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Preface

The genesis for this book was a set of lectures given to graduate students
in statistics at the University of Waterloo. Many of these students were
enrolled in the Ph.D. program and needed some analytical tools to sup-
port their thesis work. Very few of these students were doing theoretical
work as the principal focus of their research. In most cases, the theory
was intended to support a research activity with an applied focus. This
book was born from a belief that the toolkit of methods needs to be
broad rather than particularly deep for such students. The book is also
written for researchers who are not specialists in asymptotics, and who
wish to learn more.

The statistical background required for this book should include basic
material from mathematical statistics. The reader should be thoroughly
familiar with the basic distributions, their properties, and their generat-
ing functions. The characteristic function of a distribution will also be
discussed in the following chapters. So, a knowledge of its basic proper-
ties would be very helpful. The mathematical background required for
this book varies depending on the module. For many chapters, a good
course in analysis is helpful but not essential. Those who have a back-
ground in calculus equivalent to say that in Spivak (1994) will have
more than enough. Chapters which use complex analysis will find that
an introductory course or text on this subject is more than sufficient as
well.

I have tried as much as possible to use a unified notation that is common
to all chapters. This has not always been easy. However, the notation
that is used in each case is fairly standard for that application. At the
end of the book, the reader will find a list of the symbols and notation
common to all chapters of the book. Also included is a list of common
series and products. The reader who wishes to expand an expression or
to simplify an expansion should check here first.

The book is meant to be accessible to a reader who wishes to browse a
particular topic. Therefore the structure of the book is modular. Chap-
ters 1–3 form a module on methods for expansions of functions arising

xi
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in probability and statistics. Chapter 1 discusses the role of expansions
and asymptotics in statistics, and provides some background material
necessary for the rest of the book. Basic results on limits of random
variables are stated, and some of the notation, including order notation,
limit superior and limit inferior, etc., are explained in detail.

Chapter 2 also serves as preparation for the chapters which follow. Some
basic properties of power series are reviewed and some examples given for
calculating cumulants and moments of distributions. Enveloping series
are introduced because they appear quite commonly in expansions of
distributions and integrals. Many enveloping series are also asymptotic
series. So a section of Chapter 2 is devoted to defining and discussing the
basic properties of asymptotic series. As the name suggests, asymptotic
series appear quite commonly in asymptotic theory.

The partial sums of power series and asymptotic series are both ratio-
nal functions. So, it is natural to generalise the discussion from power
series and asymptotic series to the study of rational approximations to
functions. This is the subject of Chapter 3. The rational analogue of a
Taylor polynomial is known as a Padé approximant. The class of Padé
approximants includes various continued fraction expansions as a spe-
cial case. Padé approximations are not widely used by statisticians. But
many of the functions that statisticians use, such as densities, distribu-
tion functions and likelihoods, are often better approximated by rational
functions than by polynomials.

Chapters 4 and 5 form a module in their own right. Together they de-
scribe core ideas in statistical asymptotics, namely the asymptotic nor-
mality and asymptotic efficiency of standard estimators as the sample
size goes to infinity. Both the delta method for moments and the delta
method for distributions are explained in detail. Various applications are
given, including the use of the delta method for bias reduction, variance
stabilisation, and the construction of normalising transformations. It is
natural to place the von Mises calculus in a chapter on the delta method
because the von Mises calculus is an extension of the delta method to
statistical functionals.

The results in Chapter 5 can be studied independently of Chapter 4, but
are more naturally understood as the application of the delta method
to the likelihood. Here, the reader will find much of the standard theory
that derives from the work of R. A. Fisher, H. Cramér, L. Le Cam and
others. Properties of the likelihood function, its logarithm and deriva-
tives are described. The consistency of the maximum likelihood estimator
is sketched, and its asymptotic normality proved under standard regu-
larity. The concept of asymptotic efficiency, due to R. A. Fisher, is also
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explained and proved for the maximum likelihood estimator. Le Cam’s
critique of this theory, and his work on local asymptotic normality and
minimaxity, are briefly sketched, although the more challenging technical
aspects of this work are omitted.

Chapters 6 and 7 form yet another module on the Laplace approxima-
tion and the saddle-point method. In statistics, the term “saddle-point
approximation” is taken to be synonymous with “tilted Edgeworth ex-
pansion.” However, such an identification does not do justice to the full
power of the saddle-point method, which is an extension of the Laplace
method to contour integrals in the complex plane. Applied mathemati-
cians often recognise the close connection between the saddle-point ap-
proximation and the Laplace method by using the former term to cover
both techniques. In the broadest sense used in applied mathematics, the
central limit theorem and the Edgeworth expansion are both saddle-
point methods.

Finally, Chapter 8, on the summation of series, forms a module in its
own right. Nowadays, Monte Carlo techniques are often the methods of
choice for numerical work by both statisticians and probablists. However,
the alternatives to Monte Carlo are often missed. For example, a simple
approach to computing anything that can be written as a series is simply
to sum the series. This will work provided that the series converges
reasonably fast. Unfortunately, many series do not. Nevertheless, a large
amount of work has been done on the problem of transforming series so
that they converge faster, and many of these techniques are not widely
known. When researchers complain about the slow convergence of their
algorithms, they sometimes ignore simple remedies which accelerate the
convergence. The topics of series convergence and the acceleration of
that convergence are the main ideas to be found in Chapter 8.

Another feature of the book is that I have supplemented some topics
with a discussion of the relevant Maple∗ commands that implement the
ideas on that topic. Maple is a powerful symbolic computation package
that takes much of the tedium out of the difficult work of doing the
expansions. I have tried to strike a balance here between theory and
computation. Those readers who are not interested in Maple will have
no trouble if they simply skip the Maple material. Those readers who use,
or who wish to use Maple, will need to have a little bit of background in
symbolic computation as this book is not a self-contained introduction to
the subject. Although the Maple commands described in this book will

∗ Maple is copyright software of Maplesoft, a division of Waterloo Maple Incorpo-
rated. All rights reserved. Maple and Maplesoft are trademarks of Waterloo Maple
Inc.
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work on recent versions of Maple, the reader is warned that the precise
format of the output from Maple will vary from version to version.

Scattered throughout the book are a number of vignettes of various peo-
ple in statistics and mathematics whose ideas have been instrumental in
the development of the subject. For readers who are only interested in
the results and formulas, these vignettes may seem unnecessary. How-
ever, I include these vignettes in the hope that readers who find an idea
interesting will ponder the larger contributions of those who developed
the idea.

Finally, I am most grateful to Melissa Smith of Graphic Services at the
University of Waterloo, who produced the pictures. Thanks are also due
to Ferdous Ahmed, Zhenyu Cui, Robin Huang, Vahed Maroufy, Michael
McIsaac, Kimihiro Noguchi, Reza Ramezan and Ying Yan, who proof-
read parts of the text. Any errors which remain after their valuable
assistance are entirely my responsibility.



CHAPTER 1

Introduction

1.1 Expansions and approximations

We begin with the observation that any finite probability distribution is
a partition of unity. For example, for p+q = 1, the binomial distribution
may be obtained from the binomial expansion

1 = (p+ q)n

=
(
n

0

)
pn +

(
n

1

)
pn−1 q +

(
n

2

)
pn−2 q2 + · · · +

(
n

n

)
qn .

In this expansion, the terms are the probabilities for the values of a
binomial random variable. For this reason, the theory of sums or series
has always been closely tied to probability. By extension, the theory of
infinite series arises when studying random variables that take values in
some denumerable range.

Series involving partitions go back to some of the earliest work in mathe-
matics. For example, the ancient Egyptians worked with geometric series
in practical problems of partitions. Evidence for this can be found in the
Rhind papyrus, which is dated to 1650 BCE. Problem 64 of that papyrus
states the following.

Divide ten heqats of barley among ten men so that the common difference
is one eighth of a heqat of barley.

Put in more modern terms, this problem asks us to partition ten heqats∗

into an arithmetic series

10 = a+
(
a+

1
8

)
+
(
a+

2
8

)
+ . . . +

(
a+

9
8

)
.

That is, to find the value of a in this partition. The easiest way to solve
this problem is to use a formula for the sum of a finite arithmetic series.

∗ The heqat was an ancient Egyptian unit of volume corresponding to about 4.8
litres.

1



2 INTRODUCTION

A student in a modern course in introductory probability has to do much
the same sort of thing when asked to compute the normalising constant
for a probability function of given form. If we look at the solutions to
such problems in the Rhind papyrus, we see that the ancient Egyptians
well understood the standard formula for simple finite series.

However the theory of infinite series remained problematic throughout
classical antiquity and into more modern times until differential and
integral calculus were placed on a firm foundation using the modern
theory of analysis. Isaac Newton, who with Gottfried Leibniz developed
calculus, is credited with the discovery of the binomial expansion for
general exponents, namely

(1 + x)y = 1 +
(
y

1

)
x+

(
y

2

)
x2 +

(
y

3

)
x3 + · · ·

where the binomial coefficient(
y

n

)
=
y (y − 1) (y − 2) · · · (y − n+ 1)

n!

is defined for any real value y. The series converges when |x| < 1. Note
that when y = −1 the binomial coefficients become (−1)n so the expan-
sion is the usual formula for an infinite geometric series.

In 1730, a very powerful tool was added to the arsenal of mathemati-
cians when James Stirling discovered his famous approximation to the
factorial function. It was this approximation which formed the basis for
De Moivre’s version of the central limit theorem, which in its earliest
form was a normal approximation to the binomial probability function.
The result we know today as Stirling’s approximation emerged from the
work and correspondence of Abraham De Moivre and James Stirling. It
was De Moivre who found the basic form of the approximation, and the
numerical value of the constant in the approximation. Stirling evaluated
this constant precisely.† The computation of n! becomes a finite series
when logarithms are taken. Thus

ln (n!) = ln 1 + ln 2 + · · · + ln n . (1.1)

De Moivre first showed that
n!√

nnn e−n
→ constant as n→ ∞ . (1.2)

Then Stirling’s work showed that this constant is
√

2 π.

† Gibson (1927, p. 78) wrote of Stirling that “next to Newton I would place Stirling
as the man whose work is specially valuable where series are in question.”
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With this result in hand, combinatorial objects such as binomial coeffi-
cients can be approximated by smooth functions. See Problem 2 at the
end of the chapter. By approximating binomial coefficients, De Moivre
was able to obtain his celebrated normal approximation to the binomial
distribution. Informally, this can be written as

B(n, p) ≈ N (n p, n p q)

as n → ∞. We state the precise form of this approximation later when
we consider a more general statement of the central limit theorem.

1.2 The role of asymptotics

For statisticians, the word “asymptotics” usually refers to an investi-
gation into the behaviour of a statistic as the sample size gets large.
In conventional usage, the word is often limited to arguments claiming
that a statistic is “asymptotically normal” or that a particular statistical
method is “asymptotically optimal.” However, the study of asymptotics
is much broader than just the investigation of asymptotic normality or
asymptotic optimality alone.

Many such investigations begin with a study of the limiting behaviour of
a sequence of statistics {Wn} as a function of sample size n. Typically,
an asymptotic result of this form can be expressed as

F (t) = lim
n→∞ Fn(t) .

The functions Fn(t), n = 1, 2, 3, . . . could be distribution functions as
the notation suggests, or moment generating functions, and so on. For
example, the asymptotic normality of the sample average X̄n for a ran-
dom sample X1, . . . , Xn from some distribution can be expressed using
a limit of standardised distribution functions.

Such a limiting result is the natural thing to derive when we are proving
asymptotic normality. However, when we speak of asymptotics generally,
we often mean something more than this. In many cases, it is possible
to expand Fn(t) to obtain (at least formally) the series

Fn(t) ∼ F (t)
{

1 +
a1(t)
n

+
a2(t)
n2

+
a3(t)
n3

+ · · ·
}
.

We shall call such a series an asymptotic series for Fn(t) in the variable
n.

Stirling’s approximation, which we encountered above, is an asymptotic
result. Expressed as a limit, this approximation states that

√
2 π = lim

n→∞
n!

nn+1/2 e−n
.
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This is better known in the form

n! ∼ √
2 π nnn e−n (1.3)

for large n. When put into the form of a series, Stirling’s approximation
can be sharpened to

n!
nn+1/2 e−n

∼ √
2 π
{

1 +
1

12n
+

1
288n2

− · · ·
}

(1.4)

as n → ∞. We shall also speak of k-th order asymptotic results, where
k denotes the number of terms of the asymptotic series that are used in
the approximation.

The idea of expanding a function into a series in order to study its
properties has been around for a long time. Newton developed some of
the standard formulas we use today, Euler gave us some powerful tools
for summing series, and Augustin-Louis Cauchy provided the theoretical
framework to make the study of series a respectable discipline. Thus
series expansions are certainly older than the subject of statistics itself
if, by that, we mean statistics as a recognisable discipline. So it is not
surprising to find series expansions used as an analytical tool in many
areas of statistics. For many people, the subject is almost synonymous
with the theory of asymptotics. However, series expansions arise in many
contexts in both probability and statistics which are not usually called
asymptotics, per se. Nevertheless, if we define asymptotics in the broad
sense to be the study of functions or processes when certain variables
take limiting values, then all series expansions are essentially asymptotic
investigations.

1.3 Mathematical preliminaries

1.3.1 Supremum and infimum

Let A be any set of real numbers. We say that A is bounded above if
there exists some real number u such that x ≤ u for all x ∈ A. Similarly,
we say that A is bounded below if there exists a real number b such that
x ≥ b for all x ∈ A. The numbers u and b are called an upper bound and
a lower bound, respectively.

Upper and lower bounds for infinite sequences are defined in much the
same way. A number u is an upper bound for the sequence

x1, x2, x3, . . .

if u ≥ xn for all n ≥ 1. The number b is a lower bound for the sequence
if b ≤ xn for all n.
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Isaac Newton (1642–1727)

Co-founder of the calculus, Isaac Newton also pioneered
many of the techniques of series expansions including the
binomial theorem.

“And from my pillow, looking forth by light
Of moon or favouring stars, I could behold
The antechapel where the statue stood
Of Newton with his prism and silent face,
The marble index of a mind for ever
Voyaging through strange seas of Thought, alone.”

William Wordsworth, The Prelude, Book 3, lines
58–63.



6 INTRODUCTION

Definition 1. A real number u is called a least upper bound or supre-
mum of any set A if u is an upper bound for A and is the smallest in
the sense that c ≥ u whenever c is any upper bound for A.

A real number b is called a greatest lower bound or infimum of any set
A if b is a lower bound for A and is the greatest in the sense that c ≤ b
whenever c is any lower bound for A.

It is easy to see that a supremum or infimum of A is unique. Therefore,
we write supA for the unique supremum of A, and inf A for the unique
infimum.

Similar definitions hold for sequences. We shall define the supremum or
infimum of a sequence of real numbers as follows.

Definition 2. Let xn, n ≥ 1 be a infinite sequence of real numbers. We
define supxn, the supremum of xn, to be the upper bound which is small-
est, in the sense that u ≥ supxn for every upper bound u. The infimum
of the sequence is defined correspondingly, and written as inf xn.

In order for a set or a sequence to have a supremum or infimum, it is
necessary and sufficient that it be bounded above or below, respectively.
This is summarised in the following proposition.

Proposition 1. If A (respectively xn) is bounded above, then A (respec-
tively xn) has a supremum. Similarly, if A (respectively xn) is bounded
below, then A (respectively xn) has an infimum.

This proposition follows from the completeness property of the real num-
bers. We omit the proof. For those sets which do not have an upper
bound the collection of all upper bounds is empty. For such situations,
it is useful to adopt the fiction that the smallest element of the empty set
∅ is ∞ and the largest element of ∅ is −∞. With this fiction, we adopt
the convention that supA = ∞ when A has no upper bound. Similarly,
when A has no lower bound we set inf A = −∞. For sequences, these
conventions work correspondingly. If xn, n ≥ 1 is not bounded above,
then sup xn = ∞, and if not bounded below then inf xn = −∞.

1.3.2 Limit superior and limit inferior

A real number u is called an almost upper bound for A if there are only
finitely many x ∈ A such that x ≥ u. The almost lower bound is defined
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correspondingly. Any infinite set that is bounded (both above and below)
will have almost upper bounds, and almost lower bounds.

Let B be the set of almost upper bounds of any infinite bounded set A.
Then B is bounded below. Similarly, let C be the set of almost lower
bounds of A. Then C is bounded above. See Problem 3. It follows from
Proposition 1 that B has an infimum.

Definition 3. Let A be an infinite bounded set, and let B be the set of
almost upper bounds of A. The infimum of B is called the limit superior
of A. We write lim sup A for this real number. Let C be the set of almost
lower bounds of A. The supremum of C is called the limit inferior of A.
We write the limit inferior of A as lim inf A.

We can extend these definitions to the cases where A has no upper bound
or no lower bound. If A has no upper bound, then the set of almost
upper bounds will be empty. Since B = ∅ we can define inf ∅ = ∞ so
that lim sup A = ∞ as well. Similarly, if A has no lower bound, we set
sup ∅ = −∞ so that lim inf A = −∞.

The definitions of limit superior and limit inferior extend to sequences
with a minor modification. Let xn, n ≥ 1 be a sequence of real numbers.
For each n ≥ 1 define

yn = sup
k≥n

xk

= sup {xn, xn+1, xn+2, . . .} ,
and

zn = inf
k≥n

xk

= inf {xn, xn+1, xn+2, . . .} .
It can be checked that yn is monotone decreasing, and zn is monotone
increasing. We then define

lim sup xn = inf yn lim inf xn = sup zn . (1.5)

The limit superior of a sequence can be shown to be the largest cluster
point of the sequence, and the limit inferior the smallest cluster point.

To illustrate the definitions of limits superior and inferior, let us consider
two examples. Define xn = (−1)n + n−1, so that

x1 = 0 , x2 =
3
2
, x3 = −2

3
,

and so on. The reader can check that lim sup xn = 1 and lim inf xn =
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−1. As another example, consider xn = n for all n ≥ 1. In this case
lim sup xn = lim inf xn = ∞.

Proposition 2. Limits superior and inferior of sequences xn, n ≥ 1
satisfy the following list of properties.

1. In general we have

inf xn ≤ lim inf xn ≤ lim sup xn ≤ sup xn .

2. Moreover, when lim sup xn < sup xn, then the sequence xn, n ≥ 1
has a maximum (i.e., a largest element). Similarly, when lim inf xn >
inf xn, then xn, n ≥ 1 has a minimum.

3. The limits superior and inferior are related by the identities

lim inf xn = − lim sup (−xn) , lim sup xn = − lim inf (−xn) .

The proof of this proposition is left as Problem 5 at the end of the
chapter.

1.3.3 The O-notation

The handling of errors and remainder terms in asymptotics is greatly
enhanced by the use of the Bachmann-Landau O-notation.‡ When used
with care, this order notation allows the quick manipulation of vanish-
ingly small terms with the need to display their asymptotic behaviour
explicitly with limits.

Definition 4. Suppose f(x) and g(x) are two functions of some variable
x ∈ S. We shall write

f(x) = O[ g(x) ]

if there exists some constant α > 0 such that | f(x) | ≤ α | g(x) | for all
x ∈ S.

Equivalently, when g(x) �= 0 for all x ∈ S, then f(x) = O[ g(x) ] provided
that f(x)/g(x) is a bounded function on the set S.

‡ Commonly known as the Landau notation. See P. Bachmann. Die Analytische
Zahlentheorie. Zahlentheorie. 2, Teubner, Leipzig 1894, and E. Landau. Handbuch
der Lehre von der Verteilung der Primzahlen. Vol 2, Teubner, Leipzig 1909, pp.
3–5.
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For example, on S = (−∞, ∞), we have sin 2x = O(x), because

| sin 2x | ≤ 2 |x|
for all real x.

In many cases, we are only interested in the properties of a function on
some region of a set S such as a neighbourhood of some point x0. We
shall write

f(x) = O[ g(x) ] , as x→ x0

provided that there exists α > 0 such that | f(x) | ≤ α | g(x) | for all
x in some punctuated neighbourhood of x0. We shall be particularly
interested in the cases where x0 = ±∞ and x0 = 0. For example, the
expression

sin (x−1) = O[x−1 ] , as x→ ∞
is equivalent to saying that there exists positive constants c and α such
that | sin (x−1) | ≤ α |x−1| for all x > c.

The virtue of this O-notation is that O[g(x)] can be introduced into a
formula in place of f(x) and treated as if it were a function. This is
particularly useful when we wish to carry a term in subsequent calcula-
tions, but are only interested in its size and not its exact value. Algebraic
manipulations using order terms become simpler if g(x) is algebraically
simpler to work with than f(x), particularly when g(x) = xk.

Of course, O[g(x)] can represent many functions. So, the use of an equals
sign is an abuse of terminology. This can lead to confusion. For example

sinx = O(x) and sinx = O(1)

as x→ 0. However, it is not true that the substitution O(x) = O(1) can
be made in any calculation. The confusion can be avoided if we recall
that O[ g(x) ] represents functions including those of smaller order than
g(x) itself. So the ease and flexibility of the Landau O-notation can also
be its greatest danger for the unwary.§

Nevertheless, the notation makes many arguments easier. The advantage
of the notation is particularly apparent when used with Taylor expan-
sions of functions. For example as x→ 0 we have

ex = 1 + x+O(x2) and ln (1 + x) = x+O(x2) .

Therefore

ex ln (1 + x) = [ 1 + x+O(x2) ] · [x+O(x2) ]

§ A more precise notation is to consider O[ g(x) ] more properly as a class of functions
and to write f(x) ∈ O[ g(x) ]. However, this conceptual precision comes at the
expense of algebraic convenience.
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= [ 1 + x+O(x2) ] · x+ [ 1 + x+O(x2) ] ·O(x2)
= x+ x2 +O(x3) +O(x2) +O(x3) +O(x4)
= x+O(x2) ,

as x→ 0.

The O-notation is also useful for sequences, which are functions defined
on the domain of natural numbers. When S = {1, 2, 3, . . .}, then we
will write

f(n) = O[ g(n) ] or fn = O[ gn ]
as the context suggests. It is left to the reader to see that when g(n)
vanishes nowhere, then a sequence f(n) is of order O[ g(n) ] if and only
if f(n) is of order O[ g(n) ] as n→ ∞.

In Maple, the Landau order symbol is not invoked directly as a function.
However, it does appear as Maple output to requests for series represen-
tations of functions. For example, a request in Maple for the Taylor
expansion of sin x about x = 0, namely

> taylor(sin(x), x)

yields the output

x− 1
6
x3 +

1
120

x5 +O(x6)

where the order notation implicitly assumes that x → 0. Of course,
the order term can be replaced by O(x7) by explicitly requesting the
expansion to that order–the default is O(x6), namely

> taylor(sin(x), x, 7)

which yields

x− 1
6
x3 +

1
120

x5 +O(x7)

with the coefficient on x6 explicitly evaluated as zero. The default value
of the order in taylor when the degree is not specified is given by the
Order variable. This may be redefined to n using the command

> Order := n

or by setting, as above for n = 7, the value of n within the taylor
command.

1.3.4 Asymptotic equivalence

Definition 5. Let f(x) and g(x) be nonzero in some neighbourhood
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of x0. Then f(x) and g(x) are said to be asymptotically equivalent as
x→ x0 provided that f(x) / g(x) → 1 as x→ x0.

Again, x0 can be—and often is—equal to ±∞. We shall write

f(x) ∼ g(x) as x→ x0 .

Also as before, x can be restricted to the natural numbers, for which we
write

f(n) ∼ g(n) or fn ∼ gn ,

as n→ ∞. For example, we may write

n ∼ n+ ln n as n→ ∞ .

We also encountered the concept of asymptotic equivalence earlier with
Stirling’s approximation in (1.3) which was

n! ∼ √
2 π nnn e−n as n→ ∞ .

Using ∼ we can find necessary and sufficient conditions for the con-
vergence of series using the comparison test. As an example, for which
values of k does the infinite sum

∞∑
n=1

(
2n
n

)k
2−(2 k n)

converge? To determine this, it is sufficient to use Stirling’s approxima-
tion to show that (

2n
n

)k
2−(2k n) ∼

(
1√
π n

)k

as n → ∞. The comparison test tells us that the series will converge if∑
n−k/2 converges and diverge otherwise. This converges if k > 2 and

diverges otherwise.

1.3.5 The o-notation

Definition 6. Let f(x) and g(x) be defined in some neighbourhood of
x0, with g(x) nonzero. We write

f(x) = o[ g(x) ] as x→ x0

whenever f(x) / g(x) → 0 as x→ x0.

Typically again x0 = 0 or ±∞, and x may be restricted to the natural
numbers.
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The o-notation can be used to express asymptotic equivalence. Suppose
f(x) and g(x) are nonzero. Then

f(x) ∼ g(x) if and only if f(x) = g(x) [1 + o(1)] .

It is sometimes useful to write

1 + o(1) = eo(1) .

For example, Stirling’s approximation in (1.3) can be written in the
alternative form

n! =
√

2 π nnn e−n+o(1) .

Two useful formulas are

o[ f(x) g(x) ] = o[ f(x) ]O[ g(x) ] (1.6)

and
o[ f(x) g(x) ] = f(x) o[ g(x) ] (1.7)

See Problem 6.

The o-notation is often used in situations where we cannot be or do not
wish to be as precise as the O-notation allows. For example, as x → 0
the statements

ex = 1 + x+O(x2) and ex = 1 + x+ o(x)

are both true. However, the first statement is stronger, and implies the
second. Nevertheless, to determine a linear approximation to ex around
x = 0, the second statement is sufficient for the purpose. While both
statements are true for the exponential function, the second statement
can be proved more easily, as its verification only requires the value of
ex and the first derivative of ex at x = 0.

For sequences f(n) and g(n), where n = 1, 2, . . ., we may define the
o-notation for n→ ∞. In this case, we write

f(n) = o[ g(n) ] or fn = o[ gn ]

provided f(n)/g(n) → 0 (respectively, fn/gn → 0) as n→ ∞.

1.3.6 The Op-notation

For stochastic functions and sequences, the Landau notation is limited in
its utility because random functions are often not bounded with prob-
ability one. So we must replace the concept of boundedness with the
concept of boundedness in probability.

Let Xs, s ∈ S be a family of random variables indexed by s ∈ S. We say
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that Xs, s ∈ S is bounded in probability if for all ε > 0 there exists some
α > 0 such that

P (|Xs | ≤ α) ≥ 1 − ε

for all s ∈ S.

Definition 7. If Xs, Ys, s ∈ S are two indexed families of random vari-
ables, with P (Ys = 0) = 0 for all s. We write

Xs = Op(Ys) for s ∈ S

when the ratio Xs/Ys is bounded in probability.

In particular, if g(s) is a deterministic nonvanishing function, we shall
write

Xs = Op[ g(s) ] for s ∈ S

provided Xs/g(s) is bounded in probability.

Our most important application is to a sequenceXn of random variables.
An infinite sequence of random variables is bounded in probability if it
is bounded in probability at infinity. See Problem 7. Therefore, we write

Xn = Op[ g(n) ] as n→ ∞
provided Xn/g(n) is bounded in probability.

1.3.7 The op-notation

There is also a stochastic version of the o-notation.

Definition 8. We write

Xn = op(Yn ) as n→ ∞
whenever, for all ε > 0,

P

(∣∣∣∣ Xn

Yn

∣∣∣∣ ≥ ε

)
→ 0

as n→ ∞.

This notation can be applied when Yn is replaced by a nonrandom func-
tion g(n). In this case, we write Xn = o[ g(n) ]. In particular, Xn = op(1)
if and only if P (|Xn| ≥ ε) → 0 for all ε > 0. This is a special case of
convergence in probability, as defined below.
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1.3.8 Modes of convergence

Some of the main modes of convergence for a sequence of random vari-
ables are listed in the following definition.

Definition 9. Let Xn, n ≥ 1 be a sequence of random variables.

1. The sequence Xn, n ≥ 1 converges to a random variable X almost
surely if

P
(

lim
n→∞ Xn = X

)
= 1 .

We write Xn
a.s.→ X.

2. The sequence Xn, n ≥ 1 converges to a random variable X in prob-
ability if for all ε > 0, P (|Xn − X | ≥ ε) → 0 as n → ∞. We write
Xn

P→ X. A sequence Xn converges in probability to X if and only if
Xn = X + op(1).

3. Let p be any positive real number. We say that Xn converges in Lp to
X whenever

E (|Xn −X |p) → 0

as n→ ∞. We write Xn
Lp→ X.

4. Let Xn have distribution function Fn(t) = P (Xn ≤ t), and let X have
distribution function F (t). Then Xn converges to X in distribution
provided Fn(t) → F (t) for every value t at which F is continuous.
When Xn converges in distribution to X we write Xn

d=⇒ X.

Various implications can be drawn between these modes of convergence.

Proposition 3. The following results can be proved.

1. If Xn
a.s.→ X then Xn

P→ X.

2. If Xn
P→ X then Xn

d=⇒ X.

3. If Xn
Lp→ X then Xn

P→ X.

4. It follows from the statements above that either convergence almost
surely or convergence in Lp to X implies convergence in distribution.

5. In the case of a constant limit, convergence in probability and conver-
gence in distribution are equivalent. That is, Xn

d=⇒ c if and only if
Xn

P→ c.
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The proofs of these statements are omitted. Two useful results about
convergence in distribution are the following, which we state without
proof.

Proposition 4. Let g(x) be a continous real-valued function of a real
variable. Then Xn

d=⇒ X implies that g(Xn)
d=⇒ g(X).

Proposition 5 (Slutsky’s theorem). Suppose Xn
d=⇒ X and Yn

P→ c.
Then

1. Xn + Yn
d=⇒ X + c, and

2. Xn Yn
d=⇒ cX.

Slutsky’s theorem is particularly useful when combined with the central
limit theorem, which is stated in Section 1.3.10 below in a version due
to Lindeberg and Feller.

1.3.9 The law of large numbers

Laws of large numbers are often divided into strong and weak forms. We
begin with a standard version of the strong law of large numbers.

Proposition 6. Let X1, X2, . . . be independent, identically distributed
random variables with mean E(Xj) = μ. Let Xn = n−1 (X1 + · · · +Xn).
Then Xn converges almost surely to the mean μ as n→ ∞:

Xn
a.s.→ μ (1.8)

as n→ ∞.

Convergence almost surely implies convergence in probability. Therefore,
we may also conclude that

Xn
P→ μ (1.9)

This is the weak law of large numbers. This conclusion can be obtained
by assumptions that may hold when the assumptions of the strong law
fail. For example, the weak law of large numbers will be true whenever
Var(Xn) → 0. The weak law comes in handy when random variables are
either dependent or not identically distributed. The most basic version
of the weak law of large numbers is proved in Problems 9–11.



16 INTRODUCTION

1.3.10 The Lindeberg-Feller central limit theorem

Let X1, X2, . . . be independent random variables with distribution func-
tions F1, F2, . . ., respectively. Suppose that

E(Xj) = 0, Var(Xj) = σ2
j .

Let s2n =
∑n

j=1 σ
2
j .

Proposition 7. Assume the Lindeberg condition, which states that for
every t > 0,

s−2
n

n∑
j=1

∫
{ |y|≥t sn }

y2 dFj(y) → 0 (1.10)

as n → ∞. Then the standardised partial sums converge to normal,
namely

X1 +X2 + · · · +Xn

sn

d=⇒ N (0, 1) . (1.11)

as n→ ∞. That is,

P (X1 + · · · +Xn ≤ t sn) →
∫ t

−∞

1√
2 π

e−z
2/2 dz

as n→ ∞.

The best known special case where the Lindeberg condition is satisfied
occurs when the random variables are identically distributed so that
Fj = F , and σ2

j = σ2 for all j. Then s2n = nσ2, and the Lindeberg
condition reduces to ∫

{ |y|≥t σ√
n }
y2 dF (y) → 0

which is satisfied for all t > 0. This special case is often proved on its
own using generating functions. See Problems 12–15.

1.4 Two complementary approaches

With the advent of modern computing, the analyst has often been on the
defensive, and has had to justify the relevance of his or her discipline in
the face of the escalating power of successive generations of computers.
Does a statistician need to compute an asymptotic property of a statistic
if a quick simulation can provide an excellent approximation? The tradi-
tional answer to this question is that analysis fills in the gaps where the
computer has trouble. For example, in his excellent 1958 monograph on
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asymptotic methods, N. G. de Bruijn considered an imaginary dialogue
between a numerical analyst (NA) and an asymptotic analyst (AA).

• The NA wishes to know the value of f(100) with an error of at most
1%.

• The AA responds that f(x) = x−1 +O(x−2) as x→ ∞.
• But the NA questions the error term in this result. Exactly what kind

of error is implied in the term O(x−2)? Can we be sure that this error
is small for x = 100? The AA provides a bound on the error term,
which turns out to be far bigger than the 1% error desired by the NA.

• In frustration, the NA turns to the computer, and computes the value
of f(100) to 20 decimal places!

• However, the next day, she wishes to compute the value of f(1000),
and finds that the resulting computation will require a month of work
at top speed on her computer! She returns to the AA and “gets a
satisfactory reply.”

For all the virtues of this argument, it cannot be accepted as sufficient
justification for the use of asymptotics in statistics or elsewhere. Rather,
our working principle shall be the following.

A primary goal of asymptotic analysis is to obtain a deeper
qualitative understanding of quantitative tools. The con-
clusions of an asymptotic analysis often supplement the
conclusions which can be obtained by numerical methods.

Thus numerical and asymptotic analysis are partners, not antagonists.
Indeed, many numerical techniques, such as Monte Carlo, are motivated
and justified by theoretical tools in analysis, including asymptotic re-
sults such as the law of large numbers and the central limit theorem.
When coupled with numerical methods, asymptotics becomes a power-
ful way to obtain a better understanding of the functions which arise in
probability and statistics. Asymptotic answers to questions will usually
provide incomplete descriptions of the behaviour of functions, be they
estimators, tests or functionals on distributions. But they are part of
the picture, with an indispensable role in understanding the nature of
statistical tools.

With the advent of computer algebra software (CAS), the relationship
between the computer on one side and the human being on the other
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side has changed. Previously, the human being excelled at analysis and
the computer at number crunching. The fact that computers can now
manipulate complex formulas with greater ease than humans is not to
be seen as a threat but rather as an invaluable assistance with the more
tedious parts of any analysis. I have chosen Maple as the CAS of this
book. But another choice of CAS might well have been made, with only
a minor modification of the coding of the examples.

1.5 Problems

1. Solve Problem 64 from the Rhind papyrus as stated in Section 1.

2.(a) Use Stirling’s approximation to prove that
(

n
n
2 + x

√
n

2

)
∼ 2n

√
2
π n

e−x
2/2 .

(b) Prove that as n→ ∞,(
2n
n

)
∼ 4n√

nπ
·
[
1 − 1

8n
+

1
128n2

+O

(
1
n3

)]
.

3. Suppose that A is an infinite set of real numbers that is bounded
above and below. Prove that the set B of almost upper bounds of A
is nonempty and bounded below. Similarly, prove that the set C of
almost lower bounds of A is nonempty and bounded above.

4. For the sequence xn = n−1, find lim inf xn and lim sup xn.

5. Prove Proposition 2.

6. Prove (1.6) and (1.7).

7. Suppose S is a finite set, and that Xs, s ∈ S is a family of random
variables indexed by the elements of S.

(a) Prove that Xs, s ∈ S is bounded in probability.
(b) Prove that a sequence Xn, n ≥ 1 is bounded in probability if and

only if it is bounded in probability at infinity. That is, there is some
n0 such that Xn, n ≥ n0 is bounded in probability.
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8. Let Xn
d=⇒ X and Yn

P→ c, where c �= 0. Use Propositions 4 and 5 to
prove that Xn/Yn

d=⇒ X/c.

9. The following three questions are concerned with a proof of the weak
law of large numbers using Markov’s and Chebyshev’s inequalities.
Suppose P (X ≥ 0) = 1. Prove Markov’s inequality, which states that

P (X ≥ ε) ≤ E(X)
ε

for all ε > 0. (Hint: write X = X Y +X (1 − Y ), where Y = 1 when
X ≥ ε and Y = 0 when X < ε. Then prove that E(X) ≥ E(X Y ) ≥
ε P (Y = 1).)

10. Suppose X has mean μ and variance σ2. Replace X by (X − μ)2

in Markov’s inequality to prove Chebyshev’s inequality, which states
that when a > 0,

P (|X − μ| ≥ a) ≤ σ2

a2
.

11. Let Xn, n ≥ 1 be independent, identically distributed random vari-
ables with mean μ and variance σ2. Let

Xn =
X1 + · · · +Xn

n
.

Use Chebyshev’s inequality to prove that Xn
P→ μ as n→ ∞.

12. The next two questions are concerned with a proof of the most basic
form of the central limit theorem using moment generating functions.
Let X1, . . . , Xn be a random sample from a distribution with mean
μ, variance σ2 and moment generating function M(t) = E etX1 . Let

X̄n =
X1 + · · · +Xn

n

denote the sample average. Show that the moment generating function
of

√
n (X̄n − μ) is

e−
√
nμ t [M(t/

√
n)]n.

13. Suppose that the moment generating function M(t) from the previous
question is finite in an open interval about t = 0. Use the fact that
M(t) is differentiable at zero to all orders to expand the function
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K(t) = ln[M(t)] about t = 0. Show that the logarithm of moment
generating function of

√
n (X̄n − μ) can be expressed in the form

−√
n t+ nK(t/

√
n) =

σ2t2

2
+
K ′′′(ξ) t3

6
√
n

,

where ξ lies strictly between 0 and t. Use this formula to verify that√
n (X̄n − μ) converges in distribution to N (0, σ2) as n→ ∞.

14. In the notation of Lindeberg-Feller central limit theorem, suppose
that the random variables Xn are uniformly bounded in the sense
that there exists a c such that P (−c ≤ Xn ≤ c) = 1 for all n ≥ 1.
Suppose also that sn → ∞. Prove that the Lindeberg condition is
satisfied.

15. Suppose that Yn, n ≥ 1 are independent, identically distributed ran-
dom variables with mean zero and variance σ2. Let Xn = nYn. Prove
that the Lindeberg condition is satisfied for Xn, n ≥ 1.

16. One of the most famous limits in mathematics is

lim
n→∞

(
1 +

x

n

)n
= ex .

Verify the asymptotic formula
(
1 +

x

n

)n
= ex

{
1 − x2

2n
+
x3(3x+ 8)

24n2
− x4(x+ 2)(x+ 6)

48n3
+O

(
1
n4

)}

out to the order shown. To check this expansion in Maple, try the
command

> asympt
((

1 + x
n

)n
, n, 4

)

17. Let A(t) = E(tX) denote the probability generating function for a
random variable X with distribution P(μ), i.e., Poisson with mean
μ. Let An(t) denote the probability generating function for a ran-
dom variable Xn whose distribution is B(n, μ/n), i.e., binomial with
parameters n and μ/n (where clearly n ≥ μ).

(a) Prove that

An(t) = A(t)
{

1 − μ2(t− 1)2

2n
+O

(
1
n2

)}
.

as n→ ∞.
(b) Show that

P (Xn = k) = P (X = k)
{

1 +
k − (μ− k)2

2n
+O

(
1
n2

)}
.
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(c) Argue that B(n, μ/n) converges in distribution to P(μ) as n→ ∞.
(d) Using the next term of order n−1 in the expansion on the right-

hand side, argue that as n→ ∞,

P (Xn = k) > P (X = k)

when k is close to the mean μ, and that

P (Xn = k) < P (X = k)

for values of k further away from the mean.

18. In their textbook on mathematical statistics, Peter Bickel and Kjell
Doksum¶ declare that

Asymptotics has another important function beyond suggesting numer-
ical approximations .... If they are simple, asymptotic formulae suggest
qualitative properties that may hold even if the approximation itself is
not adequate.

What is meant by this remark?

¶ See Bickel and Doksum, Mathematical Statistics, Vol. 1, 2nd edition, Prentice
Hall, Upper Saddle River 2001, p. 300.



CHAPTER 2

General series methods

2.1 A quick overview

By an infinite series we shall mean an expression of the form

a0 + a1 + a2 + a3 + a4 + · · · ,
where each term aj is a real (or occasionally a complex) number. We
also write the series in the form

∑∞
j=0 aj or as

∑
aj when the limits of

the summation are clear from the context. (The range for the index j
may also be the strictly positive integers rather than the nonnegative
integers. The context dictates which choice or any other for that matter
is the most natural.) The sequence

s0 = a0, s1 = a0 + a1, s2 = a0 + a1 + a2, . . .

is called the sequence of partial sums of the series. When the sequence of
partial sums has a limit s = limn sn as n → ∞, we say that the infinite
series is convergent or summable, that its sum is s, or that it converges
to s. If the partial sums do not have a limit, the series is said to be
divergent. Divergent series are often subdivided into two types, namely
properly divergent series where limn sn = ∞ or limn sn = −∞, and
oscillatory series where limn sn does not exist, even among the extended
reals.

In most cases, the series that we shall consider will arise as formal expan-
sions of functions, and will be infinite sums of functions. By a function
series we mean an infinite series of the form

∞∑
j=0

aj(x) = a0(x) + a1(x) + a2(x) + · · ·

for some sequence of functions {aj(x)}. Letting sn(x) =
∑n
j=0 aj(x),

then the function series converges to s(x) where s(x) = limn sn(x) for
all x for which the limit is defined. The set of all x such that the limit
exists is called the domain of convergence of the series. Typically, the
terms of the series will be drawn from a family of functions of a particular

23
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type. For example, series of the form

a0 + a1 (x− c) + a2 (x− c)2 + a3 (x− c)3 + · · ·
are power series about c. An extended family of mathematical relatives of
power series are the series expansions into orthogonal polynomials which
have the form

a0 + a1 p1(x) + a2 p2(x) + a3 p3(x) + · · ·
where pj(x) is a polynomial of degree j. The particular orthogonality
condition used to define the polynomials will vary from application to
application, but can often be written in the form E [pj(X) pk(X)] = δjk
where X is a random variable with given distribution, and δjk is the
Dirac delta which equals one or zero as j = k or j �= k, respectively.

Another important type of series is the asymptotic series, which has the
form

a0 +
a1

x
+
a2

x2
+
a3

x3
+ · · ·

which is like a power series, but written out in terms of nonpositive
powers of x. We shall encounter the full definition of an asymptotic
series in Section 2.4.

Both asymptotic series and power series provide a sequence of approx-
imations where each approximant is a rational function. The sequence
sn(x) of approximants in each case can be thought of as a family of
functions indexed by a nonnegative integer value n. The family of ratio-
nal approximants to a function is naturally doubly indexed in the sense
that for any pair of nonnegative integers (m,n) we might seek a rational
approximant of the form p(x)/q(x), where deg p = m and deg q = n.
The theory of Padé approximants provides such an approximation with
the property that the resulting rational function, upon expansion in as-
cending powers of x, agrees with the power series to m+ n+ 1 terms or
more. This will be the subject of the next chapter.

2.2 Power series

2.2.1 Basic properties

One of the basic ideas of a function series is to expand a function whose
properties may be complex or unknown in terms of functions which
are well understood and have desirable properties. For example, power
series are ways of writing functions as combinations of functions of the
form (x−c)n. Such powers have algebraically attractive properties. Since
(x− c)n (x− c)m = (x− c)n+m we may quickly organise the terms of the
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product of two such series into a series of the same kind. Moreover, the
term-by-term derivative of a power series or the term-by-term integral
is also a power series.

Suppose that
∑∞
n=0 an (x − c)n is a power series. We define the radius

of convergence to be

r = lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣ (2.1)

when this limit exists, or, more generally, by the Cauchy-Hadamard for-
mula

r =
1

lim supn→∞
n
√| an |

. (2.2)

when the limit does not exist.∗ Note that both r = 0 and r = ∞ are
acceptable values. We observe the following.

1. When |x − c| < r the power series converges. When |x − c| > r, the
series diverges. At x = c± r, no general conclusion can be made. For
this reason, the open interval (c − r, c + r) is called the interval of
convergence.

2. Inside the interval of convergence, the power series can be differenti-
ated or integrated term by term. That is

d

dx

∞∑
n=0

an (x− c)n =
∞∑
n=1

n an (x− c)n−1 , (2.3)

and ∫ y

c

∞∑
n=0

an (x− c)n dx =
∞∑
n=0

an
n+ 1

(y − c)n+1 . (2.4)

3. The interval of convergence of the power series that results from dif-
ferentiating or integrating is the same as that of the original series.

4. Within the interval of convergence, let the power series converge to a
function f(x). Then an = f (n)(c)/n! for all n. With the coefficients
expressed in this form, the resulting series is called the Taylor series
for the function f(x). The Taylor series representation of a power
series is named after the mathematician Brook Taylor.

5. If
∑
an (x − c)n =

∑
bn (x − c)n for all x in some nonempty open

interval, then an = bn for all n.

∗ While the limit of a sequence of numbers may not exist, the limit superior–the
largest cluster point of the sequence–always exists. See Chapter 1 for a brief intro-
duction to limits superior and inferior. For more information, the reader is referred
to Spivak (1994).
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6. Any function f(x) which can be represented as a power series about
the value c for all x in some open interval containing c, is said to be
analytic at c. It can be shown that a function which is analytic at
some point is also analytic in some open interval that contains that
point.

7. A function which is analytic at every real value c is said to be an
entire function.

8. However, to be analytic–i.e., to have such a power series represen-
tation at a point–requires more than the existence of a Taylor series
about that point. If f(x) is infinitely differentiable at c, the Taylor
series for f(x) is defined about the point c. Nevertheless, this series
may not converge except for the trivial case where x = c. Even if the
Taylor series converges for all x in some open interval containing c,
then it may not converge to the function f(x), but rather to some
other function g(x), which is analytic at c. At x = c, we will have
f (n)(c) = g(n)(c), for all n. However, the derivatives need not agree
elsewhere.

Many standard functions have power series representations. To find the
Taylor expansion for a function f(x) in Maple we can use the taylor
command. For example,

> taylor(f(x), x = c, n)

produces the Taylor expansion of f(x) about x = c, out to order n. Thus

> taylor(exp(x), x = 0, 5)

yields

1 + x+
1
2
x2 +

1
6
x3 +

1
24
x4 +O(x5)

where the order term at the end is for the limit as x→ 0. More generally
for expansions about x = c, the final order term will be of the form
O((x− c)n) as x→ c. It is possible to obtain a coefficient from a power
series directly using the coeftayl command. For example, the command

> coeftayl(f(x), x = c, n)

provides the coefficient on the term with (x−c)n in the Taylor expansion
of a function or expression f(x) about x = c.

In addition to this command, which does not require that any special
package be invoked, there are a number of commands for the manipula-
tion of power series in the powseries package. This package can be called
using the command
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Brook Taylor (1685–1731)

In addition to his famous series, Brook Taylor worked on
finite differences and the mathematical theory of perspec-
tive.

“A study of Brook Taylor’s life and work reveals
that his contribution to the development of math-
ematics was substantially greater than the attach-
ment of his name to one theorem would suggest.”

Philip S. Jones, Dictionary of Scientific Biography,
Vol. 13, p. 267.
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> with(powseries)

whenever such manipulations are required. We shall consider this pack-
age in greater detail in Section 2.2.6.

2.2.2 Normal distribution function

To illustrate these ideas, we consider the power series representation
for the normal distribution function. Expanding in a power series about
zero, we have

exp
(−z2/2

)
= 1 − z2

2
+

1
2!

(
z2

2

)2

− 1
3!

(
z2

2

)3

+ · · ·

= 1 − z2

2
+
z4

8
− z6

48
+ · · · . (2.5)

Here, the coefficients have the form

a2n = (−1)n[n! 2n]−1 and a2n+1 = 0 .

Applying the Cauchy-Hadamard formula, we find that the radius of con-
vergence of this series is

r = lim
n→∞

2n
√
n! 2n

= ∞ . (2.6)

Thus the series converges for all z.

As mentioned above in item 2 of Section 2.2.1, we may freely integrate
term by term within the radius of convergence. Integrating term by term,
we obtain an expansion for the distribution function, namely

Φ(x) =
1
2

+
∫ x

0

1√
2 π

exp
(
−z

2

2

)
dz

=
1
2

+
1√
2π

(
x− x3

3 · 2 +
x5

5 · 2! · 22
− x7

7 · 3! · 23
+ · · ·

)
(2.7)

As we are integrating within the radius of convergence about zero, this
series also converges for all real values. For small values of |x|, partic-
ularly those less than one, the convergence of this series is quite rapid
with a small number of terms. However, when |x| is large, the conver-
gence can be quite slow, at least initially. Later in this chapter, we will
consider a different expansion which, in contrast, is particularly accurate
when |x| is large, and poor when |x| is small.
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2.2.3 Generating functions and power families

Let X be a nonnegative integer-valued random variable. For each n =
0, 1, 2, . . ., define πn = P (X = n). We define the probability generating
function of X to be

A(θ) = E
(
θX
)

= π0 + π1 θ + π2 θ
2 + π3 θ

3 + · · · , (2.8)

for all −r < θ < r, where r is the radius of convergence of the power
series. Since {πn ; n = 0, 1, 2, . . .} are probability weights, it can be
seen from the Cauchy-Hadamard formula that r ≥ 1.

Many of the standard properties of probability generating functions fol-
low easily from their representations as power series in θ. For example,
we may differentiate term by term at θ = 0 within the radius of conver-
gence to obtain

πn =
A(n)(0)
n!

.

Provided r > 1, we may differentiate the power series term by term at
θ = 1 to obtain E(X) = A′(1). This result generalises to the case where
r = 1, for which the more general formula

E(X) = lim
θ→1−

A′(θ)

can be shown. This equation is always valid provided that infinite values
are admitted on both sides.

It is possible to extend the distribution of X to a family of distributions
indexed by θ ∈ [0, r) called a power family as follows. For 0 ≤ θ < r, we
define

πn(θ) =
P (X = n) θn

A(θ)

=
πn θ

n

A(θ)
, n = 0, 1, 2, . . . .

It is easy to check that {πn(θ)} is a set of probability weights for every
0 < θ < r. The family of distributions on the nonnegative integers so
obtained is indexed by the parameter θ, and is called the power family
of distributions associated with X . The original distribution of X can
be recovered as the distribution of the power family with the parameter
value θ = 1.

To understand the geometrical features of such power family distribu-
tions, it is helpful to introduce a new set of coefficients. Let us write

A(θ) = π0

[
1 +

θ

ρ1
+

θ2

ρ1 ρ2
+ · · · +

θn

ρ1 ρ2 · · · ρn + · · ·
]
. (2.9)
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With this representation, a number of geometric and parametric features
of the power family distributions can be determined.

1. The Cauchy-Hadamard formula for the radius of convergence of A(θ)
tells us that this is determined by the limiting behaviour of the ge-
ometric mean of ρn, n ≥ 1. In particular, if ρn → r, then r is the
radius of convergence. More generally,

r = lim inf
n→∞

n
√
ρ1 ρ2 · · · ρn .

2. If ρn = c−1n, n = 1, 2, . . ., for some value of c > 0, then the distribu-
tion is Poisson with mean μ = c θ.

3. If ρn = c−1, n = 1, 2, . . ., where c < 1, then the distribution is geo-
metric with mean cθ/(1 − cθ).

4. If ρn is a strictly increasing function of n, then the distribution is
unimodal, with mode at ν = ν(θ) such that ρν < θ < ρν+1. In the
special case where 0 < θ < ρ1, the mode is at ν = 0.

5. Under the conditions above, the mode ν is a nondecreasing function
of θ.

6. Certain results relate the position ν = ν(θ) of the mode to the prob-
ability weight π̂(θ) = πν(θ) of the mode. In particular, under the
conditions of remark 3, above, we find that

ln π̂(θ) =
∫ θ

0

ν(θ)
t

dt+ ln π0(θ) , (2.10)

provided that π0(θ) �= 0. Under the conditions of remark 3, and the
additional condition that the radius of convergence of A(θ) is infinite,
we have

lim sup
θ→∞

ln ν(θ)
ln θ

= lim sup
θ→∞

ln ln π̂(θ)
ln θ

. (2.11)

2.2.4 The noncentral chi-square and F distributions

Let X1, . . . , Xn be independent normal random variables, all with unit
variance, but with nonzero means μ1, . . . , μn, respectively. Define δ =∑n

j=1 μ
2
j . Define also

U =
n∑
j=1

X2
j . (2.12)

We seek the distribution of U .
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Consider an orthogonal n× n matrix (ajk), and the transformation

Yj =
n∑
k=1

ajkXk , j = 1, . . . , n .

Since the Xj are independent normal random variables, and the linear
transformation is orthogonal, it follows that Y1, . . . , Yn are also inde-
pendent normal random variables, also having unit variances.

Of course, there is considerable choice in the coefficients of the orthogonal
transformation. Let us choose a transformation such that

E(Y1) = · · · = E(Yn−1) = 0 .

Let us set ν = E(Yn). Since the linear transformation is orthogonal, it
follows that

∑
j X

2
j =

∑
j Y

2
j . It is left to the reader to check that

ν =
√
μ2

1 + μ2
2 + · · · + μ2

n . (2.13)

If we define

V =
n−1∑
j=1

Y 2
j , W = Y 2

n , (2.14)

then V has a chi-square distribution with n − 1 degrees of freedom. So
V has density function

g(v) ∝ v(n−3)/2 exp(−v/2) , (2.15)

namely the G((n−1)/2, 1/2) density. Here the constant of integration is
ignored for the time being. Since Yn is N (ν, 1), we can easily determine
the density function of W = Y 2

n to be

h(w) ∝ 1
2
√
w

{
exp
[
−1

2
(
√
w −√

ν)2
]

+ exp
[
−1

2
(−√

w −√
ν)2
]}

,

(2.16)
for w > 0, again ignoring the constant of integration for the moment.

To find the density function for U , we introduce the change of variables
U = V +W and R = V/(V +W ), or

V = U R ,

(2.17)
W = U (1 −R) .

The absolute value of the Jacobian of the latter transformation (2.17) is
U , so that the desired marginal density f(u) of U is found by integrating
the joint density of U and R to obtain

f(u) ∝
∫ 1

0

g (u r) h (u− u r) u dr . (2.18)
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Unfortunately, the integral in (2.18) cannot be evaluated in simple form.
Therefore, we turn to an alternative power series representation of h(w).

Returning to formula (2.16) for the density of W , we can expand the
exponentials in power series to obtain

h(w) ∝ w− 1
2 exp

[
−1

2
(w + ν)

] ∞∑
j=0

(w ν)j

(2 j)!
. (2.19)

Inserting (2.19) into (2.18) gives us

f(u) ∝
∫ 1

0

exp
(
−u+ ν

2

)
u

n
2 −1 r

n
2 − 3

2 (1 − r)−
1
2

∞∑
j=0

uj (1 − r)j νj

(2 j)!
dr

= exp
(
−u+ ν

2

)
u

n
2 −1

∞∑
j=0

uj νj

(2 j)!

∫ 1

0

r
n
2 − 3

2 (1 − r)j−
1
2 dr

= exp
(
−u+ ν

2

)
u

n
2 −1

∞∑
j=0

uj νj

(2 j)!
Γ
(
n−1

2

)
Γ
(
j + 1

2

)
Γ
(
n
2 + j

) . (2.20)

It remains to determine the constant of proportionality. Note that the
parameter ν only appears in the formula for f(u) through the density
h(w) given in (2.16). However, in (2.16) the constant of proportionality
does not depend upon ν. It follows therefore that the constant of pro-
portionality in (2.20) also does not depend upon ν. So we can determine
the constant by setting ν = 0, where the distribution of U is known to
be precisely chi-square with n degrees of freedom. Plugging this constant
in, we obtain

f(u) = 2−
n
2 exp

(
−u+ ν

2

)
u

n
2 −1

∞∑
j=0

uj νj

(2 j)!
Γ
(
j + 1

2

)
Γ
(

1
2

)
Γ
(
n
2 + j

)

= 2−
n
2 exp

(
−u+ ν

2

)
u

n
2 −1

∞∑
j=0

(u ν)j

22 j j! Γ
(
n
2 + j

) . (2.21)

It can be checked that the power series in u ν in formula (2.21) converges
for all values of u and ν.

The random variable U is said to have a noncentral chi-square distribu-
tion with n degrees of freedom and noncentrality parameter ν. We shall
write this distribution using the notation X (n, ν). In the particular case
ν = 0, formula (2.21) reduces to the usual formula for the density func-
tion of the chi-square distribution with n degrees of freedom, which we
write as X (n). The noncentral chi-square distribution can arise in hy-
pothesis testing when the asymptotic distribution of a test statistic is
governed by some general parameter value under the alternative hypoth-
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esis. In this case, the null hypothesis is usually associated with the value
ν = 0, where the test statistic has an asymptotic chi-square distribution.

Also of fundamental importance in hypothesis testing is the noncentral
version of the F distribution which we shall define next. Suppose that
U1 and U2 are independent noncentral chi-square random variables with
degrees of freedom n1 and n2, and noncentrality parameters ν1 and ν2,
respectively. We say that the random variable

S =
U1/n1

U2/n2
(2.22)

has a noncentral F distribution with (n1, n2) degrees of freedom, and
noncentrality parameters (ν1, ν2).

Using methods similar to those leading to formula (2.21), it can be shown
that the random variable S has density function

f(s) = (n2 + n1s)j+k−(n1+n2)/2 ×

∞∑
j=0

∞∑
k=0

Γ
(
n1 + n2

2
+ j + k

)
n
n1/2+j
1 n

n2/2+k
2 νj1 ν

k
2 s

n1/2+j−1

exp
(
ν1 + ν2

2

)
2j+k Γ

(n1

2
+ j
)

Γ
(n2

2
+ k
) .

Like the chi-square distributions, the F distributions arise as the dis-
tributions of test statistics. For example, when testing for the equality
of variances between two different normal populations, it is natural to
obtain two samples and to compare the two sample variances by tak-
ing their ratio. The family of F distributions is even more important in
experimental design, where the test statistic

F =
MSTreatment

MSError
,

the ratio of the treatment mean square to the error mean square, has an
F distribution under the null hypothesis of no treatment effect. Under
the alternative hypothesis, the treatment sum of squares has a noncentral
chi-square distribution, making the ratio a noncentral F .

2.2.5 Moments and cumulants

Our next example illustrates how power series can be used to calculate
the moments of a distribution as functions of its cumulants. Let X be a
random variable with moment generating function

M(t) = E
(
etX
)
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and cumulant generating function

K(t) = ln [M(t) ] .

For r = 1, 2, 3, . . ., the r-th moment μr and cumulant κr can be defined
through the series expansions

M(t) = 1 + μ1 t+ μ2
t2

2!
+ μ3

t3

3!
+ · · · + μr

tr

r!
+ · · ·

(2.23)

K(t) = κ1 t+ κ2
t2

2!
+ κ3

t3

3!
+ · · · + κr

tr

r!
+ · · ·

While the moments of a random variable have a simpler interpretation
than the cumulants, the cumulants are often mathematically easier to
work with. In particular, the cumulants have an additive property for
sums of independent random variables: if X1, . . . , Xn are independent
with r-th cumulants κ1r, . . . , κnr, respectively, then X1+ · · ·+Xn has r-
th cumulant

∑n
j=1 κjr. This property makes the calculation of cumulants

for sums of random variables particularly easy. So to calculate the mo-
ments of random variables, it is often useful to calculate the cumulants
first, and then to convert these cumulants into moments. To find the re-
lationship between cumulants and moments, we write M(t) = exp[K(t)],
or

1 + μ1t+
μ2t

2

2
+ · · · = exp

(
κ1

t

1!
+ κ2

t2

2!
+ κ3

t3

3!
+ · · ·

)

= exp
(
κ1

t

1!

)
exp
(
κ2
t2

2!

)
exp
(
κ3
t3

3!

)
· · ·

=
∞∏
r=1

(
1 +

κrt
r

r!
+

κ2
rt

2r

2!(r!)2
+ · · ·

)
. (2.24)

The next step is to expand out the right-hand side of (2.24) and to collect
terms with common powers of t. In this way, we can write this expanded
expression as a power series by organising the lowest powers of t first in
the summation. Our identity becomes

1+μ1t+
μ2t

2

2!
+
μ3t

3

3!
· · · = 1+κ1t+

(κ2
1 + κ2)t2

2!
+

(κ3 + 3κ1κ2 + κ3
1)t3

3!
· · · .

Since these two power series are equal, their coefficients can be equated.
Thus μ1 = κ1, μ2 = κ2

1 + κ2, and so on. Problem 7 at the end of the
chapter asks the reader to derive the formula for μr in terms of cumulants
for 1 ≤ r ≤ 5. To write the cumulants in terms of the moments, we can
invert these equations step by step by hand. Alternatively, we can invert
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the power series so that

κ1t+
κ2t

2

2!
+
κ3t

3

3!
· · · = ln

(
1 +

μ1t

1!
+
μ2t

2

2!
+
μ3t

3

3!
+ · · ·

)

=
∞∑
j=1

(−1)j−1

(
μ1t
1! + μ2t

2

2! + μ3t
3

3! · · ·
)j

j
.

Once again, we expand the right-hand side and gather terms with com-
mon powers of t. Equating coefficients on the right-hand side with coef-
ficients on the left-hand side, we can show that

κ1t+
κ2t

2

2!
+
κ3t

3

3!
· · · = μ1t+

(μ2 − μ2
1)t2

2!
+

(μ3 − 3μ1μ2 + 2μ3
1)t3

3!
· · · .

Therefore κ1 = μ1, κ2 = μ2 − μ2
1, and so on. Again, see Problem 7.

The general formulas relating moments and cumulants can be found from
Faà di Bruno’s formula† for the higher derivatives of the composition of
two functions. This formula, which is a generalisation of the chain rule,
is not particularly convenient for numerical work. It is more practical to
calculate moments or cumulants recursively. A formula that is easy to
program is

μn − κn =
n−1∑
j=1

(
n− 1
j − 1

)
κj μn−j , (2.25)

which gives the moment μn (respectively, κn) in terms of the cumulant
κn (respectively, μn) and previous moments and cumulants.

When programming in Maple, it is worth noting that (2.25) need not be
coded directly. This is because Maple possesses the powseries package,
which allows these sorts of manipulations of power series with ease. This
package is discussed immediately below. The reader who wishes to see
how to apply the powseries package to convert cumulants to moments
or vice versa should go to Section 4 of Chapter 4, where the method is
discussed in the context of the implementation of the delta method in
Maple.

2.2.6 Power series in Maple: a worked example

Expanding out a series is sometimes a tedious business. Fortunately, this
tedious work can be performed in Maple using the powseries package.
To invoke this package, we use the command

† Francesco Faà di Bruno was an Italian mathematician who was beatified by Pope
John Paul II in 1988.



36 GENERAL SERIES METHODS

> with(powseries)

at the command prompt. The commands of this package allow the quick
manipulation of formal power series.

In order to understand how the commands in the powseries package
are to be used, let us work through a particular example that requires
power series manipulations. Suppose a fair coin is tossed independently
until two heads appear in immediate succession for the first time. It is
well known that the number of tosses required to obtain two heads has a
negative binomial distribution. However, we typically have to wait longer
if we want the heads to be in immediate succession. Let X + 2 denote
the number of tosses required. For example, if the sequence is

H T T H T H H · · ·
then X = 5. Clearly, X can take any nonnegative integer value. Let
pn = P (X = n). It is easy to see that p0 = 1

4 , and that p1 = 1
8 , by

simply enumerating the possible outcomes for two or three tosses. After
that, the cases get more difficult. However, it is possible to construct a
simple recursion for values of pn beyond that. We have

pn =
1
2
pn−1 +

1
4
pn−2 . (2.26)

See Problem 10 at the end of the chapter. From this recursion, the prob-
ability generating function

A(θ) = p0 + p1 θ + p2 θ
2 + · · ·

for X can be created in Maple using the powcreate command

> powcreate

(
p(n) = p(n− 1)

2 + p(n− 2)
4 , p(0) = 1

4 , p(1) = 1
8

)

as displayed. More generally, the coefficients of a formal power series can
be generated using a series of equations which form the arguments of
powcreate. The first of these equations gives a formula for the coefficient
on the general term. Subsequent equations provide initial assigned values
of the coefficients. In case there is any disagreement between the general
formula and the assigned values, the assigned values always override the
general formula.

Note that this formal power series has no assigned variable for its powers.
To assign this, we have to turn the formal power series into an ordinary
expression using the tpsform command. Thus

> tpsform(p, θ, 5)
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generates the output
1
4

+
1
8
θ +

1
8
θ2 +

3
32
θ3 +

5
64
θ4 +O(θ5).

The first argument in tpsform specifies the coefficient function, the sec-
ond argument the variable of the power series, and the optional third
argument the degree. If the degree is omitted, the default value of n = 6
is used.

By inspection, we can conclude that pn = 2−(n+2) Fn+1, where Fk is
the k-th Fibonacci number. We get some insight into the probability
generating function for X if we take the reciprocal of the formal series,
using

> tpsform(inverse(p), θ, 5)

which leads to the output

4 − 2 θ − θ2 +O(θ5) .

Playing with the degree a bit, we see that the order term at the end is
really zero. So the probability generating function of X is

A(θ) = E(θX)
= (4 − 2 θ − θ2)−1 . (2.27)

The command inverse is one of many commands in the powseries package
which act like ordinary functions, but are defined on formal power series
instead. Commands such as inverse, powexp, powsin, powcos, and so
on perform formal operations on power series that correspond to the
associated functions, namely inversion, exponentiation, application of a
trigonometric function, etc. Rather than returning a real number as an
ordinary function does, these commands return another formal power
series.

2.2.7 Power series involving operators

There is a close relationship between the Taylor expansion of a func-
tion and an operation known as the exponential tilt. Let ∂ denote the
differentiation operator

∂ : f �→ f ′

which takes any differentiable function f and returns its derivative. We
represent higher order derivatives with a formal power notation as

(∂nf)(x) = ∂[∂n−1f ](x)
= f (n)(x) .
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We can also multiply ∂n by a constant c that does not depend upon x
using the formula

[(c ∂n) f ] (x) = c f (n)(x) .

Continuing in this way, we can build up linear combinations of such
operators, with formulas such as

[(c1 ∂n + c2 ∂
m) f ] (x) = c1 f

(n)(x) + c2 f
(m)(x) .

By extending such formalism, we can construct polynomials and power
series of operators such as ∂.

With this in mind, let us consider an operator whose formal representa-
tion is T y1 = exp(y ∂), where we interpret the exponential function as a
power series about zero in y ∂. So we can write

exp(y ∂) = 1 + y ∂ +
y2∂2

2!
+
y3∂3

3!
+ · · · .

This expansion can be interpreted by applying each side to some func-
tion. Applying this operator formally to a function f and evaluating at
x, we get

(T y1 f) (x) =
[(

1 + y ∂ +
y2∂2

2!
+
y3∂3

3!
+ · · ·

)
f

]
(x)

= f(x) + y f ′(x) +
y2 f ′′(x)

2!
+
y3 f ′′′(x)

3!
+ · · · ,

which is simply the Taylor expansion for f(x+ y). Thus the exponential
of the differentiation operator is the shift operator, and we may write

exp(y ∂)f(x) = f(x+ y) . (2.28)

Suppose f(x) is a probability density function. If we think in terms
of statistical models, then we can see that this exponential operator
generates a location model.

Note that the exponent y which appears in the notation T y1 is formally
justified by the identity

T y+z1 = T y1 T
z
1 .

The multiplication of operators on the right-hand side is to be under-
stood as operator composition.

More generally, the operator

T yn = exp
(
y ∂n

n!

)

is associated with shifts in the n-th cumulant of the distribution. To see
that this is the case, let us consider the moment generating function of
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a transformed density. Suppose a distribution with density f(x) has mo-
ment generating function M(t) and cumulant generating function K(t).
Correspondingly, let (T ynf)(x) have moment generating function M∗(t)
and cumulant generating function K∗(t). For notational convenience, let
us write z = y/n! so that T yn = exp(z ∂n). We have

M∗(t) =
∫ +∞

−∞
et x (T ynf)(x) dx

=
∫ +∞

−∞
et x

∞∑
j=0

zj∂nj

j!
f(x) dx

=
∞∑
j=0

zj

j!

∫ +∞

−∞
et xf (nj)(x) dx

=
∞∑
j=0

zj

j!
(−1)nj tnj

∫ +∞

−∞
et xf(x) dx (See Problem 12)

=
∞∑
j=0

[z (−t)n]j

j!
M(t)

= M(t) exp[z (−t)n] . (2.29)

One of the steps above is left as Problem 12 at the end of the chapter
for the reader to verify when sufficient regularity holds. Now taking the
logarithm of both sides of the equation (2.29), we obtain the relationship
between the cumulant generating functions K(t) and K∗(t), namely

K∗(t) = K(t) + z (−t)n .
We can write out K(t) + z (−t)n and K∗(t) as power series in t. Since
these two series are equal, we can equate their coefficients, which yields
a set of equations for the respective cumulants. So

κ∗j = κj for j �= n

and

κ∗n = κn + (−1)n n! z
= κn + (−1)n y .

Continuing along these lines, we see that we can write down formal ex-
pressions for operators that shift two or more cumulants simultaneously.
For example, the operator

exp
(
y ∂m

m!
+
z ∂n

n!

)
= exp

(
y ∂m

m!

)
exp
(
z ∂n

n!

)
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is the composition of two shifts on the m-th and n-th cumulants, respec-
tively.

