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Preface to The Second Edition

The purpose of this book, like its previous edition, is to provide the concepts and theory of signals and systems
needed in almost all electrical engineering fields and in many other engineering and science disciplines as well.

In the previous edition the book focused strictly on deterministic signals and systems. This new edition
expands the contents of the first edition by adding two chapters dealing with random signals and the response
of linear systems to random inputs. The background material on probability needed for these two chapters is
included in Appendix B.

I wish to express my appreciation to Ms. Kimberly Eaton and Mr. Charles Wall of the McGraw-Hill Schaum
Series for inviting me to revise the book.

Hwer P. Hsu
Shannondell at Valley Forge, Audubon, Pennsylvania



Preface to The First Edition

The concepts and theory of signals and systems are needed in almost all electrical engineering fields and in
many other engineering and scientific disciplines as well. They form the foundation for further studies in areas
such as communication, signal processing, and control systems.

This book is intended to be used as a supplement to all textbooks on signals and systems or for self-study.
It may also be used as a textbook in its own right. Each topic is introduced in a chapter with numerous solved
problems. The solved problems constitute an integral part of the text.

Chapter 1 introduces the mathematical description and representation of both continuous-time and discrete-
time signals and systems. Chapter 2 develops the fundamental input-output relationship for linear time-invariant
(LTT) systems and explains the unit impulse response of the system and convolution operation. Chapters 3 and 4
explore the transform techniques for the analysis of LTI systems. The Laplace transform and its application to con-
tinuous-time LTT systems are considered in Chapter 3. Chapter 4 deals with the z-transform and its application to
discrete-time LTI systems. The Fourier analysis of signals and systems is treated in Chapters 5 and 6. Chapter 5
considers the Fourier analysis of continuous-time signals and systems, while Chapter 6 deals with discrete-time
signals and systems. The final chapter, Chapter 7, presents the state space or state variable concept and analysis for
both discrete-time and continuous-time systems. In addition, background material on matrix analysis needed for
Chapter 7 is included in Appendix A.

I am grateful to Professor Gordon Silverman of Manhattan College for his assistance, comments, and careful
review of the manuscript. I also wish to thank the staff of the McGraw-Hill Schaum Series, especially John Aliano
for his helpful comments and suggestions and Maureen Walker for her great care in preparing this book. Last, I am
indebted to my wife, Daisy, whose understanding and constant support were necessary factors in the completion
of this work.

Hwer P. Hsu
Montville, New Jersey
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To the Student

To understand the material in this text, the reader is assumed to have a basic knowledge of calculus, along with
some knowledge of differential equations and the first circuit course in electrical engineering.

This text covers both continuous-time and discrete-time signals and systems. If the course you are taking cov-
ers only continuous-time signals and systems, you may study parts of Chapters 1 and 2 covering the continuous-
time case, Chapters 3 and 5, and the second part of Chapter 7. If the course you are taking covers only discrete-time
signals and systems, you may study parts of Chapters 1 and 2 covering the discrete-time case, Chapters 4 and 6,
and the first part of Chapter 7.

To really master a subject, a continuous interplay between skills and knowledge must take place. By study-
ing and reviewing many solved problems and seeing how each problem is approached and how it is solved, you
can learn the skills of solving problems easily and increase your store of necessary knowledge. Then, to test and
reinforce your learned skills, it is imperative that you work out the supplementary problems (hints and answers
are provided). I would like to emphasize that there is no short cut to learning except by “doing.”

vii
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Signals and Systems

1.1 Introduction

The concept and theory of signals and systems are needed in almost all electrical engineering fields and in many
other engineering and scientific disciplines as well. In this chapter we introduce the mathematical description and
representation of signals and systems and their classifications. We also define several important basic signals
essential to our studies.

1.2 Signals and Classification of Signals

A signal is a function representing a physical quantity or variable, and typically it contains information about
the behavior or nature of the phenomenon. For instance, in an RC circuit the signal may represent the voltage
across the capacitor or the current flowing in the resistor. Mathematically, a signal is represented as a function
of an independent variable #. Usually ¢ represents time. Thus, a signal is denoted by x (7).

A. Continuous-Time and Discrete-Time Signals:

A signal x(f) is a continuous-time signal if  is a continuous variable. If 7 is a discrete variable—that is, x () is defined
at discrete times—then x (7) is a discrete-time signal. Since a discrete-time signal is defined at discrete times, a dis-
crete-time signal is often identified as a sequence of numbers, denoted by {x,} or x[n], where
n = integer. [llustrations of a continuous-time signal x(7) and of a discrete-time signal x[n] are shown in Fig. 1-1.

x(t) x[n]

\\/ )

I | I
> . L e
0 -5-4-3-2-1 0123456 n
@) b)

Fig. 1-1 Graphical representation of (a) continuous-time and (b) discrete-time signals.

~

A discrete-time signal x[n] may represent a phenomenon for which the independent variable is inherently
discrete. For instance, the daily closing stock market average is by its nature a signal that evolves at discrete
points in time (that is, at the close of each day). On the other hand a discrete-time signal x [n] may be obtained
by sampling a continuous-time signal x(f) such as

x(ty), x(t,), ..., x(2), ...
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or in a shorter form as

x[0], x[1], ..., x[n], ...
or xo,xl,...,x

ny ottt

where we understand that
x, = x[n] = x(z)

and x ’s are called samples and the time interval between them is called the sampling interval. When the sampling
intervals are equal (uniform sampling), then

x, = x[n] = x(nT)
where the constant 7' is the sampling interval.

A discrete-time signal x[n] can be defined in two ways:

1. We can specify a rule for calculating the nth value of the sequence. For example,

1 n
x[n]=x, = (5) n=0

0 n<o0
11 1Y

or x r=21,—,—,.. = ,...
{x.} > ( )

2. We can also explicitly list the values of the sequence. For example, the sequence shown in
Fig. 1-1(b) can be written as

{x,}=4{....0,0,1,2,2,1,0,1,0,2,0,0,...}
!
or {x,}={1,2,2,1,0,1,0,2}
)

We use the arrow to denote the n = 0 term. We shall use the convention that if no arrow is indicated,
then the first term corresponds to n = 0 and all the values of the sequence are zero for n < 0.
The sum and product of two sequences are defined as follows:

{cn} = {an}+ {bn} %cn :an +bn
{e,y=Aa,}{b,} —c,=a,b,
{c,}=ala,} —c, =aa, o = constant

B. Analog and Digital Signals:

If a continuous-time signal x () can take on any value in the continuous interval (a, b), where a may be —oc and
b may be +x, then the continuous-time signal x(7) is called an analog signal. If a discrete-time signal x[n] can
take on only a finite number of distinct values, then we call this signal a digital signal.

C. Real and Complex Signals:

A signal x () is a real signal if its value is a real number, and a signal x(?) is a complex signal if its value is a
complex number. A general complex signal x(7) is a function of the form

x(@) = x,(0) + jx,(0) (1.1)
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where x,(7) and x,(?) are real signals and j = V —1.
Note that in Eq. (1.1) 7 represents either a continuous or a discrete variable.

D. Deterministic and Random Signals:

Deterministic signals are those signals whose values are completely specified for any given time. Thus, a deter-
ministic signal can be modeled by a known function of time 7. Random signals are those signals that take
random values at any given time and must be characterized statistically. Random signals will be discussed in

Chaps. 8 and 9.

E. Even and Odd Signals:

A signal x(7) or x[n] is referred to as an even signal if

x(—t) = x()

(1.2)
x[—n] = x[n]
A signal x(7) or x[n] is referred to as an odd signal if
x(—t) = —x(b (1.3)
x[—n] = —x[n]
Examples of even and odd signals are shown in Fig. 1-2.
x(t) x[n]
®
> ° I I I I ° >
0 t -4-3-2-1 01 2 3 4
@ (b)
x() x[n]
]
> ° ® ° >
0 t —4 l l l 12 3 4 n
© @

Fig. 1-2 Examples of even signals (a and b) and odd signals (c and d).

Any signal x(#) or x[n] can be expressed as a sum of two signals, one of which is even and one of which is

odd. That is,

x(@)=x,()+x,(t)

x[n]=x,[n]+ x,[n]

(14)
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Where x,(t)= l{x(z‘) +x(—1)} even part of x(¢)
2 (15)
x,[n]= %{x[n] + x[—nl} even part of x[n]
x,(t)= l{x(t) —x(—1)} odd part of x(t)
2 (1.6)

x,[n]= %{x[n] — x[—n]} odd part of x[n]

Note that the product of two even signals or of two odd signals is an even signal and that the product of an
even signal and an odd signal is an odd signal (Prob. 1.7).

F. Periodic and Nonperiodic Signals:

A continuous-time signal x(7) is said to be periodic with period T if there is a positive nonzero value of T
for which

x(t+T)=x® all ¢ .7

An example of such a signal is given in Fig. 1-3(a). From Eq. (1.7) or Fig. 1-3(a) it follows that
x(t + mT) = x(t) (1.8)
for all 7 and any integer m. The fundamental period T, of x(¢) is the smallest positive value of T for which
Eq. (1.7) holds. Note that this definition does not work for a constant signal x(#) (known as a dc signal). For
a constant signal x (#) the fundamental period is undefined since x (¢) is periodic for any choice of T (and so there

is no smallest positive value). Any continuous-time signal which is not periodic is called a nonperiodic
(or aperiodic) signal.

X(t)

~ v

—2T -7 0 T 2T
(@)
x[n]
®
o T O T O T o T O T *—>
—2N -N 0 N 2N n

Fig. 1-3 Examples of periodic signals.
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Periodic discrete-time signals are defined analogously. A sequence (discrete-time signal) x[n] is periodic with
period N if there is a positive integer N for which

x[n + N] = x[n] all n (1.9)
An example of such a sequence is given in Fig. 1-3(b). From Eq. (1.9) and Fig. 1-3(b) it follows that
x[n + mN] = x[n] (1.10)

for all n and any integer m. The fundamental period N, of x[n] is the smallest positive integer N for which Eq.
(1.9) holds. Any sequence which is not periodic is called a nonperiodic (or aperiodic) sequence.

Note that a sequence obtained by uniform sampling of a periodic continuous-time signal may not be
periodic (Probs. 1.12 and 1.13). Note also that the sum of two continuous-time periodic signals may not be
periodic but that the sum of two periodic sequences is always periodic (Probs. 1.14 and 1.15).

G. Energy and Power Signals:

Consider v(f) to be the voltage across a resistor R producing a current i (f). The instantaneous power p (¢) per ohm
is defined as

p(t):%#(n (1.11)

Total energy E and average power P on a per-ohm basis are

E=[" i(t)dr joules (1.12)
1 1 T2 o
P—Thir;?fqul (1)dr watts (1.13)

For an arbitrary continuous-time signal x(¥), the normalized energy content E of x(t) is defined as
E :f_°° |x(0)[ dt (1.14)
The normalized average power P of x(t) is defined as
.1 T2 2
P—Tll_r)rzo?fiT/2|x(t)| dt (1.15)

Similarly, for a discrete-time signal x[n], the normalized energy content E of x[n] is defined as

= 2
E= Y |xin]| (1.16)
The normalized average power P of x[n] is defined as
1 u 2
P = lim x[n 1.17
Neoo2N+1n=2N| [ ]l ( )

Based on definitions (1.14) to (1.17), the following classes of signals are defined:

x(#) (or x[n]) is said to be an energy signal (or sequence) if and only if 0 < E < o, and so P = 0.

2. x(#) (or x[n]) is said to be a power signal (or sequence) if and only if 0 < P < o, thus implying
that E = o,

3. Signals that satisfy neither property are referred to as neither energy signals nor power signals.

Note that a periodic signal is a power signal if its energy content per period is finite, and then the average
power of this signal need only be calculated over a period (Prob. 1.18).
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1.3 Basic Continuous-Time Signals
A. The Unit Step Function:

The unit step function u(t), also known as the Heaviside unit function, is defined as

1 t>0
_ 1.18
u(t) {0 1<0 (1.18)

which is shown in Fig. 1-4 (a). Note that it is discontinuous at = 0 and that the value at # = 0 is undefined.
Similarly, the shifted unit step function u(z — 1,) is defined as

1 t>1,
0 t<t,

u(t—to)z{ (1.19)
which is shown in Fig. 1-4(b)

u(t) u(t—to)

v
v

@ (b)
Fig. 1-4 (a) Unit step function; (b) shifted unit step function.

B. The Unit Impulse Function:

The unit impulse function 6(7), also known as the Dirac delta function, plays a central role in system analysis.
Traditionally, &(7) is often defined as the limit of a suitably chosen conventional function having unity area over
an infinitesimal time interval as shown in Fig. 1-5 and possesses the following properties:

0 t+0
o) = . -0

f;é(t)dt =1

m|—=

~ v

—f € j
Fig. 1.5
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But an ordinary function which is everywhere 0 except at a single point must have the integral O (in the Riemann
integral sense). Thus, d(7) cannot be an ordinary function and mathematically it is defined by

[~ o)) dr = §(0) (1.20)

where ¢(¢) is any regular function continuous at r = 0.
An alternative definition of d(¢) is given by

$(0) a<0<b
qu)(t)a(t)d;: 0 a<b<0 or 0<a<b (121
undefined a=0 or b=0

Note that Eq. (1.20) or (1.21) is a symbolic expression and should not be considered an ordinary Riemann
integral. In this sense, d(¢) is often called a generalized function and ¢(r) is known as a testing function.
A different class of testing functions will define a different generalized function (Prob. 1.24). Similarly, the
delayed delta function 6(t — ¢,) is defined by

[7 006 1) dr = p(t,) (122)

where ¢(?) is any regular function continuous at ¢ = . For convenience, 6() and 6(¢ — 1, are depicted graphically
as shown in Fig. 1-6.

v
v

0 t 0
@) (b)

Fig. 1-6 (a) Unit impulse function; (b) shifted unit impulse function.

Some additional properties of d(¢) are

S(at) = L6(t) (1.23)
o
5(—1)=03(t) (1.24)
x(1)3(t) = x(0)3(t) (1.25)
if x(7) is continuous at = 0.
x(0)O(t — 1) = x(2,)0(t — 1,) (1.26)

if x(#) is continuous at t = 1.
Using Eqgs. (1.22) and (1.24), any continuous-time signal x (f) can be expressed as

x0) = [ x®)dt—1)dr 127
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Generalized Derivatives:

If g(?) is a generalized function, its nth generalized derivative g"(r) = d"g(r)/dt" is defined by the following relation:
[~ o™ @ de==1"[" ¢™0)g(t) dr (1.28)

where ¢ () is a testing function which can be differentiated an arbitrary number of times and vanishes outside some

fixed interval and ¢(¢) is the nth derivative of ¢(#). Thus, by Egs. (1.28) and (1.20) the derivative of 8(f) can

be defined as

[~ 03ty dr == ¢'(0) (129)

where ¢(7) is a testing function which is continuous at + = 0 and vanishes outside some fixed interval and
¢'0) = d¢(t)/dt|[=0. Using Eq. (1.28), the derivative of u(f) can be shown to be d(f) (Prob. 1.28); that is,

o)=u'(t)= dut) (1.30)
dt
Then the unit step function u(f) can be expressed as
uty=["_8(r)dv (131)

Note that the unit step function u(f) is discontinuous at ¢+ = 0; therefore, the derivative of u(f) as shown in
Eq. (1.30) is not the derivative of a function in the ordinary sense and should be considered a generalized deriva-
tive in the sense of a generalized function. From Eq. (1.31) we see that u(7) is undefined at r = 0 and

o 1 t>0
u =
0 <0

by Eq. (1.21) with ¢(f) = 1. This result is consistent with the definition (1.18) of u ().
Note that the properties (or identities) expressed by Egs. (1.23) to (1.26) and Eq. (1.30) can not be verified
by using the conventional approach of d(f) as shown in Fig. 1-5.

C. Complex Exponential Signals:
The Complex exponential signal

x(t) = et (1.32)
is an important example of a complex signal. Using Euler’s formula, this signal can be defined as

x(t) = e’™" = cos wyt + j sin wyt (1.33)

Thus, x(7) is a complex signal whose real part is cos w,t and imaginary part is sin ,f. An important property
of the complex exponential signal x(¢) in Eq. (1.32) is that it is periodic. The fundamental period T, of x(?) is
given by (Prob. 1.9)

27
Ty =— (1.34)
Wy
Note that x(¢) is periodic for any value of w,.
General Complex Exponential Signals:
Lets = o + jw be a complex number. We define x(¢) as
x(t) = e = e @ = ¢9(cos wt + j sin wr) (1.35)

Then signal x(f) in Eq. (1.35) is known as a general complex exponential signal whose real part e’ cos wt and
imaginary part e®’ sin @t are exponentially increasing (o > 0) or decreasing (o < 0) sinusoidal signals (Fig. 1-7).
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<
¢
(

(b)

Fig. 1-7 (a) Exponentially increasing sinusoidal signal; (b) exponentially decreasing sinusoidal signal.

Real Exponential Signals:
Note that if s = o (a real number), then Eq. (1.35) reduces to a real exponential signal

x(t) = e (1.36)

As illustrated in Fig. 1-8, if 0 > 0, then x(¢) is a growing exponential; and if o < 0, then x(¢) is a decaying
exponential.

D. Sinusoidal Signals:

A continuous-time sinusoidal signal can be expressed as
x(#) = A cos(w,t + 0) (1.37)

where A is the amplitude (real), , is the radian frequency in radians per second, and 6 is the phase angle in
radians. The sinusoidal signal x(¢) is shown in Fig. 1-9, and it is periodic with fundamental period

2
T, =% (138)
)
The reciprocal of the fundamental period T}, is called the fundamental frequency f:
1
fo= T_ hertz (Hz) (1.39)

0
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v

v

(b)

Fig. 1-8 Continuous-time real exponential signals. (a) o > 0; (b) o < 0.

x()
2m
— 7T = —
AT 0 o

A cos 6]
0 t
+ -A
Fig. 1-9 Continuous-time sinusoidal signal.
From Egs. (1.38) and (1.39) we have
®, = 27f, (1.40)

which is called the fundamental angular frequency. Using Euler’s formula, the sinusoidal signal in Eq. (1.37)
can be expressed as

A cos(wyt + ) = A Re{e/ ™'} (141
where “Re” denotes “real part of.” We also use the notation “Im” to denote “imaginary part of.” Then

A Im{e/ @0} = A sin(w,t +6) (1.42)
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1.4 Basic Discrete-Time Signals

A. The Unit Step Sequence:

The unit step sequence u[n] is defined as

1 n=0
uln]= 0 n<0 (1.43)

which is shown in Fig. 1-10(a). Note that the value of u[n] at n = 0 is defined [unlike the continuous-time step
function u(?) at t = 0] and equals unity. Similarly, the shifted unit step sequence u[n — k] is defined as

k]= ! n=k 144
“n=k=o <k (149
which is shown in Fig. 1-10(b).
uln] uln—K]
—o0 @ > @ »
-2-1 01 2 38 n -2-1 01 k n

@ (b)

Fig. 1-10 (a) Unit step sequence; (b) shifted unit step sequence.

B. The Unit Impulse Sequence:
The unit impulse (or unit sample) sequence 6[n] is defined as

1 0
S[nl= {0 Z 20 (1.45)

which is shown in Fig. 1-11(a). Similarly, the shifted unit impulse (or sample) sequence 6[n — k] is defined as

o] k : n=k 1.46
=K=10 sk (1.46)
which is shown in Fig. 1-11(b).
3[n] 3[n—K]
1 1
-2-1 01 2 3 n -2-1 0 1 k n
(@) (b)

Fig. 1-11 (a) Unit impulse (sample) sequence; (b) shifted unit impulse sequence.
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Unlike the continuous-time unit impulse function 6(¢), 6[n] is defined without mathematical complica-
tion or difficulty. From definitions (1.45) and (1.46) it is readily seen that

x[n]8[n] = x[0]d[n] (1.47)
x[n]8[n — k] = x[k]S[n — k] (1.48)

which are the discrete-time counterparts of Egs. (1.25) and (1.26), respectively. From definitions (1.43) to (1.46),
6[n] and u[n] are related by

on] = uln] — uln — 1] (1.49)
uln]=Y Olkl= Y ln—k] (1.50)
k=—o k=0

which are the discrete-time counterparts of Egs. (1.30) and (1.31), respectively.
Using definition (1.46), any sequence x[n] can be expressed as

o

x[n] = E x[k18[n — k] (1.51)

k=—o

which corresponds to Eq. (1.27) in the continuous-time signal case.

C. Complex Exponential Sequences:
The complex exponential sequence is of the form
x[n] = e/ (1.52)
Again, using Euler’s formula, x[n] can be expressed as
x[n] = e/ = cos Qn + j sin Qn (1.53)
Thus, x[n] is a complex sequence whose real part is cos 7 and imaginary part is sin Q7.

Periodicity of e/.":
In order for ¢/ to be periodic with period N (> 0), Q  must satisfy the following condition (Prob. 1.11):

Q_m

m = positive integer 1.54
"z N p g (1.54)

Thus, the sequence e/ is not periodic for any value of Q. It is periodic only if Q /2 is a rational number.
Note that this property is quite different from the property that the continuous-time signal ¢/®’ is periodic
for any value of w,. Thus, if Q, satisfies the periodicity condition in Eq. (1.54), €2, # 0, and N and m have no
factors in common, then the fundamental period of the sequence x[n] in Eq. (1.52) is N, given by

2
Ny = m(g—]:) (1.55)

Another very important distinction between the discrete-time and continuous-time complex exponentials is
that the signals e/ are all distinct for distinct values of @, but that this is not the case for the signals e/*".
Consider the complex exponential sequence with frequency (€, + 2mk), where k is an integer:

el T 21k = jQonpi2Tkn = ojQon (1.56)

since e/27k" = 1. From Eq. (1.56) we see that the complex exponential sequence at frequency €, is the same as
that at frequencies (, * 2m), (€2, * 4u), and so on. Therefore, in dealing with discrete-time exponentials, we need
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only consider an interval of length 27 in which to choose €2. Usually, we will use the interval 0 = Q, < 27 or
the interval —7 = Q < 7.

General Complex Exponential Sequences:
The most general complex exponential sequence is often defined as

x[n] = Ca” (1.57)

where C and a are, in general, complex numbers. Note that Eq. (1.52) is the special case of Eq. (1.57) with C =
land a = /%,

Real Exponential Sequences:

If C and o in Eq. (1.57) are both real, then x[n] is a real exponential sequence. Four distinct cases can be identified:
a>1,0<a<l1,-1 < a<0,and a < —1. These four real exponential sequences are shown in Fig. 1-12.
Note that if a = 1, x[n] is a constant sequence, whereas if @ = — 1, x[n] alternates in value between + C and —C.

—
— e
—
— e
—
— e
—
v

Ll "

Fig. 1-12 Real exponential sequences. (@) a>1;(b)1>a>0;(c)0>a> —1;(d) a < —1.
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D. Sinusoidal Sequences:
A sinusoidal sequence can be expressed as
x[n] = A cos(Qn + 6) (1.58)

If n is dimensionless, then both €2 and 6 have units of radians. Two examples of sinusoidal sequences are shown
in Fig. 1-13. As before, the sinusoidal sequence in Eq. (1.58) can be expressed as

A cos(Q n + 0) = A Re{e/@n+ 0y (1.59)

As we observed in the case of the complex exponential sequence in Eq. (1.52), the same observations
[Egs. (1.54) and (1.56)] also hold for sinusoidal sequences. For instance, the sequence in Fig. 1-13(a) is periodic
with fundamental period 12, but the sequence in Fig. 1-13(d) is not periodic.

x[n] = cos(% n)

x[n] = cos(%)

(b)

Fig. 1-13 Sinusoidal sequences. (a) x[n] = cos(an/6); (b) x[n] = cos(n/2).

1.5 Systems and Classification of Systems

A. System Representation:

A system is a mathematical model of a physical process that relates the input (or excitation) signal to the out-

put (or response) signal.
Let x and y be the input and output signals, respectively, of a system. Then the system is viewed as a trans-

formation (or mapping) of x into y. This transformation is represented by the mathematical notation

y=Tx (1.60)
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where T is the operator representing some well-defined rule by which x is transformed into y. Relationship (1.60)
is depicted as shown in Fig. 1-14 (a). Multiple input and/or output signals are possible, as shown in Fig. 1-14 (D).
We will restrict our attention for the most part in this text to the single-input, single-output case.

X y
X Svst y — 5
—_— ysTem —> : System
e >
Xrl y’TI
@) b)

Fig. 1-14 System with single or multiple input and output signals.

B. Deterministic and Stochastic Systems:

If the input and output signals x and y are deterministic signals, then the system is called a deterministic system.
If the input and output signals x and y are random signals, then the system is called a stochastic system.

C. Continuous-Time and Discrete-Time Systems:

If the input and output signals x and y are continuous-time signals, then the system is called a continuous-time
system [Fig. 1-15(a)]. If the input and output signals are discrete-time signals or sequences, then the system is
called a discrete-time system [Fig. 1-15(b)].

x(0) System Y x(n] N System yinl

Fig. 1-15 (a) Continuous-time system; (b) discrete-time system.

Note that in a continuous-time system the input x(#) and output y (f) are often expressed by a differential equation
(see Prob. 1.32) and in a discrete-time system the input x[n] and output y[n] are often expressed by a difference
equation (see Prob. 1.37).

D. Systems with Memory and without Memory

A system is said to be memoryless if the output at any time depends on only the input at that same time.
Otherwise, the system is said to have memory. An example of a memoryless system is a resistor R with the input
x () taken as the current and the voltage taken as the output y(#). The input-output relationship (Ohm’s law) of
a resistor is

y(@) = Rx(7) (1.61)

An example of a system with memory is a capacitor C with the current as the input x(¢) and the voltage as the
output y(#); then

()= é [’ x(@)dr (1.62)

A second example of a system with memory is a discrete-time system whose input and output sequences are
related by

n

ylnl= " k] (1.63)

[ T=mt
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E. Causal and Noncausal Systems:

A system is called causal if its output at the present time depends on only the present and/or past values of the
input. Thus, in a causal system, it is not possible to obtain an output before an input is applied to the system.
A system is called noncausal (or anticipative) if its output at the present time depends on future values of the
input. Example of noncausal systems are

Y0 = x@ + 1) (1.64)
yln] = x[—n] (1.65)

Note that all memoryless systems are causal, but not vice versa.

F. Linear Systems and Nonlinear Systems:

If the operator T in Eq. (1.60) satisfies the following two conditions, then T is called a linear operator and the
system represented by a linear operator T is called a linear system:

1. Additivity:
Given that Tx, = y, and Tx, = y,, then

T, +x} =y, T, (1.66)
for any signals x, and x,.
2. Homogeneity (or Scaling):
T{oax} = ay (1.67)

for any signals x and any scalar c.
Any system that does not satisfy Eq. (1.66) and/or Eq. (1.67) is classified as a nonlinear system. Eqs.
(1.66) and (1.67) can be combined into a single condition as

T{ox, + a,x,} = oy, + a,y, (1.68)

where ¢ and «a, are arbitrary scalars. Eq. (1.68) is known as the superposition property. Examples of linear
systems are the resistor [Eq. (1.61)] and the capacitor [Eq. (1.62)]. Examples of nonlinear systems are

y = x? (1.69)
y = CoS X (1.70)

Note that a consequence of the homogeneity (or scaling) property [Eq. (1.67)] of linear systems is that a
zero input yields a zero output. This follows readily by setting o = 0 in Eq. (1.67). This is another important
property of linear systems.

G. Time-Invariant and Time-Varying Systems:

A system is called time-invariant if a time shift (delay or advance) in the input signal causes the same time shift
in the output signal. Thus, for a continuous-time system, the system is time-invariant if

Tt — D)=yt — 1) (1.71)
for any real value of 7. For a discrete-time system, the system is time-invariant (or shift-invariant) if
T{x[n — kI} = yln — k] (1.72)

for any integer k. A system which does not satisfy Eq. (1.71) (continuous-time system) or Eq. (1.72) (discrete-
time system) is called a time-varying system. To check a system for time-invariance, we can compare the shifted
output with the output produced by the shifted input (Probs. 1.33 to 1.39).
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H. Linear Time-Invariant Systems:

If the system is linear and also time-invariant, then it is called a linear time-invariant (LTT) system.

I. Stable Systems:
A system is bounded-input/bounded-output (BIBO) stable if for any bounded input x defined by

lx| =k, (1.73)
the corresponding output y is also bounded defined by

ly| =k, (1.74)
where k, and k , are finite real constants. An unstable system is one in which not all bounded inputs lead to bounded

output. For example, consider the system where output y[n] is given by y[n] = (n + 1)u[n], and input x[n] = u[n]
is the unit step sequence. In this case the input u[n] = 1, but the output y[n] increases without bound as n increases.

J. Feedback Systems:

A special class of systems of great importance consists of systems having feedback. In a feedback system, the
output signal is fed back and added to the input to the system as shown in Fig. 1-16.

x(t) y(t)
System >

Fig. 1-16 Feedback system.

SOLVED PROBLEMS

Signals and Classification of Signals

1.1. A continuous-time signal x(¢) is shown in Fig. 1-17. Sketch and label each of the following signals.
(@ x@—2); (b) x20); (¢) x(t/2); d) x(—1)

x(t)

(a) x(t — 2) is sketched in Fig. 1-18(a).
(b) x(21) is sketched in Fig. 1-18(b).
(¢) x(t/2) is sketched in Fig. 1-18(c).
(d) x(—1) is sketched in Fig. 1-18(d).
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X(t—2) x(21)
3t b
L1 1 u/‘ L1 > L1 1 L1 >
-101 234567 -2-1 01 2 3 ¢
(@) (b)
x(t/2) x(—1)
3r -3

-5-4-3-2-1 0 1 2
(© @

~* v
v

Fig. 1-18

1.2. A discrete-time signal x[r] is shown in Fig. 1-19. Sketch and label each of the following signals.
(@ x[n = 2] (b) x[2n]; (c) x[—n]; (d) x[—n + 2]

x[n]
| I I
-1 012345 n
Fig. 1-19
(a) x[n — 2] is sketched in Fig. 1-20(a).
(b) x[2n] is sketched in Fig. 1-20(b).
(¢) x[—n] is sketched in Fig. 1-20(c).
(d) x[—n + 2] is sketched in Fig. 1-20(d).
x[n—2] x[2n]
| II | I
? T *o—> T . >
01234567 n -1 012 3 n
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v

x[—n] xX[—n+2]
| I l
@ T L an 0@
-3-2 0 2

-1
() (d)
Fig. 1-20

S v

1.3. Given the continuous-time signal specified by
1—p| —1=r=1
x()= :
otherwise

determine the resultant discrete-time sequence obtained by uniform sampling of x(#) with a sampling
interval of (a) 0.25 s, () 0.5 s,and (¢) 1.0 s.

It is easier to take the graphical approach for this problem. The signal x(¢) is plotted in Fig. 1-21(a). Figs. 1-
21(b) to (d) give plots of the resultant sampled sequences obtained for the three specified sampling intervals.

(@) T,=0.25s. From Fig. 1-21(b) we obtain

x[n]={...,0,0.25,0.5,0.75,1,0.75,0.5,0.25,0,...}
1

(b) T,=0.5s.From Fig. 1-21(c) we obtain
x[n]={...,0,05,1,05,0,...}

!
(¢) T ,=1s.From Fig. 1-21(d) we obtain

x[n]={...,0,1,0,..} = S[n]
i

-1 o 1 t —4-3-2-1 1 n
‘ x[n]=x(n/2) x[n]=x(n

@ > >

- - 0 2 n - n

o)
=)

Fig. 1-21
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1.4. Using the discrete-time signals x,[n] and x,[n] shown in Fig. 1-22, represent each of the following
signals by a graph and by a sequence of numbers.

(@) y/n] = x,[n] + x,[n]; (D) y,[n] = 2x,[n]; (¢) y,ln] = x,[n]x,[n]

x4[n] X,[n]

41000 P |

\ 4 @ >
-2-1012 345 67 n 7311_ 214 n
Fig. 1-22
(@) y,[n]is sketched in Fig. 1-23(a). From Fig. 1-23(a) we obtain
ninl={...,0,—2,-2,3,4,3,—-2,0,2,2,0,...}
1
(D)  y,[n] is sketched in Fig. 1-23(b). From Fig. 1-23(b) we obtain
¥[n]1=4{...,0,2,4,6,0,0,4,4,0,...}
1
(¢)  y,ln] is sketched in Fig. 1-23(c). From Fig. 1-23(c) we obtain
y;[n]1={...,0,2,4,0,...}
1
yq[nl =x4[n] + x,[n] y,ln] =2x,[n]
6 -
4 r 4 +
[ ] L
2 2@
-2-1 [ 3 T T i
@ @ *—» 0@ @ *—»
11_1214567 n -2-1012 3 4567 n
-2
(@) (b)

yg[n] =X [n]xz[n]
4

2

o-o-o o0o-0o 000
2-101234567 n
©

Fig. 1-23
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1.5. Sketch and label the even and odd components of the signals shown in Fig. 1-24.

Using Egs. (1.5) and (1.6), the even and odd components of the signals shown in Fig. 1-24 are sketched in Fig. 1-25.

x(t) x(®)

i 4
~ v

x[n] x[n]

S
—e
N f—-
© f—
»fp—e
o —-a
"1
y
I N £
T 1T 7
< —e
N f——oe

> T o0 >
01 -1 0 345 n
() @
Fig. 1-24
X, (®)
4 L
2 -
-5 B
t I 5 t
-2
(@)
X,(0)
4 4 +

Y
T

|

N
~ Y
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x[n] X, [n]
4 4 F
2 5 L
RRRANARARAI s [T
» . 2 »
-5-4-3-2-1 0 1 2 3 45 n 1 l | 12345 n
- -2
()
x,[n] X, [n]

4 4

v
N
T
- —9
N f—
w (—
~@
v

lriely oo |

-4-3-2-1 0

Fig. 1-25

1.6. Find the even and odd components of x(f) = e/,
Let x (¢) and x (f) be the even and odd components of e/, respectively.
el =x(1) +x (1)
From Egs. (1.5) and (1.6) and using Euler’s formula, we obtain
I R
x,(t)= 5(6 +e )=cost
1w i ..
x,(t)= E(e —e )= jsint

1.7. Show that the product of two even signals or of two odd signals is an even signal and that the product
of an even and an odd signal is an odd signal.

Let x(1) = x,(H)x,(7). If x,(r) and x,(r) are both even, then

x(—1) = x,(—)x,(—1) = x, () x,(H) = x (1)
and x(7) is even. If x () and x,(7) are both odd, then

x(=0) = x,(=Dx,(=1) = —x,(1) [=x,(D] = x, (1) x,(t) = x(1)
and x(7) is even. If x, (¢) is even and x,(¢) is odd, then

x(=1) = x,(=0) x,(—1) = x,(0) [=x,(0)] = —x,()x,(8) = —x(0)

and x(7) is odd. Note that in the above proof, variable ¢ represents either a continuous or a discrete variable.
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1.8. Show that

(a) If x(¢) and x[n] are even, then

ffax(t)dz = 2f(fx(r) dt

k k

2 x[n]=x[0]+2 2 x[n]
n=—k n=1

(b) If x(¢) and x[n] are odd, then

x(0)=0 and x[0] =0

[f xydr=0  and Y An]=0

(a) We can write

[ xwar=[° x@adi+ [xtydi

Letting + = — Ain the first integral on the right-hand side, we get

[ xwydi= [ x(= 1) dr= [!x-21)da

Since x(7) is even, that is, x(—A) = x(A\), we have

fo“x(— A)di = fo“x(x)d/1= fo"x(z)dr

Hence, p B “ “
o x@wdr= [ x@di+ [ x@yde=2 x@)d
Similarly,
k -1 k
E xnl= 2 x[n]+x[0] + Ex[n]
ne—k ne—k n=1
Letting n = —m in the first term on the right-hand side, we get
. X
E x[n]= E x[—m]
n=—k m=1

Since x[n] is even, that is, x[ —m] = x[m], we have

k k k

E x[—m]= E x[m]= 2 x[n]
m=1 m=1 n=1
Hence,
k k k k
E x[n]= E x[n]+ x[0]+ E x[n]=x0]+2 E x[n]
n=—k n=1 n=1 n=1
(b) Since x(¢) and x[n] are odd, that is, x (—f) = —x(¢) and x[ —n] = —x[n], we have

x(—0) = —x(0) and x[—0] = —x[0]

23

(1.752)

(1.75b)

(1.76)

(1.77)
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Hence,
x(=0) = x(0) = —x(0) = x(0) =0
x[—0] =x[0] = —x[0] =x[0] =0
Similarly,
J' xwydi=f fax(z)dr + [Oxyde = [x(=ayda+ [ x(0)dr
=—f§x(x) d}»-i-f;x(t) dt =— f:x(t) dt +f0"x(t) dt=0
and
k -1 k k k
> alnl= Y aln]+ {01+ Y xln]= Y x[=m]+x[0]+ ¥ x[n]
n=—k n=—k n=1 m=1 n=1
k k k k
= —E x[m]+ x[0] + E x[n]=— E x[n]+ x[0] + E x[n]
m=1 n=1 n=1 n=1
=x[0]=0
in view of Eq. (1.76).
1.9. Show that the complex exponential signal
x(1) = e/

is periodic and that its fundamental period is 27/ a,.
By Eq. (1.7), x(¢) will be periodic if

et + 1) = gjow

Since

erUu(fJr 7 = ejw(»fejon
we must have
ej(uUT =1 (1 78)
If , = 0, then x(#) = 1, which is periodic for any value of T.If w, # 0, Eq. (1.78) holds if

2 o
wyT =m2m or T=m— m = positive integer
)

Thus, the fundamental period 7}, the smallest positive T, of x() is given by 27/ w,.
1.10. Show that the sinusoidal signal
x(t) = cos(w,yt + )
is periodic and that its fundamental period is 27/ w,,.

The sinusoidal signal x(¢) will be periodic if

cos[wy(t +T) + 6] = cos(wyt + )
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1.11.

1.12.

We note that
coslw,(t + T) + 6] = cos[wyt + 6+ o T] = cos(wyt + 6)
if
21

wyT =m2m or T=m— m = positive integer
@y

Thus, the fundamental period T}, of x(?) is given by 27/ w.

Show that the complex exponential sequence

x[n]= /%"
is periodic only if €/2 is a rational number.

By Eq. (1.9), x[n] will be periodic if
I +N) i@ ,JQN — ,jn
or
/20N — 1 (1.79)
Equation (1.79) holds only if
QN =m2x m = positive integer

or
Qy_m_ .
oy N rational numbers (1.80)

Thus, x[n] is periodic only if /2 is a rational number.

Let x(7) be the complex exponential signal

x(t) = &/’

with radian frequency w, and fundamental period 7, = 27/ w,. Consider the discrete-time sequence x [n]
obtained by uniform sampling of x(r) with sampling interval 7. That is,

x[n]= x(nT,)= /20T
Find the condition on the value of 7' so that x[n] is periodic.

If x[n] is periodic with fundamental period N, then

/0 (nFNO)Ts — ,jwonTs ,jooNoTy — ,jwonTs

Thus, we must have
JjoNoT, 21 . .
e’ =1 = wyN,T, = T—NOTS =m2m m = positive integer
0
or
T,

Ze =™ — rational number (1.81)
Ty Ny
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Thus, x[n] is periodic if the ratio 7,/T, of the sampling interval and the fundamental period of x(¢) is a rational
number.

Note that the above condition is also true for sinusoidal signals x(7) = cos(wyt + 0).
1.13. Consider the sinusoidal signal
x(t) = cos 15¢

(a) Find the value of sampling interval T such that x[n] = x(nT) is a periodic sequence.

(b) Find the fundamental period of x[n] = x(nT ) if T, = 0.1 seconds.

(@) The fundamental period of x(7) is T = 27/ w, = 27/15. By Eq. (1.81), x[n] = x(nT,) is periodic if

Ls=_4s =M (1.82)
T, 2n/15 N,
where m and N, are positive integers. Thus, the required value of T is given by
7 =g =m2m (1.83)
Ny Ny 15

(b) Substituting 7, = 0.1 = /10 in Eq. (1.82), we have

T, /10 15 3

T, 2#x/15 20 4

Thus, x[n] = x(nT)) is periodic. By Eq. (1.82)

The smallest positive integer N, is obtained with m = 3. Thus, the fundamental period of x[n] = x(0.1sn)
isN,=4.

1.14. Let x,(¢) and x,(?) be periodic signals with fundamental periods 7, and 7,, respectively. Under what
conditions is the sum x(f) = x,(t) + x,(¢) periodic, and what is the fundamental period of x(?) if it is
periodic?

Since x,(¢) and x,(?) are periodic with fundamental periods 7 and T, respectively, we have

x,(0)=x@+T)=x/(+mT) m = positive integer

X,(0) = x,(t + T,) = x,(t + kT,) k = positive integer
Thus,

x(2) = x,(t + mT,) + x,(t + kT,)

In order for x(¢) to be periodic with period T, one needs

x@+T)=x,(t+T)+x,t+T)=x,(+mT))+ x,(t + kT,)

Thus, we must have
ml, =kT,=T (1.84)
or

L= 5 = rational number (1.85)
T, m
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1.15.

In other words, the sum of two periodic signals is periodic only if the ratio of their respective periods can be

expressed as a rational number. Then the fundamental period is the least common multiple of 7 and 7,, and it
is given by Eq. (1.84) if the integers m and k are relative prime. If the ratio 7|/T, is an irrational number, then
the signals x,(#) and x,(7) do not have a common period and x() cannot be periodic.

Let x,[n] and x,[n] be periodic sequences with fundamental periods N, and N,, respectively. Under what
conditions is the sum x[n] = x,[n] + x,[n] periodic, and what is the fundamental period of x[n] if it is
periodic?

Since x,[n] and x,[n] are periodic with fundamental periods N, and N, , respectively, we have

x,[n] = x,[n + N|] = x,[n + mN,] m = positive integer

x,[n] = x,[n + N,] = x,[n + kN,] k = positive integer
Thus,
x[n] = x,[n + mN,] + x,[n + kN,]
In order for x[n] to be periodic with period N, one needs
x[n+ N]=x,[n+ N]+x,[n+ N]=x[n+mN ]+ x,[n+kN,]
Thus, we must have
mN, = kN, =N (1.86)

Since we can always find integers m and k to satisfy Eq. (1.86), it follows that the sum of two periodic
sequences is also periodic and its fundamental period is the least common multiple of N, and N,.

. Determine whether or not each of the following signals is periodic. If a signal is periodic, determine its

fundamental period.

@ x(t)=cos(t +E) ®) x(t)=sin 2%+
4 3
© x(t)= cos% [+ sin% ¢ (d) x(t)=cost+siny21
(e) x(t)=sin’t (f) x(t)= />N
(g) x[n]=e/THn (h) x[n] =Cosin
/ = E 1 E / = 2 E
(@) x[n]=cos 3 n + sin 1 n (j) x[n]=cos 8n

(a) x(t)=cos (t + %) =cos (wot + %) —=w, =1

x(t) is periodic with fundamental period T, =27/ w, = 2.
b) x(t)= sin%rt —w, = 2?”

x(t) is periodic with fundamental period 7, =27/ w, = 3.

() x(t)= cos%t + sin%t =x,(1)+ 2, (1)

where x,(?) = cos(n1/3)t = cos w,tis periodic with 7| = 27t/w, = 6 and x,(?) = sin(w/4)t = sin w,tis periodic

with T, = 27/w, = 8. Since T}/ T, = % =3 is a rational number, x(7) is periodic with fundamental period

4
T,=4T,=3T,=24.
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d) x(f)=cost+sin\21=ux(t) + x,(1)

where x,(f) = cos t = cos w,?is periodic with T} = 27/w, = 2 and x,() = sin \,Et = sin w,tis periodic
with T, = 27/ w, = \En. Since T|/T, = \,5 is an irrational number, x(¢) is nonperiodic.

(e) Using the trigonometric identity sin? = 15(1 — cos 26), we can write

x(t)=sin’r = % - %cos 2t = x,(1) + x, ()

where x,(f) = 13 is a dc signal with an arbitrary period and x,(¢) = — 15 cos 2t = — 17 cos w,tis periodic
with T, = 2w/ w, = &. Thus, x(?) is periodic with fundamental period 7, = 7.
) x@= eI @I =] = p=jpi( /2t = =igi®ot — w, = %

Xx(t) is periodic with fundamental period 7) = 27/w, = 4.

= pl@Hhn — ,jQ =
(9) xln] =™ = ¢f% > Q

4
Since Q,/2m = 1§ is a rational number, x[n] is periodic, and by Eq. (1.55) the fundamental period is N, = 8.
() x[n] = cos Ln=cos Qn—>Q =1

Since €,/2mx = 1/8mis not a rational number, x[n] is nonperiodic.

(i) x[n] = cos %n + sinZn = x[n] + x,[n]

4
where
xi[n]= cosZn = cos Qn—=Q = z
3 3
x,[n]= sin%n =cos Q,n —>Q, =%

L

Since Q,/27 = (1,) (= rational number), x, [1] is periodic with fundamental period N, = 6, and since Q,/27 = g

(= rational number), x,[n] is periodic with fundamental period N, = 8. Thus, from the result of Prob. 1.15,
x[n] is periodic and its fundamental period is given by the least common multiple of 6 and 8, that is, N, = 24.

(j) Using the trigonometric identity cos® = 15(1 + cos 26), we can write

1,1
x[n]= cos® Tpn==+_cosZn= x;[n]+ x,[n]
8 2 4
where x,[n] = 15 = 15(1)" is periodic with fundamental period N, = 1 and x,[n] = 15 cos(m/4)n = 15 cos

Qn—Q, = m/4. Since Q, /2m = 1§ (= rational number), x,[n] is periodic with fundamental period N, =
8. Thus, x[n] is periodic with fundamental period N, = 8 (the least common multiple of N, and N,).

1.17. Show that if x(r + T) = x(7), then

ffx(z) dr = ff:TTx(t) di (187)

[ x@yde =[xty ar (1.88)

for any real «, 3, and a.
Ifx(t + T) = x(1), then letting r = T — T, we have
x(t—T+T)=x(t)=x(t—T)

and

[Pxwar= [ x@-1yar= [T @y ar= [T xwyar
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1.18.

1.19.

29

Next, the right-hand side of Eq. (1.88) can be written as
[ swyd= [P xwyar+ [ x@yde
By Eq. (1.87) we have

[ fx(z) di=[ ;Tx(t) di

Thus,
f:”x(z) dr = fZ+Tx(t)dt+ f(;ﬁTx(t)dt

=f(;’”x(t) dt+faT+Tx(t)dt=f0Tx(t)dt

Show that if x(#) is periodic with fundamental period T},, then the normalized average power P of x(¢)
defined by Eq. (1.15) is the same as the average power of x(¢) over any interval of length 7|, that is,

_ 1 Ty 2
P—T—Ofo |x(0)|" dt (1.89)

By Eq. (1.15)
.1 o2 2
P—Tllirlo;fq/2|x(z)| dt
Allowing the limit to be taken in a manner such that 7'is an integral multiple of the fundamental period,

T = kT,, the total normalized energy content of x(#) over an interval of length Tis k times the normalized
energy content over one period. Then

. 1 Ti 2 1 T 2
P=I}£130[I€T()kf0°|x(t)| dt]=T0f00|x(t)| dt

The following equalities are used on many occasions in this text. Prove their validity.

_ N
N1 " 1~a a#l
(@) a"={1-a (1.90)
n=0 N a=1
o0 R 1
(k) Ea = la|<1 (191)
n=0
0 ak
(©) Ea”=1_a la|<1 (1.92)
n=k
- o
(d) nao" la|<1 (1.93)
20 (1-a)
(a) Let
N—1
S=Eoz"=1+oz-i-052+~--+ocN’1 (1.94)
n=0
Then
N-1
aS=a2a”=a+a2+a3+-~-+aN (1.95)

n=0
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Subtracting Eq. (1.95) from Eq. (1.94), we obtain
1-aS=1-a"
Hence if oo # 1, we have

(1.96)

N-1 —a
S=>Yad"=
2=
n=0
If a =1, then by Eq. (1.94)
N-1
Yo' =1+1+1+ k=N

n=0

(b) For |a|<1, lim a" =0. Then by Eq. (1.96) we obtain

9 N—-1 _ N
Sa'=1im Ya'= fim 1 7% —_1
= N—w & N—x l—a l—«a
(¢) Using Eq. (1.91), we obtain
ian:ak+ak+1 +akt? 4.
n=k
:ak(l+a+a2+~-~):ak2a":
= l—a

(d) Taking the derivative of both sides of Eq. (1.91) with respect to o, we have

dQg|lod( 1 1
da(ﬂza] da(l—a) (1—a)?

0

and e - " ]
dO![nEOanJZnE d—aa” = 2 na”! =; 2 na'

Hence,

n_ 1 °°
E na —7(] e or 2 (1 —a)

n=0

1.20. Determine whether the following signals are energy signals, power signals, or neither.

(@ x@ = e “ul), a>0 (B) x@) = A cos(w,t + 6)
(©) x(@ = () (d) x[n] = (=0.5)"uln]
(e) x[n] = uln] (f) x[n] = 2e/*

@ E=[" |x)f di=[Te> dz=2i<oo

a
Thus, x(#) is an energy signal.
(b) The sinusoidal signal x() is periodic with T, = 27/ ®,. Then by the result from Prob. 1.18, the average
power of x(¢) is
1 rT 2 . _ Wy 2@y o o
L fo [x(OF dr =2 I, A% cos® (g +0)

2

_A ‘”0 20, 2afay 1 S 1+ cos(uyt +20)1di = A? <o

Thus, x(7) is a power signal. Note that periodic signals are, in general, power signals.
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. T2 2 .. T2 5 (T2

(©) E—Thir;fm2|x(r)| dt—Th_I)I}ofO £ dr = lim 2= =
P=tim L [ o= tim L [ = i LT
T—w T ¥ -T2 T—oT <0 T—-=T 3

Thus, x(#) is neither an energy signal nor a power signal.

(d) By definition (1.16) and using Eq. (1.91), we obtain

E= S |ainlf —2025"— —4 s

n=—om n=0

Thus, x[n] is an energy signal.
(e) By definition (1.17)
P

=

N

1
+)=—<ow
N—>°°2N+ E ) 2

Thus, x[n] is a power signal.

(f) Since |x[n]| = |2e/3"] =2|ej3"|=

N
— — 2
P Nesz 2 |x[n]| hm ey E 2

n=—N

= lim
N—wo 2N +

42N+ =4<c
Thus, x[n] is a power signal.

Basic Signals

1.21. Show that

= 1) 0 t>0 197
u(—t)= .
1 <0 ( )
Let = —¢. Then by definition (1.18)
(= 1) = u(x) 1 >0
u(—t)y=u(tr)=
0 <0

Since 7> 0 and T < 0 imply, respectively, that 1 <0 and r > 0, we obtain

0 t>0
“CHD= 2o

which is shown in Fig. 1-26.

~ Vv

0
Fig. 1-26
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1.22. A continuous-time signal x(¢) is shown in Fig. 1-27. Sketch and label each of the following signals.
(@ x@u(l —1; b)) xOlu@®) —u@ = DI (©) x(06 —%)

x(t)

~ Vv

Fig. 1-27

(a) By definition (1.19)

=1 1 <1
ul—1) =
0 t>1

and x(f)u(1 — 1) is sketched in Fig. 1-28(a).
(b) By definitions (1.18) and (1.19)

0<r=1

otherwise

1
u(t)—u(—1= {0
and x(#)[u(t) — u(t — 1)] is sketched in Fig. 1-28(b).
(c) By Eq.(1.26)
x(t)é(t - 3) = x(3)6(t - 3) = 26(1‘ - 3)
2 2 2 2
which is sketched in Fig. 1-28(c¢).

x(tu(1-1) x(t) [u(®)—ult—1)]

~Y
~Y

@ (b)

~ v

Fig. 1-28

1.23. A discrete-time signal x[n] is shown in Fig. 1-29. Sketch and label each of the following signals.

(@) x[nlull — n]; (b) x[n]{uln + 2] — ulnl}; (c) x[n]d[ n — 1]
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x[n]
3
| I T T ? I I | | >
-4-3-2-1 012 3 45 n
Fig. 1-29

(a) By definition (1.44)
1 n=1
ull—n]= {
0 n>1
and x[n]u[1 — n] is sketched in Fig. 1-30(a).
(b) By definitions (1.43) and (1.44)
1 —2=n<0
uln+2]—uln]= {0

otherwise
and x[n]{u[n + 2] — u[n]} is sketched in Fig. 1-30(b).
(¢) By definition (1.48)

1 n=

—1=x[118[n —1]=6[n—1]=
x[n]6[n —1]= x[1]6[n —1]=6[n — 1] {0 i

which is sketched in Fig. 1-30(c).

x[nju[1—n] x[nl{u[n+2]—uln]}

v
—
—o

h'

TII
12 3

v

0
@) b)
x[n]d[n—1]
3‘5
1 1 ? 1 1 1 t
-2-1 0 1 2 3 4 n
()
Fig. 1-30

1.24. The unit step function u() can be defined as a generalized function by the following relation:
[7 owu@ydi= [ o) de (198)

where ¢(?) is a testing function which is integrable over 0 < ¢ << . Using this definition, show that

o 1 t>0
u =
0 t<0
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Rewriting Eq. (1.98) as

[~ omuwydr= [ gp@u)di+ [ omu@yde= [ ) de

we obtain

I pwu@dr= 7N —u) di
This can be true only if
) fw¢(t)u(t) di=0 and [ :¢(z)[1 —u(®)]dt =0
These conditions imply that
p(u()=0,1<0 and ¢(1)[1—u(®)]=0,1>0

Since ¢(7) is arbitrary, we have

u(t)=0,t<0 and 1—u()=0,t>0
that is,

1 t>0
“N=1y <o

1.25. Verify Eqgs. (1.23) and (1.24); that is,

(@) dar)=—-6(); B) 6(—1=80)

|al

The proof will be based on the following equivalence property:

Let g, (1) and g,(¢) be generalized functions. Then the equivalence property states that g,(f) = g,(¢) if and
only if

2 o0 gydi=[" ¢ g0y (1.99)

for all suitably defined testing functions ¢(7).
(a) With a change of variable, at = 7, and hence r = 7/a, dt = (1/a) dt, we obtain the following equations:
Ifa>0,
1
=—¢(0)

|a]

” L.l _Lylz
f_mq)(t)é(at)dt—af_wqb( , )6(r)dr a¢( a)

7=0

Ifa<O,

[7 ooy dr = é [ w°°¢(2)5(r) dv = —% ) °°m¢(2)5(r) dv
__ 1¢(f)
a a

7 p0dar) dt = 2—p(0)

|l

- L0

|a|

=0

Thus, for any a
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1.26.

1.27.

(b)

Now, using Eq. (1.20) for ¢(0), we obtain

7 swstar di = p(0)= I:TI 7 oo i

|l

= [* () —or)dr

|al
for any ¢(7). Then, by the equivalence property (1.99), we obtain

O(at) = L(S(t)

|al
Setting @ = —1 in the above equation, we obtain

o(—1t)= l_—lllé(t) =0(t)

which shows that d(7) is an even function.

(a) Verity Eq. (1.26):
x(O6@ — 1)) = x(t)o — 1)
if x(¢) is continuous at ¢ = f,.
(b) Verify Eq. (1.25):
x(H)0() = x(0)6(r)
if x(¢) is continuous at r = 0.
(@) Ifx(?) is continuous at t = £, then by definition (1.22) we have
f:o POx()d( — 19)] dt = fl[fp(t)x(t)]@(t —1g) dt = P(1)x(ty)
= x(to) [~ ¢t 1) dt
= 7 pOx(t)d(t 1)1 dt
for all ¢(#) which are continuous at 7 = 7,. Hence, by the equivalence property (1.99) we conclude that
x()6(t — 1)) = x(t) 6(t — 1)
(b) Setting 7, = 0 in the above expression, we obtain
x(0)6(t) = x(0)4(5)
Show that
(@ t6()=0
(b) sintd() =0
(¢) costd(t — m) = —06@t — m)

Using Eqgs. (1.25) and (1.26), we obtain

(@)
(b
()

t0(t) = (0)6(r) =0
sin td(f) = (sin 0)6(r) = (0)3(r) =0
cos 16(t — m) = (cos m) O6(t —m) = (—1)0(t — m) = —5(t — m)

35
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1.28. Verify Eq. (1.30):

_ e du(t)
0t)=u'(t) e

From Eq. (1.28) we have
[ oo di=—[" ¢0u@dr (1.100)

where ¢(7) is a testing function which is continuous at # = 0 and vanishes outside some fixed interval. Thus,
¢'(¢) exists and is integrable over 0 < ¢ < e and ¢(°) = 0. Then using Eq. (1.98) or definition (1.18), we have

J7 swu@ydi == [Ty di=— )] =—1p@)—$O)]
=90)= [ p)3() dt

Since ¢(7) is arbitrary and by equivalence property (1.99), we conclude that

du(t)

8(t) = u'(t) =
() =u'(t) 2

1.29. Show that the following properties hold for the derivative of §(¢):

@ [ o0 )ydt=—¢'©0)  where §'©0)= % 0 (1.101)
-
(b) t6'(t) = —=06(1) (1.102)
(@) Using Egs. (1.28) and (1.20), we have
[T o di=— [~ ¢@))dr=—¢'0)
(b) Using Egs. (1.101) and (1.20), we have

[ omusoide= [ [1p@Nd@)de =~ % (o1,
== [0 +1¢' ]| _, =—¢(0)
=— 7 pwowydr= [~ pi-om)de

Thus, by the equivalence property (1.99) we conclude that
td'(t) = —4(1)

1.30. Evaluate the following integrals:

@ [ il(3z2 +1)8(1) dt

® [ 12(3t2 +1)6(¢) dt

(© [ (& +cos m)d(t —1)dt
) [~ o —2)dr

@ [~ e'dwa



CHAPTER 1 Signals and Systems

(a) ByEq.(1.21),witha= —1and b =1, we have
f'1(3z2 Do dr =GR +1| =1
_ -
(b) By Eq.(1.21),witha =1 and b =2, we have
Jla + 08y dr =0

(¢) ByEq.(1.22)

[~ (@ +cos w)d(t — 1) dt = (1% + cos ) 1

—o0 =
=l+cosm=1—-1=0

(d) Using Egs. (1.22) and (1.23), we have

[T eto@r—2ydr= [T e7'o[2: — 1)) dr

o 1 1 _
:fﬁwe ’mé(tfl)dt=5e’

-1 2e

(e) By Eq.(1.29)

[* @ —— 4 e*’|
il dt t=0 t=0

1.31. Find and sketch the first derivatives of the following signals:
@ x@®=u@®)—ult—a),a>0
®) x@® = tlu@®) — u —a)l,a>0

1 >0

(o) x(z‘)zsgntZ{_1 <0

(a) Using Eq. (1.30), we have
u'(t) = 6(1) and u'(t—a)=9o(—a)
Then
X =u@)—u'(t—a)=0@) — 6@ —a)
Signals x(¢) and x'(¢) are sketched in Fig. 1-31(a).
(b) Using the rule for differentiation of the product of two functions and the result from part (a), we have
X0 =[u@® —ul—a)) +16@1) — 6~ a)l
But by Egs. (1.25) and (1.26)
t0(1) = (0)6(r) =0 and to(t — a) = ad(t — a)

Thus,
xX'()=u(t) —u(t—a)—ad(t — a)

Signals x(¢) and x'(f) are sketched in Fig. 1-31(b).
(¢) x(t) =sgn tcan be rewritten as
x()=sgnt=u(t) —u(—1
Then using Eq. (1.30), we obtain
X0 =uw'() —u' (=0 =060~ [-60] =26
Signals x(#) and x'(f) are sketched in Fig. 1-31(c).

37
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x(®) x(®) x(t)
a
1 1
0 a ; 0 a ? 0 ?
-1
x'(t) X'(t) x'(t)
A 251
8() 1
a . . .
0 l t 0 a t 0 t
—3(t—a) v
—ad(t—a)
@) (b) ()
Fig. 1-31

Systems and Classification of Systems

1.32. Consider the RC circuit shown in Fig. 1-32. Find the relationship between the input x(#) and the output y(7)
(@ Ifx@®=v@andy@®) = v ().
(b) Ifx(@® = v () andy() = i(r).

R

A
" @ @ cT— w0

Fig. 1-32 RC circuit.

(a) Applying Kirchhoff’s voltage law to the RC circuit in Fig. 1-32, we obtain
v() = Ri@®) +v.() (1.103)

The current i(7) and voltage v (7) are related by

dv, (1)

ity=C 1.104
() 5 ( )
Letting v () = x(#) and v (1) = y(#) and substituting Eq. (1.04) into Eq. (1.103), we obtain
RCM + y(t) = x(¢)
dt
or
dy(t) 1 1
+ )= —x(t 1.105
dt RC Y@ RC @ ( )
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Thus, the input-output relationship of the RC circuit is described by a first-order linear differential
equation with constant coefficients.

(b) Integrating Eq. (1.104), we have
1 .
vc(t)=Efiwt(r)dr (1.106)
Substituting Eq. (1.106) into Eq. (1.103) and letting v (f) = x(#) and i(f) = y(t), we obtain

Ry(0)+ 2 [ y(0)dr =x0)

or
| 1
1)+ — T)dt =—x(t
() RCf—‘”y( ) dT=—x()
Differentiating both sides of the above equation with respect to ¢, we obtain

dy(®) , 11 dvio)
dt RC R dt

(1.107)

Thus, the input-output relationship is described by another first-order linear differential equation with
constant coefficients.

1.33. Consider the capacitor shown in Fig. 1-33. Let input x(¢) = i(z) and output y(r) = v (1).
(a) Find the input-output relationship.

() Determine whether the system is (/) memoryless, (i) causal, (iii) linear, (iv) time-invariant, or (v) stable.

it) (D c == v

Fig. 1-33

(a) Assume the capacitance Cis constant. The output voltage y(f) across the capacitor and the input current
x () are related by [Eq. (1.106)]

y(t):T{X(l‘)}_%fiwx(r) dr (1.108)

(b) (i) From Eq. (1.108) it is seen that the output y(f) depends on the past and the present values of the
input. Thus, the system is not memoryless.

(if)  Since the output y(7) does not depend on the future values of the input, the system is causal.

(iii)  Letx(r) = ax,(t) + a,x,(t). Then
1 ot
YO =Ty = [ _lox (1) + opx, (T)] dr

1 pt 1 pt
=0 [Ef_w?ﬁ(f) dT] ta, [Ef_me(T) dr]
=ayy (1) T ay, (1)

Thus, the superposition property (1.68) is satisfied and the system is linear.
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(iv) Lety, (1) be the output produced by the shifted input current x,(f) = x(t — 1,).
Then
1 pt
() =T{x(t —15)} = Efmx(r —1y)dT

- % [x)da =y —15)

Hence, the system is time-invariant.

(v)  Letx(?) = k,u(?), with k; # 0. Then
1 pr k, ot k k
H=— ku(mydr=="L [ dr="Lru@)="Lr(t (1.109)
() Cfﬂ“() Cfo L u="2r0

where r(f) = tu(t) is known as the unit ramp function (Fig. 1-34). Since y(#) grows linearly in time
without bound, the system is not BIBO stable.

r(t) = tu(t)

~ v

0
Fig. 1-34 Unit ramp function.

1.34. Consider the system shown in Fig. 1-35. Determine whether it is (@) memoryless, (b) causal, (c) linear,
(d) time-invariant, or (e) stable.

(@)

(b)
(0)

Multiplier

x(t) y(t) = x(t) cos w,t

v

o )
©

Fig. 1-35

From Fig. 1-35 we have
(@) = T{x(®)} = x(1) cos w1

Since the value of the output y(¢) depends on only the present values of the input x(7), the system is
memoryless.
Since the output y(7) does not depend on the future values of the input x(7), the system is causal.
Letx(#) = ax (1) + a,x(?). Then
y()=T{x(®)} =[oyx,(t) + ayx,(t)] cos w, t
=ayx,(t) cos w,t + oty x, (1) cos w,t

=ay(t) + a,y, (1)

Thus, the superposition property (1.68) is satisfied and the system is linear.
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(d) Lety,(t) be the output produced by the shifted input x,(¢) = x(¢ — ;). Then
(0 =T{x( — 1)} = x(t — ;) cos w 1
But
y( —1,) = x(t — 1) cos w (t — 1)) # y,(D)

Hence, the system is not time-invariant.

(e) Since |cos wt| =1, we have
ly)| = |x@) cos w 1] = |x@®)|
Thus, if the input x(¢) is bounded, then the output y () is also bounded and the system is BIBO stable.
1.35. A system has the input-output relation given by
y=T{} = (1.110)
Show that this system is nonlinear.

T{x; +x,} =(x -l—x2)2 =xl2 +x§ +2x,x,
# T} + T} = +x3

Thus, the system is nonlinear.

1.36. The discrete-time system shown in Fig. 1-36 is known as the unit delay element. Determine whether
the system is (@) memoryless, (b) causal, (¢) linear, (d) time-invariant, or (e) stable.

] S = xin 1]

——p —
delay

Fig. 1-36 Unit delay element

(a) The system input-output relation is given by
yln] = T{x[n]} = x[n — 1] (1.111)

Since the output value at n depends on the input values at n — 1, the system is not memoryless.
(b) Since the output does not depend on the future input values, the system is causal.
(¢) Letx[n] = a,x,[n] + a,x,[n]. Then

yln] = T{ax,[n] + a,x,[n]} = ax [n— 1] + ax,[n — 1]
= ay,[n]+a,y,[n]

Thus, the superposition property (1.68) is satisfied and the system is linear.

(d) Lety,[n] be the response to x,[n] = x[n — n,]. Then
y[nl = T, [nl} = x,[n = 11 = xln — 1 = n,]
and yln —nyl =x[n —n, — 1] =x[n—1 — n,] = y,[n]
Hence, the system is time-invariant.

(e) Since
|y[n]| = |x[n — 11| =k if |x[n]| =kforalln

the system is BIBO stable.
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1.37. Find the input-output relation of the feedback system shown in Fig. 1-37.

1.38.

| unit Ll
o delay ' "
Fig. 1.37

From Fig. 1-37 the input to the unit delay element is x[n] — y[n]. Thus, the output y[n] of the unit delay
element is [Eq. (1.111)]

ylnl =x[n—1] —y[n — 1]

Rearranging, we obtain

ylnl + yln — 1] = x[n — 1] (1.112)

Thus, the input-output relation of the system is described by a first-order difference equation with constant

coefficients.

A system has the input-output relation given by

ylnl = T{x[nl} = nx[n] (1.113)

Determine whether the system is (@) memoryless, (b) causal, (c) linear, (d) time-invariant, or (e) stable.

(@)
&)
()

(d)

(e)

Since the output value at n depends on only the input value at n, the system is memoryless.
Since the output does not depend on the future input values, the system is causal.
Letx[n] = a,x,[n] + a,x,[n]. Then

yinl = T{xnl} = n{ox,[n] + a,x,[nl}

= aynx,[n] + a,nx,[n] = a,y,[n] + a,y,[n]
Thus, the superposition property (1.68) is satisfied and the system is linear.
Let y,[n] be the response to x,[n] = x[n — n;]. Then
yi[n] = T{x[n — ny1} = nxln — n]
But yln = nyl = (n —ny) x[n — ny] # y,[n]
Hence, the system is not time-invariant.

Let x[n] = u[n]. Then y[n] = nu[n]. Thus, the bounded unit step sequence produces an output sequence that
grows without bound (Fig. 1-38) and the system is not BIBO stable.

x[n] = uln] y[n] = nuln]

22 el

-2-101 2 3 4 n -2-1 012 3 4

Fig. 1-38
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1.39. A system has the input-output relation given by
y[n] = T{x[n]} = xlkyn] (1.114)
where k is a positive integer. Is the system time-invariant?
Let y,[n] be the response to x,[n] = x[n — n,]. Then

y,[n] = T{x,[n]} = x,[k,n] = x[k,n—n,]
But yln = ny] = x[ ky(n — ny)] # y,[n]

Hence, the system is not time-invariant unless k, = 1. Note that the system described by Eq. (1.114) is called
acompressor. It creates the output sequence by selecting every k,th sample of the input sequence. Thus, it is
obvious that this system is time-varying.

1.40. Consider the system whose input-output relation is given by the linear equation
y=ax+b (1.115)

where x and y are the input and output of the system, respectively, and a and b are constants. Is this
system linear?

If b # 0, then the system is not linear because x = 0 implies y = b # 0. If b = 0, then the system is linear.

1.41. The system represented by T in Fig. 1-39 is known to be time-invariant. When the inputs to the
system are x,[n], x,[n], and x,[n], the outputs of the system are y [n], y,[n], and y,[n] as shown.
Determine whether the system is linear.

x4ln] y4ln]

N -0
w [—e
~0

v

-2-1012 34 n -2-1 01

X,[n] ¥oln]

-2-1012 34 n -2-101 2 3 4 n
x5[n] Y4l
3
2 T : T
? o0 b ?o B
-2-1012 34 n -2-1 01 2 3 4 n

Fig. 1-39
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From Fig. 1-39 it is seen that

x;[n] = x,[n] + x,[n — 2]

Thus, if T is linear, then

T{x;[n]} = T{x,[n]} + T {x,[n = 2]} = y,[n] + y,[n — 2]

which is shown in Fig. 1-40. From Figs. 1-39 and 1-40 we see that

ys3[nl # y[n] + y,[n — 2]

Hence, the system is not linear.

y1[’7] yg[n72]

Y1[n] +y2[n72]

Lalol s She L

101234 n -2-1 01 2 3 4 n -2-1 01 2 3 4 n

-2 —

Fig. 1-40

1.42. Give an example of a system that satisfies the condition of additivity (1.66) but not the condition of
homogeneity (1.67).

Consider a discrete-time system represented by an operator T such that

yln] = T{x[n]} = x*[n]

where x*[n] is the complex conjugate of x[n]. Then

T{x,[n] + x,[n]} = {x,[n] + x,[n]}* = x¥[n] + x5[n] = y,[n] + y,[n]

Next, if ais any arbitrary complex-valued constant, then

T{ax[n]} = {ax[n]} * = o*x* [n] = a*y[n] # a y[n]

Thus, the system is additive but not homogeneous.

1.43. (a)

®)
(©

(@)

(1.116)

Show that the causality for a continuous-time linear system is equivalent to the following statement:
For any time ¢, and any input x(#) with x(t) = 0 for 7 =< ¢, the output y(?) is zero for = 1.

Find a nonlinear system that is causal but does not satisfy this condition.

Find a nonlinear system that satisfies this condition but is not causal.

Since the system is linear, if x(#) = O for all ¢, then y(#) = O for all ¢. Thus, if the system is causal, then
x(t) = 0 for ¢ =, implies that y(t) = O for ¢ =< f,. This is the necessary condition. That this condition
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1.44.

1.45.

45

is also sufficient is shown as follows: let x, () and x,(#) be two inputs of the system and let y,(¢) and
¥,(?) be the corresponding outputs. If x,(#) = x,(¢) for t = ¢, or x(¢) = x,(t) — x,(¢1) = 0 for t = ¢, then

v, (= y,(t) fort =z, or y(1) = y,(t) = y,() =0 fort =1¢,.

(b) Consider the system with the input-output relation

y» =x0+1

This system is nonlinear (Prob. 1.40) and causal since the value of y(f) depends on only the present value

of x(r). But with x(r) = 0 forr = 1, y(t) = 1 fort = 1,

(¢) Consider the system with the input-output relation

y@O =x@Ox(+1)

It is obvious that this system is nonlinear (see Prob. 1.35) and noncausal since the value of y(f) at time ¢
depends on the value of x(¢ + 1) of the input at time ¢ + 1. Yet x(#) = O for t = £, implies that y(f) = 0 for t < 1.

Let T represent a continuous-time LTI system. Then show that
T{e’"} = Ne*!
where s is a complex variable and A is a complex constant.
Let y(#) be the output of the system with input x(#) = e*. Then
T{e*'} =y
Since the system is time-invariant, we have
T{e*+10} = y(t + 1,)

for arbitrary real 7,. Since the system is linear, we have

T{ex(t+tn)} — T{esr extn} — e.rloT{e.vr} — e”“y(t)
Hence, Yt + 1) = e*y(0)

Setting r = 0, we obtain
y(ty) = y(0)e*e

Since ¢, is arbitrary, by changing ¢, to ¢, we can rewrite Eq. (1.118) as

¥() = y(0) e = he"
or T{es'} = N e*
where A = y(0).

Let T represent a discrete-time LTI system. Then show that
T {Zn} — )\‘ Zn

where z is a complex variable and A is a complex constant.

(1.117)

(1.118)

(1.119)
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Let y[n] be the output of the system with input x[n] = z". Then
T{z"} = yln]
Since the system is time-invariant, we have
T{z" "™} = yln + nyl

for arbitrary integer n,. Since the system is linear, we have

T{z"*m} = T{z"z"} = z"T{z"} = z"y[n]
Hence, yln +ny] = z"y[n]

Setting n = 0, we obtain
yln,1 = y[0]z™ (1.120)

Since n is arbitrary, by changing n, to n, we can rewrite Eq. (1.120) as

yln] = y[0]z" = A 2"
or T{z"} = 2"
where A = y[0].

In mathematical language, a function x(-) satisfying the equation
T{x(-)} = Ax(+) (1.121)

is called an eigenfunction (or characteristic function) of the operator T, and the constant A is called the
eigenvalue (or characteristic value) corresponding to the eigenfunction x(-). Thus, Egs. (1.117) and (1.119)
indicate that the complex exponential functions are eigenfunctions of any LTI system.

SUPPLEMENTARY PROBLEMS

1.46. Express the signals shown in Fig. 1-41 in terms of unit step functions.

v

Fig. 1-41
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1.47. Express the sequences shown in Fig. 1-42 in terms of unit step sequences.

1.48.

1.49.

1.50.

1.51.

x(n] x(n]
19 -1
—4-3-2-1
—eo-o oo > : o >
2-101 2 N n 123 n
-1
(@) (b)
x[n]
‘ [ I
Lo - >
~4-32-101 2345

Fig. 1-42

Determine the even and odd components of the following signals:

(@) x(t)=u(t)

(b) x(t)=sin ((Uot +7f)
4

(C) _x[n] = ej(90n+n/2)

(d) x[n]=d[n]

Let x(7) be an arbitrary signal with even and odd parts denoted by x (f) and x (1), respectively. Show that

> Pwdi=[" Xwdi+ [ xX@di

Let x[n] be an arbitrary sequence with even and odd parts denoted by x [n] and x [n], respectively. Show that

o © ©

E xz[n]= E xez[n]-i- E xg[n]

n=—o n=—o n=—o

Determine whether or not each of the following signals is periodic. If a signal is periodic, determine its
fundamental period.

(a) x(t)=cos (21 + ”)
4

(b) x(1)=cos> t

(¢) x(t)=(cos2mt)u(t)

x(r) =™

1= w7l

(d)
(e)

x[n



48 CHAPTER 1 Signals and Systems

2
(f) xln]=cos (”8”)

(g) x[n]=cos (Z)cos (JZZ)
— cos| | 4 sin [ ] 2cos [
(h) x[n]—cos( 2 )-ﬁ-sm( o ) 2005( 5 J

1.52. Show that if x[n] is periodic with period N, then

n n+N N ny+N
@ > xkl= Y xkl; ) Y xlkl= Y xk]
k=ng k=no+N k=0 k=ng
1.53. (a) What is 8(20)?
(b) What is 6[2n]?
1.54. Show that
O (—1)=—-980)
1.55. Evaluate the following integrals:
@ [ (cosTu(r)dr ®) [ (cosT)(x)dT
© [ (cos u(e — Do) dr ) fozntsinéé(n—t)dt

1.56. Consider a continuous-time system with the input-output relation

1 pt+r2
YO=TROY = [, x@adr

Determine whether this system is (a) linear, (b) time-invariant, (c¢) causal.

1.57. Consider a continuous-time system with the input-output relation
o0

YO=TMO}= Y x()3(t —KT,)

k=—o
Determine whether this system is (a) linear, (b) time-invariant.
1.58. Consider a discrete-time system with the input-output relation
ylnl = T{x[n]} = x*[n]

Determine whether this system is (a) linear, (b) time-invariant.

1.59. Give an example of a system that satisfies the condition of homogeneity (1.67) but not the condition of
additivity (1.66).

1.60 Give an example of a linear time-varying system such that with a periodic input the corresponding output is
not periodic.

1.61. Asystem is called invertible if we can determine its input signal x uniquely by observing its output signal y.
This is illustrated in Fig. 1-43. Determine if each of the following systems is invertible. If the system is

invertible, give the inverse system.
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——————Pp System F——)p

Inverse
system

Fig. 1-43

(@ y(t)=2x(1)
b) y)=x(t)
© 0= [ x(v)de

n

(@ Ynl= Y xlk]

k=—o

(e) yln]=nx[n]

ANSWERS TO SUPPLEMENTARY PROBLEMS

1.46. (@) x( =§t[u(t) —u(t —2)]
(b) x(t) =ult+ 1)+ 2u(t) — ult — 1) —u(t — 2) — u(t — 3)

1.47. (a) x[n] =ul[n] —uln— N+ 1)]
b) x[n] = —ul-n—1]
(¢) x[n]=uln+2] —uln— 4]

1 1
148. (a) x,(t)==,x,(t)=—sgnt
(@) x,(1) 7 ® 558

b)) x, ()= %cos wt, X, (1) = %Sil‘l Wyt

(¢) x,[n]=jcosQyn,x,[n]=—sinQyn
(d) x[n]=d[n], x,[n]=0

1.49. Hint: Use the results from Prob. 1.7 and Eq. (1.77).

1.50. Hint: Use the results from Prob. 1.7 and Eq. (1.77).

1.51. (a) Periodic, period = 7 (b) Periodic, period = &
(¢) Nonperiodic (d) Periodic, period = 2
(e) Nonperiodic (f) Periodic, period = 8
(¢) Nonperiodic (h) Periodic, period = 16

1.52. Hint: See Prob. 1.17.

1.53. (@) 021 = 12 5(1)
By 8[2n] = d[n]

1.54. Hint: Use Eqgs. (1.101) and (1.99).

1.55. (a) sint
(b) 1 fort>0 and O for t < 0; not defined for r = 0
(© 0
d)y o

49



50 CHAPTER 1 Signals and Systems

1.56. (a) Linear; (b) Time-invariant; (c) Noncausal
1.57. (a) Linear; (b) Time-varying
1.58. (@) Nonlinear; (b) Time-invariant

1.59. Consider the system described by
b , 1P
YO =T} =| [1xo)F dr

1.60 y[n] = T{x[n]} = nx[n]

1.61. (a) Invertible; x(t) = %y(t)
(b) Not invertible
(c) Invertible; x(¢) = M
dt
(d) Invertible; x[n]=y[n]—y[n —1]
(e) Not invertible



Linear Time-Invariant Systems

2.1 Introduction

Two most important attributes of systems are linearity and time-invariance. In this chapter we develop the fun-
damental input-output relationship for systems having these attributes. It will be shown that the input-output
relationship for LTI systems is described in terms of a convolution operation. The importance of the convolu-
tion operation in LTI systems stems from the fact that knowledge of the response of an LTI system to the unit
impulse input allows us to find its output to any input signals. Specifying the input-output relationships for
LTI systems by differential and difference equations will also be discussed.

2.2 Response of a Continuous-Time LTI System and the Convolution Integral

A. Impulse Response:

The impulse response h(t) of a continuous-time LTI system (represented by T) is defined to be the response of
the system when the input is 6(¢), that is,

h(t) = T{6(5)} 2.1

B. Response to an Arbitrary Input:

From Eq. (1.27) the input x(¢) can be expressed as
x(t)= ffm X(T)0(t — ) dr 22)
Since the system is linear, the response y(f) of the system to an arbitrary input x(¢) can be expressed as
y(@)=T{x(t)} =T { fi x(T)8(t —7) dr}
= fi x(OT{8(t — 1)} dt (23)

Since the system is time-invariant, we have
hit — ) = T{6(t — )} 24)
Substituting Eq. (2.4) into Eq. (2.3), we obtain
v = [ x@h(t ~7)dv 25)

Equation (2.5) indicates that a continuous-time LTI system is completely characterized by its impulse response A(f).

51



52 CHAPTER 2 Linear Time-Invariant Systems

C. Convolution Integral:

Equation (2.5) defines the convolution of two continuous-time signals x(f) and A(f) denoted by

y(&)=x(t)*h(t) =fi) x(t)h(t —1)dt (2.6)

Equation (2.6) is commonly called the convolution integral. Thus, we have the fundamental result that the out-
put of any continuous-time LTI system is the convolution of the input x(t) with the impulse response h(t) of the
system. Fig. 2-1 illustrates the definition of the impulse response X(f) and the relationship of Eq. (2.6).

3(t) LTI h(t)
system ’

xt) yt) = x(t) » h(®)

Fig. 2-1 Continuous-time LTI system.

D. Properties of the Convolution Integral:

The convolution integral has the following properties.

1. Commutative:

x(t) * h(t) = h(t) * x() 2.7

2. Associative:
&@) = h O} * hy() = x(8) * {h (8) * hy(D)} 2.8)

3. Distributive:
x(t) * {h, ()} + hy(0) = x(t)  h,(1) + x(0) % h,(0) (2.9)

E. Convolution Integral Operation:

Applying the commutative property (2.7) of convolution to Eq. (2.6), we obtain
y(t) = h(t) * x(t) =fj° hT)x(t —7)dt (2.10)

which may at times be easier to evaluate than Eq. (2.6). From Eq. (2.6) we observe that the convolution inte-
gral operation involves the following four steps:

1. The impulse response A(7) is time-reversed (that is, reflected about the origin) to obtain 2(—7) and
then shifted by ¢ to form h(t — ©) = h[ —(r — 1)], which is a function of 7 with parameter ¢.

2. The signal x(t) and A(t — T) are multiplied together for all values of T with ¢ fixed at some value.
3. The product x(t)h(t — T) is integrated over all 7 to produce a single output value y(z).
4. Steps 1 to 3 are repeated as ¢ varies over — to % to produce the entire output y(z).

Examples of the above convolution integral operation are given in Probs. 2.4 to 2.6.

F. Step Response:

The step response s(t) of a continuous-time LTI system (represented by T) is defined to be the response of the
system when the input is u(f); that is,

s() = T{u@®} (2.11)
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In many applications, the step response s(¢) is also a useful characterization of the system. The step response
s(f) can be easily determined by Eq. (2.10); that is,

sO=hyxu®)= [ hwut—7)dr= fim h(r) dv (2.12)

Thus, the step response s(¢) can be obtained by integrating the impulse response A(t). Differentiating Eq. (2.12)
with respect to ¢, we get

ds(t)
dt

(2.13)

h(t)=s'(1)=
Thus, the impulse response /() can be determined by differentiating the step response s(f).

2.3 Properties of Continuous-Time LTI Systems

A. Systems with or without Memory:

Since the output y() of a memoryless system depends on only the present input x(7), then, if the system is also
linear and time-invariant, this relationship can only be of the form

¥(t) = Kx(t) (2.14)
where K is a (gain) constant. Thus, the corresponding impulse response A(f) is simply
h(t) = Ko(1) (2.15)

Therefore, if h(7,) # O for z, # 0, then continuous-time LTI system has memory.

B. Causality:

As discussed in Sec. 1.5D, a causal system does not respond to an input event until that event actually occurs.
Therefore, for a causal continuous-time LTI system, we have

h(®) =0 t<0 (2.16)

Applying the causality condition (2.16) to Eq. (2.10), the output of a causal continuous-time LTI system is
expressed as

Y@= f: h(T)x(t — 1) dT (2.17)
Alternatively, applying the causality condition (2.16) to Eq. (2.6), we have

y0)= [ x@ht —7)dr 2.18)

Equation (2.18) shows that the only values of the input x(¢) used to evaluate the output y(¢) are those for T = ¢.
Based on the causality condition (2.16), any signal x(¢) is called causal if
x(t)=20 t<0 (2.19a)
and is called anticausal if

x®) =0 t>0 (2.19b)

Then, from Eqs. (2.17), (2.18), and (2.19a), when the input x(¢) is causal, the output y(f) of a causal continu-
ous-time LTT system is given by

y(t)= f; h(t)x(t — 1) dt = fo’ x(T)h(t —T)dt (2.20)
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C. Stability:

The BIBO (bounded-input/bounded-output) stability of an LTI system (Sec. 1.5H) is readily ascertained from its
impulse response. It can be shown (Prob. 2.13) that a continuous-time LTI system is BIBO stable if its impulse
response is absolutely integrable; that is,

f: | h(r)| dr < o 221)

2.4 Eigenfunctions of Continuous-Time LTI Systems

In Chap. 1 (Prob. 1.44) we saw that the eigenfunctions of continuous-time LTI systems represented by T are
the complex exponentials e, with s a complex variable. That is,

T{e} = e (2.22)
where A is the eigenvalue of T associated with e*. Setting x(f) = ¢* in Eq. (2.10), we have
yO=T{e" = [ h@) e dr= [ [ h@e dr] e
=H(s)e" =Le” (2.23)
where A=H(s) =f_ww nr)e " dr (2.24)

Thus, the eigenvalue of a continuous-time LTI system associated with the eigenfunction e is given by H(s),
which is a complex constant whose value is determined by the value of s via Eq. (2.24). Note from Eq. (2.23)
that y(0) = H(s) (see Prob. 1.44).

The above results underlie the definitions of the Laplace transform and Fourier transform, which will be dis-
cussed in Chaps. 3 and 5.

2.5 Systems Described by Differential Equations

A. Linear Constant-Coefficient Differential Equations:

A general Nth-order linear constant-coefficient differential equation is given by

N k M k
d”y@) d"x(1)
E a = E b 225

where coefficients a, and b, are real constants. The order N refers to the highest derivative of y(¢) in
Eq. (2.25). Such differential equations play a central role in describing the input-output relationships of a
wide variety of electrical, mechanical, chemical, and biological systems. For instance, in the RC circuit con-

sidered in Prob. 1.32, the input x(#) = v (¢) and the output y(¢) = v (¢) are related by a first-order constant-
coefficient differential equation [Eq. (1.105)]

dy) , 1 1
A — (1) = —x(t
a kSO TR
The general solution of Eq. (2.25) for a particular input x(¢) is given by
Y0 =y, + 3,0 (2.26)

where yp(t) is a particular solution satisfying Eq. (2.25) and y,(?) is a homogeneous solution (or complementary
solution) satisfying the homogeneous differential equation

N k
S o L0 2.27)
=0 dt
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The exact form of y,(¢) is determined by N auxiliary conditions. Note that Eq. (2.25) does not completely spec-
ify the output y(¢) in terms of the input x(f) unless auxiliary conditions are specified. In general, a set of auxil-
iary conditions are the values of

dy(r) — d"'y()

1
YO V!

at some point in time.

B. Linearity:

The system specified by Eq. (2.25) will be linear only if all of the auxiliary conditions are zero (see Prob.2.21).
If the auxiliary conditions are not zero, then the response y(f) of a system can be expressed as

Y@ =y, (1) + y,(0) (2.28)

where y (1), called the zero-input response, is the response to auxiliary conditions, and y_ (#), called the zero-state
response, is the response of a linear system with zero auxiliary conditions. This is illustrated in Fig. 2-2.

Note that y .(f) # y, (1) and y, (t) # yp(t) and that in general y_(f) contains y,(r) and y_(f) contains both y,(¢)
and yp(t) (see Prob. 2.20).

) Linear y Zs(t) B Yo >

system +

¥i(t)

Fig. 2-2 Zero-state and zero-input responses.

C. Causality:

In order for the linear system described by Eq. (2.25) to be causal we must assume the condition of initial rest
(or an initially relaxed condition). That is, if x(f) = 0 for t = 7, then assume y(¢) = 0 for t = 1, (see Prob. 1.43).
Thus, the response for # > 7, can be calculated from Eq. (2.25) with the initial conditions

dy(ty) d""'y(tp)
)= —...= = ()
Yo dt arV !

k k
where d y(]fo) _d y}Et )

dt dt

1=ty
Clearly, at initial resty () = 0.

D. Time-Invariance:

For a linear causal system, initial rest also implies time-invariance (Prob. 2.22).

E. Impulse Response:

The impulse response A(f) of the continuous-time LTI system described by Eq. (2.25) satisfies the differential
equation

N k M k
d"h(t) d"o(t)
E a = E b 2.29
k=0 k dtk k=0 g dtk ( )
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with the initial rest condition. Examples of finding impulse responses are given in Probs. 2.23 to 2.25. In later
chapters, we will find the impulse response by using transform techniques.

2.6 Response of a Discrete-Time LTI System and Convolution Sum

A. Impulse Response:

The impulse response (or unit sample response) h[n] of a discrete-time LTI system (represented by T') is defined
to be the response of the system when the input is d[n]; that is,

h[n] = T [n]} (2.30)

B. Response to an Arbitrary Input:

From Eq. (1.51) the input x[n] can be expressed as

o0

x[n]= E x[k] 8[n — k] (231)

k=—o

Since the system is linear, the response y[n] of the system to an arbitrary input x[n] can be expressed as

yln]=T{alnl} = T{ > x[k] oln— k]}

k=—o

o

= Y «lkIT{8[n—kI} (2.32)

k=—o
Since the system is time-invariant, we have
hln — k] = T{6 [n — kI} (2.33)
Substituting Eq. (2.33) into Eq. (2.32), we obtain

Mnl= Y x[klhln—k] (2.34)

k=—o
Equation (2.34) indicates that a discrete-time LTI system is completely characterized by its impulse response A[n].

C. Convolution Sum:

Equation (2.34) defines the convolution of two sequences x[n] and A[n] denoted by

o0

Mn)=x[nl=hln]= Y x[klh{n—k] 235)

k=—o

Equation (2.35) is commonly called the convolution sum. Thus, again, we have the fundamental result that the
output of any discrete-time LTI system is the convolution of the input x[n] with the impulse response hn] of the
system.

Fig. 2-3 illustrates the definition of the impulse response A[n] and the relationship of Eq. (2.35).

d[n] hin)

LTI

system
x[n] ylIn] = x[n] ~ h(n]

Fig. 2-3 Discrete-time LTI system.



CHAPTER 2 Linear Time-Invariant Systems 57

D. Properties of the Convolution Sum:

The following properties of the convolution sum are analogous to the convolution integral properties shown
in Sec. 2.3.

1. Commutative:

x[n] * hln] = hln ] * x[n] (2.36)

2. Associative:
(xln] = hy[n]} * hyln] = xln] = {h,[n] * hy[n]} (2.37)

3. Distributive:
x[n] # {h,[n]} + hy[n]} = xln] * h,[n] + x(n] * hyln] (2.38)

E. Convolution Sum Operation:
Again, applying the commutative property (2.36) of the convolution sum to Eq. (2.35), we obtain

o0

y[n]=h[n]*x[n]= 2 hlklx[n—k] (2.39)

k=—o

which may at times be easier to evaluate than Eq. (2.35). Similar to the continuous-time case, the convolution
sum [Eq. (2.35)] operation involves the following four steps:

1. The impulse response h[k] is time-reversed (that is, reflected about the origin) to obtain A[—k] and
then shifted by n to form h[n — k] = h[—(k — n)], which is a function of k with parameter n.

2. Two sequences x[k] and h[n — k] are multiplied together for all values of k£ with n fixed at some
value.

3. The product x[k]h[n — k] is summed over all k to produce a single output sample y[n].
Steps 1 to 3 are repeated as n varies over — to o to produce the entire output y[n].

Examples of the above convolution sum operation are given in Probs. 2.28 and 2.30.

F. Step Response:

The step response s[n] of a discrete-time LTI system with the impulse response A[n] is readily obtained from
Eq.(2.39) as

0 n

s[n]=h[n]*uln]= E hlklu[n—k]= E hlk] (2.40)

k=—o k=—o

From Eq. (2.40) we have
h[n] = s[n] — s[n — 1] (2.41)

Equations (2.40) and (2.41) are the discrete-time counterparts of Egs. (2.12) and (2.13), respectively.

2.7 Properties of Discrete-Time LTI Systems

A. Systems with or without Memory:

Since the output y[n] of a memoryless system depends on only the present input x[#], then, if the system is also
linear and time-invariant, this relationship can only be of the form

yln] = Kx[n] (2.42)
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where K is a (gain) constant. Thus, the corresponding impulse response is simply
hln] = K3[n] (2.43)
Therefore, if h[n,] # O for n, # 0, the discrete-time LTI system has memory.

B. Causality:

Similar to the continuous-time case, the causality condition for a discrete-time LTI system is
hln] =0 n<0 (2.44)

Applying the causality condition (2.44) to Eq. (2.39), the output of a causal discrete-time LTI system is
expressed as

yinl="Y hlklx[n = k] (2.45)
k=0

Alternatively, applying the causality condition (2.44) to Eq. (2.35), we have

y[n]= 2 x[kh[n — k] (2.46)

k=—o0

Equation (2.46) shows that the only values of the input x[n] used to evaluate the output y[n] are those for k = n.
As in the continuous-time case, we say that any sequence x[n] is called causal if

x[n] =0 n<o0 (247a)
and is called anticausal if
x[n] =0 n=0 (2.47b)

Then, when the input x[n] is causal, the output y[n] of a causal discrete-time LTI system is given by

y[n]= E hlklx[n—k]= E x[k1h[n — k] (2.48)
k=0

k=0

C. Stability:

It can be shown (Prob. 2.37) that a discrete-time LTI system is BIBO stable if its impulse response is absolutely
summable; that is,

k=—o

2.8 Eigenfunctions of Discrete-Time LTI Systems

In Chap. 1 (Prob. 1.45) we saw that the eigenfunctions of discrete-time LTI systems represented by T are the
complex exponentials 7", with z a complex variable. That is,

T{z"} = A" (2.50)
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where A is the eigenvalue of T associated with 7. Setting x[n] = z" in Eq. (2.39), we have

Ynl=T{" =y h[k]z"k=[ > h[k]zk}z"

k=—o k=—o
where A=H@= Y hkz" (2.52)
k=—o

Thus, the eigenvalue of a discrete-time LTI system associated with the eigenfunction 7" is given by H(z),
which is a complex constant whose value is determined by the value of z via Eq. (2.52). Note from Eq. (2.51)
that y[0] = H(z) (see Prob. 1.45).

The above results underlie the definitions of the z-transform and discrete-time Fourier transform, which will
be discussed in Chaps. 4 and 6.

2.9 Systems Described by Difference Equations

The role of differential equations in describing continuous-time systems is played by difference equations for dis-
crete-time systems.

A. Linear Constant-Coefficient Difference Equations:

The discrete-time counterpart of the general differential equation (2.25) is the Nth-order linear constant-coefficient
difference equation given by

N

M
E ayln—kl= 2 by x[n — k] (2.53)
k=0 k=0

where coefficients a, and b, are real constants. The order N refers to the largest delay of y[n] in Eq. (2.53). An exam-
ple of the class of linear constant-coefficient difference equations is given in Chap. 1 (Prob. 1.37). Analogous to the
continuous-time case, the solution of Eq. (2.53) and all properties of systems, such as linearity, causality, and time-
invariance, can be developed following an approach that directly parallels the discussion for differential equations. Again
we emphasize that the system described by Eq. (2.53) will be causal and LTT if the system is initially at rest.

B. Recursive Formulation:

An alternate and simpler approach is available for the solution of Eq. (2.53). Rearranging Eq. (2.53) in the form

k=1

1 M N
y[n]=—{2bkx[n—k]— Eaky[n—k]} (2.54)
4o |i=o

we obtain a formula to compute the output at time n in terms of the present input and the previous values of
the input and output. From Eq. (2.54) we see that the need for auxiliary conditions is obvious and that to calculate
yln] starting at n = n,, we must be given the values of y[n, — 1], y[n, — 21, ..., yln, — N] as well as the input
x[n] for n = n, — M. The general form of Eq. (2.54) is called a recursive equation, since it specifies a recursive
procedure for determining the output in terms of the input and previous outputs. In the special case when N = 0,
from Eq. (2.53) we have

M
ylnl= L { N, by xln — k]} (2.55)
O =i

which is a nonrecursive equation, since previous output values are not required to compute the present output.
Thus, in this case, auxiliary conditions are not needed to determine y[n].
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C. Impulse Response:

Unlike the continuous-time case, the impulse response h[n] of a discrete-time LTI system described by Eq. (2.53)
or, equivalently, by Eq. (2.54) can be determined easily as

M N
h[n]:i N b 8ln= k1= a; hin —k] (2.56)
Ao |é=0 =1
For the system described by Eq. (2.55) the impulse response A[n] is given by
M b,/a 0=n=M
il = L 3 ot -k = [ . @57)
ay = 0 otherwise

Note that the impulse response for this system has finite terms; that is, it is nonzero for only a finite time dura-
tion. Because of this property, the system specified by Eq. (2.55) is known as a finite impulse response (FIR)
system. On the other hand, a system whose impulse response is nonzero for an infinite time duration is said to
be an infinite impulse response (IIR) system. Examples of finding impulse responses are given in Probs. 2.44
and 2.45. In Chap. 4, we will find the impulse response by using transform techniques.

SOLVED PROBLEMS

Responses of a Continuous-Time LTI System and Convolution

2.1. Verify Egs. (2.7) and (2.8); that is,
(@) x(t) = h(t) = h() * x(t)
(b)  Ax(@) * hy(D} * hy(®) = x(@) * {h (@) * h,(D)}

(a) By definition (2.6)

x(1) * h(t) = f:o x(T)h(t — 1) dt
By changing the variable 1 — 7= A, we have
O xh®)= [ xRy dr= [ A =R dh=h(t)* x(0)
(b) Letx(t) * h,(1) = f,(t) and h (1) # h,() = f,(r). Then
A= [ x@h—7)dr
and OO} b= FO* 0= [ fi(@)h(t —0)do
= [ [ x@ho-1 dr] hy(t — 0)do

Substituting A = o — rand interchanging the order of integration, we have

GO0y b0 = [ x@ [ [ Gy =7 = 2) d/x] dr

Now, since

HO=[" WGyt~ 1) da
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we have
L =)= [ My —7—2)d2
Thus, L) Iy (0} % oy (1) = f: x(O)f,(t — 1) dt
= x(t) * fo (1) = x(t) * {hy (t) = hy (1)}

2.2. Show that
(@ x@ 0@ = x@)
(b) x@) * 6(t — 1) = x(t — 1)

© xO=un)=[ x@)dr
d) x(t)wult—ty)= f:o’“ x(t)dt
(@) By definition (2.6) and Eq. (1.22) we have

x(£)* 8(t) = fi X(D)8(t — 1) dT =x(1)|__, = x(1)
(b) By Egs. (2.7) and (1.22) we have

x(t)#0(t —19) = 8(t — 1) * x(t) =f_0;6(17 —1y)x(t — ) dr
=x(t—1)|_, =x(—1)

(¢©) By Egs. (2.6) and (1.19) we have

0 ruy= [~ x@ue-ndr= [ xwdr

1 <t

since u(t —7) = {
0 T>t

(d) 1In asimilar manner, we have
xyxut =)= [ x@ut -7 —1)dr=[ " x@)dr

. g g )= 1 T<t—1
since u(t —t 0)—{0 ‘r>l—t0'
2.3. Let y(r) = x(¢) * h(f). Then show that

Xt —t)*xht—1)=yt—1t —1)
By Eq. (2.6) we have
YO =x0)*h()= [ x@h(t ) dr
and xX(t —1,) * h(t —t2):f:x(r—tl)h(t—r—zz)dr

Lett—t, = A Then 7= A + ¢, and Eq. (2.63b) becomes

x(t—1,)*h(t *t2)=f_:x()»)h(t7tl —t, —A)dA

61

(2.58)
(2.59)

(2.60)

2.61)

(2.62)

(2.63a)

(2.63b)

(2.63c¢)
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Comparing Eqs. (2.63a) and (2.63¢), we see that replacing in Eq. (2.63a) by t — ¢, — ¢,, we obtain Eq.
(2.63c¢). Thus, we conclude that

x(t—t)kh(t—1t)=y(t—1t —1t)
2.4. The input x(¢) and the impulse response A(f) of a continuous time LTI system are given by
x(t) = u() h(t) = e “u(t),a>0

(@) Compute the output y(#) by Eq. (2.6).
(b) Compute the output y(f) by Eq. (2.10).

