (Fig. 22) at different pressure levels.
The calculation results shown take into account the values of the various parameters
presented earlier. They also take into account the boundary-layer displacement
thickness midlength of the slab.

Mitsuno [31] has obtained results in an axisymmetric grain, L = 200 mm
and Φint = 40 mm, fed with solid-propellant gases, with oxygen added, under
conditions indicated in Fig. 22. The calculation agrees well with the experiments.

Results were also obtained on the ONERA axisymmetric setup (Fig. 8) for
which high mass flow rates are produced. In this setup, the displacement thickness
at x = 100 mm can be evaluated to be 0.2 mm, fully justifying a boundary-layer
approach with initial conditions in the core flow. The ablation rate is measured
with the ultrasonic transducers, producing a continuous curve ṙ/ρu as the channel
opens up (Fig. 22). Calculations take into account the high surface temperature,
≈1000 K, predicted by the pyrolysis law as show in Fig. 5. They fall within the
experimental results.

Results obtained with H2O2 as the oxidizer are shown in Fig. 23. The hydrogen
peroxide used is 85% H2O2, 15% H2O. Rusek [32] is an interesting source of
information on the oxidizer and on candidate catalysts. Hydrogen peroxide at
85% has a specific mass of 1.36 g/cm3. It has good propulsive properties, and
it is an inexpensive propellant that can be used as a monopropellant to realize
small impulses. The pure product is unstable and corrosive, but nontoxic. The
introduction of stabilizers makes its use very safe, but there is somewhat of a
risk of poisoning the catalytic bed, thus decreasing its decomposition efficiency.
The main decomposition catalyst is silver. Among the different usable metals,
aluminum is convenient for prolonged contacts; it can be used for tanks. Piping
can be in aluminum or polyvinyl chloride.

The characteristics of the solution of hydrogen peroxide at 85% are as follows:
specific mass (25◦C), 1.36 g/cm3; T fusion (◦C),−17.2 (255.8 K); T boiling (◦C),
137 (410 K); and heat of vaporization (kcal/mole H2O2), 16.08. The H2O2 at 85%
decomposes in the catalytic bed according to

3H2O2 + H2O→ 3H2O+ H2O+ 3/2O2

reaching 600◦C (≈870 K) due to a heat of reaction of 2.9 MJ/kg of H2O2. The
temperature at the exit of the catalytic bed is high enough to heat the PE to ignition.
In the diffusion flame between oxidizer gases and decomposition gases, the reaction
is stoichiometric according to

1/2C2H4 + 3/2O2 + 4H2O→ CO2 + H2O+ 4H2O

reaching about 2500 K and with a heat of reaction of 47.3 MJ/kg of C2H4 or
42.7 MJ/kg if equilibrium is reached, deviating somewhat from complete com-
bustion. The stoichiometric ratio for complete combustion is 8.57. In the actual
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Fig. 23 Ablation rate for polyethylene with H2O2.

motor, the dimensioning has to be carried out so that, for a given oxidizer mass flow
rate, the mass flow rate of combustible ablated from the inner surface of the grain
is in the right proportion. The evolution of the flame temperature with the mixture
ratio oxidizer/combustible is indicated in Fig. 23, where it is seen that the pressure
level has an almost invisible effect, indicating a low level of dissociation.

The approach was applied to the firings carried out at Purdue University with
H2O2 [33, 34].
Initial conditions (inputs for the code) are as follows: The loading geometry
is 1 port axisymmetrical, length of the canal, and L = 400 mm; internal radius
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Rint = 13.3 mm; the initial temperature Ti = 873 K; and the chamber pressure
Pc = 6.44× 105 Pa. The evolution of the regression rate with the total mass flow
rate is plotted. Calculations are undertaken in the case of incomplete and complete
combustion (Fig. 23). Note that numerical and experimental results are very close,
validating the code for the parameters of this study. Also note that these results
for H2O2 (which in fact give O2 after decomposition) are totally compatible with
those of Fig. 22.Actually the curve of Fig. 23 is almost superimposed on the results
of Mitsuno [31]. Also in Fig. 22 is a result from the setup of Fig. 9.

It is seen that there is a good agreement between the evaluation from the simpli-
fied approach and the results obtained under a wide range of pressure and specific
mass flow rates. Pressure has no visible effect, whereas the specific mass flow rate
is the controlling factor, as expressed by the diffusion-limited-flame mechanism.

B. Application to HTPB

As mentioned earlier, HTPB is a likely candidate for hybrid motors for
space launchers. The overall reaction of gaseous products of HTPB with oxygen is
taken as

C4H6 + 11/2O2 −→ 3H2O+ 4CO2 (19)

The flame is assumed to be limited by diffusion; oxygen and gaseous fuel consume
each other instantaneously. It has been assumed that the reaction corresponds
to the stoichiometric proportions C4H6 + 11/2O2, giving potentially complete
combustion to CO2 and H2O. However, due to the high temperature reached in the
flame (up to 3500 K), these gases can dissociate and the heat evolved is computed
for the resulting equilibrium. For example, at 50 atm

ΔQg = 367× 103 cal/mole of C4H6 = 6.8× 103 cal/g

(as compared to 576× 103 cal/mole for the production of CO2, H2O without
equilibrium, a ratio of 0.64).

A number of experiments have been carried out to better determine the mecha-
nism of hybrid combustion of HTPB. Results are shown in Fig. 15 for O2 on HTPB
and in Fig. 16 from the ONERA experimental setup shown in Fig. 9, equipped with
ultrasonic transducers, which in some instances used N2O4 as oxidizer. As already
stated, in this setup, two types of HTPB were used, regular material and material
with a few percent of additive, carbon black, which has been found to increase the
radiation flux.

More recent measurements obtained at Pennsylvania State University [35], on
a two-dimensional slab motor are considered (Figs 24 and 25). The geometry
was symmetric, plane two-dimensional setup, L ≈ 585 mm and h ≈ 12.8 mm,
with the system fuel/oxidizer HTPB/O2, and initial operating conditions at
Re = 3.5× 106. An interesting feature of these experiments are the regression
rate measurements vs time at a given location, with the ultrasonic technique or
with x-ray radiography (which are seen to agree very well). Both this evolution
and the regression rate (averaged over the firing sequence) along the length are
compared against the integral method model. Also shown in Fig. 24 is a field of
temperatures as obtained with the parabolyzed approach already mentioned. (This
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Fig. 24 Experiments at Pennsylvania State University: a) setup and b) regression
rate model: —, emissivity 0.2 and +, emissivity 0.1.
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Fig. 25 Local regression rate model compared to experimental results.
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approach generated Fig. 20.) The development of the flame reaching about 3500 K
can be seen in Fig. 24. Reasonable agreement with the simplified model is found
for an emissivity of 0.2. The fairly complete modelization by Venkateswaran and
Merkle [18] leads to the conclusion that for this small device the radiation flux
can be up to 30% of the total heat flux for oxidizer flux up to about 150 kg/m2 · s.
The problem is that the radiation comes from soot particles and carbon residues
from the pyrolysis of the sold fuel and is hard to model. Large boosters, however,
are likely to operate at oxidizer fluxes around 1000 kg/m2 · s where the radiative
contribution has less impact (see Fig. 15).

At low specific mass flowrates, the measured results can be explained by the
influence of radiation from the combustion gases. When the convective induced
ablation rate is ≈1 mm/s at ρu = 300 kg/m2 · s, the radiative component is very
small. At ρu = 30 kg/m2 · s, the convective ablation rate ≈0.2 mm/s, and the
radiative component becomes more visible.

C. Considerations and Model for Ablation Mechanism of GAP

1. Introductory Considerations

⎛
⎜⎜⎜⎜⎜⎜⎝

H|
—– C|

H

H|
—– C —– O —–|
H− C− H
|
N3

⎞
⎟⎟⎟⎟⎟⎟⎠

n

n = 20

The other considered fuel is GAP.As already stated, some information about the
origins of this polymer may be found in by Frankel et al. [19]. Results on the beha-
vior under pyrolysis or combustion were presented earlier. Because of the N3 group,
it has an exothermic decomposition of −150 cal/g. The heat of ablation is about
70 cal/g, from cp(Ts − T0) evaluated at about 220 cal/g (for a surface temperature
of about 780 K, for example, at 0.5 cm/s). This should be compared to the high
endothermic heat of ablation of HTPB. Ablation gases resulting from this degra-
dation, although weakly oxidizer containing, are able to sustain a premixed flame
probably reaching 1350 K. GAP will then possess an autonomous burning rate,

ṙ = 0.13P0.55

(with the ṙ in centimeters per second for P in bars) such that at 40 bars it reaches
about 1 cm/s. At the end of this premixed flame, the mole fractions of the gases
indicated in Table 1 (according to equilibrium computations) are obtained [20].
These still combustible gases can participate in a final flame, after diffusion toward
the oxidizing gases from the main flow.

The various mechanisms involved in inducing the regression of condensed
materials are presented in Fig. 26. Here the regression mechanism is

Φexternal = ρpṙ [cp(Ts − T0)+ hD]︸ ︷︷ ︸
∼250 cal/g
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Table 1 Gases at the end of the
premixed flame

Gas Xi

N2 19
C(s) 30
CO 14
CO2 0.35
CH4 3.7
H2 31.5
H2O 1.6

where a negative hD is exothermic. A solid propellant regresses under the influence
of its own flame, which is sensitive to pressure. When a strong mass flow rate
sweeps the surface, turbulence enters into the flame zone (a few tens of micro-
meters) and enhances the exchange with the surface and, thus, the regression rate
(the propellant burning rate), resulting in erosive burning [27, 28]. In the case of a
pure fuel such as HTPB, the degradation is endothermic and the heat of ablation
is around 700–800 cal/g. The heat flux comes from the diffusion flame between
pyrolysis gases and oxidizing gas, as described earlier. GAP has an exothermic heat
of degradation and, therefore, a low heat of ablation. Its flame is fairly weak, raising
the temperature from 800 K at the surface to a rough estimate of 1350 K at the end
of combustion, but nevertheless keeps the material regressing at≈10 mm/s. When
GAP is exposed to an oxidizing flow, two modes of regression could operate: a
hybrid mode in which the weak flame is swept away and canceled by the flow and
the heat flux comes entirely from the diffusion flame, or a complex mode in which
the flux received by the surface is from the autonomous flame as well as from the
diffusion flame with the oxidizing stream.

Fig. 26 Mechanisms of regression of condensed materials.



“ch03” — 2007/3/20 — page 157 — #31

SOLID-FUEL PYROLYSIS PHENOMENA PART 1: MECHANISMS 157

0.1
0 10 20 30 40 50 60 70 80 90

1

10

100

100
% GAP 

Vreg (mm/s)

General Dynamics

Computation Ev=0.1

Computation Ev=0.3

Computationl Ev=0.5

Specific mass – flow rate ρ u|ox= 160 kg / m2 s in O2, p = 30 bar 

Fig. 27 Burning rate of GAP in an oxidizer flow.

In the case of the hybrid mode, the description of Eq. (9) can be applied. One has
to evaluate ΔQg, the heat evolved in the combustion of the gaseous decomposition
products of GAP with oxygen. The equivalent heat from the solid material is
obtained from the reaction

C3.3H5.6O1.1N2.6 + (3.3+ 5.6/4− 1.1/2)O2 −→
(5.6/2)H2O+ 3.3CO2 + (2.6/2)N2

ΔQg (from solid) = 500× 103 cal/mole of GAP

(taking into account the heat of formation of GAP of +280 cal/g). With the heat
of degradation of solid GAP into gases being −150 cal/g (exothermic),

ΔQg (from gaseous products of GAP) = 485× 103 cal/mole

(4.85× 103 cal/g of gaseous GAP)

Compared to HTPB for ρu = 160 kg/m2 · s (to compare to the results of Fig. 27
[29]) the results for GAP (with Te = 1000 K) are in Table 2.

Table 2 HTPB and GAP comparison

Fuel Ts, K habl, cal/g B ṙ, mm/s

HTPB 1100 745 4.3 0.7
GAP 725 45 83 1.9
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Although the ablation parameter B is much larger than for HTPB, it is seen that the
increase in ablation rate is moderate. This is due to the regulation mechanism of the
blocking effect: When the injection rate at the surface increases, consequently, it
tends to reduce the heat flux. [This is expressed by the term ln(1+ B) in Eq. (11)].
It is also found that the regression rate resulting from pure hybrid behavior falls
very short of the measured rate in Fig. 27. Thus, it appears that when GAP is used
as a hybrid fuel it behaves mostly like a solid propellant with its self-burning and
essential sensitivily to pressure, with an added effect of the final diffusion flame.
The modeling of the regression of GAP when exposed in a hybrid flow amounts to
the superimposition of the heat flux from its premixed flame and the heat flux from
the main flame (such as that taken into account for pure combustible materials).

2. Model for Ablation of GAP

The combustion mode of GAP can be divided in three zones (Fig. 28):
1) Zone 1, zone of nonreactive heat conduction, T0 = 293 K.
2) Zone 2, zone of condensed-phase reaction zone, Ts ≈ 700 K.
3) Zone 3, zone of gaseous-phase reaction where the combustion products are

formed, Tg = 1365 K (at 50 bar).
Observe that the combustion of GAP produces a large amount of carbon

residues. This will be taken into account when evaluating the radiation component
to the heat flux.

 Superficial 
 degradation
 zone

Primary flame zone

Model
premixed
flame

Secondary flame
(hybrid)

Model
diffusion
flame

TF = 3750KTf  = 1365KTS = 750K

Inert zone

Combustion gases :
CO2, H2O, CO, H2, N2, …

Fig. 28 Combustion mechanism of GAP; abundant carbon residue should enhance
the emissivity.
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As shown, preliminary computations show that a combined regime occurs for
GAP. The aim of the present approach is twofold: a model of the diffusion flame,
as already demonstrated, and a model of an autonomous flame (Fig. 28). The
autonomous flame of the GAP is modeled similarly to that of homogeneous pro-
pellants, following Williams [36]. This approach takes into account a reaction rate
following an Arrhenius law exp(−Eg/RT), with a high activation energy. Thus,
there is an induction zone where the reaction rate is low and a thin-flame zone.

Two cases are considered: GAP at 100% and mixture at 70% GAP/30%
HTPB. This second composition is interesting because such a composition, while
maintaining high regression rates, will extinguish when the oxidizer flow is
interrupted [29]. This can be interesting for operations with start-and-go pulses.

The conservation of energy in the flow expressed in a frame tied to the surface
regressing at ṙ, with x > 0 in the gaseous phase, is

ṁcg
dT

dx
= λg

d2T

dx2 + Qg

(
P

T

)m

B exp

(−Eg

RT

)
(20)

The last term is the energy released by the reaction, Qg > 0 in calories per gram.
The terms cg and λg are the specific heat capacity and the conductivity of the gases
(estimated at an average temperature). The specific mass flow rate of the gases ṁ
in grams per square centimeter per second, due to mass conservation, is constant
and equal to ṁ = ρpṙ. The exponent m is the order of the reaction.

In the nonreactive zone, the temperature evolution results from the balance,

ṁcg
dT

dx
= λg

d2T

dx2 (21)

with the limiting conditions

T = Ts; x = 0 (22)

λg
dT

dx

∣∣∣∣
x=0
= ṁQc = ṁ

(
cgTs − cpT0 − Qs

)
(23)

The heat flux from the flame to the surface maintains the heat rise from T0 to Ts,
the heat evolved from the decomposition being taken into account.

The temperature profile from Eq. (21) is

T = Ts + (Qc/cg)
[
exp(ṁxcg/λg)− 1

]
(24)

This solution satisfies the boundary conditions. The temperature at the end of the
flame Tf is reached at a height xf (flame standoff distance) given by Eq. (24) with
T = Tf ,

xf = (λg/cgṁ)ln
[
1+ cg

(
Tf − Ts

)
/Qc

]
(25)

The overall conservation of energy between initial material and end of flame at
Tf can be added to relation (25),

ṁ
(
cgTf − Qg

) = ṁ
(
cpT0 + Qs

)
(26)
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This relation can also be written as

Qc + cg
(
Tf − Ts

) = Qg (27)

When relations (27) and (25) are combined,

xf = (λg/cgṁ)ln
(
Qg/Qc

)
(28)

is obtained. The flame height has been obtained with a simplified assumption of a
thin flame. This is applicable for a high activation energy. In this case, the order
of magnitude of the flame thickness with ξg = Eg/RTf is given by

ereaction ∝ (λg/cg
◦
m)
[
ξg(Qg/cgTf )

]−1 (29)

When ξg 
 1, then ereaction ∝ xf /ξg. The reaction zone is much smaller than the
flame height.

In this zone of active chemical reactions, the temperature is close to the flame
temperature Tf [36], [

(Tf − T)/Tf
] ∝ (1/ξg)� 1 (30)

It can be stated that for activation energies high enough (≈40 kcal/mole) the
approximation of a thin flame is sufficient. For GAP, 1/ξg is equal to 0.07, and the
estimation of xf is considered to be adequate. The flame having been characterized
by Eq. (28), the heat flux to the surface of the solid fuel can now be evaluated.

Conservation equation (20) can be written in terms of the heat flux q =
λg(dT/dx) as

ṁ
cg

λg
q = d

dx
(q)+ Qg

( p

T

)m
B exp

(−Eg

RT

)
(31)

This equation can be written as

d

dx

[
q exp

(−ṁcgx

λg

)]
= −Qg

( p

T

)m
B exp

(−Eg

RT

)
exp

(−ṁcgx

λg

)
(32)

When this equation is summed from surface to the end of flame (where downstream
of the flame the flux, under conditions of autonomous combustion, is q→ 0)

q(0) =
∫ ∞

0
Qg

( p

T

)m
B exp

(−Eg

RT

)
exp

(−ṁcgx

λg

)
dx (33)

is obtained. This relation shows that the heat flux to the surface results from the
heat evolved in the flame zone.

If the approximation ξg 
 1 is used, which amounts to taking Eq. (29) into
account, a simplified expression is obtained,

q(0) ≈ Qg

( p

T

)m
B exp

(−Eg

RTf

)
exp

(−ṁcgxf

λg

)
λg

cgṁ

[
ξg

Qg

cgTf

]−1

(34)
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The heat flux maintains the mass flux,

q(0) = λg
dT

dx

∣∣∣∣
0
= ṁQc ≡ ρpvc

[
cgTs − cpT0 − Qs

]
(35)

After Eq. (28) is taken into account for the flame height, the flux q(0) is written as

q(0) ≈ (p/Tf
)m/2 exp

(−ξg
2

)
Qc
[
Bλg(Tf /ξgQg)

]1/2 (36)

The mass flux from the material surface, or the burning rate, is then

◦
m = ρpṙ = q(0)/Qc (37)

The decomposition of GAP produces a large amount of carbon residues, which
has to be taken into account by adding a radiation component

◦
m = ρpṙ = [q(0)+ ϕray]/Qc (38)

3. Application to 100% GAP Case

This is to be adjusted to the experimental burning rate,

ṙ = 0.13P0.55 (39)

An expression for the heat flux is obtained with respect to the known parameters,

q(0) = Pp0.13P0.55 (40)

The gas heat capacity cg is taken as equal to that of nitrogen as a representative
average gas between the temperatures T = 500 K and T = 1500 K. The value of
the heat flux q(0) is evaluated along the length of the canals at each step dx because
Ts and Qc vary with the local regression rate.

4. Application to 70% GAP/30% HTPB Composition Case

The mixing of the two components does not allow the regression rate as influ-
enced by pressure to be known. First, the activation energy of the gas-phase reaction
is needed, which has a strong impact in Eq. (36). The measured sensitivity of the
pure GAP burning rate to the initial temperature can be used for this determination,

σp = ∂lnṁ

∂T0

∣∣∣∣
P

(41)

where σp characterizes the influence of T0 on Tf and the burning rate is under the
influence of the flame temperature. For pure GAP, σp = 0.01 K−1 [20].

With ṁ from Eqs. (36) and (37) and with the experimental value of σp, the
activation energy in the gas-phase reaction Eg is obtained from

σp = ∂lnṁ

∂T0
= 1

ṁ

∂ṁ

∂T0
= 1

ṁ

∂ṁ

∂Tf

∂Tf

∂T0
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When the overall energy balance is taken into account,

h0
i + cpT0 = h0

f + cgTf ;
∂Tf

∂T0
= cp

cg

σp = 1
2 cp/cg

{
Eg/RT2

f

}
and finally

Eg =
{

2σ pcgRT2
f /cp

}
(42)

Thus, the activation energy is obtained from known parameters. For cp =
0.45 cal/g · K and cg= 0.28 cal/g ·K, the likely value Eg= 45× 103 cal/mole ·K,
is found.

The burning rate of the GAP/HTPB mixture under the influence of pressure
can now be computed as compared to that of pure GAP,

ṁ%

ṁPAG
= exp

{
Eg

2R

(
1

Tf
∣∣
PAG

− 1

Tf
∣∣
%

)}{
Qg
∣∣
PAG

Qg
∣∣
%

}1/2

(43)

In this expression, the heat of reaction in the gas phase depends on the flame and
surface temperatures,

Qg = cg(Tf − Ts)+ Qc

5. Comparison of Results [29]

In the NASA contract report [29], measurements were carried out under hybrid
combustion conditions, with O2/GAP or GAP/HTPB mixtures, with the following
characteristics: Lc = 0.4 m, P0 = 30 bars, and Dcc = 4 cm. The effect of the final
flame between pyrolysis gases and oxidizer gas is computed following the method
established for pure fuel materials.

It is assumed that only hydrogen and methane are reacting in the diffusion flame.

100%GAP 44.97H2 + 5.25CH4 + 32.98O2 −→ 5.25CO2 + 55.47H2O

(44)

70%GAP 31.5H2 + 3.7CH4 + 0.3C4H6 + 24.8O2 → 4.9CO2 + 39.8H2O
(45)

The reaction between GAP and oxygen creates a heat of reaction of Qr =
2.14 MJ/mole (510,000 cal/mole) or 21.6 MJ/kg (GAP) (5200 cal/g of GAP).

The General Dynamics measurements [29] were carried out twice around
160 kg/m2 · s: It is then possible to evaluate a bar of dispersion as indicated
on Fig. 27. The results of the modelization are compared in Fig. 27 to the measure-
ments [29] (The results [29] for pure HTPB are also in Fig. 15.) Although most of
the regression comes from the conduction flux (and within that to a large extent
from the autonomous flame of the GAP, which creates a regression rate of about
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8.5 mm/s), when an emissivity of 0.5 is taken into account ( justified by the large
amount of carbon material ejected from the combustion of GAP) the match to the
measurement is quite good. Also indicated in Fig. 27 are the results for the mix-
ture of 70% GAP and 30% HTPB, which responds to the (weakened) autonomous
flame and to the final flame with the oxidizer gases. (The less abundant carbon pro-
duction is reflected by the emissivity of 0.3 required to reproduce the experiment.)
In practical application, if extinction of the propulsion by closing the flow of the
oxidizer is requested, without doubt pure GAP cannot be used because it would
probably maintain its autonomous burning. It is stated in the final report [29] that
mixtures below 70% GAP are self-extinguishing, an interesting feature to keep
in mind.

V. Conclusion

The aim of this work is to understand the process of ablation of fuels for hybrid
propulsion applications. This process involves the condensed phase and the heat
flux from the reacting flow. The condensed-phase process is a thermal degrada-
tion (nonpressure sensitive), which can be described from the knowledge of the
degradation kinetics as obtained by DSC or TGA (thermo-gravimetric analysis).
This approach is applied to PE, HTPB, and GAP. Values for the heat of ablation
of these three materials are given, about 800 cal/g for the two inert polymers and
about 70 cal/g for the active polymer GAP.

The heat flux from the diffusion flame is described from simple concepts. It is
shown to represent adequately the results for PE and HTPB on small laboratory
or demonstration motors (at ONERA, with the use of an ultrasonic technique for
measuring the regression rate, or in the literature [29, 35]). The measured ablation
rates of GAP are much too high to be accounted for by a pure hybrid mode.
Although exposed to external mass flow rates, GAP keeps its flame, which allows
for high regression rates, ≈15 mm/s as compared to ≈1 mm/s for PE and HTPB.
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Chapter 4

Solid-Fuel Pyrolysis Phenomena and Regression
Rate, Part 2: Measurement Techniques
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Nomenclature
A = Plasma capacitance gauge area, m2

Ap = instantaneous grain port cross-sectional area, Eq. (4), cm2

a = classical regression law constant, Eq. (1)
b = curve-fit exponent
C = mechanical wave velocity, m/s
C = general constant, Eq. (6)
dP/dt = pressure gradient, MPa/s
G0 = oxidizer mass flux, Eq. (1), kg/cm2 · s
I(θ) = x-ray intensity arriving at the input screen of the image intensifier

at an angle of θ , R/s
I0 = initial x-ray intensity, R/s
k = wave number
kP = wave velocity variation coefficient with respect to pressure,

MPa−1

kT =wave velocity variation coefficient with respect to temperature, K−1
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L(θ) = interaction length of x ray and material, m
�0 = initial thickness, m
m = linear attenuation coefficient of photoelectric absorption, m−1

m0 = oxidizer mass flow rate, Eq. (3), kg/s
n = classical regression law exponent, Eq. (1)
P = pressure, MPa
Rf = cumulative web regression at time tf , Eq. (8), cm
Rp = initial grain port radius at t = 0, Eq. (4), cm
Rt = cumulative web regression at time t, Eq. (2), cm
r = instantaneous surface regression rate, Eq. (1), cm/s
rb, Rb = burning rate, mm/s
T = temperature, K
t = time, Eq. (6), s
tf = elapsed time between first and last data point, s
ΔC = capacitance change
ε = permittivity or dielectric constant
λ = wavelength, m
σP = initial temperature sensitivity of the burning rate at constant

pressure, K−1

τ = propagation time, μs

Subscripts

φ = phase shift, deg
b = burning
c = cutoff
G = grain
P = pressure
ref = reference conditions
T = temperature
0 = initial conditions

I. Introduction

AN accurate determination of the quasi-steady state and transient burning rate
of solid propellants (which will be mentioned several times because they

have been the object of more applications than solid fuels), solid fuels, and other
materials is required for validating the design of any propulsion device.

For hybrid propulsion, the solid-fuel regression rate is of course an important
parameter for performance prediction. Early studies on hybrid rocket motor regres-
sion characteristics generally employed average values of the regression rate based
on measuring the fuel geometry or mass before and after motor firing. These data
were utilized in developing correlations that contain the mass flux raised to an
empirical power. Even though such correlations fit reasonably well to the experi-
mental data for a particular motor configuration, one difficulty lies in whether such
regression rate correlations can be scaled to other motor sizes. Additionally, this
approach requires a relatively large number of tests to be performed under varying
conditions to develop the regression correlation. It also does not allow transient
phenomenon and anomalies to be characterized.
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A more accurate description of the dependence of the solid-fuel regression
rate on the fuel duct mass flux can be obtained using the instantaneous values of
the regression rate and mass flux. Having the capability to continuously measure
instantaneous surface regression increases data reliability and substantially reduces
the required number of developmental tests. As such, a large body of research
has been dedicated to developing regression instrumentation. Resistance-based,
ultrasonic pulse–echo, x-ray radiography, and other methods have been used.

The steady-state regression rate is always determined from the time variation of
the material thickness, for a period of time, which should be as short as possible,
depending on the spatial resolution of the method. An error of less than 1% on
the regression rate data is the challenge for measurement methods. This chapter
describes a set of novel techniques in terms of their principles of operation, exam-
ples of applications, results, and merits. One can also refer to Zarko and Kuo [1]
for a general review of a portion of these measurement methods.

II. Ultrasound Measurement Method

A. Principle of Method

The principle of this method is well known: It is similar to the sonar technique.
An ultrasound transducer emits a mechanical wave that travels through the tested
materials (Fig. 1). The wave reflects on the regressing surface and comes back
to the transducer. Thus, this measurement technique is named the pulse–echo

Fig. 1 Principle of ultrasonic measurement.
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method. The ultrasound transducer is rarely mounted in direct contact with the
tested material. A coupling material is inserted between the transducer and the
material, corresponding to a delay line that allows a measurement up to zero
thickness and isolates the transducer from the severe conditions of temperature
and pressure inside the motor.

The coupling material is made of a hardening resin acoustically adapted, cast
into a hole drilled through the steel cases of the setups or, for the carbon or Kevlar
cases, bound on their external surfaces. The measurement of the return propagation
time of the mechanical wave is related to the material thickness via the mechanical
wave velocities. If the wave velocity C were constant, the thickness of the sample,
W , would be straightly proportional to the transit time τ = 2W/C. Unfortunately,
the wave velocity varies according to the temperature (initial value and thermal
profile), the stress field due to the internal pressure, and the geometries. The method
of analysis allows the establishment of a relationship that takes into account all of
the physical parameters that have an effect on the propagation time variation [2, 3],

Cref/C = [1+ kT (T − Tref)] [1− kP(P − Pref)]

The overview presented here is extracted from ONERA publications, where the
details of the analyses can be found. Generally speaking, the effect of the temper-
ature and pressure will be stronger under unsteady conditions, which means with
pressure and incident heat flux variations. One finds two types of behaviors, which
can be defined depending on the regression rate level. The boundary stands roughly
around 1 mm/s of regression rate. First, above this value (the case for almost all of
the solid propellants), the thermal profile does not have any significant influence on
the burned thickness and the burning rate, but the pressure effect must be included
into the analysis of the measurement [3–5]. Second, for slower regression rates,
although the pressure effect always has an influence, the main parameter becomes
the thermal profile variation. The ultrasound echo position will be modified by the
heat quantity accumulated into the material. When the temperature rises, the wave
velocity decreases, yielding a propagation time increase. Examples will show that
the heat flux can have as pronounced an effect as, but opposite to, that of the
degradation itself.

B. Solid Propellant Combustion

This section deals with solid-propellant combustion to illustrate the benefit of
the method. Remember that glycidyl azide polymer (GAP) is a fuel of interest for
hybrid applications. It behaves much like a solid propellant. The ultrasound tech-
nique widely used in France, at ONERA and at Société Nationale des Poudres et
Explosifs (SNPE), the French-solid propellant manufacturer, aims at determining
the quasi-steady-state burning rate law [5,6]. To establish the classical burning rate
law as a function of the pressure rb = aPn, a very simple setup is used with an
end-burning grain and an ablative nozzle with which the pressure varies during
the test while measuring the propagation time. In this way, the number of tests is
reduced. An example of the result obtained from seven tests (Fig. 2) shows that
the scattering of the measurement is around ±0.3 mm/s for this high burning rate
solid propellant. One has to adapt the coupling material to the solid-propellant
acoustic impedance to minimize interface echos, to determine the sensitivity of
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Fig. 2 Quasi-steady-state regression rate measurement.

the wave velocity of the materials, and to take into account these parameters with
a data processing code. Once known by the user, this method is more precise and
competitive than more commonly used techniques.

A solid-propellant rocket motor can be subject to a large variation of tempera-
ture: hot desert, sea level, or high-altitude during the flight. Thus, the temperature
sensitivity of the burning rate, σP, is an important parameter the missile designer
and the propellant manufacturer have to know to predict the performances. The
ultrasound method allows such a measurement (from −50 to 80◦C), but many
difficulties have had to be overcome before acquiring precise data. With respect
to the coupling material matching, there is no unique solution for every different
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Fig. 3 Sensitivity of burning rate to initial temperature (aluminized ammonium
perchlorate propellant).

temperature. Mechanical properties, bonding qualities, and dilatation coefficients
have a pronounced effect on the measurement for cold as well as hot tempera-
tures [5]. Firing tests in a thermally regulated closed bomb of a small volume,
pressurized by the combustion gases themselves, can determine the burning rate
over a very large pressure range. The smaller the bomb internal volume is, the
thinner the sample becomes and the higher the dP/dt level becomes. This leads to
a larger scattering, mainly due to the electronic device. The evolution obtained in
these experimental conditions should be considered as a first draft and be confirmed
using a larger volume bomb (and smaller dP/dt level).

The influence of the initial temperature on the burning rate is represented by the
curves in Fig. 3 for a metallized composite propellant. In Fig. 3, the temperature
sensitivity coefficient is shown, deduced from these three smoothed evolution
curves, which in turn is compared to the results of a classical standard rocket motor
test method. The σP level is the same, but the determination range is improved and
much larger: One can see a slope variation for the pressure level that corresponds
to an increase of the pressure exponent (13–14 MPa).

C. Energetic Materials Degradation: Ablation

Year after year, the application field of the ultrasound measurement method
has been spreading into new domains such as the study of the degradation of vari-
ous energetic materials: hydroxyl-terminated polybutadiene (HTPB), polyethylene
(PE), polymethylmethacrylate (PMMA, Plexiglas�) and polytetrafluoroethylene
(PTFE, Teflon�), or internal thermal insulators. The degradation rate is usually
slow, and the heat fluxes are not constant: The tracking of the ultrasound echos’
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displacement and the analysis of the measurement become more difficult compared
to the solid-propellant burning rate determination.

1. Hybrid Propulsion

In hybrid propulsion, the oxidizer is initially liquid, such as liquid oxygen
(LOX) for launch vehicle systems, or is brought by the air, for ramjet missiles.
The control of the degradation process of the fuels is mainly related to the heat
flux coming into the material; this heat flux results from the chemical reactions
between the pyrolysis gases and the oxidizer. Many studies have been carried out
on this topic in France [7], in The Netherlands [8], and in the United States [9, 10]
using the ultrasound measurement method to characterize the behavior of HTPB
fuel.

One of the ONERA experimental setups is presented in Fig. 4. An ablation
chamber is mounted downstream of a diffuser in which is flowing the hot air from
a chemical heater (H2/O2). The results obtained from the ultrasound measure-
ments highlight the thermal phenomenon that modifies the conditions of the wave
propagation: The initial preheating phase turns into an apparent thickness variation
due to the slowing down of the wave velocity with the temperature (Fig. 5). During
the quasi steady combustion phase, the ablation rate is fairly well evaluated from
the time derivative function of the propagation time variation without calculating
in detail the thermal profile effect, but the accuracy will depend on the mean wave
velocity that one defines with respect to this initial deviation. The higher the heat
flux is, the smaller the initial deviation and the better the accuracy of the result will
be. The degradation of the fuels considered in hybrid propulsion does not produce
any char or residue on their surfaces, except in the case of GAP, which produces a
large amount of carbon residue. A few of them exhibit a change of “state” before
they are totally degraded: a semiliquid layer (PMMA and HTPB) or a semigel
(PTFE) covers the sample surface. In these cases, the ultrasound propagation can
be modified. The change of state leads to an acoustic impedance variation large
enough to reflect a part of the acoustic energy at the transition section. Thus, one
extra echo appears at this location combined with the external surface echo. Track-
ing these echoes variations can only be performed via the digital acquisition of the

Fig. 4 Ablation setup.
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Fig. 5 Ablation, ultrasound measurement with thermal effects.

ultrasound windows coupled with a postrun processing. This is also true for the
materials developing a char on their surface. The char will induce modifications
of the thermal exchange on the surface and, consequently, have an effect on the
wave propagation.

A set of results obtained with the ultrasonic technique is shown in Fig. 6, showing
the evolution of the regression rate with the evolving specific mass flow rate during
the testing, as realized with the setup of Fig. 4.

2. Method for Correcting Effect of Pressure

The work at Pennsylvania State University addressed in detail the impact of
the correction due to the pressure effect on the ultrasonic measurement. These
results were obtained on the slab motor [10, 11], shown in Fig. 7. Also shown
is a block diagram of the major components of the ultrasonic pulse–echo system.
Solid-fuel slabs are inside the two-dimensional windowed hybrid motor.A 1-MHz,
19-mm ( 3

4 -in.) Panametrics Videoscan ultrasonic transducer (Model V114-RM) is
placed behind the fuel slab in a fuel sample holder. The transducer is connected
directly to the electronic device for ultrasonic measurement (EDUM). The EDUM
is connected to an oscilloscope to provide a real-time video camera record and to
a data acquisition unit (Nicolet Multipro Transient Analyzer). Through a pretest
calibration procedure, the voltage signal is converted to the propagation time.

Hybrid rocket motor experiments were conducted at the Pennsylvania State
University High Pressure Combustion Laboratory (PSU–HPCL). The axial
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Fig. 6 Continuous upstream and downstream HTPB measurement during test,
ramjet setup.

position of the transducer was selected from one of four locations on the upper
fuel slab (Fig. 7). The ultrasonic measurement was possible at only one location
because only one EDUM unit was available. One of the thermocouple ports was
used for the coaxial cable connection. The solid fuel was not totally burned in
these hybrid tests. Hence, a coupling material between fuel and transducer was not
needed; they contacted each other directly. A smooth contact surface was obtained
in the fuel casting. The fuel was cured under vacuum to get rid of any nonhomo-
geneity, such as bubbles. The transducer was placed inside the fuel holder in such
a way that the fuel and transducer contact was tight. Moreover, oil was applied
between the transducer and fuel to improve the contact.

The output voltage of the EDUM is an indication of the measured propagation
time in microseconds. The propagation time and voltage are indirectly propor-
tional, and the proportionality constant mainly depends on the output voltage gain
setting. Consequently, the EDUM has to be calibrated before each test to find this
proportionality constant. During the data processing, a computer program uses this
proportionality constant to convert the voltage input into the propagation time.

Because of the chamber pressure evolution during burning, the measured
propagation time needs a correction. Conventional theory assumes the fuel as
incompressible. However, some hybrid fuels can be compressible (or deformable)
under operating chamber pressures as in the case of the HTPB fuel (∼40 Shore A),
which is used in hybrid rocket motor analog tests. Closed-bomb compression tests
showed that the fuel is compressible, and special care was needed to be applied.
Hence, the lumped pressure correction method for ultrasonic measurement was
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Fig. 7 Block diagram for ultrasonic pulse-echo system and slab setup.

developed to reduce inaccuracy, instead of the conventional method. This method
is described in the Chapter 3. The effect of the corrections thus realized is shown
in Fig. 8.

3. Internal Thermal Insulator

The internal thermal insulators (ITI) are widely used in solid-propellant rocket
motors. They are usually made of an EPDM polymer loaded with various com-
pounds (silica, Kevlar fibers, etc.). For silica/EPDM insulators, the control of the
degradation process driven by the incident heat flux depends on the char layer over
the surface. If the wall shear stresses induced by the core flow are too weak to stripp
away the char layer, the pyrolysis rate will be of a low level and thermally unstable.
The ultrasound measurement follows this process with, of course, some difficulty
in interpreting what is seen because the thermal effects on the propagation are of
the order of the effect of the surface regression. When the char layers are ejected
as soon as created, a steady ablation regime occurs. Here, the ultrasound mea-
surement behavior is similar to that obtained for a solid propellant: The thermal
effects are negligible. Between these two regimes (pure pyrolysis or pure ablation),
the layers of residue of a thin thickness are ejected one by one like the tiles of a
roof. The alternating of pyrolysis phase and thermal effect can be interpreted with
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Fig. 8 Ablation rate at PSU-HPCL with ultrasound.

the help of the modelization of the thermoablative behavior of the ITI, giving the
thermal profile inside the material during its degradation. These internal thermal
insulator materials are of interest because their behavior is somewhat similar to
that of GAP. As mentioned, GAP leaves an appreciable carbon residue layer that
is probably stripped away progressively by the flow of oxidizer gas.

With knowledge of the wave velocity variation with respect to the temperature
and with a criterion defining the reflection of the wave with the porosity through
the degraded zone, the propagation time variation (that is, what is measured with
the ultrasound method) is computed from expected thermal exchange conditions.
This computed result is compared to the measurement (Fig. 9). Once this fitting
has been obtained, the heat flux history is determined and the effects due to the
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Fig. 9 Heat flux evaluation from ultrasound measurement, full-scale motor.

heating and the degradation can be separated [12]. These results are obtained on an
horizontally fired axisymmetric motor in which the gravity effect is felt differently
on the upper and lower ITI.

The SNECMA Propulsion Solide (SPS) thermoablative code allows carry out
very reasonable calculations when the char stays on the surface, is ejected peri-
odically layer by layer, and when there is no residue. This technique is helpful
for having a good estimation of the thermal loads at full scale, and, on small
scale set-ups, for validating the data set of the material input code. The main
shortcoming is that the thermal quantities, the pyrolysis characteristics, and the
wave propagation conditions have to be known in detail. The advantage of the
ultrasound measurement and the degradation code working together rests in the
computation of the heat flux evolution, the starting point of the preheating and
the degradation. The ultrasound transducer becomes a flux sensor. The degraded
thickness and the regression rate are not deduced from the ultrasonic measurement
but calculated with the code. When the measurement locations are multiplied on
a full-scale rocket motor, a map of the degradation of the internal insulator can be
drawn. The results obtained during a ground test will supply a data set, which is
very important for the sizing of the ITI. The severity of the flight/ground difference
could be estimated if a flight ultrasound electronic device were developed.

D. Merits

The ultrasound measurement method has been an industrial tool operating on
many setups or rocket motors as well as a pressure or temperature sensor. As
opposed to the microwave technique, the implementation of the transducer does
not require any special device. It can be integrated on previously machined setups.
The only difficulty is the fitting of the suitable coupling material, the delay line
through the case, which must be chemically and acoustically adapted to the tested
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material and have good mechanical strength and good bonding qualities. The wave
propagation is mastered in the case of solid propellant, although a little less so for
materials with a low regression rate.

The precision of the final result, the regression rate, depends on the experimen-
tal conditions (dP/dt), the numerical acquisition conditions (from 25 to 20,000
data per second), the derivative function computation conditions (smoothing pro-
cedure, mean square method, etc.), and the operator (who has to be experienced).
Estimating the accuracy of the method is not easy: The measurement is local but
not on a tiny surface and the ONERA background shows that the combustion itself
is not totally stable under fixed conditions (P and T ).

The ultrasound technique is an excellent research tool, the study of the erosive
burning being the best example of what can be obtained, as well as a tool for
controlling manufacturing with a lower cost with better accuracy. Measurements
of full-scale rocket motors with composite wraparound cases are being used more
often; thus, the reduction of the ground-test program cost is expected.

Of course, the investment in time and money could be considered heavy: The
measurement electronic devices are not inexpensive, but it is the experience that
the user has to accumulate that is the main burden before the return on investment
can be collected.

III. Real-Time X-Ray Radiography

A. Description of Method

X-ray radiation is attenuated in proportion to the thickness and physicochem-
ical properties of the material by I(θ) = I0 exp(−mL(θ)). This model assumes a
linear attenuation coefficient that is a function of both the radiation source energy
level and the particular composition of the materials through which the beam
passes. Because the change in transmitted radiation can be related to the web
thickness variation, with the beam perpendicular to the burning surface, after
a pretest calibration, one can determine the burning rate. The most commonly
used technique is, however, another one: real time radiography (RTR). The pro-
file of transmitted radiation has a sharp gradient at the position corresponding
to the solid/gas interface. The basic configuration of an RTR system is shown
in Fig. 10. The x-ray source consists of a control unit, a pulse-forming network,
an RF power source (magnetron), and a linear accelerator (or a flash). The RTR
imaging system consists of an x-ray screen that converts x rays to visible light, a
first-surface mirror, and one or two low-light-level silicon-intensified target (SIT)
cameras to convert the visible light to video signals. The images produced by the
x-ray systems must be interpreted to determine the solid material surface position.
Image processing has become a powerful tool in analyzing radiography: mapping
techniques, noise removal, image segmentation, gray-scale morphology, frame-
by-frame processing, film digitization, etc. The determination of the location of
the regressing surface is highly subjective. The operator or the digital image pro-
cessing software could select the position within two video pixels. The value of
this error is then dependent on the magnification of the x-ray image from the test
configuration.
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Fig. 10 RTR layout at PSU-HPCL.

B. Examples of Applications and Results

A two-dimensional image of the internal structure of a rocket motor can be
obtained during the firing. This technique has been used successfully at Arnold
Engineering Development Center (AEDC), SNPE, and other locations [13–16] to
image a variety of dynamic events in solid rocket motor firings and to investigate
areas such as deformations, case/insulator separation, insulator erosion, combus-
tion surface evolution (Fig. 11) [14], propellant burning rate, propellant cracks,
and slag accumulation. X-ray sources are available to image through up to 27-in.
of propellant. The images can be large enough to view an entire tactical rocket
motor or the entire section of a large booster tangent to tangent. This has been a
successful technique in use at China Lake for over 25 years.

X rays have been used in a wide variety of configurations to study the behavior
of solid propellants or energetic materials. The motivation has generally been to
look at dynamic events inside the motor in a qualitative way. Burning rate data can

Fig. 11 Grain evolution by RTR in an axisymmetrical motor.



“ch04” — 2007/3/5 — page 181 — #15

SOLID-FUEL PYROLYSIS PART 2: MEASUREMENT TECHNIQUES 181

Fig. 12 Solid-fuel regression measured by x rays at PSU-HPCL.

be deduced, but the acquisition is relatively expensive and data interpretation is
labor intensive. However the results are quite good. Figure 12 shows a set of typical
images of a portion of HTPB slabs at different burning times [17]. The viewing
window is approximately 17 cm long. These images were used to determine the
instantaneous web thickness and port cross-sectional area along the fuel slabs.
Chiaverini [17] indicates that the time resolution between two images was around
33.3 ms, whereas the web thickness measurements were made at about 12.5-mm

Fig. 13 Changes in solid-fuel thickness from RTR.
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spatial increments. Figure 13 shows the change in web thickness obtained for one
location along the slab; the change due to compression was subtracted from the
overall change measured from the x-ray images. The real-time x-ray radiography
system allows the instantaneous regression rate to be measured not only at a single
location, as does the ultrasonic method, but over a finite region along the grain.

C. Merits

The examples given underline the value of RTR, which is a nonintrusive tech-
nique. It is a real-time data recording system. Pictures captured in the test event
can be played back immediately after the test firing at a lower speed for visual-
ization and analysis. It covers a portion of the grain with a correlation between
magnitude and reliability. The technique can be applied to either two-dimensional
or axisymmetric propellant or solid-fuel grain geometries, giving a general visual
presentation of the rocket motor. Disadvantages include the complexity and high-
power requirements of the x-ray equipment used, personnel hazards associated
with x rays of high intensity, and the high cost of the technique.

IV. Microwave Technique

A. Description of Method

This method is based on the propagation of electromagnetic waves (at some
10 GHz) in absorbing materials. This technique has been investigated for local
burning rate measurement over 30 years. At the end of the 1960s, the purpose for
its use was the determination of the solid-propellant burning rate [18–20].

A microwave source creates the electromagnetic waves that are injected through
the propellant sample. A reflection occurs at the regressing surface, and the phase
of the reflected signal changes. The microwaves are transmitted into the motor
using a microwave horn antenna, which also acts as a receiver (Fig. 14). The
reflected signal is then compared with a portion of the transmitted signal to obtain
regression rate information. The phase angle φ between the incident and reflected
signals shifts with the reduction in length of the regressing sample. The regression
rate is directly proportional to the rate of change of this phase shift, where the pro-
portionality constant is the microwave-phase constant in the propellant, a function
of the geometry of the waveguide and the dielectric constant of the propellant.
Whatever the electronic device used, the measured quantity is the rate of change

Fig. 14 Microwave waveguide.



“ch04” — 2007/3/5 — page 183 — #17

SOLID-FUEL PYROLYSIS PART 2: MEASUREMENT TECHNIQUES 183

of this phase shift,

Wb = (l0/ϕ0)ϕ = (λG/4π) ϕ

then

rb = (λG/4π) (dϕ/dt)

with λG = λ/
√

1− (λ/λc)2 and λ = c
f
√
ε

where λ represents the wavelength in
the solid material, which depends on the frequency of the microwaves and the
permittivity of the propellant. The cutoff wavelength λc = ka is related to the
characteristics and geometry of the waveguide. With f = 10 GHz, ε = 4.23, and
a cylindrical waveguide TE11 (k = 3.142 and radius a = 7.95 mm), then λc =
2.713 cm and λG = 1.731 cm. This means that an uncertainty of 1 deg in the phase
shift gives an error of 24 μm in the material thickness.

B. Examples of Applications and Results

The microwave propagation can be compared to a grid applied over the cross
section of the sample. The microwave signal is seen to complete one full cycle for
each one-half wavelength of motion of the propellant burning surface. Because
the wavelength of the radiation in the propellant is assumed constant, the one-half
cycle-time measurements represents the average burning rate during that half-
cycle. The higher the microwave frequency is, the finer the grid will be, but the
stronger the damping of the microwaves. From the time-interval values, one can
deduce the mean burning rate. Such results were obtained in 1967 on an end-
burning grain test rocket motor, with a correlation of the burning rate level with
the results from thermocouples implemented in the grain [20].

ONERA developed a small burner using the microwave technique for pressure-
coupled response function measurement in the 1980s [21, 22]. A schematic of the
setup is given in Fig. 15. A specific homodyne transmitter–receiver associated to
a reflectometer bridge was designed to give access to the steady (and unsteady)
components of the phase shift between the incident and reflective waves. Cold-
flow calibration was found to be mandatory to avoid the nonperfect matching of
the transition element to the propellant. An ad hoc software was also developed
and upgraded during several years of work. Although this technique was used only
for unsteady measurements, an interesting spinoff was found in the determination
of the steady-state burning rate of a propellant sample. Figure 16 shows the results
obtained on a test performed under steady pressure conditions and during the tailoff
part of the test. The agreement with the standard burning rate law is quite good.

C. Merits

The microwave technique has been applied mostly to unsteady combustion
measurement in the United States and in France. For steady-state measurement,
this method is underexploited. It continues to show promise in many applications,
but it requires a costly device and a long training period for users before being
fully operational. Thus, it is far from being applicable as an industrial control tool.
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Fig. 15 Microwave experimental setup.

Regarding the great amount of work done in the United States in the 1960s–1970s
without modern data acquisition and digital data reduction instruments, it seems
that the possibilities for applications of the microwave technique should now be
enhanced.

Fig. 16 Steady burning rate with the microwave device.
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V. Plasma Capacitance Gauge

A. Description of Method

The plasma capacitance gauge (PCG) technique was developed in the United
States during the 1980s at TRW, Inc., and in France at ONERA in the 1990s, mostly
to measure internal insulator erosion. This technique is based on the variation of the
electrical capacity with time, which is (should be) directly related to the thickness
of the material between two electrodes. The first electrode is located along the
case of the solid rocket motor, and the second electrode is formed by the plasma
generated by the combustion gases. The capacitance increases as the thickness of
insulator decreases, and these data yield real-time information on the insulation
thickness, behavior, and possibly, on the flame arrival time.

Measurements of internal thermal insulator erosion on subscale and full-scale
motors (ground test and flight tests) have been made [23]. The fundamental advan-
tage of this technique is that it can measure through materials that x rays and
ultrasonic waves have difficulty in penetrating.

B. Examples of Applications and Results

The principle of operation in a solid rocket motor is shown in Fig. 17. Elec-
trodes are located along the outside envelope of the motor. The strong ionization
of the combustion products or the conductive char of the insulator forms the sec-
ond electrode. Adjusting the polarization frequency on the electrodes can provide
information on both propellant and insulation degradation or on insulation degra-
dation only. The diameter of the PCG is adjusted depending on the thickness range
for which the measurement is performed. The relationship between the thickness
and the output voltage is not linear. A pretest calibration is required on various
tested material samples of different heights.

The application of the PCG technique to solid-propellant burning rate measure-
ment was done on a small motor using a sample of propellant (10 mm thick) fitted
to an insulator layer (4 mm thick) and a main grain for pressurization [24]. Typical

Fig. 17 Principle of operation.
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Fig. 18 Typical output of PCG measurement for solid-propellant burning.

pressure and PCG voltage time histories are presented in Fig. 18. The burning of
the propellant sample ends at 1.4 s, and then the PCG voltage shows the degrada-
tion of the insulator layer. The evolution of the PCG voltage during the propellant
burning follows an exponential feature. When an in situ calibration of the gauge
is used, an accurate measurement of the burning rate was found in relatively good
agreement with the standard burning rate of the propellant. The behavior of the
PCG output changes drastically when the insulator is reached due to the char layer
growing on its surface.

The technique was also used to measure insulation erosion on subscale
motors [24]. During the development phase of this technique, PCGs were tested
on an internal insulator axisymmetric grain fitted in a specific rocket motor. The
conditions of test were adjusted by changing the solid-propellant grain size and
the internal initial diameter of the insulator grain. The degradation process was
observed by PCGs and also by ultrasound transducers mounted at the same location
as the PCGs, with the acoustic waves traveling through the thin PCG. As discussed
earlier in the ultrasound technique presentation, the variation of the propagation
time of the ultrasound waves is modified by the heat coming into the material. The
ultrasound measurement is affected by the pyrolysis process inside the solid phase.
For the PCGs, the measurement is more or less outside information. In Fig. 19,
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Fig. 19 PCG and ultrasound signals on insulator grain obtained at the same location.

the char behavior can be observed: The spikes on the PCG trace correspond to the
ejection of a portion of the char layer. The ultrasound trace shows slope variations
due to heat-transfer changes that occur at the same time that a char layer is ejected.
Understanding of the insulator degradation process could be studied in detail and
improved using both techniques: The PCG is helpful for the effect of the core flow
on the char, and the ultrasound measurement indicates the heat flux history.

C. Merits

The PCG technique has demonstrated its ability to measure the thickness of a
solid-propellant sample in a way similar to that which can be obtained from an
ultrasonic transducer. The first attempt carried out at the research level in France
seems to be very promising, even if some work still has to be done to better under-
stand the real influence of the plasma location near the propellant surface (height
of flame and boundary layer) and the temperature sensitivity of the propellant
electrical property. When applied on an insulator or more generally on a material
developing a residue on its surface, understanding of the PCG behavior is not com-
plete yet. However, it is expected that this method could be very inexpensive and
less restrictive than the ultrasonic method. The capability of application to flight
measurement has been proved.
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VI. Resistance-Based Regression Measurement Technologies

A. Principle of Method

At least two different resistance-based regression measurement technologies
have been implemented [25, 26]. These sensors are designed to be embedded in
the material of interest and regress along with it. During this process, the resistance
of the sensor is related to its instantaneous length, allowing the instantaneous thick-
ness of the host material to be recorded. The time derivative of these data reveals the
instantaneous surface regression rate as a function of time. A reliable resistance-
based regression sensor must exhibit the following characteristics: 1) regresses at
the same rate as the host material, 2) does not affect the regression of the host
material or adversely disrupt the process under study, and 3) exhibits a resistance
that can be accurately correlated to the instantaneous sensor length.

Extensive development and testing of a resistance-based sensor applied to
hybrid rockets, the miniature resistive regressions and ablation sensor (MIRRAS),
has been conducted [27] and patented [28] by Orbital Technologies Corporation
(ORBITECTM). ORBITEC began this work in 1996 and has produced several hun-
dred MIRRAS sensors in a variety of designs and sizes. This section will focus on
the basic MIRRAS technology to illustrate the fundamental approaches and con-
siderations involved in the design, installation, operation, and signal conditioning
and transmission of resistance-based regression sensors. Several derivatives and
advancements of this basic approach are deemed possible and likely [27].

B. MIRRAS Design and Operation

Two general versions of the MIRRAS technology are shown in Fig. 20. The
MIRRAS continuous sensor has one continuous strip of resistive material across
two parallel conductive legs. When it is assumed that this strip has spatially uniform
thickness and resistivity, and that the electrical resistance of the legs is much lower
than that of the strip, the electrical resistance of the sensor is inversely proportional
to the remaining length of the sensor. Because this version of the sensor operates
on the basis of an absolute resistance reading, it could be sensitive to external noise
factors, such as heat, pressure, and vibration, that impact the sensor resistance.

The MIRRAS ladder sensor consists of two conductive legs, bridged by several
perpendicular resistive elements, or “rungs,” of approximately equal resistance on
a flat polymer substrate. As the surface of the host material and sensor tip regress
together, the sensor rungs are consumed, causing the sensor resistance to increase.
Electrically, the sensor is equivalent to several tiny resistors in parallel, where each
rung of the sensor is an individual resistor. The resulting idealized sensor length vs
resistance and conductance trends are shown in Fig. 21. A mechanical connector is
secured to lead attachment pads, allowing the sensor’s resistance to be monitored
via two wires. Correlating the step changes in the sensor’s electrical properties
with the rung spacing indicates the time-dependant thickness and regression rate
of the solid fuel. A MIRRAS ladder sensor is shown in Fig. 22.

There are several potential sources of sensor disturbance during typical
MIRRAS applications including heat conduction, combustion of the sensor tip,
momentary charring and shorting across the sensor tip, and electrical noise derived
from the combustion process. The sensor step changes in resistance are designed to
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Fig. 20 Two versions of MIRRAS sensor.

provide discrete steps that can be distinguished from background noise. Figure 23
displays raw MIRRAS ladder sensor data collected during an HTPB/gaseous oxy-
gen (GOX) hybrid rocket test. Although the absolute value of the sensor resistance
may slightly vary due to noise factors, step changes in the signal can be discerned
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Fig. 21 Sensor length vs resistance and conductance.
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Fig. 22 MIRRAS ladder sensor.

when a rung is consumed. There is also a spike in the output voltage near the end
of the test. This is a result of an electrical short across the tip of the sensor caused
by momentary conductive char buildup.

The closest rung spacing that has been experimentally demonstrated to date is
0.0125 in., and closer rung spacing is deemed possible though the use of advanced
sensor production techniques [27]. Sensor lengths have varied from a fraction of
an inch up to 1.5 in., and substantially longer sensors are expected to be readily
achievable. The maximum number of initial (equal resistance) rungs that can be
resolved is estimated to be approximately 40, independent of the sensor length.
More advanced designs, such as those implementing a higher resistance for the
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Fig. 23 Raw MIRRAS data collected during hybrid rocket firing.
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first rungs that are consumed, could enable this number to be increased. The appli-
cation of resistance-based regression technology to very large motors appears to
be relatively straightforward if it has already been proven at laboratory scale.

C. MIRRAS Installation

MIRRAS sensors have been installed into hybrid fuels, solid propellants, and
ablative materials. Two general sensor installation approaches have been success-
fully demonstrated [26]. The first is to cast sensors directly into the host material
(in situ), and the second is to insert them after the material has been formed or
cured (postcure).

The MIRRAS sensor and sensor lead wires are rigid enough to allow the assem-
bly to be suspended in a host material mold without any additional support. The
sensor can be positioned by placing its tip in contact with a known datum, such
as the combustion port casting mandrel in a hybrid-fuel grain mold. Figure 24
shows this approach, where several MIRRAS sensors are positioned for casting
in a 6-in. hybrid motor assembly. The uncured fuel can then be poured around
the suspended sensors and allowed to cure. A slightly different approach has been
implemented when host materials are too viscous for pouring or injection. In this
instance, the host material has been packed around the sensor. The in situ sensor
installation method has been found to be relatively straightforward by several first-
time users. Over 100 MIRRAS sensors have been installed using this approach,
and grain dissections have demonstrated reliable and accurate positioning of the
sensors [27].

The second installation approach is to insert the sensor into a material after it
has cured or been formed (postcure). This could include sandwiching a sensor in
between two host material sections or generating a slot in the host material to house
the sensor. In both cases, the sensor must be secured in place with a pressure-tight
sealant to prevent hot gasses from penetrating along the sensor installation seam.

Fig. 24 MIRRAS sensors positioned for casting inside 6-in. hybrid motor assembly.
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This concept has been successfully demonstrated in both acrylic and HTPB hybrid-
fuel grains [27]. The postcure installation method is generally more complicated
than the in situ method.

A third installation approach is a hybrid of the first two, where the sensor is cast
into a small section of the host material and then that assembly is bonded/cast into
position within the parent host material. This method may be the most practical
approach for very large grains.

D. MIRRAS Signal Conditioning and Transmission

Two senor lead wires are crimped to the MIRRAS sensor body and attached
to a signal conditioner. The signal conditioning circuit is based on conductance
to provide a constant voltage resolution output with respect to sensor length.
The sensor signal has been transmitted from inside a high-pressure chamber to
the ambient environment using commercially available feedthrough connectors.
Gland-type feedthroughs enable the sensor to be moved independently of the con-
nector to facilitate sensor positioning within the chamber/casting mold and affect
a pressure-tight seal around the wires. ORBITEC developed a multi-channel signal
conditioner that can accommodate up to six sensors at a time over a wide range of
initial sensor lengths (Fig. 25).

Another data acquisition approach is to install a miniature signal conditioner
and data logger inside the chamber, possibly embedded in the motor case lining.
Preliminary designs indicate this system would be about the size of a nickel for
a MIRRAS sensor. Alternatively, a miniature transmitter could be implemented
to send sensor data to an external receiver in real time. These two approaches
eliminate the need to produce any motor case penetrations or other modifications
and are particularly well suited for flight-type motor testing or onboard flight
systems [26].

Fig. 25 MIRRAS multichannel signal conditioner.
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E. Examples of Applications and Results

The accuracy of the MIRRAS sensor was assessed by carefully dissecting over
50 sensor installations after hybrid-grain and ablative material hot firings [27].
After a test firing, a rectangular section of the host material containing the remain-
ing portion of the sensor was sectioned from the bulk material. Inspection of the
dissections indicated proper sensor positioning in the host material. Detailed mea-
surements were taken, using a miniature ruler with a resolution of 0.0025 cm, under
a microscope. The sensor tip was found to reside in the thin-surface char layer.
Collectively, the dissections verified that the sensors were working properly. A
brief description of the sensor test results from hybrid-fuel, solid-propellant, and
ablative materials testing is given subsequently.

1. Solid-Fuel Applications

Extensive subscale MIRRAS sensor development was completed in a 25 lbf
water-cooled HTPB/GOX hybrid motor [26]. These tests shaped the general sensor
design and signal conditioning approach. The sensor was then tested in a 15-
cm (grain outside diameter) HTPB/GOX hybrid motor fired at 200 lbf of thrust
(Table 1). The resulting regression data from two sensors were reduced using the
hybrid regression curve-fit approach discussed in Sec. VIII of this chapter. Both
sensors were positioned 48 cm from the head end of the grain. The initial and final
grain thickness measurements were used as the boundary conditions for the curve-
fit approach. The average value of b (see Sec. VIII) was independently calculated
for each sensor and found to be 1.77 for both of them, resulting in the following
identical curve fit for both sensors:

Rt = (0.381 · t + 3.13)0.564 − 1.91 (cm)

A second shorter firing, which lasted for 7.7 s, was conducted with the same
oxygen flow rate and initial port diameter as the first. The chamber pressure traces
for the two tests from t = 0 to 7.7 s were nearly indistinguishable. The total material
regression at the end of the second test was measured at the same axial location
where the two sensors had been installed for the first test. The regression predicted
by the curve-fit equation at t = 7.7 s was found to be in good agreement with these
measurements, indicating that the sensors overpredicted the total web regression
at this time by 0.01 cm out of 0.85-cm total regression.

Table 1 Conditions of 15-cm hybrid test

Parameter Value

Initial grain port diameter 3.81 cm
Final local grain port diameter 7.58 cm
Singlet GOX injector diameter 0.95 cm
Grain length 56 cm
Oxygen flow rate 0.22 kg/s
Firing duration 19.6 s



“ch04” — 2007/3/5 — page 194 — #28

194 F. CAUTY ET AL.

0.07

0.08

0.09

0.1

0.11

0.12

0.13

0.14

0 5 10 15 20
Time (s)

R
eg

re
ss

io
n 

R
at

e 
(c

m
/s

)

Fig. 26 Regression rate vs time.

Differentiating the curve-fit equation with respect to time yields the instanta-
neous regression rate in Fig. 26. With use of the curve-fit equation to calculate
the time-dependant port area, the instantaneous regression rate is plotted against
the instantaneous oxidizer port mass flux in Fig. 27. The resulting regression law,
also shown in Fig. 27, has a relatively low-mass-flux exponent. However, there are
several indications that this accurately represents the physical nature of the grain
regression. The chamber pressure gradually increased during the firings, suggest-
ing that the fuel mass flow rate was increasing. In accordance with the hybrid
regression law, this will only occur if the hybrid exponent is less than 0.5. Plotting
the average regression rate against the average oxygen mass flux for the two tests,
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Fig. 27 Reduced MIRRAS data: regression rate vs oxidizer mass flux.
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shown in Fig. 27, is further verification of a low flux exponent. The strongest evi-
dence for the low exponent is the agreement between the sensor reading at t = 7.7 s
and the measurements taken after the second test.

The hybrid regression law in Fig. 27 is shown only over the range of exper-
imental data collected by the sensors. The ability to characterize a motor/fuel
combination over such a large range of mass flux with only one firing is a prime
motivator for the use of instantaneous regression instrumentation. The MIRRAS
sensor is expected to be applicable to other hybrid fuels, such as paraffin, PE, and
acrylic.

2. Solid Propellant Applications

Limited testing of the MIRRAS sensor has been conducted in solid propellants.
The sensor has not been observed to affect the localized burning rate or create any
other anomalies. The occurrence of electrical shorts across the sensor tip has been
found to more pronounced in solid propellants, increasing in frequency and dura-
tion with the amount of metallization. Direct verification of the sensor accuracy
is more difficult to obtain with solid propellant because the grain is completely
consumed and does not allow postfiring dissection of the sensor installation. Per-
formance of the sensors in solid propellants has been mixed. In some applications,
the sensors have appeared to function properly and the burning rate trends they
measured were consistent with chamber pressure trends. In other instances, the
sensors have experienced extensive shorting that has rendered the data unreliable.
There are several theories as to the cause of and resolution of these phenomena
that need to be pursued to create a more generally applicable MIRRAS sensor for
solid propellants.

3. Ablative Material Applications

Limited testing of the MIRRAS sensor has also been conducted in ablative
materials [26]. The top three-quarters of a hybrid motor was cast with HTPB, and
two MIRRAS sensors were cast into a silicone ablative in the bottom one-quarter
of the motor. The approach was to burn the HTPB with GOX and produce a hot
flow of combusting gasses across the ablative material. The test conditions were as
follows: a constant oxygen flow rate of 27 g/s, an initial port diameter of 1.91 cm,
and a test duration of 15 s. The data from the sensors were reduced to predict the
ablative material thickness vs time, shown in Fig. 28. As expected, the ablation
rate decreases as the port area increases. The two sensors are in good agreement,
and the slightly faster ablation recorded by sensor 1 is consistent with postfiring
measurements. Dissection of the material after the test, along with the sensor data,
indicates that the sensors regressed flush with the surface of the ablative. Higher-
temperature versions of the standard MIRRAS sensor design may be required for
some ablative materials, depending on the magnitude and depth of the surface
thermal wave.

F. Merits

Resistance-based and other embedded regression sensor technologies offer
unique advantages. For example, their small size and low mass give rise to poten-
tial use onboard flight systems [26]. Their generally simple signal conditioning
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Fig. 28 Reduced MIRRAS data: ablative thickness vs time.

can be readily miniaturized, and the sensors themselves are inherently small by
necessity. This enables systems that can measure and transmit real-time regression
and solid-fuel mass quantity gauging data from a vehicle in flight. In this role, the
embedded sensor technology could both serve as a health monitoring instrument
and be used to obtain actual flight data.

As new host materials emerge (such as solid fuels, solid propellants, and abla-
tives), the proper operation of embedded sensors must be verified to ensure that they
continue to regress at the same rate as the host material and are not adversely influ-
enced by its ablation/pyrolysis characteristics. Once mature, embedded regression
technologies are generally much less expensive to implement from both an equip-
ment and personnel training standpoint. However, if a large number of tests are to
be conducted with a given motor assembly by the same test team, the higher initial
cost of nonintrusive technologies (equipment, installation, training, and calibra-
tion) must be weighed against the reoccurring installation and sensor expense of
embedded technologies to determine the most cost-effective approach.

Another advantage of embedded sensors is the ability for localized regres-
sion measurements in complex grain geometries, including those with multiple
ports [26]. This is enabled by their ability to be installed at nearly any orientation
and location in the grain, provided that the signal transmission wires are properly
routed. Nonintrusive line-of-sight or global sampling technologies can have dif-
ficulty resolving the spatial location of several surfaces because they regress at
potentially different rates and in different directions.

VII. Additional Regression Measurement Technologies

A number of tests have been performed [29] with various devices embedded
in solid fuel. An example of application to the regression of a hybrid fuel is shown
in Fig. 29 taken from Russo Sorge and Quaranta [29]. Thermocouples are inserted
in the solid fuel at set spacings, and when the surface regresses, it is possible to
detect the progression of the temperature profile attached to the surface and, thus,
obtain the regression rate. In Fig. 30 the use of a condenser consisting in a dielectric
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Fig. 29 Measurement with inserted thermocouples.

deposited on a cut in a central bore fuel grain (either from a conductive paint or
from a PE sheet covered in aluminum) is shown. When the surface regresses, the
capacitor is consumed progressively, allowing the measurement of the regression.

VIII. General Technique for Regression Data Reduction

Regardless of the regression measurement approach used, the raw length vs time
data must be reduced to arrive at the instantaneous regression rate. One method is
to differentiate numerically between individual data points. However, noise and/or
error in the data frequently renders this approach impractical for many regression
measurement technologies/applications. Another technique is to fit a curve to the
thickness vs time data, and then to differentiate numerically or directly the curve
fit with respect to time, yielding an expression for the instantaneous regression
rate. Several curve-fit methods have been implemented, including polynomial,
logarithmic, and power fits. Comparing the predicted length vs time of these dif-
ferent curve-fit approaches has demonstrated that they can be in good agreement
for the prediction of instantaneous length. However, taking the derivative of these
curve fits can yield very different regression trends for the same experimental data
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Fig. 30 Varying capacity condenser.

set [26]. The main issue is that a curve fit of a given form presupposes the gen-
eral regression trend vs time, independent of the experimental regression data. For
example, using a third-order polynomial for the length curve fit forces the resulting
time-dependant regression to be of a quadratic form.

This issue was recognized by Gramer and Taagen, which prompted them to
develop an approach for fitting the raw regression data to a curve fit that has
physical meaning to the process under study [26]. A further motivation was to
provide a method for consistently analyzing instantaneous regression data (for
example, among different researchers and hardware designs). The derivation and
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application of this approach for hybrid motors is discussed next, where the data
are fit to an expression dictated by the classical hybrid regression law, Eq. (1). A
similar technique can be used for the analysis of solid-propellant regression data,
beginning with the burning rate power law.

Equations (2) and (3) are definitions of the hybrid regression law, and Eq. (4)
assumes a circular grain port. The approach is generally applicable to other grain
port geometries if Eq. (4) is replaced by an appropriate relation. Similarly, if the
oxidizer flow rate varies over time, the relation can be substituted into Eq. (3). If
there is a discontinuity in the oxidizer flow rate, such as a throttling step change, the
analysis can be separated into multiple curve-fit equations. Assuming the oxidizer
flow is constant and substituting Eqs. (2–4) into Eq. (1) yields the differential
equation (5). Thus,

r = a · Gn
0 (1)

r = dRt

dt
(2)

G0 = m0

Ap
(3)

Ap = π · (Rp + Rt)
2 (4)

dRt

dt
= a ·

[
mo(

Rp + Rt
)2 · π

]n

(5)

Separating the variables of Eq. (5) and integrating both sides as an indefinite integral
from the limits of 0 to Rt , and 0 to t, yields Eq. (6), where C1 and C2 are constants of
integration. Recognizing that π , a, and m0 are constants, defining the relationship
b = 2n+ 1, combining constants, and solving for the two constants of integration
by introducing the boundary conditions (7) and (8) results in expression (9):

t + C1 = a ·
[
π

m0

]n

·
[(

Rt + Rp
)
(2 · n+ 1)

2 · n+ 1
+ C2

]
(6)

At t = 0,

Rt = 0 (7)

At t = tf ,

Rt = Rf (8)

Rt = [b · (t + Z)/X][1/b] − Rp (9)

where the constants Z and X are defined as

Z = X · Rb
p/b (10)

X = tf · b/[(Rf + Rp)
b − Rb

p] (11)
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When it is assumed that the instantaneous regression follows the classical hybrid
regression law, Eq. (9) is the theoretical form for the total web regression as a
function of time.

The sensor data are then fit to Eq. (9). The time at the first data point is set
as t = 0, and the elapsed time between this point and the last point in the data
set is defined as tf . The initial port radius Rp is the actual instantaneous value of
the port radius at t = 0. The total amount of web regression at tf is defined as Rf .
Depending on the experimental setup and the goals of the test, different approaches
might be taken to define these constants. For example, the definition of the initial
port radius can be taken as the actual port radius before the firing began. However,
if there is a large start transient in the firing, it may be more accurate to define t = 0
at a sensor data point taken after the start transient. Similarly, the total amount of
web regression Rf can be assigned as that measured by the last sensor data point
or as the actual total web regression measured after the firing.

The last constant to solve for is the curve-fit exponent b. This is accomplished by
using each sensor data point to solve for the constant b and then using the average
value of b in the curve fit. Thus, for each data point, the time and total amount of
regression at that time, Rt , is plugged into the curve fit, where the elapsed time is
referenced to t = 0. An iterative approach or an equation solver is then used to find
the value of b that makes the expression true. When it is assumed that the actual
initial and final grain thickness measurements are used in the curve-fit equation,
this effectively forces the curve fit to the actual initial and final web thickness. In
this case, the sensor data are used to find the path between the two endpoints: the
constant b.

This approach also serves as a check to determine if the regression data obey
the hybrid regression law, or if there are any anomalies during the test. The
curve fits produced using this approach have been reported to fit the data very
well [26].

The Instantaneous regression rate vs time can be arrived at by differentiating
Eq. (9) with respect to time. Plotting these data against the instantaneous mass flux
and using the curve fit to determine the time-dependant port geometry allow the
hybrid regression law to be determined from a single hot-fire test.

IX. Comparison of Nonintrusive Measurement Methods

A classification of the nonintrusive techniques briefly described in this chap-
ter can be done depending on their spatial and time resolution [1]. Measurement
methods such as microwave and PCG yield a continuous output signal that can be
digitized without any repetition rate limitation. For x rays, a compromise has
to be found between the spatial resolution (magnitude of the image) and the
time resolution (frame per second) due to the digitization rate. The emission
repetition rate of the ultrasonic pulse can be fitted from a few tens of hertz for
ultrasonic signal window digitization to 20,000 Hz for high-burning-rate propel-
lants with a thickness of the sample adapted to the two successive pulses time
interval.

The spatial resolution in depth can be estimated as done by Zarko and Kuo
and compared to condensed-phase and thermal-layer thicknesses [1]. The external
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surface of the energetic material, on which the ultrasonic or microwaves reflect, or
which contributes to form the active electrode of the capacitance technique, should
be considered as of high importance. Solid propellants, solid fuels, or insulators
are viscoelastic materials: Internal damping and scattering are high. The ultrasonic
field is likewise focused by the material; the diameter of the reflective surface is
about one-third of the ultrasonic transducer diameter. The smaller the transducer is,
the more local the measurement becomes, but, also, the smaller the sample thick-
ness through which the measurement can be performed. The reflective surface
can also be shrunken by the grain shape, the curvature radius of an axisymmetrical
grain, for instance. Nevertheless, the first-arrival echo will correspond to the short-
est propagation time, thus, the shortest distance between the transducer and the
reflective surface. For microwaves, the sample diameter is fitted at the transition
size. The material sample acts as a waveguide. The question is of interest for a
larger propellant grain. For PCGs, one can estimate, by computation, the part of the
material section that contributes to the capacitance measurement. The combustion
surface has the same feature as the probe electrode due to the guard electrode.

Common limitations or uncertainties should be underlined. The damping and
the reflection coefficient of the waves through tested materials change the accuracy
and, sometimes, the ability to obtain data for the microwave and ultrasound meth-
ods. The microwave transition horn has to be adapted to the dielectric constant
of the propellant, as well as for the coupling material, the delay line between the
transducer and the material sample, in the ultrasonic technique.

The high conductivity of the flame is of great importance in the high-frequency
(140-GHz) microwave propagation and capacitance measurement. The metallized
solid propellant makes the measurement difficult to operate. As opposed to these
techniques, PCG benefits by this property of the combustion gases.

Notice the effect of the parameters (pressure, temperature, etc.) on the wave
propagation characteristics and capacitance values. For the ultrasonic method, the
stress–strain field created by the internal pressure has to be taken into account
in the measurement analysis (the isovolume deformation as well). The tempera-
ture profile will affect the wave velocity. Temperature sensitivity coefficients and
phase-change effect on damping (porosity, etc.) are very difficult to determine pre-
cisely, but in the framework of the insulator degradation studies, understanding of
these phenomena has been improved and the ultrasonic transducer could be con-
sidered as a fluxmeter. For microwaves and capacitance techniques, the variation
of the dielectric properties in the preheated zone should be considered. Dielec-
tric properties may change due to variation of density, component composition,
etc.

It is only through the combined information concerning the substance proper-
ties and/or physical principles of the measurement that one can reliably estimate
and substantiate the accuracy of a given method [1]. There is no perfect method.
They each have their own advantages and disadvantages, which should be evalu-
ated for each test program considering a variety of factors. A summary of some
of the methods has been presented by Fry [30] (also see [29]). A summary sim-
ilar to the one presented in Table 2 was included in the analysis done by the
AGARD/Research and Technology Organisation WG27 participants [6], restricted
to quasi-steady-state combustion measurement on full-scale rocket motor.
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X. Conclusions

From the point of view of the program manager, a measurement method should
be a low-cost method (with respect to implementation and analysis) yielding high-
accuracy data and on both local and large sections. The best compromise could
be obtained by two methods operating at the same time on a rocket motor, much
like what ONERA is doing with PCGs and ultrasonic transducers for insulator
studies. The correlation of the two measurements should increase the accuracy
of the results and the understanding of what happens inside the material, taking
advantages of each method. For example, the ultrasound or resistance method
could be helpful for scaling x-ray images. Flight measurements have been done
using PCG; resistance, and ultrasound measurements could be used as well. There
are certain applications where an embedded sensor is the only feasible type of
technology for obtaining localized regression data in very large and/or complex
grains.

Results relative to solid propellants were presented because it is in this domain
that much work has been performed for the nonintrusive technologies. Much of the
embedded regression sensor technology development to date has primarily focused
on hybrid rocket applications. Microwaves are too delicate to be used outside of
the laboratory, similarly, x rays are also quite heavy.

A generalized data reduction technique developed by Gramer [26] was pre-
sented, which could be implemented as a common means of reducing and
comparing regression data across several different regression measurement tech-
nologies, propellant combinations, and motors. The approach may also offer
increased overall measurement accuracy for select applications.
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Chapter 5

Analytical Models for Hybrid Rockets

Joseph Majdalani∗
University of Tennessee Space Institute, Tullahoma, Tennessee 37388

Nomenclature
a = chamber radius
F = mean flow characteristic function
p = normalized pressure, p̄/(ρU2

w)
Re = wall injection Reynolds number, Uwa/v
r = normalized radial coordinate, r̄/a
Uc = headwall injection velocity, ūz(0, 0)
Uw = sidewall injection velocity, −ūr(a, z̄)
u = normalized velocity, (ūr , ūz)/Uw
uc = normalized injection velocity, Uc/Uw
uh = headwall injection constant, Uc/(πUw)
z = normalized axial coordinate, z̄/a
ε = viscous parameter, 1/Re = ν/(Uwa)
η = action variable, 1

2πr2 or 1
2πy

ν = kinematic viscosity, μ/ρ
ρ = density
ψ = normalized stream function

Subscripts and Superscript

c = centerline property
h = headwall property
r, z= radial/axial component or partial derivative
w = sidewall property
= dimensional variables

∗Jack D. Whitfield Professor of High Speed Flows, Department of Mechanical, Aerospace and
Biomedical Engineering. Member AIAA.
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I. Introduction

THIS chapter devotes itself to the analytical modeling of the basic flowfield in
hybrid rockets with arbitrary headwall injection. Specific solutions pertaining

to vortex injection hybrid rockets are covered separately in Chapter 6, whereas the
effect of compressibility on the internal gasdynamics is examined in Chapter 7.

In the first part of this trilogy, we focus on the conventional flow configuration
assuming a full length, internal burning cylinder. The solution is sought in a non-
reactive, rotational, non-swirling, incompressible, and frictionless environment.
After the presentation of the basic approximation using Berman’s half-cosine head-
wall injection profile, viscous corrections are added. The analysis is then extended
to encompass arbitrary headwall injection. For thoroughness, the formulation is
also applied to the slab hybrid rocket chamber. The main results are verified using
computational fluid dynamics (CFD) under inviscid and turbulent flow conditions.
In addition to the mathematical models that this chapter seeks to advance, several
fundamental questions are brought into perspective. These include the following:
1) the purpose of analyzing a hybrid rocket core flow; 2) the difference between
a hybrid model and that of a solid or a liquid, and the dissimilarities in boundary
conditions and how these differences stand to affect the analysis; 3) the benefits of
analytical solutions and how they can aid in understanding the functionality, oper-
ability and limitations of hybrid engines; and 4) the experiences inherited from
modeling solid rocket motors and how generalizations secured for hybrids may
encompass both systems.

A. Background and Relevance

When different methods of propulsion are considered, it must be borne in mind
that there is an overall hierarchy of engines depending on the application at hand.
Among rocket engines, one may cite two general types, electrical and chemical.
Whereas electrical motors are efficient with regard to fuel economy, they provide
such little thrust that they are primarily employed in supraorbital missions. For
heavy payload launches, one resorts to chemical rockets, the most common being
solid and liquid systems.

It is well known that, in chemical rockets, at least two substances, a fuel and an
oxidizer, must be mixed in a specific manner depending on the propellant type and
category. The chemical energy associated with combining these two substances is
transferred to the gaseous products, which, in turn, are expanded through a nozzle;
the expansion process produces the desired thrust for the attached vehicle. Three
options are available depending on mission requirements: These are 1) solid, 2)
liquid, and 3) hybrid rockets. In this chapter, we focus on idealized representations
of full-length hybrid rockets with circular or rectangular bores.

To review and compare differences, briefly, liquid rockets utilize liquid fuel
and oxidizer stored in separate tanks, except in the case of a monopropellant.
By either gas-pressure feeding or mechanically pumping the propellants from
their respective tanks, they are sprayed into a mixing chamber where they are
combusted and consumed. Liquid rocket engines provide high-thrust capability
and can be throttled at will. Additionally, they tend to be the most efficient of high-
thrust engines. Their main drawback however is the complexity of their multiple
components, specifically, their stop-valves, pressure regulators, injectors, baffles,
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turbopump machinery, and other plumbing accessories. In fact, to secure a certain
degree of reliability, the need for system redundancies on most components often
imposes excessive cost and weight penalties.

Solid rocket motors (SRMs) are somewhat different, having a specific set of
advantages and drawbacks. In SRMs, the fuel and oxidizer are chemically premixed
to form the solid-propellant grain. By the simple ignition of this rubbery, soap-like
substance, the oxidizer and fuel in the solid matrix react to produce the high-
energy propulsive gases. Because the propellant grain lines the inner wall of the
combustion chamber, the cross section can be tailored to prescribe the desired
thrust performance. In fact, a variety of designs for the central burning port are
available. SRMs are simple to build and operate. On the downside, they are less
efficient fuel burners, and their combustion cannot be regulated. They are more
hazardous to handle and possess limited shelf lives due to degradation with aging.

B. Characteristic Features of Hybrids

As we have seen in earlier chapters, hybrid rockets seem to offer a compromising
solution in their ability to combine some of the simplistic features of solids and the
performance of liquids. In a hybrid, a gaseous or liquid oxidizer (or fuel) is stored
in an insulated tank. The fuel grain (or less commonly, the oxidizer) is placed inside
a thrust chamber extending between an injector faceplate and a nozzle (Fig. 1). The
typical fuel grain is hollowed out to produce a combustion port in a fashion similar
to that of an SRM. When the oxidizer is injected into the chamber at high mass flow
rate and pressure, reactions are initiated in a thin boundary layer just above the
fuel surface. The ensuing high combustion temperature helps to sustain solid-fuel
vaporization. The resulting diffusion flame resembles that of a household candle:
As the hot combustion gases cause a thin layer of fuel to pyrolyze and vaporize,
the oxidizer and fuel particles react along the exposed port areas in several zones
of decreasing fuel concentration. This process is shown in Fig. 2, where stacked
layers of decreasing fuel fraction are shown to separate the oxidizer from the
solid-fuel grain. The reaction gases cross the combustion port and expand through
the nozzle. By the metering of the oxidizer, the production of exhaust gases and
corresponding thrust can be modulated. This gives hybrid rockets throttling and
start–stop–restart capabilities.

boundary layer edge
flame zone

combustion port mixing in post
combustion chamber

ox
id

iz
er

solid fuel

Fig. 1 Schematic of circular-port hybrid rocket.
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solid fuel grain

flame zone

vaporized fuel rich zone

boundary layer edge

combustion products

oxidizer spray

Fig. 2 Decreasing fuel concentration zones above solid surface during hybrid grain
pyrolysis.

On the downside, hybrids exhibit lower combustion efficiencies and are suscep-
tible to fluctuations in specific impulse. These setbacks can be chiefly attributed
to incomplete mixing in the active combustion zone and the presence of residual
slivers at propellant burnout. Despite these relative drawbacks, the specific impulse
is only weakly compromised. In practice, conventional hybrids sit on the median
between liquid and solid rockets. Their typical performance numbers are available
in the open literature: For liquid systems, specific impulse can range between 300
and 400 s; most SRMs operate at an impulse of 200–270 s; yet experimental tests
put hybrid engines in the 275–350 s range, directly above SRMs.

Several advantages of hybrids are easy to enumerate. Although they are more
complex than SRMs, they compare in performance to liquid systems while requir-
ing one-half of the usual plumbing. This appreciable reduction in overall engine
weight and cost is accompanied by a marked increase in reliability. By com-
parison with solids, hybrids are safer to produce and store, ecologically less
hazardous, and the fuel grain, being inert, is more resilient and, therefore, more
reliable than solid propellants. By comparison with liquid systems, the partly solid-
fuel grain of the hybrid grants volumetric loading advantages over the tankage
required for liquids. Clearly, hybrid rocket engines offer several distinct bene-
fits at a reasonable price, especially when technological measures are taken to
alleviate their combustion inefficiencies and boost their performance figures. It
is in light of these prospects that dedicated teams have been formed at several
research laboratories to design and test increasingly more promising models of
hybrid rockets [1–7].

C. Flow Modeling Technique

In 1966, a simple analytical solution was proposed by Culick [8] for describing
the mean gaseous motion in SRMs. His solution was derived under the contin-
gencies of steady, incompressible, rotational, axisymmetric, and inviscid (high
Reynolds number) flow. It coincided with Taylor’s 1956 solution obtained in a
different context [9]. The resulting profile was scrutinized in subsequent studies,
including computational [10–12], experimental [12–15], and theoretical investiga-
tions [16–18]; in all cases, it was found to be quite adequate for modeling the mean
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flow in a full-length cylindrical motor. To this date, Culick’s profile remains at the
foundation of several theoretical studies, especially, those concerned with combus-
tion instability. Despite its simplicity and dismissal of SRM physicochemistry, it
has proven to be quite helpful in investigating several performance-related mech-
anisms that are germane to rocket motor internal ballistics. Inspired by Culick’s
model, other analytical solutions have since been advanced; these include both
planar [17, 18] and axisymmetric [16] approximations for the viscous flow in a
rocket chamber with regressing walls. The oscillatory wave motion that often
accompanies unsteady disturbances in SRMs has also been described by Majdalani
[19], Majdalani and Flandro [20], Griffond [21], and others.

Despite the relative complexity of the fluid structures that lie directly above
the fuel surface, the trajectory followed by gases ejected into a hybrid chamber
can be assumed to be normal to the surface, as in the case of an SRM. In fact, a
closed-form analytical approximation, namely, one that will be furnished here, can
be used to describe the gas motion corresponding to this idealized representation
of a hybrid engine. The interactions within the flame zone must be ignored lest an
intractable problem is reached at leading order. Instead, the burning surface will
be modeled, as in the case of a solid propellant, by assuming a porous surface [8].
The difference here lies in the mass injection rate across the sidewall, which will
be (an order of magnitude) smaller than in the case of a solid propellant. To the
author’s knowledge, no analytical solution for the hybrid has yet been advanced.
The technique we choose relies on a conventional similarity approach; this will
be employed in conjunction with Euler’s equations, whose application is justified
in view of the (still) appreciable injection Reynolds number that accompanies this
problem. This will result in a steady, incompressible mean flow solution for a
full-length circular-port hybrid engine. The same methodology will be applied to
the slab hybrid rocket configuration. In both cases, viscous corrections are added
a posteriori using asymptotics. Naturally, the solutions suggested in the past for
SRMs with similar conditions will have to be modified to include oxidizer inflow
stemming from the headwall. Until more refined models become available, these
approximations will provide simplistic idealizations owing to the following reasons
and limitations:

1) The burning rate of hybrid rocket fuel is very sensitive to the flowfield in the
chamber. Hence, many standard assumptions, such as uniform burning rate, which
can be justified in SRMs, become less suitable in hybrids. The regression rate is
strongly controlled by the pyrolyzing fluid and flow conditions; it is prescribed
by complex fluid dynamics and interactions with heat transfer from the hot core
to the solid-fuel surface. The heat flux is related, in turn, to turbulent conditions,
multiphase effects, and radiation. These factors are not considered here.

2) The validity of the inviscid solution for SRMs has been shown to be ade-
quate at high wall injection Reynolds numbers (generally, exceeding 500) [12–15].
This is easily satisfied in SRMs where large burning rates produce wall injection
Reynolds numbers in excess of 1000. In hybrid rockets, the fuel burning rate is
an order of magnitude smaller, albeit sufficiently large to justify an asymptotic
treatment in which viscosity can be accounted for. The construction of a viscous
solution appears to be more essential here than in the case of an SRM, especially
because viscous effects will have a more pronounced impact on pressure than
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velocity. With this in mind, a viscous rotational approximation will be provided as
a more accurate alternative.

3) The real challenge of hybrid propulsion is in the mixing and burning of the
two streams. However, in seeking a basic description, no attempts will be made
to capture the mixing patterns of oxidizer and fuel or to model the burning of
the two streams. These desirable pursuits must await studies in which nonuniform
burning, mixing, and the effect of particle-mean flow interactions may be separately
addressed. This delicate interplay of underpinning core flow mechanisms is hoped
to inspire capable theoreticians to seek higher-order physical idealizations.

II. Basic Hybrid Model

The basic hybrid engine can be modeled as a cylindrical chamber of porous
length L0 and radius a with both a permeable head end and a fully-open downstream
end. The permeable headwall permits the injection of a fluid at a prescribed velocity
profile ū0. The chamber is shown in Fig. 3, where r̄ and z̄ are the radial and axial
coordinates. The field of interest extends from the headwall to the typical nozzle
attachment point at the aft end.

At the headwall, an oxidizer stream may be injected into the chamber at a maxi-
mum centerline speed equal to Uc. This incoming stream must be assimilated with
the lateral crossflow sustained by uniform mass addition along the porous sidewall.
Naturally, the sidewall velocity Uw is commensurate with the fuel regression rate
and can be appreciably smaller than Uc due to typical rates of fuel pyrolysis. This
condition can be later exploited in seeking an asymptotic approximation of higher

Fig. 3 Full-length hybrid chamber with mass addition from both sidewall and head-
wall boundaries; oxidizer injection profile at the headwall a) sinusoidal, b) uniform,
and c) arbitrary distribution.
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order. The present analysis seeks to capture the essential features of the ensuing
flowfield using several headwall injection profiles. These correspond to

ū0(r̄) = ūz(r̄, 0) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Uc = const; uniform

Uc cos
( 1

2π r̄2/a2
)

; sinusoidal

Uc[1− (r̄/a)m]; laminar and turbulent

Uc(1− r̄/a)1/m; turbulent

(1)

In addition to providing a generic solution, the focus will be devoted to the realistic
profiles that may be used in the context of a rotational flow with sidewall mass
addition.

A. Equations

A non-reactive ‘outer’flow may be considered, prompted by the weak reactions
that accompany diffusion flames. Furthermore, the basic flow may be assumed to
be 1) steady, 2) inviscid, 3) incompressible, 4) rotational, 5) axisymmetric, and
6) nonswirling (ūθ = 0). Based on these assumptions, Euler’s equations become

1

r̄

∂(rur)

∂ r̄
+ ∂ ūz

∂ z̄
= 0 (2)

ūr
∂ ūr

∂ r̄
+ ūz

∂ ūr

∂ z̄
= − 1

ρ

∂ p̄

∂ r̄
(3)

ūr
∂ ūz

∂ r̄
+ ūz

∂ ūz

∂ z̄
= − 1

ρ

∂ p̄

∂ z̄
(4)

B. Boundary Conditions

The boundary conditions are due to symmetry, no-slip at the sidewall, and both
headwall and sidewall injection. Specifically, one may assume 1) axial symmetry
and, therefore, no flow across the centerline; 2) vanishing axial flow in fulfillment
of the no-slip boundary condition at the sidewall; 3) uniform injection along the
cylindrical sidewall, and 4) a prescribed injection pattern at the headwall. These
particulars may be written as

r̄ = 0, 0 ≤ z̄ < L0; ūr = 0 (no flow across centerline)

r̄ = a, 0 ≤ z̄ < L0; ūz = 0 (no-slip at the wall)

r̄ = a, 0 ≤ z̄ < L0; ūr = −Uw (sidewall mass addition)

z̄ = 0, 0 ≤ r̄ < a; ūz = ū0(r̄) (variable headwall injection)

(5)
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C. Normalization

In seeking a similarity solution using the vorticity-stream function approach, it
is helpful to normalize all variables and operators. This can follow

z = z̄/a; r = r̄/a; ∇ = a∇̄; p = p̄/(ρU2
w); ψ = ψ̄/(a2Uw)

(6)

ur = ūr/Uw; uz = ūz/Uw; uc = Uc/Uw (7)

Here Uc = ūz(0, 0) and Uw = −ūr(a, z̄) are the characteristic fluid injection veloc-
ity at the headwall and the uniform wall injection velocity at the sidewall,
respectively. As usual, ψ is the Stokes stream function.

Pursuant to Eqs. (6) and (7), motion is prescribed by

∇ · u = 0; u · ∇u = −∇p (8)

Using u · ∇u = 1
2∇(u · u)− u×∇ × u and taking the curl of the momentum

equation, one obtains the steady inviscid vorticity transport equation. This is

∇ × u×Ω = 0; Ω ≡ ∇ × u (9)

The corresponding boundary conditions reduce to

ur(0, z) = 0; (no flow across centerline)

uz(1, z) = 0; (no slip at sidewall);

ur(1, z) = −1; (constant radial inflow at sidewall);

uz(r, 0) = u0; (arbitrary inflow at headwall);

u0(r) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

uc = const

uc cos
( 1

2πr2
)

uc(1− rm)

uc(1− r)1/m

(10)

Equation (9) must be solved in conjunction with the constraints granted by Eq. (10).

D. Sinusoidal Headwall Injection

We begin the analysis by presenting the rotational solution corresponding to a
sinusoidal headwall injection velocity, u0 = uc cos

( 1
2πr2

)
. This half-cosine was

shown by Berman to provide a similarity-conforming solution [22]. To start, we
consider the vorticity equation, namely,

Ω = Ωθeθ =
(
∂ur

∂z
− ∂uz

∂r

)
eθ (11)

The vorticity–stream function approach can be applied by introducing the standard

ur = −1

r

∂ψ

∂z
; uz = 1

r

∂ψ

∂r
(12)
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Substitution into the vorticity transport Eq. (9) yields

∂(urΩθ)

∂r
+ ∂(uzΩθ)

∂z
= 0 (13)

and so

∂ψ

∂z

∂

∂r

(
Ωθ

r

)
= ∂ψ

∂r

∂

∂z

(
Ωθ

r

)
(14)

This will be satisfied when

Ωθ/r = F(ψ) (15)

In seeking a closed-form solution, we choose

Ωθ = C2rψ (16)

It must be borne in mind that this linear choice is not unique; other possible
forms exist, including the case ofΩθ = C2 = 0 for which an irrotational solution
is realized. However, when Eq. (16) is inserted into the vorticity equation, one
obtains the classic partial differential equation (PDE),

∂2ψ

∂z2 +
∂2ψ

∂r2 −
1

r

∂ψ

∂r
+ C2r2ψ = 0 (17)

At this juncture, the boundary conditions may be written for the stream function.
Based on Eq. (10), these become

lim
r→0

1

r

∂ψ(r, z)

∂z
= 0 (18a)

∂ ψ(1, z)

∂r
= 0 (18b)

1

r

∂ψ(1, z)

∂z
= 1 (18c)

1

r

∂ ψ(r, 0)

∂r
= u0 (18d)

By virtue of L’Hôpital’s rule, removing the singularity in Eq. (18a) a requires
that both

∂ψ(0, z)

∂z
= 0 (19a)

and

∂2ψ(0, z)

∂r∂z
= 0 (19b)
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Using separation of variables, one sets

ψ(r, z) = f (r)g(z) (20)

This reduces Eq. (17) into

−(g′′/g) = ( f ′′/f )− (1/r)( f ′/f )+ C2r2 = ±λ2 (21)

The physically meaningful case corresponds to λ = 0. At the outset, one collects

g(z) = C1z + C2 (22)

f ′′ − (1/r)f ′ + C2r2f = 0 (23)

The latter can be rearranged into

1

r

d

dr

(
1

r

df

dr

)
+ C2f = 0 (24)

Using the transformation, η = 1
2πr2, one finds

d2f

dη2 +
C2

π2 f = 0 (25)

hence,

f (η) = A cos(Cη/π)+ B sin(Cη/π) (26)

or

f (r) = A cos
(

1
2 Cr2

)
+ B sin

(
1
2 Cr2

)
(27)

The stream function becomes

ψ = (C1z + C2)
[
A cos

(
1
2 Cr2

)
+ B sin

(
1
2 Cr2

)]
(28)

At the outset, one derives

uz = (C1z + C2)
[
−AC sin

(
1
2 Cr2

)
+ BC cos

(
1
2 Cr2

)]
(29)

and

ur = −(C1/r)
[
−A cos

(
1
2 Cr2

)
+ B sin

(
1
2 Cr2

)]
(30)

Now, the boundary conditions may be utilized to extract the unknown coefficients.
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From ur(0, z) = 0, one finds A = 0. Hence,

uz = (C1z + C2)
[
BC cos

(
1
2 Cr2

)]
(31)

ur = −(C1/r)
[
B sin

(
1
2 Cr2

)]
(32)

Then, based on uz(1, z) = 0, one gets cos
( 1

2 C
) = 0 or C = π . At this point, one

is left with

uz = (C1z + C2)
[
Bπ cos

(
1
2πr2

)]
ur = −(C1/r)B sin

(
1
2πr2

) (33)

The key boundary condition at the headwall may now be applied. By putting

uz(r, 0) = uc cos
(

1
2πr2

)
(34)

one deduces C2 = uc/(Bπ); the last constant can be obtained by writing

uz = (C1Bπz + uc) cos
(

1
2πr2

)
(35)

and imposing ur(1, z) = −1. One reaps C1 = B−1. The solution we seek can finally
be expressed as

ψ = (z + uh) sin
(

1
2πr2

)
; uh ≡ uc/π (36)

As shown in Fig. 4, increasing the headwall injection parameter increases the
flow turning severity near the sidewall. Specifically, as uh is increased from 50 to
200, the streamlines, which otherwise resemble those of an SRM, become domi-
nated by axial (parallel-flow) motion everywhere except in the neighborhood of
the sidewall. This can be clearly attributed to the increased propensity of the axial
stream bursting into the chamber. At larger uh, the sidewall originating stream is
met by an overwhelmingly larger axial flow that forces it to rapidly turn and assim-
ilate with it. In practice, the values of Uc and Uw can be calibrated to reproduce the
patterns associated with a prototypical hybrid engine. Note that the inviscid solu-
tion was verified numerically (despite being exact), using a general purpose finite
element code for simulating the axisymmetric equations of incompressible fluid
flow. The numerical streamlines were overlaid on the analytical curves and found to
be imperceptible. A more detailed comparison with Navier–Stokes computations
will be described in a later section.

Based on Eq. (36) other pertinent variables may be evaluated. For example,
one finds

ur = −(1/r) sin
(

1
2πr2

)
(37)

uz = π(z + uh) cos
(

1
2πr2

)
(38)

Ωθ = π2(z + uh)r sin
(

1
2πr2

)
(39)
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Fig. 4 Rotational streamlines for two increasing headwall injection parameters:
a) uh = 50 and b) uh = 200; by magnifying the scale in c) for uh = 200, the wall-normal
injection feature is illustrated.