This idea leads to the following general formula. Suppose X and X∗

are two random variables having cumulants of all orders κj and κ∗j ,
respectively. Let X and X∗ have respective densities f(x) and f∗(x).
Then we obtain the formal expansion

f∗(x) = exp

⎡
⎣ ∞∑
j=1

κ∗j − κj

j!
(−∂)j

⎤
⎦ f(x) . (2.30)

See Problem 13. This formula also extends to functions which are not
normalised to integrate to one. But in this case the summation operator
in the exponential must include the “zero-th cumulant” term where j =
0.

It cannot be too strongly emphasised that the expansion in (2.30) is
derived by formal manipulations alone. We can make no claims that
the expansion on the right-hand side will converge in general. Nor can
we conclude that, if it converges, it will converge to the left-hand side.
Indeed, it is not even clear in what order we should sum the terms of
the exponential upon further expansion. As well shall see, there is an
important special case of this expansion due to F. Y. Edgeworth. We
will obtain this Edgeworth expansion as an approximation to a saddle-
point expansion in Chapter 7.

2.3 Enveloping series

2.3.1 Definition and properties of enveloping series

A series
∑
an will be said to envelop a number t when, for every n =

0, 1, 2, . . ., there exists 0 < ξn < 1 such that the equality

t = (a0 + a1 + · · · + an) + ξn an+1 (2.31)

is satisfied. We shall denote the fact that the series
∑
an envelops t by

writing this as
∑
an � t. Generally, we will say that a series is enveloping

if there is some number t which it envelops. The enveloping of a number
by a series is closely related to convergence. However, an enveloping
series may converge or diverge. The following can be easily verified.

1. If
∑
an � t, then t will lie between any two successive partial sums.

2. If the series converges and also envelops a value t, then it must con-
verge to t.
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3. An enveloping series is an alternating series. That is, the terms alter-
nate in sign.

4. Note that not every alternating series is enveloping.

However, the following holds.

Proposition 1. If an alternating series is of the form a0 − a1 + a2 −
a3 + · · ·, where a0 > a1 > a2 > · · · > 0, then the series is enveloping.
Furthermore, if an → 0, then the series envelops a unique value t to
which it converges.

Proof. See Problem 16.

Proposition 2. Let y > 0. Suppose the following hold.

1. The function f(x) has derivatives of all orders for all x in the interval
[x0, x0 + y].

2. For all n ≥ 1, the derivatives | f (n)(x) | are strictly decreasing in x
over the interval [x0, x0 + y].

Then for all x ∈ [x0, x0 + y],

f(x0) +
f ′(x0)

1!
(x− x0) +

f ′′(x0)
2!

(x− x0)2 + · · · � f(x) .

The conclusion also follows if f(x) has derivatives of all orders for all
x in [x0 − y, x0], and | f (n)(x) | are all strictly increasing in the interval
[x0 − y, x0].

Proof. This follows from Taylor’s theorem with the Lagrange form of
the remainder. The proof is left for the reader as Problem 17.

While an enveloping series does not necessarily converge, it has some de-
sirable features. When we need to compute a function from an expansion
which envelops the function, we can put exact upper and lower bounds
on the error, since the function must lie between any two successive par-
tial sums. Moreover, the error obtained by terminating the expansion at
the n-th step is bounded in absolute value by the absolute value of the
(n+ 1)-st term. Thus even a diverging series which envelops a function
can be used for computation provided that at least one term of the series
is sufficiently small.
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2.3.2 Application to the exponential density

We consider the Taylor expansion of the probability density function
f(x) of an exponential distribution with mean μ > 0. We can write

f(x) =
1
μ

exp
(
−x
μ

)
, x ≥ 0,

=
1
μ
− x

μ2
+

x2

2μ3
− x3

6μ4
+

x4

24μ5
− · · · (2.32)

This is an alternating series for positive x. Taking successive derivatives,
we see that ∣∣∣f (n)(x)

∣∣∣ = 1
μn+1

exp
(
−x
μ

)
(2.33)

which is a decreasing function of x. It follows from Proposition 2 that

1
μ
− x

μ2
+

x2

2μ3
− x3

6μ4
+

x4

24μ5
− · · · �

1
μ

exp
(
−x
μ

)
. (2.34)

So the series envelops the exponential density.

2.3.3 Application to the normal density

Using Proposition 2, it is possible to build enveloping series for a function
even when the function does not satisfy the conditions of the proposition.
The following example shows how this can be applied to the density
function for the normal distribution.

The probability density function of the normal distribution with mean
μ and variance σ2 has the form

f(x) =
1√

2 π σ
exp
[
− (x− μ)2

2 σ2

]
. (2.35)

Expanding f(x) about the point μ we get

f(x) =
1√

2 π σ

∞∑
n=0

(−1)n
(x− μ)2n

2n n!σ2n
. (2.36)

Figure 2.1 shows the sucessive polynomial approximations to f(x) up to
degree four that are obtained from the partial sums of this expansion
for the special case μ = 0 and σ2 = 1. As can be seen, the Taylor
expansion is an enveloping series. In order to apply Proposition 2, we
write f(x) = g[h(x)], where

g(u) =
1√

2 π σ
exp(−u) , and h(x) =

(x − μ)2

2 σ2
.
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Figure 2.1 Enveloping polynomials (dashed lines) to the normal density (solid
line)

It can be seen that g(u) satisfies the conditions in part 1 of Proposition
2. So

1√
2 π σ

∞∑
n=0

(−1)n
(x− μ)2n

2n n!σ2n
� g[h(x)] = f(x) .

2.3.4 Expansions for normal tail probabilities

In our next example, we consider the problem of finding a series expan-
sion for the distribution function of the normal. Let φ(x) denote the
probability density function of the standard normal distribution, and
let Φ(z) denote its cumulative distribution function. We shall restrict
attention to the case z > 0. We can write

1 − Φ(z) =
∫ ∞

z

φ(x) dx . (2.37)

Now ∫ ∞

z

φ(x) dx =
∫ ∞

z

1√
2 π

exp
(
−x

2

2

)
dx

=
∫ ∞

z

(
x−1 1√

2 π

) [
exp
(
−x

2

2

)
xdx

]
.

The expression in square brackets can be integrated in closed form. So
we apply integration by parts to obtain∫ ∞

z

(
x−1 1√

2 π

) [
exp
(
−x

2

2

)
xdx

]
=
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Figure 2.2 Enveloping approximations for the normal tail probability

φ(z)
z

−
∫ ∞

z

(
x−3 1√

2 π

) [
exp
(
−x

2

2

)
xdx

]
.

Since the integral on the right-hand side is positive, the expression φ(z)/z
is an upper bound for the required tail probability. Note that this integral
remainder is of the same form as our original integral. Thus we can apply
the same trick again using integration by parts to obtain

1 − Φ(z) =
φ(z)
z

− φ(z)
z3

+
∫ ∞

z

(
3 x−5 1√

2 π

) [
exp
(
−x

2

2

)
xdx

]
.

Once again, the integral is positive. So the first two terms sum to a
lower bound for the required probability. We can continue indefinitely in
this fashion to obtain a formal infinite series. Since the partial sums are
alternately upper and lower bounds, the entire series is an enveloping
series. Thus

φ(z)
z

[
1 − 1

z2
+

3
z4

− 3 · 5
z6

+
3 · 5 · 7
z8

− · · ·
]

� 1 − Φ(z). (2.38)

Figure 2.2 shows the first four partial sums plotted as a function of the
variable z.

There are two ways of studying the asymptotic properties of this expan-
sion. The first way is to add up only a finite number of terms in the
sum, and see how the partial sum of those terms behaves as z → ∞. For
example, suppose we set

sn(z) =
φ(z)
z

[
1 − 1

z2
+

3
z4

− · · · + (−1)n−1 3 · 5 · 7 · · · (2n− 3)
z2n−2

]
.

As z → ∞, the behaviour of sn(z) appears to be quite satisfactory.
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This can be seen graphically in Figure 2.2, for sn(z), n ≤ 4. To see this
analytically, it suffices to use the fact that the series is enveloping. For
example, when n = 1, we see that s1(z) ≥ 1−Φ(z) and s2(z) ≤ 1−Φ(z).
Therefore,

1 − z−2 ≤ 1 − Φ(z)
s1(z)

≤ 1 .

When z → ∞, the left-hand side goes to one. So the ratio in the middle
is squeezed between the bounds and must also go to one. Even tighter
bounds are obtained when more terms are included.

The second way to study the asymptotic properties of this expansion is
to fix the value of z and to consider the limiting behaviour of sn = sn(z)
n→ ∞. When z ≤ 1 the series clearly diverges because the terms of the
series do not go to zero. Suppose z > 1. As n→ ∞, the denominator of
the n-th term goes to infinity exponentially. However, the numerator of
the n-th term goes to infinity factorially, which is faster than exponential
growth. So the series also diverges when z > 1, because, once again, the
terms do not go to zero. This strange behaviour can be summarised by
stating as follows.

1. As z → ∞ with n fixed, the value of the partial sum sn(z) is asymp-
totically “correct.”

2. As n→ ∞, with z fixed, the series diverges.

In the next section, we shall see that the behaviour of this series is typical
of what are called asymptotic series, which usually diverge as more and
more terms are added up.

Nevertheless, this enveloping series is useful for computation of tail prob-
abilities when z ≥ 3. For example, using the enveloping property, we
have

max(s2, s4, s6, · · ·) ≤ 1 − Φ(z) ≤ min(s1, s3, s5, . . .) .

So for z = 3, say, this reduces to

0.001337 ≤ 1 − Φ(3) ≤ 0.001361 .

We might average these upper and lower bounds to obtain our “best”
approximation for the probability, namely 1−Φ(3) ≈ 0.001349. Surpris-
ingly, even for a value of z as low as this, the approximation to the tail
probability is correct to five decimal places.

From the calculations above, we have seen that the ratio

Ψ(z) =
1 − Φ(z)
φ(z)

(2.39)
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can be written as an enveloping series involving negative powers of z.
It is known as Mills’ ratio although its properties had been investigated
earlier than 1926, when it was studied by Mills. As we shall see later
in the next chapter, the first tables of the standard normal distribution
function were based upon rational approximations of this ratio.

2.3.5 Tail expansions for characteristic functions

The trick that we used in the previous example to generate an enveloping
series used integration by parts. It turns out that integration by parts can
be used on a wide variety of integrals to produce enveloping series. Often
these series will be divergent. But as we have seen, the divergence of a
series need not be a complete impediment to its use! Our final example of
this section examines an expansion for the characteristic function using
integration by parts. Suppose that X is a positive random variable with
probability density function f(x) for x ≥ 0. The characteristic function
is given by

E
[
ei tX

]
=

∫ ∞

0

ei t x f(x) dx

=
∫ ∞

0

cos(t x) f(x) dx + i

∫ ∞

0

sin(t x) f(x) dx ,

where i =
√−1. Let t �= 0 . Integrating by parts, we see that∫ ∞

0

ei t x f(x) dx =
[
f(x)

ei t x

i t

]∞
0

− 1
i t

∫ ∞

0

ei t x f ′(x) dx .

Provided that limx→∞ f(x) = 0, the expression f(x) ei t x will also van-
ish in the limit as x → ∞. Let us assume that this holds, and that
additionally

lim
x→∞ f (n)(x) = 0 for all n = 0, 1, 2, . . . .

Integrating by parts,∫ ∞

0

ei t x f(x) dx =
i f(0)
t

+
i

t

∫ ∞

0

ei t x f ′(x) dx

=
i f(0)
t

+
i

t

[
i f ′(0)
t

+
i

t

∫ ∞

0

ei t x f ′′(x) dx
]

=
i f(0)
t

− f ′(0)
t2

− i f ′′(0)
t3

+
f ′′′(0)
t4

+ · · · .
At this stage, the last equality must be treated with suspicion, because
the integral remainder obtained at each successive step need not go to
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zero. Even when the infinite series converges, it may not converge to the
characteristic function. However, suppose we break up the expansion
into its real and imaginary components. Provided that

• for every n ≥ 0, the function |f (n)(x)| decreases monotonically to zero
as x→ ∞,

we find that the resulting series which form the real and imaginary parts
are enveloping. This follows from the fact that the integral remainder
terms for the real and imaginary components of the series have alternat-
ing signs. Thus

−f
′(0)
t2

+
f ′′′(0)
t4

− f (v)(0)
t6

+ · · · �

∫ ∞

0

cos(t x) f(x) dx , (2.40)

and

f(0)
t

− f ′′(0)
t3

+
f (iv)(0)
t5

− · · · �

∫ ∞

0

sin(t x) f(x) dx (2.41)

A similar expansion is available for the moment generating function of
X . Using the integration by parts technique as before, we find that

f(0)
t

+
f ′(0)
t2

+
f ′′(0)
t3

+ · · · �

∫ ∞

0

e−t x f(x) dx (2.42)

when t > 0. In this case, the derivatives alternate in sign.

This last example suggests that the definition of an enveloping series
can be extended to series whose terms are complex numbers. We shall
say that a complex series a0 + a1 + a2 + · · · weakly envelops a complex
number s if

|s− (a0 + a1 + · · · + an)| < |an+1| (2.43)

for all n ≥ 0. If the real and imaginary parts of the series are enveloping in
our original sense, then the complex series is weakly enveloping as defined
above. Moreover, a weakly enveloping series with real terms whose terms
are strictly monotone decreasing in absolute value will be enveloping.

2.4 Asymptotic series

2.4.1 Definition and properties of asymptotic series

In some previous examples, we have found that the series expansion of
the function has the form

a0 +
a1

x
+
a2

x2
+
a3

x3
+ · · · + an

xn
+ · · · . (2.44)
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Let sn(x) =
∑n
j=0 aj x

−j be the sum of the first n + 1 terms of this
series. We shall say that the given series is an asymptotic series‡ for a
function f(x) if, for every n ≥ 0,

lim
x→∞xn[f(x) − sn(x)] = 0 . (2.45)

In order notation, this can be written as

f(x) = a0 +
a1

x
+
a2

x2
+ · · · + an

xn
+ o(x−n) , as x→ ∞ ,

for all n ≥ 0. When this is the case, we shall write

f(x) ∼ a0 +
a1

x
+
a2

x2
+
a3

x3
+ · · · . (2.46)

Suppose we let rn(x) = f(x) − sn(x) be the remainder after summing
n+ 1 terms. Then for an asymptotic series, we have

lim
x→∞xn rn(x) = 0 , where n is fixed,

even though it is also quite commonly the case that

lim
n→∞ |xn rn(x)| = ±∞ , where x is fixed,

in addition. The second of these two limits occurs so commonly with
asymptotic series that it is occasionally taken as additional part of the
definition. However, it is quite unnecessary to assume it when defining
an asymptotic series.

When we considered enveloping series in Section 2.3, a number of expan-
sions appeared that looked formally like the asymptotic series defined
above. For example, the series for Mills’ ratio Ψ(z) that we considered
in Section 2.3.4 is asymptotic as well as enveloping. To check that the
series is enveloping, it is only necessary to show that the remainder term
is alternating in sign. However, to check that the series is asymptotic, it
is necessary to study the order of the remainder term more carefully. We
will consider this in greater detail in Section 2.4.2 below. At this point,
let us simply note that

Ψ(z) ∼ 1
z
− 1
z3

+
3
z5

− 3 · 5
z7

+
3 · 5 · 7
z9

− · · · .
It is quite common to find that series are both asymptotic and envelop-
ing, although the definitions of each are quite distinct.

When f(x) = g(x)/h(x), we shall also find it convenient to write

g(x) ∼ h(x)
[
a0 +

a1

x
+
a2

x2
+
a3

x3
+ · · ·

]
.

‡ Although asymptotic series have been studied for centuries by James Stirling,
Colin Maclaurin and Leonhard Euler, the basic definition given here is due to
Henri Poincaré in Acta Mathematica, Vol. 8, (1886), pp. 295–344.
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Using this notation, we have

1 − Φ(z) ∼ φ(z)
z

[
1 − 1

z2
+

3
z4

− 3 · 5
z6

+
3 · 5 · 7
z8

− · · ·
]
.

The following observations can be made about asymptotic series:

1. An asymptotic series for f(x) is uniquely determined in the sense that

f(x) ∼ a0 +
a1

x
+
a2

x2
+
a3

x3
+ · · · and

f(x) ∼ b0 +
b1
x

+
b2
x2

+
b3
x3

+ · · ·
implies that an = bn for all n ≥ 0.

2. However, the asymptotic series does not uniquely determine f(x) in
the sense that it is possible to have

f(x) ∼ a0 +
a1

x
+
a2

x2
+
a3

x3
+ · · · and

g(x) ∼ a0 +
a1

x
+
a2

x2
+
a3

x3
+ · · ·

for two functions such that f(x) �= g(x) for all x.

The first of the statements follows from the fact that the coefficients of
the asymptotic series can be determined recursively by the behaviour of
f(x) at infinity. Thus,

a0 = lim
x→∞ f(x)

a1 = lim
x→∞x [f(x) − a0]

a2 = lim
x→∞x2 [f(x) − (a0 + a1 x

−1)]

and so on. To see that a given asymptotic series does not uniquely de-
termine a function, it is sufficient to note that f(x) = e−x and g(x) ≡ 0
both have the same asymptotic series.

Asymptotic series behave in some ways like power series with a few
important differences. As with power series, the term-by-term sum of
two asymptotic series for two respective functions is an asymptotic series
for the sum of the two functions. Similarly, if

f(x) ∼ a0 +
a1

x
+
a2

x2
+ · · · and g(x) ∼ b0 +

b1
x

+
b2
x2

+ · · ·
then

f(x) g(x) ∼ a0 b0 +
a0 b1 + b0 a1

x
+
a0 b2 + a1 b1 + a2 b0

x2
+ · · · . (2.47)

Additionally we note that the rules for raising a series to a power are
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similar for asymptotic series to the ones for power series. The proofs
of these results are similar to those for power series. Asymptotic series
can also be integrated term by term provided certain restrictions are in
place. The following proposition illustrates this.

Proposition 3. Let f(x) ∼ a2 x
−2 + a3 x

−3 + · · ·. Then for y > 0,∫ ∞

y

f(x) dx ∼ a2

y
+

a3

2 y2
+

a4

3 y3
+ · · · . (2.48)

Proof. Let sn(x) =
∑n

k=2 ak x
−k. Note that∫ ∞

y

sn(x) dx =
a2

y
+

a3

2 y2
+

a4

3 y3
+ · · · + an

(n− 1) yn−1
. (2.49)

Now it follows from (2.45) that for all ε > 0, there exists an x0 > 0 such
that |f(x) − sn(x)| < εx−n, for all x > x0. So when y > x0,∣∣∣∣

∫ ∞

y

f(x) dx −
∫ ∞

y

sn(x) dx
∣∣∣∣ ≤

∫ ∞

y

|f(x) − sn(x)| dx

<

∫ ∞

y

ε x−n dx

=
ε

(n− 1)yn−1
.

Since ε can be arbitrarily small, the left-most expression can be made
arbitrarily close to zero for y sufficiently large.

Although an asymptotic series can be integrated term-by-term, it cannot
generally be differentiated term-by-term. Consider the function

f(x) = e−x sin (ex) .

This function and its derivative are plotted in Figure 2.3. On the left-
hand side, the function f(x) is plotted. On the right-hand side, the
derivative of the same function is shown. While f(x) has an asymptotic
series–its coefficients are all zero–the derivative of f(x) does not.

2.4.2 An application to Mills’ ratio

In Section 2.3.4, we derived an enveloping series for the tail of the normal
distribution function and for Mills’ ratio

Ψ(z) =
1 − Φ(z)
φ(z)
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Figure 2.3 A function whose asymptotic series cannot be differentiated term-
by-term. Left: the function. Right: the derivative of the function

using integration by parts. This series can also be shown to be an asymp-
totic series, so that

Ψ(z) ∼ 1
z
− 1
z3

+
3
z5

− 3 · 5
z7

+
3 · 5 · 7
z9

− · · · (2.50)

To prove that this is an asymptotic series for Ψ(z), we can examine the
integral remainder terms for the series. We have

Ψ(z) =
1
z
− 1
z3

+ · · · + (−1)n−1 3 · 5 · · · (2n− 3)
z2n−1

+ (−1)n
3 · 5 · · · (2n− 1)

φ(z)

∫ ∞

z

x−2n φ(x) dx. (2.51)

So it is sufficient to show that for all n,

lim
z→∞

z2n−1

φ(z)

∫ ∞

z

x−2n φ(x) dx = 0 . (2.52)

The verification of this limit is left to Problem 19.

2.4.3 Power series in x−1

The expansion of a function f(x) in an asymptotic series results in a
power series in x−1. Are power series in x−1 automatically asymptotic
series?

Suppose f(x) is defined for all x > c ≥ 0, and that f(x) is analytic at
infinity. So g(x) = f(1/x) is defined for all 0 < x < c−1, and may be
extended to a function which is analytic at zero. So g(x) can be expressed
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as a convergent power series

g(x) = a0 + a1 x+ a2 x
2 + a3 x

3 + · · ·
in some neighbourhood of the origin, and

g(x) = a0 + a1 x+ · · · + an x
n + o(xn) (2.53)

as x→ 0. We can replace x by x−1 in these expansions so that f(x) has
series representation

f(x) = a0 +
a1

x
+
a2

x2
+
a3

x3
+ · · ·

for all 0 < x <∞, and

f(x) = a0 +
a1

x
+ · · · +

an
xn

+ o(x−n) (2.54)

as x → ∞. So the power series in x−1 is asymptotic. For this reason, if
f(x) is analytic at infinity, then it has a convergent power series in x−1

which is asymptotic for f(x).

However, when f(x) is not analytic at infinity it may still have an asymp-
totic expansion. We have seen one such example in Section 2.4.2, where a
divergent asymptotic series for the normal tail probability was obtained.§

When a formal series in x−k is obtained using integration by parts, then
little can be concluded about the asymptotic nature of the series with-
out futher investigation. Expansions derived in (2.40–2.42) all look like
asymptotic series, in the sense that their terms are formally power series
in x−1. However, they cannot be shown to be convergent or divergent
asymptotic series without additional assumptions on f(x). In (2.40) and
(2.41) the easiest approach in practice to prove the asymptotic nature of
the series is directly from the definition, i.e., by checking the order con-
dition on the integral remainder term directly. The expansion in (2.42)
is often asymptotic in nature.

The following example for an exponential distribution is typical. We
consider the characteristic function of an exponential distribution with
mean one. The real part of the characteristic function is∫ ∞

0

cos(t x) e−x dx =
1

1 + t2

=
1
t2

(
1 +

1
t2

)−1

∼ 1
t2

(
1 − 1

t2
+

1
t4

− · · ·
)

§ Some authors choose to define an asymptotic series as has been done in Section
2.4.1, with the additional assumption that the series diverges.
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∼ 1
t2

− 1
t4

+
1
t6

− · · ·
which converges when t > 1. But this is also the expansion that is
obtained from formula (2.40) by considering the case f(x) = e−x.

2.4.4 Asymptotic series in Maple

Many of the standard asymptotic series for a function can be obtained
using the taylor command in Maple. A command such as

> taylor(f(x), x = ∞)

or

> series(f(x), x = ∞)

will expand some functions f(x) as power series in 1/x. An additional
positive integer parameter specifying the order of the approximation can
also be included. Alternatively, we can expand f(x) using the command

> asympt(f(x), x)

to the same effect. For example, the command

> taylor

(
1

1 + x2 , x = ∞, 10
)

gives the output

1
x2

− 1
x4

+
1
x6

− 1
x8

+O

(
1
x10

)
.

However, the methods developed in this book for asymptotic series are
not identical to those invoked by asympt or by the taylor command with
x = ∞ option. The Maple package performs the computation by making
the substitution x = 1/x in the function f(x), expanding the resulting
function about zero and then substituting x = 1/x once again. The code
for the Maple expansion can be written out more fully as

> subs
(
x = 1

x, series
(
subs

(
x = 1

x, f(x)
)
, x = 0, n

))

where the series command produces a generalised series, akin to Taylor
series, but with the possibility of negative or fractional powers of x.

When possible, the series command given above will attempt to factor
out a function if the asymptotic behaviour of that function does not
satisfy a power law. For example, the output from



54 GENERAL SERIES METHODS

> series

(
exp(−x)
1 + x2 , x = ∞

)

is
1
x2 − 1

x4 +O

(
1
x6

)

ex

and not the asymptotic series whose coefficients are all zero. However,
the expansion may fail, in which case Maple returns a message to that
effect.

2.4.5 Watson’s Lemma

To verify that a series expansion is asymptotic can be quite difficult. It
is not sufficient to verify that it is a formal expansion in powers of x−1

as there is no guarantee that the remainder term for any partial sum is
of small order. Verification of the necessary order condition can be done
using ad hoc methods for particular series. For example, the expansions
obtained using integration by parts leave the remainder term in integral
form. As we have seen, it is often possible to put a bound on the absolute
value of an integral using a bound on the integrand. However, there are
many expansions which are asymptotic in form, but not derived using
integration by parts. So it is useful to have a general result which can be
applied to many expansions. Arguably, the most important result of this
kind is Watson’s lemma, which provides asymptotic expansions of inte-
grals which are Laplace transforms (or moment generating functions).

Proposition 4. (Watson’s Lemma.) Suppose f(x) is a function of a real
variable x such that

1. f(x) is analytic for all x in some neighbourhood of the origin |x| <
δ + ε, for some δ, ε > 0.

2. There exists constants α, K > 0, such that

|f(x)| ≤ K eαx

for all x ≥ δ.

Then ∫ ∞

0

e−t x f(x) dx ∼ f(0)
t

+
f ′(0)
t2

+
f ′′(0)
t3

+ · · ·
as t→ ∞.
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Proof. For any given integer m, we can obtain a constant C > 0 such
that ∣∣∣∣∣f(x) −

m∑
n=0

f (n)(0)
n!

xn

∣∣∣∣∣ < C xm+1 eαx (2.55)

for all x ≥ 0. Problem 23 asks the reader to verify that a constant C can
be found.

Integrating e−t x f(x) we get
∫ ∞

0

e−t x f(x) dx =
m∑
n=0

f (n)(0)
n!

∫ ∞

0

xn e−t x dx+Rm

=
m∑
n=0

f (n)(0)
tn+1

+Rm ,

where when t > α,

|Rm| < C

∫ ∞

0

xm+1 eαx e−t x dx

= C
(m+ 1)!

(t− α)m+2

= o

(
1

tm+1

)
, as t→ ∞ .

Thus the series is an asymptotic expansion for the given integral.

Some comments must be made at this point. The first is that there is
nothing in the proof which requires f(x) to be real-valued. So the lemma
can be extended to complex-valued f(x). A second point to be made is
that the assumptions are stronger than necessary. It is sufficient to be
able to decompose the integral as

∫ ∞

0

e−t x f(x) dx =
∫ δ

0

e−t x f(x) dx +
∫ ∞

δ

e−t x f(x) dx

so that the tail integral from δ to infinity contributes negligibly to the
expansion. Specifically, we need∫ ∞

δ

e−t x f(x) dx = o(t−m)

for all m ≥ 1. The second assumption in the lemma is sufficient, but
not necessary for this result. Another point to be made is that Watson’s
lemma is particularly useful when combined with change of variables
methods for integration. For example, using change of variables, we can
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obtain the useful asymptotic expansion√
t

2 π

∫ δ

−δ
e−t x

2/2 h(x) dx ∼ h(0) +
h′′(0)
2 t

+
h(iv)(0)
2! (2 t)2

+
h(vi)(0)
3! (2 t)3

+ · · ·
(2.56)

as a corollary of Watson’s lemma. A sufficient condition on h(x) to ensure
that the expansion is asymptotic is that h(x) be analytic for all x such
that |x| < δ + ε, where δ, ε > 0. The interval of integration can be
extended to infinity provided the tail where |x| > δ is negligible. To
prove this result using change of variables, we can partition the integral
as ∫ δ

−δ
e−t x

2/2 h(x) dx =
∫ 0

−δ
e−t x

2/2 h(x) dx +
∫ δ

0

e−t x
2/2 h(x) dx

and then make the substitution u = x2/2 on each component. The odd
derivatives of h(x) cancel in assembling the full integral.

2.4.6 Tail expansions for symmetric stable densities

Stable distributions can be regarded as generalisations of the normal
distributions. A key property of each stable distribution is a parameter
α, called its exponent, which controls the scaling law for the distribution
when the distribution is convolved with itself. For example, the normal
distributions are all symmetric stable laws with exponent α = 2. On
the other hand, the Cauchy distribution, which scales quite differently
from the normal when convolved with itself, is a symmetric stable law
with exponent α = 1. This property can be made explicit as follows.
Suppose that X , X1 and X2 are independent random variables with
some common distribution F . The distribution F is said to be (strictly)
stable if, there exists a number α such that for every pair of real numbers
a > 0 and b > 0, we have

a1/αX1 + b1/αX2
d= (a+ b)1/αX . (2.57)

Here, we use the symbol d= to denote the fact that two random variables
have the same distribution.¶ It is possible to show that the exponent α
satisfies 0 < α ≤ 2. The random variable X is said to have a symmetric
stable distribution if additionally X

d= −X . This can be generalised to
a symmetric stable distribution about a center θ. For the purposes of
our discussion here, we shall concentrate on stable distributions that

¶ Of course, the notation U ∼ V is more commonly used to denote the fact that
U and V have the same distribution. However, in our context, this is too easily
confused with our symbol for asymptotic equivalence.
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Figure 2.4 Density functions for the symmetric stable distributions with expo-
nent values α = 0.7, 0.9, 1.5 and 2.0

are symmetric about zero, so that θ = 0. For any given choice of α
between 0 and 2 there is a symmetric stable distribution centred at zero
up to an arbitrary scale parameter. For the normal distribution (where
α = 2) this scale parameter determines the standard deviation. If we
choose a canonical form for this scale parameter, then the particular
symmetric stable distribution of given exponent α is unique. Among
this family indexed by α, the only distributions which have densities
that can be written in simple form are the normal, where α = 2 and
the Cauchy, where α = 1. Nevertheless when calculating likelihoods or
when modelling observations with stable laws, it is often necessary to be
able to calculate the density function. While simple closed expressions
for the densities are generally not available, there are both power series
expansions and asymptotic expansions for the densities. In this section,
we shall derive an asymptotic expansion for the symmetric stable density.
The particular derivation of this asymptotic expansion, involving inverse
Fourier transforms and contour integration, is of general interest as a
technique for the approximation of densities, and will also be the basis
for the saddle-point approximation in Chapter 7. Figure 2.4 displays
the densities for symmetric stable distributions for α = 0.7, 1.0, 1.5 and
2.0. Of the three densities plotted, the one with exponent α = 0.7 has
the heaviest tails and the narrowest “peak” at the mode. The density
α = 1.5 is closest in shape to a normal density (α = 2.0), but still has
heavier tails than the normal curve.

While most symmetric stable densities cannot be written in closed form,
the characteristic functions of these distributions are very simple. We
shall begin by noting that the characteristic function χ(t) of a random
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variable X having a stable distribution, symmetric about zero, with ex-
ponent α will be

χ(t) = E(ei tX)
= exp(−c |t|α) (2.58)

for some constant c > 0. The constant c controls the scale of the dis-
tribution. Problem 25 asks the reader to check that random variables
with this characteristic function satisfy the scaling law given in (2.57).
For simplicity, we can standardise the distribution so that the constant
c = 1. Note that for the normal distribution with α = 2 this does not
lead to the usual standardisation of the variance namely σ = 1, but
rather to a version where σ =

√
2.

The density function f(x) for a random variable X can be written quite
generally as an integral of its characteristic function using the inverse
Fourier transform. In the case of symmetric stable distributions, we can
plug in the characteristic function χ(t) given above to obtain

f(x) =
1

2 π

∫ ∞

−∞
e−i x t χ(t) dt (2.59)

=
1

2 π

∫ ∞

−∞
exp(−i x t− |t|α) dt

=
1
π

∫ ∞

0

exp(−i x t− tα) dt . (2.60)

The last step in (2.60) follows from the fact that f(x) = f(−x) for
a symmetric law. Since f(x) is real, the imaginary components of the
integral will cancel each other to give zero.

One might be tempted to expand the integrand in (2.60) immediately
using a power series for the exponential function. However, this direct
approach does not work, because the resulting series cannot be inte-
grated term-by-term. Instead, we use a trick that has become standard
for dealing with such inverse Fourier transforms: we regard the given
integral as a contour integral‖ in the complex plane, where the contour
is the positive real axis. In this setting, we see that it is possible to per-
turb the contour of integration from zero to infinity along the real axis
to some other contour in the complex plane with the same endpoints,
provided that the integrand is a complex analytic function with no poles
throughout a simply connected region which contains both contours.
Since one of our endpoints is infinity, it is helpful to consider this as the

‖ Here I use the terms “contour” and “contour integral” to denote what some authors
call a line integral or curvilinear integral in the complex plane. The term “closed
contour” will be used for contours which start and end at the same point.
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Joseph Fourier (1768–1830)

The great shock caused by his trigonometric expansions
was due to his demonstration of a paradoxical property of
equality over a finite interval between algebraic expressions
of totally different form. ... For Fourier, every mathemat-
ical statement ... had to have physical meaning ...[T]his
was expressed in his aphorism, “Profound study of nature
is the most fertile source of mathematical discoveries.”

Jerome R. Ravetz and I. Grattan-Guinness, Dictionary of
Scientific Biography, Vol. 5, 1972, pp. 96–97.
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“point at infinity” using a stereographic projection of the complex plane
onto the Riemann sphere. See Figure 2.5. On the Riemann sphere, the
positive real axis and the negative imaginary axis can be thought of as
two contours with the same end points. It is obvious that they both start
at the origin in the complex plane, represented here as the “south pole”
of the Riemann sphere. They also end at the “north pole” or point at
infinity. So the integral of our function from 0 to ∞ along the positive
real axis will equal the integral of the principal branch of the function
along the negative imaginary axis from 0 to −i∞. Thus

f(x) =
1
π

∫ −i∞

0

exp(−i x t− tα) dt . (2.61)

Since f(x) = f(−x), it is sufficient to restrict to the case x ≥ 0 for
computation of this integral. The next step is to change variables, by
letting u = i x t, say. This restores the contour of integration to the real
axis, and permits the following power series expansion. The integral of
each term of the resulting power series reduces to the evaluation of the
gamma function. We get

f(x) =
−i
π x

∫ ∞

0

e−u exp[−(−i u/x)α] du

=
−i
π x

∫ ∞

0

e−u
[
1 − (−i u/x)α +

(−i u/x)2α
2!

− · · ·
]
du

∼ −i
π x

[
1 −
(−i
x

)α
Γ(α+ 1) +

(−i
x

)2α Γ(2α+ 1)
2!

− · · ·
]
.

Now as was stated above, the imaginary components of this series must
vanish, so that the series equals its real part. But

�[(−i)kα+1] = �
[(
e−i π/2

)kα+1
]

= cos
(
−k π α

2
− π

2

)

= − sin
(
k π α

2

)
.

So taking the real part and using the well-known identity Γ(u + 1) =
uΓ(u), we have

f(x) ∼ 1
π

∞∑
k=1

(−1)k−1 sin
(
k π α

2

)
Γ(kα+ 1)

k!
1

xkα+1

∼ α

π

∞∑
k=1

(−1)k−1 sin
(
k π α

2

)
Γ(k α)
(k − 1)!

1
xkα+1
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Figure 2.5 Two contours of integration mapped into the Riemann sphere by
a stereographic projection. The contours are both rays from the origin in the
complex plane out to infinity in different directions, one along the positive real
axis and the other along the negative imaginary axis. When mapped onto the
Riemann sphere, these contours become arcs of great circles which start at the
“south pole” labelled as S, and end at the “north pole” labelled as N. The value
of a contour integral is unchanged if the contour over which it is evaluated is
deformed into another contour with the same endpoints (S and N) provided
that no singularity of the integrand is crossed by the deformation.
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This formula requires that x be positive. For more general x �= 0 we can
write

f(x) ∼ α

π

∞∑
k=1

(−1)k−1 sin
(
k π α

2

)
Γ(k α)
(k − 1)!

1
|x|kα+1

. (2.62)

When α < 1, this series will converge because Γ(kα) goes to infinity
more slowly than (k − 1)! does. On the other hand, when α > 1, the
series diverges. The case α = 1 is the Cauchy density, for which the
series converges for |x| > 1 and diverges elsewhere. However, in all cases
regardless of the convergence properties, the series is asymptotic.

It is worth observing what happens to this series for α = 2, which cor-
responds to the normal distribution. This case is an instructive example
of what can and cannot be learned from such an asymptotic series. For
α = 2, all terms vanish, so that the asymptotic result reduces to the
statement that f(x) ∼ 0. This is quite correct, and informs us that
the tail of the normal density goes to zero faster than any power law
does. Unfortunately it is a weak and rather obvious result. For α < 2,
more information about tail behaviour of the densities can be gleaned.
For these cases, we find that

f(x) ∼ α

π
sin
(π α

2

) Γ(α)
|x|α+1

as x→ ±∞.

So all the other symmetric stable laws have tails that go relatively slowly
to zero as power laws do, rather than as the normal does.

Note that the utility of series (2.62) for computing the stable density
does not have a strong relationship to its convergence. In practice, if the
series is divergent for given x, one would sum the terms for as long as the
terms are decreasing in absolute value. Beyond that point, the series does
not appear to have much utility. However, this can be quite satisfactory
for computation when |x| is large, because the terms go rapidly towards
zero. However, when |x| is small, the series is badly behaved even when
it converges. In this case, the opposite phenomenon can appear, where
the terms of the series increase in absolute value for many terms before
finally decreasing rapidly to zero.

For completeness, it is worth mentioning that there is a power series
for f(x) which has complementary properties to the asymptotic series
in (2.62). Returning to the integral given in (2.60), let us first make
the substitution u = tα. We recall also that the imaginary part of the
integral must vanish. So we may use the real part of the resulting integral.
Therefore,

f(x) =
1
π
�
∫ ∞

0

exp(−i x u1/α) e−u α−1 u(1−α)/α du.
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If we now expand exp(−i x u1/α) as a power series, and integrate term-
by-term, we obtain a power series of the form

f(x) =
1
απ

∞∑
k=0

(−1)k
Γ[(2k + 1)/α]

(2k)!
x2k. (2.63)

In contrast to (2.62), the series in (2.63) is convergent for α > 1 and
divergent for α < 1. Its properties mirror those in (2.62), with compu-
tational advantages for small |x| and poor properties when |x| is large.

2.5 Superasymptotic and hyperasymptotic series

The rather surprising thing about asymptotic series is that they work as
well as they do. We have observed this phenomenon when comparing the
power series expansions and the asymptotic expansions of the symmet-
ric stable law densities. Interestingly, these series are not exceptional in
their behaviour. These and other examples illustrate the principle that
a divergent asymptotic series is often of greater practical value for com-
puting approximations than is a slowly converging power series for the
same function. Asymptotic series, while rapidly divergent eventually, are
often in their initial partial sums rapidly “convergent.” This situation is
rather paradoxical, and deserves greater attention. Attempts to explain
and exploit this bizarre behaviour lead us to the idea of a superasymp-
totic series.

This behaviour of asymptotic series is often summarised in an apho-
rism known as Carrier’s rule, which states that divergent series converge
faster than convergent series because they do not have to converge. At
first glance this seems to be complete nonsense. However, the essence of
the aphorism is that convergence and approximation are not the same,
and that sometimes convergence is an obstacle to the speed of approxi-
mation of the partial sums of a series.∗∗

Clearly as an explanation for the rapid initial “convergence” of asymp-
totic series, Carrier’s rule is more of an observation than an explanation.
Consider an asymptotic series

f(x) ∼ a0 + a1x
−1 + a2 x

−2 + · · ·
which diverges. Typically for given x, the terms of such a series will
decrease in absolute value so that∣∣an x−n∣∣ ≥

∣∣∣an+1 x
−(n+1)

∣∣∣
∗∗ This aphorism is due to mathematician George F. Carrier of Harvard University.
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for n ≤ m and then increase after that point so that
∣∣an x−n∣∣ <

∣∣∣an+1 x
−(n+1)

∣∣∣
for n > m. The value of m, where the switch occurs will depend on
x, with m increasing as x → ∞. For such a series, the natural, if not
optimal, way to truncate the series to approximate f(x) is at the value
m = m(x) where the terms are minimised in absolute value. A finite
asymptotic series which is obtained by truncation in this way is said
to be a superasymptotic series. The explanation for this terminology is
that an asymptotic series, when truncated in this way, has an asymptotic
error that is much smaller than an asymptotic series which is truncated
after a fixed number of terms. We can write

f(x) = a0 + a1x
−1 + a2 x

−2 + · · · + am(x) x
−m(x) + ε(x) (2.64)

where typically

ε(x) = O
(
e−αx

β
)

as x → ∞, for some α, β > 0. This exponentially decreasing error at
infinity is to be contrasted with the error associated with a fixed trunca-
tion: if m is chosen to be a fixed value independent of x, then the error
is O

(
x−(m+1)

)
.

Thus asymptotic series treat exponentially decreasing components as
essentially negligible. We have already seen how this can occur when we
noted that the asymptotic series does not uniquely determine a function.
Recall that if f(x)−g(x) = e−x, then the asymptotic series for f(x) and
g(x) are the same.

To illustrate how superasymptotics can be used in practice, let us con-
sider the asymptotic expansion for the Stieltjes integral. Let Y be a
random variable distributed as E(λ). Then

E

(
1

1 + Y

)
=

∫ ∞

0

e−y dy
1 + λ−1 y

∼ 1 − 1!
λ

+
2!
λ2

− 3!
λ3

+ · · · , (2.65)

which can be obtained using a binomial expansion on (1+λ−1 y)−1. The
terms (−1)n n!λ−n of this asymptotic series will decrease in absolute
value for all n such that λ > n. So the superasymptotic series for this
function is ∫ ∞

0

e−y dy
1 + λ−1 y

=
	λ
∑
n=0

(−1)n
n!
λn

+ ε(λ) . (2.66)

Figure 2.6 shows the plots of the Stieltjes integral and the error function
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Figure 2.6 A plot of the Stieltjes integral and its superasymptotic error function

ε(λ) as functions of λ. The left-hand plot shows the integral plotted over
a large range of values of λ so that the asymptotic nature of the integral
is visible: it is seen to be monotonically increasing towards the upper
bound of one. The right-hand plot of ε(x) for small values of λ clearly
shows that the error is exponentially decreasing as λ→ ∞.

Additional attempts to construct asymptotic series for the remainder
term of a superasymptotic series properly belong to the domain known
as hyperasymptotics. By definition, a hyperasymptotic approximation
is one which achieves an asymptotically better approximation than a
superasymptotic series by adding additional terms that approximate the
remainder term of the superasymptotic series. To illustrate this idea, let
us consider how we can approximate the remainder term ε(λ) for the
superasymptotic series of the Stieltjes integral. We have

ε(λ) =
∫ ∞

0

e−y
∞∑

n=	λ
+1

(−1)n
yn

λn
dy

=
(−1)	λ
+1

λ	λ
+1

∫ ∞

0

e−y y	λ
+1

1 + λ−1 y
dy (2.67)

as an integral expression for the remainder term ε(λ) for large λ. It can
be shown that

ε(λ) ∼ (−1)	λ
+1

√
π (�λ� + 1)

2
e−(	λ
+1) (2.68)

as λ→ ∞.

Ultimately, the desire for increased accuracy in the asymptotic approxi-
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mation must give way. Increased complexity eventually overwhelms any
analytic insight that can be gained from additional terms.

2.6 Asymptotic series for large samples

2.6.1 Asymptotic series in
√
n

In many cases in statistics, the expansion of some statistic Tn, based
upon a random sample of size n, has the form

Tn = a0 +
a1√
n
Z +

a2

n
Z2 +

a3

n
√
n
Z3 + . . . (2.69)

Where Z is some random variable whose distribution does not depend
upon the value of n (or approximately so). Such expansions are usually
derived from a Taylor expansion of some function of a pivotal statistic.
A corresponding expansion for the expectation of Tn is often obtained
formally as

E(Tn) = a0 +
a1 μ1√
n

+
a2 μ2

n
+
a3 μ3

n
√
n

+ · · · (2.70)

where μj = E(Zj). The expansion in (2.70) is formally derived by cal-
culating the expectation of each term in (2.69). Of course, there is no
guarantee that the resulting series converges to E(Tn). Expansions such
as (2.69) and (2.70) are not series in n−1. However, the series is asymp-
totic in

√
n instead provided that the series is analytic at infinity. Thus

standard expansions in statistics are often asymptotic in this sense.

In some applications, the random variable Z in (2.69) will have a dis-
tribution that is symmetric (or approximately symmetric) about zero.
Typically, this will arise when Z has a normal distribution centered at
zero, or has a limiting normal distribution. Under these circumstances,
the moments will often satisfy

μ2k = O(1) , μ2k+1 = O

(
1√
n

)

so that the expansion of E(Tn) will reduce to

E(Tn) = b0 +
b1
n

+
b2
n2

+ · · ·
which has the form of an asymptotic expansion in n. Other types of
asymptotics can also arise, particularly when an estimation or testing
problem is nonstandard. The power of n, or more generally the function
of n, for the asymptotics is usually governed by the rate at which the
total information in the sample increases as a function of n. The following
examples illustrate this.
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2.6.2 Estimating a Poisson probability

Suppose X1, . . . , Xn a random sample of P(λ) random variables. In or-
der to estimate P (X = 0) = e−λ we can use the maximum likelihood
estimator

Tn = e−Xn

where Xn is the sample mean. We stabilise the mean and variance of
Xn by setting

Z =
√
n
(
Xn − λ

)
so that Z has mean zero and variance λ, which do not depend upon n.
As n → ∞, the limiting distribution of Z is well known to be N (0, λ).
Performing a Taylor expansion on the exponential function, we find that

Tn = e−λ e−Z/
√
n

= e−λ
[
1 − Z√

n
+
Z2

2n
− Z3

6n
√
n

+ · · ·
]
. (2.71)

An expansion for the expectation of Tn can be obtained from the mo-
ments of Z. Problem 28 asks the reader to evaluate the moments of Z
to show that

E(Tn) = e−λ
[
1 +

λ

2n
− λ

6n2
+

λ2

8n2
+O

(
1
n3

)]
. (2.72)

2.6.3 Example: maximum of a sample of uniform random variables

Consider, for example, a random sample X1, . . . , Xn of U(0, 1) random
variables. Define

Tn = n [1 − max(X1, . . . , Xn)]

Then for 0 < x < 1,

P (Tn > x) =
(
1 − x

n

)n
.

Applying the expansion obtained in Problem 16 of Chapter 1, we find
that

P (Tn > x) = e−x
[
1 − x2

2n
− x3 (8 − 3x)

24n2
− · · ·

]
. (2.73)

2.6.4 Estimation of an integer-valued parameter

We should distinguish between the asymptotic rate of convergence of a
sequence Tn of random variables as a function of n and the asymptotics
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of any series expansion of the distribution of Tn. Consider, for example,
a random sample X1, X2, . . . , Xn of N (θ, 1) random variables, where the
mean θ is an unknown integer. Problems of this kind arise when taking
continuous measurements of some physical quantity that is known to be
an integer, the quantity in question usually being some integer multiple
of some given unit. Estimation of the atomic number of an element is a
case in point. Let Xn denote the sample average. An obvious estimate
for θ is

[
Xn

]
, where [x] denotes the closest integer to x. Define

Tn =

⎧⎨
⎩

0 if
[
Xn

]
= θ

1 if
[
Xn

] �= θ .

Then

E(Tn) = P

(
|Xn − θ| > 1

2

)

= 2
[
1 − Φ

(√
n

2

)]
.

Using the asymptotic expansion for Mills’ ratio given in Section 2.4.2,
we get

E(Tn) =

√
8
π n

e−n/8
(

1 − 8
n

+
96
n2

− · · ·
)
. (2.74)

In this example, the asymptotic rate of convergence of Tn to zero is
superexponential. However, the expansion is “n-asymptotic” in nature.

2.7 Generalised asymptotic expansions

The expansion of functions as asymptotic series is too restrictive to be
useful for all purposes. For example, in the previous section, we saw
that some expansions lead to asymptotics series in n, while others lead
to asymptotic series in

√
n. Clearly, we can expand functions in other

powers of n, as the context warrants.

Define a generalised asymptotic series of the Poincaré type about x = x0

to be an expansion of the form

f(x) ∼ a0 ϕ0(x) + a1 ϕ1(x) + a2 ϕ2(x) + · · · (2.75)

where, for all k,

ϕk+1(x) = o[ϕk(x)] and f(x) =
k∑
j=0

aj ϕj(x) + o[ϕk(x)]
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as x→ x0. Our main interest will be in the case x0 = ∞, although finite
values can easily arise.

Even more general definitions for asymptotic expansions can be given.
Specifically, it is possible to define asymptotic expansions which are not
of the Poincaré type. See Wong (2001). However, such generality can
only be achieved by losing some of the results about asymptotic series
that make the theory useful.

2.8 Notes

The classic textbook on series methods is Whittaker and Watson (1962).
The first edition of this book appeared in 1902, but the many reprint-
ings are a testimonial to the lasting value of its methods. The reader
who would like to see rigorous proofs of basic theorems taught in most
calculus courses will find that Spivak (1994) provides a readable account
without sacrificing rigour. Whittaker and Watson (1962) give a brief
description of the basic definitions and theorems for asymptotic series.
More detail is to be found in Wong (2001). Although many asymptotic
series are often enveloping series as well, the literature on enveloping
series is much more limited. See Pólya and Szegö (1978, pp. 32–36) for
some basic results. The reader is warned that the definition of an en-
veloping series given in this chapter is equivalent to the concept of a
strictly enveloping series as defined in the reference cited. For an intro-
duction to stable laws, see volume 2 of Feller’s famous treatise (Feller,
1971, pp. 169–176, 574–583).

2.9 Problems

1. Suppose that the limit in formula (2.1) exists. Use the ratio test to
prove that the interval of convergence of a power series is (c−r, c+r)
where r is given by formula (2.1). More generally, use the root test
to prove that the interval of convergence of a power series is given by
the Cauchy-Hadamard formula in equation (2.2).

2. Suppose that
∞∑
j=0

aj x
j ·

∞∑
k=0

bk x
k =

∞∑
n=0

cn x
n

∞∑
j=0

αj
j!
xj ·

∞∑
k=0

βk
k!
xk =

∞∑
n=0

γn
n!
xn .
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Prove that

cn =
n∑
j=0

aj bn−j , γn =
n∑
j=0

(
n

j

)
αj βn−j .

3. Prove that the second cumulant κ2 of a random variable equals its
variance.

4. Let μ = μ1 be the mean of a random variable X and σ2 its variance.
We define the n-th central moment of X to be νn = E(X − μ)n. We
define the skewness and the kurtosis of X to be γ1 = ν3/σ

3 and γ2 =
ν4/σ

4, respectively. Find the skewness and kurtosis of a nonnegative
random variable with gamma distribution G(α, λ) and probability
density function

f(x; α, λ) =
λα xα−1 exp(−λx)

Γ(α)

where x > 0, α > 0, and λ > 0.

5. Let X∗ = aX+ b. Show that the skewness and kurtosis of X∗ are the
same as the skewness and kurtosis of X . Show that the cumulants of
the two random variables are related by the formula κ∗n = an κn for
all n > 1, and that κ∗1 = a κ1 + b.

6. Show that the cumulants of the Poisson distribution P(μ) are κn = μ
for all n ≥ 1.

7. For a general distribution with finite moments, find formulas for the
moments μr, where 1 ≤ r ≤ 5 in terms of the cumulants κr, and vice
versa.

8. The moments of a random variable may be recursively calculated from
the cumulants and lower moments. To prove this, show that

μn =
n∑
j=1

(
n− 1
j − 1

)
μn−j κj .

9. Using the results of Problems 6 and 8, find the first six moments for
P(μ).
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10. Derive the recursion displayed in equation (2.26).

11. Let X be a nonnegative integer-valued random variable with proba-
bility generating function

p(θ) = P (X = 0) + θ P (X = 1) + θ2 P (X = 2) + θ3 P (X = 3) + · · · .
(a) Prove that the domain of convergence of p(θ) includes the open set

−1 < θ < 1.
(b) Prove that P (X = n) = p(n)(0)/n! .
(c) Let (X)k = X (X − 1) (X − 2) · · · (X − k + 1). The value μ[k] =

E[(X)k] is called the k-th factorial moment of X . Prove that

μ[k] = lim
θ→1−

p(k)(θ) .

12. In equation (2.29) it was demonstrated that

M∗(t) = M(t) exp[z (−t)n]
However, one step of the argument was omitted. Fill in the details
of this step. State explicitly any additional regularity assumptions
necessary to derive the missing step.

13. Prove formula (2.30).

14. Let X1, X2, X3, . . . be an independent sequence of random numbers
that are uniformly distributed between 0 and 1. Let 0 ≤ x ≤ 1. Define
a positive integer-valued random variable by

N = min(n ≥ 1 : X1 +X2 + · · · +Xn > x) .

Prove that P (N > n) = xn/n! . Use this to show that

E(N) =
∞∑
n=0

P (N > n) = exp(x) .

15. From the previous question, let X0 = x, and

M = min(n ≥ 1 : Xn−1 > Xn) .

Prove that P (M > m) = (1 − x)m/m! . Use this to show that

E(M) =
∞∑
m=0

P (M > m) = exp(1 − x) .
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16. Prove Proposition 1 in Section 2.3, namely that if an alternating series
is of the form a0 − a1 + a2 − a3 + · · ·, where a0 > a1 > a2 > · · · > 0,
then the series is enveloping. Furthermore, if an → 0 then the series
envelops a unique value t to which it converges.

17. Prove Proposition 2 in Section 2.3.

18. Determine the values for x where the power series expansions for sin x
and cos x expanded about zero are enveloping series.

19. Verify formula (2.52).

20. Stirling’s approximation to the factorial function n! is

n! =
√

2 π nnn e−n
[
1 +O

(
1
n

)]
.

This can also be thought of as an approximation for the gamma func-
tion using the identity Γ(n+1) = n!, when n is a nonnegative integer.
Substituting, we have

Γ(1 + x) =
√

2 π xx+1/2e−x
[
1 +O

(
1
x

)]

for real x→ ∞. An equivalent approximation is

Γ(x) = x−1 Γ(1 + x) =
√

2 π xx−1/2e−x
[
1 +O

(
1
x

)]

The accuracy of Stirling’s approximation to the gamma function was
studied by J. P. M. Binet by examining the logarithmic difference

ζ(x) = ln Γ(x) −
[
1
2

ln(2 π) +
(
x− 1

2

)
ln x− x

]
.

When x > 0, it can be shown that

ζ(x) = 2
∫ ∞

0

arctan (t/x)
e2π t − 1

dt .

The reader can find this result in Whittaker and Watson (1962, pp.
251-252). Expand the arctangent function and set∫ ∞

0

t2n−1

e2π t − 1
dt =

B∗
n

4n
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where B∗
n is the n-th Bernoulli number,†† to show that

B∗
1

1 · 2 · x − B∗
2

3 · 4 · x3
+

B∗
3

5 · 6 · x5
− · · · � ζ(x) .

[Note: the first few Bernoulli numbers can be evaluated to be B∗
1 =

1/6, B∗
2 = 1/30, B∗

3 = 1/42, B∗
4 = 1/30, B∗

5 = 5/66. To prove this
requires some contour integration.]

21. Let X have a distribution G(α, 1) with probability density function

f(x) =
xα−1 exp(−x)

Γ(α)

when x ≥ 0 and f(x) = 0 when x < 0. Use integration by parts to
expand the required integral and thereby show that

P (X > t) ∼
f(t)

[
1 +

α− 1
t

+
(α− 1)(α− 2)

t2
+

(α− 1)(α− 2)(α− 3)
t3

+ · · ·
]

for t > 0. Discuss the behaviour of the series for the case where α is,
and the case where α is not, a positive integer.

22. Let X have distribution E(λ), that is, exponential with mean μ =
λ−1. (For example, could be an interarrival time between events in a
Poisson process of intensity λ.) Prove that

E

(
1

1 +X

)
∼ 1 − 1!

λ
+

2!
λ2

− 3!
λ3

+ · · · .

Is the series enveloping? Justify your answer. Now suppose that con-
ditionally on X , the random variable Y has a uniform distribution on
the interval (0, X). Show that the probability density function of Y
has the form

f(y) =
∫ ∞

y

λ exp(−λx)
x

dx

∼ exp(−λ y)
y

(
1 − 1!

λ
+

2!
λ2

− 3!
λ3

+ · · ·
)
.

In the special case where λ = 1, the integral above is called the
exponential integral, and is denoted by E1(y).

†† There are two distinct notations for the Bernoulli numbers, which is a source of
some confusion. We shall label the order Whittaker and Watson notation as B∗

n
and the more modern Ibramowitz and Stegun notation as Bn. The main difference
is that in the modern notation B3 = B5 = · · · = 0, and B∗

n = ±B2n, depending
upon the value of n. There is an advantage to each notation in particular contexts.
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23. Verify (2.55).

24. So far, our two main tools for expanding functions have been Taylor
series and integration by parts. We shall show that these two methods
are closely related to each other as follows. Using integration by parts,
prove first that∫ x

0

f ′(t) (x− t)n dt = f ′(0)
xn+1

n+ 1
+

1
n+ 1

∫ x

0

f ′′(t) (x− t)n+1 dt.

Apply the formula for consecutive values of n ≥ 0 to obtain the Taylor
expansion for f(x) about x = 0.

25. Prove that a random variable whose characteristic function is of the
form

χ(t) = exp(−c |t|α)
will satisfy the scaling law given in (2.57).

26. The characteristic function of

f(x) =
1

π
√

1 − x2
− 1 < x < 1

is ∞∑
k=0

(−1)k

k! k!

(
t

2

)2 k

= J0(t)

where J0(t) = I0(i t) and I0 is the Bessel function.

27. The arc sine law on the interval (0, 1) is associated with random
walks and the limiting distribution of the zero crossings of symmetric
random walks. It has density

f(x) =
1

π
√
x (1 − x)

0 < x < 1 .

Modify the previous example to show that this distribution has char-
acteristic function exp(i t/2)J0(t/2).

28. Let Xn denote the sample average of n independent P(λ) random
variables.

(a) Determine the first six cumulants of Xn, as well as the first six
cumulants of Z =

√
n (Xn − λ).

(b) Determine the first six moments of Xn and Z.
(c) From these results, prove (2.72).



CHAPTER 3

Padé approximants and continued
fractions

3.1 The Padé table

A rational function is a function which can be represented in the form
p(x)/q(x) where p(x) and q(x) are polynomials. When p(x) has degree
m and q(x) has degree n, we shall say that the ratio has degree (m, n).

As was discussed earlier in the last chapter, both power series and asymp-
totic series share the common property that their partial sums are ratio-
nal functions. So a natural extension of our investigations is a theory by
which general functions may be locally approximated by rational func-
tions. Taylor’s theorem and Taylor polynomials provide the theoretical
basis for the use of polynomial approximations to analytic functions.
The corresponding theory for rational functions leads to the class of
Padé approximants.

Although named after Henri Padé, these rational approximations to
power series were known long before his time. However, it was Padé
who provided the first systematic study of their properties. In particu-
lar, it was Padé who arranged these approximations in a doubly indexed
table and studied the types of continued fractions which are also Padé
approximants.

Let f(x) be a function that can be represented by a power series. For
simplicity, we shall assume that the power series is about zero. So

f(x) =
∞∑
r=0

cr x
r .

By the Padé approximant of degree (m, n) for f(x) we shall mean the
rational function

f[m,n](x) =
m∑
j=0

aj x
j

/
n∑
k=0

bk x
k

= p(x)/q(x)

75
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of degree (m, n) which satisfies the condition

p(x) − f(x) q(x) = o(xm+n) (3.1)

as x→ 0. This is the same as the limiting condition

lim
x→0

xm+n [p(x) − f(x) q(x)] = 0 .

To see how this order condition in (3.1) works, let us write it out as(
n∑
k=0

bk x
k

)
·
( ∞∑
r=0

crx
r

)
=

m∑
j=0

aj x
j + o(xm+n) . (3.2)

We are only interested in the terms of this equation up to orderm+n. So
we can write f(x) =

∑m+n
r=0 cr x

r + o(xm+n), and reformulate equation
(3.2) as (

n∑
k=0

bk x
k

)
·
(
m+n∑
r=0

crx
r

)
=

m∑
j=0

aj x
j + o(xm+n) . (3.3)

Next, we expand the left-hand side of (3.3), and collect terms with com-
mon powers of x, to get

m+n∑
j=0

⎛
⎝min(j,n)∑

k=0

bk cj−k

⎞
⎠ xj =

m∑
j=0

aj x
j + o(xm+n) . (3.4)

The coefficients on the left can be equated with corresponding coeffi-
cients on the right for each value of j. This gives us the following set of
simultaneous equations.

min(j,n)∑
k=0

bk cj−k = aj for 0 ≤ j ≤ m (3.5)

min(j,n)∑
k=0

bk cj−k = 0 for m < j ≤ m+ n . (3.6)

This is seen to be a set of m+n+1 simultaneous equations on the m+1
coefficients of p(x) and the n + 1 coefficients of q(x). This is just the
right number of equations, because we can choose to set any nonzero
term in q(x) equal to one by multiplying numerator and denominator by
an appropriate constant.∗

∗ The definition we have given here oversimplifies some of the regularity assumptions
for Padé approximants. However, it is helpful not to get stuck on these issues at
this point. See Problem 1 at the end of the chapter for an exploration of an example
where the regularity fails.
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The full set of Padé approximants of a given function f(x) can be ar-
ranged in a table (known as the Padé table) as follows.

f[0,0](x) f[0,1](x) f[0,2](x) f[0,3](x) · · ·

f[1,0](x) f[1,1](x) f[1,2](x) f[1,3](x) · · ·

f[2,0](x) f[2,1](x) f[2,2](x) f[2,3](x) · · ·

...
...

...
...

. . .

Down the left-hand column of the table, the functions are all polynomi-
als, which can easily be recognised as the Taylor polynomials from the
power series expansion about x = 0. Other elements of the table are bona
fide rational functions whose denominators are of positive degree. The
functions f[n,n](x) down the main diagonal are of particular interest for
certain approximations of functions with singularities as shall be seen
below. Functions above and below this main diagonal are related by the
formula [

1
f(x)

]
[m,n]

=
1

f[n,m](x)
. (3.7)

See Problem 2. So for example, the Padé approximants along the top
row are the reciprocals of Taylor polynomials–but polynomials approxi-
mating 1/f(x) and not f(x) itself.

What advantages can be obtained by using Padé approximants rather
than Taylor polynomials? To answer this question, let us compare the
three functions

f[2n, 0](x), f[n,n](x), f[0, 2n](x),

the first being a standard Taylor polynomial fit to f(x) and the other
two alternative rational approximations to f(x). These three functions
lie on the same small diagonal of the Padé table running from lower left
to upper right. So all three fit f(x) to the same order about x = 0,
and there is no obvious reason to prefer one over the others from any
error analysis close to zero. However, the global properties of f(x) may
suggest that one of these approximations should work better than the
others when x is not close to zero. Consider, for example the following
three cases. (See Figure 3.1.)

1. The function f(x) is bounded on finite intervals, and also satisfies

lim
x→±∞ f(x) = ±∞.
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3

1

2

Figure 3.1 Three cases of functions with different types of global behaviour

2. The function f(x) satisfies

lim
x→a

f(x) = ±∞.

3. The function f(x) is bounded away from zero on finite intervals and
also satisfies

lim
x→±∞ f(x) = 0.

Obviously, this list is not exhaustive. Note that the first property is
shared by all nonconstant polynomials. Therefore, a function satisfying
this is, to a certain extent, rather “polynomial-like” in its properties. On
the other hand, polynomials never satisfy the second and third proper-
ties. So functions satisfying the second and third conditions are quite
“unpolynomial-like” so to speak. On the other hand, rational functions
can easily satisfy the second and third conditions. The reader will ob-
serve that the third condition is satisfied by many density functions
such as the density of the normal distribution. If we take the reciprocal
of any function which satisfies property three, we have a function which
is “polynomial-like” in its global behaviour. When approximating func-
tions whose global properties are quite different from the behaviour of a
polynomial, we may reasonably hope that a rational Padé approximant
can perform better than any Taylor polynomial.



PADÉ APPROXIMATIONS FOR THE EXPONENTIAL FUNCTION 79

Alongside the reasons given above, there are also computational advan-
tages to Padé approximants. For example, when solving an equation of
the form f(x) = y0 for given y0, there are computational advantages to
using a diagonal Padé approximant f[n, n](x) rather than the polynomial
f[2n,0](x). This is because the approximating equation

n∑
j=0

aj x
j

n∑
k=0

bk x
k

= y0

reduces to
n∑
j=0

(aj − y0 bj)xj = 0

which requires the solution of a polynomial of degree n rather than of
degree 2n in the case of f[2n, 0](x) = y0.

Because Padé approximants require the solution of a number of simul-
taneous equations, it is often difficult to find an expression for the ap-
proximants of a given function. This task is made substantially easier by
symbolic computation using Maple. The pade command is to be found
in the numapprox package, and is used as follows. The command

> pade(f(x), x, [m,n])

returns the Padé approximation to f(x) to order (m,n) about x = 0.
The more general command

> pade(f(x), x = x0, [m,n])

performs the same calculation with the approximation centred about
x = x0, rather than x = 0 as we have used above.

3.2 Padé approximations for the exponential function

To illustrate the Padé functions, let us find the Padé approximant of
degree (m, n) for the exponential function locally about zero. Let p(x) =
a0 + a1x+ · · · + amx

m and q(x) = b0 + b1x+ · · · + bnx
n be such that

exp[m,n](x) = p(x)/q(x) .

Performing a Taylor expansion on the exponential function to order m+
n, we get

exp(x) = 1 + x+
x2

2!
+ · · · + xm+n

(m+ n)!
+O(xm+n+1) as x→ 0. (3.8)



80 PADÉ APPROXIMANTS AND CONTINUED FRACTIONS

Henri Eugène Padé (1863–1953)

In his 1892 thesis, Henri Eugène Padé systematically stud-
ied rational approximants to power series. He arranged
these approximants in a table now known as the Padé ta-
ble and showed the relationship between the elements of
this table and continued fraction expansions.

“The fundamental motive for studying Padé approximants
is the extraction of information about a function from the
first few terms of its power series.”

Baker & Graves-Morris, 1996, p. 372.
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Inserting this into conditions (3.5) and (3.6), with cr = 1/r!, we get

a0 − b0 = 0
a1 − (b1 + b0) = 0

a2 − (b2 + b1 + b0/2) = 0
...

...
b0

(m+ n)!
+

b1
(m+ n− 1)!

+ · · · + bn
m!

= 0

to which we can append the additional equation b0 = 1. For example,
when m, n = 1, these equations reduce to b0 = 1, a0 = b0, a1 = b1 + b0,
and b1 = −b0/2. So the Padé approximant of degree (1, 1) is

exp[1, 1](x) =
1 + x/2
1 − x/2

.

More generally, we have

exp[m,n](x) = pmn(x)/pnm(−x), (3.9)

where

pmn(x) =
m∑
k=0

(m+ n− k)!m!
(m+ n)! k! (m− k)!

xk. (3.10)

3.3 Two applications

3.3.1 Padé approximants to stable densities

Among the symmetric stable distributions, only the Cauchy distribution
has a density which is a rational function. Nevertheless, the symmetric
stable distributions with exponent α < 2 have tails which obey a power
law much as rational functions do. Therefore, it is of interest to see how
well Padé approximants behave. While no simple expression is available
for most stable densities, we do have representations via power series
such as formula (2.63). As Padé approximants are calculated via the
power series of a function, we are no worse off for failing to have a
simple formula.

As a case in point, let us consider the approximation of a symmetric
stable density with α = 1.5. The power series in (2.63) is formally con-
vergent. However, as noted earlier, this is of little use. To compute the
density over a reasonable range, we need a power series of at least one
hundred terms. Unfortunately, most simple naive calculation of the terms
this far out produces serious overflow and underflow problems.
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The alternative is to find a Padé approximant of much lower order which
is competitive with a polynomial of degree 100. To calculate the Padé
approximant does not require that we compute the tail of the density
accurately.

Only the appropriate number of derivatives at zero need to be found. To
compute the Taylor polynomial of degree 20, say, which approximates
the density at zero, we can use the Maple code

> f := (x, α) → 1
π · α ·

10∑
k=0

(−1)k · Γ
(

(2 · k + 1)
α

)
· x2·k

(2 · k)!

We call on the Maple command

> pade(f(x, 1.5), x = 0, [8, 11])

which can be found in the numapprox package. From the Maple output
we find to three significant figures that

f[8, 11](x, 1.5) =

0.287 + 0.02557x2 + 0.02197x4 + 0.04131x6 + 0.05114x8

1 + 0.389x2 + 0.0649x4 + 0.02587x6 + 0.03291x8 + 0.05644x10
.

While the order of this fit is only m + n = 19, the quality of the ap-
proximation holds up surprisingly well when compared with a Taylor
polynomial of order 180 as shown in Figure 3.2. As can be seen, the
two approximations are close in the centre of the distribution. In the
tails, however, the “polynomial nature” of the latter function starts to
dominate. Despite the fact that the order of the Padé approximant is
much lower, it continues to be well behaved beyond the region where the
polynomial works. Although this Padé approximant has greater stability
than the Taylor polynomial, it does not obey the correct power law in
the tails. A more accurate approximation for extreme tail values can be
obtained from the asymptotic series in (2.62).