(@) ByEq.(2.6)
Y0 =x0)xh) = [~ X@h(t ~7)dr

Functions x(t) and 4(r — T) are shown in Fig. 2-4(a) for r <0 and > 0. From Fig. 2-4(a) we see that
for t <0, x(7) and A(t — 7) do not overlap, while for r > 0, they overlap from 7= 0 to T = r. Hence, for
t<0,y() =0.Fort>0, we have

y(t) =f(; e T g = efmf(: e dt

:e*ati(eat_l):l(l_e*at)
[0 o

av
av

0 0
h(t—) x(t—)
t<0 t<0
A7 1
t 0 T t 0 T
h(t—m) x(t—m)
t>0 1 t>0
1 7|
0 t T 0 t T
@ (b)

Fig. 2-4
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Thus, we can write the output y(¢) as
YO === ) (2.64)
() By Eq.(2.10)
Y(1) = h(r) * x(1) = f:c h(T)x(t — ) dt

Functions i(t) and x(t — 7) are shown in Fig. 2-4(b) for r <0 and r > 0. Again from Fig. 2-4(b) we see
that for t <0, A(t) and x(+ — 7) do not overlap, while for > 0, they overlap fromt=0to T =1.
Hence, for t < 0, y(tf) = 0. For > 0, we have

_ M —ar _ i _ _—at
y(t)ffoe dt a(l e ™)
Thus, we can write the output y(7) as
1 _
YO =—1—e “u) (2.65)
a
which is the same as Eq. (2.64).

Compute the output y(7) for a continuous-time LTI system whose impulse response A(7) and the input
x(?) are given by

h(@t)=e “u() x)=e"u(—1t) a>0
By Eq. (2.6)
y(1) = x(1) * h(t) = f:c x(T)h(t — 7) dt

Functions x(t) and (¢ — 7) are shown in Fig. 2-5 (a) for r <0 and r > 0. From Fig. 2-5 (a) we see that for
t <0, x(7) and h(t — T) overlap fromr = — to T = ¢, while for t > 0, they overlap from 1= —»to t=0.
Hence, for t <0, we have

— J at —o(t—T1) —_ —at ! 2at :L at (266a)
y(t) ffooe ¢ dr=e f*we dv 2ae
For t > 0, we have
)= 0 e e Ty = g 0 Ny = L670" (2.66b)
yo=[__ S 2a '

Combining Eqgs. (2.66a) and (2.66b), we can write y(f) as
1 _
yt)=—=e M a>0 (2.67)
2a

which is shown in Fig. 2-5(b).
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X(t)

i 4

0

h(t—1)
y(®)
t<0
_M ----- 1
— ; ; X
h(t—7) )
t>0
1 _____
_//I >
0 t T

Fig. 25

2.6. Evaluate y(r) = x(t) * h(t), where x(f) and h(f) are shown in Fig. 2-6, (a) by an analytical technique, and
(b) by a graphical method.

x(t) hit)

~ v

Fig. 2-6
(@) We first express x(r) and h(7) in functional form:
X0 =ut) —ut—3)  h(D) = u(t) — u(t —2)
Then, by Eq. (2.6) we have
y(1) = x(1) * h(t) = f:x(r)h(z —1)dt
= [ @ —u@ = [u —7) ~u(t —7 ~2)] dr
= [ u@ut v~ [~ u@ut —2-1)d

— [ u = But —vydr+ [ u@=utt ~2-7)dr
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Since

we can express y(f) as

1 o<t<t,t>0
u(u(t —t)= .
0 otherwise
1 0<t<t—2,t>2
u(@u(t—2—1)= .
0 otherwise
1 3<t<t,t>3
u(t —3u(t —1)= .
0 otherwise
1 3<t<t—2,t>5
w(t—3u(t—2—-1)= .
0 otherwise

y(@)= (f;dr)u(t) - (f;izd‘r)u(t -2)

—(f;dr)u(t —3)+ (f:zdr)u(t -5)

=tu(t)— @ —2u —2)— ¢ —3u(t—3)+ (¢ —Su(t —5)

which is plotted in Fig. 2-7.

'\()
, tu(®
2| ‘ R
o (t-5ut-5)
1+
| | | | s >
0 1 2% 3% 4 5 6 t
-1r NN (t-3ut-3)
- t-2ut-2) v s

Fig. 2-7

65

(b) Functions h(t), x(t) and h(t — 1), x(7) h(t — ) for different values of ¢ are sketched in Fig. 2-8. From
Fig. 2-8 we see that x(7) and h(r — 7) do not overlap for r <0 and t > 5, and hence, y(r) = 0 forr <0

and t > 5. For the other intervals, x(7) and h(r — T) overlap. Thus, computing the area under the

rectangular pulses for

these intervals, we obtain

0 <0

t 0<r=2
y(@®)=12 2<t=3

5—t 3<tr=5

0 5<t

which is plotted in Fig. 2-9.

2.7. Let h(f) be the triangular pulse shown in Fig. 2-10(a) and let x(¢) be the unit impulse train [Fig. 2-

10(b)] expressed as

Determine and sketch y(f) = h(f) * x(¢) for the following values of T: (@) T = 3,(b) T =2,(c) T = 1.5.

x()=06;(1)= i 6(t —nT)

n=—o

(2.68)
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htx)
1
-1 0 1 3 4 T
h(t—T)
t<0
1
1 1 1 1 1 t
-2 -1 t0 1 3 4 T
t—2
h(t—T)
O<t<2
1
1 1 1 1 1 :
-2 140 1¢ 3 4 T
t—2
h(t—m)
2<t<3
1
1 1 | 1 1 1 1 >
-2 -1 0t 3 4 5
t—2
h(t—7)
3<t<5
1
2 -1 0 142 3t4 5 T
t—2
h(t—1)
5<«t
1
1 1 1 1 1 1 t
-2 -1 0 1 3t4 5 T
t—2
Fig. 2-8
y(®)

x(v)
-1 0 1 2 4
x(t)h(t—)
t<0
1 1 1 1 t
-1 0 1 2 4 1
Xx(t)h(t—1)
O<t<?2
-1 0 1 ¢t 2 4 T
x@h(t—T)
2<t<3
1 | 1 1 1 >
-1 0ft1 2¢t3 4 =
t—2
X(t)h(t—m)
}‘ 3<t<b
1 | 1 1 1 >
-1 0 1%2 4 =
t—2
X(t)h(t—1)
5<«<t
1 1 1 1 t
-1 0 1 2 4 1

~v
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2.8.

ht 5,40

—
—
~ —>
>

-1 0 1 t -2T -T 0
Fig. 2-10
Using Eqgs. (2.59) and (2.9), we obtain

i 8(t —nT)

n=-o

y (1) = h(1) % 6(1) = h(1) *

0 ©

= E h(t)*8(t —nT)= E h(t —nT) (2.69)

(a) For T =3,Eq.(2.69) becomes

©

Y=Y ht=3n

n=—oo
which is sketched in Fig. 2-11(a).
(b) For T =2,Eq.(2.69) becomes

®

Y=Y ht—2n)

n=—oo
which is sketched in Fig. 2-11(b).
(¢) ForT=1.5,Eq. (2.69) becomes

0

y(t) = E h(r —1.5n)
which is sketched in Fig. 2-11(c). Note that when 7' < 2, the triangular pulses are no longer separated and

they overlap.

If x,(¢) and x,(¢) are both periodic signals with a common period 7, the convolution of x,(r) and x,(¢)
does not converge. In this case, we define the periodic convolution of x,() and x,(t) as

FO=50@ %0 = [ 1@ —1)dv (2.70)
(@) Show that f(7) is periodic with period 7,,.
(b) Show that
a+Ty
ft)y= f x,(T)x, (1 — T) dv (.71)

for any a.

(¢) Compute and sketch the periodic convolution of the square-wave signal x(#) shown in Fig. 2-12
with itself.
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yit)

-7 —6 -5 —4 -3 -2 —1 0 1 2 t
@
Y10
T=2
1
1 1 1 1 1 1 1 »
-7 —6 -5 —4 -3 -2 —1 0 1 2 3 4 5 6 7 t
®)
Y0
T=15
_M/\N\_/\_/\_M_
Ly Ly L e TR LNy . >
-7 —6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 t

Fig. 2-11

X(t)

Ty T, 0 T, T t
2 2
Fig. 2-12

(@) Since x,(7) is periodic with period T, we have
Xt +T,—1)=x,(t — 1)
Then from Eq. (2.70) we have
FE+Ty)= [ 5@+ Ty =) de

To
=f0 x,(T)xy(t —7)dT = f(1)

Thus, f(7) is periodic with period T,,.
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(b) Since both x,(7) and x,(7) are periodic with the same period T, x,(T)x, (t — T) is also periodic with period
T,,. Then using property (1.88) (Prob. 1.17), we obtain

T a+T
fn= f0°x1(r)x2(t —nydr={ %, (0)x, (t —T) dT
for an arbitrary a.

(¢) We evaluate the periodic convolution graphically. Signals x(t), x(t — 7), and x(t)x (¢ — T) are sketched in
Fig. 2-13(a), from which we obtain

A%t 0<t=T,/2
f= and  f(r+Ty)=f(r)
—A*(t—T,) T,2<t=T,

which is plotted in Fig. 2-13(b).

x(x) x(x)
A A

Ty T, 0 T, T T T, 0 Ty Too T

, 2 2 2 2 :

: 3 : 0 : oy v To

i ) X(t—7) : O<t<? : x(t T)i . ?<t<7—0

. . —AF — :

i o R ! i >
—Toi 0{5 Toi T P T OEEtTOEE T

b TR I V2 P

b - P Lo o t i To

P Xkt 0<t<— L et pst<To

H A2 ! H [ prin HE Y

| | » 1 »
-7, 0t T, T, T T, 0 T, T T
2 @) 2 2
ft)
2
AT,
2 -
1 1 1 1 >
—2T, T, T, 0 T, T, 2T, t
T2 2
(b)

Fig. 2-13
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Properties of Continuous-Time LTI Systems

2.9. The signals in Figs. 2-14(a) and () are the input x(f) and the output y(7), respectively, of a certain
continuous-time LTT system. Sketch the output to the following inputs: (a) x(t — 2); (b) %x(t).

(a) Since the system is time-invariant, the output will be y(r — 2), which is sketched in Fig. 2-14(c).

(b) Since the system is linear, the output will be %y(t), which is sketched in Fig. 2-14(d).

x()

v

@) b)

y(t-2)

y(®)
2
1
1 1 >
—1 0o 1 t —1 0 1 2 3 t
1
Lyt
2y()
1
1 1
0o 1 2 3

~“ v

-1 0 1 2 3 4 5 t -1

(© (d)
Fig. 2-14

2.10. Consider a continuous-time LTI system whose step response is given by
s(t) = e "u(r)
Determine and sketch the output of this system to the input x(f) shown in Fig. 2-15(a).

From Fig. 2-15(a) the input x(¢) can be expressed as
x(®) =u—1) —u(t—3)
Since the system is linear and time-invariant, the output y(f) is given by

y(&) = st — 1) — s(t — 3)
=e Dyt —1) — e Iy —3)

which is sketched in Fig. 2-15(b).

x(t) y@®

—_
—_

~+ v

Fig. 2-15
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2.11. Consider a continuous-time LTI system described by (see Prob. 1.56)

YO =Ty = [ xwr

(a) Find and sketch the impulse response A(f) of the system.

(b) Is this system causal?

(a) Equation (2.72) can be rewritten as
_ 1 «+712 y 1 -T2 d
y(f)—?ﬁo0 x(t)dt ?fiw x(T)dt

Using Egs. (2.61) and (2.9), Eq. (2.73) can be expressed as

;x(t)*u(th
=x(t)*—

7{ u(t—l—g)—u(t —g)}=x(t)*h(t)
h(t)=—

Het 4

which is sketched in Fig. 2-16.

y(t)= %x(z) * u(t +%

Thus, we obtain

{I/T —TR<t=T/2

0 otherwise

(b) From Fig. 2-16 or Eq. (2.75) we see that h(r) # O for < 0. Hence, the system is not causal.

~v

—T/2 0 /2
Fig. 2-16

71

(2.72)

(2.73)

(2.74)

(2.75)

2.12. Let y(r) be the output of a continuous-time LTI system with input x (7). Find the output of the system if

the input is x'(f), where x'(¢) is the first derivative of x(f).
From Eq. (2.10)
YO =h)xx) = [~ k@ 1) dr

Differentiating both sides of the above convolution integral with respect to 7, we obtain

V()= % [ RGN G dr] - 4 Wt — 1) dr

—wdt
= [~ h@¥ @ =) dTr=h()* x'(0)

which indicates that y'(¢) is the output of the system when the input is x'(7).
2.13. Verify the BIBO stability condition [Eq. (2.21)] for continuous-time LTT systems.

Assume that the input x(7) of a continuous-time LTI system is bounded, that is,

[x(0)| =k, all 7

(2.76)

(2.77)
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Then, using Eq. (2.10), we have

|y()| = ‘ [ hox—7)dr

= f:o| h(x)x(t —7)| dt
= [" @ xt —Dldr=k [~ |h@D)]|dr
since |x(t — )| =k, from Eq. (2.77). Therefore, if the impulse response is absolutely integrable, that is,
[ In@]dr=K <o
then |y(1)| =k K = k, and the system is BIBO stable.

2.14. The system shown in Fig. 2-17(a) is formed by connecting two systems in cascade. The impulse
responses of the systems are given by h,(7) and h,(7), respectively, and

h () = e > u(®) hy(t) = 2e™"u(t)

(a) Find the impulse response A(f) of the overall system shown in Fig. 2-17(b).
(b) Determine if the overall system is BIBO stable.

x(0) w(t) ¥l
hy(t) F——{ ht) ——

x(t) yt)

(b)

Fig. 2-17

(a) Letw(?) be the output of the first system. By Eq. (2.6)
w(t) = x(t) * h, (1) (2.78)
Then we have
(@) = w(t) * hy(1) = [x(2) x b (D)] * hy (D) (2.79)
But by the associativity property of convolution (2.8), Eq. (2.79) can be rewritten as
YO = x(0) * [1, (&) * hy ()] = x(1) * h(r) (2.80)
Therefore, the impulse response of the overall system is given by
h(t) = h(t) * h,(t) (2.81)

Thus, with the given h,(?) and h,(¢), we have

ho= [ m@ht-rydr=[" ¢ *um2e " Vut—7)dr

=27 (7 e u@ut —ydr=2¢" [ e dr} u(t)

=2 —e u(t)
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(b) Using the above A(f), we have

f:,lh(":)ld"fzzf:(eir —efzr)d‘r:2[f:eff d.,;_f:eﬂr d‘r}

=2(1—1)=1<oo
2

Thus, the system is BIBO stable.

Eigenfunctions of Continuous-Time LTI Systems
2.15. Consider a continuous-time LTI system with the input-output relation given by
y(1) = fi ¢ OxT) dt (2.82)

(a) Find the impulse response A(f) of this system.
(b) Show that the complex exponential function e* is an eigenfunction of the system.

(¢) Find the eigenvalue of the system corresponding to e* by using the impulse response A(f) obtained
in part (a).

(a) From Eq. (2.82), definition (2.1), and Eq. (1.21) we get
ho=[ e smdr=e | =e" 1>0
—o0 T=
Thus, h(t)=e"u(t) (2.83)
(b) Letx(t) = e*. Then

U _al
y(t)=f7me U0 T dr=e ’fiwe(”')r dr

1
= e’ = A" ifRes>—1 (2.84)
s+1

Thus, by definition (2.22) e* is the eigenfunction of the system and the associated eigenvalue is

1
A= 2.85
s+1 ( )

(¢) Using Eqgs. (2.24) and (2.83), the eigenvalue associated with e* is given by

A=H()=[" hwe " dr=[" ¢ Tuwe " dr

:f e*(sﬂ)r dr =
0 s+

if Res>—1

which is the same as Eq. (2.85).

2.16. Consider the continuous-time LTI system described by
1 T2 p (2.86)
Y= f L 20 dr :

(a) Find the eigenvalue of the system corresponding to the eigenfunction e*.

(b) Repeat part (a) by using the impulse function A(f) of the system.
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(a) Substituting x(7) = ¢*"in Eq. (2.86), we obtain

1 «+71/2
y(t)==— e dt
TJi-=T/2
1 .
zi(esT/Z —e sT/Z)est =Ae"

sT
Thus, the eigenvalue of the system corresponding to e is

}L=L(esT/2_e—sT/2) (287)
sT

(b) From Eq. (2.75) in Prob. 2.11 we have
h(t)=—

He 4

Using Eq. (2.24), the eigenvalue H(s) corresponding to e is given by

_|\ur —TIR2<t=T]/2
0 otherwise

% _ 1 12 _ 1 _
— ST — ST — sT/I2 sT/2
H(s)—f_Oc h(t) e dt —Tf_me dt T (e e )
which is the same as Eq. (2.87).

2.17. Consider a stable continuous-time LTI system with impulse response /() that is real and even. Show
that cos wt and sin wt are eigenfunctions of this system with the same real eigenvalue.

By setting s = jwin Egs. (2.23) and (2.24), we see that ¢/’ is an eigenfunction of a continuous-time LTI
system and the corresponding eigenvalue is

A:H(jw):ffwh(r) eI dr (2.88)
Since the system is stable, that is,
[ |h@]dr <o
then [ e ar= (" [n@|e " |dr= [ |nw)|dr <
since |e7®T| = 1. Thus, H(jw) converges for any w. Using Euler’s formula, we have
H(jw) =f:c h(t) e /" dt =f_mwh(r)(cos ot — jsinwt)dr
=f:ch(r) cos wT dr—jfjomh(r) sinwt dt (2.89)

Since cos wtis an even function of Tand sin wtis an odd function of 7, and if A(?) is real and even, then ()
cos wtis even and h(7) sin wtis odd. Then by Eqgs. (1.75a) and (1.77), Eq. (2.89) becomes

H(j) =2, h()cos wr dv (2.90)
Since cos wrtis an even function of w, changing wto —win Eq. (2.90) and changing jto — jin Eq. (2.89), we have

H(—jo)=H(jw) =2 f: h(t)cos(—ar) dr

=2f0°°h(r)cosmdr=H(jw) (2.91)
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Thus, we see that the eigenvalue H(jw) corresponding to the eigenfunction ¢/’ is real. Let the system be
represented by T. Then by Eqgs. (2.23), (2.24), and (2.91) we have

T{e/'} = H(jw) /' (2.92a)
T{e 7o'} = H(—jw) e /"' = H(jw) e 7" (2.92b)

Now, since T is linear, we get

T{coswt} =T {%(ef'“” + e’f""’)} = %T{e"”’} + %T{eﬁwt}

- H(jw){%(e-"’”’ + e*-"””)} — H(jo) cos ot (2.93a)
. 1 jwt — jot 1 jwt 1 — jot
and T{sin wt}=T{.(e-7 —e/ )}=.T{e’ }——T{e '™}
2j 2j 2j
= H(jw){zl_(ejw’ —e_j“”)}—H(jw) sin wt (2.93b)
J

Thus, from Eqgs. (2.93a) and (2.93b) we see that cos wt and sin wt are the eigenfunctions of the system with
the same real eigenvalue H(jw) given by Eq. (2.88) or (2.90).

Systems Described by Differential Equations

2.18. The continuous-time system shown in Fig. 2-18 consists of one integrator and one scalar multiplier.
Write a differential equation that relates the output y(f) and the input x(f).

s > f y(®) >

Fig. 2-18

Let the input of the integrator shown in Fig. 2-18 be denoted by e(7). Then the input-output relation of the
integrator is given by

Y1) = fi (1) dt (2.94)
Differentiating both sides of Eq. (2.94) with respect to ¢, we obtain

dy(®) _ e(t) (2.95)
dr

Next, from Fig. 2-18 the input e(7) to the integrator is given by

e(t) = x(t) — ay(t) (2.96)

Substituting Eq. (2.96) into Eq. (2.95), we get

dy(t)

I x(1) —ay(1)
or % +ay(t) = x(t) (2.97)

which is the required first-order linear differential equation.
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2.19. The continuous-time system shown in Fig. 2-19 consists of two integrators and two scalar multipliers.
Write a differential equation that relates the output y(r) and the input x(7).

@
x(t) . e(t) ) f ) f y(®)

+ w(t)

a2|<

Fig. 2-19

Let e(7) and w(r) be the input and the output of the first integrator in Fig. 2-19, respectively. Using Eq. (2.95),
the input to the first integrator is given by

_dw(r) _

e(t) &

—aw(t) —a,y(t) + x(t) (2.98)

Since w(?) is the input to the second integrator in Fig. 2-19, we have

w(t)= 0] (2.99)
dt
Substituting Eq. (2.99) into Eq. (2.98), we get
d’y(0) dy (1)
e _aIT_azy(t) +x(0)
’y@) , dy()
or % +a17+a2y(l):x(t) (2.100)

which is the required second-order linear differential equation.

Note that, in general, the order of a continuous-time LTI system consisting of the interconnection of

integrators and scalar multipliers is equal to the number of integrators in the system.

2.20. Consider a continuous-time system whose input x(f) and output y(7) are related by

DO 4 ayty=x(r) (2.101)
dt

where a is a constant.

(a)

)

(@)

Find y(r) with the auxiliary condition y(0) = y, and
x(t) = Ke " u(f) (2.102)

Express y(¢) in terms of the zero-input and zero-state responses.

Let
y@) =y,(0 + y,(0)

where yp(l) is the particular solution satisfying Eq. (2.101) and y,(7) is the homogeneous solution which
satisfies

dy, (1)

+ =0 (2.103)
dr ay, (1)
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(b)

Assume that
y,(0) = Ae™” t>0 (2.104)
Substituting Eq. (2.104) into Eq. (2.101), we obtain
—bAe " + gAe " = Ke ™"

from which we obtain A = K/(a — b), and

K _
¥, ()= beb’ >0 (2.105)

a—
To obtain y,(#), we assume

y,(H) = Be*!
Substituting this into Eq. (2.103) gives

sBe*' + aBe*' = (s + a) Be’' =0

from which we have s = —a and
y(0) = Be™
Combining yp(t) and y, (1), we get
y()=Be “ + K oo >0 (2.106)

From Eq. (2.106) and the auxiliary condition y(0) = y,, we obtain

B=y0—a_b

Thus, Eq. (2.106) becomes

K |\ . K _
y@) =y, — e+ et >0 (2.107)
a—>b a—>b

For t <0, we have x(f) = 0, and Eq. (2.101) becomes Eq. (2.103). Hence,
¥(t) = Be™™ t<<0
From the auxiliary condition y(0) = y, we obtain
V() =y t<0 (2.108)

Combining Egs. (2.107) and (2.108), y(#) can be expressed in terms of y,. () (zero-input response) and
,,(f) (zero-state response) as

—at K —bt —at
y(@)=ye “ + € —e ()
a—b
=y, (1) +y,() (2.109)

at

where Vi) =yoe~ (2.110a)

V()= (e — ey u(r) (2.110b)
a-b
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2.21. Consider the system in Prob. 2.20.
(a) Show that the system is not linear if y(0) = y, # 0.
(b) Show that the system is linear if y(0) = 0.

(a) Recall that a linear system has the property that zero input produces zero output (Sec. 1.5E). However, if
we let K = 0 in Eq. (2.102), we have x(#) = 0, but from Eq. (2.109) we see that

) = y()e*“’ #0 Y, 70

Thus, this system is nonlinear if y(0) =y, # 0.

(b) Ify(0) = 0, the system is linear. This is shown as follows. Let x, (¢) and x,(#) be two input signals, and let
¥,(?) and y,(?) be the corresponding outputs. That is,

M+ayl(t)=x1(t) (2.111)
dt
D2 4 () = 5y (0) (2.112)
dt
with the auxiliary conditions
¥,0) =y,(00=0 (2.113)

Consider
x(#) = ox (1) + a, x,(2)

where , and a, are any complex numbers. Multiplying Eq. (2.111) by &, and Eq. (2.112) by a, and
adding, we see that

(@) = oy, (1) + a,y,(0)
satisfies the differential equation

M+tly(t)=16(t)
dt

and also, from Eq. (2.113),
¥(©0) = o,y,(0) + a,»,(0) =0

Therefore, y(¢) is the output corresponding to x(#), and thus the system is linear.

2.22. Consider the system in Prob. 2.20. Show that the initial rest condition y(0) = 0 also implies that the
system is time-invariant.

Let y,(¢) be the response to an input x,(7) and

LH=0 =0 (2.114)
Then %ﬂm(r):x,m (2.115)
and yl(O) =0 (2.116)

Now, let y,(t) be the response to the shifted input x,(#) = x,(t — 7). From Eq. (2.114) we have

(1) =0 =t (2.117)
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2.23

Then y, () must satisfy

dy, (1)

o +ay, (1) = x, (1) (2.118)

and ¥,(1) =0 (2.119)
Now, from Eq. (2.115) we have

M -7
dt

+ay(t —1)=x(t —1)=x,(t)
If we let y,(¢) = y,(t — 7), then by Eq. (2.116) we have
»@=y@-1)=y(0) =0
Thus, Egs. (2.118) and (2.119) are satisfied and we conclude that the system is time-invariant.

Consider the system in Prob. 2.20. Find the impulse response A(f) of the system.

The impulse response A(#) should satisfy the differential equation

% +ah(t)=6(t) (2.120)

The homogeneous solution £,(7) to Eq. (2.120) satisfies

%mmm:o (2.121)
To obtain h,(f), we assume
h,(t) = ce*!
Substituting this into Eq. (2.121) gives
scest + ace’ = (s +a)ces’ =0
from which we have s = —a and

hy() = ce™ u(r) (2.122)

We predict that the particular solution hp(t) is zero since hp(t) cannot contain d(7). Otherwise, h(f) would have a
derivative of d(7) that is not part of the right-hand side of Eq. (2.120). Thus,

h(t) = ce” ™ u(t) (2.123)
To find the constant ¢, substituting Eq. (2.123) into Eq. (2.120), we obtain
d —at —at
E[ce u(t)] +ace “u(t)=96(t)

ace” “u(@t)=9(t)

_ _a du(t
or —ace “u(t)+ ce ‘”7()-1-
t

Using Eqs. (1.25) and (1.30), the above equation becomes

ce du(t) _

ce” "O(t)=co(t)=6(t)
dt

so that ¢ = 1. Thus, the impulse response is given by

h(t) = e~ u(t) (2.124)
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2.24 Consider the system in Prob. 2.20 with y(0) = 0.

(a) Find the step response s(f) of the system without using the impulse response A(f).

(b) Find the step response s(f) with the impulse response A(f) obtained in Prob. 2.23.
(¢) Find the impulse response A(f) from s(7).

(a) In Prob.2.20
x() = Ke " u(t)

Setting K = 1, b = 0, we obtain x(#) = u() and then y(r) = s(t). Thus, setting K = 1, 5 = 0, and y(0) = y, =
0 in Eq. (2.109), we obtain the step response

s(t)=l(1—e“”)u(z) (2.125)
a
(b) Using Eqgs. (2.12) and (2.124) in Prob. 2.23, the step response s(¢) is given by
so=[_nwdr={" e u@dr
! —ar 1 —at
= [f e dr]u(t)=—(1 —e ()
o P

which is the same as Eq. (2.125).
(¢) Using Eqs. (2.13) and (2.125), the impulse response A(f) is given by

1 _
h(t)=1s'(t) :%[5(1 —e at)u(t)]
=e “ult)+ l(1 —e Mu'(r)
a

Using Eqgs. (1.25) and (1.30), we have

1 (I—e “u'(t)= l(l —e o= l(1 —Do(@)=0
a a a

Thus, h(t)=e “u(t)

which is the same as Eq. (1.124).

2.25. Consider the system described by

Y@ + 2y(t) = x(1) + x'(1) (2.126)
Find the impulse response A(f) of the system.
The impulse response h(f) should satisfy the differential equation
R(t) + 2h(t) = 6(r) + 6'(1) (2.127)
The homogeneous solution 4,(7) to Eq. (2.127) is [see Prob. 2.23 and Eq. (2.122)]

hy(t) = ¢ e > u(t)

Assuming the particular solution hp(t) of the form

hp(z) =¢,0(1)
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the general solution is
h(r) = c,e™*"u(?) + ¢,0(1) (2.128)

The delta function 6(7) must be present so that /'(¢) contributes d'(¢) to the left-hand side of Eq. (1.127).
Substituting Eq. (2.128) into Eq. (2.127), we obtain

—2c,e”u(r) + ¢, e u'(t) + ¢,0'(t) + 2c e H u(t) + 2c¢, 6(1)
=06@)+ 6'(1)

Again, using Eqgs. (1.25) and (1.30), we have
(¢, +2¢,)0(t)+¢,8'(t) =0(t)+ ()
Equating coefficients of d(¢) and 8'(z), we obtain

¢, +2¢,=1 c, =1

from which we have ¢, = —1 and ¢, = 1. Substituting these values in Eq. (2.128), we obtain
h(t) = —e > u(t) + 6(1) (2.129)

Responses of a Discrete-Time LTI System and Convolution

2.26 Verify Eqgs. (2.36) and (2.37); that is,
(@) x[n] * hln] = hln ] * x[n]
(b) Axln] = h[n 1} = hyln] = x[n] * {h,[n] = h,[n]}
(a) By definition (2.35)

x[n]*h[n] = E x[klh[n— k]

k=—o

By changing the variable n — k = m, we have

x[n]*h[n)= E x[n—mlh[m]= E h[m]x[n — m] = h[n]*x[n]

m=—0ow m=—o0

(b) Letx[n] * h [n] = f,[n] and h\[n] * hy[n] = f,[n]. Then

©

Alnl=" xlkliy[n = k]

k=—o0

and {x[n]*h,[n]}*hy[n]= filn]*h,[n]= E filmlh,y[n—m]
= > { > x[k]hl[m—k]}hz[n—m]
m=o |k=—c

Substituting r = m — k and interchanging the order of summation, we have

{x[nlshy[n]} xhylnl =), x[k][ > hl[r]hz[n—k—r]]

k=—o r=—o0
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Now, since
frlnl= E hylrlh,ln —r]
we have
hHln—k]l= 2 hlrlh,n—k—r]
Thus, {x[n]*hy[n]}*hy[n]= i x[k] foln — k]

k=—o

= x[n]* fo[n] = x[n]+{h[n]*h,[n]}

2.27. Show that

(@) x[n] = 8[n] = x[n]
() x[n]* 8[n — ny) = x[n — ny)

o0

(© x[n]*u[n]= E x[k]

k=—o

n—ngpy
@) x[nl*uln—ngl= Y x[k]

k=—o
(a) By Eq. (2.35) and property (1.46) of d[n — k] we have

x[n]*8[n]= 2 x[k]8[n—k]= x[n]
k=—o0
(b) Similarly, we have

x[n]*6[n —nyl= 2 x[k]0[n—k —nyl=x[n—ny]

k=—o

(¢) By Eq. (2.35) and definition (1.44) of u[n — k] we have

e n

x[nl*uln] = E x[kluln—k]= E x[k]

k=—o k=—w
(d) In a similar manner, we have
3 n—ny

x[n]*u[n—nyl= E x[k]uln—k —ny]= E x[k]

k=—o k=—o

2.28 The input x[n] and the impulse response /[n] of a discrete-time LTI system are given by

x[n] = u[n] hn] = a" u[n] 0<a<l1

(a) Compute the output y[n] by Eq. (2.35).
(b) Compute the output y[n] by Eq. (2.39).

(a) By Eq.(2.35) we have

©

yinl=x[nl+h[n]= Y x[klhin—k]

k=—o

(2.130)
(2.131)

(2.132)

(2.133)
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Sequences x[k] and h[n — k] are shown in Fig. 2-20(a) for n <0 and n > 0. From Fig. 2-20(a) we see
that for n <0, x[k] and A[n — k] do not overlap, while for n = 0, they overlap from £k =0 to k = n.

Hence, forn <0, y[n] = 0. Forn =0, we have

n
yinl=y a"*
k=0

x[K]

ST

x~v
=
=

-2-1 01 2 3

h[n—kK] 1-a

o??TTI1_ - 1 TI[E

(b)

0@ » L o
0 K —2-1 0 1
(b)
hln—K]

1 n>0

ee?1? T ~—o
0 n k
@

Fig. 2-20

Changing the variable of summation kto m = n — k and using Eq. (1.90), we have
n+1

S = 1—a
[n]= "= M= —
! mzna mZOa l-a

Thus, we can write the output y[n] as
1__an+1
yln]= (]u (n]
l-a

which is sketched in Fig. 2-20(b).
By Eq. (2.39)

©

y[nl= hin]*x[n]= E hlk]x[n — k]

k=—o

(2.134)

Sequences h[k] and x[n — k] are shown in Fig. 2-21 for n <0 and n > 0. Again from Fig. 2-21 we see

that for n <0, hlk] and x[n — k ] do not overlap, while for n = 0, they overlap from k = 0 to k = n.

Hence, for n <0, y[n] = 0. For n = 0, we have
n+l

- l—a
Minl= Y af =——
=0 I—a

Thus, we obtain the same result as shown in Eq. (2.134).
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hlK]

.o TTT?Q

0123 l:
x[n —K]
HIHJ
n 0 I:
x[n —kK]
I h m_ -
-1 0 n I:

Fig. 2-21

2.29 Compute y[n] = x[n] * h[n], where
(@) x[n] = o"uln], h[n] = B"uln]
b) x[n] = ad"uln], hin]l = a"u[-n],0 < a <1

(@)

From Eq. (2.35) we have

©

Mnl= Y dklhin—k1= 3 a*ulk1B" *uln k]

k=—o k=—o

= E akﬁ"*ku[k]u[n —k]

k=—o
. 1 0<k=n
since ulkluln —k]= .
{0 otherwise
we have
n n k
yinl= Y o' =Y ("‘) n=0
k=0 o\ B
Using Eq. (1.90), we obtain
_ n+l
@B atp
ylnl= 1=(al/Pp) (2.135a)
B"(n+Duln] a=

#(ﬁn+l 7an+1)u[n] a+ ﬁ

or ynl=1B—a (2.135b)
B (n+1uln] a=
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(b)

y[nl= E x[klh[n—k]= E afulkla™ " Pul— (n — k)]

k=—o k=—o0

= E a " ulklulk —n]

k=—o
For n =0, we have

etk —m={ °=*
L " 0 otherwise

Thus, using Eq. (1.91), we have

0 -n

" —n 2.k o
nl=a a’=a a”) = n=0 2.136a
ylnl ,Zo ]ZO( f =0 ( )

For n =0, we have

n=k

u[k]u[kn]I{1

0 otherwise

Thus, using Eq. (1.92), we have

2n o

=o' Y @) =a "= n=0 (2.136b)
k=n

1—a
Combining Eqgs. (2.136a) and (2.136b), we obtain

||

alln (2.137)

Vinl =173

which is sketched in Fig. 2-22.
yln]

v?TTII IIITTQ ,

-2-101 2

Fig. 2-22

2.30. Evaluate y[n] = x[n] * h[n], where x[n] and h[n] are shown in Fig. 2-23, (a) by an analytical technique,
and (b) by a graphical method.

x[n] hln]

-101 23 n -1 01 2 n

Fig. 223
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(a) Note that x[n] and h[n] can be expressed as

x[n] = 6[n] + 8[n — 1] + 6[n — 2] + d[n — 3]
h[n] = 6[n] + 8[n — 1] + 6[n — 2]

Now, using Egs. (2.38), (2.130), and (2.131), we have

x[n] * h[n] = x[n] = {S[n] + 6[n — 1] + 8[n — 2]}
= x[n] % 6[n] + x[n] * 8[n —1] + x[n] * S[n — 2]
=x[n] +x[n—1] +x[n—2]

Thus, y[n] = d8[n] + 6[n — 1] + 6[n — 2] + 6[n — 3]
+0[n—1]+ 6[n—2] + 8[n— 3]+ 8[n —4]
+ 8[n — 2] + 6[n — 3] + 8[n — 4] + 6[n — 5]

or y[n] = d8[n] +26[n — 1] +36[n — 2] + 36[n — 3] + 26[n — 4] + 6[n — 5]
or yln] ={1,2,3,3,2,1}

(b) Sequences hlk], x[k] and h[n — k], x[k] h[n — k] for different values of n are sketched in Fig. 2-24.
From Fig. 2-24 we see that x[k] and i[n — k] do not overlap for n <0 and n > 5, and hence, y[n] =0
forn<Oandn>5.For 0 =n =35, x[k] and h[n — k] overlap. Thus, summing x[k]h[n — k] forO =n =35,
we obtain

yl0] =1 1] =2 yi2] =3 y[3]=3 yl4] =2 51 =1

or

ylnl=11,2,3,3,2, 1}

which is plotted in Fig. 2-25.

2.31. If x,[n] and x,[n] are both periodic sequences with common period N, the convolution of x [r] and x,[n]

does not converge. In this case, we define the periodic convolution of x,[n] and x,[n] as
N-1
fIn]l=x[n]®x,[n]= 2 x[k]xy [n— k] (2.138)
=0

Show that f[n] is periodic with period N.

Since x,[n] is periodic with period N, we have
X[(n—k)+N]=x,[n—kl

Then from Eq. (2.138) we have

N-1 N-1

fln+ NI= Y xilklxnln+ N —kl= Y x[klxl(n—k) +N]
k=0 k=0
N-1

= ¥ ulkln (=K1 = fln]
k=0

Thus, f[n] is periodic with period N.
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hlk] x[K]
1 1
-101234 k -101234 k
hin— K] x[k]h[n — K]
n<0
-4-3-2-1012 3 4 k -101234 k
hln— K] x[klh[n — K]
n=0
-3-2-1012 3 4 k -101234 k
hln — K] x[Klhin — K]
n=1
2101234 k -101234 k
hln — K] lx[k]h[n —K
n=2 TI
O o000 >
-101234 k -101234 k
hln— K] x[klh[n — K]
[11 [11
OO P W T oo >
-1012345 k -1012345 k
hin— K] x[klh[n — k]
—o—o—o—T—I—T—o—o—o—» n:440—0—0J—I—0—0—0—>
-1012345686 k -1012345 k
hln— K] x[klh[n — K]
40—H—O—U—T—H—> nzs;o—o—o—olo—o—o—v
-1012345686 k -1012345 k
hln — K] x[klh[n — k]
n>5
—o—o—o—o—o—T—T—T—o—» - O-O00OCCOO—
-101234567 K -1012345 k
Fig. 2-24
yin]
3_
2_
1@ ‘I
o0 00 >
-10 12 3 45 6

87



88 CHAPTER 2 Linear Time-Invariant Systems

2.32. The step response s[n] of a discrete-time LTI system is given by
s[n] = auln] 0<a<l

Find the impulse response A[n] of the system.
From Eq. (2.41) the impulse response /[n] is given by

hln] = s[n] —s[n — 1] = a™u[n] — o 'uln — 1]
={6[n]l+ a™uln— 11} — a" 'uln —1]
=6[n — (1 — aya" ' ufn — 1]

Properties of Discrete-Time LTI Systems

2.33. Show that if the input x[n] to a discrete-time LTI system is periodic with period N, then the output y[n]
is also periodic with period N.

Let h[n] be the impulse response of the system. Then by Eq. (2.39) we have

©

yinl= Y hlklx[n—k]

k=—o

Letn =m + N. Then

ylm+ N]= E hklx[m+ N —k]= E hk]x[(m — k) + N]

k==w k==
Since x[n] is periodic with period N, we have
x[(m—k)+ N]=x[m—k]
Thus, ylm+ N]= i hlklx[m—k]=y[m]

k=—o

which indicates that the output y[n] is periodic with period N.

2.34. The impulse response 4[n] of a discrete-time LTI system is shown in Fig. 2-26(a). Determine and
sketch the output y[n] of this system to the input x[n] shown in Fig. 2-26(b) without using the
convolution technique.

From Fig. 2-26(b) we can express x[n] as

x[n] = 6[n — 2] — 8[n — 4]

‘ -
@
- f—
N |l
(_,)_.
v
-
T
w
~
Oy J
v

Fig. 2-26
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2.35.

Since the system is linear and time-invariant and by the definition of the impulse response, we see that the
output y[n] is given by

yln] = hln — 2] — hln — 4]

which is sketched in Fig. 2-27.

hln—2]
1k
HITIIG " - , yln = hin—2]~hin—4]
0 12345118 n
_1_
hln—4]
;
(11
— 00 @ *—»
0| 1234567 l 1 n
_1_

Fig. 2-27

A discrete-time system is causal if for every choice of n, the value of the output sequence y[n] at n = n
depends on only the values of the input sequence x[n] for n = n, (see Sec. 1.5D). From this definition
derive the causality condition (2.44) for a discrete-time LTI system; that is,

0

h[n] =0 n<O0

From Eq. (2.39) we have

yinl=Y hiklx[n—k]
k=—o0
-1 o
= E h[klx[n— k] + Eh[k]x[n—k] (2.139)
k=0

k=—c
Note that the first summation represents a weighted sum of future values of x[n]. Thus, if the system is causal, then
-1
>, hlklx[n—k1=0
k=—o
This can be true only if

h[n] =0 n<0

Now if A[n] = 0 for n <0, then Eq. (2.139) becomes
ylnl="y hlklx[n—k]
k=0

which indicates that the value of the output y[n] depends on only the past and the present input values.



90 CHAPTER 2 Linear Time-Invariant Systems

2.36. Consider a discrete-time LTI system whose input x[n] and output y[n] are related by

y[n]= E 25 x [k +1]
k=—o

Is the system causal?

By definition (2.30) and Eq. (1.48) the impulse response h[n] of the system is given by

h(n]= E 2Kk + 1= E 27DS [k + 1] =2"0tD E S[k+1]

k=— k=—» k=—o
By changing the variable kK + 1 = m and by Eq. (1.50), we obtain

n+1
h[n]=2"0""D E S[ml=2""Dyn+1] (2.140)

From Eq. (2.140) we have h[—1] = u[0] = 1 # 0. Thus, the system is not causal.
2.37. Verify the BIBO stability condition [Eq. (2.49)] for discrete-time LTI systems.
Assume that the input x[n] of a discrete-time LTI system is bounded, that is,
|x[n]| =k, all n (2.141)
Then, using Eq. (2.35), we have

©

E hlk]x[n— k]

k=—o0

|y[nl|=

= Y |nlkl||[xln—Kl|=k Y |n(k]|
k=—o0 k=—o

Since |x[n — k]| =k, from Eq. (2.141). Therefore, if the impulse response is absolutely summable, that is,

%

Y [hlkl|=K <

k=—o

we have
[y[n]| =k K=k, <o
and the system is BIBO stable.
2.38. Consider a discrete-time LTI system with impulse response A[n] given by
h[n] = a"uln]

(a) Is this system causal?
(b) Is this system BIBO stable?

(a) Since h[n] =0 for n <0, the system is causal.

(b) Using Eq. (1.91) (Prob. 1.19), we have

i |n[k]|= i |aku[n]|=§|a|k= - la|<1
=0 1-|af

k=—o0 k=—o

Therefore, the system is BIBO stable if || < 1 and unstable if |a| = 1.
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Systems Described by Difference Equations

2.39.

2.40.

241.

The discrete-time system shown in Fig. 2-28 consists of one unit delay element and one scalar
multiplier. Write a difference equation that relates the output y[n] and the input x[n].

x[n] yin]
»(2) >
+
+
a
A
Unit |
y[n —1] delay -
Fig. 2-28

In Fig. 2-28 the output of the unit delay element is y[n — 1]. Thus, from Fig. 2-28 we see that

ynl = ayln — 1] + x[n] (2.142)
or yn] —ay[n — 1] = x[n] (2.143)

which is the required first-order linear difference equation.

The discrete-time system shown in Fig. 2-29 consists of two unit delay elements and two scalar
multipliers. Write a difference equation that relates the output y[n] and the input x[n].

x[n] yin]
z
+
+
4
a2
Unit Unit |
y[n -2] delay y[n —1] delay -
Fig. 2-29

In Fig. 2-29 the output of the first (from the right) unit delay element is y[n — 1] and the output of the second
(from the right) unit delay element is y[n — 2]. Thus, from Fig. 2-29 we see that

yln] = a,y[n — 1] + a,y[n — 2] + x[n] (2.144)
or yln] —ay[ln — 1] — a,y[n — 2] = x[n] (2.145)
which is the required second-order linear difference equation.

Note that, in general, the order of a discrete-time LTI system consisting of the interconnection of unit delay
elements and scalar multipliers is equal to the number of unit delay elements in the system.

Consider the discrete-time system in Fig. 2-30. Write a difference equation that relates the output y[r]
and the input x[n].

x[n] 55 qln] 53 yln]
+ » +V »
+ v +
Unit
2 3
A dellay A
qln —1]

Fig. 2-30
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Let the input to the unit delay element be g[n]. Then from Fig. 2-30 we see that

gln] =2g[n — 1] + x [n] (2.146a)
yln] = gln] + 3g[n — 1] (2.146b)

Solving Egs. (2.146a) and (2.146b) for ¢g[n] and g[n — 1] in terms of x[n] and y[n], we obtain

q[n]=§y[n]+§x[n] (2.147a)

q[n—l]:éy[n]—éx[n] (2.147b)
Changing nto (n — 1) in Eq. (2.147a), we have
q[n—l]zgy[n—l]-i-gx[n—l] (2.147¢)
Thus, equating Eq. (2.147b) and Eq. (2.147c), we have
oIl = Lxlnl= 2yln =11+ Sxln 1]
Multiplying both sides of the above equation by 5 and rearranging terms, we obtain
yln] = 2y[n — 1] = x[n] + 3x[n — 1] (2.148)
which is the required difference equation.
2.42. Consider a discrete-time system whose input x[n] and output y[r] are related by
y[n] — ay[n — 1] = x[n] (2.149)
where a is a constant. Find y[n] with the auxiliary condition y[—1] = y_, and
x[n] = Kb"u[n] (2.150)

Let ylnl =y, [n] +y,[n]

where yp[n] is the particular solution satisfying Eq. (2.149) and y,[n] is the homogeneous solution which satisfies

yln] —ay[n —1]1=0 (2.151)
Assume that

y,[nl = Ab" n=0 (2.152)
Substituting Eq. (2.152) into Eq. (2.149), we obtain

Ab" — aAb""! = Kb"

from which we obtain A = Kb/(b — a), and

yp[n]:bib"“ n=0 (2.153)
—da

To obtain y,[n], we assume
ylnl = Bz"
Substituting this into Eq. (2.151) gives

B —aB7" '=(z—a)Bz" ' =
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2.43.

from which we have z = a and
y[nl = Ba" (2.154)
Combining yp[n] and y,[n], we get

y[n]=Ba”+bLb”+1 n=0 (2.155)
—a

In order to determine B in Eq. (2.155) we need the value of y[0]. Setting » = 0 in Egs. (2.149) and (2.150), we have
y[0] —ay[—1] = y[0] —ay_, =x[0] = K

or y[0] =K +ay_, (2.156)
Setting n = 0 in Eq. (2.155), we obtain

b
y[0]=B+K (2.157)
b—a
Therefore, equating Eqs. (2.156) and (2.157), we have
b
K+ay_=B+K
b—a
from which we obtain
a
B=ay_,—K
Y1 b—ua
Hence, Eq. (2.155) becomes
n+l _ n+l
y[n]=y,1a”+l+Kb7a n=0 (2.158)
b—a
For n <0, we have x[n] = 0, and Eq. (2.149) becomes Eq. (2.151). Hence,
yln] = Ba" (2.159)
From the auxiliary condition y[—1] = y_,, we have
yi=11=y_ ,=Ba"'
from which we obtain B =y_,a. Thus,
ynl=y_ a"*! n<0 (2.160)
Combining Eqgs. (2.158) and (2.160), y[n] can be expressed as
bn+1 _ n+l
ylnl=y_ a""! K= — —uln] (2.161)
—a

Note that as in the continuous-time case (Probs. 2.21 and 2.22), the system described by Eq. (2.149) is not linear
if y[—1] # 0. The system is causal and time-invariant if it is initially at rest; that is, y[—1] = 0. Note also that
Eq. (2.149) can be solved recursively (see Prob. 2.43).

Consider the discrete-time system in Prob. 2.42. Find the output y[n] when x[n] = Kd[n] and
y=l=y =a

We can solve Eq. (2.149) for successive values of y[n] for n = 0 as follows: rearrange Eq. (2.149) as

ylnl = ay[n — 1] + x[n] (2.162)
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Then
y[0] = ay[—1] + x[0] =aa+ K
y[1] = ay[0] + x[1] = a(aa + K)
y[2] = ay[1] + x[2] = a*(aa + K)
yln] = ayln — 1] + x[n] = a™(aa + K) =a""' a+ a"'K

Similarly, we can also determine y[n] for n < 0 by rearranging Eq. (2.149) as

1
yln—1]= g{y[n] —x[n]}
Then y— 1=«
1 1 _
y=21=={-l—-x[-1}=—a=a'a
a a

1 _
Y= 3= 0021« 21k =a ‘a

) EL N S B ]
a

Combining Eqgs. (2.163) and (2.165), we obtain

y[n] = "' a + Ka'u[n]
Consider the discrete-time system in Prob. 2.43 for an initially at rest condition.
(a) Find in impulse response h[n] of the system.

(b) Find the step response s[n] of the system.
(¢) Find the impulse response A[n] from the result of part (b).

(a) Setting K=1andy[—1] = a =0 in Eq. (2.166), we obtain
h[n] = au[n]

(b) SettingK=1,b=1,andy[—1] =y_, =0in Eq. (2.161), we obtain

_ n+l
s[n]—[l 1 a ]u[n]

—a

(c) From Egs. (2.41) and (2.168) the impulse response h[n] is given by

[
h{n]=s[n]—s[n—1]= uln]— uln—1]
1—a 1—
Whenn =0,
=)o
h[0]=|—— [u[0]=1
Whenn=1,
Bl =— 1 — a1 — (1= amy = LA D _
1—a 1—
ThUS, h[n]=a”u[n]

which is the same as Eq. (2.167).

(2.163)

(2.164)

(2.165)

(2.166)

(2.167)

(2.168)
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2.45. Find the impulse response /[n] for each of the causal LTI discrete-time systems satisfying the following
difference equations and indicate whether each system is a FIR or an IIR system.

(@) y[n] = x[n] — 2x[n — 2] + x[n — 3]
b) yln] + 2y[n — 1] = x[n] + x[n — 1]
(©) yInl = 1yln — 21 = 2x[n] — x[n — 2]

(@) By definition (2.56)
h[n] = 8[n] — 28[n — 2] + 8[n — 3]
or
h[n] = {1,0, — 2,1}

Since h[n] has only four terms, the system is a FIR system.
(b) h[n]l= —2h[n — 1] + O[n] + 8[n — 1]

Since the system is causal, /[ —1] = 0. Then

h[0]=—2h[— 1]+ 8[0]+ 8[— 1]=8[0] =1
h1] = —2h[0]+ S[1] +8[0]=—2+1=—1
h[21=—2h[1]1+8[2]1+8[1]=—2(-1) =2
h[3]=—2h[2]+8[3]+8[2]=—2(2)=—2°

hln)=—2h[n—11+38[n]+d[n —1]=(—1)"2"""
Hence, h[n]=8[n]+(—=1D"2" u[n—1]
Since h[n] has infinite terms, the system is an IIR system.
) h[n]= %h[n —2]1+28[n]—06[n—2]
Since the system is causal, h[—2]=h[— 1] =0.Then
h[0] =%h[— 2]1+26[0]—6[—2]=26[0]=2
K] :%h[— 11+28[1]—-86[—1]=0
h[2] =%h[0]+26[2]—6[0]=%(2)=—1=O

(3] :%h[1]+26[3]—5[1]:0

Hence, h[n]=29d[n]

Since h[n] has only one term, the system is a FIR system.

SUPPLEMENTARY PROBLEMS

2.46. Compute the convolution y(¢) = x(¢) = h(f) of the following pair of signals:

—a<t=a 1 —a<t=a
. s k)= .

otherwise 0 otherwise

0<t=T )_{1 0<t=2T

t—l
(@) x()= 0

otherwise’ 0 otherwise

t
(b) x()= {0

© x(®)=u(t—1),h@t)=e >u@)
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2.47. Compute the convolution sum y[n] = x[n ] = h[n] of the following pairs of sequences:
(@)  x[n] = u[n], h[n] = 2"u[—n]
(b) x[n] = u[n] — uln — N], h[n] = d'uln],0 < a<1
() xln] = (3)ulnl, hin] = 8[n] = 8[n — 1]

2.48. Show that if y(f) = x(f) * h(t), then
V(1) = X' (£) = h(t) = x(¢) = W'()
2.49. Show that
x(1) * &' () = x'(1)
2.50. Lety[n] = x[n] * h[n]. Then show that
x[n—n]*hln—n]=yln—n —n,)
2.51. Show that

ny+N—1

X [n]® xy[n] = E x;[k]xy[n— k]

k=ng
for an arbitrary starting point n,.
2.52. The step response s(7) of a continuous-time LTI system is given by
s(1) = [cos w,tlu(r)

Find the impulse response A(f) of the system.

2.53. The system shown in Fig. 2-31 is formed by connection two systems in parallel. The impulse responses of the
systems are given by

h () = e u(r) and hy() = 2e ™" u(r)

—>
+
0, y(0)
+
L 1,0
Fig. 2-31

(a) Find the impulse response A(#) of the overall system.

(b) Is the overall system stable?
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2.54.

2.55.

2.56.

2.57.

2.58.

2.59.

Consider an integrator whose input x(#) and output y(#) are related by

v =[  x@adr

(a) Find the impulse response A(f) of the integrator.

(b) Is the integrator stable?

Consider a discrete-time LTI system with impulse response A[n] given by
h[n] = 6[n — 1]

Is this system memoryless?

The impulse response of a discrete-time LTI system is given by
=[] i
2

Let y[n] be the output of the system with the input
x[n] = 26[n] + 8[n — 3]

Find y[1] and y[4].

Consider a discrete-time LTI system with impulse response %[n] given by
h[n]= 1 nu[n—l]
2

(a) Is the system causal?

(b) Is the system stable?

Consider the RLC circuit shown in Fig. 2-32. Find the differential equation relating the output current y(¢) and
the input voltage x().

x(t) <> yit) —_—cC

Fig. 2-32

Consider the RL circuit shown in Fig. 2-33.
(a) Find the differential equation relating the output voltage y(7) across R and the the input voltage x().
(b) Find the impulse response A(t) of the circuit.

(¢) Find the step response s(¢) of the circuit.
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+
x(t) <) R % y@®

Fig. 2-33

2.60. Consider the system in Prob. 2.20. Find the output y(7) if x(r) = e~ “u(f) and y(0) = 0.

2.61. Is the system described by the differential equation
dy(t
YD L sy +2=x)

dt

linear?

2.62. Write the input-output equation for the system shown in Fig. 2-34.

x[n n
2 5) o> (D )—s
; l l ¥
+ +
1 Unit
2 delay
A

Fig. 2-34

2.63. Consider a discrete-time LTI system with impulse response
1 n=0,1

hln]= .

0 otherwise

Find the input-output relationship of the system.
2.64. Consider a discrete-time system whose input x[n] and output y[n] are related by

1
yln]— Ey[n —1]1=x[n]

with y[—1] = 0. Find the output y[n] for the following inputs:

(@ x[n]= (;) ulnl:

®) x[nl= (12) uln]

2.65. Consider the system in Prob. 2.42. Find the eigenfunction and the corresponding eigenvalue of the system.



CHAPTER 2 Linear Time-Invariant Systems

ANSWERS TO SUPPLEMENTARY PROBLEMS

2.46.

2.47.

2.48.

2.49.

2.50.

2.51.

2.52.

2.53.

2.54.

2.55.

2.56.

2.57.

2.58.

@ 0 2a*|t| |t|<2a
a )=
Y 0 |t|=2a
0 <0
1
—2 0<t=<T
2
®) yo) = %Tz T<t=<2T
1, 5.0
——t"+2T —=T 2T <t=3T
2 2
0 3T <t

(©) %(1—[3(’*”)14(:—1)

1-n —
@ ym={> " "=°
2 n>0
0 n<0
l_an+]
(b) ylnl= - n=0=N-1
N
anN+1(ll o ) N—-1<n
-

(¢) y[n]=6[n]

Hint: Differentiate Egs. (2.6) and (2.10) with respect to 7.
Hint:  Use the result from Prob. 2.48 and Eq. (2.58).
Hint: See Prob. 2.3.

Hint:  See Probs. 2.31 and 2.8.

h(t) = 6(t) — wy[sin wyt]u(?)

(@) h@)= (> +2e Hu(t)
(b) Yes

(@) h() = u()
(b) No

No, the system has memory.
Y11= 1and y4] =2
(a) Yes; (b) Yes

2
(0 Ray(0) | 1 1 dx()

> L dr LC L dt
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2.59.

2.60.

2.61.

2.62.

2.63.

2.64.

2.65.

bW R R
(@) ot +Ly(t) LX(t)

B ho=e )

(© s)=[1—e ®""u(r)

te~ " u(r)

No, it is nonlinear.

2y[n] — y[n — 11 = 4x[n] + 2x[n — 1]

yln] = x[n] + x[n — 1]

() []=6 1 n+1_ 1 n+1 []
a) yn —2 —3 uln

®) y[n]=(n+1)(—12) uln]

Z
Z—a

" A=

CHAPTER 2 Linear Time-Invariant Systems



Laplace Transform ancd
Continuous-Time LTI Systems

3.1 Introduction

A basic result from Chap. 2 is that the response of an LTI system is given by convolution of the input and the
impulse response of the system. In this chapter and the following one we present an alternative representation
for signals and LTI systems. In this chapter, the Laplace transform is introduced to represent continuous-time
signals in the s-domain (s is a complex variable), and the concept of the system function for a continuous-time
LTI system is described. Many useful insights into the properties of continuous-time LTI systems, as well as
the study of many problems involving LTI systems, can be provided by application of the Laplace transform
technique.

3.2 The Laplace Transform

In Sec. 2.4 we saw that for a continuous-time LTT system with impulse response A (#), the output y(7) of the
system to the complex exponential input of the form e*' is

y(0) = T{e*} = H(s)e " (3.1
where H(s)= [~ h(t)e *'dr (32)

A. Definition:

The function H(s) in Eq. (3.2) is referred to as the Laplace transform of &(z). For a general continuous-time
signal x(¢), the Laplace transform X(s) is defined as

X(s)= ffmx(z)e*”dt (3.3)
The variable s is generally complex-valued and is expressed as
s=0+ jow 34

The Laplace transform defined in Eq. (3.3) is often called the bilateral (or two-sided) Laplace transform in
contrast to the unilateral (or one-sided) Laplace transform, which is defined as

X,)=[ :, x(t)e *'dt (3.5)

101
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where 07 = lim, _ (0 — ¢). Clearly the bilateral and unilateral transforms are equivalent only if
x(t) = 0 for ¢t < 0. The unilateral Laplace transform is discussed in Sec. 3.8. We will omit the word “bilateral”
except where it is needed to avoid ambiguity.

Equation (3.3) is sometimes considered an operator that transforms a signal x(f) into a function X(s)
symbolically represented by

X(s)=L{x(0)} (3.6)
and the signal x () and its Laplace transform X(s) are said to form a Laplace transform pair denoted as

x(@) <> X(s) 37

B. The Region of Convergence:

The range of values of the complex variables s for which the Laplace transform converges is called the region of
convergence (ROC). To illustrate the Laplace transform and the associated ROC, let us consider some examples.

EXAMPLE 3.1 Consider the signal
x(1) = e “u(t) a real (3.8)

Then by Eq. (3.3) the Laplace transform of x(¢) is

X@)=[" e " utedr= [ e ar

1 e—(s +a)t

s Re(s) > —a (3.9)

ot Ssta

because lim __ e~¢* 9" = 0 only if Re(s + a) > 0 or Re(s) > —a.

Thus, the ROC for this example is specified in Eq. (3.9) as Re(s) > —a and is displayed in the complex
plane as shown in Fig. 3-1 by the shaded area to the right of the line Re(s) = —a. In Laplace transform appli-
cations, the complex plane is commonly referred to as the s-plane. The horizontal and vertical axes are some-

times referred to as the o-axis and the jw -axis, respectively.

V//

N

s-plane

Qy

a>0 a<o
i o

_aV

% : 7

Fig. 3-1 ROC for Example 3.1.
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EXAMPLE 3.2 Consider the signal
x(t) = —e Yu(—1t) a real (3.10)

Its Laplace transform X(s) is given by (Prob. 3.1)
1
X(s)=—— Re(s) < —a (3.11)
s+ta

Thus, the ROC for this example is specified in Eq. (3.11) as Re(s) < —a and is displayed in the complex plane
as shown in Fig. 3-2 by the shaded area to the left of the line Re(s) = —a. Comparing Egs. (3.9) and (3.11), we see
that the algebraic expressions for X(s) for these two different signals are identical except for the ROCs. Therefore, in
order for the Laplace transform to be unique for each signal x(¢), the ROC must be specified as part of the transform.

Jjo jo

A A

7

N\

A\
A\

k\ i

Fig. 3-2 ROC for Example 3.2.
C. Poles and Zeros of X(s):
Usually, X(s) will be a rational function in s; that is,

_ aps” +as" M+ +a, _ay (s—z)--(s—2z,)
bos" +bys" "+ b, by (s—p)r(s—p,)

X(s) (3.12)

The coefficients a, and b, are real constants, and m and n are positive integers. The X(s) is called a proper rational
function if n > m, and an improper rational function if n = m. The roots of the numerator polynomial, 7y are called
the zeros of X(s) because X(s) = 0 for those values of s. Similarly, the roots of the denominator polynomial, p,, are
called the poles of X(s) because X(s) is infinite for those values of s. Therefore, the poles of X(s) lie outside the ROC
since X(s) does not converge at the poles, by definition. The zeros, on the other hand, may lie inside or outside the
ROC. Except for a scale factor a,/b,, X(s) can be completely specified by its zeros and poles. Thus, a very compact
representation of X(s) in the s-plane is to show the locations of poles and zeros in addition to the ROC.

Traditionally, an “x” is used to indicate each pole location and an “0” is used to indicate each zero. This is
illustrated in Fig. 3-3 for X(s) given by

2s +4 —9 s+2
s24+4s+3  (stD(s+3)

X(s)= Re(s)>—1

Note that X(s) has one zero at s = —2 and two poles at s = —1 and s = —3 with scale factor 2.
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v

7

Fig. 3-3 s-plane representation of X(s) = (2s + 4)/(s? + 4s + 3).

D. Properties of the ROC:

As we saw in Examples 3.1 and 3.2, the ROC of X(s) depends on the nature of x(¢). The properties of the ROC
are summarized below. We assume that X(s) is a rational function of s.

Property 1:
Property 2:

Property 3:

Property 4:

Property 5:

The ROC does not contain any poles.

If x(¢) is a finite-duration signal, that is, x(f) = 0 except in a finite interval 1, =t = 1,
(=<t andt, < ), then the ROC is the entire s-plane except possibly s = 0 or s = o,

If x(¢) is a right-sided signal, that is, x(#) = O for r < t; < =, then the ROC is of the form
Re(s) > o,

where 0, equals the maximum real part of any of the poles of X(s). Thus, the ROC is a half-
plane to the right of the vertical line Re(s) = o in the s-plane and thus to the right of all
of the poles of X(s).

If x(2) is a left-sided signal, that is, x(¢) = 0 for # > £, > —oo, then the ROC is of the form
Re(s) < o,

where o, equals the minimum real part of any of the poles of X(s). Thus, the ROC is a half-
plane to the left of the vertical line Re(s) = o, in the s-plane and thus to the left of all of
the poles of X(s).

If x(7) is a two-sided signal, that is, x(f) is an infinite-duration signal that is neither right-
sided nor left-sided, then the ROC is of the form

o, <Re(s) < g,

where 0, and 0, are the real parts of the two poles of X(s). Thus, the ROC is a vertical strip
in the s-plane between the vertical lines Re(s) = o, and Re(s) = o,.

Note that Property 1 follows immediately from the definition of poles; that is, X(s) is infinite at a pole.
For verification of the other properties see Probs. 3.2 to 3.7.
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3.3 Laplace Transforms of Some Common Signals

A. Unit Impulse Function 6(f):
Using Egs. (3.3) and (1.20), we obtain

L1o0]= [* se 'dr=1  alls (3.13)
B. Unit Step Function u(t):

L= [~ uwe *dr= [ e dr

o]

1y

__es
S

0+

Re(s)>0 (3.14)

U | =

where 0" = lim, _ (0 + ¢).

C. Laplace Transform Pairs for Common Signals:

The Laplace transforms of some common signals are tabulated in Table 3-1. Instead of having to reevaluate the
transform of a given signal, we can simply refer to such a table and read out the desired transform.

TABLE 3-1 Some Laplace Transforms Pairs

x(t) X(s) ROC
(1) 1 All s
u(r) % Re(s) >0
—u(—1) % Re(s) <0
tu(r) slz Re(s) >0
k!
t*u(f) s Re(s) >0
1
e u(r) Py Re(s) > —Re(a)
1
—eaty(—1) T+ g Re(s) < —Re(a)
1
te= u(f) (s+—a)2 Re(s) > —Re(a)
1
—te~atu(—1) (s+—a)2 Re(s) < —Re(a)
s
cos mytu(t) m Re(s) >0
0
in @ u(?) % Re(s) > 0
sin o, fu e(s
s2+ w?
s+ a

e “'cos wyfu(r) Re(s) > —Re(a)

2 2
(s + a)* + o

,
e~ sin wytu(r) m Re(s) > —Re(a)
0
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3.4 Properties of the Laplace Transform

Basic properties of the Laplace transform are presented in the following. Verification of these properties is given
in Probs. 3.8 to 3.16.

A. Linearity:

If
x,(t) <= X, (s) ROC = R,
xX,(1) <= X,(s) ROC = R,
Then a,x,(t) + a,x,(t) <= a,X,(s) + a,X,(s) R' D R, MR, (3.15)

The set notation A D B means that set A contains set B, while A N B denotes the intersection of sets A and B,
that is, the set containing all elements in both A and B. Thus, Eq. (3.15) indicates that the ROC of the result-
ant Laplace transform is at least as large as the region in common between R, and R,. Usually we have simply
R' = R, N R,. This is illustrated in Fig. 3-4.

jo

v

N Z.

R, R, NR, R,

Fig. 3-4 ROC of a,X,(s) + a,X,(s).

B. Time Shifting:
If

x() <= X(s) ROC =R
then x(t —ty) <= e "0 X(s) R'=R (3.16)

Equation (3.16) indicates that the ROCs before and after the time-shift operation are the same.

C. Shifting in the s-Domain:
If

x(t) <> X(s)  ROC =R
then e x(t) <> X(s —50) R'=R+Re(sy) (3.17)
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Equation (3.17) indicates that the ROC associated with X(s—s,) is that of X(s) shifted by Re(s,). This is

illustrated in Fig. 3-5.

N
R

/E / %/mne(sol

=
Qv
Q
+
By)
@
w
=

Y

A\

(@) (b)

o

’

Z

Fig. 3-5 Effect on the ROC of shifting in the s-domain. (a) ROC of X(s); (b) ROC of X(s — so).

D. Time Scaling:
If
x(1) <= X(s) ROC =R

then x(at) <> LX(i) R'=aR
a

|a]

(3.18)

Equation (3.18) indicates that scaling the time variable 7 by the factor a causes an inverse scaling of the variable
s by 1/a as well as an amplitude scaling of X (s/a) by 1/|a|. The corresponding effect on the ROC is illustrated

in Fig. 3-6.

jo Jo

N
-

Fig. 3-6 Effect on the ROC of time scaling. (a) ROC of X(s); (b) ROC of X(s/a).

oc% :[3 o aa% aB

Qv
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E. Time Reversal:
If

x(1) <= X(s)
then x(—1) <= X(—s)

ROC =R

R = —R (3.19)

Thus, time reversal of x(f) produces a reversal of both the o- and jw-axes in the s-plane. Equation (3.19) is

readily obtained by setting @ = —1 in Eq. (3.18).

F. Differentiation in the Time Domain:

If
x(1) == X(s)
then % < 5X(s)
dt

ROC =R

R DR (3.20)

Equation (3.20) shows that the effect of differentiation in the time domain is multiplication of the corresponding
Laplace transform by s. The associated ROC is unchanged unless there is a pole-zero cancellation at s = 0.

G. Differentiation in the s-Domain:
If

x(1) <= X(s)

then —tx(t) <> M

H. Integration in the Time Domain:
If

x(1) <= X(s)

then [ x(w)dr < Lxe
. ;

ROC = R
R =R (321)
ROC = R
R'=RN{Re(s)>0} (322)

Equation (3.22) shows that the Laplace transform operation corresponding to time-domain integration is multi-
plication by 1/s, and this is expected since integration is the inverse operation of differentiation. The form of R’
follows from the possible introduction of an additional pole at s = 0 by the multiplication by 1/s.

I. Convolution:

If
x,(0) <= X,(s)
x0) < X,(5)
then X, (1) #x)(1) <> X, ()X ,(5)

ROC = R,
ROC = R,
R DR NR, (3.23)

This convolution property plays a central role in the analysis and design of continuous-time LTI systems.
Table 3-2 summarizes the properties of the Laplace transform presented in this section.
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TABLE 3-2 Properties of the Laplace Transform

PROPERTY SIGNAL TRANSFORM ROC
x(1) X(s) R
x,(0) X,(s) R,
x(1) X,(s) R,
Linearity ax,(t) + a,x,(1) a, X,(s) + a, X,(s) R'DR NR,
Time shifting x(t—1t,) e X(s) R'=R
Shifting in s &5t x(1) X(s—sy) R'=R+Re(s,)
1
Time scaling x(ar) m X(a) R'=aR
a
Time reversal x(—1) X(—s) R'=—R
dx(t
Differentiation in ¢ % sX(s) R'DR
. C dX(s)
Differentiation in s —tx(1) i R'=R
s
‘ 1
Integration f x(T)dt =X(s) R'DRN{Re(s) >0}
. s
Convolution x (1) = x(1) X, (s) X,(s) R'DRNR,

3.5 The Inverse Laplace Transform

Inversion of the Laplace transform to find the signal x () from its Laplace transform X(s) is called the inverse
Laplace transform, symbolically denoted as

x(t) =L X)) (3.24)

A. Inversion Formula:

There is a procedure that is applicable to all classes of transform functions that involves the evaluation of a line
integral in complex s-plane; that is,

1 c+joo st
t)=— X d 325
x0=5 S X(setds (3.25)

In this integral, the real c is to be selected such that if the ROC of X(s) is 0; < Re(s) < 0,, then 0, < ¢ < 0,.
The evaluation of this inverse Laplace transform integral requires understanding of complex variable theory.

B. Use of Tables of Laplace Transform Pairs:
In the second method for the inversion of X(s), we attempt to express X(s) as a sum
X(s) = X (s) + -+ + X (5) (3.26)

where X,(s), ..., X, (s) are functions with known inverse transforms x,(?), ..., x (). From the linearity property
(3.15) it follows that

x() = x,(0) + - + x,(0) (327)
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C. Partial-Fraction Expansion:

If X(s) is a rational function, that is, of the form

NG =)= 2,)

X(s) (3.28)
D(s)  (s—pp)--(s—p,)
a simple technique based on partial-fraction expansion can be used for the inversion of X(s).
(a) When X(s) is a proper rational function, that is, when m < n:
1. Simple Pole Case:
If all poles of X(s), that is, all zeros of D(s), are simple (or distinct), then X(s) can be written as
X(s)=—0 4.4 S (3.29)
s p] s pn
where coefficients c, are given by
¢ = (s = p)X(s) e (3.30)

2. Multiple Pole Case:
If D(s) has multiple roots, that is, if it contains factors of the form (s — p,)", we say that p, is the multiple pole
of X(s) with multiplicity r. Then the expansion of X(s) will consist of terms of the form

A
oM et A, : (331)
s—=pi (s—p) (s—p;)
h b= (= x| 332
where T S—p; =, (3.32)

(b) When X(s) is an improper rational function, that is, when m = n:
If m = n, by long division we can write X(s) in the form

NG _ R(s)
D(s) o)+ D(s)

where N(s) and D(s) are the numerator and denominator polynomials in s, respectively, of X(s), the
quotient Q(s) is a polynomial in s with degree m — n, and the remainder R(s) is a polynomial in s
with degree strictly less than n. The inverse Laplace transform of X(s) can then be computed by
determining the inverse Laplace transform of Q(s) and the inverse Laplace transform of R(s)/D(s).
Since R(s)/D (s) is proper, the inverse Laplace transform of R(s)/D(s) can be computed by first
expanding into partial fractions as given above. The inverse Laplace transform of Q(s) can be
computed by using the transform pair

X(s) (3.33)

k
4o ok k=123, (3.34)
dr*

3.6 The System Function

A. The System Function:

In Sec. 2.2 we showed that the output y(#) of a continuous-time LTI system equals the convolution of the input
x(#) with the impulse response A(f); that is,

y(@) = x(@) * h(@) (3.35)
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Applying the convolution property (3.23), we obtain
Y(s) = X(s)H(s) (3.36)

where Y(s), X(s), and H(s) are the Laplace transforms of y(¢), x(f), and 4(f), respectively. Equation (3.36) can be expressed

as

Y (s)

H(s)= X(s)

(3.37)

The Laplace transform H(s) of h(t) is referred to as the system function (or the transfer function) of the system.
By Eq. (3.37), the system function H(s) can also be defined as the ratio of the Laplace transforms of the output
y(#) and the input x (¢). The system function H(s) completely characterizes the system because the impulse response
h(f) completely characterizes the system. Fig. 3-7 illustrates the relationship of Egs. (3.35) and (3.36).

h(t)
x(t) y(t)=x(t) ~ h(t)

Lol

X(s) Y(s)=X(s)H(s)
—P| Hls)

Fig. 3-7 Impulse response and system function.

B. Characterization of LTI Systems:

Many properties of continuous-time LTI systems can be closely associated with the characteristics of H(s) in the
s-plane and in particular with the pole locations and the ROC.

1. Causality:
For a causal continuous-time LTT system, we have

h)=0 <0

Since h(t) is a right-sided signal, the corresponding requirement on H(s) is that the ROC of H(s) must be of
the form
Re(s) > o,

X

That is, the ROC is the region in the s-plane to the right of all of the system poles. Similarly, if the system is
anticausal, then

h(@®) =0 t>0
and A(r) is left-sided. Thus, the ROC of H(s) must be of the form
Re(s) < o, .
That is, the ROC is the region in the s-plane to the left of all of the system poles.

2. Stability:
In Sec. 2.3 we stated that a continuous-time LTI system is BIBO stable if and only if [Eq. (2.21)]

f:|h(t)|dt<oo

The corresponding requirement on H(s) is that the ROC of H(s) contains the jw-axis (that is, s = jw)
(Prob. 3.26).
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3. Causal and Stable Systems:

If the system is both causal and stable, then all the poles of H(s) must lie in the left half of the s-plane; that is,
they all have negative real parts because the ROC is of the form Re(s) > ¢, . and since the jw axis is included
in the ROC, we must have o <0.

X

C. System Function for LTI Systems Described by Linear Constant-Coefficient
Differential Equations:

In Sec. 2.5 we considered a continuous-time LTI system for which input x(#) and output y (¢) satisfy the general
linear constant-coefficient differential equation of the form

M

N k k
E a d y(r) _ E p, X0 (3.38)

k k k
=0 dr i=o dr

Applying the Laplace transform and using the differentiation property (3.20) of the Laplace transform, we obtain

N M
E a skY(s) = E by st(s)
k=0 k=0
N M
or Y(S)E a, s* = X(s) E b, s* (3.39)
k=0 k=0
Thus, M
E by s
H(s)=Y&) k=0 (3.40)

X(s)

(\wE
)
[
5

~
Il
=]

Hence, H(s) is always rational. Note that the ROC of H(s) is not specified by Eq. (3.40) but must be inferred
with additional requirements on the system such as the causality or the stability.

D. Systems Interconnection:

For two LTI systems [with £ (¢) and h,(f), respectively] in cascade [Fig. 3-8(a)], the overall impulse response
h(?) is given by [Eq. (2.81), Prob. 2.14]

h(@®) = h,(®) = hy(®)
Thus, the corresponding system functions are related by the product
H(s) = H (s)H(s) (341)

This relationship is illustrated in Fig. 3-8(b).

x(t) y(t) x(t) y(t)
—> n(t) F—P| h(t) P—p - — > hny —>r

(a)

X(s) Y(s) X(s) Y(s)
—_

H(s)=H,(s)H(s)
(b)

Fig. 3-8 Two systems in cascade. (a) Time-domain representation; (b) s-domain representation.
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Similarly, the impulse response of a parallel combination of two LTI systems [Fig. 3-9(a)] is given by
(Prob. 2.53)
h@®) = h, () + hy(D)
Thus,
H(s) = H,(s) + H,(s) (342)

This relationship is illustrated in Fig. 3-9(b).

—>  h0
x(t) y(t) x(t) y(t)
—_— —> —_—P )y P—r
—  h) h(t)=h,(t)+h,(t)
(a)
—»|  H,(s)
X(s) Y(s) X(s) Y(s)
—> —P| Hs) P—p
—p|  H,(s) H(s)=H,(s)+H,(s)

(b)

Fig. 3-9 Two systems in parallel. (a) Time-domain representation; (b) s-domain representation.

3.7 The Unilateral Laplace Transform

A. Definitions:

The unilateral (or one-sided) Laplace transform X, (s) of a signal x(7) is defined as [Eq. (3.5)]

X, ()= [ x()s™dt (343)

The lower limit of integration is chosen to be 0~ (rather than 0 or 0*) to permit x(¢) to include 6(¢) or its
derivatives. Thus, we note immediately that the integration from 0~ to 0" is zero except when there is an
impulse function or its derivative at the origin. The unilateral Laplace transform ignores x (¢) for < 0. Since
x(#) in Eq. (3.43) is a right-sided signal, the ROC of X (s) is always of the form Re(s) > o, that is, a right
half-plane in the s-plane.

B. Basic Properties:

Most of the properties of the unilateral Laplace transform are the same as for the bilateral transform. The
unilateral Laplace transform is useful for calculating the response of a causal system to a causal input when the
system is described by a linear constant-coefficient differential equation with nonzero initial conditions. The
basic properties of the unilateral Laplace transform that are useful in this application are the time-differentiation
and time-integration properties which are different from those of the bilateral transform. They are presented
in the following.
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1. Differentiation in the Time Domain:

@ < 5X,(s) — x(07) (3.44)
provided that lim, _,  x(f)e”*" = 0. Repeated application of this property yields
2
ddxy) 52X, (s)— sx(07) = x'(07) (3.45)
t
% <5"X,(s)—s" k(0 )— 5" X0 ) —-—x""D(0) (3.46)
t
where 00 =0)
dt” 1t=0
2. Integration in the Time Domain:
t 1
fo, x(T)dt < — X, (s) (3.47)
S
t 1 1 p0™
f x(r)dre-x,(s)+-f x(1)dT (3.48)
- s sYT®

C. System Function:

Note that with the unilateral Laplace transform, the system function H(s) = Y(s)/X(s) is defined under the
condition that the LTI system is relaxed, that is, all initial conditions are zero.

D. Transform Circuits:

The solution for signals in an electric circuit can be found without writing integrodifferential equations if the
circuit operations and signals are represented with their Laplace transform equivalents. [In this subsection the
Laplace transform means the unilateral Laplace transform and we drop the subscript / in X(s).] We refer to a
circuit produced from these equivalents as a transform circuit. In order to use this technique, we require the
Laplace transform models for individual circuit elements. These models are developed in the following discus-
sion and are shown in Fig. 3-10. Applications of this transform model technique to electric circuits problems
are illustrated in Probs. 3.40 to 3.42.

1. Signal Sources:
v(t) <= V(s) i(t) <= I(s)
where v () and i(#) are the voltage and current source signals, respectively.
2. Resistance R:

V() = Ri(t) < V(s) = RI(s) (3.49)

3. Inductance L:

—7 di(1)
dt

v(t) < V(s)=sLI(s)— Li(07) (3.50)

The second model of the inductance L in Fig. 3-10 is obtained by rewriting Eq. (3.50) as

i(t)el(s)ZiV(s)—f—li(O*) (3.51)
sL )
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4. Capacitance C:

itH=C ”

dv(t)

< [(s)=sCV(s)—Cv(0")

(3.52)

The second model of the capacitance C in Fig. 3-10 is obtained by rewriting Eq. (3.52) as

Circuit element

Voltage source

Current source

Resistance

Inductance

Capacitance

v(t)<=V(s)= i I(s)+ lv(Of)
sC s

Representation

t-Domain

Je

o—o
i(t)

(3.53)

s-Domain

+ / -
V(s)
o—(=)—o0
I(s)

1(s) R
O+ > MW O
V(s)
Li(0~
Is) sL - [ )+
+ —
V(s)

4
sC
|1
11
I(s)
+ Cv(0) _O
V(s)
1 V(@)
I(S) sC + :S —
+ —
V(s)

Fig. 3-10 Representation of Laplace transform circuit-element models.
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SOLVED PROBLEMS

Laplace Transform

3.1. Find the Laplace transform of
(@ x(®) = —e“u(=1
(b) x(@®) = e"u(—1)

(a) From Eq. (3.3)

Y 0
X()==[ e “u=ne di==[ e dr

0—
=Le_(s+“)t Re(s) < —a
s+a —»  Sta
Thus, we obtain
_ 1
—e "u(—t) > —— Re(s) < —a (3.54)
s+a

(b) Similarly,

3 0
X(s)= [ e"u=ne dr=[ e dr

1 —(s—a) . 1
=——v¢ =— Re(s)<a
s—a s—a

Thus, we obtain

eu(—1) < —ﬁ Re(s)<a (3.55)

3.2. A finite-duration signal x () is defined as

0 1 =t=t,
x(1) .
=0 otherwise

where 7, and ¢, are finite values. Show that if X(s) converges for at least one value of s, then the ROC of
X(s) is the entire s-plane.

Assume that X(s) converges at s = 0,; then by Eq. (3.3)

| X@)|= [ [xwe ™ |ar= ft’12|x(z)|e*"0’dt <o
Let Re(s) = 0, > 0,. Then
o (o1 +jo) ) _
fiw|x(t)e o /“”|dt—f’l |x(t)|e " dt

:ftz |x(t)|e—aotef(olfag )i dt
4l

Since (0, — ¢,) >0, e @ T W gy decaying exponential. Then over the interval where x(#) # 0, the
(0, = 9! and we can write

maximum value of this exponential is e
1 _ _ _ 7 —
ftzlx(t)|e N gt < e 00)"ﬁ2|x(t)|e ot < oo (3.56)
1 1
Thus, X(s) converges for Re(s) = 0, > g,. By a similar argument, if 0, < ¢, then

f'2| x(t)|e” Mt < e’("l"’o)’zftz [x(t)| e 7"dt < oo (3.57)
I3} h

and again X(s) converges for Re(s) = 0, < ¢,. Thus, the ROC of X(s) includes the entire s-plane.
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3.3.

34.

3.5.

Let
—at =t < T
X(t)= e 0=t
0 otherwise

Find the Laplace transform of x(z).
By Eq. (3.3)

T _ _ T _
X(s):fO e e ”dt=f0 e ST gyt

— 1 e*(era)t r —

s+a

1 _ef(era)T] (3.58)
s+a

0

Since x(7) is a finite-duration signal, the ROC of X(s) is the entire s-plane. Note that from Eq. (3.58) it appears that
X(s) does not converge at s = —a. But this is not the case. Setting s = —a in the integral in Eq. (3.58), we have

T T
_ — —(ata) 3. _ —
X(—a) fo e dt fo dt=T
The same result can be obtained by applying L’Hospital’s rule to Eq. (3.58).

Show that if x(¢) is a right-sided signal and X(s) converges for some value of s, then the ROC of X(s) is
of the form

Re(s) > o, .
where 0 equals the maximum real part of any of the poles of X(s).
Consider a right-sided signal x(¢) so that

xn=0 1<t

and X(s) converges for Re(s) = ¢;. Then

| xo|=["_|xwe

di={" |x()|e " dr
=f:°| x(t) |e_00’dt <o
1

Let Re(s) = 0, > 0,. Then

15l ovar= | xo|e e oar
< e (@1700) f°°| x(t) |67(thdt <
l

Thus, X(s) converges for Re(s) = o, and the ROC of X(s) is of the form Re(s) > 0,. Since the ROC of X(s)
cannot include any poles of X(s), we conclude that it is of the form

Re(s) > o,

ax

where o equals the maximum real part of any of the poles of X(s).

Find the Laplace transform X(s) and sketch the pole-zero plot with the ROC for the following
signals x(7):

(@ x@ =e2u@® + e u@
b)) x@) = e u@) + e*u(—1
©) x@ = eu@) + eu(—1
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(@)

(b)

(©)
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From Table 3-1

e u(t)<—>s—2 Re(s) > =2 (3.59)

e Tu(t) <= ﬁ Re(s) > —3 (3.60)

We see that the ROCs in Egs. (3.59) and (3.60) overlap, and thus,

2s-|—é
1 1 2

X(s)= = Re(s) > —2
) s+2 s+3 (s+2)(s+3) (s) (3.61)
From Eq. (3.61) we see that X(s) has one zero at s = —% and two poles at s = —2 and s = —3 and that the
ROC is Re(s) > —2, as sketched in Fig. 3-11(a).
From Table 3-1
Uy o —— Re(s)>—3 3.62
s+3 (3.62)
1
2t - —
eu(—1) T, Re®<2 (3.63)

We see that the ROCs in Egs. (3.62) and (3.63) overlap, and thus,

| T -5
s+3 s—2 (s—2)(st+3)

X(s)= —3<Re(s)<2 (3.64)

From Eq. (3.64) we see that X(s) has no zeros and two poles at s = 2 and s = —3 and that the ROC is
—3 < Re(s) <2, as sketched in Fig. 3-11(b).

From Table 3-1

, 1
u(t) < — Re(s)>2 (3.65)

_ 1
e Yu(—1) < T Re(s) < —3 (3.66)

We see that the ROCs in Eqgs. (3.65) and (3.66) do not overlap and that there is no common ROC; thus,
x(7) has no transform X(s).

S

Qv

Z

Fig. 3-11
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3.6. Let
x(t = e_alt‘
Find X(s) and sketch the zero-pole plot and the ROC fora > 0 and a < 0.

The signal x(7) is sketched in Figs. 3-12 (a) and (b) for both @ > 0 and a < 0. Since x(¢) is a two-sided signal,
we can express it as

x(t) = e Yu(t) + e u(—r) (3.67)

Note that x(7) is continuous at 7 = 0 and x(0~) = x(0) = x(0*) = 1. From Table 3-1

eialu(t)e; Re(s)>—a (3.68)
s+ta

eu(—t) < —ﬁ Re(s)<a (3.69)

If a > 0, we see that the ROCs in Egs. (3.68) and (3.69) overlap, and thus,

1 1 -2
X(s)= - ==L —a<Re(s)<a (3.70)
sta s—a s°—a

From Eq. (3.70) we see that X(s) has no zeros and two poles at s = @ and s = —a and that the ROC is —a < Re(s) <
a, as sketched in Fig. 3-12(c). If a < 0, we see that the ROCs in Eqs. (3.68) and (3.69) do not overlap and that
there is no common ROC; thus, x(¢) has no transform X(s).

x(t)= efalt\ x(t)= efaltl

a>0 a<o0

v
v

(c)
Fig. 3-12
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Properties of the Laplace Transform

3.7. Verify the time-shifting property (3.16); that is,
x(t—t1)<=e X)) R =R
By definition (3.3)
LUt —1y)} = f:ox(t —1y)e Vdt
By the change of variables T = t — 7, we obtain

Pox(t — 1)} :flx(r)e”(”’o)dr
= 7 x@e Tdr=e""X(s)
with the same ROC as for X(s) itself. Hence,
x(t—1)<>e X(s) R =R

where R and R’ are the ROCs before and after the time-shift operation.

3.8. Verify the time-scaling property (3.18); that is,

x(at)eLX =
la] \a

By definition (3.3)
Fixany = [~ x(ane "dr

By the change of variables T = ar with a > 0, we have

Plany =L ) * x(m)e gr =Ly
av ~® a

N

a

R’ =aR

Note that because of the scaling s/a in the transform, the ROC of X (s/a) is aR. With a <0, we have

Plx(at)} :% f ;wx(r)e*“/“”dr

=L x@me = - IX(S
av > a a

R =aR

Thus, combining the two results for a > 0 and a < 0, we can write these relationships as
x(at) <> LX =
la|
3.9. Find the Laplace transform and the associated ROC for each of the following signals:
(@ x@) = 6@ —t,)
() x@ = u@ — 1)
(©) x() = e [ult) — u@ — 5)]
d) x(t)= E 8(r — kT)
k=0

(e) x(t) = O(at + b), a, b real constants
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(a) Using Egs. (3.13) and (3.16), we obtain

ST,

ot —t)<e ™ all s 3.71)

(b) Using Eqgs. (3.14) and (3.16), we obtain

—sty

u(t —ty) < Re(s)>0 (3.72)

(¢) Rewriting x(7) as

x(®) =e 2 u@) —u— 5] =e?ut) — e >u(t—5)

= e 2y(t) — e 0203y (t — 5)

Then, from Table 3-1 and using Eq. (3.16), we obtain

1 —10 —5s 1 1 —5(s+2)
X(s)=———¢ ¢ T ——= 1—e Re(s) >—2
(5) s+2 s+2 s+2( ) ()

(d) Using Egs. (3.71) and (1.99), we obtain

© © 1

— —skT _ —sT\k _
X(s)—kzoe —go(e ) = Re(s)>0 (3.73)
(e) Let
f(®) = 6(an
Then from Eqs. (3.13) and (3.18) we have
f(@)=0d(at) < F(s)=ﬁ all s (3.74)
a
b b
Now x(t)=06(at +b) =8 a(t-i—) —f(t—i-)
a a
Using Egs. (3.16) and (3.74), we obtain
X(s)=e""F(s)= ﬁef”’“ all s (3.75)
a
3.10. Verify the time differentiation property (3.20); that is,
&, x(s)  ROR
dt
From Eq. (3.24) the inverse Laplace transform is given by
_ b ety st
x(t)= 2njfcfj°° X(s)e''ds (3.76)

Differentiating both sides of the above expression with respect to ¢, we obtain

) L s)etds (3.77)
dt 25 jJe—je

Comparing Eq. (3.77) with Eq. (3.76), we conclude that dx(¢)/dtis the inverse Laplace transform of sX(s). Thus,

&0, x(s) ROR
dt

Note that the associated ROC is unchanged unless a pole-zero cancellation exists at s = 0.
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3.11. Verify the differentiation in s property (3.21); that is,

dX(s)
s

—ix (1) <= R' =R
From definition (3.3)

X()= [ x@e “di
Differentiating both sides of the above expression with respect to s, we have

%: fi (—)x(t)e Sdr = f:[—zx(t)]e‘”dt
Thus, we conclude that

R'=R

_ - dX(s)
tx(t) I

3.12. Verify the integration property (3.22); that is,

f’ XT)dr < 2X(s) R =R {Re(s)> 0}
—® S

Let
)= fiwx(r)dr < F(s)
Then x(t)= A0}
dt

Applying the differentiation property (3.20), we obtain
X(s) = sF(s)

Thus,
F(s)=lX(s) R' =R N {Re(s) >0}
s

The form of the ROC R’ follows from the possible introduction of an additional pole at s = 0 by
the multiplying by 1/s.

3.13. Using the various Laplace transform properties, derive the Laplace transforms of the following signals
from the Laplace transform of u(f).

(@ 8@) () 6
(©) tu() d) e u(r)
(e) te u(r) (f) cos wytu (1)

(g) e " cos wytu(r)
(a) From Eq. (3.14) we have
u(t) < 1 for Re(s)>0
s

From Eq. (1.30) we have

du(t)
dt
Thus, using the time-differentiation property (3.20), we obtain

o(t)=

6(t)<—>31:1 all s
s
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3.14.

(b) Again applying the time-differentiation property (3.20) to the result from part (a), we obtain

(M) <s all s (3.78)

(¢) Using the differentiation in s property (3.21), we obtain

tu(t)e—d(1)=12 Re(s)>0 (3.79)
ds\ s s

(d) Using the shifting in the s-domain property (3.17), we have
—ar 1
e “u(t) s —— Re(s) > —a
s+ta

(e) From the result from part (¢) and using the differentiation in s property (3.21), we obtain

_ d 1 1
at e = - 3.80
e "u(t) ds (s + a) (s + a)2 Re(w) = —a ( )

(f) From Euler’s formula we can write
1 Jwot — jwgt 1 Jjwot 1 —Jjoot
cosa)otu(t)=5(e 0+ e IO )u(t)=5e 0u(t)+5e Cu(t)

Using the linearity property (3.15) and the shifting in the s-domain property (3.17), we obtain

1 1 1 |
cos wg tu(t) <> — - — — == 5
25— jog 2 s+ jo, s°+aw;

(g) Applying the shifting in the s-domain property (3.17) to the result from part (), we obtain

s+a

—at
e Ycoswytu(t) > ————
(s+a) +wd

Verify the convolution property (3.23); that is,

x,(1) * x,(1) <> X, (5) X,(5) R' DR NR,

Let
V(1) = x,(6) # x5 (1) = fi, xX,(0)x,(t — 1) dT
Then, by definition (3.3)
ve=[" [ [ u@xe—-o) dr] e dr

=f:°x,(r) [fixz(t —7)e " dz]dr

Noting that the bracketed term in the last expression is the Laplace transform of the shifted signal x,(t — 1), by
Eq. (3.16) we have

Y)= " x@e X, (s)dr

= [f:oxl (T)e*ﬂd‘r] X,(s)=X;(5) X, (s)

with an ROC that contains the intersection of the ROC of X (s) and X,(s). If a zero of one transform cancels a
pole of the other, the ROC of Y(s) may be larger. Thus, we conclude that

X, (0 # x,(0) <= X, () X,(5) R'DOR NR,

123

Re(s)>0 (3.81)

Re(s) > —a (3.82)
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Using the convolution property (3.23), verify Eq. (3.22); that is,
fiwx(r) dr < %X(s) R' =R N {Re(s) >0}

We can write [Eq. (2.60), Prob. 2.2]

[ x@dr=x() utr) (3.83)
From Eq. (3.14)

u(t) <—>% Re(s)>0
and thus, from the convolution property (3.23) we obtain

x(t)xu(t) < %X(s)

with the ROC that includes the intersection of the ROC of X(s) and the ROC of the Laplace transform of u(z). Thus,

ft x(@ydr < LX) R =RN{Re(s)>0}
— s

Inverse Laplace Transform

3.16.

3.17.

Find the inverse Laplace transform of the following X(s):

p— 1 p—
(a) X(S)—m,Re(S) > 1

__ L _
(b) X(S)—sH,Re(s) < -1

(©) X(s)= ﬁ,Re(s) >0

s+1

d) X(s)=—"——
(@) X (s+1)>+4

,Re(s) > —1

(a) From Table 3-1 we obtain

x(t) = e 'u(r)
(b) From Table 3-1 we obtain

x(t) = —e " u(—1)
(¢) From Table 3-1 we obtain

x(t) = cos 2tu(t)
(d) From Table 3-1 we obtain

s(t) = e~ cos 2tu(t)

Find the inverse Laplace transform of the following X(s):

2s +4
a) X(s)=———,Re(s) > —1
(@ X(s) s> +4s+3 )

2s +4
b) X(s)=———,Re(s) < -3
) X s> +4s+3 )

2s +4

c) X(s)= ,—3<Re(s) < —1
(€} X&) s> +4s+3 )
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Expanding by partial fractions, we have

3.18.

2s+4 s+2 q C)

X(s)=— = = +
s +4s+3 (s+D)(s+3) s+1 s+3

Using Eq. (3.30), we obtain

s+2
a=GHDXE)| =25 =
s=—1
s+2
& =(6+IXEW [ =2 L
s=—3
Hence,
X(s)= + :
s+1 s+3

(a) The ROC of X(s) is Re(s) > —1. Thus, x(7) is a right-sided signal and from Table 3-1 we obtain
x(t) = e u@®) + e 3u(t) = (e + e 3u(r)
(b) The ROC of X(s) is Re(s) < —3. Thus, x(7) is a left-sided signal and from Table 3-1 we obtain

x(H) = —e u(—1) — e u(—1) = —(e " + e 3u(—1)
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(¢) The ROC of X(s) is —3 < Re(s) < —1. Thus, x(7) is a double-sided signal and from Table 3-1 we obtain

x(t) = —e u(—1 + e u(®)

Find the inverse Laplace transform of

5s+13

X(s)=———— "~
() s(s2 +4s+13)

Re(s)>0

We can write

P2H+4s+13=(+22+9=(+2—j3)(s+2+,3)

Then
5s+13 5s+13
X(s)=— = - :
s(s*+4s+13) s(s+2—j3)(s+2+j3)
:ﬂ+ ) + k]
s s—(—2+j3) s—(—2—j3)
where
5s+13
c; =sX(s = =
! ()L:o s> +4s+13 o
5s+13 1
e =(s+2-j3X)|__, _3:—.‘ =——(1+})
I3 s(s+2+53) =24 3
5s+13 1
=(s+2+j3)X S =——1-7j
6= i3 (s)lsz’z’ﬂ s(s+2—j3) s=-2-j3 2( &
Thus,
1 1 . 1 1 . 1
Xo)=——-(Utp)——— U ———
s 2 s—(=2+j3) 2 s—(=2—j3)

The ROC of X(s) is Re(s) > 0. Thus, x(?) is a right-sided signal and from Table 3-1 we obtain

x(1)=u(r) = %(1 + e T — %(1 — e T V(r)
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Inserting the identity
eT2EP = g2t = = 2(cos 3t + jsin 3f)
into the above expression, after simple computations we obtain

x(t) = u(t) — e ? (cos 3t — sin 3¢) u(f)
=[1 — e ?(cos 3t — sin 31)] u(?)
Alternate Solution:
We can write X(s) as

55 +13 _ay Cy8 04

X(s)= =
) s(s2+4s+13) s sP4+4s+13

As before, by Eq. (3.30) we obtain

S5s+13
c =sX(s = =1
1= XOl sTH4s+13|
Then we have
Gstey Ss+13 1 —s+1
S2Hds+13  s(s+4s+13) s sP+4s+13
Thus,
1 s—1 1 s+2-3
X(s)=——— =—— 5
s s +4s+13 s (s+2)+9

s+2 3
(s+22+3% (s+2)?+3?

1
s
Then from Table 3-1 we obtain

x(®) = u(t) — e"* cos 3tu(t) + e~* sin 3tu(t)
= [1 — e ?(cos 3t — sin 3£)]u(r)

3.19. Find the inverse Laplace transform of

2
X(s)= s°+2s+5

= - - R -3
(s +3)(s +5) e(n =

We see that X(s) has one simple pole at s = —3 and one multiple pole at s = —5 with multiplicity 2. Then by
Egs. (3.29) and (3.31) we have

C| A’l + A‘Z
s+3 s+5 (s+5)

X(s)= (3.84)

By Egs. (3.30) and (3.32) we have

2
s”+2s+5
cl=(s+3)X(s)|s:_3=W =2
s=—3
2425+
)»2=(s+5)2X(s)|S:75=$ =-10
s=—5
d ) d[s®+2s+5
A =—[(s+5)%X == | ="
=50 (s)]|S:_5 as| s+ ||
_skes 1l
(s+37 | _,
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3.20.