∂p

∂r
= −−1+ πr2 sin(πr2)+ cos(πr2)

2r3 (40)

∂p

∂z
= −π2(uh + z) (41)

where the pressure gradient is evaluated from Eq. (8). The pressure drop from the
headwall becomes

Δp = −1− 2π2r2z(2uh + z)+ cos(πr2)

4r2 (42)

In Fig. 5, the two velocity components, vorticity and the radial pressure drop
at the headwall, are plotted. Whereas the axial velocity increases linearly with the
headwall injection parameter, the radial velocity remains unaffected. In fact, the
radial component is seen to be identical to its counterpart in SRMs, namely, that
of Culick [8]. In Fig. 5c, the vorticity is seen to be largest near the sidewall, where
flow is entering perpendicularly to the fuel surface. Away from the wall, vorticity
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Fig. 5 Axial velocity and vorticity at fixed axial postion: a) axial velocity, b) radial
velocity, c) vorticity, and d) pressure drop at chamber’s headwall.

decays rapidly; it approaches zero near the centerline, where the flow becomes
nearly uniform. As for the pressure drop, Fig. 5d illustrates how Δp(r, 0) in the
headwall plane can surpass its wall value when

1
2

√
2 < r < 1 (43)
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In this range, the largest magnitude corresponds to Δp = −0.569108. This
extremum can be obtained by differentiating Eq. (42) at fixed z. For example,
by letting

−1+ πr2
m sin(πr2

m)+ cos(πr2
m)

2r3
m

= 0 (44)

one may expand the numerator using a Taylor series about 1
2

√
3; forthwith, a

quadratic equation of the form ax2 + bx + c = 0 is obtained where

a = −36π2 (π + 2)
√

2 r2
m

b = 12π2 (3π + 4)
√

6 rm (45)

c = −64− 32
√

2+ 24π
√

2− 18π2
√

2− 27π3
√

2 	 −1437.8012

The extrema of Δp correspond to the two possible roots, one of which being rm =
0.861405. Note that the radial pressure variation is strongly connected with the
radial velocity shown in Fig. 5b; both experience an unexpected surge in magnitude
immediately after injection (thus exceeding their absolute value at the wall). This
behavior is due to the decrease in surface area open to radial flow near r = 1.

Equations (36–42) constitute the most basic rotational model that can be used
to describe the streamtube motion in a circular hybrid chamber. Despite being
inviscid and incompressible, it satisfies no-slip at the sidewall and its headwall
injection constant may be adjusted to mimic the bulk gasified motion in an actual
system. Furthermore, its simplicity permits the straightforward addition of viscous
effects as we shall illustrate next.

E. Axisymmetric Viscous Correction

Viscous effects may be accommodated as formerly performed in the context of
SRM internal ballistics [16]. For example, one can start with the reduced Navier–
Stokes equation incorporating both viscosity and wall regression speed, namely,

2ε

[
η

d4F

dη4 +
(

2+ α

π
η
)d3F

dη3 + 2
α

π

d2F

dη2

]

+ F
d3F

dη3 −
dF

dη

d2F

dη2 = 0; η = 1
2πr2 (46)

where F = ψ/(z + uh) is the mean flow characteristic function and α = aȧ/ν is
the Reynolds number based on the speed of regression. In the present case, wall
regression may be suppressed by setting α = 0 [16]. Subsequently, one is left with

2ε

(
η

d4F

dη4 + 2
d3F

dη3

)
+ F

d3F

dη3 −
dF

dη

d2F

dη2 = 0 (47)

The corresponding boundary conditions are

dF
( 1

2π
)

dη
= 0; F

( 1
2π
) = 1; F(0) = 0; lim

η→0

√
η

d2F

dη2 = 0 (48)
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Note that ε ≡ ν/(aUw) is the inverted Reynolds number based on the sidewall
injection velocity. A regular perturbation solution to Eqs. (47) and (48) can be
readily obtained and verified. The result is

F = sin η + ε{−3+ (η cos η − sin η)S(η)− S1(η) cos η

+ [3+ S
( 1

2π
)]

sin η − [6/π + 1+ S
( 1

2π
)

− (2/π)S1
( 1

2π
)]
η cos η + 2 cos η

}
(49)

where

S(η) =
∫ η

0
φ cscφ dφ = η +

∞∑
k=1

2

π2k

( ∞∑
n=1

1

n2k

) (
1− 21−2k

)
(2k + 1)

η2k+1 (50)

S1(η) =
∫ η

0
φ2 cscφ dφ = 1

2
η2 +

∞∑
k=1

( ∞∑
n=1

n−2k

) (
1− 21−2k

)
(k + 1) π2k

η2k+2 (51)

The primary dependent variables of interest, namely, the streamline and velocity
components, may be calculated from

ψ = (z + uh)F; ur = −F

r
; uz = (z + uh)

r

dF

dr
(52)

By inspection, it can be seen that if viscosity is set to zero in Eq. (49), the
inviscid form given by Eqs. (36–38) will be recovered. In summary, the viscous
approximation for the rotational model comprises

ψ = (z + uh)
[
sin η + ε

(
− 3+ [3+ S

( 1
2π
)− S(η)

]
sin η

− cos η
{
S1(η)− 3+ η

[
1+ 6π−1 + S

( 1
2π
)

− S(η)− 2π−1S1
( 1

2π
)]})]+O(ε2) (53)

ur = −
√
π/(2η)

[
sin η + ε

(
− 3+ [3+ S

( 1
2π
)− S(η)

]
sin η

− cos η
{
S1(η)− 3+ η

[
1+ 6π−1 + S

( 1
2π
)

− S(η)− 2π−1S1
( 1

2π
)]})]+O(ε2) (54)

uz = π (z + uh)
[
cos η + ε

(
−η + 2

[
1− 3π−1 + π−1S1

( 1
2π
)]

cos η

+
{
S1(η)− 3+ η

[
1+ 6π−1 + S

( 1
2π
)− S(η)

− 2π−1S1
( 1

2π
)]}

sin η
)]
+O(ε2) (55)
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As for the corrected pressure drop, it may be obtained by integrating from the
centerline to any radius. One gets

Δp⊥ ≡ p(0, z)− p(η, z) = π
[
εFη + 1

4η
−1F2 − εFη(0)

]
= 1

4πη
−1 sin2 η + επ

(
cos η − 1− 3

2η
−1 sin η

+ 1
4η
−1 {3+ S

( 1
2π
)− S(η)+ cos(2η)

[
S(η)− S

( 1
2π
)− 3

]}
+ 1

4 sin(2η)
{
S(η)− S

( 1
2π
)− 1− 6π−1

+2π−1S1
( 1

2π
)+ η−1 [3− S1(η)]

})
+O(ε2) (56)

In like fashion, the pressure drop in the flow direction can be estimated from

Δp‖ ≡ p(η, 0)− p(η, z) = −π2z
( 1

2 z + uh
) [

2ε(ηFηηη + Fηη)− (Fη)2 + FFηη
]

= π2z
( 1

2 z + uh
) {1+ (2ε/π)[2π − 6+ 4πC − 7ζ(3)]}

+O(ε2) (57)

where C = 1
2 S
( 1

2π
) 	 0.91596559 is Catalan’s constant, and ζ(3) 	 1.2020569

is the Riemann zeta function defined by

ζ(x) =
∞∑

k=1

k−x

Note that the final expression in Eq. (57) is evaluated along the axis of the chamber
in the flow direction. Hence, one can put Δp‖ 	 π2z

( 1
2 z + uh

)
(1+ 2.15123ε)+

O(ε2). Finally, the shear stress (or vorticity) can be calculated from

τ = τ̄ /(ρU2
w) = −εΩ = ε(z + uh)

√
2π

3
2
√
ηFηη

= −ε(z + uh)π
√

2πη sin η +O(ε2) (58)

At the sidewall, one is left with τw = −επ2 (z + uh)+O(ε2). This approximation
illustrates the method by which one may obtain the small viscous corrections. These
can be appreciable in hybrids wherein the sidewall injection Reynolds number is
roughly an order of magnitude smaller than in SRMs. The resulting mean flow
can, thus, be used as a seed in the modeling of internal burning hybrids.

III. General Headwall Injection

One may seek to generalize by first recognizing that solutions to Eq. (17) are
of the form

ψ(r, z) = (αz + β)
[
A cos

(
1
2 Cr2

)
+ B sin

(
1
2 Cr2

)]
(59)

This expression satisfies Eq. (19b) identically. Therefore, from this point forward,
Eq. (18a) a may be superseded by Eq. (19a).
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A. Solution by General Eigenfunction Expansions

Application of the boundary conditions must be carefully carried out, preferably,
in the order in which they appear. For example, Eq. (19a) gives:

∂ψ(0, z)

∂z
= αA cos

(
1
2 Cr2

)
+ αB sin

(
1
2 Cr2

)∣∣∣
r=0
= 0 (60)

or A = 0. Without loss in generality, we set B = 1 and rewrite Eq. (18b) as

rC(αz + β) cos
(

1
2 Cr2

)∣∣∣
r=1
= 0; ∀z (61)

and so cos
( 1

2 C
) = 0; this is satisfied by

C = Cn = (2n+ 1)π ; n = {0, 1, 2, . . . ,∞} ∈ N (62)

Using Cn = (2n+ 1)π enables us to sum over eigenfunctions corresponding to
both wall suction and injection.Whereas even integers yield injection-driven eigen-
functions, odd integers correspond to suction driven solutions. When combined,
one can put

ψn(r, z) = (αnz + βn) sin
[(

n+ 1
2

)
πr2

]
or

ψ(r, z) =
∞∑

n=0

(αnz + βn) sin
[(

n+ 1
2

)
πr2

]
(63)

The third condition becomes

∂ψ(1, z)

∂z
=
∞∑

n=0

αn sin
[(

n+ 1
2

)
π
] = 1 or

∞∑
n=0

(−1)nαn = 1 (64)

which may exhibit several outcomes depending on the behavior of αn. Finally, the
headwall condition may be satisfied by evoking the idea of orthogonality. Starting
with

1

r

∂ψ(r, 0)

∂r
= π

∞∑
n=0

(2n+ 1)βn cos
[(

n+ 1
2

)
πr2

]
= u0(r) (65)

one can apply orthogonality to secure

βn

∫ 1

0
(2n+ 1) cos2

[(
n+ 1

2

)
πr2

]
r dr = 1

π

∫ 1

0
u0(r) cos

[(
n+ 1

2

)
πr2

]
r dr

(66)
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or

βn =

∫ 1

0
u0(r) cos

[(
n+ 1

2

)
πr2

]
r dr

π

∫ 1

0
(2n+ 1) cos2

[(
n+ 1

2

)
πr2

]
rdr

= 4

π(2n+ 1)

∫ 1

0
u0(r) cos

[(
n+ 1

2

)
πr2

]
rdr (67)

For uniform headwall injection, u0(r) = uc, so one recovers

βn = 4(−1)nuc

π2(2n+ 1)2
= 4(−1)nuh

π(2n+ 1)2
(68)

Backward substitution into Eq. (63) enables us to extract, for the general case,

ψ(r, z) =
∞∑

n=0

(αnz + βn) sin
[(

n+ 1
2

)
πr2

]
(69)

and for the particular case of uniform headwall injection,

ψ(r, z) =
∞∑

n=0

[
αnz + 4(−1)nuc

π2(2n+ 1)2

]
sin
[(

n+ 1
2

)
πr2

]
(70)

Note that many solutions may be arrived at depending on the choice of αn that
properly fulfills Eq. (64). One such case corresponds to Taylor’s classic solution
for which

α0 = 1 αn = 0; ∀n �= 0 (71)

At the outset, Eq. (69) reduces to

ψ(r, z) = z sin
(

1
2πr2

)
+ 4uc

π2

∞∑
n=0

(−1)n

(2n+ 1)2
sin
[(

n+ 1
2

)
πr2

]

(uniform headwall injection) (72)

In all cases, one may obtain the solution from

ψ = z sin
(

1
2πr2

)
+
∞∑

n=0

βn sin
[(

n+ 1
2

)
πr2

]
;

uz = πz cos
(

1
2πr2

)
+ π

∞∑
n=0

(2n+ 1)βn cos
[(

n+ 1
2

)
πr2

]
(73)
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For Berman’s half-cosine, Eq. (67) may be evaluated to give β0 = uc/π and
βn = 0, ∀n �= 0. Equation (73) becomes

uz = πz cos
(

1
2πr2

)
+ uc cos

(
1
2πr2

)
= π(z + uh) cos

(
1
2πr2

)
(74)

This reproduces the special case caused by harmonic headwall injection leading
to Eq. (38) [23].

Equation (72) is deliberately left as an infinite series, albeit collapsible into
closed form when put in terms of special functions. The character of this expres-
sion is shown in Fig. 6 for a headwall injection rate appropriate for SRMs with
reactive headend (or T-burners). With use of uc = 1, a balance between sidewall
and headwall injection causes the streamline originating at the corner (1,0) to bisect
the flowfield at an angle of 1

4π . When one concentrates on specific areas, it may be
seen that the solution conforms to the stated boundary conditions. Whereas Fig. 6b
shows the corner streamlines, Figs. 6c–6f confirm the satisfaction of the no-slip
condition by reproducing the expected behavior in different sectors.

When the same analysis is repeated in Fig. 7 for uc = 1000, a streamtube motion
akin to that of hybrid rocket core flow is seen to dominate. This is true everywhere
except in the close vicinity of the sidewall. Whereas Fig. 7a offers an overview
of the streamtube motion, magnification near the sidewall enables us to reaffirm that
the gas enters the chamber perpendicularly to the grain surface. By approaching
the headwall, the presence of parallel flow in Figs. 7e and 7f lends support to the
local orthogonality.

Fig. 6 Streamlines for uc = 1 in r− z plane, in different localities.
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Fig. 7 Streamlines for uc = 1,000 in r− z plane, in different localities.

Onceψ is determined, the velocity and vorticity components may be recovered
from Eqs. (12) and (16). One obtains

ur(r) = −r−1 sin
(

1
2πr2

)
Ω(r, z) = π2rz sin

(
1
2πr2

)

uz(r, z) = πz cos
(

1
2πr2

)
+ 4uh

∞∑
n=0

(−1)n

(2n+ 1)
cos

[(
n+ 1

2

)
πr2

] (75)

Note that uniform headwall injection does not introduce any mean flow vorticity
and that uz(1, z) = 0 because each cos[(n+ 1

2 )π ] term vanishes at the sidewall.
This behavior is shown in Figs. 8a and 8b at the headwall and, using L0 = 2, at six
equally spaced axial stations corresponding to 0, 0.4, 0.8, 1.2, 1.6, and 2. Note that
the streamwise velocity is also collapsible into closed form by recognizing that

4uh

∞∑
n=0

(−1)n

(2n+ 1)
cos

[(
n+ 1

2

)
πr2

]
= 2uhq(r) = uc [1− δk(1− r)] (76)

where δk is the Kronecker delta and q(r) = tan−1(e
1
2 iπr2

)+ tan−1(e− 1
2 iπr2

).
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Fig. 8 Radial evolution of the streamwise velocity corresponding to uc = 1: a) z = 0
and b) six equidistant positions at z = 0, 0.4, 0.8, 1.2, 1.6, and 2.

B. Solution by Injection-Driven Eigenfunctions

The same analysis may be repeated by retaining only the even eigenvalues asso-
ciated with an injection-driven wall contribution. This can be seen by reconsidering
Eq. (61) and writing

C = Cn = (4n+ 1)π ; n ∈ Z (77)

This choice enables us to skip every other multiple of 1
2π , thus producing a series

of injection-based solutions. At the outset, the third condition becomes

∞∑
n=−∞

αn sin
[(

2n+ 1
2

)
π
] = 1 or

∞∑
n=−∞

αn = 1 (78)

Note that we start our sum at negative infinity lest we capture half of the headwall
injection velocity. As we pursue this route, the headwall requirement reduces to

π

∞∑
n=−∞

(4n+ 1)βn cos
[(

2n+ 1
2

)
πr2

]
= u0 (79)

and so, by use of orthogonality, we put

βn

∫ 1

0
(4n+ 1) cos2

[(
2n+ 1

2

)
πr2

]
r dr = 1

π

∫ 1

0
u0 cos

[(
2n+ 1

2

)
πr2

]
r dr

(80)
or

βn = 4

π(4n+ 1)

∫ 1

0
u0 cos

[(
2n+ 1

2

)
πr2

]
r dr (81)

When u0 = uc, the direct result is

βn = 4uc

π2(4n+ 1)2
= 4uh

π(4n+ 1)2
(uniform headwall injection) (82)

The injection-based stream function becomes

ψinj(r, z) =
∞∑

n=−∞

[
αnz + 4uc

π2(4n+ 1)2

]
sin
[(

2n+ 1
2

)
πr2

]
(83)
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A special case of Eq. (83) corresponds to α0 = 1 and αn = 0; ∀n �= 0. The
injection-driven solution becomes

ψinj(r, z) = z sin
(

1
2πr2

)
+ 4uc

π2

∞∑
n=−∞

(4n+ 1)−2 sin
[(

2n+ 1
2

)
πr2

]
(84)

Although bearing a slightly different appearance, Eq. (84) is identical to Eq. (72).
The seemingly dissimilar part corresponds to the streamwise velocity, which can
be readily identified as

uz(r, z) = πz cos
(

1
2πr2

)
+ 4uh

∞∑
n=−∞

1

(4n+ 1)
cos

[(
2n+ 1

2

)
πr2

]
(85)

This result merely duplicates the behavior of Eq. (75) especially that, at r = 0, one
may use the convergent series

∞∑
n=−∞

1

(4n+ 1)
= π

4
(86)

to write uz(0, z) = πz + uc. Similarly, at the sidewall, no-slip is observed by virtue
of cos[(2n+ 1

2 )π ] = 0, ∀n ∈ Z. In hindsight, had we limited our sum to n ∈ Z,
the orthogonality condition would have yielded half of the headwall contribution,
namely, uz(r, 0) = 1

2 uc and uz(0, z) = πz + 1
2 uc.

C. Nonlinear Residual in the Vorticity Transport Equation

Based on Eq. (9), the residual Q of the vorticity transport equation may be
calculated from

∇ × u×Ω = −
[
∂

∂r
(urΩ)+ ∂

∂z
(uzΩ)

]
eθ = Q(r, z)eθ (87)

In terms of the stream function, we, therefore, have

Q = −Ω
r2

∂ψ

∂z
+ 1

r

∂ψ

∂z

∂Ω

∂r
− 1

r

∂ψ

∂r

∂Ω

∂z
(88)

For each eigensolution given by Eq. (69), the vorticity transport equation
vanishes on substitution. When Ω = Ωn = C2

nrψn is used, Eq. (88) becomes

Qn = −C2
nψn

r

∂ψn

∂z
+ 1

r

∂ψn

∂z

∂

∂r
(C2

nrψn)− 1

r

∂ψn

∂r

∂

∂z
(C2

nrψn)

= −C2
nψn

r

∂ψn

∂z
+ 1

r

∂ψn

∂z
C2

nψn + C2
n
∂ψn

∂z

∂ψn

∂r
− C2

n
∂ψn

∂r

∂ψn

∂z

= 0 (89)
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The summation of Eq. (89) over all eigenmodes is identically zero if a hypothetical
case may be considered for which all eigensolutions coexist independently.
However, when coupling between eigenmodes is considered, the total vorticity
and stream function must be accounted for in the vorticity transport equation.
Substitution into Eq. (88) requires evaluating

Q = − 1

r2

m∑
n=0

Ωn

m∑
n=0

∂ψn

∂z
+ 1

r

m∑
n=0

∂ψn

∂z

m∑
n=0

∂Ωn

∂r
− 1

r

m∑
n=0

∂ψn

∂r

m∑
n=0

∂Ωn

∂z
(90)

Now, by taking into account that

ψn(r, z) = (αnz + βn) sin
(

1
2 Cnr2

)
;

∂ψn

∂z
(r) = αn sin

(
1
2 Cnr2

)
∂ψn

∂r
(r, z) = rCn(αnz + βn) cos

(
1
2 Cnr2

)
;

∂Ωn

∂z
(r) = rC2

nαn sin
(

1
2 Cnr2

)
(91)

and, for the Taylor–Culick class of solutions, α0 = 1 and αn = 0; ∀n �= 0, one is
left with

∂ψn

∂z
(r) =

{
α0 sin

( 1
2 C0r2

)
; n = 0

0; ∀n �= 0

∂Ωn

∂z
(r) =

⎧⎨
⎩C2

0rα0 sin
( 1

2 C0r2
) = C2

0r
∂ψ0

∂z
; n = 0

0; ∀n �= 0

(92)

where the axial derivatives are solely due to the zeroth eigenmode. This reduces
Eq. (90) to

Q = ∂ψ0

∂z

(
− 1

r2

m∑
n=0

Ωn + 1

r

m∑
n=0

∂Ωn

∂r
− C2

0

m∑
n=0

∂ψn

∂r

)
(93)

We may skip the n = 0 case for which the residual vanishes. Finally, noting that

∂Ωn

∂r
= C2

nψn + C2
nr
∂ψn

∂r
(94)

we retrieve

Q(r) = ∂ψ0

∂z

m∑
n=0

(
C2

n − C2
0

) ∂ψn

∂r
(95)

Equation (95) represents the net residual of the vorticity transport equation due to
nonlinear coupling; it is not necessarily zero except for inert or sinusoidal headwall
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injection profiles. Based on Eq. (73), one recovers

Q(r) = r sin
(

1
2πr2

) m∑
n=0

(
C2

n − C2
0

)
Cnβn cos

(
1
2 Cnr2

)

∼ 1
2πr3

m∑
n=0

(
C2

n − C2
0

)
Cnβn +O(r5) (96)

Clearly, solutions with modes for which C2
n − C2

0 �= 0 entail a residual and become,
at the outset, non-exact. However, as much as it is independent of z, the resid-
ual becomes relatively smaller as we move away from the headwall. Further, it
becomes more accurate near the centerline and the sidewall where the approx-
imation becomes exact. The diminution in the streamwise direction makes the
approximation appropriate for long SRM chambers. The behavior is also consis-
tent with the Taylor–Culick model, which is known for its subtle discontinuity
at z = 0. In all cases, the core flow approximations become increasingly more
accurate away from the headwall.

D. Pressure Analysis

The steady momentum equation may be readily solved for the pressure dis-
tribution. By ignoring the viscous diffusion of vorticity, one may start with
u · ∇u = −∇p and integrate in two spatial directions to retrieve, at length,

p = p0 − 1
2 u · u−

∫
ur
∂uz

∂r
dz (97)

where p0 = p(0, 0) represents the headwall pressure. Immediate integration and
substitution based on Eqs. (75) and (76) lead to

p = p0 − 1
2π

2z2 − 1
2 r−2 sin2

(
1
2πr2

)
+ 1

2 u2
c

− 2π−2ucq(r)
[
ucq(r)+ π2z cos

(
1
2πr2

)]
= p0 − 1

2π
2z2 − 1

2 r−2 sin2
(

1
2πr2

)
+ 1

2 u2
cδk(1− r)

− πucz cos
(

1
2πr2

)
[1− δk(1− r)] (98)

At the centerline, we recover p(0, z) = p0 − 1
2π

2z2 − πucz. To put this in Culick’s
traditional form, we first write the dimensional pressure, p̄ = p̄0 − 1

2ρU2
wπz×

(πz + 2uc), and then renormalize by p̄0 = ρa2
0/γ . Using Mw = Uw/a0 for the

wall Mach number, we obtain

p∗ = p̄/p̄0 = 1− 1
2γM2

w

{
π2z2 + r−2 sin2

(
1
2πr2

)
− u2

c

+4π−2ucq(r)
[
ucq(r)+ π2z cos

(
1
2πr2

)]}
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= 1− 1
2γM2

w

{
π2z2 + r−2sin2

(
1
2πr2

)
− u2

cδk(1− r)

+2πucz cos
(

1
2πr2

)
[1− δk(1− r)]

}
(99)

with p∗(0, z) = 1− 1
2γM2

wπz(πz + 2uc).

E. Other Variable Headwall Injection Profiles

The analysis may be repeated using an arbitrary headwall injection profile. To
be specific, one may use

u0(r) = uc(1− rm) (100a)

u0(r) = uc(1− r)1/m (100b)

These are prescribed by classic profiles used by Poiseuille, Darcy, and others. For
the parabolic Poiseuille profile, one may use u0(r) = uc(1− r2) and extract

βn = 8uc/λ
3
n; λn ≡ (2n+ 1)π (101)

Both Berman’s and Poiseuille’s headwall injection velocities are shown in Fig. 9
using the same representative parameters of Fig. 8 and fixed uc = 1. As evidenced
by Figs. 9a, 9c, 9e, and 9f, the effect of varying the headwall injection profile in
SRMs becomes negligible as the chamber length is increased. However, it remains
important near the headwall and, therefore, in short chambers such as upper stage
SRMs and T-burners. In contrast, the headwall injection profile plays a pivotal
role in hybrid rocket analysis (recall Fig. 7). As for the turbulent profiles corre-
sponding to Eq. (100a), three commonly examined cases may be connected with
m = 6, 8, 10. These lead to

λ
2+m/2
n βn

uc
=

⎧⎪⎪⎨
⎪⎪⎩

96 [(−1)nλn − 2] ; m = 6

192(−1)n(λ2
n − 8); m = 8

320
[
(−1)nλn(λ

2
n − 24)+ 48

]
; m = 10

(102)

Finally, for the turbulent model associated with Eq. (100b), one may resort to
symbolic programming and obtain a recursive relation in terms of the generalized
hypergeometric function pFq(a; b; z); this is

βn = 4m2uc

(1+ m)(1+ 2m)λn
3F4

×
({

3

4
, 1,

5

4

}
,

{
3

4
+ 1

4m
, 1+ 1

4m
,

5

4
+ 1

4m
,

3

2
+ 1

4m

}
,− 1

16
λ2

n

)
(103)

The commonly employed (middle) values in Eqs. (102) and (103) are shown in
Figs. 9e– 9h using a fixed uc = 1.
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Fig. 9 Radial evolution of the streamwise velocity for uc = 1 and several headwall
inlet profiles associated with a–b) Berman’s half-cosine, c–d) Poiseuille, 1− r2, e–f )
1− r8, and g–h) (1− r)1/7. Profiles are shown at headwall (left) and six equidistant
positions corresponding to z = 0, 0.4, 0.8, 1.2, 1.6 and 2 (right).

The formulation for variable headwall injection permits the analytical model-
ing of complicated injection patterns in real hybrid systems. In later sections,
these solutions are compared to CFD results and shown to provide adequate
approximations.

F. Non-Series Approximation

According to Prandtl’s boundary-layer theory, the no-slip condition at the side-
wall need not be satisfied by a standard outer solution due to the absence of friction.
If we were to relax this constraint by permitting the streamwise velocity to be finite
at the sidewall, the solution will, of course, relinquish its quasi-viscous charac-
ter. Under these auspices, a simple solution may be obtained in the form of an
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outer approximation that would later demand a boundary-layer treatment along
the sidewall. Bearing this in mind, we may choose to ignore the second boundary
condition in Eq. (10) and only require that

ur(0, z) = 0

ur(1, z) = −1

uz(r, 0) = uc

(104)

In searching for an exact outer solution, we may follow Terrill and Colgan [24]
and superimpose on Taylor’s profile (with impervious headwall) a uniform field
of zero dimensionality. The resultant is ψ = ψ0 + ψw, where ψw = z sin( 1

2πr2)
is the sidewall-driven Taylor–Culick stream function. At the headwall, one may
introduce a uniform, axially independent plug flow exhibiting the classic form
ψ0 = 1

2 ucr2 with u = uz = uc. Note that ψ0 represents a plain irrotational field
that still satisfies the vorticity equation by substitution of C = 0 in Eq. (17). It also
observes three of the original boundary conditions. Overall, ψ0 and ψw satisfy,
respectively,

ur(0, z) = 0; ur(1, z) = 0; uz(r, 0) = uc
(105)

ur(0, z) = 0; ur(1, z) = −1; uz(r, 0) = 0

Note that the sum of the separate boundary conditions reproduces Eq. (104).
Because of linearity, the composite solution will, hence, observe the chief require-
ments, albeit at the expense of carrying uz(1, z) = uc, ∀z. The composite outer
solution is, hence, expressible by

ψ = 1
2 ucr

2 + z sin
(

1
2πr2

)
; ur(r) = −r−1 sin

(
1
2πr2

)
;

uz(r, z) = uc + πz cos
(

1
2πr2

)
; Ω(r, z) = π2rz sin

(
1
2πr2

)
(106)

Equation (106) is similar to Eq. (75) except for the inability to vanish at the sidewall.
A viscous boundary-layer treatment will be needed to restore Eq. (72).

G. Slab Burner Geometry

The same analysis can be repeated for the slab burner configuration. This can be
modeled using Cartesian coordinates and a porous channel with arbitrary headwall
injection. The advantage of retrieving the solution for the planar hybrid chamber
is that it provides an avenue for comparison with experimental and numerical
investigations of slab rocket grains. These are becoming increasingly more popular
in academic circles [25].

The slab rocket can be idealized as a two-dimensional channel of porous length
L0 and height 2a. The fluid stream enters the headwall at an axial speed ū0. The
lateral cross flow is driven at a sidewall velocity Uw. As shown in Fig. 10, x̄ and ȳ
stay for the axial and normal coordinates. As usual, we set

x = x̄/a; y = ȳ/a; ∇ = a∇̄; p = p̄/(ρU2
w); ψ = ψ̄/(aUw) (107)

ux = ūx/Uw; uy = ūy/Uw; uc = Uc/Uw; L = L0/a (108)
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Fig. 10 Slab burner with arbitrary headwall injection.

To reduce redundant boundary conditions, we consider half of the channel and use
symmetry about the midsection plane. This enables us to write

uy(x, 0) = 0 (no flow across midsection plane)

ux(0, y) = u0(y) (headwall injection profile)

uy(x, 1) = −1 (constant sidewall mass addition)

ux(x, 1) = 0 (no-slip)

(109)

Subsequently, we introduce the Cartesian stream function via ux = ∂ψ/∂y and
uy = −∂ψ/∂x ; the vorticity transport equation is then fulfilled by any field exhibit-
ing Ω = Ωz = F(ψ) including Ω = C2ψ . The latter transforms the vorticity
equation into

∇2ψ + C2ψ = 0 (110)

The general solution is straightforward and can be expressed with

ψ(x, y) = (αx + β)[A cos(Cy)+ B sin(Cy)] (111)

Application of the four boundary conditions parallels our earlier work; we recover

ψ(x, y) = x sin
( 1

2πy
)+ ∞∑

n=0

βn sin
[(

n+ 1
2

)
πy
]

(112)

For a variable injection profile, the eigencoefficients may be calculated from

βn = 4

(2n+ 1)π

∫ 1

0
u0(y) cos

[(
n+ 1

2

)
πy
]

dy (113)

These clearly depend on the prescribed headwall velocity u0(y). Despite possible
exceptions, an arbitrary inlet velocity profile can be assimilated using Eq. (113).
Table 1 summarizes the solution for three commonly employed headwall injection
models. Note that the solutions in general accrue a non-zero residual in the vorticity
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transport equation. This can be obtained from

Q(y) = ∂ψ

∂x

∂Ω

∂y
− ∂ψ
∂y

∂Ω

∂x
= ∂ψ0

∂x

m∑
n=0

(
C2

n − C2
0

) ∂ψn

∂y

= sin

(
1

2
πy

) m∑
n=0

(
C2

n − C2
0

)
Cnβn cos (Cny)

∼ 1

2
πy

m∑
n=0

(
C2

n − C2
0

)
Cnβn +O(y3) (114)

where

Ωn = C2
nψn; Cn = (n+ 1

2 )π

ψn(x, y) = (αnx + βn) sin (Cny)
(115)

As before, we note that the residual always vanishes at the walls and in the
midsection plane; being independent of x, it becomes proportionally smaller in
the downstream direction. For C2

n �= C2
0 , the solutions are only approximate but

become increasingly more accurate away from the headwall.

H. Two-Dimensional Viscous Correction

Viscous effects can be estimated for the slab rocket engine. As already per-
formed in the cylindrical geometry, one may start with the reduced Navier–Stokes
equation incorporating both viscosity and wall regression. As shown by Zhou and
Majdalani [17], this is given by

ε
d4F

dy4 + αε
(

y
d3F

dy3 + 3
d2F

dy2

)
+ F

d3F

dy3 −
dF

dy

d2F

dy2 = 0; ε ≡ ν/(aUw) (116)

where F = ψ/(x + 2uh) is the two-dimensional characteristic function for the
mean flowfield. In as much as it is inconsequential, wall regression may be ignored
by putting α = 0 [17]. Berman’s equation is instantly regained with its standard
assortment of boundary conditions,

ε
d4F

dy4 + F
d3F

dy3 −
dF

dy

d2F

dy2 = 0 (117)

d2F

dy2 (0) = 0; F(0) = 0;
dF

dy
= 0; F(1) = 1 (118)

A regular perturbation solution complemented by variation of parameters may be
applied to Eq. (116–118) [17]. The result is

F(η) = sin η + ε { 1
4π
[
(η cos η − sin η) ln tan 1

2η + cos ηS(η)
]

+ [ 1
2 S
( 1

2π
)− 1

2

]
η cos η

}
(119)
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where η = 1
2πy for the Cartesian case and S(η) is defined in Eq. (50). The velocity

and stream function may be obtained directly from

ψ = (x + 2uh)F; ux = (x + 2uh)
dF

dy
; uy = −F (120)

The normal pressure distribution can be determined by substituting the veloc-
ity components into the y-momentum equation and then integrating from the
midsection plane to any position y. This operation yields

Δp⊥ = εFy (0)−
(
εFy + 1

2 F2
)

(121)

The axial pressure drop may also be obtained from the x-momentum equation.
One gets

Δp‖ = x
( 1

2 x + 2uh
) [
εFyyy + FFyy −

(
Fy
)2] (122)

Finally, the shear stress (or vorticity) can be estimated from

τ = τ̄ /(ρU2
w) = ε(x + 2uh)Fyy = −εΩ (123)

At the sidewall, one calculates τw = ε(x + 2uh)Fyy (1) = −εΩ(1).

IV. CFD Verification

To assess judiciously the validity of analytical solutions, laboratory measure-
ments are often employed. However, with the increased reliability of CFD, an
acceptable level of trust may be derived from numerical simulations, particularly,
in the absence of experimental data. In this vein, we present a point-by-point CFD
solution for the mean flowfield in an idealized hybrid engine with three different
headwall injection profiles. Because our results equally apply to SRMs with reac-
tive headwalls, the SRM case will also be considered despite the two orders of
magnitude difference in headwall-to-sidewall velocity ratio.

Here a pressure-based, finite volume, unstructured, two-dimensional code is
used to perform the simulations. The targeted flow is that corresponding to a
hybrid rocket engine with an average inlet Mach number of 0.3 and a sidewall
Mach number of 0.003. The exaggerated sidewall Mach number is purposefully
chosen to draw attention to the flow behavior near the sidewall. The aspect ratio
of the domain is set at L = 16. The boundary conditions at the sidewalls are spec-
ified as velocity inlets to closely mimic the mathematical model, where injection
is imposed uniformly along the grain surface. The headwall is also specified as
an inlet. On the right-hand side of the domain, a pressure outlet boundary con-
dition is selected. Although an outflow boundary condition can also be imposed
at the downstream section, it is discounted here to avoid the possible case of a
partially developed flow. Despite the length of the chamber, the presence of side-
wall mass addition can delay the onset of fully developed conditions. The domain



“ch05” — 2007/3/20 — page 238 — #32

238 J. MAJDALANI

Fig. 11 Inviscid analytical and turbulent k–ε simulations for a) uniform, b)
half-cosine, and c) Poiseuille injection profiles in a cylindrical chamber for uc = 100:
◦, computational results.

Fig. 12 Inviscid analytical and turbulent k–ε simulations for a) uniform, b)
half-cosine, and c) Poiseuille injection profiles in a rectangular slab chamber for
uc = 100.
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is meshed into 51,200 square cells (640× 80) to maintain the aspect ratio of the
chamber.

Results for the inviscid simulations are shown in Figs. 11 and 12 for the
cylindrical and slab burners, respectively. These calculations are conducted for
uc = 100 and show the streamwise evolution of the axial and transverse veloci-
ties at z/L = 0.01, 0.1, 0.2, 0.3, . . . , 0.9. Everywhere, the working fluid is taken to
be ambient air. It may be seen that the agreement with numerics is satisfactory,
especially in the cylindrical chamber with Berman’s half-cosine and the rectan-
gular chamber with both Berman’s and Poiseuille’s parabolic profiles. When it is
recalled that Berman’s solutions are exact representations, the improved agree-
ment that they exhibit is unsurprising. Overall, the limited discrepancies may be
attributed to our models being only quasi viscous. Another factor could be linked

Fig. 13 Inviscid analytical and numerical simulations for a) uniform, b) half-cosine,
and c) Poiseuille injection profiles in a cylindrical (SRM) chamber for uc = 1, 1

2π , and
2, respectively: —, analytic and ◦, numeric.
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to the finite volume method in which the transverse velocity is evaluated at the
centroid of each square cell. This enables us to circumvent the need to evaluate
the transverse velocity right at the headwall and, thereby, avoid the Taylor–Culick
discontinuity at z = 0. Instead, the transverse velocity is computed at a small dis-
tance from the wall (the centroid of the leading cell) that is sufficient to suppress
the attendant singularity.

Similar results are given in Figs. 13 and 14 for the case of a SRM with non-
inert head end. Here, the k–ε turbulence model is used and compared to the axial
velocity predictions at six streamwise positions corresponding to z = 0.1, 1, 2, 4, 6,
and 10. These numerical experiments lend support to the viability of the analytical
solutions.

Fig. 14 Inviscid analytical and numerical simulations for a) uniform, b) half-cosine,
and c) Poiseuille injection profiles in a slab (SRM) chamber for uc = 1, 1

2π , and 3
2 ,

respectively; —, analytic and ◦, numeric.
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V. Practicality and Significance

Given that burning surfaces in hybrid chambers are rough, heterogeneous, and
pliable, one may question the role of an idealized model as a vehicle for physical
understanding. Could a core flow that does not account for all conceivable fea-
tures, such as surface vibrations and complex boundary conditions, be relied on?
To answer this question, one must explore the physical benefits of mathematical
models and recognize the scope, objectives, and recent successes of core flow
idealizations. These have been motivated by important technological applications
despite their limitations to simplistic geometry and physical properties.

First, in justifying the need to pursue an analytical side to any full-scale inves-
tigation, a plethora of convincing arguments may be offered. The use of idealized
boundary conditions should not be viewed as a debilitating feature because it is not
limited to theoretical models alone. Many numerical and experimental simulations
of rockets are in effect based on simplified geometric configurations and smooth
porous walls.

One example may be derived from a propulsion-related study. In the inves-
tigation of aeroacoustic technologies to reduce the excess noise of Concorde
jet engines, the elegant use of applied mathematics by Crighton as cited by
Williams [26, 27] has proven invaluable to the comprehensive Anglo–French
endeavor. Despite the obvious dissimilarities between turbulent shear layers
surrounding the propulsive Rolls–Royce jets and the simplistic laminar models
based on acoustic analogies, the use of powerful mathematical techniques has
unraveled the means to suppress the ensuing sound and vibration. When the jet
was seeded with sound upstream of the nozzle, a coherent turbulent structure
could be promoted in a manner to reduce jet noise without impairing thrust and the
aircraft’s ability to climb. Thus, when an aeroacoustic source whose troughs coin-
cided with the pressure peaks of an existing acoustic environment was deliberately
superimposed, a quieter combination could be obtained. The degree of suppression
depended on the accuracy of the active cancellation models that were suggested
analytically and then refined via numerical and experimental tests. Similar analy-
ses have recently provided multiple-scale solutions for modal sound transmission
through turbofan aircraft engines with both hard and acoustically treated inlet
walls [28, 29]. These solutions by Rienstra [28] and Rienstra and Eversman [29]
have closely agreed with output data gathered from finite element codes.

Another propulsion-related example concerns the acoustic instability problem,
which has appeared at the forefront of rocket development programs. Attempts at
predicting these instabilities have invariably pointed to the importance of providing
accurate assessments of rocket core flow detail [30–34]. The desire for explicit
models has also been motivated by the need to physically understand the intricate
interplay between unsteady pressure waves and gas motions [35–38].

In support of theoretical approximations, equally appreciable laminar and tur-
bulent segments have been identified in a series of studies conducted by Apte
and Yang [39, 40], Liou and Lien [41], and Beddini and Roberts [42, 43]. These
teams have simultaneously concurred that turbulent simulations in the downstream
sections of long SRMs tended to exhibit convincing similarities with correspond-
ing laminar flow results. In consequence, the unsteady flow solutions derived by
Majdalani [19] or Majdalani and Flandro [20] have been used to approximate the
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basic deterministic features associated with turbulent flow theory (Griffond [21])
and simulation (Lee and Beddini [44, 45]), respectively. Additionally, they have
been used to provide accurate predictions along the forward-half of SRMs where
laminar conditions may prevail.

Aside from these sequential contributions, we note that recent efforts have
been successful in producing analytical core-flow solutions that are sensitive to
the movement of transpiring boundaries. The reader is referred, in that regard, to
the planar and axisymmetric solutions presented by Majdalani et al. [16], Zhou
and Majdalani [17, 46], and Majdalani et al. [47]. Therein, wall regression is
accounted for alongside viscous and rotational features. By the application of
a mass balance across the receding interface, the dependence of thrust on propel-
lant morphology and density variation is captured. The effect of grain taper is also
examined [48]. These incremental advancements in theoretical models continue
to bring us closer to an idealized chamber with varying cross section and grain
shape (see Kurdyumov [49] and Saad et al. [50]). Incorporation of swirling effects
has also been accomplished by Vyas et al. [51–53]. In some of these applications,
analytical solutions are seen to be functional in providing limiting-process case
studies against which detailed numerical simulations or collections of experimen-
tal data could be compared (private communication from F. M. Najjar, Center for
Simulation of Advanced Rockets, University of Illinois at Urbana–Champaign,
Urbana, Illinois, 2001).

Regarding the role of chemical reactions and their omission in cold-flow simu-
lations, the reader may find particularly interesting the numerical simulations of the
burning zone by Chu et al. [54]. These computations have confirmed the presence
of a virtually non-reactive, isothermal region above the flame edge where ana-
lytical approximations, such as the ones presented here, become very effective in
describing the gasdynamics. Because the outer region constitutes nearly 98% of the
chamber volume, the practicality of analytical solutions is evident. This conclusion
is reached independently by several investigators, including Avalone et al. [55],
Casalis et al. [56], Griffond et al. [57], Ugurtas et al. [58], and Chedevergne and
Casalis [59]; these researchers have invested considerable effort in modeling the
Ariane-class of rockets.

VI. Summary

In this chapter, incompressible mean flow approximations are presented for
axisymmetric and planar representations of a hybrid rocket chamber. Several quasi-
viscous solutions are obtained that attempt to observe, for the hybrid model, the
principal surface requirements including the orthonormal injection condition on
both headwall and sidewall. Their behavior is illustrated for the cases of small
and large headwall injection in solid and hybrid rocket chambers. The analysis
is further extended to account not only for uniform but also variable inlet pat-
terns that can be potentially used to mimic more realistic systems. With use of
Berman’s similarity-conforming sinusoidal injection profile, viscous corrections
are evaluated and appended to the inviscid solution using asymptotics. In the hybrid
configuration, our models are seen to properly capture the fundamental stream-
tube motion. Overall, these formulations increase our repertoire of engineering
approximations for injection-driven porous tubes, particularly, those representing
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the core flow in solid and hybrid rockets. Their existence enables us to study
hydrodynamic and aeroacoustic instability characteristics of the mean flow with
and without particle interactions [60]. They also offer user-friendly benchmarks
for testing large-scale numerical simulations.
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Chapter 6

Vortex Injection Hybrid Rockets
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Nomenclature
Ai = inlet area of incoming swirl flow
a = chamber radius
b = chamber discharge radius, βa
L = chamber aspect ratio, L0/a
p = normalized pressure, p̄/(ρU2)

Qi = normalized flow rate, σ−1 = Q̄i/(Ua2) = Ai/a2

Q̄i = inlet volumetric flow rate at the base
Q̄in = total incoming flow rate, Q̄i + Q̄w
Q̄w = wall-injected flow rate, 2πaLUw
Re = injection Reynolds number, Ua/ν
Rew= sidewall injection Reynolds number, Uwa/ν
r = normalized radial coordinate, r̄/a
S = unidirectional swirl number, πab/Ai = πβσ
U = tangential injection velocity, ūθ (a, L)
Uw = sidewall injection velocity, −ūr(a, z̄) = Q̄w/(2πaL)
u = normalized velocity, (ūr , ūz, ūθ )/U
z = normalized axial coordinate, z̄/a
β = normalized discharge radius, b/a
δ = reciprocal of the Reynolds number, ν/(Ua)
ε = sidewall injection parameter, Uw/U
η = action variable, πr2

κ = tangential inflow parameter, (2πσL)−1
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κ̃ = modified inflow parameter, κ csc(πβ2)
μ = dynamic viscosity
ν = kinematic viscosity, μ/ρ
ρ = density
σ = modified swirl number, Q−1

i = S/(πβ) = Ua2/Q̄i
Ω = mean flow vorticity, ∇ × u

Subscripts

i = inlet property at the base, z̄ = L0
r = radial component or partial derivative
w = sidewall property
z = axial component or partial derivative
θ = azimuthal component or partial derivative
= dimensional variable

I. Introduction

BECAUSE of recent advancements in propellant composition, injection tech-
nology, auxiliary equipment, and chamber design, it may be speculated that the

dawn of hybrid rocket commercialization is drawing near. In past years, propulsion
industries have refrained from seriously considering hybrid propellants as viable
alternatives to liquids or solids because of three principal deficiencies for which
hybrids have been noted. These include low combustion efficiency, low regression
rate, and low volumetric loading. All three deficiencies may be attributed to the
slow diffusion flames that are typically sustained along the interface between solid
fuel and gaseous oxidizer. As a result, polymeric fuels used in hybrids are known
to display weak burning characteristics because they regress at about one order of
magnitude more slowly than solids. To compensate for the sluggish mass flow rate
of pyrolyzed fuel, large and expensive pressure cases are required. These cases are
needed to hold complex grain shapes comprising wide ports and wet surface areas
that are sufficiently large to produce the desired thrust distribution. The gist: diffu-
sion flames are no match to premixed flames unless a mechanism can be conceived
to overcome their adverse characteristics.

Despite these long-standing and well-defined impediments, the three-pronged
problem affecting hybrids may not be too difficult to solve. As shown recently by
Casillas et al. [1], cost effectiveness of hybrids may be achieved if only a three-
to-fourfold increase in their fuel regression rate can be accomplished. Such an
increase will obviate the need for sophisticated grain designs by promoting major
reductions in inert mass.

With these perspectives in mind, an innovative vortex injection hybrid rocket
engine (VIHRE) has been developed based on a cyclonic flow concept [2]. It is
hoped to find widespread use for this engine in both commercial and military
applications due to the favorable features that it offers. One advantage of VIHRE
is its ability to produce a sevenfold increase in regression rates by comparison to
a classic hybrid [3–6]. According to the criteria furnished by Casillas et al. [1], it
stands as a feasible propulsion alternative.

The improved performance granted by VIHRE can be attributed to its unique
internal flowfield that is dominated by swirling bidirectional motion (Fig. 1a). The
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Fig. 1 Schematics: a) bidirectional [2] and b) dual end-burning, unidirectional
VIHRE.

corresponding coaxial, counter-flowing vortex pair increases surface erosion while
promoting mixing and turbulence [3–6].

Another feature in VIHRE that constitutes a departure from conventional hybrid
conceptualization is the aft-end injection of gaseous oxidizer just upstream of the
nozzle (between the aft edge of the fuel grain and the inlet to the nozzle). By the
alignment of the injector ports tangentially to the inner circumference, a strong
vortex is produced that can travel helically along the fuel-grain surface. Fuel parti-
cles swept in this manner are compelled to spiral around the chamber axis, thereby
crossing the chamber length twice before exiting. Naturally, combustion efficiency
is considerably ameliorated due to the markedly increased residence time and the
intense mixing between fuel and oxidizer. The injected oxidizer is prevented from
short circuiting and draining out the nozzle by the swirl-induced radial pressure
gradients that press the incoming stream against the sidewall; the induced centrifu-
gal forces cause this outer stream to cling to and climb the chamber’s cylindrical
wall. Other feasible injection configurations employ fore end and distributed tan-
gential injectors. A dual-end-burning hybrid grain that is driven by unidirectional
vortex motion is also possible (Fig. 1b). In this case, two cylindrically shaped fuel
cartridges are placed a small distance apart on both ends of the chamber. Forward
swirl injectors are then employed to produce a spiraling stream that sweeps across
the exposed fuel surfaces before wheeling its way out of the chamber: Gas expul-
sion is achieved through the central orifice perforated in the aft cartridge. In this
configuration, the fully facing circular surfaces burn and regress axially.

In addition to the improved regression rate and combustion efficiency, the hybrid
vortex engines utilize hollow, cylindrical grain cartridges that are simple to mass
manufacture. The corresponding web perforation reduces volumetric loading and
precludes the need for large and, therefore, expensive case housing.Another advan-
tage is the increased effective length of the chamber owing to the convoluted path
traced by fuel and oxidizer particles. For a given thrust level, the increased effective
length permits an appreciable reduction in overall size and unused weight.

As in the case of classic hybrids, VIHRE-type engines will provide a more
reliable alternative than liquid bipropellants by requiring only half of the feed
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system hardware while permitting the same start–stop, mission abort, and throt-
tling capabilities. Furthermore, the nontoxicity of the solid fuel that can be
loaded into VIHRE is less hazardous to store and transport than liquid fuels,
less degradable than solids, and more environmentally friendly than either of the
two. Because of these safety and operational advantages, the upcoming family of
hybrid vortex engines stands to offer an attractive propulsion alternative that com-
bines the advantages of both liquids and solids while reducing their undesirable
characteristics.

In this chapter, we present theoretical tools that can be applied to model the
core flow in hybrid vortex engines; the work culminates in the construction of an
analytical solution that can be used to describe the bulk gas motion observed in an
idealized representation of VIHRE. To the author’s knowledge, no other analytical
models have yet been advanced for the treatment of hybrid vortex engines. For this
reason, perturbation tools will be employed in conjunction with Euler’s inviscid
equations, whose application is justified in view of the large Reynolds numbers that
characterize this problem. The plan is to first obtain steady, inviscid, incompressible
mean flow approximations that can be readily augmented by viscous corrections.

II. Mathematical Model

The bidirectional vortex engine is modeled as a cylindrical chamber of porous
length L0 and radius a with both a closed head end and a partially open downstream
end. The latter is attached to a tubular nozzle of radius b. The vortex engine is
shown in Fig. 2, where r̄ and z̄ denote the radial and axial coordinates. The field of
interest stretches from the headwall to the base plane in the extent that it remains
incompressible. Downstream of the base, the flow may accelerate by expanding
through a nozzle.

At the base, the fraction of the radius that permits an outflow is given byβ = b/a.
Along the remaining portion of the base, an incompressible fluid is assumed to enter
the chamber tangentially to the inner circumference at a prescribed volumetric rate
Qi = Q̄i/(Ua2). The corresponding tangential injection velocity U is considered to
be sufficiently large to prevent the flow from short circuiting, a condition by which
the flow will drift toward and out of the nozzle. Instead, a bidirectional vortex is
formed as in the case of cyclonic separators and furnaces [7, 8]. This bidirectional
motion is augmented by a secondary wall influx caused by the radial and uniformly
distributed sidewall mass addition. The sidewall injection velocity Uw is used to
capture the solid-fuel regression rate. Clearly, Uw is appreciably smaller than U
due to typical rates of fuel pyrolysis. This condition will be employed in seeking
a closed-form asymptotic approximation.

The strong angular momentum borne by the incoming stream causes the for-
mation of a cyclone. This phenomenon subdivides the chamber into two vortex
zones: an outer annular section that is separated from the inner core region by
virtue of a spinning and nontranslating cylindrical layer termed “mantle.” In the
outer vortex, the spiraling fluid sweeps up the propellant surface while mixing with
the wall transpiring mass. At the chamber head end, the outer vortex switches axial
polarity, reverses inwardly, and continues spiraling toward and out of the nozzle.
Our analysis focuses on the essential features of the ensuing flowfield, namely, the
bidirectional vortex in this idealized rocket chamber.
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Fig. 2 Hybrid vortex chamber noted by presence of bidirectional vortex in addition
to sidewall mass addition.

A. Equations

To characterize the bulk gas motion, a nonreactive model is used. This may be
justified by the weak effects of diffusion flames in typical hybrids. In solid rocket
motors, ignoring the effect of chemical reactions has led to several models that
suitably represent the bulk gas motion. Along similar lines, the flow is assumed
to be 1) steady, 2) inviscid, 3) incompressible, 4) rotational, and 5) axisymmetric.
Axisymmetry is warranted by the strong swirl velocity and the absence of friction
to decelerate the flow in the tangential direction. In fact, this assumption recurs so
often in the literature that it is generally adopted without scrutiny (Leibovich [9]).
The combination of axisymmetry and frictionless motion leads to another flow
attribute of the swirl velocity, namely, axial independence. The weak sensitivity
of the swirl velocity to axial variations is corroborated by the work of Leibovich
[9, 10], Beran and Culick [11], Bloor and Ingham [7, 8], Vatistas et al. [12, 13],
Szeri and Holmes [14], and others. Physically, it is granted by the absence of
friction between fluid layers and along both headwall and sidewall. Based on these
assumptions, Euler’s equations become

1

r̄

∂ (r̄ūr)

∂ r̄
+ ∂ ūz

∂ z̄
= 0 (1)

ūr
∂ ūr

∂ r̄
+ ūz

∂ ūr

∂ z̄
− ū2

θ

r̄
= − 1

ρ

∂ p̄

∂ r̄
(2)
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ūr
∂ ūθ
∂ r̄
+ ūθ ūr

r̄
= 0 (3)

ūr
∂ ūz

∂ r̄
+ ūz

∂ ūz

∂ z̄
= − 1

ρ

∂ p̄

∂ z̄
(4)

B. Boundary Conditions

The first set of boundary conditions is linked to axisymmetry and headwall
impermeability. The second set is due to the inlet configuration and bulk mass
conservation. Specifically, one can assume 1) a fully tangential inflow, 2) a zero
axial flow at the headwall, 3) a zero radial flow at the centerline, 4) a prescribed
radial inflow at the sidewall, and 5) an inflow that matches the outflow at the base.

These particular conditions translate into

r̄ = a, z̄ = L0; ūθ = U (tangential injection)
z̄ = 0, ∀r̄; ūz = 0 (inert head end)
r̄ = 0, ∀z̄; ūr = 0 (no radial flow across the centerline)
r̄ = a, 0 ≤ z̄ < L0; ūr = −Uw (sidewall injection)
z̄ = L, 0 ≤ r̄ < b; Q̄i = UAi (inflow at the base)

(5)

C. Normalization

When a similarity solution is sought, it is helpful to normalize the principal
variables and operators. This can be accomplished by setting

z = z̄/a; r = r̄/a; ∇ = a∇̄; β = b/a (6)

ur = ūr/U; uθ = ūθ /U; uz = ūz/U; ε = Uw/U (7)

p = p̄/(ρU2); Qi = Q̄i/(Ua2) = Ai/a
2; Qw = Q̄w/(Ua2) = 2πεL

(8)

Here U = ūθ (a, L0) and Uw = −ūr(a, z̄) represent the average fluid injection
velocity at the base and the uniform wall injection velocity along the sidewall,
respectively.

At this juncture, it may be instructive to mark the relation that exists between
the normalized volumetric flow rate Qi and the unidirectional swirl number S used
in the literature [15]. In many studies, such as the one by Hoekstra et al. [16], the
swirl number for cyclonic flow is presented by

S ≡ πab/Ai = πβσ (9)

where σ ≡ Q−1
i refers to the modified swirl number that appears in the analytical

solution. Clearly, our modified σ ≡ Q−1
i is directly proportional to the classic swirl

number S. When β = 1/
√

2, S = 1
2π
√

2σ � 2.22σ .

D. Basic Formulation

Pursuant to Eqs. (6–8), rotational axisymmetric mean flow motion is prescribed
by

∇ · u = 0; u · ∇u = −∇p (10)
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After substituting u · ∇u = 1
2∇(u · u)− u×∇ × u into Eq. (10), one can take the

curl of the momentum equation to obtain, as usual, the steady and inviscid vorticity
transport equation

∇ × u×Ω = 0; Ω ≡ ∇ × u (11)

The corresponding boundary conditions become

uθ (1, L) = 1; uz(r, 0) = 0; ur(1, z) = −ε

ur(0, z) = 0; Qout =
∫ 2π

0

∫ β

0
u(r, L) · n̂r dr dθ = Qin

(12)

where u · n̂ = uz represents the outflow velocity at the base whereas Qin = Qi +
Qw accounts for the injected flow at the base augmented by the wall-injected fluid.

The presence of a small parameter ε in Eq. (12) suggests the possibility of
an asymptotic treatment. Specifically, a regular perturbation expansion may be
applied to the velocity and its vorticity companion. This can be implemented by
letting

u = u(0) + εu(1) +O(ε2); Ω = Ω(0) + εΩ(1) +O(ε2) (13)

These expressions can be substituted into Eq. (11). Forthwith, the perturbed
vorticity transport equation turns into

∇ ×u(0)×Ω(0)+ ε
[
∇ × u(1)×Ω(0)+∇ ×u(0)×Ω(1)

]
+O(ε2) = 0 (14)

The solution to this set will be described next.

III. Inviscid Solution

Before the asymptotic treatment is carried out, it may be helpful to consider
the state of the swirl velocity in light of the foregoing assumptions. Specifically,
it may be useful to show that, at leading order, the swirl velocity decouples from
the momentum equation and reduces the complexity of Eqs. (13) and (14).

A. Free Outer Vortex

From the θ -momentum equation given by Eq. (3) one can put

ur

(
∂uθ
∂r
+ uθ

r

)
= 0 (15)

where uθ (1, L) = 1. Subsequently, one finds

uθ = 1/r (16)

As usual, Eq. (16) confirms the presence of a free-vortex motion that is character-
istic of swirling inviscid flow. We find that, at leading order, both radial and axial
components of vorticity vanish identically.
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B. Leading-Order Approximation

At this point, both radial and axial velocity components remain to be determined
from the reduced set given by

1

r

∂[ru(0)r ]
∂r

+ ∂u(0)z

∂z
= 0 (continuity) (17)

∂[u(0)r Ω
(0)
θ ]

∂r
+ ∂[u

(0)
z Ω

(0)
θ ]

∂z
= 0 (vorticity transport) (18)

∂u(0)r

∂z
− ∂u(0)z

∂r
= Ω(0)

θ (vorticity) (19)

With the realization that the swirl velocity is decoupled from the remaining set
(due to axisymmetry), the introduction of the Stokes stream function becomes a
possibility. Thus, we let

u(0)r = −
1

r

∂ψ(0)

∂z
; u(0)z =

1

r

∂ψ(0)

∂r
(20)

where ψ = ψ(0) + εψ(1) +O(ε2) is a series of diminishing terms. When this
transformation is used in the vorticity transport equation given by Eq. (18), one
obtains, at leading order,

−∂ψ
(0)

∂z

∂

∂r

[
Ω
(0)
θ

r

]
+ ∂ψ

(0)

∂r

∂

∂z

[
Ω
(0)
θ

r

]
= 0 (21)

and so [
Ω
(0)
θ /r

]
z[

Ω
(0)
θ /r

]
r

=
[
ψ(0)

]
z[

ψ(0)
]
r

(22)

The resulting equality holds for any

Ω
(0)
θ = rF[ψ(0)(r, z)] (23)

When this standard form is substituted into Eq. (22), it can be promptly seen that[
Ω
(0)
θ /r

]
z[

Ω
(0)
θ /r

]
r

=
{
F[ψ(0)]}z{
F[ψ(0)]}r

= Fψ(0) [ψ(0)]z
Fψ(0) [ψ(0)]r

= [ψ
(0)]z

[ψ(0)]r (24)

According to Eq. (23), F can be a general function of ψ(0). The two simplest
cases correspond to F = C2 and F = C2ψ(0), where C is some constant. Although
it is a trivial exercise to check that the first choice is incongruent with the boundary
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conditions, the linear relation, as will be shown, is quite suitable. Thus, one can
put

Ω
(0)
θ = C2rψ(0) (25)

It must be borne in mind that this linear choice may not be unique, although no
other alternatives could be identified with the potential of yielding a closed-form
solution. When Eq. (25) is inserted into the vorticity equation, one obtains the
classic result [17]

∂2ψ(0)

∂z2 + ∂
2ψ(0)

∂r2 − 1

r

∂ψ(0)

∂r
+ C2r2ψ(0) = 0 (26)

At this juncture, three of the boundary conditions may be written for the stream
function. Based on Eq. (12), one has

z = 0; u(0)z = 0;
∂ψ(0)

∂r
= 0

r = 0; u(0)r = 0;
∂ψ(0)

∂z
= 0

r = 1; u(0)r = 0;
∂ψ(0)

∂z
= 0

(27)

C. General Solution

Clearly, Eq. (26) is separable. One can proceed by setting

ψ(0)(r, z) = f (r)g(z) (28)

This decomposes Eq. (26) into

−1

g

d2 g

dz2 =
1

f

(
d2f

dr2 −
1

r

df

dr
+ C2r2f

)
= ±λ2 (29)

where λ is a separation constant.
For a nonzero λ, the stream function exhibits either trigonometric or hyperbolic

variations in the axial direction. In a cyclone, such behavior is unlikely to occur.
The possibility of a nonzero separation constant is, hence, ruled out. The only
plausible choice is attendant on λ = 0. On the one hand, this value leads to a linear
axial variation of the form g(z) = C1z + C2. On the other, it permits retrieving the
radial variation of the stream function from the Bessel equation

d2f

dr2 −
1

r

df

dr
+ C2r2f = 0 (30)

such that

f (r) = rD3J 1
2

( 1
2 Cr2

)+ rD4J− 1
2

( 1
2 Cr2

)
(31)
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Then using the known identities,

J 1
2
(x) = √2/(πx) sin(x); J− 1

2
(x) = √2/(πx) cos(x) (32)

one can put

f (r) = A cos
( 1

2 Cr2
)+ B sin

( 1
2 Cr2

)
(33)

and so

ψ(0) = (C1z + C2)
[
A cos

( 1
2 Cr2

)+ B sin
( 1

2 Cr2
)]

(34)

Except for the unknown constants, which must be prescribed by the boundary
conditions, Eqs. (26) and (34) are identical to those invoked by Culick to derive a
mean flow approximation for solid rocket motors [17].

D. Particular Solution

Using the constraints associated with Eq. (27), one can evaluate the general
constants. First, because of the vanishing axial velocity at the head end, one deduces
that C2 = 0. This leaves

ψ(0) = C1z
[
A cos

( 1
2 Cr2

)+ B sin
( 1

2 Cr2
)]

(35)

Second, u(0)r (0, z) = 0 implies that A = 0. Third, as u(0)r vanishes along the
sidewall, one must have

C1B sin
( 1

2 C
) = 0 (36)

Realizing that neither C1 = 0 nor B = 0 are acceptable outcomes, one is left with
sin
( 1

2 C
) = 0; forthwith, a fundamental solution may be conceived with C = 2π .

Without sacrificing generality, one may set C1 = 1 and write

ψ(0) = Bz sin(πr2) (37)

The velocity field corresponding to Eq. (37) becomes

u(0) = −Br−1 sin(πr2)er + r−1eθ + 2Bπz cos(πr2)ez (38)

To calculate the last constant, mass balance must be globally applied to account
for the radial inflow along the sidewall. Given that

Qin = Qout = Qi + Qw (39)

one calculates

Qi = Ai

a2 ; Qw = Uw(2πaL)

Ua2 = 2πεL (40)
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to obtain

Qin = Qi + Qw = (Ai/a
2)+ 2πεL = Qout (41)

At leading order (ε = 0 ), mass conservation requires that

2π
∫ β

0
u(0) · n̂ rdr = 2π

∫ β

0
u(0)z r dr = Qi (42)

and so

B = Qi csc(πβ2)/(2πL) (43)

It follows that the leading-order velocity field may be expressed by

u(0) = − Qi sin(πr2)

2πL sin(πβ2)r
er + 1

r
eθ + Qiz

L sin(πβ2)
cos(πr2)ez (44)

Thus, by letting

κ̃ ≡ Qi

2πL sin(πβ2)
= κ csc(πβ2) (45)

one can put

ψ(0) = κ̃z sin(πr2); Ω
(0)
θ = 4π2κ̃rz sin(πr2) (46)

u(0) = −κ̃r−1 sin(πr2)er + r−1eθ + 2πκ̃z cos(πr2)ez (47)

Other important flow characteristics at leading order include

∂p(0)

∂r
= 1+ κ̃2

[
sin2(πr2)− πr2 sin(2πr2)

]
r3 (48)

∂p(0)

∂z
= −4π2κ̃2z (49)

Δp(0) = − 1
2 r−2

{
1+ 1

2 κ̃
2
[
8π2r2z2 + 1− cos(2πr2)

]}
(50)

E. First-Order Equation with Sidewall Mass Addition

Before the first-order solution is set up, we note that the swirl velocity is not per-
turbed and, as such, the angular momentum equation remains uncoupled from the
axial and radial momentum equations. At O(ε), the perturbed mass conservation
and vorticity transport equations appear as

∇ · u(1) = 0; ∇ × u(1) ×Ω(0) + ∇ × u(0) ×Ω(1) = 0 (51)
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The corresponding boundary conditions become

u(1)z (r, 0) = 0; u(1)r (1, z) = −1

u(1)r (0, z) = 0; Qw =
∫ 2π

0

∫ β

0
u(1)(r, L) · n̂ r dr dθ

(52)

As before, one may let

u(1) = −1

r

∂ψ(1)

∂z
er + 1

r

∂ψ(1)

∂r
ez (53)

At O(ε), the first and second terms in the linearized vorticity transport equation
give

∇ × u(0) ×Ω(1) = −
{
∂[u(0)r Ω

(1)
θ ]

∂r
+ ∂(u

(0)
z Ω

(1)
θ )

∂z

}
eθ (54)

∇ × u(1) ×Ω(0) = −
{
∂[u(1)r Ω

(0)
θ ]

∂r
+ ∂[u

(1)
z Ω

(0)
θ ]

∂z

}
eθ (55)

Substitution of Eqs. (54) and (55) into the linearized vorticity transport equation
given by Eq. (51) leads to

∂

∂r

[
u(0)r Ω

(1)
θ + u(1)r Ω

(0)
θ

]
+ ∂

∂z

[
u(0)z Ω

(1)
θ + u(1)z Ω

(0)
θ

]
= 0 (56)

where

Ω
(1)
θ =

∂u(1)r

∂z
− ∂u(1)z

∂r
= ∂

∂z

[
−1

r

∂ψ(1)

∂z

]
− ∂

∂r

[
1

r

∂ψ(1)

∂r

]
(57)

To be consistent with the similarity transformation of the velocity at the zeroth
order, the radial velocity must be taken to be dependent on the radial coordinate.
On the one hand, this requires a stream function of the form ψ(1) = z h(r). On the
other hand, one may let u(1)r = u(1)r (r) so that Eq. (57) reduces to

Ω
(1)
θ = −

∂u(1)z

∂r
= − ∂

∂r

[
1

r

∂ψ(1)

∂r

]
(58)

After inserting ψ(1) = z h(r) and Eqs. (47–58) into Eq. (56), we collect

1

r

d

dr

[
sin(πr2)

r

d

dr

(
1

r

dh

dr

)
− 4π2 sin(πr2)h

]

− 4π cos(πr2)
1

r

d

dr

(
1

r

dh

dr

)
+ 8π2 1

r

dh

dr
sin(πr2) = 0 (59)
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It is now appropriate to employ η ≡ πr2. After some algebra, Eq. (59) collapses
into

d3h

dη3 sin η − d2h

dη2 cos η + dh

dη
sin η − h cos η = 0 (60)

F. Solution by Variation of Parameters

To make headway, one solution to Eq. (60) may be guessed to be h(η) = C sin η.
By the use of the method of variation of parameters (Zhou and Majdalani [18])
the total solution h(η) may be compiled by allowing C to vary. Starting with the
derivatives,

h′ = C′ sin η + C cos η (61)

h′′ = C′′ sin η + 2C′ cos η − C sin η (62)

h′′′ = C′′′ sin η + 3C′′ cos η − 3C′ sin η − C cos η (63)

one may substitute Eqs. (61–63) into Eq. (60); many terms cancel while making
room for

C′′′ sin2 η + C′′ sin(2η)− 2C′ = 0 (64)

Equation (64) can be readily solved [19]; the result is

C(η) = C1 −
(
C2 + 1

2 C3η
)

cot η (65)

where C1, C2, and C3 are pure constants. Recalling that h = C(η) sin η, one may
put

h = C1 sin η − 1
2 (C2 + C3η) cos η (66)

When one reverts back to the radial coordinate, the total solution may be
represented by

h(r) = C1 sin(πr2)− 1
2 C2 cos(πr2)− 1

4πC3r2 cos(πr2) (67)

and so

ψ(1) = C1z sin(πr2)− 1
2 C2z cos(πr2)− 1

4πC3r2z cos(πr2) (68)

Similarly, one finds

u(1)r = −C1r−1 sin(πr2)+ 1
2 C2r−1 cos(πr2)+ 1

4πC3r cos(πr2) (69)

To observe the underlying assumption of symmetry about the longitudinal axis,
C2 must vanish. Moreover, to comply with the wall injection boundary condi-
tion in Eq. (52), one must have C3 = 4/π . It must be realized that the hardwall
boundary condition at z = 0 is automatically satisfied having employed the proper
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ansatz, ψ(1) = z h(r) = C1z sin(πr2)− r2z cos(πr2). Only one constant remains
undetermined, namely, C1. This appears in the axial term

u(1)z = 2πC1z cos(πr2)− 2z cos(πr2)+ 2πzr2 sin(πr2) (70)

To fix C1, the global mass balance at the first order must be secured. Starting with

Qw = 2πL = 2π
∫ β

0
u(1)z (r, L) r dr (71)

one finds C1 = [1+ β2 cos(πβ2)] csc(πβ2). Forthwith, the first-order stream-
function and its velocity components may be updated, namely,

ψ(1) = [1+ β2 cos(πβ2)] csc(πβ2) z sin(πr2)− z r2 cos(πr2) (72)

u(1)r = −[1+ β2 cos(πβ2)] csc(πβ2) sin(πr2)/r + r cos(πr2) (73)

u(1)z = 2π [1+ β2 cos(πβ2)] csc(πβ2)z cos(πr2)

− 2z cos(πr2)+ 2πzr2 sin(πr2) (74)

IV. Flowfield Characteristics

A. Sidewall Velocity Estimates

The wall injection velocity may be estimated from experiments yielding corre-
lations for rs, the solid-fuel regression rate [3]. A thorough coverage of regression
rate measurements and formulations is furnished in earlier chapters. The estimates
are generally based on the assumption of steady-state regression of propellant grain.
To that end, one must recall that simple mass conservation along the pyrolyzing
grain surface requires that

ρsrs = ρgUw (75)

where subscripts s and g refer to the solid and gas phases, respectively. The gas
density at the regressing surface may be estimated using the ideal gas equation
of state. Based on empirical studies by Chiaverini et al. [20], the average surface
temperature may be taken to be 1000 K. The solid phase may be specified to be, for
example, hydroxyl-terminated polybutadiene (HTPB) fuel, and the corresponding
density may be calculated accordingly. In the same vein, the regression rate rs may
be obtained from available literature [3].

For the typical hybrid vortex, the wall injection velocity Uw may vary between
0.3 and 2.5 m/s, whereas the average oxidizer injection velocity U is held at
260 m/s. The wall injection parameter ε may, hence, vary between 0.001 and
0.01.

B. Mantle Sensitivity to Sidewall Velocity

The fluid layer that separates the outer vortex from the inner one, the so-called
mantle (or spinning wheel), can rotate about the chamber axis. However, it cannot
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axially translate. Defined by the surface along which the axial velocity vanishes,
the mantle can be located by solving for the root of

uz = u(0)z + εu(1)z = 0 (76)

and so

2z cos(πr2){πκ̃ + πε[1+ β2 cos(πβ2)] csc(πβ2)− ε} + 2πεzr2 sin(πr2) = 0
(77)

When r = β∗ is used to denote the radius of the mantle, this root can be determined
from Eq. (77) for an arbitrary chamber opening β. We are especially interested
in the ideal flow that can be achieved when the nozzle radius is coincident with
the mantle radius. Thus, by setting β = β∗, the radius of the inner vortex (exiting
the chamber) will match the radius of the chamber opening. This ideal condition
leads to a smooth outflow, mitigating the formation of corner vortices that could
be caused by wall collisions in the exit plane. Granted this idealization, Eq. (77)
reduces to

2z cos(πβ∗2){πκ̃ + πε[1+ β∗2 cos(πβ∗2)] csc(πβ∗2)− ε}
+ 2πεzβ∗2 sin(πβ∗2) = 0 (78)

For κ = 0.01 and ε = 0.001, the mantle location obtained via Eq. (78) is 0.717888.
Increasing the wall injection to ε = 0.005 pushes the mantle closer to the wall as
β∗ shifts to 0.753472.

Explicit roots may be obtained asymptotically using a quadratic polynomial
retrieved from Taylor’s series of Eq. (78) about the pointβ∗ = 1/

√
2; this particular

root corresponds to the limiting physical process for which the solution approaches
the case of insignificant injection (ε→ 0). After some algebra, one gets

β∗ = (A−√C)/B (79)

where

A = π2ε/
√

2; B = 4ε − 2πε + π2ε − 2πκ

C = 4ε2 − 6πε2 + π2ε2 − 6πεκ + 4π2εκ + 2π2κ2
(80)

The roots determined using Eq. (79) are 0.717896, 0.754199, and 0.790398
corresponding to κ = 0.01 and ε values of 0.001, 0.005, and 0.01, respectively.

Unsurprisingly, both the swirl parameter κ and the wall injection parameter ε
affect the mantle location β∗. This is contrary to the behavior observed in the case
of bidirectional flow in an idealized liquid rocket engine [21].

To assess the mantle sensitivity to wall injection, ε can be varied at constant κ
or vice versa. Results are shown in Table 1 where κ is held at 0.01 while ε is varied
from 0 to 0.01. The limiting case of ε = 0 may be used to describe the flowfield in
the liquid vortex engine [21]. When wall injection is increased, the mantle is pushed
closer to the sidewall. This trend can be attributed to the increased secondary mass
flowing into the inner vortex at higher regression rates; the increased mass flux
causes the inner vortex to expand by pressing the outer annular region against the
sidewall.
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Table 1 Mantle location

No. κ ε β∗ β∗ − 1/
√

2

1 0.01 0.000 0.707 0.000
2 0.01 0.001 0.718 0.011
3 0.01 0.005 0.752 0.045
4 0.01 0.010 0.786 0.079

C. Streamlines

To better visualize the bidirectional motion, streamlines are shown in Fig. 3 for
κ = 0.01 and an order of magnitude increase in wall injection. For steady flow,
one recalls that streamlines, pathlines, and streaklines coincide in describing the
trajectory of fluid particles throughout the chamber. Figures 3a–c confirm that the
mantle location does not vary in the axial direction and that the turning point in the
axial velocity approaches the sidewall at higher values of ε. The full asymptotic
expression for ψ may be written as

ψ = ψ(0) + εψ(1) +O(ε2) = κ csc(πβ2)z sin(πr2)+ ε{[1+ β2 cos(πβ2)]
× csc(πβ2)z sin(πr2)− z r2 cos(πr2)} +O(ε2)

(81)

D. Axial Velocity Distribution

The axial velocity is shown in Fig. 4. There it can be seen that as ε is increased
from 0 to 0.01, the centerline velocity is nearly doubled. This appreciable velocity
increase can be once more attributed to the role of sidewall mass injection; in
this case, it causes the axial velocity magnitude to increase throughout the inner

ε = 0

a)

b)

c)

ε = 0.001

1 2 3 4

1

r

ε = 0.01
0

z

Fig. 3 Swirling bidirectional flow streamlines with increasing sidewall injection,
κ = 0.01.
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Fig. 4 Axial velocity distribution for κ = 0.01 and several wall injection rates.

vortex, a trend that supports the streamline behavior described earlier. The total
axial velocity becomes

uz = u(0)z + εu(1)z +O(ε2)

= 2z cos(πr2){πκ csc(πβ2)+ πε[1+ β2 cos(πβ2)] csc(πβ2)− ε}
+ 2πεzr2 sin(πr2)+O(ε2) (82)

E. Radial Velocity Distribution

The radial velocity is shown in Fig. 5 for κ = 0.01 and the usual values of
the perturbation parameter. Note the shift in maximum ur in the direction of the
wall with successive increases in sidewall mass addition. This trend is consistent
with the movement of the mantle. The radial velocity for the hybrid model may be
expressed by

ur = u(0)r + εu(1)r +O(ε2)

= −κ csc(πβ2)r−1 sin(πr2)− ε{r−1 sin(πr2) csc(πβ2)

× [1+ β2 cos(πβ2)] − r cos(πr2)} +O(ε2) (83)

0 0.2 0.4 0.6 0.8 1
–0.03

–0.02

–0.01

0.00

ur

ε = 0
ε = 0.001
ε = 0.005
ε = 0.01

r

Fig. 5 Radial velocity distribution for κ = 0.01 and several wall injection rates.
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To predict the maximum radial velocity and its locus accurately, one can set
dur/dr = 0 and solve for r = rm. The outcome is

κ csc(πβ2) sin(πr2
m)− 2πκr2

m csc(πβ2) cos(πr2
m)

+ ε[r2
m cos(πr2

m)− 2πβ2 cot(πβ2)r2
m cos(πr2

m)

− 2π csc(πβ2)r2
m cos(πr2

m)− 2πr4
m sin(πr2

m)+ β2 cot(πβ2) sin(πr2
m)

+ csc(πβ2) sin(πr2
m)] = 0 (84)

When the transcendental nature of Eq. (84) is considered, a numerical root finding
technique may be employed. Results are cataloged in Table 2 where κ is kept fixed
while ε is varied. One finds that the radial velocity maxima occur at the normalized
radii of 0.61, 0.62, 0.65, and 0.68 for ε = 0 , 0.001, 0.005, and 0.01, respectively.
At these locations, |(ur)max| is rendered equal to 0.015, 0.016, 0.021, and 0.027.

Alternatively, an asymptotic expression for the radial velocity maximum and its
location may be determined using the same series expansion approach attempted
for the mantle location. One finds

rm = (A−
√

C)/B (85)

where

A = √2

[−π3ε − cot(πβ2)(16εβ2 − 2εβ2π2)

+ csc(πβ2)(16ε + 2π2ε − 16κ − 2π2κ)

]
(86)

B =
[

6πε − 2π3ε − 24β2ε cot(πβ2)

−24 csc(πβ2)(ε + κ)
]

(87)

C = A2 −
[

6πε + 2π3ε + 24β2ε cot(πβ2)

+24 csc(πβ2)(ε + κ)
]

×
[
πε + π3ε + cot(πβ2)(24β2ε − 4π2β2)

+ csc(πβ2)(24ε − 4π2ε + 24κ − 4π2κ)

]
(88)

The radial velocity maxima for ε values of 0.001, 0.005, and 0.01 are approx-
imated at 0.620972, 0.651096, and 0.68322, respectively. Their corresponding
radial velocities are −0.016346, −0.021214, and −0.027028.

Table 2 Radial velocity maxima

No. κ ε rmax (ur)max

1 0.01 0.000 0.609 −0.015
2 0.01 0.001 0.618 −0.016
3 0.01 0.005 0.650 −0.021
4 0.01 0.010 0.683 −0.027
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F. Pressure Distribution

The pressure gradients in the radial and axial directions can be determined using
Eqs. (10), (13), (47), (73), and (74); after some algebra, one finds

∂p

∂r
= 1+ κ2 csc2(πβ2)[sin2(πr2)− πr2 sin(2πr2)]

r3 + ε 2κ csc(πβ2)

r3

× {[−πr4 + β2 cot(πβ2)+ csc(πβ2)] sin2(πr2)+ πr4 cos2(πr2)

− πr2[β2 cot(πβ2)+ csc(πβ2)] sin(2πr2)} (89)

∂p

∂z
= −4π2κ csc2(πβ2)z − 8επκz csc(πβ2)

[
cot(πβ2)− π csc(πβ2)− 1

]
(90)

Integrating Eqs. (89) and (90) partially with respect to r and z enables us to calculate
the total pressure drop. One finds

Δp = −csc2(πβ2)

4r2

[
1+ κ2

(
1+ 8π2r2z2

)
+ κ2 cos(2πr2)+ cos(2πβ2)

]

− ε κ csc(πβ2)

2r2

{[
β2 cot(πβ2)+ csc(πβ2)

]
×
[
1+ 8π2r2z2 − cos(2πr2)

]
− r2

[
8πz2 + sin(2πr2)

]}
(91)

In practice, it must be noted that Eqs. (89) and (91) are virtually insensitive to ε.
Being nearly independent of ε , they are well represented by their corresponding
curves described byVyas et al. [21] for the no wall injection case. Specifically, they
support the presence of an upward flowing outer vortex. Only the axial pressure
gradient is affected by sidewall mass addition as shown in Fig. 6, where ∂p/∂z
is shown along the chamber centerline. Clearly, the pressure drop in the axial
direction is more pronounced when the mass to be driven out of the chamber is
increased.

0 1 2
–0.06

–0.03

0
p

z

∂
∂

z

ε = 0

3 4 5

ε = 0.001
ε = 0.005
ε = 0.01

Fig. 6 Axial pressure gradient along the centerline for κ = 0.01 and several wall
injection rates.
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So far an exact closed-form analytical expression for the hybrid vortex has been
presented. The solution emerges from the inviscid Navier–Stokes equations and
corroborates the existence of a bipolar, coaxial vortex pair inside a hybrid chamber
model. The present formulation, albeit approximate, exhibits most of the known
features of the bidirectional vortex, specifically, those that have been reported in
numerical simulations [3, 4] and laboratory tests [5, 6]. In addition to its ability
to predict pressure, velocity, and vorticity distributions throughout the chamber
domain, the present solution captures the movement of the mantle due to variations
in regression rate. The inviscid formulation for the hybrid vortex engine supports
the existence of a cyclonic flow formation based on the fundamental equations of
motion and a judicious set of boundary conditions.

V. Viscous Corrections

It has become well established that the free-vortex solution presented earlier
for the swirl velocity is a suitable approximation only when sufficiently removed
from the chamber axis. As the centerline is approached, transition to forced-vortex
motion must be entertained en route to suppressing the blatant singularity at r = 0.
Physically, the forced vortex is induced by viscous forces; these dominate near the
chamber axis to the extent of mitigating further growth in the swirl velocity. The
inability of inviscid solutions to display the forced-vortex behavior is a known
feature of swirling flows [8, 9]. At the sidewall, another boundary layer emerges
as a consequence of the no-slip requirement in the wall-tangential direction. This
is needed to bring the swirl velocity to zero at the sidewall. The treatment of these
boundary layers will be discussed next.

A. Boundary-Layer Equation

From Eq. (83), one can express the radial velocity as

ur = −κAr−1 sin(πr2)− ε[Br−1 sin(πr2)− r cos(πr2)] (92)

where

A = csc(πβ2); B = csc(πβ2)[1+ β2 cos(πβ2)] (93)

By retaining the dominant viscous term in the swirl momentum equation, one can
put

ur

r

d(ruθ )

dr
= δ d

dr

[
1

r

d (ruθ )

dr

]
; δ ≡ 1

Re
= ν

Ua
(94)

where δ ≡ ν/(Ua) is small, being the reciprocal of the tangential-injection
Reynolds number. The regularized momentum equation can be recast in the form

ur
dX

dη
= 2δ
√
πη

d2X

dη2 (95)

where

η = πr2 and X ≡ ruθ (96)
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When this variable transformation is used, Eq. (92) can be converted into

ur = −(κA+ εB) sin η
√
π/η + ε√η/π cos η (97)

then, by substitution into Eq. (95), one gets

δ
d2X

dη2 +
1

2π

[
π(κA+ εB) sin η

η
− ε cos η

]
dX

dη
= 0 (98)

The ensuing relation represents the key boundary-layer equation that must be
asymptotically manipulated to capture the forced vortex behavior near the cen-
terline and the boundary layer near the sidewall. The corresponding regions of
nonuniformity are shown in Fig. 7.

B. Inner and Outer Expansions

The outer expansion of Eq. (98) can be swiftly initiated. Using a regularly
perturbed series of the form Xo = X(0)o + δX(1)o + · · · , one collects

1

2π

[
π(κA+ εB) sin η

η
− ε cos η

]
dX(0)o

dη
= 0; X(0)o = constant = C0 (99)

where the subscript o denotes an outer expansion. Note that the leading-order
outer solution is a mere duplication of the earlier assumed free-vortex expression,
X(0)o = ru(0)θ = C0.

The inner equation that underscores the role of viscous stresses may be arrived
at by introducing a spatially magnified scale proportionate to the forced-vortex
region (Fig. 7). This may be accomplished by stretching the outer variable by
means of

s = η/δm (100)

where s is the inner scale. The exponent m may be determined from the distin-
guished limit for which consistency in asymptotic orders is achieved. Substitution
into Eq. (98) yields

δ

δ2 m

d2Xi

ds2 +
1

2π

[
π(κA+ εB)

sδm
sin(sδm)− ε cos(sδm)

]
1

δm

dXi

ds
= 0 (101)

where the subscript i denotes an inner expansion.
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Fig. 7 Inner and wall-tangential boundary layers and corresponding coordinate
transformations.
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Because we are interested in studying the effects near the chamber axis, we can
proceed by linearizing all functions near η = 0. This operation entails no loss in
generality. Using McLaurin series expansions for the sine and cosine, we put

δ

δ2 m

d2Xi

ds2 +
1

2π

{
π(κA+ εB)

sδm

[
sδm − 1

3! (sδ
m)3 + · · ·

]

− ε
[

1− 1

2! (sδ
m)2 + · · ·

]}
1

δm

dXi

ds
= 0 (102)

which, by virtue of some cancellations, begets

δ1−m d2Xi

ds2 +
1

2π

{
(κA+ εB)π

[
1− 1

6
(sδm)2 + · · ·

]

− ε
[

1− 1

2
(sδm)2 + · · ·

]}
dXi

ds
= 0 (103)

To achieve a balance between diffusive and convective terms, one must have m = 1.
This enables us to collapse Eq. (103) into

d2Xi

ds2 +
1

2π
[π(κA+ εB)− ε] dXi

ds
+O(δ2) = 0 (104)

Then using an inner expansion of the form Xi = X(0)i + δX(1)i + · · · , one collects,
at leading order,

d2X(0)i

ds2 + 1

2π
[π(κA+ εB)− ε] dX(0)i

ds
= 0 (105)

The solution is simple, namely,

X(0)i = A0 − (A1/χ) exp(−χs); χ ≡ 1

2
(κA+ εB− ε/π) (106)

The emerging integration constants can be related to the outer solution using
Prandtl’s matching principle. Accordingly, the outer limit of the inner solution
must equal the inner limit of the outer expansion. Thus, by placing

lim
s→∞X(0)i = lim

η→0
X(0)o or lim

s→∞A0 − (A1/χ) exp(−χs) = lim
η→0

C0

(107)

one deduces the common part to both inner and outer approximations, namely,
[X(0)i ]o = C0 = A0. The composite inner (ci) solution can be constructed by way
of superposition from

Xci = Xo + Xi −
[
X(0)i

]
o
= A0 − (A1/χ) exp (−χη/δ) (108)
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C. Nonsingular Swirl Component

At this juncture, we may return to the radial coordinate and express the
composite inner swirl velocity as

u(ci)
θ =

A0

r

[
1− A1

A0χ
exp

(
−χ
δ
πr2

)]
(109)

The two remaining unknowns may be secured from the problem’s physical con-
straints. On the one hand, knowing that the azimuthal velocity must vanish along
the chamber axis, one must set u(ci)

θ (0) = 0, thereby retrieving A0 = A1/χ . On

the other hand, one must equate u(ci)
θ (1) to the wall-tangential speed at which the

oxidizer is injected into the chamber. This condition requires that

(
A1

χ

)
[1− exp(−πχ/δ)] = 1 or A1 = χ

1− exp(−πχ/δ) (110)

The nonsecular approximation for the swirl velocity is now at hand. We find and
define

u(ci)
θ =

1

r

[
1− exp(−πr2χ/δ)

1− exp(−πχ/δ)
]
= 1− exp

(− 1
4 Vr2

)
r
[
1− exp

(− 1
4 V
)]

� 1− exp
(− 1

4 Vr2
)

r
; V ≡ 4πχ

δ
(111)

where the hybrid form of the vortex injection Reynolds number V surfaces [22].
When sidewall mass addition is present, this important parameter takes the form

V = [2(κA+ εB)π − 2ε]/δ
= (2{κ csc(πβ2)+ ε csc(πβ2)[1+ β2 cos(πβ2)]}π − 2ε)/δ

=
{

Ai

aL0
csc(πβ2)+ 2Uw

U
π csc(πβ2)[1+ β2 cos(πβ2)] − 2Uw

U

}
Re

= Q̄i

νL0
csc(πβ2)+ 2πRew csc(πβ2)[1+ β2 cos(πβ2)] − 2Rew (112)

where Rew = Uwa/ν is the sidewall injection Reynolds number.

D. Sidewall Expansion

To capture the rapid changes near the sidewall, we note that, by virtue of 0 ≤
η ≤ π , we may introduce the slow coordinate

q = (π − η)/δm (113)
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Here δm refers to the thickness of the wall-tangential boundary-layer region in the
η variable. When w is used to denote a wall expansion, Eq. (98) may be written as

δ

δ2m

d2Xw

dq2 −
1

2π

[
π(κA+ εB)
π − qδm

sin(π − qδm)− ε cos(π − qδm)

]
1

δm

dXw

dq
= 0

(114)

Taylor-series expansions of the trigonometric terms yield

δ1−m d2Xw

dq2 −
1

2π

[
π(κA+ εB)

(
1− 1

6
π2
)
− ε

]
dXw

dq
+O(δm) = 0 (115)

It may be seen that a balance between diffusion and convection may be achieved
for m = 1. This distinguished limit enables us to write a wall expansion in the form
Xw = X(0)w + δX(1)w + · · · . At leading order, we collect

d2X(0)w

dq2 +
1

2π

[
π(κA+ εB)

(
1

6
π2 − 1

)
+ ε

]
dX(0)w

dq
= 0 (116)

The solution is nearly at hand. Integration readily gives

X(0)w = B0 − B1

ϕ
exp(−ϕq); ϕ ≡ 1

2

[
(κA+ εB)

(
1

6
π2 − 1

)
+ ε

π

]
(117)

The two required auxiliary conditions may be established from the no-slip at the
sidewall and matching with the composite inner solution. These are

X(0)w (0) = 0

lim
r→0

X(0)w = lim
r→1

X(0)ci

(118)

The first condition gives B1 = ϕB0. Thus, we have

B0 = 1/[1− exp(−πϕ/δ)] (119)

Through backward substitution, the sidewall approximation emerges. This is

X(0)w =
1− exp

[− 1
4 Vw(1− r2)

]
1− exp

(− 1
4 Vw

)
or

u(w)θ =
1

r

{
1− exp

[− 1
4 Vw(1− r2)

]
1− exp

(− 1
4 Vw

)
}

(120)
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where the wall-characteristic vortex Reynolds number is given by

Vw = 2/δ
[
π
(

1
6π

2 − 1
)
(κA+ εB)+ ε

]
=
(

2π
(

1
6π

2 − 1
)
{κ csc(πβ2)+ ε csc(πβ2)[1+ β2 cos(πβ2)]} + 2ε

)/
δ

=
{

Ai

aL0

(
1
6π

2 − 1
)

csc(πβ2)

+ 2Uw

U
π
(

1
6π

2 − 1
)

csc(πβ2)[1+ β2 cos(πβ2)] + 2Uw

U

}
Re

= [Q̄i/(νL0)
] ( 1

6π
2 − 1

)
csc(πβ2)

+ 2π
(

1
6π

2 − 1
)

Rew csc(πβ2)[1+ β2 cos(πβ2)] + 2Rew (121)

Whereas the near-wall approximation vanishes at r = 1, it exhibits the free-vortex
aspect away from the wall.

E. Uniformly Valid Swirl Velocity

When the composite inner and wall expansions are properly combined, a solu-
tion may be constructed in a manner to incorporate the problem’s key constraints.
Although cognizant of free-vortex motion in the outer region, this composite
solution stands to capture the velocity adherence condition at the wall and the
forced-vortex behavior at the centerline. This can be achieved by superimposing

Xc = Xci + Xw −
[
X(0)ci

]
w
= 1− exp

(− 1
4 Vr2

)
1− exp

(− 1
4 V
)

+ 1− exp
[− 1

4 Vw(1− r2)
]

1− exp
(− 1

4 Vw
) − 1 (122)

Recalling that wall-tangential injection is permitted at z = L, one can express the
swirl velocity in the piecewise form

uθ = u(c)θ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

r

[
1− e− 1

4 Vr2

1− e− 1
4 V
+ 1− e− 1

4 Vw(1−r2)

1− e− 1
4 Vw

− 1

]

∼ 1

r

[
1− e− 1

4 Vr2 − e− 1
4 Vw(1−r2)

]
; 0 < z < L

1

r

(
1− e− 1

4 Vr2

1− e− 1
4 V

)
∼ 1

r

(
1− e− 1

4 Vr2
)

; z = L

(tangential injection)

(123)
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Note that, in both cases, an asymptotically equivalent representation is provided
by ignoring transcendentally small terms. Also note that, at z = 0, the presence of
an Ekman-type boundary layer may be expected to suppress the swirl velocity at the
headwall. However, the attendant analysis is beyond the scope of this work. With
the advent of a uniformly valid swirl velocity over 0 < z ≤ L, our presentation of a
basic solution for the hybrid vortex chamber is concluded. In the interest of clarity,
the final solution is summarized in Table 3 for the general case of a nozzle whose
diameter matches that of the outflow; it is also listed in Table 4 for a fixed nozzle
diameter corresponding to the no-injection case (β = 1/

√
2).

Table 3 Hybrid model for outlet matching inner vortex, β = β∗

Variable Two-term approximation

ur −κ csc(πβ2)r−1 sin(πr2)−ε
{
r−1 sin(πr2) csc(πβ2)

×[1+ β2 cos(πβ2)] −r cos(πr2)
}

uθ

{(
1− e− 1

4 Vr2
) (

1− e− 1
4 V
)−1 +

[
1− e− 1

4 Vw(1−r2)
]

×
(

1− e− 1
4 Vw

)−1 − 1

}
r−1

uz 2z cos(πr2){πκ csc(πβ2)+ πε[1+ β2 cos(πβ2)] csc(πβ2)− ε}
+ 2πεzr2 sin(πr2)

Ωθ 4π2κrz sin(πr2) csc(πβ2)− 4πrzε
{
πr2 cos(πr2)+ sin(πr2)

×
[
2− πβ2 cot(πβ2)− π csc(πβ2)

]}
ψ κ csc(πβ2) z sin(πr2)+ ε {[1+ β2 cos(πβ2)]

× csc(πβ2)z sin(πr2)− z r2 cos(πr2)}
ε Uw/U

κ 1/(2πσL) = Q̄i/(2πUaL0) = Ai/(2πaL0)

σ S/(πβ) = Ua2/Q̄i

Rew Uwa/ν

V [Q̄i/(νL0)] csc(πβ2)+ 2πRew csc(πβ2)

×[1+ β2 cos(πβ2)] − 2Rew

Vw [Q̄i/(νL0)]
(

1
6π

2 − 1
)

csc(πβ2)

+ 2π
(

1
6π

2 − 1
)

Rew csc(πβ2)[1+ β2 cos(πβ2)] + 2Rew
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Table 4 Hybrid model for fixed outlet radius, β = 1/
√

2

Variable Two-term approximation

ur −κ sin(πr2)/r + ε
[
r cos(πr2)− sin(πr2)/r

]

uθ

{(
1− e− 1

4 Vr2
) (

1− e− 1
4 V
)−1 +

[
1− e− 1

4 Vw(1−r2)
]

×
(

1− e− 1
4 Vw

)−1 − 1

}
r−1

uz 2πκz cos(πr2)+ 2εz
[
(π − 1) cos(πr2)+ πr2 sin(πr2)

]
Ωθ 4π2κrz sin(πr2)+ 4πrzε

[
(π − 2) sin(πr2)− πr2 cos(πr2)

]
ψ κz sin(πr2)+ εz

[
sin(πr2)− r2 cos(πr2)

]
σ (

√
2/π) S � 0.45S

V Q̄i/(νL0)+ 2(π − 1)Rew

Vw

(
1
6π

2 − 1
)
[Q̄i/(νL0)] + 2

[
π
(

1
6π

2 − 1
)
+ 1

]
Rew

When considering the latter, the vortex Reynolds numbers reduce to

V = 2[(κ + ε)π − ε]Re = 2πκRe+ 2ε(π − 1)Re = V0 + 2(π − 1)Rew

(124)

Vw = 2
[
π
(

1
6π

2 − 1
)
(κ + ε)+ ε

]
Re = 2πακRe+ 2ε(απ + 1)Re

= αV0 + 2(πα + 1)Rew (125)

where α ≡ 1
6π

2 − 1 � 0.644934 and V0 is the vortex Reynolds number for the
baseline case of ε = 0 (for a non-injecting sidewall). The sensitivity of the tangen-
tial velocity to the sidewall injection and vortex Reynolds numbers is illustrated
in Fig. 8. This is accomplished by displaying a one-order-of-magnitude variation
in V0 at constant Rew or, conversely, a one-order-of-magnitude variation in Rew
at constant V0. For the range under consideration, the maximum tangential speed
is seen to exceed, in some cases, twelve times the average circumferential injec-
tion value at entry. Clearly, increasing the vortex Reynolds number has the largest
influence on increasing the maximum tangential speed and decreasing the diameter
of the forced vortex core. Increasing the blowing Reynolds number has a similar,
albeit less pronounced effect. In the same vein, the sensitivity of the solution to the
blowing Reynolds number appears to diminish at higher vortex Reynolds numbers.
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VI. Summary

In this chapter, an incompressible mean flow approximation is derived to
describe the bidirectional coaxial motion in the VIHRE. The solution is obtained
incrementally by first devising an inviscid axisymmetric model in which the
vorticity–stream function approach can be applied after decoupling the azimuthal
momentum equation from Euler’s equations. This fundamental decoupling is pro-
moted by axisymmetry. It is enhanced by the presence of an axially independent
azimuthal velocity representation, specifically, a free vortex that appears in the
absence of shear or deceleration in both axial and azimuthal directions. Then
with use of regular perturbations, the small sidewall-to-headwall injection ratio
is employed to derive an asymptotic solution for the bulk flow. This enables us
to correlate the location of the mantle as a function of the wall regression speed.
Other essential flow ingredients are also obtained and discussed. To overcome the
swirl-based singularity along the axis, a boundary-layer treatment is applied to the
chamber core. Matched asymptotic expansions are subsequently used to capture
the effect of viscous forces along the axis as well as the sidewall. The ensuing
analysis yields a uniformly valid approximation that observes the forced-vortex
behavior near the core and the no-slip requirement at the sidewall. Whereas the
analysis is far from complete, the present work may be used as a springboard for
constructing higher-order models that seek to accommodate, for example, the flow
dynamics near the headwall, the effects of compressibility, exothermic reactions,
multiple species, and radiation heat transfer.
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Chapter 7

High-Speed Flow Effects in Hybrid Rockets

Joseph Majdalani∗
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Nomenclature
a = chamber radius
a0 = sonic speed at chamber origin, a0 = √γ p0/ρ0
p = pressure normalized by headwall condition, p̄/p0
r, z = normalized radial and streamwise coordinates, r̄/a, z̄/a
Uc, uc = centerline speed at headwall, ūz(0, 0), Uc/Uw
Uw = sidewall injection velocity, −ūr(a, z̄)
u = normalized velocity, (ūr , ūz)/a0
uh = headwall injection constant, uc/π = Uc/(πUw)
α,β, σ = pure constants defined in text
δ, λ = functions of γ defined via Eqs. (68) and (69)
η = action variable, 1

2πr2 (cylindrical) or 1
2πy (Cartesian)

ρ0 = density

Subscripts and Superscripts

c = centerline property or net correction
h = headwall property
m = area-averaged mean value
r = radial component or partial derivative
s = sonic condition
w = sidewall property
z = axial component or partial derivative

,∼= dimensional or approximate variable
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I. Introduction

IN Chapters 5 and 6, we have presented a combination of exact and asymptotic
techniques that enable us to capture the nonreactive, incompressible mean flow

motion in both traditional and vortex injection hybrid chambers. As we com-
plete this trilogy, we turn our attention to the role of high-speed flows and the
compressibility effects that they engender.