3.3.2 Padé approximants for likelihood functions

In statistical inference, it is commonplace to use a likelihood function to
construct an approximate confidence interval for a parameter. Suppose
x1, . . . , xn are observations based on random sampling from a distri-
bution whose probability density function is f(x; θ), where θ ∈ Θ. For
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Figure 3.2 Comparison between a Padé approximant of order (8, 11) and a
Taylor polynomial of order 180 for the centred and scale symmetric stable law
with exponent α = 1.5

simplicity, we shall assume that Θ is an open subset of IR. The likelihood
function for θ is defined as

Ln(θ) = c(x1, . . . , xn) f(x1; θ) f(x2; θ) · · · f(xn; θ) .

In this definition, c(x1, . . . , xn) is an arbitrary function that does not
depend on θ. It is often chosen to standardise the likelihood at its max-
imum or to simplify the expression. The maximum likelihood estimator
for θ is that value θ̂n which maximises the likelihood, namely

θ̂n = arg maxθ∈Θ Ln(θ) ,

so that Ln(θ̂n) ≥ Ln(θ) for all θ ∈ Θ. In practice, the maximisation of
the likelihood is often achieved by maximising the log-likelihood function,
defined as

�n(θ) = ln Ln(θ) .
A 100 p% likelihood region for θ is defined as{

θ ∈ Θ : Ln(θ) /L(θ̂n) ≥ p
}

=
{
θ ∈ Θ : �n(θ) − �n(θ̂n) ≥ ln p

}
.

In many examples, this set will be an interval. So we typically refer to
this as a 100 p% likelihood interval. Unfortunately, even in simple mod-
els, it is often impossible to find explicit formulas for the endpoints of
such a likelihood interval. When this is the case, we have to rely on an
iterative numerical method such as Newton-Raphson to approximate the
endpoints. However, as we shall see below, highly accurate approxima-
tions to likelihood intervals can be obtained with explicit formulas using
Padé approximants.

For example, let us consider a set of observations x1, . . . , xn drawn from
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Figure 3.3 The function �n(θ) − �n(θ̂n) for an exponential model with n = 10
observations, showing also the 10 % likelihood interval cutoff.

an exponential distribution with mean θ. The maximum likelihood esti-
mator for θ in this model is θ̂n = xn. Figure 3.3 shows the log-relative
likelihood

rn(θ) = �n(θ) − �n(θ̂n)

= n

(
ln
xn
θ

+ 1 − xn
θ

)
(3.11)

for n = 10 observations with xn = 30. Also plotted is the horizontal line
y = ln 0.1 which marks the cutoff points for the 10% likelihood interval.
In this example, the endpoints of a 100 p% likelihood interval can be
found numerically as a function of p, but not analytically. A common
solution to this problem is to use a quadratic approximation to rn(θ)
via the Taylor expansion to rn(θ) about θ = θ̂. This does not seem
appropriate here because of the strong asymmetry of the log-relative
likelihood about its maximum. Using a Taylor expansion of order three
or four leads to very complicated approximations for the endpoints of
the likelihood interval.

An alternative approach is to use a Padé approximant of order (2, 2),
r[2, 2](θ) say, which fits the curve to fourth order, but requires only the
solution to quadratic equations when solving for the endpoints. Upon
calculating the coefficients of the rational function, we find that

r[2, 2](θ) =
9n ( θ − θ̂n )2

θ̂ 2
n − 14 θ̂n θ − 5 θ2

. (3.12)
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Solving the inequality r[2, 2](θ) ≥ ln p yields an interval with endpoints

θ̂

⎡
⎣1 −

12 ln p± 3
√

6 (ln p)2 − 18n ln p

9n+ 5 ln p

⎤
⎦ (3.13)

For θ̂ = 30, n = 10 and p = 0.1, the Padé approximate 100 p% likelihood
interval is

[ θ2,2, θ2,2 ] = [16.337, 64.785]
which can be compared with the more precise numerical solution

[ θ, θ ] = [16.304, 64.461] .

The formula for the (2, 2) Padé approximant for a general log-likelihood
can also be written down fairly easily. We find that

r[2, 2](θ) =
3 (�̂′′n)3 ( θ − θ̂n )2/2

3 (�̂′′n)2 − �̂′′′n �̂′′n( θ − θ̂n ) + [4 (�̂′′′n )2 − 3 �̂′′n �̂
(iv)
n ] ( θ − θ̂n )2/12

where �̂(k)n = �
(k)
n (θ̂n) for k = 1, 2, . . ..

3.4 Continued fraction expansions

By a continued fraction expansion of a function f(x) we shall mean a
representation of the function which typically has the form

f(x) = b0 +
a1 x

b1 +
a2 x

b2 +
a3 x

b3 +
a4 x

b4 + · · ·

(3.14)

which represents the limit of a sequence of rational function approxima-
tions, namely,

b0 , b0 +
a1 x

b1
, b0 +

a1 x

b1 +
a2 x

b2

, and so on.

For those who are used to the tidy organisation of Taylor series, the
amount of freedom available in constructing continued fraction expan-
sions of a given function may be surprising. For example, we can stan-
dardise the denominators of this sequence of functions so that the ex-
pansion has the form

b0 +
a1 x

1 +
a2 x

1 +
a3 x

1 +
a4 x

1 + · · ·

(3.15)
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which is called a regular C-fraction when aj �= 0 for all j. An alternative
form of the regular C-fraction expansion is

b0 +
x

b1 +
x

b2 +
x

b3 +
x

b4 + · · ·

(3.16)

Here, the letter C stands for the word “corresponding” because there is
a one-to-one correspondence between C-fractions and power series which
do not represent rational functions. There is also a one-to-one correspon-
dence between finite (i.e., terminating) C-fractions and the power series
of rational functions. The C-fraction expansions arise in the conversion
of Maclaurin power series into continued fraction form, or through Visko-
vatov’s method for converting power series into continued fractions, as
we shall discuss below. The sequence of rational approximations that
arise as C-fraction expansions in this way can be shown to be equivalent
to staircase sequences of Padé approximants such as

f[0,0](x) f[0,1](x) f[0,2](x) f[0,3](x) · · ·

f[1,0](x) f[1,1](x) f[1,2](x) f[1,3](x) · · ·

f[2,0](x) f[2,1](x) f[2,2](x) f[2,3](x) · · ·

f[3,0](x) f[3,1](x) f[3,2](x) f[3,3](x) · · ·

...
...

...
...

. . .

in the case of expansions (3.15) or the mirror image of this about its
diagonal in the case of (3.16).

At this stage, it is useful to introduce a more compact notation for
continued fractions, as the notation used above takes up a large amount
of space. We can write (3.15) and (3.16) as

b0 +
a1 x

1 +
a2 x

1 +
a3 x

1 +
· · · (3.17)

and
a1

1 +
a1 x

1 +
a2 x

1 +
a3 x

1 +
· · · . (3.18)

We now turn to the problem of deriving a continued fraction expansion
from a power series. Suppose we can write

f(x) = c0 + c1 x+ c2 x
2 + c3 x

3 + · · ·
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We reorganise this series as follows

f(x) = c0 + c1 x

[
1 +

c2
c1
x+

c3
c1
x2 + · · ·

]

= c0 + c1 x
[
1 + c∗1 x+ c∗2 x

2 + · · ·]−1

= c0 + c1 x

[
1 + c∗1 x

(
1 +

c∗2
c∗1
x+ · · ·

)]−1

= c0 + c1 x
[
1 + c∗1 x (1 + c∗∗1 x+ · · ·)−1

]−1

and so on. Continuing in this way, we obtain a C-fraction expansion of
the form

f(x) = c0 +
c1 x

1 +
c∗1 x

1 +
c∗∗1 x

1 +
· · · . (3.19)

In practice, the following algorithm, known as Viskovatov’s method, can
be used. This method works on ratios of power series—a generalisation
of the situation above—and repeatedly uses the following step for the
basic algorithm:∑∞

j=0 aj x
j∑∞

j=0 bj x
j

=
a0

b0
+

x∑∞
j=0 bj x

j

∑∞
j=0 (aj+1 − a0bj+1/b0) xj

(3.20)

=
a0

b0
+

x∑∞
j=0 a

′
j x

j

∑∞
j=0 b

′
j x

j

. (3.21)

The algorithm then proceeds by applying the same procedure to the
quotient ∑∞

j=0 a
′
j x

j

∑∞
j=0 b

′
j x

j
=
a′0
b′0

+ · · · ,

and so on. For example, Problem 10 asks the reader to verify that the
exponential function has continued fraction expansion

exp(x) = 1 +
x

1 +
x

−2 +
x

−3 +
x

2 +

x

5 +
x

−2 +
x

−7 +
· · · . (3.22)

Viskovatov’s method can also be used to turn an asymptotic series into
a continued fraction. This is because an asymptotic series can be for-
mally written as a power series in x−1. So Viskovatov’s method on an
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asymptotic series proceeds in the same way as (3.21) above, with x−j

replacing xj .

In Maple, a rational function or function represented by a power series
can be converted into a continued fraction equivalent to a staircase se-
quence of the Padé table using the convert command. The basic form of
this command for a continued fraction is

> convert(f(x), confrac, x)

When f(x) is a rational function, the output from this is the exact
function in continued fraction form. When f(x) is not rational, then the
output is a finite continued fraction expansion with a default number of
partial quotients (i.e., the number of steps of the expansion). To control
the number of partial quotients, an optional positive integer may be
appended to the list such as

> convert(f(x), confrac, x, n)

which carries the expansion out to n steps for positive integer n. For
example, the command

> convert(x · exp(−x), confrac, x, 5)

gives
x

1 +
x

1 +
x

−2 − 1
3
x

as output.

3.5 A continued fraction for the normal distribution

Let us now return to consider the approximation of Mills’ ratio

Ψ(x) =
1 − Φ(x)
φ(x)

for the normal distribution, which we discussed previously in Chapter
2. We remind the reader that φ(x) and Φ(x) are the standard normal
density function and distribution function, respectively. In that section,
we found an asymptotic series for Ψ(x) whose partial sums are rational
functions. The rational approximations for Mills’ ratio which converge
reliably and quickly are often those provided by continued fractions. One
such approximation, due to Laplace, can be obtained as follows. Let

Ω(t) = xΨ[x (1 − t)]. (3.23)
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It is not hard to check that Ω(t) satisfies the differential equation

dΩ(t)
dt

= −x2 [(1 − t)Ω(t) − 1]. (3.24)

Now, let us write out Ω(t) as a power series. Set

Ω(t) =
∞∑
j=0

ωj t
j (3.25)

so that

Ω′(t) =
∞∑
j=0

(j + 1)ωj+1 t
j .

Plugging these two power series into (3.24), we get

ω1 +
∞∑
j=1

(j + 1)ωj+1 t
j = x2 (1 − ω0) +

∞∑
j=1

x2 (ωj−1 − ωj) tj . (3.26)

Equating coefficients, we see that

ω1 = x2 (1 − ω0) (3.27)

and
(j + 1)ωj+1 = x2 ωj−1 − x2 ωj j = 1, 2, . . . . (3.28)

Equation (3.28) can be interpreted recursively, if it is rewritten as
ωj
ωj−1

=
x

x+ j+1
x

ωj+1
ωj

. (3.29)

We can recognise this as the kind of recursion used in Viskovatov’s
method in equation (3.21). Both recursions lead to a continued fraction
expansion. Starting with j = 1, and applying this formula recursively,
we see that

ω1

ω0
=

x

x+ 2
x
ω2
ω1

...
. . .

=
x

x +
2

x +
3

x +
4

x +
· · · (3.30)

Now from (3.23) and (3.25) we have

Ψ(x) =
Ω(0)
x

=
ω0

x
(3.31)

Additionally, from (3.27) we get

ω0 = 1 − ω1

x2
. (3.32)
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Combining equations (3.30–3.32), we get

Ψ(x) =
1

x+ 1
x

(
ω1
ω0

)

=
1

x +
1

x +
2

x +
3

x +
· · · . (3.33)

This continued fraction converges for all x > 0, and quite rapidly when
x is large. Using the fact that 1 − Φ(x) = φ(x)Ψ(x), we may write the
normal distribution function as

Φ(x) = 1 − exp(−x2/2)√
2 π

[
1

x +
1

x +
2

x +
3

x +
· · ·
]
. (3.34)

These expansions were used by Sheppard (1939) to compute tables of
the standard normal distribution. The well-known Biometrika Tables
For Statisticians used Sheppard’s calculations to compute the standard
normal distribution function. The reader will find more examples of con-
tinued fraction expansions in the problems at the end of the chapter.

3.6 Approximating transforms and other integrals

A rather useful consequence of the Padé formulation is in the approxi-
mation of integrals. Techniques for expanding integrals were introduced
in Chapter 2, and will be a central topic of the next chapter. In this sec-
tion, we shall consider a way to approximate an integral using a rational
approximation directly on the integrand itself.

Suppose we wish to find an approximation for the characteristic function
of a random variable whose probability density function is f(x). We will
need to evaluate

χ(t) =
∫ ∞

−∞
ei t x f(x) dx (3.35)

for all real t. While numerical methods can be used to approximate this
integral for any desired t, it would be preferable to have an explicit
function of t that is a good approximation when t is any value in some
appropriate range. One approach is to replace the density f(x) by a
rational approximant such as f[m,n](x), where n > m. The next step is
to perform a partial fraction decomposition on f[m,n](x). The following
proposition is given without detailed proof.

Proposition 1. Suppose f[m,n](x) = pm(x)/qn(x) where pm(x) and
qn(x) are polynomials of degree m and n, respectively, with n > m. Let
qn(x) have n distinct complex roots denoted by ρ1, . . . , ρn. In addition,
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we suppose that pm(x) and qn(x) have no common root. Then there
exist complex constants a1, . . . , an such that

f[m,n](x) =
n∑
j=1

aj
x− ρj

. (3.36)

The right-hand side is the partial fraction decomposition of f[m,n](x).

Proof. We omit the details of the proof. The coefficient aj can be shown
to be the complex residue of the function f[m,n](x) at the point ρj ,
denoted by

aj = Res
[
f[m,n](x), ρj

]
=

∮
C(ρj)

f[m,n](z) dz,

where C(ρj) is a circle taken in the counterclockwise sense around ρj
such that f[m,n](z) is analytic on and in the interior of C(ρj) with the
exception of the point ρj itself. For more on the theory of residues, the
reader is referred to Rudin (1987).

In practice, we do not evaluate the contour integral directly, but solve
for the coefficients aj by clearing the denominators in (3.36) and equat-
ing coefficients on left- and right-hand sides with common powers of x.
This is the standard procedure for partial fractions taught in elementary
calculus, adapted here for this context.

Let us now assume that qn(x) has no zeros on the real axis. This requires
that n be even if pm(x)/qn(x) is in lowest form. Let n = 2 k. As there
are no roots on the real axis, the roots are paired with k of them being
above the real axis, and the remaining k being their complex conjugates
below the real axis. It will be useful to order ρ1, . . . , ρn so that the roots
are of the form ρ1, . . . ρk, ρ1, . . . ρk, where �(ρj) > 0 for all j = 1, . . . , k.
Here, the bar notation denotes the complex conjugate.

Now ∫ ∞

−∞
ei t x f[m,n](x) dx =

n∑
j=1

aj

∫ ∞

−∞

ei t x dx

x− ρj
. (3.37)

We can evaluate each integral in formula (3.37) by means of contour
integration in the complex plane so that

∫ ∞

−∞

ei t x dx

x− ρj
=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2 π i ei t ρj when �(t ρj) > 0

0 when �(t ρj) < 0

undefined when t = 0.

(3.38)
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Putting equations (3.37) and (3.38) together gives

∫ ∞

−∞
ei t x f[m,n](x) dx =

⎧⎪⎨
⎪⎩

2 π i
∑k
j=1 aj e

i t ρj when t > 0

2 πi
∑k
j=1 aj e

i t ρj when t < 0 .
(3.39)

For an application of (3.39), the reader can check that, if n ≥ 2, formula
(3.39) gives the exact solution for the Cauchy distribution, which has a
rational density function.

In pursuing the approximation in (3.39), we have made a number of
assumptions that may not be satisfied in particular examples. Most no-
tably, we have assumed that the zeros of qn(x) are all distinct. When the
zeros are not distinct, the method must obviously be modified. However,
the spirit of the argument remains much the same, with a more general
partial fraction decomposition formula.

In the method above, we applied the Padé approximation before inte-
grating. An obvious alternative is to expand the integrand as a power
series or asymptotic series and then formally integrate term by term.
The resulting series can then be approximated by a rational function in
the hope that the rational approximation has better properties than the
formally integrated series itself. We have already encountered such an
approach to approximation in Section 3.3.1, where we obtained the Padé
approximant for a power series expansion of a symmetric stable law. The
reader should recall that this power series was formally constructed from
an integrated expansion itself.

3.7 Multivariate extensions

In principle, the methods of this chapter can be freely extended to real-
valued functions of several variables. Rational functions of several vari-
ables are ratios of polynomials; their coefficients can be matched to the
coefficients of a power series as in the univariate case. Unlike the uni-
variate case, however, there is so much freedom that it is a challenge
to choose an appropriate set of equations. Recall that in the univariate
case, we match a rational function to a power series by requiring the
equality of the first n+m derivatives about some point, which we have
usually taken to be zero. In higher dimensions, this can also be done.
However, a power series of several variables does not have a canonical
(total) ordering of its terms. Thus, it is much less clear what should be
matched to what.

In the discussion which follows, I shall restrict to the case of rational
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functions of two variables. The extension of these ideas to higher di-
mensions is not difficult, but does involve the use of additional indices
that impede the exposition by emphasising notation over insight. Let
Z+ ×Z+ denote the lattice of all points (j, k) in the plane where j and
k are nonnegative integers.† By a rational approximation to a function
f(x, y) we shall mean a function

f[M,N ](x, y) =

∑∑
(j, k)∈M ajk x

j yk∑∑
(j, k)∈N bjk xj yk

, (3.40)

where M and N are finite subsets of Z+ × Z+, and the coefficients ajk
and bjk are chosen so that∑∑

(j, k)∈M
ajk x

j yk − f(x, y)
∑∑
(j, k)∈N

bjk x
j yk (3.41)

is vanishingly small to high order close to x, y = 0. But this, of course,
begs the question of what we mean by vanishingly small to high order
in the case of several variables.

A reasonable interpretation is the following: The coefficient on the term
involving xr ys in the power series expansion of∑∑

(j, k)∈M
ajk x

j yk − f(x, y)
∑∑
(j, k)∈N

bjk x
j yk = o(xr ys) (3.42)

equals zero for all (r, s) in some appropriately chosen finite subset L of
Z+ × Z+.

How should subsets M, N and L be chosen? There is much freedom.
In order to ensure that we are solving as many equations as there are
unknown coefficients, there must be a constraint on the cardinality of L
in terms of the cardinalities of M and N . Let us use the symbol #(B) to
denote the cardinality (i.e., number of elements) of a finite set B. Since
we can set one coefficient in the denominator equal to one, the number
of coefficients in the rational function is #(M)+#(N)−1. The number
of equations to solve is #(L). Therefore

#(L) = #(M) + #(N) − 1. (3.43)

3.8 Notes

The theory of Padé approximants receives an excellent treatment by
Baker and Graves-Morris (1996). In this chapter, we have only had room

† Note that 0 is included in Z+.
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to touch briefly upon the basic ideas. For more information about the in-
variance properties of Padé approximants, methods for calculating them,
their connection to continued fractions, and results on convergence, the
reader is referred to the book mentioned. Space limitations prevent us
from considering the numerous algorithms that are available for cal-
culating Padé approximants. Fortunately, the Maple algorithms spare
the reader from having to spend much time on solving the simultaneous
equations necessary to calculating the coefficients of Padé approximants.
Maple uses two different algorithms. When there are exact rational coef-
ficients, Maple uses a fast variant of the extended Euclidean algorithm.
When there are exact coefficients which involve parameters, then the
algorithm used is a variation of fraction-free Gaussian elimination. The
linear system has a coefficient matrix having Hankel structure and the
variation takes into consideration that this matrix is symmetric.

The reader who wishes to study the theoretical properties of continued
fractions would do well to read Wall (1973). The theory of convergence
of continued fractions is a rich area for study, and, unlike the theory
of convergence of series, cannot be said to be a “closed book.” Wall
(1973) treats the subject at an advanced level, and will require a solid
background by the reader in analysis.

3.9 Problems

1. Our first problem examines some (much delayed) issues of regularity
in the definition of Padé approximants.

(a) Equation (3.1) is the defining equation for a Padé approximant.
Dividing both sides by q(x), and assuming that q(x) �= 0 in a
neighbourhood of x = 0, we obtain the order condition

f[m,n](x) = f(x) + o(xm+n) . (3.44)

It is natural to ask whether this order condition provides a sat-
isfactory definition in its own right. This definition is known as
the Baker definition. Let us consider the function f[1, 1](x) where
f(x) = 1 + x2. In this case the new order condition would be

f[1, 1](x) = f(x) + o(x2).

Show that this does not work by solving for the coefficients an, bn
where n = 0, 1 for

a0 + a1 x

b0 + b1 x
= 1 + x2 + o(x2)
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and checking that

a0 = b0, a1 = b1, b0 = 0, (3.45)

so that
a0 + a1 x

b0 + b1 x
= 1 �= 1 + x2 + o(x2).

(b) In the calculations above, we observed that the function f(x) =
1 + x2 failed to have a Padé approximant of order (1, 1) according
to the Baker definition. Show that the values given in (3.45) do
satisfy the definition given in (3.1) early in this chapter. Can we
write f[1, 1](x) = 1 when f(x) = 1 + x2 ? Yes and no! If we write

f[1, 1](x) =
0 + x

0 + x

then f[1, 1](x) satisfies (3.1). However, verify that

f[1, 1](x) =
1 + 0 x
1 + 0 x

does not!
(c) Our calculations lead us to an understanding that (3.1) and (3.44)

are not equivalent, although they may lead to the same results in
many examples.
Note that a given rational function can be represented as the ratio
of two polynomials in many different ways. Our original definition
of a Padé approximant f[m,n](x) is dependent upon the particular
polynomials used, whereas the Baker definition is not. Henri Padé
defined the deficiency index of f[m,n](x) to be the smallest integer
ω such that

f(x) = f[m,n](x) + o(xm+n−ω) .
Comment upon the following quote from Baker and Graves-Morris
(1996):

“Because the accuracy-through-order requirement [the requirement
ω = 0] is fundamental, a definition which preserves it [the Baker
definition] is essential ....”

Your comments should consider both the strengths and the weak-
nesses of each definition.

2. Prove formula (3.7).

3. Let f(x) be the probability density function for a random variable
having a N (0, 1) distribution. Find f[8, 0](x) and f[0, 8](x).
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4. Let f(x) and g(x) be two probability density functions related by the
equation

g(x) =
1
σ
f
(x
σ

)
.

Prove that
g[m,n](x) =

1
σ
f[m,n]

(x
σ

)
.

5. Prove that every rational function f(x) can be written as g(x)+h(x),
where g(x) is a polynomial–it may be zero–and h(x) is a rational
function with the property that the degree of the numerator is less
than the degree of the denominator.

6. Suppose p(x)/q(x) is a (real) rational function such that the degree
of the numerator is strictly less than the degree of the denominator.
Furthermore, suppose that

q(x) = (x− ρ1) (x − ρ2) · · · (x − ρk)

where ρ1, . . . , ρk are distinct real numbers. Prove that p(x)/q(x) can
be written in the form

p(x)
q(x)

=
k∑
j=1

cj
x− ρj

where cj = p(ρj)/q′(ρj).

7. The general formula for the Padé approximants for exp(x) given in
equations (3.9) and (3.10) is due to Padé from his thesis work. Derive
it from the equations given in (3.5) and (3.6).

8. Let U be a random number that is uniformly distributed on the in-
terval (0, 1). Define

V = U +
1

U +
1

U +
1

U +
· · · .

Find the probability density function for V .

9. In Problem 20 of Chapter 2, we considered the logarithmic difference

ζ(x) = ln Γ(1 + x) −
[
1
2

ln(2 π) +
(
x+

1
2

)
ln x− x

]
.

which expressed the error in using Stirling’s approximation for Γ(1 +
x). A continued fraction expansion for ζ(x) is

ζ(x) =
1

12 x +
2

5 x +
53

42 x +
1170

53 x +
22999

429 x +
· · · .
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Use this continued fraction expansion to construct the first four ra-
tional approximations to ζ(x) which are convergents of this continued
fraction.

10. Use Viskovatov’s method or otherwise to derive the continued fraction

exp(x) = 1 +
x

1 +
x

−2 +
x

−3 +
· · · .

11. Asymptotic series can be changed formally into power series using
the inversion y = 1/x. Thus, Viskovatov’s method can be applied to
asymptotic series as well as power series. Using the asymptotic series
for ζ(x) given in Chapter 2, show that

ζ(x) =
1/12
x +

1/30
x +

53/210
x +

· · · .
Note that Viskovatov’s method derives a continued fraction in C-
fraction form. You will need to transform it into the S-fraction given
above. An operation which multiplies numerator and denominator of
a continued fraction by some nonzero quantity is called an equiva-
lence transformation. It can be seen that such an operation “carries
forward” throughout all the convergents of the continued fraction.
Compare this with the series in Problem 9 above. Is the difference in
form explained by an equivalence transformation?

12. Let X have a distribution G(α, 1) with probability density function

f(x) =
xα−1 exp(−x)

Γ(α)

when x ≥ 0 and f(x) = 0 when x < 0. In Problem 21 of Chapter 2,
we saw that the asymptotic series

P (X > t) ∼
f(t)

[
1 +

α− 1
t

+
(α− 1)(α− 2)

t2
+

(α− 1)(α− 2)(α− 3)
t3

+ · · ·
]

could be obtained for t > 0 using integration by parts. In the manner
similar to the previous question, use Viskovatov’s method or otherwise
on the asymptotic series to show that

P (X > t) ∼
f(t)

[
1

1 +
1 − α

t +
1

1 +
2 − α

t +
2

1 +
3 − α

t +
3

1 +
· · ·
]
.



CHAPTER 4

The delta method and its extensions

4.1 Introduction to the delta method

Suppose X1, X2, . . . , Xn are independent, identically distributed ran-
dom variables with unknown mean μ. If we wish to estimate some pa-
rameter θ = h(μ) of the distribution, then a natural estimator is h(Xn),
where Xn is the sample mean. To evaluate the asymptotic performance
of h(Xn) we might find the limiting moments of h(Xn) as the sample
size n→ ∞.

For example, we could look for an expansion of the form

E[h(Xn)] = a0 +
a1

n
+
a2

n2
+ · · · +

am
nm

+ o
(
n−m) (4.1)

as n→ ∞. Such an expansion can be used to study convergence of h(Xn)
to h(μ) through the moments of the distribution. We would also want
to have similar sorts of expansions for the variance of h(Xn) such as

Var[h(Xn)] =
b1
n

+
b2
n2

+ · · · +
bm
nm

+ o
(
n−m) . (4.2)

The constant term will be zero under mild regularity because the vari-
ance goes to zero as n→ ∞.

Another way to evaluate the asymptotic performance of h(Xn) is to
consider its limiting distribution as n→ ∞. Since Xn converges almost
surely to μ, the limit distribution of h(Xn) is degenerate with mass
one on h(μ). However, we can try to centre and scale h(Xn) so that a
nondegenerate distribution is the result. We might centre and scale so
that √

n [h(Xn) − h(μ)] d=⇒ N (0, σ2) (4.3)

for some σ2 > 0 as n→ ∞. The normality of the limit distribution will
follow from the local linearity of h(x) close to x = μ and the central
limit approximation to Xn.

At first glance, the two methods in (4.1) and (4.3) seem to be roughly
equivalent—and indeed they often are. The observation that the limit

99



100 THE DELTA METHOD AND ITS EXTENSIONS

normal distribution in (4.3) has mean zero and variance σ2 corresponds
to a0 = h(μ) in (4.1), and b1 = σ2 in (4.2). However, the correspondence
between the limit moment formulas in (4.1) and (4.2) and the limit
distribution formula in (4.3) is not exact. For example, in general

Yn
d=⇒ Y does not imply E(Yn) → E(Y ) .

However, convergence in distribution will imply convergence of means
for uniformly bounded random variables.∗

The two methods leading to the formulas above are called the delta
method for moments and the delta method for distributions, respectively.

4.2 Preliminary results

The following proposition will be useful for the derivation of the delta
method for moments.

Proposition 1. Let X1, . . . , Xn be independent and identically dis-
tributed with mean μ. Let Xn be the sample mean of X1, . . . , Xn. Sup-
pose that for a given integer k ≥ 1, X1 has finite (2 k − 1)st moment.
Then

E
(
Xn − μ

)2 k−1
= O(n−k) .

as n→ ∞. Furthermore, if X1 has finite (2 k)th moment, then

E
(
Xn − μ

)2 k
= O(n−k) ,

also as n→ ∞.

Proof. Note that we can combine these two statements together as

E
(
Xn − μ

)m
= O

(
n−	(m+1)/2


)

= O
(
n−�m/2


)
.

(The equality �(m + 1)/2� = �m/2� holds for integer m but not for
general real numbers.) It suffices to prove this result for the case where
μ = 0. Let μj be the jth moment of X1. Expanding X

m

n we have

EX
m

n = n−m ∑
1≤j1 j2 ··· jm≤n

E (Xj1 Xj2 · · · Xjm) . (4.4)

∗ What is needed here is uniform integrability. Random variables which are
uniformly bounded are uniformly integrable. However, boundedness is a very
strong condition. A weaker sufficient condition for uniform integrability is that
supn E |Yn|1+ε < ∞ for some ε > 0.
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Since E(Xj) = 0, the only nonzero terms in this sum are those where
every j appears at least twice. Let us drop the zero terms and assume
henceforth that each index j which is present in a term must appear two
or more times. For each term of the sum, let p denote the total number
of distinct indices j that appear in that term. For example, if m = 5 the
term E(X2

j1 X
3
j2) is assigned the value p = 2. Since each j appears two

or more times, it follows that p ≤ �m/2�. Furthermore, for each possible
value of p, there are

O

[(
n

p

)]
= O(np)

nonzero terms in (4.4) which are assigned that particular value of p.
Here

(
n
p

)
is the number of ways of picking p random variables out of n.

This binomial coefficient needs to be multiplied by the number of ways
of ordering m random variables selected with replacement from a set of
p given distinct random variables so that each of the p variables appears
at least twice. This combinatorial factor is

∑
s1 + · · · + sp = m
sk ≥ 2 for all k

(
m

s1 s2 · · · sp

)
.

However, the precise evaluation of this combinatorial factor need not
concern us, because for fixed p this factor does not depend on the value
of n. Therefore, the total number of nonzero terms in (4.4) is of order

	m/2
∑
p=1

O(np) = O(n	m/2
) .

Next, we note that the terms in (4.4) are uniformly bounded. This follows
from the fact that

|E (Xj1 Xj2 · · · Xjm) | ≤ E |X1|m . (4.5)

See Problem 1. So

EX
m

n = n−mO(n	m/2
) = O(n	m/2
−m)
= O(n−�m/2
) ,

as required.

For small values of k it is easy to check these order statements by direct
calculation of the moments. For example, if the rth cumulant† of X1 is

† See Section 2.2.5. In particular μ = κ1 and σ2 = κ2.
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κr, then

E
(
Xn − μ

)2
=

κ2

n
= O(n−1) ,

E
(
Xn − μ

)3
=

κ3

n2
= O(n−2) ,

E
(
Xn − μ

)4
=

κ4 + 3nκ2
2

n3
= O(n−2) ,

E
(
Xn − μ

)5
=

κ5 + 10nκ3 κ2

n4
= O(n−3) ,

E
(
Xn − μ

)6
=

κ6 + 15nκ4 κ2 + 10n2 κ2
3

n5
= O(n−3) , (4.6)

and so on.

A few observations about these moments are in order. First, we should
note that Proposition 1 is closely related to the Marcinkiewicz-Zygmund
inequality for sums of centred independent random variables. As the use
of this inequality is not our main intention here, we shall state the result
without proof. The reader is referred to Chow and Teicher (1988, 367—
368) for a complete proof.

Proposition 2 (Marcinkiewicz–Zygmund Inequality). Let Y1, Y2, · · ·
be independent random variables with mean zero. For every m ≥ 1 there
exist positive constants αm and βm which are universal in the sense that
they depend only on m, such that

αmE

⎡
⎢⎣
⎛
⎝ n∑
j=1

Y 2
j

⎞
⎠
m/2
⎤
⎥⎦ ≤ E

⎡
⎣
∣∣∣∣∣∣

n∑
j=1

Yj

∣∣∣∣∣∣
m ⎤
⎦ ≤ βmE

⎡
⎢⎣
⎛
⎝ n∑
j=1

Y 2
j

⎞
⎠
m/2
⎤
⎥⎦ .

for all n.

The right-hand side of this inequality is particularly useful. Using Hölder’s
inequality with p = m/2 and q = m/(m− 2) we see that

n∑
j=1

Y 2
j =

n∑
j=1

1 · Y 2
j

≤
⎛
⎝ n∑
j=1

1q

⎞
⎠

1/q ⎛
⎝ n∑
j=1

|Yj |2 p
⎞
⎠

1/p

≤ n(m−2)/m

⎛
⎝ n∑
j=1

|Yj |m
⎞
⎠

2/m

.
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Plugging this inequality into the right-hand inequality of Proposition 2
gives us

E

⎡
⎣
∣∣∣∣∣∣

n∑
j=1

Yj

∣∣∣∣∣∣
m ⎤
⎦ ≤ βm n

(m−2)/2E

⎛
⎝ n∑
j=1

|Yj |m
⎞
⎠ . (4.7)

Now suppose thatX1, X2, . . . are independent and identically distributed
with mean μ and finite mth moment. Set Yj = Xj − μ. Then the expec-
tation on the right-hand side of (4.7) is O(n). So

E
(|Xn − μ|m) = n−mE

⎡
⎣
∣∣∣∣∣∣

n∑
j=1

Yj

∣∣∣∣∣∣
m ⎤
⎦

= n−m n(m−2)/2O(n)
= O(n−m/2) (4.8)

for all positive integers m. This inequality should be compared with
those in Proposition 1. Note that (4.8) provides a similar sort of bound
to those in Proposition 1, but with an absolute value sign within the
expectation. For even values of m the introduction of an absolute value
has no effect, and in these cases our latest order statement in (4.8) agrees
with Proposition 1.

The second observation that should be made on the results of Proposition
1, is that we may write the moments more precisely as

E
(
Xn − μ

)m
=

m−1∑
j=	(m+1)/2


cjm n
−j (4.9)

where the coefficients cjm do not depend upon n. The values of these
coefficients for m ≤ 6 can be read from the table of values in (4.6) above.

4.3 The delta method for moments

We are now in a position to state and prove the basic results for the
delta method for moments.

Proposition 3. Suppose X1, X2, . . . , Xn are independent identically
distributed random variables. Let k ≥ 0 be an integer.

1. Assume that E |X1|2 k+1 <∞. Let κj denote the jth cumulant of X1,
for 1 ≤ j ≤ 2 k + 1, so that μ = κ1 and σ2 = κ2, and so on.
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2. Let h(x) be a real-valued function which is 2 k+1 times differentiable
for all x. We shall suppose that there exists some constant B > 0 such
that |h(2 k+1)(x)| ≤ B for all x.

Then

E h(Xn) = a0 +
a1

n
+
a2

n2
+ · · · +

ak
nk

+O

[
1

n(2 k+1)/2

]
,

where

a0 = h(μ) , a1 = h′′(μ)
σ2

2
, a2 = h′′′(μ)

κ3

6
+ h(iv)(μ)

σ4

8
.

Higher order coefficients can be calculated using the method outlined in
the proof below.

Proof. Expanding h(Xn) in a Taylor series about μ we get

h(Xn) = h(μ) +
2 k∑
j=1

h(j)(μ)
j!

(Xn − μ)j +
h(2 k+1)(ξ)
(2 k + 1)!

(Xn − μ)2 k+1

where ξ lies between Xn and μ. Taking expectations of both sides yields

E h(Xn) = h(μ) +
2 k∑
j=1

h(j)(μ)
j!

E(Xn − μ)j +R2 k+1 , (4.10)

where R2 k+1 is the expectation of the remainder term involving ξ. Since
|h(2 k+1)(ξ)| ≤ B, we conclude that

|R2 k+1| ≤
∣∣∣∣E h(2 k+1)(ξ)

(2 k + 1)!
(Xn − μ)2 k+1

∣∣∣∣

≤ E

∣∣∣∣h
(2 k+1)(ξ)
(2 k + 1)!

(Xn − μ)2 k+1

∣∣∣∣
≤ B

(2 k + 1)!
E |Xn − μ |2 k+1

= O

[
1

n(2 k+1)/2

]
,

using the order result given in (4.8). Using (4.9), we can express the
moments in (4.10) as sums, so that

E h(Xn) = h(μ) +
2 k∑
j=1

⎡
⎣ j−1∑
r=	(j+1)/2


crj
nr

⎤
⎦ h(j)(μ)

j!
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+O

[
1

n(2 k+1)/2

]

= h(μ) +
k∑
r=1

n−r

⎡
⎣ 2 r∑
j=r+1

crj h
(j)(μ)
j!

⎤
⎦+O

[
1

nk+1

]

+O

[
1

n(2 k+1)/2

]

= h(μ) +
k∑
r=1

n−r

⎡
⎣ 2 r∑
j=r+1

crj h
(j)(μ)
j!

⎤
⎦+O

[
1

n(2 k+1)/2

]
.

We set a0 = h(μ) and ar =
∑2r

r+1 crj h
(j)(μ)/j! for r ≥ 1.

From this derivation, we see that

a1 =
c12 h

(2)(μ)
2!

=
σ2 h(2)(μ)

2!
and

a2 =
c23 h

′′′(μ)
3!

+
c24 h

(iv)(μ)
4!

=
4 h′′′(μ)κ3 + 3 h(iv)(μ)σ4

24
,

as required.

With extra regularity on h(x) and X1, the order of the remainder term
can be improved, as shown in the next proposition.

Proposition 4. Suppose that Assumptions 1 and 2 in Proposition 3 are
replaced by the following conditions.

1. Assume that E |X1|2 k+2 <∞.

2. Let h(x) be 2 k + 2 times differentiable for all x, and suppose that
there exists some constant B > 0 such that |h(2 k+2)(x)| ≤ B for all
x.

Then

E h(Xn) = a0 +
a1

n
+
a2

n2
+ · · · +

ak
nk

+O

(
1

nk+1

)
,
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where the coefficients are determined as in Proposition 3.

Proof. The proof is similar to that of Proposition 3 except that an extra
term is carried in the Taylor expansion. So E h(Xn) equals

h(μ) +
2 k∑
j=1

h(j)(μ)
j!

E (Xn − μ)j +
h(2 k+1)(μ)
(2 k + 1)!

E (Xn − μ)2 k+1 +R2 k+2 .

Then R2 k+2 = O[n−(k+1)] for reasons similar to the argument in Propo-
sition 3. In addition, the penultimate term is also of order O[n−(k+1)]
from the assumptions and Proposition 1.

A widely used special case of Propositions 3 and 4 arises when k = 1 so
that h(x) is three (respectively, four) times differentiable with bounded
third (respectively, fourth) derivative.

Proposition 5. Under the conditions of Proposition 3 with k = 1, we
have

E h(Xn) = h(μ) +
h′′(μ)σ2

2n
+O

(
1

n
√
n

)
.

Similarly, under the conditions of Proposition 4 with k = 1, we have

E h(Xn) = h(μ) +
h′′(μ)σ2

2n
+O

(
1
n2

)
,

in both cases, as n→ ∞.

Several observations should be made on Propositions 3 and 4. First,
the assumption of a bounded higher derivative of h(x) is stronger than
necessary for the conclusions.‡ We can weaken the assumptions to some
extent by noticing that the conclusions in Propositions 3 and 4 follow for
a given value of k if the assumptions hold for some higher value k�, where
k� ≥ k. This follows from the fact that the order properties of the series
“propagate backwards” to all lower orders. However, functions h(x) with
bounded derivatives at some order are polynomial-like in their behaviour
at infinity, and there are many functions for which we would like to apply
the delta method where the assumptions fail. We may try to solve this
problem by attacking the remainder term with more powerful analytical
methods. If these difficulties prove too much to handle, the delta method
for distributions, discussed below, is an alternative approach.

‡ Nevertheless, the assumption cannot simply be removed, as counterexamples can
be constructed if h(x) is differentiable to high order but does not have a bounded
derivative of some order.
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A perusal of the proofs of Propositions 3 and 4 shows that the terms
of the Taylor expansion of h(Xn) must be grouped in pairs to isolate
them in orders of n. The reason for this can be seen in Proposition 1,
where the (2 k−1)st moment and the (2 k)th moment of Xn−μ are seen
to have the same order in n. This can be a trap for the unwary: when
working through the delta method from first principles in an example,
we may accidentally terminate the expansion with a remainder term that
is the same order as the last term—the term of smallest order—in the
expansion. There is nothing wrong with such a “do it yourself” approach
to the delta method provided the order of the remainder term is checked
carefully to avoid omitting an important term from the expansion.

Propositions 3 and 4 also provide a mechanism for calculating the higher
moments of h(Xn). No new propositions are needed for this purpose.
For example, to calculate the second moment of h(Xn) it is sufficient to
replace the function h(x) by g(x), where g(x) = [h(x)]2. To calculate the
coefficients in the expansion, it is necessary to write the derivatives of
g(x) in terms of the derivatives of h(x). Note that the jth derivative of
g(x) depends upon all lower derivatives of h(x). So, to impose a bound
on the absolute value of g(2 k+1)(x) or g(2 k+2)(x) some regularity must
hold on all lower order derivatives of h(x). For example, if |h(r)(x)| is
bounded for all 0 ≤ r ≤ j, then |g(r)(x)| is bounded. However, this
condition is much too strong to be practical for many applications. It is
usually better to check the assumptions on g(x) directly.

Proposition 6. Suppose that the assumptions of Proposition 4 hold with
k = 1, and that |g(iv)(x)| is bounded where g(x) = [h(x)]2. Then

Varh(Xn) =
[h′(μ)]2 σ2

n
+O

(
1
n2

)
,

as n→ ∞.

Proof. Applying Proposition 4 to g(x) = [h(x)]2, we find that

E
[
h(Xn)

]2
= g(μ) +

g′′(μ)σ2

2n
+O

(
1
n2

)

= [h(μ)]2 +
h′′(μ)h(μ)σ2

n
+

[h′(μ)]2 σ2

n
+O

(
1
n2

)
.

From Proposition 5, we obtain

[
E h(Xn)

]2
=

[
h(μ) +

h′′(μ)σ2

2n
+O

(
1
n2

)]2

= [h(μ)]2 +
h′′(μ)h(μ)σ2

n
+O

(
1
n2

)
.
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Subtracting the second expansion from the first gives us the required
result.

It is worth noting that the delta method is applicable even when the
function h(x) is defined implicitly through an equation or the optimi-
sation of an objective function. For example, when Xn is a sufficient
statistic for the estimation of a parameter θ, then the principle of suffi-
ciency requires that any estimator θ̂ be a function of Xn. This function
need not be explicit, or have any closed form representation. However,
to apply the delta method for moments, we must be able to evaluate or
approximate the function and its derivatives close to the expected value
of Xn.

4.4 Using the delta method in Maple

The delta method is particularly easy to implement in Maple when cou-
pled with the powseries package. This package was briefly described in
Section 2.2.6. To illustrate the method here, let us consider the task of
computing E (Xn−μ)7 based upon a random sample of size n from the
P(λ) distribution. The Poisson distribution has the property that its
cumulants κn are all equal to λ for n ≥ 1. So, in particular, μ = λ and
σ2 = λ. The Maple commands

> with(powseries)

> powcreate

(
cgf(j) = λ

nj−1 · j! , cgf(0) = 0, cgf(1) = 0
)

formally generate a recursive sequence cgf whose elements are the cumu-
lants of Xn−μ. To formally generate the sequence mgf of coefficients of
the moment generating function for Xn − μ, we use

> mgf := powexp(cgf)

and the job is done. To obtain E (Xn − μ)m, for m = 7 say, we use

> m := 7

> collect(m! ·mgf(m), n)

which generates the output

105λ3

n4
+

56λ2

n5
+

λ

n6
.

To illustrate the use of these moments in the delta method, let us con-
sider an example with a function such as h(x) =

√
x. First we use the

command
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> powcreate ( h(j) = subs (x = λ , diff (
√
x, x$j) ) )

to generate the sequence of derivatives of h(x). The elements of this
sequence need to be multiplied element–by–element by the sequence of
moments of Xn − μ. This is accomplished by

> powcreate( δ(j) = mgf(j) · h(j) )

The sequence of coefficients in δ needs to be summed. To do this, we can
use the command

> result := subs( t = 1 , mtaylor(tpsform(δ, t, 6), t, 6) )

The displayed command sums the first five terms of δ by using tpsform
to generate a polynomial in t from δ. The mtaylor command simply
strips off the order term from this polynomial. The coefficients are then
summed by setting t = 1. The final step is to organise the expression ob-
tained by the last command, by grouping common powers of n together.
This is accomplished using

> collect(result, n)

The first three terms of the Maple output give us

E

√
Xn =

√
λ− 1

8
√
λ

1
n
− 7

128λ
√
λ

1
n2

+O

(
1
n3

)
. (4.11)

To apply the delta method to any other function h(x), we need only
replace

√
x above by the appropriate choice. For example, in the next

section we shall consider h(x) = e−x.

4.5 Asymptotic bias

In this section, we shall consider the asymptotic bias of maximum likeli-
hood estimators using the Poisson example of the previous section. Let
X1, . . . , Xn be a random sample from a Poisson distribution with pa-
rameter λ. The maximum likelihood estimator for λ based upon this
random sample is λ̂ = Xn. Let π0 = P (X1 = 0). Then π0 provides an
alternative parametrisation of the Poisson model and is related to λ by
the smoothly invertible transformation π0 = e−λ.

The maximum likelihood estimator for π0 is

π̂0 = exp(−λ̂)
= exp(−Xn) ,

a result which follows immediately from the functional equivariance of
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the method of maximum likelihood estimation. Using the delta method
for moments, it can be checked that

E π̂0 = E exp(−Xn)

= π0

[
1 +

λ

2n
− λ

6n2
+

λ2

8n2
+O

(
1
n3

)]
. (4.12)

This result can be obtained by calculating the coefficients a0, a1 and a2

in Proposition 4. For the P(λ) distribution, the first three cumulants are

μ = λ , σ2 = λ , and κ3 = λ .

Note that the assumptions of Proposition 4 hold in this example: the
Poisson distribution has moments of all orders, and all derivatives of
h(x) = e−x are bounded for positive x.

Such an expansion can be used to obtain an asymptotic correction for
the bias of π̂0. For example, we can write the bias B(π̂0) = E(π̂0) − π0

as

B(π̂0) =
λ e−λ

2n
+O(n−2)

so that the bias in π̂0 is λ e−λ/(2n) to lowest order in n. Since λ is
unknown, we cannot simply subtract this asymptotic bias to produce a
new estimator. However, we can obtain a “plug–in” bias correction by
replacing λ by Xn in this bias formula. This leads to the estimator

π̂�0 = π̂0 − Xn exp(−Xn)
2n

(4.13)

which has asymptotic bias

B(π̂�0) = E
[
exp(−Xn) − e−λ

]− E

[
Xn exp(−Xn)

2n

]

=
[
λ e−λ

2n
+O(n−2)

]
− E

[
Xn exp(−Xn)

2n

]
(delta method)

=
[
λ e−λ

2n
+O(n−2)

]
−
[
λ e−λ

2n
+
O(n−1)

n

]
(delta m. again!)

= O(n−2) .

The second application of the delta method in the penultimate step is
applied to the function h(x) = x exp(−x).
The principle illustrated through this Poisson example is a special case
of a more general property of maximum likelihood estimators for mod-
els involving random samples from a distribution. The estimator π̂0 =
exp(Xn) is the maximum likelihood estimator for the parameter e−λ,
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and maximum likelihood estimators typically have a bias which is asymp-
totically O(n−1). Thus if θ̂ is the maximum likelihood estimator for some
real parameter θ, we can usually write

E(θ̂) = θ +
b(θ)
n

+O(n−2) so that B(θ̂) ∼ b(θ)
n

(4.14)

as n → ∞, where b(θ) does not depend upon n. This bias does not
appear in the calculations of the first order asymptotic properties of the
maximum likelihood estimator. It enters into second order calculations
when calculating the mean square error of θ̂ to order O(n−2).

4.6 Variance stabilising transformations

4.6.1 General principles

The asymptotic normality of Xn is often used to construct an approxi-
mate confidence interval for the mean of a distribution. As is well known,
the interval

Xn ± 1.96
√

Var(Xn) that is, Xn ± 1.96
σ√
n

will contain the mean with probability close to 95% when n is large. How-
ever, this formula can only be implemented directly when σ is known.
When this is not the case, we often use the sample standard deviation
instead of σ to produce a confidence interval for the mean based on
the t-statistic. An alternative is to transform Xn to some new statistic
Un = h(Xn) whose asymptotic variance is fixed and not dependent upon
any unknown parameter.

Consider a random sample from one-parameter model where we may
write both μ and σ as functions of an unknown real-valued parameter
θ, namely

μ = μ(θ) , σ2 = σ2(θ) . (4.15)

Under the assumptions of Proposition 6, we have

Varh(Xn) =
{h′[μ(θ) ] }2 σ2(θ)

n
+O

(
1
n2

)
.

So if we wish to make Varh(Xn) = n−1, say, to order O(n−1), then we
want to have

h(x) =
∫ x dt

σ[μ−1(t) ]
. (4.16)

See Problem 6. We might also seek a transformation h(x) which stabilises
other types of statistics, which are not simple averages or sums. Such an
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example is the variance stabilisation of the sample correlation coefficient,
which we shall consider in Section 4.6.5 below.

4.6.2 The linearised Poisson distribution

When X1, . . . , Xn are P(λ), then the uniformly minimum variance un-
biased estimator (UMVUE) for λ is X. In this case,

μ(λ) = λ , σ(λ) =
√
λ

in (4.16), and

h
(
Xn

)
=

∫ Xn

t−1/2 dt

= 2
√
Xn ,

with the constant of integration set to zero. Therefore

Var
(√

Xn

)
=

1
4n

+O(n−2) . (4.17)

A variant of this formula is the following result.

Proposition 7. If X d= P(λ), then
√
X is asymptotically normal with

mean

E
(√

X
)

=
√
λ+O

(
1√
λ

)

and variance

Var
(√

X
)

=
1
4

+O

(
1
λ

)

as λ→ ∞.

See Problem 7. Noting this property of the square root transformation,
Fraser (1968) observed§ that the parameter

√
λ for the linearised Poisson√

X behaves like a location parameter. He proposed the quantity

V = 2
(√

X −
√
λ
)

(4.18)

as an approximate normal pivotal for inference about λ as λ → ∞.

§ G. Van Belle obtained an asymptotic expression for the linearising transforma-
tion in a 1967 Ph. D. dissertation at the University of Toronto, entitled Location
analysis and the Poisson distribution.



VARIANCE STABILISING TRANSFORMATIONS 113

Asymptotically, this quantity is N (0, 1). This approximate normal piv-
otal can be compared with the usual approximate normal pivotal found
by standardisation of the mean and variance, namely

W =
X − λ√

λ
. (4.19)

Neither W nor V converges uniformly faster than the other to N (0, 1).
However, the density of V is closer than W to N (0, 1) to lowest order in
n except for the interval from 1.4 to 2.4 standard deviations away from
zero.

Before leaving this example, we should note that the function h(x) =√
x does not satisfy the assumptions of Propositions 4 and 6, because

the derivatives of h(x) are infinite at x = 0. However, the asymptotic
contribution of x = 0 is negligible, and the conclusion of Proposition 6
follows even though the assumptions fail. This can be shown by ad hoc
methods.

4.6.3 Averaging over Bernoulli trials

A discrete random variable taking the value one with probability θ and
zero with probability 1− θ is often called a Bernoulli random variables.
A sequence X1, . . . , Xn of independent, identically distributed Bernoulli
random variables is called a sequence of Bernoulli trials. In a sequence
of Bernoulli trials, X is the best unbiased estimator for the parameter
θ.

Using formula (4.16) with

μ(θ) = θ , σ(θ) =
√
θ (1 − θ)

gives us

h(Xn) =
∫ Xn dt√

t (1 − t)

= 2 sin−1

√
Xn .

Again, we set the constant of integration to zero for simplicity.

4.6.4 Gamma distributions

Consider the two-parameter model where X1, . . . , Xn are G(α, λ). Let
us consider α as fixed so that we can stabilise the variance of h

(
Xn

)
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with λ varying and α constant. The mean and variance in this restricted
model are αλ−1 and αλ−2, respectively. Therefore

h(Xn) =
∫ Xn

√
αdt

t

=
√
α ln Xn .

4.6.5 The correlation coefficient

Suppose (X1, Y1), . . . , (Xn, Yn) are n independent pairs. The coefficient
of linear correlation between X and Y is determined by

ρ =
Cov (Xj , Yj)√
Var(Xj)Var(Yj)

The sample correlation coefficient

R =

∑n
j=1

(
Xj −Xn

) (
Yj − Y n

)
√∑n

j=1

(
Xj −Xn

)2 ∑n
j=1

(
Yj − Y n

)2
has mean μ(ρ) and standard deviation σ(ρ)/

√
n, where

μ(ρ) = ρ , σ(ρ) = 1 − ρ2 . (4.20)

The statistic R differs from previous examples, because it is not a simple
average over a number of independent replications. However, the basic
methodology works. The stabilising transformation is

h(R) =
∫ R dt

1 − t2

=
1
2

ln
(

1 −R

1 +R

)

= tanh−1 R .

4.7 Normalising transformations

4.7.1 General theory

The variance stabilisation method of the previous section allowed us to
derive approximate pivotal quantities that could be used to construct
approximate confidence intervals for a real-valued parameter. The suc-
cess of this method depends upon the asymptotic normality of Xn, and
a fortiori the transformed statistic h(Xn). However, the statistic h(Xn)



NORMALISING TRANSFORMATIONS 115

may not be closer to normal than Xn. So, transformations which try to
“normalise” Xn are also of interest.

How can we do this? Once again, let us assume that the moments and
cumulants are functions of a real parameter θ. In particular, we should
have

μ = μ(θ) , σ2 = σ2(θ) , and κ3 = κ3(θ) .

One measure of non-normality is the third cumulant or third central
moment of Xn. From Proposition 1, we have

E
(
Xn − μ

)3
= O(n−2) .

The transformation h(x) has effect of normalising Xn if

E
[
h(Xn) − E h(Xn)

]3
= o(n−2) . (4.21)

To find a transformation which satisfies this, we expand the left-hand
side as

E h3(Xn) − 3E h2(Xn)E h(Xn) + 2
[
E h(Xn)

]3
.

In turn, each of the expectations in this expression can be expanded using
Proposition 3 applied to the functions h, h2 and h3. Terms which involve
either n−1 or n0 will cancel. So, it is sufficient to find the coefficient of
the term involving n−2 and to set this coefficient to zero. This leads to
the equation

[h′(μ)]3 κ3 + 3 [h′(μ)]2 [h′′(μ)] σ4 = 0 . (4.22)

See Problem 8. This differential equation turns out to be simpler than it
looks. We can assume that h(x) is a non-constant function, and therefore
that h′(μ) does not vanish. We cancel [h′(μ)]2, and set g(μ) = h′(μ).
Then we get the differential equation

g(μ)κ3 + 3 g′(μ)σ4 = 0 . (4.23)

At this stage, we should recall that μ, σ2, and κ3 are all functions of the
parameter θ. Let us consider some examples.

4.7.2 Poisson distribution

Suppose Xn is the average of n Poisson random variables with mean λ.
Then

μ(λ) = λ , σ2(λ) = λ , and κ3(λ) = λ .

Then (4.23) reduces to

g(λ) + 3λ g′(λ) = 0 .
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This differential equation is solved by g(λ) = C λ−1/3. In turn, g(λ) =
h′(λ). This implies that the normalising transformation for the Poisson
is

h
(
Xn

)
= C1X

2/3

n + C2 (4.24)
where C1 and C2 are arbitrary constants with C1 �= 0.

4.7.3 Exponential distribution

Next we consider a random sample from E(λ). In this case, the first three
cumulants are

μ(λ) = λ−1 , σ2(λ) = λ−2 , and κ3(λ) = 2λ−3 .

In this case, it is more convenient to reparametrise the model in terms
of μ = λ−1 rather than λ. With this transformation, (4.23) becomes

2μ3 g(μ) + 3μ4 g′(μ) = 0 .

We can cancel μ3 here. Again, letting g(μ) = h′(μ), it is easily seen that
the normalising family of transformations for Xn is

h
(
Xn

)
= C1X

1/3

n + C2 (4.25)

where, once again, the constants are arbitrary and C1 �= 0.

4.8 Parameter transformations

In several simple exponential family models, the statisticXn is the maxi-
mum likelihood estimator μ̂n for the mean μ of the common distribution.
If the parameter space undergoes a reparametrisation, say to ν = h(μ),
then the maximum likelihood estimator for ν is ν̂n = h(Xn). Thus the
variance stabilising transformations and the normalising transformations
of the previous sections can be treated as special cases of the problem of
stabilising and normalising the maximum likelihood estimator for more
general models.

Hougaard (1982) noted that Robert Wedderburn considered this for one-
dimensional exponential families. Unfortunately, Wedderburn’s paper
was not published. Suppose that X1, X2, . . . have a common density
that can be written in the form

f(x; θ) = exp[θ t(x) −K(θ)] f0(x)

for some K(θ). Then θ̂n is a solution to the equation

Tn = K ′(θ̂n)
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where Tn = n−1
∑n
j=1 t(Xj).

Proposition 8. Consider a transformation of θ to

ν =
∫ θ

[K ′′(u) ]δ du . (4.26)

When δ = 0, we obtain the identity transformation. Also, the following
hold.

• When δ = 1/3, the likelihood is approximately normal in the sense
that Eν [ �′′′n (ν) ] = 0 where �n(ν) is the reparametrised log-likelihood
function.

• When δ = 1/2, the variance of the likelihood is stabilised in the sense
that the information function −Eν [ �′′n(ν) ] is constant.

• When δ = 2/3, then ν̂n = h(θ̂n) is normalised in the sense that
Eν [ ν̂n − ν ]3 = o(n−2), which is asymptotically negligible.

• Finally, when δ = 1, then ν̂n is bias adjusted in the sense that Eν(ν̂n) =
ν + o(n−1).

Proof. This follows as a special case of Hougaard’s result, which we
state below.

Hougaard (1982) extended this result to curved exponential families,
showing that for a transformation satisfying a particular differential
equation in h involving a parameter δ. Suppose the random variables
X1, X2, . . . have joint density

f(x; θ) = exp { θ(β) t(x) −K[ θ(β) ] } f0(x) (4.27)

where, in this case, β is a real parameter, while θ(β) and t(x) are row and
column vectors of the same dimension, respectively. Hougaard proved the
next result under mild regularity as given.

Theorem 1. Suppose that the model is a curved exponential family
as given in (4.27), where θ(β) is twice continuously differentiable with
∂θ/∂β �= 0. Suppose also that

ν(β) = h[ θ(β) ]

is a twice differentiable real-valued function of β with ∂ν/∂β �= 0 satis-
fying the differential equation

∂2ν/∂β2

∂ν/∂β
=
[
δ
∂3K

∂θ3

(
∂θ

∂β

)
+
∂2K

∂θ2

(
∂θ

∂β

)]/[
∂2K

∂θ2

(
∂θ

∂β

)]
(4.28)
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for some choice of δ.¶ Then the following hold.

• When δ = 1/3, the likelihood is approximately normal in the sense
that

Eν

[
∂3

∂ ν3
�n(ν)

]
= 0

where, again, �n(ν) is the reparametrised likelihood function.
• When δ = 1/2, the variance of the likelihood is stabilised in the sense

that the information function

−Eν
[
∂2

∂ ν2
�n(ν)

]

is constant.
• When δ = 2/3, then ν̂ = h(θ̂n) is normalised in the sense that

Eν [ν̂n − ν]3 = o(n−2)

which is asymptotically negligible.
• Finally, when δ = 1, then ν̂n is bias adjusted in the sense that

Eν(ν̂n) = ν + o(n−1) .

Proof. See Hougaard (1982).

This result of Hougaard was very influential to Shun-ichi Amari in devel-
oping his family of α-connections. See Amari (1985). Hougaard’s δ and
Amari’s α both define a concept of “flatness” on the parameter space. In
Hougaard’s work, this flatness is interpreted as a measure of how close
the likelihood and maximum likelihood estimate are to being pivotal as
in the normal location model. In Amari’s work the concept of flatness is
formalised for general models by an affine connection on the parameter
space. Unfortunately, in both cases there is no single transformation (or
connection) which works successfully for all criteria.‖

¶ In this expression, ∂2K/∂θ2 is the matrix of second partials acting as a bilinear
form on vectors so that

∂2K

∂θ2

(
∂θ

∂β

)
=
∑

j

∑
k

∂2K

∂θj∂θk

∂θj

∂β

∂θk

∂β
.

Also, ∂3K/∂θ3 is an array of mixed third partials acting as a trilinear form on
vectors so that

∂3K

∂θ3

(
∂θ

∂β

)
=
∑

j

∑
k

∑
m

∂3K(θ)

∂θj∂θk∂θm

∂θj

∂β

∂θk

∂β

∂θm

∂β
.

‖ I am grateful to Paul Marriott for pointing this out.
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4.9 Functions of several variables

The delta method extends to functions h(Xn, Y n) of two or more ran-
dom variables. In these expansions, it is necessary to consider both prod-
uct moments of X and Y as well as mixed derivatives.

Suppose (Xj , Yj), j ≥ 1 are independent and identically distributed
bivariate vectors, and that we wish to calculate

E h(Y n, Xn) and Var h(Xn, Y n)

where

Xn =

∑n
j=1Xj

n
and Y n =

∑n
j=1 Yj

n
.

We assume the first moments are given by

E(Xj) = μx, E(Yj) = μy

with second moment assumptions

Var(Xj) = σ2
x, Var(Yj) = σ2

y , and Cov(Xj , Yj) = σ2
xy .

As n→ ∞, the marginal means Xn and Y n are asymptotically normal.

For simplicity, let μ = (μx, μy). Then the two-variable versions of Propo-
sitions 5 and 6 are

E h(Xn, Y n) = h(μ)+
∂2h

∂x2

σ2
x

2n
+
∂2h

∂y2

σ2
y

2n
+

∂2h

∂x∂y

σ2
xy

n
+O(n−2) , (4.29)

and

Varh(Xn, Y n) =
[
∂h

∂x

]2
σ2
x

n
+
[
∂h

∂y

]2 σ2
y

n
+
[
∂h

∂x

∂h

∂y

]
2 σ2

xy

n
+O(n−2) ,

(4.30)
where the partial derivatives are all evaluated at μ. Higher order terms
can be calculated by pushing this further in the usual way.

4.10 Ratios of averages

One particular case of a function of two variables occurs so frequently
that it is important to mention by itself. Suppose (Xj , Yj), j ≥ 1 are
independent and identically distributed bivariate vectors, and that we
wish to calculate E

(
Y n
/
Xn

)
where

Xn =

∑n
j=1Xj

n
and Y n =

∑n
j=1 Yj

n
.

We assume the first moments are given by

E(Xj) = μx, E(Yj) = μy
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with second moment assumptions

Var(Xj) = σ2
x, Var(Yj) = σ2

y, and Cov(Xj , Yj) = σ2
xy .

As n→ ∞, the marginal means Xn and Y n are asymptotically normal.

Now Xn − μx and Y n − μy are both Op(1/
√
n). Suppose μx �= 0. Then

a binomial expansion gives

X
−1

n = μ−1
x

[
1 +

Xn − μx
μx

]−1

= μ−1
x

[
1 − Xn − μx

μx
+
(
Xn − μx

μx

)2

+Op

(
1

n
√
n

)]
.

So

Y n

Xn

=
Y n
μx

− (Xn − μx)Y n
μ2
x

+
(Xn − μx)2 Y n

μ3
x

+Op

(
1

n
√
n

)

=
Y n
μx

− (Xn − μx)Y n
μ2
x

+
(Xn − μx)2 μy

μ3
x

+
(Xn − μx)2 (Y n − μy)

μ3
x

+Op

(
1

n
√
n

)

=
Y n
μx

− (Xn − μx)Y n
μ2
x

+
(Xn − μx)2 μy

μ3
x

+Op

(
1

n
√
n

)

In regular cases, this order term will have expectation O(n−2), or at
least will be o(n−1). So by taking expectations of the terms, the reader
may check that

E

(
Y n

Xn

)
=
μy
μx

+
1
n

(
σ2
x μy
μ3
x

− σ2
xy

μ2
x

)
+ o(n−1) . (4.31)

See Problem 12. When Xj and Yj are independent for all j, then σ2
xy = 0.

In this case we can write

E

(
Y n

Xn

)
=
μy
μx

(
1 +

C2
x

n

)
+ o(n−1) (4.32)

where Cx = σx/μx is the coefficient of variation for Xj . See Problem 13.

It is left to the reader to prove similarly that

Var
(
Y n

Xn

)
=

1
n

(
μ2
y σ

2
x

μ4
x

+
σ2
y

μ2
x

− 2 σ2
xy μy

μ3
x

)
+ o(n−1) . (4.33)

See Problem 14.
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4.11 The delta method for distributions

A key difficulty in implementing the delta method for moments is that its
usual regularity conditions are very restrictive. When the assumptions of
Propositions 3 and 4 fail, the conclusions may still hold but this is often
hard to verify. The delta method for distributions offers an alternative
approach that is often more easily applicable with weaker assumptions
for large sample theory.

Henceforth, we shall write Un
d=⇒ F to denote the fact that the sequence

of random variables Un , n = 1, 2, . . . converges in distribution to F ,
where F may be a distribution function or the name of some common
distribution such as N (0, σ2), say. We shall also abuse notation and write
Un

d=⇒ U , where U is a random variable. This latter expression shall
be understood to mean that Un converges in distribution to F where
U

d= F . Note in particular, that when μ is a constant, then

Un
d=⇒ μ and Un = μ+ op(1)

are equivalent, and both are equivalent to convergence in probability to
μ.

The next result that we shall state is Slutsky’s Theorem, which is useful
for proving results on convergence in distribution.

Proposition 9. Suppose that Un, n ≥ 1 is a sequence of random vari-
ables such that Un

d=⇒ U . Let Vn, n ≥ 1 and Wn, n ≥ 1 be sequences of
random variables.

1. If Vn = Un + op(1) as n→ ∞, then Vn
d=⇒ U .

2. If Wn = Un [1 + op(1)] as n→ ∞, then Wn
d=⇒ U .

Proof. This is essentially a special case of Proposition 5 in Chapter 1,
setting c = 0 in the first part of that proposition and c = 1 in the second
part.

The following proposition may be thought of as the delta method for
general distributions.

Proposition 10. Suppose that Tn, n ≥ 1 is a sequence of random vari-
ables such that

Tn = μ+ op(1)
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as n→ ∞. Let { cn, n ≥ 1 } be a sequence of real constants such that

cn (Tn − μ) d=⇒ X

as n→ ∞, for some random variable X. Let h(x) be a real-valued func-
tion of a real variable which is k times differentiable at x = μ, such that
h(k)(μ) �= 0 and such that h(j)(μ) = 0 for all j < k.

Then

(cn)k [h(Tn) − h(μ)] d=⇒ h(k)(μ)
k!

Xk

as n→ ∞.

Proof. Expanding h(Tn) using Taylor’s Theorem gives us

h(Tn) = h(μ) +
h(k)(μ)
k!

(Tn − μ)k [1 + op(1)] .

Therefore,

(cn)k [h(Tn) − h(μ)] =
h(k)(μ)
k!

[cn (Tn − μ)]k [1 + op(1)] . (4.34)

By assumption, cn (Tn − μ) converges in distribution to X . Therefore

h(k)(μ)
k!

[cn (Tn − μ)]k d=⇒ h(k)(μ)
k!

Xk .

We can now apply Slutsky’s Theorem as stated in Proposition 9, part 2,
with

Un =
h(k)(μ)
k!

[cn (Tn − μ)]k

Wn = (cn)k [h(Tn) − h(μ)] , and

U =
h(k)(μ)
k!

Xk .

We conclude that the left-hand side converges as required.

Using Proposition 10, we obtain the following two results, which are
commonly known as the delta method for distributions.

Proposition 11. Let X1, X2, . . . be independent, identically distributed
random variables with mean μ and variance σ2. Then the following hold
as n→ ∞.

1. Suppose that h(x) is differentiable at x = μ, where h′(μ) �= 0. Then
√
n
[
h(Xn) − h(μ)

] d=⇒ N (0, [h′(μ)]2 σ2
)
.
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2. Suppose h(x) is twice differentiable at x = μ with h′(μ) = 0 and
h′′(μ) �= 0. Then

2n
[
h(Xn) − h(μ)

]
h′′(μ)σ2

d=⇒ X (1) ,

where X (1) is the chi-square distribution with one degree of freedom.

Proof. The statements of this proposition follow as a special case of
Proposition 10. Set cn =

√
n and Tn = Xn. By the central limit theorem,

√
n (Xn − μ) d=⇒ N (0, σ2) .