Hence,

2 1 10
s+3 s+5 (s+5)

X(s)=

The ROC of X(s) is Re(s) > —3. Thus, x(7) is a right-sided signal and from Table 3-1 we obtain

x(®) = 2eu(t) — e 'u(t) — 10te'u(f)
=[2e73 — e — 10te "] u(f)

Note that there is a simpler way of finding A, without resorting to differentiation. This is shown as follows:
First find ¢, and A4, according to the regular procedure. Then substituting the values of ¢, and 4, into Eq. (3.84),
we obtain

sP+25+5 2 A 10
(s+3)(s+5°% s+3 s+5 (s+5)?

Setting s = 0 on both sides of the above expression, we have

5 2. 4, 10
2 A

75 3 5 25
from which we obtain A, = —1.
Find the inverse Laplace transform of the following X(s):
2s +1
a) X(s)= , Re(s) > —2
(@) X(s) T2 (s)
2
+65s+7
(b) X(s)="5—— Re(s) > —1
s +3s+2
sP+252+6

(c) X(s)zﬁ, Re(s) >0

2s+1_2(s+2)—3_2_ 3
s+2 s+2 s+2

(@) X(s)=
Since the ROC of X(s) is Re(s) > —2, x(¢) is a right-sided signal and from Table 3-1 we obtain
x(t) = 28() — 3e ?u(r)

(b) Performing long division, we have

2
+ 65+ + +
X(s):s 6s 771_}_ 3s+5 —14 3s+5

243542 SH+3s+2 (sHD(s+2)
Let
+
X,(5)= 3s+5 g )
(s+D(s+2) s+1 s+2
where
3s+5
=(s+1X = =2
a=@ )I(S)L:_l s+2 |
s=—1
3s+5
=(s+2)X = =
€ =(s )I(S)L:’z s+1 |
s=—2
Hence,

X(s):1-|——2 + !
s+1 s+2
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The ROC of X(s) is Re(s) > —1. Thus, x(¢) is a right-sided signal and from Table 3-1 we obtain
x(®) = 6() + Qe+ e 2)u(r)

(¢) Proceeding similarly, we obtain

3 2
+25% + +
X(s)=s 22s 6=s—1+ 3s+6
s2+3s s(s +3)
Let
3s+6 ¢ c
X, (s)= =1 2
s(s+3) s s+3
where
35+6
=sX == " =2
=X, s+3 ],
3s+6
o =@+3X ()| __ = =1
s==3
Hence,
2 1

X(s)=s—1+—+
s s+3

The ROC of X(s) is Re(s) > 0. Thus, x(7) is a right-sided signal and from Table 3-1 and Eq. (3.78) we obtain
x(t) =08'(t) — 6() + (2 + e 3u(n
Note that all X(s) in this problem are improper fractions and that x(f) contains d(f) or its derivatives.
3.21. Find the inverse Laplace transform of

242se P +4eH

X(s)=
s> +4s+3

Re(s) > —1

We see that X(s) is a sum
X(s) =X, () + Xy () e ¥ + X, (s)e ¥

where

2s 4

X, (5)= 2 X )=——
1) s*+4s+3 (5) s2+ds+3

- - X s)=
s*+4s+3 2(9)

If
x, (D) < X, (s) X, (1) <> X,(s) x,(1) <> X\(s)

then by the linearity property (3.15) and the time-shifting property (3.16) we obtain
x(t) = x,(t) + x,(t =2) + x,(t — 4) (3.85)

Next, using partial-fraction expansions and from Table 3-1, we obtain

_;_Le —(,t _ 73
X0 =gy T 0= e
X, (5) = — e ()= (—e + 3¢ )
s+ s43 0 77
X;3(s)= 22 xy(0)=2(e"" —e u(t)

s+1 s+3
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Thus, by Eq. (3.85) we have

(1) = (= () + [~ e~ + 373 Dyt — 2)
+2[e = — 3Dyt — 4)

3.22. Using the differentiation in s property (3.21), find the inverse Laplace transform of

X(s)= Re(s) > —a

(s + a)2

We have

S S O
ds\s+a) (s+a)
and from Eq. (3.9) we have

- 1
e “ut) > —— Re(s) > —a
sta
Thus, using the differentiation in s property (3.21), we obtain
x(1) = te”u(r)

System Function

3.23 Find the system function H(s) and the impulse response /(f) of the RC circuit in Fig. 1-32 (Prob. 1.32).
(a) Let
xO=v@®  y®O=v.()

In this case, the RC circuit is described by [Eq. (1.105)]

dy(t) 1

+7
dr  RC’

Taking the Laplace transform of the above equation, we obtain

1
(t)—EX(t)

Lyl
sY (s)+ R—CY(S) = RC X(s)

D lyy= L
or (s +R)Y(S) = RC X(s)

Hence, by Eq. (3.37) the system function H(s) is

Y(s) _ 1/RC _ 1 1
X(s) s+1/RC RC s+1/RC

H(s)=
Since the system is causal, taking the inverse Laplace transform of H(s), the impulse response A(?) is
_ 1 _
o)=L {H(s)y =—e "’ut
() {H(s)} RC )
(b) Let
x@O=v(  yO=i®

In this case, the RC circuit is described by [Eq. (1.107)]
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Taking the Laplace transform of the above equation, we have

Ly L
sY (s)+ R—CY(S) =R sX(s)

or (s + RIC)Y(S) - %SX(S)

Hence, the system function H(s) is

Y(s): s/IR 1 s

H(s)= —
X(s) s+1/RC Rs+1/RC

In this case, the system function H(s) is an improper fraction and can be rewritten as

1s+1/RC—1/RC 1 1 1
H)=—— =
R s+1/RC R RC s+1/RC

Since the system is causal, taking the inverse Laplace transform of H(s), the impulse response A(f) is

h(t)= gil{H(s)} = %5(1‘) — %eitmcu(t)

Note that we obtained different system functions depending on the different sets of input and output.
3.24. Using the Laplace transform, redo Prob. 2.5.

From Prob. 2.5 we have

h(t) = e~ *'u(t) x(t) = e*'u(—1) a>0
Using Table 3-1, we have

1
H(S)—m Re(S) > —a

X(s)=—# Re(s) < a
s—a

Thus,

Y(s)=X(s)H(s)= TG —a) s a<Re(s)<a

and from Table 3-1 (or Prob. 3.6) the output is

—alr]

1
l’ [ fp—
y(0) 2a’
which is the same as Eq. (2.67).

3.25. The output y(¢) of a continuous-time LTI system is found to be 2¢~*u(t) when the input x(¢) is u(f).
(a) Find the impulse response A(f) of the system.
(b) Find the output y(f) when the input x(7) is e~ u(r).

(@) x(@) = u(@®),y®) = 2eu(r)
Taking the Laplace transforms of x(#) and y(¢), we obtain
1
X(s)=— Re(s) >0
s

Y(s):% Re(s) > —3
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3.26.

3.27

Hence, the system function H(s) is

Y(s) _ 2s

H(s)= Re(s) > -3
O %) 543 )
Rewriting H(s) as
+ —
H(sy=_25 26976 _, 6 Re(s) > —3
s+3 s+3 s+3

and taking the inverse Laplace transform of H(s), we have
h(f) = 268(t) — 6™ u(r)

Note that A(?) is equal to the derivative of 2¢>'u (f), which is the step response s(¢) of the system
[see Eq. (2.13)].

) s L _
(b) x@®)=e "u(t) T Re(s) > —1
Thus,
- -2 _
Y(S)—X(S)H(S)—(S+1)(S+3) Re(s) > —1

Using partial-fraction expansions, we get

Y(s)=— 1+
s+1 s+3

Taking the inverse Laplace transform of Y(s), we obtain

y(®) = (—e™" +3e ) u(t)

If a continuous-time LTI system is BIBO stable, then show that the ROC of its system function H(s)
must contain the imaginary axis; that is, s = jw.

Acontinuous-time LTI system is BIBO stable if and only if its impulse response /(7) is absolutely integrable,
that is [Eq. (2.21)],

[ ] dr <o
By Eq. (3.3)

H()= [ h(e "dr

Let s = jow. Then

|H(jo)| :‘ [7 h@e " dr

= i,| h(t)e '™

dt=[" | h(t)|dr <o

Therefore, we see that if the system is stable, then H(s) converges for s = jw. That is, for a stable continuous-
time LTI system, the ROC of H(s) must contain the imaginary axis s = jo.

Using the Laplace transfer, redo Prob. 2.14

(a) Using Egs. (3.36) and (3.41), we have
Y(s) = X(s)H, (s)H,(s) = X(s)H(s)

where H(s) = H,(s)H,(s) is the system function of the overall system. Now from Table 3-1 we have
h(t)=e “u(t)y< H(s)=—— Re(s) > —2
s+2

hy(t)=2¢ "u(t) < H2(s)=i Re(s) > —1
s+1
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3.28.

3.29.

3.30.
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Hence,

2 2 2

H(S)ZHI(S)Hz(S):(s+1)(s+2):s+l_s+2

Re(s)>—1

Taking the inverse Laplace transfer of H(s), we get
h(t) =2(e™" — e *)u (1)

(b) Since the ROC of H(s), Re(s) > —1, contains the jw-axis, the overall system is stable.

Using the Laplace transform, redo Prob. 2.23.

The system is described by

DO L oty =)
dt

Taking the Laplace transform of the above equation, we obtain
sY(s) + a¥(s) = X(s) or (s + a)Y(s) = X(s)

Hence, the system function H(s) is

Y(s) 1

H(s)= X(s) Cs+a

Assuming the system is causal and taking the inverse Laplace transform of H(s), the impulse response A(?) is
h(t) = e~ “u(r)
which is the same as Eq. (2.124).
Using the Laplace transform, redo Prob. 2.25.
The system is described by
Y@ + 2y(0) = x(0) + x'(1)
Taking the Laplace transform of the above equation, we get

sY(s) + 2Y(s) = X(s) + sX(s)
or (s +2)Y(s) = (s + 1)X(s)

Hence, the system function H(s) is

X(s) s+2  s+2 s+2

H(S):Y(s)_s+1_s+2*1:1 1

Assuming the system is causal and taking the inverse Laplace transform of H(s), the impulse response A(?) is
h(t) = 8(t) — e Hu(?)
Consider a continuous-time LTI system for which the input x(¢) and output y(¢) are related by

y'(t) + y' () — 2y(t) = x(t) (3.86)

(a) Find the system function H(s).

(b) Determine the impulse response A(f) for each of the following three cases: (i) the system is causal,
(i7) the system is stable, (iii) the system is neither causal nor stable.

(a) Taking the Laplace transform of Eq. (3.86), we have

$2Y(s) + sY(s) — 2Y(s) = X(s)
or (s2 4+ 5 — 2)Y(s) = X(s)
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Hence, the system function H(s) is

Y(s) 1 _ 1

B = " P rs—2 6+2)6-D

(b) Using partial-fraction expansions, we get

1 1 1 1

H(s)= =—— 1
(s+2)(s—2) 3s+2 3s—1

(i) If the system is causal, then A(r) is causal (that is, a right-sided signal) and the ROC of H(s) is Re(s) > 1.
Then from Table 3-1 we get

hr) = —% (@ — ()

(i) If the system is stable, then the ROC of H(s) must contain the jw-axis. Consequently the ROC of
H(s) is =2 <Re(s) < 1. Thus, A (¢) is two-sided and from Table 3-1 we get

B RTRPRN
h(t)= 3e u(t) 3e u(—t)

(iii) If the system is neither causal nor stable, then the ROC of H(s) is Re(s) < —2. Then h(?) is
noncausal (that is, a left-sided signal) and from Table 3-1 we get

h(t)= % e Mu(—1)— %e’ u(—1)

3.31. The feedback interconnection of two causal subsystems with system functions F(s) and G(s) is depicted
in Fig. 3-13. Find the overall system function H(s) for this feedback system.

x(®) et y(®)
) »  F(s) >

Gis) [«

Fig. 3-13 Feedback system.

Let x<=Xs)  yO <Yl  r@®<R@Gs) e < El)
Then,
Y(s) = E(s)F(s) (3.87)
R(s) = Y()G(s) (3.88)
Since

e(t) =x(t) +r(r)
we have
E(s) = X(s) + R(s) (3.89)
Substituting Eq. (3.88) into Eq. (3.89) and then substituting the result into Eq. (3.87), we obtain
Y(s) = [X(s) + Y(s)G(s)] F(s)
or [1 — F(s)G(s)] Y(s5) = F(s)X(s)
Thus, the overall system function is

_Y()_ F()
X(s) 1—F(s)G(s)

H(s) (3.90)
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Unilateral Laplace Transform

3.32. Verify Egs. (3.44) and (3.45); that is,

dx (1)

(a) <> sX;(s)—x(0)

2
(b) ddfz(t ) s 52X, (s)— sx(07)—x'(07)

(a) Using Eq. (3.43) and integrating by parts, we obtain
d. o dx(t) _
A &0 _ _7( )e ' dt
T ar 0" dt

st

=x(t)e’

:7 + sf; x(t)e "dt
=—x(07)+sX,(s) Re(s)>0

Thus, we have

d’;(t) < 5X,(s)—x(07)

(b) Applying the above property to signal x'(f) = dx(t)/dt, we obtain

d’ d dx - -
0 =L X, (5) ~ X0~ (0)

=52X,(s)—sx(07)—x'(07)

Note that Eq. (3.46) can be obtained by continued application of the above procedure.

3.33. Verify Eqgs. (3.47) and (3.48); that is,

! 1
(a) fo‘ x(t)dt < ;X, (s)
®) [ x@dr éx, (s)+ é ff; x(t)dv

(@ Let o(t) = f; x(t)dv

dg(t) _

Th
en i

x(1) and g(0)=0

Now if
8(1) = G;(s)
then by Eq. (3.44)

X, (s)=15G,(s)— g0 )=s5G,(s)
Thus,

1
G,(s)=;X,(s)

' 1
or fo,x(r)dre;X,(s)

(b) We can write

[ x@ar :f:x(r) dr+ [1x(v)dr



CHAPTER 3 Laplace Transform and Continuous-Time LTI Systems 135

Note that the first term on the right-hand side is a constant. Thus, taking the unilateral Laplace transform
of the above equation and using Eq. (3.47), we get

[ x@dr e 1y @+l fof x(1)dv
—o s sd-=

3.34. (a) Show that the bilateral Laplace transform of x(#) can be computed from two unilateral Laplace
transforms.

(b) Using the result obtained in part (a), find the bilateral Laplace transform of e 2!l
(a) The bilateral Laplace transform of x(¢) defined in Eq. (3.3) can be expressed as

X(s) =fio x(t)e *'dr =fi); x(t)e *'dt +f; x(t)e *'dr

= :,x(—t)e”dz + f:ix(t)e‘”dt (3.91)

Now f:,x(z)e*”dr =X,(s) Re(s)>o" (3.92)
Next, let

L H{x(=0}=X; () :fooi x(—t)e *'dt Re(s)>o0 (3.93)

Then f:, x(—1)edt = fO“i x(=ne TVdt =X, (=s) Re(s)<o~ (3.94)

Thus, substituting Eqgs. (3.92) and (3.94) into Eq. (3.91), we obtain
X(s) = X, (s) + X7 (=) o <Re(s) <o~ (3.95)
(b) x(t) = e 21

(1) x() = e *fort >0, which gives

ff,{x(t)}ZX,(s)=S+% Re(s) > —2

(2) x() = e*fort<0.Then x(— 1) = e > for t > 0, which gives

fl{x(—t)}:X;(s)=ﬁ% Re(s)>—-2
Thus,
X, (—s)= L _ 1 Re(s)<2
—s+2 s—2

(3) According to Eq. (3.95), we have

_ 1 1
X(s)=X,(s)+ X, (—s)=m—s_2

-5, “2<Re()<2 (3.96)

which is equal to Eq. (3.70), witha = 2, in Prob. 3.6.

3.35. Show that

(@) x(0")= lim sX,(s) (3.97)
(b) lim x(t)= lir% sX;(s) (3.98)

Equation (3.97) is called the initial value theorem, while Eq. (3.98) is called the final value theorem for
the unilateral Laplace transform.
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3.36.
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(a) Using Eq. (3.44), we have
dx(t) o

sX,(s)—x(07)= fo dt
+ oo
:fof 7dx(z) e dt +f . dx(z) e ldt
0 d[ 0

f()+dx<t) =St gy

=x(0") = x(0 )+f0+dx(t) e v
Thus,
X, () =x(0")= [, d”;(t) et
and lim 5, (5) = x(0") + lim fo dx(O) st gy
dx (1)

=x(0 )+f (ﬁwe*”)dmx(o*)

since lim e =0,
5o

(b) Again using Eq. (3.44), we have
fim 5, (5) = x(07)] = lim fo d"(’) e dr
=f°°,dx(’)(1ime*”)dt
0 dr \s—o0
= foiwdt :x(t)r)*
0 dt 0

=lim x(¢) —x(0")

Since lirr(l) [sX,(s)—x(0 )]= lin(l) [sX;(s)]—x(0)
we conclude that

lim x(t) = 11m sX;(s)

t—w

The unilateral Laplace transform is sometimes defined as
L AxOy =X (5)= f;i x(t)e 'dr (3.99)

with 0" as the lower limit. (This definition is sometimes referred to as the 0" definition.)

(@) Show that

L. {%}zsxj(s)—x(o*) Re(s)>0 (3.100)
(b) Show that
P Aut)y = 1 (3.101)
S
L. 81} =0 (3.102)

(a) Let x(7) have unilateral Laplace transform X7 (s). Using Eq. (3.99) and integrating by parts, we obtain

{dx(l)} f dx(l) oSt
0"

st

=x(t)e

o + sf0+ x(t)e ' dt
=—x(0")+s5X/(s) Re(s)>0
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(®)

Thus, we have

dx(t)
dt

< sX7(5)—x(0")
By definition (3.99)

P {u(t)} = foi u(t)e Sdr = f; e dt

L
N

©

21 Re(s)>0
N

ot
From Eq. (1.30) we have

_ du(t)

o) dt

Taking the 0" unilateral Laplace transform of Eq. (3.103) and using Eq. (3.100), we obtain

1
L@y =s=—u(0")=1-1=0
N
This is consistent with Eq. (1.21); that is,

RO foi 8(t)e *'dt =0

137

(3.103)

Note that taking the O~ unilateral Laplace transform of Eq. (3.103) and using Eq. (3.44), we obtain

L {81} =s1—u(0*)=1—0 =1
S

Application of Unilateral Laplace Transform

3.37. Using the unilateral Laplace transform, redo Prob. 2.20.

The system is described by

Y@ +ay@®) =x@)

with y(0) = y, and x(t) = Ke " u(?).
Assume that y(0) = y(07). Let

y(@) < Y, (5)

Then from Eq. (3.44)

Y'(@) < sY,(s) — y(07) = 5Y,(s) — y,

From Table 3-1 we have

K
M= X ()= Re(s) > b

Taking the unilateral Laplace transform of Eq. (3.104), we obtain

or

K
[sY;($) =yl +a¥,(s)= Py

K
+a)Y,(s)=yy +——
s+l ()=y +

Thus,

Y, (s)=—20_+ K
! s+a (s+a)(s+b)

(3.104)



138 CHAPTER 3 Laplace Transform and Continuous-Time LTI Systems

Using partial-fraction expansions, we obtain

Yl(S):yO+K(1 1)

sta a—bls+b s+a

Taking the inverse Laplace transform of Y(s), we obtain

w K
y(n)= {yoe Tt —
a—>b

G e“’)]u(r)
which is the same as Eq. (2.107). Noting that y(0*) = y(0) = y(07) = y,, we write y(7) as

(efbt _ efat) =0

H=ye “+
y(®) =y P

3.38. Solve the second-order linear differential equation
Y'(@) + 5Y'(@) + 6y(@) = x(t) (3.105)
with the initial conditions y(0) = 2, y'(0) = 1,and x(t) = e~ u(z).
Assume that y(0) = y(0~) and y'(0) = y'(07). Let
y(@) <> Y, (s)
Then from Eqs. (3.44) and (3.45)

V(1) <> sY,(s) = y(07) = s¥,(s) — 2
V') <> $2Y,(5) = sy(07) = y'(07) = 52, (s) — 25 — |

From Table 3-1 we have

1
x(l‘)<—>X1(S)=m

Taking the unilateral Laplace transform of Eq. (3.105), we obtain

[s2Y,(s) — 25 — 1]+ 5[sY,(s) — 2] + 6Y,(s) = 1
N

+1
2
+135s +
or (5 + 55+ 6)Y,(5) = —— 25 411 = 25 F13H12
s+1 s+1
Thus,
252 +13s+12 252 +13s+12
Y, (s)= =

(s+(s>+55+6) (s+D(s+2)(s+3)

Using partial-fraction expansions, we obtain

ne=t L gt 2]
2s5+1 s+2 2s+3

Taking the inverse Laplace transform of Y, (s), we have

9

y(t)=|—e " +6e - 76_3’ u(t)

1
2
Notice that y(0*) = 2 = y(0) and y'(0") = 1 = y'(0); and we can write y(f) as

|- —2t 9 —3t
H)=—e ' +6e " —=e t=0
y(t) 2 2
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3.39. Consider the RC circuit shown in Fig. 3-14(a). The switch is closed at r = 0. Assume that there is an

initial voltage on the capacitor and v (07) = v,

0

(a) Find the current i(r).
(b) Find the voltage across the capacitor v (7).

R it) R i(t)
8{ ANN—» AMA—»

G I — <> v (t) c I

. LT :
_i -

v.(07) =v,

Fig. 3-14 RC circuit.

I
<
e

-,

(a) With the switching action, the circuit shown in Fig. 3-14(a) can be represented by the circuit shown in
Fig. 3-14(b) with v (1) = Vu(#). When the current i(7) is the output and the input is v (7), the differential

(b

equation governing the circuit is
. L _
Ri(t) + Effoc i(T)dr =v(t)
Taking the unilateral Laplace transform of Eq. (3.106) and using Eq. (3.48), we obtain

11 1 0, %
RI(S)+E ;I(s)-i—;fiwl(‘r)d‘v =

where I(s)=2,{i(t)}
1 .
Now v.(t)= Efiwz(r)dr
10 B
and v.(0 )=Ef7wt(‘r)d1:fv0

Hence, Eq. (3.107) reduces to
R+ i+ =Y
Cs s S
Solving for I(s), we obtain
—V 1 V—=y 1

1(5)=" -
R+1/Cs R s+1/RC

Taking the inverse Laplace transform of I(s), we get
V—=v, _
i(t) =7Rv° ¢ RCu(r)

When v (?) is the output and the input is v (), the differential equation governing the circuit is
c §

v (t) 1 1
+—v. () =—=v (¢
dt RCV‘() RCV“()

Taking the unilateral Laplace transform of Eq. (3.108) and using Eq. (3.44), we obtain

_ 1 1V
sV.()—v.(0)+—V.(s)=——
(s)=v.(0) RC (5) RC s

or s+L Vc(s)=LK+v0
RC RC s

(3.106)

(3.107)

(3.108)
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Solving for V (s), we have

VL.(s)ZL 1 + Yo
RC s(s+1/RC) s+1/RC

1 1 L%
s s+1/RC s+1/RC

Taking the inverse Laplace transform of V (s), we obtain
v(t) = V[1 — e "RQu (1) + vye "RCu(r)
Note that vc(0+) =v, =v,(07). Thus, we write v (1) as
v(t) = V(1 — e "/RC) + y e !/RC t=0
3.40. Using the transform network technique, redo Prob. 3.39.

(a) Using Fig. 3-10, the transform network corresponding to Fig. 3-14 is constructed as shown in Fig. 3-15.

n|<
N
\J
)
2

Fig. 3-15 Transform circuit.

Writing the voltage law for the loop, we get
R+ i+ =Y
Cs s s
Solving for I(s), we have

Vo 1 V= 1
R+1/Cs R s+1/RC

V —
I(s)=
s
Taking the inverse Laplace transform of I(s), we obtain
: V=v -urc
i(tHy=————e u(t
0] R ®
(b) From Fig. 3.15 we have
1 Vo
V.(s)=—I(s)+—
- (5) Cs () .

Substituting I(s) obtained in part (@) into the above equation, we get

VC(S):V_VO 1 +V70
RC s(s+1/RC) s
1 1 v,
=V-y)|=-—— [+
( 0)(5 s+1/RC K

1 1 +_ %
s s+1/RC} s+1/RC
Taking the inverse Laplace transform of V (s), we have

vc(t) = V(1 — e ""ROYu(r) + vOe’”RCu(t)
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3.41. In the circuit in Fig. 3-16(a) the switch is in the closed position for a long time before it is opened at
t = 0. Find the inductor current i() for t = 0.

When the switch is in the closed position for a long time, the capacitor voltage is charged to 10 V and there is
no current flowing in the capacitor. The inductor behaves as a short circuit, and the inductor current is 1?0= 2A.

Thus, when the switch is open, we have i((07) = 2 and v (07) = 10; the input voltage is 10 V, and therefore it can
be represented as 10u(r). Next, using Fig. 3-10, we construct the transform circuit as shown in Fig. 3-16(b).

1 20 10
s 1.5 5
I(s) 2
— + + —

10V —

(@) (b)
Fig. 3-16

From Fig. 3-16(b) the loop equation can be written as

lSI(S)—1+21(s)+§1(s)+&:9
2 N S N
or (1S+2+20)I(s)—1
2 s
Hence,
1 2s
I(s)= =
~s+2+20/s S tAsHA0
_2s+2)—4 _ (s+2) 2 6
(s+27 46> (s+2)7+6> 3(s+2)>+6

Taking the inverse Laplace transform of I(s), we obtain

i(ty=e (2 cos 61 f%sin 6z)u(z)

Note that i(07) = 2 = i(07); that is, there is no discontinuity in the inductor current before and after the switch
is opened. Thus, we have

_ 2
i(H=e 2’(2cos6t—§sin6t) =0

3.42. Consider the circuit shown in Fig. 3-17(a). The two switches are closed simultaneously at r = 0. The
voltages on capacitors C, and C, before the switches are closed are 1 and 2 V, respectively.

(a) Find the currents i (¢) and i,(?).
(b) Find the voltages across the capacitors at r = 0%,

(a) From the given initial conditions, we have

e (0) =1V and v, (0)=2V
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Thus, using Fig. 3-10, we construct a transform circuit as shown in Fig. 3-17(b). From

+

(6)]
<
[y
I
=
ANV
N
(=)
N
=
oy
I
o
O%O
w ;o
-
=z
AV
N
-
=

1
S
= Ve
(@)
Fig. 3-17

Fig. 3-17(b) the loop equations can be written directly as

241
s

I,(s) —21,(s) =%

—21,(s)+

2+ L
s

2
L(s)=—=

s
Solving for 1,(s) and 1,(s) yields

s+1 S+l+é

L(="7 4714:14_3%
s+ s+— 4s+—
4 4 4

s—l s+l—g 31
h=—t=—HAgt=1-2—7
1 1 4 1
s+ — s+ s+ —
4 4 4

Taking the inverse Laplace transforms of /,(s) and I,(s), we get
3 _
i(H)=8()+ e ()
. _ _ é —t/4
i, (1) =04(1) 1 e "u(t)
(b) From Fig. 3-17(b) we have
1 1
Ve, (9)==1(s)+-
s s
1 2
Ve, (9)==1(s)+=
s s
Substituting 7,(s) and I,(s) obtained in part (a) into the above expressions, we get

1s+1 1
Ve, ()=~

+ —
s—i—l §
4

1
1575

2
Ve, (5)=~—2
)

J’_f

s+— 8

1
4



CHAPTER 3 Laplace Transform and Continuous-Time LTI Systems 143

Then, using the initial value theorem (3.97), we have

P st _ _
vCI(O )_}E‘lqu(s)_sﬂll 1-1-1—1+1—2V
sty

N

_1
%+2=1+2=3v

s+ —
4

v, (07)= lim sVe, (s) = lim

§—>00

Note that Vcl(0+) # Ve, (07)and vC2(0+) # Ve, (07). This is due to the existence of a capacitor loop in the
circuit resulting in a sudden change in voltage across the capacitors. This step change in voltages will
result in impulses in i (r) and i,(#). Circuits having a capacitor loop or an inductor star connection are
known as degenerative circuits.

SUPPLEMENTARY PROBLEMS

3.43.

3.44.

3.45.

3.46.

3.47.

3.48.

Find the Laplace transform of the following x(#):
(@) x(t) = sin w,tu(?)

(b)  x(1) = cos(wyt + ¢) u(?)

() x(t) = e “u(r) — e“u(—t)

d) x@=1

(e) x(r) =sgnt
Find the Laplace transform of x(#) given by

L=t=t,
x(t)= .
0 otherwise

Show that if x(7) is a left-sided signal and X(s) converges for some value of s, then the ROC of X(s) is of the form

Re(s) < g,

n

where o

in €quals the minimum real part of any of the poles of X(s).
Verify Eq. (3.21); that is,

dX(s)
s

—x(t) < R =R

Show the following properties for the Laplace transform:
(a) Ifx(¢) is even, then X(—s) = X(s); that is, X(s) is also even.
(b) If x(¢) is odd, then X(—s) = —X(s); that is, X(s) is also odd.

(¢) If x(¢) is odd, then there is a zero in X(s) at s = 0.
Find the Laplace transform of

x(t)= (e cos2t —5¢ () + %ezzu(_t)
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3.49. Find the inverse Laplace transform of the following X(s):

1
X(s)=————,R -1
@ X()= 5 Re(s) >

() X(s)=—— ~1<Re(5)<0
s(s

+1)
1
(o) X(S)Zis(s+])2,Re(s)< -1
s+1
d) X(s)=——,R > -2
@ XO= G i W

N
(e) X(S)ZW,RC(S)>O

f) X(s)= ,Re(s) > —2

s +257 +95+18
3.50. Using the Laplace transform, redo Prob. 2.46.

3.51. Using the Laplace transform, show that

(a) x(t)* 6(f) = x(¥)
(b) x()* 6'(t) =x'(r)

3.52. Using the Laplace transform, redo Prob. 2.54.
3.53. Find the output y(#) of the continuous-time LTI system with
h() = e~ >u(r)

for the each of the following inputs:
(@) x(1)= e u()
(b) x(®) = e u(-1)

3.54. The step response of an continuous-time LTI system is given by (1 — e™) u(#). For a certain unknown input
x(f), the output y(7) is observed to be (2 — 3e™" + e 3")u(r). Find the input x(7).

3.55. Determine the overall system function H(s) for the system shown in Fig. 3-18.

F N

=

Fig. 3-18

3.56. If x(¢) is a periodic function with fundamental period 7, find the unilateral Laplace transform of x() .

3.57. Find the unilateral Laplace transforms of the periodic signals shown in Fig. 3-19.
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3.58.

3.59.

3.60.

3.61.

x(t)
— 1 . : . : .
-1 0 1 2 3 4 5 t
(a)
x(t)
— 1 \ h \ h \
1 0 i 12 '3 t4 '5 t
. » . . . . .
(b)
Fig. 3-19

Using the unilateral Laplace transform, find the solution of
Y'(®) =y () = 6y(t) = ¢
with the initial conditions y(0) = 1 and y'(0) = 0 forr=0.
Using the unilateral Laplace transform, solve the following simultaneous differential equations:

Y@ +y@) +x'@+x@=1
Y@ —y@®) = 2x(n=0

with x(0) =0 and y(0) = 1 fort=0.
Using the unilateral Laplace transform, solve the following integral equations:

(@) y(t)=1+af(§y(r)dr,t20

®) y)=é [1 o e*’y(r)dr] =0

Consider the RC circuit in Fig. 3-20. The switch is closed at = 0. The capacitor voltage before the switch
closing is v,. Find the capacitor voltage for 7 =0.

c == gﬂ
itt)

Fig. 3-20 RC circuit.
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3.62.
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Consider the RC circuit in Fig. 3-21. The switch is closed at z = 0. Before the switch closing, the capacitor C,
is charged to v, V and the capacitor C, is not charged.

Fig. 3-21 RC circuit.

(@) Assuming C, = C, = C, find the current i(f) fort = 0.

(b) Find the total energy E dissipated by the resistor R, and show that E is independent of R and is equal to
half of the initial energy stored in C,.

() Assume that R =0 and C, = C, = C. Find the current i(t) for = 0 and voltages Ve, (0™) and vCZ(O*).

ANSWERS TO SUPPLEMENTARY PROBLEMS

3.43.

3.44.

3.45.

3.46.

3.47.

3.48.

(@) X(s)=—=0 Re(s)>0
s” +wg

__SCos ¢ — wsin ¢
s2+w§

) X(s) ,Re(s)>0

2s
(¢) Ifa>0, X(5)=—5—7, —a<Re(s) <a.lfa <0, X(s) does not exist since X(s) does not have an ROC.
s°—a
(d) Hint: x(t) = u(t) + u(—1)
X(s) does not exist since X(s) does not have an ROC.
(e) Hint: x(t) = u(t) — u(—1)
X(s) does not exist since X(s) does not have an ROC.

X(s)= 1 [e*" —e™*"2], all s
s

Hint: Proceed in a manner similar to Prob. 3.4.
Hint: Differentiate both sides of Eq. (3.3) with respect to s.

Hint:
(a) Use Eqgs. (1.2) and (3.17).
(b) Use Eqgs. (1.3) and (3.17).

(¢) Use the result from part (b) and Eq. (1.83a).

_ s+l 5 11
(s+1*+4 s+2 2s5-2

X(s) ,—1<Re(s)<2
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3.49.

3.50.

3.51.

3.52.

3.53.

3.54.

3.55.

3.56.

3.57.

3.58.

3.59.

3.60.

3.61.

3.62.

(@) xt)=>A—e " —te Hu(t)
b) x@)=—u(—t)—A+t)e "u@)
(¢) x()=(1+e " +te Hu(—1)

d x@)=e (cos 3t — %Sin 31)14(1)
(e) x(t)=%tsin2tu(t)
(-2 a2 3
f) x(t)—( 13e +13cos3t+13s1n3t)u(t)

Hint:  Use Eq. (3.21) and Table 3-1.

Hint:
(a) UseEq.(3.21) and Table 3-1.
(b) Use Eqgs. (3.18) and (3.21) and Table 3-1.

Hint:

(a) Find the system function H(s) by Eq. (3.32) and take the inverse Laplace transform of H(s).

(b) Find the ROC of H(s) and show that it does not contain the jw-axis.

(@ y=("—e ) u@®
(b) y(® =e"u(=1+eu)

x(H) =2(1 — e 3u(r)

Hint: Use the result from Prob. 3.31 to simplify the block diagram.

2

Hs)=——7F5+-—7—
() S +3s2+s5-2

X(s) = —— (" x(t)e “dr.Re(s)> 0
(s—1 e*»"Tfo’x e ,Re(s

@ — ' Res)>0: (b i,Re(spo
s(l+e %) s(l+e )

1 t 2 —2t 1 3t
=——e +— +—e’, t=0
y(@) 66 3e 2e
x=e'—1,y0)=2—-¢"1t=0

(@ y@®=e"1=0; b)) y@)=e1t=0

v(n) =v,e "R 1 =0

(a) i(t)=(vy/R)e >R 1=0

1
w)E:Z%C

] _ _
(c) 1(t)=5v0C6(t),vC1(0+)=v0/Z#VCI(O )=Vy2ve, (07)=vy 12# v, (07)=0

147



CHAPTER 4

The z-Transform and
Discrete-Time LTI Systems

4.1 Introduction

In Chap. 3 we introduced the Laplace transform. In this chapter we present the z-transform, which is the
discrete-time counterpart of the Laplace transform. The z-transform is introduced to represent discrete-time
signals (or sequences) in the z-domain (z is a complex variable), and the concept of the system function for a
discrete-time LTT system will be described. The Laplace transform converts integrodifferential equations into
algebraic equations. In a similar manner, the z-transform converts difference equations into algebraic equa-
tions, thereby simplifying the analysis of discrete-time systems.

The properties of the z-transform closely parallel those of the Laplace transform. However, we will see
some important distinctions between the z-transform and the Laplace transform.

4.2 The zTransform

In Sec. 2.8 we saw that for a discrete-time LTI system with impulse response A[n], the output y[n] of the sys-
tem to the complex exponential input of the form z” is

yln] = T{z"} = H(z)z" 4.1

where

o0

H@= Y hinlz" 42)

n=—oo

A. Definition:

The function H(z) in Eq. (4.2) is referred to as the z-transform of A[n]. For a general discrete-time signal x[n],
the z-transform X(z) is defined as

X@= Y xlnlz" (4.3)

The variable z is generally complex-valued and is expressed in polar form as

7 = re/® 4.4)

148
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where r is the magnitude of z and Q is the angle of z. The z-transform defined in Eq. (4.3) is often called the
bilateral (or two-sided) z-transform in contrast to the unilateral (or one-sided) z-transform, which is defined as

X, ()= E x[n]z" 4.5)

n=0

Clearly the bilateral and unilateral z-transforms are equivalent only if x[n] = O for n < 0. The unilateral
z-transform is discussed in Sec. 4.8. We will omit the word “bilateral” except where it is needed to
avoid ambiguity.

As in the case of the Laplace transform, Eq. (4.3) is sometimes considered an operator that transforms a
sequence x[n] into a function X(z), symbolically represented by

X(z) = 3{x[nl} (4.6)
The x[n] and X(z) are said to form a z-transform pair denoted as
x[n] < X(2) 4.7)

B. The Region of Convergence:

As in the case of the Laplace transform, the range of values of the complex variable z for which the z-transform
converges is called the region of convergence. To illustrate the z-transform and the associated ROC let us con-
sider some examples.

EXAMPLE 4.1 Consider the sequence
x[n] = a"u[n] a real 4.8)

Then by Eq. (4.3) the z-transform of x[n] is

X()= i a'uln]z " = i (az”")"
n=0

n=-—o

For the convergence of X(z) we require that

n
<

oo
3 o
n=0

Thus, the ROC is the range of values of z for which |az™!| < 1 or, equivalently, |z| > |a|. Then

oo

X(z)= 2 (az )" =

n=0 1=

1
= [z[>ld] (“9)
az
Alternatively, by multiplying the numerator and denominator of Eq. (4.9) by z, we may write X(z) as
Z
X@)=—— |z]|>]4] (4.10)
z—a

Both forms of X(z) in Egs. (4.9) and (4.10) are useful depending upon the application. From Eq. (4.10) we
see that X(z) is a rational function of z. Consequently, just as with rational Laplace transforms, it can be char-
acterized by its zeros (the roots of the numerator polynomial) and its poles (the roots of the denominator
polynomial). From Eq. (4.10) we see that there is one zero at z = 0 and one pole at z = a. The ROC and the
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pole-zero plot for this example are shown in Fig. 4-1. In z-transform applications, the complex plane is com-
monly referred to as the z-plane.

Re(z)

. Unit circle

z-plane

O

-1<

a<0

Re(2)
/// %
7

a>1

Re(z)

Fig. 4-1 ROC of the form |z| > |a]|.

EXAMPLE 4.2 Consider the sequence

x[n] = —a"u[—n—1]

Its z-transform X(z) is given by (Prob. 4.1)

X =
(z) -

Again, as before, X(z) may be written as

X(x)=——
zZ—a

|2|<]al

|z|<lal

N

.11

(4.12)

(4.13)
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Thus, the ROC and the pole-zero plot for this example are shown in Fig. 4-2. Comparing Eqgs. (4.9) and
(4.12) [or Eqgs. (4.10) and (4.13)], we see that the algebraic expressions of X(z) for two different sequences
are identical except for the ROCs. Thus, as in the Laplace transform, specification of the z-transform requires
both the algebraic expression and the ROC.

Im) Im()

%4 ai Re(2) f ] a Ry

Re(2)

-1<a<0 a< -1

Fig. 4-2 ROC of the form |z| < |a|.

C. Properties of the ROC:

As we saw in Examples 4.1 and 4.2, the ROC of X(z) depends on the nature of x[n]. The properties of the ROC
are summarized below. We assume that X(z) is a rational function of z.

Property 1: The ROC does not contain any poles.
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Property 2:

Property 3:

Property 4:

Property 5:
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If x[n] is a finite sequence (that is, x[n] = 0 except in a finite interval N, = n = N, ,where N,
and N, are finite) and X(z) converges for some value of z, then the ROC is the entire z-plane
except possibly z = 0 or z = <.

If x[n] is a right-sided sequence (that is, x[n] = 0 for n < N, < ) and X(z) converges for
some value of z, then the ROC is of the form

|z| >r, or 0> |z| >r_

ax ax

where 1 equals the largest magnitude of any of the poles of X(z). Thus, the ROC is the
exterior of the circle |z| = r__ in the z-plane with the possible exception of z = o,

If x[n] is a left-sided sequence (that is, x[n] = 0 for n > N, > —) and X(z) converges for
some value of z, then the ROC is of the form

lz| <r, or 0<|z| <r,

where 7. is the smallest magnitude of any of the poles of X(z). Thus, the ROC is the inte-
rior of the circle |z| = r_. in the z-plane with the possible exception of z = 0.

If x[n] is a two-sided sequence (that is, x[n] is an infinite-duration sequence that is neither
right-sided nor left-sided) and X(z) converges for some value of z, then the
ROC is of the form

r, < |z| <r,

where 7, and r, are the magnitudes of the two poles of X(z). Thus, the ROC is an annular

ring in the z-plane between the circles |z| = r, and |z| = r, not containing any poles.
Note that Property 1 follows immediately from the definition of poles; that is, X(z) is

infinite at a pole. For verification of the other properties, see Probs. 4.2 and 4.5.

4.3 z-Transforms of Some Common Sequences

A. Unit Impulse Sequence 6[n]:
From definitions (1.45) and (4.3)

Thus,

X@)= Y dlnlz"=z"=1 allz (4.14)

n=—ow

S[n] <=1 all z (4.15)

B. Unit Step Sequence u[n]:

Setting @ = 1 in Egs. (4.8) to (4.10), we obtain

u[n]ell_lzi1 |z|>1 (4.16)
R

C. ZzTransform Pairs:

The z-transforms of some common sequences are tabulated in Table 4-1.
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TABLE 4-1 Some Common z-Transform Pairs

153

x[n] X(2) ROC
S[n] 1 All z
L= > 1
uln] P |z]
| L Iz] <1
ul=n—1] 1-7""z-1 ¢
S6[n—m] zm All z except 0 if (m > 0) or « if (m < 0)
- L 121> lal
a'uln] l—az ' 7—a z a
L= 121 < lal
- n - - 9 a
a'u[—n—1] l—az 7—a Z
az™! az
n . > |a
na"u[n] I—az ) (z—a) |z| > |al
az™! az
— Ny — 9y — s <
na"u[—n—1] U—az ') (z—a) |z| < |al
! [ : } 121> lal
n — | z
(n+1)a"uln] U—az V| z2-a
2
Z"— (cos )z
cos Q.n)uln > 1
¢ omuln] 72— (2c0s Q)z+1 Izl
. (sin )z
Q > 1
(sin Q n)uln] 7= (2005 Q)21 [z]
2
77— (recos Q))z
n Q >
(r" cos Qyn)uln] 7 (Greos Q) 2+ 7 |z|>7r
. (rsin )z
n Q >
(r" sin Qyn)uln] Zz—(ZrCOS Q,) - |z|>r
a 0=n=N-1 1—aVN
. — 21> 0
0 otherwise 1—az

4.4 Properties of the z-Transform

Basic properties of the z-transform are presented in the following discussion. Verification of these properties is

given in Probs. 4.8 to 4.14.
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A. Linearity:
If

x,[n] <= X, (z) ROC = R,
x,[n] < X,(z) ROC =R,

then
ax,[n] + a,x,[n] < aX,(2) + a,X,(2) R'DR NR,
where a, and a, are arbitrary constants.

B. Time Shifting:
If

x[n] < X(z) ROC =R
then

xn — nyl <> 27X (z) R'=RN{0< |z| <o}

Special Cases:

x[n — 1] < 7' X(z) R'=RN{0< |z|}
x[n + 1] < zX(2) R'=RN {|z| <o}

4.17)

(4.18)

(4.19)
(4.20)

Because of these relationship [Egs. (4.19) and (4.20)], z ! is often called the unit-delay operator and z is called

-1 _—

the unit-advance operator. Note that in the Laplace transform the operators s~' = 1/s and s correspond to time-

domain integration and differentiation, respectively [Egs. (3.22) and (3.20)].
C. Multiplication by zg:
If

x[n] < X(2) ROC =R

then

S
<0

zpx[nl<= X R’=|z0 |R

In particular, a pole (or zero) at z = z, in X(z) movestoz = z
or contracts by the factor |z,|.

0%k

Special Case:

e/®ix[n] < X(e™/%z) R' =R

In this special case, all poles and zeros are simply rotated by the angle Q, and the ROC is unchanged.

421

after multiplication by z{; and the ROC expands

(422)
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D. Time Reversal:

If
x[n] < X(2) ROC =R
then
1 1
—nle X|— R =— 423
x[—n] ( . ) R (4.23)

Therefore, a pole (or zero) in X(z) at z = z, moves to 1/z, after time reversal. The relationship R' = 1/R indi-
cates the inversion of R, reflecting the fact that a right-sided sequence becomes left-sided if time-reversed, and vice
versa.

E. Multiplication by n (or Differentiation in 2):
If

x[n] <= X(2) ROC =R
then

. dX(2)
dz

nx[n] <> — R' =R (4.24)

F. Accumulation:

If
x[n] <= X(2) ROC =R
then
Y xlkl< ! —X()=——X() R 3Rﬂ{|z|> 1} (4.25)
k=—o 1_Z Z_l

Note that =;_ . x[k] is the discrete-time counterpart to integration in the time domain and is called the accumu-
lation. The comparable Laplace transform operator for integration is 1/s.

G. Convolution:
If

x,[n] <= X,(2) ROC = R,
x,[n] < X,(z) ROC =R,

then
x,[n] = x,[n] < X,(2)X,(z) R DR NR, (4.26)

This relationship plays a central role in the analysis and design of discrete-time LTI systems, in analogy with
the continuous-time case.

H. Summary of Some z-transform Properties:

For convenient reference, the properties of the z-transform presented above are summarized in Table 4-2.
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TABLE 4-2. Some Properties of the z-Transform

PROPERTY SEQUENCE TRANSFORM ROC
x[n] X(2) R
x,[n] X, R,
x,[n] X,(2) R,
Linearity ax,[n] + a,x,[n] a,X,(z) + a,X,(z) R'DR,NR,
Time shifting x[n—ny] 77 X(z) R'DRN{0 <|z] < 0}
Multiplication by z} Zpx[n] X [ij R'=|zy|R
2o
Multiplication by e /<o e/Qonx[n] X(e™/fhz) R'=R
. 1 1
Time reversal x[—n] X|— R'=—
Z R
dX
Multiplication by n nx[n] —Z% R'=R
Z
. N 1
Accumulation k; x[n] 1_—Z_1X(Z) R'DRN{|z|>1)
Convolution x,[n]* x,[n] X,(2)X,(2) R'DR,NR,

4.5 The Inverse z-Transform

Inversion of the z-transform to find the sequence x[n] from its z-transform X(z) is called the inverse z-transform,
symbolically denoted as

x[n] = 37Xy} (4.27)

A. Inversion Formula:

As in the case of the Laplace transform, there is a formal expression for the inverse z-transform in terms of an
integration in the z-plane; that is,

— 1 n—1
x[n]—z—wgic)((z)z dz (4.28)

where C is a counterclockwise contour of integration enclosing the origin. Formal evaluation of Eq. (4.28)
requires an understanding of complex variable theory.

B. Use of Tables of z-Transform Pairs:
In the second method for the inversion of X(z), we attempt to express X(z) as a sum
X@) =X, @)+ +X () (4.29)

where X,(z), ..., X (z) are functions with known inverse transforms x,[n], ..., x [1]. From the linearity property
(4.17) it follows that

x[n] = x/[n] + -+ + x [n] (4.30)
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C. Power Series Expansion:

The defining expression for the z-transform [Eq. (4.3)] is a power series where the sequence values x[n] are the
coefficients of z7". Thus, if X(z) is given as a power series in the form

o0

Xlz]= Y xlnlz™

=t x[2]12% + x[— 1]z + x[0] + x[1]z7" +x[2]z7 2 +--- 431
we can determine any particular value of the sequence by finding the coefficient of the appropriate power of 7.
This approach may not provide a closed-form solution but is very useful for a finite-length sequence where X(z)
may have no simpler form than a polynomial in 7! (see Prob. 4.15). For rational z-transforms, a power series
expansion can be obtained by long division as illustrated in Probs. 4.16 and 4.17.

D. Partial-Fraction Expansion:

As in the case of the inverse Laplace transform, the partial-fraction expansion method provides the most gener-
ally useful inverse z-transform, especially when X(z) is a rational function of z. Let

_ND_ (zmz) 7z,

X(2) (4.32)
D)  (z—p)-@=p,)
Assuming n = m and all poles p, are simple, then
&:C_O_i_c_l_l,_ © et “n :C_0+ S (4.33)
z 2 Z=p ZI7Pp, =P, T (E=1TD
where
X(2)
¢y =X(2) =0 ¢ =@ p)——= (4.34)
z lz=py
Hence, we obtain
X(z)=c¢yt¢ - Tt - :C0+Eck - (4.35)
= p 27 P k=1 27 Pk

Inferring the ROC for each term in Eq. (4.35) from the overall ROC of X(z) and using Table 4-1, we can then
invert each term, producing thereby the overall inverse z-transform (see Probs. 4.19 to 4.23).

If m > n in Eq. (4.32), then a polynomial of z must be added to the right-hand side of Eq. (4.35), the order
of which is (m — n). Thus for m > n, the complete partial-fraction expansion would have the form

m—n

X@= 3 b2+ e £ (4.36)
q=0 =1 7 Pk

If X(z) has multiple-order poles, say, p, is the multiple pole with multiplicity r, then the expansion of
X(z)/z will consist of terms of the form

A A A
L4 2 s+t r 4.37)
=P (z—p) (z=p)'
where
1 d*  X(2)
ST (z—py) - (4.38)
: Z=p;
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4.6 The System Function of Discrete-Time LTI Systems

A. The System Function:

In Sec. 2.6 we showed that the output y[n] of a discrete-time LTI system equals the convolution of the input
x[n] with the impulse response A[n]; that is [Eq. (2.35)],

yln] = x[n] * hln] (4.39)
Applying the convolution property (4.26) of the z-transform, we obtain
Y(z) = X(2)H(z) (4.40)

where Y(z), X(z), and H(z) are the z-transforms of y[n], x[n], and h[n], respectively. Equation (4.40) can be
expressed as

Y(z)
H(z) = %) (441)
(2) XG)

The z-transform H(z) of h[n] is referred to as the system function (or the transfer function) of the system. By
Eq. (4.41) the system function H(z) can also be defined as the ratio of the z-transforms of the output y[n] and
the input x[n]. The system function H(z) completely characterizes the system. Fig. 4-3 illustrates the rela-
tionship of Egs. (4.39) and (4.40).

-_—» hn —_——)>

X[n] ylnl=yln] = hin]
X(z) Y(2)=X(2)H(z2)

—_—> H —

Fig. 4-3 Impulse response and system function.

B. Characterization of Discrete-Time LTI Systems:

Many properties of discrete-time LTI systems can be closely associated with the characteristics of H(z) in the z-
plane and in particular with the pole locations and the ROC.

1. Causality:
For a causal discrete-time LTI system, we have [Eq. (2.44)]

hln] =0 n<o0
since h[n] is a right-sided signal, the corresponding requirement on H(z) is that the ROC of H(z) must be of the form

|z| >Vm

ax

That is, the ROC is the exterior of a circle containing all of the poles of H(z) in the z-plane. Similarly, if the
system is anticausal, that is,

hin] =0 n=0
then h[n] is left-sided and the ROC of H(z) must be of the form
|Z| < rmin

That is, the ROC is the interior of a circle containing no poles of H(z) in the z-plane.
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2. Stability:
In Sec. 2.7 we stated that a discrete-time LTI system is BIBO stable if and only if [Eq. (2.49)]

o0

E |h[n]|<oo

n=—o

The corresponding requirement on H(z) is that the ROC of H(z) contains the unit circle (that is, |z| = 1).(See
Prob. 4.30.)

3. Causal and Stable Systems:

If the system is both causal and stable, then all of the poles of H(z) must lie inside the unit circle of the

z-plane because the ROC is of the form |z| > r_.,and since the unit circle is included in the ROC, we must

have r  <1.

C. System Function for LTI Systems Described by Linear Constant-Coefficient
Difference Equations:

In Sec. 2.9 we considered a discrete-time LTI system for which input x[n] and output y[n] satisfy the general lin-
ear constant-coefficient difference equation of the form

N M
E ayln—kl= E byx[n — k] (4.42)
k=0 k=0

Applying the z-transform and using the time-shift property (4.18) and the linearity property (4.17) of the
z-transform, we obtain

N M
Ya Y@=y b X
k=0

=0
or
N M
Y(z)z akz_k =X(z)2 bkz_k (4.43)
=0 =0
Thus,
M
v E bszk
A=
Hiny— Y@ _ (4.44)
(z) X@ X -
E a,z

.
Il
o

Hence, H(z) is always rational. Note that the ROC of H(z) is not specified by Eq. (4.44) but must be inferred
with additional requirements on the system such as the causality or the stability.

D. Systems Interconnection:
For two LTI systems (with /,[n] and h,[n], respectively) in cascade, the overall impulse response h[n] is given by
hin] = hy[n] * hy[n] (4.45)
Thus, the corresponding system functions are related by the product
H(z) = H(2)H,(2) RDOR NR, (4.46)
Similarly, the impulse response of a parallel combination of two LTI systems is given by

hln] = h,[n] + h,[n] 4.47)
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and

H(z) = H,(2) + H,(2) RDOR,NR, (4.48)

4.7 The Unilateral z-Transform

A. Definition:

The unilateral (or one-sided) z-transform X, (z) of a sequence x[n] is defined as [Eq. (4.5)]

©

X (=" x[nlz" (4.49)

n=0

and differs from the bilateral transform in that the summation is carried over only n = 0. Thus, the unilateral
z-transform of x[n] can be thought of as the bilateral transform of x[n]u[n]. Since x[n]u[n] is a right-sided sequence,
the ROC of X,(z) is always outside a circle in the z-plane.

B. Basic Properties:

Most of the properties of the unilateral z-transform are the same as for the bilateral z-transform. The unilateral
z-transform is useful for calculating the response of a causal system to a causal input when the system is described
by a linear constant-coefficient difference equation with nonzero initial conditions. The basic property of the uni-
lateral z-transform that is useful in this application is the following time-shifting property which is different from
that of the bilateral transform.

Time-Shifting Property:

If x[n] <> X, (z), then form = 0,
xn —ml < z7"X,(2) + 2" x[—1] + 27" 2x[=2] + - 4 x[—m] (4.50)
x[n + m] < z"X,(z) —z"x[0] — 2" 'x[1] — -+ — zx[m — 1] 4.51)

The proofs of Eqgs. (4.50) and (4.51) are given in Prob. 4.36.

D. System Function:

Similar to the case of the continuous-time LTI system, with the unilateral z-transform, the system function
H(z) = Y(z)/X(z) is defined under the condition that the system is relaxed; that is, all initial conditions are zero.

SOLVED PROBLEMS

The z-Transform

4.1. Find the z-transform of
(a) x[n] =—a"u[—n — 1]
b)) x[n]l=a"u[-n— 1]
(a) From Eq. (4.3)

—1
X(z)=— E ad'u[-n—1]7"=—- E a'z’™"

n=—oo n=—oo

== i(a‘lw” =1- i(a‘lz)"
n=1 n=0
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By Eq. (1.91)
E(a_'z)"= 171 if|a_lz|<lor|z|<|a|
n=0 l—a 4
Thus,
Xo=1-—l _—Za=_ z | |z|<|a] (4.52)
l—a'z 1-a'z z—a 1-az’!

(b) Similarly,

-1
X(z)= E a"ul-n—1]z"= E (ax)™"

Again by Eq. (1.91)

E(az)”= ! if|az|<lor|z|<L
n=0 l—az |a|
Thus,
X(2)= 1 —1= @z _ _ 2 |Z|<L (4.53)
1—az 1—az z—1/a |a| ’

4.2. A finite sequence x[n] is defined as

#0 N,=n=N,
x[n] .
=0 otherwise

where N, and N, are finite. Show that the ROC of X(z) is the entire z-plane except possibly z = 0 or z = oo,

From Eq. (4.3)

Ny

X(@)=Y xlnl" (4.54)

n=N

For znot equal to zero or infinity, each term in Eq. (4.54) will be finite and thus X(z) will converge. If N; <0 and
N, > 0, then Eq. (4.54) includes terms with both positive powers of z and negative powers of z. As |z| =0,
terms with negative powers of z become unbounded, and as |z| — o, terms with positive powers of z become
unbounded. Hence, the ROC is the entire z-plane except for z = 0 and z = . If N, = 0, Eq. (4.54) contains only
negative powers of z, and hence the ROC includes z = «. If N, =0, Eq. (4.54) contains only positive powers of
z, and hence the ROC includes z = 0.

4.3. A finite sequence x[n] is defined as

x[n]={5,3,-2,0,4,-3}
i
Find X(z) and its ROC.
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From Eq. (4.3) and given x[n] we have

% 3
X@= Y alnl"= Y xnl"
n=—w n=-2
=x[—2]2% + x[~ 1z + x[01+ x[1]z" + x[2]z % + x[3]z "
=572 +3z7—-2+472-373
For z not equal to zero or infinity, each term in X(z) will be finite and consequently X(z) will converge. Note

that X(z) includes both positive powers of z and negative powers of z. Thus, from the result of Prob. 4.2 we
conclude that the ROC of X(z) is 0 < |z] < ce.

4.4. Consider the sequence

a" 0=n=N-1,a>0
x[n]= .
0 otherwise

Find X(z) and plot the poles and zeros of X(z).

By Eq. (4.3) and using Eq. (1.90), we get

N-1 N-1 ~1\N N_ N

_ _ 1—(az ) 1 % —a
XZ:EQ"Z"ZE az ) = = 4.55
@ =0 nzo( ) 1—az ! M oz—a ( )

From Eq. (4.55) we see that there is a pole of (N — 1)th order at z = 0 and a pole at z = a. Since x[n] is a finite
sequence and is zero for n < 0, the ROC is |z| > 0. The N roots of the numerator polynomial are at

7, = ae/™N) k=0,1,...,N—1 (4.56)
The root at k = 0 cancels the pole at z = a. The remaining zeros of X(z) are at
7, = ael™N) k=1,...,N—1 (4.57)

The pole-zero plot is shown in Fig. 4-4 with N = 8.

Im(2)
A
z-plane
."’--63---"*\
(N - th ol o
order pole S Pole-zero cancel
\é\ | ‘I / t
: : Re(2)
\O~ /O'
ey .

Fig. 4-4 Pole-zero plot with N = 8.
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4.5. Show that if x[r] is a right-sided sequence and X(z) converges for some value of z, then the ROC of

4.6.

X(z) is of the form

|z|>rm or 00>|z|>rm

ax ax

where ris the maximum magnitude of any of the poles of X(z).
Consider a right-sided sequence x[n] so that
x[n] =0 n<N,

and X(z) converges for |z| = r,. Then from Eq. (4.3)

|X(z)|s E |x[n]|r0_"= E |x[n]|r0_”<oo

n=—o n=N;

Now if r, > Ty then

E |x[n]|r " = 2 |x[n]|(r0:01) = 2 |x[n]|ro"(:0l)

n=N; n=N n=N
N o
A —
S() > |ty <o
h n=N

since (r,/r,)™" is a decaying sequence. Thus, X(z) converges for r = r, and the ROC of X(z) is of the form
|z| >,
Since the ROC of X(z) cannot contain the poles of X(z), we conclude that the ROC of X(z) is of the form

lz| >,

ax

where 7 is the maximum magnitude of any of the poles of X(z).

If N, <0, then

©

X@= Y xlnlz " =x[N1g M+t x[= 1z + Y x[n]z "
n=N; n=0

163

That is, X(z) contains the positive powers of z and becomes unbounded at z = . In this case the ROC is of

the form

o > |z| >rm

ax

From the above result we can tell that a sequence x[n] is causal (not just right-sided) from the ROC of X(z) if z =

is included. Note that this is not the case for the Laplace transform.

Find the z-transform X(z) and sketch the pole-zero plot with the ROC for each of the following sequences:

@ xtml=|—-| ulnl+| | uln

b) x[n]= —1 nu[n]+ —1 nu[—n—l]
3 2

(¢) x[n]= —1 nu[n]+ —1 nu[—n—l]
2 3
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From Table 4-1

1Y z 1
(7) uln] 1 |z|>E (4.58)
2
1) z 1
(3) “[”1“’2_1 21> (4.59)
3
We see that the ROCs in Eqs. (4.58) and (4.59) overlap, and thus,
2z{z— 152) |
X(z)= Z1+ Zl= |z|>= (4.60)
. (s_l](z_l) 2
2 3 2 3
From Eq. (4.60) we see that X(z) has two zeros at z =0 and z = %and two poles at z = %and 7= % and that
the ROC is |z| > % , as sketched in Fig. 4-5(a).
(b) From Table 4-1
1Y 1
(g) ”[”]“’Z_l |Z|>§ 4.61)
3
1) 1
(7) u[—n—l]e—z_l |z|<5 (4.62)
2
We see that the ROCs in Egs. (4.61) and (4.62) overlap, and thus
Z z 1 z 1 1
X(z)= - =—= S<z|<=
© Lo e 1 3513 (4.63)
3 2 Y S
From Eq. (4.63) we see that X(z) has one zero at z = 0 and two poles at z = % and z = % and that the ROC
is %< |z < % as sketched in Fig. 4-5 (b).
Im(2) Im(2)
A A
= / /7//‘
///ﬁ vest o / > "//% e ,‘é‘; =
__ 1 i R z i Re(?)
% 3/:’/2/ ‘///)///‘7 237 2
/ Z -
=
@) (b)

Fig. 4-5
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(¢) From Table 4-1

! i
( )u[n]e1 21>3 (4.64)
)
() u[—n—1]<—>—7z1 |z|<% (4.65)
=1
3

We see that the ROCs in Eqs. (4.64) and (4.65) do not overlap and that there is no common ROC, and

thus x[n] will not have X(z).

4.7. Let
x[n] = al! a>0 (4.66)

(@) Sketch x[n] fora < 1landa > 1.

(b) Find X(z) and sketch the zero-pole plot and the ROC fora < 1 anda > 1.

(a) The sequence x[n] is sketched in Figs. 4-6(a) and (b) for botha <1anda > 1.

x[n]=al" x[n]=al"!
O<ax<1 Foa>1
o1
1
HHH Hlln I'HH
0 n 0 n
(@) (b)
Fig. 4-6
(b) Since x[n] is a two-sided sequence, we can express it as
x[n] = a"uln] + a "u[—n — 1] (4.67)
From Table 4-1
d'uln] > ——  |z|>a (4.68)
a z 1
a"u[-n—1]< — |z|<f (4.69)
z—1/a a
If a <1, we see that the ROCs in Eqs. (4.68) and (4.69) overlap, and thus,
z z a’—1 z 1
= a<|z|<— (4.70)
a

X(Z)zz—a_z_l/a_ a (z—a)(z—1/a)

From Eq. (4.70) we see that X(z) has one zero at the origin and two poles at z = a and z = 1/a and that the
ROC is a < |z| < 1/a, as sketched in Fig. 4-7. If a > 1, we see that the ROCs in Egs. (4.68) and (4.69)

do not overlap and that there is no common ROC, and thus x[n] will not have X(z).
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Unit circle

Fig. 4-7

Properties of the z-Transform

4.8.

4.9.

Verify the time-shifting property (4.18); that is,
x[n — nyl <> 27X (2) R'DRNA{0< |z| < oo}

By definition (4.3)

©

Jaln—nely =Y xln—nylz"

n=—o

By the change of variables m = n — n,, we obtain

©

Bdn—ngly= Y xfmlz "

©

=z " E x[mlz™ " =z""X(2)

m=—o

Because of the multiplication by z~", for n,> 0, additional poles are introduced at z = 0 and will be deleted at z =
c. Similarly, if n, < 0, additional zeros are introduced at z = 0 and will be deleted at z = o. Therefore, the points z
= 0 and z = % can be either added to or deleted from the ROC by time shifting. Thus, we have

x[n —ny] <> z27"X(z) RDORN{0< |z| <}
where R and R’ are the ROCs before and after the time-shift operation.

Verify Eq. (4.21); that is,

zgx[n]ex(i) R'=|z|R

K4



CHAPTER 4 The z-Transform and Discrete-Time LTI Systems 167

4.10.

By definition (4.3)

Hzpxlnly = E (zox[nDhz "= E x[n][i) =X(i)

2o Q)

n=—00 n=—o

Apole (or zero) at z = z, in X(z) moves to z = z,z,, and the ROC expands or contracts by the factor |z0 |. Thus,
we have

ng[n]eX[i) R'=|z¢|R

Find the z-transform and the associated ROC for each of the following sequences:
(@ x[n] = 6ln — nyl ()  xln] = uln — ny)
() x[n] =a" uln + 1] d) x[n] = u[—n]

(e) x[n] =a "u[—n]
(a) From Eq. (4.15)
O0[n] <1 all z
Applying the time-shifting property (4.18), we obtain

0<|z|],n,>0
Oln—nyl<zm “4.71)
|z] <o, n,<0

(b) From Eq. (4.16)
z
an -5 |

Again by the time-shifting property (4.18) we obtain

B z Z—(ﬂo—l)
uln—nyl =z " = 1<|z|<e (4.72)
-1 z—1
(¢) From Egs. (4.8) and (4.10)
a”u[n]<—>L |z|>|a|
z—a
By Eq. (4.20) we obtain
Z 2
a"Muln+1] < ;——= la|<|z|<o (4.73)
z— z—a
(d) From Eq. (4.16)
Z
- >1
uln] 1 |Z|
By the time-reversal property (4.23) we obtain
1/z 1
—n]< =— <1 4.74
iy b 1 @79

(e) From Egs. (4.8) and (4.10)

a"u[n]<—>L |z|>|a|
z—a
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Again by the time-reversal property (4.23) we obtain

1/z _ 1
l/z—a 1—az

a "u[—n]l <

|Z|<L (4.75)
|al

4.11. Verify the multiplication by n (or differentiation in z) property (4.24); that is,

. dX(z)
dz

nx[n] <> — R' =R

From definition (4.3)

®

X@= Y xln)”"
n=—oo
Differentiating both sides with respect to z, we have

dX(Z): - _ —n—1
i E nx[n]z

n=—o

and
- zd);iiz) = nzw {nx[n]}z ™" = 3{nx[n]}
Thus, we conclude that
nx[n] < — zm R' =R
dz
4.12. Find the z-transform of each of the following sequences:
(a) x[n] = na"uln]
) x[n] = na" 'uln]
(a) From Egs. (4.8) and (4.10)
duln] < ——  |z|>]d| (4.76)
z—a
Using the multiplication by n property (4.24), we get
na"u[n]<—>—zi Ll=—* 5 |Z|>|a| 4.77)
dz\ z—a (z—a)
(b) Differentiating Eq. (4.76) with respect to a, we have
na" uinl e L[ E )= 2 |g]>]qf (4.78)
da\ z-a ) (z—a)

Note that dividing both sides of Eq. (4.77) by a, we obtain Eq. (4.78).

4.13. Verify the convolution property (4.26); that is,
x,[n] * x,[n] < X (2)X,(2) R'DR NR,

By definition (2.35)

©

yinl=xlnlxxnl= Y xlklxln—k

k=—o0



CHAPTER 4 The z-Transform and Discrete-Time LTI Systems 169

Thus, by definition (4.3)

Y[z]= i ( i xl[k]xz[n—k])z_”= i xl[k]( i x2[n—k]Z_"]

n=—ow\k=—o k=—o0 n=—om

Noting that the term in parentheses in the last expression is the z-transform of the shifted signal x,[n — k],
then by the time-shifting property (4.18), we have

Yizl= Y xl[k][zkxz(z)]=( D ulklz | X0 = XX, 2)

k=—x

n=—cw

with an ROC that contains the intersection of the ROC of X|(z) and X, (z). If a zero of one transform cancels a
pole of the other, the ROC of Y(z) may be larger. Thus, we conclude that

x,[n] * x,[n] < X,(2) X,(2) R’ DR NR,

4.14. Verify the accumulation property (4.25); that is,

L 1 _ 2 ,
Ex[k] 1_Z_1X(Z)—Z_1X(z) RDRﬂ{|z|>1}

k=—o

From Eq. (2.40) we have

yinl= Y x[k]=x[nl*uln]

k=—o

Thus, using Eq. (4.16) and the convolution property (4.26), we obtain

=X Zz
o)

with the ROC that includes the intersection of the ROC of X(z) and the ROC of the z-transform of u[n]. Thus,

Y(2)=X(2)

-1
-2

& 1 4 ,
D Al X X@ R SRN{z[>1]

k=—o

Inverse z-Transform

4.15. Find the inverse z-transform of

1 _ _ _
X<z>=z2(1—7z 1)(1—1 DI+2z7) 0<|z|<w (4.79)
Multiplying out the factors of Eq. (4.79), we can express X(z) as
1 5. _
X@)=72+-z—-=+7"
)=z > z > b4
Then, by definition (4.3),

X(z) = x[—2]z2%> + x[— 1]z + x[0] + x[1]z"!

and we get
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4.16. Using the power series expansion technique, find the inverse z-transform of the following X(2):
1
(@ X@=——. |2[>]d]
1—az

1
B X@Q=——., |z|<|a]
1—az

(a) Since the ROC is |z| > |a|, that is, the exterior of a circle, x[n] is a right-sided sequence. Thus, we must

divide to obtain a series in the power of z~!. Carrying out the long division, we obtain

l+az '+ a’z 2+

1—az |l
1—az !
az”!
az ' —a*7?
P
Thus,
X(z)= ! —=l+ar ' +ad’ P+
1—az
and so by definition (4.3) we have
x[n] =0 n<0
x[0] =1 x[1]=a x[2] = a? x[k] = a*

Thus, we obtain

x[n] = a"uln]

(b) Since the ROC is |z| < |a|, that is, the interior of a circle, x[n] is a left-sided sequence. Thus, we must

divide so as to obtain a series in the power of z as follows. Multiplying both the numerator and
denominator of X(z) by z, we have

X(z)=L
z—a

and carrying out the long division, we obtain

_aflz_a—222_af3z3_

—a+z|z

1.2
z—a z
a2
a2 — a2
q_zz3

Thus,

1 _ _ _ _
X(z)= —=-a a2 a3 — gk -
1—az

and so by definition (4.3) we have

x[n] =0 n=0

x[—1] = —a™! x[-2] = —a? x[=3]=—a? x[—k] = —a*
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Thus, we get
x[n] = —a"u[—n — 1]

4.17. Find the inverse z-transform of the following X(z):

(a) X(z)=log(1—1),|z|>|a|
I—az

1
®) X@)=log| ——|.|z|<]a|
l—a 'z
(a) The power series expansion for log(1 — r) is given by
log(1—r)=— ilr" [r|<1
n=1 n
Now

X(z)=log(1l)=—log(l—azl) |z|>|a|
1—az

171

(4.80)

Since the ROC is |z| > |a], that is, |az~'| <1, by Eq. (4.80), X(z) has the power series expansion

i S 1 _
X@=Yy—(az )=y —d'z"
n=1" a=1"
from which we can indentify x[n] as

x[n]:{(l/n)a n=1

0 n=0
|
or x[n]=—a"uln—1]
n
1 _
®) X(Z):k’g( 1):1°g““ D |zl <la|
1—a 'z

(4.81)

Since the ROC is |z| < |a|, that is, |a~'z| <1, by Eq. (4.80), X(z) has the power series expansion

—o0

x0=3 @y =Y ~Layr= Y ~Lae
n=1

n=-—1 n=—1

from which we can identify x[n] as

{0 n=0
x[n]=
—(1/n)a" n=-1
L,
or x[n]l=——a"u[—n—1]
n

4.18. Using the power series expansion technique, find the inverse z-transform of the following X(2):

Z 1
X(z)=— —
(@) Xz) 272 —3z+1 <] 2
Z
. — >1
2 _3:+1 |Z|

by X(z)=
()(z)2

(4.82)
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(a) Since the ROC is |z| < %, x[n] is a left-sided sequence. Thus, we must divide to obtain a series in power of
z. Carrying out the long division, we obtain

7+322+723+154 +---

1-3z+ 212|z
z—322+27°
372 —27°
322 —9z2° +67°
77 —6z*
720 =21z +142°
15z%...
Thus,
X@@)= -+ 154 +7 + 32+ ¢

and so by definition (4.3) we obtain

x[n]=4{...,15,7,3,1,0}
i

(b) Since the ROC is |z| > 1, x[n] is a right-sided sequence. Thus, we must divide so as to obtain a series in
power of z 7! as follows:

1 0403 207 54 ..,
P S A
272 =3z +1[z
z—é—lz_l
2 2
31 4
2 2
309,03
[ +7
2 4" T 4°
7T 1 _3
TR

Thus,

1., 03 5 7 4
X()=—z '+ =72+ =77+-
(2) 5¢ 2° g ?

and so by definition (4.3) we obtain

s

x[n] ={0,

[~ N ]

— z _ Z 1
(@) X(Z)_222—3z+1 ( 1] |z|<2
2(2_1) Z_E

Using partial-fraction expansion, we have

N | —
Alw

4.19. Using partial-fraction expansion, redo Prob. 4.18.

X(2) _ 1 _ 1 -G . o

z 222—3z+1_ 1 z—1 1
— _ ==
2(z 1)(2 2) 2
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where o= ! =1 = ! =—1
2(z—) 2@ =Dl._yp
z=1
and we get

4 z 1

X@)=——- zZ|<%

(@) z—1 1 <l 2

2

Since the ROC of X(z) is |z| < %, x[n] is a left-sided sequence, and from Table 4-1 we get

x[n]:—u[—n—l]-i-(%) u[—n—1]=[(;) —l}u[—n—l]

which gives
x[n]={...,15,7,3,1,0}

1
Z _ Z |Z|>1

b) X(z)= P
< z

1
2

Since the ROC of X(z) is |z| > 1, x[n] is a right-sided sequence, and from Table 4-1 we get

x[n]l=ul[n]— (%) uln]= [1 - [%) }u[n]

which gives

4.20. Find the inverse z-transform of

<
X@Q=——— |z|>2
2(z—z—2)
Using partial-fraction expansion, we have
X(2) _ 1 2:C1+)\.1+ )\22
z (z—=D(z—=2) z—1 z—=2 (z—2)
1 1
where o= = Ay =—r =1
=27 _, )
Substituting these values into Eq. (4.83), we have
1 - 1 n A n 1 !
(z—=D(Ez—=2) z—1 z—=2 (z—2)

Setting z = 0 in the above expression, we have

173

(4.83)
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Thus,

Z Z Z
X(z)= - + z[>2
=1 z-2 (z-2) <]

Since the ROC is |z| > 2, x[n] is a right-sided sequence, and from Table 4-1 we get
x[n] =1 — 2"+ n2" Huln]
4.21. Find the inverse z-transform of

222 =52 +7+3
X(Z): Z Z Z |Z|<1
(z—1)(z—2)

278 —52 4743 2723 -524+7+3
X(z)= = R
(z=D(z=2) 77 —3z+2

Note that X(z) is an improper rational function; thus, by long division, we have

1
X)=2z+1+———=274+14+——-——
@ 2 —3z+2 (z—1(z—2)

L X,()=——
“ v

Xl(z): 1 _G, G , G
b4 2(z—1)z—-2) z z—1 z-2

Then

1 1 1
where g =—"—— =— = =—1
(z=D=2)| _, 2 (z=2),_,
1 1
ey = =—
Z(Z_l) z=2 2
Thus,
1 b4 1 z
X (7)=———> 4+
R
3 1
and X(z)=2z+——i+ £ |z|<1

2 z-1 2z-2

Since the ROC of X(z) is |z| <1, x[n] is a left-sided sequence, and from Table 4-1 we get

x[n]=26[n+1]+§6[n]+u[—n—1]—%2"u[—n—1]

=28[n+1] +§6[n] +1=2"Nu[-n-1]
4.22. Find the inverse z-transform of
3
X)=—— >2
©=25

X(z) can be rewritten as

X(z)= 32=32_1( Zz) |z|>2

Z— Z—
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4.23.

4.24.

Since the ROC is |z| > 2, x[n] is a right-sided sequence, and from Table 4 -1 we have

Z
2” -«
uln] >

Using the time-shifting property (4.18), we have

_ _ 1
27y n—1]e 7! < =
[ ] z—2

Thus, we conclude that
x[n] =3Q)" 'uln — 1]
Find the inverse z-transform of

+77 243,78

2
x@=25 2[>0
- +4z+3
We see that X(z) can be written as

X@)=Qz '+ 273+ 3279 X,(2)

z
where X, (2)=—
1@ 2 +4z+3

Thus, if
x,[n] < X,(2)

then by the linearity property (4.17) and the time-shifting property (4.18), we get

x[n]=2x[n—1]+ x;[n— 3]+ 3x[n — 5] (4.84)
Now Xi(2) _ . 1 _ 1 - a 4 ©
b4 Z“+4z+3 (@+D(E+3) z+1 z+3
Where o= 1 :l c, :L — _l
z+3|_ , 2 z+1| _ 2
z=-1 z=-3
1 z 1 z
Then X@=1t -1 BED

2741 2243

Since the ROC of X, (z) is |z] >0, x,[n] is a right-sided sequence, and from Table 4-1 we get
1 n n
xl[n]=5[(—1) = (=3)"Juln]
Thus, from Eq. (4.84) we get
i 1\n—l oyl _ l _1\n—3___ a\n—3 _
x[n]=[(=1 (=3)" luln—1]+ 2[( D (=3)" "luln—73]
3 n— n—
FIEDT = (=3 Juln = 5]
Find the inverse z-transform of

X(2)= |2|>]al

(1—az 'y

1 22
X(7)= = (4.85)
@) (I—az 'Y (—a) |z|>|a|
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From Eq. (4.78) (Prob. 4.12)

na"'uln] < = _Za)z |z|>|a] (4.86)

Now, from Eq. (4.85)
X@=z|——| |z|>]d]
(z—a)
and applying the time-shifting property (4.20) to Eq. (4.86), we get

x[n]=m+1)a"uln+ 1] =1+ 1)a"u[n] (4.87)

sincex[—1]=0atn=—1.
System Function

4.25. Using the z-transform, redo Prob. 2.28.

From Prob. 2.28, x[n] and h[n] are given by

x[n] = u[n] hln] = a"u[n] 0<a<l
From Table 4-1
4
xnl=uln] < X(@)=— |z]>|1]
z—
hln)=a"uln] < H@) =——  |z|>|a|
z—a
Then, by Eq. (4.40)
2
Y(@)=X@H(@)=—"— z|>1
(z—Dz—a) 2
Using partial-fraction expansion, we have
YO_ 2 _a o
z (@-Dz-a) z-1 z-a
z 1 b4 a
where o= = ¢, = - _
z—a| _, l1-a z—1| _ l—«a
z=1 7=a
Thus,
Y@=t % s
l—-az—-1 l-az—«a

Taking the inverse z-transform of ¥(z), we get

n—1
ylnl= u[n]—ia"u[n]=(1‘“ )u[n]
1—a —-a

1—a 1

which is the same as Eq. (2.134).
4.26. Using the z-transform, redo Prob. 2.29.

(a) From Prob. 2.29(a), x[n] and h[n] are given by

x[n] = a’uln] h[n] = B"uln]
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From Table 4-1

Z

i) = auln] <> X() = — |z]>]a|
hin)= B"uln] < H(z) = —— >
[n)=p'uln) < H) = |z|>|8]
Then Y(2)=X(2)H(z) = m |z| > max(a, B)
Using partial-fraction expansion, we have
Y(z) z () &)

= = +
z z—a)z—pP) z—a z—p

where CIZZfﬁZ,a:aiﬁ Cz:z—zazﬁ:_al—gﬂ
Thus,

Y(Z):a?ﬁzfaiafﬁzjﬂ |z| > max(a, B)
and ﬂm=h“ﬁw—aﬁﬁﬂkmr{dt‘§ﬂym1

which is the same as Eq. (2.135). When a = f,

2
z
Y(z)= zZ|>a
o

Using partial-fraction expansion, we have

Y@ _ oz _ Ay " Ay

b4 z—-a? z—a (z-a)

where Ay :le:a =a
and Z A a

G-} z-a -ay
Setting z = 0 in the above expression, we have

0=—£+l—>)\1=1
a o

Thus,

+—%—  |z]>a

Y(7)=
@ z—a (z—a)2

and from Table 4-1 we get
y[n] = (a" + na") uln] = a”" (1 + n)uln]

Thus, we obtain the same results as Eq. (2.135).
(b) From Prob. 2.29(b), x[n] and h[n] are given by

x[n] = a"uln] hln] = a "u[—n] 0<a<l

From Table 4-1 and Eq. (4.75)

xlnl=a"ulnl < X@=——  |z|>]a|
z—Qa

o[- n e Hy= L] 1
hin)=a"ul=n] < H() =1~ T |z|<|a|

177



178 CHAPTER 4 The z-Transform and Discrete-Time LTI Systems

Then Y(z):X(z)H(Z)z—ém a<|z|<$

Using partial-fraction expansion, we have

Yo__1 v i, o
z a(z—a)z—la) a\z—a z—la
1 o 1 a
where ¢ = =— B c, = = .
z—lajf_, l—a zmal Ly, 1—a
Thus,
1 z 1 b4 1
Y(2)= - a<|z|<—
© 1-a’z—a 1-a*z-1a <] a
and from Table 4-1 we obtain
1 1 1Y
[n]= a'uln]— —|—| ul-n—-1]
Y 1—a? 1—o? o
1 -n ||
= o'uln]+ o "ul[—-n—1]= o
—a? —o? —o?

which is the same as Eq. (2.137).
4.27. Using the z-transform, redo Prob. 2.30.
From Fig. 2-23 and definition (4.3)

x[n] ={1,1,1,1} == X(z) = 1 +z 14772773
Wnl=4{1,1,1} < HF) =1+z1+z772

Thus, by the convolution property (4.26)

Y@ =X@H@=(0+z"+z 2+ )0+z"+z7?)
=1+ 2z71 + 3z72 + 3273 + 2z74 + 275

Hence,
hln] ={1,2,3,3,2,1}
which is the same result obtained in Prob. 2.30.
4.28. Using the z-transform, redo Prob. 2.32.

Let x[n] and y[n] be the input and output of the system. Then

x[nl=uln] < X@)=—— |z|>1
z—1
y[n]=oc"u[n]<—>Y(z)=L |z|>|a|
—a
Then, by Eq. (4.41)
H(p=2@ 2~ |z|>a

X(z2) z—a
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Using partial-fraction expansion, we have

z 2(z—a) z z—a
z—1 1 z—ll o—1 1—a
where o= =— c, = = =
imal_, «a z |Z=a a a
Thus,
1 1-a z
H(z)=———— |z|>a
a a z—a

Taking the inverse z-transform of H(z), we obtain
1 1-
h{n]=—d[n]— ——a"uln]
a a

Whenn =20,

Then

{l n=0
h[n]= _

-(l-aa"" n=1
Thus, A[n] can be rewritten as
hln] = 8[n] — (1 — @) a" 'uln — 1]
which is the same result obtained in Prob. 2.32.

4.29. The output y[n] of a discrete-time LTI system is found to be 2(%)”u[n] when the input x[n] is u[n].
(a) Find the impulse response 4[n] of the system.

(b) Find the output y[n] when the input x[n] is (%)”u[n].

@ snl=ulnl = X@=—=  |z[>1
1Y 2 1
yin=2|—| ulnl=Y@=-"2 |z]>~
3 _1 3
z
3
Hence, the system function H(z) is
Y 2(z—1 1
Hp=2@ 22D 1
X(2) _1 3
z
3
Using partial-fraction expansion, we have
H@) _ 2z=D _¢aq . o
z _1) oz ot
7|z 3 3
where o= 20z=D) _ 6 = 2(z—1) =—4
2 =13
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Thus,

PSP 1
H[z]=6 4z_l |z >3
3

Taking the inverse z-transform of H(z), we obtain

h[n]=60[n]— 4(;) uln]

1Y 1
(b) x[n]=|—| ulnl< X(z)= |z]>
2 1 2
b4
2
2z(z—1 1
Then, Y(z)=X(z)H(z)=% 21>
2= —||lz2——
Again by partial-fraction expansion we have
Y@ _ 2D _ o o
2——||z2——
2 3 2 3
where = 2z _11) =—6 c, = 2@ _11) =8
== ==
3 L= 2 l=us
Thus,
ro=-6—tr+s—r  |e|>-
1T 2
2 3

Taking the inverse z-transform of Y(z), we obtain

A

ylnl= uln]

4.30. If a discrete-time LTI system is BIBO stable, show that the ROC of its system function H(z) must
contain the unit circle; that is, |z| = 1.

Adiscrete-time LTI system is BIBO stable if and only if its impulse response /i[n] is absolutely summable, that
is [Eq. (2.49)],

i |h[n]|<oo

n=-o

©

Now H(z)= E h[nlz™"

n=—oo

Letz = ¢/“so that |z| = |¢/| = 1. Then

i h[n]e /<"

n=-ow

= i |h[n]e‘f'9" = i |h[n]| <o

n=—c n=—c

e
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Therefore, we see that if the system is stable, then H(z) converges for z = ¢/®. That is, for a stable discrete-
time LTI system, the ROC of H(z) must contain the unit circle |z]| = 1.

4.31. Using the z-transform, redo Prob. 2.38.

(a) From Prob. 2.38 the impulse response of the system is

hin]=ca"ul[n]

Then Ho=—— |z|>|«|
z—Qa

Since the ROC of H(z) is |z| > |a|, z = s included. Thus, by the result from Prob. 4.5 we conclude
that h[n] is a causal sequence. Thus, the system is causal.

(b) If |a| > 1, the ROC of H(z) does not contain the unit circle |z| = 1, and hence the system will not be
stable. If || < 1, the ROC of H(z) contains the unit circle |z| = 1, and hence the system will be stable.

4.32. A causal discrete-time LTI system is described by

y[n]—%y[n—m%y[n—z]:x[n] 488)

where x[n] and y[n] are the input and output of the system, respectively.
(@) Determine the system function H(z).
(b) Find the impulse response h[n] of the system.

(¢) Find the step response s[n] of the system.

(a) Taking the z-transform of Eq. (4.88), we obtain

Y()— %z*Y(z) + %[2Y(z) _ X

3 - 1 -

or (1—4z R 2)Y(z)=X(z)
Thus,

Y 1 2

Ho=tO- L - £
@ g2l 22y
4 8
2
1
- 2 |z|>=
1 1 2
z2——||z——
2 4
(b) Using partial-fraction expansion, we have
H(z) _ z -4 L ©
Z ( 1 )( 1 ) Z_l Z_l
z——|lz——
2 4 2 4
h _ 2z _ __z _
where a=—-7 =2 Q=—7 =—1
—= _
4l=112 2l=14
Thus,
_ __z 1
H(Z)—2177l zfl |Z|>2
2 4
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Taking the inverse z-transform of H(z), we get

w5 (e b

() x[n]=u[n]<—>X(z)=ﬁ |z|>1
J
Then Y)=X()H ()= |z | >1
1 1

Again using partial-fraction expansion, we have

Y(Z): < — 91 + &) + 3
—pl— R e B
(z=Dlz——|[z 1 ) 4
o = 2 _8 ¢ =_Z2 )
where 1 1 1 3 2 1
z=—|lz—— (z=D|z——
2 4= 4l

Thus,

8
Y —_ —_
@=37 13

Taking the inverse z-transformation of Y(z), we obtain

L
3\ 4

5,
3 2

yln]=s[n]=

4.33. Using the z-transform, redo Prob. 2.41.

As in Prob. 2.41, from Fig. 2-30 we see that
gqln] = 2q[n — 1] + x[n]
yln] = g[n] + 3q[n — 1]
Taking the z-transform of the above equations, we get
0()=2z7"'00) + X(2)
Y(z) = Q(z) +327' Q(2)
Rearranging, we get
(1 =227H0(2) = X(2)
(1+3z27H0(@) = Y()
from which we obtain

_Y@ _1+3 (4.89)
X(z) 1-277"

H(z)
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Rewriting Eq. (4.89), we have
(1 =2z7HY@E) =1 +3z2HX(@2)
or
Y(z) =2z 'Y(2) = X(z) + 3271 X(2) (4.90)
Taking the inverse z-transform of Eq. (4.90) and using the time-shifting property (4.18), we obtain
yln] —2y[n — 1] = x[n] + 3x[n — 1]
which is the same as Eq. (2.148).

4.34. Consider the discrete-time system shown in Fig. 4-8. For what values of k is the system BIBO stable?

x[n]
>

)
+
+
K
2
A
gln—1] 21 [e—]an]
v
k7
2
+
L 4
»(2) >
y[n]
Fig. 4-8
From Fig. 4-8 we see that
k
gln]=x[n]+ Eq[n —1]
k
yln]=qln]+ gfﬂn -1
Taking the z-transform of the above equations, we obtain
=
0()=X(2) + 52 0(z)
k -
Y(z)=0Q(2) + 32 0(2)
Rearranging, we have
(1 - "z‘)Q(z) = X()
2
k _
1+?z 0()=Y(2)
from which we obtain
Y(2) _1+k/3"  z+k/3 k
H- Y@ L ®d | |>H
X(z) 1—(k/2)z z—k/2 2
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which shows that the system has one zero at z = —k/3 and one pole at z = k/2 and that the ROC is |z| > |k/2].
Thus, as shown in Prob. 4.30, the system will be BIBO stable if the ROC contains the unit circle, |z| = 1. Hence,
the system is stable only if |k| <2.

Unilateral z-Transform

4.35. Find the unilateral z-transform of the following x[n]:
(@) x[n] = a"uln]

b) x[n]=a"un + 1]
(a) Since x[n] = 0 for n <0, X,(z) = X(z), and from Example 4.1 we have

1 z

X,(z)= = |z|>]a] (4.91)
1—az z—a
(b) By definition (4.49) we have
X[(Z): E an+lu[n +1]Z—n — E an-HZ—n =q E (az—l)n
n=0 n=0 n=0
1

—a——=—" |z|>]dq] (4.92)

1—az z—a

Note that in this case x[n] is not a causal sequence; hence, X,(z) # X(z) [see Eq. (4.73) in Prob. 4.10].

4.36. Verify Eqgs. (4.50) and (4.51); that is, form = 0,
(@ x[n—ml<z7"X,@)+z " x[—1]+ 27" 2x[=2] + -+ +x[—m]
(b) x[n+ m] < z" X, () — z2"x[0] — z" " 'x[1] — --- — zx[m — 1]

(a) By definition (4.49) with m = 0 and using the change in variable kK = n — m, we have

3ixln—mly =Y xln—mlz" =y x[klz """
n=0 k=—m
=7 Ex[k]z*" + E x[k]z 7%
k=0 k=—1

=7 "{X,(2) + x[~ Nz + x[~2]2% + -+ x[- m]z"}
=7 "X, () +z "X [—1]+ 2 " X[ 2]+ -+ x[— m)

(b)) Withm=0

©

81{x[fl+m]}= E x[n+m]17" = E x[k]zf(kfm)
n=0

k=m

k=0 k=0

© m—1
=" 2 x[k][k — E x[k]zk}

=7"{X,(z) — (x[0] +x[lz "+ x[m =11z Oy

=2"X,(2) = 2"x[0] = 2" 'x[1] =+ — zx[m — 1]
4.37. Using the unilateral z-transform, redo Prob. 2.42.
The system is described by
yln] —ayln — 1] = x[n] (4.93)
with y[—1] = y_, and x[n] = Kb"u[n]. Let

ylnl < Y (z)
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Then from Eq. (4.50)
yin =1 <27V @) +y[-11 =27 () +y_,
From Table 4-1 we have
Z
x[nl< X,()=K——  |z|>]|b|
z—b
Taking the unilateral z-transform of Eq. (4.93), we obtain

Y, () —alz V() +y ) =K——

z—b
or (—-az” "W, ()=ay_, +K——
z—b
or Ay, () =ay , + K-
z z—b
Thus,
Z Z2
Y, (z)=ay_ K
O a—az—b)

Using partial-fraction expansion, we obtain

K
Y,(2)=ay_, t 4 (b L gt )
z—a a\ z
Taking the inverse z-transform of Y,(z), we get

a"u[n]

ylnl=ay _,a"u[n] + KbLb" uln]l— K
—a

n+l _ n+l
= y,la"+l + Kbba)u[n]
—a

which is the same as Eq. (2.158).

4.38. For each of the following difference equations and associated input and initial conditions, determine the
output y[n]:

@ ylnl =3yln = 11 = xinl, with x{n] = ', y[—=1]1 = 1
(b) 3ylnl = dyln — 11+ yln — 21 = xln], with x[n] = (L', y=11 = 1,y[=2] = 2

1
(a) xlnl < X, () =—— |Z|>H
.

W | =

Taking the unilateral z-transform of the given difference equation, we get
1,
Y, (2)— E{Z Y, @)+ y[- 1} =X,(2)

Substituting y[—1] = 1 and X, (z) into the above expression, we get

1 -1 1 Z
1——z 1Y, ()=—+
( 2 J;() 5

7 —

| —
]

1
or 2 @)=+

Z
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Thus,
2
Y,(Z)=l . z Tz 5z
2,1 1 o2, 1 1
2 ol 2 3
Hence,
1 n+l 1 n
n]=7— —2|— n=-—1
z 1
) xlnl < X, (2)=— |z|>‘5‘
——
2

Taking the unilateral z-transform of the given difference equation, we obtain
3V,(2) =4z 'Y,(2) +y[—11} + {272, (2) + 'y [ 1] +y[-2]) = X,(2)

Substituting y[—1] = 1, y[—2] = 2, and X, (z) into the above expression, we get

G477+, (@)=2-7"+—=
7——
2
1 1
3(Z_1)Z_§ 322 —2z+—
or —Y(z)z—2
Zlz——
2
Thus,
1(322—224-;)
Y1(Z)= ]
3z—D|z——||z——
3z _ ozl z
2z—1 l 21_1
2 3
Hence,

ylnl= % - (i) +
4.39. Let x[n] be a causal sequence and
x[n] <> X(z)
Show that

x[0]= le_)n;lo X(z) (4.94)

Equation (4.94) is called the initial value theorem for the z-transform.

Since x[n] = 0 for n <0, we have

X[z]= E x[nlz " =x[0]+x[1z" +x[2]2 2 + -
n=0
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4.40.

Asz—>,z7"—0forn>0. Thus, we get
lim X(z) = x[0]
7—>®©

Let x[n] be a causal sequence and

x[n] < X()

Show that if X(z) is a rational function with all its poles strictly inside the unit circle except possibly
for a first-order pole at z = 1, then

lim x[N]=lim(1—z ")X(z) (4.95)
N—x z—1
Equation (4.95) is called the final value theorem for the z-transform.

From the time-shifting property (4.19) we have
3{xlnl —x[n =11} = (1 =27 HX(@) (4.96)

The left-hand side of Eq. (4.96) can be written as
® N
E {x[n]—x[n—1}z " = A%im E {x[n]—x[n—113z""
n=0 ~®n=0
If we now let z — 1, then from Eq. (4.96) we have

N
lim(l—zfl)X(z)= lim E {x[n]—x[n—1]} = lim x[N]
z—1 N*)OOn:0 N—o

SUPPLEMENTARY PROBLEMS

4.41.

4.42.

4.43.

Find the z-transform of the following x[n]:

1 1
=l 1.-=
(a) x[n] {2,, 3}

(b) x[n]=206[n+2]—36[n—2]

(¢) x[n]= 3(— ;) uln]—203)"u[—n—1]

(d) x[n]=3(;) u[n]—2(i) u[—n—1]

Show that if x[n] is a left-sided sequence and X(z) converges from some value of z, then the ROC of X(z) is of
the form

lz| <7, or 0<|z|<r,

in in

where 7. is the smallest magnitude of any of the poles of X(z).
Given

2(z—4)

X =
Py Y

(a) State all the possible regions of convergence.

(b) For which ROC is X(z) the z-transform of a causal sequence?



188

4.44.

4.45.

4.46.

4.47.

4.48.

4.49.

4.50.

4.51.

4.52.

4.53.

CHAPTER 4 The z-Transform and Discrete-Time LTI Systems

Verify the time-reversal property (4.23); that is,

x[—n]eX(l) R’=l

b4 R
Show the following properties for the z-transform.
(a) If x[n]is even, then X(z7!) = X(2).
(b) Ifx[n]is odd, then X(z7') = —X(z).
(¢) If x[n] is odd, then there is a zero in X(z) atz = 1.
Consider the continuous-time signal
x(t) =e t=0

Let the sequence x[n] be obtained by uniform sampling of x(¢) such that x[n] = x(nT ), where T is the sampling
interval. Find the z-transform of x[n].

Derive the following transform pairs:

22— (cos Q)z
22 —(2cos Qpz+1
(sin Qy)z
2 —(Q2cos Qg)z+1

(cos Qyn)uln] < |z]>1

(sin Q yn)u[n] < |z|>1

Find the z-transforms of the following x[n]:
(@) x[n]=m—3)uln — 3]

() x[n]=(n—3)uln]

(¢) x[n]=uln] —uln — 3]

(d) x[n] = n{uln] —uln = 3]}

Using the relation

a"uln] < |z|>|a|

Z—a
find the z-transform of the following x[n]:
(@) x[n] =na" 'uln]
(b) x[n]=nm—1)a" %uln]
(¢) x[nl=nm—1)-(n—k+1)a" *u[n]

Using the z-transform, verify Eqs. (2.130) and (2.131) in Prob. 2.27; that is,
(a) x[n]*6[n] = x[n]
(b) x[n]*0[n — ny] = x[n —n,l

Using the z-transform, redo Prob. 2.47.
Find the inverse z-transform of
X(z) = ez |z] >0

Using the method of long division, find the inverse z-transform of the following X(z):

Z
X@)=—"—, 1
@ X@=c—p 5 ldl<
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Z

b) X(z)=—"——, 1 2
(b X(2) G-De=2) <|z]<
z
X(z)=——=% 2

(©) X(2 G-De=2) |z|>

4.54. Using the method of partial-fraction expansion, redo Prob. 4.53.

4.55. Consider the system shown in Fig. 4-9. Find the system function H(z) and its impulse response h[n].

x[n]

@ yin]

4.56. Consider the system shown in Fig. 4-10.

(a) Find the system function H(z).

(b) Find the difference equation relating the output y[n] and input x[n].

xin]
> >
) X
z 1 < z 1 <
v v v
b2 b1 bO
+ +
&) ’(—>
+ * yin
Fig. 4-10

4.57. Consider a discrete-time LTI system whose system function H(z) is given by

z 1
Ho=—— |z|>=
1 7

2

(a) Find the step response s[n].

(b) Find the output y[n] to the input x[n] = nu[n].
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4.58. Consider a causal discrete-time system whose output y[zn] and input x[n] are related by
5 1
yln]——yln =11+ —y[n —2]=x[n]
6 6
(a) Find its system function H(z).
(b) Find its impulse response h[n].

4.59. Using the unilateral z-transform, solve the following difference equations with the given initial conditions:
(@ y[nl = 3yln — 11 = x[nl, with x[n] = 4uln], y[—1] = 1
(b) yln] = 5yln — 1] + 6y[n — 2] = x[n], with x[n] = u[n], y[—1] =3, y[-2] =2

4.60. Determine the initial and final values of x[n] for each of the following X(z):

22(2 - 152]
(@) X(2)=

h X(z)=— %
®) X 2722 —3z+1

ANSWERS TO SUPPLEMENTARY PROBLEMS

[
441 (@) X@)=—+z l—gz 2, 0<]z|

) X(Z):223—3273, O<|z|<oo
_wz—8) 1

(Z + 2)(1 —-3)
(d) X(z) does not exist.