The chapter proceeds as follows. First we consider the compressible flow analog
in a solid rocket motor (SRM), namely, the Taylor–Culick profile. We present the
compressible Euler equations for steady, axisymmetric, isentropic flow assum-
ing uniform injection of a calorically perfect gas in a porous chamber. We then
apply a Rayleigh–Janzen expansion in powers of M2

w, where Mw is the wall Mach
number. We solve the ensuing equations to order M4

w and apply the results up
to the sonic point in a nozzleless chamber. Area averaging is also performed to
reconcile with one-dimensional theory. We show that our compressible solution
agrees with existing theory to the extent that it faithfully captures the steepen-
ing of the Taylor–Culick profile with downstream development. Based on the
closed-form expressions that we obtain, the main flow attributes are quantified para-
metrically and compared to existing incompressible and quasi-one-dimensional
theories. Verification by computational fluid dynamics (CFD) is also undertaken.
Comparison with two turbulent flow models is used to confirm the agreement,
particularly, in retracing the streamwise evolution of the velocity. Regardless
of the Mach number, we identify nearly identical trends in chambers that are
rescaled by the critical sonic length Ls. Using a suitable transformation, we
prove the attendant similarity and provide universal criteria that can be used to
assess the relative importance of gas compression in solid and hybrid rockets
with sinusoidal headwall injection. Finally, we repeat the analysis for the slab
hybrid.

The key questions that this chapter seeks to answer and the principal findings
that we obtain may be summarized in 1) the role of high-speed flows in altering the
fundamental flowfield, 2) the advent of simple solutions that enable us to capture the
effects of compressibility, 3) the close agreement between our inviscid solution and
turbulent Navier–Stokes simulations, 4) the explicit criteria that establish whether
high-speed flow effects must be accounted for, 5) the critical geometric length
that can be used to rescale the problem and unravel a nearly universal solution,
and 6) the general mathematical procedure needed to derive the compressible flow
corrections in two dimensional and axisymmetric configurations.

A. Background and Relevance

The injection-driven flow of an incompressible fluid was first described by
Taylor [1], who not only resolved this problem in porous tubes, but also in channels,
wedges, and cones. In lieu of using Taylor’s integral equation, other investigators,
such asYuan [2],Yuan and Finkelstein [3], Wageman and Guevara [4], Terrill [5, 6],
and Culick [7] used different routes and recovered, in the inviscid limit, the same
cosine-shaped profile found byTaylor. Some of these studies relied on the vorticity–
stream function approach or asymptotic tools to perturb the similarity-reduced
equation derived by Berman [8] for steady laminar flow in porous channels.
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In addition to its sheer simplicity, the Taylor–Culick solution would later prove
surprisingly accurate in modeling the drainage of watery suspensions across porous
sheets, in surface ablation and sweat cooling [9, 10], and in simulating the mean
flow in SRMs. This could be attributed, in part, to its streamlines being observant
of the no slip requirement at the sidewall, a feature that has inspired a few to coin it
quasi viscous. It quickly resembled the viscous solution with successive increases
in the injection Reynolds number.

Following the inventive experiments by Taylor [1] under laminar conditions,
Wageman and Guevara [4] and Yamada et al. [11] confirmed the same behavior
under Reynolds numbers that were sufficiently high to induce turbulence.
Turbulence appeared to have little bearing on altering the mean flow structure
except in the downstream segment of the chamber where flow steepening was
observed. In this part of the domain, compressibility intensified to the extent that
it became difficult to discern which of the two mechanisms was more responsible
for the steepening effect. The flattened shape was further reported in cold-flow
experiments by Dunlap et al. [12]; and Traineau et al. [13], which employed
nitrogen and air injection, respectively. The spatial evolution was also parametri-
cally substantiated via numerical simulations by Beddini [14], Baum et al. [15],
Sabnis et al. [16], Liou and Lien [17], and Apte and Yang [18, 19]. In summary,
these studies confirmed the existence of a laminar segment that could stretch over
the entire length of the chamber depending on the injection Reynolds number. They
also suggested that, in sufficiently long chambers, transition from the classic solu-
tion typically occurred past the midsection plane, although transition of the mean
velocity was delayed to the fully developed section where the axial profile became
fuller. Both compressibility and turbulence were posited as plausible candidates
for causing these departures.

The ability of the Taylor–Culick equation to imitate faithfully the motion of
reactive gases ejected from the regressing wall of a solid-propellant rocket has vast
implications and, as such, has been the subject of much scrutiny. In one study, it has
been shown that, unless the burning rate is exceedingly high, the slow expansion of
the sidewall may be discounted in favor of a quasi-steady model [20]. Moreover, the
idea of a uniform burning rate along the grain and the attendant assumption of con-
stant mass addition at the sidewall have been reiterated in both nozzle-adapted and
nozzleless configurations. In the latter case, Gany and Aharon [21] have pointed
out that the axially accentuated erosive-burning effects on the regression rate are
generally offset by the decreasing pressure in the downstream direction. In the same
vein, the nearly nonreactive environment outside of the thin-propellant flame zone
has been repeatedly simulated and shown to be appropriately treatable by cold-flow
models [22]. This can be ascribed to the weak coupling with the energy equation
where the temperature is almost uniform [23]. Such factors have placed Taylor’s
mean flow formula at the epicenter of a large body of theoretical investigations
focused on modeling rocket performance, flame zone analysis, particle–mean flow
interactions, and the ever-daunting task of predicting aeroacoustic instability. Rele-
vance to internal ballistics and performance prediction in rockets is briefly reviewed
by Majdalani [24]. By way of example, the accuracy of Taylor’s formula has given
Varapaev and Yagodkin [25] the impetus to use it at the basis of their investigation
of hydrodynamic instability. In the same context, it has been employed by Griffond
et al. [26] and, subsequently, by Abu-Irshaid et al. [27] to investigate the evolution
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of turbulence in straight porous cylinders. It has been essential to the evaluation
of particle–mean flow interactions as demonstrated by Féraille and Casalis [28].

B. Technical Motivation

The need for refined analytical solutions has since continued to grow hand-in-
hand with computing power for two fundamental reasons. First, to gain deeper
physical insight into an “eternally complex problem” [43] and, second, to pro-
vide the much needed limiting process validations for numerical simulations of
chemically reactive rocket chambers. As argued by Wasistho et al. [29], a team of
researchers at the University of Illinois Center for Simulation ofAdvanced Rockets
(CSAR) has determined that analytical models often present the only valuable
resource for checking numerical results; this is partly caused by the difficulty of
acquiring specific experimental data and, partly, due to the harsh environment
erupting in rocket chambers, particularly, one that is hostile to proper instrumen-
tation. In the same study [29], Wasistho et al. have suggested the need to employ
a compressible mean flow model to promote better agreement with their full-scale
computations. Their steady and unsteady flow results were compared, respec-
tively, to the numerical solution of the integral equation obtained by Balakrishnan
et al. [30] and to the time-dependent expression for wave motion by Majdalani and
Flandro [31]. Favorable agreement was noted on both counts. Today, as regulatory
requirements for validation and verification continue to mount in the propulsion
industry, so do the demands for improved analytical tools. In this chapter, we
focus on the compressible Taylor flow analog and its extension to hybrid rocket
core gasdynamics.

C. Specific Targets and Benefits

The quest for a compressible mean flow expression serves multiple objectives.
First, it is needed to ameliorate our representation of the undisturbed inviscid
field and its impact on the ensuing acoustic wave motion and flame zone anal-
ysis. For instance, it will help to obtain a more consistent solution for the total
internal flowfield by insisting that both mean and unsteady components retain a
compressible ingredient. Existing expressions for the time-dependent flowfield are
based on an incompressible steady flow representation in both planar and axisym-
metric chambers (cf. Majdalani and Roh [32], Majdalani [33], and Majdalani and
Flandro [31]). By the same token, a compressible outer solution can be indispens-
able in analyzing the thin-flame zone that forms above the surface of a solid propel-
lant or a hybrid fuel where pyrolysis and vaporization must be carefully modeled. It
has often been reported that the exothermic viscous-layer treatment cannot be com-
pleted without a compressible outer approximation [34]. The second, objective is
to upgrade our analysis of hydrodynamic instability, which so far has been limited
to incompressible equations. The use of a compressible formula at the baseline of
such development can markedly improve the actual methodology and its potential
outcome. Venugopal [35] shows that a minor increase in mean flow velocity caused
by density variations along the wall can engender large excursions in the growth of
disturbances in a simulated SRM. The third objective is to provide a more precise
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platform for calculating the acoustic growth rate factors inherited from volume inte-
grals of internal flow components [36]. The fourth objective is to facilitate the char-
acterization of nozzleless rocket motors, whose increased volumetric efficiency has
made them prime candidates for ramjet-boosting applications. The absence of a
nozzle has enabled investigators to focus on specific features of the flow, thus
providing an attractive vehicle for academic studies that employ either experimen-
tation or computation. The operation of such motors has been examined from one-
and two-dimensional perspectives by Traineau et al. [13], Gany and Aharon [37],
and King [21]. It has been recently considered by Balakrishnan et al. [30], who
followed Traineau et al. [13] in presenting an inviscid, rotational, and compress-
ible integral equation that can be solved numerically in two dimensions. With use
of scaling arguments, their radial momentum equation was discarded and a per-
turbation expansion was implemented using the reciprocal of the aspect ratio. In
the process, pressure and grain regression were related by the Saint-Robert power
law. The resulting pseudo-two-dimensional approximation has proven adequate in
treating long motors with arbitrary cross section and wall injection rate.

In this chapter, we reconsider Taylor’s original problem in an axisymmetric,
constant-area chamber with uniform wall injection. We also permit the imposition
of sinusoidal injection at the headwall to model hybrid rockets. Using a Janzen–
Rayleigh expansion in the wall Mach number, we expand the system of equations
up to fourth order and extract the compressible Taylor flow solution.

II. Mathematical Model

A. Geometry

We consider the steady, inviscid, and non-heat-conducting flow of an ideal gas
in the domain bounded by the porous sidewall of a tube with radius a and finite
length L0. We assume that the speed of the gas at the wall Uw is uniform and that
L0 can reach the critical length. In solid and hybrid rockets, the sidewall velocity
Uw = ρPṙP/ρ is commensurate with the solid- or fuel-propellant regression rate
ṙP. To justify a constant Uw, we recall that the streamwise depreciation in pressure
and its wall-coupling effect can nearly offset the axial decrease in density. As
shown in Fig. 1, r̄ and z̄ stand for the radial and streamwise coordinates (with the
overbar denoting a dimensional quantity). We normalize these variables by a and
select a curvilinear coordinate system whose origin is centered at the headwall.
Axial symmetry reduces the field investigation to the region 0 ≤ r ≤ 1 and 0 ≤
z ≤ L, where L = L0/a. The tube can be either closed at z = 0, corresponding
to a zero inlet profile in Berman’s equation (Fig. 1a), or open, permitting the
classic similarity-conforming profile with characteristic speed Uc (Fig. 1b) [3].
Hence, the streamlines can be either induced by the injection process or by the two
converging streams. The latter is useful in modeling the flow in hybrid rockets,
where Uw can be appreciably smaller than Uc due to slow fuel pyrolysis and fast
oxidizer injection. Typical hybrids exhibit values of Uc/Uw ∼ O(102–103) and
Mw = Uw/a0 ∼ O(10−4), where a0 is the speed of sound at the origin. Although
we concentrate on the interesting case of choked flow at z = Ls, our solution will
still apply to an isobaric opening when z < Ls. In rocketry, the wall Mach number
can be as high as 0.02.
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Fig. 1 Porous tube accommodating inlet profile corresponding to a) inert headwall
conditions and b) Berman’s similarity-conforming cosine distribution.

B. Formulation

We begin by normalizing all remaining variables and operators using standard
axisymmetric descriptors. This can be done by setting

ur = ūr/a0; uz = ūz/a0; uc = Uc/Uw; p = p̄/p0; T = T̄/T0;

ρ= ρ̄/ρ0; ψ = ψ̄/(ρ0a0a2); Ω = Ω̄a/a0; ∇ = a∇̄; D2= a2D̄2

(1)

where the subscript 0 refers to conditions at the origin; meanwhile Uc = ūz(0, 0)
and Uw = −ūr(a, z̄) allude to the injection constants along the headwall and side-
wall, respectively. Because of its frequent recurrence, we define the second-order
linear operate D2 as

D2 ≡ ∂

∂r2 −
1

r

∂

∂r
+ ∂2

∂z2 = r
∂

∂r

(
1

r

∂

∂r

)
+ ∂2

∂z2 (2)

As usual, the velocity, Stokes stream-function, and the vorticity are related by

u = urer + uzez = − 1

ρr

∂ψ

∂z
er + 1

ρr

∂ψ

∂r
ez;

Ω = Ωθ = −1

r

∂

∂z

(
1

ρ

∂ψ

∂z

)
− ∂

∂r

(
1

ρr

∂ψ

∂r

)
(3)
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Moreover, for steady inviscid motion, the momentum equation can be manipulated
and reduced to

1
2∇(u · u)− u×Ω = −∇p/(ργ )

or 1
2ρ∇
[∇ψ · ∇ψ/(ρr)2

]+ (Ω/r)∇ψ = −∇p/γ (4)

where γ ≡ cp/cv . At this stage, the curl of Eq. (4) may be taken to elimi-
nate the pressure and obtain the vorticity transport equation. After grouping and
rearranging, one identifies the set of equations that must be solved. These are

∇ × (u×Ω) = −∇ρ ×∇p/(γρ2) (vorticity transport equation) (5)

D2ψ + ρrΩ = ∇ρ · ∇ψ/ρ (vorticity equation) (6)

∇p/γ = − 1
2ρ∇
[∇ψ · ∇ψ/(ρ2r2)

]− (Ω/r)∇ψ (momentum equation)
(7)

Given an isentropic flow of a calorically perfect gas, one also has

ρ = p1/γ ; T = p1−1/γ (8)

Our auxiliary conditions are prescribed by the continuity of the flow across the
centerline and the radial inflow at the sidewall where the streamwise component
of the velocity must vanish. Headwall injection can be imposed on the streamwise
component in the event of an open boundary. In adherence to the Taylor–Culick
model, we begin by considering the case of no flow at z = 0. This assortment can
be expressed by

r̄ = 0; ∀z̄; ūr = 0 (no flow across centerline)

r̄ = a; 0 ≤ z̄ < L0; ūz = 0 (no-slip at sidewall)

r̄ = a; 0 ≤ z̄ < L0; ūr = −Uw (uniform sidewall injection)

z̄ = 0; ∀r̄; ūz = 0 (no headwall injection)

and so

⎧⎪⎪⎨
⎪⎪⎩

ur(0, z) = 0
uz(1, z) = 0
ur(1, z) = −Mw

uz(r, 0) = 0

(9)

Equations (5–8) must be solved sequentially according to the following strategy.
To satisfy the vorticity transport equation, a relation between Ω and ψ must first
be determined. This relation is needed in the vorticity equation to eliminate Ω
and render a second-order partial differental equation (PDE) in ψ . A solution that
satisfies Eq. (9) may then be obtained and returned to the momentum equation
so that the pressure distribution can be deduced. Isentropic relations can then be
invoked to calculate the density and temperature. This procedure must be applied
after perturbing the system.
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C. Perturbation Expansion

Using a Rayleigh–Janzen series in powers of M2
w, we expand each variable

according to

ur(r, z) = Mwu(0)r +M3
wu(1)r +O(M5

w)

uz(r, z) = Mwu(0)z +M3
wu(1)z +O(M5

w)

ψ(r, z) = Mwψ
(0) +M3

wψ
(1) +O(M5

w)

Ω(r, z) = MwΩ
(0) +M3

wΩ
(1) +O(M5

w)

ρ(r, z) = 1+M2
wρ

(1) +M4
wρ

(2) +O(M6
w)

p(r, z) = 1+M2
wp(1) +M4

wp(2) +O(M6
w)

T(r, z) = 1+M2
wT (1) +M4

wT (2) +O(M6
w)

(10)

The leading- and first-order velocity components can be readily obtained at even
powers in Mw, specifically,

Mw: u(0)r = −
1

r

∂ψ(0)

∂z
; u(0)z =

1

r

∂ψ(0)

∂r
(11)

M3
w: u(1)r =

ρ(1)

r

∂ψ(0)

∂z
− 1

r

∂ψ(1)

∂z
; u(1)z =

1

r

∂ψ(1)

∂r
− ρ

(1)

r

∂ψ(0)

∂r
(12)

On substituting Eq. (10) into Eqs. (5–8), we collect, at o(Mw),

M2
w: ∇ × [u(0) ×Ω(0)] = 0 (13)

Mw: D2ψ(0)+ rΩ(0) = 0 (14)

M2
w: − ∇p(1) = γ

{
1
2∇
[
∇ψ(0) · ∇ψ(0)/r2

]
+ [Ω(0)/r]∇ψ(0)

}
(15)

M2
w: ρ(1) = p(1)/γ T (1) = (γ − 1)p(1)/γ (16)

Expansion of Eq. (9) yields, in turn,

u(0)r (0, z) = 0;
∂ψ(0)(0, z)

∂z
= 0

(
and

∂2ψ(0)(0, z)

∂r∂z
= 0

)
(17a)

u(0)z (1, z) = 0;
∂ψ(0)(1, z)

∂r
= 0 (17b)

u(0)r (1, z) = −1;
1

r

∂ψ(0)(1, z)

∂z
= 1 (17c)

u(0)z (r, 0) = 0;
∂ψ(0)(r, 0)

∂r
= 0 (17d)
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and so on; at o(M3
w), we segregate the first-order vorticity transport equation,

vorticity expression, momentum equation, and isentropic flow relations,

M4
w: ∇ × [u(0) ×Ω(1)] + ∇ × [u(1) ×Ω(0)] = −∇ρ(1) ×∇p(1)/γ (18)

M3
w: D2ψ(1) + rΩ(1) = ∇ρ(1) · ∇ψ(0) − rρ(1)Ω(0) (19)

M4
w: ∇p(2) = −γ ( 1

2ρ
(1)∇[∇ψ(0) · ∇ψ(0)/r2] + ∇[∇ψ(0) · ∇ψ(1)/r2]

− ∇{ρ(1)[∇ψ(0) · ∇ψ(0)/r2]} + [Ω(0)∇ψ(1) +Ω(1)∇ψ(0)]/r)
(20)

M4
w: ρ(2) = {2γ p(2) + (1− γ )[ p(1)]2}/(2γ 2) and T (2) = (γ − 1)

× {2γ p(2) − [ p(1)]2}/(2γ 2) (21)

For this system, we invoke homogenous boundary conditions to avoid dis-
turbing the leading-order approximation, which alone must bear the four chief
requirements.

III. Axisymmetric Solution

A. Basic Analysis

Equations (13–17) can be solved consecutively to yield the classic Taylor–
Culick solution. To illustrate this, we first recall that the vorticity transport relation
may be satisfied by Ω(0) = C2rψ(0). This expression is then fed into Eq. (14)
to obtain D2ψ(0) + C2r2ψ(0) = 0. An incompressible solution that fulfills the
problem’s constraints ensues for C = π , namely, ψ(0) = z sin( 1

2πr2). With the
replacement of ψ(0)∇ψ(0) by 1

2∇[ψ(0)]2 in the last member of Eq. (15), the basic
momentum equation can be integrated into

p(1) = − 1
2γ
{∇ψ(0) · ∇ψ(0)/r2 + [πψ(0)]2} = − 1

2γ
(
π2z2 + r−2 sin2 η

)
;

η = 1
2πr2 (22)

The companion density and temperature are tenable directly from Eq. (16). A
simple division by γ yields, for example, ρ(1) = − 1

2 (π
2z2 + r−2 sin2 η).

B. First-Order Vorticity Stream Function Relation

We begin by determining a pivotal relation betweenΩ(1) andψ(1) that satisfies
the vorticity transport equation. Because the momentum equation is only used
to solve for the pressure, it is vital that Eq. (18) be first secured. In view of the
isentropic relation given by Eq. (16), the baroclinic term ∇ρ(1) ×∇p(1) vanishes.
We are left with

∇ × [u(0) ×Ω(1)] + ∇ × [u(1) ×Ω(0)] = 0 (23)

The scalar projection of this vector yields a single component, namely,

∂[u(0)r Ω(1)]
∂r

+ ∂[u
(0)
z Ω(1)]
∂z

+ ∂[u
(1)
r Ω(0)]
∂r

+ ∂[u
(1)
z Ω(0)]
∂z

= 0 (24)
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We now insert Eqs. (11) and (12) into Eq. (24) and use Ω(0) = π2rψ(0). After
expanding and simplifying, we collect

∂ψ(0)

∂z

(
Ω(1)

r
− ∂Ω

(1)

∂r

)
+ ∂ψ

(0)

∂r

∂Ω(1)

∂z

= −π2r

{
ψ(0)

[
∂ρ(1)

∂r

∂ψ(0)

∂z
− ∂ρ

(1)

∂z

∂ψ(0)

∂r

]
+ ∂ψ

(1)

∂r

∂ψ(0)

∂z
− ∂ψ

(1)

∂z

∂ψ(0)

∂r

}

(25)

At first glance, Eq. (25) appears to be staggeringly complex, thereby intractable
by known methods. However, taking a cue from the leading-order relation for the
vorticity, we realize that a solution may mirror the incompressible form within a
linear correction. Thus, we let

Ω(1) = π2rψ(1) +Ω(1)
c (26)

We find that the first-order vorticity transport equation will indeed be satisfied by
eliminating the residual

∂ψ(0)

∂z

[
Ω
(1)
c

r
− ∂Ω

(1)
c

∂r

]
+ ∂ψ

(0)

∂r

∂Ω
(1)
c

∂z

= −π2rψ(0)
[
∂ρ(1)

∂r

∂ψ(0)

∂z
− ∂ρ

(1)

∂z

∂ψ(0)

∂r

]
(27)

or

sin η

[
Ω
(1)
c

r
− ∂Ω

(1)
c

∂r

]
+ πrz cos η

∂Ω
(1)
c

∂z

= −π2r−2z sin η
[
sin3 η + πr2 cos η

(
π2r2z2 − sin2 η

)]
(28)

Equation (28) represents a first-order PDE inΩ(1)
c that can be suitably integrated.

After some effort, we recoup the general form

Ω(1)
c = − 1

2π
2r−1(sin2 η + π2r2z2)ψ(0) + rG[ψ(0)] (29)

where G[ψ(0)] is arbitrary.
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C. First-Order Vorticity Equation

With Ω(1) at hand, we turn our attention to Eq. (19). With appropriate
substitutions, we extract

D2ψ(1) + π2r2ψ(1) = 1
4πr−2ψ(0)

{−4πr2 + 2 sin(2η)− 4πr2 cos(2η)

+ 4π3r4z2 − (4/π)r4G[ψ(0)]/ψ(0)}
= 1

4π
2z sin η

{−4+ sin(2η)/η − 4 cos(2η)+ 8πηz2

− (8/π3)ηG(z sin η)/(z sin η)
}

(30)

To make further headway, it is expedient to apply the transformation ψ(1) =
F(η, z) sin η. After some algebra, we hold

η2 ∂
2F

∂η2 + 2η2 cot η
∂F

∂η
+ η

2π

∂2F

∂z2 = q(η, z) (31)

where

q(η, z) = 1
8πηz

{−4+ sin(2η)/η − 4 cos(2η)+ 8πηz2

− (8/π3)ηG(z sin η)/(z sin η)
}

(32)

The difficulty in solving Eq. (31) is not only in the need to guess the proper
particular solution, but also, in selecting a suitable form of G that is congruent
with the problem’s boundary conditions. Assuming G to be some polynomial,
we let

G = π3
(
A0 + A1z sin η + A2z2 sin2 η + πA3z3 sin3 η

)
(33)

and so

q = 1
8πηz

{−4+ sin(2η)/η − 4 cos(2η)− 8A0η csc η/z − 8A1η − 8A2ηz sin η

+ 4πηz2[2− A3 + A3 cos(2η)]} (34)

The problem is now ready to be handled. The next step is to introduce a general
solution of the form

F(η, z) = z3f (η)+ zg(η) (35)

Substitution into Eq. (31) reveals that solvability is possible when A0 = A2 = 0.
We recover two simultaneous ordinary differential equations (ODEs)

η2f ′′ + 2η2 cot η f ′ = 1
2π

2η2[2− A3 + A3 cos(2η)] (36)

η2g′′ + 2η2 cot ηg′ = πη
{

1
8 sin(2η)/η − 1

2 [cos(2η)+ 1] − A1η − 3f /π2
}
(37)
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where the prime denotes differentiation with respect to η. In as much as it is linear,
the resulting set is straightforward to manage. We obtain

f = 1
8 cot η[π2η(3A3 − 4)− 8C1] + C2 − 1

16 A3π
2 cos(2η) (38)

g = 1
64π
−1(3A3π

2Ci(4η) cot η + Ci(2η){96C1 − 2[(4+ 3A3)π
2 + 48C2] cot η}

+ 2π{6(4− 3A3)πη + 32C4 + [π(12− 9A3 + 16A1η)− 32C3] cot η}
+ {96C1 + [(8+ 3A3)π

2 + 96C2] cot η} ln η
−16(π2 + 6C2 + 6C1 cot η)Si(2η)+ 3A3π

2Si(4η)) (39)

Here Si and Ci are the fast converging sine integral and cosine integral functions.
They are given by

Si(x) =
∫ x

0
t−1 sin t dt = x − 1

18
x3 + 1

600
x5 − 1

35, 280
x7 +O(x9) (40)

Ci(x) =
∫ x

∞
t−1 cos t dt = E+ ln x − 1

4
x2 + 1

96
x4 − 1

4320
x6 +O(x8)

E � 0.577216 (Euler’s gamma constant) (41)

D. Undetermined Constants and Vital Boundary Conditions

Our general solution ψ(1) = z(z2f + g) sin η contains a set of six unknown
constants, A1, A3, C1, C2, C3, and C4. This is not an overly determined system but,
rather, one consistent with Eq. (9). Out of the four existing boundary conditions,

u(1)r (0, z) = 0 (42a)

u(1)z (1, z) = 0 (42b)

u(1)r (1, z) = 0 (42c)

u(1)z (r, 0) = 0 (42d)

only three are useful. The fourth, u(1)z (r, 0) = 0, is identically satisfied by ψ(1)

at z = 0. The three remaining statements (42a–42c) yield six constraints in inte-
ger powers of z that must vanish independently. The two additional constants
(one could have expected four) are, therefore, essential. As noted by Balakrishnan
et al. [30] this problem is quasi parabolic. To illustrate this behavior, we first
consider Eq. (42a) which conveys

r = 0, ∀z :
∂ψ(1)

∂z
− ρ(1) ∂ψ

(0)

∂z
= 0;

∂

∂r

[
∂ψ(1)

∂z
− ρ(1) ∂ψ

(0)

∂z

]
= 0 (43)

Its evaluation begets two equations at O(1) and O(z2) that must cancel simulta-
neously. The first one reads

64πC3 + 96C2(ln 2+ E)+ π2[8 ln 2− 24+ 8E+ 3A3(6+ E)] = 0 (44)

whereas the second leads to C1 = 0.
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To ensure no slippage and uniform inflow along the sidewall, we must enforce
u(1)z (1, z) = u(1)r (1, z) = 0. In terms of the stream function, we now write

r = 1, ∀z :
∂ψ(1)

∂r
− ρ(1) ∂ψ

(0)

∂r
= 0;

∂ψ(1)

∂z
− ρ(1) ∂ψ

(0)

∂z
= 0 (45)

This set engenders four equations in descending orders of z. By canceling the
O(z3), O(z2), and O(1) terms, we retrieve A3 = 4/3, C2 = − 1

4π
2, and C4 =

− 1
2 − 1

16π [Si(2π)+ 2Si(π)] = −1.50571. Finally, at O(z) we reap

4A1π − 16C3/π − 3 ln
( 1

2π
)+ Ci(2π)+ 2Ci(π) = 0 (46)

Equation (44) may be revisited to pick C3 = 1
16π(4 ln 2+ 3E) � 0.884405. This

enables us to calculate the last constant from Eq. (46), namely, A1 = [ln(2π3)+
3E− Ci(2π)− 2Ci(π)]/(4π) � 0.456314. Thus, we conclude our derivation of
a fully axisymmetric solution that exactly satisfies Eqs. (18) and (19).

IV. Flowfield Characteristics

The compressible correction may be rearranged and simplified with the net
product taking the form of a rather straightforward expression. It collapses into

ψ(1) = 1
4πz sin η

(
−πz2 [1+ 1

3 cos(2η)
]+ 1

4 {Si(4η)+ 2Si(2η)− α

+[βr2 − 3E+ Ci(4η)+ 2Ci(2η)− ln(2π3r6)] cot η
})

(47)

where α = 8/π + Si(2π)+ 2Si(π) � 7.6685048 and β = ln(2π3)+ 3E−
Ci(2π)− 2Ci(π) � 5.7342087. Equation (47) will be referred to as the exact
solution. On closer scrutiny, we identify an approximate form ψ̃(1) that is practi-
cally equivalent in spatial behavior due to the dominance of the third power in z;
thus, we propose

ψ̃(1) = − 1
4ψ

(0)
{
π2z2 [1+ 1

3 cos(2η)
]+ 2

}
or

ψ̃ = Mwψ
(0)
(

1− 1
4 M2

w

{
π2z2

[
1+ 1

3 cos(πr2)
]
+ 2
})

(48)

Equation (48) represents the simplest axisymmetric form that satisfies the
problem’s four boundary conditions while exhibiting a high degree of precision in
observing first principles. It accrues a negligible error in comparison with ψ(1) to
the extent of being graphically indiscernible from Eq. (47). Furthermore, the error
continues to diminish with the distance from the headwall. Hence, it is ideally
suited to model long porous tubes such as those used to simulate rocket chambers.
In making our choice, the exact solution will be utilized in graphical depictions
although, for added confirmation, ψ̃(1) will be carried alongside ψ(1) during the
upcoming development. In actuality, ψ̃(1) may serve as a crucial replacement in
applications where simplicity of the mean flow formula is essential in preventing
a purely numerical outcome, for example, those involving integration.
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A. Representative Streamlines

Figure 2 shows a comparison of the flow turning behavior with and without
compressibility at two wall Mach numbers and chamber lengths. Here we plot
the characteristic ψ/Mw. The first observation is that compressibility causes the
fluid to turn more sharply at a given location and that the streamline curvature is
steepened with successive increases in Mw. This effect has important implications
on flow stability [38]. In fact, it appears that fluid expansion in the downstream
direction has a similar effect to that of increasing the viscosity. As illustrated
previously [20], decreasing the wall Reynolds number has a similar injunction on
the flow. Incorporating both density changes and viscosity may, therefore, lead to
more pronounced steepening. Viscosity, which has often been neglected in SRM
simulations, may become an important factor in hybrid rocket analysis where the
wall Reynolds number is considerably smaller. We mention in passing that, for
simulated SRMs, wall expansion has been shown to exhibit the reverse effect on
curvature, albeit too small to be considered except for extremely large regression
rates. A purely hypothetical case occurs when the sidewall regresses at the same
speed as that of the fluid entering the tube. Under these auspices, the expansion
process can offset the effect of injection to such a degree that streamlines become
normal to the sidewall.

The second observation in Fig. 2 concerns the striking similarity between Fig. 2a
and Fig. 2b and the connection with the corresponding ratio of Mach numbers
and chamber lengths. Because Mw is reduced by one-half in Fig. 2b, it takes the

Fig. 2 Effect of compressibility on representative streamlines, γ = 1.4: —, incom-
pressible solution and - - -, compressible solutions.
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streamlines twice the distance to reach the same level of development and disparity
with respect to the Taylor solution. This trend insinuates that a direct relation may
exist between Mw and the length to reach a level of development. Figure 2b also
suggests that compressibility effects may not be large in short chambers unless Mw
is sufficiently high, particularly, exceeding a threshold value that may be helpful
to determine. Finding the choking distance is another critical requirement for the
purpose of delimiting the subsonic domain.

B. Velocity and Vorticity Fields

Velocity corrections can be derived starting from Eq. (12). We obtain

u(1)r = 1
4 r−1 sin η

(
π2z2[1+ cos(2η)] − 1

4π
{

2[1− cos(2η)]/η + Si(4η)

+ 2Si(2η)− α + cot(η)[Ci(4η)+ 2Ci(2η)+ 2βη/π

− 3E− ln(16η3)]
})

; u(0)r = −r−1 sin η (49)

u(1)z = 1
4πz cos η

(
π2z2

[
5
3 − cos(2η)

]
+ 1

4π
{

Si(4η)+ 2Si(2η)− α + 2β/π

+ tan(η)[3E− 2βη/π − Ci(4η)− 2Ci(2η)+ ln(16η3)]
})

;

u(0)z = πz cos η (50)

Then, with use ofΩ(0) = π2rz sin η, the first-order vorticity may be expressed by

Ω(1) = 1
16 r−2Ω(0)

{
2(1− 6πηz2)(3− 4 sin2 η)− 6+ r2

(
14
3 π

2z2 − πα + 4β
)

+ 2η[Si(4η)+ 2Si(2η)] + 2η cot η[βr2 − 3E+ Ci(4η)+ 2Ci(2η)

− ln(2π3r6)]
}

(51)

When the classic solution is recalled, u(0) = −r−1 sin ηer + πz cos ηez, the
approximate velocity can be assembled into

ũ(1) = − 1
4 u(0)r {π2z2[1+ cos(2η)] − r−2[1− cos(2η)] + 2}er

+ 1
12 u(0)z {π2z2[5− 3 cos(2η)] + 3r−2[1− cos(2η)] − 6}ez (52)

and so Ω̃(1) = 1
6ψ

(0)r−3{η[3π − 2(6+ π2z2)η] − 3πη(1+ 6πz2η) cos(2η)+
3π sin(2η)}. The total vorticity becomes

Ω̃ = MwΩ
(0)
(

1+ 1
24 M2

w

{
3π [1− cos(2η)]/η − 12− 2π2z2[1+ 9 cos(2η)]

+ 3π sin(2η)/η2
})

(53)
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As usual, the vorticity vanishes along the centerline and, by observing surface
adherence, is maximum at the sidewall. It can be calculated from

Ωw = Mwπ
2z
[
1+M2

w

(
2
3π

2z2 + 1
4β − 1

)]
or

Ω̃w = Mwπ
2z
(

1+ 2
3 M2

wπ
2z2
)

(54)

The last two expressions differ by a mere π2zM3
w(

1
4β − 1). This reflects the inher-

ent accuracy that accompanies our compact formula.As it builds up with successive
increases in z, vorticity Ωw reaches its highest value in the exit plane.

Typical profiles corresponding to Fig. 2a are shown in Fig. 3; here, we plot both
streamwise and radial components of velocity at six axial stations, γ = 1.4, and a
characteristic Mach number of 0.01. We choose the latter because of its proximity
to Mw = 0.0095, a figure that has been fixed in two separate studies; these include
Apte and Yang [18, 19] who added much insight to the elegant work of Traineau
et al. [13]. Incidentally, both groups have focused on cold-flow compressible sim-
ulations and laboratory experiments of the planar, porous channel case with air
injection. We hereby select the same values in the interest of uniformity and porta-
bility. Lower injection rates from 0.0018 to 0.0036 have also been investigated by
Dunlap et al. [39].

Fig. 3 Spatial evolution of axial and radial velocities for Mw = 0.01; compressible
solution leads with respect to Taylor–Culick marker lines.
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In Fig. 3, it is clear that the discrepancy with respect to the leading-order solution
increases with the distance from the headwall. In both Fig. 3a and 3b this differ-
ence is hardly noticeable before crossing nearly one-third of the chamber span.
Subsequently, the error in the Taylor–Culick model becomes progressively more
pronounced, especially after passing z = 15. Both streamwise and radial profiles
begin to flatten, precisely as predicted by numerical simulations and experimen-
tal evidence. By z = 25, the error between both models, taken at the centerline,
reaches about 10%.

To better understand the factors that influence our solution, we find it imperative
to calculate the point where the Mach number reaches unity. To this end, we define
the length Ls to be the distance along the centerline to the point where a sonic
condition is met. We base our definition on the idea of a local Mach number
instead of an area-averaged value. The latter is necessitated by one-dimensional
or pseudo-two-dimensional models where information is often lumped at a given
cross section. Bearing this in mind, we remark that when z = Ls only the centerline
velocity component would have reached the speed of sound. At this junction, the
area-averaged Mach number will be smaller than unity. To determine the sonic
point precisely, we realize that the temperature correction must be evaluated to
estimate the local a0 accurately. In this vein, the momentum equation must first
be solved for the higher-order pressure correction. We do this for the sake of
completeness, although higher-order pressures and temperatures are not likely to
be large contributors except in long chambers.

C. Higher-Order Pressures and Temperatures

In seeking the higher-order pressure term, we return to Eq. (20), whose right-
hand side is now fully determined. We write

∇p(2) = −γ ( 1
2ρ

(1)∇[∇ψ(0) · ∇ψ(0)/r2] + ∇[∇ψ(0) · ∇ψ(1)/r2]
− ∇{ρ(1)[∇ψ(0) · ψ(0)/r2]} + [Ω(0)∇ψ(1) +Ω(1)∇ψ(0)]/r) (55)

Partial integration must be carefully carried out to identify common terms in
both radial and streamwise directions. It is expedient to start with the approx-
imate solution because the process can help in verifying the final formulation.
After some algebra, we obtain p̃(2)/γ = − 1

24π
4z4 + 1

8π
2z2(4− πη)+ 1

32πη× (8− 3πη). Backward substitution into the perturbed pressure yields

p̃/γ = γ−1 − 1
2π

2M2
wz2
[
1+ ( 1

4πη − 1
)

M2
w

]
− 1

24π
4M4

wz4 − 1
4πM2

w sin2 η/η

+ 1
32π

2M4
wη(8/π − 3η) (56)

Along similar lines, we find

p(2)/γ = − 1
24π

4z4 + 1
16π

2z2(σ − 2πη)+ 1
32π

2η(σ/π − 5η) (57)

where σ = πα − 2β � 12.6229. It is clear that the pressure is dominated by p ∼
1− 1

2π
2γM2

wz2 − 1
24π

4M4
wz4. This series can be further confirmed by calculating
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the centerline pressure ratio pc. In fact, we find p̃c = 1− 1
2π

2γM2
wz2(1−M2

w)−
1

24π
4γM4

wz4 to be in perfect union with

pc = 1− 1
2π

2γM2
wz2
(
1− 1

8σM2
w

)− 1
24π

4γM4
wz4 (58)

The higher-order density and temperature can be evaluated from Eq. (21). The
latter may be arranged into

T = 1+ 1
8π(γ − 1)M2

w{−4πz2 + η−1[cos(2η)− 1]} +M4
wT (2) (59)

where T (2) is given by

T̃ (2) = − 1
6π

2(γ − 1){π2z4 + 3
8πη

−1z2[1− cos(2η)− 8η/π + 2η2]
+ 3

128η
−2[3− 4 cos(2η)+ cos(4η)− 64η3/π + 24η4]} (60)

or

T (2) = − 1
6π

2(γ − 1)
{
π2z4 + 3

8πη
−1z2
[
1− cos(2η)− ση/π + 2η2

]
+ η−2[ 9

128 − 3
32 cos(2η)+ 3

128 cos(4η)− 3
16ση

3/π + 15
16η

4
]}

(61)

Here, too, the temperature is dominated by T ∼ 1− 1
2π

2(γ − 1)M2
wz2 −

1
6π

4(γ − 1)M4
wz4. Centerline temperatures yield, in turn,

T̃c = 1− 1
2π

2(γ − 1)M2
wz2(1−M2

w)− 1
6π

4(γ − 1)M4
wz4

Tc = 1− 1
2π

2(γ − 1)M2
wz2(1− 1

8σM2
w)− 1

6π
4(γ − 1)M4

wz4 (62)

These variables are crucial for estimating the maximum Mach number at a given
cross section. We remark that approximate results at η = 0 may be deduced from
the exact expressions by replacing σ with 8.

D. Critical Chamber Length

With the temperature in hand, we can calculate the centerline Mach number
based on the local speed, namely,

uc = uz(0, z) = πMwz + 1
6π

3M3
wz3 − 1

16σπM3
wz

ũc = πMwz + 1
6π

3M3
wz3 − 1

2πM3
wz (63)

Clearly, uc ∼ πMwz + 1
6π

3M3
wz3 controls the solution. Using ūc/

√
cp(γ − 1)T̄c =

1 or uc/
√

Tc = 1, we can solve for the streamwise coordinate zs at which a sonic
condition is first detected. Depending on the level of approximation in the speed
and temperature, we obtain estimates of increasing accuracy. At leading order, we
have

πMwzs =
√

1− 1
2π

2(γ − 1)M2
wz2

s +O(M3
wz3

s )

z(0)s =
√

2/(1+ γ )1/(πMw)+O(M2
wz3

s ) (64)
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In like manner, by retaining two terms in the velocity, we can put

πMwzs + 1
6π

3M3
wz3

s =
√

1− 1
2π

2(γ − 1)M2
wz2

s +O(M4
wz4

s )

z(1)s =
√
ϕ − 4+ 2(5− 3γ )/ϕ/(πMw)+O(M3

wz4
s )

(65)

where

ϕ =
(

36γ − 10+ 6
√

6γ 3 + 6γ 2 + 30γ − 25

)1/3

(66)

An unusually simple expression can be obtained by “borrowing” the well-known
critical pressure ratio from one-dimensional nozzle theory. By choosing only
two terms in Eq. (58), we can equate, at the sonic point, which stands for the
hypothetical nozzle throat, ( pc)sonic = 1− 1

2π
2γM2

wz2
s = [ 12 (γ + 1)]γ /(1−γ ) or

z(2)s =
1

πMw

√
2γ−1

[
1− ( 1

2γ + 1
2

)γ /(1−γ )] =
√

2(1− e−1/2)

πMw
(67)

for γ = 1. Note that the spurious singularity as γ → 1 can be easily overcome
using L’Hôpital’s rule. However, it is not simple to render the truncation order of
this quantity because of the uncertainty associated with utilizing one-dimensional
theory to evaluate the critical pressure ratio. No throat of a nozzle exists here.
Whereas Eq. (58) exhibits a truncation error of O(M4

wz4
s ), the global error accrued

in crisscrossing with one-dimensional nozzle theory remains an open question. At
this point, a comparison with the most precise value of zs may be illuminating.

The most accurate representation of O(M4
wz3

s ), for example, z(5)s , may be derived
by mustering every term that arises in Eqs. (62) and (63). The lengthy formula we
obtain is omitted here because it may be relegated to symbolic programming.
Instead, we realize that, within four-digit accuracy, an equivalent expression is
attainable by employing the dominant members of the temperature and velocity.
We find

z(3)s = δ1/2
√

cos{ 13 cos−1[16(14+ 6γ − 3γ 2 − 4γ 3)/δ3]} − 2(γ + 1)/(πMw)

+O(M2
wzs);

δ = 2
√

2(γ + 1)(2γ − 1) (68)

or, equivalently,

z(3)s =
√
λ− 2γ − 2+ 2(2γ 2 + γ − 1)/λ/(πMw)

λ =
(

28+ 12γ − 6γ 2 − 8γ 3 + 6
√

22+ 18γ − 6γ 2 − 14γ 3 − 3γ 4

)1/3

(69)
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These supplement the expanded form of z(5)s , namely,

z(4)s = [0.8846222− 0.17729882(γ − 1)+ 0.05391187(γ − 1)2

− 0.01806146(γ − 1)3 + 0.50162947M2
w]/(πMw) (70)

As it turns out, Eqs. (67), (68), and (70) are the closest to z(5)s . This trend
is illustrated in Tables 1 and 2, where the critical lengths are cataloged at typ-
ical Mach numbers and a range of specific heats. We note that the errors we
entail are commensurate with the order in which they are introduced. Interest-
ingly, the pseudo-one-dimensional approximation z(2)s leads to a surprisingly valid
estimate that keeps improving at higher Mw. This may explain the ubiquitous accep-
tance of one-dimensional analyses, which, in some work, have been reported to
exceed expectations in predicting compressible flow behavior. This is especially
true concerning pressure distributions. Depending on the desired tolerances, we
recommend the use of Ls = z(4)s or z(3)s for small and large γ , respectively. We post
in Table 2 the most precise estimate z(5)s for six representative values of Mw. In that
respect, we note that, for Mw < 0.005, Ls becomes so large as to render it imprac-
tical in propulsive applications that exclude headwall injection; this may explain
why choking through a nozzle is the rule rather than the exception in rocket-based
applications.

Past the sonic point, it is uncertain whether our solution will continue to hold.
Unless area expansion is permitted, weak shocks are likely to form and these are
normally accompanied by irreversibilities; of course, the latter tend to invalidate
our underlying assumptions. Barring these ostensible incidences, it may be argued
that the solution may continue to hold up to the point where the area-averaged Mach

Table 1 Critical sonic length Ls

z

γ z(0)s z(1)s z(2)s z(3)s z(4)s z(5)s

Mw = 10−2

1.0 31.831 28.158 28.237 28.158 28.160 28.160
1.1 31.064 27.719 27.661 27.611 27.612 27.612
1.2 30.350 27.294 27.119 27.094 27.095 27.096
1.3 29.683 26.884 26.610 26.606 26.606 26.607
1.4 29.058 26.488 26.130 26.143 26.140 26.145
5/3 27.566 25.496 24.972 25.020 24.990 25.022

Mw = 5× 10−3

1.0 63.662 56.317 56.474 56.317 56.318 56.318
1.1 62.128 55.437 55.321 55.221 55.222 55.222
1.2 60.699 54.588 54.239 54.188 54.188 54.189
1.3 59.365 53.768 53.221 53.211 53.209 53.212
1.4 58.115 52.976 52.260 52.286 52.278 52.287
5/3 55.133 50.993 49.943 50.040 49.978 50.041
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Table 2 Higher order approximation for Ls = z(5)
s

Mw

γ 0.0001 0.0005 0.001 0.005 0.01 0.05

1.0 2815.840 563.168 281.584 56.318 28.160 5.640
1.1 2761.064 552.213 276.107 55.222 27.612 5.530
1.2 2709.402 541.880 270.940 54.189 27.096 5.427
1.3 2660.569 532.114 266.057 53.212 26.607 5.329
1.4 2614.318 522.864 261.432 52.287 26.145 5.236
5/3 2502.020 500.402 250.201 50.041 25.022 5.011

number has reached unity.Although we do not wish to venture farther downstream,
it may be useful to examine the evolution of the area-averaged Mach number for
two main reasons: first, to set an upper bound on the range of validity and, second,
to provide supplementary tools that may be needed in sketching a meaningful
parallelism with one-dimensional theory.

E. Area Averaging

The local Mach number may be calculated from the total velocity and tempera-
ture using M ≡ u/

√
T , where u is the Pythagorean sum of ur and uz. Several lines

of constant Mach number can thus be produced and shown in Fig. 4a for γ = 1.4
and Mw = 0.01. Also shown in Fig. 4a are a few representative streamlines. What
is most intriguing is perhaps our attempt to recreate the same plots using widely
dissimilar Mach values of 10−3 and 10−4. So long as the streamwise coordinate is
rescaled by the appropriate critical length Ls, differences remain indiscernible. The
same attempt is repeated using, this time, γ = 1 and 5/3; differences are found to
be so minor that they do not warrant further attention. Hence, Fig. 4a is character-
istic of the expected isocontours. In fact, they bear a striking resemblance to those
reported in Fig. 3 of Balakrishnan et al. [30]. We show our streamlines and Mach
numbers past the choking distance to illustrate their spatial evolution in the event
that a shock is delayed. As mentioned earlier, only the centerline velocity would
have reached sonic speed at z = Ls and there is little certainty beyond that point.
We recall that, instead of deteriorating past M = 0.3, the Taylor model continues to
hold farther downstream. The compressible flow analog may exhibit comparable
resilience. Furthermore, the area-averaged Mach number at z = Ls may be calcu-
lated and shown to vary quite gradually, specifically, between 0.696 and 0.710 as
γ is reduced from 5/3 to 1. This will be expounded next.

The centerline Mach number Mc ≡ uc/
√

Tc can be readily obtained from
Eqs. (62) and (63) and is plotted in Fig. 4b. Also shown is a crude but compact
approximation based on ψ̃ and the first-order temperature. We imply

M̃c = πMwz
2+M2

w(
1
3π

2z2 − 1)√
4− 2M2

wπ
2z2(γ − 1)

(71)
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Fig. 4 Evolution of the local Mach number over a range of Mw and γ = 1.4: a)
streamlines extend slightly past the choking distance and b) centerline Mach numbers
and area-averaged values are compared to the one-dimensional compressible flow
formula by Gany and Aharon [21].

One may infer from Fig. 4b that M̃c is an adequate representation except for the
slight overshoot that it displays near the aft end.As γ is decreased, this discrepancy
becomes less conspicuous and vanishes, eventually, near unity.

To set the stage for comparisons with one-dimensional theory, the area-averaged
Mach number Mm can be numerically integrated from

Mm = 2
∫ 1

0
uT−1/2r dr

As shown in Fig. 4b, Mm is close to 0.7 and does not reach unity until z = Lm.
Following a parametric analysis, we find Lm to be a weak function of γ and,
practically, independent of Mw. It diminishes from Lm = 1.257Ls to 1.204Ls as
γ is escorted across its full range. Along this excursion, Mc crawls from 1.341
to 1.390. We suspect that full choking in a straight porous tube may be delayed
an extra 20–25% of the critical length. If the opposite were proven true, then
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the evaluation of Mm would still serve a useful purpose because it enables us to
judiciously compare our results to one-dimensional theory. According to the latter,

M1D =
√√√√ 1−√1− z2/L2

s

1+ γ√1− z2/L2
s

(72)

Equation (72) is superimposed as the chained line in Fig. 4b; clearly it follows
Mm except for the sudden jump in the last 10% stretch. This result confirms the
ability of our solution to mimic one-dimensional analysis except near the sonic
point where radial flow variability comes into play. Our results also support the
idea of a local Mach number being independent of Mw.

F. Key Geometric Similarity

Inspired by the form of Eq. (72), a more convincing proof of this behavior may
be pursued by introducing a rescaled variable, X = z/Ls. One may, for example,
substitute back into Eq. (71) and rearrange. As confirmed by Eqs. (64–69), the
ensuing productπMwLs = Γ (γ ) ∼ 1 is a strong function of γ , particularly, one for
which several approximations have been unraveled in increasing order of accuracy.
It can be seen that

M̃c = Γ X
2+ 1

3Γ
2X2 −M2

w√
4− 2Γ 2X2(γ − 1)

=
(
1+ 1

6Γ
2X2
)
Γ X√

1− 1
2 (γ − 1)Γ 2X2

(73)

The influence of Mw is clearly negligible. Furthermore, the dependence on γ is
also feeble in view of the slowly varying filterΓ . The latter shifts by a total of 11%,
from 0.8846 to 0.7860, over the full range of γ . In rocketry, γ seldom exceeds
1.2; the corresponding 3.78% deviation in Γ is marginal, decrementing from 88.5
to 85.1% only. Because γ barely changes in a given application, the behavior of
our solution with respect to X is nearly frozen. This finding is pivotal because it
enables us to render the results in a more universal fashion, namely, independently
of the wall Mach number. The same idea applies to the stream function and its
derivatives; this can be demonstrated by revisiting

Ψ̃ = ψ̃/Mw = ψ(0)
(

1− 1
4Γ

2(γ )
{
X2
[
1+ 1

3 cos(πr2)
]
+ 2π−2L−2

s

})
(74)

Note that dependence on Mw disappears in a suitably normalized variable. Because
ψ is a parent function, all related family members inherit this property. This
also explains and settles our earlier bewilderment regarding the nature of Fig. 3,
where, in hindsight, the geometric scaling required to achieve similarity was met
(unintentionally). The critical lengths for the two cases were actually 26 and 52,
respectively.

G. Critical Pressure and Temperature Ratios

Unlike the local Mach number that can undergo wide excursions at a given
cross section, we find the pressures and temperatures to be quasi uniform. This can
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Fig. 5 Streamwise evolution of centerline pressures and temperatures using available
theories: from outside moving inward, γ = 1, 1.2, 1.4, and 1.67.

be quickly inferred from the favorable comparisons that may be drawn between
any two of the centerline, sidewall, or area-averaged properties. Because of their
similarities, we focus hereafter on centerline behavior (Fig. 5). Our axisymmetric
results can also be examined in the context of existing theories. Of those, we
choose the oft-cited one dimensional model of Gany and Aharon [37], the pseudo-
two-dimensional model of Traineau et al. [13], and the incompressible formula of
Taylor [1]. Also, because of the variability that exists among available data, we
opt to conduct our own numerical simulations of the porous tube. In the interest
of uniformity, we replicate conditions that mimic those implemented by Traineau
et al. [13] and subsequently, by Apte and Yang [19].

Our porous tube is chosen to be 28 cm long with a 1 cm radius and a wall Mach
number of 0.0095.We apply a constant mass flux of 13 kg ·m−2 · s−1 at an injection
temperature of 260 K; the fluid is air with a molecular weight of 29 kg · kmol−1,
γ = 1.4, and a dynamic viscosity of μ = 1.66× 10−5kg ·m−1 · s−1. Unlike
Traineau et al. [13], we do not attach a divergent nozzle at the aft end. Our chief
concern is with the faithful replication of the geometry used in the mathematical
derivation. We recognize that area expansion can expedite convergence, but we
opt to stay with Taylor’s model, albeit at a small computational expense.

As shown in Fig. 5a, the streamwise variation of pc is steeper than that of
Taylor’s or Gany and Aharon’s except in the last 15% stretch. It becomes more
pronounced with successive increases in γ . The incremental steepening reflects
inevitable departures from the ideal isothermal case for which γ = 1. The same can
be said of the temperature variation in Fig. 5b. In both cases, the one-dimensional
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model accrues a smaller drop along a major portion of the chamber. It then briskly
accelerates in the aft 15% of the length on its way to reclaiming its choke-point
value. Its evolution may be traced from

p1D = (1+ γ )−1
(

1+ γ
√

1− z2/L2
s

)
;

T1D = (1+ γ )1/γ−1
(

1+ γ
√

1− z2/L2
s

)1−1/γ

(75)

Note that Gany and Aharon [21] project a critical pressure ratio of
p(−)s = (1+ γ )−1 (at z = Ls), although nozzle theory foresees a critical ratio of
p(+)s = [ 12 (γ + 1)]γ /(1−γ ); ours predicts an intermediate quantity. For example, at
the sonic point, Eqs. (58) and (62) reduce to

ps = 1− 1
2γΓ

2
(

1− 1
8σM2

w

)
− 1

24γΓ
4;

Ts = 1− 1
2 (γ − 1)Γ 2

(
1− 1

8σM2
w

)
− 1

6 (γ − 1)Γ 4 (76)

where Γ may be directly extracted from Eqs. (68), (69), or yet Eq. (67) if a blend
with one-dimensional theory is to be entertained. The latter yields the simplest,
Γ 2 = 2γ−1[1− ( 1

2γ + 1
2 )
γ /(1−γ )]. The most accurate are

Γ =
√
δ cos

{ 1
3 cos−1[16(14+ 6γ − 3γ 2 − 4γ 3)/δ3]}− 2(γ + 1)

or

Γ =
√
λ− 2γ − 2+ 2(2γ 2 + γ − 1)/λ (77)

Both render

Γ � 0.884622− 0.177299(γ − 1)+ 0.0539119(γ − 1)2 − 0.0180615(γ − 1)3

(78)

Interestingly, the Taylor series expansion of Γ matches the γ dependence of the
highest-order expression for z(5)s encapsulated by Eq. (70). Furthermore, the M2

w
term in Eq. (76) may be safely ignored without affecting the three-digit accuracy in
the algebraic outcome. For the reader’s convenience, a summary of critical pressure
and temperature ratios is posted in Table 3.

Over the range of γ , our pressure ratio depreciates from 0.583 to 0.459.
This constitutes a 16.6–22.4% increase in pressure recovery with respect to one-
dimensional theory. The increased pressure recovery may be attributed to the
absence of viscosity in our model. Had viscosity been accounted for, a larger
pressure drop would have been entailed. The one-dimensional model appears to
be less vulnerable to friction and attendant irreversibilities: It integrates those away
in the process of injecting the flow directly along the axis where viscous damping
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Table 3 Critical pressure and temperature ratios

γ p(−)as ps p(+)bs T (−)as Ts T (+)bs

1.0 0.500 0.583 0.607 1 1 1
1.1 0.476 0.560 0.585 0.935 0.953 0.952
1.2 0.455 0.539 0.564 0.877 0.910 0.909
1.3 0.435 0.519 0.546 0.825 0.871 0.870
1.4 0.417 0.501 0.528 0.779 0.835 0.833
1.5 0.400 0.484 0.512 0.737 0.802 0.800
1.6 0.385 0.469 0.497 0.699 0.771 0.769
5/3 0.375 0.459 0.487 0.675 0.752 0.750

aGany and Aharon [21]. bOne-dimensional nozzle theory.

is the least prominent. Had it been viscous, the present model would have been
subject to irreversibilities that consume their share of thermal energy and increase
both the temperature and internal energy of the flow. The pressure drop, which is
partly a measure of these irreversibilities, would have been larger. The accentu-
ated sensitivity of our axisymmetric representation to viscous losses can, therefore,
explain the larger pressure recoveries observed relative to viscous simulations or
one-dimensional approximations.
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Fig. 6 Comparison of theoretical pressures and temperatures to Navier–Stokes
computations obtained from two turbulent flow models.
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For example, using γ = 1.4, our results are compared in Fig. 6a to the CFD pres-
sure curves obtained under two widely accepted turbulent flow models. Whereas
the computed k–ω curve nearly coincides with our analytical solution over a sig-
nificant portion of the chamber, it begins to slightly diverge near the aft end to
the extent of closing at 0.400. The Spalart–Allmaras simulation is slightly higher
near the headwall but is terminated by the same value. The increased pressure drop
compared to ours at 0.501 may be linked to viscous damping. Naturally, the CFD
value is nearest to the one-dimensional critical ratio (0.417) proposed by Gany and
Aharon [21]. Up until the exit section, however, the present solution adequately
performs in matching the k–ω curve.

When temperatures are compared in Fig. 6b, an equally interesting behavior is
captured. As predicted, the turbulent-flow computations seem to fall slightly above
our theoretical curve; they specifically coincide with the one-dimensional solution
over a major portion of the chamber. In contrast to the pressure behavior, a better
agreement with our model is seen near the aft end, where the numerical curves
terminate at 0.845 and 0.843, respectively; this puts them nearest to our theoretical
0.835. A better accord with numerics would, thus, require the participation of
viscosity.

Before leaving this subject, it may be instructive to evaluate the area-averaged
quantities because they can provide expeditious estimates. We find

T (0)m = 1− 1
4 (γ − 1)M2

w[2π2z2 + E+ ln π − Ci(π)];
p(0)m = 1− 1

4γM2
w[2π2z2 + E+ ln π − Ci(π)] (Taylor’s) (79)

pm = p(0)m − 1
384γπ

2M4
w[π2(16z4 + 12z2 + 5)− 3σ(8z2 + 1)]

Tm = T (0)m − 1
384 (γ − 1)M4

w(48+ π4(64z4 + 12z2 + 5)− 3π3α(8z2 + 1)

+ 6π2{β + 8z2[β + E− Ci(π)+ ln(π)]} − 12π [α − 4Si(π)]) (80)

Although not shown on the graphs, pm and Tm vary in concert with their coun-
terparts taken along the axis. This reaffirms the frail pressure and temperature
gradients in the radial direction. It also justifies the appropriateness of earlier
comparisons between centerline properties and area-averaged one-dimensional
projections.

H. Characteristic Effects of Compressibility

Having established the importance of Ls as a geometric scaling parameter, we
can use it to delineate the zone of validity for the subsonic region. We show this in
Fig. 7 at four representative values of γ . The minute shifts in the sonic curves reflect
the weak sensitivity of the solution to the ratio of specific heats. This reinforces
the notion of recouping a nearly frozen state after rescaling with respect to Ls.

When a chamber of length Ls is considered as our baseline case, the spatial
evolution of the velocity field across the entire domain may be captured inde-
pendently of the Mach number. This is shown in Fig. 8, where both streamwise
and radial components are plotted, respectively, in the upper and lower parts of
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Fig. 7 Sonic distance vs wall Mach number.

0 0.2Ls 0.4Ls 0.6Ls 0.8Ls Ls

r

0

1

0

1

Fig. 8 Spatial evolution of axial and radial velocity profiles up to sonic point. Inset
rescales the axial velocity by its centerline value and compares it to CFD data (hollow
squares for k–ω model).

the graph. These represent scaled-down versions that preserve the relative propor-
tions of actual magnitudes. The former plot is repeated in the middle part where
it is magnified for better clarity (using the local centerline speed) and compared
to CFD predictions. These are shown at nine equally spaced axial stations corre-
sponding to 0.1, 0.2, 0.3, . . . , 0.9Ls. Although we use a wall Mach number of 0.01
and Ls = 28, which co-tail our computational model, we emphasize the geometric
similarity that renders this plot universal. Its response to changing γ is so minor
that it may be ignored. This is verified by modifying the Mach number from 0.0001
to 0.01 with no distinct influence on the solution. Changing γ from 1 to 5/3 has
some influence, but it is too small to deserve particular attention. The gradual flat-
tening of the compressible profile past Ls/2 is corroborated by both theory and
experiment.

As expected, these profiles bear a striking resemblance to the numerical results
and to both laboratory and computational experiments obtained by Traineau
et al. [13], Balakrishnan et al. [30],Apte andYang [18, 19], and others. Specifically,
we note that the streamwise velocity becomes much fuller than Taylor’s sinu-
soidal profile as choking is approached. This is accompanied by the classic
linearization of the radial velocity. The evolution into a blunter, turbulent like, or
pseudo-one-dimensional plug flow is conformant to both theory and experiment.
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It faithfully captures the increased gradients at the sidewall, and these can have
important implications in mean-flow related analyses. To the author’s knowledge,
this represents the first explicit analog of Taylor’s compressible flow that exhibits
the correct steepening behavior. Its agreement with CFD predictions is favorable
despite the presence of small viscosity in the numerical simulation.

To quantify the steepening effect and magnification caused by compressibility,
theoretical and CFD profiles are overlaid in Fig. 9. In Fig. 9a, the streamwise
velocity, normalized by πzMw, is shown at four evenly spaced distances from the
sonic point. Because the leading-order sinusoidal profile varies between 0 and 1, it
can be conveniently adopted as a benchmark. The amplification of the streamwise
velocity can, thus, be inferred relative to Taylor’s model. We note that, below
0.4 Ls, the compressible solution and Taylor’s overlap (the discrepancy between
them being less than 2%). This justifies the use of Taylor’s solution in chambers
whose actual length is roughly L ≤ 0.4 Ls. The precise cutoff point is a matter of
conjecture, but we shall attempt to define it based on the relative error with respect
to Taylor’s. Therefore, first, this relative error must be characterized.

As shown in Fig. 9b, the maximum difference between the axial velocities,
which appears at the centerline, can be evaluated. In as much as it is commensu-
rate with the local impact of fluid compression, the ratio ϑc = uz(0, z)/u(0)z (0, z) =

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0

z/Ls

∀z Taylor (1956)  
 1.0 present solution
 0.8  
 0.6
 0.4 

r

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0
zu

πzMw

z/Ls

∀z Taylor (1956)  
 1   present solution
 1   turbulent, k–ω
 1   turbulent, Spalart-Allmaras 

r

a)

b)

Fig. 9 Streamwise velocity: a) gradual steepening as choking is approached and b)
computational curves at critical location. NormalizedTaylor profile is axially invariant.
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uz(0, z)/(πzMw) becomes a direct measure of relative amplification. For example,
the theoretical amplification at z = Ls can be determined to be 1.112 vs a computed
value of 1.133; the CFD limit is converged on by each of the turbulent models.
Despite selecting the (most) critical location, a nearly perfect match with the
turbulent profiles is realized in both fullness and extent. The turbulent simulations
are performed using two standard schemes, namely, the k–ω and Spalart–Allmaras
(private communication from B. A. Maicke, 2005). These yield such similar dis-
tributions that their differences are graphically imperceptible. The concurrence of
the analytical solution with turbulent simulations is gratifying, especially that the
model is often applied to problems involving large crossflow Reynolds numbers.
The concurrence with turbulent predictions is not an artifact but rather an attribute
of inviscid flows.

Overall, the amplification at a radial position can be measured from the ratio of
velocities, ϑ(r, z) ≡ uz/u

(0)
z . At any cross section, the maximum local ratio occurs

along the centerline where ϑc(z) ≡ uc/u
(0)
c . The smallest increase in ϑc can have

an appreciable impact on core-flow ingredients, including the growth rate of dis-
turbances. As recently shown in a compressible flow simulation of a model rocket
motor, a roughly 10% increase in centerline speed (caused by density variations)
can lead to a 70% overshoot in the growth of oscillatory wave amplitudes at a
streamwise location of 40 (cf. Venugopal [35], pp. 61–65). The evolution of ϑc
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Fig. 10 Evolution of uc: a) effect of varying Mw on compressible centerline velocity
ratio as choking is axially approached and b) maximum velocity ratio at the sonic
point.
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with distance from the headwall is shown in Fig. 10a over a wide range of oper-
ating parameters and up to the sonic point. The latter occurs sooner at higher γ .
Because the critical length depends on the gas compression ratio, dotted lines are
used in the buffer region that is bracketed by the upper and lower bounds for γ . As
Mw is lowered, for the chosen range of Mach numbers, it appears that the relative
amplification ratio increases to a pure constant at fixed γ . This observation prompts
us to define the maximum overall velocity amplification, ϑs = us/u

(0)
c , based on

us = uc(Ls). In Fig. 10b, a plot of ϑs confirms our hypothesis. We find that the
sonic amplification ratio does indeed asymptote to a constant value in the practi-
cal range of Mach numbers. The asymptotic limit varies between ϑs = 1.130 for
γ = 1 to ϑs = 1.103 for γ = 5/3. Analytically, the corresponding magnification
may be obtained from Eq. (63) such that

ϑc = 1+ 1
6π

2M2
wz2 − 1

16σM2
w or ϑ̃c = 1+ 1

6π
2M2

wz2 − 1
2 M2

w (81)

By insertion of Γ , we collect ϑc = 1+ 1
6Γ

2X2 − 1
16σM2

w ∼ 1+ 1
6Γ

2X2. The
asymptotic amplification for X = 1 may be readily estimated from

ϑ∗s ∼ 1+ 1
6Γ

2 ∼ 1.13043− 0.0522808(γ − 1)+ 0.0211364(γ − 1)2

− 0.00851203(γ − 1)3

In applications that feature Mw > 0.02, an additional correction is required,
specifically,

ϑs = ϑ∗s −M2
w[0.641014+ 0.0487504(γ − 1)− 0.0186428(γ − 1)2] (82)

These quantities enable us to measure directly the propensity of fluid compression
and its bearing on the mean flow.

I. Extension to Solid and Hybrid Rockets

One may wonder under what circumstances density variations become impor-
tant in SRMs. The present study can help to answer this question given a desired
level of precision set by the designer. Suppose that an error that exceeds ε = 4%
over more than � = 1

4 of the chamber length is deemed unacceptable. Our solution
enables us to calculate the distance to reach such degree of disparity with respect
to Taylor’s equation. This is met when ϑc = 1+ ε, or, to good approximation, at

zε =
√

6ε/(πMw) (83)

If zεa < (1− �)L0, then volumetric expansions must be accounted for. By applying
this formula in reverse to a chamber with a relatively large aspect ratio, for example,
L = 50, we find the (minimum) cutoff Mach number M∗w that must be surpassed
for this condition to hold. This is

M∗w =
√

6ε/[π(1− �)L] � 0.0042 (no headwall injection, SRMs) (84)

Thus, if this motor has Mw > M∗w, a 4% error will affect more than its aft-quarter
length. Otherwise, it may be safely treated using Taylor’s formula. When it is
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considered that many SRMs operate under Mw = 0.0042 and have lengths that
are shorter than L = 50, the suitability of Taylor’s model remains unchallenged
in those particular instances. The present solution becomes necessary, however,
in applications that exhibit accentuated sensitivity to the mean flow. Examples
include the full-scale numerical simulations conducted by CSAR, the treatment
of the Stokes acoustic layer with sidewall injection (cf. Wasistho et al. [29]),
the investigation of instability (cf. Venugopal et al. [40]), and the analysis of the
exothermic boundary layer (cf. Balakrishnan et al. [30]). Surely, when precision
is required to mitigate unwanted deviations, the present solution may be invoked.
Overall, it increases our arsenal of physical approximations for the treatment of
high-speed compressible flow.

If the interest is shifted to the modeling of hybrid rockets, one may repeat the
analysis presented here using a nonzero inlet velocity at the headwall. One can
use, for example, the similarity-conforming cosine shape proposed by Majdalani
and Vyas [41]; this classic profile dating back to Berman [8] was presented in the
context of providing an inviscid, outer approximation for the steady streamtube
motion in hybrid rockets. Although it does not enforce an inlet condition on ur ,
it remains quasi viscous because it fully observes the no-slip condition along the
sidewall.

For implementation, the fourth boundary condition in Eq. (9) must be properly
altered; as before, we write uz(r, 0) = Mc cos( 1

2πr2), Mc ≡ Uc/a0. Note that only
the streamwise velocity is constrained at the headwall. No condition is imposed on
the radial inflow component. The notion of an open boundary at z = 0 is suitable
in hybrid rocket applications where the injection at the headwall is not necessarily
orthonormal to the surface. Some injectors are deliberately designed with a nonzero
angle of attack.

As shown in a previous study [41], the solution connected with a sinusoidal
headwall injection can be recovered by shifting the origin of Taylor’s model to a
hypothetical station located (upstream of the headwall) at a distance of z = −uh,
where uh = uc/π . Hence, a simple translation of the axis will enable us to modify
the solution appropriately. One can write, for example,

ψ̃ = Mwψ
(0) (1− 1

4 M2
w

{
π2(z + uh)

2
[
1+ 1

3 cos(πr2)
]+ 2

})
(85)

where ψ(0) = (z + uh) sin η represents the extended version of Taylor’s formula
with sinusoidal headwall injection [41]. Most of the foregoing expressions can
be modified straightforwardly by replacing the streamwise coordinate by Z =
z + uh. At the outset, the critical length must be rectified by subtracting from it the
headwall effect. The new effective distance to the sonic point becomes Lh = Ls −
uh. This correction has a large bearing on the hybrid model because it suggests that
compressibility may be important despite a small Mw so long as uh is sufficiently
large. This all depends on Mw and the relative length of the hybrid chamber with
respect to Lh. The criterion given by Eq. (84) translates into

M∗w =
1

π [(1− �)L + uh]
√

6ε

(with headwall injection, SRMs, and hybrid rockets) (86)
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Fig. 11 Streamlines corresponding to hybrid rocket model with sinusoidal head-
wall injection: a) conditions susceptible to fluid compression and b) flow nearly
incompressible.

The effect of fluid compression in hybrids is shown in Fig. 11 at two sets
of parameters and γ = 1.2. These two parameters correspond to circumstances
under which the cutoff M∗w is 0.0003 (Fig. 11a) and 0.0007 (Fig. 11b). Both cases
tend to approximate the characteristic streamtube motion reported in hybrid core
flow. Because the wall Mach number in Fig. 11a exceeds 0.0003, compressibility
effects are seen to permeate the chamber. The converse may be said of Fig. 11b,
where no deviations from Taylor’s formula are visible. Equation (86) provides
a simple but helpful tool for judging whether a compressible or incompressible
solution is required in the modeling of solid and hybrid rockets. Note that, in
recent years, hybrid rocket development has continued to evolve. The latest data
suggest typical aspect ratios ranging from 20 to 80 and headwall Mach numbers
reaching 0.3–0.5 (private communication, M. J. Chiaverini, Chair,AIAA Technical
Committee on Hybrids, 2005). Using a hybrid wall Mach number of Mw � 0.0003,
one calculates the headwall injection constant to be upward of 1000. Under such
high-speed conditions, compressibility becomes quintessential. The key results for
the internal burning hybrid rocket are summarized in Table 4.

V. Solution for Slab Rocket

To model the two-dimensional slab rocket, we change our geometry to that of a
rectangular duct of length L0, where L0 ≤ Ls and Ls is the critical length [42]. As
shown in Fig. 12, the origin is set at the center of the headwall and the half-height
is taken to be a. Because of symmetry about the midsection plane, the domain is
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Table 4 Axisymmetric solution for the internal burning hybrid rocket. Hereη = 1
2πr2

Variable Formula

ψ̃ Mwz sin η
(

1− 1
4 M2

w

{
π2z2[1+ 1

3 cos(2η)] + 2
})

ũz πMwz cos η
(

1+ 1
4 M2

w

{
π2z2

[
5
3 − cos(2η)

]
+ r−2[1− cos(2η)] − 2

})

ũr −Mwr−1 sin η
(

1− 1
4 M2

w

{
π2z2[1+ cos(2η)] − r−2[1− cos(2η)] + 2

})

Ω̃ Mwπ
2rz sin η

(
1+ 1

24 M2
w

{
−2π2z2[1+ 9 cos(2η)] + 3πη−1[1− cos(2η)]

− 12+ 3πη−2 sin(2η)
})

p̃ 1− 1
2πγM2

w

{
πz2 + 1

4η
−1[1− cos(2η)]

}
− 1

8π
2γM4

w

[
1
3π

2z4 + πz2(η − 4/π)+ 1
4η(3η − 8/π)

]

ρ̃ 1− 1
2πM2

w

{
πz2 + 1

4η
−1[1− cos(2η)]

}
− 1

8π
2M4

w

(
1
3π

2z4(3γ − 2)

+πz2
{
η + 1

2 (γ − 1)η−1[1− cos(2η)] − 4/π
}
+ 1

4η(3η − 8/π)

+ 1
32 (γ − 1)η−2[3− 4 cos(2η)+ cos(4η)]

)

T̃ 1− 1
8π(γ − 1)M2

w

{
4πz2 + η−1[1− cos(2η)]

}
− 1

6π
2(γ − 1)M4

w

{
π2z4

+ 3
8πη
−1z2[1− cos(2η)+ 2η(η − 4/π)] + 3

128η
−2[3− 4 cos(2η)

+ cos(4η)− 64η3/π + 24η4]
}

Γ

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
2γ−1

[
1−
(

1
2γ + 1

2

)γ /(1−γ )]
; Γ ≡ πMwLs

δ1/2
√

cos
{

1
3 cos−1[16(14+ 6γ − 3γ 2 − 4γ 3)/δ3]

}
− 2(γ + 1);

δ ≡ 2
√

2(γ + 1)(2γ − 1)

√
λ− 2γ − 2+ 2(2γ 2 + γ − 1)/λ;

λ ≡
(

28+ 12γ − 6γ 2 − 8γ 3 + 6
√

22+ 18γ − 6γ 2 − 14γ 3 − 3γ 4
)1/3

0.884622− 0.177299(γ − 1)+ 0.0539119(γ − 1)2 − 0.0180615(γ − 1)3

M̃c
1+ 1

6Γ
2X2 − 1

2 M2
w√

Γ −2X−2 − 1
2 (γ − 1)

�
(

1+ 1
6Γ

2X2
)
Γ X√

1− 1
2 (γ − 1)Γ 2X2

; X ≡ z/Ls
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Table 4 Axisymmetric solution for the internal burning hybrid rocket. Hereη = 1
2πr2

(Continued)

Variable Formula

Ψ̃ z sin η
(

1− 1
4Γ

2
{
X2
[
1+ 1

3 cos(2η)
]
+ 2π−2L−2

s

})
; X ≡ ψ̃/Mw

ϑc 1+ 1
6Γ

2X2; ϑc(z) ≡ uz(0, z)/u(0)z (0, z)

ϑ∗s 1+ 1
6Γ

2 ∼ 1.13043− 0.0522808(γ − 1)+ 0.0211364(γ − 1)2

−0.00851203(γ − 1)3

M∗w
√

6ε

π [(1− �)L + uh] to prevent an error ε over more than a fraction � of the

chamber length L

truncated to the region bounded by 0 ≤ y ≤ 1 and 0 ≤ x ≤ L, where L = L0/a
is the aspect ratio. At first, we assume closed-headwall conditions. The injection
velocity at the opposing sidewalls is uniform and designated by Uw.

A. Cartesian Equations

The first step in our formulation is to nondimensionalize key variables using,
as before,

ux = ūx/a0; uy = ūy/a0; p = p̄/p0; T = T̄/T0;

ρ = ρ̄/ρ0; ψ = ψ̄/(ρ0a0a); Ω = Ω̄a/a0; ∇ = a∇̄ (87)

where the subscript 0 denotes a reference condition at the origin. As before, we
invoke the two-dimensional stream function approach that is the cornerstone of
this analysis; it relates the velocity and vorticity in such a way that the governing

x

y

a

L0

midsection plane

injecting/burning surface

Fig. 12 Planar slab burner with coordinate system shown in half the domain.
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equations for the problem reduce to

∇2ψ + ρΩ = ρ−1∇ρ · ∇ψ (vorticity equation) (88)

∇ × (u×Ω) = −∇ρ ×∇p/(γρ2) (vorticity transport equation) (89)

∇p/γ = − 1
2ρ∇[ρ−2∇ψ · ∇ψ] − (Ω/r)∇ψ (momentum equation) (90)

Finally, given the assumptions of a calorically perfect gas and isentropic flow, one
may employ the standard closure equations

ρ = p1/γ ; T = p1−1/γ (91)

The boundary conditions imposed on our solution follow directly from the
physical interpretation of the velocity inputs. At first (for the SRM analysis), a zero
velocity condition is imposed at the headwall of the chamber, a constant velocity
injection normal to the sidewall, and no flow is allowed to cross the midsection
plane.

B. Cartesian Expansions

Using a Rayleigh–Janzen perturbation, we expand our variables according to

u(x, y) = Mwu(0) +M3
wu(1) +O(M5

w)

ρ(x, y) = 1+M2
wρ

(1) +M4
wρ

(2) +O(M6
w)

ψ(x, y) = Mwψ
(0) +M3

wψ
(1) +O(M5

w)

p(x, y) = 1+M2
wp(1) +M4

wp(2) +O(M6
w)

Ω(x, y) = MwΩ
(0) +M3

wΩ
(1) +O(M5

w)

T(x, y) = 1+M2
wT (1) +M4

wT (2) +O(M6
w)

(92)

When these quantities are substituted into Eqs. (88–91), leading-order terms
may be identified. These are

∇2ψ(0) +Ω(0) = 0 (93)

∇ × [u(0) ×Ω(0)] = 0 (94)

∇p(1) = −γ { 1
2∇[∇ψ(0) · ∇ψ(0)] +Ω(0)∇ψ(0)} (95)

ρ(1) = p(1)/γ ; T (1) = (γ − 1)p(1)/γ (96)
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Corresponding boundary conditions may be retrieved and expressed as

∂ψ(0)(x, 0)

∂x
= 0 (97a)

∂ψ(0)(x, 1)

∂y
= 0 (97b)

∂ψ(0)(x, 1)

∂x
= 1 (97c)

∂ψ(0)(0, y)

∂y
= 0 (97d)

Along similar lines, we collect the first order-equations at o(M3
w);

∇2ψ(1) +Ω(1) = ∇ψ(0) · ∇ρ(1) −Ω(0)ρ(1) (98)

∇ × [u(0) ×Ω(1)] + ∇ × [u(1) ×Ω(0)] = −∇ρ(1) ×∇p(1)/γ (99)

∇p(2) = −γ (∇{∇ψ(0) · ∇ψ(1) − ρ(1)[∇ψ(0) · ∇ψ(0)]}
+ 1

2ρ
(1)∇[∇ψ(0) · ∇ψ(0)] +Ω(0)∇ψ(1) +Ω(1)∇ψ(0)) (100)

ρ(2) = {2γ p(2) + (1− γ )[p(1)]2}/(2γ 2);

T (2) = (γ − 1){2γ p(2) − [p(1)]2}/(2γ 2) (101)

When it is recalled that the leading-order solution is expected to satisfy the
problem’s boundary conditions, only homogenous boundary conditions may be
associated with Eqs. (98–101).

C. Basic Cartesian Solution

The leading-order approximation can be readily obtained by solving
Eqs. (93–96); one recovers the incompressible Taylor solution for an internally
burning slab rocket. Characteristic attributes include

Ω(0) = 1
4π

2ψ(0); ψ(0) = x sin η; η = 1
2πy (102)

p(1) = − 1
2γ
( 1

4π
2x2 + sin2 η

)
(103)

ρ(1) = − 1
2

( 1
4π

2x2 + sin2 η
)

; T (1) = − 1
2 (γ − 1)

( 1
4π

2x2 + sin2 η
)

(104)

D. First-Order Vorticity

To satisfy the vorticity transport equation, a relationship betweenΩ(1) andψ(1)

is needed. When the isentropic assumption made earlier is kept in mind, Eq. (99)
collapses into

∇ × [u(0) ×Ω(1)] + ∇ × [u(1) ×Ω(0)] = 0 (105)
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This renders a single equation in the z direction. It is possible to substitute Eq. (102)
and eliminate the leading-order velocity and vorticity terms. Then using the
velocity–stream function relation, an expression can be found linking the first-order
vorticity, first-order stream function, and other known quantities. The resulting
equation can be further simplified by realizing that the first-order vorticity–stream
function relation must mirror the incompressible vorticity term Ω(0) = 1

4π
2ψ(0),

but with an additional term due to compressibility. To capture this correction, we let

Ω(1) = 1
4π

2ψ(1) +Ω(1)
c (106)

This realization takes a complicated first-order vorticity transport relation and
simplifies it to the much more tractable

∂ψ(0)

∂x

∂Ω
(1)
c

∂y
− ∂ψ

(0)

∂y

∂Ω
(1)
c

∂x
= −π

2

4
ψ(0)

[
∂ρ(1)

∂x

∂ψ(0)

∂y
− ∂ρ

(1)

∂y

∂ψ(0)

∂x

]

(107)

where Eqs. (102) and (104) may be inserted. We recover

Ω(1)
c = − 1

32

(
π4x3 sin η + 4π2x sin3 η

)+ H(x sin η) (108)

E. First-Order Stream Function Solution

Armed with the first-order vorticity relation in Eq. (108), we can update Eq. (98)
and write

∇2ψ(1) + 1
4π

2ψ(1) = ∇ψ(0) · ∇ρ(1) −Ω(0)ρ(1) −Ω(1)
c (109)

Substitution from Eqs. (102), (104), and (108) enables us to express the right side
in terms of known quantities, specifically,

∇2ψ(1) + 1
4π

2ψ(1) = 1
16π

2x sin η(π2x2 − 8 cos2 η)+ H(x sin η) (110)

where H(x sin η) is chosen such that the solution to Eq. (110) satisfies the governing
equations and all of the requisite boundary conditions. For the planar case, the
function takes the form

H = A1x3 sin3 η + A2x sin η (111)

The right side of Eq. (110) is now determined. When ψ(1) is sought, experience
suggests the special form

ψ(1)(x, η) = x3f (η)+ xg(η) (112)

When this expression is returned to Eq. (110), two ODEs are precipitated; these are

1
4π

2(f ′′ + f ) = A1 sin3 η + 1
16π

4 sin η (113)

1
4π

2(g′′ + g) = sin η
[
A2 + 1

4π
2 + 1

4π
2 cos(2η)

]+ 6f (114)
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where derivatives are with respect to η. Equations (113) and (114) can then be
solved simultaneously for f and g to complete Eq. (112). This produces a gen-
eral stream function relation with six unknown constants. The six undetermined
coefficients in the general solution can be determined by judicious use of the first-
order boundary conditions. Those refer to the axial and normal velocity terms at the
walls, and the normal velocity in the midsection plane. Each of these homogeneous
boundary conditions contains two equations to the extent of providing the requisite
six equations. Solving the resulting set leads to the surprisingly compact solution
for the first-order stream function correction [42],

ψ(1) = − 1
16 x sin η

{
π2x2 [1+ 1

3 cos(2η)
]+ 7− cos(2η)

}
(115)

and so

ψ = Mwψ
(0)
(

1− 1
16 M2

w

{
π2x2 [1+ 1

3 cos(2η)
]+ 7− cos(2η)

})
+O(M5

w)

(116)

F. Second-Order Pressure, Density, and Temperature

Withψ(1) at hand, the right side of the momentum equation, given by Eq. (100),
is now completely determined. This vector equation can be expressed as two scalar
equations in the x and y directions; partial integration can then be used to determine
the second-order pressure term. By the proper handling of the common terms
derived from both integral equations, the solution to the second-order pressure
becomes

p(2) = − 1
16γ [cos(πy)+ cos2(πy)] + 1

64π
2x2γ [7− cos2(πy)]

− 1
384γπ

4x4 (117)

and so, by virtue of Eq. (101), the second-order density and temperature terms
may be obtained via

ρ(2) = 1
384

{
6[1− 3γ + 4(γ − 2) cos(πy)− (γ + 1) cos(2πy)]

+ π2x2[51− 12γ + 12(γ − 1) cos(πy)− 3 cos(2πy)] + π4x4(2− 3γ )
}

(118)

T (2) = − 1
384 (γ − 1)

{
30+ 18 cos(2πy)+ 3π2x2[cos(2πy)− 4 cos(πy)− 9]

+ 4π4x4
}

(119)

G. Critical Motor Length

As before, it is possible to determine the critical length of the slab rocket
motor by determining where the midsection Mach number approaches unity.
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This will occur when uc/
√

Tc = 1, where uc = ux(x, 0). Because the perturba-
tion expansions used in this study are of increasing accuracy up to O(M5

w), one
can determine the critical length to varying degrees of precision; these estimates
present a balance between a compact, closed-form solution and a more accurate
but lengthy expression. The leading-order approximation for the critical length is
simply

x(0)s = 2
√

2/(γ + 1)/(πMw) (120)

It is twice that in the cylindrical chamber. By the increasing of the truncation
threshold, more accurate yet complex expressions for the critical length may be
found. A solution to third-digit accuracy can be obtained from

x(1)s = 2
√
ϕ − 4+ 2(5− 3γ )/ϕ/(πMw)

ϕ =
(

36γ − 10+ 6
√

6γ 3 + 6γ 2 + 30γ − 25

)1/3

(121)

Higher-order approximations may be obtained along the lines described in Sec.
IV.D. Furthermore, when the analysis of Sec. IV.I is followed, the effects of
compressibility are found to be important when the wall Mach number exceeds

M∗w =
2

π [(1− �)L + 2uh]
√

6ε

(planar case with headwall injection, solid and hybrid slabs) (122)

A summary of the planar results is given in Table 5. For the hybrid slab, one may
replace x by X = x + 2uh in the streamfunction and its derivatives.

VI. Summary

In this chapter, the compressible flow analog to the Taylor–Culick problem is
solved analytically and presented for both cylindrical and slab rocket chambers. In
the cylindrical geometry, we offer two closed forms: one exact, satisfying all first
principles, and one approximate, retaining the essence of the solution. These key
findings lead to a formidable leap in our physical understanding of compressible
flow behavior in multidimensional settings. In propulsion-rooted applications, they
permit the re-evaluation of many ballistic performance measures that, so far, have
been mostly confined to one-dimensional platforms.

The most significant result is perhaps the advent of a compact analytical expres-
sion for the streamwise and wall-normal velocity profiles, which, unlike other
models, can be calculated easily. It is gratifying that the solution can reproduce up
to the sonic point the fullness and extent of Navier–Stokes profiles computed using
two reliable models of turbulence. The second significant result is the discovery
of the critical length as the appropriate scale leading to nearly frozen behavior
irrespective of the wall Mach number; this has enabled us to recast the solution in
a more portable, parametric-free form. In the wake of this generalization, simple
design criteria that quantify the relative importance of gas compression have been
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Table 5 Planar solution for the slab rocket. Here η = 1
2πy

Variable Formula

ψ Mwx sin η
(

1− 1
16 M2

w

{
π2x2

[
1+ 1

3 cos(2η)
]
+ 7− cos(2η)

})

ux
1
2πMwx cos η

(
1+ 1

16 M2
w

{
π2x2

[
5
3 − cos(2η)

]
− 5− cos(2η)

})

uy −Mw sin η
{

1− 1
16 M2

w(π
2x2 + 3)[1+ cos(2η)]

}

Ω 1
4π

2Mwx sin η
{

1− 1
48 M2

w

[
π2x2(1+ 9 cos 2η)− 3(1+ 5 cos 2η)

]}

p 1− 1
4γM2

w

[
1
2π

2x2 + 1− cos(2η)
]

− 1
32γM4

w

{
1

12π
4x4 − 1

4π
2x2 [13− cos(4η)]+ 1+ 2 cos(2η)+ cos(4η)

}

ρ 1− 1
4 M2

w

[
1
2π

2x2 + 1− cos(2η)
]

+ 1
384 M4

w

{
π4x4(2− 3γ )+ π2x2 [51− 12γ + 12(γ − 1) cos(2η)

]
−3 cos(4η)+ 6

[
1− 3γ + 4(γ − 2) cos(2η)− (γ + 1) cos(4η)

]}

T 1− 1
4 (γ − 1)M2

w

[
1
2π

2x2 + 1− cos(2η)
]
− 1

384 (γ − 1)M4
w

{
4π4x4

−3π2x2 [9+ 4 cos(2η)− cos(4η)]+ 30+ 18 cos(4η)
}

x(3)s
2

πMw
Γ twice the critical length in the cylindrical case

M̃c

1+ 1
24Γ

2X2 − 3

8
M2

w√
4Γ −2X−2 − 1

2 (γ − 1)
� (1+ 1

24Γ
2X2)Γ X√

4− 1
2 (γ − 1)Γ 2X2

; X ≡ x/Ls

Ψ̃ x sin η
(

1− 1
16Γ

2
{
X2
[
1+ 1

3 cos(2η)
]
+ [7− cos(2η)]π−2L−2

s

})

ϑc 1+ 1
24Γ

2X2; ϑc(x) ≡ ux(x, 0)/u(0)x (x, 0)

ϑ∗s 1+ 1
24Γ

2 ∼ 1.13043− 0.0522808(γ − 1)+ 0.0211364(γ − 1)2

−0.00851203(γ − 1)3

M∗w
2
√

6ε

π [(1− l)L + 2uh] to prevent an error ε over more than a fraction l of the

chamber length L
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deduced and shown to realistically project actual behavior. Because of the par-
ticular role that it plays, the critical length has been derived and presented using
several approximations of increasing precision. The amplification of the centerline
velocity, a key parameter in core flow analysis, has also been characterized and
tacitly secured.

By the circumventing of the need to compute the mean flow at each point and set
of operating variables, these compact solutions greatly facilitate parametric trade
analyses. They may be employed in the investigation of hydrodynamic instability
of solid and hybrid rockets. The fact that our streamlines are steepened at higher
Mach numbers and fixed length lends support to Griffond’s [38] and Venugopal’s
[35] hypotheses; these ascribe the heightened stability sensitivity to steeper stream-
line curvatures. In light of this consensus regarding the destabilizing role of fluid
dilatation, further exploratory studies may be warranted.

The small differences we find in pressure and temperature estimations may be
linked to the absence of viscosity in our model. This motivates the quest for a two-
pronged viscous and compressible mean flow solution that follows familiar lines
[20]. Incorporating friction may be useful in modeling hybrid rocket core flows in
which the wall Reynolds number is small in comparison to SRMs. The use of a
refined compressible model is hoped to improve our strategy in analyzing unsteady
vorticoacoustic wave propagation and stability in porous enclosures. Repeating
the analysis with constant mass flux surface conditions may also provide a more
suitable model for some existing experimental and numerical simulations. Finally,
with the viability of the present methodology demonstrated, the work may be
extended to other geometric settings. It is hoped that the analysis could be extended
to non-isentropic flow conditions in which the energy transport equation is used.
This would permit characterizing density changes due to temperature variations
and chemical reactions.
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Chapter 8

Computational Fluid Dynamics Modeling of Hybrid
Rocket Flowfields

Venkateswaran Sankaran∗
Purdue University, West Lafayette, Indiana 47907

I. Introduction

THERE has been renewed interest in hybrid rocket propulsion in recent years as
a candidate for advanced launch vehicle applications [1–14]. Hybrid motors

are attractive because of their potential low cost, ease of fuel handling, reliability,
throttling capability, and environmentally friendly emissions characteristics. The
design of hybrid motors requires an understanding of the physical phenomena that
control the combustion and fluid dynamic processes inside the fuel ports. This, in
turn, requires knowledge of the complex interactions between such wide-ranging
physical phenomena as fuel surface pyrolysis, oxidizer atomization and vapor-
ization (in the case of a liquid oxidizer), gas-phase combustion and mixing, soot
formation, and radiation characteristics. Of particular importance in the design of
hybrid motors is the fuel surface regression rate and the manner in which it varies
with operating conditions. The regression rate determines the overall sizing, mass
fluxes, and geometric configuration of the hybrid fuel ports. Classical analyses of
hybrid combustion [1, 2] have relied on boundary-layer assumptions to determine
the heat flux to the fuel surface and, hence, the surface regression rate. However,
such simplified analyses cannot account for many of the complex physical inter-
actions, and more comprehensive computational fluid dynamic (CFD) models are
necessary for design-quality prediction capability. The overall objective of the cur-
rent chapter is to review and summarize the state of the art in the computational
modeling of hybrid rockets with particular emphasis on the fundamental physical
phenomena of importance in these flowfields.

In classical hybrid rocket motors, liquid or gaseous oxygen flowing over the
solid fuel such as hydroxyl-terminated polybutadiene (HTPB) reacts with the
pyrolyzed gases close to the fuel surface and forms a turbulent diffusion flame.

∗Senior Researcher, School of Mechanical Engineering.
Copyright © 2007 by the American Institute of Aeronautics and Astronautics, Inc. All rights reserved.
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Convective and radiative heat transfer from the flame, in turn, provide the heat of
pyrolysis for the thermal decomposition of the solid fuel. It is evident that the rate
of fuel surface regression is governed by the interaction between these different
processes, and in general, the regression rate is a function of both the axial position
in the grain and the stage in the burn. Typical hybrid fuels regress rather slowly,
and a relatively large exposed fuel surface is necessary to ensure adequate fuel
generation. This is generally accomplished by employing a large number of ports
in the fuel grain, leading to low propellant volume fraction in the rocket engine,
and detailed flowfield analyses are necessary to optimize the fuel use with the
sizing requirements. Moreover, several innovative concepts have been proposed
recently that promise significantly higher regression rates. These include tangen-
tial oxidizer injection, which leads to a coaxial vortex flowfield in the combustion
chamber [10, 11], and the use of paraffin-based fuels that form a thin liquid “melt”
layer on the fuel surface [13, 14]. These novel designs introduce additional physics
that are responsible for the enhanced regression rates and must also be properly
accounted for in the physical model. Finally, other issues in hybrid rocket motors
include combustion stability and transient behavior during ignition, throttling, and
shutdown. All of which point to the need for a comprehensive CFD model to ana-
lyze and understand parametric trends and eventually to provide the basis for a
design and development tool.

Analytical studies of hybrid rocket combustion have usually relied on the clas-
sical boundary-layer analysis of Marxman et al. [1], Marxman [2], and Majdalani
and Vyas [12], to determine the heat flux to the fuel surface, which is then used to
characterize the surface regression rate. Typically, the regression rate is given as
rb = Gn

0, where G0 is the head end specific flow rate of the oxidizer (G0 = ṁox/Ain)
and the exponent n is generally between 0.6 and 0.8. Such correlations are, however,
too simplistic and cannot account for all of the variations in operating conditions,
chamber pressure, radiation, and finite-rate chemical kinetics. Some of these effects
were characterized experimentally by Chiaverini et al. [8], who further showed that
the measured data cannot be properly represented by a relationship of the form
C1Gn

0xm. To better match their data, Chiaverini et al. also proposed a more com-
prehensive model, which includes terms accounting for radiative fluxes, similar to
those proposed earlier by Marxman et al. [1]. Such simplified models are, neverthe-
less, limited to providing qualitative understanding of the trends and are inadequate
to provide the kind of quantitative data needed for motor design and optimization.

Cheng et al. [15] developed a full Navier–Stokes model for hybrid rocket flow-
fields.Their model solved the three-dimensional Reynolds averaged Navier–Stokes
(RANS) equations within a Lagrangian–Eulerian framework using the FDNS code
[16]. Lagrangian droplet tracking was used to describe the motion and vaporization
of the liquid oxygen (LOX) droplets and furnish the source terms for the vapor-
ized fuel in the Eulerian gas-phase equations. Two-equation k−ε closure was
used for the turbulence, and finite-rate reaction kinetics were used to describe the
gas-phase combustion. Empirical blowing rate data were used to specify the pyrol-
ysis rate at the fuel surface. They successfully computed the three-dimensional
flowfield in two practical motor configurations as well as several simplified port
configurations [15].

Lin and Chiu [17] developed an Eulerian–Eulerian spray combustion model for
hybrid rocket flowfields. Their model focused on the postatomization conditions
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prevailing in the downstream portion of the spray, and therefore, only dilute-spray
effects were considered. Mass and species conservation were enforced on the
fuel surface, and the fuel regression rate was obtained as part of the flowfield
solution. They employed a pressure-based method with a modified SIMPLER
algorithm for numerical solution of the governing equations [18]. Computational
results were validated with experimental data, and parametric effects of droplet
size and velocity distributions, as well as oxidizer flow rate on fuel regression and
combustion efficiency, were performed.

Sankaran and Merkle developed a two-dimensional RANS model for
gaseous oxygen and HTPB flowfields [19] and applied it to the experimen-
tal slab-burner configuration that was extensively tested by Chiaverini et al. at
Pennsylvania State University [8, 9]. A density-based method with preconditioned
time-marching techniques was used as the iterative strategy [20, 21]. Surface
pyrolysis was represented in semi-empirical fashion by an Arrhenius-type rela-
tionship following the work of Cohen et al. [22] and Arisawa and Brill [23,
24]. The solid- and gas-phase boundaries were treated with detailed mass and
energy balances on the interface, and the fuel regression rate was obtained implic-
itly as part of the flowfield solution. Thermal radiation effects were included
through an algebraicthick–thin model. The radiative properties of the flame were
calibrated to match the experimental regression rate data of Chiaverini et al. [8]
and were then held fixed for performing additional parametric and size scale-up
studies.

More recent modeling work include that of Serin and Gogus [25], who used a
commercial Navier–Stokes code, CFD–ACE, to simulate hybrid rocket flowfields.
Their simulations also focused on the Pennsylvania State University slab-burner
experiments with gaseous oxygen and HTPB, and their model included radia-
tive effects and surface pyrolysis. In addition, the same authors have developed a
fast design code based on unsteady, quasi-one-dimensional simulations of equi-
librium combustion [26]. Knuth et al. have carried out detailed CFD analyses of
the vortex-driven hybrid motor with an axisymmetric assumption [27]. They used
gaseous oxygen and HTPB fuel and analyzed the vortex flowfield for different
swirl velocities and at different stages in the burn.

In the present chapter, we present a comprehensive computational model as well
as demonstrative solutions and parametric studies of hybrid rocket flowfields. As
just discussed, the model comprises the complete time-dependent Navier–Stokes
equations, coupled to auxiliary transport equations and physical submodels. The
basic model is similar to the one developed earlier by the present author and
includes the effects of finite-rate chemistry, turbulence, gas-phase radiation, and
coupling of the gas phase to the solid (fuel) phase [19]. Brief details of the physical
model variations, particularly in relation to liquid-phase modeling, are also given.
The computational model is then applied to the Pennsylvania State University
experimental configuration [8, 9]. Representative flowfield results for quasi steady
computations performed at several stages of the burn are presented. Calibration
and validation of the computational model are carried out using the measurement
data. Finally, parametric results of varying test conditions and scaleup to full-scale
geometries are also presented. We conclude by giving an assessment of the state of
the art of the CFD modeling of hybrid rocket flowfields and summarize the main
challenges facing the modeling community.
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II. Physical and Computational Modeling

Hybrid rocket combustion flowfields involve fluid dynamics coupled with com-
bustion, turbulence, radiation, spray atomization, and vaporization (in the case of
liquid-phase oxidizers such as LOX), fuel surface pyrolysis (in the case of HTPB
and other solid fuels), and liquid fuel films (in the case of paraffin-based fuels).
A variety of approaches have been proposed for multiphase flowfields in the lit-
erature. These include 1) Eulerian–Eulerian homogeneous mixture formulation,
which treats the two-phase flow as a mixture in dynamic equilibrium; 2) Eulerian–
Eulerian multifluid formulation, which allows for nonequilibrium kinematics and
thermal effects between the two phases; and 3) Eulerian–Lagrangian, which treats
the gas phase in Eulerian fashion and the liquid phase in a Lagrangian manner.
Here, we briefly describe all three approaches, although the computational results
presented in this chapter are restricted to HTPB/gaseous oxygen (GOX) flowfields.