Statement 1 now follows using k = 1 in Proposition 10, and statement
2 follows using k = 2.

4.12 The von Mises calculus

4.12.1 Statistical functionals

One of the main difficulties with the delta method is its restricted do-
main of application. There are many other statistics of a random sample
X1, . . . , Xn which are not of the form h(Xn) for which an asymptotic
expansion would be useful. Although these statistics are not functions
of Xn, a common feature of many of them is that they are functions of
the empirical distribution function F̂n, defined as

F̂n(t) =
#{j : Xj ≤ t, where 1 ≤ j ≤ n}

n
(4.35)

for all −∞ < t <∞. These include the sample median

Mn = F̂ −1
n

(
1
2

)
,

the sample variance

S2 =
∫ ∞

−∞
t2 dF̂n(t) −

[∫ ∞

−∞
t dF̂n(t)

]2
,

and the Cramér-von Mises statistic

Ω2 =
∫ ∞

−∞

[
F̂n(t) − F (t)

]2
dF (t)

where F (t) is the theoretical distribution function of the sample. It would
be helpful to extend the delta method to statistics of this sort. In such an
extension, the difference F̂n−F should replace the sample averageXn−
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Richard von Mises (1883–1953)

Richard von Mises was an applied mathematician who
made diverse contributions to the theories of probabil-
ity and statistics. In addition to the von Mises calculus,
he contributed to the philosophy of probability. His best
known contribution to probability is the statement of the
“birthday problem,” which has been popular in introduc-
tory probability courses ever since. This particular prob-
lem, posed in 1939, was to determine the number of people
who must be gathered together to ensure that the probabil-
ity that two share a birthday is greater than fifty percent.
Outside probability and statistics, von Mises worked on
airfoil design and positivist philosophy.
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μ. One such extension of the delta method to a wider class of statistics
is due to Richard von Mises, and is called the von Mises calculus.

To approach the von Mises calculus, it is helpful to reconsider the concept
of a parameter in a statistical model. We usually think of a parameter θ
as an index for a family of distributions {Fθ : θ ∈ Θ}. When we write
a model in this form, the parameter may simply serve as a label for the
distribution of the data. A different interpretation is that a parameter is
a statistical functional∗∗, namely θ = h(F ), where h is defined on a space
of distribution functions F , and takes values among the real numbers.
More precisely, a statistical functional is a function defined on a space
of distribution functions including the set of all empirical distribution
functions F̂n.

We often estimate a parameter by its sample version. Such estimates are
called “plug-in” estimates. So if θ is defined by a statistical functional
θ = h(F ), then the plug-in estimate for θ based upon a random sample
of size n is θ̂ = h(F̂n). One such example is the distribution mean, whose
plug-in estimate is the sample mean, to wit

μ(F ) =
∫ ∞

−∞
t dF (t) , Xn =

∫ ∞

−∞
t dF̂n(t) .

Not every plug-in estimate will be a successful estimator. For example,
the statistical functional

h(F ) =
∑
t

[F (t) − F (t−)]

measures the probability weight of the discrete component of the distri-
bution. (In this expression, the sum is over all real t. The infinite sum is
well defined because a distribution function can have at most countably
many jumps, and at these points the summands are positive.) However,
its plug-in estimate is

h(F̂n) =
n∑
j=1

F̂n(Xj) − F̂n(Xj−)

= 1 ,

for all data sets, which is not a useful estimator.

∗∗ A functional is a function whose domain is a set of functions.
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4.12.2 Algebraic functionals

To extend the delta method to h(F̂n) we will need to construct extensions
of the polynomial approximations that are the basis for the delta method
for h(Xn).

Definition 12. We say that h(F ) is an algebraic functional of order k
provided that there exists a real-valued symmetric function ζk(t1, . . . , tk)
such that

h(F ) =
∫ [k]

ζk d
kF ,

where
∫ [k] =

∫ · · · ∫ represents a k-fold integral over all tj, and

dkF =
k∏
j=1

dF (tj) ,

is the k-dimensional Stieltjes integrating function. The integrand ζk for
the algebraic functional is called the representation function.

Algebraic functionals play much the same role within the family of sta-
tistical functionals that symmetric homogeneous polynomials play in
algebra.†† Many statistical functionals are not algebraic, but they can
often be locally approximated by algebraic functionals.

Another way to represent algebraic functionals is as expectations. If h(F )
is an algebraic functional of order k as in Definition 12, then we may
also write

h(F ) = EF ζk(X1, X2, · · · , Xk)
where X1, . . . , Xk is a random sample of size k from F . When evaluated
at F̂n, algebraic functionals become symmetric functions of the random
variables that are closely related to U-statistics. For example, the kth

order functional can be written as

h(F̂n) =
∫ [k]

ζk d
kF̂n

=
1
nk

n∑
j1=1

· · ·
n∑

jk=1

ζk(Xj1 , . . . , Xjk) . (4.36)

†† Removing the assumption of symmetry in ζk produces no greater generality. For
example when k = 2,∫ ∫

ζ2(t1, t2) dF (t1) dF (t2) =

∫ ∫
ζ2(t1, t2) + ζ2(t2, t1)

2
dF (t1) dF (t2) .
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This differs from a U-statistic only in the fact that j1, . . . , jk are not nec-
essarily distinct. When k = 1 this reduces to the average of ζ1(X1), . . . , ζ1(Xn).

A functional of order one is called a linear statistical functional. It has
representation

F �→ EF ζ1(X)

=
∫ [1]

ζ1 dF .

For example, the mth moment functional μm(F ) is an example of a linear
statistical functional. It has representation

μm(F ) = EF (Xm)

=
∫ ∞

−∞
tm dF (t) . (4.37)

As we noted previously, when m = 1, we simply write μ(F ), which is the
mean functional. The evaluation of the mean functional at the empirical
distribution yields the sample mean μ(F̂n) = Xn.

Similarly, a functional of order two is called a quadratic statistical func-
tional. Its integral representation is

F �→
∫ [2]

ζ2 d
2F (t1) .

where ζ2(t1, t2) is a symmetric function. Perhaps the best known quadratic
statistical functional is the variance functional defined by

σ2(F ) =
∫ ∞

−∞

∫ ∞

−∞

(t1 − t2)2

2
dF (t1) dF (t2) . (4.38)

Evaluating the variance functional at F̂n yields the sample variance
σ2(F̂n) = S2

n, where the sample variance has n and not n − 1 in the
denominator.

Functionals of general order k can easily be expanded locally around a
given distribution. Suppose we wish to evaluate h(G) where G is in some
neighbourhood of F . Write

dkG = dk[F + (G− F ) ]

=
k∑
j=0

(
k

j

)
dk−jF dj(G− F ) .

Then

h(G) =
∫ [k]

ζk d
kG
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=
∫ [k]

ζk d
k[F + (G− F ) ]

=
k∑
j=0

∫ [j]
[∫ [k−j] (k

j

)
ζk d

k−jF

]
dj(G− F ) .

The j = 0 term in this sum is simply h(F ). Define

ξj = k (k − 1) · · · (k − j + 1)
∫ [k−j]

ζk d
k−jF . (4.39)

The function ξj is a symmetric function of j real variables (which have
been suppressed in the notation). Also for any integrating function V ,
define

Djh
F
(V ) =

∫ [j]

ξj d
jV . (4.40)

which is a functional of order j. With these definitions we note that the
expansion of h(G) above can be written in terms of DjhF (G − F ). We
obtain the following expansion.

Proposition 13. If h is an algebraic functional of order k, then

h(G) = h(F ) +
k∑
j=1

∫ [j]

ξj d
j(G− F )

= h(F ) +
k∑
j=1

1
j!
DjhF (G− F ) ,

where Djh
F
(G− F ) is a functional of order j in the difference G− F .

This expansion of h(G) about F is analogous to a Taylor expansion about
some general point. Since h(G) is algebraic—that is, “polynomial-like” in
its properties—the expansion is finite. More generally, we might wish to
expand a functional h(G) which is not algebraic in an infinite expansion
of the form

h(G) = h(F ) +Dh
F
(G− F ) +

1
2
D2h

F
(G− F ) + · · · ,

where Djh
F

is an algebraic functional of order j. When truncated, such
a series will be an approximation of h(G) about h(F ) by an algebraic
functional. As with Taylor expansions of real-valued functions of real
variables the existence of such a representation cannot be assumed in
general.
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4.12.3 Derivatives of statistical functionals

Up to this point, we have been rather informal about the space in which
distributions F, G and differences G− F lie. We may suppose a certain
set of distribution functions including F and G, all relevant distribu-
tions for a statistical model, and all empirical distributions are in some
space V . We suppose that V is vector space closed under all finite linear
combinations of the functions. Thus

F, G ∈ V implies αF + β G ∈ V
for all real values α and β. (Here, addition and scalar multiplication are
performed pointwise.) So in particular G− F is in V .

Within V lie some subsets and subspaces of interest to us. One of these
is K which is the set of all distribution functions within V . This subset
is convex in the sense that

F, G ∈ K implies αF + (1 − α)G ∈ K ,

for all 0 ≤ α ≤ 1.

Another subset of interest to us is the set K0 of all differences G − F
where F, G ∈ K. This subset is also convex like K, but it has no elements
in common with K. The set of all finite linear combinations of elements
of K0 is a proper subspace of V that we shall call V0. To define a linear
functional on V0 it is sufficient to define it on K0, as we do in the next
definition.

Definition 14. Let h : F �→ h(F ) be a statistical functional defined on
K. Then h is said to be Gâteaux differentiable at F ∈ K if there exists
a statistical functional Dh

F
defined on V0, satisfying the following two

conditions.

1. The functional Dh
F

is a linear statistical functional on V0 in the sense
that it has integral representation

DhF (V ) =
∫ ∞

−∞
ξF (t) dV (t) (4.41)

for all V ∈ V0.
2. When V = G− F ∈ K0, the functional DhF satisfies the identity

Dh
F
(G− F ) =

[
d

dα
h{ (1 − α)F + αG }

]
α=0

(4.42)

for all G ∈ K. On the right-hand side, the derivative is a one-sided
derivative at α = 0 for 0 ≤ α ≤ 1.
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The linear functional Dh
F

is called the Gâteaux derivative of h at F .
The representation function ξ

F
(t) displayed in (4.41) above is called the

influence function of h at F .

The Gâteaux derivative of a functional on K is uniquely defined on V0 but
does not have a unique extension to V . Also, the influence function ξ

F
(t)

is also not unique, because any function ξ
F
(t) which works in Definition

14 can be replaced by ξF (t) + c for any constant c. However, ξF (t) will
be uniquely defined up to an arbitrary additive constant. Because an
influence function is “almost” unique in this sense, it is commonplace in
the literature to refer to “the” influence function as if it were unique.
Below, we shall consider a version of the influence function called the
influence curve, which is uniquely defined.

Now suppose h is Gâteaux differentiable at F , so that we can write

h(G) = h(F ) +Dh
F
(G− F ) + Rem

F
(G− F ) , (4.43)

where Rem
F
(G− F ) is a remainder term.

Is Rem
F
(G − F ) negligible as G gets close to F? In particular, we are

interested in the case where G = F̂n, with F̂n converging empirically
to F . Loosely speaking, we expect that F̂n − F = Op(n−1/2) by the
central limit theorem. So for the remainder to be negligible we need
Rem

F
(F̂n − F ) = op(n−1/2).

Before we consider the empirical convergence of F̂n to F , let us consider
a non-random sequence converging to F . For any distribution G, let

Fα = (1 − α) F + αG ,

so that Dh
F
(Fα − F ) = αDh

F
(G − F ) is of order O(α) as α → 0.

Applying Taylor’s Theorem to h(Fα) and Definition 14, we can write

h(Fα) = h(F ) +Dh
F
(Fα − F )︸ ︷︷ ︸
O(α)

+ Rem
F
(Fα − F )︸ ︷︷ ︸
o(α)

.

This says that as we approach the distribution F along any line in K
passing through F and G, the value of the functional h(Fα) is well ap-
proximated by h(F ) + Dh

F
(Fα − F ) for small α, with a negligible re-

mainder.

At first glance, this seems to prove that Rem
F
(F̂n−F ) is negligible when

the empirical distribution F̂n converges to F . However, here our finite
dimensional intuition can be misleading. The non-random sequence Fα
converges to F along a straight line. Although the empirical distribution
F̂n gets close to F as n→ ∞, it does not converge along a straight line
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passing through F . So there is still some work to do to show that the
remainder is negligible, viz.,

h(F̂n) = h(F ) +Dh
F
(F̂n − F )︸ ︷︷ ︸

Op(n−1/2)

+ Rem
F
(F̂n − F )︸ ︷︷ ︸

op(n−1/2)

.

Indeed, this result may fail, even if h is Gâteaux differentiable. The prob-
lem is that Gâteaux differentiability of h is not strong enough to prove
that the remainder term is uniformly negligle in small neighbourhoods
of F .

Although Gâteaux differentiability is not strong enough, many statis-
tical functionals are differentiable in a stronger sense. For example, a
functional which is Fréchet differentiable is automatically Gâteaux dif-
ferentiable, although the reverse is not true in general. Fréchet differen-
tiability forces the kind of uniform convergence that we need to show
that RemF (F̂n−F ) = o(n−1/2). In order to define Fréchet differentiabil-
ity, it is necessary to impose more structure on the space V by making
it into a normed vector space. For a vector space of bounded functions,
a commonly used norm is the supremum norm defined by

||V || = sup {|V (t) | : −∞ < t <∞} . (4.44)

Other norms are possible, and the type of Fréchet differentiability will
vary depending on the choice of norm. Suppose a norm ||V || is defined
for each V ∈ V .

Definition 15. The statistical functional h is said to be Fréchet differ-
entiable at F if there exists a linear functional

Dh
F
(V ) =

∫ ∞

−∞
ξ(t) dV (t)

such that
|h(G) − h(F ) −Dh

F
(G− F ) |

||G− F || → 0 ,

whenever G converges to F in the sense that ||G− F || → 0.

Fréchet differentiable functionals satisfy the order conditions

|Rem
F
(V ) | = o( ||V || ) and |Dh

F
(V ) | = O( ||V || )

as ||V || goes to zero. In these cases, the remainder term is asymptoti-
cally negligible, and h(G)− h(F ) can be approximated by DhF (G−F ).
Fréchet differentiability is stronger than Gâteaux differentiability. When
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the Fréchet derivative exists, it will be identical to the Gâteaux deriva-
tive. However, the latter has the advantage that it exists in greater gen-
erality and is often easier to calculate.‡‡

When G = F̂n, it is possible to express the order of each term in (4.43)
as a function of the sample size n. For many norms on V we find that

|| F̂n − F || = Op

(
1√
n

)
.

For example, the supremum norm defined in (4.44) satisfies this prop-
erty, a fact that may be deduced from the asymptotic properties of the
Kolmogorov-Smirnov statistic. Therefore, a Fréchet differentiable func-
tion will satisfy

Dh
F
(F̂n − F ) = Op

(
1√
n

)
and Rem

F
(F̂n − F ) = op

(
1√
n

)
.

4.12.4 Two examples

To illustrate the role of the Gâteaux derivative, let us consider the deriva-
tive of the mean functional μ(F ) and the variance functional σ2(F ). The
mean function is itself a linear functional. As we might expect, the deriva-
tive is idempotent on the class of linear functionals. This is easy to check
from the definition.

Dμ
F
(G− F ) =

[
d

dα
μ{ (1 − α)F + αG }

]
α=0

=
[
d

dα
{ (1 − α)μ(F ) + αμ(G) }

]
α=0

(linearity of μ)

= μ(G) − μ(F )

= μ(G− F ) (linearity again) .

ThereforeDμ
F

= μ for all values of F . The linearity of μ(F ) also provides
a quick proof that μ is Fréchet differentiable. The linearity also implies
that for the functional μ, the remainder term RemF (G− F ) vanishes.

Let us now consider the variance functional,

σ2(F ) = μ2(F ) − μ2(F )

‡‡ L. Turrin Fernholz has shown that although Gâteaux differentiability is too weak,
Fréchet differentiability is often too strong. Hadamard differentiability is offered
as a compromise. Whatever form of differentiability is used, it must be checked in
a given example. Often the most direct thing to check is the remainder term itself,
by evaluating and determining its order using analytic methods.
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which is a quadratic statistical functional as noted above. The reader
can check that

Dσ2
F
(G− F ) =

[
d

dα
σ2{ (1 − α)F + αG }

]
α=0

= μ2(G− F ) − 2μ(F )μ(G− F ) . (4.45)

Substituting G = F̂n, equation (4.45) becomes

DσF
2(F̂n − F ) = μ2(F̂n − F ) − 2μ(F )μ(F̂n − F ) .

It is easily shown that this can be rewritten as

σ2(F̂n) = σ2(F ) +Dσ2
F
(F̂n − F ) + RemF (F̂n − F ) ,

where Rem
F
(F̂n−F ) = −μ2(F̂n−F ). In this case, we are provided with

an explicit formula for the remainder. We see directly that

μ(F̂n − F ) = μ(F̂n) − μ(F )
= Xn − μ(F )
= Op(n−1/2) .

which implies that for the functional σ2(F̂n) the remainder term is

Rem
F
(F̂n − F ) = −μ2(F̂n − F )

= Op(n−1) ,

as n→ ∞.

4.12.5 The delta method for functionals

As required in Definitions 14 and 15, the derivative

DhF (V ) =
∫ ∞

−∞
ξF (t) dV (t)

is a linear functional of V , where ξ
F
(t) is the influence function of h at

F . In addition, as we noted in (4.36), when evaluated at V = F̂n such a
linear functional becomes an average over the data. When V = F̂n − F ,
the result is an average over the data, centred with expectation zero,
namely

Dh
F
(F̂n − F ) =

1
n

n∑
j=1

[ ξ
F
(Xj) − E

F
ξ

F
(Xj) ] .

So we can apply the central limit theorem to get

√
nDh

F
(F̂n − F ) =

1√
n

n∑
j=1

[ ξ
F
(Xj) − EF ξF

(Xj) ]
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d=⇒ N (0, v)

where

v = VarF ξF
(X)

=
∫ ∞

−∞
[ξ

F
(t)]2 dF −

[∫ ∞

−∞
ξ

F
(t) dF (t)

]2
.

is such that 0 < v <∞.

Suppose that h is Gâteaux differentiable at F and that

Rem
F
(F̂n − F ) = op(n−1/2)

or equivalently √
nRem

F
(F̂n − F ) = op(1) .

Provided that v > 0, the remainder term will be asymptotically negligi-
ble, so that

√
n[h(F̂n) − h(F ) ] =

√
nDhF (F̂n − F ) + op(1)

d=⇒ N ( 0, v ) .

by Slutsky’s Theorem. This central limit theorem for statistical function-
als extends the delta method that was developed earlier in the chapter.

4.13 Obstacles and opportunities: robustness

We have seen that the von Mises calculus can be used to prove the
asymptotic normality of a large class of statistics of a random sample.
This class includes M-estimators, which are generalisations of maximum
likelihood estimators, as the next definition explains.

Definition 16. A functional h is said to be an M-functional if there
exists a real-valued function u(θ, t) such that∫ ∞

−∞
u(θ, t) dF (t) = 0 whenever θ = h(F ) .

When h is an M-functional, then θ̂n = h(F̂n) is said to be an M-estimator
for θ.

For example, maximum likelihood estimators are M-estimators. In such
cases, the function u(θ, x) is the score function defined by

u(θ, x) =
∂

∂θ
ln f(x; θ)
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where f(x; θ) is the probability density function or probability mass
function of the distribution F (t). Although the von Mises calculus is
applicable to likelihood estimation, it is rare to find the asymptotic nor-
mality of a maximum likelihood estimator proved in this way. In most
course textbooks asymptotic normality is proved from a Taylor expan-
sion of the likelihood equation and the use of regularity conditions on the
model due to H. Cramér. With some modest modification, the Cramér
argument for asymptotic normality can be extended to a general class
of M-estimators. See Bickel and Doksum (2001).

Why is the von Mises calculus not routinely used to prove asymptotic
normality of M-estimator such as the maximum likelihood estimator?
Both von Mises’ and Cramér’s methods involve regularity assumptions.
However, von Mises’ assumptions, whether or not modified for Fréchet or
Hadamard differentability, are more difficult to check than the Cramér
assumptions. Concepts of statistical functionals and linear functionals
on normed vector spaces are mathematically mature, and an elementary
argument must be considered superior to any advanced argument.

For this reason, the von Mises calculus has not become as popular as
Cramér’s methodology. However, it received a new lease on life when its
connection to the theory of robust statistics was noticed. Suppose we
plug in a specific choice for G in Definition 14, namely that correspond-
ing to a distribution which places all its probability mass on a point t.
This is the Dirac delta distribution δt, and the mixture F + α(δt − F )
represents a perturbation of F obtained by placing a probability mass
of size α at t and correspondingly downweighting F by a factor of 1−α.
Now suppose that h is Gâteaux differentiable with influence function
ξ

F
(t), as in Definition 14. Recall that the influence function of Defi-

nition 14 is defined up to an arbitrary additive constant, which can be
determined in a variety of ways. Suppose we choose the additive constant
so that EF ξF

(X) = 0, when the random variable X has distribution F .
Substituting G = δt in (4.42) yields∫ ∞

−∞
ξ

F
(s) d(δt − F )(s) =

[
d

dα
h{F + α (δt − F ) }

]
α=0

.

On the left-hand side of this equation, we see that∫ ∞

−∞
ξ

F
(s) dδt(s) = ξ

F
(t) and

∫ ∞

−∞
ξ

F
(s) dF (s) = 0 .

So it follows that

ξ
F
(t) =

[
d

dα
h{F + α (δt − F ) }

]
α=0

. (4.46)
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for all −∞ < t <∞. This particular version of the influence function is
often called the influence curve.

The influence curve was introduced into the study of robustness in Ham-
pel (1968). In that context, it is a tool for measuring the sensitivity of
a parameter or estimator—both in our terminology here are defined by
a statistical functional—to the contamination of a distribution F by a
datum positioned at point t. The behaviour of the influence function
as t → ±∞ is particularly important, because it can be used to mea-
sure how robust an estimator is to outlying data points. For example,
the mean functional has influence function ξ

F
(t) = t − μ(F ) which is

unbounded at t = ±∞. The influence curve for the sample mean is ob-
tained by plugging in F = F̂n, to obtain ξ(t) = t−Xn. Calculating the
influence curve for the variance functional σ2(F ) is left as Problem 17.

Let us compare the influence curve of the distribution mean μ(F ) with
the influence curve for the distribution medianm(F ). Suppose that F is a
continuous distribution having a continuous density f with the property
that f [m(F ) ] > 0. With this assumption, the median is unique and

m(F ) = F−1 (1/2) .

Let m = m(F ) and suppose that t > m. Define

m� = m[ (1 − α)F + α δt ] .

It is left to the reader to check that as α↘ 0 then

m� = m+
α

2 f(m)
+ o(α) . (4.47)

Similarly, when t < m we get

m� = m− α

2 f(m)
+ o(α) . (4.48)

See Problem 18. So the influence function of m(F ) is

ξ
F
(t) =

[
d

dα
m�

]
α=0

=
[
d

dα
{m+ sgn(t−m)

α

2 f(m)
+ o(α) }

]
α=0

=
sgn(t−m)

2 f(m)
. (4.49)

In contrast to the influence function for the mean functional, this in-
fluence function is bounded and depends only on t through sgn(t−m).
This property of the influence function of m(F ) is a reflection of the
well-known insensitivity of the median to outlier contamination.
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We can also use the von Mises calculus to calculate the asymptotic dis-
tribution of the sample median m(F̂n). This requires additional work to
prove that the remainder term Rem

F
(F̂n − F ) = op(n−1/2). Suppose n

is odd, so that we can write n = 2 k+ 1. With probability one the order
statistics X(1) < X(2) < · · · < X(2k+1) will be distinct. For samples of
odd size, we have m(F̂n) = X(k+1). Then

√
n
[
X(k+1) −m

] d=⇒ N (0, v)

where

v = VarF ξF (X)
= EF [ ξ

F
(X) ]2

=
1

4 [ f(m) ]2
.

4.14 Problems

1. Let m ≥ n ≥ 1, and suppose that X is a non-negative random vari-
able.

(a) Using Jensen’s inequality, prove that E(Xm)n ≥ E(Xn)m.
(b) Using the inequality above, prove that

E(Xm) ≥ E(Xn)E(Xm−n) .

(c) Extend the previous result to the following. Suppose X1, . . . , Xn

are independent identically distribution random variables and that
1 ≤ j1 ≤ · · · ≤ jm ≤ n. Prove that

|E(Xj1 Xj2 · · · Xjm) | ≤ E |Xm
1 | .

2. Suppose X ∼ N (μ, 1), where μ > 0, and we wish to use the delta
method to approximate the mean and variance of h(X) =

√
X. (Here,

we consider only a single random variable so that n = 1 in the for-
mulas.) We assume that μ is reasonably large, so that P (X > 0) ≈ 1.
Without doing any detailed calculations, explain how well the delta
method should work for different values of μ. Do we expect the ap-
proximation to be better for smaller μ or for larger μ? Justify your
answer.

3. Let X1, . . . , Xn be independent Poisson random variables with mean
λ. Prove that

E sinXn = sinλ− λ sinλ
2n

− λ cosλ
6n2

+
λ2 sinλ

8n2
+O

(
1
n3

)
. (4.50)
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4. Suppose X is B(n, θ), where n is known.

(a) Show that the maximum likelihood estimator for θ is θ̂ = X/n.

(b) Show that E(θ̂) = θ and that Var(θ̂) = θ (1 − θ)/n.

(c) Since θ is unknown, we can estimate the value of Var(θ̂) using the
plug-in estimate θ̂ (1− θ̂)/n. Find the bias of this plug-in estimate
by showing first that

E
[
θ̂ (1 − θ̂)

]
=

(n− 1) θ (1 − θ)
n

.

(d) Use the delta method for moments—particularly Proposition 6—to
show that

Var
[
θ̂ (1 − θ̂)

]
=

(1 − 2 θ)2 θ (1 − θ)
n

+O(n−2) .

(e) Finally, determine the exact value of the variance approximated
in part (d) above. Use this to show that the order term O(n−2)
obtained in part (d) is correct.

5. Let X1, . . . , Xn be independent exponential random variables with
density

f(x) =

⎧⎨
⎩

λ e−λ x for x ≥ 0 ,

0 for x < 0 .

(a) Find the maximum likelihood estimator for Pλ(X1 ≤ 2), and ex-
press this in the form h(Xn).

(b) Prove that

Eλ h(Xn) = Pλ(X1 ≤ 2) +
2 e−2λ λ (1 − λ)

n
+O(n−2) ,

and

Varλ h(Xn) =
4λ2 e−4λ

n
+O(n−2) .

6. Prove that the transformation h(Xn), with h(x) as given in (4.16)
stabilises the variance to order O(n−1).

7. Prove Proposition 7. (Don’t worry about the regularity assumptions
of Propositions 4 and 6, because h(x) =

√
x does not have bounded

derivatives on the positive reals.)
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8. Prove that the choice of h given in the differential equation (4.22),
annihilates the coefficient on n−2 as required for (4.21). (This is a
messy expansion. You may find Maple helpful.)

9. Verify formula (4.29) under appropriate assumptions on the moments
of (Xj , Yj) and on the derivatives of h.

10. Verify formula (4.30) under appropriate assumptions on the moments
of (Xj , Yj) and on the derivatives of h.

11. Suppose that

Xn = μ+Op(1/
√
n) and Yn = μ+Op(1/

√
n)

as n→ ∞, where μ �= 0.

(a) Prove that
Yn
Xn

= 1 +
Yn −Xn

μ
+Op(n−1) .

(b) Suppose (Xn, Yn) is a bivariate normal vector, with E(Xn) =
E(Yn) = μ, Var(Xn) = Var(Yn) = n−1 σ2 and with covariance
Cov(Xn, Yn) = n−1 ρ σ2. Show that to order 1/

√
n the ratio Yn/Xn

is normally distributed. Calculate the mean and variance of this
asymptotic distribution.

(c) Generalise your results in part (a) above to the case where Xn and
Yn have different means μx and μy.

(d) Give an example to show that the conclusion of part (a) does not
follow when μ = 0.

12. Prove (4.31).

13. Prove (4.32).

14. Prove (4.33).

15. Suppose we are given a real-valued function f(x) of a real variable
which has no simple algebraic formula. Evaluation of f(x) must be
done numerically and involves a certain amount of error which is
random. When f is approximated at a set of domain values x1, . . . , xk
the result is a set of approximations

f(x1) + ε1, f(x2) + ε2, . . . f(xk) + εk
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where εj , 1 ≤ j ≤ k are small independent identically distributed
errors with mean zero and variance σ2.

In order to approximate the derivative of f(x) which has no simple
form, the numerical approximation is

f ′(x) ≈ Y2 − Y1

h

where Y1 = f(x) + ε1 and Y2 = f(x+ h) + ε2.

(a) For any given value of h, calculate the expectation and variance of
this numerical approximation to f ′(x) in terms of the moments of
ε.

(b) Find the mean square error of this numerical approximation.
(c) Do a Taylor expansion of f(x+h) about f(x). Use this to find the

value of h which minimises the mean square error of the numerical
approximation. Which order of Taylor expansion is most insightful
here?

(d) Suppose the domain variables also have independent errors. In this
case, an evaluation of f at x1, . . . , xk produces

f(x1 + δ1) + ε1, f(x2 + δ2) + ε2, . . . f(xk + δk) + εk

where δj has mean zero and variance τ2. Use the delta method to
approximate the mean and variance of the numerical derivative to
order O(τ2) as τ → 0.

16. Prove that when θ = β in Theorem 1, the transformation ν = h(β)
which satisfies (4.28) will satisfy (4.26).

17. Recall that the variance functional σ2(F ) is defined by

σ2(F ) =
∫ ∞

−∞

∫ ∞

−∞

(t1 − t2)2

2
dF (t1) dF (t2) .

Prove that the influence curve of the variance functional is

ξ
F
(t) = [ t− μ(F ) ]2 − σ2(F ) .

18. Prove formulas (4.47) and (4.48).

19. Let X1, . . . , Xn be independent identically distributed random vari-
ables, and Yn = hn(X1, . . . , Xn) a random variable which is a func-
tion of them. Suppose we wish to find the limiting distribution of Yn
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as n→ ∞. Define

Ỹn =
n∑
j=1

E(Yn |Xj) − (n− 1)E(Yn) .

The random variable Ỹn is called the Hájek projection of Yn. Note that
the Hájek projection is defined as a sum over independent random
variables. So the Lindeberg-Feller central limit theorem can sometimes
be applied to Ỹn when it is not immediately applicable to Yn.

(a) Prove that E(Ỹn) = E(Yn).
(b) Show that

Var(Yn) = Var(Ỹn) + E(Yn − Ỹn)2 .

(c) Suppose that
Var(Ỹn) ∼ Var(Yn)

as n→ ∞. Prove that

Ỹn − E(Ỹn)√
Var(Ỹn)

d=⇒ N (0, 1) implies
Yn − E(Yn)√

Var(Yn)
d=⇒ N (0, 1) .

Conclude that if the Lindeberg-Feller Central Limit Theorem ap-
plies to Ỹn, then Yn is also asymptotically normal.

(d) The Hájek projection is widely used to prove the asymptotic nor-
mality of U -statistics. Let

Un =
∑

uk(Xj1 , Xj2 , . . . , Xjk)

where uk is a symmetrical function of k variables and the sum is
over all 1 ≤ j1 < j2 < . . . < jk. The random variable Un is called a
U -statistic of order k. Using the Hájek projection, state conditions
under which Un is asymptotically normal. Express its mean and
variance in terms of the distribution of uk(X1, . . . , Xk), and its
conditional mean given X1.



CHAPTER 5

Optimality and likelihood
asymptotics

5.1 Historical overview

5.1.1 R. A. Fisher and maximum likelihood

The method of maximum likelihood was formally introduced into statis-
tics by Fisher (1922). Let X1, · · · , Xn be a random sample from a distri-
bution with density f(x; θ) governed by some parameter θ. A maximum
likelihood estimator θ̂n for θ is that value of θ which maximises the
likelihood

Ln(θ) =
n∏
j=1

f(Xj ; θ) ,

or equivalently, maximises the log-likelihood

�n(θ) =
n∑
j=1

ln f(Xj ; θ) .

We can write
θ̂n = argmaxθ Ln(θ) ,

provided Ln(θ) has a unique global maximum. More generally, the term
“maximum likelihood estimator” is often used to describe an estimator
which is a local maximum of the likelihood, but not necessarily the global
maximum.

Fisher’s 1922 paper also provided three criteria for good estimation,
namely

• consistency,
• sufficiency,
• and efficiency.

A sample estimate is consistent in Fisher’s original sense if it has the
property that

143
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when applied to the whole population the derived statistic should be equal
to the parameter.

Consistency, as Fisher originally defined it in 1922, is now called Fisher
consistency to distinguish it from the modern definition. For example,
any parameter defined by a functional h(F ) will have a sample ana-
logue h(F̂n) that is Fisher consistent. Maximum likelihood estimators
for independent identically distributed variates can be represented as
M-functionals evaluated on the empirical distribution. So, it follows that
maximum likelihood estimators are Fisher consistent.

Unlike the modern definition of consistency, Fisher consistency makes no
statement about the behaviour of an estimator as the sample size goes
to infinity. So, in many cases, there is no straightforward way to evaluate
a sample estimate on the entire population to determine whether it is
Fisher consistent. For example, it is not obvious how to check for the
Fisher consistency of a kernel density estimator, because the kernel of
such a density estimator has no population analogue. There are many
estimators based upon random samples which are not Fisher consistent
but are consistent in the modern sense that as n → ∞, the estimator
converges to the true value of the parameter. A few years later, Fisher
(1925) redefined a consistent estimator as one which

when calculated from an indefinitely large sample ... tends to be accurately
equal to that of the parameter.

This definition is deceptively close to the previous one. However, its use
of the terms “indefinitely large” and “tends to be” shows that it is much
closer in meaning to the modern sense of consistency that an estimate
is required to converge to the parameter for large samples.

In his 1922 paper, Fisher also defined the concepts of sufficiency and
efficiency. About sufficiency, he wrote

In mathematical language we may interpret this statement by saying that
if θ be the parameter to be estimated, θ1 a statistic which contains the
whole of the information as to the value of θ, which the sample supplies,
and θ2 any other statistic, then the surface of distribution of pairs of values
of θ1 and θ2, for a given value of θ, is such that for a given value of θ1, the
distribution of θ2 does not involve θ.

The reader will recognise that this is the modern definition. Fisher also
introduced the factorisation criterion for sufficiency. An estimator T =
t(X1, . . . , Xn) is sufficient if we can write the likelihood function in the
form

Ln(θ; X1, . . . , Xn) = A(θ; T )B(X1, . . . , Xn)
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for some choice of functions A(θ; T ) and B(X1, . . . , Xn), where A(θ; T )
depends on X1, . . . , Xn only through T , and B(X1, . . . , Xn) does not
depend on θ. Equivalently, T is sufficient if we can write the log-likelihood
function in the form

�n(θ; X1, . . . , Xn) = a(θ; T ) + b(X1, . . . , Xn)

for some choice of functions a(θ; T ) which depends on the data only
through T , and b(X1, . . . , Xn) which does not depend on θ.

Fisher (1922) stated that maximum likelihood estimators are always suf-
ficient. However, this turned out to be overly optimistic, an error incurred
by implicitly assuming that a sufficient statistic is one-dimensional. He
correctly established that the maximum likelihood estimator can be ex-
pressed as a function of a sufficient statistic. Nevertheless, his conclusion
that the maximum likelihood estimators are always sufficient is most
reasonably interpreted as applying to the case where there is a suffi-
cient one-dimensional statistic for all sample sizes, notably for the one-
parameter exponential family. In fact, the maximum likelihood estimator
is not sufficient in general. However, it has the property of asymptotic
sufficiency, which is implied by the fact that the factorisation criterion
is asymptotically valid in a small neighbourhood of θ as n→ ∞.

Among Fisher’s three criteria, his statement and claims for the efficiency
of maximum likelihood estimators have received the most attention. Ac-
cording to Fisher, the criterion of efficiency requires

[t]hat in large samples, when the distributions of the statistics tend to
normality, that statistic is to be chosen which has the least probable error.

Again, this is the modern definition, although we would probably pre-
fer to call this asymptotic efficiency nowadays. Fisher (1922) incorrectly
assumed that the sufficiency implied efficiency, and it is clear from his
comments that he did not distinguish between asymptotic efficiency and
asymptotic sufficiency. He argued that in contrast to the method of max-
imum likelihood, estimators produced by the method of moments are not
asymptotically efficient in general. However, the task of demonstrating
the asymptotic efficiency of maximum likelihood estimation was left for
others.

For Fisher, an efficient estimator is an asymptotically normal estimator
with asymptotically minimum “probable error.” There is no reference
to standard deviation or to variance in the definition. Although the ex-
pression “probable error” was ambiguous, Fisher’s choice of this term
is in the modern spirit, namely that we should be concerned with the
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dispersion of the asymptotic distribution of the estimator and not with
the asymptotic dispersion of the distribution, when these two differ.∗

Fisher was prescient in choosing to define efficiency only asymptotically
and within the class of asymptotically normal estimators. Estimators
which are normal and centred around the true value of the parameter
may be compared in precision in the absolute sense, that the comparison
may be made independently of the measure of dispersion. For example,
this allows us to say that the sample median is less efficient in Fisher’s
sense than the sample mean when estimating the mean of the normal
distribution. This fact is not dependent on any decision-theoretic crite-
rion for error, because both the sample mean and the sample median are
unbiased, and normal (asymptotically in the latter case).

Nevertheless, by 1925, Fisher recognised that a careful statement of effi-
ciency could not avoid discussion of asymptotic bias and variance more
explicitly. In Fisher (1925) he stated the following.

In a large and important class of consistent statistics the random sampling
distribution tends to normal ... and ... the variance ... falls off inversely to
the size of the sample. in such cases, the characteristics of any particular
statistic, for large samples, are completely specified by (i) its bias, and (ii)
its variance. The question of bias is only of preliminary interest .... If we
wish to make tests of significance for the deviation of ... [an estimator] from
some hypothetical value, then ... [the bias] must fall off more rapidly than

n− 1
2 ....

5.1.2 H. Cramér and asymptotic efficiency

Fisher’s arguments led to considerable optimism that the method of
maximum likelihood would be shown to be fully optimal. However, the
reality was more complex. While it is customary today to speak of the
asymptotic optimality of maximum likelihood, it should not be forgot-
ten that this optimality is a consequence of some extensive regularity
whose precise statement took decades to develop. The small sample op-
timality of the likelihood ratio for testing simple hypotheses was proved
by Neyman and Pearson (1933). Wilks (1938) obtained the asymptotic
properties of the likelihood ratio test statistic. Cramér (1946a) provided
the standard regularity conditions for the asymptotic normality of the

∗ The probable error of θ̂n is that value α > 0 such that P
(
| θ̂n − θ | < α

)
= 0.5.

Unlike the mean square error and the variance which are sensitive to events of
small probability in the tail of the distribution, the probable error is determined
by the centre of the distribution, where the central limit approximation for the
estimator applies.
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maximum likelihood estimator. Strictly speaking, these conditions do not
directly verify that the global maximum of the likelihood is consistent
and asymptotically normal. Instead, under Cramér’s regularity, we may
conclude that a point of stationarity of the likelihood function which is
consistent will be asymptotically normal. Wald (1949) provided condi-
tions under which the global maximum of the likelihood is consistent.
More generally, there exists a local point of stationarity of the likelihood
which is consistent and asymptotically normal. However, this point may
be far from the global maximum of the likelihood when Wald’s conditions
fail. See Ferguson (1982) for a simple example. It is natural to assume
that a consistent stationary point of the likelihood must be unique, and
a local maximum. This is indeed the case, at least asymptotically, a fact
that was proved by Huzurbazar (1948).

In the previous chapter, we discussed the asymptotic normality of the
maximum likelihood estimator θ̂n as an M-functional. Under Cramér’s
regularity assumptions for independent indentically distributed random
variables X1, . . . , Xn, when θ0 is the true value of the parameter, then
the maximum likelihood estimator has asymptotic distribution

√
n ( θ̂n − θ0 ) d=⇒ N ( 0, I(θ0)−1 ) (5.1)

where I(θ0) is the expected (or Fisher) information at θ0 defined by

I(θ0) = −Eθ0
∂2

∂θ2
ln f(Xj ; θ0) . (5.2)

The importance of this for the method of maximum likelihood is that θ̂n
is shown to be an asymptotic version of a uniformly minimum variance
unbiased estimator for θ, a theory that is due to Aitken and Silver-
stone (1942), Fréchet (1943), Darmois (1945), Rao (1945), and Cramér
(1946b).† In particular, under standard regularity, any statistic Tn, which
is unbiased in the sense that

Eθ0(Tn) = θ0

for all θ0 will also satisfy the inequality

Varθ0(Tn) ≥
1

n I(θ0)
.

So if Eθ0(Tn) = θ0 and Varθ0(Tn) = 1/[n I(θ0)], then Tn will be a

† The quantity [ n I ]−1 is called the Cramér-Rao lower bound or the Rao-Cramér
lower bound. The bound is more appropriately known as the information bound or
information inequality, out of respect for the work of other researchers, which was
contemporary or marginally earlier than that of Rao and Cramér. However, there
are many information inequalities. So we shall use the term Cramér-Rao inequality
(or lower bound) to refer to that involving I(θ) and use the term information
inequality to refer to the general class.
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uniformly minimum variance unbiased estimator. The maximum like-
lihood estimator θ̂n achieves this asymptotically in the sense that, under
Cramér regularity, the result in (5.1) will hold. It is in this sense that
we say that θ̂n is “asymptotically efficient.”

5.1.3 Le Cam asymptotics

Perhaps it was inevitable that a backlash would develop against Fisher’s
optimistic assessment of maximum likelihood. There were those who ar-
gued that maximum likelihood holds no special place among the class of
good estimators, and that in certain cases maximum likelihood can be
outperformed by other methods. Among those who took this viewpoint
was Lucien Le Cam, who proposed a radically different type of asymp-
totic inference from that initiated by Fisher and developed by Cramér. Le
Cam and others pointed out certain problems in the Cramér approach:
for example, there exist estimators which are asymptotically normal,
whose asymptotic variance is no larger than maximum likelihood and
is strictly smaller at certain parameter values. These “superefficient”
estimators highlight the inadequacies of the concept of asymptotic ef-
ficiency. One would expect that an asymptotically unbiased estimator
should have asymptotic variance bounded by the Cramér-Rao inequal-
ity (as the maximum likelihood estimator does). However, this turns out
not to be the case. Despite their apparent superefficiency, the estimators
whose asymptotic variance is smaller than maximum likelihood are not
particularly good estimators. The reason for this is that the points of
superefficiency at which they perform so well are obtained by a reduction
in performance within a neighbourhood of those points.

The theory of local asymptotics was developed in part to overcome the
obstacles due to superefficiency. The word “local” has a technical mean-
ing here that is distinct from its usual meaning in this book. Specifically,

the word “local” is meant to indicate that one looks at parameter values ...
so close to ... [the true parameter value] that it is not possible to separate
... [them] easily.‡

This idea is made precise with the concept of a contiguity neighbour-
hood, which is parametrised by a new contiguity parameter η for model.
To understand the idea of a continuity neighbourhood, consider two se-
quences of probability distributions, say Pn and Qn, n ≥ 1. Let Pn and
Qn be respective joint probability distributions for X1, . . . , Xn. The se-
quence Qn, n ≥ 1 is said to be contiguous to Pn, n ≥ 1 if every sequence

‡ Le Cam and Yang (2000, p. 117).
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of random variables Vn = vn(X1, . . . , Xn) converging in probability to
zero under Pn also converges in probability to zero under Qn. If Qn is
contiguous to Pn and Pn is contiguous to Qn, then we say that Pn and
Qn are contiguous alternatives.

Suppose Pn is a joint distribution for X1, . . . , Xn governed by some
fixed value of the parameter θ0 and that Qn is a joint distribution for
X1, . . . , Xn governed by a parameter sequence θn. For Qn to be con-
tiguous to Pn it is sufficient that when θ0 is the true parameter value
then

�n(θn) − �n(θ0)
d=⇒W

where E(eW ) = 1. See Le Cam and Yang (2000, p. 36). Under Cramér’s
regularity assumptions, this will be true if

θn = θ0 + η/
√
n

where η is any given real number. Here, the value η can be regarded as a
parameter for a contiguity neighbourhood of the fixed parameter θ. For
this “contiguity model” parametrised by η we may study the properties
of superefficient estimators as determined by the various values of η.
By shifting attention from fixed θ0 to the contiguity parameter η, we
can measure the extent to which some estimators borrow efficiency from
their contiguity neighbourhoods in order to achieve superefficiency at
certain points.

Another objection raised by Le Cam asymptotics to the Cramér reg-
ularity conditions is that in practice real data are often not obtained
by random sampling—a sampling mechanism which is often called the
“i.i.d. case.” As Le Cam and Yang say§

It must be pointed out that the asymptotics of the “standard i.i.d. case” are
of little relevance to practical use of statistics, in spite of their widespread
study and use. The reason for this is very simple: One hardly ever en-
counters fixed families ... with a number of observations that will tend to
infinity.

In support of this observation, we should add that there are many models
in which the relevant estimators are approximately normal and for which
the standard “i.i.d. assumptions” do not hold. As we shall see, the key
insight from Le Cam asymptotics is that models for which θ̂n is asymp-
totically normal typically possess a property called local asymptotic nor-
mality. Loosely speaking, a model is locally asymptotically normal if the
log-likelihood difference �n(θn)− �n(θ0) is asymptotically normal when-
ever θn is contiguous to θ0.

§ See Le Cam and Yang (2000, p. 175).
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Under Cramér’s assumptions, the log-likelihood in a contiguity neigh-
bourhood of θ has the asymptotic form

�n
(
θ0 + η/

√
n
)− �n(θ0) ∼ η I(θ0)

[√
n (θ̂n − θ0)

]
− η2 I(θ0)

2
(5.3)

when θ0 is the true value of the parameter. As
√
n (θ̂n − θ0) is asymp-

totically normal, it follows that the Cramér assumptions imply local
asymptotic normality. However, as (5.3) shows, it is the local asymp-
totic normality of the model which “drives” the asymptotic normality of
θ̂n. So the Cramér assumptions are not required.

By formulating model assumptions in terms of local asymptotic normal-
ity, we see that the class of asymptotically efficient estimators is quite
large, containing much more than θ̂n. For example, there is nothing spe-
cial about θ̂n in (5.3). Any estimator Tn for which

Tn − θ0 ∼ θ̂n − θ0 as n→ ∞
can be substituted for θ̂n in the right-hand side. Such estimators Tn can
be constructed for locally asymptotically normal models from auxiliary
estimators which have the property that they lie in a contiguity neigh-
bourhood of the true value θ0 with high probability. If the log-likelihood
is asymptotically quadratic in a contiguity neighbourhood, then one can

fit a quadratic to the log likelihood around ... [the auxiliary estimator] and
take as the new estimated value of θ the point that maximises the fitted
quadratic.¶

The estimators obtained by this procedure are called centred variables.
Centering an auxiliary estimator can be done with various types of
quadratic fits to the log-likelihood function. Examples include the class
of efficient likelihood estimators obtained by one-step Newton-Raphson
iteration from an auxiliary estimator. Ironically, the process of justifying
θ̂n by asymptotic methods has succeeded but also downgraded its impor-
tance. It is undeniable that there are many estimators whose asymptotic
properties are at least as good as maximum likelihood estimators when
these properties are measured by decision-theoretic criteria. In addition
to estimators derived by adjusting auxiliary estimators, the family of
Bayes estimators also have equivalent asymptotic properties. Some esti-
mators, such as Pitman estimators of location and scale parameters, may
even outperform maximum likelihood for all sample sizes under some cri-
terion such as quadratic loss, while being asymptotically equivalent.

Nevertheless, maximum likelihood remains primus inter pares within the

¶ Le Cam and Yang (2000, p. 124).
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class of all such estimators, despite the criticisms of Le Cam asymptotics.
The reason for this is easy to see. The method of maximum likelihood
has proved to be highly reliable under regularity assumptions that can
be clearly enunciated. On the other hand, it is not hard to construct effi-
cient likelihood estimators which behave badly for standard models for a
given sample size. Similarly, Bayes estimators can have poor properties
for a given sample size if the prior distribution on the parameter space
is misspecified. More than any other property it is the reliability of the
method of maximum likelihood which has proved to be its greatest asset.
We must recognise that asymptotic methodology has not completely jus-
tified Fisher’s optimism for maximum likelihood. However, his optimism
is amply supported.

5.2 The organisation of this chapter

In the sections that follow, the concepts and results described above shall
be explained in greater detail. In Section 5.3 we shall look at properties
of the likelihood, log-likelihood and related functions which arise from
expansions around any given value of the parameter. The score function
and the information function are introduced as coefficients in the expan-
sion of the log-likelihood. The Bhattacharyya functions are introduced
as coefficients in the expansion of the likelihood ratio. Some of the prop-
erties of these functions are developed under standard model regularity
conditions. The family of information inequalities is introduced and the
Cramér-Rao inequality is proved as a special case. Section 5.4 looks
at the log-likelihood and uses Jensen’s inequality to prove the consis-
tency of maximum likelihood for finite paramater spaces. The problems
of extending this result to infinite parameter spaces are addressed but
not extensively explored. Section 5.5 proves the asymptotic normality of
maximum likelihood estimators under the standard regularity assump-
tions first identified by Cramér.

In Section 5.6 we investigate the asymptotic efficiency of maximum like-
lihood estimators and other estimators as well. The classes of asymp-
totically unbiased and asymptotically normal estimators are introduced,
motivated by the properties of maximum likelihood proved in the previ-
ous section. The asymptotic relative efficiency between two estimators is
defined. It is argued that maximum likelihood is asymptotically efficient
in the sense that its variance attains the Cramér-Rao lower bound as
sample size goes to infinity. Nevertheless, it is also demonstrated that
there exist superefficient estimators whose asymptotic efficiency is supe-
rior to maximum likelihood.

The remaining sections sketch some of the ideas of local asymptotics
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which address the problems of superefficiency. The local asymptotic risk
function is introduced. It is shown by example that superefficient es-
timators which dominate maximum likelihood in terms of asymptotic
variance do not dominate with respect to the local asymptotic risk. The
statement that maximum likelihood is locally asymptotically minimax
is briefly given in Section 5.7 and its full proof deferred until Section 5.9.
The class of locally asymptotically normal models is defined in Section
5.8, and it is seen that the asymptotic normality of maximum likelihood
estimators derives from this property.

Before we continue, a note on notation is in order. Throughout this
chapter, θ shall denote any arbitrary value of the parameter selected
from the parameter space Θ. The true value of the parameter for the
purpose of calculating the distribution of a statistic shall be denoted
by θ0. The exception to this rule occurs in Definition 7, and associated
material, where for the local asymptotic risk function at θ0 and any
given sample size n the true value of the parameter for the calculation of
risk—expected loss—is θn = θ0+η/

√
n and not θ0 as is usually assumed.

In this case, the value θn will be explicitly stated as the true value of
the parameter. Occasionally, it will be necessary to compare different
random variables under different distribution assumptions within the
same expression. When this is the case, we shall write (X )H to denote
that the random variable X is governed by the distribution assumption
H .

5.3 The likelihood function and its properties

In this section, we shall examine some properties of maximum likelihood
estimates that derive from the power series expansion of the likelihood
function.

Let X1, X2, . . . , Xn be independent identically distributed random vari-
ables drawn from a distribution with density function f(x; θ), where θ
is some unknown parameter. For the present discussion, we shall assume
that θ takes values in some open subset Θ of the real line. We define the
likelihood function Ln(θ) to be

Ln(θ) = f(X1; θ) f(X2; θ) · · · f(Xn; θ) .

Here, and subsequently, we suppress the random variables X1, . . . , Xn

in the notation.

The log-likelihood function is defined as

�n(θ) = ln Ln(θ)
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A maximum likelihood estimator for θ is defined to be any value

θ̂n = θ̂n(x1, . . . , xn)

with the property that Ln(θ̂n) ≥ Ln(θ) for all θ ∈ Θ. If Ln(θ) is differ-
entiable with respect to θ, then

L′
n(θ̂n) = 0 and �′n(θ̂n) = 0 . (5.4)

In particular, �′n(θ) = un(θ) is the score function. So equivalently,

un(θ̂n) = 0

is often solved as a way to find a maximum likelihood estimator. In
general, however, this is only guaranteed to provide a stationary point
of the likelihood.

The function

in(θ) = −�′′n(θ)
= −u′n(θ)

is called the observed information function. For each θ ∈ Θ, the expec-
tation of the observed information function is

Eθ in(θ) = n I(θ)

where I(θ) is the expected information function. Evaluating the observed
information function at the maximum likelihood estimate yields in(θ̂n)
which is called the observed information about θ.

A large amount of likelihood theory is dedicated to finding the approx-
imate distribution and properties of θ̂n as the sample size n → ∞. In
general, we cannot write down an explicit formula for θ̂n, and must rely
on approximations based upon a power series expansion of Ln(θ) or
�n(θ). Suppose θ0 ∈ Θ is any given value of the parameter. Assuming
that we can expand the likelihood about θ0 in a Taylor series then

Ln(θ) = Ln(θ0) +
∞∑
j=1

L(j)
n (θ0)

(θ − θ0)j

j!
.

Suppose Ln(θ0) > 0. Then we may subtract Ln(θ0) from both sides and
also divide by Ln(θ0), to obtain

ψ(θ0, θ) =
∞∑
j=1

ψj(θ0)
(θ − θ0)j

j!
, (5.5)

where the quantity

ψ(θ0, θ) =
Ln(θ)
Ln(θ0)

− 1 (5.6)
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that appears on the left-hand side of equation (5.5) is called a centred
likelihood ratio, and the coefficients

ψj(θ0) =
L

(j)
n (θ0)
Ln(θ0)

(5.7)

are called Bhattacharyya functions. The reader will note that the first
Bhattacharyya function ψ1(θ0) is also the score function because

un(θ) =
∂

∂θ
ln Ln(θ) =

L′
n(θ)

Ln(θ)
.

At this stage, it will be convenient to use the multiple integral notation
used in Definition 12, in Section 4.12.2 of the previous chapter. There are
two important properties of centred likelihood ratios. The first property
is that

Eθ0 ψ(θ0, θ) =
∫ [n]

ψ(θ0, θ)Ln(θ0) dnx

=
∫ [n] [Ln(θ) − Ln(θ0)

Ln(θ0)

]
Ln(θ0) dnx

=
∫
Ln(θ) dnx−

∫ [n]

Ln(θ0) dnx

= 1 − 1
= 0 .

The second property of ψ(θ0, θ) is that it is uncorrelated with any un-
biased estimator of zero which has finite second moment when θ = θ0.

Definition 1. A statistic

Z = z(X1, . . . , Xn)

is said to be an unbiased estimator of zero if

Eθ Z = 0 for all θ ∈ Θ .

Let Z(θ0) denote the class of all such unbiased estimators of zero Z for
which Eθ0 Z2 <∞.

For example, the class Z(θ0) contains statistics such asXj−Xk, provided
the sample variables have finite second moment when θ = θ0. More
generally, contrast statistics of the form

Z =
n∑
j=1

ajXj , where
n∑
j=1

aj = 0
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will lie in Z(θ0) provided the second moment is finite.

Suppose Z ∈ Z(θ0) and that

Eθ0 [ψ(θ0, θ) ]2 <∞ .

Then

Eθ0 [Z ψ(θ0, θ) ] =
∫ [n]

z ψ(θ0, θ)Ln(θ0) dnx

=
∫ [n]

z [Ln(θ) − Ln(θ0) ] dnx

= Eθ Z − Eθ0 Z

= 0 − 0
= 0 .

In many models, the Bhattacharyya functions will also satisfy these two
properties, namely

Eθ0 ψj(θ0) = 0 , and Eθ0 [Z ψj(θ0) ] = 0 , (5.8)

for all j, provided Z ∈ Z(θ0) and Eθ0 [ψj(θ0)]2 < ∞. However, there is
some additional regularity required for this to be true. The two proper-
ties hold provided we can change the order of integration and differenti-
ation in the sense that∫ [n] ∂j

∂θj
[ ∼ ] dnx =

∂j

∂θj

∫ [n]

[ ∼ ] dnx (5.9)

where appropriate. For example,

Eθ0 ψj(θ0) =
∫ [n]

[
L

(j)
n (θ0)
Ln(θ0)

]
Ln(θ0) dnx

=
∫ [n] [ ∂j

∂θj
Ln(θ)

]
θ=θ0

dnx

=

[
∂j

∂θj

∫ [n]

Ln(θ) dnx

]

θ=θ0

=
∂j

∂θj
(1)

= 0 .

The proof that ψj(θ0) is uncorrelated with Z ∈ Z(θ0) is left to the reader
as Problem 1.

Definition 2. Let S(θ0) denote the set of all statistics

T = t(X1, . . . , Xn)
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such that Eθ0 T 2 <∞ and such that

Eθ0 T = 0 and Eθ0 (Z T ) = 0 (5.10)

for all Z ∈ Z(θ0).

The centred likelihood ratios lie in this set if they have finite second
moment when θ = θ0. Under the regularity assumptions used earlier,
the Bhattacharyya functions also lie in this set. It is straightforward to
see that S(θ0) is closed under linear combinations, and is a vectorspace.
The importance of S(θ0) for the problem of estimation can be illustrated
by the following proposition.

Definition 3. Let T(θ0) denote the set of all statistics

T = t(X1, . . . , Xn)

which are unbiased estimators for θ, in the sense that

Eθ T = θ for all θ ∈ Θ ,

and such that Eθ0 T 2 <∞.

Proposition 1. Let θ0 be any given value of the parameter. Let

T1 = t1(X1, . . . , Xn) and T2 = t2(X1, . . . , Xn)

be two statistics which both lie in T(θ0). If T1 − θ0 ∈ S(θ0) then

Varθ0 T1 ≤ Varθ0 T2 .

When this is true, T1 is said to be a locally minimum variance unbiased
estimator (LMVUE) for θ at θ0.

Proof. Let Z = T2 − T1. Then for all θ ∈ Θ,

Eθ Z = Eθ T2 − Eθ T1

= 0 .

So Z is an unbiased estimator of zero. Therefore

Varθ0(T2) = Varθ0(T1 + Z)
= Varθ0 T1 + Varθ0 Z
≥ Varθ0 T1

as required.

The statistic T1 is a LMVUE at θ0 in the sense that its variance is
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minimum at θ0 among all unbiased estimators for θ. Now suppose T1 −
θ ∈ S(θ) for all θ ∈ Θ. Then for any unbiased estimator T2 we will have

Varθ T1 ≤ Varθ T2 for all θ ∈ Θ .

When T1 satisfies this property we say that T1 is a uniformly minimum
variance unbiased estimator (UMVUE). Unlike LMVUEs, the existence
of UMVUEs cannot be guaranteed for general models.

Now consider any function ψ(θ0) = ψ(θ0; X1, . . . , Xn) with the property
that

ψ(θ0) ∈ S(θ0)

Suppose T1 and T2 are both in T(θ0). Once again, T2 − T1 ∈ Z(θ0).
Therefore,

Covθ0 [T2, ψ(θ0) ] = Covθ0 [T1, ψ(θ0) ] + Covθ0 [T2 − T1, ψ(θ0) ]
= Covθ0 [T1, ψ(θ0) ] + 0
= Covθ0 [T1, ψ(θ0) ] .

It follows from this that for any unbiased estimator T , we can write

Covθ0 [T, ψ(θ0) ] = hψ(θ0)

where the function hψ(θ0) does not depend upon the choice of T ∈ T(θ0).
From this fact we can write the covariance inequality between T and
ψ(θ0) as

Varθ0 T ≥ Cov2
θ0 [T, ψ(θ0) ]

Varθ0 ψ(θ0)

=
[hψ(θ0) ]2

Eθ0 ψ
2(θ0)

. (5.11)

The right-hand side of this inequality does not depend on the choice of
T ∈ T(θ0). Therefore, it is a universal lower bound on the variance of
all unbiased estimators T ∈ T(θ0). Bounds of the variance of T of this
type are known as information inequalities. Various special cases are of
interest. The choice ψ(θ0) = ψ(θ0, θ) gives us

hψ(θ0) = Eθ0 [T ψ(θ0, θ) ]

=
∫ [n]

t

[
Ln(θ) − Ln(θ0)

Ln(θ0)

]
Ln(θ0) dnx

=
∫ [n]

t [Ln(θ) − Ln(θ0) ] dnx

= θ − θ0 .
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Therefore, in this case the information inequality is

Varθ0 T ≥ (θ − θ0)2

Eθ0 [ψ(θ0, θ) ]2
.

We are free to choose the value of θ on the right-hand side, provided
that θ �= θ0. Taking a supremum of the right-hand side yields the
Hammersley-Chapman-Robbins inequality, which states that

Varθ0 T ≥ sup
θ �=θ0

(θ − θ0)2

Eθ0 [ψ(θ0, θ) ]2
. (5.12)

The score function un(θ0) is also the first Bhattacharyya function, and
therefore un(θ0) ∈ S(θ0) provided its second moment is finite. So it can
also be used in (5.11) by setting ψ(θ0) = un(θ0). With this choice, under
the regularity allowing the interchance of derivatives and integrals,

hu(θ0) = Eθ [T u(θ0)]

=
∫ [n]

t
L′
n(θ)

Ln(θ)
Ln(θ) dnx

=
∫ [n]

t
∂

∂θ
Ln(θ) dnx

=

[
∂

∂θ

∫ [n]

Eθ T

]

θ=θ0

= 1 .

Therefore,

Varθ0 T ≥ 1
Eθ [un(θ0) ]2

. (5.13)

Again, under regularity permitting the interchange of derivatives and
integrals,

Eθ0 [un(θ0) ]2 =
∫ [n] [L′

n(θ0)
Ln(θ0)

]2
Ln(θ0) dnx

=
∫ [n] [L′

n ]2 − Ln L
′′
n

[Ln ]2
Ln d

nx+
∫ [n]

L′′
n d

nx

= −
∫ [n]

[ ln Ln ]′′ Ln dnx+
∫ [n]

[L′′
n ] dnx

= −
∫ [n]

[ ln Ln ]′′ Ln dnx+

[∫ [n]

Ln d
nx

]′′

= −
∫ [n]

[ ln Ln ]′′ Ln dnx+ [ 1 ]′′
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= −
∫ [n]

[ ln Ln ]′′ Ln dnx .

This last integral is −Eθ0 �′′n(θ0). The expected information function is

I(θ) = −Eθ ∂2

∂θ2
ln f(X ; θ)

and therefore

Eθ0 [un(θ0) ]2 = −Eθ0 �′′n(θ0)
= n I(θ0) .

We may conclude the following.

Proposition 2. Let I(θ0) be the expected information at θ0. We assume
sufficient regularity to interchange derivatives and integrals as above.
Then

Varθ0 T ≥ 1
n I(θ0)

. (5.14)

for all T ∈ T(θ0).

This result is usually called the Cramér-Rao inequality.

5.4 Consistency of maximum likelihood

At this stage, let us formalise some assumptions.

Assumption 1. We adopt the following assumptions.

1. Let X1, X2, . . . , Xn be independent and identically distributed, each
with density f(x; θ) depending on some real parameter θ.

2. We assume that the set

C = { x : f(x; θ) > 0 }
does not depend on θ. (The sample will lie with probability one in this
set where the likelihood will be strictly positive and the log-likelihood
finite.)

3. We shall suppose that θ is identifiable in the sense that when θ1 �= θ2
then the distribution of Xj under θ1 is distinct from the distribution
of Xj under θ2.
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We can write the likelihood of X1, . . . , Xn as

Ln(θ) = f(X1; θ) f(X2; θ) · · · f(Xn; θ) ,

and the log-likelihood as

�n(θ) =
n∑
j=1

ln f(Xj ; θ) .

So by the strong law of large numbers,

Pθ0

[
1
n
�n(θ) → Eθ0 ln f(X ; θ)

]
= 1 . (5.15)

When θ �= θ0,

Eθ0 ln f(X ; θ) − Eθ0 ln f(X ; θ0) = Eθ0 ln
f(X ; θ)
f(X ; θ0)

=
∫

ln
f(x; θ)
f(x; θ0)

f(x; θ0) dx

< ln
∫

f(x; θ)
f(x; θ0)

f(x; θ0) dx

= ln (1) = 0 .

This is equivalent to

Eθ0 ln f(X ; θ) < Eθ0 ln f(X ; θ0) for θ �= θ0 . (5.16)

We may use the strict version of Jensen’s inequality above because the
logarithm function is strictly convex, and the ratio f(x; θ)/f(x; θ0) is a
nonconstant random variable. Combining (5.15) and (5.16), we conclude
that for any θ �= θ0,

Pθ0 [ �n(θ0) > �n(θ) for all sufficiently large n ] = 1 . (5.17)

However, the finite intersection of events of probability one is also of
probability one. Therefore, if θ0, θ1, . . . , θk are distinct parameter val-
ues, and k is fixed we obtain

Pθ0

[
�n(θ0) > max

j≥1
�n(θj) for all sufficiently large n

]
= 1 . (5.18)

This result can also be expressed as follows.

Proposition 3. Let Θ = {θ0, θ1, . . . , θk} be a finite parameter space
satisfying the assumptions above. Then

Pθ0

[
θ̂n = θ0 for all sufficiently large n

]
= 1 ,

as n→ ∞.
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However, the infinite intersection of events of probability one is not nec-
essarily of probability one. So the conclusion of Proposition 3 fails if the
finite parameter space Θ is replaced by one with infinitely many points.
To prove consistency of θ̂n for an infinite parameter space it is neces-
sary to ensure that the strong law of large numbers holds uniformly over
θ ∈ Θ. In an infinite parameter space, there may be a sequence of pa-
rameter values θj which converge to any θ0 as j → ∞. If this is the case,
then it is usually too much to ask for (5.18) to hold. Instead, we might
ask for a uniform version of the strong law of large numbers when θ is
bounded away from θ0. Provided that for all ε > 0 we can show that

Pθ0

[
�n(θ0) > max

| θ−θ0|>ε
�n(θ) for all sufficiently large n

]
= 1 , (5.19)

then we can establish that

Pθ0

[
| θ̂n − θ0 | ≤ ε for all large n

]
= 1 .

When this result holds for all ε > 0, then we say that θ̂n is (strongly)
consistent. This is equivalent to

Pθ0

[
θ̂n → θ0 as n→ ∞

]
= 1 .

In some models, the strong consistency may fail because of the failure
of (5.19) above. For such cases, it may still be possible to show that a
local maximum of the likelihood is consistent even when θ̂n—the global
maximum—is not. For the consistency of a local maximum of a single
real parameter it is sufficient that (5.19) be replaced by

Pθ0 [ �n(θ0) > max {�n(θ0 − ε), �n(θ0 + ε)} for large n ] = 1 , (5.20)

for all ε > 0. For fixed ε > 0, this last condition follows under the same
general conditions as (5.18), because it is based upon a finite submodel
of three parameter points, namely θ0 − ε, θ0, θ0 + ε.

5.5 Asymptotic normality of maximum likelihood

In the previous chapter, we used the von Mises calculus to show that
many statistical functionals are asymptotically normal. Maximum likeli-
hood estimators, as M-functionals, are therefore asymptotically normal
when the regularity conditions of the von Mises calculus are satisfied.
However, it is useful to revisit the problem by using more direct methods
to prove this asymptotic normality.

Let un(θ) = �′(θ) and in(θ) = −�′′(θ) be the score function and observed
information function for θ, respectively. Suppose that the following con-
ditions are satisfied.
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Assumption 2. Suppose the following properties hold.

1. Let X1, X2, . . . , Xn be independent and identically distributed, each
with density f(x; θ) depending on some real parameter θ ∈ Θ, where
Θ is a (nonempty) open interval of real numbers.

2. We assume that the set

C = { x : f(x; θ) > 0 }
does not depend on θ. (Note that Xj ∈ C with probability one.)

3. For all x ∈ C, the third derivative

∂3

∂ θ3
f(x; θ)

exists and is a continuous function of θ, for all θ ∈ Θ.

4. Furthermore, it is possible to interchange derivatives and integrals so
that

∂k

∂ θk

∫
C

f(x; θ) dx =
∫
C

∂k

∂ θk
f(x; θ) dx

for all 1 ≤ k ≤ 3.

5. The expected information

I(θ) = −Eθ ∂2

∂θ2
ln f(Xj ; θ)

is strictly positive and finite for all θ ∈ Θ.

6. There exists a real-valued function b(x) which does not depend on θ,
such that ∣∣∣∣ ∂

3

∂ θ3
ln f(x; θ)

∣∣∣∣ ≤ b(x)

for all x ∈ C, and such that Eθ b(X) <∞, for all θ ∈ Θ.

Throughout the argument which follows let us suppose that the proper-
ties listed in Assumption 2 hold. Now suppose that θ0 is the true value of
the parameter θ. Suppose in addition that the likelihood is maximised at
some value θ̂n ∈ Θ. Then with probability one, i.e., for X1, . . . , Xn ∈ C,

Ln(θ̂n) > 0 , L′
n(θ̂n) = 0 , L′′

n(θ̂n) ≤ 0 .