(0 X(@)= =

<|z|<3

4.42. Hint: Proceed in a manner similar to Prob. 4.5.

443. (@) 0<|z|<1,1<|z]<2,2<|z| <3,]|z| >3
@) |z| >3

4.44. Hint: Change nto —nin definition (4.3).

4.45. Hint: (a) Use Eqgs. (1.2) and (4.23).
(b) Use Eqgs. (1.3) and (4.23).
(¢) Use the result from part (b).

1
4.46. X(z2)= W
4.47. Hint: Use Euler’s formulas.
cos QO n= %(E.fQOn + e*jQOn) sin QO n= %(ejgon _ e’JQO")

J
and use Egs. (4.8) and (4.10) with a = ¢*/%0,
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4.48.

4.49.

4.50.

4.51.

4.52.

4.53.

4.54.

4.55.

4.56.

-2
Z
(a) ——, |z|>1
I
—372+4
) ——|z|>1
(z—=1
-2
-z
(©) L z]>1
-1
-2 -3
z—4z "+ 3z
(d) =, |z|>1
(z—1D
Hint: Differentiate both sides of the given relation consecutively with respect to a.

(@) ﬁ’|z|>|a|
2

®) ﬁ’|z|>|“|
k!

(© ﬁ»lzblal

Hint:  Use Eq. (4.26) of the z-transform and transform pairs 1 and 4 from Table 4-1.
Hint:  Use Eq. (4.26) and Table 4-1.

Hint:  Use the power series expansion of the exponential function e’.

x[n]=a—r:u[n]
n!

7 3
(a) X[n]—{...,g,z,

w x[nl={..——,——,——,—1,—-1,—-1,...}
(¢) x[n]={0,1,3,7,15,...}

(a) x[n]={0 —2"u[—n—1]
(b) x[n] = —u[n] —2"u[—n—1]
(©) x[n] = (=1 + 2"uln]

HE=—1—. h[n]=(%) uln]

1——z
2

by + bz +byz
1+az " +a,z?

(b) ylnl+ayln—1]1+ayy[n—2]=byx[n]+ bx[n—1]+ byx[n —2]

(@) H(z)=

191
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4.57. (a) s[n]=[2—(—;) ]u[n]

(b) yln]= 2[(—;) +n— l}u[n]

4.58. (a) H(x)=

) h[n]=[3(—;) —2(—;) }u[n]
4.59. (a) y[n]=—2+9(3)", n=-1

—l "_2 n >
®) y[n]—2+8(2) 2(3),11— 2

4.60. (@) x[0] =2, x[*] =0
(b) x[0] =0, x[*] =1



Fourier Analysis of
Continuous-Time
Signals and Systems

5.1 Introduction

In previous chapters we introduced the Laplace transform and the z-transform to convert time-domain
signals into the complex s-domain and z-domain representations that are, for many purposes, more conven-
ient to analyze and process. In addition, greater insights into the nature and properties of many signals and
systems are provided by these transformations. In this chapter and the following one, we shall introduce
other transformations known as Fourier series and Fourier transform which convert time-domain signals
into frequency-domain (or spectral) representations. In addition to providing spectral representations of
signals, Fourier analysis is also essential for describing certain types of systems and their properties in the
frequency domain. In this chapter we shall introduce Fourier analysis in the context of continuous-time
signals and systems.

5.2 Fourier Series Representation of Periodic Signals

A. Periodic Signals:

In Chap. 1 we defined a continuous-time signal x(¢) to be periodic if there is a positive nonzero value of T
for which

x(t+T)=x() all ¢ 5.1)
The fundamental period T}, of x(7) is the smallest positive value of T for which Eq. (5.1) is satisfied, and 1/T;, = f,
is referred to as the fundamental frequency.
Two basic examples of periodic signals are the real sinusoidal signal
x(t) = cos(wyt + ¢) 5.2)
and the complex exponential signal
x(r) = e/@o! (5.3)

where w, = 27/T, = 2xf is called the fundamental angular frequency.

193
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B. Complex Exponential Fourier Series Representation:

The complex exponential Fourier series representation of a periodic signal x(7) with fundamental period 7}, is given
by

oo

i 2r
M=y e oy == (54)
0

k=—o0

where ¢, are known as the complex Fourier coefficients and are given by
1 — jkagt
e, =— | x(@)e " dt 55
LT I 7, X (5.5)

where fT0 denotes the integral over any one period and O to 7, or —7,/2 to T,,/2 is commonly used for the
integration. Setting k = 0 in Eq. (5.5), we have

1
= T f KO dt (5.6)
which indicates that ¢, equals the average value of x(¢) over a period.
When x(¢) is real, then from Eq. (5.5) it follows that

c_, =c* 6.7

—k

where the asterisk indicates the complex conjugate.

C. Trigonometric Fourier Series:

The trigonometric Fourier series representation of a periodic signal x(¢) with fundamental period T}, is given by

x(t)= Dy E (a;, cos kwyt + by sin kwyt) wy = ZT—E (5.8)
k=1 0
where a, and b, are the Fourier coefficients given by
a, = 2 f x(t) cos kwt dt (5.9a)
k T, I70 o .
b, =2 [ x@)sin kayt dt (5.9b)
k T, I70 o .
The coefficients a, and b, and the complex Fourier coefficients ¢, are related by (Prob. 5.3)
a .
?0=c0 a,=c, tc, b, =jlc, —c4) (5.10)
From Eq. (5.10) we obtain
1 . 1 .
When x(7) is real, then a, and b, are real and by Eq. (5.10) we have
a, =2Re[c;] b, =—2Im[c; ] (5.12)
Even and Odd Signals:
If a periodic signal x(¢) is even, then b, = 0 and its Fourier series (5.8) contains only cosine terms:
_a - _2r
x(t)=—+ Eak cos kw yt Wy = — (5.13)
2 k=1 Ty
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If x(¢) is odd, then @, = 0 and its Fourier series contains only sine terms:

_2z

x()= E by, sin kw,t Wy T
0

k=1

(5.14)

D. Harmonic Form Fourier Series:

Another form of the Fourier series representation of a real periodic signal x(r) with fundamental period 7} is

:Z_JT

T (5.15)

x(1)=Cy + Y Cy costkogt —0,) @,
k=1

Equation (5.15) can be derived from Eq. (5.8) and is known as the harmonic form Fourier series of x(¢). The term
C, is known as the dc component, and the term C, cos (kw,t — 0,) is referred to as the kth harmonic component
of x(#). The first harmonic component C, cos(w,¢ — 6,) is commonly called the fundamental component because
it has the same fundamental period as x(f). The coefficients C, and the angles 6, are called the harmonic ampli-
tudes and phase angles, respectively, and they are related to the Fourier coefficients a, and b, by

C, =%° C, =+a’ +b} 6, = tan~' 2% (5.16)
Ay

For a real periodic signal x(¢), the Fourier series in terms of complex exponentials as given in Eq. (5§.4) is
mathematically equivalent to either of the two forms in Eqs. (5.8) and (5.15). Although the latter two are
common forms for Fourier series, the complex form in Eq. (5.4) is more general and usually more convenient,
and we will use that form almost exclusively.

E. Convergence of Fourier Series:

It is known that a periodic signal x(f) has a Fourier series representation if it satisfies the following Dirichlet
conditions:

1. x(r) is absolutely integrable over any period; that is,
fT0|x(t)|dt<O° (5.17)

2. x(f) has a finite number of maxima and minima within any finite interval of ¢.

3.  x(?) has a finite number of discontinuities within any finite interval of ¢, and each of these
discontinuities is finite.

Note that the Dirichlet conditions are sufficient but not necessary conditions for the Fourier series representation
(Prob. 5.8).

F. Amplitude and Phase Spectra of a Periodic Signal:

Let the complex Fourier coefficients c, in Eq. (5.4) be expressed as
¢, = |c,| e/ (5.18)

A plot of |c,| versus the angular frequency w is called the amplitude spectrum of the periodic signal x(r), and a
plot of ¢, versus w is called the phase spectrum of x(). Since the index k assumes only integers, the amplitude
and phase spectra are not continuous curves but appear only at the discrete frequencies kw,. They are therefore
referred to as discrete frequency spectra or line spectra.

For a real periodic signal x(f) we have c_ = c;‘;. Thus,

el =le| o, =—¢ (5.19)
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Hence, the amplitude spectrum is an even function of w, and the phase spectrum is an odd function of w for a
real periodic signal.

G. Power Content of a Periodic Signal:

In Chap. 1 (Prob. 1.18) we introduced the average power of a periodic signal x(f) over any period as
1 2
P‘gfro|x(”| dt (5.20)

If x(¢) is represented by the complex exponential Fourier series in Eq. (5.4), then it can be shown that (Prob. 5.14)

1 o]
T—Ofro|x(f)|2 di="3 e (521)

k=—o0

Equation (5.21) is called Parseval’s identity (or Parseval’s theorem) for the Fourier series.

5.3 The Fourier Transform

A. From Fourier Series to Fourier Transform:

Let x(7) be a nonperiodic signal of finite duration; that is,
x) =0 |t] > T,

Such a signal is shown in Fig. 5-1(a). Let x, (v) be a periodic signal formed by repeating x(#) with fundamental
period T, as shown in Fig. 5-1(b). If we let ;) — o, we have

T(1)11_1>1w xz, t)=x() (5.22)
X(t)
-7, 0T, t
(@)

Xr,)
1 1 1 1 1 1 1 1 >
7T(J T0 7T1 0 T1 TO T0 2T0 t

- _9

(b)

Fig. 5-1 (a) Nonperiodic signal x(t); (b) periodic signal formed by periodic extension of x(t).
The complex exponential Fourier series of x, (7) is given by

=3 ¢ w, =% (5.23)
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n _
where o ZTL f f;O/ZXTO (t) e 0" gy (5.24a)
0

Since xTO(t) = x(1) for |z] < T,/2 and also since x(t) = 0 outside this interval, Eq. (5.24a) can be rewritten as

1 prn —jkogt 5 _ 1 = —jko ot
a7 f o Xe dt T [ xwe dt (5.24b)

Let us define X(w) as

X(@)= [~ xt)e " di (5.25)

Then from Eq. (5.24b) the complex Fourier coefficients ¢, can be expressed as

1
Cp =T—X(kw0) (5.26)
0

Substituting Eq. (5.26) into Eq. (5.23), we have

)

1 .
X, O= —X(kay) et
k=—o"0

or xTO(t)zﬁ Y X(kay) "™ a, (5.27)
k=—o0

As T, — «©, w, = 27/T, becomes infinitesimal (w, — 0). Thus, let w, = Aw. Then Eq. (5.27) becomes

oo

L E X(kAw) e A (5.28)
2 it

x%(tﬂnyam

Therefore,

_ _ 1 kAot
x(t)—T(l)II_I)lmxTO (t)—Algoﬂ E X(kAw) e Aw (5.29)

k=—o

The sum on the right-hand side of Eq. (5.29) can be viewed as the area under the function X(w) e/, as shown
in Fig. 5-2. Therefore, we obtain
1 e ;
x(t)=— X(w)e!” dw (5.30)
0=—[ X

which is the Fourier representation of a nonperiodic x(7).

X(w)elot

Area = X(kAw)e/kt A

X(kAw)elkrot

0 k Ao ®
Fig. 5-2 Graphical interpretation of Eq. (5.29).
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B. Fourier Transform Pair:

The function X(w) defined by Eq. (5.25) is called the Fourier transform of x(f), and Eq. (5.30) defines the inverse
Fourier transform of X(w). Symbolically they are denoted by

X(@)=F )y = [~ xt)edt (5.31)

W =F {X()}= % f: X(w)e™ dw (5.32)

and we say that x(r) and X(w) form a Fourier transform pair denoted by

x(t) <= X(w) (5.33)

C. Fourier Spectra:

The Fourier transform X(w) of x(¢) is, in general, complex, and it can be expressed as
X(w) = | X(w)] e (5.34)

By analogy with the terminology used for the complex Fourier coefficients of a periodic signal x(¢), the Fourier
transform X(w) of a nonperiodic signal x(¢) is the frequency-domain specification of x(f) and is referred to as the
spectrum (or Fourier spectrum) of x(f). The quantity | X(w)| is called the magnitude spectrum of x(t), and ¢(w)
is called the phase spectrum of x(z).

If x(7) is a real signal, then from Eq. (5.31) we get

X(-0)= [ xn)edt (5.35)

Then it follows that
X(—w) = X*(w) (5.36a)
and |X(—w)| = |[X(w)] P(—w) = —¢(w) (5.36b)

Hence, as in the case of periodic signals, the amplitude spectrum | X(w)| is an even function and the phase spec-
trum ¢(w) is an odd function of w.

D. Convergence of Fourier Transforms:

Just as in the case of periodic signals, the sufficient conditions for the convergence of X(w) are the following
(again referred to as the Dirichlet conditions):

1. x(z) is absolutely integrable; that is,

S x@ld <o (537)

2. x(¢) has a finite number of maxima and minima within any finite interval.

3. x(#) has a finite number of discontinuities within any finite interval, and each of these discontinuities
is finite.

Although the above Dirichlet conditions guarantee the existence of the Fourier transform for a signal, if impulse
functions are permitted in the transform, signals which do not satisfy these conditions can have Fourier trans-
forms (Prob. 5.23).

E. Connection between the Fourier Transform and the Laplace Transform:

Equation (5.31) defines the Fourier transform of x(7) as

X(@)= [~ x(t)e " dr (5.38)
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The bilateral Laplace transform of x(f), as defined in Eq. (4.3), is given by
X(s)= [~ x(rye "de (5.39)

Comparing Egs. (5.38) and (5.39), we see that the Fourier transform is a special case of the Laplace transform
in which s = jw; that is,

X, = F{x0)} (5.40)

s=jw

Setting s = o + jw in Eq. (5.39), we have
X(o+jo)= [~ xe = [ [x(t)e e dt

or X(o + jo)=F{x(t)e '} (5.41)

which indicates that the bilateral Laplace transform of x(#) can be interpreted as the Fourier transform of x(¢) e~ ".

Since the Laplace transform may be considered a generalization of the Fourier transform in which the frequency
is generalized from jw to s = o + jw, the complex variable s is often referred to as the complex frequency.

Note that since the integral in Eq. (5.39) is denoted by X(s), the integral in Eq. (5.38) may be denoted as X(j ).
Thus, in the remainder of this book both X(w) and X(jw) mean the same thing whenever we connect the Fourier
transform with the Laplace transform. Because the Fourier transform is the Laplace transform with s = jw, it
should not be assumed automatically that the Fourier transform of a signal x(¢) is the Laplace transform with s
replaced by jw. If x(¢) is absolutely integrable, that is, if x(¢) satisfies condition (5.37), the Fourier transform of
x(#) can be obtained from the Laplace transform of x(f) with s = jw. This is not generally true of signals which are
not absolutely integrable. The following examples illustrate the above statements.

EXAMPLE 5.1 Consider the unit impulse function 8(z).
From Eq. (3.13) the Laplace transform of () is

Fomy =1 all s (542)
By definitions (5.31) and (1.20) the Fourier transform of 8(¢) is

FOWy = [~ e dr =1 (5.43)

Thus, the Laplace transform and the Fourier transform of 4(¢) are the same.

EXAMPLE 5.2 Consider the exponential signal
x() = e “u(r) a>0

From Eq. (3.8) the Laplace transform of x(¢) is given by

1
L{x(t)}=X(s)=—— Re(s)>—a (5.44)
sta

By definition (5.31) the Fourier transform of x() is

Fixy=X(@)= [~ e u(t)e " dt

= f T eTation gy — o (5.45)
0 a+jo

Thus, comparing Eqs. (5.44) and (5.45), we have

X(w) = X(s)| (5.46)

s=jw

Note that x(7) is absolutely integrable.
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EXAMPLE 5.3 Consider the unit step function u(z).

From Eq. (3.14) the Laplace transform of u(¢) is

FLlu)}y = é Re(s)>0 (547)
The Fourier transform of u(¢) is given by (Prob. 5.30)

F{u(t)} = md(w) + Jiw (5.48)

Thus, the Fourier transform of u(f) cannot be obtained from its Laplace transform. Note that the unit step function
u(f) is not absolutely integrable.

5.4 Properties of the Continuous-Time Fourier Transform

Basic properties of the Fourier transform are presented in the following. Many of these properties are similar to
those of the Laplace transform (see Sec. 3.4).

A. Linearity:

ax, (D) + a,x,(t) <> a,X,(0) + a,X,(®) (5.49)
B. Time Shifting:

x(t —15) <> ¢ " X () (5.50)

Equation (5.50) shows that the effect of a shift in the time domain is simply to add a linear term — wt, to the
original phase spectrum 0(w). This is known as a linear phase shift of the Fourier transform X(w).

C. Frequency Shifting:
e x(1) < X(w — w,) (5.51)

The multiplication of x(r) by a complex exponential signal e/® is sometimes called complex modulation. Thus,
Eq. (5.51) shows that complex modulation in the time domain corresponds to a shift of X(w) in the frequency
domain. Note that the frequency-shifting property Eq. (5.51) is the dual of the time-shifting property Eq. (5.50).

D. Time Scaling:

x(at) <> LX

(5.52)
|al

w
a

where a is a real constant. This property follows directly from the definition of the Fourier transform. Equation (5.52)
indicates that scaling the time variable ¢ by the factor a causes an inverse scaling of the frequency variable w by 1/a,
as well as an amplitude scaling of X(w/a) by 1/]a|. Thus, the scaling property (5.52) implies that time compres-
sion of a signal (a > 1) results in its spectral expansion and that time expansion of the signal (a < 1) results in its
spectral compression.

E. Time Reversal:
x(—1) <= X(—w) (5.53)

Thus, time reversal of x(f) produces a like reversal of the frequency axis for X(w). Equation (5.53) is readily
obtained by setting a = —1 in Eq. (5.52).

F. Duality (or Symmetry):
X(t) < 2ax(—w) (5.54)
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The duality property of the Fourier transform has significant implications. This property allows us to obtain both
of these dual Fourier transform pairs from one evaluation of Eq. (5.31) (Probs. 5.20 and 5.22).

G. Differentiation in the Time Domain:

% < joX(w) (5.55)
dt

Equation (5.55) shows that the effect of differentiation in the time domain is the multiplication of X(w) by jw
in the frequency domain (Prob. 5.28).

H. Differentiation in the Frequency Domain:

(=jD)x(t) < aX@) (5.56)
dw
Equation (5.56) is the dual property of Eq. (5.55).
l. Integration in the Time Domain:
1
[ x(v)dt <> 2X(0) () + = X(w) (5.57)

Since integration is the inverse of differentiation, Eq. (5.57) shows that the frequency domain operation corre-
sponding to time-domain integration is multiplication by 1/jw, but an additional term is needed to account for
a possible dc component in the integrator output. Hence, unless X(0) = 0, a dc component is produced by the
integrator (Prob. 5.33).

J. Convolution:
x,(0)# x,(0) < X,(0) X,(w) (5.58)

Equation (5.58) is referred to as the time convolution theorem, and it states that convolution in the time domain
becomes multiplication in the frequency domain (Prob. 5.31). As in the case of the Laplace transform, this con-
volution property plays an important role in the study of continuous-time LTI systems (Sec. 5.5) and also forms
the basis for our discussion of filtering (Sec. 5.6).

K. Multiplication:

(D)%, (t)eﬁ X, (@)% X, (@) (5.59)

The multiplication property (5.59) is the dual property of Eq. (5.58) and is often referred to as the frequency
convolution theorem. Thus, multiplication in the time domain becomes convolution in the frequency domain
(Prob. 5.35).

L. Additional Properties:

If x(7) is real, let
x(®) = x,(0 + x, () (5.60)
where x (f) and x (¢) are the even and odd components of x(7), respectively. Let

x(f) < X(w) = A(w) + jB(w)

Then X(—w) = X*(o) (5.61a)
X (1) <> Re{X(w)} = A(w) (5.61b)
(1) <> j In{X(w)} = jB(w) (5.61¢)

Equation (5.61a) is the necessary and sufficient condition for x(#) to be real (Prob. 5.39). Equations (5.61b)
and (5.61c¢) show that the Fourier transform of an even signal is a real function of w and that the Fourier trans-
form of an odd signal is a pure imaginary function of .
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M. Parseval’s Relations:

7 xx,Wydr= [ X, (A)x, (1) dA (5.62)

7 x(x,(t)dr = L 7 X)X, (-w)do (5.63)
e % A

[~ 2] dr = ﬁ [~ | X do (5.64)

Equation (5.64) is called Parseval’s identity (or Parseval’s theorem) for the Fourier transform. Note that the quan-
tity on the left-hand side of Eq. (5.64) is the normalized energy content £ of x(¢) [Eq. (1.14)]. Parseval’s identity says
that this energy content E can be computed by integrating | X(w)|? over all frequencies w. For this reason, | X(w)|?
is often referred to as the energy-density spectrum of x(f), and Eq. (5.64) is also known as the energy theorem.
Table 5-1 contains a summary of the properties of the Fourier transform presented in this section. Some com-
mon signals and their Fourier transforms are given in Table 5-2.

TABLE 5-1 Properties of the Fourier Transform

PROPERTY SIGNAL FOURIER TRANSFORM
x(1) X()
x,(1) X, @)
X, (1) X,@)
Linearity a,x,() + a,x,(1) a,X,@) + a,X,@)
Time shifting x(t—t,) e~/ X ()
Frequency shifting eI x(1) X(o — o)
. : Lx(e)
Time scaling x(at) | P
Time reversal x(—1) X(—w)
Duality X(1) 2 x(—w)
Time differentiation % JjoX(w)
t
Frequency differentiation (—jn)x(1) @
w
Integration | " x(r) dt 1X(0) 8 (@) +—— X(w)
e o
Convolution x,(1)* x,(1) X, (@)X,(®)
Multiplication X, (1) x,(7) ZL X, (@) X,(0)
T
Real signal x() = x,() + x,() X(w) = A(®) + jB)

Even component
Odd component
Parseval’s relations

x,(1)
x,(t)

X(—w) = X*()
Re{X(@)} = A®)
JIm{X(@)} = jB(®)

Jlxl (MX,(A) dA :fmx] (A)x, (L) dA
[ x 0, 0) dr =$j_‘:xl(w)x2 (—w) do

< 2 _i < 2
lelx(t)l dr = J:le(w)| dw
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TABLE 5.2 Common Fourier Transforms Pairs

x(t) X(w)
(1) 1
ot — 1) e ol

1 270 (w)

e oot 276 (0 —w)
coswt 7[d(w —wy) +6(w +w)]
sin w, ¢ — jald(w —wy) —6(w + w,)]

u(t) w6 (w) +.i

jo
1
u(—1) wo(w) ——
jw
e “ult),a>0 1
jo +ta
e (), a>0 _
(jo + a)?
eialll, a>0 2a
a* +w?
1
—alo|
e
a*+12
e ,a>0 \/Eeszu
a
1 |ti<a i
P, ()= 2]  Sinwa
0 |t]>a wa

. 1 |ow|<a
sin at pa(w) — | |

mt 0 |w[>a

sgnt 2

Jjw
o0 0 2
E 8(t —kT) w, E 6(w—kw0),w0=?n
k=—o0 k=—w

5.5 The Frequency Response of Continuous-Time LTI Systems

A. Frequency Response:

In Sec. 2.2 we showed that the output y(f) of a continuous-time LTI system equals the convolution of the input
x(#) with the impulse response A(f); that is,

() = x() * h(t) (5.65)
Applying the convolution property (5.58), we obtain
Y(w) = X(w)H(w) (5.66)

where Y(w), X(w), and H(w) are the Fourier transforms of y(7), x(¢), and h(f), respectively. From Eq. (5.66) we have

_Y(w) 567
H(w) X®) (5.67)



204 CHAPTER 5 Fourier Analysis of Continuous-Time

The function H(w) is called the frequency response of the system. Relationships represented by Egs. (5.65)
and (5.66) are depicted in Fig. 5-3. Let

H(w) = |H(w)| /@ (5.68)

Then |H(w)| is called the magnitude response of the system, and 6,,(w) the phase response of the system.

(1) LTI h(t)
—_— . ——

X(t) system YO)=x() - h(t)

X(©) Y(0)=X(@)H(®)

Fig. 5-3 Relationships between inputs and outputs in an LTI system.

Consider the complex exponential signal

x(t) = e/ (5.69)
with Fourier transform (Prob. 5.23)
X(w) = 276(w — w,) (5.70)
Then from Eqgs. (5.66) and (1.26) we have
Y(w) = 2aH(w,) 6(w — ) (5.71)

Taking the inverse Fourier transform of Y(w), we obtain
y(t) = H(w,) e/ (5.72)

which indicates that the complex exponential signal ¢/“ is an eigenfunction of the LTI system with corresponding
eigenvalue H(w,), as previously observed in Chap. 2 (Sec. 2.4 and Prob. 2.17]. Furthermore, by the linearity
property (5.49), if the input x(¢) is periodic with the Fourier series

©

x(t)= E ¢, e (5.73)

k=—o
then the corresponding output y(#) is also periodic with the Fourier series

o

Y=Y e H(kag)e ™ (5.74)

k=—o0

If x(?) is not periodic, then from Eq. (5.30)
1 p= ;
x)=— [ X(w)e” dw 5.75
0=o—[ X (5.75)
and using Eq. (5.66), the corresponding output y(f) can be expressed as

@)= ﬁ f : H(w)X(w) e’ do (5.76)

Thus, the behavior of a continuous-time LTI system in the frequency domain is completely characterized by its
frequency response H(w). Let

X(w) = | X(w)]| e/ Y(w) = | Y(w)]e/fr@ (5.77)
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Then from Eq. (5.66) we have
|Y()| = | X(w)||H(w)] (5.78a)
0,(w) = 0, (w) + 0, (w) (5.78b)

Hence, the magnitude spectrum | X(w)| of the input is multiplied by the magnitude response | H(w)| of the
system to determine the magnitude spectrum |¥(w)| of the output, and the phase response 6, (w) is added to
the phase spectrum 6,(w) of the input to produce the phase spectrum 6,(w) of the output. The magnitude
response |H(w)| is sometimes referred to as the gain of the system.

B. Distortionless Transmission:

For distortionless transmission through an LTT system we require that the exact input signal shape be reproduced
at the output, although its amplitude may be different and it may be delayed in time. Therefore, if x(¢) is the input
signal, the required output is

y(@O = Kx(t — 1,) (5.79)

where ¢, is the time delay and K (> 0) is a gain constant. This is illustrated in Figs. 5-4(a) and (b). Taking the
Fourier transform of both sides of Eq. (5.79), we get

Y(w) = Ke 7% X(w) (5.80)

Thus, from Eq. (5.66) we see that for distortionless transmission, the system must have

H(w) = |H(w)| /@ = Ke=jot (5.81)
Thus,

|H(w)| = K (5.82a)

0,(w) = —jor, (5.82b)

That is, the amplitude of H(w) must be constant over the entire frequency range, and the phase of H(w) must be
linear with the frequency. This is illustrated in Figs. 5-4(c) and (d).

x() IH(w)!
A -------- d
K
0 t, t 0 [0)
@ ()
y(t)
0,,(0)
t 0 [O)
Slope = —t,

Fig. 5-4 Distortionless transmission.
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Amplitude Distortion and Phase Distortion:

When the amplitude spectrum |H(w)| of the system is not constant within the frequency band of interest, the
frequency components of the input signal are transmitted with a different amount of gain or attenuation. This
effect is called amplitude distortion. When the phase spectrum 6,(w) of the system is not linear with the
frequency, the output signal has a different waveform than the input signal because of different delays in passing
through the system for different frequency components of the input signal. This form of distortion is called
phase distortion.

C. LTI Systems Characterized by Differential Equations:

As discussed in Sec. 2.5, many continuous-time LTI systems of practical interest are described by linear constant-
coefficient differential equations of the form

N k M k
d* () d*x(t)
Da == Db (5.83)
i dt i=o

with M = N. Taking the Fourier transform of both sides of Eq. (5.83) and using the linearity property (5.49)
and the time-differentiation property (5.55), we have

N M
Y @ (jo) Y (@)=Y b(jo) X()

k=0 k=0
N M
or Y(@) Y a(jo) =X@) Y b (jo) (5.84)
k=0 k=0
Thus, from Eq. (5.67)

b (jw)*

ORI

H(w)=

x|x
gIE

(5.85)
a, (jo)*

=
Il
=}

which is a rational function of w. The result (5.85) is the same as the Laplace transform counterpart H(s) = Y(s)/X(s)
with s = jo [Eq. (3.40)]; that is,

H(w) = H(s)| = H(jw)

s=jw

5.6 Filtering

One of the most basic operations in any signal processing system is filtering. Filtering is the process by which
the relative amplitudes of the frequency components in a signal are changed or perhaps some frequency
components are suppressed. As we saw in the preceding section, for continuous-time LTI systems, the spectrum
of the output is that of the input multiplied by the frequency response of the system. Therefore, an LTI system
acts as a filter on the input signal. Here the word “filter” is used to denote a system that exhibits some sort of
frequency-selective behavior.

A. Ideal Frequency-Selective Filters:

An ideal frequency-selective filter is one that exactly passes signals at one set of frequencies and completely rejects
the rest. The band of frequencies passed by the filter is referred to as the pass band, and the band of
frequencies rejected by the filter is called the stop band.

The most common types of ideal frequency-selective filters are the following.
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1. Ideal Low-Pass Filter:
An ideal low-pass filter (LPF) is specified by

207

1 |o|<w, (5.86)
| H()|= 0 |o|> w, )
which is shown in Fig. 5-5(a). The frequency w, is called the cutoff frequency.
2. Ideal High-Pass Filter:
An ideal high-pass filter (HPF) is specified by
0 |o|<w, (5.87)
LIS ~
which is shown in Fig. 5-5(b).
3. Ideal Bandpass Filter:
An ideal bandpass filter (BPF) is specified by
o= 1 o <|ow|<o, (5.88)
| (@) | o otherwise ’
which is shown in Fig. 5-5(c).
4. Ideal Bandstop Filter:
An ideal bandstop filter (BSF) is specified by
0 o <|o|<w,
| H(w) | = ) (5.89)
1 otherwise
which is shown in Fig. 5-5(d).
IH(w)! IH(o)!
! -1
-0, 0 O, (:) -0, 0 O, (:)
@) b)
IH(w)! IH(c)!
1
- 1
-0, —0o, 0 o o (:) -0, —0; 0 0, o, o

Fig. 5-5 Magnitude responses of ideal frequency-selective filters.
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In the above discussion, we said nothing regarding the phase response of the filters. To avoid phase distortion
in the filtering process, a filter should have a linear phase characteristic over the pass band of the filter; that is
[Eq. (5.82b)],

0,(w) = —wt

: (5.90)

where 7, is a constant.
Note that all ideal frequency-selective filters are noncausal systems.

B. Nonideal Frequency-Selective Filters:

As an example of a simple continuous-time causal frequency-selective filter, we consider the RC filter shown in
Fig. 5-6(a). The output y(f) and the input x(¢) are related by (Prob. 1.32)

RC M + y(t)=x(t)

dt

Taking the Fourier transforms of both sides of the above equation, the frequency response H(w) of the RC filter
is given by

Y 1 1
Hwy=2@ - L (5.91)
X(w) 1+ joRC 1+ jo/w,
where @, = 1/RC. Thus, the amplitude response |H(w)| and phase response 6, (w) are given by
1 1
| H(w)|= , = 12 592
|1+ jo/w,| [1+(a)/w0)2] (592)
W
0 (w)=—tan"' — (5.93)
Wy

which are plotted in Fig. 5-6(b). From Fig. 5-6(b) we see that the RC network in Fig. 5-6(a) performs as a
low-pass filter.

Sy

2

) i(t) ——=C

=

v

—n/4 }----3

—q/2 [rmmmmmmmmemmmmeee-

Fig. 5-6 RC filter and its frequency response.



CHAPTER 5 Fourier Analysis of Continuous-Time 209

5.7 Bandwidth
A. Filter (or System) Bandwidth:

One important concept in system analysis is the bandwidth of an LTI system. There are many different defini-
tions of system bandwidth.

1. Absolute Bandwidth:

The bandwidth W), of an ideal low-pass filter equals its cutoff frequency; that is, W, = w, [Fig. 5-5(a)]. In this case
W, is called the absolute bandwidth. The absolute bandwidth of an ideal bandpass filter is given by W, = w, — o,
[Fig. 5-5(c)]. A bandpass filter is called narrowband it W, << w,, where @, = % (w, + w,) is the center frequency
of the filter. No bandwidth is defined for a high-pass or a bandstop filter.

2. 3-dB (or Half-Power) Bandwidth:
For causal or practical filters, a common definition of filter (or system) bandwidth is the 3-dB bandwidth W, .. In
the case of a low-pass filter, such as the RC filter described by Eq. (5.92) or in Fig. 5-6(b), W, ., is defined as the
positive frequency at which the amplitude spectrum | H(w)| drops to a value equal to | H(0)|/V'2, as illustrated in
Fig. 5-7(a). Note that | H(0)| is the peak value of H(w) for the low-pass RC filter. The 3-dB bandwidth is also known
as the half-power bandwidth because a voltage or current attenuation of 3 dB is equivalent to a power attenuation
by a factor of 2. In the case of a bandpass filter, W, ,, is defined as the difference between the frequencies at which
| H(w)| drops to a value equal to 1/V2 times the peak value |H(w,)| as illustrated in Fig. 5-7(b). This
definition of W, ,, is useful for systems with unimodal amplitude response (in the positive frequency range) and is
a widely accepted criterion for measuring a system’s bandwidth, but it may become ambiguous and nonunique with
systems having multiple peak amplitude responses.

Note that each of the preceding bandwidth definitions is defined along the positive frequency axis only and

always defines positive frequency, or one-sided, bandwidth only.

Fig. 5-7 Filter bandwidth.

B. Signal Bandwidth:

The bandwidth of a signal can be defined as the range of positive frequencies in which “most” of the energy or
power lies. This definition is rather ambiguous and is subject to various conventions (Probs. 5.57 and 5.76).

3-dB Bandwidth:

The bandwidth of a signal x(#) can also be defined on a similar basis as a filter bandwidth such as the 3-dB band-
width, using the magnitude spectrum | X(w)| of the signal. Indeed, if we replace | H(w)| by | X(w)| in Figs. 5-5(a)
to (¢), we have frequency-domain plots of low-pass, high-pass, and bandpass signals.

Band-Limited Signal:
A signal x(7) is called a band-limited signal if

|X(w)| =0 |o| > w, (5.94)

Thus, for a band-limited signal, it is natural to define w,, as the bandwidth.
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SOLVED PROBLEMS

Fourier Series

5.1. We call a set of signals {W (1)} orthogonal on an interval (a, b) if any two signals W (#) and W, () in
the set satisfy the condition

b * 0 m+k
9,0 W@ d = {a (5.95)

m=k

where * denotes the complex conjugate and a # 0. Show that the set of complex exponentials
{e/koot: k=0, * 1, + 2, ...} is orthogonal on any interval over a period 7, where T, = 27/ w,.
For any 7, we have

to+Tp

f’o +To e/t g = 1 oMot — 1 (ejmwo(tg +To) _ pimonto )
o jmay | jmoy
1 . .
=—— M0 (T —1)=0  m#0 (5.96)
Jmawq

since e/27 = 1. When m = 0, we have ef”’“’of\m:o =1and

fto+To it gy — fzt0+TO dt =T, (5.97)
0

fo

Thus, from Egs. (5.96) and (5.97) we conclude that

t0+Ty ; t0+Ty  i(m—
f[ oMt (ejkw(]l)* di = ft e/ m=kot gp
(] 0

0 m+k
{ (5.98)
0

m=k
which shows that the set {e/‘®: k =0, = 1, + 2, ...} is orthogonal on any interval over a period 7},.
5.2. Using the orthogonality condition (5.98), derive Eq. (5.5) for the complex Fourier coefficients.

From Eq. (5.4)

©

x(1)= E c e wy ==

k=—o0

Multiplying both sides of this equation by e~ and integrating the result from ¢, to (z, + T;), we obtain

o
t0+Tp _ 10+Tp ; _
fto x(t)e "m0t dt=f[0 E ckeﬂ“"“’ e M dy

_ E Ckffo+To ol k=mwgt g, (5.99)
Then by Eq. (5.98), Eq. (5.99) reduces to
f ZZ)”O x(t)e M dr =, T, (5.100)

Changing index m to k, we obtain Eq. (5.5); that is,

1 o+ — ik
o =T—0f[0° " x(ye N dr (5.101)
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We shall mostly use the following two special cases for Eq. (5.101): ) = 0 and ¢, = —T,/2, respectively. That is,

1,1 ik

¢ =7fOOX(t)e koot gy (5.102a)
0
1,12 — ik

e =7 [ px0e N (5.102b)
0

5.3. Derive the trigonometric Fourier series Eq. (5.8) from the complex exponential Fourier series Eq. (5.4).

Rearranging the summation in Eq. (5.4) as

w ©
x(t) = E c e =) + E (c e ™" + ¢_ ekt
k=—oo k=1

and using Euler’s formulas

e*ikot = cos kwyt * jsin kaw,t

we have
x(t)=¢y + i [(cp +c_g)cos kwyt + j(c, —c_p)sin kwyt] (5.103)
k=1
Setting
¢ =%0 e, =a jley —c ) =b, (5.104)

Eq. (5.103) becomes

x(t)= %’ + 2 (a; cos kwyt + by sin kawyt)
k=1

5.4. Determine the complex exponential Fourier series representation for each of the following signals:
(@) x(t) = cos wyt

(b) x(1) = sin wyt
- i
(¢) x(t)=cos (Zt + 2 )

(d) x(t) = cos 4t + sin 6¢
() x(¢) = sin’t

(a) Rather than using Eq. (5.5) to evaluate the complex Fourier coefficients ¢, using Euler’s formula, we get

U ot o 1 oy — N ket
—e +—e = E cre

1. .
cos w0t=5(ej"’°’ +e TNy = 5

k=—o

Thus, the complex Fourier coefficients for cos w,t are

1 1
¢ == == ¢, =0,k|#1
- - (=0
(b) In a similar fashion we have

sin wyt = L (e — g o0y = —L.efj‘”"[ + L.ej‘”"' = E ckejk’”‘”
2j 2j 2j

k=—x
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Thus, the complex Fourier coefficients for sin w,r are

) =— | =—— ck:0,|k|¢1

(¢) The fundamental angular frequency w, of x(#) is 2. Thus,

]r <) . 0 .
x(t) = cos(Zz + ) = E c el = E el
4 k=—o0 k=—o0
Now x(t) = 005(21 + n) = l(ej(zﬁ”m 4 @ T2
4] 2

U s —jor 1 jmia j2 < 2
=Ee Jld = ’+5e”” et = 2 c el

k=—x

Thus, the complex Fourier coefficients for cos(2¢ + x/4) are

¢ :lef”/“ :lﬂ:@(] + /)

2 2 2 4

(d) By the result from Prob. 1.14 the fundamental period T, of x(¢) is wand w, = 27/T; = 2. Thus,

oo <]
x(t) = cos 4t + sin6t = E c et = 2 el

k=—o k=—0

Again using Euler’s formula, we have

x(t) = cos4t +sin6t = %(ej‘” +e /My 4 %(ejﬁf —ioh
J

— L e L jar  Lojae Lo i c el
2j 2 2 2j .
Thus, the complex Fourier coefficients for cos 47 + sin 6¢ are
c.=—L =1 o =1 =L
-3 2 275 2735 3 2

and all other ¢, = 0.

(e) From Prob. 1.16(e) the fundamental period T, of x(¢) is wand w, = 27/T, = 2. Thus,

© ©
x(t)=sin’ = E c e = E e’

k=—x k=—x

Again using Euler’s formula, we get
Jt _ it ) )
x(t)=sin’t = (e 5 ¢ ) = —i(eﬂ’ —2+e77%)

| YN S Y < 2kt
=——e¢ /M +———¢= ce’
4 2 4 2

k=—o
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Thus, the complex Fourier coefficients for sin®¢ are

C :—l C :l Cy = _l
-1 1 075 1 n
and all other ¢, = 0.
5.5. Consider the periodic square wave x(f) shown in Fig. 5-8.
(a) Determine the complex exponential Fourier series of x(7).
(b) Determine the trigonometric Fourier series of x().
x(®)
A
-Ty Ty 0 Ty Ty 2T,
T2 2
Fig. 5-8
(a) Let
x(t) = i ¢, et , _2r
k=—o TO
Using Eq. (5.102a), we have
e = [T x(ey e =1 % Ao gy
T, 70 T,
_ A o kot To/2 _ A e—jkworo/z -1
- jka)OT0 0 — jkawy T,
_ A
=" _(-¢ M= 1
= an =gV
since 0, T, = 2wand e /7 = (—1)*. Thus,
¢, =0 k=2m+0
o =2 k=2m+1
Jk
¢ =ifr°x(t) di=L (" a=4
7,70 7,70 2
Hence,
Co — é C = 0 C = #
0 ) 2m 2m+1 ](Zm +1).7I
and we obtain
A 0
x(t :7 A j(2m+l)w0t
2 jr 2 2m+1

213

(5.105)

(5.106)
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(b) From Egs. (5.105), (5.10), and (5.12) we have

a70=c0=% ay,, =by,, =0,m#0
a =2Re[cy,,411=0 b =-—21Im[c ]=L
2m+1 2m+1 2m+1 2m+1 (2m + 1)]‘[
Substituting these values in Eq. (5.8), we get
A 2A 1
x(t)=—+— sin(2m + Dwyt
=3 nm202m+1 ( )0
=é+ﬁ sinw0t+isin 3a)ot+isin5a)0t+-~- (5.107)
2 3 5
5.6. Consider the periodic square wave x(¢) shown in Fig. 5-9.
(a) Determine the complex exponential Fourier series of x(7).
(b) Determine the trigonometric Fourier series of x(7).
x(t)
A
1 1 1 >
-Ty T, 0 T, Ty 2T, t
T4 4
Fig. 59
(a) Let
x(t)= i ¢, e wy =2
k=—o ¢ 0 TO

Using Eq. (5.102b), we have

1 2 _ 1 /4 .
C = *ITO x(r) e O dr = —fTO Ae ke gy

T, ~Tol2 7, J -To
_ jkzz) _ (¢~ ouTo/4 _ gikoTol4)
—JrWolo
__A (e 2 _ejkn/Z):iSin k.
—jk2mx km 2
Thus,
¢ =0 k=2m+#0
ck=(—l)mki k=2m+1
1
=2 [Pxwyd=2 [P aa=2
7,70 7,70 2
Hence,

cp=— o =0,m#0 Comar =(=D" A

> m (5.108)
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(b)

and we obtain

A A S D" omehy
x(t)y=—+— e 0
® 2 n'm;m 2m+1
From Egs. (5.108), (5.10), and (5.12) we have

aq _  _A — _

L =cy=— a,, =2Re[c,, ]=0,m#0

2 0 2 2m [ 2m]
a =2Re[c ]=(—1)’”L b, =—21Im[c,]=0
2m+1 2m+1 (2m+1)n k k

Substituting these values into Eq. (5.8), we obtain

A 24 - (D"
x(t)=—+— cos(2m + Dwyt
W= m202m+1 ( o

=é+% cos wyt —icos3wot +Lcos5w0t —
2 & 3 5
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(5.109)

(5.110)

Note that x(7) is even; thus, x(f) contains only a dc term and cosine terms. Note also that x(¢) in Fig. 5-9

can be obtained by shifting x(#) in Fig. 5-8 to the left by 7,,/4.

5.7. Consider the periodic square wave x(f) shown in Fig. 5-10.

(a) Determine the complex exponential Fourier series of x(7).

(b) Determine the trigonometric Fourier series of x(f).

Note that x(7) can be expressed as

x(1) = x, (1) — A

where x,(¢) is shown in Fig. 5-11. Now comparing Fig. 5-11 and Fig. 5-8 in Prob. 5.5, we see that x(?) is

the same square wave of x(¢) in Fig. 5-8 except that A becomes 2A.

x()
A
=T, _E 0 E Ty 2T,
2 2
—A
Fig. 5-10
X, (0)
2A
-T, - E 0 E 'ro 2T0 t
2 2

Fig. 5-11
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(a) Replacing A by 2A in Eq. (5.106), we have

x (t)=A+2.—A i _1_jemnay
jm

L 2mt1
Thus,
x(t)=x1(t)*A=i—2 72ml+1 el e (5.111)

(b) Similarly, replacing A by 24 in Eq. (5.107), we have

©

4A 1
x(tH)=A+—
1) 22m-i-1

sin(2m + Dyt

m=0
Thus,
x(t)=ﬂ ! sin(2m + Doyt
T “~ 2m+1
m=0
=44 sina)oz+%sin3wot+%sin5wot+--- (5.112)
T

Note that x(7) is odd; thus, x(#) contains only sine terms.

5.8. Consider the periodic impulse train 6T0(t) shown in Fig. 5-12 and defined by

S, ()= 8t —KkTy) (5.113)
k=—x
dr,(®)
3(t—To)
S(t)u
-7, 0 T, 2T, t
Fig. 5-12

(a) Determine the complex exponential Fourier series of 570(0'

(b) Determine the trigonometric Fourier series of 6T0(t).

(a) Let

©

O, = 2 c e Wy ==

k=—o

Since 6(?) is involved, we use Eq. (5.102b) to determine the Fourier coefficients and we obtain

1 pr2 —jkaot g, _ 1
Ck_TT)f_TO/za(t)e dt—T—O (5.114)
Hence, we get
8, ()= i 8t — kTy) = i ekt wy =% (5.115)
’ k=—o00 TO k=—o00 TO
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(b) Let

or, (1) = %’ + E (a;, cos kawyt + by sin kwyt)
k=1

Since 6T0(t) is even, b, = 0, and by Eq. (5.92), g, are given by

a, = lfro/z 8(1) cos kwyt dt = %

T, Y T2 o
Thus, we get
6T0(t):i+£ Ecos kot w, =2z
I, Th & T,

217

(5.116)

(5.117)

5.9. Consider the triangular wave x(f) shown in Fig. 5-13(a). Using the differentiation technique, find (a) the

complex exponential Fourier series of x(f), and (b) the trigonometric Fourier series of x(f).

The derivative x'(¢) of the triangular wave x(#) is a square wave as shown in Fig. 5-13(b).

(a) Let

©

i 2
x(t)= 2 cke./kwot Wy ==

k=—o Ty
Differentiating Eq. (5.118), we obtain

©

X (@)= E Jjkayc e

k=—o0
x()
A
| | | | >
Ty T, 0 T, T, 2T, t
2 2
@
x'(t)
2A
TO
To| Tfo |% |% 2T,
2 2
_2A
T(J

Fig. 5-13

(5.118)

(5.119)
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Equation (5.119) shows that the complex Fourier coefficients of x'(f) equal jkw,c,. Thus, we can find ¢, (k # 0)
if the Fourier coefficients of x'(f) are known. The term ¢, cannot be determined by Eq. (5.119) and must be
evaluated directly in terms of x(7) with Eq. (5.6). Comparing Fig. 5-13(b) and Fig. 5-10, we see that x'(¢) in
Fig. 5-13(D) is the same as x(7) in Fig. 5-10 with A replaced by 2A/T,,. Hence, from Eq. (5.111), replacing A
by 2A/T,, we have

©

4A 1
xr = e/(2m+1)w0t
(t) T m;ﬁ—zm +1 (5.120)

Equating Eqgs. (5.119) and (5.120), we have

¢, =0 k=2m+#0
4 2A
kwyc, = ——— or G =— k=2m+1
#5C0%% JrkT, k k>
From Fig. 5-13(a) and Eq. (5.6) we have
1 ,h A
Cy=— x(t)dt =—
T [y xwdi=5
Substituting these values into Eq. (5.118), we obtain
A 24 < I Cm Do
xt)y=——-— 0 5.121
2 :2 (2m +1)? ( )
(b) In asimilar fashion, differentiating Eq. (5.8), we obtain
xX'(@)= E kawy (by, cos kwyt — a;, sin kwyt) (5.122)

k=1

Equation (5.122) shows that the Fourier cosine coefficients of x'(#) equal to kwb, and that the sine
coefficients equal to —kw,a,. Hence, from Eq. (5.112), replacing A by 2A/T,, we have

©

¥i=-4 3 1

.7TT0 2m +

sin(2m + 1) w,t
I ( )Wy (5.123)

Equating Eqgs. (5.122) and (5.123), we have

b, =0 a, =0 k=2m+#0

4A
or  a =-—

T, T k=2m+1

—kwya;, =

From Egs. (5.6) and (5.10) and Fig. 5-13(a) we have

Ay _

1,7 A
Chp=— x(t)dt =—
2 TOfO Odr=3

Substituting these values into Eq. (5.8), we get
< 1
x(z):f—i E 71)2005(2m+1)w01 (5.124)

5.10. Consider the triangular wave x(f) shown in Fig. 5-14(a). Using the differentiation technique, find the
triangular Fourier series of x(7).

From Fig. 5-14(a) the derivative x'(¢) of the triangular wave x(¢) is, as shown in Fig. 5-14(b),

A o0
X(O)y=—2=+A Y 8(—KTy) (5.125)
TO k=—o
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x(t)
A
=T, 0 Ty 27, t
@
x'(t)
AB(t—T,)
Ad(t) A
-T, 0 T, 27, t
~AIT,
(b)
Fig. 5-14
Using Eq. (5.117), Eq. (5.125) becomes
o 24 2
X(@)= ——cos kwyt Wy =—
® gl T 0 =T (5.126)
Equating Eqgs. (5.126) and (5.122), we have
a, =0, k#0 kwobk=2—A or bk=i
T, km
From Fig. 5-14(a) and Eq. (5.9a), we have
a, _ 1

0 vty di = 4
2 T,Y° 2
Thus, substituting these values into Eq. (5.8), we get

_2n

5.127
T (5.127)

5.11. Find and sketch the magnitude spectra for the periodic square pulse train signal x(f) shown in Fig. 5-15(a)
for(a)d = T,/4,and (b) d = T,/8.

A Aw 1.
x()=—+— —sin kwyt w,
0= ﬂglk 0 0

Using Eq. (5.102a), we have

1 pr i A pd _;
C =T—f00x(t)e Jkaot dt=T—fOe Jhoot gy
0 0

d
AL e 2 AL kend
T, —jkw, o Ty jkay
_ .A ¢ w0dI2 (gkond]2 _ = jroodl2
—JkawyTy

_ 4 sinGkood 12) jnare
T, kwd/2

(5.128)
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x(t)
A
T O d T oT t
@
Ickl
x(t) 1a
4
[ ]
A _T
=7
0d T t 0 o, 2n
d
(b)
Ickl
x(t)
1
A T L)
d=—
8 08
0d T t 0 o, 2n

Fig. 5-15

Note that ¢, = 0 whenever ko d/2 = m; that is,

_ m2m

nw =0,x£1,£2,
d
(@ d=T,/4, kw,d/2 = knad/T, = kr/4,
_ A|sin(km/4)
o |=2 [
4| km/4

The magnitude spectrum for this case is shown in Fig. 5-15(b).

by d=T,/8,kwyd/2 =kxd/T, = km/8,

sin(ks / 8)

e | =2
km/8

8

The magnitude spectrum for this case is shown in Fig. 5-15(c).

5.12. If x,(r) and x,(?) are periodic signals with fundamental period 7;, and their complex Fourier series
expressions are

oo ool
. . 2”
x(t)= E dj e’ ™! X, ()= E e et Wy =——

k=—c0 k=—o
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show that the signal x(r) = x,(9)x,(?) is periodic with the same fundamental period 7}, and can be
expressed as

i 2w
x(t)= E c e Wy ==—
k=—o0 wO
where ¢, is given by
a= Y duey (5.129)
m=—oo
Now x(t + Ty = x,(t + T)x,(t + T,) = x,()x,(1) = x(7)
Thus, x(?) is periodic with fundamental period 7},. Let
- j 27
x(t) = c e’ Wy ==
kzoc ! ’ TO
1 e —jkwgt 4, _ L Tol2 — jkaxyt
Then = T—Of_TO/Z x(t)e dt = T—Of_ro/z x(t)xy(t) e dt
— 1 To/2 < Jmo ot — jkogt
_Tof_TO/z[ 2 d,e x,(t)e dt
X 1 pTor2 —jtk—m)agt .| _ <
= E d, [TfTo/zxz(t) e dt|= E d, e
m=—oo 0 m=—w
. _ 1 To/2 — jkagt
since e —T—Of_TO/sz(t)e dt

and the term in brackets is equal toe, _ .

5.13. Letx,(?) and x,(¢) be the two periodic signals in Prob. 5.12. Show that

~Ty/2

1 (T2 ~
— t 1) dt = d,e_
I e AGENG) S diey (5.130)

k=—o
Equation (5.130) is known as Parseval’s relation for periodic signals.

From Prob. 5.12 and Eq. (5.129) we have

1 12 o -
“ FOf—;o/le(t)xz(t) e M dr = 2 dmek*m

m=—oo

Setting k = 0 in the above expression, we obtain

1 (T2 < -
?Of_ro/le(f)xz(f)dt* E dye_,, = E de_y

m=—ow k=—o

5.14. Verify Parseval’s identity (5.21) for the Fourier series; that is,

1 2 °° 2
T—OfTO|x(t)| di="Y |¢

k=—o

©

If x(=Y el

k=—x
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*

x*(z)=[ E ckejkwot] = E c, e et = 2 c et (5.131)

k=—x k=—o k=—o

where * denotes the complex conjugate. Equation (5.131) indicates that if the Fourier coefficients of x(¢) are
¢,» then the Fourier coefficients of x* () are ¢* . Setting x,(r) = x(#) and x, () = x*(7) in Eq. (5.130), we have d,
=c.ande, = c* or(e_, = c%), and we obtain

or

©

1 pmo2 " _ ;
T—Of_TO/zx(t)x ()dt = E ccp (5.132)

k=—o0

©

1
T*Of,T%Z,Jx(’)F dr = 2 |k |2

k=—o

5.15. (@) The periodic convolution f(#) = x,(¢) ® x,(f) was defined in Prob. 2.8.If d, and e, are the complex

Fourier coefficients of x,(r) and x,(?), respectively, then show that the complex Fourier coefficients
¢, of f(¢) are given by

¢, = T,de, (5.133)

where 7| is the fundamental period common to x,(7), x,(7), and f(7).

(b) Find the complex exponential Fourier series of f(¢) defined in Prob. 2.8(c).

(@)

(b)

From Eq. (2.70) (Prob. 2.8)

FO=50® %0 = [ x(Tx — 1) dr

Let x ()= E dkejk“"" X ()= E ekejk“""
k=—o k=—x
Then f(t)—fOIbX(T)[ E ekejkwo(’r)]d‘r
k=—o
= E ekejk‘”orfoTox(r)e_jka’ dt
k=—o0
Since d, = LfTO x(T)e T dy
k 7,0
we get
f0="3 Tydee™™ (5.134)

k=—
which shows that the complex Fourier coefficients ¢, of f() equal 7;d,e,.

In Prob. 2.8(c), x,(f) = x,(t) = x(t), as shown in Fig. 2-12, which is the same as Fig. 5-8 (Prob. 5.5). From
Eq. (5.105) we have

A 0 k=2m,m+#*0
dy=e =

dh=e=7 Aljkn k=2m+1

Thus, by Eq. (5.133) the complex Fourier coefficients ¢, of f(z) are

2
co =Todyey =T07
0 k=2m,m#0

=T.d =
kT o {—TOA2 /1 k=2m+1
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Note that in Prob. 2.8(c), f() = x,(1) ® x,(#), shown in Fig. 2-13(b), is proportional to x(t), shown in Fig. 5-
13(a). Thus, replacing A by A>T, /2 in the result from Prob. 5.9, we get

TAZ 0 k=2m,m+0
Cnh = _ =
0y A% AR k=2m+1

which are the same results obtained by using Eq. (5.133).

Fourier Transform

5.16. (a) Verify the time-shifting property (5.50); that is,
x(t — 1) <> /" X (w)
By definition (5.31)
Flat—to)}= [ xe—to)e " dt
By the change of variable T =t — 1, we obtain
Flat—t)} = [ x(m)e T dr
= /000 fio X(0)e ™I dr = ¢ X ()
Hence,
x(t —1y) <> e 10 X (w)
5.17. Verify the frequency-shifting property (5.51); that is,
x(1)e!™" < X(w— wy)
By definition (5.31)
FLx) ™}y = [ x(0)e’e " dr
= [7 x0T dt = X(0 — )
Hence,
x(1)e!™ <> X(w — wy)
5.18. Verify the duality property (5.54); that is,
X(t) <= 2mx(—w)
From the inverse Fourier transform definition (5.32), we have
[7 X(@)e™ do=2mx(r)
Changing rto —¢, we obtain
[~ X(@)e " do=2mx(-1)
Now interchanging 7 and w, we get

[ X dt = 27x(~w)
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Since FXOy= [ X" dt

we conclude that
X(t) <= 2ax(—w)
Find the Fourier transform of the rectangular pulse signal x(f) [Fig. 5-16(a)] defined by

B B 1 |t|<a
X =p.0=1, ey (5.135)

By definition (5.31)

X@)= [ p,e ™ di=[" " dt

5.20.

:i(ej”” _eivny = ySinwa _, sinwa
jo w wa
Hence, we obtain
pa(t)<_>2smwa:2asmwa (5.136)
wa
The Fourier transform X(w) of x(¢) is sketched in Fig. 5-16(b).
x(t) X(w)
2a
1
<+“—>
> //\ /\\ >
-a 0 a t T 0 T 2n ®
“a a a
@) (b)
Fig. 5-16 Rectangular pulse and its Fourier transform.
Find the Fourier transform of the signal [Fig. 5-17(a)]
x(t) = sin at
Tt
From Eq. (5.136) we have
pa() <2 sin wa
Now by the duality property (5.54), we have
250 s 2w (—w)
t
Dividing both sides by 27 (and by the linearity property), we obtain
sin at
o < p,(~w)=p,(®) (5.137)

where p (w) is defined by [see Eq. (5.135) and Fig. 5-17(b)]

_ 1 |w|<a
Pa(@®)= 0 |w|>a
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5.22.
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X(w)
1
—a 0 o;
(b)
Fig. 5-17 sin at/at and its Fourier transform.
5.21. Find the Fourier transform of the signal [Fig. 5-18(a)]
x(t)ze_aM a>0
Signal x(#) can be rewritten as
_aM e*at t>0
x(t)=e =
a <0
Then X(w)= fio e I dr + f: e eI gy
= fo LTI gr 4 fwef(“j“’)t dt
—o 0
1 1 2a
T a— + ) 2
Jjo at+jo a +tw
Hence, we get
LN 22a . (5.138)
a” +tow
The Fourier transform X(w) of x(¢) is shown in Fig. 5-18(b).
x(t) X(w)
1
«—>
0 t g
Fig. 5-18 e~llt and its Fourier transform.
Find the Fourier transform of the signal [Fig. 5-19(a)]
1
)C(I) =
a* +1*
From Eq. (5.138) we have
1| 2a
e <>
a* + w?
Now by the duality property (5.54) we have
22a - zﬂe—a‘ —w‘ — zne—a‘w‘
a” +t
Dividing both sides by 2a, we obtain
LT el (5.139)
a” +t a

The Fourier transform X(w) of x(7) is shown in Fig. 5-19(b).
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, x(t) X(o)
1/a n/a

v

»
»

0 t 0 0}

Fig. 519 1/(a? + t?) and its Fourier transform.

5.23. Find the Fourier transforms of the following signals:
(@ x(n=1 ) x(t) = e
(©) x(t) = e~Joot (d) x(r) = cos w,t
(e) x(1) = sin wyt
(a) By Eq.(5.43) we have

5(t) < 1 (5.140)

Thus, by the duality property (5.54) we get
1 < 230 (—w) = 27w6(w) (5.141)

Figs. 5-20(a) and (b) illustrate the relationships in Egs. (5.140) and (5.141), respectively.

x(t) X(o)
50 1
—>
0 t 0 ®
(@)
x(t) X(w)
1 A o13(w)
+—>
0 t 0 ®

Fig. 5-20 (a) Unit impulse and its Fourier transform; (b) constant (dc) signal and its Fourier transform.

(b) Applying the frequency-shifting property (5.51) to Eq. (5.141), we get

e <> 2 m(w — wy) (5.142)
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(¢) From Eq. (5.142), it follows that
e < 278(w + wy)
(d) From Euler’s formula we have

1 . .
cos wot = E(ejwot + e]Wot)

Thus, using Eqgs. (5.142) and (5.143) and the linearity property (5.49), we get
cos Wyt <> a[d(w — w,) + 6(w + w,)]
Fig. 5-21 illustrates the relationship in Eq. (5.144).
(e) Similarly, we have
. 1 Jwot — joot
sin wyt = — (e’ — e /%)
2
and again using Eqgs. (5.142) and (5.143), we get

sin oyt <> —ja[é(w — w,) —6(w + ,)]

227

(5.143)

(5.144)

(5.145)

4“—>r
0 t -, 0
a)

(

Fig. 5-21 Cosine signal and its Fourier transform.

5.24. Find the Fourier transform of a periodic signal x(¢) with period 7,,.

We express x(7) as

©

x(t) = E ckejkwot Wy ==

k=—x

eV

)

Taking the Fourier transform of both sides and using Eq. (5.142) and the linearity property (5.49), we get

X(w)=2m i ¢ (w — kawy)
k=—x

(5.146)

which indicates that the Fourier transform of a periodic signal consists of a sequence of equidistant impulses

located at the harmonic frequencies of the signal.

5.25. Find the Fourier transform of the periodic impulse train [Fig. 5-22(a)]

8y, ()= E 81 — kTy)

k=—o
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From Eq. (5.115) in Prob. 5.8, the complex exponential Fourier series of 6TO(t) is given by

I o 2
d; ()=— e/*o w. ="
fo TO k:z—oo ‘ TO

Using Eq. (5.146), we get

Flo7,01=2 S 8@ kay)
TO k=—o

=w, E O(w — kwy) = wyd,, (w)

k=—
or E 3t — kTy) <> w, E 8w — k) (5.147)
k=—o0 k=—o0
Thus, the Fourier transform of a unit impulse train is also a similar impulse train [Fig. 5-22(b)].
x(b) X(w)
-Ty 0 T, 27, t' -, 0 0, 20, (:)
@) (b)
Fig. 5-22 Unit impulse train and its Fourier transform.
5.26. Show that
1 1
x(t)coswoteEX(w—wo)-FEX(w-i-wo) (5.148)
. 1 1
and x(t) sin wyt <> — j EX((U_%)_EX((U"'%) (5.149)

Equation (5.148) is known as the modulation theorem.
From Euler’s formula we have

— 1 Jjoot — joot

cos wyt = E(e +e )
Then by the frequency-shifting property (5.51) and the linearity property (5.49), we obtain
F[x(t) cos wyt] = F %x(z) e/ 4 %x(t) e o
:lX(w—w )+1X(w+w )
2 ) 0

Hence,

x(t) cos wyt <> %X((u —wy) +%X(w +w,y)
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In a similar manner we have
. 1 Jowot — joot
sin wot=—2 -(e’" —e )

and Fx(t)sin wyt]=F

%jx(t) e/ — %jx(z) e-iwot]
=ix(w—w )—LX(w-i-w )
2j DY 0
Hence,
. 1 1
x(t) sin wyt <> — j l:EX((U —wy) — EX(w + wo)]
5.27. The Fourier transform of a signal x(¢) is given by [Fig. 5-23(a)]
1 1
X(w)= Epa(a) —wg) + Epa(w +wg)
Find and sketch x(7).

From Eq. (5.137) and the modulation theorem (5.148), it follows that

sin at

x(t)=

cos wyt

which is sketched in Fig. 5-23(b).

1
J

(b)
Fig. 5-23
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5.28.

5.29.
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Verify the differentiation property (5.55); that is,

% < joX(@)

From Eq. (5.32) the inverse Fourier transform of X(w) is

1 po .
x)=— | X(w)e'™ dw 5.150
0=—[ X@ (5.150)
Then
dx(t) _ 1 d[ ° joot
—_— = X(w) e’ dw
dr 2mdr S x@

1 e P
= X(w)— (e’ dw
anfw (@) (")
1 ,
= iwX(w) e’ do
- [ joX@e (5.151)

Comparing Eq. (5.151) with Eq. (5.150), we conclude that dx(f)/dt is the inverse Fourier transform of jowX(w). Thus,

% < joX(w)

Find the Fourier transform of the signum function, sgn(¢) (Fig. 5-24), which is defined as

1 t>0
sgn(t) = {_1 1<0 (5.152)

sgn(t)

v

Fig. 524 Signum function.
The signum function, sgn(z), can be expressed as
sgn(t) = 2u(t) — 1

Using Eq. (1.30), we have

isgn(t) =20(1)

dt
Let

sgn(f) <= X(w)

Then applying the differentiation property (5.55), we have

JoX(w)=F[20(1)]=2— X(w)= i
jo
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Hence,

2
sgn(r) <> — (5.153)
Jjo
Note that sgn(#) is an odd function, and therefore its Fourier transform is a pure imaginary function of w (Prob. 5.41).

5.30. Verify Eq. (5.48); that is,

1
u(t) < mé(w) + — (5.154)
jo
As shown in Fig. 5-25, u(#) can be expressed as

u(t)= % + %sgn(z)

Note that %is the even component of u(#) and % sgn(?) is the odd component of u(7). Thus, by Egs. (5.141) and
(5.153) and the linearity property (5.49), we obtain

u(t) <> mo(w) + L
)

u(t) Tsgn()

N =

v

~v
Il
o
~ v
+
o=

=

Fig. 5-25 Unit step function and its even and odd components.

5.31. Prove the time convolution theorem (5.58); that is,
x,(0) * x)(1) <> X, (w) X, (w)
By definitions (2.6) and (5.31), we have
Fla O x,(01= [ 1[ [ x@xe-1) dr] eI gt
Changing the order of integration gives
Flo O x,01= [~ x (1) [ A GEE)) g*fw’dt} dt
By the time-shifting property (5.50)
[ n@—7)ed =X, (@) e "
Thus, we have
Flu@*x01= [~ 1@ X, (@) e " dr
= [ [7 x@e "t dr | X, (@) = X,(@)X, ()
Hence,

x,(0) * x,(1) <> X, () X, (w)
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5.32. Using the time convolution theorem (5.58), find the inverse Fourier transform of X(w) = 1/(a + jw)?.

5.33.

5.34.

From Eq. (5.45) we have

e “u(t) <

a+ jo
Now

_ 1 _ 1 1
X()= (a-i—jw)2 (a-l—jw)(a-i—jw)

Thus, by the time convolution theorem (5.58) we have

x()=e "u(t)xe “u(t)
= [ e ume u — 1) dv
=e ¥ f; dt =te” “u(t)
Hence,
te “'u(t) < —_—
(a+ jw)
Verify the integration property (5.57); that is,
[ x(@ dr = 2X(0)(@) + — X(@)
o o
From Eq. (2.60) we have
[' x(@)dv=x@)*u)

Thus, by the time convolution theorem (5.58) and Eq. (5.154), we obtain

Flx(t) xu(t)] = X(w)[mS(w) + i
Jjo

=X (w)d(w)+ .LX(a))
)
= 2X(0)3(w) + - X(w)
jw
since X(w)d(w) = X(0)d(w) by Eq. (1.25). Thus,

[ [' xm dr] < 7X(0)8(w) + - X(w)
jo

Using the integration property (5.57) and Eq. (1.31), find the Fourier transform of u(?).

From Eq. (1.31) we have
uny=[" s(vydr
Now from Eq. (5.140) we have
o) = 1
Setting x(7) = 6(7) in Eq. (5.57), we have
x(t) = 0(1) <= X(w) =1 and X0)=1

and

uy= [ 8(v) dv <> nd(w) + jiw

(5.155)

(5.156)
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5.35.

5.36.

5.37.

Prove the frequency convolution theorem (5.59); that is,
1
X (1)x, (1) <= — X | (w) * X, (w)
2r
By definitions (5.31) and (5.32) we have
FloOx 1= [~ x@0)x,(0) e ™ dr
* 1 * jAt —jot
= — X, (L) eMdr|x,(t)e ' dt
f,w[mf,w i(A)e ]xz( e
1 po o o
=X [ [* et “dz]cm
1 p= 1
= Efﬂoxl(}t))g(w ~ AR =X (@) X (@)
Hence,
1
X1 ()X, (1) <= — X () * X, (w)
2n
Using the frequency convolution theorem (5.59), derive the modulation theorem (5.148).

From Eq. (5.144) we have
cos wyt <> wé(w — w,) + 1é(w + ,)

By the frequency convolution theorem (5.59) we have
x(t) cos wyt < ZLX(cu) #[6(w — wy) + wS(w + wy)]
g
:lX(w—w )+1X(w+w )
2 ) 0
The last equality follows from Eq. (2.59).
Verify Parseval’s relation (5.63); that is,
© 1 ©
fﬁmxl(t)x2(t)dt=g finl(w)Xz(—w) dw
From the frequency convolution theorem (5.59) we have
] ©
Fx, (), (1)] = o [~ XWX (@— 1) dA
that is,
[~ Inox,@ole ™ d = L [ XWX, (@~ 2)dA
I 2mY~*®
Setting w = 0, we get
o 1 o
f T xOx(nd= o f T XWX, (—A) dA
By changing the dummy variable of integration, we obtain

[EIGENOY = i [~ X(@)X,(-0)do
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5.38. Prove Parseval’s identity [Eq. (5.64)] or Parseval’s theorem for the Fourier transform; that is,

5.39.

5.40.
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® 2 1 e 2
x()| dt=— X(w)| dw
[7 o @=L [ | x()
By definition (5.31) we have
Flar@y= [ x*@)e " dr
= [ [ x(z)ef“”dz] = X*(~w)
where s denotes the complex conjugate. Thus,
X5 (1) <= X* (—w)
Setting x,(f) = x(7) and x,(f) = x* (¢) in Parseval’s relation (5.63), we get
[7 xx*@yde= if“ X(0)X *(w) do
= 2mY
or
® 2 1 pe 2
1| dt=— X di
JoxoFde=— [ |x@] do
Show that Eq. (5.61a); that is,
X*(w) = X(—w)
is the necessary and sufficient condition for x(¢) to be real.
By definition (5.31)
X(@)= [~ x(t)e " dt

If x(¢) is real, then x* (1) = x(¢) and

X*(w)= [f:ox(t)e_jw’ dt]* = f:ox*(t)ej“” dt

= [ x(0)e™ dr = X(-w)

(5.157)

Thus, X* (w) = X(—w) is the necessary condition for x(7) to be real. Next assume that X* (w) = X(—w). From

the inverse Fourier transform definition (5.32)
1 o ;
x(t)=— X(w)e’" dw
0=—[ X

Then

x*(1)= [i [~ X(@)e™ dw] = i [* X*@) e do

1 po . 1 pw .
= X(—w)e " do=— X(A) eMdA = x(t
LX) X 0]

which indicates that x(7) is real. Thus, we conclude that
X*(w) = X(—w)
is the necessary and sufficient condition for x(#) to be real.

Find the Fourier transforms of the following signals:
(@ x(@)=u(=n
b)) x@) = e“u(—1t),a>0
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541.

From Eq. (5.53) we have
x(—1) <= X(—w)
Thus, if x(7) is real, then by Eq. (5.61a) we have
x(—) <= X(—w) = X*(w) (5.158)

(a) From Eq. (5.154)

u(t) <> md(w) + i
jo

Thus, by Eq. (5.158) we obtain

u(—t) <> wd(w) - L (5.159)
Jjw
(b) From Eq. (5.155)

e “u(t) <

a+ jo
Thus, by Eq. (5.158) we get

e“u(—t) < (5.160)

a— jo
Consider a real signal x(f) and let
X(w) = Fx(0)] = A(w) + jB(w)
and
x@®) = x,(0) + x ()
where x (1) and x (¢) are the even and odd components of x(#), respectively. Show that

X (1) < A(w) (5.161a)
x () < jB(w) (5.161b)

From Egs. (1.5) and (1.6) we have
x,(0)= %[x(r) + x(—1)]
X, (1) = %[x(z) — x(~1)]

Now if x(7) is real, then by Eq. (5.158) we have

x(1) <> X(w) = A(w) + jB(w)
x(—1) <= X(—w) = X*(0) = A(w) — jB(w)

Thus, we conclude that

x, (1)< %X(w) +%X*(w) =A(w)

xo<t>e%X(w)—%X*<w)= JB(@)

Equations (5.161a) and (5.161b) show that the Fourier transform of a real even signal is a real function of w,
and that of a real odd signal is an imaginary function of w, respectively.
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5.42. Using Egs. (5.161a) and (5.155), find the Fourier transform of e~¢!"l (a > 0).

From Eq. (5.155) we have

a . w

—at
e “u(t) < — = J
a+ jo a’ + o’ a’ + o’

By Eq. (1.5) the even component of e™ " u(f) is given by

1 —at 1 at 1 _aM
—e “u(t)t+—e"u(—t)y=—e
5 ) 5 (=1 5

Thus, by Eq. (5.161a) we have

1 *a‘t‘ 1 a
e =Re =53
2 atjo) a +w

or

2a

RUPR
a® +w?

which is the same result obtained in Prob. 5.21 [Eq. (5.138)].
5.43. Find the Fourier transform of a Gaussian pulse signal
x(t) = e™ a>0
By definition (5.31)
X@)= [ e di (5.162)

Taking the derivative of both sides of Eq. (5.162) with respect to w, we have

dX(w) A 7a12 —jot
=— te “ e dt
dCU ‘] f—oo

Now, using the integration by parts formula

ﬁ—ffvdu

a

ffudv=uv

and letting

u=e
we have
L 1 .2
du=— jwe " dt and v=——oc
2a
and
o 2 . ] w 0 2 .
f te ate/wtdt:_ie ate]wt _]71‘7006 ateja)tdt
2a S 2a
LW e g2
:—j—f e eI dt
2a¥ =

since a > 0. Thus, we get
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Solving the above separable differential equation for X(w), we obtain

X(w) = Ae @ Ha (5.163)

where A is an arbitrary constant. To evaluate A, we proceed as follows. Setting w = 0 in Eq. (5.162) and by a
change of variable, we have

o . ® 2 ® 52 |7
XO)=A=[" e di=2f ¢ dt—ﬁfoe d/l—\/g

Substituting this value of A into Eq. (5.163), we get

X(w)= \/E o Ha (5.164)
a

Hence, we have

2 2
a0 [T (5.165)
a

Note that the Fourier transform of a Gaussian pulse signal is also a Gaussian pulse in the frequency domain. Fig.
5-26 shows the relationship in Eq. (5.165).

x(®)

—>

v

t

Fig. 5-26 Gaussian pulse and its Fourier transform.

Frequency Response

5.44. Using the Fourier transform, redo Prob. 2.25.
The system is described by
Y(0) +2y(1) = x(1) + X'(0)
Taking the Fourier transforms of the above equation, we get
JjoY(w) + 2Y(w) = X(w) + joX(w)
or
(jo+2) Y(w) =1 + jw) X (w)

Hence, by Eq. (5.67) the frequency response H(w) is

Y(a)):1+ja):2+ja)71:1_ 1
X(w) 2+ jo 2+ jo 2+ jo

H(w)=
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Taking the inverse Fourier transform of H(w), the impulse response A(f) is
h(t)=8(t) — e *'u(r)

Note that the procedure is identical to that of the Laplace transform method with s replaced by jw (Prob. 3.29).

5.45. Consider a continuous-time LTI system described by

% +2y(1) = x(t) (5.166)

Using the Fourier transform, find the output y(¢) to each of the following input signals:
(@) x(@) = e 'u()

) x(@® = u@®)

(a) Taking the Fourier transforms of Eq. (5.166), we have

jwY(w) + 2Y(w) = X(w)

Hence,
H(w) = Y(w) _ 1
X(w) 2+ jo

From Eq. (5.155)

X(w)= 1 ;

1+ jw
and
Y(w)=X(w)H(w)= ! - 1

1+ jo)2+ jo) 1+jo 2+ jo

Therefore,

v = (e7" — e ) u()

(b) From Eq. (5.154)

X(w) = md(w) + i
jo

Thus, by Eq. (5.66) and using the partial-fraction expansion technique, we have

Y (@) = X(@)H (@) =| 26()+ | L
jo |2+ jo
= md(w) ! !
2+ jo  jo2+ jow)
TSy L1 1
2 2jo 22+ jo

=ln5(w)+i L
2 jo| 22+ jo

where we used the fact that f(w)d(w) = f(0)d(w) [Eq. (1.25)]. Thus,

“Lo-Lerun=La-e
y(@®) 214(1‘) 5¢ u(t) 2(1 e “u(r)

We observe that the Laplace transform method is easier in this case because of the Fourier transform of u(z).
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5.46. Consider the LTI system in Prob. 5.45. If the input x(¢) is the periodic square waveform shown in Fig. 5-
27, find the amplitude of the first and third harmonics in the output y(¥).

10

~ v

Fig. 5-27

Note that x(7) is the same x(r) shown in Fig. 5-8 [Prob. 5.5]. Thus, setting A = 10, T, = 2, and w, = 27/T, = 7
in Eq. (5.106), we have

©

x(t)—5+£ E 1 /2m
jm 2m+1

m=—oo

Next, from Prob. 5.45

1
2+ jkm

p— 1 [ = =
H)= 53— - H (kwy) = H (k)

Thus, by Eq. (5.74) we obtain

0

10 1 i
t)=5H0)+— E H[(2m + D)m]e/CmDat
(@)= ) j 5 1 [( )]

m=—w

é e 2 jQ2m+1)mt
2 jm & Cm+D2+ ](2m + 1) (5.167)

=—00

Let

y(@) = E et

k=—o

The harmonic form of y() is given by [Eq. (5.15)]

Y(6)=Dy + Y. D cos(kayt — ;)
k=1
where D, is the amplitude of the kth harmonic component of (7). By Eqgs. (5.11) and (5.16), D, and d, are related by
D, =2|d,| (5.168)
Thus, from Eq. (5.167), with m = 0, we obtain

10

D, =2|d,|=2|————|=
Jm(2 + jm)

With m = 1, we obtain

10

—— (=022
Ja(3)(2 + j3m)

=2|ds|=2
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The most widely used graphical representation of the frequency response H(w) is the Bode plot in which
the quantities 20 log, | H(w)| and 6,(w) are plotted versus w, with @ plotted on a logarithmic scale.
The quantity 20 log,,| H(w)| is referred to as the magnitude expressed in decibels (dB), denoted by

| H(w)| &- Sketch the Bode plots for the following frequency responses:

(a) —14+4@
a) H(w) 1+1O

1
() Hw)=——
1+ jw/100
4 .
+
© Hw)= 10. 1+ jw) -
(10 + jw)(100 + jw)
(@) |H ()], =20 logyo| H(@)| =20 logo|1+ j%‘
Forw < 10,
.
|H(a))|dB=2010g10 1+JE —20logy1=0 asw—0
For w> 10,

. w
|H(®)|,, =20log,, 1+JE —>2010g10( 10) asw—0

On a log frequency scale, 20 log, (w/10) is a straight line with a slope of 20 dB/decade (a decade is a 10-
to-1 change in frequency). This straight line intersects the 0-dB axis at w = 10 [Fig. 5-28(a)]. (This value
of wis called the corner frequency.) At the corner frequency w = 10

H(10)| 4 =20 log,, |1 +j1| =20 log,,V2 =~ 3 dB

The plot of |H(w)| 4 is sketched in Fig. 5-28(a). Next,

0, (w :tanflﬂ
n (@) o

Then
0 (@ =tan' L >0 asw—0
10
1

IR I 1
0y (w)=tan — — — as @ —> ©
(W) 02

Atw =10, 6,(10) = tan"' 1 = n/4 radian (rad). The plot of 0,(w) is sketched in Fig. 5-28(b). Note that
the dotted lines represent the straight-line approximation of the Bode plots.

1 w
b H(w =201Io —|=—-2010 1+j—
) |H@)|, 80\ T3 w7100 go|1ie,
For w < 100,
w
H(w =—-201o 1+j—|—=—201log,, 1=0 asw—0
| ( )ldB g10 1100‘ €10
For w > 100,

| H(w) |dB =—20log,,

w w
I—j—|——20Io — asm—>
1100‘ g“’( 100)
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40
4
A
»
30
20 /
20 log //
o 10 |1 +j 10 / ”
ke
3 10 \
T P
LT ""’
0 Tl ddel=l"
-10
-20
1 10 100 1000
w(rad/s)
(@)
/2
tan~(®w/10) __,-:;_—/
Loe 1
n/4 -
Lt
L
3 ———4"
= 0 o
D
—n/4
—n/2
1 10 100 1000
w(rad/s)

(b)
Fig. 5-28 Bode plots.
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On a log frequency scale —20 log, (w/100) is a straight line with a slope of —20 dB/decade. This straight line
intersects the 0-dB axis at the corner frequency w = 100 [Fig. 5-29(a)]. At the corner frequency w = 100

H(100)| 4, = —20 log,, V2 ~ —3dB
The plot of |H(w) |dB is sketched in Fig. 5-29(a). Next,

0, (w :—tanﬂﬂ
() 100

Then
0, (w =—tan71i—>0 asw—0
() 100

0, (w)=—tan ' -2 T as @ —>
(@) 100 2
At w =100, 6,(100) = —tan~!'1 = —/4 rad. The plot of 0,(w) is sketched in Fig. 5-29(D).

First, we rewrite H(w) in standard form as

10(1 + jo)
(+ jo/10)(1 + jw/100)

H(w)=

Then
|H(@) |, =2010g;, 10+20 log;o |1+ jo|

1+ -2

—201o
g10 100

w
1+j—[—201o
]10‘ 210

Note that there are three corner frequencies, w = 1, w = 10, and w = 100. At corner frequency w = 1