We also point out that the equations are written in the full unsteady form
for generality. For hybrid rocket flowfields, the fuel regression rate is typically
much smaller than the fluid residence time in the ports, and, therefore, steady (or
quasi-steady) solutions are adequate for predicting the fuel regression rate, motor
efficiency, and size scaleup effects. On the other hand, time-accurate solutions
are necessary to analyze the incidence of combustion instability in hybrid rocket
motors. Again, the computational results presented in this chapter are concerned
with only steady solutions because the focus is on regression rate characterization
and size scale up effects.

A. Equations of Motion

1. Gas-Phase or Homogeneous-Mixture Model

The governing equations are the standard Navier–Stokes equations coupled
with additional transport equations for combusting species and the equations for
the turbulence kinetic energy and dissipation. The coupled set of equations may
be written in the following vector form:

∂Q
∂t
+ ∂Ei

∂xi
= H + ∂V i

∂xi
(1)

where

Q =

⎛
⎜⎜⎜⎜⎜⎜⎝

ρ

ρuj

e
ρκ

ρε

ρYm

⎞
⎟⎟⎟⎟⎟⎟⎠

; Ei =

⎛
⎜⎜⎜⎜⎜⎜⎝

ρui

(ρuiuj + ptδij)

(e+ pt)ui

ρuiκ

ρuiε

ρuiYm

⎞
⎟⎟⎟⎟⎟⎟⎠

; V i =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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τij

ujτij + K
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∂xi

μκ
∂κ

∂xi

με
∂ε

∂xi

ρDm
∂Ym

∂xi

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2)

Here, m = 1, 2, . . . , N − 1, where N is the total number of chemical species and Ym

is the mass fraction of the mth species. The pressure pt = p+ 2
3ρκ . Furthermore,
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the viscous stress tensor is given as

τij = μ
(
∂ui

∂xj
+ ∂uj

∂xi
− 2

3
δij
∂ul

∂xl

)
(3)

The viscosity, thermal conductivity, and diffusion coefficients are written in the
traditional manner as the sum of the molecular and turbulent components. The
vector H contains the source terms related to combustion, turbulence, and radiation
and are described in a later section.

The system is closed with an appropriate equation of state, which for a mixture
of arbitrary fluids is given by Amagat’s mixture rule

1

ρ
=

NS∑
m=1

Ym

ρ̃m
(4)

where the individual density of each species component is given by ρ̃m = ρ̃m( p, T).
In this manner, arbitrary gaseous and liquid species can be included within the
formulation (see Li et al. [21] for details), although the applicability of such a
homogeneous-mixture model for multiphase flows depends on the nature of the
particular flowfield. More detailed treatments of multiphase effects involve solving
separate transport equations to represent the dynamics and thermal effects of the
liquid field. Such methods are outlined in the following subsections.

2. Eulerian–Lagrangian Multiphase Formulation

The Eulerian–Lagrangian formulation solves the gas-phase equations in an
Eulerian framework, similar to that described in the preceding section, and the
liquid-phase equations in a Lagrangian framework, which describes the motion
and transport of parcels of characteristic droplet groups. Droplet vaporization in
the liquid phase introduces source terms in the gas-phase equations, which can be
expressed as

Hliq =
∑

l

ΔV

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

nlṁl

nlṁlul,j − 1

6
πρ̃ld3

l nl
dul, j

dt
nlṁl[cp(Tl − T)− λ]

0

0

nlṁl or 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(5)

where l = 1, 2, . . . , L represents each droplet group and ṁl represents the rate of
vaporization of the lth droplet group. The mass source due to vaporization appears
in the corresponding vapor species transport equation and is zero for the other
gaseous species.

The Lagrangian equations for the liquid phase can be expressed as

dQl

dt
= Hl (6)
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where

Ql =
⎛
⎝ρ̃lVl

ul, j

Tl

⎞
⎠ ; Hl =

⎛
⎝ −ṁl∑

Fj/ρ̃lVl

−Ėl/ρ̃lVlcp,l

⎞
⎠ (7)

where Fj is the force on the droplet,V l is the droplet volume, ṁl is the vaporization
rate, and Ėl is the thermal heating/cooling of the droplets. The preceding equations
can be augmented by submodels for drag forces, collision forces, and so on. Like-
wise, droplet thermal effects can be accounted for by appropriate correlation terms
for droplet heating, latent heat, etc. Cheng et al. [15] used an Eulerian–Lagrangian
model in their hybrid rocket analysis, and the interested reader is referred to their
paper for specific details. Additional details are also given by Chiu and Oefelein
[28] and Grenda et al. [29].

3. Eulerian–Eulerian Multifluid Formulation

Eulerian–Eulerian multiphase formulations have also been used for spray com-
bustion applications in general (e.g., see Habiballah and Dubois [30]) and for
hybrid rocket flowfields in particular [17]. A general formulation involves solving
multidimensional conservation laws for each liquid droplet group,

∂Ql

∂t
+ ∂El,i

∂xi
= Hl (8)

where

Ql =
⎛
⎝ ρ̃lαl

ρ̃lαlul, j

ρ̃lαlTl

⎞
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⎛
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⎞
⎠ ; Hl =

⎛
⎜⎝
−ṁl∑

Fj

−Ėl/cp,l

⎞
⎟⎠ (9)

where the source terms have the same interpretations as in the Lagrangian formu-
lation given earlier. The reader is referred to the paper by Lin and Chiu [17] for
further details pertaining to hybrid rocket flowfields.

B. Physical Submodels

In addition to the equations of motion, several submodels are required to
represent the liquid-droplet motion, thermal effects and vaporization, gas-phase
chemistry, turbulence, and radiation transfer, as well as the fuel surface pyrolysis
and regression. Because the main focus of the present chapter is on gas-phase
hybrid rockets, we describe the gas-phase and fuel surface models in greater detail
in the following sections.

1. Gas-Phase Chemistry Model

The gas-phase species transport equations contain source terms due to species
production and depletion as a result of chemical reactions. The source term is
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obtained by summing the species generation contributions from various elemental
reactions,

Hm = ẇm = Mm

NR∑
k=1

(ċm)k (10)

where NR is the total number of reactions, (ċm)k is the rate of production of moles
of species m by reaction k,

(ċm)k = (νmk
′′ − ν′mk)

(
kfk

N∏
n=1

C
ν′nk
n − kbk

N∏
n=1

C
ν′′nk
n

)
(11)

where the kth reaction is written as

N∑
m=1

ν′mkMm �
N∑

m=1

ν′′mkMm (12)

Here, ν′mk and ν′′mk are the stoichiometric coefficients for the mth species, kfk and
kbk are the forward and backward reaction rates, and Mm is the molecular weight
of the mth species. Cm is the molar concentration of the species and is given by
Cm = ρYm/Mm. Simplified kinetics mechanisms for various hydrocarbon fuels
are given by Westbrook and Dryer [31].

The computational model used here treats 1, 3-butadiene (C4H6) as the main
product of HTPB pyrolysis. Detailed chemical kinetics are extremely compli-
cated, involving over 50 species and hundreds of elementary reaction steps. In
the present study we, therefore, use a global combustion model, involving two
reaction steps, to represent the combustion of the gaseous products. The first step
represents the oxidation of C4H6, whereas the second step represents the oxidation
of wet CO,

C4H6 + 3.5O2 −→ 4CO+ 3H2O

CO+ 0.5O2 ←→ CO2 (13)

As already noted, the second reaction can proceed in both directions. The
rates of production and destruction of species are given by the following
expressions:

ẇC4H6 = −MC4H6 kf 1[C4H6][O2]
ẇO2 = MO2 [−3.5kf 1[C4H6][O2] − 0.5(kf 2[CO][O2]0.5 − kb2[CO2])]

ẇCO = MCO[4kf 1[C4H6][O2] − (kf 2[CO][O2]0.5 − kb2[CO2])]
ẇH2O = 3MH2Okf 1[C4H6][O2]

ẇCO2 = MCO2(kf 2[CO][O2]0.5 − kb2[CO2]) (14)

The reaction rates kf and kb for the two reactions are expressed as Arrhenius
functions, and the values of the constants used in this study are tabulated in
Table 1.
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Table 1 Two-step global chemistry model

Reaction Af Ef Ab Eb

1 1.3496e10 −1.5108e4 0 0
2 2.2387e12 −2.10143e4 5.e8 −2.0143e4

2. Gas-Phase Turbulence Model

The source terms in the κ and ε transport equation arise due to the production
and destruction of these quantities. For the standard κ−ε model [32] along with
additional low Reynolds number terms introduced for near-wall effects [33], the
source terms may be written as

Hκ = μtS − 2

3
ρκD − ρε − (2μκ/n2) (15)

Hε = C1μt(ε/k)S − 2

3
C1ρεD − C2 f2(ρε

2/k)− (2f1με/n
2) (16)

where μt = Cμfμρk2/ε and S and D are given by

S =
[
∂ui

∂xj
+ ∂uj

∂xi
− 2

3
δij
∂uk

∂xk

]
∂ui

∂xj
(17)

D = ∂ui

∂xi
(18)

Standard values are used for the constants in the κ−ε model: Cμ = 0.09, C1 =
1.35, and C2 = 1.8. Other turbulence models such as the κ−ω model may also be
used [34], although most hybrid studies have employed the k−ε model.

3. Radiative Transfer Model

The experimental studies reported in the Pennsylvania State University work
[8, 9], as well as other hybrid tests conducted at the Jet Propulsion Laboratory,
California Institute of Technology (JPL) [6] indicate that thermal radiation may
be a significant contributor to the energy balance on the fuel surface particularly
at low mass fluxes. Estimates of the radiative flux contribution to the total heat
flux at the fuel surface range from 10% to 30% depending on the conditions
in the combustor. In general, higher GOX flow rates lead to higher convective
heat fluxes and lower radiation contributions, whereas lower flow rates lead to
greater relative importance of radiation. These observations indicate the need for
including a model for radiative transfer for the accurate prediction of the fuel
surface regression rate. Moreover, it is necessary to assess the relative importance
of radiation in a parametric manner, particularly at higher flow rates and as a sizing
issue. Because the detailed modeling of radiative properties and radiative transfer
in participating media is extremely difficult, we describe a simple radiative transfer
model, which represents the radiative contribution phenomenologically.
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In optically thin media, the gas-phase can be treated as a purely emitting medium

Qrad,thin =
∑
i, j

4σkijT
4
ijVijFij→k (19)

where kij is the absorption coefficient, Vij is the volume of the (i, j)th cell, and Fij→k
is the view factor of that cell with respect to the kth grid location on the fuel-slab
surface. Summing up the contributions from all of the cells in the computational
domain yields the total radiative flux incident on a given axial location on the
fuel surface. This in turn is employed in the interfacial energy balance used to
determine the fuel surface regression rate.

In the optically thick limit, it is possible to represent the radiative flux using the
diffusion approximation [35],

Qrad,thick = −λR
∂T

∂y
(20)

where λR = (4/3)πcT3/k. In practice, it is likely that the gas is optically thick
over some regions of the flowfield (as in very sooty regions of the flame), while it
is optically thin in others. In the model, the absorption coefficient of the gaseous
mixture is taken to be independent of temperature and of the wavelength of the
radiation. The magnitudes are empirically determined by calibrating the results
with the regression rate data from the subscale tests reported by Chiaverini et al. [8].

4. HTPB Surface Pyrolysis Model

The pyrolysis of the solid fuel (HTPB in this work) into gaseous products
is modeled in semi-empirical fashion. Following the work of Cohen et al. [22]
and Arisawa and Brill [23, 24], the rate of pyrolysis is described by means of an
Arrhenius-type relationship

ρsrb = As exp(−Ea/RuTs) (21)

where Ts is the fuel surface temperature, Ea is the activation energy, and As is the
reaction constant. The preceding equation (Eq. 21) has two unknowns, the regres-
sion rate and the surface temperature, and we, therefore, require an additional
condition to solve for these quantities. This is provided by the interfacial energy
balance on the fuel surface as discussed in the following section. The models
of Arisawa–Brill and Cohen et al. are summarized in Table 2. Most of the com-
putational results given here were based on the Arisawa–Brill model, although

Table 2 Solid-fuel pyrolysis models

Model As Ea

Cohen et al. [22] 2.99e3 −8.577e3
Arisawa–Brill [23, 24] 2.208e3 −6.797e3
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computations have also been performed with the Cohen et al. model to assess
sensitivity to these parameters [19].

Note that these models do not explicitly account for pressure effects, which
have been shown to be of importance at high mass fluxes [36]. More recently,
studies have indicated the significance of heterogeneous surface reactions, which
also suggests the need for more comprehensive surface chemistry models [37].

5. Solid–Gas Interface Formulation

The coupling between the solid (fuel) and gaseous phases is introduced through
an interfacial boundary condition. The energy balance at the solid–gas interface
involves a balance between the convective, diffusive, and radiative fluxes on the gas
side and the diffusive and heat of pyrolysis on the solid side and is, thus, given by

−λ∂T

∂y
+ Qrad + ρvh−

∑
m=1

N
ρDm

∂Yi

∂y
hm = −λs

(
∂T

∂y

)
s
− ρsrbhs (22)

where the left side of this equation represents the gas-phase quantities and the
right side represents the solid-phase quantities. The first term on the left is the
convective heat flux to the wall, whereas the second term is the total radiative
flux. The convective heat flux is obtained from the gas-phase solution, whereas the
radiative flux is modeled as discussed in the preceding section.

The two relations are augmented by a closed-form solution for locally one-
dimensional thermal conduction in the solid-fuel slab,

T( y) = T∞ + (Ts − T∞), exp(−rb/νtsy) (23)

where T∞ is the temperature of the unheated fuel, νts is the thermal diffusivity
of the fuel slab, and rb is the fuel surface regression rate. The derivative of Eq.
(23) may be substituted into the interfacial energy balance equation (22) to obtain
the conduction heat loss in the solid phase. When Eqs. (21–23) are combined,
both the fuel surface temperature Ts and the surface regression rate rb may be
determined.

Finally, the wall blowing rate is obtained by applying a mass balance at the
interface,

ρv = −ρsrb (24)

For the gas-phase boundary condition, the preceding set of relations is augmented
by the standard no-slip axial velocity, the normal momentum equation (for the
interface pressure), and the appropriate species balances (for the species mass
fractions Ym).

C. Computational Methodology

The equations of motion coupled with the physical submodels are typically
solved following either the so-called density-based approach or the pressure-based
approach. Whereas both classes of methods have some specific strengths and weak-
nesses, we stress that the approaches are in fact closely related. They differ mainly
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in how the discrete system is formulated and how the resulting nonlinear algebraic
system is iteratively solved. Both classes of methods are discussed briefly in the
following paragraphs.

1. Density-Based Approach

The solution methodology used in our hybrid rocket analysis follows the
so-called density based approach [19]. In this method, the unsteady form of the gov-
erning equations is used to march the nonlinear equations to a steady-state solution.
However, rather than use the physical time derivatives, we employ preconditioned
or pseudotime derivatives, which are selected to optimize both the accuracy of
the discrete formulation and the convergence rate of the iterations [20, 21]. For
time-accurate computations, the so-called dual-time paradigm is invoked. In this
framework, the equations are marched in the physical time domain using the stan-
dard set of time derivatives. Then, at each physical time step, the equations are
solved iteratively using a separate set of pseudotime derivatives. Thus, the pseu-
dotime formulation ensures proper accuracy and convergence properties at each
physical time step, whereas temporal accuracy is ensured in the physical time level.

Detailed descriptions of the methodology is beyond the scope of the chapter.
We simply note that the equations are discretized using a second-order accurate,
second-order upwind, Roe-type flux formulation for the inviscid fluxes and central
differences for the viscous fluxes. The resulting algebraic system is solved itera-
tively within a preconditioned time-marching framework, wherein the time step
nominally plays the role of the underrelaxation parameters. The resulting linear
system is solved using an approximate factorization strategy that involves a series
of block tridiagonal solutions in each coordinate direction. For more details of
the methodology, the interested reader is directed to the work of Sankaran and
Merkle [20].

2. Pressure-Based Approach

The hybrid modeling analysis of Cheng et al. [15], Lin and Chiu [17], Serin
and Gogus [25] as well as Knuth et al. [27] adopt the alternate paradigm of the
pressure-based solution methodology. Again, we do not present the details of the
methodology here. We note that the governing equations are usually discretized
on a staggered grid arrangement or by using a Rhie and Chow form of dissipation
[38]. The nonlinear equations are solved iteratively using underrelaxation para-
meters defined for each of the transport equations. For purposes of solution, the
coupled system is further segregated into a series of transport equations and a
pressure Poisson equation, which enforces global mass conservation. The segre-
gated approach is generally cast within a predictor–corrector framework, and the
constituent equations are solved in a sequential fashion. Fundamental details of
the approach are given by Patankar [18].

III. Computational Results

Representative computational predictions of hybrid rocket flowfields are
presented in this section. The results correspond to the slab-burner geometry
tested at Pennsylvania State University [8, 9]. The experiments used HTPB as
the solid fuel and GOX as the oxidizer. Accordingly, the results presented here are
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restricted to the gas-phase system. Multi-phase predictions have been reported by
other researchers, notably Cheng et al. [15] and Lin and Chiu [17]. The focus of
the results shown here are to characterize the fuel regression rate by comparing
and calibrating the data against the detailed in situ measurements of Chiaverini
et al. [8, 9].

A. Representative Flowfields

We begin by showing representative combustor flowfields for the experi-
mental slab-burner geometry. Note that all of the computational results were
two-dimensional and obtained using a quasi-steady assumption. In other words,
the fuel port dimensions were held fixed at values corresponding to different stages
of the burn, and steady-state solutions were obtained to provide the instantaneous
burning rates at that operating condition. We note that the quasi-steady assump-
tion is justifiable because the fuel surface regression rate (typically about 1 mm/s)
is extremely small compared to the axial velocity in the port (about 1–100 m/s
depending on the operating conditions).

Figure 1 shows the grid geometry used for a typical test run and shows three
different-sized ports, which approximately correspond to the start, middle, and end
of the burn. In each case, the grid size was 151× 61. The length of the HTPB fuel
slabs corresponds to the experimental configuration and is about 23 in. (580 mm).
The initial port height, that is, the distance between the fuel slabs, is 0.5 in. (12 mm).
The fuel port is, therefore, a very high aspect ratio domain and the y coordinate
has been exaggerated by a factor of 10 so that the grid and flowfield details are
visible.

Fig. 1 Grid geometry used in HTPB/GOX two-dimensional slab-burner computa-
tions for three different stages in burn.
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The fuel slabs are located in the straight section upstream of the converging–
diverging nozzle and represent the wall boundary of the gaseous flow in the fuel
port. The grid is strongly stretched in the near-wall region to resolve the turbu-
lent boundary layer adjacent to the fuel surface. The axial clustering of grid cells
indicates the leading edge of the fuel slab. In the computations, the details of the
leading-edge and trailing-edge regions of the fuel slab were omitted because the
main purpose was the characterization of the fuel surface regression rate. Further-
more, in many of the calculations, the computational domain included only the
straight channel section of the configuration, that is, the nozzle was not included.
These simplifications of the geometrical details allowed relatively modest grid
sizes to be used, thereby making it economical to perform a larger number of
parametric computations.

We first present results for a representative test case (corresponding to test 11 of
Chiaverini et al. [9]). The computations were run at a constant GOX mass flow rate,
which, for this test, was set at 0.16 kg/s. The specific flow rate G0 (= ṁGOX/Ap),
however, decreases with burn time as a consequence of the surface regression and
the corresponding increase in port area Ap. Computational results are shown at
three stages during the burn: near the start of the burn, where the port height was
16 mm corresponding to a specific flow rate, G0 = 165 kg/m2 · s; midway through
the burn, at a port dimension of 20 mm corresponding to G0 = 132 kg/m2 · s; and
near the end of the burn, when the passage height was 26 mm resulting in an
oxidizer flow rate of G0 = 102 kg/m2 · s.

Figure 2 shows the temperature contours at the three stages in the burn. In all
three situations, the temperature contours in the vicinity of the flame are similar,

Fig. 2 Temperature contours of two-dimensional slab-burner configuration obtained
for three stages in burn.
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with a peak temperature of about 3500 K. The temperature contours also reveal
that the combustion is most efficient at the start of the burn, which corresponds
to the highest GOX specific flow rate and, typically, to the highest fuel regression
rate. As the burn progresses, the port opens up and the GOX specific flow rate
decreases as do the regression rate and the combustion efficiency. Indeed, near the
start of the burn, the flame is observed to extend all of the way to the centerline
of the port, whereas at the end of the burn, the temperature contours show that the
flame remains close to the fuel surface. This indicates that the incoming GOX is
not fully used during the later stages of the burn.

Corresponding contours of gas velocity at the three stages in the burn are shown
in Fig. 3. The velocity contours show that the heat addition (due to combustion)
and the mass addition (due to fuel regression) lead to dramatic acceleration of the
core gases. Again, the acceleration is observed to be strongest near the start of the
burn because of the higher regression rate and the smaller port area. As the burn
proceeds, the gas acceleration becomes noticeably less pronounced. Figures 3 then
clearly demonstrate the relationship between the fluid dynamics and the surface
heat fluxes. Higher regression rates lead to faster gas velocities, which consequently
results in increased convective heat fluxes. The higher convective fluxes in turn
lead to increased pyrolysis rates and increased regression.

Contours of GOX mass fraction are given in Fig. 4. Again, the GOX contours
reveal that oxygen consumption in the core gases is more efficient in the early
stages in the burn. However, it is apparent that, even in the beginning stages, the
GOX is not completely consumed. At this instance, the integrated fuel mass flux
at the fuel surface indicates that the O/F ratio in the combustor is about 1.7,
indicating that the combustor is fuel rich. (The stoichiometric ratio is about 3.2.)
The presence of unburned GOX at the start of the burn is, therefore, an indication
of the degree of mixing in the combustor. Toward the end of the burn, the overall
O/F ratio in the combustor is 3.2, which is very nearly stoichiometric. Note that

Fig. 3 Velocity contours of two-dimensional slab-burner configuration obtained for
three stages in burn.
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Fig. 4 GOX mass fraction contours of two-dimensional slab-burner configuration
obtained for three stages in burn.

the experimental configuration includes a mixing chamber in the aft section of
the combustor. The computational geometry is somewhat simplified in this region,
and it is likely that the computational results underpredict the aft mixing of the
fuel and oxidizer. Because the present study is focused on characterization of the
surface regression rate, the details of the aft section are not crucial to the analysis.
Clearly, these details should be included for more accurate estimates of overall
combustion efficiency.

The fuel surface regression rates at the three times in the burn are shown on
Fig. 5. As noted earlier, these predictions confirm that the regression rate is highest
during the start of the burn where G0 is the highest and decreases significantly
as the test proceeds. Its nominal magnitude ranges from 0.5 to 1.5 mm/s. The
decrease in surface regression rate with time in the burn is related to the decrease
in the magnitude of the specific flow rate G0, which is in qualitative agreement
with boundary-layer theory.

The results in Fig. 5 also show that the regression rate varies with axial location
for all three surface positions. The large values of surface regression at the leading
edge of the fuel slab is due to the singularity in the heat flux computation at this
point. Beyond the leading edge, the regression rate is observed to decrease gradu-
ally, until it reaches a minimum, and then it increases more or less monotonically.
At all three times of burn, the regression rate at the back end is faster than that at
the front end. The increase in the regression rate with axial location can be traced
to the mass addition effect of the pyrolyzing fuel, which results in an increase in
the total specific flow rate as the flow moves downstream. This result is again in
qualitative agreement with boundary-layer theory if the local regression rate were
expressed in terms of the local specific flow rate (based on the total flow rate in
the port).
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Fig. 5 Fuel surface regression rates of two-dimensional slab-burner configuration
for three stages in burn.

B. Model Calibration

Both instantaneous and time-averaged regression rates have been experimen-
tally obtained for the slab-burner configuration under consideration here [8, 9]. The
instantaneous results were obtained at several axial stations using two independent
techniques: ultrasonic pulse–echo analysis and x-ray radiography. Time-averaged
results were obtained by measuring pre- and postfiring fuel-slab web thickness
using calipers at several axial stations along the length of the fuel slab. In the com-
putational study, the predictions were compared with both the instantaneous and
the averaged data for several of the experimental test runs. In addition to providing
a database for validating the computational results and trends, the experimen-
tal data were also used to estimate the relative magnitude of radiative flux term
in the energy balance at the fuel/gas interface. When these data were used, the
absorption coefficient used in the radiative transfer model was calibrated to yield
accurate regression rate levels.

The time-averaged regression rate data from test 11 were used to calibrate the
radiative transfer model. To obtain an averaged regression rate from the compu-
tational data, we performed a simple average of the computed regression rates
for five different stages in the burn. The regression rate results obtained midway
through the burn proved to be very close to the computed average, and the cali-
bration of the model was done using the midway predictions. Figure 6 shows the
computed results with and without radiation along with the time-averaged experi-
mental data for test 11. It is apparent that, for this condition, the regression rate
is slightly underpredicted when the radiation effects are ignored. In particular, at
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Fig. 6 Experimental (test 11, Chiaverini et al. [8]) and computational regression rates
with and without radiation.

the midlocation of the fuel slab, the computed regression rate is about 0.8 mm/s,
whereas the experimental rate is 0.9 mm/s, a discrepancy of about 10%. In the cal-
culation with radiation effects included, the radiative absorption coefficient was
varied until a close match was obtained with the experimental data at the midlo-
cation on the slab. Once calibrated, the radiative properties were held fixed for all
of the parametric studies reported here.

With the calibrated radiative transfer model, the overall agreement with the test
11 data is observed to be reasonably good. The axial variation of the regression
rate is qualitatively well predicted. The regression rate decreases initially near the
leading edge and then gradually increases. These trends follow from the trends in
the convective heat flux, which is discussed later. The computed values are observed
to be somewhat under-predicted near the leading edge and overpredicted near the
end of the slab. Near the leading edge, the experiments indicate an initial laminar
region, which is followed by a transition region, before the flow becomes fully
turbulent. In the computational model, because the κ−ε model cannot represent
transition to turbulence, the leading-edge effects cannot be accurately captured.

C. Model Validation

Detailed comparisons of the fuel surface regression rate have been made
between the computational and experimental results for several test runs. Figure 7
shows the comparison of the time-averaged regression rates for three such cases,
tests 8, 9, and 11. The GOX flow rate for the tests were 0.1 kg/s (test 8), 0.16 kg/s
(test 11), and 0.2 kg/s (test 9). The corresponding specific flow rates were 105, 165,
and 210 kg/m2 · s (0.15, 0.23, and 0.3 lb/in.2 · s) respectively. The experimental
results are time-averaged regression rate data over the whole test, whereas the com-
putations show the results midway through the burn (representing an approximate
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Fig. 7 Experimental and computational regression rates for tests 8, 9, and 11; test
conditions from [8].

average regression rate). In all cases, fairly good agreement can be observed over
most of the length of the fuel slab. Importantly, the relative change in the regression
rate as a function of the GOX flow rate is well predicted. This indicates that the
balance between convective and radiative effects are correctly represented over a
range of flow rates.

Convective and radiative heat fluxes at the fuel surface for the three test condi-
tions are given in Fig. 8. As noted earlier, the radiation model was calibrated using
the experimental data of test 11 (G0 = 0.23 lb/in.2 · s). For this test case, the radia-
tive fluxes contribute about 10–15% of the total wall heat flux (at the midlocation
on the fuel slab). In the cases shown, the convective heat fluxes are observed to
decrease steadily with decrease in the specific flow rate G. The radiative fluxes,
on the other hand, are more or less invariant to the specific flow rate. Thus, the
radiation becomes more of a factor at low specific flow rates. For the conditions in
test 8 (G0 = 0.15 lb/in.2 · s), radiation accounts for almost 25% of the total heat
flux. By contrast, at the higher flow rate of test 9 (G0 = 0.3 lb/in.2 · s), radiation
accounts for less than 10% of the total heat flux. Finally, for the even higher flow
rate of test 17 (Go = 0.56 lb/in.2 · s), the radiative contribution (not shown here) is
negligibly small and the convective heat flux accounts entirely for the heat flux on
the fuel surface. The computational estimates of the relative importance of radia-
tive heat transfer are also in good general agreement with the estimates obtained
from the experimental correlations developed by Chiaverini et al. using the same
experimental data [8, 9].

Figure 9 shows the predicted fuel surface temperatures for the three test cases.
Note that the fuel surface temperature is obtained as part of the flowfield solution
and is determined by the energy balance enforced on the solid–gas interface. From
the results, it is evident that the surface temperature follows the trends in the
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Fig. 8 Computed convective and radiative fluxes at fuel surface for tests 8, 9, and 11;
test conditions from Chiaverini et al. [8].

Fig. 9 Computed fuel surface temperatures for tests 8, 9, and 11; test conditions from
Chiaverini et al. [8].
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Fig. 10 Instantaneous regression rate comparison at different stages in burn, tests 9
and 17; test conditions from Chiaverini et al. [8].

regression rate. The wall temperatures are observed to be in the range of 800–900 K,
which is in reasonable agreement with the experimental estimates of 900–1000 K.

Finally, we show comparisons of the instantaneous regression rate at a given
axial location for tests 9 and 17 in Fig. 10. The instantaneous measurements,
obtained using the ultrasonic pulse–echo system, show that the regression rate
is at its maximum near the start of the test and decreases throughout the burn.
The comparisons of the computational predictions with the experimental mea-
surements are again observed to be reasonably good. As noted earlier, the decrease
in regression rate is due to the increasing port width caused by the regressing fuel
surface, which in turn results in decreasing values of the the specific flow rate G.
We note here that test 17 has a GOX mass flow rate of 0.36 kg/s and an initial head
end G = 370 kg/m2 · s (0.56 lb/in.2 · s). This corresponds to the highest flow rate
tested in the experimental study. It is encouraging to note that the computational
predictions remain in good general agreement with the data even at this much
higher value of G. Moreover, the temporal variation of the regression rate is also
very well represented by the computational model.

D. Size Scaleup Effects

The effects of chamber sizing on the regression rate is very important in the
design of hybrid rocket motors. Once the oxidizer mass flux and the overall O/F
ratio of the motor have been set, the regression rate dictates the port dimensions.
A reliable understanding of the effect of size scaleup on the regression rate is
imperative if experimental and test results are to be used to build larger, full-size
motors. The analysis in this section considers the effects of size scale-up between
different cylindrical (axisymmetric) port sizes.

Three different motor sizes are considered. For all three configurations, the
non-dimensional chamber length was held constant at L/D = 35, the oxidizer flow
rate was fixed at the value, G = 565 kg/m2 · s (0.8 lb/in.2 · s), and the chamber
pressure was set at 900 psia. We refer to the three sizes as the laboratory-scale, the
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intermediate-scale, and the full-scale motors. The respective dimensions of these
cases are L = 23 in. and D = 0.66 in. for the laboratory-scale motor, L = 100 in.
and D = 2.86 in. for the intermediate-scale motor, and L = 350 in. and D = 10 in.
for the full-scale motor. The length chosen for the subscale motor is the same as that
used in the planar slab-burner experiments, but unlike the earlier results, the results
shown here employ an axisymmetric port configuration. Note that keeping the L/D
fixed for the three sizes not only ensures geometric similarity but also maintains
the same O/F ratio in the three combustors, provided that the regression rates are
independent of the sizing.

The predicted surface regression rates for the three motor sizes are presented in
Fig. 11 as a function of the normalized axial distance from the upstream end. The
predictions show that the regression rate decreases somewhat as the port dimension
is increased. At the midpoint location on the slab (x/L = 0.5), the regression rate
is about 3 mm/s for the laboratory-scale, 2.5 mm/s for the intermediate geometry,
and about 2.2 mm/s for the full-scale configuration.

Temperature contours for the three different sizes are given in Fig. 12. The
flame location may be approximately identified from the peak temperature. Note
that although the plots are labeled in physical units (meters), they have all been
scaled to the same size for comparison. The temperature contours in the laboratory-
scale solution show that the flame reaches the centerline before the end of the duct
(x/D = 35), indicating nearly complete consumption of the oxidizer. By contrast,
for the two larger sizes, the flame remains confined to the near-wall region and a
portion of the core gas remains unburned. This suggests that the flame is nearer to
the wall in nondimensional terms in the larger scale motors, although it is farther
from the wall in dimensional terms, as noted later. Additionally, this also indicates
that the larger motors do not burn as efficiently as the subscale motor. Both of
these observations are consistent with the slower surface regression rates seen in
Fig. 11 for the larger motor.

To understand these trends better, we examine the relative contribution between
the convective and radiative fluxes to the wall heat flux. These components are

Fig. 11 Fuel regression rates for three hybrid burner configurations.
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Fig. 12 Temperature contour predictions for three hybrid rocket sizes.

shown in Fig. 13 for the three motor sizes. The qualitative trends are immediately
apparent. The convective heat flux decreases with increasing motor size, whereas
the radiative flux increases. Specifically, the radiation becomes increasingly more
important for larger motor sizes. The decrease in convective flux is, however, larger

Fig. 13 Predicted convective and radiative fluxes at fuel surface for three hybrid
rocket sizes: subscale (SS), intermediate scale (IS), and full scale (FS).
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Fig. 14 Predicted near-wall temperature profiles for three hybrid rocket sizes:
subscale (SS), intermediate scale (IS), and full scale (FS).

so that the net heat flux, that is, the sum of convection and radiation, decreases
with size.

The reason for the decrease in the convective heat flux is evident in Fig. 14, which
shows the near-wall temperature profiles as a function of the physical distance from
the fuel surface. The full-scale configuration is observed to have a relatively shallow
temperature gradient at the wall, that is, the flame is farthest from the wall, whereas
the laboratory-scale configuration has the steepest gradient, that is, the flame is
closest to the wall. Consequently, the convective heat flux decreases with increasing
motor size. On the other hand, the reason that the radiation increases with size is
because it is a volumetric source, whose contribution depends on the volume-to-
surface ratio. Larger motors possess larger volume-to-surface ratios and, therefore,
have higher radiative flux contributions. Furthermore, the radiative flux is also
controlled by the temperature field, which we have seen is dependent on the size to a
certain extent.We caution that the radiative transfer model used here is considerably
simplified and the present sizing results must be treated as preliminary. More
detailed radiative transfer models and accurate radiative properties are required to
make more substantive predictions.

IV. Summary

Hybrid rocket combustion involves the burning of a solid fuel such as HTPB
in a gaseous or liquid oxidizer stream. CFD modeling of these flowfields requires
the coupled solution of the Navier–Stokes equations along with turbulence, com-
bustion, multiphase effects, solid-fuel pyrolysis, and radiation. In this chapter, we
have described several modeling frameworks, such as the homogeneous-mixture
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formulation, the Eulerian–Lagrangian formulation, and the Eulerian–Eulerian
multifluid formulation. The homogeneous-mixture approach is an extension of
multicomponent gaseous models and assumes that the gases and liquids are in
dynamic and thermal equilibrium. The Eulerian–Lagrangian method treats the
gas phase in the traditional Eulerian manner, whereas the liquid-phase droplets
are tracked using a Lagrangian method. The Eulerian–Eulerian formulation treats
both phases within a common framework and involves the solution of coupled
sets of conservation laws for each characteristic droplet group. The methods are
closed by a generalized equation of state that is valid for arbitrary fluids. All three
approaches have been employed in the hybrid modeling literature, although they
have specific strengths and shortcomings associated with them.

The fluid dynamic equations must be coupled with other constituent equations
to describe the physics involved with combustion, turbulence, pyrolysis, and radi-
ation. We have described appropriate submodels to describe these interactions,
focusing on HTPB/GOX flowfields. The governing equations are solved in the
Reynolds averaged sense and are coupled to a standard κ−ε turbulence model
to determine the eddy viscosity. Gas phase combustion is treated with simplified
two-step, finite-rate kinetics for the combustion of butadiene (C4H6) in oxygen.
Radiation is handled in a phenomenological manner with an optically thin/thick
model that involves specification of the gaseous absorption coefficient (or opacity).
Solid surface pyrolysis is modeled using an Arrhenius expression that is a function
of the fuel surface temperature.

The computational results presented are concerned with modeling the
Pennsylvania State University slab-burner configuration. Both averaged as well
as instantaneous regression rate data are available for HTPB/GOX. The compu-
tations were carried out as a series of steady-state solutions at various stages in
the burn; in other words, as the burn proceeded, the fuel port dimensions were
enlarged to account for the fuel regression. As a first step, the experimental data
were used to calibrate the selection of the radiative properties of the gases. This
was done to match the predicted and measured average regression rate at the mid-
location of the fuel slab for a particular test run. Once calibrated, the model was
held fixed for all subsequent parametric computations. Comparisons of the aver-
aged and instantaneous regression rate data indicate reasonable agreement with
the trends over a wide range of oxidizer flow rates. In general, increasing the flow
rate increases the convective heat fluxes, which leads to faster regression. At lower
flow rates, radiative transfer was observed to be a significant contributor to the sur-
face heat flux. Finally, the computations were also employed to study size scaleup
trends. In general, convective heat fluxes are reduced for larger sizes (at compa-
rable specific flow rates), whereas radiative transfer is increased. More detailed
radiative models may be necessary to make quantitative predictions for full-size
motors.

In conclusion, we note that the use of CFD to model hybrid rocket flowfields
is still in its infancy. Many challenges remain, such as the modeling of multiphase
flows, turbulence, solid- and gas-phase combustion, and radiation. However, given
the availability of large-scale computing resources along with recent advances
in modeling time-dependent turbulent flows and multiphysics problems such as
conjugate heat transfer, one can anticipate that major strides will be made in the
modeling of hybrid flowfields in the coming decade.
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Chapter 9

Combustion Instability and Transient Behavior
in Hybrid Rocket Motors

Arif Karabeyoglu∗
Space Propulsion Group, Inc., Sunnyvale, California

Nomenclature

A = preexponential coefficient
Ap, An = port and nozzle throat areas
B = blowing parameter
Ba, Bt = aerodynamic and thermal blowing parameters
C = specific heat of the solid fuel
Cf , CH = skin friction coefficient and Stanton number
c∗exp, c∗theo = measured and calculated characteristic velocities
c′ = boundary-layer delay time coefficient
D̄ = average port diameter
Ea = activation energy
EL , EE = energy parameters
FT = thermal system transfer function
FTC = thermal–combustion coupled system transfer function
f , f1−L = primary oscillation frequency, first acoustic mode

frequency
Go, Gt = oxidizer and total mass fluxes
hv , Lv = total and latent heats of gasification
k = blowing parameter exponent
Î = Laplace transform of oxidizer mass flux perturbation
L, Lm = length of the fuel port and motor
L∗ = Vm/An
ṁo, ṁt = oxidizer and total mass flow rate
n = mass flux exponent for hybrids, pressure exponent for solids

∗President and CTO.
Copyright © 2007 by the author. Published by the American Institute of Aeronautics and Astronau-

tics, Inc., with permission.
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O/F = oxidizer-to-fuel ratio
P, Pc = chamber pressure and average chamber pressure
Q̇c, Q̇w = convective and total wall heat fluxes
R = Nondimensional regression rate and specific gas constant
Rc = response coefficient
Rez = Reynolds number
Ru = Universal gas constants
RT = gas constant temperature product
RTav = average gas constant temperature product
ṙ = dimensional regression rate
s = Laplace transform variable
T = temperature
t = time
U∗ = diffusion speed in the turbulent boundary layer
u, v = axial and normal velocities
Vp, Vm = port and motor volumes
z = axial distance along the port
α1, α2 = thermal profile shape factors
γ = ratio of specific heats
ΔPinj = injector pressure drop
ΔPosc = chamber pressure oscillation amplitude
δ = boundary-layer thickness
κ = thermal diffusivity of fuel
μ = average gas viscosity
ρf , ρ = solid fuel and gas densities
τ = combustion time delay/lead
τa = acoustic timescale
τbl = boundary-layer response timescale
τc = chamber filling/emptying timescale
τf , τv = feed system and vaporization timescales
τkg, τks = gas- and solid-phase kinetics timescales
τi = pressure insensitive part of the combustion delay
τtl = thermal lag time in the solid
τo = shear stress
σ1, σ2 = gas-phase response coefficients

Subscripts and Superscripts

a = ambient, port entrance
b = port exit
e = freestream value
qs = quasi-steady
ref= reference quantities
s = surface
1 = first perturbation variable, pre-combustion chamber
2 = post-combustion chamber
- = nondimensional variable

ˆ = Laplace transform variable
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I. Introduction

IN the course of its operation, a hybrid motor undergoes a number of transients.
Some of these transients, such as ignition and thrust termination, are inevitable,

some are imposed by mission requirements, such as throttling, and the remain-
der are undesirable events, such as sudden pressure spikes or instabilities.
Understanding the transient phenomena that take place in a motor is critical for
designing a propulsion system that is capable of delivering the desired performance
within the tolerance limits. These may be in terms of the total delivered impulse, in
which the thrust termination transient becomes critical, or there could be constraints
on the vibrational loads acting on the payload for which the stability character of
the motor plays a key role.

Even though relatively extensive theories for explaining transient phenomena
in solid and liquid rockets exist, these theories cannot be applied directly to hybrid
systems in which the combustion takes place in a unique diffusion-limited turbulent
boundary-layer configuration. The purpose of this chapter is to develop a compre-
hensive transient theory for hybrid rockets and to apply the theory to understand
and predict certain important transient events such as the commonly observed
low-frequency instabilities. The chapter will be opened with a classification of
relevant transient events, which will be followed by an extensive discussion on the
characteristics of instabilities commonly observed in hybrid systems.

The modeling of transient combustion in a hybrid rocket motor is a rather com-
plex problem. In this chapter, the approach that is adapted to address this difficult
problem is to identify the important physical and chemical phenomena that affect
the transient response of the overall system and to isolate the subsystems associated
with each phenomenon in the process of developing mathematical models. Even-
tually the sub-models are integrated to formulate the overall transient response of a
hybrid rocket system. The chapter ends with a discussion of the important problem
of low-frequency instabilities in the framework of the developed transient theory.

II. Relevant Transient Events

To follow the thrust requirements of a specified mission, a hybrid motor has to
operate in a sequence of isolated (or coupled in some instances) transient events,
which are classified and briefly discussed in the following paragraphs.

A. Ignition

The techniques used for the ignition of hybrids are based on the heating of the
oxidizer flow by virtue of short-duration heat source such as a slug of hypergolic
fluid, a solid squib, or spark ignition of a gaseous fuel. During this transient, the
first ignition typically takes place in the aft portion of the fuel grain; in time,
the flame moves upstream to fill the whole grain length reaching its steady-state
configuration. In the ignition process, the combustion gases leaving the motor are
oxidizer-rich approaching the steady-state oxidizer-to-fuel ratio (O/F) toward the
end of the transient. In contrast, the O/F during a conventional solid-propellant
transient is constant. Of the various time elements involved in this process, the
longest time lags are those that establish the combustion boundary layer and the
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thermal lag in the solid fuel. Thus, the time lag required to establish a steady state
in the hybrid motor is observed to be longer than that for the solid rocket.

B. Throttling

In a hybrid, throttling is accomplished by simply changing the oxidizer flow
rate. The steady state corresponding to each flow rate sets a new regression rate
based on the regression rate law. Although there has been some research work
in the early hybrid literature on the quasi-steady-state analysis of the throttling
event [1], the full transient phenomenon is not yet studied. During this event,
the gas velocity, temperature, and density distributions in the hybrid combustion
chamber and the thermal contour in the solid fuel require a lag time to readjust
to the new equilibrium. It is clear that a quantitative understanding of this lag is
important for predictable impulse management and maneuvering of the vehicle.

C. Instability

Instability of a rocket motor is defined as the operation when the chamber
pressure oscillates in a recognizably coherent form with an amplitude of at least
5% of its mean value [2]. Discussion of instabilities is deferred to the next section
in this chapter due to their practical importance and complex nature.

D. Thrust Termination

During shutdown, the response time is basically the characteristic emptying
time of the motor. During this relaxation, the accumulated heat in the solid is
slowly transferred to the surface, leading occasionally to further vaporization or
“chuffing,” which in the rarefied space environment can contribute a small addi-
tional impulse. The relaxation time is generally greater than the emptying time
and, therefore, controls the shutdown impulse. An understanding and ability to
specify this impulse on shutdown is obviously important for precise control of
vehicle velocity.

III. Hybrid Rocket Instabilities

Combustion stability is arguably one of the most important and difficult aspects
of developing a new chemical propulsion system. Hybrid rockets certainly are not
an exception to this generalization. There exists a host of transient phenomena that
take place during the course of motor operation that could potentially couple to
result in growing chamber pressure oscillations. Therefore, a through understand-
ing of the transient combustion characteristics of a hybrid rocket is essential to
predict its stability behavior. This makes transient modeling a practical necessity
because the motor stability is one of the most fundamental problem areas in the
development and testing of hybrid propulsion systems.

Presently there are no universally accepted methods to eliminate the problem
of oscillatory combustion in hybrid rockets. Fortunately, the combustion chamber
pressure oscillations observed in hybrid systems are bounded in amplitude to levels
typically less than 50–60% of the mean pressure. In that sense, unlike solid motor
instabilities, hybrid instability mechanisms typically are not capable of producing
large-amplitude oscillations, limiting the possibility of catastrophic consequences
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such as the structural failure of the motor case. This is most likely due to the lack
of a strong feedback mechanism that exists in the case of solid-propellant rock-
ets, which is induced by pressure-dependent regression rate. However oscillatory
combustion observed in hybrids could still generate unpredictably high burning
rates, could introduce excess structural/thermal loading, and also could result
in major thrust oscillations. It is well-established that the oscillatory combustion
enhances the mean regression rate (through a phenomenon known as the DC shift)
[3, 4], and it could result in an unplanned thinning of the fuel web and the insulation
material. In fact, an instability-induced increase of the regression of the fuel lining
in the precombustion chamber is believed to cause the failure of one of the Amer-
ican Rocket Company (AMROC) DM-01 motors by producing a burn through
in the motor casing. The thrust oscillations are potentially harmful to the launch
vehicle structure and the payload itself. Therefore, for an operational propulsion
system, the combustion oscillations must be kept within acceptable limits that are
uniquely defined for each specific system and mission.

Instabilities are generally classified by their frequency range and/or by the sus-
pected driving mechanisms. In this chapter we adopt the following categorization
based on the primary oscillation frequency.

1) Low frequency—These instabilities are the most common type in hybrid
rockets. The chamber pressure oscillates in the bulk mode (almost uniformly in the
chamber) with frequencies less than 200 Hz (depending on the size and operational
parameters of the rocket motor). These low-frequency instabilities can further
be categorized based on their driving mechanisms: a) feed system coupled, b)
chuffing due to char-layer formation and breakoff at very low regression rates,
and c) intrinsic low frequency instabilities (ILFI) of hybrids associated with the
boundary-layer combustion process (successfully outlined by Marxman [5] for
the steady case). This last kind of instability with a driving mechanism unique to
hybrid systems is observed over a wide range of motors operating with both liquid
and also gaseous oxidizers [2, 3, 6, 7]. A more detailed discussion of each mode
will be included in the following sections.

2) Medium frequency—These are in the range of 200–2000 Hz and are typi-
cally associated with the longitudinal acoustic modes of the combustion chamber.
Medium-frequency oscillations are also observed in hybrids, and they are generally
accompanied by the low-frequency oscillations [3, 6, 7]. Typically the amplitudes
of the medium-frequency instabilities are small compared to their low-frequency
counterparts.

3) High frequency—These are pressure oscillations with even higher frequen-
cies (>2000 Hz), and they are related to the higher longitudinal or transverse
acoustic modes of the chamber. The high frequency portion of the chamber pressure
spectrum for hybrid systems is generally inactive.

Note that the frequency ranges used in the proceeding classification is somewhat
arbitrary, and the quantitative values are included only to give a rough idea of the
ranges.

In the following paragraphs, we concentrate our discussions on the low-
frequency instabilities because they are the commonly observed mode in hybrid-
propulsion systems.
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A. Feed System Coupled Instabilities

The feed system coupled instabilities are generally observed in liquid-fed
hybrids and are particularly common in systems that utilize cryogenic oxidizers
such as liquid oxygen. The gas-fed systems are not as vulnerable to this instability
because the feed system can reliably be isolated from the motor by the insertion
of sonic orifice/nozzle elements in the line and there is no vaporization lag for
a gaseous system. The root cause for this kind of instability is the coupling of
the feed system with the combustion processes in the chamber. A combustion lag
(such as vaporization lag) along with a feed system/chamber coupling mechanism
is needed to produce oscillatory behavior.

The feed system instabilities can easily be recognized due to their distinct
characteristics which can be listed as follows.

1) These instabilities are mostly experienced in liquid-fed systems.
2) The pressure oscillations are much more regular in nature compared to the

inherent low-frequency instabilities of hybrid rockets. The Fourier transform of
the pressure signal shows a reasonably narrow bandwidth peak.

3) The driving force is a simple coupling between the feed system and combus-
tion chamber dynamics. The vaporization delay of the oxidizer in the combustion
chamber is the root cause of the positive feedback needed to produce growing
pressure oscillations. The injector upstream pressure, generally, participates in the
oscillatory behavior.

4) Even feed systems with isolation elements such as cavitating venturis are
vulnerable to this kind of coupling due to the finite bulk modulus of the fluid in
the feed lines upstream of the injector.

5) The higher modes (at multiples of the fundamental frequency) are typically
also evident in the spectra.

Figure 1 shows the pressure–time trace for a small N2O/paraffin-based motor
with a nominal thrust level of 200 lb. Even though Fig. 1 focuses on a short segment
of the data (to show the details of the oscillations), the motor had a similar stability
character over the course of the entire burn. Figure 2 is a contour plot of the fast
Fourier transform (FFT) in the time–frequency plane for the pressure signal from
the same test. Note that this particular motor ran in the blowdown mode and no
isolation elements were present to decouple the feed system from the chamber.

As indicated in Fig. 1, the chamber pressure oscillates (50–60% peak-to-peak)
in a very coherent fashion at its fundamental frequency of approximately 75 Hz.
These oscillations are significantly different in nature compared to the inherent
ILFI mode of hybrid rockets. Oscillation frequency and the amplitude of the oscil-
lations are fairly uniform, and the frequency level is lower than one would expect
for ILFI, that is, predicted to be around 100 Hz for this particular system. Also note
that the injector upstream pressure also participates in the coherent oscillations. As
shown in Fig. 2, a number of higher harmonics of the fundamental mode are active
(up to the sixth mode) with decreasing intensity. The frequency of the fundamental
does not shift during the course of the run, and its intensity is almost constant for
the entire test. The FFT analysis also indicates that the feed system coupled insta-
bility completely dominates the transient behavior and the other low-frequency
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Fig. 1 Pressure–time histories for a small N2O/paraffin-based motor.

instability modes stay inactive for the entire run. This exclusion phenomenon is
commonly observed in hybrid rocket systems.

The existence of a coupling between the feed system and the motor is necessary
but not sufficient for the feed system coupled instability. A reasonably long vapor-
ization delay for the oxidizer is also needed to produce the pressure oscillations.

Fig. 2 FFT contour plot of pressure–time trace for test in Fig. 1.
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In fact, tests conducted with different injectors running at similar operating condi-
tions, that is, reduced vaporization lag, resulted in stable combustion for the same
N2O/paraffin-based hybrid system.

In this chapter, we will not diverge into the modeling issues for the feed system
dynamics and the atomization/vaporization aspects of the hybrid transients. A sig-
nificant amount of information already exits in the field of liquid rocket combustion
instabilities that can be adopted to predict and mitigate the feed system coupled
instabilities encountered in hybrid-propulsion systems.

B. Chuffing

Chuffing instability is produced by the char/melt-layer formation and breakoff
process that takes place only at very low regression rates. Oscillation frequency
for the chuffing instability is dictated by the thermal lag times in the solid fuel and
typically is in the range of 1–5 Hz. During operation at very low oxidizer mass
fluxes, typically observed toward the end of a slow shutdown transient, the thermal-
layer thickness in the solid grows significantly resulting in the “cooking” and/or
melting of the solid fuel underneath the port surface. The mechanical removal of
this soft layer results in a pressure surge in the chamber. The perpetual repeating
of this built-up and removal process results in the chamber oscillations. As stated
before, the chuffing frequency scales with the thermal lag time in the solid fuel,
τt = κ/ṙ, where κ is the thermal diffusivity, ṙ is the regression rate, and τt is the
thermal lag time.

Because chuffing takes place only during very low mass flux operation, it
has limited practical importance, and no modeling for the chuffing instability is
addressed in this chapter. However, the thermal lag model that will be outlined in
the following sections can be used to quantify this phenomenon.

C. ILFI of Hybrid Rockets

This type of low-frequency instability, which has a driving mechanism unique to
hybrid systems, is observed over a wide range of motors operating with both liquid
and also gaseous oxidizers [2, 3, 6, 7]. It is instructive to establish qualitatively the
nature of these low-frequency pressure oscillations, which have been observed in
virtually every hybrid program reported to date. In the following paragraphs, we
will discuss results from several of these programs.

The first example is for a fast-burning paraffin-based fuel that has been tested
extensively with gaseous oxygen in the Hybrid Combustion Facility (HCF) at
NASA Ames Research Center [8]. The pressure–time trace of a typical paraffin-
based hybrid motor test is shown in Fig. 3, whereas the Fast Fourier Transform
(FFT) for the same test is given in Fig. 4. The pressure–time trace and the spectral
signature are typical for a hybrid rocket that does not present a feed coupled insta-
bility.As indicated in Fig. 3, the feed system and the chamber are completely decou-
pled and the activation of the feed system coupled instability mode is not feasible.

The Fourier transform shows three broad peaks corresponding to the inherent
low-frequency instability, the Helmholtz mode, and the first longitudinal mode. As
discussed earlier, the dominant mode, low-frequency oscillations, are accompanied
by lower amplitude, higher frequency acoustic modes.
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Fig. 3 Pressure–time trace for a GOX/paraffin-based hybrid.

As the next example, we consider various size AMROC motors and 11- and
24-in. Joint Government/Industry Research and Development (JIRAD) motors.
These are also of great interest because the data obtained for these tests are rea-
sonably reliable and complete. Note that, in all cases discussed in the following
paragraphs, the feed system coupling is not suspected as the root cause for the

Fig. 4 FFT plot of pressure–time trace for test in Fig. 3.
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instability. It is also clear that the regression rates of all of these tests are large
enough so that the possibility of chuffing can be ruled out.

For AMROC DM-01 (250,000-lb class motor) tests that showed instability, the
observed frequency range was 2–3 Hz and the oscillation amplitudes were about
15–20% of the mean pressure. The JIRAD motors were also susceptible to low-
frequency instabilities [3, 6, 7]. Many of these tests showed pressure oscillations
in the frequency range of 8–15 Hz and oscillation amplitudes of 5–60% mean
pressure. As an example, Fig. 5a represents a typical time history of the chamber
pressure during unstable operation for an 11-in. JIRAD motor [3]. Figure 5b shows
the high-frequency content of the pressure signal for the same test.

It is commonly observed and generally accepted in the field that the stability
level of the motor is controlled by the conditions in the pre-combustion cham-
ber such as the chamber volume/geometry, injector configuration or heating
source/distribution. It is reported that the effect of the post-combustion cham-
ber on the instability is not significant [6, 9, 10]. Boardman et al. [3, 6] carefully
investigated the effect of the pre-combustion chamber flow conditions on the sta-
bility level of the motor. Using 11-in. GOX motors, they have shown that the axial
injectors enhanced the stability over the radial and 45-deg inclined injectors. It is
also reported by independent researchers that for gaseous systems the volume of
the feed system downstream of the sonic choke or venturi adversely influences the
stability of the motor. However, a careful experimental investigation of the effect
of feed volume on the motor stability has not been reported in the open literature.

As indicated by Figs. 3 and 5, the pressure oscillations are in the nature of a
limit-cycle phenomenon. Their amplitude is typically bounded to less than 50% of
the mean level. The spectral signature for the inherent low-frequency instability

Fig. 5a Chamber pressure–time history of 11-in. JIRAD motor during unstable
operation. (From Ref. [3].)

Fig. 5b High-frequency content of signal for same test as Fig. 5a. (From Ref. [3].)
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Fig. 6 Pressure–time history for a different JIRAD 11-in. test. (From Ref. [3].)

mode is a relatively broad peak as opposed to the well-defined peaks of the feed
coupled instability.

Another interesting observation is that the pressure oscillations may appear or
disappear in the middle of a run. Specifically, in AMROC DM-01 tests the low-
frequency oscillations started after a pressure spike and decayed rather slowly.
This indicates that, at least for this specific case, the hybrid motor as a system
possesses natural response components with a small damping coefficient at the
low-frequency range of interest. The pressure spike, which may be caused by a
brief blockage of nozzle throat or explosion of a fuel oxidizer mixture stored in the
pre-combustion chamber, serves as a disturbance to activate the system’s natural
response.

In both JIRAD and AMROC tests, the low-frequency oscillations are accompa-
nied by higher frequency acoustic activity (as in the case of paraffin-based motor
test example in Figs. 2 and 3), mainly the first longitudinal (1-L) mode [6]. The
pressure–time history for another JIRAD 11-in. motor test [6], which is shown
in Fig. 6, clearly indicates this phenomenon. However, it is not clear from the
pressure histories whether the high frequency is driving the low frequency or vise
versa. The pressure data show that the shape of the low-frequency oscillations are
nonlinear, namely, the pressure plot does not follow sinusoidal waveform. Thus,
these nonlinearities in the low-frequency oscillations may very well be exciting
the acoustic modes of the combustion chamber.

All of the observations on low-frequency instabilities lead one to believe that,
although the instabilities may be generated by a linear mechanism, their amplitudes
are controlled by nonlinear effects. In this chapter, we will explore the possible
linear couplings that may generate unstable oscillations at the observed frequencies
and find the scaling law for the frequency with the operating conditions and the
motor internal geometry. We first give a comprehensive list of potential driving
mechanisms that could lead to the observed inherent low-frequency instabilities
as they have been suggested in the literature.

D. Instability Driving Mechanisms Suggested for Hybrids

1. Atomization/Mixing

It is claimed by some researchers that the atomization/vaporization lags of the
liquid oxidizer may couple with the combustion and gasdynamic processes that
take place in the chamber to generate the inherent low-frequency instabilities. The
researchers also stated that the instability can be suppressed by increasing residence
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time of the droplets in the precombustion chamber, for example, by employing
vorticity [2] or by providing a rapid means of vaporization as with a hypergolic
fluid or igniter. As discussed in the preceding sections, this mechanism is feasible
but it is only applicable to a liquid oxidizer system. However, the same types of
instabilities are observed in both liquid and also gaseous systems. Thus, this can not
be a complete explanation to account for the intrinsic low-frequency instabilities,
which are most likely related to phenomena unique to hybrid internal ballistics.
On an interesting note, based on motor test data, Boardman et al. [3] concluded
that, for systems operating with gaseous oxidizers, the increased precombustion
chamber heat release does not improve the stability behavior of the motor.

2. Mass Flux Coupling

Because the hybrid burning rate is mainly mass flux dependent, the flux coupling
could potentially provide the energy feeding mechanism in hybrid systems. This
is in contrast to solid rockets where pressure coupling is dominant. In the low-
frequency regime, where hybrids have shown a particular susceptibility to unstable
behavior, there is the distinct possibility of mass flow velocity coupling with the
hybrid burning rate. This is because the thermal lag is typically in the range of tenths
of seconds rather than milliseconds that are characteristic of gas-phase combustion
lags. The feasibility of this type of coupling will be discussed later in this chapter.

3. Chuffing

As discussed earlier, chuffing is the instability that has been associated with
the accumulation and breakoff of char or molten layers on the fuel surface. This
low-frequency instability (typically, 1–5 Hz) is only possible at very low oxidizer
mass flux levels and, thus, cannot explain the widely observed low-frequency
oscillations.

4. Pressure Coupling

There are two extreme operating regimes where the hybrid regression rate shows
pressure dependency, namely, at high oxidizer mass fluxes where chemical kinetics
effects become rate determining and in the low mass flux region where radiation
becomes important relative to convection. In these regions, pressure coupling may
provide the energy feeding mechanism to create the pressure-coupled combus-
tion instability. Medium-frequency instability, resulted from the coupling between
the pressure-dependent combustion and longitudinal acoustic modes, has been
reported in the early hybrid literature [10, 11], first by Wooldridge and Marxman
[11] for a system with metal loading above a certain critical port diameter. The
observed mean frequency of the oscillations was about 600 Hz for a 0.75-m-long
motor. The reported frequency corresponds to the first longitudinal acoustic mode
of the system. The solid-propellant instability literature on the combustion pres-
sure coupling effect is quite extensive, and a reasonable understanding of this
contribution has been demonstrated [12]. It is expected, however, that this type of
instability is feasible only in those hybrids showing a distinct pressure effect on
the burning rate.
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5. Vortex Shedding

This theory presumes that the instability is linked to the vortex shedding in
regions of rapid expansion such as the mixing chamber of the motor [9, 13, 14].
These frequencies are generally in the medium range and so may not be a primary
driving mechanism for the ILFI of hybrid systems. Moreover, the motor-test
experience showed that a change in the aft combustion chamber geometry does
not affect the stability character of the motor. Furthermore the observed scaling of
the oscillation frequency with motor L∗ (or precisely fuel-grain length) cannot be
explained by this theory.

6. “DC Shift” Theory

Boardman et al. [6] suggested that the low-frequency instabilities are gener-
ated by the high frequency (acoustic) active packages by means of the “DC shift”
effect. They claim that the high-frequency pressure oscillations are generated by
the back and forth oscillation of the leading edge of the hybrid diffusion flame
because it is not stabilized adequately for some hybrid configurations. However,
this theory cannot explain why the high-frequency wave packages are modulated
at a well-defined low frequency that scales predictably with motor operating con-
ditions. Moreover, it is also possible the cause and effect are reverse, namely, the
nonlinear low-frequency wave forms may be driving the high-frequency acoustic
modes. The feasibility of this latter alternative is successfully demonstrated by
Karabeyoglu [15].

7. L∗ Theory

There have been several attempts to develop an L∗ instability theory for the
hybrids as an analog to the solid rocket L∗ model [2, 14]. The feasibility of
this model is discussed extensively in the next section in which we compare
hybrids with the solid and liquid systems from the perspective of low-frequency
instabilities.

E. Comparison of Liquid, Solid, and Hybrid Rocket ILFIs

The low-frequency instability mechanisms for liquid and solid rockets are
reasonably well understood. Theories to predict the frequency and the overall
nature of these instabilities have been successfully developed and used in the
design of rockets for more than four decades. On the contrary, for hybrid rockets a
low-frequency theory that explains the widely observed low-frequency oscillations
is not yet fully established. This is partly due to the late development of hybrids
compared to the other chemical systems. Another important reason is the weak
dependency of the combustion process on the chamber pressure in hybrids. It is
well known that conventional hybrids operate, unlike the solids and the liquids, in a
diffusion-limited combustion regime that makes the regression rate a strong func-
tion of the mass flux not the chamber pressure. The lack of explicit dependence
of the mass generation rate on the chamber pressure eliminates the possibility
of any coupling between the bulk mass balance in the chamber and the combus-
tion through the pressure-dependent regression rate. In this section, we will discuss
this issue in detail by considering the relevant solid and liquid rocket low-frequency
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instability theories and assessing the applicability of the fundamental principles
of these theories to the hybrids.

The low-frequency instability theory (L∗ theory) for solid rockets was first
developed by Beckstead and Price [16] and Price et al. [17] and improved by many
other researchers [18]. The model depends on the bulk mass balance in the rocket
chamber, which can be written as Eq. (1) in terms of the normalized pressure P̄
and normalized mass generation rate ¯̇m,

τc
dP̄

dt
+ P̄ = ¯̇m (1)

where τc is the residence time of the fluid particles in the chamber.
The essence of the theory is to represent the mass generation term as an explicit

function of the chamber pressure. This can only be done when the fuel generation
rate (regression rate) is an explicit function of pressure (ṙ = aP̄n), which is a valid
approximation for a solid propellant. For pressure-dependent burn rate, Eq. (1) can
be reduced to the following linear form

τc
dP̄(t)

dt
+ P̄(t) = RcP̄(t + τ) (2)

Here a lead time τ between the pressure and regression rate is applied, and the
response coefficient Rc has been introduced. Note that the lead time is induced
by the thermal transients in the solid grain. It will be shown later in this chapter
that, for a range of frequencies, the regression rate leads the wall heat-transfer
input. Also note that the wall heat flux can be expressed in terms of pressure if
one assumes quasi-steady gas-phase processes, which is a good assumption in the
low-frequency range of interest.

The system dynamic behavior at low frequencies can now be investigated with
the use of Eq. (2). We start by taking the Laplace transform of this linear equation,

(τcs+ 1− Rce
τ s)Π = 0 (3)

The term in the parenthesis is the characteristic equation of the system. The roots
of this equation determine the time response (natural response) of the system.
Because the characteristic equation is an analytic function of s for this particular
system, the stability can easily be determined by investigating the location of the
poles in the s plane. In short, if the system has any pole in the right half-plane, it is
unstable. By dividing this equation into its real and imaginary parts, s = α + iω,
and defining R′ = Rceτα , one can obtain the stability equations given by Beckstead
and Price [16],

τcα + 1 = R′ cos(τω) (4a)

τcw = R′ sin(τω) (4b)

These equations have been examined carefully by Beckstead and Price [16],
and it has been shown that for a range of τ (positive) the amplitude of oscillations
grow indefinitely. As an example, the characteristic equation is plotted in Fig. 7 for
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Fig. 7 Poles of L∗ instability model transfer function.

the specific case of τc = 30 ms, Rc = 1.3, and τ = 35 ms. It is obvious from Fig. 7
that the system has at least two poles in the positive real s half-plane. A more
careful investigation shows that the equation has, in fact, an infinite number of
poles spanning the entire positive s plane. It can be argued that only the pole
with the smallest frequency (fundamental mode) has practical significance. This
is the case because the higher poles are an artifact of introducing a simple delay
instead of the complex dynamics of the combustion process. In fact, numerous
T-burner and solid-motor tests conducted by independent researchers have resulted
in pressure–time traces that only contained the smallest frequency (fundamental
mode) component.

A similar development can also be performed for the low-frequency instabili-
ties of liquid rocket engines [19, 20]. An extensive discussion of the treatment is
given by Corocco and Cheng [19]. Here we will only give a brief outline of the
model. Similar to the solid rocket case, the bulk mass balance in the liquid engine
combustion chamber can be written in the nondimensional form as

τc
dP̄

dt
+ P̄ = ¯̇mb (5)

where ¯̇mb is the nondimensionalized mass of burnt gases generated in unit time.
Similar to the solid motor, in a liquid engine, the combustion rate (combustion of
liquid droplets) will be a function of the chamber pressure. It can be shown [19]
that the generation rate of hot gases in the combustion chamber can be expressed
to first-order accuracy as

¯̇mb(t) = ¯̇mi(t − τt)+ n[P̄(t)− P̄(t − τ)] (6)

Here ¯̇mi is the injection rate of the propellants into the chamber, and n is the pressure
sensitivity coefficient. Unlike the solid rocket L∗ instability theory, in this model
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two types of time delays, τi and τ , are introduced. Although both of these delays
represent the time lag between the injection of the propellant and the generation
of the burned gases, τ is the pressure sensitive contribution, whereas τi is the
insensitive contribution to the total delay τt . The second term in Eq. (6) is available
only for the variable-delay case ( pressure-sensitive case). Equations (5) and (6)
can be combined to obtain the linear response of the system at low frequencies,

τc
dP̄(t)

dt
+ P̄(t) = ¯̇mi(t − τt)+ n[P̄(t)− P̄(t − τ)] (7)

The stability investigations can be performed with the Laplace transformation
technique for the system represented with Eq. (7). It is shown [19] that there
are at least two types of low-frequency instabilities that can be generated. If
the feed system dynamics is very rigid, namely, the injection mass flow rate
is constant (decoupled from the chamber pressure), the liquid engine can sus-
tain amplified oscillations of chamber pressure for reasonably high values of the
pressure-sensitivity coefficient and for a realistic range of the combustion delays.
This kind of feed system independent instability is called the intrinsic instability,
and it is due to the existence of variable (sensitive) delay. A second type of insta-
bility can occur if the pressure-sensitivity coefficient is zero but the feed system
is coupled to the chamber pressure. Note that unlike the solid rocket motors, in
general, in liquids the combustion delay (not the lead) generates the instability.

After summarizing the models of low-frequency oscillations for solid and liquid
rockets, we can return to the central point of our argument, namely, the applicabil-
ity of the fundamental principles of these highly accepted theories to hybrid rocket
motors. In the literature, there have been several attempts to adapt the L∗ analysis
developed for solid rockets to hybrid systems [2, 14]. Specifically, a reasonably
detailed derivation of the analogous L∗ theory has been performed in Ref. [14].
After the bulk mass balance in a hybrid chamber was written (to our knowledge
first performed by Wooldridge and Marxman [11]), following the L∗ derivation,
the investigators introduced a lead time between the combustion and the chamber
pressure. We believe that this is not a valid step for hybrids, which, in general,
do not possess regression rates with a strong explicit dependence on the chamber
pressure. It can be argued that the regression rate for hybrids depends on pres-
sure through the mass flux, which is a product of density and fluid velocity where
density is a linear function of the chamber pressure with use of the ideal gas law.
However, the response of the chamber thermodynamic properties to the changes
in the pressure during these slow transients is not known offhand. For example, an
increase in pressure (with a rate that is typical during a low-frequency oscillation)
does not necessarily lead to a significant increase in the mass flux because the flow
velocity can also arrange (a very likely possibility at the low frequencies of inter-
est) itself to keep the changes in the mass flux small. A quasi-one-dimensional
unsteady gasdynamic model of the motor chamber that has been developed in
Ref. [15] confirmed this weak dependency of the mass flux on the chamber pres-
sure. In the absence of a coupling between the regression rate and the pressure,
the principles used in solid rocket (or liquid rocket) instability modeling cannot
generate instabilities. For that reason, one must assume that there is no analog, that
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is, analog to L∗, low-frequency∗ theory for hybrids that will yield the observed
unstable behavior.

As will be shown later in this chapter, a complicated coupling mechanism unique
to hybrid rockets can be formulated to predict the commonly observed intrinsic
low-frequency oscillations.

IV. Subsystems of Hybrid Rocket Motors

As indicated earlier, a reasonable approach to the difficult problem of modeling
the dynamic behavior of hybrids is to isolate the subsystems of the motor and
consider these subsystem individually. The order of magnitude estimates of the
timescales of some of the important processes encountered in a typical hybrid
motor are listed in Table 1. Note that in the modeling effort solid and gaseous
kinetic times will be assumed to be fast compared to the other relevant timescales.
For a reasonably accurate description of motor transients, one has to consider the
following subsystems.

A. Feed System

In a hybrid motor, the liquid (or gaseous) oxidizer needs to be fed into the
combustion chamber through a feed system. In reality, the feed system response
time is finite due to the inherent dynamics of the components in the system.
Accurate response depends on the details of the system, which is likely to be
significantly different for every motor design. For this reason, we bypass the feed
system dynamics in our discussions by assuming the oxidizer mass flow rate as
the input parameter. This is a reasonable assumption for most systems because
isolating elements decoupling the motor from the feed system, that is, cavitating
venture, sonic orifice, are widely used.

Table 1 Transient timescales of various phenomena in typical hybrid rocket

Physical phenomenon Timescale, s Explanation

Solid-phase kinetic times τks < 10−3 Degradation mechanisms
of the polymer

Gas-phase kinetic times τkg < 10−3 Hydrocarbon combustion
mechanisms

Feed system response
times

τf , Varies greatly from system
to system

Response time of the feed
system

Vaporization times τv = f (Uinj, T1, ΔPinj) Evaporation process of the
liquid oxidizer

Thermal lags in solid τtl ∝ κ/ṙ2 ≈ 10−1–1 Thermal profile changes
in the solid grain

Boundary-layer diffusion
times

τbl ∝ L/ue ≈ 10−2–10−1 Turbulent boundary layer
diffusion processes

Acoustic times
(longitudinal)

τa ∝ L/c ≈ 10−4–10−2 Propagation of the
acoustic waves

Gasdynamic filling times τc ∝ L∗/c∗ ≈ 10−2–10−1 Global mass flow balance
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B. Vaporization of Liquid Oxidizer

Complete vaporization of the oxidizer droplets in the combustion chamber
requires a certain characteristic time depending on parameters such as the droplet
size, properties of the liquid and the thermal/flow environment of the space where
droplet vaporization takes place. Note that this subsystem, too, depends on the
specifics of the motor such as oxidizer type, injector design, and precombustion
chamber heating scheme. For the purposes of this chapter, we assume that the
oxidizer is in gaseous phase when it enters the fuel port.

C. Thermal Response in Solid Grain

A change in the wall heat flux to the hybrid fuel grain cannot be followed
immediately by fuel production due to the finite heat capacity of the solid fuel
[21]. This is one of the most important transient phenomena that take place in
hybrid and will be covered extensively in the following section.

D. Diffusion and Combustion in Boundary Layer

It requires finite time for the hybrid boundary-layer properties to adjust to the
changes in the gas velocity in the port or the mass blowing from the fuel surface.
The associated dynamics has been discussed in detail elsewhere [15] and will be
considered later in this chapter.

E. Chamber Gasdynamics

The chamber pressure responds to the changes in the mass flow with a time-
scale proportional to the filling time of the chamber. Acoustic response is also
resolved in this subsystem.

In the subsequent sections, the last three of these subsystems (Secs. III.C–III.E)
will be modeled and investigated individually. Eventually, these subsystems will
be coupled to give the overall system response.

V. Thermal Lags in the Solid

The regression rate of the hybrid-fuel grain cannot respond to changes in the
wall heat flux instantaneously due to the finite thermal diffusivity of the solid fuel.
The transient heat flow in the solid determines the dynamics of the regression rate
response during wall heat flux variations. This phenomenon will be discussed in
detail in this section.

The hybrid combustion mechanism differs from the solid rocket in two respects
[5, 22]: The flame front is an appreciable distance from the solid surface, and
there are no exothermic chemical reactions at the surface. As a consequence, the
regression rate is low. The lower regression rate significantly increases the thermal
profile response time in the solid. Thus, among the various response times discussed
in the preceding paragraphs, the thermal lags in the solid fuel is the rate-limiting
(slowest) step during a vast majority of transients. This can be seen from the
characteristic thermal lag time τtl = κ/ṙ2, whose values lie typically in the range
of 0.1–1 s.

An early treatment of the thermal lags in hybrids was carried out by Marxman
et al. [5]. In the analysis, to obtain a closed-form solution, Marxman et al. assumed
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Fig. 8 Schematic of the thermal lag model.

a constant wall temperature and a third-order polynomial shape for the tempera-
ture profile. These assumptions limited the applicability of the solution to ignition
events with constant heat input. Furthermore, even for this specific case, the solu-
tion is inaccurate due to the presumed thermal profile shape, which is far from the
actual contour. Other important transient events, such as instabilities or throttling,
could not be handled with this approach. In a more comprehensive study of ther-
mal lags in the solid [15], many of these assumptions are relaxed. In the following
paragraphs we summarize the findings of this study.

The model for the thermal transients in the solid is shown in Fig. 8. The funda-
mental assumptions of the model are 1) the penetration depth of the temperature
profile is small compared to the web thickness of the fuel; 2) the port radius is
large compared to the thermal penetration thickness; 3) all solid-phase reactions
accompanying fuel vaporization occur in a thin layer next to the regressing surface,
which is a good assumption for large activation energies because the reaction zone
thickness in the solid is inversely proportional to the activation energy [15]; 4) the
thermophysical properties (such as the thermal diffusivity) of the fuel grain are to
be constant; and 5) the temperature gradient in the axial direction is small com-
pared to the gradients in the normal direction. Under these conditions, the suitable
heat diffusion equation expressed in the normal x coordinates moving with the
regressing surface is

∂T

∂t
= κ ∂

2T

∂x2 + ṙ(t)
∂T

∂x
(8)

Landau [23], using Green’s theorem, showed that for this kind of a semi-infinite
region problem Dirichlet or Neumann types of boundary conditions can be used
alternatively, namely,

x −→∞; T = Ta or
∂T

∂x
= 0 (9)

The second boundary condition can be derived from the energy balance at the
surface, which involves the latent heat of gasification Lv (where the latent heat of
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vaporization and solid-phase reaction energies are lumped together to define the
latent heat of gasification),

x = 0: Q̇s(t) = −λ
(
∂T

∂x

)
s
+ ρf ṙ(t)Lv (10)

Note that these boundary conditions, with the appropriate form of the wall heat
transfer, are common for all transient events. However, the initial condition that is
the temperature distribution at the start of the event is case dependent.

A constitutive relation modeling the surface processes is required to close the
set of equations representing the mathematical formulation of thermal lag theory.
It is reasonable to use the following distinct models for the surface phenomena.

A. Constant Wall Temperature (CWT) Model

In the case of constant wall temperature (CWT), the surface temperature is
independent of the regression rate and is kept fixed to a value that is assumed to be
known a priori. Note that the constant specified wall temperature condition replaces
the surface boundary condition and Eq. (10) becomes a determining relation for
the regression rate.

B. Variable Wall Temperature (VWT) Model

As a more precise approximation, the gasification and pyrolysis reactions at the
surface can be represented by an exponential of the Arrhenius type. For chemical
reactions, the exponential constant is an activation energy, whereas in vaporization
it is the latent heat. To describe this behavior, we assign an average effective
activation energy Ea resulting in

ṙ = A exp[−(Ea/RμTs)]; if Ts > Ti
ṙ = 0; if Ts < Ti

(11)

where Ti is the temperature below which vaporization is negligible. Here, we
inherently assumed that once initiated these reactions are fast compared to thermal
diffusion. For typical values of Ea in the range of 5–60 kcal/mole, the percent
change in Ts is small, justifying the CWT model as a first approximation.

In the thermal lag model, we represent various transient events with the suitable
selection of the initial conditions and the wall heat transfer variations. Our goal is
to obtain the response of the regression rate during those simulated events. This
requires the solution of the coupled Eqs. (8–11). Note that this moving boundary
problem is nonlinear, and because an exact closed-form solution is not avail-
able, approximate solutions will be developed. We concentrate on three different
methods as described in the following paragraphs.

C. Self-Similar Temperature Profiles Approximation

This approach, which is first introduced by Marxman [5] (in the context of hybrid
rockets), is based on assuming a time-invariant functional form for the temperature
contour. The wall heat transfer and surface temperature are both assumed to be
constant. Thus, the method is only capable of generating solutions for the CWT
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Table 2 Shape parameters for various profiles

T–x relation Shape factor α1 Shape factor α2

Exponential 1 1
ierfc 0.443 1.772
Second-order polynomial 0.33 2
Third-order polynomial 0.25 3

model for fixed heat input case and is only good for simulating a special category
of ignition events.

Although Marxman’s analysis is limited to a third-order polynomial form for the
temperature profile, the method has been generalized to arbitrary contours [15, 24].
The final result for the regression rate–time relation can be written as follows:

t̄ = −α1α2

(
EL

EL + 1

)[
ln

(
1− δ̄
1− δ̄

)
+ δ̄ − δ̄0

]
(12a)

R = 1− 1

EL

(
1− δ̄
δ̄

)
(12b)

where EL = Lv/CΔT and δ̄ = δ/α2δref ; Here δ is the thickness of the thermal
boundary layer in the solid and ΔT = Ts − Ta. The variables of the problem are
nondimensionalized with the use of the reference regression rate and the charac-
teristic time and length associated with that reference point in the following way:

t̄ = t/τref ; R = ṙ/ṙref (13a)

where

τref = κ/ṙ2
ref ; δref = κ/ṙref (13b)

Note that, for the ignition transient, it is convenient to use the target steady state
as the reference point.

The shape factors α1 and α2 characterize the capacity and the surface slope of
the selected temperature profile, respectively. The values of α1 and α2 for various
temperature contours including the complementary inverse error function (ierfc),
are listed in Table 2.

Equations (12a) and (12b) indicate that δ̄ serves as a free parameter that links the
regression rate to the time. Thus, the response of the regression rate only depends
on the nondimensional energy parameter EL and the product of the two shape
factors. On the selection of a profile shape and fuel type, Eqs. (12a) and (12b) can
be used to generate the solution.

D. Numerical Solutions

The self-similar temperature profiles approximation approach is inadequate to
generate solutions for all possible types of transients. Furthermore, in certain cases
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this treatment generates significant errors. For this reason, we develop a numerical
solution procedure for both of the models for surface phenomena.

We start with normalizing the variables to obtain a nondimensional form of the
problem. The nondimensional time and regression rate are defined in Eqs. (13a)
and (13b). The remaining variables are normalized in the following way:

T̄ = (T − Ta)/ΔT ; x̄ = x/δref (14)

The application of the simple stretching transformation defined by Eqs. (13a),
(13b), and (14) yields the nondimensional form of the field equation

∂T̄

∂ t̄
= ∂2T̄

∂ x̄2 + R(t̄)
∂T̄

∂ x̄
(15)

and the boundary conditions

for x̄ −→∞: T̄ = 0 or
∂T̄

∂ x̄
= 0 (16a)

for x̄ = 0:

(
∂T̄

∂ x̄

)
s
= ELR(t̄)− Q̄(t̄) (16b)

where Q̄(t̄) = Q̇w(t)/ṙrefρf CΔT .
In the process of normalization, we introduce the nondimensional heat loading

Q̄, which is defined as the ratio of the heat input per unit mass to the energy
required to elevate the temperature of the fuel from Ta to Ts · Q̄ is, in general, time
dependent through the input, and unlike EL , it is not a property of the fuel alone.

We prefer the following nondimensional form for Eq. (11):

R = A exp

[
− a

(T̄s + b)

]
if T̄s > T̄i

R = 0 if T̄s < T̄i

(17a)

where

A = exp(Ea/(T̄s)refRμ) (17b)

a = Ea

ΔT̄refRμ
; b = T̄a

ΔT̄ref
(17c)

A computer program Thermal Lag Code (TLC) has been developed to simulate
arbitrary transient events. The TLC is capable of calculating the regression rate
for any given initial temperature profile and heat loading. Also, the initial heating
period or any such event without regression can be included in the simulated event.
A detailed discussion of the numerical solution technique is given in elsewhere [15].
Here some of the important features are summarized.

The finite difference method has been implemented to obtain numerical solu-
tions for the well-posed problem given by Eqs. [15–17]. An exponentially varying
space differencing has been used. Because the intention is to generate long-time
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solutions for the VWT problem, the global-time error may be significant even for
relatively small time steps imposed by the stability condition. For that reason,
a fourth order adaptive Runge–Kutta (RK4) scheme, has been implemented for
the time integration. The adaptive control of the time-step size has increased the
robustness of the solution significantly.

E. Perturbation Solutions

In this section, we develop perturbation solutions for the VWT problem. The
results of this perturbation analysis are useful in determining the effects of various
parameters on the response, in understanding the system behavior, in verifying the
numerical solutions, and in deriving a transfer function to be used in the linear
stability investigations. Although this treatment requires small perturbations in the
variations of the heat input around a reference point, the functional form of the
heat-load perturbation is arbitrary.

We apply a small perturbation, with an arbitrary form in time, to the wall heat
flux around the reference steady-state value

Q̄(t̄) = (Q̄)ref + ε · f (t̄) (18)

where ε is a small dummy variable (ε � 1) introduced to keep track of the orders
of various terms.

The linear initial boundary-value problem for the first-order perturbation quan-
tities was formulated and solved with use of the Laplace transformation technique
[15, 24]. The transfer function between the regression rate perturbation and the
applied heat flux perturbation, which is a result of practical importance, is deter-
mined to be [where RL(s) and QL(s) are the Laplace transforms of the regression
rate perturbation and the wall heat flux perturbation, respectively]

RL(s)

QL(s)
= 2EEs

(1+√4s+ 1)(s+ EE)− 2EE + 2ELEEs
(19)

Here, EE is another energy parameter that is proportional to the activation energy.

EE = a/(1+ b)2 = Ea(ΔT)ref/Rμ(Ts)
2
ref (20)

Note that the derived transfer function is not a simple ratio of two polynomials,
as one typically encounters in simple dynamic systems. In fact the denominator
is an irrational function of the Laplace transform variable s. From this transfer
function, one can deduce that the system has only one zero at s = 0 and no poles
for the real and positive values of the energy parameters. The consequence of these
important features of the linearized thermal lag system will be discussed in the
following sections.

F. Discussion of Results

The methods described in the preceding section are applied to generate solutions
for various cases. The material properties for hydroxyl-terminated polybutadiene
(HTPB) and polymethyl methacrylate (PMMA) used in the calculations are shown
in Table 3 (see Karabeyoglu et al. [24]). We follow the classification of the transient
events in organizing the discussion of results.
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Table 3 Thermophysical properties of fuels used in calculations

C, ρ, κ , Lv , Ea,b

Fuel cal/g · K g/cm3 mm2/s cal/g Ts,a K kcal/mole EE ,c EL

PMMA 0.37 1.1 0.11 231 620 30–40 12.6–14.7 1.94
HTPB 0.57 0.93 0.098 433 820 12–60 4.7–23.4 1.45

a Wall temperatures at a specified regression rate, 0.05 cm/s for PMMA and 0.075 cm/s for HTPB.
b Range that covers the data in the literature.
c Ambient temperature of 300 K in calculations.

1. Ignition

The ignition with constant heat transfer case for PMMA fuel for various models
is presented in nondimensional form in Fig. 9. For comparison purposes, in each
calculation the same value for the constant heat flux is used. The shape para-
meters of the self-similar temperature profile model are tuned for the best match
with the numerical solution of the CWT problem. In the analytical and numerical
CWT solutions, the initial heating time is included. (See Karabeyoglu [15] for
preheating time formulas). Although the overall shapes of the response curves for
the analytical model and numerical CWT cases look similar, the VWT model,
which couples the wall temperature to the regression rate, yields a rather different

Fig. 9 Effect of temperature profile selection on analytical solution for ignition with
constant heat-transfer case; initial heating period neglected, ṙref = 0.05 cm/s and
τref = 0.4 s.
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response curve during the early stages of the transient. However, the numerical
solutions for the CWT and VWT models match perfectly at large timescales. The
nondimensional time t̄90 corresponding to the 90% steady-state regression rate is
observed to be 0.67. This value is rather different from 0.5, which was predicted
by Marxman. This is primarily due to the assumption on the shape of the thermal
profile, the exclusion of the initial heating period, and secondarily to differences
in material properties. In fact, numerical solutions for the CWT model show that
the temperature profile is not self-similar in time because it starts as an ierfc and
relaxes to the equilibrium exponential distribution.

Notice that the form of the regression rate curves in the non-dimensional
coordinates for the constant heat-transfer case depend only on the energy para-
meter EL . This suggests that EL , which is a property of the fuel, is also a similarity
parameter of the thermal lag problem. It can be shown that an increase in EL
reduces the response time. This result is not restricted to the ignition case, and it
can be generalized to all types of transients. A possible explanation for this can
be deduced from the physical interpretation of EL , which is defined as the ratio
of two possible energy modes for conversion of the total heat input. One mode is
associated with the surface processes, which are assumed to be infinitely fast in
our model. The other mode is related to a slow process, namely, the heat diffusion
in the solid. Thus, EL can also be treated as a parameter that shows the relative
importance of the fast phenomena with respect to the slow phenomena.

Fig. 10 Overshooting phenomenon for sharp 10:1 throttling; overshooting of regres-
sion rate is approximately 25% of its asymptotic value.
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2. Throttling

TLC is used to simulate a number of throttling events of interest. We first studied
the sharp throttling cases that were modeled by step functions for the heat loading.
Figure 10 shows a 10:1 ratio throttle up simulation for PMMA. (In Fig. 10, the
instantaneous response curve assume zero thermal lag. Thus, they represent the
shape of the heat input.)The response seems to follow the sudden increase perfectly,
but it overshoots its asymptotic value by approximately 25% and ultimately relaxes
to the target equilibrium, in a relatively long period of time, which appears to be
proportional to the characteristic time τtl.

A careful investigation of the temperature profiles at various stages of the
transient is helpful in understanding this interesting phenomenon. The regression
rate response and the temperature profiles at certain instants of the transient are
plotted in nondimensional parameters for a throttling ratio of 1.5:1 for PMMA in
Fig. 11. All of the plots in Fig. 11 are in nondimensional variables as defined in
Eqs. (13a, 13b, and 14). In Fig. 11, points A, B, and C correspond to the initial
equilibrium, maximum regression rate, and final equilibrium times of the throttling
transient, respectively. It is obvious from Fig. 11 that after a short time following
the sudden change in the input, only a small region of the temperature profile next

Fig. 11 Overshooting phenomenon, where ṙref = 0.106 cm/s, τref = 0.091 s, and
δref = 0.0096 cm: a) response of regression rate for 1.5:1 ratio sharp throttle up tran-
sient for PMMA, b) close up to rapid change region, c) temperature profiles at instants
tagged in part a, and d) close up to near-wall region of temperature profiles.
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to the wall responds rapidly, whereas the rest of the profile remains unchanged.
In fact, the surface temperature and the surface temperature gradient are matched
to their correct asymptotic values (point C), at a time between A and B. However
at this time, the overall temperature profile is significantly different from the near
equilibrium profile corresponding to point C.

These observations indicate that the thermal lag system has two timescales. The
surface timescale is related to the sudden adaptation of the temperature profile in
a small zone next to the wall. The overshooting phenomenon occurs within this
surface timescale. The larger timescale is the well-known relaxation time of the
thermal profile in the solid. The thermal timescale governs the relaxation process
of the temperature profile and the regression rate to their equilibrium state from
the exited state.

As a literature survey will confirm [25–27], reliable data on the activation energy
are not available for the fuel types of interest. Thus, the dependence of response on
the activation energy is studied parametrically for PMMA and HTPB fuel types.
The regression rate response for various activation energies for a throttling ratio
of 1.5:1 of PMMA and HTPB fuels are shown in Figs. 12 and 13, respectively.

Observe from Figs. 12 and 13 that the activation energy alters the behavior of the
response significantly. The common feature of the transients at different activation
energy levels is the overshooting and the relaxation back to the target equilibrium
state. However, at high activation energies, the regression rate overshooting, which
is defined as |ṙmax − ṙf |/ṙi, is more apparent and the regression rate reaches its
maximum value in a rather short time compared to the thermal relaxation time.

Fig. 12 Effect of activation energy on shape of response for PMMA fuel where CWT
case envelopes other solutions.
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Fig. 13 Effect of activation energy on regression rate response for throttling event
for HTPB system with τref = 0.4 s; throttling ratio is 1.5:1.

An interesting observation from Fig. 12 is for infinite activation energy, which
represents the constant wall temperature situation. The solution here is singular
at the discontinuity of the input. At this point, the regression rate jumps from its
initial value to the maximum regression rate, which is approximately 50% higher
than the final regression rate for this specific throttling ratio. Thus, the surface
timescale is zero. The rest of the response is simply a monotonic relaxation to
the second equilibrium in a period on the order of the thermal relaxation time
τref . As shown in Fig. 12, the constant wall temperature case is an envelope for
the family of the response curves generated by the finite activation energies and
it determines the upper bound for the overshoot for a specified throttling ratio.
In the other extreme of very low activation energies (Fig. 13), the overshooting
phenomenon is less significant and the response is similar to the behavior of a
first-order system.

The effect of activation energy on these timescales is of fundamental impor-
tance. The surface timescale is influenced by the surface phenomenon and must be
related to the activation energy. In fact, it is clear from the simulation results that
increasing activation energy reduces the surface timescale. However, the thermal
timescale is unaffected by the activation energy because it is essentially related to
the heat diffusion process in the solid. At high activation energies for which the
surface timescale is much smaller than the thermal timescale, very little diffusion
takes place over the span of the surface timescale. As a result of this, the overshoot-
ing is significant. In the opposite extreme of low activation energies, the surface
timescale becomes comparable to the thermal timescale. In this regime the thermal
diffusion makes the overshooting less apparent.
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To support the preceding argument, we will derive a scaling expression for
the surface timescale in terms of the activation energy and the throttling ratio.
We start with noting that the instantaneous regression rate response intersects
the quasi-steady line at a point between A and B. For simplicity, we arbitrarily
define the surface timescale as the time interval from the start of the transient
to the intersection point. This definition of the surface timescale simplifies the
treatment because at the intersection point the surface temperature is equal to
the final equilibrium temperature. Moreover, from the energy balance at the
surface, it can be argued that the surface temperature gradient must also be
equal to the surface gradient at the final equilibrium state. Thus, at this point
of intersection, we can write the following expression for the surface length
scale:

δs = Tsf − Tsi

|∂T/∂x|sf
Here the subscripts si and sf stand for the surface values at the start and the end
of the transient.

The gradient term can easily be determined from the final equilibrium profile,

δs = [(Tsf − Tsi)/(Tsf − Ta)]δtl

TheArrhenius expression can be used to write this equation in terms of the throttling
ratio and the activation energy,

δs

δtl
= T2

siln(ṙf /ṙi)

TsiTaln(ṙf /ṙi)+ (Tsi − Ta)Ea/Ru
(21)

After noting that τtl = δtl/ṙ, we can express the ratio of timescales as

τs

τtl
= T2

siln(ṙf /ṙi)

TsiTaln(ṙf /ṙi)+ (Tsi − Ta)Ea/Ru
(22)

It is clear from Eq. (22) that as the activation energy increases the surface
timescale gets smaller with respect to the thermal lag timescale. This result sup-
ports the earlier arguments. The scaling expression also predicts that the surface
timescale and the thermal lag timescale are on the same order during an ignition
event, which serves as an explanation why the overshooting phenomenon is not
observed during ignition.

The effect of the throttling ratio ṙf /ṙi on the relative overshooting is another
issue of practical importance and demonstrated in Fig. 14 for PMMA and
Ea = 30 kcal/mole. For the throttleup situation, the relative overshooting increases
monotonically with the throttling ratio. However, in the throttledown case,
the relative excursion increases up to a maximum value and then decreases
to zero at zero throttling ratio, ṙf /ṙi = 0, which represents the thrust termi-
nation event. Although, the first-order perturbation analysis indicates that the
throttling up response is a mirror image of the throttling down response, the
numerical studies show asymmetry (unless the throttling ratio is small). This
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Fig. 14 Effect of the throttling ratio, ṙf /ṙi, on relative overshooting, |ṙmax − ṙf |/ṙi;
nature of throttleup and throttledown cases are significantly different.

nonlinear effect can be captured with higher-order perturbation solutions. These
conclusions can be generalized to other types of polymeric or nonpolymeric
fuels.

In the preceding paragraphs, we discussed the instantaneous throttling case,
which corresponds to an infinite rate of throttling. It is instructive to consider the
more practical case of finite throttling response of the thermal lag system because,
in reality, the sudden increase of the heat input cannot be achieved because of the
time lags related to the other transient phenomena in the rocket motor. Moreover,
finite throttling serves as a bridge to the situation of sinusoidal heat loading, which
will be investigated later in this chapter. Figure 15 shows three numerical simulation
results for different throttling rates. The important observation is that for low
throttling rates the transient response anticipates the heat input. Similar behavior
will be observed in the sinusoidal heat loading case. Figure 15b indicates that for
all rates there is a finite time range right after the start of the heat loading when
the response lags the input. The extent of this lag region increases as the throttling
rate increases.

It has been shown [15] that these results are consistent with the perturbation
theory predictions.

3. Oscillatory Combustion

In this section, we discuss the frequency response of the thermal lag system. The
application of the sinusoidal heat input at a specific frequency simulates regression
rate behavior during unstable motor operation. In the calculations, a wall heat flux
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Fig. 15 Effect of throttling rate on regression rate response; PMMA system with
τref = 0.4 s, Ea = 30 kcal/mole, and throttling ratio of 1.5:1: a) global response and
b) initial response.

perturbation of the form of a sine wave with a specified amplitude and frequency
is applied. Because the transfer function of the thermal lag system has already
been derived, that is, Eq. (19), the response of the regression rate can easily be
calculated.
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A sinusoidal heat input, Q1(t̄) = sin(ω̄t̄), has the Laplace transformation

QL(s) = ω̄/(s2 + ω̄2) (23)

Note that ω̄ is the nondimensional frequency. The corresponding dimensional
angular frequency is ω = ω̄/τtl, where τtl is the thermal lag time corresponding to
the nominal operating point.

Coupling QL(s) with the transfer function yields the response function of the
regression rate RL(s) in the s domain. Inverse transformation back to the time
domain can be achieved with the use of the residue theorem [28–30]. In the analysis,
we are only interested in the forced response because the influence of the natural
response is expected to be confined to a relatively small time period for practically
significant applications. This fact is confirmed by the numerical simulations as
discussed elsewhere [15].

We will first consider the two limiting behaviors for which the explicit expres-
sions can be obtained relatively easily. The first limit is the low-frequency case,
ω̄→ 0, in which the response simplifies to

R1(t̄) = Rqs
1 sin(ω̄t̄) (24a)

where the amplitude can be written as

Rqs
1 = EE/(ELEE + EE + 1) (24b)

At very low frequencies, the regression follows the variations in the wall heat
flux in a quasi-steady manner. Namely, the amplitude of the regression rate is the
steady value associated with the heat flux at the time of interest and the phase
difference is zero. In dimensional form, the time-dependent component of the
regression rate has the form

ṙ(t) ∝ ṙqs sin(ωt)

where ṙqs is the quasi-steady response to the wall heat flux oscillation.
The other limit of interest is the high-frequency one, where the response

becomes

R1(t̄) = (EE/
√
ω̄) sin[ω̄t̄ − (π/4)] (25)

In the extreme case of very high frequencies, the regression rate lags the wall
heat flux with a 45-deg phase angle. The amplitude of the oscillatory component
decays with increasing frequency following the functional form 1/

√
ω as indicated

in the dimensional form of the asymptotic formula,

ṙ(t)− ṙref ∝ (1/√ω) sin[ωt − (π/4)]
The response at the intermediate frequencies is quite interesting. As a typical

example, we consider the case of a PMMA system with a thermal characteristic
time of τtl = 0.5 s and Ea = 30 kcal/mole. The normalized regression rate ampli-
tudes and phase differences between the regression rate and heat flux are plotted
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Fig. 16 Frequency response for thermal lag system: a) wide frequency range and b)
close up to low-frequency range.

over a range of frequencies in Fig. 16. For convenience, the amplitudes shown in
Fig. 16 are normalized with respect to the quasi-steady response [by Eq. (24b)].
It is apparent that for relatively small frequencies, f < 80 Hz, the regression rate
oscillations are amplified. The amplitude of the regression rate increases from
its quasi-steady value and takes a maximum value (at a small frequency close
to 4 Hz). For this specific case, the maximum amplitude is approximately 25%
larger than Rqs

1 . At higher frequencies, the amplitude of the response monotoni-
cally decreases with increasing frequency. At a moderate frequency, it crosses the
quasi-steady amplitude beyond which it is attenuated. Eventually, the amplitude
response reaches its asymptotic behavior discussed in the preceding paragraph at
very high frequencies.

The nature of phase difference response is also worth noting. In a small range
of frequencies close to zero, the regression rate leads the wall heat flux input.
Specifically, the phase difference starting from zero at zero frequency increases to
a maximum-phase lead, which occurs at a small frequency. Later the phase dif-
ference starts decreasing, and it crosses the zero axis (at which the regression rate
and the heat flux are in phase again). For the frequencies higher than this crossing
value, the regression always lags the heat flux input. Eventually the phase difference
asymptotes to−π/4 monotonically at very high frequencies as already mentioned.
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In short, for frequencies smaller than the crossing frequency, the regression rate
leads the heat flux input, whereas for higher frequencies it lags. The low-frequency
behavior, implying a lower rate of change of heat flux, parallels the ṗ extinguish-
ment in solid propellants [31], where the burn rate “anticipates” the steady state
leading to a zero burn rate before the steady-state value.

The region of amplitude amplification is much wider than the region of the
phase lead in the frequency domain. The amplification of the regression rate is on
the order of 20–30% for the practical operating regimes of hybrids. We also note
that no resonance behavior is observed for any set of parameters. As an important
conclusion, it can be stated that the thermal lag system is inherently stable at least
in the linear regime and the thermal lags alone can not generate the low-frequency
oscillations observed in hybrids. However, the thermal lag system certainly favors
the low-frequency oscillations.

At this point, it is instructive to discuss the relation of these results on the ther-
mal lag response to the solid rocket L∗ instabilities. It is clear that the thermal lag
model presented here can also be applied to the solid rocket fuel grains. First it is
important to note that in solids the combustion is pressure dependent and the wall
heat flux is a function of the chamber pressure. A simple analysis of the cham-
ber filling/emptying dynamics indicates [15] that a solid rocket may present bulk
mode low-frequency instabilities if the regression rate response leads the pressure
oscillations. It has been shown in the preceding paragraphs that this phase-lead
behavior is inherent to the thermal lag system. Thus, in solid rockets a coupling
between the chamber gasdynamics and the thermal lag system produces the indefi-
nitely growing low-frequency bulk mode chamber pressure oscillations commonly
referred as the L∗ instabilities. One must realize that the essential ingredient of this
type of instability is the explicit dependence of the wall heat flux on the chamber
pressure (needed to couple the wall heat flux to the chamber pressure). However,
the hybrids do not possess this critical coupling because the combustion is mainly
diffusion limited and the wall heat flux fails to have significant dependence on the
pressure. In short, even though there may be some combustion leads generated by
the thermal lags in the fuel grain, hybrids do not appear to possess low-frequency
instabilities in the L∗ theory framework.