Typically, L′′
n(θ̂n) < 0. We can evaluate the score function and the ob-

served information function at θ̂n to get

un(θ̂n) = L′
n(θ̂n)

/
Ln(θ̂n)

= 0 ,
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and

in(θ̂n) = −u′n(θ̂n)

= −L
′′(θ̂n)

L(θ̂n)
+

[
L′(θ̂n)

L(θ̂n)

]2

≥ −L
′′(θ̂n)

L(θ̂n)
≥ 0 .

Next, let us suppose that θ̂n is consistent. That is,

θ̂n − θ0 = op(1) (5.21)

for large n. Also, from Assumption 2.3, the function �n(θ) is three times
differentiable with respect to θ for x ∈ C. We can expand un(θ̂n) about
θ0 using Taylor’s expansion with Lagrange form of the remainder to get

0 = un(θ̂n)

= un(θ0) − in(θ0) (θ̂n − θ0) − i′n(θ1)
2

(θ̂n − θ0)2

for some value θ1 which lies between θ0 and θ̂n. Therefore,

(θ̂n − θ0)
[
in(θ0) + i′n(θ1) (θ̂n − θ0)/2

]
= un(θ0) .

Thus we can write

√
n (θ̂n − θ0) =

un(θ0)/
√
n

in(θ0)/n+ i′n(θ1) (θ̂n − θ0)/(2n)
(5.22)

We can investigate the terms in the denominator. First,

in(θ0)
n

= − 1
n

n∑
j=1

∂2

∂θ2
ln f(Xj ; θ0)

a.s.→ −Eθ0
∂2

∂θ2
ln f(X ; θ0)

= I(θ0) .

The almost sure convergence above follows from the strong law of large
numbers. We shall only use in(θ0)/n

P→ I(θ0) below, a fact that is implied
by almost sure convergence. As we assumed earlier,

θ̂n − θ0
P→ 0 .
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Also

| i′n(θ1)/(2n) | =

∣∣∣∣∣∣
1

2n

n∑
j=1

∂3

∂θ3
ln f(Xj ; θ1)

∣∣∣∣∣∣
≤ 1

2n

n∑
j=1

b(Xj)

P→ 1
2
Eθ0 b(X) <∞ .

So the denominator of (5.22) has limit

in(θ0)/n+ i′n(θ1) (θ̂n − θ0)/(2n) P→ I(θ0) , (5.23)

where 0 < I(θ0) <∞. In the numerator of (5.22), we may write

un(θ0) =
n∑
j=1

∂

∂θ
ln f(Xj ; θ0) .

Under the assumption permitting the interchange of derivatives and in-
tegrals,

Eθ0

[
∂

∂θ
ln f(X ; θ0)

]
= 0 and Varθ0

[
∂

∂θ
ln f(X ; θ0)

]
= I(θ0) .

(5.24)
See Problem 2. So we can apply the central limit theorem to get

un(θ0)√
n

=
1√
n

n∑
j=1

∂

∂θ
ln f(Xj; θ0)

d=⇒ N (0, I(θ0)) . (5.25)

Putting (5.25) and (5.23) together gives us

√
n (θ̂n − θ0)

d=⇒ N
(

0,
1

I(θ0)

)
, (5.26)

as n→ ∞.

5.6 Asymptotic comparison of estimators

While this argument seems to fulfill Fisher’s expectations for the method
of maximum likelihood, there are some nagging issues that must not be
overlooked. First, uniformly minimum variance unbiased estimators are
only optimal—in the sense of minimising variance—in the class of esti-
mators whose bias is exactly zero. Typically, maximum likelihood estima-
tors do not lie inside this class. However, maximum likelihood estimators
are asymptotically unbiased in the sense of the following definition.
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Definition 4. Let Tn = tn(X1, . . . , Xn) be a sequence of estimators for
a parameter θ. Suppose there exists a nondegenerate probability distri-
bution‖ H and a sequence of constants cn such that

cn (Tn − θ0)
d=⇒ H

as n→ ∞, whenever θ0 is the true value of the parameter.

• If the distribution H has expectation zero, then we say that Tn is
asymptotically unbiased. If H has nonzero expectation, then we say
that Tn is asymptotically biased.

• If cn =
√
n, and H is a normal distribution, then we say that Tn is

asymptotically normal.

In this definition, we understand H to be a nondegenerate probability
distribution in the sense that it does not assign probability one to a con-
stant (its mean). Asymptotic unbiasedness and asymptotic normality
are of course asymptotic versions of unbiasedness and normality, respec-
tively. Unlike its finite sample counterpart, asymptotic unbiasedness is
parametrisation equivariant, in the sense that if Tn, n ≥ 1 is asymptoti-
cally unbiased estimator for θ, and h(x) is a smooth real-valued function
with non-vanishing derivative, then h(Tn), n ≥ 1 is also an asymptoti-
cally unbiased estimator for h(θ). Similarly, if Tn is asymptotically nor-
mal, then so is h(Tn). Both of these results are a consequence of the
delta method for distributions. This is essentially the same as part 1 of
Proposition 11 in Chapter 4.

The concept of asymptotic unbiasedness should not be confused with the
concept of unbiasedness in the limit. The latter states that lim Eθ Tn = θ
as n→ ∞, or equivalently that the bias of Tn goes to zero.

In regular models, maximum likelihood estimators are both asymptot-
ically unbiased and asymptotically normal, as (5.26) shows. However,
when this regularity fails, the estimator can be both asymptotically bi-
ased and nonnormal. For example, let X1, . . . , Xn be a random sample
from U(0, θ), where θ > 0. In this case, the maximum likelihood esti-
mator is the largest order statistic, namely θ̂n = X(n), which converges
faster than O(n− 1

2 ) to θ. The correct scaling sequence is cn = n, and it
can be shown that if θ0 is the true value of θ, then

n (θ0 −X(n))
d=⇒ E(θ−1

0 ) .

‖ The probability distribution H can depend upon the value of θ0, although this
dependence is suppressed in the notation.
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This follows from the fact that for all t > 0,

Pθ0
{
n [ θ0 −X(n) ] > t

}
= Pθ0

{
X(n) < θ0 − t

n

}

= Pθ0

{
X(n) < θ0

[
1 − t/θ0

n

]}

=
[
1 − t/θ0

n

]n
→ e−t/θ0 .

As the limiting distribution E(θ−1
0 ) has a nonzero mean, it follows that θ̂n

is asymptotically biased. This example differs from those usually encoun-
tered in statistics because the support of the distribution is a function of
the parameter, a condition explicitly ruled out by Cramér’s regularity.
Note that although X(n) is asymptotically unbiased in this example, it
is unbiased in the limit.

In general, cn and H are uniquely determined by the sequence Tn, n ≥ 1
in the following limiting sense. Suppose

cn (Tn − θ0)
d=⇒ H1 and dn (Tn − θ0)

d=⇒ H2

as n→ ∞, where H1 and H2 are nondegenerate as in Definition 4. Then
there exists some constant c such that H2(t) = H1(t/c) for all t and such
that dn/cn → c as n → ∞. The proof of this result is left to the reader
as Problem 3.

Within the class of estimators with some common scaling sequence cn,
we may be able to compare asymptotic efficiencies. Let Tn and T ∗

n be
two sequences of estimators based on some common random sample such
that

cn (Tn − θ0)
d=⇒ H and cn (T ∗

n − θ0)
d=⇒ H∗

To compare Tn with T ∗
n we can compare H with H∗. If H is more

closely concentrated around zero than H∗, say, then we can conclude
that T is more efficient than T ∗. In general, this is a difficult comparison,
because distributions are not naturally totally ordered in terms of their
concentration about zero.

In some cases, H and H∗ differ only in a scale factor. For example,
this is true when H and H∗ are both normal distributions centred at
zero. Under these conditions, T will be asymptotically superior to T ∗

if the dispersion of H is smaller than the dispersion of H∗, a fact that
does not depend on the choice of dispersion parameter. Nevertheless,
a quantitative measurement of the relative efficiency of T to T ∗ will
still depend on the choice of dispersion parameter. So, it is helpful to
reformulate the comparison in the follow way. Suppose k(1) ≤ k(2) ≤
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k(3) ≤ · · · is an increasing sequence of positive integers such that k(n)/n
has a limit as n→ ∞, and such that

cn (Tn − θ0)
d=⇒ H and cn (T ∗

k(n) − θ0)
d=⇒ H , (5.27)

where H is a nondegenerate distribution. We define the asymptotic rel-
ative efficiency of T to T ∗ to be this limit, namely

e(T, T ∗) = lim
n→∞

k(n)
n

.

The idea behind this definition is that when the asymptotic relative
efficiency of Tn to T ∗

n is e(T, T ∗) = 3, say, then using T with a sample
of size n to estimate θ is asymptotically equivalent to using T ∗ with a
sample three times as large. Clearly, in such a case T is to be favoured
over T ∗.

Now suppose Tn and T ∗
n are asymptotically normal random variables

with
√
n (Tn − θ0)

d=⇒ N (0, v) and
√
n (T ∗

n − θ0)
d=⇒ N (0, v∗) .

In this case we can define

k(n) =
⌊
n v∗

v

⌋

where �x � is the floor of x, or greatest integer less than or equal to x.
Then the two limits can be written as
√
n (Tn − θ0)

d=⇒ N (0, v) and
√
n (T ∗

k(n) − θ0)
d=⇒ N (0, v) .

Therefore

e(T, T ∗) = lim
n→∞

�n v∗/v �
n

=
v∗

v
.

So, for asymptotically normal random variables with scaling cn =
√
n,

the asymptotic relative efficiency can be expressed as the ratio of the
variances. Therefore, within the class of asymptotically unbiased asymp-
totically normal estimators, a sequence Tn, n ≥ 1 will be asymptotically
efficient relative to all others if its asymptotic variance is minimised.

The Cramér-Rao inequality of Proposition 2 provides a lower bound for
the variance of an unbiased estimator. A sequence of unbiased estima-
tors Tn, n ≥ 1 which attains this lower bound for all n may be said to
be efficient (in a finite sample sense), and will have a variance which is
proportional to n−1. Provided Tn is also normal or approximately nor-
mal, the variance provides a natural stochastic ordering of the dispersion
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of Tn about θ. However, maximum likelihood estimators are generally
not unbiased and typically do not attain the lower bound except in an
asymptotic sense. The following definition is an asymptotic version of
the concept of finite sample efficiency.

Definition 5. Within the class of asymptotically unbiased, asymptoti-
cally normal estimators, an estimator Tn , n ≥ 1 satisfying

√
n (Tn − θ0)

d=⇒ N ( 0, 1/I(θ0) )

is said to be asymptotically efficient.

In particular, under standard regularity, maximum likelihood estimators
are asymptotically efficient.

This result would seem to be the fulfillment of Fisher’s original claim that
maximum likelihood estimators are (asymptotically) efficient. However,
Definition 5 raises some concerns that must be addressed. Definition 5
says nothing about estimators which are asymptotically nonnormal or
asymptotically biased. Do maximum likelihood estimators have optimal-
ity properties in a larger class of estimators?

Another problem appears upon inspection. The Cramér-Rao lower bound
of Proposition 2 only refers to estimators which are exactly unbiased. We
have no immediate reason to believe that an estimator which is asymp-
totically unbiased must satisfy an asymptotic version of the same in-
equality. Is it possible for an estimator T to be asymptotically efficient
according to Definition 5, and yet for another estimator T ∗ to exist such
that

• e(T, T ∗) ≤ 1 for all θ, and

• e(T, T ∗) < 1 for one or more values of θ?

This is critical for making sense out of Definition 5. Therefore, it was a
surprise when the existence of “superefficient” estimators was discovered.

Definition 6. An asymptotically unbiased, asymptotically normal esti-
mator Tn, n ≥ 1 is said to be superefficient at a given parameter value
θ1 if for all θ0 ∈ Θ,

√
n (Tn − θ0)

d=⇒ N ( 0, v(θ0) ), where

• v(θ0) ≤ 1/I(θ0) for all θ0, and in particular,

• v(θ1) < 1/I(θ1).
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The following example of a superefficient estimator is due to J. L. Hodges,
Jr. as reported in Le Cam (1953). Surprisingly, superefficient estima-
tors exist for the normal location model N (θ, 1), where the maximum
likelihood estimator attains the lower bound of the Cramér-Rao inequal-
ity. Suppose X1, . . . , Xn are independent identically distributed N (θ, 1)
random variables. The expected information function is I(θ) = 1 for all
θ ∈ Θ. The maximum likelihood estimator for θ is the sample average
Xn which is unbiased and attains the Cramér-Rao lower bound for all
sample sizes n. As n→ ∞,

√
n (Xn − θ0)

d=⇒ N (0, 1) , (5.28)

so that Xn is asymptotically efficient. Next, let 0 < a < 1 be any given
real number. Define

Tn =

⎧⎨
⎩

Xn when
∣∣Xn

∣∣ ≥ n−1/4

aXn when
∣∣Xn

∣∣ < n−1/4 .

Then it can be shown that

√
n (Tn − θ0)

d=⇒
⎧⎨
⎩

N (0, 1) when θ0 �= 0 ,

N (0, a2) when θ0 = 0 .
(5.29)

The limit in (5.29) can be compared with the limit in (5.28). We see
that both estimators are asymptotically unbiased and asymptotically
normal. Curiously, the variance of the asymptotic distribution of Tn is
better than Xn: the variance of the asymptotic distribution of Tn equals
that of Xn when θ0 �= 0 and is smaller when θ0 = 0.

To prove the limit in (5.29), note that when θ0 �= 0, then Xn → θ0 �= 0.
So

Pθ0

(∣∣Xn

∣∣ < n−1/4
)
→ 0

This implies that Pθ0(Tn = Xn) → 1, as n → ∞. So when θ0 �= 0,
it follows that

√
n (Tn − θ0) has the same asymptotic distribution as√

n (Xn − θ0), which is asymptotically N (0, 1).

On the other hand, when θ0 = 0, Xn will converge to zero in probability.
Furthermore

Pθ0=0

(∣∣Xn

∣∣ < n− 1/4
)

= Pθ0=0

(∣∣√nXn

∣∣ < n+1/4
)

= Pθ0=0

(
|N (0, 1)| < n+1/4

)
→ 1 .

Therefore Pθ0=0(Tn = aXn) → 1 as n → ∞. So when θ0 = 0, it follows
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that
√
n (Tn−θ0) has the same asymptotic distribution as

√
n(aXn−θ0),

which is asymptotically N (0, a2).

The superefficient estimator Tn is not a serious contender as a good
estimator of θ. Although Tn formally outperforms Xn, it is the efficiency
criterion of Definition 5 which comes under suspicion, and not the sample
mean Xn. Estimators such as Tn acquire a point of superefficiency by
“borrowing” efficiency from neighbouring parameter values. As a result,
superefficiency at a point such as θ = 0 above leads to poor behaviour
in a neighbourhood of that point.

How can we fix this problem? Several solutions have been proposed. Le
Cam (1953) and Bahadur (1964) noted that the set of points of superef-
ficiency must be of Lebesgue measure zero for regular models. Thus, in a
certain sense, superefficiency only occurs on a negligible set of parameter
values. Can we ignore sets of measure zero in the parameter space? How-
ever negligible the points of superefficiency are measure-theoretically,
there is no reason to suppose that these points are statistically neg-
ligible. Even if superefficiency occurs only at a single point within a
continuum of possibilities, there may be good reasons to believe that
this point is a credible value for the parameter. For example, null hy-
potheses are typically low dimensional sets with parameter spaces, and
usually have Lebesgue measure zero. Despite this fact, a null hypothesis
is rarely statistically negligible.

Another way of solving the problem is to find some criterion that can be
imposed which eliminates superefficient estimators. If all superefficient
estimators are irregular in some sense, then we might restrict to the class
of regular estimators. Suppose that we are given two functions, say g(θ)
and h(θ), which are both continuous and defined on some open set Θ.
Let N be a subset of Θ of Lebesgue measure zero. If g(θ) ≥ h(θ) for all
θ ∈ Θ − N , then the continuity of g and h can be used to show that
g(θ) ≥ h(θ) on the set N as well. Note that in (5.29), the variance of the
limiting normal distribution is not continuous at θ = 0. The argument
using function g and h shows that this discontinuity is a consequence
of superefficiency at θ = 0. Therefore, superefficient estimators can be
abolished if we restrict consideration to estimators Tn for which

√
n (Tn − θ0)

d=⇒ N ( 0, v(θ0) )

where v is continuous on Θ. The restriction to estimators that are reg-
ular in this sense provides a mathematical solution to the problem of
superefficient estimators. Is it statistically sensible? It is rather obvious
that estimators are often optimal in a sufficiently small class. Indeed, ev-
ery estimator is optimal within the class consisting only of itself! To be
a statistical solution to the problem of superefficiency, the restriction to
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regular estimators must be justified by statistical and not mathematical
considerations. This is difficult, because there is no obvious statistical
advantage in requiring that v(θ) be continuous.

Another solution due to Rao (1962) is to redefine the efficiency of an
asymptotically unbiased estimator Tn as the limiting correlation between
Tn and the score function un(θ), or more generally

lim inf
n→∞ Corrθ0 [Tn, un(θ0) ] .

Under this criterion, the maximum likelihood estimator is efficient for
regular models because we can write

θ̂n − θ0 ∼ un(θ0)
n I(θ0)

as in Section 5.5.∗∗ Under this criterion, both Xn and Hodges’ superef-
ficient estimator are efficient.

Nice as this idea is, some problems remain. First, the redefined criterion
for efficiency gives us no reason to reject Hodges’ estimator, as it is fully
efficient under the new criterion. What is still needed is a theory which
shows why such superefficient estimators are defective. Secondly, we must
ask whether we have ended up with the cart in front of the horse, so to
speak. Rao’s criterion essentially says that an estimator is efficient if it
is “score-like.” As the score function and θ̂n are asymptotically related,
this is much the same thing as saying that an estimator is efficient to the
degree that it resembles θ̂n. The problem with Rao’s criterion is that it is
only indirectly related to the performance of the estimator Tn. However
efficiency is defined, it should say something directly about the accuracy
of Tn as an estimator for θ.

5.7 Local asymptotics

5.7.1 Local asymptotic risk

As we noted in the previous section, estimators can achieve supereffi-
ciency at a point in the parameter space by borrowing efficiency from
neighbouring parameter values. This “borrowing” is sufficiently mild
that it does not affect the asymptotic efficiency of neighbouring param-
eter values. However, superefficiency at one point reduces efficiency in a

∗∗ The idea behind this clever way of redefining efficiency was also instrumental
in the development of the theory of optimal estimating equations, which places
the criterion of efficiency on the estimating equation rather than the estimator
obtained by solving the equation.
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neighbourhood of the point. The idea of local asymptotics, due to Hájek
and Le Cam, based upon earlier suggestions of C. Stein, H. Rubin and H.
Chernoff, is to measure the efficiency of an estimator at a point through
its local behaviour around that point. In the discussion which follows we
must leave out many of the technical details necessary for the full power
of the theory. Our primary concern here will be to provide some idea of
its basic definitions and concepts. Proofs and technical details will be
considered later.

For the moment, let us consider the family of estimators such that
√
n (Tn − θ0)

d=⇒ H

for some nondegerate distribution H which can depend on θ0. To assess
the behaviour of Tn close to θ0, we could allow θ to vary in a contiguity
neighbourhood of θ0. Define

θn = θ0 +
η√
n

(5.30)

for some constant value η. We shift from θ0 as the true value of the pa-
rameter to θn. Here θ0 is fixed, and the model is parametrised by the new
“parameter” η. Now suppose that X1, X2, . . . , Xn are a random sample
from a distribution with density f(x; θn), and that Tn = tn(X1, . . . , Xn).
Suppose there is some nondegenerate distribution Hη such that

√
n (Tn − θn) d=⇒ Hη (5.31)

where Hη may depend upon η.

Definition 7. Suppose that X1, . . . , Xn have a distribution governed by
the parameter value θn, where θn = θ0 + η/

√
n is a sequence contiguous

to θ0. Let Tn = tn(X1, . . . , Xn). We define R(η, T ), called the local
asymptotic risk of Tn, to be the second moment of the distribution Hη.
That is

R(η, T ) =
∫
x2 dHη(x) , where

√
n (Tn − θn)

d=⇒ Hη , (5.32)

provided this limit exists for some nondegenerate Hη.

The reader should note carefully that the limit distribution of
√
n (Tn−

θn) is not calculated under the assumption that θ0 is the true value
of the parameter, as has previously been the case. In this respect, the
calculation of the local asymptotic risk function differs from previous
calculations.
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The mean square of the limit distribution Hη can often be calculated as

R(η, T ) = lim
n→∞ Eθn

[
n (Tn − θn)2

]
. (5.33)

However, this will only be true under an assumption of uniform integra-
bility which ensures that the second moment of the limit distribution
is the same as the limit of the sequence of second moments. Generally,
when these differ, the local asymptotic risk is defined as the mean square
of the limit distribution Hη, as defined by (5.32).

5.7.2 Example: Hodges’ superefficient estimator

We may compare the asymptotic performance of two estimators Tn, n ≥
1 and T ∗

n , n ≥ 1 in a neighbourhood of θ, by comparing their respec-
tive local asymptotic risk functions. Let us consider Hodges’ supereffi-
cient estimator of Section 5.6 above. Once again, the random variables
X1, . . . , Xn are independent N (θ, 1). We compare Hodges’ estimator

Tn =

⎧⎨
⎩

Xn when
∣∣Xn

∣∣ ≥ n−1/4

aXn when
∣∣Xn

∣∣ < n−1/4 .

where 0 < a < 1, with the sample mean T ∗ = Xn. When θ0 �= 0, the
sequence θn = θ0 +η/

√
n will be nonzero for all sufficiently large n. Also

Pθn(|Xn| ≥ n−1/4) → 1 as n → ∞. So
√
n (Tn − θn) ∼ √

n (Xn − θn),
which is N (0, 1). Therefore

R(η, T ) = R(η, T ∗) = 1

for all η, when θ0 �= 0. The case where θ0 = 0 is a more interesting
comparison. Once again R(η, T ∗) = 1 for all η. It is left as an exercise
to the reader to show that

R(η, T ) = a2 + η2 (a− 1)2 .

From these formulas, we see that R(η, T ) < R(η, T ∗) if and only if

| η | <
√

1 + a

1 − a
. (5.34)

See Problem 4. Although Tn is superefficient, its local asymptotic risk
does not uniformly dominate the sample mean Xn. By calculating the
local asymptotic risk, we can quantify the extent that a superefficient
estimator “borrows efficiency” from neighbouring parameter values at
its points of superefficiency. In the example above, this borrowing is
reflected in the fact that R(η, T ) > R(η, T ∗) for large values of |η|.
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5.7.3 Example: exponential with lag parameter

The next example we shall consider is one in which the standard reg-
ularity assumptions fail. Suppose X1, X2, . . . . Xn is a random sample
from an exponential distribution with lag θ and mean 1+ θ. That is, the
random variables have density function

f(x; θ) =
{
eθ−x for x ≥ θ
0 otherwise .

It can be checked that the maximum likelihood estimator for θ is the
smallest order statistic

Tn = min(X1, X2, . . . , Xn) .

The reader may check that Tn has an exponential distribution with lag
θ and mean θ+n−1. An obvious alternative to this estimator is the bias
corrected estimator T ∗

n = Tn − n−1. How do the local asymptotic risks
of these two estimators compare?

In this example we must use a scaling sequence of the form cn = n rather
than the usual

√
n scaling. The concept of a continguity neighbourhood

must be correspondingly modified. Define

θn = θ0 +
η

n
.

With this choice, we find that

n (Tn − θn) d=⇒ E(1) ,

and therefore that

n (Tn − n−1 − θn)
d=⇒ E(1) − 1 .

We can compute the mean square of these two limiting distributions, to
get

R(η, T ) = 2 and R(η, T ∗) = 1 , (5.35)
for all η.

5.7.4 Example: normal with constrained mean

In our third example, we revisit the N (θ, 1) model. Consider a random
sample X1, . . . , Xn of independent identically distributed random vari-
ables from N (θ, 1) with the constraint on the parameter that θ ≥ 0.
How can we estimate θ if we know that it is nonnegative? Two reason-
able estimators for θ are

Tn = Xn and T ∗
n = max

(
Xn, 0

)
.
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The estimator Tn is unbiased. However, a side effect of its unbiasedness
is that it takes on values which lie outside the parameter space. The
estimator T ∗

n is the maximum likelihood estimator for θ and always lies
in Θ. However, it is biased, particularly when θ is close to zero. Which
estimator has better local asymptotic risk? As before, we have R(η, T ) =
1 for all η. To compute R(η, T ∗), we break the argument into two cases.

Let θ0 > 0. For a contiguous sequence θn = θ0 + η/
√
n,

Pθn

(
T ∗
n = Xn

)
= Pθn

(
Xn ≥ 0

)
= Pθn

[√
n (Xn − θn) ≥ −√

n θ0 − η
]

= 1 − Φ
(−√

n θ0 − η
)

= Φ
(√
n θ0 + η

)
,

which goes to one as n→ ∞.†† Therefore, T ∗
n − θn ∼ Xn− θn, so that

√
n (T ∗

n − θn)
d=⇒ N (0, 1)

as n→ ∞. Therefore R(η, T ) = R(η, T ∗) = 1 for all η in this case.

Let θ0 = 0. Then

√
n (T ∗

n − θn) =

⎧⎨
⎩

√
n
(
Xn − θn

)
for

√
n (Xn − θn) ≥ −η

−η for
√
n (Xn − θn) < −η .

d= max(W, −η)
where W has a standard normal distribution. So for θ0 = 0,

R(η, T ∗) =
∫ ∞

−η
w2 φ(w) dw + η2 [1 − Φ(η)] .

This function satisfies R(0, T ∗) = 1
2 and R(η, T ∗) < 1 for all η > 0.

5.7.5 Local asymptotic admissibility

In the exponential lag example above, the local asymptotic risk of the
bias corrected maximum likelihood estimator uniformly dominated the
local asymptotic risk of the maximum likelihood estimate. It turns out
that this situation is atypical. It arises from the fact that the maximum
likelihood estimator is not asymptotically unbiased for this model. An
estimator Tn is said to be locally asymptotically inadmissible if there

†† We remind the reader that Φ is the distribution function of the standard normal,
and φ its density function.
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exists an estimator T ∗
n such that R(η, T ∗) ≤ R(η, T ) for all η and such

that there exists some η1 for which R(η1, T ∗) < R(η1, T ). An estimator
which is not locally asymptotically inadmissible is said to be locally
asymptotically admissible. In our exponential lag example, the maximum
likelihood estimator is locally asymptotically inadmissible.

Local asymptotic admissibility can be used to narrow the class of estima-
tors. However, a stronger criterion is needed to narrow the class further.
Minimaxity is one possibility. For any estimator Tn, n ≥ 1 with local
asymptotic risk R(η, T ), define

R(T ) = sup
η
R(η, T ) . (5.36)

An estimator Tn is said to be locally asymptotically minimax if R(T ) is
minimum, in the sense that R(T ) ≤ R(T ∗) for any other estimator T ∗

n .
Proving local asymptotic minimaxity can be technically challenging, but
is assisted by the following proposition.

Proposition 4. Suppose Tn, n ≥ 1 is a locally asymptotically admissible
estimator such that R(η, T ) is a constant function of η. Then Tn is
locally asymptotically minimax.

Proof. Let T ∗
n be any other estimator. By assumption Tn is locally

asymptotically admissible. Therefore there exists an η0 such thatR(η0, T ) ≤
R(η0, T ∗). However, R(η, T ) is a constant function of η. Therefore

R(T ) = R(η0, T )
≤ R(η0, T ∗)
≤ sup

η
R(η, T ∗) = R(T ∗) .

Therefore Tn is locally asymptotically minimax.

As we saw earlier, Hodges’ superefficient estimator for the N (θ, 1) model
does not have constant risk, whereas the maximum likelihood estimator
Xn does. In general, in models satisfying the Cramér assumptions, the
maximum likelihood estimator has constant local asymptotic risk be-
cause the limiting distribution of

√
n (θ̂n − θn) does not depend on η.

The same regularity conditions also imply that θ̂n is locally asymptoti-
cally admissible. Combining these properties and applying Proposition
4, we conclude that θ̂n is locally asymptotically minimax, a property not
shared with superefficient estimators in regular models.
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5.8 Local asymptotic normality

The theory of local asymptotic normality was introduced to avoid the
restrictive assumptions of Cramér’s asymptotic theory. As we have seen,
Cramér’s assumptions which require random variables to be indepen-
dent and identically distributed, a condition that is often not met in
many models for which the maximum likelihood estimate is known to
be asymptotically normal.

Let θ0 be the true value of the parameter, and assume for the moment
that the regularity conditions of Assumption 2 in Section 5.5 hold. Then
as n→ ∞, in a contiguity neighbourbood of θ0, a Taylor expansion gives

�n

(
θ0 +

η√
n

)
− �n(θ0) ∼ �′n(θ0)

η√
n

+
1
2
�′′n(θ0)

η2

n

∼ η
un(θ0)√

n
− η2

2
I(θ0) . (5.37)

In addition, using formula (5.22), we obtain

√
n (θ̂n − θ0) ∼ un(θ0)/

√
n

in(θ0/n

∼ un(θ0)/
√
n

I(θ0)
.

This can be rewritten as
un(θ0)√

n
∼ I(θ0)

[√
n (θ̂n − θ0)

]
. (5.38)

Plugging (5.38) into (5.37), we get

�n

(
θ0 +

η√
n

)
− �n(θ0) ∼ η I(θ0)

[√
n (θ̂n − θ0)

]
− η2 I(θ0)

2
(5.39)

as n → ∞. The use of θ̂n in (5.39) is not essential. Many other effi-
cient estimators will do. For example, if Tn − θ0 ∼ θ̂n − θ0, then Tn is
asymptotically equivalent to θ̂n. In this case, (5.39) will remain true in
probability if θ̂n is replaced by Tn. Similar remarks also hold for the
quadratic term and its coefficient involving I(θ0). This leads us to the
following definition.

Definition 8. A model is said to be locally asymptotically quadratic at
θ0 if the following two conditions hold when n → ∞ and θ0 is the true
value of the parameter.
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1. There exist two random sequences Sn(θ0) and In(θ0) which do not
depend on η such that

�n

(
θ0 +

η√
n

)
− �n(θ0) = η Sn(θ0) − η2 In(θ0)

2
+ ρn(η, θ0) ,

where ρn(η, θ0)
P−→ 0.

2. The sequence In(θ0) is positive and bounded in probability away from
zero.‡‡

The statement that ρn(η, θ0)
P−→ 0 can be interpreted in various ways.

Three possible interpretations are

• For every real value η, the sequence ρn(η, θ0) converges in probability
to zero.

• For every real value η, and for every sequence ηn converging to η, the
sequence ρn(ηn, θ0) converges in probability to zero.

• The sequence ρn(η, θ0) converges in probability to zero uniformly for
η in every bounded set. That is,

sup
|η|≤m

| ρn(η, θ0) | P−→ 0

for every m > 0.

Of these three interpretations, the second is the standard definition.
However, the choice of an appropriate condition will depend upon the
particular application.

Since θ0 + η/
√
n is contiguous to θ0, it follows that

Pθ0

[
ρn(η, θ0)

P−→ 0
]

implies Pθ0+n/
√
n

[
ρn(η, θ0)

P−→ 0
]
.

So, if the log-likelihood is locally asymptotically quadratic under θ0 it
is locally asymptotically quadratic under contiguous alternatives. How-
ever, the asymptotic distributions of Sn(θ0) and In(θ0) under θ0 will
differ from their respective asymptotic distributions under the contigu-
ous sequence θ0 + n/

√
n.

More informally, the model is locally asymptotically quadratic at θ0 if
the log-likelihood is approximately quadratic throughout the contiguity
neighbourhood, so that

�n

(
θ0 +

η√
n

)
− �n(θ0) ∼ η Sn(θ0) − η2 In(θ0)

2
, (5.40)

‡‡ This is the same as saying that [In(θ0)]−1 is Op(1).
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In such models, the log-likelihood may be approximated by a quadratic
function whose coefficients depend on Sn and In. In models where these
quantities do not depend heavily on θ0 it may be possible to use (Sn, In)
as an approximately sufficient pair for estimation.

Returning to (5.39), we note that
√
n (θ̂n − θ0) is often asymptotically

normal, and that the coefficient on the quadratic term is not random.
This leads to the following definition.

Definition 9. A model is said to be locally asymptotically normal at
θ0 if it is locally asymptotically quadratic as in Definition 8 above, and
if additionally the following conditions hold when n → ∞ and θ0 is the
true value of the parameter.

1. The random variables In(θ0) converge in probability to some nonran-
dom I(θ0) > 0 which does not depend on η.

2. The random variables Sn(θ0) converge in distribution to N ( 0, I(θ0) ).

Clearly from the definition, a model which is locally asymptotically nor-
mal is locally asymptotically quadratic. Furthermore, the regularity con-
ditions of Assumption 2 in Section 5.5 are strong enough to ensure local
asymptotic normality, although the latter condition is more general than
the former. Local asymptotic normality turns out to be the right tool for
proving that a class of asymptotically efficient estimators are asymptoti-
cally normal. Every such model admits a quadratic approximation to the
log-likelihood within a contiguity neighbourhood of the true value of the
parameter. Therefore, such models admit the construction of a variety
of estimators obtained by maximising a quadratic approximation to the
likelihood. For example, suppose θ∗n is an auxiliary estimator for θ which
lies with high probability within a contiguity neighbourhood of the true
value of the parameter as n→ ∞. Thus

θ∗n = θ0 +Op
(
1/

√
n
)
.

Next, we compute the log-likelihood at three parameter points within
this contiguity neighbourhood. For example, we might compute

�n(θ∗n) , �n
(
θ∗n + c/

√
n
)
, �n

(
θ∗n − c/

√
n
)
,

where c �= 0. Provided the log-likelihood is sufficiently smooth, it can
be uniformly approximated by the quadratic function within a neigh-
bourhood which includes these three values. It can be checked that the
quadratic in η approximating the log-likelihood is

�n
(
θ∗n + η/

√
n
) ∼ An + η Bn + η2 Cn
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Figure 5.1 A quadratic fit to the likelihood using three points, each marked
with a vertical line. In the toy example above, an auxiliary estimator θ∗

n = 1.0
is updated by fitting a quadratic (the dotted curve) to the log-likelihood (the
unbroken curve) using c/

√
n = 0.3. The updated estimator θ∗∗

n is the maximum
of this quadratic fit.

where

An = �n(θ∗n)

Bn =
1
2 c
[
�n(θ∗n + c/

√
n) − �n(θ∗n − c/

√
n)
]

Cn =
1

2 c2
[
�n(θ∗n + c/

√
n) + �n(θ∗n − c/

√
n) − 2 �n(θ∗n)

]
.

If the log-likelihood is strictly concave within the contiguity neighbour-
hood, then Cn < 0 and the quadratic will be maximised at

θ∗∗n = θ∗n − Bn
2Cn

. (5.41)

See Figure 5.1. As c→ 0, this becomes

θ∗∗n = θ∗n − �′n(θ
∗
n)

�′′n(θ∗n)

which can be recognised as the value obtained by applying one step of
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Newton-Raphson iteration to solve the equation �(θ̂n) = 0 starting from
θ∗n.

We can eliminate the linear term in the quadratic approximation by
completing the square about θ∗∗n . So, within the contiguity neighbour-
hood, the quadratic approximation to the log-likelihood can be written
as

�n(θ∗∗n + η/
√
n) ∼ �n(θ∗∗n ) − η2 In

2
where In = −2Cn. Replacing η in this approximation by

√
n (θ0 − θ∗∗n )

and by η +
√
n (θ0 − θ∗∗n ) and taking the difference of these two expres-

sions, we get

�n

(
θ0 +

η√
n

)
− �n(θ0) ∼ η

[√
n In(θ0) (θ∗∗n − θ0)

]− η2 In(θ0)
2

.

(5.42)
The coefficients of formula (5.42) can be compared with the coefficients
of formula (5.40). Assuming that the model is locally asymptotically
normal, the coefficients of the quadratic in (5.42) have limits

In(θ0)
P−→ I(θ0)

and √
n In (θ∗∗n − θ0)

d=⇒ N ( 0, I(θ0) )

as n→ ∞.

5.9 Local asymptotic minimaxity

In this section, we shall sketch a proof of the local asymptotic minimaxity
of the maximum likelihood estimator θ̂n under the assumption of local
asymptotic normality.

Assumption 3. Suppose that in a contiguity neighbourhood of θ0 we
can write

�n

(
θ0 +

η√
n

)
− �n(θ0) ∼ η I(θ0)

√
n (θ̂n − θ0) − η2 I(θ0)

2
, (5.43)

where √
n (θ̂n − θ0)

d=⇒ N [ 0, 1/I(θ0) ] (5.44)
under θ0, that is, when θ0 is the true value of the parameter.

In the argument which follows, θ̂n can be replaced by any other esti-
mator θ∗∗n provided that the corresponding assumptions to (5.43) and
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(5.44) are satisfied with θ̂n replaced by θ∗∗n . To prove that θ̂n is locally
asymptotically minimax, we shall prove that θ̂n is locally asymptotically
admissible with constant local asymptotic risk.

Suppose θ∗n is any estimator of θ. Define

Tn =
√
n (θ̂n − θ0) and T ∗

n =
√
n (θ∗n − θ0) .

Then the joint distribution of (Tn, T ∗
n) has a joint limiting distribution

whose behaviour is described by the following proposition.

Proposition 5. Assume (5.43) and (5.44). Suppose that under θ0 the
pair (Tn, T ∗

n) converges to some distribution with joint distribution func-
tion H0(x, y). Then, under the sequence of contiguous alternatives θn =
θ0 + η/

√
n the pair (Tn, T ∗

n) converges in distribution to some limit with
joint distribution function Hη(x, y), satisfying

dHη(x, y) = exp
(
η I x− η2 I

2

)
dH0(x, y) , (5.45)

where I = I(θ0).

Proof. Define g(x, η) = exp(η I x − η2 I/2). This function is continu-
ous in the variable x, and therefore as n → ∞, the joint distribution of
[Tn, T ∗

n , g(Tn, η) ] under θ0 converges to the distribution of [X,Y, g(X, η) ]
under H0. So by (5.43),(

Tn, T
∗
n , exp

[
�n

(
θ0 +

η√
n

)
− �n(θ0)

])
θ0

d=⇒ [X, Y, g(X, η) ]H0 .

(5.46)
Now suppose h(x, y) is a bounded continuous function of x and y. Using
the likelihood tilting trick that we have used before, we can write

Eθnh(Tn, T ∗
n) = Eθ0

[
h(Tn, T ∗

n)
Ln(θn)
Ln(θ0)

]

= Eθ0

{
h(Tn, T ∗

n) e�n(θ0+η/
√
n)−�n(θ0)

}
. (5.47)

The next step is to use (5.46) in (5.47) to obtain

Eθ0

{
h(Tn, T ∗

n) e�n(θ0+η/
√
n)−�n(θ0)

}
→ EH0 [h(X,Y ) g(X, η)] . (5.48)

In order to prove convergence in expectation as in (5.48) from conver-
gence of the joint distribution in (5.44) it is necessary to verify uniform
integrability of

h(Tn, T ∗
n) exp[�n(θ0 + η/

√
n) − �n(θ0)]
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under θ0. First note that the sequence

Vn = exp[�n(θ0 + η/
√
n) − �n(θ0)]

is uniformly integrable. To verify this, we check that the sequence of
random variables Vn satisfies the following conditions.

• (Vn)θ0
d=⇒ ( g(X, η) )H0 .

• Eθ0 Vn = EH0 g(X, η). (See Problem 6.)
• Vn, g(X, η) ≥ 0.

It is left to the reader to check that these conditions imply that the
random variables Vn are uniformly integrable. From this fact, and the
boundedness of h(x, y) the reader can also show that h(Tn, T ∗

n)Vn is
uniformly integrable. Therefore (5.48) follows.

Putting (5.47) and (5.48) together gives us

Eθnh(Tn, T ∗
n) → EH0 [h(X,Y ) g(X, η)] , (5.49)

Statement (5.49) is true for every bounded continuous function h(x, y).
Since the limit of the left-hand side exists for all such functions, it follows
that (Tn, T ∗

n) has a limiting distribution Hη. So, we can write

Eθnh(Tn, T ∗
n) →

∫ ∫
h(x, y) dHη(x, y)

=
∫ ∫

h(x, y) g(x, η) dH0(x, y)

which implies the statement of the proposition.

Proposition 5 implies that the maximum likelihood estimator—or any
other estimator satisfying (5.43) and (5.44)—is asymptotically sufficient.

Proposition 6. Under the assumptions given in (5.43) and (5.44),
the estimator θ̂n has constant local asymptotic risk given by R(η, θ̂) =
1/I(θ0) for all η.

Proof. In Proposition 5, we set T ∗
n = Tn. Then

(Tn, Tn)θ0
d=⇒ (X, X)H0 and (Tn, Tn)θη

d=⇒ (X,X)Hη .

From (5.44), we see that X is N ( 0, 1/I(θ0) ) under H0. Therefore,
(Tn )θη converges to a distribution with density

exp
(
η I x− η2 I

2

)
×
√

I

2 π
exp
(
−1

2
I x2

)
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This reduces to √
I

2 π
exp
[
−I (x − η)2

2

]
,

namely, the density of N (η, 1/I). It is left to the reader to prove from
this that the local asymptotic risk of θ̂n is R(η, θ̂) = 1/I(θ0) for all η.

The next proposition requires some results from the theory of weak con-
vergence. We refer the reader to Billingsley (1999) for many of the basic
definitions and results in this area.

Proposition 7. Assume that θ̂n satisfies (5.43) and (5.44). Then θ̂n is
locally asymptotically admissible.

Proof. From Proposition 6, we see that R(η, θ̂) = 1/I(θ0). Suppose
that θ∗n is any other estimator such that R(η, θ∗) ≤ 1/I(θ0) for all η. It
is sufficient to prove that R(η, θ∗) = 1/I(θ0) for all η.

Let (Tn, T ∗
n) be defined as in Proposition 5. First, note that

R(0, θ̂), R(0, θ∗) ≤ 1/I .

This implies that Tn and T ∗
n are both bounded in mean square in the

limit. This in turn implies that (Tn, T ∗
n)θ0 has a subsequence (Tnj , T

∗
nj

)θ0
which converges to some limiting distribution H0. Proposition 5 then im-
plies that (Tnj , T

∗
nj

)θn has limiting distribution Hη as defined by (5.45).
We are now in a position to use the form of the limiting family given in
(5.45). The following results follow from (5.45).

1. The limiting distribution of (Tn )θ0 is N (0, 1/I). Formula (5.45) im-
plies that in the limit (T )Hη is N (η, 1/I) as noted earlier. This is a
normal location model.

2. Under Hη, the statistic Tn is a sufficient statistic for the parameter
η.

So, we can write

(Tn, T ∗
n )Hη

d= (Tn )N (η,1/I) × (T ∗
n |Tn )

where the conditional component does not involve the parameter η. This
is a normal location model with an additional random component at-
tached which does not depend on the parameter η. In the normal loca-
tion model (plus random noise represented by the second component in
the factorisation) the usual unbiased estimator of the parameter—here



VARIOUS EXTENSIONS 185

represented by T—is admissible. Here, we have a limiting admissible es-
timator whose risk is dominated by another estimator T ∗. This can only
occur if PHη (T = T ∗) = 1 so that EHη (T ∗)2 = EHη T

2, for all η.

We conclude from this argument that R(η, θ∗) = 1/I as required.

Theorem 2. Under assumptions (5.43) and (5.44), the estimator θ̂n is
locally asymptotically minimax.

Proof. By Proposition 7 it is admissible, and by Proposition 6 it has
constant local asymptotic risk. Together these imply the result.

Our proof of Theorem 2 requires the admissibility of the sample mean for
the normal location model. It is well known that in higher dimensions,
the sample mean of the data is inadmissible for the normal location
parameter. For this reason, our proof does not extend to maximum like-
lihood estimation in general dimensions. Nevertheless, the sample mean
is minimax in all dimensions for the normal model. The generalisation
of Theorem 2 remains true in higher dimensions as well.

5.10 Various extensions

Many of the results in this chapter extend rather routinely into higher
dimensions by replacing each object with its higher dimensional coun-
terpart. Random variables extend to random vectors, with joint density
functions used to define likelihood. Single parameter models extend to k
parameter models, with the likelihood function Ln(θ) defined for the p-
dimensional vector θ. Although the likelihood and log-likelihood remain
real-valued functions of the vector θ, the score function un(θ) becomes
the vector-valued function

un(θ) =
(

∂

∂θj
�n(θ)

)

whose components are the partial derivatives of the log-likelihood. The
observed information function is a p× p dimensional matrix

in(θ) =
(
− ∂2

∂θj ∂θk
�n(θ)

)

with expected information matrix I(θ0) = Eθ i1(θ). Positivity of I(θ)
in the single parameter case is replaced by positive definiteness in the
multiparameter case. The regularity conditions extend so that

√
n (θ̂n − θ0)

d=⇒ Np( 0, I−1(θ0) )
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where Np(μ, Σ) is the multivariate normal in dimension p with vector
mean μ and covariance matrix Σ, and I−1(θ0) is the matrix inverse of
I(θ0). A full derivation of these multivariate extensions can be found in
many standard texts on mathematical statistics including Lehmann and
Casella (1998).

Local asymptotic normality and local asymptotic minimaxity extend
also, but the proof given in this chapter does not extend. For a more
general development of the theory, the reader is referred to Le Cam
and Yang (2000). Locally asymptotically quadratic models and locally
asymptotically normal models are defined through the quadratic approx-
imation

�n

(
θ0 +

η√
n

)
− �n(θ0) ∼ ηt Sn(θ0) − 1

2
ηt I(θ0) η

where η is a p-dimensional column vector, and the column vector Sn(θ0)
converges in distribution to Np(0, I(θ0)). In turn, the condition of lo-
cal asymptotic normality can be extended still further to local asymp-
totic mixed normality (LAMN). Such models are locally asymptotically
quadratic as above. However, in this case I(θ0) is a random variable and
S(θ0) is Np(0, I(θ0)) conditionally on I(θ0).

Another important result in local asymptotics is the Hájek convolution
theorem—known also as the Hájek-Inagaki convolution theorem—for
regular estimators of θ. Roughly speaking, an estimator Tn is regular if
the distributionHη of Definition 7 does not depend upon η.§§ The convo-
lution theorem states that for locally asymptotically normal models, the
asymptotic distribution of regular Tn can be written as a convolution,
namely √

n (Tn − θ0)
d=⇒W + Y

where W and Y are independent and W
d= N (0, I−1(θ0)). For regu-

lar θ̂n the random variable Y is degenerate, being the constant zero.
This convolution theorem is another way of expressing the idea that θ̂n
and equivalent estimators asymptotically reach the Cramér-Rao lower
bound, because the sum W + Y of two independent random variables
can be thought of as more widely dispersed than either. So, all regular
estimators for θ are at least as widely dispersed as θ̂n. The reader is

§§ Regularity, in the sense defined here, is simply local asymptotic location equivari-
ance of the distribution of Tn. More precisely, the distribution of

√
n (Tn − θn) is

asymptotically invariant with respect to the parameter η when θn is in a conti-
guity neighbourhood of θ0. Asymptotic invariants of this kind are also known as
asymptotic pivotals, and have played an important role in the theory of hypothesis
testing and interval estimation. Regular estimators have constant local asymptotic
risk functions. Superefficient estimators are not regular, a result that follows from
the fact that their local asymptotic risk functions are not constant.
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referred to Beran (1999) for a summary of the definitions and results
and for discussion of different types of regularity imposed on estimators.
For a discussion of its relationship to local asymptotic minimaxity, see
Le Cam and Yang (2000). The original work is by Hájek (1970) and
independently using a more restrictive condition by Inagaki (1970). See
also Inagaki (1973).

The theory of local asymptotics has also been applied to study the prop-
erties of shrinkage estimators. As James and Stein (1961) discovered,
the sample mean for the estimation of μ is inadmissible in dimension
p ≥ 3. In particular, if X1, . . . , Xn are independent identically dis-
tributed Np(μ, 1p×p), where 1p×p is the identity matrix, then the sample
mean Xn has larger mean square error for every μ than the shrinkage
estimator of the form

Tn =
(

1 − p− 2
n ||Xn ||2

)
Xn .

This paradoxical result runs counter to our intuition that Xn is the best
estimator for μ under all reasonable criteria. The key insight provided by
the theory of local asymptotics is that James-Stein shrinkage estimators
are similar in their asymptotic behaviour to Hodges’ superefficient esti-
mators. Just as the Hodges’ superefficient estimator shrinks Xn towards
zero in dimension one, so James-Stein estimators shrinkXn towards zero
in higher dimensions. It turns out that neither superefficient estimators
nor James-Stein estimators are regular in the sense defined above. In
both cases, regularity fails at zero. For James-Stein estimators, the lim-
iting distribution has the form

√
n

(
Tn − θ0 − η√

n

)
d=⇒ Hη .

When θ0 �= 0, the distribution Hη does not depend on η. However, when
θ0 = 0, the limiting distribution is

√
n

(
Tn − η√

n

)
d=⇒
(

1 − p− 2
||W ||2

)
W − η ,

where W d= Np(0, 1p×p).

5.11 Problems

1. Let ψj be the jth Bhattacharyya function, and let Z be an element
of Z(θ0). Prove that

Eθ0 [Z ψ(θ0) ] = 0
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under appropriate regularity allowing the interchange of derivatives
and integrals.

2. Prove (5.24).

3. Suppose

cn (Tn − θ0)
d=⇒ H1 and dn (Tn − θ0)

d=⇒ H2

as n → ∞, where H1 and H2 are nondegenerate. Prove that there
exists some constant c such that H2(t) = H1(t/c) for all t and such
that dn/cn → c as n→ ∞.

4. Derive formula (5.34) to complete the calculation of the local asymp-
totic risk for Hodges’ superefficient estimator.

5. In the example given in Section 5.7.3, it was stated that the max-
imum likelihood estimator for the lag parameter θ of an exponen-
tial distribution based on a random sample X1, . . . , Xn is Tn =
min(X1, . . . , Xn).

(a) Prove this result.
(b) Prove that Tn has an exponential distribution with lag θ and mean

θ + n−1.

6. In the proof of Proposition 5, the fact that Eθ0(Vn) = EH0 g(X, η)
was used. Prove this, and complete the other omitted steps in the
proof of the proposition.

7. Complete the proof of Proposition 6, and show that θ̂n has constant
local asymptotic risk under conditions (5.43) and (5.44).

8. A box of 100 good widgets has been accidentally contaminated by a
certain number of defective widgets. Let θ be the number of defective
widgets in the box, where θ is an unknown nonnegative integer. A
sample of n widgets is chosen without replacement from the box.
When each widget in the sample is tested, it is discovered that x of
the widgets are good and y are defective, where x+ y = n. Let Ln(θ)
be the likelihood function for the unknown parameter θ based upon
this sample of size n.

(a) Show that Ln(θ) satisfies the equation

Ln(θ + 1) =
(θ + 1) (101 + θ − n)
(θ + 1 − y) (101 + θ)

Ln(θ)
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(b) Using this equation, find a formula for the maximum likelihood
estimator θ̂n.

9. Data which follow a count distribution often have the feature that
the zero counts are not recorded. For example, this will occur for
data where an incident (that is, an event leading to a positive count)
is required in order for the data to be collected. Such data are called
zero-truncated. In this problem, we shall consider a zero-truncated
Poisson distribution. A random variableX is a zero-truncated Poisson
with parameter θ provided

P (X = x) =
θx e−θ

(1 − e−θ)x!

for x = 1, 2, 3, . . ..

(a) Verify that this is a probability mass function on the strictly posi-
tive integers, and determine the mean of the distribution in terms
of θ.

(b) SupposeX1, X2, . . . , Xn are independent and identically distributed
random variables having this zero-truncated count distribution.
Prove that the maximum likelihood estimator for θ satisfies the
equation

θ̂n = Xn

(
1 − e−θ̂n

)
.

10. In this problem, we shall consider a model where the likelihood func-
tion is not differentiable. Suppose X1, X2, . . . , Xn are independent
and identically distributed random variables having a double expo-
nential distribution. The density function for this distribution has
the form

f(x : θ) =
1
2

exp (−|x− θ|) for −∞ < x <∞ ,

where −∞ < θ <∞.

(a) Find expressions for �n(θ), un(θ) and in(θ). State clearly in the
case of un(θ) and in(θ) where these functions are defined.

(b) Suppose that n is an odd integer, so that n = 2m− 1, for integer
m. Prove that θ̂n = X(m), the middle order statistic of the sample.

(c) Suppose that n is an even integer, so that n = 2m. Prove that θ̂n
is not uniquely defined in this case. Rather the likelihood Ln(θ)
is maximised at any value of θ which lies between the two middle
order statistics X(m) and X(m+1).

(d) Does the identity Eθ0 un(θ0) = 0 hold?
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(e) Does the identity Varθ0 un = Eθ0 in(θ0) hold? If not, how should
the expected information function be defined?

(f) Show that for odd sample sizes, θ̂2m−1 is unbiased and has finite
variance.

(g) Show that the variance of θ̂1 is strictly greater than the Cramér-
Rao lower bound, appropriately defined.

11. The log-relative likelihood function is defined as rn(θ) = �n(θ)−�n(θ̂n).
When θ is real-valued, a quadratic approximation for rn(θ) in a con-
tiguity neighbourhood of θ̂n typically has the form

rn

(
θ̂n +

c√
n

)
= − 1

2
în
n
c2 +Op

(
c3

n
√
n

)
,

where în = in(θ̂n).

(a) Provide regularity assumptions suitable for the derivation of this
quadratic approximation.

(b) Consider two independent experiments A and B which produce
relative likelihoods rAn (θ) and rBn (θ) and maximum likelihood es-
timates θ̂An and θ̂Bn , respectively, for some common parameter θ.
Similarly, let

îAn = iAn (θ̂An ) and îBn = iBn (θ̂Bn )

be the respective observed informations for experiments A and B.
Let rn(θ), θ̂n and în be the corresponding quantities for the com-
bined experiment (A, B).

Suppose that θ̂An and θ̂Bn both lie in a contiguity neighbourhood of
θ̂n. Prove that

θ̂n ≈ îAn

îAn + îBn
θ̂An +

îBn

îAn + îBn
θ̂Bn ,

and provide an expression for the order of the error.

12. Suppose X1, X2, . . . , Xn are independent identically distributed con-
tinuous random variables from a distribution whose density f(x) van-
ishes off the interval 0 ≤ x ≤ 1, and is bounded so that 0 ≤ f(x) ≤ 2.
Suppose also that f(x) is continuous. We can think of the density
function as an unknown nonparametric infinite dimensional parame-
ter. Let f̂n be a maximum likelihood estimator for f .

(a) Prove that f̂ is a maximum likelihood estimator for f if and only
if
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• ∫ 1

0
f̂(x) dx = 1,

• f̂(x) is a continuous function of x, and
• f̂(Xj) = 2 for all j = 1, 2, . . . , n.

(b) Use the result above to show that there exist infinitely many max-
imum likelihood estimators for the density f in this model.

(c) For nonparametric models, it is often unreasonable to expect that
f̂n → f as n → ∞. However, in many nonparametric models it is
nevertheless true that F̂n(t) → F (t) for all t. For any given choice
of maximum likelihood estimator f̂n, define

F (t) =
∫ t

0

f(x) dx and F̂n(t) =
∫ t

0

f̂n(x) dx ,

for all 0 ≤ t ≤ 1. Show that for the model developed above, the
function F̂n does not necessarily converge to F .

(d) Show also that consistent choices of F̂n exist.

13. For locally asymptotically normal models, what is the limiting distri-
bution of

�n

(
θ0 +

1√
n

)
− �n(θ0) +

I(θ0)
2√

I(θ0)
as n→ ∞?

14. Let X1, X2, . . . , Xn be independent identically distributed random
variables from N (0, σ2). For each value of the constant a, determine
the local asymptotic risk of

Tn =
1

n+ a

n∑
j=1

X2
j

as an estimator for σ2.

15. Consider a random sample X1, . . . , Xn of independent identically
distributed N (θ, 1) random variables, where θ is constrained to be
integer-valued. For any given θ0, characterise the collection of all se-
quences θn which are contiguous to θ0 (and also constrained to be
integer-valued). Justify your answer.



CHAPTER 6

The Laplace approximation and
series

6.1 A simple example

The evaluation of integrals is a core analytical problem in many branches
of statistics. When we evaluate a marginal distribution of a statistic, a
moment, or a posterior density, we are evaluating integrals either implic-
itly or explicitly. In some cases, the difficulties involved in integration can
turn an otherwise promising solution to a problem into a computational
quagmire.

To manage difficult integrals we resort to a variety of methods. In some
cases, by appropriately restricting the class of models under considera-
tion, the required integrals can be solved using standard textbook tech-
niques. For example, standard texts often list the moment generating
functions for the binomial, the Poisson, the normal, and other families
of distributions of exponential type. These distributions have generat-
ing functions whose integral representations can be computed in closed
form. Some integrals, particularly multiple integrals in high dimensions,
have been attacked by Monte Carlo methods. In the previous chapter,
we found that series expansions can provide sensible approximations to
the values of some integrals.

The Laplace approximation, which is the main topic of this chapter,
has some affinity to the series expansions that we considered previously.
The basic idea is very simple. In certain circumstances it is reasonable
to approximate the logarithm of an integrand by a quadratic function
so that the integrand itself is approximated by a “bell-shaped” curve,
i.e., a function which can be written as a constant multiple of a normal
(Gaussian) probability density function.

To understand the circumstances in which such an approximation is
possible, let us consider the functions plotted in Figure 6.1. On the left-
hand side are plotted the functions

gn(x) = (1 − x2)n , n = 1, 2, 4, 8 .

193
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Figure 6.1 The effect of power transformations on the shape of a function

On the right-hand graph are plotted the bell-curve approximations to
these functions, which are

fn(x) = exp(−nx2)

found by matching the functions and the first two derivatives at x = 0.
As can be seen from the graph, gn(x) is much closer in shape to the
bell curve hn(x) when n is large and x is close to zero. This is easy
to understand because, letting x = y/

√
n, and keeping y constant, we

obtain (
1 − y2

n

)n
= exp(− y2)

[
1 +O

(
n−1
)]
, as n→ ∞ .

This is a special case of Problem 16 at the end of Chapter 1.

In view of these approximations, we might seek to approximate an inte-
gral whose integrand is raised to a high power by the integral over an
appropriately fitted bell curve. Then we can write

∫ 1

−1

(1 − x2)n dx =
1√
n

∫ √
n

−√
n

(
1 − y2

n

)n
dy

=
1√
n

∫ √
n

−√
n

exp(−y2)
[
1 +O

(
n−1
)]
dy

∼ 1√
n

∫ ∞

−∞
exp(−y2)

[
1 +O

(
n−1
)]
dy

=
√
π

n

[
1 +O

(
n−1
)]
.
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The resulting approximation to the integral is the Laplace approxima-
tion, which is the subject of this chapter.

6.2 The basic approximation

One of our first tasks in this chapter is to determine the precise conditions
under which the Laplace approximation holds. First of all, let us assume
that f(x) > 0 over the region of integration. When this is the case, we
can write f(x) = exp[h(x)], and apply a quadratic approximation to
h(x) about its maximum. As an initial exploration of these ideas, let us
consider the approximation of an integral of the form∫ ∞

−∞
enh(x) dx . (6.1)

We would like to calculate this integral approximately, as n→ ∞. Sup-
pose h(x) attains its maximum at some point x = x0. Under a suitable
change of coordinates, we can make x0 = 0 , which we now assume. In
addition, we shall assume that h(0) = 0. This restriction is not an im-
portant one from the point of view of our investigation. If it were not the
case, we could remove a factor enh(0) from the integral. Suppose h(x)
can be expressed locally about x = 0 by its Taylor expansion. Expanding
out the function h(x), we see that

exp[nh(x)] = exp
[
nh(0) + xnh′(0) +

x2 nh′′(0)
2

+ o(x2)
]
, (6.2)

where the order term is understood to be as x → 0, and not in n. By
assumption, we have h(0) = 0. In addition, we also have h′(0) = 0
because h(x) is maximised at x = 0. Additionally, since x = 0 is a
maximum, we must have h′′(0) ≤ 0. Typically, this second derivative
will be strictly negative. If this is the case, we see that∫ ∞

−∞
enh(x) dx =

∫ ∞

−∞
exp
[
x2 nh′′(0)

2
+ o(x2)

]
dx , (6.3)

to lowest non-zero order about x = 0. Note that if we ignore the error
term o(x2) in the expansion, this integral can be evaluated analytically.
We can recognise the integrand as a density function for a normal random
variable without the constant–a so-called “bell curve” mentioned in the
previous section. The mean of this normal distribution is zero, and the
variance is −[nh′′(0)]−1. This leads us to the following approximation,
which is not yet fully justified, namely∫ ∞

−∞
exp[nh(x)] dx ∼

∫ ∞

−∞
exp
[
x2 nh′′(0)

2

]
dx
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=

√
2 π

−nh′′(0)
(6.4)

as n→ ∞.

A serious objection to our argument so far is that the quadratic ap-
proximation provided by Taylor’s theorem is only valid locally about
x = 0. On the other hand, an integral approximation requires a global
approximation to the integrand where the error is uniformly small over
the range of integration. However, as we shall prove more carefully later,
asymptotically as n→ ∞, the dominant contribution to the value of the
integral is provided by values of the integrand locally about its global
maximum. More generally, we can prove the following result.

Proposition 1. Let −∞ ≤ a < b ≤ ∞. Let h(x) be defined on the open
interval (a, b). Suppose

1. the function h(x) is differentiable throughout (a, b), is uniquely max-
imised at some point x0 ∈ (a, b), and that h′′(x0) exists and is strictly
negative;

2. there exist constants η > 0 and δ > 0 such that h(x) < h(x0) − η for
all x ∈ (a, b) such that |x− x0| ≥ δ; and that

3. the integral below exists for n = 1.

Then ∫ b

a

enh(x) dx ∼ enh(x0)

√
2 π

−nh′′(x0)
(6.5)

as n→ ∞.

We shall defer the proof of this result until a later stage. For the mo-
ment, we shall be content to state the relevant results and observe them
in action. Proposition 1 also has an extension (which is not quite a gen-
eralisation) to the next result.

Proposition 2. Suppose that the conditions of Proposition 1 hold. (The
integrability condition of Proposition 1 requires appropriate modification
to the absolute integrability of the integral below.) Suppose additionally
that g(x) is a continuous function defined on the open interval (a, b)
such that g(x0) �= 0. Then

∫ b

a

enh(x) g(x) dx ∼ enh(x0) g(x0)

√
2 π

−nh′′(x0)
(6.6)
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Pierre-Simon Laplace (1749–1827)

Astronomer and mathematician, Laplace made important
contributions to probability theory as well as the approxi-
mations of integrals.

“The theory of probabilities is at bottom nothing
but common sense reduced to calculus; it enables
us to appreciate with exactness that which accu-
rate minds feel with a sort of instinct for which
ofttimes they are unable to account.”

Laplace in his Introduction to Théorie Analytique
des Probabilités (1812).
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as n→ ∞.

Once again, we shall defer the proof. The right-hand sides of formu-
las (6.5) and (6.6) are both known as the Laplace approximation. The
Laplace approximation is often known as the saddle-point approxima-
tion by physicists. However, statisticians have reserved the latter term
for a related approximation which is useful for approximating the dis-
tribution of sums of independent random variables. This can sometimes
lead to some confusion in terminology. However, the two approximations
are related as we shall see later.

One dissatisfying aspect of the approximation in (6.6) is that no account
is taken of the higher derivatives of g(x) about x = x0. To improve the
approximation, we can expand the functions g(x) and h(x) in power
series about the point x = x0. Suppose we write

g(x) = α0 + α1 (x− x0) + α2 (x− x0)2 + · · ·
h(x) = β0 + β2 (x− x0)2 + β3 (x− x0)3 + · · ·

where β1 = 0 because h(x) is maximised at x0. We can write the required
integral in the form∫ b

a

enh(x) g(x) dx = en β0

∫ b

a

enβ2 (x−x0)
2
{
g(x) en β3 (x−x0)

3+···
}
dx.

The next step is to expand the expression
{ }

to obtain

g(x) enβ3 (x−x0)
3+··· =

[
α0 + α1(x − x0) + α2(x − x0)2 + · · ·] ×

{
1 + [nβ3 (x− x0)3 + · · ·] +

[nβ3 (x− x0)3 + · · ·]2
2

+ · · ·
}
.

While it is a rather tedious task, this expression can be expanded out.
Powers of x− x0 and powers of n appear in the expansion, but in asso-
ciation with each other, so that each term has the form nk (x−x0)m+3 k

times some coefficient which does not depend upon n and x. Indeed,
each term in the expansion can be represented in this form for a unique
choice of k and m. Thus we can write

g(x) en β3 (x−x0)
3+··· =

∞∑
k=0

∞∑
m=0

γk,m
[
n (x− x0)3

]k
(x− x0)m ,

and this expansion can be taken as defining a doubly indexed array
of coefficients γk,m which do not depend upon n and x. Later in this
chapter, we shall derive the following.

Proposition 3. Let −∞ ≤ a < b ≤ ∞, and let x0 ∈ (a, b).
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1. Suppose there exists δ > 0, where a < x0 − δ < x0 + δ < b such that
g(x) and h(x) are analytic functions on the interval

(x0 − δ, x0 + δ)

whose power series about x0 converge absolutely. By choosing δ suf-
ficiently small, we can ensure that both power series converge on the
closed interval [x0 − δ, x0 + δ] as well.

2. Suppose that g(x0) �= 0, h′(x0) = 0 and h′′(x0) < 0. Let x0 be the
unique global maximum of the function h(x).

3. Suppose that for every δ > 0 and every integer m > 0,∫ x0−δ

a

enh(x) g(x) dx = enh(x0)O(n−m) (6.7)

and ∫ b

x0+δ

enh(x) g(x) dx = enh(x0)O(n−m) (6.8)

as n→ ∞.

Then the integral of Proposition 2 above can be expanded as an asymp-
totic series so that∫ b

a

enh(x) g(x) dx ∼ exp[nh(x0)]√
n

(
a0 +

a1

n
+
a2

n2
+
a3

n3
+ · · ·

)
(6.9)

or equivalently∫ b

a

enh(x) g(x) dx =
exp[nh(x0)]√

n

[
a0 +

a1

n
+ · · · + ak

nk
+O

(
1

nk+1

)]

for all k ≥ 0 (6.10)

where

aj =
2 j∑
k=0

γk, 2 j−k
Γ
(
j + k + 1

2

)
(−β2)

j+k+1/2
. (6.11)

In particular, we have

γ0, 0 = α0 = g(x0) . (6.12)

Therefore

a0 = g(x0)

√
2 π

−h′′(x0)
(6.13)

as we found earlier. So formula (6.6) is obtained from the special case of
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(6.9) where only the first term of the series is included. The next term
in the asymptotic series evaluates to

a1 =

√
2π
−h′′

[
− g′′

2 h′′
+

h′′′ g′

2 (h′′)2
+
h(iv) g

8 (h′′)2
− 5 (h′′′)2 g

24 (h′′)3

]
(6.14)

where the functions g, h and their derivatives are to be evaluated at x0.
The next coefficient is

a2 =

√
2 π
−h′′ [

1
8
g(iv)

(h′′)2
− 1

48
g h(vi)

(h′′)3
− 5

12
g′′′ h′′′

(h′′)3
− 5

16
g′′ h(iv)

(h′′)3

−1
8
g′ h(v)

(h′′)3
+

35
384

g (h(iv))2

(h′′)4
+

35
48

g′′ (h′′′)2

(h′′)4
+

7
48

g h′′′ h(v)

(h′′)4

+
35
48

g′ h′′′ h(iv)

(h′′)4
− 35

48
(h′′′)3 g′

(h′′)5
− 35

64
(h′′′)2 g h(iv)

(h′′)5
+

385
1152

g (h′′′)4

(h′′)6
].

The verification of formulas (6.13) and (6.14) is left to the reader in
Problems 5 and 6.

Beyond this, the formulas for the coefficients escalate in complexity.

6.3 The Stirling series for factorials

We can write the factorial function in integral form as

n! =
∫ ∞

0

xn e−x dx.

We might initially consider setting h(x) = ln(x) and g(x) = e−x. How-
ever, this will not work because the function h(x) is not bounded above.
To apply the Laplace approximation, we need to make a substitution.
Let y = n−1 x− 1 or equivalently, let x = n (1 + y). Then

n! =
∫ ∞

−1

[n (1 + y)]n e−n (1+y) n dy

= nn+1 e−n
∫ ∞

−1

[
(1 + y) e−y

]n
dy. (6.15)

Now (1 + y) e−y has its maximum where

d

dy

[
(1 + y) e−y

]
= 0 .