H(1)| g5 =20 +20 log;pv/2 — 20 log;, V1.01 — 20 log;, +1.0001 = 23 dB

20
10
0 — i
~~~~ o"‘
-10 \\
—201log 0N N
1of1 300 | N
N
-20 \
-30
N
\\
N
—40 N
10 100 1000
w(rad/s)

@
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/2
n/4
< 0 =S
<o) b
\\'Q 1
e, —tan™ (w/100)
—n/4 hns /
BB t\\~
-7/2 ) B——
10 100 1000
w(rad/s)

(b)
Fig. 5-29 Bode plots.
At corner frequency w = 10

H(10)| 45 =20 + 20 log;, /101 — 20 log;y v/2 — 20 log;, v/1.01 = 37 dB

At corner frequency w = 100

H(100)| 45 =20 +20 log;, /10,001 — 20 log,, V101 — 20 log,y v/2 ~ 37 dB

The Bode amplitude plot is sketched in Fig. 5-30(a). Each term contributing to the overall amplitude is also
indicated. Next,

6, (w =tan_lw—tan_12—tan_l i
(@) 10 100
Then
0y(w)=—0—-0—-0=0 asw—0
T T 7
Ogw)y=—>—————=—— as @ —>
(@) 572
and

6,(1) = tan~!(1) — tan~' (0.1) — tan~!(0.01) = 0.676 rad
6,(10) = tan~!(10) — tan"'(1) — tan"!(0.1) = 0.586 rad
6,(100) = tan~'(100) — tan~!(10) — tan~" (1) = —0.696 rad

The plot of 6,(w) is sketched in Fig. 5-30(D).
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40 N
IH(®)lyg ”‘;‘;’ff "’..
\ .’;/ 5
%0 \A // ’," \
/ R 20 log,,10 —\\ \\
20 i e N
m ’o'
_° ’o'
2 10 Y
; ’O’ u) ‘
o 20 logo |1+) 755
2010g,,|1+jo| ol 100
0 - - /
~10 //V ”.’. ° -
. ® .’0. ’0.
20109, [1+] 75
—20 * - S
1 10 100 1000
w(rad/s)
@
0,=tan 'o
/2 l\‘ T4
/4 P 22l .
AT T, | 0= 0t 8t
3 2= . )
;i 0 .'~... ..'~... A‘/
,'~..... e, ...\\
4. . '~..§>\
—7/4 T 1 . i o~
6,= tan~"()/10) BN e
2 .~
+.l /’ \,,..\
L oy
—7t/2 . \ h
6,= tan~'()/100)
1 10 100 1000
(rad/s)
(b)

Fig. 5-30 Bode plots.
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5.48. Anideal (—7/2) radian (or — 90°) phase shifter (Fig. 5-31) is defined by the frequency response

PG w>0
H(w)= i) <0 (5.169)
x(t) Phase shifter | Y® = X()
—> —
—n/2 rad

Fig. 5-31 —m/2 rad phase shifter.

(a) Find the impulse response A (7) of this phase shifter.
(b) Find the output y(¢) of this phase shifter due to an arbitrary input x(7).
(c) Find the output y(r) when x(r) = cos w,1.

(a) Since e #'? = —jand e/'? = j, H(w) can be rewritten as
H(w) = —jsgn(w) (5.170)
where
_ 1 w>0 5171
sen@)=1_ (5.171)
Now from Eq. (5.153)
sen(r) > —
jo
and by the duality property (5.54) we have
2
— <> 27 sgn(—w) = — 27 sgn(w)
jt
or
1 .
— <> —jsgn(w) (5.172)
Ut
since sgn(w) is an odd function of w. Thus, the impulse response A(f) is given by
h0)=F '[H@)]=F '[-]sgn(@)] = il (5.173)
I
() ByEq.(2.6)
B
=30 —=L 7 X0 g (5.174)
7 A S

The signal y(7) defined by Eq. (5.174) is called the Hilbert transform of x(t) and is usually denoted by x(z).
(c) From Eq. (5.144)
cos wyt <> ald(w — wy) + 6(w + w,)]
Then
Y (w) = X(w)H (w) = 7[6(w — wy) + dw + wy)][—j sgn(w)]

= —jm sgn(wy )o(w — wy) — jz sgn(—wy)d(w + wy)

=—jmé(w — wy) + jad(w + wy)
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5.50.

CHAPTER 5 Fourier Analysis of Continuous-Time

since sgn(w,) = 1 and sgn(—w,) = —1. Thus, from Eq. (5.145) we get
y() = sin wyt
Note that cos(w,t — 7/2) = sin w,t.
Consider a causal continuous-time LTI system with frequency response
H(w) = A(w) + jB(w)
Show that the impulse response A(f) of the system can be obtained in terms of A(w) or B(w) alone.

Since the system is causal, by definition
=0 <0
Accordingly,
h—1)=0 t>0
Let
h(t) = h() + h (1)

where £ (f) and h (1) are the even and odd components of &(?), respectively. Then from Eqs. (1.5) and (1.6) we
can write

h(t) = 2h,(t) = 2h (1) (5.175)
From Eqgs. (5.61b) and (5.61c) we have
h (1) < A(w) and h,(t) < jB(w)
Thus, by Eq. (5.175)

h(H) =2h (1) =2F '[A(@)] >0 (5.1762)
h(t)=2h (1) =2F '[jB(w)] >0 (5.176b)

Equation (5.176a) and (5.176b) indicate that /(f) can be obtained in terms of A(w) or B(w) alone.
Consider a causal continuous-time LTI system with frequency response
H(w) = A(w) + jB(w)

If the impulse response A(f) of the system contains no impulses at the origin, then show that A(w) and
B(w) satisfy the following equation:

_1 = BV

A(w)—;f_wmdk (5.177a)
__ 1= AQ

B@)=—— ffww—/xd)“ (5.177b)

As in Prob. 5.49, let
h(t) = h,(t) + h (1)
Since A(?) is causal, that is, h(f) = 0 for t < 0, we have

h()=—h() <0
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5.51.

Also from Eq. (5.175) we have

h,() = h(1) t>0

Thus, using Eq. (5.152), we can write
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h () = h.(1) sgn(r) (5.178a)

h () = h (1) sgn(t) (5.1
Now, from Egs. (5.61b), (5.61c), and (5.153) we have
h,(t) < A(w) h,(t) <> jB(w) sgn(t) <> i
jo

Thus, by the frequency convolution theorem (5.59) we obtain

A(w):ijB(w)*i:lB(w)*l:lf“ B 4
2w jo w o T *w—A
and
JB@)= 2= A+ = =~ L aq@)« -
21 Jjw b4 w
or

— L apyx L1 = A
B(w) nA(w)w nf*ww—/xdk

Note that A(w) is the Hilbert transform of B(w) [Eq. (5.174) ] and that B(w) is the negative of the Hilbert
transform of A(w).

The real part of the frequency response H(w) of a causal LTI system is known to be 7z (w). Find the
frequency response H(w) and the impulse function % (¢) of the system.

Let
H(w) = A(w) + jB(w)
Using Eq. (5.177b), with A(w) = wé(w), we obtain

ad(M) % 1 1
dA=— O(A)——dA=——
w—A f*“’ ( )wf)» w

1 pw
B(w)=——
@=-—[",
Hence,

H(w)= mé(w) — jl = md(w) + L
w Jjo

and by Eq. (5.154)

(1) = u(?)

Filtering

5.52. Consider an ideal low-pass filter with frequency response

L |o|<w,
H)=1, |o|> o,

78b)
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5.53.

5.54.
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The input to this filter is

sin at

x(t)=

Tt

(a) Find the output y(¢) fora < w,.
(b) Find the output y(z) fora > w,.

(¢) In which case does the output suffer distortion?

(a) From Eq. (5.137) (Prob. 5.20) we have

|w|<a
|a)|>a

_sinat

x(1)

1
<> X(w)=p,(0)= {0

Then when a < w,, we have
Y(w) = X(wH(w) = X(w)
Thus,

¥(1) = x(p) = S04
JTt

(b) Whena> w,, we have
Y(w) = X(w)H(w) = H(w)
Thus,

y(1) = h(t) = S0

(¢) Incase (a), that is, when w_ > a, y(f) = x(?) and the filter does not produce any distortion. In case (b), that
is, when w_ < a, y(t) = h(t) and the filter produces distortion.

Consider an ideal low-pass filter with frequency response

B 1 |w|<47r
H©)=g |w|> 4

The input to this filter is the periodic square wave shown in Fig. 5-27. Find the output y (7).
Setting A = 10, 7, = 2, and w, = 2x/T; = win Eq. (5.107) (Prob. 5.5), we get

x(t)=5 +@ sin ot +Lsir1 3m+isin St +---
T 3 5

Since the cutoff frequency w_ of the filter is 4srrad, the filter passes all harmonic components of x(7) whose
angular frequencies are less than 4 rad and rejects all harmonic components of x(f) whose angular frequencies
are greater than 4z rad. Therefore,

yt)y=5+ Esin it + Qsin 3t
T 3

Consider an ideal low-pass filter with frequency response

Bk |o|<w,
H@)=1, |o|> w,
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The input to this filter is
x(®) = e >u()

Find the value of w_ such that this filter passes exactly one-half of the normalized energy of the input
signal x(7).

From Eq. (5.155)

X(w)=
(@) 2+ jw
Then
L ol<o,
Y(w) = X(w)H (w)=12+ jo
0 |o|> o,

The normalized energy of x() is

E.=[" |xofdi=[ e dt:i

Using Parseval’s identity (5.64), the normalized energy of y(¢) is

e 2 1 o 2 1 W, dw
E = [ |yo)| dr—ﬂfﬁomwn do=—| 7

1 po. dw 1 qo. 1, 1
=_ y=——tan —“=—F =—
Y0 4+w° 2m 2 2 8
from which we obtain
,

Yo —tan T =1 and w.=2rad/s
4

2

5.55. The equivalent bandwidth of a filter with frequency response H(w) is defined by

1

Weg =~
|H@)],

e S H@) do (5.179)

where |H(w)| . denotes the maximum value of the magnitude spectrum. Consider the low-pass RC
filter shown in Fig. 5-6(a).

(@) Find its 3-dB bandwidth W, ...
(b) Find its equivalent bandwidth Weq.

(a) From Eq. (5.91) the frequency response H(w) of the RC filter is given by

1 1

H(w)= =
(@) 1+ joRC 1+ j(w/wy)

where w, = 1/RC. Now

1
Hw)|=————>
| | [+ (@/wg)? 1"

The amplitude spectrum |H(w)| is plotted in Fig. 5-6(b). When w = w, = 1/RC, |H(w,)| = 1/V2. Thus,
the 3-dB bandwidth of the RC filter is given by

1

Wi = @ = ——
3B~ B0 T p -
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(b) From Fig. 5-6(b) we see that |H(0)| = 1 is the maximum of the magnitude spectrum. Rewriting H(w) as

11 1
1+ joRC RC 1/RC+ jw

H(w)=

and using Eq. (5.179), the equivalent bandwidth of the RC filter is given by (Fig. 5-32)

_ 1 w dw _ 1 T _ 7z
“ (RCP?* YO 1/RC* +w* (RC)* 2/RC  2RC

4 [H(w)?

v

Fig. 5-32 Filter bandwidth.

5.56. The risetime ¢, of the low-pass RC filter in Fig. 5-6(a) is defined as the time required for a unit step
response to go from 10 to 90 percent of its final value. Show that

[ = 0.35
" fis
where f, . = W, z/27 = 1/2aRC is the 3-dB bandwidth (in hertz) of the filter.

From the frequency response H(w) of the RC filter, the impulse response is

1 -
h(t)=—-e "R u(
®) RC ®

Then, from Eq. (2.12) the unit step response s(7) is found to be

s(t)= f(;h(l') dt = f;%eﬂ:/RC dr=01- e*t/RC)u(t)

which is sketched in Fig. 5-33. By definition of the risetime
L=15L=1

where
S([l) =1 —¢ WRC=() ] — ¢ WRC =) Q

s(t,)=1—eRC=0.9 = PR =0 ]
Dividing the first equation by the second equation on the right-hand side, we obtain

eli2 = 1/RC = g

and

2197 _ 035

Tz Jram

t,=t,—1,=RCIn(9)=2.197RC =

which indicates the inverse relationship between bandwidth and risetime.
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Fig. 5-33

5.57. Another definition of bandwidth for a signal x(z) is the 90 percent energy containment bandwidth W,

defined by

1 Wy

2 1 W 2
27 | XK@ dw:;fo ?|X(0) [ do=09E,

where E_is the normalized energy content of signal x(¢). Find the W, for the following signals:

(@) x(t)=e “ut),a>0

(b) x()=

sin at

Tt

(a) From Eq. (5.155)

1
a+ jo

x()=e "u(t) < X(w)=

From Eq. (1.14)

E = [ |xfdi= [ e :zia

Now, by Eq. (5.180)

2

a+w am a

1 ,w 2 1w dw 1 —1{ W,
;fo 9O|X(a))|dcu=;f0 % =—tan l(90]=0.92

from which we get

tan”' (W%) =0457
a
Thus,
Wy, = atan(0.45m) = 6.3 la rad/s
(b) From Eq. (5.137)

1 |o|<a
0 |w|>a

__sinat

x(1) eX(w)—Pa(w)—{
Tt

v
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0

(5.180)
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Using Parseval’s identity (5.64), we have

_ 1 pe 2, 1 pe 2, lpa, a
E.=—— | X(w)] dz—;fo | X(w)] dw—;fo do=—
Then, by Eq. (5.180)
1 N X(@)fdo="L [" do="0 — 992
w0 A 7 w
from which we get
Woo =0.9a rad/s
Note that the absolute bandwidth of x(¢) is a (radians/second).
5.58. Let x(7) be a real-valued band-limited signal specified by [Fig. 5-34(b)]
X(w) =0 o] > o,
Let x (7) be defined by
x, ()= x(t)éTs(t) =x(t) 2 o(t — kT,) (5.181)
k=—c

(a) Sketchx (1) for T, < m/w,, and for T, > 7/w,,.
(b) Find and sketch the Fourier spectrum X (w) of x (¢) for T, < &/w,, and for T, > 7/w,,.

(a) Using Eq. (1.26), we have

x,(1)= x(t)éTx )=x() i 6(t — kT,)
k=—x

© ©

= Y x(81 —kT) =Y x(kT,)d(t —kT,) (5.182)

k=—o0 k=—o0

The sampled signal x () is sketched in Fig. 5-34(c) for T, < 7/ w,,, and in Fig. 5-34() for T, > 7/ w,,.

The signal x (7) is called the ideal sampled signal, T  is referred to as the sampling interval (or period),
and f = 1/T is referred to as the sampling rate (or frequency).

(b) From Eq. (5.147) (Prob. 5.25) we have

07, (1) = o, E ow—kw,) o,==—

k=—o s

Let
x(1) < X(w)
Then, according to the frequency convolution theorem (5.59), we have
X, (0)=F[x(1)d; (] = i X(w) * wy E 0w — kwy)
¢ 21 P

:Ti i X(w)*d(w — kw,)

S k=—o0
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Using Eq. (1.26), we obtain

©

X, (@) —Ti Y X(@— ko)

S k=—o

253

(5.183)

which shows that X (w) consists of periodically repeated replicas of X(w) centered about ke, for all k. The
Fourier spectrum X (w) is shown in Fig. 5-34(f) for T, < @ w,, (or w, > 2w,,), and in Fig. 5-34(j) for T, >

7/ w,, (or o, <2w,,), where w = 27/ T . It is seen that no overlap of the replicas X(w — kw,) occurs in X (w) for
o, = 2w,,and that overlap of the spectral replicas is produced for w <2 w,,. This effect is known as aliasing.

x(t) X(w)

0 t -0 0 0y 5)
(@) (b)
o7, (0) F37 (0]
Prrereer —
-T, 0 T, 2T, t — 0 0 o, O
(© (@)
x((f) X(0)
EVAVAAVAN
| ; l A\,
-T, 0 T, 2T t — o -0, 0 o, o [0}
©) ()
3, (1) F 5 ()]
I I
-T, O T, 2T, ; —20, —o 0 o 20, 5)
(9 (h)
x4(t) X,(w)
} T . | | |
-7, O T, 2T t —2w, —wsT 0 T(ns 20, ®
0 “Om () Om

Fig. 5-34 Ideal sampling.
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5.59. Let x(¢) be a real-valued band-limited signal specified by
X(w)=0 |o|> wy
Show that x(f) can be expressed as

0

sin wy, (t — kT)

x(r)= x(kT) (5.184)
k;w *T wy (t —kT,)
where T = 7/w,,.
Let
x() <= X(w)
x,(1) = x(00, (1) < X (o)
From Eq. (5.183) we have
T X (@)= Y Xk, (5.185)
k=—x
Then, under the following two conditions,
O X@=0,|0|>w, ad (@) T,=-%
Wy
we see from Eq. (5.185) that
X@)="X() |o|<oy, (5.186)
Wy
Next, taking the Fourier transform of Eq. (5.182), we have
X(@)= Y x(kT,)e "7 (5.187)
k=—o
Substituting Eq. (5.187) into Eq. (5.186), we obtain
T < iy
X(@)=—— Y x(kTpe """ |o|<oy (5.188)

Wyy k=—o

Taking the inverse Fourier transform of Eq. (5.188), we get

J RS -
H=— /[ X(w)e'” dw
0= [ X@e

1 Op c j(t —kT,
= KT’ ™5 de
2a)M —woy k;QGX( S)e
- i *(KT,)—— [ dg
k=—o0 ’ 2wM oM

= Y x(kTy)

k=—c

sin wy, (t — kT)
Wy, (t — kT,)

From Probs. 5.58 and 5.59 we conclude that a band-limited signal which has no frequency components
higher than f, hertz can be recovered completely from a set of samples taken at the rate of f (= 2f,,) samples
per second. This is known as the uniform sampling theorem for low-pass signals. We refer to T, = n/w,, =
1/2f, (v, =2x f,) as the Nyquist sampling interval and f = 1/T, = 2f, as the Nyquist sampling rate.
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5.60. Consider the system shown in Fig. 5-35(a). The frequency response H(w) of the ideal low-pass filter is
given by [Fig. 5-35(b)]

T, |o|<w,

H(@)=T,p, (@)= {OS l0]>0

Show that if w, = a)s/ 2, then for any choice of T,

y(mT) = x(mT) m=0,*x1,%x2,...

x(0) x(t) y(t)

v

57’5 (t):kzz_mﬁ(t—kg) o 0 ®

Fig. 5-35
From Eq. (5.137) the impulse response A(f) of the ideal low-pass filter is given by

sinw.t _ Tw, sinw,t

h(t)=T, (5.189)

mt Tt

From Eq. (5.182) we have

©

x, (1) = x(1)0 () = 2 x(kT,)0(t — kT,)

k=—o
By Eq. (2.6) and using Eqgs. (2.7) and (1.26), the output y(¢) is given by

©

y(t)=x,(t) * h(t) = [ E x(kT,)d(t — kT,)

k=—o0

* h(t)

= E x(KT)[h(1) % 8(t — kT,)]
k=—o
= Y x(kT)h( = kT,)

k=—o
Using Eq. (5.189), we get

- T.w,. sinw,. (t —kT,)
t)= x(kT,) ——= < s
0= 3 AT T o —kT,)

k=—o0
If W, = ws/2, then Tsw‘,/n = 1 and we have

©

Y0y= Y x(kT,)

k=—ox

sin [, (t — kT,)/2]
w,(t —kT,)/2
Setting t = mT, (m = integer) and using the fact that 0 T, = 27, we get

©

ymT)=" x(kT,)

k=—x

sin st(m — k)
a(m—k)
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Since

sinJ'c(m—k):{0 m#k
a(m— k) 0 m=k

we have
y(mT,) = x(mT,) m=0,=*x1,x2,..

which shows that without any restriction on x(¢), y(mT,) = x(mT,) for any integer value of m.

Note from the sampling theorem (Probs. 5.58 and 5.59) that if w, = 2/T  is greater than twice the highest
frequency present in x(#) and w, = w /2, then y(#) = x(¢). If this condition on the bandwidth of x(7) is not
satisfied, then y(7) # x(¢). However, if o, = w /2, then y(mT,) = x(mT,) for any integer value of m.

SUPPLEMENTARY PROBLEMS

5.61.

5.62.

5.63.

5.64.

5.65.

5.66.

Consider a rectified sine wave signal x(7) defined by
x(r) = |Asin w1

(a) Sketch x(7) and find its fundamental period.
(b) Find the complex exponential Fourier series of x(z).

(¢) Find the trigonometric Fourier series of x(f).

Find the trigonometric Fourier series of a periodic signal x(f) defined by
x(=1, —a<t<mg and  x(t+2m)=x()

Using the result from Prob. 5.10, find the trigonometric Fourier series of the signal x(#) shown in Fig. 5-36.

x(f)

A

v

Fig. 5-36

Derive the harmonic form Fourier series representation (5.15) from the trigonometric Fourier series representation
(5.8).

Show that the mean-square value of a real periodic signal x(7) is the sum of the mean-square values of its harmonics.

Show that if

x(t) < X(w)
then

20y = 45D Gy x(0)
dt"
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5.67. Using the differentiation technique, find the Fourier transform of the triangular pulse signal shown in Fig. 5-37.

x(t)
A
—d 0 d t
Fig. 5-37
. Find the inverse Fourier transform of
X(w)= o
(a+ jo)"
5.69. Find the inverse Fourier transform of
X(w)= +
2—w" + j3w

5.70. Verify the frequency differentiation property (5.56); that is,

dX(w)

(=jDx(t) <

. Find the Fourier transform of each of the following signals:

(@) x(1) = cos w,tu(t)

(b)  x(t) = sin awytu(r)
(©) x(t) = e “cos wytu(t),a >0
(d) x(t) =e “sin wytu(t),a>0
5.72. Letx(¢) be a signal with Fourier transform X(w) given by

B 1 |w|<1
X(@)= 0 |o[>1

Consider the signal

d>x(t)
dr?

)=
Find the value of

] Y dr

5.73. Letx(?) be a real signal with the Fourier transform X(w). The analytical signal x (t) associated with x(z) is a
complex signal defined by

x, () = x(0) + jX(0)
where £(7) is the Hilbert transform of x(z).
(@) Find the Fourier transform X (w) of x_ ().

(b) Find the analytical signal x_(#) associated with cos wt and its Fourier transform X_ ().
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5.74. Consider a continuous-time LTI system with frequency response H(w). Find the Fourier transform S(w) of the
unit step response s(¢) of the system.

. Consider the RC filter shown in Fig. 5-38. Find the frequency response H(w) of this filter and discuss the type
of filter.

O

>
=~
=
=

R% ¥

Fig. 5-38

5.76. Determine the 99 percent energy containment bandwidth for the signal
1
x(t) =
P +a®
5.77. The sampling theorem in the frequency domain states that if a real signal x(7) is a duration-limited signal, that is,
x(n=0 |t >1t,

then its Fourier transform X(w) can be uniquely determined from its values X(nsn/t,,) at a series of equidistant
points spaced 7/t apart. In fact, X(w) is given by

X(w) = E x nm sin(wty; — ni)
Iy wty —nw

n=—o

Verify the above sampling theorem in the frequency domain.

ANSWERS TO SUPPLEMENTARY PROBLEMS

5.61. (a) X(v) is sketched in Fig. 5-39 and 1.

®) x)=-22 3 Lo

T L Ak -1

© x=22-2A3 _L_cosiam

LI ) S

v

Fig. 5-39
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5.62.

5.63.

5.64.

5.65.

5.66.

5.67. A

5.68.

5.69.

5.70.

5.71.

5.72.

5.73.

Hint:  Rewrite a, cos kwyt + b, sin kw, t as

2 ay
\a; +5b

2
——% oS kwyt +
k 2 2\1/2 0
(a; +b;)

b, .
——*———sin kwyt
2 25172 0
(a; +b;)

and use the trigonometric formula cos(A — B) = cos A cos B + sin A sin B.
Hint:  Use Parseval’s identity (5.21) for the Fourier series and Eq. (5.168).

Hint: Repeat the time-differentiation property (5.55).

[sin@ar2) ’
wd2

Hint: Differentiate Eq. (5.155) N times with respect to (a).
N

(N_l)'ef‘"u(t)

Hint: Note that
2—w?+j3w=2+ (jw)’ +j30=(1+jo)2 +jw)

and apply the technique of partial-fraction expansion.

x(1) = (e™ —e™*u(?)
Hint:  Use definition (5.31) and proceed in a manner similar to Prob. 5.28.

Hint:  Use multiplication property (5.59).
o T jo

(@) X(w)==0w—wy)+=0w+w,y)+———
2 ) 7 (w) +af
1 T w

b)) X(@)=—8w—w)——8w+w)+——2
2j Y " (o) + o)

a+ jo
(a+ jo)* + wg
Wo
(a+ jo)* + wg

() X(w)=

(@) X(w)=

Hint: Use Parseval’s identity (5.64) for the Fourier transform.

1/3x

2X(w) w>0

(@) X,(w)=2X(wu(w)= {0 0<0

() x.()=e™", X, (w)=27w— w,)

259
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5.74. Hint: Use Eq. (2.12) and the integration property (5.57).
S(w) = 7H(0)d(w) + (1/jw) H(w)

jw

575. Hw)=—212
(1/RC) + jw

, high-pass filter
5.76. W,, =2 .3/aradians/second or f,, = 0.366/a hertz

5.77. Hint: Expand x(f) in a complex Fourier series and proceed in a manner similar to that for Prob. 5.59.



CHAPTER 6

Fourier Analysis of Discrete-Time
Signals and Systems

6.1 Introduction

In this chapter we present the Fourier analysis in the context of discrete-time signals (sequences) and systems.
The Fourier analysis plays the same fundamental role in discrete time as in continuous time. As we will see,
there are many similarities between the techniques of discrete-time Fourier analysis and their continuous-time
counterparts, but there are also some important differences.

6.2 Discrete Fourier Series

A. Periodic Sequences:

In Chap. 1 we defined a discrete-time signal (or sequence) x[n] to be periodic if there is a positive integer N for
which

x[n + N] = x[n] all n 6.1)

The fundamental period N, of x[r] is the smallest positive integer N for which Eq. (6.1) is satisfied.
As we saw in Sec. 1.4, the complex exponential sequence

x[n]= e/ ®FNom = o/Cn (6.2)
where Q) = 27/N,, is a periodic sequence with fundamental period N,. As we discussed in Sec. 1.4C, one very
important distinction between the discrete-time and the continuous-time complex exponential is that the signals
/o' are distinct for distinct values of @, but the sequences /0", which differ in frequency by a multiple of 27,
are identical. That is,

ej(QO +2mk)n _ ejQOn ej2nkn — ejQOn (63)
Let
W, [n] = e/ Q=% k=0,+1,%2,... (64)
NO
Then by Eq. (6.3) we have
Wolnl =Wy [n]  Wnl=Wy ,[n] .. W=y ] (65)

261
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and more generally,
Wiln]=W, ,,N,[n]  m=integer (6.6)

Thus, the sequences W, [n] are distinct only over a range of N, successive values of k.

B. Discrete Fourier Series Representation:

The discrete Fourier series representation of a periodic sequence x[n] with fundamental period N, is given by

NOE—I . '
x[n]= cp el Q) =— 6.7)
= Ny
where ¢, are the Fourier coefficients and are given by (Prob. 6.2)
c,=— Y x[n]e Kon 6.8)
NO n=0
Because of Eq. (6.5) [or Eq. (6.6)], Egs. (6.7) and (6.8) can be rewritten as
; 2
x[n]= o e g =T (6.9)
k={No) No
1 .
€ =— x[n] e Kon (6.10)
No %)
where 2, _ _, _ denotes that the summation is on k as k varies over a range of N, successive integers. Setting

k = 0in Eq. (6.10), we have
1
o =— 2 x[n] (6.11)
)

which indicates that ¢, equals the average value of x[n] over a period.
The Fourier coefficients c, are often referred to as the spectral coefficients of x[n].
C. Convergence of Discrete Fourier Series:
Since the discrete Fourier series is a finite series, in contrast to the continuous-time case, there are no
convergence issues with discrete Fourier series.
D. Properties of Discrete Fourier Series:

1. Periodicity of Fourier Coefficients:
From Egs. (6.5) and (6.7) [or (6.9)], we see that

c, (6.12)

c =
k+ N,
which indicates that the Fourier series coefficients ¢, are periodic with fundamental period N,

2. Duality:
From Eq. (6.12) we see that the Fourier coefficients ¢, form a periodic sequence with fundamental period N,,. Thus,
writing ¢, as c[k], Eq. (6.10) can be rewritten as

clk]= ix[n] e HKon (6.13)
n= N0>NO
Letn = —m in Eq. (6.13). Then
clk]l= ; Lx[—m]ejkgom
m= N0>N

0
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Letting k = n and m = k in the above expression, we get

cln]= ; L= koo (6.14)
k=(Ng) "0

Comparing Eq. (6.14) with Eq. (6.9), we see that (1/N,)x [—k] are the Fourier coefficients of c[n]. If we adopt
the notation

x[n] <22 ¢, =c[k] (6.15)
to denote the discrete Fourier series pair, then by Eq. (6.14) we have

cln] <5 le[—k] (6.16)

0

Equation (6.16) is known as the duality property of the discrete Fourier series.

3. Other Properties:
When x[n] is real, then from Eq. (6.8) or [Eq. (6.10)] and Eq. (6.12) it follows that

Cp =Cny—k = Ck (6.17)
where * denotes the complex conjugate.

Even and Odd Sequences:
When x[n] is real, let

x[n] = x,[n] + x [n]
where x [n] and x [n], are the even and odd components of x[n], respectively. Let

DF:
x[n] <D, Cp

Then
x,[n] <22 Re[c, ] (6.18a)
x, [n] <22~ jIm[c,] (6.18b)

Thus, we see that if x[n] is real and even, then its Fourier coefficients are real, while if x[n] is real and odd, its
Fourier coefficients are imaginary.

E. Parseval’s Theorem:

If x[n] is represented by the discrete Fourier series in Eq. (6.9), then it can be shown that (Prob. 6.10)

1 2 2
— x[n]|” = c (6.19)
No "=%0>| | k=%’0>| k|

Equation (6.19) is called Parseval’s identity (or Parseval’s theorem) for the discrete Fourier series.

6.3 The Fourier Transform

A. From Discrete Fourier Series to Fourier Transform:

Let x[n] be a nonperiodic sequence of finite duration. That is, for some positive integer N,

x[n] =0 |n| >N,
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Such a sequence is shown in Fig. 6-1(a). Let x,, [1] be a periodic sequence formed by repeating x[n] with
fundamental period N, as shown in Fig. 6-1(b). If we let N, — o, we have

lim XN, [n]=x[n] (6.20)
NO —>

The discrete Fourier series of xNO[n] is given by
Xy, [n]= c e Q=" (6.21)
k={No}
where

G =— ; Xy, [n] e 70" (6.22a)
No)

Since xNO[n] = x[n] for [n| = N, and also since x[n] = 0 outside this interval, Eq. (6.22a) can be rewritten as

[ woon _ 1 — jkQon
= — x[n]e 0 = — x[n]e 70 (6.22b)
NO n=2N] NO n=—oo
Let us define X(Q2) as
X(Q)= E x[n]e /" (6.23)

Then, from Eq. (6.22b) the Fourier coefficients ¢, can be expressed as

1

=—X(kQ 6.24
Ck N, (k) (6.24)
x[n]
¢
N, 0 N, n
@
Xyl
¢
=N, 0 N, N, n
(b)

Fig. 6-1 (a) Nonperiodic finite sequence x[n]; (b) periodic sequence formed by periodic extension of x[n].
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Substituting Eq. (6.24) into Eq. (6.21), we have

Xy, 1=y, L xkay) e
k=(Ng) " "°

1 .
or Xyl = 2= N X(kQg) " (6.25)
k:<N0>

From Eq. (6.23), X(Q) is periodic with period 27 and so is /%", Thus, the product X(€2) e/%" will also be periodic
with period 2. As shown in Fig. 6-2, each term in the summation in Eq. (6.25) represents the area of a rectangle
of height X(kQ )e/*?°" and width Q. As N, — %, Q, = 27/N, becomes infinitesimal (Q, — 0) and Eq. (6.25)
passes to an integral. Furthermore, since the summation in Eq. (6.25) is over N, consecutive intervals of width
Q, = 27/N,, the total interval of integration will always have a width 2. Thus, as N, — % and in view of Eq.
(6.20), Eq. (6.25) becomes

_ 1 jon
x[n]= e J;IX(Q) e dQ (6.26)

Since X(Q)e/*" is periodic with period 27, the interval of integration in Eq. (6.26) can be taken as any interval
of length 2.

X(Q)eln

X(kQ e

b"

Fig. 6-2 Graphical interpretation of Eq. (6.25).

B. Fourier Transform Pair:

The function X(€2) defined by Eq. (6.23) is called the Fourier transform of x[n], and Eq. (6.26) defines the inverse
Fourier transform of X(€2). Symbolically they are denoted by

0o

X@=F{x[nl}= Y xlnle ™ 627)

n=—o

. 1 ;
— g1 — JjRn
x[n]=%F {X(Q)} —2nf2” X(Q) e dQ (6.28)
and we say that x[n] and X(€2) form a Fourier transform pair denoted by
x[n] < X(Q) (6.29)

Equations (6.27) and (6.28) are the discrete-time counterparts of Eqs. (5.31) and (5.32).

C. Fourier Spectra:

The Fourier transform X(Q2) of x[n] is, in general, complex and can be expressed as

X(Q) = |X(Q)|ei#® (6.30)
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As in continuous time, the Fourier transform X(€2) of a nonperiodic sequence x[n] is the frequency-domain
specification of x[n] and is referred to as the spectrum (or Fourier spectrum) of x[n]. The quantity | X(€2)| is called
the magnitude spectrum of x[n], and ¢ (Q) is called the phase spectrum of x[n]. Furthermore, if x[n] is real, the
amplitude spectrum | X(€2)| is an even function and the phase spectrum ¢ () is an odd function of Q.

D. Convergence of X(Q2):

Just as in the case of continuous time, the sufficient condition for the convergence of X(Q) is that x[n] is
absolutely summable, that is,

oo

S | xlnl[ < 6.31)

E. Connection between the Fourier Transform and the zTransform:

Equation (6.27) defines the Fourier transform of x[n] as

oo

X(Q)= E x[n]e 7

n=—o

(6.32)

The z-transform of x[n], as defined in Eq. (4.3), is given by

©

X@= Y xlnlz" (633)

n=—o

Comparing Egs. (6.32) and (6.33), we see that if the ROC of X(z) contains the unit circle, then the Fourier trans-
form X(Q2) of x[n] equals X(z) evaluated on the unit circle, that is,

X(Q) = X(@2)| e (6.34)

Note that since the summation in Eq. (6.33) is denoted by X(z), then the summation in Eq. (6.32) may be denoted
as X(e’?). Thus, in the remainder of this book, both X(Q) and X(e/) mean the same thing whenever we connect the
Fourier transform with the z-transform. Because the Fourier transform is the z-transform with z = ¢/, it should not
be assumed automatically that the Fourier transform of a sequence x[n] is the z-transform with
z replaced by e/, If x[n] is absolutely summable, that is, if x[n] satisfies condition (6.31), the Fourier transform of
x[n] can be obtained from the z-transform of x[n] with z = ¢/ since the ROC of X(z) will contain the unit
circle; that is, |e/®| = 1. This is not generally true of sequences which are not absolutely summable. The
following examples illustrate the above statements.

EXAMPLE 6.1 Consider the unit impulse sequence 6 [n].
From Eq. (4.14) the z-transform of d[n] is

J{only=1  allz (6.35)
By definitions (6.27) and (1.45), the Fourier transform of 6 [n] is

F{8[n]} = 2 dnle " =1 (6.36)

n=—o

Thus, the z-transform and the Fourier transform of d[n] are the same. Note that 6 [n] is absolutely summable
and that the ROC of the z-transform of 6 [n] contains the unit circle.

EXAMPLE 6.2 Consider the causal exponential sequence
x[n] = a"u[n] a real

From Eq. (4.9) the z-transform of x[n] is given by

1
X@)=——
1—az

]
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Thus, X(e/®) exists for |a| < 1 because the ROC of X(z) then contains the unit circle. That is,

1

X (/%)=
1—ae

—a la|<1 (6.37)

Next, by definition (6.27) and Eq. (1.91) the Fourier transform of x[x] is

o0

X(Q)= E a"uln] e I = i ae I = i (ae_jg)n
n=0

n=—oo n=0
1 .
:m |ae ]Q|=|a|<1 (6.38)

Thus, comparing Egs. (6.37) and (6.38), we have
XQ) = XQ)|, _ g

Note that x[n] is absolutely summable.

EXAMPLE 6.3 Consider the unit step sequence u[n].
From Eq. (4.16) the z-transform of u[n] is

Sulnl} =

—  |z|>1 (6.39)
1-z
The Fourier transform of u[n] cannot be obtained from its z-transform because the ROC of the z-transform of
u[n] does not include the unit circle. Note that the unit step sequence u[n] is not absolutely summable. The
Fourier transform of u[n] is given by (Prob. 6.28)

Flulnly = 76(Q) + —
1—e

= |e|=x (6.40)

6.4 Properties of the Fourier Transform

Basic properties of the Fourier transform are presented in the following. There are many similarities to and sev-
eral differences from the continuous-time case. Many of these properties are also similar to those of the z-trans-
form when the ROC of X(z) includes the unit circle.

A. Periodicity:
X(Q + 27) = X(Q) (641)

As a consequence of Eq. (6.41), in the discrete-time case we have to consider values of Q (radians) only
over therange 0 = Q < 2w or —r = Q < s, while in the continuous-time case we have to consider values of
o (radians/second) over the entire range —» < @ < o,

B. Linearity:

ax,[n] + a,x,[n] < a X (Q) + a,X,(Q) (6.42)

C. Time Shifting:
x[n—nyl<> e X(Q) (6.43)
D. Frequency Shifting:

e x[n] < X(Q—Q,) (6.44)
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E. Conjugation:
x¥[n] < X*¥(—Q) (6.45)

where * denotes the complex conjugate.

F. Time Reversal:

x[—n] < X(—Q) (6.46)

G. Time Scaling:
In Sec. 54D the scaling property of a continuous-time Fourier transform is expressed as [Eq. (5.52)]

x(at) <> L X @
|al
However, in the discrete-time case, x[an] is not a sequence if a is not an integer. On the other hand, if a is an
integer, say a = 2, then x[2n] consists of only the even samples of x[n]. Thus, time scaling in discrete time takes
on a form somewhat different from Eq. (6.47).
Let m be a positive integer and define the sequence

(6.47)
a

x[n/m]=x[k] if n=km, k = integer
Kol = {0 if n # km (6.48)
Then we have
x(m)[n] <> X(mQ) (6.49)

Equation (6.49) is the discrete-time counterpart of Eq. (6.47). It states again the inverse relationship between time
and frequency. That is, as the signal spreads in time (m > 1), its Fourier transform is compressed (Prob. 6.22).
Note that X(m€2) is periodic with period 25t/m since X(€2) is periodic with period 2.

H. Duality:
In Sec. 5 4F the duality property of a continuous-time Fourier transform is expressed as [Eq. (5.54)]
X(t) < 2rx(—w) (6.50)

There is no discrete-time counterpart of this property. However, there is a duality between the discrete-time
Fourier transform and the continuous-time Fourier series. Let

x[n] <= X(2)
From Eqgs. (6.27) and (6.41)
X(Q)= E x[n]e /" (6.51)
X(Q + 2m) = X(R2) (6.52)
Since Q is a continuous variable, letting Q = randn = —k in Eq. (6.51), we have
X= Y x[-kle" (6.53)
k=—o

Since X(7) is periodic with period 7, = 2 and the fundamental frequency w, = 27/T,, = 1, Eq. (6.53) indicates
that the Fourier series coefficients of X(f) will be x[—k]. This duality relationship is denoted by

X(1) <P, =x[—k] (6.54)

where FS denotes the Fourier series and ¢, are its Fourier coefficients.



CHAPTER 6 Fourier Analysis of Discrete-Time 269

. Differentiation in Frequency:

nx[n] < j % (6.55)
J. Differencing:
x[n] — x[n — 1] < (1 — e 79)X(RQ) (6.56)

The sequence x[n] — x[n — 1] is called the first difference sequence. Equation (6.56) is easily obtained from the
linearity property (6.42) and the time-shifting property (6.43).

K. Accumulation:

i x[k]enX(O)cS(Q)ﬂLl;_jQX(Q) |Q|=x (6.57)
—e

k=—o

Note that accumulation is the discrete-time counterpart of integration. The impulse term on the right-hand side
of Eq. (6.57) reflects the dc or average value that can result from the accumulation.

L. Convolution:
x,[n] = x,[n] < X,(Q) X,(Q) (6.58)

As in the case of the z-transform, this convolution property plays an important role in the study of discrete-time
LTI systems.

M. Multiplication:
x[n]x,[n] < ﬁ X, (Q)® X,(€2) (6.59)
where ® denotes the periodic convolution defined by [Eq. (2.70)]
X (Q)® X,(2) =f2ﬂ X,(0) X,(Q—0)do (6.60)
The multiplication property (6.59) is the dual property of Eq. (6.58).

N. Additional Properties:
If x[n] is real, let
x[n] = x,[n] + x,[n]

where x [1] and x [n] are the even and odd components of x[n], respectively. Let

x[n] < X(Q) = AQ) + jB(Q) = | X(Q)| e/ (6.61)
Then
X(—Q) = X*(Q) (6.62)
x,[n] <> Re{X(Q)} = A(L2) (6.63a)
x,[n] <> jIm{X(Q)} = jB() (6.63b)

Equation (6.62) is the necessary and sufficient condition for x[n] to be real. From Eqs. (6.62) and (6.61) we have
A(—Q) = A(Q) B(—Q) = —B(Q) (6.64a)
XQ)| = [X@]  6-9Q) = —6Q) (6.64b)

From Egs. (6.63a), (6.63b), and (6.64a) we see that if x[n] is real and even, then X(€2) is real and even, while if
x[n] is real and odd, X(€2) is imaginary and odd.
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0. Parseval’s Relations:

oo

1
> xinlxlnl= o [, Xi(Q) X,(~ Q) dQ (6.65)

: i
S |xnlf = Sl X@ e (6.66)

Equation (6.66) is known as Parseval’s identity (or Parseval’s theorem) for the discrete-time Fourier transform.
Table 6-1 contains a summary of the properties of the Fourier transform presented in this section. Some
common sequences and their Fourier transforms are given in Table 6-2.

TABLE 6-1 Properties of the Fourier Transform

PROPERTY SEQUENCE FOURIER TRANSFORM
x[n] X(€)
x,[n] X, (Q)
X,[n] X,(Q)
Periodicity x[n] X(Q+2m)=X(Q)
Linearity a; x; [n] + a,x, [n] (,Ile (Q) + aZXQ(Q)
Time shifting x[n—n,] e X (Q)
Frequency shifting ¢’ QO")c[n] X(Q—-Q)
Conjugation x*[n] X*(—=Q)
Time reversal x[—n] X(—Q)
P
Time scaling X )[n] = xn/ml ifn =k X(mQ)
" 0 if n# km
dx(Q
Frequency differentiation nx[n] ; AX(€)
dQ
First difference x[n]— x[n —1] (1 —e /% )X (L)
\ X(0)6(Q _ X(Q
Accumulation kZ x[k] wX(0)0(8) + 1 —e /2 ()
|Q|=n
Convolution x,[n]*x,[n] X, ()X, ()
1
Multiplication x,[n]x, [n] EXI(Q) ®X,(Q)

Real sequence x[n] = x,[n] + x, [n]

Even component x,[n]

0Odd component x,[n]

Parseval’s theorem

ad 1
Y x[nley[n]= g [, XX, (- Q) dQ

n=—oo

5 1
> |dnlf? =gf2n|X(Q e

n=—oo

X(Q)=A(Q)+ jB(RQ)
X(=Q)=X"(Q)
Re{X(Q)} = A(Q)

J Im{X(Q)} = jB(L)
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TABLE 6-2 Common Fourier Transform Pairs

x[n] X(Q)
o[n] 1
on — ngy) e /m
x[n]=1 2n8(Q), | Q=1
e 2mo(Q —Q)),[Q|Q | =7
cos Qn nB(Q— Q) +8Q+QLIQLIQ, =7
sin Q1 —Jr8(Q—Q) - 8Q+Q)LIQLIQ | =n
uln] n8(Q) + — . |Q|=n
1—e /¢
—u[—n—1] —nd(Q) + L 1Q|=n
1—e '@
a"unl,la|<1 I S
1—ae ™
—ad"u[—n—1],|a|>1 ! :
1—ae’JQ
(n+Dd"ulnl,|a|<1 ;2
(1—ae7m)
a"lla|<1 1-a’
1—2acos Q+a’
1 |n|=nN, , [Q(N +1ﬂ
— S -
xlnl= 0 |n|>Nl b2
sin (Q2/2)
sin Wn 1 0=|1Q|=W
,0<W<m =
nn X {0 wW<|Q|=rm
e — _2n
Y, 8[n—kN,] Q, > 8(Q ~kQ), Q==
k=—o k=—co 0

6.5 The Frequency Response of Discrete-Time LTI Systems

A. Frequency Response:
In Sec. 2.6 we showed that the output y[n] of a discrete-time LTI system equals the convolution of the input
x[n] with the impulse response Ah[n]; that is,

yln] = x[n] * h[n] (6.67)
Applying the convolution property (6.58), we obtain

Y(Q) = X(R)H(R) (6.68)
where Y(Q2), X(€2), and H(L2) are the Fourier transforms of y[n], x[n], and h[n], respectively. From Eq. (6.68)
we have

_Y(©)

X©) (6.69)

H(Q)
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Relationship represented by Eqs. (6.67) and (6.68) are depicted in Fig. 6-3. Let
H(Q) = |H(Q)| /%5 (6.70)

As in the continuous-time case, the function H(Q) is called the frequency response of the system, | H(Q)| the
magnitude response of the system, and 6,(€2) the phase response of the system.

N hin] hin]
x[n] H(Q) ylnl=x[n] = hin]
X©Q) Y(Q)=XQH(Q)

Fig. 6-3 Relationships between inputs and outputs in an LTI discrete-time system.

Consider the complex exponential sequence
x[n] = /" (6.71)

Then, setting z = ¢/%0 in Eq. (4.1), we obtain
y[n]=H(e™™) /0" = H(Q,) /™" (6.72)

which indicates that the complex exponential sequence e/%0" is an eigenfunction of the LTI system with
corresponding eigenvalue H(S2,), as previously observed in Chap. 2 (Sec. 2.8). Furthermore, by the linearity
property (6.42), if the input x[n] is periodic with the discrete Fourier series

A 2
x[n]= 2 ¢, e Q, == (6.73)
k={Ng)

then the corresponding output y[n] is also periodic with the discrete Fourier series

ylnl= ; o H (kQy) 90" (6.74)
k=(No)

If x[n] is not periodic, then from Eqs. (6.68) and (6.28) the corresponding output y[n] can be expressed as
1 :
— Jjn
y[n] _2ﬂf<2n)H(Q) X(Q) e dQ (6.75)

B. LTI Systems Characterized by Difference Equations:

As discussed in Sec. 2.9, many discrete-time LTI systems of practical interest are described by linear constant-
coefficient difference equations of the form

N

M
E ayln—kl= E byx[n — k] (6.76)
k=0 k=0

with M = N. Taking the Fourier transform of both sides of Eq. (6.76) and using the linearity property (6.42)
and the time-shifting property (6.43), we have

N M
E a, e My Q)= E b, e 2 X(Q)
k=0 k=0

or, equivalently,

i e
b, e’

Y (Q) _ k=0
XQ) X

k
E a, e @

k=0

H(Q)= 6.77)




CHAPTER 6 Fourier Analysis of Discrete-Time 273

The result (6.77) is the same as the z-transform counterpart H(z) = Y(z)/X(z) with z = ¢/ [Eq. (4.44)]; that is,
HQ)=H (2)|._ e =H(®)
C. Periodic Nature of the Frequency Response:
From Eq. (6.41) we have
H(Q) = H(Q + 2m) (6.78)

Thus, unlike the frequency response of continuous-time systems, that of all discrete-time LTI systems is periodic
with period 27. Therefore, we need observe the frequency response of a system only over the frequency range
0=Q<2mor—nm=Q<m.

6.6 System Response to Sampled Continuous-Time Sinusoids

A. System Responses:

We denote by y_[1], y [n], and y[n] the system responses to cos Qn, sin Qn, and /", respectively (Fig. 6-4).
Since /2" = cos Qn + j sin Qn, it follows from Eq. (6.72) and the linearity property of the system that

ylnl =y [n] + jy [n] = HQ) e/" (6.79a)
y [n] = Re{y[n]} = Re{H(Q) ¢/*"} (6.79b)
y,[n] = Im{y[n]} = Im{H(Q) ¢/*"} (6.79¢)
ein yinl = H(Q)e/2n
b HQ p—p
cos Qn y,[In]= Re[H(Q)e/*"]
sin @n ¥ = Im[H(Q)e/*"]

Fig. 6-4 System responses to e/9", cos Qn, and sin Qn.
When a sinusoid cos Qn is obtained by sampling a continuous-time sinusoid cos wt with sampling inter-
val T, that is,

cosQn=coswt|_ . =coswlin (6.80)

nT
all the results developed in this section apply if we substitute wT, for Q:
Q= ol (6.81)

For a continuous-time sinusoid cos wt there is a unique waveform for every value of w in the range 0 to .
Increasing w results in a sinusoid of ever-increasing frequency. On the other hand, the discrete-time sinusoid
cos Qn has a unique waveform only for values of Q in the range 0 to 27 because

cos[(Q + 2am)n] = cos(Qn + 2mwmn) = cos Qn m = integer (6.82)
This range is further restricted by the fact that

cos(t = Q)n = cos n cos Qn F sin mn sin Qn
(—=1)* cos Qn (6.83)

Therefore,
cos(t + Q) = cos(r — Q)n (6.84)

Equation (6.84) shows that a sinusoid of frequency (& + Q) has the same waveform as one with frequency
(w — Q). Therefore, a sinusoid with any value of Q outside the range O to x is identical to a sinusoid with Q in
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the range O to 7. Thus, we conclude that every discrete-time sinusoid with a frequency in the range 0 = Q < &
has a distinct waveform, and we need observe only the frequency response of a system over the frequency range
0=Q<um

B. Sampling Rate:

Let w,, (= 2xf,,) be the highest frequency of the continuous-time sinusoid. Then from Eq. (6.81) the condition
for a sampled discrete-time sinusoid to have a unique waveform is

wMTs<n—>TS<wi or  f.>2f, (6.85)
M

where f = 1/T is the sampling rate (or frequency). Equation (6.85) indicates that to process a continuous-time
sinusoid by a discrete-time system, the sampling rate must not be less than twice the frequency (in hertz) of the
sinusoid. This result is a special case of the sampling theorem we discussed in Prob. 5.59.

6.7 Simulation

Consider a continuous-time LTI system with input x(#) and output y(r). We wish to find a discrete-time LTI sys-
tem with input x[n] and output y[n] such that

if x[n] = x(nT ) then y[n] = y(nT) (6.86)

where T is the sampling interval.
Let H (s) and H (z) be the system functions of the continuous-time and discrete-time systems, respectively
(Fig. 6-5). Let

x(1)=e! x[n]=x(nT,)=e""s (6.87)
Then from Egs. (3.1) and (4.1) we have
y()=H, (jo)e" ylnl=H, (/") e (6.88)
Thus, the requirement y[n] = y(nT,) leads to the condition
H,(jo) ™" = H (") e
from which it follows that
H (jo)=H (&™) (6.89)
In terms of the Fourier transform, Eq. (6.89) can be expressed as
H (w) = H,(2) Q=owT, (6.90)

Note that the frequency response H ,(€2) of the discrete-time system is a periodic function of @ (with period
27/T,), but that the frequency response H (w) of the continuous-time system is not. Therefore, Eq. (6.90) or

x(t) y(®)
P Hs) . »
elot H(jo)elt
x(t)
<
H,@)
x[n]=x(nT) yln]
ejnu)Ts Hd(eijS)ejans

Fig. 6-5 Digital simulation of analog systems.
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Eq. (6.89) cannot, in general, be true for every w. If the input x(¢) is band-limited [Eq. (5.94)], then it is possible,
in principle, to satisfy Eq. (6.89) for every w in the frequency range (—x/T,, /T, (Fig. 6-6). However, from
Egs. (5.85) and (6.77), we see that H (w) is a rational function of w, whereas H,(€2) is a rational function of
e/? (Q = wT,). Therefore, Eq. (6.89) is impossible to satisfy. However, there are methods for determining a
discrete-time system so as to satisfy Eq. (6.89) with reasonable accuracy for every w in the band of the input
(Probs. 6.43 to 6.47).

H () Hy(e!Ts)
1 1 t 1 1 1 1 t
T 0 £ _2n T 0 ™ 2t o
7—5 TS TS 7—8 TS TS
Fig. 6-6

6.8 The Discrete Fourier Transform

In this section we introduce the technique known as the discrete Fourier transform (DFT) for finite-length
sequences. It should be noted that the DF T should not be confused with the Fourier transform.

A. Definition:

Let x[n] be a finite-length sequence of length N, that is,
x[n] =0 outside therange0 =n =N — 1 (6.91)
The DFT of x[n], denoted as X[k], is defined by

N—-1
X[kl1="y x[mIW"  k=0,1,...N—1 6.92)
n=0

where W, is the Nth root of unity given by

W, = e /™ (6.93)
The inverse DFT (IDFT) is given by
x[n]:lNz_lX[k]WN”‘" n=0,1,....N—1 (6.94)
N
The DFT pair is denoted by
x[n] <= X[k] (6.95)

Important features of the DFT are the following:

1. There is a one-to-one correspondence between x[n] and X[k].

2. There is an extremely fast algorithm, called the fast Fourier transform (FFT) for its calculation.
3. The DFT is closely related to the discrete Fourier series and the Fourier transform.
4

The DFT is the appropriate Fourier representation for digital computer realization because it is
discrete and of finite length in both the time and frequency domains.

Note that the choice of N in Eq. (6.92) is not fixed. If x[n] has length N; < N, we want to assume that x[n] has
length N by simply adding (N — N,) samples with a value of 0. This addition of dummy samples is known as



276 CHAPTER 6 Fourier Analysis of Discrete-Time

zero padding. Then the resultant x[n] is often referred to as an N-point sequence, and X[k] defined in
Eq. (6.92) is referred to as an N-point DFT. By a judicious choice of N, such as choosing it to be a power of 2,
computational efficiencies can be gained.

B. Relationship between the DFT and the Discrete Fourier Series:

Comparing Egs. (6.94) and (6.92) with Egs. (6.7) and (6.8), we see that X [k] of finite sequence x[n] can be inter-
preted as the coefficients ¢, in the discrete Fourier series representation of its periodic extension multiplied by
the period N, and N; = N. That is,

X[kl = Ne, (6.96)

Actually, the two can be made identical by including the factor 1/N with the DFT rather than with the IDFT.

C. Relationship between the DFT and the Fourier Transform:

By definition (6.27) the Fourier transform of x[n] defined by Eq. (6.91) can be expressed as

N-1
X(Q)= E x[n]e /" (6.97)
n=0
Comparing Eq. (6.97) with Eq. (6.92), we see that
k2m
XK1= X (D)o pmn = X(T) (6.98)

Thus, X[k] corresponds to the sampled X(€2) at the uniformly spaced frequencies Q = k2s/N for integer k.

D. Properties of the DFT:

Because of the relationship (6.98) between the DF T and the Fourier transform, we would expect their properties
to be quite similar, except that the DF T X[k] is a function of a discrete variable while the Fourier transform X(€2)
is a function of a continuous variable. Note that the DFT variables n and k must be restricted to the range 0 =

n, k < N, the DFT shifts x[n — n,] or X[k — k] imply x[n — n,] .\ or X[k — k] __,»where the modulo nota-
tion [m]__,, means that

[m] gy = m + iN (6.99)
for some integer i such that

0=[m] 4y <N (6.100)

For example, if x[n] = &[n — 3], then

x[n = 4] 46 = Oln —17] =0ln—7+6]=0d6n—1]

mod 6
The DFT shift is also known as a circular shift. Basic properties of the DFT are the following:
1. Linearity:
ax,[n] + ayx, [n] <= a, X [k] + a,X, [k] (6.101)
2. Time Shifting:
x[n=nylpoay < WA X[K] Wy =e /TN (6.102)

3. Frequency Shifting:

Wy K0 x[n] <> X[k — kol moan (6.103)
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E

Conjugation:

x'[n] < X" [—k]

mod N
where * denotes the complex conjugate.

5. Time Reversal:

x[_n]mod N hid X[_k]mod N

6. Duality:

X[n] <> Nx[—k]

'mod N

7. Circular Convolution:

x,[n] @ x,[n] <= X, [k] X,[k]

N-1
where x[n]® x,[n] = E x[i1xy[n =il e n
=0

The convolution sum in Eq. (6.108) is known as the circular convolution of x [n] and x,[n].

8. Multiplication:

1
x[n] x,[n] < NXl[k] ® X,[k]
N-—1
where X\ [k]1® X, [k]= 2 X\ X[k — il oan
i=1
9. Additional Properties:

When x[n] is real, let

x[n] = x,[n] + x [n]

where x,[n] and x [n] are the even and odd components of x[n], respectively. Let

x[n] < X[k] = A[k] + jBIk] = | X [k][e/%™
Then X[—K] gy = X * K]
x,[n] <= Re{X[k]} = Alk]
x,[n] <= j Im{X[k]} = jB [k]
From Eq. (6.110) we have
A[—K]
| X[kl

= A[k] Bl—K] .,y = —BIK]
= | X[k O[—k] —Olk]

mod N

mod N mod N =

10. Parseval’s Relation:

N-—1 ) 1 N-—1 )
E | x[n]| = E | X[k
n=0 n=0

Equation (6.113) is known as Parseval’s identity (or Parseval’s theorem) for the DFT.
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(6.104)

(6.105)

(6.106)

(6.107)

(6.108)

(6.109)

(6.110)
(6.111a)
(6.111b)

(6.112a)
(6.112b)

(6.113)
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SOLVED PROBLEMS

Discrete Fourier Series

6.1.  We call a set of sequences {W,[n]} orthogonal on an interval [N,, N,] if any two signals W [n] and W, [n]
in the set satisfy the condition

§ W, [n]W;[n] {0 "k (6.114)
w7 nl= _ .
Sk, k a m=k

where * denotes the complex conjugate and o # 0. Show that the set of complex exponential sequences

W [n] = e/t@r/Nn k=0,1,...,N— 1 (6.115)
is orthogonal on any interval of length N.

From Eq. (1.90) we note that

ol N a=1
Ean: 1—aV (6.116)
=, o a+l1

Applying Eq. (6.116), with a = ¢/*?7/N)'we obtain

N-1 N k=0,£N,=2N,...
@I _ [y jk@aiNIN . 6.117)
=0 T RGNy 0 otherwise

since e#C7/NN = k27 = 1 Since each of the complex exponentials in the summation in Eq. (6.117) is periodic
with period N, Eq. (6.117) remains valid with a summation carried over any interval of length N. That is,

PRI — N k=0,%N,i2N,... (6.118)
) 0 otherwise
Now, using Eq. (6.118), we have
; W, [n] Wy [n]= ; IMATINI g 2N
n={N) n=(N)
_ pitm=wexivm _ [N m=k (6.119)
= 0 m¥*k

where m, k < N. Equation (6.119) shows that the set {e *?*/Mm: k=0, 1, ..., N — 1} is orthogonal over any
interval of length N. Equation (6.114) is the discrete-time counterpart of Eq. (5.95) introduced in Prob. 5.1.

6.2. Using the orthogonality condition Eq. (6.119), derive Eq. (6.8) for the Fourier coefficients.

Replacing the summation variable k by m in Eq. (6.7), we have

=

-1
x[n]= C
0

 gim@alNon (6.120)

m

Using Eq. (6.115) with N = N, Eq. (6.120) can be rewritten as

No-1

x[n]= E ¢, W, [n] (6.121)

m=0
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Multiplying both sides of Eq. (6.121) by W*%[n] and summing over n = 0 to (N, — 1), we obtain

No—1 No—1 [(Ny—1
Y xnWinl= Y, [E ¢, ¥, [n]| ¥, [n]
n=0 n=0 \ m=0

Interchanging the order of the summation and using Eq. (6.119), we get

No—1 No—1 No—1
2 x[n]W,[n]= 2 ¢, 2 W [n]W,[n]|= Ny,
n=0 m=0 n=0
Thus,
| Mo . | Mo ‘
¢ =— E x[n)W, [n]=— E x[n] o~ JkQ@w/Ng)n
NO n=0 NO n=0

6.3. Determine the Fourier coefficients for the periodic sequence x[n] shown in Fig. 6-7.

279

(6.122)

From Fig. 6-7 we see that x[n] is the periodic extension of {0, 1, 2, 3} with fundamental period N, = 4. Thus,

2
4

QO and e*jg[) 267/211:/4 :efﬂr/Z — _j

By Eq. (6.8) the discrete-time Fourier coefficients ¢, are

1 3
= =—(0+1+2+3)=2
o x[n] 4( ) >

P

M Tt

=

1 1 1
— ) ==0—j1—2+j3)=——+j—
x[n](=j) 4( J J3) L

=

n=0

w

1 1
=7 X HnEH" =2 0-142-3 =

n=0

A=

ix[n](— =L +j—2-j3=-L—;1
2 D= 0] J 5775

C3 =

NN

Note that ¢, = ¢,_, = ¢* [Eq. (6.17)].

4-1

x[n]

]

v

6.4. Consider the periodic sequence x[n] shown in Fig. 6-8(a). Determine the Fourier coefficients ¢, and

sketch the magnitude spectrum |c,|.

From Fig. 6-8(a) we see that the fundamental period of x[n] is N, = 10 and Q; = 27x/N,, = /5. By Eq. (6.8)

and using Eq. (1.90), we get

¢ :L i e*jk(n/S)n :L
k 10 “ 10 | — o~ Jk@/5)

1 e*]kn/Z (ejkn/Z _ e*]kn/Z )

l_efjkzr

10 e—jkn’/lO(ejkﬂ/lO _ e—]kﬂ/lO)

=L euy SMARIZ) gy g
10 sin( k7t /10)
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The magnitude spectrum |¢, | is plotted in Fig. 6-8(b)

x[n]

0123 4567829 n

®
o
[
®

xVv

Fig. 6-8

6.5. Consider a sequence

x[n]= i O[n—4k]

k=—o0
(a) Sketch x[n].

(b) Find the Fourier coefficients c, of x[n].

(a) The sequence x[n] is sketched in Fig. 6-9(a). It is seen that x[n] is the periodic extension of the sequence
{1,0,0, 0} with period N, = 4.

x[n]

----@
----®
R

—0

—0

—0
----@
----®

o
—_
N
w
BSR4
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(b) From Egs. (6.7) and (6.8) and Fig. 6-9(a) we have
N jk(27/4) S jk(7/2)
x[n]= ) ¢ =N ¢, /NN
kZO kZO

1 . 1 1
d e, =— N x[n]e KD = — x101== all k
an. . 4;0 [n] Z¥101=-

since x[1] = x[2] = x[3] = 0. The Fourier coefficients of x[n] are sketched in Fig. 6-9(b).

6.6. Determine the discrete Fourier series representation for each of the following sequences:
1
(a) x[n]=cos—n
4
m . T
(b) x[n]=cos—n+sin—n
3 4
1
(¢) x[n]= cos? (—n)
8
(a) The fundamental period of x[n] is N, = 8, and Q) = 27/N,, = 7/4. Rather than using Eq. (6.8) to evaluate

the Fourier coefficients c,, we use Euler’s formula and get

1 e/Som 4 % P

b1 1 i
COS*}’IZE(EJ(”MM +e ](Jt/4)n):2

Thus, the Fourier coefficients for x[n] are ¢, = 12 C_ =C_,q=C= 12, and all other ¢, = 0. Hence, the
discrete Fourier series of x[n] is
T 1 1 T
x[n]=cos —n=— /" +— /790" Q) =—
4 2 4

(b) From Prob. 1.16(i) the fundamental period of x[n] is N, = 24, and Q, = 27x/N, = 7/12. Again by Euler’s
formula we have

x[n] — l (ej(n’/?))n 4 e—j(n/S)n) 4 L (ej(n:/4)n _ e—j(]r/4)n)
2 2j
Loy ;L e 1 sagn 1 jacen
2 2 2

| _1 _ _ _1 _ _ _ 1 _
Thus, ¢; = j(—z),c4f—2,c74fc74+247c207—2,c73fc73+247c21fj(—z),andallotherckfo.

Hence, the discrete Fourier series of x[n] is
1 s L 40 L e 1 g T
x[n]=—j— /770" + — 70N - — I TR0 4 j— /0N Q) =—
2 2 12

(c) From Prob. 1.16(j) the fundamental period of x[n] is N, = 8, and Q) = 27x/N, = 7/4. Again by Euler’s
formula we have

2
1 s . 1 —jasyn U jam . U 1 —iiaym
x[n]= 761( ) + e J(/8) =7ej( ) +o+—¢ J(wl4)
2 2 4 4
Lo 11 e
4
Thus, ¢, =12, c :%, C_ =C ,4=C= %, and all other ¢, = 0. Hence, the discrete Fourier series of

x[n] is

1 1 ; 1
x[n]==+— /%" 4 — /7% QO=£
2 4 4 4
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6.7. Let x[n] be a real periodic sequence with fundamental period N, and Fourier coefficients

Sk

(@)
®)
©

(@)

(b)

=a, + jbk, where a, and bk are both real.

Show that a_, = aq andb_, = —bk.
Show that Cgl2 is real if N is even.
Show that x[n] can also be expressed as a discrete trigonometric Fourier series of the form
(Ng—1)/2 o
xnl=co+2 Y (apcoskQon—bsinkQn)  Qq = (6.123)
k=1 0
if N, is odd or
(No—2)/2
x[nl=co +(=D'eyyn +2 Y (@ coskQon — by sinkQqn) (6.124)
=1

if N, is even.
If x[n] is real, then from Eq. (6.8) we have

| Nost A 1 Mg _ -
C_,=— x[n] e*P0r = — x[n]e *Qon | =
T > 2 i

n=0 0 n=0

Thus,

c=a_,tjb_,=(a, +jb) =a —jb

and we have

a_,=a, and b_,=—b,
If N, is even, then from Eq. (6.8)
No—1 ) 1 No—1 .
Cngin = E x[n] e T MNo/2aNom — 1 E x[n]e ™
NO n=0 0 n=0
[ Moot
=— ¥ (= 1"x[n]=real (6.125)
NO n=0
Rewrite Eq. (6.7) as
No—1 _ No—1 _
x[n]= E Ck e/kon =c, + E C o/*Son
=0 k=1

If N, is odd, then (N, — 1) is even and we can write x[n] as

(No—Dr2 ' .
x[nl=c¢, + E (ck ek eon + gk e’(N(’*k)QU")
=1

Now, from Eq. (6.17)

- —_— £
CNo—k ~ Ck

and ej(NO—k)QOn — e/NOQOne—ijOn — eerme—ijon — e—ijOn
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Thus,

(Ng—1)/2 ) .
x[n]=c¢y + 2 (ckejkgo" + c;:eﬂm”")
k=1
(Ng—1)/2 )
=cy+ E 2Re(c e/ %0y
k=1
(Ng—1)/2
=cot2 Y Re(a + jb)(coskQon+ jsinkQqn)
k=1
(Ng—1)/2
=cot2 Y (4 coskQn—b;sinkQyn)
k=1

If N, is even, we can write x[n] as

No -1
x[n]=c¢, + 2 c e on
=1

(No—2)/2
- jkQon J(No—k)Qon J(Ng/2)Q0n
=cy T+ E (cke + ey ke + ey ne
k=1

Again from Eq. (6.17)

Cng—k =CF and e/ MNo=kQon — ;= jkSon
and ej(N0/2)QOn :ej(NO/Z)(2ﬂ/N0)n :ejnn :(7 l)n
(No —2)12
Then x[n]=co + (= 1D"eyyn + E 2Re(c, ey
k=1
(Nog —2)/2

=co (= D'eygnt2 Y (@ coskQyn— by sinkQqyn)
k=1

283

6.8. Letx,[n] and x,[n] be periodic sequences with fundamental period N, and their discrete Fourier series

given by
No —1 o No —1 o o
x[n]= d, e’ o" X, [n]= e, e/ Q, =—
1 kZO ‘ ’ kZO ’ ’ No

Show that the sequence x[n] = x,[n]x,[n] is periodic with the same fundamental period N, and can be

expressed as

Nt o

x[n]= cp et Q,=—
¢ ° N

#=0 0

where ¢, is given by

Ng —1
Cx = E dmek—m
m=0

Now note that
x[n + Ny] = x,[n + Nylx,[n + N,] = x,[n]x,[n] = x[n]

Thus, x[n] is periodic with fundamental period N,,. Let

(6.126)
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Ng -1 No—1

1 .
Then =— E x[n]e *eon = — E x,[n]x,[n] e Jkon
0 n=0 NO n=0
1 Mot (Nes! A A
:Ni E E dmejmgon xz[n]e—]kQOn
0 n=0 m=0
Ng —1 1 No—1 No—1
—j(k—m)Q
= E d, Ni E x,[nle JUe=m)on | — E d,ei_m
m=0 0 n=0 m=0
1 No —1
1 _ — jk
since e =— E x,[n]e *0n
0 n=0

and the term in parentheses is equal toe, _

6.9. Letx [n] and x,[n] be the two periodic signals in Prob. 6.8. Show that

No - Np -1

E nlx,[n]= E d,e_, (6.127)

Equation (6.127) is known as Parseval’s relation for periodic sequences.

From Eq. (6.126) we have

| Noct

No-—
- —jkQon _
G =— x,[n]xy[n] e 50" = 2 d,e_m
N, & 2

Setting £ = 0 in the above expression, we get

No—1 No—1 Ny —1

— x[n]x,[n]= E dye_, = E die_,
NO n=0 m=0 k=0

6.10. (a) Verify Parseval’s identity [Eq. (6.19)] for the discrete Fourier series; that is,
| Noct! ;o Mgl
i Sl = S e
0 n=0 k=0

(b) Using x[n] in Prob. 6.3, verify Parseval’s identity [Eq. (6.19)].

(a) Let
No-1
x[n]= E c et
k=0
No-1
and x*[n]= E dke-’kQO"
=
| Moo A | Most! o\
Then dy=— Y x*n]e 0 =| — N x[n]ef N | = e, (6.128)
NO n=0 NO n=0

Equation (6.128) indicates that if the Fourier coefficients of x[n] are c,, then the Fourier coefficients of
x*[n] are c’ik. Setting x,[r] = x[n] and x,[n] = x*[n] in Eq. (6.127), we have d, = ¢, and ¢, = cik (ore k=
¢;) and we obtain

No—1 Ng —1
— E x[n]x*[n]= E CrCr (6.129)
=0

and —E|x[n]| = Elckl
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(b) From Fig. 6-7 and the results from Prob. 6.3, we have

No—1
L > |x[n]|2:i(0+12+22+32):—:f

PR CRN e RO

and Parseval’s identity is verified.

Fourier Transform

6.11. Find the Fourier transform of
x[n] = —a*u[—n — 1] a real

From Eq. (4.12) the z-transform of x[n] is given by

X(2)= 2] <]al

l—az !
Thus, X(e/®) exists for |a| > 1 because the ROC of X(z) then contains the unit circle. Thus,

, 1
X(Q)=X(e/¥)=—
1—ae /%

la|>1 (6.130)
6.12. Find the Fourier transform of the rectangular pulse sequence (Fig. 6-10)
x[n] = uln] — uln — N
Using Eq. (1.90), the z-transform of x[n] is given by

11—z

1-2

N-1
X()= Y "= |z|>0 (6.131)
n=0

Thus, X(e/®) exists because the ROC of X(z) includes the unit circle. Hence,
— i

; 1 e
X(Q)=X(*) = — = . —
1—e JjQ e JjQI2 (e]Q/Z —e jQ/Z)

SJQNI2 (JONI2 _ JANI2

— -jaw-nn SINQN/2)

132
sin(Q/2) (©-132)

x[n]

AL

0

v

Fig. 6-10

6.13. Verify the time-shifting property (6.43); that is,
x[n — ny] <> e 19MX(Q)

By definition (6.27)

®

F{x[n—nyl} = 2 x[n—no]efjg"

n=-o
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By the change of variable m = n — n,, we obtain

Fi{x[ln—nyl}= E x[m] e/ ¥mtno)

oo
=¢ /%0 E x[mle /9" = 1M X(Q)
m=—o
Hence,

x[n—ny]l< eI x(Q)

6.14. (a) Find the Fourier transform X(Q2) of the rectangular pulse sequence shown in Fig. 6-11(a).

x[n] X[

Fig. 6-11

(b) Plot X(2) for Ny = 4and N, = 8.
(a) From Fig. 6-11 we see that
x[n] = x,[n + N|]
where x,[n] is shown in Fig. 6-11(b). Setting N = 2N, + 1 in Eq. (6.132), we have

ol

X,(Q) =/
=e sin(Q/2)

Now, from the time-shifting property (6.43) we obtain

sin[Q(N1 + l)}
Ly 2] (6.133)

X(Q) ="M X,(Q)=
“ 1 sin(Q/2)
(b) Setting N, = 4 in Eq. (6.133), we get

X)= sin(4.5Q)
sin (0.5Q)

which is plotted in Fig. 6-12(a). Similarly, for N, = 8 we get

_ sin(8.5Q)
X = sin(0.5Q)

which is plotted in Fig. 6-12(b).
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X(©Q)

@) (b)
Fig. 6-12

6.15. (a) Find the inverse Fourier transform x[n] of the rectangular pulse spectrum X(€2) defined by
[Fig. 6-13(a)]

1 |Q|=w
X(Q)=
0 W<|Q|=n
(b) Plot x[n] for W = x/4.
X(©Q)
1
| | | | >
—2n -7 -w 0 w T 2n Q
@)
x[n]
1
4@
-4-3-2-101 2 3 4 10 n
)
Fig. 6-13

(a) From Eq. (6.28)

1 : 1 w sin Wn
- X(Q jQ"dQI— andQ:
xinl 2nf*ﬂ e 2nf*We n
Thus, we obtain
i 1 Q=W
snWn _ v@)= N (6.134)
wn 0 w<|Q|=n

(b) The sequence x[n] is plotted in Fig. 6-13(b) for W = z/4.
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6.16.

6.17.

6.18.

6.19.
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Verify the frequency-shifting property (6.44); that is,
e/ x[n] < X(Q— Q)
By Eq. (6.27)
F /" x[n]} = E /0" x[n] e/

n=—o

= Y xlnle /TR =X(Q-Q))

n=-o

Hence,
70 x[n] < X(Q—Q,)
Find the inverse Fourier transform x[n] of
X(Q) = 2m6(Q — Q) |Q], Q)| =n
From Egs. (6.28) and (1.22) we have
x[n] :éffnzms(g —Qy) /" dQ =/
Thus, we have
N < 215(Q-Q)) || Q =7
Find the Fourier transform of
x[n] =1 all n
Setting Q) = 0 in Eq. (6.135), we get
x[n] =1 <> 2m0() |Q| =

Equation (6.136) is depicted in Fig. 6-14.

x[n]

01| R

(6.135)

(6.136)

-2-1012 n - 0
Fig. 6-14 A constant sequence and its Fourier transform.
Find the Fourier transform of the sinusoidal sequence
x[n] = cos Qn Q)| ==
From Euler’s formula we have
! JjQon —jQon
cosQOnZE(e 0%+ /0™
Thus, using Eq. (6.135) and the linearity property (6.42), we get

X(Q) = a[d(Q — Q) + (Q + Q)] Q] Q| ==

Lol 4



CHAPTER 6 Fourier Analysis of Discrete-Time

which is illustrated in Fig. 6-15. Thus,

289

cos Qn < a[6(Q — Q) + 6(Q+ Q)] |1Ql, Q| =n (6.137)
x[n] X()
m(Q+Q) T(Q—Q)
1e
«—»
1 1 »
0 n -t —Q 0 Qq T Q

Fig. 6-15 A cosine sequence and its Fourier transform.

6.20. Verify the conjugation property (6.45); that is,
x¥[n] <> X*(—Q)

From Eq. (6.27)

n=—o n=—ow

o0 © E3
F{x*[n]}= E x*[n]ejg":[ E x[n]ejg"]

_( 3 stne | =x' o
Hence,
x*¥[n] < X*(—Q)
6.21. Verify the time-scaling property (6.49); that is,
Xpln] <= X(m<2)
From Eq. (6.48)
x[n/m]=x[k] if n = km, k = integer
Yo 1= {0 if 1 # kom

Then, by Eq. (6.27)

F X[} =Y xnlnle

n=—o
Changing the variable n = km on the right-hand side of the above expression, we obtain

FLxmnly =Y xgplhmle 7H" = N x[k] e/ = X(mQ)

k=—o k=—0o

Hence,

x(m)[n] <> X(mQ)
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6.22. Consider the sequence x[n] defined by
| n | =2
x[n]=
0 otherwise
(a) Sketch x[n] and its Fourier transform X(Q).
(b) Sketch the time-scaled sequence x(z)[n] and its Fourier transform X@)(Q).

(¢) Sketch the time-scaled sequence x<3)[n] and its Fourier transform X(3>(Q).

(a) Setting N, =2 in Eq. (6.133), we have

_sin(2.5Q)
sin(0.5Q)

X(Q) (6.138)

The sequence x[r] and its Fourier transform X(2) are sketched in Fig. 6-16(a).

x[n] X(Q)
5
1
“«—>
|-\ | | |
0 n ( ) —7 \/ 0I \./
a
X [n] X (2)(22) =X(2Q)
1
“«—>
0 n
(b)
x(3)[n]
1
“—>
0 n
()

Fig. 6-16

AN
v

(b) From Egs. (6.49) and (6.138) we have

sin(5Q)

X5)(Q)=X(2Q)= Sn(Q)

The time-scaled sequence x(z)[n] and its Fourier transform X (2)(9) are sketched in Fig. 6-16(b).
(¢) In asimilar manner we get

sin(7.5€2)

X = XCD =34 150

The time-scaled sequence x(3)[n] and its Fourier transform X(3)(Q) are sketched in Fig. 6-16(c).
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6.23. Verify the differentiation in frequency property (6.55); that is,

dX(Q)

meln) <> j= =

From definition (6.27)

©

X(Q)= E x[n]e /e

n=—oo

Differentiating both sides of the above expression with respect to Q2 and interchanging the order of

differentiation and summation, we obtain

dX(Q):i °° —JjQn | _ °° i —jQn
o "o n:E—WX[n]e ] ,,:E_wx[n]dﬁ(e )
=—j E nx[n]e /¥

Multiplying both sides by j, we see that

- _j . dX(Q2)
a5 — Jj@n _
F{nx[n]} nanx[n]e I =0
Hence,
nx[n] <  4X(Q)
s

6.24. Verify the convolution theorem (6.58); that is,
x,[n] * x,[n] < X,(€2) X,(£2)

By definitions (2.35) and (6.27), we have

Finlnlex,nly =Y [ D xl[k]xz[n—k]Je_jQ"

n=—o\k=—0o0

Changing the order of summation, we get

F{x[nl=x,[n]} = 2 Xl[k]( 2 xz[n—k]ejg")

k=—o0 n=—o

By the time-shifting property Eq. (6.43)

E x,[n—k] eI = efjgkxz (Q)

N
Thus, we have

0

F{x;[n]*xx,[n]} = E x;[k] eiijXz(Q)

k=—o0

=( E x;[k] e I

k=—o0

Hence,

x,[n] * x,[n] <= X (Q) X,(Q)

X5(Q) = X(L) X,(Q)
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6.25. Using the convolution theorem (6.58), find the inverse Fourier transform x[n] of

X(Q)=; |a|<1
1—ae /® ?
From Eq. (6.37) we have
a"uln] < 7 |a|<1
1 1 1
Ni X(Q)= = - -
o ) (1—ae_jg)2 (l—aefg)(l—aelg)

Thus, by the convolution theorem Eq. (6.58) we get

x[n]l=a"u[n]*a"u[n]= E a“ulkld” *uln—k]

k=—o0
=q" E l=(m+1)d"uln]
k=0
Hence,

(m+Da"uln]l < ————  |a|<I (6.139)
6.26. Verify the multiplication property (6.59); that is,

1
xi[nlxy[n] <> ZX' (Q)® X,(Q)

Let x[n] = x,[n]x,[n]. Then by definition (6.27)

©

X@= Y xlnllnle ™

By Eq. (6.28)
1 .
= jon
x[n] znfan' ) e’ do
ki 1 . .
= — jon JjQn
Then X(Q) ,,;E,w[Zﬂfz” X,0)e d@] xy[n]e

Interchanging the order of summation and integration, we get

©

E xy[n] e J@=0m

n=—o

1
X@=-— [,.%® do

- L[ xoxe-0d-x@ex©@
227 27

Hence,
1
x[nlx,[n] < Z X, (Q)® X, ()

6.27. Verify the properties (6.62), (6.63a), and (6.63b); that is, if x[n] is real and
x[n] = x,[n] + x [n] < X(Q) = A(Q) + jB(R) (6.140)
where x,[n] and x [n] are the even and odd components of x[n], respectively, then
X(—=€Q) = X*(Q)
x [n] <> Re{X(Q)} = A(Q)
x,[n] <> j Im{X(Q)} = jB(RQ)
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6.28.

6.29.

If x[n] is real, then x*[n], = x[n], and by Eq. (6.45) we have
x*[n] < X*(—Q)
from which we get
X(Q)=X*(—Q) or X(—Q) =X*Q)
Next, using Eq. (6.46) and Eqgs. (1.2) and (1.3), we have
x[—n] = x,[n] = x,[n] < X(—€Q) = X*(Q) = A(Q2) — jB(RQ)

Adding (subtracting) Eq. (6.141) to (from) Eq. (6.140), we obtain

x,[n] <> A(2) = Re{X(Q)}

x [n] < jB(Q) = j Im{X(Q)}
Show that

1

|Q|=n
Let
uln] < X(Q)

Now, note that

0[n] = u[n] — uln — 1]
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(6.141)

(6.142)

Taking the Fourier transform of both sides of the above expression and by Egs. (6.36) and (6.43), we have

1= — e72)X(Q)

Noting that (1 — 7% = 0 for Q = 0, X(Q) must be of the form

X(Q)=A6(Q)+

—o @ |Q|S7r

where A is a constant. To determine A we proceed as follows. From Eq. (1.5) the even component of u[n] is given by

11
u,[n] =3 +55["]
Then the odd component of u[n] is given by

u,[n]=uln]l—u,[n]=ul[n]— —%6[n]

1
2

1
—jQ

and F{u,[nl} =Ad(RQ)+ —Jré(Q)—%

From Eq. (6.63b) the Fourier transform of an odd real sequence must be purely imaginary. Thus, we must have

A = m, and

uln] <—>n6(£2)+%
1—e

) |Q|5”

Verify the accumulation property (6.57); that is,

d 1
E x[k]enX(O)a(Q)erx&) |Q|=n

k=—o
From Eq. (2.132)

n

E x[k]=x[n]*uln]

k=—o
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Thus, by the convolution theorem (6.58) and Eq. (6.142) we get

n

E x[k] < X(Q)

k=—o

1

1

since X(Q)8(Q) = X(0)8(Q) by Eq. (1.25).
6.30. Using the accumulation property (6.57) and Eq. (1.50), find the Fourier transform of u[n].

From Eq. (1.50)

uln]= i O[k]

k=—o

Now, from Eq. (6.36) we have
on] <1
Setting x[k] = d[k] in Eq. (6.57), we have

xn)=0n<XQ@=1 and  X0O0)=1

and u[n]:kzmé[k]end(g)-i-l_eijg |Q|=x
Frequency Response
6.31. A causal discrete-time LTI system is described by
y[n]—%y[n—l]+%y[n—2]=x[n] (6.143)

where x[n] and y[n] are the input and output of the system, respectively (Prob. 4.32).
(a) Determine the frequency response H(L2) of the system.

(b) Find the impulse response A[n] of the system.
(a) Taking the Fourier transform of Eq. (6.143), we obtain

Y(Q)— %e”"z Y(Q)+ %e*me(Q) =X(Q)

or
_3 —je_ 1 —pa _
1— 272+ 2722 y(@)= X(Q)
4 8
Thus,
Y(Q 1 1
H(Q)= ©) _ =
XQ@ _3eyl e (L1 e 1,0
4 8 2 4

(b) Using partial-fraction expansions, we have

HE) = 1 _ 2 1

1= Lge|(ioL o) _Lpoe 1,
2 4 2 4




CHAPTER 6 Fourier Analysis of Discrete-Time

Taking the inverse Fourier transform of H(2), we obtain

{3 e

which is the same result obtained in Prob. 4.32(b).

h[n]=

6.32. Consider a discrete-time LTI system described by
[n]—l [n—l]—x[n]+lx[n—1]
TR 2

(a) Determine the frequency response H(L2) of the system.
(b) Find the impulse response h[n] of the system.

(¢) Determine its response y[n] to the input

T

x[n]=cos—n

2

(a) Taking the Fourier transform of Eq. (6.144), we obtain
Y@= e 2y(@Q)=X(Q) + ¢ 2x(Q)
Thus,

Y@ 1+—e

X©@ _1, e
2

H(Q)=

1 1 —je

(b) HQ)= +- L

l—lefjQ 2 l—leﬁQ
2 2

Taking the inverse Fourier transform of H(2), we obtain
_1 1 n=0
(3 one3) o=y
hin]=|=| uln]l+=|= uln—1]= n-
=15 ) # T 513 (l) n=1
(¢) From Eq. (6.137)

X(Q)= n{a(g - f) + 5(9 + ﬁ)
2 2

Then

Y(Q) = X(Q) H(Q) = n[é(@ _g) +5(g +g)

l—lefjg2

14 L 1+ Lotinr
2

=g|—=— 6(Q—£)+n —2 |sle+Z
1= L 2 1= L rinn 2
2 2

1—,% . 1+j% .
=r 6(9—5)4-:1 6(9—1—5)

1 1
1+j— 1-j—
7 7

_ né(Q _ﬁ) e—jzum“(l/z) n nd(Q +£)ej2tan_'(l/2)
2 2

)
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(6.144)
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Taking the inverse Fourier transform of Y(€2) and using Eq. (6.135), we get

yinl= lej(n/z)ne—jzmn"(l/z) n le—j(n/z) I 2an12)
2 2
=cos En —2tan”" l
2 2
6.33. Consider a discrete-time LTI system with impulse response

hin]= sin(ztn/4)

an

Find the output y[n] if the input x[n] is a periodic sequence with fundamental period N, = 5 as shown
in Fig. 6-17.

x[n]

SN 11 DO 1 S 1 B

-2-101 2 383 45

Fig. 6-17
From Eq. (6.134) we have
1 |Q|=m/4
H(Q)=
0 n/4<|Q|=n

Since Q; = 2n/N, = 27/5 and the filter passes only frequencies in the range |Q| = m/4, only the dc term is
passed through. From Fig. 6-17 and Eq. (6.11)

I —;rgox[n] = g
Thus, the output y[n] is given by
y[n]= g alln
6.34. Consider the discrete-time LTI system shown in Fig. 6-18.
(a) Find the frequency response H(Q2) of the system.
(b) Find the impulse response h[n] of the system.

(c) Sketch the magnitude response | H(Q)| and the phase response 6(<Q).
(d) Find the 3-dB bandwidth of the system.

(a) From Fig. 6-18 we have

yln] = x[n] + x[n — 1] (6.145)

x[n]

o) yin]
+ Ll
+

v

Fig. 6-18
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Taking the Fourier transform of Eq. (6.145) and by Eq. (6.77), we have

_Y©@
X(Q)

=2€7’Q/200s(g22) |Q|=n

H(Q)

:]+e—jQ :e—]Q/Z (e]Q/Z +e—jQ/2)

(b) By the definition of k[n] [Eq. (2.30)] and Eq. (6.145) we obtain

h[n]=6[n]+d[n—1]

L 0=n=1
o 1= 0 otherwise
(¢) From Eq. (6.146)
| H(Q)|=2cos gzz |Q|=n
Q
and G(Q):_E |Q|S7r

which are sketched in Fig. 6-19.

1 )
-n _r Q
2
0(Q)
T
2
1 1 1 1 >
-7 0 n Q
LT
2
Fig. 6-19

(d) LetQ,, be the 3-dB bandwidth of the system. Then by definition (Sec. 5.7)

H(Q345) :i| HQ)| ..
V2

we obtain

Q
cos( ;dB)=l and Q348 =z

2 2
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(6.146)

We see that the system is a discrete-time wideband low-pass finite impulse response (FIR) filter (Sec. 2.9C).
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6.35. Consider the discrete-time LTI system shown in Fig. 6-20, where a is a constantand 0 < a < 1.

x[n] ~N yin]
P =

\
A

Fig. 6-20

(a) Find the frequency response H(Q) of the system.
(b) Find the impulse response Ah[n] of the system.
(c) Sketch the magnitude response | H(Q)| of the system fora = 0.9 anda = 0.5.

(a) From Fig. 6-20 we have

ylnl — ayln — 1] = x[n] (6.147)

Taking the Fourier transform of Eq. (6.147) and by Eq. (6.77), we have

1

HQ)=—— al<l (6.148)
1*06719 | |
(b) Using Eq. (6.37), we obtain

h|n] = a"uln]
(¢) From Eq. (6.148)

HQ)=— = S
1—ae™”’ 1 —acos Q+ jasin Q
and
1 1

|HQ)|= (6.149)

[(1 —acos Q)% + (asin Q)2 ]]/2 (1+a* —2acos Q)"

which is sketched in Fig. 6-21 fora =09 anda =0.5.

We see that the system is a discrete-time low-pass infinite impulse response (IIR) filter (Sec. 2.9C).

[H(C)]

a=0.9

ola b

Fig. 6-21
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6.36.

Let iy b
Show that a discrete-time filter whose impulse response h[n] is given by

hln] = (= 1)"hy pln]
is a high-pass filter with the frequency response

H(Q) = H| ,,(Q — m)
Since —1 = e/™, we can write

hinl = (= 1)"hypeln] = €™ hy (0]

299

[1] be the impulse response of a discrete-time low-pass filter with frequency response H, ,(€2).

(6.150)

(6.151)

(6.152)

Taking the Fourier transform of Eq. (6.152) and using the frequency-shifting property (6.44), we obtain

H(Q) = H,,,(Q — )

which represents the frequency response of a high-pass filter. This is illustrated in Fig. 6-22.

Hy pr(

Q) H(Q) = H| pe(Q—m)

v

6.37.

-7 -Q 0 Q T Q T -t -Q 0

(o] Cc

Fig. 6-22 Transformation of a low-pass filter to a high-pass filter.

Show that if a discrete-time low-pass filter is described by the difference equation
N M
yln]=-— Eaky[n—k]+ Ebkx[n—k]
k=1 k=0
then the discrete-time filter described by
N k N k
yinl== Y D'ayln—k1+ Y (=1 b x[n — k]

k=1 k=0

is a high-pass filter.

(6.153)

(6.154)

Taking the Fourier transform of Eq. (6.153), we obtain the frequency response H, ,.(Q) of the low-pass filter as

M
2 bke—jkg
Y () _ k=0

X(©Q) NPT
1+ ) e’

Hypp(Q)=

If we replace Q by (Q — =) in Eq. (6.155), then we have

M M
2 bke—jk(sz—n) E by (— ke ke
£=0 =0

Hypp ()= Hypp (R —7) = N = N

1+ E age FET 14 E (=D e %
k=1

k

1

(6.155)

(6.156)
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which corresponds to the difference equation
N M
yinl== Y (=D'a yln—kl+ Y (= D'b x[n—k]
=1 k=0

6.38. Convert the discrete-time low-pass filter shown in Fig. 6-18 (Prob. 6.34) to a high-pass filter.

From Prob. 6.34 the discrete-time low-pass filter shown in Fig. 6-18 is described by [Eq. (6.145)]
yln] = x[n] + x[n — 1]
(6.157)

Using Eq. (6.154), the converted high-pass filter is described by
yln] = x[n] — x[n — 1]

which leads to the circuit diagram in Fig. 6-23. Taking the Fourier transform of Eq. (6.157) and by Eq. (6.77),

we have
H(Q)=1— ¢ /9 = ¢ I (oI _ ,~/202y
i — Q
= j2e /%? sin— =2¢/T72 sin— |Q|=x (6.158)
From Eq. (6.158)
|H@)|=2 sin(Q)‘ Q)=
2
(r—Q)/2 0<Q<m
and Q)=
(—r—Q)/2 —T1=Q<0
which are sketched in Fig. 6-24. We see that the system is a discrete-time high-pass FIR filter
x[n] o) yin]
V\ Ll
B ¥ B
» !
Fig. 6-23
H<Q)|
2 -
1 1 1 »
—7T — E 0 E Tt Q
2 2
6(<)
x
2
L 1 1 »
—n 0 T Q
_T
2

Fig. 6-24
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6.39. The system function H(z) of a causal discrete-time LTI system is given by

6.40.

b+z!
—1

H(z)=
@ 1—az

301

(6.159)

where a is real and |a| < 1. Find the value of b so that the frequency response H(Q2) of the system

satisfies the condition
|HQ)| =1 all Q

Such a system is called an all-pass filter.

By Eq. (6.34) the frequency response of the system is

b+e I
H@Q=H®)| _ e ]
Then, by Eq. (6.160)
b+e ®
[H@)|=|——5
1—ae™’
which leads to
|b+e7¢| = |1 —ae /9|
or |b+cosQ—jsin Q| = |1 —acos Q + jasin Q|
or 1+0*+2bcosQ=1+da>—2acos Q

and we see that if b = —a, Eq. (6.162) holds for all € and Eq. (6.160) is satisfied.

Let h[n] be the impulse response of an FIR filter so that
h[n] =0 n<0,n=N
Assume that h[n] is real and let the frequency response H(2) be expressed as

HQ) = |H(Q)|e/®

(a) Find the phase response 6(£2) when h[n] satisfies the condition [Fig. 6-25(a)]

hin] = h[N — 1 — n]

(b) Find the phase response 6(£2) when /h[n] satisfies the condition [Fig. 6-25(b)]

hln] = —h[N — 1 — n]

(a) Taking the Fourier transform of Eq. (6.163) and using Egs. (6.43), (6.46), and (6.62), we obtain

H(Q) = H*(Q) e~ 1V~ D2
or |H(Q)| e/¥@ = |H(Q)| e /9@ =N~ D2

Thus,
0(Q)=—0(Q—(N—-1)Q

and B(Q)=—%(N—1)Q

which indicates that the phase response is linear.

(6.160)

(6.161)

(6.162)

(6.163)

(6.164)

(6.165)
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hin] hin]
N odd : N even
@ I I 0@ > & I I @ >
0 N—-1 N n 0 N-1 N n
2 2
@
hin] hin]
: I N odd E N even
—e— 1 I o > o :I o >
0 N—-1 N n 0 N n
2
®
b
® N-1
2
Fig. 6-25
(b) Similarly, taking the Fourier transform of Eq. (6.164), we get
H(Q) = —H*(Q) ¢ /N~ D2
or |H(Q)| e/ = |H(Q)|e/m e 10 =iV = DO
Thus,
0(Q)=7—-6(Q)—(N—-1DQ
and 9(9):%—%(1\/—1)9 (6.166)

which indicates that the phase response is also linear.

6.41. Consider a three-point moving-average discrete-time filter described by the difference equation

(@)
®)
(©)

(@)

vin] =§{x[n] +x[n—11+x[n—2])

Find and sketch the impulse response h[n] of the filter.
Find the frequency response H(L2) of the filter.
Sketch the magnitude response |H(€2)| and the phase response 6(Q2) of the filter.

By the definition of Ai[n] [Eq. (2.30)] we have
hin] =%{6[n]+5[n —1]+8[n—2]

0=n=2
or hin]=

S W=

otherwise

(6.167)

(6.168)
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IH(€)]
1
hin] 1 1 1 L,
- _2n 0 2n T Q
1 3 3
3
0(Q)
T
—0 —0 > r =
0123 n 2
@) L 1 1 \4 >
_ T 0 EI Q
TN 5 5 : T
L _T
2
(b)
Fig. 6-26
which is sketched in Fig. 6-26(a). Note that h[n] satisfies the condition (6.163) with N = 3.
(b) Taking the Fourier transform of Eq. (6.168), we have
H(Q)= %{1 e 12472
By Eq. (1.90), with a = ¢ 7%, we get
_ -j3a —j3Q, j3Q12 _ —j3Q/2
H@-1lze __lel e “ze )
3 1—e Jj 3 e jQ/Z(ejQ/Z_e ]Q/Z)
_ le,jg slf](3§2 /2) =H (Q) oI (6.169)
3 sin(Q/2)
1 sin(3Q/2)
h H(Q)=————7" .1
where D=3 @) (6.170)
(¢) From Eq. (6.169)
1]sin(3Q2/2
| H@)|=| H, @)= [2RC2/2)
3| sin(€2/2)
-Q when H,(Q)>0
and 0(Q)=
—-Q+m when H,(Q) <0

which are sketched in Fig. 6-26(b). We see that the system is a low-pass FIR filter with linear phase.

6.42. Consider a causal discrete-time FIR filter described by the impulse response

(@)
(b)
(©)

hln] ={2,2,-2, -2}

Sketch the impulse response h[n] of the filter.
Find the frequency response H(€2) of the filter.
Sketch the magnitude response | H(Q)| and the phase response 6(Q) of the filter.
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(a) The impulse response h[n] is sketched in Fig. 6-27(a). Note that i[n] satisfies the condition (6.164) with
N=4.

(b) By definition (6.27)
H(Q)= E hn]e /¥ =2 426779 — 27729 —0,773¢
[t
=2(1—e )+ 2(e7 12 — 72
_ 2e—j39/2(ej39/2 _ e—j39/2) + 2e—j3§z/2(ej§z/2 _ e—jsm)

L _j Q. 3Q il(x/2)—
= je j3Qn2 (51n2+51112):Hr(9) /1(1/2)=(3Q/2)] 6.171)

where H,(Q)=sin (2) + sin (3? )

(¢) From Eq. (6.171)
2 2

21220 H,(2)>0
0(Q)= 3
—7/2-20 H,(2)<0

|H@)|=|H.(@)|=

which are sketched in Fig. 6-27(b). We see that the system is a bandpass FIR filter with linear phase.

IH()
1.54
hin] ;E T'E >
- —= 0 = T Q
2 2
2@
0(Q)
2 3 L
— oo
01 4 n
kg
2 \
-2 I I I I

Fig. 6-27

Simulation

6.43. Consider the RC low-pass filter shown in Fig. 6-28(a) with RC = 1.

(a) Construct a discrete-time filter such that

hglnl=h,(0)| _ . =h.(nT)) (6.172)
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where A (7) is the impulse response of the RC filter, /2 [n] is the impulse response of the discrete-
time filter, and 7', is a positive number to be chosen as part of the design procedures.

(b) Plot the magnitude response |H (w)| of the RC filter and the magnitude response |H (wT,)| of the
discrete-time filter for 7. = 1and T, = 0.1.

R
MWV
+
x(t) -_—cC y(t)
(@)
X[n] LG\ Y[n]
+V
+
e’ s
z' |«
(b)

Fig. 6-28 Simulation of an RC filter by the impulse invariance method.

(a) The system function H (s) of the RC filter is given by (Prob. 3.23)

1
H”(S):ﬁ (6.173)
and the impulse response A (t) is
h () = e 'u(t) (6.174)
By Eq. (6.172) the corresponding i [n] is given by
hylnl=e "Suln]= (e )" uln] (6.175)

Then, taking the z-transform of Eq. (6.175), the system function H (z) of the discrete-time filter is given by

Hd(Z):l 1

— eirs 27
from which we obtain the difference equation describing the discrete-time filter as
y[n] — e Tsy[n — 1] = x[n] (6.176)

from which the discrete-time filter that simulates the RC filter is shown in Fig. 6-28(b).
(b) By Eq.(5.40)

1
Hc(‘”)*Hf(s)ls:jwfjwﬂ
Th |H ( )|=;
en @ (1+w?)?
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By Eqgs. (6.34) and (6.81)
1

Hy@T)=Hy @, _jor. =

From Eq. (6.149)

1
|H,(T,)|=
o [l +e s —2e7Ts cos(wTs)]l/2
FromT =1,
1
|Hd(wTs)| = - 2 12
[1 +e °—2e cos(w)]
ForT =0.1,
1
| Hy(oT,)|=

[1 +e702 -0 0! cos(O.la))]l/2
The magnitude response |H (w)| of the RC filter and the magnitude response |H (wT,)| of the discrete-
time filter for 7, = 1 and 7, = 0.1 are plotted in Fig. 6-29. Note that the plots are scaled such that the
magnitudes at @ = 0 are normalized to 1.

The method utilized in this problem to construct a discrete-time system to simulate the continuous-
time system is known as the impulse-invariance method.

IH ()|

c

IH (Tl

c N

0.8

0.6

0.4

0.2
. H @)~ , )
0 5 10 15
Fig. 6-29

6.44. By applying the impulse-invariance method, determine the frequency response H (£2) of the discrete-time
system to simulate the continuous-time LTI system with the system function

1
H.(s)=————
(s+D(s+2)
Using the partial-fraction expansion, we have
1
H (s)=—"—
() s+l s+2

Thus, by Table 3-1 the impulse response of the continuous-time system is

h() = (e”" — e *u(r) (6.177)
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Let i, [n] be the impulse response of the discrete-time system. Then, by Eq. (6.177)
hy[n] = h (nT) = (e "Ts — e 2"T5)u[n]

and the system function of the discrete-time system is given by

1 1
Hd(z)zl_e_nrxz_l =T (6.178)

Thus, the frequency response H () of the discrete-time system is

1 1
Hy(@)=H, ()| _ e = T e T (6.179)

Note that if the system function of a continuous-time LTI system is given by

N Ak

H ()=

k=1

6.180
stoy ( )

then the impulse-invariance method yields the corresponding discrete-time system with the system function
H (z) given by

N Ak
Hd(z):E - (6.181)
k=1

1— e—aknTS z 1
6.45. A differentiator is a continuous-time LTI system with the system function [Eq. (3.20)]
H(s) =s (6.182)

A discrete-time LTI system is constructed by replacing s in H (s) by the following transformation
known as the bilinear transformation:

2 1-7"
§=— -
T, 1+

(6.183)

to simulate the differentiator. Again T in Eq. (6.183) is a positive number to be chosen as part of the
design procedure.

(@) Draw a diagram for the discrete-time system.

(b) Find the frequency response H (L) of the discrete-time system and plot its magnitude and phase
responses.

(a) LetH (z) be the system function of the discrete-time system. Then, from Egs. (6.182) and (6.183) we have

21-7"
H;(z)=—
al T, 1+

(6.184)

Writing H (z) as

T.

s

Hd(Z):2(1+1Z1 )(1 -z h

then, from Probs. (6.35) and (6.38) the discrete-time system can be constructed as a cascade connection
of two systems as shown in Fig. 6-30(a). From Fig. 6-30(a) it is seen that we can replace two unit-delay
elements by one unit-delay element as shown in Fig. 6-30(b).

(b) By Eq. (6.184) the frequency response H (€2) of the discrete-time system is given by

@) 21— 7R g IV _ iRy
d T, 1+e /@ T, ¢ 192092 4 77902y

. 2 sinQ/2 . 2 Q 2 Q jmi2
=j————=j—tan—=—tan—e (6.185)
T, cosQ/2 T, 2 T 2

s s s
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x[n] yin]

+v

N
N
A
v
N

x[n]

+ v

(b)
Fig. 6-30 Simulation of a differentiator.

Note that when Q << 1, we have

2 Q Q
H,(Q=j—tan—=j—=jo 6.186
a(82) JTS 5 JTS J ( )
If Q = T, (Fig. 6-31).
gtang
TS 2
/ =
)
/' Ts

tel 4

R it

N
N
\

.

N

Fig. 6-31
6.46. Consider designing a discrete-time LTI system with system function H (z) obtained by applying the
bilinear transformation to a continuous-time LTI system with rational system function H (s). That is,
H,@2) = HC(S)|s=(2/TS)(1 —ha+h (6.187)
Show that a stable, causal continuous-time system will always lead to a stable, causal discrete-time system.
Consider the bilinear transformation of Eq. (6.183)

21-z7""

s= -
T, 1+z

(6.188)
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Solving Eq. (6.188) for z, we obtain

14+ (T, /2)s 6.189
= .
1—(T,/2)s ( )
Setting s = jwin Eq. (6.189), we get
1+ jo(T, /12
|2|=| el D)), (6.190)
1—jow (T, /2)
Thus, we see that the jw-axis of the s-plane is transformed into the unit circle of the z-plane. Let
z=rel® and s=0+jo
Then from Eq. (6.188)
_2z-1_2r%-1
T, z+1 T, re’® +1
_2 -1 j 2rsin Q
T, \1+ 72 +2rcosQ 1+ 7% +2rcos Q
Hence,
2 r?—1
o= (6.191a)
T, 1+r°+2rcosQ
2 2rsin
o= (6.191b)
T, 1+7r° +2rcos Q