The different selection of the parameters such as heat of gasification, activation
energy, or the characteristic thermal lag time, that is, Lv , Ea, and κ/ṙ, does not
alter the qualitative nature of the frequency response. However various quantitative
features of the thermal lag response, such as the width of the phase-lead region
or the amplification region, that can influence the overall dynamics of the system
depend on those parameters. For that reason, an investigation has been performed
to explore the effect of each relevant parameter. Some of the important results are
summarized in the following paragraphs.

The role of the activation energy is demonstrated in Fig. 17 for an HTPB sys-
tem operating at a nominal condition corresponding to a characteristic time of
τtl = 0.4 s [Note that τtl = τref and the relative amplitude is R1/R

qs
1 , where Rqs

1 is
defined by Eq. (24b).] The effect of increasing activation energy is to enlarge the
amplification and the phase-lead regions in the frequency domain.As the activation
energy increases, the magnitude of the relative amplification and also the value of
the maximum phase lead increases. This observation is related to the overshooting
phenomenon discussed in the context of throttling. At high activation energies, as
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Fig. 17 Effect of activation energy on frequency response of thermal lag system.

described in the preceding section, the surface timescale is small and overshooting
is significant. The response can lead and amplify a faster changing input through
the overshooting phenomenon. Thus, the phase-lead and amplification domains
get larger as the activation energy increases. In the limiting case of infinite acti-
vation energy that corresponds to the CWT model, the phase lead and relative
amplification covers the whole spectrum. Namely, the relative amplification and
phase lead increase to their maximum values at zero frequency and they stay con-
stant for the whole frequency spectrum. For very small activation energies, the
frequency response behaves like the response of a first-order system that does not
possess any amplification or phase-lead regions.

It is determined that the effect of the energy parameter EL on the frequency
response is secondary for the fuels typically used in hybrid applications. The
influence of the thermal lag time is to linearly stretch the frequency axis of the
response curves such that a system with smaller thermal lag time will have a
broader frequency range of amplification and phase lead.

To explore the possible nonlinear effects on the response and to confirm the
perturbation analysis results, we performed some numerical simulations of the
sinusoidal heat input case.

We first note that the results of this perturbation analysis are in good agreement
with the numerical simulations even for relatively high oscillation amplitudes such
as 40% of the mean value. The comparison of the perturbation results with the
numerical simulations for various frequencies is given by Karabeyoglu [15]. We
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Fig. 18 Thrust termination response for various thrust termination rates.

believe that the larger errors at high-frequency values reported in Ref. [15] are
mainly due to the inaccuracies in the amplitude and phase difference calculations
made from the numerical simulation data.

Another important observation that is made from the numerical simulation
results and also from the second-order perturbation analysis results [15] is the
existence of a small shift in the mean regression rate above the mean quasi-steady
value. This is consistent with the experimental findings indicating increased mean
regression rates during the oscillatory modes of combustion. Note that the thermal
lag model only accounts for a fraction of this phenomenon, commonly referred
as the “DC shift” [4]. The remainder of the increase in the mean regression rate
during oscillatory combustion is induced by the gas-phase dynamics.

4. Thrust Termination

The thrust termination event has been simulated using a heat input model that
gradually drops from a constant value to zero. The proper initial condition is the
steady-state temperature distribution at the initial heat input. Figure 18 indicates
that for sudden thrust termination cases the regression rate closely follows the heat
input except in a region next to the zero regression rate point. As the rate decreases,
the transient response starts to lead the instantaneous response. This behavior is
well documented in solid rockets [31].

VI. Transient Boundary-Layer Combustion

The thermal lag model treats the surface heat flux as a parameter that can
be controlled directly. However, in a hybrid motor, the oxidizer mass flow rate
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is the primary variable that alters the wall heat flux through other parameters.
The actual response of the motor to a change in the oxidizer mass flow is rather
complicated during a transient.As the oxidizer mass flow rate of the motor changes,
the mass flux at a characteristic point in the port reacts to the change, as does the
turbulent boundary layer developed over the fuel surface. In this section, we focus
on the modeling of the boundary-layer combustion dynamics and investigate its
interactions with the thermal lags in the solid.

A. Quasi-Steady Model for the Boundary Layer Combustion

As a first approximation, we assume that the boundary-layer response is quasi
steady, namely, the boundary-layer diffusion lag times are small compared to
the thermal lag times in the solid. Under the quasi-steady assumption, one can
use the classical approach [32, 33] to calculate the response of the wall heat flux
to the changes in mass flux. However, the results of classical hybrid theory can-
not be used directly during a transient in the solid because the convective heat
transfer to the wall depends explicitly on the instantaneous regression rate through
the blocking generated by the blowing of the gaseous fuel from the surface. In
the presence of the thermal lags, the blocking generates a coupling mechanism in
the gas phase between the regression rate and the heat flow to the surface. For the
sake of simplicity, the development will be limited to the case of no radiative heat
transfer, Q̇w = Q̇c. It is expected that the effect of the radiative heat transfer on the
results that will be presented in the following paragraphs will be small.

The convective heat flux from the gas to the fuel surface, Q̇c, is given in terms
of the heat-transfer coefficient CH at time t as

Q̇c(t) = CHρbub(hb − hw) = CHρbubΔh (26)

where hb and hw are enthalpies at the flame and at the wall, respectively. Note that
all variables are functions of time.

We will now assume that the classical assumption of Reynolds analogy is still
valid during this quasi-steady operation mode. This allows us to express the heat-
transfer coefficient in terms of the skin-friction coefficient as

CH = 1
2 Cf (ρeu

2
e/ρbu2

b) (27)

After the elimination of the heat-transfer coefficient, one obtains the following
expression for the wall heat flux:

Q̇c(t) = 1
2 Cf G(ue/ub)Δh (28)

where G is the total mass flux ρeue.
At this point, it is useful to define an aerodynamic blowing parameter (also

known as the mass transfer number) as

Ba = (ρv)w

ρeueCf /2
= ṙρf

GCf /2
(29)

The skin-friction coefficient can be written as the skin-friction coefficient for no
blowing multiplied by a correction factor, Cf /Cfo, for the blocking, which, in
general, is a function of the aerodynamic blowing parameter Ba.
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For the blowing correction during transient, we assume a similar formula to
that proposed by Marxman et al. [5],

Cf /Cfo = qB−k
a (30)

At steady state, Eq. (26) becomes Q̇c = ṙρf hv , which when combined with
Eqs. (27) and (28) gives a steady-state value for the thermochemical blowing
parameter

Bt = (ue/ub)Δh/hv (31)

Combining Eqs. (28–31) yields the following expression for convective heat flux
at the wall:

Q̇c = 1
2 CfoqhvGB−k

a Bt = 1
2 CfoqGB−k

a (ue/ub)Δh (32)

It is important to observe the distinction between the two forms of the blowing
parameter because during a transient one must use the general form in Eq. (32)
because the regression rate is time dependent and must wait for the temperature
gradient at the surface, (∂T/∂x)s, to adjust.

During a transient, the aerodynamic blowing parameter at a given operating
condition of a rocket motor cannot be determined by equating it to the thermo-
chemical blowing parameter. However, Ba can be expressed in terms of regression
rate and mass flux with use of Eqs. (29) and (30),

Ba =
(

ṙρf

qGCfo/2

)1/(1−k)

(33)

Now a general form of the heat conduction expression can be found on the sub-
stitution of Ba and the commonly used form of the skin-friction coefficient for the
turbulent boundary layers [34], Cfo/2 = 0.03(Gz/μ)−0.2 in Eqs. (32) and (33),

Q̇c(t) = (0.03q/μ−0.2)1/(1−k)(Bthv/ρ
k/(k−1)
f )z−0.2/(1−k)G0.8/(1−k)ṙ−k/(1−k)

(34)
Here z is the axial distance from the entrance of the port.

Note that the terms in the parentheses in Eq. (34) are functions of the
boundary-layer properties and combustion characteristics. Thus, they can be
treated approximately as constants after the propellants are selected, and the expres-
sion for the heat flux reduces to the following form where A′ is a constant for a
given propellant combination.

Q̇c(t) = A′z−0.2/(1−k)G0.8/(1−k)ṙ−k/(1−k) (35)

So far we have developed a formula that relates the wall heat flux at a specified
location of the port to the regression rate and mass flux at that location. However, in
practice for a specific propellant combination, the coefficient A′ is best determined
empirically. Frequently the available data are based on the average regression
rate in terms of the oxidizer mass flux [5, 8]. For simplicity we will conduct the
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analysis for a propellant combination with the average regression rate expression,
ṙ = aGn

o. Note that the following analysis can easily be extended to other forms of
the regression rate expressions used for hybrids. Similar to the local formulation,
a space-averaged expression can be derived as

Q̇c(t) = Ā′Gn/(1−k)
o ṙ−k/(1−k) (36)

where Ā′ = ρf hva1/(1−k). Here Go replaces G and n replaces 0.8 to conform to
typical experimental reporting. Note that the heat flux from the gas to the wall
depends on the port mass flux and also the regression rate, by virtue of its blocking
effect.

To couple the heat flux expression with the thermal lag formulation, we non-
dimensionalize with respect to the reference state (Go)ref , Q̇ref(= ṙrefρf hv), and
ṙref [= a(Go)

n
ref ], which is selected to be the nominal operating point. In terms of the

normalized quantities Ḡo = Go/(Go)ref and ¯̇Qc = Q̇c/Q̇ref the heat flux equation
takes the form of

¯̇Qc(t̄) = EhḠn/(1−k)
o R−k/(1−k) (37)

Note that Eh = hv/CΔT = 1+ EL is another energy parameter.
Next we linearize this equation around the reference point by expanding as

follows:

¯̇Qc(t̄) = 1+ εQ1(t̄)+O(ε2) (38a)

R(t̄) = 1+ εR1(t̄)+O(ε2) (38b)

Ḡo(t̄) = 1+ εG1(t̄)+O(ε2) (38c)

The first-order terms in ε can be collected to give the linear version of the relation
to be used in the first-order perturbation analysis,

Q1(t̄) = Eh{[n/(1− k)]G1(t̄)− [k/(1− k)]R1(t̄)} (39)

Note that in the absence of the blocking effect, k = 0, the heat flux becomes a
function of the oxidizer mass flux alone.

B. Combustion Boundary-Layer–Thermal Lag Coupling

In the development of the transient hybrid combustion theory, we assumed that
the boundary layer responds rapidly to the changes in the mass flux compared to
the other transient timescales in the rocket motor such as the gasdynamic lags or the
thermal lags. This assumption fails to be valid especially for large hybrid motors.
To develop a realistic model for the dynamics of the hybrid motor, the boundary-
layer lags must be considered. There does not appear to be sufficient information
in the literature on the response of the turbulent boundary layers with chemical
reactions and blowing, that is, hybrid rocket combustion scheme, to the changes in
the free-flow conditions. Because this complex dynamic phenomenon is extremely
difficult to investigate both theoretically and also experimentally, we consider the
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simpler cases reported in the literature of a standard incompressible turbulent
boundary layer with no blowing or chemical reactions. The transient response of
various kinds of turbulent flowfields are summarized by Karabeyoglu [15]. Here
we restrict our discussion to an important set of transient experiments discussed in
Ref. [34]. The tests were performed by abruptly changing the freestream velocity
over a turbulent boundary layer from one value to another (such as throttling) and
by measuring the time-average velocity profile and the fluctuations in the velocity
components at various axial locations. The researchers concluded that the time
required for transition from the initial equilibrium profile to the final equilibrium
profile at any axial location was proportional to the time of flight of a fluid particle
from the leading edge of the boundary layer to the specific axial location at the
speed of the freestream flow [34]. This very important result can be formulated for
hybrid boundary layers as

τbl = c′(z/ue) (40)

Here c′ is a constant that needs to be determined empirically. We will call this time
required for equilibration the characteristic response time of the boundary layer τbl.
Note that the physical nature of the boundary-layer transient time is not related to
the propagation of the disturbances with the speed of the port velocity as suggested
by Eq. (40). The delay rather depends on the diffusion timescale across the bound-
ary layer, which is proportional to the ratio of the local boundary-layer thickness
to the diffusion speed, τbl ∼= δ/U∗. The diffusion speed is defined in terms of the
shear stress and mean gas density as U∗ = √τo/ρ. The boundary-layer delay time,
after the substitution of the standard (incompressible) turbulent boundary-layer
expressions [35] for the shear stress, τo = 0.0288ρ ueRe−0.2

z , and the thickness,
δ = 0.37zRe−0.2

z , becomes τbl = 2.18Re−0.1
z z/ue. Here the local Reynolds number

is defined as Rez = uezρ/μ. Note that the coefficient c′ is found to be a weak func-
tion of the local Reynolds number for large Reynolds number Rez values typically
observed in hybrids. For simplicity, we assume that c′ is constant. For Reynolds
numbers corresponding to typical hybrid operation, c′ is estimated to be approxi-
mately 0.55. In a real hybrid boundary layer with combustion and blowing, c′ can
be different from this estimation, and for that reason, it is determined empirically.

It is convenient to consider an average boundary-layer delay and replace the
local distance z with the length of the grain, L. Note that the empirical constant c′
accounts for the correction to the inaccuracies introduced by the selection of the
length scale L. However, we recognize that in reality there is a range of boundary-
layer delay times that should be considered. Thus, the significant observation here is
that erratic or variable low-frequency instability can result. The exact determination
of the average delay time is quite difficult because the hybrid boundary layers merge
at a point that has been estimated to be at an L/D ≈ 5 [36]. Note that, after they
merge, the diffusion thickness for the oxidizer portion becomes a large fraction of
the radius of the port that changes very slowly with the axial distance. However,
the diffusion thickness in the fuel side continues to increase due to the increasing
distance of the flame from the wall.

The response of the boundary layer to the changes in the mass flux can be
approximated by simply inserting time delays in the heat flux expressions derived
under the assumption of quasi-steady response. The implementation of this idea
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in Eq. (39) yields

Q1(t̄) = Eh{[n/(1− k)]G1(t̄ − τ̄bl1)− [k/(1− k)]R1(t̄ − τ̄bl2)} (41)

where τ̄bl1 = τbl1/τtl and τ̄bl2 = τbl2/τtl.
Here τbl1 and τbl2 are the time delays experienced by the wall heat flux Q̇c to the

changes in the oxidizer mass flux and the regression rate, respectively. The scaling
of the time delays τbl1 and τbl2 obey the general scaling law given by Eq. (40).
However, the c′ coefficients for τbl1 and τbl2 are expected to be different because
each of these delays represents a different adjustment mechanism for the boundary
layer.

The derivation of the transfer function is very similar to the derivation performed
for the pure thermal lag case. The only difference is in the energy balance boundary
condition at the surface, which must be modified. Substitution of Eq. (41) in the
surface boundary condition of the linearized thermal lag problem [Eqs. (15–17)]
yields the correct boundary condition for the coupled problem. With this new
boundary condition, the linearized thermal lag problem can be solved in a similar
way to the case with no delays, with the use of Laplace transformation technique.
The transfer function between the regression rate R1L(s) and the mass flux I(s)
can be obtained as

R1L(s)

I(s)
= 2EEσ2e−τ̄bl1ss

(1+√1+ 4s)(s+ EE)− 2EE + 2EEs(EL + σ1e−τ̄bl2s)
(42)

Two new constants are introduced for convenience.

σ1 = Eh[k/(1− k)]; σ2 = Eh[n/(1− k)] (43)

This transfer function for the TC coupled system represents the combustion
phenomenon includes the dynamics of the thermal processes in the solid and
approximates the combustion dynamics in the turbulent boundary layer of the
rocket motor. Equation (42) can be used to investigate the stability character of
the TC coupled system. The commonly used method for evaluating the stability
character of a linear system is to map the poles of the transfer function in the
s plane. Particularly, the real component of a certain pole of a transfer function
indicates amplification rate associated with that pole. Similarly the imaginary part
represents the oscillation frequency.

First a system with zero boundary layer delays, that is, τbl1 = τbl2 = 0, is deter-
mined to be always stable. In fact, a plot of the transfer function for a system with
typical parameters shows no poles in the s plane [only a zero at (0, 0)] indicating no
sign of instability, Fig. 19. If a positive delay is introduced between the regression
rate and wall heat flux, a series of unstable poles is generated. The example case
with a 38-ms delay is shown in Fig. 20. Note that all of the other parameters are
kept identical to the case with no delays. Even though there exists an infinite series
of poles generated (at the same amplification rate), we concentrate only on the pole
with the lowest frequency (fundamental mode). We believe that the higher-order
modes are an artifact of using a simple delay instead of the full dynamics for the
boundary-layer transients. Moreover, the higher frequency modes, even if they
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Fig. 19 Transfer function of TC coupled system with no delays (τbl1 = τbl2 = 0),
HTPB system with Ea = 15 kcal/mole.

exist in a real system, are likely to be damped more effectively compared to the
fundamental mode.

It is important to identify the necessary conditions that must exist for the genera-
tion of TC coupled instabilities. A careful examination of the denominator of the
transfer function [Eq. (42)], shows that for the instability to exist the blowing expo-
nent k, activation energy Ea, and delay time τbl2 must be nonzero. This indicates

Fig. 20 Unstable poles of TC coupled system in s plane for τbl1 = 0 and τbl2 = 38 ms,
HTPB system with Ea = 15 kcal/mole.
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that the instability is a result of the coupling of three physical phenomena: blocking
of heat transfer by radial injection of fuel mass and thermal transients in the solid
and the boundary-layer dynamics.

Next we consider the effect of various parameters on the TC coupled instability.
It can be shown that the effect of the regression rate mass flux exponent n, heat
of vaporization of the fuel, Lv , heat capacity of the solid fuel, C, and surface
temperature Ts on the oscillation frequency and amplitude are negligible for the
range of these parameters that are commonly found in hybrid systems. Also TC
coupled system characteristics are completely independent of the solid density ρf
and the heat diffusivity in the solid κ .

The effect of the activation energy on the amplification and frequency has been
studied in Ref. [37]. It has been shown that for activation energies commonly
observed in hybrids, ranging from 5 to 60 kcal/mole, the variation in the oscil-
lation frequency is relatively small. For the specific case considered in the study
[37], the systems with activation energies larger than 3 kcal/mole show positive
amplification and unstable behavior. Decreased stability at higher activation ener-
gies is expected because at high Ea values the surface temperature and regression
rate are more closely coupled. As indicated before, this coupling is one of the
necessary ingredients for the generation of the instabilities. In fact, in the extreme
case of Ea = 0, for which the surface temperature is completely independent of
the regression rate, oscillation frequency goes to infinity and the amplification
asymptotes to negative infinity.

The activation energies for the polymeric systems that are typically used
in hybrids range from 5 to 60 kcal/mole. For the nonpolymeric paraffin-based
fuel system, the activation energy is equivalent to the latent heat of vaporiza-
tion [38]. This value for the paraffin-based fuel formulations is estimated to be
17 kcal/mole [39].

Similar results can be obtained for the effect of the blocking exponent. For
the range of values reported in the literature for k, that is, 0.68–0.77 [5, 22],
the effect of blowing exponent on the frequency is negligible. The amplifica-
tion increases with increasing k, and systems with k values 0.45 and larger show
unstable behavior. Note that for the physically unrealizable case of k = 0 the
instability disappears because one of the necessary coupling mechanisms is elimi-
nated. We finally note that, even though the blocking effect in paraffin-based
systems is somewhat reduced due to the two-phase character of the flowfield,
it is still significant enough to establish the coupling between the gas phase and
solid phase.

The most influential parameter on the oscillation frequency for the TC coupled
system is determined to be the boundary delay time τbl2. Figure 21 shows the
predicted frequency as a function of the delay time for three activation energy
values, Ea = 5, 15, and 50 kcal/mole. As shown in Fig. 21, the effect of the activa-
tion energy on the frequency, especially at longer delay times, is small. For most
cases, the effects of activation energy and blowing exponent can be ignored and
the frequency can be represented as a function of the boundary delay time alone.
The following curve-fit equation is suggested to quantify the inverse relationship
between the frequency and the boundary-layer delay time:

f = 0.48/τbl2 (44)
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Fig. 21 Effect of boundary-layer delay time on oscillation frequency for various
activation energies.

As shown in Fig. 21, this expression represents the predicted frequency to a
very high degree of accuracy and will be used for all of the hybrid systems that
will be discussed later in this chapter.

VII. Gasdynamics

In the preceding section, the dynamic models for the thermal lags and the hybrid
combustion are summarized. In addition, these subsystem models are coupled to
obtain the response of the fuel mass generation to the changes in the mass flux
in the port. However, practically significant parameters of the rocket operation
such as the chamber pressure, specific impulse, and thrust cannot be obtained
solely from the TC coupled system. These variables can only be determined after
introducing a model for the gasdynamics, which will be discussed in this section.
A gasdynamic model, in general, should use the oxidizer mass flow rate and the
fuel mass generation rate as the inputs and it should yield the parameters that are
more closely related to the performance of the motor such as the chamber pressure
and thrust as the outputs.

A specific gas dynamic model (2V-port model) has been developed in Ref. [15].
In this particular model, the motor is divided into four subsections: 1) precombus-
tion chamber, 2) port volume, 3) postcombustion chamber, and 4) nozzle (see
Fig. 22 for a schematic). Each component is approximated appropriately with
one or zero spatial dimensional models. The subscripts 1 and 2 are used for the
physical properties in the pre- and postcombustion chambers, respectively. Var-
ious stations of significance are also distinguished by use of subscript notation.
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Fig. 22 Schematic of 2V-port gasdynamic model.

Namely, the entrance station of the gaseous oxidizer into the system is represented
by a subscript o, the nozzle entrance is denoted by n, and the port entrance and
exit are shown by a and b, respectively. The specifics of the models for these
subsections are discussed in the next section.

A. Precombustion Chamber

A zero-dimensional gasdynamic model for the precombustion chamber has been
implemented. Thus, the momentum equation and the energy equations reduce to
the mean-state information of the pressure and temperature in this volume. The
mass balance equation is nontrivial, and it can be written as

V1
dρ1

dt
= ṁo − ṁa (45)

Note that the size of the volume is assumed to be constant over the burn time.
A constant molar mass and a polytropic process, P ∝ ρnp (where np is the poly-
tropic exponent), approximation is made for this relatively cold chamber. Under
these stated conditions and with the use of the ideal gas law, Eq. (45) can be
reduced to

a1
dP1

dt
= ṁo − ṁa (46)

where a1 = V1/npR1T1.

B. Port Chamber

The fuel port has been treated as a quasi-one-dimensional tube with continuous
mass and heat addition. The conservation of mass can be written as the following
differential equation:

∂ρ

∂t
= −∂G

∂z
+ ṁf (47)

Here ṁf is the mass generated at the axial location z of the port. At this stage, it is
preferable to express the mass generation term in the general functional form

ṁf = f (G, z)
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The momentum equation in the port can be written in terms of the local mass flux
G, the local pressure P, and the local density ρ,

∂G

∂t
= −∂(G

2/ρ)

∂z
− ∂P

∂z
−
(

Cf Cp

2Ap

)
G2

ρ
(48)

Note that the last term in this expression is included to capture the effect of the
skin friction on the force balance. Here Cf stands for the skin-friction coefficient
at location z, Ap for the port area, and the Cp for the circumference of the port.
All of the geometrical properties are assumed to be independent of time and axial
dimension.

We further assume that the ideal gas law holds locally in the port,

P = ρRT (49)

The closure of the system requires the energy equation. For the sake of sim-
plicity, we replace the energy equation with the following linear variation of
temperature gas constant product in the port:

RT(x) = (RT)1 + [(RT)2 − (RT)1]z/L (50)

Note that for the simplicity of notation we treat the gas constant temperature
product as a single dependent variable.

Furthermore, we assume that the gas constant temperature product at the exit
of the port volume is a fraction of the nozzle entrance value RTc, which can be
calculated from the equilibrium chemistry at the operating O/F ratio of the motor,

RT2 = fbRTc (51)

In short, we specify the whole temperature field in the motor chamber for a
given operating point and we ignore the variations in the temperature field during
the transients. In that respect the 2V-port is an isothermal gasdynamic model.

C. Postcombustion Chamber

Similar to the precombustion chamber treatment, we assign uniform thermo-
dynamic properties for the gas in the postcombustion chamber volume. Therefore,
the dynamics can be represented with the mass balance that takes the following
form after the fixed-volume assumption:

V2
dρ2

dt
= ṁb − ṁn (52)

Here ṁb is the mass flow rate entering the hot volume, and ṁn is the mass flow rate
exiting the volume through the nozzle. Note that we have inherently assumed that
post-combustion chamber behaves like a well-stirred reactor with the reactions
fast compared to the transient rates of concern. Equation (45) can be written as

a2
dP2

dt
= ṁb − ṁn (53)

where a2 = V2/RT2. We have approximated the gas constant temperature product
in the post-combustion chamber with product at the port exit.
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D. Nozzle

We assume that the nozzle flow is quasi steady, which is only valid at relatively
slow transients. We also assume that, throughout the operation of the motor, the
nozzle is always choked, namely, at any time the ratio of the chamber pressure to
the ambient pressure is larger than the critical value associated with the properties
of the expending gas. After these simplifying assumptions, the nozzle flow rate can
be expressed with use of the classical quasi-one-dimensional gasdynamic formula

ṁn = AnΓcP2/
√

RTc (54)

where

Γc = √γc[2/(γc + 1)](γc+1)/2(γc−1)

Here γc is the ratio of the specific heats of the combustion products. An expression
for the nozzle dynamics that is more accurate at moderate/high frequencies is
given elsewhere [15].

E. Results of the Gasdynamic Model

Small perturbation solutions as well as numerical solutions for the system of
equations derived for the 2V-port model are generated by Karabeyoglu [15]. The
following conclusions can be drawn from the results of the gasdynamic model.

1) The gasdynamic model captures the filling/emptying dynamics and also the
longitudinal acoustic response of the hybrid combustion chamber. As can be seen
from the gasdynamic transfer function shown in Fig. 23, acoustic modes are stable
(well damped). No unstable oscillation modes are generated by the gasdynamic
system by itself.

Fig. 23 Transfer function for pure gasdynamic system.
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2) The nonlinear disturbances excite the chamber acoustic modes. Simu-
lations showed that a sudden pulse in the oxidizer mass flow rate excites the
acoustics modes. These modes decay in a relatively short period. This ringing
phenomenon shows that the longitudinal acoustic modes can be driven by non-
linear low-frequency oscillations. Namely, the nonlinear low-frequency pressure
waveforms continuously excite the acoustic modes of the chamber.AMROC motor
DM-01 showed at least five well-damped longitudinal acoustics modes. The gas-
dynamic model when corrected for isentropic speed of sound predicts the acoustics
frequencies of the DM-01 motor to a high level of accuracy [37].

3) The gasdynamic model coupled with the boundary-layer dynamics
(τbl1 �= 0) does not produce any instabilities. Namely, no extra poles are gen-
erated in the s plane. This conclusion is based on transfer function analysis and
also numerical simulations. This important result highlights the importance of the
thermal lag system, that is, its unique dynamic capability of producing a phase
lead, in producing a coupling mechanism to generate low-frequency unstable
modes.

VIII. Thermal–Combustion–Gasdynamic (TCG) Coupled System

In this section we integrate the gasdynamic system to the TC coupled system to
establish the thermal–combustion–gasdynamic (TCG) coupled response. The TCG
coupled system yields the important performance parameters of the rocket (such
as chamber pressure) for some given input of oxidizer mass flow rate variation,
which is a fundamental control parameter in hybrid rockets. It is fair to state that
the TCG-coupled system represents the most fundamental dynamic behavior of a
hybrid rocket.

The schematic of the hybrid subsystems and the information flow between the
subsystems in the context of TCG coupling are shown in Fig. 24. Note that the
lower block in the schematic represents the TC coupled system. The input for the
TC coupled system is the local mass flux information, and the output is the mass
generation or the regression rate. The upper block shows the 2V-port gasdynamic
model. The gasdynamic model takes the oxidizer flow rate and the mass generation
rate information and reveals the important performance parameters such as the
chamber pressure and specific impulse. The TCG coupled system can be considered
as an overall model for the dynamics of a hybrid-propulsion system that utilizes
gaseous oxidizer that is delivered by an isolated feed system.

The generalization of the TCG coupled system to a liquid hybrid with significant
feed system dynamics can be achieved easily. Namely, two more modules for the
liquid droplet evaporation and the feed system dynamics must be added to the front
end of the TCG model. We believe that the fundamental phenomenon generating
the intrinsic low-frequency instabilities of hybrid systems does not involve either
of the evaporation lags or the feed system dynamics.

In the TCG coupled system, the gasdynamic module converts the fuel mass
oscillations produced by the TC coupled system into the chamber pressure oscil-
lations. It has been determined that in the process of conversion the oscillations
produced by the TC coupled system, that is, frequencies and amplification rates,
are not altered. This fact is demonstrated in Fig. 25, which shows the TCG system
transfer function for the TC coupled system in Fig. 20. Figure 25 also shows the
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Fig. 24 Schematic of the TCG coupled system.

poles associated with the filling/emptying mode (first order nonoscillatory mode)
and the longitudinal acoustic modes with negative real components (damped). The
TCG coupled system captures all of the necessary underlying dynamics (linearized
version) of a gaseous hybrid with a decoupled feed system.

Fig. 25 Contour plot of TCG coupled system with τbl2 = 38 ms; most transient
features of hybrid system can be deduced from pole locations.
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IX. Application of the Theory to ILFIs

In this section we compare the TC coupled theory oscillation frequency predic-
tions with the chamber pressure oscillation frequencies from hybrid motor test data.
To produce a conclusive comparison, we have selected a large number of tests from
several hybrid rocket development programs. (The data from these tests are given
by Karabeyoglu et al. [37].) The key features of each program is discussed briefly.

1) AMROC motor tests [2]—The reported results are for four different thrust
class hybrid motors that all used liquid oxygen (LOX)/gaseous oxygen (GOX) as
the oxidizer and HTPB as the fuel (see Table 4).

2) Hybrid Propulsion Demonstration Program (HPDP) 11-in. motor
tests [3, 6]—The oxidizer used in these tests is LOX and GOX and the fuel is
an HTPB/Escorez formulation. The motor case diameter was 11 in., and the data
from five tests are used in this study. Only the tests that exhibit combustion insta-
bility and performed with single-port motors are considered. The runs with the
rearward-facing steps at the port entrance are also excluded in this study because
in these tests the flowfield in the port is significantly altered, which may cause a
major change in the boundary-layer delay time coefficient. We also include test
1 of 11-in. LOX motor data in the analysis. We only consider test 1 because it is
the only run with a chamber configuration identical to GOX motors used in the
calculations (see Table 5).

3) JIRAD motor tests [7]—The oxidizer used in these tests is GOX, and the
fuel is also an HTPB/Escorez formulation. The motor case diameter was 11 in.

Table 4 Summary of parameters used in the frequency estimations
for AMROC motors

AMROC motor
(thrust, lb) O/F c∗theo (ft/s) c∗exp(ft/s) L∗ (in.) f (Hz) τb/2 (ms)

S Motor (10 k) 1.45 5584 5361 570 11 40.6
Half-Scale (33 k) 1.45 5584 5361 1305–1430 4.8 97.5
H-500 (75 k) 1.45 5584 5361 1770–2340 4.0 146.3
DM-01 (250 k) 1.55 5700 5472 2168 2–3.5 156.0

Table 5 Summary of parameters used in the frequency estimations for the 11 in.
Hybrid motor tests. Grain length is 102 in.

Test D̄ ṁo Go Gt Pc f ΔPosc τb/2
no. (in.) (lb/s) (lb/in.2-s) (lb/in.2-s) (psi) O/F (Hz) (psi) (ms)

1 (GOX) 4.25 6.0 0.423 0.571 600 2.85 13 200 49.3
2 (GOX) 4.25 5.7 0.402 0.541 550 2.89 8 300 47.6
7 (GOX) 4.20 4.7 0.339 0.458 440 2.89 15 100 45.1
8 (GOX) 4.22 5.1 0.365 0.492 260/280 2.87 20 400 25.7
1 (LOX) — — 0.222 0.31 435 2.51 8 250 66.8
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and the data from eight tests are used in this study. Only the tests that exhibit
combustion instability and performed with single-port motors are considered here
(see Table 6).

4) Arizona State University [40]—One test is included in the comparison for
a 5-in.-diam nitrous oxide motor. The fuel was HTPB (see Table 7).

5) Paraffin-based motor tests [8]—These tests were conducted at NASA Ames
Research Center in a 10-in.-diam test facility. The oxidizer was GOX, and the fuel
is two separate nonpolymeric paraffin-based formulations (SP-1a and SP-4). The
data from 25 motor tests were reported by Karabeyoglu et al. [8] (see Table 8).

The prediction of the frequency requires the estimation of the boundary-layer
delay time for each test from the reported data. Because the reported data are
somewhat different for each program, different scaling laws for the delay time
must be derived.

The first one of these is for the various-size AMROC motors, which operated
at different L∗ conditions. Because the information on the AMROC motors that
can be found in the literature is limited to L∗, c∗, and motor O/F, it is desirable to
express the boundary-layer delay time, Eq. (40) (with z = L/2) in terms of these
variables. The average velocity in the port can be approximated as

uav = Gt[(1+ 2O/F)/(1+ O/F)]RTav

2Pc
(55)

where RTav is an average value in the port. Substituting this expression in the delay
formula and using the relations for the total mass flow rate ṁt = GtAp and port

Table 6 Summary of parameters used in the frequency estimations for the
NASA/MSFC 11 in. Hybrid motor tests

Test D̄ L ṁo Go Gt Pc f ΔPosc τb/2
no. (in.) (in.) (lb/s) (lb/in.2-s) (lb/in.2-s) (psi) O/F (Hz) (%) (ms)

3 3.4 102 3.44 0.38 0.527 745 2.6 6–10 15 67.1
4 4.3 102 3.36 0.23 0.325 325 2.4 10–20 20 47.8
6 3.7 102 8.36 0.78 1.024 750 3.2 10–15 12 34.0
7 5.3 102 3.41 0.15 0.22 335 2.1 6–15 15 73.9
8 5.7 102 3.87 0.15 0.209 850 2.6 2–5 60 193.4
9 6.1 102 6.34 0.28 0.392 215 2.6 6–20 33 26.1
15 5.4 108 10.20 0.45 0.599 1025 3.0 4 10 84.5
10 6.1 102 5.93 0.20 0.278 215 2.6 10–25 5 36.7

Table 7 Summary of parameters used in the frequency estimations for the Arizona
State Hybrid motor test

Test D̄ L ṁo Go Pc f τb/2
no. (in.) (in.) (lb/s) (lb/in.2-s) (psi) O/F (Hz) (ms)

1 2.0 27 3.44 0.29 500 4.0 19 23.7
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Table 8 Summary of parameters used in the frequency estimations for the NASA
Ames Hybrid motor tests

Test L Go Pc f τb/2
no. (in.) (lb/in.2-s) (psi) O/F (Hz) (ms)

4F-4 32 0.44 528.0 3.97 41.6 13.6
4F-5 32 0.49 551.0 3.59 39.9 12.8
4F-1b 32 0.20 561.0 2.72 14.4 30.0
4F1-c 32 0.16 542.0 3.06 13.6 36.4
4P-01 45 0.39 318.0 2.69 40.8 12.4
4P-02 45 0.38 993.8 2.48 13.2 38.9
4P-03 45 0.40 939.1 2.65 14.4 35.9
4L-03 45 0.31 641.6 2.69 12.7 31.2
4L-04 45 0.52 656.7 2.66 23.6 19.0
4L-05 45 0.46 649.3 2.72 19.1 21.4
4L-08 45 0.44 525.0 2.64 23.3 18.0
4I-01 45 0.38 318.7 2.40 39.6 12.5
4P-04 45 0.21 159.1 1.73 42.4 10.8
4L-09 45 0.26 265.3 1.54 20.3 13.8
4L-10 45 0.43 590.0 2.89 27.0 18.4
4L-11 45 0.11 213.0 1.56 17.8 27.5
4L-12 45 0.13 301.0 2.01 15.54 32.5
4NF-01 45 0.39 602.2 2.77 22.60 23.3
4NF-02 45 0.22 600.4 2.34 11.10 40.7
4NF-03 45 0.36 500.8 2.96 23.20 21.6
4NF-04 45 0.48 568.5 3.01 32.75 18.2
4L-14 45 0.43 524.5 2.51 25.15 18.2
4ST-02 45 0.45 540.0 2.71 24.86 18.3
4L-15 45 0.31 555.5 2.09 14.94 26.4
4Rep-02 45 0.45 402.3 2.63 36.49 13.6

volume Vp = LAp yields

τbl2 = c′
VpPc

ṁt[(1+ 2O/F)/(1+ O/F)]RTav
(56)

With the use of the total mass flow relation, ṁt = PcAn/c∗exp, and the definition
L∗ = Vm/An, the delay equation can be written as

τbl2 = c′
Vp

Vm

[(1+ O/F)/(1+ 2O/F)]
RTav

L∗c∗exp (57)

Here Vp/Vm is the ratio of the port volume to the motor volume, which is estimated
to be approximately 0.8 for AMROC DM-01 motor. We assume that all AMROC
motors possess the same average gas constant temperature product RTav and vol-
ume ratio, Vp/Vm. After noting that all motors operate at very similar O/F and c∗exp
values, it can be stated that in these series of tests the boundary-layer characteristic
delay time is proportional to L∗.
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To reduce data from the rest of the tests, a similar relation for the boundary-layer
delay time in terms of the chamber pressure and port flux levels must be derived.
The port velocity can be replaced by an average value (Go + Gt)/2ρav with ρav
given by the ideal gas law Pc = ρavRTav to yield, finally, for the boundary-layer lag

τbl2 = c′ LPc

(Go + Gt)RTav
(58)

Equation (58) gives the scaling law for the boundary-layer delay in terms of the
operating conditions of the rocket motor and also with the size of the motor. This
states that delay increases with increasing chamber pressure and port length and
decreases with increasing mass flux in the port. An important conclusion that can
be drawn from those observations is that an increase in the chamber pressure or a
decrease in the port mass flux acts to decrease the oscillation frequency of the TC
coupled system.

The total mass flux can be eliminated from Eq. (58) by introducing the average
oxidizer-to-fuel ratio of the motor,

τbl2 = c′LPc

/[(
2+ 1

O/F

)
GoRTav

]
(59)

Equation (59) will be used to reduce the paraffin-based motor data. Note that
Eqs. (57–59) are equivalent and the constant multiplier c′ is identical for all of
these expressions.

The average temperature gas constant product that appears in the denominator
of all of the boundary-layer delay time equations is assumed to be constant for
all of the LOX/GOX motor tests that are considered in this chapter. This is a
fairly good assumption because RT is a weak function of the motor O/F for the
practical operating conditions [15]. In fact, the maximum expected variation on
the RT values for all of the LOX/GOX tests used for comparison is predicted to be
less than 5%. The absolute value of RTav is selected to be 6.38× 105 (m/s)2 for
LOX/GOX motor tests, and because the same value is used for all calculations, any
error in RTav will only effect the numerical value of the empirical delay constant c′.

To double check the RTav value used in the calculations, one could use the first
acoustic frequency measured from the motor test data and use that to estimate the
speed of sound and finally RTav based on the following equation:

f1−L =
√
γRTav/2Lm (60)

Here γ is the ratio of the specific heats averaged over the length of the motor,
f1−L is the first longitudinal acoustic mode, and Lm is the effective length of the
motor. For a more accurate calculation, the complex gasdynamic model discussed
by Karabeyoglu [15] can be used. All of the paraffin-based motor tests with 45-
in.-long grains had their first acoustic mode at around 370 Hz. For these tests with
use of γ = 1.25 and Lm = 1.27 m, one obtains an RTav of 7.1× 105 (m/s)2, which
is only 10% higher than the assumed value. RTav for the N2O test is selected to
be 4.47× 105 (m/s)2. This is 30% lower than the RTav for the GOX/LOX system
due to the low temperature of the N2O/hydrocarbon combustion products.
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Now Eq. (44) can be coupled with the expressions for the boundary delays time
to evaluate the frequencies predicted by the TC coupled model,

f = 0.48
RTav

c′(Vp/Vm)[(1+ O/F)/(1+ 2O/F)]L∗c∗exp
(61a)

f = 0.48
(Go + Gt)RTav

c′LPc
= 0.48

(
2+ 1

O/F

)
GoRTav

c′LPc
(61b)

The oscillation frequency as a function of the boundary-delay time predicted
by the TC coupled theory along with data from the hybrid motor development
programs are shown in Fig. 26. Note that we have used a boundary-layer delay
constant value c′ of 2.05 for all motor tests to obtain the best fit between the theory
and test results. Please note that this experimental value for c′ is of the same order
of magnitude with the rough estimate, that is,∼0.55, for a boundary layer with no
blowing and no combustion.

When the wide range of test conditions is considered, the agreement between
the measured pressure oscillation frequencies and the TC coupled model predic-
tions is surprisingly good. Note that the comparison includes a total of 43 motor
tests: 1) using results from four different development and research programs;
2) using three separate oxidizers, that is, LOX, GOX, and N2O; 3) covering a wide
range of motor dimensions, that is, from 5 in. o.d. Arizona State University motor
up to 72 in. o.d. AMROC motor; 4) using many different fuel compositions, that
is, HTPB, HTPB/Escorez, and two paraffin-based formulations; and 5) covering
a wide range of operating conditions.

Fig. 26 Comparison of the TCG coupled oscillation frequency prediction with hybrid
motor test data available in the literature.
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The average error between the frequencies predicted by the TCG coupled theory
and the experimentally observed values is 13.94% for all the data shown in Fig. 26
other than the NASA test 4L-09 which clearly is an outlier. The errors associated
with individual programs are 8.61% for NASA, 10.03% for AMROC, 19.37% for
JIRAD, 29.68% for HPDP and finally 13.94% for the nitrous motor test reported
in Ref. [39]. The maximum error is 41.96% which corresponds to one of the HPDP
motor tests.

A significant part of the difference between the observed and predicted frequen-
cies is likely due to the inaccuracies associated with the reported frequencies and
motor operating conditions in the literature. Note that the error in the operating
conditions directly translates into the inaccuracies in the frequency estimation as
can be seen from Eqs. (61a and 61b). We believe that the most reliable data set is
from the NASA motor tests, since for these tests the low frequency hybrid mode
is carefully separated from the other modes of oscillation (i.e., Helmholtz mode).
This statement is supported by the fact that NASA set has the least percent error
compared to the data reduced from other programs. We believe that the most inac-
curate set is from the HPDP motor tests which reports the oscillation frequencies
as a wide range as opposed to single peak values (i.e., see Fig. 26). In fact, the
combined error without the HPDP data improves to 10.30 percent with a maximum
error of 29.04% for one of the JIRAD motor tests.

Equation (61a) indicates that for motors operating at similar O/F, the oscilla-
tions frequency is inversely proportional to the L∗ of the motor. This conclusion
is consistent with previous results reported in the literature. Similarly, Eq. (61b)
shows for motors operating at equal oxidizer mass fluxes, chamber pressures, and
O/F, the oscillation frequency decreases with increasing fuel-grain length. To
prove that motor length plays a critical role setting the oscillation frequency, we
have plotted the NASA Ames Research Center motor data, which contains two sets
of grain lengths, by removing the length effect from the scaling law. This resulted
in an increase in the scatter in the frequency data, thus, indicating the impor-
tance of the grain length. A similar check to confirm the importance of length can
be conducted by comparing the JIRAD and HPDP motor tests (ran with grains
102 in. long) with the NASA Ames Research Center paraffin tests (ran with grains
32 or 45 in. long) that were conducted under very similar operating conditions.
For example, comparing test 8 of the HPDP program to paraffin-based motor test
4P-01 shows that grain length must be included in the scaling law to explain the
discrepancy in the oscillation frequencies for these tests. The same conclusion can
be drawn by comparing test 2 of HPDP program to the test NASA Ames Research
Center test 4L-08.

TC coupled theory predicts oscillations of the regression rate/fuel mass gene-
ration rate and would be observed directly in a hybrid motor as the radial
oscillations of the diffusion flame within the boundary layer. The gasdynamic
model converts the fuel mass generation rate oscillations to the chamber pressure
oscillations. It is expected that a system operating at higher O/F ratios would
produce weaker chamber pressure oscillations because fuel mass constitutes a
smaller fraction of the total mass expelled from the nozzle. This fact is observed in
NASA Ames Research Center motor tests, namely, high O/F motors, in general,
presented lower amplitude chamber pressure oscillations compared to the mean
chamber pressure.
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The simple linear model presented in this chapter successfully explains the
generation of small-amplitude, intrinsic, low-frequency oscillations and the scaling
of the frequency. However, it also falsely predicts an indefinite growth of chamber
pressure oscillations. In reality, the nonlinear mechanisms that exist in a hybrid
motor would limit the indefinite growth of the oscillations and result in limit-cycle
oscillations that are commonly observed in motor tests. Moreover, the simple
theory does not explain when these low-frequency instabilities will take place and
what their amplitudes would be. It has been shown in the hybrid development
programs that the fore end configuration/volume of the motor is of paramount
importance in setting the amplitude of the low-frequency instabilities. The motor
tests indicate that, at least for gaseous motors, axial injectors result in more stable
operation compared to the radial or conical injection of the oxidizer.

A plausible explanation for these observations is that the TC coupled instability
mechanism always exists in hybrid systems, but the amplitude of the limit-cycle
oscillations will depend on the excitation level by the disturbances in the right fre-
quency range. We believe that the fore end fluid dynamics, that is, vortex shedding,
is the primary source of disturbances in a hybrid rocket. For example, changing the
injection scheme of the oxidizer from axial to radial may introduce a flow distur-
bance component that is preferred by the TC coupled system. If one assumes that
all of the low-frequency oscillations are developed by the fluid mechanics at the
fore end of the motor, one would fail to explain the length effect on the oscillation
frequency. Also, all oxidizer injection schemes under identical motor operating
conditions seem to produce the same oscillation frequency. This fact is also dif-
ficult to explain by the assumptions that all of the oscillations are produced from
the fluid dynamic events at the fore end of the motor because the injection scheme
should alter the fluid mechanics significantly, that is, vortex shedding frequency.

Note that most of musical instruments also work on the same principle [41]. For
example, in a flue organ pipe the column of air inside the pipe is set into vibration,
that is, at its natural frequencies, by an edge tone that is produced by a jet of air that
impinges on a carefully designed lip. The vortex shedding at the lip sets the edge
tone, which itself excites the natural modes in the pipe. Note that in the case of an
organ pipe the jet speed and the lip geometry are carefully selected for the pipe
length such that the edge tone produced at the lip contains a large component at the
natural frequency of the pipe that needs to be excited. In this organ pipe analog,
the lip is the fore end of the motor, that is, geometry, injection scheme, velocity,
etc., and the organ pipe is the hybrid system modeled by the TC coupled theory.

X. Conclusions

In this chapter the development of a transient combustion theory for hybrid
rockets has been outlined. The approach taken to address this difficult problem
has been to identify and model the important phenomena that establish the overall
transient behavior. Three subsystems that have been determined to be important
and fundamental to most hybrids are the thermal lags in the solid, boundary-layer
combustion dynamics, and transient gasdynamics in the chamber. Mathematical
models for these important subsystems have been established, and techniques for
solving these mathematical problems have been described.
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It has been shown that the thermal transients in the solid can be best under-
stood by introducing two timescales, the well-known diffusion timescale and
the faster surface timescale. The coupling of these timescales during transients
produces interesting behavior of the regression rate. The cases that are worth
mentioning are the overshooting phenomenon during throttling transients and
the phase lead and amplification for the forced oscillatory response. It has been
shown that the phase lead is critical to produce a mechanism that results in the
low-frequency instabilities commonly observed in hybrid rockets. Finally, it is
important to state that the thermal lag system has been determined to be stable by
itself.

For the boundary-layer combustion dynamic modeling, we first modified the
classical regression rate expression for the case of quasi-steady gas-phase com-
bustion but allowed for the transient heat transfer in the solid. This resulted in an
expression for the wall heat flux in terms of the oxidizer mass flux and the regression
rate. The reverse coupling of the heat flux and the regression rate is induced by the
blocking effect. In the second part of the treatment, the quasi-steady assumption has
been relaxed by introducing a phase lag for the boundary-layer combustion delays.
A scaling expression for this delay has been adapted from turbulent boundary-layer
literature.

In the next step of the development, the thermal lag and the boundary-layer
combustion models have been coupled to obtain the TC coupled system. It has
been shown that the TC coupled system could produce low-frequency instabilities
with finite boundary-layer combustion delays. It has also been determined that
three key ingredients to produce these unstable oscillations are the blocking effect,
the phase character behavior of the thermal lag system, and the boundary-layer
delay time.

The TC coupled system takes the oxidizer mass flux as the input and yields
the regression rate as the output. To relate the more observable parameters of the
motor, such as chamber pressure, to the known input variables, such as the oxidizer
mass flow rate, a gasdynamic model has been introduced. The particular model
discussed in this chapter resolves the filling/emptying dynamics and longitudinal
acoustic modes of the chamber. It has been shown that this gasdynamic model by
itself or when coupled to the boundary-layer combustion transients (with a delay
term) is always stable. However, when it is integrated to the TC coupled system to
produce the TCG coupled system, the low-frequency instabilities, predicted by the
TC coupled system, would show as chamber pressure oscillations. This indicates
the importance of the phase-lead character of the thermal transients in the solid in
the mechanism that is producing the low-frequency oscillations.

The following conclusions can be drawn from the results of the TCG coupled
model:

1) A plausible mechanism that generates low-frequency chamber pressure
oscillations is suggested. The physical transient model of the motor is presented
in a mathematical formalism that allows one to estimate the expected oscillation
frequency. The amplitude of the oscillations cannot be determined by this linear
model.

2) The oscillation frequency estimated by the model is in very good agreement
with the motor test data from several programs using three distinct oxidizers,
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several fuel formulations, and a wide range of motor dimensions and operating
conditions. We suggest the following equation as a universal scaling law for the
primary hybrid oscillation frequency:

f = 0.234

(
2+ 1

O/F

)
GoRTav

LPc
(62)

where RTav = 6.38× 105 (m/s)2 for GOX/LOX systems and RTav = 4.47×
105 (m/s)2 for low-energy oxidizers systems such as N2O.

3) This mode of instability is common to all kinds of hybrids: liquefying or
conventional fuels, liquid, or gaseous oxidizers. It is reasonable to believe that
this low-frequency mode is present in every hybrid system to some extent. Some
motors are more unstable compared to others because these motors possess more
disturbances to excite the TC coupled oscillations. For example, the oxidizer injec-
tor configuration or precombustion chamber geometry affects the scale and the
frequency of the disturbances that would excite the commonly observed low-
frequency mode. For this reason, the design of the fore end of the motor has been
critical in controlling the stability of the system.

4) Even though the linear theory very successfully predicts the oscillation fre-
quency of the chamber pressure, it fails to establish an estimation process for
the amplitude of the oscillations. The theory predicts an unlimited growth of the
oscillations. In reality, the amplitude of the chamber pressure fluctuations will be
limited by nonlinear effects that are not covered in the linearized TCG coupled
theory.

5) It has been shown that the longitudinal acoustic oscillations that commonly
coexist with the low-frequency oscillations can be generated by the excitation
induced by the nonlinear waveforms of the low-frequency chamber disturbances.
In short, it is plausible that high-frequency acoustic modes are driven by the low-
frequency oscillations.

Estimating the amplitude of the pressure oscillations and developing schemes
to minimize (and eventually eliminate) them is one of the most important practical
aspects of a stability theory. Thus one of the key directions for future research is
to extend the theory to account for the nonlinear phenomena that take place in
the motor and to better understand the dynamic interactions between the funda-
mental hybrid combustion scheme and the disturbances that excite the instability
modes. Another area of interest is to develop the feed system and the oxidizer
atomization/vaporization models and to integrate them with the existing TCG
coupled system in order to predict the transient behavior of a liquid fed hybrid
rocket. Finally it would be desirable to modify the transient theory to understand
the effects of variations on the classical hybrid scheme. Two of these promis-
ing schemes are the hybrid systems utilizing nano-sized metal powders as fuel
additives and systems with high intensity swirl injection of the oxidizer. Both
of these variations change the hybrid combustion process to some extent and it
is expected that they would also alter the stability character of the combustion
system.
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I. Introduction

RELATIVELY low mass and linear regression rates of solid fuels have been
among the major drawbacks of classical hybrid rocket engine technology due

to low density, inertness of conventional solid fuels, and the diffusion-controlled
combustion process. The thermal degradation in the pyrolysis process of inert poly-
meric fuels has been considered to be one of the key processes occurring in hybrid
rocket engines and solid-fuel ramjet engines [1]. The fuel-surface regression rate
generated by this process is a very important design and performance parameter
and is strongly affected by the operating conditions and the composition and ther-
mophysical properties of the solid fuel. In addition, fluid dynamic, heat-transfer,
and combustion processes in these solid-fuel systems are characterized by com-
plex interactions involving numerous physical phenomena, simultaneously taking
place in the combustion chamber and the fuel grain. These complex interactions
include solid-fuel pyrolysis; metal vaporization for metallized solid fuels; oxidizer
atomization and vaporization; gas-phase species mass diffusion; mixing and com-
bustion between the fuel-rich and oxidizer-rich species; turbulent flow with mass
addition; conductive, convective, and radiative energy transfer; and time-varying
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flow-channel configuration. Considering these complex processes, one must be
aware of the advantages and impact of each viable performance enhancement tech-
nique on the physical and thermal properties of the solid fuel or the oxidizer. For
example, although high-energy oxidizers contribute more energy to the propulsion
system, they may produce chlorine-containing products preventing the reactant
combination from being considered “green.” Moreover, increasing the reactiv-
ity of the conventional solid fuel by replacing hydroxyl-terminated polybutadiene
(HTPB) with a more energetic binder component such as glycidyl azide polymer
(GAP) begins to transition the solid fuel from a highly inert one to a fuel-rich
solid propellant, thus directly compromising the inherently safe nature of classical
hybrid rocket propulsion systems.

Until now, regression rates of conventional solid fuels, for example, HTPB, have
typically been an order of magnitude lower than solid propellants, thus requiring
a relatively large fuel-surface area to produce a desired thrust level [2]. Despite
the slower polymeric solid-fuel regression rates, hybrid rocket propulsion systems
have many major advantages over conventional solid- and liquid-propellant rock-
ets, especially in view of the recent growing emphases on improved safety, higher
density impulse, low development and production costs, minimal environmental
impact, on–off operational capability, thrust modulation, and greater controllabil-
ity for rocket engines [3, 4]. With these advantages, it is of great interest to improve
solid-fuel technology as well as to explore new advanced energetic fuel ingredients
that can be constituents of future generation solid fuels.

Why is it imperative to advance solid-fuel technology? Solid-fuel grains are
much more ductile than solid-propellant grains and, thus, are less likely to be
damaged, therefore, significantly lowering the probability of catastrophic motor
failure, which is the highest priority for manned space missions. The exhaust
products are much more environmentally friendly than the toxic exhaust of most
solid-propellant rockets, which produce chlorine-containing product species. The
inherent safety of hybrid rocket technology is predominately because the solid-fuel
grain is usually an inert polymer such as HTPB. Thus, adding oxidizer or improving
the binder with a more energetic material is not so attractive and may cause the so-
called inert fuel to possess propellant-like characteristics. However, the inertness of
solid fuel adversely affects propulsive performance requiring further investigation
and mitigation of inferior burning rates of solid fuels compared to solid propellants.
In hybrid systems, performance can be increased by either energizing the solid fuel
or increasing oxidizer reactivity: both have pros and cons. It has been proven in pre-
vious research studies dating back to 1956 that the presence of chemically reactive
species such as metal particles considerably accelerates the pyrolysis process of
many polymers [5–7]. The thermal degradation rate enhancement of a polymer sur-
face in contact with oxygen or air is thought to be caused by 1) absorption of oxygen
by the solid, which changes the structure of polymer chains and alters the decompo-
sition mechanism; 2) heterogeneous exothermic reactions at the surface, which may
involve energetic materials embedded in the solid fuel; and 3) heat transfer from the
diffusion flame zone governed by gas-phase reactions between the fuel-pyrolysis
products and the surrounding oxidizer species. Thermoanalytical studies [using
thermal gravimetric analysis (TGA), differential thermal analysis (DTA), and dif-
ferential scanning calorimetry (DSC) techniques] involving the thermal pyrolysis
of polybutadiene binders in air or oxygen have revealed a strong enhancement of the
first-stage exothermic decomposition, which comprises cyclization, crosslinking,
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and partial depolymerization [8–12]. The effect of pressure on heat feedback to
the fuel surface, and thereby on the regression rate, is influenced by many factors:
1) the kinetics of gas-phase and heterogeneous chemical reactions, 2) the radiative
heat transfer from the condensed-phase products in the flame zone and core flow,
and 3) the diffusion rate of reactive oxidizing species to the flame zone and to the
fuel surface. Marxman and Gilbert [13], Marxman et al. [14], and Marxman [15]
contended that in certain situations the kinetic rates of chemical reactions may
affect or even control the regression rate of the solid fuel. These phenomena can
be affected directly by the presence of energetic additives in the solid fuel.

Generally, performance enhancement techniques of hybrid-propulsion systems
can be broken down into three possible categories: 1) adding energetic particles
into the solid-fuel grain, 2) replacing the virtually inert HTPB binder with more
energetic polymers, for example, GAP, and/or 3) substituting liquid oxygen (LOX)
with more energetic and dense liquid oxidizers such as hydroxyl ammonium per-
chlorate (HAP) or hydroxyl ammonium nitrate (HAN). The energetic particles
may have special coatings to increase their reactivity and energy release rate dur-
ing their ignition and combustion processes. However, the use of energetic binders
or high-density liquid oxidizers may subject the system to undesirable effects, such
as processing, handling and environmental issues, and higher cost. Therefore, from
the aforementioned advantages and shortcomings of enhancement techniques, a
desirable way to increase solid-fuel properties and performance is to introduce
energetic particles into the fuel so that the inherent safety of the overall system
is not compromised. The focus of this chapter is to provide information regard-
ing the uses of metallized solid fuels and gas generants for military, commercial,
and private applications while discussing pioneering work and experimental evi-
dence of the practicality of advanced solid fuels for these applications. Some of the
other performance-enhancing techniques are covered in greater detail elsewhere
in this book.

A. Conventional Solid Fuels

During the past 60 years, an abundance of metallized and nonmetallized solid-
fuel formulations have been the subject of investigations for both hybrid and
solid-fuel ramjet (SFRJ) propulsion systems. In addition, polymeric fuels have
been extensively used as binders in solid-propellant systems, gas-generation sys-
tems, ducted rockets, and even amateur rocketry, and so understanding the nature
of individual components, for example, binder or solid fuel, of the fuel/oxidant
combination can assist in the explanation of the complex processes found in
solid-propellant combustion studies [16–19]. These solid fuels ranged from wood,
rubber, plastic, salami, and graphite, to organic waste [20]. Table 1 lists physi-
cal and thermodynamic properties of several common fuels and binders used in
solid fuels and solid propellants such as solid-fuel density, melting and boiling
temperatures, oxygen balance, and heat of formation.

Early performance studies of nonmetallized inert polymers date back to the
1950s with the works of Schultz and Dekker [21] and Chaiken et al. [22], who
studied the decomposition of polymethylmethacrylate (PMMA) and polystyrene
(PS). The degradation of PMMA and PS in a chemically reactive environment
was addressed experimentally by McAlevy and Hansel [6]. Throughout the years,
with the emergence and wide use of polybutadiene-based polymers as baseline
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solid propellant and hybrid binders/fuels, the thermal degradation and pyrolysis
of HTPB and carboxyl-terminated polybutadienes (CTPB) became the subject of
study for many researchers in the propellant development field. Other polymers
studied included polybutadiene–acrylic acid (PBAA), polybutadiene–acrylonitrile
(PBAN), polyurethane (PU), and other materials such as fluorocarbons by Bouck
et al. [9]. HTPB has been employed in many laboratory-scale hybrid engines,
commercial and military solid fuels, and even the recent Ansari X Prize winner
SpaceShipOne [23].

B. Solid-Fuel Additives

In the mid-1950s, interest in metal combustion was first stimulated in solid
propellants when it was found that the addition of aluminum particles substan-
tially increased propellant performance [24–27]. Combustion of metals is of great
interest due to its inherent advantages such as damping of pressure oscillations
by condensed-phase products and increase in specific impulse Isp and propellant
density. Metals and boron (where, for simplicity, boron will be considered with
metallic materials even though it is not a true metal) possess desirable combus-
tion characteristics such as high heats of combustion or energy release and good
physical properties such as high density [27, 28]. Figure 1 shows relative heats
of combustion with oxygen for various metals on both a gravimetric basis and
volumetric basis. In comparison with HTPB, most of the energetic fuels showed
higher volumetric heat of combustion. Therefore, the inclusion of metal particles
materials in solid fuels provides not only higher energy release (corresponding to
increased flame temperature and increased specific impulse), but also increased
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density impulse, which is important for volume-limited propulsion systems.Table 2
shows thermodynamic and physical properties of several energetic additives. From
the gravimetric standpoint, that is, mass basis, beryllium has the highest heat of
oxidation among the potential energetic additives. However, beryllium oxide is a
highly toxic species preventing it from being a viable candidate. Volumetrically,
boron yields the highest heat of oxidation, but difficulties with its ignition and
incomplete combustion to form species other than B2O3 as final products present
obstacles to its adoption. Aluminum seems to be the best choice based on its ther-
mal properties, ease of processing, and relatively low cost. However, the existence
of Al2O3 as an inert oxide layer on the external surface of the particle is undesir-
able and hard to avoid. The amount of active aluminum in the particle depends
on the manufacturing process and storage conditions. Fortunately, the oxide layer
is brittle and can form many cracks when the Al particle expands during heating,
allowing pure aluminum to react with oxidizer.

In the 1960s, the U.S.Air Force made a significant effort to develop hybrid rock-
ets as a viable alternative to liquid and solid rocket propulsion systems [29]. This
effort was perhaps the earliest documented program to employ a metallized solid
fuel in a hybrid rocket motor. In the first phase of the program, a small payload
hybrid rocket propulsion system for the Sandpiper target drone was developed.
The solid fuel consisted of 90% PMMA and 10% of powdered magnesium dis-
persed throughout the grain. The liquid oxidizer was 25% nitric oxide and 75%
nitrogen tetroxide, better known as MON-25 [20, 29]. Additional metals that were
considered were aluminum, magnesium, boron, zirconium, and beryllium. These
materials were usually in powdered form and were processed like other granular
ingredients into the solid fuel.

The sizes of these particles traditionally used in the early development of hybrid
rockets and SFRJs were usually on the order of micrometers, with the smallest
being 2–5 μm. The greater energy release from the oxidation of the metal particles
substantially increased the regression rate compared to nonmetallized solid fuels.
With this apparent benefit in mind and recent advances in nanotechnology, nano-
sized particles possess the ability to release the energy in a shorter time and closer
distance from the regressing fuel surface. There are many direct advantages for
incorporating nanosized particles into solid fuels and fuel-rich propellants such as
1) shorter ignition delay, 2) shorter burning time based on the consideration of the
d2 law (e.g., a factor of 10 decrease in diameter results in a reduction of 100 in
burn time), 3) more complete combustion in volume-limited propulsion systems,
4) higher particle specific surface area enhancing the rate of heat transfer, and
5) greater flexibility in designing new energetic fuel/propellants with desirable
physical properties.

Despite all of the desirable characteristics of nanosize particles, they do possess
some undesirable characteristics. As already mentioned, aluminum particles gene-
rally have an oxide layer, which makes the particle less reactive until the oxide layer
is removed. In addition, the oxide weight percentage increases for smaller particles
and can be greater than 50 wt % in some cases.Also, as the particles become smaller,
the solid-fuel grain processing becomes very difficult due to high viscosity of the
fuel mixture. Additives other than those already mentioned can also be added
to control the physical properties of the solid fuel, for example, carbon black
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can increase the opacity. Other additives can include Escorez� and guanidinium
azo–tetrazolate (GAT) for increasing fuel density and flame temperature [30],
carbon nanotubes to increase reactivity and solid-fuel density, as well as stabilizers.
Some hybrid engines available commercially for amateur rocketry also include
special ingredients to enhance the visual effect of the launch [31, 32].

II. Metallized Polymeric and Nonpolymeric Solid Fuels

The use of metallized solid fuels for hybrid rocket propulsion systems has been
the subject of investigation for more than 40 years. The large amount of energy that
is released during the combustion process by metal additives makes them beneficial
for enhancing the propulsive performance of solid fuels. Specifically, the ability
to ignite and fully combust the metal additive in the near-surface region increases
the heat release and, thus, the heat transferred back to the solid-fuel surface from
the combustion zone. The result of the increased heat transfer to the solid fuel is
an increase in the rate of decomposition of the fuel, which results in an increase
in the linear-regression rate and thrust generation.

Though serious effort has been made to investigate metallized solid fuels
for use in propulsion systems, the Sandpiper target missile and the Lockheed
Martin/NASA-developed sounding rocket are the only flight vehicles that have
used metallized solid-fuel formulations [29, 33].

The Sandpiper target missile solid fuel consisted of 10 wt % magnesium in a
PMMA binder. The system combined a boost phase that produced nominal thrust
of 500 lbf and a sustain phase that allowed a thrust level to be selected by adjusting
a mechanical orifice valve. Sustain thrust levels were varied from approximately
100 to 240 lbf dependent on the flight altitude and Mach number of the intended
mission. The U.S. Air Force at Eglin Air Force Base completed three test flights
with this missile system within a three-month period starting in December 1967.
The Sandpiper system reached a maximum altitude of 78,000 ft and a Mach number
of 2.5 during powered flights lasting 5 min. The end result of the 1.5-year program
was the demonstration of a low-cost, adjustable thrust hybrid rocket motor.

The hybrid sounding rocket (HYSR) program conducted jointly by Lockheed
Martin and NASA Marshall Space Flight Center (MSFC) operated between 1999
and 2002. During this time period, the research and development goal focused
on the replacement of current two- and three-stage sounding rockets with a
single-stage propulsion system. The solid-fuel formulation used consisted of an
HTPB-based binder containing a relatively high level of aluminum addition. Little
information on the solid-fuel and the system performance is available in public
literature. Successful flight testing of the system was completed on 18 December
2002 producing approximately 60,000 lbf of vacuum thrust. Further details of the
design and development of this system is provided in Chapter 14.

Most research has incorporated metal additives in polymeric-based solid fuels,
though recent efforts have considered the addition of metal additives to nonpoly-
meric paraffin-based solid fuels as well. The addition of various types of metals, for
example, LiH, Al, B, B4C, W, Mg, etc., has been considered in fuel formulations
by various researchers. Results show that differences in shapes and sizes have a
significant effect in the enhancement of propulsive performance and combustion
efficiency. Early research considered the addition of micrometer-sized additives
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to the baseline solid fuels; advancements in nanosized particle production in the
mid-to-late 1990s shifted the focus of research to the use of nanosized particles
in fuel formulations. The ignition and the burnout time of single particles are pri-
marily governed by the initial size of the particle, according to the d2 law for
spherical particle burning. The greatly reduced ignition and combustion times
associated with nanosized particles provides more complete combustion within
volume-limited propulsion systems.

With the exception of the preceding hybrid rocket propulsion systems, research
of metallized solid fuels has since been completed predominantly at a laboratory
scale. As mentioned earlier, metallized solid-fuel formulations have included a
wide variety of additives with a wide variety of sizes and morphology. The follow-
ing sections cover a comprehensive review of the work completed over the previous
40 years of particle addition for enhancement of the solid-fuel performance.

A. Lithium-Based Particle Additives in Solid Fuels

The use of lithium-based particles for addition to solid fuels for increased energy
release is based on their status as alkali metals, which are extremely reactive due
to the one electron in their outer shell. Though lithium is highly reactive, the vol-
umetric heat of oxidation is relatively low compared to more traditional particles,
for example, Al, B, and B4C. Two research programs that used lithium-based par-
ticle addition were conducted in the mid-1960s. The first of these two studies is
the work of Smoot and Price [34], who used lithium hydride (LiH) in variable
amounts in a butyl rubber binder with a fluorine/oxygen (FLOX) oxidizer. The
second study conducted by Osmon [35], used lithium–aluminum hydride (LiAlH)
in a polyethylene (PE) binder and 90% hydrogen peroxide (H2O2) as the oxidizer.

The work of Smoot and Price, conducted at the then Lockheed Propulsion
Company, consisted of a series of 139 laboratory-scale test firings in a 6-in. (15.2-
cm) two-dimensional slab motor configuration. Fuel formulations ranging from
pure butyl rubber to 10 wt % butyl rubber and 90 wt % LiH were evaluated
with various oxidizer combinations from pure oxygen to pure fluorine. Operating
chamber pressures were varied from 21 to 156 psia (0.15 to 1.08 MPa) through
nozzle throat diameter variation. Average regression rate data for the test series
were determined from the average of five measurements along the length of the
fuel grain. The focus of their research was to gain understanding as to what particle
loading percentage would provide substantial increase of the solid-fuel regression
rate and whether the increase was proportional to the percent particle addition.
Although the operating conditions of their work, that is, oxidizer flux, are far outside
the practical range of interest for operation of practical hybrid systems, it still
provides useful insight into the behavior of highly loaded solid-fuel formulations.

Figure 2 is a reproduction of the data presented by Smoot and Price [34] for vari-
able LiH addition and variable oxidizer combinations. The oxidizer was adjusted to
contain the required amount of oxygen to form carbon monoxide from the carbon
in the binder, with the rest of the oxidizer being fluorine. The fuel was varied from
pure butyl rubber up to 90 wt % LiH with 10 wt % binder. For this series of tests, the
nominal chamber pressure was approximately 60 psia (0.41 MPa). Results showed
that the addition of up to 50 wt % LiH gave minimal increase in the regression rate
for oxidizer flux values up to 0.04–0.05 lbm/in.2 · s (28–35 kg/m2 · s). Above this
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oxidizer mass flux range, a strong divergence is observed from the 0.8 power-law
dependence on mass flux, as expected from classical theory for the baseline butyl
rubber. In this higher mass flux regime, the regression rate was shown to be a
strong function of the operating pressure and the fuel composition, while being
less dependent on the total mass flux. The transition to the pressure-dependent burn-
ing region in the high mass flux regime was speculated to be the transition from
diffusion-controlled combustion to kinetics-controlled combustion. As claimed by
Smoot and Price, the mass flux level of transition to pressure-dependent combus-
tion and sensitivity of a solid fuel to pressure was also shown to be dependent on
the percent addition of LiH. With increased loading density of LiH to the solid
fuel, the transitional level increases and the pressure sensitivity decreases in the
pressure-dependent regime.

At approximately the same time as the work of Smoot and Price, Osmon, of the
then Northrop Norair, conducted experiments using LiAlH particle addition in a
PE binder [35]. The oxidizer/fuel combination evaluated experimentally consisted
of 90% H2O2 liquid oxidizer and 95 wt % LiAlH in a 5 wt % PE binder solid-fuel
formulation. Nominal chamber pressures from 120 to 404 psia (0.83 to 2.79 MPa)
with average oxidizer flux levels ranging from 0.08 to 0.25 lbm/in.2 · s (56 to
176 kg/m2 · s) were evaluated in a test series consisting of six tests. A single-port,
center-perforated motor was used in this series of tests with a nominal length of
20 in. (51 cm).

Average regression rates between 0.0691 in./s (1.76 mm/s) and 0.111 in./s
(2.82 mm/s) were measured using a weight-based determination of a nominal
final port diameter. As discussed by Osmon [35], the upstream portion of the fuel
grain regressed significantly more than the downstream. In the range of 1.5–4 in.
from the head end, the fuel grain demonstrated significantly more erosion than at
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downstream locations. Osmon attributed this increase to the expansion of the H2O2
during the decomposition process. With use of the pressure–time trace data and
the assumption of constant C∗ during the test, instantaneous regression rate values
were obtained and correlated to the oxidizer mass flux and chamber pressure. The
exponent on the oxidizer mass flux and pressure were both 0.4. The results of this
should be viewed skeptically because the assumption of constant C∗ is unjustified.

B. Aluminum-Based Particle Additives in Solid Fuels

Aluminum is one of the most researched additives for solid-fuel formulations.
Many researchers have considered the addition of aluminum to both traditional
polymeric binders and recently to nonpolymeric binders, that is, paraffin solid
fuel. The main advantages of aluminum are the relatively high heat of oxidation
(31.1 kJ/gm), relatively high density (2.7 g/cm3), and ease of ignition in the hot
combustion environment of the rocket motor chamber. These properties make
aluminum an attractive additive for increasing the performance of a propulsion
system, especially a volume-limited system.

In the mid-1960s, United Technology Corporation (UTC) of Sunnyvale,
California investigated the application of a prepackaged hybrid-propulsion system
for application to tactical missile systems for the U.S. Air Force [36]. The final fuel
selections for application and further evaluation contained ammonium perchlorate
(AP). Even though final selections were based on the nonsustaining combustion
characteristic of the fuel formulation, these formulations are not included here
because they are not pure hybrid systems. During the solid-fuel formulation selec-
tion process of the 18-in.- (45.7-cm-) diameter motor development project and
an earlier U.S. Air Force contract, a few tests were conducted on fuel formula-
tions that did not contain solid oxidizer in the fuel matrix. In total, eight tests
were conducted with aluminum in the fuel matrix (Table 3). Three fuel/oxidizer
combinations were evaluated: 1) 30% R-45 polymer/20% Al/50% triaminoquani-
dine azide–hydrazine azide (THA) with red-fuming nitric acid (RFNA) oxidizer,
2) 30% R-45 polymer/20% Al/50% THA with LOX oxidizer, and 3) 35%
3812 QX polymer/20% Al/45% tetraformaltrisazine (TFTA) with a 75%/25%
mixture of ClF5/ClO3F for the oxidizer. The fuels were evaluated in either a
5-in.- (12.7-cm-) diam motor (combinations 1 and 2) or a 3.5-in.- (8.89-cm-) diam
motor (combination 3). Unfortunately, no specific data are given on the fuel-grain
geometry, and, therefore, no average oxidizer mass flux data are available for
comparison of regression rates. Also included in Table 3 are results from tests of
non-metallized fuels that contained the high-nitrogen compound THA, for com-
parison with metallized fuel test results. The first two tests presented in Table 3
were completed in the fuel evaluation and selection process for the 18-in.- (45.7-
cm-) diam hybrid rocket motor, the end of project deliverable item [36], and were
completed in a 5-in.- (12.7-cm-) diam motor. The remaining six tests conducted
with metallized solid-fuel formulations are presented along with effective base-
line formulations using similar oxidizers, including LOX and inhibited red-fuming
nitric acid (IRFNA). The baseline fuel contains 50 wt % THA, which is the same
weight percentage as in the metallized-fuel formulation.

In the mid-1970s, Lips of the German Research and Development Institute for
Air and Space Travel (DFVLR) conducted a series of experiments considering
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highly aluminized solid fuels (60–80% Al) with FLOX oxidizer [37–39]. The
specific objectives of the research were the evaluation of 1) binder composition,
2) metal type, 3) metal-loading concentration, and 4) oxidizer composition. Two
motors were used in the evaluation of solid-fuel formulations. The first motor was a
transparent slab motor, used for the evaluation of the preceding four variables, and
the second was a 13.8-in.- (35.0-cm-) long, 7.1-in.- (18.0-cm-) outer-diameter,
single-port center-perforated fuel grain. An active splash block was installed
upstream of the fuel grain, and a modular mixing and reaction plenum was located
in the aft end section of the fuel grain.

The polymer type used in the binder was evaluated through a series of tests in
which the aluminum content, oxidizer composition, chamber pressure, and initial
oxidizer mass flux were held constant. The binders evaluated were PU, CTPB–
acrylonitrile (CTBN) copolymer, PBAA copolymer, polyisobutylene (PIB), and
polyimide (PI). All fuels grains contained 60 wt % aluminum and the oxidizer
was FLOX-40 (40% F2/60% O2, both in liquid form). The initial oxidizer mass
flux was set to be 65.1 kg/m2 · s. Typical results of the experiments are shown in
Table 4, where the regression rates were calculated as an average of the burned
web over the aft one-third of the fuel-grain length since uneven burning of the fuel
surface was observed over the length of the fuel grain. The issue arises from the
incomplete vaporization of the oxidizer before interaction with the boundary layer
causing impingement on the surface of the solid fuel.

As observed, the use of CTBN exhibits the highest regression rate in this set
of tests, closely followed by PBAA. These two polymers exhibited a char layer
on the solid-fuel surface due to the decomposition process of the polymer. The
thermal decomposition process of the individual polymers was also studied. Onset
of decomposition for both polymers occurs at relatively low temperatures from the
exothermic bond-breaking –C=C– and –C≡C–. Breakage of these bonds evolves
gaseous and carbonaceous fragments, leaving behind the char layer as observed.
Similar observations were also made for the decomposition of HTPB fuel, which
was not considered in the regression rate portion of the study, but is a commonly
used binder.

The effect of the metal additive type was evaluated using 60 wt % metal additive
in a PU binder. The oxidizer was again FLOX-40 with initial Gox values of either
65.1 or 73.6 kg/m2 · s. The metal additives considered were Al, Si, B, 97% Al/
3% Mg, 50% Al/50% Mg, and pure Mg. Typical results of the regression rate
behaviors of the fuels are presented in Table 5. The regression rates ofAl, Si, B, and

Table 4 Effect of binder type on regression rate [37]

Propellant combination
rb,av,

Fuel Oxidizer mm/s

60% Al/40% PU FLOX-40 0.64
60% Al/40% CTBN FLOX-40 0.85
60% Al/40% PBAA FLOX-40 0.76
60% Al/40% PIB FLOX-40 0.39
60% Al/40% PI FLOX-40 0.31
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Table 5 Effect of metal additive type on regression
rate [37]

Propellant combination
rb,av, Gox,i,

Fuel Oxidizer mm/s kg/m2· s
60% Al/40% PU FLOX-40 0.64 65.1
60% Si/40% PU FLOX-40 0.61 65.1
60% B/40% PU FLOX-40 0.58 65.1
60% AlMg-3/40% PU FLOX-40 0.62 73.6
60% AlMg-50/40% PU FLOX-40 0.73 73.6
60% Mg/40% PU FLOX-40 0.74 73.6

3% Mg-coated Al are very similar. In addition to solely the material variation, the
particle size was also evaluated as a portion of the study. Aluminum distributions
with particle sizes from less than 32 μm to 200–250 μm were evaluated with no
distinct effect on the regression rates. The lack of measured changes in regression
behavior for different metal types and sizes was not addressed in detail in the study.

The metal-loading effect was also evaluated for aluminum-loading concentra-
tions between 40 and 80 wt %. Typical regression rates are presented in Table 6.
A 36% increase in the regression rate is observed between the 40% aluminized fuel
and the 60% aluminized fuel. Replacing 10% of the binder with carbon particles
provides approximately a 10% increase in the linear regression rate. The increase
in regression rate with the increasing amounts of aluminum shows that at least a
portion of the aluminum is being combusted in the near solid-fuel surface region
and is contributing to the amount of heat being supplied to the surface. In the case
of 80% aluminum loading, the slight decrease compared to the combined Al and
C addition case and very mild increase compared to the 60% Al case show that the
additional aluminum is not releasing sufficient energy in the near-surface region to
affect the regression behavior, and therefore, the combustion process in the near-
surface region is not as efficient at the lower loading conditions. Low efficiency
can be the effect of two causes: 1) The slightly lower F2 content of the oxidizer in
this case causes the combustion to occur over a larger distance, or 2) the aluminum
is agglomerating on the surface significantly before removal and does not combust
as efficiently.

Table 6 Effect of weight percentage of metal particle
additive on solid fuel regression rate [37]

Propellant combination
rb,av, Gox,i,

Fuel Oxidizer mm/s kg/m2· s
40% Al/60% PU FLOX-40 0.47 73.6
60% Al/40% PU FLOX-40 0.64 65.1
60% Al/10% C/30% PU FLOX-40 0.70 65.1
80% Al/20% PU FLOX-30 0.66 65.1
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Table 7 Oxidizer composition effect on regression rate
of metallized solid fuel.

Propellant combination
rb,av, Gox,i,

Fuel Oxidizer mm/s kg/m2· s
60% Al/40% PU O2 0.30 73.6
60% Al/40% PU FLOX-40 0.64 65.1
60% Al/40% PU FLOX-90 0.86 65.1
60% Al/40% PU F2 0.90 65.1

The consideration of oxidizer composition used PU grains loaded with 60% Al
at initial oxidizer mass fluxes of 65.1 kg/m2 · s. The resulting regression rates were
significantly increased as the F2 content increased, as seen in Table 7. The strong
dependence of regression rate on F2 content was attributed to the product evolution
of F2 and Al. The major product species is AlF3, which sublimates at 1550 K and,
therefore, will not accumulate on the surface of the reacting aluminum particle
as in the case of O2 reacting with Al, that is, Al2O3 accumulation. The second
contributing factor is the higher heat of combustion associated with F2 and Al
(4.3 kcal/mol) compared to O2 and Al (3.8 kcal/mol). Testing was also conducted
by Lips [37–39] in a non-transparent axisymmetric motor for evaluation of selected
fuel formulations. Results of testing the 60% Al/40% PU with FLOX-40 and 80%
Al/20% PU with FLOX-90 are shown in Fig. 3. The resulting curve fits for the
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two fuel formulations are

rb = 0.045 G0.53
ox,av: 80% Al/20% PU with FLOX-90 (1)

rb = 0.034 G0.52
ox,av: 60% Al/40% PU with FLOX-40 (2)

The regression rate is increased by∼34% on average when evaluated at the two
extremes of the average oxidizer mass flux measured. The increase in aluminum
concentration and the increase in F2 content both contribute to the increase in
regression rate observed.

Efficiencies for the center-perforated series of test firings were studied through
the use of a modular mixing device followed by a reaction chamber located at the
aft end of the solid-fuel grain. The mixing device was a disk made of pyrolytic
graphite that had three holes in it. The purpose was to mix the very oxidizer-rich
core flow with the very fuel-rich boundary-layer region before introduction into the
reaction chamber. Fuel grains loaded with 60 wt % Al that did not have a mixing
device installed and had a small reaction chamber demonstrated very low C∗
combustion efficiency and Isp efficiency, 75% and 67%, respectively. Installation
of the mixing device and increasing the reaction chamber free volume increased the
efficiencies dramatically, reaching levels of 92% for C∗ combustion efficiency and
90% for Isp efficiency. Higher percentage aluminum (80 wt %) cases demonstrated
lower efficiencies than the tests involving 60 wt % Al, even when combusted with
a higher F2 content oxidizer. The increase in aluminum content does increase
the mass burning rate and thus thrust generation, but decreases the efficiency of
combustion and thrust generation. This is predominantly due to two-phase flow
losses and inefficient combustion of the aluminum particles within the combustion
chamber.

During the early-to-mid 1990s, researchers at the Jet Propulsion Laboratory and
Cohen Professional Services actively researched the addition of aluminum particles
to HTPB-based solid fuels in a two-dimensional slab motor configuration [40–
42]. Average oxidizer mass flux values of 7–35 kg/m2 · s based on the head end
hydraulic diameter were used. Fuel formulations included a baseline HTPB fuel
and two HTPB-based solid fuels containing 40 wt % Al/30 wt % spherical coal
particles with aluminum mean particle size from 40 to 95 μm. As the fuel surface
regressed, a surface melt layer that contained aluminum, coal, and binder was
formed that then progressed into flakes and would periodically detach from the
burning surface and become entrained into the combustion zone. The ejection of
aluminum agglomerates was also observed; agglomerations on the order of 1 mm
in diameter and larger were observed in the combustion region. This result was
independent of the mean particle size contained in the solid fuel. The other major
observation made of the regressing surface appearance is the transition from a
melt layer-to-flake formation on the fuel surface at lower oxidizer mass fluxes to
a continuous generation of carbonaceous ash at higher oxidizer mass fluxes [40].
This occurrence can be related to the decomposition of the HTPB occurring in
a very fast manner due to the increased surface heat flux, and the ash residue is
the solid-phase decomposition products and possibly results from the desorption
process of the fragments of HTPB fuel at the regressing surface. This situation is
the result of the physical removal of solids from the surface being the rate-limiting
process in the regression of the surface.
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The average regression rate was evaluated in two different test series: 1) the
effect of the particle size and 2) the effect of a one-slab vs two-slab motor configu-
ration. The particle size was shown to have no direct effect on the regression rate.
Though particle sizes differed from 40 to 95 μm average diameter, no difference in
agglomeration and removal were seen in post-test grain analysis. The similarity in
regression rates also shows that these two particle sizes combust and release their
energy at approximately the same distance from the surface and thus provide sim-
ilar heat flux values to the surface. The one-slab vs two-slab motor configurations
resulted in a significant difference in the measured linear regression rates. As seen
in Fig. 4, the single-slab configuration exhibited a lower regression rate than the
twin-slab configuration of approximately 40%. This is in contrast to the baseline
HTPB case in which a similar series of experiments were conducted and showed no
discernable difference in regression rates. The differences in the metallized cases
show the importance of the radiation heat transfer in the overall heat transfer to the
solid-fuel surface. The other interesting trend is the decreased dependence of the
regression rate on the oxidizer mass flux.At the condition of low oxidizer mass flux
(<12 kg/m2 · s) the convective heat transfer, which is dependent on the oxidizer
flow velocity, is less important and the importance of radiative heat transfer to the
solid fuel is noted.

In a later work by the same authors [41], a modeling effort was made to simulate
the average regression rates of metallized HTPB fuels. Two sets of data and model
predictions were presented for cases of 170- and 200-psia (1.17- and 1.38-MPa)
average chamber pressures. At a chamber pressure of 200 psia (1.38 MPa), the
model was shown to predict quite accurately the empirical data. At the lower
chamber pressure, the model overpredicted the regression rate. The overprediction
reached a maximum of approximately 8% and decreased as the total mass flux level
increased. The authors attributed this to more efficient combustion of aluminum
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particles at a higher total flux level. The data presented do not exhibit a power law
nature at the lower total flux levels, thus, exhibiting the high levels of radiative
heat flux in this region. The result is a pressure dependence of mass burning rate,
due to the high levels of radiative heat transfer, relatively low chamber pressures,
and relatively low oxidizer mass flux levels. This effect, which was also observed
by Smoot and Price [34], is expected to decrease as the total flux is increased and
the regression behavior enters a region in which the convective heat transfer is
dominant again.

Work conducted by George et al. [43] during the late 1990s evaluated the effect
of aluminum addition and fuel-grain geometry on regression behavior. Baseline
HTPB solid fuels were evaluated along with metallized grains containing 19.67
wt %Al with an average particle size of 28 μm. The fuel-grain length was evaluated
for four cases total (160, 250, 400, and 545 mm) and two cases in the metallized fuel
tests (250 and 400 mm). The initial inner diameter was either 12 or 20 mm. Oxidizer
mass flux levels varied from approximately 50 to 500 kg/m2 · s at chamber pres-
sures ranging from 174 to 290 psia (1.2 to 2.0 MPa). Data reduction was completed
to determine the spatially averaged regression rate from the pressure–time trace
recorded during the test. The drawback of this methodology is the assumption of
a constant value of combustion efficiency throughout the test duration. The major
advantage is the increase in data available for regression rate behavior analysis.
Two of the results obtained from the post-test analysis are values of the instanta-
neous regression rate (spatially averaged) and an average combustion efficiency
value. Determined combustion efficiency values for metallized grains had a value
of 89% compared to 93% for pure HTPB fuels. The power-law curve fits that were
obtained for the aluminized-fuel grains were

rb,av = 1.4× 10−5G0.93
ox,av Lg = 250 mm, dp,i = 12 mm (3)

rb,av = 1.3× 10−5G0.89
ox,av Lg = 400 mm, dp,i = 20 mm (4)

As is demonstrated by the curve-fit coefficients, there is very little depen-
dence on the grain length. The authors did not discuss the reasoning behind this
behavior, but it is observed that at this modest scaling (dp,i = 12–20 mm and
Lg = 250–400 mm) there is not a noticeable effect on the regression rate level
of the aluminized solid fuel.

The research of metallized solid-fuel formulations at Pennsylvania State
University (PSU) has occurred over the duration of two major research initia-
tives. The first of these research programs was conducted under the sponsorship
of the NASA MSC between 1994 and 1996. The second research program was
conducted under the sponsorship of the U.S. Navy and has been operating since
2000.

Studies performed under the NASA program were conducted in a windowed,
two-dimensional slab geometry hybrid rocket engine using gaseous oxygen (GOX)
as the oxidizer [44–47]. The system utilized a real-time X-ray radiography system
for obtaining the solid-fuel surface location throughout the duration of the com-
bustion test. To determine the effects of solid-fuel additives on the combustion
behavior of HTPB-based solid fuels, three types of particles were added to the
solid fuels: 1) carbon black (∼75 nm), 2) ultrafine aluminum (UFAL), also called
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Alex® (100–150 nm), and 3) conventional Al (5–15 μm). Tests were conducted
at average oxidizer mass fluxes ranging from 140 to 390 kg/m2 · s and nominal
chamber pressures from 210 to 1300 psia (1.45 to 8.96 MPa). The slab motor
housed two solid-fuel grains 23 in. (58.4 cm) in length and 3 in. (7.62 cm) wide.

The evaluation of UFAL was conducted by adding a specified amount of par-
ticles (4, 12, or 20%) to one of the solid-fuel slabs, while the other slab was pure
HTPB to allow the direct measurement in the same test of the increase in solid-fuel
regression rate for both formulations. Figure 5 shows the effect of UFAL addition
on the time- and space-averaged regression rate and the mass burning rate. At a
particle addition of 20 wt % of UFAL, a maximum increase in the regression rate
of ∼43% was seen, which corresponds to a mass burning rate increase of ∼70%.
The time-averaged regression rates measured along the axial distance of the slab
demonstrated a much higher regression rate than those of the pure HTPB slab.
Ignition and combustion of the UFAL particles in the near-surface region provides
significantly more heat feedback to the solid-fuel surface and, thus, generate a
higher regression rate than the nonmetallized case. The addition of conventional
micrometer-sized aluminum particles also demonstrated increase in regression
rate compared to baseline HTPB, but not to the same degree as nanosized particle
addition. Micrometer-sized aluminum particle addition at 20 wt % demonstrated a
12% increase in the regression rate, compared to the 40% increase gained through
the same weight percent of Alex aluminum particles. The increase in regression
rate for solid fuels with micrometer-sized aluminum particles was attributed to the
increase in radiative heat transfer to the surface as well as an increase in flame
temperature. The additional increase in solid fuels containing nanosized Alex par-
ticles can be attributed to the higher rate of exothermic reactions in the near surface
region [44–47].
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The second series of hybrid rocket engine combustion studies was conducted
in two center-perforated hybrid rocket engines at PSU. The first, called the long-
grain center-perforated (LGCP) hybrid rocket engine, is a traditional steel-cased
engine that is capable of housing 16-in.- (40.6-cm-) long cartridge-loaded fuel
grains [48–54]. The small amount of mass required per fuel grain makes this
engine ideal for particle evaluation. The LGCP engine also has the capability of
operating with either GOX or N2O, allowing a performance comparison between
two oxidizers. A more thorough discussion of the LGCP engine setup is given by
Risha et al. [50]. The second center-perforated engine used for fuel evaluation is
the X-ray transparent casing (XTC) hybrid rocket engine [55–58]. This engine is
approximately three times the size of the LGCP and uses a thick-walled paper
phenolic tube for the motor case allowing for instantaneous imaging of the solid-
fuel surface through the use of a real-time X-ray radiography system. It also has
the capability to install diagnostics at any given axial location. Both hybrid rocket
engines have the capabilities of thrust measurement and pressure measurements at
the head end and aft end of the motor. Temperature measurements of the regressing
fuel surface have also been made in the XTC engine using fine-wire thermocouples
installed in the fuel grain. Further details of the XTC engine design are given by
Evans et al. [55].
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The addition of nanosized additives was considered using the LGCP engine
with comparisons to traditional micrometer-sized aluminum-particle-containing
fuel, baseline HTPB solid fuel, and baseline paraffin solid fuel. A total of 19
different aluminized HTPB-based fuel formulations were evaluated using this
engine, producing a wealth of information on the differences in combustion behav-
ior. Figure 6 presents a comparison of the average regression rates for these
formulations, and information on the particles used is given in Table 8, which
will be discussed in more detail later. From a thermodynamic standpoint, the
energy increase in a system due to the addition of the same weight percentage
of aluminum should be independent of the particle type added. However, these
results show that the regression rates and combustion efficiencies measured are
highly dependent on the particle type and manufacturer. Among the 19 formula-
tions, the two that demonstrated the largest increase in regression rates are solid
fuel 12 (SF12 containing 13% micrometer-sized Al particles) and solid fuel 13
(SF13 containing 13% Viton-A coated Alex® Al particles). An increase of 123%
in regression rate over pure HTPB fuel formulations is demonstrated by SF13 at
an average oxidizer flux of 112 kg/m2 · s [51]. SF12 was the only formulation that
contained micrometer-sized aluminum, thereby providing a comparison of per-
formance between micrometer-sized and nanosized particles in the same engine
configuration. Solid fuels containing Viton-A coated Alex® aluminum particles
(SF13) demonstrated similar regressionrate enhancement in magnitude compared
to SF12, but the slope of the regression rate of SF12 is much steeper implying
that the performance is affected less by the changing oxidizer-to-fuel ratio during
the combustion event. As is seen in Fig. 6, fuels containing coated Alex® particles
(SF13) exhibit a higher regression rate than those containing uncoated Alex® par-
ticles (SF2). The fluorinated compound coating the aluminum particles can lead
to rapid ignition and more complete combustion as will be discussed further when
considering the efficiencies.

Figure 6 also shows a series of motor firings to investigate the effect of the per-
centAlex® aluminum particle on propulsive performance that was conducted in the
LGCP engine. Five formulations were evaluated that contained either 4, 7, 10, 17, or
20% aluminum. Fuels loaded with 17 or 20% aluminum demonstrated strong com-
bustion instability and are not included in Fig. 6. The periodic nature of observed
plume jet oscillations was believed to be the result of the periodic shedding of
material from the surface and subsequent reaction in the combustion chamber. The
values for 4–10% loading demonstrate a consistent increase in the regression rate
over the baseline fuel. It was decided that based on the available data a loading of
13% demonstrated a limit of stable combustion [54]. This result is also expected
to be highly dependent on the engine geometry and solid-fuel grain geometry and
may occur at different levels of loading percentage for different engines.

Evaluation of nitrous oxide as an oxidizer was considered in a recent series of
studies in the LGCP engine. The test series allowed the comparison between two
different oxidizers (nitrous oxide and GOX) on propulsive performance. A series
of tests was conducted considering the addition of 13% Silberline® aluminum
flakes to an HTPB fuel. The regression rate results are presented in Fig. 7. As
expected, the regression rate is lower when N2O is the oxidizer than when GOX
is used. Similar trends are seen in the slopes for both oxidizers, whether it is pure
HTPB or aluminized fuel. An increase of 15% in the regression rate is measured
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Average Oxidizer Mass Flux [kg/m2-s]
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Fig. 7 Comparison of average regression rates of GOX and N2O oxidizers [54].

for aluminized fuels when N2O is used, compared to an increase of 20% that was
measured for the same fuel formulation when GOX was used [49]. Silberline®

aluminum flakes increase the burning rate of the fuel with N2O toward burning rates
seen by the baseline HTPB fuel used with GOX, thereby offsetting the drawback
in performance of using N2O oxidizer, but still benefiting from the ease of storage
capabilities of N2O.

Paraffin-based solid fuels containing aluminum flakes have also been tested
by Evans et al. [56–58]. The measured average regression rate data of these
tests are presented in Fig. 8 and compared to those of two other paraffin-fuel
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formulations: one with 3 wt % carbon black particles from PSU and the other with
paraffin solid-fuel used by Karabeyoglu et al. [59] of Stanford University. The Stan-
ford data curve fit has the same slope as the PSU data for non-aluminized paraffin
fuel; however, the regression rates of the PSU data are higher due possibly to the
difference in processing techniques and the slight difference in fuel formulations.
The difference in surface energy release resulting from the amount and size of
carbon black powder may significantly contribute to the measured differences in
the regression rates.

It is immediately noticeable that there is a significant increase in the average
regression rates of solid fuels containing nanosized aluminum flakes. When the
curve fit for the 3 wt % carbon black baseline paraffin fuel formulation is extra-
polated to the Gox,av value of 190 kg/m2 · s, an increase of ∼30% is seen for the
formulations containing 13 wt % Silberline aluminum particles. An increase of
about 60% is observed for the difference between the aluminized paraffin and
the Stanford University curve-fit results. It is conjectured that, due to the Kelvin–
Helmholtz type of surface instability wave (as determined by Oran and Boris [60])
formed on the molten-fuel layer on the free surface of the solid fuel, the aluminum
particles are able to become encapsulated in the molten paraffin and leave the
solid-fuel surface as droplets are stripped. This is in contrast to HTPB-based solid
fuels containing similar aluminum particles in which the particles collected on the
free surface until sufficient aerodynamic forces act on the particle agglomerates to
entrain them in the flow. The resultant power-law curve-fit coefficients for all solid-
fuel formulations are presented in Table 9. In Table 9 the coefficients provided are
correlated with average oxidizer mass flux (Gox) in kilograms per meter squared
per second using the conventional power law for mass burning rate in kilograms
per second and linear regression rate in millimeters per second as shown by

ṁb = A · Gn
ox,av (5)

rb = B · Gm
ox,av (6)

The difference in regression and mass burning rates between fuel formulations
containing different particles extends to the C∗ combustion efficiency and Isp
efficiency as well. The efficiencies for HTPB-based solid-fuel formulations are
presented in Table 10. Solid fuels containingViton-A coatedAlex (SF13) exhibited
higher combustion efficiency than that of the uncoated (SF2). The fluorinated com-
pound (Viton-A) is believed to facilitate in the ignition process and burned more
efficiently than the uncoated particles. Solid fuel SF12 demonstrated a significantly
lower C∗ efficiency than that of SF13, showing the more complete combustion of
the nanosized particles than the traditional micrometer-sized particles within the
combustion chamber. The highest specific impulse efficiency also corresponds to
SF13, with a maximum value of 86%. The specific impulse efficiencies of the
micrometer-sized particle containing fuels were significantly lower, with a maxi-
mum value of 78%. It is evident from the reported data that the coating of aluminum
particles with Viton-A leads to more complete combustion. C∗ and Isp efficiencies
are consistently higher when a coating is applied.

The preceding results lead to the conclusion that the removal of the particles
from the solid-fuel surface, ignition of the particles, and complete combustion of
the particles in the near-surface region is highly dependent on the particle type.
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Table 9 Power-law correlation parameters for linear-regression and mass-burning
rates [48, 49, 57]

Mass-burning Linear-regression
rate parameters rate parametersSolid Solid fuel

fuel additive A, kg/s n B, mm/s m

SF1 Pure HTPB 89.960× 10−5 0.627 0.05410 0.647
SF2 13% Alex 11.111× 10−5 1.171 0.01395 1.040
SF4 6.5%WARP-1 5.817× 10−5 1.200 0.00744 1.062
SF5 6.5%WARP-1 +13%B4C 25.842× 10−5 0.954 0.04011 0.780
SF7 13%SILBAL 8.804× 10−5 1.155 0.0870 0.596
SF8 13%CLAL 20.267× 10−5 1.017 0.12038 0.549
SF9 13%WARP-1 3.676× 10−3 0.359 0.19220 0.396
SF11 13%TECHAL 6.911× 10−5 1.246 0.09159 0.599
SF12 13%Al325 2.164× 10−5 1.571 0.00444 1.318
SF13 13%C-Alex 22.896× 10−5 1.084 0.29384 0.412
SF15 13%AVAL 0.1287× 10−5 2.137 0.01250 1.048
SF16 13%IHD-AR 1.169× 10−5 1.584 0.03197 0.826
SF17 13%NTECH-80 6.694× 10−5 1.213 0.02568 0.848
SF18 13%NTECH-50 22.614× 10−5 0.986 0.05538 0.710
SF23 Paraffin with 3% carbon 1.436× 10−3 0.739 0.14630 0.634
SF24 Paraffin with 13% SILBAL 9.507× 10−3 0.554 0.09401 0.766
—— 4%Alex 6.126× 10−5 1.171 0.01579 0.907
—— 7%Alex 24.972× 10−5 0.886 0.03444 0.751
—— 10%Alex 25.373× 10−5 0.900 0.04739 0.699
—— Pure HTPB with N2O oxidizer 1.894× 10−3 0.322 0.02160 0.778
—— 13% SILBAL with N2O oxidizer 2.705× 10−3 0.292 0.05750 0.604

A variety of standard particle characterization techniques were applied to the 15
types of particles examined in the PSU study as displayed in Table 8. Trends in
propulsive performance, that is, regression rate and mass burning rate, in gen-
eral matched trends in particle characteristics, that is, active content and surface
area, but there were some significant exceptions, such as Aveka’s ultrafine alu-
minum particles. Results of the PSU study indicated that there is still much more to
understand regarding the correlation between physical properties and the measured
combustion performance [52].