This is solved by y = 0. Thus it seems reasonable to define h(y) by
setting eh(y) = (1 + y) e−y. Then h(0) = 0, h′(0) = 0, and h′′(0) = −1.
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Therefore
∫ ∞

−1

[
(1 + y) e−y

]n
dy ∼

√
2 π

−nh′′(0)

=

√
2 π
n
,

from Proposition 1. Inserting this asymptotic formula into equation
(6.15), we obtain

n! ∼ √
2 π nnn e−n (6.16)

which is a version of Stirling’s approximation. Higher order corrections
to this formula can be obtained by using Proposition 3. In particular,
we can take more terms of the asymptotic series to get

n! ∼ √
2πnnn e−n

[
1 +

1
12n

+
1

288n2
− 139

51840n3
− 571

2488320n4
+ · · ·

]

(6.17)
which is known as the Stirling series. Problem 7 asks the reader to check
that this expansion is correct up to the term of order n−2, using the
formulas for a0, a1, and a2. Further expansion of this asymptotic series
yields the series discussed in Problem 20 of Chapter 2. The Stirling series
provides a highly accurate approximation to n! = Γ(n + 1) without the
need for anything more powerful than a hand calculator.∗

6.4 Laplace expansions in Maple

The calculations leading to Proposition 3 are straightforward to code in
Maple. However, when the integral can be evaluated analytically, much
of the intermediate work can be skipped by appealing to the command
asympt. For example, the command

> expand(simplify(asympt(Γ(n+ 1), n, 3)))

∗ Legendre used this series to calculate the common logarithms of Γ(x), 1 < x <
2, to twelve decimal places. See Problem 20 at the end of Chapter 2. Although
the Stirling series for Γ(x) is not particularly accurate for small values of x, this
problem can be resolved using a trick. For example, we can write

Γ(x + n + 1) = (x + n) (x + n − 1) · · · x Γ(x).

For sufficiently large n, Γ(x + n + 1) can be approximated reasonably accurately
using Stirling’s series. From this, an approximation for the right-hand side and
Γ(x) can be obtained.
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leads to the output

√
2
√
π

en
√

1
n

(
1
n

)n +
1
12

√
2
√
π

n en
√

1
n

(
1
n

)n +

O

⎛
⎝
√

1
n

n

⎞
⎠

en
(

1
n

)n

which can certainly be recognised as the asymptotic expansion for n! =
Γ(n + 1), albeit in less than tidy form. What looks like obtuseness on
the part of the Maple routine is simply a conservative approach to sim-
plification. Without any guarantee that n is positive, the Maple routine
chooses to be very careful with principal branches. If the investigator
can anticipate the format of the answer in simplest form, then addi-
tional tidying up is possible. For example, the command

> expand

(
simplify

(
asympt

(
Γ(n+ 1)√

2 · π · n · nn · exp(−n)
, n

)))

can be used, leading to the output

1 +
1

12n
+

1
288n2 − 139

51840n3 − 571
2488320n4 +O

(
1
n5

)
.

The symbolic manipulations invoked by the command asympt do not
parallel the manipulations that led to Proposition 3. So, we should not
expect asympt to provide us with general Laplace expansions of integrals
which cannot be evaluated analytically. Attempts to do so will yield the
error message

Error, (in asympt) unable to compute series

if Maple cannot evaluate the integral.

Formal calculations can be performed in Maple more directly using the
powseries package.

6.5 Asymptotic bias of the median

Consider a random sample X1, X2, . . . , Xn drawn from a continuous
distribution that has median θ, density function f(x) and distribution
function F (x). For simplicity, we shall assume that the sample size is
odd, so that we may write n = 2m+ 1 for some integer m. Let

X(1) < X(2) < · · · < X(2m+1)

denote the order statistics of the sample. The middle order statistic
M = X(m+1) is the median of the sample, which is often used as an
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estimator for the median θ when this is unknown. Let us consider the
problem of approximating the moments of the sample median. Let M
have probability density function fM (x). The r-th moment of the median
has integral representation

E(M r) =
∫ ∞

−∞
xr fM (x) dx

=
∫ ∞

−∞
xr

(2m+ 1)!
(m!)2

f(x) {F (x) [1 − F (x)]}m dx

=
(2m+ 1)!

(m!)2

∫ ∞

−∞
{xrf(x)} {F (x) [1 − F (x)]}m dx. (6.18)

The factorials involving m in expression (6.18) can be approximated
by Stirling’s approximation that we derived in the previous example.
The other factor involving m in (6.18) is the integral. In this case, m
appears as an exponent inside the integral. This suggests that we can
use a Laplace approximation as m→ ∞. Using Stirling’s approximation
we obtain
(2m+ 1)!

(m!)2
= (2m+ 1) × (2m)!

(m!)2

= 2m ·
[
1 +

1
2m

]
× 1√

πm
· 22m ·

[
1 − 1

8m
+O(m−2)

]

= 22m+1 ·
√
m

π
·
[
1 +

3
8m

+O(m−2)
]
. (6.19)

Problem 8 asks the reader to verify these steps. A lower order approxi-
mation that we shall also use later is simply

(2m+ 1)!
(m!)2

= 22m+1 ·
√
m

π
· [1 +O(m−1)

]
. (6.20)

Formulas (6.19) and (6.20) provide the necessary asymptotic approxi-
mations to the combinatorial coefficient in (6.18).

Turning next to the integral in (6.18), let us set g(x) = xr f(x) and
h(x) = lnF (x) + ln[1 − F (x)]. The function h(x) is maximised at the
point x0 where h′(x0) = 0. This is equivalent to the equation

f(x0)
F (x0)

− f(x0)
1 − F (x0)

= 0.

Assuming that f(x0) �= 0, the only solution to this equation is F (x0) =
1
2 , which means that the maximum is obtained at the median x0 = θ.
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Evaluating about the median, we find that h(θ) = −2 · ln 2, h′(θ) = 0
and

h′′(θ) = −8 [f(θ)]2 , (6.21)
g(θ) = θr f(θ) . (6.22)

Plugging the values for h(θ), h′′(θ) and g(θ) into formula (6.6) for r = 1
gives∫ ∞

−∞
{x f(x)} {F (x) [1 − F (x)]}m dx = 2−(2m+1) ·θ ·

√
π

m
· [1+O(m−1)] .

(6.23)
We can combine formula (6.23) with (6.20) to obtain

E(M) =
(2m+ 1)!

(m!)2
·
∫ ∞

−∞
{x f(x)} {F (x) [1 − F (x)]}m dx

=
{

22m+1

√
m

π

[
1 +O

(
1
m

)]}
·
{

2−(2m+1) θ

√
π

m

[
1 +O

(
1
m

)]}

= θ
[
1 +O

(
m−1

)]
.

We can conclude from this that the bias of M is O(m−1) as m→ ∞. On
the face of it, this is a rather modest accomplishment for so much work.
However, we can do better by calculating the next term in the Laplace
expansion. After some algebra, we find that

h′′′(θ) = −24 f ′(θ) f(θ) (6.24)
h(iv)(θ) = −32 f ′′(θ) f(θ) − 192 [f(θ)]4 − 24 [f ′(θ)]2 (6.25)
g′(θ) = r θr−1 f(θ) + θr f ′(θ) (6.26)
g′′(θ) = r (r − 1) θr−2 f(θ) + 2 r θr−1 f ′(θ) + θrf ′′(θ). (6.27)

Evaluating the Laplace expansions for the integral to the next order,
and using (6.19), we can obtain

E(M) = θ − f ′(θ)
16m [f(θ)]3

+O

(
1
m2

)

= θ − f ′(θ)
8n [f(θ)]3

+O

(
1
n2

)
. (6.28)

Problem 9 asks the reader to verify this.

It is also interesting to compute the asymptotic variance of M . This can
be indirectly obtained using r = 2 in formula (6.18) to find E(M2). As
the asymptotic variance of M is of order n−1 we must use Proposition
3, and the expansion in (6.9), including both a0 and a1. Calculating the
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required terms of the expansions leads to the well known result that

Var(M) =
1

8m [f(θ)]2
+O

(
1
m2

)

=
1

4n [f(θ)]2
+O

(
1
n2

)
. (6.29)

The details are left to the reader.

6.6 Recurrence properties of random walks

Suppose X1, X2, X3, . . . is a sequence of infinitely many independent
identically distributed random variables with common characteristic func-
tion χ(t), −∞ < t < ∞. Let us assume that each Xj is a continuous
random variable that is symmetric in distribution about zero. That is,
Xj and −Xj have the same distribution. Define Y0 = 0, and

Yn = X1 + · · · +Xn , n = 1, 2, 3, . . . . (6.30)

Then the sequence Yn, n ≥ 0 is said to be a symmetric random walk
starting at zero.

Now let ε > 0 be given. We will say that the random walk Yn, n ≥ 0 has
an ε-return to the origin at time n if |Yn| < ε. In this section, we shall
consider the expected number of ε-returns to the origin, and whether
this is finite or infinite. As is well known, there are only two possibilities:
either the expected number of returns is finite for all ε > 0, in which
case the random walk is said to be transient, or the expected number of
returns is infinite for all ε > 0, in which case the random walk is said to
be recurrent. Since the expected number of returns is given by

∞∑
n=1

P (−ε < Yn < ε) (6.31)

It can be shown that when a random walk is recurrent as defined here,
then there will be infinitely many ε-returns to the origin with probability
one. It is straightforward to show that when a random walk is transient
the number of ε-returns to the origin will be finite with probability one.

The characteristic function of Yn is [χ(t)]n. So, by Fourier inversion of
the characteristic function of Yn, the density function can be determined
to be

f(y) =
1

2 π

∫ ∞

−∞
e− i t y [χ(t)]n dt . (6.32)

Therefore

P (−ε < Yn < ε) =
1

2 π

∫ ε

−ε

∫ ∞

−∞
e− i t y [χ(t)]n dt dy
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=
1

2 π

∫ ∞

−∞

∫ ε

−ε
e− i t y [χ(t)]n dy dt

=
1

2 π

∫ ∞

−∞

ei t ε − e−i t ε

i t
[χ(t)]n dt . (6.33)

In this expression, the integrand is understood to be equal to 2 ε when
t = 0.

Since the distribution of each Yj is symmetric about zero it follows that
χ(t) is real-valued, and that the inversion integral reduces to

P (−ε < Yn < ε) =
1
π

∫ ∞

−∞

sin(t ε)
t

[χ(t)]n dt . (6.34)

The integral in (6.34) now has a real integrand and is in a general form
to which the Laplace approximation is applicable. We set

g(t) =
sin(t ε)
t

, g(0) = ε ,

and
h(t) = ln χ(t) .

Although this is undefined where χ(t) is negative, it is defined within
a neighbourhood of t = 0. Moreover, since χ(t) is the characteristic
function of a continuous distribution, it can be shown that

|χ(t)| < χ(0) = 1 for all t �= 0 . (6.35)

Therefore, h(t) is maximised at t = 0 where h(0) = 0.

Provided σ2 = Var(Xj) < ∞, we will also have a second derivative
for h(t) at t = 0 with h′′(0) < −σ2 < 0. Applying the basic Laplace
approximation to (6.34) we obtain

P (−ε < Yn < ε) ∼ ε

σ

√
2
π n

. (6.36)

This is precisely what the central limit theorem says it should be. How-
ever, this is a local central limit rather than the usual normal limit for
the standardised distribution function.

So, the expected number of ε-returns to the origin for the random walk
Yn, n ≥ 0 can be approximated by summing this expression over n.
The quality of this approximation is unclear. However, the sum of the
right-hand side over the values of n ≥ 1 is divergent. So, the sum of the
left-hand side will be divergent as well.†

The case where σ2 = ∞ still remains to be considered. We can further

† This follows easily from the Limit Comparison Test for absolute convergence.
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subdivide this into two cases, namely where Xj has finite expectation
and where Xj has infinite expectation. When Xj has finite expectation,
so that E(Xj) = 0, the random walk Yn, n ≥ 0 is recurrent with infinitely
many ε-returns to the origin for all ε > 0. See Feller (1971, pp. 200–204).
When the expectation is infinite, however, the recurrence properties of
the random walk are less straightforward.

6.7 Proofs of the main propositions

The proofs of Propositions 1, 2 and 3 have been separated out from
the earlier discussion in order to focus on the results and their appli-
cations. Readers who wish to skip the derivations can omit this section
without difficulty. Nevertheless, the regularity assumptions of the main
propositions cannot be taken for granted in applications.

Proof of Proposition 1. The function h(x) is assumed to be twice
differentiable, and to attain its maximum in the interval (a, b) uniquely
at the point x0, where h′′(x0) < 0. It is sufficient to prove the proposition
for the special case x0 = 0, which we now assume. If this is not the case,
a suitable change of coordinates for the variable of integration can be
used.

It is also sufficient to prove the proposition for the case h(0) = 0. If this
is not the case, then removing a factor enh(0) from the integral reduces
the integral to the required condition. Henceforth, we also assume that
h(0) = 0, for simplicity.

We shall also restrict to the case where a = −∞ and b = ∞, although
this restriction is more consequential than the other ones. As we shall
see, the Laplace method works by showing that the contribution of the
integrand to the value of the integral is asymptotically negligible outside
a neighbourhood of x0 = 0. The proof below can be modified for the
case where either a or b is finite without much difficulty.

Since h(0) = 0 is the unique maximum of h(x), we must have h(x) < 0
for all x �= 0. It follows from this that

eh(x) ≥ e2h(x) ≥ e3h(x) ≥ · · · 0 ,

with equality when x = 0 and strict inequality when x �= 0. By assump-
tion, we also have ∫ ∞

−∞
eh(x) dx <∞ . (6.37)
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0

h(x)

- y y

- s(y)

Figure 6.2 The assumptions of Proposition 1 force the function h(x) to be
bounded away from 0 by a distance s(y), for all values of x such that |x| ≥ y.

It follows from (6.37) that∫ ∞

−∞
enh(x) dx <∞ for all n (6.38)

because the integrands in (6.38) are nonnegative and dominated by the
integrand of (6.37).

Next, by assumption, there exist δ, η > 0 such that h(x) < −η whenever
|x| ≥ δ. It follows from this that for all y > 0, there exists an s(y) > 0
such that

h(x) ≤ −s(y) for all x such that |x| ≥ y . (6.39)

See Figure 6.2. Now, for any such y > 0, we can split our integral into
three pieces, namely
∫ ∞

−∞
enh(x) dx =

∫ −y

−∞
enh(x) dx

︸ ︷︷ ︸
A

+
∫ y

−y
enh(x) dx

︸ ︷︷ ︸
B

+
∫ ∞

y

enh(x) dx

︸ ︷︷ ︸
C

.

(6.40)

Out task will be to show that integrals A and C are asymptotically neg-
ligible, with the integral B providing the required asymptotic formula.
We have

A+ C =
∫ −y

−∞
enh(x) dx+

∫ ∞

y

enh(x) dx

=
∫ −y

−∞
e(n−1)h(x) eh(x) dx+

∫ ∞

y

e(n−1)h(x) eh(x) dx
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≤
∫ −y

−∞
e−(n−1) s(y) eh(x) dx+

∫ ∞

y

e−(n−1) s(y) eh(x) dx

= e−(n−1) s(y)

[∫ −y

−∞
eh(x) dx+

∫ ∞

y

eh(x) dx

]

< e−(n−1) s(y)

∫ ∞

−∞
eh(x) dx = O

(
e−nα

)
(6.41)

for some α > 0.

To approximate integral B, we approximate h(x) by h′′(0)/2 in the in-
terval (−y, y). By Taylor’s theorem

h(x) = h(0) + xh′(0) +
x2 h′′(0)

2
+ o(x2)

=
x2 h′′(0)

2
+ o(x2) as x→ 0. (6.42)

So for all ε > 0, there is a y > 0 such that∣∣∣∣h(x) − h′′(0)x2

2

∣∣∣∣ ≤ ε x2 for all − y ≤ x ≤ y . (6.43)

Equivalently,

h′′(0)x2

2
− ε x2 ≤ h(x) ≤ h′′(0)x2

2
+ ε x2 for − y ≤ x ≤ y .

Therefore∫ y

−y
e

1
2 nx

2 [h′′(0)−2 ε] dx ≤ B ≤
∫ y

−y
e

1
2 nx

2 [h′′(0)+2 ε] dx . (6.44)

Now in a way similar to (6.41),∫ y

−y
e

1
2 nx

2 [h′′(0)−2 ε] dx =
∫ ∞

−∞
e

1
2 nx

2 [h′′(0)−2 ε] dx+O(e−n β) (6.45)

for some β > 0, and∫ y

−y
e

1
2 nx

2 [h′′(0)+2 ε] dx =
∫ ∞

−∞
e

1
2 nx

2 [h′′(0)+2 ε] dx+O(e−n γ) (6.46)

for some γ > 0. Plugging (6.45), and (6.46) into (6.44), we obtain∫ ∞

−∞
e

1
2 n x

2 [h′′(0)−2 ε] dx +O(e−nβ) ≤ B

≤
∫ ∞

−∞
e

1
2 nx

2 [h′′(0)+2 ε] dx+O(e−n γ).

(6.47)
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The inequalities of (6.47) can then be combined with (6.41). Inserting
both into (6.40) yields the bounds∫ ∞

−∞
e

1
2 nx

2 [h′′(0)−2 ε] dx+O(e−nβ) ≤
∫ ∞

−∞
enh(x) dx +O(e−nα)

≤
∫ ∞

−∞
e

1
2 n x

2 [h′′(0)+2 ε] dx+O(e−n γ).

(6.48)

The outermost integrals of (6.48) can now be integrated in closed form
to give√

2 π
n (−h′′(0) + 2 ε)

+O(e−n β) ≤
∫ ∞

−∞
enh(x) dx+O(e−nα)

≤
√

2 π
n (−h′′(0) − 2 ε)

+O(e−n γ).

(6.49)

Since ε is arbitrary, we can let it go to zero. Therefore, we obtain the
desired asymptotic result

∫ ∞

−∞
enh(x) dx ∼

√
2 π

−nh′′(0)
(6.50)

as required.

Proof of Proposition 2. To prove the second proposition, we can fol-
low the basic method used above, with the exception that where dx
appears within the integral, we now have g(x) dx. As before, the integral
is broken into three pieces, which can be labelled A, B, and C analo-
gously to the integrals of the previous proof. The bounds on integrals A
and C are much as before. To bound the integral B, it is necessary to
simultaneously bound both∣∣∣∣h(x) − h′′(0)x2

2

∣∣∣∣ and |g(x) − g(0)| .

For all ε > 0, we can choose y > 0 such that for −y ≤ x ≤ y,∣∣∣∣h(x) − h′′(0)x2

2

∣∣∣∣ ≤ ε x2 and |g(x) − g(0)| ≤ ε . (6.51)

Then the integral

B =
∫ y

−y
g(x) enh(x) dx
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can be bounded on each side by integrals of the form∫ y

−y
e

1
2 n x

2 [h′′(0)±2 ε] [g(0) ± ε] dx.

Problem 10 asks the reader to fill in the details.

Proof of Proposition 3. The proof of Proposition 3 is far more tech-
nical than the previous two. The reader who is interested in studying
the details will find a terse but rigorous proof in de Bruijn (1981).

6.8 Integrals with the maximum on the boundary

An important case that is not covered by the theory so far occurs when
the maximum of h(x) is on the boundary of the interval of integration.
The following result can be proved.

Proposition 4. Suppose that the following conditions hold:

1. We have h(x) < h(a) for all a < x < b, and for all δ > 0

inf {h(a) − h(x) : x ∈ [a+ δ, b)} > 0 .

2. The functions h′(x) and g(x) are continuous in a neighbourhood of
x = a. Furthermore, the functions h(x) and g(x) have power series
expansions about x = a of the form

g(x) = α0 + α1 (x− a) + α2 (x− a)2 + · · · , α0 �= 0,
h(x) = β0 + β1 (x− a) + β2 (x− a)2 + · · · , β1 �= 0.

3. The following integral converges absolutely for sufficiently large n.

Then there exist coefficients an, n ≥ 1 such that∫ b

a

g(x) enh(x) dx ∼ enh(a)
{a1

n
+
a2

n2
+
a3

n3
+ · · ·

}
. (6.52)

Furthermore, the formulas for the first two coefficients are

a1 = −α0

β1
, a2 =

1
β2

1

[
α1 − 2 β2 α0

β1

]
.

Proof. We shall only sketch an outline of the proof here, and shall leave
the details to other sources. In particular, we shall skip over the role of
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the regularity conditions in Proposition 4, as well as the proof that the
series is asymptotic. The reader who wishes to see the details of this
should consult Wong (2001). Here we shall concentrate on the formal
derivation of the expansion for the particular case where the integral
has the form ∫ ∞

0

g(x) enh(x) dx .

so that a = 0 and b = ∞. The terms of the expansion can be obtained
from the method of integration by parts which was introduced in Chapter
2. We write

g1(x) = g(x) enβ2x
2+nβ3x

3+ ··· .

Then∫ ∞

0

g(x)enh(x)dx = enβ0

∫ ∞

0

g1(x)enβ1xdx

= enβ0

{[
g1(x)enβ1x

nβ1

]∞
0

− 1
nβ1

∫ ∞

0

g′1(x)e
nβ1xdx

}

= enβ0

{
− α0

nβ1
− 1
nβ1

∫ ∞

0

g′1(x)e
nβ1xdx

}

Next we let g2(x) = g′1(x), and proceed as before, evaluating the integral
involving g2(x) using integration by parts. Evaluation of this second term
to emerge gives us∫ ∞

0

g2(x) enβ1x dx = − α1

nβ1
− 1
nβ1

∫ ∞

0

g′2(x) e
nβ1x dx.

We set g3(x) = g′2(x), and proceed to get∫ ∞

0

g3(x) enβ1x dx = −2α2 + 2nα0 β2

nβ1
− 1
nβ1

∫ ∞

0

g′3(x) e
nβ1x dx

and so on. Successive uses of integration by parts yield the higher order
terms. Note that evaluating the series to order O(n−m) will generally
require more than m successive uses of integration by parts.

It is left to the reader to find a formula for a3, the next coefficient in the
series.

6.9 Integrals of higher dimension

The basic method behind the Laplace approximation extends to multiple
integrals in higher dimensions. In such cases, we seek an asymptotic
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expression or series for a k-fold integral of the form∫
· · ·
∫

D
g(x1, . . . , xk) enh(x1,...,xk) dx1 · · · dxk , (6.53)

where D is some domain in IRk, and the function h(x1, . . . , xk) is max-
imised in the interior of D.

We shall suppose that h has a unique maximum at

x0 = (x01, x02, . . . , x0k) .

and that all second derivatives of h exist and are continuous in a neigh-
bourhood of the origin. For convenience, we shall write x = (x1, . . . , xk),
and dx = dx1 · · · dxk, and so on.

Then the extension of the Laplace approximation formula to the integral
in (6.53) is
∫ [k]

D
g(x) enh(x) dx ∼

(
2 π
n

)k/2
g(x0) (− detH)−1/2 enh(x0) (6.54)

where H is the k × k Hessian matrix defined as

H =
(

∂2h

∂xj ∂xm

)
x=x0

. (6.55)

If g(x) and h(x) have power series expansions about x0, this formula can
be extended to an asymptotic series expansion of the form∫ [k]

D
g(x) enh(x) dx ∼ enh(x0)

nk/2

(
a0 +

a1

n
+
a2

n2
+ · · ·

)
. (6.56)

The coefficients in this expansion increase in complexity rapidly in both n
and k. So, unless the integrand has some symmetry, the direct evaluation
of the coefficients in terms of the power series expansions of g and h will
be quite laborious. The value of a0 is determined by formula (6.54) above.
We shall postpone the calculation of a1 until the next section where we
shall consider a generalisation of the basic result to integrals of products
of functions.

A useful alternative to this approach is to convert the k-fold integral
into a one-dimensional integral. To do this, we write

F (y) =
∫ [k]

D∩E(y)

g(x) dx

where
E(y) = {x : h(x) − h(x0) ≥ −y2/2} .
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Let f(y) = F ′(y). We can write‡

∫ [k]

D
g(x) enh(x) dx = enh(x0)

∫ ∞

0

e−ny
2/2 dF (y)

= enh(x0)

∫ ∞

0

f(x) e−n y
2/2 dy . (6.57)

The resulting integral is similar to the family of integrals studied in
Propositions 2–4. The main difference is that

F (y) ∼ yk (− detH)−1/2 g(x0)Vk

as y ↘ 0, where Vk is the volume of the unit ball in k dimensions. Also

f(y) ∼ k yk−1 (− detH)−1/2 g(x0)Vk .

The leading term of the asymptotic expansion of (6.53) becomes

enh(x0) k (− detH)−1/2 g(x0)Vk
∫ ∞

0

yk−1 e−ny
2/2 dy .

This reduces to

enh(x0) k (− detH)−1/2 g(x0)Vk · 2(k−2)/2 Γ
(
k

2

)
n−k/2 .

Since

Vk =
πk/2

Γ
(
k
2 + 1

)
this reduces to the expression that we obtained earlier in (6.54).

One final warning is in order. Asymptotic expansions in which k → ∞
as well as n → ∞ will have a different character altogether. Gener-
ally speaking, asymptotic expansions of high-dimensional integrals will
require more terms to achieve the same accuracy in approximation as
dimension one. For example, if the k-fold integral were to factorise into
the product of k one-dimensional identical integrals, then the relative
error in the first term would be of order

[1 +O(n−1)]k − 1 = [1 + k O(n−1)] − 1

= O

(
k

n

)
.

‡ Readers will note that this identity is essentially the same idea as the theorem in
mathematical statistics that is commonly known as the “law of the unconscious
statistician.”
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6.10 Integrals with product integrands

The integral of a function which is raised to some high power can be con-
sidered as a special case of the integral of a product of functions. In this
section, we shall consider a generalisation of the Laplace method to inte-
grals of products. In probability theory, such integrals are commonplace
in the calculation of marginal distributions of random variables which
are functions of data involving independent variates such as arise from
random sampling. The integrals are of particular interest in Bayesian
statistics, where they arise when calculating posterior expectations or
other Bayes estimates.

Let us consider an integral of the form

∫ b

a

g(x)f1(x) f2(x) · · · fn(x) dx =
∫ b

a

g(x) exp

⎡
⎣ n∑
j=1

hj(x)

⎤
⎦ dx

=
∫ b

a

g(x) exp
[
nh(x)

]
dx (6.58)

where hj(x) = ln fj(x), and

h(x) = n−1
n∑
j=1

hj(x) .

The case we have considered previously is now the special case where
fj(x) = f(x) for all j. Superficially, our integral here does not look that
different from the previous ones. The function h(x) considered previously
has been replaced by h(x). So, we might wonder if all the formulas
derived earlier will work if we substitute h(x) for h(x) in the earlier
formulas. Such a hope will turn out to be too optimistic. However, there
will be some important cases where the Laplace method works when the
integral has a product of functions.

Crucial to the success of the Laplace method in earlier formulas is that
the integrand is approximately shaped as a “bell curve.” Figure 6.3 il-
lustrates how the product of five functions can–to a greater or lesser
degree–be bell-shaped. In each of four graphs, the five individual func-
tions are plotted as dashed lines and the product of the five functions as
an unbroken line. In the graphs shown, the major effect on the shape of
the product is determined by the amount of separation of the component
functions in the product. In the lower right-hand corner, the separation
is zero, and all the functions are identical. As expected, the product of
these functions is reasonably bell-shaped. However, in the top left, the
functions are widely separated, and the resulting product is much less
bell-shaped.
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Figure 6.3 The effect of separation on the bell-shaped property of a product of
five functions

Kass et al. (1990) provide sufficient conditions for an asymptotic expan-
sion to order O(n−1) for higher dimensional integrals. Like other results
described earlier, their method depends upon the ability to partition the
integral. Let x = (x1, . . . , xk), and let h(x) be maximised at x = x0

which can depend upon n. Let B(x0, ε) denote the ball of radius ε in D
that is centred at x0. We partition the integral as

[k]
D g(x) enh(x) dx =

∫ [k]

B(x0,δ)

g(x) enh(x) dx

︸ ︷︷ ︸
A

+
∫ [k]

D−B(x0,δ)

g(x) enh(x) dx

︸ ︷︷ ︸
B

where δ is chosen so that the integral B is negligible, and the integrand
in A can be closely approximated by a bell-shaped function centred at
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x0. Let

H =
(

∂2h

∂xj ∂xm

)
x=x0

= (hjm)

be the matrix of second partials of h(x) at x = x0, and let the jm-th
entry of the matrix H−1 be denoted by h

jm
. Let gjm denote the mixed

partial derivative of g with respect to xj and xm evaluated at x0. Similar
conventions apply to other derivatives. For example, hjms denotes the
third mixed partial derivative of h(x), and so on. Finally, let

Y = (Y1, Y2, . . . , Yk)

denote a random vector having a multivariate normal distribution cen-
tred at zero with covariance matrix −H−1, and with product moments§

σ2
ij = E (Yi Yj)

= −hij ,

σ4
ijms = E (Yi Yj Ym Ys)

= h
ij
h
ms

+ h
im
h
js

+ h
is
h
jm
,

σ6
ijmqrs = E (Yi Yj Ym Yq Yr Ys)

= −hij hmq hrs − h
ij
h
mr

h
qs − h

ij
h
ms
h
qr

−him hjq hrs − h
im
h
jr
h
qs − h

im
h
js
h
qr

−hiq hjm hrs − h
iq
h
jr
h
ms − h

iq
h
js
h
mr

−hir hjm hqs − h
ir
h
jq
h
ms − h

ir
h
js
h
mq

−his hjm hqr − h
is
h
jq
h
mr − h

is
h
jr
h
mq

.

Kass et al. (1990) proved the following.

Proposition 5. Let D be an open subset of IRk. Assume that the fol-
lowing conditions hold.

1. The function g(x) is four times continuously differentiable, and the
functions hj(x) are six times continuously differentiable in D.

§ The reader can prove the formulas for the following moments by successively dif-
ferentiating the multivariate moment generating function of Y and evaluating at
zero. The formula for σ4

ijms has a term for every partition of a set of four items into

subsets of size two. Thus there are three terms. Correspondingly, the formula for
σ6

ijmqrs has fifteen terms, a term for every partition of six items into three subsets

each of size two. Note, for example, that the formula for σ6
111111 has fifteen terms,

all of which are equal.
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2. The function h(x) is maximised at x0, which may depend upon n.

3. There exist positive numbers ε, M and η such that, for sufficiently
large values of n, we have

(a) ∣∣∣∣ ∂dh

∂xj1 · · · ∂xjd
(x)
∣∣∣∣ < M

for all 1 ≤ d ≤ 6 and all 1 ≤ j1, . . . , jd ≤ k, and

(b)
det(H) > η.

(c) For all 0 < δ < ε, we have B(x0, δ) ⊂ D, and

(d)
√

det(nH) ·
∫ [k]

D−B(x0,δ)

g(x) enh(x)−nh(x0) dx = O(n−2) .

4. The integral below exists.

Then
∫ [k]

D
g(x) enh(x) dx =

√
(2 π)k

−det(nH)
· enh(x0) ·

[
a0 +

a1

n
+O

(
1
n2

)]
,

where
a0 = g ,

a1 =
1
2

∑
ij

gij σ
2
ij +

1
6

∑
ijms

hijm gs σ
4
ijms

+
g

24

∑
ijms

hijms σ
4
ijms +

g

72

∑
ijmqrs

hijm hqrs σ
6
ijmqrs.

and all functions and derivatives are evaluated at x0.¶

Proof. See Kass et al. (1990).

Note that the determinant in this asymptotic formula is a multilinear
function. So det(nH) = nk det(H). Therefore, the order of the leading
term is O(n−k/2).

¶ In comparing Kass et al. (1990) with the formula displayed here, the reader should

note that the function h in the text here is −h in the notation of Kass et al. (1990).
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6.11 Applications to statistical inference

In practice, it may be very hard to verify the conditions of Proposition
5, particularly when the functions h1, h2, . . . are generated by some ran-
dom mechanism. For example, in Bayesian statistics it is often necessary
to calculate density functions which are represented as integrals of the
form ∫ [k]

Θ

g(θ)
n∏
j=1

f(xj ; θ) dθ

where Θ is a space of parameters θ ∈ IRk, and x1, . . . , xn are the observed
values of a set of independent identically distributed random variables
or vectors with common density function f(x; θ).

Let X1, X2, X3, . . . be a sequence of independent identically distributed
random vectors taking values in some space with common density func-
tion f(x; θ), where θ lies in some open subset Θ of IRk. Let

�n(θ) = n−1
n∑
j=1

ln f(xj ; θ) . (6.59)

The function �n(θ) is called the averaged log-likelihood function for θ.
The averaged log-likelihood plays the same role in our integral that h(x)
did earlier. Here we adopt standard Bayesian statistical notation in the
context of random sampling. The maximum likelihood estimate for θ is
the value which maximises the averaged log-likelihood. Thus

θ̂n = arg max
θ∈Θ

�n(θ) . (6.60)

In the context of Laplace’s method, the estimator θ̂n is also the central
value about which the approximation of the integrand is performed. The
next result, which links the work of Johnson (1967, 1970) to Proposition
5, is due to Kass et al. (1990).

Proposition 6. We assume the following.

1. For any θ �= θ′ in Θ, there exists an x such that f(x; θ) �= f(x; θ′)
(i.e., θ is identifiable).

2. For each x, the function f(x; θ) is a six times continuously differen-
tiable function of θ.

3. For all θ� ∈ Θ, there exist a neighbourhood N1(θ�) of θ�, a positive
integer n, and a random variable Y1 such that

Eθ�(Y1) <∞ ,
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and for all θ ∈ N1(θ�),

�n(θ) − �n(θ�) < Y1 .

4. For all θ� ∈ Θ, there exist a neighbourhood N2(θ�) of θ�, and a ran-
dom variable Y2 such that

Eθ�(Y2) <∞
and for all θ ∈ N2(θ�), and all 1 ≤ d ≤ 6, and all 1 ≤ j1, . . . , jd ≤ k,
we have ∣∣∣∣∂

d ln f(X1; θ)
∂θj1 · · ·∂θjd

∣∣∣∣ < Y2 .

5. For each θ� ∈ Θ, define M to be the k× k matrix whose j,m-th entry
is

Mjm =
∂2

∂θj ∂θm
Eθ�

[
ln
f(x; θ�)
f(x; θ)

]
.

Then det(M) > 0.

6. For all θ� ∈ Θ the maximum likelihood estimate θ̂n is a strongly con-
sistent estimate for θ�. In other words,

Pθ�

(
lim
n
θ̂n = θ�

)
= 1 .

Suppose also that g(θ) is four times continuously differentiable. Then
under the assumptions listed above, the integral∫ [k]

Θ

g(θ) en�n(θ) dθ

admits an asymptotic expansion as in Proposition 5, with h(x) replaced
by �(θ), and x0 replaced by θ̂n.

Proof. See Kass et al. (1990).

6.12 Estimating location parameters

In this section, we shall consider an application of the methods of the
previous section to computing efficient equivariant estimates.

Let X1, . . . , Xn denote a random sample of independent identically dis-
tributed random variables generated from a distribution with density
f(x − θ). We consider the task of estimating θ based upon the sam-
ple X1 = x1, . . . , Xn = xn. Although estimation of θ can sometimes be
problematic, there is an estimate which has uniformly minimum variance
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among all location equivariant estimates.‖ This is the Pitman estimator,
which has the form

tn(x1, . . . , xn) =

∫ ∞

−∞
θ

n∏
j=1

f(xj − θ) dθ

∫ ∞

−∞

n∏
j=1

f(xj − θ) dθ

. (6.61)

Despite having a uniformly smaller variance than other location equiv-
ariant estimators, the Pitman estimator has not had the popularity of
its rivals such that the maximum likelihood estimate for θ. The reason
for this is the difficulty in evaluating the integrals in both numerator
and denominator. In many cases, these integrals have to be evaluated
numerically.

An obvious alternative is to apply the Laplace expansion to the integrals
in both the numerator and denominator. We set

�n(θ) =
1
n

n∑
j=1

ln f(xj − θ) .

Let θ̂n denote the maximum likelihood estimate for θ. We can apply a
Laplace approximation to the numerator and denominator of the Pit-
man estimator. In particular, using formulas (6.13) and (6.14) in both
the numerator and the denominator. For the numerator, we replace the
function g by the identity function and h by �. In the denominator, we
set g to be the constant function one, and again h to be �. Let a0 and
a1 be the coefficients for the numerator, and b0 and b1 the respective
coefficients for the denominator. Then

tn =

∫ ∞

−∞
θ en �n(θ) dθ

∫ ∞

−∞
en �n(θ) dθ

=
en �n(θ̂n) · [a0 + a1 n

−1 +O
(
n−2
)]

en �n(θ̂n) · [b0 + b1 n−1 +O (n−2)]

= θ̂n +
�
′′′
n (θ̂n)

2n [�
′′
n(θ̂n)]2

+O(n−2) . (6.62)

The simplicity of the term of order n−1 compared to the coefficient in

‖ An estimator t(x1, . . . , xn) is said to be location equivariant if t(x1+a, . . . xn+a) =
t(x1, . . . , xn) + a for all a, x1, . . . , xn ∈ IR.
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(6.14) arises because there is substantial cancellation of terms at this
order.

This result is not simply of interest as an approximation to the Pitman
estimator. It tells us that asymptotically, the Pitman estimator can be
regarded as a perturbed maximum likelihood estimate, with the size of
the perturbation determined by the second and third derivatives of the
log-likelihood function. In particular, if the log-likelihood is symmetric
about θ̂n, then this term will vanish.

6.13 Asymptotic analysis of Bayes estimators

The Pitman estimator of the previous section is a limiting case of a
family of Bayesian methods. Suppose that α(θ) is a prior probability
density function defined on a parameter space Θ, and that Θ is an open
subset of IRk. Suppose we wish to estimate some real-valued function of
the parameter, say β(θ). Within the Bayes framework, a natural choice
for this is the posterior mean of β(θ) given a random sample X1 =
x1, . . . , Xn = xn. This posterior expectation has integral representation

E [β(θ) |x1, x2, . . . , xn] =

∫ [k]

Θ

β(θ)
n∏
j=1

f(xj − θ)α(θ) dθ

∫ [k]

Θ

n∏
j=1

f(xj − θ)α(θ) dθ

. (6.63)

Note that the Pitman esimator for location is the special case where
Θ = IR, β(θ) = θ, and where α(θ) = 1 is an improper uniform prior on
all of IR.

By setting g(θ) = α(θ)β(θ) in the numerator of (6.63), we can apply
the Laplace method as earlier. In the denominator, we set g(θ) = α(θ).
Upon expansion of the integrals, it can be shown that

E[β(θ) |x1, . . . , xn] = β(θ̂n) + a1 n
−1 +O(n−2) , (6.64)

where, once again, θ̂n is the maximum likelihood estimate for θ, and

a1 =
1
2

∑
ij

βij σ
2
ij +

∑
ij

α−1 αi βj σ
2
ij +

1
6

∑
ijms

βs �ijm σ
4
ijms . (6.65)

Standard conventions from Proposition 5 apply in this formula. For ex-
ample, �ijm represents the mixed partial derivative of �(θ) with respect
to components θi, θj and θm, and so on. All functions are evaluated at
θ̂n.
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6.14 Notes

The classic monograph on the asymptotic expansions of integrals, in-
cluding the Laplace approximation, is Erdélyi (1956). De Bruijn (1981)
also has an excellent summary of the essential results. For a more com-
plete coverage of the subject, see Wong (2001). None of these sources
considers statistical applications directly.

For the applications to problems in statistics, the reader may wish to
refer to the brief exposition given by Barndorff-Nielsen and Cox (1989),
and the papers by Kass et al. (1988, 1990).

6.15 Problems

1. In this problem, we evaluate the asymptotic form of the even moments
of the standard normal distribution∫ ∞

−∞
x2n φ(x) dx , where φ(x) =

1√
2π

e−x
2/2 .

(a) Make the substitution y = x2/2 in the integral, and evaluate the
integral using the gamma function. Show that for n = 1, 2, 3, . . .,
the moments are given by∫ ∞

−∞
x2n 1√

2 π
e−x

2/2 dx =
2n Γ

(
n+ 1

2

)
√
π

.

(b) Use Stirling’s approximation to determine an asymptotic form for
the expression in part (a) as n→ ∞.

2. The members of the family of t-distributions have densities of the
form

f(x) = c(ν)
(

1 +
x2

ν

)−(ν+1)/2

, −∞ < x <∞ ,

where ν is the degrees of freedom. As ν → ∞, the t-density converges
to the density of the standard normal distribution. The constant c(ν)
standardises the function to integrate to one.

(a) The precise formula for the constant of integration is

c(ν) =
1√
π ν

Γ
(
ν+1
2

)
Γ
(
ν
2

) .

For ν → ∞, apply Stirling’s approximation to the gamma functions
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in this expression to show that

c(ν) ∼ 1√
2 π e

(
ν + 1
ν

) ν
2

.

(b) We can also write

c(ν)−1 =
∫ ∞

−∞

(
1 +

x2

ν

)−(ν+1)/2

dx .

Change variables in this integral so that y = x/
√
ν. Then compute

the Laplace approximation for this integral as ν → ∞ to show that

c(ν)−1 =
√
ν

∫ ∞

−∞

(
1

1 + y2

)(ν+1)/2

dy

∼
√

2 π ν
ν + 1

.

Compare this result with that from part (a) of this question. For
each case consider the limiting value as ν → ∞.

3. The function u(x) = x−x, x > 0 is quite well behaved over the interval
0 < x <∞. However, many properties of this function are analytically
intractable.

(a) Determine limx→0+ u(x).
(b) Determine the maximum value of u(x) on the interval 0 < x <∞.

Where is the function increasing, and where is it decreasing?
(c) For each t, determine the maximum value of the function

ut(x) = x−x et x

and the value of x where this maximum is obtained.
(d) Prove that as t→ ∞,∫ ∞

0

x−x et x dx ∼ √
2 π exp

(
t− 1

2
+ et−1

)
.

To prove this result, you will need to make an appropriate change
of variables. Try s = et−1, and y = x e1−t.

4. In Section 1 of this chapter, we needed a result which is a consequence
of Problem 16 at the end of Chapter 1. Prove this result, namely that(

1 − y2

n

)n
= exp(−y2) [ 1 +O(n−1) ]

as n→ ∞.
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5. Verify the formula for coefficient a0 given in (6.13).

6. Verify the formula for coefficient a1 given in (6.14).

7. Verify the formulas for the coefficients up to and including order n−2

in formula (6.17) for Stirling series.

8. Verify the steps leading to (6.19).

9. Fill in the details leading to formula (6.28).

10. The final steps in the proof of Proposition 2 were omitted. Complete
them.

11. Let X1, . . . , Xn be independent, identically distributed random vari-
ables, having some continuous distribution with distribution function
F (x) and density f(x) = F ′(x). We suppose that F (0) = 0, and
that f(0) > 0. Furthermore, we suppose that F (x) has a power series
representation in some interval [0, b). We define the minimum order
statistic

X(1) = min(X1, X2, . . . , Xn) .

(a) Prove that the density function of X(1) is given by

n · f(x) · [1 − F (x)]n−1
.

(b) Prove that the moment generating function of X(1) has asymptotic
representation∫ ∞

0

et x · n f(x)[1 − F (x)]n−1 dx ∼ 1 +
t

n f(0)
+O

(
1
n2

)
.

12. In Section 6.12, we considered the Pitman estimator for the location
parameter. One family of distributions with its Pitman estimator in
closed form is the Cauchy distribution C(θ, 1). For all sample sizes,
the Pitman estimator for θ is a rational function of the data for this
model. Use Maple or otherwise to prove that the estimator for sample
size n = 3 is

t3 =
8 p1 + 4 p1 p2 − 3 p3 − p3

1

24 + 3 p2 − p2
1

,

where
pj = xj1 + xj2 + xj3 , j = 1, 2, 3 .



CHAPTER 7

The saddle-point method

7.1 The principle of stationary phase

7.1.1 Complex-valued integrals

Since the Laplace approximation is available for the asymptotic approx-
imation of integrals of real-valued functions, it is quite natural to seek a
“Laplace type” approximation for integrals of complex-valued functions
which arise through Fourier inversion. Integrals which arise in Fourier
inversion formulas may be considered special cases of complex-valued
integrals such as ∫ b

a

ψ(t) ξn(t) dt . (7.1)

We are interested in the asymptotic behaviour of such integrals as n→
∞.

For real-valued integrals of the Laplace type, we discovered that largest
asymptotic contribution to the value of such an integral comes locally
from the point t0 where the integrand is maximised. However, we cannot
speak directly about the maximum of a complex-valued function, and
must seek an alternative. An early statement of this principle, due to
Cauchy, Stokes, Riemann and Kelvin is the principle of stationary phase.
Consider the asymptotic value of an integral of the form

∫ b

a

β(t) ei nα(t) dt (7.2)

as n→ ∞. We shall suppose that α(t) and β(t) are real-valued functions
of the real variable t. We can borrow terminology from physics and call
α(t) the phase function. The principle of stationary phase states that
the largest asymptotic contribution to the value of the integral in (7.2).
as n → ∞ comes locally from the neighbourhood of the point t0 where
the phase function α(t) is stationary—a point t0 where α′(t0) = 0. That
this should be the case becomes intuitively clear when we consider the
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Figure 7.1 An illustration of the principle of stationary phase

real and imaginary parts of the integral in (7.2), namely
∫ b

a

β(t) cos [nα(t)] dt ,
∫ b

a

β(t) sin [nα(t)] dt .

Suppose that β(t) varies smoothly from a to b. Then for large values of
n, the sine and cosine factors will oscillate rapidly over small intervals of
t where the function β(t) is almost constant. Locally, the contribution of
such rapidly oscillating components of the integrand is negligible because
the positive and negative parts approximately cancel. The frequencies of
the oscillations locally around t are proportional to n |α′(t)|, which is
large for large values of n, except at any point t0 where α′(t0) = 0. At
any such value t0, there is no local approximate cancellation.

7.1.2 An example of stationary phase

To illustrate the principle of stationary phase, let us consider the two
plots shown in Figure 7.1. The first plot is the real (cosine) part of the
integrand of the integral in (7.2) when

n = 200 , β(t) = (1 − t)/2 , and α(t) = 3
√
t (1 − t)

over the interval 0 < t < 1. In this example, the phase function α(t) has
a stationary point at t0 = 1/2. The second plot is that of the integral
of the first function for t running over the interval from 0 to u, where
0 < u < 1. It is readily seen that the main asymptotic contribution to
the integral for large n is to be found close to t0 = 1/2.
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7.2 Perron’s saddle-point method

The principle of stationary phase cannot be applied to integrals which are
not of the form given in (7.2). Thus the method of the previous section
does not immediately apply to general integrals of the form given in (7.1)
where the function ξ(t) has both varying phase and varying amplitude.
We may also wish to approximate more general contour integrals∗ of the
form ∫

C

ψ(z) ξn(z) dz =
∫
C

ψ(z) enν(z) dz (7.3)

where C is some oriented contour in the complex plane whose endpoints
a and b may be infinite, and ν(z) = log ξ(z) is complex-valued. In order
to extend the principle of stationary phase to the integral in (7.3), we
would like to find a point z0 ∈ C such that

• the argument of ξ(z), namely arg ξ(z) = � ν(z), is stationary at z =
z0, and

• the modulus of ξ(z), namely |ξ(z)| = � ν(z), is locally maximised at
z = z0.

Note that the second of these two conditions is similar to the require-
ments for the Laplace approximation of the previous chapter. This gives
us two conditions to be satisfied simultaneously along a one-dimensional
contour. In general we cannot expect that such a point z0 ∈ C will exist.
A solution to this problem can be found by exploiting the particular
character of contour integration using Cauchy’s integral theorem.

Suppose we can find some other contour C∗ such that the following hold.

Assumption 1. The contour C∗ has the same endpoints as C, namely a
and b. Furthermore, the functions ψ(z) and ν(z) are analytic throughout
the region enclosed by the contours C and C∗ with no poles or singular-
ities in the interior.

This condition and Cauchy’s theorem imply that∫
C

ψ(z) enν(z) dz =
∫
C�

ψ(z) enν(z) dz . (7.4)

Assumption 2. The contour C∗ passes through a point z0 where

ν′(z0) = 0 .

∗ Here I use the terms “contour” and “contour integral” to denote what some authors
call a line integral or curvilinear integral in the complex plane. The term “closed
contour” will be used for contours which start and end at the same point.
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Oskar Perron (1880–1975)

Oskar Perron is remembered for his work in analysis, alge-
bra, and continued fractions. Important results of interest
to statisticians include his saddle-point method and the
Perron-Frobenius theorem.

“There were four facets to his life .... [H]is enthusi-
asm for mathematics ... his love of the mountains
of his surroundings ... his love for his family, which
was reciprocated by the care he received at home
... [and] his principles in personal lifestyle, compa-
rable to the exactness shown in his science.”

Evelyn Frank, “In Memorial Oskar Perron” J.
Number Th., 1982, p. 283.



PERRON’S SADDLE-POINT METHOD 231

It follows from this that the real and imaginary components of ν′(z)
vanish at z0.

Thus

ν(z) = ν(z0) + ν′(z0) (z − z0) +
1
2
ν′′(z0) (z − z0)2 + · · ·

= ν(z0) +
1
2
ν′′(z0) (z − z0)2 + · · · .

This will be the justification for using the Laplace method, which ap-
proximates ν(z) locally around z0 using the displayed complex Taylor
expansion. The point z0 is often called a saddle-point, and gives its name
to the saddle-point approximation which we shall derive.

By a δ-neighbourhood of z0 on the contour we shall mean the set of points
on the contour whose arc-length distance along the contour is less than
δ from z0. Let B(δ) denote this δ-neighbourhood. The arc-length from
z0 to z along the contour is at least as great as the Euclidean distance.
Therefore |z − z0| < δ for all z ∈ B(δ).

Assumption 3. We further require that the contour C� passes through
z0 so that at the point z0, in such a way that for some δ-neighbourhood
B(δ) the following hold.

1. � ν(z) is constant on B(δ).
2. � ν(z) achieves its unique maximum† in B(δ) at z0.

To apply the Laplace method, we need to ensure that the contribution to
the leading term of the Laplace expansion comes from the saddle-point
z0 and nowhere else along the contour. To do this we may assume the
following.

Assumption 4. Outside B(δ) on the contour C�, the function � ν(z)
is bounded away from its maximum � ν(z0). That is,

sup
z∈C�−B(δ)

� ν(z) < � ν(z0) .

† However, � ν(z) is not maximised with respect to directions away from the contour.
Similarly, 	 ν(z) is not constant in directions that depart from the contour. This
point is considered more fully in the next section, where we shall consider the
geometric interpretation of this third assumption. At this stage it is not clear why
a contour satisfying the condition is preferable to any other. We shall defer such
issues until later.
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Now suppose we parametrise the contour C� by some coordinate s such
that

C� = {z(s) : −∞ ≤ s ≤ ∞}
and such z0 = z(0) is the point of stationarity determined above. Let
z′0 = z′(0), and so on. Also, let

ν0 = ν(z0) ,
ν′0 = ν′(z0) (= 0) ,
ν′′0 = ν′′(z0) ,

and so on. Then

ν[ z(s) ] = ν0 +
ν′′0 · [ z′0 ]2

2
s2 + · · · . (7.5)

Assumption 3 and formula (7.5) imply that

�{ ν′′0 · [ z′0 ]2
}

= 0 . (7.6)

In other words, ν′′0 · [ z′0 ]2 is real-valued. Assumption 3 and (7.5) also
imply that ν′′0 · [ z′0 ]2 ≤ 0. Henceforth, let us interpret Assumption 3 to
imply the slightly stronger condition that

ν′′0 · [ z′0 ]2 < 0 . (7.7)

From here on we may proceed in the spirit of Laplace. We have∫
C�

ψ(z) enν(z) dz =
∫ ∞

−∞
ψ[z(s)] z′(s) enν[z(s)] ds

∼ ψ0 z
′
0 exp(n ν0)

∫ ∞

−∞
exp
[
n ν′′0 (z′0)

2

2
s2
]
ds

as n → ∞. The displayed integrand is a complex version of the “bell-
shaped” approximant used in the Laplace method of the previous chap-
ter. We can evaluate this integral to obtain the approximation

∫
C�

ψ(z) enν(z) dz ∼ ψ0 z
′
0 e

nν0

√
2 π

−n ν′′0 (z′0)2

as n→ ∞.

Next, we can write

z′0√−ν′′0 (z′0)2
=

|z′0| ei arg z′0√|(z′0)2 ν′′0 |
= ei arg z′0

1√|ν′′0 |
,

where arg( . ) is the argument function. Putting the pieces together we
obtain the following saddle-point approximation for the original contour
integral.
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Proposition 1. Under Assumptions 1–4 and assuming that the integral
below is finite for some n, we have

∫
C

ψ(z) enν(z) dz ∼ ψ0 e
i arg z′0 exp(n ν0)

√
2 π
n |ν′′0 |

(7.8)

as n→ ∞.

Note that the final saddle-point approximation does not depend on the
choice of the parametrisation of the contour C� by the coordinate s.
While z′0 is dependent upon the parametrisation, its direction—tangent
to the contour—is not.

A way to sharpen the result is to include extra terms in the expansion.
This leads to an asymptotic expansion for the integral which is similar
in form to that derived in Proposition 3 of the previous chapter. This is
not surprising, because the saddle-point approximation of this chapter
is essentially the Laplace method applied to a modified contour integral.
Therefore, the method for obtaining the terms of the expansions is es-
sentially the same as that of the previous chapter. Assumption 4 above
needs to be strengthened to control the size of the tail of the contour
integral away from the saddle-point.

Assumption 5. Suppose that for every positive integer m and δ > 0,∫
z /∈B(δ)

ψ(z) enν(z) dz = enν0 O(n−m) (7.9)

as n→ ∞.

Proposition 2. Suppose that Assumptions 1–3 hold. We replace As-
sumption 4 by Assumption 5. Provided the contour integral below is fi-
nite, the integral has asymptotic expansion∫

C

ψ(z) enν(z) dz ∼ exp(n ν0)√
n

(
a0 +

a1

n
+
a2

n2
+ · · ·

)
(7.10)

where the coefficient a0 is determined by Proposition 1 above.

All other coefficients are determined from the Taylor expansions of ψ[z(s)]
and ν[z(s)]. The formulas for the coefficients aj in (7.10) may be obtained
from Proposition 3 of the previous chapter by replacing the function g
and h by ψ[z( · )] z′( · ) and ν[z( · )], respectively. For a proof of Proposi-
tion 2, see the discussion of this expansion in de Bruijn (1981).
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7.3 Harmonic functions and saddle-point geometry

The point z0 is a point of stationarity of ν(z). However, unlike the real
line, the point z0 never represents a local extremum of ν(z), unless ν(z)
is constant throughout the region. For example, if we plot the surface
generated by the real part v = � ν(z), namely

Sreal =
{

(x, y, v) ∈ R3 : v = � ν(x+ i y)
}

we find that the surface so generated is “peakless,” in the sense that there
are no local maxima or minima. Such surfaces are harmonic functions,
which satisfy Laplace’s differential equation

∂2v

∂x2
+
∂2v

∂y2
= 0

at all points on the surface. Similar remarks hold for the surface

Simag =
{

(x, y, w) ∈ R3 : w = � ν(x+ i y)
}

generated from the imaginary part of w = � ν(z). Figure 7.2 illustrates
this geometrical property with the hyperbolic cosine function. The sur-
faces generated by the real and imaginary parts of the hyperbolic cosine
are displayed in the left and right plots, respectively. On both of these
surfaces, we see that saddle-points are the only flat points where the
gradient vanishes in all directions. For this reason, the point z0 at which
ν′(z0) = 0 is often called a saddle-point of ν.

Another property of the two harmonic functions displayed in Figure
7.2 is that they are conjugate harmonic functions. Two such functions
are said to be conjugate if they satisfy the Cauchy-Riemann equations,
namely that

∂v

∂x
=
∂w

∂y
,

∂v

∂y
= −∂w

∂x
.

Geometrically, this can be seen in the family of level curves of the con-
tour plots for each function. For example, Figure 7.3 shows what hap-
pens when the contours of the hyperbolic cosine, displayed in Figure
7.2, are superimposed on each other, and correctly scaled so that axes
are commensurate. In Figure 7.3, it can be seen that the superimposed
contours are orthogonal to each other. This is a direct consequence of
the conjugacy property defined by the Cauchy-Riemann equations.

A saddle-point z0 of a function ν(z) is said to be of order m for m =
1, 2, 3, . . . if

ν′0 = ν′′0 = · · · = ν
(m)
0 = 0

and ν(m+1)
0 �= 0. For the geometrical discussion which follows below, we
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Figure 7.2 Peakless surfaces generated by plotting the real and imaginary parts
of the hyperbolic cosine function. On the left above is the surface plot of the
real part v = � cosh(x + i y) and directly below is the corresponding contour
plot of the same function. On the right is the surface plot of the imaginary
part w = � cosh(x + i y) and the corresponding contour plot.

shall restrict our attention to saddle-points of order m = 1, which are
most commonly encountered.

Let us imagine that we are standing at a saddle-point on the surface, and
that we wish to descend from the saddle-point as quickly as possible. In
two diametrically opposite directions from the saddle-point, the surface
drops off, however slowly at first. Perpendicular to these directions, the
surface ascends above the saddle-point. See Figure 7.4 which shows the
behaviour of a surface in the neighbourhood of a typical saddle-point.
Plotted here are the tangent vectors to the paths of steepest descent
and ascent from the saddle-point. Between the paths of steepest descent



236 THE SADDLE-POINT METHOD

x

−3

−3

2

4

0

−4

5
−1

−1−2

−5

1

−2

1−4−5

5

42

0

3

3
y

Figure 7.3 Superimposed contours of the real and imaginary parts of the hy-
perbolic cosine function. See also Figure 7.2. The real and imaginary parts are
conjugate functions, which implies that the level curves are orthogonal fam-
ilies. In this plot, the axes are constrained to be commensurate, so that the
orthogonality is evident upon superposition.

and steepest ascent are another pair of paths where the surface neither
rises nor falls and the elevation remains constant. These paths are level
curves of the surface. The tangent vectors to these level curves through
the saddle-point are perpendicular to each other, and make 45◦ angles
with the tangent vectors to the paths of steepest descent and ascent.
These vectors are plotted as dashed lines in the figure.

Now let us consider how this picture changes if we switch from one
such harmonic function to its conjugate. A geometrical consequence of
the Cauchy-Riemann equations is that conjugate harmonic functions
have the same saddle-points. So the conjugate diagram to that shown
in Figure 7.4 also has a saddle-point at its centre. However, the level
curves of conjugate functions are orthogonal to each other. Therefore the
directions of the dashed line tangent vectors in Figure 7.4 now correspond
to paths of steepest ascent and descent. Similarly, the directions of the
unbroken line tangent vectors now correspond to level curves. In other
words, our diagram undergoes a 45◦ rotation.

Let us now return to the Laplace method which was the basis for the
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Figure 7.4 A typical geometry around a saddle-point. Directions of steepest
ascent and descent are plotted as solid line vectors, while directions of constant
elevation are plotted as dashed line vectors.

saddle-point approximation in Proposition 1. The contour C� used in
that approximation was chosen to pass through the saddle-point z0 of
the function ν(z). We now consider a geometrical interpretation of As-
sumption 3, which determined the direction of C� through z0.

We note first that
|ξ(z)| = |eν(z)| = e� ν(z) .

So Assumption 3, which requires that � ν(z) is maximised at z = z0 can
be interpreted to mean that |ξ(z)| is maximised at z = z0. Assumption
3 also requires that � ν(z) is locally constant around z = z0. So the
contour C� is tangent to a level curve of w = � ν(x+ i y). However, the
level curves of w = � ν(x + i y) through the saddle-point are paths of
steepest descent for the function v = � ν(x+ i y).

These two conditions determine the behaviour of the modulus |ξ(z)| at
z = z0 along the contour C�. Among all contours passing through z0,
the contour for which the |ξ(z)| is most tightly concentrated at z0 are
the contours satisfying Assumption 3. In order for a Laplace approxi-
mation to be accurate, it is natural to require that the function |ξ(z)|.
The saddle-point approximation can be regarded as a local form of the
method of steepest descent which uses the contour of steepest descent
of w = � ν(x + i y) through the saddle-point. The original form of the
method of steepest descent was introduced by Debye (1909) to obtain
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asymptotic expansions of contour integrals. In practice the precise form
of this contour may be difficult to determine. The saddle-point method,
developed by Perron (1917) avoids the tricky problem of constructing
the path of steepest descent. It requires only that the steepest descent
property holds locally in the sense that

�[ν′′0 (z′0)
2] < 0 , �[ν′′0 (z′0)

2] = 0

which is a path of locally steepest descent.

7.4 Daniels’ saddle-point approximation

Let us return to the evaluation of the Fourier inversion integral. Let
X1, X2, . . . , Xn be independent, identically distributed continuous ran-
dom variables with common characteristic function χ(t), which is as-
sumed to be analytic in some neighbourhood of the origin. Let M(t) be
the moment generating function ofXj , andK(t) its cumulant generating
function. Let μ = E(Xj) and σ2 = Var(Xj) > 0.

We can obtain the density function for the sample average

Xn =
X1 + · · · + Xn

n

using a Fourier inversion integral, namely

f(x) =
1

2 π

∫ ∞

−∞
e−i t x χn(t/n) dt , (7.11)

which has a form suitable for saddle-point approximation.‡ We can write
χ(t) = eK(i t). Then

f(x) =
1

2 π

∫ ∞

−∞
e−i t x exp

[
nK

(
i t

n

)]
dt . (7.12)

Making the substitution z = n−1 i t, the integral formula becomes

f(x) =
n

2 π i

∫ i∞

−i∞
e−n z x exp [nK (z)] dz

=
n

2 π i

∫ i∞

−i∞
exp {n [K (z) − z x]} dz . (7.13)

We can recognise that this integral is in the form required for Proposition
1 with ν(z) = K(z)− z x and ψ(z) = 1. The contour C of the integral is
the imaginary axis −i∞ < z < i∞.

‡ It would be more consistent to write xn here. However, that gets messy in subse-
quent formulas.
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The saddle-point of K(z) − z x is determined by solving

K ′(z0) = x . (7.14)

From the form of this equation, we might expect to find a solution z0
lying on the real axis. This turns out to be the case. In fact for large
values of n, the saddle-point z0 will lie on the real axis close to the origin
provided that x lies in the centre of the distribution of Xn. To see this,
note first that by the law of large numbers, Xn → μ with probability
one. Furthermore, for t in some neighbourhood of the origin on the real
axis

K ′(t) = μ+ σ2 t+O(t2) as t→ 0 .

Thus with probability one for sufficiently large n there is some neigh-
bourhood (−ε, ε) such that K ′(ε) > x and K ′(−ε) < x. Asymptotically
K ′(t0) = x has a unique solution t0 in the interval −ε < t < ε and
K ′′(t0) > 0.

We can perturb the contour of the inversion integral in (7.13) to pass
through this saddle-point, so that

f(x) =
n

2 π i

∫ t0+i∞

t0−i∞
exp {n [K (z) − z x]} dz . (7.15)

In this integral the contour of integration is understood to be the line
parallel to the imaginary axis passing through the point t0. This contour
can be parametrised by a real coordinate s to that z(s) = t0 + i s, for
−∞ < s <∞.

We now turn to Assumption 3 of Proposition 1, or more precisely the
assumptions on the second derivative in (7.6) and (7.7). Note that along
the contour {

d2

ds2
� [K(t0 + i s) − (t0 + i s)x]

}
s=0

= 0 , (7.16)

and {
d2

ds2
� [K(t0 + i s) − (t0 + i s)x]

}
s=0

< 0 . (7.17)

See Problem 1. In addition, for z = t0 + i s, the modulus of the integrand∣∣e−z xM(z)
∣∣ = e�{K(z)−z x} (7.18)

is uniquely maximised at the saddlepoint t0. This follows from the in-
equality

∣∣e−z xM(z)
∣∣ =

∣∣∣e−(t0+i s)x
∣∣∣ ·
∣∣∣E(e(t0+i s)Xj )

∣∣∣
= e−t0 x

∣∣∣E(e(t0+i s)Xj )
∣∣∣
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= e−t0 x
∣∣E(et0Xj ei sXj )

∣∣
≤ e−t0 xE(et0Xj |ei sXj |)
= e−t0 xM(t0) .

Therefore the contour z(s) = t0 + i s is tangent to the path of steepest
descent from the saddlepoint t0, where the modulus of the integrand
achieves its global maximum. Thus Assumption 3 holds.

Assumption 4 can also be verified. The Riemann-Lebesgue lemma im-
plies that

M(t0 + i s) → 0
as s→ ±∞. It follows from this that the modulus of the integrand must
go to zero at infinity in both directions along the contour. See Problem
2.

Therefore, we may apply Proposition 1 to determine that

Proposition 3. The density of Xn is asymptotically

f(x) ∼
√

n

2 πK ′′(t0)
exp {n [K(t0) − t0 x]} . (7.19)

as n→ ∞.

Daniels (1954) showed that for many distributions, the relative error in
the approximation to f(x) is O(n−1) uniformly in x. That is, if g(x)
represents the saddle-point approximation to f(x) as in Proposition 3,
then for a large class of distributions∣∣∣∣f(x)

g(x)
− 1
∣∣∣∣ ≤ A

n

for some constant A which does not depend upon n or x.

Daniels also obtained an asymptotic expansion for f(x). Using Proposi-
tion 2 we get the following result.

Proposition 4. The density of Xn has aymptotic expansion

f(x) ∼
√

n

2 πK ′′(t0)
exp {n [K(t0) − t0 x]}

(
1 +

a1

n
+
a2

n2
+ · · ·

)
,

(7.20)
where, in particular,

a1 =
K(iv)(t0)

8 [K ′′(t0)]2
− 5 [K ′′′(t0)]2

24 [K ′′(t0)]3
. (7.21)
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The reader should note that the coefficient a1 is approximately

ρ4

8
− 5 ρ2

3

24
,

where ρn is the nth standardised cumulant. The main difference between
this quantity and a1 is that the cumulant generating function is evalu-
ated at the saddle-point rather than at the origin. Asymptotically these
are close, because the saddle-point converges to zero as n → ∞. We
can distinguish the true standardised cumulants such as ρn from those
obtained by differentiating the cumulant generating function at t0. Let
us call the latter the standardised tilted cumulants of the distribution.

Assumption 5 needs to be verified to prove that the formal expansion
in (7.20) is asymptotic. Outside a δ-neighbourhood of t0, the upper and
lower tails of the contour integral are O(rn), where 0 < r < 1. Thus the
contribution from these components of the integral is negligible.

If we look at the asymptotic series in Proposition 4, we observe that it
does not depend heavily upon x. The reason for this is that when x is in
the middle of its distribution around μ, the saddle-point t0 will be close
to zero. So the various standardised tilted cumulants that arise in the
expansion will be close to their untilted counterparts. Thus the effect of
the adjustment arising from the asymptotic expansion is most strongly
seen in the tails of the distribution of Xn.

This suggests that the asymptotic series behaves like an integrating fac-
tor in the centre of the distribution. With this in mind, an obvious al-
ternative is to try to normalise the saddle-point approximation directly
by setting

f(x) ∼ cn

√
n

2 πK ′′(t0)
exp {n [K(t0) − t0 x]} (7.22)

where the constant cn is chosen to make the saddle-point approximation
integrate exactly to one. The asymptotic effect of this will be much the
same as adding terms of order O(n−1) and beyond to the approximation.
For a given sample size n the two methods are not equivalent. One may
recommend itself over the other usually for computational reasons.

7.5 Towards the Barndorff-Nielsen formula

7.5.1 Normal distribution

In this section, we shall consider a number of examples of the saddle-
point approximation for Xn, culminating in the Bandorff-Nielsen for-
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Henry Daniels (1912–2000)

President of the Royal Statistical Society from 1974–1975, Henry
Daniels combined exceptional abilities in applied mathematics with
a pragmatic understanding of statistics. The full importance of his
1954 paper, which introduced the saddle-point method into statis-
tics, was more fully understood as the connection between saddle-
point adjustments and exponential tilting was better known. The
saddle-point approximation is now also known as the tilted Edge-
worth expansion. This latter interpretation, motivated by statisti-
cal inference, has brought the saddle-point method into the main-
stream of statistical asymptotics.

Henry Daniels is also remembered for his love of the English con-
certina, on which he played chamber music for friends and col-
leagues. He had an engineer’s eye for mechanical devices, with his
expertise ranging from concertinas to mechanical watches.
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mula for the approximate conditional distribution of the maximum like-
lihood estimator given a maximal ancillary statistic.

Let Xj be N (μ, σ2). Then Xj has cumulant generating function

K(t) = μ t+
σ2 t2

2
(7.23)

The saddle-point equation K ′(t0) = x reduces to μ+ σ2 t0 = x which is
solved by

t0 =
x− μ

σ2
so that K ′′(t0) = σ2 . (7.24)

Since K(n)(t) = 0 for n ≥ 3, the coefficients a1, a2, . . . in (7.20) van-
ish. For the normal distribution, the saddle-point approximation for the
density of Xn is exact with no error.

7.5.2 Exponential distribution

When Xj has distribution E(λ) then the cumulant generating function
has the form

K(t) = ln(λ) − ln(λ− t) . (7.25)
So the saddle-point equation K ′(t0) = x reduces to λ− t0 = x−1, which
is solved by

t0 = λ− x−1 . (7.26)
Therefore K ′′(t0) = x2. Plugging these into (7.19) we get

f(x) ∼
√

n

2 π
en λn xn−1 e−nλx . (7.27)

This is not the true density of Xn. The true density is

f(x) =
(nλ)n

(n− 1)!
xn−1 e−nλx (7.28)

which is the density of a G(n, n λ) distribution. The discrepancy be-
tween the true density and the saddle-point approximation (7.27) is in
the constant of integration. To compare the two, we can use Stirling’s
approximation. We have

(nλ)n

(n− 1)!
=

nn+1 λn

n!