From Eq. (6.191a) we see that if » < 1, then 0<0, and if »> 1, then 0> 0. Consequently, the left-hand plane (LHP)
in s maps into the inside of the unit circle in the z-plane, and the right-hand plane (RHP) in s maps into the outside of
the unit circle (Fig. 6-32). Thus, we conclude that a stable, causal continuous-time system will lead to a stable, causal
discrete-time system with a bilinear transformation (see Sec. 3.6B and Sec. 4.6B). When r = 1, then o= 0 and

2 sinQ 2

Q
w=— =—tan— (6.192)
T, 1+cosQ T, 2

or Q=2tan"! “’;‘ (6.193)

From Eq. (6.193) we see that the entire range — < @ < % is mapped only into the range —7= Q = 7.

7

s-plane z-plane

v
v

Unit circle
lz| =1

Fig. 6-32 Bilinear transformation.
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Consider the low-pass RC filter in Fig. 6-28(a). Design a low-pass discrete-time filter by the bilinear
transformation method such that its 3-dB bandwidth is 7 /4.

Using Eq. (6.192), Q, ,, = 7/4 corresponds to

2 Q 2 82
Wy4g = —tan SdeZFtan%=Of‘78 (6.194)

s s

From Prob. 5.55(a), w; ;; = 1/RC. Thus, the system function H (s) of the RC filter is given by

0.828/T,

H (s)=—22""s
= T ossT

(6.195)

Let H (z) be the system function of the desired discrete-time filter. Applying the bilinear transformation
(6.183) to Eq. (6.195), we get

0.828/T, 0293(1+7"
H,(z)= 2877, 02930z ) (6.196)
21—z +O.828 1-0414z
Toi+z' T,
from which the system in Fig. 6-33 results. The frequency response of the discrete-time filter is
0293(1+¢ 7
Hy@=22201e 2D (6.197)
1—0414¢™’

AtQ=0,H/(0) =1,and at Q = 7/4, |Hd(n/4)| =0.707 = l/ﬁ, which is the desired response.

il 0.293 -
x[n yin
>(2)

+ +
+ +

v
™M

Fig. 6-33 Simulation of an RC filter by the bilinear transformation method.

Let h[n] denote the impulse response of a desired IIR filter with frequency response H(L2) and let & [n]
denote the impulse response of an FIR filter of length N with frequency response H (€2). Show that
when

P B h[n] 0=n=N-1 6.108
olnl= 0 otherwise (6.198)
the mean-square error £2 defined by
2 1 JT 2
€ =—f |HQ) —H,(Q)] dQ (6.199)
2gd-—n

is minimized.

By definition (6.27)

HQ= Y hlnle’™ and  H,(@)= Y h,[n]e ™

n=—oo n=—oo
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Let E@=H®Q)~H, @)=Y (ln]—h,n)e ™

= E e[n]eijgn (6200)

n=—oo

where e[n] = h[n] — h [n]. By Parseval’s theorem (6.66) we have

- f |E@)[} d@ = E leln]| = i | hln] = h[n]]°

N-1 -1 x
= S |alnl=nll [+ [ntdf + 3 |l (6.201)
n=0 n=—ow n=N

The last two terms in Eq. (6.201) are two positive constants. Thus, 2 is minimized when
hln] — h[n] =0 0=n=N-1
that is,
hln] = h [n] 0=n=N-1
Note that Eq. (6.198) can be expressed as
h [n] = h[n]w(n] (6.202)
where w[n] is known as a rectangular window function given by

O0=n=N-1

1
= 6.203
winl {0 otherwise ( )

Discrete Fourier Transform

6.49. Find the N-point DFT of the following sequences x[n]:
(@) x[n] = 6[n]
() x[n] = uln] — uln — N]
(a) From definitions (6.92) and (1.45), we have
N—1

X(k1= Y dlnlwy' =1 k=0,1,..,N~1

Fig. 6-34 shows x[n] and its N-point DFT X [k].

x[n] X[K]

1 1
I I
oo >

0 N-1 n 0 N-—1

xVv

Fig. 6-34
(b) Again from definitions (6.92) and (1.44) and using Eq. (1.90), we obtain

—wk
X[k]= 2 = N=o k#0
l—WN
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since WAV = ¢ JCTIMIN = jk2m = 7 |

N-1

X[0]= EW;}:Nil:N
n=0 n=0

Fig. 6-35 shows x[n] and its N-point DFT X[k] .

x[n] X[K]

1117 N
> —0—©
0 N -1 n

Fig. 6-35

6.50. Consider two sequences x[n] and h[n] of length 4 given by

x[n]zcos(gn) n=0,1,2,3

h[n]=(L) n=0,1,2,3
2

(a) Calculate y[n] = x[n] ® h[n] by doing the circular convolution directly.
(b) Calculate y[n] by DFT.

(a) The sequences x[n] and h[n] can be expressed as
= — _ 1 11
x[n] ={1,0, —1,0} and h[n]_{1’772’§}
By Eq. (6.108)

3
yIn=x[n]@®hln]="Y x[ilh[n = ilnoqs

i=0

The sequences x[i] and A[n —i]  ,, forn =0, 1,2, 3 are plotted in Fig. 6-36(a). Thus, by Eq. (6.108) we get

n=0 y[01=1() + (- 1)( )—2
1 1) 3
=1 11=1]— -Dl=|==
n v (2)+( )(8) g
_ Al e —pnm=_3
n=2 y[2] 1(4)+( D) 2
1 3
- =1|— 1 =
n=3 y[3] (8)+( )( ) <
33
d ]2 2 >
o Y] {4 8’ 4’ 8}

which is plotted in Fig. 6-36(b).
(b) By Eq.(6.92)

3
X(kl1= 3 x(nW," =1-w;*  k=0,1,2,3
n=0

3
. 1 1 1
Hik]=Y h[nIW, =1+5W4" +ZW42" +§W43" k=0,1,2,3
n=0
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Then by Eq. (6.107) the DFT of y[n] is

Y[k]1= X[k1H K] =(1—- W) |1+ %Wf + lef" + %Wf"

Lok 3o 35 Loae  1se
=1+ - 2wk - 2wk - S ——w
S e T e g4 e g4

Since W= (W} = 1¥and W,>* = W,¢* Dk = Wk we obtain

3 3 k 3 2k 3 3k
Y[kl=2+-W}f — 2w - 2w k=0,1,2,3
=g tgWe Wi —g Wi

Thus, by the definition of DFT [Eq. (6.92)] we get

m=[33 3.3
y 2’8 27 3

x[i] h{—i]
o 1
11 1
2 2
2 ?
0

v
v

I 4
I 4

—_

| =

h[n_i] mod 4 h[n_i] mod 4
1
I n=2 1 ‘ n=3
11 1]
o X ! X
0123 0123

o
N . )
@l N\D
[ S— )
v

Fig. 6-36
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6.51. Consider the finite-length complex exponential sequence

" 0=p=N-1
x[n]= .
0 otherwise
(a) Find the Fourier transform X(€2) of x[n].
(b) Find the N-point DFT X[k] of x[n].

(a) From Eq. (6.27) and using Eq. (1.90), we have

Y N-1 N-1
X(Q): E x[n] e*]Qn — E 6190"6719" — E 671(9790)"
n=—o n=0 n=0

|— o i@ QN @ QN2 (ej(Q—QO)N/z _ g I(Q=Q)IN2

| —e i@ e—j(Q—Qowz(e.i(sz—szo)/z _e—.f@—szo)/z)

_ ej(g,go)(N,I)/z Sln[(Q - QO )N/2]
sin[(Q —€Q,)/2]

(b) Note from Eq. (6.98) that

k2m
X[k]:X(Q)|Q=k2n/N :X( J
N
we obtain
sin[(zﬂk -Q, %

X[k]= /2TINIk= Q0 JUN ~1)/2]

sin|| 22X k-, |-
N 2

6.52. Show that if x[n] is real, then its DFT X[k] satisfies the relation

X[N — k] = X*[k]
where * denotes the complex conjugate.

From Eq. (6.92)

N-1 N-1
X[N — k] — E x[n] W]S/ka)n — E x[n] e*/(Zﬂ/N)(N*k)n
n=0 n=0
Now e*j(Zn/N)(N*k)n — e*j2fmej(2n/N)kn — ej(2f[/N)kn

Hence, if x[n] is real, then x*[n] = x[n] and

N-1 N-1 *
X[N —k]= E x[n]ej(Zﬂ/N)kn _ |: E x[n] e*j(ZJT/N)kn =X *[k]

n=0 n=0

6.53. Show that
x[n]=IDFT{X[k]} = %[DFT{X k1™

where * denotes the complex conjugate and
X[k] = DFT{x[n]}
We can write Eq. (6.94) as

N

1S : 1
x[n]=— E X[k]e/CmNkn | —
(] N |,&, L] N

N-1 *
E X *[k] ej(2n:/N)nk:|
n=0

(6.204)

(6.205)
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Noting that the term in brackets in the last term is the DFT of X*[k], we get

x[n]=IDFT{X[k]} = %[DFT{X k1]

which shows that the same algorithm used to evaluate the DFT can be used to evaluate the IDFT.

6.54. The DFT definition in Eq. (6.92) can be expressed in a matrix operation form as

where

The N X N matrix W, is known as the DFT matrix. Note that W, is symmetric; that is, WA{ =W,

X = Wx (6.206)
x[0] X[0]
x[1 X[
o] W x|
x[N —1] X[N —1]
11 1 1
1 Wy wi oo owy !
Wy=[1 W2 Wh o WD (6.207)
1 Wzirv_l WN2(N—1) W]f]N—l)(N—l)

N

where WY is the transpose of W,..
(a) Show that

IR
w,' = Wy (6.208)

where W' !'is the inverse of W, and sz;k is the complex conjugate of W,,.

(b) Find W, and W, ! explicitly.

(@)

(b)

If we assume that the inverse of W, exists, then multiplying both sides of Eq. (6.206) by WN_I, we obtain
x =W, 'X (6.209)
which is just an expression for the IDFT. The IDFT as given by Eq. (6.94) can be expressed in matrix form as
| B—
x:ﬁWNX (6.210)

Comparing Eq. (6.210) with Eq. (6.209), we conclude that

o1 *
WN = N WN
LetW Lkt denote the entry in the (n + 1)st row and (k + 1)st column of the W, matrix. Then, from
Eq. (6.207)

w Lk :W4nk :efj(2n/4)nk :efj(ﬂ/Z)nk :(_j)nk (6211)

n

and we have

1 11 1
I L At B -1
1 -1 1 -1
1 j -1 —j

(6.212)
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(a) Find the DFT X[k] of x[n] = {0, 1,2, 3}.
(b) Find the IDFT x[n] from X[k] obtained in part (a).

(a) Using Egs. (6.206) and (6.212), the DFT X[k] of x[n] is given by

xXo1m o111 6
x| |t —-j -1 |-2+2

0

1
x21l 1 -1 1 =12 -2
x|l [t j -1 —j||3] |-2-j2

(b) Using Eqgs. (6.209) and (6.212), the IDFT x[n] of X[k] is given by

x[0] 1 1 1 1 6 0 0
AU 1|t -1 —j|{=2+2] 14| |1
x21] 4|1 -1 o1 -] -2 | 48] |2
x[3] 1 —j -1 jl|-2—-j2 12| |3
Let x[n] be a sequence of finite length N such that
x[n] =0 n<0,n=N (6.213)
Let the N-point DFT X[k] of x[n] be given by [Eq. (6.92)]
N-1 '
X[(kl1= 3 x[nWy" Wy =e /N k=01, ,N~1 (6.214)
n=0
Suppose N is even and let
fln] = x[2n] (6.215a)
gln] = x[2n + 1] (6.215b)

The sequences f[n] and g[n] represent the even-numbered and odd-numbered samples of x[n], respectively.
(a) Show that

fln]l=g[n]=0 outsideOSnS%—l (6.216)

(b) Show that the N-point DFT X[k] of x[n] can be expressed as

N
X[k]=F[k]+ Wy G[k] k=0,1,...,3—1 (6.217a)
X[k+%]:F[k]—W/JG[k] k=0,1,...,%—1 (6.217b)
(N/2)—1 N
where Flkl= Y flnlWy) k=0,1,..., 2 =1 (6.218a)
n=0
(N/2)—1 N
Glkl= > glnlWyjs k=012 ~1 (6.218b)
n=0

(¢) Draw a flow graph to illustrate the evaluation of X[k] from Eqs. (6.217a) and (6.217b) with N = 8.

(d) Assume that x[n] is complex and W;** have been precomputed. Determine the numbers of complex
multiplications required to evaluate X[k] from Eq. (6.214) and from Egs. (6.217a) and (6.217b) and
compare the results for N = 20 = 1024.
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(a) From Eq. (6.213)

fIn]l=x[2n]=0,n<0 and f[%]=x[N]=0
Thus Fln]=0 n<0,n2%
Similarly
N
gln]l=x[2n+1]=0,n<0 and g[;}=x[N+1]=0
Thus, g[n]=0 n<0,n2%

(b) We rewrite Eq. (6.214) as

X[kl= 3 xln]Wy" + Y x[n] Wy"

neven nodd
(N/2)—1 (N/2)—1
= 3 x2mwgmt+ Y x2m 1w (6.219)
m=0 m=0
But W]\% — (e*j(Zn/N))Z — e*j(4il’/N) — e*j(Q]!/N/Z) — WN/2 (6220)

With this substitution Eq. (6.219) can be expressed as

(N/2)-1 . (N12)—1 .
X[kl= Y flmWy, +Wy Y glmIWy,
m=0 m=0
=F[k]+W,]\;G[k] k=0,1,....,.N—1 (6.221)
(N12)—1 . N
where Flk]= n]Wy'- k=0,1,...,——1
(K] ZO FInIWy, >
(N/2)-1 . N
Glk]l= W k=0,1,...,.——1
(k] nZO glnlWy 5

Note that F[k] and G[k] are the (N/2)-point DFTSs of f [n] and g[n], respectively. Now
k+N/2
Wyt =wiwh? =—wk (6.222)
since W2 = (e TFNNNID = pmim = | (6.223)

Hence, Eq. (6.221) can be expressed as
X[k]=F[k]+Wg G[k]  k=0,1,...,
N k
X k+; =F[k]—Wy G[k] k=0,1,...,

(¢) The flow graph illustrating the steps involved in determining X[k] by Eqs. (6.217a) and (6.217b) is
shown in Fig. 6-37.

(d) To evaluate a value of X[k] from Eq. (6.214) requires N complex multiplications. Thus, the total number of
complex multiplications based on Eq. (6.214) is N2. The number of complex multiplications in evaluating
F[k] or G[k] is (N/2)?. In addition, there are N multiplications involved in the evaluation of Vl{j‘G[k]. Thus,
the total number of complex multiplications based on Egs. (6.217a) and (6.217b) is 2(N/2)*> + N = N%/2 +
N. For N = 2'0 = 1024 the total number of complex multiplications based on Eq. (6.214) is 2*°~ 10° and is
10°/2 + 1024 = 10%2 based on Egs. (6.217a) and (6.217b). So we see that the number of multiplications is
reduced approximately by a factor of 2 based on Eqs. (6.217a) and (6.217b).

The method of evaluating X[k] based on Eqgs. (6.217a) and (6.217b) is known as the decimation-in-time fast

Fourier transform (FFT) algorithm. Note that since N/2 is even, using the same procedure, F[k] and G[k] can
be found by first determining the (V/4)-point DFTs of appropriately chosen sequences and combining them.
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X[0] F10) — X[0]
F1] /
x[2] > X1
4-point Fl2l /
x[6] ) »— X[3]
G[0]
x[1] > X[4]
G[1] 8
x[3] 4-point '7/1 ~— X[5]
X Glel X[6]
5] DFT > >
w2 1
X[7] G e \~\ X[7]

3 T
A 1

Fig. 6-37 Flow graph for an 8-point decimation-in-time FFT algorithm.

6.57. Consider a sequence
x[nl={1,1,—-1,-1,—-1,1,1, -1}

Determine the DFT X[k] of x[n] using the decimation-in-time FFT algorithm.

From Figs. 6-38(a) and (b), the phase factors Vl{"" and ka are easily found as follows:

w) =1 w)=—j Wi=-1 W)=
1 1 1 1
and Wy =1 Wy =—F—=—j— Wg=—j Wg=——4—j—
8 8 ) J 1—2 8 J 8 \/5 J 5
1 1 1 1
Wg=—1 W=——Ff+jF= W= Wy =—=+j—
8 8 /—2 J /—2 8 J 8 5 j\/E

Next, from Egs. (6.215a) and (6.215b)

Jn] = x[2n] = {x[0], x[2], x[4], x[6]} = {1, =1, =1, 1}
glnl = x[2n + 1] = {x[1], x[3], x[5]. x[7]} = {1, =1, 1, =1}

Then, using Eqs. (6.206) and (6.212), we have

(FlO]7 [1 1 1 1j[ 11 [ O
Flul| |1 —j =1 j||-1] [|2+/2
Fi21l |t -1t 1 =1||-1] | o
FI31l [t j —1 —j|| 1| |2—-j2
G011 11 1 117 11 [0
G| [t —j -1 jl|-1] |o
621l 1 -1 1 —1|| 1| |4
GI31| |t j -1 —j||-1] |o
and by Eqgs. (6.217a) and (6.217b) we obtain
X[0] = F[0] + W G[0] =0 X[4] = FI0] — W G[0] =0

X[1]1=F[1]1+ WIG[11=2+,2 X[5] =F[1] - W/G[1] =2 + j2
X[2] = F[2] + W2G[2] = —j4 X[6] = F[2] — W2G[2] = j4
X[3] = F[3] + W3G[31 =2 —j2  X[7] = FI3] - W2G[3] =2 — 2

Noting that since x[n] is real and using Eq. (6.204), X[7], X[6], and X[5] can be easily obtained by taking
the conjugates of X[1], X[2], and X[3], respectively.
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|z|=1

Fig. 6-38 Phase factors W, and Wg.

6.58. Let x[n] be a sequence of finite length N such that

x[n] =0 n<0,n=N

Let the N-point DFT X[k] of x[n] be given by [Eq. (6.92)]

N-1

X[k =3 xlnlwy" Wy =e TV k=01,

n=0

Suppose N is even and let

p[n]=x[n]+x[n+%] OSn<%

q[n]Z(x[n]—x n+%

(a) Show that the N-point DFT X[k] of x[n] can be expressed as

X[2k]= P[k] k=0,1,...,g—1
N
X[2k +11=0Q[k] k:0,1,...,3—1
(N/2)—1 } N
h Plk]= n] Wy k=0,1,...,——
where [k] nZO pnl Wy, B
(N/2)—1 . N
k1= Wk k=0,1,...,——
QO[k] ,,Zo qln1 Wy >

)WN" 0=n<—

2

1

319

(6.224)

(6.2252)

(6.225b)

(6.226a)

(6.226b)

(6.227a)

(6.227b)

(b) Draw a flow graph to illustrate the evaluation of X[k] from Eqs. (6.226a) and (6.226b) with N = 8.

(a) We rewrite Eq. (6.224) as

(N/2)—1 N-1
X[k]= E x[n]WE" + E x[n] Wi

n=0 n=N/2

(6.228)
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(b)
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Changing the variable n = m + N/2 in the second term of Eq. (6.228), we have

g kn (1\//2)/<(N/2)71 N km
X[k]= ,,20 x[n]Wy" + Wy mzo x [m +5} Wy (6.229)
Noting that [Eq. (6.223)]
WN/Z)I( _ (,l)k

Eq. (6.229) can be expressed as

(N/2)—1 N
X[k]= E {x[n]+(— D x[n+2”w/;” (6.230)
n=0
For k even, setting k = 2rin Eq. (6.230), we have
(N/2)-1 5 (N/2)—1 N
X[2r]= Wy = Wy =0,1,...,——1 6.231
[2r] ZO plnlWy EO pllWy),  r > ( )

where the relation in Eq. (6.220) has been used. Similarly, for k odd, setting k = 2r + 1 in Eq. (6.230), we get

(N/2)—1 , (N/2)—1 N (6.232)
X[2r+1]= nWi" = n]w." r=0,1,...,——1 :
[ ] mZO q[n]Wy nZO qnlWy,, >

Equations (6.231) and (6.232) represent the (N/2)-point DFT of p[n] and g[n], respectively. Thus, Egs.
(6.231) and (6.232) can be rewritten as

X[2k]=P[k] k=0,1,...,%—1
N
X[2k +1]1=Qlk] k=0,1,...,5—1
(N/2)—1 . N
where Plk]= Wor k=0,1,...,——1
(k] EO plnlwy), >
(N/2)—1 . N
k]= n]Wy k=0,1,...,——1
O[k] 20 qlnl Wyl >

The flow graph illustrating the steps involved in determining X[k] by Eqs. (6.227a) and (6.227b) is
shown in Fig. 6-39.
The method of evaluating X[k] based on Eqs. (6.227a) and (6.227b) is known as the decimation-in-

[frequency fast Fourier transform (FFT) algorithm.

pl0]
pll

pl2]

x[2] B DFT |—— X[4]
X[3] ><></ Pl L X[e]

x[0] X[0]

x[1] X[2]

4-point

N

" ><><><>§ o, -

x[5] ><><\=\ il ZVS X[3]
—1 ql2l VV81 4-point

x[6] > > DFT —— X[9]
g W

x[7] — > X[7]
= "

o

Fig. 6-39 Flow graph for an 8-point decimation-in-frequency FFT algorithm.
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6.59. Using the decimation-in-frequency FFT technique, redo Prob. 6.57.
From Prob. 6.57
xn]={1,1,—-1,—-1,—-1,1,1, -1}
By Eqgs. (6.225a) and (6.225b) and using the values of W{" obtained in Prob. 6.57, we have
pln]=x[n] +x[n +%]
={d-1),d+1),(—1+1),(-1-1)}={0,2,0,2}
qln]= (x[n] —Xx [n + %D wg'

={A+DW.A—D W, (—1-Dw,(—1+1) WS}
={2,0, j2,0}
Then using Eqs. (6.206) and (6.212), we have

PO 1 L 1 11] O 0
P[1] _ 1 -5 -1 j 2 _ —j4
P21l [t -1 1 —1|| o] | o
P31 |1 -1 —j)|-2] |4
o017 11 1 177271 [2+j2
oIl |1 —j —1 j(lo]| (2—-,2
or21] [t =1 1 —1||j2]| |2+j2
0[3] 1 j -1 —j||0 2—j2

and by Eqgs. (6.226a) and (6.226b) we get

X[0] = P[0] =0 X[4] = P[2] =0
X[1]=0Q[0] =2 +j2 X[5]=0Q[2] =2 +j2
X[2] = P[1] = —j4 X[6] = P[3] = j4
X[Bl=0[11=2—,2 X[71=0[3]1=2 — 2

which are the same results obtained in Prob. 6.57.
6.60. Consider a causal continuous-time band-limited signal x(f) with the Fourier transform X(w). Let
x[n] = Tx(nT) (6.233)
where T is the sampling interval in the time domain. Let
X[k] = X(k A w) (6.234)
where Aw is the sampling interval in the frequency domain known as the frequency resolution. Let T,
be the record length of x(7), and let w,, be the highest frequency of x(¢). Show that x[n] and X[k] form an

N-point DFT pair if

—=—"=N and NE(ULTI

6.235
T Aw T ( )

Since x(f) = 0 for r < 0, the Fourier transform X(w) of x(¢) is given by [Eq. (5.31)]

X(@)=[" xye ™ dr=["xwye " di (6.236)
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Let T be the total recording time of x(7) required to evaluate X(w). Then the above integral can be
approximated by a finite series as

N-1
X(w)=At E x(t,) e I
n=0

where ¢ = n Arand T, = N At. Setting @ = o, in the above expression, we have

N-—1

X(@)=A1 Y x(t,)e " (6.237)
n=0

Next, since the highest frequency of x(¢) is ,,, the inverse Fourier transform of X(w) is given by [Eq. (5.32)]

1 . 1 ou ;
— Jjot — Jjot
x(t) —2nf_wX(w)e dw —znf_WM X (w) e’ dw (6.238)

Dividing the frequency range —w,, = w = w,,into N (even) intervals of length Aw, the above integral can be
approximated by

(N/2)-1 )
x="= Y X()e™
T ==Nn2

where 2w,, = N Aw. Setting 7 = ¢ in the above expression, we have

o V21 A
Xt)=5— > X(wp) e (6.239)
T k==N12

Since the highest frequency in x(7) is w,,, then from the sampling theorem (Prob. 5.59) we should sample x(#)
so that

21
—=2w
T M

s

where T is the sampling interval. Since T, = Az, selecting the largest value of Az (the Nyquist interval), we have

A t= L
Wy
w _aN
and Wy =—=—— 6.240
v (6.240)
Thus, N is a suitable even integer for which
T, 2 T
SO _ N and N=ZMTL (6.241)
T Aw 4

)

From Eq. (6.240) the frequency resolution Awis given by

_ 2wy _ 27N _2n

Aw N N T (6.242)
1 1
Lett = nAtand w, = k Aw. Then
T,2x 2m
tw, =mA)(kAw)=nk-L===""nk 6.243
2@ = (AL ( ) NT, N ( )
Substituting Eq. (6.243) into Eqgs. (6.237) and (6.239), we get
N-—1 )
X(kAw)= E Atx(nAr)e /3TN (6.244)
n=0
@ (N/2)—1
and x(nAn =" S X(kAw) 2N (6.245)

T ==N12
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6.61.

Rewrite Eq. (6.245) as

(N72)—1 -1
x(nAt) _ A0 E X(kAw) oI @TIN Ik E X(k Aw) o @INInk
2| k=—N/2

Then from Eq. (6.244) we note that X(kAw) is periodic in k with period N. Thus, changing the variable k = m
— Nin the second sum in the above expression, we get

Aw [V A N-1 ‘
x(nAt)=— E X (kAw) e/ @TNmk 1 E X (m A @) e/ @/Nonm
A= m=N/2
N-1
_Aw 2 X (k Aw) e/ 27Nk (6.246)
2 &,

Multiplying both sides of Eq. (6.246) by At and noting that Aw At = 2x/N, we have

N—1
x(nAt) At -1 E X (k Aw) e/ FTNnk (6.247)
N n=0
Now if we define
x[n] = Atx(n At) = Tx(nT) (6.248)
X[k] = X(k Aw) (6.249)

then Eqs. (6.244) and (6.247) reduce to the DFT pair; that is,

N-—1
X[(k1= Y x[nlWy"  k=0,1,...,N -1
n=0
1 N—1 .
x[”]zﬁ,zox[k]WN n=0,1,...,N—1

(a) Using the DFT, estimate the Fourier spectrum X(w) of the continuous-time signal
x(t) = e u(t)

Assume that the total recording time of x(¢) is T}, = 10 s and the highest frequency of x(¢) is
,, = 100 rad/s.

(b) Let X[k] be the DFT of the sampled sequence of x(f). Compare the values of X[0], X[1], and X[10]
with the values of X(0), X(Aw), and X(10Aw).

(a) From Eq. (6.241)

wy, T, _ 100(10)

N= =3183
1 T
Thus, choosing N = 320, we obtain
Aw =@=§=0.625 rad
320 8
t:£2i20.03ls
320 32
and Wy =Wiy = ¢ /2H230)
Then from Eqs. (6.244), (6.249), and (1.92), we have
N-1 4
X[k]= 2 Atx(n At) ¢ J@FNIk
n=0
_ 1w —n(0.031) —j(27/320)nk _ 1 1 — 2000
) n:oe ¢ 30 | g 0031,—j(2al320)k
_ 0.031
[1—0.969 cos(kz /160)] + j0.969 sin(ksx /160) (6.250)

which is the estimate of X(k A w).
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(b) Settingk=0,k=1,and k =10 in Eq. (6.250), we have

xio1 =201 _
1-0.969
xy=— 2Bl _ggsse 05
00312+ j0.019
X[IO]I&ZO.lsge*ﬂSM
0.0496 — j0.189
From Table 5-2
H=c¢ u@) < X(w)=
xO=e ) @) Jjo +1
and X(0)=1
X(Aw) = X(0.625) = — 1 =0.848¢ 105
1+ j0.625
1 B
X(10 A w)=X(625)= ————— =0.158¢ /4!
1+ 625

Even though x() is not band-limited, we see that X[k] offers a quite good approximation to X(w)
for the frequency range we specified.

SUPPLEMENTARY PROBLEMS

6.62. Find the discrete Fourier series for each of the following periodic sequences:
(a) x[n] = cos(0, lzn)
(b) x[n] = sin(0, 1xn)
(¢) x[n] =2 cos(1.6zn) + sin(2.47xn)

6.63. Find the discrete Fourier series for the sequence x[n] shown in Fig. 6-40.

x[n]

Fig. 6-40
6.64. Find the trigonometric form of the discrete Fourier series for the periodic sequence x[n] shown in Fig. 6-7 in
Prob. 6.3.
6.65. Find the Fourier transform of each of the following sequences:
(@ x[nl=al"l,|a| <1
(b) x[n] =sin(Qn), |Q,| <=
(¢) x[n]l=ul—n—1]

6.66. Find the Fourier transform of the sequence x[n] shown in Fig. 6-41.

x[n]

j 1l

Fig. 6-41

v

3 n
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6.67.

6.68.

6.69.

6.70.

6.71.

6.72.

6.73.

6.74.

Find the inverse Fourier transform of each of the following Fourier transforms:
(a) X(Q) = cos(2Q)
(b) X(Q) =jL

Consider the sequence y[n] given by

_ x[n] neven
=1, nodd

Express y(€2) in terms of X(€).

Let

1 |n|52
xlnl= 0 |n|>2

(a) Find y[n] = x[n] = x[n].
(b) Find the Fourier transform Y(Q2) of y[n].

Verify Parseval’s theorem [Eq. (6.66)] for the discrete-time Fourier transform, that is,

& 1
PREG = lx@ [ ae

n=-w

A causal discrete-time LTI system is described by

Y[n]*%y[n*1]+%y[n*2]=x[n]

where x[n] and y[n] are the input and output of the system, respectively.
(a) Determine the frequency response H(€2) of the system.

(b) Find the impulse response h[n] of the system.

(c) Find y[n] if x[n] = (5)'un].

Consider a causal discrete-time LTI system with frequency response
H(Q) = Re{H(Q)} + j Im{H(Q)} = A(Q) + jB(Q)

(a) Show that the impulse response A[n] of the system can be obtained in terms of A(2) or B(2) alone.
(b) Find H(Q) and h[n] if

Re{H(Q)} = A(Q) = 1 + cos Q

Find the impulse response A[n] of the ideal discrete-time HPF with cutoff frequency €2 (0 < €2 < m) shown in
Fig. 6-42.

H(Q)

Fig. 6-42

Show that if H| ,(z

whose system function H(z) is given by H(z) = H,,.(—2) is a high-pass filter.

) is the system function of a discrete-time low-pass filter, then the discrete-time system
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6.75. Consider a continuous-time LTI system with the system function

H.(s)=——
T s+

Determine the frequency response H (£2) of the discrete-time system designed from this system based on the

impulse invariance method.

6.76. Consider a continuous-time LTI system with the system function

1
HO= 5T

Determine the frequency response H (€2) of the discrete-time system designed from this system based on the
step response invariance; that is,

sd[n] = Sc(nTv)
where s (t) and s [n] are the step response of the continuous-time and the discrete-time systems, respectively.

6.77. Let Hz (z) be the system function of a discrete-time prototype low-pass filter. Consider a new discrete-time low-
pass filter whose system function H(z) is obtained by replacing z in Hp(z) with (z — a)/(1 — az), where a is real.

(a) Show that

H,(2) |z:1+j0 = H(Z)lz:H—jO
H, ()| =H(2)|

z=—1+jy z==1+jy

(b) Let Qpl and Q| be the specified frequencies (< ) of the prototype low-pass filter and the new low-pass
filter, respectively. Then show that

sin[(Qpl—Ql)/2]
sin[(Qpl+Ql)/2]

o=

6.78. Consider a discrete-time prototype low-pass filter with system function
H(z) =050+ zh

(a) Find the 3-dB bandwidth of the prototype filter.

(b) Design a discrete-time low-pass filter from this prototype filter so that the 3-dB bandwidth of the new
filter is 27/3.

6.79. Determine the DFT of the sequence
x[n] = a”" O0=n=N-—-1
6.80. Evaluate the circular convolution

yln] = x[n] ® h[n]
where x[n] = uln] — uln — 4]
h[n] = u[n] — uln — 3]
(a) Assuming N =4.
(b) Assuming N = 8.

6.81. Consider the sequences x[n] and A[n] in Prob. 6.80.
(a) Find the 4-point DFT of x[n], A[n], and y[n].
(b) Find y[n] by taking the IDFT of Y [k].
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6.82. Consider a continuous-time signal x(7) that has been prefiltered by a low-pass filter with a cutoff frequency of
10 kHz. The spectrum of x(#) is estimated by use of the N-point DFT. The desired frequency resolution is 0.1
Hz. Determine the required value of N (assuming a power of 2) and the necessary data length 7.

ANSWERS TO SUPPLEMENTARY PROBLEMS

1

6.62. (a) x[n]:%e"’“"+Ee-"'990",90:o.m
1 jQon 1 19Qun
(b) x[n]=?e1 0 —?e’ 0".Q,=0.17
J J

(¢) x[n]=(1-j0.5)e’0" +(1+ j0.5)e/*" Q) =04n

8
6.63. x[n]= E ¢, &0 Q) _2z

k=0 9

e =— j 2| sin[ 27| &+ 2sin | 2T |k + 3sin | 7 |
9 9 9 9

3 1
6.64. x[n]=f—cosgn—singn—fcosnn
2 2 2 2

1—a?
1—2acosQ +a®
(b) X(@=—ja[d(Q~Q))~8(Q-QL|Q|[e|=x

6.65. (a) X(Q)=

1
6.66. X(Q) = j2(sin Q + 2sin 2Q + 3 sin 3Q)

6.67. (a) x[n]:%é[n—2]+%5[n+2]

=D"/n n#0

(b) x[n]—{O =0

6.68. Y(Q)= lZX(Q) + lZX(Q )

5(1—|n|/5) [n|=5
6.69. (a) yln]= 0 In|>5

sin (2.5€2) :
sin (0.5Q2)

(b) Y() —(
6.70. Hint: Proceed in a manner similar to that for solving Prob. 5.38.
1
3,1 20

1—=¢
4

o o 2]}
| n | n—1
(¢) ylnl= [[4] + n(Z) }M [n]

6.71. (a) H[Q]=
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6.72. (a) Hint: Process in a manner similar to that for Prob. 5.49.
(b) H(Q)=1+e72 h[n]=38[n]+ S[n—1]

6.73. h[n]=o[n]— sinQ,.n

6.74. Hint: Use Eq. (6.156) in Prob. 6.37.

eI

6.75. H(Q)=T, el where T is the sampling interval of 4, (¢).

(1— e s ¢/ )2 ’

6.76. Hint:  hy[n]=s,[n]—s,;[n—1]

(11— e s ) e

Ho@) =" a
. Ry
6.77. Hint: Set e’ =e—.g and solve for a.
1—ae™

6.78. Hint: Use the result from Prob. 6.77.

JT
(@) Q3db:5
l-i-z_l
b) H(z)=0.634——
®) 14+0.26877"
_ N
679. X[k]=———% _ j—01...N—1

1 — ge—JCa/Nk

6.80. (a) y[n]l={3.3,3,3}
(b) yinl=1{1,2,3,3,2,1,0,0}

6.81. (a) [X[0].X[1],X[2],X[3]] =[4,0,0,0]
[H[O], H[1], H[2], H[3]] = [3, —j, 1.]]
[¥10], ¥T1], Y12], ¥[3]] = [12, 0, 0, 0]

(b) yln]=43,3,3,3}

6.82. N=2"%and T, =13.1072 s



State Space Analysis

7.1 Introduction

So far we have studied linear time-invariant systems based on their input-output relationships, which are known
as the external descriptions of the systems. In this chapter we discuss the method of state space representations
of systems, which are known as the internal descriptions of the systems. The representation of systems in this
form has many advantages:

1. It provides an insight into the behavior of the system.
2. It allows us to handle systems with multiple inputs and outputs in a unified way.
3. It can be extended to nonlinear and time-varying systems.

Since the state space representation is given in terms of matrix equations, the reader should have some familiar-
ity with matrix or linear algebra. A brief review is given in App. A.

7.2 The Concept of State

A. Definition:

The state of a system at time £, (or n,)) is defined as the minimal information that is sufficient to determine the
state and the output of the system for all times ¢ = ¢, (or n = n,) when the input to the system is also known
for all times ¢ = ¢, (or n = n,). The variables that contain this information are called the state variables. Note
that this definition of the state of the system applies only to causal systems.

Consider a single-input single-output LTT electric network whose structure is known. Then the complete
knowledge of the input x(7) over the time interval —oo to ¢ is sufficient to determine the output y(7) over the same
time interval. However, if the input x(7) is known over only the time interval ¢, to 7, then the current through
the inductors and the voltage across the capacitors at some time #, must be known in order to determine the out-
put y(#) over the time interval 7, to ¢. These currents and voltages constitute the “state” of the network at time
t,- In this sense, the state of the network is related to the memory of the network.

B. Selection of State Variables:

Since the state variables of a system can be interpreted as the “memory elements” of the system, for discrete-time
systems which are formed by unit-delay elements, amplifiers, and adders, we choose the outputs of the unit-delay ele-
ments as the state variables of the system (Prob. 7.1). For continuous-time systems which are formed by integra-
tors, amplifiers, and adders, we choose the outputs of the integrators as the state variables of the system (Prob. 7.3).
For a continuous-time system containing physical energy-storing elements, the outputs of these memory elements
can be chosen to be the state variables of the system (Probs. 7.4 and 7.5). If the system is described by the differ-
ence or differential equation, the state variables can be chosen as shown in the following sections.

329
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Note that the choice of state variables of a system is not unique. There are infinitely many choices for any
given system.

7.3 State Space Representation of Discrete-Time LTI Systems

A. Systems Described by Difference Equations:
Suppose that a single-input single-output discrete-time LTI system is described by an Nth-order difference equation

ylnl + ayln — 1]+ -+ + a,y[n — N] = x[n] (7.1)

We know from previous discussion that if x[n] is given for n = 0, Eq. (7.1) requires N initial conditions y[—1],
y[—2], ...,y[—N] to uniquely determine the complete solution for n > 0. That is, N values are required to spec-
ify the state of the system at any time.

Let us define N state variables ¢,[n], g,[n], ..., g,[n] as

¢,[n]=y[n—N]

g;[n]=y[n—(N —D]=y[n— N +1]

gyln]=yln—1] (7.2)
Then from Egs. (7.2) and (7.1) we have

gq,ln + 1] = g,[n]
qln + 11 = g5ln]

qN[n + 1] = _aNq][n] - aNfqu[n] - Clqu[}’l] + x[n] (733')

and ylnl = —ayq\[n] — ay_,q,[n] — -+ — a, qy[n] + x[n] (7.3b)

In matrix form Egs. (7.3a) and (7.3b) can be expressed as

qn+1] 0 1 0 - 0 7[qnl] [0
R S R P L (7.42)
gyln+1] —ay —ay-; —ay— v Ta||qyln] 1
gi[n]
yin=[~ay —ay, -~ —a] qzs[n] + []x[n] (7.4b)
gyln]

Now we define an N X 1 matrix (or N-dimensional vector) q[n], which we call the state vector:

q[n]
| q2[n]
qln]=| . (75)

qy[n]
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Then Eqs. (7.4a) and (7.4b) can be rewritten compactly as

q[n + 1] = Aq[n] + bx[n] (7.6a)
y[n] = eq[n] + dx[n] (7.6b)
where
0 1 0 0 0
0 0 1 0 0
A= ) b=
—d4y T4y T4y T4 1
c=[—aN —ay_; —al] d=1

Equations (7.6a) and (7.6b) are called an N-dimensional state space representation (or state equations) of
the system, and the N X N matrix A is termed the system matrix. The solution of Egs. (7.6a) and (7.6b) for a
given initial state is discussed in Sec. 7.5.

B. Similarity Transformation:

As mentioned before, the choice of state variables is not unique and there are infinitely many choices of the state
variables for any given system. Let T be any N X N nonsingular matrix (App. A) and define a new state vector

v[n] = Tq[n] (7.7)

where q[n] is the old state vector which satisfies Eqs. (7.6a) and (7.6b). Since T is nonsingular; that is, T !
exists, and we have

q[n] = T 'v[n] (7.8)
Now

vln + 1] = Tq[n + 1] = T(Aq[n] + bx[n])

= TAq[n] + Tbx[n] = TAT ! v[n] + Tbx[n] (7.9a)
y[n] = eq[n] + dx[n] = ¢T ' v[n] + dx[n] (7.9b)
Thus, if we let

A = TAT! (7.10a)
b=Tb ¢ =cT! d=d (7.10b)

then Eqs. (7.9a) and (7.9b) become
vin + 1] = Av[n] + bx[n] (7.11a)
y[n] = &v[n] + dx[n] (7.11b)

Equations (7.11a) and (7.11b) yield the same output y[n] for a given input x[n] with different state equations.
In matrix algebra, Eq. (7.10a) is known as the similarity transformation and matrices A and A are called sim-
ilar matrices (App.A).

C. Multiple-Input Multiple-Output Systems:

If a discrete-time LTI system has m inputs and p outputs and N state variables, then a state space representation
of the system can be expressed as

q[n + 1] = Aq[n] + Bx[n] (7.12a)
yln] = Cqln] + Dx[n] (7.12b)
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where
qi[n] x[n] yln]
at=| 2" xp= 2y =
gyln] x,[n] yplnl
and
[ay ap - ay (b by o by,
A= dyy Ay doN B= by by by
[9nv1 N2 T ANN |yxy _le by, -+ byy NXm
e ¢ [dyy dyp - dy,
c=|® = T w p=|P %2
e @ | _dp, dy - dy, S

7.4 State Space Representation of Continuous-Time LTI Systems

A. Systems Described by Differential Equations:

Suppose that a single-input single-output continuous-time LTI system is described by an N th-order differential
equation

dVy (@) d¥ v
Y0 4 o Ny()

5 Tty 0 =x0 (7.13)

One possible set of initial conditions is y(0), yP(0), ..., y¥=1(0), where y®(¢) = d*y(t)/dt*. Thus, let us define
N state variables q,(t), g,(?), ..., g, (?) as

q,(t) = y(t)
7=y 1)
: (7.14)
gy =y""")
Then from Eqs. (7.14) and (7.13) we have
G, (1) =g, (1)
G, ()= q5(1)
gy (@)= —aynq,(t) —ay_1g,(t) =+ —ayqy (1) + x() (7.15a)
and ¥ = q,@t) (7.15b)
where ¢, (1) = dq,(t)/dt.
In matrix form Eqgs. (7.15a) and (7.15b) can be expressed as
G, () 0 1 0 0 () 0
2 (t 0 0 1 -0 t 0
%:( ) = : : . : qz:( : R, (7.162)

gy (@) —ay —ay-; —ay—o o Tay| [gy@) 1
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q,(1)
y@»=[1 0 - 0] qzz(t) (7.16b)
gy (1)
Now we define an N X 1 matrix (or N-dimensional vector) q(f) which we call the state vector:
7 (1)
an=|" Et) (7.17)
gy (1)
The derivative of a matrix is obtained by taking the derivative of each element of the matrix. Thus,
4 (1)
AW _ g = 2 (7.18)
dt :
gy (1)
Then Eqs. (7.16a) and (7.16b) can be rewritten compactly as
q(r) = Aq(r) + bx(r) (7.19a)
(@) = ¢eq() (7.19b)

where

0 1 0 0 0
0 0 1 0 0

A= : b= c=[1 0 - 0]
—ay Tay-p Tay— T g 1

As in the discrete-time case, Eqgs. (7.19a) and (7.19b) are called an N-dimensional state space representa-
tion (or state equations) of the system, and the N X N matrix A is termed the system matrix. In general, state
equations of a single-input single-output continuous time LTI system are given by

q() = Aq(?) + bx(r) (7.20a)
y(0) = ¢q@) + dx(1) (7.20b)

As in the discrete-time case, there are infinitely many choices of state variables for any given system. The solu-
tion of Egs. (7.20a) and (7.20b) for a given initial state are discussed in Sec. 7.6.

B. Multiple-Input Multiple-Output Systems:

If a continuous-time LTI system has m inputs, p outputs, and N state variables, then a state space representa-
tion of the system can be expressed as

q(t) = Aq(t) + Bx(1) (721a)
y(#) = Cq(r) + Dx(2) (7.21b)
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q, () x; (1) ()
t t t
where q()= Q2‘() xX(t)= xz.() y(t) = yz:()
qn (@) X, (1) Y, (0)
and
a  ap an -bll by, by,
A= a?z N B= b?1 b?z by,
ayy  aya ANN Iy x N 1bnv1 Do by N Xm
TR CIN -dn dy, dy,
c c c d d d
c=|? 2N D= :21 :22 Z:m
Cpt @ Cpy n _dpl de dpm S

7.5 Solutions of State Equations for Discrete-Time LTI Systems

A. Solution in the Time Domain:

Consider an N-dimensional state representation

qln + 1] = Aq[n] + bx[n] (7.22a)
y[nl = eq[n] + dx[n] (7.22b)

where A, b, c,andd are N X N, N X 1,1 X N,and | X I matrices, respectively. One method of finding q[#n],
given the initial state q[0], is to solve Eq. (7.22a) iteratively. Thus,

q[1] = Aq[0] + bx[0]
q[2] = Aq[1] + bx[1] = A{Aq[0] + bx[0]} + bx[1]
= A2q[0] + Abx[0] + bx{1]

By continuing this process, we obtain

q(n]=A"q[0]+ A" 'bx[0]+---+bx[n —1]
n—1
=A"q[0]+ E A" " kpxk) n>0 (7.23)
k=0

If the initial state is q[n,] and x[n] is defined for n = n,, then, proceeding in a similar manner, we obtain

n—1
aln]=A""0qlny]+ ¥ A" Fbx[ny + k] n>ng
k=0

(7.24)

The matrix A" is the n-fold product

A"=AA---A
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and is known as the state-transition matrix of the discrete-time system. Substituting Eq. (7.23) into Eq. (7.22b),
we obtain

n—1
yinl=cA"q[0]+ ¥ cA""' *bx[k]+dx[n]  n>0 (7.25)
k=0

The first term cA"q[0] is the zero-input response, and the second and third terms together form the zero-state
response.

Determination of A"

Method 1:

Method 2:

Method 3:

Let A be an N X N matrix. The characteristic equation of A is defined to be (App. A)
ch)=|AI—A| =0 (7.26)

where |L T — A| means the determinant of AI — A and I is the identity matrix (or unit
matrix) of Nth order. The roots of ¢(A) = 0, Kk (k=1,2,...,N),are known as the
eigenvalues of A. By the Cayley-Hamilton theorem A" can be expressed as [App. A,
Eq. (A.57)]

A"=bI+bA+ -+ by AN (727)

N

When the eigenvalues kk are all distinct, the coefficients bo, bl, ...b
the conditions

v can be found from

by +bA, +--+by_ A '=A" k=12,...,N (7.28)

For the case of repeated eigenvalues, see Prob. 7.25.

The second method of finding A" is based on the diagonalization of a matrix A. If
eigenvalues A, of A are all distinct, then A" can be expressed as [App. A, Eq. (A.53)]

)\'In 0 0
Ar=p|° Ay o 0 p! (7.29)
0 0 )\'1’\'/

where matrix P is known as the diagonalization matrix and is given by [App. A, Eq. (A.36)]

P=[x x, Xy ] (7.30)
andx,(k = 1,2, ..., N) are the eigenvectors of A defined by
Ax, = A, X k=1,2,...,N (7.31)

The third method of finding A" is based on the spectral decomposition of a matrix A. When
all eigenvalues of A are distinct, then A can be expressed as

N
A=AE +ALE +-+AE, = 2 ME, (7.32)
k=1
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where A, (k = 1,2, ..., N) are the distinct eigenvalues of A and E, (k = 1, 2, ..., N)are

called constituent matrices, which can be evaluated as [App. A, Eq. (A.67)]

N
[Ja-2,D
m=1
m#*k
E ="
[T =20
ek

Then we have
A"=ME +AE, +--+ A E,
Method 4: The fourth method of finding A" is based on the z-transform.
A" = 871 {(zI—A)_lz}
which is derived in the following section [Eq. (7.41)].

C. The zTransform Solution:

Taking the unilateral z-transform of Egs. (7.22a) and (7.22b) and using Eq. (4.51), we get

z2Q@) — zq(0) = AQ(z) + bX(z)
Y(z) = ¢Q(z) + dX(z)

where X(z) = 3, {x[nl}, Y(z) = 3, {y[nl},and
0,(2)

Q{(Z) where 0,(2) =3 {g,[n1}

Q@) =3, {alnl} =
QN. (2)
Rearranging Eq. (7.36a), we have
@I = A)QR) = zq(0) + bX(2)
Premultiplying both sides of Eq. (7.37) by (zI — A)~! yields
QGk) = I — A)'zq(0) + I — A)"'bX(z)
Hence, taking the inverse unilateral z-transform of Eq. (7.38), we get
alnl =3, 1= 47" }a)+ 37 {1 - 4) " bx(0)}

Substituting Eq. (7.39) into Eq. (7.22b), we get

yinl=e3; {@1- 4" 2} + €3, {1 - 4 bX (@)} + axin)
A comparison of Eq. (7.39) with Eq. (7.23) shows that

A" =3, {@-A) "

(7.33)

(7.34)

(7.35)

(7.36a)
(7.36b)

(7.37)

(7.38)

(7.39)

(7.40)

(741)



CHAPTER 7 State Space Analysis 337

D. System Function H(2):

In Sec. 4.6 the system function H(z) of a discrete-time LTI system is defined by H(z) = Y(z)/X(z) with zero
initial conditions. Thus, setting q[0] = 0 in Eq. (7.38), we have

Q@ = (zI — A)"'bX(z) (7.42)
The substitution of Eq. (7.42) into Eq. (7.36b) yields

Y@ = [czI — A~ !'b + d] X(z) (7.43)
Thus,

HZ)=[czI — A !'b +d] (7.44)

E. Stability:

From Egs. (7.25) and (7.29) or (7.34) we see that if the magnitudes of all eigenvalues A, of the system matrix
A are less than unity, that is,

Ih] <1 all k (7.45)

then the system is said to be asymptotically stable; that is, if, undriven, its state tends to zero from any finite ini-
tial state q,. It can be shown that if all eigenvalues of A are distinct and satisfy the condition (7.45), then the sys-
tem is also BIBO stable.

7.6 Solutions of State Equations for Continuous-Time LTI Systems

A. Laplace Transform Method:

Consider an N-dimensional state space representation

q(1) = Aq(t) + bx(r) (7 46a)
y(0) = eq(r) + dx(t) (7.46b)
where A, b, c,andd are N X N, N X 1,1 X N,and 1 X 1 matrices, respectively. In the following we solve

Eqgs. (7.46a) and (7.46b) with some initial state q(0) by using the unilateral Laplace transform. Taking the uni-
lateral Laplace transform of Eqs. (7.46a) and (7.46b) and using Eq. (3.44), we get

sQ(s) — q(0) = AQ(s) + bX(s) (7 47a)
Y(s) = ¢Q(s) + dX(s) (7.47b)

where X(s) = ZL{x(t)}, Y(s) = L{y()},and

0,(s)
Q=% {0} = QZS(S) where 0, (s) = &, {q, (1)}
On(s)
Rearranging Eq. (7.47a), we have
(I — A)Q(s) = q(0) + bX(s) (7.48)

Premultiplying both sides of Eq. (7.48) by (sI — A)~! yields

Q) = (T — A1 q(0) + I — A)~' bX(s) (7.49)
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Substituting Eq. (7.49) into Eq. (7.47b), we get
Y(s) = ¢(sI — A" q(0) + [c(sT — A)"'b + d] X(s) (7.50)

Taking the inverse Laplace transform of Eq. (7.50), we obtain the output y(r). Note that ¢(sI — A)~'q(0) corre-
sponds to the zero-input response and that the second term corresponds to the zero-state response.

B. System Function H(s):

As in the discrete-time case, the system function H(s) of a continuous-time LTI system is defined by H(s) = Y(s)/ X(s)
with zero initial conditions. Thus, setting q(0) = 0 in Eq. (7.50), we have

Y(s) = [e(sT — A)"'b + d] X(s) (7.51)
Thus,

H(s) = eI — A)'b + d (7.52)

C. Solution in the Time Domain:

Following
a’ a*
' =1+ar+—1 4+t 4.
2! k!
we define
2 k
eAt=I+At+%t2+-~~+%tk+--- (7.53)

where k! = k(k — 1) -+- 2 - 1.If t = 0, then Eq. (7.53) reduces to
=1 (7.54)

where 0 is an N X N zero matrix whose entries are all zeros. As in e =7 = ¢%e ™9 = 747 ¢ we can show that

Al = 1) = pA1=AT = mAT A (7.55)
Setting T = ¢ in Eq. (7.55), we have
A A = oAl Al = o0 = | (7.56)
Thus,
oAl = (eAn)I (7.57)

which indicates that ¢4’ is the inverse of e’

The differentiation of Eq. (7.53) with respect to ¢ yields

2 k
oA — g A+ A g A gk
dt 2! k!
2
=A I+At+%t2 4.

2
I+At+%t2 +..

A
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which implies
LA =AM =MA (7.58)

Now using the relationship [App. A, Eq. (A.70)]

4 ay=Ap A 9B
dt dt dt

and Eq. (7.58), we have

dr d _ar —Ar .
<le Aq(r>]=[5e A ]q(t>+e 10

=—e MAq() +e Mq@) (7.59)

—Al we obtain

Now premultiplying both sides of Eq. (7.46a) by e
e Mq(t) = e MAq(t) + e AMbx(r)
or e AMq(r) — e AMAq(t) = e Abx(r) (7.60)

From Eq. (7.59) Eq. (7.60) can be rewritten as

di —a —Ar
— = bx(t (7.61)
e Maw] =Mt
Integrating both sides of Eq. (7.61) from O to ¢, we get
_ t ! T
e A’q(t)|0 = [ ¢ Abx(r) dr

or e M) — q(0) = f; ¢ Abx(r) dt

Hence e Mqn)=q)+ [ ; ¢ Abx(1) dv (7.62)
Premultiplying both sides of Eq. (7.62) by ¢’ and using Egs. (7.55) and (7.56), we obtain
a()=eVqO)+ [ X bx(r) dr (7.63)

If the initial state is q(#,) and we have x(¢) for = 1, then

q(t)=eATq(r) + fr; A Obx (1) dr (7.64)

which is obtained easily by integrating both sides of Eq. (7.61) from 7, to ¢. The matrix function e*’ is known
as the state-transition matrix of the continuous-time system. Substituting Eq. (7.63) into Eq. (7.46b), we obtain

Y1) = ce*q(0) + f; e hx(1) dr + dx(r) (7.65)

D. Evaluation of e?:
Method 1: As in the evaluation of A", by the Cayley-Hamilton theorem we have

A =bl+bA+ - +b, AV (7.66)
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E.

Method 2:

Method 3:

Method 4:

Stability:
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When the eigenvalues )Lk of A are all distinct, the coefficients b, b,, ..., b
from the conditions

v can be found

AT = o k=1,2,...,N (7.67)

by + bh + -+ by | A
For the case of repeated eigenvalues see Prob. 7.45.

Again, as in the evaluation of A”, we can also evaluate e*’ based on the diagonalization of
A.If all eigenvalues A, of A are distinct, we have

P 0
A
R L (7.68)
0 0 P

where P is given by Eq. (7.30).

We could also evaluate e’ using the spectral decomposition of A, that is, find constituent
matrices Ek k=1,2,...,N)for which
A=AE +AE, + - +AE (7.69)

NN

where }Lk (k=1,2,...,N) are the distinct eigenvalues of A. Then, when eigenvalues )»k of
A are all distinct, we have

Al = eM[El + e)»zth 4+ e 4+ eKNtEN (7.70)

Using the Laplace transform, we can calculate eA’. Comparing Eqs. (7.63) and (7.49), we
see that

N =$;1{(SI—A)‘1} 171)

From Egs. (7.63) and (7.68) or (7.70), we see that if all eigenvalues A, of the system matrix A have negative

real parts, that is,

Re{A} < 0 all k (7.72)

then the system is said to be asymptotically stable. As in the discrete-time case, if all eigenvalues of A are distinct
and satisfy the condition (7.72), then the system is also BIBO stable.

SOLVED PROBLEMS

State Space Representation

7.1.

Consider the discrete-time LTI system shown in Fig. 7-1. Find the state space representation of the
system by choosing the outputs of unit-delay elements 1 and 2 as state variables g [n] and g,[n],
respectively.

From Fig. 7-1 we have

q,[n + 1] = g,[n]
qz[n +1] = 2q][n] + 3q2[n] + x[n]
ylnl = 2q,[n] + 3q,[n] + x[n]
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x[n] :@\ :® Y[n] >
+ +
+ +
1 2
z 1 ¢ z71 <
q,[n] q,In+1] q,[n] q,In+1]
Fig. 7-1
In matrix form
qn+1] _ 0 17[qlnl . 0 ]
g [n+1] 2 3||gln] 1
yinl=[2 3] LA PR (7.73a)
q,[n]
or q[n + 1] = Aq[n] + bx[n]
ylnl = eq[n] + dxln] (7.73b)

where

|4 [n]
q[n] [qz[n]]

A={2 ;} b=m c=[2 3] d=1

7.2. Redo Prob. 7.1 by choosing the outputs of unit-delay elements 2 and 1 as state variables v [n] and v,[n],
respectively, and verify the relationships in Eqgs. (7.10a) and (7.10b).

We redraw Fig. 7-1 with the new state variables as shown in Fig. 7-2. From Fig. 7-2 we have

v,[n 4+ 1] = 3v,[n] + 2v,[n] + x[n]
wln + 1] = v, [n]
yln] = 3v,[n] + 2v,[n] + x[n]

x[n] :® :® Y[n] >
+ +
+ +
1 2
z1 (e P
v, [n] v,y [n+1] vyln] vyln+1]
Fig. 7-2
In matrix form
vi[n+1] _[3 2] [vl[n]]+[l rln]
vy[n+1] 1 0||v,ln] 0
_ vln]
yln1=[3 2][v2[n] +x[n) (7.74a)
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or vin + 1] = Av[n] + bx[n]
yln]= evin] +dx[n] (7.74b)

where

v[n] A 3 2 ~ 1
v[n]= A= b=
v,[n] 1 0 0

Note that v, [n] = g,[n] and v,[n] = ¢,[n]. Thus, we have

o>
Il
r
%)
)
—
QU
Il
—_

SR
V[n]—[1 O}q[n]— q[n]

Now using the results from Prob. 7.1, we have

7,01010171010101 321 .
TAT ! = = = =A
1 0f|2 3|1 O 1 0f|2 3|1 0 10
0 170 17 .
Tb = = =b
1 0|1 0
0 1 N
T '=[2 3 =[3 2]=¢ d=1=d
=2 3] |- 2
which are the relationships in Egs. (7.10a) and (7.10b).

7.3.  Consider the continuous-time LTI system shown in Fig. 7-3. Find a state space representation of the system

Fig. 7-3

We choose the outputs of integrators as the state variables g,(7), g,(¢), and ¢,(¢) as shown in Fig. 7-3. Then
from Fig. 7-3 we obtain

q,(1) = 24,(t) = 3¢,(1) + q;(1) + x(1)

q,(1) = q,(1)

q5(1) = g,(1)

() = —q,(t) +2q,(1)
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74.

In matrix form

2 -3 1 1
a0=|1 0 0lq@)+|0|x®
0 10 0 (7.75)

yoO=[-1 0 2]q@®

Consider the mechanical system shown in Fig. 7-4. It consists of a block with mass m connected to a
wall by a spring. Let k, be the spring constant and k, be the viscous friction coefficient. Let the output
y(t) be the displacement of the block and the input x(¢) be the applied force. Find a state space
representation of the system.

1 x(t)

y(®)

Fig. 7-4 Mechanical system.

By Newton’s law we have

my(t) = —k,y(t) — k,y() + x(1)
or my(t) + k,y(1) + k,y (@) = x(t)

The potential energy and kinetic energy of a mass are stored in its position and velocity. Thus, we select the
state variables ¢, () and g,(7) as

q,(1) = y()
q,(t) =y ()
Then we have
q,(t) =g, ()
k k 1
(1) ===Lg,(1) = 2 g, (1) + —x(1)
m m m
y(@) =g @)
In matrix form
1 0
A=\ & k(@O |1 |x() (7.76)
m m m

y(»)=[1 0]q()
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7.5. Consider the RLC circuit shown in Fig. 7-5. Let the output y(7) be the loop current. Find a state space

representation of the circuit.

X(t) <> Cc —— v,(f)

Fig. 7-5 RLC circuit.

We choose the state variables g,(t) = i,(¢) and g,(¢) = v (¢). Then by Kirchhoff’s law we get

Lq,(t) + Rq,(t) + q,(t) = x(1)
Cq,(1) = q,(®)
(1) = q,@t)

Rearranging and writing in matrix form, we get
1

q+ [(; x(1) 777

qn=

A= ~|x
(e} [\4\.—

y@®=[1 0lq®

7.6. Find a state space representation of the circuit shown in Fig. 7-6, assuming that the outputs are the

currents flowing in R, and R,.

+
v, () <> C == v ) <> v,(t)

Fig. 7-6

We choose the state variables g, (¢) = i,(¢) and g,(r) = v (¢). There are two voltage sources and let x, (r) = v, (?)
and x,(1) = v,(?). Let y,(#) = i,(?) and y,(r) = i,(¢). Applying Kirchhoff’s law to each loop, we obtain
Lq,(#) + Ryq,(t) + q,(1) = x,(1)
9,0 — [q,(1) — Cq,(H] R, = x,(1)
»®=q,®
30 = 2 4,0 — 2,0
2
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Rearranging and writing in matrix form, we get

_R 1 R
L L L
qn)= [ q()+ . 1 x(t)
c R,C R,C (7.78)
1 0 0 0
YO=1, LaO+], _1L|x®
R, i R,
_[a® [x® _ » (@)
where q(’)_[qzm] X(t)__xz(t)] Yo [yzm]

State Equations of Discrete-Time LTI Systems Described by Difference Equations

7.7. Find state equations of a discrete-time system described by
3 1
y[n]—Zy[n—1]+§y[n—2]=x[n] (7.79)

Choose the state variables g, [n] and g,[n] as

q,[n]=yln—2]
g,[n] =yln — 1] (7.80)

Then from Egs. (7.79) and (7.80) we have

q[n +1]1=g,[n]

1 3
g[n+1]= _g%[”] + ZqZ[n] + x[n]

ylnl= —éql[n] + %qz[n] + x([n]

In matrix form

0 1
qln+1]=| 1 3|qln]+ 1 x[n]
8 4 (7.81)
ylnl= [—% ﬂq[n] + x[n]
7.8. Find state equations of a discrete-time system described by
3 1 1
y[n]_zy[n—1]+§y[n—2]=x[n]+5x[n—1] (7.82)

Because of the existence of the term %x[n — 1 ] on the right-hand side of Eq. (7.82), the selection of y[n — 2]
and y[n — 1] as state variables will not yield the desired state equations of the system. Thus, in order to find
suitable state variables, we construct a simulation diagram of Eq. (7.82) using unit-delay elements, amplifiers,
and adders. Taking the z-transforms of both sides of Eq. (7.82) and rearranging, we obtain

_3 iyl 2 1
Y(2) 4z Y(2) 8Z Y(Z)+X(Z)+2Z X(2)



346 CHAPTER 7 State Space Analysis

from which (noting that z ¥ corresponds to k unit time delays) the simulation diagram in Fig. 7-7 can be
drawn. Choosing the outputs of unit-delay elements as state variables as shown in Fig. 7-7, we get

ylnl=q[n]+ x[n]
aln+11= lnl+ 5l + 4l
= %ql[n] +qyln]+ %x[n]
ol +11= = 2yln)=— < giln] = 2l

In matrix form

3 5
1= Y a4
1 1
—_ 0 —_
8 8
yinl=[1 0]qln]+ x[n] (7.83)
x[n]
v
1
+
s » 1 1 t B y[nl
> V4 » >
a,ln+1] q,In] q,ln
1 3
8 4
S ' N
Fig. 7-7
7.9. Find state equations of a discrete-time LTI system with system function
by +bz ' +byz 2
H(z)= ) (7.84)

1+ aI[1 +ayz
From the definition of the system function [Eq. (4.41)]

_YQR) _bytbz ! +bz

H(z
© X(@z) 1+az ' +ay?

we have
(A +az ' +a,27)Y (@ =, + bz + b,z )X(2)
Rearranging the above equation, we get

Y(2) = —a,z7'Y(2) = a,z7*Y(@) + byX(2) + b,z ' X(2) + b,z *X(2)
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from which the simulation diagram in Fig. 7-8 can be drawn. Choosing the outputs of unit-delay elements as
state variables as shown in Fig. 7-8, we get

ylnl= q[n]+ byx[n]
q,[n +1]1=—ayyln] + q,[n] + b;x[n]
=—aq[nl+ g, [n]+ (b, — ayby)xln]
@ [n+1]1=—a,y[n] + byx[n]
=—a,q[n]+ (b, — a,by)x[n]

In matrix form

a

1
Q[n+1]—[ O}q[n]Jr

b, —a,b, }x[n]

) by —ayb, (7.85)

in1=[1 " 0]qln]l+ byxin]

Note that in the simulation diagram in Fig. 7-8 the number of unit-delay elements is 2 (the order of the
system) and is the minimum number required. Thus, Fig. 7-8 is known as the canonical simulation of the first
form and Eq. (7.85) is known as the canonical state representation of the first form.

x[n]

v
bO
+
- + yin]
Pz z! > = >
q,[n+1] q4[n]
2,
r' N
Fig. 7-8 Canonical simulation of the first form.
7.10. Redo Prob. 7.9 by expressing H(z) as
H(z) = H,(z) H,(2)
1 -1 -2
where H\(z)= — — H,(z)=by + bz  +byz
1 1+ az 1 + 0,z 2 2 0 1 2
Let
W(z) 1
H = = 7.86
1(2) X@) 1taz taz’ (7.86)
Y(2) - -
H,(2) Vo =by +bz ' +bz? (7.87)
Then we have
W(z) + a,z"'W(z) + a,z7*W(z) = X(z) (7.88)

Y(z) = byW(z) + b,z 'W(2) + b,z 2W(2) (7.89)
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Rearranging Eq. (7.88), we get

W) = —a,z! W) — a,z > W(z) + X(2)

(7.90)

From Eqgs. (7.89) and (7.90) the simulation diagram in Fig. 7-9 can be drawn. Choosing the outputs of unit-

delay elements as state variables as shown in Fig. 7-9, we have

vi[n+1]1=v,[n]
v, [n +1]=—a,v[n] — av,[n] + x[n]
ylnl=byv,[n]+ byv,[n]+ byv,[n +1]
= (b, — bya, )v|[n]+ (b, — bya,)v,[n]+ byx[n]

»(2) >
+ +

X[n] ‘/:-‘\ N

+ v,ln+1] v,[n]

v4[n]

()

Fig. 7-9 Canonical simulation of the second form.

In matrix form

0
B ] x[n]

2 a
yln]= [b2 —bya, b —bya, ]V[n] +byx[n]

V[}’l+1]_[ 0 ]v[n]+
—a

(7.91)

The simulation in Fig. 7-9 is known as the canonical simulation of the second form, and Eq. (7.91) is known as

the canonical state representation of the second form.

7.11. Consider a discrete-time LTI system with system function

Z
H@Q=———
277 —3z+1
Find a state representation of the system.
Rewriting H(z) as
1
z 2°
H(z)= 3 1 - 3 1
23 b o) =222
27 (1 2 z  + 5 z ) B B
Comparing Eq. (7.93) with Eq. (7.84) in Prob. 7.9, we see that
3 1 1
611:_5 (1225 b0=0 bl:a b2=0

(7.92)

(7.93)
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Substituting these values into Eq. (7.85) in Prob. 7.9, we get

E 1 1
qln+1]= 21 alnl+|2 |x[n]
—5 0 0 (7.94)

yln1=[1 0]q[n]

7.12. Consider a discrete-time LTI system with system function

H(z)= 22 —Z3z T 2 ] o5

Find a state representation of the system such that its system matrix A is diagonal.

First we expand H(z) in partial fractions as

H@)= = =
2e-p|z- L] T
5 2
1 1
=1 - _71 =H1(Z)+H2(Z)
-z 1-—z!
2
—1
where H(@=——  Hy()=———
1—-z2 1_1 -1
Z
2
Let H ()= —% =% (7.96)
1-— Pl X(Z)
Then (1= pz () = 4 X(2)
or Y, ()= PkZ_IYk(Z)"‘O‘kX(Z)

from which the simulation diagram in Fig. 7-10 can be drawn. Thus, H(z) = H,(z) + H,(z) can be simulated by
the diagram in Fig. 7-11 obtained by parallel connection of two systems. Choosing the outputs of unit-delay
elements as state variables as shown in Fig. 7-11, we have

q[n +1]1=q|[n]+ x[n]

1
qn+1]= qu[n] —x[n]
1
ylnl=q,[n +11+ gy[n +1]= g[n] +5q2[n]

In matrix form

1 0 1
atn+11=| 1 fal+ —1]"[’”
2
=1 L]qin]
y [ Z]q (7.97)

Note that the system matrix A is a diagonal matrix whose diagonal elements consist of the poles of H(z).
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x[n] y,nl
— o :@ K >
R
pk| z 1
Fig. 7-10
»(3)
+
+
x[n] 1| z1 |« 1. yIn]
MELEN q,[n] q,[n+1] H—
+ &
»(>)
I S
1|: 1 |
2| q,[nl q,[n+1]
Fig. 7-11
7.13. Sketch a block diagram of a discrete-time system with the state representation
0 1 0
aln+1=| 1 2|alnl+| |xln]
2 3
y[n1=[3 —2]qln] (7.98)
We rewrite Eq. (7.98) as
q,[n+1]=q,[n]
1 2
¢Gln+1]= qu[n] + §q2[n] + x[n]
y[nl=3q,[n]—2q,[n] (7.99)

from which we can draw the block diagram in Fig. 7-12.

5 o ] o | :|3 :4\ AU
+ K a1l gyl [ g 17— | 7
e 5«
2 )« -
+u/+ 3|
.,

2|‘

Fig. 7-12
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State Equations of Continuous-Time LTI Systems Described by Differential Equations

7.14. Find state equations of a continuous-time LTI system described by

V@) + 3y@) + 290 = x(1) (7.100)
Choose the state variables as
q,(0) = y()
g, = y(0) (7.101)

Then from Egs. (7.100) and (7.101) we have

q,(0) = q,(1)
4,() = —2¢,(t) — 3q,(H) + x(t)
(@) = q,(t)

In matrix form
... [oO 0
q(t)—[_2 O

y@©=[1 0lq® (7.102)

1
_3]q(t)+

7.15. Find state equations of a continuous-time LTI system described by
Ji(t) + 3y(t) + 2y(t) = 4x(t) + x(t) (7.103)

Because of the existence of the term 4x(7) on the right-hand side of Eq. (7.103), the selection of y(¢) and y(¢) as
state variables will not yield the desired state equations of the system. Thus, in order to find suitable state
variables, we construct a simulation diagram of Eq. (7.103) using integrators, amplifiers, and adders. Taking
the Laplace transforms of both sides of Eq. (7.103), we obtain

$2Y(s) + 3sY(s) + 2Y(s) = 4 sX(s) + X(s)
Dividing both sides of the above expression by s? and rearranging, we get
Y(s) = —3s71Y(s) — 2572 Y(s) + 457 X(s) + 572 X(s)

from which (noting that s ¥corresponds to integration of k times) the simulation diagram in Fig. 7-13 can be
drawn. Choosing the outputs of integrators as state variables as shown in Fig. 7-13, we get

4,() = =3q,(0) + g,() + 4x(0)
g,(0 = —2q,() + x()
(@) = q,@)

In matrix form

-2 0

4
1

('l(t)_[ X

yo=[1 0lq) (7.104)
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x(®)

A4
4
+
g "Tl Yo
ot N a0 el
2 3
Y Y N
Fig. 7-13

7.16. Find state equations of a continuous-time LTI system with system function

bys® +bys* + bys + b,
(7.105)
§3 + als2 +ta,s ta,

H(s)=

From the definition of the system function [Eq.(3.37)]

Y(s) _ bys® +bys® +bys + by

H(s)= =
X(s) s -‘:—als2 +a,s+a,

we have
(87 + a;s* + ays + a)Y(s) = (bys® + b;s* + b,s + by) X(s)
Dividing both sides of the above expression by s and rearranging, we get

Y(s)=— alsle(s) - azssz(s) - a3s73Y(s)
+boX(5)+bys ' X(5)+ bys 2X(s)+ bys X (s)

from which (noting that s~ corresponds to integration of k times) the simulation diagram in Fig. 7-14 can be
drawn. Choosing the outputs of integrators as state variables as shown in Fig. 7-14, we get

y(1)=q,(t) + byx(1)
G ) =—ay®)+q,(t)+bx(t)
=—a1q, (1) + q,(t) + (by — a;by)x (1)
Gy (1) =—a,y(t)+ q5(t) + byx(t)
=—a,q (t) + q;(t) + (by — ayby)x(t)
G3(t) = —azy(t) + byx (1)
=—azq (1) + (b3 — asby)x (1)

In matrix form

—a 1 0 b, —ab,
qt)=|—a, 0 1{q@)+|b, —ayby |x(t)
—a; 0 0 by — ash,

Y& =[1 0 0]q()+bex(®) (7.106)
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As in the discrete-time case, the simulation of H(s) shown in Fig. 7-14 is known as the canonical simulation
of the first form, and Eq. (7.106) is known as the canonical state representation of the first form.

X(t)

g, g

Fig. 7-14 Canonical simulation of the first form.

7.17. Redo Prob. 7.16 by expressing H(s) as

H(s)= H1(S)H2(s)
1
57+ a1s2 +a,s +as

H,(s)=bys> +bs* + bys + b,

where H(s)=

Let

Wi(s) _ 1
X(s) §+ a1s2 +a,s+ay

Y(s)
Hz(s):m :bos3 +b132 +Db,s + by

H1(S)=

(7.107)

Then we have

(33 + als2 +a,s +a;)W(s)= X(s)
Y(5)=(bys® + bys* + bys + by)W(s)

Rearranging the above equations, we get

SW(s)=—a,;s*W (s) — aysW (s) — a;W (s) + X(s)
Y(s)=bys W (s)+bs> W(s) + bysW(s) + bW (s)

from which, noting the relation shown in Fig. 7-15, the simulation diagram in Fig. 7-16 can be drawn.
Choosing the outputs of integrators as state variables as shown in Fig. 7-16, we have

V() =v,(1)
v, (1) =v5(2)
V3(t) = —azv () — avy (1) — avs(t) + x (1)
(1) =byv (1) + by, (1) + byvs (1) + byv;(2)
= (bs = asby v, (1) + (b, — ayby v, ()
+ (b = ayby)vs(t) + byx (1) (7.108)



354

7.18.

CHAPTER 7 State Space Analysis

wit) gti wit)
Fig. 7-15
+ + + ()
»(3) »(>) »(3) >
+ + +
N b, by by
a2 S S F
x(0) N\ w(t) 1 wi(t) 1 w(t) w(t)
(o ——> > s
I Elwry Pxrmg i oan @m
v .
& s
)¢ )¢

In matrix form

Fig. 7-16 Canonical simulation of the second form.

0 1 0 0
vi)=| 0 0 1 {v(@)+ |0 |x(t
) ® x(1) (7.109)
—a; —a, —q 1

y(t):[b3—a3b0 by — ayby bl_albo]"(t)"'box(t)

As in the discrete-time case, the simulation of H(s) shown in Fig. 7-16 is known as the canonical simulation

of the second form, and Eq. (7.109) is known as the canonical state representation of the second form.

Consider a continuous-time LTI system with system function

3s+7
H(s)= (7.110)
s+ (s+2)(s+5)
Find a state representation of the system.
Rewrite H(s) as
3s+7 3s+7
H(s)= =3 <2 (7.111)
(s+D(s+2)(s+5) s +8s"+17s+10
Comparing Eq. (7.111) with Eq. (7.105) in Prob. 7.16, we see that
a, =8 a,=17 a, =10 by=b,=0 b,=3 b, =1
Substituting these values into Eq. (7.106) in Prob. 7.16, we get
-8 1 0 0
q@&)=|—17 0 1|q@)+|3|x(
q() q@) Q) (7.112)
—-10 0 O 7

y@©=[1 0 0]q@)
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7.19. Consider a continuous-time LTI system with system function

3s+7
H(s)= (7.113)
(s+D(s+2)(s+5)
Find a state representation of the system such that its system matrix A is diagonal.
First we expand H(s) in partial fractions as
1 2
N h el
H(s)= 3s+7 _ 1 3 3
+D(s+2)(s+5) s+1 s+2 s+5
=H,(s)+ H,(s)+ H;(s)
1 2
1 3 3
h H = H =—_3 H =—__>5
where 9= 2= =
a Y. (s)
Let H, (s)=—k— =k (7.114)
R )
Then (s = p Y () =, X(5)
or Y, (8)=ps” Y, () + aps T X(s)

from which the simulation diagram in Fig. 7-17 can be drawn. Thus, H(s) = H,(s) + H,(s) + H,(s) can be
simulated by the diagram in Fig. 7-18 obtained by parallel connection of three systems. Choosing the outputs
of integrators as state variables as shown in Fig. 7-18, we get

¢ )=—q, @)+ x(@)
1
G, (1) =—2q,(t) _gx(f)

2
43(f):_593(f)_gx(f)

y(@)=q, () + g, () + q5(r)

In matrix form

-1 0 0 !
qoO= 0 -2 0lq(n+ -1 x(t)
0 0 -5 ; (7.115)
3

yo=[1 1 1]q

Note that the system matrix A is a diagonal matrix whose diagonal elements consist of the poles of H(s).

x(t) P N e 70
I >
+

Fig. 7-17
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5
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yi)

—Y

W=,
A
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[
. 4
)
Q
@
v
[=]

a5t

Fig. 7-18
Solutions of State Equations for Discrete-Time LTI Systems

7.20. Find A" for

>

Il

—
AW —

by the Cayley-Hamilton theorem method.

First, we find the characteristic polynomial ¢(1) of A.

A -1
r,_3
4

8

=A2—3A+=(A—1](A—l)
PR 2 \* 2

c(A)=|M—Al|=

—_

A

Thus, the eigenvalues of A are A= % and A, = }‘ . Hence, by Eqs. (7.27) and (7.28) we have

b() bl
A" =bI+bhA=

and b, and b, are the solutions of
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from which we get

Hence,

An n n n
B R I I Y L e
2\ 2 2\ 4 2 4
e 1 4 LY 2 —4
== +|—
( 2 ) i Y
2 2
7.21. Repeat Prob. 7.20 using the diagonalization method.
Let x be an eigenvector of A associated with A. Then
[MI—Alx=0

Forh=A, = lz we have

o= N|—

|
—_
—
S
[E—

Il
—
o O
— =

4
The solutions of this system are given by x; = 2x,. Thus, the eigenvectors associated with A, are those
vectors of the form

Forh =4, = % we have

b

The solutions of this system are given by x; = 4x,. Thus, the eigenvectors associated with A, are those

1
2

vectors of the form

4

Xzzﬁ[l] B#O0

Let o = =1 in the above expressions and let

=[x x2]=ﬁ 4

—_

1 -4
Then P_'=—l =
2(-1 2
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and by Eq. (7.29) we obtain

L 0 L o[- »
n np—1 —1 2 4 2 2
A"=PA'P =P P =1y |
1 1 - -1
0 — 0 —
B UL S (R Y L Y B
2 4 2 4
) () () [
2\ 2 2\ 2 2 4
LY -1 4 LY 2 —4
=— +| =
) o ) -
2 2
7.22. Repeat Prob. 7.20 using the spectral decomposition method.
Since all eigenvalues of A are distinct, by Eq. (7.33) we have
| | | —i 1 -1 4
E, = A-AD=— |A——1I|=4 =
L e U I
2 4 8 2 2
1 1 1 _% S
E,= A-AD=—|A——I|=—4 =
gaaertagi—d b
4 2 s 4] 2

Then, by Eq. (7.34) we obtain

n

1

A"=|—| E +

Sl sl A )
21 2 2\ 4 2 4
7.23. Repeat Prob. 7.20 using the z-transform method.

First, we must find (zI — A)~!.

] T
_ (Zi)(}i) )
33 F0
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1 1 1 1

_z—l+2z—l 42_1_41_l

_ 2 4 2 4
1 1 1 1 1 1

—_—— +7 —
S S N B
2 4 2 4

Then by Eq. (7.35) we obtain

A"=3HEA-A) "

b4 b4 .z
1+2 1 4 1 4 1
Z_E Z_Z Z_E Z_Z

— o=l
S 1z 1z I

2 1 1 1

= = — I——= 2 —

2 4 2 4

lfl_l ] 112 _4
=|_ + | —
2

From the above results we note that when the eigenvalues of A are all distinct, the spectral decomposition
method is computationally the most efficient method of evaluating A”.

7.24. Find A" for

0 1
A=I1 4
3 3
The characteristic polynomial c(A) of A is
A -1
c(A)=|)&I—A|=l A—ﬁ
3 3
-l gop|a-d
3 3 3

Thus, the eigenvalues of Aare A, = 1 and A, = %, and by Eq. (7.33) we have

LY I
1 1 1. 3] 3 2 2

E = A-ALD=——(A--D)= =
T R R I B
3 3 2 2
1 1 [ 711 %‘%

E, = A-AD=——@A-D=-2= =
2 7&2*?»1( 1D 1_1( ) 2‘%% I
3 : 2 2
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Thus, by Eq. (7.34) we obtain

" _1 3 A3 23
n n 1 2 2 L) |2 2
A"=1)"E,+|—| E, = +|—
e e LM
2 2 2 2
SRR
2 3 2 2\3
Sty 3. 1f1
2 213 2 23
Find A" for
2 1
A=
0 2
The characteristic polynomial c¢(A) of A is
(M)=|A—A|= AP ST
am= o rA—2|

Thus, the eigenvalues of A are A, = A, = 2. We use the Cayley-Hamilton theorem to evaluate A". By Eq. (7.27)
we have

by +2b, b,

A" =Dl +hA=
0 by +2b

where b, and b, are determined by setting A = 2 in the following equations [App. A, Egs. (A.59) and (A.60)]:

by +br=N
b, =n\1
Thus,
by +2b, =2"
b, = n2n-1

from which we get

by=(1—n)2" b =n2""

2" p2n !
and A=
0 2"

Consider the matrix A in Prob. 7.25. Let A be decomposed as

ol 3 o

0 1

20
where D= and N=
00

0 2

(@) Show that N> = 0.
(b) Show that D and N commute, that is, DN = ND.
(¢) Using the results from parts (a) and (b), find A”.
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(a) By simple multiplication we see that
, [0 1710 1 00
N° = = =0
0 0f|0 O 00
(b) Since the diagonal matrix D can be expressed as 2I, we have

DN = 2IN = 2N = 2NI = N(2I) = ND

that is, D and N commute.

(¢) Using the binomial expansion and the result from part(b), we can write

nn—1)

21!

(D+N)"=D" +nD" " 'N+ D" >N% +..
Since N2 = 0, then N¥ = 0 for k = 2, and we have

A"= D+ N)'=D"+nD""'N

Thus [see App. A, Eq. (A.43)],

2 o7 2 o7"'ro 1
A" = +n

0 2 0 2 00

2" 0 2710 110 1
o 2! [0 0]

o 2"
0 2"1]_[2” n2"!

+n

+n

2" 0
0 2" 0 0 0o 2"

which is the same result obtained in Prob. 7.25.

Note that a square matrix N is called nilpotent of index rif N"~! # 0 and N”

such that m(A) = 0. Consider the matrix

(@) Find the minimal polynomial m(A) of A.
(b) Using the result from part (a), find A".

(a) The characteristic polynomial c(A) of Ais

A—=2 0 0

cCA)=|M-Al=| 0 A+2 —1|=A+3)(A-2)

0 -4 A-1
Thus, the eigenvalues of A are A, = =3 and A, = A, = 2. Consider

mA)=A+3)A—-2)=A+21-6

-+ N"

|

=0.

361

7.27. The minimal polynomial m(A) of A is the polynomial of lowest order having 1 as its leading coefficient
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Now
2 007 2 00 100
mA)=A2+A—-6I=|0 -2 1| +{0 —2 1|-6/0 1 0O
0 4 1 0 4 1 0 0 1

4 0 0 2 0 0 6 0 0 000
=10 8§ —1/{+|0 =2 1(—|0 6 0(=|0 0 O
0 —4 5 0 4 1 0 0 6 0 0 0

Il
S

Thus, the minimal polynomial of A is

mA=A+3))A-2)=2+A1-6

(b) From the result from part (a) we see that A” can be expressed as a linear combination of I and A only,
even though the order of A is 3. Thus, similar to the result from the Cayley-Hamilton theorem, we have

by b,
A" =bI+bA=
o R
8 4
where b, and b, are determined by setting A = —3 and A = 2 in the equation
by +b A=A

Thus,

b, — 3b, = (=3)"

by +2b, =2"
from which we get
2 3 1 1
by==(=3)"+=2)" by=—=(=3)"+=02)
0 5( ) 5() | 5( ) 5()
2)" 0 0
4 1 1 1
A= 0  —(=3)"+-(2)" —=—(=3)"+=Q)
and 5( ) 5() 5( ) 5()

4 oyt L a4 o
0 —5EI+@" SEY L@

0 0 0 1 0 O

4 1 1 1

=30 I —-|+@"l0 = -
=3 5 5 (2) -
o 41 o 44

5 5 5 5

7.28. Using the spectral decomposition method, evaluate A" for matrix A in Prob. 7.27.
Since the minimal polynomial of A is

ma)=A+3)(A—2)=A-1) A~ 1)
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which contains only simple factors, we can apply the spectral decomposition method to evaluate A”. Thus, by
Eq. (7.33) we have

E = A—AD)= A-2I

'Al—Az( D=5t )

P

=—0 -4 1|=l0 = -=

o 4 - >3

o 4 1

5 5

E,=— b (A-AD=—(A+3D)
LA 2 —(=3)
500 1(1)(1)
=—lo 1 1|=]0 = =
o 4 4 >3
0 4 4
55

Thus, by Eq. (7.34) we get

A"=(-3)"E, +(2)'E,

0 0 0 1 0 O

4 1 1 1

=30 = ——|+@"[0 = =
(=3) 5 5 (2) 5 3

N o 44

5 5 5 5

) 0 0

= i_ n l n _l_ n l n
0 5( 3) +5(2) 5( 3) +5(2)

4 PR SV T AV

0 —g(—3) +5(2) 5( 3) +5(2)

which is the same result obtained in Prob. 7.27(b).

7.29. Consider the discrete-time system in Prob. 7.7. Assume that the system is initially relaxed.
(a) Using the state space representation, find the unit step response of the system.
(b) Find the system function H(z).

(a) From the result of Prob. 7.7 we have

q[n+1]=Aq[n]+ bx[n]
yln] = cq[n] +dx[n]

) el e

Setting q[0] = 0 and x[n] = u[n] in Eq. (7.25), the unit step response s[n] is given by

0
where A=| |
8

Alw —

n—1
s[n]= E cA" " Foylk]+ duln] (7.116)
k=0
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Now, from Prob. 7.20 we have

1 nf—1 4 | nf2 —4
A" =| = +| =
2 ) —l 2 ( 4 ) 1 -1
2 2
| 3 | n—1-k|—1 4 | n—1-k|2 —4 0
and cA"il*kb:[—f 7] — 1 +| — 1
8 4 2 - 2 4 — -1 1
2 2
n—1—k -1 4
SRR S
2 8 41|—— 2||1
2

ORHREERND

Thus,

which is the same result obtained in Prob. 4.32(c)
(b) By Eq. (7.44) the system function H(z) is given by
H@)=cZ—A)'b+d

: -1 z—E 1
-1 1 4
Now @A-A) =1 3| =T/~
- z—= 1 1 1
s °7a %—)&—)— :
4 8
Thus,
z—3 1
n 0
H() = -1 3 e
1 1 8§ 4 1 1
72— = |lz— — 5 <
2 4 8
1
—7+§z 2
8 4 +1 d

T

which is the same result obtained in Prob. 4.32(a).
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7.30. Consider the discrete-time LTI system described by
q[n + 1] = Aq[n] + bx[n]
ylnl = eq[n] + dx[n]

(a) Show that the unit impulse response Ah[n] of the system is given by

d n=0
h[n]=1cA" b n>0 (7.117)
0 n<0
(b) Using Eq. (7.117), find the unit impulse response %[n] of the system in Prob. 7.29
(a) By setting q[0] = 0, x[k], = O[k], and x[n] =6[n] in Eq. (7.25), we obtain
n—1
(7.118)

h[n]= 2 cA" 1 B[k + d[n]
k=0

Note that the sum in Eq. (7.118) has no terms for n = 0 and that the first term is ¢A” " 'b for n > 0.
The second term on the right-hand side of Eq. (7.118) is equal to d for n = 0 and zero otherwise.

Thus, we conclude that

d n=0
hin]=1cA" D  n>0
0 n<0
(b)  From the result of Prob. 7.29 we have
0 1
0 1 3]
A= b= c=|—= = =1
_1 3 H [ 8 4
8 4
| n—1 | | n—1
and A" b=| = -—| = n=1
2 4\ 4
Thus, by Eq. (7.117) h[n] is
1 n=0
1 n—1 1 n—1
hn]l=3| = - = n=1
n<0

which is the same result obtained in Prob. 4.32(b).
7.31. Use the state space method to solve the difference equation [Prob. 4.38(b)]

3y[n] — 4y[n — 1] + y[n —2] = x[n] (7.119)

with x[n] = ()" uln] and y[—1] = 1,y[-2] = 2.

Rewriting Eq. (7.119), we have

yln]— %y[n -1+ % yln—2]= %x[n]
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Let g,[n] = y[n — 2] and g,[n] = y[n — 1]. Then
q[n+1]1= g,[n]

1 4 1
@ln+1]= _qu[n] + qu[n] +§x[n]

1 4 1
ylnl= *g%[”] + g‘h["] +§x[n]

In matrix form

q[n+1]1=Aq[n]+ bx[n]
y[n]=cq[n] +dx[n]

where A=

and alol]_[l-21_[2
0]1= = =
alo] [‘12[0]] [y[—l]} H

Then, by Eq. (7.25)

n—1
y[n]=cA"q[0] + E A" kpx[k]+dx[n]  n>0
k=0

Now from the result of Prob. 7.24 we have

A" = = +| =
e R (3)1_1
33 2 2 2 2
13 33
13 2 =2l
and cA"q[O]:[—l i] 2 21 (L2 2
3o3l)j_1 3] (3) 1 _1jlt
2 2 2 2
1, 1(1
2 6(3
| 7l§ n*l*kgfé 0
cAnflfkb:{ii 7] 2 2|, (L 2 2l
_1 3P A3 1z
2 2 2 2t?

Thus,
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1) n
n 1_(2) n+1 lf(é) n
Lyt _1pd 2) (41
276(3) 2| L | 23 3] 32
2 2
N N R R
2 613 2 31 3 31 2 31 2
R n>0
2 2 2\ 3

which is the same result obtained in Prob. 4.38(b).

7.32. Consider the discrete-time LTI system shown in Fig. 7-19.
(a) Is the system asymptotically stable?
(b) Find the system function H(z).
(¢) Is the system BIBO stable?

x[n] t@ ‘|—|71
. g, n+1 =1 g,
3
2
F
+w
e D) yinl

i L1 g in+1]

Fig. 7-19

(a) From Fig. 7-19 and choosing the state variables g,[n] and g,[n] as shown, we obtain

3
qn+1]= qu[n] + x[n]
1
g ln+1]= —qu [n]+2q,[n]
ylnl=q,[n] - g,[n]
In matrix form

q[n + 1] = Aq[n] + bx[n]
y[n] = cq[n]
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0 % |
where A= b=[] c=[1 —1]

1 0

S

2

L 3

2 3 1 3

Now c(}»)=|)LI—A|= =AMA=-D+==|A—= [[A—=

1, 4 2 2

Thus, the eigenvalues of A are A, = %and A, = ; Since |A,| > 1, the system is not asymptotically stable.

(b) By Eq. (7.44) the system function H(z) is given by

H(z) = cZl—A) 'b=[1 —1] H
z—2

N | —

(¢) Note that there is pole-zero cancellation in H(z) at z = % Thus, the only pole of H(z) is 12, which lies
inside the unit circle of the z-plane. Hence, the system is BIBO stable.

Note that even though the system is BIBO stable, it is essentially unstable if it is not initially relaxed.
7.33. Consider an Nth-order discrete-time LTI system with the state equation
q[n + 1] = Aq[n] + bx[n]
The system is said to be controllable if it is possible to find a sequence of N input samples x[n,],
x[n, + 1], ..., x[n, + N — 1] such that it will drive the system from q[n,] =q, to q[n, + N] = q, and q,
and q, are any finite states. Show that the system is controllable if the controllability matrix defined by
M =[b Ab - AV"'b] (7.120)

has rank N.

We assume that n, = 0 and q[0] = 0. Then, by Eq. (7.23) we have

N-1
q[N]= EAN""‘ bx [k] (7.121)
k=0
which can be rewritten as
x[N —1]
Nt | XIN =11
q[N]=[b Ab --- A" D] . (7.122)

+[0]
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7.34

.

7.35.

Thus, if q[N] is to be an arbitrary N-dimensional vector and also to have a nonzero input sequence, as required
for controllability, the coefficient matrix in Eq. (7.122) must be nonsingular; that is, the matrix

M,=[b Ab - AV 'p]
must have rank N.
Consider an Nth-order discrete-time LTI system with state space representation
q[n + 1] = Aq[n] + bx[n]
ylnl = eqln]

The system is said to be observable if, starting at an arbitrary time index n,, it is possible to determine
the state q[n;] = q, from the output sequence ylnyl, yln, + 11, ..., y[n, + N — 1]. Show that the
system is observable if the observability matrix defined by

M, = (7.123)

cAN !

has rank M.

We assume that n; = 0 and x[n] = 0. Then, by Eq. (7.25) the output y[n] forn =0, 1, ..., N — 1, with x[n] =0,
is given by

y[n] = cA"q[0] n=0,1,....N—1 (7.124)
or y[0] = ¢q[0]
y[1] = cAq[0] (7.125)

YIN = 1] = cAV" ' q[0]
Rewriting Eq. (7.125) as a matrix equation, we get
y[0] ¢
y[:l] - ch ql0] (7.126)
yIN=1| |cAM!

Thus, to find a unique solution for q[0], the coefficient matrix of Eq. (7.126) must be nonsingular; that is, the matrix

must have rank N.

Consider the system in Prob. 7.7.
(a) Is the system controllable?
(b) Is the system observable?

(¢) Find the system function H(z).
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(a) From the result of Prob. 7.7 we have

1
A=1§
4

Blw =

0
Now Ab = 1
8

and by Eq. (7.120) the controllability matrix is

0 1
M, =[b Ab]= , 3
4
and [M_| = —1 # 0. Thus, its rank is 2, and hence the system is controllable.

(b) Similarly,

0

cA=—lé 1
8 4]|—-=

8

1
s=[-2 L
2 [32 16]
4

and by Eq. (7.123) the observability matrix is

_1 3
c
M, = _ 8 4
Al 7|3 7
32 16
and |[M | = —6i4 # 0. Thus, its rank is 2, and hence the system is observable.
(¢) By Eq. (7.44) the system function H(z) is given by
-1
-1
H(z)=c(zI—A)71b+d=[—l 3] X Ol
PRy | ) I
8 4
3
z——= 1
- ! {_1 3} 404,
1 1 8 4 1 1
2=~ |[|z—— e £
2 4 8
3 1
—z—— 2
= 4 8 +1= <
1 1 1 1
== ||z— — = = |lz— —
S S
17351 +lz—2
4 8
7.36. Consider the system in Prob. 7.7. Assume that
[0]= 0
q 1
Find x[0] and x[1] such that q[2] = 0.
From Eq. (7.23) we have
2 2 x[1]
q[2]1=A’q[0]+ Abx[0] +bx[1]=A’q[0]+[b Ab] .
X



CHAPTER 7 State Space Analysis 371

Thus,

Alw =

o]

| < -Mw”

x[0]
x[1]+ix[0]]

%

from which we obtain x[0] = — 2’ and x[1] = 18'

' P
5

7.37. Consider the system in Prob. 7.7. We observe y[0] = 1 and y[1] = 0 with x[0] = x[1] = 0.
Find the initial state q[0].

Using Eq. (7.125), we have

EHRA

ylI| |cA
Thus,
_1 3
N | 8 4|[al0]
0 _ i l q,[0]
32 16
Solving for ¢,[0] and g,[0], we obtain
137!
q,10] ] 4 1 28
qroy=|" 0= 82 -
q,10] 3 7 0 6
32 16
7.38. Consider the system in Prob. 7.32.
(a) Is the system controllable?
(b) Is the system observable?
(a) From the result of Prob. 7.32 we have
0 3
2 1
A= b= c=[1 —1]
1 0
-= 2
2
0 2 0
211
Now Ab = =1 1
_ l 2 0 Y
2 2
and by Eq. (7.120) the controllability matrix is
1 0
M, =[b Ab]= 0 1]
2

and |M_| = — % # 0. Thus, its rank is 2, and hence the system is controllable.
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(b) Similarly,

NN w

¢

1 -1
M = ¢ =11 1
° lcA - —=
2 2
and |M_ | = 0. Thus, its rank is less than 2, and hence the system is not observable.

Note from the result from Prob. 7.32(b) that the system function H(z) has pole-zero cancellation. If
H(z) has pole-zero cancellation, then the system cannot be both controllable and observable.

Solutions of State Equations for Continuous-Time LTI Systems

7.39. Find e? for

0 1
A=
-6 —5
using the Cayley-Hamilton theorem method.

First, we find the characteristic polynomial c¢(A) of A.

A =1
6 A+5
=A*+5A+6=(A+2)(A+3)

c(A)=|AI—A|:‘

Thus, the eigenvalues of A are A, = —2 and A, = —3. Hence, by Eqs. (7.66) and (7.67) we have

b b
M=bl+hA=| 0 ‘
—6b, by —5b
and b, and b, are the solutions of
by —2b, = e 2!
by —3b, = e 3t

from which we get
b, =3e % —2e b

Hence,

e =
—6e M +6e " —2e7H 43

3 1 -2 -1
=2 +o ¥
-6 —2 6 3

=2t _ —3t =2t _ 3t
A [ 3e 2e e e }
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7.40. Repeat Prob. 7.39 using the diagonalization method.
Let x be an eigenvector of A associated with A. Then
[AI—Alx=0
For A = A, = —2 we have
-2 —1][x] [0
o kel

The solutions of this system are given by x, = —2x,. Thus, the eigenvectors associated with A, are those

vectors of the form
1 .
x1=a[_2] with a #0
For A = A, = —3 we have
=3 —1][x]_J0
6 2||x,]| |0

The solutions of this system are given by x, = —3x,. Thus, the eigenvectors associated with A, are those
vectors of the form

x2=ﬁ[_;] with § #0

Let a = =1 in the above expressions and let

L [-3 -1 3001
Then P =- =
and by Eq. (7.68) we obtain
a [0 1 [P 03 1] [ -2 e
‘ [2 3} 0 e [2 1] - —6e 2+ 667 —2e M +3e7
g 3 1 g -2 -1
-6 -2 6 3
7.41. Repeat Prob. 7.39 using the spectral decomposition method.

Since all eigenvalues of A are distinct, by Eq. (7.33) we have

1
M=k

3001
E = (A—)Lzl)—A—i-SI—[ }

-6 —2

1 -2 -1
E, = A-AD=—(A+2I)=
: Af)»l( == ) [6 3]
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Then by Eq. (7.70) we obtain

3 1 -2 -1
eAt =¢” ZtEl +e 3tE2 = 2t +e 3t
-6 -2 6 3

36—2t _ 2673[ e—zz _ e*3t
{— 6e 2 +6e7¥ —2e7% + 36_3t]
7.42. Repeat Prob. 7.39 using the Laplace transform method.

First, we must find (s — A)~!.

-1

(SI_A)_I:-S -1 _ 1 s+5 1
_6 s+5 (s+2)(s+3) s
s+5 1
| +E2)(s+3) (s+2)(s+3)
B _ 6 s
(s+2)(s+3) (s+2)(s+3)
32 11
_ s+2 s+3  s+2 s+3
16 6 2 3

s+2 s+3 s+2 s+3

Then, by Eq. (7.71) we obtain
3872t _ 2873[ 672t _ e*3t
M= s1-ay =
—6e 466 —2e7H 43

Again we note that when the eigenvalues of A are all distinct, the spectral decomposition method is
computationally the most efficient method of evaluating e'.

7.43. Find e?! for

The characteristic polynomial c(\) of A is

A+2 -1

(A=A —A|= L1 4o

=AM H4A+3=(A+1)(A+3)

Thus, the eigenvalues of A are A, = —1and A, = —3. Since all eigenvalues of A are distinct, by Eq. (7.33) we have

11 3
E = (A+SI)—[1 1]=

1

2

1

2

E2=—1(A+I)=—f l
2 1

D= N =

I\J\»— N | —
N = l\.)\»—l
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Then, by Eq. (7.70) we obtain

11 1 _1
eAt — 67t 2 2 toe 3t 2 2
11 11
2 2 2 2
—e ! +le*3f le*f 71 =3t
_|2 2 2 2
7e*t _le*3t le*t + 737:‘”
2 2 2
7.44. Given matrix
0 -2
A=|0
0
(@) Show that A is nilpotent of index 3.
(b) Using the result from part (a) find e?".
(a) By direct multiplication we have
0 —2 1770 =2 1 0 0 —6
A’=AA=[0 0 3|0 0 3|=[0 0 O
0O 0 0|0 0 O 00 O
0 0 —6][0 —2 17 [0 0 O
A’=A’A=[0 0 Ofl0 0 3|=|0 0 O
0 0 010 0 0 000

Thus, A is nilpotent of index 3.
(b) By definition (7.53) and the result from part (a)

2 £ £?
AM=T+A+—A2+—A>+...=T+A+—A?
2! 3! 2

1 00 0 —2 1 ,[0 0 -6 1 —2t t—3*
=lo 1 o|+t|o 03+%00 ol=lo 1 3
00 1 0 0 0 00 0| [0 o0 1

7.45. Find eA’ for matrix A in Prob. 7.44 using the Cayley-Hamilton theorem method.

First, we find the characteristic polynomial c¢(A) of A.

A2 -1
cM=|A1—Al=]|0 1 -3|=1°
00 A

Thus, A = 0 is the eigenvalues of A with multiplicity 3. By Eq. (7.66) we have

M =D+ b A+ b,A2



376 CHAPTER 7 State Space Analysis

where b, b, , and b, are determined by setting A = 0 in the following equations [App. A, Eqgs. (A.59) and (A.60)]:

[

by + b\ + b\ =M
b, + 2b,\h = te
2b, = 12

Thus,

Hence,
/2
A =T+1A+—A?
2
which is the same result obtained in Prob. 7.44(b).

7.46. Show that

A+B — ,AB

e e

provided A and B commute; that is, AB = BA.
By Eq. (7.53)

S

m=0

AB_[wo ! &
ee _(Ek!A
k=0

—(I+A+]A2+-~-)(I+B+1B2+---)
2! 2!

1

~“B?+...
2!

:I+A+B+%A2+AB+
AP =I+(A+B)+%(A+B)2+m
1., 1 1 1.2
=I+A+B+—A’+_-AB+—-BA+_—B*+...
2! 2 2 2!

and eAeB—eA+B:%(AB—BA)+---

Thus, if AB = BA, then

eA+B = eAeB

7.47. Consider the matrix

210
A=|0 2 1
0 0 2
Now we decompose A as
A=A+N
where A and N

I
S O N
S N O
N O O
I
S O O
S O =
S = O
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(@) Show that the matrix N is nilpotent of index 3.
(b) Show that A and N commute; that is, AN = NA.
(¢) Using the results from parts (a) and (b), find e*’.

(a) By direct multiplication we have

N2=NN=(0 0 1{|l0 0 1|=]0 0 ©

N*=N>N=|0 0 of|lo 0 1|=]|0 0 ©

Thus, N is nilpotent of index 3.

(b) Since the diagonal matrix A can be expressed as 21, we have
AN = 2IN = 2N = 2NI = N(2I) = NA

that is, A and N commute.

(¢) Since A and N commute, then, by the result from Prob. 7.46

eAr — e(A +N)t — eAteNr

Now [see App. A, Eq. (A.49)]

00 100
N=10 & 0]=e¥|0 1 0|=€¥1
0 0 & 0 0 1

and using similar justification as in Prob. 7.44(b), we have

2
N :I+tN+t—N2
2!

2 2
1ooygq0 o0 (0S| |M T
=0 1 0|+|0 O ¢|{+[0O O O|=|0 1 ¢
0 0 1 0 00 0 0 O 0 0 1
Thus,
2
1 L
2
eArzeAteNt=e2tIeNt=eZteNt=62x 01 ¢
0 0 1

7.48. Using the state variables method, solve the second-order linear differential equation
Y@ + 5y + 6y 1) = x(0)
with the initial conditions y(0) = 2, y'(0) = 1, and x(t) = e"'u(t) (Prob. 3.38).
Let the state variables ¢, (¢) and g,(t) be

q,(0) = y(® q,(t) = y'(t)

377

(7.127)
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Then the state space representation of Eq. (7.127) is given by [Eq. (7.19)]

q(t) = Aq(®) + bx(r)
(@) = eq(n)

_ o 1 0 B o1 _q2
with A—[_6 _5] b—H c=[1 0] q[O]—[qz[O]]—[l]

Thus, by Eq. (7.65)

y(1) = ceMq(0) + f(; e Obx (1) dt

with d = 0. Now, from the result of Prob. 7.39,
3 1 -2 -1
A= +e ¥
-6 —2 6 3

3 1 e -2 —17)[2
6 3|1
=7 M —5¢ %

6 —2
3 1 -2 —17] 10
A(t*r)bzl 0 -2(t—7) + —3(t—71)
“ [ ]{e [—6 —2] ¢ 6 3|1

= 2imT) _ 30T

and cetq(0)=[1 0] {e_2' [

Thus,
_ _ [ ). —
y(t)=Te ' —5¢% +f0(e =T g3, Ty
—21 -3 -2 1 -3t ¢ 21
= - + -
Te Se e foe dt—e foe dr

=le_’ +6¢ _26731 t>0
2 2

which is the same result obtained in Prob. 3.38.
Consider the network shown in Fig. 7-20. The initial voltages across the capacitors C, and C, are ly

and 1 V, respectively. Using the state variable method, find the voltages across these capacitors for t > 0.
Assume thatR, = R, = R, =1QandC, = C,=1F

1 R, 2
AV
+ +
vc1(t) _:: C, §R1 R3§ C, == vcz(t)
Fig. 7-20

Let the state variables ¢, (?) and g, (t) be

ql(t) = Vcl(t) 612 (t) = ch(l’)
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7.50.

Applying Kirchhoft’s current law at nodes 1 and 2, we get

. t 1)—q,(t
Clql(IquT()Jrql() @@ _

1 R2

0

A ORION
R3 R2

Crg, (1) + 0

Substituting the values of R,, R,, R;, C,, and C, and rearranging, we obtain

g, = =29, + q,(®
q,(t) = q,(t) — 24,(1)

In matrix form

q(H) = Aq(®)
ith PO d 0)= %
wit —[ 1 _2] an q0)= X

Then, by Eq. (7.63) with x(¢) = 0 and using the result from Prob. 7.43, we get

1 LR
an=eMqO)= |7 2| 2 2l
1 LN
2 2 2 2
3671_16731
_|4 4
éeft-i-le%’
4 4
Thus,
3 —t | " 3 —t |
Ve (t)=—e  ——e and Ve, (t)=—e  +—e
a=y 4 a®=y 4

Consider the continuous-time LTI system shown in Fig. 7-21.
(a) Is the system asymptotically stable?

(b) Find the system function H(s).

(c) Is the system BIBO stable?

y +
I
+

379

X(t) |—|
@ 3 : f 2
aq,(t) L] q,(t)

| ¥
@

= - ’{ I
a,(t) a,(t)

+
4+ N

Fig. 7-21
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(a) From Fig. 7-21 and choosing the state variables ¢,(7) and g,(?) as shown, we obtain

q,(t) = q,(t) + x(t)
q,(t) = 2q,(t) + q,(t) — x(1)
y(@®) = q,(t) — q,()

In matrix form

q(H) = Aq(1) + bx(?)

y(0) = eq()
0 1 1
where A= b= c:[l —l]
2 1 -1
A -1 )
Now (M) =|Al—A|= S Ao =AT—A-2=A+D(A—-2)
Thus, the eigenvalues of A are A, = —1 and A, = 2. Since Re{A,} > 0, the system is not asymptotically

stable.

(b) By Eq. (7.52) the system function H(s) is given by

He=col-A w=[1 —1][* '] [