Studies conducted in the XTC engine allowed the evaluation of the solid fuels
characterized in the LGCP hybrid rocket motor under a different motor geo-
metry. The effects of a modest scaling of geometric dimensions (∼3:1 initial port
diameter) were evaluated and showed a decrease in the average regression rate
(Fig. 9) [57]. An average decrease was determined based on average oxidizer mass
fluxes of 100, 200, and 300 kg/m2 · s, showing a decrease of∼13% for pure HTPB
grains. The decrease in regression rate was attributed to the decrease in heat transfer
due to the larger port diameter. When SF7 (HTPB containing 13 wt % SILBAL)
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Table 10 C∗ combustion efficiencies and Isp efficiencies for HTPB-based solid
fuels [48]

Solid Additive, C∗ combustion
fuel by wt % efficiency, % Isp efficiency, %

SF1 None 72–91 73–88
SF2 13%Alex 77–89 59–72
SF4 6.5%WARP-1 73–81 47–54
SF5 6.5% B4C/ and 6.5%WARP-1 71–80 51–68
SF7 13%SILBAL 72–80 65–68
SF8 13%CLAL 83–85 61–64
SF9 13%WARP-1 69–89 81
SF11 13%TECHAL 81–94 70–80
SF12 13%Al-325 81–85 71–78
SF13 13%C-Alex 88–92 71–86
SF15 13%AVAL 87–98 75–82
SF16 13%IHD-AR 73–78 68–73
SF17 13%NTECH-80 80–90 74–77
SF18 13%NTECH-50 76–87 77–78
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Fig. 9 Comparison of average regression rate data of pure HTPB fuel and metal-
lized HTPB fuel containing 13 wt % Silberline® Al flakes obtained from XTC rocket
motor [56, 57].

was evaluated in the XTC hybrid rocket engine, the measured regression rates
lay almost on top of the curve for the baseline HTPB (SF1) also evaluated in the
XTC motor, as seen in Fig. 9. Because SF7 demonstrated an ∼60% increase in
regression rate in the smaller LGCP engine, besides the geometric scaling effect
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Recovered sample from XTC hybrid rocket motor 

Recovered sample from LGCP hybrid rocket motor 
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b)

Fig. 10 Melt layer of typical HTPB-based solid fuel with Silberline Al flakes: 1)
chemically undisturbed solid-fuel region, 2) melt-layer region, and 3) boundary-layer
region [57].

there must be other physical or chemical mechanisms causing this drastic reduc-
tion in burning rate. It was speculated that the geometry of the aluminum flakes
inhibits the efficient removal of particles from the solid-fuel surface. Particles with
different morphologies can help to alleviate this problem.

Utilizing scanning electron microscopy (SEM) in combination with energy dis-
persive x-ray spectroscopy (EDS), the fuel surface behavior for SF7 was analyzed
for recovered grains from both engines. Figure 10 shows the SEM micrographs
(lower right) and the elemental maps for aluminum (lower left), carbon (upper
left), and oxygen (upper right) for tests conducted in the XTC (Fig. 10a) and LGCP
engines (Fig. 10b). From the SEM/EDS figures, the approximate melt-layer thick-
ness of the XTC sample is 110 μm. The corresponding melt-layer thickness of the
recovered sample from the LGCP motor is approximately 30 μm. The XTC test
also contained a 25-μm thermocouple embedded in the fuel grain to measure the
thermal wave profile and surface temperature during the test firing. The resul-
tant temperature–time trace obtained is shown in Fig. 11 with the coordinate axis
transformed to the distance from the burning surface by the average regression rate
data, where x = 0 is defined as the fuel surface. The three regions corresponding
to the SEM/EDS photographs are shown in Fig. 11. The thickness of the plateau
region corresponds very closely to the observed melt-layer thickness from the
SEM/EDS analysis. The ineffective particle removal from the surface does not
allow the particles to release their energy in an efficient manner.

A common observation in XTC tests conducted with SF7 is the occurrence of
a bump in the pressure–time trace that can last from 1 to 3 s, depending on the
engine operating conditions. In long-duration tests, two bumps have been observed,
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Fig. 11 Temperature–time trace measured by 25-mm thermocouple cast in solid-fuel
grain of test XTC-05-SILBAL-13 with observed melt layer [56].

though the second is not nearly as strong as the first. When the spectrogram of
the pressure signal is analyzed, a low-frequency oscillation centered on approxi-
mately 40 Hz (±5–10 Hz is common though) is observed at the same time. It is
hypothesized that the pressure oscillation observed corresponds to the thick, highly
aluminized melt layer on the surface, which can be detached from the fuel surface
and enter the combustion zone as a relatively large piece. This can also explain the
lack of regression rate increase observed in these solid-fuel formulations because
the large highly aluminized pieces are not efficiently burnt in the combustion
chamber.

With use of a real-time X-ray radiography system coupled with an X-ray trans-
parent chamber casing, instantaneous regression rate data were also measured in
the XTC engine allowing the determination of burning behavior over the dura-
tion of a combustion event. Traditionally, the average regression rate behavior has
been shown to correlate well with the average oxidizer mass flux in a power-law
nature if the chamber pressure is maintained in the appropriate range. The instanta-
neous regression behavior was deduced for both HTPB-based and paraffin-based
solid fuels containing 13 wt % Silberline® aluminum. The instantaneous oxi-
dizer mass flux was then determined from the measured oxidizer mass flow rate
and the instantaneous port diameter. Figure 12 shows two different tests for each
fuel formulation operated at different initial oxidizer mass fluxes. As is seen, the
instantaneous regression rate does not correlate in a power-law nature with the
instantaneous oxidizer mass flux because the data on the log–log plot in Fig. 12
do not follow a straight-line relationship. Consideration was also paid to the cor-
relation with instantaneous total mass flux, showing similar lack of correlation to
a power-law description.
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Instantaneous Oxidizer Mass Flux [kg/m2-s]
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For a baseline solid fuel (SF1) case, the instantaneous regression rates obtained
from the X-ray movie were compared to the instantaneous regression rate results
obtained from the HyRock data reduction code [48] for validation. The superim-
posed results are shown in Fig. 13. The X-ray image data agreed very well with the
HyRock code results for each axial location. The dashed line in Fig. 13 represents
the measured final diameter of the solid-fuel grain, which also agreed well with
both the X-ray image data and the HyRock code results.
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C. Boron-Based Particles Additives in Solid Fuels

The other major category of particle additive that has been investigated by
researchers is boron-based particles. These include a high-purity boron, whether
coated or uncoated, and boron carbide. Both particles types have been given sig-
nificant attention due to the very high gravimetric heat of oxidation of boron
(58.7 kJ/gm). The major issue to be resolved with boron is inability to ignite and
fully combust the particles within the rocket engine. This leads to poor combus-
tion efficiencies that draw from the propulsive performance of the system. Many
studies have been conducted in this area; several selected cases are reviewed here.
The combustion of boron has also been the subject of great focus for the applica-
tion to solid-fuel ramjet systems. Similarities between hybrid rocket engines and
solid-fuel ramjets allow for the extension of results from either field to be applied
qualitatively to the other.

As another portion of the U.S. Air Force sponsored study [36], researchers at
UTC investigated the use of boron as a solid-fuel additive as well. As already
mentioned, the addition of AP was considered in many of the fuel-rich propellant
formulations considered, but these cases are excluded here because the grains are
essentially solid propellant rather than solid fuel. In total, seven hybrid rocket
engine firings were conducted in their 3.5-in.- (8.89-cm-) diam evaluation engine
withoutAP content. The binder used was either R-45 or 3812 QX, depending on the
formulation. Six fuel-propellant combinations were evaluated and are presented
along with measured regression rates in Table 11. As in the case of the aluminized
solid-fuel tests, no data regarding the initial or final port diameters were provided;
thus, no explicit relationship between oxidizer mass flux and regression rate can be
presented. Again, the test durations are also included so that an educated guess of
the average oxidizer mass flux can be made, assuming that the initial port diameters
are the same between grains evaluated in the same engine.

The use of boron and boron carbide containing solid-fuel formulations for SFRJ
application has been studied extensively at the Israel Institute of Technology [61–
64]. As mentioned earlier, the complete combustion of boron or boron-carbide-
containing solid fuels is a continuing problem associated with SFRJ applications.
The use of aft burners where bypass air is mixed with the partially reacted fuel/air
mixture is one means of increasing the propulsive efficiency. The other means
of increasing the efficiency considered is the application of a coating such as
Mg, Ti, or fluorocarbons to help in the ignition process. Through the use of a
two-dimensional slab motor with a high-speed camera, the regression behavior
of B4C/Mg-containing fuels was captured [61]. Two fuel-grain configurations
were considered: 1) A small piece of metallized fuel was imbedded in a grain of
nonmetallized PMMA fuel and 2) the entire slab was metallized. Visually acquired
information relating to the ejection of mass from the surface was similar between
the two fuel configurations. The ejection of mass from the surface was observed to
occur predominantly through two means. The first is the ejection of a nonburning
fuel piece. A relatively large mass is removed from the surface and travels at a
low trajectory, which was usually below the diffusion flame layer. This form of
mass removal appeared to be the result of local breaking between the surface layer
and the subsurface layer. The second form of ejection is the periodic burst of
particles into the flowfield, which occurs at locations where glowing was observed
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before the ejection. It was postulated that local impingement of oxidizer from
the freestream due to large-eddy mixing led to reaction at the surface layer. The
evolved gases due to degradation of the bulk material would lead to local pressure
buildup and eject the particles in many directions. The relatively high speed of
particle ejection, on the order of meters per second, can introduce the particles
into high-oxygen-concentration regions while they are still quite hot helping the
ignition and combustion process. These two mass removal processes were initially
demonstrated for B4C in an HTPB binder, but were later shown to be relatively
independent of the binder, oxidizer, or catalysts added [62].

Further study of these findings showed the usefulness of using a bypass air
system for the combustion of boron or boron-carbide particles in a more efficient
manner [63, 64]. Without use of bypass air, the ignition and combustion of boron
or boron carbide in an SFRJ is highly dependent on the ejection velocity and
trajectory from the fuel surface. As shown by Gany and Netzer [61], the ejection of
particles from the surface is somewhat random and unpredictable. If the particles
take a long time to ignite, the available oxidizer species in the bypass air and
subsequent reaction chamber allow for more complete combustion of the particles,
thus releasing more of the chemical energy.

Work at the Naval Postgraduate School by Natan and Netzer [65] and Nabity
et al. [66] considered solid-fuel formulations containing high concentrations of
boron-carbide particles. The effect of the bypass air split ratio, grain length, and
air flux levels on combustion efficiency have all been investigated. A 2.5-in.- (64-
mm-) coaxial dump, axisymmetric motor was employed in the studies to evaluate
the effects individually. The metallized-fuel grains consisted of 50% B4C/5%
Mg/45% HTPB. A reaction vessel was provided at the aft end region of the fuel
grain allowing mixing of the bypass air with the partially burned products. Another
test configuration used a windowed section in place of the bypass air inlet. This
test rig setup was used in the evaluation of equivalence ratio (through variation of
grain length) and inlet airflow conditions. A particle analyzer was positioned at the
aft end section of the fuel grain to analyze the effect of the various parameters on
the particle size distribution. Increasing the grain length, and thus increasing the
equivalence ratio, showed a wider distribution of particle sizes. This was attributed
to the increased recirculation zone that was present from the shorter grains. The
length of the diffusion flame in the shear layer was also shorter in these cases,
resulting in less chance of particle ignition. The variation of the air mass flow rate
resulted in a decrease in the combustion efficiency. The diffusion flame moves
closer to the surface of the fuel grain as the air flux is increased, thus reducing the
chance of particles being ejected from the surface at the proper velocity to ignite
within the diffusion flame. The effect of the bypass air was evaluated from 0 to
42% of the total flow rate. The efficiency consistently increased from 36 to 85%
over the range of bypass split ratios considered.

As part of the hybrid rocket solid-fuel formulation studies conducted at PSU,
boron and boron-carbide-containing solid-fuel formulations were also evaluated
[48, 51, 53]. In total, seven different boron or boron-carbide-containing fuel for-
mulations were evaluated in the LGCP engine and showed varying results. The
measured regression rate behavior as a function of the average oxidizer mass flux is
presented in Fig. 14. With the exception of the catalyzed B4C, all fuel formulations
demonstrate a higher linear regression rate at all oxidizer mass fluxes considered.
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Fig. 14 Comparison of boron and B4C containing solid-fuel regression rates [48].

The largest increase in regression rate measured was for fuel-type SF3, which con-
tained 13% B4C particles, with an increase of 108% when considering an average
oxidizer mass flux of 112 kg/m2 · s. The resulting power-law curve-fit parameters
for the presented fuel formulations are given in Table 12.

Differences in the regression and mass burning rates are also observed in the
combustion and specific impulse efficiencies. The efficiency data measured are

Table 12 Mass burning rate and linear-regression rate power-law curve-fit
parameters [48]

Mass-burning rate Linear regressions-
parameters rate parameters

Solid Solid fuel
fuel additive A, kg/s n B, mm/s m

SF1 Pure HTPB 89.960× 10−5 0.627 0.0541 0.647
SF3 13%B4C 3.663× 10−9 3.413 4.286× 10−5 2.273
SF5 6.5%B4C/ and

6.5%WARP-1
25.482× 10−5 0.954 0.04011 0.780

SF6 13%Boron 14.528× 10−5 1.090 0.12381 0.541
SF10 13%Cat-B4C 0.1252× 10−5 1.999 0.00282 1.266
SF14 13%C-Boron 4.344× 10−7 2.271 0.00401 1.230
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Table 13 C∗ and Isp efficiency results of boron and boron-carbide-containing
fuels [48]

Additive, C∗ combustion
Solid fuel by wt % efficiency, % Isp efficiency, %

SF1 None 72–91 72–88
SF3 13%B4C 60–81 50–84
SF5 6.5%B4C/ and 6.5%WARP-1 71–80 51–68
SF6 13%BORON 78–81 63–69
SF10 13%Cat-B4C 76–82 64–71
SF14 13%C-Boron 76–81 69–76
SF19 5.65%Boron 83 83

presented in Table 13 along with the baseline pure HTPB-fuel formulation. The
values of both the C∗ and Isp efficiencies are lower than those that were observed
for aluminized solid-fuel formulations, which are consistent with the findings
presented earlier for other boron-based particle-containing solid fuels. Specific
impulse efficiency values reveal that significant losses are occurring, presumed to
be the result of unburned particles leaving the nozzle and two-phase flow losses.
Fuel formulation SF19, presented in Table 13, contains only 5.65% by weight
of boron particles, but contains a molar equivalent of 13 wt % aluminum. The
higher measured C∗ and Isp efficiencies for this fuel show that boron burns more
effectively in lower weight concentrations in the LGCP hybrid rocket engine.

III. Gas Generator and Specialized Solid Fuels

In a classical hybrid rocket configuration, liquid oxidizer is injected at the head
end of the motor and flows through ports in a solid-fuel grain. Heat feedback to the
solid-fuel grain from diffusion flames causes fuel regression. Some packaging and
efficiency improvements may be realized if the combustion is staged, using a gas
generator as part of the system, combined with a secondary combustion chamber.
This may be implemented in a variety of ways. One of the most common designs
is to mix a limited percentage of solid oxidizer into the fuel grain, generating
fuel-rich gas when burned. Additional gaseous or liquid oxidizer can be injected
either upstream to flow through ports in the gas generator, or downstream in a
secondary combustion chamber. Another method is to generate a partially reacted
oxidizer-rich hot gas to flow through a solid-fuel grain. This technique was used in
NASA’s Peroxide Hybrid Upper Stage (PHUS) Program [67]. Other novel designs
including oxidizer flow through a fluidized bed containing a large number of small
fuel grains or pellets to generate fuel-rich gas can also be envisioned [68, 69].
Although these concepts appear to contravene the basic hybrid rocket concept
of physical separation of fuel and oxidizer for safety, in some cases it can be
advantageous for the propulsion system to adopt these novel designs.

In many ways, a gas generator hybrid rocket can be considered to be similar
to a SFRJ or ducted rocket, differing only in the source of oxidizer. Much of
the research and literature available on SFRJ systems may provide insight to the
design and operation of gas generator hybrid systems and some were discussed in
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the preceding section. However, in the interests of brevity and clarity, the scope of
the discussion here is limited to self-contained rocket systems only.

Perhaps the simplest design is to use a fuel-rich solid-propellant grain with
either forward or aft injection of oxidizer. This design offers some advantages
over a conventional arrangement, such as lower flame temperature, simpler grain
geometry for higher regression rates [70] (and, hence, higher thrust), and greater
throttling ratios (thrust ratios up to 20:1) [71].

Because the fuel-rich solid propellant does not have to be optimized for single-
component performance, a wide variety of solid oxidizers and fuel formulations
can be considered, including the ubiquitous AP and HTPB. Other oxidizers such as
ammonium nitrate [72], triaminoguanidine nitrate (TAGN) [73], or nitramines [74]
have also been studied. Energetic polymers such as GAP are also well suited for
use in a fuel-rich solid propellant.

Similarly, many different oxidizers can be considered in a system design.
The use of dense liquid oxidizers such as HAN solution (90% in H2O) [75] or
white fuming nitric acid [76] with an AP/HTPB grain have been demonstrated at
laboratory scale.

Possibly the largest scale demonstration of the gas generator hybrid concept was
NASA’s PHUS project. This project used a catalyzed 90% hydrogen peroxide gas
generator system with aft end injection. There were 11- and 24-in. motors tested
using a fuel formulation made up of 60%AP in a matrix of HTPB, polyether (PPG)
or a mixture of the two [77]. Although containing oxidizer, the fuel-rich propellant
mixture hazard was evaluated as Department of Transportation (DOT) class 1.4C,
retaining the inherent inertness of a solid-fuel grain. The 10,000-lbf (44,500-N)
thrust motors were designed to operate at 200 psia (1.38 MPa) with a vacuum
specific impulse greater than 310 s. Test results showed that the larger diameter
motor generally performed better than the smaller one, with very stable operation
(+/− 1% pressure variation) and high combustion efficiency (>98%). Regression
rates of about 0.06 in./s (1.5 mm/s) were observed at 200 psi (1.38 MPa) with
a pressure exponent of 0.3 for the fuel-rich solid propellant using a mixture of
HTPB and PPG binders. Burning rate and combustion stability of the fuel-rich
solid propellant were found to be sensitive to AP particle size and L∗ at very low
oxidizer flow rates [78].

IV. Environmental Aspects

Although not directly impacting propulsion system performance, environmen-
tal aspects must be considered in light of regulatory requirements and secondary
consequences of both production and operation. In the evaluatation of the envi-
ronmental impacts of a potential launch system, the responsible U.S. government
agency [Office of the Associate Administrator for Commercial Space Transporta-
tion (AST)] considers three categories: atmospheric, noise, and other impacts.
Atmospheric impacts can include degradation of air quality, acid rain, ozone deple-
tion, and global warming. Noise is judged by the effect of acoustic energy on
humans, animals, and structure, whereas the final category encompasses effects
on water, land, and biological systems [79]. Atmospheric or other effects can also
be generated during the manufacturing process.
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Table 14 Typical exhaust products from different propulsion systems [78]

Liquid Hypergolic Cryogenic
Solid propellant hydrocarbon propellant (LOX/LH2) Hybrid

HCl CO2 CO2 H2O CO
Al2O3 CO CO H2 CO2
CO H2 NOx H2
N2 H2O N2 NOx
CO2 OH− H2O H2O
NOx NOx H2 OH
Cl−
H2O

Environmental impact on the atmosphere by a propulsion system can be eval-
uated by the exhaust products released during operation. Typical product species
of either high concentration or high environmental impact generated by different
types of propulsion systems are shown in Table 14.

In the troposphere, the most environmentally significant species are HCl,Al2O3,
NOx , and CO2 [79]. Here, hybrids have an obvious advantage over traditional
solid boosters, due to the lack of chlorine released from AP oxidizer. The amount
of alumina or other metal oxide released may be comparable or less, depending
on the type and fraction of additive to the solid fuel. Although highly desirable
from an energetic standpoint, the use of beryllium is obviously ruled out for any
terrestrial-based system because of the high toxicity of the oxide [80]. NOx levels
also vary with the fuel and oxidizer choice; the use of N2O oxidizer can be expected
to generate significantly more NOx than that from the use of LOX.

Stratospheric impact is from potential climate disruption, that is, greenhouse
gas effect trapping heat in the atmosphere, and depletion of the ozone layer.
Combustion products that are either direct or indirect contributors to the green-
house effect include CO, CO2, H2O, and NOx [79]. Because fuels used for
solid-propellant binders, many liquid engines, and hybrids are hydrocarbon based,
direct comparisons between the systems are not possible; instead the type and
total mass of propellants need to be evaluated. Ozone depletion is mainly caused
by the photochemical reactions with chlorine-containing compounds, and so here
hybrid rockets have a significant advantage over conventional solid-propellant sys-
tems. In both cases, the overall effect of emissions from rocket engines is nearly
insignificant compared to industrial sources [79]. Higher altitude (mesosphere and
ionosphere) effects are currently not well understood, but no significant long-term
effect is expected [79].

Because most noise from a rocket is generated by the interaction of the super-
sonic exhaust jet with the surrounding atmosphere, it should scale most closely
with motor or engine size and thrust and be less dependent on the type of system
generating the thrust. Other factors affecting the noise impact of a launch system,
such as trajectory, are also not directly related to the propellant and propulsion
system choice.

Environmental effects on water, land, and biological systems can be consid-
ered mainly from the dispersal of the ground cloud formed during launch or
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from propellant scattered in an accident [79]. Hybrid propellants currently being
considered contain no chlorine compounds that either release HCl during nor-
mal operation or can leach into the local water in the case of an explosion. In
fact, most hybrid propellants and additives are essentially nontoxic, resulting in
minimal local environmental impact in the case of an accident. The physical sep-
aration of fuel and oxidizer also serves to reduce the probability of an accident
generating propellant release.

Hybrid rockets are generally considered green [81]. Although very few vehicles
have been launched using hybrid rocket propulsion at the time of publication, the
available regulatory documents support this view. The environmental assessment
for operation of Scaled Composites’ SpaceShipOne during its test and Ansari X
Prize flights resulted in a “Finding of No Significant Impact” [82], and one for test
firing a 250,000-lb thrust motor at NASA Stennis Space Center (SSC) concluded
the temporary releases of CO2, CO, and NOx would “not affect the local community
and [would] have minimal impact at the SSC site” [83].

V. Summary and Conclusions

The inherent safety of hybrid rocket technology is predominately due to the fact
that the solid fuel grain is usually inert. However, solid fuel inertness adversely
affects propulsive performance, which requires further investigation and mitigation
of inferior burning rates of solid fuels compared to solid propellants. Solid-fuel
grains are much more ductile than solid-propellant grains and, thus, are less
likely to be damaged, therefore, significantly lowering the probability of catas-
trophic motor failure, which is the highest priority for manned space missions. The
exhaust products are much more environmentally friendly than the toxic exhaust
of solid-propellant rockets, which produce chemicals such as chlorine. Propulsive
performance of hybrid rocket engines and SFRJs reverts back to the characteris-
tics of the solid fuel itself. Polymeric fuel thermal degradation, also known as the
fuel-surface regression rate of the inert solid fuel, is considered to be one of the
key processes during combustion in these systems. The regression behavior of a
solid fuel is strongly affected by the operating conditions and the composition and
thermophysical properties of the solid fuel.

In the past, regression rates of conventional solid fuels, for example, HTPB,
have typically been an order of magnitude lower than solid propellants, thus, requir-
ing a relatively large fuel-surface area to produce a given thrust level. Interest in
metal combustion was first stimulated in solid propellants in the mid-1950s, when
it was found that the addition of aluminum particles substantially increased pro-
pellant performance. The attractiveness of metals is that while still being a fuel,
when integrated in to the solid fuel they provide high heats of combustion, good
physical properties, for example, increased solid-fuel density, and increased flame
temperature, thereby increasing specific impulse and energy release. Moreover, as
ingredients, metals are easily mixed in the polymeric resin because they are usu-
ally in powdered form and are processed like other granular ingredients into the
solid fuel. Common metals used in these systems are aluminum (most popular),
magnesium, boron, and zirconium.

Although a serious effort has been made to formulate metallized solid fuels
for use in propulsion systems, the Sandpiper target missile and the Lockheed
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Martin/NASA-developed sounding rocket are the only flight vehicles that have
utilized metallized solid-fuel formulations. Thus, research of metallized solid fuels
has since been completed predominantly at a laboratory scale. In most of the
investigations, three of the classical fuels, lithium, aluminum, and boron, have
been studied by researchers throughout the world: Lithium, being highly reactive,
possesses a relatively low heat of combustion compared to other classical fuels;
aluminum, having both a high heat of combustion and being easily ignitable,
carries an inert oxide shell that has to be removed for continued oxidation; and
boron has very high heat of combustion but major difficulty in ignition. It has
been demonstrated that the inclusion of the metal particles in the solid-fuel grain
whether nano- or micrometer-sized enhances the linear and mass burning rate of
the solid fuel. With the recent advances in energetic particles, it is believed that
metallized solid fuels can decrease the performance gap between solid propellants
and solid fuels, while maintaining solid fuel’s inherent safety and inertness.
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I. Introduction

ALTHOUGH liquid oxygen is in many respects the ideal oxidizer, its cryogenic
nature makes it unsuitable for many applications. The plumbing and feed

systems are complicated dramatically when using this fluid because provisions
for boiloff and potential geysering must be included and cryogenic valves and
pumps must be used for fluid control. In many military and space applications,
oxidizer storability is desired, if not required, under mission constraints. For
these reasons, there has always been ample motivation for study and develop-
ment of hybrid rockets using storable oxidizers. Efforts dating back over the past
40 years have included study of such liquids/fluids as nitrogen tetroxide, nitric acid
[and its variants red-fuming nitric acid (RFNA) and inhibited RFNA (IRFNA)],
hydrogen peroxide (HP), hydroxyl ammonium nitrate (HAN), nitrous oxide, and
other energetic liquids. Whereas there have been limited efforts on reverse hybrids
using solid oxidizers and storable liquid fuels, these configurations are generally
undesirable due to reduced safety and performance as compared to the traditional
scheme. Gaseous oxygen is another storable oxidizer of note, but its poor density
relegates it mainly to use in laboratory and ground demonstrations [1–6].

Table 1 summarizes some of the physical properties of these storable oxidizers.
Nitric acid is particularly attractive for applications demanding low temperatures
within the operating range due to its very low freezing point. Nitrogen tetroxide
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has seen numerous uses in the liquid propulsion community; its hypergolicity
with hydrazine-based fuels makes it particularly attractive for storable bipropellant
applications. However, its very high vapor pressure and the toxicity of the vapor are
becoming of greater concern in the present day, and its application for future pro-
grams appears to be somewhat limited. The corrosivity of nitric acid also is cause
for reduced interest in this oxidizer in the present environment. HP is currently
available in rocket grade aqueous solutions at both the 90 and 98% level. The
interest in low-toxicity propellants has led to an increased interest in this oxidizer.
Similarly, HAN has received increased attention of late because it provides a high-
density, low-toxicity alternative. Although there are various formulations under
consideration, data are provided for HAN in a 95% aqueous solution.

There are also significant developments under way with systems using nitrous
oxide. Because it is of low toxicity, the high vapor pressure actually becomes
a desirable feature for this fluid, thereby permitting the use of self-pressurizing
tankage. This feature is a substantial simplification because it eliminates the need
for a separate pressurization system. The fluid is seeing use in hobbies rockets [7]
and as a rocket augmentation system on the SpaceshipOne vehicle [8] currently
under development by Scaled Composites.

Of the alternatives noted in Table 1, HP, HAN, and nitrous oxide are receiving
the most attention in the current research environment. For these reasons, our
discussion in this chapter will primarily focus on these fluids.

Note that most of the flight-testing and the limited production programs of the
past have all used storable oxidizers. Sounding rocket programs dating back to
the 1960s [9] in ONERA used RFNA with a nylon-based fuel, and early Swedish
efforts employed nitric acid and a polybutadiene- (PB-) based fuel. During the
same time, United Technologies Corporation developed a target drone dubbed
Sandpiper. This vehicle, which employed MON-25 (25%NO/75% N2O4) and a
magnesium-loaded Poly-methyl metacrylate (PMM) fuel grain had six successful
flights in the late 1960s. A growth version of the drone, High Altitude Super-
sonic Target (HAST), used IRFNA/PB/PMM propellants and had many successful
flights. The Firebolt target drone of the 1980s was a further development of this
technology.

Table 1 Physical properties at ambient pressure/temperature of storable
oxidizers used in hybrid propulsion developments

Specific Freezing Boiling Vapor Pressure, Heat of formation
Oxidizer gravity point, ◦F point, ◦F psi cal/g

Nitric acid 1.549 −42 181 0.39 −658
Nitrogen tetroxide 1.44a 70 14.8 −50.9
90% HP 1.39 11.3 286 0.066 −1440
98% HP 1.43 27.5 299 0.043 −1340
95% HAN 1.68 5 338 <0.002 −940
Nitrous oxide 1.98a −126 582 443

aLiquid density at conditions above vapor pressure.
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II. Propellant Performance Comparisons

Table 2 shows a comparison of the performance (estimated using one-
dimensional equilibrium thermochemistry) of various storable oxidizer combi-
nations with the cryogenic option liquid oxygen (LOX). Table 2 includes the
optimal oxidizer/fuel (O/F) ratio; fuel, oxidizer, and bulk densities, ρf , ρox,
and ρb; and specific impulse Isp, and density impulse ρbIsp for several propel-
lant combinations. Most hybrid testing of late has employed hydroxyl-terminated
polybutadiene (HTPB) as a fuel. Polyethylene (PE) and, most recently, dicyclo–
pentadiene (DCPD) have been burned, although differences in fuel do not generally
contribute to large differences in specific impulse. In general, Table 2 indicates that
LOX is a superior oxidizer if Isp is the only consideration. However, the storable
oxidizers enjoy significant advantages in bulk density and thereby provide com-
petitive or superior amounts of impulse on a per unit volume basis, as indicated in
the far right column in Table 2. Because the storable oxidizers tend to optimize at
high O/F ratios, the size of the high-pressure combustion chamber containing the
fuel is minimized.

In addition, the monopropellant characteristics of hydrogen peroxide (HP)
and HAN provide substantial system-level advantages over LOX-based systems
[10–13]. For example, a small catalyst bed can be employed to provide turbine
drive gases for pump-fed configurations, thereby eliminating the need for a sepa-
rate liquid bipropellant gas-generator system that would be required when using
LOX. A recent study [11] of a Titan-class strapon booster was conducted, and the
system schematics are shown in Fig. 1, which demonstrates the simplifications in
the plumbing system. For the LOX-based system, a separate tank is required to
house fuel or an alternate monopropellant (HP assumed in Fig. 1) for turbine-drive
gas-generation purposes. The inclusion of an additional fluid not only increases
system complexity, but can also have dramatic effects on system costs because
procurement, storage, and delivery systems must be provided for each fluid in the
system.

In the subject design study [11], the higher bulk density of the HP/PE system
led to a smaller overall booster size despite the increased propellant load associated
with the Isp disadvantage as compared with LOX. The overall size comparison is
shown in Fig. 2. The study also showed that the HP/PE system offered over a

Table 2 Performance comparison for several storable propellant combinations
with LOX/HTPB, P = 1000 psi, sea-level expansion

Propellant Optimal ρbIsp,
combination O/F ρf , g/cm3 ρox, g/cm3 ρb, g/cm3 Isp, s g · cm3

LOX/HTPB 2.3 0.92 1.14 1.06 298.4 316
90% HP/PE 7.8 0.90 1.39 1.31 266.1 348
98% HP/PE 7 0.90 1.43 1.33 275.7 367
98% HP/DCPD 6.2 1.01 1.43 1.35 277.5 375
95% HAN/HTPB 9.6 0.92 1.68 1.56 251.1 392
N2O/HTPB 7.4 0.92 1.98 1.74 266.4 463
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Fig. 1 Engine cycle comparisons for large pump-fed hybrid rocket booster.

20% savings in inert weight as compared to the LOX/HTPB system due to the
enhanced bulk density and simplicity of the system. Boiloff issues, tank insulation
requirements, and other factors all play a role in determining the optimal fluid
for a given application. For these reasons, the system-level issues need careful
evaluation in comparing cryogenic and storable oxidizer systems.

Prior efforts have largely focused on HTPB as a fuel. Although HTPB is an
excellent binder for solid rocket motors where grain cracks are a safety hazard,
hybrids are virtually unaffected by grain cracks. The major disadvantage that
HTPB has is driven by a cost issue. The expensive nature arises because HTPB
is a crosslinked material and a specialty chemical. Because it is a crosslinked
material, the manufacturing method typically used is batch casting. Batch casting
necessitates expensive tooling and a substantial curing time. Use of such tooling
also requires considerable time in tooling preparation as well as assembly and
disassembly.
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Fig. 2 Design study results comparing size of LOX/HTPB and HP/PE hybrid rocket
boosters.

In contrast, PE is a thermoplastic, which is commonly produced as a final prod-
uct via extrusion from a die in a continuous process. Hence, PE only requires that it
be cooled and then length cut for a finished fuel grain. For these reasons, PE should
make a more inexpensive fuel than HTPB. This manufacturing simplification may
be accomplished without a performance loss because the theoretical performance
of HTPB and PE are virtually identical. Although some previous researchers of
hybrid motors used PE, most of that research seemed to focus on the use of high-
density polyethylene (HDPE). Similar arguments hold for paraffin-based fuels
currently under development [14].

Most recently, DCPD has been evaluated for application as a hybrid rocket
fuel [15–17]. This material has interesting characteristics in that it is hydrophobic
and permits encapsulation of energetic ingredients that may react with water
or oxygen in the air. Configurations have been investigated to encapsulate
both lithium aluminum hydride (LAH) and lithium hexa–hydrido aluminate
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(LHA), energetic metal hydrides that are reactive with oxygen and water vapor
in air.

III. Prior Work Using HP, HAN, and N2O Oxidizers

There has been relatively little published work on HAN and N2O-oxidized
hybrids. Basic performance attributes and advantages of HAN were discussed by
Ramohalli and Dowler [18]. Thiokol Corporation has obtained a patent on a gas-
generator concept utilizing HAN-type compounds as oxidizers [19]. There was
some basic work done by American Rocket Corporation (AMROC) in the 1980s
and early 1990s, but this has not been released in the open literature. Our under-
standing is that the current nitrous hybrid manufacturer, Space Dev Corporation,
has rights to these data.

For these reasons, the bulk of the discussion here will be focused on HP-
oxidized hybrids because there is a substantial amount of published literature on
this oxidizer.

There has been previous interest by two research groups using the propel-
lant combination of HP/PE. Pugibet and Moutet [20] at ONERA published
results from a laboratory-scale program at total mass flux levels between
0.06 and 0.13 lbm/(in.2 · s) for chamber pressures of 150–400 psia. The other
major contribution is the work of Moore and Berman [21], Moore and Cooper [22],
and Moore et al. [23, 24] at General Electric Company (GE) in the mid-1950s.
The GE tests are at the total mass flux levels of between 0.35 and 1.0 lbm/(in.2 · s)
at chamber pressures from 350 to 600 psia (200 to 100 lbf). In the mid-1960s,
Osmon [25] used HP oxidizer with pressed grains of lithium aluminum hydride
(LiAlH4) powder as fuel. Osmon’s experiments are in the oxidizer mass flux range
of 0.08–0.3 lbm/(in.2 · s) at chamber pressures between 120 and 400 psia (100 and
220 lbf). Note that both the GE group and Osmon used silver screen catalytic beds
to decompose the HP before entering the combustion chamber. (Decomposition
methods are discussed in Section V.) In the tests conducted by Pugibet and Moutet
[20], an atomized spray into the motor was used, ignited by a catalytic surface coat-
ing of the fuel. The posttest of Pugibet and Moutet’s fuel grains show that there is
a difference of fuel regression in the region where liquid HP may impinge on the
grain. The GE motors showed very uniform fuel regression in the axial direction,
whereas Osmon’s fuel regressed similar to that of the Pugibet and Moutet grains.
It is likely that the Osmon catalytic bed allowed liquid HP through, giving the
fuel regression noted. The incomplete HP decomposition may not have been noted
because the fuel selected is slightly hypergolic and would have decomposed the
HP on contact. Fuel regression correlations of the form

r = αGβPγc (1)

are typically sought in accordance with the limited theory available for combustion
of this nature. Table 3 shows the fuel regression rate correlations provided by
the aforementioned researchers. Classical theory [26] suggests that in a turbulent
diffusion-dominated regime the regression rate should be independent of chamber
pressure and a function of total mass flux G to the 0.8 power (β = 0.8 and γ =
0). Evident from Table 3 is the historical nonconformity to such a stipulation.
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Table 3 Summary of correlation exponents for HP hybrids

Reference β γ Comment

Moore and Berman [21] 0.45 0.0 90% HP/PE
Osmon [25] 0.4 0.4 90% HP/95% LiAlH4 (Gox)
Pugibet and Moutet [20] 0.5 0.52 96% HP/CTPB

Fig. 3 Qualitative perspective of fuel regression vs total mass flux.

In general, the fuel regression rate may not be purely diffusion dominated [27].
In such a case, the fuel regression rate becomes affected by the pressure at the
extreme lower and upper ends of total mass flux. Figure 3 shows this general
trend as stipulated by Wooldridge and Marxman [26] and as observed by authors
using gaseous oxygen (GOX) oxidizer systems [1, 28]. It is possible that the work
of Pugibet and Moutet [20] and that of Osmon [25] both reside in the radiation
effects area of fuel regression rate curve. The GE data suggest a strong pressure
dependence, although the testing is at high mass fluxes, which may be in the
diffusion-dominated regime.

The following sections provide recent results obtained during extensive testing
at Purdue University. Over 100 successful tests were conducted using the HP/PE
combination and 22 successful tests using HP/DCPD with and without lithium
hydride additives.

IV. Recent HP/PE Experience

We can trace the use of the HP in hybrid motors to the mid-1950s when Moore
and Berman [21], Moore and Cooper [22], and Moore et al. [23, 24] used H2O2
with PE. There were two researchers in the 1960s, Osmon [25], using H2O2
with lithium aluminum hydride, and Pugibet and Montet [20], using H2O2 with
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carboxyl-terminated polybutadiene (CTPB). Although the early investigators were
quite successful, interest waned (most probably due to the search for higher energy
propellants during this era), and essentially no published work exists for a three
decade period beginning in the mid-1960s. Current requirements for lower cost,
nontoxic propulsion systems have motivated a renewed interest in H2O2. Recent
efforts have been undertaken at Purdue University [29–31] and the U.S. Air Force
Academy [32]. This section will focus on the data generated at Purdue University
and will be compared to the prior investigators.

A. Test Program

The test program was formulated to maximize the amount of information avail-
able to actually design a HP/PE hybrid. For this reason, many different parameters
were studied, none of which were studied in great detail. Most parameters were
investigated across a range of total mass port flux levels, allowing determination of
fuel regression rate influence. The entire test program involved firing 12 different
series of motors, with each series dedicated to examination of a specific parameter.
A total of 100 firings were conducted in association with these test series, which
are summarized in Table 4. The following sections will discuss results obtained
from the bulk of these tests. Testing accomplished using radial-flow geometry (test
series C in Table 4) is reported in elsewhere [33].All other tests used a single center-
perforated fuel grain with regulated pressure-fed 85–88% H2O2 (highly stabilized
30–50 ppm of standard H2O2 stabilizers) liquid injected along the centerline of the
motor at the head end of the motor. The liquid H2O2 was injected using a standard
cone injector that reacted with a consumable catalytic bed (see Sec. V).

Table 4 Test series summary

Number of
Series Purpose motors Test parameters

A System verification 12 Pc ∼ 100 psia;
G ∼ 0.25–0.35 lbm/(in.2 · s); 85%
HP Interox; high-density PE

B Broader flux 12 G ∼ 0.15–0.35 lbm/(in.2 · s); 3 times at
80% HP Interox

C Radial flow motor 20 Proof of concept; eight ignition tests
D PE types 11 LDPE; UHMW
E Higher mass flux, Pc 8 Flight weight, LDPE; proof of

combustion
F New HP vendor 5 Air Liquid 85% HP
G Increase Pc 5 Pc ∼ 200 psia
H Lengthen aft combustion 4 Increase by 2 and 4 in.
I Action time study 4 Two at 6 and 9 s each
J Increase Pc 5 Pc ∼ 400 psia
M Increase mass flux 10 G ∼ 0.35–1.0 lbm/(in.2 · s)
Y Ignition behavior 4 Visual observation, polymethyl

methacrylate (PMMA) fuel
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As indicated in Table 4, a broad range of tests were conducted over the 12 test
series. Unfortunately, we were unable to maintain a consistent HP vendor over
the three-year study. Although some differences in fluid were noted [34], they
were generally minor. In addition, we experimented with several different throat
materials before arriving at a suitable option, which was used throughout test series
D–Y. Early efforts were aimed at optimizing fuel-grain length to obtain O/F ratios
near the 7.5 value, which tends to maximize specific impulse for these propellants.
Many of the later tests actually achieved fairly low mixture ratios (in the 5–6 range)
because fuel regression rates exceeded our estimates. A complete list of all test
conditions along with greater test apparatus detail may be found by Wernimont
[34] and will not included here in the interest of brevity.

B. Fuel Properties

Substantial efforts were expended in quantifying combustion behavior for var-
ious PE formulations including low-density PE (LDPE), HDPE, and ultra-high
molecular weight (UHMW) materials. To accomplish this, PE rod was purchased
from a local vendor for testing in the given experimental apparatus. The rod stock
was then machined to the desired length and port diameter. Because the PE pur-
chased was an off-the-shelf item, it was necessary to determine the characteristics
of the PE fuel after purchase. Fuel density was determined by measuring both vol-
ume and weight of a precisely machined cylindrical sample. For tracking purposes,
each lot purchased is assigned a dash number, corresponding to the purchase order
number. According to vendor naming, a single lot of HDPE, UHMW, as well as
three separate lots of LDPE were purchased. Based on the density determined for
the purchased LDPE, it seems that this material is more accurately a mid-density-
PE (MDPE) made by copolymerization with little branching, with the exception
of LD-149, which seems to be a branched low-density material. Based on density,
it also seems likely that the HDPE is made from the Ziegler–Natta process. Initial
firings were conducted with HDPE, but once it was determined LDPE had poten-
tial for slightly higher fuel regression and combustion efficiency, it was used for
the remainder of tests.

Differential scanning calorimeter (DSC) data were taken for the PE materials
fired in the test program to obtain a rough idea of the melt-layer behavior and the
depolymerization process. All of the DSC data shown are taken with a 70◦C 5-min
isotherm followed by a 10◦C/min ramp to 550◦C under inert gaseous nitrogen
purge. Over this temperature range, all of the PE material exhibited the same
general characteristics of endothermic melting and depolymerization. Typically
DSC data are used to determine material specific heat as a function of temperature,
however these data will be used as an indicator of general behavior. The data
provided are weight normalized heat flow for sample sizes between 1 and 3 g. The
material for DSC testing is collected during machining for the samples used to
determine density described earlier.

Figure 4 shows the DSC response for the three types of LDPE fired in the test
program. As can be seen from Fig. 4, the melting temperatures for the LDPE mate-
rials are between 110 and 130◦C. Figure 4 also shows depolymerization beginning
at approximately 350◦C and finishing at roughly 470◦C. During the depolymeriza-
tion regime, sample temperature is sufficient to break the bonds in the polymer, at
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Fig. 4 DSC response for LDPE material tested at 10◦C/min.

which point the melted material becomes a short-chain molecule, which is gaseous
at ambient pressure. This depolymerization process continues as the temperature
is increased until the entire polymer has become gaseous. Figure 5 shows the melt
transitions for LDPE, UHMW and the HDPE tested in the motors fired.

The degree of polymer crystallinity corresponds directly to the integrated
amount of endothermic behavior exhibited during melting (assuming identical
polymer chemistry). PE material characteristics of percent crystallinity and melt
temperature are given in Table 5 [35–37].

Fig. 5 DSC melt response for PE materials tested at 10◦C/min.



“ch11” — 2007/3/12 — page 467 — #11

HYDROGEN PEROXIDE AND OTHER STORABLE OXIDIZERS 467

Table 5 Crystallinity and melt temperatures
of PE fuels

Material Crystallinity, % Melt temperature, ◦C
LDPE 45–55 106–111
LLDPE 25–75 125
UHMWPE 45 132
HDPE 85 125–132

Figure 5 shows that the crystallinity is greatest for HDPE, followed by UHMW
and the LDPEs in that order. By the comparison of the expected melt temperatures
from Table 5 and those measured from DSC, an interesting conclusion can be
drawn. It seems that LDPE-149 is actually a completely branched LDPE, whereas
LDPE-130 and LDPE-137 are LLPDEs with some branching. The branching for
LDPE-130 and LDPE-137 can be seen as that portion of their melt behavior at
110◦C. This information also corroborates with that obtained from the density
information. Crystallinity information from the DSC also suggest that the LLD-
PEs (LDPE-137 and LDPE-130) are on the lower end of the typical range for
LLDPEs, which would imply a certain degree of branching as exhibited by the
double endothermic event. The difference in the melt behavior of the LDPEs will
become important to the behavior of the fuel surface during combustion.

Figures 6 and 7 show the depolymerization behavior of the materials used in
the test program (UHMW-130, HDPE-122, LDPE-130, LDPE-137, and LDPE-
147). Information in this regime is better illustrated by thermogravimetric analysis;

Fig. 6 DSC depolymerization response at 10◦C/min for HDPE-122 and
UHMWPE-130.
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Fig. 7 DSC depolymerization response for LPDE at 10◦C/min.

however, DSC does provide some rough information. The first conclusion drawn
from Figs. 6 and 7 is that the temperature and the amount of energy required for
complete depolymerization is approximately the same for all of the materials. This
is to be expected because the basic chemistry involved in depolymerization of the
PE is roughly the same. However, UHMW-130 appears to have some material
other than PE entrained because a portion of this material gasifies around 370◦C.
Another DSC was run under identical conditions for UHMW but stopped and
allowed to cool at 400◦C. This partly decomposed UHMW is observed to have a
slight brown surface and a 7% weight loss from initial conditions. It is unknown
if the observed weight loss is a material other than PE that is entrained in the
UHMWPE for easier manufacture. Other materials may have been added to the
UHMW for manufacturing purposes because UHMW is highly viscous as a melt
and must be processed differently than other classes of PE.

V. Consumable Ignition Device

Probably the greatest challenge in creating a workable hybrid-propellant com-
bination lies in the development of an ignition concept that provides a rapid and
reproducible rise in chamber pressure and thrust. In the past, secondary injection of
pyrofouric fluids, electric ignition sources, torches, and catalytic ignition systems
have been used in hybrid rockets. With the exception of the catalytic system, all
of these concepts require additional hardware and/or fluids to support ignition of
the motor. For this reason, the catalytic concept was pursued through the use of a
consumable catalytic bed (CCB) [38].

The CCB is inserted into a pocket that was machined into the forward end
of the fuel grain. No special ignition sequence was used in any of the testing,
the engine was literally “slam started” by opening the main fire valve, which
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Fig. 8 Typical motor ignition traces, D-series testing.

provides maximum HP flow. As HP comes into contact with the surface of the
CCB, it is decomposed. If the HP is at sufficient concentration, the decomposition
products are at a temperature such that autoignition of the fuel occurs. As the HP
flow continues, the CCB is consumed. If the CCB is sized properly, there will be
enough energy in the combusting fuel grain to support thermal decomposition of
the HP injected after CCB consumption; that is, the device operates for a small
fraction of the test duration.

Figure 8 highlights a group of typical ignition transients obtained with the use
of 85% HP with a CCB in the D-series tests. This collection shows that the CCB
is repeatable and produces rapid ignition transients. The peaks at approximately
30 ms represent a pressure overshoot due to increased oxidizer mass flow when
the oxidizer valve is first opened. Because there is no cavitating venturi in the
fluid system, the oxidizer mass flow is governed strictly by pressure differential.
Consequently, initial fluid flow is greatest for the first 20 ms before the chamber
pressure has a chance to climb to its steady-state value. As can be seen from Fig. 8,
steady-state combustion has been achieved in 50 ms.

VI. HP/PE Test Results

Because the CCB device contributed a nonnegligible amount of mass and energy
during our test burns, which typically varied between 5 and 20 s we were forced
to improve on the data reduction methodology that had typically been used by
hybrid rocket experimentalists. Average regression rates and port total flux levels
from a given test firing are obtained from an integral reconstruction of the entire
chamber pressure history with the CCB and inerts flows taken into account. When
this process is used, the entire regression rate and mass flux histories may be
reconstructed from the measured time-dependent data. A complete description
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Fig. 9 Measured chamber pressure histories for motors F4, H3, and M1 at average
pressures about 100, 200, and 400 psi, respectively.

of the methodology, which will be used throughout this work, is provided by
Wernimont and Heister [39].

Reliable ignition and combustion was demonstrated over a range of initial
oxidizer fluxes 0.1 < Gox < 1.2 lbm/(in.2 · s) and chamber pressures 100 < Pc <
400 psia during the testing with 85% HP. A few tests were conducted with 80%
HP, but reliable ignition and combustion could not be achieved using the injector
and CCB design implemented in these tests. We believe that one could design a
device to operate at these lower concentrations with an improved injector (with
smaller droplet sizes) and CCB designs. Our injector produced droplets that were
quite large; 350-μm volumetric mean diameter is reported by the manufacturer.

Typical chamber pressure histories obtained during the test program are shown
in Fig. 9. Overall, the combustion obtained was very smooth as evidenced by the
low amount of noise in the pressure signals. Typical unsteadiness in the pressure
signals was of the order of 1–2% (zero-to-peak) of the mean pressure in this
test program. Sharp tailoffs were always observed in the testing; action times
were determined using a bisector technique commonly used in solid rocket data
reduction. The spike in motor F4 and H3 traces in the interval 1 < t < 2 s is
attributed to ejection of small portions of the CCB through the nozzle. In the M1
pressure trace, a slight increase in Pc is observed after the main ignition event.
This behavior may be attributed to increased oxidizer flow rate due to a change in
injector discharge coefficient.

A. Regression Rate Behavior

Although there were test series dedicated to assessing the influence of PE type
on fuel regression and combustion, the bulk of the measurements were obtained
using LDPE fuel. A compilation of these measurements is provided in Fig. 10,
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Fig. 10 LDPE fuel regression data showing effect of pressure; values are average fuel
regression rate and average total mass flux.

which highlights dependence of regression rate on flux level and chamber pressure.
Whereas the low-pressure (100-psi) data appear to behave a classical regres-
sion law (r ∼ Gn) consistent with turbulent convection-dominated behavior, the
higher-pressure results show a distinct insensitivity to port total mass flux G in
the range 0.1 < G < 0.3 lbm/(in.2 · s). In this lower flux region, regression rates
at the higher pressures tested (200 and 400 psia) are as much as 75% greater
than those at low pressures. The data are consistent with a radiation-based regres-
sion law that has been theorized, but infrequently observed for low mass flux
conditions.

In fact, this behavior is ideal because regression rates would no longer be
influenced by changes in port geometry (either shape or size). For the booster
application, design studies [11] indicate an optimal mass flux level of about
0.4 lbm/(in.2 · s) assuming a classical regression law, r ∼ G0.8. Presumably,
designers could make use of this desirable behavior (flux insensitivity) for other
applications as well.

To compare the data from this test program with that of previous researchers,
we performed correlations assuming a classical, mass flux-dominated regression
behavior. Although this approach is not warranted for the higher pressure results, it
does permit gross comparisons with results of other researchers who made similar
assumptions. The resulting correlations are presented in Table 6. Note that for the
low-pressure data the exponent of 0.78 is in close agreement with theory assuming
a turbulent convective-dominated behavior. The exponent is reduced at the higher
pressures due to the radiative-dominated behavior.

The correlations from Table 6 are compared with those obtained by other
researchers in Fig. 11. Previous researchers using HP [20–25] had also noted devi-
ations from turbulent diffusion-dominated regression (G0.8). Previous researchers,
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Table 6 LDPE/85% HP fuel regression flux correlations

Correlation, in./s Average Pc, psia Average G total, lbm/in.2 · s
0.040G(0.78) 100 0.1–0.3
0.035G(0.52) 200 0.1–0.3
0.041G(0.49) 400 0.2–0.7

however did not test at low pressure (100 psia) where turbulent diffusion domi-
nated behavior was noted in this test series. Previous research efforts with HP do
show a total mass flux exponential dependence similar to that explainable with
radiation-driven regression. It is evident from Fig. 11 that this appears to be true,
independent of fuel selection, and is provided only to show the trends in expo-
nent of total mass flux. Although other researchers have shown fuel regression for
HP-oxidized systems to differ from turbulent diffusion-dominated behavior, the
Purdue study is the first to show experimentally the shift to radiation-dominated
behavior.

Figure 12 shows the combustion efficiency vs the characteristic chamber length
L∗ for the motors tested. For our purposes, L∗ is calculated as the combustor volume
aft of the fuel grain and forward of the throat divided by the throat area. This param-
eter is often used in the liquids industry to design a motor for acceptable (>95%)
combustion efficiency. This parameter is specific to propellant combination, but
for comparison to liquid oxygen and ethyl alcohol, L∗ values are between 40 and
120 in. [40]. Figure 12 shows that efficiency gains are derived from increased L∗

Fig. 11 Comparison of HP investigators’ regression rate measurements.
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Fig. 12 Effect of L∗ on C∗ efficiency with inerts.

as is generally the case. Figure 12 suggests that L∗ values as low as 40 in. may
provide sufficient aft combustion volume for efficiencies above 90%.

B. Combustion Stability Behavior

Overall, the level of combustion oscillations was observed to be below 3.5%
zero-to-peak of mean throughout the testing program. Figure 13 shows a typical
waterfall plot for motor F4. A slight tendency for nonacoustic combustion oscilla-
tions up to a frequency of approximately 70 Hz is noted. Comparison with behavior
in other motors suggests that the higher frequency (acoustic) portion may account
for roughly 1.5% zero-to-peak chamber pressure response. Although the Fig. 13

Fig. 13 Waterfall plot of chamber pressure for motor F4.
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Fig. 14 Waterfall plot of chamber pressure for motor G3.

motor F4 waterfall plot shows no preferred waveform for this propellant com-
bination, later motors do have preferred oscillatory waveforms. As an example,
Fig. 14 shows the waterfall plot for motor G3, which has a preferred waveform at
roughly 20–35 Hz with amplitude of around 0.75 psi, differential (psid) zero-to-
peak. Three other motors, G4, I4, and M3, exhibited similar responses to that of
motor G3. Other motors, J3, G5, and J5, exhibited a preferred waveform at roughly
65–80 Hz with an amplitude of around 0.5 psid zero-to-peak.

C. Post-fire Fuel Grains

Some of the fuel grain carcasses were cut along the axis of symmetry to help
determine which posttest spatial average method to use in final port diameter
calculation. This also provided a means of fuel carcass examination for other
interesting information. The length scale shown with the provided figures is in
inches closest to the motor carcass.

Figure 15 shows the aft portion of the motor D10 fuel grain. This motor operated
at an average chamber pressure of approximately 100 psia and used LDPE (LD-
137).As can be seen from Fig. 15, the internal port diameter appears smooth with no

Fig. 15 Aft portion of motor D10 postfire fuel grain, flow direction from left to right.
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Fig. 16 Aft portion of motor D7 postfire fuel grain.

great difference in total fuel regression noted along the length. Figure 16 shows the
aft portion of the motor D7 fuel grain. This motor operated at conditions identical
to that of motor D10 including initial port diameter. The only difference between
the two tests is that motor D7 used UHMW-130 instead of LD-137. As can be seen
from Figs. 15 and 16, the UHMW material appears to collect charred material
in a more distinct pattern going aft. In the last ∼8 in. of fuel grain, the pattern
becomes progressively more distinct. In the last ∼2 in., a rough pattern appears
every 3

4 in. The difference in postfire fuel surface between motors D7 and D11 is
probably a result of the depolymerization process. The UHMW-130 exhibited a
partial polymer breakdown at ∼375◦C as opposed to complete depolymerization
at ∼475◦C for the LDPE-137 (see Figs. 3 and 4).

Figure 17 shows the aft portion of the motor H3 fuel grain.This motor operated at
an average chamber pressure of approximately 200 psia and used LD-137, which is
the same material used in motor D10. Figure 17 shows that the increase in chamber
pressure has a strong influence on the character of the final fuel port surface. This
motor behavior is representative of all of the motors fired in the∼200 psia chamber
pressure regime.As can be seen from Fig. 17, the port is smooth on the forward end
and transitions into a wave pattern much more distinguishable than that observed
in D7 (UHMW, ∼100 psia). The last ∼6 in. of the fuel carcass exhibit distinct
waves that are approximately 3

4 in. apart. Motor H3 and D10 are fired at identical
flux levels, but the surface conditions shown for both are representative of other
motors fired at identical pressure conditions. The reduced data shown in Fig. 10
suggest that the fuel regression behavior at higher chamber pressures (200 and
∼400 psia) is both radiation and diffusion controlled rather than just diffusion
controlled. These two heat transfer modes must permit greater energy transfer to

Fig. 17 Aft portion of motor H3 postfire fuel grain.
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Fig. 18 Aft portion of motor M3 postfire fuel grain.

the solid material, in which case a thicker melt layer may develop, which may in
turn flow and form the wavelike fuel surface condition.

Figures 18 and 19 show the aft portion of the M3 and M4 fuel grains, respec-
tively. These motors are fired at identical operating conditions of ∼400 psia
chamber pressure as well as flux and initial port diameter. The only difference
between these two motors is the LDPE type. Motor M3 is fired with LD-137
and motor M4 is fired with LD-149. As can be seen from Fig. 18 (LD-137),
the increased chamber pressure again strongly influenced the inner port diameter
surface. Figure 18 shows that there is again a transition port length, where upstream
the fuel surface is smooth. The aft ∼4.5 in. of fuel surface is rough with surface
pitting (wavelike behavior in both axial and circumferential directions) in con-
trast to the repeating axial wave pattern experienced in the∼200 psia motors. This
surface pitting is not observed in motor M4 as seen in Fig. 16. In fact, the surface
of motor M4 is quite smooth. This is true for all of the motors fired with LD-
149 in the M series (the only series fired with LD-149), whereas those fired with
LD-137 experienced the random pocketing on the fuel surface. The only possible
conclusion for this difference in posttest fuel surface is the melt behavior of the

Fig. 19 Aft portion of motor M4 postfire fuel grain.



“ch11” — 2007/3/12 — page 477 — #21

HYDROGEN PEROXIDE AND OTHER STORABLE OXIDIZERS 477

different materials. Material LD-149 exhibited a single-melt temperature in DSC
testing (Fig. 2), whereas LD-137 had a double-melt temperature. It seems possible
that the double-melt temperature permitted flow of the lower temperature melt
layer before it could be depolymerized. The limited data from the M-series tests
are insufficient to determine if these two materials experienced distinctly different
fuel regression. However, the bulk fuel regression data do suggest that the two
materials exhibit similar behavior.

VII. HP/DCPD Experience

A series of tests have recently been conducted to investigate combustion of
HP with dicyclo-pentadiene (DCPD) fuels with and without LAH loadings. The
DCPD fuel has the useful attributes of being hydrophobic and capable of encap-
sulating reactive ingredients such as LAH for long-term storage. Because LAH
decomposes when exposed to atmospheric oxygen and moisture, these charac-
teristics are particularly desirable. In theory, there are significant performance
enhancements achievable using DCPD/LAH-loaded fuel grains as noted in the
performance predictions shown in Fig. 20.

DCPD is an energetic, low-toxicity hydrocarbon that has potential as a propel-
lant in liquid and solid applications, as well as in hybrids. Figure 21 shows the
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Fig. 21 DCPD monomer molecule.
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Table 7 Physical characteristics of DCPD
monomer

Characteristic Value

Molecular formula C10H12
Molecular weight 132.21 g/mole
Density 1.01 g/cm3

Boiling point 170.1◦C
Freezing point 33.65◦C
Heat of formation 52.36 kcal/mole

molecular structure of the molecule. Table 7 presents physical data of the DCPD
liquid monomer molecule.

As it polymerizes, DCPD undergoes ring opening metathesis polymerization. A
ruthenium-based catalyst opens one of the cyclic rings of the monomer molecule
and joins the molecule to an adjacent molecule. The polymerization is exothermic
and produces 23.86 kcal of heat per mole of polymerized DCPD. The unaltered
polymerization process is quite rapid. Gelation of the liquid DCPD can occur
a few minutes after the addition of the catalyst, with the complete polymeriza-
tion occurring in less than 1 h. The polymerization process can be accelerated or
slowed by the addition of specified compounds. The speed of the polymerization
determines the hardness of the polymer and the temperature of the exotherm. A
faster curing time increases the hardness of the polymer and the temperature of its
exotherm. The initial fluid temperature also affects the speed of the polymerization
because the warmer the fluid, the faster the DCPD begins to gel. In this research,
an inhibitor, triphenyl phosphine (TPP), is used to control the curing process and
fuel-grain hardness. Five hardness levels were considered, varying from no use
of TPP to 0.01–0.04 g of TPP/64 g of DCPD. More details on the manufacturing
process used for the experiments is provided by Corpening [17].

A. LAH

LAH is a metal hydride, which, in addition to its use as a propellant, is used as
a reducing agent and is being investigated as a source of hydrogen for fuel cells. It
is a highly reactive compound, being both air and moisture sensitive. LAH reacts
vigorously with water and is ignited by highly concentrated HP, burning with a
distinctive red flame. LAH is also somewhat unstable in that it decomposes around
165◦C, producing hydrogen gas. Table 8 presents physical data of LAH. Because of
its sensitivity to air and moisture, LAH must be handled in a dry, inert atmosphere.

B. Test Apparatus

The combustion chamber was fabricated from schedule-40, 1.5-in. steel pipe.
Figure 22 provides a schematic of the chamber indicating placement of fuel grain,
a paper phenolic insulator, a silica/carbon phenolic nozzle, and a CCB [38] ignition
system. Early tests of the chamber utilized a phenolic nozzle, whereas later tests
employed a water-cooled nozzle design as shown in the schematic (Fig. 23). A
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Table 8 Physical characteristics of LAH

Characteristic Value

Molecular formula LiAlH4
Molecular weight 37.96 g/mole
Density 0.92 g/cm3

Melting point Decomposes around 165◦C
Heat of formation −26.2 kcal/mole

Fig. 22 Side cutaway view of hybrid engine design.

hollow cone swirl atomizer was employed to deliver the oxidizer at cone angles
between 70 and 88 deg.

C. Test Results

A total of 22 tests were conducted in three distinct test series. Seven firings were
conducted in seriesA to investigate the effect of TPP loading on grain hardness and
combustion/regression characteristics at a fixed design mass flux of 0.6 lb/s · in2.
A total of nine firings were conducted in series B to investigate the effect of LAH
loading between 20 and 50% of the fuel grain mass. Six firings were conducted

Fig. 23 Copper water-cooled nozzle, dimensions in inches; various throat diameter
parts constructed to permit flux variations in testing: a) cutaway and b) image.



“ch11” — 2007/3/12 — page 480 — #24

480 S. HEISTER AND E. WERNIMONT

0 5 10 15 20 25
0

50

100

150

200

250

300

350

400

450

500

Time  [sec]

P
re

ss
ur

e 
[p

si
a]

Ox Injector
Chamber

Fig. 24 Typical unfiltered system pressure data seriesA, test 2, using DCPD-only fuel
grain.

in series C to evaluate DCPD regression dependence on flux level over a range of
design flux levels from 0.2 to 0.7 lb/s · in2. All testing was conducted at a target
chamber pressure of 200 psi. Figure 24 shows a typical injector/chamber pressure
trace from test series A. The spike at test onset is a water hammer effect on the
pressure transducer, and the spike at test end is due to oxidizer depletion and
nitrogen purge flowing through the engine.

Figure 25 shows the chamber pressure during engine ignition by the CCB.
There is a significant noise level during the CCB consumption, higher than the
noise observed during 80–90% peroxide tests of Wernimont [34]. A typical fast
fourier transform (FFT) of the Pc data is shown in Fig. 26 with the attendant
waterfall plot shown in Fig. 27. There are distinct peaks at 2.5 and 100 Hz and
another smaller peak at 160 Hz. The 2.5- and 100-Hz activity is predominantly
limited to the ignition event; no organized activity at any appreciable level is
observed subsequent to CCB burnout. Calculations show that these frequencies
correspond closely to bulk mode oscillations attributable to the filling of the CCB
cavity and the chamber itself. Noise levels after ignition drop dramatically, and
the combustion process is quite smooth. Combustion c∗ efficiencies ranged from
90 to 98% during the series A testing.

The ballistic reconstruction technique of Wernimont and Heister [39] was used
to reduce all test data. Figure 28 shows the integral averaged regression data for
the five 98% RGHP/DCPD tests (solid line). The small dashed line represents data
from HP/PE results reported in the preceding section. Finally, the large dashed line
represents a typical regression rate correlation for GOX/HTPB [40]. Note that the
regression rate correlations for the DCPD and PE tests use total mass flux, whereas
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Fig. 25 Chamber pressure during CCB burn (engine ignition) from series A, test 2,
DCPD-only fuel grain.

the correlation for GOX/HTPB uses only oxidizer mass flux. The increased energy
associated with the 98% HP and the characteristics of the DCPD fuel provide
regression rates comparable to the LOX/HTPB combination. Based on the limited
flux range tested in this series, the regression rate correlation was r ≈ 0.065G0.19,

Fig. 26 FFT during ignition for series A, test 2.
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Fig. 27 Chamber pressure FFT waterfall plot for series A, test 2.

showing a very weak flux dependence relative to diffusion-dominated theory. This
result is similar to the HP/PE data in that a radiation effect could be important
with this propellant combination.

Test series B consisted of fuel grains with DCPD as the binder and a metal
hydride additive, lithium aluminum hydride (LiAlH4 or LAH), at various loadings.
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Previous work conducted by Osmon [25] used 95% LAH with 5% PE in mechani-
cally pressed grains. Therefore, the work herein differs from that of Osmon because
of the different binder, lower LAH loadings, and the casting and curing process
for the fuel grains. Series B results were disappointing in that very poor combus-
tion efficiencies, ranging from 63 to 81%, were obtained. Osmon measured c∗
efficiencies in the 80–86% range, and one test was able to replicate this level of
performance and shows regression increase over pure DCPD grains. The relatively
low-pressure levels employed in the testing may explain the poor combustion
results. Because the LAH/DCPD fuel grains were formulated and cast without
the use of vacuum loading, the process was time consuming and it was difficult to
maintain completely nonreacted fuel specimens. This may have contributed to the
low combustion efficiency from these firings. There were no visible gas pockets
within any of the fuel grains, leading one to believe there were no gas releasing
reactions occurring during the cure process. The L∗ values based on the aft mixing
volume and throat area ranged from 95 to 125 in. so that the aft mixing length is
believed to have been sufficient. Further testing of the raw LAH by Swift Enter-
prises, Ltd. (after firing all LAH/DCPD fuel grains), has shown that the material
used is 96% in the bulk LAH with the other 4% believed to be an oxide layer.
This seems to be the most definitive cause for the drastically low combustion effi-
ciencies and also explaining the small sparklike substances seen exiting the nozzle
during LAH/DCPD testing.

Figures 29 and 30 provide system pressures during the firing and during the
ignition transient for a typical series B firing. There seems to be significantly less
noise during ignition for this propellant combination; the cause of the noise level

Fig. 29 Unfiltered system pressure data from series B, test 13, 40% LAH/60% DCPD.
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Fig. 30 Chamber pressure during engine ignition from series B, test 13, 40%
LAH/60% DCPD.

change is not known at this time. Similar performance to the pure DCPD results
is noted for the remainder of the firing.

Test series C incorporated pure DCPD grains with a new lot of cure catalyst and
a fixed TPP loading. The combustion results for this series were also somewhat
disappointing with c∗ efficiencies ranging from 76 to 86%.Although manufactured
with the same TPP loading as some series A grains, the series C grains were much
harder and less pliable. A likely explanation was a variation in the ruthenium-
based catalyst used to cure the DCPD. For series A, the ruthenium catalyst had
been improperly sealed and, therefore, degraded over time. The catalyst used to
make the DCPD grains for series C was properly sealed and stored; therefore,
little-to-no degradation occurred. The result of this was that the fuel grains from
series A were softer, even at the same TPP loading than those of series C. When the
fuel grains of series A were cast using the poor catalyst, the reaction took longer,
and therefore, the grains were softer. This then led to a misconception in softness
based solely on TPP loading because it was assumed there were no difficulties
with the catalyst. Therefore, using the proper catalyst for series C with the same
TPP loading led to harder fuel grains.

The measured injector and chamber pressures in series C all resembled results
from the series A testing. Regression data from series A and C are provided in
Fig. 31. The fit of these data, excluding tests 21 and 22, yields r ≈ 0.0753G0.352,
also pointing to the lower exponent that seems to be characteristic of HP hybrid
combustion. This regression equation does not include the effects of tests 21 and
22 that were conducted at high flux levels and relatively small port size and aft-
mixing length [17]. Note that the data are of tenuous use in that the associated
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Fig. 31 Regression rate vs mass flux from series A and C, pure DCPD grains.

combustion was quite poor due to the suboptimal TPP loading associated with the
series C catalyst.

VIII. Conclusions

Storable oxidizers have a long history of use in hybrid rocket applications. The
advantages of storability, high-density impulse, and high O/F operation provide
system-level simplifications for many applications. In addition, the monopropellant
characteristics of some of the alternative storable oxidizers can provide substantial
system-level advantages. Combustion with storable oxidizers has been most stud-
ied using nitric acid and HP, but substantial work has been undertaken with nitrous
oxide and to a lesser extent HAN and its derivative formulations. Regression behav-
ior and combustion efficiency are similar to that obtained using LOX. Storable
oxidizers continue to provide an attractive alternative for many hybrid-propulsion
missions.
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Chapter 12

Similarity and Scaling Effects in Hybrid
Rocket Motors
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Nomenclature
a = droplet acceleration; constant
CF = thrust coefficient
cp = specific heat at constant pressure
c∗ = characteristic velocity
D = port diameter
d = droplet diameter
F = thrust
G =mass flux
g = standard gravity acceleration
h = heat transfer coefficient
I = impulse
Isp = specific impulse
k = droplet evaporation rate constant; chemical kinetic constant
L = combustor (fuel grain) length
Lv = heat of vaporization or gasification
M =Mach number
m =mass
ṁ =mass flow rate
Nu =Nusselt number
n = exponent
O/F = oxidizer-to-fuel mass ratio
Pr = Prandtl number
p = pressure
q̇ = heat-transfer rate
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R = specific gas constant
Re =Reynolds number
ṙ = fuel regression rate
T = temperature
tb = burning time
u = axial gas velocity
v = droplet velocity
α = exponent
λ = heat-conduction coefficient
μ = viscosity
ρ = density
τ = characteristic time

Subscripts

b = burning
c = average properties at the end of combustor
ch = chemical
drop= droplet
f = flame; fuel
hole = injector hole
i = initial
ig = ignition
in = injector
� = liquid
ox = oxidizer
pen = penetration
res = residence
s = solid fuel
w =wall

I. Introduction

THE objective of this study is to present a similarity analysis and an experi-
mental investigation to determine the conditions under which a laboratory-

scale hybrid rocket motor should be tested to simulate firings of a full-scale system
and to define the relevant scaling rules in hybrid propulsion. The research combines
the means for better understanding of the fundamental phenomena along with
saving time, effort, and costs in the development of full-scale hybrid-propulsion
systems.

The hybrid motor comprises some unique features that differ fundamentally
from those of other rocket engines. Typically, it consists of a cylindrical polymeric
solid-fuel grain having a single- or multiport shape, placed in the combustor and
burned with an oxidizer flowing through its ports. As a result, a gas-phase diffusion
flame is established between the fuel gasification products and the oxidizer within
the port flow boundary layer developing over the condensed surface. Typical hybrid
motor geometry and the main combustion and flow characteristics are presented
in Fig. 1. The fundamentals of hybrid combustion were studied by Marxman and
Gilbert [1], Wooldridge and Muzzy [2], and Marxman [3], followed by many



“ch12” — 2007/3/5 — page 491 — #3

SIMILARITY AND SCALING EFFECTS IN HYBRID ROCKET MOTORS 491

Fig. 1 Single-port hybrid rocket combustor schematic.

others, and reviewed in text books [4–6]. While giving quite good insight, those
studies revealed complex phenomena affected by fuel and oxidizer combination,
geometry, and size, as well as flow and operating conditions.

Typically, the development of hybrid rockets and the prediction of their
characteristics have generally been based on simplified empirical methods and cor-
relations. Consequently, different aspects might have been overlooked or masked,
and the predictions have often been unsatisfactory, particularly for scaling pur-
poses, where available data have been mainly applicable to the individual system
tested.

The use of empirical correlations with many parameters and constants might
involve misinterpretation of the true physical processes and, hence, erroneous
predictions when extrapolating to unstudied ranges. The comprehensive study by
Estey et al. [7] is a good example: It includes useful data and discussions and many
different correlations, attempting to account for different aspects including scale
effects. However, it demonstrates the limitations of parametric correlations aimed
at extrapolation to different scales. Wooldridge and Muzzy [2], Chiaverini et al.
[8], Evans et al. [9], George et al. [10], Carmicino and Russo-Sorge [11], and others
have noticed the effect of the hybrid combustor size (mainly port diameter) on the
fuel regression rate ṙ, showing, in general, that ṙ tends to decrease with increasing
port diameter (for the same mass flux). However, this effect has not been correlated
in a way that enables prediction for different-size motors.

This author’s view is that scaling rules between systems under consideration
can and should be appropriately derived for conditions preserving similarity. In
this respect, the present chapter raises a new conceptual approach to hybrid rocket
motor testing for scaling purposes.

The main idea associated with similarity analysis is that, by identifying the
appropriate similarity rules of the dominant, controlling processes, one can predict
the likely results of a test in a system of a certain scale by way of the interpretation
of data obtained from another experiment (in a different-scale system). In other
words, one can define the conditions under which a laboratory-scale model system
should be tested to simulate the behavior of a full-scale (or prototype) system.
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Namely, the idea is not to replace experiments by an absolute theory, but to extend
correctly and use available test data to untested systems of a different size range.

True similarity implies that the different processes occurring in two different-
scale systems are of similar fashion. Namely, the values of the operating variables
such as temperature, pressure, velocity, or concentrations in one system should
be linearly related to those at the corresponding points of the other system. As
was stated by Spalding [12], who dealt with general combustion systems, a com-
plete combustion modeling that will fulfill the similarity rules of every process
and effect is practically impossible. Hence, we actually seek a partial modeling
that will preserve the rules of the most significant phenomena and provide reliable
indication of the main trends. Such an analysis uses relatively simple concepts,
and it concentrates on the dominant aspects, rather than on detailed mathemat-
ical modeling. Detailed discussion and guidelines on similarity and scaling in
chemically reacting systems is presented by Rosner [13]. A number of similarity
studies have been conducted in the field of airbreathing propulsion: Stewart [14]
and Stewart and Quigg [15] investigated gas turbine combustors, Hottel et al. [16]
studied liquid-fuel ramjet combustors, whereas Ben-Arosh and Gany [17] applied a
comprehensive theoretical and experimental study to the solid fuel ramjet (SFRJ)
combustor. Gany [18] proposed a detailed theoretical similarity model for the
scaling of hybrid motors. At that time, no data from experiments directly aimed at
similarity and scale analysis were available. Thus, the analysis was supported by
data from the literature. Nevertheless, an experimental study aimed at validating
the theoretical analysis was conducted later on by Swami and Gany [19] revealing
good agreement.

The approach in the present study is to examine each individual process to assess
its relative significance and to find out what should be the operating conditions
that would preserve similarity of that process in a different-scale system. One
can then determine the common conditions that satisfy the similarity rules of the
most important individual processes, thus yielding the best practical approximation
of the overall similarity of the system. The resulting rules are then applied for
predicting scale effects, and experimental data are used to examine and validate
the theory.

II. Analysis

A. Geometry

In general, an obvious similarity requirement is a geometric similarity. It means
preserving constant ratio between linear dimensions in different motors. If the
motor port diameter D is used to represent the scale, then L can be used to represent
the motor (fuel grain) length,

L ∝ D (1)

One may use a single-port laboratory motor to simulate a multiple-port full-scale
motor. Geometric similarity has been required and applied in similitude analysis
of different combustors [14–19], although certain component processes may, in
some specific cases, be simulated for systems whose dimensions are not scaled by
the same proportion [12].
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In the case of the hybrid motor combustor, the geometry directly affects the
general flowfield pattern; thus, geometric similarity is a basic requirement. The
developing boundary layer, which significantly affects the burning characteristics,
is dominant within the combustor, along the solid-fuel grain, whereas the aft mixing
chamber represents another flow zone (Fig. 1). Note, however, that unlike in other
combustor types, the port diameter of the hybrid combustor increases during the
combustion process as a result of the fuel regression, causing some deviations from
the initial dimension proportions as well as from the scaling factor.

B. Transport Phenomena

Transport phenomena are of major significance in the overall flow and combus-
tion process in hybrid rocket motors. They affect the flow pattern, boundary layer,
heat transfer to the surface, diffusion, mixing, and flame characteristics. Hybrid
motors are characterized by a turbulent internal flow with dominant boundary-
layer effects. Hence, the most significant parameter that dominates the flow and
transport phenomena is Reynolds number Re. Similarity of those features can be
achieved by requiring the same Reynolds number at corresponding cross sections
of the related motors,

Re = ρuD/μ = const (2)

C. Heating Regime

Similarity of heating regime requires constant ratio between the heat transfer
to the wall and the overall heat generation, that is, the rate of heat addition to the
flow. The heat transfer in hybrid combustors is mainly attributed to turbulent forced
convection with minor contribution of radiation. This is the case for polymeric-
fuel grains, which are considered the main subject of the present research. (For
metallized fuels, radiation may play a more significant role in the heat transfer
process.) Accounting for the fact that both the burning surface and the flow cross-
sectional area are proportional to D2, one obtains

h
(
Tf − Tw

)
D2 ∝ ρuD2cp (Tc − Ti) (3)

where Ti is the initial temperature, Tc is the final average temperature at the end of
the motor, Tf is the flame temperature, and Tw is the wall (surface) temperature.
The left-hand-side term in Eq. (3) represents the heat transfer to the wall (taking
into account that L ∝ D), whereas the right-hand-side term stands for the rate of
heat generation (the rate of heat addition to the flow).

If similarity of the temperature field is maintained, which also implies similar
physical properties in corresponding points in the flowfield, then Eq. (3) implies
constancy of Nusselt number, Nu = hD/λ. In the characteristic combustor regime,
this requirement is fulfilled by the constancy of Reynolds (and Prandtl) numbers,
since Nu = f (Re, Pr); for example, in a fully developed turbulent pipe flow,

Nu = 0.023 Re0.8 Pr0.33 (4)

and Pr = μcp/λ represents a combination of physical properties.
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The diffusion flame nature of the combustion process in hybrid motors empha-
sizes the significance of constancy of Reynolds number in corresponding sections
as a result of the domination of physical processes and properties vs chemical
aspects.

D. Chemistry Aspects

Similarity of chemical kinetics requires similarity of the temperature and species
concentration fields. This requirement is particularly significant, considering the
highly nonlinear nature of the Arrhenius-type gas-phase chemical kinetic con-
stant, k = A exp(−E/R0T). Because of the establishment of a diffusion flame,
which tends to take place at the location of stoichiometric oxidizer to fuel O/F
ratio, Tf is basically close to the adiabatic flame temperature at this O/F ratio
(somewhat less because of heat losses) and is not a direct function of the overall
O/F ratio.

Different fuel and oxidizer combinations exhibit different stoichiometric O/F
ratios and different heats of combustion. In addition, the supply rate of fuel
gases (directly related to the solid-fuel regression rate) is inversely proportional to
the heat of gasification or decomposition of the solid fuel. When the complexity
of the process is considered, an obvious requirement of the present model would
be the use of the same fuel and oxidizer combination as well as constant overall
oxidizer to fuel ratio

O/F = const (5)

Note, however, that in contrast to liquid-fuel combustors, where the fuel flow is a
controllable variable, it is not directly controlled in the hybrid combustor, and the
validity of the requirement of the same O/F is yet to be proved.

Some specific aspects may yield additional requirements. Characteristic chem-
ical reaction time of hydrocarbon fuels is known to be inversely proportional to
pressure, τch ∝ 1/p. A similar trend is exhibited by the ignition delay time τig.
On the other hand, residence time can be approximated by τres ∝ D/u. Constancy
of the ratio τres/τch leads to

( pD)/u = const (6)

which is also known to fulfill similarity of flameholding characteristics.
Satisfying Eq. (6) along with constant Reynolds number would yield

pD = const (7)

as well as a similar velocity field.
It is worth noting that the so-called pD scaling [expressed by Eq. (7)] is one

of the most useful scaling techniques for airbreathing combustors [12, 14–16] and
has also been proven to yield good results for SFRJ combustors [17]. However,
in spite of the similarities between SFRJ and hybrid motors, one should carefully
evaluate the significance and relevancy of pD scaling to hybrid propulsion.
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E. Compressibility

Maintaining similarity of compressibility effects is expressed by constancy
of Mach number in corresponding points. With M = u/

√
γRT , such a require-

ment would be fulfilled for simultaneous existence of similarity of velocity and
temperature fields.

F. Liquid Phase and Injector Characteristics

Classical hybrid motors consist of the injection of an oxidizer in either gaseous
or liquid form. When a liquid oxidizer is used, its special characteristics should be
considered in the light of their effects on the overall combustion process.

1. Droplet Life Time

Droplet life time (or burning time) is mainly a result of its evaporation time.
To maintain similarity between systems of different scales, one should require
that the droplet evaporation/burning (life) time τdrop be proportional to the com-
bustor residence time τres. Generally, droplet lifetime can de derived from the
d2-consumption law, yielding

τdrop = d2/k (8)

where d is the droplet initial diameter and k is the burning rate constant. Because
the combustor residence time is τres = L/u, the requirement for τdrop/τres = const
in similar systems yields

ud2/kL = const (9)

Now, the droplet burning rate constant k is known to have a weak dependence on
pressure, which can be approximated by

k ∝ pα (10)

with α of the order of 1
4 . Substituting Eq. (10) in Eq. (9) for α = 1/4 gives

ud2/p1/4L = const (11)

as was also the conclusion of Stewart [14] for droplet combustion. Note that when
combining the geometric similarity as well as constancy of Reynolds number to
Eq. (11) one obtains

d2/p5/4D2 = const (12)

which yields the desired proportion between droplet size, combustor dimension,
and operating pressure when scaling hybrid combustors

d ∝ D · p 5
8 (13)

One can further show that if pD constancy exists, the result is

d ∝ p−
3
8 (14)
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or

d ∝ D
3
8 (15)

For large (long) motors, droplet lifetime may not have a great effect. However, in
laboratory-scale motors, droplet size and lifetime may be quite significant.

2. Spray Momentum and Penetration

Spray momentum has some effect on the flow structure and droplet penetration
due to injection. The characteristic penetration distance can be derived from the
droplet size and injection velocity vin. Approximating the droplet drag coefficient
by CD = 24/Redrop where

Redrop = ρ|v − u|d/μ (16)

one obtains the droplet deceleration at the initial stage, where u ≈ 0,

a = 18μvin/ρ�d
2 (17)

The characteristic penetration distance is defined as Lpen = v2
in/2a . Requiring for

similarity the same proportion between the penetration distance and the motor
length, one obtains

vind2/D = const (18)

This relationship may impose constraints on the pressure drop Δp over the injector.
Because vin ∝ √Δp, then

Δp ∝ D2/d4 (19)

Introducing the similarity requirement for droplet lifetime [Eq. (13)] where
Re = const, one obtains

Δp ∝ D−2p−2.5 (20)

In cases fulfilling the pD similarity condition (14) and (15), Δp would vary
according to

Δp ∝ p−0.5 (21)

Δp ∝ D0.5 (22)

Note, however, that the pressure drop itself affects the droplet size: Higher Δp
usually causes smaller droplet size. Thus, the situation would be generally better
for larger motors. In addition, typically spray momentum and penetration distance
would be less significant than droplet lifetime.
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3. Injector

The constancy of Reynolds number as a similarity requirement yields the mass
flow rate proportion

ṁ ∝ D (23)

which, for the same O/F ratio, means also

ṁox ∝ D (24)

When a multihole, for example, shower head, injector is used, one may ask whether
the number of injector holes can be retained when scaling the system. In certain
cases the injector hole diameter may be proportional to the droplet size. In such
cases,

ṁhole ∝ vd2 (25)

When the penetration similarity criterion (18) is maintained, Eq. (25) becomes

ṁhole ∝ D (26)

This is exactly the same proportion of the overall flow rate. Hence, in cases
described by Eq. (25), preserving spray penetration similarity would also preserve
the number of injector holes.

III. Model Discussion

Best fulfillment of similarity requirements would be obtained for the following
conditions: 1) geometric similarity; 2) same fuel and oxidizer combination; 3) same
Reynolds number at corresponding sections; 4) same value of pD in model and
prototype; 5) requiring droplet diameter in proportion to Dp5/8, for conditions

fulfilled by item 4, the droplet diameter should be scaled according to d ∝ D
3
8 ; and

6) scaling of injector pressure drop according to Δp ∝ D−2p−2.5, for conditions
fulfilled by item 4, the requirement becomes Δp ∝ D0.5.

Under these conditions, equality of O/F ratio, Prandtl number, and Mach
number would also take place.

At this point one should evaluate the relative significance of the listed require-
ments, seeking a partial similarity modeling that will preserve the most significant
phenomena and indicate the main trends in actual systems. Such consideration
would point out whether any of the listed similarity requirements may be relaxed
for practical scaling purposes. The six given requirements will now be examined
one by one:

1) In general, the geometry requirement should be kept, otherwise the systems
will not be really similar. Nevertheless, the sensitivity of fuel regression rate pre-
dictions to small deviations in this parameter may be within satisfactory limits.
Hence, if it is only for the regression rate, some deviation of the motor length from
the scale factor may be tolerated. On the other hand, the overall O/F ratio as well
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as performance parameters, for example, c∗, Isp, F, are quite sensitive to the L/D
ratio.

2) Same fuel and oxidizer are mandatory. It would be very difficult to interpret
test results of different combinations.

3) It appears that because of the greater significance of the physical processes
than chemical aspects in the hybrid system, for example, diffusion flame char-
acteristics, turbulent transport phenomena, droplet dynamics, and combustion,
Reynolds number is the most significant similarity operating parameter. Constancy
of Reynolds number in systems under similarity conditions implies

GD = const (27)

ṁ/D = const (28)

Since

ṁ = ṁox[(1+ O/F)/(O/F)] (29)

and O/F = const under similarity conditions, one obtains the following [see also
Eqs. (23) and (24)]:

GoxD = const (30)

ṁox/D = const (31)

4) Constancy of pD is a very strong requirement that has been found to be the
major similarity condition in airbreathing combustors. Its main implication is in
keeping similarity of chemistry aspects in gas-phase reactions (and, in addition
similarity of Mach number). Here, pD scaling is supposed to result in the same
combustion efficiency. However, because physical rather than chemical aspects
dominate the hybrid combustor processes, this requirement may be relaxed, pro-
vided that a) requirement 3, that is, the same Reynolds number, is fulfilled; b) the
pressure is sufficiently high, so that chemical kinetics are much faster than physical
transport, for example, diffusion; and c) an aft mixing chamber would take care
of completing the gas-phase chemical reactions. Indeed, most investigators have
not noticed any pressure effects at regular operating pressures, and only at low
pressures or at very high mass fluxes regression rate sometimes seems to exhibit
some pressure dependence [2–7, 20, 21]. It is assumed here that a pure polymeric
fuel is used. If some oxidizer is incorporated in the fuel grain, then one may expect
certain pressure effects.

5) This droplet diameter requirement is irrelevant if the system employs a
gaseous oxidizer. When the oxidizer is in liquid form, this requirement is mainly
intended to ensure proper operation of small motors by seeking smaller oxidizer
droplets. The requirement may be relaxed for low-heat-of-evaporation oxidizers
such as liquid oxygen (LOX) (or when the spray consists of very small droplets), but
may be quite significant for small motors operating with high-heat-of-evaporation
oxidizers, for example, nitric acid, hydrogen peroxide, whose droplets lifetime is
relatively long. Calculations conducted by Gany et al. [22] for a 1-m-long hybrid
combustor revealed that whereas the former complete their evaporation at a short
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Table 1 Boiling temperature and heat of evaporation of selected
oxidizers

Boiling point Heat of
Oxidizer at 20 atm, K evaporation, J/kg

O2 134 2.14× 105

N2O4 384 4.15× 105

RFNAa (85%HNO3 + 15%N2O4) 456 5.76× 105

H2O2 550 13.89× 105

aRed fuming nitric acid.

distance relative to the combustor length, the latter may be only partially evapo-
rated at the end of the fuel grain. Properties affecting evaporation rate of several
liquid oxidizers are summarized in Table 1.

6) This requirement is again relevant only for liquid and not gaseous oxidizer.
Penetration distance seems to be of small significance unless one deals with very
small motors. Gany [23] showed that injected droplets of typical sizes approach
the surrounding gas velocity after a relatively short distance. One can conclude that
this similarity requirement may be relaxed without affecting the overall process
significantly.

In summary, the minimum and most significant operating conditions that main-
tain the most dominant similarity parameters and should be kept when scaling
hybrid rocket motors are as follows: geometric similarity, namely, L ∝ D; same
fuel and oxidizer combination; scaling the oxidizer flow rate in proportion to the
length scale (port diameter), that is,

ṁox ∝ D or Gox ∝ D−1

IV. Theoretical Model Predictions

Maintaining the preceding mentioned three main operating conditions, one
would expect the following relations between parameters of different-scale
systems.

A. Fuel Regression Rate

The regression rate ṙ is the most significant internal ballistics parameter of
hybrid motors. In common polymeric fuels, it is dominated by convective heat
transfer to the wall and by the heat of gasification of the fuel according to

ṙ = q̇w/(ρsLv) (32)

(For metallized fuels, radiation effect may not be negligible, whereas for liquefying
fuels such as paraffin, additional effects should be taken into account.)

For dominant convective heat transfer,

q̇w = h(Tf − Tw) (33)
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For similar temperature fields and equal Tf , Tw, and gas properties, one obtains
the same Nusselt number, which can be expressed as follows:

Nu ∝ RenPr0.33 (34)

With Prandtl number Pr = const (because of the equal gas properties) and relating
h to Nusselt number Nu, one can show that

ṙ ∝ GnDn−1 (35)

When operating under similarity conditions, one does not have to assume the
most appropriate value of n, nor does one have to have information on possible
variations along the grain or whether or not the boundary layer is fully developed.
With GD = const, the result would anyway be expected as

ṙD = const (36)

or

ṙ ∝ 1/D (37)

Note, that under similarity conditions with GD = const and ṙD = const, the ratio
between the perpendicular mass flux from the gasifying fuel at the wall ρsṙ and
main axial flow mass flux G remains constant, implying similarity of blowing
effect on the heat transfer (see Marxman and Gilbert [1]).

B. Oxidizer/Fuel Ratio

The oxidizer/fuel ratio is defined as

O/F = ṁox/ṁf (38)

According to the similarity analysis, ṁox ∝ D. The fuel flow rate,

ṁf = ρsṙAb (39)

Because the burning surface Ab ∝ D2 and the regression rate ṙ ∝ D−1, one expects
that under similarity conditions

ṁf ∝ D (40)

This result indicates that the overall O/F ratio is expected to remain the same
for hybrid systems under similarity conditions. As already stated, constant O/F
is an important, but not directly controlled factor in keeping with other similarity
parameters.
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C. Energetic Performance and Thrust

For equal O/F, the theoretical characteristic velocity should not change, that is,

c∗ = const (41)

As regards the theoretical specific impulse, it can be expressed by

Isp = CFc∗/g (42)

and is supposed to stay approximately the same,

Isp ≈ const (43)

except for slight variations in CF resulting from variations in operating pressure.
Thrust would roughly scale with motor size,

F ∝̃D (44)

as a result of the correlation F = CFc∗ṁ.
Because the fuel grain mass is scaled according to

mf ∝ D3 (45)

then, with O/F = const (implying overall propellant mass is also proportional to
D3) and Isp ≈ const, the overall motor impulse is expected to scale according to

I ∝̃D3 (46)

D. Burning Time

Fuel regression during the burning process causes continuously increasing devi-
ation from the initial geometric proportions of the hybrid combustor. Thus, systems
that initially maintain similarity conditions may violate the scaling rules during the
overall process. The problem can be minimized by either conducting short exper-
iments or by scaling the combustion time appropriately. Because ṙ is proportional
to D−1 and

D = D0 + 2ṙtb (47)

then, for maintaining the same geometric proportions between the model and
prototype systems over the burning time, the firing test duration should be scaled
according to

tb ∝ D2 (48)

This is an important operating result that should be accounted for when performing
firing tests. Its implications will be further discussed later. Note that Eq. (48) also
reveals the overall burning time of different systems under similarity conditions.
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E. Combustion Efficiency

As mentioned before, combustion efficiency in hybrid motors is affected to a
large extent by the aft mixing chamber. In principle, the mixing chamber should be
scaled according to pD scaling. However, if this condition is not maintained, one
should use a large enough aft mixing chamber to obtain satisfactory combustion
efficiency in all tests.

V. Experimental Research and Validation of Theory

Numerous available test data of hybrid motor firings have been reviewed to
compare them to the theory. No parametric investigation purposefully oriented
toward maintaining similarity of operating conditions when testing different-scale
motors has been found. Nevertheless, over the ranges tested, a number of systems
reported in the literature were found to maintain the most significant similarity
conditions, namely, geometric similarity, same fuel and oxidizer combination,
and GD = const or GoxD = const. These test results from the literature will be
presented first, yielding a limited but valuable comparison to theory with regard
to one of the main parameters: dependence of regression rate ṙ on port diameter
D for systems preserving similarity.

Nevertheless, to obtain a more comprehensive database, a special test pro-
gram aimed at studying scale effects under similarity conditions was conducted
by Swami and Gany [19]. Its description and results will then follow.

A. Comparison to Data from the Literature

Table 2 presents experimental results obtained from three test programs employ-
ing different systems as regards size range, operating conditions, and oxidizer/fuel
combination: gaseous oxygen plus polymethylmethacrylate (PMMA) (Wooldridge
and Muzzy [2]), gaseous oxygen plus hydroxyl-terminated polybutadiene (HTPB)
(Ramohalli et al. [24]), and liquid hydrogen peroxide plus polyethylene (PE)
(Wernimont and Heister [25]). The data have been grouped for each propellant
combination in more or less equal GD or GoxD values to examine the resulting
ṙD values, which are predicted by the present similarity/scaling theory to remain
constant under these conditions. Note that in none of these test series has the
chamber pressure been scaled according to the theoretical similarity requirement
( pD = const).As was mentioned before, pressure does not seem to play any signif-
icant role in the ranges tested. This fact justifies relaxing the similarity requirement
of constancy of pD (requirement 4), as was already discussed.

The data of Table 2 have been used to examine the theory both for gaseous
oxidizer and for liquid oxidizer systems. Figure 2, which presents the dependence
of regression rate ṙ on port diameter D, demonstrates an excellent agreement
between the present theory and data of Wooldridge and Muzzy [2] on hybrid
motors employing gaseous oxygen plus PMMA at different GoxD levels. Figure 3
exhibits a similar comparison between the present theoretical model and test results
of Wernimont and Heister [25] from a hybrid system employing liquid H2O2 plus
PE. In this case, many individual test points of more or less equal GD level closely
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Fig. 2 Regression rate ṙ vs port diameter D for hybrid motors maintaining similarity
of operating conditions: present theory and data of Wooldridge and Muzzy [2] on
GOX+PMMA systems at different GoxD levels.

agree with the theoretical curve. The tests by Wernimont and Heister [25] did not
generally preserve constant L/D ratio. As discussed before, it is obvious though
that the L/D ratio has only a minor effect on the average fuel regression rate (unless
extremely short grains are used).

Fig. 3 Regression rate ṙ vs port diameter D for hybrid motors scaled under similarity
conditions: present theory and test results of Wernimont and Heister [25] for liquid
H2O2 + PE system.
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B. Comprehensive Experimental Similarity/Scaling Research

As mentioned before, because of the limited test data in the literature that could
be related to systems scaled under similarity conditions, we conducted a focused
test program to examine a wide scope of the similarity and scaling theory and to
form a comprehensive database [19].

A schematic of the test facility with the motor and its associated control units
is presented in Fig. 4. To permit the use of different size motors, the test facility
was built as a modular unit. PMMA (Plexiglas�) was used as the fuel grain, and
gaseous oxygen (GOX) was used as an oxidizer in all of the tests. The fuel grain
was placed after the oxygen inlet at the head end and ended before the aft mixing
chamber. The other end of the aft mixing chamber was attached to a converging
nozzle assembly. The ignition of the motor was achieved by injecting a small
amount of ethylene in the inlet oxygen flow for about 300 ms and igniting the
resulting oxygen/ethylene mixture using a spark plug. After ignition, the ethylene
flow and spark plug were turned off. The whole setup was mounted on a thrust
stand. During the tests, the oxygen and ethylene flow rates (measured by choked
nozzles in their supply lines), motor and aft mixing chamber pressures, and the
thrust were continuously recorded.

Motors having initial port diameters of 7.5, 10, 15, 23, 34, and 40 mm, that is,
fivefold diameter ratio, approximately, and initial geometric proportions, length-
to-port diameter ratio, L/D = 10, were tested. The chamber pressure was always
higher than 25 bar in all of the tests.

The average fuel regression rate was calculated from the overall mass loss and
the burn time. In general, average values of the different parameters recorded during
the motor operation, including the motor port diameter, were used to represent the
experimental results. Motor test duration was scaled linearly with motor initial
port diameter, that is, tb ∝ D, up to a maximum value of 16 s for motors of initial
port diameter equal to or higher than 34 mm. This was a compromise between
the desire for the same relative final port diameter, which requires burn time in
proportion to D2, and the negative aspects resulting from too long burn times and
relatively large variations from the initial dimensions and proportions.

Fig. 4 Hybrid rocket test setup (after Swami and Gany [19]).
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Fig. 5 Actual test conditions showing approximately constant ṁox/D over range of
port diameters for each test series.

Two test series, series I at approximately constant value of ṁox/D =
15 (±10%) g/s · cm (GoxD = 19 g/s · cm) and series II at ṁox/D = 8 (±10%)
g/s · cm (GoxD = 10 g/s · cm), were carried out, as shown in Fig. 5. Figure 6
shows a comparison between the theoretical and experimental variations of the
regression rate with motor port diameter. The test results agree very well with
the theoretical prediction of ṙ ∝ D−1 [Eq. (37)], validating the similarity model.

Fig. 6 Regression rate variation with combustor port diameter, test series I and II.
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Fig. 7 Experimental results of O/F ratio vs combustor port diameter.

In Fig. 7, experimental results of overall oxidizer/fuel O/F mass ratio vs motor
port diameter are shown for the two test series. The stoichiometric O/F ratio for
the oxygen PMMA system is 1.92. One can see that in all of the cases the motor
operated at O/F values higher than the stoichiometric value.

In both of the test series, the oxidizer/fuel ratio seems to be fairly constant within
the typical experimental spread for the larger average port diameters (>15 mm)
with somewhat higher values at smaller port diameters. A constant O/F ratio is
predicted by the model (for constant L/D) and serves as an important similarity
parameter. The increased values of O/F ratio found for port diameters smaller
than 15 mm are attributed to the relatively large change in L/D ratio from its initial
value in smaller port diameter motors, leading to somewhat smaller average L/D

Fig. 8 Combustion efficiency test data vs port diameter.
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Fig. 9 Motor thrust vs port diameter, test series I, ṁox/D = 15 g/s · cm.

ratios and, hence, lower fuel flow rates, implying higher O/F ratios in these cases.
Also note that, in general, the O/F ratio in the second test series (which is of the
smaller oxygen flow rate) tends to be somewhat lower (by about 20%) than in the
first test series. This behavior results from the fuel regression rate dependence on
ṁox, which is typically smaller than linear dependence.