∼ nn+1 λn√
2 π nnn e−n

=
√

n

2 π
en λn

which is the constant appearing in (7.27).
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7.5.3 Gamma distribution

The saddle-point approximation for the sum of gamma distributed ran-
dom variables is similar to the exponential case above, of which it is a
generalisation. Suppose Xj , 1 ≤ j ≤ n have distribution G(α, λ). The
saddle-point density of Xn is

f(x) ∼
√
nα

2 π
enα

(
λ

α

)nα
xnα−1 e−nλx . (7.29)

See Problem 3, which also asks the reader to show that this approxima-
tion is exact except for the constant of integration. The true distribution
of Xn is G(nα, n λ). The constant appearing in the saddle-point approx-
imation is related to the correct constant of integration through Stirling’s
approximation—a result similar to that obtained for the exponential dis-
tribution above.

7.5.4 Uniform distribution

Suppose Xj is U(−1, 1). In this case, the density of Xn is a piece-
wise polynomial of degree n − 1 with knots at j/(n − 1) for j = 1 −
n, . . . , 0, . . . n− 1.

The moment generating function of Xj is

M(t) =
1
2

∫ 1

−1

et x dx =

⎧⎨
⎩

et−e−t

2 t = sinh t
t t �= 0

1 t = 0 .
(7.30)

So, for t �= 0,

K(t) = ln sinh t− ln t , K ′(t) = coth t− t−1 . (7.31)

Therefore, the saddle-point equation reduces to

coth t0 − t−1
0 = x , (7.32)

so that, at the saddle-point, we obtain

K ′′(t0) = t−2
0 − csch2 t0 . (7.33)

Unfortunately, we cannot find a closed form expression for the saddle-
point t0 in this case. It is easy to solve the saddle-point equation nu-
merically. However, if the saddle-point approximation is to be evaluated
over an interval of values of x, this is computationally expensive. Al-
ternatively, we could find an analytic approximation to t0 using an ap-
proximation to the saddle-point equation itself. For example, when x is
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close to one, then t0 is large. So we may approximate the equation by
1 − t−1

0 = x which leads to the approximation

t0 ∼ 1
1 − x

.

We may also make the approximations

K(t0) ∼ ln
[
(1 − x) exp((1 − x)−1

2

]
, K ′′(t0) ∼ (1 − x)2 .

Thus the saddle-point approximation to the density of Xn is roughly

f(x) ∼
√

n

2 π

(e
2

)n
(1 − x)n−1 , x→ 1 .

The exact density close to one differs only in the normalising constant.
Close to one, the density has the form

f(x) =
nn

2n (n− 1)!
(1 − x)n−1 x > 1 − 2n−1 .

For x→ 0, we can use the local approximation t0 ∼ 3 x, which is obtained
by a Taylor expansion ofK ′(t) about zero. In practice, the approximation
t0 ∼ 3 x is sufficient for all but the most extreme part of the tails when
n is large, because Xn = Op(1/

√
n) as n→ ∞.

To fit the centre and the tails simultaneously, a numerical approximation
to the saddle-point function can be obtained from the Maple command§

> t0 := x→ solve ((et + e−t) · t− et + e−t = x · t · (et − e−t), t)

where x is represented by the variable x above. Figure 7.5 displays the
density of Xn as a solid line and the saddle-point approximation as a
broken line using this approximation for the cases n = 1, 2, 3, 4. The
exact density for the mean of n > 1 independent U(−1, 1) random vari-
ables is easily computed using the formula¶

f(x) =
nn

2n (n− 1)!

n∑
j=0

(−1)j
(
n

j

) 〈
1 − x− 2 j

n

〉n−1

(7.34)

where

〈 y 〉 =
{
y if y ≥ 0
0 if y < 0 .

§ I recommend not solving coth t − t−1 = x numerically without clearing the de-
nominators first. Numerical methods which interate from t = 0 may have difficulty
with coth t and t−1 which are not defined at zero.

¶ This is the version of the formula provided by Daniels. Note that on the interval
from −1 to +1 the last term in the sum is always zero. We leave this term in for
the appearance of symmetry.
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Figure 7.5 The saddle-point approximation to the sum of n independent
U(−1, 1) random variables for n = 1, 2, 3, 4. The solid line is the true density
and the broken line is the saddle-point approximation

Comparing the true densities and the saddle-point approximations in
this example, we note the high accuracy of the saddle-point approxima-
tion in the tails of the distribution. The accuracy in the middle of the
distribution may look disappointing. However, we should note that, close
to the centre, the saddle-point approximation is not substantially differ-
ent from the central limit approximation. Note also that the saddle-point
densities have not been standardised to integrate to one.

7.5.5 The Barndorff-Nielsen formula

Consider a random sample X1, . . . , Xn from a continuous distribution
belonging to the exponential family form, namely with density

f(x; θ) = exp [ θ s(x) −K(θ)] f0(x) .
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The statistic S =
∑
s(Xj) is complete and sufficient for θ, and the

maximum likelihood estimator for θ is obtained by solving S = nK ′(θ̂n).
Next, let us consider the saddle-point approximation for the distribution
of S when θ is the true value of the parameter. The following can be
verified.

• The cumulant generating function for S is n [K(θ + t) −K(θ) ].
• The equation for the saddle-point is

nK ′(θ + t0) = S ,

which is solved by θ + t0 = θ̂n, or equivalently, t0 = θ̂n − θ.
• The observed information for θ is

in(θ̂n) = nK ′′(θ̂n) .

See Section 5.3.
• The likelihood function has the form

Ln(θ; x1, . . . , xn) = Ln(θ; s)
= exp [θ s− nK(θ)] .

Therefore, the saddle-point approximation for the density of S is

p(s; θ) ∼
√

1

2nπK ′′(θ̂n)
exp
{
n [K(θ̂n) −K(θ)] − (θ̂n − θ) s

}
.

Replacing nK ′′(θ̂n) by in(θ̂n), writing the exponential in terms of the
likelihood ratio L̃n = Ln(θ)/Ln(θ̂n), to use Barndorff-Nielsen’s notation
here, this becomes

p(s; θ) ∼ (2 π)−1/2 · i−1/2
n (θ̂n) · L̃n , (7.35)

where L̃n = L̃n(θ).

Next, we reparametrise the model by introducing a new parameter τ =
Eθ(S). Then s becomes the maximum likelihood estimator for τ , so that
we may write s = τ̂n. In addition, the reader can check that the observed
information for τ is the reciprocal of the observed information for θ. Let
us abuse terminology and write the observed information for τ as in(τ̂ ).
Let us also write the density function of τ̂n as p∗(τ̂n; τ). This density
has saddle-point approximation

p∗(τ̂n; τ) ∼ (2 π)−1/2 · i1/2n (τ̂n) · L̃n , (7.36)

where now L̃n = Ln(τ)/Ln(τ̂n). This is a version of Barndorff-Nielsen’s
celebrated formula for the distribution of τ̂n. While the derivation given
here depends upon the particular parametrisation of the model by τ ,
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the Barndorff-Nielsen formula in (7.36) is parametrisation equivariant
as the true density is. If we transform the parameter τ in (7.36) to some
other parameter, such as our original θ, and apply standard change of
variable techniques to transform the density—and its approximation—
we can check that the resulting formula can also be organised into the
form given by (7.36). This follows from the fact that L̃n(θ) = L̃n(τ) and

√
in(τ̂n) =

√
in(θ̂n) ·

∣∣∣∣ dτdθ
∣∣∣∣

when τ = τ(θ) and τ̂n = τ(θ̂n). Therefore

p∗(θ̂n; θ) = p∗(τ̂n; τ) ·
∣∣∣∣ dτdθ

∣∣∣∣
∼ (2 π)−1/2 · i1/2n (τ̂n) · L̃n ·

∣∣∣∣ dτdθ
∣∣∣∣

= (2 π)−1/2 · i1/2n (θ̂n) · L̃n ·
∣∣∣∣ dθdτ

∣∣∣∣ ·
∣∣∣∣ dτdθ

∣∣∣∣
= (2 π)−1/2 · i1/2n (θ̂n) · L̃n .

Thus the formula in (7.36) applies more generally, beyond the parametri-
sation τ = Eθ(S).

To illustrate this formula, consider a random sample of size n from
N (θ, 1). Then θ̂n = xn, and

L̃n = exp

⎧⎨
⎩−1

2

⎡
⎣ n∑
j=1

(xj − θ)2 −
n∑
j=1

(xj − xn)2

⎤
⎦
⎫⎬
⎭

= exp
[
−n

2
(xn − θ)2

]

= exp
[
−n

2
(θ̂n − θ)2

]
.

We also have in(θ̂) = n. Plugging these into the Barndorff-Nielsen for-
mula we get

p∗(θ̂n; θ) ∼
√

n

2 π
exp
[
−n

2
(θ̂n − θ)2

]

which is the exact formula for θ̂n in this case. That the formula works
for the normal distribution may not be a surprise.

A more interesting test case is that of a random sample from an expo-
nential distribution with mean θ−1, for which the maximum likelihood
estimator is θ̂ = n/

∑
xj . In this case the exact distribution of θ̂n is that

of the reciprocal of a Gamma distributed random variable. It is left to



TOWARDS THE BARNDORFF-NIELSEN FORMULA 249

the reader to show that

p∗(θ̂n; θ) ∼
√

n

2 π
· en · θn · θ̂−n−1

n exp(−n θ/θ̂n) ,

which is the exact formula except for the constant of integration. Once
again, we can recognise that the constant that appears in this formula
is related to the exact constant via Stirling’s approximation to n!.

In the general case of formula (7.36), adjustments can also be made to
the constant to ensure that the approximation exactly integrates to one.
If this is done, it is often the case that

p∗(θ̂n; θ) = cn · i1/2n (θ̂n) · L̃n ·
[
1 +O(n−3/2)

]
,

when cn is chosen to renormalise the saddle-point approximation.

For k-dimensional full exponential families, the formula is similar, ex-
cept that in(θ̂n) must be replaced by det in(θ̂n), the determinant of the
observed information matrix, and (2π)−1/2 becomes (2 π)−k/2. The for-
mula can also be fine-tuned by rescaling so that it integrates exactly to
one.

Outside the exponential family, the Barndorff-Nielsen formula does not
provide an approximation for the marginal distribution of the maximum
likelihood estimator. The properties of the exponential family are essen-
tial here. However, Barndorff-Nielsen (1983) noted that more generally
the formula remains a valid approximation to the conditional distribu-
tion of θ̂n given an approximate maximal ancillary statistic‖ for θ. In the
particular case where the model is a full exponential family, any such
maximal ancillary will be independent of θ̂n by Basu’s theorem, making
the conditional and marginal distributions of θ̂n the same. So for mod-
els with vector parameter θ and maximal ancillary Ω = ω(X1, . . . , Xn),
Barndorff-Nielsen’s formula becomes

p∗(θ̂n; θ |Ω) = cn ·
√

det in(θ̂n) · L̃n ·
[
1 +O(n−3/2)

]
. (7.37)

See Barndorff-Nielsen (1980) and Barndorff-Nielsen (1983). This cele-
brated formula was given considerable attention when it first appeared
in the literature in this form. The discussion which follows in the remain-
der of this section may be of interest to statisticians who are familiar with

‖ A statistic is said to be ancillary if its distribution is not dependent on the value
of the parameter. That is, if its distribution is functionally free of the parameter.
Such a statistic will be a maximal ancillary if every other ancillary statistic can be
written as a function of the statistic. If θ is a location parameter then a maximal
location invariant statistic is the sort of maximal ancillary intended here. The
maximal ancillary may be approximate in the sense that its asymptotic distribution
is independent of θ.
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the issues involved in arguments involving conditioning. Other readers
can skip this discussion with no loss in subsequent sections and chapters.

The Barndorff-Nielsen formula uses two ideas—the conditionality prin-
ciple from the foundations of inference and the saddle-point approxima-
tion from asymptotic analysis. It is worth separating out the founda-
tional aspects of the formula from its analytic aspects in considering its
importance.

The conditionality principle was introduced by Fisher (1934), who con-
sidered transformation models involving location and scale parameters,
where it is possible to condition on a maximal invariant.∗∗ Based on the
examples given in his paper, Fisher concluded that

The process of taking account of the distribution of our estimate in samples
of the particular configuration observed has therefore recovered the whole of
the information available... .[I]n general the theoretical process illustrated
here uses the information exhaustively... . The reduction of the data is
sacrificed to its complete interpretation.

The italics are mine. Here, the word “configuration” is Fisher’s term for
a maximal invariant. Fisher’s arguments are theoretically sound, but his
optimism for conditioning must be treated with some care. In particular,
the claim that any procedure is optimal or uses all information can often
be rigorously justified, but is rarely independent of the precise interpreta-
tion of the optimality involved. In general models, the principle that one
can—and should—condition on an ancillary statistic cannot be justified
by the same decision-theoretic arguments which can be used when the
ancillary is a maximal invariant. Even if such foundational questions are
set aside, there remain additional problems. A maximal ancillary statis-
tic may not exist. The principle that one may—or should—condition on
an approximate ancillary is also problematic, if one accepts, as I have
argued in earlier chapters, that an asymptotic argument is not sufficient
in itself to justify the use of a particular method. If conditioning on a
statistic is warranted by small sample considerations, then the use of
Barndorff-Nielsen’s formula is appropriate if that statistic is asymptoti-
cally a maximal ancillary. Determining whether one should condition an
inference on a statistic requires an understanding of the context of the
problem. It is not possible to make sweeping generalisations. In partic-
ular, Cox and Reid (1987) state the following.

∗∗ In a transformation model, a maximal invariant statistic is ancillary. However, in
general an ancillary statistic cannot always be represented as invariant. Transfor-
mation models, which possess invariant statistics, will have a maximal invariant
statistic. A model which has ancillary statistics will not necessarily have a maximal
ancillary.
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Conditioning plays at least two roles in the sampling theory of statistical
inference; one is to induce relevance of the probability calculations to the
particular data under analysis, and the other to eliminate or reduce the
effect of nuisance parameters.

The reader is cautioned not to confuse these two roles.

The other issue to be considered is the validity of the formula as an
asymptotic approximation. The formula was originally obtained as a
generalisation from special cases. Bardorff-Nielsen (1980, 1983) demon-
strated that the formula in (7.37) holds exactly for transformation mod-
els. See Problem 11, which illustrates this fact for location models in-
volving the group of translations. For an exponential transformation
model—that is, a transformation model which is also of exponential
family form—the maximum likelihood estimator is complete and suf-
ficient, and therefore independent of any ancillary statistic. So when
applied to an exponential transformation model, the Barndorff-Nielsen
formula exactly reproduces the marginal distribution of θ̂n. Both the
normal and the exponential models, considered earlier, are exponential
transformation models. Beyond the class of transformation models, and
the exponential family, the formula is also applicable to various curved
exponential families. See Butler (2007) for more information. Also mo-
tivated by conditional inference, Cox and Reid (1987) have provided a
general framework for approximations which are closely related to the
Barndorff-Nielsen formula for models involving nuisance parameters.

7.6 Saddle-point method for distribution functions

In statistical applications, it is often more important to compute dis-
tribution functions than density functions. For example, in hypothesis
testing, the distribution function of a statistic is more useful than the
density function, because the former allows us to compute critical val-
ues. There are two ways to approximate the distribution function of Xn

using the saddle-point technique.

The first way is to integrate the saddle-point approximation given in
Proposition 3. Suppose Xn has distribution function F (y). Then under
reasonable regularity conditions

F (y) ∼
∫ y

−∞

√
n

2 πK ′′(t)
exp {n [K(t) − t x]} dx , (7.38)

where t = t(x) is such that K ′(t) = x. It is helpful to perform a trans-
formation of variables on this integral by integrating with respect to the
saddle-point variable t instead of x. Let us assume that we can solve the
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saddle-point equation to write t as a strictly increasing function of x.
Suppose also that t→ −∞ as x→ −∞. Using

K ′′(t) dt = dx

we can write the integral as

F (y) ∼
∫ t(y)

−∞

√
nK ′′(t)

2 π
exp {n [K(t) − tK ′(t)]} dt (7.39)

whereK ′[t(y)] = y. The integral given in (7.39) may be easier to compute
than that in (7.38) because it does not explicitly use the saddle-point
function in the integrand. An additional transformation of this integral
is possible. The expressionK(t)−tK ′(t) has a maximum at t = 0, which
suggests that we should define

en [K(t)−tK′(t)] = e−n q
2/2

and integrate with respect to

q = sgn(t)
√

2 [tK ′(t) −K(t)] , (7.40)

where sgn(t) denotes the sign of t0. Using transformation of variables
again,

F (y) ∼
∫ q(y)

−∞

√
n

2 πK ′′(t)

(q
t

)
e−n q

2/2 dq . (7.41)

Generally, the integrals in (7.38), (7.39) and (7.41) will all be difficult
to evaluate. So another approximation is needed. The integrals can be
approximated using integration by parts. Substituting into the result
developed in Problem 4 at the end of the chapter with x = q, u = q(y),
and

a(u) =

√
1

K ′′[t(y)]

[
q(y)
t(y)

]

we get the next result.

Proposition 5. Let

r =
√
n q , and v = t

√
nK ′′(t) .

As n→ ∞,

F (y) ∼ Φ[r(y)] +
[

1
r(y)

− 1
v(y)

]
φ[r(y)] , (7.42)

where φ and Φ are the standard normal density and distribution function,
respectively. The error is O(n−1) uniformly in y.

Formula (7.42) has attracted attention from statisticians because of the
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appearance of some well known statistics in this formula. If the density
function f(x) is extended to an exponential family of the canonical form

f(x; t) = et x−K(t) f(x)

where t is the natural parameter, then the saddle-point equationK ′(t) =
x becomes the likelihood equation for the maximum likelihood estimate
of t based on a sample from f(x; t) of size n. Therefore, t0 is the maxi-
mum likelihood estimate for t based upon the sufficient statistic x. The
statistic r is seen to be the signed likelihood ratio test statistic for test-
ing the hypothesis that the natural parameter is zero. The statistic v is
seen to be a Wald statistic for testing the same hypothesis. Both have an
asymptotic normal distribution under standard regularity assumptions.
When the density f(x) is normal, the canonical exponential family is
the normal location model, with the mean as its natural parameter. In
this case, the Wald statistic and the signed likelihood ratio statistic are
identical. So for the normal location model, the second term in (7.42)
vanishes, and the first term is seen to be exact.

The formula for F (y) given in Proposition 5 is usually known as the
Lugannani-Rice formula, and is named after the Robert Lugannani and
Stephen Rice who derived an asymptotic expansion for F (y), of which
(7.42) displays the first two terms. This asymptotic expansion can be
obtained in several ways. The original approach due to Lugannani and
Rice involved an expansion of the Fourier inversion integral for F (y). It
is also possible to derive the asymptotic expansion by integrating the
formula in Proposition 4 term by term.

7.7 Saddle-point method for discrete variables

7.7.1 The formula for integer-valued random variables

When X1, X2, . . . , Xn are integer-valued random variables, then the
average Xn will be discrete, and take values of the set j n−1, where j is
an integer. The saddle-point method used earlier for continuous random
variables has an extension to this case via the Fourier inversion formula
for such random variables. Let Xj have cumulant generating function K
as earlier. Then the probability mass function of Xn is

p(x) =
1

2 π i

∫ i π

−i π
exp{n [K(z)− z x]} dz .

This integral has much the same form as the continuous case, with the
exception that the contour of integration is of finite length. Once again,
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we can perturb the contour, so that it passes through the saddle-point
t0 = t0(x), so that

p(x) =
1

2 π i

∫ t0+i π

t0−i π
exp{n [K(z)− z x]} dz . (7.43)

and proceed with a Laplace expansion about t. We find that

p(x) =
1√

2nπK ′′(t0)
exp{n [K(t0) − t0 x]}

[
1 +O(n−1)

]
, (7.44)

for x = k n−1. The extension of this formula to a full asymptotic series
is parallel to the continuous case as well.

7.7.2 An example with the binomial distribution

SupposeXj is B(N, θ), so that nXn has binomial distribution B(N n, θ).
It is useful to compare the exact distribution of Xn with its saddle-point
approximation. Then

K(t) = N ln[1 + θ (et − 1)] and K ′(t) =
N θ et

1 + θ (et − 1)
.

The saddle-point equation K ′(t0) = x is solved by

t0 = ln
[
x (1 − θ)
(N − x) θ

]
.

The saddle-point approximation for the mass function of Xn is then
found to be

p(x) =
NnN+1/2

(2 π n)1/2
· θn x (1 − θ)n (N−x)

xn x+1/2 (N − x)n (N−x)+1/2
[1 +O(n−1)] . (7.45)

This formula is equivalent to replacing the binomial coefficient in the
exact formula by its Stirling approximation. See Problem 5 at the end
of the chapter for the derivation and interpretation of this expression.

7.8 Ratios of sums of random variables

The saddle-point method can be applied to ratios R = X1/X2 where
X1 and X2 are independent continuous random variables. Suppose that
X2 is strictly positive with finite mean. Then the density of R can be
obtained by the Fourier inversion formula

f(r) =
1

2 π i

∫ ∞

−∞
χ1(t)χ′

2(−r t) dt (7.46)
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where χ1(t) and χ2(t) are the characteristic functions of X1 and X2,
respectively. This inversion formula can be derived†† by using the Fourier
inversion formula for the distribution function of X1 − rX2 and the
identity

P (R ≤ r) = P (X1 − rX2 ≤ 0) .
When X1 (respectively, X2) is the sum of n1 (respectively, n2) indepen-
dent identically distributed random variables, then we may write

χ1(t) = en1K1(i t) and χ′
2(t) = n2 iK

′
2(i t) e

n2K2(i t),

where K1(t) and K2(t) are the respective cumulant generating functions
of any random variable in the numerator and denominator. Therefore,

f(r) =
n2

2 π

∫ ∞

−∞
en1K1(i t)+n2K2(−i r t)K ′

2(−r t) dt

=
n2

2 π i

∫ i∞

−i∞
en1K1(z)+n2K2(−r z)K ′

2(−r z) dz .

We wish to apply the saddle-point method to this integral to obtain its
asymptotic form as n = min(n1, n2) goes to infinity. The contour along
the imaginary axis can be perturbed to pass through the saddle-point t0
so that

f(r) =
n2

2 π i

∫ t0+i∞

t0−i∞
en1K1(z)+n2K2(−r z)K ′

2(−r z) dz , (7.47)

where
n1K

′
1(t0) − n2 r K

′
2(−r t0) = 0 . (7.48)

Expanding the exponent about the saddle-point, and evaluating the se-
ries from the Laplace expansion, we find that the dominant term is

f(r) ∼ n2K
′
2(−r t0) exp[n1K1(t0) + n2K2(−r t0)]√

2 π [n1K ′′
1 (t0) + n2 r2K ′′

2 (−r t0)]
, (7.49)

where the relative error is O(n−1).

Gurland (1948) also obtained an inversion formula for

R =
a1X1 + a2X2 + · · · + anXn

b1X1 + b2X2 + · · · + bnXn
.

In practice, cases where the numerator and denominator are not inde-
pendent are more important than the independence case studied above.
However, the ratio of dependent continuous variables may not be con-
tinuous, and the regularity conditions necessary to obtain a Fourier in-
version formula are more difficult to obtain. Cramér (1946a, p. 317) ob-
tained the following result. Suppose X1 and X2 have joint characteristic

†† For the regularity assumptions and a detailed derivation, see Gurland (1948).
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function χ(t1, t2), and X2 is strictly positive. Let R = X1/X2. Then

f(r) =
1

2 π i

∫ ∞

−∞

[
∂ χ(t1, t2)

t2

]
t2 = −t1 r

dt1

provided that the integral is uniformly convergent with respect to x.

7.9 Distributions of M-estimators

7.9.1 The general case

The method used in the previous section can be also be used to approx-
imate the distributions of M-estimators. Let Y1, Y2, . . . , Yn be indepen-
dent identically distributed random variables whose common distribu-
tion is determined by some real-valued unknown parameter θ. Let h(θ, y)
be a real-valued function such that

Eθ [h(θ, Y ) ] = 0

for all θ. An M-estimator for θ is a solution θ̃n to the equation

n∑
j=1

h(θ̃n, Yj) = 0 . (7.50)

Such M-estimators include the maximum likelihood estimator θ̂n as a
special case where h is the score function.

Suppose that h(θ, y) is continuous and strictly decreasing in θ for all
values of y. Suppose also that h(θ, y) → ∓∞ as θ → ±∞. Then there
will exist a unique solution θ̃ to the M-estimating equation (7.50) and

Pθ(θ̃ ≤ a) = Pθ

⎡
⎣ n∑
j=1

h(a, Yj) ≤ 0

⎤
⎦ . (7.51)

We can apply the saddle-point method on the right-hand side of this
identity. Define Xj = h(a, Yj) so that

Pθ(θ̃n ≤ a) = Pθ(Xn ≤ 0) . (7.52)

The distribution function of Xn can be approximated by the methods
of Section 7.6.
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7.9.2 An example

As an example of this method, consider the maximum likelihood estimate
for the shape parameter α of a G(α, 1) distribution with density

f(y; α) =

⎧⎪⎨
⎪⎩

yα−1 e−y
Γ(α) y > 0

0 y ≤ 0 .

For a random sample y1, . . . , yn, the maximum likelihood estimate α̂n
is the solution to the equation

n−1
n∑
j=1

ln yj − Ψ(α̂n) = 0 , (7.53)

where Ψ(α) is the logarithmic derivative of the gamma function‡‡ defined
by

Ψ(α) =
Γ′(α)
Γ(α)

.

The cumulant generating function K(t) of Xj = ln Yj and the saddle-
point equation are

K(t) = ln Γ(t+ α) − ln Γ(α) , Ψ(t0 + α) = x .

We apply the Lugannani-Rice formula in (7.42) to determine

Pα(α̂n ≤ a) = Pα[Xn ≤ Ψ(a)] ,

where the functions t(y), r(y) and v(y) must be evaluated at y = Ψ(a).
It can be checked that

t[Ψ(a)] = a− α ,

r[Ψ(a)] = sgn(a− α)
√

2n [(a− α)Ψ(a) + ln Γ(α) − ln Γ(a)] ,

v[Ψ(a)] = (a− α)
√
nΨ(1, a) .

Here, Ψ(1, a) = Ψ′(a). Programming this in Maple code is straightfor-
ward. For example, the statements

> Φ := x→ 1
2 + 1

2 · erf
(
x√
2

)

> φ := x→ 1√
2 · π · exp

(
−x2

2

)

> t := (a, α) → a− α

‡‡ We are recycling notation here. This is not to be confused with Mills’ ratio from
Chapter 2.
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Figure 7.6 Left: plot of test statistics r and v as functions of a with n = 1 and
α = 1. Right: Saddle-point approximation to the distribution function of α̂n

for n = 1, 2, 3 when α = 1.

> v := (a, α, n) → (a− α) ·√n · Ψ(1, a)

> r := (a, α, n) →
signum(a− α) ·√2 · n · ( (a− α) · Ψ(a) + ln(Γ(α)) − ln(Γ(a)) )

> F := (a, α, n) →
Φ( r(a, α, n) ) +

(
1

r(a, α, n) − 1
v(a, α, n)

)
· φ( r(a, α, n) )

define the function F which is the saddle-point approximation to the
distribution function of α̂n. The plot on the left of Figure 7.6 shows
the test statistics r(a, 1, 1) (unbroken line) and v(a, 1, 1) (dotted line)
as functions of a. Note that the two functions vanish at a = 1. This
is where there is no evidence against the hypothesis α = 1. The two
functions are tangent here, a reflection of the fact that the two test
statistics are asymptotically equivalent as n→ ∞. On the right of Figure
7.6 the saddle-point approximation to the distribution function of α̂n
is displayed for sample sizes n = 1, 2, 3, when the true value of the
parameter α is set to one.

7.10 The Edgeworth expansion

The determination of the saddle-point t0 in (7.20) of Proposition 4, or
in (7.22) is often difficult. From the asymptotic theory we know that
it is close to the origin of the complex plane for sufficiently large n.
However, it may be that there is no simple expression for the solution
to the equation for the saddle-point.
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So it is natural to explore approximations to the saddle-point formula
itself. The simplest way to approximate the formula in (7.20) is to replace
K(t) by a quadratic approximation. We have

K(t) = μ t+ σ2 t2/2 +O(t3)

and t0 = (x− μ)/σ2 + op(n−1/2). So

K(t0) − t0 x = − (x− μ)2

2 σ2
+Op(n−3/2) and

K ′′(t0) = σ2 +Op(n−1/2) .

Therefore from (7.20), we get

f(x) ∼
√

n

2 π σ2
exp
{
−n (x− μ)2

2 σ2

}

=
1
σ
φ

(
x− μ

σ

)
.

This is the normal approximation for Xn, which can also be derived by a
local central limit theorem. We have obtained this result by being quite
casual with terms of higher order.

The Edgeworth approximation is a sharpening of the central limit ap-
proximation to include terms involving the cumulants of the distribu-
tion which appear in these higher order terms. Suppose X1, . . . , Xn

are independent and identically distributed continuous random variables
with mean zero and variance one. Define S∗

n =
√
nXn, or equivalently,

S∗
n =

∑n
j=1Xj/

√
n. By the central limit theorem, S∗

n converges in dis-
tribution to standard normal as n → ∞. Furthermore, E(S∗

n) = 0 and
Var(S∗

n) = 1. The mth cumulant of S∗
n is κm n1−m/2, where κm is the

mth cumulant of X1. Let f∗(x) be the density function of S∗
n.

We apply formula (2.30) that was derived in Chapter 2. Expanding about
the standard normal distribution, we have

f∗(x) ∼ exp

[ ∞∑
m=3

κm
nm/2−1m!

(−∂)m
]
φ(x)

= exp
[
− κ3

6
√
n
∂3 +

κ4

24n
∂4 − · · ·

]
φ(x) .

For large n, the exponential can be approximated to order O(n−1) by

f∗(x) ∼
[
1 − κ3

6
√
n
∂3 +

κ4

24n
∂4 +

κ2
3

72n
∂6 + · · ·

]
φ(x) . (7.54)

This is the Edgeworth expansion for the density of S∗
n. However, it is
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Francis Edgeworth (1845–1926)

Francis Ysidro Edgeworth is best known to statisticians for the
expansion that bears his name. A large portion of his research
was in economics, where he sought a mathematical framework for
utilitarian theory. His work is famous for making no concessions to
the reader.

“In his lectures, his writings, and his conversation
Edgeworth leaped from peak to peak and was of-
ten difficult to follow.... To the discerning, how-
ever, he had always a message which was worth
pondering.... To a courtly grace, derived perhaps
from his Spanish mother, he added the Irish char-
acteristics of humour, imagination, and generos-
ity.”

The Times obituary of Edgeworth, February 1926.
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often written in a different form, using Hermite polynomials. Define the
mth Hermite polynomial Hm(x), where m ≥ 0 by

(−1)m ∂m φ(x) = Hm(x)φ(x) . (7.55)

This is a polynomial of degree m for all m. For example, H0(x) = 1,
H1(x) = x, H2(x) = x2 − 1, H3(x) = x3 − 3 x. Also

H4(x) = x4 − 6 x2 + 3 (7.56)
H5(x) = x5 − 10 x3 + 15 x (7.57)
H6(x) = x6 − 15 x4 + 45 x2 − 15 . (7.58)

Other Hermite polynomials can be computed recursively using the equa-
tion

Hm+1(x) = xHm(x) −H ′
m(x) . (7.59)

This is Problem 6 at the end of the chapter. Alternatively, the Hermite
polynomials can be computed from the generating function

∞∑
m=0

Hm(x)
m!

tm = exp(x t− t2/2) (7.60)

which is Problem 7.

Now let us return to the formula for f∗(x). We can also write the Edge-
worth expansion for f∗(x) using Hermite polynomials as

f∗(x) ∼ φ(x)
[
1 +

κ3

6
√
n
H3(x) +

κ4

24n
H4(x) +

κ2
3

72n
H6(x) + · · ·

]
.

(7.61)
Upon truncation, the error term is Op(n−3/2), so that

f∗(x) = φ(x)
[
1 +

κ3

6
√
n
H3(x) +

κ4

24n
H4(x) +

κ2
3

72n
H6(x) +O

(
1

n
√
n

)]
.

Note that the fifth order Hermite polynomial is missing among the early
terms of the series. This is because the expansion of the exponential
is in increasing powers of 1/

√
n rather than increasing orders of the

Hermite functions. To expand out additional terms, it is only necessary
to collect terms together which have common powers of n.§§ A series for
the distribution function of S∗

n can be obtained by integrating term by
term. Note that for m ≥ 1,∫ x

−∞
φ(t)Hm(t) dt = −φ(x)Hm−1(x) . (7.62)

§§ The alternative way of grouping terms, which orders them in increasing orders of
Hm(x) leads to the Gram-Charlier A series. Unlike the Edgeworth ordering of the
series, which is truly asymptotic in 1/

√
n, the Gram-Charlier A series does not

generally have satisfactory properties in the remainder terms.
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See Problem 8. Using this result, we can integrate the Edgeworth ex-
pansion for the density to get

F ∗(x) ∼ Φ(x) − φ(x)
[
κ3

6
√
n
H2(x) +

κ4

24n
H3(x) +

κ2
3

72n
H5(x) + · · ·

]

(7.63)
where, once again, the remainder term upon truncation is O(n−3/2).

The Edgeworth expansion is often easier to calculate than the saddle-
point expansion. This convenience comes with a price. A principal virtue
of the saddle-point approximation is that the relative error in the approx-
imation is uniformly small. Unfortunately, this fails for the Edgeworth
approximation. While the approximation is good when x is close to μ,
the approximation can be very poor in the tails. For this reason, the
Edgeworth expansion should not be used uncritically to approximate
significance levels for tests. However, the (unmodified) expansion is of
particular importance for studying the centre of the distribution, as the
following application illustrates.

7.11 Mean, median and mode

Using the Edgeworth expansion, we can study the relative locations of
the mean, median and mode for distributions which are close to normal.
The following approximations are due to Haldane (1942).

We study the distribution up to order O(1/
√
n). From (7.61), an ap-

proximation to the mode is given by solving

0 =
d

dx
f∗(x)

= φ′(x)
[
1 +

κ3

6
√
n
H3(x)

]
+ φ(x)

κ3

6
√
n
H ′

3(x) +O(n−1)

= φ(x)
[
−x− κ3

6
√
n

(x4 − 6 x2 + 3)
]

+O(n−1)

This will be solved for x = O(n−1/2), so that x4−6 x2 +3 = 3+O(n−1).
So the equation is solved by x = −κ3/(2

√
n) + O(n−1), which is the

mode.

To determine the median in terms of κ3, we use (7.63), by solving

1/2 = F ∗(x)

= Φ(x) − φ(x)
κ3 (x2 − 1)

6
√
n

+O(n−1)

= 1/2 + xφ(x) + φ(x)
κ3

6
√
n

+O(n−1) .
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In the last step, we have used the fact that x = O(n−1/2). This reduces
to

0 = x+
κ3

6
√
n

+O(n−1)

which is solved by x = −κ3/(6
√
n) +O(n−1).

Finally, we note that the mean of the distribution f∗(x) was originally
set to zero, with no error in this case. Therefore

Mode = − κ3

2
√
n

+O(n−1) (7.64)

Median = − κ3

6
√
n

+O(n−1) (7.65)

Mean = 0 . (7.66)

From these formulas, some rough conclusions can be drawn about the
relative locations of these three measures of centrality. For positively
skewed distributions, the three measures will usually be ordered as

Mode < Median < Mean

such that

3 × (Median − Mode) ≈ 2 × (Mean − Mode)

For negatively skewed distributions, the ordering will be reversed with
similar proportions as above.

7.12 Hayman’s saddle-point approximation

In some problems, it is possible to obtain the probability generating
function for the distribution of a discrete random variable without having
a simple expression for its probability mass function. Even when an
explicit formula for the probability mass function is available, it may
not be a simple matter to determine the asymptotic tail behaviour of the
random variable from an examination of the form of the function. The
method that we shall consider in this section can be used to construct
asymptotic expansions for probability mass function in the tail of the
distribution.

Suppose X is a random variable taking values on the nonnegative inte-
gers, with probability generating function

A(t) = π0 + π1 t+ π2 t
2 + π3 t

3 + · · · ,
where πj = P (X = j). We wish to find an asymptotic formula for πn as
n→ ∞. The coefficient πn can be obtained from A(t) via the formula

πn =
A(n)(0)
n!

.
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This is quite useful when n is small, but is difficult to work with when
n is large. Alternatively, πn can be obtained using the Cauchy residue
theorem as

πn =
1

2 π i

∮
C

A(z) z−n−1 dz , (7.67)

where C is a simple closed contour around z = 0, such that C and
its interior lie within the domain of the complex plane where A(z) is
analytic.

Next, suppose that A(z) is analytic in the entire complex plane.¶¶ Con-
sider the contour C which is the circle of radius t > 0 about the origin.
Using polar coordinates in equation (7.67) along the contour gives us
the integral formula

πn =
1

2 π tn

∫ π

−π
A(t ei θ) e−n i θ dθ

=
1

2 π tn

∫ π

−π
exp
[
ln A(t ei θ) − n i θ

]
dθ . (7.68)

The presence of an n in the exponent of the integrand suggests the use
of the Laplace method. To do this, we shall need to maximise the entire
exponent because n i θ has no quadratic component in θ. Expanding in
θ we get

ln A(t ei θ) − n i θ = ln A(t) + i θ [a(t) − n] − 1
2
θ2 b(t) + · · · ,

where
a(t) = t

d

dt
ln A(t) , b(t) = t

d

dt
a(t) .

Suppose we can choose t so that the linear term in θ vanishes. Let us
call this value tn, with its defining saddle-point equation a(tn) = n.
Then the exponent of the integrand has a local maximum at θ = 0,
which corresponds to the point where the contour intersects the real
axis. Then we may use the Laplace method to obtain

πn =
1

2 π tn

∫ π

−π
A(tn) exp

[
−1

2
θ2 b(tn) + o(θ2)

]
dθ

∼ A(tn)
tnn
√

2 π b(tn)
.

Note that the standard saddle-point assumptions must be satisfied. In
particular, b(tn) → ∞. A full set of sufficient conditions has been pro-
vided by Hayman (1956) as follows.

¶¶ This is a very strong condition. Many nonnegative integer-valued random variables
in common use do not satisfy this condition. For these random variables, we shall
need the method of Darboux which we consider later.
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Definition 1. A generating function A(t) is said to be Hayman admis-
sible if it satisfies the following three conditions.

1. There is some t∗ > 0 such that A(t) > 0 for t > t∗. (When A(t) is
a probability generating function, then this condition is automatically
satisfied.)

2. limt→∞ b(t) = ∞.
3. For t > t∗, there exists a function δ(t) such that

0 < δ(t) < π , for all t > t∗ ,

A(t ei θ) ∼ A(t) ei θ a(t)−θ
2 b(t)/2

as t → ∞ uniformly in |θ| ≤ δ(t), and

A(t ei θ) = o

(
A(t)√
b(t)

)

as t → ∞ uniformly in δ(t) ≤ |θ| ≤ π.

The major obstacle to the implementation of Hayman’s method is the
verification that the relevant generating function is admissible according
to Definition 1. Hayman (1956) provided the following result, which can
be used to verify that a variety of generating functions are admissible.

Proposition 6. Let A(z) and B(z) be Hayman admissible functions,
analytic in the entire complex plane. Let p(z) be a polynomial in z. Then
the following functions are also Hayman admissible.

1. A(z)B(z);
2. exp[A(z)];
3. A(z) + p(z);
4. p(z)A(z) provided the leading coefficient of p(z) is positive;
5. p[A(z)] provided the leading coefficient of p(z) is positive;
6. exp[p(z)] provided the coefficients cn of

exp[p(z)] =
∞∑
n=0

cn z
n

are positive for sufficiently large n.

For a proof, see Hayman (1956). For Hayman admissible generating func-
tions, we have the next asymptotic result.
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Proposition 7. Let X be a nonnegative integer-valued random variable
whose probability generating function A(t) has analytic extension A(z)
into the entire complex plane. If A(z) is Hayman admissible, then as
n → ∞, there exists a unique solution tn in the interval t > t∗ to the
equation a(tn) = n such that

P (X = n) ∼ A(tn)
tnn
√

2 π b(tn)
. (7.69)

For a detailed proof, see Wong (2001).

The method outlined above can also be used to compute an asymptotic
formula for τn = P (X > n). The condition that A(t) be analytic in the
entire complex plane is a very strong assumption, and implies that

P (X > n) = P (X = n+ 1) + P (X > n+ 1)
∼ P (X = n+ 1) .

That is, the (n+ 1)st term in the sum over tail probabilities dominates
the remaining terms. However, the asymptotic formula for the tail prob-
ability can be computed directly. The generating function

A1(t) = τ0 + τ1 t+ τ2 t
2 + τ3 t

3 + · · ·
can be computed from A(t) using the formula

A1(t) =
1 −A(t)

1 − t

∼ A(t)
t

as t→ ∞ .

The singularity of A1(t) at t = 1 can be removed by setting A1(1) =
E(X). Define

a1(t) = t
d

dt
ln

1 −A(t)
1 − t

∼ a(t) − 1 .

In addition,

b1(t) = t
d

dt
a1(t)

∼ b(t) .

This can be tightened up to yield

a1(t) = a(t) − 1 + o(1) (7.70)
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as t → ∞. So there exists a solution t1n to the equation a1(t1n) = n in
the interval between tn and tn+2, where

a(t1n) = a(tn+1) + o(1) , (7.71)

To prove the statements for t1n, note that asymptotically

a1(tn) − n = −1 + o(1) < 0 and
a1(tn+2) − n = 1 + o(1) > 0 .

Since a1(t) is continuous there must lie a root of the equation a1(t) = n
between tn and tn+2. Statement (7.71) follows immediately from (7.70).

Proposition 8. Suppose a nonnegative integer-valued random variable
X has probability generating function A(z) that is analytic in the entire
complex plane and Hayman admissible. Define

A1(z) =

⎧⎨
⎩

1−A(z)
1−z z �= 1

E(X) z = 1 .

Then A1(z) is analytic in the entire plane and is also Hayman admissi-
ble.

Proof. As noted above, the singularity in A1(z) at z = 1 is removable
by setting A(1) = E(X). To check Hayman admissibility, we note that
condition 1 is straightforward, and that condition 2 follows from b1(t) ∼
b(t). For condition 3, note that for θ and δ as specified for the condition
on A(z),

A1(t ei θ) ∼ A(t ei θ)
t ei θ

∼ A(t) ei θ a(t)−θ
2 b(t)/2

t ei θ

=
A(t)
t

ei θ [a(t)−1]−θ2 b(t)/2

∼ A1(t) ei θ a1(t)−θ2 b1(t)/2 .

The fourth condition also follows from elementary manipulations.

Finally, the following holds.

Proposition 9. If A1(z) is analytic in the entire complex plane, and
Hayman admissible, then

P (X > n) ∼ A1(t1n)
tn1n
√

2 π b1(t1n)
, (7.72)
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where a1(t1n) = n.

7.13 The method of Darboux

The assumption that A(t) is analytic throughout the complex plane is
necessary for Hayman’s method. Note that the saddle-point equation
a(tn) = n is solved by increasingly large values tn which correspond
to contours of increasing radius for the Cauchy residues. However, if
A(t) has singularities away from the origin, then these contours will
eventually expand to include these points in their interiors. Thus the
original formula (7.67) will cease to be valid.

Many probability generating functions have singularities. Not only is the
methodology above invalid, but the asymptotics for the probabilities πn
become qualitatively different in character. Typically, such singularities
occur when πn goes to zero at an exponential rate or slower—a common
property of many probability distributions. For such cases, the method
of Darboux can often be used to provide an asymptotic expansion of
πn. Although this method is not a saddle-point method, it is natural to
consider it here as a solution to the problem considered earlier.

Suppose X is a nonnegative integer-valued random variable with prob-
ability generating function

A(z) = π0 + π1 z + π2 z
2 + π3 z

3 + · · ·
where πn = P (X = n). In general, A(z) is analytic in the disc |z| < 1
but may have singularities outside this disc. Let us assume that there is
some point t ≥ 1 where A has a singularity, and that A(z) is analytic
strictly at all points of the disc |z| ≤ t except the point z = t. Suppose
we can write

A(z) = (1 − q z)α P (q z) (7.73)
where q = t−1 and P (z) is analytic at z = 1. In this expression, α is not
constrained to be an integer. When this is the case, we define (1 − q z)
in the region where |z| < q−1 through its principal branch. Now let
us expand the function P (z) about the point z = 1. Suppose that this
expansion has the form

P (z) = p0 + p1 (1 − z) + p2 (1 − z)2 + · · · . (7.74)

We can approximate P (z) by the polynomial Pm(z) =
∑m
j=0 pj (1− z)j.

So combining this polynomial approximation with (7.73), we can define
the mth Darboux approximant to A(z) to be

Am(z) = (1 − q z)α
m∑
j=0

pj (1 − q z)j
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=
m∑
j=0

pj (1 − q z)α+j . (7.75)

The mth Darboux approximant Am(z) is analytic in the disk where |z| <
q−1. So we can expand Am(z) about z = 0 to obtain

Am(z) =
∞∑
n=0

A
(n)
m (0)
n!

zn . (7.76)

The coefficients in (7.76) can easily be determined to be

A
(n)
m (0)
n!

= (−q)n
m∑
k=0

pk

(
α+ k

n

)
. (7.77)

See Problem 9. Then the following result can be proved.

Proposition 10. Under the regularity conditions described above,

P (X = n) = qn

[
(−1)n

m∑
k=0

pk

(
α+ k

n

)
+ o(n−α−m−1)

]
.

for all m = 0, 1, 2, · · ·.

See Wong (2001) for a proof. Note that the series displayed above is not
an asymptotic series as defined in Section 2.4 of Chapter 2. However, it
can be regarded as asymptotic in a generalised sense that the remainder
term is of asymptotic type. For example, when m = 1 and α = −1, the
equation reduces to πn = q−n [p0 + o(1)]. So when α = 1, we see that
the tail of the distribution is asymptotically equivalent to a geometric
tail. When α = −1, setting m to successively higher values, we see that
πn = q−n [p0 + o(n−m)] for all m.

7.14 Applications to common distributions

7.14.1 Poisson distribution

When X has a Poisson distribution with parameter λ, then the proba-
bility generating function A(t), and the functions a(t) and b(t) have the
form

A(t) = exp[λ (t− 1)] ,
a(t) = λ t , and
b(t) = λ t .
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The probability generating function A(t) has an analytic continuation
into the entire complex plane. We can use property 6 of Proposition 6
to verify that A(z) is Hayman admissible. The saddle-point equation
a(tn) = n is solved by tn = n/λ. It can be checked that Hayman’s
saddle-point approximation reduces to

P (X = n) ∼ λn exp(n− λ)
nn

√
2 π n

(7.78)

which is the exact formula for P (X = n) with the exception that n! has
been replaced by its Stirling approximation. The reader will recall that
a similar phenomenon occurs with Daniels’ saddle-point approximation
to the gamma distribution.

To approximate P (X > n), we determine that the generating function
for the sequence τn = P (X > n) is

A1(t) =
1 − exp[λ (t− 1)]

1 − t
,

which has an analytic extension into the entire complex plane. and is
Hayman admissible. The equation a1(t1n) = n cannot be solved in simple
closed form. It is helpful to use the asymptotic formulas

t1n =
n+ 1
λ

+O(n−1)

and

b1(t) = λ t+ o(t) .

See Problem 10. Using the asymptotic formulas

A1(t) ∼ t−1 , t1 ∼ (n+ 1)/λ , and b1(t) ∼ λ t ,

and Proposition 9, we find that

P (X > n) ∼ λn+1 e−λ√
2 π (n+ 1) (n+ 1)n+1 e−(n+1)

∼ P (X = n+ 1) ,

which should come as no surprise. Sharper results can be obtained by
using the exact formula for A1(t) and better approximations to other
quantities. See Problem 10. Once again, the last step in the approxima-
tion above is obtained from Stirling’s approximation to (n + 1)!. The
final result is in keeping with a fact that the leading term of the tail sum
is asymptotically dominant for the Poisson distribution.
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7.14.2 Binomial distribution

The right tail of a B(N, p) random variable X is asymptotically degen-
erate in the sense that P (X = n) = 0 when n > N . So it is instructive
to see what happens with Hayman’s method on this example. The ob-
servations below also hold for any nonnegative integer valued random
variable with finite support.

The probability generating function A(t) of X is a polynomial which has
an analytic extension into the entire complex plane. However, it is easy
to check that A(z) is not Hayman admissible. As t→ ∞,

A(t) ∼ pN tN , a(t) ∼ N, and b(t) → 0 .

So condition 2 of Definition 1 fails.

7.14.3 Neyman type A distribution

The Neyman type A distribution is produced by a sum of independent
identically distributed Poisson random variables, where the number of
terms in the sum is itself Poisson distributed and independent of the
sequence of terms of the sum. We can write the probability generating
function for such a distribution in the form

A(t) = exp
{
λ
[
eμ (t−1) − 1

]}
.

This can be seen to be of the form A(t) = Aλ[Aμ(t) ], where Aλ and
Aμ are Poisson probability generating functions. The parameter μ is
often called the clumping index of the distribution, as the probability
function can be multimodal, with the number of modes increasing for
larger values of μ.

The function A(z) is defined for all complex values of z, but we need to
check that A(t) is Hayman admissible.

• Using our results from Section 7.14.2, we deduce that

Aμ(z) = exp[μ (z − 1) ]

is Hayman admissible.
• Next, substituting p(z) = λ (z− 1) in property 5 of Proposition 6, we

see that
λ [ eμ (z−1) − 1 ]

is admissible.
• The admissibility of A(t) then follows from property 2 of the same

proposition.
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Expressions for a(t) and b(t) are given by

a(t) = λμ t eμ (t−1) and b(t) = a(t) (1 + μ t) .

Although a simple expression for tn is not available, the solution can be
formally as

tn =
1
μ
W

(
n eμ

λ

)

where W is the Lambert W function. In Maple, the Lambert W function
is called using the command LambertW.

Now we can write

A(t) = e−λ exp
[
a(t)
μ t

]
.

Therefore, using a(tn) = n we deduce that

A(tn) = e−λ exp
[

n

W (n eμ/λ)

]
and b(tn) = n [ 1 +W (n eμ/λ) ] .

So if X has a Neyman type A distribution, then

P (X = n) ∼ μn e−λ

[W (n eμ/λ) ]n
√

2 π n [ 1 +W (n eμ/λ) ]
exp
[

n

W (n eμ/λ)

]

as n→ ∞. In this formula, the values of W and tn increase quite slowly
in n. This is in keeping with the well-known fact that the Neyman-type
A distribution has long tails. Bounds on the rate at which tn → ∞
can be obtained from inequalities. For example, when λ = μ = 1, then
a(t) ≥ et−1 for t ≥ 1. So tn < 1 + ln n. It is left as an exercise for the
reader to show that

1 + ln n− ln (1 + ln n) ≤ tn ≤ 1 + ln n

for all values of n ≥ 1. The lower bound is a better approximation,
although neither bound is satisfactory for the purposes of asymptotics.

7.14.4 Negative binomial (Pascal) distribution

In a sequence of Bernoulli trials with success probability p, let X be the
number of trials until r successes have occurred, for r = 1, 2, . . .. If πn is
the probability that exactly n failures occur before the rth success, then

πn =
(−r
n

)
pr (p− 1)n n = 0, 1, 2, · · · .

The distribution of the number of failures is known as the negative bino-
mial or Pascal distribution. When r = 1, this reduces to πn = p (1−p)n,
which is the geometric distribution.
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The probability generating function for the negative binomial has the
form

A(z) =
(

p

1 − q z

)r
, where q = 1 − p .

This function is not analytic through the complex plane, and has a pole
at z = q−1 of order r. We can apply the method of Darboux to this
case, with α = −r and P ≡ pr. Therefore p0 = pr and pk = 0 for k ≥ 1.
Applying Proposition 10 and using q = 1 − p, we find that

πn = qn
[
(−1)n p0

(−r
n

)
+ o(n−m)

]

=
(−r
n

)
pr (p− 1)n + o(n−m)

for all m ≥ 0. In fact, the error term is zero and the approximation is
exact.

7.14.5 Return to equilibrium in a random walk

Consider a simple random walk Sn = Y1 + · · · + Yn, where S0 = 0,

Yj =
{

+1 with probability α
−1 with probability β = 1 − α ,

and Yj , j ≥ 1 are independent. We shall assume that 0 < α < 1. The
random walk Sn is said to return to equilibrium at time k if Sk = 0.
Clearly such a return to equilibrium can only occur when k is even. So
we may write k = 2n. Let πn = P (S2n = 0). The generating function
for the sequence πn is

A(t) = π0 + π1 t+ π2 t
2 + · · ·

= 1 + t P (S2 = 0) + t2 P (S4 = 0) + · · · .
The exact value of πn may be determined by a binomial probability to
be

πn = (−1)n
(− 1

2

n

)
(4αβ)n

The generating function is given in explicit form by

A(t) =
1√

1 − 4αβ t
.

See Feller (1968, p. 273). In this case, the generating function A(t) is not
a probability generating function. However, the coefficients are positive,
and the method of Darboux applies in the same way. Choosing p0 = 1,
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pk = 0 for k ≥ 1, and q = 4αβ in Proposition 10, we determine that for
all m ≥ 0,

πn = (4αβ)n
[
(−1)n

(− 1
2

n

)
+ o(nm−1/2)

]
.

Once again, the error term is seen to be zero. In both this example, and
the Pascal distribution above, the approximation is exact because the
factor P (z) is a polynomial, of degree zero in particular.

7.15 Problems

1. Prove (7.16) and (7.17).

2. In Section 7.4, the derivation of Daniels’ saddle-point approximation
required that Assumption 4 be verified. To prove this, you will need
the Riemann-Lebesgue lemma, which states that the Fourier trans-
form of an integrable function vanishes at infinity.

(a) First, argue that et0 x f(x) is an integrable function of x.
(b) Apply the Riemann-Lebesgue Lemma to the integral∫ ∞

−∞
et0 x ei s x f(x) dx

and show that M(t0 + i s) → 0 as s→ ±∞.
(c) Conclude from this fact that Assumption 4 holds.

3. The following problem relates to the derivation of formula (7.29) in
Section 7.5.3.

(a) Obtain the moment generating function and the cumulant gener-
ating function for the Gamma density G(α, λ).

(b) Derive the saddle-point approximation for the Gamma density given
in (7.29).

(c) Find the exact density for Xn when X1, . . . , Xn is a random sam-
ple from G(α, λ).

(d) Compare the true density for Xn with the saddle-point approxi-
mation above, and prove that, with the exception of the constant
of integration, the saddle-point formula is exact.

(e) Use Stirling’s approximation to show that the saddle-point approx-
imation for Xn is asymptotically equivalent to the true density for
large n.
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4. Consider an integral of the form

In(u) =
∫ u

−∞
a(x)φ(x; n−1) dx

where φ(x; n−1) is the normal density function with mean zero and
variance n−1 evaluated at x. Assume that a(x) is a smooth function
such that a(0) �= 0 and such that exp(−x2) a(x) goes to zero as x
goes to ±∞. We wish to obtain an asymptotic expression for In(u)
as n→ ∞.

(a) Show that

In(u) = a(0)Φ(
√
nu) +

∫ u

−∞
[ a(x) − a(0) ] · √nφ(

√
nx) dx ,

where φ and Φ are the standard normal density and distribution
functions, respectively.

(b) Show that for fixed u > 0,

In(u) = a(0) [1 +O(n−1)]

(c) Use integration by parts on the expression in part (a) to show that

In(u) = a(0)Φ(
√
nu) − a(u) − a(0)√

nu
φ(
√
nu) +Rn(u) ,

for suitable remainder term Rn(u). Hint: φ′ = −x · φ.

(d) Suppose in addition that we are given

In(∞) ∼ 1 as n→ ∞ .

Use these results above to obtain the formal expansion

In(u) ∼ Φ(
√
nu) +

[
1√
nu

− a(u)√
nu

]
φ(
√
nu) .

The error in the expansion on the right-hand side can be shown to
be O(n−1) uniformly in u. See Temme (1982).

5. Suppose X1, . . . , Xn is a random sample from B(N, θ). See Section
7.7.2. We consider the steps to derive the saddle-point approximation
to the probability mass function of Xn, taking values on the set of
integer multiples of n−1.

(a) Show that the cumulant generating function for B(N, θ) is

K(t) = N ln
[
1 + θ (et − 1)

]
.
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(b) Solve the equation K ′(t0) = x to obtain the saddle-point

t0 = ln
[
x (1 − θ)
(N − x) θ

]
.

(c) Derive the formula for the saddle-point approximation given in
(7.45).

6. Prove the recursion for Hermite polynomials

Hm+1(x) = xHm(x) −H ′
m(x) , (7.79)

as in equation (7.59).

7. The generating function A(x, t) of a sequence gn(x) of functions of a
real variable x can be defined in a way that is similar to the generating
function of a sequence, namely

A(x, t) = g0(x) + g1(x) t + g2(x) t2 + · · · .
Let Hm(x) denote the mth Hermite polynomial. Prove that the se-
quence Hm(x) /m! has generating function

∞∑
m=0

Hm(x)
m!

tm = exp(x t− t2/2) .

8. Let φ(x) denote the standard normal probability density function.
Prove that the Hermite polynomials satisfy the integral equation∫ x

−∞
φ(t)Hm(t) dt = −φ(x)Hm−1(x) .

9. Verify equation (7.77).

10. Complete the derivation of the saddle-point approximation for P (X >
n) when X has a Poisson distribution as in Section 7.14.1. In partic-
ular, you should check that

t1n =
n+ 1
λ

+O(n−1)

and
b1(t) = λ t+ o(t) .

as required.
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Continue the investigation of the asymptotic behaviour of P (X > n)
by improving the result given in Section 7.14.1. In particular, write

P (X > n) ∼ c(λ, n) · P (X = n+ 1)

where c(λ, n) ∼ 1. Find a formula for c(λ, n).

11. SupposeX1, . . . , Xn is a random sample from continuous distribution
on the real line with density function f(x−θ). It is required to estimate
the location parameter θ. Let us assume that the maximum likelihood
estimator θ̂n exists and is unique with probability one.

(a) Define the random vector Ω = ω(X1, . . . , Xn) by

ω(x1, x2, . . . , xn) = (ω1, ω2, . . . , ωn)

= (x1 − θ̂n, x2 − θ̂n, . . . , xn−1 − θ̂n) .

Prove that Ω is a maximal location invariant statistic. In other
words, show that any real valued function h(x1, . . . , xn) which is
invariant in the sense that

h(x1 + y, . . . , xn + y) = h(x1, . . . , xn) ∀ y, x1, . . . , xn

can be written in the form

h(x1, . . . , xn) = h1(x1 − θ̂n, . . . , xn − θ̂n)

for some function h1.
(b) Prove that the conditional density of θ̂n has the form

p(θ̂n; θ |Ω) = c(ω1, . . . , ωn) ·
n∏
j=1

f(xj − θ)

:= c(ω1, . . . , ωn) ·
n∏
j=1

f(θ̂n + ωj − θ) .

(c) Show that

Ln(θ̂n) =
n∏
j=1

f(ωj) .

(d) Prove that Barndorff-Nielsen’s formula also has the form of the
expression in part (b) above.

(e) Finally, prove that when the constant cn Barndorff-Nielsen’s p∗

formula is chosen to make the expression integrate to one, then the
p∗ formula is exact for location models.



CHAPTER 8

Summation of series

8.1 Advanced tests for series convergence

8.1.1 Comparison tests

Let us begin by restricting attention to nonnegative series (i.e., series
whose terms are all nonnegative). We remind the reader that convergence
is a tail property of a series. So the investigation of the convergence of a
series

a0 + a1 + a2 + a3 + · · ·
depends only on the properties of

am + am+1 + am+2 + am+3 + · · ·
for any positive integer m. This is particularly important for series where
some test for convergence may be applied, but the conditions of the test
only hold for terms that are sufficiently far out in the tail.

The boundedness criterion for series convergence is the following. A
nonegative series

∞∑
j=0

aj = a0 + a1 + a2 + · · ·

is convergent to some value s if and only if the partial sums

sn =
n∑
j=0

aj n ≥ 0 ,

are bounded above. That is, there is some real number u such that sn ≤ u
for all n. In this case u ≥ s, and s is the smallest such upper bound.

From this criterion, several important results can be proved, including
the comparison test. Tests of this sort can be used to reduce the problem
of convergence of one series to convergence for another.

Proposition 1. Let
∑
aj and

∑
bj be two series.

279
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1. Comparison test. Suppose that 0 ≤ aj ≤ bj for all j. If
∑
bj converges,

then aj converges.
2. Limit comparison test. Suppose that 0 < aj , bj for all j, and that

limj→∞ aj/bj = c, where 0 < c < ∞. Then
∑
bj converges if and

only if
∑
aj converges.

Proof. To prove statement 1, we use the boundedness criterion. Assume
that 0 ≤ aj ≤ bj for all j, and suppose

∑
bj converges to b. Then

the partial sums of
∑
bj are bounded above by some value u, by the

boundedness criterion. Since 0 ≤ aj ≤ bj , the partial sums of
∑
aj are

also bounded by u. So, by the boundedness criterion, the series
∑
aj

converges.

To prove statement 2, suppose
∑
bj converges, and that lim aj/bj = c.

Since the ratio aj/bj has limit c, it must eventually be less than or equal
to c+1, for sufficiently large j. Equivalently, there is some positive integer
m such that

aj ≤ (c+ 1) bj
for all j ≥ m. However,

∞∑
j=m

(c+ 1) bj = (c+ 1)
∞∑
j=m

bj .

Since the right-hand side of this equality is convergent, it follows that the
left-hand side is convergent as well. So

∑∞
j=m aj converges by statement

1 of the comparison test. From this fact, we can conclude that
∑∞

j=0 aj
also converges. The proof of the converse follows by reversing the roles
of
∑
aj and

∑
bj , and using c−1 as the limiting ratio.

8.1.2 Cauchy’s condensation theorem

Our next result is known as Cauchy’s condensation theorem.

Proposition 2. Suppose the terms of the series
∑
aj are positive and

decreasing monotonically to zero. Then
∞∑
j=0

aj = a0 + a1 + a2 + a3 + · · ·

converges if and only if
∞∑
j=0

2j a2j = a1 + 2 a2 + 4 a4 + 8 a8 + · · ·
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converges.

Proof. Since the terms of the series are monotone decreasing,

a1 + a2 + a3 + a4 + · · · = a1 + (a2 + a3) + (a4 + a5 + a6 + a7) + · · ·
≤ a1 + (a2 + a2) + (a4 + a4 + a4 + a4) + · · ·
= a1 + 2 a2 + 4 a4 + · · · . (8.1)

where the inequality is understood to be a term-by-term comparison
between the series. Furthermore,

a1 + a2 + a3 + a4 + · · · = a1 + a2 + (a3 + a4) + (a5 + a6 + a7 + a8)
≥ a1 + a2 + 2 a4 + 4 a8 + · · ·
= a1 +

1
2

(2 a2 + 4 a4 + 8 a8 + · · ·) . (8.2)

In inequality (8.1), we apply the comparison test from Proposition 1.
If the right-hand side converges, then the left-hand side converges. In
the second inequality of (8.2) we apply the comparison test around the
other way. We conclude that if the left-hand side converges, then the
right-hand side must converge.

Note that it really does not matter whether the original series
∑
aj

starts at j = 0 or j = 1.

8.1.3 Bertrand’s series

The Cauchy condensation theorem provides a powerful tool for checking
the convergence of series. The following example illustrates its use.

Consider the series
∞∑
j=2

1
jp (ln j)q

=
1

2p (ln 2)q
+

1
3p (ln 3)q

+
1

4p (ln 4)q
+ · · · , (8.3)

where p, q ≥ 0.∗ The series given in (8.3) is known as Bertrand’s series,
and the case ∞∑

j=1

1
jp

= 1 +
1
2p

+
1
3p

+
1
4p

+ · · · , (8.4)

∗ Clearly for some values of p and q, the series can start at j = 1. To apply Cauchy
condensation to this series, we can start the series at j = 1 or j = 0 with some
arbitrarily assigned terms which make the sequence of terms positive and decreas-
ing.
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where q = 0 (and j starts at one) is called a p-series. By the Cauchy
condensation theorem, the convergence of Bertrand’s series is equivalent
to that of ∞∑

j=3

2j

2j p (ln 2j)q
= (ln 2)−q

∞∑
j=3

1
jq 2j (p−1)

. (8.5)

Suppose p > 1. Using the comparison test from Proposition 1, we can
compare the “condensed” series in (8.5) to a geometric series

∑
2−j (p−1)

to see that (8.5) converges in this case. On the other hand, when p < 1,
the terms of the condensed series (8.5) go to infinity. Thus the series
does not converge.

The case p = 1 is left for consideration. For this case, our condensed
series (8.5) has the form

∑
j−q, if we ignore the factor (ln 2)−q which

does not influence convergence. This is a p-series, which we could have
obtained by assigning p′ = q and q′ = 0 in (8.3). So we have already
seen that this converges when q > 1, and diverges when q < 1. The
case p = 1 and q = 1 is the only case left to consider. When p = 1 and
q = 1, the condensed series has the form p′ = 1 and q′ = 0. Applying
the Cauchy condensation yet again we see that the convergence of this
series is equivalent to p′′ = 0 and q′′ = 0, which is divergent.

Summarising, we see that our original series converges if p > 1, or if
both p = 1 and q > 1. Otherwise the series diverges.

8.1.4 The family of Kummer tests

By a Kummer test for convergence, we shall mean a test of the following
type. Let b0, b1, b2, . . . be a sequence of positive constants. For any given
series

∑
aj whose terms are positive, let

ρ(j) = bj
aj
aj+1

− bj+1 (8.6)

and let
ρ = lim

j→∞
ρ(j)

provided this limit exists. If ρ > 0, we conclude that the series
∑
aj

converges. If ρ < 0, we conclude that the series diverges. If ρ = 0, the
test reaches no conclusion. In particular, the following choices for the
sequence bj , j ≥ 0 are popular:

• bj = 1, which is the ratio test;
• bj = j, which is Raabe’s test;
• bj = j ln j, which is Bertrand’s test.
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Proposition 3. Suppose lim inf j→∞ ρ(j) > 0 . Then the series
∑
aj

converges.

Proof. Suppose that lim infj→∞ ρ(j) > 0. Then there exists a real num-
ber c > 0, and a positive integer n such that

bj
aj
aj+1

− bj+1 ≥ c (8.7)

whenever j ≥ n. This is equivalent to the statement that aj bj−aj+1 bj+1 ≥
c aj+1 for all j ≥ n. Summing both sides of this inequality over j, we get

n+m−1∑
j=n

(aj bj − aj+1 bj+1) ≥ c
n+m−1∑
j=n

aj+1 . (8.8)

The summation on the left-hand side telescopes. So the inequality re-
duces to

an bn − an+m−1 bn+m−1 ≥ c
n+m−1∑
j=n

aj+1 = c (sn+m − sn) . (8.9)

In addition, we have

an bn ≥ an bn − an+m−1 bn+m−1 .

Combining this last inequality with (8.9), we get

sn+m − sn ≤ c−1 an bn .

But this inequality can be written in the form

sn+m ≤ sn + c−1 an bn , for all m. (8.10)

Since the right-hand side of (8.10) does not involve m, we see that the
partial sums sn+m are bounded above. By the boundedness criterion for
convergence, the series

∑
aj converges.

Proposition 4. Suppose that lim supj→∞ ρ(j) < 0. Suppose additionally
that the series

∑
b−1
j diverges. Then the series

∑
aj diverges.

Proof. Since lim sup ρ(j) < 0, there must exist a positive integer n such
that ρ(j) ≤ 0 for all j ≥ n. This is equivalent to the statement

an bn ≤ an+1 bn+1 ≤ an+2 bn+2 ≤ · · · .
So aj ≥ (an bn) b−1

j for all j ≥ n. We sum over all j such that j ≥ n.
Since

∑
b−1
j diverges, we can use the comparison test of Proposition 1

to conclude that
∑
aj diverges.
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Proposition 5. The ratio test, Raabe’s test and Bertrand’s test satisfy
the conclusions of Propositions 3 and 4:

• If lim inf ρ(j) > 0, then
∑
aj converges.

• If lim sup ρ(j) < 0, then
∑
aj diverges.

Proof. It is sufficient to check that
∑
b−1
j diverges for each test, as the

other assumptions are easily verified. For the ratio test, bj = 1, and the
divergence is immediate. For Raabe’s test, bj = j. Thus

∑
b−1
j is an

harmonic series–a special case of Bertrand’s series with p = 1 and = 0.
The divergence follows from the arguments given above for Bertrand’s
series. For Bertrand’s test, with bj = jm ln j, the divergence also follows
from a special case of Bertrand’s series, with p = 1 and q = 1.

Henceforth, we will let ρ1(j), ρ2(j) and ρ3(j) denote the values of ρ(j)
for the ratio test, Raabe’s test, and Bertrand’s test, respectively.