ot ) L

et

2(s-2) _ 2
(s+l)(s—2) s+1

(¢) Note that there is pole-zero cancellation in H(s) at s = 2. Thus, the only pole of H(s) is —1, which is
located in the left-hand side of the s-plane. Hence, the system is BIBO stable.

Again, it is noted that the system is essentially unstable if the system is not initially relaxed.

7.51. Consider an Nth-order continuous-time LTI system with state equation
4 = Aq(®) + bx(®)

The system is said to be controllable if it is possible to find an input x(#) which will drive the system
from q(f,) = q, to q(#,) = q, in a specified finite time and q, and q, are any finite state vectors. Show
that the system is controllable if the controllability matrix defined by

M =[b Ab .- AN"lp] (7.128)
has rank N.

We assume that z, = 0 and q[0] = 0. Then, by Eq. (7.63) we have

0, =q)=c" [l hr(r) dr (7.129)

At

Now, by the Cayley-Hamilton theorem we can express e A" as

N-1
A=Y a (A (7.130)
k=0
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7.52.

Substituting Eq. (7.130) into Eq. (7.129) and rearranging, we get

N-—1
g =" =| 3 A a @)x@dr (7.131)
k=0
Let f; o, (0)x (¥)dr =,

Then Eq. (7.131) can be rewritten as
N-1
e Mg = 3 b,
£=0

Bo

or e Mg =[b Ab - AV'b] [f' (7.132)

By-1

For any given state q, we can determine from Eq. (7.132) unique 8,’s (k =0, 1, ..., N — 1), and hence x(z), if
the coefficients matrix of Eq. (7.132) is nonsingular, that is, the matrix

M =[b Ab - AV-'p]

c

has rank N.

Consider an Nth-order continuous-time LTI system with state space representation

q() = Aq() + bx(»)
(@) = ¢q(®)

The system is said to be observable if any initial state q(f,) can be determined by examining the system
output y(¢) over some finite period of time from ¢ to ¢,. Show that the system is observable if the
observability matrix defined by

A (7.133)

has rank M.

We prove this by contradiction. Suppose that the rank of M| is less than N. Then there exists an initial state
q[0] = q, # 0 such that

Moq() :0
or cq, =cAq, =" =cAV !q, =0 (7.134)

Now from Eq. (7.65), for x(f) = 0 and 7, = 0,

y(t) = cetlq, (7.135)
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However, by the Cayley-Hamilton theorem, e’ can be expressed as

N-1
A = 2 ak(t)Ak
£=0

Substituting Eq. (7.136) into Eq. (7.135), we get

N—1

Y=Y o)Ay =0
k=0

in view of Eq. (7.134). Thus, q, is indistinguishable from the zero state, and hence, the system is not

observable. Therefore, if the system is to be observable, then M, must have rank N.

7.53. Consider the system in Prob. 7.50.

(@)
®)

(@)

(b

Is the system controllable?

Is the system observable?

From the result from Prob. 7.50 we have

SRR

0 1 1 -1
Now Ab = =

2 1)|—1 1
and by Eq. (7.128) the controllability matrix is

M, =[b Ab]= [_11 _]1]

and |MC| = 0. Thus, it has a rank less than 2, and hence, the system is not controllable.

Similarly,

01

cA=[1 —1][2 1}—[—2 0]

and by Eq. (7.133) the observability matrix is

vl

and |M0| = —2 # 0. Thus, its rank is 2, and hence, the system is observable.

(7.136)

(7.137)

Note from the result from Prob. 7.50(b) that the system function H(s) has pole-zero cancellation. As

in

the discrete-time case, if H(s) has pole-zero cancellation, then the system cannot be both controllable

and observable.

7.54. Consider the system shown in Fig. 7-22.

(a)
(b)

Is the system controllable?

Is the system observable?

(¢) Find the system function H(s).
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>0
1

li‘
2
=

4.0
}4 y(t)
2

) E a0

J

Fig. 7-22

(a) From Fig. 7-22 and choosing the state variables g,(7) and ¢,(7) as shown, we have

q,(0) = q,() + 2q,(1) + x(1)
4,(1) = 3¢,() + x(2)
(@) = q,(t) — q,(0)

In matrix form

q,(1)=Aq(r) +bx(r)

y(#)=cq()
1 2 1
where A—[O 3} b—[l] c:[l —l]
1 2771 3
Now Ab = =
o 3[4

and by Eq. (7.128) the controllability matrix is
13
M, =[b Ab]=
13

and |M¢| = 0. Thus, its rank is less than 2, and hence, the system is not controllable.

(b) Similarly,

1 2

cA=[1 _1][0 3]=[1 —1]

and by Eq. (7.133) the observability matrix is

LS

and |M0| = 0. Thus, its rank is less than 2, and hence, the system is not observable.
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(¢) By Eq. (7.52) the system function H(s) is given by

H(s)=c(sI—A)"'b
SO DR
gt 7 ]

(s—D(s—3)
Note that the system is both uncontrollable and unobservable.

SUPPLEMENTARY PROBLEMS

7.55. Consider the discrete-time LTI system shown in Fig. 7-23. Find the state space representation of the system
with the state variables ¢, [n] and g,[n ] as shown.

X~ = = Dy
i a,0n] | -

1
6
Fig. 7-23

7.56. Consider the discrete-time LTI system shown in Fig. 7-24. Find the state space representation of the system
with the state variables g, [n] and g,[n] as shown.

A
> > z1
+ q,n
x[n] 1
oy 1o
JF
Al
s Pl —p
+ G,ln]

Fig. 7-24
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7.57. Consider the discrete-time LTI system shown in Fig. 7-25.
(a) Find the state space representation of the system with the state variables g,[n] and g,[n] as shown.
(b) Find the system function H(z).

(c) Find the difference equation relating x[n] and y[n].

1
3
x[n] y[nl
) b3
18 :

o=
v

q,[n]

s

7.58. Adiscrete-time LTI system is specified by the difference equation

Fig. 7-25

yln] + yln — 1] —6y[n —2] =2 x[n — 1] + x[n — 2]

Write the two canonical forms of state representation for the system.

7.59. Find A" for

>

Il
AN | =
Al —

(a) Using the Cayley-Hamilton theorem method.

(b) Using the diagonalization method.

7.60. Find A" for

>

Il
S O W

|
o O
_ = O

(a) Using the spectral decomposition method.

(b) Using the z-transform method.
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7.61.

7.62.

7.63.

7.64.

7.65.
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Given a matrix

-1 2 2
A=| 2 -1 2
2 2 -1

(a) Find the minimal polynomial m(A) of A.
(b) Using the result from part (a), find A”.

Consider the discrete-time LTI system with the following state space representation:

0 10 1
q[n+1]=|0 0 1|q[n]+|0]|x[n]
0o -1 2 1

yln1=[0 1 0]q[n]
(a) Find the system function H(z).
(b) Is the system controllable?

(c) Is the system observable?

Consider the discrete-time LTI system in Prob. 7.55.
(a) Is the system asymptotically stable?

(b) Is the system BIBO stable?

(¢) Is the system controllable?

(d) Is the system observable?

The controllability and observability of an LTI system may be investigated by diagonalizing the system
matrix A. Asystem with a state space representation

v[n+1]= Av[n]+ bx[n]
yln]=evn]
(where A is a diagonal matrix) is controllable if the vector b has no zero elements, and it is observable if the

vector ¢ has no zero elements. Consider the discrete-time LTI system in Prob. 7.55.

(a) Letv[n] = Tq[n]. Find the matrix T such that the new state space representation will have a diagonal
system matrix.

(b) Write the new state space representation of the system.

(c) Using the result from part (b), investigate the controllability and observability of the system.

Consider the network shown in Fig. 7-26. Find a state space representation for the network with the state variables
q,(0) = i,(1), g,(1) = v(?) and outputs y, (), = (1), y,(H) = v D), assumingR, =R, =1Q,L=1H,andC=1F.

x(t) +<> c ::_ V()

Fig. 7-26
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7.66. Consider the continuous-time LTI system shown in Fig. 7-27
(a) Find the state space representation of the system with the state variables g, (1) and g,(7) as shown.

(b) For what values of a will the system be asymptotically stable?

I

q4()
+ —

Fig. 7-27

7.67. Acontinuous-time LTI system is described by

352 —1
H$)=5————
sT+3s"—s5—2
Write the two canonical forms of state representation for the system.

7.68. Consider the continuous-time LTI system shown in Fig. 7-28.

(a) Find the state space representation of the system with the state variables g, () and g,(7) as shown.

(b) Is the system asymptotically stable?
(¢) Find the system function H(s).
(d) Is the system BIBO stable?

™M

x(t) y()
3 z by
+ @ a, ® >{ ? @ 94 ® + >
2 }4

Fig. 7-28

7.69. Find A for

(a) Using the Cayley-Hamilton theorem method.

(b) Using the spectral decomposition method.
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7.70. Consider the matrix A in Prob. 7.69. Find e A" and show that e A’ = [¢A/] 1.

7.71. Find €A for

(a) Using the diagonalization method.

(b) Using the Laplace transform method.
7.72. Consider the network in Prob. 7.65 (Fig. 7-26). Find v(¢) if x(#) = u(¢) under an initially relaxed condition.

7.73. Using the state space method, solve the linear differential equation

y'(0) + 3y'(1) + 2y() = 0

with the initial conditions y(0) =0, y'(0) = 1.

7.74. As in the discrete-time case, controllability and observability of a continuous-time LTI system may be
investigated by diagonalizing the system matrix A. Asystem with state space representation

v(t) = Av(d) + bx(y)
y() = &v(1)

where A is a diagonal matrix, is controllable if the vector b has no zero elements, and is observable if the
vector ¢ has no zero elements. Consider the continuous-time system in Prob. 7.50.

(a) Find a new state space representation of the system by diagonalizing the system matrix A.
(b) Is the system controllable?

(c) Is the system observable?

ANSWERS TO SUPPLEMENTARY PROBLEMS

0 1 0
7.55. qlntll=| 1 5|qlnl+ | fxln]
6 6
ylnl=[~1 2]qn]
L |
7.56. qln+1]1= f qlnl+ | |xin]
3 2
o
y[n]—_o 1]q[n]
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1
757 (@) qn+l=|" 2

1
qln]+
1 0 0

x[n]

_[r 1 1
y[n]—[2 4]q[n] (]

1z22-4z—1
b) Hiz)=——>—— %
(b) H(®) 5 5 i

1 __1 ST S
(c) y[n]—y[n—l]+5y[n—2]— 6x[n]-i—3x[n 1]+6x[n 2]

7.58. (1) q[n+l]—[_6l O]q[n]-l- ? x[n]
y[n1=[1 0]qln]
) V[n+l]=[0 _l]v[n]-i- Ol i)
6 —1 1
yInl=[1 2]v[n]

2 3 2 3
7.59. A" = . ., ; ;
2 3 2 3
3 0 0
n_ l n i A\ l n 71 A\
7.60. A"=| 0 5(2) +5( 3) 5(2) 5( 3)
Yoy —t_syp Aoy _Lay
0 §(2) 5( 3) 5(2) 5( 3)

761 (a) m(A)=(A—3)A+3)=21>—9
3 +2(=3)" 3 —(=3) 3 —(-3)
(b) A" =% 3 - (=3 323" 3 — (=3
3 — (=3 3 —(=3)" 3" +2(=3)

. (a) H(Z):m

(b) The system is controllable.

(¢) The system is not observable.

7.63. (a) The system is asymptotically stable.
(b) The system is BIBO stable.
(¢) The system is controllable.

(d) The system is not observable.

389
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o[ ! 2
7.64. (a) —[_1 3]

0

| v[n]+

2
ylnl=[~1 0]vin]

) vin+l]=

S W=

2
3]x[n]

(¢) The system is controllable but not observable.

-1 1 0
7.65. q(r)=[ ]q(t)+ x(t)
-1 -1 1
[0 -1 N 1
y(t)[o l}qm 0 x(t)
-3 1 0
7.66. () q(z):[_ 1]q(t)+ | x (1)

y®=[1 0]q@)
b) a=4

3
7.67. ) q=| 1
2

(=
S = O

3
q()+ O]x(t)
-1

y»=[1 0 0]q®

—_ O

2) vi=

=

1 0
0 vi)+[0]x@)
1 =3 i

yoy=[-1 0 3]v@)
0
1

. -2 -3
7.68. (a) q(t)=[ 0 1]q(t)Jr x(t)

yo)=[1 1]q@

(b) The system is not asymptotically stable.

1
(©) H(S)*is+2

(d) The system is BIBO stable.

cost  sint

7.69. A =¢' [ , ]
—sint cost

cost —sint
7.70. M= |
sinf  cost
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7.71.

7.72.

7.73.

7.74.

1 . _
vc(t)=5(1+e "sint — e~ ' cost), t >0

yt)=e'—e >0

) -1 0 1
(a) V(t)=[ 0 2]V(f)+ 0 x(1)

yo=[2 —1]v)
(b) The system is not controllable.

(c) The system is observable.
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CHAPTER 8

Random Signals

8.1 Introduction

Random signals, as mentioned in Chap. 1, are those signals that take random values at any given time and must
be characterized statistically. However, when observed over a long period, a random signal may exhibit certain
regularities that can be described in terms of probabilities and statistical averages. The probabilistic model used
to describe random signals is called a random (or stochastic) process.

8.2 Random Processes

A. Definition:

Consider a random experiment with outcomes A and a sample space S. If to every outcome A € S we assign a
real-valued time function X(z, 1), we create a random (or stochastic) process. A random process X(¢, A) is there-
fore a function of two parameters, the time ¢ and the outcome A. For a specific A, say, )»l., we have a single time
function X(z, A,) = x(#). This time function is called a sample function or a realization of the process. The total-
ity of all sample functions is called an ensemble. For a specific time 1, X, A = X; denotes a random variable.
For fixed #(= 1,) and fixed A(= 4,), X(#;, A,) = x,(¢,) is a number.

Thus, a random process is sometimes defined as a family of random variables indexed by the parameter
t € T, where T is called the index set.

Fig. 8-1 illustrates the concepts of the sample space of the random experiment, outcomes of the experiment,
associated sample functions, and random variables resulting from taking two measurements of the sample functions.

In the following we use the notation X(¢) to represent X(z, A).

EXAMPLE 8.1 Consider a random experiment of flipping a coin. The sample space is S = {H, T} where H
denotes the outcome that “head” appears and 7 denotes the outcome that “tail” appears. Let

X(t, H) = x,() = sin w,t
X(t, T) = x,(t) = sin w,t

where @, and w, are some fixed numbers. Then X(#) is a random signal with x,(#) and x,(?) as sample functions.
Note that x (#) and x,(¢) are deterministic signals. Randomness of X(#) comes from the outcomes of flipping a coin.

EXAMPLE 8.2 Consider a random experiment of flipping a coin repeatedly and observing the sequence of out-
comes. Then § = {)Li, i=1,2,...}, where )Ll. =HorT.

Let X, A)=sin(Q 1, (—HT=t=iT
where Q. = w, if A, = Hand Q. = w, if A, = T.

392
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Sample space

v

i-\
xi
N
o
=
N
Ny
i

Xn(t) Xn(t1) t
Outcome !
t ] tr
| \j ! \/:(Xn(fz) \/
X, X,
Fig. 8-1 Random process
Binary 1 0 1 0 0 1
code

A A
TR T

Fig. 8-2

One realization (or sample function) of the random signal X(¢) is shown in Fig. 8-2. This kind of random sig-
nal is the sort of signal that might be produced by a frequency shift keying (FSK) modem where the frequencies
are determined by random sequence of data bits 1 or O (by replacing H = 1 and T = 0).

EXAMPLE 8.3 Often a random signal X(¢) is specified in terms of random variables.
X(1) = a cos(w,t + O)

where a and ), are fixed amplitude and frequency and © is a random variable (r.v.) uniformly distributed over [0,

27]; that is, r.v. © is defined by ®(A) = A foreach A in S = [0, 27]. That is,
X(t, 1) = acos(wyt + A)for0 = A =2n

The ensemble of X(¢, A) is the set of cosine functions that have the same amplitude and frequency, but whose phase
angle are functions of uniformr.v. over § = [0, 277]. Some sampling functions of X(z, A) are plotted in Fig. 8-3.

EXAMPLE 8.4 Let X, X, ... be independent r.v. with
P{X,=1}=P{X,=—1}= % for each n.Let X(n) = {X,,n =0} with X, =0.

Then X(n) is a discrete-time random sequence. A sample sequence of X(n) is shown in Fig. 8-4.
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oA
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v
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Fig. 83

x(n)

LAl
T

Fig. 8-4

o

B. Description of a Random Process:

In a random process {X(t), t € T}, the index set 7 is called the parameter set of the random process. The values
assumed by X(¢) are called states, and the set of all possible values forms the state space E of the random process.
If the index set T of a random process is discrete, then the process is called a discrete-parameter (or discrete-time)
process. A discrete-parameter process is also called a random sequence and is denoted by {X ,n = 1,2, ...}. If T
is continuous, then we have a continuous-parameter (or continuous-time) process. If the state space E of a
random process is discrete, then the process is called a discrete-state process, often referred to as a chain. In this
case, the state space E is often assumed to be {0, 1, 2, ...}. If the state space E is continuous, then we have a
continuous-state process.
A complex random process X(¢) is defined by

X = X, + jX,®
where X (¢) and X, (?) are (real) random processes and j = V—1. Throughout this book, all random processes are

real random processes unless specified otherwise.

8.3 Statistics of Random Processes

A. Probabilistic Expressions:

Consider a random process X(#). For a particular time #,, X(¢,) = X, is a random variable, and its distribution
function F(x,; ¢,) is defined as

Fy(xps 1) = PEX() = x,} 8.1)

where x, is any real number.
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And F(x; t,) is called the first-order distribution of X(¢). The corresponding first-order density function is
obtained by

Fe(a ) = Lzt 8.2)
0x;

Similarly, given ¢, and z,, X(¢,) = X, and X(¢,) = X, represent two random variables. Their joint distribution is
called the second-order distribution and is given by

Fy(x,, x5 1, 1,) = P{X(t,)) = x,, X(t,) = x,} (83)

where x; and x, are any real numbers.
The corresponding second-order density function is obtained by

2
0 Fx (x;,%551,1,)

Fx G x5 t,85) = (8.4)
0x;0x,
In a similar manner, for n random variables Xt)=X(G@=1,..,n), the nth-order distribution is
FoGep, ooxsty, . t) = P{X(@) = x,, ..., X(£) = x} (8.5)
The corresponding nth-order density function is
" Fy (X{yeuy X, 3t yeenst
fX(xl9'~-’xn;t1a'--9tn)= X(xl xn ! ﬂ) (86)

ox; ...0x,

In a similar manner, we can define a joint distribution between two random processes X(¢) and Y (). The joint
distribution for X(¢)) and ¥{(z,) is defined by

Fyy (¥, y23 11,12 = P{X (1)) = x,, Y (1) = y,} 8.7

and corresponding joint density function by

2
0

fxy(xu)’z;tptz)zmny(x1’)’2?t1’t2) (8.8)
19y

The joint nth-order distribution for X () and Y (¢) is defined by

Fyy (X1aet X3V 00V s Eoeeen By)

= P{X(1)) = 2y 0000 X(1,0) = 5,0 V(1) = 3y Y (1) = 3, ) (8.9)
and the corresponding nth-order density function by

Txy (X poee s X 3V 10 s Y s Eoeees by)

aZn
= Fopy (X10eetsX iV 0ees Y 3 Epaenant,) (8.10)
3 dx, 0y, -y, xy Xy oY1 Yusly n

B. Statistical Averages:

As in the case of random variables, random processes are often described by using statistical averages
(or ensemble averages).
The mean of X(¢) is defined by

uy ) =EIXO1= [~ xfy(xirydx 8.11)

where X(7) is treated as a random variable for a fixed value of ¢.
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For discrete time processes, we use the following notation:

pux (M) =E[X()] =Y x,px (x,) (8.12)

n

where p,(x) = P(X = x).
The autocorrelation of X(f) is defined by

Ry x(t,1,) = E[X(#)) X(1,)]

:fio fiox]xzfx(xl,xz;tl,tz)dxl dx, (8.13)

The autocorrelation describes the relationship (correlation) between two samples of X(¢). In order to see how the
correlation between two samples depends on how far apart the samples are spaced, the autocorrelation function
is often expressed as

Ry, t +T)=E[X()X(t +71)] (8.14)
Note that
Ry, (1), 1) = E[X(t)X(1,)] = E[X(t)X(t)] = R, (t,, 1) (8.15)
and
R, (t, 1) = E[X?(1)] (8.16)

The autocovariance of X(t) is defined by
Cxx(t),1,) = E{[X(t;) — ux ()X (1) — uy ()1}
=Ry x(t),1,) — pux (1)) ux (1) (8.17)

Itis clear that if u,(r) = 0, then C,, (¢, t,) = R, (t,, 1,).

Note that Cy, (t,, t,) and R, (,, t,) are deterministic functions of ¢, and z,.

The variance of X(¢) is given by
og(t) = Var[X(1)] = E{IX() — u (1P} = Cy(t, 1) (8.18)
If X(7) is a complex random process, then the autocorrelation and autocovariance of X(7) are defined by
R, (t,, t,) = E[ X(t,) X*(t,)] (8.19)
Cyx(t, 1) = E{[X(1)) — (6] [X(1,) — ()"} (8.20)

where * denotes the complex conjugate.
In a similar manner, for discrete-time random processes (or random sequences), X(7), the autocorrelation and
autocovariance of X(n) are defined by

Ry (n,, n) = E[ X(n,) X(n,)] (8.21)
Cy(n,, ny) = E{{X(n) — u,(n)IX(n,) — w,(n,)I} (8.22)
and
Ry (n,, n)) = R, (n,, n,) (8.23)
Ry, (n, n) = E[X 2(n)] (8.24)

If uy(n) = 0, then Cy(n, n,) = R, (n,, n,).
For two different random signals X(¢) and Y(¢), we have the following definitions. The cross-correlation of
X(r) and Y(7) is defined by

Ryy (11,1) = E[X(#))Y (1,)]

:f,oo ffwx1y2fXY(-xl’y2;tl’IZ)dxl dy, (8.25)
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The cross-covariance of X(f) and Y(¢) is defined by

Cxy (11, 15) = E{[X(t)) — ux (t)DI[Y (1) — 1y (1)1}

(8.26)
=Ryy (t;,15) — uy (1)) uy (1)
Some Properties of X(t) and Y(t):
Two random processes X(¢) and Y(7) are independent if for all 1, and 1,,
Fo (e, ys 8, 1) = Fylx t)F,(y; 1) (8.27)
They are uncorrelated if for all ¢, and t,
Coy(ty. 1) = Ry, 1) =61y (1) = 0 (8.28)
or
Ryt 1) = (), (1) (8.29)
They are orthogonal if for all ¢ and 1,
Ryt 1) =0 (8.30)

By changing ¢, and t, by n
sequences X(n) and Y(n).

, and n,, respectively, similar definitions can be obtained for two different random

C. Stationarity:

1. Strict-Sense Stationary:
A random process X(¢) is called strict-sense stationary (SSS) if its statistics are invariant to a shift of origin. In
other words, the process X(¢) is SSS if

Fleps s x sty s 8) = folep, oo x5t eyt +0) (8.31)

for any c.
From Eq. (8.31) it follows that f,(x,; #,) = f,(x,; t, + ¢) for any c. Hence, the first-order density of a
stationary X(¢) is independent of #:

FyGps ) = filx) (8.32)
Similarly, fX(xl, Xpy b, b)) = fX(xl, Xyt + et +c) for any c. Setting ¢ = —t,, we obtain
fx(xla X535 t]? tz) = fx(x17 X5 t2 - tl) (833)

which indicates that if X(7) is SSS, the joint density of the random variables X(¢) and X(¢+ + t) is independent of
¢ and depends only on the time difference 7.

2. Wide-Sense Stationary:
A random process X(7) is called wide-sense stationary (WSS) if its mean is constant

EIX()] = (8.34)
and its autocorrelation depends only on the time difference ©
EX®OX(t + D] = Ry, (D) (8.35)

From Egs. (8.17) and (8.35) it follows that the autocovariance of a WSS process also depends only on the time
difference t:

Cyx(D) = Ry (1) — 13 (8.36)
Setting T = 0 in Eq. (8.35), we obtain
EIX2(1)] = R, (0) (8.37)
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Thus, the average power of a WSS process is independent of ¢ and equals R, (0).
Similarly, a discrete-time random process X(n) is WSS if

E[X(n)] = p, = constant (8.38)
and
EX()X(n + k)] = R, (k) (8.39)
Then
Co0) = Ry (k) — 122 (8.40)
Setting k = 0 in Eq. (8.39) we have
E[X2(n)] = Ry, (0) (8.41)

Note that an SSS process is WSS but a WSS process is not necessarily SSS.
Two processes X(f) and Y(¢) are called jointly wide-sense stationary (jointly WSS) if each is WSS and their
cross-correlation depends only on the time difference 7:

Ryy(t, 1 + 7) = EIX(0)Y(t + 1)] = Ry, (1) (8.42)

From Eq. (8.42) it follows that the cross-covariance of jointly WSS X() and Y(#) also depends only on the time
difference t:

Cey(D = Ry (Dt (8.43)

Similar to Eqs. (8.27) to (8.30), two jointly WSS random process X(#) and Y(#) are independent if for all x
and y

Ty ») = f(0f, () (8.44)
They are uncorrelated if for all T
Cy, (D = Ry (v) — uyu, =0 (8.45)
or Ry, (D) = u,u, (8.46)
They are orthogonal if for all T
R,(1) =0 (8.47)

Similarly, two random sequences X(n) and Y(n) are jointly WSS if each is WSS and their cross-correlation
depends only on the time difference k:

Ry, (n,n + k) = EX()Y( + k)] = R, (k) (8.48)

Then the cross-covariance of jointly WSS X(n) and Y(n) is

Coy®) = Ry ()=t (8.49)
They are uncorrelated if for all k

C,,(k)=0 (8.50)
or Ry (k) = uyu, (8.51)

They are orthogonal if for all £

R, (k) = 0 (852)
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D. Time Averages and Ergodicity:

The time-averaged mean of a sample function x(7) of a random process X() is defined as

X =(x(t))= lim % Zzlzx(z)dt (8.53)

where the symbol (-) denotes time-averaging.
Similarly, the time-averaged autocorrelation of the sample function x() is defined as

— . 1 .12
Ryy(@)=(x(t)x(t +7)) = Jim - [, 0x(+)dt (8.54)

Note that X andRXX(T) are random variables; their values depend on which sample function of X(¢) is used in the
time-averaging evaluations.
If X(7) is stationary, then by taking the expected value on both sides of Egs. (7.20) and (7.21), we obtain

Ex)= lim ~ (" E[x(0)ldi = 8.5
[x]_TTwFfmz [x()]dt = py (8.55)
which indicates that the expected value of the time-averaged mean is equal to the ensemble mean, and

ElRy @)= lim ~ [ E +17)]dt =R

[Ryx ()] = lim — J EXOx( + D)l di = Ryy (7) (8.56)

which also indicates that the expected value of the time-averaged autocorrelation is equal to the ensemble auto-
correlation.

A random process X(f) is said to be ergodic if time averages are the same for all sample functions and equal to
the corresponding ensemble averages. Thus, in an ergodic process, all its statistics can be obtained by observing a
single sample function x(f) = X(t, A) (A fixed) of the process.

A stationary process X(7) is called ergodic in the mean if

X = (x(t) = E[X()] = py (8.57)
Similarly, a stationary process X(¢) is called ergodic in the autocorrelation if
R, (D) = (x(x(t + 1)) = EX(OX(t + D] = R, (7) (8.58)
The time-averaged mean of a sample sequence x (n) of a random sequence X(n) is defined as
1 N

E x(n) (8.59)

n=—N

*={am) = lim oo

Similarly, the time-average autocorrelation of the sample sequence x(n) is defined as

Ryx ()= (x(m)x(n + ko)) = lim ——— nix(n)x(n + k) (8.60)
If X(n) is stationary, then
N
E[¥]= Jim oy 3 L=y (8.61)
and
N
E [Rxx(k)] = Nhinw NI 2 E[x(n)x(n+ k)] = Ry y (k) (8.62)

n=—N
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Thus, X(n) is also ergodic in the mean and autocorrelation if

X = (x() = EIX()] = p, (8.63)
Ry (k) = (x(m)x(n + k) = Ex(m)x(n + k)] = R, (k) (8.64)
Testing for the ergodicity of a random process is usually very difficult. A reasonable assumption in the ran-
dom analysis of most random signals is that the random waveforms are ergodic in the mean and in the autocor-
relation. Fundamental electrical engineering parameters, such as dc value, root-mean-square (rms) value, and
average power can be related to the statistical averages of an ergodic random process. They are summarized in the
following:
1. x = (x(z)) is equal to the dc level of the signal.
(x> = <x(t)>2 is equal to the normalized power in the dc component.

I_QXX(O) = <x2(t)> is equal to the total average normalized power.

bl

o;= (x2(r)) — (x(1))? is equal to the average normalized power in the time-varying or ac component
of the signal.

5. 0, isequal to the rms value of the ac component of the signal.

8.4 Gaussian Random Process:

Consider a random process X(#), and define n random variables X(t,), ..., X(¢ ) corresponding to n time instants

t> ..., t,. Let X be a random vector (n X 1 matrix) defined by

X))
X=| : (8.65)
X(t,)

Let x be an n-dimensional vector (n X 1 matrix) defined by

X
x=|: (8.66)
xn
so that the event {X(¢)) = x,, ... , X(t) = x } is written {X = x}. Then X(7) is called a Gaussian (or normal)

process if X has a jointly multivariate Gaussian density function for every finite set of {z,} and every n.
The multivariate Gaussian density function is given by

1 1 -
fx(X):WGXP _E(X_M)TC I(X_M) (8.67)

where T denotes the “transpose,” W is the vector means, and C is the covariance matrix, given by

[, E[X(1)]
n=EX]=|: |= : (8.68)
u, | |ELXG,)]
[Cii - Gy,
C=|-- - .. (8.69)
Cnl Cnn
where Cl.j = Cyy(t, tj) = Ry, (, tj) - wW (8.70)

which is the covariance of X(z,) and X(tj), and det C is the determinant of the matrix C.
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Alternate Definition:
A random process X(¢) is a Gaussian process if for any integers n and any subset {z,, ..., t,} of T, and any real
coefficients a,(1 = k = n), the r.v.

3 aX(t) = a X)) + aX(t,) +++a,X(1,) 8.71)
k=1

is a Gaussian r.v..
Some of the important properties of a Gaussian process are as follows:

1. A Gaussian process X(7) is completely specified by the set of means
u, = E[X(,)] i=1,...,n
and the set of autocorrelations
Ry (@, 1) = E[X(1)X ()] iLhj=1,...,n
2. If the set of random variables X(r,),i = 1, ..., n, is uncorrelated, that is,

C.=0 i#j

ij
then X(¢,) are independent.
3. [If a Gaussian process X(7) is WSS, then X(7) is SSS.
4. If the input process X(#) of a linear system is Gaussian, then the output process Y(f) is also Gaussian.

SOLVED PROBLEMS

8.1 Consider a random process X(f) defined by
X(t) = Y cos wt t=0 (8.72)

where w is a constant and Y is a uniform r.v. over (0, 1).
(a) Describe X(1).
(b) Sketch a few typical sample functions of X(7).

(a) The random process X(7) is a continuous-parameter (or time), continuous-state random process. The state
space is E = {x: —1 <x <1} and the index parameter setis 7= {t: t =0}.

(b) Three sample functions of X() are sketched in Fig. 8-5.

8.2. Consider a random signal X(¢) given by

X()= E A,p(t— kT, —T,) (8.73)

k=—o0

where {A, } is a sequence of independent r.v.’s with P[A = A] = P[A, = —A] = %, p(?) is a unit
amplitude pulse of duration 7, and T, is a r.v. uniformly distributed over [0, 7,].

(a) Describe X(1).
(b) Sketch a sample function of X(r).

(a) The random signal X(7) is a continuous time, discrete-state random process. The state space is (A, —A),
and the index parameter set is T = (¢; —o < t < ). X(f) is known as a random binary signal.

(b) Asample function of X(7) is sketched in Fig. 8-6.
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N |—=
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N [—=

~v

X5(f)
Y=0
0 >
t
Fig. 8-5
x(®)
A —
«—T,—>
I e A f
-A

Fig. 86 Random binary signal.

8.3. Consider a random process {X(7); t = 0}, where X(¢) represents the total number of “events” that have
occurred in the interval (0, 7).

(a) Describe X(7).
(b) Sketch a sample function of X(¥).

(a) From definition, X(#) must satisfy the following conditions:
1. X(r)=0and X(0) =0
2. X(z)is integer valued.
3. X(t) =X, ifr, <t,
4

X(t,) — X(t,) equals the number of events that have occurred on the interval (z,, t,).
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Thus, X(7) is a continuous-time discrete state random process.

Note that X(¥) is known as a counting process. Acounting process X(¢) is said to possess independent
increments if the number of events which occur in disjoint intervals are independent.

(b) Asample function of X(7) is sketched in Fig. 8-7.

4r —
3 —
o —_—
1+ —_—
0 t, t, ty t, t

Fig. 8-7 A sampling function of a counting process.

8.4. LetW,, W,, ... be independent identically distributed (i.i.d.) zero-mean Gaussian r.v.’s. Let

X, = YW =W, +W, +--+W, n=12,.. (8.74)
k=1

with X, = 0. The collection of r.v.’s X(n) = {X , n = 0} is a random process.

(a) Describe X(n).

(b) Sketch a sample function of X(n).

(a) The random signal X(n) is a discrete time, continuous-state random process. The state space is E = (—,
o) and the index parameter setis 7= {0, 1,2, ... }.

(b) Asample function of X(7) is sketched in Fig. 8-8.

air

v

S

| !lx 11\0‘

Fig. 8.8
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8.5.

8.6.
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LetZ,, Z,, ... be independent identically distributed r.v.’s with P(Z = 1) = pand P(Z = —1)=qg=1—p
for all n. Let

X, =7 n=12,. (8.75)
i=1

and X, = 0. The collection of r.v.’s {X , n = 0} is a random process, and it is called the simple random
walk X(n) in one dimension.

(a) Describe the simple random walk X(n).

(b) Construct a typical sample sequence (or realization) of X(n).

(a) The simple random walk X(n) is a discrete-parameter (or time), discrete-state random process. The state
spaceis E={...,—2,—1,0,1,2, ...}, and the index parameter setis 7= {0, 1,2, ...}.

(b) Asample sequence x(n) of a simple random walk X(n) can be produced by tossing a coin every second and
letting x(n) increase by unity if a head appears and decrease by unity if a tail appears. Thus, for instance,

n 0 1 2 3 4 5 6 7 8 9 10
Coin tossing H T T H H H T H H T
x(n) 0 1 0o -1 0 1 2 1 2 3 2

The sample sequence x(n) obtained above is plotted in Fig. 8-9. The simple random walk X(n) specified in
this problem is said to be unrestricted because there are no bounds on the possible values of X .

T | | )
>
n

6 8 10

o_.
—
o
Y%
o—1
IS
e

Fig. 89

Give an example of a complex random signal.

Consider a random signal X(#) given by
X(t) = A(t) cos [wt + O(1)] (8.76)
where wis a constant, and A(7) and © () are real random signals. Now X(7) can be rewritten as
X(1) = Re{A(r) e/00 /o1y = Re {Y(1) e/} (8.77)
where Re denotes “take real part of.” Then
Y(1) = A(1)e/®? = A(f)cos O(1) + j A(r)sin O(7) (8.78)

is a complex random signal.
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Statistics of Random Processes

8.7. Let a random signal X(¢) be specified by

8.8.

8.9.

Xt=t—-Y (8.79)
where Y is an exponential r.v. with pdf

fy=1¢ " =0
Yty 0o , y<O0

Find the first-order cdf of X(¢), F, (x; 1).

Fy(x;t)=P{X{t)=x}=P{t—-Y =x}
=P{¥=t—-X}

:f:xfy(y)dy:fixefydy:ef(hx) t=x
Next, if x >, thent — x <0 and Y =0, and
Fy(x;t)=P{Y =t—X}=P{Y =0}
= [, hdy=[ePdy=1  1<x

Thus,

t<x

)

—(t—x)
s t=
Fy(x: t)={1 * (8.80)

A discrete-time random sequence X(n) is defined by X(n) = A"(n = 0), where A is a uniform r.v. over (0, 1).
Find the mean u,(n) and autocorrelation R, (n, m) of X(n).

The pdf of A is given by

1, 0<a<i
fal@)= 0, otherwise
ny_ 1 n —
Then uy(n)=E[X(n)]=E[A ]—foa da—n_H (8.81)
nTmy _ 1 nr—m — 1
and Ryx(n,m)=E[X(n) X (m)] = E[A"" ]—foa * da—m (8.82)
Show that
Ry, (t,)=0 (8.83)

From definition (8.13)

Ry (t, 1) = E[X(NX(H] = E[X*(H] =0

since E[Y?] =0, for any r.v. Y.

8.10. Show that

R t,t + R tH,t
Ryx(t.1)|= xx( 1)2 xx(2:12) (8.84)
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Since E[Y?] = 0, for any r.v. Y, we have

0 = E[(X(t,) + X(1,))*] = Ry (1,, 1,) + 2R (1, 1,) + Ry, (£, 1,)
0 = E[(X(t,) — X(1,))*] = Ry (1,, 1,) — 2R (1,, 1,) + Ry, (1, 1,)

From Egs. (8.85) and (8.86) we have

Ryx(t;, )+ Ryx(t,1,)

—Ryx(t,1)= 2
Ryt 1))+ Ry y (£, 1
Rt = R Rt

which imply that

Ryx(t;,1)) + Ry x(t5,1,)
2

|Rxx(f1’l‘2)|S
Consider a random signal given by

X(7) = A cos w,t

where ), is a constant and A is an uniform r.v. over [0,1]. Find the mean u,(f) and autocorrelation

0
Ry (t,, t,) of X(2).

The pdf of A is given by

1, 0<a<l
fa@)= 0, otherwise

uy()=E[X()]=E[A cos wyt] = E[A] cos wt =%cos Wt

. I i 1
since E[Al= [ afy(@da= [ ada= o

Ry x(t).1,) = E[X(1)) X (t,)] = E[A* cos w, 1, cos w1, ]

= E[A*] cos Wy 1, COS Wy 1, = ECOS g Iy COS Wy 1,

1 1
since E[A2]=f0a2fA(a)da=f0a2 da =

W | =

A random sequence X(n) is defined as

X(n) = An + B

where A and B are independent zero mean Gaussian r.v.’s of variance 67 and 02, respectively.

(a) Find the mean u,(n) and autocorrelation R, (n, m) of X(n).
(b) Find E[X?(n)].
() t,(n) = E[X(n)] = E[An + B] = E[Aln + E[B] = 0

since E[A] = E[B] = 0.

Ryx(n,m)= E[X(n)X(m)] = E[(An + B)(Am + B)]
= E[A®lnm + E[AB](n +m)+ E[B?]

:Ginm-i-aé

since E[AB] = E[BA] = E[A]E[B] = 0.

(8.85)
(8.86)

(8.87)

(8.88)

(8.89)

(8.90)

(8.91)

(8.92)
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(b) Setting m = nin Eq. (8.92), we obtain

E[X*(n)]=03in’ + 0} (8.93)

8.13. A counting process X(7) of Prob. 8.3 is said to be a Poisson process with rate (or intensity) A (> 0) if
1. X(@©0)=0.
2. X(f) has independent increments.

3. The number of events in any interval of length ¢ is Poisson distributed with mean Az; that is, for
all s, 1 >0,

PLX(1 +s>—X(s>=n]=e—Mﬂ n=0.1.2,... (8.94)
n.

(a) Find the mean u,(r) and E[X*(7)].
(b) Find the autocorrelation Ry, (t,, t,) of X(?).

(a) Setting s =0 in Eq. (8.94) and using condition 1, we have

P[X(t)=n]=e"“(’\% n=0,1,2,... (8.95)
n.
Thus,
— EIX01= S aPIX(O) = n1= S e P
uy () =E[X ()] = 2," [X(t)=n]= Zlne = (8.96)
Now, the Taylor expansion of e*'is given by
E ()»l)
Differentiating twice with respect to Af, we obtain
W, 1 ()
e'=Yn—"——=—>%n
ngo n! At HZI n! (8.97)
N A" 1 ) (Ar)
e = nn—1) = n .
go n! (A)? er n! (At) E (8.98)
Using Egs. (9.97) and (9.98), we obtain
a (A -
= ELX 1= S 0 o Gy = (8.99)
n=1 n

and

E[x*®)]= 21 W PIX(1)=n]=e¢ "’E 2(’1’) 00

[()u)2 My (M)e"'] =) + (A1)

(b) Next,lett; <t,,ther.v.’s X(¢,) and X(z, — t,) are independent since the intervals (0, 7)) and (¢, ¢,) are non-
overlapping, and they are Poisson distributed with mean Az, and A(z, — t,), respectively. Thus,

E{X(1) [X(1,) = X))} = EIX()IEIX(1,) = X)) = At A, = 1,)) (8.101)
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Now using identity
X(1) X(1) = X(t) [X(1)) + X(1,)) = X(t)] = [X*(t)] + X(1,) [X(1,) — X(2))]
we have

Ry, (1), 1) = E[X(1)) X(1,)] = E[X?(t))] + E{X(t))[X(t,) — X(¢)]}

= At + X3+ At A, — 1) = At + At 1=t (8.102)
Interchanging ¢, and z,, we have

Ryt t)=At, + 2211, t =t (8.103)

Thus, combining Eqs. (102) and (8.103), we obtain
Ry (t,,1,) = Amin (r,,1,) + A 11, (8.104)

8.14. Let X(r) and Y(¢) be defined by

X(t) = Acos wt + Bsin wt (8.105)
Y(t) = Bcos wt — Asin wt (8.106)

where w is constant and A and B are independent random variables both having zero mean and variance o2.
Find the cross-correlation of X(¢) and Y(r).

The cross-correlation of X(¢) and Y(¥) is

Ryy (11, 1,) = E[X(1)Y (1,)]
= E[(Acos wt; + Bsin wt,)(Bcos wt, — Asin wt, )]
= E[AB](cos wt; cos wt, — sin wt, sin wt,)
— E[A?]cos ot sin wt, + E[B*]sin wt,; cos wt,

Since E[AB] = E[A]E[B] =0  E[A?] = E[B*] = 0?

we have Ry, (. 1) = o?(sin t,Cos wt, — cOs wt,sin wt,)
=0?sin w(1, — 1)

or R, (1) = —0? sin wr

where T=1, — ¢,. (8.107)
8.15. Consider a random process X(¢) given by
X(t) = Acos (wt + ©) (8.108)
where A and w are constants and © is a uniform random variable over [ —s, ;r]. Show that X(r) is WSS.
From Eq. (B.57) (Appendix B), we have

1

— —ax=0=uax
fo®)=127
0 otherwise
Thus, ux () =E[X(0)]= [~ Acos (ot +0)fo(6) dO
_A ”ﬂcos(wt+9)d9=0 (8.109)

2w~
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8.16

b

8.17.

Ryx(t,t +T)=E[X(t)X(t + 1)]

2
:;— i cos(wt + B)cos[w(t + T) + 0]dO
T -
A% o
2w
2
="—coswt
2

%[cos wt + cosRwt + 260 + wt)]dO

(8.110)

Since the mean of X(7) is a constant and the autocorrelation of X(¢) is a function of time difference only, we
conclude that X(7) is WSS.

Note that Ry, (7) is periodic with the period 7;) = 27/w. AWSS random process is called periodic if its
autocorrelation is periodic.

Consider a random process X(f) given by
X(t) = Acos (wt + 0) (8.111)
where w and 6 are constants and A is a random variable. Determine whether X(¢) is WSS.

1w, (1) = E[X(1)] = E[Acos (wt + 6)]
= cos(wt + 0)E[A] (8.112)

which indicates that the mean of X(7) is not constant unless E[A] = 0.

Ryx(t,t+T)=E[X(t)X(t + 7T)]
= E[(A2 cos (wt + 0)cos [w(t + 1)+ 0)]]

=%[cosan:+cos(2wt+26+wr)]E[A2] (8.113)

Thus, we see that the autocorrelation of X(#) is not a function of the time difference T only, and the process X()
is not WSS.

Consider a random process X(f) given by
X(t) = Acos wt + Bsin wt (8.114)

where w is constant and A and B are random variables.

(a) Show that the condition
E[A]=E[B] =0 (8.115)

is necessary for X(f) to be stationary.

(b) Show that X(¢) is WSS if and only if the random variables A and B are uncorrelated with equal
variance; that is,

E[AB] = 0 (8.116)
and E[A?] = E[B?] = o2 (8.117)

(@) w0 = E[X(®)] = E[A]cos wt + E[B]sin wt must be independent of 7 for X(7) to be stationary. This is
possible only if u, () = 0; that is,

E[A] = E[B] =0



410

CHAPTER 8 Random Signals

(b) If X(r) is WSS, then from Eq. (8.37)

E[X*0)]=E|X? ”) =Ry (0)=0%
2w
JU
But XO0)=A and x() =B
2w
Thus, E[A?] = E[B*] = 0% = 0

Using the preceding result, we obtain

Ryx(t,1 +T7) = E[X()X(t + T)]

=E[(A coswt + Bsin wt)[A cos w(t + )+ Bsinw(t + 7)]]

=02 cos wt + E[AB]sin Qat + ot)

which will be a function of Tonly if E[AB] =0.

(8.118)

Conversely, if E[AB] = 0 and E[A?] = E[B?] = 02, then from the result of part () and Eq. (8.118),

we have

u (=0
Ry, (t, 1+ 7) = 0%cos wT = R, (1)

Hence, X(r) is WSS.

8.18. A random process X(7) is said to be covariance-stationary if the covariance of X(f) depends only on the

time difference T = t, — t,; that is,
Coyt, 1+ 1) = Cyy (1)
Let X(r) be given by

X(#) = (A + 1)cost + Bsint

where A and B are independent random variables for which

E[A]=EB]=0 and  E[A% = E[B’ =1

Show that X(7) is not WSS, but it is covariance-stationary.

u () = E[X()] = E[(A + 1) cos t + Bsin 1)]
= E[A + 1] cost+ E[B]sin ¢

=cost

which depends on z. Thus, X(7) cannot be WSS.

Ryy(t,, 1)) = E[X(1))X(1,)]

= E[[(A + 1) cos t, + Bsin t][(A + 1) cos z, + Bsin 1,]]

= E[(A + 1)*] cos t, cos t, + E[B?] sint, sin t,
+ E[(A + 1)B] (cos ¢, sin , + sin 1, cos 1,)
Now
E[(A+ 1)2] = E[A> + 2A + 1] = E[A?] + 2E[A] + 1 =2
E[(A + 1)B] = E[AB] + E[B] = E[A] E[B] + E[B] = 0
E[B?] =1

(8.119)
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8.19.

8.20.

8.21.

Substituting these values into the expression of R, (t,, #,), we obtain

Ry, (t,,1,) =2 cost cost, +sint sint,

=cos (t, — 1) + cost cost,
From Eq. (8.17), we have

Cxx(tlv tz) = RXX(tl B t2) - Mx(tl) Mx(tz)
=08 (1, — 1) + cOs t, COS 1, = COS I, COS I,

=cos (¢, — 1)

Thus, X(7) is covariance-stationary.
Show that if a random process X(r) is WSS, then it must also be covariance stationary.

If X(¢) is WSS, then

E[X(f)] = u(constant) for all ¢
Ry (t,t + 1) = R, (T) for all ¢

Now

Cyy(t, 1+ T) = Cov[X()X(1 + )] = Ry (¢, t + 1) — E[X(1)] E[X(t + D]

= Ryy(v) — p?
which indicates that C,, (¢, r + T) depends only on 7. Thus, X(7) is covariance stationary.
Show that if X(r) is WSS, then
E[[Xt + v — X0)?] = 2[Ry, (0) = Ry (D) (8.120)

where R, (7) is the autocorrelation of X(7).

Using the linearity of E (the expectation operator) and Egs. (8.35) and (8.37), we have

E[[X(t +1)— X(t)]z] = E[Xz(t +T)—2X(t+T)X(1) + xz(z)]
= E[Xz(t + ‘r)] —2E[X(t+1)X(1)] + E[Xz(t)]

= Ryx(0) = 2Ry (T) + Ryx (0)
= 2[Ryx (0) = Ryx (7)]

Let X(r) = A cos (wt + ©), where w is constant and both A and © arer.v.’s with pdf f,(a) and f (6),
respectively. Find the conditions that X(7) is WSS.

1, () = EIX(t)] = E[A cos (ot + ©)] = [fa cos (wt + 6) f,e(a, 6) dO da (8.121)

The first condition for the double integral to be independent of # is for A and © to be statistically independent. Then
uy () = E[A cos (wt + ©)] = [facos (wr + 0) f,(a)f,(6) dO da (8.122)

The second condition is for © to be uniformly distributed over [0, 2 7]. Then we have uy(r) = 0 since
L JTcos (wt +0)d0=0.

Next,

Ry (1), 1) = E[X(1, X(t,)] = E[ A? cos (wt, + ©) cos(wt, + O)] (8.123)
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8.22.

8.23.

8.24.

8.25.
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Since A and O are independent, we have
Ry (1. 1,) = 12 E[A?’] E{cos w (t, — t,) + cos[w(z, + 1)) + 201} (8.124)

and E[cos w(t, + t;) + 20] = 0 since O is uniformly distributed over [0, 2z].
Thus,

Ryx (1),1,) = %E[Az] cosw (1, — 1) = %E [A*]coswT (8.125)

So, we conclude that X(7) is WSS if A and © are independent, and @ is uniformly distributed over [0, 2] .

Let Z(t) = X(¢) + Y(¢), where random processes X(¢) and Y(¢) are independent and WSS. Is Z(r) WSS?
u, (1) = E[Z(H)] = E[X(1) + Y(1)] = uy + u, = constant (8.126)

R, (1, 1+ 1) = E[Z() Z(t + )] = E{[X(1) + YOI[X( + D) + Yt + D]}
= E[X()X(t + D)] + E[YOY(t + D] + EIXDOY(t + 1] + E[Y(®) X(t + 7)]
= Ry (1) + R,,(v) + EIXW]E[Y(t + )] + E[Y(D]EIX( + 7)]
=Ry (7) + R,y (1) + 2, 11, (8.127)

Since the mean of Z(¢) is constant and its autocorrelation depends only on 7, Z(z) is WSS.

Let Z(r) = X(¢) + Y(f), where random processes X(7) and Y(7) are jointly WSS. Show that if X(¢) and Y(¥)
are orthogonal, then

R,,(1) = R (1) + R,,(7) (8.128)

R, (t,t + 1) = E[Z(1) Z(t + D]=E{[X() + YDOI[X(¢ + 7) + Y + D]}
= EX()X(t + )] + E[YOY(t + T)] + E[X()Y( + T)] + E[YOX(t + 17)]
= RXX(T) + RYY(T) + ny(r) + Ryx(T) (8129)

Since X(#) and Y(¢) are orthogonal, then R, (7) = 0, and we have
R,,(T) = Ry (7) + R,,(7)
A random signal X(¢) is defined as X(f) = At + B, where A and B are independent r.v.’s with both zero
mean and unit variance. Is X(f) WSS?
(1) = E[X(1)] = E[At + B] = E[A] 1 + E[B] = 0
since E[A] = E[B] =0.

Ryy(t,, 1,) = E[X(1)X(1,)] = E[(At, + B) (At, + B)]
= E[A%1,1, + A Bt, + BAt, + B?] (8.130)
= E[A%] 1,1, + E[ABt, + E[BAl 1, + E[B?]
=1+11,
since E[A2] = E[B?] = 1 and E[AB] = E[BA] = E[A] E[B] = 0.

Since R,,(t,, t,) is not the function of |z, — 7, |, X(¢) is not WSS.

Let X(n) = {X,, n = 0} be a random sequence of iid r.v.’s with mean 0 and variance 1. Show that X(n)
is WSS.

uy(n) = E[X(n)] = E[X,] = 0 constant
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8.26.

8.27.

8.28.

E(X))E(X,.,)=0,  k#0

, (8.131)
E(X;))=1, k=0

Ryx(n,n+k)=E[ XX+ k)] =E[X, X, ]= {

which depends only on k. Thus X(n) is WSS.

A random signal X(¥) is defined as X(f) = A, where A is a r.v. uniformly distributed over [0, 1]. Is X(¥)
ergodic in the mean?

1 1
ux (= EIXO1=E[A]= [ ada=>
_ 1 pr
X ={x(t))=— x(t)dt=AasT — o
(x0) == 7, x®
Since x # (1), X(t) is not ergodic in the mean.

Show that the process X() defined in Eq. (8.108) (Prob. 8.15) is ergodic in both the mean and the
autocorrelation.

From Eq. (8.53), we have
—_ _ .1 e
x=(x(t))= Jim I, Acos (wi +6) di

_A 2 _
_TfofiToﬂcos (wt +6)dt=0 (8.132)

where T = 27/ w.
From Eq. (8.54), we have

Ryy (7) = {x(t)x(t + 1))

. 1 p72 5
,Tllir;?f_mA cos (wt + 0)cos[w(t + T) + Oldt

2
= A—fTO/2 l[cos wt + cos 2wt + 260 + wrt)]dt
T, Y 7022

2
=7cosanr (8.133)

Thus, we have

uy(t) = E[X()] = (x(1) =X
Ry (1) = EIX(OX(t + 7)] = (x(0X(1 + 1)) = R, (1)

Hence, by definitions (8.57) and (8.58), we conclude that X(7) is ergodic in both the mean and the autocorrelation.
Consider a random process Y(¢) defined by
Y(t)= [ X(v)dr (8.134)
0 .
where X(¢) is given by
X(t) = Acos wt (8.135)

where o is constant and A = N[0; o2].
(@) Determine the pdf of Y(z) att = ¢,.
(b) Ts Y(r) WSS?



414 CHAPTER 8 Random Signals

sin wt,, A

(@) Y(tk):f(;kAcosandr: (8.136)

w

Then from the result of Example B.10 (Appendix B) we see that ¥(7,) is a Gaussian random variable with

E[Y(zk)]=Sinth’<E[A]=0 (8.137)

) 2
and o2 =var[Y(1,)] —[sm“”k) o? (8.138)
w
Hence, by Eq. (B.53), the pdf of ¥(z,) is

1 —y2120%)
) == " T 8.139
Y o, ( )

(b) From Egs. (8.137) and (8.138), the mean and variance of Y(#) depend on time #(#,), so ¥(¢) is not WSS.
8.29. Show that if a Gaussian random process is WSS, then it is SSS.

If the Gaussian process X(¢) is WSS, then
u; = E[X(¢)] = u(= constant) for all ¢,

and Ry (t,, tj) = RXX(tj —1)

Therefore, in the expression for the joint probability density of Eq. (8.67) and Egs. (8.68), (8.69), and (8.70).

w, =, ==, = u—> E[X(1)] = E[X(#; + o)]
Cij = CXX(ti’ tj) = RXX(ti’ tj) - Hiuj
=Ry (6, — 1) = 18 = Cyy(t, + ¢, 1, + ©)

for any c. It then follows that
Fxaiy®) = Fxg 40X

for any c. Therefore, X(f) is SSS by Eq. (8.31)

8.30. Let X be an n-dimensional Gaussian random vector [Eq. (8.65)] with independent components. Show
that the multivariate Gaussian joint density function is given by

n 2
fX(X)=+exp —% E(u) (8.140)
(Zﬂ)mnai i1\ Oi
i=1

where u, = E[X] and 07 = var(X,).

The multivariate Gaussian density function is given by Eq. (8.67). Since X, = X(z,) are independent, we have

o} i=j
G, = L (8.141)
0 i#j

Thus, from Eq. (8.69) the covariance matrix C becomes

ol 0 - 0

0 o3 - 0

C= (8.142)
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It therefore follows that

|detC[”? =010, 0, =] [ o (8.143)
i=1
% 0 0
(o]
Lo 5o
and C = o, (8.144)
1
0 0 —
o, |
Then we can write
. 2
Tl — X M
x—wC x—w= ! : 8.145
(")(“)Lzl(af) (8.145)

Substituting Eqgs. (8.143) and (8.145) into Eq. (8.67), we obtain Eq. (8.140).

SUPPLEMENTARY PROBLEMS

8.31.

8.32.

8.33.

8.34.

8.35.

8.36.

8.37.

Consider a random process X(7) defined by
X(t) = cos Qt

where Q is a random variable uniformly distributed over [0, m,]. Determine whether X(7) is stationary.

Consider the random process X(#) defined by
X(t) = Acos wt

where wis a constant and A is a random variable uniformly distributed over [0, 1]. Find the autocorrelation and
autocovariance of X().

Let X(#) be a WSS random process with autocorrelation
R, (1) = Ae~ @l

Find the second moment of the random variable Y = X(5) — X(2).

Arandom signal X(7) is given by X(#) = A(¢) cos (wt+ ©), where A(?) is a zero mean WSS random signal with
autocorrelation R, ,(7), and © is a r.v. uniformly distributed over [0, 2] and independent of A(?). The total
average power of A(7) is 1 watt.

(a) Show that X(7) is WSS.

(b) Find the total average power of X(7).

Arandom signal X(¢) is given by X(f) = A + B cos (wt + ©), where A, B, and © are independent r.v.’s uniformly
distributed over [0, 1], [0, 2] and [0, 2], respectively. Find the mean and the autocorrelation of X(¢).

Let X(r) be a WSS random process with mean u,. Let Y(r) = a + X(¢). Is Y(r) WSS?

Let X(7) and Y(7) be defined by

X(t)=A + Bt, Y(f) = B + At
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where A and B are independent r.v.’s with zero means and variance o7 and 0%, respectively. Find the
autocorrelations and cross-correlation of X(¢) and Y(¢).

8.38. Let Z(r) = X(1)Y(1), where X(¢) and Y(7) are independent and WSS. Is Z(r) WSS?

8.39. Two random signals X(7) and Y(¢) are given by
X(t) = A cos wt + Bsin wt, Y(f) = B cos wt — A sin wt

where w is a constant, and A and B are independent r.v.’s with zero mean and same variance o2. Find the cross-
correlation function of X(7) and ¥(¢).

ANSWERS TO SUPPLEMENTARY PROBLEMS

8.31. Nonstationary.

Hint: Examine specific sample functions of X(#) for different frequencies, say, Q = n/2, 7, and 2.
1
8.32. Ryx(t,1)= ECOS 1, cost,

Cxx(t,1p)= %cos 1, coS 1,

8.33. 2A(1 —e3%)

834. (a) Yes. (b) '/>watts.

1 1,1
8.35. t)=—, Ry (,t+17)=—+—-coswt
uy () 2 v x( ) 33

8.36. Yes.
837. R, (1,,1,) =02+ 0}t 1,,R,,(t,.1,) =02+ 0%t 1,
= 52 2
Ry, (t,,1,) = 0 t, + o1,
8.38. Yes.

8.39. R, (t,,1,) = 0?sin w(t, — 1,)



CHAPTER 9

Power Spectral Density and
Random Signals in Linear System

9.1 Introduction

In this chapter, the notion of power spectral density for a random signal is introduced. This concept enables us
to study wide-sense stationary random signals in the frequency domain and define a white-noise process. The
response of a linear system to random signal is then studied.

9.2 Correlations and Power Spectral Densities

In the following, we assume that all random processes are WSS.

A. Autocorrelation R,, (7):
The autocorrelation of X(7) is [Eq. (8.35)]

R, (r) = EIX(X(t + 7)] ©.1)
Properties of R,, (7):
1. R, (=D =R, (D 92)
2. |R (@] =R, (0) 9.3)
3. Ry, (0) = E[X?(1)] 94

Property 3 [Eq. (9.4)] is easily obtained by setting T = 0 in Eq. (9.1). If we assume that X(7) is a voltage wave-
form across a 1—Q resistor, then E[X?(¢)] is the average value of power delivered to the 1—Q resistor by X(7).
Thus, E[X?(1)] is often called the average power of X(¢). Properties 1 and 2 are verified in Prob. (9.1).

In case of a discrete-time random process X(n), the autocorrelation function of X(n) is defined by [Eq. (8.39)]

Ry (k) = E[X(n)X(n+ k)] 9.5)

Various properties of R, (k) similar to those of R, ,(7) can be obtained by replacing T by k in Egs. (9.2) to (9.4).

B. Cross-Correlation R, (7):
The cross-correlation of X(¢) and Y(¢) is [Eq. (8.42)]

Ry, () = EIX(OY(t + 7] 9.6)

417
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Properties of R,, (7):

1. Ry (—1) = R, (1) 9.7)
2. | Ryy (] = Ry x (0) Ry, (0) ©.8)
3[Ry ()= 2 1Rex 0+ Ry O) ©9)

These properties are verified in Prob. 9.2.
Similarly, the cross-correlation function of two discrete-time jointly WSS random sequences X(n) and Y(n)
is defined by

R, (k) = E[X(0)Y(n + K)] (9.10)

And various properties of R, (k) similar to those of R,,,(T) can be obtained by replacing T by & in Egs. (9.7) to (9.9).

C. Power Spectral Density or Power Spectrum:

Let R,,(7) be the autocorrelation of X(¢). Then the power spectral density (or power spectrum) of X(¢) is defined
by the Fourier transform of R, (7) as

Sxx (@)= [~ Ryx()e " dr (9.11)

Thus. Ry = [~ Sy(@)e do ©.12)
2y

Equations (9.11) and (9.12) are known as the Wiener-Khinchin relations.

Properties of S, (w):

1. Sy(w)isreal and Sy (w) =0 (9.13)

2. Syy(—w) = Sy (w) 9.14)

3. Lfm SXX((u)da)=RXX(0)=E[X2(t)] 9.15)
2 Y

Similarly, the power spectral density S, (€2) of a discrete-time random process X(n) is defined as the Fourier trans-
form of R, (k):

Sxx(@)= Y Ryx(k)e ™ (9.16)

k=—o

Thus, taking the inverse Fourier transform of S, (€2), we obtain

Ry (k) = —— [7 Sxx (@)™ dQ (9.17)
2g Y —®
Properties of S, (Q):
1. 8,(Q + 27) = 5,,(Q) (9.18)
2. 8,,(Q)isreal and S, (Q) = 0. (9.19)
3. 85, (—9Q) = 5,,(Q) (9.20)
4 EIX 0= Ry == [ 5 (@)d ©21)
¥ Al

Note that property 1 [Eq. (9.18)] follows from the fact that e 7 is periodic with period 2. Hence it is sufficient
to define S, (©2) only in the range (=, 7).
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D. Cross-Power Spectral Densities:

The cross-power spectral density (or cross-power spectrum) S, (w) of two continuous-time random processes
X(t) and Y (?) is defined as the Fourier transform of R, ,, (7):

Sxy (@)= [~ Ry (m)e /" dr (922)

Thus, taking the inverse Fourier transform of S, (), we get
_ 1 *© Jjot
Ry (@) == [ Syy (@)’ dw (9.23)
2y *

Properties of S, (w):
Unlike S, (w), which is a real-valued function of w, S, (w), in general, is a complex-valued function.

1. Sy (@) =S, (—) (9.24)
2. Sy (—w) = 5%, () (9.25)

Similarly, the cross-power spectral density S, (€2) of two discrete-time random processes X(n) and Y(n) is defined
as the Fourier transform of R, (k):

Sxy (=Y Ryy (ke (9.26)

k=—o

Thus, taking the inverse Fourier transform of S, (Q2), we get
- L ok 9.27
RXY(k)—Ef_ﬂSXY(Q)e dQ 9.27)

Properties of S, (Q):
Unlike S,, (€2), which is a real-valued function of 2, S, (), in general, is a complex-valued function.

1. 8,(Q + 21) = $,,(Q) (9.28)
2. 85,(Q) =5,,(-Q) (9.29)
3.8,,(—9Q) = 5%,Q) (9.30)

9.3 White Noise

A random process X(7) is called white noise if [Fig. 9-1(a)]

SXX(w)=g 9.31)

Taking the inverse Fourier transform of Eq. (9.31), we have
Ry (1) = ga(r) (9.32)

which is illustrated in Fig. 9-1(b). It is usually assumed that the mean of white noise is zero.
Similarly, a zero-mean discrete-time random sequence X(n) is called a discrete-time white noise if

Sy (@) = 02 (9.33)

Again the power spectral density of X(n) is constant. Note that S, (2 + 27) = S, (€2) and the average power of
X(n) is 0> = Var[X(n)], which is constant. Taking the discrete-time inverse Fourier transform of Eq. (9.33), we have

Ry (k) = 02 8(k) (9.34)
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Syx(@) Ryx(®)

NS

v
v

Fig. 9-1 White noise.

Band-Limited White Noise:
A random process X(7) is called band-limited white noise if

1 o|=wy
Sy (@) =12 (9.35)
0 |o|>w,
Then
1 fop M jor Nwg Sin WzT
Ryy(t)=— ~e/dw=-"-L"—""B_ 9.36
(™) 2:rf‘w82 2 wgT ©30

And S, (w) and R, (t) of band-limited white noise are shown in Fig. 9-2.
Note that the term white or band-limited white refers to the spectral shape of the process X(7) only, and these
terms do not imply that the distribution associated with X(¢) is Gaussian.

S X)((w) RXX (‘L')
nowg
n _b
> 2r
-0y 0 g 0 /< T
_r ®
g g

Fig. 9-2 Band-limited white noise.

Narrowband Random Process:

Suppose that X(7) is a WSS process with zero mean and its power spectral density S, (w) is nonzero only in some
narrow frequency band of width 2W that is very small compared to a center frequency @, . Then the process X(r)
is called a narrowband random process.

In many communication systems, a narrowband process (or noise) is produced when white noise (or broadband
noise) is passed through a narrowband linear filter. When a sample function of the narrowband process is viewed on
an oscilloscope, the observed waveform appears as a sinusoid of random amplitude and phase. For this reason, the
narrowband noise X(¢) is conveniently represented by the expression

X(t) = V(1) cos [t + ¢(1)] (9.37)
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9.4 Response of Linear System to Random Input

A. Linear System:

As we discussed in Chap. 1 (Sec. 1.5), a system is a mathematical model for a physical process that relates the
input (or excitation) signal x to the output (or response) y, and the system is viewed as a transformation (or map-
ping) of x into y. This transformation is represented by the operator T as (Eq. (1.60))

y = Tx (9.38)

For a continuous-time linear time-invariant (LTT) system, Eq. (9.38) can be expressed as Eq. (2.60)
(1) =fj° h(a)x(t — ) doe = h(t)* x (1) (9.39)

where K(f) is the impulse response of a continuous-time LTI system. For a discrete-time LTI system, Eq. (9.38)
can be expressed as (Eq. (2.45))

oo

y(n)= E h(i)x(n—i)=h(n)*x(n) (9.40)

i=—o

where h(n) is the impulse response (or unit sample response) of a discrete-time LTI system.

B. Response of a Continuous-Time Linear System to Random Input:

When the input to a continuous-time linear system represented by Eq. (9.38) is a random process {X(r),t € T },
then the output will also be a random process {¥ (1), € T, }; that is,

TX®.t€T}F={0,1ET} 941)
For any input sample function x,(#), the corresponding output sample function is
¥t = T (0} (9.42)
If the system is LTI, then by Eq. (9.39), we can write
Y(t)=f_wooh(a)X(t—a) do =h(t)*=X(t) (943)

Note that Eq. (9.43) is a stochastic integral. Then
wy (1) = E[Y (1)] = E[fioh(a)X(t —a)da
= [7 h(@E[X(t - o)l da

= f:h(a)ux(t —a)da=h(t)*ux () (9.44)
Ryy(t,t,) = E[Y(1)Y (t;)]
= E[ f :, f :oh(a)X(tl —a)h(B)X(t, — B)dadp

= [7 [7 h@h(PEIX(t; —)X(t, — P)l dadB

=7 [T n@h(B) R, — .1, — P dadp 9.45)
If the input X(r) is WSS, then from Eq. (9.43) we have
EY®1= [~ h(euyda=uy [~ h(a)da=puxH(©0) (9.46)

where H(0) is the frequency response of the linear system at w = 0. Thus, the mean of the output is a constant.
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The autocorrelation of the output given in Eq. (9.45) becomes
Ryy(t,t)= [ [T h(@h(B)Ryx (t, =1, + @~ B) dad (947)
which indicates that R, (¢, ,) is a function of the time difference T = 1, — ¢,. Hence,

Ry @ = [" 7 h@)h(B)Ryx (v +a = ) dadp (9.48)

Thus, we conclude that if the input X(r) is WSS, the output Y(¢) is also WSS.
The cross-correlation function between input X(7) and Y(¢) is given by

Ryy (1;.1,) = E[X(1))Y (1,)]

= E[X(tl )[© h(@X(t, —a) da]

% (949)
= f_mh(a)E[X(tl)X(tz —a)]da
= [7 h(@ Ry (t).1, — ) da
When input X(7) is WSS, Eq. (9.49) becomes
Ryy (1,,1,)= flh(a)Rxx t, —t, —a)doa (9.50)
which indicates that R, (z,, t,) is a function of the time difference T = ¢, — #,. Hence
Ry ()= [~ h(@)Ryy (T — @) da=h(T)* Ryy (T) ©9.51)

Thus, we conclude that if the input X(¢) to an LTI system is WSS, the output Y(¢) is also WSS. Moreover, the
input X(¢) and output Y(7) are jointly WSS.
In a similar manner, it can be shown that (Prob. 9.11)

Ryy(D)= [ h(= o) Ryy (r — @) dar = h(— T)% Ry, (T) 9.52)
Substituting Eq. (9.51) into Eq. (9.52), we have
R,, () = h(=D *h(7) xR (T) (9.53)

Now taking Fourier transforms of Eq. (9.51), (9.52), and (9.53) and using convolution property of Fourier trans-
form [Eq. (5.58)], we obtain

Sy (@) = H(w) Sy () (9.54)
S, (@) = H)S,,,(w) (9.55)
Syy(@) = H¥@)H@)S, (@) = |H)|? Sy (o) 9.56)

The schematic of these relations is shown in Fig. 9-3.

Ryx(1) S)f/,s(;te)m Ryy (1) Sh);ste:n Ry (1)
T > -7 [——
S)(x(w) H) Sxy(w) H'(©) SYY(w)
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Equation (9.56) indicates the important result that the power spectral density of the output is the product of the
power spectral density of the input and the magnitude squared of the frequency response of the system.

When the autocorrelation of the output R, (7) is desired, it is easier to determine the power spectral density
Syy (@) and then to evaluate the inverse Fourier transform (Prob. 9.13). Thus,

1 = ‘
Ry () =— | Spyy(w)e’dw
(0=~ [ Sy (@)
1 o 2 1
=— H(w)| Syy(w)e’"dw 9.57
s H@] Sy (@) 957
By Eq. (9.4), the average power in the output Y() is

E[Y?(1)] = Ry (0) = ﬁ 7 |H@) Sy (@) do (9.58)

C. Response of a Discrete-Time LTI System to Random Input:

When the input to a discrete-time LTI system is a discrete-time random sequence X(n), then by Eq. (2.39), the
output Y(n) is

©

Y(n)= E h(i)X (n—i) (9.59)

i=—

The autocorrelation function of Y(n) is given by (Prob. 9.22)

Ry (n,m)= E E RGYh(I) Ryy(n—i,m—1) (9.60)

j=—o0 [=—w
The cross-correlation function of X(7) and Y(n) is given by (Prob. 9.23)

©

Ryy(n,m)=E[X(n)Y(m)]= 2 h(l) Ryy(n,m—1) 9.61)

j=—
When X(n) is WSS, then from Eq. (9.59)

)

py ()= E[Y(m)]=py > h(i)=puyH(0) 9.62)

i=—o

where H(0) = H(Q)| o - o and H(Q) is the frequency response of the system defined by the Fourier transform of
H®n).
The autocorrelation function of Y(n) is, from Eq. (9.60)

Ry (n,m)= 2 2 hG)h())Ryy(m—n+i—1) (9.63)
j=—o [=—
Settingm = n + k, we get
Ryy(un+k)= "3 h(@h()Ryx(k+i—1)=Ryy (k) (9.64)
j=—0o0 [=—0o0

Similarly, from Eq. (9.61), we obtain

o

Ryy (k)= 7)) Ryy (k=)= h(k)* Ryy (k) (9.65)

|=—
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and (Prob. 9.24)

[

Ryy (k) = E h(= D Rxy (k — 1) = h(— k) * Ry (k) (9.66)

|=—c
Substituting Eq. (9.65) into Eq. (9.66), we obtain
R, (k) = h(—=k) * h(k) * R, (k) (9.67)

Now taking Fourier transforms of Eq. (9.65), (9.66) and (9.67), we obtain

Sy (Q) = HQ) S, (Q) (9.68)
S,,(Q) = H'(Q) S, (Q) (9.69)
Syy(Q) = H'(QH(Q)S,, (Q) = [HQ)|* Sy (Q) (9.70)

Similarly, when the autocorrelation function of the output R, (k) is desired, it is easier to determine the power
spectral density S, (€2) and then take the inverse Fourier transform. Thus,

1 n Ok 1 w 2 iQk
RYY(k)—E_L”SYY(Q)eJ dQ—EL”|H(Q)| Sy ()’ dQ 9.71)

By Eq. (9.21), the average power in the output Y(n) is

E[Y?)] =Ry (0) =2]—nffﬂ| H@)[ Sy (Q)dQ 9.72)

SOLVED PROBLEMS

Correlations and Power Spectral Densities

9.1. Let X(r) be a WSS random process. Verify Eqgs. (9.2) and (9.3); that is,
(@ Ry (—7) = Ry (T)
) Ry = R,(0)

(a) From Eq. (8.35)
R (1) = E[X(DX(t + 7)]
Setting r + T=t', we have

R, (T) = E[X(t' — DX(1)]
=EX(")X(' — D] = Ryy(—71)

b) E[[X(H) =X+ 1)*]=0
or E[X2(f) = 2X()X(t + D) + X2t + 1] =0
or E[X?(] £ 2E[X()X(t + D] + E[X*(t + D] =0
or 2R, (0) * 2R, (1) =0
Hence, Ry (0) = |Ry (D)]

9.2. Let X(7) and Y(¢) be WSS random processes. Verify Egs. (9.7) and (9.8); that is,
(@ Ry (—7) = R, (D)

() | Ryy ()| = \Ryx (0) Ry (0)
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9.3.

9.4.

(a) By Eq.(8.42)
Ry, (—7) = EIX(DY(t — 7)]
Setting t — T={', we obtain
Ry (—7) = EIX(! + DY ()] = E[Y()X(t' + )] = R,(7)
(b) From the Cauchy-Schwarz inequality Eq. (B.129) (Appendix B), it follows that
{EIX(Y(t + DI} = EIX*(D]E[Y?(t + )]

or [Ryy(D]* =R, (O)R,,(0)

Thus, |Ryy (D)|= \/W
Show that the power spectrum of a (real) random process X(¢) is real, and verify Eq. (9.14); that is,

Syx () = Syy(w)

From Eq. (9.11) and by expanding the exponential, we have

Sxx(@)= [~ Ry (n)e " dr
= fwaXX(r)(cos Wt — jsin wt) dt (9.73)
= [7 Ryy(m)coswrdr— j [~ Ry (v)sinar dr

Since Ry, (—1) = Ry (7) [Eq. (9.2)] imaginary term in Eq. (9.73) then vanishes and we obtain

Sxx (@)= [~ Ry () cos wrrdr 9.74)

which indicates that S, (w) is real.

Since the cosine is an even function of its arguments, that is, cos (—@T) = cos wT, it follows that
Syx (@) = Sy (w)

which indicates that the power spectrum of X(¢) is an even function of frequency.

Let X(#) and Y(#) be both zero-mean and WSS random processes. Consider the random process Z(t)
defined by

() = X(¢t) + Y) 9.75)

(a) Determine the autocorrelation and the power spectrum of Z(¢) if X(f) and Y(¢) are jointly WSS.
(b) Repeat part (a) if X(7) and Y(¢) are orthogonal.

(¢) Show that if X(¢) and Y(¢) are orthogonal, then the mean square of Z(¢) is equal to the sum of the
mean squares of X(¢) and Y(¢).

(a) The autocorrelation of Z(z) is given by

R, (1, 1)) = E[Z(1))Z(t,)]
= E[[X(t)) + Y()IX(r)) + Y(1,)]]
= E[X(1)X(1y)] + E[X(1)Y(1,)]
+ E[Y(1)X(1,)] + E[Y(1))Y(z,)]
= Ry (1), 1) + Ry (1), 1) + Ry (¢, 1) + Ry, (¢, 1,) (9.76)
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If X(7) and Y(?) are jointly WSS, then we have
R,,(T) = Ry (t) + R, (T) + R, (T) + R, ,(T)

where T =1, — 1,.

Taking the Fourier transform of both sides of Eq. (9.77), we obtain

8,,(@) = Sy, (@) + Sy, (@) + S, (@) + Sy ()
(b) Tf X(1) and Y(r) are orthogonal [Eq. (8.47)],
Ry (1) =R, (1) =0
Then Egs. (9.77) and (9.78) become

R,,(T) = Ry, (7) + R,,(T)

and S, (W) =S, (w) + S, (w)
(¢) From Egs. (9.79) and (8.37)

R,,(0) = Ry (0) + R,,(0)

or E[Z%(1)] = E[X?()] + E[Y*(D)]

which indicates that the mean square of Z(¢) is equal to the sum of the mean squares of X() and Y(7).

9.5. Two random processes X(r) and (Y(f) are given by

X(t) = Acos (wt + O)
Y(t) = Asin (ot + ©)

9.77)

(9.78)

(9.79)

(9.80)

(9.81)

(9.82)
(9.83)

where A and w are constants and © is a uniform random variable over [0, 27]. Find the cross-correlation

of X(¢) and Y(r), and verify Eq. (9.7).
From Eq. (8.42), the cross-correlation of X(7) and Y(¢) is

Ry (t,t +T)=E[X()Y (t +71)]

= E[A2 cos (wt +O)sin [w(t + 1) + O]]
2
= %E[Sin QQwt + wt + 20) — sin (— wt)]

2
= TSin ot = Ryy (T)

Similarly, Ryxy(t,t +T)=E[Y()X(t + 7)]

= E[A2 sin (wt + ©)cos [w(t + 1) + O]]
2
= %E[sin Qwt + wt + 20) + sin (— wt)]

2
=—A75inm=RYX(T)

From Eqgs. (9.84) and (9.85)

A A
Ryy (—1)= TSin w(-1)=— Tsin Wt = Ryy (1)

which verifies Eq. (9.7).

(9.84)

(9.85)
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9.6.

9.7.

A class of modulated random signal Y(7) is defined by
Y(@) = AX(®) cos (w,t + ©) (9.86)

where X(7) is the random message signal and Acos (w ¢ + ©) is the carrier. The random message signal
X(#) is a zero-mean stationary random process with autocorrelation R, () and power spectrum Sy, (w).
The carrier amplitude A and the frequency w_ are constants, and phase © is a random variable uniformly
distributed over [0, 27]. Assuming that X(¢) and © are independent, find the mean, autocorrelation, and
power spectrum of Y(¢).
w,(1) = E[Y(1)] = E[AX(?) cos (w,1 + ©)]
=AE[X(1)] E[cos (@, + ©)] =0

since X(#) and © are independent and E[X(#)] = 0.

Ryy(t,t +T)=E[Y()Y (¢t +T)]

= E[AZX(t)X(t +1)cos (w t +O)cos [w,.(t + 1)+ O]]
2
= %E[X(t)X(t +7)]E[cos w T + cos Qw t +w T +20)]

A2
ZTRXX(r)cos o .T = Ryy (T) (9.87)

Since the mean of Y(7) is a constant and the autocorrelation of Y(#) depends only on the time difference 7, Y(¥) is
WSS. Thus,

2
Syy(@)=F[Ryy (T)]= A?@[Rxx(r) cos w,T]

By Eqgs. (9.11) and (5.144)

F[Ryx (1)) = Sxx ()
F(cosw,1)=ad(w—w,)+ 7d(w+ w,)

Then, using the frequency convolution theorem (5.59) and Eq. (2.59), we obtain

2
Syy (@)= %Sxx(w)*[né(w —w.)+ad(w+w,)]

2
=AT[SXX(w—wC)+SXX(w+wC)] (9.88)

Consider a random process X(f) that assumes the values = A with equal probability. A typical sample func-
tion of X(#) is shown in Fig. 9-4. The average number of polarity switches (zero crossings) per unit time is
a. The probability of having exactly k crossings in time 7 is given by the Poisson distribution [Eq. (B 48)]

k
PZ=k)=e¢ % (9.89)

X(t)

A

W
JUty Ly

Fig. 9-4 Telegraph signal.

v
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where Z is the random variable representing the number of zero crossing. The process X(7) is known as
the telegraph signal. Find the autocorrelation and the power spectrum of X(f).

If Tis any positive time interval, then

Ryx(t,t +1)=E[X(t)X(t +71)]
= A2P[X(t) and X(¢ + t) have same signs]
+(— AY)P[X(r) and X (¢ + T) have different signs]
=A’P[Zevenin (t,t + T)] — A*P[Z odd in (1,1 + T)]

) e""@—Az S e (ar)*

keven k! k odd k!
© k
= A% E (OL]‘:") (—l)k
k=0 °
o k
:AZefa-r E ( Z;ﬂ) :AZefarefa‘r :A2672ar (990)
k=0 :

which indicates that the autocorrelation depends only on the time difference 7. By Eq. (9.2), the complete
solution that includes T <0 is given by

R, (1) = A e 2"l (9.91)

which is sketched in Fig. 9-5(a).
Taking the Fourier transform of both sides of Eq. (9.91), we see that the power spectrum of X(7) is [Eq. (5.138)]

4a
Syy(@)=A*—"= (9.92)
X o+ (20:)2
which is sketched in Fig. 9-5(b).
RX)((T) SXX(CO)
A2 A2
o
A2e72a\1|
T 0 ®

(b)

Fig. 9-5

9.8. Consider a random binary process X(#) consisting of a random sequence of binary symbols 1 and 0.
A typical sample function of X(¢) is shown in Fig. 9-6. It is assumed that

1. The symbols 1 and O are represented by pulses of amplitude +A and —A V, respectively, and
duration 7's.

2. The two symbols 1 and O are equally likely, and the presence of a 1 or 0 in any one interval is
independent of the presence in all other intervals.

3. The pulse sequence is not synchronized, so that the starting time 7, of the first pulse after r = 0 is
equally likely to be anywhere between O to T,. That is, ¢, is the sample value of a random variable
T, uniformly distributed over [0, T,].
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x(t)

«—T,—>

v

d «— T, T, —»]

-A

Fig. 9-6 Random binary signal.

Find the autocorrelation and power spectrum of X(7).

The random binary process X(f) can be represented by
X@)= Y Awpt—KT,—T,) (9.93)
k=—o
where {A,} is a sequence of independent random variables with P[A, = A] = P[A, = —A] = %, p() is a unit
amplitude pulse of duration 7, and T, is a random variable uniformly distributed over [0, T, ].
1 1
MX(I)ZE[X(t)]:E[Ak]:EA +§(_A):O (9.94)
Lett, >t,. Whent, — 1, > T,, then ¢, and 7, must fall in different pulse intervals [Fig. 9-7(a)] and the random
variables X(z,) and X(z,) are therefore independent. We thus have
Ry (t,. 1,) = E[X(1)X(t,)] = EIX(t)IE[X(r,)] = 0 (9.95)

When t, — 1, <T,, then depending on the value of T, 7, and 7, may or may not be in the same pulse interval
[Fig. 9-7(b) and (c)]. If we let B denote the random event “7, and 7, are in adjacent pulse intervals,” then we have

Ry (1, 1,) = E[X(1))X(1,) | BIP(B) + E[X(1,)X(z,) |BIP(B)
Now E[X(1,)X(t,)| B] = E[X(t)IE[X(1,)] = 0
E[X(t)X(1,)|B] = A2

Since P(B) will be the same when 7, and 7, fall in any time range of length T, it suffices to consider the case
0 <t<T,, as shown in Fig. 9-7(b). From Fig. 9-7 (b);

PB)=Pt, <T,<t,)
h

_ 15 _ 1 1 _ l2 -
_le de(tg,)dtd—f[1 ?bdtd_Tb

From Eq. (B.4), we have

= 1, —t
P(B)=1-P(B)=1-2—1
(B) (B) 7

b
Thus, RXX(t1,12)=A2(1—t2;ll)=RXX(17) (9.96)
b

where t =1, — 1,.
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x(t)
«— T, —>
1 1 1 »
o t, |t, T, t, t
@
x(t)
ty [— T, —
1 1 1 »
o t, |t, T, t
CREN
CIE
tyfe— T, —>
" " 1 »
t, t, |T, t
©
Fig. 9-7
Since R, (—7) = R, (7), we conclude that
Az(l—lrl) |t|=T,
Ryy (1) = T, (9.97)
0 |7|>T,

which is plotted in Fig. 9-8(a).

From Eqgs. (9.94) and (9.97), we see that X(7) is WSS. Thus, from Eq. (9.11), the power spectrum of X(¢) is
(Prob. 5.67)

2
i T, /2)
Sy (@) = AT, | S0 @T5/2) (9.98)
(@) b T, /2
which is plotted in Fig. 9-8(b).
Ry, (7) Syx()
A2 AT,
-7, 0 Tp ¢ _ 2 0 2z ¢
Ty Ty

Fig. 9-8
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Response of Linear System to Random Input

9.9. A WSS random process X(¢) is applied to the input of an LTI system with impulse response h(f) = 3¢~
u(?). Find the mean value of the output Y(¢) of the system if E[X(r)] = 2.

By Eq. (5.45), the frequency response H(w) of the system is

1
jo+2

H(@)=%[h()]=3

Then, by Eq. (9.46), the mean value of Y(¢) is

1y ()= EY(0)] = 1 H(0) = 2(2]— 3

9.10. Let Y(¢) be the output of an LTI system with impulse response A(f), when X(¢) is applied as input.

Show that
(a) ny(flstz):fjowh(ﬁ)Rxx(tlstz —pdp (9.99)
) Ryy(tl,tz)Ifih(a)ny(tl,—a,tz)da (9.100)

(@) Using Eq. (9.43), we have
Ryy (t;,1,) = E[X(1))Y (t,)]
=E[X(t1) [7 hB)X @t~ prdp
= [ hBEIX(t) X (¢, — PldB
= [ h(B)Ryx (1.1, — B)dp
(b) Similarly,

Ryy(t), 1) = E[Y ()Y (13)]
- E[flh(a)x(;l —a)daY (t,)

- fioooh(a)E[X(zl - a)]Y(Iz)da

= [ Ry (1, — a.1y)da

9.11. Let X(r) be a WSS random input process to an LTI system with impulse response A(f), and let Y(7) be
the corresponding output process. Show that

(@ Ry (1) = h(T) * Ryy(T) (9.101)
(b) R, (1) = h(—7) % Ry,(1) (9.102)
© Syy(®) = H(w)Syy () (9.103)
(d) S, (@) = H* (0)S,, () (9.104)

where * denotes the convolution and H*(w) is the complex conjugate of H(w).

(a) If X(r) is WSS, then Eq. (9.99) of Prob. 9.10 becomes

ny(tl’tz):f:oh(ﬁ)Rxx(tz —h—pdp (9.105)

which indicates that R, (#,, £,) is a function of the time difference T = ¢, — ¢, only. Hence, Eq. (9.105) yields

Ry ()= [* h(B)Ryy (x = B)dB=h(T)* Ryy (T)
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(b) Similarly, if X(¢) is WSS, then Eq. (9.100) becomes

Ryy(t;.1)= [ h(@)Ryy (1, —t; + @) dat

or Ryy(7)= f:h(a)RXy (t+oa)do=h(—1)* Ry, (T)
(¢) Taking the Fourier transform of both sides of Eq. (9.101) and using Eqs. (9.22) and (5.58), we obtain
Syy(w) = H(w) Sy, (w)

(d) Similarly, taking the Fourier transform of both sides of Eq. (9.102) and using Eqgs. (9.11), (5.58), and
(5.53), we obtain

Syp(w) = H*(w) S, (w)
Note that by combining Eqs. (9.103) and (9.104), we obtain Eq. (9.56); that is,
Syp(w) = H*(w) H(w) Sy (w) = |H(w)|> Sy, (w)

9.12. Let X(r) and Y(¢) be the wide-sense stationary random input process and random output process,
respectively, of a quadrature phase-shifting filter (—m/2 rad phase shifter of Prob. 5.48). Show that

@ Ry (®) = R, (1) (9.106)
() Ry (D) = Ry (D) (9.107)

whereIA?XX(r) is the Hilbert transform of R, (7).

(a) The Hilbert transform )A((t) of X(7) was defined in Prob. 5.48 as the output of a quadrature phase-shifting
filter with

h =L H)=—jsg()
gt

Since |H(w)|? = 1, we conclude that if X() is a WSS random signal, then Y(¢) = X(#) and by Eq. (9.56)
S, (@) = |H(@)]? Sy (@) = Sy ()
Hence, R, (D) = F IS, (0)] = F S, (0)] =Ry, (T)

(b) Using Egs. (9.101) and (5.174), we have

1 N
Ryy (1) = h(T) * Ryy(T) = o #* Ry (T) = Ry (T)
9.13. A WSS random process X(f) with autocorrelation
Ry (1) = Aealtl

where A and a are real positive constants, is applied to the input of an LTI system with impulse
response

h) = e " u()
where b is a real positive constant. Find the autocorrelation of the output Y(¢) of the system.

Using Eq. (5.45), we see that the frequency response H(w) of the system is
1
H(w)=F[h)]=—
jo+b

1

2
So |H(CU)| :m
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9.14.

Using Eq. (5.138), we see that the power spectral density of X(7) is

2a
Sxx (@) = F[Ryx (T)] = Am
By Eq. (9.56), the power spectral density of Y(?) is
2
Syy(w) = | H(w)| Syyx ()
_ 1 2aA
o® +b* )\ w® +d*

_ aA 2b A 2a
(az—bz)b w? +b? a* - b \w* +d°

Taking the inverse Fourier transform of both sides of the above equation and using Eq. (5.139), we obtain

aA Hrl__ A

Ry (t)=—2 e
v (@ —b*)b a —b*

Verify Eq. (9.13); that is, the power spectrum of any WSS process X(¢) is real and
Syy(@) =0
for every w.

The realness of the power spectrum of X(f) was shown in Prob. 9.3. Consider an ideal bandpass filter with
frequency response (Fig. 9-9)

1 o =|o|=o,

0 otherwise

H(w)={

with a random process X(?) as its input. From Eq. (9.56) it follows that the power spectrum S, (w) of the
resulting output Y(¢) equals

Syx(@) o =|o|=o,
Syy (w) =
(@) {0 otherwise
Hence, from Eq. (9.58), we have
1 po 1 o,
EY*nl=—/[ s wda)=2(—) ? Sy (@) do =0 1
en=o—-f Sw@) o)) S (9.108)

which indicates that the area of S,, (w) in any interval of wis nonnegative. This is possible only if S, (w) =0
for every w.

v



434

9.15.

9.16.
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Consider a WSS process X(7) with autocorrelation R, (7) and power spectrum S, (w). Let X () =
dX(t)/dt. Show that
@ Ryp(r)=Sxx@ (9.109)
dt
d*R
(b) Ryy(T)=— 4’;(1) (9.110)
dt
©) Syy(@)=w*Syy (®) (9.111)

Asystem with frequency response H(w) = jwis a differentiator (Fig. 9-10). Thus, if X(?) is its input, then its
output is Y(r) = X'(¢) [see Eq. (5.55)].

(a) From Eq. (9.103)

Sip(@) = H(@) Sy (@) = jS,, (w)

—_— jo e
X(@) Y(t) = X'(t)

Fig. 9-10 Differentiator.

Taking the inverse Fourier transform of both sides, we obtain

Ry (1) = dRyx (T)
dt
(b) From Eq. (9.104)
Sy () = H* (0)Sy () = —jwS,.()

Again taking the inverse Fourier transform of both sides and using the result of part (a), we have

dRyy (T) _ _d*Ryy (1)
dt dr?

Ry (7)==
(¢) From Eq. (9.56)

Sy (@) = [H(@) |*Sy() = | jo|? Syy(w) = 028, (w)
Suppose that the input to the differentiator of Fig. 9-10 is the zero-mean random telegraph signal of
Prob. 9.7.
(@) Determine the power spectrum of the differentiator output and plot it.

(b) Determine the mean-square value of the differentiator output.

(a) From Eq. (9.92) of Prob. 9.7

4o

Syp(w)=A*————
(@) o +Qa)

For the differentiator H(w) = jw, and from Eq. (9.56), we have

daw’

S @=|H@ S =420

(9.112)

which is plotted in Fig. 9-11.
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Syyl®)

4aA?
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0

Fig. 9-11

(b) From Eq. (9.58) or Fig. 9-11

ev

1 o
E[Y*(1)]= Effwsyy(w) doy =

9.17. Suppose the random telegraph signal of Prob. 9.7 is the input to an ideal bandpass filter with unit gain
and narrow bandwidth W, (= 2aB)(<w,) centered at . = 2a. Find the dc component and the average

power of the output.

From Egs. (9.56) and (9.92) and Fig. 9-5 (), the resulting output power spectrum

Syy(@) = |H(w)[*Syy(w)

is shown in Fig. 9-12. Since H(0) = 0, from Eq. (9.46) we see that

u,=HO)u, =0

Hence, the dc component of the output is zero.

From Eq. (9.92) (Prob. 9.7)
Syx (xw,)=A?

Since W, < w_,
c

_ 4o A
Qa)} +2a)? Qa)

AZ

2
A |w—a)c|<&
Syy (W) =120
0 otherwise
The average output power is
1 ©
E[Y*(1)]=— Syy (@) dw
1= [ Sw@)
1 A\ _A*W, _A’B ©.113)
~—QWy)|—|=28 =22
4 2a 2o a
Syylo)
Sy x(®)

B
.
. i
B .
A -
o -
* .
o .
.

R

.
- -
===

3
‘e

-
“a

-0, 0

] —

Wy

Fig. 9-12

===~ >

o, ®
_»| |4_

Wy
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9.18. Suppose that a WSS random process X(#) with power spectrum S, (w) is the input to the filter shown
in Fig. 9-13. Find the power spectrum of the output process Y(7).

X(t)

Delay

Ve BAR

v

Fig. 9-13

From Fig. 9-13, Y(¢) can be expressed as

Y(H) = X(t) — X(t — T) (9.114)

From Eq. (2.1) the impulse response of the filter is

h(t)=061)— 6 —T)

and by Eqgs. (5.140) and (5.50) the frequency response of the filter is

Hw)=1—e7oT

Thus, by Eq. (9.56) the output power spectrum is

2 —joT 2
Syy (@) =| H(®)] SXX(a))=|l—e J | Sy (@)

=[(lfcos a)T)2 +sin2wT] Syx () (9.115)

=2(1—cos wT)Syy(w)

9.19. Suppose that X(?) is the input to an LTI system with impulse response 4,(¢) and that ¥(7) is the input to
another LTI system with impulse response /,(?). It is assumed that X(7) and Y(¢) are jointly wide-sense
stationary. Let V(¢) and Z(¢) denote the random process at the respective system outputs (Fig. 9-14).
Find the cross-correlation and cross spectral density of V(¢) and Z(¢) in terms of the cross-correlation and

cross spectral density of X(¢) and Y(z).

—

Using Eq. (9.43), we have

Ry, (t),1,) = E[V(1,)Z(t;)]

:E[fi,x(h —a)hy(@)da[” Y(t, = Bhy () dp

= [ 7 m@hy(B)ELX(t, - )Y (1, — B)] dad (9.116)
= f:o f:ohl(a)hz(ﬁ)ny(tl —a,t, — B)dodp

=7 [7 h(@n(B)Ryy (1, — 1, + @ — p) dadp

since X(#) and Y(7) are jointly WSS.
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Equation (9.116) indicates that R, ,(z,, t,) depends only on the time difference T = ¢, — ¢,. Thus,
Ry @=[" [ h(@h(B) Ry (x+a—p)dadp (9.117)
Taking the Fourier transform of both sides of Eq. (9.117), we obtain
Sir(@)= [" Ry, (v)e " dr
=7 [ 7 @B Ry (t+a— B ' dadpdr
Lett+ o — 3= A, or equivalently t= A — a + 8. Then
Sz =" [7 [ m@h(B) Ry We " Pda dpdi

=f1h1(a)ef'w“da f:ohz(/g)e—jwﬂdﬁ f:ORXY(A)e_f””IdA
= H,(—0)H,(0)Sxy (0)
= H, (0) H,(@)Sxy () (9.118)

where H,(w) and H,(w) are the frequency responses of the respective systems in Fig. 9-14.

9.20. The input X(¢) to the RC filter shown in Fig. 9-15 is a white-noise process.
(a) Determine the power spectrum of the output process Y().

(b) Determine the autocorrelation and the mean-square value of Y(z).

MW

o—Z—0
o)
||
1T
O«—3—0

Fig. 9-15 RC filter.

From Eq. (5.91) the frequency response of the RC filter is

1
Hwp)= —o
@=177 jwRC
(a) From Egs. (9.31) and (9.56)
SXX(w):g
1 n
= H(o) = - 1
Syy (@) =|H(w)| Sxx(w) RO 2 (9.119)
(b) Rewriting Eq. (9.119) as
Spay="_1 2[1/(RC)]

2 2RC o +[1/(RO)?

and using the Fourier transform pair Eq. (5.138), we obtain

_n_ 1 ko
Ry (t)=———e 9.120
2 2 2RC ( )
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Finally, from Eq. (9.120)

E[Y?(1)] = Ry (0)= 9.121)

L/
4RC

9.21. The input X(¢) to an ideal bandpass filter having the frequency response characteristic shown in Fig. 9-16
is a white-noise process. Determine the total noise power at the output of the filter.

H(w)
Wg Wy
f— f—>
1
| | >
-0, 0 , 0]
Fig. 9-16

Sy (@) =g

Syy (@) =| H@)[* Syy (@) = g| H()[

The total noise power at the output of the filter is

e Lnp=
E[Y2<z>1=gf_m3w<f*’>dw:ﬁgf—w|H(w)|2 @ (9.122)

_nl _
=1 " ow,)=nB
227 BT

where B = W,/ (2m) (in Hz).

9.22. Verify Eq. (9.60); that is

Ryy (n,m)= E E h@Yh() Ryy (n —i,m—1)

i=—o |=—o

From Eq. (9.59) we have

Ryy(n,m)=E[Y (Y m]=E| ¥ ¥ h@hDOX(n—i)X(m—1)
i=—0w [=—o0

© ©

= E E hOROE[X(n—i) X (m—D)]
i=—0 |=—w

© ©

= E E h(@h()Ryy(n—i,m—1)

j=—w [=—ow
9.23. Verify Eq. (9.61); that is

o0

Ryy (n,m)= E h(D)Ryy (n,m—1)

|=—»
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9.24.

9.25.

9.26.

From Eq. (9.59), we have

Ry (n,m)=E[X ()Y (m)] = E|X(n) 3 h(l)X(m—l)l

|=—x

©

= 2 ROE[X ()X (m—1)]
|=—x

©

= Y h(DRgx(nm=1)

==
Verify Eq. (9.66); that is

Ry, (k) = h(—k) * Ry, (k)

From Eq. (9.64), and using Eq. (9.65), we obtain

Ry ()= > hhl) Rk +i—1)
i=—0 [=—w
N (@) Ryy (k+i)

i=—ow

©

N h(=DRyy (k= 1) = (= k)* Ryy (k)

[=—

The output Y(n) of a discrete-time system is related to the input X(n) by
Y(n) = X(n) — X(n — 1) (9.123)

If the input is a zero-mean discrete-time white noise with power spectral density o2, find E[Y? (¢)].

The impulse response /(n) of the system is given by
h(n) =90(n) —o(n—1)
Taking the discrete-time Fourier transform of A(n), the frequency response H(2) of the system is given by
HQ)=1—¢7%

Then

[HQ)|?2= |1 —e|2=(1 —cosQ)* +sin? Q =2(1 — cosQ) (9.124)
Since §,,(Q) = 02, and by Eq. (9.70), we have

Spy(Q) = 8, (Q|H(Q)|? =20%(1 — cosQ) (9.125)
Thus, by Eq. (9.72) we obtain
BV 01 =Ry )= 2 [ Sy @2

9.126

202 o . ( )

:Tf (1—cos Q)dQ =20
.7'[ -

The discrete-time system shown in Fig. 9-17 consists of one unit delay element and one scalar multiplier
(a < 1). The input X(n) is discrete-time white noise with average power 2. Find the spectral density and
average power of the output Y(n).
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X(n) ) Y(n) -
+ \u
+
a
A
Unit |
Y(n—1) delay
Fig. 9-17

From Fig. 9-17, Y(n) and X(n) are related by
Y(n) =a¥Y(n— 1) + X(n)
The impulse response A(n) of the system is defined by
h(n) = ah(n — 1) + 6(n)
Solving Eq. (9.128), we obtain
h(n) = a"u(n)

where u(n) is the unit step sequence defined by

1 n=0
“m=1y <o

Taking the Fourier transform of Eq. (9.129), we obtain

IR W —_—
n=0

Now, by Eq. (9.34),
Sy (Q) = o7 Q| <=
and by Eq. (9.70) the power spectral density of Y(n) is

Sy () =| H(Q)[* Syy () = H(Q) H(— Q) Sy (Q)