Combustion efficiency is defined in terms of the ratio between the experimental
and theoretical [26] values of combustor’s characteristic velocity c∗. The test results
are summarized in Fig. 8, revealing pretty constant combustion efficiency (typically

Fig. 10 Motor thrust vs port diameter, test series II, ṁox/D = 8 g/s · cm.
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of the order of 80–90%) for the entire range in both series. Somewhat lower values
of combustion efficiency were obtained in certain tests particularly for the smaller
port diameters. These results may be attributed to the higher relative heat losses in
the smaller motors.

The variation of motor thrust with port diameter is presented in Fig. 9 for series I
and in Fig. 10 for series II. Figures 9 and 10 both show almost linear approximation
for the entire range as predicted by Eq. (44). Comparing the experimental values
of the thrust with the theoretical values (calculated on the basis of theoretical c∗
and CF), one can see a similar trend. The lower experimental values of the thrust
are because of the lower experimental values of the characteristic velocity c∗ as
indicated by the combustion efficiency data (Fig. 8), as well as because of flow
losses, lowering the CF values.

VI. Conclusion

The message of this study is that scaling of hybrid rocket motors should be done
under appropriate similarity conditions.

A similarity analysis has defined the scaling rules in hybrid propulsion and
the operating conditions under which a laboratory-scale motor has to be tested to
predict the likely behavior of a full-scale motor.

The most significant scaling rules are the following: 1) maintaining geometric
similarity, 2) using the same oxidizer and fuel combination, and 3) scaling the
oxidizer flow rate ṁox in proportion to the port diameter D (resulting in maintaining
the same value of GoxD and GD).

Under such conditions, the different-scale systems are predicted to yield inverse
proportion between ṙ and D, constancy of O/F, c∗ (and approximately Isp), and
approximately linear proportion between F and D.

The excellent agreement between theory predictions and experimental data both
from the literature and from the present tests supports the validity of the theory and
indicates the important role that it can play in the development of hybrid rocket
motors.
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Chapter 13

Large-Scale Hybrid Motor Testing

George Story∗
NASA, Marshall Space Flight Center, Alabama 35812

Nomenclature
C∗ = Characteristic exhaust velocity
Isp = Specific impulse

I. Introduction

HYBRID rocket motors can be successfully demonstrated at a small scale
virtually anywhere. There have been many suitcase-sized portable test stands

assembled for demonstration of hybrids. They show the safety of hybrid rockets
to the audiences. These small show motors and small laboratory-scale motors can
give comparative burn rate data for development of different fuel/oxidizer com-
binations; however, questions that are always asked when hybrids are mentioned
for large-scale applications are how do they scale and has it been shown in a large
motor? To answer those questions, large-scale motor testing is required to verify
the hybrid motor at its true size.

The necessity to conduct large-scale hybrid rocket motor tests to validate the
burn rate from the small motors to application size has been documented in sev-
eral places [1–3]. Comparison of small-scale hybrid data to that of larger scale
data indicates that the fuel burn rate goes down with increasing port size, even
with the same oxidizer flux. This trend holds for conventional hybrid motors with
forward oxidizer injection and hydroxyl-terminated polybutadiene- (HTPB-) based
fuels. Although the reason this is occurring would make a great paper, or study, or
thesis, it is not thoroughly understood at this time. Potential causes include that,
because hybrid combustion is boundary layer driven, the larger port sizes reduce the
interaction (radiation, mixing, and heat transfer) from the core region of the port.

This chapter focuses on some of the large, prototype-sized testing of hybrid
motors. The largest motors tested have been American Rocket Company’s

∗Engineer, Solid and Hybrid Propulsion Systems.
Chapter 13 is declared a work of the U.S. Government and is not subject to copyright protection in

the United States.
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(AMROC’s) 250,000-lbf thrust motor at Edwards Air Force Base and the Hybrid
Propulsion Demonstration Program’s 250,000-lbf thrust motor at NASA Stennis
Space Center. Numerous smaller tests were performed to support the burn rate,
stability, and scaling concepts that went into the development of those large motors.

II. Background: Why Hybrids?

Hybrids, considered part solid- and part liquid-propulsion system, have been
caught in the middle of development goals of the various NASA and military
programs. Solid rocket motor technology has matured due to the advantages of
design simplicity, on-demand operational characteristics, and moderately low cost.
The reliability of solids, given minimal maintenance requirements, made them the
ideal system for military applications. On the other hand, liquid rocket engine
technology has matured due to their higher specific impulse (Isp) over solids and
variable control thrust capability.

Before 2004, hybrid rockets have been used in only one flight-production appli-
cation (Teledyne Ryan AQM-81A Firebolt Supersonic Aerial Target). Their recent
successful application to a manned-flight demonstration (Burt Rutan’s Space-
shipOne) may suggest that advantages have been overlooked in some potential
applications, and hybrids may be getting renewed interest. Hybrid rockets inher-
ently combine the safety features of a liquid-propulsion system (throttle, shutdown,
restart) while deriving the cost and operational benefits of a solid-propulsion
system. Specific details regarding these advantages include the following:

1) Handling—Virtually all hybrids fuels are considered inert [class 1.4c pro-
pellant, zero trinitrotuluene (TNT) equivalent], that is, they can be transported
via normal shipping techniques with no additional safety requirements. This is
a significant benefit when compared to traditional solids, where any processing
is considered a hazardous operation and special handling considerations must be
observed.

2) Casting—Classical hybrid motors can be cast in light industrial facilities
employing the techniques used in traditional solid-propellant casting. Hybrids are
largely insensitive to cracks and defects in the propellant, but gross disturbances
in the flow from air bubbles cast in the fuel (voids) can cause problems during
hot-fire operations.

3) Simplicity—Hybrid rockets are more complex than solids due to the need for
an oxidizer delivery system, with an associated oxidizer tank pressurization system
and pump if necessary. Although hybrids are more complex than solids, they use
only one fluid system, which make them less complex than liquid-bipropellant
systems (liquid rocket engines).

4) Throttling—Hybrids can be throttled by increasing the oxidizer flow rate via
varying the opening of the oxidizer valve in a pressure-fed system or speeding the
pump in a pump-fed system. Because the fuel regression rate is a function of the
oxidizer flux, lowering the oxidizer flow rate lowers the fuel regression rate and
resultant thrust level.

5) Restart—Hybrid motors can typically be ignited many times, until the fuel
grain is consumed or the nozzle and other components are past their design-life
limits.
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6) Performance—The Isp of an HTPB/liquid oxygen (LOX) rocket is equiva-
lent to a rocket propellant-1 (RP-1)/LOX engine and significantly higher than a
solid rocket motor [4]. Other fuel and oxidizer combinations yield higher and lower
performance values, with different system issues to work with [5]. To a certain
extent, performance can be tailored utilizing fuel additives or other propellant
modifications to meet specific requirements.

7) Cost—The handling and casting process costs should be significantly lower
than that of a solid, with no oxidizer in the fuel and, therefore, lower safety con-
cerns. Because there is only one liquid propellant used, the system costs should
be significantly less than that of a liquid system.

III. High-Energy Hybrid Space Engines

Space propulsion systems typically use solid rockets, with relatively low Isp but
high-density impulse or LOX/hydrogen systems with high Isp but lower density
impulse. In the 1960s, NASA decided to investigate hybrid rockets to see if a high
Isp and high-density system could be developed [6].

NASA selected United Technologies Corporation (UTC) to perform a series of
investigations devoted to high-energy space engines. One concept was based on
the use of the very energetic reaction between lithium and fluorine, two elements
at the opposite ends of the Mendeleev periodic table. The lithium was incorporated
into an HTPB binder and the fluorine was mixed with oxygen to create FLOX,
optimizing the performance of the system [6].

To satisfy conductivity restrictions of the binder and avoid melting of the
lithium, an eventual composition incorporating a combination of lithium and
lithium hydride was finally developed for the propulsion system shown in Fig. 1.
This throttleable system burned smoothly and exhibited very high performance.
Its ground performance converted to vacuum Isp, with an area ratio of 40:1, would
be in excess of 400 s. This firing is shown in Fig. 2, which appeared on the cover
of the 26 January 1970 issue of Aviation Week and Space Technology [6].

Fig. 1 UTC hybrid upperstage concept [6].
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Fig. 2 UTC hybrid firing [6].

IV. AMROC Experience

AMROC was for years the leader in hybrid rocket development. Their dream
was a low-cost commercial vehicle for entry into space. During the time AMROC
was financially solvent, they did exciting work on a large range of sizes of hybrid
rocket motors. They published numerous hybrid papers to generate interest in
hybrids; however, they still kept their trade secrets close. The AMROC intellectual
property rights and data were eventually sold to Space Dev, who are currently
pursuing hybrids.

A. AMROC Combustion Stability at 75,000-Pounds Force Thrust

Initial development activity at AMROC targeted a 75,000-lbf thrust motor
for suborbital payload delivery on the single engine test (SET) launch vehicle.
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During the development of the 75,000-lb thrust H-500 motor, AMROC used three
sizes of test motors [7]:

1) Small scale—The small scale motors were ∼18 in.-diam motors produc-
ing 10,000-lb thrust. These small-scale motors were used for fuel formulation,
insulation, and other materials for compatibility testing. There were 19 of these
motors built and fired.

2) Half scale—The half-scale motors were ∼36-in.-diam motors producing
33,000-lb thrust. These motors were used to test different concepts and issues in
multiport grain development. There were three of these motors built and fired.

3) Full scale—The full-scale motors were ∼51-in.-diam motors producing
75,000-lb thrust. These were tested in heavy-weight cases and in flight-weight
composite cases. There were 12 of these motors built; one was a manufactur-
ing pathfinder and the remainder were fired. Details of the tests run in each
configuration is shown in Table 1 [7].

AMROC found nonacoustic instability (NAI) during the development of a large-
scale hybrid rocket motor. The frequencies of the oscillations were related to the
fill/flush time of the combustion chamber. The observed frequencies were similar
to, though slightly higher than, those predicted by solid rocket motor correlations.
The magnitude of the oscillation was governed by the oxidizer feed system and
injector characteristics [7].

Stability problems were first encountered by AMROC during the 33,000-lbf
motor firings. Because their 10,000-lbf motors were relatively immune to insta-
bilities, AMROC reasoned that the physical mechanisms driving the oscillations
were enhanced at larger scale. Therefore, solving the stability problem at half-scale
would not guarantee that the full-scale motor to be free of oscillation. AMROC

Table 1 AMROC 75,000-lbf motor development testing [7]

Motor First firing No. of firings Comments

H-001 4 Dec. 1986 4 33,000-lbf motor
H-002 17 Feb. 1987 3 33,000-lbf motor
H-003 21 April 1987 4 Last 33,000-lbf motor
H-004 14 Oct. 1987 5 First 75,000-lbf motor
D-001 18 April 1988 6 Fiberglass motor case
H-005 23 Dec. 1987 5
H-006 0 Manufacturing pathfinder, not fired
H-007 28 June 1988 3
H-008 26 July 1988 5
H-009 2 Sept. 1988 1 First full-duration firing
H-010 25 Oct. 1988 6
H-011 19 Dec. 1988 1
H-012 13 March 1989 1
H-013 18 April 1989 1
DF-1 11 July 1989 3 Qualification test motor
DF-2 5 Oct. 1989 1 SET-1 flight motor
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decided to work on the stability problems using the larger 75,000-lbf motor. A
series of tests were performed using the 75,000-lbf motor to identify the cause of
and eliminate the combustion oscillations [7].

AMROC identified inadequate LOX vaporization as the major cause of NAI.
This points out the need for either a precombustion (vaporization) chamber
upstream of the combustion ports to allow for adequate gasification of the LOX
or injecting the oxidizer in gaseous form. For liquid injection, reduced droplet
size was more important than low axial velocity in increasing droplet vapor-
ization. Splashblocks, defined as sacrificial fuel surface areas downstream of
the LOX injector, were used to increase the residence time in the vaporization
chamber and found to be effective in suppressing NAI. AMROC found that the
required area of forward-facing surface was 13% of the total motor cross-sectional
area [7].

AMROC demonstrated their theories on the qualification test motor (DF-01),
which employed the enhanced techniques to suppress NAIs. Changes from early
full-scale motors included 1) increased venturi pressure drop to increase feed
system capacitance, 2) decreased injector manifold volume to reduce injector
capacitance, 3) increased injector pressure drop to reduce droplet size, and 4) use
of splashblocks to increase effective droplet residence time.

With these modifications, the qualification test motors met all requirements for
combustion stability [7].

B. AMROC 250,000-Pounds Force Motor Development

After the failed launch of SET-1 on 5 October 1989, which was built around
the 75,000-lbf hybrid motor (Fig. 3), AMROC reevaluated the market and started
to design a larger, 250,000-lbf hybrid rocket motor for a different sized launch
vehicle [8].

The first full-scale H-250,000-lbf development motor (DM-01) was designed
and produced in just 10 months in 1992 (Fig. 4). This effort required the develop-
ment of multiple components: a 74-in.-diam, 386-in.-long graphite/epoxy motor

Fig. 3 AMROC 75,000-lbf hybrid motor [7].
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Fig. 4 AMROC DM-01 250,000-lbf hybrid motor [8].

Table 2 H-250,000-lbf design parameters [8]

Parameter Value

Average vacuum thrust, lbf 257,000
Average vacuum specific impulse, s 280
Total vacuum impulse, lbf · s 18,500,000
Average chamber pressure, psia 400
Burn time, s 72

case; a 9:1 area ratio silica/phenolic nozzle; a 400,000-lbf thrust horizontal test
stand; composite port molds; motor casting fixtures; fuel mixers; and motor
manufacturing procedures. The total project duration, from initial design to the
completion of testing, was 13 months [8]. The design parameters are given in
Table 2.

C. Test Results

The DM-01 motor was tested in a series of four static firings. The first burn was
successfully conducted on 22 January 1993. The second burn was successfully
completed on 17 February 1993. The third burn was successfully conducted on
11 March 1993. After the third burn, the exit cone had excessive wear, and so part
of it was cut off before the next test rather than having it fail during test 4. That
lowered the nozzle expansion ratio and the thrust. On 24 March 1993, the fourth
burn prematurely ended when the case failed [8]. The motors were relatively stable
and performance data are shown in Table 3.
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Table 3 AMROC 250,000-lbf DM-01 test results [8]

Burn

Parameter 1 2 3 4

Thrust, lbf 216,900 231,900 215,400 214,800
Fuel mdot, lbm/s 357 351 339 310
LOX mdot, lbm/s 569 600 619 587
Isp, s 234 244 225 239
O/F ratio 1.59 1.71 1.82 1.89
Chamber pressure, psia 412 419 378 369
Nozzle area ratio 8.33 8.00 7.61 3.70
Throat area, in.2 364 381 402 418
Vacuum thrust, lbf 257,000 272,300 255,800 235,200
Vacuum Isp, s 278 286 267 262

The second motor (DM-02) was also developed and fired successfully as part of
the Hybrid Technology Option Project [9]. However, the motor was only fired once.
After the firing of DM-02, AMROC discovered that the motor had problems with
the manufacturing processes that formed the case insulation and discontinued the
testing on that hardware. With investor monies running low, they began to refocus
on smaller scale hybrids to investigate fuel and combustion issues. AMROC found
it more cost effective to test the motors at NASA Stennis Space Center than at
Edwards Air Force Base or their own test facilities [10].

D. AMROC 10,000-Pound Force at NASA Stennis Space Center

AMROC used 10,000-lb thrust LOX/polybutadiene hybrid rocket motors for
research and development work. A number of these motors were tested at NASA’s
Component Test Facility at NASA Stennis Space Center. These motors have led
to advances in combustion stability and material selection for use on AMROC’s
250,000-lb thrust hybrid rocket motors. Among the demonstrations conducted,
there was a pump-fed hybrid motor. AlliedSignal Aerospace had been developing
high-reliability, low-cost cryogenic turbopumps based on their foil bearing tech-
nology. This was the first application of a turbopump-fed hybrid rocket motor. The
AlliedSignal foil bearing LOX turbopump andAMROC’s hybrid rocket motor were
brought together and tested at NASA Stennis Space Center (SSC) in October 1994
with the first test of the pump-fed hybrid rocket motor in November 1994 [10].

The hybrid motor consisted of a HTPB fuel cast directly into the motor case
in a “double-D” two-port configuration (Figs. 5 and 6). Some of the motor design
parameters may be found in Table 4. The fuel was composed of HTPB, an iso-
cyanate curative, and small quantities of additives to achieve the desired mechanical
properties. The injector was a shower head configuration. Some of the stable test
data are shown in Fig. 7.

The test stand configuration for the motor (shown in Fig. 8) included a cavitating
venturi. The cavitating venturi in Fig. 8 is the unlabeled device between the hybrid
motor and the valve designated MV42.A cavitating venturi is a proven critical piece
of hardware to isolate the hybrid motor oscillations from the liquid oxidizer feed
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Fig. 5 AMROC 10,000-lbf double d motor [10].

Fig. 6 AMROC 10,000-lbf hybrid motor [10].

Table 4 10,000-lbf turbopump motor configuration
[10]

Parameter Value

Fuel formulation DM-02
Maximum chamber pressure 500 psia

Initial oxidizer mass flux 0.5
lbm

(s · in.2)
Injector pressure drop 90 psid
Postcombustion chamber L∗ 250 in.
Precombustion chamber length 20 in.

system, ensuring no oscillations on pressure-fed systems [7]. These tests, although
demonstrating a turbopump and the hybrid motor together for the first time, did not
prove that a cavitating venturi was necessary for a turbopump driven system. How-
ever, it may be desirable from the turbopump operation conditions. A cavitating
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Fig. 7 AMROC turbopump data [10].

Fig. 8 SSC test arrangement for AMROC turbopump [10].
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venturi requires a certain minimum pressure drop across it, and whereas a turbop-
ump could probably provide that pressure rise, the pump might be smaller if that
extra pressure rise was not required. However, in a turbopump-driven system, it
may be better to have a steady back pressure behind the oxidizer pump, provided
by the cavitating venturi, to keep the changes in motor pressure from affecting the
speed of the pump. Without a cavitating venturi between the turbopump and the
motor, as the motor pressure dropped over time, the turbopump would tend to spin
faster with the reduced back pressure, increasing the oxidizer flow or requiring
greater system control to keep it from spinning more.

V. Hybrid Propulsion Demonstration Program 250,000-Pounds Force
Hybrid Motor

The Hybrid Propulsion Demonstration Program (HPDP) program was formed
to mature hybrid propulsion technology to a readiness level sufficient to enable
commercialization for various space launch applications [11, 12]. Participants in
HPDP have included Allied Signal Aerospace; The Boeing Company, Rocketdyne
Division; Environmental Aeroscience Corporation; Lockheed Martin; Thiokol;
UTC-Chemical Systems Division; and NASA [Marshall Space Flight Center
(MSFC) and SSC]. The goal of the HPDP was to develop and test a 250,000-lb
vacuum thrust hybrid booster to demonstrate hybrid propulsion technology and
enable manufacturing of large hybrid boosters for current and future space launch
vehicles. The HPDP has successfully conducted four tests of the 250,000-lb thrust
hybrid rocket motor at NASA SSC. Figure 9 shows the HPDP 250,000-lbf thrust
motor 2, test 3, and Fig. 10 its layout.

A. 11-Inch and 24-Inch Motor Testing at MSFC

There has been significant testing of hybrid motors at MSFC in the 11-in.
and 24-in. diameter with gaseous oxygen (GOX) and LOX. That testing, from
the Joint Industry Research and Development (JIRAD) program, the Large Scale
Solid Rocket Combustion Simulator Program, and other programs, all fed into the
HPDP program [13–16]. This subscale work continued during the development of
the HPDP 250,000-lbf thrust motor and provided the basis for many of the design
features of the larger motor.

B. 250,000-Pound Force Thrust Hybrid Test Motor

Table 5 lists the 250,000-lbf hybrid motor design requirements. Details of the
injector, fuel grain, and nozzle design are given by Boardman et al. [11, 12]. A
photograph of a pretest aft end of the grain is shown in Fig. 11.

C. Head End Designs

To address the combustion stability concerns that had been found in the develop-
ment of large-scale hybrid rockets [7, 17, 18], the HPDP consortium came up with
two ways to try to control the combustion instability: a passive technique, with no
moving parts (employed on motor 1) and an active approach, using heat addition
from the forward end (employed on motor 2).
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1. Motor 1 Design Basis and History

The motor 1 head design was based on previous solid-fuel ramjet stability his-
torical data, with the creation of “a stable zone of hot, recirculating, combustion
gases ahead of the establishment of the primary combustion zone” [19]. Several
of these concepts were designed and subscale tested with GOX in the 11-in.-diam
motor, which was ignited with an oxygen hydrogen torch. “All oxidizer dump
plenum configurations that produced flow recirculation of combustion gas at the
leading edge of the diffusion flame sheet resulted in stable operation. Configura-
tions that did not produce such flow structures exhibited unstable combustion”[19].
Testing with LOX in the 11-in.-diam hybrid motor produced similar stability
results. “The comparison showed that flow field features which reduced or elim-
inated acoustic oscillation in motors using gaseous-oxygen injection were also
required to stabilize combustion in liquid-oxygen-injected motors” [19]. This test-
ing evaluated the effects of short and long fuel-lined vaporization chambers with
different flameholding concepts: fuel fin, flameholder, and fuel inhibitor. The LOX
was injected with either a solid cone or axial injector. The combination of the long
fuel-lined vaporization chamber with the fuel fin and the solid cone injector had
the lowest average nonacoustical oscillation amplitude percentage and also had
the highest vaporization chamber heat output. The following determination was
made by Boardman et al. [20]:

Fuel fins are effective in both short and long vaporization chambers in reducing the
average instability level associated with liquid-oxygen injection. This is most likely

Fig. 9 HPDP 250,000-lbf thrust motor 2, test 3 [3].
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Fig. 10 Layout of 250,000-lbf HPDP hybrid motor layout [3].

because of the combustion port, spanwise, hot-gas recirculation zone behind the
fuel fin and flame from combustion on the fin surface entering the combustion port.
Incorporation of fuel fins appears to offer a viable means of scaling a combustion
oscillation suppression method to larger liquid oxygen based motors.

This work supported the concept that became the bases for the design of the
motor 1 head end.

Testing with the 24-in.-diameter LOX motor was started in parallel with the
11-in.-diameter GOX motor testing to support the ramjet combustion stability
concepts [21]. Testing was conducted with domed-shaped vaporization chambers
with varying length fins and no fins. Carpenter et al. [21] had no conclusions listed
on the effect of fins; however, they did support previous AMROC conclusions stat-
ing that the oxidizer feed system must be decoupled from the motor oscillations.
This decoupling was implemented by moving the cavitating venturi, which regu-
lates the liquid oxygen flow, from well upstream of the injector to right before the
injector. A well-designed cavitating venturi speeds the fluid to the point where the
local fluid pressure is less than the vapor pressure of the fluid and the fluid flashes,
and then the flow rate is controlled by the vapor pressure, not the downstream pres-
sure. This effectively eliminated the feed system coupling of the oscillations with
the motor oscillations [7]. Subsequent HPDP testing of the 24-in.-hybrid motor
evaluated the effect of the centerport on combustion efficiency [16, 22]. These
tests showed the effect of the centerport on the motor combustion, by blocking
the centerport with a fuel plug or making a tortuous path to the centerport by use
of a fuel flow port deflector. Blocking the centerport lead to more stable motors
compared to unblocked centerport motors, but the centerport open motors were
within the +/−2.5% stability band HPDP requirements. The +/−2.5% stability
band was an indicator of the stability, based on the pressure variations vs a 1-s
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Table 5 Design parameters 250,000-lbf motor [3]

Parameter Value

Maximum vacuum thrust 250,000 lbf (1,112,055 N)
Average vacuum specific impulse 280 s
C∗ efficiency 98%
Maximum operating pressure 900 psia (61.2 atm)
Average chamber pressure 750 psia (51.0 atm)
Burn time 80 s
LOX flow rate 600 lbm/s (272.2 kg/s)
Oxidizer flux level 0.64 lbm/sec/in.2 (0.045 kg/s · cm2)
Port length 380 inch (9.65 m)
Length-to-diameter ratio 35.3
Fuel/oxidizer HTPBa/LOX

aHTPB and polycyclopentadiene (PCPD) with no metal additives.

Fig. 11 Pretest 250,000-lbf HPDP motor ports [3].
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moving average of the low-speed chamber pressure. The final motor of that 24-in.-
diam series incorporated a flat-topped fuel flow deflector, a fuel lined vaporization
chamber with fins, and a nozzle throat designed to provide a chamber pressure of
900 psi. According to Jones et al. [16] this configuration of motor

showed that altering conditions in the center port provided a more stable motor
with high combustion efficiencies. Results from the incorporation of the fuel flow
deflector also indicate that a more uniform regression along the length of the grain
was obtained. These data resulted in the incorporation of the fuel deflector into the
first 250K-lbf motor.

2. Motor 2 Design Basis and History

The motor 2 head end design was also influenced greatly by historical data,
initially being based on data from the AMROC. During the late 1980s and early
1990s, AMROC was the leader in hybrid technology. Some of their combustion
stability experience is listed in a patent [23] and a paper on combustion stability [7].
Based on AMROC’s published documentation [23], hybrid combustion instability
was thought to be caused by several reasons:

One of the causes of erratic performance is the flow of unvaporized liquid oxi-
dizer, which disrupts the normally stable boundary layer combustion process. Ideally,
during combustion a combustion zone is formed in the boundary layer at the inter-
face of the vaporizing fuel flow and the vaporized oxidizer, within the momentum
boundary layer and is the source of the heat flow to the surface of the solid fuel to
maintain fuel vaporization. As unvaporized liquid oxidizer is distributed along the
surface of the solid propellant (grain), the temperature of the forward reaction mix-
ture is reduced, thus the efficient combustion area is developed toward the aft end
of the rocket. As the pressure differences within the combustion area increase, the
hot reaction products move forward into the area of low pressure and temperature,
then aft again, producing a series of low frequency oscillations along the length of
the grain. This results in erratic combustion and unstable thrust. Thus, it is essential
for stable hybrid rocket engine performance that there is a consistent boundary layer
over the entire solid propellant.

Another large cause of combustion stability AMROC documented included feed
system coupling with the hybrid combustion. This they addressed by a cavitating
venturi just upstream of the LOX injector [7]. The AMROC suggested correction
of the boundary-layer problem is to inject a phyrophoric liquid into the oxidizer
stream to vaporize the oxidizer before entry into the combustion zone [23]:

The hypergolic fluid is injected in an amount sufficient to vaporize all of
the liquid oxygen. The flow rate can be readily calculated from the temperature
of the liquid oxidizer and the flow rate of the oxidizer. For example, a hybrid engine
using liquid oxygen and a trialkyl aluminum pryogolic fluid, a flow rate of about 0.1%
by weight of the liquid oxidizer is sufficient to vaporize all the oxidizer. Flow rates
higher than 5% by weight of the oxidizer are unnecessary and can lead to unstable
burning. Usually the flow rate is from about 0.5 to 3.0% by weight of the oxidizer.
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Fig. 12 U.S. Patent 5582001 motor layout: 32) LOX spray, 34) ignition fluid injector,
36) ignition fluid spray, and 26) LOX injector.

To support the claims in AMROC’s patent, Bradford et al. [23] included test
data from a series of tests, using the configuration shown in Fig. 12:

Hybrid engines were constructed incorporating a polybutadiene solid grain and
utilizing a casing containing a precombustion zone as shown in [Fig. 12]. Liquid
oxygen was utilized as the liquid oxidizer and triethyl aluminum (TEAL) as the
hypergolic fluid. One engine (Example 1) [Fig. 13, H8#1] was operated with TEAL
only injected during initial start ups. Two other engines (Example 2 and 3) [Fig. 13,
H8#2 and H8#3] were operated with the TEAL injected continuously. Example 4
[Fig. 14] was a test burn lasting 70 seconds with TEAL continuously injected. Fig-
ure 13 shows three short test firings; Example 1 [Fig. 13, H8#1] shows the aft port
pressure during a time when TEAL was not injected. Both Example 2 and Example 3
[Fig. 13, H8#2 and H8#3] show the aft port pressure, under identical conditions,
while TEAL was being injected. Example 1 shows the low frequency harmonics
(oscillations) of hybrid rocket engines that have been reported in the literature while
Example 2 and 3 show that said low frequency harmonics have been eliminated.

Figure 14 shows motor plot 2 with TEAL flowing through the entire burn.
These AMROC conclusions were also somewhat supported by HPDP test-

ing with LOX on the 11-in. motor. This series of motors was ignited by
triethylaluminum/triethylborane (TEA/TEB), which is a mixture of pyrophoric
liquids. According to Boardmen et al. [20],
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The heat input from the TEA/TEB combustion is approximately 3,600 Btu/sec,
substantially exceeding that available from steady-state combustion of fuel in the
vaporization chamber. Heat required to vaporize liquid oxygen is approximately
90 Btu/lbm, or approximately 400 Btu/sec at average motor liquid-oxygen flow rates.
Thus the heat available from TEA/TEB combustion is well in excess of that necessary

Fig. 13 U.S. Patent 5582001 motor plot 1, effect of TEAL addition on chamber
pressure; H8#1 no TEAL and H8#2 and H8#3 TEAL on.

Fig. 14 U.S. Patent 5582001 motor plot 2, TEAL flowing the entire burn.
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to vaporize the liquid oxygen. Examination of motor pressure data indicates that the
effect of TEA/TEB combustion on stability appears to be significant in some cases
and less so in others.

Motor 2’s vaporization chamber design (and motor 1’s) came from the inherent
safety consideration and argument between a safe, solid inert hybrid fuel with a
zero TNT equivalency requiring a pyrophoric liquid to start it and make it operate
in a stable condition. The special care needed to handle the pyrophoric liquid had
raised a question of the handling safety of the whole system. Also, members of the
consortium had come to doubt if motor 1 would be stable, and so it was decided
to test a concept where the ignition and the stabilizing heat would come from a
hybrid motor itself instead of a pyrophoric liquid. Motor 1 retained the pyrophoric
liquid for ignition purposes only.

Additional testing was conducted on the 11-in. and 24-in.-diam LOX motors
to evaluate this concept. Jones et al. [16] discuss the results of the 11-in. motor
ignition system and the 24-in. motor vaporization system testing. Testing of both
sized motors was performed to see if small hybrids could start large hybrids and
if the heat could keep it stable. Startup was smooth, and combustion stability was
increased compared to motors without this active heat source. The success of this
testing led to the incorporation of the hybrid “heater motors” into the 24-in. Large
Subscale Quad Port Test Series. Jones et al. [16] report

On test HP24-8020, the (GOX feed to the heater motor) system was terminated at
T+11 seconds which caused the motor to go unstable . . . . The test confirmed the
hypothesis, as shown in multiple 11- and 24-inch tests series, that the flame anchoring
in the head-end of a hybrid motor is essential for motor stability.

The conclusion that heat addition was necessary was also supported by the
11-in.-diam GOX testing for passive techniques for combustion stability. An inter-
esting footnote to that work was the conclusion that “heat released from combustion
of hydrogen gas in the dump plenum at an estimated mixture ratio of 120 also sta-
bilized combustion in configurations that were otherwise clearly unstable.” This
conclusion was also used in the design and development of motor 2 [19].

Two HPDP tests [22] show the effect of fins and no fins on multiport hybrid
motors. These motors were tested with the same conical injector. The motor having
fins in the forward dome had more fuel regress (19.64 lbm) than that of the motor
dome without the fins (4.24 lbm), even if corrected for the burn time differences
(∼18 vs ∼8 s). However, that additional head end fuel regression did not result in
an increased motor C∗ efficiency (both yielded 98%) or combustion stability, as
judged by the chamber pressure average oscillation divided by average pressure
(1.60 vs 1.60%). The conclusion that can be drawn from Tables 4, 6, and 12 of
Story and Jones [22] is that the impingement of LOX on the head end fuel fins can
cause it to erode, but that additional fuel flow may not contribute to combustion
stability or an increased C∗ efficiency.

The motor 2 head-end design that was eventually built and tested was similar to
the patented design [24] (Figs. 10 and 15). The design incorporated heater motors
to start the main motor and provide heat to vaporize the LOX for combustion
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Fig. 15 U.S. patent 5794435, stable-combustion oxidizer vaporizer for hybrid
rockets: 200) hybrid fuel, 250) small hybrid motors, 270) small hybrid motor exhaust
gas flow, and arrows LOX flow.

stability. An axial injector was designed for motor 2 in as much as motor 1 used
a conical spray pattern injector, and AMROC’s patent [23] indicated that LOX
impingement on the burning fuel surface could be a cause of the instability. The
head end also incorporated a recirculation area in the front end, where gaseous
oxidizer would theoretically recirculate and burn the head end fuel, generating
even more heat.

D. Ballistic Tests

1. Motor 1, Test 1

Motor 1, test 1 was the first of the 250,000-lbf hybrids tested at NASA and
was conducted on 9 July 1999. This was the passive combustion stability design
employing fins in the head end and a flow deflector over the centerport (Fig. 10).
It was lit by TEA/TEB and exhibited unstable behavior (Fig. 16). Because of an
external TEA/TEB system fire, the test conductors terminated the test prematurely.
There was minor scorching of some of the TEA/TEB ignition system components,
however, no damage to the test stand. Calculations have shown that the requested
TEA/TEB flow rate to motor was supplied even though some TEA/TEB escaped
to the atmosphere. Subsequent testing of the TEA/TEB ignition system indicated
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Fig. 16 HPDP 250,000-lbf motor 1, firing 1 [3].

failed pressure transducer diaphragms, which were overpressured due to water
hammer effect, causing the TEA/TEB to leak. Once the TEA/TEB, a phyrophoric
liquid, came in contact with air, it burned.

2. Motor 2, Test 1

Motor 2, test 1 was the first test of the active combustion stability system,
with embedded heater motors in the head end. The ignition system consisted of
two banks of small gaseous hybrid motors embedded in the forward dome of
the motor. The test was conducted on 13 August 1999. Ignition was smooth, and
combustion was stable (Fig. 17). A small pressure blip that occurred during the

Fig. 17 HPDP 250,000-lbf motor 2, firing 1 [3].
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first few seconds of the test was believed to be from the backlighting of one bank
of the gaseous hybrid motors in the head end. Pretest checks indicated that the
ignition system of one of the banks of gaseous hybrid motor was shorted out.

3. Motor 2, Test 2

Motor 2, test 2 was a refiring of the motor 2, test 1 hardware, except the
nozzle from motor 1, test 1 was used. The test was conducted on 9 September
1999. The nozzles, by design, were refurbished between each test, and the nozzle
from motor 1, test 1 was available and had eroded less than the nozzle from
motor 2, test 1.

Motor 2, test 2 ignited smoothly; however, large pressure oscillations were
encountered during the burn (Fig. 18). It is believed the small gaseous hybrid
heater motors, as they burned (where the ports got bigger and the flux dropped,
which shifted the O/F), produced less heat to provide the amount necessary for
LOX vaporization and hold to the flame at a fixed location to establish combustion
stability.

4. Motor 2, Rework

Because the small gaseous hybrids for heater motors had burned till they were
no longer able to provide a sufficient heat source and/or flameholding device, they
were drilled out and recast in a slightly different configuration.

5. Motor 2, Test 3

Motor 2, test 3 was reassembled using the refurbished nozzle from motor 2,
test 1. The test was conducted on 17 January 2002 and exhibited a smooth ignition
and steady pressure trace (Fig. 19). The small pressure disturbances/blips are
believed to be from ejecta. Parts of the recasting of the head end were found
posttest outside the motor.

Fig. 18 HPDP 250,000-lbf motor 2, firing 2 [3].
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Fig. 19 HPDP 250,000-lbf motor 2, firing 3 [3].

Motor weights were calculated by three techniques during the 250,000-lbf
program. The first technique was to weigh the components or, sometimes, the
assembled motor on a truck scale (at MSFC and/or SSC). The second technique
was use of a system called the bore crawler. It used mechanical arms and fingers
to measure the port geometry pre- and posttest. Data from that technique were
provided by Park et al. [25]. A third technique was developed that used a laser
to map the port area. The laser was pulled through the individual ports pre- and
posttest, and the area of the ports at those locations were calculated. From that
information the motor weights were calculated. The data from the laser technique,
indicating the port shape, are shown in Fig. 20.

Average regression rate data of the ports per test are shown in Figs. 21–23.
There was a significant difference between the three weighing techniques, with
the maximum percentage differences of techniques near 10%. This has lead to
some uncertainty in the performance calculations. Another possible contributor to

Fig. 20 Laser port mapping sample, pretest port [3].
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Fig. 21 HPDP 250,000-lbf motor 2, test 1 regression rates (center port and quad
ports) [3].

Fig. 22 HPDP 250,000-lbf motor 2, test 2 regression rates (center port and quad
ports) [3].
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Fig. 23 HPDP 250,000-lbf motor 2, test 3 regression rates (center port and quad
ports) [3].

the uncertainty in the performance calculations is that the cavitating venturi was
never calibrated.

C∗ data from theoretical calculations with PC = 600 psia are shown in Fig. 24.
The test O/F and Isp/C∗ calculations are from HPDP final report [26] with laser
mapping of centerport weights.

Fig. 24 Theoretical C∗ vs data [3].
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E. Performance Analyses

The global performance calculations for the motors are shown in Table 6. The
high O/F ratios for the motor 2 tests can be attributed to two things: scale up from
small hybrid rocket motor burn rates and the typical shift in O/F seen in hybrid
motors. The 250,000-lbf hybrid was designed based on a motor with a hydraulic
port diameter of 2. The hydraulic port diameter of the 250,000-lbf motor ports was
on the order of four times as large. Subsequent testing of the three-quarter-scale
motor, a large single-port quad motor, in the HPDP program provided a clue as to
what would happen: an expected 30% reduction in fuel regression rate [2]. Other
work comparing small ports regression rates extrapolated to larger ports showed
an error in the regression rates greater than 10% [1]. Reduction in the fuel flow
rate affects the O/F, chamber pressure, and thrust.

Stability of the tests can clearly be seen in the spectrograms of the test data
Figs. 25–28. The spectrograms show the power spectral densities over time,
with the amplitude at the right representing the logarithmic magnitude of the
oscillations. The tests where the heater motors provided stability are easily rec-
ognizable. Another way to look at the stability is shown in Figs. 29–31, which
show the filtered composite normalized by average pressure. The bandpass filter
is between 5 and 500 Hz to remove the nonacoustic response. The oscillations
upstream of the injector show the noise from the cavitating venturi. The two pres-
sure blips in motor 2, test 3, which are believed to be ejecta, show up quite well.
The unstable nature of motor 2, test 2 is also quite evident in Fig. 30, with the
rms excursions denoting an excitation in acoustic activity concurrent with the
low-frequency events.

F. General

A multiple-port grain configuration was used in 250,000-lbf hybrid motors due
to the low fuel regression rate requiring a large surface area to generate the fuel
flow necessary for desired thrust level. The head end and the aft end attached to
each side of the main fuel grain represent a precombustion chamber for heating and
vaporizing LOX and a mixing chamber for completing the reaction of unburned fuel
with oxidizer, respectively. One explanation for the chamber pressure oscillations

Table 6 Average motor performance parameters [3]

Motor 2

Parameter Motor 1, test 1 Test 1 Test 2 Test 3

Thrust, vacuum, lbf 177136.9 186336.9 210065.5 195989.4
Isp vacuum 250.0 248.6 276.9 263.9
Isp vacuum efficiency 0.77 0.78 0.90 0.92
C∗ 4,576.3 4,855.9 5,092.9 5,044.2
C∗% 78.7 84.9 93.5 97.6
Global O/F 2.3 2.8 3.5 4.5
Duration, s 7.9 18.6 38.9 28.0
Chamber pressure, psia 594 625 600 542
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Fig. 25 Motor 1, test 1 Fwd PC spectrogram [3].

Fig. 26 Motor 2, test 1 Fwd PC spectrogram [3].
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Fig. 27 Motor 2, test 2 Fwd PC spectrogram [3].

Fig. 28 Motor 2, test 3 Fwd PC spectrogram [3].
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Fig. 29 Filtered composites normalized by average pressure, motor 2, test 1 [3].

Fig. 30 Filtered composites normalized by average pressure, motor 2, test 2 [3].

that occurred in motor 1, test 1 and motor 2, test 2 may be because of different
fuel regression rates in the multiple chambers (quad ports and centerport) that
resulted from uneven LOX distribution, incomplete vaporization of LOX at lower
temperature, and incomplete combustion in the mixing chamber. The operation
of the heater motors in motor 2, tests 1 and 3 seems to have corrected for these
phenomena. However, incomplete reaction of fuel with oxidizer in the ports and
in the aft mixing chamber may have lowered the motor combustion efficiency in
all of the motors.

To prevent unstable combustion in hybrid motors, flow and combustion
conditions under the lower temperature of LOX and very oxidizer-rich environment
at the forward end of the fuel grain need to be precisely determined to establish
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Fig. 31 Filtered composites normalized by average pressure, motor 2, test 3 [3].

a proper flame front, which keeps the motor stable. A proper flame front was
demonstrated using the hybrid heater motors on motor 2, tests 1 and 3.

G. Performance

Motor performance in terms of the C∗ efficiency yields 78–97%, whereas in
terms of vacuum Isp yields 77–92%. The low C∗ efficiency implies that the fuel that
was released from the grain did not burn completely, which may have been due to
poor mixing of the oxidizer-rich and fuel-rich areas of the gasses in the motor. The
Isp efficiency was lowered by the C∗ efficiency issues, as well as the low pressure
due to the lower than expected fuel regression rate. Based on the bore crawler data,
the amount of fuel regression in motor 1 indicates severe difference from each port
[25]. The amount of regressed fuel of the quad ports vary from 155 to 220 lbm with
the centerport of 112 lbm, which is equivalent to the minimum regression of the
quad ports after compensation of the cross-sectional area ratio. The low regression
of the centerport in motor 1 is believed to be because of the existence of the flow
deflector, causing a tortuous path for the LOX to take. In contrast, in motor 2, fuel
regression in the centerport exceeds the maximum regression in the quad ports,
implying a larger amount of oxidizer flowing through the centerport than the quad
ports. Motor 2’s axial injector directs the LOX directly toward the centerport.

H. Pressure

Motor pressure–time characteristics in Figs. 16–19 exhibited both stable and
unstable combustion, especially large-amplitude pressure oscillation in the motor 1
test and the second test of motor 2. The averaged chamber pressures of motor 1 and
motor 2 lie between 542 and 625 psia, far less than the designed average pressure
of 750 psia at LOX flow rate of 600 lbm/s, as given in Table 5. In the motor 1
test and the second test of motor 2, severe chamber pressure fluctuations (spikes)
were noticed throughout the tests. Relatively small pressure peaks at the ending
period are due to the onset of gaseous nitrogen for shutdown. In motor 1, test 1 and
motor 2, test 2, each pressure spike using the high-speed data acquisition system
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(12,500 data/s) revealed similar characteristics of pressure buildup and discharge
processes. Magnitude of the spikes are generally close to the theoretical maximum
operating pressure level, although some surged as much as twice the mean pressure.
Decrease in pressure timewise is expected, due to the throat erosion, lower flux
level, as the ports open up with subsequent lower fuel regression rates changing
the O/F ratio.

I. C∗

One of the ballistic parameters that quantifies motor performance is C∗, a
characteristic velocity shown in Fig. 32. The ratio of actual C∗ to the theoret-
ical maximum C∗ from the industry standard thermochemistry code represents
motor efficiency. The C∗ efficiency in Fig. 32 indicates that a significant amount
of fuel has not released all of its energy inside of the motor as previously experi-
enced [27], as shown in Fig. 24. Also, the C∗ efficiency seems to be higher in the
motors with motor with higher O/F ratios. These phenomena have been observed
in single-port subscale motors [28]. Possible causes in the 250,000-lbf hybrid may
be that the same mixing in the aft end of a motor may cause more combustion in
an oxidizer-rich environment or that the lower flux levels provided more reaction
time in the ports and mixing chamber.

J. Regression Rate

Direct measurement of the port circumferences was attempted using both
mechanical (crawler) and laser measuring devices to calculate the amount of fuel
regressed. Figure 20 shows a typical prefire quad-port configuration and Figs. 21–
23 show the average fuel regression rate of individual ports of motor 2 acquired
by the laser device. Notice that the regression profiles of the quad ports are not

Fig. 32 Theoretical C∗ performance of UTF-31,270 with LOX [3].
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coincident with the result from the crawler [25].Also, note that direct impingement
of oxidizer flow increases regression rate at the port as shown in Figs. 21–23.

In general in motor 2, the regression rate increases monotonically lengthwise
except in the third test where the rate for the quad ports stay relatively in constant.
From this result, it is obvious to consider dependency of the LOX flux level, motor
length, and port diameter in a fuel regression correlation.

K. Stability

A hybrid motor differs fundamentally in terms of combustion behavior com-
pared with solid and liquid rockets in that the O/F ratio has an axial dependency.
Historically, both acoustic instabilities and NIAs related to the motor geometry
were encountered during the development of a large-scale hybrid rocket motor. It
is believed that the relatively cold flow of oxidizer in the head end causes pressure
oscillation; thus, methods of adequate LOX vaporization, reduced droplet size,
and use of flow deflector were introduced to suppress combustion instabilities [7].
Significant effort was made to evaluate combustion instability during the hybrid
motor development in terms of vortex shedding [18] and diffusion flame movement
[29], but the complexity of the multiphase diffusion flame combustion dynamics
in the turbulent reacting flow has not been fully disclosed yet.

From the instability point of view, it is not clear from Figs. 21–23 that, excluding
deviation in the quad ports, significant difference in the regression rate at the center-
port from those at the quad ports in the second test leads to unstable combustion
because motor 2, tests 1 and 3 were stable.

Variation of local O/F ratio in the combustion chambers may be a key factor
for determining hybrid motor stability. In addition, the multiport with a one head
end LOX injector configuration having pressure variation between combustion
ports from the uneven distribution of oxidizer could be an additional source for
the instability by developing pressure oscillation in the tangential mode at the port
entrance. The centerports in motor 1 and motor 2 are examples of the uneven
distribution cases. The apparent local O/F ratio in the centerport of motor 1 seems
lower than the optimum value from the entrance leading to a fuel-rich condition
through the entire port length. It could be a result of the flow deflector. In contrast
to motor 1, the centerport (CP) of motor 2 has much higher oxidizer level at the
inlet, allowing a continuous increase of the fuel regression rate downstream with
the ongoing advantage of higher temperature. Even an excessive amount of LOX
at the inlet might cause the port entrance to be under two-phase combustion.

AMROC apparently experienced the same situation with different regression
rates in the CP and outer port and designed around it, because their large-scale
motors used only quad ports and blocked the CP. The blocked CP also acted as a
splashblock, which increased the residence time in the forward chamber [7, 18].

A possible cause for pressure fluctuation in these motors is the difference of
the fuel regression rate between the upstream and the downstream in the chamber
and/or continuous throat erosion. A traveling wave in the combustion chamber
disturbs turbulent mean flowfield characteristics in the ports, which enhances mix-
ing of unburned fuel and oxidizer in a periodic fashion and the fuel regression
rate by enhanced heat transfer to the fuel. From this point, the gas filling and
discharging sequence is being unbalanced until the chamber pressure reaches the
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maximum operating status. Continuous fuel regression and throat erosion disrupts
the continuity by discharging more gases, resulting in lowering the chamber pres-
sure. This single-port combustion phenomenon, along with the interaction with
the other ports in a multiport design, could have lead to the instability caused in
motor 1, test 1 and motor 2, test 2.

L. Nozzle

It was obvious that the reaction of carbon in the throat with hot oxygen in
the exhausting gases accelerated the throat erosion. Real-time erosion rate of the
throat is not available because only pre- and postmeasurements were conducted.
The results showed a higher erosion rate than predicted from the early subscale
test data, with low O/F ratios [30]. However, later subscale tests with the same
material indicated a similar erosion rate [16]. Different characteristics of the gas
flow from the individual combustion ports caused irregular throat erosion aligned
with the ports. This has been seen before in tests with multiport grains [30] and
was expected.

Figure 33 shows thrust vs chamber pressure ratio for motor 2 as an indirect
indication of the throat erosion characteristics. The slope of the curve in Fig. 33
correlates with nozzle erosion rate. Note that discontinuities in the second test are
due to the pressure peaks, where instantaneous changes of the thrust coefficient, a
dependent parameter on chamber pressure, occurred. Ignoring the discontinuities,
throat erosion rate remains relatively constant, excluding the transient period of
initial heating and charring at the beginning stages.

M. HPDP 250,000-Pounds Force Conclusions

Motor 1’s passive design was unstable. This does not imply that all hybrids of
this size will require an active heat source in the front end of a hybrid, but this
one was unsuccessful in achieving stable performance. Motor 2 was stable during
tests 1 and 3, but drastically unstable in test 2. The concept to add heat in the head
end of the motor worked, but the design solution tested could not provide stability
for the full 80-s duration. Another design solution will have to be worked for future
full-duration testing.

Fig. 33 Motor 2 tests, thrust/pressure [3].
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Scaleup from small hybrids to large hybrids, as demonstrated by the achieved
regression rates and lower than expected chamber pressures, was not done effec-
tively on this program. Scaleups should be made from the largest port data
possible.

The nozzle material selected for this program eroded greater than the design
parameters.

HPDP 250,000-lbf testing, in some fashion, should continue. The Isp and
stability observed in these tests provide an incentive to further improve this simple
rocket system. Motor 1’s grain has been fired for only 8 s, and there have been
several suggestions put forward for additional testing.

VI. Scaled Composites SpaceShipOne

In 2004, a small hybrid rocket-powered, privately developed spaceship was
released from an airplane and flew to the edge of space. This vehicle was developed
to win the X Prize and had to be flown twice within two weeks. Although the size
of SpaceShipOne’s hybrid is not necessarily large in terms of thrust, its test setup
and integration into the vehicle were shown to be novel and ingenious. In a test-
what-you-fly mantra, Scaled Composites built a portable test stand that contained
the flight oxidizer tank as well as the hybrid motor, in the inflight configuration
(Fig. 34). This allowed the propellant weights to be weighed directly on the test
stand, using sensors built into the device. This was especially necessary due to

Fig. 34 Scaled Composites test trailer [data available at http://www.scaled.com].
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the use of nitrous oxide as an oxidizer. Nitrous oxide properties are not as well
documented as those of LOX or even hydrogen peroxide, and the weight of the
oxidizer tank and contents is a good way to keep track of the flow rates.

Several items of interest include the following:

1) The motor case is directly tied into the oxidizer tank, with the plumbing inside
the tank (Fig. 35). This reduces the need for an additional structure to carry the load
from the motor through the tank. Also, it reduces the expansion/contraction issues
with oxidizer loading, even though those should be minimal with room-temperature
nitrous oxide.

2) The motor case and nozzle overwrap is a one piece item, with fewer leak
paths due to fewer connection points.

3) The hybrid had a cutoff system in case of hybrid motor burn through. A
fiber optic wire was wrapped around the motor case, and if it was broken/burnt
through during the flight, the oxidizer valve was to be commanded shut and the
thrust terminated, increasing the safety of the system.

4) It was also reported that to prove the insulation system was tolerant to the
fuel burning irregularly, one motor case was fired for twice the normal 80-s burn
time, with no burn throughs.

The basic sizing and design of the oxidizer tank and hybrid motor config-
uration was designed by Tim Pickens working directly for Scaled Composites.

Fig. 35 Scaled Composites hybrid motor [data available at http://www.scaled.com].
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The specifics of the interior configuration (number of ports, fuel type, and ignition
system) of the hybrid motor were designed and proposed by two competing
companies with experience in hybrid rocket motor testing and development:
Environmental Aerosciences Corporation (eAc) and Space Dev. Space Dev had
previously purchased the rights to AMROC technologies, patents, and test data.
eAc had been a participant in the development and flight of the HPDP N2O/HTPB
sounding rockets launched out of NASA Wallops Flight Facility in 1996 and 1997.
The internal configurations of the motors were slightly different; eAc proposed a
single-port design and SpaceDev proposed a four-port design [31]. After a series
of ground tests on the test trailer, Scaled Composites awarded the contract to Space
Dev, and their motors have been flown on all the SpaceShipOne flights leading to
winning the X prize.

VII. Lockheed Martin/Defense Advanced Research Projects Agency
Falcon Testing

A large hybrid rocket motor was successfully test fired 21 January 2005 on the
U.S. Air Force Research Laboratory’s Test Stand 2-A on the ridge overlooking
Edwards Air Force Base dry lake bed and surrounding California’s Mojave Desert
(Fig. 36). The test ran for the planned 60-s duration, and an initial review of the
data indicates that test objectives were met.

A second version of the motor was fired for 120 s on 10 June 2005. The second
fuel grain was designed such that the 120-s test firing represented over 170 s of
runtime for the flight configuration.

Fig. 36 Lockheed Martin Falcon Test 21 Jan. 2005.
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The hybrid motors that were tested are full-scale versions of an upperstage
motor and measure 11 ft in length and 5 ft in diameter. Besides the thrust size
of this motor, ∼23,500 lb of thrust, and long duration, another item of interest
about this testing is that the test was the first to fire a multiport, multirow hybrid
motor [Lockheed Martin press releases]. Although the details of this configuration
have not been publicly released, the change in configuration might represent a
step forward in the technology from the documented previous large-scale hybrid
testing.

These tests supported the Defense Advanced Research Projects Agency
(DARPA)/U.S.Air Force/NASA Falcon Program, which was a 36-month long
Phase II effort to develop and demonstrate an affordable and responsive space lift
launcher capable of placing a small satellite, weighing 1000 lb, into a circular orbit
of 100 mile.†

VIII. Lockheed Martin’s Planned Fuel Expulsion

One of the potential shortcomings of hybrid rockets is the residual fuel left
remaining in a motor after the burn and the potential failure modes of a multi-
port web breaking off and damaging the nozzle or plugging the throat. Previous
design solutions have been shown to increase the fuel strength by web stiffeners
[32], overbuild the web thickness to eliminate the concern by intentionally leaving
the residual web overly thick (which works well for ballistic motors and HPDP
250,000-lbf), or just overdesign the system to account for the residual fuel. The
problem with these solutions is it does not optimize the hybrid for a flight configu-
ration because the motor has to accelerate that inert residual fuel mass. An optimal
solution would be that the fuel remain in place and continue burning until it was
wafer thin.

Lockheed Martin investigated the fuel expulsion issue, at what point would the
fuel fail, and how best to deal with it. A structural model was developed based
on a beam model, using pressure differences between the ports as the loading
of the beam. Because the pressure in individual ports is difficult to model, an
approximation was made that the difference between the forward and aft chamber
pressure could be the limiting case for the port-to-port differential pressure. That
fuel structural model was integrated into a ballistics code, where once a piece
of fuel got to where it would analytically fail and would break off, it no longer
contributed to the ballistic performance of the motor. They performed two tests of
a 10-in.-diam hybrid motor: one with a low tensile strength fuel and another with
a higher tensile strength fuel. The low tensile strength fuel failed at a residual web
thickness of approximately 1 in., and the effect was visible in the pressure trace.
The high tensile strength fuel lasted much longer in the burn and started breaking
at a web thickness of approximately 0.155 in. Because of the noise in the pressure
trace, it is difficult to determine when the fuel broke loose, but the implications of
the testing are clear: A high tensile fuel may permit the web thickness to remain
intact in the motor longer and break off only when the parts are small, allowing
hybrid rockets to burn to almost depletion on the fuel side, increasing the system

†Data available at http://www.darpa.mil/body/news/2004/falcon_ph2_tbpdf.
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performance by lowering the inert weight, and lowering the risk of the potential
fuel failure modes because the fuel segments are so small [33].

IX. Conclusions

Hybrid motors have been demonstrated at large sizes with good success. These
successes and the inherent safety and simplicity of hybrids have lead hybrids to
be the propulsion system of choice for a privately developed manned application.

AMROC’s experience with the DM-01 demonstrates that a large-scale hybrid
can be designed, fabricated, and tested in 13 months. SpaceShipOne’s hybrid motor
was also developed, integrated with the flight system, and flown in just a few years.
Manufacturing processes to develop and build hybrid rocket motors are available
and ready to use.

Scaleup from small hybrids to large hybrids, as demonstrated by the achieved
regression rates and lower than expected chamber pressures, was not done effec-
tively on the HPDP 250,000-lbf program. Burn rates, derived from multiport
motors with port hydraulic diameters of 2, were used to design the HPDP motor,
without any adjustment for port size. The designed HPDP 250,000-lbf port diam-
eters were on the order of four times as large as the motor from which the burn
rate came, without any verification of those burn rates at near the final size until
much too late in the program. Inaccurate predictions of regression rate on the
large-scale data, based on subscale data, show up in higher than planned oxidizer-
to-fuel ratios and result in lower chamber pressure and thrust values. The HPDP
250,000-lbf missed the regression rates by∼30% and, therefore, missed the target
pressures and thrust values. However, on AMROC’s large motors, the scaleup was
done effectively: Small-scale burn rates were tested on larger, full-sized biport
motors, which allowed the burn rates to be adjusted before the final design of the
full-scale multiport motor. For conventional hybrids with forward oxidizer injec-
tion, scaleups should be made from the largest port data possible. Testing of hybrids
should be as close to the flight size as possible to understand the possible lower
regression rates and stability issues that appear in larger motors.

AMROC lead the way in solving the NAI combustion stability concerns asso-
ciated with large-scale hybrid rockets. They successfully demonstrated a solution
with the stable DM-01 and DM-02 firings. HPDP demonstrated that the similar
combustion stability could be obtained with heat addition from the forward end
provided by smaller hybrid motors.

Most large-scale hybrids have been tested with pressure-fed systems. Pressure-
fed systems have been employed successfully on the hybrid flight systems
(Firebolt, SpaceShipOne). Larger flight systems may need to be powered by pump-
fed systems.AMROC,AlliedSignalAerospace, and NASA SSC have demonstrated
that hybrids can have stable combustion with a pump-fed LOX system at a
meaningful thrust and flow level.

There is still work that needs to be completed on large-scale hybrids to make
hybrids more competitive. The oxidizer-rich hybrid combustion products have
shown to have higher than expected erosion rates on some of the traditional solid
rocket motor throat materials. Lower throat erosion would lead to an increase in
the performance of the motors and, therefore, is an area that needs to be investi-
gated further. Another concern that needs to be addressed further is lowering the
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residual burnout mass of hybrid motors: A solution has been demonstrated at a
representative scale, with high tensile fuel that remains in place until web is very
thin, that shows promise. Analytical tools need to be developed to predict the fuel
regression rates as the combustion ports are scaled up in size; currently this must
be done empirically.

Hybrid motors at the 250,000-lbf size have demonstrated that they can be stable
at or near the design thrusts and pressures by both HPDP and AMROC testing.
Subsequent designs should reap the lessons learned from those programs and lead
to a stable and efficient hybrid rocket motor design for large-scale applications.
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Chapter 14

Flight Testing of Hybrid-Powered Vehicles

George Story∗
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I. Introduction

HYBRID rocket powered vehicles have had a limited number of flights. In
2004, Scaled Composites had a successful flight that put a manned vehicle in a

trajectory that peaked at over 62 miles high, the edge of space. The profile was flown
twice in two weeks to win the X-Prize. This endeavor successfully demonstrated
a hybrid rocket used in a manned launch system. Hybrids have also been used
in a number of one time launch attempts: Single-Engine Test-1 Launch Vehicle
(SET-1), Hybrid Sounding Rocket (HYSR), and Hybrid Propulsion Demonstration
Program (HPDP). Hybrids have also been developed for use and flown in target
drones.

II. Background

A. Pacific Rocket Society

The Pacific Rocket Society was conducting tests and flight of hybrid rockets in
the mid-1940s. The most successful of these units, where the propellants consisted
of liquid oxygen (LOX) with a rubber fuel, was successfully tested in June 1951,
reaching an altitude estimated to be about 30,000 ft [1].

∗Engineer, Solid and Hybrid Propulsion Systems.
†Chief Engineer, Hybrid Propulsion Systems.
Chapter 14 is declared a work of the U.S. Government and is not subject to copyright protection in

the United States.
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B. ONERA and Volvo-Flygmotor

The following description was reported by Altman [1]:

During the early 1960s, two European organizations became interested in sounding
rockets based on storable propellants utilizing nitric acid. These organizations were
ONERA in France and Volvo–Flygmotor in Sweden. Both organizations conducted
their investigations for about 10 years. ONERA developed a hybrid sounding rocket
based on an amine fuel and nitric acid [2] which was 6.3 in. in diam and 130 in.
long, weighing 165 lbs. The motor was throttleable over a 5/1 range to optimize
performance. Its first successful flight occurred in 1964 and these flights continued
over a three year period eventually reaching altitudes in excess of 100 km (over 10
times the altitude reached by the Pacific Rocket Society about 15 years earlier).

C. United Technology Center’s Sandpiper/High Altitude Supersonic
Target/Firebolt

Also in the early 1960s, United Technology Center and Beech Aircraft, under a
U.S. Air Force contract, began work on a target drone vehicle based on a storable
propellant combination composed of inhibited red fuming nitric acid (IRFNA)
as an oxidizer and Plexiglas®-based fuel. The layout of this motor is shown in
Fig. 1 [1, 3].

Originally called the Sandpiper and later the High Altitude Supersonic Target
(HAST), the vehicle experienced a series of successful propulsion flights. It was
designed to be aircraft launched and to fly horizontally at several altitudes and
Mach numbers (up to 5) for ranges in excess of 100 miles. Its thrust duration was
300 s and was throttlable on demand over an 8:1 range. The vehicle itself was
a modified 180-in.-long version of the U.S. Navy AQM-37A liquid-bipropellant
rocket-powered target missile, with slight modifications.

This work later became the Firebolt target missile system, which was under
development by Teledyne Ryan. It used the hybrid-propulsion system as originally
demonstrated in the Sandpiper Program. The engine, built by the Chemical Systems
Division (CSD) of United Technology, was throttleable between 0.53 kN (120 lb)
and 5.3 kN (1200 lb). A ram air turbine compressor, with an inlet below the center
fuselage, pressurized the IRFNA oxidizer before it was delivered to the thrust
chamber and also provided electrical power for the missile. After air launch at
about Mach 1.5 from an F-4 aircraft, the hybrid rocket could propel the XAQM-
81A to speeds greater than Mach 4 at altitudes of 30,000 m (100,000 ft). The

Fig. 1 Firebolt hybrid rocket target vehicle [1].
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Firebolt could fly a preprogrammed course and/or respond to guidance commands
from the ground. The parachute recovery system allowed either a soft landing or a
midair retrieval. The propulsion system was also tested at the U.S.Air Force Rocket
Propulsion Laboratory (AFRPL), with different fuel/oxidizer combinations [3, 4].
The Firebolt completed its evaluation period in 1984; however, no production
contract was ever given.

D. Starstruck’s Dolphin

Starstruck’s Dolphin was a prototype vehicle developed to become a sound-
ing rocket and to develop the technology for a planned follow on vehicle called
Constellation. The planned Constellation was to be a four-stage vehicle to get a
payload of ∼3200 lb into elliptical geosynchronous transfer orbit. The Dolphin
was a 51-ft-long, 42-in.-diam recoverable booster, powered by a 35,000-lbf thrust
hybrid rocket. The payload would be 1000 lbm to 125-mile altitude. The hybrid
rocket was developed and tested in Carson City, Nevada. Douglas Ordahl was
the bridge person from the hybrid work conducted at United Technologies CSD to
the work conducted at Starstruck. Ordahl was the former head of hybrid propulsion
at CSD.

Water launch was selected to reduce the cost required for launch by eliminating
the launch pad, to increase the orbital insertion options by being mobile, and to
get around government restrictions on launch from land. However, the decision to
perform water launches came with a price.

The launch procedure for the Dolphin was fairly straightforward. The Dolphin
was filled with LOX, slid off the boat, and floated horizontally in the water. A
weight, attached to the aft end of rocket, was dropped into the water and pulled the
rocket upright. The nitrogen tanks were pressurized in the water, and the vehicle
was ready for launch.

On the first launch attempt, on 6 February 1984, travel-loosened fittings in the
nitrogen system which were used to actuate the valves were leaking. Because the
vehicle was designed for water launch, access ports were not designed to reduce
the number of water entry points. When an access port was made, by grinding
open the intertank, a fire started on some electronic circuits. The positive spin on
the event is that it demonstrated the safety of hybrid rockets: No secondary fires
from the fuel occurred onboard.

The second launch attempt, on 30 March 1984, had a leak into the electronics,
which allowed salt water to contact with the electronics and caused the vehicle to
shift into abort mode.

The third attempt, on 3 August 1984, was semisuccessful. Agreements were
made to launch the vehicle in protected (less choppy) waters near a military base
on an island. Because of the prelaunch restrictions, the planned firing was only
to be 15 s for a planned apogee of 8000 ft, to keep the vehicle from being able
to reach populated land, which was ∼10 miles from the launch area. The vehicle
reached full thrust of 35,000 lbf thrust at 0.5 s into the launch. The vehicle, due to
the ocean rocking, came out of the water at a 5-deg angle and was successfully
vectored to vertical by the liquid injection thrust vector control (TVC) system
(Fig. 2, Wade [5]). However, a TVC valve stuck closed, and the vehicle began to
pitch over. Thrust was terminated via telemetry at 14 s into the launch, apogee was
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Fig. 2 Starstruck Dolphin launch [5].

2300 ft at 16 s, and water impact occurred at 28 s. The launch proved hybrids can
be safely terminated.

In October of 1984, Starstruck was restructured, and eventually the program
was dissolved [6–8].

E. American Rocket Company

Former members of the Starstruck company formed a new company called
the American Rocket Company (AMROC) in 1985. AMROC was dedicated to the
development of the hybrid rocket for space-launch vehicles [9]. A 75,000-lb motor
was developed at AMROC, which was designated H-500 (Fig. 3). The first firing
was on 14 October 1987. The motor completed qualification tests on 11 July 1989.

The H-500 flight motor was designed to be used on the SET-1 launch vehi-
cle (Fig. 4). SET-1 was to be a suborbital vehicle that carried two payloads.
The launch vehicle (schematically shown in Fig. 4) was developed in 9 months
for under $5 million. The SET-1 vehicle development included 1) guidance and
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Fig. 3 AMROC H-500 hybrid motor [10].

control, telemetry, transponder, power distribution, control electronics and instru-
mentation; 2) hydrogen peroxide liquid injection TVC system; 3) nonfragmenting
flight termination system; 4) catalytic heated helium pressurization system; 5)
monopropellant hydrogen peroxide roll control system, 6) launch pad, transport
and ground support operations and equipment; 7) integrated two payloads, Mas-
sachusetts Institute of Technology (MIT) Space Systems Laboratory payload and
a Department of Defense (DoD) payload; and 8) range documentation, safety
qualification, and environmental approvals for the Vandenberg Air Force Base
launch [10].

On 5 October 1989, an attempt to launch the SET-1 was made by AMROC
(Fig. 5). At the ignition command, the main liquid valve failed to open completely

Fig. 4 AMROC SET-1 launch vehicle [10].
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Fig. 5 AMROC SET-1 launch attempt [5].

due to moisture that had frozen the valve. Without the full flow of oxygen, the motor
developed insufficient thrust for liftoff. Unfortunately, the guidance and control
system was issuing automatic commands for a pre-planned pitch maneuver. This
resulted in the dumping of a large quantity of hydrogen peroxide liquid injection
thrust vector fluid into the nozzle. The hydrogen peroxide began decomposing
when it came into contact with the hot flame bucket below the vehicle, which
produced oxygen that mixed and ignited with the fuel-rich exhaust gasses coming
from the motor. The resulting fire in the flame bucket engulfed the vehicle. The aft
skirt of the motor case was consumed, and the vehicle fell over. The top two-thirds
of the vehicle suffered only minor damage, and the avionics were intact [10].

As far as AMROC could tell, all of the vehicle systems worked as designed
except for the LOX valve. There was less than $1000 damage to the U.S. Air Force
launch pad. The launch failure was not a fundamental problem with the hybrid
rocket motor. In fact, the safety and nonexplosive nature of the hybrid motor was
proven conclusively [10].

F. HPDP Sounding Rocket Flights from Wallops Island

A series of four hybrid sounding rockets were successfully launched as part
of the HPDP. These flights demonstrated a safe nonpyrophoric/nonpyrotechnic
ignition sequence, inexpensive component manufacturing techniques, simple
launch operations, and a quick launch turnaround time.

This work was performed under HPDP, which included NASA/Marshall Space
Flight Center (MSFC), Lockheed Martin, EnvironmentalAeroscience Corporation
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(eAc), Pratt and Whitney Chemical Systems Division, Allied Signal, Boeing North
American Rocketdyne Division, and Thiokol.

The sounding rocket (Fig. 6, eAc Website [11]) objectives included the
following:

1) Design, fabricate, and launch a series of hybrid sounding rockets, and recover
at least one proof-of-concept demonstration vehicle.

2) Demonstrate a safe, nonpyrotechnic/nonpyrophoric hybrid ignition
technique.

3) Perform analysis on the recovered flight vehicle to determine the effects of
flight on hybrid-propulsion systems and the vehicle.

To fulfill these sounding rocket objectives, a series of four rocket flights using a
nitrous oxide (N20)/hydroxyl-terminated polybutadiene (HTPB) propellant com-
binations was proposed to demonstrate hybrid propulsion. The first two sounding
rocket flights would be low-altitude checkout flights in which the hybrid-propulsion
flight system and launch pad operations would be evaluated. The last two flights
would be high-altitude flights that utilized a similar vehicle to that which was used
in low-altitude flights. At least one of the high-altitude flights would have to be
recovered to examine the effects of flight on the hybrid-propulsion systems.

The N2O sounding rocket project was divided into five separate development
phases:

1) Develop a hybrid motor to achieve an altitude of 20 n miles. This stage
of the project included the design, fuel-grain modifications, nozzle development,
and subscale motor testing using facility-supplied N2O. Inexpensive techniques

Fig. 6 HPDP sounding rocket [11].
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for manufacturing and testing hybrid motor components were also developed.
The motor consisted of an annular injector, a 40-in. long fuel grain and a 1.75-
in.-diam glass phenolic nozzle with an expansion ratio of 5.2. N2O was chosen
as the oxidizer because it is safe, inexpensive, and noncryogenic. N2O also has
a high vapor pressure at ambient temperatures that allows two-phase storage and
efficient oxidizer delivery through a self-pressurizing process. Therefore, an oxi-
dizer tank pressurization system is not needed, which greatly simplifies the launch
vehicle.

2) Design a low-cost, flightlike oxidizer tank. The tank was constructed of
Al 6062 and was welded using a proprietary process developed by eAc. Each
flight oxidizer tank was proof tested to 1.5 times the maximum allowable working
pressure of 700 psig. One tank was burst tested to evaluate the material properties
and the weld process. Tank design included development of a fill/vent system that
would interface with the existing motor design and the Wallops Flight Facility
(WFF). The fill and drain system used a valveless approach, which is similar to
the Hypertek system that is commercially available.

3) Test the integrated system on a vertical test stand. These tests incorporated
the flight tank, ignition system, and motor configuration that would be used on the
low-altitude flights. These tests offered an excellent opportunity to demonstrate
the fill/vent process and to qualify the function of the rail release mechanism. With
this system, the ignition and proper operation of the motor can be verified before
release.

4) Checkout the vehicle at Goddard Space Flight Center (GSFC) facility and
the two low altitude launches. This was a complete review of the system, including
joint tests, evaluation of mass properties, and static balance tests. Data from these
tests were fed into the models to predict flight performance. Once the low-altitude
vehicle was thoroughly reviewed, the vehicle was transported to the launch rail on
Wallops Island. The first low-altitude sounding rocket was launched with a partial
oxidizer load and achieved 24,780 ft with no operational anomalies. The second
low-altitude vehicle, which had been previously checked out, was transported to
the same rail and launched within 90 min of the first low-altitude launch. This
proved to be a successful demonstration of the simple, safe, launch pad operation
characteristics of hybrid launch vehicles.

5) Launch of the high-altitude rockets was preceded by some changes to the
fuel-grain and injector design. The first vehicle achieved an altitude of approxi-
mately 120,000 ft and landed within 1.5 sigma of the predicted target point. The
second vehicle achieved an altitude of approximately 110,000 ft and was success-
fully recovered. Postflight examination of the vehicle indicated no damage to the
hardware due to the flight. The fuel grain and nozzle exhibited the same regression
and erosion characteristics that were measured on the static tests [12, 13].

The program met all of its planned objectives:

1) A N2O vehicle was designed, fabricated, and launched in a series of hybrid
sounding rocket flights, and one proof of concept demonstration vehicle was
recovered.

2) The flight vehicles’hybrid motors were ignited with a safe, nonpyrotechnic/
non-pyrophoric ignition technique.
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3) The recovered flight vehicle was inspected, and the fuel grain and nozzle
performed the same in flight as in the ground testing that proceeded the flights.

Another unwritten objective was accomplished: It got hybrids flying again. One
issue with hybrid flight concepts/designs presented to various potential customers
is, “do you have any flight data?” This series moved hybrids in the right
direction [13].

III. Lockheed Martin HYSR Project

A large-scale hybrid rocket was successfully launched from the NASA WFF on
18 December 2002 as a technology demonstration for hybrid propulsion and related
subsystems. The HYSR Program started in 1999. The overall goal of the program
was to develop a single-stage propulsion system capable of replacing existing
two- and three-stage sounding rockets, with additional objectives to demonstrate
the required technology for the launch of a large-scale hybrid sounding rocket
booster, to demonstrate the positive attributes of hybrid propulsion, to demon-
strate two hybrid-based subsystems, and to advance the technology readiness level
of hybrid propulsion. The hybrid rocket had a propellant combination of LOX and
HTPB and produced approximately 60,000 lb of vacuum thrust. The three-year
technology demonstration program was a collaborative effort between NASA and
Lockheed Martin and had a total budget under $6 million, which was a combina-
tion of Lockheed Martin and NASA funding. The program advanced technology
readiness level and performance of hybrid propulsion [14].

A. Introduction

To satisfy the program objectives, a plan was implemented that included static
testing of heavyweight test articles, verification of the various components and
subsystems, prototype testing of a flight weight test article, and a flight demonstra-
tion of the hybrid vehicle. The static testing of the hybrid motor and subsystems
would occur at NASA Stennis Space Center (SSC) and the flight demonstration
would occur at NASA WFF.

The HYSR team was composed of personnel from five different centers.
Lockhead Martin Michoud Operations was responsible for the design, analysis,
and fabrication of the test articles, flight vehicle, and ground support equipment.
NASA SSC was responsible for test stand fabrication, static testing, and data acqui-
sition during testing. NASA WFF was responsible for the flight analysis, flight and
ground safety at the range, propellants, launch support, and vehicle/payload track-
ing. NASA MSFC was responsible for program oversight and to provide funding
for the testing at SSC and the flight activities at WFF. NASAAmes Research Center
(ARC) would provide a payload and nosecone for the flight.

Before the flight demonstration, three tasks were defined to qualify the propul-
sion system at SSC. Task A contained the static testing of the hybrid motor
design within a heavyweight case using facility-supplied oxidizer and pressurant.
Task B contained oxidizer expulsion system testing from a heavy-weight LOX
and helium tank that was similar to the flight design. Task C would couple a
flight-weight oxidizer pressurization system with a hybrid motor to demonstrate a
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full-duration static test that incorporated all of the propulsion subsystems. The vehi-
cle configuration used in task C was intended to be as close as possible to the flight
configuration that could still be tested within the existing facilities at NASA SSC.

B. Task A: Heavy-Weight Motor Testing

Task A testing took place from February to September 2000 at NASA SSC’s
E-3 Complex. Four full-scale motors were tested to gain fuel regression, stability,
and performance data to validate the fuel-grain design for the HYSR. The fuel
that was cast into the motor cases was a mixture of HTPB and high percentage
of aluminum to optimize the delivered energy of the system. The motor case cen-
ter segment had five penetrations equally spaced around the circumference of the
motor with weldolets used for pass-through SwagelokTM connectors. These pen-
etrations were used to route the gaseous oxygen to the Lockheed Martin patented
staged combustion system (U.S. Patent 5,794,435), which is used for ignition and
maintaining combustion stability throughout flight. Figure 7 shows the motor case
used for task A testing.

There were two center segment fuel-grain configurations tested in task A due to
a redesign that was necessary after test 2. The initial fuel-grain design incorporated
10 quadrilateral ports around a single circular centerport. After the first two tests, it
was determined that the initial design flux (total mass flow rate divided by the port
cross-sectional area) was too aggressive, and the port size was increased for future
tests to correct this problem. Figure 8 shows a completed heavy-weight motor with
the facility thrust adapter bolted to the forward dome.

Fig. 7 HYSR Heavy-weight motor case used for task A testing [14].

Fig. 8 HYSR completed heavy-weight motor assembly [14].
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Fig. 9 LOX flow rate vs time for test 4 [14].

The LOX flow rate from the 6-ft-diam facility tank for task A, test 4 is shown in
Fig. 9. A planned LOX throttle was demonstrated by initially opening both LOX
line ball valves to achieve the maximum flow rate, and at 8 s into the burn, one of
the ball valves was closed to reduce the total LOX flow rate. The LOX flow rate
decreases in time to simulate the LOX flow rate expected in the flight vehicle.

Figure 10 is a plot of the vacuum thrust from test 4 of the heavy-weight motor
test series. The motor was tested for approximately 20 s with a planned throttle at
8 s into the burn. The vacuum thrust is regressive vs time due to the reduction in
propellant flow rate vs time and, to a lesser effect, nozzle erosion. The increase

Fig. 10 Vacuum thrust vs time for test 4 [14].
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in thrust during the ignition transient was caused by solid fuel being ejected from
the motor. The fuel failed due to high loading and weak fuel tensile strength. After
the HYSR program, Lockheed Martin investigated how fuel failures occur and
developed a possible solution to that problem for future hybrids [15].

Other than the initial ignition transient, the motor performed within a ±2.5%
stability band around the mean value. The motor also demonstrated a high C∗ and
Isp efficiency.

C. Task B: Oxidizer Expulsion Testing

The oxidizer expulsion tests were established as a proof of concept and systems
refinement exercise for the Lockheed Martin patented heated helium pressurization
system (U.S. Patent 5,722,232). The testing took place between 13 September 1999
and 12 January 2000 at NASA SSC’s E Complex.

Figure 11 is a schematic of the heated helium pressurization system. Helium,
initially at cryogenic temperature and moderate pressure, is stored within a
spherical tank located at the top of the LOX tank. The system is started by igniting
a small-diameter hybrid heater, and the combustion is sustained with a low flow
rate of gaseous oxygen. The exhaust products of the hybrid heater are mixed with
helium to create an inert mixture of pressurant. The helium mixture flows through
a minimal surface area heat exchanger in the helium tank to attempt to minimize
the helium residual. The pressurant enters the LOX tank through a stainless steel
diffuser, which disperses the flow into the ullage. The helium-exhaust constituent
mixture provides a high-energy pressurant that forces the LOX into the hybrid
motor. Storing helium at cryogenic temperatures and then heating the pressurant
before it enters the oxidizer tank provides a volumetrically and thermodynamically
efficient stored gas system. The mole fraction of the helium in the pressurant gas
is greater than 94%, an environment in which no combustion is possible.

Figure 12 is the calculated LOX flow rate from the test tank. The flow rate was
calculated using the cavitating venturi flow equation, which is dependent on the
upstream temperature, upstream pressure, and venturi throat area. The throttle step
that occurs at approximately 10 s in Fig. 12 is calculated by simply reducing the

Fig. 11 Schematic of heavy-weight heated helium system [14].
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Fig. 12 Calculated LOX flow rate for task B; data after 33 are suspect for reasons
discussed in the text [14].

available area from both venturis to the area of the primary venturi. This step does
not actually happen as sharply as shown in Fig. 12. The actual reduction of flow
can be best evaluated by the reduction in thrust during the motor test. Also, the
calculated flow rate after 33 s is not valid. It was evident from the video recordings
that the liquid flow ended at this time. The calculated flow after 33 s is artificially
high because the pressurant has the same temperature and pressure as the LOX.
(The equation does not recognize the difference.)

D. Task C: Integrated Testing

The purpose of the integrated testing was to measure the performance of a pro-
totype flight article to support flight trajectory and dispersion analysis before the
actual flight. The flight-weight hardware and tooling were designed and manufac-
tured at the Michoud Assembly Facility, and the testing was conducted at NASA
SSC. The helium tank, LOX tank, and motor case are the three primary flight-
type structures fabricated for this testing. These components were fabricated in
the flight configuration with the exception of the payload adapter, which was not
welded to the helium tank, and the forward dome of the motor case had a solid
section around the circumference of the dome to interface with the thrust adapter on
the test stand. The helium pressurization and gaseous oxygen staged combustion
subsystems would incorporate flight weight components, but not in the identical
flight configuration.

Unfortunately, the assembled rocket could not be tested vertically within the
given budget and schedule constraints. To fit within the existing E-3 facility at
NASA SSC, the LOX tank was positioned vertically and the hybrid motor would
have to be tested in the horizontal position so that sea-level thrust could be mea-
sured. This meant that a 90-deg elbow had to be placed between the vertical LOX
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Fig. 13 Integrated test firing [14].

tank and the horizontal hybrid motor. This test configuration eliminated the possi-
bility to evaluate the performance of the components enclosed within the intertank
compartment, as well as the umbilical feed system.

The integrated test was performed on 24 July 2001. Motor ignition and the
subsystems performed as predicted. The testing was manually aborted after the
throttle sequence due to a burn through 3 in. aft of the forward insulation. The data
collected from the testing were adequate to advance toward the flight phase of the
program. Figure 13 shows the motor firing during the integrated test.

E. Flight Activities

A rationale to proceed to flight was submitted to Lockheed Martin management,
NASA WFF, and NASA MSFC. The probable cause of the motor burn through was
identified, and the problem could be corrected by insulating the entire motor case.
Multiple oxidizer expulsion and several heavy-weight ground tests were performed
and the test data correlated with predictions. With the proper range safety measures
in place, proceeding to flight would be less expensive and time consuming than
performing an additional ground test. Based on the existing data and proposed
corrective actions, it was decided to proceed to flight. Figure 14 is a photograph
of the loading of the assembled vehicle onto the launch rail at NASA WFF.

The payload of the HYSR sounding rocket was provided by NASA ARC and
consisted of several suborbital aerodynamic reentry experiments and ballast. The
despin section was provided by Lockheed Martin. The objective for this flight was
to develop a unique axial ejection technique for multiple reentry bodies and to
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Fig. 14 Assembled vehicle at the launch site [14].

develop the means for testing lifting entry concepts over an ocean range. The ease
with which experiments can be performed and integrated, based in part on modular
data acquisition/transmission systems, led to it being referred to conceptually as
a wind-tunnel-in-the-sky.

A number of dry runs and “wet runs” were performed at the launch rail before the
launch of the HYSR to establish the loading timeline, to verify umbilical separation,
and to validate the flightworthiness of the system. These dry and wet runs included
erecting the launcher, pressurizing the system, loading with cryogens, cycling
valves, deriving fill and conditioning times, and cycling the disconnect valves.
These demonstration tests revealed a number of issues that had to be resolved
before flight. Most of the problems involved components that were not in the
flight configuration during the ground demonstration. These components had to
be retrofitted or repaired after a separate series of laboratory testing. On 12 August
2002, the final wet run test was performed with no major issues. Figure 15 shows
the HYSR during a wet run.

On the final launch attempt, the LOX and helium tanks were loaded in under
60 min. The LOX tank was prepressurized to 745 psig at T−10 s, and the igni-
tion sequence was commanded. After three years of development, the HYSR was
launched from WFF on 18 December 2002 at 0615 hrs EST. Figure 16 shows the
vehicle shortly after ignition.

After an analysis of the flight data, it was concluded that the vehicle achieved
an altitude of approximately 42 km, impacted 65 km downrange, and had a time
of flight of 213 s. The initial acceleration of the vehicle from the rail was approxi-
mately 6.1 g, which was determined from high-speed video of the vehicle on the
launch rail. The burn time of the motor was approximately 33.4 s, and the timed
despin and payload ejection events occurred as planned.Although the performance
was lower than predicted, the factors that reduced the altitude could be explained
and performance could be recovered in future missions.
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Fig. 15 HYSR in vertical configuration during testing [14].

Fig. 16 HYSR launch [14].
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The HYSR flight results proved to be extremely promising. The timer and
ejection events appeared to work adequately. Data were acquired for all three
experiments. The basic data/transmission system that was identical on the
waverider and linear aerobrake worked very well. The flight also provided a
unique opportunity to test a unique payload retrieval system for eventual water
recovery [14].

IV. Fredericksburg Launches

Fredericksburg High School (FHS) in Texas attained national recognition in
2000 with the successful design, fabrication, and flight of a hybrid sounding rocket.
The 23-ft, 470-lb rocket, Redbird 9-H, (Fig. 17), flew to over 35,000 ft, an altitude
record for a U.S. high school. This launch from the U.S. Army’s White Sands

Fig. 17 Redbird 9H setup for launch [16].

Fig. 18 Redbird 10H sounding rocket [17].
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Missile Range surpassed a prior year’s milestone, which had established FHS as
the first U.S. high school to achieve transonic flight when its vehicle accelerated to
833 mph [16]. FHS’s program has other motors in the pipeline to be launched [17]
(Fig. 18).

V. Scaled Composites: SpaceShipOne

TheAnsari X Prize was a contest with a $10 million reward for the first commer-
cial company to get 3 people to 62 n miles high and repeat within 2 weeks. Scaled
Composites built a two-stage airplane to win the prize with the second-stage plane
powered by a N2O/HTPB hybrid rocket. The first-stage airbreathing plane, called
the White Knight, was designed to carry the second stage to ∼50,000 ft before its
separation from the second stage, SpaceShipOne. SpaceShipOne’s N2O/HTPB
motor was then ignited and fired for ∼80 s.

With an airplane-based system, Scaled Composites could perform an airplane-
type test program, incrementally testing the flight regions (Fig. 19). Scaled
Composites performed its first captive carry of SpaceShipOne under White Knight
on 20 May 2003. This test, and a subsequent test on 29 July 2003, demonstrated
that the combined vehicles did not demonstrate any unexpected aerodynamic inter-
actions. The first glide test of SpaceShipOne was 7 August 2003, with much of
the subsonic handling capabilities of the system verified (Fig. 20). On the seventh
glide test, the N2O valve and propulsion system was given a full check out by
cold-flowing N2O out the motor. The first powered flight, on 17 December 2003,
consisted of a 15-s burn of the hybrid motor. This short-duration burn enabled
SpaceShipOne to achieve Mach 1.2 and an apogee of 67,800 ft. This flight was
the first privately developed rocket vehicle to reach Mach 1. On 8 April 2004, the
hybrid motor was fired for 40 s, lofting the vehicle to an apogee of 105,000 ft with a
maximum powered velocity of Mach 1.6. Inching closer to a full-duration burn, the
next flight on 13 May 2004 had a hybrid motor burn of 55 s, which reached Mach
2.5 at shutdown and achieved an apogee of 211,400 ft. Another milestone was
achieved: The first commercial astronaut flight over 100 km (328,000 ft) occurred
on 21 June 2004. This flight had a 76-s burn, powering SpaceShipOne to Mach

Fig. 19 White Knight carrying SpaceShipOne [24].
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Fig. 20 Separation of White Knight from SpaceShipOne [24].

2.9 and an apogee of 328,491 ft. The pilot experience approximately 3 1
2 min of

weightlessness near apogee [18].
The first X Prize flight occurred on 29 September 2004. With a pilot and the

equivalent weight of two passengers, the hybrid motor was fired for 77 s, propelling
SpaceShipOne to Mach 2.92 and a final apogee of 337,700 ft. This flight had a
dramatic right-hand roll at 190 deg/s that was believed to be caused by a lack of
symmetry in the hybrid motor thrust with a very low angle of attack. The spin was
slowed slightly with the use of aerodynamic controls to 140 deg/s, and eventually
the reaction control system was exercised to stop the roll [18].

The second X Prize flight occurred on 4 October 2004 and won the X Prize
of $10 million. The hybrid motor was fired for 83 s and reached Mach 3.09 at
shutdown. The vehicle reached an apogee of 367,500 ft and exceeded the maximum
altitude achieved by the X-15. This flight also experience 3 1

2 min of weightlessness.
The flight-test program encompassed 13 months and 17 flights with 6 rocket-
powered tests [18]. The flight was an historic event and NASA Administrator Sean
O’Keefe recognized it in a statement [19]:

Not unlike the first U.S. and Soviet space travelers in 1961, and China’s first successful
spaceflight last October, these private citizens are pioneers in their own right. They
are doing much to open the door to a new marketplace offering the experience of
weightlessness and suborbital space flight to the public.



“ch14” — 2007/3/3 — page 572 — #20

572 G. STORY AND J. ARVES

Marion Blakey, Administrator of the Federal Aviation Administration (FAA) was
on hand for the launch, “This was not only a historic flight, the standards of safety
that were set here today are going to go on to ensure that there’s going to be lots of
tourists out there that’ll enjoy it. We’ll be partner with you on it.” Blakey awarded
pilot Binnie his commercial astronaut wings. The launch team also received a call
from President George Bush to express his congratulations [20].

The hybrid motors worked (Fig. 21) and performed their missions as designed;
however the first X Prize launch hybrid motor experienced some combustion
instabilities

This can be heard in the X Prize flight videos as a high-pitched noise. In the videos,
visible shuddering which shakes pilot Mike Melville back and forth also indicates
nitrous oxide feed problems. This would result from low pressure in the oxide tanks
at the end of the engine burn. Nitrous oxide is the oxidizer for the engine’s solid
propellant [21].

The second X Prize hybrid motor also had some minor problems that need to
worked on for future systems: “Partway up some moderate chugging pulsations
were seen in the exhaust plume, and he reported feeling vibration at that point.
Combustion instability is fairly normal for hybrids and on SpaceShipOne chug-
ging can occur when the liquid nitrous oxide oxidizer runs out, leaving only
gas” [22].

Scaled Composites developed multiple unique and innovative parts for this
record-breaking hybrid flight system.

1) The choice of N2O allows the system to be self-pressurizing. N2O has a
high vapor pressure, which allows a blowdown system. This simplifies the design
greatly.

2) SpaceShipOne is completely built around the hybrid motor and oxidizer
tank. The tank is bonded to the inside of the airframe.

Fig. 21 SpaceShipOne’s hybrid motor firing [24].
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3) The N2O valves were inside the oxidizer tank. This eliminates leak paths
and allows the hybrid motor case to bolt directly to the oxidizer tank, simplifying
structural loads.

4) The hybrid motor included a composite case, with a silica phenolic liner and
a carbon fiber epoxy over wrap. Scaled Composites designed the motor case, the
nozzle, and the oxidizer tank.

5) The case had burn through sensors built into the motor on the interior and
exterior of the motor case, so that if any unusual burning occurred, the N2O valve
could be closed and turn the motor off.

6) The motor during development was fired for twice the scheduled burn dura-
tion to check the motor silica phenolic insulation system. There were no burn
throughs.

7) The hybrid motor/grain design was competed between two companies with
two different motor designs, with a series of test motors fired with the test oxidizer
tank. Both eAc and SpaceDev opted to use HTPB, but with different proprietary
mixes. Also eAc choose a single-port design and SpaceDev chose a quad-port
design. SpaceDev was chosen to build cast the hybrid grains for the flight vehicles,
and eAc’s design for some of the oxidizer system plumbing and valves was also
incorporated into the flight vehicle [23, 24].

The choice of hybrid rockets for the first privately funded manned-space-
flight launch visualizes the advantages of hybrids: safety, simplicity and perfor-
mance. It bodes well for the use of hybrids in future applications, manned and
unmanned.

VI. Recent Developments

A. Lockheed Martin/Defense Advanced Research Projects Agency/NASA
Falcon

Falcon is a joint Defense Advanced Research Projects Agency (DARPA)/
NASA/U.S.Air Force small launch vehicle (SLV) program to develop and demon-
strate an affordable and responsive space lift capability: one that can quickly launch
a small satellite into low Earth orbit. Under the award agreement, Lockheed Martin
conducted a phase IIa preliminary design and development effort to mature its
hybrid launch vehicle design. Lockheed Martin has fired two upper-stage hybrids
in support of a phase IIa contract. The goal of the Falcon SLV program is to develop
and demonstrate an affordable and responsive space lift capability [25, 26]. The
Lockheed Martin vehicle concept is shown in Fig. 22 [27]. Unfortunately, a follow
on contract for this promising concept was not awarded.

B. Virgin Galactic

Virgin Galactic, a company established by Richard Branson’s Virgin Group, is
developing space tourism by creating a vehicle (Fig. 23) based on the Scaled
Composite’s SpaceShipOne. The vehicle will be reusable and take suborbital
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Fig. 22 Lockheed Martin Falcon SLV [27].

rides and will continued to be powered by hybrid rockets [28]. Virgin Galactic
is redesigning the hybrid rocket because the new vehicle will be larger and
“because SpaceShipOne’s (SS1) engine had low- and high-frequency combustion
instability” [21].

Fig. 23 Virgin Galactic space tourism vehicle [28].
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C. Space Dev Dream Chaser

In 2005, Space Dev announced a hybrid-based launch concept called the Dream
Chaser (Fig. 24). This six-passenger vehicle could be used separately as a suborbital
vehicle or as part of a larger booster system to get it to orbit [29, 30].

D. United Technologies Corporation Reusable Space Access Launch
Vehicle System

U.S. patent 6,726,154 details a 1.5-stage symbiotic hybrid architecture (Fig. 25)
and an integrated propulsion system: a reusable upper stage with strapon hybrid
combustion chambers. All of the engines, hybrids and liquids, would fire off the
pad, and once the hybrids burned out, they would be jettisoned. The oxidizer

Fig. 24 SpaceDev Dream Chaser [29].

Fig. 25 U.S. Patent 6,726,154 reusable space access launch vehicle system.
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for the hybrids would be contained in the main vehicle. The potentially high-
cost components of a hybrid rocket, oxidizer pumps, tanks, and pressurization
systems, could be reused again as part of the main vehicle. The empty motor cases
and nozzles would be jettisoned. This concept was evaluated in the NASA Space
Launch Initiative (SLI) trade studies.

E. Space Dev’s Streaker Family

Space Dev has made announcements of its Streaker family (Fig. 26, Table 1) of
N20/HTPB-based rockets [31, 32], but has since removed mention of the concept
from its website. It may have become a subset of the DreamChasers system, or
been dropped entirely.

F. Partially Developed But Never Flown AMROC Aquila

After the unsuccessful launch attempt of SET-1,AMROC reevaluated the launch
market and saw a niche for a larger vehicle based on a larger 250,000-thrust hybrid
motor. AMROC started marketing the vehicle before testing the hybrid rocket.

Fig. 26 SpaceDev Streaker Launch family [32].

Table 1 Space Dev Streaker Launch family

100 n mile, 460 n mile,
Configuration Stage 1 Stage 2 Stage 3 Terminal 28.5 deg SSO

Streaker 1.0 None CCB None None N/A Demonstration
Streaker 1.1 M C-17 CCB HUS MoTV 260 lb 115 lb
Streaker 1.1 C-17 CCB HUS None N/A CAV launch
Streaker 3.0 2 CCB CCB None None N/A CAV launch
Streaker 3.1 2 CCB CCB HUS MoTV 1260 lb 660 lb
Streaker 5.1 4 CCB CCB HUS MoTV 2110 lb 1190 lb

CCB - Common Core Booster.
HUS - Hybrid Upper Stage.
CAV - Common Aero Vehicle.
MoTV - Maneuvering Orbital Transfer Vehicle.
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In January 1992, AMROC successfully completed the first development tests
of the H-1500 hybrid-propulsion system with 225,000 lbf (1000 kN) of thrust.
Several H-1500 hybrid motors would have been clustered together to provide
boost propulsion for the Aquila launch vehicle.

TheAquila launch vehicle (LV) was to be a ground-launched, four-stage, hybrid-
propulsion based launch vehicle capable of delivering up to 3200 lbm (1450 kg)
payloads into a 100-n mile (185-km) circular orbit at a 90-deg inclination. The
key features of the Aquila LV are shown in Fig. 27. These features include the

Fig. 27 AMROC Aquila Vehicle [33].
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Fig. 28 AMROC HyFLYER [34].



“ch14” — 2007/3/3 — page 579 — #27

FLIGHT TESTING OF HYBRID-POWERED VEHICLES 579

following: a high-accuracy inertial guidance, navigation, and control system; H-
1500 hybrid motor for first- and second-stage propulsion; an ORBUS 21S solid
rocket motor for third-stage propulsion; a U-75 hybrid motor for upper-stage
propulsion and maneuvering; and a 94-in. (239-cm) diam payload fairing for single
or multiple payloads [33].

The third stage was to be an off-the-shelf United Technologies Corporation
CSD ORBUS 21S solid rocket motor. The Aquila fourth-stage motor was to be
an AMROC pressure-fed U-75 N20/HTPB hybrid motor [33]. This N20/HTPB
motor was a predecessor to the hybrid used on SpaceShipOne, because Space Dev
purchased AMROC’s intellectual property, including designs and test data.

AMROC had decided to pursue the HyFLER as a step to the Aquilia vehicle.
The HyFLYER was a suborbital vehicle based on a single H-1500 motor. AMROC
tested two H-1500 (250, 000 thrust) motors and several versions on a N2O hybrid
before the company folded.

G. Partially Developed But Never Flown AMROC HyFLYER

A joint industry/government team had been formed to develop, build, and fly
the HyFler sub-orbital LV powered by a 250,000-lb thrust hybrid rocket motor.
The project called the Hybrid Technology Option Project (HyTOP) was cofunded
by government and industry and will result in the first demonstration of a large-
scale hybrid rocket motor. The team of AMROC, Martin Marietta Manned Space
Systems, and United Technologies CSD have formed an industrial partnership to
conduct the HyTOP effort with ARPA, NASA, and the U.S. Air Force [34].

HyTOP was meant to be a stepping stone from the hybrid technology research
and development to the commercialization of hybrid rockets. The HyFLYER
(Fig. 28) was to be the first flight test of the 250,000 motor. Later, larger vehicles
were to be based on this core, with multiple boosters strapped together. AMROC
had financial troubles during this development, became insolvent, and the vehicle
was never finished.

VII. Hybrid Strapon Concepts

Whereas hybrid vehicles have been proposed and some flown, arguably the best
niche for hybrid rockets is in a strap on application for a liquid booster. The relative
immaturity of the technology has led hybrids to be overlooked as strapons for liquid
systems. Hopefully future hybrid development will provide this opportunity for
hybrids.

A. Space Shuttle Redesigned Solid Rocket Motor (RSRM) Replacements

After Space Shuttle Challenger, NASA took a second look at hybrid rockets,
with the end application to be the replacement of space shuttle solid rocket motors.
Several teams of companies examined hybrid rockets for this application, with
some results being gas generator hybrids and some being conventional hybrids
and the necessary development needed for the system of choice. However, these
system studies [35–38] were not followed with a development program due to the
decision to purse an advanced solid rocket motor.
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In 2001, NASA was looking at different boost options for the space shuttle and
included hybrids as one of the alternatives [39].

B. AMROC Titan and Delta Strapon Sizing Studies

In 1992, AMROC investigated upgrading the current launch vehicles of that
time by replacing the solid strapons with hybrids:

Currently both the Delta and Atlas are using solid rocket motors to augment thrust
during the boost phase to increase the payload capability beyond that of the core
vehicle. The use of hybrid rocket motors will increase this payload capability another
increment. This is primarily due to the fact that the hybrid motor can be throttled
deeper than the solid and the hybrid has a higher ISP [40].

In the case of the Delta LV, according to AMROC estimates, the use of four
260,000-lb thrust motors (H-1800s) would have allowed for a payload mass
increase of 500 lb to geostationary transfer orbit (GTO). At that time, the Delta
used nine Graphite Epoxy Motor (GEM) solid motors as strapon boosters [40].

In the case of the Titan II, an increase of 6000 lb to low Earth orbit could have
been accomplished with the use of two 500,000-lbf LOX/HTPB strapon boosters.
AMROC calculations showed that this was a benefit of approximately 1000 lb over
a solution using 10 Castor IV strap-ons [40].

Similar gains could be shown analytically by using hybrids as strapons for the
Atlas II vehicle where the capability to throttle the hybrid significantly can be used
to reduce the structural loads on the core vehicle (see Fig. 29) [40].