The ratio test is certainly the best known of these convergence tests,
and needs little introduction here. It is usually the primary tool for the
investigation of convergence. Although it is easy to implement, it is often
inconclusive. For example, the p-series

1 +
1
2p

+
1
3p

+
1
4p

+ · · ·
converges for p > 1 and diverges for p ≤ 1. Unfortunately, this cannot
be determined by the ratio test because lim ρ1(j) = 0 for all p. Raabe’s
test, using ρ2(j) can be regarded as a refinement of the ratio test, for
those cases where lim ρ1(j) = 0. Applying Raabe’s test, for example, to
the p-series above, we find that

ρ2(j) = j
j−p

(j + 1)−p
− (j + 1)

= (j + 1)

[(
1 +

1
j

)p−1

− 1

]
.

Thus lim ρ2(j) = p − 1. This is much more satisfactory, because it tells
us that

∑
j−p converges whenever p > 1, and diverges when p < 1.

Unfortunately, Raabe’s test is inconclusive for p = 1. To decide this case,
we can apply Bertrand’s test. Problem 1 asks the reader to show that
the harmonic series–the p-series with p = 1–diverges using Bertrand’s
test.

Of course, in order to use Raabe’s and Bertrand’s tests here, we must al-
ready know the convergence properties of p-series, as these facts are built
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into Proposition 5. In fact, all three of the tests discussed in Proposition
5 are rather cleverly constructed forms of the limit comparison test. For
example, the ratio test is really a limit comparison test of a series with
a geometric series. Similarly, Raabe’s test is a limit comparison with a
p-series, and Bertrand’s test is a limit comparison with Bertrand’s series.
Recognising this, we can make arbitrarily sharp tests, beyond Bertrand’s
test, by constructing series

∑
b−1
j which diverge, but just barely. Beyond

a certain point, the exercise becomes contrived. Unfortunately, there is
no “slowest” diverging series. So we cannot expect any single Kummer
test to be the last word on the issue of series convergence.

Bertrand’s test is sharper than Raabe’s test, and Raabe’s test is sharper
than the ratio test. Furthermore, these tests can be made even more
powerful with Cauchy’s condensation theorem. Nevertheless, the ratio
test is not made obsolete by Raabe’s test, nor Raabe’s test by Bertrand’s
test. In most cases, it is best to use the simplest test first before trying
a more complicated test. If we use a delicate test too quickly, we may
miss the big picture about convergence. We are not only interested in
convergence per se, but also in the rate at which convergence occurs.
Thus it is best to look for “main effects” in convergence before studying
more delicate issues.

8.2 Convergence of random series

Random series often have a different character from deterministic series.
Nevertheless, it is possible to reduce convergence problems involving
some random series to the study of moments. A useful result in this
respect is the next proposition.

Proposition 6. Let Xj , j ≥ 0 be an infinite sequence of independent
random variables. Then the following statements are equivalent.

1. The series
∑
Xj converges in probability.

2. The series
∑
Xj converges with probability one.

The proof of this result can be found in many textbooks in probability,
including Breiman (1968, Section 3.4). See also Durrett (1996, Section
1.8). This proposition asserts that for sums of independent random vari-
ables, a form of weak convergence, namely convergence in probability,
is equivalent to a form of strong convergence, namely convergence al-
most surely. Weak convergence is often easier to prove because it can
be obtained using moment conditions and Chebyshev’s inequality. For
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example, an immediate application of this proposition is through the
following corollary.

Proposition 7. Suppose Xj , j ≥ 0 is a sequence of independent random
variables, with respective means and variances μj and σ2

j . Suppose also
that the series

∑
μj and

∑
σ2
j converge to μ and σ2, respectively. Then

there is some random variable X with mean μ and variance σ2 such that

P

⎛
⎝ ∞∑
j=0

Xj = X

⎞
⎠ = 1 .

Proof. This follows from Proposition 6 and standard convergence results
for random variables. It can be checked that the sequence of partial sums

Sn =
n∑
j=0

Xj

is Cauchy in mean square (that is, in L2). So there is some X such that
Sn → X in mean square. Convergence of Sn to X in mean square to X
implies that Sn converges in probability to X . Applying Proposition 6,
we can conclude that Sn → X with probability one. Convergence of Sn
to X in mean square also implies that

E(Sn) =
n∑
j=0

μj → E(X) , Var(Sn) =
n∑
j=0

σ2
j → Var(X) .

The required conclusion follows.

For sums of dependent random variables the convergence results are not
as straightforward, but can be obtained using tools such as the martin-
gale convergence theorem. See Breiman (1968, Section 5.4).

8.3 Applications in probability and statistics

8.3.1 Fluctuations of random variables

Our first example studies the fluctuations in a sequence of random vari-
ables. Suppose that X0, X1, X2, . . . form a sequence of independent
N (0, 1) random variables, and c0, c1, c2, . . . is a sequence of positive
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constants. How does the sequence Xj/cj, j ≥ 0 behave as j → ∞?
Clearly, if cj → ∞ sufficiently quickly, then

lim
j→∞

Xj

cj
= 0 .

On the other hand, if cj = c for all j, then Xj/cj is an unbounded
sequence that fluctuates between −∞ and ∞. That is,

lim sup
j→∞

|Xj |
cj

= +∞ .

Where is the cutoff point between these two types of behaviour?

Suppose ε > 0 is arbitrary. Let us call a value of j for which

|Xj |
cj

> ε

an ε-fluctuation. Thus we may refine our question by asking how many
ε-fluctuations should we expect as j → ∞? In particular, will the number
of such fluctuations be finite or infinite? The Borel-Cantelli Lemma† is
the essential tool for answering this question. Applying this lemma, we
see that

P (|Xj | > ε cj infinitely often) =

⎧⎨
⎩

1 if
∑
P (|Xj| > εcj) diverges ;

0 if
∑
P (|Xj| > εcj) converges .

Thus the Borel-Cantelli lemma reduces the problem to the determining
the convergence or divergence of a series. When the constants cj , j ≥
0 are bounded, the number of ε- fluctuations in the sequence will be
infinite. So let us restrict attention to the case where cj → ∞. As x→ ∞,
we have

P (X > x) ∼ φ(x)
x

,

from Section 2.4.2. Thus

P (|Xj | > ε cj) ∼ 2 ε−1 c−1
j φ(ε cj) , (8.11)

as n→ ∞. So, using the limit comparison test of Proposition 1, it suffices
to check the convergence of the series

∞∑
j=0

φ(ε cj)
cj

=
∞∑
j=0

1
cj

√
2 π

exp

(
− ε

2 c2j
2

)
. (8.12)

† Readers can refer to Breiman (1968) or to Billingsley (1995) for an explanation
and proof of the Borel-Cantelli lemma.
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Suppose we let cj =
√

ln j. Then
∞∑
j=3

1
cj

√
2 π

exp

(
− ε

2 c2j
2

)
=

1√
2 π

∞∑
j=3

1
jδ

√
ln j

, (8.13)

where δ = ε2/2. The series on the right-hand side can be recognised as
a special case of Bertrand’s series with p = δ and q = 1/2. In Section
8.1.3, we found that the series on the right-hand side converges when
δ > 1 and diverges when δ ≤ 1. So by the Borel-Cantelli lemma

P

( |Xj |√
ln j

> ε infinitely often
)

=

⎧⎨
⎩

1 when 0 ≤ ε ≤ √
2 ;

0 when
√

2 < ε .

This is equivalent to

P

(
lim sup
j→∞

|Xj |√
2 ln j

= 1
)
, (8.14)

which is a sharp answer.

8.3.2 Law of the iterated logarithm

Our next example illustrates the relationship between series convergence
and one of the most famous achievements in probability theory, namely
the law of the iterated logarithm (LIL). The LIL can be approached
by considering the “boundary” between two other celebrated results in
probability: the law of large numbers (LLN) and the central limit the-
orem (CLT). Let Xj , j ≥ 1 be independent and identically distributed
random variables with mean zero and variance one. Let aj , j ≥ 1 be an
increasing sequence of positive constants. What happens to

X1 +X2 +X3 + · · · +Xn

an

as n→ ∞? From the LLN, we know that

lim
n→∞

|X1 +X2 + · · · +Xn|
n

= 0 (8.15)

with probability one. From the CLT, we can prove that

lim sup
n→∞

|X1 +X2 + · · · +Xn|√
n

= +∞ , (8.16)

also with probability one. So it is natural to seek the boundary between
these two types of behaviours. The celebrated answer to this question is
the LIL, due to Khintchine (1924) and Kolmogorov (1929), who found



APPLICATIONS IN PROBABILITY AND STATISTICS 289

that

lim sup
n→∞

|X1 +X2 + · · · +Xn|√
2n ln ln n

= 1 (8.17)

with probability one. This result is superficially similar to that in our
previous example. The factor

√
n in the denominator stabilises the vari-

ance of the sum. The important difference between the right-hand sides
in (8.14) and (8.17) is that

√
ln n has been replaced by

√
ln ln n. This is

in keeping with the fact that the partial sums are not independent, and
do not fluctuate as erratically as independent normal random variables.

It was Feller who found the precise relationship between the fluctuations
of the partial sums and the convergence of series. He showed that when
an is an increasing sequence, we have

P (|X1 +X2 + · · · +Xn| > an infinitely often) =

⎧⎨
⎩

1

0
(8.18)

as
∞∑
n=1

an
n
√
n

exp
(
− a2

n

2n

)⎧⎨
⎩

= ∞

<∞
(8.19)

respectively. So if we choose

an = (1 ± ε)
√

2n ln ln n ,

in (8.18), then the convergence of series (8.19) is equivalent to the con-
vergence of ∑ 1

n (ln n)(1±ε)2 (ln ln n)1/2
.

If we apply Cauchy condensation to this series, we see that the conver-
gence is equivalent to the series

∑ 1
n(1±ε)2 (ln n)1/2

.

Once again, this is Bertrand’s series, with p = (1± ε)2 and q = 1/2. For
0 < ε < 1, this converges when p = 1 + ε and diverges when p = 1 − ε.
This is precisely the LIL, seen as a special case of Feller’s result.

8.3.3 Estimation for nonhomogeneous Poisson variates

Consider a sequence Xj , j ≥ 1 of independent Poisson random variables,
where the j random variable has mean λαj , where αj > 0 for all j. We
shall assume that the parameters αj are given, and that we wish to
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estimate λ. The maximum likelihood estimator for λ based upon the
first n variates is

λ̂n =

∑n
j=1Xj∑n
j=1 αj

which is a minimum variance unbiased estimator for λ. Let us consider
the conditions under which λ̂n estimates λ consistently as n → ∞. For
this particular model, the consistency of λ̂n is equivalent to the condition
that Var(λ̂n) goes to zero as n→ ∞. It is easily checked that

λ̂n is

⎧⎨
⎩

consistent if
∑
αj diverges

inconsistent if
∑
αj converges .

(8.20)

The convergence of
∑
αj controls more than the consistency of λ̂n. In

fact, if
∑
αj converges, then there is no consistent estimator of λ at all.

To prove this, note that when
∑
αj converges, so does

∞∑
j=1

Var(Xj) =
∞∑
j=1

(λαj) .

By Proposition 7 it follows that
∑
Xj converges. Suppose we set

X =
∞∑
j=1

Xj .

Since the terms of this sum—Poisson random variables—are integers, it
follows that all but finitely many terms are zero. It can be checked that
X is a Poisson random variable with mean

E(X) = λ

∞∑
j=1

αj .

Note that X is a sufficient statistic for λ in the model for the full data set
X1, X2, · · ·. To see this, we can observe that the conditional distribution
of the infinite vector

P
(
Xj = xj , ∀ j

∣∣∣ ∑Xj =
∑

xj

)
=

(∑∞
j=1 xj

)
!∏∞

j=1 xj !

∞∏
k=1

(
αk∑∞
j=1 αj

)xk

is functionally independent of λ. Note that the infinite products in this
expression involve only finitely many factors which differ from one. Since
X is sufficient for λ, it follows that any consistent sequence of estimators
for λ can be chosen to be functions of X . However, this is impossible,
since X has a nondegenerate Poisson distribution.

The other case to be considered is where
∑
αj diverges. In this case, λ̂n
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is consistent as an estimator of λ. Inferences about λ are typically made
using the statistic √√√√ ∞∑

j=1

αj

(
λ̂n − λ

)

which is asymptotically N (0, λ) as n→ ∞.

8.4 Euler-Maclaurin sum formula

In the case of a convergent series
∑
aj summing to s, it is often useful

to obtain a generalised asymptotic series for the tail of the series of the
form

sn − s ∼ ϕ1(n) + ϕ2(n) + ϕ3(n) + · · · , as n→ ∞ , (8.21)

where ϕk+1 = o(ϕk) for all k. Special cases that might arise in practice
include the following.

• Cases where the tail of the series goes slowly to zero at roughly the
same rate as a p-series. For example, we may be able to write

sn − s ∼ b1
np

+
b2
np+1

+
b3
np+2

+ · · · , as n→ ∞ .

• Cases where the tail of the series goes to zero at roughly the rate of
a geometric series. Here, we may have expansions of the form

sn − s ∼ c1 ρ
n
1 + c2 ρ

n
2 + c3 ρ

n
3 + · · · , as n→ ∞ ,

where 1 > ρ1 > ρ2 > · · · > 0.

Such examples are not exhaustive, of course. In practice, the generalised
asymptotic expansion for sn− s may be quite different from these cases.

A basic tool for constructing such asymptotic expansions in n is the
Euler-Maclaurin summation formula. While our main applications for
this formula will be to slowly converging series, the formula will also
be valid for diverging series as well. Suppose there is some infinitely
differentiable function f(x) such that aj = f(j), so that

sn = f(1) + f(2) + · · · + f(n) ..

Let m be some fixed positive integer. The Euler-Maclaurin formula for
sn has the form

sn =
∫ n

1

f(x) dx + c+
1
2
f(n) +

B2

2!
f ′(n) +

B4

4!
f ′′′(n) + · · ·

+
B2m

(2m)!
f (2m−1)(n) +O

(∫ ∞

n

∣∣∣f (2m)(x)
∣∣∣ dx
)
, (8.22)



292 SUMMATION OF SERIES

Leonhard Euler (1707–1783)

One of the most prolific mathematicians of all time. Among contri-
butions too numerous to mention, Leonhard Euler pioneered many
modern tools for series summation.

“Concerning the summation of very slowly converging se-
ries, in the past year I have lectured to our Academy on
a special method of which I have given the sums of very
many series sufficiently accurately and with very little ef-
fort.”

“I have very little desire for anything to be detracted from
the fame of the celebrated Mr Maclaurin since he probably
came upon the same theorem for summing series before
me, and consequently deserves to be named as its first
discoverer.”

Leonhard Euler to James Stirling written between 1736
and 1738. See H. Loeffel, Leonhard Euler (1707-1783),
Mitt. Verein. Schweiz. Versicherungsmath. 1, 1984, pp. 19–
32.
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k Bk B∗
k k Bk B∗

k

0 1 6 1
42

691
2730

1 − 1
2

1
6 7 0 7

6

2 1
6

1
30 8 − 1

30
3617
510

3 0 1
42 9 0 43867

798

4 − 1
30

1
30 10 5

66
174611

330

5 0 5
66

Table 8.1 The first few Bernoulli numbers represented in both the older (Whit-
taker and Watson) and more recent (Ibramowitz and Stegun) notations

as n→ ∞. In (8.22), c is some suitable constant which does not depend
upon the value of n. Here, the constants B1, B2, and so on, are the
respective Bernoulli numbers using the Ibramowitz and Stegun notation.
The values of the Bernoulli numbers Bk of low order are given in the
displayed table, along with the values according to the Whittaker and
Watson notation B∗

k which we used in Chapter 2.‡

The Euler-Maclaurin formula works very effectively when f(x) is a poly-
nomial. In this case, the derivatives f (2m(x) vanish for sufficiently large
m, and the order remainder term is zero. For example, we can employ
the formula to produce the standard sum formulas for the powers of the
integers. To obtain the usual formula for the sum of the first n positive
integers, we set f(x) = x for all x. It is easily checked that (8.22) reduces
to

1 + 2 + · · · + n =
n (n+ 1)

2
.

In a similar way, we can set f(x) = x2. Then (8.22) becomes

12 + 22 + 32 + · · · + n2 =
n (n+ 1) (2n+ 1)

6
.

See Problem 8. The Euler-Maclaurin formula is also particularly use-
ful for series which slowly converge or slowly diverge. In terms of the
function f(x), a natural property for this is

f (2k+1)(x) = o
[
f (2k−1)(x)

]
as x→ ∞ ,

‡ See the comments footnoted to Problem 20 of Chapter 2.
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which ensures that the formula is a generalised asymptotic series as in
(8.21), and that the remainder order term is insignificant for large n.

In Maple, the Euler-Maclaurin formula can be invoked by an expression
of the form

> eulermac(a(j), j = 1..n)

which provides the Euler-Maclaurin expansion of sn = a(1)+ · · ·+ a(n).
For example, the command

> eulermac(j, j = 1..n)

produces the output
1
2
n2 +

1
2
n

which is the standard summation formula for the arithmetic series. A
slowly diverging series such as

∑
j−1 can be obtained from

> assume(n, posint)

> eulermac
(

1
j , j = 1..n

)

yielding an expression that reduces to

ln n+ γ +
1

2n
+

1
12n2

+
1

120n4
+

1
252n6

+O

(
1
n8

)
. (8.23)

Here, γ = 0.577 . . . is Euler’s constant. If the assume command is omit-
ted, then the integral expression in the Euler-Maclaurin formula is left
unevaluated, because Maple will otherwise allow for the contingency that
n is negative or complex. This Euler-Maclaurin formula for this slowly
diverging harmonic series can be compared with a slowly converging
series such as

∑
j−2. Invoking the commands

> assume(n, posint)

> eulermac

(
1
j2
, j = 1..n

)

upon simplification results in

π2

6
− 1
n

+
1

2n2
+

1
6n3

+
1

30n5
+

1
42n7

+O

(
1
n9

)
. (8.24)

The constant π2/6 is the constant c in (8.22) for this particular series.
Here, c cannot be obtained by an evaluation of the series for small n, as
above. To find this constant, the full infinite series must be evaluated. It
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was Euler who first managed to sum this infinite series by means of an
algebraic trick that factors a Taylor series as if it were a polynomial.§

While the Euler-Maclaurin formula is a powerful tool for evaluating the
asymptotic form of a series, it is not a panacea for the evaluation of se-
ries. As we saw above in formula (8.22), there is an unknown constant
c which must be determined. Unfortunately, the determination of this
constant may be formally equivalent to the evaluation of the series. Nev-
ertheless, the Euler-Maclaurin formula often gives us insights into the
asymptotic nature–if not the asymptotic value–of the tail of a slowly
converging series. This is particularly useful when we turn to the prob-
lem of extrapolating the partial sums of a slowly converging series to
accelerate convergence.

8.5 Applications of the Euler-Maclaurin formula

8.5.1 Distributions of records

Suppose X1, X2, . . . , Xn is a random sample from some continuous dis-
tribution with support on the positive real numbers. A random variable
Xj is said to be a record at time j if

Xj > max(X1, X2, . . . , Xj−1) .

In other words, Xj is a record if it is the largest random variable up to
time j. What can we say about the distribution of Xn?

Let Ij = 1 if Xj is a record, and set Ij = 0 otherwise. Also, for each j,
let Rj denote the event that Ij = 1, so that P (Rj) = E(Ij). Then the
number of records up to time n is

Tn = I1 + · · · + In .

Since the rank of Xj among the variates X1, X2, . . .Xj is independent of

§ Euler wrote the function x−1 sinx in two forms, namely

sinx

x
= 1 − x2

3!
+

x4

5!
− · · ·

which is its Taylor series about zero, and

sin x

x
=

(
1 − x2

π2

) (
1 − x2

4 π2

) (
1 − x2

9 π2

)
· · · .

The second representation was based on the mathematical fiction that x−1 sinx
is a polynomial of infinite degree with roots ±π, ±(2 π), ±(3 π), and so on. When
the second expression is expanded in x and the coefficients of the two series in x2

are equated the formula emerges (and much more).
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the rankings of X1, . . . , Xj−1, it follows that Ij , j ≥ 1 are independent
random variables. In addition, the event Rj occurs if Xj is greater than
any X1, Xj−1, which has probability j−1. Therefore,

E(Tn) = 1+
1
2

+· · ·+ 1
n
, Var(Tn) = 1+

1
2

(
1 − 1

2

)
+· · ·+ 1

n

(
1 − 1

n

)
.

Asymptotic expressions for the mean and variance of Tn can be obtained
from the Euler-Maclaurin formulas derived in (8.23) and (8.24), yielding

E(Tn) ∼ ln n+ γ +
1

2n
+

1
12n2

+
1

120n4
+

1
252n6

+ · · · ,
and

Var(Tn) ∼ ln n+
(
γ − π2

6

)
+

3
2n

− 5
12n2

− 1
6n3

+
1

120n4
− 1

30n5
+· · · .

To find the limiting form for the distribution of Tn, we need to stan-
dardise Tn as

T ∗
n =

Tn − E(Tn)√
Var(Tn)

∼ Tn − (ln n+ γ)√
ln n+ γ − π2

6

.

Then T ∗
n is asymptotically N (0, 1) as n→ ∞.

A more satisfying approximation might be a Poisson approximation or
binomial approximation. For example, let Un be a Poisson random vari-
able with mean λn = E(Tn). Then the distribution of Un approximates
Tn for large n. Alternatively, for relatively small values of n, a binomial
random variable with matched mean and variance can be used.

8.5.2 Expectations of record values

The calculations of the previous example can be extended in the fol-
lowing way. Again, suppose that X1, X2, . . . are independent positive
random variables with some common continuous distribution. Define

Mj = max(X1, X2, . . . , Xj) for j ≥ 1 .

In addition, define

μ1 = E(M1) , μj = E(Mj −Mj−1 | Mj > Mj−1) for j ≥ 2 .

As above, we have P (Mj > Mj−1) = j−1. Therefore, we may write

E(Mn) = μ1 +
μ2

2
+
μ3

3
+ · · · + μn

n
. (8.25)
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Now suppose that the random variables Xj have a common exponential
distribution with mean μ. A straightforward consequence of the memo-
ryless property of exponential random variables is that μj = μ for all j.
So for this case,

E(Mn) = μ

(
1 +

1
2

+
1
3

+ · · · + 1
n

)

∼ μ

(
ln n+ γ +

1
2n

+ · · ·
)
.

8.6 Accelerating series convergence

8.6.1 Introduction

Some of the series that we have considered earlier converge slowly. In such
cases, it is hard to determine the sum of a series by simply calculating a
partial sum. It is not unusual to have to sum thousands of terms before
the partial sums get close to the sum of the infinite series for practical
purposes. While this is well within the range of modern computing, we
often encounter numerical problems with series after summing a large
number of terms. For example, the terms themselves may be of much
smaller magnitude than the tail of the series, leading to a problem of
underflow in the calculations. Even when the computer can handle the
summation, it may be necessary to calculate the sum of the series many
times over. This arises in computing the values of a function which is
determined by a series expansion.

Can we do better than to simply evaluate a partial sum of the series
in such cases? If the terms of the series are completely arbitrary in
form, it is doubtful whether we can do much better. This exploits the
only truly general property of a convergent series–namely that its tail is
asymptotically negligible–by replacing this tail by zero. However, most
series that we encounter in practice have considerable regularity in their
terms. For example, we can often determine the rate at which the n-th
term goes to zero as n goes to infinity. By a series acceleration method,
we shall mean a transformation taking certain series

a1 + a2 + a3 + a4 + · · ·
to some other series

a′1 + a′2 + a′3 + a′4 + · · ·
where the primed series is chosen
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• to have a sum which equals or approximates the sum of the unprimed
series, and

• has partial sums which converge at a faster order than the partial
sums of the unprimed series.

We can observe that this is possible in a number of simple ways. For
example, consider the two series

1 − 1
2

+
1
3
− 1

4
+ · · ·

and
1

1 × 2
+

1
3 × 4

+
1

5 × 6
+ · · · .

The first series is a standard expansion for ln 2 as an alternating series.
The second series is a transformation of the first series by grouping
paired differences in the first series. While this standard “acceleration”
of the original alternating series has made the errors smaller, it has not
improved the rate at which the errors go to zero as a function of n.

The methods that we shall consider below will take us considerably be-
yond this simple type of acceleration: we shall be considering methods
that improve the order of the error. Of course, there is no free lunch.
Any method that works well on a regularly varying series may fail if
applied in an inappropriate context. Indeed, for some series, our acceler-
ation methods may introduce some unpredictability into the behaviour
of the partial sums. We shall examine some of these issues below.

8.6.2 Kummer acceleration

Consider two series ∑
aj ,

∑
bj

whose terms are all positive, and having the property that

lim
j→∞

aj
bj

= 1 . (8.26)

We already know from the limit comparison test that the two series must
converge or diverge together. In a sense, the two series must converge at
roughly the same rate.

However, it may happen that one series, say
∑
bj, is easy to sum whereas∑

aj is difficult. Let us write
∞∑
j=1

aj = s+
∞∑
j=1

(aj − bj) ,
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where s =
∑
bj. From the limit condition in (8.26), we see that the series∑

(aj − bj) has terms of smaller order than the terms of
∑
aj for large

j. So we may reasonably hope that it converges faster.

As an example, we may take

aj =
1
j2
, bj =

1
j (j + 1)

.

The first is a p-series with p = 2. The second has similar convergence
properties, but can be summed using partial fractions. The sum of this
particular p-series

1 +
1
22

+
1
32

+
1
42

+ · · · =
π2

6
is the famous discovery due to Leonhard Euler, which we encountered
earlier in formula (8.24). First note that

s =
∞∑
j=1

1
j (j + 1)

=
∞∑
j=1

(
1
j
− 1
j + 1

)

= 1 ,

using the telescoping series property to obtain the answer in the final
step. Thus

∞∑
j=1

1
j2

= 1 +
∞∑
j=1

[
1
j2

− 1
j (j + 1)

]

= 1 +
∞∑
j=1

1
j2 (j + 1)

.

This new series is the Kummer accelerated version of the original p-series.

Of course, there is nothing to stop us from applying this method again.
Let us set

a′j =
1

j2 (j + 1)
, b′j =

1
j (j + 1) (j + 2)

where now

s′ =
∞∑
j=1

1
j (j + 1) (j + 2)

=
∞∑
j=1

[
1
2 j

− 1
j + 1

+
1

2 (j + 2)

]
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=
1
4
,

again using the telescoping property. Thus
∞∑
j=1

1
j2

= 1 +
1
4

+
∞∑
j=1

(
a′j − b′j

)

= 1 +
1
4

+
∞∑
j=1

2
j2 (j + 1) (j + 2)

.

In general, we can show that
∞∑
k=1

1
k (k + 1) (k + 2) · · · (k + n)

=
1

n2 (n− 1)!
. (8.27)

The proof of this is left as Problem 12 at the end of the chapter. There-
fore, the application of Kummer acceleration n times to the original
series lead us to the formula

∞∑
j=1

1
j2

=
n∑
j=1

1
j2

+ n!
∞∑
j=1

1
j2 (j + 1) · · · (j + n)

. (8.28)

Again, see Problem 12.

8.6.3 Aitken acceleration

The key idea behind many forms of series acceleration is that it may
be possible to determine the rate of convergence of a series even if the
series sum is hard to compute. For example, suppose the following limit
exists, namely

ρ = lim
n→∞

s− sn+1

s− sn
, (8.29)

where s is the sum of the series
∑
an whose partial sums are sn. We say

that the series convergence is

• logarithmic if |ρ| = 1,
• linear if 0 < |ρ| < 1, and
• hyperlinear if ρ = 0.

For example, a convergent geometric series displays linear¶ convergence,
while a convergent p-series is logarithmic. Series whose convergence is

¶ The term “linear” may seem odd. However, it is motivated by the idea that when a
series converges linearly, then the number of initial decimal places in s− sn which
are all zero increases at an approximate linear rate.
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hyperlinear, such as Taylor series for the exponential function, often con-
verge too fast for acceleration methods to be practically useful. However,
logarithmic convergence often requires acceleration of the partial sums
before the sum can be computed in practice.

The concept of linear convergence of series is the starting point for our
next method, known as Aitken acceleration or Aitken’s δ2-method. For
such series, we may suppose that

sk ≈ s− α ρk, for k = n− 1, n, n+ 1, say, (8.30)

using some appropriate values of α and ρ. If this approximation holds
for sufficiently large n, then we might naturally try to “solve” for s in
terms of sn−1, sn and sn−1. Doing so, we obtain the approximation

s ≈ sn−1 − (sn − sn−1)
2

sn+1 − 2 sn + sn−1
(8.31)

=
sn−1 sn+1 − s2n

sn+1 − 2 sn + sn−1
. (8.32)

This approximation shows that we can accelerate linearly converging
series by replacing the sequence of partial sums

s1, s2, s3, s4, · · ·
with the sequence

s′2, s
′
3, s

′
4, · · · .

where

s′n =
sn−1 sn+1 − s2n

sn+1 − 2 sn + sn−1
. (8.33)

This is Aitken’s δ2 transformation. See Aitken (1926). Having applied
this transformation once, there is nothing to stop us from applying it
again. We can define

s′′n =
s′n−1 s

′
n+1 − (s′n)

2

s′n+1 − 2 s′n + s′n−1

(8.34)

and so on. Repeated applications of Aitken’s δ2 transformation produce
a pyramid of values starting with any initial sequence of partial sums.
For example, starting with an initial sequence of seven partial sums, we
get

s1
s2 s′2
s3 s′3 s′′3
s4 s′4 s′′4 s′′′4

s5 s′5 s′′5
s6 s′6
s7
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In this pyramid, we may regard s′′′4 as the final extrapolation of the
initial sequence of seven partial sums.

Note that the partial sums at the base of this pyramid–the leftmost
column–do no need to be consecutive. It is sufficient that the indices of
the partial sums form an arithmetic sequence. This observation is par-
ticularly useful when summing series whose terms involve combinatorial
expressions, such as the following example. In these cases, it may be the
case that consecutive partial sums vary in a way that is not regular or
smooth. Using more widely spaced partial sums may help restore enough
smoothness to the sequence to improve the extrapolation.

The one-step Aitken δ2 method, which transforms sn to s′n, is moti-
vated by the idea of linear convergence. The repeated application of this
method requires some justification, which can be given as follows. For
the sake of a toy example, consider a sequence for which

sn = s+ c1 ρ
n
1 + c2 ρ

n
2 ,

where 0 < |ρ2| < |ρ1| < 1. Such a sequence will have linear convergence,
since ρ1 provides the dominating term. So as n→ ∞,

sn − s ∼ c1 ρ
n
1 . (8.35)

Applying one step of Aitken’s δ2 procedure gives us

s′n = s+
c1 c2 (ρ1 − ρ2)2 ρn−1

1 ρn−1
2

c1 (1 − ρ1)2 ρn−1
1 + c2 (1 − ρ2)2 ρn−1

2

. (8.36)

As n→ ∞,

s′n − s ∼ c2

(
ρ1 − ρ2

ρ1 − 1

)2

ρn−1
2 . (8.37)

this can be compared with (8.35). So the effect of the δ2 method is to
eliminate the dominant term in the difference sn − s.

In general, successive iterations of Aitken’s δ2 transformation will suc-
cessively kill off the leading terms for series where the partial sums have
a generalised asymptotic expansion of the form

sn − s ∼ c1 ρ
n
1 + c2 ρ

n
2 + c3 ρ

n
3 + · · · (8.38)

where 1 > |ρ1| > |ρ2| > · · · > 0. Thus

s′n − s ∼ c′2 ρ
n
2 + c′3 ρ

n
3 + · · ·

s′′n − s ∼ c′′3 ρ
n
3 + c′′4 ρ

n
4 + · · · ,

and so on, in this manner.

At this stage, it is useful to point out a connection between Aitken’s
δ2 method and the Padé approximants of Chapter 3. In Section 3.3.1,
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we noted that the calculation of a Padé approximant of relatively low
degree was a better approximation than a power series of much higher
degree. However, the Padé approximant was calculated from the lower
order coefficients of the power series. Therefore, the Padé approximant
was, in effect, accelerating the convergence of the power series.

This type of acceleration may be related to Aitken’s method as follows.
Suppose we consider a one-step application of the δ2 method to a general
power series

f(x) = a0 + a1 x+ a2 x
2 + a3 x

3 + · · · .
Setting

sn = a0 + a1 x+ · · · + an x
n , n ≥ 0 ,

then

s′1 =
s0 s2 − s21

s2 − 2 s1 + s0

=
a0 a1 − a0 a2 x+ a2

1 x

a2 x− a1
,

which is a rational function of degree (1, 1). Similarly,

s′2 =
−a0 a2 + a0 a3 x− a1 a2 x+ a1 a

2
3 x

2 − a2
2 x

2

−a2 + a3 x

which is a rational function of degree (2, 1) and so on. In general, s′n is a
rational function of degree (n, 1). Upon inspection, we can also observe
that

s′n = f[n, 1](x) ,
the [n, 1] Padé approximant of degree (n, 1) for f(x). This goes some dis-
tance towards explaining the property of Padé approximants mentioned
above, namely that low order Padé approximants based upon a small
number of terms can achieve high accuracy. This type of series accelera-
tion coincides with Aitken’s δ2 in the [n, 1] case. However, generally the
Padé approximants of degree (n, m) are distinct from the accelerants
generated by repeated application of Aitken’s δ2.

We shall now turn to a type of acceleration that is even more closely
linked with Padé approximation than Aitken’s method. Like Aitken’s
δ2, it will be most directly applicable to linear convergence, and less
successful for logarithmic convergence.

8.6.4 Wynn’s ε-transform

Wynn’s ε-transform is defined as

ε(−1)
n = 0 , ε(0)n = sn ,
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and
ε(k+1)
n = ε

(k−1)
n+1 +

1

ε
(k)
n+1 − ε

(k)
n

.

It will be the ε(k)n where k is even that will be our main concern here.
The values where k is odd will be considered as intermediate quantities
used in the algorithm. The algorithm proceeds iteratively based upon an
initial sequence of partial sums in a way that is similar to the iterative
version of Aitken’s algorithm. Using the partial sums of the series as
a base, we iteratively calculate ε(k)n for successively higher values of k,
with particular attention to the cases where k is even. For example, based
upon a sequence of seven partial sums, we proceed iteratively from left
to right in the following array to get

ε
(0)
1 ε

(1)
1 ε

(2)
1 ε

(3)
1 ε

(4)
1 ε

(5)
1 ε

(6)
1

ε
(0)
2 ε

(1)
2 ε

(2)
2 ε

(3)
2 ε

(4)
2 ε

(5)
2

ε
(0)
3 ε

(1)
3 ε

(2)
3 ε

(3)
3 ε

(4)
3

ε
(0)
4 ε

(1)
4 ε

(2)
4 ε

(3)
4

ε
(0)
5 ε

(1)
5 ε

(2)
5

ε
(0)
6 ε

(1)
6

ε
(0)
7

where the final step of the algorithm yields ε(6)1 as the accelerated sum of
the series based upon seven terms. Wynn (1956, 1962, 1966) examined
the improvement in convergence of linearly converging series such that

sn ∼ s+
∞∑
j=0

cj ρ
n
j , where 1 > ρ0 > ρ1 > ρ2 > · · · > 0 , (8.39)

as n → ∞. Wynn showed that after an even number of steps of the
ε-algorithm, we get

ε(2k)n ∼ s+ dk ρ
n
k , (8.40)

where

dk = ck

[∏k−1
j=0 (ρj − ρk)∏k−1
j=0 (ρj − 1)

]2

. (8.41)

We conclude this brief description of Wynn’s ε-algorithm by mentioning
its connection to the theory of Padé approximants. Suppose we consider
a power series

f(x) = a0 + a1 x+ a2 x
2 + a3 x

3 + · · · (8.42)

whose partial sums are

sn = a0 + a1 x+ a2 x
2 + · · · + an x

n .
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It is not straightforward to check that in this case, ε(2k)n is a rational
function of degree [n+ k, k]. In fact, it is the Padé approximant of that
degree for f(x). Therefore we can write

f[n+k, k](x) = ε(2k)n .

8.6.5 Richardson’s extrapolation method

Up to this point, our methods have been motivated by linear convergence
arguments. However, the series for which acceleration is important con-
verge at a logarithmic rate. So, we shall now consider a method due to
Richardson (1911, 1927).

We have seen that in a number of important series, it is possible to
expand the tail of the series in an asymptotic series in n of the form

sn − s ∼ b1
np

+
b2
np+1

+
b3
np+2

+ · · · . (8.43)

In this expansion, p need not be an integer. By an examination of the
form of the series, we can hope to determine the value of p. In the
argument which follows, this shall be assumed to be known.

Richardson’s extrapolation method calculates a new sequence defined by

s′n = s2n +
s2n − sn
2p − 1

. (8.44)

From this definition, it easily follows from (8.43) that

s′n − s ∼ 1
2p − 1

[
b2

2np+1
+

3 b3
4np+2

+
7 b4

8np+3
+

15 b5
16np+4

+ · · ·
]
.

(8.45)
This is an asymptotic series starting at order n−(p+1) rather than order
n−p. Once again, we can eliminate the leading term by defining

s′′n = s′2n +
s′2n − s′n
2p+1 − 1

, (8.46)

and so on. At each iteration of the algorithm, the leading term is elim-
inated. The end result is a table of values (for 16 terms, say) of the
form

s1 s′1 s′′1 s′′′1 s′′′′1

s2 s′2 s′′2 s′′′2

s4 s′4 s′′4
s8 s′8
s16

In each case, the base of the algorithm uses the partial sums whose
number of terms is a power of two.
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Lewis Fry Richardson (1881–1953)

Lewis Fry Richardson made diverse contributions to the
applied mathematical sciences, including the theory of me-
teorology and the statistics of deadly quarrels between na-
tion states. Born into a Quaker family, he chose to be a
conscientious objector during World War I, and served in
the Friends’ Ambulance Unit during that conflict. Richard-
son pioneered the use of mathematical methods to deepen
our understanding of the causes of war.

His work on series acceleration comes from a 1927 paper
entitled “The deferred approach to the limit” published in
the Phil. Trans. Roy. Soc. London, Ser. A., Vol. 226, pp.
299-361. This paper, jointly authored with J. Arthur Gaunt
was written in two parts, the first of which was Richard-
son’s work and contains the key acceleration technique.
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Let us apply this algorithm to the series
∑
j−2. The bounds provided

by the integral test give us
∫ ∞

n

1
x2

dx ≥
∞∑

j=n+1

1
j2

≥
∫ ∞

n+1

1
x2
dx ,

which is equivalent to n−1 ≥ s− sn ≥ (n+ 1)−1. This establishes that

sn − s =
−1
n

+O

(
1
n2

)
.

We can get an asymptotic expression for sn−s using an Euler-Maclaurin
expansion, or directly from Maple. For example, we saw earlier that the
eulermac command can be used to show that

sn − s = − 1
n

+
1

2n2
− 1

6n3
+

1
30n5

− 1
42n7

+O

(
1
n9

)
.

Such an asymptotic expansion can be used to accelerate the convergence
of sn directly through the approximation of the difference s − sn. For
Richardson’s algorithm, we need only note that p = 1. Implementing
Richardson’s extrapolation method on the series

∑
j−2 using a base of

four partial sums, s1, s2, s4, and s8, we get

1.000000000 1.500000000 1.629629630 1.644418529
1.250000000 1.597222222 1.642569917
1.423611111 1.631232993
1.527422052

The rightmost quantity in this table is s′′′1 ; it is our final extrapolated
approximation for the series sum. This value can be compared with the
exact sum π2/6 which is approximately equal to 1.644934068.

8.6.6 Euler acceleration

Consider a converging alternating series
∑

(−1)nan such that

lim
j→∞

aj+1

aj
= 1 .

Out in the tail of this series, any two neighbouring terms are approxi-
mately equal in absolute value, and differ only in sign. So, the contri-
bution of any two such neighbouring terms to those partial sums which
contain both will almost cancel out. This suggests that, there are large
fluctuations which could be eliminated–provided the combined contri-
butions of neighbours which almost cancel could be taken into account.
Euler’s transformation gives us a much more powerful tool to do this.
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Suppose
a1 − a2 + a3 − a4 + · · · = s

is a convergent alternating series, such that

a1 > a2 > a3 > · · · > 0 .

Adding the series twice we get

2 s = (a1 − a2 + a3 − a4 + · · ·) + (a1 − a2 + a3 − a4 + · · ·)
= a1 + (a1 − a2) − (a2 − a3) + (a3 − a4) − · · · .

Let Δ aj = aj − aj+1. Then

s =
a1

2
+

1
2
(Δ a1 − Δ a2 + Δ a3 − · · ·) .

Since the terms aj are monotone decreasing, the differences Δaj are all
positive. So the expression in parentheses is also an alternating series.
Therefore, we may apply the same procedure again to this alternating
series: adding it to itself and grouping terms into second differences

Δ2 aj = Δ(Δ aj)
= Δ aj − Δ aj+1

= (aj − aj+1) − (aj+1 − aj+2)
= aj − 2 aj+1 + aj+2 .

Obviously, this can be continued. The result of the repeated grouping of
terms in this fashion is a representation of the series and its sum as

s =
a1

2
+

Δ a1

4
+

Δ2 a1

8
+

Δ3 a1

16
+ · · · , (8.47)

where

Δj a1 =
j∑

k=0

(−1)k
(
j

k

)
a1+k . (8.48)

The new series obtained in (8.47) is the Euler transformation of the
original alternating series.

How well does it work? Looking at the denominators in (8.47), we see
that they increase as powers of two. Thus the new series may be justi-
fiably called an acceleration of the old series provided the higher order
differences Δj a1 do not grow fast. To see this in action, let us apply the
Euler transform to a well known series, namely

ln 2 = 1 − 1
2

+
1
3
− 1

4
+ · · · .

This well known series is not immediate practical for computing ln 2



APPLICATIONS OF ACCELERATION METHODS 309

because its convergence is too slow. For this series, we find that Δj a1 =
1/(j + 1). So, the Euler transformed series for ln 2 is

ln 2 =
1

2 × 1
+

1
4 × 2

+
1

8 × 3
+

1
16 × 4

+ · · · .
This is much better: the Euler transformation of our original series with
logarithmic convergence has linear convergence. The convergence of the
new transformed series can be further accelerated using Aitken’s method
or Wynn’s ε-transform.

We can get some insight into the Euler transformation by considering
the contribution of each term in the original series to the partials sums
s′n of the transformed series. Writing this out, we get

s′n =
a1

2
+

Δ a1

4
+ · · · + Δn−1 a1

2n

=
{
1 − 2−n

}
a1 −

{
1 − (n+ 1) 2−n

}
a2

+
{

1 −
[
1 +
(
n+ 1

2

)]
2−n
}
a3 − · · · .

In this representation, we can see that the Euler transformation shrinks
the oscillations of the original series. This shrinkage makes some sense
if we recall that the original alternating series is enveloping, so that the
partial sums of an enveloping series successively overshoot above and
below the total sum of the series.

There is another representation of the Euler transformation that high-
lights its connection to probability theory. For each nonnegative integer
value m ≥ 0, let Km be a nonnegative integer-valued random variable
with binomial distribution B(m, 1

2 ). (For the case m = 0, we shall under-
stand that K0 = 0 with probability one.) Then the Euler transformation
of the alternating sum s =

∑
(−1)j−1aj can be written as

s =
1
2

∞∑
m=0

E
[
(−1)Km a1+Km

]
.

So, the Euler transformation is determined by a family of binomial
smoothings of the original series.

8.7 Applications of acceleration methods

8.7.1 Ties in multiple random walks

Consider a game in which each of r people independently and simulta-
neously tosses a coin. Over successive trials, each individual records the
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total number of heads obtained. After n trials, say, a tie is said to occur
if all r individuals have the same number of heads. We shall consider the
problem of computing the expected number of heads as n→ ∞.

It is well known that for r ≤ 3, the ties for such a random walk are
persistent events.‖ Therefore there will be infinitely many such events as
n→ ∞. So we shall restrict attention to the case where r > 3, where the
number T of ties is finite with probability one. After exactly n tosses,
the probability of a tie is

un =
n∑
j=0

[(
n

j

)
1
2n

]r
.

So

E(T ) =
∞∑
n=0

un . (8.49)

Note that the n = 0 term is included, and that u0 = 1. Using Stirling’s
approximation it is possible to show that

un ∼ 1√
r

(
2
π n

)(r−1)/2

as n→ ∞ . (8.50)

See Problem 13. While this approximation is satisfactory for establishing
the convergence properties of

∑
un, it is inadequate for evaluating E(T )

precisely. Direct numerical evaluation of the series by summing a large
number of terms is not very practical. The sum can be approximated to
high accuracy by analytical methods beyond the scope of the discussion
here. However, such a procedure is only available to us for this particular
series, and not for all series converging slowly in this way. Our purpose
here will be to use this series as a test of acceleration.

Let us try Richardson’s method. In this case, we shall choose a base
of partial sums for the left-hand column consisting of values sn where
n = 2m, for m = 1, 2, . . . , 9. To choose the value of p, we may refer to the
asymptotic approximation obtained in formula (8.50), where we found
that the n term of the sum goes to zero at rate O(n−(r−1)/2). For r = 4,
this reduces to O(n−3/2), which implies that the tail of the series is of
order

O

(∫ ∞

n

dx

x3/2

)
= O(n−1/2) .

So we may set p = 1/2 for the iteration which produces the second
column of the table. The third column will require p = 3/2, and so on,

‖ See Feller (1968, p. 316). The problem has some similarity to the calculation of
the random walk constants associated with random walks on lattices.
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s2m s′2m sviii2m

1.195312500 1.426309552 � � � � � � 1.492446184
1.262969970 1.464747165 � � � � � �

1.322069142 1.481688293 � � � � �

1.368820509 1.488454289 � � � �

1.403860432 1.491000029 � � �

1.429383029 1.491928581 � �

1.447702197 1.492262010 �

1.460753464 1.492380850
1.470016911

Table 8.2 Accelerated partial sums for the expected number of ties using
Richardson’s method (with intermediate values omitted for brevity)

with each column incrementing the value of p by one. Table 8.2 shows the
accelerated values. In fact, the value obtained by Richardson acceleration
is accurate to six significant figures.

Of course, the series could also be accelerated by Aitken’s or Wynn’s
method. These methods are designed for series which converge linearly.
So the longer tail of this series makes Aitken’s and Wynn’s methods un-
derestimate the sum of the series. Nevertheless, we may reasonably hope
that these acceleration methods improve the numerical result. However,
the reader is warned that applying an acceleration method when it has
no asymptotic justification is a dangerous game.

8.7.2 Geometric means and Khintchine’s constant

Let N be a strictly positive integer-valued random variable. If the dis-
tribution of N is heavy tailed, say P (N > n) = O(n−1), or heavier,
then the mean and higher moments will all be infinite. In such cases, the
geometric mean of the distribution may be finite, and if so, may provide
a suitable measure of centrality for the distribution of N . If we let ω be
the geometric mean of N , then

ln ω =
∞∑
j=1

(ln j) · P (N = j) . (8.51)

Unfortunately, if N has a heavy-tailed distribution, then the convergence
of this series is likely to be very slow. If the problem is simply that of
computation, then a series acceleration method is appropriate.
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An important example of this kind is to be found in the computation of
Khintchine’s constant. This constant is the geometric mean arising in the
continued fraction expansions of normal numbers. A brief explanation is
as follows. Suppose X is a strictly positive random variable having some
continuous distribution on the positive reals. Then there exists a unique
continued fraction representation of X as

X = N0 +
1

N1 + 1
N2+ 1

N3+ 1
...

where N0, N1, N2, and so on, are positive integers. Khintchine (1964)
discovered that there exists a real number ω such that

P
(

lim
m→∞

m
√
N1N2 · · · Nm = ω

)
= 1 . (8.52)

In fact, ω is the geometric mean of the limiting distribution of Nm as
m → ∞. The probability function of this limiting distribution can be
shown to be

lim
m→∞P (Nm = j) =

1
ln 2

ln
[
1 +

1
j (j + 2)

]

∼ O(j−2) as j → ∞ ,

again, with probability one. Therefore, an infinite series representation
for the value of Khintchine’s constant is given by

ln ω =
∞∑
j=1

ln j
ln 2

ln
[
1 +

1
j (j + 2)

]
. (8.53)

Unfortunately, the convergence of this series is even slower than
∑
j−2,

due to the presence of the additional factor ln j. However, the logarithm
is a fairly flat function, and so a conservative acceleration of the series can
be achieved using Richardson’s method under the rough assumption that
sn−s = O(n−1). Since the difference sn−s is really of greater order than
O(n−1), Richardson’s acceleration method will tend to underestimate
the sum if we set p = 1 for the first iteration and increment p by one for
each iteration thereafter.

For Richardson’s algorithm, let us take a set of partial sums sn, where
n = 2m × 100 for m = 0, . . . , 6. Setting p = 1 in (8.44), and successively
incrementing p by one, we get the values shown in Table 8.3. The esti-
mate on the far right is our accelerated sum for the series. So, based on
Richardson’s algorithm and the given partial sums, our estimate for ω is

ω ≈ exp(0.9876902347)
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0.9080365395 � � � � 0.9875263696 0.9876902347
0.9427186946 � � � � 0.9876876743
0.9627178807 � � � �

0.9740145133 � � �

0.9803014212 � �

0.9837612607 �

0.9856484896

Table 8.3 Accelerated sums for Khintchine’s constant using Richardson’s al-
gorithm (with intermediate values omitted for brevity)

≈ 2.685025526 .

This value can be compared with more precise estimates for ω based
upon more extensive computations. It is known that

ω = 2.685452001 . . . .

Khintchine’s constant is known to many more decimal places than this.
For example, Bailey et al. (1997) calculated the constant to more than
7000 decimal places. However, calculations of such precision use series
for ω which converge much faster than the one given here.

8.8 Comparing acceleration techniques

We have now considered a number of methods for accelerating series.
A comparison among these methods is rather difficult because very few
series will satisfy tidy regularity conditions necessary to make a partic-
ular acceleration method more effective than others. While the series
calculated in Section 8.7.1 fits the assumptions for Richardson’s method
better than Wynn’s or Aitken’s, the series calculated in Section 8.7.2
fits none of the assumptions that well. Nevertheless, the corrections ob-
tained by these methods were all in the right direction, even if the order
of the error was not reduced.

In all cases, the success of an acceleration method must be judged in
terms of the computational efficiencies obtained from it. Typically, the
computational costs of summing a series are roughly proportional to the
number of terms in the sum. More generally, we might suppose that the
computational cost of summing n terms of a series is some function C(n).
We might also let C0(n) denote the computational cost of accelerating
the partial sums out to n terms. Suppose that m > n are two positive
integers such that s′n − s ≈ sm − s. It seems reasonable to measure the
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computational efficiency obtained by accelerating the first n terms as

Eff(n) =
C(m)

C(n) + C0(n)
.

Typically, acceleration will not be worthwhile unless m is much larger
than n.

8.9 Divergent series

8.9.1 Antilimits

Divergent series have arisen in numerous places in earlier sections of
this book. In particular, asymptotic series are often divergent. Although
these series are of importance both theoretically and computationally,
so far we have not had a unified way of summing such series.

Some intriguing clues about the summability of divergent series can be
found among the series acceleration techniques that we have considered
so far. In some cases, the series transformations such as Aitken’s and
Euler’s can be applied to divergent series so as to make them convergent.
It is worth formalising this idea. When it exists, let us define an antilimit
s of a divergent series

∑
aj to be the sum of the series after it has been

transformed by some standard acceleration procedure. For example, the
series

1 + ρ+ ρ2 + ρ3 + · · ·
has limit 1/(1−ρ) for |ρ| < 1. When |ρ| > 1, the series diverges. However,
we can still say that 1/(1−ρ) is the antilimit of the series, because after
a one-step application of Aitken’s δ2 method, we see that

sn =
1 − ρn

1 − ρ
, ∀n ≥ 1 and s′n =

1
1 − ρ

, ∀n ≥ 2 .

In qualitative terms, the partial sums of series converge towards limits
and diverge away from antilimits.

8.9.2 Why should we sum divergent series?

Sometimes the properties of functions can be proved simply through
their expansions. A very simple example of this principle is that the
identity

1
1 − x

+
1

1 + x2
− x

1 − x2
=

2
1 − x4

,
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while easily verified algebraically, can be derived immediately from series
expansions of the rational functions. Thus

1
1 − x

+
1

1 + x2
− x

1 − x2
= (1 + x+ x2 + · · ·) + (1 − x2 + x4 − · · ·)

−(x+ x3 + x5 + · · ·)
= 2 + 2 x4 + 2 x8 + · · ·
=

2
1 − x4

.

While the original identity is valid for all |x| �= 1, the proof by series
expansion is only valid for |x| < 1. However, the proof remains valid if
the series sums are interpreted as limits for |x| < 1 and antilimits for
|x| > 1.

• A unified theory for the summation of divergent and convergent series
should allow the free manipulation of functions through their series
expansions. This should lead to the construction of simpler proofs of
some identities without restrictions on the domains of the functions or
the need for the extensions of those domains by analytic continuation.

A minimal condition for a unified methodology for summing both con-
vergent and divergent series is the following.

• A summation method will be said to be regular provided that it sums
all convergent series to their usual sums. Thus a summation method
should be an extension of the usual concept of series convergence to
a more general class of series.

At this stage, we should clarify an ambiguity in the definition of regu-
larity. Consider the sequence 1+2+4+8+ · · · . Understood in the usual
sense, this is a divergent series. However, as a series in the extended real
numbers (including ±∞), the sum of this series exists and is +∞. That
is, the partial sums of the series converge in the extended reals to +∞.
In this respect, this series is quite different from 1−2+4−8+ · · · whose
oscillations prevent the partial sums of the series from converging even
among the extended reals. The latter series is therefore divergent in a
stricter sense than the former. So, we may interpret the definition of
regularity given above in two senses, depending on whether series

∑
2j

is understood as divergent or as convergent in the extended reals.

• A summation method is said to be totally regular if it sums series to
s where

lim inf sn ≤ s ≤ lim sup sn ,
the limits superior and inferior being defined for the extended real
numbers.
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For example, a summation method which sums diverging geometric series
to the antilimit using Aitken’s δ2 method is not totally regular because
it sums 1+2+4+ · · · to −1 rather than +∞. While regularity is clearly
a desirable property of any summation method, the desirability of total
regularity will depend on the context in which the series is studied.

What other properties should summation methods have? The following
laws must be satisfied if we are to be able to manipulate series with
standard algebraic techniques.

1. If
∑
aj = s, then

∑
c aj = c s.

2. If
∑
aj = s and

∑
bj = t, then

∑
(aj + bj) = s+ t.

3. We must have
∑
j≥1 aj = s, if and only if

∑
j≥2 aj = s− a1.

The reader who is interested in learning more about the fascinating
subject of divergent series is encouraged to read G. H. Hardy’s classic
work, Divergent Series, which is available as a reprint from the Ameri-
can Mathematical Society. See Hardy (1991). While the subject has not
become mainstream with statistics, it continues to fascinate. The exis-
tence of asymptotic series, which have great power for the calculation
of functions but which do not usually converge, is a reminder of other
paradigms for series summation, most notably that of Euler.

Such generalised summation methods can be used to provide formal
definitions of the expectations of some discrete non-integrable random
variables. This is of some value in discussing examples such as the St.
Petersburg paradox involving finite random variables with infinite ex-
pectations. A generalisation of the law of large numbers was proposed
by Feller (1968, 1971). See Problem 14, which explores this further.

We finish with one final formula, the merits of which are left to the
reader to judge, to wit:

0! − 1! + 2! − 3! + 4! − · · · = 0.5963 . . . .

8.10 Problems

1. Use Bertrand’s test to prove that the harmonic series

1 +
1
2

+
1
3

+
1
4

+
1
5

+ · · ·
diverges.
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2. Does the series ∞∑
j=1

j−(j+1)/j

converge?

3. Prove that if ∞∑
j=1

aj

is a convergent series whose terms are positive, then the series
∞∑
j=1

a
j/(j+1)
j

is also convergent. (This was problem B4 from the 1988 William Low-
ell Putnam competition.)

4. Prove that if
∑∞
j=1 aj is a convergent series with positive terms, then

the series ∞∑
j=1

(a1 a2 · · · aj)1/j

is also convergent. (This is a toughie!)

5. Let X1, X2, X3, . . . be independent identically distributed N (0, 1).
Show that for all values of θ the series

∞∑
j=1

Xj sin(j θ)
n

converges with probability one.

6. Let Xj , j ≥ 1 be any sequence of random variables. Prove that there
exists a sequence of positive constants aj such that

lim
j→∞

Xj

aj
= 0

with probability one.

7. Suppose X1, X2, X3, . . . are independent identically distributed Pois-
son random variables. Let aj = ln j/ ln ln j. Prove that

P

(
lim sup
j→∞

Xj

aj
= 1
)

= 1 .
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8. Use the Euler-Maclaurin sum formula to prove the following identities.

(a) The sum of positive integers:

1 + 2 + 3 + · · · + n = n (n+ 1)/2 .

(b) The sum of squares of positive integers:

12 + 22 + 32 + · · · + n2 = n (n+ 1) (2n+ 1)/6 .

(c) The sum of the odd positive integers:

1 + 3 + 5 + · · · + (2n− 1) = n2 .

In each case, don’t forget to evaluate the constant c using special cases
of n.

9. It is well known that the harmonic series diverges. What about

1
n+ 1

+
1

n+ 2
+

1
n+ 3

+ · · · +
1

2n
?

Does this go to infinity in n? If not, find the limit.

10. Little Tommy wants to collect toy cars from boxes of cereal. Tommy
knows that each box contains a car, and that there are n different
types of cars available to be collected. Tommy is good at probability,
and assumes that each type of car is equally likely in any box, and
that the toy cars are inserted independently into each box. The family
buys one box of cereal each week. Prove that the expected number of
weeks until Tommy has all n types of cars is asymptotically

n lnn+ γ n+
1
2

for large n, where γ is Euler’s constant.

11. An urn contains n balls, each individually numbered from 1 to n. Two
random numbers N and M are obtained by drawing a ball from the
urn two times with replacement.

(a) Let n = k p, where p is a prime number and k is any positive
integer. Find an expression for the probability that the greatest
common divisor of N and M is not divisible by p.

(b) Let n = k p q, where p and q are distinct prime numbers. Find an
expression for the probability that the greatest common divisor of
N and M is not divisible by p or q.
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(c) As n→ ∞ show that the probability N and M are relatively prime
is given by ∏

p prime

(
1 − 1

p2

)

where the product is over all primes.
(d) Take the reciprocal of this product and expand to show that for

large n, the probability N and M are relatively prime is approxi-
mately 6/π2.

12. The following two formulas were useful in an application of Kummer
acceleration. Prove that

∞∑
k=1

1
k (k + 1) (k + 2) · · · (k + n)

=
1

n2 (n− 1)!
,

and ∞∑
j=1

1
j2

=
n∑
j=1

1
j2

+ n!
∞∑
j=1

1
j2 (j + 1) · · · (j + n)

.

13. Prove (8.50), namely that
n∑
j=0

[(
n

j

)
1
2n

]r
∼ 1√

r

(
2
π n

)(r−1)/2

as n→ ∞ .

14. Alice and Bob decide to play the following game. A fair coin is tossed
independently until it lands heads. Let N be the number of tosses
required. If N is odd, then Alice pays Bob 2N dollars. If N is even,
Bob must pay Alice 2N dollars. Let X be the total amount of money
that Alice pays Bob in this game, which may be positive or negative.
Is the game favourable to either player? The reader will recognise that
this game is a thinly disguised version of the St. Petersburg paradox.
It is well known that random variables with infinite expectations do
not obey a law of large numbers. However, a generalisation of the law
of large numbers to the St. Petersburg paradox has been given by
Feller (1968, p. 252) for games with variable “entrance fees.” Discuss
the following.

(a) The game would be favourable to Bob if E(X) > 0, favourable to
Alice if E(X) < 0 and fair if E(X) = 0. Formally,

E(X) = 2 · 2−1 − 22 · 2−2 + 23 · 2−3 − · · ·
= 1 − 1 + 1 − · · ·
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which is undefined. Therefore, the concept of fairness is not mean-
ingful here.

(b) In practice, the number of tosses must be bounded. Any partial
sum of the series 1 − 1 + 1 − 1 + · · · will be greater than or equal
to zero, with many of them strictly positive. Therefore, under any
finite termination rule after n tosses

E(X | N ≤ n) ≥ 0

with strict inequality when n is odd. Therefore, the game is in
Bob’s favour.

(c) Suppose we let v be the value of the game, as measured by some
method yet to be determined. In the conditional model where the
first toss is a head, then clearly v = 2. Conditionally on the first
toss being a tail, the roles of Alice and Bob are reversed, with all
the payoffs based on subsequent tosses being doubled. So the value
of the game conditional of an initial tail is −2 v. Thus

v =
1
2
· 2 +

1
2
· (−2v)

= 1 − v ,

which is solved by v = 1/2. Thus the game is slightly in Bob’s
favour by 50 cents!

(d) The game is fair in the classical sense.∗∗ Suppose this coin tossing
game is repeated many times under independent and identical con-
ditions. After k repetitions, let Sk be the total amount of money
that Alice has paid Bob over those trials where N was odd, and
let S′

k be the total amount of money that Bob has paid Alice over
those trials where N was even. Equivalently,

Sk = max(X1, 0) + max(X2, 0) + · · · + max(Xk, 0)

and

S′
k = max(−X1, 0) + max(−X2, 0) + · · · + max(−Xk, 0) ,

where X1, . . . , Xk are the payments (positive or negative) from
Alice to Bob on each of the k trials. The game is fair in the classical
sense because, for all ε > 0,

P

(∣∣∣∣SkS′
k

− 1
∣∣∣∣ > ε

)
→ 0 ,

as k → ∞.

∗∗ This is Feller’s terminology. See Feller (1968, p. 252) and Feller (1971, p. 236).
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Glossary of symbols

Calculus

f (n)(x) The n-th derivative of f(x). p. 25.

∂n : f �→ f (n) Derivative operator acting on f . p. 37.

∫ t0+i∞
t0−i∞ f(z) dz

Contour integral in complex
plane along the vertical line
through t0 on real axis.

p. 239.

∫
C
f(z) dz

Contour integral in complex
plane along the directed closed
contour C.

p. 229.

∮
C f(z) dz

Contour integral in complex
plane around the closed con-
tour C taken in counterclockwise
sense.

p. 264.

Special constants, functions and sets

π 3.14159 ... . p. 3.

e 2.71828... . p. 4.

γ Euler’s constant 0.57721... . p. 294.

ln(x) Natural logarithm of x. p. 2.

i Usually
√−1 and not an integer. p. 46.

�(z) Real part of complex number z. p. 60.

�(z) Imaginary part of complex num-
ber z.

p. 229.

E1(y) Exponential integral. p. 73.

Γ(x) Gamma function at x. p. 32.

321
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Φ(x) Standard normal distribution
function.

p. 43.

φ(x) Standard normal density func-
tion.

p. 43.

ζ(x)
The difference in the natural log-
arithms of Γ(x) and Stirling’s ap-
proximation.

p. 72.

Z+ × Z+

The lattice of nonnegative (i.e.,
zero and positive) integers in the
plane.

p. 93.

#(B) The number of elements in the (fi-
nite) set B.

p. 93.

(
n
j

) The number of subsets of j items
from a set of n. “n choose j.”

p. 1.

n! The number of ways to order a
set of n items. “n factorial.”

p. 4.

Bn
The n-th Bernoulli number
(Abramowitz & Stegun). p. 73.

B∗
n

The n-th Bernoulli number
(Whittaker & Watson). p. 73.

det(H) Determinant of the matrix H . p. 218.

Order symbols

f(n) = O(nk) Function f(n) is of order nk as
n→ ∞.

p. 9.

f(n) = o(nk) Function f(n) is of smaller order
than nk as n→ ∞.

p. 12.

f(n) = Op(nk)
Function f(n) is of order nk in
probability as n→ ∞.

p. 13.

f(n) = op(nk)
Function f(n) is of smaller order
than nk in probability as n→ ∞.

p. 13.

f(n) ∼ g(n)
Functions f(n) and g(n) are
asymptotically equivalent as n→
∞.

p. 11.

Series and sequences

lim sup xn The limit superior of sequence xn. p. 7.
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lim inf xn The limit inferior of sequence xn. p. 7.

f(x) ∼ ∑
an x

−n f(x) has asymptotic expansion∑
n an x

−n as x→ ∞. p. 48.

f(x) ∼ h(x)
∑
an x

−n f(x)/h(x) has asymptotic expan-
sion

∑
n an x

−n as x→ ∞. p. 48.

∑
n an � s The sum

∑
n an envelops s. p. 40.

Probability distributions and statistics

E(T ) or E T Expectation of random variable
T .

p. 15.

Eθ(T ) or EF (T ) Expectation of T assuming pa-
rameter θ or distribution F .

p. 126.

Var(T ) Variance of random variable T . p. 15.

Varθ(T ) or VarF (T ) Variance of T assuming parame-
ter θ or distribution F .

p. 134.

X
d= Y

Random variables X and Y iden-
tically distributed.

p. 56.

Xn
d=⇒ F

Random variablesXn converge in
distribution to F .

p. 14.

Xn
P→ c

Random variablesXn converge in
probability to c.

p. 14.

Xn
a.s.→ c

Random variables Xn converge
almost surely to c.

p. 14.

μj
The j-th moment of a random
variable E(Xj). p. 34.

κj The j-th cumulant of a random
variable.

p. 34.

B(n, θ)
Binomial for n independent trials
with probability weight θ for each
trial.

p. 3.

C(θ, a) Cauchy distribution centred at θ
with scale parameter a.

p. 225.

E(λ) Exponential distribution with
mean λ−1.

p. 64.

X (k) Chi-square distribution with k
degrees if freedom.

p. 32.
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X (k, ν)
Non-central chi square with k
degrees of freedom and non-
centrality parameter ν.

p. 32.

G(α, λ) Gamma distribution with shape
α, scale λ and mean αλ−1.

p. 70.

N (μ, σ2) Normal with mean μ and variance
σ2.

p. 3.

P(μ) Poisson with mean μ. p. 20.

U(a, b)
Continuous uniform distribution
on [a, b]. p. 67.

M(t)
Moment generating function
M(t) = E(etX). p. 19.

A(t)
Probability generating function
A(t) = E(tX). p. 20.

K(t)
Cumulant generating function
K(t) = ln M(t). p. 34.

χ(t) Characteristic function χ(t) =
E(eiX t).

p. 57.

Likelihood statistics

Ln(θ)
Log-likelihood function of a pa-
rameter θ for sample size n.

p. 143.

�n(θ)
Log-likelihood function �n(θ) =
ln Ln(θ).

p. 143.

θ̂n
Maximum likelihood estimator
θ̂n = arg maxθ L(θ). p. 143.

un(θ) Score function un(θ) = �′n(θ). p. 153.

in(θ)
Observed information function
in(θ) = −�′′n(θ). p. 153.

in(θ̂n) Observed information. p. 153.

I(θ)
Expected information function
I(θ) = n−1Eθ in(θ).

p. 153.
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Useful limits, series and products

Limits

Unless otherwise specified, limits are as x→ ∞ or n→ ∞.

(ln x)k

x → 0

xk

ex → 0

(1 + n−1)n → e

sin x
x → 1

n1/n → 1

n

√
nn

n! → e

Series

1 + 2 + 3 + · · · + n = n (n+1)
2

a+ (a+ d) + (a+ 2 d) + (a+ 3 d) + · · ·+ [a+ (n− 1) d] = n a+ n (n−1) d
2

1 + 3 + 5 + · · · + (2n− 1) = n2

2 + 4 + 6 + · · · + (2n) = n (n+ 1)

12 + 22 + 32 + · · · + n2 = n (n+1) (2n+1)
6
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13 + 23 + 33 + · · · + n3 = (1 + 2 + 3 + · · · + n)2

12 + 32 + 52 + · · · + (2n− 1)2 = n (4n2−1)
3

a+ a r + a r2 + a r3 + · · · + a rn−1 = a (1−rn)
1−r

(
n
0

)
+
(
n
1

)
+
(
n
2

)
+
(
n
3

)
+ · · · + (nn) = 2n

(
n
0

)− (n1)+
(
n
2

)− (n3)+ · · · + (−1)n
(
n
n

)
= 0

(
n
0

)2 +
(
n
1

)2 +
(
n
2

)2 +
(
n
3

)2 + · · · + (nn)2 =
(
2n
n

)
(
n
0

)
+
(
n
2

)
+
(
n
4

)
+
(
n
6

)
+ · · · + ( n

2 	n
2 

)

= 2n−1

1
1×2 + 1

2×3 + 1
3×4 + · · · + 1

(n−1)×n = 1 − 1
n

Products
(
1 − 1

2

) (
1 − 1

3

) (
1 − 1

4

) · · · (1 − 1
n

)
= 1

n

(
1 − 1

22

) (
1 − 1

32

) (
1 − 1

42

) · · · (1 − 1
n2

)
= n+1

2n

(
1 − 1

1×3

)(
1 − 1

2×4

)(
1 − 1

3×5

)
· · ·
(
1 − 1

n×(n+2)

)
= 2 (n+1)

n+2

(
1 + 1

1

) (
1 − 1

2

) (
1 + 1

3

) · · ·(1 + (−1)n+1

n

)
= 2n+1+(−1)n+1

2n

sin x
k sin x+π

k sin x+2π
k · · · sin x+(k−1)π

k = 21−k sinx

sin x+π/2
k sin x+3π/2

k sin x+5π/2
k · · · sin x+(2 k−1)π/2

k = 21−k cosx
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