O~2

(1—ae )1 — ae’™)

O_2

e zaema 1257
a a cos Q

Taking the inverse Fourier transform of Eq. (9.130), we obtain
2

o
Ry (k)= d

—a

k|

Thus, by Eq. (9.72) the average power of Y(n) is

02

E[Y*(n)]= Ry (0) =

1—a?

(9.127)

(9.128)

(9.129)

(9.130)
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SUPPLEMENTARY PROBLEMS
9.27. Asample function of a random telegraph signal X() is shown in Fig. 9-18. This signal makes independent

random shifts between two equally likely values, A and 0. The number of shifts per unit time is governed by
the Poisson distribution with parameter o.

X(t)

~V

Fig. 9-18

(a) Find the autocorrelation and the power spectrum of X(7).

(b) Find the rms value of X(7).

9.28. Suppose that X(#) is a Gaussian process with
Uy =2 R (1) =502l
Find the probability that X(4) = 1.
9.29. The output of a filter is given by
YO)=Xt+T)—Xt—T)

where X(f) is a WSS process with power spectrum S,

(w) and T'is a constant. Find the power spectrum of Y(r).
9.30. Let )A((t) is the Hilbert transform of a WSS process X(7). Show that

R,4(0) = E[X(HX(1)] = 0

9.31. AWSS random process X(¢) is applied to the input of an LTI system with impulse response h(f) = 3¢~ > u(f).
Find the mean value of Y(#) of the system if E[X(#)] = 2.

9.32. The input X() to the RC filter shown in Fig. 9-19 is a white noise specified by Eq. (9.31). Find the mean-
square value of Y(7).

X(t)

O

[

I
—— S —»e

ot+———

Fig. 9-19 RC filter.

9.33. The input X(¢) to a differentiator is the random telegraph signal of Prob. 9.7.
(a) Determine the power spectral density of the differentiator output.

(b) Find the mean-square value of the differentiator output.
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9.34. Suppose that the input to the filter shown in Fig. 9-20 is a white noise specified by Eq. (9.51). Find the power
spectral density of Y(7).

X ()
(2 .
+ r' 3
+
a
A
| Delay
" T
Fig. 9-20

9.35. Suppose that the input to the discrete-time filter shown in Fig. 9-21 is a discrete-time white noise with
average power o2, Find the power spectral density of Y(n).

X(n) Y(n)
+ r' 3
+
a
Yy
| Unit
delay
Fig. 9-21

ANSWERS TO SUPPLEMENTARY PROBLEMS

2

A 20| 7| A2 2 4o
927. (a) Ryy(t)=—(A+e Sy (W) =—nadé(w)+ A" ———
(@ Ry(r) = 7( :Suxlw) = d@) + 47—
A
by 2
) 5
9.28. 0.159

9.29. S, (w) =4 sin’wTS,,(w)
9.30. Hint: Use relation (b) of Prob. 9.12 and definition (5.174).

9.31. Hint: Use Eq. (9.46).
3

9.32. Hint: Use Eqgs. (9.57) and (9.58).
n/(4RC)
daw?
0*+4a?

(b) E[Y’()]=00

9.33. (a) S,(w)=

9.34. S(w) = 02—>g(1 +a® + 2a cos wT)

9.35. S,(Q) = 0%l +a*+ 2acos Q)



APPENDIX A

Review of Matrix Theory

A.1 Matrix Notation and Operations

A. Definitions:

1. Anm X n matrix A is a rectangular array of elements having m rows and n columns and is denoted as

a4y o 4y
yp Ay v Ay

A= : : ., : :[aij]an (Al)
Au1 Q2 " Oy

When m = n, A is called a square matrix of order n.
2. A1 X n matrix is called an n-dimensional row vector:

la,, ay, - a,l] (A2)

An m X 1 matrix is called an m-dimensional column vector:

11
“1 (A3)

aml

3. A zero matrix 0 is a matrix having all its elements zero.
4. A diagonal matrix D is a square matrix in which all elements not on the main diagonal are zero:

d 0 - 0
0 d, - 0
={. . . (A4)
0 0 - d,
Sometimes the diagonal matrix D in Eq. (A 4) is expressed as
D = diag(d, d, - d) (AS)

443
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5. The identity (or unit) matrix I is a diagonal matrix with all of its diagonal elements equal to 1.

1 0 0
I— 0 1 0
0 0 1
B. Operations:
Let A = [aij]an, B = [bl,j]an,and C= [cij]m><n'

a. Equality of Two Matrices:
A=B=a.=b,
ij ij
b. Addition:
C=A+B=c¢.=a.+b,
i i i
c. Multiplication by a Scalar:
B=aoA=b = aa.
ij ij
If o« = —1, then B = —A is called the negative of A.

EXAMPLE A.1 Let

-1 0 4

1 23
A=
I M

2 0
B:[

Then A+B=
—-1+4 0+1 4-2

-2 01
~-B=(-1)B=

—4 -1 2
1-2 2-0 3+1

A-B=
—1-4 0-1 4+2

Notes:

A=BandB=C=A=C
A+B=B+A
A+B)+C=A+B+C)
A+0=0+A=A
A-—A=A+(-A)=0
(a+ B)A = A + aB

a(A +B)= oA + oB
a(BA) = (@P)A = B (cA)

[ IEN e Y SIS

d. Multiplication:

B=1[b

ij"mXn’

Let A = [aj] ,and C = [c[j]

ij]nXp mXp*

C=AB=c; = ayby
k=1

-2

142 240 3-1] [3 2 2
}_[3 1

:[:;

(A.6)

(A7)

(A8)

(A9)

(A.10)

(A.11)
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The matrix product AB is defined only when the number of columns of A is equal to the number of rows of B.

In this case A and B are said to be conformable.

EXAMPLE A.2 Let

0 -1
A=|1 2
2 =3
Then
0 -1 o+(—1
AB=|1 2 = 1(1) +2(3)
2 =3 2(H)+(—3)

but BA is not defined.

g

3 —1

|

3 02)+(-D(=D] [-3 1
1)+2-10 |=| 7
3 2Q+=3)=D| |-7 7

Furthermore, even if both AB and BA are defined, in general

AB # BA (A.12)
EXAMPLE A.3 Let
0 —17 1 2
A= B=
1 2 3 -1
o —1171 2 -3 1
Then AB = =
1 23 —1 7 0
1 27[0 —1 3
BA = = #AB
3 -1t 2 -1 =5
An example of the case where AB = BA follows.
EXAMPLE A.4 Let
_Jr o [2 0
0 3 0 4
Thy AB=BA = >0
- o 12
Notes:
1. AO=0A=0
2. AI=1A=A
3. (A+B)C=AC + BC (A.13)
4. AB + C)=AB + AC
5. (AB)C = ABC) = ABC
6. ao(AB) = (¢A)B = A(aB)

It is important to note that AB = 0 does not necessarily imply A = 0 or B = 0.
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EXAMPLE A.5 Let

Then AB=21 ! 1=00=0
2 1|1|—-2 -2 0 0

A.2 Transpose and Inverse

A. Transpose:

Let A be an n X m matrix. The franspose of A, denoted by A7, is an m X n matrix formed by interchanging
the rows and columns of A.
B=AT= b, =a; (A.14)

Jt

EXAMPLE A.6

ro 1
12 3 ;123
A= AT = =2
-1 .0 4 -1 0 4 5

4

If AT = A, then A is said to be symmetric, and if AT = —A | then A is said to be skew-symmetric.

EXAMPLE A.7 Let

1 2 3 0 1 -2
A=|2 4 -1 B=|-1 0 3
3 -1 5 2 -3 0

Then A is a symmetric matrix and B is a skew-symmetric matrix.

Note that if a matrix is skew-symmetric, then its diagonal elements are all zero.

Notes:
1. A=A
2. (A+B7=AT+ BT (A.15)
3. (aA) = aAT
4. (AB)" = BTAT

B. Inverses:

A matrix A is said to be invertible if there exists a matrix B such that
BA =AB =1 (A.16a)
The matrix B is called the inverse of A and is denoted by A~!. Thus,

AA = AA T =1 (A.16b)
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EXAMPLE A.8
2 [ 1 —1]_[ 1 12 1]_[1 0
1 t|l-1 2| |-1 2{{1 1] o 1
Thus,
2 1_1: 1 -1
11 -1 2
Notes:
1. A H)'l=A
2. (A H = (AT)"! (A17)
3. (@A) =LA
4. (AB)'!' =B !A"!

Note that if A is invertible, then AB = 0 implies that B = 0 since

AT'/AB=IB=B=A"10=0

A.3 Linear Independence and Rank

A. Linear independence:

Let A = [a, a, a |, where a, denotes the ith column vector of A. A set of column vectors ai@=1,2,..,
n) is said to be linearly dependent if there exist numbers a,(@=1,2,...,n) not all zero such that

aa +aa,+ - +aa =0 (A.18)

n n

If Eq. (A.18) holds only for all &; = 0, then the set is said to be linearly independent.

EXAMPLE A.9 Let

1 2
a=|—1 a,=| 1 a;=| 5
0 -1 -

1 0 0

d =0 d,=|1 d;=|0

0 0 1

a, 0

Then ad, +ta,d, tad,=|a,|=|0
a 0

3

implies that &, = a, = a, = 0. Thus, d,, d,, and d, are linearly independent.
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B. Rank of a Matrix:

The number of linearly independent column vectors in a matrix A is called the column rank of A, and the num-
ber of linearly independent row vectors in a matrix A is called the row rank of A. It can be shown that

Rank of A = column rank of A = row rank of A (A.19)

Note:
If the rank of an N X N matrix A is N, then A is invertible and A~! exists.

A.4 Determinants

A. Definitions:

Let A = [a,;] be a square matrix of order N. We associate with A a certain number called its determinant, denoted
by det A or |A|. Let M;; be the square matrix of order (N — 1) obtained from A by deleting the ith row and jth
column. The number Al.j defined by

A[j — (_ 1)i+j|Ml_j| (AZO)

is called the cofactor of a. Then det A is obtained by

N
detA=|A|=Y azAy  i=12,...,N (A21a)
k=1
N
or detA=|A|=Eaijkj j=12,...,N (A21b)
k=1

Equation (A .21a) is known as the Laplace expansion of |A| along the ith row, and Eq. (A.21b) the Laplace
expansion of |A| along the jth column.

EXAMPLE A.10 Fora l X 1 matrix,
A=1Ja,]—|A| =aq, (A22)

For a 2 X 2 matrix,

app dap ayp ap
A= —|A]= =ayay — appdy) (A.23)
ayp ap ayy ap
For a 3 X 3 matrix,
a4 43
A=la, ay ay
a3 A3 Ay
Using Eqgs. (A.21a) and (A.23), we obtain
a4y a3
Al= _ Ay dp3| ay;  dy3 n dy; Ay
| |_ Qyp  dpy  dp3| = 4y app aps
aszp ds3 aszp dsz azp dz

aszy dzp a4z

= Ay10ya33 T Aypan3as) T A130ya3) — Ay10x303 — A1pdy A3 T di3axnds) (A24)
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B. Determinant Rank of a Matrix:

The determinant rank of a matrix A is defined as the order of the largest square submatrix M of A such that det
M # 0. It can be shown that the rank of A is equal to the determinant rank of A.

EXAMPLE A.11 Let

1 2 4
A=|-1 1 5
0 -1 -3

Note that |A| = 0. One of the largest submatrices whose determinant is not equal to zero is
1 2
-1 1
Hence the rank of the matrix A is 2. (See Example A.9.)

C. Inverse of a Matrix:

Using determinants, the inverse of an N X N matrix A can be computed as

A=t adj A (A25)
det A
All A21 ANl
A, A A
and adjA=[4,"=|"" 7 Nz (A26)
AIN AZN ANN

where Aij is the cofactor of a; defined in Eq. (A.20) and “adj” stands for the adjugate (or adjoint). Formula (A .25)
is used mainly for N = 2 and N = 3.

EXAMPLE A.12 Let

10 -3
A={1 2 0
3 -1 -2
2 o 1 2
Then A|= - =—4-3-7)=17
-1 =2/ |3 -1
2 0 o -3 o -3
-1 =2/ |-1 =21 2 o
-4 3 6
, 10 1 -3 1 -3
adjA =|— - =l 27 -3
3 -2 3 -2 10
-7 1 2
12 10 10
3 -1 3 -1 12
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Thus,
| -4 3 6
Al=—| 2 7 -3
17
-7 1 2
For a 2 X 2 matrix,
-1
ayy G| _ 1 Ay ~app (A27)
Ay Ay Apyy ~apdyy |~ dy 4y

From Eq. (A.25) we see that if det A = 0, then A~! does not exist. The matrix A is called singular if det
A = 0, and nonsingular if det A # 0. Thus, if a matrix is nonsingular, then it is invertible and A~ exists.

A.5 Eigenvalues and Eigenvectors

A. Definitions:
Let A be an N X N matrix. If
Ax = Ax (A.28)

for some scalar A and nonzero column vector X, then A is called an eigenvalue (or characteristic value) of A and
x is called an eigenvector associated with A.

B. Characteristic Equation:

Equation (A.28) can be rewritten as
AM—-A)x=0 (A.29)

where I is the identity matrix of Nth order. Equation (A.29) will have a nonzero eigenvector x only if AI — A
is singular, that is,

M- A| =0 (A30)

which is called the characteristic equation of A. The polynomial ¢(\) defined by

cW)=|M—-A| =M+, MW+ +ch+g (A31)
is called the characteristic polynomial of A. Now if A, A,, ..., A, are distinct eigenvalues of A, then we have
c™) = =AD" — A" (b — A (A.32)

where m; + m, + -+ + m, = N and m, is called the algebraic multiplicity of \,.
Theorem A.1:

LetA, (k= 1,2, ...,10) be the distinct eigenvalues of A and let x, be the eigenvectors associated with the eigen-

values A,. Then the set of eigenvectors X, X,, ..., X; are linearly independent.

Proof The proof is by contradiction. Suppose that X, X,, ..., X, are linearly dependent.
Then there exists a,, a,, ..., a, not all zero such that
i
ax, ta,x, +--+o;x; = E ax, =0 (A33)
k=1
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Assuming «; # 0, then by Eq. (A.33) we have

MI-A)AI—A)---(ZI-A) E X, |=0 (A.34)
k=1
Now by Eq. (A.28)
(7\7.1 —A)x, = O»j ) 4 jFk
and AN —Ax =0
Then Eq. (A.34) can be written as
ah, = Ay —A) (A, —ADx, =0 (A.35)

Since Xk (k =1,2,...,10) are distinct, Eq. (A.35) implies that a, =0, which is a contradiction. Thus, the set
of eigenvectors X, Xy, ..., X, ATE linearly independent.

A.6 Diagonalization and Similarity Transformation

A. Diagonalization:

Suppose that all eigenvalues of an N X N matrix A are distinct. Let x,, X,, ..., X, be eigenvectors associated
with the eigenvalues A, A,, ..., A,. Let

P=[x x - xl (A.36)
Then APIA[X1 X, - XN]
=|:AX1 Ax, - AxN]
:[7‘1"1 AXy e )"NXN]
A0 0
=[x x - xN]? A’Z (:) =PA (A37)
0 0 Ay
M0 0
where a=|? 20 (A38)
0 0 - 2

By Theorem A.1, P has N linearly independent column vectors. Thus, P is nonsingular and P~ exists, and hence

A 0 - 0
0 A 0

PIAP=A=| . P . | (A.39)
0 0 - Ay

We call P the diagonalization matrix or eigenvector matrix, and A the eigenvalue matrix.
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Notes:

1. A sufficient (but not necessary) condition that an N X N matrix A be diagonalizable is that A has N
distinct eigenvalues.
2. If A does not have N independent eigenvectors, then A is not diagonalizable.

3. The diagonalization matrix P is not unique. Reordering the columns of P or multiplying them by
nonzero scalars will produce a new diagonalization matrix.

B. Similarity Transformation:

Let A and B be two square matrices of the same order. If there exists a nonsingular matrix Q such that
B =Q 'AQ (A.40)

then we say that B is similar to A and Eq. (A 40) is called the similarity transformation.

Notes:
1. If B is similar to A, then A is similar to B.
2. If A is similar to B and B is similar to C, then A is similar to C.
3. If A and B are similar, then A and B have the same eigenvalues.
4. An N X N matrix A is similar to a diagonal matrix D if and only if there exist N linearly

independent eigenvectors of A.

A.7 Functions of a Matrix

A. Powers of a Matrix:

We define powers of an N X N matrix A as

A"=AA--A
R —
A0 =T (A41)

It can be easily verified by direct multiplication that if

.0

D= . (A.42)
0 0 d,
a0 0

then D" = (_) d? h (_) (A43)
0 0 d

Notes:

1. If the eigenvalues of A are A, A,, ..., A, then the eigenvalues of A" are Aj, A3, ..., A,
2. Each eigenvector of A is still an eigenvector of A”.
3. If P diagonalizes A, that is,
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AM 0
piap=a=|"
0 0
then it also diagonalizes A", that is,
A0
P 'A'"P=A"= (_) )“_g
0 o0
since (P"'AP) (P 'AP) = P1A?P = A?

P~ 'AP)(P~'AP) = P'A’P = A}

B. Function of a Matrix:

Consider a function of A defined by

f(A)=a, +a1)b+a2)»2 +.= E ak)Lk

k=0

With any such function we can associate a function of an N X N matrix A:

fA) =al+aA+aA’ +- =Y a A"

If A is a diagonal matrix D in Eq. (A .42), then using Eq. (A .43), we have

fD=al+aD+a,D*+.-= % D"
k=0

}ui adf 0 0
= 3 fd) 0
|0 Yady 0 || 0 fdy)
k=0 : :
. 0 0
k
| 0 0 ;Zoa"dN_
If P diagonalizes A, that is [Eq. (A .44)],
P'AP=A
then we have
A = PAP!
and A% = (PAP") (PAP!) = PA?P!

A3 = (PA’P~!) (PAP~ ') = PA’P"!

fdy)
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(A44)

(A45)

(A 46)

(AA4T)

(A.48)

(A49)

(A.50)

(AS1)
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Thus, we obtain

f(A) = Pf(AP! (A52)
Replacing D by A in Eq. (A 49), we get
fO) 0 0
f(A)=P ? f(:)tz) (:) p (A.53)
0 0 - f(Ay)

where A, are the eigenvalues of A.

C. The Cayley-Hamilton Theorem:
Let the characteristic polynomial c¢(A) of an N X N matrix A be given by [Eq. (A.31)]

cd)=|M—-—Al =MNW+c, W T+ +ch+g
The Cayley-Hamilton theorem states that the matrix A satisfies its own characteristic equation; that is,
cA)=A"+c, A+ -+ cA+cI=0 (A54)

EXAMPLE A.13 Let

Then, its characteristic polynomial is

A—2 1
6(7&):|M—A|=‘ A 3‘=(A—2)(7L—3)=A2—SA+6
2
) 2 1 2 1 10
and c(A)=A" —5A +6I= -5 +6
0 3 0 3 0 1
[4 5 10 5 N 6 0
[0 9} 0 15] [O 6}
00
= :0
oo
Rewriting Eq. (A.54), we have
AV = —I—cA— - —c,  AV"! (A55)

Multiplying through by A and then substituting the expression (A.55) for AN on the right and rearranging, we get
AVl = qI+ aA+ -+ a, AV"! (A.56)

By continuing this process, we can express any positive integral power of A as a linear combination of I, A, ...,
AN~1. Thus, f(A) defined by Eq. (A 48) can be represented by

N-—1
fA)=bI+bA+-+b, A= Y b,A" (A.57)
m=0

In a similar manner, if A is an eigenvalue of A, then f(\) can also be expressed as

N-1
fQ)=by +ba+-tby AV =N b, A" (A58)

m=0
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Thus, if all eigenvalues of A are distinct, the coefficients b,(m=0,1,...,N — 1) can be determined by the
following N equations:

fA) =by+ b+ +b, A ' k=12,..,N (A.59)

If all eigenvalues of A are not distinct, then Eq. (A.59) will not yield N equations. Assume that an eigenvalue
A, has multiplicity r and all other eigenvalues are distinct. In this case differentiating both sides of Eq. (A.58)
r times with respect to A and setting A = A, we obtain r equations corresponding to A :

dn*l
dn"!

f)

dn*l N—-1
:W E bm}\.m n=1,2,...,l’ (A60)
m=0

}L:)\«i A':;"i

Combining Egs. (A.59) and (A.60), we can determine all coefficients b, in Eq. (A.57).

D. Minimal Polynomial of A:

The minimal (or minimum) polynomial m(\) of an N X N matrix A is the polynomial of lowest degree having
1 as its leading coefficient such that m(A) = 0. Since A satisfies its characteristic equation, the degree of m(}\.) is
not greater than N.

EXAMPLE A.14 Let

A= a 0
0 o
The characteristic polynomial is
A= 0
) =|a1—A|=[" = (h—a)* =A% =20k +a’
0 A—a
and the minimal polynomial is
mAd)=A—«a
0 10 00
since mA)=A—al=|" "|-a = =0
0 «a 0 1 00
Notes:
1. Every eigenvalue of A is a zero of m(A).
2. [If all the eigenvalues of A are distinct, then c(A) = m(A).
3. c¢(A) is divisible by m(A).
4. m(A) may be used in the same way as c(A) for the expression of higher powers of A in terms of a

limited number of powers of A.

It can be shown that m(A) can be determined by

GO

m(A) a0

(A61)

where d(A) is the greatest common divisor (gcd) of all elements of adj(AI — A).

EXAMPLE A.15 Let

5 -6 —6
A=|-1 4 2
3 -6 —4
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A=5 6 6
Then cA)=|M-A=| 1 Ai-4 -2
-3 6 A+4
=22 =522 +8A—4=(L—-1(A—2)

A—4 -2 6 6 6 6
6 A+4| |6 A+4 A—4 —J
- a]=|- 1 -2 A-5 6 2-5 6
—3 A+4 —3 A+4 )
1 A—4 A-5 6 A-5 6
-3 6‘ | -3 6‘ 1 A—J
(A+2)(A—2) —6(A—2) —6(A—2)
=l —(2=2) (A+DHA-2) 2A-2)
3(.—2) —6(A—-2) (A—2)A-T7)

Thus, d(A) = A — 2 and

=X~ -na-2)=27 31 +2
d(2)
4 —6 —6 3 -6 —6 000
and mA)=A-DA-2D)=|—-1 3 2(|—1 2 2{=(0 0 O
3 -6 —5 3 -6 —6 000
E. Spectral Decomposition:
It can be shown that if the minimal polynomial m(4) of an N X N matrix A has the form
mAd)=A~—-2A2)A—- 1) - A—-2A) (A.62)
then A can be represented by
A=AE +AE, + - + AE (A.63)
where Ej (j=1,2,...,i) are called constituent matrices and have the following properties:
1. I=E +E,+ - +E,
2. EE =0,m+#k (A.64)
3. E,=E,
4. AE, =EA =AE,

Any matrix B for which B> = B is called idempotent. Thus, the constituent matrices E. are idempotent matri-
ces. The set of eigenvalues of A is called the spectrum of A, and Eq. (A.63) is called the spectral decomposi-
tion of A. Using the properties of Eq. (A.64), we have

A’ =AE, + LE, +--+ AE,
A"=ME, + E, +---+ A'E,; (A.65)

and f(A) = fOE, + f(L) E, + =+ + f(A)E, (A.66)
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The constituent matrices Ej can be evaluated as follows. The partial-fraction expansion of
1 1
mA) (A=ADA—2Ay)(A—4)
k, ky k
+—2 4.+

— i

A=A A4 A=A
leads to
1
kj:i—
H()\'j_)\'m)
m=1
m#j
Then 1 :klgl()“)+k282(7h)+'~+kigi(k)
m(A) A—=A)A =2y (A—1)
where gj(A)= H (A—2,)
m=1

m#j

Let e/.()n) = kj gi()u). Then the constituent matrices E/. can be evaluated as

T[]0
m=1

E =¢(A)="H—— (A67)
nei

EXAMPLE A.16 Consider the matrix A in Example A.15:

5 -6 —6
A=|-1 4 2
3 -6 —4

From Example A.15, we have

m(A) = —1)(A—2)

Then 1 1 N
mA) A-DA-2) A-1 A-2
and eM=—(A—2) eM)=r—1
-3 6 6
Then E =¢A)=—A-2D=| 1 -2 —2
-3 6 6
4 -6 -6
E,=e,(A)=A-1I=|-1 3 2
3 -6 —5
A=AE, + LE, =E, +2E,
-3 6 6 4 -6 -6 5 -6 —6
=l 1 -2 —2|+2]-1 3 2|=[-1 4 2

-3 6 6 3 -6 —5 3 -6 —4
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A.8 Differentiation and Integration of Matrices

A. Definitions:

The derivative of an m X n matrix A() is defined to be the m X n matrix, each element of which is the deriva-
tive of the corresponding element of A; that is,

d [ d
—A@)=|—a;(1)
dt Ldr
[ d d
a, () —ap(t
i@ g ®
d
Zay (1) —ay(t
—|a @ g 2@
d d
=, (1) —a,,(
ar‘m @ gy m

Similarly, the integral of an m X n matrix A(¢) is defined to be

fA(t) dr = [faij(t) dt]an
-fall(t) di [ay(t)dr
_ faZI(t)dt fazz(t)dt
f a,, (1) dt f a,, (1) dt
EXAMPLE A.17 Let
rot
A:
1 t3l
(4, 4,
d drdt L2
Then —A= = 5
dt il it3 0 3t
|dt  dt
rol 1 1
rdr [ 2dt| |3
1
and [iAdi= f(; f‘i ~|?
3
J'Oldt fot dt 1

B. Differentiation of the Product of Two Matrices:

: famn

—a,,,(t)

d -
Zaln (t)
(A.68)

—a, (t
dtaz"()

dt

[0t ]

fazn (t) d[ (A69)

(1) dt

|

A= W]~

If the matrices A(r) and B(#) can be differentiated with respect to 7, then

A1)

—[A(I)B(t)] = —B( ) A ——

B(’ ) (A70)
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Review of Probability

B.1 Probability

A. Random Experiments:

In the study of probability, any process of observation is referred to as an experiment. The results of an obser-
vation are called the outcomes of the experiment. An experiment is called a random experiment if its outcome
cannot be predicted. Typical examples of a random experiment are the roll of a die, the toss of a coin, drawing a
card from a deck, or selecting a message signal for transmission from several messages.

B. Sample Space and Events:

The set of all possible outcomes of a random experiment is called the sample space S. An element in S is called
a sample point. Each outcome of a random experiment corresponds to a sample point.

A set A is called a subset of B, denoted by A C B if every element of A is also an element of B. Any sub-
set of the sample space S is called an event. A sample point of S is often referred to as an elementary event. Note
that the sample space S is the subset of itself, that is, § C S. Since § is the set of all possible outcomes, it is
often called the certain event.

C. Algebra of Events:

1. The complement of event A, denoted A, is the event containing all sample points in S but not in A.

2. The union of events A and B, denoted A U B, is the event containing all sample points in either A or
B or both.

3. The intersection of events A and B, denoted A N B, is the event containing all sample points in both
A and B.

4. The event containing no sample point is called the null event, denoted &. Thus & corresponds to an
impossible event.

5. Two events A and B are called mutually exclusive or disjoint if they contain no common sample
point, that is, A N B = .

By the preceding set of definitions, we obtain the following identities:

S=0 T=S§
SUA=S SNA=A
AUA=S ANA=0 A=A

D. Venn Diagram:

A graphical representation that is very useful for illustrating set operation is the Venn diagram. For instance, in the
three Venn diagrams shown in Fig. B-1, the shaded areas represent, respectively, the events A U B, A N B, and A.

459
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S S
A B A B
(@) Shaded region: A U B (b) Shaded region: AN B
S

(c) Shaded region: A
Fig. B-1

E. Probabilities of Events:

An assignment of real numbers to the events defined on S is known as the probability measure. In the
axiomatic definition, the probability P(A) of the event A is a real number assigned to A that satisfies the fol-
lowing three axioms:

Axiom 1: PA)=0 B.1)
Axiom 2: PES)=1 B.2)
Axiom 3: PAUB)=PA)+PB) ifANB=yJ (B.3)

With the preceding axioms, the following useful properties of probability can be obtained.

1. P(A)=1— PA) (B4)
2. P(@)=0 (B.5)
3. PA)=PB) ifACB (B.6)
4. PA)=1 (B.7)
5. P(AUB) = P(A) + P(B) — P(A N B) (B.8)

Note that Property 4 can be easily derived from axiom 2 and property 3. Since A C S, we have
PA)=PES) =1

Thus, combining with axiom 1, we obtain

0=PA =1 (B.9)
Property 5 implies that
P(A U B) = P(A) + P(B) (B.10)

since P(A N B) = 0 by axiom 1.
One can also define P(A) intuitively, in terms of relative frequency. Suppose that a random experiment is
repeated n times. If an event A occurs n, times, then its probability P(A) is defined as

P(A)= lim 24 (B.11)

n—wx n

Note that this limit may not exist.
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EXAMPLE B.1 Using the axioms of probability, prove Eq. (B 4).
S=AUA and ANA=0
Then the use of axioms 1 and 3 yields
PS) = 1= P@A) + P(A)

Thus P(A) =1 — PA)

EXAMPLE B.2 Verify Eq. (B.5).
A=AUQY and AN =0

Therefore, by axiom 3,

P(A) = PAU Q) = P(A) + P(D)
and we conclude that

P@)=0
EXAMPLE B.3 Verify Eq. (B.6).
Let A C B. Then from the Venn diagram shown in Fig. B-2, we see that
B=AUBNA) and ANBNA) =D

Hence, from axiom 3,

P(B) = P(A) + P(BN A) = P(A)

because by axiom 1, P(B N A) = 0.

Shaded region: A N B
Fig. B-2

EXAMPLE B.4 Verify Eq. (B.8).

From the Venn diagram of Fig. B-3, each of the sets A U B and B can be expressed, respectively, as a union of
mutually exclusive sets as follows:

AUB=AU(ANB) and B=(ANB)U(ANB)
Thus, by axiom 3,

P(A U B) = P(A) + P(A N B) (B.12)
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and P(B) = P(ANB)+ P(ANB) (B.13)
From Eq. (B.13) we have

P(A N B) = P(B) — P(A N B) (B.14)
Substituting Eq. (B.14) into Eq. (B.12), we obtain

P(A U B) = P(A) + P(B) — P(A N B)

Shaded region: A N B Shaded region: A N B

Fig. B-3

F. Equally Likely Events:
Consider a finite sample space S with finite elements

S={AL Ay, . A}
where A’s are elementary events. Let P(A.) = p,. Then

1L0=p =1  i=1,2,..,n

2. 3pi=pitpytetp, =1 (B.15)

VI

=1

3.IfA = _LEJ,)»i, where [ is a collection of subscripts, then

PA)=Y p)= 3 p; (B.16)
Xi€A =1
When all elementary events }\.i @@ =1,2,...,n) are equally likely events, that is
pPy,=p,=...=p,
then from Eq. (B.15), we have
pi=t i=12,...n (B.17)
n
A
and P4y =" (B.18)
n

where n(A) is the number of outcomes belonging to event A and n is the number of sample points in S.

G. Conditional Probability:
The conditional probability of an event A given the event B, denoted by P(A |B), is defined as

A
P(A|B)=% P(B)>0 (B.19)
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where P(A N B) is the joint probability of A and B. Similarly,

P(AN B)

P(B|A)= A

P(A)>0

is the conditional probability of an event B given event A. From Eqs. (B.19) and (B.20) we have
P(A N B) = P(A|B)P(B) = P(B |A)P(A)

Equation (B.21) is often quite useful in computing the joint probability of events.
From Eq. (B.21) we can obtain the following Bayes rule:

P(B|A) P(A)

P(A|B)= 75

EXAMPLE B.5 Find P(A|B)if (AN B = @, (h) A C B,and (c) B C A.

(@ IfANB=J,then P(AN B) = P(J) = 0. Thus,

PANB) _P@)_,
P(B) P(B)

P(A|B)=

(b) IfACB,thenA N B = A and

P(ANB) _ P(A)
P(B) P(B)

P(A|B)=

(¢) IfBCA,thenAN B =B and

H. Independent Events:

Two events A and B are said to be (statistically) independent if
P(A|B) = P(A) and P(B|A) = P(B)
This, together with Eq. (B.21), implies that for two statistically independent events

P(A N B) = P(A)P(B)

We may also extend the definition of independence to more than two events. The events Al s Az’

independent if and only if for every subset {Al.l, Al.z, ey Aik} (2 = k = n) of these events,

P(Ai1 N Al.2 n..N Aik) = P(Ail)P(Aiz) P(Aik)

I. Total Probability:

Theevents A, A,, ..., A, are called mutually exclusive and exhaustive if

JA=A UAU...UA, =5 and A NA =0 i#j

i=1

Let B be any event in S. Then

P(BY=3 PBNA)= S P(BJA) P(A)
=1 =1
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(B.20)

B21)

(B.22)

(B.23)

(B24)

,A are

n

(B.25)

(B.26)

(B.27)
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which is known as the fotal probability of event B. Let A = A, in Eq. (B.22); using Eq. (B.27) we obtain

P(B|A)P(A;)

" (B.28)
Y P(B|A)P(A)
i=1

P(A;|B) =

Note that the terms on the right-hand side are all conditioned on events A, while that on the left is conditioned
on B. Equation (B.28) is sometimes referred to as Bayes’ theorem.

EXAMPLE B.6 Verify Eq. (B.27).
Since B N § = B [and using Eq. (B.26)], we have

B=BNS=BN@A UAU--UA
=BNA)UBNA)U--UBNA,)

Now the events B N A, (k=1,2,...,N) are mutually exclusive, as seen from the Venn diagram of Fig. B-4.
Then by axiom 3 of the probability definition and Eq. (B.21), we obtain

N N
P(B)=P(BNS)=Y P(BNA)= Y P(B|A)P(A)
k=1 k=1

S—>

B.2 Random Variables

A. Random Variables:

Consider a random experiment with sample space S. A random variable X()) is a single-valued real function
that assigns a real number called the value of X(A) to each sample point A of S. Often we use a single letter X
for this function in place of X(A) and use r.v. to denote the random variable. A schematic diagram representing
ar.v.is given in Fig. B-5.

v 4

X (V)

Fig. B-5 Random variable X as a function.
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The sample space S is termed the domain of the r.v. X, and the collection of all numbers [values of X(A)]
is termed the range of the r.v. X. Thus, the range of X is a certain subset of the set of all real numbers and it is
usually denoted by R,. Note that two or more different sample points might give the same value of X(4), but

two different numbers in the range cannot be assigned to the same sample point.
The r.v. X induces a probability measure on the real line as follows:

PXX =x) = P{A: X(A) = x}
PX =x)=P{A: XA =x}
Px, <X=x)=PAr:x, <X =ux}

If X can take on only a countable number of distinct values, then X is called a discrete random variable. If X can
assume any values within one or more intervals on the real line, then X is called a continuous random variable.
The number of telephone calls arriving at an office in a finite time is an example of a discrete random variable,

and the exact time of arrival of a telephone call is an example of a continuous random variable.

B. Distribution Function:
The distribution function [or cumulative distribution function (cdf)] of X is the function defined by
Fyx) =PX=1x) —o<x<o®

Properties of F (x):
1. 0=F(x=1
2. Fx) =Fyx) ifx < x,
3. Fy(»)=1
4. F (=9 =0

5. Fy(@)=Fy(a) a" = lim a+e
0<e—0

From definition (B.29) we can compute other probabilities:
Pla<X=0b)=F,b) — Fya)
PX>a)=1— Fya)

P(X<b)=Fy(b ) b" = lim b—¢

0<e—0

C. Discrete Random Variables and Probability Mass Functions:

(B.29)

(B.30)
B31)
(B.32)
(B33)

(B.34)

(B.35)

(B.36)

(B.37)

Let X be a discrete r.v. with cdf F,(x). Then F,(x) is a staircase function (see Fig. B-6), and F,(x) changes val-

ues only in jumps (at most a countable number of them) and is constant between jumps.

Fy)
1= >
[

- _I !
1 1
or ¢/

I i

4i | | | >
0 1 2 3 4 X
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Suppose that the jumps in F(x) of a discrete r.v. X occur at the points x,, x,, ..., where the sequence may
be either finite or countably infinite, and we assume x, < x; if i <j. Then

Fyx) = Fyx, )=PX=x)-PX=x, )=PX=x) (B.38)

Let Py@) = PX = x) (B.39)
The function p,(x) is called the probability mass function (pmf) of the discrete r.v. X.

Properties of p,(x):

1. 0=p,x)=1 i=1,2,.. (B40)

2. p@=0 ifx#xi=12..) B4l

3. L pxx)=1 (B.42)
1

The cdf F,(x) of a discrete r.v. X can be obtained by

FM=PX=x)= Y py(x) (B43)

L=<
X =x

D. Examples of Discrete Random Variables:

1. Bernoulli Distribution:
A r.v. X is called a Bernoulli r.v. with parameter p if its pmf is given by

pyk) = PX = k) = p*(1 — p)'* k=0,1 B44)

where 0 = p = 1. By Eq. (B.29), the cdf F,(x) of the Bernoulli r.v. X is given by

0 x<0
Fr(x)={1-p 0=x<1 (B A45)
1 x=1

2. Binomial Distribution:

Ar.v. X is called a binomial r.v. with parameters (n, p) if its pmf is given by
— —v=| k= ik —
pX(k)—P(X—k)—(k)p 1-p) k=0,1,...,n (BA46)

where 0 = p = 1 and

ni_ n!
k kl\(n—k)!

which is known as the binomial coefficient. The corresponding cdf of X is
Q[ n n—
FX(X)ZE( )p"(l—p) “ ns=x<n+l (B47)
K=o\ K
3. Poisson Distribution:

A r.v. X is called a Poisson r.v. with parameter A (>0) if its pmf is given by

k
pX(k)ZP(XZk)=e_)‘% k=0,1,... (B A4Y)
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The corresponding cdf of X is

n}bk

FX(x)Zef}” —
=3

n<x<n+l (B.49)

E. Continuous Random Variables and Probability Density Functions:

Let X be ar.v. with cdf F,(x). Then F(x) is continuous and also has a derivative dF,(x)/dx that exists everywhere
except at possibly a finite number of points and is piecewise continuous. Thus, if X is a continuous r.v., then

PX=x)=0 (B.50)

In most applications, the r.v. is either discrete or continuous. But if the cdf F',(x) of ar.v. X possesses both fea-
tures of discrete and continuous r.v.’s, then the r.v. X is called the mixed r.v.

Let fx()= dFx ) B.51)
dx
The function f, (x) is called the probability density function (pdf) of the continuous r.v. X.
Properties of f,(x):
. f,)=0 B.52)
2. [ fydx =1 (B.53)
3. fy(x) is piecewise continuous.
4. Pa<X=b) = jZfX(x) dx (B.54)
The cdf F (x) of a continuous r.v. X can be obtained by
FR@®=PX=0=[_ fEd (B.55)
F. Examples of Continuous Random Variables:
1. Uniform Distribution:
A r.v. X is called a uniform r.v. over (a, b) if its pdf is given by
! a<x<b
fx(x): b_a (B.56)
0 otherwise
The corresponding cdf of X is
0 xX=a
x—a
F = <x<b B.57
¥ (X) h—a a=x ( )
1 x=b

2. Exponential Distribution:

Ar.v. X is called an exponential r.v. with parameter A (> 0) if its pdf is given by

A x>0

_ B58
Fx®) {o <0 ®-58)
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The corresponding cdf of X is

l—e™ x=0
F = B.59
x() {0 x<0 (B39

3. Normal (or Gaussian) Distribution:
Ar.v. X=N(u; 0?) is called a normal (or Gaussian) r.v. if its pdf is given by

1 ()2 2
fx(x0)= Tono® mleen) (B.60)
The corresponding cdf of X is
1 X et i2o?) 1 (=)t g2y
Fy(x)= e Ew dE=— e dE (B.61)
X N2mo f*‘” 2 ffoo

B.3 Two-Dimensional Random Variables

A. Joint Distribution Function:

Let S be the sample space of a random experiment. Let X and Y be two r.v.’s defined on S. Then the pair
(X, Y) is called a two-dimensional r.v. if each of X and Y associates a real number with every element of S.
The joint cumulative distribution function (or joint cdf) of X and Y, denoted by F,(x,y), is the function
defined by

Fo,(x,y) = PX=x,Y=Y) (B.62)
Two r.v.’s X and Y will be called independent if
ny(x’y) = FX(X)FY()’) (B.63)

for every value of x and y.

B. Marginal Distribution Function:

Since {X = oo} and {Y = o0} are certain events, we have
K=x, Y=o} =X =x} K=o, Y=y}={¥=y}
so that
Fyy(x, ) = Fy(x) (B.64)
Fyy (0, y) = Fy(y) (B.65)

The cdf’s F(x) and F,(y), when obtained by Egs. (B.64) and (B.65), are referred to as the marginal cdf’s of X
and Y, respectively.

C. Joint Probability Mass Functions:

Let (X, Y) be a discrete two-dimensional r.v. and (X, V') takes on the values (x,, yj) for a certain allowable set of
integers i and j. Let

Py y) = P =x. Y =) (B.66)

The function p,,(x,, yj) is called the joint probability mass function (joint pmf) of (X, Y).
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Properties of p,,(x, yl.):

1. 0= pXY(xi’ yj) =1 B.67)
2. 2D Py () =1 (B.68)
X Vj

The joint cdf of a discrete two-dimensional r.v. (X, Y) is given by

Fyy (x,y)= 2 E Pxy (x;, ;) (B.69)

xl-Sxijy

D. Marginal Probability Mass Functions:

Suppose that for a fixed value X = x,, the r.v. ¥ can only take on the possible values Y G=1,2,..,n).

Then px(x;)= E Pxy (Xi,¥;) (B.70)
i

Similarly, Py =Y Py (5.3} (B.71)
X

J

The pmf’s p, (x,) and py(yj), when obtained by Eqgs. (B.70) and (B.71), are referred to as the marginal pmf’s of
X and Y, respectively. If X and Y are independent r.v.’s, then

Py ) = Dy )Py () (B.72)

E. Joint Probability Density Functions:

Let (X, Y) be a continuous two-dimensional r.v. with cdf F,,(x, y) and let

a2FXY()C, y)

B.73
0xdy ( )

fXY(x’y) =

The function f,(x, y) is called the joint probability density function (joint pdf) of (X, Y). By integrating Eq.
(B.73), we have

Fo @)= [ [ fr (Em)dEdn (B.74)

Properties of f,,(x,y):
L. fy, =0 (B.75)
2. LI fyGy)ydedy =1 (B.76)

F. Marginal Probability Density Functions:
By Egs. (B.64), (B.65), and definition (B.51), we obtain

Fe = [ _fry (e )dy B.77)

Fr0 =" fer(x.ydx (B.78)

The pdf’s f,(x) and f,(x), when obtained by Egs. (B.77) and (B.78), are referred to as the marginal pdf’s of X and
Y, respectively. If X and Y are independent r.v.’s, then

Fy&») = f0f,(») (B.79)
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The conditional pdf of X given the event {Y = y} is

iy (= 2L £ 0 (B.50)

where f () is the marginal pdf of Y.

B.4 Functions of Random Variables

A. Random Variable g(X):

Given ar.v. X and a function g(x), the expression
Y = g(X) (B.81)
defines a new r.v. Y. With y a given number, we denote D, the subset of R, (range of X) such that g(x) = y. Then
Y=y =[EX)=y|=XED)
where (X € Dy) is the event consisting of all outcomes A such that the point X(A) € Dy. Hence,
Fy) = P(Y =y) = P[gX) = y] = PXED)) (B.82)

If X is a continuous r.v. with pdf f, (x), then
Fr)=[,, fe(ds (B.83)

Determination of f,(y) from f, (x):
Let X be a continuous r.v. with pdf f,(x). If the transformation y = g(x) is one-to-one and has the inverse
transformation

x =gy = h(y) (B.84)

then the pdf of Y is given by

(B.85)

= fr() Z_x‘ _ fX[h(y)]‘dh(y)‘
Y dy

Note that if g(x) is a continuous monotonic increasing or decreasing function, then the transformation y = g(x)
is one-to-one. If the transformation y = g(x) is not one-to-one, f,(y) is obtained as follows:
Denoting the real roots of y = g(x) by x,, that is,

y=gl)=...=gkx)= ..
_ Sx(x)
h - B.86
then Fyr ) ;|g'(xk)| (B 86)

where g'(x) is the derivative of g(x).

EXAMPLE B.7 Let Y = aX + b. Show that if X = N(u; 0?), then Y = N(au + b; a’0?).

The equation y = g(x) = ax + b has a single solution x, = (y — b)/a, and g'(x) = a. The range of y is (—,
). Hence, by Eq. (B.86)

=11 (%”) (B87)

|4
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Since X = N(u; 0?), by Eq. (B.60)

1 1
fx(x)= N exp[—zO2 (x— M)Z]

Hence, by Eq. (B.87)

Hr=

1 b :
_ y—bo _
20? ( a M)
S exp[——1
\/2n|a|o 24%0?

1
Sarldo

which is the pdf of N(au + b; a*0?). Thus, if X = N(u; 0?), then Y = N(au + b; a*0?).

EXAMPLE B.8 Let Y = X2 Find fy(»if X = N(; 1).

If y < 0, then the equation y = x? has no real solutions; hence, f,(y) = 0.
If y > 0, then y = x? has two solutions

x1:\/; x2=—\/;

Now, y = g(x) = x? and g'(x) = 2x. Hence, by Eq. (B.86)
__ 1 _
= 2\/; [fx(\/;)"'fx( \/;)]”(y)

Since X = N(0; 1) from Eq. (B.60), we have

1 o

fx(x)= >

7

Since f,(x) is an even function from Eq. (B.90), we have

e*y/2

1 1
fy(y)=$fx(\/§)u(y)= NS

B. One Function of Two Random Variables:

Given two random variables X and Y and a function g(x, y), the expression

Z=gX,7Y)

(y—au—b)z]

471

(B.88)

(B.89)

(B.90)

(BI1)

(B.92)

(B.93)

is a new random variable. With z a given number, we denote by D_ the region of the xy plane such that

g(x, y) = z. Then

[Z=2={XY)=2={X.Y)ED}

where {(X, Y) € Dz} is the event consisting of all outcomes A such that the point {X(\), Y(\)} is in D -

Hence,
F)=PZ=2= P{X,Y) €& DZ}

If X and Y are continuous r.v.’s with joint pdf f,,(x, y), then

fz(2)= fffxy (x,y)dxdy
Dz

(B.94)

(B.95)
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EXAMPLE B.9 Consider two r.v.’s X and Y with joint pdf f,, (x, y). LetZ = X + Y.
(a) Determine the pdf of Z.
(b) Determine the pdf of Z if X and Y are independent.

<

x
+
<
Il
N

O

R,

__

Fig. B-7

(a) Therange R, of Z corresponding to the event (Z = z) = (X + Y = z) is the set of points (x, y)
which lie on and to the left of the line z = x + y (Fig. B-7). Thus, we have

F@=PX+Y=0=[" [ [ fot, y)dy] dx (B.96)
Th @=L E@= " [ fo oydy| dx
en z\Z dz z\Z f—w[dzf—“ xy (X, Y )’}
= f:@ fxy (x.2 = x)dx (B.97)

(b) If X and Y are independent, then Eq. (B.97) reduces to

f,@= [ fx(0fy (= x)d (B.98)

The integral on the right-hand side of Eq. (B.98) is known as a convolution of f,(z) and f(z). Since
the convolution is commutative, Eq. (B.98) can also be written as

f,@= " h 0 fx =y (B.99)

C. Two Functions of Two Random Variables:
Given two r.v.’s. X and Y and two functions g(x, y) and A(x, y), the expression
Z=gX,Y) W=hX,Y) (B.100)

defines two new r.v.’s Z and W. With z and w two given numbers we denote D_ the subset of R, ,, [range of (X, Y)]
such that g(x, y) = z and h(x, y) = w. Then

Z=zW=w) =gk, y=z,hx,y)=w]=4{X,Y)ED_}

w

where {(X, Y) € D_ } is the event consisting of all outcomes A such that the point {X(A), Y(\)} € D_,.
Hence,

Fpzw)=PZ=z, W=w)=P{X,Y)ED,} (B.101)
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In the continuous case we have

473

Jaw (2, W)= f ffxy (x,y)dxdy (B.102)
Dzw
Determination of f,, (z, w) from f,(x, y):
Let X and Y be two continuous r.v.’s with joint pdf f,,(x, y). If the transformation
z =g, y) w = h(x, y) (B.103)
is one-to-one and has the inverse transformation
x =gz, w) y=rw) (B.104)
then the joint pdf of Z and W is given by
Fow@ w) = fry e, ) | Je, )| 7! (B.105)
where x = g(z, w),y = r(z, w) and
ag | |0z i
dx 0 0. d
Ty =" Y= P (B.106)
o oh|~|aw aw
dx dy Jx dy
which is the Jacobian of the transformation (B.103).
EXAMPLE B.10 Consider the transformation
R=yX*>+Y? @=tan*‘§ (B.107)
ox ox
- 3 90| |cos@ —rsin0
T(x,y)= ar 90| _ ‘ -
Q ﬂ sin 6 rcos 0
ar 96
Eq. (B.105) yields
fre(rs 0) = rfy,(r cos 6, rsin 0) (B.108)
B.5 Statistical Averages
A. Expectation:
The expectation (or mean) of ar.v. X, denoted by E(X) or u,, is defined by
Ex,-px(xi) X discrete
Uy = E(x) = "w (B.109)
f, xfy (x)dx X: continuous
The expectation of Y = g(X) is given by
E g(x)px(x;) (discrete case)
E(Y)=E[g(X)]=1 (B.110)
f . g(x) fy (x)dx (continuous case)
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The expectation of Z = g(X, Y') is given by

E E g(x;,y f Wxy (X, j) (discrete case)
_ NT5 (B.111)
EZ)=EgX.n={" "~
f o f ~_8(x,y)fxy(x,y)dxdy  (continuous case)
Note that the expectation operation is linear, that is,
E[X + Y] = E[X] + E[Y] (B.112)
E[cX] = cE[X] (B.113)
where ¢ is a constant.
EXAMPLE B.11 If X and Y are independent, then show that
E[XY] = E[X]E[Y] (B.114)
and Elg,(X)g,(X)] = El[g,(X)IE[g,(Y)] (B.115)
If X and Y are independent, then by Eqgs. (B.79) and (B.111) we have
E[XY] :f_wf_wx){fx(x)fy (y) dxdy
=[x (dx[_yfy(y)dy=E[X]E[Y]
Similarly,
El[g(X)g,(Y)] :fiwfiw 8108, (M) fx (x) fy (y) dxdy
:f_w 81 () fx (x) dxf_w & WM fy (») dy = E[g(X)E[g,(Y)]
B. Moment:
The nth moment of ar.v. X is defined by
E X' py(x;) X: discrete
E(X"™) = iw (B.116)
f ~_x"fy(x)dx  X: continuous
C. \Variance:
The variance of ar.v. X, denoted by 0)2( or Var(X), is defined by
Var(X) = 02 = E [(X — u)?] (B.117)
Thus,
E (x; — uy ) px(x;) X: discrete
2 _ |5 (B.118)

OX -
f, (x — 1y ) fx (x) dx X: continuous
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The positive square root of the variance, or 0y, is called the standard deviation of X. The variance or stan-
dard variation is a measure of the “spread” of the values of X from its mean w,. By using Egs. (B.112) and
(B.113), the expression in Eq. (B.117) can be simplified to

02 = E[X?] — u2 = E[X?] — (E[X)? (B.119)

Mean and variance of various random variables are tabulated in Table B-1.

TABLE B-1
RANDOM VARIABLE X MEAN u, VARIANCE 0}2(
Bernoulli (p) p p(1-p)
Binomial (n, p) np np(l — p)
Poisson (A) A A
N2
Uniform (a, b) a+tb (b—a)
2 12
Exponential (4) 1 L
A A?
Gaussion (normal) u 2
D. Covariance and Correlation Coefficient:
The (k, n)th moment of a two-dimensional r.v. (X, Y) is defined by
E E xik y_’; Pxy (X, ¥;) X: discrete
m,, = E(X*y™) = i % (B.120)
f, f, x5y fyy (X, y)dx dy X: continuous
The (1, 1)th joint moment of (X, Y),
m,, = EXY) (B.121)

is called the correlation of X and Y. If E(X Y ) = 0, then we say that X and Y are orthogonal. The covariance

of X and Y, denoted by Cov(X, Y) or 0y, is defined by
Cov(X, Y) = 0y, = E[(X — u)(Y — uy)] (B.122)
Expanding Eq. (B.122), we obtain
Cov(X,Y)=EXY) — EX)EY) (B.123)

If Cov(X, Y) = 0, then we say that X and Y are uncorrelated. From Eq. (B.123) we see that X and Y are uncor-
related if

EXY) = EX)EY) (B.124)

Note that if X and Y are independent, then it can be shown that they are uncorrelated. However, the converse
is not true in general; that is, the fact that X and Y are uncorrelated does not, in general, imply that they are inde-
pendent. The correlation coefficient, denoted by p(X, ) or p,,, is defined by

P(X,Y) = pyy = —X (B.125)

xOy
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It can be shown that (Example B.15)

[yl =1 or —1=p,=1

E. Some Inequalities:

1. Markov Inequality:

If f,(x) = 0 for x < 0, then for any a > 0,
1“X

2. Chebyshev Inequality:
For any € > 0, then

2
P(|X—Mx|ze)s‘:_§

where u, = E[X]and o} is the variance of X. This is known as the Chebyshev inequality.

3. Cauchy-Schwarz Inequality:
Let X and Y be real random variables with finite second moments. Then

(EIXY)? = E[X?] E[Y?]
This is known as the Cauchy-Schwarz inequality.

EXAMPLE B.12 Verify Markov inequality, Eq. (B.127).
From Eq. (B.54)

P(X=a) =f:fx(x) dx

Since f,(x) = 0 forx <0,
ux =EIX1= [ @ dr= [ xfydr=a [ fy(x)dr

Hence, fm fx@di=PXz=a)= Hx
a a

EXAMPLE B.13 Verify Chebyshev inequality, Eq. (B.128).
From Eq. (B.54)

P(|x—Mx|z€):ffi’€fx(x)dx+f:x+£fx(x)dx= [ fxdx

|x-ux|= e

By Eq. (B.118)

ox= [ (x-u? frdx= [ (-py)? frdy =€ [ fy(x)dx

[enx|= € fe-tix|= e

Hence,

2
[ A@ax=2%
€

‘x—,ux‘Ee

(B.126)

(B.127)

(B.128)

(B.129)
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o2
o Py == %
EXAMPLE B.14 Verify Cauchy-Schwarz inequality Eq. (B.129).
Because the mean-square value of a random variable can never be negative,
E[(X — aY)’1=0
for any value of a. Expanding this, we obtain
E[X?] — 2aE[XY] + «?E[Y?] =0

Choose a value of a for which the left-hand side of this inequality is minimum

, — EIXY]
E[Y?]
which results in the inequality
Bt - EXYD’
E[Y?]
or (E[XY))? = E[X*] E [Y?]

EXAMPLE B.15 Verify Eq. (B.126).
From the Cauchy-Schwarz inequality Eq. (B.129) we have

{EIX = u )Y = u)l}? = EI(X — u)’1EIY — u,)’]

2 — 2 2
or Oy = 0,0y
2
2 _ Oyxy
Then Pxy = 2 2 =1
xOy

from which it follows that
| Pxy | =1



APPENDIX C

Properties of Linear
Time-Invariant Systems
and Various Transforms

C.1 Continuous-Time LTI Systems

Unit impulse response: A(t)

Convolution: y(t) = x(t) * h(t) = [~ x(¥)h(t — T)dT
Causality: h(r) = 0,1 <0

Stability: [ |h(r)| dr < =

C.2 The Laplace Transform

The Bilateral (or Two-Sided) Laplace Transform:

Definition:

x(t) L X(s)

X(s)= f:x(r)e*” dt

1 o+ je st
x(t)=— X(s)e” ds
0= [ KO

Properties of the Bilateral Laplace Transform:

Linearity: a,x,(t) + a,x, () <> a, X,(s) + a,X, (s),R" D R, N R,
Time shifting: x(t — 7)) <> e~ X(s),R" = R

Shifting in s: e x(f) <> X(s — s,), R" = R + Re(s,)

. . 1
Time scaling: x(at) <> |—X(s),R’ =aR
a

Time reversal: x(—t) <> X(—s),R' = —R

Differentiation in #: ax(t) < sX(s),R"DR
dt

478
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dX (s)

Differentiation in s: — tx(¢) <> ,R'"=R

1
Integration: f’ x(7) dt <> = X(s), R' D RN {Re(s) > 0}
. ;

Convolution: x,(#) * x,(f) <> X,(5)X,(s),R" D R, N R,
Some Laplace Transforms Pairs:
o(t) <= l,all s
1
u(t) <> —,Re(s)>0
S

—u(—1t) < l,Re(s)<0
s
tu(t) < Lz, Re(s) >0
s

|
*u(ry < Sf—ﬂ ,Re(s)>0

e “u(t) <= L ,Re(s) > —Re(a)
sta
—e "u(—1t) < b ,Re(s) < —Re(a)
s+ta
te” “u(t) < ﬁ ,Re(s) > —Re(a)

» 1

—te “u(—t) < m,RC(S)< —Re(a)
5 Re(s)>0

0

s
cos wytu(t) <> -
s“tow

. 0]
sin wytu(t) <> —02, Re(s) >0
,

2
s° + wg

+
(s-l-sa)—zj—wz’ Re(s) > —Re(a)
0

Wy

e ' cos wytu(t) <>

e “'sin wytu(t) < 5. Re(s) > —Re(a)

(s -|—a)2 + w,

The Unilateral (or One-Sided) Laplace Transform:
Definition:
(1)« X, (s)

X, (s)= f:, x(e dt 0" = 1im (0

£—> 0

Some Special Properties:
Differentiation in the Time Domain:
dx(t)

<> sX;(s)—x(0 )

2
dd):g ) o> X, (5)— 5x(07) — x'(07)

d"x(t)

< "X, (5)— 5" 'x(O07) =" 2x'(07)— -
dr"

—¢)

—x"D07)

479



480 APPENDIX C Properties of Linear Time-Invariant Systems

Integration in the Time Domain:
! 1
f _x(v)dt <> =X, (s)
0 s
[ x@ drelx,(s)+lf° (1) dt
- s sy T®

Initial value theorem : x(0") = lim sX 1(8)

Final value theorem : lim x(#) = lim sX, (s)
s—0

t—

C.3 The Fourier Transform

Definition:
()<= X(w)

X(@)= [~ x()e " dt

1 pe ;
x)=— | Xw)e'"dw
0=— [ X@

Properties of the Fourier Transform:
Linearity: a,x,(t) + a,x,(t) <> a, X, (w) + a, X, (w)
Time shifting: x(r — 1) <> e~ /" X ()

Frequency shifting: e/’ x(1) <> X(w — w,)

Time scaling: x(at) <> |iX(ﬂ
a a

Time reversal: x(— 1) <> X(— w)
Duality: X(¢) <> 27x(— w)

Time differentiation: % < joX(w)
t

X
Frequency differentiation: (—jt)x(t) <> M
w

Integraton: f’ X(T) dT <> 7X(0) 8(@) + —— X(w)
o o
Convolution: x; (1) *x, (t) <= X,(w) X,(w)
1
Multiplication: x,;(¢)x,(¢) <= 2— X (w)*X,(w)
7T

Real signal: x(t) = x,(t) + x,(t) <> X(w) = A(w) + jB(w)
X(—w)=X*(w)

Even component: x,(f) <> Re{X(w)} = A(w)

Odd component: x,(t) <> j Im{X(w)} = jB(w)

Parseval’s Relations:

ﬁ; (WX, (M) dA = fmw X, (M)xy (L) dA
00 1 00
S x0x0d=—— [ X@)X;(-0)do

00 ] o0
[ @[ di= . |X(o)| dow
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Common Fourier Transforms Pairs:
ot)y<>1
5t —ty) <> e 10
1 <> 2716(w)
/0" <> 2 18(w — )
cos wyt <> m[6(w — wy) + 8w + w)]
sin wyt <> ja[d(w — wy) — 6(w + wy)]
u(t) <> m8(w) + L

Jw

u(—1t) < mdo(w) — L
j

e “ut) <

- ,a>0
jo+a

te”"u(t) < ;2 ,a>0
(jo +a)

~a1| 2a
e <>

1 < i
) e

0 |t|>a wa
sin at _ 1 |a)|<a
ep“(w)_{O |w|>a
2
sgnt <> —
jo
© © 2
E 8(t — kT) <> w, E (w — kay), wozTﬂ

k=—o k=—x

C.4 Discrete-Time LTI Systems

481

Unit sample response: h[n]

Convolution: y[n]=x{n]*h[n]= > x{klhln—k]

k=—o

Causality: h[n]=0, n<0

Stability: Y |h[n][<o

n=-—w
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C.5 The z-Transform

The Bilateral (or Two-Sided) zTransform:
Definition:

xln]<4—X(z)

X()= E x[n]z "

n=—o

1 .
x[n]= 30 gﬁ X(2)2" " dz

Properties of the z-Transform:
Lineartity: a;x,[n] + a,x,[n] <> a,;X;(z) + a,X,(z), R DR NR,
Time shifting: x[n —nyl<=z " X(z), R DR N {0 <|z|< 00}

Multiplication by z/': zix[n] <> X| - |, R' = |20 |R
20
Multiplication by eV ejQO"X[n] - X(eijQO z), R'=R
Time reversal: x[—n]<> X|—|, R'= 1
z R
dX(z)

Multiplication by n: nx[n] <> — zd— ,R'=R
Z

n
Accumulation: E x[n]<—>1

k=—c0

—X(2), R D RN{|z|>1}
—Z

Convolution: x,[n]*x,[n] <> X;(2)X,(z), R DR NR,
Some Common z-Transforms Pairs:
O[n]<=1, allz

uln] <>

:L|Z|>1

1 Z_l’

1—z
1 Z
—u[—n—1]<—>1_z_1 gy |z]<1

On—ml<z ™, all zexcept 0if m>0,orif m <0

anu[n] < ; = 2

o lef>|al

= Jzl<al

Z
1 Z
a

na'u[n] < a =_% 2,|z|>|a|

(1—az’ 'Y (z—a)

—nd"u[—n—1] < —% =_ % 2,|z|<|a|

I—az’ 'Y (z—a)

2
<n+1)a"u[n]<+(l_:z_1)2 =Lfa} Jz]>]al

Z —(cosQy) z
Z —(ZCosQO)z-H’

(cos Qyn)u[n] <> |z|>1
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(sinQ) z

2 ’|Z|>1
77— (2cos Q) z+1

(sin Qyn)u[n] <

2 —(rcos ;) z
2 —(2rcosQy)z+r

(r" cos Qqn)uln] < =, |z|>r

(rsinQ))z

(r" sin Qyn)u[n] < 7 |z | >r

2 - (2rcosQy)z+r

2>0

{a” OSnSN—lel—aNz_N
—_—

0  otherwise 1—az

The Unilateral (or One-Sided) z-Transform:

x[n] < I X,(2)

X (=Y «nlz"

n=0
Some Special Properties:
Time-Shifting Property:

xn—ml< "X, (2)+z " Ia-1]+ 2= 2] e+ X[ m]

x[n+m] < 7"X,(z)— 7" x[0] — "I == zx[m — 1]

Initial value theorem: x[0]= lim X(z)

7—>®

Final value theorem: lim x[N]=lim(1—z )X (2)
N—x z—1

C.6 The Discrete-Time Fourier Transform

483

Definition:

x[n] —Z— X(Q)
X(Q)= i x[nle

n=-—o

— L JjQn
xnl =~ f, X(@)e™dQ

Properties of the Discrete-Time Fourier Transform:
Periodicity: x[n] <= X(Q)= X(Q2 + 2x)

Linearity: a,x,[n] + a,x,[n] <> a, X, () + a, X, (RQ)
Time shifting: x[n — ny] <> ¢ ™ X(Q)

Frequency shifting: 0[] < X(Q — Q)
Conjugation: x *[n] <= X *(— Q)

Time reversal: x[— n] <= X(— Q)

Time scaling: x[n] = |70 ™ n=km om0
1me scaling: x,\[n[= 0 if n# km "
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dX(Q)
d(Q)
First difference: x[n] — x[n — 1] <= (1 — eijQ)X(Q)

Frequency differentiation: nx[n] <> j

X(Q)

Accumulation: E x[k] <> wX(0) 6(RQ) +

k=—oo

1—e /®
Convolution: x,[n] *x,[n] <> X, () X, ()
Multiplication: x[n]x,[n] <> % X, (Q)® X,(2)

4

Real sequence: x[n] = x,[n] + x,[n] <> X(Q2) = A(RQ) + jB(R2)
X(-Q)=X*(Q)
Even component: x,[n] <> Re{x(2)} = A(RQ)
Odd component: x,[n] <> j Im{X(Q)} = jB(RQ)

Parseval’s Relations:

o0

S ulnnin = [, X(@X,(-2)de

- 2 1 2
n:E_w|x[n]| =%f2n|X(Q)| aQ
Some Common Fourier Transform Pairs:
S[n]<1
5[n—no]e>e7j9"°
xnl=1<278Q), |Q|=n
N 27 8Q-Q), | Q.| Y|=7
cos Qn <> [d(Q — Q) +8Q+ Q). |Q|.|X|=7

sin Qun < —jald(Q — Q) — R+ Q). |Q[.|Q| =7

1

1

—u[—n—l]e—né(Q)-i—l_e_jQ,

|Q=n

. 1
a u[n]eW,|a|<l

—a"u[—n—l]e;_jg,|a|>1

1—ae

1
)2,|a|<1

)
e 17T a<i

1—2acosQ+a
1
QIN, +—
2

1 |n|SNl
_x[n]:  —
0 |n|>N, sin(Q/2)

. 1 o=|Ql=w
SOWy 0 < W < 1) o X(@Q) = <
mn 0 w<|Q|=n

sin

2

D dln—kNgleQ Y 0(Q— k], Q=3

k=—o k=—x
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C.7 Discrete Fourier Transform

Definition:
x[n]=0 outside therange0 =n=N —1
x[n] < X[k]

N -1

X(kl=y, AnlWy" k=0.1,....N -1 Wy = /27
n=0
1 N -1 N

X[”]TQOX”‘]WN n=0,1,....,N -1

Properties of the DFT:

Linearity : a,x,[n] + a,x,[n] <> a,X,[k] + a,X,[k]
Time shifting: x[n — g |ean <> Wa™ X[k]
Frequency shifting: W, " x[n] <> X[k — kg | noa
Conjugation: x *[n] <> X *[— k] 0a v

Time reversal: x[—n].qny < X[—klnoan

Duality: X[n] <> Nx[—k] 04 &

Circular convolution: x,;[n] ® x,[n] <= X,[k]X,[k]
Multiplication: x[n]x,[n] <= % X [k]® X,[k]

Real sequence: x[n] = x,[n]+ x,[n] <= X[k]= A[k] + jB[k]
X[— k]mod N = X *[k]
Even component: x,[n] <> Re{X[k]} = A[k]
Odd component: x,[n] <> j Im{X[k]} = jB[k]

Parseval’s Relation:

N-—1 ) lel )
D [nl[ = X [ X1k]|
n=0 n=0

Note
N-—1
x,[n] @x,[nl= ¥ x ik, [n = il 00
i=0

C.8 Fourier Series

x@ + T, = x(2)

Complex Exponential Fourier Series:

- ; 2w
x(t) — E cke./kwof wO =
k=—o

1 T2

=— x(1)e” ot gy
T, J-To 12

Ck
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Trigonometric Fourier Series:

a oo
x(1) = ?0 + E (a, cos kwt + b, sin kw,r)
=

2 Ty/2
a, =— x(t) cos kw,t dt
T, J-1/2
2 T2 .
b, =— x(1) sin ket dt
T. J-152
0

Harmonic Form Fourier Series:

A 2
x(t)y=C,+ Y C kw,t—0 =—
n=¢C, 121 , cos(kw, ) w, T,
Relations among Various Fourier Coefficients:
ao _ .
7—c0 a,=c, tc_, bk_J(Ck_C—k)

1 . 1 .
¢y =E(ak _ka) c_y =E(ak +ka)
_% _[2,,2 _.oab
CO——2 C, =+ a; +b; 0, =tan = —

Parseval’s Theorem for Fourier Series:

1 2 .« 2
7ol di= 3 la]

=—o

C.9 Discrete Fourier Series

x[n+ Ny]=x[n]

; 21
x[n]= c e on =—
k Uy
=0 0
1! ke
G =— x[n]e /0"
N,
0 n=0

Parseval’s Theorem for Discrete Fourier Series:

| Moo , Mot
~ 2 [t = 3 e
0 n=0 k=0



APPENDIX D

Review of Complex Numbers

D.1 Representation of Complex Numbers

The complex number z can be expressed in several ways.
Cartesian or rectangular form:

z=a+jb (D.1)

where j = V—1 and a and b are real numbers referred to the real part and the imaginary part of z. a and b are
often expressed as

a = Re{z} b = Im{z} (D.2)

where “Re” denotes the “real part of” and “Im” denotes the “imaginary part of.”
Polar form:

z = rel? (D.3)
where r > 0 is the magnitude of z and 0 is the angle or phase of z. These quantities are often written as
r=1l:  0=rz (D4)
Fig. D-1 is the graphical representation of z. Using Euler’s formula,
e/? = cos O+ jsin 0 (D.5)

or from Fig. D-1 the relationships between the Cartesian and polar representations of z are

a = rcos b b =rsin 0 (D.6a)
r=Ji+p* 6=t (D.6b)
a
Im {z}
o 3 z
r ,
0 |
L » Re {z}
0 a
Fig. D-1
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D.2 Addition, Multiplication, and Division

Ifz, = a, + jb, and z, = a, + jb,, then

7t =(a tay)+ jb +by) (D.7)
72 = (@ay =bby) + j(ab, +biay) (D.8)
a4 + jby _ (g +jby)(a, — jb,)
2, aytjby, (ay+ jby)(a, — jby)
aa, +bb,)+ j(—ab, +ba
_ (aqa, 12)2J(212 145) D9)
a, +b;
Ifz, = re/ and z, = r,e/?2, then
22 =1 r2)ej(01+02) (D.10)
A _[h),i6—06y)
= =[=]e
Z (Vz) (D.11)
D.3 The Complex Conjugate
The complex conjugate of z is denoted by z* and is given by
*=a—jb=re! (D.12)
Useful relationships:
1. zz"=r*
2. L=
Z*
3. z+7"=2Re{z}
4. z—7"=j2Im{z}
50 tz) =74 +2z
6. (112)" =72
7. (i) =i
2 2
D.4 Powers and Roots of Complex Numbers
The nth power of the complex number z = re/? is
7' = r"e/"% = r"(cos nO + j sin n0) (D.13)
from which we have De Moivre’s relation
(cos 8 + j sin )" = cos nf + j sin n6 (D.14)
The nth root of a complex z is the number w such that
wh =z = rel? (D.15)
Thus, to find the nth root of a complex number z, we must solve
w' — rel? =0 (D.16)
which is an equation of degree n and hence has n roots. These roots are given by
w, = rlingild+ 2k = Dalin k=1,2,....n (D.17)
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Useful Mathematical Formulas

E.1 Summation Formulas

Nt 1-a” a#l
a'=l1-a
n=0 N a=1
Sa'=— |a|<1
= 1—a
o k
Ya =2 la|<1
n=k I—a
Ena"z @ 5 |a|<1
=0 (I-a)
0 2
Enza"Za +a3 |a|<1
= (l-a)
E.2 Euler's Formulas
e =cosH + jsinf

cosf =%(ej6 +e %)

1. .
sinf = —.(e-’e —e %
2j

E.3 Trigonometric Identities

sin> 0 +cos’ 6 =1

sin® 6 = %(1 — 0s26)

cos? 6 = %(1 + 0s26)

sin26 = 2sinfcosf
08260 =cos> 0 —sin> 0 =2cos>@—1=1—2sin’6
sin(a = B)=sinoa cos f = cosasin 8
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cos(a * B) = cosacos B+ sinasin B

. . 1
sinasin = —

[cos(a — B) — cos(a + B)]

[\S]

cosacosf3 = %[cos(a — B)+ cos(a + )]

sinacos f§ = %[Sin(a — pB)+sin(a + ﬁ)]

. . . + —
s1na+sm/3=2s1na Beos 2P

o+ o—
cosa + cos S =2cos p p

. )
acosa+bsma=\la2+b2 cos(a—tan ! )
a

E.4 Power Series Expansions

a+a) =1+na+n(n_1) a’ +u.+(n)ak+...+a"

2!
kI
ln(1+a)=a—%a2+%a3—~--+( 1}2 af - |al<1

E.5 Exponential and Logarithmic Functions

+
el =P

In(af)=Ina+Inp
a
In—=Ina—Inp
B
lnaﬁZﬁlna

log, N =log, N log, a _ log, NV
log, b

a

E.6 Some Definite Integrals

© n_—ax n!
f x'e “dx=—— a >0
0 an+l

© 2 1
fe‘”‘dx=—E a>0
0 2\Na

00 _ 2 1
fxe‘”‘dxz— a>0
0 2a
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18.
19.

20.

Schaum’s Signals antd
Systems Videos

. Problem 1.46 — Signals and Systems — express a signal in terms of unit step functions

. Problem 1.56 — Signals and Systems — determine if a signal is linear, time-invariant and/or causal

. Problem 1.61 — Signals and Systems — determine if a system is invertible

. Problem 2.46 — Linear Time-Invariant Systems — find the convolution of a pair of signals

. Problem 2.58 — Linear Time-Invariant Systems — find the different equation for a 2nd order circuit

. Problem 2.64 — Linear Time-Invariant Systems — find the output of a discrete-time system

. Problem 3.43 — Laplace Transform and Continuous-Time LTI Systems — find the Laplace transform
of a signal

. Problem 3.49 — Laplace Transform and Continuous-Time LTI Systems — find the inverse Laplace

transform of a signal

. Problem 3.55 — Laplace Transform and Continuous-Time LTI Systems — find the transfer function of a

system described by a block diagram

. Problem 4 .48 — The z-Transform and Discrete-Time LTI Systems — find the z-transform of a discrete-time

system

. Problems 4.53—4.54 — The z-Transform and Discrete-Time LTI Systems — find the inverse z-Transform of

a discrete-time signal

. Problem 4.56 — The z-Transform and Discrete-Time LTI Systems — use z-Transforms to find the transfer

function and difference equation for a system

. Problem 5.61 — Fourier Analysis of Continuous-Time Signals and Systems — find the trigonometric and

complex exponential Fourier series of a continuous-time signal

. Problems 5.67-5.69 — Fourier Analysis of Continuous-Time Signals and Systems — find the Fourier

transform of a continuous-time signal

. Problem 5.75 — Fourier Analysis of Continuous-Time Signals and Systems — find the frequency response

and type of a filter

. Problem 6.62 — Fourier Analysis of Discrete-Time Signals and Systems — find the discrete Fourier series

for a periodic sequence

. Problem 6.71 — Fourier Analysis of Discrete-Time Signals and Systems — find the frequency and impulse

response of a causal discrete-time LTI system
Problem 7.65 — State Space Analysis — find the state space representation of a system

Problem 7.68 — State Space Analysis — find the state space representation of a system and determine
whether it is asymptotically and/or BIBO stable

Problem 7.73 — State Space Analysis — use the state space method to solve a linear differential equation

491



O 00 3 O L B W N =

20.

Schaum’s Signals and Systems
MATLAB Videos

. Problems 1.1-1.2 — plot continuous-time and discrete-time signal transformations

. Problem 1.5 — plot even and odd components of continuous-time and discrete-time signals
. Problem 1.16 — determine if given are periodic and the fundamental period

. Problem 1.20 — determine whether a signal is an energy or power signal

. Problem 2.5 — compute y(t) by using convolution for a continuous-time LTI system

. Problem 2.24 — find the impulse response and step response of a given system

. Problem 2.30 — compute y[n] by using convolution for a discrete-time LTI system

. Problem 3.43 — find the Laplace transform of given signals

. Problem 3.49 — find the inverse Laplace transform of given signals

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

Problem 3.53 — find the output y(t) of a given C-T LTI system given h(t) and the input x(t)
Problem 4.41 — find the z-Transform of a given signal

Problem 4.53 — find the inverse z-Transform of a given signal

Problem 5.63 — find the Fourier series representation of a given signal

Problem 5.69 — find the inverse Fourier transform of a given signal

Problem 5.71 — find the Fourier transform of a given signal

Problem 6.62 — find the discrete Fourier series of a given signal

Problem 6.65 — find the Fourier transform of a given sequence

Problem 6.67 — find the inverse Fourier transform of a discrete-time system

Problem 7.62 — find the system function and whether a discrete-time LTI system is controllable of
observable given a state space representation

Problem 7.74 — find the state space representation of a system and whether it is controllable or observable
given a state space representation
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MATLAB Prints for Online Videos

x(t), original signal

3 T
ok 4
s 4
0 ]
-5 0 5 10
3 x(t-2), shifted signal 3 x(2*t), compressed signal
2 2
1 1
0 0
-5 0 5 10 -5 0 5 10
3 x(t/2), stretched signal 3 x(-t), flipped signal
2 2
1 1
0 0
-5 0 5 10 -5 0 5 10
Problem 1.1
35 : : x[n], orlgllnal signal :
3l 4
25F b
2k 4
151 d
10 4
0.5F b
@ L 4 4 . 4 \ 4 4 A 4
-4 -2 0 2 4 6 8
x[n-2], shifted signal x[2n], compressed signal
3 3
2 2
1 1
06 ] 0@
-4 2 0 2 4 6 -4 -2 0 2 4 6
x[-n], flipped signal x[-n+2], flip & shift signal
3@ 3
2 2
| T | T
0 LAB An 2n an o o @ L an Jn an o
-4 -2 0 2 4 6 -4 -2 0 2 4 6

Problem 1.2
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X,(t)=08t,0<t<5

X,(t) =460 t > 0

5
4 4
3 3
2 2
1 1
-10 -5 0 5 10 -10 -5 0 5 10
X,[nj=4,0<t<5 x,[n]=[02420]
5
4 200000 4 ®
3 3
2 2
1 1
00000000000 9000 000000000000 900000
-10 -5 0 5 10 -10 -5 0 10
Problem 1.5a Original Signals
) x1e(t) ) x1°(t)
15 1
1 0
0.5 -1
-2
-10 5 0 5 10 -10 -5 0 5 10
x, (t) X,0(t)
4 2e Py 20
3 1
2 0
1 -1
-2
-10 5 0 5 10 -10 -5 0 5 10
Xy [n] XqoIn]
4 3 Py 30
3 1
2 9000 L 2 9000
1 -1
9000 9000 -2 &
-10 5 0 5 10 -10 -5 0 5 10
) X, [n] ) x4 [n]
15 1 T T
1 900000 @ 900000
) i)
900000 L 4 900000 -2
-10 0 10 -10 -5 0 5 10

Problem 1.5b Even and Odd Signals
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Periodic Signals
X(t) = cos(n/3t)+sin(n/4t)
T T

2 T T T
15 .
1 4
0.5 H i ] ] I ! i J
0 - —
05 -
a4+ 1 { ! 4
1.5 B
-2 L ! 1 1 1 I
0 20 40 60 80 100 120 140
time
Autocorrelation of
4000 : : x(tl) = cos(1r/3t)+sin(7r/l4t) : :
3000 4
2000 - b
1000 [~ i
0
-1000 4
-2000 B
-3000 e
-4000 1 L ! 1 L 1 1
-4000 -3000 -2000 -1000 0 1000 2000 3000 4000

lags

Problem 1.16¢c
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Periodic Signals
x(t) = cos(t)+sin(sqrt(2t)

05~

time

Autocorrelation of

2000 : : x(t) = cos(t)Tsin(sqn(zt) :

1500 |- | v .

1000 - | | | | -

500

-500

-1000 [~

15m 1 1 1 1 1
-1500 -1000 -500 0 500 1000 1500
lags

Problem 1.16d
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Periodic Signals
inl4n

x[n]=e
T T T
1@ ® ® ® -
[ ] ® ® [ ] [ ] [ ]

05| 4

0 ° L ® ° ° °
05 4

® ® e | e e | e
1F { ] { L ] -
1 1 1 1
0 5 10 15 20 25
time
Autocorrelation of
x[n] = ei1rl4;n
15 T T T T [ ] T T T T
°
10 .
° L)
o0
5+ -
il I . s . . [ ot

-5+ 4
° °
10 F .
° L)
_1 5 1 1 1 1 1 1 1 1 1
25 20 15 10 5 0 5 10 15 20 25
lags

Problem 1.16g
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Periodic Signals
x[n] = cos(n/4)
T

T T T
1LI ".0 ‘:~’ 7

[ ]
® Y ® °
0.8 | 4
° ) ®
® °®
0.6 -
0.4 —

L j ! I 1

l ) l
0.2 1 l l .
-0.4
-06
[ ]
[ ] ®
[ ]
0.8 ® ® 3
[ ] ®
o|le L] ®
1+ 30 L) 4
1 1 1 1 1
0 10 20 30 40 50 60
time
Autocorrelation of
x[n] = cos(n/4
30 : : [n] (n/4) : .
[ ]
ele
20 oo 4
] »
. o
10 4
s ~
10 4
© Qe
201 ) ol T
< e
-30 1 1 1 1 1
-60 -40 -20 0 20 40 60
lags

Problem 1.16h
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x(t)=e?u(-t)

08 _

0.6 - —

0.2 |

h(t)=e u(t)

0.8 [ _

0.4 |

02F | _

03 . _y(t) = x{t)y'h(t) = 0.25¢2Mt |

analytical
MATLAB

0.2 |

0.1 |

-3 -2 1 o : - |

w, rad/s

MATLAB
analytical | |

05

2 H(jw), rad
o
"

S
o
T

w, rad/s

Problem 2.24a
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Impulse Response
T

MATLAB
+  analytical

Step Response
0.2 d d T T T

MATLAB
+  analytical

Problem 2.24b

x[n] = u[n]-u[n-4]

. . : .
1t J
0.8 | I | 1 4
06 | | J
04r : | | | J
02F | | | v J

0 ® ® ® ®
-2 - 0 1 2 3 4 5 6 7

n

h[n] = u[n]-u[n-3]

N 2
¥ 2
X 2

n
yIn] = x[n] * h[n]

4+ 4

3+ 4

2+ 4

1k I T T 1 ] ! i

0 *—o—o *—0—6—90 690 oo

-4 2 0 2 4 6 8 10 12 14
n

Problem 2.30 Discrete-time Convolution
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step response, s[n] = 0.5"u[n]
T T T T T

1 T T T
0.8 - al
0.6 [ ml
04 al
02k I I | d
0 1 1 1 T 1 T 1
0 0.5 1 15 2 25 3 35 4 4.5 5
1 impulse response, h[n] = §[n] - (1 -a)a"'1u[n-1]
T T T T T T T T T
-0 MATLAB
—@ analytical
05| !
0 l & 6
05 | | | | I | | |
0 0.5 1 15 2 25 3 35 4 4.5 5
time, n
Problem 2.32
1 x(t) = -2t, (0 <t<1), c[k] = -j2/(mk)
—@ analytical
—o0 MATLAB
08 B
0.6 b
Py
04 b
02 1
vt 1] [ 7 ¢
5 4 3 -2 1 0 1 2 3 4 5
2 T T T T T T T T
o —@ analytical
15 —0 MATLAB ||
1} ]
05 b
g oo o
-05
A+
15 [o)
2 | L L I L | | | i
5 4 -3 2 1 0 1 2 3 4 5

Problem 5.10a
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x(t) = -2t, (0 <t<1)
N=5

L L | <) L L 1 1

0 .
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
time, s
Problem 5.10b

X(jw) = 1((jw+2)([jw+1))
3
=
X
= (et . o2t
0.25 T X =(e .e Ju(t) T
02 b
015 bl
g
0.1 b
0.05 ul
o . . . .
-1 0 1 2 3 4 5

Problem 5.69a
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Discrete-Time Fourier Transform

x[n] = sln(non)
4 T T v T v
05 i
F 4
0 L
05
p
4 I I i ] ]
0 1 2 3 4 5 6 7
n

2 L L L L L L L
-2 -1.5 -1 0.5 0 0.5 1 15 2
Q
Problem 5.69b
4 Fourier Transforms using DTFT
T T T T T T T T
= 05 .
o
3
173
8 of 1
n
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Discrete-time Fourier Series
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Discrete-time Fourier Series
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Absolute bandwidth, 209
Accumulation, 155
Additivity, 16
Adjoint (or adjugate) matrix, 449
Advance, unit, 154
Aliasing, 253
Algebra of events, 459
All-pass filter, 301
Amplitude distortion, 206
Amplitude spectrum, 195
Analog signals, 2
Analytic signal, 257
Anticausal sequence, 58
Anticausal signals, 53
Aperiodic sequences (see Nonperiodic sequences)
Aperiodic signals (see Nonperiodic signals)
Asymptotically stable systems, 337, 340
Autocorrelation, 396, 417
time-averaged, 399
Autocovariance, 396
Auxiliary conditions:
difference equations, 59
differential equations, 55
Average power, 5
normalized, 5

Band-limited signal, 209, 252
Band-limited white noise, 420
Bandpass signal, 209
Bandwidth:
absolute, 209
energy containment, 251
equivalent, 249
filter (or system), 209
signal, 209
3-dB (or half power), 209
Bayes rule, 463
Bayes’ theorem, 464
Bernoulli distribution, 466
Binomial distribution, 466
Bilateral (or two-sided) Laplace transform, 101
Bilateral (or two-sided) z-transform, 149
Bilinear transformation, 307
Bode plots, 240
Bounded-input/bounded-output (BIBO) stability, 17, 54,
58,71,90, 111, 131, 180, 337, 340

Canonical simulation:
the first form, 347, 353
the second form, 348, 354

Canonical State representation:
the first form, 347, 353
the second form, 348, 354
Cauchy-Schwarz inequlity, 476
Causal sequence, 58
Causal signal, 53
Causal system, 16
Causality, 44, 53, 55, 58, 89,
111,158
Cayley-Hamilton theorem, 335, 339,
360, 454
Chain, 394
Characteristic equation, 335, 450
Characteristic function (see Eigenfunction)
Characteristic polynomial, 450
Characteristic values (see Eigenvalues)
Chebyshev inequlity, 476
Circular convolution, 277
Circular shift, 276
Cofactor, 448
Complement, 459
Complex frequency, 199
Complex numbers, 487
Complex random process, 394
Complex signals, 2
Compressor, 43
Conditional probability, 462
Connection between:
the Fourier transform (continuous-time) and
the Laplace transform, 198
the Fourier transform (discrete-time) and
the z-transform, 266
Constituent matrix, 336, 340, 456
Continuous-time LTI systems, 51
causality, 53, 111
described by differential equations,
54,206
eigenfunctions, 54
frequency response, 203
impulse response, 51
properties, 53
response, 51
stability, 54
state space representation, 332
step response, 52
system (or transfer) function, 110
Continuous-time signals, 1
Continuous-time systems, 15
Controllability matrix, 368, 380
Controllable systems, 368, 380
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Convolution: described by difference equations, 59
circular, 277 eigenfunctions, 58
continuous-time, 52 finite impulse response (FIR), 60
discrete-time, 56 impulse response, 56
in frequency, 201 infinite impulse response (IIR), 60
integral, 52 properties, 57
periodic, 67, 86 response, 56
properties, 52, 57 stability, 58, 159
sum, 56 state space representation, 330

Convolution property: step response, 57
discrete Fourier transform (DFT), 277 system function, 158
Fourier transform (continuous-time), 201, 235 Discrete-time signals, 1
Fourier transform (discrete-time), 269, 291 Discrete-time systems, 15
Laplace transform, 108 Distortionless transmission, 205
z-transform, 155, 168 Distribution:

Convolution theorem: Bernoulli, 466
frequency, 201, 233 binomial, 466
time, 201, 231 exponential, 467

Correlation coefficient, 475 normal (or Gaussian), 468

Correlations, 424 Poisson, 466

Counting process, 403 uniform, 467

Covariance, 475 Distribution function, 465

Covariance stationary, 410 cumulative (cdf), 465

Covariance matrix, 400 Duality property:

Cross-correlation, 396, 417 discrete Fourier series, 262

Cross-covariance, 397 discrete Fourier transform, 277

Cross-power spectral density, 419 Fourier transform (continuous-time), 200, 223

Fourier transform (discrete-time), 268

Decimation-in-frequency, 320 Duration-limited signal, 258

Decimation-in-time, 317

Degenerative circuits, 143 Eigenfunctions (or characteristic function), 46

Delay, unit, 41, 154 of continuous-time LTI systems, 54

Determinants, 448 of discrete-time LTI systems, 58
Laplace expansion, 448 Eigenvalues (or characteristic values), 46, 96, 335, 450

Deterministic signals, 3 Eigenvectors, 335, 450

DFS (see Discrete Fourier series) Energy containment bandwidth, 251

DFT (see Discrete Fourier transform) Energy content, 5

DFT matrix, 315 normalized, 5

Diagonal matrix, 443 Energy-density spectrum, 202

Diagonalization matrix, 451 Energy signal, 5

Difference equations, 59 Energy theorem, 202
recursive, 59 Ensemble, 392

Differential equations, 54 average, 395
homogeneous solution, 54 Equivalence property, 34
particular solution, 54 Equivalent bandwidth, 249

Digital signals, 2 Even signal, 3

Digital simulation of analog signals, 274 Events, 459

Dirac delta function (d-function) (see Unit algebra of, 459

impulse function) certain, 459

Dirichlet conditions: elementary, 459
for Fourier series, 195 equally likely, 462
for Fourier transforms, 198 independent, 463

Discrete Fourier series (DFS), 261, 278 null, 459
properties, 262 Equally likely events, 462

Discrete Fourier transform (DFT): Ergodicity, 399
definition, 275 Ergodic, in the autocorrelation, 399
inverse, 275 in the mean, 399
N-point, 276 Expectation (or mean), 473
properties, 276 Exponential distribution, 467

Discrete frequency (or line) spectra, 195 Exponential sequences:

Discrete-time LTI systems: complex, 12

causality, 58, 158 real, 13
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Exponential signals:
complex, 8
real, 9

Fast Fourier transform (FFT):

decimation-in-frequency algorithm, 320

decimation-in-time algorithm, 317
Feedback systems, 17
FFT (see Fast Fourier transform)
Filter:
bandwidth, 209
ideal band pass, 207
ideal band stop, 207
ideal frequency-selective, 206
ideal low-pass, 207
ideal high-pass, 207
narrowband, 209
nonideal frequency-selective, 208
Filtering, 206
Final-value theorem:
unilateral Laplace transform, 135
unilateral z-transform, 187
Finite-duration signal, 104
Finite impulse response (FIR), 60
Finite sequence, 152
FIR (see Finite impulse response)
First difference sequence, 269
Fourier series:
coefficients, 194
complex exponential, 194
convergence, 195
discrete (DFS), 261, 278
harmonic form, 195
trigonometric, 194
Fourier spectra, 198, 265

Fourier transform (continuous-time), 198

convergence, 198
definition, 198
inverse, 198
properties, 200
tables, 202, 203
Fourier transform (discrete-time), 265
convergence, 266
definition, 265
inverse, 265
properties, 267
tables, 270, 271
Frequency:
angular, 193
fundamental, 193
complex, 198
convolution theorem, 201
fundamental, 9, 10, 193
radian, 9
Frequency response:

continuous-time LTI systems, 203, 237

discrete-time LTI systems, 271, 294
Frequency selective filter, 206
Frequency shifting, 200, 219, 267, 276

Gain, 205
Gaussian pulse, 236

511

Gaussian (or normal) random process, 400
Generalized derivatives, 8
Generalized functions, 7

Harmonic component, 195
Hilbert transform, 245
Homogeneity, 16

Identity matrix, 335, 444
IIR (see Infinite impulse response)
Impulse-invariant method, 306
Impulse response:
continuous-time LTI systems, 51
discrete-time LTI systems, 56
Impulse train, periodic, 216
Independent events, 463
Independent increments, 403
Index set, 392
Infinite impulse response (IIR), 60
Initial condition, 55
Initial rest, 55
Initial state, 381
Initial-value theorem:
unilateral Laplace transform, 135
unilateral z-transform, 186
Initially relaxed condition (see Initial rest)
Interconnection of systems, 72, 112
Intersection, 459
Inverse transform (see Fourier, Laplace, etc.)
Invertible system, 48

Jacovian, 473

Joint, cumulative distribution function (cdf), 468
distribution function, 468
probability density function (pdf), 469
probability mass function (pmf), 468

Jointly wide-sense stationary (WSS), 398

Laplace transform:
bilateral (two-sided), 101
definition, 101
inverse, 109
properties, 106, 120
region of convergence (ROC), 102
tables, 105, 109
unilateral (one-sided), 101, 113, 134
Left-sided signal, 104
Line spectra, 195
Linear system, 16
response to random input, 421, 423
Linear time-invariant (LTI) system, 16
continuous-time, 51
discrete-time, 56
Linearity, 16, 55, 106

Magnitude response, 204, 272
Magnitude spectrum, 195, 198
Marginal, distribution function, 468
pdf, 469
pmf, 469
Markov inequlity, 476
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Matrix (or matrices): Parseval’s identity (see Parseval’s theorem)
characteristic equation, 450 Parseval’s relation, 202
characteristic polynomial, 450 discrete Fourier series (DFES), 284
conformable, 445 discrete Fourier transform (DFT), 277
constituent, 336, 340, 456 Fourier series, 221
controllability, 368, 380 Fourier transform (continuous-time), 202,
covariance, 400 233,234
diagonal, 443 Fourier transform (discrete-time), 270
diagonalization, 451 periodic sequences, 284
differentiation, 458 periodic signals, 221
eigenvalues, 450 Parseval’s theorem:
eigenvectors, 450 discrete Fourier series (DFS), 263, 284
function of, 452 discrete Fourier transform (DFT), 277
idempotent, 456 Fourier series, 196
identity (or unit), 335, 444 Fourier transform (continuous-time), 202, 234
integration, 458 Fourier transform (discrete-time), 270
inverse, 446, 449 Partial fraction expansion, 110, 158
minimal polynomials, 361, 455 Pass band, 206
nilpotent, 361 Period, 4
nonsingular, 331, 450 fundamental, 4
observability, 369, 381 Periodic convolution:
power, 452 continuous-time, 67
rank, 448 discrete-time, 86
similar, 331, 452 Periodic impulse train, 216
singular, 450 Periodic sequences, 261
skew-symmetric, 446 Periodic signals, 4
spectral decomposition, 335, 340, 456 Phase distortion, 206
spectrum, 456 Phase response, 204, 272
state-transition, 335 Phase shifter, 245
symmetric, 446 Phase spectrum, 195, 198
system, 331 Poisson, distribution, 466
transpose, 446 random process, 407
Mean, 395 Poles, 103
Modulation theorem, 228 Power, 5
Moment, 474 average, 5
Mutually exclusive (or disjoint) events, 459 Power series expansion, 157
Power signals, 5
Narrowband random process, 420 Power spectral density (or power spectrum), 417,
N-dimensional state equations, 331 418, 424
Nilpotent, 361 cross-, 419
Noncausal system, 16 Probability, 459
Nonideal frequency-selective filter, 208 axiomatic definition, 460
Nonlinear system, 16 conditional, 462
Nonperiodic (or aperiodic), sequence, 5 density function (pdf), 467
signals, 4 mass function (pmf), 465
Nonrecursive equation, 59 measure, 460
Nonsingular matrix, 331, 450 total, 463
Normal (or Gaussian) distribution, 468
Normalized average power, 5 Random sequence, 394
Normalized energy content, 5 Random signals, 3, 392
N-point, DFT, 276 Random binary signal, 401, 429
Sequence, 276 Random experiment, 459
Null event, 459 Random (or stochastic) processes, 392
Nyquist sampling interval, 254 atocorrelation, 396
Nyquist sampling rate, 254 autocovariance, 396
continuous-parameter, 394
Observability matrix, 369, 381 cross-correlation, 396
Observable system, 369, 381 cross-covariance, 397
Odd signal, 3 description, 394
Orthogonal, random variables, 475 discrete-parameter, 394
sequences, 278 independent, 397

signals, 210 orthogonal, 397
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parameter set, 394
probabilistic expressions, 394
realization, 392
state space, 394
statistics of, 394
strict-sense stationary (SSS), 397
uncorrelated, 397
wide-sense stationary (WSS), 397
Random variable (r.v.), 464
Bernoulli, 466
binomial, 466
continuous, 467
exponential, 467,
normal (or Gaussian), 468
Poisson, 466
two-dimensional, 468
uniform, 467
Real signals, 2
Recursive equation, 59
Region of convergence (ROC):
Laplace transform, 102
z-transform, 149
Relationship between:
the DFT and the DFS, 276

the DFT and the discrete-time Fourier

transform, 276

Response:

frequency, 203, 237,271, 294

impulse, 51, 56

magnitude, 204, 272

phase, 204, 272

step, 52, 57

system, 273

to random input, 421, 431

zero-input, 55

zero-state, 55
Right-sided signal, 104
Rise time, 250

Sampled signal, ideal, 252
Sample space, 392, 459
Sample function, 392
Samples, 2
Sampling, 1
interval, 2
Nyquist, 254
rate (or frequency), 252, 274
Nyquist,, 254
Sampling theorem:
in the frequency domain, 258
uniform, 254
Sequence, 1
complex exponential, 12
exponential, 13
finite, 152
first difference, 269
left sided, 152
nonperiodic (or aperiodic), 5
N-point, 276
orthogonal, 278
periodic, 5
right-sided, 152

sinusoidal, 14

two-sided, 152
Sift-invariant, 16
Simple random walk, 404
Shifting in the s-domain, 106
Signal bandwidth, 209
Signals:

analog, 2

analytical, 257

anticausal, 53

band-limited, 209, 252, 254

bandpass, 209

causal, 53

complex, 2

complex exponential, 8

continuous-time, 1

deterministic, 3

digital, 2

discrete-time, 1

duration-limited, 258

energy, 5

even, 3

finite-duration, 104

Gaussian pulse, 236

high-pass, 209

ideal sampled, 252

left-sided, 104

low-pass, 209

nonperiodic (or aperiodic), 4

odd, 3

periodic, 4

power, 5

random, 3, 392

random binary, 401, 429

real, 2

real exponential,

right-sided, 104

sinusoidal, 9

telegraph, 427, 428

time-limited, 104

two-sided, 104
Signum function, 254
Similar matrices, 331, 452
Similarity transformation, 331, 451
Simulation, 274, 304

by bilinear transformation, 307

canonical, 347, 348

impulse-invariance method, 306
Singular matrix, 450
Sinusoidal sequences, 14
Sinusoidal signals, 9
Spectral coefficients, 262

Spectral decomposition, 335, 340, 456

Spectrum (or spectra), 195
amplitude, 195
discrete frequency, 195
energy-density, 202
Fourier, 198, 265
line, 195
magnitude, 195, 198
phase, 195, 198
s-plane, 102
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Stability:
asymptotical, 337, 340
bounded-input/bounded-output (BIBO), 17, 54, 58,
71,90, 111, 131, 180, 337, 340
Stable systems, 17
Standard deviation, 475
State, 329, 394
State equations:
continuous-time, 333, 337
discrete-time, 331, 334
State space, 329
State space representation:
continuous-time LTI systems, 332
discrete-time LTI systems, 331, 334
canonical:
the first form, 347
the second form, 348
State-transition matrix, 335
State variables, 329
State vectors, 330
Stationarity, 397
Stationary;
strict-sense (SSS), 397
wide-sense (WSS), 397
Statistical (or ensemble) average, 395, 473
Step response, 52, 57
Stop band, 206
Superposition property, 16
Systems:
causal and noncausal, 16
continuous-time and discrete-time, 15
continuous-time LTI, 51
controllable, 368
described by difference equations, 59, 91
described by differential equations, 54, 75
discrete-time LTI, 56
feedback, 17
interconnection of, 112
invertible, 48
linear and nonlinear, 16
linear time-invariant (LTI), 17, 51
memoryless, 15
multiple-input multiple-output, 331
observable, 369
stable, 17
time-invariant and time-varying, 16
with and without memory, 15
System function:
continuous-time LTI systems, 110, 129, 338
discrete-time LTI systems, 158, 176, 337
System representation, 14
System response, 273

Telegraph signal, 427, 428
Testing function, 7
3-dB bandwidth, 209

Time averages, 399

Time-averaged, autocorrelation, 399
mean, 399

Time convolution theorem, 201, 231

Time delay, 205

Time-invariance, 55

Time-invariant systems, 16

Time reversal, 118, 155, 200, 268, 277

Time scaling, 107, 200, 268

Time shifting, 106, 154, 200, 267, 276

Time-varying systems, 16

Total probability, 463

Transfer function, 111

Transform circuits, 114

Transforms (see Fourier, Laplace, etc.)

Two-dimensional r.v., 468

Two-sided signal, 104

Uniform distribution, 467
Uniform sampling theorem, 254
Unilateral Laplace transform, 101, 134
Unilateral z-transform, 149, 184
Union, 459
Unit-advance operator, 154
Unit circle, 150
Unit-delay operator, 154
Unit-delay element, 41
Unit impulse function, 6
Unit impulse sequence, 11
Unit ramp function, 40
Unit sample response, 56
(See also Impulse response)
Unit sample sequence (see Unit impulse sequence)
Unit step function, 6, 33
Unit step sequence, 11

Variance, 474
Vector mean, 400
Venn diagram, 459

White noise, 419
band-limited, 420

z-plane, 150
z-transform:
bilateral (or two-sided), 148
definition, 148
inverse, 156
properties, 153, 166
region of convergence (ROC), 149
tables, 153, 156
unilateral (or one-sided), 149, 184
Zero-input response, 55
Zero padding, 276
Zero-state response, 55
Zeros, 103
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