C. Lockheed Martin Optimization Study for Atlas IIAR

An optimization technique was developed by Lockheed Martin and applied to
the Atlas IIAR to show the effects of hybrids as strapons to the core vehicle [41].
A solid rocket industry standard code, Solid Prediction Program, was converted
for analysis of hybrid rocket motors and developed into a subroutine for a
Lockheed Martin developed vehicle synthesis tool, FASTPASS [42]. The following
conclusion was reached by Markopoulos et al. [41]:

Analyses indicate a significant potential for payload increases with the addition of
hybrid rocket boosters to the Atlas Family of Launch Vehicles. As an example, both
pressure-fed and pump-fed hybrid rocket motors were synthesized along with an
Atlas IIAR to deliver 10,500 lb of payload to a geosynchronous transfer orbit.

The baseline Atlas IIAR is quoted in the analysis as being able to deliver 8600 lb
to GTO [41].

D. AMROC Next Generation Launch System (NGLS) Strapon
Sizing Studies

In the early 1990s, alternatives were being looked at to boosting NASA payloads
to orbit by other than the space shuttle.
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a) b)

Fig. 29 AMROC strapons on Delta and Titan [40].

Currently, national planners are involved with the analysis and design of the Next
Generation Launch Vehicle. During the latest studies of the proposed Spacelifter
launch vehicle, a core vehicle was proposed that would utilize strap-on boosters to
provide a wide range of payload capability into low Earth orbit. In such a scenario, a
hybrid rocket motor provides the premier design option for the strap-on booster due
to the hybrid’s inherent safety, operational flexibility and low cost. Strap on booster
designs are presented that meet the mission goals of 20,000 to 50,000 pounds to low
earth orbit [43].

By the use of a modified version of AMROCs 250,000-thrust motor to a longer
burn time and higher thrust motor (see Fig. 30, Table 2), a family of LVs were
proposed based on a LOX hydrogen core vehicle (see Fig. 31). Another twist to
the concept is to save the LOX/hydrogen core vehicle and just cluster seven of the
larger 280,000-thrust hybrid motors fed from a single LOX tank (Fig. 32).
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Fig. 30 Motor fuel grain configuration comparison.

Fig. 31 AMROC NGLS-type core with hybrid strapons [43].

Table 2 AMROC NGLS strapon hybrid motor sizing [43]

Parameter 250,000 Motor H-1800 250,000 Motor Difference, %

Diameter, in. 73 73 —
Length, ft 30 45 +50
Thrust (sl), lb 236,000 277,000 +17
Burn time, s 72 114 +58
Propellant weight, lb 66,500 122,100 +84
No. of Ports 15 10 −33
Hydraulic Diameter, in. 8.4 10.1 +20

sl, sea level.
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Fig. 32 AMROC NGLS-type vehicle with hybrid first stage [43].

E. AMROC National Launch System and Personnel Launch
System with Hybrid Rockets

In 1992, two new space transportation concepts were being investigated in the
United States. One, the National Launch System (NLS), was being proposed to
launch unmanned payloads. Another, the Personnel Launch System (PLS), was a
small spacecraft designed exclusively for personnel transport. Consideration was
given to launching the PLS using an element of the NLS booster. The demanding
requirements for crew safety and safe return after abort indicated that the PLS
may be better served by a launcher optimized for crew safety, leaving the NLS
to be optimized for its unmanned cargo carrying load. The unique safety charac-
teristics of hybrid propulsion could have been invaluable in this manned launch
role [44].

All forms of rocket propulsion can claim the potential for high reliability.
Increased reliability generally is accompanied by increased complexity and inspec-
tion requirements. Mission reliability is not, however, the most critical factor where
manned systems are concerned. The paramount issue in manned system planning
is not how likely a failure is, but what are the consequences of a failure if it
occurs [44].

With conventional solid- and liquid-propulsion systems, to ensure crew safety
and minimize the likelihood that catastrophe will occur, considerable effort is
spent on maximizing system reliability. In addition, complex and often trouble-
some health monitor systems are required to give advanced warning of impending
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failure. This is necessary to allow time for emergency escape systems to carry
personnel to a safe distance, away from potentially life threatening explosive blast
waves [44].

With hybrid propulsion systems, you start with a noncatastrophic system. Effort
may still be expended to maximize system reliability and, therefore, mission
success, but the consequences of catastrophic failure associated with other propul-
sion systems are not present. Where crew safety is at stake, safe hybrid may be the
only defensible technology for use in primary propulsion applications [44].

Based on the PLS requirements shown in Fig. 33 and Table 3, a hybrid launcher
was sized to get it to a low Earth orbit. The system size is shown in Fig. 34, with
specifications listed in Table 4 [44]. Additional sizing was done with the same core
vehicle to get the payload information shown in Fig. 35.

Fig. 33 AMROC PLS upper-stage vehicle [44].

Table 3 PLS mass summary

Parameter Value, lb

Empty weight 17,335
Useful load 3,370
Propellant 4,067
Gross weight 24,772
Abort/escape system 9,770
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Fig. 34 AMROC PLS launcher configuration [44].

Table 4 AMROC PLS launcher system sizing [44]

Parameter Value

Booster module (first- and second-stage motors)
Propellant weight 400,000 lb
Burnout weight 65,100 lb
Takeoff weight 465,100 lb
Average Isp (vacuum) 300 s
Diameter 144 in
Length overall 112 ft
Average thrust (vacuum) 1,400,000 lbf

Third stage
Propellant weight 100,000 lb
Burnout weight 16,100 lb
Takeoff weight 116,100 lb
Average Isp (vaccum) 322 s
Diameter 144 in
Length overall 34 ft
Average thrust (vacuum) 168,000 lbf
Payload to 35× 220 n mile

28.5-deg inclination orbit 25,300 lb
Gross vehicle takeoff weight 1,536,700 lb



“ch14” — 2007/3/3 — page 586 — #34

586 G. STORY AND J. ARVES

Fig. 35 AMROC PLS launcher system sizing payload [44].

F. Thiokol Strapons for Single-Stage Vehicles

Many single-stage-to-orbit (SSTO) and reusable LV (RLV) configurations were
being evaluated as potential means of reducing payload delivery cost to low Earth
orbit (LEO) in 1994. Solid or hybrid boosters can provide thrust augmentation
as a means to increase conveniently and economically the capability or reduce

Fig. 36 Thiokol single-stage vehicle with strapon hybrids [45].
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Table 5 Thiokol hybrid strapons

Parameter Value

Diameter, in. 56.0
Length, in. 599.3
Fuel weight, lb 20,500.0
LOX weight, lb 52,500.0
TCA weight, lb 30,700.0
Total weight, lb 83,729.1
Mass fraction 0.877
Average vacuum thrust, lbf 469,200
Specific impulse, s 291.3
Total impulse, lbm · s 20,905,400.0
Burn time, s 44.6
Average mixture ratio 2.6
Average pressure, psi 1,002.0

the overall size of a baseline SSTO vehicle to more effectively and economically
capture the majority of the overall mission model. With this in mind, strapon
boosters (solid and hybrid) were designed to allow the basic size of the SSTO
to be reduced to better target the high traffic portion of the mission model and
also to capture larger payloads. Simple operational concepts for increasing the
performance of the boosters were developed that are consistent with the rapid
turn around philosophy of the SSTO vehicle. Solid and hybrid propulsion were
shown to have been an effective method of thrust augmentation for the SSTO
mission [45].

The solid and hybrid strapons were sized to increase the vehicle payload from
25,000 lbm to 50,000 [45]. The hybrid strapons were fed from the vehicle main
oxidizer tank and sized as shown in Table 5.

The analysis showed the promise of hybrid strapons as a means to augment the
booster launch capabilities.

VIII. Conclusions

The Firebolt was a hybrid rocket-based supersonic target system that got through
production and development and was demonstrated with several successful flights
propelling the vehicle to ∼Mach 4, but did not get production funding for an
operational system.

AMROC developed SET-1 as a suborbital launch system and the motor and
other subsystems functioned well in component tests. However, on the brink of
launching, but the vehicle did not launch due to frozen condensation on the LOX
valve not allowing the LOX valve to open fully, keeping the motor on the pad.
SET-1’s unfortunate failure on the pad proved the safety of hybrids: Damage to the
test stand and payload were minimal. AMROC studied many hybrid rocket-based
concepts and were in development of the HyFlyer vehicle when they shut down.

The HPDP’s N2O/HTPB-based sounding rockets were successfully launched
out of Wallops Island, with a maximum altitude of∼120,000 ft. They demonstrated
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quick turnaround, safe nonpryogenic ignition, and upon recovery of the rocket, the
flight effect on the motor was determined to be the same as the ground testing.

Lockheed Martin’s HYSR program’s successful launch demonstrated several
patented concepts that could be used on future hybrid systems.A staged combustion
system was used for ignition and motor combustion stability. A heated helium
pressurization system was employed for minimizing the weight of pressure-fed
propulsion systems by heating the ullage gas and pressurant tank. Although the
vehicle did not perform as well as predicted, the issues that caused the lower than
expected performance were identified and can be corrected in future applications.

Hybrid rockets have been successfully propelled a privately financed manned
vehicle to the edge of space in a historic series of flights: first privately funded rocket
vehicle to break Mach 1, first privately funded vehicle to reach 62 n miles high,
and then first to be able to do it twice in two weeks. Scaled Composite’s selection
of a N2O/HTPB-based hybrid motor system for SpaceShipOne indicates that a
hybrid motor’s advantages of safety, simplicity, and cost will be returned to for
larger, more complex systems.

Multiple studies have been done with hybrid rockets in the past. Replacing the
space shuttle solid rocket motors was looked at as an option. Strapon replacements
for expendable LVs Atlas and Delta have been considered. Boost augmentation
for proposed SSTO vehicles have been examined. These studies all indicated
that hybrids had some advantages for their vehicle configuration over the current
strapons or other proposed strapons.

Hybrid-based vehicles have been proposed, sized, and studied for multiple pay-
loads and applications: NLS and Next Generation Vehicle requirements. These
studies showed some advantages over the proposed systems. These requirements
were never met, and the systems were never produced.

However, there are new LVs being proposed, where hybrids are potential
players. Space Dev is studying hybrids for the Dream Chaser vehicle, Lockheed
Martin was developing the Falcon vehicle for DARPA and the U.S. Air Force.
NASA is currently investigating concepts for a space shuttle replacement: Hybrids
should be discussed if strapon rockets are needed.

Hybrid rocket motors have made limited progress into the world of LVs because
of the low technical maturity and flight history of hybrids prohibiting the investment
into the necessary development. Recent demonstrations of hybrids have raised the
technology readiness levels of hybrid rockets. Sizing studies have shown that a
hybrid LV or hybrid-augmented vehicle could be developed and carry significant
payload, if the technology is ready. The HYSR flight and SpaceShipOne have
advanced the maturity of hybrids, hopefully to the point of making hybrids a
viable candidate for future vehicle systems.
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Nomenclature

A = area
B = blowing parameter
Cf = skin-friction coefficient
cp = constant-pressure specific heat
D = diameter
Ea = activation energy
fm = fuel/air mixture ratio
G = mass flux ρu
H = heat of reaction
h = port height
k = rate constant
Le = Lewis number
Np = particle number density
O/F = oxidizer-to-fuel mass ratio
P = pressure
Pr = Prandtl number
Q = heat flux
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R = gas constant
ReD = Reynolds number based on diameter
Rex = Reynolds number based on length
Ru = universal gas constant
ṙ = regression rate
St = Stanton number
T = temperature
t = time
u = velocity
w = web thickness
x = axial location
Y = mass fraction
α = coefficient defined in Eq. (42) used in Eq. (41)
γ = ratio of specific heats
ΔH = total heat for pyrolyzing solid fuel from its initial

temperature Ti
ε = emissivity
θ = ratio of average flame temperature Tf ,av to surface

temperature Ts
κ = absorption coefficient
μ = viscosity
ρ = density
σ = Stefan–Boltzmann constant

Subscripts

conv= convective
e = boundary-layer edge
f = fuel
fl = flame
g = gas
o = oxidizer
rad = radiative
w = wall
x = axial
0 = no blowing case on the fuel surface
∞ = freestream

I. Introduction

A. Background

TO facilitate the discussion in the challenging areas and method of future hybrid
rocket developments, some background materials are introduced in this sec-

tion, even though there are other chapters describing various features of hybrid
rockets. The term hybrid rocket is defined by Sutton [1] and classified into vari-
ous types in Chapter 1 of this volume [2]. As commonly known, most chemical
rockets require two reacting media: a fuel and an oxidizer to burn and release ther-
mal energy in the combustion chamber. When both reacting media are liquids, the
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Fig. 1 Three types of chemically-powered rockets.

rocket is called a liquid-bipropellant rocket, or simply, a liquid-propellant rocket.
Liquid oxygen (LO2 or LOX), liquid flourine (LF2), nitrogen tetroxide (N2O4),
and nitric acid (HNO3) are commonly used liquid oxidizers in liquid-propellant
rockets, whereas liquid hydrogen (LH2), methane (CH4), and hydrazine (N2H4)
are often employed as liquid fuels. When both reacting components are solids
in the form of either a premixed homogeneous propellant or a physically com-
bined heterogeneous propellant, the rocket is called a solid-propellant rocket. In
the case of a homogeneous solid propellant, nitrocellulose (NC) is commonly
mixed and crosslinked with nitroglycerin (NG) to form a double-based propellant
with both ingredients serving as fuel and oxidizer; NG serves as the oxider-rich
ingredient and NC as the slightly fuel-rich one. A commonly used heterogeneous
rocket propellant consists of ammonium perchlorate (AP) as the solid oxidizer
and hydroxyl-terminated polybutadiene (HTPB) as the solid fuel. The AP parti-
cles are held together physically in a binder matrix of HTPB without chemical
bonding at the particle/binder interfaces [1, 3]. When one component is liquid
and the other one is solid, the rocket is called a hybrid rocket. This third type of
chemical rocket propulsion system represents a type of amalgam of the liquid-
and solid-propellant rockets, yet it has important and distinguishing features com-
mon to neither of the two other systems. Figure 1 illustrates the basic differences
between the liquid-propellant, solid-propellant, and hybrid rocket systems.

The concept of hybrid rocket propulsion is not new; it was first introduced
around 1937 in Russia by Andrussow according to Green [4]. In the interest of



“ch15” — 2007/3/5 — page 596 — #4

596 K. K. KUO AND M. CHIAVERINI

Fig. 2 Various types of hybrid rockets.

discussion convenience, classification of various types of hybrid rockets are given
here and shown in Fig. 2. The classical hybrid rocket configuration is of great
interest for various applications; it consists of a solid-fuel grain cast into the com-
bustion chamber and a separate tank containing a liquid oxidizer such as LOX. The
oxidizer can be fed into the ports of the fuel grain in the combustion chamber either
by gas pressure or by a pump system. In this configuration, the liquid oxidizer is
injected into the head end of the solid-fuel grain through a precombustion chamber,
which serves to vaporize the oxidizer and allows it to enter the combustion ports
in a more uniform manner than a liquid spray jet. The pyrolyzed gaseous fuel and
oxidizer mix and react along the length of the fuel grain and undergo final mixing
in the aft combustion chamber. The hot product gases are then expelled from the
nozzle to generate thrust.

The inverse hybrid motor shown in Fig. 2 works in much the same manner as
the classical hybrid except that a liquid fuel and a solid oxidizer react to form the
combustion products. In the gas-generator type of hybrid rocket, the solid fuel is
loaded with a small amount of solid oxidizer, forming a fuel-rich solid-propellant
grain. Oxidizer is then injected into the afterburner section to mix and burn with the
fuel-rich gases generated by the solid grain. Finally, the combined type shown in
Fig. 2d has both aspects of the classical and gas-generator types of hybrid motors
because the oxidizer is injected into both the head end of the fuel grain and the
aft mixing chamber. Other configurations, such as an inverse gas generator using
solid oxidizer and liquid fuel, are also possible [4]. Of all of the design concepts
shown in Fig. 2, the classical hybrid rocket has received the most attention, and
therefore, it is used as the main configuration for discussion in this chapter. More
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Fig. 3 Major components of a classical hybrid rocket motor. (From Estey et al. [5].)

details of the classical hybrid propulsion system adapted from Estey and Hughes
[5] are shown in Fig. 3.

B. Specific Advantages and Disadvantages of Hybrid Rockets

In view of the distinct features of separately stored fuel and oxidizer in different
physical states and controlled motor operation, classical hybrid propulsion systems
offer several important advantages over their liquid and solid rocket counterparts;
these advantages make them attractive alternatives for commercial, military, and
scientific applications. The following listed advantages are commonly recognized
in the propulsion community:

1) Hybrid rocket motors are very safe during fabrication, storage, testing and
operations, with minimal explosion or detonation hazard.

2) They have stop-start–restart capabilities.
3) Hybrid rockets have higher specific impulse than solid rockets and higher

density impulse than liquid rockets.
4) There is minimal environmental impact with hybrid rocket launches.
5) The propulsion system cost is much lower than those of solid and liquid

rocket propulsion systems.
6) Hybrid rockets have high reliability (half the pumps and plumbing of liquid-

propellant engines; stronger than solid-propellant grains, and much less sensitive
to cracks and debonds).

7) There is greater maneuverability with controlled thrust profiling on demand
over a wide range of operating conditions.

In the following paragraphs, the major advantages just listed are described in
more detail with comparisons to solid- and liquid-propulsion systems.

The inverse hybrid motor shown in Fig. 2 works in much the same manner as
the classical hybrid except that a liquid fuel and a solid oxidizer react to form the
combustion products. Generally, the classical hybrid requires a total liquid mass to
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solid mass ratio ranging from 2 to 7, whereas the inverse configuration has a mass
ratio of about 0.5 [3] and, in some special cases, as low as 0.1. In the gas-generator
version, the solid fuel is loaded with a small amount of solid oxidizer, forming
a fuel-rich solid-propellant grain. Oxidizer is then injected into the afterburner
section to mix and burn with the fuel-rich gases generated by the solid grain.
Finally, the combined type shown in Fig. 2d has both aspects of the classical and
gas-generator types of hybrid motors because the oxidizer is injected into both the
head end of the fuel grain and the aft mixing chamber. Other configurations, such
as an inverse gas generator using solid oxidizer and liquid fuel, are also possible
[3]. Laboratory-scale cryogenic hybrids using frozen solid fuel such as ethylene
and n-pentane have also been tested [4]. Of all of the design concepts shown in
Fig. 2, the classical hybrid rocket has received the most attention, and therefore, it
is used as the main configuration for discussion in this chapter. More details of the
classical hybrid propulsion system adapted from Estey and Hughes [5] and Kuo
[6] are shown in Fig. 3.

1. Improved Safety

First, unlike solid-propellant rockets, hybrid rockets are much less sensitive
to cracks and imperfections in the solid-fuel grain. Even though the oxidizer and
combustion product gases can penetrate into crack cavities, reactions in the cavity
regions are limited and unable to generate any significant local pressurization and
grain damage. In contrast to hybrid solid-fuel grain, once the solid-propellant grain
is cast into either a segment or a monolithic grain, it constitutes a major hazard for
catastrophic energy release and requires exhaustive precautionary measures in all
phases of storage assembly, transportation, stacking, and prelaunch preparation.
Therefore, hybrid rockets are much safer than solid-propellant rockets [2, 6].

Unlike liquid fuels, such as highly volatile and reactive hydrogen, solid fuels
are not hazardous for storage and transportation. Hybrid rockets are indeed much
safer than liquids during the latter stages of prelaunch operations when the vehicle
is fueled and during all flight phases. In liquid-bipropellant systems, leakage of
propellants or structural failures due to mishandling or excess loads, whether on the
launch pad or inflight, could lead to a catastrophic conflagration if the leakage or
failure results in a fuel/air fire or mixing of the fuel and oxidizer. On the contrary,
there is much lower probability for any violent energy release hazard involved in
the event of leakage or structural failure in the hybrid’s liquid oxidizer system.

These safety features represent the most desirable and distinguishing char-
acteristics of hybrid rockets. Their safety characteristics will definitely have a
strong impact for reducing future propulsion hazards to the payload of unmanned
missions, launch facilities, and manned flights.

2. Greater Operability and Reduced Servicing Requirements

Compared to liquid rockets, the relative simplicity of hybrid rockets offers
important benefits in prelaunch operations due to their fewer components and
operational steps, for example, all liquid-fuel-related operations are eliminated.
This is a significant advantage for booster applications.

Although more complex than solid rockets, hybrid rockets offer significant
operational advantages. Hybrid fuel without oxidizer present is inert, whereas
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solid-propellant motors contain large masses of hazardous propellant and, there-
fore, require considerably greater care and attention during all ground handling.
Hybrid motors can employ a monolithic grain that eliminates the need for stacking
operations, can be operated in a “holddown” mode for pre-launch checkout, and
can be shut down if necessary. They can be shut down in the event of a mission
abort at any time during their thrusting period. Because hybrids can be throttled,
they allow operational flexibility and permit accurate closed-loop thrust tailoring,
which is especially important during periods of high dynamic pressure or maneu-
vering for trajectory corrections. Hybrids offer the same controllability, shutdown,
and restart benefits as liquids with simpler prelaunch and launch operations.

3. High Propulsion Performance

In terms of propulsion performance, the theoretical vacuum specific impulse
performance of LOX/HTPB hybrids exceeds 360 s [7]. This is considerably higher
than the best of all solid-propellant rockets (about 320 s). The Isp of the hybrid
rocket compares very closely with the LOX/RP combination used in many liquid
propellant boosters and core engines, as shown in Fig. 4. Some hybrid motors,
using cryogenic liquids and fuels with light metal additives, can deliver better
performance than the best liquid propellants, (that is, over 460 s). Also, the density
impulse of typical classical hybrid rockets is in the range of 300–520 g · s/cm3,
which is higher than that of liquid propellant rockets (in the range of 100–430 g · s/
cm3). In comparison with solid-propellant rockets, although hybrid rockets have
significantly higher specific impulse, their density impulse is lower. This imposes
constraints on certain volume-limited applications. However, it is important to
consider the greater operability of hybrid rockets in comparison with the solid
rockets, which may offset their lower density impulse characteristics for some
applications.
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Table 1 Exhaust emissions from typical liquid, hybrid, and
solid rocket engines

LO2/RP-1, lbm/s per Hybrid, lbm/s per Solid, lbm/s per
Species 105-lb thrust [8] 105-lb thrust [8] 105-lb thrust [8]

H2O 81.1 64.1 31.3
CO2 93.6 103.9 11.7
CO 134.8 137.0 79.8
HCl —— —— 69.9
Al2O3 —— —— 100.0
H2 4.5 3.0 6.9
H 0.1 0.0 0.1
OH 0.0 0.1 0.1
N2 —— 1.2 29.0

4. Minimal Environmental Impact

In general, rocket launchers can have four types of effects on the atmosphere,
including stratospheric ozone depletion, acid rain, reduction of local air quality
due to dispersion of toxic compounds, and global warming. According to Hawk
and Grey as cited by Chiaverini et al. [8], space launches are a negligibly small
contributor to all of these effects relative to other natural and anthropogenic sources.
Nevertheless, they believe that there will soon be regulatory demands to reduce
atmospheric pollution by rocket launches to a minimum. At present, the most
important effluents affecting the atmosphere are the chlorine and aluminum used
in solid propellants. The nitrogen in certain storable liquid propellants and in solid-
propellant ingredients also contributes to some extent to acid rain, ozone depletion,
and generation of nitrogen oxides.

The effluents of typical hybrids (excluding afterburning in the exhaust plume)
calculated by Hawk and Grey are compared with those of liquid-propellant and
solid-propellant space boosters in Table 1. Note that hybrids generate roughly
the same product species distribution as oxygen hydrocarbon liquid boosters,
whereas solid-propellant effluents are rich in hydrogen chloride, aluminum oxide,
and nitrogen. Hybrid rockets with nonmetalized fuels can have environmentally
clean exhaust without hydrogen chloride and aluminum oxide and other undesir-
able product species. Therefore, hybrid rockets are at least as ecologically benign
as liquid rockets and definitely have less environmental impact than solid rockets.

5. Relatively Low System Cost

Generally speaking, life-cycle costs of any propulsion system consist of
nonrecurring costs [including 1) research, development, testing, and evaluation
(RDT&E) and 2) system procurement] and recurring costs for operations and
support. According to the AIAA Workshop Report [7], hybrid RDT&E costs are
likely to fall between those of new liquids and solids because they depend largely
on system complexity. However, compared with solids, the hybrid’s lower haz-
ard risk will tend to reduce or eliminate the additive costs associated with the
handling of hazardous propellants and complete motor assemblies loaded with
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them. Also, the ability to stop and restart hybrid rocket tests and inspect the test
motors between firings should introduce cost savings by reducing the number of
test motors required to obtain desired data.

For expendable launchers, solid-propellant rockets are much cheaper (by about
30–50%) than the equivalent liquid systems. The higher cost of liquid rockets
is mainly due to their much higher hardware costs because the typical oxygen
hydrocarbon propellants themselves cost about one order of magnitude less than
solid propellants, for example, $0.2–$0.5 per kg vs about $2–$3 per kg for solids.
For hybrids, the propellant cost will approach that of liquid rockets, whereas their
hardware costs (especially for pressurized rather than pump-fed designs) are likely
to approach those of solids and, in fact, may even turn out to be lower than solids
because of the aforementioned benefits associated with the manufacturing and
handling of less hazardous material and assemblies. Hence, expendable hybrid
rockets are likely to be less expensive to manufacture than either liquids or solids.

For reusable boosters, procurement and production costs depend heavily on the
number of times a rocket engine is reused.The procurement costs of hybrids relative
to liquid- or solid-propellant rockets are not yet clear. Operational costs of hybrids
are likely to fall below those of both liquids and solids. They are operationally
simpler to prepare for launch than liquids and less prone to delays due to equipment
failures or prelaunch test and checkout anomalies. A comparison of cost drivers for
hybrid-, liquid-, and solid-propulsion systems [7] is shown in Table 2. It is quite
obvious that hybrids have many advantages over the other two propulsion systems
from the cost point of view. It also appears that the life-cycle cost of a new hybrid
booster is likely to be significantly lower than that of either a new liquid-propellant
booster or a new solid-propellant booster.

6. Disadvantages of Hybrid Rockets

There are several disadvantages of hybrid rockets associated with their per-
formance. Most of these disadvantages are currently being addressed by various
groups and will hopefully be overcome in the future. These are discussed in the

Table 2 Cost drivers for hybrid-, liquid-, and solid-propulsion
systems (Kuo [6] with modifications)

Cost implication Hybrid Liquid Solids

Operations √ a

Environmental impact √ √
Operational flexibility √ √
Toxicity √
Manufacturing costs √
Operational safety √
Flight safety √
Operational simplicity √
Existing database ? √ √

aCheck mark denotes advantage.
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“Major Challenges in Hybrid Propulsion” section. The major disadvantages are as
follows:

1) Combustion efficiencies of hybrid rockets (typically 93–98%) are slightly
lower than those of liquid-propellant or solid-propellant rockets.

2) The density impulse of hybrid rockets is usually lower than that of solid-
propellant rockets, thereby resulting in larger volumes.

3) Some fuel “slivers” could remain in the combustion chamber at the end of
motor operation; therefore, the effective solid-fuel mass fraction is slightly reduced
in the hybrid motor.

4) Oxidizer-to-fuel mass ratio can vary during hybrid motor operation, resulting
in slight variations in specific impulse.

5) The regression rates of commonly used solid fuels in classical hybrids are
relatively low in comparison with solid propellants; this shortcoming imposes
constraints on the fuel-grain design.

6) At the present time, the predictive analytical models and numerical codes
have not yet reached a highly matured stage, partly due to the lack of experimental
data for model validation and also due to the lack of certain realistic input infor-
mation (such as fuel decomposition rates and mechanisms as a function of surface
temperature).

7. Why the Hybrid Propulsion System Has Not Been Developed to
Its Full Maturation

It is quite clear from the preceding discussions that hybrid-propulsion systems
have many advantages (and limited disadvantages) over existing solid-propellant
and liquid-propellant propulsion systems. This raises the obvious question as to
why hybrid rockets are not in widespread use and have not been fully developed.
The following reasons may explain the current situation.

1) From the standpoint of launch-readiness and simplicity, solid-propellant
rockets are generally ready and reliable for launching, especially for military
applications.

2) From the performance point of view, liquid-propellant rockets have high
specific impulse; therefore, they have been preferred for civil space launch
applications.

3) Liquid oxidizers are restricted on many battle ships, and this regulation
restricts the possibility for launching missiles powered by hybrid rockets.

4) Experts in the chemical propulsion field tend to be sharply divided, with
their experience in either liquids or solids.

5) Scaling laws have not been completely investigated for hybrid rockets
(though work in this area is progressing).

6) Unlike the burning rate of solid propellants, the solid-fuel regression rate
depends on many parameters. Historically, there has been a lack of basic under-
standing of the solid fuel combustion processes under either simulated or actual
motor operating conditions. Usually, the support for the research portion of a hybrid
program is a very small fraction of the overall motor development program. In view
of lack of financial support, research studies in this subject area suffer greatly, are



“ch15” — 2007/3/5 — page 603 — #11

HYBRID ROCKET PROPULSION IN 21ST CENTURY 603

usually conducted in very narrow scopes, and, therefore, can not reach the desired
stage for systematic planning and broad coverage.

7) There is a lack of long-term national programs, as well as international
collaboration activities in the development of hybrid rockets. However, this trend
is expected to change due to many attractive features of hybrid rockets. Also, many
commercial companies appear to be in favor of hybrid rocket development, based
on recent activities at Scaled Composites, Space Propulsion Group (SPG), Space
Dev, Lockheed Martin, ORBITEC, and similar programs.

C. Combustion Processes Involved in the Hybrid Rockets

As mentioned earlier, the classical hybrid motor configuration is used for this
discussion because it is the most broadly adopted one for various applications.
There are numerous physicochemical processes occurring in the combustion cham-
ber, which consists of a vaporization chamber in the fore end, a solid-fuel-grain
section, and an aft-end mixing chamber connected to the exit nozzle. The vapor-
ization chamber is sometimes called the precombustion chamber and the aft-end
mixing chamber is also called the postcombustion chamber, as shown in Fig. 5,
the American Rocket Company (AMROC) H-1800 hybrid rocket. To simplify
the description of many important and intricate processes, three lists of pertinent
processes involved in each major component of the hybrid rocket motor are given:

1) Precombustion chamber—a) injection of pyrophoric igniter material or actu-
ation of an ignition device; b) atomization of liquid oxidizer spray jet; c) thermal
heating and pyrolysis of solid fuel; d) rapid chamber pressurization at the onset
of ignition due to the igniter discharge; e) quenching of a fraction of fuel surface
caused by impingement of cold-liquid ligaments and droplets; f ) advancement
of pyrolysis front over all exposed fuel surfaces and flame anchoring near cer-
tain locations; g) penetration of vaporized and liquid oxidizer streams into the
ports of solid-fuel grain; h) fuel surface regression due to pyrolysis and the asso-
ciated contour variations; and i) combustion of vaporized fuel in oxidizer-rich
environment.

2) Solid-fuel-grain section—a) thermal heating and pyrolysis of solid fuel; b)
desorption of polymer fragments from the pyrolyzing fuel surfaces; c) diffusion of

Fig. 5 AMROC H-1800 hybrid rocket. (From Estey et al. [5].)
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fragmented fuel species toward the flame zone; d) formation of boundary-layer-
like shear flow near surface regions of the solid-fuel grain; e) diffusion of unburned
oxidizer to the pyrolyzing fuel surfaces and engagement in heterogeneous reac-
tions; f) propagation of the pyrolysis front spreading over exposed fuel surfaces;
g) fuel surface regression due to continued heating from the turbulent diffusion
flame; h) increase of axial mass flux along the port of the fuel grain due to mass
addition; i) acceleration of the bulk flow in the axial direction; j) Reduction of
axial mass flux as port area increases in the later stage; k) grain deformation in
response to any unbalanced forces due to onset of ignition, pressure excursion, etc.;
l) nonuniformity of burning in a noncircular port of multiport grains; m) toward the

Fig. 6 Physical processes involved in hybrid rocket combustion.
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end of burn, grain integrity associated with the support of thin webs for multiport
grains; n) damping or amplification of any combustion disturbances or instability
waves; and o) potential ejection of unburned sliver residues.

3) Postcombustion chamber—a) mixing of jet streams from all solid-fuel ports;
b) heating of thermal insulation material; c) continued chemical reactions between
any unreacted fuel- and oxidizer-rich species; d) exhausting product gases, soot,
and any other condensed-phase particles from the nozzle; e) damping or amplifica-
tion of any combustion disturbances or instability waves; and f) erosion of nozzle
throat.

Fig. 6 Continued.
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In addition to the preceding list, Fig. 6 also shows many important hybrid com-
bustion processes. A chemically reacting shear layer develops over the solid-fuel
surface due to the reaction between the injected oxidizer from the head-end region
of the motor and the pyrolyzed fuel fragment species. The reacting shear flow
has boundary-layer behavior especially in the region before the fully developed
station. The boundary layer over most portions of the solid-fuel grain is turbulent.
The turbulent boundary layer is characterized by strong velocity, temperature, and
species gradients normal to the surface; mass, momentum, and energy transport are
dominated by turbulent eddy motions and fluctuations. Near the fuel surface, many
complicated physicochemical processes can occur sequentially and/or simultane-
ously. The major processes include 1) melt-layer formation by liquefaction, 2)
polymer chain breaking and reorganization in the heated zone of the solid fuel,
3) heterogeneous reactions between the polymer fragments and oxidizers diffused
across the gaseous diffusion flame, 4) desorption of polymer fragments and mass
diffusion and advection of pyrolyzed fuel species in the transverse direction into
the shear layer, 5) formation of surface ripples and bumps due to the interaction of
the shear flow with pyrolyzing surface material, and 6) surface displacement due to
mass loss and mechanical compression/decompression associated with chamber
pressure variation. It is quite obvious that the surface regression rate is affected by
these many intricate physicochemical processes. This could be one of the reasons
why the hybrid-propulsion system has not been developed to its full maturation.

II. Major Challenges in Hybrid Rocket Propulsion

Many challenges still exist in the development of future high-performance
hybrid rockets. These challenges can be divided into three areas, as follows: 1) con-
tinuation in the development of energetic fuels and oxidizers while acquiring more
in-depth understanding of their ignition and combustion behavior, 2) improvements
in the design and operation of highly reliable hybrid rocket motors with great oper-
ational flexibilities, and 3) attainment of strong and continuous support from rocket
propulsion policy makers and program managers to recognize the importance and
advantages of this type of propulsion system. Some of specific topics for perfor-
mance enhancement and design considerations are discussed next. Suggestions to
overcome the anticipated obstacles are also addressed with each item.

A. Development of Energetic Solid Fuels and Oxidizers
and Enhancement of Solid-Fuel Regression Rates

First is selection of oxidizers that are nontoxic, high density, high energy,
and self-pressurizing. The self-pressuring feature is highly beneficial because the
pumping system can be eliminated or partially replaced. This can significantly
reduce the parasitic weight of the propulsion unit. Depending on the mission
application, noncryogenic oxidizer is easier to store and handle.

Second, to enhance the regression rate of HTPB type of solid fuels, ultrafine
metal or metal hydride powders could be added. These special additives can not
only increase the linear regression rate of the solid fuels but also increase the
density impulse of the hybrid rocket. The enhancement of linear regression rate of
several families of HTPB-based solid fuels has been demonstrated by Chiaverini
et al. [8] and Risha et al. [9].
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Third, paraffin types of solid fuels studied by Karabeyoglu [10] and Evans
et al. [11] have demonstrated substantially higher linear regression rates than the
HTPB solid fuel. The finding of suitable stiffener for the paraffin type of fuel is
a very important task to use the fuel grain to support the structure of the hybrid
motor. Suitable processing technique for uniformly dispersing energetic metal
particles in the laboratory scale paraffin fuel grain has been developed by Evans
et al. [11]. The technique has to be extended to the prototype-scale solid-fuel
grains.

Fourth, synthesis and processing of new types of energetic solid-fuel grains
should be developed to have desirable regression rates, mechanical and thermal
properties for ignition and combustion in rocket motor operating environment, as
well as for long-term storage.

Last, compatibility of the selected energetic fuel compounds with the oxidizer-
rich fluid must be studied and their combustion performance must be optimized.

B. Measurement of Solid-Fuel Regression Rate
as a Function of Operating Conditions

First for hybrid rockets, depending on the grain design, the average solid fuel
regression rate could be quite different from the instantaneous regression rate.
It is important to measure the instantaneous regression rate as a function of the
motor operating conditions. Direct measurement of instantaneous regression rate
can be performed using nonintrusive measurement techniques. For example, ultra-
sonic pulse–echo methods and real-time x-ray radiography techniques can be very
helpful.

Second, characterization of regression behavior of a given solid fuel in subscale
instrumented motors would be beneficial for determination of operating condition
dependency. This procedure can also reduce the development costs for introducing
a new fuel into the hybrid motor. The measured regression rate data can be used
for model development and validation. Once validated, the model and computer
code can be used for scale-up simulations.

Third, embedding ultrafine break wires at different depths of the solid fuel grain
could also provide useful information on the regression pattern and the thermal
wave behavior of the fuel grain. Subsurface temperature profile measurement near
the surface of the pyrolyzing solid fuel could give very useful information about
the heat flux into the unburned subsurface zone and the instantaneous surface
temperature. The effect of in-depth radiation absorption can also be studied with
this type of measurement.

Fourth, it is useful to consider the solid-fuel pyrolysis mechanism and asso-
ciated chemical kinetics at various surface temperatures so that the solid-fuel
regression rate can be linked directly with the surface temperature and the local
oxidizer concentration. This would provide essential information for accurate
numerical simulations using computation fluid dynamic codes. Conducting pyrol-
ysis experiments with well-controlled surface temperatures could be very helpful.
Flash pyrolysis of HTPB was conducted by Arisawa and Brill [12, 13] to deter-
mine the decomposition products of HTPB. Flash pyrolysis of uncured R-45M,
the pre-polymer of HTPB, was performed under various heating rates, temper-
atures (ranging from 450 to 609◦C), and pressures in an argon environment.
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According to them, using R-45M rather than cured HTPB is justified because
during rapid thermal decomposition, such as occurs in a hybrid rocket motor,
the urethane bonds between the crosslinking agent (such as Isonate 143L), and
the prepolymer cleave first. The HTPB acts like an uncured polymer when it
decomposes. Chen and Brill’s T-Jump/Fourier Transform Infrared (FTIR) spec-
troscopy was used to determine the gaseous pyrolysis products [14]. There were
13 gaseous products, representing about 70% of the mass of the original sample,
identified in the study (Fig. 7). Of these 13 products, 95–98% of the measured
masses were attributed to 6 major products: butadiene (BD), ethylene (ET),
trans-butadiene oligomer (t-BDO), 4-vinyl 1-cyclohexene (4-VCH), 1,5-hexadiene
(1,5-HD), and cyclopentane (CP). Chen and Brill [14] reached several impor-
tant conclusions in their study. First, at p ∼ 2 atm and 515 < T < 560◦C, the
pyrolysis of polybutadiene compounds was dominated by bulk-phase reactions in
the polymer, such as bond breaking and polymer chain reorganization. However,
for lower pressures ( p < 2 atm) and higher, temperatures (560 < T < 609◦C),
or for even higher pressures ( p = 11 atm) at all temperatures (T > 465◦C), the
rate of gaseous product evolution was controlled by formation and desorption of
higher molecular weight fragments from the fuel surface (Fig. 6). Chen and Brill
[14] stated that the temperature at which transition between controlling mech-
anisms (from bulk-phase kinetics to desorption kinetics) occurs corresponds to
the temperature where the bulk-phase pyrolysis reactions probably reach their
maximum rate. This temperature is a function of pressure with higher pressures
corresponding to lower transition temperatures. Therefore, for modeling the com-
bustion processes of rockets containing HTPB, the kinetics of desorption from
the surface should be used instead of the bulk-phase chemical decomposition
kinetics.

Fig. 7 Identification of 13 major gaseous products from decomposition of HTPB.
(From Arisawa and Brill [12].)
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Chiaverini et al. [15] performed pyrolysis study of various HTPB-based solid
fuels under conductive heating using a hot metal cylinder under well-controlled
surface temperatures. Many HTPB solid fuels showed abrupt change of activation
energies at certain surface temperatures (Fig. 8). In agreement with the findings
of Arisawa and Brill [12, 13] and Chen and Brill [14], the activation energy at
higher surface temperatures is much lower due to the physical desorption of high
molecular fragments. The relative molar concentrations of a HTPB-based fuel at
500–800◦C were obtained by Chiaverini et al. [15] and are given in Table 3. It
is quite obvious that the pyrolysis products are highly dependent on the surface
temperature. This implies that the gas-phase diffusion flame of the solid fuel can
depend strongly on the burning surface temperature of the solid fuel. The local
solid-fuel regression rate is dominated by the local energy feedback from the
adjacent diffusion flame, which is in turn depending on the gaseous oxidizer con-
centration and turbulence level in flame zone. This kind of complex interdependent
condition is far more complicated than the solid-propellant combustion situation.
For the latter, the burning rate is usually a function of the chamber pressure, and
in some cases, the erosive burning condition can be also important. In the hybrid
rocket motor, the regression rate of the solid fuel is always highly dependent on
the local flowfield structure, heat-transfer rates, and the energy release processes.
Thus, the functional form is far more complicated and should be characterized.

Fig. 8 Arrhenius plot of an HTPB-based solid fuel (SF5) with change of activation
energy around Ts = 780 K. (From Chiaverini et al. [15].)
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Table 3 Pyrolysis products of an HTPB-based solid fuel (SF5) and
molar concentrationsa

Relative molar concentrations of pyrolysis
products at various temperatures, %

Species Mi 500◦C 600◦C 700◦C 800◦C
Ethene, C2H4 —— 12.65 14.49 29.93
Propene, C3H6 —— 4.56 7.38 11.94
1,3-Butadiene, C4H6 78.70 53.36 44.70 11.05
3-Pentene-1-Yne, C5H6 —— 11.29 18.36 14.27
Cyclopentene, C5H8 —— 3.92 —— ——
Benzene, C6H6 —— 4.89 10.41 13.63
Toluene, C7H8 —— —— 4.66 5.22
4-Vinyl-Cyclohexene, C8H12 21.30 9.33 —— ——
Styrene, C8H8 —— —— —— 2.49
Indene, C9H8 —— —— —— 6.04
Naphthalene, C10H8 —— —— —— 5.43

aFrom Chiaverini et al. [15].

C. Correlation Development for Solid-Fuel Regression Rates

To predict the performance of a hybrid motor, the most influential parameter to
be determined is the instantaneous regression rate of the solid fuel at any specific
location of the motor. Various correlations have been developed for regression rate
determination. Some of them are based on heat/mass-transfer-dominated concepts,
and others emphasize the effect of chamber pressure on chemical kinetics and
flame structure. More recently, polymer decomposition processes were studied
under different heating rates, and they are believed to have significant influence
on the solid-fuel regression rate. Correlations are, therefore, categorized into three
groups, which are described in the following paragraphs.

1. Regression Rate Models Based on Heat and Mass Transfer Mechanism

Regression rate correlations based on heat and mass transfer from the flame to
the fuel surface appear to be the most popular approach. Several historical studies
are presented with comments on their limitations and drawbacks.

Bartel and Rannie’s analysis. Perhaps the earliest analysis to consider most
of the essential features of hybrid combustion was that of Bartel and Rannie as
cited by Green [4]. Bartel and Rannie considered the one-dimensional axial flow
of air through a tube of fuel. Turbulent air enters the tube of diameter D with a
velocity U0, density ρ0, pressure p0, and stagnation temperature T0. Carbon was
used for the solid fuel. They believed that the diffusion or transport of oxygen to the
fuel surface was the controlling mechanism of the fuel regression process. They
assumed that the mass addition due to fuel burning was negligible in comparison
to the axial air mass flux along the tube. By examining the rate of heat added to
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the gas flowing through an elemental cross section, they obtained the following
expression:

m′′f = (Cf Gfm/2) exp(−2Cf x/D) (1)

where m′′f is the local mass burning rate of fuel per unit area (=ρf ṙ), Cf the friction
coefficient on the fuel surface, G the average mass flux along the tube, fm the fuel/air
ratio of the reaction, x the distance along the tube from the entrance, and D the tube
inner diameter. They also used the well-known pipe flow correlation of friction
coefficient with Reynolds number: Cf = 0.046 Re−0.2

D . When this expression is
substituted into Eq. (1), a G0.8 dependency is obtained, because Reynolds number
ReD can be written as GD/μ. According to this expression, the fuel burning rate
decreases exponentially with axial position along the tube, which is not adequate
for the full length of the hybrid motor grain because the accumulative mass addition
effect is quite significant in increasing the local mass flux in the downstream
portion.

Emmons’ analysis. Emmons as cited by Green [4] also obtained a solution
for the boundary-layer combustion of a gaseous oxidizer flowing over a solid-
fuel surface. He assumed a laminar flame zone of finite thickness in the boundary
layer. He then transformed the energy, momentum, and species equations into the
Blasius-type equations by assuming unity Prandtl, Lewis, and Schmidt numbers.
His analysis yielded

m′′f = ρeueY(B)/Re1/2
x (2)

where Y(B) is a function of the heat ratio defined as the ratio of the sum of chemical
and thermal energy of unit mass of the oxidizer core flow to the sum of thermal
energy required to bring a unit mass of solid fuel from its initial temperature to the
surface temperature and to convert it from solid phase to the gas phase, that is,

B = [(Coe − Cos)ΔHr/no + cp(Te − Ts)]/[L + cs(Ts − Ti)] (3)

where Co is the oxidizer concentration, ΔHr the heat of reaction per mass of fuel,
no the O/F ratio, T the temperature, L the heat of phase change, cp the specific
heat of the gas, and cs the specific heat of the solid; subscript e indicates the outer
edge of the boundary layer and subscripts s and i represent the surface and initial
conditions, respectively. For the range of 0.5 < B < 5, Emmons found

m′′f = ρeue[0.18+ log10(B+ 0.7)]/Re1/2
x (4)

where ρeue = G. Notice from this expression that m′′f is proportional to G0.5

due to the assumed laminar nature of the flow. The boundary layer involved in
practical hybrid systems is mostly turbulent due to the destabilizing influence of
mass injection at the solid surface as well as the high Reynolds number of the
oxidizer flow.
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Peck and Houser’s analysis. Peck and Houser [16] made a useful contribution
with their measurement of the instantaneous regression rate of a cylindrical hybrid-
fuel grain of several polymeric fuels burning with gaseous oxygen (GOX). They
burned cylindrical solid fuels of varying total length having an initial inner diame-
ter of 2.54 cm. Most tests were conducted with polymethylmethacrylate (PMMA
plexiglas) as the solid fuel. The instantaneous regression rates were deduced at sev-
eral axial positions at various flow rates, using an interrupted burning technique.
Peck and Houser found that the instantaneous inner radius of the combustor port
followed the sum of two power laws of time. However, their correlation has no
physical significance to the interpretation of the phenomena of hybrids. They also
made no attempt to account for the surface heatup time just following ignition.
Peck and Houser showed experimentally that the local regression rate decreases
with time due to an increase in port area (corresponding decrease in port mass
flux) and increases with axial distance due to an increase in mass flux from fuel
addition. Furthermore, they showed that the measured fuel surface temperatures
by the embedded thermocouples were the same for both translucent fuel grains
and opaque fuel grains processed with carbon black additive, implying a negligible
amount of in-depth radiation absorption in the subsurface region.

Marxman, Gilbert, Wooldridge, and Muzzy’s analysis. Probably the most
influential heat-transfer correlation of hybrid combustion was developed by
Marxman and Gilbert [17] and Marxman et al. [18]. According to their postu-
lation, a flame sheet is established in the boundary layer, which separates the
boundary layer into two zones: one zone is above the flame, where the tempera-
ture and velocity gradients are opposite in the transverse direction, and the other
zone is below the diffusion flame, where these gradients are in the same direction.
These trends are represented qualitatively in Fig. 6. The upper zone is oxidizer-
rich whereas the lower zone is fuel-rich. The flame occurs at a position where the
concentrations of reactants are sufficient for combustion to occur [17]. Because
Marxman and Gilbert believed that heat transfer from the flame to the fuel surface
was the controlling mechanism of hybrid combustion, they applied an energy flux
balance from the gaseous flame zone to the fuel surface including the heated region
of the solid fuel to obtain an expression for the fuel regression rate. Their energy
balance led to the following equation:

ρf ṙΔH = Qw (5)

where ρf is the solid-fuel density, ṙ the regression rate, Qw the heat flux to the wall
including both convective and radiative fluxes, and ΔH the total energy required
to heat the solid fuel from its initial temperature to the surface temperature and to
decompose and vaporize a unit mass of fuel.

To derive a useful equation for the regression rate from Eq. (5), Marxman and
Gilbert [17] made several important simplifications to the problem. First, they
assumed that the boundary-layer flow was turbulent over most of its length due
to the destabilizing effect of fuel injection at the surface. Second, they reasoned
that Reynolds analogy and unity Lewis and Prandtl numbers (Le = Pr = 1) hold
in both the upper and lower boundary-layer zones, but not necessarily in the flame
sheet itself. Third, they assumed that the velocity profile in the boundary layer
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is unaffected or only slightly affected by the presence of wall blowing and com-
bustion, so that the standard friction coefficient for a turbulent boundary layer
remains valid. By employing these assumptions, they obtained an equation for the
regression rate given by

ṙ = CGRe−0.2
x (St/St0)(ue/uc)(hf − hw)/(ρf ΔH) (6)

where C is a function of the mainstream Mach number, St the Stanton number,
St0 the Stanton number in the absence of blowing, ue the velocity at the edge of
the boundary layer, uc the velocity at the flame, hf the stagnation enthalpy at the
flame temperature, and hw the enthalpy at the wall in the gas phase. The ratio of
Stanton numbers, St/St0, represents the fraction of heat transferred to the surface
by convection when compared to the case with no blowing. This ratio may be
lower than 0.2 [17]. The velocity ratio, ue/uc, is determined by the flame position
in the boundary layer. When radiative heat transfer is also important, for the case of
metalized fuels [18], an additional term may be added to the right side of Eq. (6):

ṙrad = σεw(εgT4
f − αgT4

w)/(ρf ΔH) (7)

where σ is the Stefan–Boltzmann constant, εw the emissivity of the wall, εg the
emissivity of the gas at the flame temperature Tf , and αg the absorptivity of the
gas at the wall temperature Tw.

Marxman et al. [18] presented methods to obtain some of the factors comprising
the right side of Eq. (6), which are not known a priori for a given hybrid system.
Using the integral technique of boundary-layer theory, they show that the velocity
ratio may be obtained from

uc/ue = [(O/F)(hf − hw)/ΔH]/{YOXe + [(O/F)+ YOXe](hf − hw)/ΔH} (8)

where O/F is the oxidizer-to-fuel mass ratio and YOXe is the mass fraction of
oxidizer in the free-stream core flow, which, for a hybrid motor using GOX as
the oxidizer, would equal unity. Marxman et al. assumed that O/F ratio and the
(hf − hw)/ΔH factor are independent of axial position and remain constant for a
given oxidizer/fuel combination. The Stanton number ratio was found to be

St/St0 = 1.2B−0.77 (9)

for 5 ≤ B ≤ 100, where B is the blowing parameter, defined by

B ≡ (ρv)w/[ρeue(Cf /2)] ≈ (ue/uc)(hf − hw)/ΔH (10)

When the Prandtl number is equal to 1 and the radiation term in Eq. (7) is negligible,
the B parameter can be approximated by the last expression given in Eq. (10). The
mass transfer number B is a very important parameter in hybrid combustion. It
represents both the similarity parameter for a boundary layer with injection and
a thermodynamic parameter of the system. When B = constant and Le = 1, the
velocity, species concentration, and enthalpy profiles are similar everywhere in the
turbulent boundary layer [18]. It is useful to note that the range of B, as defined
in Eq. (10), for most hybrid systems is ranging from 5 to 20, and in this range,
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the best exponent for Stanton number vs B correlation found by Netzer [19] and
suggested by Altman [20] is −0.68, namely,

St/St0 = B−0.68 (11)

Although the difference between this exponent and −0.77 given in Eq. (9) seems
to be small, according to Altman, it means that the effect of ΔH on solid fuel
regression rate is about 40% stronger.

Marxman et al. [18] reduced their regression rate equation (6) to a simplified
form by combining Eqs. (6), (9), and (10), thus, obtaining

ρf ṙ =
[
0.036 GB0.23Re−0.2

x

]
∝
[
B0.23G0.8x−0.2

]
(12)

for hybrid motor combustion with no radiative heat transfer. Again, specifying
the oxidizer/fuel combination essentially fixes B. They explain that, because B
is raised to a small power, even large changes in (hf − hw) or ΔH produce only
minor changes in the regression rate. The physical reasoning behind this observa-
tion is that, in the analysis of Marxman et al., the regression rate of the solid fuel is
coupled tightly to the aerodynamics of the reacting boundary-layer flow. Increas-
ing (hf − hw), for example, would tend to increase the regression rate. However,
the increase in fuel mass addition creates stronger blowing and blockage of the
convective heat transfer to the surface. This effect tends to decrease the regression
rate. Therefore, the fuel regression rate depends primarily on G, the total mass
flux. Because G at any axial location x depends on both the oxidizer flow entering
the combustion port as well as all fuel pyrolyzed upstream of this location, the
local regression rate, thus, depends on the regression rate at all upstream locations.
In addition, G decreases as the port area increases during burning. Therefore, one
expects the regression rate to increase with axial position along the fuel grain,
while decreasing with time.

For systems with nonnegligible radiative heat transfer effect to the fuel sur-
face, such as in the case of a solid-fuel grain loaded with metal powder additives,
one must find a blowing parameter due to radiative heat transfer, Brad. For this
parameter, Marxman et al. obtained

Brad/B = 1+ (Qrad/Qconv)(Brad/B)
0.77 (13)

where

Qconv = 0.036 GΔH(Gx/μ)−0.2B0.23 (14)

Qrad = σεw(εgT4
f − αgT4

w) (15)

whereas B remains as defined earlier. Estimating Brad/B as exp(1.3Qrad/Qconv)
(which is approximately true over a wide range of Qrad/Qconv), they obtained a
modified version of Eq. (6),

ṙ = [Qconv exp(−Qrad/Qconv)+ Qrad]/(ρf ΔH) (16)
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which accounts for the increase in regression rate due to radiative heat transfer.
This equation reduces to Eq. (6) if Qrad = 0. Note from Eq. (16) that an increase
in radiative heat transfer results in a decrease in convective heat transfer due to
the corresponding increase in mass blockage. If Qrad = Qconv, then r increases by
about 35% over that for Qrad = 0.

In a later paper, Muzzy [21] provided an excellent summary of some of the major
implications of the heat-transfer-rate-dominated model developed by Marxman
and Gilbert [17] and Marxman et al. [18]. He emphasized several important
findings:

1) Based on the mass blockage effect, the regression rate depends only weakly
on the enthalpy difference between the flame and the fuel surface; thus many
different types of solid fuels have similar regression rates. For the same reason, the
burning rates of hybrid-fuel grains are not sensitive to their initial temperatures.

2) The regression rate depends strongly on port geometry. A change in regres-
sion rate at an upstream position can influence those along the entire length of the
fuel grain because local regression rate depends on those at all upstream positions.
This implies that optimal hybrid motor design requires a thorough understanding
of internal ballistic behavior.

3) Only strong radiation sources can significantly increase the regression rate.
Weak radiative transfer to the surface, on the order of 50% of the convective heat
transfer, results in a small (about 10%) net increase in regression rate [21].

2. Other Analyses Including Gas-Phase Thermal Radiation

Estey et al. [22] also considered the effects of thermal radiation on regression
rate of solid fuels. They employ a radiative flux term of the form

Qrad = σT4
g (1− e−κPD) (17)

which is similar to that suggested by Muzzy [21]. The parameter κ represents
the gas-phase absorption coefficient. The term in parentheses in Eq. (17) is the
emissivity of the gas phase, which increases as the product of pressure and diameter
(or hydraulic diameter) increases due to the nature of the inverse exponential
function. Marxman et al. [18] stated that for a plexiglass/oxygen system the gas-
phase emissivity is about 0.02. Altman concluded that the addition of a radiative
heat-transfer term for metal-particle-loaded fuels improves empirical correlations,
whereas for pure hydrocarbon fuels the classical convective heat transfer equation
worked best.

Strand et al. [23] also provided a treatment of radiative heat transfer. They
considered radiation from both the gas and a soot particle cloud that forms shortly
after ignition. For the gas-phase contribution, Strand et al. used Eq. (17), but also
included an empirical expression for κ as a function of pressure,

κ = 9.33× 10−4 − 6.19× 10−6P + 1.79× 10−8P2 (18)

which was obtained from radiation measurements of a high-energy nonmetalized
solid propellant, where P was measured in pounds per square inch gauge. The
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thermal radiation emanating from the particle cloud was represented by

Qrad,cloud = σT4
g (1− e−apNp) (19)

where Np is the particle number density and ap a multiplier constant. The product
apNp depends on the weight fraction of the radiating particles and appears to be
difficult to evaluate [23]. In contrast to the previous researchers mentioned, Strand
et al. concluded that particle radiation from powdery soot is a significant source
of energy driving solid-fuel regression. Also, they stated that variations in gas
radiation with pressure and O/F ratio should be accounted for in future works.
Experimentally, they found that radiative heat flux accounted for about 30% of the
total heat flux, which represents a much higher percentage than those found by
other researchers. However, it should be noted that the Strand et al. motor operated
at a relatively low pressure (up to 2.2 MPa) and low oxidizer mass flux (up to
105.7 kg/m2· s or 0.15 lbm/in.2· s).

In contrast to the Strand et al. findings, Salita [24] stated that neither gas-
phase radiation nor radiation from soot particles should be important in hybrid
combustion of both metalized and pure hydrocarbon fuels. According to Salita,
soot particles may not appear in hybrids because of the highly oxidative core
flow. In addition, the boundary layer along a large fraction of the fuel grain is
relatively thin so that the radiation from the flame zone should have very low
emissivity. Experimental verification of this postulation is required for the future
model and/or fuel regression rate correlation development for the hybrid rocket
motors.

3. Pressure-Dependent Regression Rate Analyses

The effect of pressure on regression rate has been studied by several researchers,
including Stickler and Kumar [25] and Rastogi and Deepak [26], who attributed
the pressure effect to oxidizer attack on the solid-fuel surface, and Kosdon and
Williams [27], who used thickening of the gas-phase reaction zone based on finite-
rate kinetics to explain pressure dependency. Miller [28] assumed that the pressure
dependency was caused by second-order gas-phase reactions. One of the most
influential pressure-dependent studies was conducted by Smoot and Price [29, 30]
in the mid-1960s, and is discussed as follows.

Smoot and Price’s analysis. Smoot and Price [29, 30] performed over 150
experiments with a laboratory-scale slab burner and developed a theory of hybrid
regression rate by extending the work of Moutet and Barrere [31] to include the
effects of condensed-phase species at the wall. Like previous researchers, Smoot
and Price also found that the regression rate should theoretically depend on G0.8.

Smoot and Price performed experiments using solid fuels of butyl rubber,
polybutadiene-acrylic acid (PBAA) copolymer, and polyurethane (PU). They var-
ied the oxidizer composition from 100% fluorine to 100% oxygen. As expected,
Smoot and Price found that average regression rates were higher when a larger
ratio of fluorine to oxygen was used as the oxidizer. They also discovered that
at low total mass fluxes (<49.3 kg/m2· s or 0.07 lbm/in.2· s) the average regres-
sion rates of the butyl rubber solid-fuel slabs followed the G0.8 law. However,
at higher total mass fluxes, the regression rate became essentially independent
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of mass flux, but strongly dependent on total operating pressure. This trend was
observed for butyl rubber burning with 100% fluorine. At relatively low operating
pressures (<1 MPa), the regression rates always fell below those predicted by the
G0.8 relationship. Increases in pressure cause the regression rate to be closer to
the predicted values using the heat-transfer theory. At 7 MPa, the G0.8 line was
reached. It is useful to note that for practical hybrid rocket motors the operating
pressure would most likely be above 3.5 MPa, much higher than those used by
Smoot and Price in their experiments [29].

Smoot and Price defined three different regions of regression rate dependence.
In the low mass flux region, the regression rate was controlled entirely by the
rate of heat transfer and depends on G0.8. For the medium mass flux region, the
regression rate depended on both flow rate and pressure, with increasing pressure
causing increasing regression rate at constant mass flux. In this region,

ṙ = (aG0.8bpn)/(aG0.8 + bpn) (20)

where p is the motor chamber pressure and a, b, and n are empirical constants. In
the third region, the regression rate depends solely on operating pressure, such that
ṙ = apn, like a solid-propellant burning rate expression. This region corresponds
to high mass fluxes [29]. Note that there is a discrepancy between their results
and the general trend described by Muzzy, shown in Fig. 9. This discrepancy was
noticed and discussed by Smoot and Price.

Smoot and Price [32] also studied the regression rate behavior of solid fuel grains
with lithium hydride (LiH) as an additive to butyl rubber. They varied the solid fuel
composition from 100% butyl rubber to 90% LiH and the oxidizer composition
from 100% fluorine to 100% oxygen. Smoot and Price found that in the relatively
low total mass flux regime (G < 28.2 kg/m2· s or 0.04 lbm/in.2· s), the average
regression rate increased significantly with LiH only if the amount of LiH in the
grain was greater than about 50% [32]. This is the same region where they found
100% butyl rubber grains to regress according to the G0.8 law, as discussed earlier.
At higher mass flux levels, where the operating pressure influenced the regression
rate, the solid-fuel regression rate displayed much more sensitivity to the LiH
mass fraction. Smoot and Price postulated that the observed change in regression

Fig. 9 Regimes of regression rate dependency on mass flux and pressure. (From
Muzzy [21].)
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rate due to LiH mass fraction sensitivity must be associated with the transition
from one controlling mechanism to the other. They also found that increasing
the percentage of LiH reduced the pressure dependence. One of the challenges
we are facing in the advancement of future hybrid rocket motors is that we must
study this kind of transition in controlling mechanism for specific fuel/oxidizer
combinations adopted for their propulsion systems.

Smoot and Price suspected that either gas-phase oxidizer-fuel reactions or
heterogeneous reactions between oxidizer and solid fuel at the fuel surface were
responsible for the dependence of regression rate on pressure [30]. After perform-
ing a series of experiments varying the fluorine partial pressure independently,
they found that the solid-fuel regression rates depended significantly on the par-
tial pressure of fluorine, but not on the total pressure. They eventually concluded
that oxidizer diffusion to the fuel surface and subsequent first-order heterogeneous
reactions were responsible for the pressure dependence, and derived the following
equation:

Po∞/(ρf ṙ) = {33P∞(x/μ)0.2Sc2/3 ∗ [exp(Bλ)− 1]/G0.8Bλ} + 1/k (21)

where Po∞ is the partial oxidizer pressure in the freestream in pounds per square
inch absolute, P∞ the total freestream pressure, Sc the Schmidt number, λ the
weight fraction of gaseous products from fuel decomposition, and k a kinetic rate
constant. Note that even though Smoot and Price’s work was exhaustive, their test
conditions were outside the range of practical hybrid rocket applications; both flow
rates and pressures were about one order of magnitude lower than those of actual
motors.

Marxman, Wooldridge, and Muzzy’s analysis. Marxman et al. [18] also stud-
ied the effect of pressure on regression rate. They showed that heterogeneous
reactions at the solid-fuel surface could not by themselves account for the pressure
sensitivity observed by Smoot and Price. Marxman et al. attributed regression rate
pressure dependency to finite-rate gas-phase and heterogeneous reactions occur-
ring in the turbulent boundary layer. To account for the pressure dependency, they
derived the following equation:

ṙ/ṙ∞ = (2tm/tr)
0.5 {1− tm/tr[1− exp(−(tr/tm))]}0.5 (22)

where ṙ∞ is the reference state regression rate calculated from the heat-transfer
based analysis, using Eq. (12) or Eq. (16), tr a characteristic reaction time, and tm
a characteristic mixing time. The value of tm/tr can be approximated by

tr/tm = C1G0.8x−0.2/P (23)

where C1 is an empirical constant that depends on the particular fuel-oxidizer
combination.

Muzzy’s analysis. In his review article [21], Muzzy states that for nonradiative
systems with large values of tr/tm, that is, low pressures and/or high G values,
Eqs. (12), (22), and (23) can be combined to give

ṙ = C2P0.5G0.4x−0.1 (24)
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in the region where chemical kinetics are an important factor in determining regres-
sion rate. Notice from Eq. (24) that when kinetics are important, the regression
rate has a weaker dependency on total mass flux G than that predicted by the
heat-transfer-rate-dominated model, where r is proportional to G0.8.

Figure 9 summarizes the important results discussed in the preceding sections.
At medium mass fluxes, the regression rate is dominated by the convective heat-
transfer rate and theoretically follows Eq. (6) or Eq. (12). In this regime, neither
radiation nor kinetics influences the regression rate. At very high mass fluxes and
low-pressure conditions, the dependency of the gas-phase reaction rates on pres-
sure can have a significant effect on regression rate. When the motor pressure is
lower than a threshold value, the regression rates will be lower than those pre-
dicted by convective heat-transfer analysis because the gas-phase reaction rates
become relatively slow compared to the heat-transfer rate. As pressure increases,
the regression rate increases to approach the convectively predicted value.

Pressure has the opposite effect on the other end of the mass flux spectrum.
At low mass fluxes, the effect of gas-phase radiation becomes important. Because
of the complicated interactions between mass blowing from the fuel surface and
convective plus radiative heat transfer to the fuel surface, only a strong radiation
source can significantly influence the regression rate at low mass fluxes. In the
low mass flux regime, the effect of radiation becomes apparent because the heat
flux due to convection is reduced in relative magnitude. As the product of pressure
and motor inner diameter, pD, increases, the effect of radiation becomes more
prominent at a given mass flux. The pD term gives a measure of the gas optical
density as described by Hottel [33] and Incropera and DeWitt [34]. When product
of pD is high, the gas emits thermal radiation more efficiently and the regression
rate increases to higher values than predicted by simple convective model.

In spite of the fact that the basic dependency of tr/tm on G and P is known
from previous studies, accurate determination of the characteristic reaction time tr
and the characteristic mixing time tm is difficult to achieve. We must have suitable
kinetic mechanism with accurate rates for evaluating the characteristic reaction
time. We also should have detailed flowfield structure to calculate the characteristic
mixing time. These are challenges for further development in the hybrid rocket
motor analysis.

4. Comprehensive Instantaneous Regression-Rate Correlation Development

Chiaverini et al. [35] correlation. A high-pressure, windowed, slab-geometry
hybrid motor was designed and used by Chiaverini et al. [35] for conducting an
experimental investigation on the combustion and pyrolysis behavior of HTPB-
based solid fuels burning with GOX. Their laboratory-scale motor had operating
conditions similar to those of subscale and full-scale motors with respect to GOX
mass flux and pressure. A real-time x-ray radiography/image processing system
and an ultrasonic pulse–echo measurement system were both used to obtain instan-
taneous solid-fuel regression rates at various axial locations. Fuel temperature
measurements were made using an array of 25-μm fine-wire embedded thermo-
couples. The regression rates were found to be dependent on entrance and injector
effects in the upstream region. The local regression rates displayed a dependence
on axial location in the downstream region. In addition, a location of minimum
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regression rate was found to exist on the fuel slab and to move downstream with
time. Radiative heat transfer was found to influence the regression rate at lower
mass flux levels. Chiaverini et al. [35] found that the relationship between regres-
sion rate and mass flux shows the existence of at least two regimes: One follows
the convectively controlled regression rate behavior, and the other is influenced
by radiation at low mass flux levels. The description of their correlation is given
in Chapter 2 of this volume and, thus, not repeated here. For a 2D slab motor, the
convective and radiative heat flux terms, Qconv and Qrad, can be expressed in the
following forms:

Qconv = aGnxn−1B0.23ΔH (25)

Qrad = σT4
fl (1− e−kPh) (26)

In Eq. (25), n should theoretically be equal to 0.5 for laminar flow and 0.8 for
turbulent flow. In Eq. (26), h represents the instantaneous channel height between
the fuel slab surfaces, a parameter similar to the hydraulic diameter. When Eqs. (25)
and (26) were substituted into Eq. (16), the following regression rate expression
was obtained:

ṙ = c1Gn
oxm

(
c2[1− exp(−κPh)]

Gn
oxn−1 + exp

{−c2[1− exp(−κPh)]
Gn

oxn−1

})
(27)

where c1 = aB0.23/ρf and c2 = σTfl
4/(aB0.23ΔH). In Eq. (27), the mass flux at

the motor inlet, Go, is used in the correlation development. Additionally, the xm

term is allowed to differ from its theoretical expression of xn−1 to account for axial
dependency not predicted by convective heat-transfer theory. After the substituting
of Rex = Gox/μ into Eq. (27) and rearranging, a dimensionless form was obtained,

ρf ṙ

Go
= a1Ren−1

x

( x

L

)m−n+1

×
{

a2[1− exp(−κPh)]
GoRen−1

x
+ exp

[−a2[1− exp(−κPh)]
GoRen−1

x

]}
(28)

The parameters c1, c2, m, n, and k in the correlation were determined through a
least-squares analysis. The values of these parameters for both the laminar and
turbulent portions of data are tabulated in Table 4. It is quite evident that the
correlation well represents the data because almost all of the data lie within a± 5%

Table 4 Correlation parameters for Eq. (27)

Parameter

Data c1 c2 n m k

Laminar 0.1165 6.632 0.50 0.313 17.13
Turbulent 0.0158 84.389 0.90 0.344 17.13
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error band. The n value for the laminar portion is 0.5, and for the turbulent portion
it is 0.9, which is slightly higher than the theoretical value of 0.8. The use of Go
instead of the local flux G in the correlation could account for this difference. Go
is more convenient than G because it is the controlled oxidizer mass flux, whereas
G has to be integrated at every spatial location.

Chiaverini et al. [35] also found that the addition of ultra-fine aluminum powders
(Alex� powder, manufactured in Russia by exploding thin aluminum wires in an
argon environment) can significantly increase both regression rates and mass burn-
ing rates, ρf ṙ, in comparison to cured pure HTPB. The Alex powder used by them
had a mean particle size around 180 nm. Figure 5 of Chapter 10 by Risha et al. [9]
in this volume shows the increase in regression and mass burning rates with weight
percent of Alex powder. With an Alex weight fraction of 20%, the regression rate
increased by about 40%, whereas the mass burning rate increased by almost 70%
over that of pure HTPB. This increase is significant because low regression rates
are sometimes cited as a drawback of hybrid rocket motors. Based on observations
of the different surface structures of recovered slabs of pure HTPB and HTPB with
added Alex, the primary mechanism of regression enhancement is believed to be
associated with aluminum particle reaction-induced heat release near the solid-
fuel surface [36]. However, the addition of Alex particles may also increase the
effective radiative heat flux to the fuel surface. Through fine-wire thermocouple
measurements, pyrolyzing fuel surface temperatures for pure HTPB were found
to be between 930 and 1190 K, depending on operating conditions. The activa-
tion energy of the HTPB fuel was determined to be around 11.5 kcal/mol. This
agreement with Arisawa and Brill’s data [12] suggests that there is a strong link-
age between the heat- and mass-transfer-dominated mechanism and the polymer
decomposition mechanism; the overall pyrolysis rate of a solid fuel should also be
governed by formation and desorption of high molecular weight fragments from
the fuel surface as a result of thermal heating.

Evans et al. [11] correlation. Following the work of Chiaverini et al. [35, 36],
a cylindrical x-ray translucent casing (XTC) hybrid rocket motor was designed
and tested for obtaining the instantaneous regression rate data of several different
solid fuels by Evans et al. [11]. The deduced instantaneous burning behavior of
pure HTPB fuel formulations exhibited very close agreement with the correlation
analysis developed by Chiaverini et al. [35] for their 2D slab motor, except that
the leading coefficient in the correlation was considered as a function of oxidizer
mass flow rate in the cylindrical motor. It was found that the instantaneous values
of O/F ratio has a profound effect on radiative-to-convective heat flux ratio and
modified blowing parameter, which is more suitable to be used in the evaluation
of the Stanton number ratio, St/St0, required for the regression rate correlation.
All visual data of the instantaneous solid-fuel web thicknesses were analyzed at
the aft end of the solid-fuel grain and correlated as a power-law function of time
according to

r(t)− r0 = a(t − tign)
n or ṙ(t) = a · n(t − tign)

n−1 (29)

A data analysis, based on Chiaverini et al. was first utilized for correlating the
measured instantaneous regression rates with the flow conditions. Tests conducted
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with HTPB-based solid fuels (with and without 13 wt% Silberline� aluminum
particles) were analyzed using this method. The proposed dimensionless form of
the fuel regression rate by Chiaverini et al. takes the following form:

ρf ṙ/Gtot = 0.0155 Re−0.2
D (St/St0)Bθ0.6{

1.3
(
q′′rad/q

′′
conv

)0.75 + exp
[
−1.3

(
q′′rad/q

′′
conv

)0.75
]}

(30)

where Gtot is the total mass flux, St is the Stanton number with surface blowing,
the subscript 0 corresponds to the case of no surface blowing, θ is defined as ratio
of the average flame temperature Tf ,av to the surface temperature Ts, q′′rad is the
radiative heat flux to the surface, and q′′conv is the convective heat flux to the surface.
To determine the burning surface temperature, the pyrolysis law in the Arrhenius
form suggested by Chiaverini et al. [15] for HTPB fuel was utilized,

TS = − [Ea/Ru ln (ṙ/A)] (31)

where the suggested activation energy Ea = 4.91 kcal/mol and the preexponential
factor A = 11.04 mm/s were adopted in the data reduction analysis.

An energy flux balance at the surface of the solid fuel was analyzed to determine
the total heat flux to the surface of the solid fuel,

q′′total = q′′rad + q′′conv

= ρf ṙ

(∑
i

YiΔHo
f ,i −ΔHo

f ,HTPB

)
+ ρf ṙ

(∑
i

Yi

∫ Ts

Tref

cp,i dT

)
(32)

Note that the mole fractions of the chemical species from the HTPB fuel were
analyzed by Chiaverini et al. [15] as a function of surface temperature in their
conductive pyrolysis study. The mass fractions in Eq. (32) were deduced from
their measured mole fraction values. The summation symbols in Eq. (32) were
performed over all of the species present in the pyrolysis product mixture leaving
the fuel surface. The cp values of the product species as functions of temperature
and enthalpy of formation data were obtained elsewhere [37–40].

The radiative component of the heat flux for pure HTPB fuel was determined
from the soot particles present in the reaction zone. Based on the data of Strand et al.
[23], soot accounts for approximately 80% of the total radiant heat flux in the
system. The following correlation was used to express the soot radiation flux:

q′′rad,soot = σT4
g

(
1− e−κs

)
(33)

The gas-phase radiation was considered to be negligible in comparison with the
soot radiation in the study of Chiaverini et al. [41]; therefore, it was neglected
in the analysis of Evans et al. [11]. In the measurements of Strand et al. [23],
the flame temperature was found to be slightly lower than the adiabatic flame
temperature of ∼3400 K. Because of this, a gas temperature Tg of 95% of the
adiabatic flame temperature was used for radiation calculation. The exponent κs in
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Eq. (33) was assumed to not vary significantly with chamber pressure but depend
strongly on the O/F ratio in the following form [41]:

κs = 0.51− 0.113× O/F (34)

The convective heat flux in Eq. (32) can be determined from the difference of the
total and radiative heat fluxes. The ratio of the radiative to convective heat flux can
also be determined.

The blowing parameter B in Eq. (30) is defined in Eq. (10). This blowing
parameter physically represents the ratio of the vertically injected mass flux to the
horizontal mass flux based on values at the edge of the boundary layer. In Eq. (10),
the subscript e represents properties evaluated at the edge of the boundary layer
and the skin friction coefficient Cf corresponds to the condition with mass addition
from the wall. The ratio of the skin-friction coefficient with blowing to that without
blowing, as suggested by Marxman [42] was determined by

Cf /Cf 0 = ln (1+ B)/B (35)

Substituting of Eq. (35) into Eq. (10) and solving for B yields

B = exp
{
ρf ṙ/

[
ρeue

(
Cf 0/2

)]}− 1 (36)

When ρe is assumed the bulk density of the products and ue is assumed the
maximum velocity in the cylindrical port, the product ρeue can be rewritten as

ρeue = Gtot/0.849 (37)

based on turbulent velocity profile in pipe flow. When the well-known Reynolds–
Colburn analogy is used for nonunity Prandtl numbers and the definition of Stanton
number for turbulent pipe flow, the nonblowing skin friction coefficient is related
to the Reynolds number according to

Cf 0/2 = 0.023 Re−0.2
D (38)

Equation (36) can now be evaluated to determine the blowing parameter B. The
effect of radiation can be significant on the blowing parameter as suggested by
Marxman [42]. The modified blowing number as presented by Chiaverini et al. [41]
takes the form

Bmod = B · exp
(
q′′rad/q

′′
conv

)
(39)

The relationship between the blowing parameter B and the Stanton number ratio
given by Marxman and Gilbert [17] then becomes

(
St

St0

)
mod
=
[

ln (1+ Bmod)

Bmod

] 4
5

×
{(

1+ 13Bmod

10
+ 4B2

mod

11

)/[
(1+ Bmod)

(
1+ Bmod

2

)2
]}1

5

(40)
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which is valid for blowing numbers from 1 to 200, covering a broad range of
test conditions. For comparison purposes, Stanton number ratios were evaluated
using both the modified and the unmodified blowing parameters. It was found by
Evans et al. [11] that the regression rate calculated by using the modified relation-
ship for St/St0 is much closer to the measured results (within ±4.5% agreement).
The modified correlation by Evans et al. is given by Eq. (41), in which θ is the
temperature ratio of Tf /Ts. According to Venkateswaran and Merkle’s numerical
simulation for a hybrid rocket system [43] used by Chiaverini et al. [41], a vari-
ation in the bulk temperature from 91 to 97% of the adiabatic flame temperature
occurred across the reaction zone of the solid fuel. Based on their results, an aver-
age flame temperature of 94% of the adiabatic flame temperature was selected in
the evaluation of θ ,

ρf ṙ/Gtot = 0.023αPr−2/3Re−0.2
D (St/St0)mod Bmod θ

0.6

×
{

1.3
(
q′′rad/q

′′
conv

)0.75 + exp
[
−1.3

(
q′′rad/q

′′
conv

)0.75
]}

(41)

The leading coefficient (0.0155) of Eq. (30) proposed by Chiaverini et al. [41] is
the combination of a constant (0.02952) calculated from the coefficient (0.023)
in the skin-friction relationship for in turbulent pipe flow, Reynolds analogy, and
the assumption of Prandtl number equal to 0.7, as well as a least-squares curve-
fit coefficient α (determined to be 0.524). Based on the least-squares fit of the
instantaneous regression rate data, Evans et al. [11] found that the new α values
ranged from 0.470 to 0.625. The α values for nonmetalized HTPB solid fuels
were correlated with their oxygen mass flow rate and a linear dependence was
determined as

α = 0.6351ṁox + 0.4144 (42)

where ṁox is given in kilograms per second. Essentially, the previous coefficient of
0.0155 has been replaced by 0.023αPr−2/3. For metalized HTPB solid fuels, the α
value was found to be independent of ṁox and is equal to a constant = 0.524. The
replacement of 0.0155 by 0.023αPr−2/3 is still valid, and Eq. (41) is suitable for
both the metalized and nonmetalized HTPB-based solid fuels. Therefore, Eq. (41)
represents the latest fuel regression rate correlation for HTPB-based solid fuels.
Similar correlations must also be developed for different types of solid fuels before
they are extensively used in future hybrid rocket propulsion systems. This kind of
correlations is much more complex than rb = aPn type of expression for solid-
propellant burning rate. This is because the combustion processes of solid fuels in
the convective stream of oxidizers are highly complicated and can be influenced
by many parameters given in the Eq. (41).

From the microthermocouple measurements by Evans et al. [11], the surface
temperature of the metalized HTPB fuel was found to be very close to the melting
temperature of Al due to the accumulation of particles on the regressing fuel
surface. This accumulation also caused the fuel regression rate to be decreased
for the conditions with larger port area. Analysis of the visual data obtained from
the real-time x-ray radiography system during XTC hybrid rocket motor firings was
conducted for the three different solid fuels, including the baseline nonmetallized
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HTPB fuel, the metallized HTPB-based solid fuels, and the metallized paraffin-
based solid fuels. The time variation of the instantaneous regression rate of the
paraffin fuel was found to depend strongly on the oxidizer flow conditions and the
initial grain geometry. Characterization of the surface temperatures of different
solid fuels will also be necessary to advance future hybrid rocket systems.

D. Suppression of Combustion Instabilities

The following list of considerations should be given to suppress any combustion
instabilities in future hybrid rocket motors.

1) Decoupling the acoustic communication between the oxidizer feed-line
system and the combustion chamber is necessary to eliminate one source of
instability.

2) Develop methods for suppressing instabilities in the low-frequency, non-
acoustical ranges for transverse, longitudinal, and tangential pressure waves.

3) Lining of the precombustion chamber with a solid-fuel layer, as well as
providing compartments in the fore end of the hybrid motor could eliminate and
reduce the transverse mode(s) of oscillations.

4) Injector design for the oxidizer spray should be compatible with the detailed
grain configuration in the precombustion chamber and the major portion of the
solid-fuel grain.

5) Providing flame-holding solid-fuel surfaces near the precombustion chamber
is also critical to eliminate the oscillation of the pyrolysis front in the upstream
portion of the solid-fuel grain.

6) Grain geometry design has to incorporate the experience and knowledge
gained in combustion instability studies.

7) Modeling and numerical simulation should include the simulation of pos-
sible combustion instabilities caused by either acoustic or nonacoustic types of
oscillations.

E. Improvement of Combustion Efficiency and
Fuel/Oxidizer Utilization

The following list of considerations should be given to increase the combustion
efficiency and improving higher percentage of fuel/oxidizer utilization in future
hybrid rocket motors.

1) In case liquid oxidizer is used, the injection patterns of the liquid oxidizer
should be well designed and controlled to be highly compatible with the geometric
structure of the fuel grain.

2) Concepts to increase volumetric loading of solid fuel should be applied to
future fuel-grain designs.

3) Ignition systems should be suitably designed for liquid oxidizers to react
efficiently with solid fuel; their impact on performance should be considered in
the propulsion system design.

4) Technical problems with multiport design associated with large motors (such
as solid-fuel grain integrity, web support systems, centerport burning, acceleration
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effects on thin webs toward the later stage of burn, etc.) should be addressed in the
motor design.

5) If needed, injection of a portion of vaporized oxidizer into the aft-end post-
combustion chamber could be helpful in the combustion of certain unburned fuel
species as well as for throttling purposes. One has to deal with the impact of O/F
shift problem as well as accounting for the delivered performance.

6) It is useful to optimize mixing chamber geometry and the contour of the
submerged nozzle, so that the flow residence time is adequate to ensure high
combustion efficiency.

7) Additives for enhancing gas-phase reaction kinetics should be helpful for
certain fuel/oxidizer combinations.

8) Grain geometry optimization should be considered in the design process to
decrease the sliver mass fraction to a minimum.

9) Pressuring system should be designed for controlling the flow rate from the
oxidizer tank, for example, N2O can self-pressurize the oxidizer tank (U.S. Patent
5,722,232), which is an attractive feature for simplifying the design of the oxidizer
supply system.

10) As suggested by Story and Arves [44], burn through of the forward insu-
lation materials should be avoided. Use of burn through sensors can help to turn
the motor off under emergency conditions. Insulation material development and
advancement could also help solving the burn through problem.

F. Scaling Law Development Considerations

This is a very important area because various experimental evidence has shown
the difference in the regression rates of the same solid-fuel burned in different-sized
hybrid motors, for example, results shown by Evans et al. [11] and Risha et al. [10].
Although scaling law development for hybrid rockets may be more challenging
than that for solid- and liquid-propellant rockets, it is highly beneficial to consider it
for reducing the cost of development by studying the smaller scale system and then
expand the design to a larger system. In the scaling law consideration, the motors of
different sizes must have geometric similarity; also the same oxidizer/fuel combi-
nation must be used for comparing the combustion phenomena in the motor or for
simulation of certain localized phenomena. The dynamic similarity is extremely
important by keeping the Reynolds number the same for both the laboratory scale
and the prototype scale. The scaling effects were considered by Gany [45, 46] as
well as by Venkateswaran and Merkle [43] for hybrid rockets. Useful information
on scaling laws is also available by Altman [20] and Estey et al. [22]. However,
significant progress in this area is still needed. The following list of considerations
should be given in the development of appropriate scaling laws for future hybrid
rocket motors. Detailed discussions of the scaling law are given by Gany [45] in
Chapter 12 in this volume. Therefore, the discussion covered here is limited.

1) It would be useful to follow the guidelines developed by Spalding [47] and
Rosner [48] for general similarity analysis in chemically reacting flow systems.

2) The most logical way to conduct scaling-law development for the hybrid
system should be based on parametric study of comprehensive numerical codes that
are capable of simulating combustion processes in several different-sized motors.



“ch15” — 2007/3/5 — page 627 — #35

HYBRID ROCKET PROPULSION IN 21ST CENTURY 627

To the present, such models and codes do not exist and should be developed in the
future. This point is discussed further in Sec. II.G.

3) Many different timescales and length scales should be considered in the
scaling-law development. The timescales include mixing time for fuel and oxidizer
species, chemical reaction times associated with gas-phase reactions and surface
heterogeneous reactions, ignition delay time, thermal-wave propagation time in
the solid fuel after the ignition event, flow residence time, and pressure wave
propagation times. The characteristic lengths involve shear flow momentum and
thermal boundary-layer thicknesses, port size, length of the fuel grain, nozzle throat
size, mixing length, average turbulent eddy size, etc.

4) Scaling effects should be studied, not only for predicting solid-fuel regres-
sion rates, but also for simulation of combustion instability behavior corresponding
to different-sized motors.

G. Minimization of Nozzle Erosion

1) The nozzle erosion characteristics for hybrids are generally different from
those of solids because the chemical composition of product gases flowing through
the nozzle depends on the throttling process. The time-dependent nature of the
combustion product is partly caused by the changing of the F/O ratio when the
port area of the solid-fuel grain is enlarging as the burning time is advanced.
Specially formulated high-temperature ablative materials should be developed to
resist erosion under oxidizer-rich environments, in case the motor is designed to
operate under such conditions.

2) It would be advantageous to utilize a portion of liquid oxidizer as a coolant
to the nozzle so that the degree of erosion can be reduced.

3) Nozzle erosion under high oxidizer flow rates must be addressed in the
design consideration, as well as mitigation of nozzle throat erosion rate.

H. Development of Comprehensive Models and Numerical Codes

There have been three major research activities in the computational fluid
dynamics (CFD) simulation of hybrid motor combustion processes, conducted by
Sankaran [49] Venkateswaran and Merkle [43, 50], Farmer et al. [51], and Liang
et al. [52]. Venkateswaran and Merkle’s work was performed in close coordination
with the companion experimental program conducted by Chiaverini et al. [15, 35,
53] with detailed descriptions given in a report to NASA by Kuo et al. [54] and
Merkle and Venkateswaran [55]. The computational modeling was tailored to the
2D slab-motor configuration used by the experimental team. The model for the gas
phase comprised a standard Navier–Stokes solver coupled to chemical species and
turbulence transport equations. The chemical kinetics model includes five chem-
ical species, namely, C4H6 (which was considered to be the pyrolysis product of
the HTPB fuel), O2, CO, CO2 and H2O. Following Westbrook and Dryer’s sug-
gestion [56], the combustion of gaseous hydrocarbon fuels with oxygen was a
simplified two-step reaction mechanism, that is,

C4H6 + 3 1
2 O2 −→ 4CO+ 3H2O (R1)

CO+ 1
2 O2 −→ CO2 (R2)
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For the solid-phase pyrolysis, theArrhenius equation developed by Chiaverini et al.
[57] was employed. The standard k–ε model [58] with additional low Reynolds
number terms for near wall effects [59] was employed for modeling the turbulence.
Radiation heat transfer was represented by a simplified emission model [60]. The
gas phase was treated as a purely emitting medium. The following approxima-
tion, which is appropriate in the limit of optically thin media, was used in the
computation:

Qrad,thin =
∑
i,j

[
4σkijT

4
ij/Jij

]
Fij→k (43)

where 1/Jij is the volume of the (i, j)th cell and Fij→k is the view factor of the
cell with respect to the k grid location on the fuel-slab surface. Summing up
the contributions from all the cells in the computational domain yielded the total
radiative flux incident on a given axial location along the fuel surface, which was
employed in the interfacial energy balance. Detailed energy and species mass flux
balances were conducted at the solid–gas interface to determine the burning rate
and surface temperature. The coupled set of governing equations was solved using
an implicit time-marching method [61, 62].

Detailed comparisons were made between the computational predictions and
experimental data (Fig. 10). This shows the comparison of the predicted and mea-
sured regression rates for three separate test runs [53]. The time-averaged GOX
mass flux for tests 8, 11, and 9 were 105, 165, and 210 kg/m2· s, respectively. The
experimental results represent time-averaged regression rate data over the whole
test, whereas the computations show the results midway through the burn, which
should represent an approximate average regression rate. Fairly good agreement

Fig. 10 Comparisons of computed regression rates midway through burn with
measured average regression rates for tests 8, 11, and 9 [53] at G = 100, 165, and
210 km/m2· s, respectively. (From Vankateswaran and Merkle [43].)
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can be observed over a major portion of the fuel slab. More important, the relative
change in the regression rate as a function of the oxidizer flow rate is quite well
predicted. Furthermore, both the experiments and the calculations show a faster
regression rate near the aft end. The greatest discrepancy is near the leading edge
of the fuel slab, where transition from laminar to turbulent flow may impact the
comparisons. The energy budgets at the fuel surface revealed that convection was
the dominant mode of heat transfer, whereas radiation accounted for about 10–25%
of the total heat flux. The predicted fuel surface temperatures and pressure–time
traces are in good agreement with the measured data.

A set of predicted temperature and velocity contours corresponding to three
times (near the start of burn, midway in burn, and end of burn) during a test with a
GOX mass flux at 165 kg/m2· s is shown in Fig. 11. In Fig. 11, the grid size in the
y coordinate is exaggerated by a factor of 10 for clarity. The temperature contours
in Fig. 11a show a peak temperature of 3500 K, which is roughly representative
of the flame location. The flame is seen to start very near the surface near the
leading edge of the fuel slab, where the oxidizer and pyrolyzed fuel first come into
contact. Farther downstream, the flame moves outward as the oxidizer is consumed.
The velocity contours in Fig. 11b show that the gases accelerate rapidly because
of the expansion of the hot products associated with exothermic heat release by
combustion and mass addition by fuel pyrolysis. Note that the boundary-layer
thickness grows very quickly near the upstream end because of the displacement
effect introduced by the flame as well as mass addition effect. Figure 11b also
reveals that the acceleration effects become weaker as combustion progresses.
Decay of flow velocity with respect to time is largely associated with the widening
flow channel height. The reduction of flow velocity near the end of the burn also
causes the convective heat flux to drop, thereby producing lower surface regression
rate during the late stage of the test.

Fig. 11 Computed temperature and velocity contours at three stages in the burn.
(From Venkateswaran and Merkle [43].)
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Venkateswaran and Merkle [43] also extended their numerical simulation to
the axisymmetric case to study size scaleup relationships. Results demonstrated
that detailed CFD analyses can play a useful role in the understanding of hybrid
combustion and in the design of hybrid combustors. The work of Farmer et al.
[51] is quite similar to that of Venkateswaran and Merkle [43], except that their
consideration of solid-fuel pyrolysis is slightly more complicated by including
various hydrocarbons in a single-step forward reaction. In brief, these models still
lack a detailed thermal pyrolysis reaction mechanism for realistic consideration of
chemical kinetics and mass diffusion of fragmented fuel species. Pyrolysis studies,
such as Arisawa and Brill [12], McCreedy and Keskkula [63], Lengellé et al. [64],
Lu and Kuo [65], and many others reviewed by Beck [66], would be useful for the
construction of pyrolysis models for numerical simulations.

The CFD analysis of Liang et al. [52] was focused on the simulation of cer-
tain aspects of the 24-in. Joint Independent Research and Development (JIRAD)
hybrid rocket motor behavior. The work was carried out using the GALACSY
algorithm multiphase combustion code, which consists of a comprehensive set of
droplet dynamic submodels for the atomization and evaporation processes. In a
large portion of their work they still utilized the GOX as the oxidizer instead of
LOX jet spray interaction with the fuel surfaces. They found that the recirculating
flow pattern in the precombustion chamber is important for stabilizing the diffu-
sion flame above the surface of the solid fuel. Even though some of the results
are quite interesting, the current capability of the existing codes is still believed to
be far from conducting highly realistic simulation of internal ballistics of hybrid
motor using liquid oxidizers.

A list of suggested considerations for model formulation and numerical code
development is given next.

1) To improve predictive capability, future models should include more realistic
turbulent combustion simulations, spray jet breakup and atomization phenomena,
and detailed fuel pyrolysis processes. A pertinent work on thermal decomposi-
tion of polybutadiene, conducted by McCreedy and Keskkula [63], revealed a
very complicated decomposition mechanism (Fig. 12). According to them, the
condensed-phase decomposition process involved both endothermic and exother-
mic processes; the former includes chain scission and depolymerization steps, the
latter include crosslinking and cyclization reactions. For solid fuels containing
multiple ingredients, the thermal decomposition processes are even more compli-
cated than the one shown in Fig. 12. More extensive studies in this area are needed
to advance the understanding of the fuel decomposition process to include key
reaction steps in model formulation and solution.

2) In recent years, substantial progress in spray atomization and combustion
has been made by many researchers and is summarized in two books edited by
Kuo [67, 68]. Many useful theoretical modeling and numerical simulations can be
incorporated into future model and code developments for hybrid engines.

3) Numerical simulation can also help to interpret many complicated physic-
ochemical phenomena such as combustion instabilities, nozzle erosion, and
solid-fuel grain deformation and surface regression.

4) Combustion processes occurring in noncircular port crosssections of mul-
tiport fuel-grain configurations should also be considered in the numerical
simulation.
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Fig. 12 Thermal decomposition mechanism of polybutadiene. (From McCreedy and
Keskkula [62].)

I. Special Propulsion System Design Considerations

To achieve high-performance propulsion system design for hybrid rockets, the
following list of considerations could be highly beneficial.

1) It would be important to achieve the reusable oxidizer supply and control
system for repeating flights of hybrid motor. It is beneficial to design and construct
such system for the reusable shuttle system.

2) Use of hybrid rocket as strapon booster for liquid or solid rockets (core
vehicles) to increase the payload, for example, Atlas IIAR from 8600 lb to geosyn-
chrono transfer orbit (GTO) to 10,500 lb of payload. Based on the inherent safety,
operational flexibility, and low-cost features of hybrid rocket motors, the increase
of payload is expected to be achievable in the near future.

3) Restart-function operation and control are highly attractive features, which
can be achieved without much difficulty in hybrid-propulsion systems.

4) Flame holding at the head end of the motor is important to establish stable
combustion in hybrid rocket motors using LOX/HTPB reactant systems.

5) Design of the precombustion chamber of LOX system is necessary to achieve
sufficient evaporation of LOX droplets so that the reliable ignition and stable
combustion can be ensured.

6) Unevenness of the LOX jet entering different ports (quad and centerports)
could introduce a nonuniform fuel burning out situation. Therefore, the design of
the oxidizer jets should provide a good match between different ports for the case
of multiport fuel grains.

7) O/F variations along the fuel grain can lead to uneven amount of fuel
regression; thus, this effect must be considered in the motor design. A detailed
analysis and predictive code could be highly useful in this regard.

8) Solid-fuel formulation, selection of the reacting oxidizer, and suitable grain
design are important steps to avoid the occurrence of low surface regression rate
situation.
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9) To achieve high reliability of hybrid rocket system for space propulsion
mission, especially for manned flight, it is useful to consider one-piece design of
case, throat, and nozzle (CTN).

III. Future Applications of Hybrid-Propulsion Systems

It is anticipated that hybrid-propulsion systems could be utilized in many appli-
cations, including large-scale boosters for space launchers, upper-stage orbital
control purposes, and tactical and strategic missile systems. In the applications
for large space-launch boosters, manned vehicles could be held on the pad during
engine runup to verify propulsion system operation before launch because hybrid
motors (or engines) have zero TNT equivalency [7]. Hybrid engines have mission
abort capability to preserve crew safety during all stages of the flight profile. All
engines should be able to be shut down in the event of a noncatastrophic failure. In
addition, hybrids can minimize environmental impact as discussed in detail earlier.
Furthermore, the operational cost for both manned and unmanned space launch-
ers would be significantly reduced for hybrid propulsion systems. Hence hybrids
could become the boosters of choice in the 21st century for a large fraction of the
world’s space launchers.

Hybrid rockets should also benefit upper stages by incorporating apogee
and perigee kick-motor functions into a single motor for use in all low-orbit
launchers and also incorporating deorbit propulsion for low Earth orbit satellites.
Many already mentioned advantages of hybrids are also beneficial to upper-
stage use. These include 1) higher specific impulse than either storable liquids
or solids (especially when metal additives such as aluminum, aluminum hydride,
aluminum–lithium, beryllium, or beryllium hydride are used in the solid fuels),
2) relatively high propellant density, 3) restart and throttling capability, 4) safe
manufacturing, and 5) relatively low cost.

For tactical missile applications, the gas-generator type of hybrids offers a num-
ber of advantages over conventional solid-propellant motors. When fuel-rich solid
propellants are used, the weapon systems are much less vulnerable to fires or
mechanical impact and, therefore, possess the characteristics of insensitive muni-
tions. Their throttling capability also enables hybrids to serve as smart propulsion
systems. Other advantages (including their higher specific impulse, lower sensi-
tivity to storage and ambient operating temperatures, insensitivity to fuel-grain
flaws, and the ability to tailor their signatures) will also make hybrids attractive
for missile applications in the 21st century.

IV. Summary and Conclusions

In comparison with the existing solid- and liquid-propellant rockets, numer-
ous advantages of hybrid-propulsion systems have been identified. These include
1) improved operational safety, 2) greater operability and reduced servicing
requirements, 3) higher propulsion performance, 4) minimal environmental
impact, 5) relatively low system cost, and 6) greater reliability. Based on the current
technology, there are still several disadvantages, which can be overcome in the
future. These disadvantages include 1) slightly lower combustion efficiency than
solids and liquids, 2) lower density impulse than solids, 3) total fuel utilization less
than 100%, 4) varying oxidizer-to-fuel mass ratio during hybrid motor operation,
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5) relatively low regression rate of existing solid fuels, and 6) less mature devel-
opment than solids and liquids in terms of basic research, engineering design, and
flight demonstration.

To stimulate future research and development in hybrid propulsion, many sug-
gestions are provided for nine major challenges. These are 1) development of
energetic solid fuels and oxidizers and enhancement of solid-fuel regression rates,
2) measurement of solid-fuel regression rate as a function of operating conditions,
3) correlation development for solid-fuel regression rates, 4) suppression of com-
bustion instabilities, 5) improvement of combustion efficiency and fuel/oxidizer
utilization, 6) scaling-law development considerations, 7) minimization of nozzle
erosion, 8) development of comprehensive models and numerical codes, and 9)
special propulsion system design considerations.

Recent hybrid research and development efforts in the United States have been
characterized by close cooperation among government laboratories, industry, and
academia. This kind of arrangement is very helpful for maximizing opportu-
nities to share costs in manufacturing, laboratory and test facilities, and skills
and, thereby, will benefit hybrid development. The policy should be continued
to efficiently advance the state of the art in hybrid propulsion. Technical matu-
rity in hybrid rocket is urgently needed for the enhancement of future propulsion
systems.

V. Recommendations for Future Research and Development

To follow the spirit of von Kármán [69] in his influence and impact to the
great advancement in the aerospace industry, the following recommendations are
specifically made to propulsion field policy makers and program managers to
ensure that they realize the importance of the following points.

1) It is vital to establish long-term commitment among government, industry,
and academia. Development work and research investigations have to be conducted
in parallel even in the late stage of the rocket motor development work. There are
new problems continuously being encountered in motor development. Academic
research facilities are usually equipped with advanced diagnostic instrumenta-
tion and possess skillful numerical simulation capabilities for solving complicated
problems such as hybrid combustion.

2) It is important to educate and produce well-trained young engineers and
scientists to face many challenges that, still exist in the hybrid-propulsion
field.

3) Stronger international collaboration should be encouraged and implemented.
4) Development cost can be reduced with close cooperation between industry

and academia.
5) Nonengineering policy makers should give technical personnel the chance

for the required cost estimation and adequate time to accomplish any major
projects.

It is the wish of the authors that this chapter will stimulate continued support for
successful development of many reliable hybrid propulsion systems for the benefit
of mankind.
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